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Abstract

In the manufacturing industry, the production output is constrained due to the limited
capital flow. It is a fatal weakness to the manufacturer as well as to component suppliers.
When component suppliers incur budget constraints, the manufacturer can share a
proportion of each supplier’s production cost to relieve her from such restraint. We intend
to study the manufacturer’s optimal solution of the cost share amounts and analyze how
such sharing will affect the suppliers’ performances. Since it involves multiple suppliers,
we will further explore how different decision sequences will affect the equilibrium. On
the other hand, when two competing manufacturers (or firms) incur capacity constraints
in the demand market, they have to make the decisions on the capacity investment.
Therefore, we propose two types of model in this thesis to study the above problems.

In the first model, we consider one manufacturer who sources multiple complementary
components, each from one independent supplier who has the budget constraint. Facing
with the uncertain demand, the manufacturer decides on the cost share amounts given to
his suppliers. We analyze three different decision sequences in this model: a) simple
sequential decisions in wholesale prices, b) simultaneous decisions in wholesale prices
and c) hybrid sequential decision in alternating cost share amounts and wholesale prices.

Compare first two sequences, we find that the manufacturer strictly prefers the
simultaneous setting. On the contrary, the supplier who makes the decision first in the
simple sequential setting gets worse in the simultaneous decision sequence. We then
study the manufacturer’s optimal solutions in the hybrid sequential decision setting.

Different from the simple sequential setting, the equilibrium is asymmetric in hybrid
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setting. Furthermore, the supplier who decides first also charges a higher wholesale price
than other suppliers which underlines our exploration that early action boosts the
supplier’s bargaining power no matter whether the manufacturer shares the cost or not.

In the second model, we consider a setting of two firms serving one market whose
demand is price sensitive and uncertain. We characterize the equilibrium capacity and
production decisions by the two firms. The result shows that the firm whose process
efficiency is more prone to improving as capacity expands will invest in more capacity
and achieve a more efficient process given that production is not overly labor and
material intensive.

To the best of our knowledge, this is the initial research to study cost sharing in a
multiple-suppliers model with three decision sequences, especially with the new hybrid
decision setting. While the cost sharing is always beneficial to the manufacturer, we
surprisingly find that the supplier who charges the highest wholesale price is averse it
even if her cost burden is loosed after cost sharing. We also show the conditions under
which cost sharing benefits the suppliers. Furthermore, the result also illustrates that
different decision sequences have different impacts on the equilibrium and the resulting
channel performance. In the second model, we find out the optimal solution under the

circumstance where two firms make the competing decisions on the capacity investment.
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Chapter 1 Introduction

1.1 Background of Research

In the manufacturing industry, especially in the automobile trade, there are two major
approaches for the manufacturer to procure components: producing himself or purchasing
from the component suppliers. No matter which approach the manufacturer chooses, it
inevitably encounters with the budget or capacity constraint due to the limited resource.
When outsourcing components from suppliers who have such constraints, the
manufacturer usually pushes his suppliers to reduce their costs as low as possible. Thus,
the manufacturer can capture a volume advantage in the final market. However, it is hard
for component suppliers to cut the cost to the ideal extent while still offering a relative
low wholesale price to the manufacturer. Once these component suppliers go to bankrupt
due to heavy cost burdens, it could be a disaster to all players in the supply chain,
including the manufacturers who regularly order components from them. Although the
manufacturer can seek for other suppliers, it is both time and cost consuming. Moreover,
it also takes a longer time for the manufacturer to establish a stable relationship with new
suppliers. In this case, we incline to the approach that the manufacturer may finance his
important suppliers rather than harshly pushing them. One example is that when Ford
Motor Company’s (FM’s) supplier, Visteon, was threatened to bankruptcy in 2005, FM
paid between $1.6 billion and $1.8 billion to help Visteon in restructuring (White 2005).

Another example shows that, when the component supplier Collins & Aikman—about 90%
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of vehicles made in North America have at least one component produced by this
supplier—considered filing to bankruptcy in 2005, the Big Three auto manufacturers had
seldom choice but to sustain the supplier by costing 532 million dollars (Barkholz et al.
2007). The similar attitude of the above manufacturers demonstrates the necessity to
finance the suppliers. The third example shows the benefits for the manufacturer to help
his suppliers. In 2005, for example, General Motors Corporation’s (GM’s) annual output
decreased by 1 million vehicles due to Delphi’s bankruptcy (Delphi is GM’s largest part
supplier, and correspondingly, GM is Delphi’s largest customer, accounting for half of
Delphi’s sales). In the meanwhile, Toyota—GM’s main competitor in automobile
market—promoted the production capacity of his motor-vehicle assembly plant in
Canada by 50%. In that year, stable supply of the components helped Toyota to win a
much higher market share than GM.

Motivated by these cases, we derive the first model in this dissertation in which the
manufacturer faces a price-sensitive and uncertain demand. The manufacturer orders N
complementary components from N independent suppliers, respectively. Without loss of
generality, we assume that only one unit of each A" components is needed by one unit of
final product. Each supplier has an upper limit on the capital flow, which further restricts
the supplier's production capacity. That is to say, the supplier could only produce a
limited quantity of product with the constraint of capital flow. It is straightforward that
the operation of production cannot sustain without sufficient cashes. We also assume that
the manufacturer can only share part of suppliers’ costs, namely “deductable cost”.
Chapter 3 and 4 respectively consider two canonical decision sequences, sequential

decision sequence and simultaneous decision sequence. In the sequential decision setting,



the manufacturer first decides on the cost share amounts given to the suppliers. Then the
suppliers sequentially decide the wholesale price. Finally, the manufacturer orders the
production quantity. To distinguish it from the new sequential sequence showed below,
we name this canonical sequence as simple sequential sequence. In the simultaneous
setting, the suppliers simultaneously decide their own wholesale prices after the
manufacturer deciding the cost share amounts. To better characterize players' behaviors
in reality, we further consider a new decision sequence besides the above two typical
scenarios. The new setting contains a decision sequence of alternating cost share amount
and wholesale price. That is, the manufacturer only decides on the cost share amount to
one supplier at the beginning of the scenario, and then the corresponding supplier chooses
the wholesale price. After N rounds of such competing decisions, the manufacturer
orders the quantity. All the decisions are made before the realization of the demand
uncertainty. We term this sequence as hybrid sequential sequence. Each supplier faces a
direct competition from a potential supplier who produces the same component. The
intensity of the competition is measured by the cost difference between two suppliers
(Jiang and Wang 2007).

In the second model, when the manufacturer himself incurs costs to build capacity and
produce them, it may relate to the manufacturing flexibility that has long aroused the
interests in the academic community. One of the flexibility endowments that have
received much attention is volume flexibility that confers one firm with the capability to
produce below capacity when the realized market demand is low. The furniture industry
provides a canonical example that is equipped with such a capability. The entire industry

is highly market oriented and under the strong influence of economy to display a cyclical



pattern. This makes volume flexibility a must-have capability. To focus on the stratgic
implications of flexibility capability, the vast majority of existing literature assumes away
production costs, and neglect the mutual influences between capacity and production cost.
Therefore, we set up the second model in this dissertation to investigate the competitive
capacity and production decisions by volume-flexible firms. We incorporate the impacts
of capacity on the production cost through process efficiency in a setting of two firms
serving a price sensitive and uncertain market. In addition to the cost to invest in capacity,
each firm incurs a production cost that consists of two components. One is the input cost
that is in direct proportion to the level of production, including material and direct labor
costs. The other is the efficiency cost which can be attributed to the organization and
management of the production process. We model process efficiency by the curvature of
efficiency cost, referred to as efficiency factor, and use an efficiency index to capture the

sensitivity of process efficiency with respect to capacity expansion.

1.2 Aims and Objectives

Our models intended to study the following research questions:

1. In what cases should the manufacturer share his component suppliers' production
costs and how much should he share?

2. How cost-sharing decisions affect suppliers' profits? Is it beneficial to all suppliers?

3. How different decision sequences affect the effect of cost sharing on the
manufacturer and suppliers?

4. Does production cost sharing improve the channel profit?

5. How two firms with volume flexibility competitively decide their capacity

investments in a price-sensitive market?



Our work makes four major contributions to the existent literatures. Firstly, we explore
a new decision sequence with alternating cost sharing decision (by the manufacturer) and
wholesale price decision (by suppliers). This hybrid sequence is more approximately to
the reality compared to the simple sequential sequence or the simultaneous decision
sequence. Secondly, we reveal the effect of cost sharing in the production process with
one manufacturer and multiple component suppliers. Thirdly, we study how the decision
sequence may affect the cost sharing decision. Last but not the least, we examine how the
volume-flexible firms compete in the capacity which has impacts on the production cost
through process efficiency.

The remainder of the dissertation is organized as follow: Chapter 2 introduces the
related literatures we have referred in this dissertation. Chapter 3 describes the simple
sequential wholesale price decision sequence in a Stackelberg game. We adopt backward
induction to solve this problem and then compare the channel performance with no cost
sharing setting. Chapter 4 studies the simultaneous decision sequence and compares the
results with that in Chapter 3. We analyze the effect of different decision sequences on
different players in the cost sharing setting. Chapter 5 reveals the equilibrium of cost
sharing amounts in the hybrid decision sequence. We then analyze the effect of cost
sharing on each player's profit under such sequence. Chapter 6 explores the
manufacturing flexibility and capacity investment by setting up the second model. It then

follows by Chapter 7 as the conclusions and future work remarks.



Chapter 2 Literature Review

2.1 Literatures on Cost Share Problem

Since Pasternack (1985) first launched the notion of supply chain contract, many
researchers have designed a variety of contract mechanisms to coordinate the supply
chain, such as quantity-discount contract, buy-back contract, and option contract etc.
Kreps (1990) considers a monopoly setting in which the manufacturer, as the Stackelberg
leader, decides the wholesale price by maximizing his own profit. The retailer, as a
follower, could only choose “accept” or “reject” this wholesale price. If the expected
revenue of “accept” is larger than its opportunity cost, the retailer will accept this contract,
otherwise, reject. Spengler (1950), however, illustrates that double marginalization leads
to the supply chain inefficiency when price-only contract is adopted. In this case, the
retail price in a decentralized system is higher than that in a centralized system, and thus
decreasing the market demand. Our research still assumes the price-only contract because
it is widely used in business practice due to its feasibility. An extensive review in
contracting and supply chain coordination can be found in Lariviere (1999).

Petrruzi and Dada (1999) assumes an uncertain and price sensitive demand based on
which we build up our demand function. We also refer to Wang et al. (2004) and Jiang
and Wang (2010) for characterizing an assembly system who faces a random and price-
elasticity market demand. Wang et al. (2004) demonstrates the equilibrium in the de-
centralized supply chain in which the manufacturer contracts with the supplier by revenue

sharing scheme. Jiang and Wang (2010) first introduce the suppliers’ direct competition



in the decentralized supply chain. Their results show that the manufacturer benefits from
suppliers’ direct competition, which is according with our preliminary results in an
alternative supplier competition model. They also point out that the manufacturer prefers
mergers of suppliers, especially the merger of those suppliers who face less direct
competition. Lariviere and Porteus (2001) analyze the pricing decision in a single-
manufacturer and single-retailer newsvendor model. They find out that there exists a
unique solution in this monopoly pricing setting if the stochastic demand function
suffices IGFR condition. Lariviere (2006) further discusses the properties of IGFR
condition. We apply this condition in our models.

Literatures on supply disruption and supplier bankruptcy also give us some
insights in supply chain outsourcing. Bollapragada et al. (2004) studies the inventory and
supply arrangements under supply uncertainty. Based on this paper, Tomlin & Wang
(2005) and Tomlin (2006) make extensions in different dimensions. Tomlin & Wang
(2005) studies the manufacturer’s choice of parts supplier in an unstable supply chain.
This model contains two suppliers with different costs. The result shows that if the
manufacturer is risk-neutral, the optimal policy is to order parts from both suppliers. If
not, it is better to order parts from one of them. Tomlin (2006) considers a model which
contains one manufacturer and two different suppliers (one is reliable and another is not).
The result indicates that given a production period, the manufacturer is prone to order
products from the reliable supplier only if the frequency of supply disruption is high.
However, if the duration of supply disruption is short and the manufacturer is risk-averse,
it is better for the manufacturer to order products from both suppliers. Hendricks and

Singhal (2003), Hendricks and Singhal (2005a) and Hendricks and Singhal (2005b) study



how the supply disruption affects the manufacturer’s performance. Sheffi (2001), Chopra
and Sodhi (2004) and Sheffi (2005) analyze the causes of supply disruption via case
study. Tang (2006) gives a recent review of supply disruption management. Swinney and
Netessine (2009) considers a two-period contracting game between a single buyer and
two identical suppliers. The buyer faces deterministic demand while two suppliers have
uncertain production costs. The result shows that the long-term contract, which allows the
buyer to offer a higher wholesale price to the supplier in the first period, can reduce the
supplier’s possibility of default in the second period. Babich et al. (2007) studies the
effects of supplier disruption risk in a channel where one retailer deals with two
competing risky suppliers. The results show that the retailer prefers the supplier with
highly correlated default events while the suppliers and the channel prefer the negatively
correlated defaults. Babich (2007) characterizes a stochastic process of supplier’s
bankruptcy and studies the manufacturer’s financial arrangement to the supplier. This
paper gives the manufacturer’s optimal joint ordering and subsidy policy.

Some papers focus on the capacity investment in supply chain outsourcing.
Taylor and Plambeck (2007) studies the effect of two alternative simple contracts on the
performance of capacity investment. The results show that price and quantity contract is
preferred when the production cost is low and either the capacity cost is low or the
discount factor is high. Otherwise, price-only contract is chosen. Li and Debo (2009)
compares the performance of capacity investment between second sourcing and sole
sourcing and points out that the results depend on the demand distribution and capacity

cost.



Several economics researchers study cost sharing from the viewpoint of policy-making.
Mas-Colel and Silvestre (1989) reveals the cost share equilibrium for the benefit
approach to the allocation of the public good costs. Adams and Rask (1968) explores the
reason why cost-share lease is less preferred than output-share lease in less developed
country although the former is more social efficiency. In the operations research,
Bhaskran and Krishnan (2009) studies the cost and work sharing between two
collaborating firms in the new product development. In this paper, development cost
sharing is a kind of investment sharing. The result shows that both cost and work sharing
are particularly relevant for products with no preexisting revenues. Moreover, cost
sharing plays an important role in environments where new-to-world product projects

have significant timing uncertainty.

2.2 Literatures on Flexibility

The second model relates to the stream of literature on flexibility. Gerwin (1993)
classifies manufacturing flexibility into six categories, and outlines a procedure for
altering the type and amount of flexibility over time. The analytical models in OM tap
two flexibility types, product flexibility and volume flexibility. Fine and Freund (1990)
model a firm producing n products. The firm first installs capacities for N dedicated
resources and a flexible resource that produce all products. After the actual demand curve
is known, produces under capacity constraints. They find that value of product flexibility
depends on cost difference between dedicated and flexible technologies. Van Mieghem
(1998) develops a similar model and finds flexibility is beneficial when demands are
perfectly correlated if product margins are different. Other works on similar subjects

include Harrison and Van Mieghem (1998), Netessine et al. (2002), and Tomlin and



Wang (2005). Jordan and Graves (1995) examine total flexibility versus partial flexibility
under the concept of chains, where each chain consists of product-plant links with more
links corresponding to higher flexibility. They find that adding limited flexibility can
achieve nearly all the benefits of total flexibility. Graves and Tomlin (2003) extend to a
multi-echelon setting. These papers center on a monopoly setting.

On strategic selections of product flexibility, Roller and Tombak (1990, 1993) model
two firms competing on technology. A firm with flexible technology enters two markets,
while a firm with dedicated technology enters one market. They show that firms end up
with a Prisoner’s dilemma-like situation: while each can enter one market and earn a
monopoly profit, both choose to enter two markets with flexible technology under the
threat that the rival may be flexible. The retail prices in these papers are exogenous. Chod
and Rudi (2005) endogenizes price decisions, and find that the capacity and profit of a
firm with a flexible resource for two products increase with demand uncertainty. Goyal
and Netessine (2007) investigate flexibility selection by two firms serving two markets
with price sensitive and uncertain demand. Anand and Girotra (2008) endogenizes the
supply chain configuration for firms to choose between early differentiation and late
differentiation, which is essentially the strategic decision on product flexibility.

Research on volume flexibility is relatively sparse. Several models in Van Meighem
and Dada (1999) on the effects of different sequences of product and price decisions have
the flavor of volume flexibility. They focus on a monopoly setting with limited analysis
of duopoly models. Anupindi and Jiang (2008) provides a detailed analysis of volume
flexibility in both monopoly and duopoly models with price sensitive and uncertain

demand. While not very closely related to the model in this paper, we deem it worthwhile
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to refer to one stream of Economics literature that defines flexibility as efficient operation
scale. Once committed to a capacity, a flexible firm can produce above it, but at a much
higher marginal cost. Higher flexibility corresponds to lower marginal cost increase.
Vives (1986) uses this notion in an N-firm oligopoly where firms first commit to a
capacity and then produce. The result shows that capacity is a good commitment variable
when technology is inflexible. The equilibrium is close to the Cournot outcome. However,
capacity is not a good commitment variable when technology is flexible and equilibrium
is close to Bertrand outcome with low profit margin. Boyer and Moreaux (1997)
considers a discrete scenario when flexibility allows firms to produce at identical
marginal costs for all output levels, but inflexibility makes production over pre-
committed capacity exorbitantly costly. They show that flexibility choices and market
equilibrium depend on market volatility and market size.

In the extant literature, the study of flexibility focuses on the value of certain capability
and firms’ strategic flexibility selections. More often than not, the conclusion is to install
flexibility when the added cost is not too high. Production cost is usually assumed away
for tractability. We shift the focus to firms’ capacity and production efficiency on a given
flexibility platform, where capacity enforces output limit and affects the production cost
through its effect on the production efficiency. We incorporate non-zero production costs
and allow them to differ across firms, and explicitly define process efficiency. The notion
was initiated by Stigler (1939), and later formalized by Marschak and Nelson (1962).
Mills (1984) proposes a functional form for production cost; and shows if there is a
continuum of production costs for varying flexibility levels, firms will use a more flexible

cost structure when demand is more volatile. We modify his proposed production cost
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function in our model. Mills (1986) extends his earlier work to a setting where the firms
have a finite set of flexibility options. All the past papers assume a perfectly competitive
market with price-taking firms, but neglect responsive capabilities and capacity limits at
the firms. We analyze price-setting firms with volume flexibility, and impose capacity

constraints in an imperfectly competitive market.
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Chapter 3 Simple Sequential Decision in

Wholesale Prices

We consider one manufacturer who sources complementary components from N
suppliers. Each supplier incurs a production cost of (k; + ¢;). k; presents the cost of
supplier #'s core production steps which is mastered only by the supplier and thus cannot
be outsourced. ¢: is the cost of the normal steps which could be shared by the
manufacturer. We then term Ci as supplier #'s deductable cost. The production cost at the
manufacturer is car. Each supplier also has a capital constraint B;. Thus, it derives
supplier 7's capacity constraint as 5;/(k; + ¢;).

The market demand is a random factor = with CDF F(.)and PDF f(.). The probability
distribution has support on [A, B] with B > A > 0. For tractability, we consider an
example where < follows a uniform distribution on [0,H] . Then we have
f(x) =1/H, F(x) = x/H. The market price p is exogenous.

We then model the implication of cost sharing decision made by the manufacturer who
may relieve suppliers' from capacity constraints. To each supplier, the manufacturer can
decide to share supplier #'s cost at the amount of A;, where 0 < A; < ¢;. Especially,
when the cost share amount is equal to ¢:, we say that supplier i is fully-shared.

Denote ¢ = ¢y + Y-, ¢; as the total unit production cost without cost sharing. After
cost sharing, the total production cost turns to ¢ = ¢+ >_-,(3:4;), where 8; > 0 indicates
that the manufacturer costs more in producing the normal steps than the supplier does.

Since the shared normal steps are attributed to the suppliers instead the manufacturer, this
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assumption makes sense in that the manufacturer who is not so familiar with the normal
steps costs more in production process than the supplier does.

In the sequential model, the manufacturer first decides cost share amounts to N
suppliers respectively. Then the suppliers sequentially decide their own wholesale prices.

Finally, the manufacturer decides the ordering quantity.

in a sequence from Demand Realized
Supplier s,, to s;

| | L

Sequential
Wholesale
Prices Decision

Cost Share Rates
given to N suppliers

Ordering Quantity

Figure 3.1 Decision Sequence in Simple Sequential Setting

3.2 Stackelberg Game in the Simple Sequential Setting

3.2.1 Manufacturer’s Decision on Production Quantity

For given his own decisions on cost share amounts A;,0 < A; < 1,(i=1,...,n) and
suppliers’ decisions on the wholesale price w;, the manufacturer chooses the ordering

quantity ¢ to maximize his profit. We have

n

Iy = pE[min(D,q)] — (¢ + Z m;)q
- (3.1)

- P
= ( —(’:—E mi)§ — =+
(p £ a)q Y a
where m; = w; — (k; + ¢; — A;) represents supplier #’s marginal profit.

Intuitively, the optimal quantity ¢; is given by
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H n
q*(m;, A;)) = H — E(E + Zmi) (3.2)

3.2.2 Suppliers’ Problem

By given the manufacturer’s decisions on cost sharing amounts 4; and knowing his
response to the wholesale prices, the suppliers sequentially decide their own wholesale
prices. Without loss of generality, we assume that supplier s, decides first and then
supplier s,,_; does, until supplier s,. Denote G;(A,;) = B;/(k; +¢; — 4;), j=1,...,nas
supplier j’s capacity after cost sharing, named attainable capacity. Especially, when

A; =0, G;(0) indicates supplier j’s initial capacity. Then we have supplier s;’s expect

profit as follows,
Ily, = mg.q (3.3)
sit. q< Gy
Solving this problem, we have
1 . - 2
5([) —C— me,st) ¢+ Ms, 2P — EpG’ﬂ
m; (m_,, A) = = =2
' 2p (3.4)

- n !) - mn
(p—(’.—Z:'rné,‘t)—EGS1 c<c—&—zzmst<-p—§GS1
t=2 t=2

where A = (A, As, ..., A,,) and m_s, = (Mg, Ms, .., My—1, My, ). T0 facilitate the

i1 i+2°
denotation, we simplify G;(A;) to G; when analyzing suppliers' best responses of
wholesale prices. Since ¢ > cand >} , m,, = 0, we musthave ¢+ >} , m,, > c.
Denote G, (A4,,) = min (G, (As,), Gsy (Asy)y oy G, (Ag,)) s i =1, ... n.
G, (A) indicates the minimum attainable capacity among supplier s, to s;. Particularly,
if two or more suppliers reach the minimum, we can arbitrarily choose one as supplier 7.

Furthermore, when A = 0and i = n, G, (0) indicates the minimum capacity among N
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suppliers before cost sharing, and the corresponding supplier is denoted as supplier /.
When A = C = (¢y,¢2,...,¢,), G, (C) indicates the minimum capacity among N
suppliers whose attainable costs are totally shared by the manufacturer. Moreover, the
corresponding supplier is denoted as supplier F'. That is, supplier I indicates the supplier
who has the minimum initial capacity and supplier F indicates the one who has the
minimum maximum capacity. Both of them are independent of the decision sequence.

Similarly, if two or more suppliers reaches ¢, (0)or &G, ('), we can arbitrarily choose

T,

one as supplier 7 or F.

Then we obtain supplier s;’s best response function as below,

1 - - 2'p
sp—e= Y my) e+ Y my, zp- 70,
m,(m_, A) = e (3.5)
(p—t— Z Ms,) — TIGW otherwise
t=i+1
Proof:
It follows (3.4) that,

n I n 5
Mms, (p —Cc— Zm'sl)?p Mgy =Zp—C— Z ms, — EstL
=2 t=3

I, = ms,q =

ms,Gs, otherwise

n n
2p 2p
Mg, =P — C— E ms, — —Gs, Mg, =P —C— E ms, — —Gs,
s.t. 1=3 H t=3 H

Gy, < Gy, otherwise
where m,, Gy, is linearly increase in m,,. The function m,,(p —¢—>_7 ,ms )H/2p ,
which is unimodal in m,,, reaches maximum atin,, = (p — ¢ — > ;" ;ms,)/2.

When G, < G,

16



- H - 2p
Mg, (p — € — Z mst)% Msy, 2P —C— stt — FG”’
I — t=2 t=3
e ad 2p al 2p
M, G, p—cC— stt — EG” <mg, <p—=C— stt - EGSI_
t=3 t=3

Thus, suppliersy’s best response is m,, = maxz(iis,,p — ¢ — >, s ms, — 2pGy, /H).

When G, > G,, we have,

n

_ H
I, = mg,(p— ¢ — Z mst)%
_ 2p
st. Mg, 2p—=C— me — =G,

Thus, supplier s;’s best response is m,, = max(rig,,p—¢— Y, sms, — 2pGy,/H).

Combine the above cases, we obtain supplier s5’s best response as follows,

n
2
my, (m_y,, A) = maz (7?152,;0 —Cc— Z Ms, — EPGU),
t=3

where G, = min(Gy,, Gs,).

From the above result, we conjecture that, for supplier s;, the best response to m._,

i
and Ais m; (m_,,, A) = maz(in,,,p — ¢ — Z m,, — 2" 'pG,. /H). The mathematical

t=1
induction is adopted to prove this conjecture.

For 7 = &, we assume that the above best response is established. It can be rewritten as

— n mn ;
P—C— D 1 Ms, - 2'p
c+ E mg, =2 p— —0G,
2 ' H *
* t=k+1
myg, (m_g,, A) = . -
' 2""p .
p—c— M, — TG”“' otherwise
t=k+1

Thus, for ¢« = k + 1, supplier s, 1’s objective function is given by
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u H n 2pk
Mgy, (D — € — t_zk;lmst)% Mgy, ZP—C— Z Mg, — quH

t=k+2
I, = n L
2p
< c E L
m5k+1GT’k: My SP—C— Mg, — H Tk

t=k+2
where m,, G, is linearly increase in my, . Since m,, ., (p —¢— D1, ., my ) H/(2"p)
is unimodal in m,,, , it reaches maximum at i, = (p—Cc—> ; . ,Ms)/2.
Mgy = 5 (p— ¢ — Y1, ms, ). Similar to supplier s,’s problem, we have

n

* ( A) — - —F— — QAlG
Mg, Moy =max | Mg, ,,P—C Mg, 77 G |
t=k+2

Thus, the result of (3.5) is proved.

3.3.3 Cost Sharing Decision

Knowing that suppliers choose wholesale prices according to (3.5), the manufacturer

decides on cost share amounts A to maximize his own profit,

Hlp — ¢(A)? _ 2"p
W o(4) 2 p— G, (4)

My(d)=q =7 (36)
5i (G, (A)]? otherwise '

Recalling the definition of ¢(A) and G, (A), we can find that both of them increase in
A. Thus, the optimal solution is unique.
Theorem 3.1 When suppliers sequentially decide the wholesale prices, the manufacturer
has a unique optimal solution for the cost share amounts at the beginning point, which is

given by

min (A_+, ks, + cs, — ngﬁ) s; =1
F

Bs%(kf +cr — A?
By

* —_—
AL =

(3.7)

) +
|ikSL + Cs; — :| S5; = 51,52,.-.,5n and Si 7& I
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where A satisfies

f = B, (k - — )T on _
L(A) = p —C — Z {6’51 |:k.51 + C,H? _ ha(kf E:I ):| } _ HpG[(A) _ U
i=1

Proof:
We know from (3.7) that, II,,(A) increases in Awhen &(A) = p — 2"pG,., (A)/H and

decreases in it when ¢(A) < p — 2"pG,. (A)/H. Rewrite ¢(A) = p — 2"pG,., (A)/Has

p—c— S0 B ks, + cs, — B‘"?‘U”;—j"_ﬁf)]*} — 2"pG(A;)/H =0, where [ indicates
the supplier who has the smallest initial capacity. So, the apex of II;;(A) locates at
A = A,. For optimality, the manufacturer will keep all the shared suppliers with the
same capacity, i.e., A5 = [k; +¢; — Bj(ki + ¢ — A7)/ Bi|* (i,j = 1,2,...,n). Therefore,
A% is supported in the interval of [0, k; + ¢; — Bk /By, where F indicates the supplier
indicates the supplier who has the smallest fully-shared capacity. Therefore, the optimal
cost share rate to supplier 7 is given by A} = min(max(0, Ap), ks, + cs, — By, kr/Br).
Correspondingly, the optimal cost share rates to other suppliers are
A% = [k, +co, — By, (kr 4+ cp — A}) /By ™.

Thus it is proved.

The manufacturer’s optimal cost share rates to the suppliers in (3.7) are irrelevant to
the suppliers’ decision sequence, but affected by their capacity constraints.

Substituting (3.7) into the manufacturer's best response function on the ordering

quantity, we have

Bl =30 w4y > p- Zaya)
¢ = 2"p H (3.8)
G(A7) otherwise '
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We obtain from the above equilibrium that, the threshold for cost sharing is
c=p—2"pGr(0)/H. Whenc < p—2"pG;(0)/H, the manufacturer does not need to
share supplier’s cost as he can extract enough capacity from each supplier. When
c>p—2"pG(0)/H, the manufacturer will first share cost with the supplier who has the
severest initial capacity constraint, i.e., supplier 7, and then together with the supplier
whose initial capacity limit is the second severest. Analogously, the manufacturer may
share ¢ (¢ < n)suppliers’ costs until the market demand is satisfied or supplier 7 is fully
shared.

For easier reference, we sort N suppliers by their initial capacity in the ascending order,
e, G1(0) < G2(0) < ... < G,(0). Supplier 1, who has the smallest initial capacity in the
inequality, is equivalent to supplier I as we denote before. Since the size of initial
capacity is independent of the decision sequence, the denotation of supplier 1to n is also
independent of that of supplier s; to s,, which is sorted by the decision sequence of
wholesale price. That is, although the set of supplier i (i = 1,2, ..., n) equals to the set of
supplier s; (i = 1,2, ...,n), supplier i can be different from supplier s;.

To specify the manufacturer’s cost share decision, we take a two-suppliers setting as
example. According to the above definition, supplier s, decides her wholesale price
ahead of supplier s, while supplier 1’s initial capacity is smaller than supplier 2’s. If
supplier 2 is identical to supplier s, it indicates that the supplier whose capacity is much
tighter decides the wholesale price first. But if she is identical to supplier s, it indicates
that the supplier whose capacity is much tighter decides the wholesale price later.

As theorem 3.1 illustrated, the decision order of the suppliers' wholesale prices does

not affect the manufacturer's cost sharing decision. No matter whether the supplier
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decides the wholesale price earlier or later, she receives the same cost share rate
depending on the suppliers' capacity constraints and market price. Thus, the pattern of the
optimal solution (A% | A% ) is symmetric about the straight line G, (0) = G, (0). So we
only need to show the half of the shape by choosing supplier 1 and supplier 2 as the
coordinator (See Figure 3.1 in below).

Denote
Li(Ay) =p—c— 514 = 2wGy(4y),
Lo(Ay) =p—c— B1A] — Balks + o — Bo(ky + c1 — A1)/ By] — 2wG1(Ay),
where w = 2p/H.

Thus, we can specify the optimal cost share rates as follows,

( (c1,0) In Section I
(A,,0) In Section I1
(0,0) In Section 111
(AT, AL = Agkytco— B2k 4 ¢, — 2\2)) In Section IV (3.9)
k1 +c¢ — g—;kg,ﬂg In Section V
c1, ko + o — %kl In Section VI

ﬂl:k‘l—i—cl—4wBl/[p—c—c73—|—\/(p—c—03)2+8wﬁ1B1] ) 03=,81(k1+cl) )

ﬂl :k‘1+01 *41{)81/[})*6*0’24“ \/(}3*6*0’2)24*8%‘}1], }L:J8181+,BQBQ, and

oy = Bi(ky 4 c1) + Ba(ka + c2).
Rewrite L;(A4,), we have

Li(A) =p—c— B —2wG(4)
1By

G’l(ﬂ_l) — 2-wG1(Z\1)

=p—Cc—03+

where 3 = 31 (k; + ¢;). Let L;(4A;) = 0so that G, (A4,) is given by
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Gi(A) = B :p_c_ai‘i\/(p_c—aa)2+8uz'ﬁ3131
e ki +c1 — A, 4w

Since G (A,) > 0, the negative root is excluded. Thus, we obtain A,.

Similarly, let Ly(A.) = 0, we have

_ h
n—c—oy—2wG (A, =
p—c— 0y wGH ( )+G1(A2)
_ n—c—0a++/(p—c—09)%+ 8wh
Gy(A,) ="t 2t (iw 2)

where o9 = 51 (ky + ¢1) + B2(k2 + o) and h = 31 By + 32 Ba. The negative root has been
excluded since G (A,) > 0. Thus, we obtain A,

Area [ to 1V are shown in Figure 3.1.

k, +¢
B A K, +7
1
o)=L LY
2w i K
i ,/’/,|’| kl B,
k, +¢,
Uli( 2)“,_—"/’/
Lo
0 V3 nve (k+c)(p-c) B,

w
Figure 3.2 Cost Sharing Equilibrium in Simple Sequential Setting

In Figure 3.1,
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o1 = phicr + Paca,
o9 = Bi(k1 + 1) + Ba(ke + c2),

kg(kl + Cl) Co09

P1=5 7 7 N |P—C—
2w(ky + c2) ko + co
k .

2 =5 -(p—c=fer),
kl

¥3 = Q—w(P* ¢ —01),

. k‘-g Co09

= 2w P ko + ¢
ko + co ,

T2 = S (p—c— Bicar)
ke

V3 ﬁ(ﬁ —c—01)

By =wuy(By) does not have an  explicit expression, but satisfies

Ll (kl + e — B1(ij52,2+cz)) = 0,

Bl = UQ(BQ) satisfies LQ(C]_) =0, and Bl = ’LLg(Bg) satisfies L2 (k)] +ec — Bé—fz) = ().

In Lemma 3.1, we characterize the properties of the boundary conditions.
Lemma 3.1 a) u;(Bz), uy(Bs)and uz(B;) are increasing in 3.
b) The equilibrium (A}, AY) = (k1 + ¢1 — Bika/Ba, o) exists i.ff.
Fico < kocy,
Proof:
Denote

2=1, {k1+cl‘81(}”’2+62)}

B;

B (kg + CQ):| 2wBs

=p—c—05 |ki+a— —

z increases in B, and decreases in 3,. By the Implicit Function Theorem, we have

duy(Bs)/dBy = —(92/0B5)/(8z/0By) > 0. Thus, uy(Bs) increases in Hs.
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Similarly, we have us(Bs) and us(Bs) increases in s.

Suppose  kyco > keocy , SO that (ko + o)/ ke < (k1 +c1)/kn . Since
(k1 +¢1)/B1 = (ks + ¢2)/ B2, we have Gy(cy) < Ga(c2). In this case, the manufacturer
cannot extract profit via fully sharing supplier 2’s deductable cost since the ordering
quantity is finally constrained by supplier 1’s capacity. Therefore, the optimal A, is less

than c..

3.3 Profit Comparison with No-Cost-Share Sequential

Setting

In the equilibrium of cost sharing model, the optimal ordering quantity is given by,

A CAY ) R ]
=1 o A Zp - 2uG(A) (3.10)
G1(A7) otherwise

Therefore, supplier s,’s profit is given by,

_ E A* 2 = * *
I — % (A1) 2 p— 2wGi(47) (3.11)
[p— c(A]) — wG(A])]G1 (A7) otherwise

and supplier s,’s profit is given by,

—¢ A* 2
* % e(AY) = p— 2wGL(A))
51 %[Gl (AT)]Q otherwise (312

and we obtain the manufacturer’s profit as follows,
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[p — e(AD)?
I, = y 16w ‘
1 [G1(AD)? otherwise

c(A}) = p—2wG(4))
(3.13)

Proposition 3.1 In the setting where suppliers sequentially decide on the wholesale
prices, the decision sequence does not affect the manufacturer’s decision and profit, but
only suppliers’. The supplier who decides first can charge a higher wholesale price than
other suppliers can if the manufacturer shares any supplier's total deductable cost.

By given the simple sequential decision setting, the manufacturer's optimal cost-
sharing policy and profit are irrelevant to the suppliers' decision order on the wholesale
prices. However, the suppliers prefer to make the decision early so that they can earn

more profits. Thus, the cost sharing equilibrium in this setting is symmetric.

3.3.1 Profit Comparison of the Manufacturer

Denote II* as the manufacturer’s optimal profit without cost sharing. We have,

T

0 c=p—2wG(0)

I, =1 =< w
M m % {[Gl(ﬂf)]z _ [Gl(U)]Q} ~ 0 otherwise

(3.14)

Thus, cost sharing can benefit the manufacturer if the market demand is not fully satisfied.
3.3.2 Profit Comparison of Supplier s
Denote II7, as supplier s;’s optimal profit without cost sharing. Then, supplier s,’s is
given by
¢z p—2wG(0) (3.15)
I, —1Ir;, =

o % {[GI(A’{)]Q - [Gl(O)}z} >0 otherwise
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Similar to the manufacturer, supplier s, always benefits from cost sharing when the
production quantity cannot satisfy the market demand under suppliers' initial capacity
constraints. Furthermore, in an N-suppliers model, all the suppliers can benefit from cost

sharing except the one who first decides the wholesale price.

3.3.1 Profit Comparison of the Manufacturer

Denote II* as the manufacturer’s optimal profit without cost sharing. We have,

0 c= P — 21UG1(0)
Iy, =IIF =< w 3.16
M m % {[Gl(ﬂf)]z _ [Gl(U)]z} >0 otherwise ( )

Thus, cost sharing can benefit the manufacturer if the market demand is not fully satisfied.

3.3.2 Profit Comparison of Supplier s,

Denote II7, as supplier s;’s optimal profit without cost sharing. Then, supplier s,’s is
given by

5 {IGHADP ~ [GOP} >0 otheruise

0 czZp— 21L’G1(U) (317)
I, -5, =
2

Similar to the manufacturer, supplier s, always benefits from cost sharing when the
production quantity cannot satisfy the market demand under suppliers' initial capacity
constraints. Furthermore, in an N-suppliers model, all the suppliers can benefit from cost

sharing except the one who first decides the wholesale price.

3.3.3 Profit Comparison of Supplier s

Supplier s5’s optimal profit without cost sharing is given by

26



I - T c=p—2wG(0) (3.18)
[p— ¢ —wG(0)]G1(0) otherwise

Denote

\ |
/_"\ /———\
Q
‘:’
=
=
+
o
i‘;
2
~—

1 = min 1,0’3)

( k1 + ¢ )
Ty = max | o, o ay .

According to (3.11) and (3.18), we compare supplier s5’s profit as below,

Lemma 3.2 Supplier’s profit comparison between cost sharing and non-cost sharing is
given by
(I) When ¢ < p < ¢+ B1(ky + ¢1), there must be 117, < IT% .

(1) When ¢ + Bi(k; + 1) < p < ¢+ &, IT%, > IT%_is in the shading of Figure 3.3.
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BlA

(k,+c)(p-c)
2w

2

2

Figure 3.3 Supplier s,’s Profit Comparison in (11)

(1) When ¢+ & < p < ¢+ 7, the shading shape for II;, = 11}, is affected by 3;, k;

and Ci-

() When 0 < 3,/8; < 0 or when 0 < f1/8, < 0 and ko/cy = (21 + 1) (ky +¢1) /2,

IT;, = II}, is in the shadow area of Figure 3.4.

ng

B, 4

(kl + Cl)( p— C)
2w

Figure 3.4 Supplier s,’s Profit Comparison in (I11a)
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(b) When 0 < $1/0, <6 and ko/co < (2ky +c1)(ky +¢1)/ci, or when (3,/8s = 0,

IT;, = II}, is in the shadow area of Figure 3.5.

k,+c¢, B
Ba K, +y/
(k1+C1)(p_C |
2W
(2]
Bl
B, [

Figure 3.5 Supplier s,’s Profit Comparison in (111b)

(IV) When ¢+ 7 < p < ¢+ 7, the shading shape for II;, > II is affected by 3;, k;

and Ci-

(@) When 0 < 3,/82 < [cr(ka + ¢2)]/[k1(2k1 + 1)), 1T, = 1T}, is in the shadow area of

Figure 3.6.
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BJA kzy
(k,+c)(P—0) kg
2w LR
2 ,/’/ kl B
— k2+C2 ’
B, < <
_ WL/ I =10
B. 2 2 —
B N
B ~ \)
B,

Fiaure 3.6 Sunnlier s-’s Profit Comparison in (1\Va)

(b) When 3,/82 = [c1(ka + ¢2)]/[k1(2F + ¢1)], 115, = 11} is in the shadow area of

ng
Figure 3.7.
k,+c¢,

2
Ba kzy

k

(k1+C1)(p_C) ________________________________ k_lBZ
2w /,/’ 2
27 It ’,/'/ K, B,
e k, +¢,

-——"H,sjz‘ 2 an

NN

Figure 3.7 Supplier s,’s Profit Comparison in (1\VVb)

R

(V) When ¢ + 75 < p < ¢ + &, the shading shape for TI%, > TI;

n2

is affected by 53;, &; and
C,::
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(a) When 0 < 3,/8, < 6 or when 6 < /8, < B and ky/co < [(2k1 + ¢1)(ky + ¢1)]/c,

IT;, = II}, is in the shadow area of Figure 3.8.

ng

BA
(kl + Cl)( p B C)
2w

Figure 3.8 Supplier s,’s Profit Comparison in (Va)

(b) When 6 < 3,/8, < 6 and ky/cy = [(2k1 + 1) (k1 + ¢1)]/¢2 or when 51/8, =6,

115, = I17 is in the shadow area of Figure 3.9.

B4

(k,+c)(p-c)
2w

0

21

o| 9|
[

Figure 3.9 Supplier s,’s Profit Comparison in (Vb)
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(VI) When c+& < p < e+ [k2 + (k2 + )]0/ [ca(ka + )], the shading of Figure

3.10 indicates IT;, > IT}

na'

Bll 3

(k,+¢)(p—c)
2w

Bl

2}

Figure 3.10 Supplier s,’s Profit Comparison in (V1)

(VI) When p = ¢+ [k3 + (k3 + c3)*]o2/[ca(ka + c2)], 1T, =TI is in the shadow area

ng

of Figure 3.11.
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BlA
(ke +C)(P=C) | kg
ow B, I\(B,] - 2
B,
2]

Figure 3.11 Supplier s,’s Profit Comparison in (V1I)

Proof:

From Figure 3.3 to 3.11, we denote

_ ki+c |, ) . )
Bl(Bg) = ]4“} ! 5(}) — C) — 2‘[31(!‘51 + Cl) — \/[p —C+ 281(]{1 + C])]z — Sﬁf(kl + Cl)z s

_ kil 4 a)(p—c— Bk — Bicr)
By (Bs) = (2k1 + 1)w

?

B3(B,) does not has an explicit express, but satisfies

81[)[33 ( ‘ ’UJB:; )

) — ¢ — =
k1+cl ! k1+01
(p—c—,&kl—01)2+(p—6—[31k1—01)\/(19—0—51!’%‘1—01)2+8wﬁ1Bsﬁ+4wﬁlBsﬁa

B4(B5) does not has an explicit express, but satisfies

2

SwBy 16w By whB, )

—c— 09+ —c—09)%2 + oy = —c— ,
b ? \/(p 2) k1 + ¢ ? ki + ¢ (p ky4+e )

= ko(ky 4 1) ,
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_ p—c kki+c1)

B = ,
6 w k3 + (ky +cp)?
= _k'l(k]+cl) _C_k1+010
T (2Fk1 + ¢)w p 1 !
Proof:

According to Figure 3.1, we prove the positivity of (II;, —II7 ) in six different
equilibrium areas.
CASE 1: (A1, A}) = (¢1,0)

Supplier s5’s profit without cost share isII; = By[p —c — wB;/(k + ¢1)]/ (k1 + c1).
And her profit with cost share is [T}, = B,[p — ¢ — f1c; — wB; /k]/k; in this case.

Let 1, > I

na?

we have By < By = [ky(ki + ¢1)(p — ¢ — a3)]/[(2k; + ¢1)w)]. Denote
2 = ki(p — ¢ — Bicy) /w. The positivity of (I}, — II7 ) is given by

T . >0 0\<\B1<BQ
n Tl <0 Bi<Bi<g

wherec+ o3 <p<c+ Bl[k% + (kl + C1)2]/C1.
CASE 2: (A}, A3) = (44,0)
Since By is supported in @5, (p — ¢)(k1 + ¢1)/2w], IT; is concavely increasing in 5.

According to (3.9), supplier s5’s profit with cost share is given by

2
[p—c—03+\/(p—c—03)2+8w5131]
16w

* —_—
II;, =

Where a5 = 1 (k1 + ¢1).

Denote v = p — ¢ — 3. Let I}, = 117 , we have

897
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[fU + 3 v+ Swi Bl]Q |: w3 :| By
, = |p—c-

]Cl +c ]i‘] +c
wB Swhby 9
v+ 8wl By = |p—c— —v* —4wp B
hB; {p k1+01} ki+c s

Solve the above equation and exclude the false roots, we obtain three roots

B, = (P*C)(K‘H-Cl).

2w

Take II7, ’s first-order derivative with respect to B; , we have

dIT?, 5 [p —c—Biki+c1)++/[p—c— Bk + )2+ Swpi By

4B, 2y/[p — ¢ — Bi(ky + &1)]? + 8wpi By
Bilp — ¢ — Bi(ks + 1) LB (3.19)

- 2/[p—c—Bilk +c1)? +8wp By 2

. dlL* dirs, . .
Since 8w, B; > 0, <5~ > 0. Sg2 increases in Biwhen ¢ < p < ¢+ o3 and decreases

initwhen p = ¢ + o3,

Knowing that IT¥, = IT!, when B, = 2=k1ten) e have

1) When e < p < c+ fiey, IIZ, [p,—0 = IT},, | B,=0 = 0 and g, < 0. So IT, and II;, have

ki14er1) )

no intersection in the interval of B; € (0, (‘”_'3)2(% . Since II7, is convexly increasing

and II;, | is concavely increasing in the referring interval, we have 1T, < I .

no

i)Whenc+ i <p<c+ M?l

I, | gy—0 = P‘C“’Slg[f“’“”‘ >0 =11} |p,—o and p2 = 0. Suppose 117 and II;  intersect

at By € (py, T-ta)y - Gince 117 | g,—p, < 1T, |32y, » it infers TI% < TT: when
By < By and 117, > 117, when By > B; . It contradict with the fact that

Hj;2| B =0 = Hj‘u\ B,=0- SO We have 17 < II7 .
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k2+(k1+e1)? %
iii) When p= ¢ + =—_—=0, I}, |p,=0 > II},,[5,=0 and g2 > 0. It can be inferred that

1T, and II;, have one and only one intersection point if B; < w Since
% |,, > II%, |, the intersection point B is in the interval of (p,, 2=1k1te)y A ye

obtained above, the possible B is

k1+"1 [3(1) —c)—201(ky+¢) £ \/ (p—c)2+4B1(p —c)(ky + ¢1) — 452 (ky + c])z].

Since B, < =lkitel gnd p> ¢ 4 Mﬁ’l, we exclude the false root and obtain

B as follows,

)‘{1% 3(p—rc)—=2B1(k1 +c1) =/ (p— )2 +4B1(p — c) (k1 + c1) — 483 (k1 + ¢1)2|.
Therefore, the positivity of (113, — II7; ) in case 2 is given by

m —Ir >0 %§§B1<Bl
<0 B < B, < (P—C)Q(fUNrCL)

where B, is supported in (¢ @‘ﬂéﬂ)lff p>f+M5’

CASE 3: (A%, A%) = (0,0). In this case, the manufacturer will not share any supplier’s
cost, so IT;, = IT;,..
CASE 4: (A7, A7) = (A by + e — B2 (ks + ¢ — Ay))

According to (3.9), supplier s;’s profit with cost sharing is given by

I, = w [Gi(A,)]°

2
(p —c— o9+ \/(p — ¢ —09)? +8w(fi By + ﬁng))
16w

Since II7, increases in B, and II; is irrelevant to 35, (II;, — II7 ) is increasing in DBs.

Denote By € (g1(By), g2(B1)), where g,(By)and g»(B,) are increasing function. There
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exist By € (g1, g0) that satisfies I}, — IT; = 0 if II}, — I} < 0 when B, = g:(By).
Check the positivity of (IT}, — II; ).
a) when By = %Bl, supplier sq’s profit with cost share is given by

I, = w [Gl(ﬂz)}z

2
(p—c—ang\/(p—c—ag)QJriw%;Bl)
N 16w

First-order derivative of 117 with respect to 3, is

1 \/(p —c—09)% + Sf’jﬁ B
dlz, d?11, d?117,
By >0, so that 20, =52 >0 when c<p<c+o, and —* <0 when
dBi dB3 dB?

p = ¢+ oy 114 is concavely increasing in B, < #-<lkitel)

1%

Denote o, = falkite) [p —c— ﬂ] Substituting By = ¢, into (ITf, — 117 ), we

w(ka+cz) ko—+ea
have
X « ky + co) ’ we 4
HSQ_H‘rl-:z:w M A 1 L
ngml + Cl) kl + € kl +
2
7(?3—0—%) B ko . o009 e ks e 0209
B 4w 2w(ky + c3) P ko + o P 2(ky + ¢3) P ko + ¢
(k2+C2)2+k%

* *
Let IT;, —IT;, > 0, we have p > ¢ + ealhatea) 02

II;, is increasing in [, and II; is concavely increasing in D, where

B1E[U,w] . It infers that I} <II;, in a neighborhood

2w

( (p—e)(k1ter)

(p—c)(k1+c1)
2w ?

—£ 2w

), where = > 0.
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i) When e < p < c+ 272, ¢y < Oand IT; [ p,—p = 11}, |5, =0 = 0. Suppose 11, > 117,

in By € (z1,2,) where zy, 2, € [0, 2% _ o) gince T, =TI;, at B, =0 and

H;Q < H:;Q in B, € ((p—c)2(21+01) — g, (p—c)z(ii)l-}-cl))

, there must be IIj =II} at

By = xy € (0, 2=lhitey e TI* and IIY, intersects at B; = 0,y Z-2ten) -y

2w 2w

contradicts with the fact that IT; and II}_ at most have two intersections. So we have

ITg, < 11, when B, € [0, (p=a)(kster))

2w

N 2
i) When ¢+ ;222 < p <c+ %O’g, 1 > 0. Since IIf, < II%_at B, = ¢, we

similarly have IT;, < TI;; when B; € [¢;, (p=lnter)y

2w

iii) When p>ct 828, M1 >0, at B =) > 0. Since [T, < IT;,

B, ¢ (eellte) o le-otitel)y (11« and IT; must intersect in the interval of

2w

By € [y, =ofta),

The positivity of (I, — IT% ) at By = 2t By is

k1+cy
>0 < By B4
I;, — 11" _ —c)(k :

S By< B < C)Q(wl o)

where B, does not have a explicit expression but satisfies

8w B 2
p—c—crg—l—\/(p—c—ag)2+—;f1+ff wB, B,

w = D —C— .
4w F kl + kl +

And 346[' m)lff p>= +%0_2.

b) When B, = us'(By), G1(4,) = 32 . It follows, after some algebra, that,

2
I — (p —c— 0o+ Boks +/(p— ¢ — 02+ Boka)? + 8-11)[)’131)
2 4w
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Similarly, we have

* % >0 qu+\<._Bl<Bg
H_H — +
@« "m0 By<Bi <y

where @3 = ;—:U(p —c—oy). Denote o4 =p — ¢ — Bi(ky + ¢1) — Baco. B does not have

an explicit expression but satisfies

(p—c—01)* +4wpBs + (p — ¢ — 04)\/(p — ¢ — 04)* + Bw}p By =(p—c— whs By
3w —\? Bi+a/) ki+a
_ . K2+ (k1+e1)?]o katea)?+hk
And B3€ {Lp‘gxpl)lff("i‘[l—(l{QL]l <p<(‘+% 2

[k3+(ki+e1)?)o < (ka+c2)?+k3

Then we have to prove Z S o (hates)

o2. Suppose this inequality holds, it

follows that

2+ (ki +c)? (k2 + (ke + 2)?](ky 4 ¢1) k2 4+ (ko 4+ c2)®  [K2 4+ (k1 4+ c1)?e2 ) .
- .Bl < - ) ﬁ?
c1 (ko + ¢2)e Co o
(leQ — kQCl) [2]1,1(]{2 + CQ) + (2]('2 + CQ)CI} 3, < (k‘zcl — k‘l(‘g) [(nILQ + 62)81 + Ufl + Cl)CQ + ntGQCl + leQ] 32
kg + ¢ chs C :

where the items in the square brackets are positive. According to Proposition 1(b),
kico < kocy. SO the left item is non-positive while the right one is non-negative. Hence,

the assumption is proved.
c) When B, = u; 1(By), G1(4,) = %1. By is supported in [¢3, w2). Similar to the above

case, the comparison of supplier s2’s profit is given by

* " >0 BG‘~<\B1<993_
e — 1 o >
92 n2 <0 993\<\B]<B6

_ L2( 1. . . . -
where  Bg = =< kf‘i((’;;liz))z and it is  supported in  [p3,¢2)  when

[E3+(k1+c1)?]81

[kf—f—(kl-k—(:l)z]ol
c1 2 '

(& 1

c+ Lp<c+
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Denote 7y(B,) = argB.(B;) The existence of T,(B,) is as follows: 1) When

c<p<c+ M T1(3,) does not exist, so that II; < II; ; 2) When

c1 ng !

¢+ Kithitalls p<c+ it te)llon (By) insects with wuy(B;) and us(Bs); 3)

Cc1 cy

When ¢ + W—“ﬂ% <p<ec+ %ag, T\ (Bs) insects with u,(Bs) and ug(By);

4 p=c+ %@ Ty(B,) insects with u;(By) and {41 B, When T}(B;) exists,

sz < H;:z when B > Tl(BQ) and H:z < H:LQ when B, < Tl(BQ)

CASE5: (47, A7) = (k1 4 ¢ — 242 )

Supplier sy’s profit with cost share is IT;, = [p — ¢ — 452]£2. Similar to the above case,
there may exist B; = T5(B,) which satisfies II; = II . Check the positivity of
(I3, — II;,, ), we have

a) When By = 2281, B, € [0, o).

% " > () 6§31<B7
-, 20 Beh e

where B; = ptal(p —c—htag) and s supported in  [0,¢4) iff.

24 (k14er 2]0'1

51

(kite1)or
1

c+ <p<c+ M

b) When By = 242 B, B, € [0,¢7).

k1+c1

>0 0< B, < Bs
H* _H* _\ 3]
: ”2{@ Bs < By < ¢f

where  B; = 2tal() o o] and is  supported in  [0,p7) iff.

(ko+co)?+k3

ctoa<p<c+ “ealkates) 02

40



CASE 6: (A7, A7) = (c1, ky + ¢ — B3l

wBl}

Supplier s2’s profit with cost share is II}, = [p — ¢ — i

. Intuitively, there may
exist By = T3(B,) which satisfies II;, =1I; . And we have II; <II; ~when

By > T3(By) and 1, <1, when B, <T3(B,) if 1T3(53,) exists. Denote

k24 (k1+ks)? 2 . k2 4(k1+ko)?
51 = min (k1+010“ 1+(c;+ 2) [3]) and & = max (klzcla—l, 1+((,12+ 2) ﬁ]). After some
“1 1

kite k3 +(k1+k2 ] (k14c1)e;
algebra, we have * =gy > = 2 31 when ! & < m
According to the above analysis on the positivity of (II}, —II ), we have: 1) When
c < p<c+ oy, T3(B;) does not exist and [T, < II% ; 2) When c+ 03 <p <c¢ + &,

T»(Bs) intersects with ‘“ﬁk—f"zBl; 3) When ¢+ & < p < c+ &, Ta(B,) intersects with

up(By) if 0 < 2 < % or intersects with A1—B, and 1B, if 2 > % 4)

When c+5;:1 <p<c+ %ﬁ(kjﬂm, T5(Bsy) intersects with wy(By) and ky By /ka; 5)
1

When P> + (FvlJrkz)
1

o1, T»(B,) does not exist and TT;, > IT; .
To combine the above six cases, we have to clarify the relationship of some

3’1 e (katc2) | A B (k1+c1)ee
conditions: When &L < T ey We have B When % < T oy We

2 _ ’ .
havefiteig, > Hhatk)? g - \When £ b < [kQClklff(‘;;fﬁtf;;l)] we have —ﬁﬁ(k”’”) o) < 0.
—4—1 : :

Since kyco < kocy when the equilibrium (A*, A%) = (ky + ¢ B c9) exists, we must

L L 2 (L 102 . 2 (o 472
have £le5) < 0y and Blerg) > ""ﬁ“‘clj"?) By if oy > &Uf{},‘ﬂgl_ Compare krtene
8 1 1

k1(2k1+cl)
kgcl—let‘z(k1+(’|
and e @horen) e have
(kiter)es  kaci—2kica(kater) _ 1 [(2"“1'1'51)(!“1""71) — k_ﬂ]
k1(2k1+61) k161(2k1+cl) - kl(2k1+cl) C% co I
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A o (kiter)es  [kact—2kica(kite)]t
Denote ¢ = mzn(kl(zkﬁq), e ki ten) )s

(k‘l"’CL)CZ [kzc%—2k162(k’] +Cl)]+
ki (2k1+c1)? kici(2k1+er)

and 6 = mazx( ), we have

8, _ & k2A(k1the)? e k24 (ky +ho)?
a) When 0 < &t < g, L(;f#ﬂl < biteg o L{Cﬁfﬂm < 0.

~

b) When 6 < £t < 4,

k1+k2) k2 4(k1+ko)? .
k1+(10‘ < lﬂclf 2) B < —hﬁ{ le 2) o <oy If ’” < !”2 < —(MIHIC)%("CHCH ;and

k}+(ki1+k2)? 8, < k1+(10_ <oy < k%+(k1+kg)2m if k2 < (2k1+c1) (M+C1)
A - ey
(‘1 Cl [657] Cl

i B c1(kates) kita ki + (k1 +k2)? ki+(k1+k2)?
¢) When 0 < % < honiey o 0l <—lh6’ <oy < —%— ay.

31 c1(katc2) kiter (k1+k2 f+(k1+k2)2
d) When £t > O ey a0 <oy <t 2 B < a0

Thus, we prove the movement from Figure 3.2 to Figure 3.10.

From the above comparisons, we can find that the supplier who first decides the
wholesale price may not always benefit from cost sharing. When the market price p is
lower than 7, supplier s,’s profit is always hurt by cost sharing. And with the increase of
p, cost sharing benefits supplier s, when B, is low and B, is high, but still hurt it when
By is high enough. Beside it, cost sharing’s effect on supplier s, is also affected by the
ratio of 5; and ;. Other suppliers, however, can always earn extra profits from cost
sharing.

We know from (3.10) that, the optimal cost share amounts are not affected by N
suppliers' decision sequence by given the simple sequential setting. However, such
sequence has influences on the suppliers' wholesale prices, and further affects their
profits. Similar to the results without cost sharing, the earlier the supplier makes the

decision, the more profits she can obtain from early movement. The manufacturer, thus,
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obtains the least. It indicates that cost-sharing policy could affect the players' profits, but
not the profit shares. When the market price is low, the increased profits derived from
cost sharing are allocated to all the players in the same proportion as the profit share in
the no-cost-sharing setting. When the market is high, the first-moving supplier incurs
profit cutting due to cost sharing. The profits of the manufacturer and the other supplier,
however, still increase in the same proportion as that in the no-cost-sharing case.

In a N-suppliers case, the manufacturer' optimal profit is given as follows,

p— (A7)

I, = 22nqp
M w oy _
1 G, (4] otherwise

c(4r) =zp—-2uwG,, (4;)

Supplier s,,'s optimal profit is
[p — (A7)

c(Ar ) =z p—2uwG,, (A4
= 2!1,'“) C( fn) p w n( rn)
[p— (A% ) —wG,, (AL )] G AL ) otherwise

*
Sn.

and other suppliers' optimal profits are given as follows,

[p— (47,

# 1 .
% (G, (AL )] otherwise

o(A7) = p— 2w, (A)

T'n

When the number of suppliers increases, suppliers' profits keep in a similar function
with that in the duel-suppliers case. Therefore, all the results in the duel-suppliers case

can be extended to the N-suppliers case.
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Chapter 4 Hybrid Sequential Decision in
Alternating Cost Sharing and Wholesale

Price

4.1 Model Description

T

In this setting, the manufacturer sequentially decides N cost share amounts to |
suppliers. Similar to the previous model, the decision sequence follows s,,, s,,_1,..., until
$1. However, in each sub-game, the manufacturer first decides the cost share amount A;
(i = sy, 82,...,8,), and then supplier i decides his wholesale price . Finally, the
manufacturer decides the ordering quantity. For tractability, we initially consider a two-
supplier model in which supplier s, moves first and supplier s; follows. This sequence is
more accurate to the reality when the manufacturer sources components from short-term
or new suppliers. Since the manufacturer has to make business with suppliers in turns, it

is more likely that the decisions of the cost share amounts are also made in sequence.

Demand Realized

Supplier s5's Supplier s4's
Wholesale Price Wholesale Price l
T T T g
Cost Share Cost Share . .
Ord tit
Amount to Amount to rdering Quantity

Figure 4.1 Decision Sequence in Hybrid Sequential Setting
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Similar to the previous chapter, we adopt backward induction to solve the problem and

obtain the manufacturer’s best response function of ordering quantity as follows,
* 2 _ .
g (mi, A;) = H — et Zmi)

In the next section, we solve two sub-games between the manufacturer and two
suppliers, respectively. Different from the simple sequential setting, the supplier does not
know the cost share amounts of the suppliers who decide the wholesale prices later than
she does. Therefore, she could only maximize her profit based on these suppliers' best

responses.

4.2 Stackelberg Game in the Hybrid Sequential Setting

4.2.1 Sub-game between manufacturer and supplier s,

By given the manufacturer’s decision on A, and supplier s,’s wholesale price w.,,, the

manufacturer chooses A, and then supplier s; decides on w,.

Supplier s;’s Problem
Knowing the manufacturer’s response to suppliers’ wholesale prices, supplier s; decides

on his wholesale price to maximize his profit,

HSl = Mg, [H - %(E + Z?:l 'Tn'Si)]

4.1
st. H—2(e+Y7 my,) <Gy, @

Solving this problem, we have

Euys

<, (O)
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In this setting, the manufacturer cannot decide cost share amounts for all suppliers
simultaneously at the beginning of the game. Before deciding to share supplier s;’s cost,
the manufacturer has already offered supplier s5 a cost share amount and has known her
wholesale price w,,.

Knowing his own response to the given wholesale prices and supplier s;’s best
response to the given cost share amount, the manufacturer chooses A, to maximize his

profit,

(p—c— mbz)z Ggl(Aq) (TJ c—ms,) (43)

4w ¢ S1 w

H”_{ $[Gn (A 0= Gy (4,) < ol

After some algebra, we obtain the manufacturer’s best response to A, as follow

Cfl 0 g Mgy < 191 5‘1105‘1 - G91 (C‘!‘l)
A:I ('mSQ', ASQ) = Asl 191 - ﬁ.‘;lc.‘?l LUG_;;I (C.‘?l) m%z < 19l Gsl (0)

0 ms, = V1 — wGg, (0) (4.4)

\/(192*77132 )2 +awfs, Bsy, —0a+ms,
2.5.31

and

where 0, =p—c—fB,A,, . A, =k +c, —
Uy = — By, (ks, +¢5,).

Denote Li(A,) =p—¢—mg, —wG,, (A,) . Since both ¢ and Gy, (4,,) are
monotonously increasing in the interval of A, € [0, ¢, ], £1(A,,) decreases in A, . II;;
increases in A, when £;(A, ) >0 and decreases in A, when £;(4,,)<0. As a
consequence, when my, > 1, — wG,, (0), I1,; is a decreasing function in A, . So the best
response is A, = 0.

When 9, — s ¢, — wGy, (cg,) < myg, < U7 —wGy, (0), I is a unimodal function

and its peak is at A, =A, , where A, satisfies £,(A,)=0 . Denote

t=p—c—Bs,As, —ms,, which is irrelevant to A, . Rewrite £,(A, ) =0 as
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wBs - .
P, 0. Since £(A,,) monotonously decreases in A, € [0, ¢y, ],

t— IBSIAMS‘ —

A, 1s unique. After solving the formula, we obtain

A"' o t+5s, (ks, +es, )j:\/[tfﬁs.l (ksy +es, )2 +4wpBs, Bs,
g .

St T 2;351

A t—Bs, (ks, +Csl):t\/[t*»ﬁsl(k51 tes, )] +H4wpi By

Rewrite it as A, =k +cs + — Since

4wy By, >0, we obtain /[t — 5, (ks, + ¢s)]? + dwBi By >t — B4, (ks + ¢, ). ThUS

we exclude  the root  which is larger than ¢, and obtain

A"' . t+03s, (ks, +es, )—\/[t—ﬁs, (ks, +ecs, )2 +4wis, Bs,
S1 2;651 )

When 0 < my, <t — s, ¢5, — WGy, (cs,), Iy is an increasing function and its best

response is A, = c¢,,. Thus it is proved.

4.2.2 Sub-game between manufacturer and supplier s

In this sub-game, supplier s, decides on the wholesale price w,, after the manufacturer
provides the cost share amount A, .
Supplier s5’s Problem

Supplier s5’s objective function is given by,

M, G, (Csy ) 0 < mg, < — Bey 0oy —wGs, (Cs))
G111 - — R
M, ={ m., Va—mmsy+4/ (02 2:;“2) +4wfs) Bs, O — B, 65, — WG, (cgy) < My, < — wGg, (0) (4 5)
Thse —m?2 .
¥ 33; s Mg, 2 191 — 'U.’GM(U)
and it subjects to
Gsl(cil) < Gy (4s,) 0 < my, < — By 05 — WGy, (c5))
sty Gy (4s,) < G, (As) U1 — Bs, sy — wGs, (c5,) < s, < V1 — wGs,(0)

p—C— Be, A, — s, < WG, (Ag,) me, =0 —wGy, (0)
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By solving this problem, we obtain supplier s4’s best response to the wholesale price as

below,
(0 —wGy(4,)  0<Gy(A) <py< 2
oy + % —wpy Gy, (0) < pg < 2
mg,(Asa) = ¢ 2+ 21”}95% G (0) < 52 < iy (4.6)
Y — wpy f—i < < f—i
[ 3 > g
where iy = min (G, (4s,), G, (0)) e = maz (Gy,(As,),Gs,(0))  ,  and

ps = min (p2, G, (¢s))).

II,, is a continuous piecewise function. When 0 < my, < ¥ — f,,¢s, — WGy, (s, ),
11, is linearly increasing in m,, if and only if G, (A;,) = G, (cs, ).

When 9y — 35, ¢s, — WGy, (cs,) < my, < U7 —wGy,(0), 1, exists if and only if

G (As,) € G, (4s,). Denote o = Uy — my,, so we have da/dm,, = —1. Rewrite the

constraint Gy, (A,) < G, (A,,)  as Va2 +4wfy By, < 2wGy,(Ag) —a . If
2w, (As,) —a < 0, this inequality is not established. Thus, II,, does not exist. If

2w@,, (As) —a =0, it can be rewritten as a? + 4wp,, Bs, < [2wG,, (A,) — al? .
2 2 1 1 2 2

Substitute m,, = > — a to it, we obtain m,, = m,, = U, + C;g‘*l(i‘” 5 — wGy, (Ag,).
DY sa

In this case, Mg, IS supported in the interval of

[ = By sy — WGy, (cg,), 0 — wGy, (0)) only,

Rewrite it as [192 + BB — WGy (), 2 + 5 — wG, (0)).
31 31 T8

If0 < Gs,(As,) < Gy, (0),
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Bs, Bs Bsy Bs
we have m,, < ¥y + lG;([ﬁ — WGy, (0) < Vo + gizly — wGsy(A,,). Thus T1,, does not
exist; If G (0) <Gg,(A,,) <G lcs,) , Il exists  only  when

My, < My, <1 —wGy, (0); If Gy, (As,) = Gy, (cs,), 1L, exists if and only if my, = m,.
Since £,(0) > 0, itinfers & > wGj, (0) > 0. Then, we take I1,’s first-order derivative

at m,, as follows,

dlly, o+ \/052 + 4w, By, o+ \/oz2 + 4wy, By,

_ — (¥ — v
dm, 2w (0 ) 2wy/o + 4wps, By,
_a+ \/a‘2 + 4wf, By, i Uy —
2w \/OAQ + 4wﬁ351831

Let dIl,, /dm,, = 0, we have m,, = 92/2 + (2wf3s, By, ) /2. Since both s, and o are

positive, 1| — ——22=2__ increases in o and decreases in m,,. Thus, dIl,,/dm,, is

/o2 +dwBs, Be,

positive when mg, < m}, and is negative when mg, > m;, . Therefore, II,, reaches
maximum at m;, = /2 + 2wp,, By, /V>.

Compare m,, with m_, we have

EhY

_ * ¢ ;851 le 1_(}2 2[[‘!‘.351 le
Mg, —my, = Vg + GuA wG,, (A,,) — P

w '192 2[))51 le
— —m [G.sz (Af)z) - %‘| [G32(A_52) + 192

Since ¥, > 0, it infers that m,, > mj, when 0 < G,,(4,,) < £, and m,, < mj, when
Gy (A.) =22, As a consequence, when 0 < G,,(A,,) < 22, II,, monotonously
decreases in m,, € [mn,,, +00); when G, (A,,) > 22, II,, is unimodal in the supported
interval.

When m,, = ¥ — wGy, (0), 1L, is subject to mg, = Uy — wGs,(As,). Therefore, 11,

exists if and only if m,, = U1 —wpy, = min(Gs,(A,,), G (0)). Take IL,,’s first-
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order derivative at mn,,, we have dll,,/dm,, = (J; — 2m,,)/w. Intuitively, the unique
peak of I, is at m}, = ¥, /2.

Combine the above three pieces of the function, we obtain supplier s,’s best response
to the manufacturer’s cost share decision as follows:

a) When 0 < G,,(A4,,) < G4, (0), I1,, is a unimodal function which is subjected to

ms, = U — wG,,(As,). Inthis case, supplier s5’s best response is as follows,

ok ?91 - ’lL'G.qz(AsQ) 0 g G-SQ(A-%) < ELL
mg, = U1 GSQ(ASz) 2 ilv

2

b) When G, (0) < G,,(A,,) < min (G, (c,,), 22) , I, decreases in m,,. Since

so Bs .
Mg, = Uy + G’i ‘22( A;) — wG,, (As,) , the best response is

m* — Bsg Bsy ,
my, = Uy + i WG, (As,).

c) When G, (0) < £ < min (G,,(A,,), G, (cs,)) 1, is a unimodal function so that

: s 2wfis, Bs
the best response reaches its apex m;, = 2 + ——*.
d) When 22 < G, (0) € G,,(A,,), L, is a unimodal function in the interval of

ms, = U1 — wGy, (0). Thus, supplier s,’s best response is given by

m* = { th — wGy, (0) 39; <Gy, (A, < ;971

e) When G, (c,,) <min (2, G,(A,,)) , II, decreases in m,, , where

Bsy Bs;

M, = Vo + )

— wGy, (¢ )
ﬁ-‘»‘l le

So the best response is m}, = ¥, + Gy wGy, (g, ).

Thus, it is proved.
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Manufacturer’s Decision on A,
Based on the suppliers’ best response of ., the manufacturer chooses A, to maximize

his profit,

f %[GSQ(A‘M)]Q 0< GSQ (Af)z) < Hq < 273_2
e G (0) < i < 22
Hj\.i’(Asz) = X 1631) G51 (U) < "% < 13 (4 7)
Y Y2 < U2 .
\ Tow p1 > 5

By solving this problem, we obtain the optimal cost share amount that the

manufacturer may offer to supplier 52,

0 "Gy (e,) < G0 0r "Gy (0) < G ()& 2D < G, (0) < Gy (s,
A min( s, ke, + oy = ZHE) Gy (0) < Gay(€0)&Ge, (0) < Gy (00) &G, (pf) < ”ZL) (4.8)
p Gy (0) < Gy (0) < Gy (e < G (py) < Tuler) '
mm(r_”ﬂ\.é ) Cs.) "Gy () > Gy (0) or "G,y (0) < Gy, (0) < Gy (5, ) &G, (cpy ) > %r
G = min{G;, (0),Gs,(0), ...,Gs, (0) }, and G = min{ Gy, (¢s,), Gs, (€55 )y -y G, (€5,) 1.

% A, does not have an explicit expression but satisfies

s1

where p; =k, + ¢5, —

G, (A,) = 232 Similarly, A, does not have an explicit expression but satisfies

2w

Goy(As) = 2222
Proof:

According to (4.8), the optimal A, is affected by the relationship among G, (0),
G (cs ) Ge(0)and G, (¢, ).

Case 1: Gy, (cs,) < G, (0)

ForV A, €0, ¢ ] Gs,(As,) > Gy, (cs,). Thus, we have u3 = G, (cs, ). Both ¢, and
1, are positive and linearly decreasing in A, based on suppliers' best responses. As a

result, both /3 and 2 decrease in A,,, which follows that IT,;(A,, ) is non-increasing in

A,.. In this case, the manufacturer will not share any cost with supplier ss.
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Case 2: G, (0) < G, (0) < Gy, (c,)

When ks, c5, > kg,¢s,, we must have Gy, (cs,) < Gs,(cs,) in this case. But when
ks, cs, < ks, cs,, We have to explore further:

a) Gy, (0) < G4, (0) < Gy, (cs,) < G, (csy)

Denote Lo(A,,) = Pa(A,,) — 2wG,, (4,,). Intuitively, £, decreases in A, . Denote

p2 = ks, + sy — % The optimal A} = p, according to (4.9) when Ly(p2) = 0.
41

When La(ps) < 0, Ty (A,,) reaches its maximum at AZ = A, .
b) G5, (0) < G, (0) < Gyy(es,) < G, (c5))

Since G, (0) < G, (As,) < G, (cs,) for ¥ Ag, €0, cg |, ps = G, (As.) . When

ksot+esqy

A,, <0, it follows that B,, > ==

[p— ¢ — B, (ks, + c5,)]. In this case, IT,; is non-
increasing in A, so that the manufacturer will not share supplier s,’s cost; When
A, = ¢, Iy increases in A,,. The manufacturer will share supplier sy’s cost; When
0 < A, < ¢, [T, reaches its maximum at A¥ = A,..

Case 3: G, (0) < G4, (0) < G, (cs,)

Denote p; =k, +¢,, — 228 and  £5(4,,) = ¥1(A,) — 20G,,(4A,,) . I

1

ks, cs, > ks,cs, , L3 decreasesin A, .

2) Gy (0) < G, (0) < Gy len,) < Goylen)

When A, < p, < p,, it infers that Lo(ps) < La(p1) < 0. Thus, I, is concavely
increasing in A, €0, A..) . When p, < ASZ , II4; continuously increases in
A, e A, p) till “[G,, (0)]?. When As, = p,, II;; is an non-increasing function.

When p; > A, , I, is a unimodal function which increases in A,, € [ A,,, A,,) and
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decreases in A, [Asg, +o0). Combine four situations, IT;; is a unimodal function and

the optimal solution is A} = min(p,, A,,).

When p, < A, < p., Iy increases in A, € [0, A,,) and is non-increasing afterwards.
Thus, A* = A,,.

When p, < p, < A,, it follows that G, (c,,) < %jj” So II,, only increases when
0 < A, < po. Therefore, A} = p,.

b) G, (0) < Gy, (0) < Gyyles,) < Giylcsy)

Similar to the above case, we obtain G, (¢, ) < %f) when A, < p,.In this case, 11,

is increasing in A,, only when A, < min(p,,A,,). So the optimal solution

A* =Tra,in(p1,ﬂ52). When A, = p,, II,, reaches its maximum in the interval of

Sa

72 <y < 2L Inthis case, A = min(p., 4;,).

. 110 3 3
Case 4. ¢, i of — 0o
In this case, II,; increases in 0 < A, < ASZ and decreases in A, > ASZ. Since

A,, € [0,¢y,), the optimal A7 = max (-’m’zl'r.z-(Aﬂxgz1 Csy ), 0).

Thus, it is proved.

4.2.3 The Equilibrium in Hybrid Sequential Setting

Supplier sy’s Decision
We obtain the optimal wholesale price for supplier s, by substituting the manufacturer’s

decision of A?_into the best response function.
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P Bycy = WGy, (cs)  Gyles) < B9 & G, (es,) < Gyy(0)
f20) 2'“"‘;;2“(‘(#” G, (0) < 0“&)) < min (G, (0), G, (cs,))
p—c—wGy, (0) G, (0) € G, (0) & B9 < g, (0) < 40
e min (G, (0), G, (0)) > 410
. 9z(ﬂ2)+—'(—’—) — w6, (es)  Goy(0) < Gy len) < Gyles,) & < B, < Va(By,) (4.10)
B R vy ValBo) < Boy < VilBa) & Glen) > 228 & Gy 0) < 42
Ba(csy) + G, (B ) — WGy (Cs) Gsi(0) < Gyyles,) < 92(05;) & Gy (esy) > Gyy(0)
gl(pl) —w Gél( ) Gsz((l) < CJ-H ([)) < Gsz ({’3]) & Lf (Béz,) BSI < LCZ(BBI)
fuidh) By, 2 Va(Ba,) & Giylcy) > 22l & G (0) < %
B1eny) — wCiny(cs) Gy (0) 2 Gylen) & 0 < Gyley,) < 202

where py = kg, + Cy, — ng:“. Bs, = V1(Bs,) does not have an explicit expression but

satisfies Ua(p1) — 2wG,,(p1) = 0.
Similarly, By, = Va(B,,) satisfies Us(pa) — 2wGs,(p2) =0 By, = V3(Bs,) satisfies
th(p1) = 2wGs,(p1) = 0.
Lemma 4.1 shows the properties of V;(3,,).
Lemma4.l1 Givend; = 0

\<-_ k‘52+(‘bz 5

a) V1(B,,) increases in I3, when Fogo0a

6'3*-<-_Bs

bl+ s 1 2

- - Kso+Cs- ks +cCs.
b) V,(B,,) concavely increases in B,, € | f“zdl, f( 245] . Moreover,
o o1

V:q (Bs-z)is smaller than §31
‘51

B,,

c) Vi(B,,) is a convexly increasing function in the interval of

ksg kbz‘i‘(az
sy tesy 55 S BSQ < Ry tes 06
_ ks (p—c—a2) _ ksy(pme—d1) ¢ (ks tes)(pme—d2) ¢ (ksytes;)(p—e—a1)
where 6]_ =5 62 - w ) 03 - 2w ' 04 - 2w !
- (ks +csy ) (p—c—BsgCsq) (ksy +esq ) (p— C)
5 = = 1 % B2 (56 = -1 2;‘ 581(k51 +C51)

02 = )851 (ksl + Csl) + 632632-

Proof:
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Rewrite L£5(p2) = 0 in the form of B, = Va(B,,). Intuitively, V5(B,,) is an increasing

function.  Substitute B,, =4, and Bsgz';iél into  Ls(p2) , we have
o

Lo(pa) = - - prefy (ke Fea) 2B _ ) 1t implies that Va(B,, ) intersects with the line

2w
B, = ’:‘%BSQ in the point of (B,,, B, ) = (%51,51).

Take V,(B,,) ’s first-order derivative with respect to B we have

52

dVa/dB,, = ﬁ52k51/(§—§i’652k51 + 2“;2”) > 0. Take V,(B,,)'s second-order derivative to

B, we have

&2V, Boyks,

By, + By, V5(Bs,) | 2w
B2, (Bszﬁszksl + Q'HJB,,-I)Q

ﬁsz k:-h‘] ’ BE] + ]i_g,l

Bs, ks

Since V5 (B,,) = dV»/d B, > 0, itinfers that d*V, /d B2, < 0.

iz 4y into dV,/dB,,, we have

51

Substitute B,, = d, By, =

de(le)l I Bs, ks,
dB,, 'Be2=%200 kB, + 2wh [k,

Since &; > 0, it follows that dVa(Bs,)/dBs, < ks, /ks, When B, = kg, 01/cs,. As it

proved above, dV, (B, )/dBs, is positive and decreasing in By, > k,,d,/c,,. Therefore,

we can infer that 15(B,,) < %882 in B, € [%51, %62} Thus, it is proved.
By solving £3(p;) = 0, we obtain
_ _ 2w 2 p—c—Bsqy(ksy+esq)
By, = Vs(Ba) = g e Bos — Tt rem) - Dor

2
Since 2 ‘(ﬁéf”) > 0, V3(B,, ) is a convex function. According to the proof in (24), p;
B2,

increases in B,, and decreases in B,,. Since v, decreases in A,, it implies that ¢, (p, ) is

decreasing in B, and increasing in B,,. As G, (0)increases in B, it infers that Ls(p)
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increases in B,, and decreases in B,,. Thus, V5(B,,)is an increasing function in the
supported interval.

Manufacturer’s Decision on A’

By given (A} ,m}_), the manufacturer’s optimal cost share amount offered to supplier s,
could be solved. Combining A} with A7, we acquire Theorem 4.1 as below.

Theorem 4.1 When the cost share amounts and the wholesale prices are decided in an

alternated sequence, the optimal cost share amount to each supplier is unique.

(4. 4%) =
min (cs,.(ksl + oy — :_“—B_GL])‘) ﬂ)- "Gy (€6) < Gy (0) 07 "G (0) < Gy (0)& Y < G, (0) < Gy (c4,)
by + 00y — 28] (A, k4o, — Z555)) 5 Ga(0) < G (008G, (0) < Guy(en) &Gy () < 2220
(0, p1) ; Gy (0) < Gy (0) < Gy ()& 228 < G (py) < Dafen)
([).-r?:.in.(d;,CSZ)); G (Ca)) > Gy (0) 01 "Gy (0) < Gy (0) < Gy (4G (py) > 220)!

The above theorem illustrates that the manufacturer’s optimal cost share amounts given
to the suppliers are affected by suppliers’ capacities.

Figures below give us a more intuitive view of the optimal policy. Different from the
equilibrium in the last chapter, this solution shape is asymmetric due to the influence of

the decision sequence.

Denote r,, = CSL,. as supplier s;’s deductable cost amount, which indicates the

Foy

proportion of the deductable cost in supplier s,’s cost. The relationship between 7, and

r,., may also affect the equilibrium.
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Casel ry =1y,

A
B,

O

04

Figure 4.2 Equilibrium in Hybrid Setting 1

Case 2 ry, < 7s,

ksl +Csl
ksytesy

ksq
kSQ +Cé‘2 8z

Figure 4.3 Equilibrium in Hybrid Setting 2
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When 7, becomes smaller than ., the shape of the equilibrium rotates with the origin
as the center counter-clockwise. When B,, < ¢;, the manufacturer will always share the
total deductable cost with the supplier who has a smaller ¢, (¢, ) to extract more profit.
However, when B;, > dg, the manufacturer cannot earn any extra profit by cost sharing.
d; vary with different sales price and suppliers’ costs. Since p > ¢, we have dg > 0.
Intuitively, ds = max(d;) and &, = min(J;). For 6; (i = 1,...,5), however, they are not
always positive and even not in a fixed order from small to large. That is, the above
figure only demonstrates one particular case of ;. Since &, has the same positivity as 45,
lemma 4.2 illustrates the properties of 9, to 5.

Lemma 4.2 For given 3, k,. and ¢, the positivity and the size order of §,(i = 2, ..., 5)
depends on p:

Case 1: 01 > f3,¢s,

a)d; < Owhen 0 < p < c+ f,¢;

b) §5 = Owhen ¢+ f,,cq, < p < c+ 7y

C)d5 = dy >y >0wWhenc+ a9 < p < c+ as;

d) 05 = 64 > 0 > d-0Whenc+ a3 < p < c+ 0y;

€) 05 = 04 > 03 > 0o > Owhen p = ¢+ 74

Case 2: 01 < [3,¢s,

a)d; <0when0 < p<ec+ay;

b) oy > 09 = 0wWhen o i o oy

C) 04 > 0y = 05 = Owhen ¢ + [5,¢5, < p < ¢+ min(as,ds);
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d) When c+min(ds,05) < p<c+max(ds,ds) , 04> 09 > 05 >0 >0 if

0<a < Uszcsz, and64>62>(5r > 0if

k +(' 0132082 < al < fjsz(«.s'p

”+
e) 0y > 05 > 0y > 03 = Owhen ¢ + max(03,05) < p < ¢+ dy;
f)64 > 05 > 03 262>0Whenp26—|—54

where 0y = B, 0oy + B, (key + o))+ T4 = Bay(key + g, ) + By, Tl

€sq

— (‘!'751"‘(751)(752 ksl (k'51+('51)
05 — 7{:51 ,8;2 sy .8

Proof:
Intuitively, we must have &4 > &, and 65 > ds. When [, (ks, + ¢s5,) = [35,¢s,, it infers

that o5 > 9, > 6, . After some algebra, we have 65> 6, > 2 > 63 \when

ks +cs Cso
p<c+ By (ks +coy) + %632 :

Csq

When f;, (ks, + ¢s,) < Bes,Cs,, We have 6, > 5 > d3. Furthermore, we have &, > &5

when p < ¢+ [mﬁs Mo’ . Since By, (ks + ¢s,) < Bs,Csy the item

Csy =82 Csy S1
in the square brackets is positive. If this inequality holds, we have &, > d, > d5 > 9.
Otherwise, we know from the above proof that, 65> 05 > d» > d3 when

(ksl +(751) .
C

p < c+ B (ks + o)) + “2 3. Thus, Lemma 4.2 is proved.

o
The threshold for cost sharing is p > min(f3s,cs,,1). When the price is low than the

threshold, the profit extracted from cost sharing cannot make up the additional cost that

the manufacturer bears.

Proposition 4.1 When the manufacturer sequentially decides cost share amounts to N

suppliers,
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a) the equilibrium still keeps the balance G, (A% ) = G, (A ) if both suppliers are
shared by the manufacturer.

b) the rank of &, changes with sales price, which may further affect the shape of the
equilibrium.

c) the equilibrium is mutually affected by suppliers’ capacity constraints and the
decision sequence. When the supplier who has a limited initial capacity moves later, the
manufacturer may not share her cost as he does in the simple sequential setting.

When §, < B,, < dsand G, (0) < G, (0), supplier s, charges a high wholesale price
since she can produce sufficient products without cost sharing. As a consequence, the
manufacturer is not able to share supplier s,’s cost in the second stage even if he can
extract more quantity to satisfy market demand via this approach. It implies that early

negotiation boosts the bargaining power of the supplier who has abundant budget.

Supplier 51’s Decision
Substituting the optimal cost sharing amounts into supplier s,’s best response function,

we obtain the optimal m,, as follows,

a(ea) Calen) < &0<BM<HB)

BT Gal0) <5 <min(Ga(0), oo,

6,00 42 <C,(0) <nin (42.6,0)) G0 <G, 0) < Gufe) € ViB.) < B, < VB,
% 6 (0)
my =4 & ) 1( (0),Go0)) > 42 e "

G, (AQJ 1(8 )< By <V(B) & Gifey) > 5 G, (0) < 42 o

UGy(cy) '0< Gyley) <min (GM(} ;,2}) or "Gy, (0) < Gyy ey ) < min (Gmmgﬂ;z])

$Gold) By > Vi(Bo) & Guleg) > 2 & G, (0) < 42
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4.3 Channel Performance

Since optimal cost sharing amounts are affected by the decision sequence, we further

study whether it may reallocate the profit among the suppliers and the manufacturer.

Manufacturer’s Profit

Substituting the optimal cost share amounts and suppliers’ wholesale price decisions

into the manufacturer’s objective function, we obtain his optimal profit as below,

len CM 2 Gyley) <20 £ 0< B, <Th(By)
M G (j <n' ( «,( 51(631)

16w

I, ={ o ~ -m.in.(Gsl(O) G,,(0)) > 40 | |
YO Va(B) < By <Vi(B) & Gofes) > 52 & Gy0) < 52
Gy (e, )] 1< Gyley,) < min (Gsl([]), elgfj?)) or "Gy, (0) € GSE(‘L;.Z) < min (Gsl (0), e
SGo( AP By 2 VA(Ba) & Guyle) > 252 & Gy (0) < B

Supplier sy’s Profit

Substitute (4.11) into supplier s,'s best response, we have

o= ¢ = By, — WG, (c,)] Gy (cs,) Goley) < 2 & Gy () < Gy (0)
BOF | 3 B, G (0) < 29 < min (G, (0), Gy cs,)
lp {'_uGél( ]Gb‘](u) G51(Uj<GsJ(J&62[OJ<G () ;T
b= min (Gy, (0), Gy (0)) > 4

I - [p -C— G505, = Baopo — wGy, (05, )] G, (cs,) G;,(U}é(;gl(cql)<(}*;z( )&<Bi1<lf2(B )

w ) ML B, Vo(Boy) < By < Vi(Bey) & Giyle) > “22)) & G, (0) <

( ) CaylCw) + By By = w[Goyesy)] GSL(O}SGH(%) M) & Gy e )>G_( )

th(p) - Gy (0) = w[G, (0) Gy(0) € G, (0) < Gy, (rgl)& vl( ) < B, < Va(By)
e By, 2 Vy(B,) & Gyle) > 252 & G (0) < 5
Ip— ¢ = By, — 0G4, (6,)] Gy(cs,) Goll) > Gule) &£ 0< Gulen) < < i)

Supplier s;’s Profit

Similarly, we obtain supplier s,’s optimal profit as below,
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viG, O ™ <, (U)<mm( 10 Gw(o))' or G (0) < o (0) < Golen ) & Vi(BL) < By, < Va(B. )

m

2w

(4.11)

(4.12)



%[GSI (CSw]]Q Gy (es,) < % &0< By <Va(By,)
kel g 0) < B < min (G, (0), Gy (e)

ey !
LG, (OF 49 < G, (0) < min (egﬂ ng{o)) or Gy, (0) € Gy, (0) < Gy (c) & VA(By,) < By, < ValB.,)
M, ={ b= min (G, (0), G, (0)) > A0 (4.13)

LGP V(B.) < By < (Ba) & Gule) > B22) & G, (0) < 42
26y (e 0< Gyley,) < min (G (o)ﬂ'“iﬁ-’) o 'G,,(0) < Gy c,) < min (G (o],92£°-f2’)
(0

2w

UG (AN By 2 Va(By) & Gyley) > 22 & G, (0) < B0

Al

Different from the previous chapter, the cost sharing decision is more limited by the
suppliers' capacity constraints in the hybrid sequential setting. The players' profits have
changes in this setting due to the mutual effects caused by alternating decisions between
the cost share amount and the wholesale price. However, the players' profit share is still
keeps in this case.

The manufacturer's cost sharing decision is affected by the correlation between the
suppliers' decision sequence and capacity constraint order. Thus the cost sharing
equilibrium is asymmetric. It is quite different from the simple sequential setting.

Extending the model into multiple-suppliers case, we obtain the manufacturer's optimal
profit as follows,

62 0
. T (AL ) 2 ———
22nqy) G (45,) 2n—lyp
H* — E G 2 v — ,p —Cc— ﬂsl(kffl + (:51) < p—-c
M 1 G (0)] G5, (0) =Gr& e < Ga(0) <
% (G, (AL )] otherwise
Supplier s,,'s optimal profit is given by
6? 0
X, \Bs 1B Gy (AL ) 2 ——
2.”’1” + i—1/78i—1 i—1 17( ._.n) 2n,lw
* = . '_"_"",- k; ’s -
M= e 276, 0]6,0) G0 =l =TIl ti) (g g 2=

[p—c—2"2G, (AL )]G, (AL) otherwise

where  =p —c—3> g, 2o, Bsi (ks, + c;) — B, AL and

1 A7 >0
X, = ;
’ 0 A; =0
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Other suppliers' optimal profits are given by

0* f . 0
Finigy T Kei-aFsi By G, (45,) = iy
= e . —c—f, (k g —c
=19 220, (02 G () = Gt =Pl b ) g < P2
yn— N
2 2w[G,, (AL )] otherwises

The above results indicate that each supplier's capital flow directly affects the profit of
the supplier who makes the decision next to her when the manufacturer does not share
any supplier's total attainable cost. For two neighboring suppliers, the supplier who
moves first can obtain an extra marginal profit if the manufacturer shares the cost of the
later-moving supplier. Moreover, the extract profit increases when the later-moving

supplier is not prone to cost sharing.
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Chapter 5 Simultaneous Decision Setting in

Both Cost Sharing and Wholesale Price

Simultaneous setting is different from sequential model in that N suppliers
simultaneously decide wholesale prices after the manufacturer decides cost share
amounts. Without loss of generality, we denote the supplier in this chapter by supplier 2
instead of s;. As it assumes in the previous chapter, suppliers’ initial capacities keep the

inequality of G (0) < G2(0) < ... < G,(0).

Demand Realized

N-Suppliers’
Wholesale Prices l
T L
Cost Share _ '
Ord tit
Amounts to rdering Quantity
N-supbpliers

Figure 5.1 Decision Sequence in Simultaneous Setting

5.1 Suppliers’ Problem

Given the manufacturer’s decisions on cost share amounts offered to the suppliers, N
suppliers simultaneously decide their own wholesale prices. By knowing other suppliers’
best response functions on wholesale prices, supplier = maximizes her own profit as

follows,
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IT; = myq
— H 2 - - /
1=
st. my=p—c— %G.E(Ai) — M,
where M_; =37, ., m;.
Refer to the previous chapter, we denote &, (4, ) as the minimum attainable capacity

among N suppliers. Correspondingly, the subscription 7, indicates the supplier who has

the minimum attainable capacity. Thus, we obtain supplier z’s best response function by

solving )
For G, ,(4,,) = ﬁfi?il
A
mi(a) =248 52)
For Gy, (4,,) < 22,
* p—e(4,,) - %Gm(ﬂm) L= Tn
m;(4) = QGT‘”(AM) i=1,2,..,n1#mr, (5.3)

Denote G, (4,,) = min (G1(4,), G2(A,), ..., Gi(4,)), i =1,...,n. G, (4,,) indicates
the minimum attainable capacity among supplier 1 to supplier 7. Since supplier 7 can be
different from supplier s;, G,,(A.,)is not equivalent to GG, (A4,,). Only when 7 = n, we

have G. (A, ) =G, (A.).

Proof:
We first discuss the case that involves three suppliers. Take I1,’s first-order derivative

at m;,
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dll; 2 2
=H——(c+m; + M_;) — —m;
dm, w w

2
= Z(p—c— M_;—2m)
w

Let dI1; /dm; = 0, we obtain m; = (p — ¢ — M_;)/2. The profit function is unimodal.

When 0<M_;<p—c—5G(4) , mi(M_,)=%ip—c—M,) . When
2

Mizp—e—YG(A) , mi(—M)=maz (&p —e—M_; — gg,i(ﬁ.i))

Combine these two cases, we have

mt(M_,;) = { p—c—YGi(A) - M ; 0SS M ;<p—ic—wGi(4)
e s(p—c— M) M_; Zzp—c—wGi(4) (5.4)
Intuitively, m(M_;) is linear and decreasing in A7, . Particularly,

m;(M;) =p—c¢— 5G;(4,) — M_, are parallel to each other.

Substitute rm, = 1(p — ¢ — M_,) into mj(M_,), it follows that

p—c—mg Gi(A) > 2(p—t=ms)
mi(ms) = i ..311: 2(p—t—ma) 5.5
p—c—mg—UIg1(A1) g](A1) <m3n(g2(ﬂ2)7T) ( : )
Substitute my = p — ¢ — M_y — §G3(A,) into m7(M_y), it infers that
2(p—c—m3) A > 2(p—&—mg3)
.Mr_g(mg) — % " gﬂ”z( ’-"'z) /2(;}76%1;“)
p—c—mz—5G,(4,,) 0<G, <5

Substitute the above function into mj(M_3), we obtain suppliers’ best response
function as follows,

Case 1 w <p—c—wGs(A,)

Supplier 3’s best response function is given by,

2 o
My =p—=C— EGS(AE,) _ (p c m?,)
2 3
3w
my(A)=p—¢— 7G3(A3)



Since it must satisfy Gr(A,.) = 2“’%;’”“") , we have
Gs5(A;) = G, (A) < (p—¢)/2w : Consequently, we have
mi(A) = m5(A) = §Gs(4y).

Case2 2-C7) > ) & w(Gy(A,)

We obtain supplier 3’s best response function as below,

mz = G + =
m3(4) = E—
In this case, it must satisfy the constraint that
Gr(A) >2(p—c—5%)/3w=(p—¢)/2w . After some algebras, we

mi(A,) = mi(A,) = E5

3
Case3p—c—m3— 4G, (A,,) = p—c—wGs(A,)

In this case, supplier 3’s best response function is given by

1

my = 5 (my+ 26, (4.,))

mi(4) = =G,,(4,.)

Substitute it into the above constraint, we have G,,(4,,) =G, (4,,). Since

Gry(A,,) <2(p— ¢ —mg)/3uw, itinfers that G, (A,,) < (p — ¢)/2w. So we have

* * o (p —C— @Gm AT ): EGY?":;(AT";;) Gl(Al) g GQ(AZ)
(mi(4),ma(4)) = { (2C,y(An)p—c— %GW(ATB)J) Gi(A,) > Ga(A,)

Case4 p—c—m3— 5G,(4,,) <p—c—wGs(4,)
In this case, supplier 3’s best response function must satisfy G3(A,) = G,,(4,,).

Obviously, it has no solution.
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Combine the above four cases, we obtain suppliers’ best response functions in a three-
suppliers setting. Extending the result to the N-suppliers model, we conjecture suppliers’

response function as follow,

a) When G, (4, ) > 202

= (nt+1l)w’
m;(A) = ———— (5.6)

)

(a2 [ podd -G (A =
. (A) a { %Grn (Ar.n) (L = 11 2: an:?’ 7£ T'n (57)

Then, we adopt mathematical induction to prove it.

For i = 2,3, we have proved that the above best response functions are established.
Assuming that it still stand for ; = k£ — 1, we consider the case when i = k.

For supplier j, j=1,2,...,k—1, we have m;j(my) = (p—¢—my)/k when
G, = 2222 When 0 < G, , < 222 we have m_,,  (my) = 2G,, (4, )

and My, (My) =p—¢— (kizl)wg?"kq(ﬂrkq) — Mg

Similar to (5.7), we solve supplier £’s profit function as follows,

'm*(]‘.f ) _ p—Cc— %Gk(ﬂk) —M_;, 0 M < p—cCc— U’Gk(ﬂk)
ATk tp—e—My) M_; = p—c—wGi(A) (5.8)

Substitute m;(my),j =1, ...,k — 1 into (5.8), we obtain that
Casel mj(M_;)=(p—c—M_)/2, 7=1,2,....k

Supplier k’s best response is

1 kE—1

me =g p—E—T(p—E—mk)
* p—¢
my(A) = T



Since M_;. = p — ¢ — wGy(4y) in this case, we have

(k—1)p—-2)
k41

Gr(Ax) >

>p—c¢— wGr(Ag)

2(p—2)
w(k+1)

p—c

Thus, supplier j’s best response is m5(A) = Ty

< Ap—emmy)

Case2 M_, —c—wGp(Ay) &0 <G, _, o
Substitute M_, =p—¢ — 2G,, (A, ,) —myintom;(M_), we obtain supplier £’s

best response function as follows,

mp(A) = Qm (Ar )

Since M, — ¢ —wGL(Ay), we have G, = G,, (4, _ ). Furthermore, it must
satisfy that
2 [p —C— %}gﬁcq (Afkﬂ}
Ui < kw
2(p—©)

G (4,,) < m

We further have

W?’:k (A) =p—- c— kuGrk(Ark) ‘m’—vk(A) = TSGM(AW)'

2(p—c—my)

Case3 0 < M <p—Cc—wGp(Ap) &G, , = —

Supplier £’s best response function is

k—1
my=p—C— §Gk(ﬂk) - T(‘P —C—my)
kaw
mi(A) =p—e— 5-Gu(Ar)

where G, > G, and G(4;) < (2;5_1:1)613;
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After some algebras, we have m;(A) = m; (4) = FGr(A).

Tk

2(p—e—mg)
Tk—1 < kw

Cased 0< M p<p—c—wGr(Ag)and 0 < G
We have
my = —%Gk(ﬂk:) + %QTH(A,.H) + my
Gr(Ak) = Gr oy (D))
Intuitively, there is no solution in this case.
Combine the above cases, we can conclude that (5.7) and (5.8) are still established for
¢ = k. Thus, it is proved.

2(p—e)
(n+1)w?

Particularly, when two or more suppliers reach G, (A) < only one of them can

charge p —¢(4,,) — 5°G,, (4;,).

2

5.2 Manufacturer’s Problem on Cost Sharing Decision

By knowing suppliers’ best response on the wholesale prices, the manufacturer choose

A;, i =1,2,...,n to maximize his own profit,

2(p — )2 2(p—¢)
| > P79
2n+1)(n+ Hw Cro(4r) (n+1)w
= v, " 0<G (A )< 2(p—¢) (5.9
4 Tn Tn T'n T'n (n + 1)?11

Solving this problem, we obtain the equilibrium of A¥ as below.

Pf

When G, (4,,) = B

“ (n+l)w

We have ¢*(A) = H — 2(I5 + %) = (Qn(_’:)ﬂ Thus we obtain the manufacturer’s

profit function as below
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When 0 < G, (4,,) < fii—]il

After some algebra, we have ¢*(A) = H — 2[p — %G, (A.,)] = G, (4,,). In this

case, the manufacturer’s profit function is given by

w

w
HﬂI(A) = EGTR(AT'R) : GT?L(AT'H-) - Z[Grn(AT'ILHQ

= 1G4,

Thus it is proved.

Theorem 5.1 When N suppliers simultaneously decide on wholesale prices, there exist a

unique solution of A; (i = 1,2, ..., n) that the manufacturer will offer to suppliers.
- B,
min(AJ“,k}—i—c,-— —2) 1=1
A — Gr(cr)
P (ki +c—AD]T 5.10
ke, Dilkit = A1) i=2.3,...n (5.10)
By

where Gr(crp) = min(Gi(c1),Galca), ..., Gn(cn)) . A does not have an explicit

expression but satisfies
A i (k1+c1— A n+1)w A
LA)=p—c— Y1 {Bilki + ¢ — Blltazdn  (Hwa (A) =,
Proof:
__ isaunimodal function in A, .
Denote £(A,,) =p — & — WG, (A, ). Since £(A4,,) decreases in A, , there exist a

unique A which satisfy £(A)=0. We conclude that, Ar = min(A*+, G, (¢.)),

+
A* [k_rn +c ., — BT . Thus it is proved.

—Tn )
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The above theorem shows that the solution structure is similar to that in the simple
sequential setting in chapter 3. For given N suppliers, however, we can infer that A < A
since 2" > n+ 1,V n=2,3,..., k. It implies that, the simultaneous setting can release
more potential market demand than the first sequential setting. Thus, the manufacturer

may share more suppliers’ costs to extract capacities.

5.3 Profit Comparison

In this chapter, we compare the channel performance between simultaneously setting and

first sequential setting which involves two suppliers.

5.4.1 Comparison of Manufacturer’s Profits

For n = 2, substitute (5.10) into the manufacturer’s best response on the ordering

quantity,
2[p — (A}
[ A= adl) SAY > p— 20G1(4))
4 = 3w (5.11)
G1(A7) ¢ < c(Al) <p-—2wG(A]) '
Then we obtain the manufacturer’s optimal profit as follows,
2 [p - E(AI)]Q — * 3w *
— ow oA} =zp— le(Al)
Iy = w v 3w (5.12)
A 0 < c(A7) <p— —-Gi(4)) '
[G1(AY)] 2

According to (3.13), we compare the manufacturer’s profit in different decision sequence
as follow,
Lemmab5.1 a) AX < A%;

b) (IT3,)* < (II3,)"
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Refer to Figure 5.1, we have (A9)* = (A3)*inarea 7, /71, V and V 1. In these cases, it

is intuitive that (I = %Gy (c)]? < w[Gry(epy)? = (1T9,) or

(I15,)" = B < 2ol — (11
Proof:
According to the optimal function of = and A, it can be infer that there must be
A < Aif the manufacturer shares the same number of suppliers in both settings. In this
case, (I15,)* = 2[G1(A)]? < w[G(A)]* = (11¢,)*, where the superscript d indicates the

simultaneous setting while s indicates the sequential setting.

When (T15,)* = (9" gang (4,)* = 2Ap—a(A)? _ w([G1(A)]2, we know from (3.11) that

16w 9w

G1(0) = 2= . It follows that % < w[G1(0)]?> < w[G1(A)]> , so we have
(IT5,)* < (119,)".

In conclusion, we have (I15,)* < (I14,)*. Thus it is proved.

When suppliers decide the wholesale price simultaneously, the manufacturer is willing
to share more suppliers’ costs than that in the sequential decision setting, and thus
extracting more profit from the increased capacity. In the equilibrium, simultaneous
setting can always benefit the manufacturer even if he provides the same cost share
amounts as that in the sequential setting. That is, the manufacturer strictly prefers to
simultaneous setting.

Figure 5.2 shows the condition under which the manufacturer would provide higher

cost share amounts in the simultaneous setting. W.L.O.G, we assume that

Gi(c1) € Ga(ea).
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B'l A

2(k1te1)(p—c)
Jw

(k1te1)(p—c)

fﬁl+(1

/ P2+CQ

A

2w ~ Bs
P4 kB
?’dgtﬂg 2
1
gﬁ
YR
O3
3
By

where
L ng(lﬁl +C1) { e Ca09 :|
v Su(kg + CQ) b ko + co
2k
Y5 = 31: (p—c—Picy)
2k
P65 = 71(39 —c—oy)

Expect for the area /, /1 and V/, the manufacturer offers higher cost share amounts to

suppliers than that in the sequential setting.

5.4.2 Comparison of Suppliers’ Profits

In the simultaneous setting, we denote d, as the supplier who charges a high wholesale

price when the market demands more than the capacity. Thus, we obtain supplier d;’s

profit as below,
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2[p— E(A”i)}z _ 3w
—_— (AT = p— —G(AY
HZI B 9w c(A]) = p 5 G1(A47)

[p—o(A) —wGH(AD]Gi(4]) e <e(d]) <p-FGu(A)

Correspondingly, the other supplier (denoted as ,)’s optimal profit is given by

I —_ - * 2 ¥
2= @ Ay - Ronan
ta, = o ? (5.14)
w .
5 [Gi(ApP ¢ <a4]) <p- S G4

Intuitively, we can infer that IT; = 1T} .

Referring to the previous chapter, the supplier’s profit is affected by the decision
sequence in the sequential setting. Consequently, we have to discuss the suppliers’ profit
into two cases:

Lemma 5.2 a) When supplier ; moves first in the sequential model, there must be

I, <1I;

521

IT7, = I} . The equalities hold when and only when ¢, = ¢; = G, (c;,)-

b) When supplier d, moves later, there must be 115 > TI7, I3, < IIE,.

Proof:
Case 1 supplier d; moves first in the sequential setting
Supplier ¢, is equivalent to supplier s, in this case. Referring to Figure 13, we compare

IT;, and IT;, as follows,

In section 7 (see Figure 3.2), IT;; =1I* = [p — ¢(c1) — wG(c1)]Gi(cy).

B11B1
}kl ! S2 Jaw

. . _ (p—e—p1Aq)?
In section A, ITj = [p—c— iy —wt] 3L, 11T (pme—Brh)

. As it is proved in

Lemma 1.2, T3 decreases in B; € (2, s5)and 11, increases in By when ¢ < p < ¢+ o3.
A PR - B '

Since 1T, | =g, = 1T, |p,=p, = L= it infer that T, < TI%,.

4w
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In section /7 and [V, IT;, = 222 — wey (A), 117, = =9 — g (A). Since
A > A, and ¢ increases in ¢(A), we have I < IT¥,. Similarly, we have IT}; < II!, in

area (' and D).

In section B, IT;;, = w IT;, = % Thus, we have IT; < II7 .

Insection 777, TI;, = 20=c < ®—o” _ =
Insection Vand VI, IT}; =11}, = [p — c(cr,) — wG,,(cry)] Gry(cry).
In section E,

Take IT7; ’s first-order partial derivative at /3y, it follows that OIT; /0B, = 3, > 0.

1T} ’s first-order partial derivative at /3; is given by

é)H;Q/@B]:ﬁ—l S +1
2 | \/(p—c—02)?+ 8w (31 By + B2Bs)

It follows that

p

O(IT;, — 11%,) /OB, = 71 P—Cc%

1—
[ V(p—c—09)? + 8w(B1 By + (2Bs)

Since 1By + 2By > 0, we have o(IT};, — II3,) /0B, > 0. It implies that IT}; — IT¢,
increases in 13, for given B..
Take ITj ’s first-order partial derivative at B, as follows,

2’11732
k3

1
Ol /0By = T [p— Bi(k1 +c1) — Pacy] —

Furthermore, we take II; ’s second-order partial derivative at B, and obtain

O(IT; )?/9° By = —23 < 0. It infers that IT}; is concave in B,, and the apex locates at
2 ‘

Bg = j—i [p — ,32(}11 + Cl) — [32(32}. So we have 31_[;‘}1/332 < 0.
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Take IT7’s first-order partial derivative at 5,, we obtain

B p—C—09
2 ‘ +1
2 | \/(p—c—02)? +8w(B By + B2Bs)

oI, /OB, =

Obviously, IT; — 117, decreases in B, by given B,.
Thus, 117, > II; when B, = ij—‘fBl, By = %Bl and B, = arg ug(B,). We can
further infer that IT;, > 117 in this case.

In area F, g, = [p— Brer — Balka + 2 — — wG1(c1)]Gr(er), I, = [p_i(fa)ﬁ

In area G, 1T, = [p— frcr — falka + &2 — g225) — wGi ()] Gi(cr), 07, = =420k,
Similar to area E, we obtain that II > II} in these two areas. Thus, we prove that
I, > 115,

Similar to the comparison of the manufacturer’s profit, we can obtain that 115, > TI7 .
Case 2 supplier d, moves first in the sequential setting

Since I3, =11, , it is intuitive that II5, > II; > IIj; and IT; > IIj > II . The
equality does not hold in this case.

Thus, it is proved.

Lemma 5.2 illustrates that the sequential setting benefits the supplier who makes the
decision first, no matter whether she has the heaviest cost burden or not. Other suppliers,
however, would prefer simultaneous setting. Although the first-moving supplier may
incur cost cutting due to cost sharing in the sequential setting, she still prefers this setting
because early movement allows her to charge a higher wholesale price than others. This
result indicates that decision sequence plays a more important role in players' profits than

the cost-sharing policy does.
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Chapter 6 Capacity Investment In a Flexible

Platform

6.1 Introduction

Fierce competition and volatile consumer demand have made flexible capability
indispensible to any manufacturer in today’s market, for it quick response to customer
orders, or quick changeovers between products. The push to make processes flexible has
spread throughout the entire manufacturing industry, and even permeated chemical and
paper industries where the rule of game has long been that plants with the longest
production runs are the most competitive. Firms across the industries have collectively
invested billions of dollars in machines and computer integrated systems to establish
platforms for their desired flexibility capabilities. On the other hand, manufacturers have
been under the directives to reduce costs. As globalization has made further compression
of materials and labor costs quite infeasible, they are forced to seek cost reduction by
enhancing process efficiency to lower marginal production costs. In many circumstances,
process efficiency is tied to the scale of capacity at one firm. More often than not, a more
efficient production process, with a lower production cost, is associated with a higher
capacity, attributed to the experience the firm has accumulated in arranging the resources
to manage production activities. On a given flexibility platform, the capacity level
imposes a physical limit on the scale of the production one firm can engage and, in the

meantime, to a large extent influences the way at which the production process is
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managed. Since both the capacity efficiency and process efficiency are intertwined, it is
imperative for the operation managers to understand their interplay to better align their
initiatives. In this chapter, we will explicitly build the connection between capacity and
process efficiency.

We consider a setting of two firms each with volume flexibility, referring to the
capability to produce below capacity. The market demand is price sensitive and uncertain.
We define an explicit production cost function form to capture these features, and use an
efficiency factor to relate the process efficiency to the scale of the capacity. We will
explore the competitive capacity investments by the two firms, with implications on
process efficiency and profit performance, by use of the decision sequence illustrated in
Figure 6.1. Two firms first simultaneously invest in capacities (which determine their
process efficiencies) before actual demand curve reveals. After the actual demand curve
is known, firms simultaneously produce under capacity limit and sell products in the
market. Recently, there is a stream of literature on manufacturing flexibility, mostly in a
monopoly setting. The relevant study in a competitive setting is sparse, and, for
tractability, a symmetric setting is assumed, and production cost is often assumed away to
focus on the strategic effects of flexibility on the individual firms and the system. We
incorporate production cost and introduce an efficiency factor to relate it to the capacity
at an individual firm. By making the efficiency factors differ across the firms, we allow

asymmetry in the operational decision makings.
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Demand Information Revealed

|

Capacity Investment  Production Decision  Market Competition

n
>

Figure 6.1 Decision Sequence in Capacity Investment Model

6.2 The Basic Model

We consider a setting of two firms that serve one market. The market demand is price
sensitive and uncertain, and let the inverse demand function be:

P(9,A)=(A-q)" (6.1)
where ¢ is the quantity and A the random variable that models the market size. We
assume that A has a non-negative support with mean x>0, and follows a general
distribution function with PDF f(-) and CDF F(-). « represents a specific realization
of A.

Firms have installed volume-flexible facility capacity that allows them to produce with
hold under capacity limit after the actual demand curve is unveiled (see van Meighem

and Dada 1999). We assume that, given its capacity K., firm i’s production function

takes the following form (see, for instance, Mills 1984):

2

q
(g K.)=
¢ (alK;) ﬂquZ%(Ki)

(6.2)
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where q is output, Bq is the proportional cost influenced by factors like raw materials

2

q
2y, (K;)

and direct labor that are in direct proportions to the outputs. Moreover, is

attributed to process efficiency. The convex functional form, as given in (6.2), displays
diseconomy of scale.

Hossain et al. (2004) applied an econometric analysis to measure the production
processes in 21 industries, and conclude that more than 40 percent of the industries

experience decreasing returns to inputs. y,(K;) determines the curvature of the

production function: a large value of it implies more efficient process with a flatter curve.

We refer to y,(K;) as the efficiency factor, and let it be influenced by the capacity level
K, . In general, when a firm builds a higher capacity level, it is expected to have a higher
production efficiency, with a larger efficiency factor. When y, =0, its production cost is

so large as to prevent firm i from generating output; we call such a firm an inefficient

firm. As y, —» oo, the marginal production cost is g2, and we call such a firm a fully
efficient firm.
To facilitate expressions of the decisions and performance measures, we define
L(X) = j (a-X)dF (@), for x e [0,+), (6.3)
and let x(c) be the unique solution to L(x)=c, for 0<c < x. L(x) can be understood
as the expected clearing price with x units in the market. x(c) is its inverse function, or

the amount of units in market at which the expected market clearing price equals c.

Based on these definitions, we further define, for x(c,) > £,
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00

MdF(a) (6.4)

X(C )— x(c) (o — 2
K, EOTﬂ, and IT, Ejﬁ %dF(aH ‘) 4

We next analyze capacity decisions of firms in a duopoly. We add subscript d on the
operational performance measures for given capacity levels and hence efficiency factors
at two firms, and subscript D on the quantities of interest in the equilibrium. Subscripts i
and j, for i,j=212 and i= j, are added to identify individual firms. The decision
framework is as given in Figure 1. Two firms first simultaneously make capacity
investments. After the actual demand curve reveals, they simultaneously decide
respective outputs under their capacity limits to devote into the market. Then sales are

made and profits accrue to the firms.

6.3 Two Firms’ Equilibrium Outputs by Given

Capacity
Given process efficiencies at two firms (that may well result in different production
costs), y =(r1,7,), where we simply write y, instead of y,(K;), they each produce with

holdback under capacity limit when the realized market size is « , by solving the

following problem:
Max Il (q [, K) = g;(a -0 —;)" - (q; [ K)) (6.5)
s.t. 0<q, <K,
We first study the case where firms produce without capacity limits. The equilibrium,

as shown in Lemma A, offers insights in the impacts of the efficiencies on the firms’

outputs.
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Lemma 6.1 Suppose two firms have efficiency factors y = (y,,7,) . When the realized
market size is « , the unconstrained production quantity is
o' (@) =(e-p)T()

yid+7))
142y, +2y; + 37,

where T (y) = Jfori,j=12and i= j.

Suppose the two firms have efficiency factors y =(y,,7,).
Given that firm j produces q; >0, the profit of firm i by producing g; is:
g (@ 195, 0, 7) =0 - (@0 —a;) - ¢ (0 | K;), for i, j=12 and i+ j,
where ¢ (q,) = B9, +97 /2y, .
The first- and second-order derivatives of r,;(q; |q;,a,y) with respect to g; are,

respectively,

1+ 2y,
0., and 72 (g, | Q;.0,7) = -~ g <0.

1+2y,
ﬂél,%(qilqjya;Z):a—ﬂ—qj_ 7i

When o < B, 7{)(q;10;.,7) <0 and hence g;(q;)=0 for g; >0.

When «a > g, the best response (BR) of firm i is q;(q; |a,;/):% a-pF-4q;)".
- T 27

The unconstrained equilibrium is obtained by solving the BR functions simultaneously as:

ri+7;)
142y +2y; + 377

G (a|y)=(a=p)T,(y) , where T,(y) = ,fori,j=12and i=j.

Thus, it its proved.

Consider that capacity K, enforces an upper limit on firm i’s output. For a volatile

market, a higher capacity gives the firm more room in output control, especially in large
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markets. We let q,(e|K) be the equilibrium output of firm i in market « , and
I (a | K) its ex-post profit, for i =1,2:
M, (@|K) =g (@|K)- (@~ (a | K)~q;(a] K))* —¢,(a (e K)).
Knowing firm j has a capacity of K;, firm i selects its capacity by solving the
following problem:
K, (K,) = ArgMax{de’i(a |K)dF (@) -¢,K, 1K, > o} (6.6)
We make the following definitions for ¢ > g, i,j=12 and i = j,

DL q(a|y)=Min{g, :b,(q,|@y)=0}=a- 5.

D3. Ki(amzbi(om,z):1f—i2y_(a—ﬁ).

D4, q.(x|a,y) satisfies b,(q.(x|@,y) | @,7) = X. So Si(xla,ﬂ_/)=a—ﬂ—l+27‘ .

Based on definitions D1-D3, the following properties are straightforward.
PL  di(alp), Ki(aly), q.(x|a,y).and b,(q; |a,y) are unique.
P3. ai(alz), Kilaly), gi(x|a,z) increase in « .

P4, ai(a)>Kj(a)>q§(a),for i,j=l2andi=j.

To further facilitate expressions, we define four terms

K K 1+2y. 1+2y.
A(K)=—2-, B(K)=—2-, C(K)=K, + 2K,,and D(K)=K, +—2LK,.
( ) Tl(Z) ( ) TZ(Z) ( ) ' V2 ’ ( ) ’ N '
Lemma 6.2

7, (L+75)
a) If K, mez,then A(K)Z D(K)Z C(K)Z B(ﬁ)
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7, (1+7,)
b) If K, <mK2,then A(K)<D(K)<C(K)< B(K).

To prove this lemma, we have

AKK)-D(K) = Tf;) —[Kz +12n Klj

N
_ A7) 4@ ) + A4 7)A+ 7,) Kl_(KZ L2 j NRACIOPEDS
r(@+7,) 7 ril+7,)

So A(K) > D(K) iff K, »720+72)
7,(A+71)

D(ﬁ)—C(ﬁ):(K2+1+27/1 Kl]_[Kﬁﬂsz Lty M
7 Vs 71 7,

So D(K)>C(K) iff K, »72d¥72)y
7,A+y,)

K,
T, (Z)

C(ﬁ)—B(ﬁ){Kﬁ“z“ Kz]—

2

=(Kl+1+2y2 KZJ—7/1(1+72)+7/2(1+7/1)+(1+7/1)(1+7/2) €, =k, @)y
V2 7,1+ 71) 721+ 71)

So C(K) > BK) iff K, >228572)  Thys itis proved.
7.+ 7)

Then we further have Lemma 6.4.

Lemma 6.3 Suppose firm i installs K;. In market «, its BR function q,(q; |, K) if
firm j outputs q;, for i, j=12,i# j is:
If 0<a <, then q,(q; |, K)=0.

If « > f,then

85



a) K, 2K, (a]7): g, |a,5>=%(a—ﬁ—q,-)+

1+2
K, 0<q;<q.(Ki|a)
b) 0<K; <K;(a|y):qa;laK)=1b(alay). 9K la)<q; <q(aly),
0, 9, >0,(a17)
where b(q, o) =15 (@=f-a,), Kifel7) = g, @)

andq(K|a) a— ,8—1+27/'K

Proof:

Firm i faces the following problem in market « :
Max z;(d; |9;,@,7) =0, - (@—0; —q;)" = ¢ (q; | 1)
s.t. 0<q, £K,
The first- and second-order derivatives of 7, ; with respectto g; are, respectively,

1+ 2y, 1+ 2y,
7@ laj, ) =a-p-q, —7—%qi,and 7 (a; |qj,a,7_/):__7'

<0.

74; is strictly concave in g;. Now that g; €[0,K;], we evaluate 72'(1) (a; [9;.,7) at

the two boundaries and first evaluate its derivative at @, =0
Z00a;a.0)=a~f-q;.

Case 1: 0<a<p: z{](0]q;,a,) <0 for q; 20, so that r,; decreases and attains
optimum at g;(q; |« K,y) =0. This is Part (a).

Case2: o> 3 thevalue of z{)(0]q;,a,y) isinfluenced by q; .
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If q;>a-4, then z{)(0]|q;,a,7)<0. So 7, decreases and q,(d;|a,K,y) =0,
regardless of K;.
If 0<q; <a—p,then z{)(0]q; & »)>0,and we check if the capacity is binding.

1+2y.
ﬂélf(K. |qj1a!Z):a_ﬁ_qj _—%Ki'

1+ 2y,

where 7{)(K;|q; a,y) decreases in K;and q;. z§)(K;|0,a,y) =a— B - K.;

i
and it strictly decreases in K.

71 (K(@)]0,a,7)=0 by definition D2, so that z(K;|0,c,y)20 if
0<K; <Ki(a) and z{)(K;|0,a,7) <0 otherwise. We consider these two situations
sepaamountly.

Case3.1 K;>K(a). 7{)(K;|0,a,7)<0.

Since 7{)(K;|q;,a,y) decreases in q;, 7{)(K;|q;,a,7)<0 and capacity is
unbinding. By concavity, q;(q;|a,K)=b(q;|a,y).
Case32 0<K, <K(a). z{)(K;|0,a,7) 0.

By definition of q (x|a,y) in D3, z{)(K;|q;,@,7)>0 and 7z, is an increasing
function for 0<q; <9i(Ki |a,y), Whereas ;rgl}(Ki |g;,,7) <0 and =,; is concave

otherwise.

87



- — 1+2y,
”ﬁ(K. |Qi(alz)’a’Z):a_ﬂ_qi(alz)_—lei =0

9K la.y)<aialy) . and  hence (g e K,p)=b(q;|ay) i

q. (K lap)<a; <q(@ly); a(a;|a.K,y) =K if 0<q; <q (K |a,y).
Combining the results in the two cases, the equilibrium in Lemma 6.3 holds.
Figure 6.2 shows firm i’s best response in the two cases.

O a,

- \

|
Qle) 9@ g

a) K, >K,(a) by  0<K, <K, (a)

Figure 6.2 Best Response of Firm i in Market « >

By results in Lemma 6.3., for 0 <« < g, it is dominant for each firm not to produce.
For a > S, the capacities affect the shapes. After detailed scenario analysis, we directly

show the equilibrium in Lemma 6.4 and illustrate it in Figure 6.3.

Lemma 6.4: Suppose that two firms have capacities K = (Kl,(KZ)) with efficiency factors
q, (K, a

—1

7 =(71,7,) , equilibrium quantities when « > j are:
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a) (a;(aly).9;(aly) if Ki>q;(a]|y) for i=12, or equivalently a < fB+A(K) and
a<pB+B(K).

b) (Kub,(K,|a,p)) if 0<K, <q/(ax|y) and K,>b,(K |a) , or equivalently
a>p+A(K)and a<B+C(K).

c) (b(K,la,y)K,) if 0<K,<q;(e|y) and K, >b (K, |a,y), or equivalently
a>p+B(K) and a<f+D(K).

d) (K, Ky) if 0<K <gj(aly) and O0<K,<b,(K |a,y) ; or

o (|y) <K, <K (a|y) and 0<K, <q (K, |ay), or equivalently a>p+A(K)

and a > f+C(K), or ﬁ+ﬂKl<a<ﬂ+A(ﬁ) and a 2 +D(K).

71

Kl A
Il

(0, (K; [, 7). K,)
(@ (@17).92(a 7))

Ky(@|y)
q,(K, |@.y)
I'4

G (@] 7)o -

(Kl’bZ(K1|a’Z)) 7]

B
>

(@) K(aly) K,

Figure 6.3 Sub-game Equilibrium Production under Capacity Constraint
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Figure 6.3 partitions the space of (K}, K») when the market size o > 3, and marks the
sub-game equilibrium production under capacity constraints in each area. In area /, the
capacity at neither firm caps production, although the capacity does affect the efficiency
factor and hence the production cost at each firm. In area 71/, the capacities at two firms
are sufficiently low to cap their productions. In other circumstances (area // and / /1),
the firm with less capacity will have its production capped, while the other firm will

make production decision accordingly without capacity restriction.

6.4 Equilibrium Capacities
We next investigate the firms’ capacity investments. Consider the capacity decision of
firm 1, given capacity K, at firm 3.

Suppose that firm 1 chooses K, such that y,(1+y,)K, 27, 1+y,)K,. Then by

Lemma 6.4, the equilibrium in market « is:
a) 0<a<p

It is dominant strategy for each firm not to produce. So IT, (K, | K,,a)=0.

b) f<a<f+B(K): (qa|K),q(a|K))=((a]y) qi(aly))

- fa-(a )1 )] -+ 0

71

=(a _ﬂ)2|:T1 _Tl(Tl +T2)_5}

_ 71(1+271)(1+72)2
201+ 2y, + 2y, + 31,7,)’°

(@=p)°.

¢) f+B(K)<a<p+D(K): (4(a|K).0,(a|K))=(b(K,|a).K,)
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2 Kz ’
Hl(Klle’a’Z)bl(Kz|aaZ)|:a_(b1(Kz|avZ)+K2)]_[ﬁb1(K2|a’Z)+bl(2—7|aZ)
i 7 gy @ P
d) f+D(K)<a: (q(a|K) g, (a|K))=(K;K;)
_ 3 3 _Ei _ o 142y 0
IL,(K, | Ky @) =K, [ @ = (K +K,) ] (ﬂKl+27J K, (a-B-K,) 7 KZ.
IT, (K, | K,, &) is continuous in « .
The expected profit of firm 1 for K, E(M K, ,+o© j Is:
72 (L+71)
A0y (4 2y) U+ 7,)° 2
I,(K, | K,) = —¢,K, + j ~(a-pB) dF (@) +
2@+2%+2%+3%%)
pOK) 142y, . ) |
jwmm( ~B-K,) dF(a)+j (a—ﬂ—Kz— 2 Kl] dF (a)

Suppose that firm 1 chooses a capacity K; such that 0 < K| <MK2. Then by
7,1+ 7))

Lemma 6.4, the equilibrium quantity in market « is:
a) 0<as<p

It is dominant strategy for it not to produce. So IT,(K, | K,,a)=0.

b) f<as<p+AK): (q(x|K).a(alK))=(q(a]y).a(ly))

)

2y,

I, (K, | K;, @) = ql (a— ql ) ﬂql

1+2v)A+7,)?
— 7/1( 7/1)( 7/2) Z(a_ﬁ)Z'
201+ 2y, +27, +317,)
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¢) f+AK)<a<B+C(K): (q(@|K),a,(@[K))=(K,by(K, @ )

I, (K, [ Ky ) = Kl[“_(Kl +b, (K, |a’7_/))]_(ﬁK1 +;<_12J

1

:Kla—(Kl+ V2 (a—ﬂ—Kl)ﬂ—(ﬂK1+K—fj

1+2y, 2y,
i 1+ 142y, +27, +2
K| (@ py e 22+ 20y, Kl}-
| 1+2y, 2y, (1+2y,)

d) B+C(K)<a: (q(alK).a,(e|K))=(K,K,)

K2 1+2y,
Hl(K1|Kz,a)zKl[a—(K1+K2)]—(ﬂKl+§]=Kl(a—ﬂ_Kz)_ +2 Ié

1

K.

1

0 7/1(1+72)K

The expected profit of firm 1 for K, ( , Zj can be written as
72(L+71)

‘[ﬁ%(ﬁ) 7/1(1+271)(1+72)2 (a—ﬂ)z dF (o) +

Hl(KllKZ):_COK1+ 2
s 2(1+ 2,427, +317,)

2
[k | @opt e BB i e ) [« -2 | o)

The profit function of firm 2 for given capacity at firm 1 follows by symmetry.
Theorem 6.1 establishes the existence of Nash equilibrium in pure strategy, and
characterizes the capacities at the two firms.

Theorem 6.1 If i > ¢, then there exist pure- strategy Nash equilibrium capacities for

the firms, (K, K¥), which satisfy that

1 e 1 ~C
K}ﬁ# — ]{;ﬂ (6.7)
T 5

and
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(14 ¥5)(1 + 295 + 295 + 57575) tl?’fS(G(Ke)) + thjF{G(KE")) + L(G(K°)) = ¢ (6.8)

2(1 4 29F + 2795 + 37173)? Ky 201

where S(z) = [[(a = B)*dF(a), L(z) 2 [*(a — 2)dF(a), G(K®) = 5 + 7 (ﬂf ’uJ and
= % KY).

Proof:

For given K,, firm1’s second-order derivative follows that,

_I_
Casel: when K, > 1 r2>K
r,(1+r)

2

dIT,(K,[K,) _ (D(K)—
dK,

<) f(B+D(K))

2(1+2r, +2r, +3r1,)° (a-p) dF(a)}

- (L+1,)°(L+2r,)
2r2 a+ rl)

2
[(1+r) (1+2r +2r, +5rr)jﬁ+B(K)
[ K- f(B+ B(K))}

dr1 1 B+D(K) B 1(D(K)_K2)2
d_Kl_—2(1+2r1) IM o (@=f—K,)*dF (a) - TR f(B+ D(K))}
~dr [ n @)K, (BIK)-K, )’
dK;|  2n(+2n)A+r)’ f(ﬂ+B(K))}
+|: Klz(];:ZZrl)z _1+r2r1 Kl(D(K)_ Kz):| f(p+D(K))
1+2r
.[ﬁ+D(K)( _’B K B K)dF( )

1

dr, K2 1+2r
e { (D()-Ky)-=5 5 }f(ﬂ+D(K))+—I " (a)}—co

1+2r

(@-p-K,- K,)dF (@)

J./HD(K) !

2
N dr, | 1+1,) (1+2r1+2r2+5|;1r2)"-ﬁ B(K)(a—ﬂ)zdF(a)
dK 2(1+2r, + 2r, +311,)

£4D(K) (a)}_co

drl 1 p+D(K)
+dK1|:MJﬁ+B(K (@=-B-K,) dF(a)+_I

Then, we further have
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d? I, (K, |K,) - pBIK) )
g =K L[ e pr R (@)
1-t)K:?| — [ K)PdR@)+ K (" aF
K| S S @A) (a)+—ﬁD(K) (@)
Cl+2n -2
J.ﬂ+D(K) (a)
2 22 | AL(r) pA+B0O B B PEDI) )
K { Jo @ proF@ - Zr) g ] (@B K) dF(a)}
210 242 "1(1""’2)3 _K_z
Lk Lz(lJrrl)“(1+2r1+2r2+3r1r)K F(A+B(K) B+D(K) (a)}
where L(r) = (L+r1,)*(L+2r, +2r, +5r1,)

2(1+ 21, +2r, +311,)°

dL(r) _ (+1)*[2r,(1+2n +2r, +36r,) — (2+30,)(L+ 41, + 41, +12nr )]

dr, 2(1+2r, + 21, +3rr,)*
2
Denote M, __ G- +2rlj‘ F(x)
rzL L+D(K)
42l 242 2 A+D(K) — 2
WK 2y Lo, (=B —K)?dF ()

rl+r)®

2K 22
o r?(1+r)*@+ 2r, + 2r, + 3rr,)

K2 f (B +B(K)).

Since (o - B —K,)* isincreasing in o, Va e(f+B(K), f+D(K)), we have

My <=Qf) AF@) Q[ AR (@)+QK, f (B+B(K)),
where
o (Die2n. o KEMo (1en) o KE* t'n (1+1,)°
1 r, D TR ER o (T, POKE® (14n) @+2n+2r, +30n)

Note that Q, > Q, , therefore
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My <~Q-Q)f ,  IF(@)-Q[ . dF(@)+QK,f(5+B(K))

R = B r(L+r,)(1+2r) f (B +B(K))

=—(Q QZ)J.mD(K)dF(OC) Q,F(p+ B(K)){l 20+ r1)2(1+2r1+2r2+3r1r2) K, E(,B+B(K))}
. e ny LB BO)

<—(Q Qz)Iﬂ+D(K)dF(a) Q,F(B+ B(K))|:1 (B+ B(K))E(ﬂ+ B(K)):|

Assume that F(a) is IGFR in the support of [ab) . Therefore,

(,8+B(K))Mgl . Note that dZLK21|K2)<M1 :
F(B+B(K)) dK,

we then have
d’ I (K,|K :
H(;%M< M, <0. So it guarantees the quasi-concavity of II,(K,|K,) when
1
>r1(1+r2)

S AGED

-
r(1+r,)

Case2: K, <
r,(1+r)

2
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AT (K, [K,) _ KF@+2n)

(B+AKD+]  (@=p~K,)dF(a)

dk, 2T, prec
+[§; 1+2r2 K,K jf(ﬁ+C(K)) jﬁ C(K)“ZrleF( )
L] - prar @)
e Bt )|
dr, o=  K?

+ dKl /5’+C(K)2_ri2d|:(a)

+Iﬁ+cu<) (a-p)rA+r,)-K @+2r+2r, +2r1r,) dF ()
BHA(K) r,(L+2r,)

K{M ﬂf(ﬁ ck)-SE2D ¢ 5. p)

2 11

K (@+2r)(@+2r,) pre) K? ~
+dK{ F(B+AK)+ I dF (@ )} G

2r’(1+r,) prA) 2r7
_ {ujﬂ* Pa-praF@+ 02T (a)}
1 p+C(K) K,(+2r, +2r, +2rr,)
+1+2r2 '[mA(K) {(1+ r,)(a-p)- , }dF(a)

o[ ( _p- K—1+2r 1de(a)—Co

J.ﬁ+C(K) l
After some algebra, it follows,

A’ L (K, |K,) _[

L dL(r) dr prac) 2
e — o @ p) dF(a)}

t(t —1)K:°L t KL
1(1 ) 1 (r)+1 1 drl dKl B

_;|__'(1 1+2n+2r+26r, 4 +t1(2+2r2) J-ﬂ+C(K)dF(a)
2

I, 1+2r; 1+72r, BHAK)

— dA(K) f(ﬁ-i-A(K)) r-lrzK:LLt1 _ terKl
dK, 1+2r, 1+2r+2r,+3r1,

B R (@) + (g oK)

2r1 B+C(K) 1+ r,
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Let

(=D -2)+4r e r,K,
M, =— " Iﬂ+C(K)dF(a)+Ef(ﬁ+C(K))
:_(tl_l)(t1_2)+4rl lf(ﬂ_i_C(K)){l_ rzKl . 2r1 . f_(IB+C(K))
2r, 1+2r, (t,-1)(t, —2)+4r, F(8+C(K))

2
Note that the item (t, —1)(t, —2) +4r, = (tl —gj —%+4r1 is decreasing in t,Vt, [0,1] :

Thus, we have

K 2n  f(BHC(K) _ n (B+C(K) _
1+2r, (4, -1t -2)+4r, F(B+C(K)) 2@+2r,) *F(B8+C(K))

f(+C(K))
F(A+C(K)

(B+C(K))

When F(«) is IGFR in the support of [a,b), (ﬂ+C(K))M£1. It follows

F(B+C(K))
d? T (K, |K,) : : r(1+r,)
that ———2122 <« M. <0. [L(K,|K,) is quasi-concave when K, <1 - 2K .
dK,? 2 1 1| 2) isd l<r2(1+rl) 2

Case 1 and Case 2 shows that Hl(Kl|K2) is quasi-concave in K, and its maximizer is

dHl(K1|K2)

1

determined by solving =0. By given K,, firm 1 reaches optimality at the

1+r, 1,

oint of K, =K, -
P SR AR

if c, satisfies (6.8). On the other hand, by given K,, Firm

2’s objective function is also quasi-concave in K, in a symmetric setting, which implies

d I, (K, [Ky)

2

that its maximizer is determined by solving =0. When c, satisfies (6.8), it

1y % Thatis to say, by given the

is intuitive that firm 2’s maximizer is K, =K, -
o1+,
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other firm’s strategy K, ;, K, 1+_r: K, 140, is always the optimal strategy for firm
r

i 3-i

i,i=1,2.We thus complete the proof of Theorem 6.1.

As shown in (6.7), in the equilibrium, two firms strive to match their respective

capacity Ki adjusted by the marginal efficiency cost attained at the capacity level

wl(}%ﬁ) — K ". The magnitude of the adjustment for the firm with a lower efficiency

index is larger than that for the firm with a higher efficiency index when the capacity
level is high, but smaller when the capacity level is low.

The equilibrium profit of firm ¢, ¢ = 1,2, is given by

Hgiwt-f[lﬂ-g_f](u — )1+ 28+ 25+ 3959%) + b +20r6)* 4 3(r%)

Fa ]
S(G(K*)+———
3 AL+ Ny +2n+31f“§) (G

where S(-), G{K*), and ~¢ are as defined in Theorem 6.1.

6.5 Capacity Comparison

We next compare the capacities at the two firms, where we assume, without loss of
generality, that firm 1 has a larger efficiency index than firm 3.
Proposition 6.1 Assume without loss of generality that ¢, > ..

DEﬁne }6)1 £ ?,nf{ﬁ 2 L(D] + 4 (’(]}

and 3 = sup{=0: 3353’;” + ”4) + L(B+4) = co}, where S(-) and L(-) are as

defined in Theorem 6.1. Then 0 < 3; < /35, and:
a) When 3 = 8, K7 < K§;

b) When 0 < 8 < 8y, K{ > K§;
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c) Otherwise, there exist 3(t1,12) € [1, 3] such that K'1¢ < K for 5 € [B(t1,t2), (2],
and K¢ > K§ for g € [3(t1,12), Bal.

Moreover, 3, and 3, first-order increase, and given its mean, second-order decrease
with F'(+). Given tyand ¢,, 5(t1,t5) first-order increases, and, given its mean, second-

order decreases with F(-).

Proof:
Denote
d K. K
c(Kf,Kze):—HléK1| A
1 Ke_|’1(1+rz>Ke

1= 2
(146D

_ A+ )*(1+25° +2r +56°r)) tr° = . .
2(1+2r° +2r; +3r°r)° K¢ S<G(K )) 2K F(G(K )>+L(G(K )>-

As Theorem 6.1 shows, K7 =K; only when ¢, =c(1,1), for all K, >0,i=1,2. Since
firmi’s objective function is quasi-concave in K;, we have K/ <K; when K; <1 and

K{ > K; when K; >1. Derive c(1,1) to 3, we have

de 3t —LUB+4) T (B+4)-28°F(B)-2B[(B+4) T (B+4)- BT ()]}

dp 128
128[2ﬁj dF(2)+ 5 (5+9)-2[ " adF(a)} I dF(a)——lf(ﬁ+4)
LY - _F _LT(A+4)
- 64jﬂ (a - B)dF (@) F(ﬂ+4){1 8ﬁ(ﬂ+4)}'

Since F(«) is IGFR, (;j—;<0 i.e., C decreases in B, VB >0 . Intuitively, F(x)

linearly increases in t,,vt €[0,1] , ie., c(KS, by

LS c(K:, KP) <ce(Ky,

given B . When 0< < f,, it guarantees c,(K;,K3)<c(@1)| . so Ki>Kj7; when
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B2p,, 6(K: Ky)=c@1)| ., therefore, Kf<KJ; when B <pg<p,, c(Kf,K;)
increases in t , so there must exists g(tl,tz)e[ﬂl,ﬁz) such that K/ >K; for

Bel . L.L,)) and Ki <K; for el B(t,1,).5,). B, B, are defined in Proposition
6.1.

Proposition 6.1 identifies two threshold marginal input costs, ; and 3, with 3, < 35,
which are not affected by process efficiencies. Part 1) shows that, when the marginal
input cost is sufficiently large, i.e., 5 = 3,, the firm with a larger efficiency index will
invest in less capacity than the firm with a smaller efficiency index. That is, when
production is highly labor and material intensive, the firm whose process efficiency is
more prone to improving as capacity expands, which we call the more efficiency prone
firm, will invest in less capacity. Part 2) shows that the reverse is true when marginal
input cost is sufficiently low, i.e., 0 < 5 < /3, or when process efficiency is more
essential a cost determinant. When it is below the threshold level 3(t;,t5) for the
marginal input cost in Part 3), the more efficiency prone firm will invest in more capacity
and achieve a more efficient process, whereas a high labor and material content in the
production process will deter firm from investing in the capacity to develop efficiency.
Moreover, 3y, 32, and 3(t,t5) are first-order increasing but second-order decreasing with
market demand. 3(ty, ;) increases in t; but decreases in ¢,. This implies that the more
efficiency prone firm is more likely to invest in more capacity and attain a more efficient
process than the less efficiency prone firm, as the market expands or becomes more
volatile; an expanding and more volatile market would thus favor the firms to scale up

capacity investment.
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It is quite involved, if possible, to analytically investigate the equilibrium profits of the

two firms, and we resort to numerical studies.

36 T T T T T T T T
—6— k1

1400 T T T T T T T T
—6—pl
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700 . . .
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

tl

Figure 6.4 Effects of Efficiency Index on Capacities and Profits
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Figure 3 illustrates the typical patterns for capacities and profits at two firms, where we
fix the efficiency index at firm 2 but vary that at firm 1, by keeping the marginal input
cost at a moderate level. Observe that the capacity and profit of firm 1 increase with its
own efficiency index but decrease with that at firm 2. Hence, as the production process at
one firm becomes more efficiency prone, this particular firm will boost capacity to be
more efficient in production and reap in a higher profit, which will however force its
competitor to de-invest in capacity and suffer a profit reduction. Between two firms, it is

the more efficiency prone firm who will invest in more capacity and earn a higher profit.
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Chapter 7 Conclusions

This dissertation deals with two models. In the first model, we consider one manufacturer
who orders components from multiple suppliers with budget constraints. Facing with an
uncertain demand market, the manufacturer decides on the cost share amounts given the
suppliers to relieve them from cost burden. Three decision sequences are considered in
this model. In the first sequence, the manufacturer initially decides N suppliers’ cost
share amounts, and then the suppliers sequentially decide their own wholesale price. In
the second sequence, N suppliers simultaneously decide the wholesale price after the
manufacturer makes the decision of cost share amounts. In the third sequence, both the
manufacturer and N suppliers sequentially decide on the cost share amount and
wholesale price, in an alternate sequence.

We obtain all equilibriums and channel profits under the above sequences. By
comparing results among different models, we find that the supplier who moves first in
the sequential setting, no matter which type of sequential sequence it is, can always
charges the highest price among the suppliers. It is the same privilege as that without cost
sharing. However, the first decision-maker is the only player who will be hurt by cost
sharing. When the sales price is low, the first decision-maker is strictly reluctant to cost
sharing even if the manufacturer relieves her product cost. When the sales price increases,
the first decision-maker can benefit from cost sharing in some circumstances.
Nevertheless, she still incurs profit reduction if other suppliers have enough budgets. The
manufacturer and other suppliers, however, always prefer cost sharing.

Similar to the no cost sharing case, the manufacturer strictly prefer simultaneous

decision sequence than the sequential setting as he may reap in more profits by sharing
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the same costs from the suppliers. The supplier who decides first, in the contrast, prefer
the sequential decision sequence than the simultaneous one even if her profit is hurt by
cost sharing in the previous decision sequence. Different from the sequential setting that
the first decision-maker charges the highest wholesale price, the supplier who has the
heaviest cost burden charges the highest wholesale price in the simultaneous setting. The
decision sequence reallocates the profit share between the first decision-maker and the
deepest cost-bounded supplier. If the first decision-maker has the heaviest capital
constraints, she still prefers sequential setting. It indicates that the decision order has deep
impact on the supplier's preference in the decision sequence regardless of the capital
constraint.

The comparison of three settings in Chapter 3, 4 and 5 indicates that cost-sharing
policy obviously affects each player's profit, but very weakly on the profit share. In most
cases, the profit share among the players keeps as they are without cost sharing. Even in
the sequential cases where the first decision-making supplier incurs profit cutting, she
still earns more profits than other players do.

In the simple sequential setting, the correlation between the suppliers' decision
sequence and capacity constraint order do not affect the manufacturer's cost sharing
decision. Thus, the cost sharing equilibrium is symmetric to all the players. However, in
the hybrid sequential setting, the cost sharing equilibrium is asymmetric. Moreover, each
supplier's profit depends on the capital flow of the supplier who makes the decision next
to her. When the latter has inefficient capital, the previous supplier may earn extra profits.

In the second model, we consider a setting of two firms serving a price-sensitive and

uncertain market demand. Each firm is endowed with volume flexibility, which refers to
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the capability to produce below capacity when mark demand is low. Firms incur costs to
invest in capacities and produce. We contribute to the literatures on flexibility with an
equilibrium analysis for the competitive capacity and production decisions of firms in an
asymmetric duopoly, incorporating the production cost at each firm and allowing it to be
affected by capacity through process efficiency. Our results show that the firm whose
process efficiency is more prone to improving with capacity expansion will invest in
more capacity and achieve a more efficient process only when the production is not too
labor and material intensive. Moreover, an expanding and more volatile market together
with a stronger learning effect on efficiency from capacity expansion will favor the firm
to scale up capacity. There are several plausible avenues to extend the work in this paper.
Firstly, we will consider other functional forms for the market demand to examine the
robustness and generality of the existing findings. In this paper, we only consider a
linearly additive demand function. Secondly, we may expand the setting to an oligopoly
that includes more than two firms, where more interactions, vertical and horizontal, are
likely to be incubated among the participants.

Further research will focus on the extension of the cost-sharing model into an
asymmetric setting. We will assume suppliers' costs as random factors and then study
how the equilibrium moves and how the decision sequence affects the equilibrium in
such case. Moreover, we are going to discuss the impact of asymmetric information on
the manufacturer and suppliers’ performance. We will also explore the similar extensions

in the hybrid sequential decision sequence in the future.
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