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Abstract 

A constitutive model considering the compositions of surface grain, grain interior 

and grain boundary and their contributions to the flow strength or stress of materials 

in micro-scaled plastic deformation was developed and termed as a combined 

surface layer and grain boundary strengthening model in this dissertation. To 

determine the composition of the three interior microstructural parts of materials, 

optical microscope and digital image processing technologies were employed. A 

series of micro-tensile experiments using the round bar specimens with three 

different geometrical shapes and microstructural grain sizes were conducted for 

study of the deformation and ductile fracture behaviours of materials. The 

constitutive equation was implemented in finite element analysis and validated via 

physical experiments. The relationship among fracture strain, grain size and stress 

triaxiality of the round bar specimen was thus established. It was found both fracture 

strain and stress triaxiality are increased with the decrease of grain size, while the 

high stress triaxiality leads to a smaller fracture strain for a given grain size. Through 

observation of the material fractographs, it was revealed that the domination of shear 

fracture in the ‘cup-cone’ fracture is increased with grain size. The proposed 

constitutive model can thus be employed to investigate the deformation and ductile 

fracture more accurately in micro-scaled deformation of metallic materials. 
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To explore the interactive influence of the deformation stress state and material 

microstructural grain size on the fracture behaviour in micro-scaled deformation, a 

series of micro-scale copper specimens with various geometrical dimensions and 

microstructural grain sizes were prepared and deformed to achieve different stress 

states represented by stress-related variables, such as the normalised third deviatoric 

stress invariant and the stress triaxiality. The speckle pattern method of continuous 

tracking was used to investigate the mechanical responses of materials in various 

deformation stress states and material microstructures, and a finite-element 

simulation of each deformation was performed with the combined surface layer and 

grain boundary strengthening constitutive model, which considers the contributions 

of the surface grain, grain interior and grain boundary in representing the grain and 

geometry sizes. The interactive effects of the normalised third invariant, stress 

triaxiality and microstructural grain size on the fracture strain were identified and 

established by accounting for the correlation between the results of simulation and 

those of physical experimentation. Their influences on the fracture mechanism, mode 

and behaviour were further explored.  

 

The results revealed that greater stress fosters the growth and coalescence of 

micro-defects and thus decreases the fracture strain in the dimple-dominant fracture 

mode of the round bar tensile deformation and in the shear-dominant fracture mode 

of the cylindrical compression. The fracture strain is increased in sheet shear and 

tensile deformations mainly as a result of the transformation from the 
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shear-dominant fracture with an inter-void shearing mechanism in a low stress state 

to the dimple-dominant fracture with an inter-void necking mechanism in a high 

stress state. The stress state and the material microstructure both affect ductile 

fracture. The larger grain size generates fewer micro-voids, more uneven grain 

distribution and severer localisation deformation, which accelerates fracture failure. 

Furthermore, stress triaxiality and the normalised third invariant at a low stress 

triaxiality are decreased with a larger grain size, which in turn affects the occurrence 

of fracture. These effects coexist and compete to increase the fracture strain in some 

deformation scenarios, whilst an opposite effect is seen in other cases. In view of 

these influences, it was concluded that a larger grain size and a higher stress state 

inhibit the occurrence of fracture for sheet specimens with fracture modes from 

shear-dominant to dimple-dominant; in contrast, a smaller grain size and a lower 

stress state impede the occurrence of fracture and thus result in a larger fracture 

strain for other cases. 

 

The investigation of the interactive influence of stress state and grain size on 

micro-scale ductile fracture aids the development of ductile fracture criterion suitable 

for micro-scaled deformation by considering the micro-mechanism of ductile fracture. 

To explore the ductile fracture criterion under different stress states and grain sizes, 

five more miniaturised copper sheets were designed and annealed. The mechanical 

property of sheet was described by the combined constitutive model. It was found 

that fewer voids, lower flow stress, smaller void shear effect and faster void 
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coalescence are caused by a larger grain size. Shear factor and size effect were thus 

introduced into the newly modified GTN-Thomason criterion to predict the 

micro-scale ductile fracture of sheets under different stress states and grain sizes. The 

subroutine VUMAT was employed to code the developed criterion into ABAQUS 

software. The modelled load-stroke responses and deformation profiles of five sheets 

with different grain sizes agree well with the experiments. The extended criterion 

was thus validated.  

 

According to the accurate simulation results, the influences of stress triaxiality, the 

normalised third invariant and grain size on void evolution were further analysed. 

The results indicated that the increase of the normalised invariant prevents void shear 

and leads to a better ductility, while the increase of stress triaxiality facilitates the 

growth of voids to result in a worse ductility. When the deformation with a relatively 

high normalised invariant has an ignored void shear, the increase of grain size 

accelerates the onset of void coalescence and the rate of void growth, leading to a 

rapid failure. However, when the deformation with a relatively low normalised 

invariant has an unneglected void shear, finer grains increases the rates of void 

nucleation, growth and shear, causing a smaller fracture strain. These findings and 

the modified GTN ductile fracture criterion enhance the understanding and 

prediction of ductile fracture in micro-scaled plastic deformation, respectively, and 

further facilitate the development of microparts using by deformation-based 

micro-manufacturing process.   
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Chapter 1  

Introduction 

 

1.1 Research background 

Product miniaturisation attracts more and more attentions nowadays mainly because 

it facilitates the decrease in product volume and weight, and the increase in product 

usage and portability to save energy and material, to reduce resource consumption 

and to further reduce the impact on environment (Fu and Chan, 2013b; Geiger et al., 

2001). Many industrial sectors such as medical instruments, consumer electronics, 

watch, jewellery, and micro-electro-mechanical system (MEMS) are increasingly 

demanding for more micro-scaled parts (µ-parts) (Fu et al., 2016; Li et al., 2016). 

For fabricating such products, the development of advanced micro-scaled 

manufacturing (µ-manufacturing) technologies has thus become significant. 

Currently, the advanced µ-manufacturing technologies, such as German acronym for 

Lithographie, Galvanoformung, Abformung (Goldenberg et al., 2009; Malek and 

Saile, 2004), micromachining (Cheng et al., 2013; Liu et al., 2014; Xue et al., 2015), 

microinjection moulding (Packianather et al., 2013; Packianather et al., 2015; Sha et 
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al., 2007), micro powder injection moulding (Attia et al., 2014; Fleischer et al., 2003; 

Liu et al., 2006) and microforming (Chan and Fu, 2011; Fu and Chan, 2013a; Razali 

and Qin, 2013; Vollertsen et al., 2004; Wang et al., 2013) are widely utilised in many 

industrial clusters. Compared to other advanced manufacturing processes, 

microforming plays an important role in µ-manufacturing arena for its low cost, high 

productivity, net-shape and good mechanical behaviours of the fabricated products or 

parts (Fu and Chan, 2013b).  

 

Microforming is a process to fabricate the parts, products or geometrical features 

with at least two dimensions less than 1.0 mm by micro-scaled plastic deformation 

(µ-deformation) (Wang et al., 2013). Recently, a number of researchers have made 

their efforts in the development of microforming process for fabrication of µ-parts. 

Gong et al. (2014) conducted the novel exploration of the micro deep drawing of 

conical-cylindrical cups by using pure copper C1100 foils with the thickness of 0.05 

mm. Fu et al. (2013) carried out the compound process of micro blanking and deep 

drawing to find that the deformation load is reduced and inhomogeneous 

deformation takes place as the grain size is larger. Deng et al. (2011) compressed the 

pure copper cylinder to examine the surface deformation behaviour of material from 

three aspects, viz., specimen size, asperity size, and grain size. Their study revealed 

that the enlargement of grain size causes the reduction in interfacial friction, and that 

the decline in grain boundary strengthening results in the decrease in friction force. 

In addition, Xu et al. (2014) and Xu et al. (2015b) studied the impacts of grain and 
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geometry sizes on the formability of sheet metal in µ-deformation. It was found that 

the forming limit curve (FLC) decreases in both physical experiments and finite 

element simulations when the proportion of thickness to grain size is reduced. This 

finding facilitates the development of the reliable and thriving microforming process.  

 

To produce micro-scaled metallic parts on a large scale, deformation based 

µ-manufacturing is one of the efficient approaches. In this process, ductile fracture 

(DF) is a critical phenomenon to be considered as it affects the geometry and shape 

of forming of micropart and its quality and property tailoring. DF is thus critical in 

design of fracture resistant process, determination of the formability of material and 

quality assurance of defect-free parts (Fu et al., 2016; Lassance et al., 2007; Li et al., 

2011; Pineau et al., 2016). DF in µ-deformation technology, on the other hand, 

differs from that in macro-scale mainly due to the size effect arising from different 

sources including variation of microstructural grain size and material geometry size 

on the material flow, surface quality, deformation behaviour, shape accuracy, 

dimension accuracy and defect formation (Li et al., 2016; Ran et al., 2013; Vollertsen 

et al., 2009; Wen et al., 2005). Size effect is referred to as the variation of physical 

behaviours or phenomena of the concerned structures and materials that arises from 

the value changes of size effect parameters. In-depth understanding of the fracture 

mechanism, mode and behaviour thus would facilitate the development of 

deformation-based µ-manufacturing process and µ-parts via plastic deformation of 

materials.  
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1.2 Problem statements 

Since DF and the deformation of materials exist simultaneously in the deformation 

process of materials, both of them need to be extensively considered concurrently in 

exploring DF in µ-deformation. The constitutive model is employed in the 

simulation of deformation behaviour during the whole deformation process. Thus an 

effective constitutive model is very important to investigate the deformation 

behaviour and ductile fracture in µ-deformation. Some researchers have made their 

efforts to address this issue in the past a few years. Yun et al. (2010) combined the 

Hall-Petch relation and Hollomon equation to build a constitutive model with a 

consideration of size effect in thin sheet metal. In their model, the surface layer 

model which is employed to calculate the fraction of surface grains to the whole 

grains, and the internal grain boundary model which is employed to figure out the 

fraction of the internal length of grain boundary to the total grain boundary length, 

are combined in the Hall-Petch relation to explore the size effect. Lu et al. (2013) 

proposed a newly developed constitutive model in accordance with the surface layer 

model, grain heterogeneity and the grain boundary strengthening model to 

investigate the feature size and grain size effects. They assumed that the mechanical 

behaviour of grain interior equals the mechanical behaviour of surface grain. The 

developed constitutive model and the voronoi diagram were utilised to simulate the 

deformation behaviour of pure copper in micro-compressive test. The physical 

experiment agrees well with the numerical simulation result in terms of the 

load-displacement response and the profile of deformed sample. However, the 
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constitutive model with a consideration of the compositions of grain interior (GI), 

surface grain (SG) and grain boundary (GB) has not been developed. It is thus 

necessary to propose a newly combined constitutive model on the basis of the 

mechanical behaviours of GI, SG and GB to simulate the whole deformation 

behaviour with sufficient accuracy. 

 

In addition, Ran et al. (2013) introduced the size factor into Freudenthal fracture 

criterion by considering the surface layer model. They found that the DF happens in 

macroforming scenario, while it occurs with difficulty in microforming when the 

deformation conditions are the same. Ran and Fu (2015) examined the validity of six 

uncoupled fracture criteria in µ-deformation on the basis of the hybrid constitutive 

model with a consideration of size factor. The results revealed that the Freudental 

criterion is the best criterion to analyse and predict the DF of compression-dominant 

test in µ-deformation. Brozzo (1972) and Cockroft and Latham (1968) criteria are 

restricted to be applied in prediction of DF in µ-deformation, and Oyane (1972), 

Rice and Tracy (1969), and Ayada (1987) criteria give the results with more 

deviation from the physical experiment when the size factor is considered into the 

hybrid constitutive model. Meng et al. (2015) evaluated five uncoupled fracture 

criteria, viz., Brozzo (1972), Rice and Tracy (1969), Cockroft and Latham (1968), 

the normalised Cockroft and Latham (1979), and Ayada (1987) in the progressive 

microforming. They found that none of the fracture criteria makes the prediction 

results well in the whole progressive process including the shearing and the blanking 
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operations. Each fracture criterion is limited in the application of different stress 

states and sample dimensions. Thus, it is needed to propose and build a new fracture 

criterion in µ-deformation to predict the fracture locus (initiation, propagation and 

growth).  

 

In macro-scaled DF, Lou et al. (2012) recently developed a ductile fracture criterion 

(DFC) to simulate the nucleation, growth and shear coalescence of micorvoids in the 

plastic deformation of dual phase steel sheet. The new DFC combines the normalised 

maximum shear stress, stress triaxiality and equivalent plastic strain to determine the 

fracture forming limit diagram (FFLD) of sheet metals. The predicted FFLD and 

fracture locus were compared to the physical experiments to validate it using the 

stress triaxiality within the range of negative to 2/3. Liu and Fu (2014) modified a 

DFC on the basis of the traditional Ayada criterion. In this modified criterion, the 

equivalent plastic strain and stress triaxiality were taken into account. The criterion 

was verified by the accurately predicted DF of the specimens in different stress states. 

These researches reflected that stress states cannot be ignored in study of DF. The 

interactive influence of stress state and size effect on DF in µ-deformation should be 

considered and explored.   

 

In µ-deformation, fracture mechanism, mode, and behaviour are different from those 

in macroforming mainly due to the size effect. Xu et al. (2013) examined the fracture 

mechanism of SUS304 stainless steel foil with the thickness from 20 to 100 μm in 



  

7 

micro tensile test. They found that dimple-dominated ductile fracture occurs when 

the thickness is 100 μm, while shear-dominated ductile fracture appears when the 

thickness is 20 μm. One or two grains exist along the thickness direction of the 20 

μm thick foil and it is easier for them to cross-slip mainly due to the grain orientation 

in the cross section. The increased grain boundary prohibits dislocation move and 

causes the pile-up of dislocation with the increase of thickness. The dimples are 

resulted from the shear stress concentrated at the grain boundary. However, fracture 

induced defects and product quality issues have not yet been systematically explored 

and investigated, which would impede the wide application of micro-scaled forming 

process in the production of µ-parts. A systematic knowledge on fracture formation 

mechanism, mode and behaviour in µ-deformation thus needs to be developed to 

support the micro-product development by using microforming. 

 

1.3 Research objectives  

To solve the problems stated above, the objectives of this dissertation are shown as 

follows:  

z Propose a combined constitutive model by considering the compositions of SG, 

GB and GI and their contributions to the material mechanical behaviour based 

on the surface layer model and grain boundary strengthening model. 

z Investigate how stress state and size effect affect ductile fracture and 

systematically explore fracture mechanism, fracture mode and deformation 
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behaviours in µ-deformation. 

z Revise the ductile fracture criterion by considering the combined constitutive 

model, deformation stress state and material microstructural grain size. 

z Validate and verify the developed knowledge and the fracture criterion in 

µ-deformation. 

 

1.4 Dissertation structure  

In Chapter 1, a brief description about the µ-deformation and size effect is provided. 

The problems arising from the size effect on constitutive model, fracture mode, 

mechanism and behaviours, and ductile fracture criterion in µ-deformation are stated. 

Research objectives are further presented. 

 

In Chapter 2, the previous contributions by researchers to the constitutive model, 

fracture mode, mechanism and behaviours, and ductile fracture criteria (DFCs) are 

reviewed and summarised. 

 

In Chapter 3, a new constitutive model by taking into account the compositions of 

SG, GI and GB of materials was built on the basis of grain boundary strengthening 

theory and surface layer model for modelling of the deformation behaviour of pure 

copper in µ-deformation. To identify the composition of the three interior parts of the 

microstructure of materials, digital image processing technology was employed. A 
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series of micro-tension experiments of round bar specimens with three various 

shapes and three various grain sizes were carried out to analyse the DF. The 

combined model was implemented for finite element (FE) analysis and its validation 

was thus conducted by physical experiments. 

 

In Chapter 4, the interactive influence of deformation stress state and material 

microstructural grain size on the fracture behaviour in µ-deformation is given. 11 

micro-scale copper specimens of various geometrical dimensions and microstructural 

grain sizes were prepared and deformed to achieve the various values of the 

normalised third deviatoric stress invariant and the stress triaxiality. The speckle 

pattern method of continuous tracking was used to investigate the mechanical 

responses of materials in various deformation stress states and material 

microstructures, and a FE simulation of each deformation was conducted with the 

combined constitutive model which describes the geometry and grain sizes. Based on 

the good agreement between the results of physical experiments and simulations, the 

interactive effects of the normalised third invariant, stress triaxiality and 

microstructural grain size on the fracture strain were identified and established. Their 

influences on the fracture mechanism, mode and behaviour were further explored. 

 

In Chapter 5, the DFC by accounting for the micro-mechanism of DF is examined. 

The modified Gurson-Tvergaard-Needleman and Thomason (GTN-Thomason) model 

by considering stress state and size effect was developed and utilised to predict the 
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failure occurrence of micro-sheets in different deformation modes. The subroutine 

VUMAT was employed to code the developed criterion into ABAQUS software. The 

modelled load-stroke responses and deformation profiles of micro-sheets with 

different grain sizes are consistent with their experiments. The extended criterion 

was thus validated.  

 

In Chapter 6, conclusions are drawn and future work is suggested. The exploration 

on ductile fracture criterion in μ-deformation considering plastic anisotropy, crystal 

plasticity theory and free surface roughening will be done in future. 
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Chapter 2  

Literature review 

 

2.1 The combined constitutive model 

To explore DF in micro-scale, Lai et al. (2008) established a mixed constitutive 

model built on the surface layer model by combining the theories of single-crystal 

and polycrystal. In their model, the properties of single-crystal and polycrystal 

almost represent those of surface and inner grains, respectively. Shen and Yu (2009) 

built a new composite model to show the impact of shape, dimension and grain size 

of specimen on plastic deformation. They concluded that the decrease amount of the 

strength of material is slowly increased with the decreased billet dimension and the 

increased grain size. The section shape of billet plays a significant role on it as well. 

The decrease amount of the strength of billet with circular cross-section shows 

smaller than that of billet with rectangular cross-section in the same section area. In 

accordance with the surface layer model and the composite model, Liu et al. (2012) 

developed a new model to figure out the mechanical behaviour of polycrystal. Grain 

interior and grain boundary are two portions in the microstructure of material, with 
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an assumption that the mechanical behaviours of surface grain and grain interior are 

closely equal. The simulation by employing their model is in line with the physical 

experiment. For investigation of size effect on the micro-scale amorphous polymers, 

Deng et al. (2017) came out with an “elastic-viscoplastic” constitutive model with a 

consideration of rotational strain gradient. It was verified and validated by four-point 

micro-bending experiment of Polymethyl methacrylate. In addition, Ran et al. (2013) 

introduced the size factor into the Freudenthal fracture criterion by considering 

surface layer model. They found that the DF takes place in macroforming scenario, 

while it occurs with difficulty in microforming when the conditions of deformation 

are the same. In other words, the fracture strain is larger in the same deformation 

condition with the smaller sample size in µ-deformation. Gruben et al. (2012) 

evaluated the Rice-Tracey, the extended Cockcroft-Latham and the modified 

Mohr-Coulomb fracture criteria, which obviously explain the Lode dependence and 

the stress triaxiality on damage evolution. Through comparing the predicted 

equivalent strain at the initiation of fracture based on the modified and extended 

fracture criteria with the experimental results, they revealed that the extended 

Cockcroft-Latham criterion has a better prediction of the fracture strain compared to 

those of the extended Rice-Tracey and the modified Mohr-Coulomb criteria with a 

large deviation. The research, however, is more on macro-scaled deformation and its 

validity in μ-deformation has not been explored. From both macro-scaled and 

micro-scaled deformations, the analysis and prediction of DF via consideration of 

surface grain, grain interior and grain boundary and their deformation behaviours in 



  

13 

fracture formation have not yet been found based on the available literatures and this 

is the endeavor of this dissertation, especially focused on the µ-deformation of 

materials.   

 

From fracture formation aspect, some researchers have paid more attentions to 

fractographic features in DF. Li et al. (2011) compared the fractographs of upsetting 

samples with those of tensile test samples to obtain the mesoscopic ductile fracture 

behaviour and formation mechanism. Their observation revealed that shear-dimple 

ductile fracture mode exists in upsetting and tensile test samples and the stress 

triaxiality affects the ductile fracture mode. Shear ductile fracture occurs when the 

stress triaxiality is below zero. Both shear ductile fracture and void-growth ductile 

fracture exist together and compete with each other when the stress triaxiality 

changes from 0 to 1/3. Void-growth ductile fracture dominates when the stress 

triaxiality is more than 1/3. Toulfatzis et al. (2014) analysed the dimple size and 

distribution on fractographs of all the tested brass alloys. They found that the finest 

and shallowest shear dimples on the fracture surface of the CW614N leaded brass 

are observed, whereas the largest and deepest dimples are illustrated in the brass 

alloys CW511L and C27450 with absorbing the highest impact energy. Das et al. 

(2009) employed digital image processing to determine the dimple network 

according to the fractographs of all the specimens. Their study indicated that there is 

a strong relationship among fractographic features, dimple size and density and 

mechanical properties. Similarly, the fractographic features on the fracture 
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cross-section of the micro-scale specimen will be observed to analyse the fracture 

mode and mechanism.  

 

In this dissertation, a combined surface layer and grain boundary strengthening 

model by considering the contributions of surface grain, grain boundary and grain 

interior to mechanical behaviour of material is thus developed in µ-deformation, and 

the size and distribution of dimple across the fracture cross-section of the 

micro-tension samples with various grain sizes and geometrical shapes are further 

explored, which facilitates to advance the knowledge of deformation and ductile 

fracture in µ-deformation based working process, especially for the interaction of 

stress triaxiality, fracture strain and grain size and their influences on fracture 

formation.  

 

2.2 The interactive effect of stress state and grain size 

DF is a pivotal phenomenon that cannot be ignored in product fabrication and 

service. In product fabrication, ductile fracture influences the formability of 

materials and the quality of the product in deformation-based manufacturing. Ductile 

fracture can occur in product service due to severe loading conditions and poor 

structural quality and deteriorate the load-carrying capacity of products and their 

performance, leading to disastrous consequences in product service. For micro-scale 

products, DF is more critical in the product development and service stages because 
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it is more difficult to explore and understand. Product miniaturisation has become a 

strong tendency. Increasing numbers of quality micro-scale parts and components 

must be manufactured for use in various industrial clusters (Fu and Chan, 2013b; Fu 

et al., 2016; Vollertsen et al., 2009). The development of a systematic knowledge 

system to support the development and service of micro-product has become more 

crucial than ever before. 

 

Ductile fracture must therefore be considered and extensively explored in product 

manufacturing and service. The formation micro-mechanism of fracture initiation, 

which covers micro-defects nucleation, growth and coalescence, is considered to be 

a primary mechanism in the early formation of ductile fracture in macro-scale 

deformation (Gurson, 1977; McClintock et al., 1966; Puttick, 1959). In this process, 

the equivalent plastic strain, the stress triaxiality and the normalised third deviatoric 

stress invariant (or the Lode parameter related to the normalised third invariant) are 

key influential factors in the occurrence of ductile fracture (Bai and Wierzbicki, 2008; 

Brünig et al., 2018; Gao et al., 2009; Lou et al., 2012; Teng et al., 2017; Wierzbicki 

et al., 2005). Ductile fracture in μ-deformation, however, becomes more complicated 

when the occurrence of size effect, mainly in the formats of grain and geometry size 

effects, is considered (Ban et al., 2017; Keller and Hug, 2017; Kim et al., 2007; 

Meng et al., 2015; Ran et al., 2013; Xu et al., 2015b).  

 

To examine the thickness effect on the tension properties of miniature sheets, Yang 
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and Lu (2013) conduct tensile experiments with various thick copper specimens with 

a fine grain of 13 μm and a coarse grain of 82 μm. Their results revealed that a 

critical ratio exists between thickness and grain size and that below this critical value, 

the work-hardening coefficient, uniform elongation and tensile strength of sheets 

with different grain sizes are reduced with decreasing thickness. In addition, the 

specimen with a fine grain has a larger critical value. When the proportion of 

thickness to grain size is lower, the scatter effect of mechanical property is noticeable, 

and the fracture mode of sheet metal changes from normal tensile fracture to pure 

shear fracture, as reported by Zhang and Dong (2016). In micro-compression, Xu et 

al. (2015a) prepared aluminium cylindrical specimens of various diameters and grain 

sizes to examine the grain and geometry size effects on surface roughening and 

mechanical behaviour. A larger grain size and a smaller sample size lead to more 

obvious surface roughening effect and lower flow stress. Furushima et al. (2014) 

revealed that free surface roughening affects the failure of metal foil. During the 

plastic deformation of metal foil, free surface roughening that causes an increase in 

surface roughness can be observed. Local deformation occurs more easily at the 

concave region resulting from greater surface roughness, and fracture thus forms at a 

low fracture strain. Furthermore, Zhang et al. (2018) compared the surface profiles 

of deformed sheet specimens with fine, medium and coarse grains and showed that 

thickness has a significant influence on surface roughening when the specimen has a 

ratio of thickness to grain size below three, whilst it has a little impact on surface 

roughening in the case of values above six. These studies assessed size effect on the 
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deformation behaviour, fracture mode and mechanism.  

 

To better predict the fracture formation in μ-deformation, some researchers have 

combined size effect parameters into fracture criteria developed at the macro-scale. 

Ran et al. (2013) came out with a surface layer model with a size factor and 

combined it with the Freudenthal fracture criterion to forecast the fracture initiation 

in samples with various grain and geometry sizes in μ-deformation with flanged 

upsetting. Their results showed that size effect is vital in μ-deformation and that the 

prediction of the model based on size effect is more accurate than the conventional 

model. Xu et al. (2015b) explored the impacts of grain and geometry sizes on the 

voids’ nucleation, growth and coalescence, and introduced different scale factors into 

the Gurson-Tvergaard-Needleman and Thomason models to construct forming limit 

curves. The predicted FLC and physical experiments show good agreement. Size 

effect should thus be considered in micro-scale ductile fracture.  

 

The fracture strain of materials in macro-scaled plastic deformation strongly depends 

on the deformation stress state, which has been well established and explored in 

many studies. Bao and Wierzbicki (2004b) built the locus of fracture in the stress 

triaxiality and the equivalent strain to fracture space using 2024-T351 aluminium 

alloy. They found that when the stress triaxiality increases, the equivalent strain to 

fracture declines in cases of tensile and compressive experiments with round bar 

specimens, whilst the opposite observation was made in shear and tensile 
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experiments with flat specimens. Zhang et al. (2001) investigated the impact of the 

Lode parameter on the dimensional growth of a spherical void in a cubic cell based 

on three-dimensional (3D) numerical FE deformation simulation. Their analyses 

revealed that the Lode parameter causes obvious differences in the deformation 

pattern of voids and cells. The dimensional expansion of voids strongly affects the 

voids’ shape and the stress and strain distribution in the voids’ coalescence. The Lode 

parameter is thus another crucial factor, in addition to stress triaxiality, that should 

not be neglected in the investigation of ductile fracture, especially in deformations 

with stress triaxiality at negative or low values, because they have a noticeable 

influence on void evolution (Barsoum and Faleskog, 2007a, b; Brünig et al., 2013). 

Considering the Lode parameter and stress triaxiality as stress state variables to 

characterise the accumulation of damage in deformation, Bai and Wierzbicki (2008) 

assumed a 3D locus of fracture in which the influence of stress triaxiality on ductility 

is represented as an exponential function and the influence of the Lode angle 

parameter on ductility is represented as a parabolic equation. This new fracture locus 

was validated by the uniaxial deformations with the round and flat specimens and the 

biaxial deformations with the butterfly specimens. To model fracture formation, Lou 

and Huh (2013) represented the nucleation, growth and coalescence of microvoids 

with the equivalent plastic strain, stress triaxiality and the Lode parameter, 

respectively. The criterion based on this modelling approach can predict the 

likelihood that sheets will fail in various stress states using DP980 steel. According 

to these earlier studies of the roles played by the Lode parameter and stress triaxiality 
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in macro-scaled ductile fracture, the correlations amongst size effect, the Lode 

parameter and stress triaxiality demand thorough exploration to allow a clear 

understanding of DF in μ-deformation.            

 

In addition to the effect of stress state on the fracture behaviour, the fracture mode 

and micro-mechanism are also affected. A double-notched tube to be loaded under 

the combination of tension and torsion was designed and optimised by Barsoum and 

Faleskog (2007a), who further investigated rupture mechanisms. They concluded 

that fracture surfaces are characterised by large, deep dimples under high stress 

triaxiality and small, elongated shear dimples with low stress triaxiality. The final 

ruptures are caused by the internal void necking and shearing mechanisms, 

respectively. Furthermore, the Lode parameter changes dramatically as the stress 

triaxiality decreases. Their investigations revealed that the influence of the stress 

state on void evolution is vital. In addition, Li et al. (2011) conducted tensile and 

compressive experiments using various geometrical and dimensional Al-alloy 6061 

specimens and explored how the stress state affects the mode and mechanism of 

fracture. Their study showed that the maximum principal stress-dominant 

deformation occurs in the round bar tensile experiments and that dimple fracture thus 

dominates at high stress triaxiality. In compressive experiments, shear fracture 

occurs in a spot with negative stress triaxiality and shear-dominant deformation. For 

places with low stress triaxiality between the two ranges described above, mixed 

shear and dimple fractures develop under the combination of shear-dominant and the 
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maximum principal stress-dominant deformations. However, the effect of the stress 

state on macro-scale and meso-scale DF is their focus, and the interactive influence 

of the stress state and the grain size on DF in μ-deformation remains unclear, 

especially for the stress state in the range from negative to positive.  

 

This dissertation thus aims to examine the interactive influence of the deformation 

stress state and the material microstructural grain size on fracture behaviour in 

μ-deformation, which is represented by the normalised third deviatoric stress 

invariant, stress triaxiality, grain size and fracture strain, based on micro-scale 

tension, shear and compression deformations, and to further explore the influences of 

the stress state and grain size on the mechanism, mode and behaviour of fracture.  

 

2.3 The modified GTN-Thomason ductile fracture model    

Ductile fracture essentially affects μ-manufacturing of microparts and 

microcomponents made by plastic deformation of materials and further influences 

the service performance of the products composed of these microparts (Fu et al., 

2016; Geers et al., 2006). The occurrence of ductile fracture or failure in 

μ-manufacturing of miniaturised products can be effectively predicted, controlled 

and guided by ductile fracture criterion. The widely used ductile fracture criteria in 

macro-scaled deformation are not fully valid in μ-deformation mainly due to 

geometry and grain size effects existing in μ-manufacturing. The research on DFC in 
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μ-deformation thus becomes a critical and urgent issue to be addressed as one of the 

priorities to comply with the upward and ubiquitous trend of product miniaturisation 

in various application scenarios and industrial clusters.  

 

Currently, many DFCs in macro-scaled deformation have been developed in 

modelling of fracture behaviour and evaluation of fracture of materials in bulk and 

sheet metal forming. Liu and Fu (2014) introduced the exponential function of 

equivalent plastic strain into the Ayada criterion to properly model the fracture of 

Al6061 and T10A sheets with and without necking in shear and tension deformations. 

Bai and Wierzbicki (2010) transformed the Mohr-Coulomb criterion into the space 

of the normalised Lode angle parameter, stress triaxiality and the equivalent plastic 

strain to fracture to effectively identify the location and the orientation of crack. In 

addition, Lou et al. (2012) and Lou and Huh (2013) developed a macroscopic DFC 

considering the micro-mechanism of void evolution to properly predict the fracture 

of sheet metals in different stress states. They assumed that voids’ nucleation, growth 

and shear coalescence are governed by equivalent plastic strain, stress triaxiality and 

the normalised maximum shear stress (or Lode parameter), respectively.  

 

The widely used Gurson-Tvergaard-Needleman (GTN) model (Gurson, 1977; 

Tvergaard, 1981; Tvergaard and Needleman, 1984) describes the evolution of voids 

in consideration of void volume fraction with a higher fidelity. It thus attracts a 

growing number of research efforts on enhancement of the GTN model. Nahshon 
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and Hutchinson (2008) and Xue (2008) considered the shear induced fracture into 

the GTN model to satisfactorily predict shear fracture. Although a single criterion 

hardly captures the formation of crack under different stress states from negative to 

positive mainly due to different fracture mechanisms occurred in tension and 

compression deformations (Bao and Wierzbicki, 2004a), some endeavours have tried 

to make it possible by modifying the GTN model. Malcher et al. (2014) incorporated 

shear damage parameter related to Lode angle, stress triaxiality and equivalent 

plastic strain but unrelated to the volume fraction of voids, into the yield equation of 

the original GTN criterion to precisely determine the fracture location and strain 

under the condition of stress triaxiality between -1/3 and 1/3. Similarly, Jiang et al. 

(2016) came out with a modified GTN model to reasonably describe the deformation 

behaviours and failure paths in compression, torsion and tension deformations. To 

explore its applicability, Shang et al. (2017) studied the influence of dynamic 

recrystallization on voids evolution and extended the GTN-Thomason criterion by 

considering the percentage of dynamic recrystallization in hot working of materials. 

Their model is validated and used to predict the failure occurrence in hot working 

process. However, these DFCs and their revised ones summarised above, cannot 

accurately predict the DF in μ-deformation of materials as the significant size effect 

is not considered. 

 

Size effect in μ-deformation has a considerable impact on deformation and fracture 

behaviours of materials. Many researches were concluded that the elongation and 
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flow strength of metallic materials are increased with the increase of workpiece size 

and the decrease of grain size (Fu and Chan, 2011; Keller and Hug, 2017; Li et al., 

2016; Xu et al., 2015a; Zhang and Dong, 2016). The plastic anisotropy of metal foils 

is significantly improved when the ratio of workpiece thickness to grain size is less 

than 4, as reported by Meng et al. (2018). In addition, Furushima et al. (2014) 

reported that free surface roughening influences the failure of metal foils or sheets 

when the grain number across the direction of thickness is below 5. Meng and Fu 

(2015) introduced the non-uniform thickness caused by the increasing free surface 

roughening, into the Swift’s function to predict the material ductility when the 

thickness and the grain size of sheet are in the same order. Moreover, the increase in 

grain size or the reduction in thickness accelerates the fracture formation in tension 

deformation of dog-bone sheet (Fu and Chan, 2011; Meng and Fu, 2015), while the 

decrease in specimen size impedes the occurrence of failure in the compression of 

cylinder (Li et al., 2018; Ran and Fu, 2014; Ran et al., 2013). Moreover, the 

enlargement in grain size slows the crack occurrence in the combined shear and 

tension of sheet (Li et al., 2018).  

 

Although size effect complicates the accurate prediction of material failure in 

μ-deformation, some systematic researches on micro-scaled DFC have been 

concluded. By introducing the size effect factors into the Freudenthal fracture 

criterion, Ran et al. (2013) and Ran and Fu (2014) predicted that ductility becomes 

better when the workpiece size is reduced in flanged compression deformation. 
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Corrado et al. (2014) demonstrated that the hardening cohesive zone model could 

effectively forecast the multi-scale DF of metals. When the specimen, such as 

MEMS structure, has only a few grains, Geers et al. (2006) suggested that a strain 

gradient crystal plasticity model should be used in simulation due to the significant 

impact of the individual grain’s orientation and property. Ban et al. (2017) coupled 

the damage factor, which is dependent on effective plastic strain, with a strain 

gradient plasticity model to correctly predict both the material degradation and the 

size effect. Zhang et al. (2018) employed a crystal plasticity method to analyse the 

fracture in μ-deformation and revealed that the normal tensile fracture of sheet is 

transferred to the fracture of pure shear when the grain number across the direction 

of thickness is below 6. Differently, Xu et al. (2015b) conducted the tension by 

employing the sheets with various geometrical and grain sizes, and explored the size 

effect on the evolution of voids’ nucleation, growth and coalescence. A modified 

GTN-Thomason criterion in consideration of the size effect was thus proposed and 

validated. It was employed to analyse the deformation of thin metal sheets and 

revealed that the increase in the proportion of sheet thickness to grain size leads to 

the increase in formability of metal sheets. However, their model neglects the void 

shear effect, which is originated from the rotation and distortion of voids during 

plastic deformation to cause the softening and deformation localization of materials. 

Consequently, shear-dominated fracture cannot be accurately predicted, and the size 

effect on shear-dominated deformation cannot be precisely described as well.  
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A new modified GTN-Thomoson criterion in consideration of void shear effect and 

size effect is thus developed to accurately analyse and predict the DF in 

μ-deformation of metal sheets with various microstructural grain sizes and stress 

states. This dissertation further enhances the development of ductile fracture 

criterion in μ-deformation. 
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Chapter 3 

The combined surface layer and grain 
boundary strengthening model 

 

3.1 Introduction 

A constitutive model considering the compositions of SG, GB and GI and their 

contributions to the flow stress or strength of materials in μ-deformation was 

developed and termed as a combined surface layer and grain boundary strengthening 

model in this dissertation. Optical microscope and digital image processing 

technologies were employed to identify the composition of the three interior 

microstructural parts. The micro-tensile experiments using the three various 

geometrical round bar specimens with three various microstructural grain sizes were 

carried out to explore the deformation and ductile fracture behaviours of materials. 

The model was implemented in FE analysis and validated via physical experiments. 

The relationship of stress triaxiality, fracture strain and grain size was further 

constructed based on physical experiments and FE simulations by employing the 

new combined constitutive equation. Finally, the fractographs of the micro-tensile 
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round bar specimens with various geometrical shapes and grain sizes were analysed, 

especially for the size and distribution of dimple in the fracture cross-section.  

 

3.2 Developed constitutive model and research methodology 

3.2.1 Surface layer model 

Surface and inner grains co-exist in the deformation body in light of the surface layer 

model. Surface grains are easier to deform mainly due to few constraints compared 

with inner grains which have more constraints. The strength of material can be 

formulated below: 

 

{
σ = fsurfσsurf + finnerσinner

1 = fsurf + finner

         (3-1) 

 

In Eq. (3-1) σ is the flow strength of material. σsurf and fsurf are the flow strength 

and the area ratio of SG, while σinner and finner are the flow stress and the fraction 

of inner grains, respectively. 

 

In light of the surface layer model discussed above, a mixed constitutive model in 

which the mechanical properties of surface and inner grains closely equal those of 

single crystal and polycrystal, respectively, was proposed by Lai et al. (2008). The 

single crystal model can be expressed as follows in accordance with single crystal 

theory and the Schmid law, also shown by Lai et al. (2008) and Kim et al. (2006),: 
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σsig(ε) = 
τR(ε)

cos φ cos θ
 = mτR(ε)     (m≥2)              (3-2) 

 

where σsig(ε)  and τR(ε)  are the flow stress of single crystal and the critical 

resolved shear stress, respectively. φ is the angle between the normal stress and the 

normal direction of the slip plane and θ is the angle between the slip direction and 

the normal stress. In addition, m is the orientation factor. 

 

For the polycrystal model, the Hall-Petch relationship extended by Armstrong (1962) 

is widely employed to represent the flow stress (Kim et al., 2006; Lai et al., 2008; 

Ran and Fu, 2014; Ran et al., 2013) in the following: 

 

σpoly(ε) = σ0(ε) + 
K(ε)
√d

 = MτR(ε) + 
K(ε)
√d
             (3-3) 

 

where σpoly(ε) is the polycrystal flow stress. For a given strain (ε), σ0(ε) is a 

material constant for the initial stress of dislocation movement, and K(ε) is the 

strengthening coefficient. d is the grain size and M is the orientation factor with the 

value of 2.23 and 3.06 for face centered cubic crystals in the Taylor and Sachs 

models, respectively (Clausen et al., 1998). 

 

Therefore, the mixed material model by combining Eqs. (3-2) and (3-3) proposed by 

Lai et al. (2008) consists of two parts as follows: 

 

{
σsurf(ε) = mτR(ε)

σinner(ε) = MτR(ε) + K(ε)
√d

            (3-4) 
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3.2.2 Grain boundary strengthening model 

Actually, many researchers attracted by the characteristics of grain boundary have 

explored the material strengthening. According to Meyersm and Ashworth (1982), 

polycrystalline aggregate is composed of grain interior and grain boundary. Hirth 

(1972) mentioned that higher strain hardening can be generated by grain boundary 

compared with grain interior. The main reason is that GB forbids the propagation of 

slip, further generating the pile-up of dislocation and strain hardening, and leading to 

the high strength of materials in this location, also reported by Chan and Fu (2011). 

The strength of polycrystal can be calculated as follows in the form of a composite 

model based on Meyersm and Ashworth (1982) and Kocks (1970): 

 

{
σpoly = fgbσgb + fgiσgi

1 = fgb + fgi

           (3-5) 

 

where σpoly is the flow strength of polycrystalline aggregate. σgb and fgb are the 

flow strength and the area ratio of GB, while σgi and fgi are the flow strength and 

the area ratio of GI, respectively. In grain boundary strengthening model, the 

material is supposed to contain GI and GB, while the grains are classified into 

surface and inner grains in surface layer model. The surface grains are defined as 

those located at the outer layer of the material, while inner grains are those in the 

inner part. 

 



  

30 

It is critical to describe the mechanical properties of GB and GI in accordance with 

the above model. Swygenhoven et al. (1999) and Gleiter (2000) reported that the 

amorphous structure of atom almost occurs at grain boundary based on atomic 

simulation. For the amorphous material, Donovan (1989) proved that Drucker’s 

constitutive equation (Drucker, 1950) is able to simulate the plastic deformation 

behaviour. Jiang and Weng (2004a, 2004b), and Zhou et al. (2008) thus employed 

the Drucker’s constitutive equation to present the flow stress of grain boundary as 

follows: 

 

σgb(εgb
p ) = σy

gb + np + hgb(εgb
p )ngb                (3-6) 

 

where σgb(εgb
p ), σy

gb and εgb
p  are the flow stress, yield stress and plastic strain of 

grain boundary. n , hgb  and ngb  are material constants of GB. Furthermore, 

p = - 1
3

(σ1+ σ2+ σ3) is the hydrostatic pressure and σ1 , σ2  and σ3  are the first, 

second and third principal stresses, respectively. 

 

According to Weng (1983), grain size affects the plastic deformation in constituent 

grain because of the possible pile-up of dislocation and the dislocation substructures 

in grain boundary. The mechanical property of grain interior in accordance with the 

mixed isotropic hardening law is formulated as (Jiang and Weng, 2004a, b; Zhou et 

al., 2008): 
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{
 
 

 
 σgi(εgi

p ) = σy
gi + hgi(εgi

p )ngi

σy
gi(d) = σy

∞(gi) + kd-1 2⁄

hgi(d) = hgi
∞  + ad-1 2⁄

            (3-7) 

 

where σgi(εgi
p ), σy

gi, hgi, εgi
p  and ngi are the flow stress, initial yield stress, strength 

coefficient, plastic strain and work hardening exponent of GI. In addition, σy
gi(d) 

and hgi(d) are expressed with the grain size d, which are similar in form to 

Hall-Petch relationship. σy
∞(gi), k, hgi

∞  and a are material constants in terms of the 

single crystal or the grain with infinite size.  

 

3.2.3 The developed constitutive model 

In the mixed constitutive model built by Lai et al. (2008), the specimen is assumed to 

be composed of inner and surface grains, whose mechanical properties are similar to 

those of polycrystalline aggregate and single crystal, respectively. Inner grain which 

has the same plastic behaviour with polycrystalline aggregate thus can be divided 

into GB and GI on the basis of grain boundary strengthening model proposed by 

Meyersm and Ashworth (1982) and Kocks (1970). Therefore, the specimen material 

has three portions in this research, viz., surface grain, grain interior and grain 

boundary. The following equations can thus represent the flow stress of material: 

 

{
σ = fsurfσsurf + fgbσgb + fgiσgi

1 = fsurf + fgb + fgi

            (3-8) 
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Additionally, there is an assumption that the plastic strains of GB and GI are equal in 

accordance with the iso-strain model (Chan and Fu, 2011). Combining Eqs. (3-2), 

(3-6) and (3-7) into Eq. (3-8), the formula for the developed constitutive model in 

this research is put forward in the following: 

 

 {
σ(ε) = fsurfmτR(ε) + fgb(σy

gb + np + hgbεngb) + fgi(σy
∞(gi)+ kd-1 2⁄ + (hgi

∞ + ad-1 2⁄ )εngi)

1 = fsurf + fgb + fgi

 (3-9) 

 

where σ(ε) represents the flow stress of the specimen material. 

 

3.2.4 Research methodology   

Fig. 3.1 shows the research methodology by which a combined surface layer and 

grain boundary strengthening model was developed to simulate and analyse the 

deformation behaviour and ductile fracture of round bar specimens in μ-deformation. 

To validate the proposed model and its application in different deformation scenarios, 

three different geometrical shapes of copper specimens with the effective diameter of 

1 mm were annealed at 400, 750 and 1000 oC for 3, 1 and 1 hours, respectively, to 

produce various microstructural grain sizes. The dog-bone round bar samples with 

various grain sizes were employed to carry out micro-tension experiments to 

determine the true stress-strain relationships of the materials. The metallographs with 

various microstructures and grain sizes, which were observed by optical microscope, 

were used to extract information, viz. area fractions of SG, GI and GB based on the 
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digital image processing technology. The combined surface layer and grain boundary 

strengthening model was thus built, in which the mechanical property of SG was 

determined by the surface layer model and the mechanical properties of GI and GB 

were formulated by the grain boundary strengthening model. On the basis of the 

combined constitutive model, FE simulation was conducted to simulate the whole 

micro-tensile test by importing the material property, meshing the tensile 

deformation sample, setting up boundary condition, etc. Furthermore, the 

load-displacement curves determined by physical experiments and FE simulations 

were compared to validate the new combined constitutive model. In accordance with 

the physical experiments and FE simulations using the proposed constitutive model, 

the interactive relationship of grain size, stress triaxiality and fracture strain could be 

established in this research. Finally, fractographs were observed to explore the 

fracture mechanism and mode in the deformation process. All of these intend to more 

accurately predict the ductile fracture and advance the knowledge of the interaction 

among grain size, fracture strain and stress triaxiality in μ-deformation and their 

effects on fracture formation in the deformation. 
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Fig. 3.1 Research flow of the newly combined constitutive model. 

 

3.3 Experimental procedures 

3.3.1 Grip design and specimen preparation 

It is seen from the Fig. 3.2 that a set of grips and the tiny dog-bone specimen have 

been smartly designed and manufactured to facilitate the micro-tensile tests. In 

addition, the selected research material was pure copper because of its good ductility 

and extensive use. The pure copper specimens were annealed in the argon 
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atmosphere for protection against oxidation at 400, 750 and 1000 oC for 3, 1 and 1 

hours, respectively. The microstructures of annealed specimens were observed by 

optical microscope after they were polished and etched in the etchant of 5 g FeCl3, 

85 mL H2O and 15 mL HCl for 18~25 seconds, as displayed in Fig. 3.3. 

 

 

Fig. 3.2 A set of grips and the tiny dog-bone specimen. 

 

 

Fig. 3.3 Microstructures of the specimens after heat treatment at (a) 400 oC; (b) 750 

oC; and (c) 1000 oC for 3, 1 and 1 hours, respectively. 
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3.3.2. Processing and analysis of metallographs  

The metallography with different microstructural grain sizes was obtained. The 

software ArcMap was used to extract information to calculate the area ratios of 

surface grain, grain interior and grain boundary using digital image processing 

technology, as shown in Fig. 3.4. Generally, each metallograph is a raster layer 

which can be processed to extract vector features, such as points, polylines, and 

polygons, which summarise the interesting information, such as total number of 

grains, area or perimeter of each grain, etc. by the digital image processing method. 

Firstly, an image containing brighter grains with higher gray values and darker grain 

boundary with lower gray values was chosen. A threshold was thus determined to 

separate the grain and grain boundary. Unfortunately, it was not able to precisely 

detect the outer circular boundary of the specimen for over oxidation. To solve this 

problem, an inner fence and surface grains were digitalised manually and recorded as 

a single polygon and a set of spatial contiguous polygons, respectively, so that 

information of the digitalised surface grains could be summarised and pixels out of 

the fence were discarded. Further, the digitalised surface grains were converted to 

overlap with the maintained inner part as a combined raster layer of grain boundary, 

and pixel resolution of this raster layer equaled the averaged width of the boundary. 

The raster layer could be converted as an editable vector layer to cut and remove the 

noises. Finally, the raster layer grouped by grain interior, surface grain and grain 

boundary was obtained to calculate the area fractions by accumulating the area of 

pixels, as shown in the end of Fig. 3.4. Fig. 3.5 gives the schematic diagram of 
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calculating the area fractions of GB and SG for the sample annealed at 1000 oC with 

the holding time of 1 hour. Table 3.1 presents the area ratios of GI, SG and GB of 

the samples annealed at 400, 750 and 1000 oC for 3, 1 and 1 hours, respectively. 

 

 

Fig. 3.4 Digital image processing to extract the raster layer grouped by grain interior, 

surface grain and grain boundary. 
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Fig. 3.5 Schematic diagram of the determination of area ratios of grain boundary and 

surface grain for the sample annealed at 1000 oC for 1 hour. 

 

Table 3.1 Fractions of grain interior, surface grain and grain boundary. 

Material condition 
Fraction of 

surface grain 

Fraction of 

grain boundary 

Fraction of 

grain interior 

Mean grain 

size (μm) 

400 oC for 3 hours 2.80% 23.06% 74.14% 8.23 

750 oC for 1 hour 19.93% 8.85% 71.22% 41.78 

1000 oC for 1 hour 32.78% 4.17% 63.05% 79.36 
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3.3.3 Experimental setup 

An experimental platform on the top of a MTS system was established and the 

system automatically took photos with an extremely fine resolution with a fixed time 

interval to record the whole μ-deformation process. The true stress and strain 

relationship was determined in light of the recorded loading of the MTS system and 

the displacement from the photos taken during the micro-tensile test. Fig. 3.6 shows 

the whole micro-tensile process of the tiny dog-bone round bar specimen and Fig. 

3.7 displays the true stress-strain relationships of the dog-bone round bar specimens 

with three various microstructural grain sizes. The true stress-strain relationships of 

the three various geometrical shapes of copper samples with the same grain size are 

considered to be equal in this dissertation. Furthermore, the decrease of flow stress in 

Fig. 3.7 can be explained by the grain boundary strengthening and surface layer 

models. In the grain boundary strengthening model, grain boundary forbids the 

propagation of slip, further generating the pile-up of dislocation and strain hardening, 

and leading to the higher strength of material in this location. The density of grain 

boundary is relatively lower when the specimen has a larger grain size and less 

number of grains in the cross section, which leads to the lower restriction to 

deformation and the lower flow stress. The characteristics of GB are thus closely 

related to the influence of grain size on the material deformation, also reported by 

Chan et al. (2012a). In light of the surface layer model, the SG has fewer constraints 

to deformation and thus has a lower stress compared with inner grains. For the 

dog-bone specimens with the same thickness or diameter, the area fraction of SG in 
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cross section increases with grain size, which causes the decrease in flow strength. 

When the grain size keeps constant, different geometrical sizes of specimens have 

various area ratios of SG in the cross section and different tensile curves. Thus, the 

influence of geometry size on the material deformation can be explained by the 

surface layer model. 

 

 

Fig. 3.6 The whole micro-tensile process of the tiny dog-bone specimen. 
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Fig. 3.7 True stress and true plastic strain relationships of the dog-bone samples with 

different microstructural grain sizes. 

 

3.4 Simulation implementation and validation 

3.4.1 Determination of the parameters in the newly combined 

constitutive model 

To determine the parameters in the newly combined constitutive model, fitting curve 

method on the basis of the experimental flow stress-strain relationships introduced 

by Ran and Fu (2014) was employed. When the strain keeps constant, grain size and 

flow strength can be formulated in the form of Hall-Petch relationship, as shown in 

Fig. 3.8 below. It is seen that MτR is established on the basis of the fitted linear 
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function of flow stress and grain size for various strain values. Thus, the fitting curve 

of MτR and strain can be displayed in Fig. 3.9. It can be expressed as follows: 

 

MτR = 599.546ε0.535           (3-10) 

 

where M is equal to 3.06 in this article. Eq. (3-10) is combined with Eq. (3-4) to 

obtain the flow stress of surface grain in light of the surface layer model: 

 

σsurf(ε) = mτR(ε) = 391.86ε0.535                (3-11) 

 

where m is equal to the minimum value, viz. 2. 

 

 

Fig. 3.8 Flow stress and grain size in the form of Hall-Petch equation. 
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Fig. 3.9 Relationship of MτR(ε) and ε. 

 

The area ratios of GB, SG and GI and the mean grain size were determined based on 

the digital image processing technology mentioned above. For the establishment of 

parameters in the formulas of mechanical properties of GB and GI, n can be set to 

0.4 as the material constant of GB for pure copper according to Zhou et al. (2008). 

When strain is equal to zero, σy
∞(gi), k and σy

gb are three unknowns in the newly 

combined constitutive model. The true stress-strain relationships of the samples with 

three various microstructural grain sizes were thus needed to determine the three 

unknowns under the condition of zero strain. For the remaining five unknown 

coefficients, viz. hgi
∞ , hgb , a, ngi  and ngb , curve fitting method was employed. 

Firstly, the true stress-strain relationship of the specimen annealed at 750 oC was 

employed to obtain the five unknown coefficients by curve fitting mainly due to the 

appropriate fractions of GI and GB. Secondly, the mechanical property of the 
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specimen annealed at 1000 oC was used to validate the newly combined constitutive 

model. Finally, the five unknown coefficients might need a slight adjustment to 

ensure a good matching between the physical experiment and the fitted curve for the 

sample annealed at 400 oC. Therefore, the formulas of mechanical properties of GB 

and GI are designated as: 

 

σgb(ε) = 16.91 + 0.4p + 815.99ε0.47               (3-12) 

 

σgi(ε) = 10.57 - 1.21d-1 2⁄  + (629.01 + 3.56d-1 2⁄ )ε0.47        (3-13) 

 

Fig. 3.10 exhibits the true stress-strain curves of GI, SG and GB of the sample 

annealed at 750 oC for 1 hour. Thus, combining Eqs. (3-11), (3-12) and (3-13) into 

Eq. (3-9), the developed constitutive model is thus expressed in the following: 

 

{
σ(ε) = fsurf391.86ε0.535 + fgb(16.91 + 0.4p + 815.99ε0.47)
         + fgi(10.57 - 1.21d-1 2⁄  + (629.01 + 3.56d-1 2⁄ )ε0.47)
1 = fsurf + fgb + fgi

        (3-14) 
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Fig. 3.10 True stress and ture plastic strain curves of grain interior, surface grain and 

grain boundary of the sample annealed at 750 oC. 

 

Fig. 3.11 presents the comparisons of experimental results and different constitutive 

models, viz. Ran’s surface layer model (Ran et al., 2013) and the proposed 

constitutive model for the samples with different grain sizes. The fitted curve of 

Ran’s model is closer to the experiment, as observed in Fig. 3.11(a). It is mainly due 

to the different fractions of SG and the determination of the flow stress of inner part 

in the specimen. The fraction of SG was calculated based on the 

uniformly-distributed sphere model of grain in Ran’s model, while it was determined 

by digital image processing technology for the combined model in this dissertation. 

The flow strength of inner part, which represents the strength of polycrystal and is 

not related to feature size factor in Ran’s model, was obtained from the nonlinear 

curve fitting of the true stress-strain relationship of the specimen with the grain size 
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of 8.23 μm. However, grain boundary and grain interior were considered in the inner 

part of the specimen in the combined model, and the formulas of flow stresses of GB 

and GI were derived from the true stress-strain responses of the specimens with three 

various microstructural grain sizes. The accuracy of the combined constitutive model 

thus shows higher, especially for the specimen with a larger grain size. 

 

 

Fig. 3.11 Comparisons of experimental results and different constitutive models for 

the samples with different grain sizes. (a) d = 8.23 μm; (b) d = 41.78 μm; and (c) d = 

79.36 μm. 
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3.4.2 Micro-tensile test 

In order to validate the newly combined constitutive model, the micro-tensile 

specimens with different shapes designated as Type I, II and III made of copper with 

three grain sizes were employed, as shown in Fig. 3.12. These round bar specimens 

were fabricated by grinding, and the effective dimension at the sample centre was 1 

mm. The simulated results on the basis of the combined model were compared with 

the physical experiments of the micro-tensile tests using the prepared specimens. The 

FE simulations were carried out in ABAQUS with the powerful nonlinear analysis 

modules. The true stress and strain results of the deforming materials were calculated 

based on the combined constitutive model, input and assigned to the three different 

geometrical shapes of specimens to facilitate the simulations. An axisymmetric 

model was built and the specimens of Types I, II and III were meshed with 9166, 

10272 and 18939 four-node bilinear elements, and 9460, 10506 and 19199 nodes, 

respectively. Figs. 3.13, 3.14 and 3.15 compare the simulated load-displacement 

relationships with the physical experiments for the three different geometrical shapes 

of specimens with the grain sizes of 8.23, 41.78 and 79.36 μm, respectively. It is 

apparent that the simulated load-displacement relationships match well with the 

physical experiments of the specimens with the grain sizes of 41.78 and 79.36 μm 

for all the three types. Although the trends of load-displacement curves predicted by 

simulations and the physical experiments of the specimens with the grain size of 

8.23 μm for all the three types are same, there is an obvious deviation for the central 

part of the curves. The main reason is that the fitting true stress-strain relationship in 
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accordance with the proposed constitutive model in Fig. 3.11(a) is larger than the 

experimental result. The larger fitting data result from the recalculation and 

adjustment of the newly combined constitutive model, which seek to reduce 

deviation from the physical experiments of all the specimens, also reported by Ran 

and Fu (2014). Therefore, the comparisons of the simulated load-displacement 

relationships and the physical experiments for the three various types of specimens 

with the grain sizes of 8.23, 41.78 and 79.36 μm, respectively obviously indicate that 

the newly combined constitutive model considering the composition of grain interior, 

surface grain and grain boundary of materials is validated.  

 

 

Fig. 3.12 Dimensions of the specimens with three different geometrical shapes and 

grain sizes. 
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Fig. 3.13 Comparisons of experimental data and simulation of the specimen with the 

grain size of 8.23 μm. (a) Type I; (b) Type II; and (c) Type III. 
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Fig. 3.14 Comparisons of experimental data and simulation of the specimen with the 

grain size of 41.78 μm. (a) Type I; (b) Type II; and (c) Type III. 
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Fig. 3.15 Comparisons of experimental data and simulation of the specimen with the 

grain size of 79.36 μm. (a) Type I; (b) Type II; and (c) Type III. 

 

3.5 Results and discussion 

3.5.1 Stress triaxiality and fracture strain in micro-scaled plastic 

deformation 

The qualitative agreement of the experimental and simulated load-displacement 

relationships for the specimens with various geometrical shapes and microstructural 

grain sizes can facilitate the investigation on ductile fracture by using the newly 

combined constitutive model in μ-deformation. The displacement at which the 
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fracture happens is determined by the obvious drop of loading for all the round bar 

tensile deformations in this research. The maximum equivalent plastic strain from 

simulation at the displacement of fracture is approximately regarded as fracture 

strain (Lou and Huh, 2013). In addition, the stress triaxiality η is defined as follows: 

 

η = σm
σ

                           (3-15) 

 

where  σm= 1
3

(σ1+ σ2+ σ3)  is the mean stress and σ = 

√1
2

[(σ1-σ2)2+(σ1-σ3)2+(σ2-σ3)2] is the equivalent von Mises stress. 

 

According to the simulated results by employing the newly combined constitutive 

model, the curves of equivalent plastic strain and stress triaxiality at the central point 

of Type II specimens with different grain sizes which receives the maximum 

equivalent plastic strain are denoted by Fig. 3.16. It displays that the maximum 

equivalent plastic strain reduces with the increased grain size, while the stress 

triaxiality fluctuates against each other, particularly during the necking deformation 

stage. In addition, the shape of the deformed specimen determined by simulation 

agrees with that of the physical experiment for points A and B. It also suggests that 

the developed constitutive model can simulate the deformation process of 

micro-tensile test with sufficient accuracy. Fig. 3.17 reveals the change of stress 

triaxiality and fracture strain for the specimens with various geometrical shapes and 

grain sizes. For the specimens with a specified shape, both of fracture strain and 
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stress triaxiality reduce with the increased grain size, and the extent of the decreased 

stress triaxiality is obviously less than that of the decreased fracture strain. For the 

specimens with a specified grain size, fracture strain decreases with the increase of 

stress triaxiality, and the extent of the decreased fracture strain becomes gradually 

insignificant for the larger grain size. In addition, Type I specimen with the grain size 

of 8.23 μm has the largest fracture strain and lower stress triaxiality. Type II 

specimen with the grain size of 79.36 μm however has the smallest fracture strain 

and higher stress triaxiality. From the interaction among fracture strain, grain size 

and stress triaxiality in μ-deformation, it can be found that grain size has an 

influence on both stress triaxiality and fracture strain, and more significant on 

fracture strain. Moreover, high stress triaxiality causes the decreased fracture strain, 

and the extent of decreased fracture strain becomes subtler with the increased grain 

size. The increased stress triaxiality accelerates the growth and coalescence of 

microvoids. The specimen with high stress triaxiality is thus easier to fracture during 

plastic deformation. The finding that the extent of decreased fracture strain becomes 

subtler with the increased grain size could be attributed to the nonuniform 

distribution of grains and the inhomogeneous deformation. Chan and Fu (2012) 

simulated that a large fraction of soft grains which deform along the loading 

direction in priority occur when the grain size increases and the number of grains 

decreases in the section of the specimen. A significantly localised deformation can be 

concentrated at the soft grains, which causes easier fracture during the plastic 

deformation. It further leads to the phenomenon that the extent of decreased fracture 
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strain becomes subtler with the increased grain size. It facilitates to advance the 

knowledge of grain size effect and the impact of stress triaxiality on ductile fracture 

in μ-deformation process.  

 

 

Fig. 3.16 Simulated stress triaxiality and equivalent plastic strain relationship. 
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Fig. 3.17 The interaction among fracture strain, stress triaxiality and grain size. (a) 

3D surface plot; (b) Specified shape; and (c) Specified grain size. 

 

3.5.2 Fractographs of the specimens with different geometrical 

shapes and grain sizes 

The fracture surfaces of the specimens with different geometrical shapes and grain 

sizes were observed to study the fracture mode and mechanism in μ-deformation. 

Figs. 3.18 and 3.19 present the scanning electron microscope fractographs of the 

specimens with different grain sizes for a specified shape and with different 

geometrical shapes for a specified grain size, respectively. The ‘cup and cone’ 

fracture in which the ‘cup’ with the flat surface is dominated by the dimple fracture, 

and the ‘cone’ with shear lip is dominated by the shear fracture occurs in all the 
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specimens. This ‘cup and cone’ fracture reflects that fracture initiates at the centre of 

round bar specimens and then propagates to the edges. It is thus assumed that the 

grinding-induced damage do not have a significant effect on the fracture of round bar 

specimens. For the Type II specimens, the equiaxed dimples are fewer in number, 

more uneven in distribution, larger difference in size and deeper in depth for large 

dimple with the increased grain size. The shear fracture increasingly dominates as 

well. According to the ductile fracture mechanisms with different stress triaxiality 

levels experimentally studied by Barsoum and Faleskog (2007b), the intervoid 

shearing mechanism occurs at low stress triaxiality, while the necking of intervoid 

ligament appears at high stress triaxiality. The change of ductile fracture mode from 

dimple-dominant fracture to shear-dominant fracture in the ‘cup-cone’ fracture thus 

reflects the finding that the stress triaxiality decreases with the increased grain size 

for the specimens with a specified shape. Furthermore, Fig. 3.19 shows that Type I 

specimen exhibits the finest dimples compared to Type II specimen, which reveals 

the largest dimples when the grain size keeps constant. The larger dimples of Type II 

specimen are mainly caused by the fact that the increased stress triaxiality 

accelerates the growth and coalescence of microvoids. The specimen with high stress 

triaxiality is thus easier to fracture during plastic deformation. It can also be 

employed to explain that the fracture strain decreases with the increased stress 

triaxiality for the specimens with a specified grain size. 
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Fig. 3.18 SEM fractographs of the specimens of Type II with different grain sizes. (a) 

d = 8.23 μm; (b) d = 41.78 μm and (c) d = 79.36 μm. 

 

 

Fig. 3.19 SEM fractographs of the specimens of the grain size of 41.78 μm with 

different shapes. (a) Type II; (b) Type III and (c) Type I. 
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3.6 Conclusions 

In this chapter, a new constitutive model combining the surface layer and grain 

boundary strengthening models was built by taking into account of the contributions 

from grain interior, surface grain and grain boundary to the deformation and ductile 

fracture in μ-deformation. Its efficiency was thus validated via the experimental 

results and FE simulations of the micro-tensile specimens with three different 

geometrical shapes and grain sizes. The conclusions are drawn as follows: 

(1) The newly combined surface layer and grain boundary strengthening model was 

validated by the good agreement between physical experiments and simulations. The 

proposed constitutive model can thus be employed to analyse the deformation and 

ductile fracture of round bar specimens more accurately in μ-deformation. 

(2) The relationship of stress triaxiality, fracture strain and grain size was constructed 

based on the FE simulation by employing the newly combined constitutive model 

and physical experiment. It was found that both of stress triaxiality and fracture 

strain decrease with the increased grain size for the round bar specimens with a 

specified shape. The fracture strain decreases with the increase of stress triaxiality 

for the specimens with a specified grain size.  

(3) Grain size has an influence on both stress triaxiality and fracture strain, and more 

significantly on fracture strain. Moreover, high stress triaxiality causes the decrease 

of fracture strain, and the extent of decreased fracture strain becomes subtler with the 

increased grain size. In addition, fracture strain is larger when grain size is smaller 

and stress triaxiality is lower. 
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(4) The ‘cup-cone’ fracture exists in all the micro-tensile round bar specimens. For 

the specimens with a specified shape, dimple-dominant fracture occurs at high stress 

triaxiality when the grain size is small, whereas shear-dominant fracture exists at low 

stress triaxiality when the grain size is large. For the specimens with a specified 

grain size, increased stress triaxiality accelerates the growth and coalescence of 

microvoids to make the larger dimples to fracture easily. 
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Chapter 4  

Interactive effect of stress state and grain size 
on fracture behaviours of copper  

 

4.1 Introduction 

The interactive influence of the deformation stress state and the material 

microstructural grain size on the fracture behaviour in μ-deformation was explored. 

To obtain various stress state variables, 11 pure copper specimens of various 

geometrical shapes were designed and annealed under different conditions to achieve 

various grain sizes. According to the metallographs of these specimens, the area 

ratios of SG, GI and GB were determined with ArcMap software via digital image 

technology. The extracted information and the true stress and strain responses of 

micro-scale cylinder, dog-bone and smooth bar samples were employed to determine 

the parameters of the combined model developed by Li et al. (2017) in the 

corresponding deformations. The mechanical behaviour calculated by the 

corresponding model was then input to ABAQUS software to simulate the various 

deformation processes. The load-displacement responses of simulation and physical 
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experiments of samples with various grain sizes and geometrical dimensions were 

compared to validate the combined model in different deformation modes. The 

interactive influence between the stress state and the grain size on fracture strain was 

thus recognised and understood based on the physical experiments and simulated 

results. Furthermore, the influences of grain size and stress state on the mechanism, 

mode and behaviour of fracture were analysed by observation of scanning electron 

microscope (SEM) fractographs.  

 

4.2 Material composition in the combined model 

The combined constitutive model was proposed in our previous chapter, in which the 

contributions of SG, GI and GB to the flow stress of material are designated in Eq. 

(3-9). Fig. 4.1 illustrates the material composition. The surface layer model shows 

that SG is positioned at the outer layer and the inner grain is located at the inner part 

of the material. The flow stresses of SG and the inner grain are represented by the 

flow stresses of single crystal and polycrystal, respectively, mainly due to their 

similar flow stresses in the mixed surface layer model built by Lai et al. (2008) and 

Peng et al. (2009), as displayed in Eq. (3-4). Meyersm and Ashworth (1982) reported 

that GB and GI are two parts of the polycrystalline aggregate. The strength of the 

inner grain approximates that of polycrystalline aggregate and can thus be 

formulated with the grain boundary strengthening model widely used by Jiang and 

Weng (2004a) and by Zhou et al. (2008), in which the flow stresses of GB and GI 
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are represented by Eqs. (3-6) and (3-7), respectively. Hence, the specimen material 

represented by the combined model is composed of SG, GB and GI, and the 

mechanical behaviour of material in this study consists of these three parts.  

 

 

Fig. 4.1 The material composition in different models. 

 

4.3 Micro-scaled experiments 

4.3.1 Specimen preparation and experimental setup  

Fig. 4.2 shows the 11 specimens made of pure copper, including four cylindrical and 

seven round and sheet specimens, that are used to obtain various stress states in 

meso-scale and micro-scale compression and tension experiments. Fig. 4.3 presents 

their various microstructures. Four compression specimens were annealed at 835, 

845 and 875 °C for 1 h in an environment of high-purity argon, and their 

microstructures are shown in Figs. 4.3(a) to (c). Four sheet specimens were annealed 

at 400, 600 and 750 °C for 1 h, and their microstructures are given in Figs. 4.3(d) to 

(f). Three round bar tension specimens were annealed at 400, 750 and 1000 °C for 3, 

1 and 1 h, respectively, and their microstructures are illustrated in Figs. 4.3(g) to (i). 
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These specimens were annealed to obtain various grain sizes and to weaken the 

texture of copper. According to Chan et al. (2012b), a high annealing temperature 

significantly weakens the texture of copper. Meng et al. (2018) investigated the 

relationship of plastic anisotropy and the grain number along the thickness direction 

of stainless steel foil and reported that when the grain number along thickness 

direction is above the critical value of 4, the property of material can be considered 

as homogeneous and viewed as isotropy in macroscopic scale. In Fig. 4.3, the grain 

number along the thickness or diameter direction for most specimens is much larger 

than 4. It is thus presumed that the texture of the annealed copper hardly has a vital 

influence on the material property.  

 

 

Fig. 4.2 Specimen designs. (a) Compression; and (b) Tension and shear samples 

(Dimensions in mm). 
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Fig. 4.3 Metallographs of copper samples annealed at (a) (835 °C, 1 hour); (b) (845, 

1); (c) (875, 1); (d) (400, 1); (e) (600, 1); (f) (750, 1); (g) (400, 3); (h) (750, 1); and (i) 

(1000, 1). 

 

Fig. 4.4(a) shows the complete micro-scale compression process recorded by a 

digital camera in a fixed time interval. In this process, macro-scale cracks are not 

obvious on the circumferential surface, whilst micro-scale cracks on the equatorial 

area of the compressed specimen can be observed on SEM fractograph. It was 

difficult to carry out the micro-scale tension experiments with miniature sheet and 

round bar specimens under the universal grips mainly because of small dimensions. 
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Two sets of micro-scale grips were uniquely designed and fabricated to facilitate the 

experiments. One for round bar specimens is displayed in Fig. 4.4(b) and the other 

for sheet is similar except the dimensions which match cross sections of specimens, 

as shown in Fig. 4.4(c). The load and stroke in the physical experiments were 

measured and used to obtain the specimens’ true stress and strain relationships.  

 

 

Fig. 4.4 Micro-scaled experiments. (a) Compression; (b) Tension with round bar; and 

(c) Tension with sheet. 

 

4.3.2 Digital image processing 

The area fractions of SG, GB and GI in the metallograph were identified with 

ArcMap software via digital image processing. Fig. 4.5 illustrates schematically the 

method used to identify the three parts of material, in which each picture is regarded 
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as a raster layer and converted to the editable points, polylines and polygons. GB 

was first identified by setting a specific threshold for each metallograph. Complete 

extraction of the GB was usually difficult due to problems with the quality of the 

metallograph, such as overly localised oxidation and low contrast. The successful 

extraction of GB could thus be realised via automatic and manual digitalisation. The 

total raster layer characterised by SG, GI and GB was obtained with the algorithm 

function by converting the editable polygon layer of GB into the raster layer in 

ArcMap. The raster layer of SG could be identified in the same manner. Finally, the 

results that differentiate SG, GI and GB were obtained and are displayed in Fig. 4.5. 

Therefore, the area ratios of these three portions were established by summarising 

the area of pixels in the corresponding raster layer. Table 4.1 presents the mean 

grain sizes and area ratios of SG, GB and GI for various specimens. 

  

 

Fig. 4.5 Schematic diagrams for differentiating SG, GB and GI. 
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Table 4.1 Area fractions of SG, GB and GI for various specimens. 

Specimens 
Annealing 

(°C + h) 
fsurf (%) fgb (%) fgi (%) d (μm) 

Cylinder 835 + 1 20.36 4.86 74.78 24.31 

 845 + 1 43.06 2.99 53.95 52.08 

 875 + 1 96.35 0.79 2.86 206.57 

Sheet 400 + 1 10.58 6.90 82.52 12.2 

 600 + 1 17.88 5.12 77.00 45.07 

 750 + 1 40.18 2.21 57.61 110.1 

Round bar 400 + 3 2.8 23.06 74.14 8.23 

 750 + 1 19.93 8.85 71.22 41.78 

 1000 + 1 32.78 4.17 63.05 79.36 

 

4.3.3 Parameters determination in the combined model 

In this study, the detailed values of three sets of parameters in the combined model 

were determined based on the true stress and strain relationships of various 

specimens to represent their mechanical responses in compression and tension 

experiments. The method by which the parameters were determined according to the 

flow strengths of micro-scale cylinders with various grain sizes is described below.  

 

First, the true stresses and grain sizes of micro-scale cylinders were fitted linearly in 

the Hall-Petch function when true strain was constant, as exhibited in Fig. 4.6(a). 

Each value of MτR(ε) was determined for the corresponding strain, as shown in Fig. 
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4.6(b). A non-linear fitting function was thus established for MτR  and ε , as 

designated in Eq. (4-1): 

 

MτR(ε) = 361.23ε0.36         (4-1) 

 

In accordance with the fitting results, the flow stress of the SG is formulated with 

Eq. (4-2) by adopting 3.06 and 2 for M and m, respectively, in the following: 

 

σsurf(ε) = mτR(ε) = 236.1ε0.36              (4-2) 

 

Second, the average grain size and the area ratios of SG, GB and GI, viz. d, fsurf, 

fgb and fgi  are presented in Table 4.1 based on the microstructural analysis. To 

obtain the parameters in the flow strengths of GB and GI, n is assumed to be 0.4, 

according to Zhou et al. (2008). In light of the true stress and strain responses of 

samples with three various grain sizes, σy
∞(gi), k, and σy

gb were then determined 

when the strain was zero. Last, the non-linear curve fitting method was used to 

determine the remaining parameters hgi
∞ , hgb, a, ngi and ngb. The flow strengths of 

GB and GI were determined and are formulated in Eqs. (4-3) and (4-4), as follows: 

 

σgb(ε) = 76.75 + 0.4p + 3880ε0.28                 (4-3) 

 

σgi(ε) = 36.98 − 174.07d−1 2⁄  + (238 + 62.07d−1 2⁄ )ε0.28        (4-4) 
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The combined constitutive models were thus established and are designated in Eqs. 

(4-5) to (4-7) in the following, using the method described above to model the 

mechanical properties of cylindrical, sheet and round bar specimens, respectively. 

Three constitutive equations are used mainly due to the different as-received 

microstructures of cylindrical, sheet and round bar specimens.  

 

{
σ(ε) = fsurf236.1ε0.36 + fgb(76.75 + 0.4p + 3880ε0.28)
         + fgi(36.98− 174.07d−1 2⁄  + (238 + 62.07d−1 2⁄ )ε0.28)
1 = fsurf + fgb + fgi

       (4-5) 

 

{
σ(ε) = fsurf551.49ε0.95 + fgb(450 + 0.4p + 0.02ε0.9)
      + fgi(−14.15 + 309.87d−1 2⁄  + (447.9 + 0.01d−1 2⁄ )ε0.4)
1 = fsurf + fgb + fgi

       (4-6) 

 

{
σ(ε) = fsurf391.86ε0.535 + fgb(16.91 + 0.4p + 815.99ε0.47)
           + fgi(10.57− 1.21d−1 2⁄  + (629.01 + 3.56d−1 2⁄ )ε0.47)
1 = fsurf + fgb + fgi

       (4-7) 

 

Fig. 4.7 indicates that the experimental and fitted stress and strain curves generated 

with the samples of meso-scale and micro-scale cylinders, dog-bone and smooth bar 

with various grain sizes show good agreement. In addition, it can be found from Fig. 

4.7(c) that the accuracy of the combined model with smooth bar is better than that of 

Ran’s model (Ran et al., 2013), especially for the sample with a larger grain size (Li 

et al., 2017).   
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Fig. 4.6 The fitted curves for the micro-scale cylinder. (a) The Hall-Petch 

relationship; and (b) MτR(ε) equation. 

 

 

Fig. 4.7 The experimental and fitted stress and strain curves with various grain sizes. 

(a) Cylinders; (b) Dog-bone sheet; and (c) Smooth bar (Li et al., 2017). 
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4.4 Results and discussion 

4.4.1 Numerical and experimental results 
For the specimens of sheet-0°, sheet-45° and sheet-90°, the speckle pattern method 

of continuous tracking was used to obtain the displacement according to the 

object-oriented tracking model proposed by Zhu et al. (2017). To begin, white and 

black paints were sprayed onto the specimen as the background and the random 

speckle patterns, respectively. These speckles in black were viewed as multiple 

objects. A series of images taken during plastic deformation were then imported into 

a database system, PostgreSQL, to track the multiple objects and compute the 

displacement at each time step. Fig. 4.8 shows the tracking process of sheet-0° 

specimen. First, a specific threshold was given for each image, and each black 

speckle was extracted as a set of spatially contiguous pixels. These pixels were then 

converted into a polygon with an enclosed boundary to be modelled as an object, as 

shown in Fig. 4.8(b). As the time interval was very short for each pair of consecutive 

images, polygons of the same object in two consecutive time steps showed 

significant and exclusive overlapping. Whenever significant overlap was obtained, a 

pair of polygons were determined as the two consecutive states of the same object. 

Thus, the objects with a time series of polygons were constructed, and the movement 

locus of each object during the complete micro-scale tension experiment is shown in 

Fig. 4.8(c). Fig. 4.8(d) illustrates the movement locus of objects in different time 

steps. Different colours mean different time. Fig. 4.8(e) gives the movement locus of 

objects based on different polygons. Different colours refer to different polygons. 

Fig. 4.8(f) presents the movement locus of objects with a time series of polygons. 

Different colours mean different objects. After tracking was finished, the 
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two-dimensional coordinate of the central point of each polygon was recorded. 

Finally, the displacements of these speckle patterns at each time step were computed. 

 

 

Fig. 4.8 The process of continuous tracking speckle patterns. (a) Reference image; 

(b) Objects in the reference image; (c) The movement locus of objects in a time 

series of images taken during the complete micro-scale tension experiment; (d) 

Visualisation based on different time; (e) Visualisation based on different polygons; 

and (f) Visualisation based on different objects with a time series of polygons. 

 

Furthermore, each deformation was simulated with the FE software Abaqus/Explicit. 

The bar and cylinder specimens were modelled as four-node bilinear axisymmetric 

elements (CAX4R), whilst the sheet specimens were modelled as reduced integration 

first-order solid elements (C3D8R). The typical meshes in the geometrical shape 

transition regions of chamfered cylinder, sheet-0° and small notch specimens are 

illustrated in Fig. 4.9. The experimental load and displacement responses in the 

micro-scale compression, shear and tension experiments were compared with the 

simulated results using the combined model designated in Eqs. (4-5) to (4-7). Figs. 
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4.10 to 4.12 show the correlation of the simulated load-displacement curves and the 

physical experiments with specimens of various grain sizes and geometries in the 

compression and tension experiments. The results show good agreement. Although 

deviation is seen for certain specimens, the variation trend is similar. The deviation 

between the load-displacement response of simulation and the physical experiments 

mainly results from the deviation between the true stress-strain response and the 

value fitted by the combined model. The combined model was thus validated in 

various deformation modes.  

 

 

Fig. 4.9 Typical meshes in the geometrical shape transition regions of specimens. (a) 

Chamfered cylinder; (b) Sheet-0°; and (c) Small notch. 
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Fig. 4.10 Comparison of the load-displacement curves of simulation and those of 

physical experimentation using the cylindrical samples. (a)-(b) Meso-scale; (c)-(d) 

Micro-scale; (e)-(f) Chamfered; and (g)-(h) Side-step cylinders.  
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Fig. 4.11 Comparison of the load-displacement curves of simulation and those of 

physical experimentation using the sheet samples. (a)-(c) Dog-bone; (d) Sheet-90°; 

(e)-(f) Sheet-45°; and (g)-(h) Sheet-0°. 
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Fig. 4.12 Comparison of the load-displacement curves of simulation and those of 

physical experimentation using the round bar samples (Li et al., 2017). (a)-(b) 

Smooth bar; (c)-(e) Small notch and (f)-(h) Large notch. 
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4.4.2 Interactive effect of stress state and grain size on fracture 

behaviour and mechanism 

The interactive influence of the grain size, the normalised third deviatoric stress 

invariant ξ and the stress triaxiality η on DF was studied. The parameter ξ is 

designated as follows: 

 

ξ = ( r
σ)

3
 (4-8) 

 

In Eq. (4-8), r = (27
2 (σ1 − σm)(σ2 − σm)(σ3 − σm))

1/3
 is related to the deviatoric 

stress tensor.  

 

In the compression of a tiny cylinder, the displacement of fracture initiation is where 

the micro-scale crack occurs. In tension experiments, the fracture displacement is 

determined based on an obvious decrease in load or the occurrence of micro-cracks 

observed via analyses of images taken by a digital camera to record the entire 

deformation process. In this study, fracture strain in fracture displacement is 

represented by the maximum equivalent plastic strain.    

 

Fig. 4.13 reveals the evolutions of parameters η and ξ at the fracture initiation 

point. The average values of these two parameters are designated by Eqs. (4-9) and 

(4-10), respectively, in the following: 
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ηavg = 1
εf

p ∫ η(εp)dεpεf
p

0           (4-9) 

 

where ηavg is the average stress triaxiality; εp is the equivalent plastic strain and εf
p 

is the equivalent plastic strain at the fracture displacement. 

 

ξavg = 1
εf

p ∫ ξ(εp)dεpεf
p

0         (4-10) 

 

where ξavg is the average normalised third invariant. 

 

The average normalised third invariant and the average stress triaxiality were used in 

this study mainly because of the notable change in parameters ξ and η during the 

deformation process, especially in the compression and round bar tension 

experiments, which was also noted by Bao and Wierzbicki (2004b). For the 

evolution of the stress state in compression, as shown in Figs. 4.13(a) and (b), 

parameters η and ξ generally decline as the grain size of the specimens with the 

same geometry increases. The stress state of sheet-45° exhibits a similar change with 

the grain size, as displayed in Fig. 4.13(c). For other specimens with the same 

geometry in Fig. 4.13(c) and (d), the normalised third invariant has a nearly constant 

value of 1, and the stress triaxiality fluctuates when the grain size increases.  

 

 



  

79 

According to Fig. 4.13, the interactive effect of the average stress triaxiality and the 

grain size on the fracture strain for each specimen is represented in Fig. 4.14. Fig. 

4.14(b) clearly shows that the fracture strain of pure copper decreases as the stress 

triaxiality increases when the grain size remains constant during micro-scale 

compression and round bar tension deformations. However, the fracture strain 

increases with the stress triaxiality in sheet shear and tension deformations, as shown 

in Fig. 4.14(c). These different results are similar to those obtained by Bao and 

Wierzbicki (2004b). To explain this influence of the stress state on the fracture strain, 

Fig. 4.15 presents the SEM fractographs of different specimens with a constant grain 

size. Figs. 4.15(a) to (c) show that the dimples are larger on the fracture surfaces of 

smooth bar at a low stress triaxiality and small notch at a high stress triaxiality. The 

increased stress triaxiality accelerates the voids’ growth and coalescence, thus 

causing a decrease in the fracture strain. In sheet specimens with a constant grain 

size, as shown in Figs. 4.15(d) to (f), dimple-dominant fracture with a flat-dimple 

necking mechanism occurs at η = 0.48  and ξ = 0.99  for sheet-0°, whilst 

shear-dominant fracture with an inter-void shearing mechanism occurs at η = 0.06 

and ξ = 0.56 for sheet-90°. Mixed shear-dominant and dimple-dominant fracture 

occurs at the transition region for sheet-45°. The change in the fracture mechanism 

from inter-void shearing to necking mechanisms can thus explain the phenomenon in 

which the fracture strain increases with the stress state.  
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Fig. 4.13 Evolution of the stress state at the fracture initiation point of specimens. (a) 

and (b) Cylinder; (c) Sheet metal; and (d) Round bar specimens. 
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Fig. 4.14 Interactive influence of the average stress triaxiality and the grain size on 

fracture. (a) Full view; Specified grain size for (b) compression and round bar 

specimens; and (c) sheet specimens; (d) Specified shape specimens. 
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Fig. 4.15 SEM fractographs of round and sheet specimens with different geometries. 

(a) Small notch; (b) Large notch; (c) Smooth notch; (d) Sheet-0°; (e) Sheet-45°; and 

(f) Sheet-90°. 

 

In addition, Fig. 4.14(d) shows that when the stress triaxiality is less than 0.16 or 

greater than 0.5, the fracture strain increases as the grain size reduces, whilst in this 

study the fracture strain decreases when the stress triaxiality lies between 0.16 and 

0.5, except for the dog-bone sheet specimen. This exception may be a result of the 

constant normalised third invariant of dog-bone specimen, viz., 1, which differs from 
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the values of other sheet specimens with different grain sizes. Furthermore, greater 

fracture strain occurs in the micro-scale cylinder than in the meso-scale cylinder 

when the grain size remains constant, as reported by Ran et al. (2013). 

 

To further examine the influence of the grain size on the stress state, Fig. 4.16 

represents the interactive relationship amongst the grain size, the average normalised 

third invariant and the average stress triaxiality. In Fig. 4.16(a), the stress triaxiality 

for each case and parameter ξ  for the compression, sheet-45° and sheet-0° 

specimens decline as the grain size enlarges. The stress triaxiality increases with 

parameter ξ when the grain size remains constant in the compression and sheet 

shear and tension experiments, as illustrated in Fig. 4.16(b). 

 

 

Fig. 4.16 Interactive relationship amongst the grain size, the average normalised 

third invariant ξ and the average stress triaxiality. (a) Full view; (b) Specified grain 

size for compression and sheet specimens. 
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The phenomenon in which a larger grain size causes a decline in the stress triaxiality 

can be explained by the fractured morphologies of small notch and dog-bone 

samples with various grain sizes, as presented in Fig. 4.17. Fewer voids, more 

uneven distribution of voids and deeper large dimples in localisation deformation are 

observed, and shear fracture dominates to an increasing degree when the grain size 

increases. It has been reported that dimple-dominant fracture with an inter-void 

necking mechanism and shear-dominant fracture with an inter-void shearing 

mechanism dominate in conditions of high and low stress triaxiality, respectively 

(Barsoum and Faleskog, 2007b). Hence, the increasingly dominant shear fracture 

indicates the lower stress triaxiality of specimens with a constant shape when the 

grain size is larger.  
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Fig. 4.17 SEM fractographs of small notch (Li et al., 2017) and dog-bone specimens 

with various grain sizes (μm). (a) 8.23; (b) 41.78; (c) 79.36; (d) 12.2; (e) 45.07; and 

(f) 110.1. 

 

Generally, stress concentration occurs in the grain boundary and inclusions, which 

hinders the movement of dislocations to facilitate the nucleation of micro-voids. For 

specimens with a larger microstructural grain size and the same geometry, the 

fraction of GB reduces, leading to fewer micro-voids. Xu et al. (2015b) also stated 

that a larger grain size causes a decrease in micro-voids and facilitates the 
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occurrence of void coalescence. In addition to the influence of the grain size on the 

evolution of void, the grain size affects the localisation deformation of the material 

and further facilitates failure. Fig. 4.18 shows SEM fractographs of micro-scale 

cylinders with various grain sizes. It can be seen that oblique shear fractures appear 

on the circumferential surfaces in each case and that the localisation deformation 

grows severer as the grain size enlarges. The greatly inhomogeneous deformation of 

micro-scale cylinder with a larger grain size is caused mainly by the more uneven 

grain distribution with various grain orientations and properties and the increased 

fraction of surface grain with few constraints and easy deformation. These grains can 

rotate and slide along the grain boundary to cause uneven deformation. Therefore, 

the larger the grain size, the severer the localisation shows. 

   

 

Fig. 4.18 SEM fractographs of micro-scale cylinder with various grain sizes (μm). (a) 

24.31; (b) 52.08; (c) 206.57. 

 

 



  

87 

In addition to the interactive influence of the average stress triaxiality and 

microstructural grain size on fracture represented by the fracture strain, Fig. 4.19 

shows the interactive effect of the average normalised third invariant and the grain 

size on fracture for each specimen. The average normalised third invariant almost 

has a constant value of 1 for dog-bone, smooth bar, large notch and small notch 

specimens with various grain sizes. As the grain size remains constant, the 

normalised third invariant causes a decrease in fracture strain during micro-scale 

compression experiments with cylindrical specimens, whilst the fracture strain is 

increased in the sheet shear and tension experiments using specimens of sheet-90°, 

sheet-45°and sheet-0°, as displayed in Figs. 4.19(b) and (c), respectively, similar to 

the influence of stress triaxiality on fracture behaviour. In specimens with a constant 

shape, both the normalised third invariant and the fracture strain decrease as the 

grain size increases in compression experiments for the values of parameter ξ below 

0.56. However, the fracture strain increases, and the normalised third invariant 

shows a slight decrease at values of parameter ξ above 0.56 and below 1, as shown 

in Fig. 4.19(d).  
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Fig. 4.19 Interactive effect of the average normalised third invariant ξ and the grain 

size on fracture: (a) Full view; Specified grain size for (b) compression specimens 

and (c) sheet specimens; (d) Specified shape specimens. 

 

Figs. 4.14 and 4.19 reveal that ductility increases with a larger grain size when the 

normalised third deviatoric stress invariant and the stress triaxiality lie between 0.56 

and 1, and between 0.16 and 0.5, respectively. However, the ductility of the material 

is better with a smaller grain size in other cases. A larger grain size generates fewer 

micro-voids, more uneven grain distribution and severer localisation deformation, 

which accelerates fracture failure. Furthermore, it causes a decrease in the stress 

triaxiality and a decline in the normalised third invariant at a low stress triaxiality 
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below 0.5, which in turn affects the occurrence of fracture. These effects coexist and 

compete to increase ductility with a larger grain size for side-step cylinder, sheet-0° 

and sheet-45°, whilst ductility decreases for other specimens in this study. 

Furthermore, a higher stress state causes greater fracture strain when the sheet shear 

deformation changes to sheet tension deformation mainly due to the change from 

shear-dominant fracture with an inter-void shearing mechanism to dimple-dominant 

fracture with an inter-void necking mechanism. It was concluded that with a 

combination of the influences of stress state and grain size, a larger grain size and a 

higher stress state induce greater fracture strain in sheet specimens with fracture 

modes from shear-dominant to dimple-dominant. However, a smaller grain size and 

a lower stress state increase the fracture strain in other cases. 

 

4.5 Conclusions 

This study conducted tension, shear and compression experiments with micro-scale 

round, sheet and cylindrical samples with various grain sizes and geometries to 

examine the interactive effect of stress state and grain size on fracture behaviour as 

represented by fracture strain in μ-deformation, and corresponding simulations were 

performed with the combined constitutive model. The influences of the grain size 

and the stress state on fracture mechanism, mode and behaviour were analysed via 

observation of SEM fractographs. The following conclusions are drawn: 
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(1) The combined surface layer and grain boundary strengthening constitutive model 

which assumes the material consists of surface grain, grain interior and grain 

boundary, was constructed for various stress states and validated by meso-scale and 

micro-scale compression, shear and tension deformations of pure copper.  

(2) The interactive influence of the stress state and grain size on ductile fracture in 

μ-deformation was established. In specimens with a constant shape, a larger grain 

size causes a decrease in stress triaxiality and a decline in the normalised third 

invariant at the low stress triaxiality (below 0.5). A larger grain size increases the 

fracture strain at the stress triaxiality between 0.16 and 0.5 and the normalised third 

invariant above 0.56 and below 1, whilst it reduces fracture strain in other cases. The 

increase in stress triaxiality deceases the fracture strain for round bar tension and 

cylindrical compression specimens with a constant grain size, whilst the opposite is 

observed for sheet specimens. Furthermore, the effect of the normalised third 

invariant with a value below 1 on the fracture strain is similar to that of stress 

triaxiality.  

(3) The influence of the stress state on fracture mechanism, mode and behaviour in 

micro-scale ductile fracture was explored. When the grain size remains constant, the 

increase in the stress state makes the micro-defects growth and coalescence 

accelerate, which leads to a decrease in fracture strain for round bar tension 

specimens in the dimple-dominant fracture mode and for cylinder compression 

specimens in the shear-dominant fracture mode. However, the increase in the stress 

state causes an increase in fracture strain in the sheet shear and tension experiments. 
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This result can be explained by the transformation of the fracture mechanism caused 

by inter-void shearing at a low stress state to inter-void necking at a high stress state.     

(4) The grain size affects the ductile fracture by influencing void nucleation, 

deformation behaviour and the stress state. Fewer micro-voids occur on the surface 

of the fracture, mainly because the fraction of the grain boundary at which void 

easily nucleates decreases as the grain size increases. The inhomogeneous 

deformation of specimens with a larger grain size is severer, mainly due to the 

increased fraction of the surface grain with few constraints and easy deformation and 

to the more uneven grain distribution with different grain orientations and properties. 

Localised deformation is significantly concentrated, and fracture thus more easily 

occurs. Furthermore, stress triaxiality and the normalised third deviatoric stress 

invariant at a low stress triaxiality decline with a larger grain size, which affects 

failure. These effects coexist and compete. Therefore, in this study the ductility 

increases with the increase in the grain size for side-step cylinder, sheet-0° and 

sheet-45°, whilst it decreases for other specimens with a constant shape. 

(5) Based on the interactive influences of the stress state and the grain size, a larger 

grain size and a higher stress state induce greater fracture strain in sheet specimens 

with fracture modes from shear-dominant to dimple-dominant. However, a smaller 

grain size and a lower stress state increase the fracture strain in other cases. 
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Chapter 5  

The extended GTN-Thomason criterion 
considering shear factor and grain size  

 

5.1 Introduction 

The exploration of the interactive influence of stress state and size effect on 

micro-scale ductile fracture advances the development of DFC in μ-deformation by 

taking the micro-mechanism of fracture into account. To examine the ductile fracture 

criterion under various stress states and grain sizes, five more miniaturised copper 

sheets were designed and annealed. The speckle pattern method of continuous 

tracking was used to obtain the movement locus of each specimen. The combined 

surface layer and grain boundary strengthening model was employed to describe the 

mechanical property of sheet. A modified GTN-Thomason criterion by considering 

shear factor and size effect was built to predict the micro-scale ductile fracture of 

sheets under different stress states and grain sizes. The subroutine VUMAT was 

employed to code the modified criterion into ABAQUS software system. The 

modelled load-stroke responses and deformation profiles of the five sheets with 
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various grain sizes were compared with the experimental results to validate the 

extended criterion. Based on the accurate simulation results, the size effect on void 

evolution was explored and the interactive impact of the microstructural grain size 

and the deformation stress state on ductility was analysed. The developed insights 

and findings thus provide an in-depth understanding of DF in μ-deformation and the 

modified GTN-Thomason criterion facilitates the fracture analysis and prediction via 

the micro-mechanism in μ-deformation. 

 

5.2 Experimental procedures 

5.2.1 Specimen design and experimental process 

To predict the micro-scale ductile fracture under different stress states and grain sizes, 

five miniaturised specimens were designed and manufactured in the rolling direction 

of copper sheets, and then annealed at 475, 600 and 725 °C for 1 h in the 

ultra-high-purity argon atmosphere to obtain fine, medium and coarse grains, 

respectively, as shown in Fig. 5.1. Fig. 5.2 illustrates that the microstructures in 

metallograph are classified into GB, SG and GI, and the area fractions of these three 

parts under different grain sizes are extracted and calculated based on digital image 

processing technology. It is observed from Fig. 5.2(b) that GB and GI are reduced 

with a larger grain size, whilst the opposite occurs for SG. 
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Fig. 5.1 Specimens preparation and heat treatment. (a) Specimens design; (b) Heat 

treatment; and (c) Specimens dimensions. 
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Fig. 5.2 The digital image processing method and results. (a) Classification of 

microstructures into GB, SG and GI; and (b) Area fractions of GB, SG and GI. 

 

The micro-scaled tension and shear deformations were carried out, and the 

undeformed, deformed and fractured specimens were recorded by a digital camera 

during the μ-deformation, as shown in Fig. 5.3. The black speckle patterns on the 

white background of these specimens could be identified and tracked by the speckle 

pattern method of continuous tracking to determine the displacement, which is 

described in detail below.  
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Fig. 5.3 Micro-scaled shear and tension deformations. (a) Sheet_III; (b) Sheet_V; (c) 

Sheet_IV; (d) Sheet_II; and (e) Sheet_I. 

 

5.2.2 The speckle pattern method of continuous tracking  

Zhu et al. (2017) developed an object-oriented tracking model and this model was 

modified as the speckle pattern method of continuous tracking to obtain the 

displacement of miniaturised metal sheets during the forming process. The 

continuous tracking method is different from digital image correlation, in which the 

image surface is divided into many square subsets. Each subset has some black 



  

97 

speckle patterns. A correlation technique is used to analyse how each subset moves 

and deforms during the deformation. The basic principle of digital image correlation 

is to maximise the similarity between target subset in the deformed photo and 

reference subset in the reference photo. Once the maximum similarity is identified, 

the displacement for each reference subset centre is calculated. However, the 

continuous tracking method in this research tracks each black speckle pattern rather 

than each subset. Black speckle patterns on each image taken during the 

μ-deformation are extracted as the red polygons whose central point coordinates can 

be recorded. These polygons are further modelled as objects, as shown in Fig. 5.4. 

Red polygons are not difficult to be identified in all images with a time series, while 

it is a big challenge to determine the polygons of the same object in different images. 

The continuous tracking method can recognise a time series of polygons as the same 

object when different polygons are exclusively and obviously overlapped. Fig. 5.4 

thus illustrates the movement locus of objects for different specimens, and various 

colours represent various objects. 
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Fig. 5.4 The continuous tracking results of different specimens. (a) Sheet_III; (b) 

Sheet_I; (c) Sheet_IV; and (d) Sheet_II. 

 

5.2.3 The flow stress of miniaturised sheet described by the 

combined model 

After tracking processes were completed, the displacements of Sheet_III specimens 

with different grain sizes were obtained. Their load-stroke responses were utilised to 

compute the responses of true stress-strain. The mechanical properties of 

miniaturised sheets were described by the combined surface layer and grain 

boundary strengthening model built by Li et al. (2017) mainly attributed to its 

consideration of the contributions of GB, SG and GI, as formulated in Eq. (3-9). 
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Given a constant true strain, Hall-Petch relationship can be employed to depict the 

relationship of true stress and grain size, as presented in Fig. 5.5(a). K(ε) and 

MτR(ε) are constants when ε is constant. Based on the nonlinear fitting method, 

Fig. 5.5(b) shows the curve drawn by the equation of MτR(ε) = 602.63ε0.57. In this 

study, M is assumed to be 3.06 mainly because M has the values of 2.23 and 3.06 

for face centred cubic crystals (Clausen et al., 1998). m is assumed to be 2 mainly 

due to the minimum value of 2, as reported by Kim et al. (2007) and Lai et al. 

(2008). Hence, the mechanical property of SG is determined as follows: 

 

σsurf(ε) = mτR(ε) = 393.88ε0.57                (5-1) 

   

Fig. 5.2(b) summarises a list of d, fgb, fsurf and fgi. n is adopted as 0.4 (Zhou et 

al., 2008). Given the strain with the value of zero, σy
gb, k and σy

∞(gi) could be 

calculated according to the true stresses of Sheet_III with various d. The remaining 

parameters hgb, ngb, a, hgi
∞  and ngi were finally established by the nonlinear fitting 

of mechanical properties of specimens with various d. The mechanical properties of 

GB and GI are thus developed in Eqs. (5-2) and (5-3), respectively. 

 

σgb(ε) = 58.47 + 0.4p + 1100ε0.7                 (5-2) 

 

σgi(ε) = 47.8 − 26.61d−1 2⁄  + (650 + 40d−1 2⁄ )ε0.62         (5-3) 
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The combined model for miniaturised sheet is formulated in Eq. (5-4), and Fig. 

5.5(c) indicates the comparison between the physical experiments and the fitting 

curves generated by the combined model under different d. The results reveal that 

they have a good agreement. 

 

{
σ(ε) = fsurf393.88ε0.57 + fgb(58.47 + 0.4p + 1100ε0.7)
         + fgi(47.8− 26.61d−1 2⁄  + (650 + 40d−1 2⁄ )ε0.62)
1 = fsurf + fgb + fgi

       (5-4) 

 

 

Fig. 5.5 True stress-strain function. (a) Hall-Petch function; (b) Fitted MτR(ε) 

relationship; and (c) True stress-strain results in fitting and experiment. 
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5.3 Ductile fracture modelling under different stress states 

and size effect 

5.3.1 GTN-Thomason model 

Tvergaard and Needleman (1984) enhanced the Gurson’s model (Gurson, 1977) to 

construct the classic GTN theory containing porous plasticity, as formulated in Eq. 

(5-5). 

 

ϕ = ( σ̅
σ(ε))

2
 + 2q1𝑓

*cosh (
3q2σm
2σ(ε) ) − (1 + q3𝑓

*2) = 0          (5-5) 

 

where the yield surface of porous material is ϕ . σ = 

√1
2 ((σ1 − σ2)2 + (σ1 − σ3)2 + (σ2 − σ3)2) is the equivalent von Mises stress and σm = 

1
3 (σ1 + σ2 + σ3) is the mean stress. σ(ε) is the mechanical property of base material. 

q1 , q2  and q3  are fitting coefficient, generally q3 = q1
2 . 𝑓*  is the effective 

volume fraction of voids, and it can be established in the following: 

 

𝑓*={
 𝑓                                   𝑓<𝑓c

𝑓c+
𝑓u−𝑓c
𝑓f−𝑓c

(𝑓 − 𝑓c)       𝑓≥𝑓c
                   (5-6) 

 

In Eq. (5-6), 𝑓, 𝑓c and 𝑓f are the volume fraction of voids, the critical volume 

fraction of voids when void coalescence is initiated, and the final volume fraction of 

voids when fracture is observed, respectively. 𝑓u =
1
q1

 represents the volume 

fraction of voids when material strength is zero， and  𝑓u−𝑓c
𝑓f−𝑓c

 is an acceleration factor 
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to make the material fractured rapidly. 

 

During plastic deformation, voids grow and new voids occur. The variation of 𝑓 is 

shown in Eq. (5-7). 

 

𝑓̇ = 𝑓ṅucleation + 𝑓ġrowth           (5-7) 

 

where 𝑓ṅucleation and 𝑓ġrowth are the rate of void nucleation, and the rate of void 

growth, respectively. 𝑓ṅucleation  is considered to be dependent on the equivalent 

plastic strain of base material and its function is designated in Eq. (5-8) according to 

Chu and Needleman (1980).  

 

{
𝑓ṅucleation = A�̇�p

A = fN
sN√2π

exp (− 1
2
(𝜀p−𝜀N

sN
)

2
)
                (5-8) 

 

where A and �̇�p are intensity of void nucleation and the rate of equivalent plastic 

strain, respectively. fN is the nucleated void volume fraction, and 𝜀N is the mean 

equivalent plastic strain for the nucleation of voids. sN is the standard deviation of a 

normal distribution. 

 

𝑓ġrowth is expressed in Eq. (5-9) with the consideration of mass conservation. 

 

 𝑓ġrowth = (1− 𝑓)𝜀k̇k
p                          (5-9) 
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where 𝜀k̇k
p  represents the hydrostatic part of the plastic strain rate. 

 

The nucleation and growth of voids are described by the GTN model. The 

coalescence of voids can be depicted by the Thomason’s theory (Thomason, 1985). 

In his theory, the material is composed of regular arrays of cylindrical cells. Each 

cell has the height of 2h and the diameter of 2l, and contains a spherical void with 

the diameter of 2r. Void coalescence begins if the localised deformation occurs in the 

ligament of voids. The Thomason’s theory is denoted in the following: 

 

σzz
σ(ε)  = (1 −  χ2)(0.1 (1

χ − 1)
2
 + 1.2√1

χ)                (5-10) 

 

where σzz is the major principle stress in the representative cell. χ = rl is the void 

size factor (Shang et al., 2017) and it significantly influences the void coalescence. χ 

is further formulated in Eq. (5-11) based on Benzerga et al. (1999) and Besson 

(2009). 

 

𝜒 = (3
2 𝑓λ0( 3

2 δezz))
1/3

         (5-11) 

 

where λ0 is the initial value of  h l⁄ . δ is assumed to be 1 according to Besson 

(2009) and Xu et al. (2015b). ezz represents the major principle strain. 
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5.3.2 The extended GTN-Thomason model considering shear factor 

and size effect  

The nucleation of voids is significantly influenced by size effect. Fig. 5.6 reveals that 

on the fracture surface of Sheet_III, fewer voids exist as d is increased. It can be 

explained by the reduction in GB. Fu and Chan (2011) stated that GB facilitates the 

void nucleation by preventing the dislocation motion. In addition, free surface 

roughening causes the ease occurrence of localisation deformation at the concave 

location to accelerate failure of metal sheet, as reported by Furushima et al. (2014). 

Based on a crystal plasticity method, Zhang et al. (2018) revealed that the influence 

of thickness on surface roughening could be ignored when the proportion of 

thickness and grain size is above 6, while it could not be neglected if this value is 

below 3. They further suggested a proportion of thickness to grain size above 6 to 

simulate normal tensile fracture with void nucleation mainly because pure shear 

fracture without void nucleation is observed in the tension of dog-bone sheet when 

the proportion is below 6. The function of void nucleation rate is thus modified with 

the consideration of size effect, as shown in Eq. (5-12). It is similar to the equation 

re-formulated by Xu et al. (2015b).  

 

{
𝑓ṅucleation = A�̇�p

A = 
(1−d

t)fN
sN√2π

exp (− 1
2
(𝜀p−𝜀N

sN
)

2
)    t

d > 6  
            (5-12) 
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where t is the sheet thickness. In the deformation of miniaturised sheet with a 

constant thickness, the increase in d causes the decrease in A and the further 

decrease in �̇�nucleation. The number of void nucleation is thus fewer. It is interesting to 

find that lower �̇�nucleation delays the increase of void volume fraction to improve the 

ductility of sheet, while the ductility of Sheet_III with the normal tensile fracture 

mode is worse with the larger grain size in this study. 

 

 

Fig. 5.6 Voids on the fracture surface of Sheet_III with different d. (a) Fine grain; (b) 

Medium grain; and (c) Coarse grain. 

 

The growth of voids is also affected by the reduction in mechanical property of sheet 

with a larger d. The combined surface layer and grain boundary strengthening model 

which describes the size effect on mechanical property of materials is thus 

introduced to represent σ(ε). The modified GTN model in this study is designated by 

Eq. (5-13). 
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{
 
 

 
 ϕ = ( σ̅

σ(ε))
2

 + 2q1𝑓
*cosh (

3q2σm
2σ(ε) ) − (1 + q3𝑓

*2) = 0

σ(ε) = fsurfmτR(ε) +  fgb(σy
gb + np + hgbεngb) + fgi(σy

∞(gi) + kd−1 2⁄  + (hgi
∞ + ad−1 2⁄ )εngi )

1 = fsurf + fgb + fgi

(5-13) 

Xu et al. (2015b) reported that the spatial distribution of voids λ0 in the Thomason’s 

theory is obviously increased with the increase of d mainly attributed to the 

decreased amount of voids and the reduced GB, which makes the void size factor χ 

to more quickly reach its critical value 𝜒c and further accelerates the coalescence of 

voids. Fig. 5.7 illustrates the size effect on λ0. The diameter 2l of representative 

cell is assumed as follows (Xu et al., 2015b): 

 

 

{
 
 

 
 2l = 1

C1ρ

ρ = 
exp( 4

sN√2π
(𝜀p−𝜀N))

 1 + exp( 4
sN√2π

(𝜀p−𝜀N))
     

              (5-14) 

 

where C1 is a coefficient. l is dependent on the void nucleation. 

 

 
Fig. 5.7 Influence of d on λ0. (a) Definition of λ0; and (b) Influence of d on void 

coalescence. 
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The height 2h of representative cell was considered to be proportional to d in Xu’s 

model, while in this study a parabolic function between 2h and d was proposed 

mainly because the parabolic function more accurately predicted the load-stroke 

curves of specimens with different d compared to the proportional function. The 

parabolic relationship is represented in Eq. (5-15). 

 

 2h = (B1 +  C2d2)        C2 > 0              (5-15) 

 

In Eq. (5-15), B1 and C2 are coefficients. The extended 𝜒 and λ0 thus can be 

formulated in Eq. (5-16). 

 

{
𝜒 = (3

2𝑓λ0( 3
2 δezz))

1/3

λ0 = 2h
2l  = (Bc +  Ccd

2)ρ        Cc > 0
              (5-16) 

 

where Bc and Cc are constant. Although the increase in d leads to fewer voids to 

enhance the ductility of specimen, it causes the easier coalescence of voids to 

accelerate the failure. It is thus reasonable to explain that the Sheet_III with the 

normal tensile fracture mode fractures earlier with a larger d.  

 

In addition to the influences of void nucleation and growth on 𝑓, Nahshon and 

Hutchinson (2008) embedded the contribution of void shear into the �̇� to broaden 

the reliability of the original GTN theory in different stress states, especially for the 
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shear-dominated deformation. The void shear originates from the rotation and 

distortion of void during plastic deformation. The rate of void shear is designated as 

follows: 

 

𝑓ṡhear = kw𝑓ω
sij�̇�ij

p

σ̅           (5-17) 

 

In Eq. (5-17), kw is a fitting value to represent the magnitude of fracture growth rate 

in shear deformation. sij is the deviatoric stress tensor, and 𝜀i̇j
p is the rate of plastic 

strain tensor. ω is a weight equation related to the normalised third invariant ξ, as 

defined in Eq. (5-18).  

 

{
ω = 1 −  ξ2    0 ≤ ω ≤ 1 

ξ = 27J3

2σ̅3       − 1 ≤ ξ ≤ 1
                (5-18) 

 

where J3 = (σ1 − σm)(σ2 − σm)(σ3 − σm)  refers to the third deviatoric stress 

invariant.  

 

Considering the void nucleation, growth and shear, 𝑓̇ is derived as: 

 

𝑓̇ = 𝑓ṅucleation + 𝑓ġrowth + 𝑓ṡhear                 (5-19) 
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A larger d accelerates the failure occurrence of dog-bone sheet; in contrast, a 

smaller d accelerates the failure occurrence of the combined shear and tension 

specimen, as reported by Li et al. (2018). To characterise the influence of grain size 

on shear-dominated fracture, kw is assumed to be inversely proportional to d, as 

shown in Eq. (5-20). 

 

kw = Bw − Cwd        Cw > 0                                           (5-20) 

 

where Bw and Cw are material constants. The increase in d causes the decrease of 

kw, which reduces �̇�shear and delays the occurrence of shear-dominated fracture. 

Therefore, the extended rate of void shear, which also refers to the shear factor in 

this study, is defined as: 

 

{
𝑓ṡhear = kw𝑓ω

sij�̇�ij
p

σ̅  

kw = Bw − Cwd        Cw > 0
             (5-21) 

 

5.4 Results and discussion 

5.4.1 Parameters calibration in the extended GTN-Thomason model 

The parameters in the combined model, which are used to describe the mechanical 

property of base material in the modified GTN-Thomason model, have been 

determined in Eq. (5-4). The initial value of void volume fraction is set to 

𝑓0 = 0.0001. The standard deviation is generally considered as sN = 0.1 (Achouri et 
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al., 2013; Xu et al., 2015b). The critical value of void size factor, where the 

coalescence of voids happens, is supposed to be 𝜒c = 0.5, as reported by Shang et al. 

(2017). 

 

The experimental load-stroke curve of Sheet_III with fine grains was employed to 

calibrate fN, 𝜀N and 𝑓f − 𝑓c mainly because Sheet_III has the maximum ξ, which 

is much close to 1, and has the minimum contribution of void shear compared to 

other specimens; in contrast, the experimental load-stroke curve of Sheet_I with fine 

grains was used to calibrate kw, which plays a vital role in void shear. In addition, 

Achouri et al. (2013) asserted that the yield surface coefficients q1  and q2 

significantly influence the nucleation parameters. These two parameters were thus 

determined based on the shear-dominated experiment of Sheet_I with fine grains, as 

well. The remaining four parameters are related to microstructural grain size. The 

parameters Bc and Cc, which reflect the size effect on void coalescence, were 

identified by the experimental results of Sheet-III specimens with different d. 

However, the parameters Bw and Cw, which characterise the size effect on void 

shear, were established by the experimental results of Sheet-I specimens with 

different d.  

 

Fig. 5.8 gives the calibration results. It is found that the modified fracture criterion 

can correctly describe the worse ductility of Sheet_III and the better ductility of 

Sheet_I when d is larger. The phenomenon that more forces are simulated during 
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the deformation of specimens with fine grains mainly results from the larger flow 

strength fitted by the combined model. Table 5.1 summarises the calibrated 

parameters of the modified fracture criterion. 

 

Fig. 5.8 Calibration of parameters related to d. (a) Bc and Cc; and (b) Bw and Cw. 
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Table 5.1 Determined parameters of the modified fracture criterion. 

Parameters q1 q2 q3 fN 𝜀N 𝑓f − 𝑓c Bc Cc Bw Cw 

Values 0.8 0.85 0.64 0.06 0.23 0.3 2.85 0.0012 1.2 0.018 

 

5.4.2 Validation 

User subroutine VUMAT is an effective tool to embed the developed fracture 

criterion to Abaqus/Explicit for simulation. Upon the determination of the 

parameters, five sheet specimens with different d under different stress states were 

utilised to validate the modified criterion. Each FE simulation was compared with 

the physical experiment. Figs. 5.9-5.11 reveal the predicted and experimental 

deformations of different miniaturised specimens with fine, medium and coarse 

grains, respectively. All simulations coincide with the experimental results. 

Particularly, the perfect simulations are done for the cases of Sheet_I, Sheet_II, 

Sheet_IV and Sheet_V specimens with medium-sized and coarse grains, which 

reproduce the complete physical deformations. 

 

Based on the simulations, Fig. 5.9 reveals that fracture initiates at the edge of Sheet-I 

and Sheet-II specimens, while it initiates at the centre of Sheet_III and Sheet_V 

specimens. The morphology of fracture initiation of Sheet_I in experiment is very 

similar to that in simulation, as shown in Fig. 5.10(a). The location of crack 

occurrence of Sheet_IV in experiment is also almost the same as that in simulation, 

as presented in Fig. 5.10(c). Furthermore, the experimental profiles of Sheet_I, 
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Sheet_II, Sheet_IV and Sheet_V specimens are close to those predicted by 

simulation after the complete failure, as illustrated in Fig. 5.11. All these results thus 

validated the developed fracture criterion under different stress states and grain sizes. 

 

 

Fig. 5.9 The predicted and experimental deformations of the miniaturised specimens 

with fine grains. (a) Sheet_I; (b) Sheet_II; (c) Sheet_III; and (d) Sheet_V. 
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Fig. 5.10 The predicted and experimental deformations of the miniaturised 

specimens with medium grains. (a) Sheet_I; (b) Sheet_II; (c) Sheet_IV; and (d) 

Sheet_V. 
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Fig. 5.11 The predicted and experimental deformations of the miniaturised 

specimens with coarse grains. (a) Sheet_I; (b) Sheet_II; (c) Sheet_IV; and (d) 

Sheet_V. 

 

5.4.3 Analysis of the predicted fracture strain under different stress 

states and grain sizes 

The fracture strain predicted by the developed GTN-Thomason fracture criterion was 

further analysed under different stress state parameters ξ and η, and grain size d, in 

accordance with the accurate simulations in the μ-deformation processes of five 
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sheets with different d. The fracture strain is regarded as the maximum equivalent 

plastic strain of the critical element that is firstly deleted during the simulated 

deformation. 

 

Figs. 5.12-5.13 show the changes of η and ξ at the critical element of different 

geometrical sheets with different d, respectively. In Figs. 5.12(a) and 5.13(a), the 

changes of η and ξ at the critical element of Sheet_I with coarse grains are not 

considered since it has a different critical element, which occurs at the opposite edge 

of Sheet_I along the shear zone, compared to those with fine and medium grains. It 

is observed that the values of η and ξ for all specimens are changeable, and that 

the stress states are different when d has different values. The average η and ξ are 

thus used in this research to have a better understanding of the interaction of grain 

size, stress state and fracture strain. Their equations are formulated in Eqs. (4-9) and 

(4-10), respectively. The parameters ξavg and ηavg can also be described as the 

normalised third invariant ξ and stress triaxilaity η in the following analysis of this 

chapter.  
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Fig. 5.12 Parameter η evolution at the critical element of four specimens with 

different d. (a) Sheet_I; (b) Sheet_III; (c) Sheet_II; and (d) Sheet_V. 
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Fig. 5.13 Parameter ξ evolution at the critical element of four specimens with 

different d. (a) Sheet_I; (b) Sheet_V; (c) Sheet_IV; and (d) Sheet_II. 

 

Based on Fig. 5.12, Fig. 5.14 represents the interaction of the mean η, d and 

fracture strain of different sheets. According to Fig. 5.13, Fig. 5.15 indicates the 

interaction of the mean ξ, d and fracture strain. It is found from Figs. 5.14(a) and 

5.15(a) that the increase of d generally causes the reduction of η and ξ. Sheet_I 

and Sheet_V have a better ductility when d is larger, while Sheet_II and Sheet_III 

specimens have an opposite result. Additionally, the fracture strain of Sheet_IV 



  

119 

specimen is almost the same when d is increased. To explain these phenomena, Fig. 

5.16 illustrates the grain size effect on the void fraction, void shear fraction and void 

growth fraction during the μ-deformation of various specimens. The void fraction 

consists of the void nucleation fraction, void shear fraction and void growth fraction. 

The void nucleation fraction is always decreased with the increase of d in order to 

characterise the fact that fewer voids are observed as d is increased. The void 

fraction is thus smaller with a larger d before the void coalescence is initiated. 

Sheet_III and Sheet_II specimens have a greater ξ value, and hence have the almost 

neglected void shear effect and the void shear fraction with being almost zero, as 

shown in Figs. 5.16(a) and 5.16(b). When d is increased, the void coalescence is 

easier to occur and the rate of void growth after the start of void coalescence is faster 

in Fig. 5.16(c), leading to a quicker failure. Sheet_III and Sheet_II specimens thus 

have a smaller fracture strain with a larger d. Sheet_V and Sheet_I specimens, 

however, have a relatively lower ξ value, and hence have an obvious void shear 

effect and the unneglected void shear fraction, as indicated in Figs. 5.16(e) and 

5.16(f). When d is decreased, although the void coalescence is more difficult to start, 

the rate of void shear and the rate of void growth after the initiation of void 

coalescence are faster, as shown in Fig. 5.16(d), accelerating the fracture occurrence. 

Sheet_I and Sheet_V specimens thus have a smaller fracture strain with a smaller d. 

The slight void shear effect caused by the slightly low ξ value in Sheet_IV and 

grain size effect make the fracture strain almost similar under different d. 
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Figs. 5.14(b) and 5.15(b) present the influences of η and ξ on fracture strain with 

different d, respectively. In Fig. 5.14(b), a higher η causes a larger fracture strain 

for Sheet_I and Sheet_III, while it causes a smaller fracture strain for Sheet_III, 

Sheet_IV and Sheet_V when these specimens have the same grain size. Sheet_III 

and Sheet_V specimens with coarse grains are utilised to explain the effect of 

parameter η on fracture strain mainly because their void shear fraction is almost 

zero. In Fig. 5.14(c), the higher η in Sheet_V specimen accelerates the void growth 

and makes the failure easier. For a given d, Sheet_I specimen has a lower ξ 

compared to Sheet_III specimen, as shown in Fig. 5.15(b). The lower ξ causes an 

obvious void shear effect and accelerates the void growth in such a way to enhance 

the crack formation, inducing the reduction of ductility, as illustrated in Fig. 5.15(c). 

Hence, the fracture strain of Sheet_I specimen is smaller than that of Sheet_III 

specimen. Combining Figs. 5.14(b) and 5.15(b), both of a higher η and a lower ξ 

make the worse ductility for Sheet_III, Sheet_IV and Sheet_V specimens when the 

grain size keeps constant. 

 

These results reflect that d, ξ and η significantly affect the DF in μ-deformation 

and cannot be ignored. More importantly, these significant parameters are embedded 

into the developed fracture model and it shows a good accuracy in prediction of the 

μ-deformation under different stress states and grain sizes. 
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Fig. 5.14 The interaction of the average η, d and fracture strain of different sheet 

specimens. (a) Grain size effect on the average η and fracture strain; (b) The 

influence of average η on fracture strain; and (c) Stress triaxiality and the variables 

related to void evolution for Sheet_III and Sheet_V specimens with the coarse 

grains. 
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Fig. 5.15 The interaction of the average ξ, d and fracture strain of different sheet 

specimens. (a) Grain size effect on the average ξ and fracture strain; (b) The 

influence of average ξ on fracture strain; and (c) The normalised third invariant and 

the variables related to void evolution for Sheet_I and Sheet_III specimens with the 

fine grains. 
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Fig. 5.16 Influence of grain size on the variables related to void evolution for 

different specimens. (a) Sheet_III; (b) Sheet_II; (c) The local amplification of the 

void growth fraction for Sheet_III; (d) The local amplification of the void growth 

and shear fractions for Sheet_I; (e) Sheet_V; and (f) Sheet_I specimens. 
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5.5 Conclusions 

This chapter investigated the ductile fracture of miniaturised sheets under different 

stress states and grain sizes, and explored their effects on void evolution. A newly 

extended GTN-Thomason criterion was proposed by considering shear factor and 

size effect and validated via corroboration of the simulated results based on the 

modified criterion and experiments. The following conclusions are thus drawn: 

(1) Grain size affects void nucleation, growth, coalescence and shear. A larger grain 

size results in a lower material flow strength and fewer voids on the fracture surface. 

Coarser grains accelerate the initiation of void coalescence and slow the rate of void 

shear.   

(2) The newly extended GTN-Thomason criterion considering shear factor and size 

effect is validated by comparing the experimental results and the predictions of 

load-stroke responses, crack occurrence locations and deformation profiles of the 

miniaturised metal sheets under different stress states and grain sizes. The predicted 

deformations have a good agreement with the experiments.   

(3) Fracture strain is affected by the normalised third invariant and stress triaxiality. 

The lower normalised invariant accelerates void shear and growth, and thus causes a 

smaller fracture strain. The higher stress triaxiality facilitates void growth and thus 

results in a rapid fracture. For a given grain size, the combined influences of high 

stress triaxiality and low normalised invariant make the sheet workpiece with a 

smaller notch radius fracture more easily.  
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(4) Fracture strain is affected by grain size. In the deformation with the ignored void 

shear effect due to a relatively high normalised third invariant, coarser grains 

decrease the rate of void nucleation, while coarser grains can more easily initiate 

void coalescence and increase void growth after the initiation of void coalescence in 

such a way to accelerate failure occurrence. Fracture strain is thus smaller with 

coarser grains. In the deformation with the unignored void shear effect due to a 

relatively low normalised third invariant, finer grains make the onset of void 

coalescence more difficult, while finer grains lead to the faster rates of void 

nucleation, shear and growth after the start of void coalescence in such a way to 

make the rapid fracture. Fracture strain is thus decreased with finer grains.  

(5) Grain size, the normalised third invariant and stress triaxiality significantly 

influence the ductile fracture in micro-scaled deformation and cannot be ignored in 

prediction of failure in the deformation-based µ-manufacturing process.  
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Chapter 6  

Conclusions and future work 

 

6.1 Conclusions 

A combined surface layer and grain boundary strengthening model by considering 

the compositions of surface grain, grain boundary and grain interior in the materials 

and their contributions to the flow strength or stress of materials in µ-deformation 

was proposed in this dissertation. The proposed constitutive model was validated by 

meso-scale and micro-scale compression, shear and tension deformations of pure 

copper and can thus be employed to analyse the deformation and ductile fracture more 

accurately in µ-deformation process. 

 

In light of the proposed combined model, the interactive influences of the normalised 

third invariant, stress triaxiality and microstructural grain size on the fracture 

behaviour in µ-deformation were identified and established. Their influences on the 

fracture mechanism, mode and behaviour were further explored. The following 

conclusions are drawn: 
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(1) The influence of stress state on fracture mechanism, mode and behaviour in 

micro-scale ductile fracture was explored. For the materials with a fixed grain size, the 

increase of stress state makes the growth and coalescence of micro-defects accelerate, 

which causes a reduction in fracture strain for the round bar tension specimens in the 

dimple-dominant fracture mode and for the cylinder compression specimens in the 

shear-dominant fracture mode. However, the increase of stress state leads to an 

increase in fracture strain in the sheet shear and tension experiments. This result can be 

explained by the transformation of fracture mechanism caused by inter-void shearing 

at a low stress state to inter-void necking at a high stress state.  

(2) The grain size affects the ductile fracture by influencing void nucleation, 

deformation behaviour and the stress state. Fewer micro-voids occur on the surface of 

the fracture, mainly because the fraction of the grain boundary at which voids easily 

nucleate is decreased with the increase of grain size. The inhomogeneous deformation 

of specimens with a larger grain size is severer, mainly attributed to the enhanced 

fraction of the surface grain with few constraints and easy deformation and to the more 

uneven grain distribution with different grain orientations and properties. Localised 

deformation is significantly concentrated, and fracture thus more easily occurs. 

Furthermore, stress triaxiality and the normalised third deviatoric stress invariant at a 

low stress triaxiality are reduced with a larger grain size, which affects failure. These 

effects coexist and compete with each other.  
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The interactive influence of the deformation stress state and the microstructural grain 

size on micro-scale ductile fracture has been investigated, which could be employed 

for development of the theory of ductile fracture criterion in consideration of the 

micro-mechanism of fracture in µ-deformation. The combined GTN-Thomason 

model by accounting for the size effect and the stress state was built and was 

employed to predict the failure occurrence of micro-sheets in different deformation 

modes. The conclusions are further drawn as follows: 

(3) The new modified GTN-Thomason criterion by accounting for shear factor and 

size effect is validated by comparing the experimental and predicted results of the 

miniaturised sheets under different stress states and grain sizes. The predicted 

deformation processes have a good agreement with the experiments.  

(4) Grain size affects the void nucleation, growth, coalescence and shear. A larger 

grain size causes the lower flow strength of materials and fewer voids in the fracture 

surface. Coarser grains accelerate the initiation of void coalescence and slow the rate 

of void shear. In the deformation with the ignored void shear effect due to a 

relatively high normalized third invariant, coarser grains decrease the rate of void 

nucleation, while coarser grains can more easily initiate void coalescence and 

increase void growth after the initiation of void coalescence in such a way to 

accelerate failure occurrence. Fracture strain is thus smaller with coarser grains. In 

the deformation with the unignored void shear effect due to a relatively low 

normalized third invariant, finer grains make the onset of void coalescence more 

difficult, while finer grains lead to the faster rates of void nucleation, shear and 
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growth after the start of void coalescence in such a way to make the rapid fracture. 

Fracture strain is thus decreased with finer grains.  

(5) The normalised third invariant and stress triaxiality affect the void evolution. The 

lower normalized invariant accelerates void shear and growth, and thus causes a 

smaller fracture strain. The higher stress triaxiality facilitates void growth and thus 

results in a rapid fracture. For a given grain size, the combined influences of high 

stress triaxiality and low normalised invariant make the sheet workpiece with a 

smaller notch radius fracture more easily.  

 

Grain size, the normalised third invariant and stress triaxiality significantly influence 

the ductile fracture in µ-deformation and cannot be ignored in the prediction of 

failure in the deformation-based μ-manufacturing process. 
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6.2 Future work 

6.2.1 Exploration on ductile fracture criterion in μ-deformation 

considering plastic anisotropy  

Meng et al. (2018) examined the interaction of plastic anisotropy and size effect on 

the ductile fracture of stainless steel foil. The thin foils with various thicknesses and 

grain sizes are employed. And the proportion of thickness to grain size, which also 

refers to the grain number along the thickness direction, ranges from 0.3 to 12.58. 

Meng et al. (2018) reported that when the grain number along thickness direction is 

below a critical value, such as 4 for the stainless steel material, it has a significant 

influence on r-value, which is defined as the proportion of width strain to thickness 

strain, as shown in Fig. 6.1. In this case, the property of material cannot be 

considered as homogeneous and should be viewed as anisotropy in macroscopic 

scale. The DF of miniaturised specimens with the grain number along the thickness 

or diameter direction below the critical value thus will be explored and the DFC in 

considering of plastic anisotropy should also be investigated.  
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Fig. 6.1 The variation of r-value (Meng et al., 2018). (a) The relationship of the 

number of grains across the thickness direction and r-value; and (b) The 

determination of the critical number of grains. 

 

6.2.2 Research on the simulation of μ-deformation considering 

crystal plasticity theory 

When the plastic anisotropy of materials is apparent, the crystal plastic theory is a 

better method to model the material heterogeneity. Zhang et al. (2018) generated the 

fine, medium and coarse grain sizes of metal sheets by using the dynamic 

Monte-Carlo method in ABAQUS software to study the grain-level heterogeneity 

based on the crystal plasticity theory, as illustrated in Fig. 6.2. Their model revealed 

that the thickness of sheet has a significant influence on surface roughening when the 

specimen has a ratio of thickness to grain size below three, whilst it has a little 

impact on surface roughening in the case of values above six. With the similar 

crystal plasticity model, the combined surface layer and grain boundary 

strengthening model with the consideration of GB, SG and GI may be employed in 
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the generated grains by Monte-Carlo method to geometrically separate the three 

parts of each sample to clearly simulate their behaviours at grain-level. The 

nanoindentation may also be conducted to measure the hardness of SG, GI and GB 

to investigate the grain heterogeneity in μ-deformation. 

 

 

Fig. 6.2 Grains generated by the kinetic Monte-Carl method (Zhang et al., 2018). 

 

6.2.3 Study of the ductile fracture in μ-deformation considering free 

surface roughening effect 

For metal foils or metal sheets with the grain number along the thickness direction 

below 5, free surface roughening affects the failure, as reported by Furushima et al. 

(2014). During the plastic deformation process, free surface roughening that causes 

an increase in surface roughness can be observed. Local deformation occurs more 

easily at the concave region resulting from greater surface roughness, and fracture 

thus forms at a low fracture strain. In their suggested fracture mechanism, free 

surface roughening makes local necking occur rather than diffuse necking and there 

are no voids nucleation in the fractured surface, as shown in Fig. 6.3. When the 
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miniaturised specimen has one or several grains across the thickness or diameter 

directions, the fracture mechanism may not be the void nucleation, growth and 

coalescence, and free surface roughening cannot be neglected. Hence, the DFC of 

the miniaturised specimen with one or several grains by taking free surface 

roughening into account is needed to be explored, as well.  

 

 

Fig. 6.3 Fracture mechanism influenced by free surface roughening (Furushima et al., 

2014). 
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