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With the development of lightning protection system (LPS) installed in high-rise 

buildings, the probability of breakage on building due to lightning strokes has 

decreased to a very low level. However, the application of LPS imports another 

hazard to the electronic sensitive equipment in the high-rise buildings, i.e. lightning-

induced impulse magnetic field (LIMF). This is because the working principle of a 

LPS is to attract lightning at their air terminals. An extremely large lightning current 

will flow through the downconductors of LPS into the earth. This current will 

generate an intense transient magnetic field around the downconductors inside the 

building. This transient magnetic field will bring serious electromagnetic interference 

to sensitive equipment inside the buildings, such as the malfunction or even 

destruction of sensitive electronic equipment, the over-voltage inside power and 

communication cables, the pace voltage and touching voltage to threaten human lives 

and so on. With the increasing application of electronic equipment and network in 

high-rise buildings in the past decade, such as computers network and 

telecommunication equipment, the hazard of LIMF becomes an important problem 

and proper measures should be taken to protect those properties and occupants 

against it.  
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Before seeking proper measures for the protection against LEMI, the lightning-

induced electromagnetic environment (LIEE) inside buildings should be studied in 

advance. The previous studies on the LIEE inside the buildings protected by LPS 

focused on the conventional LPS which uses the internal metal structure of buildings 

as downconductors. Recently, the early emission streamer (ESE) LPS which uses 

isolated downconductors (e.g. coaxial cables) instead of the building structure is 

widely applied in modern high-rise buildings. Unlike the conventional LPS, large 

lightning currents are introduced into the buildings directly by the isolated 

downconductors. Then harsher LIEE will be induced around the buildings and 

greater threat will be imposed on properties and occupants. The issue of LIMF inside 

the building protected by the ESE LPS has been little addressed. In the previous 

studies, the building metal structures made of reinforcing bars were considered as a 

wire-grid structure. Recently, metal plates, e.g. metal decking, are widely adopted in 

the construction of high-rise buildings. The issues of modeling the building structure 

with metal plates and characterization of LIMF around the structure have been little 

addressed. 

In this thesis, the equivalent circuit (EC) modeling approach for a high-rise building 

installed with the ESE LPS is proposed. The corresponding solution procedure in the 

time domain is developed by using Electromagnetic Transient Program (EMTP). 

With the modeling approach and corresponding solution procedure, LIMF inside a 

typical building in Hong Kong was evaluated and characterized. Furthermore, 

empirical formulas for evaluating the shielding effect of a gridlike building structure 

with an isolated downconductor were derived by the curve fitting technique. With 

these formulas, the shielding effect against the structure dimension, the grid width 

and the distance between downconductor and structure, could be evaluated quickly.  
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For metal plates, a partial element equivalent circuit (PEEC) modeling approach was 

proposed and the corresponding solution procedure in the frequency domain was 

developed in this thesis. The PEEC modeling approach of metal plates was integrated 

with the EC modeling approach for the wire-grid structure. A novel modeling 

technique, named as the hybrid analytical-numerical equivalent circuit (HANEC) 

modeling technique, was proposed. With the HANCE modeling technique, LIMF 

inside a scaled wire-plate structure were characterized. In order to validate the 

proposed EC modeling approach, the PEEC modeling approach and the HANEC 

modeling technique, a series of experiments conducted in laboratories were presented 

in this thesis.   

From the characterization results of a typical building in Hong Kong, it is found that 

LIMF around the isolated downconductor is significantly high and the metal building 

structure can attenuate LIMF obviously. Some recommendations on the installation 

of a LPS and the placement of electrical and electronic equipment are provided and 

some measures to protect the sensitive systems and equipment in critical areas are 

also proposed. From the characterization results of a scaled wire-plate structure, it is 

found the building structure with metal plates has much better shielding effect than 

that without metal plates. From the validation experiments, it is found that the 

measured results agreed with the simulation results quite well. 

With the proposed modeling approach and the corresponding solution procedure in 

this thesis, researchers can study LIMF as well as related issues in high-rise buildings, 

such as protection measures of critical equipment, induced-voltage in power and 

telecommunication cables. With the characterization results and empirical formulas, 

practicing engineers can assess the threat of LIMF to critical equipment in a high-rise 

building. So proper measures can be taken to protect the critical equipment, e.g. 
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placing critical equipment in safety areas and enclose critical equipment with proper 

shielding. Furthermore, under the guide of the work in this thesis, the architecture 

designer can optimize the design of a building structure to minimize LIMF radically.  
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Chapter 1 

Introduction 

1.1 Background  

High-rise buildings are gradually becoming a land mark of modern metropolises like 

Hong Kong. Because of the increasing cost of lands in modern metropolises, a large 

number of people live and work in high-rise buildings. The safety of occupants and 

equipment should be guaranteed under various dangerous situations. The lightning 

strokes to a high-rise building are a serious hazard, which not only damage the 

building itself, but also threaten the safety of occupants and equipment inside.  

Since Franklin invented the lightning conductors in the 19th century, the damage of 

lightning strokes to buildings has been reduced significantly. With the development 

of lightning protection system (LPS) installed in high-rise buildings, the probability 

of breakage on building due to lightning strokes has decreased to a very low level. 

However, the application of LPS imports another hazard to the electronic sensitive 

equipment in the high-rise buildings, i.e. lightning-induced impulse magnetic field 

(LIMF). This is because the working principle of LPS is to attract lightning at their 

air terminals. An extremely large lightning current will flow through the 

downconductors of LPS into the earth. This current will generate an intense transient 

magnetic field around the downconductors inside the building. This transient 

magnetic field will bring serious electromagnetic interference to sensitive equipment 

inside the buildings, such as the malfunction or even destruction of sensitive 

electronic equipment, the over-voltage inside power and communication cables, the 

pace voltage and touching voltage to threaten human lives and so on. This kind of 
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hazard from a lightning stroke has been ignored by public for a long time. With the 

increasing application of electronic equipment and network inside high-rise buildings 

in the past decade, such as computers network and telecommunication equipment, 

the hazard of LIMF becomes an important problem for construction engineers and 

stimulates the research interest of researchers.  

1.2 Significance of this Thesis 

To study protection concepts and provide mitigation methods against lightning 

electromagnetic interference (LEMI) in high-rise buildings, LIMF inside buildings 

should be investigated in advance.  

The study of LIMF in buildings has been conducted for many years. The studies in 

the past years mainly focused on the building with the conventional LPS, which used 

the internal metal building structure as its downconductors. In modern high-rise 

buildings a new type of LPS, namely early streamer emission (ESE) LPS, is widely 

found. Unlike the conventional LPS, it uses isolated downconductors (e.g. coaxial 

cables) instead of the building structure to lead the lightning current into the earth. 

Unlike the conventional LPS, large lightning currents are introduced into the 

buildings directly by the isolated downconductors. Then harsher lightning-induced 

electromagnetic environment (LIEE) will be induced around the buildings and 

greater threat will be imposed on inside properties and occupants. The study on 

LIMF inside the building protected by the ESE LPS has been little addressed before.  

In this thesis, a modeling approach with the corresponding solution procedure is 

provided for evaluating the current distribution and magnetic fields in the building 

with the ESE LPS. From the characterization of LIMF in a typical building, 

recommendations are provided for practical engineers for the protection of sensitive 
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equipment against LEMI. The empirical formulas for evaluating the shielding effect 

of a wire-grid structure against LIMF are also derived in this thesis, which can help 

practicing engineers to access the threat of LIMF to sensitive equipment efficiently.   

In the previous studies, the internal building structure was considered as a wire-grid 

structure made from reinforcing concrete (RC) bars inside such components as 

columns, beams, walls and so on. With the development of the construction 

technology in modern high-rise buildings, large metal plates, e.g. metal decking, are 

widely applied. The modeling approaches, the solution procedure and the 

characterization results in those studies are not applicable for a building with a wire-

plate structure any more. The study on LIMF in such buildings has been little 

addressed until present. In this thesis, a modeling approach with the corresponding 

solution procedure is developed for the metal plates in buildings. Based on this 

modeling approach, a special modeling technique is proposed for a wire-plate 

structure under a direct lightning stroke. From the characterization of LIMF inside a 

scaled wire-plate structure, recommends for protection of sensitive equipment are 

provided.  

1.3 Objectives and Outcomes of this Thesis 

Although the studies on lightning-induced electromagnetic environments in buildings 

have been conducted for years, those studies are not available for modern high-rise 

buildings due to the introduction of new LPS, e.g. the ESE LPS, and the introduction 

of metal plates, e.g. decking, in modern buildings. In order to seek proper and 

reliable protection for sensitive equipment against lightning electromagnetic 

interference in modern buildings, a study on LIEE in high-rise buildings is conducted 

in this thesis. The objectives of this thesis are identified, as follows:  
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• To propose a modeling approach for the wire-grid structure of a building with the 

ESE LPS, and develop the corresponding solution procedure for evaluating the 

current distribution as well as the magnetic fields.  

• To characterize LIMF inside a typical building in Hong Kong.  

• To provide empirical formulas for evaluating the shielding effect of a wire-grid 

building structure. 

• To propose a modeling approach for a building structure with large metal plates, 

and develop the corresponding solution procedure for evaluating the current 

distribution as well as the magnetic fields. 

• To characterize LIMF in a scaled model of the building structure with metal 

plates. 

• To validate the proposed modeling approach by experiments in laboratories.  

To propose a modeling approach for the wire-grid structure of a building with the 

ESE LPS is the first objective of this thesis. Although the equivalent circuit approach 

proposed in literatures is applicable for modeling the building structure, the model of 

the high voltage coaxial cable which is used as the isolated downconductor in the 

ESE LPS is built and integrated with the model of building structure. In order to 

increase the solution efficiency, a solution procedure in the time domain is required 

to be developed.  

In order to provide recommendations for practicing engineers to protect sensitive 

electronic equipment against LIMF, characterization of LIMF distribution inside a 

reinforcing steel building installed with different types of LPS is conducted in this 
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thesis. The empirical formulas for evaluating the shielding effect of a wire-grid 

structure against LIMF are derived in this thesis.   

In order to study LIMF in buildings with large metal plates, a modeling approach for 

metal plates is developed in this thesis. This modeling approach can be integrated 

with the modeling approach of RC bars to study LIMF in the building. For a direct 

lightning stroke at the wire-plate structure, a special modeling technique is provided.  

The proposed modeling approaches of the wire-grid structure and the wire-plate 

structure are validated experimentally in the laboratories. Four validation 

experiments are introduced in this thesis.   

1.4 Outlines of this Thesis 

Chapter 1 introduces the background of the research conducted in this thesis, and 

presents the objectives of this thesis.  

Chapter 2 describes briefly the metal structures in modern buildings, and lightning 

protection systems installed in the local buildings. The hazard of lightning 

electromagnetic interference is addressed. A critical review on the approaches for 

modeling building structures in literature is provided. The results in the prevail 

studies on modeling high-voltage coaxial cables, metal plates as well as on modeling 

lightning stroke are addressed.   

Chapter 3 addresses the approaches for modeling a wire-grid building structure and 

the high voltage coaxial cable used as an isolated downconductor in the ESE LPS. 

Then a solution procedure in the time domain is developed by adopting 

Electromagnetic Transient Program (EMTP) with some modifications. 
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Chapter 4 addresses a characterization of LIMF in a reinforcing concrete building in 

Hong Kong. The results in the building with the convention LPS and the ESE LPS 

are compared. Recommendations are provided for practical engaging for the 

protection of sensitive equipment against LEMI.   

Chapter 5 presents a preliminary study on the relationships between the parameters 

of the metal structure and the shielding effect of the wire-grid structure in a building. 

Using the curve fitting technique and the induction procedure, a series of empirical 

formulas for evaluating the shielding effect are provided.  

Chapter 6 describes an approach for modeling non-ferromagnetic plates as part of the 

building structure. A method for generating hybrid and orthogonal cells in the plates 

is proposed. A double exponential function is adopted to approximate the current 

distribution inside the plates. Finally the corresponding solution procedure is 

introduced. 

Chapter 7 starts with the discussion on the integration of the modeling approaches of 

plates and RC bars for addressing LIMF in a building structure with metal plates. 

According to the observations from the preliminary study on the structure under a 

direct lightning stroke, a special modeling technique, named as the hybrid analytical-

numerical equivalent circuit (HANEC) technique, is developed from the integrated 

modeling approach.  

Chapter 8 addresses the characterization of LIMF inside a scaled building with the 

wire-plate structure using the HANEC modeling technique. The configuration of the 

wire-plate structure is introduced firstly. The magnetic field in the wire-plate 

structure is evaluated and compared with that from an independent downconductor. 
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The shielding effect of the wire-plate structure is revealed. Finally, the shielding 

effect of the wire-plate structure is compared with that of a wire-grid structure.   

Chapter 9 presents a series of experiments for validating the proposed modeling 

approaches developed in this thesis. The equipment and measurement apparatuses 

which are used in these experiments are introduced firstly. The experiments for 

validating the modeling approaches of wire-grid structures, independent plates and 

wire-plate structures are described, respectively. 

Chapter 10 summarizes the conclusions of the research works in this thesis and 

outlines the works to be carried out in the future.  
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Chapter 2 

 Review 

2.1 High-rise Buildings and Lightning Protection Systems in Hong Kong 

High-rise buildings are the landmark of Hong Kong, one of the biggest metropolises 

in the world. The International Finance Center II in the Center District of Hong Kong 

Island is the 6th tallest building in the world. The Center Plaza also located in the 

Center District is the tallest reinforcing concrete buildings in the world. These high-

rise buildings are a natural response to fast-growing population, scarcity of land and 

high land costs in the metropolis as Hong Kong. With the advance of construction 

technology in building construction, two types of building structures are developed 

and widely applied. One is the reinforced concrete structure and the other is the steel 

skeleton structure [Wolfgang, 1995].   

2.1.1  Meal Structures in High-rise Buildings 

The metal structure is the skeleton of a modern building. It is used to enhance the 

mechanical strength of building components or directly support the load of the 

building itself and the other objects inside it, e.g. people and occupants. But it also 

plays an important role in the protection against lightning. The following is the brief 

review of the metal structure in buildings.  

2.1.1.1 The Reinforced Concrete Structure 

The reinforced concrete structure was originally applied to low buildings and was 

treated merely as a substitute for steel. In the later 20th century, this type structure 

was also widely developed in high-rise buildings. This type of building structure 
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contains columns, beams, floors, load-bearing walls and precast slabs. Some of them 

are presented in the following photos which were taken by the author of this thesis. 

  

Figure 2.1 Column structure 

Figure 2.1 shows the metal structure of a column which is made from a vertical 

bundle of reinforcing concrete (RC) bars. The steels bars are bonded to a rectangle 

steel coil at a fixed vertical interval.  

 

Figure 2.2 Beam structure 

Figure 2.2 illustrates the metal structure of beams, which is also made from a 

horizontal bundle of RC bars. These RC bars are also bonded with a rectangle coil at 

a fixed horizontal interval.  
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Figure 2.3 Floor structure 

Figure 2.3 shows the metal structure at a floor. This structure looks like a horizontal 

mesh made of orthogonal RC bars. At each crossing position, two orthogonal RC 

bars are bonded with thin iron wires.   

 

Figure 2.4 Wall structure 

In reinforcing concrete buildings, there are load-bearing walls which carry the load 

of beams and floors. Figure 2.4 shows the metal structure at a load-bearing wall. It 

looks like a vertical mesh made of orthogonal RC bars, which will be bonded by thin 

iron wire at the crossing position.  



 

 11

 

Figure 2.5 Precast slab 

In addition to above components, the precast slabs shows in Figure 2.5 are widely 

applied in buildings to enhance the construction efficiency. In these precast slabs, RC 

bars are buried inside slabs to enhance the mechanical strength.  

 

Figure 2.6 Center Plaza with reinforced concrete structure 

So in reinforcing concrete buildings, it is known that RC bars play an important role 

in constructing the building component to increase their mechanical strength. As 

mentioned above, the 374m-high, 78-story Central Plaza in Hong Kong Island, as 

Figure 2.6 shows, is one of the examples with reinforced concrete building structure.  
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2.1.1.2 The Steel Skeleton Structure 

The steel skeleton structure is adopted in most of high-rise buildings in Hong Kong. 

With this structure, the skeleton carries most of the weight of the building, and the 

wall only serve to keep out the heat, cold, wind and rain. Then walls can be made 

thin, and can be made of quite light materials.  

The main metalwork in this type of structure mainly includes steel columns, beams 

and girders, which are presented in the following photos which were taken by 

Raymond [Raymond, 1998 and Raymond, 2003]. 

 

Figure 2.7 Steel column 

Figure 2.7 shows a vertical column in the steel skeleton structure of a high-rise 

building. It is observed that the steel columns are large in size because they bear the 

most load of the high-rise building.  
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Figure 2.8 Steel beams 

Figure 2.8 shows the horizontal beams in the steel skeleton structure of a high-rise 

building. The H-shape beams are connected with steel columns steel and bear the 

load coming from the above floors.  

 

Figure 2.9 Steel girders 

Figure 2.9 illustrates steel girders of the steel skeleton structure of a high-rise 

building. The girders are used to support the load of upper floors together with the 

main columns.  



 

 14

 

Figure 2.10 Decking 

In recently year, large metal plates are increasingly applied in high-rising building 

for construction, such as decking shown in Figure 2.10. The decking is supported on 

beams and used for constructing concrete floors.  

 

Figure 2.11 IFC II with steel skeleton structure 

It is noted that all the steel components in this type of building structure are 

interconnected with each other and form a gridlike metal structure or a grid plus plate 

metal structure if decking is applied. As mentioned early, the International Finance 
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Center II which is 420m high with 88 stories, as Figure 2.11 shows, is a typical 

example of this type of metal structure applied in Hong Kong.  

2.1.2 Lightning Protection in High-rise Buildings 

Since Hong Kong is located in an area with frequent lightning activities, lightning is 

considered as a significant threat to the high-rise buildings in Hong Kong. So 

lightning protection system (LPS) is required to be installed in the high-rise buildings 

to protect the human lives and properties in the buildings, It should be mentioned that 

that LPS can prevent physical damage by direct lightning strokes, it may not be 

effective in protection against the damage arisen by lightning-induced impulse 

magnetic field (LIMF).  

The LPS in Hong Kong can be divided into two categories according to the design 

principles: one is the conventional LPS based on BS 6651 [BS 6651, 1999] and the 

other is the early streamer emission (ESE) LPS based on NFC 17-102 [French 

Standard NFC 17-102, 1995]. 

2.1.2.1 Conventional LPS 

The conventional LPS is mainly adopted in government buildings due to its 

advantage of low cost, reliable and low earth resistance solution. The main 

components of the conventional LPS include the air termination, the downconductors 

and the earth termination.  

Figure 2.12 shows the air termination. It is installed on the roof of a high-rise 

building, and is used to intercept lightning and deliver the lightning energy via 

dedicated conductors down to the earth. An air termination network, which may be 
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formed by a number of interconnected horizontal and vertical conductors, is 

normally installed on the roof surface of a building.  

 

Figure 2.12 Air terminations of conventional LPS 

Downconductors are for providing a low-impedance path from the air termination to 

the earth termination. With these downconductors, a lightning current can be safely 

delivered to the earth. In the engineering practice, the internal metal structure of a 

building is usually adopted as the downconductors for saving the construction cost 

and simplifying the installation work of LPS. For the reinforcing concrete buildings, 

the RC bars inside the building components are interconnected. For a column 

through stories, one RC bar inside the bundle of a column section at different stories 

is firmly connected by welding. The other RC bars may be bonded with this 

dedicated RC bar by thin iron wires. The same measures are applied to the RC bars 

in beams. The orthogonal RC bars in columns and beamed are again connected by 

welding. As to the RC bars in wall and floors, they are bonded with the columns and 

beams with thin iron wires. Since bonding with iron wires has much larger resistance 

than melting, most lightning current will follow through the building structure. Then 

the building structure used as downconductors can be simplified as a structure only 



 

 17

containing the dedicated RC bars in columns and beams. In the building with steel 

skeleton structure, the interconnected metalwork by melting and riveting can be used 

as downconductors directly, providing they are appropriately connected to the air and 

earth termination with good electrical conductivity.  

Earth termination allows the lightning surge energy to be dissipated into the general 

mass of earth. In most cases, the termination is formed by a network, which is made 

of a number of interconnected earth electrodes shown in Figure 2.13. One earth 

electrode should be connected to each downconductor. The earth termination 

network should have a combined resistance to earth not exceeding 10 ohms with 

taking into account any bonding to other services.  

 

Figure 2.13 Earthing electrode of the conventional LPS 

2.1.2.2 Early Streamer Emission LPS 

In recent years, the ESE lightning protection system has been installed extensively in 

commercial buildings and other private sectors. According to the survey, almost 90% 

of private buildings in Hong Kong are equipped with the ESE LPS due to its low cost 

and easy installation.  
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Although the design of the ESE LPS varies from one brand name to another, the 

operating principles are more or less the same. The ESE LPS is characterized by their 

triggering advance, which is realized by using a special air termination shown in 

Figure 2.14. This type of air terminations can emit streamers before a lightning 

stroke happens and attract the stepped streamed from thundercloud to trigger a 

lightning stroke. As stated in the NFC 17-102 [French Standard NF C 17-102, 1995], 

the rod and the air termination tip should have a conductive cross-sectional area 

larger than 120mm2 and be at least 2m higher than the objects to be protected.  

 

Figure 2.14 Air termination of the ESE LPS 

The lightning conductor should be connected to the earth termination by at least one 

isolated downconductor such as high voltage coaxial cables and tri-axial cables 

shown in Figure 2.15. Two or more downconductors are required when the protected 

structure is higher than 28m or the horizontal projection of the conductor is large 

than its vertical projection. The downconductors are preferably installed outside the 

structure and their path should be as direct as possible.  
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Figure 2.15  High voltage coaxial cable used as a downconductor  

One earth termination should be provided for each downconductor as Figure 2.16 

shows. The resistance value of each earth termination should be 10 ohms or less. To 

minimize the back-electromotive force during the lightning discharge, single 

excessively long horizontal or vertical components should be avoided. Otherwise, the 

conductors of the earth termination should always be directed outward from the 

building. 

 

Figure 2.16  Earth termination of the ESE LPS 
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2.2 Lightning Electromagnetic Interference in High-rise Buildings 

The direct damage of lightning stroke to buildings is well known to people as a 

common sense. It can not only break the bodies of buildings, but also trigger a fire 

hazard to threaten the people and properties inside the buildings. With the protection 

of LPS, the direct damage of lightning stroke can be mostly avoided. But at the same 

time, LPS also leads in another kind of threat or even damage to the properties in 

buildings, which often lacks attention.  

It has been mentioned in Section 1.2 that LPS is not to eliminate a lightning stroke 

but to attract a lightning stroke at its air terminals.  So a large impulse current will 

flow from the thundercloud to LPS through the lightning channel in the space during 

a lightning stroke happens. Then this large current will be led into the earth through 

the downconductors of LPS. According to Faraday’s Law, the large impulse current 

will generate intense impulse magnetic field and bring the lightning electromagnetic 

interference (LEMI) to sensitive equipment in buildings.  

Large-area networks of computers and control systems are located in business and 

industry buildings. Electric apparatuses, such as the second-side equipment in power 

system, precise instruments, and family appliances, are widely distributed inside 

modern high-rise buildings. In the networks and apparatuses, large numbers of 

electronic components are applied. Since the electronic components generally have 

very weak signal levels, they are sensitive to LEMI and may be damaged in harsh 

electromagnetic environment as Figure 2.17 shows. Another study has also revealed 

that when the impulse magnetic field exceeded 2.9mT, the keyboard and the mouse 

port were damaged permanently [Shi et.al., 2003].   



 

 21

 

Figure 2.17 Damage of electronic component due to LEMI 

In addition, the harsh LEMI can not only induce over-voltages in power cables which 

will endanger the cable insulation, but also induce abnormal signals in 

telecommunication cables which will disturb the normal operation of communication 

and even damage the equipment. What’s more, the injected lightning current may 

generate a significant voltage between any two positions of feet or between the 

positions of hand and foot of a person. This voltage is a threat to personal safety. 

2.3  Modeling Approach for Buildings Installed with the Conventiaonal LPS 

The lightning electromagnetic field is a threat to sensitive equipment in high-rise 

buildings. It has been addressed for decades for the purpose of protection of sensitive 

equipment in buildings. In those studies, modeling buildings under a lightning stroke 

is the most critical issue. Almost all of the studies in literatures focused on the 

buildings with the reinforcing concrete structure. This building structure which was 

used as the downconductors was converted into a scaled and simple wire-grid model. 

Based on this wire-grid model, different numerical modeling approaches were 

proposed for evaluation and characterization of lightning-induced electromagnetic 

field inside the buildings.  
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The study of LIEE started in 1975 when Uman and his cooperators published a paper 

about evaluating the electromagnetic field radiated from finite antenna [Uman et.al., 

1975]. They proposed a method and continuously developed it to evaluate the 

electromagnetic field due to the lightning channel knowing the current distribution 

along the channel [Uman and Rubinstein, 1988; Rubinstein and Uman, 1991].  In 

1992, Uman’s model was been adopted by S. Cristina to compute the 

electromagnetic field inside the buildings installed the conventional LPS [Cristina 

and Orlandi, 1992]. After that, the evolution of the voltage and current distribution in 

the building structure was conducted by various numerical modeling approaches. 

These approaches can be basically classified into three catalogs, i.e. the equivalent 

circuit approach, the field approach and the partial element equivalent circuit (PEEC) 

approach.  

2.3.1 The Equivalent Circuit Approach  
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Figure 2.18 Coupled π-type circuit 

The equivalent circuit approach is a simplified approach for modeling the building 

structures. With this modeling approach, each branch of the building structure and 

the ‘victim’ circuit are divided into a suitable number of elements to take account of 

propagation phenomena and all the branches are considered to be coupled together. 
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Each element is models as a π-type circuit with coupling to another element, as 

shows in Figure 2.18.  

By interconnecting the π-type model of each element, the building structure and the 

‘victim’ circuit are simply modeled as an equivalent electrical network which is 

analyzed in the time domain or the frequency domain [Cristina and Orlandi, 1992; 

Orlandi, Piparo and Mazzetti, 1995; Orlandi, Piparo and Mazzetti, 1995; Orlandi, 

Mazzetti and et.al., 1998; Cortina and Porrino, 1992]. Then direct evaluation of the 

node voltages and the branch currents in building structure and victim circuit [Satori 

et.al., 1998; Beierl and Steinbigler, 1989; Orlandi, Piparo and Mazzetti, 1995; 

Buccella, 2003] is achieved in the equivalent network. With the voltages and induced 

currents, the electric fields and magnetic fields can be calculated by electric potential 

formula and the Bio-savart Law, respectively.  

The equivalent circuit network built by the equivalent circuit modeling approach is 

made from a large number of capacitance and impedance. It is very important to 

calculate these parameters accurately because they are critical for evaluating voltages 

and currents as well as the consequent electromagnetic fields. In those studies in 

literatures, different methods to calculating these parameters have been proposed.  

2.3.1.1 Methods for Capacitance Calculation 

Generally speaking, there are about three methods to calculate the capacitance of 

branch elements in literatures. The first method is by calculating the potential at 

parallel electrical field plane for the infinite long horizontal filament conductor such 

as the transmission line in power system [Clayton, 2004]. The second method is 

named as average potential method [Du, 2001]. This method assumes that the 

charges distribute on the surface of conductor surface evenly. Then the average 
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potential coefficient of the object conductor to the source conductor is calculated. 

The average potential method is available for finite length conductor. The third 

method is a numerical method which adopts the moment method to calculate the 

charge distribution on a conductor [Harrington, 1968; Rao et.al., 1984]. This method 

can consider the fringing effect of conductors which makes the uneven distribution 

of charges. It is most accurate but too complicated to be applied in a large network. 

As to a metal structure, when the distance of two conductors is much larger than its 

radius, the fringing effect can be ignored and the average potential method is 

applicable.  

2.3.1.2 Methods for Impedance Calculation 

A. Internal impedance calculation  

The internal impedance includes the internal inductance and internal resistance. In 

most textbooks on power system engineering, the internal inductance is calculated 

under d.c. or very low frequency. For example, the well known formula to calculate 

the internal inductance of a straight solid cylindrical conductor is give by 

0 ( / )
8inL H mμ
π

=         (2.1) 

Formula (2.1) is derived under d.c. condition and only acceptable in analyses of only 

the fundamental frequency. In analyzing a transient problem, e.g. the lightning 

stroke, the voltage and current in the conductors are rich in high frequency 

components. The skin and proximity effects become significant. Then the formula 

(2.1) is not applicable. However, in most studies in literatures, the internal 

inductance was neglected because it is very small comparing to the external 

inductance.  
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The internal resistance is another part of the internal impedance of the conductor. 

The internal resistance of a solid cylindrical conductor can be calculated by the 

formulas presented in textbooks [Clayton, 2004]. For a tubular conductor its internal 

resistance can be calculated by Xulin’s formula [Xu et.al., 2004].  

In most literatures, the internal reactance is also ignored. From these formulas, it is 

noted that the resistance of a conductor is increasing considerably quickly with 

increasing frequency due to the skin effect while the internal inductance will 

decrease with increasing frequency.  

B. External impedance calculation  

The external impedance of a conductor can be separated into two components: 

external self impedance and mutual impedance. The external self impedance is 

generated by the magnetic linkage of its self current on the conductor itself. The 

mutual impedance is the ratio of the voltage drop per unit length in one conductor to 

the current flowing in the other conductor and returning through the earth. Because 

of the symmetry of the circuit, the mutual inductance between two conductors is 

identical. In literatures, a lot of formulas for calculating the external impedance of 

circular solid conductors have been proposed.  

If the conductor is placed in an infinite space where there is no earth or the earth 

effect can be neglected, the formula presented in [Frederick, 1946] can be adopted to 

calculate the external self impedance and mutual impedance between two filament 

conductors of finite length. If the earth effect should be considered and the earth is 

considered to be perfect conductive, the formulas in the book [Clayton, 2004] and the 

paper [Cristina and Porrino, 1992] are available for an infinite long filament 

conductor by applying the image method. If the filament conductor is not long 
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enough, the formula in the paper [Roger and White, 1990] based on Neumann’s 

integration formula is more accurate. When the earth is not perfectly conductive, the 

earth effect can not simply considered by the image method. Section 2.2.3 has 

presented the discussed of the earth return circuit. In Roger’s paper, Deri’s theory is 

adopted and a revised image method was applied by adopting a new conception of 

complex penetrating depth of the earth. 

2.3.2 The Field Approach  

Although the equivalent circuit approach is very simple for application, it does not 

consider the radiation field inside the building structure, which may bring some error 

to the evaluation results for a steep lightning current waveform. In order to take 

induction and radiation field into consideration, another full-wave approach based on 

the electric field integral equation (EFIE) were proposed [Buccella et.al., 1992]. 

Since this approach was derived from the electromagnetic field theory, it is named as 

the field approach.  

Since the building structure with the conventional LPS is made of interconnected RC 

bars, it can be simplified to a wire-grid structure when the thin-wire hypothesis is 

adopted. In the hypothesis, the RC bar elements are assumed to be thin and with 

uniform radius. It length should be less than 0.01 λ  ( λ  as the minimum wavelength 

related to the maximum frequency to be considered). As a consequence, the current 

on each element can be represented by a filament placed on its axis. In order to 

obtain an integral equation for the longitudinal currents, the following statement on 

the surface S  of the generic wire can be used as a boundary condition  

( )inc sc
s au E E z I⋅ + =           (2.2) 
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where sz  is the per-unit-length surface impedance of the element and u  is the unit 

vector tangential to S  in the direction of the axis of the element. aI  is the current 

inside the wire.  

The left-hand side of (2.2) represents the tangential component of the total electric 

field, parallel to the axis of the wire, and incE  is the incident electric field, namely 

the electric field in the absence of the wires structure, which is due to the lightning 

channel. scE  is the scattered electric field due to the presence of the wire-grid 

structure. scE  can be expressed by means of the retarded scalar potential φ  and the 

vector  potentials A  

( )scE j Aω φ= − + Δ          (2.3) 

When the current continuity law is taken into account, the free electric charge is 

represented as a function of the current aI  as follows 

( )1( ) a
s

dI l
l

j dl
ρ

ω
′

′ = −
′

         (2.4) 

Then the vector potentials A , the retarded scalar potential φ   as well as φ∇  are given 

as the functions of current, respectively 

( ) ( ),awire
A u I l g r r dl′ ′ ′= ∫         (2.5) 

( ) ( )1 ,a

wire

dI l
g r r dl

j dl
φ

ωε
′

′ ′= −
′∫       (2.6) 

( ) ( )1 ,
4

a

wire

dI l
g r r dl

l j dl
φ

ω πε
′⎡ ⎤∂ ′ ′∇ = −⎢ ⎥′∂ ⎣ ⎦

∫      (2.7) 
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where u  is the magnetic permeability, σ  is the conductivity, 0 /( )r jε ε ε σ ω= +&  is 

the complex permittivity of the medium. l′  is along the axis of the wire. 

By substituting (2.5-2.7) into (2.3), the classical EFIE is obtained.  

( ) ( ) ( ) ( )

( ) ( )

,

1 ,
4

inc
s a a

a

L

z I r E r j u I l g r r dl

dI l
g r r dl

l j dl

ω

πωε

Ω
⎡ ⎤′ ′ ′= − ⎣ ⎦

′⎡ ⎤∂ − ′ ′+ ⎢ ⎥′∂ ⎣ ⎦

∫

∫
    (2.8) 

where Ω  is the domain of integration,  i.e., the building structure arrangement and 

the related images); L  is the length of the wire under consideration; r  and r′  are the 

position vectors of the observation point and of the source point, respectively. 

( ),g r r′  is the Green’s function for an unbounded region with 2k uω ε= −  as the 

wave number.  

| |

( , )
4 | |

k r reg r r
r rπ

′− −

′ =
′−

&

            (2.9)  

In this way, the third term on the right-hand side of (2.8) represents the difference 

between the scalar potential values calculated at the ends of the wire under 

consideration.  

Equation (2.8) is a classical expression of EFIE in the frequency domain. The 

numerical solution in terms of the longitudinal current distribution along the wires of 

the structure is based on the direct method of moments by introducing an appropriate 

discretization. By subdividing each branch into a number of segments having the 

same length, a discrete formulation of (2.8) can be obtained.  
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By introducing triangular basis functions, the unknown longitudinal current along the 

branches are formally piecewise linear and the unknowns are the set of longitudinal 

currents at both ends of each segment.  In such a way, also by imposing the current 

continuity equation (i.e., Kirchhoff’s Current Law) at each node of the wire-grid 

structure, the resolving matrix equation in the frequency domain is obtained.  

After having computed the unknown longitudinal currents, the electric and magnetic 

fields could be calculated in any interesting point inside the building structure. The 

time-domain profiles for the electromagnetic quantities are obtained by using the 

invert Fourier transform technique. 

2.3.3 Partial Element Electrical Circuit Approach 

Although the field approach is more rigorous than the circuit approach, it is 

complicated to be applied and the numerical solution is only possible for practical 

engineering problems. Some researchers tried to combine the advantages of the 

equivalent circuit approach and the field approach and proposed a hybrid approach, 

namely the partial element equivalent circuit (PEEC) approach.  

The PEEC approach was originally proposed by Ruehli for modeling of three-

dimensional multi-conductor systems in electronic systems, such as the integrated 

circuit packages and wires or conductors located on dielectric layers with remote 

ground planes [Ruehli, 1974]. This approach is based on an electric field integral 

equation (EFIE) that is interpreted in terms of circuit elements. The circuit elements 

including the partial inductances and partial capacitances can be found from 

computer solutions [Ruehli et.al., 1993]. A general purpose network analysis 

program is then used to obtain voltages and currents in the time domain or the 

frequency domain. Compared with the equivalent circuit approach and the field 
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approach, the PEEC approach provides a more comprehensive interpretation of the 

relations between the circuit theory and the field theory and extends an integral 

equation solution to inductance computations including capacitance [Ruehli, 1972]. 

Due to the advantage of the PEEC approach, Antonini and his cooperators introduced 

it to model the building structure for the study on the LIEE in the building installed 

with the conventional LPS [Antonini et.al., 1998]. In this study, the building 

structure was considered as a wire-grid structure made of RC bars. The lightning 

channel was also models as a vertical straight antenna. The ground was simplified as 

a perfect conductive plane and the image method was applied. The equivalent circuit 

network of the building was interpreted to a matrix equation which was solved in the 

frequency domain by reducing its order. In addition, their study included the 

coupling between the building structure and communication cables by integrating the 

cables into the PEEC model of the building structure. 

2.4 Modeling Approaches for Lightning Strokes 

In the literatures associated with lightning-induced electromagnetic environment 

(LIEE) in buildings, the lightning stroke was always modeled as an ideal impulse 

current source connected at the upper terminal of a vertical conductor which was 

used to modeling the lightning channel.  

The waveforms of impulse current from the source in literatures were mostly chosen 

as 1.2/50μs (time to peak value/time to half peak value). This waveform was usually 

used to describe the voltage of a lightning stroke instead of the current. In fact a 

natural lightning flash includes several strokes [Rakov and Uman, 2003]. The 

waveform of discharge current in each stroke is different so that it is difficult to use 

uniform waveform parameters to describe lightning discharge currents. According to 
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the IEC standard [IEC 61312-1, 1995], two typical waveforms are defined for the 

first stroke and the subsequent stroke.  

Figure 2.19 is the defined waveform of the first stroke. The wave front is 10μs and 

the wave tail is 350μs. Figure 2.20 shows the waveform of the subsequent stroke. 

The wave front is 0.25μs and the wave tail is 100μs. For the study of lightning-

induced electromagnetic environment inside buildings, 8/20μs waveform is used to 

replace the 10/350μs waveform for the first stroke [IEC 61312-2, 1995].  

In the study of the lightning-induced electromagnetic field, mathematical models of 

lightning current were built. Generally, there were two types of mathematical model 

to be applied.  

 

Figure 2.19 Waveform of the first stroke 
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Figure 2.20 Waveform of the subsequent stroke 

2.4.1.1 Double Exponential Model 

In the early phase of lightning induced electromagnetic field study, the lightning 

discharge current is mostly modeled as a double exponential function. The function 

in the time domain is given by [Cristina, Amore and Orlandi, 1989-1] 

0( ) ( )t t
si t I e eα β− −= −         (2.10) 

The function in the frequency domain is given by [Buccella et.al., 1992] 
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where 0I  is the peak value of the discharge current. 1/1 T=α ， 2/1 T=β ， 1T  is 

defined as the wave front time. 2T  is defined as the wave tail time.  

2.4.1.2 Heidler Model 

In 1999, Heidler and his cooperators proposed a new model to describe the lightning 

discharge current [Heidler, Cvetic and Stanic, 1999].  This model is named as 

Heidler-type current source in EMTP to simulate lightning stroke. In this model, the 

shape of the lightning surge current is given described by  

2
/1

2
1

( / )
( )

1 ( / )
tmI t

i t e
t

ττ
η τ

−=
+

                (2.12) 

where mI  is the peak value of the lightning current. 1τ  is the time taken from zero to 

the peak value. τ  is the time from zero to the point on the tail where the current 

amplitude has fallen to 37% of its peak value.  

This model is also adopted in the IEC Standard 61312-1 [IEC 61312-1, 1995].   

2.5 Modeling Approaches for High Voltage Coaxial Cables  

The studies on high voltage coaxial cables were mainly conducted in the power 

system. In those studies, the long and horizontal run of coaxial cables were 

transformer to a Bergeron model by the distributed transmission line modeling 

approach or a π -type circuit model by the lump transmission line modeling approach 

[Dommel, 1986].  

For both the Bergeron model and the π -type circuit model, the inductance and 

capacitance per unit length should be calculated. Different methods were proposed to 

calculate these two parameters. Grove introduced an approach for calculating the 



 

 34

inductance and capacitance of coaxial cables or the conductors with the coaxial 

structure [Grover, 1946]. This approach was adopted in EMPT subroutine [Dommel, 

1986] to calculate cable. However, the formulas provided by Grove are not available 

for short run of coaxial cable in which the edge effect becomes obvious so that the 

inductance and capacitance are not even along the cable. The formulas to calculate 

the inductance of a coaxial cable with finite length was provided by Marcelo and this 

cooperator which was deriving from the Neumann’s integral equation [Marcelo and 

Andre, 2001]. The method to calculate the capacitance of finite coaxial cable was 

proposed by Du and Zhou [Du and Zhou, 2005].  

For the vertical run of a coaxial cable in the presence of earth, which serves a major 

part of the modern lightning protection system, those formulas or method presented 

in literature are not applicable. 

2.6 Modeling Approaches for Metal Plates 

The evaluation of the electromagnetic field in the presence of 3D non-ferromagnetic 

plate has been widely studied for many years. Since the geometry of 3D plates and 

configuration of incident field varies from case to case, it is hard to calculate 

electromagnetic field with a universal analytical method. Then all kinds of numerical 

methods are developed quickly, such as the finite element method (FEM), finite 

volume method (FVM) and boundary element method (BEM). These numerical 

methods can take into account all the geometrical parameters and material 

characteristic of the conductors. However, since FEM and FVM are based on 

differential formula of electromagnetic field in the concerned volume, it is not 

available to manage the far-field boundary conditions. BEM can handle the open 

field problem because it is based on the integral formulation on the conductor surface. 
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But all these three method require a large number of discretization in the volume or 

surface to solve a lot of variables. Then it requires large allocated memory and costs 

much computer time for obtaining accurate results.  

For electromagnetic field with extremely low frequency (ELF), i.e. 50Hz power 

frequency, the plate is transformed to a mesh which can be considered as an electric 

circuit network. Then the electromagnetic field near the plate is calculated from the 

current distribution in the mesh. Since this method requires fewer grids than FEM 

and FVM and comprises fewer variables than BEM, it can provide accurate with 

high efficiency and limited resource. But this method is only available for uniform 

current density along the thickness under ELF. With increasing frequency, the 

current distribution along thickness becomes uneven significantly. At this time, the 

method is not available any more. 

2.7 Study Results and Conclusions in Literatures 

The characterization of LIEE inside the buildings protected by the conventional LPS 

and the evaluation of the induced voltage in cables has been conducted by various 

researchers.  

In the study of Buccella and her cooperators by the field approach [Buccella et.al, 

1992], they characterized LIEE inside a cubic building structure with the dimension 

of 24m. Three conclusions were drawn in their study. The first is that there is 

resonance appearing at the frequency of 150-200kHz and 5-7MHz; The second is 

that a stroke to the corner gives rise to the magnetic field a little greater than those 

resulting from a stroke to the center of the roof-grid; The third is the decreasing of 

electric and magnetic field when the number of the downconductors increases, which 

reveals the shielding effect of the LPS. Another study conducted by Cristina et al. on 
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LIEE inside buildings revealed that the number of downconductor was an important 

variable for the behavior of the electromagnetic field inside the building [Cristina 

et.al., 1989-2]. The spatial homogeneity of the field depends also on the frequency 

spectrum associated with the lightning current.  

In IEC Standards 61312-2, empirical formulas are presented to evaluate the shielding 

effect of a wire-grid structure against the parallel-wave magnetic field from a nearby 

lightning stroke as Figure 2.21 shows.   

Nearby lightning
stroke

Large volumn shield

Incident magnetic field

Magnetic field inside
the shielded volumn

 

Figure 2.21 A nearby lightning stroke  

As Figure 2.21 shows, a nearby lightning stroke happens near a large wire-grid 

structure. When the distance between the striking position and the structure is much 

larger than the equivalent wave length of a lightning stroke, e.g. 40 km for the first 

stroke and 300m for the subsequent stroke, the electromagnetic field generated from 

the lightning current is approximated as a parallel-plane wave inside the structure. 

Then the formulas to evaluate the shielding effect are presented in Table 2.1.   

Table 2.1 Magnetic field attenuation of grid-like spatial shields in case of a plane 

wave caused by a nearby lightning stroke 
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SF (dB) 

Material 

25 kHz (see note 1) 1 MHz (see note 2) 

Copper/Aluminum ( )20 log 8.5 /W⋅  ( )20 log 8.5 /W⋅  

Steel ( ) 6 220 log 8.5 / / 1 18 10 /W r−⎡ ⎤⋅ + ⋅
⎣ ⎦ ( )20 log 8.5 /W⋅  

Note 1 Valid for the magnetic field of the first stroke 

Note 2 Valid for the magnetic field of the subsequent stroke 

Note 3 Permeability is 200 

W  is the mesh width of the grid-like structure where 5W m≤  

r  is the radius of a branch in the gridlike shielding (m) 

 

For the direct lightning stroke, a curve as Figure 2.22 shows was presented to reveal 

the magnetic field distribution inside a cubic wire-grid structure with dimension 

10m. All the previous studied on LIEE characterization are very valuable because 

they reveal some principal characteristic of LIEE inside buildings. But since these 

studies are based on the scaled and simplified model of the building, their 

conclusions may be not enough for the high-rise buildings with special 

configurations. As to LIEE inside the building protected by the ESE LPS, no studies 

have been reported till now.  
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Figure 2.22 Magnetic field strength inside a wire-grid structure 

As to the induced voltage in cables, Cristina and Orlandi have conducted a primary 

study [Cristina and Orlandi, 1992]. They applied the equivalent circuit approach to 

evaluate the induced voltage in coaxial cables within a simple and cubic building 

structure protected by the conventional LPS. They found that the voltage induced on 

simply-screened coaxial cables within the building may have a peak value of 1MV 

during a direct lightning stroke. This extremely high voltage will damage the 

insulation of cables and even threat the safety of the people around the cables. These 

conclusions are valuable to reveal the threat of LEMI on cables. But they are too 

generous to be applied to specified buildings whose configuration is much more 

complicated and larger than the model in their paper. In addition, the application of 

equivalent circuit approach neglects the response of cables in high frequency range. 

Another study conducted by Antonini et al. provided a full-wave approach, PEEC, to 
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solve this problem [Antonini et.al., 1998]. With this approach, the resonances due to 

the cables’ geometry, electric properties and spatial placement can be predicted.  

2.8 Summary 

The structure of high-rise buildings in Hong Kong can be classified into two types, 

the reinforcing concrete structure and the steel skeleton structure. RC bars inside the 

components of a reinforcing concrete structure or H-shape steel sections inside a 

steel skeleton structure form an internal metal structure which plays an important 

role in lightning protection against LIMF. Two types of LPS are used in high-rise 

buildings in Hong Kong, including the conventional LPS and the ESE LPS. Both of 

them will import serious lightning electromagnetic interference into high-rise 

buildings and threaten the sensitive electronic equipment.  

In the previous studies on LIMF in buildings, three modeling approaches for metal 

building structure were developed, including the circuit approach, the field approach 

and the PEEC approach. Two mathematic models of lightning strokes, the double-

exponential model and the Heidler model, were proposed in those studies. The 

modeling approaches of coaxial cable in the previous studies were mostly applied for 

extremely long and horizontal cables in the power transmission system. The 

modeling approaches for metal plates in the previous studies were not applicable for 

large plates at full-wave frequency. The characterization results and conclusions in 

literatures are not available for the high-rise building installed with the ESE LPS.  
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Chapter 3 

Modeling Approach of Wire-grid Building Structures  

3.1 Introduction 

The lightning-induced impulse magnetic field (LIMF) inside buildings has been 

addressed for decades. Most of the research work focused on the LIMF in a building 

which was protected by the conventional lightning protection system (LPS) during a 

direct lightning stroke. Modeling of cylindrical conductors was a major issue in the 

studies. 

In the modern lightning protection systems (e.g. the ESE LPS), coaxial cables are 

widely adopted as downconductors in buildings, for their favorable conducting 

characteristic, easy installation and safety performance [ESET, 1998]. There have 

been few studies on modeling coaxial cables, especial when the cable is erected 

vertically on the ground. In addition, the solution procedures used by other 

researcher were mostly conducted in the frequency domain. Since the frequency 

band of lightning discharge current ranges from d.c. to several million Hz, the 

procedure requires significantly long time to calculate the field at each discrete 

frequency in a wide range.   

In this chapter, the equivalent circuit (EC) modeling approach for a high voltage 

coaxial cable as the downconductor is proposed. With the EC model of the coaxial 

cable and the grid-like building structure, the building protected by the ESE LPS is 

converted into an equivalent circuit network. Impulse current is generated within the 

structure during a lightning stroke. In order to obtain the current distribution in the 
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building structure efficiently, the Electromagnetic Transient Program (EMTP) is 

adopted and developed in this chapter for a solution procedure in the time domain.   

This chapter starts with the discussion on converting a real building structure into a 

wire-grid model. The EC modeling approaches for the wire-grid structure and high 

voltage coaxial cables used as downconductors are, respectively, proposed in Section 

3.2. The formulas to calculate the equivalent circuit parameters for the wire-grid 

structure and coaxial cables are derived in Section 3.3. The solution procedure for 

calculating the current distributions by EMTP as well as the magnetic fields by Bio-

savart Law are introduced in Section 3.4 

3.2 Wire-grid Model of a Building Structure  

 

Figure 3.1 Wire-grid model of building structure installed with an isolated 

downconductor 

As reviewed in Chapter 2, inside the internal metal structure of a reinforcing concrete 

building, one RC bar inside columns and beams will be firmly connected by welting. 

Other RC bars are bonded with each other with thin iron wires. Since most of 
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lightning discharge current flows through the melted-connection RC bars due to their 

low resistance, the building structure can be simply treated with a wire-grid structure 

model in the study of LIMF, as Figure 3.1 shows. As to the building with the steel 

skeleton structure, the steel sections in the structure can be also approximated as 

cylindrical conductors and then the building structure can be also considered as a 

wire-grid structure.   

3.3 The Equivalent Circuit Modeling Approach   

The wire-grid model of the building structure is still a natural model which can not 

be used to study the magnetic field during a lightning stroke. This natural model 

should be transformed into a physical model which can be described by 

mathematical equations. Since the wire-grid model is composed by cylindrical 

conductors and isolated coaxial cable downconductor, the physical models of these 

two objects are built as follows.  

3.3.1 Cylindrical Conductors  

The simplified wire-grid building structure is made of a large number of cylindrical 

conductors. According to the study of Cristina and Orlandi [Cristina et.al., 1989-1; 

Cristina and Orlandi, 1992], these cylindrical conductors can be transformed to 

equivalent electric circuits. Thus the whole building structure is modeled as an 

equivalent circuit network. So this modeling approach is named as the equivalent 

circuit (EC) modeling approach.   

 

Figure 3.2 A section of cylindrical conductor  
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In the EC modeling approach, each cylindrical conductor inside the wire-grid 

structure is divided into short sections as Figure 3.2 shown. The length of each 

section should be much smaller than the equivalent wavelength at the maximum 

frequency of the lightning discharge current to be considered in order to take account 

of current propagation phenomena [Cristina and Orlandi, 1992].   

2
iC

2
iC

iR jRiL jL

2
jC

2
jC

,ij ijM C

 

Figure 3.3 The coupled π-type circuit 

Each section is modeled as a lumped π-type circuit, as shown in Figure 3.3. The π-

type circuit consists of resistance iR , and inductance iL  and capacitance iC . In 

addition, there exists mutual coupling between two sections in the wire-grid 

structure. Such mutual coupling is represented by mutual inductance ijM  and mutual 

capacitance ijC . By applying the π-type circuit to all sections, a highly-coupled 

lumped electrical network is used to represent the wire-grid building structure for 

electromagnetic analysis during a lightning stroke. 

Both impedance and susceptance of the conductive branches are determined by 

geometric parameters and material properties of the conductors. The formulas to 

calculate these parameters are presented in Section 3.4. 
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3.3.2 High Voltage Coaxial Cable used as Downconductors 

 

Figure 3.4 3D diagram of a HV coaxial cable 

inner conductor

outer conductor

oversheath

insulator

 

Figure 3.5 Sectional view of a HV coaxial cable 

Illustrated in Figure 3.4 and Figure 3.5 are, respectively, the 3D diagram and section 

view of a high voltage (HV) coaxial cable used as downconductors. This 

downconductor consists of two concentric cylindrical shells, each of which is made 

by a layer of small copper wires. Unlike in power cables, these copper wires are laid 

straightly along the cable axis. The inner conductor (core) is dedicated to deliver the 
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lightning current from an air terminal down to ground. The outer conductor 

(screening) is isolated from the core with dielectric material. It is connected to the 

core on the ground only.   

Traditionally a coaxial cable is modeled as a transmission line in transient analysis. 

The transmission line model [Dommel, 1986], however, is not applicable to such 

concentric conductors installed in a building. It is known that electromagnetic fields 

in the building, which result from a lightning stroke, are not in the TEM pattern. The 

π-type circuit model, thus, is adopted to represent these concentric conductors.  

To take account of the propagation phenomena of a lightning discharge current over 

a long conductor, the coaxial cable is subdivided into a number of short sections 

similar to the cylindrical conductor. The length of each section is usually less than 

one tenth of the wavelength corresponding to the maximum frequency of the 

lightning discharge current [Cristina and Orlandi, 1992]. Each section has two 

concentric conductive elements, that is, core and screening. It is modeled as an 

equivalent π-type circuit, as shown in Figure 3.6(a). 

In addition, there is mutual impedance and admittance between four tubular 

conductors in every two segments as Figure 3.6(b) shows. As to the conductivity of 

the air, it is ignored in the π -type circuit. 
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Figure 3.6π -type circuit of vertical coaxial cable 
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In Figure 3.6(a), cY and sY  are respectively the self admittance of the cable core and 

screening. csY  is the mutual admittance between these two conductors. cZ  and sZ  

are respectively the self impedance of the cable core and screening. csZ  is the mutual 

impedance between these two conductors. In Figure 3.6(b), cicjZ  and cicjY  are 

respectively the mutual impedance and admittance between the cores in two sections. 

sisjZ  and sisjY  are respectively the mutual impedance and admittance between the 

screenings in two sections. cisjZ  and cisjY  are respectively the mutual impedance and 

admittance between the core of section i   and the screening of section j . sicjZ  and 

sicjY  are respectively the mutual impedance and admittance between the screening of 

section i   and the core of section j . 

Combining the Figure 3.6(a) and Figure 3.6(b), the relationship between the two 

sections can be presented by two symmetrical matrixes, [ ]ijZ Z=  for impedance and 

[ ]ijY Y=  for admittance.  

ci cisi cicj cisj

sici si sicj sisj

cjci cjsi cj cjsj

sjci sjsi sjcj sj

Z Z Z Z
Z Z Z Z

Z
Z Z Z Z
Z Z Z Z

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

      (3.1)   

ci cisi cicj cisj

sici si sicj sisj

cjci cjsi cj cjsj

sjci sjsi sjcj sj

Y Y Y Y
Y Y Y Y

Y
Y Y Y Y
Y Y Y Y

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

       (3.2) 

Similarly, if a coaxial cable is divided into n  sections, it can be presented by 

[ ]ij n nZ Z ×= and [ ]ij n nY Y ×= .  



 

 48

It is worth to be mentioned that for horizontal coaxial cables, the π -type EC model 

is also available. A horizontal cable is divided into short sections evenly and each 

section is modeled by a π -type circuit. The parameters in each π -type circuit are 

identical because the influence of the earth imposes uniformly on the cable. 

3.3.3 Coupling between an Isolated Downconductor and a Wire-grid Building 

Structure  

The coupling between the isolated downconductor and the building structure is 

represented by the mutual inductance and capacitance as Figure 3.7 shows 
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Figure 3.7 Coupling between an isolated downconductor and a wire-grid building 

structure 

Figure 3.7 shows the coupling relationship between a coaxial cable which is used as 

the downconductor and the building structure. In Figure 3.7, co strC −  and co strL −  

represent, respectively, the mutual capacitance and mutual inductance between the 

core of the coaxial cable and the building structure. scr strC −  and scr strL −  represent, 

respectively, the mutual capacitance and mutual inductance between the screening of 
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the coaxial cable and the building structure. co scrC −  and co scrL −  represent, respectively, 

the mutual capacitance and mutual inductance between the core and the screening of 

the coaxial cable.  

3.3.4 Earth Termination, Earth Influence and Lightning Stroke Model 

1. Earth Termination 

Both the downconductor and the building structure are earthed on the ground via 

dedicated earth electrodes. It has been confirmed experimentally and analytically 

[Liew and Darveniza, 1974; Darveniza et.al, 1979] that earth soil is ionized during a 

lightning stroke. The soil ionization increases the equivalent contact area of an 

electrode, subsequently reduces the earth resistance. According to the literature 

[Chisholm and Janischewskyj, 1988], earth resistance Rg of an electrode is calculated 

with the formula as follows 

0.384
0.692 0.384

0.2150.2613
241g

IR Lρ
ρ

−
− ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

     (3.3) 

where I is the stroke current through the electrode (kA), and L is the length of the 

electrode (m). ρ  is the earth resistivity ( mΩ ⋅ ) . 

2. Earth Influence 

In the equivalent circuit model for both the downconductor and the wire-grid 

building structure the influence of the earth is included by using the method of 

image, i.e. replacing the earth with a set of conductor images. As illustrated in Figure 

3.9, the image of a conductor is located at the equivalent height of 'l  below the 

ground. Height 'l  is expressed as 
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'
pl l d= +           (3.4) 

where l is the height of the conductor and pd  is the skin depth of the earth.  
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(b)  Vertical configuration 

Figure 3.8 Downconductor section and its image 

To satisfy with the boundary conditions on the ground, the horizontal conductor and 

its image have to carry the equal currents with the opposite direction as Figure 3.8 (a) 

shows [Paul, 1994]. But the vertical conductor and its image have to carry the equal 

current with the same direction as shown in Figure 3.8 (b) [Jose et.al., 2001; 

Takahashi and Komada, 2002]. This corrects the traditional view that similar to a 

horizontal conductor, the current in a vertical conductor has opposite direction to the 

current in its image.  
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In the electrostatic field analysis for determining conductor capacitance the earth is 

treated as a perfectly conducting plane. Skin depth pd , therefore, is identical to zero. 

While in calculation of conductor impedance the earth is modeled as a lossy and 

homogeneous medium characterized by permeability 0μ  and conductivity σ  [Deri 

et.al., 1981]. Its skin depth is given by 

01pd jωμ σ=        (3.5) 

3. Lightning Stroke 

From the studies of the lightning stroke conducted by other researchers, it is revealed 

that when the stepper leader propagates downward and approaches the ground 

surface, there is a streamer propagating upward to match the stepper leader. This 

phase is called the lightning preliminary phase. When the stepped leader encounters 

the streamer, a lightning discharge happens and an extremely large impulse current 

will flow through a channel into the earth. This phase is called the main discharge 

phase. Since the theorem of lightning discharge is very complicated, assumptions are 

adopted in this thesis in order to simplify the model and focus on the main aspects of 

the issue.  

• The influence of the stepped leader and streamed is neglected in the lightning 

preliminary phase. Only the lightning discharge current in the main discharge 

phase is considered. 

• The lightning discharge channel is simply considered as a straight wire carrying 

discharge current vertical to the ground surface. The corona phenomenon around 

the lightning channel is not included into consideration. 
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• The waveform of lightning discharge current flowing along the lightning 

channel is kept unchanged.  

• When lightning strikes at a building structure, the influence of the building 

structure on the lightning discharge current is not considered.  

The air terminal of the LPS is intended to intercept lightning. A lightning stroke to 

the building, therefore, is modeled as a unidirectional current source applied to the 

air terminal. According to the reference [Heidler et.al., 1999] the waveform of the 

lightning source current is expressed by 
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       (3.6) 

where Im is the peak value of the lightning current. n is a current steepness factor. τ1 

and τ2 are respectively the front and tail time constants. η is the correction factor of 

the current peak, and is given by 

1/
1 2 1 2[ ( / )( / ) ]nne τ τ τ τη −=          (3.7) 

3.4 Calculation of Circuit Parameters  

3.4.1 Circuit Parameters of Cylindrical Conductors 

A. Internal Impedance  

 

Figure 3.9 Sketch of the internal impedance definition of a cylindrical conductor 
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Figure 3.9 illustrate a cylindrical conductor with the radius r . The formula to 

calculate the internal impedance of the cylindrical conductor can be found in many 

classical textbooks [Woodruff, 1938; Stevenson, 1962]. It can be represented by the 

first kind Bessel Function, the modified first kind Bessel Function or the Kelvin 

Function. The formula with the Kelvin Function to calculate the internal impedance 

is given by [Woodruff, 1938] 
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      (3.8) 

/m uω ρ=           (3.9) 

   2 fω π=           (3.10) 

where f  is the frequency. u  is the permittivity of the conductor. ρ  is the resistivity 

and r  is the radius of the cylindrical conductor.  

From (3.8), the ratio between the internal resistance and the d.c. resistance is given 

by 
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The ratio between the internal inductance and the d.c. internal inductance is given by 
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' '

i

dci

ber mr ber mr bei mr bei mrL
L mr ber mr bei mr

+
=

+
    (3.13) 
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8dci
uL
π

=          (3.14) 

B. External Impedance 

The external impedance of cylindrical conductors can be calculated with the 

Neuman’s integrating formula [Marcelo, 2001]. It is known that the mutual 

impedance between two orthogonal conductors is zero. Then only the parallel 

conductors in the wire-grid structure are considered for calculating the mutual 

impedance.  

The effect of the earth is taken into consideration by using the method of images. In 

this method, the earth is replaced with the images of these conductors distributed 

symmetrically with respect to a boundary. The boundary is the earth surface itself if 

the earth is perfectly conductive. When the earth is imperfectly conductive, the 

boundary is located below the earth surface by a complex distance, as illustrated in 

Figure 3.11. The complex distance d  is equal to the penetration depth of earth, and 

given by 

0

1
/

d
jωμ ρ

=         (3.15) 

where ω is an angular frequency, 0μ  is the space permeability, and ρ  is the earth 

resistivity. It should be mentioned that (3.15) is valid for the uniform soil model. 

When the multi-layer soil model is considered, the formula in literature [Deri, 

Tevean and Semlyen, 1981] should be adopted.  
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Figure 3.10 Two parallel cylindrical conductors erected vertically on the ground  

Figure 3.10 shows two parallel cylindrical conductors i  and j  erected vertically on 

the ground, as well as their images i′  and j′  for impedance calculation. By using the 

Neumann’s integral formula, the self-impedance of a RC conductor is obtained, as 

follows 

( ) ( )
2 2 2 2

1 1 1 1

20

22 2 224
z z z z dj i j i

ii z z z z d
v ij i

dz dz dz dzj
Z

z z rz z r

ωμ
π

− −

− −

⎡ ⎤
⎢ ⎥= +⎢ ⎥

− +− +⎢ ⎥⎣ ⎦
∫ ∫ ∫ ∫   (3.16) 

where r  is the radius of the cylindrical conductor .  

By using the Neumann’s integral formula, the mutual impendence ijZ  between 

conductor i  and j can be obtained, as follows 
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( ) ( ) ( )

( ) ( ) ( )

2 4

1 4

2 3

1 4

0
2 2 2

2 1 2 1

20
2 2 22

2 1 2 1

4

4

z z j i
ij z z

j i

z z d j i

z z d
v i

dz dzjZ
z z x x y y

dz dzj

z z x x y y

ωμ
π

ωμ
π

− −

− −

=
− + − + −

+
− + − + −

∫ ∫

∫ ∫
                            (3.17) 
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Figure 3.11 Two cylindrical conductors parallel to the ground  

Figure 3.11 shows two parallel horizontal cylindrical conductor i  and j  parallel to 

the ground surface along the x coordinate axis, as well as their images i′  and j′ . By 

using the Neumann’s integral formula, the self-impedance of a RC conductor is 

obtained as follows 

( ) ( ) ( )
2 2 2 2

1 1 1 1

0

2 2 22
1

4 2 2

x x x xj i j i
ii x x x x

j i j i

dx dx dx dxj
Z

x x r x x z d

ωμ
π

⎡ ⎤
⎢ ⎥= −⎢ ⎥

− + − + − −⎢ ⎥⎣ ⎦
∫ ∫ ∫ ∫        (3.18) 

By using the Neumann’s integral formula, the mutual impendence ijZ  between 

conductor i  and j  can be obtained again, as follows 
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( ) ( ) ( )

( ) ( ) ( )

2 4

1 3

2 4

1 3

0
22 2

2 1 2 1

0
22 2

2 1 2 1

4

4 2

x x j i
ij x x

j i

x x j i

x x

j i

dx dxjZ
z z x x y y

dx dxj

z d z x x y y

ωμ
π

ωμ
π

=
− + − + −

−
− − − + − + −

∫ ∫

∫ ∫
                   (3.19) 

The impedance of the cylindrical conductors along the y coordinate axis can be 

calculated by (3.19) by interchanging the variables x and y in (3.19).   

The explicit expressions of (3.19) are achieved by applying following integrated 

result   

( )
2 4

1 3 2 2

2 2 2 2
42 42 42 42

2 2 2 2
32 32 32 32

2 2 2 2
41 41 41 41

2 2 2 2
31 31 31 31

ln( )

ln( )

ln( )

ln( )

t t j i

t t

j i

dt dt
A

t t s

t t t s t s

t t t s t s

t t t s t s

t t t s t s

=
− +

= − + + + +

+ + + − +

+ + + − +

− + + + +

∫ ∫

        (3.20) 

where 42 4 2t t t= − , 32 3 2t t t= − , 41 4 1t t t= − , 31 3 1t t t= −  and s  is a constant.  

By applying (3.20) to (3.19) with corresponding data to replace t  and s , an explicit 

expression to calculate the impedance can be obtained.  

B. Capacitance 

The capacitance of the cylindrical conductors can be calculated by the average 

potential method [Du, 2001]. Unlike the impedance, both parallel and orthogonal 

bars have mutual capacitance.  
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The effect of the earth is taken into consideration also by using the method of 

images. The earth is replaced with the images of these conductors distributed 

symmetrically with respect to a boundary. Since charges are distributed on the 

conductor surface in the frequency range of the lightning, the boundary is the earth 

surface itself whether the earth is perfectly conductive or imperfectly conductive.  

(1) Parallel Cylindrical Conductor 

Thus for two cylindrical conductor in Figure 3.11 or in Figure 3.12, the distance d  is 

always equal to zero for capacitance calculation.    

Let  iτ  and jτ  be the linear charge density of the cylindrical conductor i  and j  

respectively. The self average potential coefficient of the conductor i  which is 

generated by the charges on itself and its image i′ , is given by 

( ) ( ) ( )
2 2 2 2

1 1 1 1
2 2 2 220 2 1

1
4

z z z zj i j i
ii z z z z

v ij i

dz dz dz dz
P

z z z z rz z rπε

−

−

⎡ ⎤
⎢ ⎥= −⎢ ⎥− − +− +⎢ ⎥⎣ ⎦
∫ ∫ ∫ ∫       (3.21) 

The mutual average potential coefficient between conductor i  and j  which is 

generated by the charges on conductor j  and its image j′ , is similarly given by 

( )( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

2 4

1 4

2 3

1 4

2 2 2
0 2 1 4 3

2 1 2 1

2 2 2
0 2 1 4 3 2 1 2 1

1
4

1
4

z z j i
ij z z

j i

z z j i

z z
v i

dz dz
P

z z z z z z x x y y

dz dz
z z z z z z x x y y

πε

πε
−

−

=
− − − + − + −

+
− − − + − + −

∫ ∫

∫ ∫
      (3.22) 

For two parallel conductors arranged vertically shown in Figure 3.11, the self 

average potential of conductor i  is given by   
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( ) ( ) ( ) ( )
2 2 2 2

1 1 1 1
2 2 2 220 2 1 1

1
4 2 2

x x x xj i j i
ii x x x x

j i j i

dx dx dx dx
P

x x x x r x x z dπε

⎡ ⎤
⎢ ⎥= −⎢ ⎥− − + − + − −⎢ ⎥⎣ ⎦
∫ ∫ ∫ ∫  

(3.23) 

The mutual average potential between conductor bars i  and j  is given by  

( )( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

2 4

1 3

2 4

1 3

22 2
0 2 1 4 3

2 1 2 1

22 2
0 2 1 4 3

2 1 2 1

1
4

1
4 2

x x j i
ij x x

j i

x x j i

x x

j i

dx dx
P

x x x x z z x x y y

dx dx
x x x x z d z x x y y

πε

πε

=
− − − + − + −

−
− − − − − + − + −

∫ ∫

∫ ∫
 (3.24) 

The impedance of the cylindrical conductors along the y coordinate axis can be 

calculated by (3.24) by interchanging the variables x and y in (3.24).   

The explicit expressions of (3.24) are also achieved by applying the integrated result 

A  into these equations.  

With the calculated self and mutual potential coefficients of the cylindrical conductor 

in the wire-grid structure, a potential coefficient matrix P is constructed, where 

P= ij n n
P

×
⎡ ⎤⎣ ⎦  ( n  is the total number of conductors in the structure). Assuming V  and 

Q are the potential vector and charge vector respectively, the following equation 

holds 

Q=BV                                                                            (3.25) 

where -1B=P . Self-capacitance iic  and mutual capacitance ijc  are then obtained as 

follows 
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1

1,2,...,

1, 2,..., ,

n

ii ik
i

ij ik

c b i n

c b i n i j
=

= =

= − = ≠

∑        (3.26) 

where ikb  and ikb  are the elements of matrix B. The capacitance matrix C is defined 

by 

C ij n n
c

×
⎡ ⎤= ⎣ ⎦          (3.27) 

(2) Orthogonal Cylindrical Conductor 
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Figure 3.12  Two orthogonal cylindrical conductors in parallel with the ground  

For two orthogonal cylindrical conductors shown in Figure 3.12, the mutual average 

potential coefficient is given by 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2 3

1 2

2 3

1 2

22 2
0 2 1 3 2

2 1 3 1

22 2
0 2 1 3 2

2 1 3 1

1
4

1
4

x y j i
ij x y

i j

x y j i

x y
i j

dy dx
P

x x y y z z x x y y

dy dx
x x y y z z x x y y

πε

πε

=
− − − + − + −

−
− − − − + − + −

∫ ∫

∫ ∫
 (3.28) 
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Figure 3.13 Two orthogonal cylindrical conductors unparallel to the ground 

For two orthogonal cylindrical conductors shown in Figure 3.13, the mutual average 

potential is given by 

( )( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

2 3

1 2

2 2

1 3

2 2 2
0 2 1 3 2

1 3 2 1

2 2 2
0 2 1 3 2

1 3 2 1

1
4

1
4

x z j i
ij x z

j i

x z j i

x z

j i

dz dx
P

x x z z z z x x y y

dz dx
x x z z z z x x y y

πε

πε
−

−

=
− − − + − + −

−
− − − + − + −

∫ ∫

∫ ∫
       (3.29) 

The impedance of cylindrical conductor along the y coordinate axis can be calculated 

by (3.29) by interchanging the variables x and y in this equation.   

The explicit expressions of (3.29) are achieved by applying following integrated 

result   
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( ) ( )

( )

2 2

1 1 22 2

2 2 2 2
2 1 2 2

1 22 2 2 2
1 1 1 2

2 2 2 2
1 1 1 1

2 12 2 2 2
2 2 2 2

22
2

( ) ( )
( ) ln ( ) ln

( ) ( )
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( ) ( )

2
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t s

i j

dt ds
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t t s s h

s s t t a s s t t a
t t t t
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− + − + − + − +
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− + − + − + − +
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− + − + − + − +

+ − −

∫ ∫

( )
( )( )( )

( )
( )

( )( )( )

( )
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( )
( )

( )( )
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1 2

2 2
2 1
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2
2 2

2 2

22
2 1 12

1
2 2

1 1

22
2 2 22

1
2

1

( )

( )

( )
2

( )

( )
2

( )

( )
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ctg
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a s s arctg
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b s s arctg
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⎢ ⎥

+ − + + −⎢ ⎥⎣ ⎦
⎡ ⎤− − −⎢ ⎥− − − ⎢ ⎥

+ − + + −⎢ ⎥⎣ ⎦
⎡ ⎤− − −⎢ ⎥− − − ⎢ ⎥

+ − + + −⎢ ⎥⎣ ⎦
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+ − −

+ − + +( )2
2 )t t

⎡ ⎤
⎢ ⎥
⎢ ⎥

−⎢ ⎥⎣ ⎦

           (3.30) 

where ( )2 2
2a s s h= − +  and ( )2 2

1b s s h= − + .  h  is a constant.  

By applying (3.30) to (3.29) with corresponding data to replace t  and s , an explicit 

expression to calculate the impedance can be obtained.  

3.4.2 Circuit Parameters of High Voltage Coaxial Cables 

As seen in Figure 3.4, an isolated downconductor consists of two concentric 

cylindrical conductors isolated by dielectric material. Such a downconductor is 

modeled as two thin conductive cylindrical shells separated by a layer of dielectric 

material characterized by the permittivity of 1ε . Figure 3.14 illustrates a section of the 

downconductor running vertically above the ground and it image. It contains two 
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concentric conductive cylindrical elements, which are labeled by 1 and 2. These 

elements have the radii of aR  and bR , respectively, and have the axial length of 

1n n nL l l+= − . As the downconductor is rotationally symmetric with respect to its axis, 

both surface charges and axial currents are uniformly distributed along the 

circumferential direction. 

nl−

1nl +−

l

aR bRnl

1nl +

element 1
(core)

element 2
(screening)

r

 

Figure 3.14 Cylindrical element of the downconductor and its image 

A. Impedance 

In calculating mutual impedance, the axial current in an element is treated as a 

surface current. The Neumann’s surface integral formula [Bueno, 2001], then, is 

applied. For the case of the elements situated above the ground, mutual impedance 

,im jnZ  between element i (i =1 or 2) in section m and element j (j =1 or 2) in section n 

becomes 

0
, , ,316im jn im jn im j n

jZ S Sωμ
π ′ ′⎡ ⎤= +⎣ ⎦          (3.31) 
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where ,im jnS  and ,im j nS ′ ′  are the coupling coefficients associated with element i and its 

image, respectively. Both ,im jnS  and ,im j nS ′ ′  are expressed by  

2
, 1 1, , 1, 1

, , 1 1, , 1, 1
0

2 m n m n m n m n
im jn m n m n m n m n

d d d d
S d H d H d H d H d

A A A A

π

π θ+ + + +
+ + + +

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= + − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
∫

  (3.32) 

' '

' ' ' '2
, 1 1, , 1, 1' ' ' '

, 1 1, , 1, 1,
0

2 m n m n m n m n
m n m n m n m nim j n

d d d d
S d H d H d H d H d

A A A A

π

π θ+ + + +
+ + + +

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= + − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

∫    

(3.33) 

and 

( ) ( )1 2sinh 1H x x x−= + +         (3.34) 

where 2 2 2 2 cosi j i jA R R R R θ= + − . Axial distances ,m n m nd l l= −  and '
,m n m nd l l= + . 

Self impedance of a cylindrical element is comprised of internal impedance and 

external impedance. The external impedance can be calculated with (3.33), in which 

both two elements coincide in space. The internal impedance of the element, 

however, is determined by the current distribution over its cross section area. For a 

cylindrical element with inner radius iR  and outer radius oR , its internal 

impedance , ,in in iZ was derived in [Xu, 2004], and expressed by 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 1 1 0
, ,i

1 1 1 12
o i i o

in in n
i i o o i

I X K X I X K XjZ L
R I X K X I X K X

ωμ
π

+
= − ⋅ ⋅

−
    (3.35) 
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where ( )nI X  and ( )nK X  are the first and second modified Bessel functions of 

order n  with argument ωμσjRX = , respectively. Both μ  and σ  are the 

permeability and conductivity of the element.  

B. Susceptance 

An electrostatic field analysis is performed to determine susceptance of an isolated 

downconductor. Because of the dielectric material bound charges appear on its 

dielectric surfaces when the downconductor is energized. Each section of the 

downconductor, therefore, is modeled as four charge-carrying concentric cylindrical 

elements with zero thickness. These elements include the conductive surfaces 1S  and 

2S  of the conductors at ar R=  and bR , the dielectric surfaces 3S  and 4S  of the 

insulator at ar R=  and bR  as well, as illustrated in Figure 3.15.  

aR

oε

insulation
0ε

  zero thickness

aR r

l

bR bR

1S 2S3S 4S

screening
core

 

Figure 3.15 Boundary conditions on dielectric-space interfaces 

Assume that the charge density is constant over an element. The potential at a point 

can be expressed in terms of charge density using a free-space potential formula. The 

average potential on a conductive element in a system of N sections, therefore, is 

given by 
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( )' '

4

1, 1 , 13 1 ,
1 10

1 1 on surface 
16

N

m m jn jnm j n
j n m n

V S S Q S
L Lπ ε = =

= −∑∑      (3.36) 

( )' '

4

2, 2 , 23 2 ,
1 10

1 1 on surface 
16

N

m m jn jnm j n
j n m n

V S S Q S
L Lπ ε = =

= −∑∑        (3.37) 

where ,i mV  is the average potential on an inner ( 1i = ) or outer ( 2i = )conductive 

element  in section m ( 1m N= L ). jnQ  is the free charge (j =1 or 2 ), or the bound 

charge (j = 3 or 4). Both ,im jnS  and ,im j nS ′ ′ are given in (3.32) and (3.33).  

The boundary condition of electric field on a dielectric surface is applied to eliminate 

those bound charges in [Rao, 1984]. The electric field in the radial direction (r) is 

given by rV ∂∂− , in which V is the potential at the point of interest. The average 

radial field components on both positive and negative sides of element i (i = 3 or 4) 

are obtained by integrating over its surface. The equations, which arise from the 

boundary condition on elements i= 3 and i = 4 in section m, are given by 

( )
4

, ,
1 10

3
1 0 1 3

0 0 1 0

10
4

on surface 

2 2

N
jn

im jn im j n
j n n

m m

m m

Q
T T

L
S

Q Q
L L

πε

ε ε
ε ε ε ε

′ ′
= =

= −

⎛ ⎞+
+ − ⎜ ⎟−⎝ ⎠

∑∑
        (3.38) 

( )
4

, ,
1 10

4
2 0 1 4

0 0 1 0

10
4

on surface 

2 2

N
jn

im jn im j n
j n n

m m

m m

Q
T T

L
S

Q Q
L L

πε

ε ε
ε ε ε ε

′ ′
= =

= −

⎛ ⎞+
− + ⎜ ⎟−⎝ ⎠

∑∑
     (3.39) 

where  ,im jnT  and ,im j nT ′ ′  are the coupling coefficients of the electric field associated 

with element i in section n and its image. Both  ,im jnT  and ,im j nT ′ ′  are given by  
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2
, 1 1, , 1, 1' ' ' '

,
0

cosi j m n m n m n m n
im jn

R R d d d d
T H H H H d

A A A A A

π θ
θ+ + + +− ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= + − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

∫  

(3.40) 

' '2
1, , 1 , 1, 1' ' ' '

,
0

cosi j m n m n m n m n
im j n

R R d d d d
T H H H H d

A A A A A

π θ
θ+ + + +

′ ′

⎡ ⎤′ ′⎛ ⎞ ⎛ ⎞− ⎛ ⎞ ⎛ ⎞
= + − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
∫

          (3.41) 

and  

( )' 2 1H x x= +          (3.42) 

Parameters A , ijd  and '
ijd  in (3.40-3.42) are defined previously in (3.32-3.34). The 

second or third item of (3.39) and (3.40) results from a singular integral in which 

both the source and observation elements coincide in space. 

Similar to the calculation of cylindrical conductor capacitance, a matrix equation for 

both free and bound charges is assembled from (3.36-3.37) and (3.38-3.39), as 

follows 

V = PQ          (3.43) 

or in expanded form 

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦⎣ ⎦

11 12 13 14 11

21 22 23 24 22

31 32 33 34 3

41 42 43 44 4

P P P P QV
P P P P QV

=
P P P P Q0
P P P P Q0

      (3.44) 

where both nV  and nQ  are the potential and charge vectors on the elements in 

section n. Sub-matrix nmP  is formulated using the formulas given in (3.36-3.37) and 
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(3.38-3.39). Equation (3.43) may be expanded if other conductors are presented in 

the vicinity of the downconductor, such as the wire-grid structure of a building.  

Inverting (3.44) as well as collecting the equations for the free charge vectors yield 

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 11 12 1

2 21 22 2

Q K K V
=

Q K K V
        (3.45) 

where ijK  is an N N× sub-matrix of -1P . Susceptance matrix Y  for N sections or 2N 

elements of the downconductor, then, is expressed by 

⎡ ⎤
⎢ ⎥
⎣ ⎦

11 12

21 22

K K
K K

Y = jω         (3.46) 

3.5 Solution Procedure  

In most studies on modeling building structure under a lightning stroke, the 

calculation of current distribution in a building structure was conducted in the 

frequency domain [Buccella et.al., 1992 ]. With this solution procedure, the transient 

lightning discharge current in the time domain is transformed to discrete components 

at discrete frequencies by the Fourier transform technique. Then the nodal equations 

and loop equations are built for each discrete frequency according to Kirchhoff’s 

Law. By solving these equations, the nodal voltages and branch currents can be 

obtained at each discrete frequency. Finally, the transient currents within the building 

structure are obtained by the inverse Fourier transform technique. This solution 

procedure takes into account of the frequency-dependent characteristic of circuit 

parameters. Since the frequency band of a lightning discharge current is from d.c. to 

several million Hz, the complete solution procedure will cost very long time. In order 

to improve the solution efficiency, a solution procedure running by the 
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Electromagnetic Transient Program (EMTP) in the time domain is proposed in this 

thesis.  

EMTP is a universal program for numerical simulation of transient phenomena of 

electromagnetic as well as electromechanical nature. It can handle lumped circuit 

problems by π -circuit model professionally. However, as EMTP was originally 

designed for transmission line problems, the parameters of only a few mutual 

coupling branches can be calculated (less than 10 branches). So people usually think 

it is hard or impossible for EMTP to handle a network with a large numbers of 

coupled branches [Li and Zheng, 1998]. In fact, EMTP can handle a system 

including numerous coupled branches by adopting some modifications. 

3.5.1 The Formation of EMTP Cards  

In EMTP, the electrical circuit network of building structure is represented by ‘cards’ 

in an input file. A format of these cards in a general input file is shown in Figure 

3.16. In this input file, there are different types of cards, including /BRANCH cards, 

/SWITCH cards, /SOURCE cards and /OUTPUT cards. /BRANCH cards are used to 

list the parameters of π -type circuits such the resistance matrix [R], inductance 

matrix [L[ and the capacitance matrix [C] ./SWITCH cards are used to output the 

current value in each branch. /SOURCE cards are used to locate the current source. 

The meaning of those parameters in the input file in Figure 3.16 can be found in the 

rulebook of EMTP [Dommel, 1986].  
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Figure 3.16 Format of cards in the EMTP Input file 

 

Figure 3.17 Example of branch cards inside data.dat 

In the modern version of EMTP, matrices [R], [L] and [C] of a horizontal 

transmission line network in a π-circuit model are calculated by using the LCC 

subroutine in EMTP. The subroutine, however, cannot computer the π-circuit 

parameters of a three-dimensional grid-like structure including lots of vertical and 
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horizontal branches. Therefore, the parameter matrices need to be calculated 

separately with the methods given in Section 3.3, and inserted into the EMTP data 

file ‘data.dat’ in a defined format. Figure 3.17 shows the format of a data file for five 

branches. The number in the first list is the branch number. Following characters like 

‘XX0031’ is the code of a node in the circuit network. Then three lists of data are 

respectively the low triangle matrix of [R], [L] and [C] in the unit ohm, mH and uF.  

 

Figure 3.18 Setting parameters inside STARTUP file 

For a metal structure with N coupled branches, the number of $BRANCH cards will 

be N× (N+1)/2. When the branch number is great, the number of the cards inside the 

EMTP input file will exceed the upper limit of the card number specified by the 

parameter LIMCRD in the STARTUP file shown in Figure 3.18 (e.g., 149998 in the 

current version of EMTP). The way to raise the upper limit of card number is to save 

the $BRANCH cards in a separate data file, and to link the data file by inserting a 

$INSERT card in the EMTP input file. The total number of the cards in the input file 
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will not exceed the maximum limit as the cards in the separate data file are not 

counted. 

3.5.2 The Expansion of EMTP Calculation Capability  

Before executing EMTP machine-related constants inside Figure 3.19 need to be 

defined. These constants are used to allocate memory in a computer for saving 

different components of the electrical network, such as LBUS for the bus number, 

LBRNCH for the branch number, LSWTCH for the switch number and so on. The 

executable EMTP file ‘tpbig.exe’, which is compiled from the default file 

LISTSIZE.BPA, can only handle a multiphase system with less than 400-coupled 

branches. In reality, the metal structure of a building may consists of thousands of 

coupled branches. So it is necessary to generate a new executable file ‘tpbig.exe’ by 

recompiling the EMTP files with the appropriate values of LBUS, LBRNCH, 

LSWTCH and others in LISTSIZE.BIG. 

 

Figure 3.19 Setting of the LISTSIZE file 
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At present, an integrated EMTP package including ATP Launcher is available on 

EMTP-ATP user group websites. It allows users to increase the calculation capability 

of the executable file ‘tpbig.exe’. This, however, does not mean the capability of 

EMTP is infinite. Actually it is restricted by the computing power of the computer, 

especially its memory. 

3.5.3  Calculation in the Frequency Domain and the Time Domain 

In general, the branch impedance is frequency-dependent as discussed in Section 1.3. 

The time-domain solution provided by EMTP may not be accurate, as EMTP cannot 

transfer the impedance parameters at different frequencies into one input files. It is, 

therefore, necessary to obtain the frequency spectrum of the lightning current source 

by using the Fourier transform, and to find the solution in the frequency domain with 

EMTP. The time-domain currents in conducting branches are then obtained by 

applying the inverse Fourier transform. It is noted that this method requires 

significant computing power as it is necessary to calculate impedance parameters and 

run ‘tpbig.exe’ at each discrete frequency in a large range.   

Since amplitudes of the frequency spectrum of the lightning current source are far 

from negligible for the frequencies less than 7 to 8 MHz [Cristina and Orlandi, 

1992], the structure inductance plays a dominant role in determining the branch 

currents. If the earth resistivity is small, the inductance does not vary significantly in 

the frequency range of interest. Thus the problem can be tackled in the time domain 

by a single run of ‘tpbig.exe’. The impedance parameters at the significant 

frequency1/ 4 ft  ( ft is the time taken from zero to the peak value) is adopted, and 

included in the input file. When the resonance phenomena in the network become 

significant, the impedance parameters at the resonant frequency should be adopted as 
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these parameters, especially the resistances are critical in determining the resonance 

amplitudes.  

3.5.4 Calculation of Magnetic Field 

With the calculated current in each conductors of the wire-grid structure by EMTP, 

the magnetic fields inside the building structure can be evaluated directly by the Bio-

savart Law.  
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Figure 3.20 Superposition of magnetic field generated from two straight conductors  

As seen in Figure 3.20, two straight conductors carry current iI  and jI , respectively. 

The formula for computing the magnetic field at the observation point P generated by 

the current iI  is given by 

0
24 i

i i
i l

i

I dl rB
r

μ
π

×
= ∫

r rr
        (3.47) 

where il  is the integral route along the conductor. ir
r  is the unit vector from 

infinitesimal section idl  to the observation point P and ir  is the distance between 

them.  
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Similarly the magnetic field at the same observation point P generate by current jI  is 

given by (3.47) by replacing the subscript i  with j .  Then the totally magnetic field 

at the observation point P is the sum of two vector magnetic fields. For a building 

structure with a large number of conductors, above superposition procedure can be 

applied for the magnetic field generated from each conductor.  

3.6 Summary 

In this chapter, the equivalent circuit (EC) modeling approach was proposed for the 

building equipped with an isolated downconductor. With this modeling approach, a 

wire-grid building structure was transformed into an equivalent circuit network. The 

nodal voltage and branch current in the network can be described by Kirchhoff’s 

voltage equations and current equations. The formulas for determining the equivalent 

circuit parameters including impedance and susceptance were derived for both 

cylindrical conductors and coaxial cables. In order to increase the solution efficiency, 

a powerful program EMTP was adopted and extended to handle the solution of 

current distribution in the building structure. Consequently, the magnetic fields in the 

structure can be obtained from the current distribution by the Bio-savart Law. 
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Chapter 4 

Characterization of Magnetic Field Distribution inside a Wire-grid 

Building Structure 

4.1 Introduction 

Chapter 3 provides the equivalent circuit (EC) modeling approach for a building 

protected with an early streamer emission (ESE) lightning protection system (LPS). 

With this modeling approach, the wire-grid building structure is transformed to an 

equivalent circuit network consisting of a large number of π -type circuits. The 

current distribution in the network is evaluated by solving the Kirchhoff’s equations 

through the Electromagnetic Transient Program (EMTP) in the time domain. Given 

by the current distribution, the lightning-induced impulse magnetic field (LIMF) 

inside a wire-grid structure is calculated by the Bio-savart Law.  

In the past decades the characterization of LIMF inside the buildings protected by a 

conventional LPS has been carried out extensively [Geri, 1991; Mattos, 1992; 

Orlandi, Mazzetti and Flisowsk, 1998]. It was found that intense impulse magnetic 

fields appear in the adjacent area under the lightning stroke position. However, LIMF 

associated with the isolated downconductors has not been addressed significantly. 

This chapter presents an analysis of LIMF inside a modern laboratory building by the 

EC modeling approach proposed in Chapter 3. The building of concern is protected 

by the ESE LPS with an isolated downconductor. In this chapter a system model for 

a metal structure of a full-scale building is set up firstly. With this model LIMF 

distribution in the building installed with ESE LPS are characterized, and compared 

with LIMF generated by a single downconductor without the building structure. The 
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mitigation measures of the impulse magnetic field are addressed. Finally, 

recommendations for protecting critical equipment against LIMF are provided.   

4.2 Wird-grid Model of the Laboratory Buliding 

 

Figure 4.1 Floor plane of the laboratory building 

The building to be studied in this chapter is a laboratory building under construction. 

The project is commissioned by the local government to develop an effective 

working environment for technology-based enterprises to carry out research and 

development works. This laboratory building includes two symmetrical parts. The 

left part is for biotechnology laboratories and the right part is for electronic and 

precision laboratories. For protecting sensitive electronic equipment installed inside 

the building, it is required that the magnetic field should be kept below 1mT in some 

critical areas. Since the two parts are identical in their structure, the floor plane of 

only one part is illustrated in Figure 4.1.  
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The geometric information of the laboratory building is given in Figure 4.1. It is 72m 

long, and 36m wide. There are 11×6 reinforcing concrete columns equally spaced 

with the separation distance of 7.2m. These columns are numbered by numerical 

number 1, 2, 3,… along a list and English letter A, B, C, … along a row.  

 

Figure 4.2 Cross section view of the laboratory building 

Figure 4.2 illustrates the cross section view of the laboratory building. This building 

is 45.4m high. It has seven stories whose heights vary from 5.45m to 7m.  With the 

information given in Figure 4.1 and Figure 4.2, it is known that the metal structure of 

the laboratory building is mainly made from the RC bars bundles embedded inside 

the columns and beams. By simplifying a RC bars bundle in columns and beams into 

a cylindrical conductor shown in Chapter 3, the metal structure of the building was 

transformed to a wire-grid structure as seen in Figure 4.3. Some assumptions are 

adopted in the transformation:  
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• The influence of the reinforcing concrete wall and floors on LIMF 

distribution is not considered because they has little function in shielding 

electromagnetic field [Casinovi et.al., 1989]. 

•  The earth resistance is considered as 100ohm.  

• The lightning channel is simply considered as a cylindrical conductor with 

height 100m. This assumption is also adopted in the IEC Standard [IEC 

61312-2, 1995]  
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Figure 4.3 Wire-grid structure of the lab building  

This laboratory building is protected by the ESE LPS with an isolated 

downconductor. This downconductor is as high as the building, and has mean 

diameters of 12.3mm and 24.1mm for its core and screening, respectively. The 

downconductor is mounted on the walls and runs vertically. Its upper terminal is 
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connected to the air terminal on the roof and the lower terminal is connected with the 

earthing electrode which is buried inside the earth. Both the air terminal and the 

downconductor are located either in the center or at the corner of the building.  

4.3 Distrubtion of LIMF inside the Building  

With the EC modeling approach and solution procedure proposed in Chapter 3, the 

wire-grid structure of the building was transformed to an equivalent circuit network 

comprising resistance, inductance and capacitance. The current distribution in the 

structure and the impulse magnetic field inside the building were evaluated. In order 

to present LIMF distribution clearly, an observation line in the building were selected 

and the impulse magnetic field along this line was calculated during a direct 

lightning striking at the air terminal. The observation line runs from one corner of the 

building (column a) to its opposite corner (column f) on 3/F, as seen in Figure 4.4.  

a

b
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d

e
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o

 

Figure 4.4 Top view of 3/F and the observation line for field calculation 

In the evaluation of LIMF inside the building, the lightning stroke to the building 

was simulated to be a current source as stated in Chapter 3. The front-time and tail-

time constants τ1 and τ2 in (3.8) were taken to 8μs and 10μs, respectively. The peak 

value of the current Im was selected to be 160kA. With these parameters, the current 
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has an effective peak value 100kA for 2n = , and a waveform of 8/20μs (time to 

peak value/time to half peak value).  

4.3.1 Downconductor Mounted on a Wall 

7th floor

Lightning stroke

 

Figure 4.5 Downconductor installed in the building  
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--- with the structure    ⎯ without the structure 

Figure 4.6 Impulse magnetic fields in the case of Downconductor in the center 

The isolated downconductor is usually mounted on the wall either in an electrical 

duct or on façade. When the downconductor is located inside the building structure at 

point o as Figure 4.5 shows, the peak values of impulse magnetic fields over the 

observation line are illustrated in Figure 4.6. In order to reveal the shielding effect of 
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the wire grid, the impulse magnetic fields along the observation line without the wire 

grid are also calculated. It is noted that the impulse magnetic fields are significantly 

high in the area between columns c and d (critical area). The peak value of the field 

reaches 49.5mT at the point 0.36m away from the downconductor. The field, 

however, is generally less than 1mT outside this area. 

For comparison, the peak values of impulse magnetic fields in the absence of the 

wire grid were superimposed on these figures. The fields are solely determined by 

the discharge current in the downconductor. It is noted from the figures that the fields 

are generally less in the presence of the wire grid. Such field cancellation generally 

arises from the currents induced within the wire grid. The field cancellation becomes 

stronger on the middle floors (e.g., 3/F), as seen in the figures. As an induced current 

has a significant influence on the field near its carrier (e.g., column), local field 

enhancement around columns is also observed in the figures. The field can be even 

greater than that in the absence of the wire grid at certain locations. 

When the LPS is installed at the corner of the building as Figure 4.7 shows,  the peak 

values of the impulse magnetic fields along the observation line is shown in Figure 

4.8. In general these impulse magnetic fields have a similar pattern as those in the 

previous case. The fields generated from the downconductor are partially cancelled 

by the induced current. In this case, such field cancellation in the critical area is even 

more significant. The peak value of the field reaches 5.7mT at the point 0.36m away 

from column a. As the induced currents in columns a and b flow in opposite 

directions, the field cancellation in this area is enhanced.  
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Figure 4.7 Downconductor installed at the corner 
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Figure 4.8 Impulse magnetic fields in the case of downconductor at the corner 
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4.3.2 Downconductor Enclosed in a Metal Pipe 

pipe

downconductor

 

Figure 4.9 Configuration of a downconductor enclosed by a metal pipe 

It is noted that impulse magnetic fields are significantly high in the area close to the 

downconductor. The situation can be improved if a conductive loop is constructed in 

this area to compensate the original field. In order to enhance field compensation it is 

necessary to use certain measures to increase the induced current in the loop. As seen 

in Figure 3.4, the downconductor has a conductive screening. When the screening is 

isolated from the wire grid, it has little effect on shielding the magnetic field. 

However, when the screening is bonded to the wire grid at its both ends, the induced 

current will be significantly increased. Unfortunately the screening is not designed to 

carry the lightning current. The connection to the wire grid is not recommended by 

the manufacturers in practice. 

To achieve a similar performance, a separate metal pipe is introduced to house the 

downconductor, and to carry the induced current. This pipe has a diameter of 0.2m 

and a thickness of 10mm. It is bonded to the wire grid on the ground as well as on 

the roof. As the induced current in the pipe flows in the opposite direction of the 

downconductor current, significant reduction of the impulse magnetic field is 

expected in the critical area around the downconductor.  
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Figure 4.10 shows the peak values of impulse magnetic fields when the LPS are 

situated in the center of the building. Clearly the impulse magnetic fields become 

less in the critical area. The highest peak value is reduced to 2.75mT from 49.5mT 

on 3/F. However, this pipe does not have a significant impact on the field at a 

location away from the downconductor, as illustrated in the figure.   
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Figure 4.10 Impulse magnetic fields in the case of downconductor enclosed by a pipe 

in the center 

Figure 4.11 shows the peak values of impulse magnetic fields when the LPS is 

situated at the corner of the building. Similar to the previous case, the impulse 

magnetic fields are generally less in the critical area when the pipe is installed. On 

the 3/F the highest peak value is reduced to 3.80mT from 5.65mT.  
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Figure 4.11 Impulse magnetic fields in the case of downconductor enclosed by a 

pipe at the corner 

4.4 Summary 

This chapter investigated the impulse magnetic fields arising from the discharge 

current in an isolated downconductor installed in a real laboratory building in Hong 

Kong. The building structure as well as the isolated downconductor was transformed 

to an equivalent circuit network by using the equivalent circuit (EC) modeling 

approach. The current distribution and consequent LIMF inside the building structure 

in the building were evaluated during a direct lightning stroke at the LPS.   

From the evaluation results, it is concluded that  

• LIMF around an isolated downconductor is significantly high, and can be as high 

as that generated from a standalone downconductor. It is highly recommended not 

placing sensitive equipment in the area near the downconductor.   
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• Reinforcing bars of columns and beams in the building can attenuate the impulse 

magnetic field if they are interconnected each other. Because of the induced 

currents in these bars the impulse magnetic field is reduced. It is recommended 

placing the downconductor next to a column or outside the building in order to 

achieve significant field compensation in the area around the downconductor.  

• To enhance the field compensation further it is recommended housing the 

downconductor with a metal pipe, and bonding both the metal pipe and metal 

structure of the building together. A large induced current will be generated in the 

pipe to compensate the field from the downconductor. The field can be reduced 

down to 10% of its value without the pipe in some cases. This pipe, however, does 

not have a significant impact on the field at the location away from the 

downconductor. 
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Chapter 5  

Empirical Formulas for Evaluating Shielding Effect of a Wire-grid 

Building Structure 

5.1 Introduction 

With the equivalent circuit (EC) modeling approach developed in Chapter 3, the 

lightning-induced impulse magnetic field (LIMF) inside the wire-grid building 

structure can be evaluated numerically. It is known that the dimension and grid width 

of the building structure varies from one building to another. To avoid the time-

consuming evaluation it would be necessary to have simple formulas, which can be 

applied to different types of wire-grid building structures. These formulas will help 

engineers to evaluate the shielding effect of the building structure and to assess the 

threat of LIMF qualitatively.  

In IEC Standard 61312-2 [IEC 61312-2], a simple empirical formula for evaluating 

the shielding effect of the wire-grid building structure is presented. This formula, 

however, is only applicable for the building structure under parallel-plane incident 

magnetic field generated by a distant lightning stroke. When a lightning stoke is very 

close to the building of concern, e.g. striking at an outside isolated downconductor or 

at adjacent building structures, the incident magnetic field cannot be treated as a 

parallel-plane field, and then the formula in the IEC Standard is not applicable any 

more. In this chapter, more general formulas will be derived.  

This chapter starts with a description of the wire-grid building structure of concern. 

A preliminary study on the relationship between the structure parameters and 

shielding effect is then conducted. General observations are obtained through 
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numerical calculation. With these observations, the quantitative relationships 

between these parameters and shielding effect are built. By using the curve fitting 

technique and induction approach, these relationships are transformed to close-form 

formulas.    

5.2 Configuration of the Wire-grid Building Structure  
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(a) 3D diagram of the concerned structure  
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(b) Plan view of the concerned structure 

Figure 5.1 Configuration of the wire-grid building structure 

Figure 5.1(a) illustrates the 3D configuration of the wire-grid structure under 

discussion in this chapter. This structure is a Faraday’s cage which is similar to that 

used in IEC standard 61312-2 [IEC 61312-2, 1995]. The nearby lightning stroke is 

modeled as a lightning stroke terminated at an isolated downconductor adjacent to a 

corner of the building. The structure has the dimensions of L (length) × L (width) × 

H (height), and has the square mesh with the grid width of W. For simplicity the 

structure length is set to be equal to its width. The distance between the isolated 

downconductor and the nearest structure corner is denoted by D. 

5.3 Preliminary Study  

With the EC modeling approach developed in Chapter 3, the wire-grid building 

structure together with the isolated downconductor can be transformed to an 

equivalent circuit network. The current distribution in the equivalent network is 

evaluated numerically. LIMF inside the building structure can then be calculated. In 

order to study the shielding effect of the wire-grid building structure, a parameter of 

Shielding Factor (SF) is introduced, and is give by 

1 100%
o

BSF
B

= ×         (5.1) 

where 1B  is the magnetic field in the presence of the building structure and 0B  is the 

magnetic field without the building structure.  
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SF varies with the parameters of building structure such as L, H, D and W. The 

following sections describe the relationship between SF and these parameters via 

numerical calculations.  

5.3.1 Steady Region inside the Building Structure 
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Figure 5.2 SF curve along the x coordinate 

The preliminary study starts with an identification of SF distribution inside the wire-

grid building structure along the dotted diagonal lines shown in Figure 5.1 (b) at 

different heights. Through the calculation with different building parameters, it is 

found that SF along the diagonal line of the structure has a similar distribution no 

matter what structure dimensions, grid dimensions, and height of the observation line 

are, as illustrated in Figure 5.2. For simplicity, the shielding factor on the diagonal 

line is expressed and/or plotted against the x coordinate.  

Figure 5.2 illustrates the horizontal distribution of SF inside a building structure with 

dimensions of L 10m= , H 40m=  and grid width of W 1m= . From Figure 5.2, it is 

noted that SF curve has a shape of saddle. In the middle region with the distance of 
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W to the two opposite structure edges, SF curve can be approximately represented 

with a straight line.   
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Figure 5.3 SF curve along the z coordinate 

Figure 5.3 shows the vertical distribution of SF inside the building structure along 

the z direction when x and y are set to be zero. From Figure 5.3, it is found that in the 

region below the roof with a distance about 10m, SF remains constant nearly.  

According to the observations obtained from Figure 5.2 and 5.3, a 3-D region inside 

the building is selected for discussion as most of sensitive equipment is often placed 

in this region. This region is called the steady region, and is limited by horizontal 

boundary of ,
2 2
L LW W⎡ ⎤− + −⎢ ⎥⎣ ⎦

 and vertical boundary of [ ]0, 10H m− .  

From Figure 5.2, it is known that SF distribution inside the steady region can be 

approximated by a straight line. So empirical formulas are a linear function 

depending on the parameters of L, H, D and W. In order to disclose the relationship 

between SF and those parameters, SF is characterized against structure parameters 

via numerical calculations in the preliminary study.  
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5.3.2 Impact of Distance D while the Parameters of L, W and H are Fixed  

A. Simulation Results 

Firstly, the impact of the distance D on SF is studied. Figure 5.4 shows the SF curves 

against the distance D while L, W and H are chosen randomly as =10m, W=2m and 

H=40m.  According to the pattern of SF curves, three groups of curves are presented 

in Figure 5.4. 
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(b) W≤D≤10W 
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(c) 10W≤D 

Figure 5.4 SF curves for different D 

B. Observations 

From Figure 5.4, some observations are found as follows 

1) When D≤W, SF curves shifts upward with increasing D, and are approximately 

in parallel. These curves have the same gradient generally. It is inferred that the 

gradient of fitting lines is independent of D while the interception point is 

determined by the parameter D. 

2) When W≤D≤10W, SF curves twists around a point at 0.32x L= − with increasing 

D. At this time, both gradient and interception point of fitting lines are depending 

on the parameter D.  
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3) When 10W≤D, SF curves will twist around the center point at x=0 with 

increasing D. Similarly both gradient and interception point of fitting lines are 

depending on the parameter D. 

These phenomena are also observed for other values of parameters L, H and W.    

5.3.3 Impact of Distance W while the Parameters of L, D and H are Fixed 

A. Simulation Results 

Secondly, the impact of W on SF is studied. By choosing L=6m, D=5m and H=40m 

optionally, SF curves under different W are plotted in Figure 5.5.    
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Figure 5.5 SF curves for different W 

B. Observations 

In Figure 5.5, three SF curves respectively for W=1m, 2m and 3m are illustrated. 

From Figure 5.5, it is found that when L and D are fixed, SF curves will shift 

downward with decreasing W. It means that the gradient of the fitted lines will keep 

constant and only intercepts will change. So it can be inferred that the gradient of 
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fitting lines is independent to W while the interception point is depending on W. 

These phenomena are also observed for other values of parameters L, H and D.   

5.3.4 Impact of Distance L while the Parameters of H, D and W are Fixed 

A. Simulation Results 

Thirdly, the impact of L on SF is studied. By choosing W=2m, D=5m and H=40m 

optionally, SF curves for different L are plotted in Figure 5.6.    
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Figure 5.6 SF curves for different L 

B. Observations 

In Figure 5.6, there are five curves respectively for L=6m, 8m, 10m, 12m and 14m. 

From these curves, it is noted that when H, D and W are fixed values, SF curves will 

shift downward with increasing L. It means that the gradient of the fitted lines will 

keep constant and only intercepts will change with L. So it can be inferred that the 

gradient of fitting lines is independent to L while the intercept is determined by L. 

These phenomena are also observed for other values of parameters W, H and D.    
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5.3.5 Fitted Lines of SF Curves 

From above observations, it is found that the gradient of the fitted line is only 

dependent on D. The gradient, therefore, is considered as a function of D only. In 

addition, it is found that the intercept of the fitted line is dependent on D, L and W. 

But as Figure 5.4 (b) and (c) show, the fitting lines of SF curves cross over at a point 

in the region of D>W. If this crossing point is chosen as origin point, the dependence 

of intercept of fitting lines on D can be eliminated.  

From the above discussion, it is inferred that the fitting line has a representative 

function, as follows 

( ) ( )( ) ( , , )SF x k D x m b W L D= − +           (5.2) 

where [ / 2 , / 2 ]x L W L W∈ − + − . The gradient ( )k D  is different in three regions 

determined by D. When D≤W, m =0. When D>W, m  is the crossing-point 

coordinate of fitting lines. At this time, the intercept item ( , , )b W L D  can be 

simplified to be ( , )b W L .  

5.4 Derivation of the Empirical Formulas 

From the preliminary study in Section 5.3, it is found that in the steady region of a 

wire-grid structure, a SF curve can be approximated by a linear fitting line with the 

expression given in (5.2). The gradient of fitting line k  and the intercept b  in (5.2) 

are derived for three regions, respectively.  

5.4.1 Formulas of both k  and b for D≤W 

A. Relationship between the Gradient k  and D 
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From Figure 5.4 (a), it shows that the fitting lines of SF curves against D are 

approximately in parallel with each other. So the gradient ( )k D  is a constant, and is 

equal to - 0.024 from the simulation. Then the fitting line function becomes  

( ) ( )0.024 , ,SF x x b W L D= − +       (5.3)  

In (5.3), the intercept b is determined on W, L and D.  

B. Relationship between Intercept b  and the Parameters W, L and D 

The relationship between W and D is studied first. L is always proportional to W 

with the ratio of K . Once the relationship between W and D is revealed, the 

relationship between L and D can be derived directly. For a fixed k  and various W 

and D, the SF values at the center of the curves are just equal to the intercept 

b values, and listed in Table 5.1.   

Table 5.1 Intercept b  for various W and D when fixed K =3,4,5,6 

3K =  W=1 W=2 W=3 

D=0.25 0.232 0.242 0.242

D=0.5 0.263 0.283 0.286

D=0.75 0.276 0.302 0.308

D=1 0.284 0.313 0.322

D=2 0.296 0.334 0.348
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4K =  W=1 W=2 W=3 

D=0.25 0.176 0.186 0.187

D=0.5 0.202 0.219 0.223

D=0.75 0.214 0.235 0.241

D=1 0.221 0.245 0.253

D=2 0.234 0.265 0.277

 

5K =  W=1 W=2 W=3 

D=0.25 0.139 0.148 0.150

D=0.5 0.161 0.175 0.180

D=0.75 0.172 0.189 0.196

D=1 0.179 0.199 0.207

D=2 0.192 0.217 0.229

 

6K =  W=1 W=2 W=3 

D=0.25 0.114 0.121 0.126

D=0.5 0.133 0.144 0.151

D=0.75 0.143 0.157 0.165

D=1 0.149 0.165 0.175

D=2 0.161 0.182 0.195

 

In Table 5.1, four sub-tables list the values of b  against W and D when the ratio 

between L and W changes from 3 to 6. These values are plotted against D curves for 

different K  and W in Figure 5.7. The curves in Figure 5.7 can be divided into 4 
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groups corresponding to K =3, 4, 5 and 6. Each group includes four curves 

corresponding to W=1, 1.5. 2 and 3.   
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Figure 5.7 b -D curves  

If the parameter of D in Figure 5.7 is transformed to
D
1 , the b -

D
1  curves can be 

approximated by lines as Figure 5.8 shows.  Then b  can be represented by a line 

function as follows 

( ) ( ) ( )1 2
1, , , ,b W D K K W K K W K
D

= +      (5.4) 

By reviewing the curves for different K, it is found that when W is fixed and K  

varies, b -
D
1 curves are almost in parallel, namely the fitting lines of b  have the 

same gradient 1K .  So the gradient 1K  is independent of K.  
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Figure 5.8, b -
D
1  curves  

By setting the origin of the local coordinate system at the crossing point of a group of 

fitting lines in Figure 5.8, the influence of W on the intercept 2K  of b  function is 

eliminated. Then the intercept 2K  is only determined by K . At this time, (5.4) is 

transformed to the following expression 

( ) ( ) ( )1 2
1, ,b W D L K W m K K
D

⎛ ⎞′ ′= − +⎜ ⎟
⎝ ⎠

     (5.5) 

where m  is the x coordinate of the crossing point.  

1). Derivation of ( )1K W′   

A series of b -
D
1  lines for various K  and W are obtained from the numerical 

calculations. The expressions of these lines are listed in Table 5.2. In Table 5.2, 
D
1  

is denoted by D′  for simplification.  
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Table 5.2 Expression of b - D′  for various K  and W 

K =3 

W=3 0.40385 0.06817 'b D= −

W=2 0.38419 0.06121 'b D= −  

W=1.5 0.36458 0.05312 'b D= −

W=1 0.33304 0.04406 'b D= −

 

K =4 

W=3 0.32272 0.06893 'b D= −

W=2 0.30623 0.06073 'b D= −

W=1.5 0.2911 0.05394 'b D= −  

W=1 0.26582 0.04495 'b D= −

 

K =5 

W=3 0.26819 0.06938 'b D= −

W=2 0.25214 0.06001 'b D= −  

W=1.5 0.24483 0.05446 'b D= −

W=1 0.21992 0.04489 'b D= −

 

K =6 

W=3 0.22843 0.06726 'b D= −  

W=2 0.21241 0.05969 'b D= −  

W=1.5 0.20177 0.05349 'b D= −

W=1 0.18543 0.04401 'b D= −  
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From four groups of lines for K =3, 4, 5 and 6, it is found that every group of lines 

approximately crosses at a point with coordinate of 2.6D′ = , namely m =2.6 in (5.5). 

By moving the origin of the coordinate system to this point, the functions in Table 

5.2 are modified with representation (5.5) listed in Table 5.3.  

Table 5.3 Modified b - 'D  expressions 

K =3 

W=3 0.19912 0.06817( ' 2.6)b D= − −

W=2 0.19903 0.06121( ' 2.6)b D= − −  

W=1.5 0.20306 0.05312( ' 2.6)b D= − −  

W=1 0.20288 0.04406( ' 2.6)b D= − −  

 

K =4 

W=3 0.1435 0.06893( ' 2.6)b D= − −  

W=2 0.14833 0.06073( ' 2.6)b D= − −  

W=1.5 0.15087 0.05394( ' 2.6)b D= − −  

W=1 0.14895 0.04495( ' 2.6)b D= − −  

 

K =5 

W=3 0.1112 0.06838( ' 2.6)b D= − −  

W=2 0.11431 0.06001( ' 2.6)b D= − −  

W=1.5 0.11883 0.05446( ' 2.6)b D= − −

W=1 0.11361 0.04489( ' 2.6)b D= − −
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K =6 

W=3 0.09166 0.06726( ' 2.6)b D= − −

W=2 0.091 0.05969( ' 2.6)b D= − −  

W=1.5 0.09205 0.05349( ' 2.6)b D= − −

W=1 0.09133 0.04401( ' 2.6)b D= − −  

 

From Table 5.3, it is found that the gradients of lines are almost equal for the same 

grid width. This observation is in accordance with (5.5) that 1K ′  is a function of W. 

With the average gradient for each W, a curve of 1K ′ -W is plotted in Figure 5.9.  
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Figure 5.9 1K ′ -W curve 

The curve in Figure 5.9 is fitted by a function given by    

1 1/ 3

0.079 0.123K
W

′ = −         (5.6) 
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Thus, b  function can be represented by  

21/3

0.079 1( 0.123)( 2.6) ( )b K K
W D

′= − − +      (5.7) 

2). Derivation of 2K ′   

It has been found that the intercept of b  is only determined by K . So a group of 

lines for the same grid width, e.g. W=1, in Table 5.3 is selected. The intercepts of 

these lines with respect to K  are plotted in Figure 5.10.  
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Figure5.10 2K ′ - K  curve 

The 2K ′ - K  curve in Figure 5.10 can be approximated by a function as follows   

2
0.64850.01539K

K
′ = − +        (5.8) 

By substituting (5.7) and (5.8) into (5.5), an empirical formula for evaluating SF 

when D≤W is obtained as follow  
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1/3

0.079 1 0.6485( ) 0.024 ( 0.123)( 2.6) ( 0.01539)SF x x
W KD

= − + − − + −  (5.9) 

where [ / 2 , / 2 ]x L W L W∈ − + − .  

5.4.2 Formulas of both k  and b for W≤D≤10W  

From the preliminary study, it is found that when D varies from W to 10W, the SF 

fitting lines will cross at the point with the coordinate x=0.32L. Then influence of the 

D to intercept can be eliminated by moving the coordinate origin to this point. At this 

time, the SF can be represented as  

( ) ( )( 0.18 ) ( , )SF x k D x L b W K= − +       (5.10) 

where [ / 2 , / 2 ]x L W L W∈ − + − . 

A. The Relationship between D and k  

From the numerical calculation, a curve between k  and D is plotted in Figure 5.11.  
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Figure 5.11 the curve between k  and D 
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This curve can be fitted by a double exponential function with the expression: 

( ) 52.98 3.1170.0044 0.01339 0.01142
D D

k D e e
⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠= − − −     (5.11) 

B. The Relationship between W, L and  b  

By selecting D=5m and x =-0.18L，SF is equal to its intercept b . At this time, 

b values for various W and K  are calculated and listed in Table 5.4 

Table 5.4 b  for various W and K  

K  W=3 W=2 W=1.5 W=1 

2 0.534 0.508 0.488 0.454 

3 0.412 0.385 0.359 0.328 

4 0.344 0.320 0.297 0.265 

5 0.297 0.275 0.254 0.225 

6 0.261 0.242 0.223 0.196 

7 0.235 0.219 0.198 0.174 

8 0.214 0.201 0.180 0.162 

 

For each W, a curve between b and K  is plotted Figure 5.12.   
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Figure 5.12   b- K  curves  

If K  coordinate is transformed to 1
K

, the b- K  curves in Figure 5.12 can be 

approximated by lines shown in Figure 5.13.   

0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

0.55

W=1
W=1.5
W=2

b

1/sqrt(K)

W=3

 

Figure 5.13 b- 1
K

 curve 
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Then b  can be represented by a line function as follows  

( )1 2
1 ( , )b K W K W K
K

= +        (5.12) 

In order to eliminate W in the intercept 2K , the origin of coordinate is moved to the 

crossing point of the lines for different W. Then (5.12) can be modified as  

( )1 2
1 ( )b K W m K K
K

⎛ ⎞′ ′= − +⎜ ⎟
⎝ ⎠

      (5.13) 

where m  is the 1
K

 coordinate of the crossing point.  

C. Derivation of 1K ′  

Firstly a series of 1' ( ' )b k k
K

− =  lines are obtained from the numerical calculation 

result for different W.  The functions of these lines are listed in Table 5.5. 

Table 5.5 'b k−  lines 

W=3 0.10714 0.90377 'b k= − +

W=2 0.11067 0.87749 'b k= − +

W=1.5 0.1301 0.85385 'b k= − +  

W=1 0.14021 0.82619 'b k= − +  

 

From the functions of lines in Table 5.5, it is found that the crossing point of these 

lines is about located at 0.4m = − . By moving the coordinate origin to this point, the 

line functions can be modified and listed in Table 5.6.  
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Table 5.6 Modified 'b k− Lines 

W=3 0.47 0.9038( ' 0.4)b k= − + +  

W=2 0.47 0.87749( ' 0.4)b k= − + +

W=1.5 0.47 0.85385( ' 0.4)b k= − + +  

W=1 0.47 0.82619( ' 0.4)b k= − + +

 

With the gradients 1K ′  of fours lines in Table 5.5, a curve function of W to fit these 

gradients is obtained as follows  

1
0.18446 1.0083K

W
−′ = +        (5.14) 

So a complete function of b  is derived by applying (5.14) and 0.4m = − into (5.13) 

0.18446 1( 1.0083)( 0.4) 0.47b
W K

−
= + + −      (5.15) 

With the derived ( )k D , the empirical formula for evaluating SF when W≤D≤10W is 

given by  

( ) ( )
52.98 3.117( ) 0.0044 0.01339 0.01142 ( 0.32 )

0.18446 1( 1.0083)( 0.4) 0.47

D D

SF x e e x L

W K

− −⎛ ⎞
= − − − +⎜ ⎟
⎝ ⎠

−
+ + + −

  (5.16) 

where [ , ]
2 2
L Lx W W∈ − + − . 
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5.4.3 Formulas of both k  and b for 10W ≤D 

From the curved in Figure 5.4(c), it is found that the fitting lines of SF curves cross 

at a point with coordinate x=0. At this time, the fitting lines can be represented by 

following equation.  

( ) ( )( ) , [ , ]
2 2
L LSF x k D x b W L x W W= + ∈ − + −     (5.17) 

With the similar curve fitting procedure in Section 1.4.2, the expression of gradient 

k  and intercept b  of the fitting lines are given by  

( )
( ) ( )

52.98 3.1170.0044 0.01339 0.01142
D D

k D e e
− −

= − − −     (5.18) 

( ) 0.1843 1, ( 0.9479)( 0.1) 0.06b W K
W K

−
= + − −     (5.19) 

Applying (5.18) and (5.19) into (5.17), the empirical formula to evaluate SF when 

D≥10W is given by 

( ) ( )
52.98 3.117( ) 0.0044 0.01339 0.01142

0.1843 1( 0.9479)( 0.1) 0.06

D D

SF x e e x

W K

− −⎛ ⎞
= − − −⎜ ⎟
⎝ ⎠

−
+ + − −

    (5.20) 

where [ , ]
2 2
L Lx W W∈ − + −  

5.5 Valiation of Emprical Formulas  

In order to validate the derived empirical functions, SF from numerical calculation 

and SF from the derived empirical functions are compared for the wire-grid structure 
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with fixed parameters of H=40m, L=10m and W=2m. Two different values of the 

distance D are selected in the discussion.  

1. Validation of Empirical Formulas for D ≤ W  

When D＝0.25m, by substituting the parameters into (5.9), the empirical formula for  

D≤W is given by  

( ) 0.024 0.1505SF x x= − +  [ 3,3]x∈ −       (5.21) 

The SE curves from the numerical calculation and from the formula (5.21) are shown 

in Figure 5.14. It is noted that two curves in the center region are matched very well. 

In the middle region of the structure, the error is less than 1%. 
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Figure 5.14 SF curves from the numerical calculation and the empirical formula 

2. Validation of Empirical Formulas for W≤D≤10W 

When D=5m, by applying the parameters value into the formula (5.16), the empirical 

formula for  W≤D≤10W is given by 
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( ) 0.0189( 1.8) 0.2738SF x x= − + +  [ 3,3]x∈ −     (5.22) 

The SF curves from numerical calculation and from (5.22) are shown in Figure 5.15. 

It is noted that two curves in the center region are also matched very well. In the 

middle region of the structure, the error is less than 1%.  
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Figure 5.15 SF curves from the numerical calculation and the empirical formula 

5.6 Summary 

This chapter presented a series of empirical formulas, which could be used for 

evaluating the shielding effect of the wire-grid building structure against LIMF 

during a nearby lightning stroke. The preliminary study on the relationship between 

the structure parameters and shielding effect were conducted and general 

observations were obtained from the results of numerical calculation. Based on these 

observations, three empirical formulas were derived by the curve fitting technique 

according to the distance between the lightning stroke position and building 

structure. These formulas are summarized as follows: 
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1/3

0.079 1 0.6485( ) 0.024 ( 0.123)( 2.6) ( 0.01539)SF x x
W KD

= − + − − + −   for D≤W  

( ) ( )
52.98 3.117( ) 0.0044 0.01339 0.01142 ( 0.32 )

0.18446 1( 1.0083)( 0.4) 0.47

D D

SF x e e x L

W K

− −⎛ ⎞
= − − − +⎜ ⎟
⎝ ⎠

−
+ + + −

     for W≤D≤10W 

( ) ( )
52.98 3.117( ) 0.0044 0.01339 0.01142

0.1843 1( 0.9479)( 0.1) 0.06

D D

SF x e e x

W K

− −⎛ ⎞
= − − −⎜ ⎟
⎝ ⎠

−
+ + − −

     for 10W≤D 

where [ , ]
2 2
L Lx W W∈ − + − . 
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Chapter 6 

Modeling Approach of Non-ferromagnetic Plates  

6.1 Introduction 

In previous chapters, lightning-induced impulse magnetic field (LIMF) inside a wire-

grid building with isolated downconductors was extensively studied. The equivalent 

circuit (EC) modeling approach and corresponding solution procedure were 

developed. LIMF inside a real building was characterized. Empirical formulas for 

evaluating shielding effect were derived. These results can help researchers and 

engineers to evaluate the threat of LIMF to people and occupants inside the 

buildings.  

In modern buildings large metal plates are widely applied for various purposes such 

as floor decking. Since a large metal plate can not be considered as a wire-like 

conductor, the EC modeling approach proposed in Chapter 3 is not applicable any 

more. In order to study LIMF inside the buildings with large metal plates, a new 

modeling approach is developed in this chapter.  

This chapter starts with the derivation of electric field integral equation which is the 

foundation of the proposed modeling approach. Then, the partial element equivalent 

circuit (PEEC) approach for modeling non-ferromagnetic plates is developed. In this 

modeling approach, a hybrid cell generation method is firstly proposed which 

discretizes a plate into two types of cells. Among these cells, equivalent circuit 

equations with partial elements are built respectively for extremely low frequency 

situation and for full-wave frequency situation. In the full-wave situation, it is 

assumed that the current inside plates has a double exponential distribution. By 
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interconnecting the equivalent circuits of all the cells, an equivalent circuit network 

consisting of partial elements is built for the whole plate. Finally a solution 

procedure in the frequency domain is presented for calculating the current 

distribution in the plate and subsequent magnetic fields around it. With the PEEC 

modeling approach, the shielding effect of non-ferromagnetic plates against either  

steady or transient magnetic field can be studied.   

6.2 Modeling Approach of Non-ferromagentic Plates 

6.2.1 Electric Field Integral Equation of Non-ferromagnetic Conductors  
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Figure 6.1 Three domains in space  

Figure 6.1 shows two homogeneous and isotropic conductors in space. The space is 

divided into three domains which respectively have volume 1V , 2V , 3V  and surface 1S , 

2S , 3S . It is easily noted that the surface 3S  is equal to the sum of 1S  and 2S . The 

permittivity μ  and dielectric constant ε  in each domain are denoted by subscripts 1, 

2, 3. Inside three domains, electric field E and magnetic field H are also denoted by 

subscripts 1, 2, 3. Inside the conductor domain, current density J is denoted by 

subscripts 1 and 2 correspondingly. There is no current distributed in space because 

its conductivity is considered as zero. The Maxwell equations in the frequency 

domain in domain 1 are given by  
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1 1E j uHω∇× = −          (6.1.1) 

1 1 1H j E Jωε∇× = +          (6.1.2) 

1 0E∇⋅ =           (6.1.3) 

1 1H ρ∇⋅ =           (6.1.4) 

By combining (6.1.1) and (6.1.2) , the following equation yields  

( ) ( )
( )
( )

1 1 1

1 1

1 1 1 1

E j u H

j u H

j u j E J

ω

ω

ω ωε

∇× ∇× = ∇× −

= − ∇×

= − +

      (6.2) 

let 2 2
1 1 1k uω ε= , then there is  

2
1 1 1 1 1 1E k E j u Jω∇×∇× − = −        (6.3) 

Given by the operator 2L k= ∇×∇×−  and two functions 1F  and 2F , there is 

( ) ( ) [ ]2 1 1 2 1 2 2 1F L F F L F F F F F⋅ − ⋅ = ∇ ⋅ ×∇× − ×∇×     (6.4) 

Integrating both sides of (6.4) over the plate volume and applying the Gauss Law, 

there is 

( ) ( )
1 1

2 1 1 2 1 2 2 1 ˆ
V S

F F F F dv F F F F nds⋅∇×∇× − ⋅∇×∇× = ×∇× − ×∇× ⋅∫ ∫  (6.5) 

where 1V  represents the volume of the domain 1 and 1S  represents the surface of the 

domain.  
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Choose 2F  as an arbitrary constant vector a  times the Green function which 

fulfilling 

( )2 2
1G k G r rδ ′∇ + = − −        (6.6) 

Then there is 

( )2 1 ,F aG r r ′=         (6.7) 

where ( )
1

1
1,

4

k r reG r r
r rπ

′− −

′ =
′−

 . 

Upon use of the ∇  operation, there is   

2 1F G a∇× = ∇ ×         (6.8) 

Equation (6.8) is further transformed to 

( )
( )( ) ( )

2
2 1 1

2
1 1 1

F a G a G

a k G r r a Gδ

∇×∇× = − ∇ + ⋅∇ ∇

′= + − +∇ ⋅∇
    (6.9) 

Choose 1 1F E=  and use (6.1), (6.3), (6.7) and (6.9), equation (6.5) is transformed into 

( ) ( ) ( ){ }
( ){ }

1

1

1 1 1 1

1 1 1 1 1 ˆ
V

S

aG j uJ E a r r E a G dV

E G a j u Ga H ndS

ω δ

ω

′⋅ − − ⋅ − − ⋅∇ ⋅∇

= × ∇ × + × ⋅

∫
∫

   (6.10) 

The last term on the left-hand side of (6.10) can be transformed into  

( ) ( )( ) ( ){ }

( )
1 1

1 1

1 1 1 1 1 1

1
1 1 1

1

ˆ

V V

S V

E a G dV a G E a G E dV

a G E n dS a G dVρ
ε

⋅∇ ⋅∇ = ∇⋅ ⋅∇ − ⋅∇ ∇⋅

= ⋅ ∇ ⋅ − ⋅ ∇

∫ ∫

∫ ∫
  (6.11) 
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While the first term on the right-side hand of (6.10) can be transformed into 

( ) ( ) ( )

( )
1 1

1

1 1 1 1

1 1

ˆ ˆ

ˆ
S S

S

E G a ndS G a n E dS

a n E G dS

× ∇ × ⋅ = ∇ × ⋅ ×

= ⋅ × ×∇

∫ ∫
∫

    (6.12) 

By substituting these results into (6.10) and collecting the volume integral terms on 

the left-hand side and the surface integral terms on the right-hand side, it is obtained 

that 

( )

( ) ( ){ }
1

1

1
1 1 1 1 1

1

1 1 1 1 1 1 1 1ˆ ˆ ˆ

V

S

a j u J G E r r G dV

a n E G n E G j u G H n dS

ρω δ
ε

ω

⎧ ⎫
′⋅ − − − − ∇⎨ ⎬

⎩ ⎭

= ⋅ × ×∇ + × ×∇ + ×

∫

∫
   (6.13) 

Since a  is an arbitrary vector, (6.13) without ( )a ⋅  should hold too. Thus, 

interchanging r  and r′ , and using the reciprocity property of Green’s function, it is 

obtained that  

( ) ( ) ( ){ } ( )
( )

1

1

1
1 1 1 1

1 1
1 1 1 1 1 1 1

1

ˆ ˆ ˆ
0

V

S

j u J G G dV

E r V
n E G n E G j u G n H dS

r V

ρω
ε

ω

⎧ ⎫′ ′− − ∇⎨ ⎬
⎩ ⎭

∈⎧⎪′ ′ ′ ′ ′+ − × ∇ − × ×∇ + × = ⎨
∉⎪⎩

∫

∫
(6.14) 

In (6.14), the differential element dv′  and ds′  are located at r′ , and  ′∇  is  the 

gradient operator ∇with respect to the primed coordination. Furthermore, n̂ , 1J , 1ρ  

and  1H  are functions of r′  . On the left-hand side, 1E  is a function of r′ , but on the 

right-hand side 1E  is a function of r .  

Equation (6.14) is a general integral representation that expresses the electric field E  

in terms of the sum of a volume integral over the actual plate, and a surface integral 
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over fields that can be a represented by an equivalent source on the surface of the 

plate. Thus, it can be concluded that the field inside a plate is determined by the 

actual volume source and equivalent surface source inside this plate.   

The electric field 2E  in the domain 2 and 3E  in the domain 3 can also be derived by 

using the similar approach. In the domain 2,  2E  is given by following equation 

( ) ( ) ( ){ } ( )
( )

2

2

2
2 2 2 2

2

2 2
2 2 2 2 2 2 2

2

ˆ ˆ ˆ
0

V

S

j u J G G dV

E r V
n E G n E G j u G n H dS

r V

ρω
ε

ω

⎧ ⎫
′− − ∇⎨ ⎬

⎩ ⎭
∈⎧⎪′ ′ ′ ′ ′+ − × ∇ − × ×∇ + × = ⎨
∉⎪⎩

∫

∫
(6.15) 

Since there is no volume current in the domain 3 and there is two surfaces enclosing 

this domain, 3E  is given by following equation 

( ) ( ) ( )( )

( ) ( ) ( )( ) ( )
( )

1

2

3 3 3 3 3 3 3

3 3
3 3 3 3 3 3 3

3

ˆ ˆ ˆ

ˆ ˆ ˆ
0

S

S

j u G n H n E G n E G dS

E r V
j u G n H n E G n E G dS

r V

ω

ω

′ ′ ′ ′ ′× − × ×∇ − ⋅ ∇ +

∈⎧⎪′ ′ ′ ′ ′× − × ×∇ − ⋅ ∇ = ⎨
∉⎪⎩

∫

∫
(6.16) 

On two surfaces 1S  and 2S  which partitions the space into three domains, the 

following boundary conditions exist 

1 3 1 3 3 1 1 3 1 3 3 1 1

2 3 2 3 3 2 2 3 2 3 3 2 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆon  :
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆon  :

S n E n E n E n E n H n H n u H n u H
S n E n E n E n E n H n H n u H n u H

ε ε
ε ε

× = × ⋅ = ⋅ × = × ⋅ = ⋅
× = × ⋅ = ⋅ × = × ⋅ = ⋅

   

If both two conductors are non-ferromagnetic conductors, there is relationship, as 

follows 

3 2 1 3 2 1 1 2 3=  and u u u u G G G Gε ε ε ε= = = = = = == ，   

Thus there is 
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3 1 3 1 3 2 3 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆn E n E n H n H n E n E n H n H⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅  

With these boundary conditions, it is obtained from (6.15) and (6.16) that  

( ) ( ) ( )( )
( ) ( ) ( )( )

1

1

1 1 1

3 3 3

ˆ ˆ ˆ

ˆ ˆ ˆ
S

S

j uG n H n E G n E G dS

j uG n H n E G n E G dS

ω

ω

′ ′ ′ ′ ′× − × ×∇ − ⋅ ∇

′ ′ ′ ′ ′= × − × ×∇ − ⋅ ∇

∫
∫

 on two sides of 1S (6.17) 

( ) ( ) ( )( )
( ) ( ) ( )( )

2

2

2 2 2

3 3 3

ˆ ˆ ˆ

ˆ ˆ ˆ
S

S

j uG n H n E G n E G dS

j uG n H n E G n E G dS

ω

ω

′ ′ ′ ′ ′× − × ×∇ − ⋅ ∇

′ ′ ′ ′ ′= × − × ×∇ − ⋅ ∇

∫
∫

 on two sides of 2S (6.18) 

From (6.15) and (6.15), it is known that when the observation point is located in the 

domain 1, both (6.15) and (6.16) are zeros. This means that the contribution of the 

domain 2 and the domain 3 to the electric field in the domain 1 is zero. Then the 

following relationship between the parameters in the domain 2 and the domain 3 is 

obtained 

( ) ( ) ( )( )
( ) ( ) ( )( )

1

2

3 3 3

3 3 3

ˆ ˆ ˆ

ˆ ˆ ˆ
S

S

j uG n H n E G n E G dS

j uG n H n E G n E G dS

ω

ω

′ ′ ′ ′ ′× − × ×∇ − ⋅ ∇

′ ′ ′ ′ ′= − × − × ×∇ − ⋅ ∇

∫
∫

   (6.19) 

( ) ( ) ( )( )
2

2

2 2 2

2
2

ˆ ˆ ˆ
S

V

j uG n H n E G n E G dS

j uJ G G dV

ω

ρω
ε

′ ′ ′ ′ ′× − × ×∇ − ⋅ ∇

⎛ ⎞′= − − − ∇⎜ ⎟
⎝ ⎠

∫

∫
   (6.20) 

By substituting (6.19) and (6.20) into (6.14), it is obtained that  

( )
1 2

1 2
1 1 2 1V V

E j uJ G G dV j uJ G G dV r Vρ ρω ω
ε ε

⎛ ⎞ ⎛ ⎞′ ′= − − ∇ + − ∇ ∈⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  (6.21) 

If there are more than two conductors in space, e.g. the number is N, (6.21) can be 

revised to (6.22) by using the similar procedure.  
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( )1 1
1 i

N
i

iV
i

E j uJ G G dV r Vρω
ε=

⎛ ⎞′= − − ∇ ∈⎜ ⎟
⎝ ⎠

∑∫     (6.22) 

From (6.22), it is revealed that for non-ferromagnetic conductors in space, the 

electric field inside one conductor is contributed by the currents in all conductors. 

This can be considered as the linear superposition effect of these conductors. 

Equation (6.22) is also named as the electric field integral equation (EFIE).  

If the current jJ  inside conductor j  is the source current, then the electric field 

component contributed by jJ  is considered as the incident field iE  , (6.22) can be 

modified as 

( )1 1
1, i

N
ii

iV
i i j

E j uJ G G dV E r Vρω
ε= ≠

⎛ ⎞′= − − ∇ + ∈⎜ ⎟
⎝ ⎠

∑ ∫    (6.23) 

 According to the Ohm’s Law, the electric field inside the conductor 1 is represented 

by 1
1

JE
σ

=  where σ  is the conductivity of the conductor 1. Then (6.23) is further 

modified as  

( )1
1

1 i

N
i i

iV
i

JE j uJ G G dV r Vρω
σ ε=

⎛ ⎞′= + + ∇ ∈⎜ ⎟
⎝ ⎠

∑∫     (6.24) 

Thus EFIE (6.22) is transformer to a representation associated with the current J , 

the charge ρ  and incident field iE .   

6.2.2 Partial Element Equivalent Circuit Model of Plates 

If the conductor 1 in Figure 6.1 is a non-ferromagnetic plates and the conductor 

carries the source current, (6.24) is simplified as 
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 ( )
1

1 1
1 1

i

V

JE j uJ G G dV r Vρω
σ ε

⎛ ⎞′= + + ∇ ∈⎜ ⎟
⎝ ⎠∫     (6.25) 

 (6.25) is a vector equation. If it is assumed that the normal component of electric 

field on a plate is negligible, (6.25) can be divided into two scalar equations along 

two orthogonal coordinate axis.  

i x
x xV

J GE j uJ G dV
x

ρω
σ ε

∂⎡ ⎤= + +⎢ ⎥∂⎣ ⎦∫       (6.26) 

yi
y yV

J GE j uJ G dV
y

ρω
σ ε

⎡ ⎤∂
= + +⎢ ⎥∂⎣ ⎦

∫       (6.27) 

Where i
xE  and xJ  are respectively the x-component of incident electric field and 

current density at a position inside the plate. i
yE  and yJ  are respectively the y-

component of incident electric field and current density at a position inside the plate. 

a b

c d

x

y

 

Figure 6.2 Voltage cells 

Equation (6.27) and (6.28) describe the relationship between the incident electric 

field inside a plate and the volume current sources as well as the charge sources. To 

solve the fields numerically, this plate is divided into voltage cells along its length 
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and width as Figure 6.2 shows. Between two adjacent voltage cells, a current cell is 

inserted. The current cell with x-direction current is named as an x-cell shown in 

Figure 6.3 (a), and the cell with y-direction current is named as a y-cell shown in 

Figure 6.3 (b). In order to take the radiation effect into account, the dimension of 

each cell should be much less than the wavelength of the incident field. 

a b

c d

x

y

 

(a) Current x-cells 

a b

c d

x

y

  

(b) Current y-cells 

Figure 6.3   Two types of cells in the plate 

It is assumed the charge density is uniform across each voltage cell and the current 

density is uniform across current x-cells and y-cells. The charges gather at the two 
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end of a current cell. The partial differential T∇  is replaced by a difference 

expression ( ) /i jT T l− . Then for a combination of two voltage cells and a current cell 

(x-cell or y-cell) k  as Figure 6.4 shows, (6.26) and (6.27) can be written as 

1 1 1

1
4 4

t n k t n k t n k

n m m

k r r k r r k r rN M M
i k n m m
k V V V

n m mn k ij m i m j

J j u J e e eE dV dV dV
r r l r r r r

ω ρ ρ
σ π πε

− − − − − −

= = =

⎛ ⎞
= + + −⎜ ⎟

⎜ ⎟− − −⎝ ⎠
∑ ∑ ∑∫ ∫ ∫

 (6.28) 

where k = x  or y  and tk ω με= .  

current cell k

voltage cells i and  j

J

 

Figure 6.4 Combination of two voltage cells and one current cell  

The size of the plate in a building is usually several tens meters, which is much 

smaller than the equivalent length about several hundreds meters of the maximum 

frequency to be considered in the lightning current spectrum. The radiation effect of 

the source can be neglected as 1tk r re ′− − ≈  in (6.28). Thus (6.28) can be simplified as  

1 1 1

1
4 4n m m

N M M
i k n m m
k V V V

n m mn k ij m i m j

J j u JE dV dV dV
r r l r r r r

ω ρ ρ
σ π πε= = =

⎛ ⎞
= + + −⎜ ⎟

⎜ ⎟− − −⎝ ⎠
∑ ∑ ∑∫ ∫ ∫ (6.29) 

where ijl  is the distance between two voltage cells.  
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Integrating (6.29) on the a layer ks  inside the current cell, (6.29) is revised as 

( ) ( )
1

, ,1 1
4k k k n

N
i k n
k kS S S V

nk k k n k

J r J rj uE dSdV U
w w w r r

ω ωω
σ π =

′
= + + ∇

−∑∫ ∫ ∫ ∫  (6.30) 

where kw  is the width of the layer kS . 

kU∇  is defined as 

1 1

1 1
4 4i m j m

k i j

M M
m m

S V S V
m mi m i j m j

U U U

dSdV dSdV
S r r S r r

ρ ρ
πε πε= =

∇ = −

= −
− −∑ ∑∫ ∫ ∫ ∫

 (6.31) 

where mV  is the volume of  the voltage cell m . iS  and jS  are respectively the layer 

surface of the voltage cell i  and j .  

A. Extremely Low Frequency 

1

s lM M
km

lm
mmm

m k

L U
L

+

=
≠

∑

1

s lN N
im

cm
mmm

m i

P U
P

+

=
≠

∑

kR kkL
iU jU

1

s lN N
jm

cm
mmm

m j

P
U

P

+

=
≠

∑

1/ iiP 1/ jjPciU cjUlkU

skU

 

Figure 6.5 Partial element equivalent circuit of the combination 

At extremely low frequency, the current density J and charge density ρ  inside a 

plate can be considered to distribute uniformly along the plate thickness. Then they 

are both constant in each current cell and voltage cell. At this time, the current 
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density J and charge density ρ  can be extracted from integral signal in (6.31). Then 

(6.31) can be interpreted into the Kirchhoff’s equation of partial element electric 

circuit (PEEC) as Figure 6.5 shows. 

1,

N

sk k k kk k kn n i j
n k n

U R J j M J j M J U Uω ω
= ≠

= + + + −∑     (6.32)  

and  

1,

M
ji

i ci cj
j j i jj

P
U U j U

P
ω

= ≠

= + ∑        (6.33) 

( )1
ii

ci k k
PU J J
jω −= −         (6.34)  

where kJ  is the volume current density inside cell k .  iU  is the potential of the 

voltage cell i , i.e. one end of a current cell k . skU  is the voltage imposed on the 

current cell k by the incident field. ciU  is the voltage of the partial capacitance 

connected at voltage cell i , as seen in Figure 6.5.  

In (6.32) kR  is defined as the resistance of the current cell given by 

k
k

lR
σ

=          (6.35) 

where kl  is the length of current cell k . 

In (6.32) kkM  is defined as the self partial inductance and knM  is the mutual partial 

inductance between current cells k  and n . Since the item 1tk r re ′− − ≈  in extremely 

low frequency, a general formula for calculating partial inductance is given by 
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1
4 k n

kn S V
k n k

uM dSdV
w r rπ

=
−∫ ∫       (6.36) 

when n  becomes k , (6.34) is for the self partial inductance.  

In (6.33) and (6.34), iiP  is defined as the self partial potential coefficient and ijP  is 

the mutual partial potential coefficient between voltage cells i  and j . A general 

formula for calculating potential coefficient is given by 

1 1 
4 i j

ij S V
i j i

P dSdV
S r rπε

=
−∫ ∫             (6.37) 

when j  becomes i , (6.37) is for calculating the self partial potential coefficient.  

The explicit expressions of  (6.36) and (6.37) are presented in Appendix A.   

It is found that, the influence of the partial capacitance in the equivalent circuit is 

very small at the extremely low frequency. So it can be neglected in the calculation.  

According to the current continuity law, the current flowing into a voltage cell is 

equal to the current flowing out. Since two x-cells and two y-cells are overlapped at a 

voltage cell, it is deemed that total current flowing inside is equal to the total current 

flowing outside. There is no normal current flowing in the plates and there is no 

displacement current either due to neglecting the partial capacitance. The continuity 

relation can be applied to the current density in the same level inside the plate.   

2 2

1 1

0xi xi yj yj
i j

S J S J
= =

+ =∑ ∑        (6.38) 

Equation (6.29) can be interpreted into a circuit equation by defining the partial 

inductances and the partial potential coefficient, as shown in (6.31) and (6.32). Thus 



 

 129

a current cell is transformed to a partial element equivalent circuit, as seen in Figure 

6.5.  

B. Full-wave Frequency 

With increasing frequency, the distribution of current density J  inside a plate 

becomes uneven due to the skin effect. At this time, it can not be considered as 

constant in each cell volume. It is reasonable to assume that the distribution along the 

thickness exhibits a double-exponent distribution characteristic given by  

( ) / ( ) /
1 2

z d zJ z J e J eτ τ− − −= +        (6.39) 

where 1J  and 2J  are respectively the unknown current density on the two surface of 

a cell. d is the thickness of the plate. τ  is the skin depth of the plate under the 

angular ω where / 2uτ ω σ= .  

surface 1

surface 2

z

0

d

(x or y)

 

Figure 6.6 Two surfaces of a plate 

Substituting (6.39) into (6.32), (6.32) is transformed into two Kirchhoff’s circuit 

equations on two surfaces of a cell with the partial elements as seen in Figure 6.6. 
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1 1 1 1 2 2 1 1
1,

2 2
1,

N

sk k k s k k s k k s n n
n n k

N

s n n i j
n n k

U R J j M J j M J j M J

j M J U U

ω ω ω

ω

= ≠

= ≠

= + + +

+ + −

∑

∑
 on surface 1 (6.40) 

2 2 2 1 1 2 2 1
1,

1 2
1,

N

sk k k s k k s k k s n n
k k n

N

s n n i j
n n k

U R J j M J j M J j M J

j M J U U

ω ω ω

ω

= ≠

= ≠

= + + +

+ + −

∑

∑
 on surface 2 (6.41) 

where 1 2 andk kJ J  are respectively the two parameters in (6.39) for the cell k . 1skU  

and 2skU  are respectively the voltage induced by incident field on the surface 1 and 

the surface 2.  

The partial inductance in (6.40) and (6.41) can be calculated by  

1

/
0

1
1 14 t

z

s t S V
s t s

u eM dSdV
w r r

τ

π

−

=
−∫ ∫       (6.42) 

2

( ) /
0

2
2 24 t

d z

s t S V
s t s

u eM dSdV
w r r

τ

π

− −

=
−∫ ∫       (6.43) 

where w  is the width of two surfaces and t i or j= .  

It is assumed that the charge distribution does not vary with frequency across the 

thickness of a plate in the lightning frequency spectrum. The partial capacitance in 

the equivalent circuit can be obtained by calculating the partial potential coefficient 

between voltage cells i  and j  with the following equation 

0

1 1 
4 i j

ij S V
i j i

P dSdV
S r rπε

=
−∫ ∫       (6.44) 
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where iS  is the surface of the middle layer inside a voltage cell i .  

The explicit expressions of (6.42), (6.43) and (6.44) are presented in Appendix B.   

According to the current continuity law, the current flowing into a voltage cell is 

equal to the current flowing out as seen in Figure 6.4. Since two x-cells and two y-

cells are overlapped at a voltage cell, it is considered that total current gathering at a 

voltage cell is equal to zero.   

2 2

1 1
xi yj c

i j
I I I

= =

+ =∑ ∑         (6.45) 

where xiI  is the current flowing in x-cell i  and yiI  is the current flowing in y-cell 

i . cI  is the displacement current between voltage cells.  

Both xiI  and yiI  can be represented by the integration of current density as follows 

 ( )
0

,
d

ti ti tiI w J z dzω= ∫         (6.46) 

where ort x y= . w  and d are receptively the width and thickness of the cell i .  

6.2.3 Solution Procedure 

In above section, the KVL equation (6.32) and KCL equation (6.38) are built at 

extremely low frequency.  The KVL equation (6.40), (6.41) and KCL equation (6.45) 

of a plate are built for full-wave frequency. Applying the KVL and KCL equations to 

all current cells and voltage cells in this plate, a group of KVL equations and KCL 

equations are obtained, which can be written in the form of matrix equation in the 

frequency domain, as follows  
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0
b s

s

IA Y I
Z G V

⎡ ⎤ ⎡ ⎤⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥

⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

& &

&
        (6.47)                

where A  is the node relationship matrix; Y  is the susceptance matrix; Z  is the 

impedance matrix; G is the branch relationship matrix; bI  is the current density 

vector and sV  is the potential scalar. sI  is the source current vector. 

By solving the matrix equation, the current density in each current cell is obtained. 

The current cell is further divided into small rectangles along the current direction, 

each of which is treated as a filament. The magnetic fields around the plate generated 

by each filament are calculated by (3.47) in Chapter 3 according to the Bio-savart 

Law. The total magnetic fields are obtained by superposing the magnetic fields 

generated from all these filaments.  

If the source is a transient current, such as a lightning discharge current, the transient 

source current in the time domain firstly is transformed to a series of a.c harmonic 

source current by the Fourier transform technique. Then the solution procedure is 

applied to calculate the current distribution and magnetic field at each harmonic 

frequency. Finally, the results obtained from all discrete frequencies are transformed 

to the time domain by the inverse Fourier transform technique.   

6.3 Summary 

This chapter provided the partial element equivalent circuit (PEEC) approach for 

modeling non-ferromagnetic plates at both extremely low frequency and full-wave 

frequency. With this modeling approach, the current flowing in a plate was 

discomposed into two orthogonal components which exist at corresponding current 

cells. Then a numerical procedure was applicable to transform the plate into an 
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equivalent circuit network. Meanwhile, uneven current distribution inside plates was 

taken into consideration. With the solution procedure in the frequency domain, the 

current distribution and magnetic fields are calculated both for an a.c. source or a 

transient source.  
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Chapter 7 

Modeling Approach of Wire-plate Building Structures  

7.1 Introduction 

 In Chapter 6, the partial element equivalent circuit (PEEC) approach was developed 

to model a large non-ferromagnetic plate. With this approach, the magnetic fields 

around a plate can be evaluated numerically under the excitation of an a.c. or 

transient current source.  

In a modern building, large metal plates such as those used for floor decking are 

usually connected with columns and beams. Since the reinforcing concrete (RC) bar 

bundles can be modeled as cylindrical conductors as stated in Chapter 3, the plates 

and those cylindrical conductors form a building structure, which can be modeled as 

a wire-plate structure. The PEEC modeling approach can be applied to this type of 

building structures by integrating the PEEC model of plates and the equivalent 

circuit (EC) model of cylindrical conductors. This integrated model of the wire-plate 

building structure requires a large amount of memory and costs a long time for 

solution if the structure has a large dimension. Under the condition of a direct 

lightning stroke, a hybrid analytical-numerical equivalent circuit (HANEC) modeling 

technique is developed from the integration of the PEEC and the EC modeling 

approach.  

In this chapter, a building structure with metal decking is introduced firstly. The 

PEEC model of plates and the EC model of cylindrical conductors are integrated to a 

model of the building structure with metal decking. A preliminary study is conducted 

on a scaled wire-plate structure under a direct lightning stoke. From the results of the 
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preliminary study, some valuable observations are obtained. With these observations, 

a new modeling technique, the hybrid analytical-numerical equivalent circuit 

(HANEC) technique, is proposed finally.    

7.2 Simplification of a Building Structure with Decking 

In modern buildings, metal decking is increasingly applied for the construction of 

floors. The decking is usually bonded with the RC bars inside columns, beams the 

other structural components. Since the RC bars inside those components can be 

considered as wire-like cylindrical conductors as stated in Chapter 3, the building 

structure containing RC bars and decking can be simplified to a wire-plate structure, 

as shown in Figure 7.1.  

 

Figure 7.1 A wire-plate building structure under a direct lightning stroke 

7.3 Integration of PEEC Model of Plates and EC Model of Cylinderical 

Conductors 

The PEEC approach was proposed in Chapter 6 for modeling a plate, and the EC 

approach was proposed in Chapter 3 for modeling cylindrical conductors. Since two 
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modeling approaches are both based on the electric circuit theory, they can be 

integrated by following procedure: 

1) When generating cells in plates, the joint position of a wire and a plate is 

located at the center of a voltage cell. This joint also is a joint of x and y 

current cells in the plate, as shown in Figure 7.2. 

wire

x

y
z

x-cell (i=1) x-cell (i=2)

y-cell (j=2)

y-cell (j=1)

wI

 

Figure 7.2 Joint of a wire and a plate 

2) Set the node voltage of a wire at the joint to be equal to the voltage at the 

voltage cell where the joint is located. The current conservation law is applied 

at the joint. So the current in the wire is equal to the sum of the current in the 

current cells connected at the joint. Since the current has an approximate 

double exponential distribution inside a plate as described in (6.39), the 

Kirchhoff’s Current Law (KCL) equation at the joint is expressed by 

2 2

,1 ,2 ,1 ,20 0
1 1

z d z z d zd d

xi xi xi yj yj yj
i j

I w J e J e dz w J e J e dzτ τ τ τ
− −

− − − −

= =

⎛ ⎞ ⎛ ⎞
= + + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑ ∑∫ ∫          (7.1) 

where I is the current in the wire, d  is the thickness of the plate, and iw  is 

the width of the cell i.  
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3) With these additional KVL and KCL equations, the EC model of the wire and 

the PEEC model of the plate are combined to an integrated equivalent circuit 

network. Since there is no mutual inductance between orthogonal conductors 

according to Neumann’s theory [Andre et.al., 2001], there is no mutual 

inductance between the wire and current cells in the plate while there is mutual 

capacitance between them.  

4) By solving the KVL and KCL equations of the equivalent circuit network of a 

wire-plate structure, the current in the wire and current density inside the plate 

can be evaluated numerically. Consequently, the magnetic field can be 

evaluated by the Bio-savart law as stated in Chapter 6.  

7.4 Priliminary Study 

With the integrated modeling approach, a preliminary study was conducted on a 

simple and small scale wire-plate model, as shown Figure 7.3. In this model, two 

aluminum plates with the thickness of 1.5mm were connected with four aluminum 

cylindrical conductors. An a.c. current source was connected at two terminals of a 

conductor.  

10cm

10cm

10cm

current
source

 

Figure 7.3 A small scale wire-plate model 
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This wire-plate model was transformed to an equivalent circuit network by 

integrating the model of plates and cylindrical conductors. The current distribution in 

the plates is evaluated at harmonic frequencies ranging from extremely low 

frequency to high frequency. From the evaluation results, some observations were 

found and presented, as follows 

1) With increasing frequency, the required number of cells on the plates will 

increased rapidly to ensure the evaluation accuracy. Consequently, the 

requirement of the memory capacity and calculation time will increase 

significantly.  

2) The proximity effect between two parallel plates is very small when the source 

current flows through the plates directly. So the current distribution inside a 

plate along the normal direction is nearly symmetrical. Then the double 

exponential function (6.39) which is used to approximate the current 

distribution can be replaced with a hyperbolic function. 

( ) cosh ,
2 2

z d dJ z J z
τ

⎛ ⎞ ⎡ ⎤= − ∈ −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦
     (7.2) 

where J  is a unknown variable, d  is the thickness of the plate, and τ  is the 

skin depth of the plate under the angular ω where / 2uτ ω σ= . 
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I

contour line

 

(a) at low frequency 

I

contour line

 

(b) at high frequency 

Figure 7.4 Contour lines of current density on a plate around a joint 

3) The variation of the current distribution along the tangential direction with 

frequency inside the area around a joint shows inherent patterns. At low 

frequencies, the current diverges evenly from the joint as seen in Figure 7.4(a). 

With increasing frequency, the current will gather at the area near the edges of 

the plates as Figure 7.4(b) shows.  

4) The susceptance on the wire-plate model has little influence on the current 

distribution from the extremely low frequency to the frequency as high as 

1MHz which is about the dominant frequency spectrum of lightning discharge 
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current. For the lightning discharge current source, the susceptance of the wire-

plate model can be neglected.    

7.5 Hybrid Analytical-Numerical Equivalent Cirucit Technique  

With the observations from the preliminary study, following modifications in the 

modeling approach were proposed in order to reduce the requirement of memory and 

accelerate solution for a wire-plate structure under a direct lightning stroke.  

7.5.1 Uneven Cell Generation Method 

In the EC modeling method, the current cells and voltage cells were generated evenly 

in both tangential directions. In each current cell, the assumption was adopted that 

the current density on each cells is uniform. From the preliminary study, it was found 

that with increasing frequency, the current distribution on the plate became uneven. 

The current density on the center area of a plate became small. On the contrary, the 

current density in the area around the wire-plate joint and near the boundary became 

large. In another word, the gradient of current density in these areas increased 

significantly with increasing frequency. At this time, a large number of even cells 

were required to ensure the evaluation accuracy.  

In order to decrease the cell number, uneven cells generation method is proposed in 

this section. Usually, uneven cells are generated by dividing the plate unevenly into 

small voltage cells with different sizes on the plate directly. With this method, the 

inductance between every two cells in the same direction should be calculated. 

Assuming the cell number is N×M, the number of inductance to be calculated may be 

(N×M)2. From Section 6.2, it is known that there are 5 folds of numerical integration 

in calculating each partial inductance. When the cell number is large, calculating all 
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the mutual inductance is quite time-consuming. In this thesis, a novel uneven cell 

generation method is proposed to reduce the computation time of inductance.  

Step 1: Locating Voltage Cells 

 

Figure 7.5 Center points of voltage cells 

Firstly, a plate in the wire-plate structure is divided into a lot of identical small 

voltage cells. In Figure 7.5, the grey squares represent some of voltage cells and the 

black points represent the centers of voltage cells. Since each voltage cell is the same 

in size, the current cells generated from voltage cells are also identical. Thus, the 

mutual inductances between one cell and the others include all the values of the 

mutual inductance between any two cells. For example, the number of identical 

current cells is N×M. Then only N×M inductance should be calculated which holds 

all the value of inductance for N×M cells, unlike (N×M)2  in other grid generation 

methods. 

Step 2: Rarefaction of Voltage Cells 
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Figure 7.6 Rarefaction of voltage cells 

On the plate with even voltage cells, some of voltage cells can be combined into one 

bigger cell if potential on these cells changes slightly, as illustrated in Figure 7.6. The 

rarefaction rules obtained from the preliminary study are stated, as follows:  

1) In the area away from the wire-plate joints, a large number of voltage cells can 

be combined into a large cell since the current density in this area changes 

slightly.  

2) When the area moves towards to the joint, the number of cells to be combined 

gets smaller and smaller. 

3) In the area close to a joint no change of voltage cell size is recommended.    

Step 3: Generation of Current Cells 
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x

y

 

(a) x-cells 

x

y

 

(b) y-cells 

Figure 7.7 Uneven current cells generated from simplified voltage cells 

Current cells in both x and y directions are generated individually from the revised 

voltage cells. Figure 7.7 illustrates some generated x-cells and y-cells with different 

shapes. Since one combined current cell contains several original current cells 

generated in Step 1, the inductance of this bigger cell is obtained from the calculated 

inductances of those original current cells through a combination procedure. This 
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procedure is superior to calculating the mutual inductance of uneven current cells 

directly in terms of the memory requirement and CPU time.  

Step 4: Combination Procedure for Calculating Inductance  

i1

i2

j1

j2

Combined Current Cell i Combined Current Cell j  

Figure 7.8 Two combined current cells 

The combination procedure is introduced via the example given below. Figure 7.8 

shows two combined current cells. Cell i contains two original current cells 1i and 2i . 

Cell j contained two original current cells 1j and 2j .  

The inductance matrix of the original cells 1i , 2i , 1j and 2j is obtained from the 

calculation in Step 1, and is given by 

 

1 1 1 2 1 1 1 2

2 1 2 2 2 1 2 2

1 1 1 2 1 1 1 2

2 1 2 2 2 1 2 2

i i i i i j i j

i i i i i j i j
ij

j i j i j j j j

j i j i j j j j

L L L L
L L L L

L
L L L L
L L L L

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

      (7.3) 

Then the self inductance of the combined Cell i  is as follows 

1 1 2 2 1 2 2 1ii i i i i i i i iL L L L L= + + +        (7.4) 

The self inductance of the combined Cell j  is as follows 
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1 1 2 2 1 2 2 1jj j j j j j j j jL L L L L= + + +       (7.5) 

The mutual inductance between Cell i  and Cell j  is as follows 

1 1 2 1 1 2 2 2ij i j i j i j i jL L L L L= + + +       (7.6) 

From (7.4) and (7.5), it shows that the self inductance of a combined cell is the sum 

of all the self inductance of its original cells and the mutual inductance between its 

original cells. It should be emphasized that the mutual inductance between Cell 1i   

and Cell 2i  and that between Cell 2i   and Cell 1i  are considered two individual 

mutual inductances in calculation, although they are identical in fact.  

From (7.6), it shows that the mutual inductance between combined cells is the sum of 

all the mutual inductance between their original cells. Similarly, the mutual 

inductance between Cell 1i  and Cell 2j  and that between Cell 2j  and Cell 1i  are 

considered two individual mutual inductances in calculation, although they are 

identical in fact. 

7.5.2 Symmetrical Current Distribution inside Plates 

From preliminary study, it is found that the eddy current generated from the 

induction effect between two plates is much smaller than the shunt current from the 

lightning discharge current. Then the proximity effect can be neglected. At this time, 

the current density inside a plate can be approximated by a double exponential 

equation as shown in (7.2).   

With (6.39), the number of unknown variables in each cell is reduced from 2 to 1. 

Thus, (6.40) and (6.41) in Section 6.2 is modified to be  
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1,

N

si i i ii i ij j n m
j j i

U R J j M J j u M J U Uω ω
= ≠

= + + + −∑     (7.7) 

where iJ  is the current density at the middle level of Cell i .  nU  is the voltage of the 

voltage cell n , i.e. one end of a current cell i . siU  is the voltage imposed on the 

current cell i . iiM  is the partial inductance between the middle level and the volume 

of Cell i . ijM  is the mutual partial inductance between the middle level of Cell 

i and the volume of Cell j .  

The formula of inductance iiM  is given by 

0
cosh

4 i i
ii S V

i i i

z
uM dSdV

w r r
τ

π

⎛ ⎞−⎜ ⎟
⎝ ⎠=
′−

∫ ∫       (7.8) 

0
cosh

4 i j
ij S V

i j i

z
uM dSdV

w r r
τ

π

⎛ ⎞−⎜ ⎟
⎝ ⎠=
−∫ ∫       (7.9) 

The explicit expressions of (7.8) and (7.9) can be obtained with the results presented 

in Appendix B.  

7.5.3 Analytical Expression of Current Distribution around a Wire-plate Joint 

The current density gradient around a wire-plate joint increases significantly with 

increasing frequency. Thus at high frequency the size of the cells in these areas 

should be extremely small to meet the assumption of uniform current density.  This 

will result in a large memory capacity required and make the solution unachievable. 

In order to solve this problem, an analytical function is developed for preliminary 

study to describe the current distribution around a wire-plate joint.   



 

 147

7.5.3.1 Current Distribution around a Wire-Plate Joint 

wire

plate
 

(1) at a corner of the plate 

wire

plate
 

(2) at the side of the plate 

wire

plate
 

(3) inside the plate. 

Figure 7.9 Joint of a wire and a plate 
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The wire-plate joint inside a plate can be divided into three types as shown in Figure 

7.9. Type (1) joint is considered as a wire connected with a sector of 90 degree. Type 

(2) joint is considered as a wire connected with a sector of 180 degree. Type (3) joint 

is considered as a wire standing in the middle area of a plate.  

Assuming the current is injected from the wire into the plate, the current will defuse 

outward inside the plate from the joint. If the current distribution along the radial 

direction and circumferential direction can be represented with an analytical function, 

the discretization in the area will be not necessary any more.  

For Type (3) joint, because the area around the joint is axial symmetric, it is obvious 

that the current is distributed uniformly along the circumferential direction around 

the joint.  For Type (1) and (2) joints, the current distribution along the 

circumferential direction should be derived by using the conformal mapping 

technique.  

x

y

0

u=constant

2
v π
=

u

v

v π=

/ 2π

π

u=0

0

 

Figure 7.10 Conformal mapping from a sector to a rectangle 

As Figure 7.10 shows, a sector with any degree can be conformal mapped to a 2-D 

rectangle with the transformation function [Binns et.al., 1992]  
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2 2

1tan

ux y e
y v
x

−

⎧ + =
⎪
⎨ ⎛ ⎞ =⎪ ⎜ ⎟

⎝ ⎠⎩

        (7.10) 

From the conformal mapping function, it is shown that the radius of the sector in xy  

plane is mapped to the u  coordinate in uv  plane. The angle of the sector is mapped 

to the v  coordinate in uv  plane.  Then Type (1) joint is mapped to a rectangle with 

coordinate
2

v π
= ; Type (2) joint is mapped to a rectangle with coordinate v π= . 

Thus, if the current distribution in the rectangle along v  coordinates in uv  plane is 

revealed, the distribution in the sector can also be obtained consequently.  

7.5.3.2 Current Distribution in 2D Rectangle Plate  

z0

x

x1

x2

 

Figure 7.11 A 2D rectangle plate 

The current distribution along the z direction in a 2D rectangle plate shown in Figure 

7.11 can be derived by the following procedure.  

The Maxwell equations in metal plate are given by  
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( )

0
0

H j E
E j uH

H
E

σ ωε
ω

∇× = +⎧
⎪
∇× = −⎪
⎨
∇ ⋅ =⎪
⎪∇ ⋅ =⎩

       (7.10) 

The electric field E  inside the plate is expressed in terms of the scalar electric 

potential Φ  and vector magnetic potential A, as follows 

E j Aω= − +∇Φ         (7.11) 

The current density J inside the plate is given by 

J j Aωσ σ= − + ∇Φ         (7.12) 

In the 2-D infinite long plate shown in Figure 7.11, E , J  and A   have the z-

direction component only. Equation (7.12) can be rewritten, as follows  

z zJ j A
z

ωσ σ ∂Φ
= − +

∂
       (7.13) 

From (7.13), it is noted that the current inside the plate not only depends on the 

scalar electric potential variation in space, but also the vector magnetic potential in 

time. In our discussion, 
z

∂Φ
∂

 is a constant.  

Since the vector potential A  can be derived from the D'Alembert Equation 

2 2 2
z z zA u A uJω ε∇ + = −        (7.14) 

The solution of zA  on the plate is given by 

( ) ( )2

1

'
, ' '

4

j u r
x z

z x

J x euA x z dx dz
r

ω ε

π

−
+∞

−∞
= ∫ ∫      (7.15) 
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where ( ) ( )2 2' 'r x x z z= − + −  

Since zA  is symmetrical with respect to the axis z=0 and zA  is uniform at any z 

coordinate along the z axis, (7.15) can be modified to be  

( ) ( )2

1 0

'
' '

2

j u r
x z

z x

J x euA x dx dz
r

ω ε

π

−
+∞

= ∫ ∫      (7.16) 

where ( )2 2' 'r x x z= − +  

By substituting (7.16) into (7.13), 

( ) ( )2

1 0

'
' '

2

j u r
x z

z x

J x euJ x j dx dz
r z

ω ε

ωσ σ
π

−
+∞ ∂Φ

+ =
∂∫ ∫    (7.17) 

where ( )2 2' 'r x x z= − +  

Equation (7.17) is the second kind of Fredholm Integral Equation. This kind of 

equation can be solved numerically by the moment method.   

7.5.3.3 Integration of Sector Area and Cell Area   

U0
U2

U1

U3

U4

U5

x

y

 

Figure 7.12 Boundary between analytical area and cell area 
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The area around a wire-plate joint is considered as an independent region with one 

analytical equation for describing the current distribution. The coupling between this 

region and other current cells on the plate should be considered.  

Figure 7.12 shows an analytical region around a joint and its adjacent rectangle 

current cells. The grey cells represent 5 x-cells and the white cells represent 5 y-cells. 

The voltage of an arc with radius 1r  around the joint is assumed as 0U .   

The analytical region is divided into several small regions between two dotted lines 

shown in Figure 7.12. The current density on each small region is assumed constant 

along the circular direction which is determined from the distribution equation. The 

current density decreases along the radial direction according to current conservation 

law by combining with (7.2) 

( ), cosh ,
2 2

acr i
i arc i

R z d dJ r z J z
r τ
−

−
⎛ ⎞ ⎡ ⎤= − ∈ −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

    (7.18) 

where arc iJ −   is the current density at arc of region i (i=1,2,..,5) and arc iR −  is the 

radius of arc i . iJ  is the current density at a point inside region i  with radius r  to 

the joint.  

The voltage difference between the arc and point n satisfies the KVL equation 

( ) ( ) ( )

( )

0
1,

resistance self inductance mutual inductance between small regions

1,

,0 , ,
4 4

4

n k n t

n j

Ti i tl
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t t in k n n t n
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S V
jn j n

J r dr J r z dSdV J r z dSdVj jU U
w r r w r r

J z dSdVj
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= ≠
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∫ ∑∫ ∫ ∫ ∫

∫ ∫
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−∑
1444442444443

 

(7.19) 
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where 0U  and nU  are respectively the voltage at arc 1 and point n .  ( ),tJ r z  is the 

current density inside region t .  ( )jJ z  is the current density inside other regions or 

current cells. nS  is the layer at the middle of region . iV  is the volume of region i .  

In (7.19), the first item at the right side represents the resistance component of KVL. 

The second item represents the self inductance component and the third item 

represents the mutual inductance between the region i  and other regions or current 

cells. The last item siU  is the induced voltage at the region i  from the incident field. 

By substituting (7.18) and (7.2) into (7.19), (7.19) is transformed into a concise 

equation, as follows 

0
1 1,

T N

n i arc i it arc t ij j si
t j j i

U U R J j M J j M J Uω ω− −
= = ≠

− = + + −∑ ∑    (7.20) 

where  

ln i
acr i

acr i
i arc i

RR
R

R J
σ

−
−

−

⎛ ⎞
⎜ ⎟
⎝ ⎠=        (7.21) 

0
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4 i t

arc t
it S V

i t t i

z
u RM dSdV

w r r r
τ
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−

⎛ ⎞−⎜ ⎟
⎝ ⎠=
−∫ ∫      (7.22) 
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uM dSdV

w r r
τ

π

⎛ ⎞−⎜ ⎟
⎝ ⎠=
−∫ ∫       (7.23) 

where tV  is the volume of the analytical region t, and R  is an integral variable from 

tR  to the adjacent rectangle voltage center along the radial direction from the joint.  
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The explicit expressions of (7.22) and (7.23) can be obtained by replacing 2K ze−  with 

cosh z
τ

⎛ ⎞−⎜ ⎟
⎝ ⎠

 in Appendix B.  

The KCL equation established at the center of a voltage cell is given by 

/ 2

/ 2
cosh 0

d

t t t xn ynd

zJ R dz J d x J d yθ
τ−

⎛ ⎞− + Δ + Δ =⎜ ⎟
⎝ ⎠∫     (7.24) 

where θ  is the angle of the analytical region t.  d  is the thickness of the plate. xΔ  

and yΔ  are respectively the lengths of the side orthogonal to the current direction.  

7.5.4 Integrating Models of Wire and Plate 

In Section 1.2, the EC model of cylindrical conductors and the PEEC model of plates 

are integrated to transform a wire-plate model of building structure into an equivalent 

circuit network. When the HANEC technique applied, the integration of two kinds of 

models will be modified, as follows.  

plane

R

wire

I

U1

U2

U2,Jt

 

Figure 7.13 Integration the models of a cylindrical conductor and a plate 

As Figure 7.13 shows, the voltage difference between the two terminals of a wire 

conductor are 1U  and 2U . When the wire is connected with the plate at a corner, it is 
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assumed that the voltage at the arc around the joint is equal to 2U . Furthermore, the 

total current flowing outward through the arc section is supposed to be equal to the 

current in the wire conductor as (7.25) reveals.  

2

1 2

cosh
dT

d arc t arc t arc t
t

zI J R dzθ
τ− − −−=

⎛ ⎞= −⎜ ⎟
⎝ ⎠

∑∫     (7.25) 

where I is the current in the conductor. d  is the thickness of the plate. T  is the 

number of current cells connected at the joint. arc tJ − is the current density at the arc. 

arc tR −  and arc tθ −  are respectively the radius and angle of the arc.  

With these two boundary conditions, the EC models of cylindrical conductors can be 

integrated with the HANEC model of the plate network and finally form an 

equivalent electric network for the wire-plate model of building structure. 

7.5.5 Simplification of Coefficient Matrix and Solution Procedure 

For the complete equivalent circuit network built in Section 7.5, the current 

distribution in the wire conductors and on plates can be calculation with the similar 

solution procedure stated in Section 6.2.2.   

The matrix equation of this equivalent circuit network is given by  

0
0

b s

s

IA I
Z G V

⎡ ⎤ ⎡ ⎤⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥

⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

& &

&
        (7.26) 

where A and G are respectively the node relationship matrix and the branch 

relationship matrix bI  is the current and current density vector and sV  is the voltage 
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scalar. sI  is the source current vector; Z  is the impedance matrix which has a 

structure like follows 

0
0
wires

plates

Z
Z

Z
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

        (7.27) 

where wiresZ  is the inductance matrix of wire conductors and platesZ  is the inductance 

matrix of plates. According to the observation (2) of the preliminary study, the 

proximity effect of two plates can be neglected. Then the mutual impedance between 

two plates can be considered as zero. Then the impedance matrix of plates has 

following structure  

1

2

3

0 0
0 0
0 0

plate

plate
plates

plate

Z
Z

Z
Z

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

L

L

L

M M M O

     (7.28) 

where ( )1,2,3,...plateiZ i = is the inductance matrix of a single plate.  

Since most of the elements in A  and G  are zero, (7.28) becomes a sparse matrix 

equation which can be solved by the solution technique of sparse matrix equation.  

By solving the matrix equation, the current in wire conductors and current density in 

plates are obtained. The magnetic field generated by wire conductors can be 

calculated by (3.47) directly. The magnetic field generated by plates can be 

computed with the same method introduced in Section 6.2.2. Then the magnetic 

fields around the wire-plate structure are obtained according to the superposition 

theorem.  
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The solution procedure for a transient current source like the lightning discharge 

current is similar to the procedure introduced in Chapter 6, which converts a transient 

problem into an a.c. harmonic problem through Fourier transform and inverse 

Fourier transform.  

7.6 Summary 

In this chapter, the EC model of cylindrical conductors was integrated with the PEEC 

model of plates. Then the wire-plate model of building structure was transformed 

into an equivalent circuit network. Based on this integrated modeling approach, a 

preliminary study was conducted on a small scale model connected with an a.c. 

current source. From the preliminary study, some interesting observations were 

revealed, as follows  

• The computer memory size and CPU time increased quickly with increasing 

dimension of plates and increasing frequency of concern.  

• The proximity effect between two adjacent plates was neglected in the 

frequency spectrum of lightning. The current distribution inside a plate was 

approximated by a hyperbolic function.  

• The variation of the current distribution along the tangential direction in the 

area around a joint had inherent patterns, which were approximated by 

analytical functions. 

• The susceptance of the wire-plate model was neglected in the dominant 

frequency spectrum of lightning discharge current. 
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With above observations, modifications were adopted to optimize the PEEC 

modeling approach of plates. A novel hybrid analytical-numerical equivalent circuit 

(HANEC) modeling technique was then developed. These modifications included 

• Generating even cells on the plates according to the predicted current 

distribution. 

•   Applying a hyperbolic function to approximate the normal current 

distribution inside plate.  

• Deriving analytical functions to describe the tangential current distribution 

around wire-plate joints. 

• Integrating the EC model of a cylindrical conductor and HANEC model of a 

plate. 

• Simplifying the impedance matrix of the model matrix equation.  

With the HANEC technique, it is possible to handle large wire-plate structure under 

a direct lightning stroke with reasonable memory size and high efficiency. 

Consequently, LIMF inside a wire-plate building structure under a direct lightning 

stroke can be evaluated accurately and efficiently. 
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Chapter 8 

Characterization of LIMF Distribution inside a Scaled Wire-plate 

Structure 

8.1 Introduction 

Chapter 7 described the hybrid analytical-numerical equivalent circuit (HANEC) 

technique for modeling the wire-plate building structure under a direct lightning 

stroke. With this novel modeling technique, the current distribution in the structure 

can be evaluated in the frequency domain. Consequently, the lightning-induced 

impulse magnetic field (LIMF) inside the structure can be calculated. The 

characterization of LIMF inside a wire-plate building structure has been little 

addressed because this type of structure becomes popular in building construction in 

the recent years. With the proliferation of the wire-plate structure in high-rise 

buildings, the knowledge of LIMF distribution inside those buildings becomes 

critical in the protection of sensitive electronic equipment.  

In order to provide fundamental knowledge about LIMF distribution in a building 

with the wire-plate structure, this chapter characterizes of LIMF inside a scaled room 

with the wire-plate structure under a direct lightning stroke. Firstly, the configuration 

of the wire-plate model is introduced. Secondly, LIMF distribution inside this model 

is characterized and compared with that around an independent downconductor. 

Finally, the magnetic fields in the wire-plate model are compared with those in the 

wire-grid model.   
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8.2 Configuration of a Scaled Wire-plate Model  
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Figure 8.1 A scaled wire-plate model  

Figure 8.1 illustrates the configuration of the scaled wire-plate model under 

discussion. This model is for a scaled room inside a building. Once LIMF 

distribution inside this room is revealed, the result can be applied to other rooms in 

the building.   

As shown in Figure 8.1, the model is made of two aluminum plates and a number of 

vertical columns. The length and width of these plates inside this model are equal to 

400mm. The length of the vertical columns between two layers is also equal to 

400mm.  The thickness of the plates is 1.5mm and the radius of columns is equal to 

2mm. The lightning stroke terminates at a corner of the model, and is represented by 

a current source as stated in Chapter 3. The source current has a normalized peak 

value 1A and a waveform of 8/20μs (time to peak value/time to half peak value). In 

addition, the following assumptions are adopted in modeling:  
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• The influence of a lightning channel on LIMF distribution is not taken into 

consideration because its influence can be addressed separately.    

• The ground is considered to be perfectly conductive.  

8.3 Distrubtion of LIMF in the Wire-plate Model 

Using the HANEC modeling technique and corresponding solution procedure 

proposed in Chapter 7, the impulse magnetic field inside this wire-plate model can be 

evaluated. In order to show clearly the distribution of the impulse magnetic field 

inside the structure, three observation lines inside the model were selected and the 

peak values of the impulse magnetic fields along these lines are calculated during a 

direct lightning striking at the air terminal. In order to study the shielding effect of 

the wire-grid structure, a reference model with only an independent downconductor 

was selected. The peak values of the impulse magnetic field generated by lightning 

discharge current in the reference model are evaluated.  

Since the magnetic field is a spatial vector, its peak value in a Cartesian coordinate 

system is obtained by 

 2 2 2
x y zB B B B= + +         (8.1) 

where xB , yB  and zB  are respectively the peak values of  the magnetic field in three 

orthogonal directions .  

These three observation lines are, respectively, orthogonal and cross over at the 

center point of the model. As shown in Figure 8.1, L1 is the diagonal line between 

Column 1 to Column 3. L2 is the diagonal line between Column 2 to Column 4. L3 is 

in parallel with the z axis.   
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A. Magnetic Field Distribution along L1 
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Figure 8.2 Magnetic field distribution along L1 

Figure 8.2 shows the peak values of the impulse magnetic fields along L1 with 

respect to x coordinate when with and without the wire-plate structure. From Figure 

8.2, it can be found that the magnetic fields decrease rapidly with increasing distance 

from the striking position. By comparing two curves, it is found that 

• In the adjacent area around the striking position, the magnetic fields with 

structure are about 20% of that without structure. Although the magnetic fields 

in the wire-plate structure are greatly attenuated in this area, they could be still 

intense enough to threaten sensitive electronic equipment.  

• In the middle area, the ratio of the magnetic fields in two situations decreases to 

8% or so. It shows that the wire-plate structure has significant shielding effect. 

Then the sensitive equipment will be well protected in this area generally.   

• In the far area, it is found that the ratio will increase even over 1. This is 

because the magnetic fields generated from current in the independent 
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downconductor have decreased to a very low level while the current flowing in 

the far column is the major contributor of the magnetic fields there.   

B. Magnetic Field Distribution along L2 
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Figure 8.3 Magnetic field distribution along L2 

Figure 8.3 shows the peak values of the impulse magnetic field along L2 with respect 

to x coordinate when with and without the wire-plate structure By comparing the two 

curves in Figure 8.3, it is again found that  the magnetic fields inside the middle area 

of a wire-plate structure are much less than those with an independent 

downconductor. The minimal ratio between them in the middle area is 8%. In the 

adjacent areas around two columns, the magnetic fields will increase quickly and the 

ratio of between situations will approach 1. This is also because of the contribution 

from the current in the two columns which intensifies the magnetic fields there.  

C. Magnetic Field Distribution along L3 
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Figure 8.4 Magnetic field distribution along L3 

Figure 8.4 illustrates the peak value of impulse magnetic fields along L3 with respect 

to z coordinate with and without the wire-plate structure. By comparing two curves 

in Figure 8.4, it is noted that the magnetic fields from the current in the isolated 

downconductor keep comparatively stable. However, the magnetic fields inside the 

wire-plate structure long L3 will increase with increasing height. This is because the 

contributed magnetic fields from the current distribution in the upper plate become 

larger when the observation point approaches it. So it is better to avoid placing 

sensitive equipment close to the roof of buildings with wire-plate structures.  

On the contrary, the magnetic fields decease when the observation point approaches 

the low plate. This is because the lower plate is earthed by four lower columns 

through which most currents from upper columns are injected into the earth. So the 

current following in the lower plate is small and its contributed magnetic fields are 

cancelled by the increasing magnetic fields from the low columns. 
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8.4 Compasion with LIMF in a Wire-grid Structure 

By replacing the two plates with four cylindrical conductors, the wire-plate model in 

Figure 8.1 is transformed into a wire-grid model as Figure 8.5 shows. Using the 

equivalent circuit (EC) approach proposed in Chapter 3, the magnetic fields inside 

the wire-grid structure can be calculated.   
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Figure 8.5 A scaled wire-grid model 

Similar to the case for the wire-plate model in Section 8.3, the peak values of 

magnetic fields along three observation lines L1, L2 and L3 inside the wire-grid 

model are evaluated. The evaluation results are plotted together with those of the 

wire-plate model along three lines respectively.  

A. Magnetic Field Distribution  along L1 

Figure 8.6 shows the peak values of impulse magnetic fields along L1 with respect to 

x inside the wire-plate model and the wire-grid model. From Figure 8.6, it is noted 

that the magnetic fields inside two models both decreases with increasing distance to 
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the striking position. But the magnetic fields inside the wire-plate model are much 

less than those inside the wire-grid model. In the position of x=10cm, the minimal 

ratio between the magnetic fields inside the wire-plate model and the wire-grid 

model is as small as 5%. This shows the shielding effect of the wire-plate structure is 

superior to that of the wire-grid model. 
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Figure 8.6 Comparison of magnetic field distribution along L1 

B. Magnetic Field Distribution along L2 

Figure 8.7 shows the peak values of impulse magnetic fields along L2 with respect to 

x inside the wire-plate model and the wire-grid model. From Figure 8.7, detailed 

comparison between the magnetic fields inside the middle area inside two models is 

revealed. It is noted that the average magnetic fields inside the middle area of the 

wire-plate model are about 17% of those inside the middle area of the wire-grid 

model. So the sensitive equipment is safer if they are placed inside a wire-plate 

building structure than inside the wire-grid structure.  
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Figure 8.7 Comparison of magnetic field distribution along L2 

C. Magnetic Field Distribution along L3 
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Figure 8.8 Comparison of magnetic field distribution along L3 

Figure 8.8 shows the peak values of impulse magnetic fields along L3 with respect to 

z inside the wire-plate model and the wire-grid model. By comparing two curves in 

Figure 8.8, it can be seen that the magnetic fields at different heights inside the 

middle region of the wire-plate model are much less than those inside the wire-grid 
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model except in the region very close to the upper plate. It again proves that the wire-

plate model has better shielding effect than the wire-grid structure.   

In addition, it is found that when the observation point approaches the roof, the 

magnetic fields inside the wire-grid model decrease rapidly. The reason is that the 

currents flowing in upper four horizontal branches are symmetrical. According to the 

superposition theorem, the magnetic fields generated by the currents in four branches 

will counteract when the observation point approaches the roof center.   

8.5 Summary 

This chapter characterized LIMF distribution inside a scaled wire-plate room inside a 

building. Using the HANEC modeling technique, the magnetic fields inside this 

model were evaluated and compared with the magnetic fields generated from an 

independent downconductor. It is found that the wire-plate structure has good 

shielding effect. By comparing the magnetic fields inside the wire-plate model and 

inside a wire-grid model, it is found that the shielding effect of the wire-plate model 

is much better than that of wire-grid model. In the middle region, the shielding effect 

of the wire-plate model is six times of that of the wire-grid structure.  
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Chapter 9 

Experimental Study  

9.1 Introduction 

The equivalent circuit (EC) modeling approach for wire-grid building structures was 

proposed in Chapter 3. Afterward, the partial element equivalent circuit (PEEC) 

modeling approach for non-ferromagnetic plates was developed in Chapter 6. In 

Chapter 7, this approach was further developed and the hybrid analytical-numerical 

equivalent circuit (HANEC) technique was proposed for modeling wire-plate 

structures under direct lightning strokes. In this chapter, laboratory experiments are 

presented to validate these modeling approaches addressed in those chapters. Since 

all the validation experiment were conducted on scaled and simplified models in 

laboratories, when the proposed modeling approaches are applied to real buildings, 

some extra errors are expected due to the simplification of the complicated building 

structures when building their models.  

This chapter starts with an introduction on the equipment and measuring apparatuses 

used in the experiments. Four validation experiments are then presented. The first 

experiment was intended to validate the EC modeling approach proposed in Chapter 

3, and was conducted on the wire-grid structure with an isolated downconductor 

under a lightning stroke. The second and third experiments were intended to validate 

the PEEC modeling approach proposed in Chapter 6, and were conducted on 

independent aluminum plates and on an aluminum wire-plate structure in a.c. 

magnetic fields respectively. The fourth experiment validated the HANEC modeling 

technique proposed in Chapter 7 on an aluminum wire-plate structure under a direct 

lightning stroke.  
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9.2 Equipment and Measuring Apparatuses used in Experiments 

9.2.1 Impulse Current Generator  

 

Figure 9.1 Impulse current generator (ICG) 
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Figure 9.2 Schematic diagram of ICG   

In the experiments associated with a lightning stroke, the lightning return stroke 

current was simulated and was generated by an impulse current generator (ICG). 

Figure 9.1 is a photo of the ICG used in the experiments for this thesis. This ICG is a 
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commercial product developed by Shanghai Jiaotong University. It can generate an 

impulse current with the peak value up to 40KA.  Figure 9.2 illustrates the schematic 

diagram of ICG.  

As shown in Figure 9.2, ICG consists of two major parts: a charging circuit and a 

discharging circuit. The charging circuit includes a test transformer (T), two diodes 

(D), and three charging resistors (R). The energy is stored in capacitors (C) via the 

charging circuit. The discharging circuit includes discharging resistors and inductors 

(Rx and Lx), a spark gap (G) for triggering, and the equipment under test (R).  

During a discharge phase, the schematic diagram of ICG can be simplified to a 

simple discharge circuit shown in Figure 9.3. C is the total capacitance of the group 

of capacitors. L and R are, respectively represent the total inductance and resistance 

of capacitors, discharging resistors, discharge inductors, loop wires, the shunt, the 

gap and the tested object.   

LR

C

 

Figure 9.3 Equivalent discharge circuit of ICG 

According to the basic circuit theory, if a group of capacitors is charged to a 

voltage 0U , the following equation is applied if the gap is broken down.  

∫ +=− Ri
dt
diLidt

C
U 1

0        (9.1) 
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From (9.1), it is noted that the magnitude and waveform of an impulse current in the 

circuit is dependent on resistance R, inductance L and capacitance C as well as the 

charging voltage 0U .By altering resistance, inductance and capacitance in the 

discharge circuit, both the desired magnitude and waveform of the impulse current 

from ICG are obtained.  

In order to avoid elevation of the earth potential, the whole test circuit was earthed at 

a common earthing point.  

9.2.2 Apparatuses for Measuring Impulse Currents 

The duration of the impulse current generated by ICG lasts for only several 

microseconds. The apparatuses for measuring such a short impulse current should 

have a wide enough linear frequency band with adequate linearity and accuracy. Two 

current measuring systems were set up. One is the shunt plus digital oscilloscope 

(shunt-CRO) system which is used to measure the total current generated from ICG. 

The other is the Rogowaski plus digital oscilloscope (Rogowaski-CRO) system 

which is used to measure currents in the structure under test.   

A. Shunt-CRO System 

Figure 9.4 illustrated the configuration of a shunt plus digital oscilloscope (shunt-

CRO) system which is used in measuring the impulse current. In the shunt-CRO 

system, the shunt is a resistor with very low resistance and extremely low inductance. 

It has a fairly wide band. The peak value of an impulse current to be measured can be 

as high as several hundred kilo ampere. The shunt is connected seriesly into the 

discharge loop of ICG. The output signal of the shunt is transferred to the digital 
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oscilloscope through a shielded coaxial cable. The waveform of the impulse current 

can be caught by the oscilloscope  

 

L  —— discharge inductor  R1—— object under test (EUT) 

R2—— shunt   Z  —— wave impedance 

R  —— matched resistor 

Figure 9.4 Shunt-CRO current measuring system 

When the impulse current flows through the shunt, a voltage drop yields between its 

two terminals of a and b, as shown in Figure 9.4 

2)()( RtitU ab ×=                            (9.12) 

The signal of the voltage drop is sent to CRO by the shielded coaxial cable equipped 

with a match resistor at the cable end. The wave form of the impulse current can be 

obtained with the following equation  

22 /)(/)()( RtURtUti abcd ==                 (9.13) 

Figure 9.5 shows the shunt used in the experiments which was developed by the 

Shanghai Jiaotong University. The sensitivity of the shunt is 0.0052421V/A and 

maximal impulse current is 40kA. Its accuracy has been calibrated with an error less 

than 0.5%. The digital oscilloscopes used in the experiments were TDS7104 from the 

Techtronic Company and Wavesurfer 454 from the Lecroy Company.  
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Figure 9.5 Shunt  

B. Rogowaski Coils 

Although the shunt-CRO system has a high accuracy in impulse current 

measurement, the shunt can not be used in the structures under test.  For example, in 

the wire-grid structure, it is not possible to insert a shunt to a branch. Another non-

contact measuring method, namely Rogowaski-CRO system plays an important role 

in impulse current measurement. The great advantage of the Rogowaski-CRO system 

is that it doesn’t need direct connection with the discharge circuit. So there is no 

dynamical and thermal problem. In addition, since the Rogowaski coil is independent 

to the discharge circuit, the interference due to the earthy potential elevation can be 

avoided completely.  

Figure 9.6 illustrates the configuration of a Rogowaski-CRO system used to measure 

an impulse current. When an impulse current flows through the Rogowaski coil, 

there is a signal of voltage generated from the Rogowaski coil. Similar to the shunt-

CRO system, this signal is transferred to CRO by a shielded coaxial cable, as seen in 

Figure 9.6. 
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Figure 9.6 Rogowaski-CRO current measuring system 

The output voltage has a linear relationship with the impulse current flowing through 

the Rogowaski coils as follows 

( )1( )U t S i t= ⋅         (9.14) 

where S  is the sensitivity of the Rogowaski coil in the unit V/kA. 

 

Figure 9.7 Rogowaski coil 

The Rogowaski coils of CM-10-L and CM-1-L shown in Figure 9.7 used in the 

experiments were manufactured by the Ion Physics Corporation Company in USA. 

The output sensitivities are respectively 0.1V/A and 0.01V/A. The maximal impulse 

currents to be measured are respectively 5kA and 50kA. From the calibration report 

provided by the manufacturer, the measuring error is less than 5%. The waveforms of 



 

 176

an impulse current measured by shunt-CRO system and by Rogowaski-CRO system 

are both shown in Figure 9.8. It is noted that the waveform from both measuring 

systems have the same waveform although the peak values are different due to their 

different sensitivities.  

 

upper- measured by shunt-CRO system 

lower- measured by Rogowaski-CRO system 

Figure 9.8 Waveforms from Rogowaski coils and ICG shunt 

9.2.3 Apparatuses for Measuring Impulse Magnetic Fields  

9.2.3.1 Tailor-made Magnetic Field Probe 

To measure the impulse magnetic fields arising from the simulated lightning stroke 

in the structure under test, there are no commercial products available to output the 

waveform of a transient magnetic field. So a magnetic field probe was designed and 

manufactured by the author in the laboratory.   

A. Measurement principle 
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For the measurement of a non-uniform impulse magnetic field, the magnetic field 

probe designed from the induction effect is simple and reliable. The equivalent 

circuit of the probe is shown in Figure 9.9 

L

e (t)

R

R1 U (t)

 

Figure 9.9 Equivalent circuit of self-inductance integral circuit 

In Figure 9.9, e(t) is the induced electrical force in the coil. R and L are respectively 

the internal resistance and inductance of the coil. R1 is the external resistance 

connected between the two terminals of the coil.  

Assuming the number of coils in the probe is N and the section area is S, the 

electrical force produced in the probe is  

dt
dBNS

dt
dte −=
Φ

−=)(        (9.15) 

In the equivalent circuit, an equation according to Kirchhoff’s Voltage Law (KVL) is 

obtained 

( )
0

( )( ) ( ) ( )

( )

di te t L R R i t
dt

U t
i t

R

⎧ = + +⎪⎪
⎨
⎪ =⎪⎩

        (9.16) 

Combining (9.15) and (9.16), the magnetic field penetrating the probe 

perpendicularly is obtained 
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0
0

( )( ) ( ) ( )
tR RLB t U t U d

NSR NSR
τ τ+

= − ∫      (9.17) 

In (9.17), when )()()(
0 tiRR

dt
tdiL +>> ，namely RRL +>> 0ω ,  (9.17) can be 

simplified as  

( ) ( )LB t U t
NSR

= −         (9.18) 

Then, once U is measured by an oscilloscope, B can be calculated by (9.18) directly.  

B. Probe Construction 

In order to measure magnetic field distribution within the structure, the magnetic 

field probe should be as small as possible. Figure 9.10 shows the geometric 

construction parameters of the probe.  

 

D1 = 20mm, D2=32mm and l=23mm 

Figure 9.10 Geometric construction  

In the measurement the field probe is likely subject to intense electromagnetic field 

radiated from spark gaps and other devices in ICG. To minimize the induced voltage 
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caused by any unwanted electric field, a thin copper slice was applied to cover both 

inner and outer surfaces of the coil, as illustrated in Figure 9.11. This copper slice 

was designed to be an open-ring layer to prevent an induced current on the shielding 

layer.  

 

Figure 9.11 Cooper shielding on probe coils 

C. Calibration 

 

Figure 9.12 Circuit for calibrating the magnetic field probe 

In order to calibrate the linearity and sensitivity of the tailor-made probe, a 

calibration experiment was setup as shown in Figure 9.12.  C is a single-turn coil 
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with radius r to produce magnetic field; S is the current shunt which is used to 

measure the current flowing through C. The magnetic field in the center of C can be 

calculated by 0

2
IB
r

μ
= .Then, the ratio between the calculated magnetic field B and 

the measured output voltage of the probe can be obtained by BK
U

= . The 

measurement results are shown in Table 9.1.  

Table 9.1 Measured sensitivity and linearity of the magnetic probe 

X(m) I×103 (A) B×10-4(T) Vp(V)   K(=B/Vp) 

1.365 1.7744 0.7265 0.4760 1.5263 

1.365 1.4856 0.6083 0.3960 1.5360 

1.365 1.1692 0.4787 0.3080 1.5543 

1.365 0.9904 0.4055 0.2560 1.5840 

1.365 0.8583 0.3514 0.2280 1.5414 

1.365 0.7648 0.3131 0.2020 1.5502 

1.365 0.5887 0.2410 0.1580 1.5256 

1.365 0.4237 0.1735 0.1120 1.5488 

1.365 0.3906 0.1599 0.1020 1.5681 

0.865 1.6919 2.2387 1.5000 1.4925 

0.865 1.5543 2.0567 1.3800 1.4904 

0.865 1.4856 1.9657 1.3100 1.5006 

0.865 1.2930 1.7109 1.1400 1.5008 

0.865 1.1417 1.5107 0.9900 1.5260 

0.865 1.0564 1.3979 0.9500 1.4714 

0.865 0.9188 1.2158 0.8300 1.4649 

0.865 0.8088 1.0702 0.7300 1.4661 
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0.865 0.6602 0.8737 0.5880 1.4858 

0.865 0.5557 0.7353 0.4800 1.5319 

0.865 0.5117 0.6771 0.4520 1.4980 

0.865 0.4347 0.5752 0.3840 1.4978 

0.635 1.5681 4.1194 2.9000 1.4205 

0.635 1.4305 3.7580 2.6200 1.4344 

0.635 1.3480 3.5412 2.4600 1.4395 

0.635 1.2380 3.2521 2.2400 1.4518 

0.635 1.1692 3.0715 2.1400 1.4353 

0.635 0.9904 2.6017 1.8000 1.4454 

0.635 0.9216 2.4210 1.6600 1.4585 

0.635 0.8088 2.1247 1.4700 1.4454 

0.635 0.6878 1.8067 1.2600 1.4339 

0.435 1.4856 7.6138 5.3200 1.4312 

0.435 1.3893 7.1203 4.9600 1.4355 

0.435 1.2242 6.2743 4.3600 1.4391 

0.435 1.1554 5.9218 4.1600 1.4235 

0.435 1.0591 5.4283 3.7600 1.4437 

0.435 0.9491 4.8643 3.4000 1.4307 

0.435 0.8803 4.5119 3.1600 1.4278 

0.435 0.7648 3.9197 2.7400 1.4305 

 

In Table 9.1, X means the distance between the probe and the center of the circular 

loop. Is means the magnitude of the impulse current from ICG. Vp means the output 

voltage of the magnetic probe. B is the magnetic field at the loop center which is 

calculated from the Is by Bio-savart Law. K is the ratio between B and Vp. From 
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Table 9.1, the average value of K is obtained as K=1.4813 which is applied in the 

measurements in following experiments.  
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Figure 9.13 Linearity of the magnetic field probe 

Figure 9.13 illustrated the linearity of the magnetic field probe. It can be calculated 

that the linearity error is less than 7%.  

 

upper waveform – the impulse current 

low waveform – the magnetic field 

Figure 9.14 Waveforms from the shunt and from the magnetic field probe  
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Figure 9.14 shows the two waveforms: one is of the impulse current measured by a 

current shunt; the other is of the output voltage from the magnetic field probe. From 

these two waveforms, it is noted that the frequency characteristics of the probe is 

good enough to measure the impulse magnetic field. In addition, it shows that little 

disturbance appears in the waveform of the output voltage after the shielding 

measure was implemented.   

9.2.3.2 EMDEX II Magnetic Field Exposure System 

EMDEX II shown in 9.15 is a commercial product to measure to measure magnetic 

fields under steady state. According to the calibration report provided by the 

manufacturer, it has a frequency band from 40Hz to 800Hz and a typical accuracy of 

±1%. 

   

Figure 9.15 EMDEX II  

9.3 Wire-grid Structures with an Isolated Downconductor 

A. Experimental Setup 
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A scaled model of building structure was set up in the laboratory, as Figure 9.16 

shows, to validate EC modeling approach proposed in Chapter 3,. The scaled model 

included an isolated downconductor and a wire-grid structure formed by a number of 

interconnected RC bars, as illustrated in Figure 9.16. A large metal plate was placed 

under the wire-grid structure to represent a perfect conductive earth. The wire-grid 

structure was constructed with 260 bars, each of which was 0.5m long and had a 

diameter of 5mm. The downconductor was erected vertically and stood on the metal 

plate. Its lower ends of core and screening were bonded together on the metal plate. 

The downconductor was 2.5m long, and had mean diameters of 12.3mm and 24.1mm 

for its core and screening, respectively. The upper end of the downconductor core 

was connected to ICG with copper wires.  

y
x

z

2
3

4

W=0.5

0

ICG 1

 

Figure 9.16 Configuration of the wire-grid experiment 

In each test an impulse current from ICG was injected into the core of the 

downconductor. The impulse current had a nominal peak value of 11kA. Because the 

structure was a large inductive load, the steepest rising time to the peak value of the 

obtained impulse current from ICG was 7.8μs, and the time to its half peak value was 

17.6μs. During the test induced currents were generated in the branches of the wire 
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grid as well as in the screening of the downconductor. These currents were measured 

with the Rogowaski-CRO system. The resulting impulse magnetic fields at several 

points inside the structure were measured with the tailor-made magnetic field probe. 

The peak value of the impulse magnetic field was normalized by dividing the peak 

value of the impulse current from ICG. 

B. Comparison between Measured and Calculated Results 

Two configurations of the downconductor were tested in the experiment. These 

configurations included (a) the downconductor was electrically isolated from the 

wire grid except on the metal plate; (b) the upper end of the downconductor 

screening was bonded to a corner of the wire grid, as illustrated in Figure 9.16. It 

should be mentioned that configuration (b) was not recommended by the 

manufacturer, but was selected for model validation only. For simplicity, both 

impulse current and magnetic field were normalized with the peak value of the 

impulse current from ICG. 

1) Current Distribution  

Table 9.2 shows both calculated and measured peak values of the normalized 

currents in screening (Branch 1) and 3 branches. In configuration (a), the current in 

screening was too small to measure because of electrical isolation of the screening. 

The current in screening, however, became significant in configuration (b) because 

of bonding at the upper end. The induced current was allowed to circulate between 

the screening and the wire grid. It is noted from the table that both measured and 

calculated currents match very well with an average error of less than 5%.   
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Table 9.2 Normalized peak values of the impulse currents in four branches 

Test Configuration Branch 1 Branch 2 Branch 3 Branch 4 

Measured 0.0% 13.1% 8.66% 4.46% 
(a) 

Calculated 0.0% 13.5% 8.98% 4.77% 

Measured 54.9% 13.7% 22.9% 18.3% 
(b) 

Calculated 54.2% 13.9% 21.7% 17.4% 

 

2) Magnetic Field distribution 

The impulse magnetic fields were measured at three typical points within the wire 

grid. Table 9.3 shows the peak value of the x components of the impulse magnetic 

fields for comparison. In both configurations, the measured and calculated results 

match well, with an average error of less than 5%. It is noted from Table 9.3 that the 

impulse magnetic fields in configuration (b) are much less than those in 

configuration (a). As seen in Table 9.3, the screening carried a significant induced 

current. This current flowed in the opposite direction of the downconductor current, 

which led to a significant cancellation of the field within the wire grid. 

Table 9.3 Normalized peak values of the impulse magnetic field xB I (10-4T/kA) 

Test Configuration 
Point 1 

(0.0, 0.25, 0.75) 

Point 2 

(0.125, 0.25, 0.75) 

Point 3 

(0.25, 0.25, 0.75) 

Measured 3.41 2.40 1.59 
(a) 

Calculated 3.49 2.37 1.62 

Measured 1.21 0.70 0.36 
(b) 

Calculated 1.17 0.73 0.38 

 



 

 187

9.4 Aluminum Plates Excited by an  a.c. Magnetic Field 

In order to validate PEEC modeling approach for a non-ferromagnetic plate in 

Chapter 6, a series of experiments are conducted in the laboratory. In these 

experiments, three different configurations of aluminum plates were applied. The 

measured results are compared with the calculated results with PEEC approach in 

Chapter 6 for each experimental configuration.  

9.4.1 Singe Plate on Parallel with the Source Coil 

A. Experimental Setup  

395mm

210mm

Z

-235.5mm

L1
84mm

X

Y

0

L2

30mm

  

Figure 9.17 Configuration of the singe plate experiment 

The physical model in the experiment is illustrated in Figure 9.17. A square 

aluminum plate was placed above a square coil. The width of the square plate was 

395mm and the thickness was 1.5mm. The width of the square coil was 210mm. The 

distance between the plate and coil was 235.5mm. An a.c. source current of 700Hz 

was injected into the square coil. The magnetic fields in the z direction along the line 
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L1 and the line L2 were measured with the EMDEX II.  L1 was 30mm above the 

plate and L2 was 84mm above the plate.  

B. Comparison between Measured and Calculated Results 

The measured magnetic fields in the z direction were normalized by dividing the 

current in the squash coil. The normalized magnetic fields along L1 and L2 from 

measurement together with those obtained from calculation were plotted in Figure 

9.18 and Figure 9.19. In the calculation, the plate was divided into 30×30 identical x-

cells and y-cells. In both figures, the coordinate d represents the distance between the 

measuring point and the origin point, i.e. 2 2d x y= + .  
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Figure 9.18 Comparison of the normalized magnetic field in the z direction along L1 
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Figure 9.19 Comparison of the normalized magnetic field in the z direction along L2 

From Figures 9.18 and 9.19, it is noted the results from measurement and calculation 

match very well. In Figure 9.18, the maximum error between them is less than 5.5%. 

In Figure 9.19, the maximum error is as small as 3.3%. It is found that the accuracy 

of the PEEC approach is increased with increasing distance from the plate. This is 

because the calculated eddy current distributed in the aluminum plate is an 

approximation of the actual current. At the place close to the plate, the error of the 

magnetic fields calculated from the eddy current distribution by Bio-savart Law 

becomes obvious.  

9.4.2 Two Parallel Plates Perpendicular to the Source Coil  

A. Experimental Setup 
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Figure 9.20 Configuration of two parallel plates experiment 

To investigate the proposed modeling approach for a combination of independent 

plates, a different experimental model was setup as shown in Figure 9.20. Two 

identical square aluminum plates were placed parallel to each other with a separation 

distance of 400mm. They were erected perpendicularly above a square coil. The 

distance between the center of plates and the coil center was 291mm. The width of 

each square plate was 395mm and the thickness was 1.5mm. The width of the square 

coil was 210mm. An a.c. current of 700Hz was injected into the square coil. The 

magnetic fields in the z direction along the line L1 and the line L2 were measured 

with the EMDEX II. As seen in Figure 9.20, L1 was perpendicular to the plate A 

passing the plate center and L2 was parallel to plate A with a distance 200mm.  

B. Comparison between Measured and Calculated Results 

The measured magnetic fields in the z direction were normalized by dividing the 

current flowing in the square coil. Then the normalized measured results together 

with those obtained from the proposed method were both plotted in Figure 9.21 and 
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Figure 9.22. In the calculation, the plate was modeled by 30×30 identical x-cells and 

y-cells. 
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Figure 9.21 Comparison of the normalized magnetic field in the z direction along L1 
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Figure 9.22 Comparison of the normalized magnetic field in the z direction along L2 

From Figure 9.21 and Figure 9.22, it is noted the results from the measurement and 

the calculation match very well. The maximum error of the field on L1 is less than 

6%. The maximum error of the field on L2 is less than 8%. In Figure 9.21, it is found 

that the magnetic field in the z direction drops significantly when the observatory 
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point is moved from one side of a plate to the other. While in Figure 9.22, the 

magnetic fields in the z direction decrease with increasing y coordinate gradually.  

9.5 Aluminum Wire-plate Structure Excited by an  a.c. Magnetic Field 

A. Experiment Setup 
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Figure 9.23 Configuration of a wire-plate structure 

The PEEC modeling approach in Chapter 6 was experimentally investigated by using 

a wire-plate structure. The experimental model is shown in Figure 9.23. The structure 

was made from two identical square aluminum plates and four aluminum columns. A 

square coil was placed below the structure and perpendicular to the two parallel 

plates. The width of the square plate was 395mm and the thickness is 1.5mm. The 

width of the square coil was 210mm. The distance between the center points of the 

structure and the coil was 483mm. An a.c. current of 700Hz was injected into the 

square coil. The magnetic fields in the z direction along L1 and L2 were respectively 

measured with EMDEX II.  

B. Comparison between Measured and Calculated Results 
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The measured magnetic fields in the z direction were normalized by dividing the 

current flowing in the square coil. Then the normalized measured results together 

with those obtained from the proposed method were both plotted in Figure 9.24 and 

Figure 9.25. In the calculation, the plate was modeled by 30×30 identical x-cells and 

y-cells. 
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Figure 9.24 Comparison of the normalized magnetic field in the z direction along L1 
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Figure 9.25 Comparison of the normalized magnetic field in the z direction along L2 
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From Figure 9.24 and Figure 9.25, it is noted the results from the measurement and 

the calculation match very well. The maximum error of the field on L1 is 4.1%. The 

maximum error of the field on L2 is 3.7%. In Figure 9.24, it is found that unlike the 

configuration of two parallel plates, the magnetic field drops significantly when the 

observatory point on L1 is moved from one side of a plate to the other. The magnetic 

fields decrease gradually when crossing the plate. In Figure 9.25, the magnetic fields 

decrease gradually along L2.  

9.6 Aluminum Wire-plate Structure under a Direct Lightning Stroke  

A. Experiment Setup 

alluminum plane
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Figure 9.26 Configuration of an aluminum wire-plate structure 

To validate the HANEC modeling technique for a wire-grid structure, the 

experimental model in the experiment was set up in the lab, as shown in Figure 9.26. 

The structure used in this experiment is the same as that used in Section 9.5. One 

column of the structure was connected to ICG through copper wires. The rectangle 
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loop connecting ICG and the structure was in the same plane made from Column 1 

and Column 3, as shown in Figure 9.26. An impulse current with the waveform 

7.8/18.9μs was generated from ICG and injected into the structure. The impulse 

currents in four columns were measured with the Rogowaski-CRO system. The 

magnetic fields in the x direction along three orthogonal lines inside the structure 

were measured with the tailor-made magnetic field probe. The line L1 and the line 

L2 were located above plate B with height of 205mm. The line L3 was between the 

center points of two plates.  

B. Comparison of Measured and Calculated Results 

1. Current Distribution in Four Columns 

The peak values of the measured currents in four columns were normalized by 

dividing the peak value of the total current injected into the structure from ICG. Thus 

the shunt ratio of each column is obtained. The shunt ratios from the measurement 

and the calculation are illustrated in Table 9.4.  

Table 9.4 Shunt ratio of four columns 

Column

 No. 

Measured 
(%) 

Calculated 
(%) 

Error  
(%) 

1 41.18 41.8 1.50 

2 25.22 23.9 5.24 

3 18.13 19.15 5.64 

4 15.47 15.15 2.06 
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From Table 9.4, it is noted that the measured results match with the calculated results 

well. The maximum error is less than 6%. It is also found that over 40% of the 

impulse current from ICG flows through Column 1.  The remained current flows 

through the plates and the other three columns. Although the structure is symmetrical 

with respect to diagonal plate, the currents in Column 2 and Column 3 are different. 

This is due to the influence of the copper wires loop which connects the structure and 

ICG.  

2. Magnetic Field Distribution inside the Wire-plate Structure 

The measured magnetic fields in the x direction were normalized by dividing the 

total current injected into the structure. The normalized measured results together 

with those obtained from the HANEC modeling technique were both plotted in 

Figure 9.27, Figure 9.28 and Figure 9.29.  
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Figure 9.27 Comparison of the normalized magnetic field in the x direction along L1 
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Figure 9.28 Comparison of the normalized magnetic field in the x direction along L2 

0

5

10

15

20

25

30

35

5 10 15 20 25

z (cm)

B 
(u

T/
kA

)

Measured
Calculated

 

Figure 9.29 Comparison of the normalized magnetic field in the x direction along L3 

From these figures, it is noted the results from the measurement and the calculation 

match very well. The maximum error of the field on L1 is 7.4%.The maximum error 

of the field on L2 is 8.3%. The maximum error of the field on L3 is 6.8%.  
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9.7 Summary 

This chapter described four different experiments for validating and studying the 

proposed modeling approach for evaluating the current/field in wire-grid structures, 

non-ferromagnetic plates and wire-plate structure. The EC modeling approach 

proposed in Chapter 3 was validated experimentally when it is applied to a wire-grid 

structure with an isolated downconductor under a direct lightning stroke. The second 

and third experiment validated the PEEC modeling approach introduced in Chapter 6 

when it is respectively applied on isolated aluminum plates and on an aluminum 

wire-plate structure inside a.c. magnetic fields. The fourth experiment validated the 

HANEC modeling technique proposed in Chapter 7 on an aluminum wire-plate 

structure under a direct lightning stroke.  
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Chapter 10 

Conclusions and Future Work  

10.1 Conclusions 

It is known that electromagnetic interference due to lightning is one of the major 

threats to electronic equipment. To investigate protection concepts and provide 

mitigation methods, a study on lightning-induced impulse magnetic field (LIMF) in 

high-rise buildings was conducted in this thesis.   

Firstly, the metal structure of buildings found in Hong Kong was introduced, which 

included the reinforcing concrete structure and the steel skeleton structure. Lightning 

protection systems (LPS) commonly adopted in high-rise buildings were reviewed. A 

detailed review of the studies on LIMF in literatures was conducted. The reviewed 

results on the modeling approaches of building structure, coaxial cable, metal plates 

and lightning strokes were presented.  

The equivalent circuit (EC) modeling approach was proposed in this thesis to model 

the wire-grid structure with an isolated downconductor. The corresponding solution 

procedure in the time domain by using electromagnetic transient program (EMTP) 

was developed. Based on the EC modeling approach, LIMF in a typical building in 

Hong Kong was characterized and empirical formulas for evaluating the shielding 

effect of a wire-grid structure were derived. From the results, recommendations were 

presented for the protection of critical equipment in the building, as follows: 

1. It is highly recommended not placing sensitive equipment in the area near the 

downconductor because LIMF around the downconductor is significantly high.   
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2. It is recommended placing the downconductor next to a column or outside the 

building in order to achieve significant field compensation in the area around the 

downconductor.  

3. To enhance the field compensation further it is recommended housing the 

downconductor with a metal pipe, and bonding both the metal pipe and metal 

structure of the building together.  

Metal plates are increasingly adopted in the construction of modern high-rise 

buildings and become part of the internal metal structure of the buildings. To study 

LIMF in such buildings with metal plates, a partial element equivalent circuit 

(PEEC) approach was proposed for modeling metal plates in the buildings. By 

integrating the EC modeling approach and the PEEC modeling approach, a special 

modeling technique, named as the hybrid analytical-numerical equivalent circuit 

(HANEC) modeling technique, was developed and the corresponding solution 

procedure in the frequency domain was provided. With the HANEC modeling 

technique, LIMF inside a scaled wire-plate structure was characterized. From the 

characterization results, it was concluded that a wire-plate structure could attenuate 

LIMF significantly and its shielding effect is much superior to that of a wire-grid 

structure.  

Finally, four experiments were conducted in the laboratory to validate the proposed 

modeling approaches and technique in this thesis. By comparing the experimental 

results and the simulation results, it was proved that the EC modeling approach for a 

wire-grid structure, the PEEC modeling approach for non-ferromagnetic plates and 

the HANEC modeling technique for a wire-plate structure are all adequate to provide 

an accurate evaluation of LIMF. 
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10.2 Future Works 

In order to study LIMF in a building with metal plates, the PEEC modeling approach 

and the HANEC modeling technique were proposed to model the wire-plate structure 

of the building in this thesis. These two approaches are available for non-

ferromagnetic plates, e.g. aluminum plates. In the practical engineering, 

ferromagnetic plates such as steel plates are also widely applied to reduce the 

construction cost. At this time, the proposed modeling approaches are not applicable. 

In order to study LIMF in a building with ferromagnetic plates, a new modeling 

approach for ferromagnetic plates is expected to be developed in future. LIMF 

distribution inside a building with ferromagnetic plates is also expected to be 

characterized in future. From the characterization results, guideline and 

recommendation will be provided for practical engineers to protect sensitive 

equipment against LIMF.   
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Appendix A 

Formulas to Calculate Partial Parameters in Non-ferromagnetic 

Plates for ELF 
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Figure app.A.1 A cell and a layer in partial inductance calculation 

Equation (6.36) and (6.37) in Chapter 6 which is used to calculate the partial 

inductance and partial potential coefficient for extremely low frequency (ELF) are 

rewritten as follows 
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where 21 2 1w w w= − . mS  is the center layer area of the potential cell m . 

mnT  in (app.A.1) and (app.A.2) is a general five-folds integration which is expanded 

as follows 



 

 203

( ) ( ) ( )
2 2 4 2 4

1 1 3 1 3

1 2 1 2
2 2 2

1 2 1 2

1
m n

mn S V

d w w l l

d w w l l

T dSdV
r r

dx dx dy dy dz

x x y y z z

=
′−

′
=

′− + − + −

∫ ∫

∫ ∫ ∫ ∫ ∫
  (app.A.3) 

The meanings of the variables are illustrated in Figure app.A.1. 

Equation (app.A.3) can be simplified and integrated under following three situations.  

1. When the distance between two cells is much larger than width, length and 

thickness of the cell , there is 

( ) ( ) ( )
21 21 43 21 43

2 2 2
1 2 1 2 1

mn

i i i i i

d l l w wT
x x y y z z

=
− + − + −

      (app. A.4) 

where 1 1, 1,i i ix y z  and 2 2,i ix y  are respectively the coordinate of center point inside cell 

and the layer. 21 2 1d d d= − , 21 2 1l l l= − , 43 4 3l l l= − , 21 2 1w w w= −  and 43 4 3w w w= − .  

2. When the distance between two cells is comparable to the width and length of 

cells, but much larger than the distance in the z direction, (app.A.3) is simplified, 

as follows   
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   (app. A. 5) 

where 21 2 1d d d= − , 24 2 4l l l= − , 14 1 4l l l= − , 23 2 3l l l= −  and 13 1 3l l l= − .  

The complete integration result of (app.A.5) is very complicated. A two-dimensional 

numerical integration with Gaussian Quadratures Algorithm can simplify and 

accelerate the integration.  

3. When the cell and the layer are very close, especially the layer is inside the cell, 

no approximation can be adopted. The integration result of (app.A.3) is given by  
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where ( ) ( )2 2
1 2A y y z z′= − + − . 

Since the complete integration result of (app.A.6) is extremely complicated, a three-

dimensional numerical integration with Gaussian Quadratures Algorithm can be used 

to simplify and accelerate the integration. 
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Appendix B 

Formulas to Calculate Partial Parameters in Non-ferromagnetic 

Plates for Full-wave Frequency  
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Figure app.B.1 A cell and two layers in partial inductance calculation 

Equation (6.42), (6.43) and (6.44) in Chapter 6 which are used to calculate the partial 

inductance and partial potential coefficient for full-wave frequency are rewritten as 

follows 
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where 21 2 1w w w= − , ,1nS  and ,2nS  are, respectively, the upper and lower layer of 

current cell m . mS  is the center layer area of the potential cell m .  

It is found that the formula for calculate the partial potential coefficient mnP  is 

identical to that in ELF which has been discussed in Appendix A. The resultant mnT  in 

Appendix A can be applied to calculate mnP  here directly.  

1T  and 2T  in (app.B.1) and (app.B.2) can be represented by a general expression FWT  

with  five-folds integration 

( ) ( ) ( )

2

2
2 2 4 2 4

1 1 3 1 3

1

1 2 2 2
1 2 1 2 0

1 2 1 2

m n

K z

FW S V

K zd w w l l

d w w l l

K eT dSdV
r r

e dx dx dy dy dzK
x x y y z z

−

−

=
′−

=
− + − + −

∫ ∫

∫ ∫ ∫ ∫ ∫
 (app. B.4) 

where 1 21, 1/K K τ= =  for (app. B.1) and /
1 2, 1/dK e Kτ τ−= =  for (app. B.2). The 

meanings of the variables are given in Figure app.B.1. 

1. When the distance between two cells is much large than width, length and 

thickness of the cell , there is 

( ) ( ) ( )

2 21
21 43 21 43

1 2 2 2
1 2 1 2 1

K d

FW

i i i i i

l l w w eT K
x x y y z z τ

−

= −
− + − + −

  (app. B.5) 

where 1 1, 1,i i ix y z  and 2 2,i ix y  are respectively the coordinate of center point inside cell 

and the layer. 21 2 1d d d= − , 21 2 1l l l= − , 43 4 3l l l= − , 21 2 1w w w= −  and 43 4 3w w w= − .  
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2. When the distance between two cells is comparable to the width and length of 

cells, but much larger than the distance in the z direction, (app.B.4)  can be 

simplified to  

( ) ( )
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∫ ∫

  (app. B.6) 

where 21 2 1d d d= − , 24 2 4l l l= − , 14 1 4l l l= − , 23 2 3l l l= −  and 13 1 3l l l= − .  

The complete integration result of (app.B.6) is very complicated. A two-dimensional 

numerical integration with Gaussian Quadratures Algorithm can simplify and 

accelerate the integration.  

3. When the cell and the layer is very close, especially the layer is inside the cell, no 

approximation can be adopted. The integration result of (app.B.4) is transformed 

to  
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∫ ∫ ∫    (app.B.7) 

where ( ) ( )2 2
1 2 0A y y z z= − + − . 

Since the complete integration result of (app.B.7) is extremely complicated, a three-

dimensional numerical integration with Gaussian Quadratures Algorithm can be used 

to simplify and accelerate the integration. 
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