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ABSTRACT

Metamaterials are artificial structures designed to provide exotic properties and
unconventional functionalities for wave control. In the past two decades, the concept of
acoustic metasurfaces has been developed as an evolution of acoustic metamaterials,
allowing realization of wavefront modulation or absorption with meta-lenses in a planar
profile. This thesis focus on how to broaden the bandwidth of acoustic metasurfaces
and match their impedance to that of the surrounding materials. It may as well provide
strategy that enhance the flexibility of metasurfaces. The work aims to optimize the

properties of metasurfaces for practical application scenarios.

After a review of metamaterials and metasurfaces, the research work in this thesis starts
with a thorough investigation of gradient helicoid metamaterials both with theoretical
exploration and experimental demonstration. By using relatively larger pitch at both
end of the helicoid unit-cell, the interface between metamaterial and the background
media gets better impedance matching over a large frequency range and weakens the
Fabry—Pé&ot resonance. The phase shift over spectra is also in a gentle slope. The “V”’-
shaped pitch distribution of helicoid metamaterial brings broadband focal lens, which
has been verified in experiment. The monotone distribution of pitch offers an ideal
braodband sound amplifier. The following chapter focuses on the modular design of
metasurface for anomalous refraction to provide adjustable refractive angle. This work
opens a new freedom of metasurface design based on the rearrangement of unit-cells.
A modular-designed metasurface shows three different working modes when
reordering their unit-cells. The phenomena have been experimentally demonstrated. To
show the practicality of anomalous refraction, a braodband Bessel beam launcher is

realized. Final part is theoretical generalization of helicoid metamaterial. The formation



of helicoid metamaterial has been demonstrated both for their shape and acoustic
characteristics. A spiralling metamaterial is proposed as a general model. This model
gives an analytical description to the effective impedance and refractive index.
Furthermore, this new developed general model can perfectly match the impedance to
the background media and inherits all the advantages of helicoid metamaterials. A
three-dimensional wavefront converter has been designed and experimentally measured

to show its functionality and broadband performance.
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Chapter 1. Introduction

1.1. Metamaterials and metasurfaces

1.1.1 A brief history of electro-magnetic metamaterials and metasurfaces
Metamaterials are artificial structures composed of small building blocks and behaves
like continuous materials with unconventional effective parameters[1]. The word “meta”
is from Greek that means “beyond”. In 1967 a research work by Victor Veselago

theoretically discussed negative values of ¢and u in electrodynamics, which is the

earliest attempt to use negative refractive index. The work was translated to English
version in 1968[2]. Due to the limited technology on manufacturing at that time, people
could not create such an unconventional material. Until 2000, the negative-indexed
material was experimentally realized by a group at UC San Diego, led by David
Smith[3]. Fig. 1.1 shows four types of metamaterials divided by their effective
parameters in electrodynamics. The realization of “metamaterials” opens the An

example of double-negative metamaterial[3].

Fig 1.2 demonstrates the four types of metamaterial divided by the effective permittivity,
permeability and refractive index. The natural materials are most in the first quadrant

of the ¢ — u system, while the development of metamaterial brings rich diversity to the

rest of the quadrants. A typical type is the left-handed materials[4]-[7] in the third
quadrant that can support backward propagating waves. Nevertheless, metamaterials
are not limited to the signal of the effective parameter, by novel designed unit-cells or
constructions, more unconventional phenomena can be realized by metamaterials. In

the following the applications of metamaterials will be discussed briefly.
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Fig. 1.2. Permittivity-permeability and refractive index diagram[8].

The past two decades witnessed the rapid progress in the field of metamaterials. The
optical transformation theory guides the development of related devices, for instance,
the invisibility cloaks[9]-[12], polarization splitters[13], wave rotators[13], [14],
antennas of Luneburg lenses[15], [16], etc. Metamaterials also help to overcome the

diffraction limit, resulting in superlens[17] or magnifying superlens[16, 18] for a better



imaging quality. The study on metamaterials brings numerous applications for radiated-

and guided- wave due to its enhanced control on the effective properties of the devices.

Metasurface inherits the “meta” properties of metamaterials; introduces abrupt changes
in optical properties[19] to the wave propagation for wavefront modulation[20]-[22],
beam formation[23] and wave reshaping[24], etc. The development of metasurface
origins from the generalization of laws of reflection and refraction[19], [25]. The

generalized laws are:

ntsin(@)—nisin(@)zki(;i
d¢05 " (1-1a)
cos(9)s(01) =55
sin(6,)—sin(g) = — 92
nk, dx (L-1b)
cos(6,)sin (¢, ) = 1 d¢
T ks dy

where the variables of the symbols are shown in Fig. 1.3.

Anomalous ™
reflection

Z Anomalous
X refraction
y

Fig. 1.3 A phase discontinuity on the metasurface leads to anomalous refraction and
reflection[26]



1.1.2 Acoustic metamaterials and metasurfaces

Acoustic metamaterial is the counterpart of metamaterials in acoustics, dealing with
sound and vibrational waves. Acoustic waves behave like electro-magnetic waves due
to the similarity of their govern equations. Generally, the exploration of acoustic
metamaterials is similar to that of electro-magnetic metamaterials. The tailored
effective parameters make acoustic metamaterials an attractive way for wave control
and absorption. The initial of acoustic metamaterial is for sound attenuation by using

unit-cells composed of metal cores coated with rubber[27], see Fig.1.4.

Fig. 1.4 Images of the locally resonant sonic materials’ sample. On the left is the structure of
a unit-cell and the right-hand side is the periodic structure by the unit cells[27], [28].

The spring-mass model[28] reveals the negativity of the dynamic effective mass.
Obviously, it is frequency dependent. Meanwhile, the resonance-based metamaterial is
an easy way to realize single- and double- negativity[29]-[34], which make negative
parameters being considered for design. Lee et al. firstly demonstrate the double
negativity in experiment by overlapping the frequency dispersion of dynamic density
and bulk modulus[34]-[36]. This property can be used to create devices to enhance
acoustic imaging call acoustic superlens[37]. The doubly negative superlens carries
more information because of the evanescent wave components. Notably, the local
resonance can also couple evanescent waves to propagating waves by Fabry—Pé&ot

resonance[38], [39]. Thus, the imaging result can break the diffraction limit for a “super



resolution”. The sample is in Fig. 1.5. To have a broad bandwidth and capability for far
field imaging, acoustic hyperlens[40]-[43] is achieved that can convert evanescent

waves into propagating waves.

Fig. 1.5 Images of the holey-structured acoustic metamaterial for deep-subwavelength acoustic
imaging[39].

Apart from imaging, many other appealing functionalities have also been realized based
on acoustic metamaterials. Because the effective properties’ distribution relies on the
construction of the unit-cells, one can introduce transformation acoustics[44] in theory
to obtain required spatial-varying parameters for desired applications. Acoustic
cloaking[45]-[47] is a remarkable example. Active acoustic metamaterials[48]-[50]
give a way to deal with loss and enhance the practicality. In acoustics, the gain and
active components are more readily available than they are in optics, leading to an
intensive investigation on parity-time symmetric acoustic metamaterials [51]-[53],
such as the novel cloaks and advanced sensors. There are also all-passive parity-time
symmetric metamaterials[54] developed to provide more possibilities for passive

devices.

In this context, we prefer wavefront steering with a reduced dimension rather than bulky

metamaterials because of the long wavelength of sound waves. Once realized, acoustic



metasurface with planar profile is more applicable for practical scenarios. With such
sound devices, one can design novel functionalities in wavefront modulation in an
unconventional way. Following the generalized laws of refraction and reflection in
optics, it is believable to design metasurface in acoustics based on phase
engineering[55]. The designed devices can be divided into two parts: one is reflective
type and the other is refractive type. The acoustic metasurfaces are always constructed
by some typical structures, such as coiling-up space structure[56]-[61], Helmholtz-
resonator-like structure[62]-[64] or membrane-type structure[30], [65]-[67], etc.
Based on the phase profile retrieved from the desired field, the unit-cells geometry can
be determined separately to meet the phase delay on the corresponding position.
Previous studies demonstrate various application scenarios, exemplified by sound
focusing[57], [68], [69], perfect and ultrathin absorbers[70]-[72], ultrathin Schroeder
diffusers[73], and so on. The transmissive type of metasurfaces are similar to their
reflective counterparts. Hence the metasurfaces can be designed to change the direction
of wave propagation[62], [74]-[76], form various types of beams[77], [78], realized

asymmetric transmission[79] or achieve acoustic hologram[80].

2. Motivation and objectives

In section 1, are brief history of the metamaterial has been investigated both in electro-
magnetic and acoustic branch. These two topics merely in a parallel structure. After an
intensive review, acoustic metasurfaces are chosen to be an interested topic of this
thesis. With a application-oriented idea, | focus on how to broaden the operating
frequency bandwidth of the existing metasurfaces as well as to find out more

possibilities to design meta-structures taking advantage of its natural flexibility.



This thesis aims to broaden the operating frequency band of current metamaterials to

enhance their practicality, making them applicable for more working conditions.

Due to the complexity of the current design procedure, such as parameter sweeping or
optimisation algorithms, to develop more efficient method or more controllable model

can make the design strategy more efficiency.

3. Broadband and flexible design of acoustic metasurfaces

There are two reasons that the current metasurfaces suffer from limited bandwidth. First,
for those approaches that utilize cavity resonance based structures[62], [74], [81] to
generate phase delay, they only work near the resonant frequencies. Secondly, if the
high index is introduced by coiling up space[57], [60], [61], the designed metasurfaces
are always accompanied by the impedance mismatching and the Fabry-Pé&ot
resonances incurred. The dramatical decrease of the transmission coefficient occurs
near to the Fabry—Pé&ot resonant frequencies. To extend the working frequency range,
corrugated surface[82] and circular-holed cube[68] were adopted. They can effectively
modulate the reflected acoustic wave, but not suitable for the transmitted wave. In this
context, metamaterials with varying geometrical shape[69], [83]-[87] were introduced
to improve the spectral performance, as the graded interface between metamaterial and
background media can decrease the reflection with a better impedance matching
behavior. For some of the design[69], the high index region is restricted by the viscous
or structural loss because of the structural complexity. Also, many approaches[85], [88]
were in a primary stage, and more experimental investigation is needed. Notably, by
‘compressing the space’ by using helicoid surface[89], a broadband dispersion-free
metamaterial can be obtained, and its effective parameters can be adjusted precisely by

changing the helical pitch. Former works attempted to make an impedance-matched



layer by using gradient pitch distribution[75], [88], [90] and sound devices with diverse
functionalities has been demonstrated with numerical results. However, little
systematic investigation has been conducted on the overall reconstruction of the
uniform helicity design, especially the theoretical analysis on subsequent benefits in the
frequency response of phase delay and transmission efficiency. Also, there lacks the
experimental work to evaluate the effect of viscous and thermal loss and demonstrate

the broadband sound wavefront modulation with high energy transitive ratio.

The study of the thesis is around helical structured metamaterials which firstly
presented by Zhu et al. in 2016 as a dispersion-free slow wave propagation material for
phase engineering[89]. The effective indices and dynamic densities are retrieved in this
work. An Airy beam was used to show its phase control ability. For the phase
engineering on a planar surface, a demonstration also has been presented by Hussein
with a title “Generation of acoustic helical wavefronts using metasurfaces”[91]. In this

paper, the helicoid describes mathematically by the parametric equation

F(p,t) =<X,Y,Z>=< pCOS|:272’J1: f (T)dT},pSin[Zﬂ'ﬁ f (z‘)dr},bt >. (1-2)
where pis the radius of the helicoid, b is the constant rate of gradual displacement

along the middle axis. A metasurface constructed by the helicoid structures convert
plane wave to helical wavefront in a circular waveguide. The acoustic metacouplers[88]
and gradient-indexed impedance matching layer[90] shows that the gradient variation
of the pitch can be an intermediate segment on the interface between two materials. A
thoroughly theoretical analysis and experiment investigation is still highly desired. In
the following years, the helical structures have also been adopted for the wavefront

modulation such as coded metasurface[75], beam splitters. Because the structure of the



helicoid components looks like screw and nut, the related mechanism is also introduced
to the tunability of unit cells, resulting in continuously tunable metasurfaces both for
transmitted[92] and reflected[93] wavefront modulation. It is worth noted that the
research of this thesis also contributed to the development of the gradient helicoid
metamaterials by intensively theoretical work and experimental investigation. In this
work, | pushed forward the effective media theory of the helicoid metamaterial by
proving the equivalence between the gradient helicoid metamaterial and an

inhomogeneous media[94].

To make the current acoustic metamaterials more practical, there are two questions for
this topic. Is it possible to simplify the design procedure? How to make further efforts
to develop the potential of acoustic metasurfaces flexibility? Approaches in the recent
years give many attempts to reply those two questions. Taking the position and
dimension as the parameters of such kind of gradient-index[95], [96] structures,
optimistic algorithms (such as genetic algorithm[97] (GA)) are used to enhance the
efficient of the lens both in 2-dimensional and 3-dimensional concentric rings. Some
researchers resort to building libraries[98] or making desecrates cells[87] for inverse

design.

5. Organization of the thesis

This thesis demonstrates the design of acoustic metamaterials for wavefront modulation
with broad bandwidth and better flexibility. Chapter 2 introduces linear distribution to
the pitch of the helicoid metamaterial, building a gradient helicoid metamaterial. A
broadband focal lens and a broadband sound signal amplifier are constructed to
demonstrate the functionalities of the gradient helicoid metamaterial. On the basis of

chapter 2, chapter 3 focuses on building more flexible wavefront modulator with



gradient helicoid metamaterial in broad bandwidth. A diffractive metasurface for
anomalous refraction has been achieved; its three working modes can be switched
between each other by reordering the unit-cells. Chapter 4 demonstrates the practicality
of braodband anomalous refraction by using experimentally realized Bessel beam.
Based on the accumulation of the previous chapters, a more general theory has been
developed in chapter 5 to describe the behavior of the helicoid metamaterial. This
chapter establishes the spiralling unit-cells and build connection between the
geometrical and acoustic parameters. A broadband wavefront converter has been

constructed to demonstrate its performance.
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Chapter 2. Gradient-pitched helicoid metamaterials

In this chapter, the effective model of a uniform-pitched helicoid unit cell is first
introduced, and then the modeling of the gradient-pitched helicoid metamaterials is
discussed. With the gradient effective index, the novel designed unit cell presents its
broadband performance through two functionalities, namely, a broadband sound signal

amplifier and a broadband focal lens with predictable focal length.

2.1 Theory of retrieving effective parameter
The effective parameter model is based on the dispersion free of the uniform-pitched

helical-structured metamaterial.

The mathematical expression for the blades’ surface of uniform-pitched helicoid is

written as follows:

X=rsind
Z=rcosé,
y=a-0

. 0,<60<6,, (2-1)

N
IA
=
IA

where d and D are the inner and outer diameters of a unit cell, respectively.

Fig. 2.1 A schematic diagram of a helicoid surface.
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The coiled-up space between the blades prolongs the route of wave propagation,
resulting in an increased refractive index. Given the uniform distribution of the helical
space, the structure is equivalent to a dispersion-free homogeneous medium with slow
wave propagation. In this context, the effective parameter of this kind of metamaterial
can be retrieved on the basis of the transmission coefficient or transfer-matrix method.
The latter one is commonly used for the measurement of acoustic parameters, such as

refractive index or impedance.

Fig. 2.2 shows the analogy to an equivalent medium and the transfer-matrix-based four-
microphone method[99]. Such technique is used to numerically and experimentally test

the complex transmission coefficient and evaluate the transmission loss.

M1 M2 M3 M4
Source Terminal
. Pl 1 =
I I
1 1 1 (]
1 1 1 1
- | -
> | 1 1 1 1
[ 1 1 oy -
DA 0 d Vi V4 Y
o A C
= . ==
pl’Nl)Zl ] pzaNz:Zz' <= pli'Nl’Zl
B D

Fig. 2.2 Uniform-pitched helicoid metamaterial and its equivalent medium. A uniformly
helical-structured metamaterial of thickness d is positioned to the middle of an impedance tube.
Left-hand side is a plane wave source and right-hand side is a terminal with absorption. The
helical-structured unit-cell is equivalent to a material whose equivalent density, refractive
index and impedance are p,, N,,and Z,, respectively. Rest of the parameters with subscript
‘L’ is the acoustic property of the background media. A t0 D represents the positively and
negatively propagating plane wave inside the tube.

In this process, a loudspeaker acts as the source of plane wave. Four microphones

positioned at X, to x, read complex pressure P, to P,, taking the following forms:

12



Pl — (Aefjkyl + Be]kyl )ej(’)t, (2_2a)

P, =(Ae ™ +Bel e, (2-2b)
P, =(Ce ™ +De’" Je, (2-2¢)
P, =(Ce ™ + D’ )&, (2-2d)

Eq. 2-2a to d yield positive and negative going complex pressure values at both sides
of the measured unit cell, that is,
j (HejW2 _ Pzejkyl)

A=—— : (2-3a)
2sink(y,—y,)

j (Pze_jkyl _ F>1e—iky2 )

o , (2-3b)
2sink(y,—Y,)
j(P3ejky“ _ p4ejky3) 230
= - y - C
2sink(y;—y,)
) j(p4e—jky3 _ P3e‘jky4) 230

2sink(y;—,)

The transfer matrix connects the sound pressure and normally directional particle
velocity between the incident and the transmitted interface, as shown in Fig. 2.2

position x=0 and x=d . We have

13



Pl |t t|P y
{Vlo _|:t21 tzj{vld. (2-4)

Considering the reciprocity and symmetry of the acoustic wave propagation, the

following relationship can be obtained:
ty =1, tt, —t,t, =1. (2-5)

To solve the transfer matrix in Eq. 2-4, variables P and V are required. These

variables can be expressed by the positive- and negative-going waves, that is,

Pl_o=A+B, (2-6a)
Vo= Ap_CB, (2-6b)
0
Pl,_q=Ce " +De’, (2-6¢)
~jkd jkd
V]_ :Ce—De_ (2-60)
x=d
PoC

Substituting Eq. (2-5) and (2-6) back into Eq. (2-4), the elements in transfer matrix are

t11 — P |x:d V |x—d|\;|i_P |x:0 V |x:0 , (2-73.)

t, =it (2-7h)

14



, (2-7¢)

t _ P |x:d V |x:d +P |x:0 V |x:0
22 T hﬂ

, (2-7d)

where M =P | _ V| s +Ply V |-

Considering the physical background of the normal-incidence transfer matrix for an
inhomogeneous embedded middle layer, the elements contain the information of
refractive index and impedance, namely, the effective parameter of the helical-

structured metamaterial, that is,

{tﬂ tﬂ}: cos( Ny kd) jZeﬁsin(Neﬁkd). 29)

jsin(Nygkd)/Z,  cos(Nykd)

t21 t22

In this context, the effective refractive index and effective impedance can be evaluated

by

arccost
Neff = 11’ Zeff = h . (2'9)
kd t,,
A previous study has shown the dispersion-free characteristic of the helical-structured
unit cells in a large frequency range[89]. The next section will discuss the acoustic
behavior of a gradient-helicoid metamaterial on the basis of the retrieval method in this

section. Notably, the parameter-retrieval method mentioned in this chapter for

numerical analysis and experimental measurement are all based on this strategy.
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2.2 Helicoid structure with gradient pitch
This section demonstrates the characteristics and performance of the gradient-helicoid

metamaterial unit cells.

2.2.1 Gradient-indexed (GRIN) effective media of the unit cells

The performance of the helicoid acoustic metamaterial with constant helical pitch
decays away from the Fabry—Pé&ot (F-P) resonance frequencies owing to the
impedance mismatch at two ends of the unit cells. To investigate the behavior of the
graded helicoid metamaterial over a broad bandwidth and offer a new wavefront
modulation capability, | propose a design with linearly pitch distribution. Through this
distribution, the impedance matching on the interfaces is improved. The unit element
of the proposed helical structure exhibits a large pitch at two ends and a small one in
the middle, symmetric about the middle point. The effective impedance of such gradient
helical-structured unit cells is no longer uniform along the wave propagation but instead

decided by the on-site pitch value.

The geometrical governing equation determines the helicoid shape by controlling the

pitch distribution. The helicoid equation is written as follows:

X=rcosd, (2-10a)
z=rsiné, (2-10b)

4
y=f0 p(zr)/ 2zdr, (2-10c)

where r is the radius that ranges from d/2 to D/2, and p is the pitch function with respect

to the independent variable € defined as follows:
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br

p(r)=ae", (2-11)
where a and b are constants to adjust the helicoid shape.

Hence, function y takes the form

a
y= z—ﬂb(eb" -1). (2-12)

Considering functions p and z, the linearity is evident:
p=2zb-y+a. (2-13)

By choosing appropriate values of a and b, one can adjust the shape of the helicoid

blades.
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Fig. 2.3 A gradient helicoid metamaterial. (a) Detailed interior design of a helical unit cell
with four blades and gradient pitch. In this chapter, the inner diameter, outer diameter, and
total length are d (6 mm), D (30 mm), and L (32 mm), respectively. (b) shows the pitch
distribution along the Y axis.

The previous investigation reported that the helical-structured metamaterial keeps

dispersion-free over spectrum. In this context, the non-dispersive property is assumed
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to still work for the GRIN model. The theoretical analysis of this helical-structured
metamaterial with a gradient-pitched element design can be resolved with the effective
medium model. We obtain the effective refractive index, mass density, and impedance
corresponding to a certain pitch through a retrieval method, which is based on the
transmission and reflection spectrum through the method in Section 2.1. For an element
with a constant diameter and gradient pitch illustrated by Fig. 2.3(b), the effective
parameter variations along the wave propagation direction caused by different pitch
values are calculated and plotted in Fig. 2.4. The three parameters share the same
variation trend that is against the pitch change. From the end to the middle point along
the Y axis, the parameters gradually increase with decreasing pitch value and a tight

arrangement of the blades.
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Fig. 2.4 The gradient distribution of effective parameters along the Y axis of the unit cell in Fig.
2.3. (a) and (b) show the effective index and effective dynamic density of the gradient-pitched
helicoid unit cell in Fig. 2.3.

The index and dynamic mass density demonstrate a similar trend along the Y axis. The
effective impedance of the unit cell has same distribution, that is, with the minimum
value at both ends and maximum at the middle of the unit cell. Fig. 2.5 illustrates the
variation. This distribution results in an enhanced impedance match at the interface of

the metamaterial to the background media and weakens the F—P resonance. Therefore,
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the minimum energy-transfer coefficient over spectra is expected to be enhanced, which
makes sense for the broadband utilization. In this case, selecting the appropriate pitch
distribution enables flexible and ideal inhomogeneous media to be obtained for diverse

functionalities and working conditions.
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Fig. 2.5 Effective impedance distribution along the Y axis of the unit cell in Fig. 2.3.

The effective parameter of a helical duct with a constant diameter can be the pitch
function. On this basis, the behavior of the helical-structured metamaterial elements can
be estimated by the effective parameters instead of considering the circuitous geometric
space. An inversely proportional function is used in Tables 2.1 and 2.2 to fit the
distribution of index and mass density of the cell displayed in Fig. 2.3. This task is
initiated to analytically describe the relationship between the effective parameter and
the position along the Y axis. As a symmetric profile with respect to the middle of the
unit cell, the effective materials can be divided into two layers corresponding to the
increasing and decreasing trend of parameters. After the above-mentioned operation,
the geometrical model of the graded helicoid metamaterial has been replaced by the
effective medium. Fig. 2.6 illustrates the fitting results with excellent agreement to the

original data of effective parameters.
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Table 2.1 Fitting of the effective refractive index

0—— ——L
Interval of y 2 2
B 1 3 1
Expression T ay+p Tay+ B
Independent variable y
. Neff
Dependent variable
Method Trust region method
Coefficients to be fitted a, B a, yin
Result -19.66 m™* 0.5804 19.66 m™ —0.04862
Sum of squares due to error 0.04375 0.04375
Table 2.2 Fitting of the effective mass density
0-= L
Interval of y 2 2
Pet = : Pett = L
Expression Ty +y, Ty,
Independent variable y
Dependent variable P
Method Trust region method
Coefficients to be fitted 1y 12} My v,
-10.98 0.2218 10.98 —0.1295
Result
kg Y/m? kg Ym? kg Y/m? kg Y/m?
Sum of squares due to error 0.7205 kg?/m™® 0.7205 kg?/m™®
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Fig. 2.6 Fitting of the effective parameter: (a) comparison of the fitted index and the original
data; (b) comparison of the fitted density and the original data.

The analytical description of the effective medium states that the acoustic
behavior can be also analytically predicted. Similar to Fig. 2.2, Fig. 2.7 shows the

inhomogeneous medium analogy for the gradient-helicoid metamaterial.
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Fig. 2.7 A gradient helicoid metamaterial and its schematic diagram in terms of acoustic index.

Outside the metamaterial region, the 1D monochromatic-wave equation in the
background medium (layers I and 1V) is (time dependency e/ has been eliminated)
2 2
d p(ZY)_i_(QJ p(y)=0, (2-14)
dy c

with the solution expressed as follows:

p(x) =¥ e +piel, (2-15)
where ¥, and W? are constants, which can be determined by the boundary conditions.
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For the particle velocity along the propagation direction, we have

o 0op
p —_—=—— , (2'16)
ot oy
and thus
~iky jky
v ()= K€ e ke (2-17)
WP, WP,

The wave equation of the inhomogeneous media in layers Il and 111 is as follows:

d’py(y) , (@ ’ dinp_(y)) d ) _
dy? +(Enm(W) Q(”_{__TET__ a;p(y)_o, (2-18)

where n,, (y) and p,, (y) are the space-dependent variables that can be expressed as

follows:

L o<y<Ls2 0<y<L/2
neﬁ — aly;_lBl 1peﬁ — lu’ly;_ Vl , (2_19)
Li2<y<L Li2<y<L
a,y+ 5 HY+V,

where «;, B, 1, and v, (1=1,2) are the coefficients obtained by curve fitting in

Tables 1 and 2.

Considering the complexity of the mentioned inhomogeneous equation, | resort to the
symbolic calculation of computer software. The solution of Eq. (2-18) can be written

as
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1Va?c?-40? —ca

py (x)=?LF([n,n].d,z)-(ay+p)z w  +

1\a?c?-40? +ca

rir (] o) oy

=PLA(Y)+PO(Y)

where F ([n,,n,],d,,z) is the hypergeometric function which has the form

F(nn] 0,2)=3 I (n+k) I (n,+k) I (d)

= k'7'(n)r(n,) 7 (d+k)

Meanwhile, ¥}, and ¥ are constants for the two linearly independent solutions

denoted by A(x) and @(x). For details,

1Va’c? —40® - 2jo—ca . 1Va’c? —4w® +2jo—ca

LI ca 2T ca
q :—\/052C2—4a)2 toa ,_ (ay+B)u
ca —-av+ fu
' =— 1Va’c®’ —40® —2jwtca o _ 1 Va’c’ —4e’ +2jo+ca
2 ca 2 Ca
d,=\/a202—4a)2 +Ca,z,=(ay+ﬁ),u
Ca —-av+ fu

Following the property of hypergeometric functions, as two general solutions of the

inhomogeneous equation, A(y) and @(y) are linearly independent.

To ensure correctness, we put A(y) and @(y) backinto

p(y), _(dnp, (¥))d
D=—2> ¥ ( neﬁ(y)j p.(Y) [T @pl(y)

and D has been calculated being 0. Furthermore, the good agreement of the theory

and simulation result shows the rationality of the derivation.
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The solution of Eq. (2-18) has the form

P (X)=¥iA(y)+#iO(y): (2-20)
where ¥}, and \¥: are constants for the two linearly independent solutions denoted
by A(y) and @(y). The details of the solution are presented in the Appendix. The

following particle velocity in layer 1l is obtained by combining Eg. (2-16) and (2-20)

vy ()= 4340 e T 0O1) (2-21)

dy "wp dy
The sound pressure and particle velocity in layer I11 have the same form as that
in layer Il, but the @ , 8, vV, and u values differ. The independent solution can be

denoted by A'(y) and @'(y). With the continuity of sound pressure and normal particle

velocity at the interfaces, we can obtain the following relationship for the background

and effective medium layers.

0, (0)=p, @ | @:p"'(g) o (a) = py (a)
{ | I , { 1 [\ (2_22)

OO, (3, (z) i (2) =V (2)

The following relationship between layers I and 1V is obtained by changing Eq.

(2-22) to the matrix form and eliminating the middle term:

T=T,| T, |;1_: T, |y:% T M- (2-23)

In Eq. (2-23),
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A(Y) o(y) A'(y) o'(y)
To=| _j daly) _j do(y)|T, j aa(y) _j de'(y)|,
wp(y) dy  wp(y) dy wp(y) dy  wp(y) dy
e—Jky ejky
M=| ke ™ kel |
WP, @,

Based on the continuity of sound pressure and normal particle velocity, the relationship

between the pressure p, of incidence and transmission p, is expressed as follows:

1
T{ Pi } =pe k|, T'= {ti”m ti”"lz} : (2-24)

t t
r inv21 inv22
WP,

where k and @ are the wave number and angular frequency of the plane wave,

respectively; and o, is the mass density of air. In this case, the overall complex

transmission coefficient of sound pressure t is derived as follows:

ol

tp = T . (2-25)

tinvll +— t
0 “invi2

The small difference between the real structure and the effective model should be
considered. The effective model can be slightly shorter than the length of the blade
region (32 mm) because of the large pitch of helicity at both ends of the cells. For the
numerical calculation and simulation model with an effective parameter, we cut 2 mm

at both ends for accurate results.
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Fig. 2.8 Calculated performance of an element. (a) Transmission spectrum of normal incident
plane waves crosses the unit cell. (b) Corresponding phase spectrum response. (a) and (b)
share the same legend in (a). Notes of legend: eff.—simulation results by using effective media,
str.—simulation by using the helicoid model, and theo. —numerical results corresponding to
the theoretical analysis.

The calculated sound pressure transmission and phase delay through the gradient index
unit cell are shown in Fig. 2.8. The curve in Fig. 2.8(a) clearly shows the transmission
coefficient higher than 80% over the frequency range. The phase delay shows a smooth
variation with a gentle slope over the studied frequency range. This outcome is
attributed to the gradient index along the propagation direction that weakens the strong
dispersion of phase shift caused by specific F—P resonance. With such a smooth curve,
controlling the phase delay for phase engineering within the whole wide frequency

range of interests is easy and practical.

The good agreement of three groups of results in Fig. 2.8 indicates the feasibility of
the effective medium model and the theoretical analysis. The small difference of
transmission coefficient of sound pressure may come from the round-off error of the
numerical computation and thickness of the structure’s blades. The illustration of the
phase delay [Fig. 2.8(b)] shows that a slight shift can be neglected. On one hand, the
result shows the validity of the inhomogeneous medium model to replace the real
structure. Thus, the designed metamaterial with air-like acoustic properties has

relatively high stiffness, which can be used as inhomogeneous sound media. On the
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other hand, the conformity guarantees the ‘inverse design’ from the required material
parameters’ distribution to the related helical structure. This property remains a huge
potential for the flexible design of acoustic metamaterial. The computation above is in
a lossless condition. The influence of viscous and thermal loss has been evaluated

through an experiment in the following section.

2.2.2 Acoustic characteristic of the unit cell
In this part, the experimental results are illustrated to show the performance and

characteristics of the graded helicoid metamaterial.

The performance of the newly designed helical-structured acoustic metamaterial unit
cell with gradient pitch has been experimentally measured inside an impedance tube
using the four-microphone two-load method, as shown in Fig. 2.9. The samples were
manufactured by 3D printing. The huge impedance mismatch between the
photopolymer (Somos GP Plus) material we used to fabricate the sample and air makes
it possible for us to regard it as rigid in theory model. We performed time- and

frequency-related experiments.

Fig. 2.9 Setup of the lab-made impedance tube. The white-colored cell is fixed in the middle by
two flanges. Four microphones are positioned at both sides of the sample.
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A short pulse is generated and sent inside the impedance tube to demonstrate that the
new gradient-pitched helical-structured design still possesses the sound deceleration
function. The recorded transmission signals with and without the metamaterial sample
are shown in Fig. 2.10. The sound signal is further delayed by approximately 1.19>10*
s by adding the metamaterial unit cell. The time delay functionality for the signal

transmission has been verified.

o
o

Amplitude(a.u.)
o

4.0 45 5.0 55 6.0
Time(ms)

Fig. 2.10 Delay of the pulse sound signal introduced by the gradient-pitched helical-structured
element.

The uniform-pitched distribution to the graded model demonstrates that the impedance
mismatch has been weakened, so the F-P resonance is related to the reflection at
interfaces. The difference can be observed by the comparison of transmission spectrum
between elements with constant and gradient pitches. Fig. 2.11(a) shows the
experimentally measured spectral transmission performance. The transmission
coefficient of the uniform pitched model violently changes caused by relatively pure
F—P resonance mode. The 3-dB half-power bandwidth is rather narrow (approximately
0.52 kHz). As shown in the blue curve, the transmission through the gradient-pitch unit
cell remains at high values close to unity over a wide frequency range. This finding is
in good agreement with the prediction from the transfer-matrix method. The 3-dB half-

power band is now 2.6 kHz wide, covering from 2.68 kHz to 5.28 kHz, about one octave.
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Such extraordinary sound pressure transmission of the gradient-pitched model over
spectrum can be attributed to two physical mechanisms: enhanced impedance matching
with the background medium at two ends of the unit cell because of the larger pitch
there; and the gradient index profiles that can bridge additional sound energy to counter
the effects of specific F—P resonance mode. Fig. 2.11(b) demonstrates the measured
phase shift of the two unit-cells. Although the gradient-pitched unit cell shows a smooth
phase delay curve without a notable inflection point in the 3-dB band, the phase shift
offered by the uniform-pitched unit cell fluctuates around the resonant frequency at 4
kHz. This experiment shows two advantages after eliminating the F-P resonance. On
the one hand, instead of periodic valley on the transmission spectrum, the gradient
helical structures’ response pulls up the valleys and lead to a broadened operating
frequency bandwidth. On the other hand, with weak resonance, the phase shift becomes
gentle and smooth. That contributes to a stable frequency response for broadband

utilizations.
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Fig. 2.11 (a) Sound pressure transmission coefficient of a uniform-pitched and gradient pitched
element. (b) Phase shift spectra of a uniform-pitched and gradient pitched element. The leading
pitch for the uniform-pithed element is 20 mm, and the pitch distribution for the gradient
pitched unit cell is the same as that in Fig. 2.3.

The previous work pointed out the dispersion-free property of the uniform-pitched

element. By contrast, the dispersion property of the gradient-pitched model is yet to be
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experimentally studied. We calculated the spectra of energy transmission and reflection
to sufficiently evaluate the characteristic of the helicoid metamaterial. Thus, the viscous

and thermal loss of the element can be obtained according to the following relationship:

TL=1-t,-r,, (2-26)
where TL is the energy loss; and t, and r, are the transmission and reflection

coefficients of the energy, respectively. The thermal and viscous loss is kept at a low
level over the spectrum [Fig. 2.12(a)]. By contrast, the energy loss of a uniform-
pitched element is large near the resonance frequency. The small loss can be also
further demonstrated by the effective refractive index. With regard to the gradient
distribution of the helical pitch, retrieval of effective parameters cannot be
straightforward. However, we can measure the average value of the effective refractive
index by taking it as a homogeneous medium. The real part of the index in Fig. 2.12(b)
shows the dispersion-free property of the graded helical duct over the spectrum. The
imaginary part—the attenuation coefficient—is near zero and remains flat during the
calculated frequency range. Hence, the gradient-pitched helical structure can be

reasonably described by a lossless model.
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Fig. 2.12 Energy loss and effective index. (a) Measured viscous and thermal loss of uniform
and graded helicoid cell. (b) Measured average refractive index of the graded helicoid cell.
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2.3 Narrow-band and broadband focal lens

In this section, a flat focal lens, which works in a wide frequency range, has been
realized. The lens characteristic indicates that the position of the focal spot at the
different operating frequency is calculated and verified by experiment. The focal lens
by uniform-pitched helicoid metamaterials has been designed as a control group to

demonstrate the broadband performance of the gradient-helicoid metamaterial.

2.3.1 Design
The Huygens principle states that the phase lead-and-lag of the point source array will
create the shape of the wave front with an envelope. Fig. 2.13 shows the position of a

unit cell and focal spot f . The gradual radiation means that a unit cell can be regarded

as a point source without coupling between the neighbors.

=

Fig. 2.13 Geometric relationship between focal length and the wavefront of a point source at
position X.

The geometrical relationship illustrated in Fig. 2.13 should be satisfied with the

following equation to design a focal lens for a normal incident-transmitted plane wave

@(X):%( x2+F2—F). (2-27)

Eq. (2-27) provides the required phase adjustment distribution along the surface of the

flat focusing lens, where ¢ denotes the phase delay at any specific location X, f isthe
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operating frequency, c is the sound speed in the air (343.2 m/s %), and F is the focal

length.
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Fig. 2.14 Phase profile of the designed focal lens at 4000Hz. Dots represent the phase of each
unit cell at the corresponding positions, and the black line is the theoretically designed phase
profile at 4 kHz by Eq. (2-23). The focal length F is selected as 0.5 m without loss of generality.

2.3.2 Realization by uniform-pitched helicoid metamaterial

Before designing the meta-lens by using a gradient-pitched helicoid metamaterial, a
meta-lens is realized by using uniform pitched helicoid metamaterials as a control group.
Forty-one unit cells are used to construct the meta-lens. The amount of the unit cell is
the same as the discrete point in Fig. 2.14. With a working frequency of 4000 Hz, the
phase delay of a single unit cell is adjusted by changing the pitch. The length of unit-

cells are all fixed at 20 mm. The outer and inner radii are 30 and 6 mm, respectively.
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Fig. 2.15 Setup of simulation and its tested region. (a) shows the assembly of the flat meta-lens.
The lens is constructed by embedding forty-one cylinder unit-cells into a frame with holes. (b)
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illustrates the simulation environment. The data collection is in the 0.4 m > 0.4 m region near
the position of focal spot.

The calculation result shows a focal spot at the designed operating frequency of 4000
Hz. When the frequencies are set to 3500 and 4500 Hz, the intensity pattern failed to
have a focal spot. This finding shows that the uniform-pitched helicoid metamaterial is
limited in frequency domain. When the working frequency shifted from the designed
frequency, the performance dramatically decreases. Two reasons lead to such results.
First, the uniform pitched unit cell has a strong F—P resonance. Hence, the transmission
coefficient of the working frequency far from the resonant frequency is much lower
than the peak values. Second, the phase delay is influenced by the resonance and lost
the required distribution for other frequencies. A gradient pitch for the existing design
should be introduced to determine the issue of impedance mismatching and broaden the

cell band, which will be discussed in Section 2.3.3.
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Fig. 2.16 Intensity pattern of the tested focusing region for three frequencies. The right-side
line chart shows the sound intensity distribution along the cross-sectional line, dotted in the
intensity pattern.

2.3.3 Realization by gradient-pitched helicoid metamaterial
The new helical-structured acoustic metamaterial with gradient pitch offers
extraordinary sound transmission and smooth phase adjustment within a wide

frequency range. Realizing a series of phase delays by appropriate pitch distributions is
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now possible, without the fear of suffering from the lower transmission. With the
smooth phase shift, the difference in phase delay between any two unit-cells remains
invariable over the spectrum. Taking advantage of this unique characteristic, we design
and fabricate a thin flat focal lens with an array of new gradient-pitched helical-
structured acoustic metamaterial unit cells. The lens thickness is less than half of the

smallest wavelength.

This continuous phase profile is further discretized into 41 segments. Accordingly, the
whole lens can be constructed with 41 individual unit cells embedded in a holding frame,
as exhibited in Fig. 2.18. The required phase modulation at each of the forty-one unit-
cells is achieved by adjusting the leading pitch. We subsequently calculate the phase
profiles for three different frequencies, namely, 3.5, 4, and 4.5 kHz, and present the
discretization results in Fig. 2.17. The two elements can keep a relatively constant phase
difference over the spectrum, which forms a uniform phase profile, because of the
smooth phase delay of the elements in terms of frequency. This condition paves the
way towards realizing a broadband sound focusing with one set of gradient-pitched
helical-structured acoustic metamaterial unit cell array. Considering the consistency of
the phase distribution in terms of frequency, the position of the focal point is frequency
dependent and can be predicted. In Eg. (2-27), we can obtain the focal length at different

frequencies with curve fitting method by taking F as the parameter to be fitted, and X

and (p(x) as the independent and dependent variables, respectively. In the fitting

process, we first have the following expression:

y=——o(x)=vx*+F*-F, (2-28)
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where y is the wavefront based on the phase profile. The focal length F can be

obtained by using the trust region fitting method. As shown in Fig. 2.18, the radius of
the output wavefront envelope, that is, the focal length, will increase with frequency

(i.e.,0.40 m at 3.5 kHz, 0.50 m at 4 kHz, and 0.58 m at 4.5 kHz).

B *3.5Hz + 4, 5Hz
*4 0Hz—Theo.
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Fig. 2.17 Phase profile requirement of the flat focal lens for different sound frequencies. The
dots represent the phase of each unit cell at the corresponding positions. The black line is the
theoretically designed phase profile at 4 kHz by Eq. (2-27).

Fig. 2.18 Focal point for three operating frequencies. The semicircle is the wavefront from
each unit cell. The envelope curve obtained by fitting method that appears in bold is the
focusing wavefront. At the bottom left corner of (c), the structure of the flat lens is partially
magnified. Forty-one cells are embedded in the holey frame whose total width is 1.312 m.

The unit cells are all manufactured by 3D printing with a photopolymer. Fig. 2.19
shows the white-colored cylinder unit cells that have similar pitches at both ends while
diverse pitch values in the middle. Hence, the impedance in the lens direction remains

nearly uniform to match the air’s impedance.
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Fig. 2.19 Gradient helicoid unit cells with a uniform height of 32 mm.

We conducted simulation and experiments to validate the thin flat focal lens design.
The sound intensity patterns for three separated frequencies, namely, 3.5, 4, and 4.5
kHz, are extracted and plotted in Fig. 2.20. We measured only the region around the
focal point, marked with red boxes in Figs. 2.20(a)— 2.20(c) and illustrated by Figs.
2.20(d)- 2.20(f), because of the limited range of our sound mapping system. The well-
matched simulation and experimental results show that the thin flat lens can focus
incident acoustic waves of different frequencies covering 1/3 octave coverage. The
shape of the focal spot is clear for all three frequencies. The sound intensity at the focal
point also remains on the same level for three frequencies, indicating similar high
transmission over the spectrum. Simulations for incident acoustic waves with
frequencies different from the aforementioned ones are also conducted. In all cases, the
similar extraordinary sound transmission and focusing effects can be clearly observed.
Refer to Appendix C for the predicted behavior and pressure field. The high energy
transmission coefficient in the whole operating frequency range is witnessed by almost
the same maximum intensity under 3.5, 4, and 4.5 kHz, as shown in Fig. 2.20(g)—(i). In
the wave travelling direction, the intensity sharply drops after passing through a focal
spot. This behavior is of great significance in contributing to the energy concentration.
The peak position exhibits that the experimentally determined focal lengths are 0.36,
0.47, and 0.56 m for the corresponding frequency in Fig. 2.20(g)—(i). The small
difference between the theoretical and experimental results of the focal length indicates

the good controllability and high accuracy of the lens. The error of the experiment may
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come from the slight shaking of the microphone during the test process. The intensity

gradient near the focal spot is particularly steep that a slight shaking may lead to a large

error.
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Fig. 2.20 Intensity field of broadband sound focusing. (a)—(c) Simulated sound intensity field
distribution at 3.5, 4, and 4.5 kHz, respectively. The red blocks inside mark the scanning area
adopted in the experiments. (d), (e), and (f) are the experimentally measured sound intensity
field distribution at 3.5, 4, and 4.5 kHz, respectively. (g), (h), and (i) are the transverse cross-
sectional intensity distribution along the Y axis (the red dash lines) at x=0 for 3.5, 4, and 4.5
kHz, respectively.

The pressure pattern of simulation and experiment has been plotted in Fig. 2.21 to
further demonstrate the capability. On one hand, the bent wavefronts are clearly
illustrated. On the other hand, the focal spot moves further along with the frequency

increase, which is in good agreement with the theoretical analysis.
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The available frequency band of the designed focal lens ranges from approximately
3.5 kHz to 4.5 kHz, which is not limited to the three separated frequencies demonstrated
in the main text. Simulations at other frequencies have been conducted to intensively
verify the flat lens’ performance. The simulated acoustic intensity fields in Fig. 2.22
shows that the lens has an ideal and uniform performance for sound focusing over a

considerable bandwidth.

0
Normalized Pressure

0 0.3
06-04-02 0 02 04 06 -02 0 0.2
X(m) X(m)

Fig. 2.21 Comparison of the measured and simulated acoustic pressure fields. (a)—(c) and (d)—
(f) are the simulation and experimental results, respectively. The red boxes in the left sub-panels
denote the scanned area.
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Fig. 2.22 Simulated intensity distributions at different frequencies within 3.5-4.5 kHz.

We have conducted a simulation considering the mechanical properties of the helical
structureto ensure that the design can work in the practical condition. The good
agreement of the field patterns in Fig. 2.23 indicates the rationality of the theoretical
assumptions compared with the simulation under ideal boundary condition (rigid

boundary).

39



Normalized Intensity Normalized Pressure
1 0 1 0 -1

Y (m)

Y (m)

Y (m)

0.0
-06 -04 -02 00 02 04 06 -06 -04 -02 00 02 04 06
X (m) X (m)

Fig. 2.23 Full-wave simulation with real structure properties. (a)—(c) and (d)—(f) are for the
intensity and pressure fields.

2.3.4 Experimental setup

The unit cells are made from photosensitive resin (material type, Somos GP Plus 14122)
and printed on the basis of laser sintering stereo-lithography. A self-made impedance
tube is used to test the complex transmission coefficient. The parts of the tube are as

follows:

1. Source, a loudspeaker (Tymphany PMT-40N25AL01-04) driven by a signal
generator (Briel and Kjeer 3560D with 7539 controller modules and 3109 output

modules) and a power amplifier (Briel and Kjeer Type 2706)
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2. Signal collection, Briel and Kjaer type microphone 1/4 inch (Type 4935)

The transmission coefficient and phase delay of the unit cell sample have been

calculated by using the transfer-matrix method and measured complex pressure.

A broadband sound focusing experiment has been conducted in half space. Thirty
loudspeakers with an interval of 40 mm are used to assemble a line source and
synchronously driven by Zurich Instruments HF2LI Lock-in Amplifier and a power
amplifier (Briel and Kjeer Type2716C). Such task is initiated to generate an
experimental plane wave. Forty-one printed unit cells are fixed by a holey frame, and
the interval is 32 mm. The frame structure is manufactured by the MakerBot Z18 3D
printer using PLA material. For the scanning of the field, we used a two-axis mobile
platform to carry the microphone (Type 4935) for the point-by-point test. The

measurement of the sound pressure is completed by the Lock-in system and software.

In the simulation and experimental setup, the lens is positioned along the X axis. The
middle point of the lens is the same as the coordinate zero point. The experimentally
scanned region is from —0.2 m to 0.2 m along the X axis and 0.3 m to 0.7 m along the
Y axis to measure the focal spot. The plane wave source of speaker array on the other

side of X axis is 70 mm away from the lens in a parallel position.
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Fig. 2.24 Sound field scanning setup. The Lock-in amplifier controlled by the computer works
as signal generation and data acquisition systems. Thirty speakers are in parallel to generate
a plane wave positioned 0.07 m away from the meta-lens. For the scanning of the field, we
measure the target region point by point with a step of 0.01 m.

| selected 3-5 kHz in Section 2.2.1 because of the performance of our lab that made the
impedance tube much better in this regime. In the low frequency, the tested parameter
can be influenced by the thermal and viscous loss of the duct itself. In high frequency,
which is higher than the cut frequency, the high- order mode can be generated to ensure
that the results lose the precision. When demonstrating the difference between two cells,
the error causes a small influence on the outcome. However, when discussing the
effective parameters in Section 2.2.1, an accurate data set is needed. Thus, the range 3—
5 kHz can be accepted. The performance of the impedance tube can refer to Fig. 2.25.
We measured the transmission of sound pressure over the spectrum because of the
limited experimental conditions. In the low-frequency range (<3 kHz), a large

attenuation was observed while a slight fluctuation in the high-frequency one (>5 kHz).
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Fig. 2.25 Measured energy transmission of the empty lab-made impedance tube.

2.4 Sound amplification by GRIN unit cell

Acoustic sensors, or microphones, play an important role in defect detection. However,
when a sound signal propagates in the target components, the attenuation is inevitable
due to many reasons, such as diffusion, damping in the structure, and thermal and
viscous loss. This kind of signal intensity decrease cannot be solved by resorting to
electronic amplification methods because as the intensity may be undetectable. To solve
such problem, we introduce gradient acoustic metamaterials to magnify the intensity
before it converts to electrical signal. The presented helicoid structure can meet such a
requirement by introducing a gradient refractive index along the propagating route. In
this case, the acoustic intensity can be magnified because the wave is compressed by

the gradient increasing index.
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Fig. 2.26 Linearly distributed distribution of the pitch and the corresponding helicoid structure.

In practical applications, a monotone increasing helix is used to construct the structure.
Eq. (2-13) shows p(y)= 27b-y+a, where b=0.15, and a=10 mm. The structural

pitch is determined by a and b, where the former is the pitch at the zero position, and
the latter is proportional to the slope of the line. The helicoid surface can be obtained

by Eqg. (2-10a) to (2-10c), and its diagram is illustrated in Fig. 2.26.

The monotone increasing pitch creates a metamaterial with monotone decreasing
refractive index and dynamic density, resulting in inhomogeneous media. In Section
2.2.1, the effective parameters are determined by not only the background media but
also the geometrical shape, for instance, the helicoid pitch. The only parameter that
governs the shape is pitch because the structural diameter remains uniform along the
axis. The increasing pitch along the Y axis leads to a decreasing effective refractive
index and dynamic density. The slow wave propagation behavior makes the helicoid
metamaterial breaks the limitation of the refractive index, which is always smaller than
one. In terms of frequency response, the excellent agreement of transmission and phase

spectra between the ideal inhomogeneous media and the helicoid structure indicates the
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slowly dispersive behavior of the helicoid metamaterial. On the basis of the dispersion-
free property and pitch-determined parameter, the distribution of the effective
parameter is equivalent to an ideal material whose index and density decrease along the
Y axis. Fig. 2.27 shows the equivalent material’s characteristic. On one hand, the large
index can compress the wavelength. On the other hand, the similar impedance with

background media weakens the reflection on the interface.
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Fig. 2.27 Monotone parameter distribution of the designed gradient helicoid metamaterial.

In the simulation setup, the helicoid blades are in a cylindrical pipe with a constant
radius. The plane wave incidence is parallel to the middle axis of the helicoid. The wave
along the Y axis gains an increasing wave number while propagating through the pipe.
The effective sound speed is ‘slow down’, while the energy flow in the pipe remains
constant along the pipe. The wave compression enables pressure amplification, and the
oscillating pressure gradually enhanced along the propagating direction and achieves

its maximum at the N, point. The pressure amplification is different from that of
active devices, in which the energy is from the electrical input. The magnitude of the
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sound signal of the GRIN amplifier can be enhanced to be detected by the sensor,
breaking the lower limitation of the detectable pressure for the sensor. In this case, the

GRIN amplifier behaves as a passive one.

Evaluatingline
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e 7 > o /’
' /’/‘ -/ Normal
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:
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I
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Fig. 2.28 Gradient helicoid metamaterial and its effective parameter. The evaluating line
illustrates a helical curve along which the sound pressure is exported and plotted in Fig. 2.29.

Fig. 2.28 shows the simulation setup. Section 2.2.1 demonstrates that the gradient-
helicoid structure is regarded as a GRIN material. Fig. 2.29(a) shows the pressure field
pattern considering a plane wave normal incidence to the circular cross-section in 4000
Hz. The wavelength compression from right side to left side is evident. The pressure
color demonstrates the gradually amplified sound signal. In Fig. 2.29(b), the setup
remains constant in spite of the replacement of the gradient-helicoid structure to a GRIN
material whose parameter distribution is similar to that in Fig. 2.27. The pressure
pattern is in agreement with the structure’s frequency response. Hence, the agreement

indicates the rationality of the equivalent material.
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Fig. 2.29 Acoustic pressure in the gradient helicoid metamaterial. (a) and its effective
medium(b) at 4000 Hz.

The slowly dispersive or nearly dispersion-free property of the helicoid metamaterial
ensures broadband performance as a necessary condition. This characteristic also
enables the broadband behavior of the sound amplification. Fig. 2.30 shows the full-
wave simulation results to show the performance as the frequency varies. The absolute
pressure along the Y axis of the structure and its equivalent material counterpart show
a good similarity. The agreement indicates that the designed passive amplifier by
gradient-helicoid metamaterial can work in a large frequency range, which is
approximately two octaves. A slight shift is observed on the Y axis for the pressure of
the helicoid metamaterial because the helicoid structure’s effective length is slightly

shorter than the structure.
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Fig. 2.30 Intensity along the Y axis. The lines illustrate the distribution of absolute pressure
along the Y axis from y=—10 mm to y=170 mm. The scatters show the absolute pressure along
the red line demonstrated in Fig. 2-28. Panels (a) to (d) correspond to working frequencies
1600, 3200, 4800, and 6400 Hz, respectively. For the scatters in (c), the original data of
absolute pressure are half of the presented. The data have been doubled to show the pressure
gain.

2.5 Summary

This chapter is divided into two aspects. The first aspect is the establishment of the
gradient-helicoid metamaterials. The second one is the application demonstration. The
various linear pitches along the middle axis have been established by assigning the
exponential distribution of pitch with respect to the independent parameter. The

dispersion-free characteristic of the uniform-pitched helical-structured metamaterial
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indicates that the inhomogeneous equivalent media are in good agreement with the
gradient-helicoid metamaterial, which is theoretically and experimentally verified. A
detailed theoretical model has been established to evaluate the unit cell’s performance
and provide the possibility of inverse design from acoustic parameter distribution to its
geometric parameter counterparts. The measured effective index shows the low viscous
and thermal loss over the spectrum and the dispersion-free property of the graded

helicoid metamaterial, adding substantial evidence for practical use.

The design of gradient pitch has two forms, namely, the ‘V’ shape distribution and the
monotone increasing (decreasing) pitch along the middle axis. With the ‘V’ shape
distribution of the pitch, the new helical-structured acoustic metamaterial provides
enhanced impedance matching with the background medium at two ends and bridges
more sound energy to counter the effects of the F-P resonance mode. A broadband
meta-lens for sound focusing is designed and measured on the basis of impedance
matching to the background media. Such design will not only benefit the physics
research on realizing wavefront modulation with novel passive materials but also be
anticipated as the new metamaterial that may be used in ultrasonography, ultrasound
surgery, or DNA fragmentation, which need to focalize the energy to a specific region.
We can make a gradient index by using a gradient-helicoid metamaterial to meet the
requirement for obtaining extremely high sound pressure through wave compression,
which can work in a wide frequency range. With the monotone increase of pitch along
the middle axis, one can design a passive amplifier for the enhancement of sound
pressure. When propagating through the gradient media, the wavelength is compressed
by the slow down sound speed. The pressure gain achieves its maximum at the point of
the large effective index. This design breaks the limitation of conventional materials’
index, which is naturally smaller than one. The enhancement in broadband makes the
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signal detectable with small amplitude, thereby improving the sensitivity of acoustic

Sensors.
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Chapter 3. Flexible design of acoustic metalens

This chapter continues to discuss the design of a broadband metasurface. Based on the
generalized Snell’s law, the novel designed metalens composed of unit cells with square
cross section displays enhanced energy transmission efficiency. Given the flexibility of
the unit cell, diverse combinations of the helicoid unit cell array can be obtained by
changing the positions of the unit cells. Thus, a broadband metalens is created for the
anomalous refraction with changeable refractive angles. With the confirmed working
capability in the broadband, the square-shaped helicoid unit cells can also behave
ideally when a broadband Bessel beam launcher is built. With these functionalities, the

experimental results agree well with the theoretical predictions.

3.1 Generalization of Snell’s law

Snell’s law governs the relationship between incident and refractive angles when wave
propagates from one media to another. Derived from Fermat’s law, Snell’s law has the

following form:

n,sing =n, sinég,, (3-1)
where n, and n, are the refractive indices of two kinds of media; and & and 6, denote

the angles of incidence and refraction, respectively. Fig. 3.1(a) illustrates the related
wave path. According to Snell’s law, two wave paths that are extremely close to each

other have zero phase difference as follows:

kn; sin(6,)dx —kn, sin(6,)dx =0- (3-2)
Eq. (3-2) is equivalent to Eq. (3-1). Fig. 3.1(b) reveals that when an external phase

discontinuity ¢ is introduced to the interface between two media by using an artificial
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surface, the phase change of the wave passing though the surface can be a function with
respect to the position X . With the phase discontinuity considered, the equation that

maintains a zero phase difference is generalized as follows:

kn; sin(6,)dx+ (@ +de)—[kn,sin(6,)dx+¢]=0- (3-3)
For instance,
nsin(@)—n.sin(e):id—(o- (3-4)
t t i i k dX

Eq. (3.4) is the generalized Snell’s law. The new relationship provides a new design of

freedom by phase engineering along the interface by using artificial structures.
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Fig. 3.1 Generalization of Snell’s law. (a) Relationship of incidence and refraction on the
interface between two media. (b) Change in the incident and refractive angles when a
horizontal momentum is introduced along the interface

3.2 Reconfigurable metalens

3.2.1 Design

The generalized Snell’s law provides the possibility of controlling wave propagation
by introducing phase discontinuity, which can be realized by using a metasurface with
low thickness and flexible parameter distribution. For instance, the equivalent

parameter of a specific position on the metasurface is determined by the characteristic

52



of the unit cell at the corresponding position. Unit cells are always designed to be space-
coiling structures or to consist of Helmholtz resonators to produce an extra phase delay.
Fig. 3.2(a) demonstrates an array of unit cells of a gradient effective index. The change
of color from red to white indicates the decreasing refractive index that introduces an
increasing phase profile. The abrupt phase variation modulates the wave propagation
by changing the direction of normal incidence. This strategy is used so the metasurface
can modulate the wavefront. Contrary to conventional materials, metasurfaces can more
flexibly change the parameter distribution. A simple reorganization of the array of unit
cells may double or triple the tangent of the phase gradient. In this case, the refractive
angle of the metalens will also change. Fig. 3.2(b) and (c) illustrate the new arrangement
of the unit cells by selecting every second or third unit-cells from the original
arrangement [Fig. 3.2(a)]. In Fig. 3.2(a), the largest phase difference is 2z, which
guarantees phase continuity after the rearrangement. For the total nunit cells, the phase

gradient will be as follows:
0+ 2 ..
n-1 n-1
where 7 equals to the 2z corresponding to a wavelength at the operating frequency. If

every second unit cells are taken to form a new array and the others are used to build

another one behind, then the phase gradient changes as follows:

Based on this strategy, if every third unit cells are taken out to form the original

metalens, then the phase array as follows:
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The above three phase profiles coincide with the metalens demonstrated in Figs.3.2(a)—

(c), respectively.

(a) (b) (c)
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Fig. 3.2 Flexible diffractive lens for changeable anomalous refraction. (a), (b), and (c)
illustrate the three working conditions of a metalens. (b) and (c) are obtained by selecting every
second and third unit cells in (a) and combining these unit cells. The refractive angle is also
doubled and tripled by this manipulation.

3.2.2 Realization of the metalens with multi-angle refraction

To realize the design by using a metasurface, 24 unit cells are chosen to build the
metalens. Fig. 3.3 demonstrates the distribution of the design phase at the working
frequency of 4000 Hz. Lens 1-3 indicate different permutations of the elements.
Changing the working modes requires no new unit cells to be designed. Instead,
readjusting the position of the unit cells changes their phase gradient. This strategy
takes advantage of the metamaterials that cause the arrangement of elements to result

in an extra freedom of design, thus introducing the flexibility of wavefront modulation.

As shown in Fig. 3.3, the red line covers the range of 2x. For the yellow and blue lines,

the maximum phase is observed at some points and the difference of the neighboring
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points is less than 2x, leading to slight discontinuities for the wavefront. This influence
can be overcome by shrinking the size of unit cells to obtain additional elements in a
period. This process will decrease the step size of the lens and increase the continuity

of the wavefront.

2m b

Phase(rad)

=

Code

Fig. 3.3 Designed phase delay of the diffractive lens. The red line shows the phase delay of 2
with 24 unit cells coded from 1 to 24. The blue and yellow lines illustrate the arrangement by
using every second and third unit cells, respectively.

Based on the phase distribution, the next step is to design the corresponding unit cells
that can provide phase delay with slow wave propagation. Gradient helicoid
metamaterials are adopted for the parametric design. Contrary to the previous unit cells
of a circular cross section, square unit cells are used to efficiently improve the space
utilization ratio. Controlled by the pitch distribution along the y-axis, the helicoid
blades are wound more tightly from both ends to the middle, resulting in a gradient

distribution that helps match the impedance to the background media.

The flexibility of the metalens requires unit cells to be movable and easy to fabricate.
When disassembling the metalens and reassembling the parts back to the lens, the

consistency of the dimensions of the unit cells facilitates its embedding into any
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position. The blades and frame in this context are split. When changing the position of

the unit cells, only the blades need to be pulled out and inserted into the target position.
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Fig. 3.4 Comparison of the circular and square helicoid blades. (a) Circular shape of the
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helicoid unit cell. (b) Square cross section of the unit cell, where the dimensions of the design
are marked. The length, width, and height of a unit cell are c=50 mm, b=19 mm, and d=19 mm,
respectively. The lattice parameter is a=20 mm. (c) Coded unit cells used to construct the multi-
angle metalens.

A total of 24 unit cells are constructed to form the metalens. The top view is illustrated
in Fig. 3.4(c). From left to right, the helicoid blades become looser, which corresponds
to a smaller phase delay. Hence, the phase array is increasing, which coincides with the

red scattering in Fig. 3.3.

The refractive angle of the lens is determined as follows:

0 = arctan anz ,
Kl

56



where n (n=1, 2, 3) is the working mode of the metalens, | (480 mm) is the length of
the metalens, and k is the wavenumber. The calculated angles for n=1, 2, and 3 are

9.85%19.65< and 28.19< respectively.

The performance of a single unit cell is also tested in the given frequency. The 6th and
14th unit cells are used for computation. As shown in Fig. 3.5, a high transmission
coefficient is maintained over the spectrum because of the matched impedance of the
metalens and the background media. Phase shift in the same frequency range is also
smooth, similar to the performance of the unit cells in Chapter 2 in the gradient helicoid
metamaterial. In addition, the relationship of the phase with respect to the frequency is
approximately linear, which is a necessary condition for the unit cell to delay the

wavefront in the same extent over the spectrum.
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Fig. 3.5 Performance of single unit cells in the frequency domain. Transmission coefficient (a)
and phase delay (b) of the unit cells over the spectrum from 3000 Hz to 7000 Hz.

The unit cells with diverse phase delays are constructed. The position of these elements
should be determined first to form a metalens for anomalous refraction. The frame has

24 holes, which are marked with Arabic numbers from 1 to 24. At the same time, 24
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unit-cell blades are coded by Roman numerals from | to XXIV. Table 3.1 shows the

placement of the unit cells for three working modes.

Table 3.1 The corresponding relationship between the position code and unit-cell

Mode Mode Mode
1 2 3
code lir;iltl' code L::r;iﬁ' code L::r;iltl' code L::r;iﬁ- code ucr;iltl- code L::r;iﬁ-
1 | 13 Xl 1 | 13 | 1 | 13 XV
2 1 14 X1V 2 1l 14 v 2 v 14  XVII
3 1l 15 XV 3 Vv 15 VI 3 VII 15 XX
4 v 16 XVI 4 VII 16 VI 4 X 16 XXIII

5 \Y 17 XVII 5 IX 17 X 5 X 17 Il

6 Vi 18  XVII 6 Xl 18 XIl 6 XVl 18 Vi

7 Vil 19 IXX 7 XM 19 XIV 7 IX 19 IX

8 VI 29 XX 8 XV 29  XVI 8 XXII 29 Xl

9 IX 21 XXI 9 XVII 21 XVl 9 I 21 XV

10 X 22 XXII 10 IX 22 XX 10 V 22 XVIII

11 Xl 23 XX 11 XXI 23 XXl 11 VvHil 23 XXI

12 Xl 24 XXIV 12 XXl 24 XXIV 12 Xl 24 XXIV

At the beginning of this section, the operating frequency of the metalens was set to 4000
Hz. Given the smooth and gentle phase shift and enhanced transmission coefficient, the

lens can function in the frequency range rather than at a single frequency. The behavior
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of the metalens is shown in Fig. 3.6. Along the code direction (i.e., the y-axis of the
lens), the unit cells placed in different arrangements show a consistent wavefront slope
from 3500 Hz to 4500 Hz. This finding indicates that the metalens has a stable

frequency response and an approximately constant refractive angle.
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Fig. 3.6 Delay of wave propagation based on the phase. (a), (b), and (c) demonstrate the three
working conditions for the three refractive angles. In (a), the unit cells are in the sequence of i,
ii, iii ... In (b), the corresponding sequence of the unit cells is i, iii, v, ..., ii, iv, Vi, ..., while the
related sequence of the unit cells in (c) is i, iv, Vii, ... ii, v, Viii, ... iii, Vi, ix, ... The Roman

numbers are referred from Fig. 3.4(c).
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For the energy transmission efficient, the transmission coefficient of the metalens is
demonstrated by Fig. 3.7. The 3D bar chart shows that the transmission coefficient of

the majority of unit cells is larger than 0.8 on the frequency and code axes.

0.5

4500 1 ° code

Frequency(Hz)

Fig. 3.7 Transmission spectrum of the designed metalens. The code axis shows the code of each
unit cell, while the frequency axis shows the simulated frequency from 3500 Hz to 4500 Hz. The
T, -axis shows the corresponding energy transmission coefficient of a plane wave going
through the unit cell.

During fabrication, the helicoid blades and their frame can be manufactured with high
accuracy using 3D printing. The photosensitive polymer resin can be regarded as a rigid
boundary that meets the theoretical results because of its mechanical strength and

stiffness.

The frame and helicoid blades are printed separately to adjust flexibly the position of
the unit cells. Fig. 3.8 is a photograph of the designed metalens and the inside structures.
The lens has uniform width, thickness, and length. With its subwavelength thickness

and flat shape, the metalens occupies lesser space than conventional acoustic devices.
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Fig. 3.8 Construction of the flat metalens. (a) The lens is composed of a frame and inner
helicoid blades. The frame is a cuboid with an array of square holes. The dimensions of the
design are shown in Fig. 3.4.

3.2.3 Experimental results

An experiment is set up to examine the performance of the metalens. A speaker array
is used as the plane wave source. The lens is positioned in front of the speaker array,
corresponding to the normal incidence condition. During its passage through the
metalens, the wavefront will offset to the left-hand side of the direction of propagation.
Hence, a rectangular region of the dashed line is scanned in the experiment. The
influence of reflection can be avoided, and a clear pressure pattern can be obtained

around the waveguide and beside the lens.

Fig. 3.10 demonstrates the sound pressure field of the metalens. The normal incident
wave changes its direction with angles of approximately 10 20< and 30< The
measured results show excellent agreement with the simulation results; that is, both
results coincide with the designed angle. Furthermore, from the uniformly normalized
pressure, the pattern shows that the intensity of the sound wave is unchanged before
and after passing through the metalens. This phenomenon indicates excellent energy

transmission efficiency.
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The designed metalens is applicable not just for a single frequency but in a continuous
frequency band. Fig. 3.11 shows the measured sound field at the neighbor of the
working frequency. For the same working mode, the refractive angle is constant from

3800 Hz to 4200 Hz.
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Fig. 3.9 Experimental setup for pressure field scanning. The length of the metalens is 480 mm,
which can be the reference of the scale factor.
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Fig. 3.10 Wavefront manipulation at 4000 Hz. (a)—(c) shows the simulation results of the sound
pressure, corresponding to the three working conditions. (d)—(f) are the experimentally tested
sound pressure in the scanned region shown in Fig. 3.9.
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Fig. 3.11 Measured sound fields at the other frequencies. (a)—(c) 3800 Hz; (d)—(f) 3900Hz; (g)—
(i) 4100 Hz; and (j)—(I) 4200 Hz. The first column consisting of (a), (d), (g), and (j) shows the
refractive angle of 0.056m. The second column consisting of (b), (e), (h), and (k) shows the
refractive angle of 0.12x. The third column consisting of (c), (f), (i), and (1) shows the refractive
angle of 0.17.
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3.3 Broadband Quasi Bessel beam launcher

In section 3.2, a metalens with anomalous refraction was demonstrated to have
remarkable performance in a continuous frequency band. To further demonstrate the
functionality of the anomalous refraction, especially for broadband utilization, a

broadband Bessel beam launcher is fabricated and experimentally realized.

3.3.1 Design
The Bessel beam is a non-diffracting solution to the wave equation and was proposed
by Durnin et al[100], [101] in 1987. In three-dimensional space, the field amplitude of

a monochromatic wave propagating along z-axis has the form

o(x.y,2,k)=e"J (ap), (3-5)
where o’ + 8% =«x*, x*+y* = p*and J,is the zeroth-order Bessel function of the first

kind. The energy amount for an ideal Bessel beam is infinite, so that in practice we can
just generate quasi-Bessel beams. Many metamaterial-based approaches[102]-[104]
have been presented for this purpose. Notably, the high efficiency can be achieved by
Huygens metasurface[103], [105]-[107]. For the two-dimensional case, one cannot
generate an ideal Bessel beam as the original solution is suitable for cylindrical
coordinate system. In a two-dimensional acoustic waveguide, however, Bessel-like
beams can be generated by an axicon-shape device[108], [109]. The beam also
preserves the outstanding features as an ideal Bessel beam, i.e., long collimation

distance, self-generation and so on.

3.3.2 Realization
Following the generation of the quasi-Bessel beam by using the axicon[104], Fig. 3.12

shows the phenomenon. The superposition of the two refracted plane wave forms the
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effective region of the Bessel-like beam with a length L=R/sino. The metalens
introduce a phase gradient to the propagating plane wave, resulting in the change of
direction. Eq. (3-4) shows the relationship between the incident and transmitted wave,

that is

o
S

sing, —sin g, = , (3-6)

x|+
o
>

where 6, and 6, are the refractive angle and incident angle, respectively. For normal

incidence in Fig. 3.12,

(3-7)

sin@ =

x|
o |
RS

SU9|el1a A

—

Fig. 3.12 The generation of Bessel beam based on the principle of axicon. The width of the
metalens is 2R. The length of the effective region is L. The blue-yellow-blue color range
demonstrates the variation of the effective refractive index. The thickness of the metalens in this
design is I =42mm The sign of @ is regarded as positive in this diagram.

For the normally incidence, the phase accumulation can only be determined by the

effective velocity along the z-axis across the metalens, noted as c(x). If the ratio of the

sound velocity between the background media and the metalens is specified. The

corresponding phase delay of the unit-cell at specific position x can be obtained being
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| c(x) i dN (x) 3.8)

where | is the thickness of the lens, same value as the length t in Fig. 3.12 that shows

the structure of building blocks, c,is the sound velocity of the surrounding media. In

this case a parameter of the unit cell to represent its sound velocity is defined as

N (x)=c, /c(x). Substitute Eq. (3-8) back to Eg. (3-7), and one can get

sing =1 dN—(X) (3-9)
dx

Thus, once the parameter distribution N(x) is determined, the obtained lens can

generate a Bessel-like beam with normal incident plane wave.

On the basis of above discussion, a broadband Bessel-like beam launcher for normal
incidence can be designed. In the middle of the lens, the parameter N is chosen to be
2.15, while at the edge of the lens, N =1. A linearly distributed N is shown in Fig. 3.13.

Because the refractive angle ¢ is pretty small, approximately, sin(8) ~ tan(@). In this

case, the length of the formation region along z-axis can be obtained by

(3-10)

Numerically, L=4.77m.
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Fig. 3.13 The required distribution of N along the x axis.

The building blocks used in Chapter 3 can also be used for this purpose. However, the
size should be readjusted to match the working environment. Lining up the 3D printed
unit-cells, a metalens can be obtained, see Fig. 3.13. In this chapter for the Bessel-like

beam launcher, thirty-one unit-cells are used to build a 0.96m wide metalens.

3.3.3. Broadband performance of the unit-cell

Previous work[110] has proved that as long as c(x) keeps frequency-independent, the

wavefront shape is changeless over spectrum. That means, one just need to keep the
frequency-independence of the sound velocity for every unit-cells, and then the
performance will not change as the frequency changes. Taking two advantages of the
gradient helical structure, the designed metalens works well in a broad bandwidth. First
one is the impedance marching between the metamaterial and its host media. Because
the large pitch at both ends of unit-cells corresponding to the refractive index close to
the surrounding medium. Second one is the naturally dispersion-free of the helicoid
metamaterial proved by previous study[89]. To specifically demonstrate the
performance, | chose the parameter N and transmission of a unit-cell in a frequency
range from 3500Hz to 4500Hz. Details are illustrated by Fig. 3.14. It is clear that the

velocity parameter N =c,/c keeps flat over spectrum. Meanwhile, the transmission

coefficient is also in a high level. The ideal performance of unit-cells guarantees the

performance of the constructed metalens.
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Fig. 3.14 The velocity parameter and energy transmission of a specific unit cell.

3.3.4 Experimental results

The 3D-printed unit cells are shown in Fig. 3.15. All the unit-cells have the same profile.
Different helicoid blades are inside of the shells and are determined by the distribution
of the pitch. The gradient helicoid unit cells inherit the excellent energy transmission
efficiency and the slow wave propagation. These characteristics can delay the
propagation of the wavefront to varying degrees depending on the pitch of the helicoid

blades.

Fig 3.15 The 3D printed samples of gradient helicoid unit-cell. Related dimensions:
a=b=32mm, t=42mm.

A full-wave simulation is performed to evaluate the performance of the broadband
Bessel beam launcher from 3500 Hz to 4500 Hz. Thirty-one unit-cells are lined up along
the x-axis. From -0.48m to 0.48m with a step of 0.032m is the position of their center

axis. A plane wave incident from the left-hand side as the source. The region of the
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calculated field is set to be 1.4m*6m. Around the region a 0.12m wide perfect matching

layer boundary avoids the reflection.

The pressure field in Fig. 3-16 illustrates the generated of the Bessel-like beam.
Compared to Fig. 3.12, the pressure pattern demonstrates a good similarity to the
schematic diagram. The dark-colored region in the middle shows the Bessel-like beam
propagating along the y-axis. On the left-hand side, the wavefront is in a ‘<’ shape. It
is result from the gradient velocity along the metalens. Hence, it is obvious that by using
a flat lens designed above, the plane wave has been reconstrued by changing its
propagating direction. The broadband behavior is firstly recognized by the consistency
of the wavefront shape in spite of the wavelength. From 3500Hz to 4500Hz, the
refractive angle of the lens keeps invariant. A rectangular region positioned in the
middle of the field has been experimentally scanned to measure the performance of the
demonstrated wavefront modulator. The experiment result shows excellent agreement
with the simulation results. It is also clear that the in tested region the sound pressure
has been enhanced in the middle. Furthermore, as the frequency increases, the width of
the beam turns to be narrower, which is in accordance to the property of the ideal Bessel
beam. To further investigate the performance of the generated Bessel-like beam, the
magnitude of sound intensity has also been calculated and measured, see Fig. 3.17. In
these two diagrams, the phenomenon is illustrated straightforward. One can see a long
beam in the center of the region that works in a broad bandwidth from 3500Hz to
4500Hz, more than 1/3 octave. The measured result also agrees to the simulation very
well. Meanwhile, the formation region in the intensity field is more obvious than the
pressure pattern. The fringe in the experimentally measured region may caused by the

slightly reflection of the boundary.
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Fig. 3.16 Pressure field of the Bessel beam. (a)-(c) are the simulated pressure field at 3500Hz,
4000Hz and 4500Hz, respectively. The dashed block is the experimentally scanned region. (d)-
() are the measure pressure field at 3500Hz, 4000Hz and 4500Hz, respectively.
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Fig. 3.17 Intensity field of the Bessel beam. (a)-(c) are the simulated intensity field at 3500Hz,
4000Hz and 4500Hz, respectively. The dashed block is the experimentally scanned region. (d)-
() are the measure intensity field at 3500Hz, 4000Hz and 4500Hz, respectively.
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In the experiment, the scanning system same to that in Chapter 2. The waveguide is
built with the dimensions 1.2 m x2.4 m, because the Bessel beam has a large size along
the paraxial direction. A rectangular region of 0.36 m > 1.2 m shows the pressure
pattern based on the measured data in the experiment. The plane wave was generated

by a speaker’s array.

Fig 3.18 The experiment setup for broadband Bessel beam measurement. (70 PC (2) Lock-in
amplifier (3) Power amplifier &) Speakers’ array(®)Plane wave guide covered with aluminum
plate (6)Flat metalens (7)Wave guide covered with PMMA plate (8)Foam absorber (9’ Moving
system (7)) Scanned region

As a Bessel-like beam, the property can be recognized by the concentration of wave
form in a long distance. Fig. 3.19 shows the energy distribution along the x-axis cross
section of the field. The results demonstrate the main branch of the beam. From 1m to
2 along the propagating direction, the colored lines show great consistency,

corresponding to the focalized energy.
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Fig. 3.19 Sound intensity distribution along the x-axis at different locations. From the black
line to the blue line, the coordinates correspond to the position along the y-axis.

3.4 Summary

In this chapter, on the basis of the advantages of the gradient helicoid metamaterial, a
new design strategy is proposed using the potential of a metasurface by developing its
flexibility. The presented “modular design” procedure offers additional functionalities
by using only one series of unit cells. No redesign process is needed when changing the
working condition. Hence, a broadband metalens with adjustable refractive angles
demonstrates the realization of the strategy. In the experiment, the measured result
shows considerable agreement with the prediction. This design facilitates the

fabrication of a multifunctional metalens to modulate the wavefront.

75



Furthermore, this chapter enriches the study of anomalous refraction by the practical
utilization of a broadband acoustic Bessel-like beam. The performance of the
metamaterial-based quasi Bessel beam launcher is experimentally demonstrated, and
the experimental results show excellent agreement with the numerical results. The
helicoid acoustic metamaterial with slow wave propagation and efficient energy
transmission demonstrates great practicality for modulating the wavefront in broad
bandwidth. The fabricated metamaterial is also a great alternative to conventional

acoustic devices to save space efficiently.
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Chapter 4. Spiraling-structured acoustic metamaterials

In the previous chapters, the development of a broad bandwidth and flexibility by
using helicoid acoustic metamaterials is discussed. In this chapter, a more general
and analytical model is established for helicoid metamaterials to gain insight into
the characteristics of these materials. Hence, spiraling-structured metamaterials
are introduced as the counterpart of the theory. This development allows the design
of broadband metalens for 3D wavefront modulation without loss of capability for
2D functionalities. To demonstrate the performance of the novel designed
metamaterial, 3D broadband wavefront converter and Bessel beam launcher are

designed by the spiraling-structured metamaterials.

4.1. Equivalent medium of a tube with a segment of shrunk radius

/;l :
[0S

—‘-—S Z

| I I

f

Fig. 4.1 Duct equivalence. (a) demonstrates a tube in which a segment with length h will be
twisted. (b) shows the acoustically twisted structure of (a), consisting of a shrunk duct with
cross-sectional area S, and length a in a duct of cross section S, . (c) illustrates the equivalent
media of (b), in which the middle segment can be regarded as a material with different

impedances.

In the “twisted” tube shown in Fig. 4.1(b), when the plane wave that propagates inside
is lower than the cut-off frequency, the transmitted wave after passing through the slope
is the same as that in Fig. 4.1(c), in which the middle shrunk segment has the same

width S, and same length a as those in Fig. 4.1(b). Given the wave propagation in Fig.
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4.1(b), the transmission coefficient of the complex sound pressure has the following

form:

2]

t, =— : (4-1)
P —2jcos(k,a)+(S,+S,)sin(ka)

where S12 = S1/Sp, Sz1 = S2/S1, and k is the wavenumber. a is the length of the middle

segment. When the effect of width S, is neglected, a is calculated as follows:

h
a—

-1 (4-2)
cosé@

Substituting Eq. (4-2) into Eq. (4-1) results in

t (4-3)

p:

h . h )
59j+(812 +821)Sm(klcos¢9j

which is similar to the intensity transmission for the layered media in Fig. 4.1(c). For

2]
2] cos(kl
co

instance,

2]

t,=— . : (4-4)
P —2jcos(k,h)+ (R, +R,)sin(k,h)

where R,=2,/Z,, ;R,=2Z,/Z,; and k, and k, are the wavenumbers of the

background media and the middle layer, respectively. A comparison of Eq. (4-3) and
(4-4) clearly shows the similarity of the two equations. Hence, when the frequency
response is considered, the twisted tube has the same property as the equivalent material

with wavenumber k, =k, =k, /cos@ . Moreover, the effective impedance, which

considers S;; and R;; as having impedance characteristics, takes the following form:

S. =R.. (4-5)



Hence,

Z, S _ 1 @)
Z, S, cosd

The relationship between the equivalent impedance of the twisted segment and the

impedance of the background media is similar to that of the wavenumbers as follows:

2, =2y =2 . 4-7)
COoS

Hence, the circumstance in 3D space can be easily estimated when the twisted tube is
wound on a cylindrical surface, as illustrated in Fig. 4.2. The boundary of 2D schematic
diagrams becomes a helical line [Fig. 4.2(a)], which is also the leading line of the
orange-colored surface. In Fig. 4.2(b), a cylindrical layer of a “twisted space” is

obtained, which is expected to have the same behavior as the tube in Fig. 4.1.

(@) (b)

Fig. 4.2 Formation of the uniform spiraling metamaterial. (a) A straight line wound on a
cylinder becomes the leading line of the spiral blade. With the middle axis of the cylinder chosen
as the center of the central array, a series of blades divides the space between two concentric

pipes into twisted spaces.

The equivalent parameters and frequency response are calculated to verify the similarity.

Fig. 4.3(a) shows the theoretical result of the effective media with the solid line with
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cos&=0.5 set in the 3D model. To avoid the influence of singularity, the long
wavelength signal is used in the calculation. Compared with the retrieved effective
parameter of the structure in Fig. 4.2(b), the refractive index and impedance show good
agreement with their theoretical counterparts. In the long wavelength condition, the
effective parameters are not dependent on the frequency. The dispersion-free
characteristic is not limited to the long wavelength in Fig. 4.3(a) but works in a high-
frequency range. As shown in Fig. 4.3(b), the theoretically obtained parameters can
describe the behavior of the structure as the wavelength close to the height of the twisted
region. Figure 4.3(b) also shows the validity range of the effective medium method in
frequency domain. The transmission and phase spectra show that the design works well
when the wavelength is smaller than thickness of the constructed lens. To determine
the upper bound of operating frequency, the cut-off frequency of the spiraling tube

should be considered. For instance, substituting the longer edge length of the square

P % @
tube | =0.01m and sound velocity % = 343.2m/s 4 2N\ the cutting-off
frequency fe is 17160Hz, much larger than the designed working frequency.
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Fig. 4.3 Comparison between theoretical model and response of the structure. (a) Effective
refractive index and relatively effective impedance of the uniformly spiraling structure. The
results are retrieved from the transmission and reflection of the structure. The line charts
demonstrate the analytically predicted parameter. (b) Transmission and phase spectra over a
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frequency range, which is almost seven times larger than that in (a). The “Theory” group is
calculated using the analytical model. The scatters are for the behavior of the structure.

4.2 Construction of spiralling acoustic metamaterials

On the basis of the behavior of the cylindrical layer, a novel type of metamaterial is
established for slow wave propagation with dispersion-free effective parameters. This
material is a generalization of the helicoid metamaterial discussed in Chapter 2. The
structure with changeable diameter can work as a concentric unit cell to construct a
metalens with a circular shape and radius-related index distribution. The resulting
material is called a concentrically layered metalens (Fig. 4.4). Given the shape of the
inner blades, these metamaterials are called spiraling metamaterials. Contrary to the
conventional lattice, the unit cell of the spiraling metamaterials has a ring shape, which
is suitable for the polar coordinate system. The shape of the unit cell is determined by
the geometry it winds on. For example, when wound on the leading line on a cylinder,
a ring-like unit cell is obtained. For a specific radius, the unit cell can be a helicoid

structure shown in Chapter 2.

Fig. 4.4 Concentrically layered lens that can convert a spherical wave to plane wave by the
gradient effective refractive index along the radius.

When the transmission coefficient of the twisted structure is considered, periodic

valleys exist over the spectrum owing to the effect of the Fabry—Pé&ot resonance. In this

81



context, matching the impedance between the metamaterial and the background media

is better to obtain a broad bandwidth with improved energy transmission.

From Eq. (4-2) and (4-7), the effective index and impedance have the same form. The
ratio of the refractive index and the impedance between the background media and the
metamaterial is equal to 1/cos 6, where 6 is the angle between the tangent of the leading
line and the vertical direction. The angle 6 of the leading line along the vertical axis
will be a dependent variable with respect to the position, similar to their effective
parameters, by changing the shape of the spiraling blades. This characteristic facilitates
the development of a new design of spiraling metamaterial that can match the
impedance to the host media. When the equation of the leading line is constructed

appropriately, the spiraling blade with ideal properties can be obtained as follows:

e 0=90° at both ends of the leading line. Then the effective impedance is equal to that of
the host media.
e (0°<0<90° at the rest region. Its refractive index is larger than 1. This characteristic will

slow down the wave propagation during the wavefront modulation.

The surface of a single blade at the i layer satisfies the following group of equations:

0(s.t) =%(%}2 (3—%), (4-8)

for R, <s<R and o<t <h,where | is the parameter to adjust the degree of twisting

of the blades, and h is the height of element along the z-axis (i.e., the thickness of the

metalens). Note that | is the only parameter selected to control the shape of a unit cell.
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The larger this parameter, the more tortuous the structure that can be obtained. This
condition indicates a slower equivalent sound velocity along the Z direction and a
larger phase delay. For each layer for a required index, | can be uniquely identified

because of the monotone relationship between | and the effective index.

The leading line of the blade’s surface can be defined as the intersection to the surface

r=(R_+R/)/2. A cubic spline can be obtained by unwrapping the leading line to

determine the geometrical and acoustic parameters of the layered unit. The expression

of the unwrapped leading line satisfies the cubic Hermite spline function as follows:

L(t):@(t)@:l(%)z (3-%). (4-9)

In an unwrapped plane from the outer cylindrical surface, t is along the z-axis and

circumferential o -direction becomes straight and named as the L-axis.

(b)

h

Fig. 4.5 Formation of the gradient spiraling metamaterial unit cell. With the straight line in
Fig. 4.2 replaced by a Hermite spline, the wound-up leading line in (a) tend to be gradient
along the axis direction of the cylinder. (b) is obtained after the same manipulation as in Fig.
4.2.
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As shown in Fig. 4.5(a), | geometrically indicates the distance between the start and end
points of the leading line along the circumferential direction. The cubic Hermite spline
results in perfect impedance matching to the interface between the metamaterial and
the host media. To illustrate, we first consider the angle between the leading line and
the z =0 plane and z = h plane by calculating the derivative of L with respect to t.

The slope of the curve can be obtained as follows:

dL(t) 6lt(h-t)
a0

tan(0) = . (4-10)

Therefore, the ratio of the parameters between the metamaterial and the background

media can be determined as follows:

where N, and Z, are the effective refractive index and effective impedance,
respectively. Obviously, dL(t)/dtL:0 . =0, which indicates that the leading line is

perpendicular to the top and bottom planes (i.e., the incident and exit surfaces of the
lens. In his study on helical-structured metamaterial, Ding showed that peaks and dips
of transmission caused by F-P resonance can be avoided by introducing impedance-
matching layers. The larger the pitch of a helical blade, the closer the effective
impedance to the background media will be. The perpendicular geometrical

relationship shows an infinity pitch value. Therefore, the effective impedance of the
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designed lens can be regarded as equal to the background media, and this parameter can
contribute to high transmission coefficients. Following Eq. (4-11), the effective

impedance along the z-axis is distributed similar to that in Fig. 4.6(a).

This kind of tortuous structure prolongs the traveling path of the sound wave, resulting

in a larger effective refractive index than that in air. We can evaluate

Ny = (4-12)

where S:joh\/(RdHIdt)z+(dz/dt)2dt and R=(R,+R)/2 . Without loss of

generality, the third layer is used to numerically verify the theory and demonstrate how
the parameter | determines the effective refractive index as a design variable. The
increasing | stretches the curve, similar to the surface of the blade. When | is substituted

into Eq. (4-9), the effective refractive index can be obtained theoretically [Fig. 4.6(b)].
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Fig. 4.6 Equivalent parameters of the gradient spiraling metamaterial. (a) Variation of the
relative impedance of a unit cell along the middle axis. (b) Theoretically predicted relationship
between the effective refractive index and the geometrical parameter I. The scatters show the
retrieved index by using structures with the corresponding parameter .

The calculated refractive index should be further verified to make it perform well in a
practical scenario. For wave propagation, a previous study retrieved the effective index
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using the transmission and reflection coefficients, and the influence of resonance is
introduced. Therefore, during the design process, the geometrical parameter of the
required metamaterial is not predictable only by the phase delay. A parameter sweeping
is needed to determine the helicity. The novel design of perfect impedance-matching
provides a stable and slowly dispersive frequency response of slow wave propagation.
From Fig. 4.7(a), the delay of sound wave remains flat over the spectrum in a broad
bandwidth. Fig. 4.7(b) shows the shape of the unit cell corresponding to the code in (a).

From i to iv, the geometrical parameter | increasingly controls the extent of helicity.

(@) 2.0 r (b)

1= —ii —Iii v
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Frequency(Hz)

Fig. 4.7 Frequency response of the gradient spiraling metamaterial. (a) Spectrum of a
dimensionless quantity that shows the delay of the wavefront from 3000 Hz to 7000 Hz. (b)
Structure for the behavior in (a).

Impedance matching between the metamaterial and the background media eliminates
the reflection on their interface. The spiraling metamaterial achieves impedance-
matching everywhere because of the continuous variation in the acoustic parameter
along the z-axis. This attribute is easy to demonstrate by cutting off part of the unit cell
at both ends and calculating the transmission coefficient. As shown in Fig. 4.8, when
the unit cell is cut from the top and bottom, the impedance-matching region will
disappear step by step. As a result, the minimum of the transmission coefficient will
decrease dramatically. Fig. 4.8(a) also shows that, for the unit cell with perfect

impedance-matching layers, the valley of the energy transmission becomes shallower
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as the frequency increase. This result indicates enhanced performance for high

frequency.

op |1 —i —ii —iv —v
3000 4000 5000 6000 7000
Frequency(Hz)

Fig. 4.8 Impedance matching of a unit cell. In (a), i is the original model. From ii to v, segments
are cut from i by the planes perpendicular to the middle axis and 5, 10, 15, and 20 mm to the
bottom (top) of the original structure, respectively. (b) Transmission coefficient of the
corresponding structures.

The attributes of the high energy transmission and nearly dispersion-free refractive
index result in an ideal acoustic device for slow wave propagation over a wide

frequency range.

4.3 Broadband acoustic wavefront convertor

In this work, a ring-shaped waveguide is adopted to pair the shape of a layered cell and
provide a plane wave from a spherical source. A detailed example of the construction
of a wavefront converter is demonstrated in Section Il. In Fig. 4.9(b), the continuously

distributed index is separated into discrete values for each layer.

A spherical wavefront can be naturally generated by a point source, which is
extensively used in practical scenarios, while a plane wave is another common but ideal
form for generating complex cases. Therefore, a wavefront converter from the sphere
wave to the plane wave is established to demonstrate the strategy of design and the

performance of the new designed planar lens.
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Based on the generalized acoustic Snell’s law, the reshaping of the transmitted
wavefront can be realized through phase engineering by passive devices. In Fig. 4.4
along the incident plane of the lens in r-direction is considered, the incident phase is as

follows:
o (r)=¢,—kVr’+d?, (4-13)

where ¢, is the initial phase of the source, k is the wavenumber, and d is the distance

between the source and incident plane of the lens. For the plane wave on the exit plane,

the phase ¢, (r) is subjected to the following:
q)o(rl)_¢o(r2):0’ (4-14)
where r, and r, are arbitrary positions along the r-axis.

For an impedance-matched planar lens free of resonance influence, the phase delay is

determined by its thickness h and effective index n(r), that is,

@, (r)—o (r)=—khn(r). (4-15)

When Eq. (4-15) is substituted into Eq. (4-13) and then the resulting equation is

combined with Eq. (4-12), the required refractive index can be obtained as follows:

n(r2)=n(r1)—Jr22+d2 ;sz | (4-16)

In Eq. (4-16),let r=0and r, =1,

88



n(r)=n(0)-—— (4-17)

With a given index n(0) at the center of the lens, the index distribution can be uniquely

identified. Fig. 4.8(b) shows a possible case when n(0)=2.516.

Refractive Index

Fig. 4.9 Design of a wavefront modulator. (a) Sample of the modulator (b) Distribution of the
refractive index of the lens. The red line shows the theoretically required index of the lens,
while in the design, the lens is constructed layer by layer along the radial direction. Hence, the
lens has a discrete index profile along its diameter.

A full wave simulation is conducted to demonstrate the functionality of the wavefront
converter. The distribution of the refractive index is set to vary continuously along the
radius [Fig. 4.9(b)] together with an impedance equal to that of the background media.
A point source is placed in front of the lens to provide a spherical wave. In the frequency
range from 3000 Hz to 7000 Hz, the lens (the rectangular region in Fig. 4.10) transforms
the arc-surfaced wavefront to a plane wave. Compared with the expanded wave at the
same distance to the source, the plane wave shows a larger sound pressure that is kept

uniform.
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Fig. 4.10 Theoretical results of the wavefront modulator with ideal index distribution at (a)
3000, (b) 5000, and (c) 7000 Hz, respectively. The pressure patterns are normalized with the

Normalized Pressure

same data range.

With the geometrical model of the lens, a flat lens is manufactured by 3D printing. A
measuring system is set up to test the performance of transforming sphere radiation into
a plane wave in between 3000 Hz and 7000 Hz. The source is provided by a small high-
frequency loudspeaker with a radius of 14 mm. The distance between source and lens
is set to 200 mm. Afterward, a scanning measurement is conducted in a rectangular

region on the output side of the lens. Fig. 4.11 shows the experimental configuration.
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Fig. 4.11 Experimental setup to test the behavior of the broadband wavefront modulator. The
whole system is in an anechoic chamber.

The metalens based on the spiraling metamaterial is in three dimensions, indicating that
at least two planes are required to demonstrate the desired phenomena. The first
scanned plane in the horizontal direction coincides with the diameter of the metalens.
The second measurement is in the same plane as the first one. However, the circular

lens is rotated to a right angle to test its vertical plane. The pressure pattern in Fig. 4.12
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shows the formation of the 3D plane wave in a broadband. The spherical wavefront
from the point source becomes a plane wave after passing through the lens, which is
illustrated by two parallel red circles. Given the symmetry of the spherical wave, only
one plane of its sound pressure is measured. The pressure pattern of the spherical wave
in the vertical plane is copied from the horizontal measurement to more clearly
demonstrate the phenomena. The experimental results show excellent agreement with
the theoretical prediction in Fig. 4.10. Hence, a stable and consistent performance of
the broadband wavefront converter is indicated.
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Fig. 4.12 Measured pressure pattern at both sides of the wavefront modulator. The red circular
lines show the position of the modulator. (a)—(i) Pressure field from 3000 Hz to 7000 Hz with
a step of 500 Hz. The values are normalized in the same data range.

To measure the energy transmission efficiency, a ratio is adopted between two
arguments, one of which is the integration of sound intensity along the diameter line of
the lens, and the other is the same integration as the lens is moved away. In Fig. 4.13,
a decibel format of the energy transmission ratio is much larger than —3dB over the
spectrum. Compared with the expansion under a free-field condition, the lens limits the

expansion of the spherical wavefront, leading to the transmission ratio larger than 0 dB.
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Fig. 4.13 Energy efficiency of the modulator.

Compared with the previous approaches, the proposed strategy avoids parametric
sweeping in the design process when searching for an appropriate parameter. Instead,
according to the required phase profile or index distribution, the construction of a
broadband Fresnel lens involves only two steps: 1) the demanded refractive index
distribution is discretized by the layers, and 2) the size of | for each layer is selected to

match the required index.

4.4 Summary
A novel design strategy of concentrically layered lens is proposed in this chapter. |

provide an analytical description of the lens to demonstrate its natural impedance
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matched with the host media. The structure weakens the influence of the F-P resonance,
enabling the direct prediction of the phase delay by using the effective refractive index.
This step reduces the difficulty of the inverse design. A new scheme is proposed to
enhance the suitability of a metalens for practical use on the basis of three merits. First,
the metalens provides a nearly dispersion-free metamaterial, ensuring the uniform
functionality of the device in a wide frequency range. Second, with perfect matched
impedance interfaces with the host media, a high energy transmission is achieved over
the spectrum. Third, when the governing parameter of the complex structure is
simplified, one geometrical variable is selected to adjust the behavior of the
metamaterial. Therefore, the strategy is rational for the construction of a complex index
distribution. In addition, a more flexible and broadband lens can be constructed to
enhance the competitiveness of metamaterials over conventional alternatives. In
particular, the procedure can be employed to design an efficient wavefront modulator
in acoustic imaging for the mechanical effects of the sound wave on manner and
acoustic haptics. The proposed method helps in the construction of broadband

absorbent walls with high strength performance.
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Chapter 5. Summary and Suggestions for Future Research

5.1 Brief summary of the thesis

The introduction of this thesis briefly reviews the development of metamaterials.
Specifically, it summarizes the work that makes acoustic metamaterial practical, for
instance, the scheme to enhance the transparency, tunability, and flexibility. After
comparison and investigation, the helical structured metamaterial is found to exhibit
great potential as stated. The following section describe the state of the helicoid

metamaterials and the motivation for this project, followed by the outline of the thesis.

This work starts from the helical-structured metamaterial with uniform pitch
distribution along the axis. The metamaterial functions well in focusing sound by using
phase engineering. Given that gradient-indexed material can improve impedance
matching and enhance energy transmission, the linearly distributed pitch endows the
original model with enhanced power efficiency and smooth phase shift over a broad
frequency range. In theory, the gradient-pitched unit cell proves to behave similarly to
a gradient-index inhomogeneous material, and this metamaterial maintains an excellent
mechanical strength. The metamaterial can be an ideal alternative for broadband wave
control with slow wave propagation, such as for wavefront modulation and sound
amplification. Hence, a broadband focal lens composed of a helicoid metamaterial
exhibits a predictable focal spot and a near 1/3 octave operating frequency band. A
broadband passive amplifier also developed by using the monotone gradient helicoid
metamaterial. These applications demonstrate the practical and efficient functionalities

of the gradient helicoid metamaterials.
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Owing to the flexibility of the helicoid blades, the cross-section of a unit cell can be
changed from circular to square form to improve the space utilization rate while the
unit cell inherits the characteristic from the gradient helicoid metamaterial. Meanwhile,
the square cross section avoids the cavity effect of the transmitted sound wave. This
type of unit cell can be used to construct an acoustic metalens with adjustable refractive
angles. The designed metalens shows diverse index distribution when the arrangement
of the unit cells is changed. This process results in a new phase profile to change the
angle of the anomalous refraction in a broad bandwidth. This chapter develops the great

potential of flexibility and adjustment for helicoid metamaterials.

On the basis of this strategy, a flat meta-lens with anomalous refraction realizes diverse
refractive angles. The measured results verify the performance of the lens over the
spectrum. At the same time, a broadband Bessel beam launcher is developed to
experimentally demonstrate the feasibility of using the metalens. The wide frequency

range of Bessel beam shows the stability of the helicoid metamaterial.

The gradient helicoid metamaterial shows great performance and can still be improved
theoretically. The formation of the helicoid metamaterial is one of the specific cases of
the spiraling structure. Therefore, the equivalent refractive index and equivalent
impedance can be obtained analytically according to the behavior of wave propagation
in a twisted tube with a variable section. Controlling the shape of the leading line of the
blades enables perfect matching of the impedance to the host media on the interface to
obtain a smoothly distributed impedance. This design strategy is suitable for the
construction of 2D and 3D metalens for an arbitrary distribution of the index for
wavefront manipulation in 3D space. The proposed design simplifies the inverse design

by using the relationship between geometrical and acoustic parameters, instead of
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parameter sweeping. A broadband wavefront converter from the spherical wave to the
plane wave composed of the circular unit cell, as an example, indicates the flexibility

and practicality of the spiraling metamaterials.

The experimentally measured field pattern and transmission efficiency show the
transparency of the metamaterial for energy and stable functionality to control the wave

over more than one octave in the frequency band.

5.2 Suggestions for future research

In this thesis, the helicoid and spiralling acoustic metamaterials have been investigated
thoroughly both in theory and experiment. The study of wavefront modulation by using
this type of acoustic metamaterial shows its excellent performance of impedance
matching and energy transparency. Based on the current work, here are some

possibilities that is worth exploring in the future.

1. Broadband sound absorption
This topic is based on the impedance-matching property of the gradient helicoid
metamaterial and spiralling metamaterial. As is shown in Chapter 2, the gradient
helicoid metamaterial has two characteristics which are good for absorption. On the
one hand, it can match the impedance between two types of media. This makes it
an ideal coupler for the surrounding media and the absorbers. See Fig. 6.1. This
strategy is expected to broaden the bandwidth of the current absorbers. One the
other hand, when pitch gradually decreases, the helicoid metamaterial can compress
the wavelength, leading to energy enhancement. Meanwhile, the thermal and
viscous loss increases with the decreasing pitch, and it contributes to the sound

absorption function.
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2. Better quality of wavefront manipulation for big angles by introducing coupling
between unit-cells
The generalized laws of reflection and refraction solves the problem of phase
redistribution. However, the energy distribution of the original wavefront is not
applicable for the modulated wave. This is pointed out by recent works. To improve
the performance of the current helicoid metamaterial, the energy redistribution of
wavefronts should be a key point. One scheme that might work is to introduce
coupling between unit-cells for a uniform energy distribution.

3. More general spiralling metamaterials
In Chapter 5, a cylinder is used as the basal body on which the twisted blade wraps,
resulting in radial-distributed parameters, see Fig. 4.4. Actually, the basal body is

diverse and not limited to three-dimensional shapes.
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