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Abstract

The finite-difference time-domain (FDTD) method is an intuitive and powerful
analysis technique to solve electromagnetic (EM) problems in the time domain.
The FDTD method has the advantages of broadband field simulation, less memory
space, easy implementation of parallel computing and others. Because of the
weakness in simulating a large working volume with elaborate structures, several
thin-wire model techniques were developed. However, these techniques cannot
model lossy wires with cross sections with circular or non-circular shapes. The
inclined thin-wire structures cannot be simulated with acceptable accuracy as well.
They have limited values in the application of lightning surge analysis in practical
wire structures, such as long power/signal line and cables, structural steel and
others in power systems and building structures. In this thesis, three types of
extended thin-wire models will be proposed to represent lossy wire structures for
lightning surge analysis. These proposed models are then applied to investigate

lightning transients in a building, a meteorological tower and a light rail system.

The first extended thin-wire model is used to simulate lightning surge or wave
propagation on lossy round wire structures. The wire structures are represented
with time-domain cascade circuits and are integrated into a traditional thin-wire
model in the FDTD simulation. The wire structures include solid round conductors,
cylindrical tubes and coaxial cables, and the skin effect is fully considered. In the

coaxial structure, the currents in both inner and outer conductors are not



necessarily balanced. The proposed model has been validated analytically and
numerically, and good agreements have been observed. It has been applied to
analyze lightning current sharing in a lossy RF coaxial cable. Compared with the
traditional FDTD method, this extended thin-wire model requests less memory

space and computation time in the simulation.

Lossy thin-wire structures with arbitrary inclination are quite common in the
industry, which are difficult to address using traditional FDTD methods. An
extended thin-wire model is then proposed. The frequency-dependent losses of the
conductors are fully taken into account, and a vector fitting technique is applied to
deal with frequency-dependent parameters in the time-domain analysis. The
bidirectional coupling within the lossy coaxial conductors is modelled. The
currents in inner and outer conductors are not necessarily balanced. Three cases
are presented to investigate wave propagation velocity, wave attenuation, and
current distribution. They are compared with analytical results and numerical
results. It is found that the proposed thin-wire models can depict the transient
behaviors in the lossy inclined conductors with the velocity error of less than 1%,

and the attenuation error of less than 1.5%

To mimic lossy wire structures with non-circular cross sections for transient
analysis, another thin-wire model is developed. Unique correction factors of field
quantities and the surface electric field of wire structures are introduced in the

model. The stability problem is investigated. A method, called high-frequency



filtering method, is proposed to stabilize the computation stability. These
parameters are both frequency-dependent and position-variant. They are evaluated
in an initialization process and are applied in the updating process using an
iterative convolution technique. The proposed method is validated with the
transmission line theory analytically and the traditional FDTD method numerically.
Six types of wire structures are tested, including rectangular, H-shape, cross-
shaped, T-shape, L-shape and U-shape structures. Good agreements are observed.
It is found that the computation time is reduced to 1% of that with the conventional
FDTD method, and the computer memory to 30% in the tested case. General
guidelines on wire zone meshing are provided as well. Finally, this method is
applied to analyze lightning surges in a light rail system under a direct lightning

stroke.

Lightning surges induced in buildings are investigated with an FDTD method.
When down conductors are used in a building to discharge lightning current,
induced surges are observed in adjacent distribution circuits due to electric and
magnetic coupling. They are different from those obtained using quasi-static
models. The peak value of surge voltage in an open circuit is proportional to a
logarithmic function of conductor spacing. The induced current in a short circuit
can be directly determined using a closed-form formula. It is found that connected
capacitors can reduce the induced surge voltages but may not be effective. SPDs
are then recommended installing at two far ends of a distribution circuit. They are



not required to dissipate substantial lightning surge energy observed in the down
conductor. It is found that the surge currents in SPDs can be estimated using the

closed-form formula as well.

The proposed extended thin-wire models are applied for the simulations of a
meteorological tower and a light rail system. For transient analysis, the
meteorological tower, lightning current distribution, ground potential rise and step
voltage are analyzed. It is found that the majority of the lightning current is
discharged via the outermost steel cables and are dissipated to the earth by the
horizontal grounding bars. Both the step voltage and ground potential are
measured as well in three different grounding configurations. The safety of step
voltage in the vicinity of the tower is also addressed. In the DC light rail, the diode
boxes provided between rail tracks and fault current return wires are arranged to
limit stray current. They are susceptible to damage during lightning strikes. The
surge voltages on diode boxes are analyzed and simulated by the FDTD method
under different conditions. The frequency dependent loss of wire conductors and
lossy rail tracks are considered. It is found that rising front of return strokes,
lightning channel locations and soil conductivity nearby affect the surge voltage

significantly.
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1 Introduction

1.1 Background

The FDTD method, proposed by Yee [1] in 1966, is an intuitive and powerful
analyzing tool to investigate electromagnetic problems. After 1990, with the
unpredictable development of computer science technology, the FDTD method has
been developed as one of the mainstream simulation techniques for solving
theoretical and practical EM problems. This numerical method was first applied in
isotropic media with simple geometric structures. Then the applications were
extended to electromagnetic wave interactions [2], bio-electromagnetic models [3,
4], electromagnetic pulse problems [5], waveguide models [6-8], the printed circuit
board with lumped electric elements [9-12] and the lightning protection analysis

[13-17].

Since the FDTD method solves Maxwell’s equations in the time domain,
wideband problems with non-linear material structures can be calculated naturally.
This algorithm meshes the whole problem volume into hexahedral cells with an
orthogonal structure. The electric field component, E, and the magnetic component,
H, are located at the centers of faces and edges of the hexahedral cells. The time-
domain Maxwell’s equations in differential form constructed in each cell are
solved by centered differential method. During the updating process, E and H field
components always have a half time-step discrepancy in the time domain and

update in a leapfrog manner. The electric field components, E, update first at a

1



certain time-step, and the magnetic field components, H, will update at next half
time-step. This updating cycle will be repeated until a condition set initially is

satisfied. Then, a second-order result can be obtained.

In the FDTD method, the choice of the cell size, As, and the time step, At, plays
an important role in stable simulation [2]. As is determined by both the object
shapes and the expected wavelength. The maximum time step, At, is determined
by the cell size of the smallest cells in the working volume. It should satisfy the
so-called Courant-Friedrichs-Lewy (CFL) condition [18]. Except for the time step
and the cell size, several factors can also affect the simulation stability and
accuracy, such as the absorbing boundary condition, sub-cell setting and non-

uniform mesh.

The lumped circuit elements frequently used in practical electromagnetic
problems are involved in the FDTD computation. Usually, these elements, such as
voltage source, current source, resistor, inductance, capacitor, are implemented by
incorporating the Ohm’s law, circuit element nature and the extended Maxwell

equations [19] onto specific E vectors.

In a working volume constructed in a Cartesian coordinate system, six planes of
boundaries always need to be defined at the initial state of the simulation process.
Except for the perfect electrical conductor (PEC) boundary, the perfect magnetic
conductor (PMC) boundary, the absorbing boundary condition (ABC) is always

needed to absorb unwanted reflection EM waves, so as to simulate an infinitely

2



large space. In 1981, Gerrit Mur [20] presented the Mur absorbing boundary,
which is quite comprehensible. LIAO absorbing boundary [21] was proposed in
1984 and gained an extensive use for its easy-implement and good absorbing
performance. In 1994, Berenger [22] first described the perfectly matched layer
(PML) absorbing boundary. Although PML boundary requires comparatively large
memory space, it can absorb nearly all the reflected waves and satisfy most of the
simulation requirements. A better absorbing layer called the convolutional
perfectly matched layer (CPML) [23] was proposed in 2000, which can fully
absorb the unwanted waves theoretically to mimic an infinite large conductor and
media. In this project, the PML boundary condition is adopted for its suitable

features.

Theoretically, the FDTD method can solve any electromagnetic problems and
physical phenomena with acceptable accuracy if the mesh is fine enough. However,
it will cost a huge memory resource and long calculation time, especially for the
models contain tips and gaps. To cope with this, two types of the non-uniform grid
were proposed with a 2nd-order accuracy: the universal grading scheme and the
sub-gridding scheme, so that the grids can be made denser at key regions, and be
sparse at regions where the field changes smoothly. The sub-gridding scheme[24],
using the interpolation technique, embeds fine grids into coarse grid region. During
each coarse grid updating cycle, the field values in finer grids are updated

corresponding times. The universal grading scheme [25-27] sets the changing ratio



of non-uniform cell sizes appropriately, and then revising the field updating

equation of the mesh-changing boundary to obtain the 2nd-order accuracy.

1.2 Challenges

One of the biggest challenges of the FDTD application is the simulation of
subtle-structured models with reasonable accuracies, such as straight wires with a
small radius, thin plates, models with tips and holes. Theoretically, the FDTD
method can model any geometric structures only if the mesh is fine enough, while,
since the whole working volume is as large as hundreds of meters occasionally, an
extra huge computational resource will be required. The non-uniform mesh and
the traditional thin-wire model have been proposed to solve this problem, however,
there still remain several important issues unsolved, such as skin effect, frequency

variant characteristics and ferromagnetic features.

Straight wires with small radius involving EM phenomena and effects are
common in the electric power grid, communication systems, railway systems and
building structures. The lightning protection systems installed in modern buildings,
one of the main applications, are the essential means to prevent facilities and
equipment in buildings from getting damage. The transmission procedure of the
lightning stroke energy from the top of a building to the grounding electrode is
affected by the building structure prominently. The main transformation passage,
the down conductor system, consists of several straight wire conductors with

ferromagnetic and dispersive features. Extra wire structures, such as
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communication coaxial cables, pipelines and reinforcing steel bars in beams
columns, will distort the current waveforms and magnitudes by shunting part of
lightning current and the electromagnetic coupling effect. In order to supply
enough lightning protection, appropriate lightning protection devices need to be
selected and installed in appropriate locations based on the current distribution
characteristics and grounding electrode performance. As a result, analyzing the
current propagation performance in finite conductivity, dispersion, ferromagnetic
material conductor and the energy discharge in practical soil conditions are

valuable and inevitable.

Although other numerical simulation methods may have advantages over small-
sized model, they all exist weaknesses and limitations. The moment of method
(MOM) solves linear partial equations in integral form, and it is hard to implement
for evaluating Green’s functions and the coupling integrals. MOM is suitable in
planer or layer stacked up structures. The partial element equivalent circuit (PEEC)
is also an integral-form simulation method by combining electromagnetic and
circuit theory. Even though the PEEC method can construct the equivalent circuit
with the aid of the SPICE technique, the unintentional coupling effect, especially
in a complex environment with multi-conductors, is hard to confirm. Besides, the
instability problem may occur in the case of involving the time-delay effect. The
finite element method (FEM) is another true 3D analytical method, which is

unnecessary to consider the coupling effect. It meshes the whole working volume



into small tetrahedral cells, then forms a large matrix consisting of parameters of
each cell to get a reasonable result. However, as the size of a simulation target
increasing, the requirement of memory space and calculation time will also
increase as the existence of the matrix. Furthermore, the FEM is mainly suitable

in narrow-band frequency investigation.

Recently thin wire models in the FDTD method have been developed to deal
with long wire structures. Such techniques have been successfully applied to
analyze electromagnetic transients in electric power systems, building wirings and
electrified railway systems, such as grounding systems [28], high voltage
substations [29, 30], overhead lines [14, 31-36], transmission towers [37-39],
vertical conductors [40-42] , wind turbine generator systems [43] , electrical
wirings in buildings [44], electrified railway systems [45] and lines with corona

discharge[36].

The thin wire model is the technique which builds specific FDTD updating
equations in the local cells of a wire by taking into account EM field distribution.
The thin wire model proposed in [46] calculates the current and charge on the wire
with the in-cell inductance technique and represents the wire as a series of
equivalent current sources in the FDTD region. This model has the advantage in
dealing with oblique wires and multi-wire junctions [47]. In [48] special field
updating formulas are presented by taking into account the field distribution

pattern around the wire in the contour path integration. This is a straightforward
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method. However, it may have problems with stability and results may be
inaccurate. The thin wire model in [49-51] is established using the intrinsic radius
which is obtained with a numerical method. In case that the conductor radius is
different from the intrinsic radius, material parameters are adjusted to match the
required radius. This method is stable and easy to be implemented. In [52] the
concept of line averaged quantities and surface averaged quantities are introduced
in deriving the field updating equations. This model possesses the advantages in

dealing with thin wires with arbitrary cross-sections.

The traditional thin wire models mainly mimic solid and lossless thin wire
structures embedded in air or lossy materials. In case of a lossy wire, it is quite
common to insert a lumped DC resistance in the FDTD equations. This certainly
incurs calculation errors if the skin effect is significant. Alternatively, the surface
impedance boundary condition (SIBC) is proposed to simulate the skin effect loss
[53]. An approximate formula is presented for solid round conductors, and a
convolution technique is applied to update E/H field components around the wire.
However, this approach is difficult to be applied in a coaxial structure. Furthermore,
SIBC bears weakness in solving low frequency or broadband EM problems.
Several coaxial cable models have been also proposed to improve the calculation
efficiency in the FDTD simulation. In [54], a coaxial cable model is proposed by
means of the hybrid transmission line theory and the FDTD algorithm. However,

the skin effect cannot be considered in the model, and the currents in its inner and



outer conductors have to be balanced. In [55], the transmission line is represented
by a two-port circuit in the FDTD region. Though this model can deal with the
frequency dependent issue, it is inconvenient to handle field coupling among

cables or conductors, which do not run in parallel.

The thin-wire modeling techniques [46] based on the separated mesh method
construct the thin-wire model in an additional mesh. This mesh is obtained from
the FDTD mesh by the trilinear interpolation and in-cell inductance technique, and
it is relatively independent on the FDTD mesh. As a result, this group of thin-wire
models has the potential to simulate transients in inclined conductors with
desirable performance [47, 56-58]. With these techniques, the insulated wire
model [59] and the coaxial conductor model [60] have been proposed recently.
However, the frequency-dependent characteristic of the inclined conductors was
not taken into account. In addition, the bidirectional coupling between the core and
sheath conductors, as well as eddy current in the sheath conductor was not

considered in the existing model for the inclined conductors [60].

Originally the thin wire models were developed for circular wires [46, 48, 49].
Later they were invoked to model the wires with rectangular cross sections by
modifying either correction factors [52] or E field distribution nearby [61, 62].
Note in these models, the current is uniformly distributed on the wire cross section.
Therefore, the EM eftfects of a physical conductor, such as skin effect, cannot be

modeled appropriately. Recently two extended thin wire models [63, 64] have been
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introduced to take into account the skin effect in circular conductors including
coaxial cables. These models, however, have a limited value in the transient
analysis application in which the line structures with non-circular cross sections

are involved.

1.3 Objectives of this thesis

This thesis aims at developing a series of extended thin wire models in the
FDTD method taking into account frequency dependent loss, arbitrary inclination
and non-circular cross section. These extended thin wire models are constructed
by embedding other numerical methods and the analytical formulas of non-linear
characteristic curves into the classical FDTD mesh. The electromagnetic coupling
is considered in the FDTD domain with the FDTD method. The electromagnetic
propagation within thin wire structures is evaluated by other methods. With these
proposed models, the accuracy of the calculation can be retained. Meanwhile, the
advantages of straightforward and less time consumption can be reserved since the

model is constructed in a coarse FDTD mesh.

The extended thin wire models are then applied to analyze surge behaviors in 1)
a building distribution system; 2) a lightning observation tower and 3) an
electrified railway system. Simulations of building distribution systems are
performed to study the induced surges in the distribution circuits. Different circuit
parameters are considered in the study, and their impact on the induced surges is

revealed. The impact of loads connected to the circuits is investigated as well. For
9



the lightning observation tower, the current distribution within the tower is
analyzed first. The ground potential rise of the tower and step voltage in the
vicinity of the tower then are calculated under different tower configurations. The
FDTD method also analyzes the lightning surges in a light railway system. The
surge voltage on the diode boxes between the fault current return wire and the rails
is evaluated under both direct lightning and indirect lightning. The impact of
various influential factors is discussed, including the lightning striking point,
return stroke current waveform, grounding mesh of structures nearby and soil

conductivity.

The main contributions of this thesis are listed as follows:

1) An extended thin wire model is proposed to simulate lossy wire structures
with considering frequency dependent parameters. Solid wires, hollow tubes
and coaxial cables can be simulated with satisfied accuracy. And the
computation resource requirement and calculation time are effectively

reduced compared with the traditional method.

2) An inclined thin wire model is developed with considering frequency
dependent parameters. With this model, the wire structure can be arranged
along arbitrary directions. The errors of propagation speed and waveform
amplitude are lower than 1% and 3%. Compared with the staircase

approximation, this model has a better performance.
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3)

4)

5)

6)

7)

An extended thin-wire model is proposed to simulate thin wire structures
with non-circular cross sections. Frequency dependent parameters are
considered with reasonable accuracy. Wire structures which are not designed
to carry current in the operation, such as tracks in the railway system and
beams in the building structure, can be analyzed under lightning strokes and

fault conditions.

An advanced sub-cell method is developed to simulate thin wire structures
with complexed effects. With this method, the calculation of EM field inside
the wire structure is separated from the main FDTD calculation. It is easy to
represent the complexed thin wire structures with desired methods without

modifying the normal FDTD updating equations.

Frequency dependent parameters can be considered in the time domain
analysis using the vector fitting technique which can be embedded into the

time domain simulation in a convolutional way.

Both electric field and magnetic vector potential are employed to evaluate
the voltage difference between two points. Without taking into account the
magnetic vector potential in the voltage measurement in the FDTD method,

a considerable error will be observed in the high frequency range.

An FDTD software package is provided on the MATLAB platform. Basic

FDTD elements are available in the package. Three proposed thin wire
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models are implemented. With the help of this software, lightning transients

in practical systems can be simulated and analyzed.

1.4 Brief outlines

Chapter 2 reviews basic FDTD algorithms, including updating equations, stable
conditions, lumped elements and three kinds of absorbing boundary conditions.

Four conventional thin wire model techniques are reviewed as well.

Chapter 3 proposes an extended thin wire model for simulating wave or surge
propagation on a lossy wire structure. A time-domain cascade circuit is developed
to represent the wire structure, and the skin effect is fully considered in the circuit
modelling. This circuit is integrated into a traditional thin-wire model in the FDTD
simulation, and the updating equations are derived for solid round wires, hollow

cylindrical tubes, and coaxial cables with and without conductors being bonded.

Chapter 4 presents a series of inclined thin-wire models considering frequency-
dependent losses for solid conductors, hollow tubes and coaxial conductors with
reasonable accuracy. The Bessel functions and the vector fitting technique are
adopted to incorporate the frequency-dependent parameters of the conductors into
the time-domain auxiliary equations. Transmission line equations of coaxial
conductors are established for wave propagation analysis and linking the wire
structure current and conductor currents together. Boundary conditions for the

coaxial wire structure are provided as well.
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Chapter 5 proposes an FDTD thin wire model with the equivalent circuit and
surface charge simulation methods to simulate lossy thin wire conductors with
arbitrary cross sections, such as rectangular shape, H-shape, cross shape, L-shape,
T-shape, U-shape and others. In this method, frequency-dependent and position-
variant field quantities are evaluated with the surface charge simulation method
and equivalent circuit method in the initialization process. Time-domain field
correction factors are obtained with the vector fitting technique. The frequency-
dependent conductor loss is fully considered by four-separated E field components,
which are also obtained with the vector fitting technique. All the frequency
dependent parameters are embedded in the FDTD calculation in a convolutional

approach. General guidelines on wire zone meshing are provided as well.

Chapter 6, 7 and 8 describes three simulation cases with applying proposed thin
wire models. In Chapter 6, lightning-induced surges in building distribution
circuits were investigated. In chapter 7, a meteorological (lightning) observation
tower was analyzed with the FDTD method. In chapter 8, voltage surges between
rail tracks and FCRW in a light rail system under lightning strokes are analyzed by
the FDTD method.

Finally, chapter 9 concludes the whole thesis and summarizes some meaningful

topics which are worthwhile to be discussed in the future works.
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2 The method of FDTD

2.1 Updating equations

The FDTD method, proposed by Yee [1] in 1966, solves Maxwell’s equations
explicitly in the time domain. In this method, the whole volume is meshed into
hexahedral cells with an orthogonal structure. Both electric and magnetic field
components defined on the hexahedral cells are updated alternately in differential
form. This method is matrix-free and uses much less memory space. It has
excellent broadband characteristics with a range from near-DC through the
microwave to the visible light. Thanks also to its excellent parallelization
characteristics, graphics processing units (GPU) can be conveniently applied to

improve calculation efficiency.

The traditional FDTD method is based on Maxwell’s equations. Within a source

free space, Maxwell’s equations are shown below
o H-p- T _vxE, 2.1.1)
J.Ew%:vxﬁ. 2.1.2)

where E is the electric field component, H is the magnetic field component, € is
the electric permittivity, ¢ is the electric conductivity, p is the magnetic
permeability, om is the equivalent magnetic resistivity. Expanding (2.1.1) and
(2.1.2) into differential form in X/Y/Z directions, Maxwell’s equations can be

rearranged into (2.1.3) and (2.1.4). It is noticed that the differential of H field (E
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field) in the time domain is related to the differential of E field (H field) in the

space domain.

o Hx— O B2 By (2.1.33)

at ay 62 X=mAX, y=(n+1/2)Ay,z=(p+1/2)Az,t=qAt

—GmHY—ﬂ@=@—@ (2.1.3b)

at 82 aX X=(mM+1/2)Ax,y=nAy,z=(p+1/2)Az,t=qAt

oz O OB OEX (2.1.3¢)
at 6X ay x=(m+1/2)AX,y=(n+1/2)Ay,z=pAz,t=qAt

PP L (2.1.4a)
8t ay az x=(m+1/2)Ax,y=nAy,z=pAz,t=(q+1/2) At

O'Ey-l-&‘@_@—@ (2.1.4b)
at 82 aX X=MAX,y=(n+1/2)Ay,z=pAz,t=(q+1/2) At o

oz + B Oy O (2.1.4¢)
8t 6X 6}/ X=mAX,y=nAy,z=(p+1/2)Az,t=(q+1/2) At

In order to represent (2.1.3) and (2.1.4) in simulation space, the whole working
space is discretized into parallel hexahedron grid, which is called Yee grid, Those
six field components, Ex, Ey, Ez, Hx, Hy, Hz are located in each Yee cell. The
electric field components are located at edge centers of cubes along the edge
direction. The magnetic field components are located at face centers of cubes and
perpendicular to the surface. Each E field (H field) components are surrounded by

4 adjacent H field (E field) components, as shown in figure 2.1.

If the electromagnetic field values in every time-step in the time domain and in

each cell size in space domain vary linearly, the updating equations of field
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components can be obtained conveniently by rearranging (2.1.3) (2.1.4). Note, the
central difference method is adopted in time differential items to make sure

calculation accuracy.

E
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Figure 2.1 The Yee grid configuration
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ﬁ(H q+1/2 _qu+1/2 )
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During the updating process, E and H field components always have a half time-
step discrepancy in the time domain. Setting appropriate parameters according to
the simulation models, second-order results can be obtained after updating E and

H several times.

2.2 Stable conditions

The FDTD method is a numerical computing method in both the time domain
and space domain. So that the choice of the cell size, As, and the time step, At,
plays an important role in the calculation. An impropriate setting may affect the

accuracy and stability of the calculation results [2].

As is determined by both the object shapes and the expected wavelength. Inside
and on the surface of the object, especially at corners or tips, enough cells should
be separated to make sure a smooth field change. On the other hand, the cell size
need also smaller than 1/20 of the expected wavelength at least. In some special
cases, such as thin-wire models, the cell size is required to be chosen even smaller

compared with the wavelength.

The maximum time step, At, is determined by sizes of the smallest cells in the
working volume. It should satisfy the following condition, known as the Courant-

Friedrichs-Lewy (CFL) condition [18].
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1
At < . (2.2.1)

C\/1+1+1
(&%) (ay)" (az)

where Ax, Ay, Az are the cell sizes in X, Y, Z directions of the smallest cell. In the
2D domain, the cell size in the Z direction is regarded as infinitely large. So, the

CFL condition reduced to,

At (2.2.2)
C

Except for the time step and the cell size, other factors can also affect the
simulation stability and accuracy issues, such as the absorbing boundary condition,

sub-cell setting and non-uniform meshing.

2.3 Lumped elements

The lumped circuit elements are used frequently in practical electromagnetic
problems. Usually, these elements are implemented by assigning a particular E

vector based on the extended Maxwell equations[19].

The electric current flowing through these circuit elements can be represented

by the impressed current density term, f , in Maxwell’s curl equation,

vXﬁ:g%§+aE+j. (2.3.1)

Impressed current density is used to represent sources or known quantities,
which induces the electric and magnetic fields in the computation domain. The

passive lumped elements can be also incorporated into (2.3.1) by Ohm’s law and
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the nature of themselves [10].

2.3.1 Resistive voltage source

Without loss of generality, a voltage source in the Z direction is taken as an

example. (2.3.1) can be presented as

ot ¢

z

GE, 1(0H, oH
z __[_y_gx_ngz_sz, (23.2)

By differencing (2.3.2), a discrete equation can be derived, similar to the classic

FDTD equations

1 1 1
E n+l E n H I'H»E H n+§ H n+5 H n+2 1
Zi,j,k - Zi,j,k 1 yi,j,k - Yi—l,j,k 1 Xi,j,k - Xi,j—l,k O, n+l n 1 s
=— - ——(Ezi,j,k+EZi,j,k)——Jz .
At &, AX & Ay &, &,

1

z

(2.3.3)

In the cell which is assigned a source, the electric field vector, Ez, and the
impressed potential difference, AV, satisfy,

E,=-VV. (2.3.4)

The voltage source also meets the Ohm’s law,

! :AVR—“’S, (2.3.5)

where I is the impressed voltage source with a predetermined waveform, R is

the source resistance. In (2.3.3), E can be replaced by I in (2.3.5),

12— Axaya! . (2.3.6)
By inserting (2.3.4) (2.3.5) (2.3.6) into (2.3.3), the voltage source updating

equation can be derived
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2.3.2 Hard voltage source

Even though the voltage sources containing internal resistance is common and
have practical meanings, the hard voltage sources do have widespread usage in the

model simulation [65].

Implementing a hard voltage source can be achieved by assigning a voltage

waveform to the electric field vector directly.

E, =-V, (2.3.8)
2.3.3 Current source

The lumped current source has the relationship as

AV
=1 +22 2.3.9
l=1s+ (2.3.9)

S
where [s is the implied current source, Rs is the source resistance. Incorporating

(2.3.1) (2.3.4) (2.3.6) (2.3.9), the current source updating equation can be derived

as below
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2.3.4 Hard current source

The inner resistance of an ideal current source is infinitely large in theory. By
setting the resistance parameter in (2.3.9) and rearranging (2.3.10), the hard current

source updating equation can be deduced as

2¢, — Ato 2At ned ned
Bzt =22 iy Er" 4—— x| Hy 2—Hy 2
M 26 4 Ato, bk (2¢, + Ato, ) Ax [ Yiik y'l”’kj
. ) L1 . (2.3.11)
2At n+> n+> 2At | +/
- x| Hx .2-Hx 2, |-———x §
(2¢, +Ato, ) Ay [ h '*"“] 2¢, +Ato, AxAy

2.3.5 Resistance

By setting the current source, I, to zero in (2.3.9) and modifying (2.3.10)

correspondingly, the resistance updating equation can be derived as

26, ~ Ao, - RA;AZ 24t Lo
X n+= n+=
Ezirj;lk = SAtAzy xEz];, + X(Hyi,j,i - Hyil,zj,kJ
2‘92 +Ato_z + 282 +At0'z + AtAz
RsAxAy R, AXAy
1 nal
_ 24t X[Hxi_jvzk —Hxi_j_zl_kj

2¢, + Ato, + _AtAz_ A
Ry AXAy

(2.3.12)

2.3.6 Capacitor

The current-voltage nature of a capacitor can be described as
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By discretizing the above equation in time, the current-voltage relation can be
revised as

1
n+=
2

AV n+1 _ AV n
At ’

I 2=C

(2.3.14)
By cooperating (2.3.1) (2.3.4) (2.3.6) (2.3.14), the capacitor updating equation

can be obtained as

2¢, - Ato, - iciz oAt ) '
Ez"} = XY Bz + x| Hy, 2 —Hy, 2,
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2¢, + Ato, + AXA 2¢, + Ato, + AX
XAy AXAy (2.3.15)
1
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2CAz ” o
(25Z + Ato, + J Ay
AXAY
2.3.7 Inductance
The current-voltage characteristic of the inductance is known as
Vi (2.3.16)
dt

Similarly, the above equation can be discretized in time using the central

difference method,

AV“:i(IMZ—InZJ. (2.3.17)

By inserting (2.3.4) and (2.3.6) into (2.3.17), the current density item containing

the inductance parameter can be calculated

1 1
J.n+§ _ J_n_E " AtAz n

LAxay -

(2.3.18)

By replacing (2.3.18) into (2.3.1) and arranging it into the classic FDTD

equation form, the inductance updating equation can be derived as
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2¢, —Ato 2At nel nel
T B +—— x| Hy 2-—Hy 2
2, +Ato, "M (2¢, +Ato, ) AX ( Yk — HYiaf

2At nel n+% j 2At nel ’

——————x| Hx, .2 —-Hx. .2, |- xJ;, 2
(2¢, +Ato, ) Ay b ) 2, + Ato,

n+l _
Ez'j\ =

(2.3.19)

1z

2.4 Absorbing boundary conditions

In a working volume constructed in a Cartesian coordinate system, six planes of
boundaries always need to be defined at the initial state of the simulation process.
The boundary can be basically divided into three types: the perfect electrical
conductor (PEC) boundary, the perfect magnetic conductor (PMC) boundary and

the absorbing boundary.

The PEC boundary and the PMC boundary have the practical meaning in real-
life, which reflect all the electric field components or the magnetic field
components respectively. The realization of these two boundaries in the FDTD
method is simple and straightforward. For the PEC boundary, one can only define
the electric field components tangent to the boundary surface to be zero. Likewise,
the PMC boundary can be defined by setting the corresponding magnetic field

components to be zero.

In the majority of simulation cases, infinitely large space is required instead of
a finite space. It requires the reflected electromagnetic field absorbed perfectly to
imitate an open space. So, constructing a desirable absorbing boundary condition
(ABC) is necessary and inevitable. In 1981, Gerrit Mur [20] presented the Mur

absorbing boundary, which is quite comprehensible. LIAO absorbing boundary
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[21] was proposed in 1984 and gained an extensive use for its easy-implement and
good absorbing performance. In 1994, Berenger [22] first described the perfectly
matched layer (PML) absorbing boundary. Even though the PML boundary
requires comparatively large memory, it is adopted in a large number of FDTD
models for its perfect features. Except for free space, some conductors or media in
simulation models should also be extended to infinity. A better absorbing layer,
called the convolutional perfectly matched layer (CPML) [23] was proposed in

2000, which can absorb the total incident wave theoretically.
2.4.1 Mur absorbing boundary conditions

According to Maxwell’s equations, the wave equation of the electric field can

be derived in a source-free region

VZE—C—lz-aat—E:O, 2.4.1)

where c is the velocity of light in the media. In 3D-FDTD structure, E field is a

function of x, vy, z, t, so the wave equation can be rearranged as,

O°E 0*E O°E 1 O°E
—2+—2+—2——2'—2:0 (2.4.2)
o2 oy? ik ot

For the sake of convenience, an operator is introduced here, which is defined as

2 2 2 2
L:%+%+§—Z—%-%z DX2+D§+DZZ—£2-
7 ¢ c

D! (2.4.3)
To analyze the propagation of the electric field in the x direction, the wave
equation can be written as

L.E=L-L"-E=0, (2.4.4)
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where L =D, —% 1-S?%, (2.4.5a)

_p, +_ —s?, (2.4.5b)
CJD2 D?
s;%. (2.4.5¢)

L™ is used to descript E field propagation along the negative xxaxis, and L" is used
to descript E field propagation along the positive xxaxis. Based on the Taylor
expansion,
ﬁ:u%sz o, (2.4.6)
The 1st-order Mur ABC and 2nd-order Mur ABC can be derived. For the 1st-
order Mur absorbing boundary condition accuracy, the Taylor expansion only
considers the first term of the result.
1-S% =1 (2.4.7)

Table 2.1 The equation which the 1st-order Mur ABC needs to be satisfied

Boundary Equations need to satisfy
oE 1 ok
X=0 X c ot
OoE 1 OE
X=MaxX & E E =0
Yo OE 1 0E _
8y c ot
O0E 1 OE
Y= MaxY 5+E'E=O
o EL1E g
oy c ot
OE 1 oE
Z=MaxZ 54-5'5:0

Then the operator, L, is modified from (2.4.5) as

L =D, _% (2.4.82)
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L' =D, +— (2.4.8b)

Each axis in a Cartesian coordinate system has two boundaries perpendicular
with it. Using 0 denotes the negative side boundary, and Max denotes the positive
side boundary. At the x=0 boundary, in order to make sure the E field propagates

along the negative x axis is absorbed, the following equation needs to be satisfied

L~E:(DX—RZ‘)E E_L1E_ (2.4.9)
c oX ¢ ot

Likewise, the other boundaries also need to satisfy corresponding equations.
According to table 2.1, the updating equation in six boundaries can be derived

and arranged in the classic FDTD format. In the X=0 boundary,

C,At — AX EyZ 1:MaxY ~1,:MaxZ
Equljl\-llaxY Savaz = EYimvay1ivac + ﬂ[ > (2.4.10a)
C +AX _Eyl,l:MaxY -11:MaxZ
+ C,At — AX Ezz 1MaxY 1 MaxZ -1
Ez‘fl]_;l\.llaxY 1:MaxZ -1 Ezg,l:MaxY AMaxZ -1 ﬂ[ . (24 IOb)
C +AX _Ezn MaxY ,1:MaxZ —1

On the X=MaxX boundary,

. CoAt — AX EyM;.:)l(X ~1,1:MaxY —1,1:MaxZ
Eyl?/la;L(X LMaxY -LLMaxz Eyr?/lax)( ~1,:MaxY ~1,1:MaxZ ﬂ( q > (24 11 a)
C +AX _EyMaxX ,1:MaxY —1,1:MaxZ
. C At—Ax [ Ezy, Maxx ~1,1:MaxY , :MaxZ -1
Ezr?/laix L:Maxy 1:MaxZ —1 Ezr?llax)( _11Maxy tMaxz—1 T At +A [ : (24 1 lb)
CoAl+AX —Ez} Zptaxx \1:MaxY ,1:MaxZ -1
On the Y=0 boundary,
. C, At — Ay Exmlaxx ~1,21MaxZ
XfMlaxx -11,1:MaxZ EXEMaxX “21Maz T OAt A { q ’ (24 123)
CoAl+Ay _Exl:MaxX -1,1,1:MaxZ

Ez01 — Ez L LAY Ay( o 2 J (2.4.12b)

1:MaxX ,1,1:MaxZ -1 1:MaxX ,2,1:MaxZ -1
C At+Ay 1MaxX 1,1:MaxZ -1

On the Y=MaxY boundary,
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q+1

q
Xj_MaxX —1,MaxY ,1:MaxZ EXl:MaxX —1,MaxY —1,1:MaxZ

Ez4' =Ez?

1:MaxX ,MaxY ,LMaxZ-1 ~—

On the Z=0 boundary,

q+1 q
X1 MaxX —1,1:MaxY ,1 EXj.'MaxX axmaxy,2 T

Eyq+1

q
IMaxX 1:MaxY -1,1 Eyl:MaxX JL:Maxy -1, 2

On the Z=MaxZ boundary,

q+1

q
Xj_MaxX —1,1:MaxY ,MaxZ EXl:MaxX —1,1:MaxY ,MaxZ 1

EyC.Hl

1:MaxX ,MaxY —1,1:MaxZ -1

CoAt + Az

— q
LMaxX ,LMaxY -1,MaxZ — Ey]_'MaxX ,1:MaxY -1, MaxZ 1

C,At — Ay Ex; r;]laxx —1,MaxY ~L,1:Maxz
C, At + AX ’

q
Exi: MaxX —1,MaxY ,1:MaxZ

CoAt— Ay 1Max>( MaxY —1,1:MaxZ -1
C,At+Ay | — '

1 MaxX ,MaxY ,1:MaxZ -1

CA'[ AZ[EXWaxx ~1,1:MaxY ,2 J
- b

Exl: MaxX —1,1:MaxY ,1

C At—Az Ey:LMaxX :MaxY 1,2
C, At + Az '

Eyl: MaxX ,1:MaxY -1,1

C At—Az (ExiMaxX _1,1:MaxY ,Maxz 1]
- b

CoAt +Az

Exl: MaxX —1,1:MaxY ,MaxZ

C At — AZ{EylMaxX 1:MaxY -1, MaxZ 1]

CoAt + Az

Eyl. MaxX ,1:MaxY —1,MaxZ

(2.4.13a)

(2.4.13b)

(2.4.14a)

(2.4.14b)

(2.4.15a)

(2.4.15b)

Normally, the 1st-order Mur ABC cannot meet the absorbing requirement. The

2nd-order Mur ABC with better absorbing performance may be required, though

it is more complex.

For the 2nd-order Mur ABC, two terms of the result of the Taylor expansion are

considered

J1-g? _1+lg2,
2

Then (2.4.5a) and (2.4.5b) can be modified as

L =Dx—2;-(1—382),
c 2

Lt =DX+B-(1—%82).

CZ

(2.4.16)

(2.4.17a)

(2.4.17b)

Similarly, the equations that the electric field components in the six boundaries
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need to be satisfied can also be derived according to (2.4.17a) and (2.4.17b).

Table 2.2 The equations which the 2nd-order Mur ABC needs to be satisfied

Boundary Equations need to satisfy
2 2 2 2

X0 CE_10E o FE )
otox cot® 2\ oy° oz

X—M X _aZE +£82_E E 62_E+02_E =0
—viax atox ¢ ot 2\ oy | oz
2 2 2E ZE

Y=0 _a E_Eg_kg a_2+a_2 =0
otoy cot® 2\ ox° oz
O’E 10°E c(0’E O°E
Y=Max¥Y | 55t car 2\ Tz
2 2 2E 2E

7o0 | TE_10E ofFE FE)
otoz cot® 2 oy
O’E 10°E c(d°E O°E
2=MaxZ aoz cor 20a¢ oy

2.4.2 LIAO absorbing boundary conditions

The LIAO absorbing boundary condition gained widespread use since it was
proposed. This absorbing technic is easy to be implemented and requires less
memory space. For the waves propagate from any angle, the LIAO ABC shows a
remarkable performance. Unlike the Mur ABC which realizes the wave absorption
by modifying electric field components tangential to the boundary surface, the

LIAO ABC calculates the E vector vertical to the boundary.

In the FDTD calculation space, each field component is a two-argument

function, location in axis and time. Taking Ex as an example, the Mu-order error at
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location x and time t can be represented using the backward difference,

AVE, (t,x) = AME, (t,x—acAt) - AME, (t - At,x—2acAt) , (2.4.18)
where c is the velocity of light, At is the time step chosen in FDTD setting, o is the
artificial transmitting coefficient within a range of (0, 2). The Owm-order error is
defined as

A°E, (t,X) = E, (t,Xx—acAt). (2.4.19)

The Mth-order error of Ex can be expressed by recurring (2.4.18) from the Oth-
order to Mth-order as
AYE, (tx-aoat) = ¥ (-1) " CME, [t-(i-1)at x - iacat]. (2.4.20)
where C}Mis a binomial coefficient. Neglecting the higher order error waves, the

Ex at the next time step can be expressed as

N
E, (t+At,x)~ > ATE, (t,x—acAt) =
i=1

> (-1)CE, [t—(i-1)At x—iacat].  (2.4.21)

According to (2.4.21), the LIAO ABC with the 2.4-order accuracy can be

obtained

E, (X,t+At)=2E, (x—Axt)-E, (x—2Ax,t—At). (2.4.22)

Similarly, the 4m-order LIAO ABC is presented as

E, (Xt+At) =4E, (x—Ax,t)-6E, (x—2Axt - At)

2423
+4E, (x—3Ax,t —2At)—4E, (X —4Ax,t —3At) ( )

Though the LIAO ABC has a good absorbing performance with less memory
requirement and easy implementation features, an instability exists in the LIAO

boundary calculation after certain time steps. Wagner and Chew [66] declaimed in
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1995 that the instability problem of the LIAO ABC may be caused by the
theoretical value of the pole of reflection coefficient cannot be located in the unit

circle of the complex plane.

Lei Zhang [67] proposed an easy method for improving LIAO ABC stability
performance. Two different orders of the LIAO boundary are incorporated by a
weighting factor, a, and the expression is shown as

|+l

N
E, (t+At,x)~(1-a)> (-1 E, [t—(i—-1)At,x—iacAt]
= , (2.4.24)
+a2(—1)'*1cME [t—(i-1)At,x—iacAt]
where M and N are two different orders of the boundary. The weighting factor, a,

varies between 0 and 1. Taking the 2nd-order and the 4th-order LIAO ABC as an

example, with a=0.8, the boundary updating equation is represented as

E, (X,t+At)=(4x0.8+2x0.2)E, (x—Ax,t)—(6x0.8+1x0.2)E, (x—2Ax,t — At)

2.4.25
+(4x0.8)E, (x—3Ax,t—2At)—(4x0.8) E, (x—4AX,t —3At) ( )

2.4.3 Perfectly matched layer absorbing boundary conditions

The perfectly matched layer (PML) ABC is a big improvement in the FDTD
absorbing boundary evolution. The outstanding absorbing performance fits in
nearly all occasions, such as non-uniform mesh, dispersive media. The PML ABC
is realized by implementing a special media beside PEC boundaries, which can let
the incident waves penetrate in perfectly without any reflection for all frequency

and attenuate the waves inside the media exponentially.

As for the theory of PML at the vacuum-PML interface, consider the TEz
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polarized plane wave propagating in an arbitrary direction, as shown in figure 2.2,

field components can be expressed in the time-harmonic domain as

- in g.elet-ax-5y)
E, =-E,singe ,

(2.4.26a)
E, = E, cosge’ (2.4.26b)
H, = He/" o (2.4.26¢)

1l
e

Figure 2.2 the TEz polarized plane wave propagating in an arbitrary direction

The Maxwell’s equations for a TEz polarized wave are

g Expop = e (2.4.272)
oy
oH,
& —+0E, =— P (2.4.27b)
oH OE. ©E
o H, =0 Dy 242
,UO 8t +O—m z 8}/ aX ( 7C)

In a TEz PML medium, Hz can be broken into two artificial components
associated with the x and y directions as

_ jolt-ax-py) _ jopy njolt-ax)
H, =H,.e =H,.e'e , (2.4.28a)

_ jolt-ax-py) _ joax n jo(t-py)
sz = szoe =H,.e' e

: (2.4.28b)

where H, = H,, + Hj,,. Therefore, a modified set of Maxwell’s equations (2.4.27)

for a TEz polarized PML medium can be expressed as
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OE _0(H, +H,)

0B, - Warha), (2.4.292)
H
N OE, o E __O0(H,+Hy) ’ (2.4.29b)
oX

oH oE

PR -3 (2.4.29¢)
oH, OE,

Hy Ty + Upmszy = E ? (2429d)

where Gpex, Opey, Opmx, and opmy are the introduced fictitious conductivities. When
Opmx=Opmy—0m, equations (2.4.29) can be merged and yields (2.4.27). When the
electric and magnetic losses are assigned to be zero, the field updating equations
for the PML region become that of a vacuum region. Field components Ey and Hx
together can represent a wave propagating in the x direction, and field components
of Ex and Hy represent a wave propagating in the y direction. Substituting the field
equations for the x and y propagating waves in (2.4.26) (2.4.28) into the modified

Maxwell’s equations (2.4.29), one can obtain

o

&E,sing, — j ;ey Eosing, = B(H,o +H,,) (2.4.30a)
&,E,cosd, — O;’;ex E,cosdy =a(H o +H,,), (2.4.30b)
Mo = 172 H oy = cos . (2.4.30¢)
HoH oo = 172 H o = BE,sing, (2.4.30d)

Using (2.4.30c) (2.4.30d) to eliminate magnetic field terms in equations (2.4.30a)

and (2.4.30b) yields

eouo[l—jﬂ}iwfﬁ acos, , _psing, (2.4.31a)
[1

c c ’
‘9060 _ J pmxj [1_ J pmyj
Ho@w Hy@
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goﬂo[l_ j%jsinqﬁo:a acosgy ,_psing, | (2.4.31b)
& [1_1'0-9"‘*] (1_1'%]

Ho® Ho

The unknown constants a, B can be obtained from (2.4.31) as

o = NHoo (1_ j%]cos%, (2.4.32a)
G wE,

B= ‘“(‘3050 [1_ jﬁjsin%, (2.4.32b)
g,

where G= \/wx cos® ¢, +w, sin’ ¢, ,

e e
oz i)
ws, oL,
w{o-i%2) fi1%).
e, oL,

Therefore, the generalized field component can be expressed as

<

j(u[t xcos%+ysin¢o) Gpexcos%x Opey SiNdhy
e

W= l//oe cG £,CG e £CG y , (2433)
where the first exponential represents the phase of a plane wave and the second

and third exponentials govern the decrease in the magnitude of the wave along the

x axis and y axis, respectively.

Once a and B are determined by (2.4.32), the split magnetic field can be

determined from (2.4.30c) (2.4.30d) as

2
Hao = EOF W00 % (2.4.34a)
Hy G
Hoyo = EOF WA (2.4.34b)
Hy G
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The magnitude of the total magnetic field Hz is then given as

Hy=H,,+H,, = EOFG . (2.4.35)
Ho

The wave impedance in a TEz PML medium can be expressed as

z ZEZFE (2.4.36)
H, & G

If the conductivity parameters are chosen such that

Frer _ Tom (2.4.37a)
&y Ho

Gy _ Tomy (2.4.37b)
& Ho

Then the term G becomes equal to unity as wx and wy becomes equal to unity.
Therefore, the wave impedance of this PML medium becomes the same as that of
the interior free space. In other words, when the constitutive conditions of (2.4.37)
are satisfied, a TEz polarized wave can propagate from free space into the PML

medium without reflection for all frequencies.

—. (o}
Em ¥,\\

Hm'

Figure 2.3 An arbitrary incident wave between two lossy media

The theory of PML at the PML-PML interface is different from the theory of
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PML at the vacuum-PML interface. The reflection coefficient for an arbitrary
incident wave between two lossy media, as shown in figure 2.3, can be expressed

as

. Z,Cc0S¢, —Z,COS¢
P Z,cos¢,+Z,c08¢

(2.4.38)

where Z1 and Z2 are the intrinsic impedances of respective mediums. Applying

(2.4.36), the reflection coefficient r, becomes

. _ G, cosg, —G, cos g,
P G,cos¢, +G,cosg

(2.4.39)

The Snell-Descartes law at the interface normal to x of two lossy media can be

described as

El_i&]“”_@ _ (1_i&JS"‘_¢2. (2.4.40)

&) G &0 ) G,

When the two media have the same conductivities, 1.€. Gpey1=0pey2=Cpey, Opmyl=

Gpmy2= Opmy, (2.4.40) becomes

sing, _sing, (2.4.41)

G G

Moreover, when (Gpex1, Opmx1), (Gpex2, Opmx2), and (Gpex, Opmx) satisfy the matching
condition in equation (2.4.37), G1=G2=1. Then (2.4.41) reduces to
$=9,. (2.4.42)
And equation (2.4.39) reduces to

r=0. (2.4.43)

Therefore, when two PML media satisfy (2.4.37) and lie at an interface normal

to the x axis with the same (Gpex, Gpmx), @ Wave can transmit through this interface
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with no reflections theoretically, at any angle of incidence and any frequency.

However, if the two media have the same (Gpex, Gpmx) but do not satisfy (2.4.37),

then the reflection coefficient becomes

. _sing, cos ¢, —sin ¢, Cos ¢
P sing cosg, +sing, cosg,

(2.4.44)

Substituting (2.4.41) into above equation, the reflection coefficient of two

unmatched PML media becomes

r, = Al oty (2.4.45)

PML
! e

PEC
/Wan
o,=0 FDTD Space
oy BN !
- -
(o o= 0 a,

Figure 2.4 The PML implementation strategy in 2D space

Equation (2.4.45) shows that the reflection coefficient for two unmatched PML
media is highly dependent on frequency, regardless of the incident angle. The

analysis can be applied to two PML media lying at the interface normal to the y

axis as well.

Based on the previous discussion, if a two-dimensional FDTD problem space is
attached with an adequate thickness of PML media, the outgoing waves will be

absorbed without any undesired numerical reflections. The PML regions must be
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assigned appropriate conductivity values satisfying the matching condition
(2.4.37); the positive and negative x boundaries of the PML regions have nonzero
opex and Gpmx, Whereas the positive and negative y boundaries of the PML regions
have nonzero 6pey and copmy values. The coexistence of nonzero values of Gpex, Gpmx,

Opey and Gpmy 1s required at the four corner PML overlapping regions.

For a three-dimensional problem space, each field component of the electric and
magnetic fields is broken into two field components similar to the two-dimensional

case. These modified split electric field equations presented as below

oE O(H, +H,
807xy+o-peyExy Z%, (2.4.463)
Xz a( HVX + HVZ )
& +0,,E, pe , (2.4.46b)
E o(H H
6 r o B - O(Ha+Hy) (2.4.46¢)
X
a(H,, +H
ot o, E, ( a Z+ <) (2.4.46d)
A(H,, +H
PR oMy +Hy) (2.4.46¢)
ot OX
3E, 0(Hy+H,)
&y 7+O-peyEzy :_T . (2446f)
Likewise, the modified Maxwell’s split magnetic field equations are
oH O|E, +E,
Ho atxy"'o-pmyHXy:_ ( oy y)’ (2.4.472)
g Me ooy :a(ny+Eyz) (2.4.47b)
N oz o
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Ho 6;” + O H = W (2.4.47¢)
Ho a;” + O Hy, = —W, (2.4.47d)
Ho 2+ O Hy a(EVX&: Ex) : (2.4.47¢)
Ho %MWHZV = W : (2.4.47f)

Then the matching condition for a three-dimensional PML is given by

Foox _ Tome (2.4.48a)
o Hy

Foy _ Tomy (2.4.48a)
o Hy

Foer _ Tpmz (2.4.482)
o Hy

The PML regions must be assigned appropriate conductivity values satisfying
the matching condition (2.4.48); the positive and negative x boundaries of PML
regions have nonzero Gpex and Gpmx, the positive and negative y boundaries of PML
regions have nonzero 6pey and opmy, the positive and negative z boundaries of PML
regions have nonzero ope; and 6pmz. The coexistence of nonzero values of Gpex, Gpmx,

Gpey, Opmy, Opez and Opmz 1s required at the PML overlapping regions.

The outer boundaries of the PML regions are terminated by PEC walls. When a
finite-thickness PML medium backed by a PEC wall is adopted, an incident plane

wave may not be totally attenuated within the PML region, and small reflections
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to the interior domain from the PEC back wall may occur. For a finite-width PML
medium where the conductivity distribution is uniform, there is an apparent

reflection coefficient, which is expressed as

720cos¢0

R(g)=e = . (2.4.49)

where o is the conductivity of the medium, J is the thickness of the PML medium.
The factor 2 in the exponent is due to the travel distance, which is twice the
distance between the vacuum-PML interface and the PEC backing. Here the
exponential term is the attenuation factor of the field magnitude of the plane wave
as shown in equation (2.4.33). Form (2.4.49), the effectiveness of a finite-width

PML is dependent on the losses within the PML medium.

Significant reflections were observed when constant uniform losses are assigned
throughout the PML media, which is a result of the discrete approximation of fields
and material parameters at the domain-PML interfaces and sharp variation of
conductivity profiles. This mismatch problem can be tempered using a spatially
gradually increasing conductivity distribution, which is zero at the domain-PML
interface and tends to be a maximum conductivity omax at the end of the PML
region. There are two major types of mathematical functions are proposed as the
conductivity distributions or loss profiles: power and geometrically increasing

functions.

1) The power increasing function

(P)= O [ﬁjnw : (2.4.50)
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o (Mo +1)2‘9A°;\'|”(R(0)) . (2.4.51)

where p is the distance from the computational domain-PML interface to the
position of the field component, and ¢ is the thickness of the PML cell, and R(0)
is the reflection coefficient of the finite-width PML medium at normal incidence.
The distribution function is linear for n,m=1 and parabolic for npm=2. To determine
the conductivity profile using (2.4.50) the parameters R(0) and npmi must be
predefined. Usually npmi takes a value such as 2, 3, or 4 and R(0) takes a very small

value such as 107 for a satisfactory PML performance.

2) The geometrically increasing function

P

o(p)=0,9", (2.4.52)
_&cIn(g)
% =" reg” _1In(R(0)), (2.4.53)

where the parameter g is a real number used for a geometrically increasing function.

2.5 Thin wire model review

FDTD method [1] is a powerful, straightforward and easy-implemented method
for analyzing electromagnetic fields in the time domain. However, a trade-off
exists between the accuracy and calculation burden especially for the simulation
model containing small-sized structures. If a highly accurate result is required,
large memory space and a long calculation time is inevitable. Likewise, a coarse
Yee cell structure and a large time step may lead to an unacceptable accuracy. The

thin wire model is one of the methods to alleviate this contradiction for the case of
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modeling long wires with a small radius.

Four types of thin wire models will be reviewed here. The thin wire model
proposed in [46] calculates the current and charge on the wire separately by the in-
cell inductance technique and represents the wire as a series of equivalent current
sources in the FDTD region. This model owns the advantages of dealing with
oblique wires and multi-wire junctions [47]. In [48] special field updating formulas
are presented by taking into account the field distribution pattern around the wire
in the contour path integration. It is straightforward, however, the instability issues
and inaccurate results may occur. The thin wire model in [49] is established using
the intrinsic radius which is obtained with a numerical method. In case that the
conductor radius is different from the intrinsic radius, material parameters are
adjusted to match the required radius. This method is stable and easy implemented.
In [52] the concept of line averaged quantities and surface averaged quantities are
introduced in deriving the field updating equations. This model possesses

advantages in dealing with thin wires with arbitrarily shaped cross sections

2.5.1 The Holland thin wire model

The Maxwell’s equations in a source free space in differential form are

represented as,

oE
VxH=¢—= -J.
x &E—, (2.5.1)

Vsz—y%. (2.5.2)
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Figure 2.5 The configuration of the Holland thin wire model align with Z axis

Taking a simple geometry structure to illustrate the thin wire method. A thin
wire is located aligned with the Z axis, and contains Ez field inside. A uniform

mesh technique is adopted. The arrangement is shown in figure 2.5.

In a cylindrical coordinate system, radial electric field Ep can be represented

from (2.5.1) as,

1oHz oHO _ oEp

oEp 253
p 00 @ ot 2.5:3)

Integrate (2.5.3) from 0 to 2z, the Hz term will be eliminated, and we can obtain

a 2z a 2z
_Ejo Ht9d9=gaj0 Epd6 . (2.5.4)

The circumferential magnetic field, HO, can be derived from (2.5.2) as

CEp OEz  HO 55
a op ot 2.5:3)

By taking the integration of p from r0 to R, the electric field in a longitudinal

direction can be expressed as
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o 8
EZ(R)=,ua‘[:)H0dp+EI:)Epdp. (2.5.6)

Assuming the electromagnetic field nearby the conductor is quasi-static, and the

thin wire is infinite long, the distribution of HO and Ep can be assumed as,

HO(p) = Py,
» (2.5.7)
Ep(p) = 27(3?

where I is the current flow through the conductor, Q is the charge within a unit
length of the thin wire structure. Substitutes (2.5.7) into (2.5.4), we can obtain

R A _y. (2.5.8)
ot oz

Substitutes (2.5.7) into (2.5.6) yields,

L(R) ﬂ+i@ , R>r0
ot ue oz

0, R<r0

Ez(R) = (2.5.9)

where L(R) =2ﬁlnr—R0. In FDTD domain, Ez component is an averaged quantity
T

within its sub-cell area which has been indicated in figure 2.5 by the dotted line.

While, Ez(R) component in (2.5.9) is a location dependent quantity, and it needs

to be converted to an averaged value, (Ez), to satisfy the FDTD format. This is so

called the in-cell inductance technique.

Ez(R)d
<Ez>:w:L(g—l+i%J (25.10)

f:)'”r%pdp u RY 1 r0°
L ey 1]

L= AR
where o0 R ro
[/ver

2 2R?
R=As/«ﬁ
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Note S=7R*=As’ is a cell surface area. As a result, the electromagnetic field

distribution outside the thin wire conductor satisfies the following equations,

Cﬁvtﬂ:O,
ot oz

C=cullL
where e

V=Q/C"

(2.5.11a)

(2.5.11b)

I component in (2.5.11) is equivalent to a current source in the FDTD domain, and

(Ez) is equivalent to the collocated Ez component in FDTD. The Holland thin wire

model embeds thin wire structures into the FDTD domain by means of the in-cell

inductance technique. The calculation procedure is illustrated in figure 2.6.

\
\
t=qAt |
\
\

\
\
t=(g+¥%) At |
\
\

r——F--

y

wire model

The Holland thin

The FDTD method

Figure 2.6  The calculation procedure for the Holland thin wire model
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2.5.2 The Umashankar thin wire model

Figure 2.7 The configuration of the Umashankar thin wire model align with X axis

To derive the Umashankar thin wire model, several hypotheses are proposed
first. The magnetic field nearby the thin wire is magnetostatics. The
circumferential magnetic field and radial electric field around the thin wire are
distributed as a function of 1/r. Finally, The thin wire is infinitely long in the
longitudinal direction. The configuration of the thin wire model is shown in figure

2.7 in the Cartesian coordinate system.

The thin wire structure is located aligned with the x axis. Based on the

Ex2

\/

Ez2

.

AS——>

hypotheses, the radial electric field can be expressed as

E2(Z) = EZ(EJ As/2.
2 )z

Similarly,

As/2
Z

@) =y 5
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Taking contour integration for (2.1.2) over a Yee cell surface, we obtain

- ,uﬂs % dxdz = I rA: Ezldz + J'OAS Ex2dx + '[Ar: Ez2dz + ﬁs Ex1dx . (2.5.14)

Since Ex1 is located within the thin wire structure, it can be regarded as zero if
the thin wire material is a perfect electric conductor. Then, (2.5.14) can be

rearranged as

At 2At
HydY2 = Hy9 V2 4 —(Ez19 —Ez29 )+ ——— EX2. 2.5.15
y y u ( ) u#In(As/r0) ( )

Other circumferential magnetic field components can be updated in the same
way. According to the contour integration, the thin wire model in FDTD, which is
realized by only enforcing E fields to align with the wire conductor, has an intrinsic

radius. The radius is calculated as below.

Ezl-%inE:Ezl-As = r,~0.135As (2.5.16)

in

2.5.3 The Taku Noda thin wire model

In the FDTD method, a thin wire model can be obtained directly by enforcing
the E components along with the wire to zero. In this situation, the thin wire model
does not modify any values of € and p. The corresponding radius is a natural radius,
so-called intrinsic radius, rin. The electric field distribution around the thin wire is
assumed as proportional to be 1/r. The configuration of the Taku Noda thin wire

model is shown in figure 2.8.

The intrinsic radius can be calculated as,
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[* Ex(ds = AIn 22 = AsEx(0.545)
" fin (2.5.17)

A Ex@sas)

1.5As

where constant A is a coefficient for describing the electric field distribution.
Electric field Ex(0.5As) and Ex(1.5As) can be obtained from a specially designed
FDTD iteration. A thin wire model is located in a volume covered by the PML
absorbing boundaries. Both sides of the thin wire are truncated by absorbing
boundaries to avoid unwanted reflections as shown in figure 2.9. A current source
is inserted in the thin wire with enough distance from the measurement point. The

source waveform is a DC wave with a smooth rise head.

\ Ex(0.5A5) Ex(1.5A5)

[ [

ﬁrin
Y? As
z X

Figure 2.8 The configuration of the Taku Noda thin wire model align with z axis

N

PML Absorbing boundary

? Ex(1.5A5)

? Ex(0.5A5s)

(D °

Current source Measurement point

X

©r
z

Figure 2.9 The measurement arrangement of the intrinsic radius
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After the electric field at the measurement point is stable enough, the electric
field Ex(0.5As) and Ex(1.5As) can be obtained. The relationship between ri, and
A's can be derived from (2.5.17) as

r, ~0.2298As . (2.5.18)

\ Tin !

/ ——l N
] Hy(m+Y2,n,p+Y%2) \\

Y

\\ Hy(m-%2,n,p+Y2) jrm /
o

\ —

 HX(m,n-Y,p+Y%) %

Y¥ —AS
z X

(b) 4 magnetic field components distribution

Figure 2.10 The electromagnetic field components distribution nearby the thin wire model

which need to be modified
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In real simulation cases, the radius will not be always equal to the intrinsic radius.
A thin wire model with a desired radius can be established by modifying
parameters of € and p which are attached to the 4 electric field components and 4
magnetic field components nearby the thin wire structure. Taking a thin wire model
aligned with the Z axis as an example, the arrangement for the electromagnetic
field components which needs to be modified is shown in figure 2.10. The
modification is realized by

em=¢"

) (2.5.19)
ulm= g’

where m is the correction factor.

Assuming an equipotential plane exists around the thin wire with a radius of A
s, marked in figure 2.10 by dashed lines, the capacitance between the conductor

and the equipotential plane is calculated as

27 (2.5.20)
InAs/R

where R is the desired radius of thin wire model. The capacitance should be
identical for both situations: modified permittivity with intrinsic radius,
unmodified permittivity with the desired radius. This equivalent equation can be
represented in (2.5.21).

2rme 2re (2.5.21)

As/  |nAs
In%n In%?

Therefore, the correction factor can be derived from (2.5.21) as
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Ot Lams (2.5.22)

m= InA% h InA%'

Then the parameters nearby the thin wire model can be modified as (2.5.19) to

obtain the desired radius.

The implementation of the Taku Noda thin wire model is concluded as below:
1) Confirm the radius of the thin wire model.
2) Estimate the correction factor, seeing (2.5.22).
3) Modify corresponding parameters, seeing (2.5.19).

4) Proceed FDTD iteration.

2.5.4 The Railton thin wire model

A Maxwell’s equation can be regarded as containing two types of quantities: the

line averaged quantity, (a) , and the surface averaged quantity, <<a>>xy. Taking

Faraday’s equation as an example.

—yﬂs%ds - §_Edl (2.5.23)

In the X-Z plane, as shown in figure 2.11, (2.5.23) can be discretized in the
vicinity of a Z-oriented thin wire model as
—yAxAzg«Hy))H — ((E21), —(E22), )z + ({Ex1), —(Ex2), ) Ax (2.5.24)
where (Exi) , (Ezi), are the averaged values along with the attached cell edges,
and <<Hy>>XZ is the averaged value over the corresponding cell surface. As a result,
during each FDTD calculation time step, 4 line averaged quantities produce one

surface averaged quantity. If the field is uniform, the derived surface quantity is
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equal to the corresponding line averaged quantity. It can be then used to update
another surface quantity at the next time step without any modification. For
instance, in a uniform field, the line and surface quantities of Hy satisfy

((Hy)), =(Hy), - (2.5.25)
<Hy>y can be used to calculate the surface averaged quantity of <<Ex>>yZ and

<<Ez>>Xy at next time step.

Thin wire | |

A
Yx§

Figure 2.11 The schematic diagram for the line and surface quantities in X-Z plane

For the electromagnetic field in the vicinity of some objects, such as a thin wire
structure, the line averaged quantity is not equal to the surface averaged quantity.
Correction factors are needed to convert the quantities between line averaged and
surface averaged. Taking Hy as an example as well,

((Hy)),, = n, (Hy), - (2.5.26)

In the static or quasi-static field, since different objects generate different field

distribution, the correction factors are variant and depend on the object geometry.

For an infinite long thin wire structure, as shown in figure 2.12 which is located

aligned with Z axis, the field distribution in the X and Y directions is proportional
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to

X
EX(x, Hy (X,
(6 y)eey (x,y)oo 7

y
Ey(X, HX (X,
V(X y)ehx(x,y)eo

2

(2.5.27)

A
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&
z % A X

Figure 2.12 The configuration of the Railton thin wire model align with Z axis

Substituting (2.5.27) into (2.5.26), the correction factor can be derived.

A v (LT

'L[y: =

= (2.5.28)
H A (A A
(Hy), U :;/227)(2 i % dyj/Ay 2tan 1( %X) X

The calculation of the other correction factors is similar. Then (2.5.24) can be

modified as,

—,u,uyAxAzg«Hy»xz ~ ((E2), - (E22), ) Az +((Ex), — (Ex2), ) AX (2.5.29)

The Railton’s method can also derive the intrinsic radius of the thin wire model
which only enforces the electric field components along with the thin wire

structure to zero. In this case, the line averaged quantities are equal to the surface

averaged quantities around the thin wire, i.e.
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AX
In—"

R__A&Y 4 (2.5.30)

Hy=—"7""FT—"7%

In a Yee structure with uniform mesh technique, the intrinsic radius can be obtained
as,

f, =0.208AX. (2.5.31)

2.5.5 Thin wire model applications

Since the thin wire model can be constructed in a coarse FDTD mesh, the dense
FDTD cell size is avoided. The computation time and memory space requirement
are dramatically reduced compared with the classical FDTD discretization.
Lightning surge analysis is one of the suitable application areas whose model scale
is usually as large as kilometers and the radius of wire conductors is as small as
centimeters, or even millimeters. Up to now, the thin wire technique has been
applied successfully in the simulations of overhead line systems, tower structures,
wind turbine generators, building structures, high-voltage substations, corona

discharge phenomenon, buried cables and ground electrodes.

It is quite common that overhead lines, including distribution lines and shielding
wires, are represented by thin wire models in the simulation. In [14], the voltage
difference between the middle point of a horizontal wire and ground was
investigated under indirect lightning strokes with the presence of a tall building.
Different lightning parameters and configurations were discussed. To reduce the

memory space requirement and simulation time in the case containing a lightning
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channel, [68] proposed a two-step FDTD method. The electric field near the
lightning channel is first evaluated in a 2D FDTD volume. Then the surge
behaviors on transmission lines can be calculated in a 3D FDTD volume with a
desirable model scale by adding a portion of EM field obtained in step one. With
this proposed method, the induced current in a buried cable under a lightning
stroke was evaluated [69]. The influence factors, such as lightning strike points,
cable length and ground conductivity, were discussed. To restrain the induced
current, a shielded cable is adopted. Its performance is evaluated. In [33], a
transmission line model was established in the FDTD domain. The simulation
results obtained from this model were compared with measured data under
different conditions, such as lightning propagation speed, ground conductivity and
length of a vertical ground rod. Reasonable accuracy was observed. [34] proposed
a lightning arrester model with a nonlinear resistor element. The nonlinear V-I
relation was represented by a piecewise linear curve. With the proposed model and
thin wire model, a complete model of a multiphase distribution line system was
established, and the simulation results match well with those obtained from the
traditional method. The influences of shield wires and grounding method were
discussed. In [70], the relation between the induced voltage in an overhead line
system and the soil conductivity was discussed. Based on the simulation results,
the construction of the vertically stratified ground does affect the induced voltage.
As the depth of the top layer of the stratified ground is larger than 30m, the

stratified soil can be regarded as a homogeneous soil.
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The thin wire model is also adopted in the simulations of tower structures, such
as grounding mesh, tower main body, current injection wires, voltage reference
wires and reinforced bars. A simple vertical conductor was analyzed and discussed
in [40]. Surge behaviors on the vertical conductor were simulated in case of a
horizontal wave incident and a vertical wave incident. In [37, 39], a 500 kV
transmission tower was modeled with the FDTD method. Ground wires were
considered by the thin wire model. With this tower model, the insulator-string
voltages of the tower under a lightning stroke were estimated. The effect of return
stroke angles for a transmission tower was assessed in [71]. It was found the angle
of current injection wire affects surge behaviors in the tower. Particularly, the surge
response in case of vertical current injection wire is 30% larger than the horizontal
case. Current distribution and surge behaviors within a microwave relay station
tower were analyzed in an FDTD model in [72]. Reinforced bars were included in
this model. Based on the simulation results, a few suggestions to design a suitable

lightning protection system were proposed.

For the reasons of height and location, lightning surge analysis of wind turbine
generators are necessary and important. The thin wire model is used to mimic
lightning conductors in blades, grounding mesh and underground cables.
Overvoltage on a reduced-size wind turbine generator under a lightning stroke was
discussed in [43]. Different lighting strike points, i.e. the rear portion of nacelle
and blade tip, and effect of seasons were considered. The potential rise of an
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incomplete wind turbine generator and its closed area was investigated in [73].
Low grounding resistance with stratiform characteristic is considered. With the
help of the FDTD method, the potential rise of a complete wind turbine under all
kinds of lightning surge waveforms can be estimated. [74] discussed how the soil
conductivity, relative permittivity, lightning strike position on a wind turbine and
the rising head of a lightning waveform to affect the impinged surge waveforms in

a buried cable.

The building structure is another application area of the thin wire model, which
is used to represent reinforced bars, electrical wirings and metallic pipelines. In
[75], current distribution and oscillation phenomenon within reinforced concrete
structures were estimated and discussed. The contribution of a closed ring
conductor to restrain oscillation was investigated. [44] investigated induced
voltage and invaded current within a building structure under a direct lightning
stroke. The influence factors, such as building height, wiring method and lightning
waveforms were analyzed separately. Based on the simulation results, the location
of the SPD installation and its rating selection were suggested. A model of a full-
scale building including reinforced concrete and reinforced bars were established
with the FDTD method in [76]. A lightning protection system, grounding mesh
and nonlinear lumped components were also included. The EM environment inside
the building structure was evaluated under direct and indirect lightning strokes. A
transmission line system with lightning arresters and pole transformers, as well as
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buildings, were modeled with the FDTD method in [77, 78]. The induced voltage
surges in the transmission line system under lightning strokes were analyzed. It
was observed that with the presence of buildings, the induced voltage surges are

reduced.

The thin wire model can be used in simulations of high-voltage substations. [29]
evaluated EM transients in a high-voltage substation when a circuit breaker was
switched. A few factors which may influence the EM environment were analyzed,
such as relative position, signal spectrum and ground condition. An air-insulated
high-voltage substation was modeled with the FDTD method with considering
nonlinear circuit breakers, lightning arresters and back-flashover phenomena in
[79]. The current invaded in the substation under lightning strokes were analyzed.
Some protection suggestions and techniques to protect the low-voltage control

circuit in the substation were proposed.

Corona phenomenon in power systems and grounding electrodes can also be
simulated with the thin wire model. [35, 80, 81] proposed an advanced thin wire
model which can consider the corona discharge. The equivalent radius and
conductivity of the area is controlled and adjusted by the instantaneous electric
field near the wire. The calculated results match well with the measured
waveforms. With the help of the proposed corona model, the transient voltages on
an insulator were estimated in a transmission line system in [36]. The corona

discharge on the ground wire will reduce the voltage amplitude. The behaviors of
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soil ionization close to earth electrodes (represented by the thin wire model) were
investigated with the FDTD method in [82]. The value of soil resistivity is variant,

and it depends on the local electric field strength.
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3 Thin wire model of lossy round wire structures

In this chapter, an extended thin wire model is presented to model lossy round
wire structures, and to solve transient problems even if the skin effect is significant.
This model is an extension of the traditional model proposed by Railton [52]. First
differential equations [83, 84] are established in the conductor zone. An equivalent
circuit is then built to determine current density in the conductor, subsequently
electric field on the conductor surface. The results are finally integrated into the
FDTD equations [52] to update E/H field components around the wire structure.
In this chapter, the thin wire model for solid lossy wires is presented first, followed
by hollow cylindrical tubes and coaxial conductors. In a coaxial cable, the surge
propagation over a lossy transmission line is taken into account. Finally analytical

and numerical validation of the extended thin-wire model is presented.

3.1 Extended model for a solid wire/hollow tube

Consider a case in which a long lossy conductor is immersed in the medium
with permittivity € and permeability po. The conductor is a cylinder with radius 7,
or a cylindrical tube with outer and inner radii of 7, and 1. It is characterized
with conductivity ¢ and permeability p. Fig. 3.1 shows the configuration of a
single conductor placed in the FDTD grid. Without loss of generality, this

conductor is orientated along the x axis.
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Figure 3.1 Configuration of a single round conductor in the working domain (m, n and p

denote cell indices in X, y, and z directions, and q time step index)

The whole working volume is divided into two regions: conductor region and
non-conductor region (or FDTD region). In the FDTD region, electric (E) /
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magnetic (H) field components adjacent to the conductor are updated with
“corrected” FDTD equations given in [52]. In these equations, the permittivity and
permeability of the medium are corrected by multiplying correction coefficient m.
In a uniform meshing system, this coefficient is given by

m=zx/[2In(r,/s)] (3.1)

where s is the width of cells in the FDTD region.

Note that the electric field on the surface of a lossy conductor is not equal to
zero. A separate set of equations need to be established in order to determine
electric field component E, in the axial direction. Assume conductor current is
constant along its axis in a cell. A 2D differential equation for current density

J(r,t) inside the conductor is then obtained [83], as follows:

aJ(t) _ po 0l ®

or  2xr ot (3.2)

where I(r,t) is the total current within the cylindrical zone of radius r.

Divide the round conductor into a set of thin cylindrical shells (i = 1,2... M)
over its cross section from its outer surface to the center, as seen in Fig. 3. 2. Shell
i has outer radius 7; and inner radius 7;,;, and cross sectional area A;.
Discretize (3.2) in both time and space. Assume that qu is the total current in a
cylindrical zone containing all inner shells (shell i,i + 1...M) at time step q. A
discrete form of (3.2) is then obtained, as follows:

q q-1
18-,

Ri—l[liq—l_liq]_Ri[qu_I'q I=L (33)

i+l At

where equivalent resistance R; = 1/A;0 and inductance L; = u(r;_y — 1;)/2mr;
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for cylindrical shell i (i = 1--- M). At is the size of the time step.

lo+1 Ipfpr T2 l1

(@) Meshing of a cylindrical conductor

e S )
RMm fM
M -~

,51

(b) Equivalent circuit for cylindrical zone currents
Figure 3.2 Model of a cylindrical conductor

Applying the implicit backward Euler’s integration method (3.3) yields an
updating equation of zone currents, as follows:
|f':ay,i_l~|iq_l+iai'j|?*1, (3.4)

i

where
a,=1[+[R_,+(@Q—-a,;)R]At/L],
a1 =8, Ry -At/L,
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8, =a, &, R-At/L;.

and ap4qm 15 equal to zero. Fig. 3.2 (b) presents an equivalent circuit for
cylindrical zone currents using equivalent resistance and inductance. The shell
number in a conductor zone is determined by its skin depth at the primary
frequency so that the current density does not vary significantly in each shell. For

example, the thickness of the outermost shell is smaller than 1/10 of the skin depth.

Note that total conductor current 19(m+1/2) in segment m + 1/2 and time

step q is derived by integrating H vectors in a contour path enclosing the

conductor, as follows:

HY¥(m+1/2,n+1/2,
|f(m+1/2):Az{ ((mel/2.n+ p)}

-H](m+1/2,n-1/2, p)
N .{H;‘(m+1/2,n, p-1/2) ] '
-HJ(m+1/2,n,p+1/2)

(3.5)

where Ay and Az are the cell dimensions in the y and z directions. With (3.4)
cylindrical zone current qu (i = 2...M) inthe interior zones can be determined
by total conductor current I at the present time step, and cylindrical zone
currents Il-q__l1 (i =2..M) atthe previous time step. The axial field component

E, on the conductor surface is then obtained by using the surface current, as

follows:
Exs o If(m+1/2g&—'£(m+1/2) (3.6)

This field component is used in the “corrected” FDTD equations for updating H

field components adjacent to the conductor. The FDTD updating cycle is then
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completed.

The hollow cylindrical tube actually is a special case of the solid conductor.
Consider that a conductor is divided into M shells. The last shell has zero inner
radius if it is a solid conductor, and has a non-zero inner radius if it is a hollow
tube. The FDTD updating equations for the field components adjacent to the

conductor remain unchanged.

3.2 Extended model for a coaxial structure

3.2.1 Coaxial conductors with a non-zero transverse voltage

Shown in Fig. 3.3 is a configuration of two coaxial conductors. There are three
sub-regions in this case; (a) outer conductor, (b) inner conductor, and (c) air gap
or insulation layer between two conductors. As the exterior of the outer conductor
remains unchanged, the FDTD updating equations in local cells and E,

calculation given in Section 2 are still valid.

Figure 3.3 Configuration of coaxial conductors
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To determine the current density on the conductors, cross section discretization
is made for both outer and inner conductors. In this case a special shell ordering
strategy is adopted to simplify the system equations. On the inner conductor the
outermost shell is the first one, while the innermost shell is the first one on the
outer conductor, as shown in Fig. 3.3. Discretizing (3.2) in both conductors and
applying the backward Euler’s integration method yield a set of discrete equations

for updating cylindrical zone currents, as follows:

II?H: i1’ |n|—l_'—za|m]||?1jl
(3.7)

q q ouyqg-1
IOUI_ ||—1 Ioull OUN+zaIJIOU]

where Ig” and [ gul are respectively the currents in the cylindrical zones with
radius 7{ (inner conductor) and radius 7; (outer conductor). Both a{-""j and af}
in (3.8) are respectively the coefficients for inner shells and outer shells, and are
given in (3.4). Especially, ag'y is identical to 1 and inductance L; = u(r; —
1;_1)/2nr; for shells in the outer conductor. Let Igl and I}, be the total

conductor currents in inner and outer conductors, respectively. With the definition

of cylindrical zone current, the following equations hold

|q — |q — |q
in1 ™ “oul ™ , (38)

@418 =18
Lo + 1o = loun

where 7,y is considered to be the total wire-structure current, which is not

necessarily equal to zero.

Transmission line equations in the gap have to be established to link currents in
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both inner and outer conductors. Let L and C be the per-unit length inductance

and capacitance of a lossless coaxial cable, which are given by

L="L1n s
2z rl'
. 3.9
_ 2ne (39
Inr/r,
The lossy transmission line equations are now expressed by
NV (m+1/2) L ol (m+1/2) RVIACIRVIRT:
X o , (3.10)
ol (m) _ _cVim)
oX ot

where V971/2 s the transverse voltage between inner and outer conductors. Both

Vq_l/z

rin  and I/;f;} /2 are determined by axial electric field components on the

conductor surfaces in the gap. They are expressed by
Vi =Ry, (157 (m+1/2) - 172 (m+1/ 2))

in.2

Rou — "oul\ ou2 ou.l

Va2 =Ry, (1532 (m+1/2) - 1517 (m+1/2))

Note that [97%/2 ~ 0.5(I97* +19) . Both I, and I?

in,2 ou,2

in (10) can be
expressed by 131,1 and Igu,l and Igu,N with (3.7). Note that the outer conductor
current does not contribute any inductive voltage drop in evaluating transverse

voltage on the coaxial structure.

Fig. 3.4 shows the circuit model of the lossy transmission line of a lossy coaxial
structure. Both inner and outer conductors are represented by equivalent cascade
circuits developed from (3.7), which are similar to that shown in Fig. 3.2(b). Both

R;; and L;; (j = in, ou) are the equivalent resistance and inductance of shell i
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in the inner or outer conductor, and are determined by (3.3).
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Figure 3.4 Transmission line configuration of a coaxial wire structure

Total wire-structure current [ gu‘N is determined from an integral of magnetic

field along a contour path enclosing the coaxial structure. Note from (3.8) that

— 74
- Iou,l
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in1 =11 . Three unknownsI , I}, and V9*¥/2 can be completely

mn?
determined with (3.10), and are expressed explicitly by
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18(m+1/2) =18 (m+1/2)—18(m+1/2) , (3.11)
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field component E, on the surface of the outer conductor can be then calculated

with the equation similar to (3.6).

Ex(m+%n,p+1)

t Hy(m+znp+y) ¢

Ez(m,n,p+Y%2) Ez(m+1,n,p+%
p

/]
Er(m+Y5) Vi

Er(m+1/25 \

Ez(m,n,p-l/z)“ [ Ez(m+1,n,p+%%)

®
Hy(m+%,n,p-Y2)

F N

Z
Ex(m+%2,n,p-1)
o

Figure 3.5 Configuration of the end of a coaxial wire structure

3.2.2 End of the coaxial structure

Without loss of generality, the inner conductor is connected to a feeding line.
Non-zero transverse voltage /' may be observed at the end of the wire structure, as
shown in Fig. 3.5. The extended model presented in Section 2 is applicable to the
conductor at its end. However, transverse voltage ' needs to be inserted in the
FDTD equations for updating transverse H field components. Magnetic field
component H,, for example, is calculated with both electric field components and

transverse voltage, as follows:

H;”l(m+1/2,n,p+1/2)=H3(m+1/2,n,p+1/2)—%'
VA

+ . 3.12
EF /20 p+D) | at [EFAMNp+1/2)= | A o
—EY2(m+1/2,n,p) | wAX|ETV2(m+Ln, p+1/2)| wAXAz
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Eq. (3.12) is also applicable to the case in which the coaxial structure is open at
its end. When both inner and outer conductors are bonded together at the structure

end, transverse voltage V' is simply set to zero.

The complete computation procedure for the coaxial structure is summarized in

Fig. 3.6.
< N Set initial
Sl ) parameters
. N
»<_ t<MaxTime N0 End )

S Ye
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interface of the | those located at |
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Figure 3.6 Flow chart of the FDTD procedure for coaxial wire structures

3.2.3 Coaxial structure with zero transverse voltage

If both inner and outer conductors of a coaxial structure are electrically
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connected at two ends, the potential difference between them or transverse voltage
is zero everywhere along the coaxial structure. There is no radial displacement
current in the air gap or insulation layer. This can be considered as a special case
of the solid conductor, in which one of shells has zero conductivity. Without loss

of generality, let cylindrical shell p be the gap, as shown in Fig. 3.2(a).

By using the same procedure presented in the previous section, discrete
equations for cylindrical zone currents in inner and outer conductors are obtained,

as follows:

P M
qu :ai,i—l'licll+zai,jl?7l+ Z ai,kll?71 (3133)
j=i

k=p+2

for p < i < M, where coefficient a;; is determined by with (3.2), and

q
1

+ap,p'|gil+_izai,jl?il (3.13b)
j=p+

a_ .
Ip _ap,pfl

for i < p, where

1
a = D
PP 1+[Rp—l + (1_ ap+2,p+1)Rp+1]At/(Lp + Lp+1)

a,,,=a,, R, -At/(Lp +L,.1)

p.p

8pj = 8pp g,

Ry At/(L, +L,.,.) -

The inductance in the gap is modified to be

Lot (3.14)

P2z o

Note that both cylindrical zone currents Ig and Ig +1 adjacent to the gap are the

same.

Similar to the solid wire, the total current is obtained by integrating magnetic

field components in the FDTD domain at each time step. Current distribution in
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the conductors is updated with (3.13), subsequently the electric field component

on the conductor surface. The FDTD updating cycle is then completed.

3.3 Numerical evaluation and validation

The extended thin-wire model has been applied to study wave or surge
propagation on lossy wire structures. For validation, the results were compared
with an analytical formula for simple wire structures, and numerically with the

commercial FDTD software for a coaxial structure.

3.3.1 Analytical validation

A lossy wire structure running in parallel with the perfect ground is selected for
validating the proposed thin-wire model analytically. Fig. 3.7(a) shows the
configuration of Testing System A. In this system, the line is assumed to be
infinitely long without any reflection, and is situated at the height of 0.19 m
above the perfect ground. The line is connected to a voltage source at one end via
a lossless wire. The voltage source generates a sinusoidal waveform of 100 MHz.
Several wire structures are tested, including a solid round conductor, a hollow
cylindrical tube, and a coaxial cable with zero transverse voltage. Table 3.1 shows
the geometric dimensions of these wire structures. The conductivity of all wires is
set to 1 X 10°S/m, and the skin depth of the wires is equal to 0.05 mm.
Attenuation of the sinusoidal wave propagating along this lossy transmission line

1s investigated.
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On a lossy round wire, no matter whether it is a solid wire, a hollow wire or a
shorted coaxial cable, propagation of a sinusoidal wave with frequency w can be
analyzed using the transmission line theory [85]. By assuming no reflected wave
and lossless dielectric material, voltage V(x,t) on the line is described by
V (%,t) =V e sin (et — yx) - (3.15)
where V, is the voltage amplitude at the origin. At high frequency, i.e. wL > R,

attenuation constant b and the wave propagation constant Yy in (3.15) is

determined by

L_R [C

“2\L> (3.16)
;/:a)v\/LC

where C and L are the capacitance and inductance of a traditional transmission
line. Resistance R is frequency-dependent, and can be determined using the
formulas for the internal impedance of round wires [86].

Table 3.1 Geometric dimensions of wire structures

Inner radius Outer radius Thickness
Wire structures
(mm) (mm) (mm)
Solid conductor 0 3 3
Cylindrical tube 0 3 0.02
Coaxial cable* 1 3 0.02

Note: * both inner and outer conductors are connected electrically at two ends
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Figure 3.7 Configuration of two testing systems

In the FDTD simulation with the proposed model, the whole working volume
of the simulation model is 0.5 m X 0.5 m X 40.5 m. It is surrounded by perfectly
matched layers to absorb unwanted reflection. The free space buffers between the
conductor and absorbing boundaries have at least 25 cells. A uniform meshing
scheme is adopted, and the cell size is set to 10 mm. In the conductor region, a
non-uniform discretizing scheme [83] is adopted in the solid wire and inner
conductor of the coaxial cables with 40 shells; a uniform discretizing scheme is

adopted in the hollow tube and outer conductor of the cable with 20 shells.

The amplitude of the sinusoidal voltage at x = 5 m was setto 1 kV. Voltages on

73



the line at several locations (x = 15m, 25 m and 35 m) are calculated. The
results obtained with both the proposed FDTD model and analytical formula (3.15)
are given in Table 3.2. In the table, Vs; denotes the voltage calculated by the
extended thin wire model, and V5, by the transmission line formulas. It is noted
that the results obtained with the proposed FDTD model match theoretical values
very well with a maximum relative error of 0.29% and an average relative error of
0.11%. This indicates that the extended thin wire model is applicable to lossy solid
wires, hollow tubes and coaxial cables with core and sheath being connected.
Table 3.2 Wave attenuation taking into account the skin effect over a solid round wire, a

hollow tube and a shorted coaxial cable

Locations/m 5 15 25 35

Vse/V | 1000 | 983.3 | 966.9 | 949.8

Solid conductor
Vi /V | 1000 | 982.0 | 964.3 | 947.0

Vse/V 1000 | 956.2 | 9144 | 873.4

Hollow tube
VL /V 1000 | 9553 | 912.6 | 871.8

Paralleled coaxial Vse/V 1000 | 956.4 | 914.6 | 873.9

cable Vi /V | 1000 | 955.5 | 913.0 | 872.4

3.3.2 Numerical validation

There is no analytical formula available for a coaxial wire structure if it carries
an unbalanced current. The traditional FDTD method is then selected for the

comparison with the proposed thin-wire model. The mesh size of the coaxial cable
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must be less than its skin effect depth if the traditional FDTD method is used.
Extremely large memory space and extremely long calculation time would be
required. To make the comparison feasible, a 3 m-long coaxial cable is selected for

testing.

Fig. 3.7(b) shows the configuration of a testing system for the coaxial cable. The
lossy coaxial cable runs in parallel with the perfect ground. The cable has the same
dimensions as those given in Table 3.1, except for sheath thickness. The sheath
thickness is now increased to 1 mm in order to avoid unacceptable memory
allocation in the simulation by the traditional FDTD method. The inner conductor
is connected to a voltage source via a lossless wire. While the outer conductor is
grounded at its two ends with two lossless wires. The voltage source is grounded
at the other end, and generates a voltage with the Gaussian impulse waveform of
5 ns pulse width. The currents of both inner and outer conductors at x = 0.5 m

are recorded for comparison.

The working volume of the proposed model is 0.5 m X 0.5 m X 4 m. In the
simulation using the extended thin-wire model, the cell size in the non-conductor
(FDTD) region is set to 10 mm uniformly. In the conductor region, the inner
conductor is divided into 40 shells with the non-uniform discretizing scheme, and
the outer conductor is divided equally into 50 shells. In the traditional FDTD
simulation, a non-uniform meshing technique is adopted. The cell size in the y and

z directions is 0.03 mm on the conductors, and is increased gradually to 0.5 m.
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The meshing scheme for the coaxial cable in the y-z plane is illustrated in Fig. 3.8.
In both cases, perfectly matched layers are adopted on the boundary of the working

volume to absorb unwanted reflection.

N
8
o
o 1 mm
I
o i 2TmmT
8 3 mm
3
3
A
Xy

Y cell size =0.03mm

Figure 3.8 The meshing scheme for the coaxial cable in the traditional FDTD simulation

35 i Traditional FDTD model |
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Figure 3.9 Current waveforms in the inner conductor
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Fig. 3.9 and Fig. 3.10 show the simulated current waveforms obtained with these
two methods. It is found that these results match well in general. A small difference
of the currents is observed around their peaks. The maximum relative difference
of current is around 4% to 5% in both inner and outer conductors. Note that in this
case the currents of both inner and outer conductors are not the same. Compared
with the traditional FDTD method, the extended thin wire model takes much less
computational resources. In this case, the simulation with the traditional method
consumed 4 GB memory space and ran 655 hours in a single core CPU (Inter®
Core™ 17-4790 CPU @ 3.60 GHz). While the simulation with the proposed model

consumed less than 0.5 GB memory space and ran 5 hours only.

25 - . . . .
N,

Traditional FDTD model
—#— Extended thin wire mode

Current(A)

. L L L L . 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Time(us)

Figure 3.10 Current waveforms in the outer conductor

A further investigation is performed to find out the reason for the 4%-5%
difference. In this case, surge propagation on a lossless coaxial cable with the same
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geometry is simulated with these two methods. The surge impedance is then
determined by using the measured voltage and current at x = 0.5 m. The results
are compared with the theoretical formula z=/ijc. Table 3.3 shows these
calculated values of surge impedance of the lossless line. It is found that the value
with the proposed model is almost the same as the theoretical value, with the
difference of less than 1%. While the difference with the traditional method
reaches 5% approximately. Therefore, it is reasonable to conclude that the
difference of currents in Fig. 3.9 and Fig. 3.10 is primarily due to the meshing
scheme adopted in the transitional FDTD method. In order to obtain more accurate
results, much finer meshing is required in the traditional method. This will,

however, lead to unacceptable computation resources required.

Table 3.3 Comparison of lossless-line surge impedance

Method Traditional FDTD method | Proposed thin-wire model Transmission line theory
Impedance (Q) 364.03 380.23 383.82
20m
Coaxial
cable

3m |Lead wire

PEC Ground

Figure 3.11 Configuration of a coaxial cable subject to a lightning stroke
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3.3.3 Surge current sharing in a coaxial cable

This proposed thin-wire model is now applied to analyze current sharing in a
lossy RF coaxial cable. Fig. 3.11 shows the configuration of a coaxial cable subject
to a lightning stroke. As shown in Fig. 3.11, this 20 m-long outdoor cable runs
vertically, and the outer conductor at the bottom end is connected to the perfect
ground via a 3 m lossless lead wire. Both inner and outer conductors are
connected together directly at the top end, and via a MOV device at the bottom
end. The RF cable has the radii of 12.65 mm and 4.5 mm for outer and inner
conductors, respectively, and the conductor thickness of 0.2mm . The

conductivity of the lossy cable is 5.96 x 107 S/m.

In the simulation the lightning return stroke is represented by a current source
connected at the top with an upward lead wire. It generates an impulse current of
0.25/100 pus with 10 kA amplitude. The working volume of the simulation
model is 6 m X 6 m X 29 m. The upward lead wire reaches the PML boundary on
the upper end. The uniform meshing scheme is adopted in the non-conductor
(FDTD) region, and the cell size is set to 0.1 m. The technique proposed in [51]
is applied to enhance numerical stability. The coaxial cable is represented with the
extended thin-wire model proposed in this chapter. In the conductor region, the
shell numbers of both inner and outer conductors are 40 and 20 respectively. The

nonlinear MOV device is modelled with a piece-wise linear resistance [34].
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(b) With a MOV device at the bottom end
Figure 3.12 Waveforms of transverse voltage and conductor current at the bottom end of a

lossy RF coaxial cable with considering the skin effect

Fig. 3.12 shows the waveforms of the current and voltage at the bottom end in
two different cases; (a) with the MOV device absent and (b) with the MOV device
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present. Without the MOV device, the surge current is carried by the outer
conductor. The transverse voltage is basically affected by frequency-variant
transfer impedance of the cable. Note that its rising time is longer than that of the
source current due to the skin effect. As time goes on, the current waveform
becomes much smoother. The transverse voltage tends to be determined by its DC
resistance when the current changes slowly. With the MOV device, a portion of
surge current will flow through the inner conductor. The voltage is clamped to a
lower level. The inner conductor current has a much longer rising time, and

becomes significant in the tail part of the current.

For comparison, simulation is made for the cable without considering the skin
effect. In this case, the current density is uniformly distributed within the cable.
The shell number in the inner and outer conductor is now reduced to 1. Fig. 3.13
shows the waveforms of the current and voltage in both case (a) and case (b). In
the absence of a MOV device, it is found that the transverse voltage does not
attenuate as significantly in the wave front as that shown in Fig. 3.12. This is due
to small resistance of the outer conductor as the skin effect is not considered at
high frequency. In the presence of the MOV device, the inner conductor current is
greater than that shown in Fig. 3.12. Again, small resistance of the inner conductor
at high frequency leads to an increase of inner conductor current. All these indicate
that the skin effect could affect significantly the waveforms of the current and
voltage in the cable. No instable behavior is encountered even if the calculation is
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continued for 1.25 million time steps.
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Figure 3.13 Waveforms of transverse voltage and conductor current at the bottom end of a

lossy RF coaxial cable without considering the skin effect
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3.4 Summary

This chapter presented an extended thin wire model for simulating wave or surge
propagation on a lossy wire structure. A time-domain cascade circuit was
developed to represent the wire structure, and the skin effect was fully considered
in the circuit modelling. This circuit was integrated into a traditional thin-wire
model in the FDTD simulation, and the updating equations were derived for solid
round wires, hollow cylindrical tubes, and coaxial cables with and without
conductors being bonded. In the coaxial structure, a lossy transmission line
equivalent circuit, which incorporated cascade circuits for both inner and outer
conductors, was established. The currents in both inner and outer conductors were

not necessarily balanced.

The extended thin-wire model has been validated analytically and numerically.
This model has been applied to analyze lightning current sharing in a lossy RF
coaxial cable. Compared with the traditional FDTD method, this extended thin-
wire model requires less memory space and less computation time in the
simulation. The extended thin-wire model is shown to be stable for 1.25 million

time steps.
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4 Inclined thin-wire models with frequency-dependent

Losses

This chapter presents a series of FDTD thin-wire models for inclined conductors
considering frequency-dependent losses, including solid conductors, hollow tubes
and coaxial conductors. In the model for coaxial conductors, a bidirectional
coupling between the core and sheath conductors, and the eddy current in the
sheath conductor are modeled. The currents in both core and sheath conductors are
not necessarily balanced. Frequency-dependent parameters of the conductors are
expressed first with the Bessel functions, and they are approximated by a vector
fitting technique for time domain analysis. Section 4.1 reviews the fundamentals
of the traditional inclined thin-wire model. The thin-wire models considering
frequency-dependent losses are presented in Section 4.2 and 4.3. In Section 4.4,
three case studies are performed to investigate and validate the proposed thin-wire

models.
4.1 Traditional inclined thin-wire model

In the thin-wire model [46] proposed by Holland and Simpson, a conductor is
posited along the center of the thin-wire mesh, as shown in Fig. 4.1. This conductor
is divided into a series of line segments. As this mesh is separated from the FDTD
mesh orientated in x, y and z directions, it is possible to simulate an inclined

configuration with this model. The mesh is composed of a column of cubic cells.
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The cell size of the thin-wire mesh in the longitudinal direction (/) is identical to
the length of the line segment. The cell size in other directions is determined by

the adjacent FDTD cell size as well as the angle of inclination [47].

In the thin-wire model domain, the wave propagation along a conductor is
described with auxiliary equations. Both current / and charge Q on the conductor
are used as updating variables, and they are located at line segment centers and
edges respectively. The normal FDTD updating equations are used to compute the

EM field outside the conductor.

Figure 4.1 Configuration of the thin-wire mesh in the xyz coordinate system

Assuming the length of a conductor is much longer than its radius, and the EM
field near the conductor is quasi-static, the auxiliary updating equations of the thin-
wire model in the thin-wire mesh can be represented as,

{312 e)-e,

: (4.1)
@4_2 _|_a_|=0
ot ¢ al

where E; denotes the surface electric field of the conductor. (E;) is the averaged

electric field within a thin-wire cubic cell. (x) means the parameter obtained by
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an interpolated procedure. For an inclined thin-wire model, (E;) is obtained by
interpolation and synthesization with 12 electric field components in the FDTD
cells (4 components per direction) using a trilinear interpolation method, which is

fully described in [47].

These two meshes are coupled via an in-cell inductance (L). It is defined as,

ﬂ”.[v In(D(x,y,z)/r,)dxdydz
(L= 27AXAYAZ '

(4.2)

where ry is the thin-wire radius, Ax, Ay and Az are the cell sizes of the FDTD mesh.
D is the radial length between a point in volume J and the inclined conductor.
Volume V is the collocated region of the thin-wire cells and FDTD cells. Since the

asymmetry and irregularity of the collocated region, the in-cell inductances are

usually estimated separately with a numerical method.

The updating variable Q is normally substituted with virtual voltage V, i.e. V =
Q/C for handling multi-wire junctions. The auxiliary updating equations are then

expressed as [58]

o oV

<L>~E+E:<E,>—Es, (4.32)
<c>-(%’+%vj+%:o. (4.3b)

Note that the capacitance (C) is determined by two neighboring in-cell

inductances as,

1 1 | gl
oy % 4

86



where 4/ is the length of line segments for the conductor.

During an updating cycle, the conductor current obtained in the thin-wire
domain is interpolated and projected to the corresponding electric field
components in the FDTD domain. Actually, the conductor carrying the current is
represented as a series of equivalent current sources in the FDTD domain. The EM
field outside the conductor is then updated in the FDTD cells, and the virtual
voltage is updated with (4.3b). After that, E; obtained in the FDTD domain is sent
to the thin-wire domain for updating the conductor current together with E. The

updating procedure of the traditional inclined thin-wire model is shown in Fig. 4.2.

Time FDTD Thin wire
gAt H |
0 o ®
(q+1/2) At E\ V
® ® @
v S~ Y
(q+1) At H |

Figure 4.2 Calculation procedure of the traditional inclined thin-wire model with auxiliary

updating equations

In this procedure, only lossless or conductors with DC loss are considered. The
surface electric field Es is simply equivalent to either zero or the constant voltage
drop of IRp., where Rp. is the DC resistance. Both bidirectional coupling

between the core and sheath conductors, and the eddy current in the sheath
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conductor were not considered.

4.2 Solid wires or hollow tubes with frequency-dependent losses

In a cylindrical conductor with finite conductivity, the surface electric field Es
is non-trivial. It is determined by the product of surface impedance Z and
conductor current /. Note, the surface impedance is frequency-dependent, but can
be expressed using Bessel functions [87], as shown in the Appendix. To
incorporate the frequency-dependent parameters into the time-domain
computation of current / with (4.3), the surface impedance is approximated with a
vector fitting technique [88, 89] as a rational function. The surface electric field Ej

in s domain is then expressed as
E.(s)=Z(s)-1(s)

N
= dI(5) +h (5) + >~ rma
m=19° 7 Ay

)’ (4.5)

where d and & represent the constant and differential components, and am and rm

are the poles and residues of rational functions.

By applying an inverse Laplace transform, the surface electric field, discretized

in both time and space, is expressed as

a3 d h 13 . d h) o 1 an a1
E, (k)=(5+zt+§gsmj|(k)+(5—ztj| (k)+52[(e +1) gt (k)], (4.6)

m=1

where

B, =r./a, (™" 1)
28 (K) =B, 19 (k) +e™" i (k)

In (4.6), g denotes the time step, and & denotes the index of a line segment. The
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last term in the right hand side of (4.6) is a convolutional term.

Substituting (4.6) in (4.3a), the conductor current / considering the frequency-

dependent loss in the conductor is obtained as

e VI (k+1/2)
19(k)=Cy s - | (k)+CIS'VS'I:_Vq1/2(k—1/2):| (4.7)
o (B 10) 52 (0% 1) (0]}

m=1

where
_ 2L-dAt+2h
to1s DENO
2At
CIs,Vs =TT o~
Al-DENO
. 2At
*E " DENO

N
DENO = 2L +dAt+2h+At) B,

m=1

The updating equation of the conductor voltage J remains the same as (4.3b).

4.3 Coaxial conductors with frequency-dependent losses
4.3.1 Surface electric field of the sheath conductor

The coaxial conductors consist of a core conductor, an insulation gap and a
sheath conductor, as shown in Fig. 4.3. This structure carries both currents I, in
the core and I in the sheath. These currents may not be necessarily balanced in
the simulation. Note that the structure length is much longer than its cross sectional
dimensions. Divide the structure into a number of short segments. The electric
field on the outer surface of the sheath conductor in segment & can be then

expressed with core and sheath currents in the frequency domain, as follows:
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Es (k):Zc,co'Ico (k)+zc,sh 'Ish (k)' (4‘8)
where Z.., and Z_g, are the surface impedances on the outer sheath surface
caused by the core and sheath currents /., and Isn. The detailed expressions of

surface impedances are given in the Appendix.

Core

N

re Sheath

Figure 4.3 Cross section of the coaxial conductors

Note that total current /; of a wire structure is used in the auxiliary equation (4.3),
instead of /.o and . It is necessary to build additional equations in the coaxial
wire structures, apart from the auxiliary equations. For a long coaxial wire
structure, frequency-domain transmission line equations in discrete form can be

established, as follows:

V; (k+1/2)-V; (k-1/2)

Al :_SLTlco(k)+Za,sh|sh(k) , (493)
_(Zc,co _Za,co)lco (k)
W:—sqw (k-1/2), (4.9b)
I (k) =1, (K)+14(K), (4.9¢)

where Vr is the transverse voltage on the gap of the coaxial wire structure, Z, ,
and Zy,, (x=co or sh) are the surface impedances on the core surface and inner
sheath surface contributed by the current in conductor x. Both circuit parameters

L and Cy are given by
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T

U
L, =—In(r, /T,
2r ( ¢ c)
C; =2zeIn™(r, /1)
Surface impedances in the lossy conductors are frequency-dependent. Similar
to the solid conductors, the vector fitting technique is applied to express surface

impedances with rational functions for time-domain simulation, as follows:

a.co

N
Zb,co (S) = dsl + Shsl +ZSI’¢ )

- aslm

Z, () =dg, +sh, +Z as (4.10)

c co (S) dol + Shol + Z a01m

c sh (S) d02 + Shoz + Z&
m1S—a,,

By substituting (4.9¢) in (4.9a) and (4.9b), and taking an inverse Laplace
transform, both discrete core current and gap voltage in the time domain can be

expressed with the total current [, as follows:

Icqo(k):CIc |c|cqol(k)+c (k)+C|c nnltq 1(k)+

Ic, Itp t (4113.)
Ic(ﬂl//co (k)+CIc\/ [Vq 1/2(k+1/2) Vq 1/2(k 1/2):|
VTq+112 (k -1/ 2) ZVTQ—UZ (k -1/ 2) +C\/T,|C |:|go(k)_ Igo(k _1)] , (411b)
where
c.. - ( 1 +dg | Le+h —hy+h,, )/DENOCO
At

N
Clc Itp = [d + ;z BsZm J/DENOCO
m=!

CIc,ltn = (dgz _E\J/DENOCO

Cov, = —]/(AI -DENO,,)

C., =—1/(2-DENO,)

Ic,p
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d —-d,+d +h, —h, +h
c sl 52+ c sl s2

DENO,, = ~— ~
l N
+§Z(ch - lem + BsZm)
m=1

Cy. .o = —At/Al/C,

' (k)= i[(e%'“ 1)l = (€% +2) g + (€% +1) oy — (6% +1) i3, |
m=1

wgo.xm (k) = me ’ Icqo (k)-l-eaxm'At 'q)(?o_.im (k)

Ol (K) =By 1 (K) +e™" 01 (K)

B, = (% -1)

Xm

With (9¢) and (11a), the electric field on the outer surface of the sheath Es in (8)

can be estimated as

E"2(K)=Cop 1 (K) + Cyp o 1K) + Cp i 152 (K) +Co 1 Cooy, [V 2 (K +1/2) — V2 (k -1/ 2) |
+C Wt 12+Cy wit
(4.12)
where
1,(K) = 1, (K) + 1, (K)
Citin = CesioCic.itp +Ces 1o
Ciip = CesinCreitn T Cesitn
CIt,lcp = CEs,lcpclc,lc +CE5,|cn
R et VG
c. -l ;doz . hoithoz
Ceorp = d; + % + %mZN; Bozom
Ceoin = % + %
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pit = i[(e%“ +1) @t — (€% +1) 9 L + (€% +1) 0 |

m=1

4.3.2 Current distribution in the coaxial conductors

To update the field components in the FDTD domain as shown in Fig. 4.2, the
total wire structure current /; needs to be determined. Substituting the surface
electric field given in (4.12) into the discrete version of auxiliary equations in (3a)

yields /i in the time domain as

19 (K) =Cyp - 1 (K) +Cope - 151 (K) + Cryy [V (k+1/2) =V Y2 (k =1/ 2) ]

, (4.13)
+Cyve -[V‘H’Z (k+1/2)-V 92 (k-1/ 2)] +yd 7 +Cy g -<E,‘H’2 (k)>

where

C =((L)/At=Cey 1y Cyc iy — e )/DENO,

Es,lcp ' Ic,Itn

CIt,Ic = _(CES,Icp ' CIc,lc + CEs,lcn )/DENOt
C|t,vT = 7CE5.ICp 'Clc.vT /DENOt
Civs = —]/(Ad . DENOt)

Clt.E, :]/DENOt

W (K)=~(Cesp - Cip W (K)+Ces , -wi&" (k) ) /DENO,

DENO, =(L)/At+ Ceetep “Cretp + Ceaip

Both core and sheath currents /., and /sy are then calculated with (4.11a) and (4.9¢)

after the total structure current /; is obtained.
4.3.3 Boundary conditions for the coaxial conductors

At each end of a wire structure, the current continuity is enforced by a multi-

junction equation in [47] no matter whether there is any external wire connected
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or not. Additional equations must be established to include gap voltage at the end

of the coaxial wire structure for updating FDTD field components.

Fig. 4.4 illustrates the arrangement of M external wires connected to the core of
the coaxial wire structure. A virtual wire segment of length A/ is added to the end
of the core conductor as the representation of the external wires, as shown in Fig.

4(b). This wire segment carries the total current of all external wires, as follows:

0, =318 (4.14)
m=1

(a) Multi-wire connection (b) Virtual wire connection

Figure 4.4 The structure of multi-junctions at coaxial conductor terminal

With (4.9b), the gap voltage at the end of the coaxial conductors can be obtained
with the currents in the virtual core segment and its adjacent segment. The updating

equation for the gap voltage Va at the end shown in Fig. 4.4 is derived as

VTq,ZlIZ szqillz +CVT,|C '|:|go (1) - Ico,A] (415)

The updating equation at other ends of the wire structure can be derived in a
similar manner. In case the core is open at the end of the wire structure, I, is

simply set to be zero.
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Figure 4.5 Configuration for evaluating magnetic fields at the structure end

The gap voltage, existing at the end of the coaxial wire structure, will alter EM
field in its vicinity in the FDTD cells. To establish a link between the voltage at
the end and its surrounding EM field, two orthogonal sets of double square
surfaces are constructed at the structure end along the wire axis, as shown in Fig.
4.5. The size of these surfaces is equal to the segment length of the conductors.
The Faraday’s law is then applied in each surface for evaluating H field

components in these areas, as follows:

dt

Hs:L:HSZ :—Z'VT,A (416)
Al
dt
Hi=Hg, :_W'VT,A

where Hsi is the averaged magnetic field on the corresponding surface Si. In the
normal FDTD updating cycle of magnetic fields, H field components calculated
with (4.16) are interpolated and superposed to the FDTD magnetic field

components in the corresponding FDTD cells.
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4.3.4 Flow chart

The calculation flow chart of the proposed thin-wire model is illustrated in Fig.
4.6. The detailed procedure is summarized, as follows:

1) Update electric field component £ in the FDTD domain using I, and H;

2) Update virtual voltage V in the thin-wire domain with (4.3b) using I;;

3) Update gap voltage Vi at the end of the coaxial conductors with (4.11b)
using I.,;

4) Update total current I, with (4.13) using I.,, E, V and Vg ;

5) Update core conductor current I, inside the coaxial wire structure with
(4.13a) using V7 and I;. If necessary, update sheath conductor current Iy
with (4.9¢) using I; and I_,;

6) Update magnetic field component / in the FDTD domain with (4.15) using

Vr and E.
Time FDTD Thin wire TLT
qat H I¢ les— 15n (Opt.)
O o © o
! Y v
(q+l/2) At T
| ) L —
® @ @ @~ ®
Voo | Y
(g+1) At H “« It_ G+ I(;o_> ISh (Opt)

Figure 4.6 Calculation procedure of the proposed thin-wire model for coaxial conductors
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4.4 Case studies

The proposed thin-wire models for inclined lossy conductors are tested under
transient or wave propagating conditions in this section. The issues of propagation
velocity and frequency-dependent losses on the conductors are investigated. The
simulation results are compared with those obtained by analytical and numerical

methods for validation.

4.4.1 Propagation velocity

The wave propagation velocity of the proposed thin-wire model is tested first.
Fig. 4.7 shows the configuration of a dipole structure with the voltage source
located between two conductive arms [90]. The length and radius of each
conductive arm are 1 m and 0.1 mm, respectively. The conductivity of the arms is
le7 S/m. The voltage source at the feeding point generates a Gaussian impulse

expressed by
V(t)=%exp{—%[t_7ﬂj 1 (4.17)

where Ay = 1V, 6 =1 X 107 %, p = 2.5 X 10~ %s. The current waveform at the
voltage source is measured to determine the time when the impulse travels back to

the feeding point.

The conductive arms have two degrees of freedom: & and ¢, as shown in Fig.
4.7. Both 0 and ¢ are defined respectively as an angle between the conductor and

the z axis, and an angle between the conductor projection on the xy plane and the
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x axis. 0 varies from 0" to 90" with an interval of 10°. ¢ varies from 0" to 45
with an interval of 15 for the symmetrical geometry.

ZA

Voltage
source

Figure 4.7 A dipole structure with an impulse voltage at its feeding point

In the FDTD domain, the cell size is set to be 1 cm, and the time step is 19.2 ps.
The perfectly matched layer (PML) absorbing boundary conditions are applied to
absorb unwanted wave reflections in six boundaries. In the thin-wire domain, the
solid conductor is divided into 201 line segments. The voltage source and current
sensor are located in segment 101. The propagation velocity of the proposed thin-
wire model with different inclinations is shown in Fig. 4.8. Note, the velocity value
is normalized by the result for 8 = ¢ = 0°. According to the simulation results,
the relative errors of the propagation velocity are less than 1%. Compared with the
error of the staircase approximation method [90], which is as large as 14%, the
proposed thin-wire model performs well. It is concluded that the proposed model

can depict the wave propagation along an inclined direction with a correct velocity.
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Figure 4.8 Normalized propagation velocity of the proposed thin-wire model with different

inclinations

4.4.2 Frequency-dependent loss of solid wire and hollow tube

A lossy conductor is arranged to be in parallel with a perfect ground, as shown
in Fig. 4.9. The conductor is assumed to be infinitely long. One end of this
conductor is connected to the ground via a lossless wire and an ideal current source.
The current source generates a 100 MHz sinusoidal wave. Two types of wire
structures are tested, including a solid conductor and a hollow tube. The geometric
dimensions of these two conductors are shown in Table 4.1. The conductivity of
these conductors is set to be 1e5 S/m for signifying the conductive loss effect. Five
current sensors are placed along each of two lossy wire structures at the distance
of 10 m, 20 m, 30 m, 40 m and 50 m away from Point P. To test the accuracy of
the proposed model under different positions, two configurations of the wire

structures are investigated, as shown in Fig.4.10. In Config. A, Point P is
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positioned at the corner of the FDTD cell. The lossy wire is located at a height of
0.3 m above the ground. In Config. B, Point P is positioned at the cell center. The
lossy wire is then at the height of 0.35 m above the ground. In these two

configurations, ¢ is equal to either 0° or 45’.

Table 4.1 Geometric dimensions of wire structures

Wire structures Core radius (mm) Sheath radius (mm) Thickness (mm)
Solid conductor 1 \ \
Hollow tube \ 2 0.1
Coaxial conductor 1 2 0.1
P 80m 3
Lossy wire
Lossless wire h

Current source

Perfect ground

Figure 4.9 Configuration of frequency-dependent loss validation with a solid conductor or a

hollow tube

Wave propagation over the tested conductor can be analyzed analytically with
the transmission line theory (TLT) [85] as the conductor runs in parallel with the
ground plane. The peak current along a wire with no reflected wave at angular
frequency w is given by,

I(x,t) = 1,67 sin(wt — BX) (4.18)
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where

a = \[(#’LC)? + (&’RC)’]? -’ LC /N2

ﬂ=\/[(602LC)2+(a)2RC)2]1/2+a)2LC/\/§

(a) Config. A: cell corner

(b) Config. B: cell center

Figure 4.10 Location of Point P on the infinitely-long conductor

Table 4.2 Simulation results of a lossy solid wire

Current/A Relative
[0) Method
1=20m 1=30m 1=40m 1=50m Error
Config. A: Point P located at the cell corner, h=0.3m
Prop. 0.9319 0.8686 0.8096 0.7547
0° 1.51%
TLT 0.9264 0.8584 0.7952 0.7367
Prop. 0.9290 0.8599 0.7965 0.7397
45° 0.26%
TLT 0.9265 0.8583 0.7952 0.7367
Config. B: Point P located at the cell center, h=0.35m
Prop. 0.9266 0.8588 0.7959 0.7376
0° 0.43%
TLT 0.9283 0.8619 0.8000 0.7426
Prop. 0.9256 0.8591 0.7961 0.7380
45° 0.43%
TLT 0.9283 0.8617 0.8000 0.7427
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Both C and L are the capacitance and inductance of a traditional transmission
line respectively. Resistance R is frequency-dependent, and can be determined
using the formulas for the internal impedance of round conductors [86].

Table 4.3 Simulation results of a lossy hollow tube

Current/A Relative

[0) Method
1=20m 1=30m 1=40m 1=50m Error

Config. A: Point P located at the cell corner, h=0.3m

Prop. 0.8951 0.8014 0.7175 0.6425

0° 2.60%
TLT 0.8862 0.7852 0.6958 0.6165
Prop. 0.8880 0.7904 0.7016 0.6248

45° 0.77%
TLT 0.8861 0.7852 0.6957 0.6165

Config. B: Point P located at the cell center, h=0.35m

Prop. 0.8870 0.7873 0.6986 0.6201

0° 0.45%
TLT 0.8889 0.7902 0.7024 0.6244
Prop. 0.9330 0.8817 0.8474 0.8101

45° 1.01%
TLT 0.9462 0.8952 0.8470 0.8014

In the FDTD domain, the cell size and time step are defined as 0.1 m and 9.6225
ps. Five planes of the PML boundary conditions and one plane of the perfect
electrical conductor (PEC) boundary condition are applied on the domain
boundaries. In the proposed thin-wire model, the lossy wire is divided into 800

line segments, and the lossless wire is divided into 3 segments in Config. A or 4
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segments in Config. B line segments.

The simulation results of the solid wire and hollow tube obtained with the
proposed thin-wire model and TLT are shown in Table 4.2 and Table 4.3. The
magnitude of the current wave measured at each location is normalized by the
current magnitude at /=10 m. It is noticed that the results obtained from the two
methods match very well. The averaged relative errors for the solid wire and
hollow tube in all configurations are 0.62% and 1.21%, respectively. This indicates
that the proposed thin-wire model is applicable to lossy solid wires and hollow

tubes.

4.4.3 Coaxial conductors

A lossy coaxial wire structure is tested, as shown in Fig. 4.11. It runs at a height
of 0.3 m above a perfect ground. The length of the wire structure is 20 m. The
geometric dimensions are given in Table 4.1. The conductivity of both core and
sheath conductors are 1e6 S/m. At one end of the coaxial wire structure, the core
is extended further for a distance of 0.5 m horizontally, and then is connected to
ground via a lossless wire and an ideal current source. The current source generates
a Gaussian impulse, with parameters of Ay = 1A, 6 =9Xx107%s and pu=
5 x 107%s . The other end of the coaxial wire structure, the core remains open.
The sheath is grounded via lossless wires at two ends of the structure. There is
no electrical connection between the core and sheath. The radius of the lossless

wires is 1 mm. Similar to the arrangement in Section V (B), two configurations for
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the position of P are considered with @ = 0" or ¢ =45 . The current
waveforms at the middle point of the core conductor are measured. The results
obtained with the proposed model is compared with those from the extended thin-
wire model in [42] for validation. In the extended thin-wire model the lossy coaxial

conductors are arranged to be in parallel with the FDTD cell edges.

Lossless wire
Lossy coaxial conductor

P )

0.5m— 20m

weo—

T——Losslesswire——— |

Current source Perfect ground

Figure 4.11 Configuration of the lossy coaxial conductors

In the FDTD domain, the cell size and time step are set to be 0.1 m and 9.6225
ps. The PEC boundary condition is applied at the bottom side of the problem
domain. The PML absorbing boundary conditions are applied on the other sides of
the domain. In the thin-wire model, the coaxial wire structure is divided into 200
line segments. The horizontal lossless wire is divided into 5 segments, and the
vertical lossless wires are divided into 3 segments in Config. A or 4 segments in

Config. B.

The current waveforms measured at the middle point of the core conductor
under two configurations are shown in Fig. 4.12. In all these cases, current
waveforms obtained with two methods match well. The proposed thin-wire model

can simulate the inclined coaxial conductors considering frequency-dependent loss
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with reasonable accuracy.
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(b) Config B: P at cell center

Figure 4.12 Current waveforms at the middle of the core conductor considering the

frequency-dependent loss

105



4.5 Summary

This chapter presented a series of inclined thin-wire models considering
frequency-dependent losses for solid conductors, hollow tubes and coaxial
conductors with reasonable accuracy. The Bessel functions and the vector fitting
technique were adopted to incorporate the frequency-dependent parameters of the
conductors into the time-domain auxiliary equations. Transmission line equations
of coaxial conductors were established for wave propagation analysis and linking
the wire structure current and conductor currents together. Boundary conditions
for the coaxial wire structure were provided as well. The bidirectional coupling

between core and sheath conductors was realized with these equations.

Transient simulations in three different cases were performed using the
proposed inclined thin-wire models. It is found that wave propagation along
inclined lossy conductors is correctly depicted, with the velocity error of less than
1% and the attenuation error of less than 1.5%. The transient currents in the
inclined coaxial conductors match well with those obtained from the extended
thin-wire models under the assumption that the wire structure is arranged to be in

parallel with the FDTD cell edges.

4.6 Appendix

Consider a coaxial wire structure consists of a core conductor and a sheath

conductor withe with radii r,, 1, and 7., as illustrated in Fig. 4.2. Surface

106



impedance Z,, (x=a, b or ¢, and y=co or sh) on surface x contributed by the

source current in y is represented as [87],

_dou, 15(R)
“° " 27R. 1 (R.)

[Kl(Ra)Ra — Kl(Rb)Rb]IO(Ra)
Z”RaRb[ll(Rh)Kl(Ra)_ Il(Ra)Kl(Rb)]
[ (RIR, = L (RIRIK, (R,)
27R. R, [, (R, ) K, (R,) = 1, (R K, (Ry)]
1
272R R [ (R)K, (R) = L (RIK,(R))]

[Kl(Ra)Ra _ Kl(Rb)Rb]IO(Rb)
ZﬂRaRb[Il(Rb)Kl(Ra) - Il(Ra)Kl(Rb)]

Zb,co = jwfush

Z, g, = jouy,

Zc.co = ja):ush
__ ILR)R, — L (RIRIK (R,)
27R R, [1: (R, K (R) = 1, (R)K, (R,)]
7., = jou, Ki(R)1(Ry) + 1, (R)K, (R,)

ZﬂRb[Il(Rb)Kl(Ra)_ |1(Ra)K1(Rb)]

where R, = y1, and y? = jou(o + jwe). ois the conductivity of the conductor.
I, is the modified Bessel function of the first kind at order 7. A solid conductor or
a cylindrical tube is a special case of the coaxial wire structure, in which either the

sheath or the core is absent.
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5 Thin-wire models with non-circular cross section

In this chapter, an FDTD thin wire model integrated with the equivalent circuit
and surface charge simulation methods is proposed to deal with lossy wire
conductors with non-circular cross section. This model is developed from a
traditional thin wire model [52], and is established by providing unique correction
factors of EM fields around the conductors and electric field on the conductor
surface. These parameters are both frequency-dependent and position-variant. The
EM field distribution in and around the conductors are investigated with several
numerical techniques under quasi-static conditions, such as surface charge
simulation method, equivalent circuit method (ECM). Section 5.1 of this chapter
presents a brief review of the traditional thin wire model. In Section 5.2 the detail
of the proposed model is described, and several key issues are addressed, such as
the correction factors and the frequency-variant conductor loss. Section 5.3
presents the analytical and numerical validation of the proposed model. Finally,
this method is applied to analyze lightning surges in a light rail system under a

direct lightning stroke.

5.1 Traditional Railton thin wire model

The thin wire model [52] proposed by Railton introduced the concepts of
line/surface averaged field quantities, and mimicked a round and lossless

conductor by implementing a modified assigned material parameters (MAMPs)
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technique.

Figure 5.1 Cross section of a thin wire model with a circular cross section

During an FDTD updating period, the E field components, which are calculated
by the H field components at half time step early, are the surface averaged field.
At the next half time step, the E field components, as the line averaged field, are
used to update H field components, and vice versa. Therefore, a line/surface
averaged field transformation exists inherently between consecutive updating
cycles in the FDTD method. Note that in a normal FDTD calculation region, the
field distribution inside the corresponding cubic mesh is regarded as uniform. The
line/surface-field transformation completes naturally without any further

modification. However, the field distribution near a round conductor is no longer

uniform.

Take a z-oriented round conductor as an example, as shown in Fig. 5.1. The line

and surface averaged fields of Ex(m +1/2,n,p) are defined as,
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(n+7)ay
J(n_ oy Ex((m+ %)AX,y, pAz)dy

<<Ex(m+}/2,n, p)>>y2= (5.1a)

Ay

MAX—r
v[(m—mx EX(X’ nAy, pAz ) dx

(Ex(m=%.n,p)) = (5.1b)

AX

where (a), is the line averaged field along the x-oriented line, and ({(a)), is the
surface averaged field on the y-z surface. In (5.1) Ax, Ay and Az are the sizes of
acell in the x,y and z directions. These quantities in a cell around the conductor
are generally not identical. Correction factors are then required to determine in
advance for the line/surface averaged field transformation. A correction factor is
defined as a ratio of the surface averaged field to the line averaged field. In the
Railton’s thin wire model, the correction factor is integrated into material
parameters, which is equivalent to construct a thin wire by modifying assigned
material parameters. For instance, the correction factor of Ex and Hx of a
lossless round conductor associated with permittivity and permeability are

represented as,

<<EX>>yZ 2tan™ (Ay/Ax) Ax
5 (Ex), - In(Ax/a) Ay’ (4.23)

<<HX>>YZ_ In(Ay/a)  Ax

(HX)  2tan*(Ax/Ay) Ay (4.2b)

My =

5.2 Proposed thin wire model

It is known that correction factors of both E and H field components for a
circular and lossless conductor are constant, symmetrical and frequency-invariant.

However, for a lossy conductor with non-circular cross section, the EM field
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distribution around the conductor is not rotationally symmetrical. In addition, H
field distribution varies with frequency. It is impossible to have constant corrector
factors in the FDTD updating equation, as well as constant surface impedance of

the conductor.

To construct a thin wire model with non-circular cross section in a coarse FDTD
mesh, the correction factors of E field and H field in four orthogonal directions
and the conductor loss need to be considered separately in the FDTD initialization
process. The E field correction factors are frequency-invariant, and can be adopted
in the updating equations similar to the conventional thin wire model technique.
The H field correction factors and conductor loss are frequency variant. Their
frequency responses are obtained numerically and are approximated by rational
functions with the vector fitting technique [91] in the initialization process. They

are incorporated in the updating equation using an iterative convolution technique.

In a long conductor, the transverse dimension of the conductor is much less than
its longitudinal dimension. Therefore, the charge and current densities, as well as
electric and magnetic field around the conductor, are determined by 2D procedures,
1.e., 2D surface charge simulation method and 2D equivalent circuit method. These
procedures are executed one time in the initialization stage for one conductor type.
Once the execution is completed, the FDTD method can proceed without extra
calculation. Without losing generality, a z-oriented thin wire model is present in

the following sections.

111



5.2.1 E field correction factors

Under quasi-static conditions, electric charge is situated on the surface of a
conductor and is independent of frequency and conductivity. A surface charge
simulation method is then applied to determine the surface charge of the conductor,
subsequently the E field distribution around the conductor. Fig.2 shows the cross
section of an arbitrary conductor. Its boundary carries surface electric charge, and
is divided into N line segments, as shown in Fig. 5.2(a). The charge density in each

segment is constant.

(a) Boundary meshing (b) Meshing of cross section area

Figure 5.2 Discretization of conductor cross section

Assume charge g; situates on line segment L;. With an arbitrary reference
point located far away (its radial distance is much greater than wire cross-sectional

dimensions), electric potential ¢; on the center of line segment L; is calculated,

as follow:
4=>-5 [ [ mLad, ->Dpaq (5.3)
i = 272_ng U piyj [ = Uy

where p; ; is the distance between the point in the source segment and the middle
point of the observation segment. Although the integrand is singular, the integral

is convergent [92]. A technique in [93] was adopted to remove the singularity in
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the integral. A matrix equation for potential vector ¢ and charge vector Q on the

boundary is established, as follows:

¢ =D-Q or
Q =D"¢ (5.4)

where D = {D;;}. Note that the potential is the same everywhere on the cross section.
The following relationship between total charge q, on the boundary and
conductor potential ¢, is obtained, as follows:

% = Faums - (5.5)

where Fyy,, is the summation of all elements in matrix D1, Substituting (5.5) into
(5.4), charge distribution along the boundary can be expressed in terms of total
charge q, as follows:

Q=D'.U/F,, -q>, (5.6)
where U is a unit vector with the dimensions of N X 1. With charge distribution
on the boundary, the electric field around the conductor is evaluated with the

Coulomb's law, as follows:

X; =X,

N
q,
Ex=> — dl
1 27gL ILJ o

(5.7)

T T
Ey=2, ’ijj prk dl

Both line and surface averaged electric fields of a conductor can be then
estimated, subsequently the correction factors of E field in the four orthogonal
directions. Note that both line and surface averaged electric fields are proportional
to total charge q,. This parameter is cancelled out in the evaluation of the
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correction factors. Therefore, the correction factors are not affected by the
frequency of conductor current and total charge on the conductor. They are
determined by the conductor geometry and cell size only. The modified E field

correction factors are implemented directly in the FDTD updating equations.

5.2.2 H field correction factors

In a circular conductor with radius a, current density J(r) on its cross section

is calculated analytically by [94]

3= jo 1 (iwou, 1) (5.8)
2”\’ ja)o-c/'lc ‘a Il(’\f ja)o-c/'lc 'a) .

where 0. and p. are the conductivity and permeability of the conductor

respectively.

However, no analytical formula could be possibly derived in case of conductors
with arbitrary cross section. In this case, a numerical procedure based on the 2D
equivalent circuit method (ECM) is applied. Consider a nonmagnetic conductor
and divide it into M small rectangular elements on its cross section, as shown in
Fig. 5.2(b) (the formulation of magnetic conductors is given in the Appendix).
Current density in each element is constant. Under the quasi-static conditions, each
element is represented with circuit components: resistance and inductance. With
the relationship of electric potential ¢ and magnetic potential A on the conductor,

V¢ =] /o + jwA, a system of equations in the frequency domain can be established,

V=IR+ joLI=2ZI or

=2z (59)
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where V is the potential difference (voltage) vector at the center of elements for a
unit length and I is the current vector for these elements, In (9) the elements R; ;

and L;; of both resistance and inductance matrices are given by

R =1/(ons))

|_”=ij] In—Lds,
B R (5.10)

where As; is the area of the jth element. The similar technique used for (5.3) is

applied to deal with the singularity in the integral.

As the voltage of these elements is identical, the total current can be expressed

using this voltage denoted by V, as follows:

oy = Yarr -V - (5.11)

total — 'sum
where Y, is the summation of all elements in matrix Z~1. Substituting (5.11)

into (5.9) yields

1=Z%/Y,, |

" Ttotal

_p.| (5.12)

total *

Once the current distribution on the conductor is given, H field around the

conductor 1s evaluated with the Biot-Savart law, as follows:

v 1 () Y=Y
Hx(w) = Z‘MS jj E dxdy

(5.13)

M1 () X — X, ’
Hy (@ ! dxd
)= 121:2 AS; 'U pj,k Y

Then the H field correction factors in the four orthogonal directions can be
estimated. Note that both line and surface averaged magnetic fields are

proportional to total current I,,.,,. The correction factors of H field are independent
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of conductor current. However, it varies with current frequency due to the skin
effect, and cannot be used directly in the line/surface averaged-field transformation.
A time-domain correction factor would be necessary in the simulation. The VFT
[91] is then applied to approximate the inverse of a correction factor with a rational

function in s domain, as follows:

)L
O

d+sh+i fm (5.14)

“s-a,
where a,, are poles and 7, are residues. After d, h,7, and a,, are identified,
time-domain response pu*(t) is obtained directly from the rational function in

(5.14). The surface averaged field can be then transformed to line averaged field

in an iterative convolution process. Now (5.2b) in the time domain is expressed as,

(HX), =((H0) *u. (5.15)

The updating equation (5.15) can be expanded as
~ N
(o) =Ky ()], + K () + Dt (5.16)

where K =d+h/AtandK, =-h/At.

The convolutional term on the right hand side of (5.16) is updated as

oh =12 (e —1)-((H))7, +e g, (5.17)

m

5.2.3 Factor for the conductor loss

It is known that surface electric field of a lossy conductor in its longitudinal
direction is nonzero, and has to be included in the updating equations. Note that

surface E-field varies along the wire boundary. Four separated E field components
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are adopted to represent the lossy conductor in four associated cells. Taking a
conductor with a rectangular cross section as an example, surface E field
components Erl, Er2, Er3 and Er4 on the conductor shown in Fig. 5.3 are used in

the updating equations.

These separated E field components are determined using the equivalent circuit
method presented early. They are expressed by the total current in the frequency
domain as,

Er=1-R; =T lgu> (5.18)

where T, = P, - R,;. As coefficient T; is frequency dependent, the VFT is applied
again to generate four rational functions in s domain, similar to (5.14). Time-
domain response T (t); are obtained directly from these rational functions in the
initialization stage. Four separated E field components are then updated in an
iterative convolution process in the FDTD updating period. The total conductor
current of each FDTD element is obtained by integrating H field components at
the previous time step in a contour path enclosing the conductor in the FDTD
region, as follows:

L (P+172) ~ 1337 (p+1/2) = AX-[ HX* (M, n+1/2, p+1/2) - HX**(m,n -1/ 2, p+1/ 2) |

total

+Ay [ Hy*™*(m+1/2,n, p+1/2) —Hy* ¥*(m—1/2,n, p+1/2) |

(5.19)
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Figure 5.3 Thin wire and its adjacent electric and magnetic fields

H field components in the vicinity of the conductor are updated at next half time
step with separated E field components. By taking Hy(m-1/2,n,p+1/2) as an

example, the equation of surface averaged H field is shown as

(Hy(m=Y2,n,p+1/2)) =(H;*(mM-Y2,n, p+1/2))

_%.[Ef(m—l/&n, p+1)—-E;(m-1/2,n, p)]+ﬁ'[|§fz(p+l/2)—Ef(m—l,n, p+1/2)]

AX

(5.20)
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5.2.4 Flow chart of the proposed model

Initialize basic
FDTD parameters

A 4

Initialize: 1) E correction factors
(constant); 2) H correction factors
(rational equation); 3) rational
equations of separated E

Process absorbing
boundary of E

A

No End

Yes
A 4

Update H, and transform
H near the thin wire
from <<H>> to <H>

conlolutionally

v

Process absorbing
boundary of H

Estimate |, and calculate
the separated E along with
the thin wire

Update E except those along with
the thin wire, and transform E near [€—
the thin wire from <<E>> to <E>

Figure 5.4 Flow chart of the proposed thin wire model calculation with the absorbing

boundary condition

The complete procedure of the proposed thin wire model with the absorbing
boundary condition (ABC) is shown in Fig. 5.4. There are two constraints of
conductor zone meshing when applying this proposed method: 1) one longitudinal
edge of the FDTD mesh should run through the conductor body; 2) the conductor
cross section should be within the effective region of its longitudinal E fields. The
effective region of the Ez(m,n,p+1/2) in the x-y plan (see Fig. 5.2 (a)), for example,

is defined as
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(m=1/2)-Ax<x < (m+1/2)-Ax,
(n-1/2)-Ay<y<(n+1/2)-Ay. (5.21)

These requirements can be easily fulfilled in the FDTD meshing process.

5.3 Validations

The proposed thin wire model has been applied to analyze surge propagation on
lossy wire structures with non-circular cross section. For validation, the results

were compared with those obtained with analytical and numerical approaches.

5.3.1 Analytical validation for symmetrical cross section

‘ 40 m >

T Lossy conductor

o | Lossless

-

«© | conductor

T

Voltage source

ZTL«Z
X Perfect ground

Figure 5.5 Configuration of the analytical validation arrangement

A horizontal conductor is arranged above a perfect ground for analytical
validation as shown in Fig. 5.5. Three shapes of conductor cross section are
selected in the test, i.e., rectangular, H and cross shapes, as shown in Fig. 5.6. The
rectangular conductor is made of linear magnetic material. Its relative permeability
and conductivity are respectively set to be 100 and 1 X 10° S/m. Other shape
conductors are made of non-magnetic material with the conductivity of
1 X 105 S/m to signify the effect of frequency-dependent losses on a short line.

In testing, one terminal of the conductor is connected to the ground via a vertical
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lossless wire and a voltage source, and the other terminal is left open. The voltage
source generates a sinusoidal waveform with amplitude Vo at the frequencies of
50 MHz and 150 MHz. The length and height of the conductor are 40 m and 0.19
m. Voltage is measured at 4 m, 8 m, 12 m, 16 m and 20 m along the non-magnetic
conductor and 2 m, 4m, 6m and 8m along the magnetic conductor, before the

reflected wave arrives.

- |
P >
- [ [ )
o o
(a) Rectangular shape
A ] A
ad I L
| -
v v
— |® +~ ° - e — o
Yoo Yoo o
Y L | Y
(b) H shape (c) Cross shape

Figure 5.6 Configurations of three cross section shapes (t=0.5mm, 1=3mm)

Wave propagation over the tested conductor can be analyzed analytically
with the transmission line theory (TLT) [85]. The peak voltage between the
conductor and the PEC ground with no reflected wave at angular frequency w is
given by,

V (%,t) =Ve ™ sin(wt — BX) .- (5.22)
where parameters o and f are expressed with frequency-dependent L and R, and

frequency-independent C as,
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a =\[(@’LC)* +(@RCY’T? - w?LC /N2
8 = J[(@’LC)? +(«RC)’ I +@’LC /N2

Note that it is difficult to determine L, R and C of a non-circular conductor by
analytical formulas. Actually, these parameters are calculated numerically with the
boundary element method (L and R) and the finite element method (C) at selected

frequencies, as shown in Table 5.1.

Table 5.1 R and C of three conductor shapes calculated by the boundary element method and

the finite element method

Type Freq./MHz L/pH R/ohm C/pF
50 5.072 42.80

Rectangular shape 9.321
150 4.952 76.45
50 1.097 5.930

H shape 10.30
150 1.091 9.655
50 1.161 8.385

Cross shape 9.773
150 1.153 13.33

In the FDTD simulation with the proposed thin wire model, the working volume
issetto 40.5 m X 0.4 m X 0.4 m. The 7-layer PML absorbing boundary condition
is adopted to absorb unwanted reflections. A uniform mesh scheme is adopted with
the cell size of 0.01m. To test the accuracy of different geometrical arrangements,
one longitudinal edge of the FDTD mesh runs at the center (O) or the biased

location (O’) within the cross section as shown in Fig. 5.6. The time step is set to
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0.8 times of the maximum Courant-Friedrich-Levy (CFL) time step to maintain
the simulation stability. In the initialization process of the proposed method, the
conductor is discretized into 2D cells with the size of less than one-tenth of its skin
depth to determine its current density. The investigated frequency range of the
current density distribution is from DC to 1 GHz. The fourth order VFT is used to
approximate the frequency responses of both the H correction factors and the
separated longitudinal E field components. The relative error of the frequency

approximation is lower than 0.1%.

Table 5.2 Voltage amplitude of a rectangular conductor calculated by the proposed thin wire

model and TLT (Sig=1e6 S/m, ur=100)

Voltage/V Averaged
Freq. Method

x=2 x=4 x=6 x=8 error

Grid line at the position O

Proposed | 973.9 | 9144 | 863.2 | 8123
50MHz 0.29%

TLT 9714 | 916.6 | 8649 | 816.2

Proposed | 949.9 | 847.2 | 7613 | 680.1
150MHz 0.95%

TLT 9489 | 8544 | 769.3 | 692.6

Grid line at the biased position O’

Proposed | 973.4 | 9133 | 8622 | 813.0

50MHz 0.32%
TLT 9714 | 916.6 | 865.0 | 816.2
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Table 5.3 Voltage amplitude of a H-shape conductor calculated by the proposed thin wire

model and TLT (Sig=1e5 S/m, pur=1)

Voltage/V Averaged

Freq. Method

x=8 x=12 x=16 x=20 error

Grid line at the position O

Proposed | 968.2 | 9355 | 905.0 | 875.0
50MHz 0.62%

TLT 9643 | 9299 | 896.7 | 864.7

Proposed | 948.9 | 899.7 | 853.8 | 806.4

150MHz 1.24%
TLT 942.4 | 8882 | 836.9 | 788.8

Grid line at the biased position O’

Proposed | 940.8 | 884.1 | 831.7 | 7929

50MHz 0.35%
TLT 9424 | 888.2 | 837.0 | 788.8

The voltage amplitudes at several points calculated by both the proposed thin
wire model and TLT are shown in Tables 5.2, 5.3 and 5.4. The voltages at x = 1 m
and x = 4 m are set as the reference (1kV) for the rectangular-shape conductor
and other conductors, respectively. It is found that the proposed thin wire model
matches the analytical result well with the averaged relative error of 0.54%. These
tables also show the results when one longitudinal edge at the biased location (O).
No significant difference is found. This indicates the proposed method is rigid, and

is insensitive to the selection of the local center of the conductor in FDTD meshing.
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Table 5.4 Voltage amplitude of a cross-shaped conductor calculated by the proposed thin

wire model and TLT (Sig=1e5 S/m, ur=1)

Voltage/V Averaged

Freq. Method

x=8 x=12 x=16 x=20 error

Grid line at the position O

Proposed | 952.9 | 907.1 | 864.2 | 822.4

50MHz 0.03%
TLT 9525 | 907.2 | 864.1 | 823.1

Proposed | 922.2 | 852.1 | 783.4 | 724.3

150MHz 0.62%
TLT 9253 | 856.1 | 792.2 | 733.1

Grid line at the biased position O’

Proposed | 928.2 | 860.5 | 798.6 | 737.6
S0MHz 0.45%

TLT 9253 | 856.2 | 7923 | 733.1

Table 5.5 TLT parameters of each type of thin wire models with asymmetrical cross sections

Type Freq/MHz L/uH R/ohm C/pF

10 1.0165 43105

L shape 11.2860
20 1.0105 5.0650
10 1.0325 4.5790

T shape 11.1788
20 1.0230 5.5650
10 0.9770 2.9755

U shape 11.6970
20 0.9725 3.6305
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5.3.2 Analytical validation for asymmetrical cross section

Three types of asymmetrical cross section shapes will be tested, including L
shape, T shape and U shape, as shown in Fig. 5.7. Three scenarios are considered:
1) the FDTD grid line (E field components in longitudinal direction) passes
through the cross section center O, and edges of cross section center in parallel
with Cartesian axes; 2) the FDTD grid line passes through the biased center O’ ,
and edges of cross section center in parallel with Cartesian axes; 3) the FDTD grid
line passes through the cross section center O, and the cross section rotated with a

certain angle.

The configuration of validation cases is shown in Fig. 5.8. A lossy thin wire
structure is arranged 0.1 m above a perfect electrical conductor (PEC) ground. The
conductivity, relative permittivity and relative permeability are 1e5 S/m, 1 and 1.
One of the terminals are opened, the other terminal is connected to the ground via
an ideal current source and a lossless thin wire. The current source generates 10
MHz or 20 MHz sinusoidal waveform to test the model accuracy under different
frequency. The length of the thin wire model is 120 m. Five current sensors are
defined on the wire structure. They are located 5 m, 10 m, 20 m, 30 m, 40 m away

from the grounded terminal.

The capacitance, inductance and resistance of the TLT equation are obtained
numerically with “ANSYS” software package (C) and “OERSTED” software (L

and R). These TLT parameters of thin wire models with cross sections of L shape,
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T shape and U shape are listed in Table 5.5.
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Figure 5.7 Three types of asymmetrical cross sections (t1=3mm, t2=0.5mm)

- 120m——

Lossy wire

WT 00—

Lossless wire

=

Current Source

PEC Ground

Figure 5.8 The configuration of validation cases with asymmetrical cross sections

For the FDTD method, uniform mesh technique is adopted, and the cell size is
defined as 2 cm. The computation region is defined as 6060 x 60 X 40. The
bottom boundary is left as PEC condition, and the other boundaries are assigned
as perfectly matched layer (PML) absorbing condition to absorb unwanted wave

reflection. The Courant Friedrichs Lewy (CFL) limit is reduced with multiplying
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a factor of 0.8 to maintain computation stability. The current measured at 5 m on
the lossy wire from the grounded terminal is set as a reference (1A).
Table 5.6 Current amplitudes of thin wire models with asymmetrical cross section. The

FDTD grid line at the position O

Length
Freqg/MHz | Method
10m 20m 30m 40m
L shape cross section, and grid line at the position O
Prop. 0.9643 0.8977 0.8340 0.7753
10
TLT 0.9647 0.8979 0.8357 0.7778
Prop. 0.9570 0.8763 0.8026 0.7365
20
TLT 0.9586 0.8808 0.8093 0.7437
T shape cross section, and grid line at the position O
Prop. 0.9639 0.8968 0.8326 0.7734
10
TLT 0.9630 0.8932 0.8284 0.7683
Prop. 0.9538 0.8675 0.7890 0.7193
20
TLT 0.9551 0.8712 0.7946 0.7248
U shape cross section, and grid line at the position O
Prop. 0.9736 0.9237 0.8745 0.8283
10
TLT 0.9746 0.9257 0.8793 0.8351
Prop. 0.9688 0.9093 0.8536 0.8029
20
TLT 0.9690 0.9099 0.8544 0.8023
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Table 5.7 Current amplitudes of thin wire models with L-shape cross section. The FDTD

grid line at the biased position O’

Length
Freq/MHz | Method

10m 20m 30m 40m

Prop. 0.9658 0.9020 0.8405 0.7837

10
TLT 0.9647 0.8979 0.8357 0.7778

Prop. 0.9584 0.8803 0.8087 0.7444
20

TLT 0.9586 0.8808 0.8093 0.7437

Table 5.8 Current amplitudes of thin wire models with L-shape cross section rotated 30°

clockwise, FDTD grid line at the position O

Length
Freq/MHz | Method

10m 20m 30m 40m

Prop. 0.9621 0.8906 0.8246 0.7635

TLT 0.9647 0.8977 0.8354 0.7774

Prop. 0.9567 0.8759 0.8019 0.7365
20

TLT 0.9585 0.8805 0.8089 0.7431

The current amplitudes of thin wire models with three types of asymmetrical
cross sections calculated by the proposed thin wire model and TLT are listed in
Table 5.6. The FDTD grid line passes through the conductor cross section at the

position O. The averaged relative error of three conductor types is 0.36%. The
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maximum and minimum relative errors are 0.96% and 0.02%. The current
amplitudes obtained from two numerical methods match well. The case that the
FDTD grid line passes through the biased position O’ is investigated in L shaped
conductor, and simulation results are shown in Table 5.7. The averaged, maximum
and minimum relative errors are 0.27%, 0.76% and 0.02%. According to the
simulation results, the proposed thin wire model can simulate thin wire structures
with asymmetrical cross sections well. The FDTD grid line can pass through an

arbitrary position on the conductor cross section.

Figure 5.9 The L-shape cross section with a 30° rotation clockwise

The L-shaped cross section rotated 30° clockwise, and the FDTD grid line
passes through the position O, as shown in Fig. 5.9. Two comparisons between
original frequency dependent parameters and frequency characteristics fitted by
vector fitting techniques are shown in Fig. 5.10. The current amplitudes of thin
wire models with a rotated cross section are listed in Table 5.8. In this case, the
correction factors of material parameters are extremely imbalanced. To obtain a
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stable result, the time step is multiplied with a factor of 0.5. The averaged,

maximum and minimum relative errors are 0.82%, 1.79% and 0.18%. This

indicates that the proposed thin wire model can simulate the rotated thin wire

structures with reasonable accuracy.
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Figure 5.10 Comparisons between original and fitted frequency characteristics of a rotated

L-shaped conductor

5.3.3 Numerical validation

The numerical validation has been also performed for comparing transient
waveforms of the surge on a wire structure. The conventional FDTD method was
employed for comparison. Fig. 5.11 shows the configuration of the tested system,
which is constructed by a central-fed conductor with a rectangular cross section in
free space. Two conductor arms having the dimensions of 2 m X 3 mm X 0.5 mm
are connected to a hard voltage source. The voltage source generates a 1 V
Gaussian pulse waveform (6 = 1.5 X 1072, u = 5 X 107?). The working volume
for the central-fed conductor is 5 m X 0.5 m X 0.5 m. The conductors have the

conductivity and relative permittivity of 5.96 X 10°S/m and 1.

Table 5.9 Meshing schemes for the central-fed conductor used by the proposed thin wire

model and traditional FDTD method

Mesh sizes
Methods
Longitudinal size Transverse size
FDTD: 10 mm % 10 mm
Proposed 10 mm
ECM: from 1 pm to 20 pm
Traditional 10 mm FDTD: from 10 um to 10 mm

The PML absorbing boundary condition was applied to absorb unwanted

reflection in all cases. An extremely fine meshing scheme was adopted in the
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conventional FDTD method. The mesh sizes adopted in these two methods are
given in Table 5.9. The time step in the proposed case was set to 0.8 of its
maximum CFL time step. No instability problem was encountered after 6.4 x 10*

time steps.

0.5 mm

Voltage
source

Air

Figure 5.11 Configurations of the central-fed conductor

Fig. 5.12 shows the original frequency characteristics and fitted characteristics
of one Hy correction factor and normalized current density at the position of Er4
shown in Fig. 5.3(a). With the 4™ order rational-function approximation, good

agreements are observed between the original and fitted results.

Fig. 5.13 shows the simulation results of the pulse current at the feeding point
of a central-fed conductor obtained with the conventional FDTD method and
proposed thin wire model. It is found that the current waveforms of the proposed
model match well in both amplitude and waveform. The error at the wave crest is
less than 5%. This indicates that the proposed thin wire model can mimic a lossy
conductor with non-circular cross section without compromising result accuracy.

The computational resources required by these two methods are compared by
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performing the simulation on the same personal computer with a graphics
processing unit (NVIDIA® Tesla™ K40C GPU Computing Accelerator). The
traditional method consumed 3 GB memory space and ran 49 hours. While, the
proposed method consumed 0.9 GB memory space and ran only 25 minutes. Both
the computational resources and simulation time are significantly reduced with the

proposed thin wire model.

The errors of the pulse currents may be caused by the meshing scheme adopted
in the conventional FDTD method. Note that the mesh sizes are not less than 1/2
of the skin depth. In order to obtain more accurate results, much finer meshing is
required in the conventional method. However, this will require unacceptable

computation resources in the simulation.

5.4 Transient analysis in a light rail system

The proposed thin wire model has been applied to evaluate lightning transients
in a point controller (PC) of the light rail system under a direct lightning stroke.
Fig. 5.10 shows a representative configuration of the railway system of concern.
Electric trains are powered by an overhead line (OHL) system at +750 VDC. The
OHL system is comprised of contact wires (CW), messenger wire (MW), fault
current return wire (FCRW), insulators, lightning arresters (LA), poles and other
accessories. It is fed from a rectifier substation (RS) via traction power cables (TPS)

and traction return cable (TRP), as seen in Fig. 5.14. The poles are located
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separately every 25 m, and are provided with 1 m deep reinforced concrete
foundation at each location. The rails have a typical non-circular cross section, as
shown in Fig. 5.15, and are positioned at a height of 0.4 m above the ground level.
The FCRW is hinged 5.2 m above the ground, and is bonded to every pole along

the track, and to the rails via diodes.
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Figure 5.12 Comparison between original and fitted frequency characteristics of a
rectangular-shaped conductor
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Figure 5.13 Pulse current in the central-fed conductor calculated with two methods
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Figure 5.15 The configuration of the rail track cross section (11=150mm, 12=75mm,

t1=175mm, t2=15mm, t3=35mm

The trackside PC is supplied at +750VDC via a power cable connected to

CW/MW at pole M. The PC is located 6.3 m away from pole M. The cable runs
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on the ground level to a miniature circuit breaker (MCB) installed inside the PC
cabinet, and goes further to a trackside motor (e.g. Point Machine) for track
movement. The PC cabinet is bonded to the rail 6.27 m away. The cabinet and all
the connecting wires are placed on the ground. Lightning arresters (LA) are
provided at pole L1, M and R10 to protect traction feeder cables and other
equipment connected to the overhead line. They are grounded via insulated

conductors to local grounding electrodes.

The rail is presented by a linear magnetic conductor and is simulated by the
proposed thin wire model. Its conductivity and relative permittivity are
respectively equal to 1e6 S/m and 100. In the initialization stage, the cross section
of the rail, as shown in Fig. 5.15, is divided into 6765 non-uniform cells for
analyzing the frequency dependent current distribution from DC to 10 MHz. The
6" order VFT is then applied to obtain H field correction factors and factors for
calculating surface E field components. The perimeter of the cross section is
divided into 795 sections to derive the E field correction factors by the surface

charge simulation method.

As CW and MW are electrically connected at a regular interval, they are
modeled as a wire conductor situated at the height of 5.6 m above track rail. Those
wires are supported and registered on hinged cantilever assemblies to poles with
insulators. The traditional thin wire model [52] is applied to mimic these wires as

well as FCRW. The insulators on other poles are simulated as breakdown models.
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The insulating level of the insulators is 30 kV. Considering the volt-time flashover
curve, the breakdown voltage is defined as 1.5 times of the insulating level [95],
i.e. 45 kV. The LAs are modeled as active current sources by piecewise linear
method [96]. The residual voltage is set as 3.9 kV. The lightning return stroke is
represented by a hard current source connected to the CW/FW on the top of pole
M. It generates an 4/10 ps impulse current with 50 kA amplitude according to

EN50124-2.

The working domain of the problem is divided into 375x160x110 cells. Both
the OHLSs and rails run continuously to the domain boundary at their two ends. Six
planes of PML absorbing boundary condition are adopted to absorb unwanted
reflection at its boundary. The non-uniform mesh technique is adopted. The cell
sizes are 0.05 m and 0.2 m near the mast and rail track, and increase to 25 m
gradually. The soil conductivity is 0.01 S/m, and relative permittivity is 4. The time

step i1s determined by the minimum cell size, i.e. 9.6225e-11 s.

It was reported that arcing marks were found in the power supply compartment
of some PCs in a light railway system. In the simulation both current on the rail
and voltage between the busbars and the PC enclosure were then examined. Fig.
5.16 shows the current on the rails at pole M. Its waveform is similar to the
lightning current. The maximum current amplitude is 17.21 kA. A substantial
amount of lighting current is discharged via the rails. Fig. 5.17 shows the transient

voltage between the busbars and the PC enclosure. A transient stage containing
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high frequency oscillation is observed at the initial part of the curve. The amplitude
and frequency are mainly affected by the slope of the lightning current waveform,
frequency dependent characteristics of the track and reflections within the power
cable. The voltage waveform tends to zero as the lightning current decreases. The
oscillation appears at the initial part of induced voltage is caused by wave
propagation and reflection between the PC terminal and the earthing wire terminal

of the LA on pole M.

According to the simulation result, it is found that flashover likely occurs under
a direct lightning stroke during the rising stage of the lightning waveform inside
the PC cabinet. Extra protection schemes should be considered to avoid lightning

flashover within the cabinet.
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Figure 5.16 Lightning return stroke current and rail current at pole M

139



1.5

Voltage(V)

0.5
0
-0.5 : : : '
0 5 10 15 20 25
Time(us)
Figure 5.17 Lightning voltage at the PC cabinet
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Figure 5.18 The configuration of a PV array
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5.5 Transient analysis in a PV power system

Solar energy is an important source of clean and renewable energy [97]. Thanks
to the cost reduction of photovoltaic (PV) panel, solar energy becomes a highly
appealing source of electricity. The large-scale PV power plants are established
widely nowadays. Since the PV plants are usually installed in an open area, they
are vulnerable to be damaged by lightning strokes. The lightning protection system
(LPS) and wiring mode are crucial to protecting PV plants from loss of human life
and economic value. In this section, a PV array is investigated under a lightning

stroke by applying the proposed thin wire model.

The configuration of the PV array is shown in Fig. 5.18. This PV array consists
of six PV strings. Their positive and negative terminals connected to an inverter
6m away for AC/DC inversion. The output terminals of the inverter are grounded
via surge protection devices (SPD) and extend to infinitely long. Another SPD is
installed between the positive and negative points inside the inverter. The interval
between two PV strings is 5 m. Each PV string contains three PV frames with 5 m
interval. 8 PV modules are installed above a PV frame, and 24 PV modules are
connected in series in a PV string. The PV frames are made of 6 steel bars with U-
shaped cross sections, as shown in Fig. 5.19 (a). The lengths of horizontal and
vertical steel bars are 4m and 3 m, and the intervals are 1m and 2 m respectively,
as shown in Fig. 5.20. A steel rod with a circular cross section supports the PV

frame Im above a lossy ground. Im length of the steel rod is buried underground.
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Non-isolated LPS [98] is adopted. The lightning channel strikes the 6-1 PV frame
directly. All the PV frames are connected underground. A 20 X 25 m grounding
mesh connects all the PV frames with 1m depth. This grounding mesh is made of
slabs with rectangular cross sections, as shown in Fig. 5.19 (b). The conductivity,
relative permittivity and permeability of the slab and U-shaped PV frame are 1e6
S/m, 1 and 100. The voltage difference between PV frame and DC circuit, as well
as the voltage difference between the positive and negative terminals in every row

are measured.

to

<—t1—>

0

D% ——

(a) U shape (b) Rectangular shape

Figure 5.19 The cross sections of PV frames and slabs underground (t1=60mm, t2=2mm)

The PV array is investigated by the FDTD method. The computation area
contains 230 X 230 X 150 cells, and it is covered with six planes of the perfectly
matched layer (PML) absorbing boundary condition to absorb unwanted reflection.
The universal non-uniform mesh technique is adopted. The cell size near the PV
array is 0.2 m, and increases to 4 m gradually. The lightning channel is simulated
by a current source. The negative terminal connects to a corner of the PV 6-1. The

current source generates a waveform of the first negative stroke, i.e. 1/200 ps,
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with 100 kA amplitude. Under a lightning strike, the connection of input terminals
within the inverter is regarded as paralleled. An SPD is installed between the
positive and negative points. Output terminals of the inverter are grounded via two
SPDs and attached to PML boundary. The non-linear lumped components, SPD,
are modeled as active current sources with piece-wise linear method [96]. The
clamp voltage is set as 1.5 kV. The electric circuits embedded in the PV modules
are simplified as return circuits above the PV frames. The time step is defined as
3e-10 to maintain computational stability. The wire structures, including PV
frames and underground slabs, are simulated by the proposed thin wire models. To
speed up the simulation, the grounding mesh and PV frames in row 5 and 6 are
modeled as lossy wire structure with considering frequency-dependent parameters.
The other PV frames, which located far away from the lightning channel, are

regarded as perfectly electrical conductors (PEC) with U shaped cross section.
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Figure 5.20 The configuration of a single PV frame
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The voltage differences between the PV frames and DC return circuits of PV 6-
1, 3-1 and 1-1 are shown in Fig. 5.21. A voltage surge is observed at PV frame 6-
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1 during the rising edge of the lightning channel. The surge amplitude is as large

as 2 MV. After 1us, the voltage differences are tend obtain a steady state. The

maximum and minimum steady stage voltages are 56.5 kV and -13.5 kV. It is

possible that the PV frame and DC return circuits are broke down during a direct

lightning stroke. Special protection schemes are required.
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Figure 5.21 The voltage differences between the PV frames and DC return circuits of PV 6-

5.6 Summary

1,

3-1 and 1-1

In this chapter, an FDTD thin wire model with the equivalent circuit and surface

charge simulation methods were proposed to simulate lossy thin wire conductors

with arbitrary cross sections, such as rectangular shape, H-shape, cross shape, L-

shape, T-shape, U-shape and others. In this method, frequency-dependent and

position-variant field quantities were evaluated with the surface charge simulation

method and equivalent circuit method in the initialization process. Time-domain
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field correction factors are obtained with the vector fitting technique. The
frequency-dependent conductor loss is fully taken into account by four-separated
E field components, which are also obtained with the vector fitting technique. All
the frequency dependent parameters are embedded into the FDTD calculation in a
convolutional approach. General guidelines on wire zone meshing are provided as

well.

The proposed model has been validated analytically and numerically. It is shown
that this improved thin wire model can achieve good accuracy with much fewer
computation resources in transient simulations. It is found that the computation
time is reduced to 1% of that with the conventional FDTD method, and the
computer memory to 30% in the tested case. The model has been applied to
simulate lightning transients in a light rail system and in a PV power system. The
frequency response of the lossy rail track can be simulated by a thin wire model
rather than extremely fine meshes. The voltage difference between the PV frame
and DC return circuits is measured. The FDTD calculation remains stable after 312

thousand time steps.

5.7 Appendix

In a conductor made of linear magnetic material, contribution resulting from
magnetic polarization has to be included in the voltage equation. According to the

constitutive equation for a linear magnetic material, the following matrix equation
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in terms of element current (Ic) and magnetization vector (Mx and My) is

established [99] for 2D conductor under quasi-static conditions,

joG, +KE  joG, JoGy; 1| I,
G,, G,-K.E G, O0[M, 0
Gy Gy, Gy -K,E O My )
S 0 0 0] AV I

total

where K, = 1/0 and K, = pou,/(u, — 1). E is a unit diagonal matrix and I is a
unit vector. Matrix S contains the areas of rectangular elements. Entries in

parameter matrixes G of (A1) are given, as follows:

M
Gui | :ZZﬁAs ; In—ds

i=1 Pij
G :Jﬁ_;;—;jsj yjpl_jzyk ds;
Gy =j§_;§—;fsj _(iji’jzxk) ds,
G ,Ml 2;23 L y]pi,fyk %,
RS 2;23 L ();i,ﬁXk)d J
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By performing elementary matrix operations, element current or current density
on the cross section can be obtained in terms of total conductor current Iiyeq).
Magnetic field components in the vicinity of the conductor are estimated by

|
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6. Surges induced in building electrical systems

Electronic equipment has proliferated in buildings to meet the ever-increasing
demand of businesses. Such equipment is susceptible to electrical disturbances
generated by lightning. In the past few years the surge environment in buildings
has become worse, particularly when insulated down conductors were adopted in
lightning protection systems. To protect sensitive equipment against lightning it is

necessary to evaluate and characterize the surge environment in buildings.

Lightning surges in buildings can be generated via (a) inductive/capacitive
coupling and (b) resistive coupling. The mechanism of resistive coupling has been
discussed widely in the past decades. The surge currents/voltages dispersed on low
voltage systems have been analyzed under different scenarios and were well
documented. Location categories have been introduced in IEEE standards. The
lightning surges experienced in buildings have been characterized, and the
waveform and amplitude of the surges in different locations have been specified.
These surges generally impinge at the service entrance from the circuits outside
the buildings. However, little work has been done on the surges arising from

inductive/capacitive coupling in buildings during a direct lightning strike.

This chapter presents an analysis of induced surge voltages and currents in a
building distribution system during direct lightning. The building is protected by

a lightning protection system with insulated down conductors placed in the vicinity
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of building distribution circuits. In this chapter both the lightning protection
system and distribution circuits are modeled using the Finite-Difference Time-
Domain (FDTD) method. Simulations are then performed to study the induced
surges in the distribution circuits. Different circuit parameters, such as spacing and
distance, are considered in the study, and their impact on the induced surges is
revealed. The impact of loads connected to the circuits is investigated as well. A
protective measure for suppressing induced surges in a distribution system is

presented finally.

6.1Simulation models

Insulated down conductors (IDCs) are adopted in modern buildings. They are
installed in an electrical duct, and run in parallel with power distribution circuits.
When a building is struck by lightning, the lightning current in the down
conductors emits electromagnetic fields and propagates downwards to the ground.
The lightning electromagnetic pulses will induce surge voltages and currents in the
adjacent conductors, such as distribution power cables. These conductors are finite
in length, and run vertically above the ground. The traditional transmission line
theory is not applicable for surge analysis in such cases. The FDTD method is then

applied to study the induced surge voltages and currents in these conductors.

The power distribution circuits in the buildings are made with single-core cables.

These cables run vertically from distribution transformer to users’ equipment on
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different floors. Note that transformers are normally modeled as an entrance
capacitance in fast transient analysis. For simplicity of discussion, the entrance

capacitance is removed in the reference configuration.

Lightning Current o s o
GD Source Distribution Circuit

| [
30m

|

90m Cable 1 Cable 2
+— ] ——

< r2 >

3 Insulated down

J conductor (IDC)
Y QQ_\’ i1 100 ohm Perfect Ground
LIALILT IS LA LLTLLE

Figure 6.1 Configuration of the down conductor and an adjacent distribution circuit

Fig. 6.1 shows the configuration of a simplified system under investigation. It
consists of a single down conductor and two single-core cables situated over the
ground. For worst-case analysis the contribution from other down conductors is
not taken into account. The down conductor is represented by a 90m-tall cylinder
with the radius of Smm. It is connected to a perfect ground via a 100ohm lumped
resistance, and to a current source at another end. An upward conductor is placed
at the upper end to mimic a lightning channel. Two distribution cables are modeled
by cylinders as well with the height (/o) of 30m and the radius (r0) of Smm. The
distances of the down conductor to two conductors are | and r», respectively. In

the reference case, both 71 and », are equal to 0.5m and 0.7m, respectively. The
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bottom end of the distribution circuit is 60m away above the ground. A lightning

return stroke current is injected at the top end of the down conductor.

The working volume of the simulation model is 4m*4mx92.1m. It is surrounded
by six planes of perfectly-matched layers (PML) with absorbing boundary
conditions being enforced. There are seven layers of the absorbing surfaces in the
model, so that the reflected wave on the planes can be effectively minimized. It is
assumed that the upward conductor runs to infinity, and no reflected surge in the
upward channel travels back to the down conductor. PML absorbing boundary
conditions are then applied at the height of 92.1m in the simulation model, as seen
in Fig. 6.1. The volume is divided into cuboid cells. The side length of cuboid cells
in the z-direction is 50mm near the conductors, and is increased to 500mm
gradually to the boundary. The side lengths in the x and y directions are 0.5mm
near the conductors, and are increased to 500mm gradually. Time step is

determined by the Courant condition,

1
At < (6.1)

. J 1,1 1
(A" (ay) (az)

where c is the speed of light, and Ax, Ay, Az are the side lengths of the smallest

cell in meter.

6.2Induced surges in open circuits

A subsequent return stroke current is applied in the simulation to investigate

150



induced surges in the distribution circuit. The current source is a fast-front pulse
with the rise time of 0.3us and the amplitude of 10kA. Fig. 6.2 shows waveforms
of the surge current (Iipc) at different positions of the down conductor. Because of
the surge reflection on the ground the surge current at a lower position of the down
conductor is generally higher. The oscillation frequency is determined by the travel
time of two round trips on the IDC. As the induced surge is greatly affected by the
wave front of an injected surge, time-domain results of the surges for the time

period of 2us are given in the figures.

The induced voltages in the distribution circuit without any connected load were
simulated as well. For comparison, the 10kA source current with the rise time of
0.3us and 1.0us was respectively applied. The results are presented in Fig. 6.3. It
is observed that the induced voltage is linearly proportional to Iipc in the wave
front. The induced surges with different rise times tend to reach the same peak
value if there is no other surge traveling on the down conductor. Note that there is
surge reflection at the bottom of the down conductor. The reflected surge travels
back to the observation point before the surge current reaches its peak value when
the rise time of the source current is 1.0us. The induced surge voltage is then lower

than that under fast-front current source, as seen in Fig. 6.3.
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Figure 6.2 Surge currents (Iipc) along the down conductor at different heights
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Figure 6.3 Induced voltage at the lower end of the distribution circuit

Computer simulation was also performed to investigate the effect of the distance
to the distribution circuit. As the surge voltage was induced between two phase
conductors of the circuit, distances of two phase conductors 71 and r; to the IDC
were of concern. The peak voltage in the distribution circuit was then evaluated by

varying distances 71 and 7.

The induced voltage at the bottom end of the distribution circuit was computed
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with different values of distances 71 and r>. Tables 6.1 and 6.2 show respectively
the peak values of the voltage when the spacing d (H = ctd=ri-r») is fixed to be
200mm, and the distance 71 is fixed to be 0.5m. It is noted that the peak value of
the voltage decreases with increasing distance to the phase conductor, but increases
with increasing conductor spacing. Further investigation reveals that the surge
amplitude is linearly proportional to a logarithmic function of r,/r;. Tables 6.1
and 6.2 also present the verification results in two cases, that is, (1) with variable

11, and (2) with variable d.

Table 6.1 Ratio K of peak voltage to In(r2/r1) with variable r1 (d is fixed)

Peak Voltage
n L/n In(r, /1) K(kV)
(kv)
0.5m 223.980 0.7/0.5 0.336 666.6
1.5m 82.061 1.7/1.5 0.125 656.5
2.5m 49.621 2.7/25 0.077 644.4

Table 6.2 Ratio K of peak voltage to In(r2/r1) with variable d (r1 is fixed)

Peak Voltage
a r/n In(r, /1) K(kV)
(kv)
0.2m 223.98 0.7/0.5 0.336 666.6
0.5m 462.35 1/0.5 0.693 667.2
1.0m 728.76 1.5/0.5 1.098 663.7

6.3Induced surges in short circuits

6.3.1 Induced surges in a circuit with two close ends

In this case, the distribution circuit is shorted at both two ends, which mimic a
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short circuit at two ends or connection of SPDs to the circuit at both highest and
lowest floors. There are apparently zero surge voltages at two far ends because of
the short circuit. Induced currents, however, are observed along the distribution

circuit between two ends.

Fig. 6.4 shows the waveforms of induced currents at two ends of the distribution
circuit when a lightning current is injected at the top end of the down conductor. It
is known from the figure that the induced current at the top end has a waveform
similar to that of the source current. It reaches 475A approximately around 0.3ps.
However, the surge current at the bottom end has a waveform and a peak value
different from those of the current on the top end although they are in the same
closed loop. The difference is primarily caused by the surge reflection of the IDC

current at the ground.

For comparison, induced current using the low-frequency approximation was
evaluated as well. At low frequency only the magnetic coupling caused by the
current on the down conductor is considered. Assume that the distribution circuit
i1s made of perfect electrical conductors and the source current remains the same
along the IDC. According to the Faraday’s law, magnetic flux contributed by the
source current is balanced by induced currents I.,;,1 and I.4;,,0n two conductors

of the closed loop, that is,

@ @ + (DcabZ—Ioop (62)

IDC—loop = cabl-loop

where @x_;,,, represents the magnetic flux of the closed loop associated with the
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current in conductor X. The flux per unit length in the z direction is expressed by

n il
q)lDCJOOp = J.r: ‘u;ﬂ!ic ’ dX

- 1yl

Holcan .dx (63)

n
(Dcab:bloop = _Iru 27X

- |
D iz 100 = J ﬂ;ﬁ;z - dx

Substituting (6.3) into (6.2) yields an equation for both the induced currents and
IDC current. Note that the IDC current varies with position on the IDC. The

average induced current ,,,- at position z on the distribution circuit is determined

approximately by
Iavr(z) — _Icabl(z)2+ Icab2(z)
In(r, /1) (6.4)

—Zln[(r2 —I’l)/l’o] lipe (2)

Both induced currents 1,5 and I.4p, in (6.4) are generally different. However,

they turn to be the same at two far ends.
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Figure 6.4 Induced currents at two far ends of a shorted distribution circuit
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Figure 6.5 Induced currents in the middle of a shorted distribution circuit

The results made with the FDTD method and the low-frequency approximate
formula are presented in both Fig. 6.4 and 6.5. Fig. 6.4 shows the surge currents at
the two far ends of the distribution circuit. It is seen that the current waveforms
match very well, and the difference of surge currents is generally less than 5%. Fig.
6.5 shows the surge currents at the middle of the distribution circuit (75 m above
the ground). It is found that both I.,;,; and I.4;, calculated with the FDTD
methods are significantly different, and are different from the estimated result with
(6.4) as well. However, the waveform of the average current matches well with the
low-frequency approximate result, as shown in Fig. 6.4. The difference in
magnitude between the FDTD and estimated results of the average current at the

middle point is less than 9%.
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6.3.2 Induced surges in a circuit with one open end and one closed

end

Fig. 6.6 shows the induced voltage along the distribution circuit when the top
end is closed and the bottom end is open. It is found that the induced voltage is not
equal to zero although a short circuit is made at the top end. The amplitude of
oscillation voltage is increased gradually towards the open end, and reaches the

maximum at the open end. The peak value of the induced voltage can reach 170k V.
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Figure 6.6 Induced voltages on the distribution circuit with one open end and one close end

When a surge propagates downwards on the IDC, the induced voltage in the
distribution circuit remains zero initially. This is due to the interaction between the
IDC current and induced current in the circuit. When the induced surge arrives at
the bottom end, a substantial voltage is observed there. This is because the induced
surge current in the distribution circuit could not go further at the bottom end, and

a full surge reflection of surge voltage yields at this location. The induced surge
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current then travels back towards the closed end, and generates the surge voltage

along the circuit.

The surge current continues to propagate along the circuit, and has subsequent
reflections at the top end (short circuit) and at the bottom end (open circuit). This
leads to an oscillation waveform for the surge voltage in the circuit. The oscillation
frequency is determined by the travel time of two round trips. This is because the
surge current in a circuit with one open end and one close end changes its polarity
for a time period of a round trip. The induced voltage at other location has the same
pattern as that at the open end. The magnitude of the induced voltage at other

location is less generally, as seen in Fig. 6.6.
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Figure 6.7 Induced voltages on the distribution circuit with the open end and the closed end

with the approximate formula

Similar to the induced current in the closed loop, induced voltage at the open

end is estimated using the magnetic coupling formula. Induced voltage Vv,, due
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to low-frequency magnetic coupling is expressed by

_ Holo (12 ] dlinc (2)
Via (2) = 2 In(rlj > (6.5)

where [y is the length of the distribution circuit. Fig. 6.7 shows the induced voltage
calculated with (6.5) at the bottom end of the distribution circuit. It is found that
induced voltage calculated with (6.5) is totally different from that obtained with
the FDTD method. The low-frequency result is proportional to the derivative of
the IDC current, and decays quickly as the current derivative becomes small. The
FDTD result is an oscillation surge. The amplitude gradually increases to its peak
level, and then decays to zero. This is because electric coupling at the open end is

significant, but is not taken into account in the low-frequency approximation.
6.4Induced surges in loaded circuits

Most of the equipment used in buildings has an input circuit (e.g., EMI filter).
It is connected to the supply circuit even in standby mode. The input circuit
generally has a capacitor, which could suppress the surge induced on the
distribution circuit connected. The effect of an input capacitor on induced surges

in a distribution circuit is then investigated in this section.

In the simulation the distribution circuit is loaded with a capacitor at the bottom
end, and is open or close on the top end. The capacitor placed at the circuit is an
“X” capacitor, which is normally used in EMI filters for switching mode power

supply. Two different models of the capacitor are considered in the simulation.

159



Model A is a pure capacitance of 0.22uF. Model B is a series RLC circuit with
R=0.1220hm, L=0.38uH and C=0.22uF. In the second model the frequency

response of the capacitor is considered.
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Figure 6.8 Surge voltages and currents on the loaded circuit with an open end on the top

Fig. 6.8(a) shows the waveforms of the surge voltage at the capacitor using these

two different models when the top end is open. It is found that the peak voltage
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across the Model A capacitor reaches 300V. Compared with the results in Fig. 6.2,
the pure capacitance can suppress the induced surge voltage significantly. The
induced voltage is highly affected by rise time or change rate of the injected surge
current. When the Model B capacitor is connected to the distribution circuit, the
induced surge voltage is increased to several kilo-volts. This is caused by the stray
inductance of the capacitor, which exists physically in a practical component. The
oscillation of the induced surge voltage is determined by the multiple reflections

of the surge current on the IDC.

Fig. 6.8(b) shows the waveforms of the surge current on the capacitor. As the
circuit eventually behaves like an open circuit, the induced current on the capacitor
decays quickly to zero. It is also found that the surge current under two different
models matches well. This shows that the surge current does not change

significantly, as long as the variation of load impedance is small.

Fig. 6.9 shows the waveform of both surge voltage and surge currents when the
distribution circuit is shorted at the top end. In this case the distribution circuit is
loaded with a Model A capacitor. It is found that the surge currents are very similar
to those in the case of short circuit in the early time period, and are primarily
determined by the IDC current. This is because the capacitor behaves like a short
circuit at high frequency. Both induced voltage and current eventually have slow-
oscillation waveforms, as seen in Fig. 6.9. Actually a resonant circuit is formed

because of the capacitance at the bottom end and the equivalent inductance of the
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distribution circuit. It is noted that the capacitor voltage is much higher than that
when the top end is open, and could cause damage to the capacitor or connected
loads. But it is much lower than the induced voltage when the distribution circuit

is open at two ends.
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Figure 6.9 Surge voltage and currents on the loaded circuit with a close end on the top
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6.5Protection of induced surges with SPDs

Surge protective devices (SPDs) are effective in suppressing lightning surges
propagating in the distribution circuits. In modern high-rise buildings, lightning
surges may impinge at a service entrance, or be induced from the down conductor.
In the latter case, the surges will propagate downwards from the top end of the
distribution circuit. To suppress induced lightning surges, it is necessary to install
an SPD at the top end. It is noted from Section IV that the induced surge continues
to increase towards the bottom end even if a short circuit is made at the top end. A
second SPD then is required at the bottom end to suppress the surge there. This
pair of SPDs also serves to suppress any surge impinging at the service entrance
from the circuit outside. Fig. 6.10 illustrates the protection scheme adopted for the

distribution circuit within a building.

é Distribution Circuit
 Tseo
30m
90m
PR SPD
— [2 —
Down
Conductor
& 0 1000hm
L
X Perfect Ground

Figure 6.10 Protection scheme for a building distribution circuit
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Figure 6.11 Surge voltages on the circuit with SPDs installed at two ends
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Figure 6.12 Surge currents in the circuit with SPDs installed at two ends

Computer simulation of induced surges is performed using the model shown in
Fig. 6.10. Both SPDs in the model have a residual voltage of 1150V, and actually
provide a means of a short circuit under the lightning surge environment. The
simulation results of SPD voltages and currents are presented in Fig. 6.11 and 6.12.
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It is noted from the figures that surge voltages at both ends are limited to the
residual voltage of SPDs. It is also noted that the surge currents in the SPDs are
very similar in waveform to those found in the short circuit, and are determined by
I;pc . This indicates that induced current in a closed loop can be treated an
independent current source, and is not affected by load impedance significantly. It
is noted that in Annex E of IEC standard 62305-1 that the induced current has a
waveform of 8/20us in a closed loop, given by a 10/300us lightning return stroke
current to a structure. This is different from what is found in this study. The SPD
currents are found to be small generally, and are just a few hundred Amperes in
peak, compared with the 10kA in the down conductor. Therefore, SPDs installed
in the distribution circuit are only used to limit the surge voltages, and are not

required to dissipate substantial lightning surge energy observed on the IDC.

6.6 Simulations with thin wire model

The simulations described previously are calculated with the traditional FDTD
method which discretizes the thin wire structures into extremely dense mesh.
Although the simulation can be optimized by the non-uniform mesh technique, the
calculation requires large memory space and long computation time. The thin wire
models in the FDTD method is one of the methods to improve calculation
efficiency. It is realized by modifying material parameters near the thin wire
conductors according to the field distribution pattern to obtain a required

equivalent radius. The radius of the thin wire model is smaller than the cell size,

165



which means there is no need to discretize the thin wire structures with dense mesh.
The extended thin wire model proposed in chapter 3 can also be applied to
investigate the induced current and voltage in lossy conductors.

In this section, the traditional thin wire model and the extended thin wire model
with circular cross section are adopted to simulate induced surges in vertical
conductors. Two configurations are selected: 1) the distribution conductors are
open at both upper and lower ends; 2) the distribution conductors are closed at both
upper and lower ends. For the first configuration, the voltage difference at the
lower ends of distribution conductors are measured. The current flow at the lower
ends of distribution conductors in the second configuration is calculated.

The working volume is divided into 74x60x1860 cells and is covered with five
planes of PML absorbing boundary conditions to absorb unwanted reflected waves.
The PEC boundary is selected at the bottom to mimic a perfect ground. The non-
uniform mesh technique is adopted in z directions. Cell sizes in x and y directions
are 0.05m. The cell size under 90 m in z direction is 0.05 m, then it is increased to
2.5 m gradually. The radius of the thin wire conductors is 0.005 m. The upper
terminal of the down conductor is attached to the absorbing boundary to simulate

infinitely long.

The induced voltage and current simulated by the traditional FDTD method,
traditional thin wire model and extended thin wire models are shown in Fig. 6.13
and Fig. 6.14. The three groups of waveforms match well for the first impulse. A
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small discrepancy is observed at the subsequent impulse, especially in the case of
two ends open. This discrepancy may be caused by the non-uniform mesh setting
in the traditional FDTD method. The waveforms of lossy and lossless thin wire

models have no significant difference in these two cases.
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Figure 6.13 Induced voltage at the lower end of distribution conductors
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Figure 6.14 Induced current at the lower end of distribution conductors
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6.7Summary

This chapter presented a numerical investigation into lightning-induced surges
in building distribution circuits. When the lightning current to the building is
discharged by an insulated down conductor, substantially induced surges are
generated in the adjacent circuits due to both electric coupling and magnetic
coupling. The induced surges are different from those obtained using quasi-static

models.

It is concluded that the induced surge voltage in an open circuit is linearly
proportional to wave-front parameters of the lightning discharge current at the
rising stage, and is determined by the logarithmic function of a distance ratio of
two circuit conductors. It is found that capacitors connected to the circuit can
reduce the induced surge voltage, but may not be effective in suppressing the
voltage down to an acceptable level. It is recommended installing SPDs at two far
ends of a distribution circuit. As the surge currents are relatively small, those SPDs
are not required to dissipate substantial lightning surge energy observed on the
down conductor. It is also found that the surge currents in SPDs are very similar
to those in short circuits. The induced current can be treated as an independent
current source. It is determined by the current in the down conductor, and has a
waveform similar to the down-conductor current. The surge induced current can

be estimated using a low-frequency approximate formula.
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7. Lightning analysis of a tall tower

Lightning protection systems (LPS) play an important role in protection for
buildings and other grounded structures. The LPS discharges huge lightning
current into the earth in a short time in case of a lightning strike, and it is intended
to provide safety protection for the personnel and equipment in or around the
grounded structures. It then is necessary to analyze the lightning discharge currents
in the grounded structure and ground potential rise (GPR) in its vicinity during a

lightning strike.

In this chapter, lightning-induced -electromagnetic environments in a
meteorological (lightning) observation tower are analyzed. The FDTD method is
employed to simulate the performance of the LPS under a direct lightning strike.
The current distribution within the tower is analyzed first. The ground potential
rise of the tower and step voltage in the vicinity of the tower then are calculated

with different tower configurations.

Voltage can be derived by both electric field and magnetic vector potential
especially under high frequency excitation. In the FDTD method, voltage
(potential difference) and current on thin wires are directly calculated from electric
and magnetic fields along specific paths. At low frequency, the potential difference
can be calculated using a line integral of the electric field. However, in transient

analysis significant frequency components of a surge current may be extended to
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MHz or above. The inductive influence on the potential cannot be ignored. In this
chapter, the inaccuracy reason for the voltage measurement in the FDTD domain
will be investigated theoretically. Two cases with and without considering

magnetic vector potential in voltage measurement will be compared.

7.1Inaccuracy of the voltage measurement in the FDTD domain

A complete calculation method of potential difference should be used, which
includes the contribution from both the electric field and the current in the wires,
as follows:

v=[ g | P, ()

where / is the path for evaluating the voltage. In (7.1), the first item is calculated
directly using FDTD results. The second item is determined by vector potential A,

which can be approximately expressed by

7_ Mo 1 - '

A E!Fl(r,t—r)dl . (7.2)
where 7 is the vector of a field point from the source current point, and 7 is the
traveling time of an electromagnetic wave from the source point to the field point

(time delay). Substituting (7.2) in (7.1) yields the potential difference expressed

by both electric field along the path and current along the wires, as follows:

Vv :j|Ed|+f—;H%|(F,t—¢)dl dl (7.3)

Taking a 2x2 horizontal grid network with the mesh size of 2mx2m as an

example to investigate the difference between the voltage measurements
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considering magnetic vector potential or not, as shown in Fig. 7.1. It is buried
under the ground with a depth of 0.5m. An impulse current source, which
represents the 2™ lightning return stroke, is placed at the height of 2m and is
connected to the grounding system via a vertical conductor. The source current has

the amplitude of 10 kA, and is expressed mathematically by

1(t) =k, (e —e7), (7.4)

where o =6.93147 x 103571, B =1.76310x 10’S™1, I, =14, and k=
10000. The conductors used in air and under the ground have the radius of Smm.
These conductors are represented by the thin-wire model in the simulation, in
which electric field components are forced to be zero [2]. For simplicity of
discussion, the ground soil is assumed to be homogeneous and non-dispersive. It

has the conductivity of 0.01S/m and relative permittivity of 4.

There are two different approaches for the ground potential rise (GPR)
calculation, that is, with and without the voltage reference connected to remote
earth at 50 m away. In case of presence of the reference wire, the voltage is
evaluated across the gap at the local earth. The inductive voltage contributed by
the magnetic vector potential is negligible. Fig. 7.2 shows the inductive voltage
contributed by the magnetic vector potential in the case of absence of the reference

wire. It is relatively significant in the wave front.
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Figure 7.3 GPR measured with and without the voltage reference wire

Fig. 7.3 shows the waveforms of the GPR in two different cases. It is found that
the oscillation around the peak of GPR is contributed by the vector potential
contributed by the current in the grounding system. Using a reference wire leads
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the slow oscillation after the peak in the GPR waveform. The resistive component
of the GPR in this case is slightly higher than that without the reference wire. The
component contributed by the vector potential may be significant at the wave front.

It can be neglected when the surge current changes slowly.

7.2Tall towel system modelling

The structure of the meteorological observation tower consists of four parts: a
350 m tall vertical main body, a grounding mesh, four horizontal grounding bars
and a number of steel cables, as shown in Fig. 7.4. The grounding mesh and four
horizontal grounding bars are buried under the ground with a depth of 3 meters
from the ground surface. The grounding mesh consists of a wire network and
pillars. A number of vertical rods are connected to the intersectional points of the
mesh. The detailed geometric information of the mesh is shown in Fig. 7.5. The
horizontal grounding bars with the length of 262m, are extended from the edge of
the grounding mesh along two orthogonal directions. A number of steel cables are
provided to strengthen the structural stability of the tower. One terminal of the steel
cables attach the tower main body on its top end, and the other terminal is tied to

the foundation on the ground.
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Figure 7.4 Configuration of the meteorological observation tower

In the FDTD working volume, a simulation model is established based on the
geometrical information given in Fig. 7.4 and Fig. 7.5. The working volume is
divided into 310 X 250 x 230 cells, which represents 1134m X 2584m X
1369m in space. A non-uniform mesh technique is adopted. The cell size in the
vicinity of the tower foundation is 0.5 m, and is gradually increased to 16 m at the
boundary. The conductive components, including the tower main body, grounding
mesh and vertical rods, are regarded as a perfect electrical conductor (PEC), and
are represented by a thin wire model. The pillars in the tower foundation and cable
foundations are represented by discretized cuboid Yee cells. The inclined steel
cables are modeled using the approach of staircase approximation [90]. The
ground soil is assumed to be homogeneous with a conductivity of 0.001S/m and

relative permittivity of 10. The PML absorbing boundary condition is adopted on
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its boundary to absorb unwanted reflections at the boundary.

Tower
Main body

| Air

(a) Front view

‘ . | Tower main body

12m e

~ <
~
~

- -
Pillar

(b) Top view

Figure 7.5 Detail of the grounding mesh geometry

The lightning stroke is mimicked by a current source connected to the main
body of the tower. The lightning channel is represented by a thin conductor. It is

connected to the top end of the tower model, and runs upward through the PML
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boundary. The mathematical expression of the current source waveform is

1(t) = Iy(e™ % — e~FY) (7.1)
where o = 1.93147 x 103S™1, B =4.76310 x 10°S™!, I, = 10 kA. In this
case, the current reaches the peak at 10 pus and attenuates to half of the amplitude

at 350 ps.

7.3Simulation results

When the tower is struck by lightning, the lighting current will be discharged
into the earth via the main body as well as a large number of steel cables. Although
the inclined steel cables are constructed for stabilizing the tower structure, they do
affect the current distribution within the tower as well as the electromagnetic
environments in the vicinity. The horizontal copper bars, vertical rods as well as
pillars are buried under the ground. They serve as the grounding electrodes for
dissipating lightning energy into the earth. It would be necessary to investigate the
lightning current distribution among different tower components, the ground

potential rise of the tower, and step voltage in the vicinity of the tower.

7.3.1 Current distribution

Computer simulation with the FDTD method is performed to investigate the
current distribution in the tower shown in Fig. 7.4. The surge currents in the main
body and three steel cables on one side of the tower are measured. Fig. 7.6(a)

shows the current waveforms of these currents recorded at the surface of the
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ground. It is found that the main body carries a small portion of the lightning
discharge current containing low frequency components only. The current reaches
300 A at 40-50 ps, compared with the 10 kA at 10 us for the lightning current
injected to the tower. The majority of the lightning discharge current flows through
four outmost steel cables. The current in one outermost cable can reach 2.8kA in
the early time period, and contains significant high-frequency components due to
wave reflection at the ground. If the tower is considered as a metallic cone, the
surge current tends to flow along its surface due to the skin effect.

Four measurement points are selected along one of the horizontal bars to study
the lightning energy dissipation underground. These points are located at 7 m, 60
m, 140 m and 266 m away from the main body. Fig. 7.3(b) shows all the currents
are negatively polarized, which means all the currents flow from the foundation
for the outermost steel cables to the foundation of the main body. It is noted that
the peak of the surge current on horizontal grounding bar current generally
decreases when moving towards the center of the tower. The difference of the
currents between at the outermost steel cable and the main body is the current

dissipated into the earth through the horizontal copper bar.
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Figure 7.6 Surge current in the tower system

7.3.2 Ground potential rise

To investigate the influence of the inclined steel cables and horizontal bars on

the ground potential rise, three grounding configurations are selected for study,
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that is, (1) reference configuration (a), (2) simplified configuration (b) and (3)
simplified configuration (c). The reference configuration is illustrated in Fig. 7.1
and Fig. 7.5, which contains all the tower components, such as the tower main
body, grounding mesh, horizontal grounding bars and inclined steel cables. In the
simplified configuration (b) the horizontal grounding bars are removed. In the
simplified configuration (c) both horizontal grounding bars and the grounding
electrodes for steel cables are removed. In measuring GPR, a voltage measurement
wire is arranged at the height of 1 m over the ground, and runs from the

measurement point to a reference point 370 m away from the center.

Fig. 7.7(a) shows the waveforms of GPR measured at the foundation for the
main body in three different grounding configurations. It is found that GPR under
the reference configuration is relatively low, and is approximately equal to 30kV
in peak. There is no much difference of GPR in both configuration (a) and
configuration (b). This is probably because the surge current in the foundation for
the main body is small. In simplified configuration (c¢), GPR is increased
significantly to 200kV as all the lightning discharge current will flow through the

tower foundation.
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Figure 7.7 GPR waveforms measured in three configurations

GPR at the far end of the horizontal grounding bar is measured as well. The

waveforms of GPR in three different configurations are presented in Fig. 7.7(b). It
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is noticed that GPR along the grounding bar is significantly different due to the
inductance effect at high frequency. The GRP at the far end of the grounding bar
is greater than that at the tower foundation. In the simplified configuration (b)
without the horizontal grounding bar, the GPR is even higher as the majority of
the lightning discharge current flows through the grounding electrode of the

outermost steel cables.

7.3.3 Step voltage

Step voltage is one of the key issues addressed in the lightning protection. It
could be significant in the vicinity of grounding electrodes, and may cause
fatalities of human beings or livestock. It is quite important to understand how step

voltage varies in the vicinity of the grounding systems for the tower.

In the reference configuration, step voltage was measured in the zone adjacent
to the tower foundation, as well as the cable foundation. Fig. 7.8 shows the
measured waveforms of step voltage in these two different zones. It is found that
the step voltage is very small, and reach the local maximum at the edge of the mesh
network. When the observation point is a little bit away from the mesh network,
the step voltage will decrease with increasing distance to the tower. Step voltage

reaches the maximum value at the foundation of the outermost steel cables.
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Figure 7.8 Step voltage in the reference configuration
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Figure 7.9 Step voltage in simplified configuration (b)

Similar results are observed in the simplified configuration (b), in which the
horizontal grounding bars are moved. Fig. 7.9 shows the measured waveforms of

step voltage in this configuration. However, the relative values of step voltage are
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higher at the foundation of the outermost steel cables, and are 2.5 times as much
as those in the reference configuration in the corresponding locations. This is
because the lightning current is primarily dissipated into the earth via the
foundation of the steel cables. There is no much change of step voltage in other

locations.

It is known that the safety step voltage is determined based on the energy
passing through a human being in a short duration [100]. The energy absorbed by
a human being during a lightning strike can be calculated with
7o Zhet ViiepAt = Enuman (7.2)
where R, stands for the foot to foot resistance, and At is the sample period. In
this chapter, R, is assumed to be 1000 Q for a 70 kg human, and At to be
9.6225 x 107 1%, The energy threshold of lightning danger to a human being is
assumed to be 27 J. Table 7.1 shows the lightning energy absorbed by a human
being arising from step voltage in both configuration (a) and configuration (b). The
lightning stroke current is assumed to be 100kA. It is found that the lightning
energy absorbed by a human being is less than the safety limit in the reference
configuration. The location near the foundation for the outermost cables has the
largest energy. Similar results are observed in the configuration without the

horizontal grounding bar. However, the largest energy in the vicinity of the cable

foundation is increased significantly.
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Table 7.1 Energy absorbed by the human body

Configuration (a) Configuration (b)
— Reference Config. — Simplified Config.
Distance X (m) Energy (J) Distance X (m) Energy (J)

8 0.535 8 3.154
12 0.292 12 1.794
20 0.077 20 0.479
263 3.565 263 44.841
273 5.488 273 14.742
292 0.155 292 0.311

7.4Summary

In this chapter, lightning discharge current, ground potential rise and step
voltage in or around a meteorological (lightning) observation tower were
investigated with the FDTD method. The current distribution among the tower
main body and inclined steel cables at the ground surface was measured. It is found
that more than 90% of the lightning discharge current is carried by the stay cables.
The tower body just carries a small portion of the discharge current with relatively
low frequency components only. The majority of the discharge current is dissipated
into the earth via the horizontal grounding bars. The step voltage and GPR are

analyzed and compared for three different configurations, including the reference
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configuration, and two simplified configurations. It is found that the steel cables
and horizontal grounding bars affect the grounding performance significantly. The
lightning energy absorbed by a human being in the vicinity of the tower with the
reference grounding configuration is lower than the safety limit under the 2™

lightning stroke current of 100kA.
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8. Lightning surge analysis in light rail transit

Light rail transit is an efficient, clean and convenient massive transportation
system. It has been constructed in many cities to alleviate the problems of traffic
jam and air pollution. The system normally operates under DC power supply, and
requires special grounding and bonding arrangements to satisfy the safety
requirements. Electric trains are powered from a rectifier substation (RS) via
traction power cables (TPC) and overhead lines (or a third rail). The traction
current returns back to RS through rails and traction return cables (TRC). The
bonding arrangement of a DC electrified railway system should maintain the
amplitude of leakage currents within a safety limit [101]. Otherwise, the leakage
current could cause corrosion to metallic parts underground. The diode boxes
implemented between rails and fault current return wires (FCRW) are one of the
bonding arrangement in a DC electrified light rail system. They can limit the
leakage current, and restrict the fault current to the rails from FCRW, instead of

other metallic parts on or in the ground.

The light railway usually runs in an open area, and is highly susceptible to
lightning. During a lightning stroke, a considerable surge voltage will be generated
or induced between the rails and FCRW, which may cause diode breakdown and
affect the normal operation of diode boxes. It is necessary to analyze the voltage

surge behavior during a lightning stroke under different conditions.
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In this chapter, the lightning surges in a light railway system is analyzed using
the FDTD method. The surge voltage on the diode boxes between the FRCW and
the rails is evaluated under both direct lightning and indirect lightning. The
impact of various influential factors is discussed, including the lightning striking
point, return stroke current waveform, grounding mesh of structures nearby and
soil conductivity. The configuration of the light railway system, as well as the
model set in the FDTD domain, is described in section 8.1. The surge voltages

under different conditions are presented in the following sections.

8.1Light railway system model

In this chapter, lightning surges in a DC electrified light railway system is
analyzed using the FDTD method. The light railway system configuration is
shown in Fig. 8.1. Electric trains are powered by an overhead line (OHL) system
at 750 VDC. The OHL system is comprised of contact wires (CW), messenger
wires (MW), fault current return wire (FCRW), and poles, insulators (Ins),
lightning arresters (LA) and other accessories. Trackside poles are located 1.8 m
away from the track with 25 m intervals. The running rails are located 0.4 m above
ground with 1.4 m separation. CW and MW are situated 5.6 m above the rail track,
and are supported and registered on hinged cantilever assemblies to trackside poles.
They are insulated from the poles with insulators. Lightning arresters (LA) are
provided at pole L1 and pole R10, and are grounded via dedicated down

conductors to the local earth. The grounding resistance is approximately equal to
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8 ohm. FCRW is hinged 4 m above the ground, and is bonded to poles directly

(except pole L1 and pole R10). Two diode boxes (DB) are mounted between rails

and FCRW at pole L4 and pole R6. The maximum inverse voltage of these diodes

is 3 kV. A rectifier substation (RS), close to pole R10, feeds CW/MW via traction

power cables (TPC) and traction return cables (TRC). TRC is grounded at RS. The

rails are also grounded near the pole L1. The surge voltage on the diode boxes at

the locations of pole L4 and pole R6 are measured under different conditions.
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Figure 8.1 The configuration of the light rail system

25m x 16

The model of a light railway system is built in the FDTD domain having

375x160x110 cells. The FDTD domain is surrounded by six planes of perfectly

matched layer (PML) absorbing boundary condition (ABC). The PML boundary

has seven layers to absorb unwanted wave reflection. The wire conductors with

round cross sections, including CW/MW and FCRW, are simulated using the thin

wire model for lossy conductors presented in Section II(A). The rails are mimicked

by the thin wire model for non-circular conductors presented in Section II(B).

CW/MVW, FCRW and rails run into the PML boundaries to simulate their infinite

length. To investigate the surge voltage on the diode boxes, the diodes are

represented by cells with the resistance of 1 MQ. Insulators are represented by
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breakdown models. The insulating level of the insulators is assumed to be 30 kV.
Considering the volt-time flashover curve, the breakdown voltage is set to be 1.5
times of the insulating level [95], i.e. 45 kV. The LAs are modeled as active current
sources using the piecewise linear method [96]. The lightning return stroke is
represented by a hard current source. It generates a 4/10 ps impulse current with
50 kA amplitude according to EN50124-2. The non-uniform FDTD mesh
technique is adopted. The cell size is 0.05m and 0.2m near the wire structures and
poles, then is increased to 25m gradually at the boundary. The permittivity and
conductivity of the lossy ground are set to be 4 and 0.01 S/m. The time step is

determined based on the minimum cell size, which is equal to 9.6225¢e-11 s.

8.2Lightning surge simulation

8.2.1 Direct lightning to a trackside pole

In this section, a lightning stroke terminates directly on the top of a pole, i.e.,
pole M or pole R10. The surge voltage on diodes at pole L4 and pole R6 is
evaluated, and the simulation results are shown in Fig. 8.2. When the lightning
strikes the pole M, the surge voltages on two diodes oscillate with comparable
amplitudes. The voltages have their amplitudes around 60 kV at first or second
peak voltage, then decreases to zero gradually. In case of the striking point at pole
R10, the surge voltages on diodes have greater amplitudes during the first four
microseconds. Furthermore, the voltage peak at pole R6 is almost twice as much

as that at pole L4. This indicates that diodes are likely damaged by direct lightning
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under the worst scenarios.
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Figure 8.2 Diode voltages at pole L4 and pole R6 during a direct lightning to the top of

pole M or pole R10
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8.2.2 Lightning current waveforms
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Figure 8.3 Diode voltages at pole L4 and pole R6 when lightning strikes a building nearby.

The lightning waveforms include three types: 0.25/100 ps, 1/200 ps and 4/10 ps.

Damages caused by indirect lightning are more common in the light rail system.
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In this case, lightning strikes a building located in the vicinity of a light railway.
The lightning impulse electromagnetic field around the light railway will induce
surge voltages on the wire structures, which could damage the diodes. To
investigate the surge voltage behavior under an indirect lightning stroke, a building
structure is constructed 50 m away from the pole M. For simplicity, the structure
has the dimensions of 20m X 20m X 10m, and has a grounding mesh buried 5 m
underground with dimensions of 40m X 40m . The building structure is
represented in the FDTD simulation with the lossless thin wire model [49, 50]. It
is assumed that lightning strikes the middle point of the building roof. Three
waveforms are considered, including the first negative stroke (1/200 ps),
subsequent stroke (0.25/100 ps) and 4/10 ps impulse current waveforms. They

are all negatively polarized with 50 kA amplitude for comparison.

The simulation results are shown in Fig. 8.3. The surge voltages on diode boxes
induced by first and subsequent strokes have similar waveforms and compatible
amplitude. The amplitudes of induced surge voltages caused by the 4/10 us
impulse current are much smaller. The maximum amplitudes of voltages at pole
L4 and pole R6 are 57.49 kV and 45.32 kV respectively. It is observed that the
steep rising front of lightning current waveforms will induce large surge voltages.
In this configuration, the diodes could be possibly damaged during the indirect
lightning stroke with first or subsequent lightning waveforms. The indirect
lightning stroke transfers lightning energy by radiation and induction. The coupled
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energy is affected by the rising time of the lightning current. A short front-time

current will cause a large induced current or voltage in the light railway system.

8.2.3 Grounding resistance of the building structure

Except for the coupling effect, indirect lightning can also influence the rail
system via the discharging current underground. Assume that the shortest distance
between the grounding mesh of the building and the rail tracks is around 30 m. In
a lightning stroke terminated on the building, the lightning current will be
discharged through the building ground and increase the local ground potential,
which may lead to an increase of potential rise at pole M in the light railway system.
To test the significance of energy transfer via conduction, the building structure is
revised by replacing original grounding mesh with a 20m X 20m grounding
mesh. 4/10 ps impulse current waveform is applied to the top of the building.
The simulation results are shown in Fig. 8.4. It is observed that the surge voltages
on diode boxes have almost identical amplitudes in case of two mesh sizes. The
surge voltages on the diode boxes are mainly caused by the coupling effect, rather

than the conduction effect in this configuration.
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Figure 8.4 Diode voltages at pole L4 and pole R6 when lightning strikes a building. The

structure is well grounded or not grounded

8.2.4 Soil conductivity

The surge voltages on the diode boxes during an indirect lightning stroke with

different soil conductivity are simulated. The conductivity parameters are set to be
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0.001 S/m, 0.01 S/m or 0.1 S/m. Simulation results are shown in Fig. 8.5. It is
observed that the surge voltage tends to decrease as the soil conductivity increases.
No flashover is found on the insulators during the lightning strike. The FCRW and
rails are isolated electrically. The voltages on the diode boxes are mainly
determined by the electric potential difference between MW/CW (or rails) and
FCRW. As the conductivity of soil decreasing, the grounding resistance of track
side poles and grounding meshes are reduced accordingly, which will decrease the
electric potential of MW/CW and FCRW, as well as the electric potential
difference between MW/CW and FCRW. Therefore, the induced voltage on the

diode boxes is lower in case of high soil conductivity.

8.3Summary

In this chapter, voltage surges between rail tracks and FCRW in a light rail
system under lightning strokes are analyzed by the FDTD method. The frequency
dependent loss of CW/MW, FCRW and rail tracks are simulated by extended thin
wire models proposed recently. The other wire structures are modeled by a

traditional thin wire model. Both direct and indirect lightning strokes are simulated.

The amplitude of the surge voltage is affected by the lightning striking points,
the wave-front slope of the return stroke current and the soil conductivity. A
lighting stroke terminated on the OHL directly tends to cause a destructive voltage
on the diode box. During an indirect lightning stroke, lightning waveforms with

steep rising front and low soil conductivity could lead to damaging voltages on the
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diode boxes. It is also found that the conduction coupling during a lightning stroke

to a building nearby is no significant.
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Figure 8.5 Diode voltages at pole L4 and pole R6 when lightning strikes a building structure.
The ground conductivity is set to 0.001 S/m, 0.01 S/m or 0.1 S/m
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9. Conclusions and future works

9.1Conclusions

The FDTD method is a straightforward and powerful analysis technique to solve
electromagnetic (EM) problems in the time domain. The basic theory of solving
equations in a staggered manner in both time and space domain was used firstly in
computational fluid dynamics problems. The FDTD algorithm meshes the whole
problem volume into hexahedral cells with orthogonal structure. By solving
Maxwell’s equations in a fully explicit way, it is not necessary to construct a large
matrix during the computation procedure which will cost much less memory space.
Besides, since Maxwell’s equations are solved in the time domain, it performs an
excellent broadband characteristic with the range from near-DC through
microwaves to visible light. Thanks to its excellent parallelization characteristics,
the graphics processing unit (GPU) techniques can be applied in the FDTD method

conveniently to improve calculation efficiency.

One of the biggest challenges of the FDTD application is the simulation of
subtle-structured models with reasonable accuracy. Theoretically, the FDTD
method can model any geometric structures only if the mesh is fine enough, while,
since the whole working volume is as large as hundreds of meters occasionally, an
extra huge computational resource will be required. The non-uniform mesh and

the traditional thin-wire model have been proposed to solve this problem, but there
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remain several important issues unsolved, like skin effect, corona, frequency

variant characteristics and ferromagnetic features, etc.

Chapter 3 proposed an extended thin wire model for simulating wave or surge
propagation on a lossy wire structure. A time-domain cascade circuit was
developed to represent the wire structure, and the skin effect was fully considered
in the circuit modelling. This circuit was integrated into a traditional thin-wire
model in the FDTD simulation, and the updating equations were derived for solid
round wires, hollow cylindrical tubes, and coaxial cables with and without
conductors being bonded. In the coaxial structure, a lossy transmission line
equivalent circuit, which incorporated cascade circuits for both inner and outer
conductors, was established. The currents in both inner and outer conductors were
not necessarily balanced. The extended thin-wire model has been validated
analytically and numerically. This model has been applied to analyze lightning
current sharing in a lossy RF coaxial cable. Compared with the traditional FDTD
method, this extended thin-wire model requires less memory space and less
computation time in the simulation. The extended thin-wire model is shown to be

stable for 1.25 million time steps.

Chapter 4 presented a series of inclined thin-wire models considering
frequency-dependent losses for solid conductors, hollow tubes and coaxial
conductors with reasonable accuracy. The Bessel functions and the vector fitting

technique were adopted to incorporate the frequency-dependent parameters of the
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conductors into the time-domain auxiliary equations. Transmission line equations
of coaxial conductors were established for wave propagation analysis and linking
the wire structure current and conductor currents together. Boundary conditions
for the coaxial wire structure were provided as well. The bidirectional coupling
between core and sheath conductors was realized with these equations. Transient
simulations in three different cases were performed using the proposed inclined
thin-wire models. It is found that wave propagation along inclined lossy
conductors is correctly depicted, with the velocity error of less than 1% and the
attenuation error of less than 1.5%. The transient currents in the inclined coaxial
conductors match well with those obtained from the extended thin-wire models
under the assumption that the wire structure is arranged to be in parallel with the

FDTD cell edges.

Chapter 5 proposed an FDTD thin wire model with the equivalent circuit and
surface charge simulation methods to simulate lossy thin wire conductors with
arbitrary cross section, such as rectangular shape, H-shape, cross shape, L-shape,
T-shape, U-shape and others. In this method, frequency-dependent and position-
variant field quantities were evaluated with the surface charge simulation method
and equivalent circuit method in the initialization process. Time-domain field
correction factors are obtained with the vector fitting technique. The frequency-
dependent conductor loss is fully considered by four-separated E field components,
which are also obtained with the vector fitting technique. All the frequency
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dependent parameters are embedded in the FDTD calculation in a convolutional
approach. General guidelines on wire zone meshing are provided as well. The
proposed model has been validated analytically and numerically. It is shown that
this improved thin wire model can achieve good accuracy with much fewer
computation resources in transient simulations. It is found that the computation
time is reduced to 1% of that with the conventional FDTD method, and the
computer memory to 30% in the tested case. The model has been applied to
simulate lightning transients in a light rail system and in a PV power system. The
frequency response of the lossy rail track can be simulated by a thin wire model
rather than extremely fine meshes. The voltage difference between the PV frame
and DC return circuits is measured. The FDTD calculation remains stable after 312

thousand time steps.

Chapter 6 investigated lightning-induced surges in building distribution circuits.
It 1s concluded that the induced surge voltage in an open circuit is linearly
proportional to wave-front parameters of the lightning discharge current at a rising
stage, and is determined by the logarithmic function of a distance ratio of two
circuit conductors. It is found that capacitors connected to the circuit can reduce
the induced surge voltage, but may not be effective in suppressing the voltage
down to an acceptable level. It is recommended installing SPDs at two far ends of
a distribution circuit. As the surge currents are relatively small, those SPDs are not
required to dissipate substantial lightning surge energy observed on the down
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conductor. It is also found that the surge currents in SPDs are very similar to those
in short circuits. The induced current can be treated as an independent current
source. It is determined by the current in the down conductor, and has a waveform
similar to the down-conductor current. The surge induced current can be estimated

using a low-frequency approximate formula.

Chapter 7 and 8 described two simulation cases with applying proposed thin
wire models. In chapter 7, a meteorological (lightning) observation tower was
investigated with the FDTD method. The current distribution among the tower
main body and inclined steel cables at the ground surface was measured. It is found
that more than 90% of the lightning discharge current is carried by the stay cables.
The tower body just carries a small portion of the discharge current with relatively
low frequency components only. Most of the discharge current is dissipated into
the earth via the horizontal grounding bars. The step voltage and GPR are analyzed
and compared for three different configurations, including the reference
configuration, and two simplified configurations. It is found that the steel cables
and horizontal grounding bars affect the grounding performance significantly. The
lightning energy absorbed by a human being in the vicinity of the tower with the
reference grounding configuration is lower than the safety limit under the 2"
lightning stroke current of 100kA. In chapter 8, voltage surges between rail tracks
and FCRW in a light rail system under lightning strokes are analyzed by the FDTD
method. The frequency dependent loss of CW/MW, FCRW and rail tracks are
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simulated by extended thin wire models proposed recently. The other wire
structures are modeled by a traditional thin wire model. Both direct and indirect
lightning strokes are simulated. The amplitude of the surge voltage is affected by
the lightning striking points, the wave-front slope of the return stroke current and
the soil conductivity. A lighting stroke terminated on the OHL directly tends to
cause a destructive voltage on the diode box. During an indirect lightning stroke,
lightning waveforms with steep rising front and low soil conductivity could lead
to damaging voltages on the diode boxes. It is also found that the conduction

coupling during a lightning stroke to a building nearby is no significant.

9.2 Future works

Most of my works during the Ph.D. period is focused on developing various thin
wire models considering special cross sections, frequency dependent parameters
etc. There are still some interesting thin wire models to be developed. Besides,
some meaningful topics are worthwhile to be discussed as well in the future. They

are summarized as follows.

1. Cables with multiple cores.

In the thesis, the thin wire models proposed in chapter 3 and 4 can simulate
cables with a single core. However, multiple-core structures inside the cable sheath
are quite common. For instance, cables with multi-layer structures, i.e. more than

two conductor layers. By means of the idea proposed in chapter 3, as long as the
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existence of sheath conductor, all kinds of thin wire models in the FDTD method
can be established similarly which is divided the working volume into two zones:
1) a thin wire zone and 2) an FDTD zone. The thin wire zone contains thin wire
structures only to simulate wave propagation inside the sheath conductor with
other numerical and analytical method. The FDTD zone evaluates EM coupling
among objects. During each updating procedure, information exchange is required

on the interface of two zones.

2. Inclined wires with irregular cross sections

In chapter 4, the proposed thin wire model can mimic lossy inclined wire with
a circular cross section. Actually, this model can be extended to simulate lossy
inclined wire with irregular cross section. The in-cell inductance of the extended
model should be evaluated section by section and frequency by frequency. Then
the frequency dependent parameters can be considered by the vector fitting
technique and convolutional method in time domain calculation. Even though the
initialization stage will be prolonged, the in-cell inductance will be evaluated once
for all. Furthermore, the stable condition of the inclined thin wire model is one of

its shortages. It should be improved in the future.

3. Applications in nanotechnology

Thin wire models are widely used in power systems, railway systems and

building structures. They are also applied in nanotechnologies, such as nanotubes
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and nanoribbons. The major difference between the micro-material and macro-
material is that the conductivity of nanostructure is a dependent parameter. Its
value is dependent on frequency, chemical potential and temperature and so on.
By appropriate modification of the proposed thin wire model, it is possible to

investigate nanotechnology problems with thin wire models.

4. Non-linear ferromagnetism

The thin wire models proposed in this thesis can consider linear ferromagnetism
in the simulation. It is hard to mimic non-linear ferromagnetism, such as saturation
effect, hysteretic phenomenon and reversal loops. In the case of current
distribution among multi-conductors of ferromagnetic and non-ferromagnetic
characteristics, significant errors may be observed if the non-linear
ferromagnetism is not considered. Since the cross section of the models proposed
in chapter 3 and 5 are discretized into dense elements, and the EM field on each
element is regarded as uniform, it is possible to mimic non-linear ferromagnetism

by selecting an appropriate mathematic model of ferromagnetism.

5. Inclined thin sheet

Sub-cell technique in FDTD method is one of the hot tops these years. Except
for the thin wire technique, the thin sheet model is also interesting and worthy to
investigate. Up to now, the thin sheet model in the FDTD method must be arranged

in parallel with the Cartesian axis. With the reference of the Holland thin wire
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model, an arbitrary inclined thin sheet model is possible to develop by in-cell
inductance technique and interpolation method. The DC parameters can be

considered first, then the frequency dependent parameters.
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