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Abstract

The thesis is devoted to studying spectral properties and positive semi-definiteness
of several kinds of structured tensors. Furthermore, the SOS (sum-of-squares) tensor
decomposition of structured tensors in the literature are established. Five topics are

considered:
1. Positive definiteness and semi-definiteness of even order Cauchy tensors.
2. Generalized Cauchy tensors and Hankel tensors.

3. Some spectral properties of odd-bipartite Z-Tensors and their absolute tensors.

4. SOS tensor decomposition and applications.

5. Positive semi-definiteness and extremal H-eigenvalues of extended essentially

non-negative tensors.

For topic 1, motivated by symmetric Cauchy matrices, we define symmetric
Cauchy tensors and their generating vectors in this thesis. An even order symmetric
Cauchy tensor is positive semi-definite if and only if its generating vector is positive.
An even order symmetric Cauchy tensor is positive definite if and only if its gener-
ating vector has positive and mutually distinct entries. This extends Fiedler’s result
for symmetric Cauchy matrices to symmetric Cauchy tensors. Then, it is proven that

the positive semi-definiteness character of an even order symmetric Cauchy tensor
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can be equivalently checked by the monotone increasing property of a homogeneous
polynomial related to the Cauchy tensor. The homogeneous polynomial is strictly
monotone increasing in the non-negative orthant of the Euclidean space when the
even order symmetric Cauchy tensor is positive definite. At last, bounds of the
largest H-eigenvalue of a positive semi-definite symmetric Cauchy tensor are given
and several spectral properties on Z-eigenvalues of odd order symmetric Cauchy ten-
sors are shown. We also establish that all the H-eigenvalues of non-negative Cauchy
tensors are non-negative. Further questions on Cauchy tensors are raised.

For topic 2, we present various new results on generalized Cauchy tensors and
Hankel tensors. We first introduce the concept of generalized Cauchy tensors which
extends Cauchy tensors in the current literature, and provide several conditions
characterizing positive semi-definiteness of generalized Cauchy tensors with nonze-
ro entries. Furthermore, we prove that all even order generalized Cauchy tensors
with positive entries are completely positive tensors, which means every such that
generalized Cauchy tensor can be decomposed as the sum of non-negative rank-1
tensors. Secondly, we present new mathematical properties of Hankel tensors. We
prove that an even order Hankel tensor is Vandermonde positive semi-definite if and
only if its associated plane tensor is positive semi-definite. We also show that, if the
Vandermonde rank of a Hankel tensor A is less than the dimension of the underly-
ing space, then positive semi-definiteness of A is equivalent to the fact that A is a
complete Hankel tensor, and so, is further equivalent to the SOS tensor decomposi-
tion property of A. Thirdly, we introduce a new class of structured tensors called
Cauchy-Hankel tensors, which is a special case of Cauchy tensors and Hankel tensors
simultaneously. Sufficient and necessary conditions are established for an even order
Cauchy-Hankel tensor to be positive definite.

For topic 3, stimulated by odd-bipartite and even-bipartite hypergraphs, we de-
fine odd-bipartite (weakly odd-bipartite) and even-bipartite (weakly even-bipartite)
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tensors. It is verified that all even order odd-bipartite tensors are irreducible tensors,
while all even-bipartite tensors are reducible no matter the parity of the order. Based
on properties of odd-bipartite tensors, we study the relationship between the largest
H-eigenvalue of a symmetric Z-tensor with non-negative diagonal elements, and the
largest H-eigenvalue of absolute tensor of that Z-tensor. When the order is even and
the symmetric Z-tensor is weakly irreducible, we prove that the largest H-eigenvalue
of the Z-tensor and the largest H-eigenvalue of the absolute tensor of that Z-tensor
are equal, if and only if the Z-tensor is weakly odd-bipartite. Examples show the
authenticity of the conclusions. Then, we prove that a symmetric Z-tensor with
non-negative diagonal entries and the absolute tensor of the Z-tensor are diagonal
similar, if and only if the Z-tensor has even order and it is weakly odd-bipartite. Af-
ter that, it is proved that, when an even order symmetric Z-tensor with non-negative
diagonal entries is weakly irreducible, the equality of the spectrum of the Z-tensor
and the spectrum of absolute tensor of that Z-tensor, can be characterized by the
equality of their spectral radii.

For topic 4, we examine structured tensors which have SOS tensor decomposition,
and study the SOS-rank of SOS tensor decomposition. We first show that several
classes of even order symmetric structured tensors available in the literature have
SOS tensor decomposition. These include positive Cauchy tensors, weakly diagonally
dominated tensors, By-tensors, double B-tensors, quasi-double By-tensors, M By-
tensors, H-tensors, absolute tensors of positive semi-definite Z-tensors and extended
Z-tensors. We also examine the SOS-rank of SOS tensor decomposition and the
SOS-width for SOS tensor cones. The SOS-rank provides the minimal number of
squares in the SOS tensor decomposition, and, for a given SOS tensor cone, its SOS-
width is the maximum possible SOS-rank for all the tensors in this cone. We first
deduce an upper bound for general tensors that have SOS decomposition and the
SOS-width for general SOS tensor cone using the known results in the literature of

1X



polynomial theory. Then, we provide an explicit sharper estimate for the SOS-rank
of SOS tensor decomposition with bounded exponent and identify the SOS-width
for the tensor cone consisting of all tensors with bounded exponent that have SOS
decompositions. Finally, as applications, we show how the SOS tensor decomposition
can be used to compute the minimum H-eigenvalue of an even order symmetric
extended Z-tensor and test the positive definiteness of an associated multivariate
form. Numerical experiments are also provided to show the efficiency of the proposed
numerical methods ranging from small size to large size numerical examples.

For topic 5, we study positive semi-definiteness and extremal H-eigenvalues of
extended essentially non-negative tensors. We first prove that checking positive semi-
definiteness of a symmetric extended essentially non-negative tensor is equivalent to
checking positive semi-definiteness of all its condensed subtensors. Then, we prove
that, for a symmetric positive semi-definite extended essentially non-negative ten-
sor, it has a sum-of-squares (SOS) tensor decomposition if each positive off-diagonal
element corresponds to an SOS term in the homogeneous polynomial of the ten-
sor. Using this result, we can compute the minimum H-eigenvalue of such kinds of
extended essentially non-negative tensors. Then, for general symmetric even order
extended essentially non-negative tensors, we show that the largest H-eigenvalue of
the tensor is equivalent to the optimal value of an SOS programming problem. As an
application, we show this approach can be used to check co-positivity of symmetric
extended Z-tensors. Numerical experiments are given to show the efficiency of the

proposed methods.
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Chapter 1

Introduction

1.1 Background

The concept of tensors was introduced by Gauss, Riemann and Christoffel, etc.,
in the 19th century in the study of differential geometry. In the very beginning
of the 20th century, Ricci, Levi-Civita, etc., further developed tensor analysis as a
mathematical discipline. It was Einstein who applied tensor analysis in his study of
general relativity in 1916. This made tensor analysis an important tool in theoretical
physics, continuum mechanics and many other areas of science and engineering [28,
41, 59, 104].

A tensor is a multidimensional array and it is a physical quantity which is in-
dependent from co-ordinate system changes. More formally, mth-order tensor is an
element of the tensor product of m vector spaces, each of which has its own coor-
dinate system. This notion of tensors is not to be confused with tensors in physics
and engineering (such as stress tensors) [69], which are generally referred to as tensor
fields in mathematics [96]. A zero order tensor is a scalar. A first order tensor is a
vector and a second-order tensor is a matrix, and tensors of order three or higher are
called higher-order tensors.

Recently, more and more researchers have paid attentions to tensor problems and

several interesting and important research directions are hot in numerical multilinear



algebra, such as spectral theory of tensors, spectral hypergraph theory, structure
property of special tensors, tensor decomposition and so on.

Positive semi-definiteness and spectral properties of tensors are important topics
in tensor computation and multilinear algebra. Since the early work of [78] and [62],
a lot of researchers have devoted themselves to the study of spectral properties of
tensors in the past several years [4, 5, 6, 12, 11, 18, 32, 43, 47, 60, 73, 109]. Tensor
eigenvalue problems have wide applications in polynomial optimization [71], spectral
hypergraph theory [18, 109, 80], high-order Markov chains [70], signal processing
[84], and imaging science [88]. On the other hand, positive semi-definiteness is an
important structure property of tensors and it has many applications in optimal
control, magnetic resonance imaging and spectral hypergraph theory [78, 80, 88, 89].
It is known that the problem of determining whether a given general even order
symmetric tensor is positive semi-definite or not is NP-hard [35]. On the other hand,
for some special structured tensors, it has been shown that either they are positive
semi-definite or positive definite in the even order symmetric case, or there are easily

checkable conditions to identify such tensors are positive semi-definite or not.

1.2 Structured tensors

Structured tensors mean tensors with special structure. In recent years, several kinds
of structured tensors have been studied such as non-negative tensors [5, 7, 27, 38,
51, 60, 63, 70, 89, 79, 87], Hankel tensors [11, 10, 20, 81], complete positive tensors
[87], co-positive tensors [79], Hilbert tensors [100], P-tensors [99, 109], B-tensors [82],
diagonally dominant tensors, H-tensors [43, 54] and so on. Furthermore, researchers
not only established results on spectral theory and positive semi-definiteness property
of structured tensors, but also gave some important applications of structured tensors

in stochastic process and data fitting. In the thesis, we will explore more in detail



about non-negative tensors, Hankel tensors, B-tensors and H-tensors.

1.2.1 Non-negative tensors

One of the important structured tensor classes is the class of non-negative tensors,
that is, tensors with non-negative entries. The non-negative tensors arise naturally
in spectral hypergraph theory and high-order Markov chain theory. Recently, a lot
of theoretical conclusions and efficient numerical schemes have been proposed for
non-negative tensors.

The Perron-Frobenius theorem is a fundamental result for non-negative matrices.
It has been widely used not only in mathematics but also in various fields of science
and technology, such as economics, operational research, and page rank in the inter-
net; for more information, see [62, 78, 83, 86]. Chang, Pearson, and Zhang generalized
this theorem to the class of non-negative tensors recently [5]. The Perron-Frobenius
theorem for non-negative tensors is related to measuring higher order connectivi-
ty in linked objects [61] and hypergraphs [21]. Later, Yang and Yang gave further
results for the Perron-Frobenius theorem for non-negative tensors and some other
results from non-negative matrices are generalized [110, 90]. Friedland, Gaubert and
Han [27] pointed out that the Perron-Frobenius theorem for non-negative tensors
has a very close link with the Perron-Frobenius theorem for homogeneous monotone
maps. They introduced weakly irreducible non-negative tensors and established the
Perron-Frobenius theorem for such tensors.

Based on a Perron-Frobenius type theorem for non-negative tensors [5], Ng, Qi,
and Zhou proposed an iterative method to find the largest eigenvalue of an irre-
ducible non-negative tensor [70]. The NQZ method in [70] is efficient but it is not
always convergent for irreducible non-negative tensors. Later on, Chang, Pearson
and Zhang [7] introduced primitive tensors which is a subclass of irreducible non-

negative tensors, and established the convergence of the NQZ method for primitive
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tensors. Moreover, Liu, Zhou, and Ibrahim [63] modified the NQZ method such that
the modified algorithm is always convergent for finding the largest eigenvalue of an
irreducible non-negative tensor. Recently, Zhang and Qi [113] established the linear
convergence of the NQZ method for essentially positive tensors. Zhang, Qi and Xu
[115] established the linear convergence of the LZI method for weakly positive ten-
sors. More recently, numerical method is also presented to calculate the maximum
eigenvalue for non-negative tensors without the irreducible assumption by using a
partion technique [36]. Furthermore, some variational principles for Z-eigenvalues of

non-negative tensors are presented in [8].

1.2.2 Hankel tensors

Hankel tensors were introduced by Papy, De Lathauwer and Van Huffel in [75] in
the context of the harmonic retrieval problem, which is at the heart of many signal
processing problems. In [2], Badeau and Boyer proposed fast higher-order singular
value decomposition (HOSVD) for third order Hankel tensors.

The comprehensive spectral theory and positive semi-definiteness of Hankel ten-
sors and some other applications were studied in [20, 81, 11]. Hankel tensors are
symmetric tensors. In [81], positive semi-definite Hankel tensors were studied. Each
Hankel tensor is associated with an Hankel matrix. If that Hankel matrix is positive
semi-definite, then the Hankel tensor is called a strong Hankel tensor. It was proved
that an even order strong Hankel tensor is positive semi-definite. A symmetric ten-
sor is a Hankel tensor if and only if it has a Vandermonde decomposition. If the
coefficients of that Vandermonde decomposition are non-negative, then the Hankel
tensor is called a complete Hankel tensor. It was proved that an even order complete
Hankel tensor is also positive semi-definite. An example of a positive semi-definite
Hankel tensor, which is neither strong nor complete Hankel tensor was also given in

81).



Recently, the SOS (sum-of-squares) tensor decomposition of even order Hankel
tensors and applications are studied in [56, 55, 10]. Tensors with SOS decomposi-
tion are positive semi-definite symmetric tensors, but not vice versa. The problem
for determining an even order symmetric tensor has SOS decomposition or not is
equivalent to solving a semi-infinite linear programming problem, which can be done
in polynomial time. On the other hand, the problem for determining an even or-
der symmetric tensor is positive semi-definite or not is NP-hard. In [56], Li et al.
studied SOS-Hankel tensors. Currently, there are two known positive semi-definite
Hankel tensor classes: even order complete Hankel tensors and even order strong
Hankel tensors. It is shown that complete Hankel tensors are strong Hankel tensors,
and even order strong Hankel tensors are SOS-Hankel tensors [56]. Moreover, sever-
al examples of positive semi-definite Hankel tensors are given, which are not strong
Hankel tensors. However, all of them are still SOS-Hankel tensors. Does there exist a
positive semi-definite non-SOS-Hankel tensor? The answer to this question remains
open. If the answer to this question is no, then the problem for determining an even

order Hankel tensor is positive semi-definite or not is solvable in polynomial-time.

1.2.3 DB-tensors

B-tensors are a special class of structured tensors that are natural generalization of
B-matrices. Meaningful and interesting conclusions about symmetric B-tensors can
be found in [82, 99, 109].

In [82], Qi et al. used a new technique to prove that an even order symmetric
B-tensor is positive definite. It is shown that a symmetric B-tensor can always be
decomposed to the sum of a strictly diagonally dominated symmetric M-tensor and
several positive multiples of partially all one tensors, and a symmetric By-tensor can
always be decomposed to the sum of a diagonally dominated symmetric M-tensor

and several positive multiples of partially all one tensors. Even order partially all



one tensors are positive semi-definite. An even order diagonally dominated symmet-
ric tensor is positive semi-definite, and an even order strictly diagonally dominated
symmetric tensor is positive definite. Therefore, when the order is even, all sym-
metric B-tensors are positive definite, and the corresponding symmetric By-tensors
are positive semi-definite [82]. Hence, the condition provided in [82], gives an easily
checkable sufficient condition for positive definite and semi-definite tensors.

After that, motivated by notion of B-tensors, several kinds of structured tensors
such as double B-tensors, quasi-double B-tensors and M B-tensors, are defined and

applied in the location of real eigenvalues [52, 53, 13].

1.2.4 H-tensors

H-tensors were first defined in [19], and it is proved that all H-tensors have quasi-
strictly diagonally dominant property. Then, much more properties of H-tensors
were further studied in [43, 54], where the authors in [54] referred nonsingular H-
tensors simply as H-tensors and the authors in [43] referred nonsingular H-tensors
as strong H-tensors. In [54], the authors proved that if a given tensor is an even
order symmetric strong H-tensor with positive diagonal entries, then the tensor is a
positive definite tensor. In [43], it is proved that a symmetric H-tensor with non-
negative diagonal entries is positive semi-definite, which implies that H-tensors are
useful in checking the positive semi-definiteness of homogeneous polynomials.

Very recently, Wang et al. studied the bounds for the Z-spectral radius of nonsin-
gular H-tensors [107], and numerical examples illustrate that the bounds are sharper

than known bounds.

1.3 Summary of contributions of the thesis

The original contributions of this thesis are as follows:



e Several necessary and sufficient conditions for an even order Cauchy tensor to
be positive semi-definite are given. Some properties of positive semi-definite
Cauchy tensors are presented. Inequalities about the largest H-eigenvalue and
the smallest H-eigenvalue of Cauchy tensors are shown. Then, some spectral
properties on Z-eigenvalues of odd order Cauchy tensors are shown. Further-
more, properties of generalized Cauchy tensors and some new properties of

Hankel tensors are provided.

e Odd-bipartite and even-bipartite tensors are defined in this paper. Using this
notions, the relation between the largest H-eigenvalue of a Z-tensor with non-
negative diagonal elements, and the largest H-eigenvalue of the Z-tensor’s ab-
solute tensor are studied. Sufficient and necessary conditions for the equality of
these largest H-eigenvalues are given when the Z-tensor has even order. For the
odd order case, sufficient conditions are presented. On the other side, relation
between spectral sets of an even order symmetric Z-tensor with non-negative

diagonal entries and its absolute tensor are studied.

e The SOS tensor decomposition of various kinds of structured tensors is studied
in the even order symmetric case. These include positive Cauchy tensors, weak-
ly diagonally dominated tensors, By-tensors, double B-tensors, quasi-double
By-tensors, M By-tensors, H-tensors, absolute tensors of positive semi-definite
Z-tensors and extended Z-tensors. The SOS-rank of SOS tensor decomposi-
tion and the SOS-width for SOS tensor cones are also examined. In particular,
an explicit sharp estimate is provided for SOS-rank of tensors with bounded
exponent and SOS-width for the tensor cone consisting of all such tensors with
bounded exponent that have SOS decomposition. Then, applications for the

SOS decomposition of extended Z-tensors are presented.



e The notion of essentially non-negative tensor is generalized to a more general
form i.e. extended essentially non-negative tensor. Positive semi-definiteness
and SOS tensor decomposition of symmetric essentially nonnegative tensors are
studied. Then, by SOS optimization technique, the extremal H-eigenvalues of
a symmetric even order extended essentially non-negative tensor can be com-
puted by solving an SOS optimization problem. Numerical examples illustrate
the significance. An important application is presented that is checking the

co-positivity of symmetric tensors with even or odd orders.

1.4 Organization of the thesis

The thesis is structured as follows.

e Chap. 2 We will first recall some basic notions of tensors are given such
as H-eigenvalues, Z-eigenvalues and positive semi-definite tensors. Then, we
introduce the notion of Vandermonde positive semi-definite tensors, which is a
special class of positive semi-definite tensors. At last, some basic results about

homogeneous polynomials are presented.

e Chap. 3 Motivated by symmetric Cauchy matrices, we define symmetric
Cauchy tensors and their generating vectors in this paper. Hilbert tensors
are symmetric Cauchy tensors. An even order symmetric Cauchy tensor is
positive semi-definite if and only if its generating vector is positive. An even
order symmetric Cauchy tensor is positive definite if and only if its generat-
ing vector has positive and mutually distinct entries. This extends Fiedler’s
result for symmetric Cauchy matrices to symmetric Cauchy tensors. Then, it
is proven that the positive semi-definiteness character of an even order sym-
metric Cauchy tensor can be equivalently checked by the monotone increasing
property of a homogeneous polynomial related to the Cauchy tensor. The
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homogeneous polynomial is strictly monotone increasing in the non-negative
orthant of the Euclidean space when the even order symmetric Cauchy tensor
is positive definite. At last, bounds of the largest H-eigenvalue of a positive
semi-definite symmetric Cauchy tensor are given and several spectral proper-
ties on Z-eigenvalues of odd order symmetric Cauchy tensors are shown. We
also establish that all the H-eigenvalues of non-negative Cauchy tensors are

non-negative. Further questions on Cauchy tensors are raised.

Chap. 4  We first introduce the concept of generalized Cauchy tensors which
extends Cauchy tensors to a more general form, and provide several conditions
characterizing positive semi-definiteness of generalized Cauchy tensors with
nonzero entries. Furthermore, we prove that all even order generalized Cauchy
tensors with positive entries are completely positive tensors, which means every
such that generalized Cauchy tensor can be decomposed as the sum of non-
negative rank-1 tensors. Secondly, we present new mathematical properties of
Hankel tensors. We prove that an even order Hankel tensor is Vandermonde
positive semi-definite if and only if its associated plane tensor is positive semi-
definite. We also show that, if the Vandermonde rank of a Hankel tensor A is
less than the dimension of the underlying space, then positive semi-definiteness
of A is equivalent to the fact that A is a complete Hankel tensor, and so, is
further equivalent to the SOS property of A. Thirdly, we introduce a new class
of structured tensors called Cauchy-Hankel tensors, which is a special case
of Cauchy tensors and Hankel tensors simultaneously. Sufficient and necessary
conditions are established for an even order Cauchy-Hankel tensor to be positive

definite.

Chap. 5 Stimulated by odd-bipartite and even-bipartite hypergraphs, we

define odd-bipartite (weakly odd- bipartie) and even-bipartite (weakly even-
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bipartite) tensors. It is verified that all even order odd-bipartite tensors are
irreducible tensors, while all even-bipartite tensors are reducible no matter the
parity of the order. Based on properties of odd-bipartite tensors, we study the
relationship between the largest H-eigenvalue of a Z-tensor with non-negative
diagonal elements, and the largest H-eigenvalue of absolute tensor of that Z-
tensor. When the order is even and the Z-tensor is weakly irreducible, we prove
that the largest H-eigenvalue of the Z-tensor and the largest H-eigenvalue of
the absolute tensor of that Z-tensor are equal, if and only if the Z-tensor
is weakly odd-bipartite. Examples show the authenticity of the conclusions.
Then, we prove that a symmetric Z-tensor with non-negative diagonal entries
and the absolute tensor of the Z-tensor are diagonal similar, if and only if the
Z-tensor has even order and it is weakly odd-bipartite. After that, it is proved
that, when an even order symmetric Z-tensor with non-negative diagonal en-
tries is weakly irreducible, the equality of the spectrum of the Z-tensor and
the spectrum of absolute tensor of that Z-tensor, can be characterized by the

equality of their spectral radii.

Chap. 6 We examine structured tensors which have sum-of-squares (SOS)
tensor decomposition, and study the SOS-rank of SOS tensor decomposition.
We first show that several classes of even order symmetric structured tensors
available in the literature have SOS tensor decomposition. These include posi-
tive Cauchy tensors, weakly diagonally dominated tensors, By-tensors, double
B-tensors, quasi-double By-tensors, M By-tensors, H-tensors, absolute tensors
of positive semi-definite Z-tensors and extended Z-tensors. We also examine
the SOS-rank of SOS tensor decomposition and the SOS-width for SOS ten-
sor cones. The SOS-rank provides the minimal number of squares in the SOS

tensor decomposition, and, for a given SOS tensor cone, its SOS-width is the

10



maximum possible SOS-rank for all the tensors in this cone. We first deduce
an upper bound for general tensors that have SOS decomposition and the SOS-
width for general SOS tensor cone using the known results in the literature of
polynomial theory. Then, we provide an explicit sharper estimate for the SOS-
rank of SOS tensor decomposition with bounded exponent and identify the
SOS-width for the tensor cone consisting of all tensors with bounded exponent
that have SOS decompositions. Finally, as applications, we show how the SOS
tensor decomposition can be used to compute the minimum H-eigenvalue of
an even order symmetric extended Z-tensor and test the positive definiteness
of an associated multivariate form. Numerical experiments are also provided
to show the efficiency of the proposed numerical methods ranging from small

size to large size numerical examples.

Chap. 7 We study positive semi-definiteness and extremal H-eigenvalues of
extended essentially non-negative tensors. We first prove that checking posi-
tive semi-definiteness of a symmetric extended essentially non-negative tensor
is equivalent to checking positive semi-definiteness of all its condensed subten-
sors. Then, we prove that, for a symmetric positive semi-definite extended
essentially non-negative tensor, it has a sum-of-squares (SOS) tensor decompo-
sition if each positive off-diagonal element corresponds to an SOS term in the
homogeneous polynomial of the tensor. Using this result, we can compute the
minimum H-eigenvalue of such kinds of extended essentially non-negative ten-
sors. Then, for general symmetric even order extended essentially non-negative
tensors, we show that the largest H-eigenvalue of the tensor is equivalent to
the optimal value of an SOS programming problem. As an application, we
show this approach can be used to check co-positivity of symmetric extend-

ed Z-tensors. Numerical experiments are given to show the efficiency of the

11



proposed methods.

e Chap. 8 Some final remarks and future work are listed in this section.
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Chapter 2

Preliminaries

A real tensor with order m and dimension n is defined by A = (a;iy.,,), 5 € [0],
j € [m]. If the entries a;,4,..,, are invariant under any permutation of the subscripts,
then tensor A is called symmetric tensor. Let x = (21,72, ,2,)T € R™. The two

forms below will be used in the following analysis frequently:

n n
A m—1 __ . . . .
X - Qi Lig ** * LTipy, )

12,83, ,im=1 i=1

n
Ax™ = Z Wiy Liy Ly ** T, -
iyig, im=1

In this paper, we always consider real symmetric tensors. The identity tensor Z with
order m and dimension n is given by Z;,..;, = 1ifi; = --- =14, and Z;,..;, = 0
otherwise.

We first fix some symbols and recall some basic facts. Let m,n € N. Consider
Smn = {A: Ais an mth-order n-dimensional symmetric tensor}. Clearly, S, ,, is a

vector space under the addition and multiplication defined as below: for any t € R,

A = (ai1~~~im)1<i1,~~-,im<n and B = (bi1~"im)1<i1,“' im<ny

)

A+ B = (i, + biyoi )1<is o simsn a0 LA = (804, ., ) 1<y i

)

13



For each A, B € S,, ,, we define the inner product by

n

<A, B> = 2 ail...imbil...im.

iy im =1

. 1/2
The corresponding norm is defined by [A| = ((A, A = < Z (ail...im)2) :

i1, im=1
For a vector x € R", we use z; to denote its ¢th component. Moreover, for a vector
x € R"”, we use X" to denote the mth-order n-dimensional symmetric rank one tensor

induced by x, i.e.,
m ) )
(X" )ivigeim = Tiy iy == Tipy, Vi, i € {1, n}.

Suppose X = (21,2, ,%n), ¥ = (Y1,¥2,** ,Yn). Then x >y (x < y) means
v =y (x; < y;) for all i € [n]. If both A = (ai,...i,, )1<i;<n and B = (bi;...i,, ) 1<i;<n;
j =1,---,m, are tensors, then A > B (A < B) means a;,..;,, = bi...,, (ai..q,, <

biy...i,,) for all iy, -+ i, € [n].

2.1 H-eigenvalue and Z-eigenvalue of tensors

We now recall the definitions of eigenvalues and eigenvectors for a tensor [78, 62].

Definition 2.1. Let C be the complex field. Let A = (a;,..;,,) be an order m
dimension n tensor. A pair (A, x) € C x (C™\{0}) is called an eigenvalue-eigenvector

pair of tensor A, if they satisfy

Ax™ ! = \xIm1

m—1]

where Ax™ ! and x! are all n dimensional column vectors given by

n
m—1
AX = 2 Qijgeeip, Lig Ly
1<ign

2, im=1

and xIm=1 = (g1 am T e C.
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If the eigenvalue A and the eigenvector x are real, then A is called an H-eigenvalue

of A and x is its corresponding H-eigenvector.

Definition 2.2. Let A be a symmetric tensor with order m and dimension n. We
say A € R is a Z-eigenvalue of A and x € R"\{0} is an Z-eigenvector corresponding

to X if (x,\) satisfies

xI'x = 1.

{ Ax™ = )\x,

The definitions of Z-eigenvalue and H-eigenvalue were introduced by Qi in [78].
Independently, Lim [62] also gave the definitions via a variational approach and
established an interesting Perron-Frobenius theorem for tensors with non-negative
entries. From [78] and [6], both Z-eigenvalues and H-eigenvalues for an even order
symmetric tensor always exist. Moreover, from the definitions, we can see that find-
ing an H-eigenvalue of a symmetric tensor is equivalent to solving a homogeneous
polynomial equation while calculating a Z-eigenvalue is equivalent to solving non-
homogeneous polynomial equations. In general, the behaviors of Z-eigenvalues and
H-eigenvalues can be quite different. For example, a diagonal symmetric tensor A
has exactly n many H-eigenvalues and may have more than n Z-eigenvalues (for
more details see [78]). Recently, a lot of researchers have devoted themselves to the
study of eigenvalue problems of symmetric tensors and have found important ap-
plications in diverse areas including spectral hypergraph theory [78, 58], dynamical
control [72], medical image science [57, 88] and signal processing [49].

The spectral radius of tensor A is denoted by
p(A) = max{|A| : X is an eigenvalue of A}.

All eigenvalues of tensor A construct the spectrum denoted by Spec(A).
Next, we present two fundamental results about eigenvalues of tensors (see [78]),

which will be much used in the sequel.
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Lemma 2.1. Suppose that T = a(B + bZ), where a and b are two real numbers.
Then 1 is an eigenvalue (H-eigenvalue) of tensor T if and only if p = a(A + b),
where X\ is an eigenvalue (H-eigenvalue) of tensor B. In this case, they have the

same eigenvectors (H-eigenvectors).

Lemma 2.2. Let A be a symmetric tensor with order m and dimension n. Suppose
that the minimum H-eigenvalue and maximum H-eigenvalue of A are denoted by

Amin(A) and Aoz (A) respectively. Then, we have

m m
min Ai = min AX", Ajua(A) = max Ai = max Ax",
x20 x| xlm=1 x20 [|Ix[|m fxfm=1

where x| = (7 2™

2.2 Positive semi-definite tensors

We first note that an m-th order n-dimensional symmetric tensor A = (a;iy-i,, ),
uniquely defines an m-th degree homogeneous polynomial f4(x) on R": for all x =

(xla e 7xn)T € Rn’

fa(x) = Ax™ = Z Qi yinin iy Tin =+ * T, (2.1)
i1yi2, ime[n]

Conversely, any m-th degree homogeneous polynomial function f(x) on R™ also u-
niquely corresponds a symmetric tensor. Furthermore, an even order tensor A is
called positive semi-definite (positive definite) if fa(x) = 0 (fa(x) > 0) for all

x € R" (x € R"\{0}).
Denote R = {x € R" | x > 0}. If Ax™ > 0 for all x € R"}, then A is called
co-positive. Positive semi-definite tensors are co-positive tensors, but the converse
maybe not true in general. From the definition, it is easy to see that, for a positive

semi-definite tensor, its order m must be an even number. Therefore, in the following
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analysis, we always assume the order of the tensor is even when we consider a positive
semi-definite tensor. An important fact which will be used frequently later on is that
an even order symmetric tensor is positive semi-definite (definite) if and only if all
H-eigenvalues of the tensor are non-negative (positive).

We call u € R" a Vandermonde vector if u = (1, pu, p?, -, u"~1)% € R for some
we R If Au™ > 0 for all Vandermonde vectors u € R™, then we say that tensor A is
Vandermonde positive semi-definite. It’s obvious that positive semi-definite tensors

are always Vandermonde positive semi-definite, but not vice versa.

2.3 SOS tensor decomposition

Tensor decomposition is an important research area, and it has found numerous
applications in data mining [44, 46, 45|, computational neuroscience [16, 25], and
statistical learning for latent variable models [1]. An important class of tensor de-
composition is sum-of-squares (SOS) tensor decomposition.

Suppose A is a symmetric tensor with order m and dimension n. Let f4(x) be
the homogeneous polynomial corresponding tensor A such as in (2.1). If f4(x) is a
sums-of-squares (SOS) polynomial, then we say A has an SOS tensor decomposition
(or an SOS decomposition, for simplicity). It is clear that a tensor with SOS decom-
position and an SOS polynomial must have even degree. If a given tensor has SOS
decomposition, then the tensor is positive semi-definite, but not vice versa. Next,
we recall a useful lemma which provides a test for verifying whether a homogeneous
polynomial is a sums-of-squares polynomial or not. To do this, we introduce some
basic notions.

For all x € R", consider a homogeneous polynomial f(x) = ] fox® with degree
m (m is an even number), where a = (aq, - , ;) € (NU{0})", x* = 2" - - - 2% and

laf == 37" a; = m. Let f,,; be the coefficient associated with 2. Let ; be the ith
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unit vector and let
Qr={a=(ar,,a,) e (NU{0})": fo #0and a # me;, 1 =1,--- ,n}. (2.2)

Then, f can be decomposed as f(x) = )" | fmzl" + Yacq, Jox®. Recall that 2N

denotes the set consisting of all the even numbers. Define

f(X) = me,zx;n - 2 |fa|xa7
i=1

OéEAf

where

Ap={a=(ar, - ,a,) €Qs: fo <0ora¢ (2NuU{0})"}. (2.3)

Lemma 2.3. [23, Corollary 2.8] Let f be a homogeneous polynomial of degree m,
where m 1s an even number. Iff 15 a polynomial which always takes non-negative

values, then f is a sums-of-squares polynomial.
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Chapter 3

Positive definiteness and
semi-definiteness of even order
Cauchy tensors

A Cauchy matrix (maybe not square) is an m x n structure matrix assigned to m+n

parameters i, Ta, -+, Tm, Y1, Yo as follows: [74]

cz[ ! ],z’e[m],je[n]. (3.1)

T + Y

The Cauchy matrix has been studied and applied in algorithm designing [26, 30, 33].
When x; = y; in (3.1), it is a real symmetric Cauchy matrix. Stimulated by the

notion of symmetric Cauchy matrices, we give the following definition.

Definition 3.1. Let vector ¢ = (¢1,¢9,++ ,¢,) € R™. Suppose that a real tensor

C = (Ciyiyi,,) 18 defined by

1
iy +Cip + ot Gy,

Ciyigorvim = jelm], ij € [n].

Then, we say that C is an order m dimension n symmetric Cauchy tensor and the

vector ¢ € R™ is called the generating vector of C.

We should point out that, in Definition 3.1, for any m elements ¢;,, ¢, - , ¢

m
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in generating vector c, it satisfies
Ciy +Ci2+"'+cim 7&0,

which implies that ¢; # 0, i € [n].

By Definition 3.1, a dimension n x n real symmetric Cauchy matrix is an order 2
dimension n real symmetric Cauchy tensor. It is easy to check that every principal
subtensors of a symmetric Cauchy tensor is a symmetric Cauchy tensor with a gen-
erating vector being a subvector of the generating vector of the original symmetric
Cauchy tensor. In this chapter, we always consider mth order n dimensional real
symmetric Cauchy tensors. Hence, it can be called Cauchy tensors for simplicity.

Cauchy tensors belong to structured tensors, and they have close relationships
with Hankel tensors and Hilbert tensors. Suppose Cauchy tensor C and its generating

vector ¢ are defined as in Definition 3.1. If
Ci1+cz’2+"'+cim ECj1+Cj2+"'+ij
whenever
htigt tim =01+t + Jm,

then Cauchy tensor C is a Hankel tensor in the sense of [80]. In general, a symmetric

Cauchy tensor is not a Hankel tensor. If entries of ¢ are defined such that

1
i=i—1+—, ie[n],
ci =1 — 1 [n]

then Cauchy tensor C is a Hilbert tensor according to [100].

3.1 Positive semi-definite Cauchy tensors

In this section, we will give some sufficient and necessary conditions for even order
Cauchy tensors to be positive semi-definite or positive definite. Some conditions are

extended naturally from the Cauchy matrix case.
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Theorem 3.1. Assume a Cauchy tensor C is of even order. Let c € R™ be the
generating vector of C. Then Cauchy tensor C is positive semi-definite if and only if

c > 0.

Proof. For necessity, suppose that an even order Cauchy tensor C is positive semi-
definite. It is easy to check that all composites of generating vector c are positive

since

1
Ceim = = 0, 1€ [n]
mc;

where e; is the ith coordinate vector of R". So, ¢; > 0 for all ¢ € [n], which means
c>0.
On the other hand, assume that ¢ > 0. For any x € R", it holds that
CX™ = X1 o imefn] CitizimTir iy * " Ty
Tiq Lig " Tipy

i1, im€[n) m
1

_ Ciq +CigttCip, —1
- Zil,--- Jim€[n] 2N X Xy 'ximdt
0 m

- Jl Zt‘*%xi dt
0

i€[n]
= 0.
Here the last inequality follows that m is even. By the arbitrariness of x, we know

that Cauchy tensor C is positive semi-definite and the desired result holds. n

Corollary 3.1. Assume that even order Cauchy tensor C and its generating vector
c € R" are defined as in Theorem 3.1. Then Cauchy tensor C is negative semi-definite

if and only if ¢ < 0.

Corollary 3.2. Assume that even order Cauchy tensor C and its generating vector
c € R" are defined as in Theorem 3.1. Then Cauchy tensor C is not positive semi-

definite if and only if there exist at least one negative element in c.
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From the results about H-eigenvalues and Z-eigenvalues in [78], we have the

following result.

Corollary 3.3. Assume that even order Cauchy tensor C and its generating vector
c € R" are defined as in Theorem 3.1. If ¢ > 0, then all the H-eigenvalues and

Z-eigenvalues of Cauchy tensor C are non-negative.

Theorem 3.2. Assume even order Cauchy tensor C has generating vector ¢ =
(c1,¢9, ) € R™. Suppose c1, ¢, , ¢, are positive and mutually distinct. Then

Cauchy tensor C is positive definite.

Proof. For the sake of simplicity, without loss of generality, assume that
O<cp<cy < <cy.

Since ¢ > 0 and ¢y, ca, - , ¢, are mutually distinct. From Theorem 3.1, we know
that Cauchy tensor C is positive semi-definite.

We prove by contradiction that Cauchy tensor C is positive definite when the
conditions of this theorem hold. Assume there exists a nonzero vector x € R" such
that

Cx™ = 0.
By the proof of Theorem 3.1, one has

m

1 1
J Dt | dt =0,
i€[n]

0

which means

DteTma; =0, te0,1].

i€[n]
Thus
ry + g+ 1, =0, te (0,1].

22



By continuity and the fact that c¢q,co, -+ , ¢, are mutually distinct, it holds that
xIr = 0

and

To + 1P %x3+ - + 122, =0, te(0,1].
Repeat the process above. We obtain
Ty =Ty =" =T, =0,

which is a contradiction with x # 0. So, for all nonzero vectors x € R", it holds

Cx™ > 0 and C is positive definite. n

From this theorem, we easily have the following corollary, which was first proved

in [100].
Corollary 3.4. An even order Hilbert tensor is positive definite.

From Theorem A of [24], we know that a symmetric Cauchy matrix

o-|+5]
Ci-i-Cj

is positive definite if and only if all the ¢;’s are positive and mutually distinct. In

fact, the theorem below shows that conditions in Theorem 3.2 is also a sufficient and

necessary condition, which is a natural extension of Theorem A of [24], by Fielder.

Theorem 3.3. Let even order Cauchy tensor C and its generating vector ¢ be defined
as in Theorem 3.2. Then, Cauchy tensor C is positive definite if and only if the

elements of generating vector are positive and mutually distinct.

Proof. By Theorem 3.2, we only need to prove the “only if” part of this theorem.
Suppose that Cauchy tensor C is positive definite. Firstly, by Theorem 3.1, we know
that

¢; >0, i€ [n].
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We now prove by contradiction that ¢;’s are mutually distinct. Suppose that two
elements of ¢ are equal. Without loss of generality, assume ¢; = ¢ = a > 0. Let
x € R™ be a vector with elements z; = 1,29 = —1 and x; = 0 for the others. Then,

one has

m — . . . . . .. .
Cx™ = Zil, <L im€[n] Civig-ipm Lig Lig Liy,
-3 Ty iy Ty

i1, 5imEn] iy +eiy +o iy,

1'211'22 B

Z’Ll, ZmE m

[ —1)" (=) B ()R (—1)m—m]

[1+ (- )]

where we get a contradiction with the assumption that Cauchy tensor C is positive
definite. Thus, elements of generating vector ¢ are mutually distinct and the desired

result follows. 0

We denote the homogeneous polynomial Cx™ as

f(x) =Cx™ = Z Citigip Tiy Tin =+ * T, .
i1, ,tmE[n]

For all x,y € X <€ R™, if f(x) = f(y) when x > y(x < y), we say that f(x) is
monotone increasing (monotone decreasing respectively) in X. If f(x) > f(y) when
x>y, x#y(x <y, x#y), wesay that f(x) is strictly monotone increasing (strict
monotone decreasing respectively) in X.

The following conclusion means that the positive semi-definite property of a
Cauchy tensor is equivalent to the monotonicity of a homogeneous polynomial re-

spected to the Cauchy tensor in R’;.

Theorem 3.4. Let C be an even order Cauchy tensor with generating vector c. Then,

C is positive semi-definite if and only if f(x) is monotone increasing in R'}.

24



Proof. For sufficiency, let x = e;,y = 0 and x > y. Then we have

1

mc;

=Cx" = f(x) = f(y) =Cy™ =0,

which implies that ¢; > 0 for i € [n]. By Theorem 3.1, it holds that Cauchy tensor
C is positive semi-definite.

For necessary conditions, suppose x,y € R and x > y. Then, we know that

fx) = fly) = Cx™ —Cy™

Zih.“,ime[n] Civigersim (Tir iy * Ty — YirYia *** Yim)
. Z Tiy Tig  Tiyy, —Yiq Yiog " Yim

- i1, ,im€[n] Ciy +Cig+tCip,

= 0.

Here, the last inequality follows that x > y and the fact that ¢; > 0, for i € [n], which

means that f(x) is monotone increasing in R} and the desired result holds. ]

Lemma 3.1. Let C be an even order Cauchy tensor with generating vector c. Suppose
C is positive definite. Then the homogeneous polynomial f(x) is strictly monotone

increasing i R .
Proof. From the condition that C is positive definite, by Theorem 3.3, we have
¢ >0, i€[n],

where scalars ¢;, i € [n] are entries of generating vector c¢. For any x,y € R

satisfying that x > y and x # y, there exists index i € [n] such that
x; >y; = 0.
Then, it holds that

f(x) = fly)= Cx™—Cy™

Zzl Jim€[n], (i1 iz, im)# (i0,+ i) Civigim (Tis Tiy ** Tiy = YisYin " Yin)
m p—

+ciii(rft — i)

_ Z Tig Tig " Tigy —Yiq1 Yin " Yim
i1, im€[n] (i1in, e yim) £ (i 1) T ciy g+t Ciy
1 m m
+ioe (@ —yi")
> 0,
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which implies that the homogeneous polynomial f(x) is strictly monotone increasing

in R . O

Now, we give an example to show that the strictly monotone increasing property
for the polynomial f(x) is only a necessary condition for the positive definiteness

property of Cauchy tensor C but not a sufficient condition.
Example 3.1. Let C = (¢;,iyi5i,) be a Cauchy tensor with order 4 dimension 3, and
with generating vector ¢ = (1,1,1). Then,
r
Civigigia = Z? 21,122,13,14 € [3]

and the homogeneous polynomial

1
f(X) = CX4 = Z Z Liy LijgLigLiy -

11,12,13,14€([3]

. . . . . . . 3
By direct computation, we know that f(x) is strictly monotone increasing in R3 .

From Theorem 3.3, Cauchy tensor C is not positive definite. [

Let r; denote the sum of the ith row elements of Cauchy tensor C, which can be

written such that

r= ¥ ! ienl,

Y
Ci+Ciyy -+ ¢
ig,e ,ime[n] () 12 Tm

where ¢ = (¢1,- -+ ,¢,) is the generating vector of Cauchy tensor C. Suppose

R = max r;, r = min 7;.
1<i<n 1<i<n

If Cauchy tensor C is positive semi-definite, by Theorem 3.1, it is easy to check that

1 1
R = , = )
Z Q+Ci2+"'+cim Z d+Ci2+"'+Cim

12, ,im€[n] 12, ,im€[n]
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where ¢ = min;¢;<, ¢;, @ = MaxXj<i<p G-
Now, before giving the next conclusion, we give the definition of irreducible ten-
sors, which will be used in the sequel. The following definition is consistent with [5]

and [80] respectively.

Definition 3.2. For a tensor T with order m and dimension n. We say that T is

reducible if there is a nonempty proper index subset I < [n] such that

t :O,Vilel,Vi27i3,"'7im¢[.

iig-im
Otherwise we say that T is irreducible.

Theorem 3.5. Let C be a positive semi-definite even order tensor with generating

vector c € R"™. Suppose x € R" is the eigenvector of C corresponding to p(C). Assume

r; = max r;, r; = min ;. (3.2)
1<i<n v I<i<n

Then, R=1r;, r = ;.

Proof. Since Cauchy tensor C is positive semi-definite, from Theorem 3.1, all elements
of C and c are positive. By Definition 3.2, we know that C is irreducible. Thus x > 0

from Theorem 1.4 of [5]. Without loss of generality, suppose
R=r, r=r,.
By the analysis before this theorem, it holds that

4= maxX ¢; = Cg, @& = Min ¢; = ¢.
1<i<n 1<i<n

On the other side, by Definition 2.1, we have

p(Ca "t = (Cx™h);

C;,

Gigigerim Lig * T Li

2, im€[n] m

>
Lio Tj
= iy imeln] e T bemy
2

Tig " Tipy

N

Il
b/-\
N
QM
\§§:

T



which implies that

T; = Ty
So we can take ¢ = [ and R = r; holds. Similarly, by Definition 2.1 and (3.2), one
has

p(C)a !

(Cxm 1),

Zig,... sime[n] Ciiziz-imLig =" Lip,
Tio Ty,
12, im€[n] ci+ciy+Feip,

Din imeln] TrorT—tens
(Cx™h)s
p(Clay,

S

\%

which means that x; = x, and we can take ¢ = s. Thus 7 = r; and the desired results

follows. O]

Theorem 3.6. Suppose an even order Cauchy tensor C has positive generating vector

c € R". Then C is positive definite if and only if r1,ro, -+ , 1, are mutually distinct.

Proof. By conditions, all elements of ¢ are positive, so it is obvious that ry, 7o, --- , 7,
are mutually distinct if and only if ¢y, co, - - - , ¢, are mutually distinct. By Theorem

3.3, the desired conclusion follows. O

3.2 Inequalities for Cauchy tensors

In this section, we give several inequalities about the largest and the smallest H-
eigenvalues of Cauchy tensors. The bounds for the largest H-eigenvalues are given
for positive semi-definite Cauchy tensors. Moreover, properties of Z-eigenvalues and
Z-eigenvectors of odd order Cauchy tensors are also shown.

It should be noted that a real symmetric tensor always has Z-eigenvalues and
an even order real symmetric tensor always has H-eigenvalues [78]. We denote the
largest and smallest H-eigenvalues of Cauchy tensor C by A4, and A,,;, respectively.

When C is a positive semi-definite Cauchy tensor, then by the Perron-Frobenius
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theory of non-negative tensors [5], we have

Amaz = p(C).

Lemma 3.2. Assume C is a Cauchy tensor with generating vector c. If the entries

of c = (c1,¢9,- -+, ¢,) have different signs, then,
1 1
Amin < : <0< - : < Anaz-
mmax{¢| ¢; < 0,7 € [n]} mmin{¢| ¢; > 0,7 € [n]}

Proof. From Theorem 5 of [78], we have
Amae = max { Cx""| Z ' =1 xeR"
i€[n]
and

Amin = min { Cx™| Z =1 xeR"

i€[n]
Combining this with the fact that

1

mc;

Ceim = , 1€ [n],

we have the conclusion of the lemma. O
Let r, R, a and a be defined as in Section 3.1. We have the following result.

Theorem 3.7. Assume even order Cauchy tensor C has generating vector ¢ =

(c1,c9,++ ,¢p). Suppose ¢ > 0 and at least two elements of ¢ are different. Then
1 1
T+ — («/E—1> <)\max<R——(1—4/£>.
ma r ma R

29



Proof. Suppose x € R" is the eigenvector of C corresponding to \,,q.. By conditions,
Cauchy tensor C is an irreducible non-negative tensor and it follows x > 0 from
Theorem 1.4 of [5]. Without loss of generality, let x = (x1, 2, ,,) and suppose

0 <z; <1, i€ [n] such that

T, =minz; > 0, ; = maxx; = 1. (3.3)
i€[n] Jjeln]

By Theorem 3.5, we have

R=nr, r=r;

and R > r since at least two entries of ¢ are not equal.

On the other side, by the definition of eigenvalues, from (3.3), one has

Amaz’xgnil = (CXmil)S
(3.4)
< in, im€[n] Csizim
= 7’,
and
/\maa: = )\maazx;n_l
= (Cx™7h),
S el i in T T 3.5)
= xgn—l Zig,--- Jim€[n] Clig--im
= Rx™ L
Thus, by (3.4) and (3.5), we have
m—1 Amag r

which can be written as
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Combining this with (3.3), we obtain

m—1
)\maaz = )\maxxl
= (CXmil)l
= > Cligeripy TigTig Ty + Cpoos®™ !
i27'" 7Zme[n] (l 127 o 7. )9&([7‘97"' 75) h2."7lm L2 ZB m ls-s
=
< Zig,--- Jim€[n Clig--iyy, — Cls---s + Cls---s\/%
1 T
< R—=(1-+/%)
and
)\maa: = e m—1 212’ Jim€[n Csig'-'imxigxig T
_ Csl lxl . R T
- mg’l 1 ™™ 1 212, ZmE ,(igig---im)#(ll---l) 6512“‘lmx12$13 T
— Csl.. . . . PN
- x;"* -1 Zzz, Jim€[n], (G283 im )£ (UL--1) Csig-ipmLizLig Lm
R
> ?Csll--'l T = Colll
1 R
> r+ ma(\/j 1),
from which we get the desired inequalities. O]

Next, we will give several spectral properties for odd order Cauchy tensors.

Theorem 3.8. Suppose an order m dimension n Cauchy tensor C has generating
vector c¢. Let m be odd and ¢ > 0. Assume X\ € R is a Z-eigenvalue of C with
Z-eigenvector x = (x1,%9,- - ,x,) € R". If Z-eigenvalue X\ > 0, then x > 0; if

Z-eigenvalue A < 0, then x < 0.

Proof. By the condition ¢ > 0, we know that all entries of Cauchy tensor C are
positive. By definitions of Z-eigenvalue and Z-eigenvector, for any i € [n], we have

that
>\l’i = (me—1>

G203, ’Lme[n] CiiQ...imxi2Ii3 Ty

- 3 _BigTigTm
02,03, im€[n] ciFeip+etCipy,
1
Ci+Cijn+-4c; . —1
Z zme[ ] Jv t 7T Cig im xhx% e xmdt

0
t i~ ( th )™ dt
jeln]

92,13,

[ty
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Since m is odd, by (3.6), one has
Az; =0, for i€ [n],
which implies that x > 0 when A > 0 and x < 0 when A < 0. O

Theorem 3.9. Suppose a Cauchy tensor C and its generating vector ¢ are defined
as in Theorem 3.8. If all entries of ¢ are mutually distinct, then C has no zero

Z-eigenvalue.

Proof. By conditions, since entries of generating vector ¢ are mutually distinct, with-

out loss of generality, suppose
O<cp<cy < <cy.

We prove the result by contradiction. Suppose C has Z-eigenvalue A = 0 with Z-

eigenvector x € R™. Then, by (3.6), for any i € [n], we have

m—1
1
f tomm | Y toTmay | dt=0.
0 jeln]
From properties of integration, one has
m—1
e | Y T =0, tel0,1],
Jj€ln]
ie.,
1 1 1 1
t4 " m (tcl’ﬁxl +t2 T mry + -+ tcnfﬁxn> =0, te[0,1]. (3.7)

By (3.7), we obtain
(g A 12Ty e 4 1, = 0, te (0, 1],
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which implies that
ry + 2y + e+ %, =0, te (0,1]. (3.8)

Since ¢y, o, -+ , ¢, are mutually distinct, by the continuity property of operators
and (3.8), it follows that

z1 =0.
Thus, the equation (3.8) can be written as
2 g 4+ -+t ", =0, t e (0,1],
which is equivalent to
To + 12 %x3 + - + 122, =0, te(0,1].
By the continuity property, we have x5 = 0. Repeating the process above, we get
Ty =Ty =--=x, =0,

which is contradicting with the fact that x is a Z-eigenvector corresponding to A = 0.

The desired conclusion follows. ]

Next, we have the following theorem on H-eigenvalues of non-negative Cauchy
tensors. By [110], we know that each non-negative symmetric tensor has at least one
H-eigenvalue, which is the largest modulus of its eigenvalues. Here, for non-negative

Cauchy tensors, all the H-eigenvalues must be non-negative.

Theorem 3.10. Let C be a non-negative Cauchy tensor with order m dimension n.
Letc = (ci, ¢, -+ ,cn)T be the generating vector of tensor C. Then all H-eigenvalues

of Cauchy tensor C are non-negative.

Proof. In the case where m is even, since C is non-negative and by the definition of

a Cauchy tensor, we have ¢; > 0,7 = 1,--- ,n. By Theorem 3.1, we know that C is
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positive semi-definite. Then, Theorem 5 of [78] gives us that all H-eigenvalues of C
are non-negative.
We now consider the case where m is odd. Let A be an arbitrary H-eigenvalue of

C with an H-eigenvector x # 0. By the definition of H-eigenvalue, it holds that

m—1 m—1
n
_ Z LigLiz ** " Lip,
CZ'—FCZ'Q +"'+Cim

ig, im=1

1
J tCi+Ci2+m+Cim_1xi2xi3 e xlmdt)

rl n
- Z tetent e Ty g, | dt
ia

JO ; 7.“7/[:771/:1

1 n L m—1
= 2 tchrﬁ{Ej dt
Jo j=1
This implies that A > 0 since m is odd. Thus, the desired result holds. O

Now, we give an example to verify the result of Theorem 3.10. Here, we only show
the non-negativity of H-eigenvalues for an odd order non-negative Cauchy tensor

since all even order non-negative Cauchy tensors are always positive semi-definite

78).

Example 3.2. Let C = (¢iyiyi5) be a non-negative Cauchy tensor with generating

vector ¢ = (1,1,2). Then, it has entries such that

1 1 1 1
C111 = Co22 = g, C333 = 6’ C112 = C121 = C211 = §, C113 = C131 = C311 = A_L’

1
C122 = C221 = C212 = g, C133 = €331 = C313 = 57 C223 = C932 = (322 = Z’

1 1
C233 = C332 = C323 = g, C123 = C132 = (€312 = C321 = C231 = (213 = 4_1
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By Definition 2.1, to get all H-eigenvalues of C is equivalent to solving the following

system:

2 1 1 1 1
]+ 5T1% + 51173 + 23+ ?rg + STox3 = A3

2

1

2 1 2 2 1 2

Ty + 32122 + gl’gxg + %xl + ?T?) + ?3711‘3 = )\1‘2 (39)
2 2 2 _ 2

T3+ FT1T3 + $ToT3 + 4T + T + 5T1T = AT3

DWW =

Since Cauchy tensor C is non-negative, it always has H-eigenvalue i.e. the above
system at least has a solution \ € R. Next, we will prove that A\ may not be negative.

Without loss of generality, choose one equation from (3.9) such that

1 2 1 1 1 1
—x% + 5212 + 2173 + gl“% + —$§ + §$2$3 = )\90?- (3.10)

3 3 2 )

It is east to see that the left of the equality in (3.10) is quadratic form and the

corresponded symmetric matriz is

=00 [0 =
=00 [0 =
G [ =

By direct computation, we obtain that the matriz is positive semi-definite, which

implies that

1, 2 1 1, 1, 1 3
24z + = + x5+ —x5 + = >0, VzelR’%
3%1 31311‘2 2371563 3%2 5373 2372563 T

Thus, all H-eigenvalues of Cauchy tensor C are non-negative. ]

3.3 Final remarks

In this chapter, we give several necessary and sufficient conditions for an even or-
der Cauchy tensor to be positive semi-definite. Some properties of positive semi-
definite Cauchy tensors are presented. Furthermore, inequalities about the largest

H-eigenvalue and the smallest H-eigenvalue of Cauchy tensors are shown. At last,
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some spectral properties on Z-eigenvalues and H-eigenvlaues of odd order Cauchy
tensors are shown.

However, there are still some questions that we are not sure now. The Cauchy
matrix can be combined with many other structured matrices to form new structured
matrices such as Cauchy-Toeplitz matrix and Cauchy-Hankel matrix [97, 105, 106].
Can we get the type of Cauchy-Toeplitz tensors and Cauchy-Hankel tensors? If so,
how about their spectral properties? What are the necessary and sufficient conditions

for their positive semi-definiteness?
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Chapter 4

Generalized Cauchy tensors and
Hankel tensors

Among the various structured tensors we mentioned in the previous chapters, in this
chapter, we mainly study Cauchy tensors and Hankel tensors, where further results
about these two classes of tensors are given. The symmetric Cauchy tensors were
defined and analyzed in chapter 3. In the following discussion, we simply refer it as
Cauchy tensors instead of symmetric Cauchy tensors. One of the nice properties of a
Cauchy tensor is that its positive semi-definiteness (or positive definiteness) can be
easily verified by the sign of the associated generating vectors. In fact, it was proved
in Theorem 3.1 and Theorem 3.2, that an even order Cauchy tensor is positive semi-
definite if and only if each of entries of its generating vector is positive, and an even
order Cauchy tensor is positive definite if and only if each entries of its generating
vector is positive and mutually distinct.

Hankel tensors arise from signal processing and data fitting [2, 20, 75]. As far as
we know, the definition of Hankel tensor was first introduced in [75]. Recently, some
easily verifiable structured tensors related to Hankel tensors were also introduced in
[81]. These structured tensors include strong Hankel tensors, complete Hankel tensors
and the associated plane tensors that correspond to underlying Hankel tensors. It

was proved that if a Hankel tensor is co-positive or an even order Hankel tensor
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is positive semi-definite, then the associated plane tensor is co-positive or positive
semi-definite respectively [81]. Furthermore, results on positive semi-definiteness of
even order strong and complete Hankel tensors were given. However, the relationship
between strong Hankel tensors and complete Hankel tensors was not provided in [81].
Later, in [56], it was shown that complete Hankel tensors are strong Hankel tensors;

while the converse is, in general, not true.

4.1 Generalized Cauchy tensors

Now, given two vectors ¢ = (c1,¢a,+ ,¢,)T, d = (dy,dy, -+ ,d,)T € R". Consider
the generalized Cauchy tensor C = (¢;4,..4,,) With order m dimension n, where
didi, - - - d;,,

i = )+ € | € .
Civig-im ot s, +"'+Cim’ L [n], je[m]

For the sake of simplicity, we call vectors ¢, d the generating vectors of the general-
ized Cauchy tensor C. In the special case when d; = 1, i € [n], a generalized Cauchy
tensor reduces to a Cauchy tensor defined in Definition 3.1. In the case when m = 2,
a generalized Cauchy tensor collapses to a symmetric generalized Cauchy matrix [74].
We also note that every rank-one tensor with the form u™ for some u € R" is, in
particular, a generalized Cauchy tensor.

Define Cauchy tensor C = (¢;, 4,....i,, ) Where

1 . )
Ei1,i2,~~i = y U = 17 yn, J = 17 , M.
m Ci1+ci2+"'+cim

It is easy to see for any x € R"™, we have
Cx™ = Cy™,

where y € R" with y; = d;x; for @ = 1,--- ,n. By Theorems 3.1 and Theorem 3.2 in
chapter 3, one may easily conclude that the generalized Cauchy tensor C is positive
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semi-definite if and only if d; = 0,¢; # 0 or d; # 0,¢; > 0, i € [n] and C is positive
definite if and only if ¢, co, - - , ¢, are positive real numbers and mutually distinct,
and d; #0,i=1,--- ,n.

In this section, we mainly characterize SOS tensor decomposition and completely
positiveness of even order generalized Cauchy tensors with nonzero entries. Before
giving the main results, we briefly recall the definitions of SOS tensor decomposition
and completely positive tensors.

SOS tensor decomposition is first introduced in [37]. The definition of SOS de-
composition relies on the celebrated concept of SOS polynomials, which is a funda-
mental concept in polynomial optimization theory [38, 37, 48, 50, 95]. Assume A is
a symmetric tensor with order m and dimension n. Let m = 2k be an even number.
If

f(x) = Ax™, xe R"

can be decomposed to the sum of squares of polynomials of degree k, then f is called
a sum-of-squares (SOS) polynomial, and we say the corresponding symmetric
tensor A has an SOS tensor decomposition [37]. From the definition, any tensor
with SOS decomposition is positive semi-definite. On the other hand, the converse
is not true, in general [37, 38]. The importance of studying SOS decomposition is
that the problem for determining an even order symmetric tensor is an SOS tensor or
not is equivalent to solving a semi-infinite linear programming problem, which can
be done in polynomial time; while determining the positive semi-definiteness of a
symmetric tensor is, in general, NP-hard. Interestingly, it was recently shown in [37]
that for a so-called Z-tensor A where the off-diagonal elements are all non-positive,
A is positive semi-definite if and only if it has SOS decomposition.

Tensor A is called a completely decomposable tensor if there are vectors

x; € R", j € [r] such that A can be written as sums of rank-one tensors generated
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by the vector x;, that is,

A = Z ij.
jelr]

If x; € R? for all j € [r], then A is called a completely positive tensor [87]. It
was shown that a strongly symmetric, hierarchically dominated non-negative tensor
is a completely positive tensor [87]. It can be directly verified that all even order
completely positive tensors have SOS decomposition, and so, are also positive semi-
definite tensors. We note that verifying a tensor A is a completely decomposable or
not, and finding its explicit rank one decomposition are highly nontrivial. This topic
has attracted a lot of researchers and many important work has been established
along this direction. For detailed discussions, see [17, 45, 87] and the reference
therein.

We now characterize the SOS decomposition and complete decomposability for

even order generalized Cauchy tensors with nonzero entries.

Theorem 4.1. Let C be a generalized Cauchy tensor with even order m and dimen-
sion n. Let ¢ = (¢, ,c,)T € R" and d = (dy,--- ,d,)T € R" be the generating

vectors of C. Assume d; # 0, i € [n]. Then, the following statements are equivalent:

(i) the generalized Cauchy tensor C is a completely decomposable tensor;
(ii) the generalized Cauchy tensor C has SOS decomposition;
(iii) the generalized Cauchy tensor C is positive semi-definite;
(iv) ¢; >0, i € [n].

Proof. Since m is even, by the definitions of completely decomposable tensor, SOS

tensor and positive semi-definite tensor, we can easily obtain (i) = (ii) and (ii) =
(ii).
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[(iii) = (iv)] Let C be an even order generalized Cauchy tensor which is positive
semi-definite. Then
amn

Ceim = L = 0.
mc;

So ¢; > 0 for all i € [n].

[(iv) = (i)] Suppose that ¢; > 0, i € [n]. Then, for any x € R",

" didy, - d;,,
f(x) =Cx™ = Z

11,02, im =1 Ciy T Ciy T ¥ Ciyy

n 1
= Z <J tcil +Ci2+"'+cim_1di1di2 e dimxilxi2 B dt)

Ly Loy *+ T4

m

1,02, im=1 O "
(4.1)
1 n
= J ( Z tc’il +Ci2+”.+cim71dildi2 e dimxilxi2 e xzm> dt
0 \d1,ig, im=1
1/ n . m
0 \i=1
By the definition of Riemann integral, we have
k(S ) )
Cx™ = lim
7j=1
Let Ci be the symmetric tensor such that
s (e da)
CkX = Z 2
7j=1
k ei=m d. "
-y (Z Lx> (4.2)
j=1 \i=1 km



where

y T 1 >€Rn7j:17"’7k' (43)

Let CD,, ,, denote the set consisting of all completely decomposable tensor with order
m and dimension n. From [56, Theorem 1], CD,, , is a closed convex cone when m
is even. It then follows that C = lim,_, C; is also a completely decomposable

tensor. O

Next, we provide a sufficient and necessary condition for the complete positivity of

a generalized Cauchy tensor with nonzero entries, in terms of its generating vectors.

Theorem 4.2. Let C be a generalized Cauchy tensor defined as in Theorem 4.1 with
generating vectors ¢ = (cy, -+ ,c,)t € R" and d = (dy,--- ,d,)T € R*. Assume
d; # 0, i € [n]. Then C is a completely positive tensor if and only if ¢; > 0 and
d; >0, i€ [n].

Proof. For necessary condition, suppose that C is a completely positive tensor. Then,

ar

me;

for any vector x € R, we must have Cx™ > 0. So, Ce;™ =

> (0. This implies
that ¢; > 0, i € [n]. To finish the proof, we only need to show d; > 0, i € [n]. To see

this, we proceed by the method of contradiction and suppose that
I :={ie{l,--- ,n}:d; <0} # .

Denote r to be the cardinality of /_. Without loss of generality, we assume that
I_={1,---,r}. Then, d; <0 and d,,; > 0, and hence, the (r +1,1,--- , 1) entry

of C satisfies

m—1
dr+1d1

< 0.
Cry1+ (m—1)

Cry11..1=

Note that each entry of a completely positive tensor must be a non-negative number.
This makes contradiction, and hence, the necessary condition follows.
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To prove the sufficient condition, from (4.1)-(4.2), we know that
k
i
" = Jim ), (¢ x0)”

As ¢; > 0 and d; > 0, 7 € [n], (4.3) implies that w) € R?, j € [k]. So each Cj, is
a completely positive tensor. Let CP,,,, denote the set consisting of all completely
positive tensors with order m and dimension n. From [87], CP,,, is a closed convex
cone for any m,n € N. It then follows that C = lim;_, C; is also a completely

positive tensor. OJ

Let A = (a4,...,,) and B = (b;,...;,,) be two real tensors with order m and dimension

n. Then their Hadamard product is a real order m dimension n tensor
AoB = (ail...imbil...im).

From Proposition 1 of [87], we know that the Hadamard product of two complete-
ly positive tensors is also a completely positive tensor. So, we have the following

conclusion.

Corollary 4.1. Let C; and Cy be two positive semi-definite Cauchy tensors. Then

the Hadamard product Cy o Cy is also positive semi-definite.

4.2 Further properties on Hankel tensors

Hankel tensors arise from signal processing and some other applications [2, 20, 75, 81].
Recall that an order m dimension n tensor A = (a;,;,..i,,) is called a Hankel tensor

if there is a vector v = (v, v1," , Un—1)m)” such that
Qiyigewip = Virtintootim—ms ¥ 1,82, 5 im € [n]. (4.4)

Such a vector v is called the generating vector of Hankel tensor A.
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For any k € N, let s(k, m,n) be the number of distinct sets of indices (i, 42, , i),

i; € [n],j € [m] such that i; +i2 + -+ + i, — m = k. For example, s(0,m,n) =

m(m+1)
2

1,s(1,m,n) = m,s(2,m,n) = Suppose P = (Piyiy-ig,_y),) 13 an order

(n — 1)m dimension 2 tensor defined by
_ s(k,m,n)uy,

Piviz-i(n1ym = (= my
K

where k = i1 + i3+ - - - + i(y—1)m — (0 — 1)m. Then tensor P is called the associated
plane tensor of Hankel tensor .A. When n = 2, it is obvious that P = A.

In [81], it was proved that, if a Hankel tensor is co-positive, then its associated
plane tensor P is co-positive and the associated plane tensor is positive semi-definite
if the Hankel tensor is positive semi-definite. Since the associated plane tensor P has
dimension 2, we can use the Z-eigenvalue method in [85] to check its positive semi-
definiteness (alternatively, noting that any 2-dimensional symmetric tensor is positive
semi-definite if and only if it has SOS tensor decomposition, we can also verify the
positive semi-definiteness of the associated plane tensor by solving a semi-definite
programming problem). Thus, the positive semi-definiteness of the associated plane
tensor is a checkable necessary condition for the positive semi-definiteness of even
order Hankel tensors (see more discussion in [81]). This naturally raises the following
questions: can these necessary conditions be also sufficient? If not, are there any
concrete counter-examples?

We first present a result stating that the positive semi-definiteness of the associ-
ated plane tensor is equivalent to the Vandermonde positive semi-definiteness of the

original Hankel tensor.

Theorem 4.3. Let A be a Hankel tensor defined as in (4.4) with an even order
m. Then, the associated plane tensor P is positive semi-definite if and only if A is

Vandermonde positive semi-definite.
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Proof. For necessary condition, let u = (1, pu, u?, -+, u" )T € R" be an arbitrary
Vandermonde vector. If ;1 = 0, then we have

Aum = Z Ajyig-vigy, Wiqg Uiy * * * Uy, = V0. (45)

Z‘171‘27"' 77:m€[n]

By our assumption, for y = (1,0)? € R?, it follows that

Py("_l)m = Z Pivig-ign_1ym Yir Yia """ Yigy_1y, = V0 = 0.

1,82, i (n—1)m€[2]
Combining this with (4.5), we obtain
Au™ = 0. (4.6)

If i # 0, there exist y,y» € R\{0} such that o = 2. Let y = (y1,y2)T € R?. Then,
we have
Py(n_l)m = Z Divigig_iymYir Yiz " Yi(p_1ym

11,82, ,i(n—l)me[2]

(n—1)m
__(n—=1)m (7’L - 1)m S(ka m, n)vk k

k=0

By (4.6) and the fact that m is even, for all Vandermonde vectors u € R", it follows
that
Au™ = 0,
which implies Hankel tensor A is Vandermonde positive semi-definite.
For sufficiency, let y = (y1,12)" € R%2. We now verify that Py™ )™ > 0. To see
this, we first consider the case where y; # 0. In this case, let u = (1, 1, %, -,y )T e

R™, where y = i”—f From the analysis above, we have

Py = 4 gm0 7
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since m is even and A is Vandermonde positive semi-definite.
On the other hand, if y = (y1,y2)” € R? with y; = 0, then we let y. = (€, y2)” € R?

and u = (1, p, 1%, -+, p" )T € R", where p = 2, ¢ > 0. By (4.7), we have
PyG(n—l)m _ E(n_l)mAllm > 0.

Combining this with the fact that e — Py *~Y™ is a continuous mapping, it follows
that
Pym=bm _ Jim py (n=Hm >

e—0

This then implies that plane tensor P is positive semi-definite and the desired result

holds. ]

Below, we provide an example illustrating that a Hankel tensor which is Van-
dermonde positive semi-definite need not to be positive semi-definite. This example
together with Theorem 4.3, also implies that the positive semi-definiteness of the
associate plane tensor is not sufficient for positive semi-definiteness of the Hankel

tensor.

Example 4.1. Let A be a Hankel tensor with order m = 4 and dimension n = 3.
Let the generating vector of A be vg = 1,01 = —1,v9 =1 andvg = vy = --- = vg = 0.

So, for any u = (1, . p?)7 € R?,

4
Aut = N i, Uiy

i1,42,13,i4€[3]

i (k, 4, 3)vp®

=vg + 4vi 4+ 10vypu?

=1 —4p+10p* =0
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for all pe R. By Theorem 4.3, we know that the associated plane tensor P is positive
semi-definite. We now verify that A is not positive semi-definite. To see this, let
x = (1,1, -1)T, then,
Ax! = 2 Uiy tip+iz+ia—4Tis Tio Tiz Tiy
i1,i2,i3,i4€[3]

=vo7] + 4v12579 + va(62375 + dadTy)

=x] — dxixy + (62307 + dadxs)

—1-4+6—4=-1<0,

which implies that Hankel tensor A is not positive semi-definite. [

The following example shows that the the co-positivity of the associated plane

tensor is also not sufficient for the co-positivity of the Hankel tensor, in general.

Example 4.2. Let A be a Hankel tensor with order m = 4 and dimension n = 3.
Let the generating vector of A be vg = 1,01 = —1, vy = %, V3 =y = -+ =vg = 0.
Let x = (1,3,0)". Then, we have

1
./4.X4= _Z <07

which implies that Hankel tensor A is not co-positive. On the other hand, it holds
that
Aut =1 —4p+5u2 =0

for any Vandermonde vector u = (1, u, u*)T € R3. By Theorem 4.3, the associated

plane tensor P is positive semi-definite. Thus, P is co-positive. O

A special class of Hankel tensor is the complete Hankel tensors. To recall the
definition of a complete Hankel tensor, we note that, for a Hankel tensor A with

order m dimension n, if

A= op(w)™, (4.8)
k=1
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where oy € R, oy, # 0, wye = (1, pug, pi2, -+, )T e R, k = 1,2,--- ,r, for some
w; # pj for 7 # j, then, we say A has a Vandermonde decomposition. The
corresponding vector uy, k = 1,--- ,r are called Vandermonde vectors and the
minimum value of r is called Vandermonde rank of A [81]. From Theorem 3
of [81], we know that A is a Hankel tensor if and only if it has a Vandermonde
decomposition (4.8). If oy, > 0 for k € [r] in (4.8), then A is called a complete
Hankel tensor.

In [81], it is proved that an even order complete Hankel tensor is positive semi-
definite. Moreover, examples were also presented to show that the converse is, in
general, not true. Here, in the following theorem, we show that if the Vandermonde
rank of a Hankel tensor A is less than the dimension of the underlying space, then
positive semi-definiteness of A is equivalent to the fact that A is a complete Hankel

tensor, and so, is further equivalent to the SOS decomposition property of A.

Theorem 4.4. Let A be a Hankel tensor with an even order m. Assume that the
Hankel tensor A has Vandermonde decomposition (4.8) with the Vandermonde rank

r satisfies v < n. Then, the following statements are equivalent:
(i) A is a positive semi-definite tensor;
(ii) A is a complete Hankel tensor.
(iii) A has SOS tensor decomposition;

Proof. We first note that the implications [(ii)] = [(iii)] and [(iii)] = [(i)] are direct
consequences from the definitions. Thus, to see the conclusion, we only need to prove
[(i)] = [(ii)]. To do this, we proceed by the method of contradiction and assume
that there exists at least one coefficient o; in (4.8) which is negative. Without loss

of generality, we assume that a; < 0. For any x = (21,2, -+ ,2,)7 € R", then we
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have

.
Ax™ = Z o (u x)™
k=1

(4.9)
=a1 (0 7x)™ + ap(u’x)™ + - - + ap(u x)™
Consider the following two homogeneous linear equation systems
Ax =0, Bx=0,
where

o g - u’f‘i 1oy p -+ M’%‘i
S s T L Y
Vo 2 e ! Vo 2 e !

By conditions r < n, it is easy to get

Rank(A) =r <n, Rank(B)=r—1<mn,
which imply that there is vector xg € R"”, xg # 0 such that

Axg #0, Bxg = 0.

Here, Rank(A) denotes the rank of matrix A. So, it holds that

u;’xe #0, wy'xe=0, i€{2,3,---,7}
Combining this with (4.9), we have

Axe™ = a1(u;7x0)™ < 0

since m is even. However, this contradicts to the fact that A is positive semi-definite.

Thus, all coefficients in (4.8) are positive and A is a complete Hankel tensor. O
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An interesting consequence of Theorem 4.4 is as follows: a necessary condition
for a PNS (positive semi-definite but not with SOS tensor decomposition) Hankel
tensor A is that the Vandermonde rank r of the Hankel tensor A is strictly larger
than the dimension n of the underlying space. We note that searching for a PNS
Hankel tensor is a non-trivial task and is related to Hilbert’s 17th question. Recently,
some extensive study for PNS Hankel tensor has been initialed in [55].

Next, we provide some necessary conditions for the positive semi-definiteness of a
Hankel tensor A in terms of the sign properties of the coefficients of its Vandermonde

decomposition.

Proposition 4.1. Let A be a Hankel tensor with the Vandermonde decomposition
(4.8). Suppose that A is positive semi-definite. Then,

(i) the coefficients of the Vandermonde decomposition satisfy
ar + g+ -+ ap =0

(i) if v > n, then the total number of positive coefficients of the Vandermonde
decomposition is greater than or equal to n;

(#1) if 1 < m, then all coefficients of the Vandermonde decomposition are positive.

Proof. (i) Since A is positive semi-definite, so we have
T
Ae" = Zai(ufel)m =a;+as+ -+ a.=0.
i=1

(ii) Denote the total number of positive coefficients in (4.8) by t. Without loss of
generality, let

a; >0, i€[t]; a; <0, jef{t+ 1,042, 1}

We proceed by the method of contradiction and suppose that t < n. If t = 0, we can

easily get a contradiction because A is positive semi-definite. If 0 < ¢ < n, consider
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the following two linear equation systems

Ax =0 (4.10)
and
Bx =0, (4.11)
where
Voo ooy Voo ooy
) R A B
| T (. L

Noting that Rank(A) = t < n and Rank(B) = n, basic linear algebra theory implies
that the system (4.10) has nonzero solutions and system (4.11) has only zero solution.

Thus, there exists X € R", X # 0 such that

ux =0, ie[t] and (uf,%,--,uf%)" #0.

Note that the order m is an even number (as A is positive semi-definite). This

implies that
r
AR = ) a(ufR)" < 0.
j=t+1

This contradicts with the fact that A is positive semi-definite. Then we get ¢t = n.

(iii) If » < n, then the conclusion is a direct result of Theorem 4.4. ]

The following example shows that » < n in Theorem 4.4 is necessary and the

results (i), (ii) of Proposition 4.1 are not sufficient.

Example 4.3. Let A be jth order 2 dimension Hankel tensor with Vandermonde

decomposition such that

A= (ai1i2i3i4) = X4 + y4 - Z47 (412)
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where x = (1,0),y = (1,1),z = (1,—1) are Vandermonde vectors in R*. We first
prove that the Vandermonde rank of A isr = 3.
(I) Suppose A = au', a e R,a # 0,u = (1,u) € R%. Then, by (4.12), we obtain

2
an =a =1, a2 = ap =2, ang = ap” =0,

which are contradictive equations. So, the Vandermonde rank of A satisfies v = 2.
(II) Suppose A = ajuy? + asug?, where uy = (1, 1), uy = (1, po) € R? g # po,
and oy, g are nonzero real numbers. Then, by (4.12), we have the following system
a; +az =1, (
iy + aopy =2, (
aifi + aopy =0, (
arp + agpiy =2, (
a1t + aguy = 0. (
We first prove that py # 1, us # 1. By contradiction, if py = 1, then by (2) (4),

we have
Oézﬂz(ﬂ% - 1) =0,

which implies that ps = 0 or pg = —1 (uy can not be 1 since py # pa). If py =

1, ue = 0, we get a contradiction from (2) and (3); if 11 = 1, pe = —1, we get another

contradiction from (1) and (3). Thus, puy # 1. Similarly, we can prove that s # 1.
On the other hand, by (2),(3),(4),(5), it holds that

i (pf — 1) = aspa(1 — pi3) (4.13)

and
apf(pf — 1) = azpz(1 — p3). (4.14)

By (4.13), (4.14), it follows that p; = o, which is a contradiction. Thus, the

Vanderonde rank of the Hankel tensor A is r = 3.
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For this Hankel tensor A, it is easy to check that conditions (i), (ii) in Proposition

4.1 hold. But A is not positive semi-definite since that

Axo* = —15 <0, xo = (1,—1) e R%.

4.3 Properties of Cauchy-Hankel tensors

In the literature, there is an important class of structured matrices called Cauchy-
Hankel matrices which is closely related with Cauchy matrices and Hankel matrices

simultaneously [29, 98, 97]. A matrix A is called a Cauchy-Hankel matrices if it can

1 n
A=|—7F—= ,
(9 + h(i + ]))i,j:l

where g and h are real constants such that h # 0 and { is not an integer [3].

be formulated as

As a natural extension of Cauchy-Hankel matrix, a tensor A = (a;,4y...4,,) With

order m and dimension n is called a Cauchy-Hankel tensor if

1
g h(iy Fiy i)

ije[n], je[ml, (4.15)

Aiyigeim

where g,h # 0 € R and { is not an integer.

It is obvious that a Cauchy-Hankel tensor is a symmetric tensor. From Definition
3.1, we know that a Cauchy-Hankel tensor defined by (4.15) is a Cauchy tensor with
generating vector

c=(L+nLyon. L inn)ery,
m m m

and it is a Hankel tensor [75, 81] at the same time with

1

-k 1,2,-, (n—1)m).
g + h(k/’ + m)? E {07 ) ) 7(n )m}

Vk
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Theorem 4.5. Let A be a Cauchy-Hankel tensor defined as in (4.15) with even order

m. Then, A is positive definite if and only if
g+mh >0, g+nmh>D0.

Proof. For necessary condition, since A is positive definite, so we have

1

Ae,™ _ >
! g+ mnh

>0, Ae," = 0,

:g+mh

and the desired results hold.
For sufficiency, since
g+mh >0, g+ nmh>0,
it follows that
g+smh>0, Vse{l,2,--- n}

Combining Theorem 3.3 and the fact that
g+imh # g+ jmh, Vi, je[n], i+#j,
we know that A is positive definite and the desired result follows. O

Next, we define the homogeneous polynomial f(x) as below

f(x) = Ax™ = Z Qiyigeip Liy Ty ** Ti
i1 iz, im€[n]
for x = (71,29, -+ ,2,)7 € R". Let x,y € X € R If f(x) > f(y) for any
x > y(x <y respectively), then we say f(x) is monotonically increasing (monotoni-
cally decreasing respectively) in X. If f(x) > f(y) foranyx >y, x # y(x <y, x #y
respectively), then we say f(x) is strict monotonically increasing (strict monotoni-

cally decreasing respectively) in X.
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When A is a Cauchy tensor with even order, it has been proved that f(x) is strict
monotonically increasing in R} if the Cauchy tensor A is positive definite; while the
converse need not to be true (see chapter 3). For even order Cauchy-Hankel tensors,
we have the following conclusion, which is stronger than the corresponded conclusion

listed in chapter 3.

Theorem 4.6. Let A be a Cauchy-Hankel tensor defined as in (4.5) with an even or-
derm. Then, A is positive definite if and only if f(x) = AX™ is strict monotonically

increasing 1 R .

Proof. For the only if part, suppose x,y € R}, x >y and x # y, which means that

there exists at least one subscript ¢ satisfying x; > y;. Then, we have

f(x) = fly) =Ax" — Ay™

_ Z Ty LTiy * Tiyy — Yir Yin ** Yiy
g+ h(iy +io+ - +ip)

i1,i2, im€[n]

" —yi" TiyTiy = Tipy — YirYin " Yim
= . + E - . , .
g +imh g+h(iy+is+ - +iy)

i ige i A
Since A is positive definite, by Theorem 4.5, we obtain
g+ kmh>0, Vkeln]

So, we obtain

" =y
— = >0
g +imh

and

Z LiyLig *** Liyy — Yir Yin =" Yy, >0
iy 9T h(iy +ig + -+ +im)
Thus, we have

f(x) = fly) >0,
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which implies that f(x) is strict monotonically increasing in R’;.

For the if part, note that e; € R} and e; > 0, e; # 0, ¢ = 1,n. It then follows

that

j@ﬂ—ﬂ®=Amm=wﬁm>o
and

cﬂea-—fw>=,m%m::51%;%:>o

By Theorem 4.5, we know that Cauchy-Hankel tensor A is positive definite and the
desired results hold. O

Theorem 4.5 and Theorem 4.6 provide a convenient checkable condition to verify
the positive definiteness of the Cauchy-Hankel tensor, and the strict monotonicity of
the multivariate polynomial corresponding to the tensor. Here, we present several

examples to show the efficiency of the theory conclusions.

Example 4.4. Suppose A = (a;yiyizi,) 1S a Cauchy-Hankel tensor such that

1
9 — 2(i1 + 1o + i3 + 14)

Qiyigiziga =

Cije8lie 4l

Here, it takes g = 9,h = —2 and m = 4,n = 3. Since g + mh > 0,9 + mnh < 0,
tensor A is not positive definite and strict monotonically increasing in R’ In fact,

it holds that

1
A€24 = —?, ./4824 < ./404.

1
100 — 3(4y + 49 + i3 + ig + 15 + ig)’

ij € [4]7j € [6]

Qi1 04314 —
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By Theorem 4.5, Theorem 4.6 and the fact that
g+mh=100—-6-3=72>0, g+ mnh=100—6-4-3 =18 > 0,

A is positive definite and AX™ is strict monotonically increasing. [

4.4 Final remarks

In this chapter, we present various new results on Cauchy tensors and Hankel tensors
which complements the existing literature. Firstly, we show that generalized positive
semi-definite Cauchy tensors with nonzero entries have SOS tensor decomposition.
Furthermore, sufficient and necessary conditions are given to guarantee an even order
generalized Cauchy tensor is a completely positive tensor. The nonnegativity of H-
eigenvalues of non-negative Cauchy tensors are also established. For Hankel tensors,
we prove that it is Vandermonde positive semi-definite if and only if the associated
plane tensor is positive semi-definite. We also show that, if the Vandermonde rank of
a Hankel tensor A is less than the dimension of the underlying space, then positive
semi-definiteness of A is equivalent to the fact that A is a complete Hankel tensor, and
so, is further equivalent to the SOS tensor decomposition of A. Finally, properties

of Cauchy-Hankel tensors are also given.
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Chapter 5

Spectral properties of
odd-bipartite Z-tensors and their
absolute tensors

Since the pioneer work of [78] and [62], a lot of researchers have devoted themselves
to the study of spectral properties of tensors in the past several years [4, 5, 6, 12,
11, 18, 32, 43, 47, 60, 73, 109]. The main difficulty in tensor problems is that they
are generally nonlinear. Because of the difficulties in studying the properties of
a general tensor, researchers focus on some structured tensors. Z-tensors are an
important class of structured tensors and have been well studied [19, 68, 116]. They
are closely related with spectral graph theory, the stationary distribution of Markov
chains and the convergence of iterative methods for linear systems.

Recently, in [40], Hu et al. considered the largest Laplacian H-eigenvalue and the
largest signless Laplacian H-eigenvalue of a k-uniform connected hypergraph. When
the order is even and the hypergraph is odd-bipartite, they proved that the largest
Laplacian H-eigenvalue and the largest signless Laplacian H-eigenvalue are equal.
For the odd order case, it is proved that the largest Laplacian H-eigenvalue is strictly
less than the largest signless Laplacian H-eigenvalue [40]. Later, Shao et al. [94] gave

several spectral characterizations of the connected odd-bipartite hypergraphs. They
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proved that the spectrum of the Laplacian tensor and the spectrun of the signless
Laplacian tensor of an uniform hypergraph are equal if and only if the hypergraph
is an even order connected odd-bipartite hypergraph. Since the Laplacian tensor is
a special case of Z-tensors and the signless Laplacian tensor is a special case of the
absolute tensors of Z-tensors, questions comes naturally: what is the relation between
the largest H-eigenvalue of a general Z-tensor, and the largest H-eigenvalue of the
Z-tensor’s absolute tensor? What is the relation between spectrums of a general

Z-tensor and its absolute tensor? These constitute main motivations of the paper.

5.1 (Odd-bipartite and even-bipartite tensors

In this section, we first define odd-bipartite tensors and even-bipartite tensors. Then,

some special characteristics of this kinds of tensors are shown.

Definition 5.1. Assume A = (a;,..;,) is an tensor with order m and dimension n.

If there is a nonempty proper index subset V < [n] such that
Qiy.iy, 70, when |V o {iy, -+ Jin}] is odd

and a;,...;,, = 0 for the others, then A is called an odd-bipartite tensor corresponding

to set V or A is odd-bipartite for simple.

Here, we should note that indices of an edge {i, - ,i,,} in hypergraph [39] are
different from each other, which is a notable distinction to general tensors. So, in
this article, we define that |V " {iy, -+ ,i,}| is the number of indices V n{iy, -+ ,in},
and duplicate indices should be calculated. For example, suppose V' = {1,2,3} and

A is a 4th order 6 dimensional tensor, then

IV n{1,1,3,3}| =4, |V n{1,2,3,5}| =3, |V n{4,6,4,5}| = 0.
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Definition 5.2. Assume A = (a;,...,,) is a tensor with order m and dimension n.
A is called weakly odd-bipartite if there is a nonempty proper index subset V < [n]
such that

Qiy.iy, = 0, when |V o {iy, -+ in}| is even.

From Definitions 5.1 and 5.2, even-bipartite and weakly even-bipartite tensors
can be defined similarly. Furthermore, we can easily prove that, if A is odd-bipartite
(even-bipartite, respectively), then A is weakly odd-bipartite (weakly even-bipartite
respectively), but not vice versa. For example, suppose A is a 3rd order 2 dimensional

tensor with entries such that
999 = 1 and Ajiigig = 0

for the others. It is easy to check that A is weakly odd-bipartite corresponding to
the index set V' = {2} but not odd-bipartite corresponding to {1} or {2}.

When m is odd, for all 41,49, - i, € [n] and a nonempty proper index subset
V < [n], it holds that |{i1,is, - ,in} N V] is odd if and only if [{i1, i, ,im} N V]|
is even, where V = [n]\V. So, by Definitions 5.1 and 5.2, we can readily obtain the

following conclusion.

Lemma 5.1. Let A be a tensor with order m and dimension n. Assume m is
odd. Then, A is odd-bipartite (or weakly odd-bipartite respectively) corresponding
to nonempty proper index subset V. < [n] if and only if A is even-bipartite (or
weakly even-bipartite respectively) corresponding to the nonempty proper index subset
V =[n]\V.

Irreducible tensors are a class of important and useful tensors, which have been
repeatedly used in Perron Frobenius Theorem for non-negative tensors [5, 110, 111].
Next, we will study the relation between irreducible tensors and odd-bipartite ten-
sors. To do this, we first list the corresponding definition below, which comes from
[5].
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Definition 5.3. For a tensor T with order m and dimension n. We call T is

reducible if there is a nonempty proper index subset V' c [n] such that

t ZO,VZ'1€‘/, Vig,igj"',im¢‘/.

1192 tm

Otherwise we call T is irreducible.

Theorem 5.1. Let m be even. Assume tensor A = (a;..q,,) with order m and

dimension n is odd-bipartite. Then A is irreducible.
Proof. Since A is odd-bipartite, there exists a nonempty proper index subset V' < [n]

satisfying

ai,..q,, # 0, when the number |V n {iy, -+ ,i,}| is odd. (5.1)

By contradiction, suppose A = (a;,..;,,) is reducible, then there is a nonempty

proper index subset V; < [n] such that
Qjy iy, =0, Vilem, Viz,"' ,Zm¢‘/1 (52)

We will break the proof into four cases. (i) If Vi € V' let iy € Vi, ig, -+ 4, ¢ V. Here,
several indices in 49, - - - ,%,, may equal to each other when the number of elements

in [n]\V is strictly less than m — 1. Then, by (5.2) we have
Uiy, = 0,

which contradicts (5.1) since |V n {iy, -+ i} = 1 is odd.

(i) fV < Vq, let iy € Viig, -+ iy ¢ V4. Then, by (5.2) one has
Ay vy, = O,

which is a contradiction with (5.1).
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(iii) If V n Vi # & and neither V € Vi nor V; < V', let i1 € VIV, 4o, -+ iy €
V\Vi. Then it follows that

@iy iy, = 0,
which also contradicts (5.1), since |V N {iy,- -+ ,i,}| = m — 1 is a odd number.
(iv) HV n V) =, let iy € Vi,ia,- -+ iy € V. By Definition 5.3, we have
@i, ...i,, = 0.
Since |V n {iy, -+ ,im}| = m — 1 be odd, by (5.1), one has
@iy .i,, 7 0,

which is a contradiction. All in all, we know that .4 can not be reducible and the

desired results follows. O

If a tensor A is even-bipartite, no matter the order of A is odd or even, we have

the following result.

Theorem 5.2. Assume tensor A = (a;,..;,,) with order m and dimension n is even-
bipartite corresponding to a nonempty proper indexr subset V- < [n]. Then A is

reducible corresponding to V.

Proof. By definitions of reducible tensors and even-bipartite tensors, the conclusion

obviously holds. O]

Suppose an even order Z-tensor and its absolute tensor are defined such that,
A=D-C, |A=D+¢C, (5.3)

where D is an non-negative diagonal tensor and C is an non-negative tensor with
zero diagonal entries. From Theorem 5.2, if C is odd-bipartite, then tensors A and
|A| are irreducible. Combining this with Theorem 3.1 of [27] we have the following

result.
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Corollary 5.1. Let m be even. Suppose tensor A = D — C with order m and
dimension n is defined as in (5.3). Then, A and its absolute tensor |A| are all

weakly irreducible if non-negative tensor C is odd-bipartite.

By the Perron-Frobenius theorem on non-negative tensors in [5] and by Theorem

4.1 of [27], the following result follows.

Corollary 5.2. Let m be even. Assume tensor A is defined as in Corollary 5.1. If C
is odd-bipartite, the largest H-eigenvalue of |A| is p(|A|). Furthermore, there exists

a positive n dimensional eigenvector x € R™ such that
[A[x" = p(|Ax"™1.

5.2 Relation between the largest H-eigenvalues of
a Z-tensor and its absolute tensor

In this section, suppose an order m dimension n Z-tensor A with non-negative di-

agonal elements has format

A=D-c, (5.4)

where D is an non-negative diagonal tensor and C is an non-negative tensor with
zero diagonal elements. So the absolute format of A is | A| = D+ C. In the following

analysis, entries of A, C and D are always defined as below
‘/4 = (ail"'int)’ C = (Cil"'i'm)’ D = (dil"'i'm)7 7:17%‘27 e 7im € [n]

For the sake of simple, let d;;..; = d;, i € [n].

During this part, we mainly study the relationship between the largest H-eigenvalue
of a Z-tensor A in (5.4), and the largest H-eigenvalue of the absolute tensor of A.
Sufficient and necessary conditions or sufficient conditions to guarantee the equality

of these largest H-eigenvalues are shown. It should be noted that all even order
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non-negative tensors always have H-eigenvalues [110]. To proceed, we make an as-
sumption in advance, all tensors considered in this part always have H-eigenvalues.

The largest H-eigenvalues of A and |A| are denoted by A(A) and A(|.A|) respec-
tively. From Corollary 5.2, we know that A(|A]) = p(|A]).

Theorem 5.3. Let m be even. Suppose A =D —C is defined as (5.4). Then,
A(A) = A(JA])
if C is odd-bipartite.
Proof. By Lemma 13 of [80], we have
AA) < p(A) < p(A]) = A(Al).
Thus, in order to prove the conclusion, we only need to prove
A(JA]) < A(A).

Since C is odd-bipartite, there exists a nonempty proper index subset V' < [n] satis-

fying
Ciyoigy 7 0, i |V {iy, -+ iy} is odd,

and ¢;,..;,, = 0 for the others. So, for all entries of A, it follows that
iy, # 0, |V 0 {iy, -+ 4} 18 0dd,

and a;,..;,, = 0 for the others except the diagonal entries a;;..;, ¢ € [n]. By Theorem
5.2, we know that C, A and |A| are all irreducible tensors. From Theorem 4.1 of [27]

and Definition 2.1, there is a vector x € R", x > 0 satisfying
(AR = A A,

Suppose y € R" be defined such that y; = x; whenever ¢ € V and y; = —x; for the

others. When 7 € V', we have
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(Ay™ )i = [(D—C)y™ 1,

= A" = Xy i) CitainYia Vi
= dy]" — ZiQ,---,ime[n] IV A {iyig, -+ im}| is odd CiizimYiz =" Yim
= dia] + Din e imeln] [V o (ivian-- vim}]| is odd CiizimTin Ty (5:5)
= [(D+C)x™ ],
A(A !
A Ay

Here the fourth equality follows the fact that m is even and exactly odd number

indices take negative values for each {is,- -+ ,i,,} S [n]. When i ¢ V', we have

(Ay™ )i = (D= C)y™™],
diy;" ™ — Ziz,u-,ime[n] Ciig-im¥Yiz =" Yim

= dy - ig, e sim€[n] |V A {iyia, - im}| is odd Ciiz-imYin " " Yim
= _di%m_l - Zig,u-,ime[n] [V A {i i, -, im}| is odd Citz-imTiz """ Lip, (5.6)
= —[(D+C)z™
= —A(JApay
A(ADy

Here the fourth equality follows the fact that m is even and exactly even number
indices take negative values for each {is,--- ,i,,} < [n]. The last equality of (5.6)
follows from the definition of y; = —x; when i ¢ V. Thus, by (5.5), (5.6) and

Definition 2.1, A(|.A|) is a H-eigenvalue of A with H-eigenvector y. So, we have
A(A]) < A(A),
and the desired result follows. O

Here, in the proof of Theorem 5.3, odd-bipartite property of C guarantees that
|A| has a positive H-eigenvector. Actually, if the H-eigenvector is non-negative, one
can obtain the same result. Before proving this, we first cite an useful conclusion

from [110].

Lemma 5.2. If A is a non-negative tensor with order m and dimension n, then
p(A) is an eigenvalue of A with a non-negative eigenvector'y # 0.
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Theorem 5.4. Let m be even. Suppose A is defined as in Theorem 5.3. If C is

weakly odd-bipartite, then it holds that
A(A) = A(JA]).

Proof. Since tensor C is weakly odd-bipartite, so there is a nonempty proper index

subset V' < [n] such that
Ciyip, = 0, when [{iy, -+ ,i,} 0 V] is even,

and |{i1, - ,im} 0 V] must be an odd number for nonzero entries ¢;,..;,, # 0,
i1,y im €[]

On the other hand, by Lemma 5.2, there is a non-negative H-eigenvector x > 0
of | A] corresponding to A(].4]) . Suppose vector y € R" be defined such that y; = z;
whenever ¢ € V' and y; = —x; for the others. Then, the remaining process is similar

with the proof of Theorem 5.3. n

Now, we will give an example to show that the conditions in Theorem 5.4 is not
necessary. For example, suppose 4th order 2 dimensional tensor A with entries such

that

1111 = A2 = 1, aqoe = —1,

and a;,4,i4i, = 0 for the others. After calculating the largest H-eigenvalues of A and
|A|, we obtain

AA) = A(JA]) = 1.

But, the non-negative tensor C is not weakly odd-bipartite corresponding to any
nonempty proper index subset of {1,2}. In the following, sufficient and necessary
conditions for the equality of the two largest H-eigenvalues are presented, and it is
proved that the necessity of the Theorem 5.4 holds when the non-negative tensor C

is weakly irreducible. Before doing this, we cite a definition from [80].
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Definition 5.4. Assume that T is a tensor with order m and dimension n. Construct
a graph G = (V,E), where V. = u?zlvj and V; are subsets of {1,2,--- ,n} for
j=1,---,d. Suppose thati; € V; i€ Vi,j # 1. (ij,4) € E if and only if tiyigoi,, 0
for some m—2 indices {i1,- - - ,im}\{ij,%}. Then, tensorT is called weakly irreducible

z'fé 18 connected.
As observed in [27], an irreducible tensor must be always weakly irreducible.

Theorem 5.5. Let A be defined as in Theorem 5.4. Assume C is weakly irreducible.
Then,
A(A) = A(JA]),

if and only if C is weakly odd-bipartite.

Proof. The sufficient condition has been proved in Theorem 5.4, and we only need
to prove the necessary part.
Suppose x € R™ is an H-eigenvector of A corresponding to A(A) such that

' oz = 1. Assume y € R" be defined by y; = |x;|, for i € [n]. Since m is

=11

even, one has >, ¢y = 1. By Lemma 3.1 of [57], we have

AA) = Ax™ = (D —C)x™
= Z?:l dZ:L“;" - Zil,m jime[n] Civiz-im iy " Lip,
< Z?:l dlyzm + Zz‘l,m jime[n] Civiz-imYir = Yim
= (D+C)y™ < A(A].

(5.7)

Hence, by the fact that A\(A) = A(].4]), all inequalities in equation (5.7) should be
equalities, which implies that y is a H-eigenvector of |A| corresponding to A(|.Al).
Since C is weakly irreducible, |.A] is also weakly irreducible. According to Theorem 4.1
of [27], it holds that y > O i.e., all elements in y are positive. Let V' = {i € [n]| z; > 0}
and V = {i € [n]| #; < 0}. Then V UV = [n]. By (5.7), we obtain

Z Cirigeriim (|Tir | -+ |y | + 2y -+ 2i,,) = 0,

i1, im€[n]
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which implies that

Cirig-riig ([Tiy | -+ || + @iy - 5,,) = 0,
for all 41,49, -+ i, € [n] since C is non-negative. When [{i1, 2, ,i,,} N V] is even,
we have
i, | | | + @y @, >0,
which implies ¢;,;,..;,, = 0. When [{i1, i, -+ i} 0 V] is odd, we have
i, |, | + @y @, =0,

In this case, the value ¢;,4,...;,, may be zero or may not be zero . Thus, from Definition
5.2, it follows that C is weakly odd-bipartite corresponding to set V' and the desired

conclusion holds. OJ

Next, we study the relationship between a Z-tensor and its absolute tensor in the
odd order case. In [40], Hu et al. proved that the largest H-eigenvalue of an odd order
Laplacian tensor is always strictly less than the largest H-eigenvalue of an signless
Laplacian tensor corresponded to the Laplacian tensor. By definitions of Laplacian
tensor and signless Laplacian tensor in connected hypergraphs, we know that their
diagonal entries are positive, and subscripts of each nonzero element are mutually
distinct. However, general Z-tensors (5.4) may not possess those advantages. Hence,
for a general odd order Z-tensor (5.4), the largest H-eigenvalue of .4 may not be
strictly less than the largest H-eigenvalue of |.A| when the order is odd.

The following example shows that the largest H-eigenvalues of a Z-tensor (5.4)

and its absolute tensor are equal.

Example 5.1. Let A be a 5th order 3 dimensional tensor. Its entries are given by

11111 = 022222 = (33333 = 1, Q11122 = Ag0233 = —1
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4 2,2 _ 4
x| — x5 = Ay,
4 2,02 _ 4

4 _ 4
T3 = AT3,

and

44 .22 4
x] + xix; = Azq,
44 2.2 .4
Ty + x575 = T3,

T3 = \ri.
After calculating these equation sets, we know that \(A) = A(JA]) = 1.

]

Theorem 5.6. Let A be defined as (5.4). Assume m is odd. Suppose C is weakly
odd-bipartite corresponding to a nonempty proper index subset V< [n]. If for all
1€V, it satisfies

Ciigigerimy = 0, V2,13, ,im € 1],
then A(A) = A(|AJ).
Proof. By the analysis in Theorems 5.3-5.5, from Lemma 13 of [80] and Corollary

5.2, it follows that
AA) < p(A) < p(JA]) = A(lA]).

Thus, we only need to prove

AJA]) < A(A).

Let x € R” be a non-negative H-eigenvector of | A| corresponding to A(|A|). So, for

all i € [n], we have

(A1) = [(D + C)x™ 1] = A A (5:8)
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Suppose y € R” be defined as y; = —x;, i € V and y; = z;, « ¢ V. By conditions, C
is weakly odd-bipartite corresponding to subset V', which means
Cilinizgim — 07 ila i27 e aim € [n]

when |{i1, 42,43, - ,im} N V] is even. Then, for all i € [n], one has

(Ay™ )= [(D jlc)ym_l]z'
= &Y = Xy ieln] |V o firin - im)] s 0dd CizinYiz Yim (5.9)

—_— . m_l — .. . . . .. .
= dix; Zig,-n,ime[n] IV A {i,iz,  im}| is odd Clig—imYiz """ Yin>

where the third equality follows m — 1 is even and 3" ' = 2"~'. When i € V, by

the fact that c¢jiyig...i,, = 0, 42,43, , i, € [n], and by (5.8), (5.9), we have

(Ay™ )= [(D-Cly™'];

= di(y”irn_l - ZiQ e 1 e[n] Cii?"'imyi2 U yim
— = = A (>10)
= A(ADy"

Similarly, when ¢ ¢ V', it holds that

(Ay" )i = [(D-C)y" ']

— . m_l J— .. . . . .. .

= diy; ) Zm imeln] |V A {iiz, - im}| is odd Cita—imYiz * " Yin,

— T — .. . . e e .

= dz; ) + Z’Lz imeln] |V A {iig, - im}| is odd Ciiz-im iz~ " Lip,

= dzx;”_ + (me—l)i (511)

[(D+ C)x™ 1),
(Ax™1); = A(JADa
AADy"

where the third equality follows the fact that m is odd and exactly odd indices take
negative values. By (5.10) and (5.11), we know that A\(|.A|) is a H-eigenvalue of A.
Hence, we have A\(JA]) < A(A) and the desired result follows. O

Now, we present a example to verify the authenticity of Theorem 5.6.

Example 5.2. Set a 5th order 3 dimensional tensor A such that

a1 = 1, ageoo0 = 1, asssss = 3, 11333 = —1, agoz3z = —2
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and ;,iyigsi, = 0 for the others. Let V- = {3}. Then C is weakly odd-bipartite corre-
sponding to the set V' and c3ipigigis = 0, V ia,13,14,15 € [3].

The H-eigenvalue problems for A and |A| are to solve

4 3 _ \d
] — x1x5 = ATT,

T3 — 22975 = A3,

4 _ )4
3r3 = A\r3,

and

4 3 _ \pd
4 3 _ 4
x5 + 22975 = A5,

313 = Arj.
After calculating the largest H-eigenvalues of A and |A|, we obtain
AGA) = A(JAJ) = 3.
O
The next example shows that the conditions in Theorem 5.6 are not necessary.

Example 5.3. Let A be a 5th order 3 dimensional tensor. Its entries are given by

ajiin = 1, g = 2, assszs =4, ajnze = aiizsz = —1, a3 = —2

rf — 2323 — x2d = \xf,
224 — 22373 = 13,

4 _ 4
drs = x5,

and

x} + 2322 + 123 = Arf,
225 + 22323 = 13,

4 _ 4
drs = Aas.
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After calculating these equation sets, we know that \(A) = A(|A|) = 4, but the non-
negative tensor C is not weakly odd-bipartite corresponding to any nonempty proper

index subset of {1,2,3}.

By Lemma 5.1 and Theorem 5.6, we have the following conclusion.

Corollary 5.3. Let A be defined as in (5.4). Assume m is odd. Suppose C is weakly
even-bipartite corresponding to a nonempty proper index subset V- < [n]. If for all
1 ¢V, it satisfies

Ciigig- iy — 0, Vig, iz, -+ iy € [n]7

then A(A) = A(|A]).

5.3 Relation between spectrums of a symmetric
Z-tensor and its absolute tensor

In this section, we will study the relation between the spectrum of an even order
symmetric Z-tensor with non-negative diagonal entries, and the spectrum of the
absolute tensor of the Z-tensor. It is proved that, if the symmetric Z-tensor is
weakly irreducible and odd-bipartite, then the two spectral sets equal. Furthermore,
for an weakly irreducible symmetric Z-tensor with non-negative diagonal entries, we
show that the spectral sets of the Z-tensor and its absolute tensor equal if and only if
their spectral radii equal. Before proving the conclusion, we firstly cite the definition

of diagonal similar tensors [93], which is useful in the following analysis.

Definition 5.5. Let A and B be two order m > 2 dimension n tensors. If there
exists a nonsingular diagonal matriz P of dimension n such that B = P~("=D AP,

then A and B are called diagonal similar.
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Here, tensor B = P~(m=D AP is defined by

igigeim = Z ajljz---jmpg?jjlpjm C Djmimy 11,02, im € [0].

J1:J2, ime€[n]
Theorem 5.7. Assume order m dimension n symmetric Z-tensor A is defined as
in (5.4). Suppose C is weakly irreducible. Then, A and |A| are diagonal similar if

and only if m is even and C 1s weakly odd-bipartite.

Proof. For necessary, from Definition 5.5, we know that there is a nonsingular diag-

onal matrix P satisfying

A= Pm AP,

ie.,

D—C=P " D+C)P.

Since D = P~(m=UDP, we have

—C=p " cp,
which implies that
= Ciyigipy, = Ci1i2~~-imp¢_1gn_l)pi2i2 “ Dinign - (5.12)
If p11 = pao = -+ = ppn, by (5.12), we get C = 0, which is a contradiction to the fact

that C is weakly irreducible. So there are at least two distinct diagonal entries in P.

When ¢;,4,..5,, # 0, by (5.12), one has
- pZZl = Piri1Pigia " " Pimim - (5.13)
By (5.13), and by the fact that C is weakly irreducible, we obtain

pZL :va i,] € [TL],

74



which implies that m is even and
V="{ien]|pi<0}#@, V={ieln]]|ps:>0}+#d.
Combining this with (5.12)-(5.13), we know that
Civigim, = 0, when [{iy,ig,- -+ ,in} N V| is even.

Thus, tensor C is weakly odd-bipartite corresponding to V' and the only if part holds.
For the if part, without loss of generality, suppose C is weakly odd-bipartite
corresponding to 2 < [n]. Let P be a diagonal matrix with i-th diagonal entries

being -1 when 7 € 2 and 1 when 7 ¢ (2. By a direct computation, one has
A= P~ m=U|g|P.

Apparently, P is a nonsingular diagonal matrix. From Definition 5.5, it follows that

A and | A] are diagonal similar. O

It should be noted that diagonal similar tensors have the same characteristic
polynomials, and thus they have the same spectrum (see Theorem 2.1 of [93]), which

is similar to the matrix case.

Corollary 5.4. Assume tensor A is defined as in Theorem 5.7. Let m be even.

Suppose C is odd-bipartite. Then Spec(A) = Spec(|.Al).
Now, we first introduce an useful lemma from [111].

Lemma 5.3. Let A and B be two order m dimension n tensors with |B| < A. Then

(1) p(B) < p(A).

(2) Furthermore, if A is weakly irreducible and p(B) = p(A), where X = p(A)e™¥
is an eigenvalue of B with an eigenvector 'y, then,

(i) all the components of y are nonzero;

(i) let U = diag(yi/|y1l,- -, Yn/|yn|) be a nonsingular diagonal matriz, we have
B =eVU-mDAU.
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Theorem 5.8. Assume order m dimension n symmetric Z-tensor A is defined as
in (5.4). If C is weakly irreducible, then p(A) = p(|A|) if and only if Spec(A) =
Spec(|A]).

Proof. The sufficient condition is obvious. Now, we prove the only if part. Suppose
A = p(|A])e® is an eigenvalue of A. Since C is weakly irreducible, from Lemma 5.3,

we know that there exists a nonsingular diagonal matrix P such that
A=V pP=m=U| AP, (5.14)

which means

D—C=¢"YP (D4 C)P. (5.15)

By the fact that all diagonal elements of C equal zero, by (5.15), one has
D =¥ p~m-Upp — ¢¥D,

which implies e = 1. So, by Definition 5.5 and (5.14), we know that A and
|A| are diagonal similar tensors. Thus, from Theorem 2.3 of [93], it holds that
Spec(A) = Spect(|Al). O

5.4 Final remarks

Odd-bipartite and even-bipartite tensors are defined in this chapter. Using this, we
studied the relation between the largest H-eigenvalue of a Z-tensor with non-negative
diagonal elements, and the largest H-eigenvalue of the Z-tensor’s absolute tensor.
Sufficient and necessary conditions for the equality of these largest H-eigenvalues are
given when the Z-tensor has even order. For the odd order case, sufficient conditions
are presented. Examples are given to verify the authenticity of the conclusions. On
the other side, relation between spectral sets of an even order symmetric Z-tensor

with non-negative diagonal entries and its absolute tensor are studied.
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In this paper, we only study the case of H-eigenvalues of Z-tensors. Do Z-
eigenvalues of Z-tensors also hold in such case? This may be an interesting work in

the future.
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Chapter 6

SOS tensor decomposition and
applications

Tensor decomposition is an important research area, and it has found numerous
applications in data mining [44, 46, 45], computational neuroscience [16, 25|, and
statistical learning for latent variable models [1]. An important class of tensor de-
composition is sum-of-squares (SOS) tensor decomposition. It is known that to
determine a given even order symmetric tensor is positive semi-definite or not is
an NP-hard problem in general. On the other hand, an interesting feature of SOS
tensor decomposition is checking whether a given even order symmetric tensor has
SOS decomposition or not can be verified by solving a semi-definite programming
problem (see for example [37]), and hence, can be validated efficiently. SOS tensor
decomposition has a close connection with SOS polynomials, and SOS polynomials
are very important in polynomial theory [14, 15, 31, 34, 77, 92] and polynomial op-
timization [42, 48, 50, 51, 76, 95]. It is known that an even order symmetric tensor
having SOS decomposition is positive semi-definite, but the converse is not true in
general. Recently, a few classes of structured tensors such as B-tensors [82] and di-
agonally dominated tensors [78], have been shown to be positive semi-definite in the
even order symmetric case. It then raises a natural and interesting question: Will

these structured tensors admit an SOS decomposition? Providing an answer for this
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question is important because this will enrich the theory of SOS tensor decomposi-
tion, achieve a better understanding for these structured tensors, and lead to efficient
numerical methods for solving problems involving these structured tensors.

In this chapter, we will provide clear answers for the above theoretical question
and providing applications on important numerical problems involving structured

tensors.

6.1 SOS tensor cone and its dual cone

In this part, we study the cone consisting of all tensors that have SOS tensor de-
composition, and its dual cone [67]. We use SOS,,,, to denote the cone consisting of
all order m and dimension n tensors, which have SOS decomposition. The following
simple lemma from [37] gives some basic properties of SOS,, .

Lemma 6.1. (cf. [37]) Let m,n € N and m be an even number. Then, SOS,,,, is a

n+m—1)

closed convex cone with dimension at most I(m,n) = ( -

For a closed convex cone C, we recall that the dual cone of C' in S, ,, is denoted
by C® and defined by C® = {A € S,,,, : (A4,C) = 0 for all C € C}. Let M =

(Miyigein,) € Smm- We also define the symmetric tensor sym(M & M) € Sy, ,, by

sym(M @ M)x* = (Mx™)* = Z My My ojn Ly *** Ti Ty -+ T

I<in, - yim,J1, JmS<n

m*

Moreover, in the case where the degree m = 2, SOS,,, and its dual cone are equal,
and both reduce to the cone of positive semi-definite (n x n) matrices. Therefore, to
avoid triviality, we consider the duality of the SOS tensor cone SOS,,, in the case

where m is an even number with m > 4.

Proposition 6.1. (Duality between tensor cones) Let n € N and m be an even
number with m > 4. Then, we have SOSY | = {A € Sy 0 (A, sym(M @ M)) >
0, VMeSm,} and SOS,,, & SOS?ML.
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Proof. We define SOS?RW to be the cone consisting of all mth order n dimensional
symmetric tensors such that f(x) := (A,x™) is a polynomial which can be writ-
ten as sums of finitely many homogeneous polynomials. We now see that indeed
SOS?ML = SOS,,,,. Clearly, SOS?ML < SOS,, . To see the reverse inclusion, we let
A € SOS,,, . Then, there exists [ € N and fi,- -, f; are real polynomials with degree
at most % such that (A,x™) = Z§=1 fi(x)?. In particular, for all ¢ > 0, we have

l

1" (A X™) = (A, ()™ = Y fi(tx)?

=1

Dividing ™ on both sides and letting ¢ — +o0, we see that (A, x™) = 3 fim (x)?,
where f; = is the Fth-power term of f;, i = 1,--- ,I. This shows that A € SOan’n.

Thus, we have SOSZM = SOS,, . It then follows that
(SOS,mn)® = (SOSE ) = {A€Smn:(AC) =0 forall CeSOSE,

l
= {A€ Spn:(AC)=0forall C =) sym(M; ® M,),

i=1
M€ Smi=1,--- 1}
= {A€ S, (A symM@M)) >0 for all M € Sm ,}.

We now show that SOS,,,, & SOSE , if m > 4. Let f(x) = zf + 23 + 1ai +

6z3r2 + 62322 + 62322 and let A € S35 be such that Ax* = f(x). Then, A has

an SOS decomposition and Ay 111 = Asoos = 1, Aszss = 1, Aiiss = Ai122 =
Azo33 = 1. We now see that A ¢ SOSY . To sce this, we only need to find
M € Sy3 such that (A,sym(M ® M)) < 0. To see this, let M = diag(1,1,—4).
Then, sym(M ® M)x* = (x'Mx)? = (23 + 23 — 423)%. Direct verification shows
that sym(M ® M)x* = z} + x5 + 1623 + 22323 — 82?23 — 8z3x3. So, sym(M ®
M)i111 =sym(M ® M)az02 =1, sym(M Q@ M)z 333 = 16, sym(M ® M)1122 = 3,
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sym(M ® M)y133 = sym(M @ M)y 533 = —3. Therefore,

(A, sym(MQM)) = 1+1+%-16+6 (1 : %) +6 (1 : (—%))JFG (1 : <—§>) = -8 <0,

and the desired results hold. O

Question: It is known from polynomial optimization (see [50, Proposition 4.9]
or [48]) that the dual cone of the cone consisting of all sums-of-squares polynomials
(possibly nonhomogeneous) is the moment cone (that is, all the sequence whose

associated moment matrix is positive semi-definite). Can we link the dual cone of

S

m,

SOS,,,» to the moment matrix? Can the membership problem of SOS;, , be solvable

in polynomial time?

6.2 SOS tensor decomposition of several classes of
structured tensors

In this section, we examine the SOS tensor decomposition of several classes of sym-
metric even order structured tensors, such as weakly diagonally dominated tensors,
By-tensors, double B-tensors, quasi-double By-tensors, M By-tensors, H-tensors, ab-

solute tensors of positive semi-definite Z-tensors and extended Z-tensors.

6.2.1 Even order symmetric weakly diagonally dominated
tensors have SOS decompositions

In this section, we establish that even order symmetric weakly diagonally dominated
tensors have SOS decompositions. Firstly, we give the definition of weakly diagonally
dominated tensors. To do this, we introduce an index set A 4 associated with a tensor
A. Now, let A be a tensor with order m and dimension n, and let f4 be its associated
homogeneous polynomial such that f4(x) = Ax™. We then define the index set A4

as Ay with f = f4, as given as in (2.3).
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Definition 6.1. We say mth order n dimensional tensor A = (a;,;,..i,,) is a diag-

onally dominated tensor if, for each i =1,--- ,n,

(32, yim ) #(i-++7)

We say A is a weakly diagonally dominated tensor if, for eachi=1,--- ,n,

Qi = Z |a,;i2...im|.

(ig-++im)# (i),
(i,iQm ,im)eAA

Clearly, any diagonally dominated tensor is a weakly diagonally dominated tensor.

However, the converse is, in general, not true.

Theorem 6.1. Let A be a symmetric weakly diagonally dominated tensor with or-

der m and dimension n. Suppose that m is even. Then, A has an SOS tensor

decomposition.

Proof. Denote I = {(i,---,i) | 1 <i < n}. Let x e R". Then,

n

m m
AX = Z Q5. T, + 2 QirigeimLiyLig = ° " Liyy

n
= Z Qg — Z ’&ii2-~im| m;n—i_
=1

(i, im)EA 4

n
m
Z Z | Qg |27 + Z Qiyigerim Tiy Tig *** Ly

i=1 (ig-im)# (i) i1, ,im )¢
(iyig-+ ,im)EA 4 ( )
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m
Qg — Z ’a’iig---im x,;

n
(i, ,im)EA 4

n n
.o . m .o . . . .
+ | Qi | 77"+ Qg ey LiLig ** " Ly,

i=1 (igrim)+(ir3) i=1 (ig-im)# (i)
(iyig,im)EA 4 (iyig,im)EA 4

n
+ Z Z gy TiLiy * Ty,

i=1 (ig-im)#(4--1)
(4007 im)EA 4

Define

n n
h(X) = Z Z \aiiQ.A.im ’l'zm + Z Z a”’Q.A.im$i$i2 e inm.

i=1 (ig-im)# (i) i=1 (ig-im)# (i)
(3,39 ,im )EA 4 (3,32 ,im)EA 4

We now show that h is a sums-of-squares polynomial.

To see h is indeed sums-of-squares, from Lemma 2.3, it suffices to show that

. n n
h(x) := Z Z | @ity |27 — Z Z | Qi | TiTiy -+~ T,

i=1 (ig-im)# (i) i=1 (ig-im)# (i)
(3,39 ,im )EA 4 (3,32 ,im)EA 4

is a polynomial which always takes non-negative values. As his a homogeneous
polynomial with degree m on R", let H be a symmetric tensor with order m and
dimension n such that h(x) = Hx™. Since A is symmetric, the nonzero entries
of H are the same as the corresponding entries of A. Now, let A be an arbitrary
H-eigenvalue of #, from the Gershgorin Theorem for eigenvalues of tensors [78], we

have

A= DT i | <Y i

(ig-++im) #(i-++) (i im) # (ir+1)
(iyig-,im)EA 4 (iyig,im)EA 4
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So, we must have A > 0. This shows that all H-eigenvalues of # must be non-
negative, and so,  is positive semi-definite [78]. Thus, h is a polynomial which
always takes non-negative values.

Now, as A is a weakly diagonally dominated tensor and m is even,

n
m
Z Qi — Z [

i=1 (i im ) # (i)
(i, ,im)EAA

is an SOS polynomial. Moreover, from the definition of A 4, for each (i1 - - i,,) & A4,

aj,..i,, = 0 and z;, -- - x;  is a squares term. Then,

n
Z 2 aii2-~~imxixi2 . 'I'Z'm

=1 (ig-+im)#(i-1)
(4,49 ,im )EA 4

is also a sums-of-square polynomial. Thus, A has an SOS tensor decomposition. []

As a diagonally dominated tensor is weakly diagonally dominated, the following

corollary follows immediately.

Corollary 6.1. Let A be a symmetric diagonally dominated tensor with even order

m and dimension n. Then, A has an SOS tensor decomposition.

6.2.2 The absolute tensor of an even order symmetric posi-
tive semi-definite Z-tensor has an SOS decomposition

Let A be an order m dimension n tensor. If all off-diagonal elements of A are non-
positive, then A is called a Z-tensor [116]. A Z-tensor A = (a;,... ;, ) can be written
as

A=D-c, (6.1)

where D is a diagonal tensor where its ¢th diagonal elements equals a;;_;, i =1,...,n,

and C is a non-negative tensor (or a tensor with non-negative entries) such that
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diagonal entries all equal to zero. We now define the absolute tensor of A by
|A| = |D| +C.

Note that all even order symmetric positive semi-definite Z-tensors have SOS
decompositions [37, 38|, a natural interesting question would be: do all absolute
tensors of even order symmetric positive semi-definite Z-tensors have SOS tensor

decompositions? Below, we provide an answer for this question.

Theorem 6.2. Let A be a symmetric Z-tensor with even order m and dimension
n defined as in (6.1). If A is positive semi-definite, then |A| has an SOS tensor

decomposition.

Proof. Let A = (a;,.;,,) be a symmetric positive semi-definite Z-tensor. From (6.1),
we have A = D — C, where D is a diagonal tensor where the diagonal entries of D
is d; := a;_;,1 € [n] and C = (¢,4,.4,,) 1S @ non-negative tensor with zero diagonal

entries. Define three index sets as follows:

I ={(i1, i, yim) € [n]™ | iy =iy = - =i };
Q :{(il,ig, cee ,Zm) € [n]m | Cirigeiy 7 0 and (il,ig, te ,’Lm) ¢ I},
A :{(il,ig, s ,Zm) e | Citig iy = 0 or

at least one index in (iy,i9, - ,i,) exists odd times}.

Let f(x) = |A/x™ and define a polynomial f by

)= da = > i | Ty

i=1 (11,82, ,im )EA

From Lemma 2.3, to see polynomial f(x) = |A|x™ is a sums-of-squares polynomial,

we only need to show that f always takes non-negative value. To see this, as A is
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positive semi-definite, we have d; > 0. Since ¢;,4,..4,, = 0, i; € [n], j € [m], it follows

that

f(x) = 2 dixi" — Z CivigimTiyTiy * " Tiyy,

i=1 (11,02, im)EA
n
m
= Z dix;" — 2 Civig-imLiy Lig """ Lipyy T 2 P e R P
i=1 (i17i27"‘ ,im)EQ (ilvin"' 7im)EQ\A
m
:AX + Z Citig-imLiyLig * ** Lip,

(f1,82, im)EQA

=0.

Here, the last inequality follows from the fact that m is even, A is positive semi-
definite and x;, z;, - - - x;,, is a square term if (i1, 42, ,i,,) € Q\A. Thus, the desired

result follows. N

6.2.3 SOS tensor decomposition for even order symmetric
extended Z-tensors

In this subsection, we introduce a new class of symmetric tensor which extends
symmetric Z-tensors to the cases where the off-diagonal elements can be positive,
and examine its SOS tensor decomposition.

Let f be a polynomial on R" with degree m. Let f,,; be the coefficient of f
associated with I, i € [n]. We say f is an extended Z-polynomial if there exist s € N
with s < n and index sets I', < {1,--- ,n}, I =1,--- s with | J_, I, = {1,--- ,n}

and I';, n ', = & for all l; # I such that

F&) =Y fnaa + 2D fax,
=1

=1 aleﬂl
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where

Ql = {Oé € ([n] v {O})n : |Oé| =m, X" = LiyLig =~ Ly s {ib e 7Zm} - Fla
and « # me;, i =1,---,n}
for each [ = 1, - | s and either one of the following two conditions holds:

(1) fa, = 0 for all but one oy € ;
(2) fa, <0 for all a; € Q.

We now say a symmetric tensor A is an extended Z-tensor if its associated poly-
nomial f4(x) = Ax™ is a an extended Z-polynomial.

From the definition, it is clear that any Z-tensor is an extended Z-tensor with
s =1and I'y = {1,--- ,n}. On the other hand, an extended Z-tensor allows a few
elements of the off-diagonal elements to be positive, and so, an extended Z-tensor
need not to be a Z-tensor. For example, consider a symmetric tensor A where its
associated polynomial f4(x) = Ax™ = 29 + 2§ + 2§ + 2§ + 42323 + 622z}, Tt can be
easily see that A is an extended Z-tensor but not a Z-tensor (as there are positive
off-diagonal elements). In [66], partially Z-tensors are introduced. There is no direct
relation between these two concepts, except that both of them contain Z-tensors.
But they do have intersection which is larger than the set of all Z-tensors. Actually,
the example just discussed is not a Z-tensor, but it is an extended Z-tensor and a
partially Z-tensor as well.

We now see that any positive semi-definite extended Z-tensor has an SOS tensor
decomposition. To achieve this, we recall the following useful lemma, which provides
us a simple criterion for determining whether a homogeneous polynomial with only

one mixed term is a sum of squares polynomial or not.
Lemma 6.2. [23] Let by, by, ,b, = 0 and d € N. Let aj,as, -+ ,a, € N be such
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that Y, = 2d. Consider the homogeneous polynomial f(x) defined by

f(x) = bz + -+ bp®® — padt -t

Let pig = 2d ], .0 1<i<n(ﬁ)%' Then, the following statements are equivalent:

a;

(i) f is a non-negative polynomial i.e. f(x) =0 for all x € R";
(ii) either |u] < po or p < po and all a; are even;
(iii) f s an SOS polynomial.

Theorem 6.3. Let A be an even order positive semi-definite extended Z-tensor.

Then, A has an SOS tensor decomposition.

Proof. Let fa(x) = Ax™. As A is a positive semi-definite symmetric extended Z-
tensor, there exist s € N and index sets I, € {1,--- ,n}, [ =1,--- ;s with | J;_, I} =

{1,---,n}and I'), n I, = & for all |; # Iy such that for all x € R"

FO) = D fmal + D) 3 Jax™

=1 ayeY

such that, for each [ = 1,--- s, either one of the following two condition holds:
(1) fa, = 0 for all but one oy € Q; (2) fo, < 0 for all oy € €. Define, for each
l=1,--,s,

hi(x) = Z Jmizi + 2 Ja, X

il ey

It follows that each h; is an extended Z-polynomial. Moreover, from the construc-
tion, >l = fa and so, infyegn D7 My(x) = 0. Note that each h; is also a
homogeneous polynomial, and hence infycgn h;(x) < 0. Noting that each A, is indeed
a polynomial on (z;)ier,, ;I = {1,--- ,n} and I';, n T, = & for all l; # I, we

have infyegn D3, hy(x) = >, infxern Ay(x). This enforces that infyepn hy(x) = 0.
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In particular, each h; is a polynomial which takes non-negative values. We now see
that by, 1 <1 < s, are SOS polynomial. Indeed, if f,, = 0 for all but one a; € (),
then h; is a homogeneous polynomial with only a mixed term, and so, Lemma 6.2
implies that f; is a SOS polynomial. On the other hand, if f,, < 0 for all oy € €, Iy
corresponds to a Z-tensor, and so, h; is also a SOS polynomial in this case because
any positive semi-definite Z-tensor has an SOS tensor decomposition [37]. Thus,

fa =2y, is also a SOS polynomial, and hence the conclusion follows. n

Remark 6.1. A close inspection of the above proof indicates that we indeed shows
that the associated polynomial fa(x) = AX™ satisfies fa = Y,,_, ly where each hy is

an SOS polynomial in (z;)er, -

6.2.4 Even order symmetric By-tensors have SOS decompo-
sitions

In this part, we show that even order symmetric By tensors have SOS tensor decom-
positions. Recall that a tensor A = (a;,4y..4,,) With order m and dimension n is called

a By-tensor [82] if

n

2 Qijg--vipy, = 0
io, e im=1
and
1 i ' . . .
1 Z Qiigeriy = Wijgerrjyn fOr Al (Jo, -+, ) # (4, 7).

iy im=1

nm

To establish that a By-tensor has an SOS tensor decomposition, we first present the
SOS tensor decomposition of the all-one-tensor. We say £ is an all-one-tensor if with

each of its elements of £ is equal to one.

Lemma 6.3. Let £ be an even order all-one-tensor. Then, £ has an SOS tensor

decomposition.
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Proof. Let € = (ej,iy-i,,) be an all-one-tensor with even order m and dimension n.

For all x € R", one has

m
ExX™ = Z €itig-imLiyLig =" Lip,

i1,42, " im€[n]

= Z xll ‘r’LQ .. I‘lm

11,2, im€[n]
:($1+I’2+“'+£L‘n)m

=0,
which implies that £ has an SOS tensor decomposition. n

Let J < [n]. &7 is called a partially all-one-tensor if its elements are defined
such that e; ..., = 1, 41,22, - ,ip € J and e;,4,..;,, = 0 for the others. Similar to
Lemma 6.3, it is easy to check that all even order partially all-one-tensors have SOS
decompositions.

We also need the following characterization of Bj-tensors established in [82].

Lemma 6.4. Suppose that A is a Bo-tensor with order m and dimension n. Then

either A is a diagonally dominated symmetric M -tensor itself, or we have

AZM‘FES]}L]CEJ’“,

k=1

where M is a diagonally dominated symmetric M-tensor, s is a positive integer,

hi >0 and Jy < {1,--- ,n}, fork=1,---,s, and J. 0 J, = &, for k # .
From Theorem 6.1, Lemma 6.3 and Lemma 6.4, we have the following result.

Theorem 6.4. All even order symmetric By-tensors have SOS tensor decomposi-

tions.
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Before we move on to the next part, we note that, stimulated by By-tensors in
[82], symmetric double B-tensors, symmetric quasi-double By-tensors and symmetric
M By-tensors have been studied in [52, 53]. Below, we briefly explain that, using
a similar method of proof as above, these three classes of tensors all have SOS
decompositions. To do this, let us recall the definitions of these three classes of
tensors.

For a real symmetric tensor B = (b;,4,...;,,) with order m and dimension n, denote

Bi(B) = max {0,y };

j27"' ,ij[n],(i,jQ,"' 1]m)$1

Ai(B) = > (Bi(B) = bijy-jm );

j2,"’7jme[n],(i,j2,"',jm)¢l
A}(B) = Aj(B) = (8i(B) = bjii.ui), @ # j.

As defined in [52, Definition 3|, B is called a double B-tensor if, b;..; > (;(B), for all

i € [n] and for all 4, j € [n],i # j such that

zz % 62( ) l(B)

and
(biio.i — Bi(B))(bjj..; — B3 (B)) > Ai(B)A;(B).

If buz > ﬁz(B), for all i e [n] and

(n 7 Bz( ))( Ji- ‘-j_ﬂj(B)_ ( )) (BJ( ) ]Z Z)AZ(B)>

then tensor B is called a quasi-double By-tensor (see Definition 2 of [53]).

Let A = (a;yiy..4,,) such that

Qigigim, = 2112 i, 5;1( ) for all 11 € [n]

If A is an M-tensor, then B is called an M By-tensor (see Definition 3 of [53]). It
was shown in [53] that all quasi-double By-tensors are M By-tensors.
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In [52], Li et al. proved that, for any symmetric double B-tensor B, either B is
a doubly strictly diagonally dominated (DSDD) Z-tensor, or B can be decomposed
to the sum of a DSDD Z-tensor and several positive multiples of partially all-one-
tensors (see Theorem 6 of [52]). From Theorem 4 of [52], we know that an even order
symmetric DSDD Z-tensor is positive definite. This together with the fact that any
positive semi-definite Z-tensor has an SOS tensor decomposition [37] implies that
any even order symmetric double B-tensor B has an SOS tensor decomposition.
Moreover, from Theorem 7 of [53], we know that, for any symmetric M By-tensor,
it is either an M-tensor itself or it can be decomposed as the sum of an M-tensor
and several positive multiples of partially all-one-tensors. As even order symmetric
M-tensors are positive semi-definite Z-tensors [116] which have, in particular, SOS
decomposition, we see that any even order symmetric M By tensor also has an SOS
tensor decomposition. Combining these and noting that any quasi-double By-tensor

is an M By-tensor, we arrive at the following conclusion.

Theorem 6.5. Fven order symmetric double B-tensors, even order symmetric quasi
double By-tensors and even order symmetric M By-tensors all have SOS tensor de-

compositions.

6.2.5 Even order symmetric H-tensors with non-negative di-
agonal elements have SOS decompositions

In this part, we show that any even order symmetric H-tensor with non-negative
diagonal elements has an SOS tensor decomposition. Recall that an mth order n
dimensional tensor A = (a;iy.4,,), it’s comparison tensor is defined by M(A) =

(Miyig.iy, ) such that

Myj...i = ’@n’-ni‘, and My iy, = —|Qiyigein, |5
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for all 4,4y, i, € [n], (i1,42, - ,im) ¢ I. Then, tensor A is called an H-tensor
[19] if there exists a tensor Z with non-negative entries such that M(A) = sZ — 2
and s = p(Z), where Z is the identity tensor and p(Z) is the spectral radius of Z
defined as the maximum of modulus of all eigenvalues of Z. If s > p(Z), then A
is called a nonsingular H-tensor. A characterization for nonsingular H-tensors was
given in [19] which states A is a nonsingular H-tensor if and only if there exists an

enteritis positive vector y = (y1,¥2, - ,yn) € R™ such that

@iy > D, i,
(4,82, yim )¢

YisYis " Yigy s Vie [n]

We note that the above definitions were first introduced in [19]. These were further
examined in [43, 54] where the authors in [54] referred nonsingular H-tensors simply
as H-tensors and the authors in [43] referred nonsingular H-tensors as strong H-

tensors.

Theorem 6.6. Let A = (a;,,..;,,) be a symmetric H-tensor with even order m
dimension n. Suppose that all the diagonal elements of A are non-negative. Then,

A has an SOS tensor decomposition.

Proof. We first show that any nonsingular H-tensor with positive diagonal elements
has an SOS tensor decomposition. Let A = (a;,4,..4,,) be a nonsingular H-tensor
with even order m dimension n such that a;..; > 0, i € [n]. Then, there exists a

vector y = (y1, -+, yn)? € R® with y; > 0,4 =1,--- ,n, such that

it > D iy [YinYis - Yo Vi € [1]. (6.2)
(3,22, yim )EL

To prove the conclusion, by Lemma 2.3, we only need to prove

fA(X) = Z amzl’;n — 2 |ai1i2‘..im|xi1xi2 T, = O, VY x e R".

iE[n] (il,iQ,---,im)EA_A
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From (6.2), we know that

fa(x) = Z Z | Qi Ui " Yin Vi Yir T

ie[n] \ (4i2, im)¢l (6 3)

- Z |Qiyigeinn |Tir T+~ T -

(i1582, im)EA A

Here, for any fixed tuple (i},79, -+ ,4%)) € A4, assume (29,49, %) is consti-
tuted by k distinct indices 59,59, -+ | 59 k < m, which appear sy, s9, -+ , s}, times in
(49,49, - -+ ,40)) respectively, s; € [m],l € [k]. Then, one has s; + sy + -+ + s = m.
Without loss of generality, we denote a = [aj09...0 | > 0. Let 7(if,3,--- ,i,,) be
the set consisting of all permutations of (¢{,43, -+ ,42). So, on the right side of (6.3),

95



there are some terms corresponding to the fixed tuple (9,49, - - ,2°,) such that

2

(j?aiQ"" ,im)eﬂ'(i?’ig,“' 77‘%1)

+ 2

(592, yim )Em (19,19, i, )

1-m m
‘aj?iz“'imwj(l) YisYiz " * .yimxj?

1-m m
!ajgiQ--~im\ng YisYis = Yim T j0

1-m m
|a]2227,m|y32 YisYiz * yzmif]g

|y | Ty Ty - T

m

i, im JET (4919, 10,

B m—1\/m —s; M — 8] — Sp- -+
B s1—1 S9 Sk

m—1 m — Sg m— S, — 5 — Sk—2 Sp—m, §1 Sk—1,_.m
+ o Yo Yo Yo Ljo
sp— 1 $1 Sk—_1 J J Je—1 Ik
m\ [(m—s1\[m— 8 — S m— 81— S2 — Sk—1 51,52 Sk
_ ax oT .o T.o
s S9 Sg Sg, 1 J2 Ik

B R P TS m

_ (m = Dlayiyis -y i

_ si| =] +s
s1lsg! - syt

s1 S2 Sk
R e 2 T 4
Yjo Y59 Y59

= 0,

where the last inequality follows the arithmetic-geometric inequality and the fact

y > 0. Thus, each tuple (i1, i,

,im) € A4 corresponds to a non-negative value on

the right side of (6.3), which implies that f(x) > 0 for all x € R". Hence, by Lemma

2.3, A has an SOS tensor decomposition.
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Now, let A be a general H-tensor with non-negative diagonal elements. Then, for
each € > 0, A, := A+ €Z is a nonsingular H-tensor with positive diagonal elements.
Thus, A. — A, and for each € > 0, A, has an SOS tensor decomposition. As SOS,, ,,
is a closed convex cone, we see that A also has an SOS tensor decomposition and

the desired results follows. O

6.3 The SOS-rank of SOS tensor decomposition

In this section, we study the SOS-rank of SOS tensor decomposition. Let us formally
define the SOS-rank of SOS tensor decomposition as follows. Let A be a tensor with
even order m and dimension n. Suppose A has a SOS tensor decomposition. As
shown in Proposition 6.1, SOS,,,, = SOan,n where SOS,, ,, is the SOS tensor cone
and SOan,n is the cone consisting of all mth-order n-dimensional symmetric tensors
such that f4(x) := (A,x™) is a polynomial which can be written as sums of finitely

many homogeneous polynomials. Thus, there exists r € N such that the homogeneous

polynomial f4(x) = Ax™ can be decomposed by

fa(x) = fi(x) + f5(x) + -+ fi(x), VxeR",

m

where fi(x), i € [r] are homogeneous polynomials with degree %'. The minimum

value r is called the SOS-rank of A, and is denoted by SOSrank(A).
Let C be a convex cone in the SOS tensor cone, that is C' is a convex cone such

that C' < SOS,,,,. We define the SOS-width of the convex cone C' by
SOS-width(C) = sup{SOSrank(A) : A e C}.

Here, we do not care about the minimum of the SOS-rank of all the possible tensors
in the cone C' as it will be always zero. Recall that it was shown by Choi et al. in [15,

Theorem 4.4] that, an SOS homogeneous polynomial can be decomposed as sums of
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at most A many squares of homogeneous polynomials where

AV/148a—1 <n+m—1>
—  and a = .

A= (6.4)

2 m
This immediately gives us that

Proposition 6.2. Let A be a tensor with even order m and dimension n, m,n €
N. Suppose A has an SOS tensor decomposition. Then, its SOS-rank satisfies
SOSrank(A) < A, where A is given in (6.4). In particular, SOS-width(SOS,, ) < A.

In the matrix case, that is, m = 2, the upper bound A equals the dimension n
of the symmetric tensor which is tight in this case. On the other hand, in general,
the upper bound is of the order n™/? and need not to be tight. However, for a class
of structured tensors with bounded exponent (BD-tensors) that have SOS decom-
positions, we show that their SOS-rank is less or equal to the dimension n which
is significantly smaller than the upper bound in the above proposition. Moreover,
in this case, the SOS-width of the associated BD-tensor cone can be determined
explicitly. To do this, let us recall the definition of polynomials with bounded expo-
nent and define the BD-tensors. Let e € N. Recall that f is said to be a degree m

homogeneous polynomials on R™ with bounded exponent e if

FX) =D faxX® = faxit o alm,

where 0 < a; < eand Z?:l a; = m. We note that degree 4 homogeneous polynomials
on R™ with bounded exponent 2 is nothing but the bi-quadratic forms in dimension n.
Let us denote BDy, ,, to be the set consists of all degree m homogeneous polynomials
on R™ with bounded exponent e.

An interesting result for characterizing when a positive semi-definite (PDF) ho-
mogeneous polynomial with bounded exponent has SOS tensor decomposition was

established in [14] and can be stated as follows.
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Lemma 6.5. Let n € N with n > 3. Suppose e,m are even numbers and m > 4.
(1) If n =4, then BDy, , n PSD,,, € SOS,,,, if and only if m > en — 2;
(2) If n =3, then BD,,, n PSD,,,,, € SOS,,..,, if and only if m = 4 or m = 3e — 4.

Now, we say a symmetric tensor A is a BD-tensor with order m, dimension n
and exponent e if f(x) = Ax™ is a degree m homogeneous polynomial on R" with
bounded exponent e. We also define BDy, |, to be the set consisting of all symmetric
BD-tensors with order m, dimension n and exponent e. It is clear that BDy,  is a

convex cone.

Theorem 6.7. Let n € N with n > 3. Suppose e,m are even numbers and m = 4.
Let A be a BD-tensor with order m, dimension n and exponent e. Suppose that A
has an SOS tensor decomposition. Then, we have SOSrank(A) < n. Moreover, we

have

1 ifm=en
n  otherwise.

SOS-width(BD¢, ,, N SOS,,,.,) = {

Proof. As A is a BD-tensor and it has SOS decomposition, the preceding lemma
implies that either (i) n > 4 and m > en — 2 (ii) n = 3 and m = 4 and (iii) n = 3
and m = 3e — 4. We now divide the discussion into these three cases.

Suppose that Case (i) holds, i.e., n = 4 and m > en — 2. From the construction,
we have m < en. If m = en, then A has the form ax{---z{. Here, a > 0 because
A has SOS decomposition and e is an even number. In this case, SOSrank(A) = 1.

Now, let m = en — 2. Then,

AxX™ = x7 -, Z agz; ‘e,

(3,5)eF

for some a;; € R, (i,5) € F and for some F' < {1,--- ,n} x {1,--- ,n}. Aseisan
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even number and A has SOS decomposition, we have

Z aijxi’lxj’l > 0 for all z; # 0 and x; # 0.
(i.j)eF
Thus, by continuity, Q(tq, - ,t,) = Z(i j)er @ijlitj 1s a positive semi-definite quadrat-
ic form, and so, is at most sums of n many squares of linear functions in ¢, --- ,t,.

Let Q(t1, -+ ,tn) = D p_y [qk(tl, e ,tn)]2 where g, are linear functions. Then,

st (St ) = 5 o o),

=1

Note that
e e —1 —1y12 g % -1 -1 2
Ty Ty, I:Qk(xl R % )] = |:l’1 "'ank<x1 R )]

is a square. Thus, SOSrank(.A) < n in this case.

Suppose that Case (ii) holds, i.e., n = 3 and m = 4. Then by Hilbert’s theorem
[34], SOSrank(A) < 3 = n.

Suppose that Case (iii) holds, i.e., n = 3 and m > 3e — 4. In the case of
m =en —2 = 3e—2 and m = en = 3e, using similar argument as in the Case (i),
we see that the conclusion follows. The only remaining case is when m = 3e — 4. In

this case, as A is a BD-tensor with order m, dimension 3 and exponent e and A has

SOS decomposition, we have
-1 -1
Ax™ = 282525 G(at oyt gt

where G is a positive semi-definite form and is of 3 dimension and degree 4. It then
from Hilbert’s theorem [34] that G(t1,t,t3) can be expressed as at most the sum of
3 squares of 3-dimensional quadratic forms. Thus, using similar line of argument as
in Case (i) and noting that e = 4 (as m = 3e—4 and m > 4), we have SOSrank(.A) <
n = 3.
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Combining these three cases, we see that SOSrank(A) < n, and SOSrank(A) = 1
if m = en. In particular, we have SOS-width(BD;, ,,nSOS,, ) < n, and SOS-width(BD;,
NSOS,, ) = 1if m = en. To see the conclusion, we consider the homogeneous poly-

nomial

as e (30 2% ifn>3and m =en—2

fo(x) =< xizd + x32d + 2323 ifn=3and m=4
w§rsas (v 2y + vy %y ? + 23 %ey?)  ifn=3 and m = 3e — 4
and its associated BD-tensor 4y such that fo(x) = A¢x™. It can be directly verified

that
n ifn>3and m=en—2,
SOSrank(Ap) =< 3 ifn=3and m=4,
3 ifn=3and m=3e—4.
For example, in the case n > 3 and m = en — 2, to see SOSrank(Ag) = n, we only
need to show SOSrank(.A4y) = n. Suppose on the contrary that SOSrank(A4,) < n—1.

Then, there exists r < n—1 and homogeneous polynomial f; with degree m/2 = $n—1

such that
x‘i,ffl (Z :L‘Z_2> = ZfZ(X)Q
i=1 i=1

This implies that for each x = (21, ,z,) with 2; #0,i=1,--- |n

, t7 can be written

Letting ¢; = x; !, by continuity, we see that the quadratic form )
as a sum of at most r many squares of rational functions in (¢1,,--- ,¢,). Then, the
Cassels-Pfister’s Theorem [22, Theorem 17.3] (see also [22, Corollary 17.6]), implies
that the quadratic form )" | ¢? can be written as a sum of at most r many sums of

squares of polynomial functions in (¢y,,--- ,t,), which is impossible.
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In the case n = 3 and m = 4, we only need to show SOSrank(Ay) > 3. Suppose
on the contrary that SOSrank(Ag) < 2. Then, there exist a;,b;,¢;, d;, e, fi € R,

1 = 1,2, such that

22 292 22 2 2 2 2
riws + r3as + xsry = (arx] + bias + cx; + dixixs + eyxixs + firaaxs)

+(ag@? + boxs + cox3 + dox T + e9m113 + foraws)?.

Comparing with the coefficients gives us that a; = as = b; = by = ¢; = ¢ = 0 and

(&2 +d3=1
e2+el=1
B+ f3=1

d1€1 + d2€2 =0
difi +dafo =0
erfi +eafa =0.

From the last three equations, we see that one of dy,ds, e, es, f1, fo must be zero.
Let us assume say d; = 0. Then, the first equation shows ds = +1 and hence, e = 0
(by the fourth equation). This implies that e; = +1 and fo = 0. Again, we have

fi = +1 and hence
erfi +eafo = (£1)(x£1) + 0= %1 # 0.

This leads to a contradiction.
For the last case, suppose again by contradiction that SOSrank(A4,) < 2. Then,

there exist two homogeneous polynomial f; with degree m/2 = 3—26 — 2 such that
2
wiasas (e ey + oy ey 4wy e ) = ) fix)”
i=1
This implies that for each x = (21, ,x,) with z; #0,i=1,--- |n

L e |
x1_2x2_2 + x2_2x§2 + m§2x1_2 = Z [el—X]

e
2 2
7/:1 ‘/L‘l "':I/‘3
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Letting ¢; = z; "

, using a similar line argument in the case m = en — 2, we see that
the polynomial t2t3 + t3t3 + ¢33 can be written as sums of 2 squares of polynomials
in (ty,t9,t3). This is impossible by the preceding case. Therefore, the conclusion

follows. O

Below, let us mention that calculating the exact SOS-rank of SOS tensor decom-
position is not a trivial task even for the identity tensor, and this relates to some
open question in algebraic geometry in the literature. To explain this, we recall
that the identity tensor Z with order m and dimension n is given by Z;,..,, = 1 if
i1 =+ =1, and Z;,..,,, = 0 otherwise. The identity tensor Z induces the polynomi-
al fr(x) = Ix™ = a"+---+a". It is clear that, Z has an SOS tensor decomposition
when m is even and the corresponding SOS-rank of 7 is less than or equal to n. It
was conjectured by Reznick [91] that fz(x) cannot be written as sums of (n — 1)
many squares, that is, SOSrank(Z) = n. The positive answer for this conjecture in
the special case of m = n = 4 was provided in [108, 112]. On the other hand, the
answer for this conjecture in the general case is still open to the best of our knowl-
edge. Moreover, this conjecture relates to another conjecture of Reznick [91] in the
same paper where he showed that the polynomial fr(x) =2} + -+ -+ 2 —nzy - -2,
can be written as sums of (n — 1) many squares whenever n = 2% for some k € N,
and he conjectured that the estimate of the numbers of squares is sharp. Indeed, he

also showed that this conjecture is true whenever the previous conjecture of “f7(x)

cannot be written as sums of (n — 1) many squares” is true.

6.4 Applications

In this section, we provide some applications for the SOS tensor decomposition of
the structure tensors such as finding the minimum H-eigenvalue of an even order ex-

tended Z-tensor and testing the positive definiteness of a multivariate form. We also
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provide some numerical examples/experiments to support the theoretical findings.
Throughout this section, all numerical experiments are performed on a desktop, with
3.47 GHz quad-core Intel E5620 Xeon 64-bit CPUs and 4 GB RAM, equipped with
Matlab 2015.

Finding the minimum eigenvalue of a tensor is an important topic in tensor com-
putation and multilinear algebra, and has found numerous applications including
automatic control and image processing [78]. Recently, it was shown that the min-
imum H-eigenvalue of an even order symmetric Z-tensor [38, 37| can be found by
solving a sums-of-squares optimization problem, which can be equivalently refor-
mulated as a semi-definite programming problem, and so, can be solved efficiently.
In [38], some upper and lower estimates for the minimum H-eigenvalue of general
symmetric tensors with even order are provided via sums-of-squares programming
problems. Examples show that the estimate can be sharp in some cases.

On the other hand, it was unknown in [37, 38] that whether similar results can
continue to hold for some classes of symmetric tensors which are not Z-tensors, that
is, for symmetric tensors with possible positive entries on the off-diagonal elements.
In this section, as applications of the derived SOS decomposition of structured ten-
sors, we show that the class of even order symmetric extended Z-tensor serves as one
such class. To present the conclusion, the following Lemma plays an important role

in our later analysis.

Lemma 6.6 ([78]). Let A be a symmetric tensor with even order m and dimension

n. Denote the minimum H -eigenvalue of A by Apnin(A). Then, we have

N (A) = min 20— in Ax™, (6.5)

n—
x£0 X[ x|m=1

n m L
where ||x||m = Q01 |zi|™)™.
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Theorem 6.8. (Finding the minimum H-eigenvalue of an even order sym-
metric extended Z-tensor) Let m be an even number. Let A be a symmetric

extended Z-tensor with order m and dimension n. Then, we have
Muinl ) = max{p s £a00) = (Il — 1) = e 22 [,

where f4(x) = AX™ and 32, [x] is the set of all SOS polynomials with degree at most

m.
Proof. Consider the following problem
(P) min{Ax™: |x|m = 1}

and denote its global minimizer by a = (a1, ,a,)" € R". Clearly, >  a™ = 1.

Then, A\min(A) = fa(a) = Aa™. It follows that for all x e R™\{0}

Fa() = Amin(A) D2 = fa(x) = fala) Y

i=1 1=1

where the last inequality holds as m is even and X = ﬁ belongs to the
im1 TpT)™

feasible set of (P). This shows that g(x) := f4(X)—Amin(A) X, 21" is a homogeneous
polynomial which always take non-negative values. As A is an extended Z-tensor,

there exist s € N and index sets I' < {1,---,n}, I = 1,---,s with [J;_, I} =

{1,--- ,n} and I';, n T}, = J such that for all x e R"

Fa(x) = Y il + >0 Y faX™ (6.6)

i=1 =1 alEQl

such that, for each [ = 1,--- | s, either one of the following two condition holds: (1)
fa, = 0 for all but one a; € y; (2) f,, <0 for all oy € ;. Thus,

n

g(x) = Z(fm,z — Amin(A))2{" + Z 2 Jar X,

=1 =1 ayesy
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is an extended Z-polynomial which always takes non-negative values. Let B be a
symmetric tensor such that g(x) = Bx™. Then, B is a positive semi-definite extended

Z-tensor and so is SOS by Theorem 6.3. Thus, g(x) is an SOS polynomial with degree
m. Note that g(x) = fa(x) = Amin(A) 211 27" = fa(x) = Amin(A) (2, 27" = 1) —
Amin(A). This shows that

Amin(A) < maxip: fa(x) = r(fxfp —1) —pe Snlx]}-

To see the reverse inequality, take any (u,7) with f4(x) —r(|x||™ — 1) — u € 32 [x].
Then, for all x € R™,

fa(x) = r(lxln =1 —p =0,
This shows that 7 = p and f4(x) = r|x|” for all x € R™. This shows that Ay, (A) =

r = u, and so, the conclusion follows. O

Remark 6.2. Let A be an extended Z-tensor. As in (6.6), its associated polynomial
fa can be written as fa(x) = 2y fmit]" + 2_y Digjeq, JarX™. Then, Remark 6.1

implies that

Muin(A) = max{jes faG) = (x| — 1) - p e S [x])

= max{p: fa(x) - rlx| e B [x].r - p > 0}

= max{p: Y fraal + Y fox® —r|xOme 52 [xP] =1, s

H,TER .
el OélEQl

r—p =0}

where, for each 1 = 1,--- s, x¥ = (2;);cr, and ¥2,[xP] is the set of all SOS poly-

nomials in xO.
As explained in [37, 38], the sums-of-squares problem

max{j s fa(x) = (x| — 1) = o & 2]}
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can be equivalently rewritten as a semi-definite programming problem (SDP), and
so, can be solved efficiently. Indeed, this conversion can be done by using the com-
monly used Matlab Toolbox YALMIP [64, 65]. On the other hand, the size of the
equivalent SDP problem of the relaxation problem increase dramatically when the
dimension/order of the tensor increases. For example, as illustrate in Table 1, for
a 4th-order 50-dimensional tensor, the equivalent SDP problem has 1326 variables
and 316251 constraints. Fortunately, a robust SDP software (SDPNAL [117]) has
been established recently which enables us to solve large-scale SDP (dimension up to
5000 and number of constraint of the SDP up to 1 million). This enables us to find
the minimum H-eigenvalue for medium-size tensor. Later on, we will explain how
to use SDPNAL together with the observation in Remark 6.2 to find the minimum
H-eigenvalue for large-size tensor.

We first illustrate how to compute the minimum H-eigenvalue of an extended
Z-tensor A using the above sums-of-squares problem via Matlab Toolbox YALMIP
(64, 65] via two small-size problems. We will show the performance of the method

for various larger-size problem later.

Example 6.1. Consider the symmetric tensor A with order 6 and dimension 4 where

A = Aszozoe = Asszssz = Asaaans = 1,
1 ) .
A g = = for all (iy,--- ,ig) = 0(1,1,1,2,2,2),

2
Aiyig = 5 for all (iy,--- ,ig) = 0(3,3,4,4,4,4),

and A;, ..., = 0 otherwise. Here o(iy,--- ,ig) denotes all the possible permutation of

(11, ,ig). The associated polynomial

fa(x) = Ax™ = 28 + 25 + 25 + 2§ + 42l + 6257
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is an extended Z-polynomial. So, A is an extended Z- tensor. It can be easily verified
that A is not a Z-tensor.
To compute its minimum H -eigenvalue, we note that the corresponding sums-of-

squares optimization problem reads
max{i  f4(x) — r(1x[§ — 1) — e S}

Convert this sums-of-squares optimization problem into a semi-definite programming
problem using the Matlab Toolbox YALMIP [64, 65], and solve it by using the SDP
software SDPNAL we obtain that Anin(A) = —1. The simple code using YALMIP is

appended as follows:

sdpsettings(’solver’,’sdpnal’)

sdpvar x1 x2 x3 x4 r mu

f = x176+x276+x376+x476+4*%x1"3%x2"3+6*%x3"2*%x474;
g = [(x176+x276+x376+x476)-1];
F = [sos(f-mu-r*g)];

solvesos(F,-mu, [], [r;mul)

Moreover, note from the geometric mean inequality that |z3z3] = (28)z(28)2 <

saf + 328 It follows that

fax) + [x]8 = 228 + 228 + 225 + 225 + 4232l + 62327 = 0 for all x e R™.

On the other hand, consider X = (\G/g, —{/3,0,0). We see that fa(x) + |x]¢ = 0.
This shows that Apmin(A) = min{fa(x) : |x|¢ = 1} = —1. This verifies the correctness

of our computed minimum H -eigenvalue. [

Example 6.2. Let o, § € R and consider the symmetric tensor A with order 6 and

dimension 4 where

Allllll = A222222 = -/4333333 = A444444 = 17
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A ig =, for all (iy,- -+ ,ig) = 0(1,1,1,2,2,2),

Aiig = B, for all (iy,--- ,ig) = 0(3,3,3,4,4,4),
and A;,...; = 0 otherwise. Here o(iy,--- ,ig) denotes all the possible permutation of
(11, ,ig). The associated polynomial

fa(x) = AxX™ = 28 + 2§ + 2§ + 28 + 20a zi2) + 208 w33

is an extended Z-polynomial. So, A is an extended Z- tensor. It can be easily verified
that if either a > 0 or > 0, then A is not a Z-tensor.

To compute its minimum H -eigenvalue, we randomly generate 100 instance of
(a, B) € [-5,5] x [-5,5]. For each («, B), we convert the corresponding sums-of-

squares optimization problem
max{ys : fa(x) = r(lxls = 1) = p e Z5[x]}

into a semi-definite programming problem using the Matlab Toolbox YALMIP [64,
65/, and solve it by using the SDP software SDPNAL. We then compare the computed
minimum H-eigenvalue with the true minimum H-eigenvalue of A. Indeed, similar

to the preceding example, we can verify that Apnin(A) = m(a, ) where

(1=10ja] if |a| =8
m(a, B) := { 1-1018] if |of <|Bl.

For all the 100 generated («, 3), the maximum difference of the computed H -

mintmum etgenvalue and the true H-minimum eigenvalue is 6.2039¢ — 05. [

Medium-size examples

We now consider a few medium-size examples which involves symmetric extended

Z-tensor with order up to 30 or dimension up to 60 .
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Example 6.3. Let m = 10k with k € N. Consider the symmetric tensor A with

order m and dimension 4 where
Ajqg = Agg = Az = Agy = 1,

Ay, =y for all (iy,- -+ i) =o(1,--+ 1,2, 2),
Aiyi =B, for all (i, ,iy) =0(3,---,3,4,-- ,4),

Aiin =B, for all (iy,--- ,iy) =0(3,---,3,4,--- ,4),

4m/5 m/5

with o = Q(m%)_l and B = —(m%)_l, and A;,....;,, = 0 otherwise. Here o (i1, - ,im)

denotes all the possible permutation of (i1, - ,im). The associated polynomial

fa(x) = Ax™ sz—i-xg”—i-x?—i-xT—i-le%x? —x?m? —x?mf,
is an extended Z-polynomial. So, A is an extended Z-tensor. It can be easily verified
that A is not a Z-tensor. Moreover, using weighted geometric mean inequality, we
can directly verify that the true minimum H -eigenvalue is 0.
We compute the minimum H -eigenvalue by solving the corresponding sums-of-
squares problem for the case m = 20,30, and compare with the true minimum H -

eigenvalue. The results are summarized in Table 1. O

Example 6.4. Let n = 4k with k € N. Consider the symmetric tensor A with order

4 and dimension n where

Ajiin = Aggoe = - = A = 1,

1
Ai1i2i3i4 = 6, for all (il,ig, ,i37i4) = 0'(42 — 3,4Z — 2,4@ — 1,42),2 = 1, ety
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and A;,iyisi, = 0 otherwise. Here o(iy,--- ,i4) denotes all the possible permutation

of (i1, ,i4).

The associated polynomial

n/4

4
) +4 Z T3 Tai—9 Tai—1 T4
i=1

is an extended Z-polynomial. So, A is an extended Z-tensor. It can be easily verified
that A is not a Z-tensor. Moreover, using geometric mean inequality, we can directly
verify that the true minimum H -eigenvalue is n — 1.

We compute the minimum H -eigenvalue by solving the corresponding sums-of-
squares problem for the case n = 20,40, 50,60, and compare with the true minimum

H-eigenvalue. The results are summarized in Table 1.

Table 6.1: Test results for medium size tensors

Problem || m | n | NV NC Computed True Time (YAL.) | Time (SDP.)
eigenvalue | eigenvalue
Ex. 6.3 || 20| 4 | 1001 | 1001 |-1.7634e-09 0 11.9487 0.5700
Ex. 6.3 || 30| 4 | 3876 | 6936 | 1.1382e-12 0 198.8141 8.2700
Ex. 64 || 4 |20 | 231 | 10626 19.0000 19 4.6951 0.4763
Ex. 6.4 || 4 |40 | 861 | 135751 39.0000 39 440.8231 1.7727
Ex. 6.4 | 4 |50 | 1326 | 316251 49.0000 49 2365.9043 5.1109
Ex. 6.4 || 4 |60 | 1891 | 635376 | 59.0000 59 9322.0631 50.2934

The table above summarizes the numerical results of Example 5.3 and Example

5.4 where we compute the minimum H-eigenvalue by first converting the correspond-
ing sums-of-squares problem to an SDP problem using YALMIP and solving this S-
DP problem using SDPNAL. We observe that, for all the above numerical examples,
the minimum H-eigenvalues can be found successfully for medium-size tensors. In

particular, the data of the above table are explained as follows.

e m: the order of the symmetric tensor,
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n: the dimension of the symmetric tensor,

e NV: the number of variables of the equivalent SDP problem,

e N(C': the number of constraints in the equivalent SDP problem,
e Computed eigenvalue: the calculated minimum H-eigenvalue,

e True eigenvalue: the true minimum H-eigenvalue

e Time (YALMIP): the CPU-time for converting the sums-of-squares problem to

SDP (measured in seconds).

e Time (SDPNAL): the CPU-time for solving SDP via SDPNAL (measured in

seconds).

6.4.1 Large size examples

Finally, we illustrate with an example that using SDPNAL together with the obser-
vation in Remark 6.2 enables us to solve some large size tensors (dimension up to
2000).

As one can observed in Table 1, most of the time are occupied in YALMIP in
converting the sums-of-squares problem into an SDP problem. This process involves
matching up the coefficients of all the involved (mtzfl) many monomials, and so,
can be time-consuming. On the other hand, by using the sums-of-squares problem
discussed in Remark 6.2 and letting £ = maxj<<, |['|, the corresponding process
only involves S(mtﬁ_l) many monomials which is much smaller than (m+m"_1) when
s is large and k is small. For example, as in Example 5.4, we can set s = n/4, k = 4
and m = 4, and so, s(mts_l) is of the order n; while ("™*"") = ("1*) which is of
the order n*.

The following table summarizes the numerical results of Example 6.4 with di-

mension from 500 to 2000, where we compute the minimum H-eigenvalue by first
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converting the corresponding sums-of-squares problem discussed in Remark 6.2 to
an SDP problem using YALMIP and solving this SDP problem using SDPNAL.

We observe that, for all the instances, the minimum H-eigenvalues can be found

successfully. The meaning of the data are the same as in Table 1.

Table 6.2: Test results for large size tensors

Problem || m | n NV | NC | Computed True Time(YAL.) | Time(SDP.)
eigenvalue | eigenvalue

Ex. 6.4 | 4 | 500 | 1250 | 1375 | 499.0000 499 4.6299 6.8295

Ex. 6.4 | 4 | 1000 | 2500 | 2750 | 999.0000 999 8.8298 66.5566

Ex. 6.4 | 4 | 2000 | 5000 | 5500 | 1999.0000 1999 20.9729 563.6903

6.4.2 Testing positive definiteness of a multivariate form

For a multivariate form Ax™, we say it is positive definite if Ax™ > 0 for all x # 0.
Testing positive definiteness of a multivariate form Ax™ is an important problem in
the stability study of nonlinear autonomous systems via Lyapunov’s direct method in
automatic control [78]. Researchers in automatic control have studied the conditions
of such positive definiteness intensively. However, for n > 3 and m > 4, this is, in
general, a hard problem in mathematics. Recently, some efficient methods based on
eigenvalues of tensors were proposed to solve the problem in the case where m = 4
[72].

In this part, we show that testing positive definiteness of a multivariate form
Ax™ where A is an extended Z-tensor can be computed by sums-of-squares problem
via Theorem 6.8. Indeed, a direct consequence of Theorem 6.8 and Lemma 6.6 give

us the following useful test:

Corollary 6.2. Let A be an extended Z-tensor. Then, the associated multivariate
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form AX™ is positive definite if and only if
max{i  fa(x) — (Il — 1) = e 53[x]} > 0,

where f4(x) = AX™ and 32, [x] is the set of all SOS polynomials with degree at most

m.

We now use the above corollary to test the positive definiteness of extended Z-
tensors. To do this, we first generate 100 extended Z-tensors as numerical examples.

These extended Z-tensors are randomly generated by the following procedure.

Procedure 1

(i) Given (m,n,s,k, M) with m is an even number and n = sk, where n and m
are the dimension and the order of the randomly generated tensor, respectively,

and M is a large positive constant.

(i) Randomly generate a random positive integer L and a partition of the index set
{1,--- n}, {T'y,--- T}, such that |I;| =k, i=1,--- ,sand I'; n Ty = & for
all i # i'. For each i = 1,--- ,s— 1, generate a random multi-index (I},--- , ")
with l;'- ely, j=1,---,m and a random number a;..;; € [0,1]. Generate one
randomly mth-order k-dimensional symmetric tensor B, such that all elements

of B are in the interval [0, 1].

(iii) We define extended Z-tensor A = (a;,4,...i,,) such that

(-)EM  if iy = =i, =dforalli=1,--- n,
" B Qi.qi,if (i, i) = o (U, 0, 1 1 ey ie [s— 1],
em _B’il---im if 7:17 e 7im € PS?
0 othewise.
Here o (i1, - ,i,) denotes all the possible permutation of (i1, ,ip,).
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From the construction of A, it can be verified that A is an extended Z-tensor.

Let fa(x) = Ax™. We then solve the sums-of-squares problem
max{y: fa(x) (s — 1)~ p e T

and use the preceding corollary to determine whether Ax™ is a positive definite
multivariate form or not. Here, to speed up the algorithm, as we did for the large
size tensors, we first convert the sums-of-squares problem into an SDP by using
Remark 6.2 and YALMIP. Then, we solve the equivalent SDP by using the software
SDPNAL. The correctness can be verified by looking at the randomly generated
positive number L. Indeed, from the construction, if L is an even number and M is
a large positive number, the diagonal elements will strictly dominate the sum of the
off-diagonal elements, and so, Ax™ is a positive definite multivariate form. On the
other hand, if L is an odd number, then the diagonal elements will be negative, and
so, Ax™ is not a positive definite multivariate form in this case.

The following table summarize the results for the correctness of testing the pos-
itive definiteness of a multivariate form generated by an extended Z-tensor. As we
can see the results, in our numerical experiment, all the 100 randomly generated

instance has been correctly identified.

m| n [s| k| M | PD| NPD | Correctness
4120 | 4] 5 [100 | 48 52 100%
4 | 25 |5 5 | 100 | 46 54 100%
4140 | 4110|100 | 52 48 100%
4160 [ 4|15]100 | 45 55 100%
4 1100|4125 100 | 44 56 100%

6.5 Final remarks

In this chapter, we establish SOS tensor decomposition of various even order sym-
metric structured tensors available in the current literature. These include weakly di-
agonally dominated tensors, By-tensors, double B-tensors, quasi-double By-tensors,
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M By-tensors, H-tensors, absolute tensors of positive semi-definite Z-tensors and ex-
tended Z-tensors. We also examine the SOS-rank of SOS tensor decomposition and
the SOS-width for SOS tensor cones. In particular, we provide an explicit sharp esti-
mate for SOS-rank of tensors with bounded exponent and SOS-width for the tensor
cone consisting of all such tensors with bounded exponent that have SOS decompo-
sition. Finally, applications for the SOS decomposition of extended Z-tensors are
provided and several numerical experiments illustrate the significance.

Below, we raise some open questions which might be interesting for future work:

Question 1: Can we evaluate the SOS-rank of symmetric By-tensors?

Question 2: Can we evaluate the SOS-rank of symmetric Z-tensors?

Question 3: Can we evaluate the SOS-rank of symmetric diagonally dominated
tensors?

Question 4: Can we use the techniques in Section 5 to find the minimum H-
eigenvalue of an even order symmetric structured tensors other than the extended

Z-tensors?
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Chapter 7

Positive semi-definiteness and
extremal H-eigenvalues of

extended essentially non-negative
tensors

In this chapter, we study a new class of structured tensors named extended essentially
non-negative tensors, which are extensions of the class of essentially non-negative
tensors [38, 114]. The extended essentially non-negative tensors allow the off-diagonal
elements can have negative values. We then show that its largest and smallest H-
eigenvalues can be found by using polynomial optimization techniques under suitable
conditions.

One of the important structured tensor classes is the class of non-negative tensors,
that is, tensors with non-negative entries. The non-negative tensors arise naturally in
spectral hypergraph theory and high-order Markov chain theory. Recently, efficient
numerical schemes have been proposed to calculate the maximum eigenvalue based
on a Perron-Frobenius type theorem for non-negative tensors [70]. Recently, Hu
et al. [38] and Zhang et al. [114], studied a more general class called essentially
non-negative tensors which means all the off-diagonal elements of the underlying

tensor are non-negative. Hu et al. showed that the largest H-eigenvalue of an even
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order essentially non-negative tensor can be found by solving a sum of squares (SOS)
polynomial optimization problem, which can be equivalently reformulated as a semi-
definite linear programming problem [76]. Then, using this technique, two different
upper bounds for the maximum H-eigenvalue of general even order symmetric tensors
are provided [38]. Now, one question can be raised naturally: whether similar results
still hold for some classes of tensors which are not essentially non-negative tensors,
that is, for tensors with possible negative entries on the off-diagonal elements. This

is the main motivation of this part.

7.1 Positive semi-definiteness of symmetric extend-
ed essentially non-negative tensors

In this section, we formally define extended essentially non-negative tensors and
examine their positive semi-definiteness. Let A = (a;,;,..4,,) be a symmetric even
order tensor. We say A is an extended essentially non-negative tensor if there

exist s € N with s < n and index sets I'; < [n], [ € [s] with [ J;_, I’y = [n] such that
(i) Fl1 N Flz = @7 ll #* l27

(11) fOI‘ any ll #* lz, O 0 if {il,ig, ce ,Zm} M Fll #* @ and {7:1,7:2’ e ,Zm} M
Iy, # J;

(iii) for each [ € [s], either one of the following two conditions holds:

(1) the off-diagonal entries a;,,..,,, = 0 for all but possible permutations of one

ﬁxed (il,ig, cee ,Zm) S Fim,
(2) the off-diagonal entries a;,,..;,, = 0 for all (iy,d9,- - ,im) € [}

In the following analysis, we always denote A(I'}) = (d! ), L € [s] to be the

1122 Tm

condensed subtensors of A where the corresponding entries are given by

l

Qi iy — Qitigis 11522577 3 Im € Fla
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l
and a; ;, .

= 0 otherwise. So it holds that A = >77_, A(T).

Theorem 7.1. Let m be even. Assume A is a symmetric even order extended es-
sentially non-negative tensor with order m and dimension n. Then, A is positive
semi-definite if and only if its condensed subtensors A(T'1), A(T'z), -, A(Ty) are all

positive semi-definite.

Proof. Suppose that all the condensed subtensors are positive semi-definite. Then,

the sufficiency part follows easily as
Ax™ = ZA(FI)XT” >0, VxeR"™
=1

To prove the necessary conditions, without loss of generality, we assume that A(I';)

is not positive semi-definite. Then, there is x € R", x # 0 satisfying

m _ 1 — e
A(T)x™ = Z Q. Tiy Ty, = Z Wiy Tiy Ty - Ty, < 0.

i;€[n],j€[m] i1, im€l1

Let y = (y1,...,yn)" € R" be defined in a way such that y; = x; when ¢ € 'y, and

y; = 0 otherwise. It is easy to check that y # 0 and
By the definition of condensed subtensor, we know that

A(Pl)ym = 2 @iy i Yir Yio *** Yiy = 07 [ = 27 37 T, S (72>

11, ,im €LY

Thus, by (7.1) and (7.2), we obtain
Ay™ = A)y™ = A(T)y™ <0,
=1

which contradicts the fact that A is positive semi-definite. So, all condensed subten-

sors of A are positive semi-definite and the desired results hold. O
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Remark 7.1. From Theorem 7.1, checking the positive semi-definiteness of a giv-
en symmetric extended essentially non-negative tensor is equivalent to checking the
positive semi-definiteness of all its condensed subtensors. Note that each subtensors
A(T)) only has nonzero values if the indices (iy, ..., i,) € I'|. So, the positive semi-
definiteness of the subtensor A(L'}) is equivalent to the positive semi-definiteness of
a tensor with dimension |T';| which is smaller comparing with the original tensor.
So, from the computation point of view, it is often much easier to check the positive
semi-definiteness of the condensed subtensor than the original extended essentially

non-negative tensor.

Theorem 7.2. Let m be even. Assume A is a symmetric even order extended es-
sentially non-negative tensor with order m and dimension n. Then, A is positive

definite if and only if its condensed subtensors A(L';),l € [s] satisfy that
AT)x™ >0, for all x € R" such that 3i €Ty, x; #0. (7.3)

Proof. For sufficient conditions, if x € R",x # 0, then there exist [; € [s] and at

least one i € I';, such that z; # 0. By (7.3) and Theorem 7.1, we have
Ax™ = 3 L AT)x" = ATy )x" > 0,
=1

which implies that A is positive definite by the arbitrariness of x € R™.

To prove the necessary conditions, without loss of generality, suppose that there
is x € R" with at least one i € I'y such that z; # 0 and A(I';)x™ < 0. Let y € R be
defined by y; = x; when i € 'y and y; = 0 for the others. Then y # 0 and it follows
that

AT)y™ = A(T')x™ <0

and A(T'))y™ =0 for [ =2,3,--- ,s. Thus, we know that

S

Ay™ = AT)y™ = A(Ty)y™ <0,

=1

120



which is contradict with the fact that A is positive definite and the desired results

hold. ]

To present the next conclusion, we first recall the notion of Z-tensors, which have
been studied in [19, 116]. Z-tensor is a tensor with non-positive off-diagonal entries

and positive semi-definite Z-tensors are called M-tensors.

Theorem 7.3. Let m be even. Assume A is a symmetric even order extended es-
sentially non-negative tensor with order m and dimension n. If A is positive semi-
definite, then A is a non-negative tensor or M-tensor, or the sum of a non-negative

tensor and an M -tensor.

Proof. From the definition of an extended essentially non-negative tensor, if all off-
diagonal entries of A are non-negative, and by the positive semi-definiteness of A,
we have

Qg = Aezn = 0, Vie [n],

which implies that A is non-negative. If all off-diagonal entries of A is non-positive,
then A is a Z-tensor and then A is an M-tensor since A is positive semi-definite.
Now, suppose that A has non-negative off-diagonal entries and non-positive off-
diagonal entries at the same time. Denote the condensed subtensors of A to be A(T),
le[s]. Then A =3,  A(T}). From the structure of the extended essentially non-
negative tensor, without loss of generality, assume A(T'), A(I'2), - - - , A(I't) have non-
negative off-diagonal entries, and A(I'yy1), A(T¢42), -, A(Is) have nonpositive off-
diagonal entries. Since A is positive semi-definite, by Theorem 7.1 and the definition

of M-tensor it follow that
AT) + A(Ty) + -+ A(TY)
is a non-negative tensor and

A1) + ATis2) + -+ A(Ty)
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is an M-tensor. Thus, the desired results hold. O

An eigenvalue method was provided in Theorem 5 of [78] to check the positive
semi-definiteness of a symmetric even order tensor. So, a question raises naturally:
can we compute the H-eigenvalues of a symmetric extended essentially non-negative
tensor through its condensed subtensors? The following theorem shows the relation-
ship between H-eigenvalues of a symmetric extended essentially non-negative tensor

and its condensed subtensors.

Theorem 7.4. Let A be a symmetric extended essentially non-negative tensor with

order m and dimension n. Then, we have the following result:

(i) all nonzero H-eigenvalues of the condensed subtensors of A are H-eigenvalues

of A;

(ii) each H-eigenvalue of A is the H-eigenvalue of some condensed subtensors of

A.

Proof. Let A(T'1), A(I'g),--- , A(I's) be the condensed subtensors of A.
(i) For any t € [s], let A # 0 be an H-eigenvalue of A(I';). Then, by Definition

2.1, there is x € R, x # 0 such that
AT)x™ ™ = axlm=1,

Since A # 0, from the notion of condensed subtensor, we obtain that x; = 0 for all

1 ¢ I't. So, it follows that

Ax™H = Y AT)x™ = AT )x™ T = AxEm

=1

which means that X is an H-eigenvalue of A.
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(ii) Let X\ be any H-eigenvalue of A with H-eigenvector x € R", x # 0, So, there
is at least one t € [s] and one ¢ € I'; such that z; # 0. Let y € R™ be defined by

y; = x;, 1 € I'y and y; = 0 otherwise. Thus y # 0. When ¢ ¢ 'y, it follows that
(AT)y™ 1) = 0= Ay (7.4)

When ¢ € I';, we have

(AT)y™ )i = 2 iy i Yir Yiz " Yim

12, ,im €l

= E Qg iy LigLig =+ g,
2, im€lt

From (7.4) and (7.5), we know that A is an H-eigenvalue of A(I';) with H-eigenvector

y and the desired conclusions hold. O]

Remark 7.2. The conclusion of Theorem 7.4 means that the spectrum of a sym-
metric extended essentially non-negative tensor is a subset of the union of spectral
sets of all its condensed subtensors. In the symmetric even order case, if the con-
densed subtensors of a extended essentially non-negative tensor do not have negative

H-eigenvalues, then the extended essentially non-negative tensor is positive semi-

definite.
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7.2 The SOS tensor decomposition of symmetric
extended essentially non-negative tensors and
its applications

In this section, we study the SOS tensor decomposition of symmetric even order ex-
tended essentially non-negative tensors. Sufficient conditions are given to guarantee
the SOS tensor decomposition of a given symmetric extended essential non-negative
tensor and, as a application, we show that the derived SOS tensor decomposition
can be used to compute the minimum H-eigenvalue of a given symmetric even order

extended essentially non-negative tensor.

Theorem 7.5. Let A = (a;i,..i,,) be a symmetric extended essentially non-negative
tensor with even order m and dimension n. Suppose A is positive semi-definite. For

x € R", if each positive off-diagonal element corresponds to an SOS term i.e.
Qiyigi, >0 = x25, -1 € X2 [x], (7.6)
then A has an SOS tensor decomposition.
Proof. For any x € R", to prove the result, we only need to prove that
fa(x) = Ax™ e 22 [x]. (7.7)
By Theorem 7.3, we prove the conclusion from the three cases below.

(1) If A is a non-negative tensor, by (7.6), we know that (7.7) holds since m is

even.

(2) If Ais an M-tensor, note that all even order symmetric positive semi-definite
Z-tensors or M-tensors have SOS decompositions [37, 38|, so equation (7.7)
holds.
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(3) If A = B+ C, where B is non-negative and C is an M-tensor, from Theorem
7.1, if follows that B and C are all positive semi-definite tensors. By (1) and
(2), we have (7.7) holds since

fa(x) = AX™ = Bx™ + Cx™ e ¥2 [x].

Thus, the desired conclusions follows. O

Now, we compute the minimum H-eigenvalue of an extended essentially non-
negative tensor defined as in Theorem 7.1 via sum-of-squares polynomial technique,

which has been much applied in optimization theory [38, 42, 48, 50].

Theorem 7.6. Suppose A = (a;iy..4,,) 1S a symmetric extended essentially non-
negative tensor with even order m and dimension n. Let f4(x) = Ax™. Forx € R",

if each positive off-diagonal element corresponds to an SOS term i.e.
Qiyigiy, >0 = Ty T4 1, € X2 [x].
Then, it holds that
Amin(A) - = max {p: fa(x) = r(fxl = 1) = pe T[]}
Proof. By Lemma 2.2, consider the following optimization problem
min{Ax™ : |x|" = 1}

and denote its global minimizer by x* = (z¥,---,2*)T € R*. Then, Ayn(A) =

rn

fa(x*) = Ax*™. For all x € R"\{0}, it follows that

[[lm

Ja(x) = Amin (A) %[5, = faalx) = fa(x) Ix[57 = =[5 <fA(L> - fA(X*)> = 0.

(7.8)
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Since A is an extended essentially non-negative tensor such that (7.6) holds, the
tensor corresponding to f4(x) — Amin(A)|x[" is also an extended essentially non-

negative tensor satisfying (7.6). Then, from (7.8) and Theorem 7.5, we know that
Fa(%) = Aain (A) (%[ = 1) = Awin(A) € 37, [x],
which implies that

Amin (A) < max {p : fa(x) = r(|x7 —1) —pe I [x]}

w,reR

2

To see the reverse inequality, take any (u,r) with fa(x) —r(|x|? — 1) — p € 32,[x].

Then, for all x € R™,
fax) = (x5 —=1) —p =0
This shows that 7 > p and f4(x) = r|x[™ for all x € R". This shows that Ay, (A) =

r = u, and so, the conclusion follows. O

We now obtain the following result as a direct corollary of Theorem 7.6 and

Theorem 5 of [78].

Corollary 7.1. Let A = (a;,iy.4,,) be a symmetric extended essentially non-negative
tensor with even order m and dimension n. Let fa(x) = Ax™. For x € R", if each

positive off-diagonal element corresponds to an SOS term i.e.
Qjyinemig, = 0 = TjyTjy -+ - T4, € Egn[X]
Then, A is positive semi-definite if and only if

max {413 fa(x) = r(lx[; 1) — p e Z[x]} > 0.

Next, we present several numerical examples to illustrate how to compute the
minimum H-eigenvalue of a symmetric extended essentially non-negative tensor A

using the above sum-of-squares problem via Matlab Toolbox YALMIP [64, 65].
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Example 7.1. Let A be a symmetric tensor with order 6 dimension 4 such that

11
ai11111 = 4222222 = Z’ (333333 = Q444444 = 1,

and
3 2
Ar(1,1,1,2,2,2) = L (r(3,3,4,4,44) = 5’
and a;,..;s = 0 otherwise, where m(iy, -+ ,ig) denotes all permutations of iy, - - ,ig.

Then, A is a symmetric extended essentially non-negative tensor and the associated

polynomial

11 11 15
fa(x) = Ax® = Za:(f + Zasg + 28 + 2§ - ?azi’x‘; + 62377,

It can be easily verified that A is not an essentially non-negative tensor.
To compute its minimum H -eigenvalue, we note that the corresponding sums-of-
squares optimization problem reads

ma{p s fa(x) ~ r([x[§ — 1) - p e 2[x]}

)

Convert this sums-of-squares optimization problem into a semi-definite programming
problem using the Matlab Toolbox YALMIP [64, 65], and solve it by using the SDP
software SDPNAL we obtain that Ayin(A) = —1. The simple code using YALMIP is

appended as follows:

sdpsettings(’solver’,’sdpnal’)

sdpvar x1 x2 x3 x4 r mu

f = 11/4*x176+11/4*x276+x3"6+x476-15/2%x1"3*x2"3+6%x372*x4"4;
g = [(x176+x276+x376+x476)-1];
F = [sos(f-mu-r*g)];

solvesos(F,-mu, [], [r;mu])
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Moreover, note from the geometric mean inequality that |z3x3] = (28)z(28)2 <

22l + 328, It follows that

15 15 15
fax) + |x]§ = Ax™ = Z:U? + Za:g + a5 + 28§ — ?x?xg + 62325 = 0 for all x € R™.

On the other hand, consider X = ({/g7 —{/3,0,0). We see that fa(x) + |x]¢ = 0.

This shows that Apin(A) = min{ f4(x) : |[x|¢ = 1} = —1. This verifies the correctness

of our computed minimum H -eigenvalue.

Example 7.2. Let m = 20. Consider the symmetric tensor A with order m and

dimension 4 such that

ay..q] = A2..90 = A3...3 = A4...4 = 1,

2
Qrl,---,12,---,2) = _(m)7
W—’/2 A/—’/Q m/2
1
ar(3, ,3,4,---,4)_(m)>
—— m/5
m/5 4m/5
1
a/ﬂ.(37... ,374’... ’4) = (m)7
\_4\,/{_/ \_T/ m/5
and a;,..;,, = 0 otherwise, where w(iy,- - ,iy,) denotes all permutations of iy, -+ ,im.

Then A is a symmetric extended essentially non-negative tensor and the associated
polynomial

_ f™ 220 020 20 20 10,10 | 4 16 | 16 4
fa(x) = AX™ = 27" + 25 + x5 + xy° — 227 Xy + x50, + T3 Ty

It can be easily verified that A is not a essentially non-negative tensor. Moreover,
using geometric mean inequality, we can directly verify that the true minimum H -
eigenvalue of A is 0.

We compute the minimum H -eigenvalue by solving the corresponding sums-of-

squares problem and we get the computed H-eigenvalue is 7.4108e-09.
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7.3 The largest H-eigenvalue of symmetric even
order extended essentially non-negative ten-
sors

In this section, we study the largest H-eigenvalue for general even order symmetric
extended essentially non-negative tensors. To proceed, we recall an useful result
about symmetric extended Z-tensors, which were studied in last chapter. In fact,
if tensor A = (aj,i,.4,,) is an extended essentially non-negative tensor, then —A =

(—@iyiy.i,,) 1s an extended Z-tensor.

Theorem 7.7. Let A be a symmetric extended essentially non-negative tensor with
even order m and dimension n. For x € R", suppose f4(x) = Ax™. Then, it holds
that

Mmar(A) = min {t | t = fa(x) + p(|x]7; — 1) € 5 [x]}. (7.9)

teR,ueR

Proof. By Lemma 2.2, there is xg € R", ||xo/,, = 1 satisfying

)\max(A) = fA(XO) = max Ax™.

[l =1

Assume t = 1 = Az (A), then we have that

\%

F— FaG0) + (Il — 1) = [ (—f<i> ; Amaxut)) 0. (r.10)

[/

Since A is an extended essentially non-negative tensor, A — A4 (A)Z is an extended
essentially non-negative tensor. So, —A 4+ A4 (A)Z is an extended Z-tensor. From

(5.2) and Theorem 6.3, we know that

= fa(x) + ulx|7 € X [x]. (7.11)
Let t* be the optimal value of the optimization problem (7.9). Then, by (7.10) and
(7.11), we obtain that
t* < Apaz(A).
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On the other hand, for all x € R", take any (¢, u) with ¢ — f(x) + p(|x|* — 1) €
32 [x]. Then, it holds that

t = fax) + p(lx[z =1) =0, ¥ xeR",

which implies that ¢ > p and u|x|™ = fa(x). Thus, we know that t* > f4(x), for

all x e R™, |x[" = 1 and the desired result follows. O
Next, we present an example to verify the preceding result.

Example 7.3. Suppose A is a symmetric tensor with even order m and dimension

4 such that

A11..1 = U22..2 = (33..3 = A44..4 = —1,

Upl, - 12, ,2) =@ Qr3 ... 34... 4)=0, o,fe[=575] af#0,

—_—— — _—— —
% e 3 3
and a;,..;,, = 0 otherwise, where 7w(iy, - -+ ,i,,) denotes any permutation of iy, ,ip.

So, A is an extended essentially non-negative tensor and the associated polynomial
Y g Y
18
fa(x) = AX" = —a" — 2l — 2l — 2 + 20ax? xd +208xg v .

. n I M 4™
Since |z ] | <~

, for all x e R™ and |z|™ = 1, we know that

fa(x) = —a" —ay' — a5 —xy + QOaxl%xQ% + 205@?@?
-1 a<0, <0, T is even
< max{10a, 108} =1 af <0, Fis even

max{10|«|,10|5|} — 1 otherwise.

From Lemma 2.2, by a direct computation, it is easy to check that the largest H -

eigenvalue of A is

-1 a<0, <0, T is even

Amaz(A) = { max{10c,103,0} =1 «af <0, % is even

max{10|al|, 10|8|} — 1 otherwise.
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According to Theorem 7.7, we compute the largest H-eigenvalue using the Matlab
Toolboz YALMIP [64, 65] and the computed largest H-eigenvalue and the true largest

H-eigenvalue are listed in the following table.

m | n Q@ I6] computed eigenvalue | true eigenvalue
6 | 4| 4.7060 | 3.6693 46.0599 46.0600

6 | 41]-3.2314 | 4.5738 44.7384 44.7380

10 | 4 | 4.7977 | -2.1518 46.9765 46.9770

10 | 4 | 4.0307 | -2.8181 39.3069 39.3070

16 | 4 | -3.6955 | -0.9794 -1 -1

16 | 4 | -3.9077 | 4.7379 46.3788 46.3790

20 | 4 | 3.1472 | 4.0579 39.5792 39.5790

20 | 4 | -4.2465 | -1.6186 -1 -1

7.4 Applications to testing the co-positivity of sym-
metric extended Z-tensors

The definition of co-positive tensors was introduced in [79]. It is a natural extension
of the definition of co-positive matrices. Recently, co-positive tensors found impor-
tant applications in the tensor complementarity problem [9, 102, 101]. Che, Qi and
Wei [9] showed that the tensor complementarity problem defined by a strictly co-
positive tensor has a nonempty and compact solution set. Song and Qi [102] proved
that a real tensor is strictly semi-positive if and only if the corresponding tensor
complementarity problem has a unique solution for any non-negative vector and a
real tensor is semi-positive if and only if the corresponding tensor complementarity
problem has a unique solution for any positive vector. It was shown there that a
real symmetric tensor is a (strictly) semi-positive tensor if and only if it is (strict-
ly) co-positive. Song and Qi [101] further presented global error bound analysis
for the tensor complementarity problem defined by a strictly semi-positive tensor.
Thus, co-positive and strictly co-positive tensors play an important role in the tensor

complementarity problem.

131



A tensor A with order m and dimension n is co-positive if and only if Ax™ >
0,V x € R%, and A is strictly co-positive if and only if Ax™ > 0,V x € R?\{0}.
Recall that positive semi-definite tensors are co-positive tensors and positive definite
tensors are strictly co-positive tensors. Generally speaking, it is NP-hard to verify
the co-positivity of a symmetric tensor.

In this section, as an application of Theorem 7.7, we will test the co-positvity of
symmetric extended Z-tensors (odd or even order). Numerical experiments are also
presented to verify the efficiency of our conclusion. By the way, in subsection 7.4.1,
we first present an answer to the following question, which is left behind in [79]:

Question: When the order m is odd, does a co-positive tensor A always have

an H-eigenvalue?

7.4.1 H-eigenvalues of odd order co-positive tensors

We first provide an example of a co-positive tensor with odd order where its H-

eigenvalue does not exists

Example 7.4. (An odd order co-positive tensor without H-eigenvalues) Let

us consider the following symmetric tensor with order 3 and dimension 2 with
A =10, Agzo = 4,

and

A112 = -’4121 = A211 = - 37 and A221 = -’4212 = A122 = \/g

Then, it can be verified that
Ax® = 1023 + 423 — 3v/322x, + 3v/3w,22.

From the geometric inequality, for any x1,xs = 0,

2 1. .
103 + 423 = g(v?’ 1521)% + g(m$2)3 > (V1521)*(V1222) = 332w,
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This shows that
Ax® >0 for all x e R?,
and so, A is co-positive.
We now see that A does not have any H-eigenvalue. To see this, we proceed by

the method of contradiction and suppose that there exists an H-eigenpair (x,\) €

(R*\{0}) x R of A. Then, by Definition 2.1, we have

1022 — 24/32125 + /322 = \?
—/32% 4+ 24/3x 29 + 422 = Ao

Clearly, if x5 = 0 then xy = 0, which is impossible. If x5 # 0, by dividing x3 on both

sides, we see that the following equations have a real solution (z, \) € R* with z # 0:

{ (10 = N)22 —2¢/32++/3=0
V322 + 232+ (4= )\) =0

By looking at the determinant of these two quadratic equations, we have 12—4+/3(10—
A) =0 and 12 4 44/3(4 — \) = 0, and so,

A=>10—-vV3 and A <4 +3

which is impossible.

O
Next, in the non-degenerated case, we prove that any co-positive tensor always
has a non-negative H-eigenvalue with non-negative H-eigenvector. To do this, we
first define a polynomial with order 2m in the following way
n
M= Y el
i1 e =1
where A = (a;,.;, ) is a symmetric tensor with order m and dimension n. Denote
its associated symmetric tensor by Ay, that is,

h(x) = Apx*™ for all x € R" (7.12)
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Proposition 7.1. Consider a co-positive symmetric tensor A with order m (odd or
even) and dimension n. Suppose that A is non-degenerated in the sense that there

exists an H-eigenvector x of Ap, such that the following implication holds:
xe RT\{0}, z; =0 = (AxX™1); =0.
Then, A has a non-negative H -eigenvalue with non-negative eigenvector.

Proof. Let Aj, be defined as in (7.12). As A is co-positive, we know that

n

2m 2 2 n
Apx™" = Z Qi i Ty, Ty, =0, VxeR",

m

which implies that Aj is positive semi-definite. Combining this with the fact that
Ay is a tensor with even order, A, has at least one H-eigenvalue and all the H-
eigenvalues must be non-negative [78]. Let (X, \) € (R"\{0}) x R be an H-eigenpair
of Aj. Then, A > 0. Let f(x) = Ax™ Note that

h(x) = Apx® = f(27,...,22), VxeR"

rn

This shows that for all x = (z1,...,2,) € R" and V i € [n], it holds that

2m(Ahx2m_1)i = (Vh(x)), = 2(Vf(a3,... xz))zx,

Now, as (X, \) € (R™\{0}) x R is an H-eigenpair of A, we have

1

m(Vf(a‘:f,...,:i?))ij:i = (A1) = A" Ve [n],

n
which means that

(Vf(:i%, o ,:Z’Q))i = mAT?" % ifa; £ 0, i€ [n].

Now, let z = (z7,...,72) € R?\{0}, it follows from the non-degenerated condition

that

1 Azt if =22 £ 0
' 0 if z, =22 =0.



From Definition 2.1, we obtain that (z, \) is an H-eigenpair of A. Thus, the conclu-

sion follows. O]

7.4.2 Testing the co-positivity of symmetric extended Z-
tensors

Let A = (aiyiy.4,,) be a symmetric tensor with order m dimension n. Then A is

co-positive if and only if

n
m n
Ax™ = Z iy iy Tiy Ty, =0, VxeRY,

1yerim=1

which is equivalent to

n

h(x) = A4x™ = >0 a2 ap >0, VxeR", (7.13)

1 im
115 estm=1

where A}, is a symmetric tensor with order 2m and dimension n defined as in (7.12).

In particular, if A is a symmetric extended Z-tensor (odd or even order), then A4
is an even order extended Z-tensor. Thus, —.Aj is an even order extended essentially
non-negative tensor. Let f(x) = —A,x*". Then, by Theorem 7.7 and (7.13), we

have the following corollary.

Corollary 7.2. Let A be a symmetric extended Z-tensor with order m and dimension
n. For x € R™, suppose Ay, and f(x) are defined as above. Then, A is co-positive if
and only if

min {1 (x) + (Xl — 1) € 53, [x) <0 (7.14)
eR,ue

We now use the above corollary to test the co-positivity of symmetric extended
Z-tensors with order m and dimension n. The concrete process is listed below.

Procedure
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(i) Given (m,n,s,k, M) with m is an even number and n = sk, where n and m
are the dimension and the order of the randomly generated tensor, respectively,

and M is a large positive constant.

(ii) Randomly generate a partition of the index set {1,--- ,n}, {I't, -+, s}, such
that |I';| = k, i = 1,---,sand I'; n Ty = & for all ¢ # . For each i =
1,---,5 — 1, generate a random multi-index (If,---,1},) with I} € Ty, j =
1,---,m and a random number a;..;; € [0,1]. Generate one randomly mth-
order k-dimensional symmetric tensor B, such that all elements of B are in the

interval [0, 1].

(iii) We define extended Z-tensor A = (aj,iy..4,,) such that

M if W= =1t,=idiforallt=1,---,n,
) g, (i1, yip) = o(li, - ) with If, -+ Il eTyi=1,---,5— 1,
ntm _Bil---im lf ilu e ;im € FS7
0 othewise.
Here o (i1, - ,i,) denotes all the possible permutation of (i1, i)
(iv) Let Ay = (al,,..., ) be a extended Z-tensor with order 2m and dimension n
such that
h .. .
Ao (iyivigin-imim) — iriz-im> Vg, ig,  im € [TL],
and af ;... = 0 otherwise.

(v) Suppose f(x) = —Ax*™, x € R". Then solve the SOS programming problem
(7.14) by Matlab Toolbox YALMIP [64, 65] and SeDuMi [103].

Table 7.1 summarizes the results for the percent of co-positivity of symmetric
extended Z-tensors which is generated by the above procedure. We perform 100
tests for fourth order and sixth order symmetric extended Z-tensors. Obviously,

for fixed order m and dimension n, the percent of co-positive extended Z-tensors
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increase as the parameter M grow. If M is large enough, the extended Z-tensor is

positive definite, so it must be co-positive.

(m,n,s k) =(3,12,4,3)

M 3 4 5) 6 7
Copositivity | 4% 31% 70% 95% 100%
(m,n,s, k) =(4,9,3,3)

M 10 12 14 16 18
Copositivity | 9% 28% 59% 82% 97%
(m,n,s k) =(5,6,2,3)

M 30 35 40 45 50
Copositivity | 7% 18% 46% 78% 95%
(m,n,s, k) =(6,6,2,3)

M 80 100 120 140 160
Copositivity | 3% 16% 57% 86%  98%

Table 7.1: The percentage of copositive instances of randomly generated extended
Z-tensors.

7.5 Final remarks

In this chapter, we extend the essentially non-negative tensor to a more general form.
Positive semi-definiteness and SOS tensor decomposition of symmetric essentially
non-negative tensors are studied. Then, by SOS optimization technique, the extremal
H-eigenvalues of a symmetric even order extended essentially non-negative tensor can
be computed by solving an SOS optimization problem. Numerical examples illustrate
the significance. At last, an important application is presented that is checking the
co-positivity of symmetric tensors with even or odd orders.

Here, the extended essentially non-negative tensors considered are all with even
order. So, can we compute the extremal H-eigenvalues of odd order symmetric
extended essentially non-negative tensors? This may be interesting in the future

work.
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Chapter 8

Conclusions and future work

The purpose of this paper is to study structure properties and spectral properties
of structured tensors in the literature. Several new class of structured tensors are
defined, which are natural extensions of matrix. Furthermore, some numerical ex-

amples and applications are provided to verify the theoretical conclusions.

8.1 Conclusions of the paper

The main content of the article are listed below:

e Cauchy tensors and generalized Cauchy tensors are defined. Several necessary
and sufficient conditions for an even order Cauchy tensor to be positive semi-
definite or positive definite are given. SOS tensor decomposition property
and completely positivity property of generalized Cauchy tensors are studied.
Furthermore, H-spectral properties and Z-spectral properties of these two class

of tensors and some new properties of Hankel tensors are presented.

e To study the relationship of the largest H-eigenvalues between symmetric Z-
tensors and their absolute tensors, we define odd-bipartite and even-bipartite
tensors in this paper. Using this notions, sufficient and necessary conditions

for the equality of these largest H-eigenvalues are given when the Z-tensor has
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even order. For the odd order case, sufficient conditions are presented. On the
other side, relation between spectral sets of an even order symmetric Z-tensor

with non-negative diagonal entries and its absolute tensor are studied.

The SOS tensor decomposition property is established for various even order
symmetric structured tensors available in the current literature. In particular,
an explicit sharp estimate is provided for SOS-rank of tensors with bounded
exponent and SOS-width for the tensor cone consisting of all such tensors with
bounded exponent that have SOS decomposition. Then, applications for the

SOS decomposition of extended Z-tensors are presented.

We study the extended essentially non-negative tensor, which are general forms
of essentially non-negative tensor. Positive semi-definiteness and SOS tensor
decomposition of symmetric essentially non-negative tensors are studied. Then,
by SOS optimization technique, the extremal H-eigenvalues of a symmetric
even order extended essentially non-negative tensor can be computed by solving
an SOS optimization problem. Numerical examples illustrate the significance.
An important application is presented that is checking the co-positivity of

symmetric tensors with even or odd orders.

8.2 Future works

Although many results about structured tensors are provided in this paper, there

are still some questions that we are not sure now. Now, we list some questions here,

which may be interesting in the future.

e Can we get the type of Cauchy-Toeplitz tensors? If so, how about their spectral

properties? What are the necessary and sufficient conditions for their positive

semi-definiteness?
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In Chapter 5, we only study the relationships of H-eigenvalues of Z-tensors and
their absolute tensors, do Z- eigenvalues of Z-tensors also hold in such case?
Are there some sufficient and necessary conditions to guarantee the equality of

those two largest Z-eigenvalues?

Can we evaluate the SOS-rank of symmetric By-tensors?

Can we evaluate the SOS-rank of symmetric Z-tensors?

Can we evaluate the SOS-rank of symmetric diagonally dominated tensors?

Can we use the techniques in Chapter 6 to find the minimum H- eigenvalue of

an even order symmetric structured tensors other than the extended Z-tensors?

In Chapter 7, the extended essentially non-negative tensors considered are all
with even order. So, can we compute the extremal H-eigenvalues of odd order

symmetric extended essentially non-negative tensors?
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