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Abstract

This thesis aims to identify and analyze the nonlinear behavior in the three-

phase voltage source converter, which is widely used as an interface converter in

a distributed hybrid power system (DHPS). In this system, the converter does

not work as a standalone converter but operates as a subsystem that connects

to a non-ideal power grid and interacts indirectly with other subsystems via a

point of common coupling (PCC). It has been observed that specific bifurcation

phenomena occur in this grid-connected system. Bifurcation analysis is carried

out to identify these phenomena, and a design-oriented analysis is adopted to

derive practical parameter boundaries that divide the various possible operating

regimes.

Specifically, a catastrophic bifurcation is identified for the three-phase voltage

source converter. When this bifurcation occurs, the DC output of the converter

will collapse, and the input line current will expand to a very high level, which is

dangerous for the grid. A set of design-oriented parameter boundaries are given.

Also, the cause of this special bifurcation is identified by inspecting the nonlinear

operation of the converter circuit. This phenomenon is studied experimentally in

this thesis.

Furthermore, an irreversible bifurcation phenomenon is reported in a three-

phase voltage source converter connected to a non-ideal power grid with an in-

teracting load, which represents a practical form of system configuration. Due

to the limited input active power given to the converter by the power grid, the
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DC voltage of the converter will drop when the converter fails to get the power

it needs. The converter then sinks reactive power and operates “abnormally”. A

large-signal analysis is adopted to identify the physical origin of the phenomenon

and to locate the boundary of the instability. The phenomenon is verified exper-

imentally.

Finally, a low-frequency Hopf-type instability phenomenon in the three-phase

voltage source converter is identified when the converter is connected to a non-

ideal power grid. An averaged model has been developed for the grid-connected

converter system to predict the low-frequency instability. Additionally, as a result

of the emergence of low-frequency oscillation, it is found that the stability bound-

ary leading to a catastrophic bifurcation is significantly varied. The low-frequency

instability and its effects on the stability margin are verified experimentally.
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Chapter 1

Introduction

1.1 Motivation

Power generation systems were first constructed in 1881. Over the past 130 years,

a simple centralized structure has been adopted for power distribution, in which

electric power is generated from central generating plants and transmitted to

the final users unidirectionally. With the increasing demand of electric power,

huge generating plants and complex distribution networks have been developed.

However, the system suffers from a number of disadvantages. First, the system

requires the consumption of chemical energy resources such as coal and natural

gas. The use of these fossil fuels has negative effects on the environment as it

produces greenhouse gases like carbon dioxide, sulfur dioxide, etc. These kinds

of non-renewable resources are limited on our earth. At the current rate of en-

ergy consumption, the non-renewable resources may only sustain for about 100

more years, posing a serious “energy crisis” for our earth [1]. As a result, the

use of renewable or alternative energy sources has been growing rapidly. Up to

2011, renewable energy has accounted for over 25% of the world’s total energy

consumption. The actual amount of global renewable power capacity grows even

faster, as shown in Fig. 1.1 [2].

1
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Figure 1.1: Global renewable power capacity excluding hydroelectric power.

Secondly, the centralized structure of the power grid is prone to intentional

attacks. When one central generation plant collapses, the whole grid it supports

will be blacked out. In the northeast blackout of 2003 in the U.S. and Canada,

the failures of several key transmission lines made one power station go offline.

This fault spread out through the power grid quickly and finally affected an

estimated 10 million people in Ontario and 45 million people in eight U.S. states

[3]. Blackouts would cause serious consequences due to the highly dependence

on electricity of many cities. Transportation systems will be paralyzed without

electricity, commercial activities and public services would be forced to shut down

causing great financial losses. More recently, the blackout in India left more than

600 million people without electricity [4].

In order to provide robust power distribution, some new technologies have

been developed. One popular solution is the distributed generation system. Dis-

tributed generation is an effective approach to the manufacture and transmission
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of electric power. It reduces the amount of energy lost in transmitting electricity

because energy is generated very near where it is used, even at the same premis-

es. This reduces the size and number of power lines that must be constructed.

If renewable energy resources are used as distributed generation resources, the

resulting distributed hybrid power system can also be referred to as renewable

energy systems.

Distributed generation allows collection of energy from many sources, and

has lower environmental impact and improved security of supply. In addition to

requiring less long-distance power transmission, local power production reduces

waste by lessening dependance on the infrastructure of large power plants and

distribution systems. The future power system will consist of several subsystems

called distributed power systems (DPS) with both stand-alone and plug-and-

produce functionalities, which include the efficient capture of renewable energy

sources. A conceptual view of this kind of systems can be shown in Fig. 1.2 [5].

The pollution related to current energy production can be reduced if more

renewable power sources, such as wind power, solar power, fuel cells, can be con-

nected to the local power grid. Thus, the system is best described as distributed

hybrid power system (DHPS) as it involves the integration of renewable sources

with the power distribution grid. A detailed representation of the system is shown

in Fig. 1.3, which highlights the final connection of the users and the grid.

When a final user with distributed resources needs to connect to the power

grid, a bidirectional power converter is needed. When there is not enough local

power, the user can acquire power from the main grid. However, when the local

power generating device can provide enough power, the excess power can be stored

or even transmitted back to the grid. Thus, bidirectional power converters are

essential for the construction of a distributed generation system.

The three-phase alternative current (AC) power is adopted in the existing

power system because it is easy to generate and transmit. In the DHPS, a large
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Figure 1.2: General power system based on several subsystems or distributed
power systems (DPS).

Figure 1.3: Distributed hybrid power system (DHPS).
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amount of direct current (DC) devices such as energy storage, solar power, even

DC link capacitors in wind power, are included at the user end. As a result,

bidirectional three-phase AC-DC converters are needed for this application.

In this study, a widely used three-phase AC-DC converter is chosen as the

subject of investigation. The nonlinear behavior of this converter is studied in this

thesis, especially under distributed power system environment. The nonlinearity

of operation is shown to cause stability problems or oscillations in this system.

Our aim is to specify the risk of the undesirable phenomena and provide design

guidelines to guarantee operation in a safe region.

1.2 Literature Review

1.2.1 Three-Phase Voltage Source Converters

Traditionally, AC-DC converters, which are also known as rectifiers, are developed

using diodes and thyristors to provide controlled and uncontrolled unidirectional

and bidirectional DC power. For the bidirectional power flow from the AC utility

grid to DC output and vice versa, an ideal converter is normally used. AC-DC

converters are widely employed in uninterruptible power supply (UPS) systems,

power supplies for telecommunication equipment, HVDC systems, distributed

energy sources such as wind energy generation systems, battery energy storage

systems, power conversion systems for process technology such as electroplating,

welding units, battery charging [6, 7, 8, 9]. Due to its wide usage in power con-

version systems and renewable energy systems, the three-phase AC-DC converter

has attracted much research attention, which mainly lies in the following aspects.
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Figure 1.4: Converter-based classification of improved power quality converters.

Topologies

The simplest idea of converting AC power into DC power is to use a diode rectifier

[10, 11]. Operating at a low switching frequency (line frequency), they can also

be called line-commutated converters. However, the input current and output

voltage cannot be controlled. Thus, there are harmonic distortions in the line

current and unity power factor (UPF) cannot be achieved. Since high harmonic

content cannot be accepted in the power grid, and the reactive power generat-

ed by rectifiers would cause power loss through increased conduction loss in the

transmission line, new standards have been introduced by governments or orga-

nizations to limit the harmonic content and improve power factor of the current

drawn from the power line by rectifiers. Consequently, new topologies have been

deployed for rectification applications [12, 13, 14, 15, 16, 17].

Thanks to the development of various technologies in the last couple of decades

such as power circuit configurations, control strategies, solid-state devices, inte-

grated circuits and magnetics, many practical forms of three-phase power con-

verters have been developed. These converters can be basically categorized into

unidirectional and bidirectional power flow. According to different applications,

these converters can be further classified into the following categories, as shown

in Fig. 1.4 [18].

For the bidirectional power flow from the AC grid to the DC output, an
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Figure 1.5: Circuit of the three-phase voltage source converter.

ideal converter is normally required in renewable energy generation systems,

such as the doubly-fed induction generator (DFIG) in wind power, the charg-

ing / discharging converter in electrical vehicles (EV), or line interactive UPSs

[19, 20, 21, 22, 23, 24, 25, 26]. Although the buck-boost converters have more

flexibility in applications and the multilevel and multipulse converters can further

achieve better performance with lower harmonic distortions, they cost too much

on devices or require much more complex control strategies. Thus, for general

applications, the boost rectifier is still the most popular choice. There are typical

applications of boost rectifiers in wind power [9, 27], photovoltaic systems [28],

electrical vehicles [29], etc.

The three-phase boost rectifier is also known as the three-phase voltage source

converter (VSC), or three-phase power factor correction (PFC) or three-phase

pulse-width-modulated (PWM) regenerative rectifier. In this thesis, all these

terms are referring to the same power converter circuit shown in Fig. 1.5.

This universal topology has the advantage of using a low-cost three-phase

module with a bidirectional energy flow capability. Also, it can provide unity

power factor (UPF) [30]. Comparing to the traditional solutions such as thyristor



8 1. Introduction

or chopper, the three-phase voltage source converter reduces the number of power

devices and is capable of grid current and power factor control.

Control strategies

Until the 1990s, AC-DC converters had been dominated by uncontrolled rectifiers

or line-commutated phase-controlled rectifiers. The forced-commutation concept

in three-phase VSCs had been proposed for some time [31], but only since the

advent of semiconductor devices and micro-controllers, forced-commutated pulse

width modulated (PWM) three-phase VSCs had begun to draw much more at-

tention. Some early works on this topic can be found in the literature, such as the

hysteretic current control (HCC) proposed by Ooi et al. in 1987 [32]. However,

the main drawback of this control is that its average switching frequency varies

with the DC load current. Thus, the predictive current control strategy with

fixed switching frequency was proposed by Wu et al. [33].

The control strategies of the three-phase VSCs can be generally classified

into two basic types: indirect current control and direct current control. One

of the first type of indirect current control is the phase and amplitude control

(PAC) [34, 35], which has a simple structure and provides a good switching

pattern. Some emerging ideas include the direct power control (DPC), where

no internal current loops or PWM modulator block is needed and the converter

switching signals are appropriately determined by a switching table based on

the instantaneous errors between the estimated and the actual values of active

and reactive power [36]. Without the control for the input current, such control

strategies are simple and can be implemented without using current sensors.

However, the drawbacks are the slow response of the converter, and some potential

safety or stability issues due to the elimination of the current loop [37].

Direct current control has better performance amidst these problems. The

initial solution was the previously mentioned hysteresis current control (HCC)
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[32], which can also be regarded as an AC current control (CC). The main dis-

advantage of the HCC is that its average switching frequency fs varies with the

DC load current. To address this issue, a predictive current control strategy with

fixed switching frequency (PCFF) was proposed in [33].

However, the most widely used control technique is the voltage oriented con-

trol (VOC), which was developed in [38, 39], based on the use of a rotating

dq-reference frame model in which the d-axis is aligned to the grid voltage vec-

tor. This is a dual method of the field oriented control (FOC) for AC motor

drivers, and demonstrates great convenience because the space-vector of the fun-

damental has constant components in the dq-frame while other harmonics have

sinusoidal components. The objective of the converter is to generate or absorb

sinusoidal current at the fundamental frequency. Thus, the components of the

reference current in the dq-frame are DC quantities. A mathematical model for

the three-phase VSC with VOC was proposed in [40]. This model is found useful

for practical design. Additionally, the voltage loop and the current loop, which

are actually the outer loop and the inner loop, can be considered as being de-

coupled. This will result in a much simpler control design, which will be further

discussed in Section 2.3.

Many other advanced controls have been presented in the literature to achieve

optimum performance. In 1999, Kom et al. [41] proposed the feedforward current

control using a formula to predict the switching space vector so that the current

sensor can be eliminated. Also Wang et al. [42] introduced a method of active

damping for current control to take advantage of the the zero impedance offered

by LCL-filter at its resonance frequency.

Modulation techniques

Many AC-DC power converters employ carrier-based PWM methods due to their

fixed switching frequency, low ripple current, and well-defined harmonic spectrum
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characteristics. The aim of the modulation is to program a “per carrier cycle

average output voltage” equal to the reference signal. Employing the triangle-

intersection technique [43] or direct digital pulse programming technique [44],

carrier-based PWM methods provide a linear relationship between the reference

and output voltages within a limited range.

The modulator characteristics determine that there are linear and non-linear

regions for the PWM method. In the simple and widely used modulator, which

is the sinusoidal PWM (SPWM) [43, 45, 46], the sinusoidal reference waveform

(the modulation wave) of each phase and a periodic triangular carrier wave are

compared and the intersection points determine the commutation instants of

the associated inverter leg switches. However, the portion of the modulation

signal having a larger magnitude than the triangular wave peak value remains

unmodulated, and the gate signals remain on or off for a full carrier cycle.

Operating in the nonlinear modulation range, or in more common terms, the

over-modulation range could be problematic. First, a large amount of subcarrier

frequency harmonic currents are generated. Second, the fundamental component

voltage gain decreases significantly. Also the switching device gate pulses are

abruptly dropped [47].

In the over-modulation region, the voltage gain of the PWM modulator is

varying [48, 49], leading to a nonlinear command signal-output voltage relation-

ship [50]. This nonlinearity will also cause saturation in the control loop [51].

Thus, some advanced technologies have been adopted to improve the linear range,

such as SVPWM, THIPWM, DPWM [44, 52, 53, 54, 55]. However, these modu-

lation technologies will surely add the complexity in digital processing.

Grid interaction

The above-mentioned works are concerned with stand-alone three-phase VSCs,

which means that the power grid is considered as an ideal AC voltage source.
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However, in a practical power grid, depending on the grid configuration, a large

set of grid impedance exsist, e.g., DHPS is commonly installed in weak grids

with long radial distribution feeders [56]. The grid impedance may interact with

the converter, and cause stability and harmonic problems, even if the converter

has been properly designed. Traditionally, phasor-based models are adopted to

analyze the effect of interfacing converters on grid stability below the fundamental

frequency [57, 58]. Research efforts have been devoted to the stability issues

on the grid interaction [59, 60, 61, 62, 63]. It has been shown that sustained

harmonic oscillation and other stability problems emerge due to the presence of

high impedance [59], [61]. Research has been conducted using a detailed inverter

model to analyze the grid interaction and the effect of coupling with other grid-

connected converters [64, 50, 65, 66].

However, a set of impedance ratio criteria was developed by Middlebrook in

1976 [67]. It was proposed for input filter design of various of power converters,

and proved to be a very effective method for stability design of the converter

with input filter [68, 69, 70, 71, 72, 73]. Then this set of criteria was extended

to the series connected converters or small systems with power source and load

[74, 75, 76, 77, 78, 79, 80, 81]. Recently, due to the concern of system stability

of distributed power grids, a generalized impedance-based criterion was used to

study stability and power quality issues in AC distributed systems [62, 59].

An unbalanced three-phase grid may cause even harmonics at the DC output

and the input current [82]. Some solutions were studied such as the use of negative

sequence in the reference current [83] which may lead to uncontrollability of the

power factor unfortunately, or, the use of two current controllers for positive and

negative sequences [84] which also created stability problems. Recent work has

extended the small-signal stability analysis method to three-phase unbalanced

systems [62], which may help solve the unbalanced problem from the impedance

analysis point of view.
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1.2.2 Bifurcation Analysis

Nonlinearity widely exists in power electronic circuits. Active research on this

topic began from the late 1980s. In 1988, Hamill and Jefferies [85] first report-

ed the analysis of chaos and bifurcation dynamics in DC-DC converters. Then

in 1989, Deane and Hamill [86, 87] examined the first order and second order

voltage-mode controlled buck converters. With the input voltage serving as a

bifurcation parameter, the converter was shown to bifurcate from stable opera-

tion to subharmonic oscillations, then to chaos. Chaos was shown by determining

boundary conditions on circuit differential equations, by SPICE simulations and

by experiments. In 1990, Krein and Bass [88] observed the unboundedness, chat-

tering, and chaos in simple power electronic circuits experimentally.

In 1994, period-doubling cascades were demonstrated by Tse [89] in a simple

boost converter operating in discontinuous mode. This work attempted to model

the boost converter, when operating in discontinuous mode, as a first-order itera-

tive map, and to analytically locate the onset of period-doubling bifurcation. For-

mal theoretical study of the conditions for possible occurrence of period-doubling

cascades in the discontinuous mode DC-DC converter was reported in 1997 by

Chan and Tse [90]. In 1999, El Aroudi et al. [91] also found that Hopf bifurcation

can occur at a certain value of the parameters when the pulse width modulation

(PWM) period is varied.

Much of the early work had focussed on voltage-mode controlled DC-DC con-

verters. In fact, the current-mode control is very widely used in boost or buck-

boost DC-DC converters. The chaotic behavior was first reported in current-

model boost converter by Deane [92]. Chan and Tse [90, 93] studied various

routes to chaos and their dependance upon the choice of bifurcation parameters.

Similar study in the boost converter was reported by Banerjee who summarized

much of the previous work in [94].



1. Introduction 13

Furthermore, the chaotic and bifurcation phenomena in paralleling converters

were studied. Iu and Tse [95, 96] reported the instability and bifurcation phe-

nomena in parallel-connected buck converters. Then in parallel-connected buck

converters, a low-frequency bifurcation phenomenon was found by them in 2003

[97]. Furthermore, Huang et al. [98] found that, for parallel-connected buck

converters, the system exhibits either a slow-scale bifurcation (Neimark-Sacker

bifurcation) or a fast-scale bifurcation (period-doubling), depending on the val-

ue of the integral time constant. This kind of coexisting fast-scale and slow-

scale bifurcation is found to be a general phenomenon, which is also identified in

current-mode controlled DC-DC converters in 2008 by Chen et al. [99].

For the single-phase power factor correction (PFC) circuit, Orabi and Ni-

nomiya [100] found that period-doubling oscillation occurs when the load varies

from 100% to 15%, or when the output capacitor varies. The nonlinear phe-

nomenon was analyzed by the method of double averaging by Wong et al. in

2006 [101]. Then in 2009, Chu et al. [102] extended the previous work to a

two-stage boost PFC with a downstream DC-DC converter.

In 2003, Süto and Nagy [103] provided some preliminary analysis and simula-

tion results of bifurcation phenomena in three-phase converter systems. Also in

2004, Gao and Chau studied the synchronous reluctance motor drives based on a

PID control for speed error regulation, and analyzed Hopf bifurcation and chaos

in the system [104]. For a three-phase power system, some initial findings were

discussed by Wang [64] and Belkhayat [66].

Bifurcation control is another important topic, which refers to the task of

designing a controller that can modify the bifurcating properties of a given system,

so as to achieve some desirable dynamical behavior [105]. In 1995, Poddar et al.

[106] attempted to control chaos in DC-DC converters by identifying the unstable

fixed points in every cycle.
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1.3 Objectives of the Thesis

Power electronics systems are nonlinear dynamical systems. Current design of

power electronics systems is based on linear analysis, and the results are often

not satisfactory for some practical conditions. Research on the nonlinear behavior

of power converters therefore has significant practical values. In the distributed

hybrid power systems, grid-connected power converters are working in a new

application environment where the connecting power grid is non-ideal and some

other interacting loads may be connected to the point of common coupling (PCC).

In such systems, complex bifurcation phenomena may occur under variation of a

large number of parameters. Our aims in this thesis are to perform bifurcation

analysis to identify these phenomena, and to describe a design-oriented analysis

to identify regions in practical parameter space where the system operates in

specific operating regimes including stable operation and other possible dynamical

behaviors.

1.4 Organization of the Thesis

The thesis is arranged in the following order.

The circuit configuration of the three-phase voltage source converter (VSC)

and the mathematical model used for control design are reviewed in Chapter 2.

The saturation of the output under the application of the usual modulation tech-

niques is also described. In particular, the expressions of the SPWM output in

the linear operation region and the over-modulation region are derived.

Then, the bifurcation and instability phenomena in this converter are identi-

fied and analyzed in Chapters 3 to 5.

Specifically, in Chapter 3, the nonlinear operation of a stand-alone three-phase

VSC is modeled and analyzed. This nonlinear operation is due to the varying
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series resistance of the line reactor and the saturation characteristic of the PWM

module. Due to this nonlinearity, the VSC exhibits a catastrophic bifurcation

and enters an abnormal operation region.

In Chapter 4, the non-ideal grid conditions are taken into consideration. In

addition, some loads may be connected to the power grid at the point of common

coupling (PCC). Meanwhile the grid impedance can be different, depending on the

grid structure and the location where the converter is connected. With the grid

impedance and interacting loads varying unpredictably, an irreversible bifurcation

phenomenon has been identified.

In Chapter 5, the effects of grid impedance are studied in some depth. Be-

cause the grid impedance is high in a weak grid, which is common in distributed

generation systems, the impact of grid impedance on the control design of the

three-phase VSC will be discussed in this chapter. A low-frequency oscillation,

which can also be regarded as a Hopf bifurcation, is identified. Furthermore, the

interaction of the two previously found bifurcation phenomena is studied. In the

low-frequency Hopf bifurcation, the expanded limit cycle pushes the VSC closer

to the stability boundary of the catastrophic bifurcation, which is highly unde-

sirable for practical purposes. It is shown that the stability margin is affected by

variation of grid and converter parameters.

Finally, the thesis concludes in Chapter 6 and some suggestions for future

research are also proposed.
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Chapter 2

Overview of Three-Phase Voltage

Source Converters

Three-phase voltage source converters (VSCs) are designed to provide constant

DC bus voltage, with low input harmonic current distortion and a fully control-

lable power factor. They serve as the essential interface for many power conversion

systems with the AC mains. The basic circuit design, modeling and control strat-

egy will be discussed in this chapter. We will focus on the VSC working in the

rectifier mode, commonly known as the three-phase boost rectifier. In the rest of

this thesis, the terms “three-phase voltage source converter (VSC)”, “three-phase

boost rectifier”, “three-phase power factor correction (PFC) power supply”, all

refer to the same topology shown in Fig. 2.1.

2.1 Steady-State Operation

Figure 2.1 shows a common three-phase voltage source converter. It can be

divided into four parts. The ideal power grid is represented by an AC voltage

source. The other parts include a line reactor, which is essentially an inductor, a

rectifying bridge with a DC link capacitor, and a DC load connected to the DC

17
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Figure 2.1: Circuit of the three-phase voltage source converter.

side.

For a balanced three-phase system, we can represent this system by a single-

phase equivalent circuit, as shown in Fig. 2.2. The voltage source vka represents

the output voltage generated by the six-switch bridge. The line current iga is

determined by the voltage across the inductance L and Rs interconnecting the

two voltage sources. When we control the phase angle ϕ and the amplitude of

converter voltage vkx (x = a, b, c), we control indirectly the phase and amplitude

L sR

ga
v

ka
vga

i

Figure 2.2: Single-phase equivalent circuit for the three-phase voltage source
converter.
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Figure 2.3: Phasor diagram of a three-phase voltage source converter. (a) The
converter works with unity power factor (PF = 1); vg and ig are in phase. (b)
The converter works with non-unity power factor (PF < 1).

of the line current, as depicted by the phasor diagram shown in Fig. 2.3.

The inductors connecting the grid and switches not only act as input filters,

but also provide a current source characteristic of the input circuit and step-up

(boost) function of the converter.

2.2 Mathematical Model

For a balanced three-phase system, the three-phase grid voltage and current can

be expressed as [107]

vga = Vg cos(ωt+ θ(0)) (2.1)

vgb = Vg cos(ωt+ θ(0)− 2π/3) (2.2)

vgc = Vg cos(ωt+ θ(0) + 2π/3), (2.3)
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and

iga = Ig cos(ωt+ θ(0) + ∆θ) (2.4)

igb = Ig cos(ωt+ θ(0) + ∆θ − 2π/3) (2.5)

igc = Ig cos(ωt+ θ(0) + ∆θ + 2π/3), (2.6)

where θ(0) is the initial phase angle of the system, and ∆θ is the phase angle

difference between voltage vector and current vector. Obviously, if the converter

works in unity power factor (UPF), we will have ∆θ = 0. Since there is no neutral

connection, we obtain

iga + igb + igc = 0. (2.7)

2.2.1 Converter abc-Model

The three-phase VSC can be described by four state equations, one for the voltage

of each phase and one for the current on the DC side [40], i.e.,

L
diga
dt

= −Rsiga + vga − vka (2.8)

L
digb
dt

= −Rsigb + vgb − vkb (2.9)

L
digc
dt

= −Rsigc + vgc − vkc (2.10)

C
dvdc
dt

= igaSa + igbSb + igcSc − idc, (2.11)

where Sx(x = a, b, c) is the switching function, which can be naturally defined as

Sx =

 1 if upper switch is on

0 if upper switch is off
(2.12)

The output voltage of the six-switch bridge vk can also be expressed in terms
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Figure 2.4: The abc-model of the three-phase voltage source converter.

of the switching functions.

vka = favdc = (Sa −
Sa + Sb + Sc

3
)vdc (2.13)

vkb = fbvdc = (Sb −
Sa + Sb + Sc

3
)vdc (2.14)

vkc = fcvdc = (Sc −
Sa + Sb + Sc

3
)vdc. (2.15)

A block diagram representation of this three-phase abc-model is shown in Fig.

2.4.
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2.2.2 Converter αβ-Model

We define the amplitude invariant Clarke transformation as

Tαβ =
2

3

 1 −1
2

−1
2

0
√
3
2

−
√
3
2

 . (2.16)

Then, the grid voltage vector vg in the three-dimensional stationary reference

frame can be transformed into a two-dimensional stationary reference frame by

applying the matrix on the three-dimensional vector vg, which is

vgαβ = Tαβ · vg (2.17)

Thus, the abc-model described by (2.11) is transformed to

L
digα
dt

= −Rsigα + vgα − vkα (2.18)

L
digβ
dt

= −Rsigβ + vgβ − vkβ (2.19)

C
dvdc
dt

=
3

2
(igαSα + igβSβ)− idc. (2.20)

The complex vector in the two-dimensional stationary reference frame vgαβ

is also rotating counterclockwise, which is same as that in the three-dimensional

stationary reference frame.

2.2.3 Converter dq-Model

Applying the Park transformation to the stationary reference frame αβ-model,

the transfer matrix is given as

Tdq =

 cos θv sin θv

− sin θv cos θv

 . (2.21)
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In this transformation, the transfer matrix is time varying, i.e.,

θv = ωt+ θ(0). (2.22)

The two-dimensional stationary reference frame grid voltage vector vgαβ is

further transformed to the two-dimensional synchronous reference frame, i.e.,

vgdq = Tdq · vgαβ. (2.23)

Finally, the expression of the grid voltage can be written as

vgdq = Tdq · Tαβ · vg (2.24)

= Tdq · Tαβ · Vg


cos(ωt+ θ(0))

cos(ωt+ θ(0)− 2π/3)

cos(ωt+ θ(0) + 2π/3)

 (2.25)

= Vg

 cos(ωt+ θ(0)− θv)

sin(ωt+ θ(0)− θv)

 . (2.26)

From (2.22), we only need to make sure that θv could follow the grid phase

angle ωt+ θ(0), which can be detected and calculated from the three-phase grid

voltage. Hence, it can be easily found that the elements of the complex vector in

two-dimensional synchronous reference frame vgdq only have two constant values,

since cos 0 = 1 and sin 0 = 0.

In particular, it should be noted that all the three-phase elements, such as

grid current ig, output voltage of bridge vk, and passive elements L,Rs, should be

transformed into the dq-model under the two-dimensional synchronous reference

frame. Fortunately, the passive elements can stay the same form as they are

under the three-dimensional stationary reference frame.
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Obviously, there are a lot of benefits of using this transformation. Firstly, the

three-dimensional signals or elements are transformed to two-dimensional signals

or elements, which means that it is much simpler to process the parameters.

Secondly, the sinusoidal signals are transformed to constant values, for example,

the grid voltage which is shown in (2.26). Thus, it is more convenient for the

control design.

However, there are cross-coupling items coming out from this transformation,

which can be shown as follows.

L
d

dt
(Tdq ·

 igα

igβ

) = −Rs(Tdq ·

 igα

igβ

) + Tdq ·

 vgα

vgβ

− Tdq ·

 vkα

vkβ


(2.27)

LTdq ·
d

dt

 igα

igβ

+ L(
d

dt
Tdq)

 igα

igβ

 = −Rs

 igd

igq

+

 vgd

vgq

−

 vkd

vkq


(2.28)

L
d

dt

 igd

igq

+ L

 0 ω

−ω 0


 igd

igq

 = −Rs

 igd

igq

+

 vgd

vgq

−

 vkd

vkq


(2.29)

Using the above transformation, the entire model of the three-phase voltage

source converter can be written in the dq-transformation as follows

L
digd
dt

= ωLigq −Rsigd + vgd − vkd (2.30)

L
digq
dt

= −ωLigd −Rsigq + vgq − vkq (2.31)

C
dvdc
dt

=
3

2
(Sdigd + Sqigq)− idc. (2.32)

A block diagram of this two-dimensional dq-model (2.32) in synchronous refer-

ence frame is shown in Fig. 2.5. It should be noticed that the cross-coupling exists
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Figure 2.5: The dq-model of the three-phase voltage source converter.

due to the rotating feature, as denoted by ωL in Fig. 2.5. However, by inserting

ω = 0, this diagram can be degenerated to αβ-model in the two-dimensional

stationary reference frame. The cross-coupling should be compensated when de-

signing the control strategy to achieve a decoupled control.

2.3 Control Design

2.3.1 Current Regulator

As mentioned in Section 1.2.1, the vector oriented control (VOC) is widely used

in the three-phase voltage source converter, due to the features of fixed switching

frequency and fine current tracking capability of the inner current loop.

First of all, the cross-coupling should be compensated in the control as men-

tioned in Section 2.2. Then, the current control regulator can be reduced to a

first-order delay, by decoupling the d and q axes. In this control, the block named

“ωL” is applied to compensate the inductive cross-coupling of the circuit.

Using the above compensation technique, the current loop is simplified as the

block diagram shown in Fig. 2.7. Since the same control applies to both d and q

axis regulators, subscripts d and q are omitted here. The parameters are defined
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Figure 2.6: Control block diagram of the three-phase voltage source converter.
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Figure 2.7: Block diagram of the inner current loop.

as follows.

Ts sampling time

Kip DC gain of current loop PI controller

Ti time constant of current loop PI controller

KPWM gain of PWM module

Kline gain of line reactor

Tline time constant of line reactor

The power unit has a time constant which is one half of the sampling period

Ts [40]. To further simplify the block diagram shown in Fig. 2.7, the two blocks

with smallest time constants (sample & hold and PWM) are merged together to
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form a single block with equivalent time constant Tei, which is given by

Tei ≈ Ts +
Ts

2
= 1.5Ts. (2.33)

The dominant pole in the load can be canceled by setting the internal time of

the PI controller equal to that of the load

Ti = Tline (2.34)

With the simplification of (2.33) and the time constant selection of (2.34), the

closed-loop transfer function of the system in Fig. 2.7 can be written as

Hci =
1

1 + sTline

KiKPWMKline
+ s2TlineTei

KipKPWMKline

. (2.35)

It is a typical second-order system, and the damping factor is given by

ζ2 =
Tline

4KipTeiKPWMKline

=
1

2
(2.36)

The closed-loop transfer function (2.35) can be further simplified by neglecting

the s2 term. The first-order approximation is obtained as

Hci =
igdq
idq,ref

=
1

1 + sTet

. (2.37)

where Tet = 4Teiζ
2. The closed-loop system can be optimized to a critically

damped system, which means ζ =
√
2/2. Thus, we can design the proportional

gain Kip from the above information.

2.3.2 DC Bus Voltage Regulator

The DC bus voltage regulator can be modeled as Fig. 2.8. The current loop is
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represented by a simple block Hci in this diagram, a Tv is the time constant of

the PI controller. The parameters are defined as follows.

Tdv feedback-loop delay due to sampling, processing time and filter

Kvp DC gain of voltage loop PI controller

Tv time constant of voltage loop PI controller

Same as the analysis of the current loop, the equivalent time constant Tev can

be obtained by combining the two smallest time constants in the block diagram

of Fig. 2.8, i.e.,

Tev = Tdv + 2Tei. (2.38)

The open-loop transfer function is thus given by

Hov =
Kvp(1 + sTv)

sTv(1 + sTev)sC
. (2.39)

The system response can be designed as a Type-II system [108].

2.4 Modulation Technique

In the most straightforward implementation, generation of the desired output

voltage is achieved by comparing the desired reference waveform (command sig-



2. Overview of Three-Phase Voltage Source Converters 29

0 7.5 15
−2

−1

0

1

2

Time (ms)

A
m

p
li

tu
d
e

V
tri

v
*

Figure 2.9: The command signal v∗ is intersecting with the triangle wave Vtri.

nal) with a high-frequency triangular carrier wave.

The most widely used modulator is the sinusoidal PWM (SPWM). In this

method, the sinusoidal reference waveform (the modulation wave) of each phase

and a periodic triangular carrier wave are compared and the intersection points

determine the commutation instants of the associated inverter leg switches. In the

three-phase voltage source converter shown in Fig. 2.1, associated with SPWM

method shown in Fig. 2.9, the fundamental component v̂k at line frequency f of

phase voltage vkx (with x = a, b, c) is generated from the pulse-width-modulated

output capacitor voltage vdc using switch-pair Sx+ and Sx−.

The control signal of the switch pair are generated from comparison of v∗

(= v∗a, v
∗
b , v

∗
c ) with fixed frequency fs and constant-magnitude triangular wave

Vtri. The modulation index can be defined as the ratio of the peak value of the

command signal and the carrier wave, i.e.,

m =
v∗

Vtri,peak

. (2.40)
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Form ≤ 1, the relationship between v̂k and v∗ (orm) can be considered linear,

i.e.,

v̂k =
vdc
2
m. (2.41)

However, the portion of the modulation signal having a larger magnitude

than the triangular wave peak value remains unmodulated, and the gate signals

remain on or off for a full carrier cycle. This will lead to a nonlinear reference

output-voltage relationship.

In the triangle intersection technique, when the modulation wave magnitude

becomes larger than the peak of the triangular wave, switching during that car-

rier cycle ceases, and the corresponding switch remains locked to the inverter

pole within the carrier cycle. This condition is defined as the “saturation” of

the particular phase. Though not commonly utilized, the terms “unmodulated

phase” will be frequently utilized to indicate that the modulation signal of the

corresponding phase becomes larger than the triangular carrier wave and modu-

lation ceases. At the beginning of the over-modulation region, depending on the

modulator type, one or two of the three modulation waves are simultaneously

saturated. As the modulation index increases, the saturated segments of each

modulation wave and the number of simultaneously saturated phases increase

according to the waveform characteristic of each modulator until the six-step

operating mode is reached [109].

In the over-modulation region, the output of the modulation module is sat-

urated. For a general case, a typical input-output characteristic curve for the

saturation nonlinearity can be described as

vk(ωt) = vk(θ) = {
v̂∗k sin θ; 0 < θ < a

Vdc

2
; a < θ < π

2
,

(2.42)
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where v̂∗k is the peak value of the input command signal, and θ = ωt.

Since the output vk(θ) is an odd function, its Fourier series expansion has only

sine terms. The fundamental harmonic component of the output of vk(θ) can be

given by

vk(θ) = Vk1 sin θ, (2.43)

where

Vk1 =
1

π

∫ 2π

0

vk(θ) sin θd(θ)

=
4

π

∫ π/2

0

vk(θ) sin θdθ ; (quarter wave symmetry)

=
4

π
(

∫ a

0

v̂∗k sin
2 θdθ +

∫ π/2

a

vdc
2

sin θdθ)

=
4

π
v̂∗k

∫ a

0

1

2
(1− cos 2θ)dθ +

4

π

vdc
2

∫ π/2

a

sin θdθ. (2.44)

Specifically, when the output gets saturated, the output voltage reaches the
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maximum value, i.e., v̂∗k sin a = vdc
2
. Then, (2.44) can be further simplified as

Vk1 =
4

π
v̂∗k

1

2
(a− 1

2
sin 2a) +

4

π
v̂∗k sin a cos a

=
v̂∗k
π
(2a+ sin 2a) (2.45)

Following the previous definition, a = sin−1
vdc
2

v̂∗k
= sin−1 1

m
, and (2.45) can be

written as

Vk1 =
v̂∗k
π
(2 sin−1 1

m
+ 2

1

m
cos a)

=
v̂∗k
π
(2 sin−1 1

m
+ 2

1

m

√
1− (

1

m
)2)

=
vdc
π

(m sin−1 1

m
+

√
1− (

1

m
)2). (2.46)

Thus, the output voltage of the modulated signal is

vk(ωt) = Vk1 sinωt. (2.47)

The peak value of the output voltage when modulated in the over-modulation

region is Vk1, which can be written as

v̂k =
vdc
π

(m sin−1 1

m
+

√
1− (

1

m
)2). (2.48)

The expression of v̂k is summarized as

v̂k =


vdc
2
m ;m ≤ 1

vdc
π
(m sin−1 1

m
+
√

1− ( 1
m
)2) ;m > 1

(2.49)

When m ≤ 1, the relationship between v̂k and m is linear. However, when

m > 1, the relationship is nonlinear and will be saturated at 2vdc
π
, as shown in

Fig. 2.11.
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Figure 2.11: The output of the switch bridge becomes saturated when modulation
index increases.

If the modulation index keeps increasing, the output of the switching bridge

v̂k will saturate, and the switching pattern will reach the six-step mode operation,

which can be seen in [109] and Section 4.1.

2.5 Summary

In this chapter, we have briefly reviewed the basics of three-phase voltage source

converters. The steady-state operation is described, and a simple mathematical

model is introduced. Using Park and Clarke transformations, the model is trans-

formed from a three-phase stationary reference frame abc-model to a two-phase

synchronous reference frame dq-model, which can be readily controlled by a de-

coupled dual loop control strategy. The control design has also been discussed

in this chapter. In particular, the pulse-width modulation technique is reviewed

here. The saturation nonlinearity is explained when the converter is working in

the over-modulation region.
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Chapter 3

Catastrophic Bifurcation

We first consider the three-phase voltage source converter connected to an ideal

power grid. The common control which has been discussed in Chapter 2 is imple-

mented by a proportional-integral (PI) scheme. Although much research work has

been developed for better regulation of the output voltage [110, 111, 112, 113], the

main focus of previous works has been on the operation and control of the volt-

age source converter within a relatively small range of operating conditions. Such

linear techniques obviously fall short of predicting large-signal transient stability.

In particular, due to output voltage disturbances, such as those produced by ca-

pacitive loads, the inner current loop can be easily driven into over-modulation

and possible six-step operation mode.

We will start from the situation of an additional load connected to the DC

side of the voltage source converter. A catastrophic bifurcation is identified for

the three-phase voltage source converter. When this bifurcation occurs, the DC

output of the converter will collapse, and the input line current will expand to a

very high level, which is dangerous for the grid. A set of design-oriented parameter

boundaries are given. Also, the cause of this special bifurcation is identified by

analyzing the nonlinear operation of the converter circuit. This phenomenon is

finally observed in experiments, which will also be shown in this chapter.

35
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Figure 3.1: Three-phase voltage source converter.

3.1 A Glimpse at Catastrophic Bifurcation

The circuit of Fig. 3.1 and the associated control of Fig. 3.2 are implemented

using MatLab. The circuit components used in the simulation are shown in

Table 3.1. A three-phase utility of 110 Vrms, which is available in North America,

is used for illustration of the phenomenon. In practice, the rectifier circuit can

provide a regulated voltage of 360 V at a rated output power of 4 kW for a load

of RL = 32 Ω.

The switches are implemented with three CM150DY-24H dual IGBT modules

to make sure that the rectifier can survive after the catastrophic bifurcation.

Equivalent resistance values of Rs ranging from 0.1 Ω to 1 Ω are used to model the

possible range of loss associated with device, conductor resistance and switching

losses of the converter circuit. The efficiencies of the rectifier at RL = 110Ω using

Rs = 0.1Ω and 1 Ω are 92.3% and 89.3%, respectively, which are comparable to

that of similar hard-switching three-phase rectifier circuits (typically around 90%)

[114].

Figure 3.3 shows the transient waveforms of the rectifier when an additional
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Figure 3.2: Controller schematic of the three-phase voltage source converter in
rotating dq reference frame.

load comprising a series connection of a capacitor CP and a resistor RP as given

in dotted lines in Fig. 3.1, is connected in parallel to the output of the rectifier

at t = 0.3 s. This additional load essentially removes the charges stored in the

output capacitor much faster than the controller’s response. An equivalent step

output voltage disturbance is thus created to test the response of the controller

inside the rectifier.

The controller design normally compromises between the performances of the

input power factor correction and the output voltage regulation of a rectifier

[102]. A rule of thumb is to set the controller bandwidth close to the mains

frequency (100 Hz) of the utility grid. However, the grid frequency is normally

low and the power converters connected as loads to the rectifier are responding

much faster. Thus, the electronic load manifests practically as an equivalent

step output voltage disturbance which perturbs frequently the output voltage

of the rectifier. The amount of output voltage disturbance depends on several

parameters such as the time constant of the series connected RPCP load, the

output filtering capacitance C and the response time of the controller. However,

it will be more convenient to use a small varying RP and a constant CP from which

the magnitude of the impulse current can be used as an approximate measure for
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Table 3.1: Circuit components values of the three-phase voltage source converter.
vga,gb,gc vdc f fs L Rs C

110 Vrms 360 V 50 Hz 10 kHz 4.2 mH 0.1–1 Ω 2.35 mF

the amount of voltage disturbance. It has been observed that the converter is

stable if

• the additional load is light and purely resistive,

• the additional load is connected at cold start, and

• the difference between vdc and the voltage across the additional load before

the load is connected to the converter output is small.

When the impulse load current, which is a measure of the equivalent step

output voltage disturbance, is high enough as shown in Fig. 3.3, it can be observed

that the input line current increases suddenly to a very high value and stays there

for the rest of the time unless the converter is shut down manually or by some

protection mechanism. Normal operation is observed at the beginning of the

simulation. Upon application of an impulse load current, the operation loses

stability and enters a (unstable) regime that is accompanied by an expansion in

the line current magnitude. Meanwhile, the output voltage vdc drops abruptly

to 0 V. However, the system behaves differently with different sets of parameter

values. Comparing Figs. 3.3(a) and (b) with Figs. 3.3(c) and (d), we observe

different dynamic behavior corresponding to different sets of circuit parameters.

Since the reactive power can be defined as

Qa = vgaiga sin∆ϕ, for phase-a, (3.1)

where ∆ϕ is the phase difference between line voltage and current. In Fig. 3.3(b),

with a small Rs, the expansion of reactive power is clearly evidenced. This is the

key consequence of this bifurcation phenomenon. Moreover, as Rs increases, real
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Figure 3.3: Transient waveforms showing catastrophic bifurcation of the rectifier
at a load of RL = 110 Ω. The system exhibits different dynamic behavior cor-
responding to different set of parameters. (a) for Rs = 0.1 Ω and using a series
load of capacitor of 2.35 mF and resistor of 10 Ω, (c) for Rs = 1 Ω and using a
series load of capacitor of 2.35 mF and resistor of 10 Ω. The input line current iga
rises to a very high value and stays there after a capacitive load is connected to
the output of the rectifier at t = 0.3 s. Here, the size of the step capacitive load
and the series resistor can be regarded as bifurcation parameters, varying which
would cause catastrophic bifurcation. (b) and (d) are the close-up waveforms of
(a) and (c) showing the expansion of reactive power after the bifurcation point.
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power loss in Rs adds to the reactive power expansion, as shown in Figs. 3.3(c)

and (d).

The sudden irreversible increase in current magnitude can be considered as a

catastrophic bifurcation, and is certainly a very undesirable behavior of the rec-

tifier. In general, bifurcations can be classified into continuous and discontinuous

bifurcations, depending on whether the states of the system are varying continu-

ously or discontinuously as the control parameters are varied gradually through

their critical values [64, 115, 116]. The discontinuous bifurcation phenomenon is

usually accompanied with a structural change in the system as the control pa-

rameters are varied through the critical point, and such a bifurcation may cause

undesirable or even catastrophic consequences as the state variables may exhibit

undesirably wide excursion in the state space causing damage to some system

components. In our case, the system experiences a sudden expansion of reactive

power, which is dangerous for both the converter and the power grid. Thus, we

describe the kind of bifurcation here as catastrophic bifurcation to distinguish the

dangerous boundary from safe boundaries of other bifurcations. Moreover, the

expanded current magnitude is not reversible by changing the capacitor load, and

the large current magnitude could only be removed by shutting down the system.

3.2 Phase Portraits of Catastrophic Bifurcation

To illustrate the routes to catastrophic bifurcation, phase portraits of the control

parameters of id,ref and igd are plotted as shown in Fig. 3.4. The phase portraits

are obtained by applying a series load RP–CP , with CP = 2.35 mF, to the output

of the stable operating rectifier. Two different impulse magnitudes using RP =

30 Ω and RP = 10 Ω are applied, corresponding to the scenarios before and

after the bifurcation. The results are a stable normal operating portrait and a

catastrophic operating portrait, respectively, as shown in Fig. 3.4.
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The stable phase portrait in Fig. 3.4 (a) is plotted using an impulse magnitude

of 12 A (RP = 30 Ω). After the impulse disturbance, the trajectory of the phase

portrait of id,ref and igd goes through a single transient loop and manages to return

to the original stable operating point. For the catastrophic phase portrait shown

in Fig. 3.4 (a), which corresponds to an impulse magnitude of 36 A (RP = 10 Ω),

the trajectory fails to converge to any bounded attractor, with igd following a

damped oscillating path and id,ref diverging to infinity. It should be noted that

the range of id,ref shown in Fig. 3.4 is for the purpose of illustrating the failure of

convergence of the trajectory beyond the bifurcation point. In practice, id,ref is

limited by design, and so is the trajectory.

Similar behavior can be observed for the rectifier with Rs = 1 Ω as shown

in Fig. 3.4 (b), except that the trajectory is damped to a smaller magnitude of

igd. The trajectory beyond the catastrophic bifurcation point likewise diverges to

infinity.

3.3 Boundary of Catastrophic Bifurcation

The catastrophic bifurcation shown in Section 3.1 is caused by the nonlinear char-

acteristics of the DC transfer functions of the current loop, as will be explained

later in this chapter. The steady-state values of igd and io versus id,ref for var-

ious values of Rs are shown in Fig. 3.5. Essentially, as shown in Fig. 3.5, both

igd and io are nonlinearly related to id,ref , with possible unimodal and saturation

characteristics.

In view of these nonlinear characteristics of the current transfer functions,

we have performed a series of simulations to locate the catastrophic bifurcation

boundaries in selected parameter spaces [117, 118]. Since the bifurcation is af-

fected by a number of bifurcation parameters, we apply impulse load currents

with pulse duration of approximately 1 to 5 ms, which is much faster than the
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Figure 3.4: Phase portrait views of catastrophic bifurcation. (a) Rs = 0.1 Ω; (b)
Rs = 1 Ω. The range of id,ref shown is for the purpose of illustrating the failure
of convergence of trajectory beyond the bifurcation point. In practice, id,ref is
limited by design, and so is the trajectory.

voltage loop and is sufficiently long for the purpose of triggering the bifurcation

for different values of Rs and RL. Note that the bifurcation has been shown to
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Figure 3.5: Steady-state plots of igd and io versus id,ref , where vdc is kept at 360
V by varying output resistance RL.

be irreversible, and hence an impulse load current is suitable for studying this

bifurcation and is also feasible for experimental study to be conducted later in

the laboratory for verification purposes. The use of impulse load current would

avoid the need for using a high power DC current load in the experiments. The

boundaries found are shown in Fig. 3.6.

3.4 Analysis of Catastrophic Bifurcation

To understand the catastrophic bifurcation, it is essential to understand the sys-

tem control in terms of the functional blocks shown in Fig. 3.2. The system is

controlled by an inner current loop and an outer voltage loop. The inner current

loop aims to minimize the error between the reference signal (id,ref , iq,ref) and the

current sensed (igd, igq). The outer voltage loop is responsible for minimizing the

voltage difference between Vdc,ref and vdc. The PI control is implemented in the

rotating coordinate system instead of a stationary one. Here, the control loop
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Figure 3.6: Bifurcation boundaries of the rectifier in parameter spaces of (a) 1/RL

versus Rs; and (b) RL versus impulse.

can be simplified into a dual loop control for implementation. The control pa-

rameters, which are normalized in the practical system, are adopted in the model

as well.
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3.4.1 Inner Current Loop

The objective of the inner current loop is to provide a current igx (where x =

a, b, c) which is either in-phase or anti-phase to the line voltage vg, and whose

magnitude is controlled by an external voltage loop. Specifically, the phase cur-

rent ig is generated by controlling vk modulated from the capacitive voltage vdc,

as shown in Fig. 3.1. The phase voltage vk is a SPWM modulated version of v∗k.

The triangular wave angular frequency ωs defines the switching frequency of the

switches in Fig. 3.1. Denote the voltage command signal v∗k as

v∗k = Vk sin(ωt+ θk), (3.2)

where ω = 2πf . Assume that ωs ≫ ω, which is normally true. We have

vk = K
vdc
2

v∗k
Vtri,peak

, (3.3)

where Vtri,peak is the peak of Vtri and K is a scaling factor for control purpose.

Here, in (3.3), vk is the state-space average of vk over a switching period

Ts = 2π
ωs
. We will use vk for vk subsequently to avoid symbol explosion. It is

noted that vk in (3.3) is modulated with the peak-to-peak magnitude of vdc and

is clamped between ±vdc
2
. Therefore, (3.3) is rewritten as

vk(t) = K
vdc
2
mk(t), (3.4)

where

mk(t) =

 1 if |nk(t)| ≥ 1

nk(t) if |nk(t)| < 1
, (3.5)
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with

nk(t) =
vk∗

Vtri,peak

.

Using this average model, the voltage-source rectifier in Fig. 3.1 can be for-

mulated as follows.

L
dig
dt

= vg −Rsig − vk (3.6)

C
dvdc
dt

=
∑

x=a,b,c

igmkx(t)− idc (3.7)

Using three-dimensional stationary to two-dimensional synchronous reference frame

transformation mentioned in Sections 2.2.1 to 2.2.3, equations (3.6) and (3.7) are

expressed in d-q-0 transformed variables as

L
digd
dt

= ωLigq + vgd −Rsigd − vkd (3.8)

L
digq
dt

= −ωLigd + vgq −Rsigq − vkq (3.9)

ig0 = 0 (balanced 3-phase system) (3.10)

where subscripts d, q and 0 correspond to the standard d-q-0 transformed vari-

ables; igd and igq are used to represent the magnitude and phase respectively of

igx, where x = a, b, c. The control of the system is illustrated in Fig. 3.2, where

equations (3.8) and (3.9) are used in the inner-current loop and (3.7) is used in

the outer-voltage loop.

Based on the PI control of current loop in Fig. 3.2, the control voltages are

v∗q = −ωLigd − gI(eq) (3.11)

v∗d = vgd + ωLigq − gI(ed) (3.12)

where eq = iq,ref − igq and ed = id,ref − igd are errors and gI(·) is the PI compensa-
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tion function of the current loop. The current-loop closed-loop equation can be

formulated by equating (3.8), (3.9), (3.11) and (3.12) for (vkq, vkd) and (v∗q , v
∗
d)

using either the time-domain piecewise linear equations (3.4) and (3.5) or the

continuous-time fundamental component approximated equation (2.49).

Normally, the control system is optimized for the region of linear modulation.

Therefore, (2.41) is used. Equations (3.8), (3.9), (3.11) and (3.12) can be com-

bined by putting vkq = v∗q and vkd = v∗d with K =
2Vtri,peak

Vdc,ref
. Suppose the voltage

loop is stable and vdc is regulated at Vdc,ref . Thus, we have

L
deq
dt

− (Kip −Rs)eq −Kii

∫
eqdt = Rsiq,ref (3.13)

L
ded
dt

− (Kip −Rs)ed −Kii

∫
eddt = Rsid,ref (3.14)

where gI(x) = Kipx+Kii

∫
xdt with Kip and Kii being design constants.

From (3.13) and (3.14), the relationship between system implementation and

inner current loop control parameters can be found easily. The stability of the

inner current loop can be achieved by properly choosing the circuit and control

parameters in these two equations. Here, we assume that the parameters are

properly designed and the inner current loop works normally.

It can be observed that when the modulation enters the nonlinear region of

(2.48) or (3.5), the control deviates from the optimal system characteristic of

(3.13) and (3.14). Fortunately, the exact dynamics of the current control loop

are not crucial in explaining the catastrophic bifurcation observed here, since

the inner current loop is much faster than the outer voltage loop. Using power

balance (3.15), the steady-state current transfer function (3.16) can be obtained.

To simplify the analysis, the aggregated inductor resistive loss is considered as
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the equivalent total loss of the converter.

Pload = Pinput − Ploss (3.15)

io =
3
(
vgdigd + vgqigq −Rs

(
i2gd + i2gq

))
2vdc

(3.16)

The steady-state transfer functions of io and igd versus id,ref are plotted as

shown in Fig. 3.5 using both (3.16) and circuit simulations with different values

of Rs. It is evidenced from (3.16) and Fig. 3.5 that there is a maximum io,

denoted as io,max with corresponding igd(io,max). There are two possible igd’s for

any output current io < io,max. Denoting the two igd’s as igd1 and igd2, we have

igd1 < igd(io,max) < igd2. (3.17)

The unimodal transfer function shown in Fig. 3.5 has indicated two saturation

mechanisms. According to (3.11), (3.12) and (3.16), io increases with increasing

v∗q and v∗d which can be caused by increasing id,ref and keeping iq,ref at zero within

the current control loops. With the current control loop kept below saturation,

we have (vkq, vkd) ≈ (v∗q , v
∗
d) and (igq, igd) ≈ (iq,ref , id,ref) = (0, id,ref), i.e.,

igq = 0, and (3.18)

igd = id,ref . (3.19)

However, io saturates at io,max =
v2gd

8vdcRs
due to the output power saturation as

indicated in the io versus id,ref transfer functions for Rs = 1 Ω and 0.5 Ω, as shown

in Fig. 3.5. Before io saturates, igd increases linearly with increasing id,ref .

When Rs is sufficiently small, as shown in the transfer curves for Rs = 0.1 Ω

plotted in Fig. 3.5, the current control loop would saturate before io does. The
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current control loop saturates when vkq and vkd reach the upper bound given by

√
v2kd + v2kq ≤ Vk,max =

2vdc
π

, (3.20)

where Vk,max is the maximum magnitude of the fundamental at ω given by (2.48)

or the fundamental component of vk in (3.4). Using (3.8) and (3.9), the critical

value igd,critical of igd occurs at

igd,critical =
vgdRs +

√
v2gdR

2
s + (R2

s + ω2L2)(v2gd − V 2
k,max)

R2
s + ω2L2

(3.21)

For any id,ref > igd,critical, the converter can no longer maintain a unity power

factor. From (3.11) and (3.12), the steady-state saturation errors of eq and ed

dominate, giving

v∗d
v∗q

=
−(id,ref − igd)

−(iq,ref − igq)
=

−(id,ref − igd)

igq
. (3.22)

Therefore, using (3.20), we have

vkd,saturated =
−(id,ref − igd)√
(id,ref − igd)2 + i2gq

Vk,max (3.23)

vkq,saturated =
igq√

(id,ref − igd)2 + i2gq

Vk,max (3.24)

From (3.8) and (3.9), vkd,saturated and vkq,saturated are also given by

vkd,saturated = ωLigq + vgd −Rsigd (3.25)

vkq,saturated = −ωLigd + vgq −Rsigq (3.26)

Eliminating vkd,saturated and vkq,saturated from (3.23) to (3.26), the values of

igd and igq after id,ref ≥ igd,critical can be calculated in terms of id,ref as igd =
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hd(id,ref) and igq = hq(id,ref). Both hd(id,ref) and hq(id,ref) can be calculated in a

straightforward manner, and we can write

igd = fd(id,ref), and (3.27)

igq = fq(id,ref) (3.28)

where

fd(id,ref) =

 id,ref if id,ref < igd,critical

hd(id,ref) if id,ref ≥ igd,critical

and (3.29)

fq(id,ref) =

 0 if id,ref < igd,critical

hq(id,ref) if id,ref ≥ igd,critical

(3.30)

The io versus id,ref transfer function for various values of Rs can be calculated

using (3.16), (3.18), (3.19), (3.27) and (3.28), as given in Fig. 3.7(a).

The detailed calculation results can be listed below, when Rs = 0.1 Ω,

hd(id,ref) = (8789230.0id,ref + 2968560.0 ∗ (4.0i2d,ref − 72.94id,ref − 65066.38)(1/2)

+3876.0id,ref(0.5(4.0i
2
d,ref − 72.94id,ref − 65066.38)(1/2) − 13.41)

+2635.0i2d,ref − 122963706.47)

/(289.0i2d,ref − 5270.0id,ref + 4084250.0)

(3.31)

hq(id,ref) = (624650.0id,ref + 459420.0 ∗ (4.0i2d,ref − 72.94id,ref − 65066.38)(1/2)

−50388.0id,ref(0.5(4.0i
2
d,ref − 72.94id,ref − 65066.38)(1/2) − 13.41)

−34255.0i2d,ref + 551050584.12)

/(289.0 ∗ x2 − 5270.0 ∗ x+ 4084250.0)

(3.32)
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When Rs = 0.5 Ω,

hd(id,ref) = (222091150.0id,ref + 63612000.0 ∗ (4.0i2d,ref − 319.59id,ref − 43835.12)(1/2)

+552900.0id,ref(0.5(4.0i
2
d,ref − 319.59id,ref − 43835.12)(1/2) − 58.76)

+375875.0i2d,ref − 12893105734.54)

/(9409.0i2d,ref − 751750.0id,ref + 116521250.0)

(3.33)

hq(id,ref) = (78081250.0id,ref + 57427500.0(4.0i2d,ref − 319.59id,ref − 43835.12)(1/2)

−1437540.0id,ref(0.5(4.0i
2
d,ref − 319.59id,ref − 43835.12)(1/2) − 58.76)

−977275.0i2d,ref + 7335134909.79)

/(9409.0i2d,ref − 751750.0id,ref + 116521250.0)

(3.34)

The catastrophic bifurcation will be explained in the next subsection in terms

of the interaction of this current transfer function and the outer voltage loop.

3.4.2 Outer Voltage Loop

The outer voltage loop is responsible for minimizing the voltage difference between

Vdc,ref and vdc. The control of the output voltage, as described in Fig. 2.6, is given

as

id,ref = gv(ev), (3.35)

where

ev = Vdc,ref − vdc, (3.36)

gv(ev) = Kvpev +Kvi

∫
evdt. (3.37)

with Kvp and Kvi being design constants used in the converter implementation.
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Combining with (3.7) and (3.16), the voltage loop-gain state equation is ob-

tained as

C
dev
dt

+
3

2

vgdfd (gv(ev))−Rs

(
f 2
d (gv(ev)) + f 2

q (gv(ev))
)

vdc
− vdc

RL

= 0. (3.38)

The outer voltage loop can be designed according to (3.37) and (3.38). The

circuit and control parameters can be chosen according to system specification.

Here, instead of optimizing the circuit and control parameters, we focus on the

undesirable operation described by these two equations. Since (3.38) is nonlin-

ear, we apply the usual linearization and perturbation procedure to obtain the

following small signal equation:

C
dêv
dt

+
3

2

vgdf
′
d − 2Rs(fdf

′
d + fqf

′
q)

vdc
gv(êv) = 0, (3.39)

where vgd is the steady-state solution of the converter. The values of vdc can be

approximated as Vdc,ref . Substituting y =
∫
êvdt, (3.39) can be rewritten as

ÿ +
3

2C

vgdf
′
d − 2Rs(fdf

′
d + fqf

′
q)

Vdc,ref

(Kvpẏ +Kviy) = 0, (3.40)

and the characteristic equation is

λ2 +
3

2C

vgdf
′
d − 2Rs(fdf

′
d + fqf

′
q)

Vdc,ref

(Kvpλ+Kvi) = 0. (3.41)

The roots of the characteristic equation can be easily found. The root locus

is computed for parameters listed in Table 3.1 with Rs = 1 Ω, as illustrated in

Fig. 3.7. When the output current io is increasing, which would result in an

increment in id,ref , the roots of the characteristic equation (3.41) move along the

red locus shown in Fig. 3.7 (b). Once this root locus hits the origin of the complex

s-plane, it splits into two real roots which move in opposite directions. A right
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Figure 3.7: (a) Operating plots io versus id,ref ; (b) root locus on s-plane of outer
voltage loop characteristic equation. Operating point A (region I) corresponds
to stable operation with characteristic roots located in the stable left-half s-
plane. Critical operating point C corresponds to characteristic roots merging to
origin in the s-plane. Crossing point C, the system moves to unstable region II,
corresponding to a characteristic root located in the positive real axis. The system
cannot stay in this unstable operating state and drifts to region III irreversibly.
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half plane (RHP) root immediately emerges, meaning that the outer voltage loop

is no longer stable. More specifically, referring to Fig. 3.7 (a), with io < io,max,

we have id,ref = igd1 or igd2 as explained earlier. If id,ref = igd1 < igd(io,max),

corresponding to point A (region I) in Fig. 3.7 (a), the roots of the characteristic

equation are complex and satisfy

Re|λ| < 0, (3.42)

and the system is stable. However, as id,ref increases, point A moves towards the

critical point C, where io = io,max. At this point, the roots of the characteristic

equation are 0. As id,ref increases further, the operating point moves to point B

(region II), which is unstable as the roots are real with

λ1 < 0, λ2 > 0. (3.43)

The system fails to operate stably at B and drifts towards region III, as shown

in Fig. 3.7 (a). The operating point cannot revert to region I unless id,ref is reset.

Thus, if the system is subject to external perturbation such that it enters the

unstable region, then id,ref will be driven to a much higher value (corresponding

to region III), which causes the system to enter an abnormal state where no active

power is produced.

Clearly, the boundary of the catastrophic bifurcation can be calculated in

terms of the incremental id,ref that is pushed by external perturbation. The

condition for the occurrence of catastrophic bifurcation is when id,ref is pushed to

the critical operation point igd(io,max) where the characteristic roots land on the

real axis and one enters the unstable region, i.e.,

∆id,ref = igd(io,max)− igd (3.44)
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Figure 3.8: Discharge model for the estimation of output voltage variation upon
insertion of the impulse load of RPCP .

Furthermore, suppose ∆id,ref(t) is driven by the impulse current upon insertion

of RP–CP at t = 0 on the DC side, i.e.,

∆id,ref(t) = gv(ev) = gv(Vdc,ref − vdc(t)), (3.45)

where

vdc(t) =
Vdc,ref(e

− t
RP Ceq + C

CP
)

1 + C
CP

, and (3.46)

Ceq =
CCP

C + CP

(3.47)

are estimated from the model given in Fig. 3.8. We assume that the outer voltage

loop has nearly no response within the delay time td [108], which is given by

td ∼=
1.1 + 0.125δ + 0.469δ2

ωn

, (3.48)

where δ and ωn are calculated from the characteristic equation (3.41). Considering

the fast transient within td, variation of voltage due to ioRL and the integration

effect of gv have been ignored in the calculation for simplicity. Thus, the RP that
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may drive the converter into catastrophic bifurcation is given by

RP = − td

Ceq ln((1− igd(io,max)−igd)

KvpVdc,ref
)(1 + C

CP
)− C

CP
)

(3.49)

When Rs = 1 Ω and the steady-state load current io = 3.27A, an RP smaller

than 15.5 Ω, or an impulse current higher than 23.5 A, is enough to drive the

converter into catastrophic bifurcation.

3.5 Experimental Observation

Our purpose here is to verify the catastrophic bifurcation phenomenon identified

and analyzed in previous sections. Table 3.2 gives the component values used.

For experimental feasibility, a non-optimized equivalent value of Rs = 1 Ω is used

to illustrate the existence of the catastrophic bifurcation. Figure 3.9 shows the

experimentally observed bifurcation behavior, which is in perfect agreement with

the simulated results given in Figs. 3.3 (c) and (d). The undesirable operation can

be clearly identified in the waveform. The system achieves normal operation, and

quickly moves to an abnormal one upon application of a current impulse. The

result shows that the converter exhibits the bifurcation phenomenon mentioned

in Section 3.4.

Note that we use a non-optimized Rs here due to the current rating constraint

of the main switches, nonetheless, the result adequately validates the phenomenon

as explained in Section 3.1. The impulse current amplitude used is 36 A, as cal-

culated in the previous section. For smaller Rs, the current expansion is expected

to be very severe without a proper limiting arrangement, as shown in the simu-

lated waveforms given in Figs. 3.3 (a) to (b). This phenomenon is clearly highly

undesirable and should be avoided.

The real power loss of the converter can be calculated considering the total
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Table 3.2: Circuit components values of the experimental three-phase voltage
source converter with an input protective transformer. The component values of
L, Rs and C are referred to the transformer secondary.

Parameters/Components Values
vga,gb,gc 110 Vrms
vdc 360 V
f 50 Hz
fs 10 kHz
L 4.2 mH
Rs 1 Ω
C 2.35 mF
RL 110 Ω
RP 10 Ω
CP 2.35 mF
Kvp 2 Ω−1

Kvi 500 (Ωs)−1

resistance of converter Rtotal. For the balanced three-phase system, the real power

loss is

Ploss = 3i2ga,RMSRtotal. (3.50)

In the experiment, the iga,RMS expands from 4 A to 43.53 A. Therefore, the real

power loss increases over 100 times.

3.6 Summary

Catastrophic bifurcation has been found for the three-phase boost power recti-

fier. Essentially, the input current suddenly expands as a sufficiently large step

load is connected, or under variation of other parameters. The root cause of this

phenomenon is the nonlinear characteristics of the current transfer functions of

the converter. The output current will reach a maximum as the control reference

current increases, altering the system’s loop-gain, thereby destabilizing the sys-

tem. A common practice of preventing this catastrophic bifurcation is to clamp

the control reference current below the maximum point. Stability boundaries
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Figure 3.9: Experimental waveforms showing catastrophic bifurcation of the rec-
tifier when it is triggered by a current impulse shown as green channel 4 (10
A/div). Channel 1 (red, 50 V/div), channel 2 (yellow, 50 A/div) and channel
3 (blue, 100 V/div) are waveforms of phase-a line voltage vga, line current iga
and output voltage vdc, respectively. (a) Waveforms of the one-shot transient
response at 20 ms/div with timing of the triggering load current impulse. The
system clearly experiences a transition from normal operation to an abnormal
one. (b) Enlarged waveforms at 5 ms/div after the impulse triggering, where the
line input current iga stays high, and output voltage drops to a value much below
the reference voltage of the voltage loop of the rectifier circuit.
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have been identified for the converter, clearly suggesting how stability could be

affected by variation of some selected parameters.

In this chapter, we report the catastrophic bifurcation in the three-phase volt-

age source converter and identify the cause of the bifurcation. Our results provide

design information regarding the choice of operating parameters that would en-

sure proper stable operation. Specifically we consider a common control scheme

applied to the three-phase voltage source converter, and we show that the bifurca-

tion is caused by the nonlinear operation of the converter circuit. When triggered

by an impulse load current, the system loses stability in a catastrophic bifurca-

tion which is accompanied by an expansion of reactive power or equivalently an

expanded excursion in the state space.



Chapter 4

Irreversible Bifurcation

Phenomenon

The three-phase voltage source converter is normally designed with the assump-

tion of ideal input voltage conditions. However, non-ideal voltage conditions

are common in practical input supply sources, especially in weak AC systems

[60, 119]. In addition, some other loads may connect to the power grid at the

point of common coupling (PCC) in practice. Under such a situation, the system

works under non-ideal input conditions and is at the same time interacting with

other loads via the grid, as depicted in Fig. 4.1. In this representation, Lg repre-

sents the grid impedance, which is mostly inductive in practice. Also, a simplified

three-phase balanced interacting load R is connected to the same PCC.

With the grid impedance and interacting load varying unpredictably, if the

design of the control loop assumes the presence of an ideal power grid, undesirable

problems can be expected when the system works under the influence of a realistic

source impedance and variation of interacting load. In this chapter, we will study

the situation that the grid impedance is inductive and a three-phase balanced

resistive load is connected at the same PCC which is interacting with the VSC.

61
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Figure 4.1: Three-phase voltage source converter or boost rectifier connecting to
non-ideal grid with interacting load.
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Table 4.1: Parameters of non-ideal power grid and interacting load.
vga,gb,gc f Lg R

110 Vrms 50 Hz 0.1–4 mH 0.4–10 Ω

Table 4.2: Circuit parameters of the three-phase voltage source converter.
Vdc,ref Rs L C RL fs
360 V 0.01 Ω 1.2 mH 2.35 mF 32 Ω 10 kHz

4.1 A Glimpse at the Instability

The circuit is shown in Fig. 4.1, and the control stays the same as shown in Chap-

ter 3. The whole system is implemented using MatLab. The circuit components

and grid parameters used in the simulation are shown in Tables 4.1 and 4.2. In-

stability has been observed with the values of the interacting load resistance used

in the simulation. Figure 4.2 and 4.3 show the transient waveforms illustrating

the instability when a varying resistive interacting load is presented with the grid

impedance Lg = 3 mH.

From Fig. 4.2, we observe that, when the interacting resistive load becomes

heavy, the output voltage Vdc cannot be maintained at the regulated level, and

decreases to a very small level. Furthermore, the whole transient process can be

observed in Fig. 4.2(b). Moreover, the magnitude of the input current soars to a

very high value while the input voltage drops to a small value unless the converter

is shut down manually or by some protection mechanism. Meanwhile, the phase

shift of voltage vka,kb,kc approaches 180
◦ relative to the input line voltage, as shown

in Fig. 4.3. The expansion of reactive power is clearly evidenced in Fig. 4.3.

In addition, from Fig. 4.4(a), we see that the switching signals work at the

line frequency with the phase shift being 180◦ relative to the input line voltage.

Furthermore, as shown in Fig. 4.4(b), the command signals are much larger than

the triangular carrier wave, and are intersecting with the carrier at the line fre-

quency. The transition to instability can be regarded as a catastrophic bifurcation
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Figure 4.2: Irreversible instability caused by presence of grid impedance and
interacting load. (a) Transient waveforms for R = 0.4 Ω connecting to PCC at
t = 0.8 s. (b) Enlargement of the waveforms of (a) around t = 1 s. The instability
can only be removed by shutting down the system.
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Figure 4.3: Waveforms of the converter after becoming unstable.
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Figure 4.4: Switching signals and command signals of the converter after becom-
ing unstable. (a) Switching signals of converter which is consistent with PCC
voltages. (b) Command signals after getting into instability.
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as shown in Chapter 3, which is not reversible by reducing the interacting load

current. The large current can only be removed by shutting down the system.

4.2 Analysis of the Instability

4.2.1 System Operating Principle

In order to get a clear understanding of the instability phenomenon of the system,

it is necessary to employ a suitable model for the power grid and to take adequate

account of the operating characteristics of the rectifier. For a balanced three-

phase system, the single-phase equivalent model shown in Fig. 4.5 is valid. Also,

we can infer that the currents ig, ir and ik have the same phase angle when the

converter is working with unity power factor. From KVL and KCL, we get

V⃗g = V⃗pcc + V⃗Lg (4.1)

Ig = Ir + Ik (4.2)

where V⃗g, V⃗pcc, and V⃗Lg are the vectors of vgx, vpccx and vLgx (x = a, b, c); VLg ,

Vpcc and Vk are the rms values of vLgx, vpccx and vkx, respectively; and Ir, Ik and

Ig are the root mean square (RMS) values of irx, ikx and igx, respectively. From

(4.1) and (4.2), we observe that the phase angle between V⃗pcc and V⃗Lg is exactly

90◦. Furthermore, the magnitude relationship of parameters Vg, Vpcc and VLg can

be represented by

V 2
g = V 2

pcc + V 2
Lg

(4.3)

From the foregoing analysis, we readily see that the relationship of VLg , Vpcc

and Vg in the grid side is linear. Also, Pout can be provided to the converter

according to Pout = 3Po = 3VpccIk. Therefore, putting VLg = ωLgIg, Vpcc = RIr
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and Pout = 3Po = 3VpccIk to (4.2) and (4.3), we have

9(ωLg)
2I4k +

6(ωLg)
2

R
I2kPout +

[
1 +

(
ωLg

R

)2
]
P 2
out = 9V 2

g I
2
k (4.4)

where ω = 2πf , and Vg is constant. Thus, Pout exhibits a maximum at Pout,max,

i.e., the input active power of the converter is limited. In other words, the input

current of converter Ik varies nonlinearly with the converter power Pout.

To find the maximum power Pout,max, we set dPout,max/dIk = 0, and use (4.4)

to obtain

Pout,max =
V 2
g + (R2 + (ωLg)

2)

2(ωLg)2
−

√
(R2 + (ωLg)2)(R2 + (ωLg)2 + 2V 2

g R)

2(ωLg)2
(4.5)

Thus, the system is stable if the load satisfies

Pin,ref =
V 2
dc,ref

RL

≤ Pout,max (4.6)

Here, the inductor power loss can be ignored since Rs ≈ 0.

4.2.2 Transient to Instability

The three-phase active rectifier in the system can be represented by an average

model under a sinusoidal pulse-width-modulation (SPWM) scheme. The funda-

mental component v̂k at line frequency f of phase voltage vkx (with x = a, b, c)

is generated from the pulse-width-modulated output capacitor voltage vdc using

switch-pair Sx+ and Sx−. The switching signals of the switch-pair are generat-

ed by comparison of the sinusoidal phase voltage signal v∗x (x = a, b, c) and the

constant-magnitude triangular wave Vtri, as shown in Fig. 2.6. The operation

characteristics of the PWM are shown in Fig. 4.6, where m is the modulation

index (i.e., m = v∗

Vtri,peak
). When m ≤ 1, the orbit of the control signal vk remains
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Figure 4.5: Single-phase equivalent model.

below the peak of the triangular carrier Vtri, and the relation between v̂k and m

(or v∗k) can be considered linear, i.e.,

v̂k =
vdc
2
m. (4.7)

However, when m > 1, the peak of the command v∗k exceeds the peak of the

triangular carrier. Only the portion of v∗k below the peak of the carrier is effective

and the remaining part makes the duty cycle constant (1 or 0). Thus, the PWM
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Figure 4.8: Locus of eigenvalues as Ik increases.

signal starts to drop pulses. As v∗k becomes larger, the effective part becomes

smaller, as shown in Fig. 4.6. Thus, the linearity between v̂k and v∗k no longer

holds as shown in Chapter 2, and v̂k becomes

v̂k =
vdc
π

m sin−1 1

m
+

√
1−

(
1

m

)2
 . (4.8)

The control signal v∗k can be described as

v∗k =
2

vdc
V ∗
k sin(ωt+ θv) (4.9)

where ω = 2πf . Practically, since ωs ≫ ω, we can apply averaging to get

vk =
vdc
2

v∗k
Vtri,peak

(4.10)

where Vtri,peak is the peak value of Vtri, vk is the average value of vk over a switching

period Ts = 2π/ωs. Considering the fundamental component only, we write vk for

vk subsequently to avoid confusion. From equations (4.7) and (4.8), the system
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would work in the linear region when v∗k ≤ vdc
2
.

Thus, using the average model, the three-phase boost rectifier can be modeled

as

L
dikx
dt

= vpccx −Rsikx − vkx; for x = a, b, c (4.11)

C
dvdc
dt

= io −
vdc
RL

. (4.12)

Employing synchronous reference frame transformation of three-dimensional

vector, the system can be described in the dq0 rotating coordinate, i.e.,

L
dikd
dt

= ωLikq + vpccd −Rsikd − vkd (4.13)

L
dikq
dt

= −ωLikd + vpccq −Rsikq − vkq (4.14)

C
dvdc
dt

=
3

2vdc
(vpccdikd + vpccqikq)−

vdc
RL

(4.15)

where subscripts d, q and 0 corresponds to the standard dq0 transformed variables

and i0 = 0 since the three-phase system is balanced. The ikd and ikq can represent

the magnitude and phase respectively of ikx (x = a, b, c). The control of the

converter is illustrated in Fig. 3.2, where equations (4.13) and (4.14) are used

in the inner current loop and (4.15) is used in the outer voltage loop. The

inner current loop aims to minimize the errors between the reference signals

(id,ref , iq,ref) and the sensed currents (ikd, ikq). The outer voltage loop is responsible

for minimizing the voltage difference between vdc,ref and vdc.

Based on the PI control of current loop in Fig. 3.2, the control voltages are

shown as

v∗d = vpccd + ωLikq − gI(∆eid) (4.16)

v∗q = vpccq − ωLikd − gI(∆eiq) (4.17)
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where ∆eid = id,ref − ikd and ∆eiq = iq,ref − ikq are errors and gI(.) is the PI

compensation function of the current loop. As described in Fig. 3.2, the control

of the output voltage can also be given as

id,ref = gV (∆ev) = Kvp∆ev +Kvi

∫ t

0

∆evdt (4.18)

where ∆ev = vdc,ref − vdc is the error and gV (.) is the PI control function of the

voltage loop. Fortunately, the exact dynamics of the current control loop are

not crucial in explaining the irreversible instability observed here, since the inner

current loop is much faster than the outer voltage loop. Moreover, since the

currents ikd and ikq can closely follow the reference, the relation ikq = iq,ref = 0

holds, and the rectifier is still working with unity power factor even when the

converter is transiting to instability, as shown in Fig. 4.2(b). Thus, we may

analyze the cause of instability using (4.4).

To simplify the analysis, resistive losses in series with inductors are ignored

since Rs ≈ 0. Applying the power balance (4.19), and using (4.4) (i.e., ikd =
√
2Ik), the current transfer function (4.20) can be obtained.

Pin = Pout = vdcio (4.19)

Pout = f(ikd) = 3ikd
−(ωLg)

2ikd +R
√

2V 2
g (R

2 + (ωLg)2)− (ωLg)2R2i2kd

2(R2 + (ωLg)2)
(4.20)

Combining (4.12), (4.18), (4.19) and (4.20), and ignoring the fast dynamics of

the current loop (i.e., assuming ikd = id,ref), the voltage loop gain state equation

is obtained as follows:

C
d∆ev
dt

+
f(gv(∆ev))

vdc
− vdc

RL

= 0 (4.21)
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Thus, the characteristic equation can be obtained as

λ2 +
1

Cvdc,ref

df

dikd
(Kvpλ+Kvi) = 0. (4.22)

To study the system’s stability using the characteristic equation, we use the

parameters listed in Tables I and II, with Lg = 3 mH and R = 0.4Ω. Using

(4.4), we obtain the characteristic shown in Fig. 4.7. Furthermore, df
dikd

> 0 when

Pin,ref < Pout,max, and the roots of (4.22) are negative, which means that the

system is stable. On the contrary, as the input active power increases exceeding

Pout,max, i.e., Pin,ref > Pout,max, the converter would still make its active current

ikd increase beyond the point Pin,ref = Pout,max while the grid can no longer pro-

vide enough power. Thus, the input active power would collapse as the current

increases, i.e., df
dikd

< 0, and the converter is unstable as the roots of the char-

acteristic equation are real with λ1 < 0, λ2 > 0. The root locus is illustrated in

Fig. 4.8. Therefore, from the analysis above, it can be observed that ∆ev will

increase (i.e., ∆ev > 0).

4.2.3 Unstable Operation

From Fig. 4.7, active current Ik also exhibits a maximum at Ik,max, i.e., the input

active current ikd of the converter has been limited by the grid since ikd =
√
2Ik.

From (4.4), the maximum active current ikd,max is

ikd,max =
√
2
Vg

ωLg

. (4.23)

However, from the outer loop analysis, ∆ev will get larger, and the id,ref has not

been limited. Also, based on (4.18) and (4.21), the time derivative of id,ref can be
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Figure 4.9: Reference current id,ref versus active current ikd.

written as

did,ref
dt

= Kvp
d∆ev
dt

+Kvi∆ev > 0. (4.24)

From (4.24), the current ikd could not follow the reference value id,ref after crossing

the point id,ref = ikd,max, i.e., ∆eid > 0, as shown in Fig. 4.9. Also, we can

get limt→+∞ g(∆eid) = +∞ from (4.24) since ikd is limited within (0, ikd,max).

Combining with (4.16), we get

lim
t→+∞

v∗d = −∞ (4.25)

Thus, limt→+∞ V ∗ = limt→+∞

√
v∗2d + v∗2q = +∞ ≫ vdc. From the analysis above,

the system works in the nonlinear region when V ∗
k > vdc

2
. But the fundamental

component phase angle θv is still decided by the values of v∗d and v∗q using (4.8).

At the AC side of converter, using the equivalent circuit and ignoring the

inductor resistance (Rs ≈ 0), the vector equation can be obtained as

V̇pcc = V̇k + jωLİk (4.26)
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where V̇pcc = vpccd + jvpccq, İk = ikd + jikq, and V̇k = vkd + jvkq. Solving this

equation yields

 ikd =
1
ωL

(vpccq − Vk sin θ)

ikq = − 1
ωL

(vpccd − Vk cos θ)
(4.27)

where Vk =
√
v2kd + v2kq ≤

vdc
2

and sin θ =
v∗q
V ∗
k
, cos θ =

v∗d
V ∗
k
. Combining (4.25) and

(4.27), we get ikq < 0. Also, the value of ikq is limited within (−vpccd+Vk

ωL
,−vpccd

ωL
),

while iq,ref = 0. Similar to the d-axis, we have

0 <
vpccd
ωL

≤ ∆eiq ≤
vpccd + Vk

ωL
(4.28)

lim
t→+∞

v∗pccq = −∞ (4.29)

Putting (4.27) and (4.28) in (4.16) and (4.17), we have

lim
t→+∞

v∗q
v∗d

= lim
t→+∞

g(∆eiq)

g(∆eid)
= 0 (4.30)

Therefore,

lim
t→+∞

sin θ = lim
t→+∞

v∗q
V ∗
k

= 0 (4.31)

lim
t→+∞

cos θ = lim
t→+∞

v∗d
V ∗
k

= −1 (4.32)

It could be inferred that the phase shift of the switching signal approaches

180◦ relative to the input line voltage vpccx from (4.31) and (4.32), as shown in

Fig. 4.4. So, the phase shift of the voltage vkx(x = a, b, c) relatives to the input

line voltage vpccx(x = a, b, c) also approaches 180◦.
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Thus, as t → +∞, the values of (ikd, ikq) can be written as

lim
t→+∞

ikd = 0 (4.33)

lim
t→+∞

ikq = − 1

ωL
(vpccd + Vk) (4.34)

From the analysis above, it can be shown that the operating state cannot

return to the stable state by changing the parameters and the only way to remove

instability is by resetting the rectifier.

4.2.4 Analysis of Instability

After the system gets into the irreversible instability, the closed-loop control ceas-

es to work. From (4.25) and (4.29), theoretically, the control loop pushes the

command modulation signals under dq-axis toward negative infinity. This will

result in the line current saturating at (4.33) and (4.34) due to device limitation-

s. Meanwhile, the active power Pout and reactive power Qout of the converter can

be rewritten in the dq coordinate as

Pout =
3

2
(vpccdikd + vpccqikq) (4.35)

Qout =
3

2
(vpccdikq − vpccqikd) (4.36)

Therefore, combining equations (4.33), (4.34), (4.35) and (4.36), we get

lim
t→+∞

Pout = 0 (4.37)

lim
t→+∞

Qout = − 3

2ωL
(v2pccd + Vkvpccd) (4.38)

From the above equations, it can be shown that after the system getting into

irreversible instability, the active power supplied to the converter would drop to

zero while the reactive power would expand to very large value. There is not
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enough active power to sustain the DC output in the resistive load. The DC

output voltage begins to drop. However, the control loop fails to narrow the gap

between the voltage reference and the DC output voltage. It can only push the

command signals v∗d and v∗q toward negative infinity which will cause the output

voltage to reach 0 V finally.

The rectifier does not work with unity power factor, but rather work with

zero power factor. The system gets into the final unstable state and the reactive

power expands at this point. The converter works with significant reactive power

transferred from the grid.

Meanwhile, as the dq-axis command signals v∗d and v∗q are being pushed to

negative infinity, the abnormal v∗d and v∗q make the command signal v∗k increase

beyond the peak of the triangular carrier wave. When v∗k becomes very large,

the expanded command signals only intersect with the carrier wave at the line

frequency. Moreover, we observe that the switching signals when the modulation

index is limited (i.e., m ≤ 1) would also vary at line frequency since the duty cycle

of the switching signals is only determined by the intersection of the command

signals and the triangular carrier. The power switches are thus only switched at

the line frequency regardless of the modulation index being limited or not.

4.2.5 Derivation of Stability Boundary

From the analysis above, we can get the precise stability boundary analytical-

ly from (4.5) and applying Pin = 3I2kRs +
v2dc,ref
RL

at the boundary point (Pin =

Pout,max). It can be readily shown that the theoretical boundary of stability is
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given by

4(ωLg)
4R2(

3V 2
g R

2(ωLg)2
−

v2dc,ref
RL

)2

− 12(ωLg)
2V 2

g [R
2 + (ωLg)

2](R +Rs)(
3V 2

g R

2(ωLg)2
−

v2dc,ref
RL

)

+ 9[R2 + (ωLg)
2]V 4

g (R +Rs)
2 = 0.

(4.39)

The above analytical result will be used in the next section for comparison with

simulation results.

4.3 Simulation Verification

In this section, we provide computer simulation results to verify the analytical

findings. Our simulations can be regarded as a viable form of verification as

the simulation model is the exact original physical system. In our simulations,

the boundaries of stability in the parameter space [116] are actually found by

simulating the system under different parameter sets and observing the steady-

state behavior for each set of parameters. Comparison of the analytical stability

boundaries and those found by numerical simulations are shown in Fig. 4.10.

From the results, we conclude that the analytical findings are in perfect agreement

with the simulations since the model for power balance and power limitation here

can be very precise. Moreover, the effect of variations of parameters Vg, Lg and

RL, R on the stability boundary given in (4.39) can be visualized in Fig. 4.10.

Here, since the converter can be regarded as a constant power load (i.e., Rs ≈ 0),

the effects of parameter vdc,ref on the boundary can be inferred from the stability

boundary with the parameter RL using vdc,ref =
√
PinRL.
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Figure 4.10: Stability boundaries by analysis and simulations. (a) Boundaries of
stability in the parameter space of R and RL for Lg = 1.5 mH and Lg = 3 mH
with Vg = 110 V. (b) Boundaries of stability in the parameter space of R and Lg

for RL = 15 Ω and RL = 32 Ω with Vg = 110 V. (c) Boundaries of stability in the
parameter space of Lg and RL for R = 1 Ω and R = 0.4 Ω with Vg = 110 V. (d)
Boundaries of stability in the parameter space of Lg and R for Vg = 100 V and
Vg = 120 V with R = 0.4 Ω. (e) Boundaries of stability in the parameter space
of Lg and RL for Vg = 100 V and Vg = 120 V with RL = 32 Ω under the control
parameters Kvp = 0.1, Kvi = 8, Kip = 6, Kii = 100.
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Figure 4.11: Experiment platform for demonstrating irreversible instability.

4.4 Experimental Verification

To verify the nonlinear phenomenon observed in the foregoing sections, we have

constructed an experimental system in our laboratory. The complete control has

been implemented on a DSP board according to the control function shown in

Fig. 3.2. The DSP processor TI TMS320F2812 was employed with the sampling

rate of the control board set at 20 kHz. The IGBT modules used in experiment

were connected in parallel, and adopted a symmetric PWM modulation at 10 kHz

switching frequency applied to the control signals. The experimental platform

is shown in Fig. 4.11. A three-phase voltage regulator has been used as the

grid voltage Vg in the experiment. The experimental parameters are listed in

Tables 4.1 and 4.2 with Lg = 3 mH and R = 0.4 Ω.

Figure 4.12 shows the input voltage and line current before the system crosses

the stability boundary. Figure 4.13 shows the instability phenomenon when the

interacting load R is connected to the PCC which is similar with the simulation

in Fig. 4.2 (b). The transient stages to instability are shown in Figs. 4.13 (b) and
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Figure 4.12: Waveforms of vpcca, ika, vdc under stable operation.

(c). It can be observed that the converter still works in unity power factor before

going to the unstable operation. Figure 4.14 presents the waveforms of vpcca, ika,

and vdc after the system enters the unstable region. It can be shown that the

line input current ika expands to a very high value, and the output voltage vdc

drops to a value which is very close to zero. Moreover, the boost rectifier works

in the instability region with excessive reactive power absorbed from the power

grid while little active power is processed. Since the voltage regulator used in the

experiment has a non-zero output impedance, the maximum value of current ika is

a little smaller than the one in the simulation shown in Fig. 4.3. Nonetheless, the

experimental results adequately verify the phenomenon as explained in Section

4.2.

4.5 Summary

Three-phase boost power rectifiers connecting to a non-ideal power grid with in-

teracting loads represent a practical form of system configuration. This kind of

practical system configurations has been rarely studied in their original form,

and in most previous studies, ideal conditions and simplifying assumptions were
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Figure 4.13: Instability phenomena caused by improper grid impedance and pres-
ence of interacting load. (a) Waveforms of vpcca, ika and vdc showing the transition
to unstable operation. (b) Waveforms showing the early stage of the transient to
unstable operation. (c) Waveforms showing the later stage of transient.
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Figure 4.14: Waveforms of ika, vpcca, vdc when the converter enters the instability.

made, which often provide incomplete information for the design of the control

functions and for the choice of parameters. In this chapter, we study the stability

of such grid-connected load-interacting converter systems, and identify an irre-

versible bifurcation phenomenon. Due to the limited input active power given to

the rectifier by the power grid, the DC voltage of the converter will drop when the

converter fails to get the power it needs. The converter then sinks reactive power

and operates “abnormally”. This chapter gives a detailed analysis of the control

system failure and the cause of instability. Numerical simulation results have

verified the theoretically found stability boundaries. Also, experimental mea-

surements provide verification of the instability phenomenon. Our study clearly

illustrates how stability could be affected by variation of power grid parameters.

The result provides useful design information regarding the choice of operating

parameters that would ensure proper stable operation [120, 121].



Chapter 5

Low-Frequency Hopf Bifurcation

For a VSC connecting to an ideal power grid, the converter is generally regulat-

ed with an outer voltage loop which operates in conjunction with a sinusoidal

pulse-width-modulated (SPWM) inner current loop. However, in practice, the

grid impedance is varying, depending on the location where the converter is con-

nected. The converter connecting to a stiff grid is well understood and designed.

Nevertheless, in the weak section of the grid, a significant grid impedance ex-

ists while the design of the control loop still assumes an ideal power grid. The

mismatch between the practical grid condition and the ideal control assumption

will pose a stability issue and may cause harmonic oscillation to occur. The grid

stability could be affected by an improper control of the converter. The harmonic

current is also an issue of power quality.

The three-phase VSC is connected to the power grid at the point of common

coupling (PCC). Under such a situation, the system can be represented by the

structure shown in Fig. 5.1. In this Chapter, the value of local interacting load

can be set extremely high which may not affect the operation of the VSC. For

an ideal power grid, the grid voltage is regarded as an AC voltage source with

zero source impedance. In this system, the grid impedance is mostly inductive

in practice, as represented by Lg and Rg. The converter is connected to the grid

87
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Figure 5.1: Three-phase voltage source converter connecting to non-ideal power
grid.

at PCC. Although the converter is properly designed, the grid impedance may

interact with the converter, and makes the system unstable. However, the effects

of the grid impedance on the control design of three-phase VSC, despite their

practical importance, have been rarely discussed.

5.1 A Glimpse at Low-Frequency Instability

An initial probe into the behavior of the system is conducted using a MatLab

implementation of the circuit of Fig. 5.1. The control of VSC is implemented

by a dual-loop proportional-integral (PI) control, which is same as the control

scheme mentioned in Chapter 3. The system parameters used in the simulation

are shown in Tables 5.1 and 5.2. Here, Lg and Rg represent the grid impedance,

and the total resistance at the grid side is about 0.2 Ω. The inductance of the

grid side is varying from 1 nH to 12 mH. In practice, the rectifier circuit can

provide a regulated voltage of 360 V at a rated output power of 4 kW for a load

of RL = 32 Ω.

Figure 5.2 (a) shows the transient waveforms of the PFC power supply con-

necting to a non-ideal power grid with inductance Lg = 12 mH and resistance

Rg = 0.2 Ω. Normally, a 300 Hz ripple on the DC output of three-phase PFC
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Table 5.1: Parameters of non-ideal power grid.
vga,gb,gc f Lg Rg

110 Vrms 50 Hz 1 nH–12 mH 0.2 Ω

Table 5.2: Circuit parameters of the three-phase voltage source converter.
Vdc,ref Rs L C RL fs
360 V 0.2 Ω 3 mH 1.5 mF 90 Ω 10 kHz

power supply is expected. However, with a non-ideal power grid, a low-frequency

oscillation at 150 Hz is observed and can be identified as having emerged from a

Hopf-type bifurcation. We observe that the system oscillates at 150 Hz, despite

the choice of PI parameters being within the stable range. At the same time,

large amount of harmonics emerge on the line current. The phase portrait of

the system beyond the Hopf bifurcation is shown in Fig. 5.2 (b), where the red

orbit indicates the phase portrait when Lg = 6 mH, and the blue expanded phase

portrait corresponds to Lg = 12 mH.

Figure 5.3 shows the process of the VSC losing stability. The grid impedance

Lg is set to 9 mH. The system works in the stable region at the beginning of the

simulation. However, as the load current increases, the system becomes unstable.

As the load current gets higher, the system exhibits Hopf bifurcation initially

(about 0.6 s to 0.65 s), with the DC output oscillating and harmonics emerging

from the line current. Then, the system enters catastrophic bifurcation (at around

0.65 s), which is an irreversible instability that cannot be recovered by reducing

the load current [51, 116, 117]. The phenomenon clearly shows how the VSC

loses stability in the presence of a non-ideal power grid. It has been found that

Hopf bifurcation does not occur with an ideal power grid, and the VSC enters

the catastrophic bifurcation directly. However, with a non-ideal power grid, the

system will exhibit a Hopf-type bifurcation even if the VSC is properly designed.

In the sequel, we will probe into details of this low-frequency bifurcation and its

interaction with the previously found catastrophic bifurcation.
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5.2 Analysis of the Grid-Connected System

The working principle of VSC can be represented by an averaged model. In this

section, the averaged model will be applied to study the effect of grid impedance

[59, 122]. Note that when there is no grid impedance (Lg = 0 mH, Rg = 0 Ω), the

model resembles the average model of VSC connected to an ideal grid. Assuming

that the SPWM is working in the linear region, we have

L
digx
dt

= −Rsigx + vpccx − vkx (5.1)

C
dvdc
dt

=
∑

x=a,b,c

igxnkx(t)− idc (5.2)

where

nk(t) =
vk∗

Vtri,peak

(5.3)
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with vk∗ being the voltage command signal and Vtri,peak the peak of SPWM

triangle waveform.

In order to facilitate the incorporation of the control, we transform the system

to the dq rotating coordinate, i.e.,

L
digd
dt

= ωLigq −Rsigd + vpccd − vkd (5.4)

L
digq
dt

= −ωLigd −Rsigq + vpccq − vkq (5.5)

C
dvdc
dt

=
3

2vdc
(vkdigd + vkqigq)− idc (5.6)

where subscripts d, q and 0 correspond to the standard d-q-0 transformed vari-

ables. Also, igd and igq can be used to represent the magnitude and phase,

respectively, of igx, where x = a, b, c. Equations (5.4) and (5.5) are used in the

inner-current loop and (5.6) is used in the outer-voltage loop. The variables vpccd,q

is used to represent the voltage at PCC in the dq-axis.

The line currents stay the same on both the grid side and the converter side.

Thus, igd, igq should also satisfy the following equations:

Lg
digd
dt

= vgd − vpccd −Rgigd + ωLgigq (5.7)

Lg
digq
dt

= vgq − vpccq −Rgigq − ωLgigd (5.8)

Hence, the line voltage at the PCC can be represented as

vpccd =
Lvgd − LRgigd + Lg(Rsigd + vkd)

Lg + L
(5.9)

vpccq =
Lvgq − LRgigq + Lg(Rsigq + vkq)

Lg + L
(5.10)

First, we will complete the system’s state equations. For the outer voltage
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loop, we have

dx1

dt
= Vdc,ref − vdc (5.11)

id,ref = Kvp(Vdc,ref − vdc) +Kvix1 (5.12)

For the inner current loop, we have

dx2

dt
= id,ref − igd (5.13)

vkd = vpccd + ωLigq −Kip(id,ref − igd)−Kiix2 (5.14)

dx3

dt
= Iq,ref − igq (5.15)

vkq = vpccq − ωLigd −Kip(Iq,ref − igq)−Kiix3 (5.16)

It is obvious that vpccd,q is not ideal in a grid-connected converter system.

Thus, the expression of vkd,q should be

vkd = vgd −Rgigd +
Lg

L
Rsigd +

L+ Lg

L
(ωLigq −Kip(id,ref − igd)−Kiix2) (5.17)

vkq = vgq −Rgigq +
Lg

L
Rsigq +

L+ Lg

L
(−ωLigd −Kip(Iq,ref − igq)−Kiix3)

(5.18)

Since vpccd,q is the control output of the converter, the effects of Lg and Rg on

vpccd,q will be reflected in the Jacobian and eigenvalues of the closed-loop system.

There are 6 independent state variables forming the state vector x = [igd igq vdc x1 x2 x3]
T .

The control output variables are represented by y = [vkd vkq]
T . In addition, the

input variables are u = [vgd vgq Vdc,ref Iq,ref RL]
T . Therefore, the complete state

equations can be represented as

ẋ = f(x, y, u), (5.19)
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where

y = g(x, u). (5.20)

The function f in the state equation can be derived from (5.4), (5.5), (5.6), (5.11),

(5.13) and (5.15), and can be arranged as follows.

f1(igd) =
digd
dt

= (Kip(id,ref − igd) +Kiix2)−Rsigd)/L (5.21)

f2(igq) =
digq
dt

= (Kip(Iq,ref − igq) +Kiix3)−Rsigq)/L (5.22)

f3(vdc) =
dvdc
dt

=
3

2Cvdc
(vkdigd + vkqigq)− idc (5.23)

f4(x1) =
dx1

dt
= Vdc,ref − vdc (5.24)

f5(x2) =
dx2

dt
= id,ref − igd (5.25)

f6(x3) =
dx3

dt
= Iq,ref − igq (5.26)

The control function g can be found from (5.17) and (5.18), and can be arranged

as follows.

g1(igd) = vkd = vgd −Rgigd +
Lg

L
Rsigd +

L+ Lg

L
(ωLigq −Kip(id,ref − igd)−Kiix2)

(5.27)

g2(igq) = vkq = vgq −Rgigq +
Lg

L
Rsigq +

L+ Lg

L
(−ωLigd −Kip(Iq,ref − igq)−Kiix3)

(5.28)
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5.2.1 Steady-State Point

The steady-state values of the state variables, XQ, can be found by setting the

time-derivatives to zero, giving

Id = Id,ref =
Vgd −

√
V 2
gd −

8(Rs+Rg)V 2
dc,ref

3RL

2(Rs +Rg)
(5.29)

Iq = Iq,ref = 0 (5.30)

Vdc = Vdc,ref (5.31)

X1 =
Id,ref
Kvi

(5.32)

X2 =
RsId,ref
Kii

(5.33)

X3 = 0 (5.34)

5.2.2 The Jacobian

The Jacobian can be derived from the state equation (5.19) and (5.20) by per-

turbing around the steady-state point XQ, and is given as

J(XQ) =
∂f

∂x
+

∂f

∂g
· ∂g
∂x

∣∣∣∣
x=XQ

(5.35)

where x and g are the state vector and control function, respectively.

The Jacobian shown in (5.35) is a 6-dim square matrix, whose elements are

J11 = − (Kip +Rs)/L; J12 = 0; J13 = −KipKvp/L;

J14 = KipKvi/L; J15 = Kii/L; J16 = 0; (5.36)

J21 = 0; J22 = −(Kip +Rs)/L; J23 = 0;

J24 = 0; J25 = 0; J26 = Kii/L; (5.37)
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J31 =
3

2CVdc,ref

(Vgd − 2RgId,ref −
L− Lg

L
RsId,ref +

L+ Lg

L
KipId,ref);

J32 = 0;

J33 =
3Id,ref

2CV 2
dc,ref

(
L+ Lg

L
KipKvpVdc,ref − Vgd +RgId,ref +RsId,ref);

J34 = − 3

2CVdc,ref

(
L+ Lg

L
KipKvpId,ref);

J35 = − 3

2CVdc,ref

(
L+ Lg

L
KiiId,ref);

J36 = 0; (5.38)

J41 = J42 = 0; J43 = −1; J44 = J45 = J46 = 0; (5.39)

J51 = − 1; J52 = 0; J53 = −Kvp;

J54 = Kvi; J55 = J56 = 0; (5.40)

J61 = 0; J62 = −1; J63 = J64 = J65 = J66 = 0. (5.41)

Finally, the characteristic equation of the system can be written as

det|λI − A| = 0, (5.42)

where A = J(XQ). The eigenvalues, which are the roots of the characteristic

equation (5.42), can be calculated numerically.

Then, the stability of the system can be studied by calculating the eigenvalues.

We mainly focus on the grid inductance which is varying according to the location

where VSC is connected to the power grid. It can be found that as the grid

impedance increases, the system becomes unstable with the pair of eigenvalues

crossing to the right half complex plane. The eigenvalues around the critical point

are listed in Table 5.3.

Furthermore, the stability of the system in the parameter space can be stud-

ied by inspecting the root locus. We take an analytical approach by examining

the sign of the real part of the pair of eigenvalues. If it goes from negative to



5. Low-Frequency Hopf Bifurcation 97

Table 5.3: Eigenvalues of the system with varying Lg.
Lg Eigenvalues Stability

11.86 mH −0.155± j1459.0, -3.122, -3.997, -1729.4, -3.854 Stable
11.87 mH 0.4286± j1459.0, -3.122, -3.997, -1729.4, -3.854 Unstable

positive, the system would exhibit a Hopf bifurcation and become oscillatory.

We summarize the root loci in Fig. 5.4 under variations of selected parameters,

including grid impedance, load resistance, outer voltage loop gain and link capac-

itor. The initial values of these parameters are Lg = 6 mH, RL = 75 Ω, Kvp = 2,

and C = 1.5 mF. The root locus locates the critical point of instability which is

also the bifurcation point in the parameter space. The simulations reported in

Section 5.4 verify the critical points found from the above analysis, and provide

design-oriented boundaries of operation.

5.3 Simulation of the Low-Frequency Instability

Using an Averaged Model

The phenomenon can be reexamined by simulation using an averaged model,

as shown in Fig. 5.5. The transient waveform is shown in Fig. 5.6 (a), where

low-frequency instability is observed. Also, in Fig. 5.6 (b), the steady-state low-

frequency oscillation (before the bifurcation point) is shown as a red dot in the

phase plane, and as the low-frequency instability develops beyond the bifurcation

point, the phase portrait expands to a limit cycle.
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Figure 5.4: Root loci with parameters varying, (a) blue: grid impedance, red:
link capacitor; (b) magenta: outer voltage loop gain, black: load resistance.



5. Low-Frequency Hopf Bifurcation 99

L sR

C LR

kav

sR

sR

L

L

kbv

kcv

kvgi

dci

dcv

+

−

oi

gR

gR

gR

Utility grid

PCC

gL

gv

gL

gL

pccv

k g

dc

v i

v

⋅

Figure 5.5: The average model of a three-phase voltage source converter connect-
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5.4 Design-Oriented Analysis of Low-Frequency

Instability

The precise operation of the three-phase VSC can be analyzed cycle by cycle with

a detailed switch model. However, it is complicated and not readily applied in

engineering design of the whole system. So, a design-oriented analysis is adopted

here to examine the effects of system parameters on the location of Hopf bifur-

cation boundaries [117, 118]. In this section, the grid impedance Lg, DC gain of

voltage loop Kvp, DC link capacitor C and load resistance RL, which are most

relevant to the instability, will be examined.

5.4.1 Grid Impedance

The grid impedance is a key parameter which affects the Hopf bifurcation bound-

ary. The load resistance RL and DC output voltage Kvp are chosen as the param-

eters to be varied, forming a RL–Kvp parameter plane. The stability boundaries

on this parameter plane at different values of grid impedance Lg are studied. For

a specific value of Lg, a relatively larger load resistance and lower DC voltage

loop gain would keep the system stable. The boundaries for different values of
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Figure 5.6: Simulations based on averaged model. The results are consistent with
the cycle-by-cycle simulations. (a) The DC output oscillates at 150 Hz, and a
large amount of harmonics emerges on line current; (b) when Hopf bifurcation
occurs, the stable operation point (red dot) expands to a limit cycle (blue cycle).
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Figure 5.7: Stability boundaries on RL–Kvp plane for different values of grid
impedance Lg when C = 1.5 mF.

Lg are shown in Fig. 5.7.

5.4.2 DC Gain of Voltage Loop

The DC gain of the outer voltage loop Kvp is another key parameter which de-

termines the Hopf bifurcation. Here, RL and C are selected as two axis of the

parameter plane. The stability boundaries on the RL–C plane for different values

of Kvp are shown in Fig. 5.8.

5.4.3 DC Link Capacitor

With a smaller DC link capacitor, the converter will more easily cross the Hopf

bifurcation boundary. The DC link capacitor C also affects the locations of the

stability boundaries, as shown in Fig. 5.9.
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Table 5.4: Effects of increase of parameters on low-frequency oscillation. “+”
means increased stability margin and “−” means reduced stability margin. The
results are found to be robust in a wide range of operating points

Parameters (increase) Stability
Grid impedance –

DC gain of voltage loop –
DC link capacitor +
Load resistance +

5.4.4 Load Resistance

With a heavier load, the system will more likely become unstable. As shown in

Fig. 5.10, with a larger resistance RL, the system may have a bigger stable region,

i.e., more margin for system stability.

From the analysis above, a qualitative analysis of the effects of different system

parameters is summarized in Table 5.4. This table indicates how the stability of

the system is affected when parameters increase, with the “+” sign and “−” sign

indicating a larger and small stability margin, respectively. For instance, when

the VSC is connected to a weak grid with higher impedance, the stability margin
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Figure 5.11: A series capacitive load consisting RP and CP is added to the DC
load of the converter.

will be reduced. In this case, the designer can use a larger DC link capacitor to

improve stability and acquire enough margin.

5.5 Interacting with Catastrophic Bifurcation

As pointed out in Chapter 3, the three-phase voltage source converter will exhibit

catastrophic bifurcation when an external disturbance is applied to the DC load,

as shown in Fig. 5.11. With the initial voltage of CP set at 0 V, the additional

load RP and CP as drawn in dotted lines will draw an impulse current from the

original converter system. The system responds to the perturbation, and will

get into catastrophic bifurcation. However, when the low-frequency instability

occurs, the value of igd is varying around the operation point. Therefore, the

system will be more prone to this catastrophic bifurcation. In other words, the

occurrence of Hopf bifurcation affects the location of the catastrophic bifurcation

boundary, representing another form of interacting bifurcation [99].
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5.5.1 Limit Cycles

The magnitude of the triggering current has been shown to affect the stability of

the system. As shown in Chapter 3, the system will be stable with small impulse

perturbation, and may enter unstable operation when the perturbation is large

enough. In order to study the limit cycle behavior, the system is set to work with

low-frequency instability initially, and disturbed by an impulse current of various

magnitudes.

A series of simulations are shown in Fig. 5.12. The system is configured with

the same parameters as in Tables 5.1 and 5.2. With different choices of the grid

impedance, the system exhibits a low-frequency limit cycle, whose magnitude

varies for each choice of the grid impedance, as shown in Figs. 5.12 (a), (c)

and (e). The critical impulse current magnitude that can drive the system into

catastrophic bifurcation is shown in Figs. 5.12 (b), (d) and (f). For instance, the

system may work with the red limit cycle A1 of Fig. 5.12 (a). Then, a relatively

larger impulse current, which is about 2.4 A and shown as point A1 in Fig. 5.12

(b), is needed to drive the system into catastrophic bifurcation.

The simulation results show that the stability region is getting smaller with a

higher grid impedance. However, with a particular grid impedance, heavier DC

loading will drive the system closer to the boundary of catastrophic bifurcation.

5.5.2 Triggering Points

We define the triggering point as the time when the additional load is connected

to the system. Since igd is oscillating when low-frequency instability occurs, the

triggering point determines the response of the system. Two simulations are

compared in Fig. 5.13 (a). When an additional load is connected to the system

at different time points, the system behaves differently. The system behavior

shown in Figs. 5.12 (e) and (f) is used here as an example. When the system is
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triggered at 0.5 s by a series resister (280 Ω) and capacitor (2.35 mF), it damps

for several cycles and converges to the original limit cycle. However, when the

system is triggered at 0.504 s with the same components, it loses stability via

catastrophic bifurcation.

When the external perturbation is connected to the system, the outer voltage

loop will respond after a short delay. The transient dynamics of the system

determines the trajectory of the system after the triggering point. If the system

starts at a triggering point which leads to a trajectory that goes beyond the

threshold value of igd, the system will exhibit catastrophic bifurcation (like the one

shown in Fig. 5.13 (a) triggered at 0.504 s). However, the system is kept within the

low-frequency oscillation if it is triggered at a point which leads to a trajectory

that traverses within the threshold of igd and converges to low-frequency limit

cycle (like the one shown in Fig. 5.13 (a) triggered at 0.5 s).

Therefore, for the same set of system parameters and perturbation, there is

a conservative boundary within which the triggering signal will not push the igd

to reach the critical value that leads to catastrophic bifurcation. The system will

keep operating with a low-frequency limit cycle after being triggered. Meanwhile,

there is an optimistic boundary within which the system can keep operating with

low-frequency limit cycle after being triggered by a relative high impulse current.

The two boundaries are both shown in Fig. 5.13 (b), where the conservative

boundary (red) shows a small stable region and the optimistic boundary (blue)

shows a relative large stable region. The two boundaries are shown to illustrate

the interaction of the two bifurcations, since the varying control signals due to

the existence of limit cycle arising from the Hopf bifurcation may affect the final

operation the system after perturbation.
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Figure 5.12: Variation of critical points of catastrophic bifurcation due to the
emergence of low-frequency instability. (a), (c) and (e) show limit cycles. (b),
(d) and (f) are critical impulse current.
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Figure 5.13: (a) The system is triggered at 0.5 s which leads to a trajectory
(blue) that traverses within the threshold of igd and converges to low-frequency
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a trajectory (red) that goes beyond the threshold value of igd at 0.507 s, and
exhibits catastrophic bifurcation. (b) Conservative stability boundary (red) and
optimistic stability boundary (blue) corresponding to different triggering times.
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5.5.3 Analysis of Interaction

The presence of the grid impedance causes two separate mechanisms responsible

for reducing the stability margin of the three-phase voltage source converter.

First, as shown in Chapter 3, there is a critical value igd(io,max) of igd which

is
vgd
2Rs

, above which the system will exhibit catastrophic bifurcation. It is shown

in the following that the value of igd(io,max)will decrease significantly due to the

presence of the grid impedance.

From (5.9) and (5.17), vpccd can be expressed as

vpccd = vgd −Rgigd −
Lg

L+ Lg

Rsigd. (5.43)

Since the output power of the PFC converter, which is Pout = 3
2
(vpccdigd −

Rsi
2
gd), will saturate due to the increase of igd, the value of igd(io,max) can be

found by setting dPout

digd
= 0, i.e.,

igd(io,max) =
vgd

2(Rg +
Lg

L+Lg
Rs +Rs)

, (5.44)

which explains the reduction of the stability region, as shown in Figs. 5.12 (b),

(d) and (f), as the grid impedance increases.

Second, the emergence of the limit cycle will affect the transient process when

the system loses stability, depending on the magnitude of the limit cycles and

the triggering points. When low-frequency instability occurs, the outer voltage

loop is oscillating. The voltage loop-gain state-space equations can be obtained
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as follows.

ev = Vdc,ref − vdc (5.45)

igd = Kvpev +Kvi

∫
evdt (5.46)

C
dev
dt

=
vdc
RL

− 3

2

vgdigd −Rei
2
gd

vdc
, (5.47)

where

Re = Rg +
Lg

L+ Lg

Rs +Rs. (5.48)

To find a periodic solution for equation (5.47), sinusoidal approximation of

state variables of up to second order is used and written as

ev = a0 + a1 cos(ωt) + a2 sin(ωt)

+ a3 cos(2ωt) + a4 sin(2ωt) (5.49)

igd = Kvpev +KviTev

= Kvpa0 +Kvia0t

+ (Kvpa1 −
Kvia2
ω

) cos(ωt) + (Kvpa2 +
Kvia1
ω

) sin(ωt)

+ (Kvpa3 −
Kvia4
2ω

) cos(2ωt) + (Kvpa4 +
Kvia3
2ω

) sin(2ωt)

≈ i0 +
Kvia0
ω

sin(ωt)

+ (Kvpa1 −
Kvia2
ω

) cos(ωt) + (Kvpa2 +
Kvia1
ω

) sin(ωt)

+ (Kvpa3 −
Kvia4
2ω

) cos(2ωt) + (Kvpa4 +
Kvia3
2ω

) sin(2ωt) (5.50)

where i0 is fundamental component of igd in Fourier expansion, i.e.,

i0 = Kvpa0, (5.51)
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and ω is the oscillation frequency of the limit cycle beyond Hopf bifurcation.

From (5.49), dev/dt can be written as

dev
dt

= e′v =− a1ω sin(ωt) + a2ω cos(ωt)− 2a3ω sin(2ωt) + 2a4ω cos(2ωt), (5.52)

and e2v can be approximated as

e2v = a20 + 2a0a1 cos(ωt) + 2a0a2 sin(ωt)

+ (2a0a3 +
a1
2

− a2
2
) cos(2ωt) + (2a0a4 + a1a2) sin(2ωt). (5.53)

Using the above approximations, the state equation, i.e., (5.47), can be sim-

plified as

C(Vdc,ref − ev)e
′
v +

3

2
(vgdigd −Rei

2
gd)−

(Vdc,ref − ev)
2

RL

= 0 (5.54)

The coefficients a0, a1, · · · , a4 can be found by equating the coefficients of

(5.54) for each of the harmonic bases, i.e., 1, cosωt, sinωt, · · · , sin 2ωt. The ex-

pressions for a0, a1 and a2 are calculated as

a0 =
i0
Kvp

(5.55)

a1 = − (9KviKvpωR
2
La0v

2
gd + 12KviωRLa

2
0vgd

− 12KviVdc,refωRLa0vgd)/(4C
2R2

La
2
0ω

4

− 8C2R2
La0Vdc,refω

4 + 4C2R2
LV

2
dc,refω

4

+ 12CR2
La0Kvivgdω

2 − 12CR2
LKviVdc,refvgdω

2

+ 9R2
LK

2
viv

2
gd + 9R2

LK
2
vpv

2
gdω

2 + 24RLa0Kvpvgdω
2

− 24RLKvpVdc,refvgdω
2 + 16a20ω

2

− 32a0Vdc,refω
2 + 16V 2

dc,refω
2) (5.56)
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a2 = (6CR2
La

2
0Kvivgdω

2 + 9R2
La0K

2
viv

2
gd

− 6CVdc,refR
2
La0Kvivgdω

2)/(4C2R2
La

2
0ω

4

− 8C2R2
La0Vdc,refω

4 + 4C2R2
LV

2
dc,refω

4

+ 12CR2
La0Kvivgdω

2 − 12CR2
LKviVdc,refvgdω

2

+ 9R2
LK

2
viv

2
gd + 9R2

LK
2
vpv

2
gdω

2 + 24RLa0Kvpvgdω
2

− 24RLKvpVdc,refvgdω
2 + 16a20ω

2

− 32a0Vdc,refω
2 + 16V 2

dc,refω
2) (5.57)

The expressions for a3 and a4 are omitted here as they can be readily found in

terms of a1 and a2.

The first-order approximation of the magnitude of the limit cycle is given as

|igd,ripple| ≈
√
a21 + a22. (5.58)

The magnitude calculated from equation (5.58) is shown in Fig. 5.14, which

shows similar relationship to the value of load resister RL as obtained from the

simulation shown in Fig. 5.12 (a).

Thus, the stability margin can be re-defined as

igd,margin = igd(io,max)− ig0 − |igd,ripple| (5.59)

where i0 is defined in (5.51).

For the system with parameters configured as in Table 5.5, the calculated
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Figure 5.14: Calculated periodic solutions for the system using the parameters in
Fig. 5.12 (a).

result is

ev = 2.5756 + 0.7253 cos(ωt)− 1.9629 sin(ωt)

+ 0.004 cos(2ωt)− 0.007 sin(2ωt) (5.60)

igd = 5.1513 + 4.5762 cos(ωt)− 2.7653 sin(ωt)

+ 0.014 cos(2ωt)− 0.011 sin(2ωt) (5.61)

As before, we use a step change on the DC load to trigger the catastrophic

bifurcation. As predicted above, the stability margin is reduced dramatically due

to the presence of Rg, Lg and igd,ripple. For the system with parameters shown in

Table 5.5, the stability margin is only 5 A. Hence, a small step change of 5 A is

applied to the DC side of the system which causes low-frequency oscillation (Hopf)

and drives the system into unstable region through catastrophic bifurcation, as

shown in Fig. 5.15.
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Figure 5.15: The system are easily enters an abnormal operation though catas-
trophic bifurcation due to the existence of Hopf-type low-frequency oscillation at
the initial time of operation.

5.6 Experimental Observation

Our purpose here is to verify the low-frequency instability phenomenon identified

and analyzed in the previous sections. A 1.2 kW three-phase PFC power supply

has been used in the experiment. Table 5.5 gives the component values used.

The set of inductors, Lg = 3 mH, are inserted here to represent the large set of

grid impedance.

Figure 5.16 shows the experimentally observed low-frequency instability be-

havior, which is in perfect agreement with the simulated results given in Fig. 5.2

(a). The undesirable operation can be clearly identified in the waveform. The

system achieves a low-frequency oscillation on the DC output voltage and has

large amount of distortions on the line current. It can be found that the oscilla-

tion frequency on the DC output voltage is 150 Hz. The result verifies that the

converter exhibits the Hopf bifurcation phenomenon mentioned in Section 5.1.

As analyzed in Section 5.5, due to the existence of Hopf bifurcation, the sta-
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Table 5.5: Circuit components values of the experimental three-phase voltage
source converter with an input protective transformer. The component values of
L, Lg and C correspond to the transformer secondary.

Parameters/Components Values
vga,gb,gc 110 Vrms

secondary vdc 360 V
f 50 Hz
fs 10 kHz
L 1.2 mH
Lg 3 mH
RL 110 Ω
C 2.35 mF

(2.5 V/div)dcv

(125 V/div)
pcca

v

(10 A/div)gai

time scale (20 ms/div)

Figure 5.16: Experimental waveforms showing low-frequency instability of the
rectifier. Channel 1 (red), channel 2 (yellow) and channel 3 (blue) are waveforms
of phase “a” line voltage vpcca, line current iga, and AC coupled output voltage vdc
respectively. The line current is highly distorted. A 150 Hz oscillation is observed
at output voltage vdc. As there is a slight unbalance of the three-phase practical
power grid, the peak of the oscillation wave repeats itself at two peaks interval.
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bility boundary of the catastrophic bifurcation changes dramatically. Specifically,

the converter is much more prone to catastrophic bifurcation, and gets into the

unstable region more readily.

Here, a step change of about 5 A is applied at the DC side of the converter

mentioned above. For experimental feasibility, a non-optimized equivalent value

of Rs = 1 Ω is used to illustrate the existence of the catastrophic bifurcation.

Without the appearance of low-frequency oscillation, the system can respond

correctly to the step change, and will recover to its normal operation after the

transient, as shown in Fig. 5.17 (a). However, when the low-frequency oscillation

occurs, as shown in the initial time portion of Fig. 5.17 (b), the system will quickly

move to an abnormal operation through catastrophic bifurcation. Note that the

DC output of converter collapses, and the line current expands to very high value

which clips the bottom portion of the initial current transient of the output of

the current probe.

5.7 Summary

Three-phase voltage source converters connected to a non-ideal power grid are

a practical form of system configuration. In this chapter, we study the stability

of such grid-connected systems, and observe the Hopf bifurcation phenomenon,

which appears as low-frequency instability in the grid-connected three-phase volt-

age source converters. An averaged model of the VSC and non-ideal power grid is

appropriately adopted in this study. The system characteristic equations, calcu-

lated eigenvalues and root loci are presented. The stability boundaries indicated

by numerical study have been verified using cycle-by-cycle simulations. Due to

the complex operation of the converter, a design-oriented analysis is adopted in

to obtain a direct design guidance of the VSC [123, 124]. Furthermore, the ex-

panded limit cycle pushes the VSC closer to its stability boundary of catastrophic
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Figure 5.17: Experimental waveforms showing the interaction of Hopf-type low-
frequency instability and catastrophic bifurcation of the rectifier. Channel 1
(yellow), channel 2 (red), channel 3 (blue), and channel 4 (green) are waveform-
s of phase a line voltage vpcca, line current iga, DC output voltage vdc and DC
output current idc respectively. (a) The system achieves normal operation after
a step change of about 5 A at the DC output. (b) The system exhibits a catas-
trophic bifurcation and moves to abnormal operation due to the existence of Hopf
bifurcation with a same step change at the DC output.
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bifurcation, which is highly undesirable for practical purposes. To prevent the

catastrophic bifurcation, a common practical method is to clamp the control ref-

erence current below the maximum point, even when it is pushed to increase by

the limit cycle or the external perturbation. Our study has illustrated how sta-

bility could be affected by variation of grid and converter parameters. The result

provides useful design information regarding the choice of operating parameters

that would ensure proper stable operation.



Chapter 6

Conclusions and Suggestions for

Future Research

This chapter summarizes the contributions that have been achieved in this project.

Also, some suggestions and potential areas of investigation will be given for future

research extension.

6.1 Contributions of the Thesis

The three-phase voltage source converter (VSC) is a widely used bidirectional

AC-DC interface converter in three-phase power systems. Recently, instead of

using traditional centralized power generation, there is a trend that an increasing

number of renewable energy sources are connected to the power grid in an attempt

to alleviate the “energy crisis”. These renewable energy sources can provide clean

energy to replace the fossil fuels. The three-phase VSC plays an important role

in connecting the DC devices and the AC grid. Although application-oriented

research has emerged from the late 1980s, the three-phase VSC has attracted

much attention recently due to its application in distributed hybrid power systems

(DHPS), where some stability problems may occur. The previous research mainly

121
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focuses on the three-phase VSC connected to an ideal grid and deals with the

stability problem within a relatively small range of operating conditions. In this

thesis, we re-examined the stability problem from the bifurcation analysis’ point

of view. The specific contributions are re-iterated here under the following four

main areas:

1. The catastrophic bifurcation in the three-phase voltage source converter

has been identified, and the nonlinearity characteristic in the converter has been

described in detail.

This phenomenon may occur when a sufficiently large step load is connected,

or under variation of other parameters. When catastrophic bifurcation occurs,

the output DC voltage will collapse, and the input line current will expand to a

very high value, which is dangerous for the VSC and grid. The nonlinearity lies

in the current transfer function of the VSC because of the presence of the series

resistance of the line reactor or the saturation in the over-modulation region

of the PWM. When triggered by an impulsive load current or the application

of a large step load, the output current will reach a maximum as the control

reference current increases, altering the system’s loop-gain, thereby destabilizing

the system. The system loses stability in a catastrophic bifurcation which is

accompanied by an expansion of reactive power or equivalently an expanded

excursion in the state space. Our results provide design information regarding

the choice of operating parameters that would ensure proper stable operation.

2. An irreversible bifurcation phenomenon has been identified under the varia-

tion of the grid impedance and an interacting load in the system of a three-phase

voltage source converter connected to a non-ideal power grid with interacting

load.

The system under study here represents a practical form of system configu-

ration. The three-phase VSC is connected to the power grid which is non-ideal

while some other interacting loads may be connected to the same point of com-
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mon coupling (PCC). The root cause of this irreversible bifurcation phenomenon

is also the nonlinearity in the current transfer function, which is caused by the

limited input active power provided by the power grid. After the bifurcation oc-

curs, the drop of the DC output voltage and expansion of the AC input current

reveal that only reactive power is sunk by the converter, which is undesirable for

the application. A detailed analysis of the control system failure and the cause

of instability are given. The study clearly illustrates how stability could be af-

fected by variation of power grid and interacting load parameters. The result

provides useful design information regarding the choice of operating parameters

that would ensure proper stable operation.

3. The low-frequency Hopf-type bifurcation in the three-phase voltage source

converter has been identified due to the existence of a set of grid impedance.

A simple system configuration has been proposed, which consists of a three-

phase VSC connected to a non-ideal power grid with inductive grid impedance.

This system is a common configuration in DHPS. The stability of such a grid-

connected converter systems has been studied, and a Hopf-type bifurcation phe-

nomenon has been identified. An averaged model of the VSC and non-ideal power

grid is adopted in this study. The system characteristic equations are presented

with calculated eigenvalues and root loci. The analysis clearly shows the emer-

gence of Hopf bifurcation when the root loci move to the right half plane (RHP).

The design-oriented stability boundaries indicated by numerical study have been

verified using simulations and experiments. The study clearly illustrates how

stability could be affected by variation of grid and converter parameters.

4. The interaction between the low-frequency Hopf-type bifurcation and catas-

trophic bifurcation has been analyzed in the three-phase voltage source converter.

It is found that the limit cycle of Hopf-type bifurcation will affect the stability

margin for the catastrophic bifurcation dramatically.

Due to the occurrence of Hopf bifurcation, the three-phase VSC operating
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point expands to a limit cycle which will push the converter closer to its stability

boundary of catastrophic bifurcation. Adopting a harmonic balance method,

the periodic solution has been found for the system and the magnitude of the

limit cycles can be calculated from the solution. The result illustrates that the

limit cycle affects the stability margin of the catastrophic bifurcation. A series

of simulations shows how stability could be affected by variation of grid and

converter parameters. The result provides useful design information regarding

the choice of operating parameters that would ensure proper stable operation.

6.2 Suggestions for Future Research

Based on the theoretical study conducted in this project, some feasible suggestions

and potential areas of investigation are given for future research extension.

6.2.1 Parallel-Connected Converters

In practice, there can be a large number of converters connected to the power grid.

These converters can fetch or inject power at the same time. The topology of the

whole system can be abstracted as a parallel system of converters. The working

principle might be complex because the operating states will be determined by a

number of factors related to the renewable energy sources and the final users.

6.2.2 Effects of Grid Impedance

Traditionally, the power grid can be simply modeled as an ideal voltage source.

However, the practical power grid is not an ideal one, especially under weak grid

conditions. The grid impedance has been shown to result in harmonic distortion

problems [60, 119] for power converters, and some serious stability problems as

identified in Chapters 4 and 5. Despite the rich possibility of dynamical behav-
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ior of switching converters, the effects of the grid impedance have rarely been

discussed. Further study in this direction should be encouraged.

6.2.3 Unbalanced Grid or Loads

For a balanced three-phase system, the Park and Clarke transformation provides

an easy way to model and analyze the system. However, the real situation will be

an unbalanced three-phase system because some single-phase devices may connect

to the system or there are mismatches of the three-phase devices. The former

Park and Clarke transformation cannot deal with the unbalanced components.

Effective representation of the unbalanced three-phase systems would be highly

desirable and further work would be needed to facilitate nonlinear analysis of the

unbalanced systems.
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