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Abstract

The main purposes of this thesis are to solve the semi-infinite programming (SIP) prob-
lems, the option price interpolation problems and the Ly spectral estimation problems

by using some generalized Newton methods.
Our proposed methods have the following three features:
(1) At each iteration, only a system of linear equations needs to be solved;
(2) These methods have Global convergence;
(3) These methods are shown to be locally superlinearly convergent.

We also present a smoothing implicit programming method to solve the generalized

semi-infinite programming (GSIP) problem with uncertainty.
The main contributions of this thesis are as follows.

We introduce a class of integral functions which arises from many applications such
as nonsmooth equation reformulations of the option price problems, the SIP problems
and the L, spectral estimation problems. We investigate the differentiability, semi-
smoothness and smoothing approximation properties of this class of integral functions.

This content is mainly based on the papers 1, 3 and 4 in Underlying Papers.

We introduce four kinds of algorithms for solving SIP problems. First, we present
a smoothing sequential quadratic programming (SQP) algorithm. At each iteration
of this algorithm, we only need to solve a quadratic program which is always feasible
and solvable. The global convergence of the smoothing SQP algorithm is established

under some mild conditions. Further, we present a smoothing projected Newton-type

VIII



algorithm and prove its global and local superlinear convergence property. However,
the accumulation point of an iterative sequence generated by these algorithms above
may not be a stationary point of the original SIP problem. So, we propose the third
method, say, smoothing Newton-type algorithm. For this algorithm, we not only prove
its global and local superlinear convergence under some mild conditions, but also show
that any accumulation point of an iterative sequence generated by it is a stationary point
of the original SIP problem. Finally, based on the smoothing projected Newton-type
algorithm, we develop a truncated projected Newton-type algorithm which can solve
large scale SIP problems with 2000 decision variables. The feasibility for all algorithms
is ensured by an integral function. For all these algorithms, numerical experiments are

also given. These contents are mainly based on the papers 3-6 in Underlying Papers.

We discuss a generalized semi-infinite programming problem with uncertainty. We
propose a reformulation of the considered problem by using the first order optimality
conditions of the second stage optimization problem and present a smoothing implicit
programming method to solve the problem with finite discrete distribution. Global
convergence results are obtained. This content is mainly based on the paper 2 in

Underlying Papers.

For option price interpolation problem, Wang, Yin and Qi (2004) presented a gener-
alized Newton method for solving it and established its superlinear convergence rate.We
show that the proposed method has at least %—order convergence rate, and then give
conditions under which this method has %—order and quadratic convergence rate. And
finally, we give a damped version of the generalized Newton method and show that it
is globally convergent and the convergence order is at least %. This content is mainly

based on the paper 1 in Underlying Papers.

A Newton method for solving power spectrum estimation problems is proposed in
Chapter 7, and it is proved that the method is at least 1 + ﬁ—order convergent rate.
We also produce a globalized Newton-type method for solving the problem, which has
at least 1+ ﬁ—order convergence rate. This content is mainly based on the paper 7 in

Underlying Papers.
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Chapter 1

Preview

1.1 Generalized Newton-Type Methods

The classic Newton method has the following form
xk+1 — l’k o (VTG(I,I@))flG(xk)

where VTG(z) denotes the Jacobian of G at x, which is used to solve the smooth

nonlinear equations

G(z) =0, (1.1.1)

where G : R* — R” is smooth (continuously differentiable) function. The Newton
method is the prototype of many local, fast algorithms for solving smooth equations.
Such algorithms have excellent convergence rates if the starting iterate point belongs
to a suitably chosen neighborhood of the desired solution. In addition, the damped
Newton and the damped Gauss-Newton methods were presented for improving the
global convergence of algorithm [30,108]. However, if G is nonsmooth, then the above
classic Newton-type methods cannot be used. To solve nonsmooth nonlinear equations
which arises from many applications such as nonlinear complementarity and variational
inequality problems, a number of generalized Newton-type methods were proposed,
see, for example [45,63,106,109-112,122,131,138,188,189]. In this section, we mainly
review two classes of generalized Newton-type methods: semismooth Newton method

and smoothing Newton method.



1.1.1 Semismooth Newton Method

Suppose that G : R* — R™ is locally Lipschitz but not necessarily smooth. By

Rademacher’s Theorem, GG is almost everywhere differentiable. Let
D¢ :={x € R": G is differentiable at x}.
Then the Clarke generalized Jacobian of G at x can be defined by
0G(x) = conv 9pG(x),
where

0pG(x) = {mjaazl,irart}EDG VTG(g:j>} :
which is called the B—subdifferential of G at x € R". The set dG(x) is nonempty,
convex and compact for any fixed point x [23]. The nonemptyness of 0G(x) clearly
implies that dpG(z) is nonempty too. Let G = (Gy,Gs) where G : R* — R™ and

Gy : R — R™2. 1t is easy to see that for any x € R",
0G(z) C 0G:(x) x 0Gs(x). (1.1.2)

As a natural extension of the classic Newton method, Qi and Sun [131] proposed a
generalized Newton method for solving the nonsmooth equations (1.1.1), in which a
system of linear equations is solved at each step. This generalized Newton methods can

k

be described as follows: Given the vector z*, compute z*! by

" =2k — VLG (), (1.1.3)

where V;, € OG(z%). Tt is clear that the iterative method (1.1.3) reduces to the classic
Newton method for a system of equations if GG is smooth. The classic Newton method
has a favorable feature that the sequence {xk} generated by (1.1.3) is locally super-
linearly (quadratically) convergent to a solution z* of (1.1.1) if VG(z*) is nonsingular
(and VG(+) is Lipschitz continuous) [108]. However, the iterative method (1.1.3) is not

convergent for nonsmooth equations (1.1.1) in general.

Superlinear convergence of the algorithm (1.1.3) was analyzed by Qi and Sun [131]
based on a key concept of so-called semismoothness, and that is why this algorithm is

called semismooth Newton method.



Definition 1.1.1 Let G : R — R™ be directionally differentiable at x € R™. The

function G is said to be semismooth at x if
Qd—G'(z;d)=o(||d]]), d—0 (1.1.4)
and G is said to be p-order semismooth at x if
Qd— G'(z;d) = O (||d|"*?), d—0, (1.1.5)

where Q) € 0G(x +d) and 0 < p < 1. Here, o(||d||) stands for a vector function of d,

which satisfies

. o(|[d]))
lim
d—0 ||d]|

while O(||d||*™?) stands for a vector function of d, which satisfies

=0,

[O([ld 7))l < M||d||"*?
for all d satisfying ||d|| < 0, and some M >0 and § > 0. In particular, G is said to be

strongly semismooth at x if (1.1.5) holds for p = 1.

Semismoothness was originally introduced by Mifflin [105] for functionals, which
plays an important role in the global convergence theory of nonsmooth optimization,
see Polak [117]. 16 years later, Qi and Sun [131] extended the concept of semismoothness

to vector-valued functions.

The following two lemmas are direct results of [131] and [165].

Lemma 1.1.1 Let G : R" — R™ be a locally Lipschitz function in a neighborhood of

x € R™. Then the following statements are equivalent:
(i) G is semismooth at x;
(ii) for any Q € 0G(x +d), d — 0,

Gz +d) — G(z) - Qd = o(|[d]);

(#i) for any v +d € Dg, d — 0,

G(z +d) — G(z) — VIG(z + d)d = o (||d]]).



Lemma 1.1.2 Let G : R* — R™ be a locally Lipschitz function in a neighborhood of

x € R". Then the following statements are equivalent:
(i) G is p—semismooth at x;
(ii) for any Q € 0G(x +d), d — 0,

Gz +d) = G(x) —Qd = O ([|d]"*7);

(iii) for any v +d € Dg, d — 0,

Gz +d) - G(z) = V'G(x + d)d = O (||d] ") .

Let G : R* — R" be a locally Lipschitz function. The function G is said to be
CD-regular at x € R" if all Q € 0G(x) are nonsingular. Using semismoothness, Qi

and Sun [131] presented the following convergence theorem for the semismooth Newton

method (1.1.3).

Theorem 1.1.1 Suppose that x* is a solution of G(x) = 0, G is semismooth at x*
and G is CD-regqular at x*. Then the iteration method (1.1.3) is well-defined and the
sequence {x*} generated by algorithm converges to x* when x° is chosen sufficiently close
to x*. Moreover, the convergence rate is Q-superlinear (it is called simply superlinear),

1.€.,

ka—i—l — ¥
lim — = 0.
koo ||zt — 2|
If, in addition, G is p-order semismooth at x*, then the convergence of (1.1.3) is of

order 1 +p, i.e.,

R

lim sup Ty < OO

k—oo ||zF — x|

Remark 1.1.1 Kummer [94] independently presented a general analysis of superlinear
convergence for this generalized Newton method for solving the monsmooth equations

under similar conditions used in Qi and Sun [131].

Note that the nonsingularity of G (z*) in the above theorem is somewhat restrictive

in some cases. To overcome this drawback, Qi [122] presented a modified version of

4



(1.1.3) which may be stated as follows
o* = g — VG ("), (1.1.6)

where V,, € 05G(z"). The difference of this version from (1.1.3) is that V}, is chosen
from OpG(z*) rather than the convex hull of 9pG(z¥).

To study the convergence property of the iterative method (1.1.6), the concept of
so-called BD-regularity is needed. Let G : " — R" be a locally Lipschitz function.
The function G is said to be BD-regular at z € R™ if all ) € dgG(x) are nonsingular.
Qi [122] and Pang and Qi [112] proved the following results, respectively.

Proposition 1.1.1 Suppose that G : R" — R™ is locally Lipschitz continuous and G
is BD-reqular at x € R". Then there exist a neighborhood N(z) of x and a constant C
such that for any y € N(x) and Q € dpG(y), Q is nonsingular and ||Q || < C.

Proposition 1.1.2 Suppose that G : R" — R™ is locally Lipschitz continuous and G
is BD-regular at a solution x* of G(x) = 0. If G is semismooth at x*, then there exist

a neighborhood N(x*) of * and a constant C' such that for any v € N(z*),

IG(@)]| = Cflz — 27},

Analogously to Theorem 1.1.1, Qi [122] established the following result.

Theorem 1.1.2 Suppose that x* is a solution of G(z) = 0, G is semismooth at x*
and G is BD-reqular at x*. Then the iteration method (1.1.6) is well-defined and the
sequence {x*} generated by the algorithm converges superlinearly to z* when x° is cho-
sen sufficiently close to x*. If, in addition, G is p-order semismooth at x*, then the

convergence of (1.1.6) is of order 1+ p.

There are also some inexact versions of (1.1.3) and (1.1.6) and their superlinear

convergence theorems, see [39,104] for details.

Pang and Qi [112] also generalized the superlinear convergence results of Dennis-

Moré [29] for quasi-Newton methods for smooth equations.

b}



Theorem 1.1.3 Assume that G is semismooth at x* and that G is BD-regular at x*.
Let {xk} be any sequence that converges to x* with ¥ # x* for all k. Then {xk}

converges superlinearly to x* and G(x*) = 0 if and only if

|G + vid|
S

where Vi, € OgG(2*) and d* = zF+t1 — 2.

Theorems 1.1.1, 1.1.2 and 1.1.3 are very important on theoretical aspect, since they
generalize the convergence results of classical Newton method for smooth equations
without assuming differentiability of G. Furthermore, in the last decade, the semi-
smooth Newton method became a powerful tool for solving problems arising from some
important mathematical programming problems such as large scale nonlinear comple-
mentarity, variational inequality and nonlinear programming problems. These are due
to the nonsmooth equation reformulations of such original problems. In particular, the

so-called Fischer-Burmeister function
orpla,b) =vVa?+b*—a—1> (1.1.7)

is used to reformulate the nonlinear complementarity problem as a system of nonsmooth
equations. It is well known that ¢pp is not smooth, but it is strongly semismooth. It
turns out that this system is semismooth, therefore, the semismooth Newton method
and its convergence results can be applied to some important mathematical program-
ming problems such as nonlinear complementarity problems, variational inequalities
and KKT conditions of optimization. For example, see [112], [104], [47], [126], [134].
This may be seen in the book by Facchinei and Pang [40] and the abundant refer-
ences in that book. In the recent five years, while there are still further research work
on the semismooth Newton method for solving nonlinear complementarity and varia-
tional inequality problems, the semismooth Newton method has been further applied
to semidefinite problems [169], operator equations [178], shape-preserving interpolation

problems [33], [34], [35] and option price problems [179].

Note that (1.1.3) is only convergent locally under semismoothness assumption. A
natural question is that whether (1.1.3) can be globalized similar to classic Newton’s

method for solving smooth equations or not. In general, the answer is negative because



the function 6 defined by
1
0w) = 5 16 (@)

is not smooth. Fortunately, in some especial but important cases, # can be smooth
though G itself is not smooth. For example, if G(z) = max(0,z), x € R or G(z) =
(G1(z),- -+, Gp(x))T with

Gl(l') = QSFB(IZ,E((L')), 1= 1, e N,

where F': R — R" is continuously differentiable. Obviously, G is not differentiable at
x =0, but 6 is smooth. By assuming that # is smooth, a damped semismooth Newton
method was presented and a global convergence result was proved by De Luca et al.,
see [101] for details. In addition, see [83] for various globalized semismooth Newton

methods.

1.1.2 Smoothing Newton Method

As mentioned in Subsection 1.1.1, in the case when 6 is smooth, we can construct a
global convergence algorithm for solving the system of nonsmooth equations (1.1.1).
But, if 6 is not smooth, how to solve the system of nonsmooth equations? In this
subsection, we review some existing smoothing methods for solving equations with
nonsmooth 6, these methods also overcome the difficulty of computation of dG(z*) in

semismooth Newton method.

The key idea of smoothing methods is to construct a smoothing approximation
function G : Ry | x N™ — N of G such that for any € > 0 and x, G(e, -) is continuously

differentiable on ™ and satisfies
HC_J(s,x) - G(x)” —0 as 0

and to find a solution of (1.1.1) by (inexactly) solving the following problems for a given
positive sequence {&Tk}, k=0,1,2,---,

G(e*, x) = 0.

Let us denote the Jacobian of G' with respect to the second variable by VIG(e, x).

7



Then a smoothing Newton method can be defined as follows:
= ok (VIR ) G, (1.1.8)

where €F > 0 and t;, > 0 is the stepsize. Smoothing Newton method (1.1.8) for solving
the nonsmooth equation (1.1.1) has been studied for decades in different areas (see
[20] for references). The global and linear convergence of (1.1.8) has been discussed
in [123,125]. In [20], the authors defined a Jacobian consistency property and showed
that the smoothing approximation functions in [18,48] have this property. Let 0cG be
defined as

OcG(x) = 0G1(x) x 0Ga(x) X -+ X G, (),

where G = (G1,Gy, -+, G,) with G; : R" - Rfori=1,2,--- n.

Definition 1.1.2 Let G be a Lipschitz continuous function in R*. We call G a smooth-
ing approximation function of G if G is continuously differentiable with respect to the

second variable and there is a constant > 0 such that for any x € R" and ¢ € R,

HG(&“,:L‘) - G(x)H < pe. (1.1.9)
Furthermore, if for any x € R",
lifgl dist(VIG(e, x),0cG(x)) = 0,

then we say G satisfies the Jacobian consistency property.

Under the assumption that G satisfies the Jacobian consistency property, a smooth-
ing Newton method was introduced by Chen, Qi and Sun [20], which was called Jacobian
smoothing Newton method in [88].

For the Jacobian smoothing Newton method, under suitable conditions, Chen, Qi
and Sun [20] proved that the sequence {x’“} generated by the algorithm is bounded
and each accumulation point of {:L‘k } is a solution of (1.1.1). Furthermore, Chen, Qi
and Sun [20] proved that if G is CD-regular at an accumulation point z* of {xk}
and G is semismooth (strongly semismooth) at z*, then {xk } converges superlinearly

(quadratically) to z*.



Note that the convergence analysis of the Jacobian smoothing Newton method
strongly depends on the Jacobian consistency property. It was verified in [20] that
many smoothing functions satisfy it. However, on the other hand, the smoothing func-
tions based on normal maps [145], which only require the mapping to be defined on the
feasible region instead of on R", do not satisfy this property. See [130,166,191] for the
smoothing forms of normal maps. In addition, more smoothing functions which do not
satisfy the Jacobian consistency property arise. In order to circumvent one or several of
these difficulties, another class of smoothing Newton methods were introduced in [130],

i.e., squared smoothing Newton method. For convenience, we suppose that for any
e<0and z € R", G(¢,7) = G(—¢,x) and G(0,7) = G(x). Let

@@mz(éﬁﬂ),

where G is continuously differentiable at any z := (g,2) € R, x R" and satisfies

(1.1.9). It is obvious that z* is a solution of (1.1.1) if (¢*, z*) satisfies ®(e*, z*) = 0.

The important characteristic of the squared smoothing Newton method is that the

smoothing parameter ¢ is regarded as a variable just as the original variable x.

For the squared smoothing Newton method, under suitable assumption, Qi, Sun and
Zhou [130] proved that each accumulation point z* of sequence {z*} generated by algo-
rithm is a solution of ®(z) = 0. Furthermore, if ® is semismooth (strongly semismooth)
at z* and ® is CD-regular at z*, then {z*} converges superlinearly (quadratically) to

z*.

There are several modifications of smoothing Newton method. The corresponding
convergence results were also proved. See [22,88] for details. We should point out that,
in the last decade, smoothing techniques were used widely on solving nonsmooth opti-
mization problems such as complementarity problems, variational inequality problems
and mathematical programs with equilibrium constraints. These contents can be found
in X. Chen, L. Qi and D. Sun [20], F. Facchinei, H. Jiang and L. Qi [38], X. Chen, Z.
Nashed and L. Qi [19], D. Sun and L. Qi [167], D. Li, L. Qi, J. Tam and S. Y. Wu [98],
Y. Yang, L. Qi [190], X. D. Chen, D. Sun and J. Sun [21], Z. H. Huang, J. Han and
Z. Chen [73], L. Qi and D. Sun [129], H. D. Qi and L. Z. Liao [121], L. Qi and G.
Zhou [137] and L. Qi, D. Sun and G. Zhou [130]. For more details, see also L. Qi and
D. Sun [128].



1.2 Semi-Infinite Programming Problems

Consider the optimization problem:

min f(z)

st. v e X,

(1.2.1)

where the feasible set X is given in the form
X={zeR": gx,v) <0, VveV}

Here V' C R™ is a set of parameters and, for most engineering problems, V' is nonempty
compact. The functions f : R* — R and g : R” x V — R are twice continuously
differentiable functions. In the case when the set V' is infinite, (1.2.1) is called a semi-
infinite programming (SIP) problem. We say that the SIP problem (1.2.1) is convex if

f(+) is convex and the function g(-,v) is convex for any v € V.

One of the reasons why researchers are focusing more attention on the SIP problem
is that the SIP problem arises from various applications such as approximation theory
[50,58,92], optimal control [71,103,115,150,171], filter design in signal processing [91],
eigenvalue computation, mechanical stress of materials [70], pollution control [58, 70],

and statistical design [157].

Since that the solutions of many practical application problems can be approximated
by the optimal solutions of the related SIP problems, the theory and numerical meth-
ods for SIP problems are very important. The development of theory and numerical

methods for SIP problems can be found in [44,51,52,70,115,117,142,143,164,174,176].

On the theoretical aspect, Krabs [92] obtained KKT optimality conditions for STP
problems under Slater’s constraint qualification. Hettich and Zencke [67] and Nuern-
berger [107] discussed first-order sufficient conditions for SIP problems under a stronger
KKT condition. Hassouni and Oettli [64] derived a sufficient and necessary condition
for convex SIP problems under a regularity condition. Second-order necessary and
sufficient optimality conditions for SIP problems were first derived via the so-called
reduction method by Wetterling [183] and Hettich and Jongen [65]. Shapiro [154,155]
discussed the differentiability of the value function and the Lipschitzian stability of the
solution set mapping for a parametric SIP problem. Colgen [25] discussed the compact-

ness of the solution set under a kind of upper-continuity of the solution set mapping.
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Bonnans and Shapiro [11] derived a zero duality gap of the convex SIP problem and its

Lagrangian dual problem under Slater’s constraint qualification condition.

On the numerical aspect, the existing different methods for solving the SIP problem

can be divided into the following six categories:

1. discretization methods (by grids and cutting planes);
2. local reduction based methods;

3. exchange methods;

4. simplex-like methods;

5. descent methods;

6. generalized Newton methods.

In the first category, a sequence of relaxed problems with a finite number of con-
straints are solved according to a predefined or adaptively controlled grid generation
scheme or some cutting plane scheme [60,61,67,69,140,141,174,175,185]. The local
reduction method of second category replaces an SIP problem by a locally equivalent
problem with a finite number of implicitly defined inequality constraints, or equiva-
lently a system of nonlinear equations with finitely many unknowns, which is solved
essentially by the Newton method and, hence the local reduction based methods have
good local convergence properties [26,53,66,78,118,170]. In the third category, typical
exchange methods consist of two phases: the purification phase providing an extreme
point and the pivoting phase generating a sequence of linked extreme point leading
to an optimal solution [70,95,146, 151,180, 184, 186]. Some of other methods for STP
problems can be found in [41,42,98,99,115,117,134,158,176,177].

We now briefly review the optimality conditions and numerical methods for SIP

problems.
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1.2.1 Optimality Conditions

Define
Alw) = max g(z,v),
then the SIP problem (1.2.1) becomes
min f(2)
s.t. A(z) <0.
The fundamental difficulty, however, with the problem (1.2.2) is that the constraint

(1.2.2)

function A(z) may not be differentiable. Thus a theory for nondifferentiable nonlinear
programming is needed. Such a first order theory does exist (e.g. [49]) and was used
to establish first order condition for (1.2.1), see e.g. [120]. In this subsection, we only

recall briefly the first order optimality conditions for the SIP problem (1.2.1).

Let Y = C(V) be the normed space of continuous functions y : V' — R, equipped

with the sup-norm
[yl = sup |y(v)]
veV

and K C C(V) be the cone formed by nonpositive-valued continuous functions y(v).
Let Y* be the dual space of the Banach space Y, formed by continuous linear functionals
on Y and equipped with the dual norm ||y*|| := sup,cr,, (¥, y), where Uy is the unit
ball in Y, ie, Uy :={y €Y : |y| <1}, and (y*,y) = y*(y), y* € Y*, y € Y. And let
K~ be the polar (negative dual) cone of the cone K, i.e.,

K- ={y eY": (y,y) <0 for ally € K}.

Then Y™ is the space of finite signed measures on (V, B), where B is the Borel o-algebra
of V', with the norm given by the total variation of the corresponding measure. And it
is not difficult to know that K~ is formed by the set of nonnegative Borel measures on

V. See [154] for details.
Consider the mapping = : R" — C(V) taking a point z into the function y = =Z(z),
y(-) = g(x,-). Then the feasible set X of (1.2.1) can be written in the form
X={zeR": Z(x)e K}.

Since the constraint function g(z,v) is differentiable in x and V,g(z,v) is continuous on

R" x V, it follows that the mapping Z(x) is continuously differentiable and for h € R"
[DE(2)h] (-) = KT V.g(z, ),
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where D=(z)h := h - VE(z). We say that a point zy € R" is a regular point of the
mapping =(x), in the sense of [144], if

0 € int {=(x¢) + DE(zo)R" — K} . (1.2.3)
We assume the optimal value of (1.2.1) is finite, say u. We also assume that the set
S={reX: flx)=pn},
of optimal solutions of (1.2.1) is nonempty. Let
V(z)={veV: g(z,v) =0}

A first-order necessary condition for the SIP problem (1.2.1) is well known (e.g.,
Pshenichnyi [120]), and it is called the Fritz-John necessary optimality condition.

Theorem 1.2.1 Let ¢ be an optimal solution of (1.2.1). Then there exist v' € V (xy),

1=1,---,n and nonnegative multipliers ug, uy, - - - uy,, not all of them zero, such that

uoV f(zo) + Zn:uivmg(ato, v') = 0. (1.2.4)

i=1

We should point out that the multiplier vy in Theorem 1.2.1 may be zero, in this
case, (1.2.4) is not very meaningful since it does not show any information about the
objective function f. In order to obtain the Fritz-John necessary optimality condition
with ug # 0, we need the following constraint qualifications which are straightforward

extensions of their finite analogues for the SIP problem (1.2.1).

Definition 1.2.1 (i) We say that the extended Mangasarian-Fromovitz constraint qual-
ification (EMFCQ) holds at a point xy € S if there exists a vector d € R" such that

VZg(zg,v)d <0 (1.2.5)
for all v € V(xy).
(i) It is said that the Slater condition holds if there exists a point T such that
9(z,v) <0 (1.2.6)
forallveV.
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It is not difficult to show that (1.2.5) is equivalent to the condition that the point
xo is a regular point of the mapping Z(z) with respect to the cone K [154]. Since the
set V' is compact, condition (1.2.6) implies existence of a positive number ¢ such that
g(z,v) < —e for all v € V. That is, Z(z) is an interior point of the cone K, which
implies

0 € int {ZR") — K1, (1.2.7)

where Z(R") is the range of the mapping =, i.e., Z(R") is the set {Z(x): = € R"}.

Since E is continuously differentiable, (1.2.7) is equivalent to (1.2.3).

Theorem 1.2.2 Let xy be an optimal solution of (1.2.1). If EMFCQ holds at point xo,
then there exist v' € V(xg), i = 1,---,n and nonnegative multipliers uy, - - - u,, not all

of them zero, such that

Vf(xo) + iuivxg(xg,vi) =0.

=1

The Fritz John condition with uy # 0 is a semi-infinite version of the KK'T' condition,
e.g. [102], so we call it KKT condition for the SIP problem (1.2.1). Generally, the Fritz
John condition is necessary but not sufficient for optimality, and if the SIP problem
(1.2.1) is convex, then the KKT condition is sufficient but not necessary for optimality.
Moreover, if a constraint qualification is assumed, then the KKT condition is both
necessary and sufficient for optimality for (1.2.1). Under certain assumptions, there are
some second order optimality conditions for the SIP problem (1.2.1), see e.g. [7], [152],
[156] for details.

1.2.2 Numerical Methods for SIP Problems

It is well known that the main difficulty for solving SIP problems is that it has infinite
constraints, and the main effort of existing methods is to reduce the infinite set V' to a
finite one. The survey papers by Hettich [68], Gustafson and Kortanek [62], Polak [115],
Fiacco and Ishizuka [43], and Hettich and Kortanek [70] discussed these methods in
more detail. In this subsection, we will mainly review the discretization methods and

the local reduction based methods.
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Discretization Methods

One approach to the solution of an SIP problem is to minimize its objective function
subject to only a finite subset of the infinite set of constraints. That is, the original

SIP problem (1.2.1) is replaced by the following finite subproblem P[V]:

min £(7) ) (1.2.8)
g(x,v) <0, veV,
where V' C V with cardinality |V| < co. The set V is typically called a grid. Unfortu-
nately, for general problems, there does not exist a subset V' of V which yields identical
solutions for (1.2.1) and (1.2.8). Therefore, one may possibly repeat the procedure for
an enlarged set when higher precision is requested or when, from consideration of a se-
quence of such solutions, an estimate of their accuracy is to be obtained. But, if a finite
sequence of finer and finer grids Vj are used, it is not necessarily true that the sequence
of solution points of (1.2.8) converge to the solution of (1.2.1). For these statements
to be true, the grids must be chosen with care [70], [117]. More precisely, one may
successively compute an “(approximate) solution” of the discretized SIP problem P[V}]
for i = 0,1,--- by an algorithm for solving finite optimization problem, where {V;} is a

sequence of finite subsets of V' such that lim;_ . dist(\_/i, V) =0. Here

dist(V;, V) :=sup inf [v—'|,
veV VeV

which is usually called a density of grid V; in V and ||-|| is the usual [**-norm in R™.
The conception of density of set V; in V is closely related to the theory of consistent
approximations. The papers by Reemtsen [140] and Polak [117] give some conditions
under which a solution of problem (1.2.8) is equivalent to (1.2.1) as successive grids are

refined. A procedure of this type is denoted as a discretization method.

Discretization methods have the advantage to internally work with finite subsets of
V only. In particular, feasibility with respect to the finite program P[V;] can normally
be checked easily and accurately. Therefore, a discretization method is especially suited
for problems with a solution z* at which g(z*, ) is (almost) constant on V' or on parts of
V. Almost constancy is a phenomenon which, for instance, can occur for the constraint

function at complex Chebyshev approximation problem [142].

Discretization methods, however, are very expansive in numerical computation since

the number of the constrains of the subproblem solved in such methods may increase
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dramatically with the growing cardinality of the approximate subset at each iteration.
The numerical costs for solving discretized SIP problems normally tend to infinity when
the grid densities in V' converge to zero. Therefore, in practice, only grids with a limited
number of points can be used, and the grids obtained by typical methods have at most
50,000 to 100,000 points for problems with less than 100 variables [142]. Another
characteristic of a discretization method stressed in the literature is that it normally
produces outer approximations of a solution of the SIP problem, i.e., approximate
solutions which are not feasible for (1.2.1). Observe that, for V; C V| a global solution
1% of P[Vj] that is feasible for P[V] solves P[V] since

ft) = nf @) < o f@) < f),

where

FV)={zeR": gx,v) <0, veV}

and
F(V;) = {x eER": g(z,v) <0, v e \_/Z}

An approximate solution of an SIP problem which has been obtained by a discretization
method may have to be improved by a method based on local reduction when the
method becomes too inefficient. A possible difficulty connected with that is that the
obtained solution may not be close enough to a solution of the SIP problem and hence

not be in the convergence region of such method.

For the discretization methods for solving SIP problems, Polak [116] has developed
a theory of consistent approximations that provides conditions under which (local)
minimizers and certain stationary points of the discretized problems converge to (local)
minimizers and related stationary points of the SIP problem. The theory includes
conditions which imply convergence of the entire sequence of iterates generated by a
discretization algorithm, and it contains condition on the rate of discretization which
ensures that the entire sequence converges with the same rate as the algorithm used for
the solution of the finite subproblem. The discretization methods have no superlinear

convergence property.

16



Local Reduction Based Methods

One may use some different ways to form the approximate subset of V' so that the
number of the constraints of the finite nonlinear optimization problem increases not
so quickly. Among these ways, one class of methods relies on the fact that the SIP
problem (1.2.1) can be reduced locally to an optimization problem with finite number

of constraints. The term local reduction comes from that
g(x,v) <0, VveV
is closely related to the following parametric optimization problem:

max g(z,v). (1.2.9)

veV

As mentioned in Subsection 1.2.1, for the SIP problem (1.2.1), if we let

A(z) = max g(x,v), (1.2.10)
then it becomes
min /()
st. A(z) <0.

The review by Polak [115] treats this general case. However, more progress can be
made by treating A(x) locally. The goal is to represent A(z) locally near almost every
., € R" by

A(x) = max {gl(x) e L}

with smooth function ¢'(x), |L| < oo, defined on some neighborhood of z, [55]. This

holds under some mild regularity assumptions.

Let € R". Denote all the local solutions of (1.2.10) by v!(Z), I € L. If problem
(1.2.10) is regular for Z, then |L| < oo, and there is a neighborhood U(Z) of Z such that
x € U(Z) is the feasible solution of the SIP problem if and only if z € U(Z) satisfies the

finitely many inequality constraints

d'(z) = g(z,v'(z)) <0, l=1,---,L, (1.2.11)

where v!(z) are the local solutions of (1.2.10) with parameter z. While the functions
g' themselves usually cannot be given explicitly, the function values g'(z) obviously are

computable for z € U(z). Methods, in which the infinite constraints g(z,v) < 0,v € V,
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of the SIP problem (1.2.1) is locally replaced at z by the finitely many constraints in
(1.2.11), are called local reduction based methods. These assertions may lead directly
to a conceptual reduction method [142]. The papers by Gramlich et al. [55] and Hettich
and Kortanek [70] explain each step of algorithm and give guidelines on implementation.
The most commonly used nonlinear programming algorithm at the main step in the

conceptual reduction method is successive quadratic programming (SQP) algorithm.

The advantage of such methods certainly lies in the fact that they only deal with
relatively small finite programs internally. These programs are convex for linear and
convex SIP problems, since, in these cases, the functions ¢' are strictly convex on
U(x) [67], and they are usually nonlinear for all other SIP problems. The drawbacks
of reduction based methods are connected with the fact that the set U(z) and the
functions g’ are not known explicitly. In almost every iteration, a (continuous) global
maximizer and hence all (continuous) local maximizers of g(z',-) over V need to be
computed exactly or inexactly. Up to now, however, there does not exist the algorithm
that is able to detect a global maximizer of an arbitrary continuous function with
certainty. Furthermore, local reduction based methods needs strong conditions to ensure

its convergence.

In this thesis, we shall introduce four algorithms for solving SIP problems. To this
end, we first study the differentiability, semismoothness and smoothing approximation
properties of a class of integral functions in Chapter 2. Then, in Chapter 3 we introduce
three algorithms for solving SIP problems, say, smoothing SQP algorithm, smoothing
projected Newton-type algorithm and smoothing Newton-type algorithm. The later
two algorithms have many advantages. For example, at each iteration of the algorithm,
only a system of linear equations needs to be solved and they have global and local
superlinear convergence. Furthermore, in Chapter 4, we extend the smoothing projected
Newton-type algorithm to solving large scale SIP problems, say, truncated projected

Newton-type algorithm. This algorithm enjoys the advantages mentioned above.
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1.3 Generalized Semi-Infinite Programming Prob-

lems

Consider a generalized semi-infinite programming (GSIP) problem given as follows:

(1.3.1)
s. t. g(z,u) <0, VueT(x),

where T'(z) = {u € R | h(z,u) < 0}. Here, f : R* - R, g : R*" xR — R,
heR xR — R, TR — 2% and 2% is the set of all subsets in R".

Recently, it was observed that many practical problems, such as those arising in the
study of maneuverability problems in robotics, optimal control problems with terminal
constraints, reverse Chebyshev problems in approximation theory, time-minimal heating
or cooling of a ball and vector variational inequality problems, can be transformed into
the GSIP problem. Consequently, the GSIP problem has become an active research
topic in optimization. Jongen et al [86]and Stein [159] derived directly a first order
necessary condition of the Fritz John type without assuming a constraint qualification.
Riickmann and Shapiro [148] also obtained a first order necessary condition by using the
boundedness of the upper and lower directional derivatives of the corresponding value
function. Hettich and Still [72] investigated second order optimality conditions under
the assumption that the feasible set can be described by means of a finite number
of value functions. Still [162, 163] investigated how the numerical methods for SIP
problems can be extended to GSIP problems. Kaplan and Tichatschke [89] derived

numerical algorithm for a special class of GSIP problems.

On the other hand, since there are many uncertainty factors in many practical prob-
lems, stochastic programming is another important branch of mathematical program-
ming. Of course, it is very significative to study the stochastic generalized semi-infinite
programming (SGSIP) problem. The GSIP problem is a hard problem with an infinite
constraint index set that may vary since it is correlated with decision variable x. Pres-
ence of an additional random variable makes the SGSIP problem even harder to solve

than the GSIP problem.

We shall present a smoothing implicit programming method for solving a class of

SGSIP problems and prove its global convergence result in Chapter 5.
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1.4 Option Price Interpolation Problems

In 1900, Bachelier [3] introduced a formula for the price of an option based upon a
continuous stochastic process for the underlying asset. Although this model has some
shortcomings, this work pushed option pricing into the realm of higher mathematics.
In 1973, Black and Scholes [10] formulated the first modern option pricing solution,
which overcomes some of the major shortcomings of earlier works. The explosion of
option pricing papers has been phenomenal since 1973. Especially, after the equity
market crash in 1987, some complicated models are proposed, such as local volatility
function model of Dumas, Flemming and Whaley [37], stochastic volatility model of
Hull and White [75], and jump-diffusion model of Bates [4], etc. In addition, the work
on empirical tests and methods to solve option problems grew rapidly, and continues
today at a great pace. We should point out that no matter what kind of process for

the underlying asset, the Black-Scholes formula is always a basic tool.

In the last several years, the option price model reverse engineering problem has
attracted intensive attention, since it is widely used in many important fields such as
risk management and exotic option pricing. Basically, given very few assumptions about
the underlying process, people try to back out the underlying process from the option
price observation. In the option price model reverse engineering, the Black-Scholes
formula is often used to calculate the option’s risk sensitivities. In addition, in the
option price model reverse engineering, European is often used as a standard option
model, that is, if a model cannot correctly price European options then it cannot be
used to price the exotic option. Many models have been proposed for the option price
reverse engineering problems. For example, in the equity option modeling area, we
have the continuous version local volatility function model of Andersen and Brotherton-
Ratcliffe [2], Lattic version local volatility function model of Rubinstein [147], Derman,
Kani and Chriss [31] and Markov functional interest rate term structure model of Hunt,

Kennedy and Pelsser [76], etc.

Many option price reverse engineering models require a complete set of European
option price observations. However, in a typical option market, one often observes the
prices of 10 to 30 options with the same time-to-expiration, but different strike levels.

This reality requires a good method to interpolate the option price as a continuous
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function of strike price. Therefore, we face the problem of how to interpolate the option
price function. The market standard practice is to interpolate the implied volatilities,
then to apply the interpolated volatility into the Black-Scholes formula. Such an indirect
interpolation has some merits, such as accuracy and stability, see Andreasen [1]. Piece-
wise linear interpolation is a common method to interpolate market implied volatilities
when pricing unquoted options. Cubic spline volatilities interpolation is the method

used for almost all option price reverse engineering models.

Unfortunately, in some case, the interpolation method cannot be chosen freely.
For example, the no-arbitrage principle determines that a call option price must be
a monotonically decreasing and convex function of the strike price. Especially, this
restriction violation in the option price reverse engineering problems will make the
model break down. So, shape-preserving interpolation methods are very important in
the option price reverse engineering problems. Rubinstein [147], Jackwerth and Rubin-
stein [79] presented two methods deal with this kind of problem, but their computation

are intensive.

Wang, Yin and Qi [179] presented a generalized Newton algorithm for solving no-
arbitrage option price interpolation problem. And they proved the local superlinear

convergence of this method, however they did not establish its quadratic convergence.

In Chapter 6 of this thesis, we shall prove that this algorithm has at least %—order
convergence rate, by using the properties of integral function discussed in Chapter 2.
We also give conditions under which this method has %—order and quadratic conver-
gence rate. We will present a globalized algorithm for solving no-arbitrage option price

interpolation problem and prove that its convergence rate is at least %.

1.5 Spectral Estimation Problems

Spectral estimation problems arise naturally in time series and signal processing, and
have long received deep and fruitful attention from statisticians and engineers. Given
a compact set X with finite measure o, a set of continuous functions {¢;}! ; linearly

independent on X, and a data vector ¥ = (rq,ry,---,r,)T € R, the problem is to find
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a function f satisfying the nonnegativity condition f > 0 a.e., and the constraints

ri:/xf(a:)@(a:)da(a:), i=1,2,--n (1.5.1)

The nonnegativity condition arises naturally in many signal processing applications
such as estimating a power spectrum or in interference spectroscopy where the problem
is to estimate an intensity distribution of an electromagnetic source. It is assumed
that f is band limited, i.e., f has support contained in a compact set X. The band
limited constraint may be due to properties of the source, medium, sensors, or problem
geometry [24]. The investigation of such problem raises two important questions. The
first and fundamental question concerns the existence of such function f. This question
was answered by characterizing the set of extendible correlation measurements, see
[97,100] for details. The second question raised is that if there is a unique f, and if
not, how can a specific one be chosen? In fact, a unique f does not exist except in very
special cases; the task of a spectral estimation method is the selection of one out of an

ensemble of f satisfying the constraint (1.5.1), nonnegativity, and support constraint.

One popular method for selecting f is the maximum entropy method [14, 15, 100].

1
P(z)’

In this method, the usual form the solution takes is f*(z) = where P is a positive

trigonometric polynomial. However, in some application, see examples in [6], a strictly
positive solution % fails to exist. Goodrich and Steinhardt [54] suggested an alter-
native way for selecting f(x) by considering an Ly-norm optimization problem, which
is called Ly spectral estimation. In 1993, Cole and Goodrich [24] investigated the L,-
special estimation with an L.-upper bound, they compared the numerical performance
of some solution methods and found Newton’s method does the best job of fitting the

solution to the data. Potter [119] also obtained similar numerical results.

An important problem in spectral estimation is the estimation of a power spec-
trum, a measure pu on R", with a known support, given a finite collection of measured
correlations. This problem has many applications in a wide range of settings such as
geophysics, radio astronomy, radar, and sonar, see [15,90,96,97] and references therein.

In many of these problems, the measure p has a density function f(z), i.e.,

u@) = | fla)da

for all Lebesgue measurable sets (2 and p is band limited. Thus the estimation problem

of power spectrum becomes the form of (1.5.1), see [6,54] for details.
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In Chapter 7, we shall present a generalized Newton algorithm for solving the L,
spectral estimation problem and we prove the global and local 1+ %—order convergence

of the algorithm.

1.6 Notation

The following notation will be used in this thesis. R" denotes the real Euclidean space
of column vectors of length n. ' denotes the set of all vectors with nonnegative
components, i.e., R} = {u € N"| u > 0}, and RN}, denotes the set of all vectors with
positive components, i.e., ®!, = {u € R"| u > 0}. For v € R and v € R™, (u,v)
denotes the column vector (u”,v?)T in R, If v; € R" and L = {1,2,---,1}, (v, €
L) means the vector (v7, v, -+ vI)T in R, For any x € R, [x], := max{0,z}. By ||-||,
we mean the Euclidean norm. If z; and x5 are two vectors with the same dimension,
then x{ x5 denotes the inner products of these two vectors. I and O denote the identity
and zero matrix with a suitable dimension, respectively, and U denotes the closed unit
ball in an Euclidean space with a suitable dimension. For a differentiable function
f R — R, Vf(x) € R™P denotes the gradient of f at z, whereas VI f(x) € RP*n"
means the Jacobian of f at x, i.e., VI f(x) = (Vf(x))T. For a differentiable function
fiR" xR — R, V,f(x,y) and V, f(x,y) denote the gradients of f at (z,y) with
respect to x and y, the n x p and m X p matrices, respectively. Whereas VI f(z,y) and
nyrf(x, y) mean the Jacobians of f at (z,y) with respect to z and y, respectively, i.e.,
VI f(x,y) = (Vof(z,y))" and Viflz,y) = (Vof(x,y))". For a differentiable function
R xR >R, V?(/k)f(x, y) means the k-th derivative of f at (z,y) with respect to y.
For a locally Lipschitz function f : R™ — RP, 0f(x) denotes the generalized Jacobian
of f at x in the sense of Clarke. For a locally Lipschitz function f : " x R™ — RP,
O, f(x,y) and 0, f(x,y) denote the generalized Jacobian of f at (x,y) with respect to
x and y, respectively. For a directionally differentiable function f : R" — R?, f'(x;h)
denotes the directional derivative of f at x in a direction h. For a closed set A and a

point x € R", dist(x, A) means the distance between x and A, i.e.,
dist(z, A) = min{||z — 2’| : 2’ € A}.

If § is a small quantity, O(d) and o(§) mean the same order and higher order small

quantity, respectively.
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Chapter 2

A Class of Integral Functions

2.1 Introduction and Motivation

The integral function F': " — R, defined by

F(@) = [ Tote,0)p)do, (2.1.1)

where p(v) > 0 for all v € [a,b], arises from nonsmooth equation reformulations of the
shape-preserving interpolation problem [33], [34], the option price problem [179] and
the spectral estimation problem which will be discussed in Chapter 7. It also arises from
aggregate reformulation of SIP problems, see [173], [81], [172] and [124]. As mentioned
in Subsection 1.1.1, semismoothness, p-order semismoothness and strong semismooth-
ness are the key conditions for superlinear, (1+p)-order and quadratic convergence of
the generalized Newton method for solving a system of nonsmooth equations, respec-
tively. Therefore, convergence analyses of numerical methods designed for solving such
problems above via their reformulations are highly related to differentiability properties

of this integral function.

Differentiability properties and applications of the integral function (2.1.1) were
discussed in recent literatures by Dontchev, Qi and Qi [33], [34], Qi [124], Qi and
Tseng [132], Qi and Yin [136], and Wang, Yin and Qi [179]. In the applications of
shape-preserving interpolation problems and option price problems, the integral func-

tion F', defined by (2.1.1), plays a central role. Its semismoothness was established
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in [33], and hence the superlinear convergence of a Newton-like method for solving the
system of nonsmooth equations arising in the shape-preserving interpolation problem
was proved, which was a conjecture for 15 years [77]. In [34], strong semismoothness of a
particular form of the integral function for that shape-preserving interpolation problem
was established. This, further, established quadratic convergence of the Newton-like
method. In [136], this result was generalized to a class of integral functions, which are

still a special case of (2.1.1).

The main aim of this chapter is to investigate the differentiability, semismoothness
and p-order semismoothness of a general class of integral functions which includes func-
tions of the form (2.1.1) as a particular case. Also, in this chapter, we study some

smoothing approximation properties of a class of integral functions.

The outline of this chapter is as follows: in Section 2.2, some differentiability proper-
ties of a general class of integral functions are discussed; in Section 2.3, the semismooth-
ness and p-order semismoothness of a general class of integral function are investigated;
and finally, in Section 2.4, some smoothing approximation properties of integral function

(2.1.1) are obtained.

2.2 Differentiability of Integral Functions

Consider an integral function F': R"™ — R, defined by

F(z) = /Vf(x,v)d,u(v), (2.2.1)

where f: X x V — R, X is an open subset of " and p is a finite measure defined on
a measurable space (V,F). The function defined by (2.2.1) includes functions of the

form (2.1.1) as a particular case.

We assume that for every x € X, the function f(z,-) is F-measurable and p-
integrable, i.e.,
/V | f(z,v)|dp(v) < 400.
This implies that the integral function F(z) is well-defined and finite valued. Denote
fo(t) := f(-,v) and let x € X be fixed. We say that a property holds for almost every

(a.e.) v € V if it holds for all v € V' except on a set with p-measure zero.
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The following result is a consequence of the Lebesgue Dominated Convergence The-

orem (e.g., [11]).
Proposition 2.2.1 Suppose that: (i) there exists an integrable function k : V — R,
such that

|f(z',v) — f(2%,0)] < K(v) Hxl — 2%, forall 2',2* € X; and a.e.vEV, (2.2.2)

(i) for a.e. v €V, f,(+) is directionally differentiable at a point x € X. Then F(-) is

Lipschitz continuous on X, directionally differentiable at x and

Fl(aih) = [ fiwsh)dpu(v). (2.2.3)

Condition (2.2.2) implies, of course, that for a.e. v € V the function f(-,v) is
Lipschitz continuous on X. Note that the results of the above proposition have a
local nature and the set X can be reduced to a neighborhood of a considered point
x. Note also that for locally Lipschitz continuous functions the concepts of Fréchet
and Gateaux directional differentiability do coincide (e.g., [153]). Hence, under the
conditions of Proposition 2.2.1, we may simply discuss directional differentiability (or

differentiability) of F'(-) at x.

It immediately follows from (2.2.3) that F’(x;h) is linear in h, i.e., F(-) is differen-
tiable at z, if f,(-) is differentiable at = for a.e. v € V. Moreover, we have the following

result (e.g., [149]).

Proposition 2.2.2 Suppose that, in addition to the assumptions (i) and (i1) of Propo-
sition 2.2.1, fl(x;-) is convex for a.e. v € V. Then F(-) is differentiable at x if and
only if f,(+) is differentiable at x for a.e. v € V. In this case, it holds that

VF(z) = /V V£, (2)du(v). (2.2.4)

Suppose now that the function f(z,v) is given as the maximum of a family of smooth

functions g; : X x V. — R, j € J. That is,

f(x,v) :=sup g;(z,v). (2.2.5)

jed
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We make the following assumptions.
(A1) V is a compact metric space and F is its Borel sigma algebra.

(A2) For every v € V and j € J, the function g;,(-) := g¢;(-,v) is continuously
differentiable on X.

(A3) The function (z,v, j) — Gj,(z) := Vgj,(x) is continuous on X x V' x J.
(A4) The set J is a compact metric space.
Of course, if the set J is finite, then the last assumption (A4) holds automatically.

By the Danskin theorem (e.g., [11]), it follows from assumptions (A2)-(A4) that
the max-function f,(+), defined in (2.2.5), is directionally differentiable at every point
r € X and

fi(x;h) = sup h'Gjy(2). (2.2.6)

JjeJ; (2)

Here J}(x) denotes the index set of active at x € X constraints,
Jy(z) = arg mea}gj(x,v). (2.2.7)
J

Note that since it is assumed that the set J is compact and the function g;(z,v) is

continuous in j € J, the set J(x) is nonempty and compact.

Let U C X be a compact neighborhood of a point € X. By the Mean Value
Theorem and assumptions (A2) and (A3), we know that for all z',2* € U and k;(v) :=
supzev ||Gju(z)||, the following holds

9" 0) = g% )] < iy (o) o =7

It follows that f,(-) is Lipschitz continuous on U with the Lipschitz constant k(v) :=
sup;c; kj(v). By the assumption (A3) and the fact that the sets V' and J are compact,

the function k(v) is bounded on V', and hence is integrable.

By formula (2.2.6), f!(x;-) is given by the maximum of linear functions and hence is
convex. It also follows from (2.2.6) that f,(-) is differentiable at z iff G;,(x) is the same
for all j € J¥(z), say Gj,(z) = Gy(z) for all j € J}(x), in which case V f,(z) = Gy(z).
Consider the set

T(x):={v eV : thereexist ¢,j € J,(x) such that G,,(z) # G,,(z)}. (2.2.8)
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The set Y(x) is the set of those v € V for which f,(-) is not differentiable at x. The
above discussion together with Propositions 2.2.1 and 2.2.2 imply the following result.

Theorem 2.2.1 Consider the integral function F(-) defined in (2.2.1) with f(-,-) de-
fined in (2.2.5). Suppose that the assumptions (A1)-(A4) are satisfied. Then F(-)
is locally Lipschitz continuous, directionally differentiable and formula (2.2.3) holds.
Moreover, F(-) is differentiable at a point x € X if and only if the set Y(x) has p-

measure zero, and in this case (2.2.4) holds.

Clearly, for z € X, the set Y(x) is included in the set of such v € V that J}(z) is
not a singleton. Therefore, it follows from the above theorem that if J;(x) is a singleton

for a.e. v € V, then F(-) is differentiable at x.

Denote the set of such x € X that F(-) is differentiable at = by Xg. Since F(-) is
locally Lipschitz continuous, we have by Rademacher’s theorem that F'(-) is differen-
tiable almost everywhere, i.e., the set X \ Xr has Lebesgue measure zero. We say that
F(+) is Xp-continuously differentiable at a point = € X if z € Xp and

lim VF(z) = VF(z).

Xp3x—T

Note that it is assumed in the above that F(+) is differentiable at Z, but not necessarily

at all z near 7.

Proposition 2.2.3 Suppose that the set J is finite, assumptions (A1)-(A3) are sat-
isfied and, for * € X, the set J(Z) is a singleton for a.e. v € V. Then F(-) is

Xp-continuously differentiable at .

Proof. By the above discussion we have that, under the assumptions (A1)-(A3) and
since J}(xz) = {j,} is a singleton for a.e. v € V, the integral function F(-) is differ-
entiable at z, i.e., T € Xp. Also since G;,(-) are continuous and J is finite, we have
that if J(z) = {j,} is a singleton for some v € V, then J}(z) = {j,} for all z in a
neighborhood (depending on v) of Z. For such x and v we have that V f,(z) = G;,,(z).
Since V' is compact and for every j € J, G;,(x) is continuous on X x V, there exists a

constant L > 0 such that ||Gj,(x)|| < L for all v € V, = in a neighborhood of a point
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z and 5 € J. Consequently, by the Lebesgue Dominated Convergence theorem, we can

take the following limit inside the integral

ol V) = [ i Ga(a)iuto)

Then, Xp-continuity of VF(x) follows from the continuity of G;,(-). =

In the remainder of this section, we discuss the following particular case of integral

functions which is important for applications considered in Chapters 3, 4, 6 and 7.

Let g : X x V — R and consider the integral function

Fla) = [ lgz.v)}rdu(v) (2.2.9)

In particular, if V' = [a,b] and du(v) = p(v)dv, then the above integral function F'(-)
reduces to the function defined in (2.1.1). Clearly, the function f,(z) := [g(x,v)]; can
be written as the maximum of the function g(z,v) and the identically zero function.

The corresponding assumptions (A2) and (A3) take here the following form:
(A5) For every v € V the function g,(-) := g(-,v) is continuously differentiable.
(A6) The function (z,v) — Gy(z) := Vg,(x) is continuous on X x V.

From the definition of f,, we know that f,(-) is directionally differentiable and

(WTG,(2)]y, if ve Vy(x),
fol@;h) =4 0, if ve V. (2), (2.2.10)
TG, (z), if veVi(r),
where
Vo(z) :=={v eV :g,(x) =0},
Vo(z):={veV:g,(r) <0},
Vi(z) ={veV:g,(x) >0}

By (2.2.10), we know that for given x € X and any v € V, the function f,() is
differentiable at z iff either v € V_(x) UV, (z) or v € Vy(z) and G,(x) = 0. Therefore,

the following result is a consequence of Propositions 2.2.1 and 2.2.2 and Theorem 2.2.1.

Corollary 2.2.1 Suppose that the assumptions (A1), (A5) and (A6) are satisfied.
Then the integral function F(-) defined in (2.2.9) is locally Lipschitz continuous, di-
rectionally differentiable, and formula (2.2.3) holds. Moreover, F(+) is differentiable at
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a point x € X if and only if

p({v e Vo(z) : Gy(z) #0}) =0, (2.2.11)

in which case

VF(z) = /V o, Goladu(s). (2.2.12)

Note that because of the condition (2.2.11), the set V. (z) can be replaced by the
set Vi (x)U Vy(x) without changing the value of the integral in the right hand side of
(2.2.12). We have by Corollary 2.2.1 that, under the specified assumptions, the set Xp
is formed by such x € X that condition (2.2.11) holds.

Denote the set of such v € V that g,(x + h) and g,(z) have the same sign by
Vi(z,h) , and the set of such v € V that g,(x + h) and g,(x) have different signs by
Vo(z, h) =V \ Vi(z, h). (By definition, we say that g,(z + h) and g,(z) have the same

sign if one of these numbers is zero.)

Proposition 2.2.4 Suppose that the assumptions (A1), (A5) and (A6) hold and condi-
tion (2.2.11) is satisfied at a point & € X. Suppose, further, that the following condition
holds

lllii%,u (Va(z,h)) = 0. (2.2.13)

Then the integral function F(-) defined in (2.2.9) is Xp-continuously differentiable at

x.

Proof. By Corollary 2.2.1, formula (2.2.12) holds for all x € Xp. Therefore, for all
x =7+ h € X in a neighborhood of z,

IVF@+0) = VE@| < [ 162 +h) = Gul@)l du(v)

2.2.14
+/ (1Gu(@ + W)+ IGe@ D dutw).

By the Lebesgue Dominated Convergence theorem, we can take the following limit

inside the integral, and hence

lim [ 1Golw) = Gu(@) dplv) = [ lim |Gule) = Gol@) [ du(w) =0 (2:2.15)
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We also know that the second integral in (2.2.14) is bounded by 2Lu(V2(Z, h)), where L
is a constant bounding ||G,(z)|| for all v € V and = in a neighborhood of z. It follows

then by (2.2.13) and (2.2.15) that

lim |[VF(x)— VF(z)| =0, (2.2.16)

Xpox—ZT

which proves that F'(-) is Xp-continuously differentiable at 7. m

Note that condition (2.2.13) alone does not imply differentiability of F'(-). Think,
for example, about g(x,v) = g(x) independent of v and such that ¢g(z) = 0 while
Vg(z) # 0. In that case the set Vo(z, h) is empty and hence condition (2.2.13) holds.
On the other hand, F(-) = u(V)([g(+)]+) is not differentiable at z.

2.3 Semismoothness of Integral Functions

In this section, we discuss the semismoothness and p-semismoothness properties of
a class of integral functions, these properties are very important for the convergence
analysis of the generalized Newton methods designed for solving semi-infinite program-
ming problems, option price problems and Ls spectral estimation problems, which will

be further discussed in Chapters 3, 6 and 7, respectively.

Consider the integral function F(-) defined in (2.2.1). Suppose that in addition to
the assumptions (i) and (ii) of Proposition 2.2.1, f,(-) is semismooth for a.e. v € V,

that is, f,(-) is directionally differentiable and
|fol@ 4 hy h) = fo(x; h)| < eu(h) [IR]], (2.3.1)

where ¢,(h) — 0 as h — 0. Then

F(a+hih) = F'(aim)| < [ 1fi(e+hih) = fios )| du(v)
< bl olh)do)

Suppose, further, that ,(h) is dominated by an integrable function y(v) for all h in a
neighborhood U of 0 € R, i.e., supycyey(h) < y(v) for a.e. v € V and / y(v)du(v) <
1%

(2.3.2)

00. Then, by the Lebesgue Dominated Convergence theorem, we can take the limit
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inside the integral, and hence

lim | =, (h)du(v) = /V lim e, (h)dp(v) = 0. (2.3.3)

It follows from (2.3.2) and (2.3.3) that F(-) is semismooth.

Now, we consider the case that du(v) = dv. Let f(z,v) be continuous with respect
to v € V for each fixed z € R", and be locally Lipschitz with respect to x uniformly in
v € V, i.e., there exist a neighborhood N of 0 and a positive constant C'(x) such that

If(z+h,v) = flz,0)| < C(x) [hl], VReNwveV

Proposition 2.3.1 Suppose that 0, f(x,v), viewed as a joint mapping of x and v, is
upper semicontinuous, i.e., for every neighborhood N of 0, f(x,v), there exists 6 > 0
such that

O f(a',v") C N, for all ' € Ny(x,0),v" € Na(v,9),

where
Ni(z,0) ={a": |2/ — || < 0}

and

Ny(v,0) ={v": ||/ —v|| <d}NV.

Then F' is semismooth at T if f(-,v) is semismooth at T for every v € V.
Proof. It follows from Proposition 2.2.1 that F' is directionally differentiable at . On
the other hand, by Theorem 2.7.2 in [23], we obtain
OF (z) C / 9, f (2, v)dv. (2.3.4)
1%

This means that for any @) € OF(z), there exists a measurable mapping v — @, from

V to R with Q, € 0,.f(z,v) a.e. such that for every h € R,

Oh — /V O, hdv.

Take any h € R" and Q@ € OF (z + h). We have

Fz+h) - F(@) - Q h:/v(f(gz+h,v)—f(az,v)—th)dv,
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where @, € 0,f(Z + h,v), which implies
IF(Z+h) — F(z) — Q h| < /V 1f(Z + h,v) — f(Z,0) — Quh|dv. (2.3.5)

To prove F' is semismooth, it suffices to show that

iy [F @+ h) — F(z) —Q h| _

0. (2.3.6)
h—0 172

Since f(-,v) is semismooth at = for every fixed v € V, we have

lim |f('f + h,’U) B f(jvv) B thl
h—0 17l

=0, for all Q, € 0, f(z + h,v). (2.3.7)

If there exist a neighborhood N of 0 and C' > 0 such that

[f(Z+ h,v) = f(Z,0) = Quh]
il

<C, (2.3.8)

for all h € N, Q, € 0.f(Z + h,v) and v € V. then by the Lebesgue Dominated
Convergence theorem, (2.3.6) follows from (2.3.7).

Now we prove (2.3.8). Since f is locally Lipschitz continuous at  uniformly in

v € V, there exist a neighborhood N of 0 and C'(z) > 0 such that

[f(Z+hv) = f(7,0)]
I17]

<C(z), Vhe N, veV. (2.3.9)

On the other hand, the upper semicontinuity of 0, f(z,v) implies that for any v € V
and neighborhood N (v) of 0, f(Z,v), there exists d, > 0 such that

0. f(T + h,v") C N(v), for all h € N1(0,0,),v" € Na(v,dy).

Obviously,
%4 C U NQ(/U,(;U).

veV
By the compactness of V, there exist a finite number of neighborhoods, say Ny (v;, d,,),
7 =1,2,---,m such that
V C U NQ(/U]‘,(SUJ.).

j=1
Let 6 = min{é,,, - -,6,, }. Then we have

U 0.f(z+h,v') € |J N(v), for all h € N1(0,0).

v'eV j=1
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It is well known that every 0,f(z,v;) is compact, j = 1,2,---,m. Consequently,
UJL, 0. f (7, v;) is compact and UL, N(v;) can be taken a bounded set. Hence,

U 0uf(+ h,v')

v'eVv
is bounded, which together with (2.3.9) implies (2.3.8) holds. We obtain the desired

result and complete the proof of the proposition. m

Proposition 2.3.2 Suppose that f(x,v) is the maz-function, defined in (2.2.5), and
that the assumptions (A1)-(A4) hold. Then the integral function F(-) is semismooth at
every x € X.

Proof. Assumptions (A2)—(A4) imply that for every v € V the function f,(-) is
semismooth [105]. Consider a point z € X. By the above discussion, to prove the
assertion, we only need to verify that ¢,(h) is dominated by an integrable function for

all h in a neighborhood U of 0 € R™. We have that the constant
K :=sup{||Gju(z+h)|| : jeJveV, heU}

is finite, provided that the neighborhood U is compact. Also by (2.2.6) we have that
\fi(x+h;h)] < K|h| forall v € V, j € J, and h € U. It follows that &,(h) is

dominated by the constant function «(v) = 2K, and hence the proof is complete. m

Suppose now that for every v € V', f,(+) is p-order semismooth [131], at a point x €
X, for 0 < p < 1. (Recall that 1-order semismoothness is called strongly semismooth,

see Section 1.1.1). That is, lim sup,,_, ¢,(h) < oo, where
_ At hih) = iz h)]

co(h) , h#0.
(12 i
We have that
|F'(z + h;h) — F'(z;h)] < HhHHp/ co(h)dp(v). (2.3.10)
1%
Therefore, in order to show that F'(-) is p-order semismooth at z, we need to verify that
limsup [ ¢,(h)du(v) < oc. (2.3.11)

As an example, consider the p-order semismoothness of the integral function F(-)
defined in (2.2.9). It is easy to know that ¢,(h) < g,(h) with
() = { |7 NGo(@ + ) = Gu@)I] if v € Vi, h),

(2.3.12)
|27 max {[|Go(z + W) [Go(@)]1},  if v € Va(z, ).
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Theorem 2.3.1 Suppose that the assumptions (A1), (A5) and (A6) hold. Then the
integral function F(-) defined in (2.2.9) is semismooth. Suppose, further, that the fol-

lowing two conditions hold: there exists an integrable function n:V — R, such that

HGv(xl) — Gv(x2)H < n(v) Hxl — I2’p, for all ', 2> € X and a.e. v €V, (2.3.13)

and

p(Va(z, b)) = O (|[A]") - (2.3.14)

Then F(-) is p-order semismooth at .

Proof. Semismoothness of F(-) follows by Proposition 2.3.2. In order to show p-order
semismoothness of F'(-) we need to verify (2.3.11). It is obvious that
[emdn) < [ qmdu@)+ [ g (0)du(). (2.3.15)
1% Vi(z,h) Va(z,h)

By (2.3.12) and (2.3.13), one has

AMM%WMWWSAﬂWMMW<+m.

Since ||G,(x + h)|| and ||G,(x)| are bounded for v € V, we know by (2.3.12) and
(2.3.14) that the second integral in the right hand side of (2.3.15) is also bounded and

the assertion follows. m

The condition (2.3.13) holds, in particular, if G,(-) is differentiable and VG, (x)
is continuous on X x V. Condition (2.3.14) is more delicate. It is clear that this
condition implies condition (2.2.13). Later, we will analyze cases in which condition
(2.3.14) holds. At this point, we remark that this condition for p = 1 may fail and
the integral function F' may not be strongly semismooth. An example of an integral
function F(-), of the form (2.2.9), which is not strongly semismooth was given in Qi
and Yin [136]. Ralph [139] gave a simplified example as follows: F' is defined by
(2.2.9), g(z,v) == v? —z, v € [0,1], z € R and du(v) = dv. Here, for x = 0 and
h >0, V5(0,h) = (0,v/h), and hence condition (2.3.14) does not hold. And, indeed, the

integral function is not strongly semismooth in this example.

In the rest of this section, we study the p-order semismoothness of the integral
function F': R" — R defined in (2.1.1). For the sake of convenience, we first recall the

concept of tensor and discuss its properties.
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(k)

We use A% to denote a k-th order n-dimensional tensor and use Ay, to denote
its elements. We assume i; = 1,---,n for [ = 1,---, k. We assume that Aff) is totally

symmetric, i.e.,

AK) — A%

n,01 g n,J1°Jk

if {j1,- -, Jjx} is any reordering of {iy,---,ix}. Let x € R". Denote

= k
Ag’“)xk = Z Ag}gl.‘.ik%l Crr Ty,

i1, =1

Let ||-|| be the F-norm of the tensor space, that is,

HA%‘“’H=J S4B

11,00 =1

Note that the above concept extends the F-norm concepts of matrices and vectors.

Proposition 2.3.3 Let A be a k-th order n-dimensional tensor and x € R". Then

|AD | < | AD|| fll* (2.3.16)

Proof. We show inductively that (2.3.16) holds. It is obvious that (2.3.16) holds
trivially for k = 1 because A() is an n-dimensional vector. Let us assume that (2.3.16)
holds for some k£ = [. Now, we show that (2.3.16) holds also for £ = [ + 1. By the
definition of A®)zk

. ) o il (1+1)
’A7(1+1)$ +1’ - i1 1231 1=1 An,i1'-~ilil+1xi1 T xilwiHl
ULy 41=
= |x1y1 + -+ l’nyn’
< ([ llyll,
where y = (g1, -, 3)T, 4 = S Affﬁ?.iljwil oy, = AD(j)zt, and AD(§) is the

Ith order n-dimensional tensor produced by fixing the (I + 1)th order subscript j for

j=1,---,n. By the assumption,
ADG)a'| < |ADG) | Il

Hence,

Hmzdiﬁsdiwwmwwwf=WWWWw
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So
AL < ALY e

By induction, (2.3.16) holds for any positive integer k. The proof is completed. m

Since semismoothness of F' at a point Z is a local property which depends on only
the status of F' near z, in order to study p-order semismoothness of F' defined by (2.1.1),
we first establish the following lemma which characterizes the perturbation property of
the root v(z) of g(z,-) = 0, where g : R"™! — R has continuous m-order derivative. In
this lemma we assume v(z) exists (but maybe not unique) for any = € X, where X is

a certain open convex set containing Z. Note that X can be a neighborhood of z.

Lemma 2.3.1 Let 7 € X, where X C R" is an open convez set. Suppose that for any
x € X, g(x,) = 0 has at least one root on [a,b], denoted as v(x). Let v = v(Z) and

assume that the following condition holds:

VWM g(z,0) =0,k =1,2,---,m — 1,

(2.3.17)
’ng)g(x,v)‘ >c,Vae X velab,

where m is a positive integer and c is a positive number. Then v(x) — v as ¢ — T, and

there exists a positive constant L(Z,v) such that
o(z) — o™ < L(z,0) ||z — 2],

and v 1is the unique root of g(z,-) = 0.

Proof. Let z,,1 = v, z = (,2,41), Z = (Z,0) and

k
(k) 0y
An+1,i1~~-ik (2) = s,

99 =1 .- 1L,l=1,--- k. 2.3.18
"'afikz’ /Ll 9 7n+ 9 Y ) ( )

It is clear that Agﬁl(z) is a totally symmetric tensor. By using (2.3.18), the standard
Taylor theorem for multivariate functions [27] can be written as:
AP (2)Az2 AR Az AT (2(8) A
—q(z 1) (> I\ L, n+1 n+1
(2.3.19)
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where Az = z — z, and z(§) is a point in the segment connecting z and z. By direct

computation, one has

AR (A = k)g(z)Avk ot (B,(ll,)g( )Ax) Akt
B? Apk—2
((knl’; (:)Aa%) Aut=2 - (2.3.20)
—1—01 (Bnk (2) Az~ )
+CP (BM(2)AR) k=1, m
where
o =0,1,--,k
k_<k,_j)|j'7 J =Y 1 )
and B,(Ll)k,(z) is an [-th order n-dimensional tensor with components
kg
BY (2) = =1, k.
n,i1 ZZ(Z) 8371'1 . a$ilavk7l . ’ ’ !

From (2.3.20) and the condition given, the formula (2.3.19) can be rewritten as follows:

- [Bl(z)Aer ~03 (BU(2)Ax) Av+ -

*oni1n0$5(32m1<>Ax)A¢n2
+Op (B (+(6) ) a0

+ [0 (B + i (B
+———Cm=3 (B, 1 (5)Aa?) Avm?

2(2)A2%) Av + -

+ﬂiom—2 (B2, (2(6)Aa?) Avm—ﬂ

Bl (z)aam )

(m—1)
n,m

—iCn- (.
+m0}n (B (2(6))Aa™) Av]
+W11!CO

e (BUn(2(€)Aa™).

Since ‘Vz()m)g(x, v)‘ > ¢, by Proposition 2.3.3, we have that

|Av|™ < m!’V(m)

+

ey
+lgeslBse] s o

@) {[Imel+ yerpie]ia+-
Cnt Bz HMWW%4m*WﬁMAMWMW*]

Cr=d | B (2)| | A

(m —1)!
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" ni.CmQ |BE )] \Av|m2] 1Az

n,m

ol [ )] Iae™ 1} Al

It is clear that all coefficients of |Az||" and |Av|*, (k =1,2,---,m — 1) are bounded.
Consequently, from the fact that ‘ng)g(z(é’))‘_l is bounded, there exists a positive
constant L(Z,v) such that

|Av|™ < L(z,0) ||Az|.
This shows that v(z) — v as  — Z, and v is the unique root of ¢(z,-) = 0. The proof

is completed. m

Remark 2.3.1 The second item in (2.5.17), i.e.,

ijm)g(x,v)‘ > ¢, for dl z € X,
v € [a,b] characterizes the uniform sharpness of the curve family {g(x, ) :x € X} on
interval [a,b] in a sense. For instance, in the case m = 2, since the value of VP g(x,v)
characterizes the “converity degree” of curve g(x,-), the second item in (2.3.17) shows

the curve family {g(x,-) : © € X} has at least “convezity degree” ¢ on interval [a,b].

We now return to considering the F'(-) defined by (2.1.1). We give a sufficient

condition under which F'is p-order semismooth at a given point Z.

Theorem 2.3.2 Consider the integral function F(-) defined by (2.1.1) at a point T €
R"™. Suppose that:

(i) g,(x) = g(x,v) is m-order continuously differentiable, jointly in x and v, where

m 1S a certain positive integer,
(i) Vo(Z) is a singleton set, denoted as {v},

(#ii) © is an m-th order root of ¢(Z,-) = 0, that is,

v(k) T,V :07k:172a"'7 _]-7
v 9(@,0) " (2.3.21)
ViMg(z,v) #0,
(iv) there exists an integrable function n(v) such that
Gl + ) — Gale)]| < (o) 1Bl (23.22)
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Then F(-) is ---order semismooth at Z.

Proof. By Theorem 2.3.1, we only need to check that whether (2.3.14) holds. Since
V{mg(x,v) is continuous at (Z,v) and d := V(™ g(z, v) # 0, there exist a neighborhood
U of & and a subinterval [0 — §, 0 + d] such that
d
' (m) e
mGU,vIGI[lT}EI&'D—Fﬂ ’vv g(x’ U>‘ - 2‘ '

Take any h € R" with z + h € U. To prove the assertion, we consider the following
four cases: (i) d < 0 and m is an even number; (ii) d < 0 and m is an odd number; (iii)
d > 0 and m is an even number; and (iv) d > 0 and m is an odd number. We now only

discuss cases (i) and (ii), the proof for the other two cases is similar.
For case (i), it is not difficult to know that
g9(z,v) < g(z,v) =0, Yo € a,b. (2.3.23)

Without loss of generality, we assume that a < o < b. If Vo(Z+h) = ), then V_(z+h) =
la,b]. Hence, Vo(Z 4+ h) = (. Now, we assume that Vo(Z + h) # 0. Let

0(h) :=sup{v:v e Vo(z+h)},

o(h) :=inf{v:veVy(z+h)}.

By the continuity of g, we know that V4(Z + h) is a closed set. Consequently, 0(h),
0(h) € Vo(Z + h). We assume, shrinking U if necessary, that v(z) € [0 — 0,0 + §] for all
v(z) € Vo(z) and = € U. From ¢(z,b) < 0, we know that g(z + h,b) < 0 whenever ||h||
is small enough. We conclude that for any v € (0(h),b] or v € [a,0(h)),

9(Z + h,v) <0.
In fact, if there exists, without loss of generality, a v" € (0(h), b] such that
g(T+h,v") >0,

then, by the Mean-Value Theorem, there exists a v” on the open line segment from v’
to b such that
g(z + h,v") =0,
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which contradicts the definition of v(h). So,
Va(z, h) € [o(h), o(h)].

Further, since 0(h), 0(h) € [v — 0,0+ ¢], applying Lemma 2.3.1 to the case that X = U
and [a,b] = [v — 0,7 + 0], we obtain

u(Va(,h)) < Ad(h) + Ad(h) = O(||hl|™),

where Av(h)=|0(h) — v| and Ad(h) = |v(h) — 7|

For case (ii), one has
g(z,v) >0, Vv € [a,0),
g(z,v) <0, Vve(b.
That is, V,.(Z) = [a,?) and V_(Z) = (v,b]. Hence, for any h € R", Vo(z + h) # 0

whenever [|A] is small enough, and

9(Z + h,v) >0, Vv ela,ih)),

g(z + h,v) <0, Vv e (oh),b].
So,

Va(z, h) € [o(h), o] U [v, 0(h)].

Similarly to case (i), we obtain also
1
p(Va(@, b)) < O([[h]|™).

The proof is completed. m

Remark 2.3.2 In Theorem 2.3.2, the condition (ii) is not essential since the sum of
a finite number of p-order semismooth functions is still a p-order semismooth function.
Suppose the set Vo(z) = {v € [a,b] : g,(T) = 0} is finite and the highest order of roots
is m, then by separating [a,b] into a certain number of subintervals such that every
subinterval contains only a single root of g,(Z) = 0, we know that F is the sum of the
corresponding integral functions defined on these subintervals. By Theorem 2.3.2, these
integral functions are at least %—order semismooth at T and so is F'. Note, condition

(2.3.21) is easier to check than (2.3.14).

With the above results and the results of [132] at hand, we may identify whether a
particular integral function F is differentiability, (p-order) semismooth, almost smooth

[132] or none of the above.
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2.4 Smoothing Approximation Functions

From Section 2.2, we know that the integral function F' defined in (2.2.9) is locally Lip-
schitz continuous and directionally differentiable, however it is nonsmooth in general
since the function f,(x) = [g(z,v)]+ is nonsmooth. Therefore, it is very difficult to com-
pute the generalized Jacobian of the integral function F'. In this section, we introduce
the smoothing approximation function F for F and study two classes of properties with
respect to F. The main difference between the two classes of properties lies in the fact
that the smoothing parameter is ordinary one in the first class of properties, whereas
in the second class of properties the smoothing parameter is also regarded as variable

just as the original variable x.

For the function f,(x) = [g(x,v)];:, we may introduce many smoothing approxi-
mation functions to it. The three most frequently used Gabriel-Moré type smoothing

approximation functions in the literature are as follows:

Gi(t, 7, v) = tIn(1 + 9=/t (2.4.1)
x,v))2 +4t2 4+ g(x,v
Ga(t,z,v) = (g 0) ) g(,v) (2.4.2)
and
0, if g(x,v) < —t2%
g3(t,z,v) =S (g(z,v) +t2)2 /482 if — 2 < g(z,v) < t% (2.4.3)
g(z,v), if g(z,v) > t%

where ¢ # 0 is smoothing approximation parameter. In some literatures, g (¢, z,v),
Go(t,x,v) and g3(t,z,v) are called the neural networks smoothing plus function, the
Chen-Harker-Kanzow-Smale smoothing function and the Zang smoothing plus function

of [g(x,v)]4+, respectively, see [130].

Let

F@@:Aﬁ@%m@@% (2.4.4)

where g(t, x,v) may be any one of g,(t,z,v), g2(t,x,v) and g3(¢, z,v) mentioned above.

Clearly, for any t # 0, F(t,-) is continuously differentiable in R and

%ﬁ@@:AVJ%LWM@) (2.4.5)
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Now we study the first class of properties of F. To this end, we first give a generalized

Jacobian formula for F'.

For z € R", let Ay be the set of all mappings A : V4(Z) — [0, 1] such that for every
£ € R, the function v — A(v)G,(Z)T¢ belongs to Li(V,R). We have the following

result.
Lemma 2.4.1 Suppose that the assumptions (A1) and (A6) hold. Then we have

OF(z) = {/‘/+(x) Go(@) du(v) + . A0)Gy (7)) du(v) = X\ € Ag} :

Proof. Since R" is a separable space and f,(-) is regular at z, we obtain, by Theorem

9.7.2 in [23], that
OF (7) = / 01, (z)du(v). (2.4.6)
1%
Here, the interpretation of (2.4.6) is as follows: For every ¢ in OF(Z), there exists a

mapping v — (, from V to R™ with

Co € 0f(7)  ae.,

and having the property that for every ¢ € R”, the function v +— (, - & belongs to
Li(V,R) and

C-€= | G- Eduv).
It is readily shown that df,(z) = {0} for v € V_(Z), 0f,(z) = {G,(Z)T} for v € V (T)
and 0f,(z) = {/\Gv(i")T A €0, 1]} for any v € Vo(z). Thus, we obtain the desired

result and complete the proof. m

Theorem 2.4.1 Suppose that the assumptions (A1) and (A6) hold. Then

(i) F is a smoothing approzimation function for F, that is, F is continuously differ-
entiable with respect to the second variable for any t # 0 and there is a constant C > 0

such that for any x € R™ and t € R,

|F(t,x) — F(x)| < C[t.

(ii) We have
lim Odist(vfﬁ(t,x),aF(.f:)) = 0. (2.4.7)

T—T, 1—

43



Proof. For the sake of simplicity, we only consider the case that g(t,z,v) = gs(t, z,v),
where gs(t,z,v) is defined by (2.4.3). The other two functions can be discussed in a
similar way. It follows from (2.2.9), (2.4.3) and (2.4.4) that (i) holds.

Now we prove (2.4.7) holds. To this end, we only need to prove that for any sequence
{(tg, z*)} with (t,2%) — (0,7) and t; # 0, there exists a subsequence {(t,, z")} of
{(ty, %)} such that

Jim VIE(ty,, 2™) € OF (z).

By simple computation,

0, if g(z,v) < —t%
2
V.g(t, z,v) = WGU@), if —t? <g(x,v) <t%
Gs(x), if g(x,v) >t
Then
_ t2
V.F(t,z) = / g(z,0) + ¢ x)dp(v +/ w(v)
Vo m t) 2t2 9
(x,v) +t
/ XV (,t) 2232 Gy(z)dp(v)

+ / xmt)( 0)Go(x)dp(v)

where Vy(z,t) = {v € V : —t* < g(x,v) < t*}, Vi(z,t) = {v € V : g(x,v) > t*}, and
for a set A, xa(-) is defined by

1, se€A,

xa(s) = , (2.4.8)
0, otherwise.

Moreover, we obtain that

g(z,v) + 2

VoP(h) = [ i ()5 g Gulw)du(v)
[ a2 i)
R e RN
+V+()XV+m<v> (2)dp(v)
[ e @)C()dn(v)

] ) X @Gu)duv)
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For any v € V_(Z), Xv, (2 (v) = 0 whenever (¢,z) is enough close to (0,Z), which
implies limg oo Xv, (4 1,) (V) Go(2¥) = 0 for any v € V_(Z). So, by Lebesgue Dominated
Convergence Theorem, one has

lim X (k) (V) Go(2®)dp(v) = 0. (2.4.10)

h—oo JV ()

For any v € V,.(Z), Xv, (2.4)(v) = 1 whenever (¢, z) is enough close to (0, ), which implies
o0 X1, (ak 1) (V) Go(2%) = Go(Z) for any v € Vi .(Z). So, by Lebesgue Dominated

Convergence Theorem again, one has

tim [ v et (0)GelaN)du(w) = [ Gu@)duv)

k—o0 JV, (z)

In a similar way, one has

. gz, v) +t} !
0 f iy X0t (V) 5= Gula)dp(v) = 0
and (k ) ,
) glz®,v) + 1ty k
kh_{{.lo V(@) XVo(mk,tk)(U>2—t]2€Gv<x )dﬂ(v) =0.
Denote

g(z,v) + t*
212
Obviously, 0 < H,(x,t) < 1. Then there exist a subsequence {(tx,, z%)} of {(ty,z")}

Hy(2,t) = Xv (@) (V) + Xvo () (V)

and a mapping A : Vo(Z) — [0, 1] such that

lim [ Hy(z™, )Gy (") du(v) = / AW) Gy (2)dp(v).

=00 JVo(z) Vo(Z)
By summing the above discussion, we know that
lim VI E(ty,, 2") = / Go(@) du(v) + A0)Gy(Z) du(v) € OF(z).
l=o0 Vi (2) Vo (Z)

We obtain the desired result and complete the proof. m

It immediately follows from Theorem 2.4.1 that the following corollary holds.

Corollary 2.4.1 Suppose that the assumptions (A1) and (A6) hold. Then F satisfies

the Jacobian consistency property, i.e., for any x € R",

%ir% dist(VIF(t,x),0F (x)) = 0.

45



In the remainder of this section, we regard the smoothing approximation parameter
tin F as a variable together with the original variable = and discuss the semismoothness

of F(-,-) in the case when du(v) = dv.

Theorem 2.4.2 The function F has the following properties:
(i) It is twice continuously differentiable for any t # 0.

(ii) The function F(-,-) is semismooth.

Proof. It is obvious that (i) holds. Now we prove that (ii) holds.

By (i), we only need to show that (ii) holds on z = (0,Z). Since the composition
of semismooth functions is a semismooth function [46], g(¢, x,v) is semismooth with
respect to (t,z) for any fixed v € V. To prove the semismoothness of F(t,x), by
Proposition 2.3.1, we only need to show that Jy.)g(t,z,v) is upper semicontinuous
with respect to (¢, z,v) and g(t, z,v) is locally Lipschitz with respect to (¢, ) uniformly
in v e V. For any (z,v) € R x V, we denote g(x,v) and VI g(z,v) by g and Vg,

respectively. By direct computation, we have the followings.

(i) If g(t, z,v) = gi(t, x,v), where g1(t,z,v) is defined by (2.4.1), then

g ge% et T .
ln1+€t— g\ gvz 9 ft 0
(e iy o) e
[

1
Fear(t,,0) = [(0.AV7g) : Ae 0,1}, itt=0, g(x,v) £0
{(\nVZig) - 0< A< p(p),pe 0.1}, if t =0, g(z,v) =0,

(2.4.11)

where ¢(u) = —[(1 — p) In(1 — p) + pIn pi].

(ii) If g(t,x,v) = go(t, x,v), where go(t, x,v) is defined by (2.4.2), then

4t g )
N 1+ ——5— | VI f
{2 (m( *m)m>}’ e
Ot g(t, x,v) = {(07 Vig)}s it t=0, gx,v) >0
{(0,0)}, if t=0, g(z,v) <0
{(A,qug) N+ (2u—-1)2< 1} , if t =0, g(z,v) =0.
(2.4.12)
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(iii) If g(t,z,v) = g3(t,x,v), where gs(t, x,v) is defined by (2.4.3), then

{(0,0)}, if t #£0, g(z,v) < —t?

{<t42;392, t22;gvfg) } i t£0, 12 < gla,v) <
Dpmglt.zv) = {(0Vig)}, ift#0, g(r,0) > * (2.4.13)

{(0,0)}, if t=0, g(x,v) <0

{(0,AVIg) : Ae0,1)}, ift=0, g(z,v)=0

{(O,Vfg”, if t=0, g(x,v) >0

From (2.4.11), (2.4.12) and (2.4.13), it is easy to verify Jy »)g(t, z,v) is upper semicon-
tinuous with respect to (¢, z,v) on R x R" x V for g defined by (2.4.1)-(2.4.3).

Now we verify that g(¢,x,v) is locally Lipschitz with respect to (¢, x) uniformly in

ve V. Let z= (t,x). We now break up the verification into two cases.

First, if t # 0, then by the Mean-Value theorem, there exists a point Z in the open
segment connecting z and z such that
g(z,v) = §(z,v) = V.g(2,0)" (z — 2).
By (2.4.11), (2.4.12) and (2.4.13), it is easy to know that there exists C' > 0 such that
9(z,v) —g(Z,0)| < Cllz—Z||, Vv eV, (2.4.14)

since ¢ is continuously differentiable and V' is compact.

The second case is that t = 0. One has
19(z,v) = g(z,0)] = |lg(z,v)]+ — [9(z,v)]+]
S 2 \g(:c,v) - g<f7v>|
< IVeg(@,0)|| Iz — 2|
= |Veg(@,v)| Iz = 2|,

(2.4.15)

where 7 is in the open segment connecting x and z, the first inequality comes from the
fact that |[a]y — [b]+] < 2]a — b|. By (2.4.15) and the condition that g is continuously
differentiable and V' is compact, there exists C' > 0 such that (2.4.14) holds. The proof

is complete. m

Remark 2.4.1 It is not difficult to know that g(-,-,v) is strongly semismooth for every
v € V. But, the following example shows that F(-,-) may not be strongly semismooth

in general.
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Example 2.4.1 Let g(z,v) = v? — 2, V = [0,1] and g(t,z,v) = go(t, x,v), where
Ga(t, v, v) is defined by (2.4.2). We consider the strongly semismoothness of F' at (0,0).
Let Az := (At, Ax) = (At,0) and At > 0. By a direct computation, we have

_ 1
7(0,0) = / v2dv,
0

4
F(AL,0) = 2/<v+4m) )dv

1 2
OF (At 0) / 1401 dv,l/ E—
A2 200 ot a(Ar)?

Consequently, for Q € OF(At,0),

and

2

[F(A,0) = F(0,0) - Q A 2

2 = 2/ v dv
[Az]] ,/04 +A(AL? +02) (vt + 4(AL)?
7d
/0 v+ A2
1 3 p
/0 vt 4 4(At)? v
3 —
It is obvious that / 7dv — o0 as At — 0T, This shows that F' is not
v+ 4(At)?

strongly semismooth at (0,0).
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Chapter 3

Numerical Methods for SIP

Problems

3.1 Introduction

We consider the following SIP problem:

mxin /(@) (3.1.1)

st. g(z,v) <0, vevV,
where f : " — R and ¢ : R” x R™ — R are continuously differentiable and V' C R™
is a compact set. As mentioned in Section 1.2, the SIP problem (3.1.1) has a strong
practical background, that is why this problem received much attention in recent 30
years. There are many numerical methods for solving the SIP problems, see Section
1.2 for details. The main effort of existing methods is to reduce the infinite set V'
to a finite one. At the turn of last decade, Teo and his colleagues [81,173], by using
an integral aggregate technique, converted the SIP problem (3.1.1) into a nonlinear
programming problem with one constraint, and then gave a computable algorithm by

solving an approximation problem of (3.1.1). The solution obtained by the algorithm
in [81,173] is an approximate solution of (3.1.1).

On the other hand, some generalized Newton Methods for solving the SIP problems
were presented by Li, Qi, Tam and Wu [98] and Qi, Wu and Zhou [134]. The main idea

of these methods may be described as follows.
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Recall
V(z)={veV: g(z,v) =0}.

From Subsection 1.2.1, we know that if z is a local minimizer of the SIP problem

(3.1.1) and EMFCQ holds at z, then the following KKT system of (3.1.1) holds,

Vf(x)+ Zuivxg(x, v') =0,

g(z,v) <0, YoeV, (3.1.2)
u; >0, g(z,0)=0,i=1,---,p,
where v’ € V() for i = 1,---,p. In this case, z is called a stationary point of the

SIP problem, and u = (uy,---,u,) € R? and v’ for i = 1,-- -, p are called its Lagrange

multiplier and attainers, respectively.

Consider the case that

V={veR":cv) <0},

where ¢ : R — R? are twice continuously differentiable functions. By the definition of

V(x) and the second constrained condition of (3.1.2), v* € V(z) (i = 1,---,p) imply

that v* (i =1,---,p) are global maximizers of the nonlinear programming problem
max g(x,v). (3.1.3)

It is well known that if a constraint qualification (CQ) for the problem (3.1.3) holds,
then there are p auxiliary Lagrange multipliers w* = (wi,---w}) € R, (i =1,---,p)

such that for i =1,---,p,

q . .
—Vog(z,v') + > w;Ve;(v') =0,
j=1

(3.1.4)

wt >0, ¢;(v') <0,

whc;(v) =0, j=1,--+,q.

LR Wl

It is well known that the traditional CQ’s for nonlinear programming problem in-
clude the linear independence CQ (LICQ) [102], the Slater CQ (SLCQ) [102], the
Mangasarian-Fromovitz CQ (MFCQ) [102], [148], the constant rank CQ (CRCQ) [80],
[133] etc..

System (3.1.4) is the first order necessary condition for v*, i = 1,---,p to be local

solutions of (3.1.3). If some second order sufficiency conditions hold for (3.1.3) at v for
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i=1,---,p, then v’, i = 1,--- p are local solutions of (3.1.3). Thus, the system (3.1.2)

and v' € V(z) (i=1,---,p) are transformed into the following system:

Vf(x)+ zp:uivxg(a:, V') =0,

i1
g(z,v) <0, YveV,
w >0, glx,0v))=0,i=1,---,p,
g( ), T (3.1.5)
—Vg(z,v") + Zw;-ch(vl) =0,
=1
wt >0, ¢;(v') <0,

w Cj<vi)207 22177p7j:177q

It is then desirable to develop numerical methods for solving (3.1.1) on the basis of
(3.1.5). However, in order to possess the nonsingularity conditions required by the
algorithms proposed in [98] and [134], the above system should be modified accordingly.
Since u; > 0 for i = 1,2,---,p, we may multiply the fourth equation in (3.1.5) by u;
and then further replace ulw; by w; fore=1,2,---,p; j =1,2,---,q. Thus system
(3.1.5) is equivalent to the following:

Vi) + 3 uVagla ) = 0,

i=1
g(z,v) <0, VveV,

U’i>07 g(m,vi):(),izl,---,p,

. (3.1.6)
_uivvg('x? Ui) + Z w;-ch(vZ) =0,
=1

wh >0, ¢;(v') <0,

w

;.cj(yi):(), 1= 7"'7p7j:17"'7Q'

Based on (3.1.6) except the feasibility constraints, a semismooth Newton method
and a smoothing Newton method were presented in [134] and [98], respectively. The
advantage of these two methods proposed in [98,134] is that, at each iteration, only a
system of linear equations needs to be solved. Moreover, these methods enjoy global
convergence and locally superlinear convergence rate. However, these two methods
cannot ensure the feasibility of (3.1.1), since the second feasibility constraint in (3.1.6)
is omitted. Quite recently, another iterative method for solving the KKT system of
(3.1.1) was proposed in [187], in which the feasibility issue was considered. However,

the method in [187] does not have locally superlinear convergence property.
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In this chapter, we will present three kinds of algorithms for solving SIP prob-
lems, say, smoothing SQP algorithm, smoothing projected Newton-type algorithm and
smoothing Newton-type algorithm. We should point out that the smoothing projected
Newton-type algorithm and smoothing Newton-type algorithm have the following two

features:
(1) At each iteration, only a system of linear equations needs to be solved;
(2) These methods have global and local superlinear convergence property.

The following is the outline of this chapter. In Section 3.2, we first convert the
SIP problem (3.1.1) into a nonsmooth programming problem with one constraint by
using an integral function. Then, we present a smoothing SQP algorithm for solving
the resulted programming problem. The global convergence of the smoothing SQP al-
gorithm is established under some mild conditions. In Section 3.3, we first reformulate
the KKT system of the SIP problem (3.1.1) as a system of constrained nonsmooth
equations, then present a smoothing projected Newton-type algorithm for solving the
resulted system. In Section 3.4, we further reformulate the KKT system of the SIP
problem (3.1.1) as a system of unconstrained nonsmooth equations, and then present a
smoothing Newton-type algorithm for solving the resulted system. We prove that the
later two algorithms have global and local superlinear convergence under some stan-
dard conditions in Sections 3.3 and 3.4, respectively. For the three algorithms above,
numerical experiments are given in the corresponding sections and some comments are

made in the last section.

3.2 A Smoothing SQP Algorithm

Define ¢ : R — R by
olw) = [ lota. )] dn(v). (3:2.1)

where 1 is a finite measure defined on a measurable space (V, F). For any given = € R"™,

clearly, ¢(z) > 0. Then problem (3.1.1) can be converted into the following equivalent
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nonlinear programming problem with only one inequality constraint:

min /(@) (3.2.2)
st. o(x) <0.

Unfortunately, the function ¢ is nonsmooth. Therefore, the existing gradient-based

optimization methods cannot be used to solve (3.2.2) directly. In this section, we will

present a smoothing SQP algorithm for solving the resulted nonsmooth nonlinear pro-

gramming problem (3.2.2).

3.2.1 Some Preliminaries

In this subsection, we give some preliminaries about (3.1.1) and (3.2.2).

Definition 3.2.1 The point x € R" is said to be a generalized stationary point of
(8.2.2) if there exists a constant v such that the following generalized Karush-Kuhn-
Tucker (GKKT) condition holds:

{(HEVTf@)+70w@%

vo(z) =0, ¢(x) <0, ~>0. (3.2.3)

Let « be a generalized stationary point of (3.2.2). Since p(z) <0, Vi (z) =0, we in
turn, by Lemma 2.4.1, have

Dp(z) = { /V )G @) (o) : N e AO} , (3.2.4)

where Aq is the set of all mappings A : Vy(z) — [0,1]. From the first expression of
(3.2.3), there exists a mapping A € Ag such that

V() +y A(©)Go(x)dpu(v) = 0.

Vo (ac)

Suppose that j|y, () has a finite support (discrete measure) with p < n, that is,

p
1lvo@) = D 0id(v'),
1=1

where 0(v) denotes a measure of mass one at the point v € Vy(x) and o; > 0. Then

Vf(z)+ Zp:uivxg(:):,vi) =0,
=1

where u; = YA, (v")o; > 0. Moreover, if u; > 0, then z is a stationary point of (3.1.1).

Conversely, we have
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Proposition 3.2.1 Suppose that x is a stationary point of (3.1.1). Then x is a gen-
eralized stationary point of (3.2.2).

Proof. Since z is a stationary point of (3.1.1), there exist a nonnegative integer p < n

and multipliers u;, i = 1,...,p such that (3.1.2) holds. That is,

Vi) +> uiVig(z,v') =0

=1

g(z,v) <0, Vv eV, (3.2.5)
u; >0, glz,v’) =0, i=1,...,p,
where v* € V(x),i =1,---,p. We design the finite discrete measure ;1 on V as follows

WAy =S w, VAeF.

vieA
It is clear that ¢(z) = 0 and

0 = VTf(x)+§:uing(m,vi)

i=1

= V@) + [ o, Gola) (o)

€ VIif(x)+8 0e(x),

where the last expression follows from dp(z) = {/( ))\(U)GU(SB)TCZ[L(U) tANE AO} and
V(x

B = 1. Therefore, z is a generalized stationary point of (3.2.2). =

From the discussion above, we can see that it is possible to obtain the stationary
point of the SIP problem (3.1.1) by solving the generalized stationary point of (3.2.2). In
next subsection, we will present a smoothing SQP algorithm for solving the generalized

stationary point of (3.2.2).

3.2.2 Smoothing SQP Algorithm

For given x € ", t > 0 and r > 0, define a quadratic program QP(t,z,r) as follows:

1
i T LT
dehn teR Vf(z) d+ 2d Wd+r
st. @(t,z)+VIie(t,x)d <¢, (3.2.6)
§ >0,
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where W is a symmetric positive definite matrix and

5(t,x) = /V g(t, z,v)du(v), (3.2.7)

where g(t,x,v) may be any one of the Gabried-Moré type smoothing approximation

functions g;(¢,z,v), i =1,2,3, in (2.4.1)-(2.4.3).
Since for any t > 0, ¢(t, ) is continuously differentiable in R" and

V.o(t, x) :/‘/ng(t,x,v)du(v), (3.2.8)

we may compute easily the gradient V,@(t, z) of the function ¢ with respect to vari-
able z, whenever the evaluation of the integral function (3.2.8) is not very expensive.
Furthermore, since ¢(t,z) > 0 for all x € R and t > 0, it is readily shown that (3.2.6)

is always feasible and solvable.

Let (d, £) be a solution of (3.2.6). Then its KKT condition can be written as follows:

V(@) + Wd+ AVap(t, x) = 0,
= Ap+ A¢,
e (3.2.9)
0<&—p(t,x)—VIp(t,x)d L N\s >0,
0<EL A >0,
where (Az, A¢) is the corresponding KKT multiplier.
Define a penalty merit function © by
Opo () = f(z) +r'p(t, x). (3.2.10)

Now we present our smoothing SQP algorithm for (3.2.2).
Algorithm 3.2.1 (Smoothing SQP Algorithm)

Step 0. (Initialization) Let r_y > 0,0 >0, 7 € (0,1), 0 € (0,1) and 5 € (0,1). Choose
20 € ", to > 0 and a symmetric positive definite matrix W, € ™", Set k := 0.

Step 1. (Search direction) Solve (3.2.6) with x = 2%, t = t;,, W = Wy and r = r,_;. Let
(d*,£") be a solution of (3.2.6) and X\* = (A%, Af) be its corresponding multiplier.
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Step 2. (Termination check) If a stopping rule is satisfied, terminate. Otherwise, go

to Step 3.

Step 3. (Penalty update) Define r? = r,_; and let

Th1 if ¢ =0,
re=14 . (3.2.11)
re—1 + 0, otherwise.

Step 4. (Line search) Let s;, = 7%, where 7y, is the smallest nonnegative integer i such
that
O, 1) (@ +7'd") = O 0 4, (a*) < o7 dTWd". (3.2.12)

Step 5. (Update) Let 21 := 2% 4 spd*, tyy1 := By, if ||d¥|| < ty, otherwise t, 1 := t4.
Choose a symmetric positive definite matrix Wy, € R"*". Set k := k+ 1 and go
to Step 1.

Remark 3.2.1 (i) The above smoothing SQP algorithm is a modified version of the
explicit smooth SQP algorithm [85], and part of our convergence analysis presented in

the next section is modelled after the paper [85].

(ii) At Step 2 of the algorithm, we do not specify a stopping rule. Usually, we can
stop the iteration when ||d*|| and t;, are all very small. In practice, we may use the
following condition as a stopping rule: ||d*|| +t, < 7, where 7 is a given small positive

number which characterizes the precision.

(iii) At each iteration of the above algorithm the quadratic program (3.2.6) needs
to be solved, which is always feasible and solvable. Traditional SQP methods solve the
following quadratic program at each iteration:

1
min  Vf(x)'d+ ~d"Wd

dER™ 2 (3.2.13)
sit. @(t,x)+ VIp(t,z)d <O0.

(3.2.13) may not be feasible when ¢(t,x) > 0 and V,o(t,x) = 0.

(iv) Proposition 3.2.2 below will show that the line search in Step 4 is well defined.
Therefore, the smoothing SQP method is well defined when t;, > 0 and Wy, is symmetric

positive definite at each iteration.
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Remark 3.2.2 Since the infinite inequality constraints of (3.1.1) are aggregated into an
inequality constraint, the smoothing SQP algorithm may be easy to implement, whenever
the evaluation of the integral function is not very expensive. For the iterative method
[187] for (3.1.1), at each iteration a KKT system is solved, which is more expensive
than computing a quadratic program. Also, the smoothing SQP method presented in
this subsection generates a sequence with the property that at least one limit point is a
generalized stationary point of (3.2.2) under some mild conditions (which will be proved
in Subsection 3.2.3), but semismooth and smoothing Newton methods [98,134] do not
have this property.

Proposition 3.2.2 For anyt > 0,

(i) © o, () is continuously differentiable at x. Furthermore, if (d,§) is a solution

of (3.2.6), X = (Ns, A¢) is its corresponding multiplier and r® = r, then
Ol py(x;d) < —d"Wd — (r — Xp)p(t, x) (3.2.14)

and
Olpo (w3 d) < —d"Wd. (3.2.15)

(ii) Suppose W is a symmetric positive definite matriz. If (d,§) is a solution of
(8.2.6) with d # 0, and r’ =r, then d is a descent direction of ©e () at x.

Proof. It is readily shown that ©s 4 (-) is continuously differentiable at z. Then we

obtain
O, (7 d) = Vi) 'd+r'VEie(t z)d. (3.2.16)

Since (d,§) is a solution of (3.2.6) and A = (A, A¢) is the corresponding multiplier,
(3.2.9) holds. It follows from (3.2.16) and the third inequality of (3.2.9) that

Opo ;) <V f(z)Td +1°(€ — p(t, 7). (3.2.17)
On the other hand, by (3.2.9),
Vi)'d = —d"Wd— A \VEip(t z)d (3.2.18)

= —d'Wd =& - @(t, ). (3.2.19)
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By (3.2.17) and (3.2.19), we obtain
0,0 o (:d) < —dTWd — \(€ — §(t, ) + (6 — B(t, )
It follows from the second equality and fourth inequality of (3.2.9) that
rfe = \s¢.

Hence,
o p(@d) < —d"Wd — (r® — X\p)p(t, x)
< —d"Wd.
This shows that (i) holds. It follows from (i) and that W is symmetric positive definite
that (ii) holds. m

(3.2.20)

3.2.3 Convergence Analysis

In order to obtain the global convergence of the smoothing SQP algorithm presented

in Subsection 3.2.2, we make the following standard assumptions:

(B1) There exist two positive numbers m and M satisfying m < M such that each
of the symmetric matrices Wy used in smoothing SQP algorithm satisfies the following

condition that for all vectors u of appropriate dimension:

m||ul|? < v Wiu < M||ul|?. (3.2.21)
(B2) For all large k, rp, =r* > 0.

Theorem 3.2.1 Assume that (B1) and (B2) hold. Let {z*} and {t.} be the sequences
generated by the smoothing SQP algorithm. Let K = {k : ||d*|| < tx}. If {a*}rex has

an accumulation point x*, then x* is a generalized stationary point of (3.2.2).

Proof. We assume, without loss of generality, that

im
k—oo,ke K
It follows from the penalty update rule in Step 3 of the algorithm and the assumption
(B2) that &8 = 0 and rj, = r* for all sufficiently large k. Moreover, the second equality
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of (3.2.9) implies that {\* = (A}, Af)} is bounded. The boundedness of {d*},ck is
implied by (B1) and the first equality of (3.2.9). We assume, without loss of generality,
that

lim d*=d*,  lim Af=X\;, lim A=) and  lim W, =W"

k—o0,ke K k—o0,ke K k—o0,ke K I k—o0,ke K

The existence of W* follows from condition (B1). Furthermore, W* is positive definite.
It follows from the monotonically decreasing property of {t;} that limj . tx = t*
exists. We may claim that ¢* = 0. Otherwise, we assume, without loss of generality,
that ¢, = t, > 0 for all k > kq. This implies ||d*| > t;, for all k > ko. In this case, our
smoothing method reduces to the modified SQP method presented in Appendix of [84]
for a smooth nonlinear program. By a common argumentation for SQP method for
smooth nonlinear program, it follows that some subsequence of {d*}cx approaches 0 as
k — oo, which implies that ||d*| < tz, will eventually happen, which is a contradiction.

Therefore, t* = 0. Consequently, d* = 0.
It follows from (3.2.9) and Theorem 2.4.1 that
Jp(x™), (3.2.22)
0< —p(z*) L X5 >0. (3.2.23)
We obtain the desired result and complete the proof of the theorem. m

Now we give some conditions under which (B2) holds.
(B3) {z*} is bounded.

(B4) Let T be the set of all vectors V' satisfying that there exists a subsequence
{k:} of {1,2,---} such that
llim Vo p(ty,, o) = V.
We assume that 0 ¢ T'.

In [85], the global convergence results of the algorithms are obtained under a gen-
eralized Mangasarian-Fromovitz constraint qualification (GMFCQ). However, for the
nonsmooth program (3.2.2), it is readily shown that GMFCQ does not hold at any

generalized stationary point z* , since 0 € dp(2*) by Lemma 2.4.1.
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If (tg,,2") — (0,2%) as | — o0, by Theorem 2.4.1 (ii) lim; .., VI@(ty,, 2*) €
dp(x*). Thus, if t, — 0, condition (B4) is weaker than the GMFCQ condition used
in [85].

Lemma 3.2.1 Assume the assumptions (B1), (B3) and (B4) hold. If {ry} — oo, then
(i) {(d*, &%)} is bounded;
(i1) {\s/re—1} — 0; and

(iii) €8 = 0 for all sufficiently large k.

Proof. (i) For a contradiction, let {(z*, W)}rer be a convergent subsequence with
limit (2z*, W*) such that {||(d*, £*)||} — oco. Without loss of generality, we suppose that

: - kN *
i, Vel =V

By (B4), V* # 0. Let d be the vector such that op(z*) + V*7d < 0. It follows that for
large enough k € L, @(t, 2%) + VIp(tx, 2%)d < 0, which implies that (d,0) is a feasible

solution for the quadratic program QP (ty, 2% r._;). Hence, for any k € L,

1
Vf(@*)Tdk + Jd* Wik < Vf(ab)TdE + gdkTWkdk + rr_1€k

R
< Vf(x’“)Td+§dTWkd.

1 _
Since {Vf(z¥)Td + ia_lTWkd} is bounded for k € L, it follows from (B1) and (B3)
that {d*}cr, is bounded. Finally, it is obvious from optimality of (d*, &) that & =
(@ (tr, 2)+VEG(ty, 2%)d¥], for each k. Hence, {£*} 1y, is also bounded. This contradicts

the unboundedness condition.

(ii) We have d*/ry_; — 0 from (i) and r,_; — oo by hypothesis. For any limit
point (z*,d*, &%, Az, A¢) of (zF, d¥, &F, )\g/rk_l, )\Ig/rk_l), we have, by dividing the every
expression in (3.2.9) by r,_; and letting £ — oo, that

(3.2.24)




By (B4), Ay = 0, which implies {r%/r;_1} — 0.

(iii) Since Ay = 0, we have, from the second equality of (3.2.24), that \¢ = 1, which
implies that /\lg is strictly positive for all large k. Hence, we know, by the last inequality
of (3.2.9), that £* = 0 for all sufficiently large k. =

Theorem 3.2.2 Assume the assumptions (B1), (B3) and (B4) hold. Then (B2) also
holds.

Proof. Suppose that (B2) does not hold, in which case we have {ry} — oco. From
Lemma 3.2.1 (iii), r, = 75 for all large k. This contradiction shows the theorem

holds. m

From Theorems 3.2.1 and 3.2.2, we have

Theorem 3.2.3 Assume the assumptions (B1), (B3) and (B4) hold. Let {z*} and {t;}
be the sequences generated by the smoothing SQP algorithm. Then K = {k : ||d*|| < t;.}
is an infinite set, and every accumulation point of {x*}rer is generalized stationary

point of (3.2.2).

3.2.4 Preliminary Numerical Examples

In this subsection, we report our preliminary numerical test results. We implemented
the smoothing SQP algorithm described in Subsection 3.2.2 in MATLAB and the numer-
ical experiments were done by using a Pentium IIT 450MHz workstation. We compared
the performance of the smoothing SQP algorithm with fseminf that is a solver for SIP
based on an implementation of the discretization SQP method in MATLAB toolbox. We
tested 5 problems which are called Problems 3.2.1-3.2.5 and can be found in [134, 187].

Problem 3.2.1

min f(x) = 1.21 exp(z1) + exp(x2)

st.  g(z,v) =v—exp(z1+22) <0, Vove|[-10,1].
2 = (0,0)7.
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Problem 3.2.2
min  f(z) = 2 + 23 + 23
s.t. g(z,v) = x1 + xgexp(z3v) + exp(2v) — 2sin(4v) <0, Vv € [0,1].
2% =(1,1,1)T.

Problem 3.2.3

min  f(z) = (z1 — 229 + 522 — 23 — 13)? + (21 — 14wy + 23 + 23 — 29)?
s.t. g(z,v) =23 + 2290 + exp(x1 + 72) —exp(v) <0, Vv € [0,50].
¥ = (1,-1)T.

Problem 3.2.4

1 1

st glz,v)=(1—-23?)? —zv?* — 22+ 2, <0, Vve|[-11].
¥ = (1,1)T.

Problem 3.2.5

min f(x) = Zexp(mi)
i=1
st g(z,v)=1/1+0%) =Y 207" <0, Vove[-1,1],
i=1
where n = 20.

For Problem 3.2.5, we chose the vector of ones as the starting point.

Throughout the computational experiments, we use the function defined in (2.4.2)

as a smoothing approximation function of the function [g(z,v)],. The parameters used

in the smoothing SQP algorithm are r_; = 10%, § = 20, 7 = 0.8, 0 = 0.5, t;, = 107

and § = 0.1. For each k, we let Wj, = I and we solve the quadratic program (3.2.6) by

using gp in MATLAB toolbox. The values of @(t, 2*) and V,@(ty, 2¥) are obtained by

using quad in MATLAB toolbox. We use ||d*|| < 107° as the stopping criterion for the

smoothing SQP algorithm.

The test results are summarized in Table 3.1, where k denotes the number of the

iteration, cpu the CPU time in second for solving each problem, f(z*) and @(t, ")

the values of the objective function and the function @(¢,x) at the final iteration,

respectively.
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Table 3.1: Test Results for the smoothing SQP algorithm

Smoothing SQP Algorithm fseminf

Problem || k | cpu f(xk) @(er, 2%) || k | cpu f ()
3.2.1 2 10.06 | 2.20000e+00 | 0.00e+00 || 3 | 0.18 | 2.19934e+00
3.2.2 21 | 0.65 | 5.33502e+00 | 1.18e-10 | 24 | 0.58 | 5.33120e+00
3.2.3 13 1 0.55 | 9.71589e+4-01 | 1.56e-08 | 8 | 2.36 | 9.71589¢e+01
3.2.4 12 | 0.44 | 2.43054e400 | 9.87e-09 | 6 | 0.13 | 2.43053e+00
3.2.5 23 | 5.52 | 2.12249e+-01 | 1.92e-08 | 11 | 7.94 | 2.12229e+01

The results reported in Table 3.1 show that the smoothing SQP algorithm performs
well when the evaluation of the integral function is not very expensive. From the cpu
columns of the table we can see that the smoothing SQP algorithm uses less CPU time
than fseminf for Problems 3.2.1, 3.2.3 and 3.2.5. For the other two problems fseminf
uses less CPU time than the smoothing SQP algorithm.

3.3 A Smoothing Projected Newton-Type Algorithm

The smoothing SQP algorithm presented in Section 3.2 has global convergence property
and only a quadratic program needs to be solved at each iteration of the algorithm. In
this section, we propose a smoothing projected Newton-type algorithm for solving the
SIP problem (3.1.1), which has stronger convergence property than the method stated

above, i.e., the latter method has local superlinear convergence property.

3.3.1 A Constrained Equation Reformulation of KKT System

We assume, in addition, that f: " — R and g : R" x ™ — R are twice continuously

differentiable functions and V' is a nonempty compact box with
V={veR™: a<v<b},

where a € 1™, b € 1™, and a < b. Here, the inequality a < b means that a; < b; for all

i=1,2,---,m.
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Consider the KKT system (3.1.2) of the SIP problem (3.1.1). We know that v* (i =

1,--+,p) are global minimizers of the following minimization problem:

min —g(z,v)

(3.3.1)
st. wveV.

The KKT system of (3.3.1) can be rewritten as
(W' =) (=Vug(z,0)) 20, V'€V,

and it can be reformulated as a system of nonsmooth equations (see [20,40] for details):

o(z,v) =0. (3.3.2)
Here, ¢(z,v) is defined as
¢(z,v) :==v — Pla,b,v+ V,g(z,v)), (3.3.3)
where the function P is the mid-function defined for all j =1,---,m, as
c;, itw;<gy,
(Ple,d,w)); =4 wy, if ¢ <w; <dj,

dj if dj < Wj.

Then the KKT system of the SIP problem (3.1.1) can be reformulated as follows:

Vi(z)+ > uVug(z,v') =0,

i=1

g(z,v) <0, YveV, (3.3.4)
u; >0, g(x,0")=0, (i=1,---,p)
qb(x,vi) =0 ('L = 1a7p)

Let
G(z) = /V 9, v)] 4. dv, (3.3.5)

this function G(z) was given in [173]. Then (3.3.4) is equivalent to

Vi(z)+ > uVug(z,v') =0,

i=1

G(z) =0, (3.3.6)




It is readily shown in Section 2.3 that G(z) is nonsmooth but semismooth.

Let
v = (v', 0% - 0P)
Define )
F(z,u,v) = Vf(z)+ > u;Vyg(z,0v") (3.3.7)
g9(z,v') ) ¢(z,v')
g(l‘,V) = ) ¢($7V) - :
g(z,vP) ¢(z,vP)

By introducing an artificial variable s € R and relaxing u; > 0 as u; > 0, (3.3.6) can be

written as the following system of nonsmooth equations with bounded constraints:

H(z)=0,

(3.3.8)
u>0, s>0,

where z = (z,u,v,s) € " x P x R x R, and

F(z,u,v)

g(z,v)
G(z)+s
o(x,v)

H(z) =

Here, the introduction of s balance the number between equations and variables. In

addition, it also can reduce the possible degeneration generated by the function G(x).

3.3.2 Smoothing Projected Newton-Type Algorithm

From the previous subsection, we see that the KKT system of the SIP problem (3.1.1)
is equivalent to a system of nonsmooth equations with bounded constraints. This
motivates us to obtain the stationary point of (3.1.1) by solving a system of constrained
equations. But, since G(z) and ¢E(x, v) are not smooth, it is very difficult to compute
their generalized Jacobian. We first introduce some smoothing techniques which deal

with the corresponding functions.
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Define G : R x R* — R by

G(t,z) = /V §(t, =, v)dv, (3.3.9)

where g : 8 x R" x R™ — R is defined by

g(t,z,v) = \/(g(x, v))? z4t2 * g(x,v). (3.3.10)

The function g is the Chen-Harker-Kanzow-Smale smoothing function of [g(x,v)]4,
which was mentioned in Section 2.4. Of course, we also may choose other smoothing
functions of [g(z,v)]; as g(t, z,v). It is obvious that G(0,z) = G(z), and for any t # 0,

G(t,x) is smooth with respect to variable z and

V.G(t, ) :/vag(t,x,v)dv. (3.3.11)

Define ¢ : #* — R by

c+/lc—w)2+4t2 d—/(d—w)?+ 4¢2
o(t,e,d,w) = ( 2) + \/( 2) ,

which is the Chen-Harker-Kanzow-Smale smoothing function for P(c,d, w). For a,b,v €
R™ we define ¢ : o x R x P™ — R™ by

(o(t, z,v)); = v; — p(t, a;, b, v; + (Vyg(z,v));), (3.3.12)
where i = 1,---,m. It is clear that ¢ is smooth for ¢ # 0.

From Theorem 3 in [130], Lemma 2.3 and Theorem 3.3 in [48], it is easy to prove

the following results for ¢.

Proposition 3.3.1 The function ¢ defined in (3.3.12) has the following properties:
(i) It is twice continuously differentiable for t # 0.

(ii) It is semismooth. Furthermore, if g is twice Lipschitz continuously differentiable,
it 1s strongly semismooth.

(111) There exists a constant C' > 0 such that for any (x,v) € R"™™ and t € R,

|0t 2,0) = (a,v)| < Clel.
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Denote w = (t,z) = (t,z,u,v,s) € R x R" x R x R x R and

o(t, x,vt)
gg(t, T, v) = :

o(t, x,vP)

We define the following system of constrained equations:

o(t,2) =0 (3.3.13)
u>0,5 >0,
where
F(z,u,v)
_ t Tt o) — g(z,v)
2(t2) = (H(t,z) )7 Hit2) = G(t,r) +s
o(t, x,v)

It is obvious that if (¢, z) is a solution of (3.3.13) then z is a solution to (3.3.8). By
Theorems 2.4.1 and 2.4.2 and Proposition 3.3.1, we have the following result.

Theorem 3.3.1 H is a smoothing approzimation function of H and it is semismooth
at (0, 2).

Motivated by the smoothing method in [130] for a system of unconstrained non-
smooth equations and the method in [168] for a system of constrained nonsmooth

equations, in what follows, we present a smoothing projected Newton-type method for

solving (3.3.8).

Let
W =A{w=(t,z,u,v,s): u>0,s>0},

and

Z ={(z,u,v,s) e " xR X R xRN: u>0,s>0}.

Define a merit function of (3.3.13) by

W(w) = 5 o(w)]
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Then solving (3.3.13) is equivalent to finding a global solution of the following mini-

mization problem:
min ¥ (w)

(3.3.14)
st. u>0,s>0.
And w is a stationary point of (3.3.14) if it satisfies
lda(1)] = 0. (3.3.15)
Here,

- -V, ¥

de(1) = Ty (w — AV (w)) — w = Wit (w) , (3.3.16)
z(z =4V, ¥ (w)) — =

where v > 0 is a constant, Iy, (+) is an orthogonal projection operator onto W.

Let a € (0,1) be a constant. For a sequence {w*}$,, we define

B = B(w’) = amin{1, [|dg(1)|*},
and

Br-1, if amin{L, [|dg(1)]%} > B

(3.3.17)
amin{1, |d&%(1)]|?}, otherwise.

B = Bw") = {
Now we state our smoothing projected Newton-type algorithm for solving (3.3.14).

Algorithm 3.3.1 (Smoothing Projected Newton-Type Algorithm)

Step 0. (Initialization)
Choose constants n,p,0 € (0,1), p1 > 0, po > 2 and a > 0, > 0 with of <
1. Let w = (£,0,0,0,0), toc = t and w® = (t, 2% u% v° %) with ) > 0 (i =
L,--+,p); s°>0. Set k := 0.

Step 1. (Stop Test)
Let

. th || (w")]| w) }
=min< 1, — (3.3.18)
* { |t + Ve (wk) H(w*)|” [[VE(wh)||” HV‘P MIIP

where V,H(w"*) is the first row of VH(w*). Compute d&(1) by (3.3.16). If
|d& (1) = 0, stop. Otherwise, compute 3 by (3.3.17).
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Step 2. (Compute Search Direction)
Compute df, by
dt, = = VU (w") + B. (3.3.19)

Compute d% by solving the following linear system:
d(w*) + VI d(w*)dhy = Brw. (3.3.20)

If (3.3.20) has no solution or

p2
)

—V () df < pa||d

then let d¥; = d.

Step 3. (Line Search)

Let my be the smallest nonnegative integer m satisfying
V(w* +d*((p)™)) < W(w") + oV (w*)Tdg((p)™), (3.3.21)
where for any A € [0, 1],
d*(\) = 7 (N dE(N) 4 (1 — 75(\)d5 (N). (3.3.22)
Here
dE(N) o= My (w* + AdE) —wP, d5 (N = oy (w® + M) — w”, (3.3.23)
7*(A) is a solution of the following minimization problem:

min ;u@(wk) + V() [rds(\) + (1 — 7)di (V]|

Let A\, = (p)™ and wft = wk 4 d*(\p).

Step 4. Set k:=k+ 1 and go to Step 1.

Remark 3.3.1 (a) Algorithm 3.3.1 is an extension of the method for solving uncon-
strained nonsmooth equations presented in [130]. It is also a smoothing version of the
algorithm proposed in [168]. In [168], it is required that the merit function ¥ must be

smooth. In this section, we do not need this requirement.
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(b) By using a similar way to the proof of Lemma 3.1 [168], we can obtain the
following result about T7*(\).

7%(A) = max{0, min{1, 7(\)}}, (3.3.24)
where T(\) is defined as

0, if VT<I>( & (N) — di (M)] =0,
TA) =1 [@wk) + VI (wh)d (A)]TVT@(}U )[dE(N) — df (V)]
[VT®(wk)[de(A) — dip(A)]]]? ’

otherwise.

The following projection properties are used in our analysis (see [16] ).
Lemma 3.3.1 The projection operator Iy () with any conver set W C R™ satisfies
(i) For any w € W,

My (w') — ' [y (w') —w] <0 for all w' € R

(i)
Ty (w') — Ty (W) || < Jw' —w"||  for all w',w” € R".

(11i) Given w,d € R", the function  defined by
C(A) = [[w(w + Ad) —wl|[/x, A >0

18 NON-INCTEAsing.
From the definition of 3, the following proposition is obvious.

Proposition 3.3.2 {3} defined in (3.3.17) has the following properties:
(i) {Br} is a non-increasing sequence.
(i) For all k, By satisfies

B < amin{1, [|dg(1)]*}-

Proposition 3.3.3 Suppose that w* = (t*,2%) € W with t* > 0 is not a stationary
point of (3.3.14). Then for any X € (0, 1], it holds that

VO (wh)Tdk(\) < —%(1 —of)|| 5| < 0. (3.3.25)
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Proof. In this proof, for simplicity, we drop the superscript k. For any w = (¢,z) € W
with ¢ > 0, suppose that w is not a stationary point of (3.3.14). Then

t+ ViH(w)H(w) VU (w)
V. U(w) ’

H(w)H(w)
where V. H(w) is the first row of VH(w) and V,H(w) is the submatrix of VH(w)
obtained by just removing the first row of VH (w). Obviously, de(\) can be written as

; ( (de(N)r ) _ ( —Xy(t+ V,H (w) H(w)) + AF(w)E ) |

(de(N)- (2 — M V.0 (w)) — 2

V¥ (w) = Vo(w)d(w) = (

Then we have

(t + VH (w)H(w))" - M(Hvtﬁ( VH(w)) + A3 (w

)i
= M|t + Vil (w) H + At + Vo H (w)H(w)) T B(w)t
< A = Av )P+ iu—vvt (w)|Bw)E 33.96)
< M =V + ju AV w) | (of )|
< -2 - V)P + Oéf;\HJG(l)HQy

where the second inequality comes from Proposition 3.3.2 (ii) and the fact that f(w) <
al|dg(1)]], the last inequality is due to || — vV, ¥ (w)|| < ||da(1)]] (see (3.3.16)). Thus,

V) Mz~ 29V (w)
_E[Z — VU (w) — 2] [z (2 — MYV 0 (w)) — 2]
- ij(z— MVU(w)) ~ (2~ VB @) (=~ 2V U(w)) - 2
Y
; (3.3.27)
5 M = X)) 2|
< —*nnzcz X V(w)) - P
< —jnnz(z V.0 (w)) ~ 2,

where the first and second inequalities come from Lemma 3.3.1 (i) and (iii), respectively.

It follows from (3.3.26) and (3.3.27) that

VU (w)Tda(N) = (t+ YV H(w)H(w)T[- y(t + Vo H(w)H(w)) + A\3(w)]
+V. U (w)T[Mz(z — MV, ¥ (w)) — 2]
< =2 (1= AV + (e = V0w = 2] + o (1) P

- —j(l—aauJG(nu? <0
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The proof is complete. m

Now we have the following conclusion which shows that Algorithm 3.3.1 is well-
defined.

Theorem 3.3.2 Suppose that w* = (¥, 2%) € W with t* > 0 is not a stationary point
of (3.8.14). Then there exists a constant X' € (0,1] such that for any X € (0, N], d*())

is a descent direction of ¥(w") at w* and
T(wh 4 d*(\) < U(w) + o VI (k)T dE(N). (3.3.28)

Proof. By using Proposition 3.3.3, the conclusion can be proved in a similar way to

the proof of Theorem 3.1 in [168], so we omit it. m

3.3.3 Convergence Analysis

In this subsection we analyze the global and local convergence of Algorithm 3.3.1. The
following proposition is a key result which shows that Algorithm 3.3.1 can keep t* > 0

at each iteration.
Proposition 3.3.4 For each k, k=0,1,---, wk = (t* 2*) satisfies

th > Byt (3.3.29)
Furthermore, if w® is not a stationary point of (3.3.14), then

th > 0. (3.3.30)
Proof. We show inductively that (3.3.29) holds. From the choices of t and [y in

Algorithm 3.3.1, (3.3.29) holds trivially for & = 0. Let us assume that (3.3.29) holds
for some k = [. Now, we prove that (3.3.29) holds for k = + 1 as well. We denote

(d'(A))e )

() = 7 (Ao + (1= 7 (W) diy () = ( (@(N))-
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where ); is the accepted step-length at [-th iteration. It follows from Algorithm 3.3.1
that

(dN)e = T NNt + Ve H (w)H(w)) + Bw') ]
+(1 = 7)) N[t + Bwh)i ]
= A ()t + Vi H (w)H(w)) — (1= 75 (\)At' + NB(w')E
> =N ) — (1 =7 (\)Nt + N B(wh)E
= —Ntt+ B,

where the inequality comes from the definition of 7, (see (3.3.18)). Then we have

tl—l—l_ﬂ(wl-ﬂ)f — (d7(>\ )) ( l+1)£
( A+ M (W't — Bw' )

(1= M)t + NB(wh)t — Blw')E
(T =)t = (1= \)B(w")t >0,

v

(3.3.31)

v

where the second inequality is due to the monotonicity property of 3(w') in Proposition
3.3.2, and the last inequality comes from that t > B(w')f. By induction, (3.3.29)
holds for any nonnegative integer k. Furthermore, from (3.3.29) and that w* is not a

stationary point of (3.3.14), (3.3.30) holds. We complete the proof. m

Theorem 3.3.3 Let {w*} C W be a sequence generated by Algorithm 3.3.1. Then any
accumulation point of {w*} is a stationary point of (5.3.14).

Proof. Proposition 3.3.4 shows that if our algorithm does not stop at a stationary
point of (3.3.14), then t* > 0 for any k. This means that ® and ¥ are continuously
differentiable at w*. Hence, by using a similar way to the proof of Theorem 4.1 in [168],

we can prove that the theorem holds. Here, we omit the detailed proof. m

In the rest of this subsection, we analyze the local convergence of Algorithm 3.3.1.

We make the following standard assumption:

(C1) Let w* = (t*,2*) = (0, 2*) be an accumulation point of the sequence {w"}
generated by Algorithm 3.3.1. Suppose limyex w* = w* for some subset K C {1,2,---},

w* is a solution of the system of equations (3.3.13) and ® is BD-regular at w*.

From the BD-regularity condition and semismoothness of function ®, we have the

following lemma by using Propositions 1.1.1 and 1.1.2.

73



Lemma 3.3.2 There eist positive constants k and € such that for every w* satisfying
lw* —w*[| <€,

(i) V®(w*) is nonsingular and satisfies
IVe(uwh)| < k.

(i)
()| = V2¥(w*)7 = O([luw* - w|).

Lemma 3.3.3 For all k € K sufficiently large,
(i)

Bw®) = O(T(w")) = O([|w* — w||*).
(i1) and for any X\ € (0,1]

W + A = (1= Naw® + dw* + Ao(T(wh)?). (3.3.32)

Proof. From the definition of 3(w*), the choice of v, the projection property and

Lemma 3.3.2, for w* sufficiently close to w*,
_ a .
Bw®) < alldg(D)]? < e[V (h)]]? < an(w®) = ﬁ“‘l)(wk)ﬂg = O(|Jw* — w*|]*).

This shows (i) holds. It follows from (i) and Lemma 3.3.2 that

1

wh + \d = wh+ A (VTCIJ w” ) (wk)w]
= wb = A(VIR(uh)) | w*) — VTS (wk)(w — w*)]
AW — w) + A (qu>< )) ' ﬁ(wk)w
= (1= Nw" + Aw* + do(||w® — w*|)) + AO(¥ (w"))
= (1= Nw* + dw* + do(T(w)?),
where the third equality is due to the semismoothness of ® and (i). (ii) is proved. The

proof is complete m

Lemma 3.3.4 For k € K large enough,

N

A (N) = =M(w® — w*) + Xo(¥(wk)?) (3.3.33)

and
VU (wh)Td (N) < —pAW (wh), (3.3.34)

where p is any constant in (0,2).
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Proof. From Lemma 3.3.3 and the property of a projector, we obtain that

di(\) = Hy(wh+ M) —w*
= [l - Nw* + lw* + Xo(T(w*)?)] — w”
= Hwy[(1 — Nw* + \w*] — w*
+{w [(1 = Nw* + X + Xo(¥(w*)2)] = T [(1 = Nw* + hw] |
= =AWk —w) 4+ Ao(T(wh)?),

where the last equality comes from (1 — A\)w* + Aw* € W and the projection property
(see Lemma 3.3.1 (ii)). It follows from (3.3.33) that

VU (wh)Tdk(\) = —2Ao(wh)TVT®(wh)(w® — w*) + Xo(¥(wk))
= =220 (w*) + A\o(w*)T[®(w) — P(w*) — VTP (w*)(wk — w*)]
+Ao(T(w"))
< —pAW (wh),

where the last inequality comes from the semismoothness of ® and Lemma 3.3.2. We

complete the proof. m

Lemma 3.3.5 We have that for k € K large enough,
(1)
" (V) < o(1), (3.3.35)

where 7*(\)g is defined as in (3.3.24).
(i)

NI

d*(\) = =A(wF — w*) + Xo(¥(w")?). (3.3.36)

(iii)
VU (w*)Td*(\) = =200 (wF) 4+ Mo (T (w")). (3.3.37)

Proof. By using Lemma 3.3.4, this lemma can be proved in a similar way to the proof

of Theorem 3.2 in [168]. We omit the detailed proof. m
Now we prove that the convergence rate of Algorithm 3.3.1 is locally superlinear

under the BD-regularity condition.

Theorem 3.3.4 Suppose that {w*} is a sequence generalized by Algorithm 3.3.1 and w*

is a point satisfying (C1). Then the whole sequence {w*} converges to w* superlinearly.
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Proof. From Lemma 3.3.5, we have that for sufficiently large k € K,
lw* + d*(1) = w*[| = o(T(w")2) = of[|®(w")]]) = of|w" — w"|]), (3.3.38)

and
Yk dH (1) = S|k + A1)

= Slle* +d*(1)) - e(w)|*

(3.3.39)
= O(|lw* +d*(1) —w*|]?)
= o(¥(uw)),
where the last equality is due to (3.3.38). Thus,
~VU(h)TdE(1) < [V (wh)]ldg()])
= IV Ty o~ TV ) 4 B ]
< V)|l VE )]+ O(T(wh))]

< NP (wk) +o(T(wh)),

where the second inequality is due to the property of 3(w*) and the projection property,
and the last inequality comes from the choice of 7. It follows (3.3.39) and (3.3.40) that

U(w*) + oV (wk)Tdk (1)

v

(1 = o)W (w") + o(T(w"))
o(W(w*)) (3.3.41)
= W(w* + d*¥(1)),

v

which implies
wk-i—l — wk + Jk(l)
for k sufficiently large. Moreover, from (3.3.38) we conclude that w* converges to w*

superlinearly. We complete the proof. m

3.3.4 Preliminary Numerical Examples

In this subsection, we report our preliminary numerical test results. We implemented
Algorithm 3.3.1 in MATLAB and the numerical experiments were done by using a Pen-
tium III 733MHz computer with 256 MB of RAM. We tested 12 problems which are
called Problems 3.3.1-3.3.12. Problems 3.3.1-3.3.3 and 3.3.7 are from [181]. Problem

3.3.4 comes from [174] with a revised region. Problem 3.3.5 is a problem modified
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from [187], and Problem 3.3.6 is from [26]. Problems 3.3.8-3.3.12 are some problems in

which the dimension of the parameter v is 2.

Throughout the computational experiments, we use ||d%(1)|] < 107¢ as the stopping
criterion for Algorithm 3.3.1. The values of G(t,z) and VG(t,z) were computed by
using the function quad in MATLAB when V is an interval in J&@ and the function
dblquad when V is a box set in 2. The parameters used in the algorithm are specified

as follows:
n=20.9, p=0.5, c=0.001, «a=0.5, t=0.9, p = 1.0e — 10, p, = 2.1.

The starting point u" and ° for all problems are set t° = ¢, u° = 0.05e, y° = 0.5, where
e is the vector of ones. We compared Algorithm 3.3.1 with fseminf. For the solver

fseminf, we use all the default values.

Problem 3.3.1
f(z) = 1.21exp(z1) + exp(x2), g(x,v) = v —exp(x1 + 22),
V =[-10,1],p = 1, (x0,v0) = (1,1, 1).
Problem 3.3.2
f(z) = x% + m% + :Eg, g(x,v) = x1 + zoexp(x3v) + exp(2v) — 2sin(4v),
V = [0, 1],]? = 1, (l’o,l}o) = (1, 1, 1, 1)
Problem 3.3.3
1, 1 2 2 212 2 2
f(:v) = 527 + 571 + 23, 9(93711) = (1 — v ) — X107 — T5 + Tg,

3 2
V= [_17 1]7]7 = 17 (1'0,7}0) = <_17 _17 1)

Problem 3.3.4
Fla) =22+ (02— 3)%  glw,0) = 3 — 2+ arsin(v/as — 0.5),

V =10,10],p = 1, (x0,v0) = (1,—1,1).
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Problem 3.3.5

flz) = ;xTx, g(z,v) = 34 4.5sin(4.77(v — 1.23)/8) — Y "z’

=1

V =10,1],n =10,p = 1, (zg,v9) = (0,0,---,0,1).

Problem 3.3.6
f(z) = (21 — 229 + 522 — 23 — 13)® + (zy — 142y + 23 + 25 — 29)?,

g(x,v) = 2% + 2290 + exp(r; + 22) — exp(v),V = [0,1],p = 1, (0, v0) = (1, =1, 1).

Problem 3.3.7
fz) = af + a3 + 3,

g(x,v) = 21 (v +v3 + 1) + 22(v1v2 — v3) + 23(V100 + V3 + V) + 1,
V =1[0,1 x [0,1],p = 1, (o, vo) = (1,1,1,1,0).
Problem 3.3.8
f(z) =2 + 23+ 25, g(z,v) =21 + x20xp(2301) + xp(209) — 2sin(4v;),
V =1[0,1 x [0,1],p = 2, (z0,v0) = (~1, —1,—1,0,1,1,0).
Problem 3.3.9
flz) = x% + x% + x%, g(x,v) = x1 + x9exp(x3v1) — exp(2xq1v9) + sin(4vy),

V =10,1 x [0,1],p = 2, (20, v0) = (0.2, -0.2,-0.2,0,1,1,0).

Problem 3.3.10

1 1
f) = 2 perbad gl 0) = (1 203 —anf — a3+ 2

V = [0, 2] X [0, 2],p =2, (Ig, Uo) = (—0.2, —-0.2,1,0,0, 1).
Problem 3.3.11
1 2 2 2 :
flz) = §(I1 + a5+ x5+ x5), g(x,v) =sin(vivy) — T3 — ToU; — T3Vg — T4V V2,
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V =1[0,1] x [0,1],p = 1, (0, v) = (0.5, —0.5, —0.5, —0.5,0, 1).

Problem 3.3.12
1
f(z) = §($% + 22+ 23 4+ 2h + 2+ T,

g(z,v) = exp(v? +v3) — (21 + Tov1 + T3vy + T4V2 + T5VLVy + TUS),

V =1[0,1] % [0,1],p =1, (zo,v0) = (=2, -2 — 2, -2, -2, -2,1,1).

In all above test problems, the values of p are estimated by using the following
adaptive strategy. First, we let p = 1 and use Algorithm 3.3.1 to solve a test problem.
If this test problem can be solved within 30 iterations, then we let p = 1 be the number
of attainers at the solution. Otherwise, we let p = 2 and use Algorithm 3.3.1 to solve
this test problem again. If this test problem can be solved within 30 iterations, then we
let p = 2 be the number of attainers. If this fails again, then we let p = 3 and then do
the above procedure until we find a number p (p < n) which is the estimated number
of attainers. It is interesting that we get p = 1 for 9 of 12 test problems and p = 2 for
other three test problems by the above method.

The test results are summarized in Tables 3.2 and 3.3. In Table 3.2, d%(1) is the
value of the function dg(1) defined in (3.3.16) at the k-th iteration. In Table 3.3, n.it
represents the number of the total iterations; cpu is the total cost time in seconds
for solving the SIP problem; ¥(w"), f(z*) and G(z*) denote the values of the merit
function ¥(w) of (3.3.13), the objective function in the SIP problem and the function
G(z) of (3.3.5) at the final iteration, respectively.

The results reported in Tables 3.2 and 3.3 show that Algorithm 3.3.1 performs well
for these test problems. From Table 3.2, we can see that Algorithm 3.3.1 indeed has
superlinear convergence property. From Table 3.3, we can see that Algorithm 3.3.1 uses
less CPU time than fseminf for 9 test problems and fseminf uses less CPU time than
Algorithm 3.3.1 for other 3 test problems. Moreover, it appears from Table 3.3 that
Algorithm 3.3.1 indeed can ensure the feasibility of the test problems.

In addition, we notice that for Problems 3.3.1-3.3.7, 3.3.11 and 3.3.12, when p > 2,
these test problems cannot be solved by Algorithm 3.3.1 within 30 iterations. For
Problems 3.3.8-3.3.10, when p = 1, these three test problems cannot be solved by
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Table 3.2: The last three iterates generated by Algorithm 3.3.1

Problem | k d (1) Problem | k d (1) Problem | k d (1)
3.3.1 4 0.0053 3.3.2 7 0.0141 3.3.3 5 0.0036
5 | 2.5166e-5 8 | 4.9812e-4 6 9.671e-5
6 | 3.6233e-10 9 | 4.5572e-7 7 | 3.8475e-9
3.3.4 7| 2.0688e-6 3.3.5 2 0.0027 3.3.6 3 | 6.3414e-4
8 | 1.2389%-6 3| 3.5370e-5 4 | 3.2046e-5
9 | 4.2285e-7 4 | 1.3002e-10 5 | 1.2032¢-8
3.3.7 5 0.0228 3.3.8 5 | 3.7704e-5 3.3.9 8 0.0075
6 | 7.3722e-4 6 | 1.0023e-6 9 | 4.0859e-5
7 4.1271e-7 7 | 2.7485e-10 10 | 7.8563e-8
3.3.10 | 7| 9.0029e-4 3.3.11 |6 0.0086 3.3.12 3 | 9.5606e-4
8 | 2.2744e-6 7 0.0016 4 | 1.3685e-7
9| 1.6448e-9 8 | 7.8146e-7 5 | 2.4486e-15
Table 3.3: Test results for Algorithm 3.3.1 and fseminf
Algorithm 3.3.1 fseminf
Problem | n.it | cpu | ¥(wk) f(a®) G(z%) || n.it | cpu| f(2F) G (%)
3.3.1 6 0.09 | 9.161e-19 2.2 0 16 | 0.53 | 2.1989 | 4.282e-7
3.3.2 9 0.17 | 7.436e-11 | 5.3347 0 23 1042 | 53307 | 1.114e-5
3.3.3 7 0.13 | 2.346e-14 | 0.1945 0 4 1012 ] 0.1945 | 3.641e-12
3.3.4 9 0.31 | 7.195e-9 1 4.799e-6 | 10 | 0.66 1 9.070e-9
3.3.5 4 0.30 | 4.034e-19 | 0.0657 0 2 1042 | 0.0656 | 1.746e-7
3.3.6 5 0.11 | 2.051e-11 | 97.1589 | 1.304e-9 8 |1 0.17 | 97.1589 | 7.455e-14
3.3.7 7 4.81 | 1.051e-13 1 0 7 1491 1 0
3.3.8 7 | 14.22 | 1.299e-16 | 27.4166 0 6 | 5.33 | 27.3065 | 6.192e-8
3.3.9 10 | 2.72 | 1.368e-13 0 0 3 | 298 | 3.152e-5 0
3.3.10 9 | 1.48 | 2.664e-13 | 0.382 | 5.839%-7 | 15 |2.66 | 0.382 0
3.3.11 8 | 2.28 | 1.305e-11 | 0.0885 0 1 |2.00]| 0.0885 | 1.808e-21
3.3.12 5 0.73 | 3.773e-29 | 4.5498 0 1 1338 4.5498 0

Algorithm 3.3.1 within 30 iterations.

This means that it is important to choose a

suitable number p when we use Algorithm 3.3.1 to solve the SIP problem. When the

size of the SIP problem and the number p are large, the above method to determine

the number p may be expensive in computation. As future work, we will work on how
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to find a good way to determine a suitable number p in the KKT system of the SIP

problem.

3.4 A Smoothing Newton-Type Algorithm

In previous section, we presented a smoothing projected Newton-type algorithm for
solving the SIP problem (3.1.1), which has global and local superlinear convergence
property. However, from Theorem 3.3.3, we see that each accumulation point of {w"}
generated by Algorithm 3.3.1 is only a stationary point of (3.3.14) but may not be
a stationary point of the original SIP problem (3.1.1). In this section, we present a
smoothing Newton-type algorithm for solving the SIP problem (3.1.1), which overcomes
the drawback stated above.

3.4.1 A Semismooth Equation Reformulation of KKT System

We suppose that, in addition to the assumptions on functions f and ¢ in Section 3.3,

the V in (3.1.1) has the following form
V={veR":c(v) <0},

where ¢ : ™ — R are twice continuously differentiable functions. As mentioned in
the introduction of this chapter, under the assumption stated above, the KK'T system
of the SIP problem (3.1.1) can be rewritten as follows

Vf(x)+ iuivxg(x, v') =0,

=1
g(xz,v) <0, Yvev,

Ui > 07 g(x7vi) = 07Z = 17”'7p7
q
—u; Vg (z,v') + ) wiVe(v') =0,

=
>0, ¢;(v') <0,

(3.4.1)

w

L. oL,

w Cj(vi)zoa Zzlyapaj:1a7q

In order to reformulate the system (3.4.1) as a system of semismooth equations, we

recall the definition of NCP functions.
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A function ¢ : R? — R is called an NCP function [40] if ¢(a,b)=0 if and only if

a>0,b>0and ab=0. Two well-known NCP functions are the minimum function

Gmin(a, b) = min{a, b}

and the Fischer-Burmeister function (see (1.1.7)). Both the minimum function and the

Fischer-Burmeister function are not smooth, but they are semismooth.

By the use of the Fischer-Burmeister function ¢rp defined by (1.1.7) and G defined

by (3.3.5), we may reformulate (3.4.1) as a system of semismooth equations:

H(s,z) = 0. (3.4.2)
Here
oo (%55
and

Vf(l’> + i Uz'vxg(xa Ui)

i1
orp(ur, —g(z,vh))

¢rp(up, —g(z, V7))
—uy Vyg(z,v') + > w;Ve;(v')

Jj=1

q
P(z)=| —u,Vyg(z,vP) + wach(vp) ,

=1

¢rp(wi, —c1(v'))
prp(w,, —c,(v'))

orp(wy, —ci(vP))

Orp(wy, —cq(v7))
where (s,2) = (s,7,u, v,w) € RUETP0HaHl) 'y — (1 ... 9P) € P w = (wh, -+ wP) €
RP1. Here, s € R is an auxiliary variable which ensure the numbers of the variables in

the system equal to the numbers of the equations.
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Nonlinear equation (3.4.2) transforms the system (3.4.1) into a semismooth equation
of dimension 1+ n+ (m+q+ 1)p. If there is an 1+n+ (m+ g+ 1)p dimensional vector
satisfying (3.4.2) and s = 0, we may then drop the part indexed by i where u; = 0. In
this case, we get a solution of (3.4.1) which obviously satisfies (3.4.2). Hence, (3.4.1)
and (3.4.2) are equivalent in this sense. The discussion above shows that we may obtain
the solution z of (3.4.1) by solving the system (3.4.2). However, the nonsmoothness of
G and ¢pp in (3.4.2) results in the difficulty of the implementation of the algorithm for
solving (3.4.2). To overcome this difficulty, we will develop a smoothing Newton-type

algorithm for solving (3.4.2) in next subsection.

3.4.2 Smoothing Newton-Type Algorithm

We first recall the smoothing function of ¢rg. For a smoothing parameter ¢t € R, it is

well known that the smoothing approximation function of ¢rp can be defined by
qBFB(t,a,b) = va2+b2+t2 —a—b.

Let w € R and h : R™ — R be continuously differentiable. Denote dpp : R x R x R™ —

R as follows
ggFB(t,w,v) = QBFB(t,w,h<U)). (343)

From Theorem 3 in [130], Lemma 2.3 and Theorem 3.3 in [48] and Proposition 6.1
in [135], it is easy to prove the following results for brp.
Proposition 3.4.1 The function ¢rp defined in (8.4.3) has the following properties:
(i) It is twice continuously differentiable for any t # 0.
(ii) There exists a constant C' > 0 such that for any (w,v) € & x ™

HQ;FB(tvwav) — ¢rp(w, h(”))H < Clt.
(iii) The function ¢pg is semismooth with respect to (t,w,v).

Denote y = (t,s,2) = (t,s,x,u,v,w) € R¥+p(m+atl) By yusing the smoothing ap-

proximation function ¢pp of ¢pp and the smoothing approximation function G defined

83



by (3.3.9) of G, we introduce the following system of equations:

P(y) =0, (3.4.4)
where
t
Py)=1| G(t,z)+s
P(t, z)
and

Vf(l’) + zp: Uivxg(x> Ui)

=1

QgFB(ta Uy, —g(l’, Ul))

Qf_)FB(EUp, —g(z,vP))

q
—u Vog(z,v") + > wjVe;(v')

=1

q
P(t,z) = —u,V,g(z,v?) + Z w?ch(vp)

J=1

QZ_)FB(ta w%? _Cl<vl))
QEFB(taw(}a —cq(v'))

QEFB(t> w?? - (Up))

éFB(tv wg’ _Cq(vp))
It is obvious that if y = (¢, s, z) with s > 0 is a solution of (3.4.4) then ¢t = 0, s = 0 and
(0, 2) is a solution of (3.4.2). It follows from Proposition 3.4.1 that P is semismooth,

and hence ® is semismooth too.

Define a merit function of (3.4.4) by

0y) = eI’

and define 3 : R? x Rrtrimtatl) R by

B(y) =~ymin{1,0(y)}.

84



Choose (f,5) € R2, and v € (0,1) such that y(#* + 5*) < 1. Let § = (£,5,0) €
N2 x Rrre(mtar) - And let

Q= {y = (t,5,2) € R x R™POHD L (15) > B(y)(E,5)}

Then, since B(y) < v < 1 for any y € R? x Rrrem+atl) it follows that for any
z € Rrte(mtatl)

(t,5,2) € Q.

Proposition 3.4.2 The following relations hold:

d(y) =0« By) =0 2(y) = B(y)y.

Proof. It follows from the definitions of ®(-) and ((-) that
(y) =0 By) =0 and  B(y) =0= (y) = Hy)y.
Then, we only need to prove
®(y) = By)y = Bly) = 0.
However, this is an easy task because from ®(y) = 3(y)y we have
0(y) = [2W)II* = BW)* (F+5) <+* (B +5) < 1.

Therefore,
Bly) =0(y) = ¥8W)* (£ + ). (3.4.5)

If B(y) # 0, it follows from (3.4.5) and the fact G(y) <~ that
L=98y) (B +5) <+* (P +35),

which contradicts the fact that 2 (> + 52) < 1. This contradiction completes our proof.

Now, we develop a smoothing Newton-type algorithm for solving (3.4.4).

Algorithm 3.4.1 (Smoothing Newton-Type Algorithm)
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Step 0. (Initialization)
Choose constants p € (0,1) and o € (0,1/2). Let t° = ¢, s = 5, 20 € RrFp(m+a+D)

be an arbitrary point and 3° = (%, s%, 2%). Set k := 0.

Step 1. (Stop Test)
If ®(y*) = 0 then stop. Otherwise, let 3 := 3(y").

Step 2. (Compute Search Direction)
Let

7t = — (VIP(, ) [P(t, ) + VI P(t*, =) (Bif — t*)] (3.4.6)
and

0p = G(t*, 2%) + V,G(t5, %) (Bt — %) + VIG(tF, o) (%) (3.4.7)

T

where (ﬂ'k) is the sub-vector constituted of the first n components of 7*. Com-
x

pute AyF = (AtF, Ask, AzZF) € R2 x Rrtrimtat) By

O(y*) + VIo(y*) A yF =i, (3.4.8)
where
Brt
y* = Br5 + O
0

Step 3. (Line Search)

Let my be the smallest nonnegative integer m satisfying
O +pm Ayt < [1—20 (1—7 (B +35)) p"] 05). (3.4.9)
Let A\, = p™ and y**1 = y* + N\, A ¥

Step 4. Set k:=k + 1 and go to Step 1.
In the rest of this subsection, we discuss some properties of Algorithm 3.4.1.

Lemma 3.4.1 For any y = (t,5,2) € R2_ x R+t - Guppose that VO(y) is
nonsingular. Let Ay = (At, As, Az) be the unique solution of the following equation

O(y)+V'O(y) Ay=| Bly)s+d | (3.4.10)
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Here
§=G(t,x) + V,G(t,z) (B(y)t —t) + VIG(t, x) (), (3.4.11)

and

w=—(VIP(t,2)) [P(t,2) + VI P(t,2) (B(y)E - 1)) (3.4.12)

where (1), is the sub-vector constituted of the first n components of m, V,P(t,z) is the

first row of V) P(t, z) and V,P(t, z) is the submatriz of V(. P(t,z) obtained by just

removing the first row of V. P(t,2). Then
t+ At = F(y)t (3.4.13)

and

s+ As = [(y)s. (3.4.14)

Proof. It is easy to see that for any ¢ > 0,

T
1 0 0
Vo) =| V.Gt,x) 1 VIG(tz) | ,
VIP(t,2) 0 VIP(t,z)

By the special structure of V®(y), we know from (3.4.10) that

t+ At = B(y)t,

G(t, ) +s+VG(t,x) At + As+ VIG(t,x) ANz = B(y)5 + 0, (3.4.15)

P(t,2) + VIP(t,z2) At +VIP(t,2) Az =0.
From the first equality of (3.4.15), (3.4.13) holds. Furthermore, it follows from the
first and last equality of (3.4.15) that Az = m. Consequently, it follows from (3.4.11),
(3.4.12) and the second equality of (3.4.15) that (3.4.14) holds. The proof is complete.

Lemma 3.4.2 For any § = (£,5,2) € R2, x RemtatD  Suppose that VO(g) is
nonsingular, then there exist a closed neighborhood N (§) of § and a positive number
& € (0,1] such that for anyy = (t,s,2) € N(9) and all « € (0, &] we have (t,s) € R3 .,
V®(y) is nonsingular and

Oy +aly) <[1-20(1—7(2+5))al0y). (3.4.16)
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Proof. Since V®(§) is nonsingular and (Z, §) € R, , there exists a closed neighborhood
N (g) of g such that for any y = (¢, s,2) € N(J) we have (t,s) € R? and that V&(y)
is nonsingular. For any y € N (), let Ay = (At, As, Az) € R2 x ReHP(m+atD) be the
unique solution of (3.4.10). By Lemma 3.4.1, for any y € N (7),

t+ At = B(y)E.
Then, for all € [0,1] and all y € N (7),

t+alAt=(1—-a)t+ab(y)t>0.

By this, we know that G(¢,z) and P(t,2) are continuously differentiable. By using a
similar way to the proof of Lemma 5 in [130], we can prove that the lemma holds. Here,

we omit the detailed proof. m

We can get directly the following result from Lemmas 3.4.1 and 3.4.2.

Proposition 3.4.3 For any k > 0, if y* € R, x RMHP+atD) gnd Vo (y*) is nonsingu-
lar, then Algorithm 5.4.1 is well defined at k-th iteration and y*+* € R%, x Rritp(mtatl),

Proposition 3.4.4 For each fized k > 0, if (t*,s") € R2_, y* € Q and VO(y*) is
nonsingular, then for any o € [0,1] such that
0y +a AyF) < {1 — 20 (1 — (fQ + 52)) a} 0(y"),

it holds that y* + a A y* € Q.

Proof. We can prove it by using a similar way to the proof of Proposition 6 in [130].

Theorem 3.4.1 Suppose that for every k > 0 with (t*,s*) € R2_ and y* € Q we
have V®(y*) is nonsingular. Then an infinite sequence {y* = (t*, s*, 2¥)} generated by

Algorithm 3.4.1 satisfies that (t*,s¥) € R2 . and y* € Q.

Proof. First, because y° = (¢, 5,2°) € Q, from Proposition 3.4.4, we have that y! is well
defined, (¢',s') € R?, and y* € Q. Then, by repeatedly resorting to Proposition 3.4.4,
we can prove that an infinite sequence {y*} is generated, (t*,s*) € ®2, and y* € Q.

The proof is complete. m
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3.4.3 Convergence Analysis

In this subsection, we prove the global and local superlinear convergence of Algorithm
3.4.1. To this end, we first discuss the CD-regularity of ®. We make the following

assumptions.

(D1) There exists a £ > 0 such that matrix V®(y) is nonsingular for each y € Q

with ¢ € (0,7)

Assumption (D1) can be justified under further assumptions.

Theorem 3.4.2 Lett € R. Then ® is CD-reqular aty = (t, s, 2) if P(t,-) is CD-regular

at z.

Proof. It is easy to see that P is regular. It then follows from Proposition 2.3.15 in [23]
that
Oy P(t,2) C O,P(t, ) x O.P(t, 2).

Consequently, by this and (1.1.2), we see that every element @) in 0®(y) has the following

form
1 0 0
Q= G 1 &
U, 0 U,

Here (; is the first component of ¢ and (5 is the sub-vector of ( obtained by just removing
the first component of ¢, where ¢ € 9,,)G(t,x), U; € 0,P(t,z) and U, € 0,P(t,z). It
is obvious that () is nonsingular if U, is nonsingular. We obtain the desired result and

complete the proof. m

Recall )
F(z,u,v) = Vf(z)+ Y wV.g(z,0").
i=1
Let .
ZZ(Z) = —Uivvg(x,vi) —i—Zw;Vc](vl), 1= 17-..’])
j=1
and

Ve(v') = (Vcl(vi),---,ch(vi)) , i=1,--,p.
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We make further the following assumptions.

(D2) V,F(z,u,v) is positive semidefinite. Moreover, it is positive definite in the
null space of Span(V,g(x,v)). That is, 'V F(z,u,v)d > 0 for all d € R"\ {0}
satisfying V,g(z,v)Td = 0.

(D3) V,l;(2) is positive semidefinite. Moreover, it is positive definite in the null
space of Span(Ve(v?)). That is, d'V,l;(2)d > 0 for all d € R" \ {0} satisfying
Ve(v)Td = 0.

The following theorem comes from [98], which shows that Assumptions (D2) and

(D3) are sufficient for V,P(t, 2) to be nonsingular for every ¢ > 0.

Theorem 3.4.3 Let Assumptions (D2) and (D3) hold. Then V,P(t,z) is nonsingular
for every t > 0.

We also make the following assumptions.
(D4) u; >0 Vi=1,2,--- p.
(D5) The vectors V,g(z,v'),i =1,2,---,p are linearly independent.

(D6) For each i = 1,2,---,p, the vectors Vc;(v'), j € I(v') := {j : ¢;(v') = 0} are

linearly independent.
(D7) w) —¢;(v') #0,Vi=1,2,---,pand j = 1,2,---,q.
(D8) for all (d,&,---,¢&,) € S(x,v)\ {0},

p p
A"V F(z,u,v)d + 2 Z wd' V2, g(z, v — ZﬁiTVvli(x, ug, v, w)E > 0,

i=1 i=1
where S(x,v) be the set of all (d,&;,---,&,) € R* x R satisfying

dTng(x,vi) + £?va($, vi) =0 fori=1,2,---,p,

and

&'Ve;(v') =0 for i=1,2,---,p, je€I@).

The following theorem comes from [134], which shows that Assumptions (D4)-(D8) are
sufficient for P(0, ) to be CD-regular at z.
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Theorem 3.4.4 Suppose that (0,2*) is a solution of P(t,z) = 0 and Assumptions
(D4)-(DS8) hold. Then P(0,-) is CD-regular at z*.

Remark 3.4.1 (a) By Theorems 3.4.3 and 3.4.2, we see that if Assumptions (D2) and
(D3) hold, then V®(y) is nonsingular for all t > 0.

(b) By Theorems 3.4.4 and 3.4.2, we see that if Assumptions (D4)-(D8) hold, then
¢ is CD-regular at (0,0, z).

Theorem 3.4.5 Suppose that Assumption (D1) holds. Let {y*} be the sequences gen-
erated by Algorithm 3.4.1. Then each accumulation point § of {y*} is a solution of
®(y) = 0.

Proof. It follows from Proposition 3.4.4 and Assumption (D1) that an infinite sequence
{y*} is generated such that y* € Q for all k > 0. From the design of Algorithm 3.4.1,
7 (yk“) <0 (yk> for all £ > 0. Hence, the two sequences {G(yk)} and {ﬁ(yk)} are
monotonically decreasing. Since 0(y*), B(y*) > 0 (k > 0), there exist 6, 3 > 0 such
that 0(y*) — 6 and B(y*) — Bask— oo. If§ =0 and {y"’} has an accumulation point
7, then from the continuity of 6(-) and 3(-) we obtain #(7) = 0 and 5(y) = 0. Then, we
obtain the desired result. Suppose that § > 0 and § = (£,3,2) € R2 x Rrtpimtatl) jg
an accumulation point of {*}. By taking a subsequence if necessary, we may assume
that {y*} converges to 7. It is easy to see that 6 = 0(9), B = B(g) and g € Q. Thus,
from B(j) = ymin{1,0(7)} > 0 and § € Q, we see that (£,5) € R2,. Then, from
Assumption (D1), V®(y) exists and is nonsingular. Hence, from Lemma 3.4.2; there
exist a closed neighborhood N () of § and a positive number & € (0, 1] such that for
any y = (t,s,2) € N() and all a € (0,a] we have (¢,s) € R, V®(y) is nonsingular
and (3.4.16) holds. Therefore, for a nonnegative integer [ such that p! € (0, a], we have

0 + o' A yh) < [1=20(1-7 (P +5°)) ] 0%

for all sufficiently large k. Then, for every sufficiently large k, we see that m;, <[ and
hence p™ > p!. Then

04) < [1 =2 (12 (74 9) ] 05 = 12 (1 (7 ) ]

for all sufficiently large k. This contradicts the fact that the sequence {Q(yk)} converges

to 6 > 0. So, we complete our proof. m
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Theorem 3.4.6 Suppose that Assumption (D1) holds and y* is an accumulation point
of the infinite sequence {y*} generated by Algorithm 3.4.1. Suppose that P is CD-reqular

at (t*,z*). Then the whole sequence {y*} converges to y*, and

k+1 *
-y

Hy = O(Hyk —y*)). (3.4.17)

Proof. First, it follows from Theorem 3.4.5 that y* = (t*,s*,z*) is a solution of

®(y) = 0, which implies that t* = 0 and s* = 0. Let

m@@:<P£@>.

Then, from Proposition 1.1.1, for all (¢, z) sufficiently close to (t*, z*),
IVe(t )Y = o).

Hence, from the special structure of V®(y), the definition of semismoothness and Propo-

sition 1.1.1, we have that for (¥, 2*) sufficiently close to (0, z*),

H(tk,zk> + (Atk, Az"‘) —(0,2%)

= || (5, 2) + VO EF, 25t < (EE, 24) + B (£,0)] - (0,2%)

= O ([|w(th, 2) = w(0,27) = VO(E*, =) (%, 25) = (0,2) || + BiE)
=o([((#.2") - E.=)[) + 0 (61s).

Noting that ® is locally Lipschitz continuous at (0,0, z*), we know that for all y*

(3.4.18)

sufficiently close to y*,

06") = o) =0 (v - v

2) , (3.4.19)

which implies, together with (3.4.14), that

‘sk + AsF — s*

=05 =0 <Hyk —y

2) . (3.4.20)

Therefore, we know, from (3.4.18), (3.4.19) and (3.4.20), that for all y* sufficiently close
to y*,

=o(|v" —v]))- (3.4.21)

On the other hand, by Proposition 1.1.2, we know that for all y* sufficiently close to

).

v,

=0 (|ewh) -2 )

=
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Consequently, )
o+ o) = e (v +294)]
= 0 <Hyk + Ay* — g
2
-~ of-o)
(T
= 0 (Q(yk)) :

Therefore, we have that for all y* sufficiently close to y*,

)
)

YL — k- Agk

which implies, together with (3.4.21), that (3.4.17) holds. The proof is complete. m

3.4.4 Preliminary Numerical Examples

In this subsection, we report our preliminary numerical test results. We tested 14
problems which we call Problems 3.4.1-3.4.14. Problems 3.4.1-3.4.4, 3.4.6 and 3.4.9
are Problems 3.3.1-3.3.4, 3.3.6 and 3.3.7, respectively. Problems 3.4.5 is an problem in
which the dimension of the parameter v is 1, whereas Problems 3.4.7-3.4.8 and 3.4.10-
3.4.12 are some problems in which the dimension of the parameter v is 2. Problems

3.4.13-3.4.14 are two problems with higher dimension decision variable.

Problem 3.4.1

f(z) = 1.21exp(x1) + exp(z2), g(x,v) =v —exp(x; + z2),
V=[0,1], p=1,(2°°) = (2,-2,1).

Problem 3.4.2

flz) =23+ 22+ 23 g(z,v) =21 + zyexp(x3v) + exp(2v) — 2sin(4v),
V =[0,1], p=1,(2°") = (-2,0,4,1).

Problem 3.4.3

1 1
f(l’) - g‘r% + 5%1 + x%? g(x,v) = (1 - 1%1)2)2 — I1v

V=[0,1, p=1,(2"°) = (—4,-1,1).

2 2
— X5 + Ta,
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Problem 3.4.4
f(z) =22 + (29 — 3)%, g(x,v) = 19 — 2 + 21 8in(v/ (79 — 0.5)),
V=1[0,3], p=1,(z°°) = (1,6, 1).
Problem 3.4.5
g(z,v) = 21 + 23 sin(2v) + 3w129 + 75 cos(3v) + 22 — v,
V =10,3n], p=1,(2%%) = (2,3,4,1).
Problem 3.4.6

f(x) = (w1 — 229 + b3 — 25 — 13)? + (21 — 14wy + 23 + 23 — 29)%,
g(w,v) = af + 2290 + exp(x1 + 22) — exp(v),
V=10,1], p=1,(2°%%) = (1,-1,1).

Problem 3.4.7

1 1
f@) = 5ad + s +ad glo,0) = (1= ahed? = wed — a4 o,

V=100,2] x[0,1], p=2, (2°0°) = (—1,-1,0,0,0,1).
Problem 3.4.8
f(x) = (z; —2)> + 2%, g(x,v) = xicos(vy) + zesin(vy) — 4,
V =[0,7] x [0,7], p=1, (2°°) =(-1,-1,1,0).
Problem 3.4.9

flw) = ot + a3 + a3,
g(z,v) = z1(vy + 03 + 1) + 22(v1v2 — v3) + x3(V1ve + V3 + v2) + 1,
V=101x[0,1, p=1, (2°°) =(1,1,1,1,1).

Problem 3.4.10

fx) = i+ @5 + 3,
g(x,v) = x1 + xoexp(z3vy) — exp(2x1v9) + sin(4vy),
V=[0,1x[0,1], p=2, (z°,0°) =(1,1,1,1,1,0,1).
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Problem 3.4.11

f(z) = (x1 — 3)* + a3 — 29,
13
g(x,v) = z3vicos(v1vg) + (w2 — 1)visin(ver; — jw) — dvy + @y,

V=102 x[1,2], p=1, (xo,v0)=(1,1,0,0).

Problem 3.4.12

1
f@) = (@t + a5+ x5+ a7),
g(x,v) = sin(v1vy) — x1 — ToU] — T3Vy — T4V Ve,

V=101 x[0,1], p=1, (a°°) =(2,2,2,2,1,0).

Problem 3.4.13

1 n ,
f(z) = ixTx, g(z,v) =3+ 4.5sin(4.7m(v — 1.23)/8) = > v,
i=1

V=[0,1], p=1, (2°°) =(2,2,---,2,1).

Problem 3.4.14

n

1 n ) 2 A
flx) = / ( 2;t1 — tan t) dt, g(x,v) =tanv — Z 2L
0

i=1 i=1

V=[0,1], p=1.

We first implemented Algorithm 3.4.1 for Problems 3.4.1-3.4.12 in MATLAB and the
numerical experiments were done by using a Pentium III 733MHz computer with 256
MB of RAM. We use ||®(y*)|| < 1075 as the stopping criterion for Algorithm 3.4.1. The
values of G(t,z) and VG(t,z) were computed by using the function quad in MATLAB
when V' is an interval in % and the function dblquad when V is a box set in R?. The

parameters used in algorithm are specified as follows
~v=0.5, p=0.5, c=0.001, t=5=0.5.

The starting points t°, s¥ for all problems are set t° = ¢, s = 5. The starting points
u®, w® are equal to 1.0e, 1.0e for Problems 3.4.1-3.4.12, where e is the vector of ones.
We compared Algorithm 3.4.1 with fseminf. For the solver fseminf, we use all the

default values.
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In the test of Problems 3.4.1-3.4.12, the values of p are estimated by a similar
adaptive strategy to that used in the implement of Algorithm 3.3.1. By that adaptive
strategy, we get p = 1 for 10 of 12 test problems and p = 2 for other two test problems.

The test results for Problems 3.4.1-3.4.12 are summarized in Tables 3.4 and 3.5. In
Table 3.4, ®(y*) is the value of the function ®(y) in (3.4.4) at the k-th iteration. In
Table 3.5, n.it represents the number of the total iterations; cpu is the total cost time
in seconds for solving the SIP problem; f(x*) is the value of the objective function in
the SIP problem at the final iteration; and G(z¥) is the value of the function G(z) of
(3.3.5) at the final iteration.

Table 3.4: The last three iterates generated by Algorithm 3.4.1

Problem | k | ||[®(y*)|| || Problem | k| |®(y*)|| | Problem | k& | [®(y*)]
3.4.1 5 | 1.3496e-2 3.4.2 7| 2.9284e-3 3.4.3 8 | 8.6888e-3
6 | 9.0575e-5 8 | 5.1470e-6 9 | 1.2333e-4
7 | 4.0332¢-9 9 | 2.4003e-11 10 | 2.0364e-8
3.4.4 17 | 3.6864e-6 3.4.5 7| 1.8260e-2 3.4.6 18 | 9.7817e-3
18 | 1.3323e-6 8| 2.6251e-4 19 | 3.3488e-5
19 | 4.7863e-7 9| 7.7329e-8 20 | 5.1996e-10
3.4.7 14 | 2.5145e-4 3.4.8 6 | 3.4413e-3 3.4.9 8 | 2.6080e-2
15 | 1.1943e-6 7| 1.5087e-5 9 | 4.7719e-4
16 | 1.9282e-8 8| 3.7231e-9 10 | 1.2153e-7
3.4.10 7 | 4.6280e-3 3.411 | 6| 4.7301e-3 3.4.12 8 | 8.2845e-4
8 | 1.1212e-5 7| 2.7131e-5 9 | 8.6175e-5
9 | 1.5885e-10 8 | 1.0377e-7 10 | 8.8161e-7

The results reported in Tables 3.4 and 3.5 show that Algorithm 3.4.1 performs well
for these test problems. From Table 3.4, we can see that Algorithm 3.4.1 indeed has
superlinear convergence property. From Table 3.5, we can see that Algorithm 3.4.1 uses
less CPU time than fseminf for 7 test problems and fseminf uses less CPU time than
Algorithm 3.4.1 for other 5 test problems. Moreover, it appears from Table 3.5 that
Algorithm 3.4.1 indeed can ensure the feasibility of the test problems.

We also implemented Algorithm 3.4.1 for Problems 3.4.13-3.4.14 in FORTRAN 77 by
using a Pentium III 1133 MHz computer with 256 MB memory. The dimensions (n) of
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Table 3.5: Test results for Algorithm 3.4.1 and fseminf

Algorithm 3.4.1 fseminf
Problem || n.it | cpu | f(z") G (%) n.it | cpu | f(z%) G (%)
3.4.1 7 0.05 2.2 0 7 1017 | 2.1989 | 7.804e-8
3.4.2 9 0.17 | 5.3347 | 3.456e-13 || 30 | 0.50 | 5.3242 | 7.467e-5
3.4.3 10 | 0.13 | 0.1945 0 3 10.03| 0.1945 0
3.4.4 19 | 0.16 1 6.357e-9 10 | 0.14 1 2.568e-3
3.4.5 9 0.33 0 0 7 | 0.06 0 0
3.4.6 20 | 0.28 | 97.1589 0 8 10.19 | 97.1589 | 2.010e-24
3.4.7 16 | 1.92 | 0.3820 | 2.054e-12 || 13 | 2.23 | 0.3820 | 1.221e-7
3.4.8 8 0.91 0 0 1 | 1.67 0 0
3.4.9 10 | 13.75 1 0 7 | 4.78 1 0
3.4.10 9 3.64 0 0 6 |4.75 0 0
3.4.11 8 1.23 | 1.0191 0 5 | 2.78 | 1.0191 0
3.4.12 10 | 1.58 | 0.0885 0 2 | 1.88 | 0.0885 | 1.611e-10

the two problems are both chosen by 20, 40, 60, 80, 100 and 200. All calculation within
the driving programs, test problems and optimization code are carried out in double
precision. In the test of the two problems, the termination condition is ||®(y*)|| < 1075,

0

the starting points u®, w® are set 0.5e and 0.5e, respectively, and other parameters are

same to those in the test of Problems 3.4.1-3.4.12.

The test results for Problem 3.4.13 and 3.4.14 are given in Table 3.6 and 3.7, re-

spectively.

Table 3.6: Test Results of Problem 3.4.13

n ITK CPU G(t*, 2%) 0(y") f(zh)
20 50 0.61 6.36e-7 3.61e-11 0.344
40 38 0.82 8.36e-11 2.17e-13 0.742
60 92 1.12 7.91e-10 5.28e-11 1.188
80 96 1.59 8.45e-9 6.16e-13 1.461
100 117 2.56 1.41e-8 5.28e-11 1.685
200 160 3.24 7.65e-8 2.86e-11 2.720
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Table 3.7: Test Results of Problem 3.4.14

n ITK CPU G(tk, z*) 0(y"*) f(zF)
20 38 0.23 8.46e-8 7.53e-11 1.09
40 129 2.37 2.42e-9 8.7le-11 2.26
60 138 6.18 1.51e-7 6.33e-11 2.71
80 161 10.71 7.55e-9 4.65e-12 3.75
100 192 19.10 1.58e-8 4.41e-11 2.98
200 210 80.14 3.75e-9 1.80e-13 3.41

Analogous to the smoothing projected Newton-type algorithm, we will work on how
to find a good way to determine a suitable number p in the KKT system of the SIP

problem.

3.5 Some Comments

In this chapter, we have presented three kinds of algorithms for solving SIP prob-
lems, which are called smoothing SQP algorithm, smoothing projected Newton-type
algorithm and smoothing Newton-type algorithm. The feasibility is ensured via the
aggregated constraint in all three algorithms. At each iteration of the smoothing SQP
algorithm, we only need to solve a quadratic program which is always feasible and solv-
able, and for other two algorithms, we only need to solve a system of linear equations
at each iteration of algorithm. However, the smoothing SQP algorithm has only global
convergence property. Moreover, from Theorem 3.2.1, we see that the accumulation
point of sequence generated by the smoothing SQP algorithm is only a generalized
stationary point of an equivalent problem. Therefore, the discussion of the smoothing
SQP algorithm is preliminary. For smoothing projected Newton-type algorithm and
smoothing Newton-type algorithm, we have proved their global and local superlinear
convergence properties under some mild conditions. The main difference between the
smoothing projected Newton-type algorithm and the smoothing Newton-type algorithm
lies in the fact that the accumulation point of sequence generated by first algorithm may
not be the stationary point of the original SIP problem, whereas, each accumulation

point of sequence generated by second algorithm is a stationary point of the original
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SIP problem. Preliminary numerical tests for the three kinds of algorithms show that
these algorithms perform well whenever the evaluation of the corresponding integral
function is not very expensive. It is wondered whether the methods developed in this
chapter can be applied to SIP problem such that the dimension of the decision variable

is large, which is a topic discussed in the next chapter.
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Chapter 4

A Method for Solving Large Scale
SIP Problems

4.1 Introduction

Some large-scale SIP problems arise from the modelling of optimal control and approx-
imation (see [58,150,171]). In order to increase the control precision in optimal control
problem, one should increase the number of switching points. That is, the larger the
number of switching points is set, the higher the control precision is. If one sets a large
number of switching points, the discretization of the control space will lead to large
scale SIP problems. In approximation theory, if a function f(v) is approximated on the

interval [a, b] by a polynomial

frn(v) = Z%‘Ujfl

and the approximation is in the Chebyshev norm, then we get a SIP problem. It is clear
that the larger the order of polynomial is, the higher the approximation precision is.
When a very high order polynomial is used to approximate f on [a, b], a large scale STP
problem is generated. However some efficient algorithms for small scale SIP problems
do not directly translate into algorithms for large scale SIP problems. The smoothing
projected Newton-type algorithm presented in previous chapter also cannot be used
directly to solve large scale SIP problems. The facts stated above motivate us to find

some efficient methods for solving large scale SIP problems.

100



In this chapter, we extend the smoothing projected Newton-type algorithm pre-
sented in Chapter 3 to solving large scale SIP problem. We modify this algorithm in
three aspects. First, the dimension of system of linear equations in each iteration is
decreased due to decomposition technique. Second, a truncated solution of the system
is determined by an iterative method, in which the computation of the matrix-vector
product, instead of the matrix factorization, is needed such that the implementation
at each iteration is relatively simple and time-economic. Third, in order to guarantee
the global convergence, a robust loss function [74] is chosen as a merit function and the
projected gradient method inserted is used to decrease the merit function. This loss
function uses a measure which does not weigh very large components of the variable
heavily. Numerical results show that this loss function is a good merit function. This
modified algorithm is called truncated projected Newton-type algorithm, and is suit-
able for handling large-scale SIP problems. The global convergence of this algorithm
is proved and the superlinear convergence rate is analyzed. The detailed implementa-
tion is discussed and some numerical tests for solving large scale SIP problems, with

examples up to 2000 decision variables, are reported in this chapter.

This chapter is organized as follows: we present a truncated projected Newton-type
algorithm in Section 4.2; the convergence of the algorithm is analyzed in Section 4.3

and numerical tests are given in Section 4.4; we propose some comments in Section 4.5.

4.2 A Truncated Projected Newton-Type Algorithm

We still consider the SIP problem (3.1.1) with V = {v € ™ : a < v < b} where
a € R™ be RN and a < b. From Section 3.3, we know that the KKT system of the
SIP problem (3.1.1) can be reformulated as a equivalent system of constrained equations

in the following

(4.2.1)
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where w = (t,2) = (t,x,u,v,s) € R x " x { x R x R, and
F(z,u,v)
ow) = ") aw = | BV (1.2:2)
w) = , w) = N . L.
H(w) o(t,x,v)
G(t,r) + s

Here, the meanings of F', g, gz~5 and G are the same as those used in Section 3.3. In the
smoothing projected Newton-type algorithm presented in Section 3.3, Newton direction

is obtained by solving the following linear system
d(wk) + VI (w*) A wy, = Brw (4.2.3)

where Awy, = (Aty, Axy, Aug, Avy, Asy) € R, i=n~+2+ (m+1)p, w = (,0),1 >0

and
VI®(w) =
1 O1xn O1xp
Onx1 VIF(z,u,v) V,g(z,v)
0 VIg(x,vh) O1xp
0 VIg(x,vP) O1xp

VIg(t,z,v') VIt z,v')  Omxp

vzqg(ta Z, ,Up) Vz:a)(t’ z, Up) Omxp

V.G(t, ) VIG(t, ) O1xp (4.2.4)

01xm e O1xm 0

w VE(Veg(a,vt)) - wp,VEL(Veg(z,0P))  0pxa
Vleg(x, vh) . 01xm 0
lem Tt Vvag(% 'Up) O

vfl(z_b(tu Z, fUl) e Om><m Om><1

0m><m e pr _(ta x, vp) Om><1
lem e 01><m 1

In order to solve large-scale problem, we decompose the system (4.2.3) into
th + Aty = Bit, (4.2.5)
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VIF(@@r uF vF) Az + 3" Vg 0/ Aul + > Sy Avl = —F (2", uF vF), (4.2.6)

j=1 j=1

VIg(zk, v*) A zp + Vvlg(x ) Aol = —g(aF, vtk),

...... (4.2.7)
VIg(ak vP*) A xy, + VI g(z* vPF) Ao} = —g(z*, vPk),
VIp(th, 2% %) Aty + VEG(th ok vl*) Ay,
VEo(th, ok vtk) A vl = —p(tF, 2%, v1F),
...... (4.2.8)
VEG(tF, ok vPk) Aty + VIp(tF, ok, vPF) Az,
+VLoH* 2k vPR) A vl = —p(tF, 2k vPk)
and
V.G(t*, ) Aty + VEGHR, 2%) A ay, + Asp = —G(tF %) — sF (4.2.9)
where v/* (j = 1,2,---,p) means the value of vector v/ at k-th iteration, Sy; =

usfJ (Vzg(xk,vjk)> e prm 5 =1,2,---,p. Let
Jp = {j,l <j<p: ‘det (ijq?)(tk,xk,vjk))‘ > 6},

where £ > 0 is given constant, K = {1,2,---,p} \ Jg. px is the cardinal number of the
index set Ky, i.e., pr = |Kj|.

From (4.2.5) and (4.2.8), it follows that
Aty = Bt — t* (4.2.10)

and

Av] =% 4 My; Ay, j € Ty, (4.2.11)

where

Bk = = (TG, 2k,08) (B a0 + T b0 (307 - 1)
Mkj:—<VUTjgz_5(tk,mk,vjk)) VIp(th, xF, vk,

Substituting these equalities in (4.2.6)-(4.2.8), we obtain the following linear system

A, Gy By Az, b1
Gy 0 Ey Aup | =1 b | (4.2.12)
Ly, Zy AV, bis
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where

A = VEIF(@@" uF V9 + 7 SyMyy, Gr= (Vmg(xk,vlk), e Vmg(xk,v”k)) , (4.2.13)

JE€Jk
B, = (Skj, jE Kk) € %nxmpk’ (4214)
~ VL g(zk, vIFYMy;, 5 € Jy,
Cp=GI + By, TE={ " 9t )My, J € e (4.2.15)
0, ,7 € Kk‘>
. . 0, € Jy,
By € R ¢TE, = =k (4.2.16)
( ijg(l‘ Ujk) "'70>7 jGKk,
_ A T
= (Vao(th, 2%, 07%), j e Kyi) e mmmon, (4.2.17)
Z, = diag (ijé(tk,xk,vjk), j e Kk) € RPEXMPE (4.2.18)
b = —F(2", 0P vF) = > Sp07F, (4.2.19)
J€Jk
—qg(z®, v%), € Ky,
bes € R, (bya), = 9@, v ST (4.2.20)
—g(a®, %) = Vg )k, g€
brs = (—gz_ﬁ(tk,xk,vjk) — VIp(t*, ok ) (Bt — 1), j € Kk> € RMPE (4.2.21)

and

A= ((Av]), J€ Kyi) e R

It is remarked that the dimension of system of (4.2.12) is n + p + mpy which is smaller

than 7.

The vector (Axy, Auy, AVy) is called a truncated solution of (4.2.12) if

A G By Azy, bi1
G, 0 E, Au | = b ||| < e (4.2.22)
Zk Zk A‘_’k ka

for np > 0. After (Axy, Aug, AVy) is determinated, we calculate Ay, Aty and sz,
j € Jp by (4.2.9)-(4.2.11), denote dfy = Awy, and call dFy a truncated solution of
(4.2.3).

In Section 3.3, a simple merit function

l\D \

104



is chosen and its gradient is
V¥ (w) = VO (w)d(w)

In order to solve the large scale SIP problem, we consider the following function

Bw) = 3 i, (@5(0)) (12.23)
j=1
where
£ /2 i [¢] < hy.
P, () = { 9 : ’
h;§ — h3/2  otherwise,
hj,j=1,2,--- 7 are positive constants, and pj, (&) is linear in ¢ for || > h;. This func-

tion was proposed by Huber and Dutter (see [74] and [28]) for solving the least squares
problems. The measure p(&) in this function does not weigh very large components of

¢ heavily.

We use the function (4.2.23) as the merit function. The gradient of this function
Uy (w) is
VU, (w) = VO(w)dy(w),

where

Pp(w) = Y Pj(w)e; + > sign (P;(w)) hyey, (4.2.24)

J€Jn JEKR

Jp={j: 1<j<n, |®jw)|<hi}, Kp={1,2,---,n}\ Jp

The problem ( 4.2.1) is equivalent to finding a global solution of the following min-

imization problem:

min ¥, (w)

(4.2.25)
st. u>0,s>0.
We call w a stationary point of (4.2.25) if it satisfies
lde(1)]| =0, (4.2.26)
where

- -V ¥

de(1) = My (w — YV (w)) — w = ( Wil (w) ) , (4.2.27)
z(z =4V, Vp(w)) — 2
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where v > 0 is a constant, and W, Z and IIy () are the same as those defined in Section

3.3.
Let « € (0,1) be a constant. For a sequence {w*}$,, we define
Bo = B(w’) = amin{l, [[dg(1)[*},

and

Be-1, if amin{1, [|d§(1)[1?} > Be-s

(4.2.28)
amin{l, |d%(1)||?}, otherwise.

B = B(w") = {

Now we state our truncated projected Newton-type algorithm for solving (4.2.1)

below.
Algorithm 4.2.1 (Truncated Projected Newton-Type Algorithm )

Step 0. (Initialization)
Choose constants 7, p,0 € (0,1) with on < 1, p; > 0, p2>2and a > 0,t >0
with of < 1, h; > 1,7 =1,2,---,7. Let w = (¢,0,0,0,0), to = ¢ and w° =
(to, 2% %, v0, s%) with u >0 (i=1,---,p); s > 0. Set &k := 0.

Step 1. (Termination Test)
Compute

6 — min{ th nl|®(w)|| } | (4.2.20)

17 7 r7 ’
[t + Vel (w*) Hy (wh)]” [|V h(wh)]]

where V. H(w*) is the first row of VH(w*) and Hj,(w*) is obtained by just re-
moving the first row of &,(w*) (see (4.2.24)).

. N (w*) } . . . 3
min § &, oL B (wh)| < by =12, 0,
"= { W) € (200 <A . (42.30)
& otherwise.

If [|d&(1)|| = 0, then stop. Otherwise, compute Br by (4.2.28), go to step 2.
Step 2. (Search Directions)
2.1) Compute negative gradient direction. Compute
d& = —% VU, (w*) + By (4.2.31)
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If

then go to 2.2), otherwise set dFy = d&, go to Step 3.

2.2) Compute truncated Newton direction. Determine (Axzy, Auy, AVy) which

satisfies
G, 0 Ej Nup | = | e || =0 (Wn(w")) (4.2.33)
Z AV,

where Ak, Gk, Bk, ék, Ek, Zk, Zk, bkl, bkg, bkg are given n (4213)-(4221)
Compute Aty, Avl, j € Jp and As; by the formulas (4.2.9)-(4.2.11). Set dFy =
(Atk, Al’k, A'Lbk, Avk, A8k> .

Step 3. (Line Search)

Let m; be the smallest nonnegative integer m satisfying
Wi (w* + d*((p)™) < W) + oV (") Tdg((p)™), (4.2.34)
where for any A € [0, 1],

d*(N) = 7 (W) d5(N) + (1 — 75 (N\)dFy (V). (4.2.35)

d5 () = Ty (wF + MdE) —w®,  dFy () = oy (w” + AdFy) —w®,  (4.2.36)
7*(A) is a solution of the following minimization problem:

min 1||<I>( “) + VI(wh)[rdg () + (1 = 7)diy (V]

r€l0,1] 2

Let Ay = (p)™ and w**! = wk + d*(\;).

Step 4. Set k:=k + 1 and go to Step 1.

Remark 4.2.1 (1) Algorithm 4.2.1 is able to handle the sparse large scale SIP prob-

lems.

In Step 2.2 of the algorithm, a truncated solution of the problem (4.2.12) is

determined by using conjugate gradient method. Hence, the matriz factorizations are
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avoided, because this iterative algorithm requires computing only matriz-vector products.
Since the SIP problem possesses the sparse date structure, the computation of the ma-
triz, Ay, can take advantage of the sparsity of VLI F(z* u* v*). Therefore Algorithm
4.2.1 1s applicable to the sparse large scale SIP problem.

(2) If the condition (4.2.32) is not satisfied, then only projected negative gradient
direction 1s generated in the iteration, otherwise Step 2.2 is carried out and mized
projected directions are generated. In addition, if (4.2.32) is satisfied, then ¥y, (w*) =
U(w*) holds.

(8) The condition 4.2.33 guarantees the convergence of Algorithm 4.2.1 which is
discussed in next section. In the implementation of algorithm, one kind of choice of

right side in (4.2.33) is ﬁmin{l, \Ifh(wk)}.

(4) TF(\) is easily obtained and it is similar to that in Section 3.3.

(5) Another line search technique in Step 3 can be used if only projected negative gra-
dient is search direction. Although it does not affect the convergence and its proof, it can

decrease the number of inner iterations. In Section 4.4 we give a detailed description.

4.3 Convergence Analysis

In this section we discuss the convergence property of Algorithm 4.2.1. From the defi-

nition of (i, the following lemma is obvious.

Lemma 4.3.1 {8} defined in (4.2.28) has the following properties:
(i) {Br} is a non-increasing sequence;
(i) For all k, By satisfies

B < amin{l, [|de(1)]*}.

With the similar way to the proof of Proposition 3.3.3, we have the following descent
property of ci]é()\) in Algorithm 4.2.1 and omit its proof.
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Lemma 4.3.2 Suppose that w* = (t*, 2F) € W with t* > 0 is not a stationary point of
(4.2.25). Then for any X € (0,1], it holds that

VO, (w7 dE(\) < —2(1 —af)||d5(D)]? < 0. (4.3.1)

Remark 4.3.1 If (4.2.52) is not satisfied and d&(1) # 0, then from Step 2.1 we know
that only projected negative gradient is chosen as a search direction. Hence, Lemma
4.3.2 shows that this is a descent direction which implies that after number of iterations

(4.2.82) is always satisfied.

Now we discuss the perturbed property of truncated solution generated in Step 2.2 of

Algorithm 4.2.1 in the following lemma.

Lemma 4.3.3 Let (Axy, Aug, AVy) be a truncated solution of (4.2.12), i.e.,

Ak Gk Bk Al’k bkl Tkl
G, 0 E, Aug | = | bpo | = | 70 | =0, (4.3.2)
Zy, Z AV, b3 Tk3

J

calculated by (4.2.9)-(4.2.11). Define 0), € R such that

where rp3 = ((r(-k?’)) ] € Kk) € RMPk rj(-k?’) e R™, let Asy, Aty and Avi, g € Ji be

d(wk) + VId(w*) A w* — B — 0, = 0, (4.3.3)
T
where ek = (egk)’ e 797(1]2}0-1—17 ‘9](3]?7 T 7‘9g;;)7 er%k)) ’ 91(;];) € §Rm; .] = 17 27 D Then ek
satisfies
o =0, 08, =", =12 0 = =12
(k3)
k Ty, J € Kk7 . k

07 J € Jk7
- v 7 17\
i.e., |lrell = |0k, where ry = (rkl,rm,rkg) .

Proof. Because Aty is calculated by (4.2.10), 9§k) = 0 holds. From (4.3.2), (4.2.13)-
(4.2.14) and (4.2.19), we have
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Tkr = AkA{L‘k—i—GkAUk—I—BkA\_/k—bkl
= VTF(Q? u V)Al’k—F Z SkJMija;k—i—GkAuk
JEJk
+ 3 Sp Avl+ F(ak uf vE) + 3 Sy 00k
JEK JEJk

VIF(xk, uk V)Axk+GkAuk+ZSkJAvk+F(x uk, vF),

where the third equality is due to (4.2.11). Then from (4.3.3), (4.2.2) and (4.2.4) we
have that

0%@] :T.§k1)7 J: 1727“'777/'

By (4.3.2),
Tre = G A xp + B A\ ¥y, — bpa,

From (4.2.15), (4.2.16) and (4.2.20), we get that for all j € K,

T]('k2) = g(l‘ ’U]k> + VT («T UJk) JAN Tk + vmg(‘r Ujk) A Uk (4 3 4)
= 9n+1+J7
and for all 5 € J,
rg('k2) = g(@*,v7%) + VIg(ah %) A wp + VEg(ah, 0%) My A ay,
+V L g(2*, vik)pik
w 9@, v7F) | (4.3.5)
= g(a® %) + VIg(ah, %) Ay + VEg(ah, 07F) Ay
_ g%
n+1+j>

where the second equality in (4.3.4) and the third equality in (4.3.5) come from (4.3.3),
(4.2.2) and (4.2.4), the second equality in (4.3.5) is due to (4.2.11).

By (4.3.2),
rkgszAkaerA\‘rk—bkg,
From (4.2.17), (4.2.18), (4.2.21) and (4.2.11), it follows that for all j € K},
rj(-k?’) = o(t*, 2% vI*) 4 V,0(tF, 2F, 0% Aty
+VTo(tk, 2% v A ay + VES(HF, 28 0TF) A vl
(k)
gpj )
where the second equality comes from (4.3.3), (4.2.2) and (4.2.4). Because Avl, j € J,
is calculated by (4.2.11), we have from (4.3.3), (4.2.2) and (4.2.4) that 0;1;) = 0, for all
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J € Jg. In addition, Hék) = 0, for Asy is calculated by (4.2.9). We complete the proof.

Before we give the global convergence of Algorithm 4.2.1, we need the following

lemma which shows that Algorithm 4.2.1 can keep t* > 0 at each iteration.

Lemma 4.3.4 Let {w*} be a sequence generated by Algorithm 4.2.1. Then for each k,
k=0,1,---, wh = (t*, 2*) satisfies
th > Byt (4.3.6)

Furthermore, if w® is not a stationary point of (4.2.25), then

t* > 0.

Proof. We prove this lemma by induction. From the choices of t° and 3, in Algorithm
4.2.1, it is obvious that (4.3.6) holds for k& = 0. Suppose that for any integer [, w! =
(t', 2') satisfies (4.3.6). Now we prove that w'™t = (#!1 2!*1) satisfies (4.3.6) as well.

If the condition (4.2.32) is not satisfied for k = [, we have
d'(\) = dg(N) = T (w' + Ndg) — o', dg = =&V, (w') + By,

where ); is the accepted step-length at [-th iteration. It follows from Algorithm 4.2.1

that
(@) = N[~ (¢4 Vil (w)Hi(w)) + 5]
> Nt Bt ((see (4.2.29)),

where (d'()\;)); is the first element of d'()\;). Then we have

HH ﬁ(w”l)fz # + (d7(>\l))t _ ﬁ(le)f
(1 =)t + NB(wh)t — BwHh)E
(1 =)t + Np(w')t — Bwh)t

>
>
= (1=t — (1= X\)Bw"t >0,

where the second and third inequalities are due to the monotonicity property of B(w')

in Lemma 4.3.1 and ' > B(w')t.
If the condition (4.2.32) is satisfied for k = [, then we have
(d (M) = (TN de(N) + (1 =7 (W)l (M), -
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By the similar way, we can obtain that #! — g(w"*)t > 0.

Therefore, (4.3.6) holds for any nonnegative integer k. Furthermore, from (4.3.6)
and that w* is not a stationary point of (4.2.25), t* > 0 holds. We complete the proof.

Theorem 4.3.1 Let {w*} C W be a sequence generated by Algorithm 4.2.1. Then any

accumulation point of {w*} is a stationary point of (4.2.25).

Proof. Lemma 4.3.4 shows that if Algorithm 4.2.1 does not stop at a stationary
point of (4.2.25), then t* > 0 for any k. This means that ¥ and ¥, are continuously

k

differentiable at w”. Remark of Lemma 4.3.2 means that for k£ sufficiently large, the

condition (4.2.32) is always satisfied and ¥, (w) = ¥(w) (see Remark (2) of Algorithm
4.2.1). Hence, by using a similar way to the proof of Theorem 4.1 [168], we can prove

that the theorem holds. m

In the rest of this section, we analyze the local convergence of Algorithm 4.2.1. We

make the following standard assumption:

(E1) Let w* = (t*,2*) = (0,2*) be an accumulation point of the sequence {w"}
generated by Algorithm 4.2.1. Suppose limye w* = w* for some subset K C {1,2,---},

w* is a solution of the system of equations (4.2.1) and ® is BD-regular at w*.

BD-regularity can be satisfied without special difficulty. Before giving a sufficient

condition for BD-regularity to hold, we need the following assumptions:
(E2) The vectors V,g(x,v7),j = 1,---, p are linearly independent.

(E3) The matrix VI F(x,u, v) is positive definite, and for every j = 1,2,...,p, the

matrix (V2g(z,v7))y is negative definite whenever Jy/(x,v?) # 0, where
Ju(z,v) ={i | a; <vi+(Vog(z,v))i <bi},

(V2g(x,v))ar is a principal square submatrix of V2g(z,v), which is determined by the

columns and rows with the index ¢ € Jy/(z,v).

(E4) Forevery j =1,2,...,p, {i | vi+ (Vyg(z,v)); = a; or v; + (Vyg(x,v)); = b}

is an empty set.
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In addition, for any (z,v) € R" x R™, we denote

Jo(x,v) ={i | vi+ (Vog(z,v)); < ai}, Jr(z,v) ={i | by <vi+(Vog(z,v))}.

We now state and prove a lemma in the following.

Lemma 4.3.5 Let

A B DC
T=| BT 0 0
Dt 0 F

where A € PP B € 7P C' € R™", D € RP*" and F € R™*". Suppose that A and
CTF are positive definite and negative semidefinite, respectively. If the column rank of

B and F' are q and r, respectively, then T is nonsingular.

Proof. Let Td = 0, where d = (dy, ds, d3) is a suitable partitioned vector. Then

Ady + Bdy + DCds = 0 (4.3.7)
BTd, = 0 (4.3.8)
DTdy+ Fds = 0 (4.3.9)

Multiplication (4.3.7) with dT yields
di Ady + d{ Bds + d{ DCdy = 0,
which, together with (4.3.8) and (4.3.9), implies
dl Ady + dX (—CTF)ds = 0.

From the property of A and CTF, we have that d; = 0. Then it follows from (4.3.9)
and the property of F' that d3 = 0. Because of (4.3.7) and the property of B, dy = 0
holds. The proof is complete. m

Theorem 4.3.2 Suppose that w* = (t*, 2*) = (t*, x*,u*, v*,y*) is a solution of (4.2.1)
and satisfies (E2)-(E4). Then ® is BD-reqular at w*.

Proof. Without loss of generality, by (E4), we assume
Jo(z*,v7) = {1,2,- - k],
JM<'I*7 U]*) = {k{ + 17 Ty k%}?
Jr(a*,v7) = {k} +1,---,m},
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where 1 < k] < k) < m. Because w* = (t*, z*) is a solution of (4.2.1), t* = 0. Moreover,

we have, by ¢(0,z*,v7*) = 0, that
v"* —mid(a, b,v"* + V,g(a*,07*)) =0, j=1,---,p. (4.3.10)

By (4.3.10) and the definition of the mid function, we have that for j = 1,---,p and
i € Jy(x*, vi*),

(Vwg(x*,07%)); = 0. (4.3.11)

By direct computation, we obtain that for any @ € dp®(w*),

Q=
1 O1xn O1xp O1xm e O15m 0
Onx1 VIF(x*,u*,v*) V.g(a* v*) ui Dy e us D, Onx1
0 VIg(z*, v'*) O1xp VIg(a*, vt*) .- 01xm 0
0 VIg(x*, v?*) 01xp 01xm _ 01xm 0
0 Vgt o")  Ong Onem - Vigl ) 0 |,
(1 C1DY Omxp Ey+CiFy - Omxm Omx1
Q2 Cy D] Ormxp Omscm e Omsxcm Omx1
Qp C,DT Ormxp O o B, +CoF,  Opxa
Uy Uz O1xp 01xm o O15¢m 1

(4.3.12)
where U; € 0;G(0,2%), Uy € 0,G(0,2*) and for j =1,---,p,

Qj = atq—b(ov 513'*, Uj*)a Dj = vg;(vxg(x*v Uj*))a Fj = VZJ (ijg(x*,vj*)),

Cj = diag(Ojl, _]j27 Oj3), Ej = diag(Ijl, 0j27 ]j3)‘ (4313)

where 0,,0,,,0;, are zero square matrices with &/, (k} — k/) and (m — k}) order respec-

tively, I, I;,, I, are identity matrices with k7, (k] —k]), and (m—kj) order respectively.
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By (4.3.12), it is easy to see that the matrix @ is also nonsingular as the matrix

VIF(z* u*,v*) V.g(z*,v*) uiDy e ws D,
VIg(z*, v') O1xp VIg(x o) - 01xm
VIg(x*, v?*) 01xp O1sm .. Ot
Q = vfg(x*v Up*) 01><p O1xm e vfpg(x*7 Up*)
ClD{ Omxp El + ClFl T Om><m
CZDg 0m><p Om><m e Om><m
Cng 0m><p Omxm e Ep + CPFP

We denote by (D;)ug a submatrix of D; constituted of the columns with the index
i € Jy(x,v?), and by (F})u a principal square submatrix of Fj, which is determined
by the columns and rows with the index ¢ € Jy(x,v7). Then from special forms of C;

and E; we have

0 L, 0 0
CiDf = | =D | Ei+CiFy=| x —(Fu *
0 0 0 I

where two * are some proper partitioned matrices. Hence the nonzero elements of
VI g(z*,v7*) and the matrix % are deleted by the some proper row transformations.

Hence it is not difficult to know that the matrix Q is also nonsingular as the

VIF(x*,u*,v*) V,g(z*,v*) DU
Q" = Vig(z*, v*) 0 0o |, (4.3.14)
DT 0 F

where D = ((D1)amr, -+, (Dp)umr), F = diag((F1)u, -+, (Fp)ar), U = diag(uily, - -+, uply)
and I;,j =1,---,p, are some proper identity matrices. It is clear that U F' is negative
definite, from (E2) and (E3) it follows that all other conditions in Lemma 4.3.5 are
satisfied. Hence from Lemma 4.3.5 we know that ()* is nonsingular and complete the

proof. m

The following lemma is the same as Lemma 3.3.2, its proof is omitted.
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Lemma 4.3.6 There eist positive constants k and € such that for every w* satisfying
lw* —w*[| <€,

(i) V®(w*) is nonsingular and satisfies
IVewh)] < .

(i)
()| = V2¥(w*)z = O([luw* - w|).

Lemma 4.3.7 Let {w*} be a sequence generated by Algorithm 4.2.1. Then for all
k € K sufficiently large, we have

Bw*) = O(T(w")) = O([|w* — w||); (4.3.15)

and

D=

w4+ Ay = (1 — Nw” 4+ Mw* + do(T(w")?). (4.3.16)

for any A € (0,1]

Proof. From the definition of B(w*) (see (4.2.28)), the choice of v, (see (4.2.30)), the
projection property and Lemma 4.3.6, it follows that for w” sufficiently close to w*,
Uy (wh) = T(w*),
Rl 0477 *
Bw") < alldg()]P < e[ VE ()P < anP(w®) = 7II‘1>(w'“)II2 = O([|w" —w*|?).

This shows (4.3.15) holds. From (4.2.33), (4.3.2), (4.3.3) and Lemma 4.3.3, we have

that for w* sufficiently close to w*,
®(w) — Bt — O+ VT (wh)dfy = 0, 105 = [Irl| = o (Wn(wh)) = 0 (P(wh)), (4.3.17)
which imply
wh + Ny = wF + AVTO(wh) = (wk) + B(wk)w + 6]
= w' = AVIQ(w) @ (w") — @(w") — VIO(w")(w* — w”)]
MW — w) 4+ AVTD(wh) L (ﬁ( M + ek)

= (1= Mwk 4+ w* + Xo(||[w* — w*||) + AO(¥ (w*))
= (1= Nk 4+ dw* + Mo(U(wh)2),

where the third equality is due to the semismoothness of ®, (4.3.15) and (4.3.17). The

proof is complete m

By a similar way to the proof of Theorem 3.3.4, we obtain the following theorem.
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Theorem 4.3.3 Suppose that {w*} is a sequence generalized by Algorithm 4.2.1 and

*

w* is a point satisfying (E1). Then the whole sequence {w*} superlinearly converges to

*

w-.

4.4 Implementation and Numerical Tests

In this section, we discuss some detailed implementation of Algorithm 4.2.1 and give

some numerical results for medium-sized and large scale SIP problems.

4.4.1 Implementation of Algorithm 4.2.1

In order to decrease the number of inner iterations, we use another line search technique

if only projected gradient direction is search direction. In this case, the initial value of

| 1020, (wh) t*
min ¢ 1, ) ENT 7k ° 7 ]
dgH =V, (wh)Tdg " |tk + VtH(wk)Hh(wk)‘

A 1s set to

and A is updated by quadratic interpolation technique.

In order to guarantee the numerical stability, we determine the truncated solution

(Axg, Aug, AVy) by solving the problem

VTN Ay, T bra
ke Mk k
+ wI) Auy | = Do (4.4.1)
<|!MkH2 _ oAy
Vi brs

instead of the problem (4.2.33), where

My, = ék 0 Ek s

Z Z

w is a damping factor. If M} is nonsingular and w = 0, then the problem (4.4.1)
is equivalent to the problem (4.2.33). At first, (4.4.1) is solved with w = 0. If the
truncated solution does not generate a good descent direction, then (4.4.1) is solved

with w = m in next iteration.
k

117



In Algorithm 4.2.1, we choose the suitable values of parameters (see Step 0) by
n=20.9, p=0.5, c =0.0005, «=0.5, t=0.9, p = 1.0e — 10, py = 2.1,
and
hy = max {2.5, 107 [W(’)|, j=1,2,---,7}.

The starting points t°, u° and s° for all problems are set t° = ¢, u® = 0.05e, s° = 0.5,

where e is the vector of ones.

4.4.2 Numerical Results

Now we discuss the implementation of Algorithm 4.2.1, which has been implemented
in FORTRAN 77. All calculation within the driving programs, test problems and
optimization code are carried out in double precision. The problem is solved on a

personal computer (Pentium III 1133 MHz, 256 MB memory).

Although a lot of large SIP type problems arise from optimal control and approxi-
mation theory, it is difficult to find large-scale SIP problems in the literature suitable
for use as test problems. In order to evaluate for large scale SIP problems, we enlarge
3 test problems where the first problem is the same as Problem 3.3.5 and the second
problem is from [78], another is generated from optimal control problem. We list the

three SIP problem in the following.
Problem 4.4.1
f(z) = 32Tz, g(z,v) =3+ 4.5sin(4.7r(v — 1.23)/8) — zn:xivi_l,
V =10,b, p=1. if n<60,b=100; otherwise bZ::1 1.

Problem 4.4.2

1 n 2 n
flz) = / (Z rith — tant) dt, g(z,v) =tanv—>» zo V=101, p=1
0

i=1 =1

Problem 4.4.3
min p(g)h"h

st gl A(vy, va)h < r(vy,ve),
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where V1 € [—7T,7T], Vg € [0,271-], p(g) — gTBg, = §Rn1, g € gtenzj B € %anng,

A(vy,vg) € R™*™M ny =ny and

4 -1
-1 4
B = ,
4 -1
-1 4
A<U17 UQ) -
1 sinbvy coscuy
sin avq 1 sinbuy  cos cvy
cosdvy sin avy 1 sinbvy cos cvy
cosdvy sinavy 1 sin bvy  cos cvy
cosdvy sinavq 1 sin by
cosdvy sin av; 1

We use Algorithm 4.2.1 to solve these problems where the termination condition
is that the [y norm of the projected gradient, Hci’é(l)H is reduced below 107°. The
dimensions (n) of these problems are chosen by 10, 20, 40, 60, 80, 100, 200, 400, 1000
and 2000. The results of the test are given in Tables 4.1, 4.2 and 4.3. The number of
iteration (ITK), the norm of projected gradient (Hcﬁé(l)H) and the merit function value

W (wk) and the objective function value f(x*) are shown in these tables.

Table 4.1 shows that Algorithm 4.2.1 performs very well for solving Problem 4.4.1
with the different dimension. There is some difference among different dimensions.

When n > 100, there is a slight increase in iteration number.

Problem 4.4.2 is dense, i.e., its Hessian of Lagrangian function VI F(z,u,v) is not
sparse. Although the Hessian can be not stored for its special structure, the computa-

tion in each iteration can be not decreased. Hence, Algorithm 4.2.1 is used for solving
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Table 4.1: Test Result of Problem 4.4.1 for Algorithm 4.2.1

n ITK 2| U (wh) F(zb)
10 64 8.7le-11 1.44e-17 0.08246
20 99 6.36e-6 2.31e-7 0.04408
40 16 8.36e-11 1.17e-15 3.1826
60 20 1.41e-11 2.023e-17 5.5918

100 183 2.65e-7 2.75e-12 2.3862
400 107 8.448e-6 1.47e-9 4.605
1000 98 5.05e-6 8.52e-9 8.2726
2000 252 7.77e-6 2.51e-4 16.96

Problem 4.4.2, the dimensions of which range from 10 to 200. Table 4.2 shows that

Algorithm 4.2.1 performs well for solving some medium dense SIP problems.

Table 4.2: Test Result of Problem 4.4.2 for Algorithm 4.2.1

" ITK || W (wh) f(at)
10 69 4.29e-6 1.07e-8 0.3147
20 66 4.68e-6 1.98e-9 0.6717
40 80 8.32e-6 3.573e-10 0.5803
80 84 5.68e-6 1.45e-10 1.424
100 85 7.62e-6 7.28e-11 1.069
200 75 5.35e-6 1.67e-10 1.323

Problem 4.4.3 is a somewhat complicated SIP problem which often arises from
optimal control field. In this problem, v € 2, while in problems 4.4.1 and 4.4.2, v € R.
Its Hessian of Lagrangian function is sparse, however the computation of elements is
not simple due to some trigonometric functions. Numerical results of this problem is
given in Table 4.3 which show that Algorithm 4.2.1 can solve some large scale sparse
SIP problems. It is interesting that the outer iteration number does not increase and

inner iteration numbers decrease as the dimensions increase.
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Table 4.3: Test Result of Problem 4.4.3 for Algorithm 4.2.1

n ITK |26 T (wh) F(ab)
20 225 6.18e-7 5.97e-12 18.04
60 212 2.53e-7 1.54e-12 21.83
100 258 3.29e-6 3.69e-10 20.36
200 170 6.13e-6 1.26e-9 17.06
600 188 8.25e-6 2.23e-9 13.74
1000 135 5.98e-6 1.48e-6 13.85
2000 151 6.95e-6 4.72e-9 13.85

4.5 Some Comments

Although the development of the code for Algorithm 4.2.1 is still at its primary stage,
the numerical results have indicated that Algorithm 4.2.1 is capable of processing large
scale SIP problems. However, there are some issues which may be addressed in further

research.

Because “large scale” here only refers to the decision variables, it is hoped that an
improved version of Algorithm 4.2.1 may also be capable of handling high dimensional
index sets. In addition, our method works on the KKT system of SIP, i.e. it does not
minimize the original objective function f. Sometimes this may limit the applicability

of this method to a special class of SIP problems.

By Algorithm 4.2.1 we can obtain stationary points of (4.2.25), it is possible that
some of them may not be stationary points of (3.1.1). If V' in (3.1.1) is a nonpolyhedral

index set, then our method cannot be used directly.

We hope that with further research more efficient methods can be obtained for
solving general SIP problem with many decision variables and high dimensional index

sets.
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Chapter 5

A Smoothing Implicit Programming
Approach for Solving a Class of
Stochastic Generalized Semi-Infinite

Programming Problems

5.1 Introduction

A generalized semi-infinite programming (GSIP) problem is a constrained optimization
problem in which the constraints are given by a possibly infinite index set that depends
upon the decision variable x:

min x

in - f(z) (5.1.1)

s. t. g(z,u) <0, VueT(x),
where T'(z) = {u € R | h(z,u) < 0}. Here, f : " — R, g : " xRN — R,
h:R xR — R, TR — 2% and 2% is the set of all subsets in R".

When the set-valued mapping 7" is constant, the GSIP problem reduces to a standard
semi-infinite programming problem and will be abbreviated by SIP. Moreover, if T is a

finite set, then SIP reduces to an ordinary nonlinear programming problem.
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Recently, the GSIP problem becomes an active research topic in applied mathemat-
ics, as it arises in various fields of engineering such as the design problem, the problem
of maneuverability of robots, and the reverse Chebyshev approximation problem, see,
e.g., [56,71,93]. The first-order and second-order optimality conditions for the GSIP
problem are studied in [72,86,148,160]. Some numerical aspects of the GSIP problem
are discussed in [162,163].

Stochastic programming is another important branch of mathematical programming
in which optimal decisions are sought under uncertainty. Modeling the uncertainty
by random objects may lead to diverse stochastic programming problems. Various
numerical methods for solving stochastic programming have been studied extensively,

see [8,9,182].

In this chapter, we consider the following stochastic version of the GSIP problem

(5.1.1):

min B[ (,0)
s. t. g(z,u,w) <0, (5.1.2)
ueT(r,w), we, as.,

where (2 is a sample space, T'(x,w) = {u € R" | h(z,u,w) < 0} is a constraint index set
correlated with a decision variable x and a random variable w € 2, the abbreviation
a.s. means that the constraints hold almost surely, i.e., for all w € ) except for a set
with zero probability. We assume that f : R x Q — R, g : R" xR x Q — R,
h: R xR x Q — R are continuous, T : R x Q — 2% and Q is a compact set in .
We call problem (5.1.2) a stochastic generalized semi-infinite programming (SGSIP)
problem. Obviously, if €2 is a singleton, then the problem (5.1.2) reduces to an ordinary
GSIP problem. For each fixed w € Q, the problem (5.1.2) is a GSIP problem, which

can be reformulated as

mxin E,[f(x,w)]

(5.1.3)
s. t. v(r,w) <0, weQas.,

where v(z,w) is defined as

v(z,w) = S%p{g(a:,u,w) | ueT(x,w)}.
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In this chapter, we apply the expected value approach to the constraints of (5.1.3) and

propose a deterministic version of SGSIP problem as follows:

min B [f(r,))

s. t. Eylv(z,w)] <0. (514

The expected value approach has been studied for stochastic variational inequality
problems by Giirkan, Ozge and Robinson [59]. The GSIP problem is a hard problem
with an infinite constraint index set that may vary since it is correlated with decision
variable x. Presence of an additional random variable makes the SGSIP problem even

harder to solve than the GSIP problem.

Recently Stein and Still [161] studied interior point techniques for solving the GSIP
problem. Under the reduction assumption (the LICQ holds, and both the strict com-
plementary slackness (SCS) condition and the second-order sufficiency condition are
valid), Stein and Still presented a similar algorithm for the GSIP problem and proved
the convergence of the algorithm to Fritz John points and global optimal solutions. The
main difference between the present paper and [161] is that here also a deterministic
version of a stochastic GSIP model is presented and that the techniques for the proofs
are completely different. Moreover, our approach does not use the SCS condition (in

the parametric programming problem Q(z,w) defined later on).

The rest of this chapter is organized as follows. In Section 5.2, we reformulate prob-
lem (5.1.4) as a mathematical programming problem with complementarity constraints.
In Section 5.3, we establish some properties of certain parametric smoothing approx-
imations for the reformulated problem. In Section 5.4, we present global convergence
analysis of a smoothing implicit programming algorithm for solving the problem with

finite discrete distribution. Some remarks are given in Section 5.5.

5.2 A New Reformulation

In this section, we present a new reformulation of problem (5.1.4). Our main idea is to
regard (5.1.4) as a two-stage optimization problem and use the first order optimality
condition of the second stage optimization problem to deal with the constraints of
(5.1.4).
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Assumption F1. For any z € R" and w € Q, g(z,-,w) is twice continuously
differentiable and pseudo-concave, h(z,-,w) is twice continuously differentiable and

y'h(x,-,w) is quasi-convex for any y € R7.
For any (z,w) € R" x Q, we define a parametric programming problem

Qrw):  mps gl u,w)
st. uweTl(r,w).
The first-order optimality conditions for problem Q(z,w) are given by
Vug(z,u,w) — Vyh(z,u,w)y =0,

(5.2.5)

Definition 5.2.1 We say that the linear independence constraint qualification (LICQ))

is satisfied at u for problem Q(x,w), if the vectors
Vuhi(z,u,w), j €Iz, a,w)
are linearly independent, where Iy, (x,u,w) is the index set of active constraints
Iy(z,u,w) ={j | hj(z,u,w) = 0}.

We say that the Mangasarian-Fromovitz constraint qualification (MFCQ) [148] is sat-
isfied at u for problem Q(x,w), if there exists a vector vy € R" such that

Vuhj(z,4,w) 0 <0, j € Tz, t,w).

Assumption F2. For any x € R"” and w € (Q, problem Q(z,w) has a unique
solution, which we denote u(z,w). Moreover, the MFCQ is satisfied at u(z,w) for

problem Q(z,w).

Under Assumptions F1 and F2, we show that problem (5.1.4) is equivalent to the

following problem.

P: min E,[f(z,w)]

T

s. t. Eylg(x,u(z,w),w)] <0,
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where u(x,w), together with a vector y(r,w) € R/, satisfies the following first-order

optimality conditions for problem Q(z,w):

Vug(z,u(z,w),w) — Vyh(z,u(r,w),w)y(z,w) = 0, (5.2.6)
min(y(z,w), —h(z,u(z,w),w)) = 0.

Lemma 5.2.1 Suppose that Assumptions F1 and F2 hold. Then, T is a feasible solution
of problem (5.1.4) if and only if T is a feasible solution of problem P.

Proof. Let Z be a feasible solution of problem (5.1.4), that is, E,[¢(Z, u(Z,w),w)] <0,
where u(Z,w) is the unique solution of Q(Z,w). By Assumption F2, for every w €
there exists a vector y such that (u(Z,w), y) satisfies the first-order optimality conditions

of Q(%,w) at u(#,w), which implies that Z is a feasible solution of problem P.

Conversely, let Z be a feasible solution of problem P, that is, there exists a pair
(u(#,w),y) such that (Z,u(#, w),y) satisfies the constraints of P. From Assumption

F1, the first-order optimality conditions imply

Hence, E,[v(Z,w)] < 0, that is, 7 is a feasible solution of (5.1.4). The proof is complete.

From Lemma 5.2.1, we readily obtain the following theorem. The proof is omitted.

Theorem 5.2.1 Suppose that Assumptions F1 and F2 hold. Then T is a global (local)

optimal solution of problem (5.1.4) if and only if T is a global (local) optimal solution
of problem P.

5.3 Smoothing Approximation for P

In this section, we study a smoothing approach for solving problem P.

Let ¢ € R, be a smoothing parameter. Define a function ¢, : #2 — R by

6o(5,1) = ;(5 Ft— /(s — 1) + 422)
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which is called the Chen-Harker-Kanzow-Smale smoothing function for the function

min(s, t).

Proposition 5.3.1 [87] For any € € R, we have

(1) |p<(s,t) — min(s, t)| < e.
(ii) ¢-(s,t) =0 < s>0,t>0, st =&

(i1i) ¢e(s,t) is a C™ function of (s,t) for a fixzed € > 0.

Let us define the function ¥ : i, x R x R" x R/ x Q@ — R+ by

Vgl )~ Va0
1, —hi (2,
\I/(g,x,u,y,w) — ¢ (yl 1({[’ u w))

¢a(yJ7 _hJ<x> u, w))

Then, a parametric smooth approximation to problem P can be formulated as

P(e,9) : min E,[f(z,w)]
s. t. Eylg(x,u(e, z,w),w)] <9,

where ¢, § > 0 are parameters, and u(e, z,w), together with a vector y(e,z,w) € R/,
satisfies

U(e, z,u(e, z,w),y(e, z,w),w) = 0.

We denote the feasible regions of P(e,d) and P by F (¢,0) and F, respectively. It is
clear that if (g,6) = 0 then P(e,4) coincides with P, and hence F (e, d) is identical to
F. In the next section, we will present an algorithm for solving problem P by solving a
sequence of problems ]5(8, d). In the rest of this section, we concentrate on establishing
some properties of }3(5, ). To this end, we state two lemmas at first. Their proofs are

omitted since they can be found in some text books on matrix analysis.

A B
T = ,
BT C
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where A € RP*P, B € RP*1, C' € R p < q. Then the following two statements are
true:

(i) If A is negative semidefinite, C is positive definite and the row rank of B is p, then
T is nonsingular.

(i) If A is negative definite and C' is positive definite, then T' is nonsingular.

Lemma 5.3.2 Let

A BC D
T - BT I - C O )
DT O O

where A € RP*P, B € 79, C € R4, D € P>, If A and CT — CTC are negative
definite and positive semidefinite, respectively, and the column rank of (B, D) is q+ s,

then T is nonsingular.

Using Lemmas 5.3.1 and 5.3.2, we can investigate the nonsingularity of (generalized)
Jacobian of ® with respect to the variable (u,y), which plays an important role in the
rest of this section and the convergence analysis of the algorithm presented in Section

5.4. We have the following results.

Proposition 5.3.2 The function ¥ is locally Lipschitz and reqular.

Proof. It is similar to Lemma 1 in [38]. m

A((’D) - Viug(i'7 ﬂ, (D) - Z gjviuh] (fa ﬂ, (’D)

[
Il
—

Proof. We only show the conclusion in the case where & = 0. The conclusion in the

case where £ > 0 can be shown similarly by using Lemma 5.3.1. We assume without
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loss of generality that

and write

02:dia’g[517"'a5J2—J1]a OSEJ < ]-a jzlv"'7J2_J1-

Then, from the definition of the generalized Jacobian, it is not difficult to obtain, by

direct calculation, that

A  -B -B, -B
0 I o0 O 0<¢ <1,
GBI O I-C, O T A
BT 0 0 O

It is easy to see that the matrix

“CBT O I-C, O
BT 0o O 0O

is also nonsingular as the matrix

A B, DBs
CoBT T—Cy O
BBT @) O
It is obvious that Cy —C_’QTC_’Q is positive semidefinite, since 0 < ¢; < lforj=1,---,Jo—

Ji1. Hence, by the given conditions and Lemma 5.3.2, all matrices in 0,V (0, Z, 4, , @)

are nonsingular. The proof is complete. m

Remark 5.3.1 In [161], the authors proved that Jacobian of the first two equalities in

(5.2.5) with respect to (u,y) is nonsingular under the strict complementarity slackness
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(SCS) condition. Note that the SCS condition implies that the problem is smooth at
(u,y). Proposition 5.3.3 proves the nonsingularity of the generalized Jacobian at (u,y)
without the SCS condition.

We now focus our discussion on problem P where € is a finite discrete set. Specifi-

cally, let Q = {wy,wo, - +,wr}. For every wy, [ =1,2,---, L, we denote

fl() = f('?wl)v gl('= ) = g('a '7wl)7 hl('a ) = h<> '7wl)‘

Throughout the rest of this chapter, we let u; and y; denote the variables u(z,w;)

and y(z,w;) in P, respectively. Then, problem P can be rewritten as

min T
“’ /(@) (5.3.7)
s. t. G(z,u) <0,
L L L
where f(x) = Zplfl(x), G(z,u)= Zplgl(x,ul), p >0, Zpl =1, and
=1 I=1 =1
Uy
u= : e RE.
ur,
Here u; € R, together with a vector y; € R7, satisfies
Vud (z,u) — VW (z, )y =0,
min(y;, —h'(z, ;) = 0,
which constitutes the first-order optimality conditions for the problem
Qi) : max g'(z,u)
s. t. hi(z,u) <O0.
On the other hand, problem P(e,d) can be rewritten as
min T
‘” i@ (5.3.8)

s. t. G(z,u(e,x)) <6,

L
where G(z,u(e,2)) = > pig'(z, (e, ) and

1=1
uy (e, )
u(e,z) =

ur (e, x)
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Here, u;(e, x), together with y;(e, ), satisfies the system
vulgl(xv ul<€7 x)) - Vuzhl(xv ul(gv x))yl(ga SL’)

®l<€,$,ul<€,$),yl(5,x)) = ¢E((yl(6’$))1’_:hll(m’ul(z—:?x))) —0

¢8((yl(€’ x))Jv —h%](l", ul(gﬁ IL")))

(5.3.9)
forl =1,2,---, L. Moreover, we set
Y1
y=| @ |ewr”*
yr
and define a nonlinear operator ® : R, x R x RO+NL 5 RETHL 1y
(I)l(gv €, Uy, ?/1)
O(e,z,u,y) = : : (5.3.10)

®L(67 x,ur, ?JL)

Proposition 5.3.4 Let £ € R, and ®(£,z,u,y)= 0. Suppose that

J
A =V? (z,uy) Z

ulul
Jj=1

1s negative definite for each | =1,2,---, L, and the LICQ is satisfied at u; for problem
Qi(z). Then there exist a neighborhood (€ —&’',e+¢") x N(z) of (€,%) and a continuous
function (u(-,-),y(-,))): {( =&, +&)NR,} x N@&) — ROFDL such that for each
(e,x) e{(e—¢,e+&)NR ) x N(T),

O(e,z,ule,x),y(e,z)) = 0. (5.3.11)
Proof. According to the corollary of Theorem 7.1.1 in [23], it suffices to check that
the projection Il y)0®(¢,7,1,y) of 0P(&,7,1,y) on the space of the variable (u,y)

is comprised of nonsingular matrices. We only show the conclusion in the case where

€ = 0. The conclusion in the case where £ > 0 can be shown similarly. By Proposition
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2.6.2 (e) in [23] and the definition of the projection operator, we have

H(uv)’)aq)<§7ju u, 7) - 1_I(u,y)

(5.3.12)

N

where s = (r + J)L. Recall that ® is regular by Proposition 5.3.2. It then follows from
Proposition 2.3.15 in [23] that

N

(5.3.13)

a(“v)’)q)8<§7 z,u, }_’)
see [23]. The above formula, together with (5.3.12) and (5.3.13), implies
H(uv}’)aq)(é’ ‘,f.’ ﬁ’ y) g 8(u,y)(p<é7 :fu ﬁa SI)

Hence, we obtain, by Proposition 5.3.3, that Il )0®(¢,#,1,¥) is comprised of non-

singular matrices. The proof is complete. m

Let S denote the set of all points (x, u,y) satisfying ®(0, z,u,y) = 0 and G(z,u) <
0, that is,

S — {(ZL‘,U,Y) € §Rn+(r+‘])L | (I)(O,l’,ll, Y) — 07 G(ZL‘,U) < 0} . (5314)

Proposition 5.3.5 Let (Z,1,y) € S. Suppose that for every | = 1,2,--- L, A is
negative definite, and the LICQ is satisfied at u; for problem Q;(Z). Then, there exist
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two positive numbers € and T, a neighborhood N(Z,u,y) of (z,0,y), and a continuous
function (u(-,-),y(-,-)): [0,8) x I, N(z,a,y)— RCTDL such that for any (¢, z,u,y) €
(0,8) x (N(z,u,y) N S),

O(e,z,u(e, x),y(e,z)) =0

and

llu(e,z) —u|| <2V LJTe, ||ly(e,z) —yl|| <2V LJTe. (5.3.15)

Proof. Firstly, by Proposition 5.3.4, there exist a positive number £, a neighborhood
N(z) of  and a continuous function (u(-,-),y(-,-)) : [0,8) x N(z) — RC+)E such that
for any (e,z) € (0,€) x N(z),

O(e,z,u(e,x),y(e,z)) = 0. (5.3.16)

Secondly, it is not difficult to see that ®(e,x,u,y) is smooth and V) ®(c, z,u,y)
is nonsingular for any € > 0 and (z,u,y) close enough to (z,q,y). We now show that
there exist a neighborhood N(z,u,y) with I, N(z,@,§)C N(z) and a positive number
g € (0,€) such that (5.3.15) holds for any (¢,z,u,y)€ (0,&) x (N(z,u,y)NS). To
this end, we show that there exist a positive number &, a neighborhood N(Zz,u,y) of

(z,1,¥) and a positive constant 7 such that for any (¢, z,u,y)€ (0,&) x (N(z,u,y)NS),
IViuy) @(E 2, 0,3) | <7, (5.3.17)

where 0 < € < g, u < u < u(e, ), which means that every component of u is in the open
segment connecting the corresponding component of u and u(e, z), andy <y < y(e, ).
Here, in different rows of V(uy)®(&,#,10,y), the values of £, & and y may not be the
same, but for the sake of simplicity, they are still written as £, 1 and y. Suppose on
the contrary that (5.3.17) does not hold, then there exist a sequence {e;} with g, | 0
and {(z*,u®, y*)} with (2%, u*, y*) — (Z,1,y), such that

IV () @ (Er 2", 05, §7) 71| — o0 (5.3.18)

for some 0 < & < &, u* < 0% < u(e,2%) and y* < y* < y(ex,2¥). Since
(u(-,+),y(+,+)) is a continuous function and (z*,u*, y*) — (z,14,y) and & | 0, it fol-

lows that & — 0 and (@*,y*) — (@,¥). On the other hand, by direct computation, we
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obtain
At —Bf
(Ch+ DB CF—1

B
(CE+1)Bi" Cf ~

where AF, BF. CF, 1=1,2,---, L, are matrices given by
Ak Vilul ( ,Uf) Jj= 1(yl) vilulhé(‘r ul)
l = [vmhll(x 7ﬂl )v B thl (xk ﬂf)]
(@), + hj(2", af)

CF = diag[ (1), - -, & (1), & (1) = @) + B (ak, a))? + 487

J

1=1,2, -, L.

Since &, — 0 and (2%, 0%, y*) — (7,1,y), it follows that

lim V(uy (5k, ﬁ 5’ ) S 8(u,y)®<0af7ﬁ7y)'

k—oo

By Proposition 5.3.3, all matrices in 0y ®(0,Z,1,y) are nonsingular. Hence, there

exists a positive constant 7 such that
1V ) @(Er, 2%, 0%, 55) 71| < 7,
for k large enough, which contradicts (5.3.18). Therefore, (5.3.17) holds.
We assume, without loss of generality, that (0,¢) x I[I[,N(z,u,y) C (0,€) x N(z).
u,y)

Take any (e,z,u,y)€ (0,8) x (N(z,u,y) NS). Since ¢(0,x,
(5.3.16) and the mean value theorem, that

= 0, we have, by

0 =®(e,z,ule,z),y(e,x)) — ®(0,2,u,y)

u(e,z) —u ) vl (5.3.19)

where u < < u(e,2),y <y <yl(e,z), 0 <é<e, 0is the r-dimensional zero vector
and 0' = (0%, --- 00)T, where
_ A
bl = — = — =12, J =12 L
V(@5 + B (@) + 482
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It is clear that 0 < ég < 2. Note that (5.3.17) holds even if the values of £, & and y in
different rows of V() ® (€, x,0,y) are different, we have, by (5.3.19) and (5.3.17), that

9*1
H(M&@_“)Hfngmwmammyrw |l <2viir e,

Y(‘gv l’) -y

§L

where the last inequality follows from the fact that ||6'|| < 2v/.J for [ = 1,2,---, L. This

immediately yields the desired result. The proof is complete. m

Proposition 5.3.6 Suppose that there exists a vector (z,Q,y) € S such that for every
1=1,2,---, L, A is negative definite and the LICQ is satisfied at @, for problem @Q;(%).
Then there exists an & > 0 such that the feasible set F(2,8) of problem P(e2,6) is

nonempty for any 0 < e < & and 0 = €.

Proof. By Proposition 5.3.5, there exist two positive numbers € and 7 and a continuous

function (u(-,7),y(-, 7)) : [0,&) — R" x R/ such that for any 0 < & < &,

(%, z,u(e®,7),y(e% 7)) =0 (5.3.20)
and
[Ju(e®,z) — || < 2V LJ7e2
Hence,
(%, 2) — || < 2V LJ7, 1 =1,2,---, L. (5.3.21)
Since ¢'(Z,u;) has continuous first-derivatives V,,¢'(Z,u;) for every | = 1,2,--- L, it is

clear that ¢'(z, ;) is locally Lipschitz with respect to the variable u;. Therefore, there

exists a positive constant M such that for { =1,2,---, L,
|gl(j;,ul(527;f)) - gl(f7ﬂl>| < M ||ul(€2’f) - ﬂlH,
which in turn implies

G@ma@>gm@m+M;mWw%@—m1 (5.3.2)

< 2M~/LJ7e,
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where the last inequality follows from (5.3.21) and the fact that G(z,u) < 0. By
(5.3.22), we can take & small enough such that 2M+/L.J7¢ < 1. Hence, for any 0 < & <

£, we have

G(z,u(e* 7)) <e.

This formula, together with (5.3.20), implies 7 € F (g2, ¢) for 0 < ¢ < &. We obtain the

desired result and complete the proof of the proposition. m

Assumption F3. For every ¢ > 0 and [ = 1,2,---, L, there are vectors u(¢2, )
and y;(e?, ) such that
@1(527 xz, ul(€2> $), yl<€27 1‘)) = 0.

The vector u; (2, z) is unique and continuous with respect to x for every [ = 1,2,---, L.

Theorem 5.3.1 Suppose that for any x € R™ and every |l = 1,2,--- L, the LICQ is
satisfied at every u; € P/(x) for problem Q;(x), where

P(z)={ueR |3je{l,2,---,J} s.t hé(x,u) =0}.

Suppose further that there exists a vector (z,u,y) such that the conditions in Proposition

5.53.6 hold and the level set

{reR" [ flx) < f(2)}

s bounded. Then, under Assumption F3, there exists a positive number & such that

problem P(e2,¢) is solvable for any 0 < e < &.

Proof. Firstly, by Propositions 5.3.6, there exists an & > 0 such that Tz € F(e? ¢)
for any 0 < ¢ < &, which implies F(g2,¢) is nonempty. Furthermore, we may prove
that for any fixed e € (0,2), F(¢?,¢) is closed from Assumption F3 and the given
condition that ¢'(-,-), h'(-,+), I = 1,2,---, L, are continuous. In fact, for a sequence
of feasible points {z¥} C F(e2,¢) with a limit point 2, there exist u(e? 2*) and
y (g%, %) such that ®(e?, 2% u(e?, 2%),y(e? 2%)) = 0 and G(2*,u(e?,z%)) < e. Since

(2, 2% u(e?, 2%), y(e%, 2%)) = 0, we have that for every [ = 1,2, L,

{ Vg (@*, w(e?, ab)) = Vo i (2, (€2, %))y (€%, 27) = 0, (5.3.23)

¢62((yl(52a :L‘k))j’ —hé({[‘k, ul<627xk))) = Oa .] = 1a 27 Tty J.
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We claim that {y(e?, z*)} is bounded. Otherwise, there exists an index Iy such that
llyi, (%, 2%)|| — oo. Then, by dividing every equality for index Iy in (5.3.23) by

|1, (€%, 2%)|| and letting k — oo, we obtain

vulo h’lo (9%77110)3310 = 0,
(G10); = 0, hP (&, 1) < 0, (5.3.24)
(1) 0 (8, ) = 0, 5 =1,2,-++, ],

where 4, = u,(¢2,2) and 0 # G, = ((Gig)1, (ig)2, -+, (G1p) )T € U. From the last
equality in (5.3.24), we have (g;,); = 0 for all j such that héo (Z,1,) # 0. Hence, the
first equality in (5.3.24) can be rewritten as

o (G)i Vi b (2, ) = 0. (5.3.25)
GET, 1, (@ /iy,)
It is clear that the set {(91,); | J € Zpio (%, W)} contains a non-zero element and 4y, €
P, (z). Hence, by the given condition that the LICQ is satisfied at 4, for problem
@1, (), we deduce that
Vo B2 (2, ,), € Tyio (&, 11y

iy 't

are linearly independent. This contradicts (5.3.25). Since {y(g?, z*)} is bounded, with-
out loss of generality, we assume that y (g2, 2%) — y. Since ®(2, 2%, u(e?, %), y(e2, 2%))
=0 and G(2F,u(e? a%)) <e, letting k — oo yields ®(e?, 2, u(e? 2),y)=0 and
G(#,u(e? 7)) < e, which implies # € F(e?,¢). Hence, we obtain the desired result from

the continuity of f. The proof is complete. m

5.4 Algorithm and Its Convergence Analysis

In this section, we further consider problem P in the case where Q is a finite discrete set.
From the discussion in the previous sections, problem (5.1.4) is equivalent to problem
P. Furthermore, if P is solvable, then there exists a positive number & such that
problem P(£2,¢) is solvable for any 0 < ¢ < & under suitable conditions. Since P(£?,¢)
is a smooth approximation to the nonsmooth problem P, we may obtain a solution
of problem P by solving a sequence of smooth problems 15(52, ). Now we present a

smoothing implicit programming approach for solving problem P:
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Algorithm 5.4.1 Let {e;} be a sequence of positive numbers such that e | 0.
Fork=1,2,---, find a global solution z* of the problem

min x
@ /@) (5.4.26)
s. t. G(z,u(ei, x)) <ep,
where u(‘g%? Qf) = (Ul({:‘i, ZL‘), T 7UL(527 m))f together with Y(Eiv ZL’) = (y1(€%7 $), e 7yL(€za IE)),
satisfies the system
®y(e7, v, w3, ), yi(es, x)) = 0, l=1,2,---L. (5.4.27)

k k

Uy hn

k_ . k_ .
u = : ) y =

k k

ur, YL

Note that problem (5.4.26) is a smooth optimization problem. Under Assumption
F3, Algorithm 5.4.1 is well-defined. Now we investigate the limiting behavior of a
sequence of optimal solutions of (5.4.26). To this end, we make the following assumption

in addition to Assumption F3, throughout the rest of this section.

Assumption F4.The sequence {(z*, u*,y*)} generated by Algorithm 5.4.1 is con-

vergent to a point (Z,u,y).

Recall that F' denotes the feasible region of problem P and the set S is defined by
(5.3.14). We define the set-valued mapping S : F — RUTIE by

S(x) = {(n,y) € R | (z,u,y) € S}

Definition 5.4.1 Let Z € F and (4,y) € S(Z). We say that the set-valued map-
ping S is stable at (Z,n,y) if, for any neighborhood N(u,y) of (u,y), there ezists a
neighborhood N(Z) of T such that S(z) N N(@,y) # 0 for any = € N(Z) N F.

Theorem 5.4.1 Let {(zF,u” y*)} be a sequence generated by Algorithm 5.4.1. Then
the limit point T of {x*} lies in F. Moreover, suppose that for everyl =1,2,---,L, A
is negative definite, and the LICQ is satisfied at u; for problem Q;(Z), and the set-valued

mapping S is stable at (Z,0,y). Then T is a local optimal solution of problem P.
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Proof. First note that
G(z*, u*) < gy,

(2, 2k vk y*) =0
hold for all k. Letting & — oo, we have (Z,u,y)€ S, which implies that Z is a feasible
solution of P. Moreover, by Proposition 5.3.5, there exist a positive number &, a
neighborhood N(z,u,y) of (z,1,y), a continuous function (u(-,-),y(-,-)) : [0,€) x
ILN(zZ,a,y)— RC+IE and a positive constant 7 such that, for any (4, z,u,y)€
(0,8) x (N(z,1,y)NnS),

q)(€i7x7u<€z?x)>Y(€27x>> =0 (5428)
and
lu(e?, z) —u|| < 2VLJ7e2, |ly(el,z) —y|| < 2VLJ7e2. (5.4.29)

Then, in a similar way to the proof of Proposition 5.3.6, we can show that there exists

a positive constant M such that

G(:c,u(e’:‘i,:v)) S G(l‘, U.) + M HLI(&T%,Z') - LIH
< 2M+/LJ7e2 < gy,

for all k£ large enough. The above discussion shows that there exists a neighborhood
N(z) of Z such that for any = € N(z) N F, z is a feasible solution of (5.4.26) whenever
k is large enough, since the set-valued mapping S is stable at (z,u,y) and (5.4.28)
holds at z for k large enough. Therefore, for any z € N(z) N F', the inequality

f(ah) < f(x)

holds for all £ large enough. Letting k& — oo, we have

f(z) < f(x),

which implies that Z is a local optimal solution of problem P. The proof is complete.

Theorem 5.4.2 Let {(x*,u®, y*)} be a sequence generated by Algorithm 5.4.1. Suppose
that, for every (z,u,y) € S and every l = 1,2,--- L, A, is negative definite, and the
LICQ is satisfied at u; for problem Q;(x), and the set-valued mapping S is stable at
every (z,u,y) € S. Then the limit point T of {x*} is a global optimal solution of
problem P.
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Proof. Recall that Z is a feasible solution of P. For an arbitrary positive number 7,
we define the set .7:",7 by
Fp={zeF|llz—z|<n}.

It is clear that j':n is a nonempty compact set. For any = € ]:—m there exists (u,y)
such that (z,4,y) € S. Since the conditions in Proposition 5.3.5 are satisfied at
(Z,1,y), in a similar way to the proof of Theorem 5.4.1, we can show that there exist
a neighborhood N(z,0,y) of (&,1,y), two positive numbers é = £(2) and 7 = 7(2),
and a continuous function (u(-,-),y(-,-)) : [0,é) x I, N(Z,0,¥y) — RC*+DL such that,

~

for any (e, z,u,y) € (0,) x (N(z,10,y) N S),

(e x,u(e? 2),y(e?, 7)) =0 (5.4.30)
and
G(z,u(e?, z)) < 2MVLJ7e?, (5.4.31)

where M is given by
M = max{M (&, ), -, M"(&,a.)},

and M'(&,4;) is a local Lipschitz constant of the function g¢!(&,-) at @ for each | =
1,2,---, L. Moreover, there exists a neighborhood N(z) of & such that (5.4.30) and
(5.4.31) hold for any (e, ) € (0,€) x N(z), since the set-valued mapping S is stable at
(Z,1,y). Since the family of neighborhoods

N ={N(@)|&eF}

is an open covering of ]:—,7, there is a finite number of neighborhoods, say Ny, Ns,---, Ny,

in NV such that {Ny, Na, - -+, N} constitutes a covering of .7:"77. Accordingly, there exist

constants &y, &g, -+, &g, T1,To, -+, Ts and My, My, - - -, My, respectively. Thus, by setting
 efa .
€ _mln{517€27"'753}7
. .. .
7 = max{7y, 7o, *, Ts},

M* = max{Ml,MQ, e ,MS},

we have ¢, < ¢* and 2M*V LJ71*¢;, < 1 for all k large enough, and hence, for every
WS .7:",7,

®(cf, z,u(ef, z), y(er, ) =0
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and

G(x,u(si,x)) < &p.

This shows that for every x € .7:"77, x is a feasible solution of (5.4.26) whenever k is large
enough. Therefore, by using similar arguments to the proof of Theorem 5.4.1, we can

show that Z is an optimal solution of the problem

min  f(z)

s. t. xeﬁn.

Since 7 is arbitrary, x is actually a global optimal solution of P. The proof is complete.

5.5 Some Remarks

In this chapter, we have reformulated the SGSIP problem as a nonlinear programming
problem with stochastic complementarity constraints, and established some properties
of smoothing approximations for the reformulated problem. Furthermore, we have
presented a smoothing implicit programming algorithm (Algorithm 5.4.1) for solving
the problem with finite discrete distribution. Unlike other numerical methods for semi-
infinite programming, our approach does not discretize the index set, but we take
advantage of the fact that the lower level programs can be characterized by its first
order optimality condition. Because of the special structure of ® (see (5.3.10)), our

approach is numerical tractable under some mild assumptions.

To illustrate the assumptions and the theorems in this chapter, we consider the

following example.
Example 5.5.1 Let

1
g (z,up) = guzTBl(x)Uz + Ci(z) " + di (),

Wz, w) = pia(e) w + gju(x),
j:172a"'aJ7 l:172a"'>L7

where B)(z) : R" — R™", 1 =1,2,---, L, are r X continuous negative definite symmet-

ric matrix-valued functions, Cy(z), p;(z) : R* - R, 1 =1,2,---, L, j =1,2,---,J,
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are continuous vector-valued functions, di(z), ¢j;(z) : ®* — R, 1 =1,2,--- L, j =
1,2,---,J, are continuous real-valued functions. Obviously, Assumption F1 holds. It

is clear that the equation ®;(¢?, x,u;,y;) = 0 can be written as

Bi(x)u; + Ci(x) — B(x)y, = 0,
b2 (1)1, —hi (z,w)) =0,

dex ()., —hl () = 0,
where Py(z) = [p1y(z), - -, psy(z)]. Furthermore, we obtain
bez ()1, —pra(@) " Bil) " (Pue)y — Cilw)) — qua(x)) = 0,
: (5.5.32)
62 ((W)s, —paa(@) Bi(x) ™ (Pux)y — Ci(x)) — quu(w)) = 0.

Write
w'(x) = My(z)y, + 2' (),
where
My(z) = =P(z)" Bi(x) ' P(x), 2'(z) = P(z)" Bi(z) ' Ci(2) — qi(x)
and

a(z) = (qa(e), -, qn(x)".
Then (5.5.32) can be further rewritten as
Mi(z)y, + #'(x) = w'(x) = 0,
¢62((yl)17 wll(x)) =0,

de2((y1) g, w4 (z)) = 0.

We discuss Assumption F3 in the following two cases.

(1) If P/(x) is nonsingular for any x, then M;(x) is a positive definite matrix. Hence,

the equation ®;(¢2, z,u;, ;) = 0 has a unique solution

{ u(a) = (e a), - (i 2)))T,
w(e?, ) = Bi(z) " (P(z)y(e?, x) — Ci(x)).

In particular, if
Py(z)" Bi(z)"' Pi(z) = diag(Aa(2), -+, A()),
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where \;;(z) <0 for j=1,2,---,J,1=1,2,---,L, then, for every | =1,2,---, L, the

unique solution of equation ®;(2, z,u;,y;) = 0 is given by

{ yl(527 JZ) = ((yl(52’ x))17 ) (yl(527x))J)T’
w(e?, z) = By(x) H(Pi(x)y(e?, z) — Ci(w)),

where

—ji(x) — 1/ (Gj(x))? — 4N, (z)e
iy - ke BT

and

gj(7) = qui(z) — pju(2)" By(z) ' Cy(x), 1=1,2,---, L.

(2) In addition, suppose M;(x) is an Ro-matrix if P(x) is singular. Since M,(z) is a
positive semidefinite matrix, by Corollary 3.9 in [87], the equation ®;(¢?, z,u;,y) = 0

also has a unique solution. On the other hand, it is clear that

J
A(x) = V2, g (@w) — S () V2,0 P () = By(z), 1=1,2,---,L,

Jj=1

are negative definite. Consequently, by Lemma 5.3.1 (2), V(y, ) ®1(¢?, , w;, y;) is non-
singular for any € > 0 and (z, u;, ;). Furthermore, since ®;(g2, z,u;, ;) is continuously
differentiable with respect to (uy,y;) for any € > 0, it follows from the Implicit Function
theorem [108, Theorem 5.2.4] that y;(¢?, x) and u;(¢2, z) are continuously differentiable.
Therefore, Assumption F3 is satisfied. Furthermore, under certain conditions, Assump-

tion F2 can be satisfied.
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Chapter 6

%—Order Convergence of the
Generalized Newton Method for
Solving the No-Arbitrage Option

Price Interpolation Problem

6.1 Introduction

Recently, Wang, Yin and Qi [179] developed a no-arbitrage interpolation method to
preserve the shape of the option price function. The interpolation is optimal in terms
of minimizing the distance between the implied risk-neutral density and a prior approx-
imation function in L?-norm, which is very important when only a few observations are

available.

Since the seminal paper of Black-Scholes [10], numerous theoretical and empirical
studies have been done on the no-arbitrage pricing theory, see Duffie [36] and the
references therein. If the uncertainty of nature can be described by a stochastic process
¢, then the absence of arbitrage opportunities implies that there exists a state-price
density (SPD) or risk-neutral density, which is denoted by p(q,|F},), where 5 is any
time after time ¢y, F}, is all the information available at time ¢;. The price of any

financial security can be expressed as the expected net present value of future payoffs,
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where the expectation is taken with respect to the risk-neutral density. In the call
option pricing case, the underlying asset price .S; can be used as the state variable, the

risk-free rate is considered as a constant. So the price at time ¢ is
O(S,, 8,7, 1,) = e "0 /0 (Sy — 8).p(Sr|S,, 7,70, )dS, (6.1.1)

where S; is the underlying asset price at time t, s is the strike price of the option
contract, 7 is the time-to-expiration, 7' = t + 7 is the expiration time, r;, is the risk
free rate from time ¢ to 7' =t 4+ 7. No matter what kind of process of the underlying
asset price S; is, and whether the market is complete or not, the equation above always
holds. Wang, Yin and Qi [179] proved that the option price function is convex with
respect to the strike price s. Assuming that 0 < a = 55 < 51 < -+ < S0 = b < 00,

they formulated the following constrained no-arbitrage interpolation problem:

Min [|f"(s) = h(s)ll,
st. f(s)=wyi, 1=1,2,-+- ,n+2, (6.1.2)
f"(s) >0 for a.e.s € |a,b], f € Wia,l

where

h(s) =e "7

o exp {_ (logs —log Sy — 7,7 + 027/2>2} _ (6.1.3)

soN 2T 2027

By using the duality theory and Lagrange multipliers as well as the normalized B-
splines B; of order two associated with (s;, y;), Wang, Yin and Qi [179] converted the

minimization problem (6.1.2) to a system of nonsmooth equations
F(r) =d, (6.1.4)

where d = (dy,ds, -+, d,)T are the second divided differences, F' = (Fy, Fy, -+, F,)T :
R" — R™ and the i-th component of F' is defined by

Fi(z) = /ab <§xlBI(s)+h(s)> Bi(s)ds. (6.1.5)

+

We may see that F; belongs to a class of integral functions defined in (2.1.1). Wang,
Yin and Qi [179] applied the following generalized Newton method to solve (6.1.4):

M (ab) (2" = ab) = —F(a*) +d, k=1,2,---, (6.1.6)
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where M (z) € R™™ with components

z) = / "Lome (lil ©1By(s) + h(s)> Bi(s)B;(s)ds,

where 1(«)(+) is the characteristic function of the set (0, +00), i.e., L0y (x) = 1 for
x>0 and 1 (x) =0 for x < 0. It is not difficult to see that (6.1.6) can be written
as:

M ()2 = d — / s, k=1,2,---, (6.1.7)

where B(s) = (Bi(s), Ba(s), -+, Bn(s))T

By applying the results of [33], Wang, Yin and Qi [179] proved semismoothness of
the integral function F' defined by (6.1.5), and hence established superlinear convergence
of the generalized Newton method (6.1.7). However, Wang, Yin and Qi [179] has not
proved strong semismoothness of the integral function F' defined by (6.1.5), and hence
has not established quadratic convergence of (6.1.7). Actually, they give a counter
example that the integral function defined by (2.1.1) may not be strongly semismooth,
also see [136].

This raises two questions:
1. When does the generalized Newton method (6.1.7) have quadratic convergence?

2. If in some cases the generalized Newton method (6.1.7) has no quadratic conver-

gence, what is its convergence rate?

In this chapter, we first give the answer to these two questions for the generalized
Newton method (6.1.7). And then we present a globalized algorithm for solving the

no-arbitrage option price interpolation problem (6.1.2).

This chapter is organized as follows. In Section 6.2, by using the p-order semismooth-
ness results of the integral function (2.1.1), we show that the generalized Newton method
(6.1.7) has at least %—order convergence rate and we give conditions when this method
has %—order and quadratic convergence rate. In Section 6.3, we propose a damped ver-
sion of the generalized Newton method and show that it is globally convergent and the

convergence order is at least %.
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6.2 Convergence Analysis

In this section, we first apply Theorem 2.3.2 to the integral function F'(-) defined by
(6.1.5), then we show that the generalized Newton method (6.1.7) has at least %—order
convergence. Some conditions when this method has %—order and quadratic convergence

are also given.

Recall that the B-spline B; is given by

a;(s — s;), for s € [si, si41],
Bi(s) = { @i(sit2—s), for s€ [sit1,sital,
0, otherwise,

where
a; = 2/((siv2 = 8i)(Sit1 — 8i), @ = 2/((siv2 — 8:)(Sit2 — Sit1))-

In the sequel, we study the following functions:

s2

O (r) = /515 (21B1(s) + h(s)), Bi(s)ds,
@) = [ (@aBu(s) +hls)), Buls)ds,

n+1

Sit1

Fi(xi—l, [EZ) = / (xi—lBi—1(5> + ZL'ZBZ(S> + h(S))+ BZ'(S)dS, 1= 2, ey,
SLS'L 2
Vi(wi, zi11) = / : (2B;(8) + iy1Big1(s) + h(5>>+ Bi(s)ds, i=1,---,n—1,
Si4+1
Then
Fi(z) = &1 (21) + Vi (21, 22),
Fz(ﬂ?) = Fi(xifbxi) + ‘I’i(fci, $i+1)7i =2,---,n—1,
Fn(x) = Fn(xn—laxn) + (1)2(l'n)

We may use Theorem 2.3.2 to establish p-order semismoothness of ®;, I'; and ;.
This implies p-order semismoothness of F. Since the h(-) possesses a very special
structure, it has at most two inflection points. For any T = (7y,Z, -, Z,) € R",
we assume, separating [a,b] more finely if necessary, that >)'; 7;B;(s) + h(s) = 0
has at most a root on [s;, s;+1]. So, the position relation between the line segment
y =Y, T Bi(s) on [s;, s;11] and the curve y = —h(s) has four cases: (1) not intersected,
(2) intersected but not tangent, (3) tangent at a convex or concave arc point of the curve
y = —h(s), and (4) tangent at an inflection point of the curve y = —h(s). On [s;, Si+1],
the first two cases happen if and only if the root of >, Z;B;(s) + h(s) = 0 is simple
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on this subinterval. The third case happens if and only if > | ;B;(s) + h(s) = 0 has
a 2-order root on this subinterval. The fourth case happens if and only if the order of
root of > 7 Bi(s) + h(s) = 0 on this subinterval is 3. Therefore, the following result
immediately follows Theorem 2.3.2, which strengthens Theorem 4.6 in [179].

Theorem 6.2.1 Consider the integral function F(-) defined by (6.1.5). For any T €

R", there exist exactly the following three cases:

(1) If the roots of >.1 1 & Bi(s) +h(s) = 0 are simple on every subinterval [s;, s;41] C
la,b], i =1,2,--- ,n+1, then F is 1-order (strongly) semismooth at &.

(2) If there exists a certain subinterval [s;, sit1] C [a,b] such that the highest order

of roots of 1, T Bi(s) + h(s) = 0 on [s;, Si+1] is 2, then F is %-order semismooth at T.

(3) If there exists a certain subinterval [s;, sit1] C [a,b] such that the highest order

of roots of iy 11 Bi(s) + h(s) = 0 on [s;, $;41] is 3, then F is 5-order semismooth at .

Let the matrix function M = (M;;)nxn @ R" — " be defined by

Mj(z) = /:’1(0700) (Z 2 By(s) + h(s)) Bi(s)B,(s)ds, i,j = 1,2, ,n.

=1

In order to establish the (1+p)-order convergence of the generalized Newton method

(6.1.7), we give the following lemma at first.
Lemma 6.2.1 For any & € R", function M(-) is continuous at .

Proof. Take any h € ". We only need to prove M,;(Z + h) — M;;(Z) as h — 0 for
1,7 =1,2,---.n. It is easy to know that

IMyy( + ) = My(@) < [ Bi(s)By(s)ds.
Qa(7,h)
By using the same proving technique in the proof of Theorem 2.3.2, we know that
w(Q(z,h) < O (HhH%) since Y1\, 7 Bi(s) + h(s) = 0 has only a finite number of
roots. Hence, |M;;(z+ h) — M;;(z)] < O (||h||%) because B;(s)B;(s) is bounded on
la, b]. By this, we obtain the desired result. m
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Let z* be the solution of (6.1.4), then M (2*) is positive definite, see [179]. Therefore,

we may obtain, from the above lemma and Theorem 6.2.1, the following result.

Lemma 6.2.2 (i) Suppose that x* is a solution of (6.1.4). Then there exist constant

c1 and 6; > 0 such that any matriz M (x) is nonsingular and

max {||M (z)]],

@y <o
for all x with ||x — z*|| < ¢;.
(ii) There exist constants co and dy such that
e lle —at|| < [[F(z) = Fa)| < lz — 27 /e
for all x with ||x — z*|| < 0.

Now we state and prove a convergence property of the generalized Newton method

for solving the no-arbitrage option price interpolation problem.

Theorem 6.2.2 Let x* be a solution of (6.1.4). Then there exist exactly the following

three cases:

(1) If the roots of 31, x7 Bi(s)+h(s) = 0 are simple on every subinterval [s;, s;41] C
la,b], i =1,2,--+,n+ 1, then any sequence {x*} generated by the generalized Newton
method (6.1.7) converges quadratically to x* provided that the initial point 2° is suffi-

ciently close to x*.

(2) If there exists a certain subinterval [s;, sit1] C [a,b] such that the highest order
of roots of Y1y 2 Bi(s) + h(s) = 0 on [s;, Sit1] is 2, then the convergence of (6.1.7) is

of order % provided that the initial point x° is sufficiently close to x*.

(3) If there exists a certain subinterval [s;, sit1] C [a,b] such that the highest order
of roots of Y11 xf Bi(s) + h(s) = 0 on [s;, Si+1] is 3, then the convergence of (6.1.7) is

of order % provide that the initial point x° is sufficiently close to x*.

Proof. According to Theorem 1.1.1, we need to verify the following three conditions:
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(1) M(x) € OF (x);

(2) There exists d; > 0 such that matrix M(z) is nonsingular for all z with
[E

1

(3) F is strongly semismooth, 3, %—order semismooth at z*, respectively, in corre-

sponding three cases.

The first property is proved in [179]. The second property is proved in Lemma 6.2.2
(i). The property (3) is established in Theorem 6.2.1. Hence, we obtain the desired

results. m

In the rest of this section, we prove a local (1 + p)-order decrease in the residual
function ||F(-) — d||. For the sake of conciseness, We only discuss the worst case that
Fis %—order semismooth at z*. In fact, we have also corresponding results in other two
cases.

Theorem 6.2.3 Let x* be a solution of (6.1.4). If there exists a certain subinterval
(85, 8i41] C [a,b] such that the highest order of roots of >/, x;Bi(s) + h(s) = 0 on
[si,8i41] is 3. Then there exists constants ¢ such that for the sequence {x*} obtained

from (6.1.7)

4
3

Y

|F(abtY) —d|| < c| F(ab) —d

provided that the initial point 2° is sufficiently close to x*.

Proof. Without loss of generality, let {z*} be generated by (6.1.7) with an initial point
20 sufficiently close to z* so that Theorem 6.2.2 and Lemma 6.2.2 hold. By Theorem
6.2.2 (3), there exists a constant ¢z > 0 such that

Halzk+1 -z <cs Hajk — |’ (6.2.1)
for all k. Then we have, by Lemma 6.2.2, for all z*,
HF(xkﬂ) _ dH _ HF(IkH) — F(z*)
< ka“ —x*|| /co
< (es/co) Hx’“ —z®
< (e3/ (&) o) | Fla*) = F(av)||®
= e/ ()0 |F*)
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We obtain the desired result. m

6.3 A Damped Version of the Generalized Newton
Method

Wang, Yin and Qi [179] also proved, by a series of theoretical analysis, that the dual
problem of (6.1.2) is

:Iﬁrelzgg—f/a <Z{BIBI )+ h(s ) ds + = / ds+ledl (6.3.1)

By deleting the constant item % [?(h(s))2ds which does not change the problem, (6.3.1)

can be written as follows

max——/ (leBl )+ h( )) ds+zn:xldl (6.3.2)

n
zER n =1

In the remaining part of this section, we study a globalized version of the Newton

method applied to the negative counterpart of the dual function (6.3.2)

2/ (ZwlB’ )+ his ) dS—ZIzdz (6.3.3)

Note that VL(z) = F(x) — d. We first have the following result which shows that L is
coercive, i.e., L(x) — 400 as ||z|| — oco. This result extends Lemma 2.1 in [32] to the
case h(z) # 0. Thus, any method that produces a minimizing sequence for (6.3.3) is

convergent since that L(z) is (strictly) convex too.
Lemma 6.3.1 The level set Lev(c) = {x € R" : L(z) < ¢ } is compact for any c € R.

Proof. Assume on the contrary that Lev(cp) is unbounded for some ¢q and let, without
loss of generality, that ¢g > 3 Jb(h(s))?ds. We show first that there is a vector Z €
R\ {0} such that tz € Lev(cy) for every ¢t > 0. Suppose that for every x € R™\ {0}
there exists t(x) > 0 such that t(x)z ¢ Lev(cg) Since L(z) is a convex function, Lev(c)
is convex for any ¢ € R. From the convexity of Lev(cy) and 0 € Lev(cy), it follows that

tx ¢ Lev(co) whenever t > t(z). Let
T(x) =sup{t:t >0, tx € Lev(cy)} .

151



Then T'(z) < +o0. Since Lev(cy) is closed and convex, it is easy to prove that T'(-) is

upper semicontinuous function over R" \ {0}. Then,
T =sup{T(x): ||z|| =1} < +oo.

Hence, Lev(cg) is contained in a ball centered at the origin with radius 7™, a contra-

diction.

Define
2

w(t) = ;/b <t§:xlBl(s) + h(s)>

We obtain that w(t) < ¢y whenever ¢t > 0. If z; <0 foralll=1,2,---,n, then

ds —t Z T:d;.
=1

w(t) > =t zd; > ¢
=1

for t large enough. Hence there exists an index [ such that #; > 0. Then

R = ;/b (téml(s)m(s)f ds

2

> ;/ab (Zn: T B(s) + h(s)) ds >0

+

and w(t) = t?R—t Y., 1;d; — +00 as t — +00, a contradiction. The proof is complete.

|
The following algorithm is a “damped” globalization of Newton’s method based on
regularization controlled by the residual.

Algorithm 6.3.1 (Damped Newton method)

Step 0. (Initialization) Choose z° € R, p € (0,1), o € (0, 3), and tolerance tol> 0.
Set k= 0.

Step 1. (Termination criterion) If g = HF(l'k) - dH <tol then stop. Otherwise, go to
Step 2.

Step 2. (Direction generation) Let s* be a solution of the following linear system
(M (2%) + e,.1)s = =V L(z"). (6.3.4)
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Step 3. (Line search) choose my as the smallest nonnegative integer m satisfying
L(z" 4 p™s*) — L(2*) < op™V L(2")T " (6.3.5)

Step 4. (Update) Set 2%t = 2 4 p™*s* k := k + 1, return to Step 1.

If tol= 0, then Algorithm 6.3.1 will produces a infinite sequence of iterates {z*}
in general, otherwise, some iterate z* is the solution of (6.1.4). In what follows, we
assume that for any k, z* is not the solution of (6.1.4). Since M (z*) is always positive
semidefinite, see [179], M (z*)+¢.1 is always positive definite for any &;, > 0. Therefore,
the linear system (6.3.4) is uniquely solvable and s* # 0. If there are no nonnegative

integers satisfying (6.3.5), then we have

T

lim Lt + p"s") = L) >0 (VL(:U'“)) s*

m—oo pm

ie.,
0< (1-0)(VL(")"s" < —(1 - o)er[s*] <o.

k+1

The contradiction means that there is always an my, satisfying (6.3.5), i.e., 2"t can be

calculated from x*. We formally state this result as follows.

Proposition 6.3.1 Let tol= 0. For every starting point 2°, Algorithm 6.3.1 generates

an infinite sequence x*.

In the proof of convergence of Algorithm 6.3.1, we use the following technical lemma

which shows that the unit stepsize is attained eventually.

Lemma 6.3.2 Let z* be a solution of (6.1.4). For every 6 € (0,1), there exists a
neighborhood U of x* and a scalar € > 0 such that, for any x € U and ¢ € [0,&], the

unique solution s, of the linear system
(M(z)+el)s =—VL(z) (6.3.6)
satisfies x + s, € U and

L(z + s,) — L(z) — ;VL(ZE)TSw < 6|54
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Proof. By Lemma 6.2.2, there exists a neighborhood U of x* such that M(z) is
nonsingular for any x € U. Hence the linear equation (6.3.6) has a unique solution for

all € > 0. Since L has a semismooth gradient, the desired result follows from Lemmas

3.1 and 3.3 in [113]. m

We now state and prove a convergence property of Algorithm 6.3.1, which shows

that it is globally convergent and the convergence order is at least %.

Theorem 6.3.1 Let 2° € R and {2*} be generated by Algorithm 6.3.1. Then the
whole sequence {x*} converges to the solution x* of (6.1.4), and the convergence is at

4
least of order 3.

Proof. Since the sequence L(z*) is decreasing and the function L is coercive, see Lemma
6.3.1, the sequence of iterates {z*} is bounded. Let x** be a limit of a subsequence
{x*}1, k € K. We will prove that z** = z* and hence z* is convergent to z*. Assume
on the contrary that ** # x*. Then ¢, := |F(2*) — d|| > 0, since we know that, from
the (strictly) convex of L(z), the solution z* of (6.1.4) is unique. By Lemma 6.2.1,
M (%) — M(z**) € R, Tt is clear that M (2**) is positive semidefinite.

Let s* € R™ be the solution of the linear system:
(M(x™) +ed)s =—F(z™) +d.

Under the above assumptions, we have that s* # 0 and s* — s* as k € K, k — 0.

Then for k € K sufficiently large, we have

L(z* +ts*) — L(2®) — ot (VL(2*))Ts* = (1 — o)t (VL(z"))Ts* + o(t)
= (1 —0)t(VL(z*))"s* + o(t) + (1 — o)tay,

where oy, = (VL(2%))Ts? — (VL(z*))Ts*. Tt is obvious that oy, — 0 as k € K, k — oo.
Note that (VL(z**))Ts* = —(s*)T (M (2**) +¢,1)s* < 0; then there exists a nonnegative
integer m, such that for all £ € K sufficiently large and all m > m,,

L(x"* + p™s*) — L(z") — op™(VL(z"))"'s" < 0.
For all £ € K sufficiently large this inequality implies that m; < m, and

L") — L(2%) < op™ (VL(2*)) s < Zop™ (VL(z*))"s".

1
2
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Hence, L(z*) — —oo, contradicting the boundedness of {L(xk)} Therefore, ** = z*.

k

Thus, we have 2" — z* and g, — 0. Since M (z*) is positive definite, from the continuity

of M(-) it follows that every M (z*) is also positive definite for all z* sufficiently close

to z*. Then there exists a constant ¢ > 0 such that
_ 2
(M) (M (2%) + exD)s* > 5 || (6.3.7)

for all 2% sufficiently close to z*. Choose ¢ in Lemma 6.3.2 such that § < (3 — o).
Noticing that § < %, for all k sufficiently large, Lemma 6.3.2 and (6.3.7) yield

L(z* +s*) — L(a%) — o(VL(z*))Ts*

— L(at 4 %) — L) — ;(VL(xk))Tsk + (; o) (VL") s
< B[ - (G - ) (M) + st
< (-0 "

k+1

That is, eventually m; = 0. Hence z¥*! = 2* + s* for all k sufficiently large. We note

that ey — 0 and (M (z*))™! is uniformly bounded in a small neighborhood of z*, see

Lemma 6.2.2 (i). Hence, for all k sufficiently large
(I +ex(M(z")™)7 =T = ep(M(2") 7" + ofe).
If Az* is Newton’s direction generated by (6.1.6) at ", then we have

st = (M(a*) + e )" (=F(a*) + d)
= (I +ep(M(a*)™H) (M (") (=F(2*) + d) (6.3.8)
= AzP — e (M(2F)) 1Az + o(ey,) Ak
By Theorem 6.2.2, we obtain

H:L‘k + Ak — g7 §> : (6.3.9)

=0 (ka —x*

Noticing that F'(z*) = d, Lemma 6.2.2 implies that e, = O(ka —a*
we obtain HAmkH = O(ka — 2*||]). Then it follows from (6.3.8) that

3

). From (6.3.9)

sf=AzF+0 (ka —

Thus we have

ka—‘rl — ¥

= ka—irsk —

IN

ka + AzF — x*

= 0 (ka —z* §)

+0 (ka —

)
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In the last equality we employ (6.3.9). Hence, the rate of sequence {z*} converging to

the solution z* of (6.1.4) is at least of order 5. =
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Chapter 7

A Newton Type Method for Lo

Spectral Estimation

7.1 Introduction

A basic problem in spectral estimation is the estimation of a power spectrum, a measure
i on R" with a known support, given a finite collection of measured correlations. This
problem has many applications in a wide range of settings such as geophysics, radio
astronomy, radar, sonar, and interference spectroscopy, see [5,6,15,17,90,96,97] and
references therein. In many of these problems, the power spectrum g is represented by
a density. Let K C R™ be a measure space with o—finite positive measure dz, and let
1 be absolutely continuous with respect to dr with density
d
s(z) = ﬁ
Then the problem becomes to find a nonnegative integrable function s(x) on K which

vanishes on the complement of K, and exactly matches the observed correlations
T = / s(x)e™dx, ke A, j:=+—1,
K

where A is a finite subset of R” with 0 € A, A = —A and r_; = 7, the complex
conjugate of ri, for k € A. Even if the problem described above is feasible, it may
not have a unique solution. The task of spectral estimation method is to select one

s(z) out of the ensemble of spectra satisfying the correlation matching, positivity, and
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spectral support constraints. This selection is usually done by optimizing some convex
functionals, see Lang and McClellan [97]. One popular method used in spectral esti-
mation is the maximum entropy method, for example see [14] and [15]. In the method

one attempts to find a solution s(z) satisfying

max In s(x)dx
K
st. T :/ s(z)e™dx, k € A, (7.1.1)
K
s(x) >0

The usual form the solution takes is s*(z) = 5~

Pa) where P is a positive trigonometric
polynomial. However, in some applications, see examples in [6], a strictly positive

1
P(z)

alternative way for selecting s(z) by formulating the following optimization problem in

solution of the form fails to exist. Goodrich and Steinhardt [54] suggested an

Lo norm, which is called Ly spectral estimation,

min /K (s(x)) dx
st. 1= /Ks(x)ejkwdx,k €A, (7.1.2)
s(z) >0

Under appropriate conditions, it is shown that the optimal solution of (7.1.2) has the
form: s*(z) = max (0, P(z)), where P(x) is a trigonometric polynomial. Ben-Tal, Bor-
wain and Teboulle [6] developed a duality theory for multi-dimensional L, (1 < p < c0)
problem under the so-called Borwein-Wolkowicz constraint qualification (BWCQ), see
also Borwein and Lewis [12] and [13]. The dual problem obtained is a finite dimensional
concave program and the optimal dual variables are exactly the parameters of the op-
timal spectral density s*(x). The authors of [6] indicated “the simple unconstrained
nature of the dual problem seems appropriate for computational purposes and may
lead to the construction of reliable algorithms for computing the L, optimal spectral
estimate”. In that paper, they discretized the support K by a finite number of points
and approximated the dual problem by a nonsmooth optimization problem which can

be solved by existing nonsmooth optimization algorithms.

In this chapter, we study the Lo spectral estimation problem by Newton-type
method. For simplicity, we focus our attention on the time series case, an impor-
tant subclass of the spectral estimation problem. The results of the chapter can be

extended to the multidimensional case, but would be more complicated.
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Suppose that K = [—m, 7] and A = {—m,---,—1,0,1,---,m}, where m is an inte-
ger. Given a finite sequence {7} with & € A, the problem is now to find a nonnegative
finite integrable function s > 0 which satisfies

1 7 -
/ s(z)e’™dr = ry,, k€ A. (7.1.3)

21 J

This is the so-called trigonometric moment problem, see [6,54,57,97]. We can rewrite

problem (7.1.2) in the time series case (7.1.3) in the form of real constraints, that is

min ;/_7; (s(2))? da
]_ T

s.t. —/ s(x)coskxdr = Re(rg), k=0,1,---,m,
27 |, o) (re) (7.1.4)

1 ™
/ s(x)sin kxdr = Im(rg), k=1,---,m,

21 Jx

s(x) >0, s(z)e Ly|—m, .
Here, for convenience, we multiply the objective function of (7.1.2) by 1/2 without
changing the problem. In 1993, Cole and Goodrich [24] investigated the L,-spectral
estimation with an L.-upper bound, they compare the numerical performance of Least
Squares methods for (7.1.4) (they take K = [0, 1] in the paper), Newton’s method for
solving the dual problem in the form of (7.2.3) and Newton’s method for the system
of nonlinear equations generated from the dual problem. They find the last method
does the best job of fitting the solution to the data. Potter [119] also obtained similar
numerical results. However, there is no convergence results of the algorithm for the

spectral estimation problem in the paper.

It is obvious that problem (7.1.4) is a convex optimization problem. The problem
has a unique solution provided that the feasible set is nonempty. In order to derive the
optimality conditions, we need certain constraint qualification. Since the nonnegative
cone of Ly|—m, 7] has empty interior, the commonly used Slater constraint qualification
does not hold. However, by [6], the BWCQ (Borwein-Wolkowicz Constraint Qualifica-
tion) holds if and only if the Toeplitz matrix M, defined by

M = [rl*k]ﬁzo (715)

is positive definite, see page 993 in [6]. We take it as a blank assumption in the sequel

of this chapter.
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For convenience of expression, we take

1, fori=1
Bi(x) =14 2coskx fork=1,2,---,m, and i = 2k, (7.1.6)
2sinkxr  for k=1,2,---,m, and 1 =2k + 1

and
2mrg, fori=1

d; = § 4mRe(ry) for k=1,2,---,m, and i = 2k, (7.1.7)
Arlm(ry) for k=1,2,---,m, and ¢ = 2k + 1.

Then (7.1.4) can be written as

min / " (s(x) da
s.t. /%rs(a:)Bi(x)dx = d,, i=1,2,---,2m+1, (7.1.8)
s(_;) >0, s(z)e€ Ly|—m, 7.
The functions {B;(z) : i = 1,2,---,2m + 1} defined by (7.1.6) are called the trigono-

metric basis functions on [—m, 7|, m is called the order of the trigonometric basis

{Bi(=)F.

By using the Lagrange dual technique, we transform the problem (7.1.8) into a
finite dimension maximization problem. Further, the problem is reformulated as a
system of nonsmooth equations F(z) = d (see (7.2.7) in Section 7.2). We establish
the differentiability properties of the generated nonlinear equations and introduce the
Newton-type method for solving the problem. We prove that the order of convergence
of the method is at least 1 + ﬁ This result provides a theoretical justification for the
numerical observations in [24] and [119]. Moreover, based on an observation that the
dual problem of (7.1.4) is SC', i.e., the objective function is smooth with its gradient
function semismooth, we produce a globally convergent damped generalized Newton
method for solving the problem. Some preliminary numerical tests are implemented for

illustrating the efficiency and robustness of the method.

The outline of this chapter is as follows. Section 7.2 contains the dual problem
of (7.1.8) and its reformulation. In Section 7.3, we investigate the differentiability of
function F' generated from the reformulation (see (7.2.8) in Section 7.2) and introduce

the Newton-type method for solving the problem. Then we prove the convergence of the

160



method and study the rate of convergence. In Section 7.4, we give a damped Newton-
type algorithm for solving the problem, which is globally convergent. Preliminary

numerical test results are listed in Section 7.5.

7.2 Dual and Its Reformulation

In this section we establish the dual of problem (7.1.8), then the solving of the spectral
estimation problem (7.1.2), which is an infinite dimensional moment problem, is trans-
formed into solving a finite dimensional unconstrained maximization problem with a
concave objective function. Furthermore, the unique solution of the dual problem is

the solution of a system of nonlinear equations.

First, according to the Lagrange multiplier rule, s* is the unique solution of (7.1.8)
if and only if there exist numbers A7, i = 1,2,---,2m + 1 such that s* is the solution
of the problem

‘ 1 = , 2m+1 .
min  L(s,\*) = 3 (s(x))” dx — ; A (/ s(x)B;(z)dx — di>

—Tr —Tr

(7.2.1)
st. s>0, s€ Ly|—m, 7l

Hence the solution of (7.1.8) has the form

s*(x) = (ii; )\Z‘Bi(:c)>+ , (7.2.2)

where a; := max{a,0}, \f, i = 1,2,---,2m + 1, are Lagrange multipliers. By dual

theorem, substituting (7.2.2) into (7.2.1), we obtain that the value of the Lagrange

multiplier vector \* = (A}, A3, -+, A5, 1)7 € R¥™ s a solution of the following dual
problem
1 m [2mAl 2 2m+1
max — - > NBi(z) | dx+ D> Nd;. (7.2.3)
At 2 -x \ o + i=1

Let Ag = A, A = Ao + jAopyq for k£ = 1,2,---.m. Analogous to the discussion
above, we have, in the complex form, the dual problem of (7.1.8) is

2
1 [ A
max 2m Z kak_ﬁ/,,r ( Z Ake_]k’”) dr | (7.2.4)

k=—m k=—m +
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where A = (A_,,,--+,A_1,Ag, Ay, -+, Ay)T is a complex vector and A_j, = Ap(k =

1,2,,--+,m). Moreover, we have
2m Z kak =27 )\17’0 + 2 Z (/\gk Re(rk) + >\2k+1 Im(rk)) = )\Td (725)
k=—m k=1
and
ST Ape T =N 423 (Ao coskr + Aogy sinkz) = A B(x), (7.2.6)
k=—m k=1

where d = (dy,ds, -+, domi1)" and B(z) = (By(z), Ba(z),- - -, Bams1(z))". Therefore,
problem (7.2.3) and (7.2.4) are equivalent.

From the analysis above we have the following result, which is a direct deduction of

Theorem 5.1 in [6].

Theorem 7.2.1 For given K, A, and ry, if the Toeplitz matriz M , defined by (7.1.5) is
positive definite, then problem (7.1.8) has a unique solution s*, its dual problem (7.2.3)
has a unique solution N\*, and the optimal values of (7.1.8) and (7.2.3) are equal.

Notice that (7.2.3) is a finite dimensional problem, then by dual technique, the
infinite dimensional optimization problem (7.1.8) can be solved via solving an uncon-
strained finite dimensional concave optimization problem (7.2.3). Further, by the first
order optimality condition and concavity of (7.2.3), the dual problem can be reformu-

lated as the following equation system:

FO\) =d, (7.2.7)
where -
F= /_ i ( > )\,;Bi(x)> B(x)dz (7.2.8)
=1 +
with

2m—+1

Fi(\) :/” (Z /\ZBZ(J:)> Bi(x)dz, i=1,2,--,2m + 1. (7.2.9)
T\ =1 +

More precisely,

—T

~ [/2m+1
For(N\) =2 ( Z )\Z'BZ'<I>> coskxdr, k=1,2,---,m, (7.2.10)
- i=1 +

2m—+1

Fori(N) = 2/7r ( Z )\iBi(SL')> sinkxdr, k=1,2,---,m.
T\ i=1 +
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We can see that function F' in (7.2.7) may be not smooth. In the next section we study

the differentiability of F' and introduce a Newton algorithm for solving (7.2.7).

7.3 Some Properties of F

In this section we study the differentiability properties of F'(\) given by (7.2.8) with
its components given by (7.2.9) for A € 2™ which are crucial for the establishment

and convergence analysis of the algorithm for solving (7.1.8). We denote
Ko(\) = {z € [-m, 7] : B(x)"A =0

J
K. (\) = {x € [-m,7: B(x)'A>0 },
K_(\) ={ze[-ma]:Bx)'\<0 |

7

Proposition 7.3.1 (i) For any A € R2™ the function F is locally Lipschitz contin-

uous;
(i) F is semismooth at A = 0;

(iii) F is continuously differentiable at any X € R2™+1\ {0}, and

VF( :/  Alz)de, 7.3.1
M=, A (73.1)
where
A(x) = B(z)B(x)"
1 2cosx 2cosmx 2sinmx
2cosx 4 cos® x .-+ 4coszcosmz 4 cos x sin mx
2cosmx 4cosxcosmzxr --- 4 cos®> mx 4 cos mx sinmx

2sinmx 4coszsinmx --- 4cosmxsinmz 4 sin ’max

(7.3.2)
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Proof. For convenience of expression, we denote
g(\,x) = \'B()

and
fO ) = (g(A, )+

Then for every x € [—m, 7], g(A, x) is continuously differentiable with respect to A €
R2HLGL(N) := Vag(A\, z) = B(z) is continuous on [—m, 7| x R?*™ 1. Then by Theo-
rem 2.2.1 for any i = 1,2,---,2m + 1, F; is locally Lipschitz continuous, directionally

differentiable and

FOuh) = [ (g0 ) g (h, ) Bile)da, for i=1,2,+ 2m+1,

—Tr

where

1 ifa>0,
<a>3:{

0 otherwies.

From Proposition 2.3.2, we have that the integral functions F;(\),i = 1,2,---,2m + 1,
are semismooth at A\ = 0. It is known from [126] that if each component of F is

semismooth, then F itself is semismooth.

Since the basis functions {1,2cosx,2sinx,---,2cosmz,2sinmx} are linearly in-
dependent on [—m, 7], B(z) = (1,2cosx,2sinz,---,2cosmzx,2sinmx)’ # 0 for any

integer m and any x € [—m, 7], there exists a neighborhood U(A) of A such that

o (Ko(N)) = 0 for A € U()), where o (W) is the measure of set . This implies

~

that o ({x € Ko(A) : Gz(A\) #0 }) = 0. By Corollary 2.2.1, differentiable at A € U(\)

and

VEW = [ (g x)} B@)Bi(a)de .
= /KJr(/\)B(:(:)Bi(:c)dx.
Precisely,
V() = /K B, (7.3.4)
VEy(N) =2 . (/\)B(ac) cos kxdx, (7.3.5)
VFy(A) =2 . (/\)B([L’) sin kxdzx, (7.3.6)
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for k =1,2,---,m. By direct computation, and noticing that A(z) = B(x)B(z)T, we
have (7.3.1). Moreover, it is readily to prove that X, (\)(2) — Xy, (3)(z) as A — A for
a.e x and |xx, () (2)B(x)B;(x)| < |B(x)B;(x)|. By Lebesgue Dominated Convergence

theorem, we obtain the continuous differentiability of /. m

It is not difficult to have the following result.
Proposition 7.3.2 For any A € R any V € OF()\) is positive semidefinite.

Proof. Define 0 : R2"+1 — R as

o)) = ; [ 07 Bz (7.3.7)

6(A) is a continuously defferentiable convex function. Its gradient is F'(\). From Propo-

sition 2.3 (a) in [82], any matrix in the generalized Jacobian of the gradient of a convex

function must be positive semidefinite. m

Now we prove the positive definiteness of VF(+) at the solution point \*.

Theorem 7.3.1 Suppose that \* € R*™*1 is a solution of (6.1.4). Then \* # 0, and
VE(.) is positive definite at \*.

Proof. Suppose that \* = (X{, A5, A5, A

2m»

/” (B@)"\")  do=dy,

™

A;mH)T is a solution of (6.1.4). Then

2/ T)\* | cos kxdr = doy,

2/ T)\* SlIl kxdr = dogiq

for k =1,2,---,m. Consequently,

2177 /_7; <B(a:)T)\*)+ dx = 79,
[ (BaY), =, (7.3.8)

2177 /7r <B(x)TX")+ eIk dy =,
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for k = 1,2,---,m. We prove that \* # 0 by contradiction. Assume that \* = 0.
Then from (7.3.8) we have r; = 0 for all ¢ = —m,---,—1,0,1,---,m. Therefore,

M = [ri_p]{—o = 0, which contradicts the blank assumption that M is positive definite.
Therefore, we obtain that \* € ®¥™+1\ {0}.

Now we prove the last part of the theorem. Since {1,2cosz,2sinz, - --,2cos mz, 2 sin ma}
are linearly independent on [—, 7], A(x) = B(z)B(z)? is positive semidefinite for any
x € [—m,7|. Therefore, for any A € 2"\ {0}, ATA(x)\ > 0 and it does not vanish

on any interval of [—7, w]. Consequently,
/ AT A(z)Adz > 0
%
for any set W C [—m, 7| with o(W) > 0 and any A € R*"*!\ {0}. Therefore, from
AV E(AV)A = / AT A(z)Ad,
K4 (M)

we know that VF(\*) is positive definite if and only if o (K (\*)) > 0.

For convenience of expression, let Aj = A}, Ay = A5, +jA5, kB =1,2,---.'m
and A* = (A%, A%,---, A*)" . Then A* # 0 and A*T MA* > 0, where A* is the complex
conjugate of A*. From (7.3.8) we have

/_X*TMA* = Z ]X;AZ?"Z,}L
1,h=0
- 1 ™ T % T m A* —jka * i * _jkx
_ %/_W (B(2)"A )+ <A0+§1Ake ) <A0+];Ake da.
Let z(z) = A+ Aje ™, and z(z) be its conjugate. Then
k=1

NTMA* = 2}/7; (B(@T/\*)+ 2(x)z(x)dx

o (7.3.9)
=5 /}(+()\*) (B(x)T)\*)Jrz(m)z(x)dx.

Because z(x)z(x) > 0 for any = € R, the above integrand is nonnegative. Since
NTMA* > 0, (7.3.9) implies that the measure of set K, (\*) is nonzero, i.e., o (K, (\*)) >
0. By this, we have that VF(\*) is positive definite. m

Remark 7.3.1 From Theorem 7.3.1 and Proposition 3.1 in [131], we know that there
is a neighborhood N'(\*) of X\* such that for any X\ € N(\*), VF()) is a nonsingular

matriz.
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Now we study the Holder continuous property of function VF(A) in (7.3.1) for
A € ®R2mHA {0}, Tt is crucial for the convergence analysis of the Newton method for

solving (7.1.8).

Proposition 7.3.3 Suppose A # 0. Then VF(-) defined by (7.3.1) is at least s—-order

Holder continuous at .

Proof. Since {1,2cosz,2sinz,---,2cosmz,2sinmz} are linearly independent and
X # 0, the set KO(X) consists of a finite number of points, say {1, -, Zs}.
For k =1,2,---,m, denote f(z) = 2(cos kx, sin kz) and

—ksinkx kcoskx

—k?coskxr — k’sinkx
Then
Gp(2) == (B(x), BY(x),---, B®™ (x))"
1 Bi(x)" Ba ()" e By ()"
0 Aq(x) Ay(x) e A (x) (7.3.10)
=|0 — A (x) —22 Ay () . —m?2 A, ()
0 (=D)" 1 Ai(x) (=22)" 1 Ag(z) oo (—m?)" A (2)
Let
A (x) Ay(x) e Ap(x)
R
(=) A (x) (=22 Ag(w) oo (=mP)T T A (2)

It is not difficult to decompose Q(z) as follows

1 | 1 A(z) 0 0
-1 —22 —m? 0 Ayx) 0
Q) = | |
(=)™t (=2)m (=m?)m~ 0 0 A (2)



Hence,

det(Q(z)) = I (l?-h?)-kﬁldet(Ak(x)).

Lh=1,1<h
Since det(Ay(z)) = 4k # 0 for any positive integer k and = € [—m, |, we have that
det(Q(z)) # 0, which implies that det(Gp(z)) # 0. Therefore, for any &;, { =1,2,--- s,

there exists k; < 2m such that

2m—+1
> A:Bi(i
2m+1

Z)\B (z))=0forj=1,2,---,k —1,
(7.3.11)

That is,
{ VOg(Ad) =0, i=0,1, k-1,

Let K (X, h) be the set of such z € K that g(\, 2) and g(\ + h,z) have different signs.
From the proof of Theorem 2.3.2, we have that o(K (X, h)) = O(||h||z7), where () is
the measure of set Q. Noticing that K_(A\)N K, (A+h) C K(X ) and K (A\)NEK_(A+
h) € K(\, h), we obtain that, for all k € ®2™ small enough,

= A(x)dx — A(x)d
/K+(5\+h) (z)dz /K+(5\) (z)de

A(z)dx — / A(x)dx

/K+(5\+h)ﬂK_ N K_(A+h)nK1(})

maxyer [|A(z)]| - o (K (A, h)).

[VF(A+h) = VF())

IA

Therefore, there exists a constant L > 0 such that
[VEA+h) = VFN)| < L([nl]2),
which means that VF(-) in (7.3.1) is Hélder continuous at A. The proof is complete. m

The following example shows that function F(-) defined by (7.2.8) may not be

strongly semismooth.

Example 7.3.1 Take A = (1, — -, 00T, h=1(0,-2,0,---,0)" with 6 > 0. Then

M\H

Fi(\) = i (1 —cosx)ydr = /7T (1 — cosx)dx = 2w

—T —T
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and

F(A+h) = /_W(l—(l—i-é)cosa:)erx
= 2 7T(1—(1—|—(5)(30s:16)0l:16

Zs

= 2(r —xs+ (14 0)sinxzy),
where x5 is the point satisfying 1 — (1 + ) coszs = 0 in [0, 7]. Furthermore, we have

VIE(A+h) = / (1 —(1+40)cosz)}B(z) dx

—T

— (/_:w B(z)'dx + /I: B(a:)de> )

Therefore,
Fi(A+h) — F(A\) = VTE (A + h)h
= 2(r—xs+ (14 0)sinzs) — 2w + 26/Wcosxdx
s

= 2(sinzs —z5) = O (;c;‘;’) :

On the other hand, from 1 — coszs = % and 1 — cosxs ~ %azg, we have
xs = O (5%) .

Consequently,

F(A+h) — (A = VIR +1h=0(6%) = 0 (|n]?).
which implies that Fi(-) is not strongly semismooth and hence F(-) is not strongly

semismooth.

Now we investigate the strongly semismooth property of F' at the origin A=0.

Proposition 7.3.4 F' is not differentiable and not piecewise smooth at the origin A=
0, but it is strongly semismooth at A = 0. Moreover, for any A € R2™\ {0}, if
o(Ky (X)) >0, then

V= A(z)dx € 0pF(0).

K+(\)

1 0
In special, 0, 2D € OgF(0), where D = (

and I is the identity matriz in
0 27

8%2m>< 2m
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Proof. Suppose that A\ € R2™1\ {0} and ¢(K;(\)) > 0. Then A = 1\ # 0 and
A — 0as n — oco. Since ATB(z) > 0 if and only if (2)TB(z) > 0, we have o(K(2)) =
o(K4(\)). By Proposition 7.3.1, F' is differentiable at A and

VIR - /K Atz

n
Therefore, from the definition of Clarke generalized Jacobian, we obtain that

A
V= lim VIF(D) :/ A(z)dz € d5F(0).
From the arbitrariness of A\, dpF'(0) contains infinite many elements. In Pang and
Ralph [114] Lemma 2, it is said that if a function F is piecewise smooth then dpF ()
contains finitely many elements. Therefore, I’ is not differentiable and not piecewise

smooth at the origin A= 0.

Especially, by taking A = (%,0,0,---,0)T, we have A # 0, A — 0. Moreover,
B(z)™\ > 0 for any = € [—m, x], which implies K, (\) = [—m,@]. Therefore, by
Proposition 7.3.1 (iii),

= /_7; A(z)dx

=2nD.

From the definition of OF(-), we know that 27D € 0gF(0). Similarly, by taking
A= (_%70,0, ce ,O)T, we have 0 € dgF(0).

Finally, we prove the strongly semismoothness of F' at the origin A = 0. For any ¢ =
1,2,--+,2m+ 1, and any h € R*™*1 h # 0, by Proposition 7.3.1, Fj(+) is differentiable
at A\=0+4h and

VIF(0+ h) = /”

—Tr

(W B@)), B()" Bi(x)da.
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Therefore,

Fi(0+ h) — F;(0) — VTF,(0 + h)h

T

= /_7; (hTB(ac))+ Bi(x)dx — hT/

_ /7; (h"B(x)), Bi(x)dx — /

—T

(hTB(x))i B(x)Bi(x)dx

™

(hTB(:c))O+ (h"B()) Bi(x)dx
—0

= O([[n]1*).

By Lemma 1.1.2, F;(+) is strongly semismooth at A=0foranyi=1,2--,2m+ 1,

which means that function F' is strongly semismooth at A=0. m

The standard Newton iteration for solving (7.2.7) is
ML= XN (VITFOY) Y FN) —d), 1=0,1,2,---. (7.3.13)
From the homogeneity of function F' defined by (7.2.8), we have VI F(A)Al = F()\!).
Then the Newton iteration (7.3.13) reduces to the following simple form
VIFOHONT =d, 1=0,1,2,---. (7.3.14)

Hence, Newton’s method is easy to implement for Ls spectral estimation problem.

Further, we have the convergence rate of Newton’s method for the problem.

Theorem 7.3.2 Suppose that \* is a solution of (7.2.7). Then the iterative sequence
generated by Newton’s iteration (7.5.14) converges to \* if the initial point \° is close

to X*. The rate of the convergence is at least of order 1 + ﬁ

Proof. From Propositions 7.3.1 and 7.3.3, for any A € R*""\{0}, function F in
(7.2.7) is smooth, and its Jacobian VF' is at least %—order Holder continuous. By
Theorem 7.3.1, 0 is not the solution of equations (7.2.7), and VF' is nonsingular at the
solution of (7.2.7). Therefore, from the result on page 312 of [108], we have what we

expected. m

At the end of this section, we should mention that after we obtained the optimal

dual solution \*, by (7.2.2) we can have the solution to the primal problem (7.1.8).
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7.4 Globalized Newton-Type Method and Its Con-

vergence

In this section, we introduce a damped version of the Newton method for solving the

dual problem (7.2.3). To this end, we let

1 gm [2mitl 2 2m+1
LA =5 / (Z A@-(m)) dr — > Nd;. (7.4.1)
TN i=1 T i=1

Then the maximization problem (7.2.3) is equivalent to the following minimization

problem

1 gm 2m+1 2 2m+1
T\ =1 + i=1

A€§R2m+l

This is a finite dimension convex problem. Note that L(\) is smooth, dL(\) = F(\)—d
and F is semismooth for any A € 2", Hence problem (7.4.2) is an SC' convex

programming problem.

Dontchev and Kalchev proved that L(\) is coercive when B(x) is the basis of cubic
B-spline (see [32] Lemma 2.1), i.e., L(A) — 400 as ||A|| — oo. It can be seen from the
proof of Lemma 2.1 in [32] that the result can be extended to the case that B(z) is the

trigonometric basis in this chapter. Thus we have

Lemma 7.4.1 Function L()\) defined by (7.4.1) is coercive. The problem (7.4.2) is

well-posed in the sense of Tykhonov.

Lemma 7.4.1 implies that any algorithm that produces a minimizing sequence of
(7.4.2) converges to its unique solution. The following damped Newton algorithm is a
globalized Newton-type methods, which is globally convergent and also keep the fast

local convergence of Newton’s method.

Algorithm 7.4.1 (Damped Newton-Type Method)

Step 0 ( Initialization) Choose \° € R*™H1 N0 £ 0, p € (0,1),0 € (0,1/2), and
tolerance € > 0. Set k := 0.

Step 1 (Termination criterion) If ¢, = |[F(\*) — d|| < ¢, then stop.
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Step 2 (Direction generation) Take
V(\F) € aF (\F). (7.4.3)
Let t, be a solution of the following linear system

(V) + e )t = d — F(\F). (7.4.4)

Step 3 ( Line search) Choose my, as the smallest nonnegative integer m satisfying

L 4 p™t) — LNF) < 0p™ VLMt (7.4.5)

Step 4 (Update) Set \¥*1 = \F + p™ety k := k + 1, return to Step 1.

Remark 7.4.1 The matriz V(\*) in (7.4.3) is always positive semidefinite for any
Mg REHLTF N £ 0, we may take the elements of V(\F) as

Vi (AF) = /7r

—T

(B(:zc)T/\k)(jr Bi(z)Bj(z)dx; 4,7 =1,2,---,2m+ 1.

Hence, the matriz V(A\*) + eI is always positive definite for e, > 0 and therefore, the
linear system (7.4.4) is uniquely solvable and ty # 0 if F(\*) —d # 0.

Remark 7.4.2 The line search (7.4.5) in Step 3 is well-defined in the sense that there

always ezists a nonnegative integer my, satisfying (7.4.5). Suppose by contradictory that
L+ p™tp) — LOAF) > 0p™ VLM,

holds for any nonnegative integer m, then we have

VL)t = lim LT+ o) = LX)

m— 00 pm

> OV LN,

Hence, by VL(\*) = F(\*) — d, t;, is the solution of (7.4.4) and the positive semidefi-

niteness of V.(\F), we have
0<(1—-0) VL)t = (1 — Nt (VIN) + e Dty < —(1 — O)er||tr]|* < 0.

This is a contradiction. Therefore, if € = 0, then for any initial point \° € R+,

Algorithm 7.4.1 generates an infinite sequence {\F}.
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Remark 7.4.3 Let \* be the solution of dual problem (7.4.2). Then for any 6 € (0,1)
there exists a neighborhood U(X*) of \* and a scalar € > 0 such that for any A\ € U(\*)
and € € (0,€),V(X) = VFE(X) is nonsingular. Therefore, the linear system

(VN + ety =d— F(\)

has unique solution ty. Moreover, since VF(X) is at least ﬁ—order Holder continuous,

so is VEL(\) = VF()\). Hence, we have
1 1
LA +1t)) — L(\) — §VL()\)Tt,\ < Oftal

and
Aty e UWN).

From the analysis above, and by using a common argumentation technique, we can

establish the convergence result of Algorithm 7.4.1 as follows, we omit the proof here.

Theorem 7.4.1 Let € = 0, \° € R be any initial point, {\F} be generated by
Algorithm 7.4.1. Then the whole sequence {\*} converges to the solution of (7.4.2),

and the order of the convergence is at least 1 + ﬁ

7.5 Numerical Results

In this section, we report our numerical test results on applying Algorithm 7.4.1 to
compute the spectral estimation on a variety of functions. For all testing problems in
this section, we take K = [—m, 7] and generate data 7 by taking a function s(z) and
computing

Tk L /7r s(z)e’*dr  for k=0,1,---,m.

Problem 7.5.1-7.5.3 are generated from the examples in [24] but with the difference
that the functions in [24] are defined on [0, 1] whereas the functions in this chapter are

defined on [—m, 7]. Problem 7.5.4-7.5.5 are first presented in this chapter.

We implemented Algorithm 7.4.1 in Matlab 6.5 on a personal computer Pentium III
601 MHz with 256 MB of memory. In the tables below, Time is the processing time of
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the algorithm in second, the computing error is defined as Error = ||F'(\) — d||, Nit is

the number of the iterations.

Problem 7.5.1 Ideal Low-Pass Filter [24].

s(x) = (7.5.1)

1, - <z <0,
0, O<ax<m.

For this problem, we compare our results to that of Cole and Goodrich in [24]. Cole
and Goodrich considered the Ideal Low-Pass Filter problem on K = [0, 1]. Correspond-

ingly, the basis functions in [24] are defined as

i) = { V2cos(i — 1)mx,  if i is odd,

V2sin(inz), if 7 is even.
And the data is generated by
ri = / s(x)pi(x)dx,i=1,2,--- n.
K

The error defined in [24] is also slightly different with ours, it is

1/2

Bronce = (3 (1= [ o (ads) )

i=1
where f(z) is the estimate of s(z). Comparing the basis {¢;(x)} in [24] and the basis
{Bi(z)} (see (7.1.6) in Section 7.1 ) in our thesis, it is easy to see that n = 2m + 1, and

Errorcg < ¢ Error, where 0 < ¢ < 1 is a constant.

In [24], Cole and Goodrich used three algorithms for solving the spectral estimation
problems. These three algorithms are the nonlinear least-squares algorithm for the
primal problem, Newton’s method for the dual problem (denoted as (DA)), and the
hybrid Powell method (which is a Newton-type method) for the nonlinear system of
equations generated from the dual problem (denoted as (NLSA)). They implemented
their algorithms in Fortran and run on VAX 8530. They claimed that the nonlinear
least-squares algorithm is both the slowest and least proficient at matching the data

vector 7, and (NLSA) does the best job of fitting the solution to the data.

In Table 7.1, we list the numerical results generated by the Damped Generalized

Newton method (DGNM), i.e., Algorithm 7.4.1 in our paper, and the results of Cole
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and Goodrich, generated by (DA) and (NLSA) [24]. We implemented (DGNM) for
m=1,2,---,12. Cole and Goodrich implemented their algorithms for m =1,2,--- 5.
We can see from Table 7.1 that (DGNM) and (NLSA) have much better performance
than (DA). Form = 1,2,---,5, (DGNM) and (NLSA) have similar computing precision
except (NLSA) is not convergent for m = 4 (see [24] for the details).

For the sake of simplicity, in Fig. 7.1 we only illustrate the estimates to s(z) with
m =5 and m = 11. The solid line is the original function s(z) in (7.5.1), the dotted
curve is the estimate to s(x) with m = 11, and the dashed curve is the estimate to s(z)

with m = 5.

Table 7.1: Iteration results for Problem 7.5.1

DGNM DA NLSA
m | Time Error Nit | Time Errorcg Nit | Time Errorcg
1| 0772 11876 x 107 9 17 1.63x107% 3 20 1.09 x 10713
2 | 1.322 57812x 107 14 | 8 1.74x10® 6 | 128 5.24x107%°
3| 1.531 7.4541 x 107 25 | 221 226x 1077 7 | 430 2.45x 10712
4 | 6319 42373x107"® 59 | 652 7.97x107% 11 | 271 9.91x 1073
51 9.219 6.2362 x 107 185 | 19557 1.50 x 1077 200 | 4072 4.95 x 10~1%
6 | 6.760 9.9672 x 107°> 42
7 | 5468 9.8243 x 107° 73
8 | 9.704 9.4071 x 10° 39
9 | 14.931 8.8296 x 10 65
10 | 3.266 6.7856 x 107~ 25
11 | 19.458 9.0704 x 107° 64
12| 3.406 7.0174 x107* 21

We can also see from Table 7.1 that, when m is small, the compute precision can
be very high, but when m gets large, the compute precision is decreased. For example,
when we take m = 5, the computing precision is Error = 6.2362 x 107'%, which is
much higher than Error = 9.0704 x 10~° in the case of m = 11. However, from Fig.
7.1 we can see that, comparing to the estimation curve of s(x) with m =5 (the dashed
curve in Fig. 7.1), the estimation curve of s(z) with m = 11 (the dotted curve in

Fig. 7.1) is much closer to that of the original filter s(z) (the solid line in Fig. 7.1).

176



Ideal Low—Pass Filter
14r

------ m=11
= ==m=5

1.2

A

0.8r

s(x)

0.6

e

0.4F

0.2r

Figure 7.1: The estimations with m =5 and m = 11.

Therefore, we may say that, the bigger value is taken for the order of trigonometric
bases m, the better estimation may be obtained to the original function s(z), although
the computing precision Error = |F(z) — d|| does not increase, or even decrease. The

estimation results for other functions in this section also support this observation.

Problem 7.5.2 Nonideal Low-Pass Filter.

0.75, - <x < —m/6,
s(r) = 0.75exp(—tan®*(1.5z + 7 /4)), —7/6 <z <7/6, (7.5.2)
0, /6 <ax <.

This problem is similar to Example 7.2. in [24]. Cole and Goodrich implemented their
algorithms on Example 7.2. [24] form = 1,---,5, and illustrated their estimation results

graphically for m = 3, (i.e.,, n = 7) in their paper, see page 350 in [24].

We applied Algorithm 7.4.1 to Problem 7.5.2 for m = 4,5, -+, 12 respectively. The
estimation results are listed in Table 6.2. In Fig. 7.2 we illustrate the estimation results
for s(x) in (7.5.2) with m = 5 and m = 12. The solid line in Fig. 7.2 is the original

filter s(z) (so are the solid lines in the figures for other problems in this section).
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Table 7.2: Iteration results for Problem 7.5.2

m Time Error Nit
4 1.598 5.0859 x 10715 41
5 4.406 2.4268 x 10714 85
6 9.844 9.3241 x 1076 161
7 14.906 9.9700 x 106 204
8 4.859 9.5933 x 107° 55
9 8.000 9.0282 x 107° 79
10 5.828 9.7060 x 107° 50
11 8.609 9.8194 x 107° 64
12 9.532 8.0141 x 107° 62

Nonideal Low-Pass Filter
0.9

-

Figure 7.2: The estimations with m =5 and m = 12.

From Fig. 7.1 and Fig. 7.2 we can see that the estimation to Problem 7.5.2 is better
than that to Problem 7.5.1. The reason is that s(z) in Problem 7.5.2 is continuous
in (—m,m), but the function s(z) in Problem 7.5.1 has a jump at x = 0. It is always
difficult to estimate a jump function by a continuous function, especially at the jump

point.

Problem 7.5.3 Two Steps with Disjoint Support Filter.

0.5, —rm<zx<-7/2
s(z) =14 0, —m/2 <z <T7/2, (7.5.3)
1, /2 <x <.
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A similar example was also done by Cole and Goodrich [24] for m = 2,---,5, and
the estimation result for m = 3 was illustrated graphically, see Example 7.4 in [24].
The iteration results of Algorithm 7.4.1 for Problem 7.5.3 are listed in Table 7.3 and

the estimation results are illustrated in Fig. 7.3 for m =5 and m = 12.

Table 7.3: Iteration results for Problem 7.5.3

m Time Error Nit
3 2.924 2.9472 x 10~ 31
4 6.489 5.1456 x 10~1° 61
) 2.693 9.6428 x 107° 17
6 10.144 9.8538 x 107° 71
7 10.125 9.8939 x 107° 59
8 8.031 9.8696 x 1075 31
9 9.624 9.0769 x 1073 43
10 17.094 8.7689 x 107° o8
11 12.638 9.6168 x 10° 38
12 16.694 9.0477 x 107° 54
Two Step with Disjoint Support Filter
141
------ m=12
- = =m=5
1.2¢
1k
0.8r
g a,
0.6f ‘1
0.4F '[
0.2 {
A i
: ! —
-4 -3 -2 -1 0 1 2 3 4

Figure 7.3: The estimations with m = 5 and m = 12.

We also applied our algorithm to estimate the following two functions. We take
m =4,5,---,12 in the tests. The iteration results are listed in Table 7.4 and Table 7.5,

and the estimation results for the filters with m = 6 and m = 12 are illustrated in Fig.
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7.4 and Fig. 7.5, respectively. For other values of m, the resulting estimates also match

the corresponding original filter quite well.

Problem 7.5.4 Three Steps with Disjoint Support Filter.

2/3, —n<z<-—-7/2,
0, _x/2 <2 <0,
s(x) = ™/ (7.5.4)
1/3, O0<z<m7/2,
1, /2 <x <.

Problem 7.5.4 is more complicated than Problem 7.5.3.

Table 7.4: Iteration results for Problem 7.5.4

m Time Error Nit
4 2.464 5.3682 x 10715 21
5 2.063 5.0245 x 10715 13
6 4.306 4.7050 x 10710 26
7 5.468 5.9164 x 10715 29
8 3.475 6.8438 x 10715 15
9 4.276 2.6534 x 10715 15
10 6.019 9.9292 x 1015 19
11 4.767 5.0729 x 10715 16
12 15.022 2.9448 x 10715 27

From Table 7.4 we can see that the computing precision of Algorithm 7.4.1 for
Problem 7.5.4 is very high. But from Fig. 7.4 we find that the estimation for the
function s(x) in Problem 7.5.4 is not as good as the estimation for the functions in the
previous problems. That is because the function (7.5.4) has too many jumps on [—m, 7,
which lead to big difficulty for the continuous estimation for the function. Moreover,
we can also see from Fig. 7.4 that, with the increase of the order of the trigonometric
bases, say, from m = 6 to m = 12, the estimation curve is getting closer to that of the
original function s(x) (comparing the dotted curve with m = 12 to the dashed curve
with m = 6). Therefore, in order to get a good estimation for a jump function, we
usually need to choose a big m, which means the dimension of the problem will be
high.
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Three Step with Disjoint Support Filter
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Figure 7.4: The estimations with m = 6 and m = 12.

Problem 7.5.5 Parallel Filter.

s(x) = . (7.5.5)

Table 7.5: Iteration results for Problem 7.5.5

m Time Error Nit
4 1.222 2.8165 x 10713 9

5 1.392 1.7227 x 10~ 1 9

6 1.763 8.6088 x 10715 10
7 1.952 7.1300 x 10714 10
8 2.443 6.3625 x 10715 11
9 2.824 7.1319 x 10715 11
10 3.024 2.4748 x 10711 11
11 3.175 2.5827 x 10~ 11 12
12 4.787 4.6952 x 10715 14

For Problem 7.5.5, we can see from Fig. 7.5 that, the estimation for s(z) on (—m,0)
and (0, 7) is very precise. With the increase of value m, the estimation for s(z) on the

whole [—m, 7] is getting better. Moreover, from Table 7.4 and Table 7.5 we can also
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Parallel Filter
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Figure 7.5: The estimations with m = 6 and m = 12.

see that the iteration number and processing time of the algorithm do not change a lot

with the increase of the order of the trigonometric bases m.

From the preliminary numerical test results in this section and the numerical obser-
vation by Cole and Goodrich [24] and Potter [119] , we can say that applying Newton-
type methods to the nonlinear equations generated from the dual of the spectral esti-
mation problem is an efficient way to solve the problem. Moreover, from the implemen-
tation process of Algorithm 7.4.1 we also noticed that Algorithm 7.4.1 is not sensitive
with the choice of the starting point \° € R?™*!. Hence, Algorithm 7.4.1 is efficient
and stable.
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Chapter 8

Conclusions and Suggestions for

Future Studies

In this thesis, we developed some generalized Newton methods for solving a class of
SIP problems, a class of option price interpolation problems and a class of Ly spectral
estimation problems. We also developed a method for solving a class of stochastic

generalized SIP problems.

In Chapter 2, we introduced a general class of integral functions which includes
the particular integral functions arising from many application problem. We inves-
tigated the differentiability, semismoothness and smoothing approximation properties
of this class of integral functions. These properties play a very important role in the

convergence analysis of the algorithms mentioned above.

Based on the investigation of the integral function, in Chapters 3 and 4, we pre-
sented four generalized Newton methods for solving SIP problems. In Section 3.2, we
first presented a smoothing SQP algorithm. At each iteration of the algorithm, we
only need to solve a quadratic program which is always feasible and solvable. The
global convergence of the smoothing SQP algorithm was established under some mild
conditions. However, this algorithm has two drawbacks: (1) it has no local superlinear
convergence; (2) the accumulation point of a sequence generated by it may not be a
stationary point of the original SIP problem and is only a generalized stationary point

of an equivalent programming problem. To overcome the first drawback, we presented
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a smoothing projected Newton-type algorithm in Section 3.3. We proved that this
algorithm has global and local superlinear convergence under some mild conditions.
Furthermore, based on the smoothing projected Newton-type algorithm, we also con-
structed a truncated projected Newton-type algorithm in Chapter 4, which not only
has global and local superlinear convergence property but also can solve the large scale
SIP problems with 2000 decision variables. This algorithm is significant since many
large-scale SIP problems arise in various real fields. Considering the second drawback
mentioned in the smoothing SQP algorithm still exists, in Section 3.4, we presented a
new method for solving SIP problems, say, smoothing Newton-type algorithm, which
overcome the two drawbacks stated above. In addition, for the four algorithms above,
the feasibility of the accumulation point of a sequence generated by it was ensured by

an integral function. Numerical test examples show that each algorithm performs well.

In Chapter 5, we discussed a generalized semi-infinite programming problem with
uncertainty. The expected value approach was applied to define a deterministic version
of the problem. We proposed a new reformulation by using the first order optimality
conditions of the second stage optimization problem. Then, we presented a smoothing
implicit programming method to solve the problem with finite discrete distribution.

Global convergence results was obtained under some mild conditions.

In Chapter 6, we showed that the generalized Newton method presented by Wang,
Yin and Qi has at least %—order convergence rate. We gave conditions under which this
method has %—order and quadratic convergence rate. We also gave a damped version
of the generalized Newton method and showed that it is globally convergent and the

convergence order is at least %.

In Chapter 7, a Newton method for solving power spectrum estimation problems

was proposed, and it was proved that the method is at least 1+ﬁ-0rder convergent. We

also developed a globalized Newton-type method for solving the problem, this method

has at least 1 + ﬁ—order convergence.

The following is a list of some interesting and challenging problems for future re-

search.

1. The smoothing SQP algorithm proposed in Section 3.2 has global convergence and
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performs well in numerical test. However, It has no very good local convergence
property such as superlinear or quadratic convergence. In addition, some assump-
tions (for instance, (B4)) needed in the convergence analysis of the algorithm are
somewhat restrictive in theoretical aspect. Thus, it is of great significance to
develop a smoothing SQP algorithm for solving SIP problems such that this al-

gorithm has good local convergence property under some mild conditions.

2. The smoothing projected Newton-type algorithm, the smoothing Newton-type al-
gorithm and the truncated projected Newton-type algorithm proposed in Chap-
ters 3 and 4, are computationally efficient. However, the same problem appeared
in the three algorithms is that the parameter p, the numbers of the local maxi-
mizers of the nonlinear programming problem

max ¢(z,)

need to be guessed previously. Thus, it is very interesting to develop an efficient
algorithm for solving SIP problems, such that the parameter p can be obtained
in the implementation process of the algorithm, but is not guessed previously.
In addition, further experience with testing and with actual applications will be

necessary.

3. In Chapter 5, we proposed a method for solving the stochastic generalized SIP
problems with finite discrete distribution. Of course, it is interesting to construct
an algorithm for solving the stochastic generalized SIP problems with continuous

distribution.

4. Two research topics related to Chapter 7 are: (1) How to construct an efficient
algorithm for solving the high dimension Ly spectral estimation problems? (2)
How to construct an efficient algorithm for solving the L, spectral estimation
problems with L., upper bound? These works are very interesting, since the

problems mentioned arise from many applications.

We will continue work on these topics.
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