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Abstract

This thesis focuses on the development of semiparametric inference for the functional
Cox proportional hazards model and the functional additive hazards model with
right-censored data.

We propose a penalized partial likelihood approach and a penalized pseudo-score
function approach to the estimation of the model parameters of the functional Cox
proportional hazards model and that of the functional additive hazards model, re-
spectively. We establish asymptotic properties which include the consistency, the
convergence rate, and the limiting distribution of the proposed estimators. To
this end, we investigate the joint Bahadur representation of finite-dimensional and
infinite-dimensional estimators in the Sobolev space with proper inner products.

One major contribution made to the study of the functional Cox proportional
hazards model and the functional additive hazards model is that the asymptotic joint
normality of the estimators of the functional coefficient and the scalar coefficient is
derived. Furthermore, the partial likelihood ratio test is developed and is shown to
be optimal under the functional Cox proportional hazards model.

These two important issues are not addressed in the previous research. Our
new results provide more insights and deeper understanding about the effects of
functional predictors on the hazard function. The theoretical results are validated
by simulation studies, and the applications of the proposed models are illustrated

with a real dataset. Some discussions and closing remarks are given.



Key Words: Functional Bahadur representation; Right censored data; Partial Like-

lihood ratio test; semiparametric inference; Penalized likelihood; Smoothing splines.
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Chapter 1

Introduction

This chapter first introduces functional data and survival data. Reproducing kernel
Hilbert space (RKHS) and the related results, which are the main tools to study
functional data, are then described. Finally, the Bahadur representation of some

estimators and its significance are introduced.

1.1 Functional Data

Information technology has fueled the research and developement in functional data
analysis (FDA) in recently years. In the field of statistics, functional data analysis is
the statistical analysis of data observed from continuous time stochastic processes.
In practice, a sample function in a functional data set is recorded at some discrete
time points. A data set of n sample functions observed in a time interval [Tinin, Tinax]

can be described mathematically as
Xz(t%]) GR, ti,j - [TminaTmax]a 7, = 1,2,...,77,, j = 1,,]2 (1].)

Note that the values of the sample functions are available at ¢; ;’s only. This leads
us to focus on functions with certain properties, such as smoothness, or functions
existing in certain function space, such as Sobolev space.

Although a sample function is an infinite dimensional object theoretically, many
well-established statistical models are readily adapted to functional data with slight
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modification. For example, in classic linear regression model, one of the most fun-

damental tools in statistics, we have

p
K:BO+Zﬂinj+eia €; N(O,Uz), 221,,7’L (12)

Jj=1

One way to incorporate functional data to the regression model, is to replace X;; by

X;(t;) where t;’s are the times of observations:
p
Yi=fo+ Y BiXilty)+e, N0, i=1...n (1.3)
j=1

This method is limited to situations that all sample functions are recorded at same set
of t;. An alternative to this approach is introducing X;(-) directly to the regression

model:

Y;‘ = 50 + /B(t)Xl<t) dt + €, €; N(O,UQ), 1= 1, .o, N (14)

The use of integral is justified by the fact that
/ BOXi(t) dt = lim S 5,X(t) At (15)
1

1.2 Survival Analysis

Survival analysis focuses on the time to an event of interest, for example, time from

disease onset to death.

1.2.1 Survival function and hazard rate function

The theory of survival analysis primarily concerns two entities — the survival func-
tion and the hazard rate function. The survival function, S(t), is a function of time

which specifies the probability that an individual does not experience an event by



time ¢. Formally, the survival function is defined as
S(t)=P(T >1t). (1.6)
where T is a random variable representing the survival time.
The hazard rate function, h(t), is defined as

1
= i —_— < >
ht) = lim Pt <T <t+ AT > ¢). (1.7)

Therefore, the hazard rate function represents the probability density of 1" given that
an individual has not experienced the event by time ¢.

Note that the survival function is non-increasing and nonnegative, and it satisfies
S(0) = 1, whereas the hazard rate function is nonnegative. There are two funda-

mental connections between the survival function and the hazard rate function:

Al =t s

=20 (1.8)

1 S(t)—S(t+At)  S'(t)
t) S(t)

S(t) = exp{— /Ot h(s) ds} (1.9)

Berkson and Gage (1952), Cutler and Ederer (1958), and Gehan (1969) first
propose to use life-time table for the estimation of survival function. One major
drawback of the life-time table approach, however, is that the estimator is biased
due to the arbitrary choice of groupings of event times. To circumvent this problem,
Boéhmer (1912) extends the life-time table approach to the product limit estimator
(also known as the Kaplan-Meier estimator). The estimator, as shown by Kaplan and
Meier (1958), is a nonparametric maximum likelihood estimator. Efron (1967) and

Breslow and Crowley (1974) further shows that the estimator possess self-consistency



and asymptotic normality properties. Dabrowska (1989), Bitouze et al. (1999), and
Wellner (2007) derive the exponential bound of the Kaplan-Meier estimator. Ware
and Demets (1976), Csorgé and Horvath (1980), Gomez et al. (1992) and Gémez
et al. (1994) propose left Kaplan-Meier estimator (LKM) to accommodate left cen-
sored data, and establish self consistency and asymptotic properties of the proposed
estimator.

Blum and Susarla (1980) and Foldes et al. (1981) propose kernel methods to
obtain a smoothed survival function instead of a step function. In addition to the
kernel methods, Bezier curve smoothing and splines are proposed by Kim et al. (2003)
and Whittemore and Keller (1986) as smoothed nonparametric maximum likelihood
estimators of the survival function.

To ascertain the association of explanatory variables and time to certain event, we
consider regression models for survival data. The most common regression model for
survival data is the Cox regression model (Cox (1972, 1975)). This model specifies
that the hazard function of an individual with explanatory variables X;,..., X,

assumes the form
h(t| Xy, ... ,Xp) = ho(t)exp(/1 X1+ -+ ﬂpo). (1.10)

where hy(t) is called the baseline hazard function which is the hazard function of an
individual when X; =--- = X, = 0.

An alternative to the Cox proportional hazards model is the additive regression
model due to Aalen (1989), which assumes that the hazard rate of an individual with

explanatory variables X1, ..., X, has the form

Similar to the baseline hazard function in the Cox model, ho(t) in the additive
model is the baseline hazard which is one’s hazard when X; = --- = X, = 0.
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Note that in Aalen’s additive model, the regression coefficients are functions of
time. Lin and Ying (1994) propose an alternate additive hazards regression model

in which the time-varying regression coefficients are replaced by constants:
h(t\xl,...,xp) = ho(t)—i-ﬁle—i——i—ﬁpo (112)

1.2.2 Censoring

One distinctive feature of survival data is that they are often incomplete. For in-
stance, to study the treatment effectiveness to inhibit cancer recurrence, one records
the time to recurrence after recovery within a study period, say, 5 years. If a par-
ticipant of the study has no cancer recurrence during the study period, the data is
incomplete in the sense that we do not know the exact recurrence time. Instead, we
know that the time is longer than 5 years.

The incomplete observations times are called censored survival times. In partic-
ular, it is called right-censored survival time because the exact time should appear
after the end of the study. Left-censored survival times are defined similarly. In
this case, the exact start times being unknown, but we only know that the start
time is before a particular time point. For example, to study the long expectancy of
HIV-infected patients, one does not know the exact time of HIV infection. Instead,

one only know that the time is before the start of the study.

1.3 Reproducing Kernel Hilbert Space

In this section, we introduce Reproducing Kernel Hilbert Space (RKHS), an impor-
tant functional space for functional data analysis. Essential concepts and important

properties of RKHS are also described.



1.3.1 Linear Subspaces and Hilbert Spaces

Let £ be a linear space. A functional, L(+), is defined as an operator of any element,
f € L, such that L(f) € R. Furthermore, if L(f + ¢g) = L(f) + L(g) and L(af) =
aL(f), forany f,g € L and a € R, L is a linear functional.

A bivariate form, J(-,-), is defined as an operator of any two elements, f,g € L,
such that J(f,g) € R. J(-,-) is bilinear if J(af + Bg,h) = aJ(f, h) + BJ(g,h) and
J(f,ag+ Bh) =aJ(f,g)+ BJI(f, h),¥Vf, g,h € L and Vo, 5 € R.

A bilinear form is symmetric if it satisfies J(f,g) = J(g, f),Vf,g € L. If, for
any f € L, J(f,f) >0, J(-,-) is said to be non-negative definite, and it is positive
definite if J(f, f) = 0 holds only when f = 0. An inner product defined on a linear
space is a positive definite bilinear form, denoted by (-, ). A norm in a linear space
can be defined through an inner product by ||f| = +/(f, f)-

If lim, ., Lf, = Lf whenever lim, ., f, = f, the functional L is said to be
continuous. A Cauchy sequence, f,, satisfies lim,, ;o0 || frn — fnl| = 0. If all Cauchy
sequences converge in a linear space, the linear space is complete. A complete inner

product linear space is called a Hilbert space.

1.3.2 Riesz Representation Theorem

Theorem 1.1. Let L be a continuous linear functional in a Hilbert space H. For

any f € H, there ezists a unique g, € H such that Lf = (gz, f).

This theorem asserts that for every g in a Hilbert space H, L,f = (g, f) defines
a continuous linear functional L,. Conversely, every continuous linear functional L
in H has a representation Lf = (g, f) for some g;, € H. gy, is called the representer

of L.



1.3.3 Reproducing Kernel and Non-Negative Definite Func-
tion

Let X be the domain of f and z € X. A functional L, defined as L,f = f(z) is

called an evaluation functional. If, for all x € X', the evaluation function L, f is

continuous in H, then H is called a reproducing kernel Hilbert space.

By Riesz representation theorem, for every f € H, there exists R, € H such
that L,f = (R,, f). Define a symmetric bivariate function R(z,y) as (R, R,) for
z,y € X. Note that (R,,R,) = R,(v) = R,(y) and (R,, f) = f(x). In this case,
R(-,-) is called the reproducing kernel of H. Knowing non-negative definite functions
helps to construct reproducing kernel Hilbert spaces as justified by the following

theorem.

Theorem 1.2. For any reproducing kernel Hilbert space H of functions defined on X,
there exists a reproducing kernel R(z,y), which is unique and non-negative definite.
Conversely, there exists a unique reproducing kernel Hilbert space H for every non-

negative definite function R(x,y) on X.

1.3.4 Reproducing Kernel Hilbert Spaces and Penalized Re-
gression

Applying penalized regression procedures to the estimation of complex functions is
common (Wahba (1990); Eubank (1999); Hastie et al. (2001)). These procedures are
commonly employed in functional data analysis (Ramsay and Silverman (2005)). The
estimators in these procedures are defined as the solutions of optimization problems.
The solution of a minimization problem is the smoothing spline in a functional space.
If the minimization problem is formulated on a reproducing kernel Hilbert space, the
solution exists and is guaranteed to be unique.

The central roles in penalized regression are played by the reproducing kernel
Hilbert spaces (RKHS) and the corresponding reproducing kernels (RK). Wahba
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(1990); Gu (2002); Pearce and Wand (2006) provide comprehensive reviews of repro-

ducing kernel Hilbert spaces (RKHS) methods for regression analysis.

1.4 Bahadur Representation

An estimator admits a Bahadur representation if the estimator can be almost ex-
pressed a linear estimator, i.e. >.»  h;(X;) + R, where R, becomes negligible as
n — oo. When a Bahadur representation of an estimator exists, the properties of
the estimator can be derived easily. For example, under some regularity conditions,
if Xy,---, X, are independent, we may conclude that > | h;(X;) follow Normal dis-
tribution asymptotically due to Central limit theorem. Bahadur (1966) first derives

the Bahadur representation of sample percentiles.

Theorem 1.3. Let w = (X3, Xo,...) be a sequence of independent random variables
with each X; distributed according to F. For eachn =1,2,---, letY,, be the sample
pth-percentile when the sample is X1,---,X,,. Let Z, be the number of observation

X, in the sample Xy, --- , X,, such that X; > &. Then,

Zn _n<1 _p)

=T

+R, (1.13)

where R, becomes negligible as n — oo.

Bahadur representations are also derived for more general estimators (See Carroll

(1978), He and Shao (1996), Bose (1998)).

1.5 Outline

The remainder of this dissertation is organized as follows. Chapter 2 presents a penal-
ized semiparametric maximum partial likelihood estimation and hypothesis testing

for the functional Cox model in analyzing right-censored data with both functional

8



and scalar predictors. Deriving the asymptotic joint distribution of finite-dimensional
and infinite-dimensional estimators is a very challenging theoretical problem due to
the complexity of semiparametric models. For the problem, we construct the Sobolev
space equipped with a special inner product and discover a new joint Bahadur rep-
resentation of estimators of unknown regression function and coefficients. Using this
key tool, we establish the asymptotic joint normality of the proposed estimators and
then construct a local confidence interval for an unknown slope function. Further-
more, we study a penalized partial likelihood ratio test, show that the test statistic
enjoys the Wilks phenomenon, and also verify the optimality of the test. The the-
oretical results are examined through simulation studies, and a right-censored data
example from the Improving Care of Acute Lung Injury Patients study is provided
for illustration. In Chapter 3, the semiparametric inference of functional additive
hazard model is studied. In particular, the asymptotic joint distribution of finite-
dimensional and infinite-dimensional estimators is established. In addition, uniform
convergence of the infinite-dimensional estimator is developed. The main tool to
develop these result is the joint Bahadur representation of the estimators. The the-
oretical results are examined through simulation studies, and a right-censored data
example from the Improving Care of Acute Lung Injury Patients study is provided

for illustration. Finally, conclusion and future work are discussed in Chapter 4.
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Chapter 2

Semiparametric Inference for the
Functional Cox Model

2.1 Introduction

Advances in information technology enable collecting and processing of densely ob-
served data over some temporal or spatial domains. The resulting data are coined
functional data to differentiate them from the traditional, scalar data. Examples of
functional data include hippocampus radial distance data Li and Luo (2017), high
dimensional microarray gene expression data Chen et al. (2011), and the Sequential
Organ Failure Assessment data Gellar et al. (2014, 2015).

The explosion of functional data requires the development of functional data anal-
ysis. Recently, Crambes et al. (2009), Yuan and Cai (2010), Cai and Yuan (2012),
and Shang and Cheng (2015), among others, proposed roughness regularization meth-
ods to control the model complexity in a continuous manner. This overcomes the
imprecise control on the model complexity due to the truncation parameter in the
functional principal component analysis (FPCA)-based approaches, as pointed out
by Ramsay and Silverman (2005).

When time-to-event data are available, the proportional hazards model Cox

(1972) is commonly used for the analysis of such data. Under the Cox model, the

11



hazard function of a failure time for a subject takes the form:
h(t|Z) = ho(t) exp’?,

where hg(-) is an unspecified baseline hazard function, Z € RP? is a covariate vector
and 0, € RP is an unknown parameter. This model was further studied by Cox
(1975), Tsiatis (1981), Andersen and Gill (1982), Johansen (1983), and Jacobsen
(1984), among others. When functional covariates are involved, Chen et al. (2011)

proposed the following functional Cox model:

h(t|Z, X (-)) = ho(t) exp {%Z + /HX(S)SO(S)CZS} : (2.1)

where X(-) is a functional covariate and [y(-) is an unknown coefficient function.
Clearly, this model takes into account the effect of the entire trajectory of X(-) on
the hazard function. Note that the Cox model with a time-dependent covariate only
considers the effect of X (¢) on the hazards function at time ¢, where an overall effect
of a functional covariate on the hazard function cannot be explained. Chen et al.
(2011) applied the functional Cox model in studying the survival of diffuse large-B-
cell lymphoma (DLBCL) patients in relation to the high-dimensional microarray gene
expression of the patients, which is expressed as a functional predictor. Recently,
Kong et al. (2018) established the rate of convergence of the maximum approximate
partial likelihood estimator and conducted a score test for testing the nullity of the
slope function related to functional predictors. Qu et al. (2016) studied the asymp-
totic properties of the maximum partial likelihood estimator under the framework of
reproducing kernel Hilbert space and established the asymptotic normality and effi-
ciency of the estimator of scalar covariates. However, the asymptotic distribution of
the maximum partial likelihood estimator of the slope function has not been studied.

Another important issue is to study the partial likelihood ratio test, which has not

12



been addressed in the literature. Our goal is to address these challenging issues and
fill the gap in the study of the functional Cox model.

Motivated by Cheng and Shang (2015), we explored a joint Bahadur representa-
tion to derive the asymptotic joint distribution of the maximum partial likelihood
estimators of the slope function and coefficients in the functional Cox model. Com-
pared to that proposed in Cheng and Shang (2015), our model is focused on the
joint asymptotic study of the (generalized) partial functional survival model. Our
main contribution includes the following aspects: (1)we embedded the Sobolev space
with a special inner product, and deduced the joint Bahadur representation of the
maximum partial likelihood estimators of finite-dimensional and infinite-dimensional
parameters in the space; (2) we got the pointwise confidence interval of the functional
coefficient; (3) we investigated a penalized partial likelihood ratio test for testing
global effects of both scale and functional covariates on the hazard function.

The rest of this chapter is organized as follows. In Section 2.2, we construct the
Sobolev space and present a penalized estimation approach for unknown regression
parameters in the functional Cox model. In Section 2.3, we derive a joint Bahadur
representation (FBR) of the maximum partial likelihood estimators of scalar and
functional parameters in the space with a special inner product and establish the
asymptotic properties of the proposed estimators. In Section 2.4, we develop a
penalized likelihood ratio test for a global hypothesis. In Section 2.5, we present
simulation results to evaluate the performance of the proposed asymptotic inference
procedures. Section 2.6 illustrates an application of the proposed method to the data
obtained from the Improving Care of Acute Lung Injury Patients (ICAP) study
Needham et al. (2006). Some concluding remarks are made in Section 2.7. All

technical proofs are given in the Appendix.
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2.2 Estimation Method

Denote the covariates that are incorporated in the functional Cox model (1.1) by
W = (Z7,X(-)). Under the right censorship, let T be the survival time, C' be the
censoring time, Y = min(7', C') be the observed time, A = 1(T" < C) be the censoring
indicator, and N(t) = A1(T < t) be the counting process, where 1(-) is the indicator
function. For simplicity, assume F(AZ) =0, E{AX(t)} = 0 for any ¢t € I. Without
loss of generality, we take I = [0,1]. As usual, assume that the survival time T
and the censoring time C' are conditionally independent given W. Our goal is to
estimate ag = (67 , Bo(+)) to reveal the relationship between W and T'. Suppose that
Bo(+) belongs to the mth-order Sobolev space H ™ (I), which is abbreviated as H(™

for notational simplicity:
H™(I) = {8 : T R|FY is absolutely continuous for j = 0,1,...,m—1, ™ € Ly(I)},

where the constant m > 1/2 is known, $)(-) is the jth derivative of 3(-) and Ly(T)
is the L, space defined in I.

Define 7, (W) = 07Z + [, X(s)B(s)ds, and Y(t) = 1(Y > t). The log partial
likelihood of the model (1.1) given the data {(Y;, W;, A;),i =1,...,n} is given by

:%ZAi Na(W;) — log — ZJ)J ) exp{n.(Wj)}

To estimate ag, we propose to use the following penalized log partial likelihood

function

ha(0) = lufa) = 37(5.5)

where J (1, 52) = fﬂ ﬁl )(s) ds is the penalty function, and A is the penalty
parameter which controls the balance between the bias and the smoothness of the pa-
rameter. Thus, the penalized estimator of oy is defined by &,y = arg maxaey I 2 (),
where H = RP x H(™)

14



2.3 Asymptotic Properties

Before stating the main results, we first introduce some notation and regularity

conditions. For any vector z, 22 = zz', 2®! = 2, and 2®° = 1 with all of the

elements being 1. Define the semi-inner product for any a; = (6., 3;(+)) € H,i = 1,2

as
<y, 0 >

—F /T [E{y(t) eXP (1 (W) ey (W )10, W) }
0 E{Y(t) exp(1a,(W))}

B0l 0V (V) GO 500 VDo)
(E{D(t) exp(11a,(W))})°

+ )\J(ﬁla ﬁQ)a

where 7 is the end of the study. Define

n

§9(t,0) = - S A0 exp{na (W)} 22,k = 0,1,2,

i=1

s(t,a) = EYV(t) exp{na (W)} 2%,k = 0,1,2,

n

S8 (05,00 = - D0 exp{a (W)} X, (),

=1

53 (t,5,0) = EIY(t) exp{na(W)}X ()]
S0, 5,0,0) =~ S AE) exp (W)} Xil5) X, ()],

i=1

s (t,5,0,0) = E[V(t) exp{na (W)} X (s)X (v)],

T (2) (1) ®2
t t
Y=FE / 330)(’0‘0)—51(0)(’0‘0) dN(t) ¢,
0 s (t, ) sy (L, )2

F(s,t) = /OT Cov{X(s), X(t)|T = v, A = 1}E[Y(v) exp{na, (W) }Hho(v) dv

15
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where
Cov{X(s), X(t)|T =v,A =1}
=F{X(s)X(#)|T =v,A=1} = E{X(s)|T =v,A =1} E{X()|T =v,A =1}
(2) (1)

5y (v,t,8, ) sél)(v $,00)8y (v, t, ap)

850)(1)7050) ( )(

v, ap)?

Define a bilinear operator V (-,-) in ™ as: V(81,Ba) = [ i F(s,t)B1(s)Ba(t) ds dt,
which is in fact one norm in the Hm) space. Set the projection of Z on X(-) as

G= (Gl, GQ, y ) with

Y0t 1)1 X0
Z/ D) exp e (W)]]

EYV(#) exp{na, (W)} 2] EV(¢) exp{na, (W)} X (w)]
EY(t) exp{ne, (W)} EV(t) exp{na, (W)}]

()| s (w) duhy (")

I
NE

Giihy(-).

1

<.
Il

We denote two positive sequences a,, and b, as a,, < b, if lim,,_,«(a,/b,) = ¢ > 0. If
c =1, we denote a ~ b. To construct a Hilbert Space and establish the theoretical

properties of the proposed estimator, we need the following regularity conditions:
(Cl) (i) 0<PY >71) < 1.

(ii) There exists a constant ¢; > 0, for any o € ‘H, we have

T TE{YV() exp{na, (W) Ina (W)*}  (E{Y(t) exp{na, (W) }n.(W)}H)?
E/o [ E[Y(t) exp{7a,(W)}] (EV(t) exp{na, (W)}])? ]dN(t)

> et E{na (W)},

(C2) There exists a sequence of functions {h;};51 C H™ such that ||h;]|z, < cpj®

for each 7 > 1, some constants a > 0, ¢;, > 0, and

V<hzah ) - 51]: J(h h; ) - pi6ij7 for any Z?] > 15
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where ¢;; is the Kronecker’s notation, and p; is a nondecreasing nonnegative

sequence satisfying p; < i?* for some constant k > a + 1/2.

(C3) ¥ —V(G,G") is positive definite. There exists b € ((1+ 2a)/(2k), 1] such that
> G0} <oofork=1,...,p.

(C4) There exist constants s € (0,1) and My > 0 such that Elexp{s(|| Xz, +
1Z112)}] < o0, and E{[na(W)[*} < Mo{E|na(W)[*}* for any o € H.

Remark 2.1. Condition (C1)(i) is used to is very common in survival analysis,

while Condition (C1)(ii) is trivial when B = 0 under Condition (C3).

Equipped with the inner product, H is a Hilbert space and H(™ is a reproducing

kernel Hilbert space (RKHS) with the inner product

< 51, /Bg >m= \/H\/HF(S, t)ﬁl(S)Bg(t) ds dt + )\J(Bl, 52) (23)

Denote the reproducing kernel in H(™ by K (s, t). Define a linear nonnegative definite
and self-adjoint operator Wy as: < W)y, 02 >n= AJ(f1,02). Then, we have
< 51752 >m= V(61762)+ < W)\/817/82 >m-

Remark 2.2. Under Condition (C2), the eigen-system can be derived from the fol-

lowing integro-differential equations (Shang and Cheng (2015)):
(") = oy [ Fls () s
I

y]('i)(()):y]('i)(l):()a t=m,m+1,---,2m—1.

Let hj = y;/\/V(y;,y;), k=m+r+1and a=r+1. Then h; and p;,j =1,2,...
are the eigenvectors and eigenvalues, respectively, if one of the following additional

assumptions is satisfied:

(i) r=0;
17



(ii) v > 1, and for any i = 0,1,...,r — 1, FGO(0,t) = 0 for any t € I, where

FG0) (s, t) is the ith-order partial derivative with respect to s.

The relationships between (h;, p;), K(~, -) and Wy are given as follows:
- h A\pj
Wih —hy(-
Zj ) (T)) = T35

This can be referred to Shang and Cheng (2015).

Remark 2.3. Under Condition (C3), we have that V(G,W\G") — 0 with A —
0. Furthermore, from the definition of G, we have G = 0 when X(-) and Z are

independent.

Remark 2.4. Condition (C4) on covariates is weaker than the conditions required

by Qu et al. (2016).
In the following, we set h = A/(2F),

Theorem 2.1. (Rate of Convergence) Suppose that Conditions (C1)-(C4) hold. If

2k— 2a1

h = o(1),n~V2h= (D=5 (log(n) 12 {log log (n)}/2 = o(1),

then Gy, is the unique estimate for ag and ||é,\ — aollx = O,(ry), where r, =

(nh)=Y2 + Kk

This theorem shows that when we choose A = n~(3#)/2k+1) "the estimate enjoys
the same order of convergence as that in Qu et al. (2016).

For ease of interpretation, define S, (o) and S, x(a) be the Fréchet derivatives of
I, () and [, x (), respectively. Direct calculation yields that the Fréchet derivatives

of I, x(a) at the direction of o is

Z] 1 Vi (Ya) exp{na (W) e, (W)

Zj LY (Y:) exp{n.(W;)} — AJ(B, Br)

1 n
Sn,A(Oé)Oél = o ;Ai Nay (Wi

Sn(@)on = AJ(B, Br).
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Theorem 2.2. (Joint Bahadur Representation) Suppose that Conditions (C1)-(C4)
hold. If

n~ V2R~ D=F50 fog (n) }2 {log log(n) } /2 = o(1),

nh2kA+0) — o(1), and ZV Bo, h; pj < 00,

then we have ||é, \ — ap — Spa(ao)||x = Op(an), where

ay, = n~V2p~Umatbm=N/dm,. fo0log(n)} /2 log(n)?>+h~Y?r2, and r, = (nh)~*+h~.

n7

Based on the joint Bahadur representation, we can establish the asymptotic joint

distribution of the proposed estimators of the slope function and the coefficients.

Theorem 2.3. (Asymptotic Joint Distribution) Suppose that the conditions of The-

orem 2.2 hold. Furthermore, assume that sup;s, ||h;llee < cnj®, n*2a,h=*/2) =

o(1), n'2RFIHY) = o(1), 3552, V(By, hy)?p? < o0, and e+ 550 Julls = 62 > 0.

Then we have

it — o)
[mha{én,xt) _ ﬂo(t)}] = NO.2)

where

o [{z —V(G,GT)} o] |

0 o;

Here, ¥ can be consistently estimated by

) :% > / Var(Z|T = t, A = 1)Y;(t) exp{na(W;)} df\o(t)]

i=1 L0

n

LSS CTRES M1 a)re2
3 /0 [51 (Za ) {5°(, )}2

=1

—_

Vi(t) exp{na (W)} dAq(t)

Y

where

/ RANO)
Ej 1 Vi(s) exp{na( J>}
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Theorem 2.3 implies that, under certain conditions, the asymptotic bias for the es-
timation of 5y(ty) vanishes. Hence, Theorem 2.3 together with the Delta-method im-
mediately yields the point-wise confidence interval (CI) for some real-valued smooth
function of fBy(t) at any fixed point ¢y € I, denoted by p{By(to) }. Let p(-) be the first
derivative of p(-). By Theorem 2.3, for any fixed point ¢y, € I and p{/ﬁo(to)} #0, we

have

p{Bolto) 1y (hs )/ (L4 2py)?)

n

P p{Bo(to)} € P{B(to)}iq)g
— 1=,

as n — oo, where ®(+) is the standard normal cumulative distribution function and

P, is the lower £-th percentile of ®(-), that is ®(P,) =1 — €.

2.4 Partial Likelihood Ratio Test

In this section, we consider testing the following “global” hypothesis:
Hy:a=ap Versus Hi:a # ay,

where ag € H. The penalized partial likelihood ratio rest (PLRT) statistic is defined
as:

PLRTnA = ln7>\(oz0) — ln,)\(dn,)\)-

We next derive the null limiting distribution of PLRT), .

Theorem 2.4. (Likelihood Ratio Test) Suppose that Conditions (C1)-(C4) hold.

Assume that

nh#t) = O(1), nh* = oo,n'?a, = o(1),nr2 = o(1), Z V(Bo, hj)Qp? < 00,
j=1
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n1/2h_{a+1/2+(2k_2“_1)/(4m)}7“i{log(n)}2{10g log(n)}l/Q _ 0(1)’

and

n1/2h7{2a+1+(2k72a71)/(4m)}7,i{log(n)}S{log log(n)}1/2 — O(l).

Then under Hy, we have

(20) " V2(=2nya PLRT, 5 — nyal|[WaBoll2, — 1) = N(0,1),

where 03 = Y h/(L+ Xoy), 3 = Y h/(L+ Ap)% 1 = 03/p, and vy =
h™ay/p3-

It follows from Theorem 2.3 that n||Wy 5|2, = o(n\) = o(vy). Therefore, we have
2ny\PLRT, » ~ N(vy,2vy), which is nearly XIQ/A as n — 0o. This shows that PLRT
enjoys the Wilks phenomenon.

As suggested by one anonymous reviewer, our proposed method can handel some
composite hypothesis testing. In fact, by examining the proof of Theorem 2.4, we find
that the null limiting distribution derived therein remains the same even when the
hypothesized value «q is unknown. An important consequence is that the proposed

likelihood ratio approach can also be used to test a composite hypothesis such as

Hy : 0 =6y, 0 has some linear or polynomial structure.

Under Hy, the true slope function can be expressed as [y = Z?:o t b?, where d is

the order the the polynomial. Denote by = (63,49, ...,89)T. Then, (6] ,by )" can be

estimated through the following parametric optimization:

d
(6°, BO) = arg max [, (6, Z t7b;)
=0

d
, A
= arg max [, (6, Zt]bj) - §bTBb,
7=0
where B is a (d + 1) x (d + 1) matrix, with the 4, j-th component being J(¢*,t/).

After deriving the estimate of 6y and by, we can obtain the estimate of 5y, denoted
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as 0 = Z;l:() l;?tj. Denote a° = ((§°)T, %), and «q is the unknown true parameter.
Under this scenario, the logical related to the asymptotic distribution of PLRT is

listed below:
PLRTZ(?T Eln,)\(do) - ln,)\<dn,)\)
:ln,)\(a0> - ln,)\(dn,)\) + ln,)\<d0) - ln,)\(QO)

:ln)\(a0> - ln,A(dn,A) + Op(n_1)~

The last equality holds as traditional parametric theory leads to 2n{l, x(a°)—l, x(ap)} =
O,(1). As I, x(ao) — Ly 2 (G 0) s exactly the same as that proposed in Theorem 2.4,
we have

_2717)\{[71,)\(040) - ln,)\(dn)\)} ~ XzQ/)\'

Therefore, we conclude that the null limit distribution for testing the composite
hypothesis also follows XEA- To conclude this section, we show that the PLRT achieves
the optimal minimax rate given by Ingster (1993). To this end, we consider the
alternative hypothesis Hy,, : & = ay,, where a,,, = oy + v, a9 € H and o, belongs
to the alternative value set A = {a € H, ||0|]2 < ¢, |52 < ¢, J(B,5) < (¢} for some

constant ¢ > 0.

Theorem 2.5. Suppose that the conditions of Theorem 2.4 hold, and under Hy, :
O =y, |Gy — anelln = Op{(nh)~V% + ¥} holds uniformly over oy, € A. If
nh®/2+4/2 5 o0 asn — 0o, then, for any 6 € (0,1), there exists positive constants by

and N such that

inf inf P(reject Hy|Hy, is true) > 1 — 4,

n2N an€A,llan|[x=bonn

wheren, > \/h? + (nhl/2)=1. Moreover, the maximum lower bound of n,, is n~2k/(4k+1)

which can be achieved when h = h** = n~2/(4k+1),
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2.5 Simulation Studies

In this section, we conduct simulation studies to assess the finite-sample performance
of the estimated confidence interval given in Section 2.3 and the PLRT developed in
Section 2.4.

We used a setup similar to that in Qu et al. (2016). The functional covariate X

is defined as
50
X(s) = &Uidn(s),
k=1

where Uy, are independently sampled from the uniform distribution on [—3, 3], & =
(—1)F1E=12 ¢ =1, and ¢py1(s) = V2 cos(kms) for k> 1.

The functional coefficient fy is Bo(t) = 9/(50 —45t) — 0.9, which is in the Sobolov
space H® (I). The penalty function is J(8, 8) = [,(8®(t))? dt. The scalar covariate
Z is set to be univariate with distribution N(0,1) and the corresponding coefficient

6 = 1. The failure time 7T is generated from the functional Cox model:

h(t|W) = ho(t) exp {e'z + /01 X(s)ﬁo(s)ds} ,

where h(t) = t2. Given W, T follows a Weibull distribution. The censoring time C
is generated independently, following an exponential distribution with parameter v
which controls the censoring rate. Here, v = 15 and 3.9 lead censoring rates around
12% and 33%, respectively. We consider the sample sizes n = 200 and 400. We
adopt the cubic spline functions for the estimation of the functional covariate. The
number of knots is at the order of ¢, = [2n1/ %], and the knots are equally spaced.
The smoothing parameter A is 107% and the order m of Sobolev space is 2. For each
combination of censoring rate and n, the simulation is repeated 1000 times.

Figure 2.1 displays an instance of estimated §(-) and the pointwise 95% confidence
intervals among 1000 simulations. The pointwise average of the estimated §(-) and
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Figure 2.1: Graphical displays of 3(-) and the pointwise 95% confidence intervals of 3(t). The
dashed lines represent 3(-) whereas the solid lines represent S3(-).

the empirical coverage probability of the 95% pointwise confidence interval based
on 1000 simulations are shown in 2.2 and 2.3, respectively. Table 2.1 reports the
bias (BIAS), the sample standard error of the estimates (SSE), the average of the
estimated standard errors (ESE), and the empirical coverage probability (CP) at ¢ =
0.1,0.5,0.9. The simulation results are consistent with Theorem 2.3. In particular,
these results suggest that the estimate B (+) is consistent. In general, it is apparent

that when n increases from 200 to 400 with a fixed censoring rate, the average bias
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Figure 2.2: Graphical displays of the pointwise averages 3(-). The dashed lines represent 8(:)
whereas the solid lines represent the pointwise averages of 3(-).

and the standard error decrease steadily. Furthermore, the coverage probability also
approaches the theoretical value of 95%. The average ESE at 12% censoring rate
is lower in comparison to that at 33% censoring rate. This is consistent with the
expectation that the lower the censoring rate is, the more accurate the estimate
becomes.

For the regression coefficient of the scalar covariate, the BIAS, SSE, ESE, and

A

CP of the estimated 6 are given in Table 2.2 for each combination of censoring
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Figure 2.3: Graphical displays of the pointwise coverage probabilities (CP). The dashed lines
represent 95% whereas the solid lines represent the pointwise CP of §(+).

rate and n based on 1000 simulation. As the sample size increases, the average of
0 approaches to the true value, the standard deviation reduces, and the coverage
probability approaches to 95% given a fixed censoring rate. Similarly, we observe
these trends when the censoring rate reduces for a given sample size.

In summary, the simulation results in Tables 2.1 and 2.2 suggest that the es-

timates of both scalar and functional parameters are consistent and the proposed

variance estimation procedure provides reasonable estimates. Furthermore, the re-
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sults on the empirical coverage probability suggest that the normal approximation
is appropriate.

To study the performance of the partial likelihood ratio test, we calculate the
estimated sizes and powers of the PLRT under Hy : « = (0, 5(+)), that is, the per-
centages of rejecting Hy. We generate o under different signal strengths. Specifically,
a = (0+c¢, B(-)+c), where ¢ = 0.0,0.1,0.3,0.5. Table 2.3 summarizes the percentages
of rejecting Hy over 1000 simulations. These results demonstrate the good perfor-
mance of the PLRT. The power of the test increases as sample size n increases, and
the power slightly decreases as the censoring rate increases.

Table 2.1: Simulation results for the proposed estimate of 5(t).

n = 200 n = 400
0.1 0.5 0.9 0.1 0.5 0.9
12% BIAS -0.0504 -0.0431 -0.0747 -0.0189 -0.0218 -0.0400
SSE  0.1518 0.1372 0.1751 0.1042 0.1088 0.1223
ESE 0.1927 0.1602 0.2156 0.1343 0.1117 0.1501
CP 0.9750 0.9680 0.9740 0.9840 0.9510 0.9820
33% BIAS -0.0539 -0.0514 -0.0914 -0.0241 -0.0270 -0.0531
SSE  0.1704 0.1578 0.1919 0.1245 0.1269 0.1419
ESE 0.1999 0.1658 0.2238 0.1391 0.1158 0.1558
CP  0.9750 0.9510 0.9560 0.9690 0.9200 0.9570

Table 2.2: Simulation results for the proposed estimate of 6.

n =200 n =400

12% BIAS 0.0339  0.0154
SSE 0.1070  0.0717

ESE 0.1170  0.0811

CP 0.9520  0.9690

33% BIAS 0.0392  0.0212
SSE 0.1261  0.0811

ESE 0.1224  0.0849

CP 0.9240  0.9500
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Table 2.3: The simulated sizes and powers of the likelihood ratio test for Hy : a =
(0, 5).

c 200 400
12% 0.0 0.0510 0.0410
0.1 0.2320 0.5680
0.3 1.0000 1.0000
0.5 1.0000 1.0000
33% 0.0 0.0510 0.0490
0.1 0.1610 0.4570
0.3 0.9950 1.0000
0.5 1.0000 1.0000

2.6 An Application

In this section, we apply the proposed method to the Sequential Organ Failure Assess-
ment (SOFA) data collected from the Improving Care of Acute Lung Injury Patients
(ICAP) study (Gellar et al. (2014, 2015)). The primary goal of this prospective co-
hort study is to investigate the long-term complications of patients who suffer from

acute lung injury/acute respiratory distress syndrome (ALI/ARDS).

SOFA score

0 1 2 3 4 5 6 0 1 2 3 4 5 6
day

Figure 2.4: Trajectories of the SOFA score of subjects who died after the first week of the ICU
hospitalization and those who survived. The red lines are the pointwise average of the SOFA score.

The ICAP study involves 520 subjects. Among them, 237(46%) subjects die in
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the intensive care unit (ICU). We are interested in the association between the SOFA
scores and survival among the subjects who were hospitalized in ICU for more than a
week. Out of the 520 subjects, 161 subjects (31.0%) died within the first week in ICU,
and they are excluded from the analysis. Therefore, the proposed method is applied
to the remaining 359 subjects. In the ICAP study, data were recorded once the
patients were admitted in the ICU, and then daily during hospitalization. The SOFA
score is one of the measurements recorded daily and it is a measure of the overall
organ function status of a patient. It is composed of respiratory, cardiovascular,
coagulation, liver, renal, and neurological components. Each component ranges from
0 to 4, with higher scores suggesting inferior organ function. The SOFA score, ranging
from 0 to 24, is then the sum of these six scores. We treat the history of each subject’s
SOFA scores, in the first week, as a functional covariate, X (s), where s is the number
of days since the admission to the ICU. Trajectories of the SOFA score of subjects
who died after the first week of ICU hospitalization and those who survived are
depicted in Figure 2.4. It is apparent that among patients who manage to survive,
the pointwise averages of SOFA scores are declining, whereas among patients who
died after the first week of ICU hospitalization, the averages are relatively stable.
Our model includes three scalar covariates as controls of a subject’s baseline risk.
They are age, gender, and Charlson co-morbidity index (Charlson et al. (1987)).
Our goal is to estimate the association between the trajectory of SOFA score
and mortality among subjects who are hospitalized in ICU for more than a week.
We adopt the cubic spline functions for the estimation of the functional covariate.
The number of knots is at the order of ¢, = [2n'/°] = 7, and the knots are equally
spaced. As pointed out in Verweij and Van Houwelingen (1993), typical optimization
criteria, such as Mallow’s C, and Allen’s PRESS (predicted residual error sum of
squares) statistic, are inappropriate for the Cox model. Verweij and Van Houwelingen
(1993) proposed the cross-validated log likelihood (CVL) to optimize the smoothing
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parameter of a penalized partial likelihood. Let éf‘f 0 be the value of # that maximizes
Ix(—i), the penalized log partial likelihood when observation i is omitted. Given a
value of A, the CV L is given by CV Ly = 371, 1h,(00 ), where [;(-) = ly(-) —
[x(—#(-) is the contribution of subject i to the penalized log partial likelihood. The
smoothing parameter\ = 1073 leads to the optimal penalty according CV L. One
may also consider less computationally intensive methods such as AIC' Gellar et al.

(2015) and GC'V Qu et al. (2016).

HO)

0.00 0.25 0.50 0.75 1.00
t

Figure 2.5: The estimated coefficient function 3(-) and the pointwise 95% confidence interval for
the SOFA data analysis.

We plot the estimated coefficient function B (+) in Figure 2.5. The result suggests
that there is a functional association between time to death during the ICU stay and
the SOFA score function for ¢ € [0.75, 1], which corresponds to the sixth and the
seventh day of ICU stay. This implies that the SOFA score in last two days in the
first week of ICU stay may be used as an indicator of one’s hazard.

Table 2.4 summarizes the estimation of the regression coefficients of the scalar
covariates. In addition to the functional covariate, there seems to be a positive as-

sociation with two scalar covariates: patients’ age and Charlson co-morbidity index.
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Table 2.4: Estimation results of regression coefficients of scalar covariates for the
SOFA data analysis

0 S.E. t-value  p-value
Age 0.0151 0.0015 10.0667 < 0.0001
Gender (male=1) 0.1640 0.1331 1.2322 0.1089
Charlson Index  -0.0348 0.0034 -10.2353 < 0.0001

On the other hand, the gender shows no significant association with the hazard of

death.

2.7 Appendix

For ease of presentation, we introduce some notations related to the Fréchet deriva-
tives. Let S,,(a) and S, x(«) be the Fréchet derivatives of I,,(a) and [, x(«), respec-
tively. Denote the asymptotic value of I,,(«) as [(«), and {(«) — AJ(B, 3)/2 as I («).
Similarly, let S(a) and Sx(a) be the Fréchet derivatives of I(«) and [)(«), respec-
tively. Let D be the Fréchet derivative operator and a; = (6, 3;(-)),i = 1,2,3 € H
be any direction. Then, we have

T V00 exp (W)}, (W)

> iy Yi(Yi) exp{na(W;)} — AJ(B, B1)

Non (W,)

1 n
Spa(a)ar = - ; A;

Sn(a)ar = AJ(B, 1),

DS, \ ()
1 n
NN

2521 Y5 (V) exp{na(Wi) e, (W5) 3251 Vi (Vi) exp{na(W;) 1170, (W)
2521 Vi (V) exp{na (W) }?

= DS, (a)aray — AJ (B, Ba),

> i1 Vi(Ya) exp{na (W) }ay (W) e, (W5)
>y Vi (Yi) exp{na (W)}
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and

> i1 Vi(Ys) exp{na(W;) }na, (W)) oy (W) 1as (W)
Z; 1 Y (Vi) exp{n. (W)}

251 Yi(Ya) exp{na (W)} e, (W), (W5) 325 V3 (Vi) exp{na (W) }rras (W)
D51 Vi(Yi) exp{na(W;) }]?

251 Yi(Ya) exp{na (W;) F e, (W), (W5) 325 V3 (Vi) exp{na (W) }ray (W)
2251 V() exp{na(W;)}]?

- 2 YY) exp{na(W))}na, (W) 32520 V5 (V) exp{11a(W5) }ias (W) s (W)
>25=1 Y5i(Yi) exp{na (W) }?

Z] 1 Y (Y3) exp{na(W5) 10, (W5) 22521 V5 (Vi) exp{1a (W) }17a, (W)
D251 Vi (Yi) exp{na (W) }?

DS, \(a)ajagas = ——ZA [

< Z% ) exp {110 (W) oy (W)

= DS, (a)ayazas.

There exists a sequence of functions wi, k = 1,2,...,p, such that < wg, S >,,=
V(Gy, B). A direct calculation yields that wy,(-) = 77 ij(l}_f—izj). Let w be (wy,wa, . ..
Then, w = (id — W,)G. Further, following from the Riesz representation theorem,
there exists an element in %™, denoted as 7., such that < 7, 8 >,= Jrx(t)B(t) dt.
Through direct calculations, we have m, = 322 [[a(t)h;(t) dt/(1 4 Np;)h;(-). If we
denote (H,, T,,) with w = (z,2(-)) as R,,, where

Hy, ={2 - V(GG +V(G,W\GN} Hz - V(G 7))},

Ty=m —w {S-V(G,GH+ V(G WG} Hz - V(G 7,)}, and,
then we have < R, o > = 0"z + [[x(t)B(¢) dt.

Define R, as Ry : u — (H,,T,) € H, where u = (2 ,1),
= {Z-V(G,.GN)+ V(G WG} (2 —w(t)), and

T, =K, —w {Z— V(GG + V(G WG (2 — wt)).
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Then we have that < Ry, a >y= 0"z + ((t).
Define Py = (ﬁ[a, Ta), where
-E[a - _{Z - V<G7 GT) + V(G7 W)\GT)}_lv(Gv W)\/B)J and

T, =Wy — {2 —V(G,G") + V(G, WG}V (G, W\3).

Then Pra € H and < Pyra, a; > =< W, 3,51 >, for any a; = (91751) e H It

follows from the Cauchy-Schwarz inequality that ||Py|[x < 1 and P, is self-adjoint.

2.7.1 Proofs of Lemmas

Lemma 2.1. Under Condition (C1), we have DS\(ag) = —id, where id is the

identity operator.

This result follows directly from the definitions of the inner product and DS (ay).
Denote ||a|e = [|0]l2+ |8/ z,- The following lemma provides the relationship between

the general Euclidean norm || - || and the norm || - ||x.

Lemma 2.2. There exists a constant k > 0 such that, for any o € H, |afle <

I{h—(2a+1)/2”a”>\'

Proof of Lemma 2.2 It follows from the definition of K; that, ||K/|[y < h~(@+1/2),
Follows the line of the proof of Lemma 2.4, we have that |[|Ry|[y < h~(@+1/2),
It follows from the fact that
lledle =[101]2 + 11B]] L,

<[101l2 +[151lsup

= sup |5(t)+9Tz|
|z]|2=1,tel

= sup <R, a>)
||zl[2=1,tel

<llaflx sup [[Rullx
|| 2]l2=1,t€l

ShTe 2 ol
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Lemma 2.3. Suppose that Conditions (C1)-(C4) hold. Then, for any o € H,
E(| < Rw,a >} |) < il

Proof of Lemma 2.3 By Condition (C4) and Condition (C1)(ii), we have
4
Ew (< Rw,a >))* = Ew {GTZ + /X(t)ﬁ(t) dt}
I
2
< an{Eii"z + [x@s0 )
I

<{ [ vartn i =08 1]EdN<v>}2 < Jlalld

Lemma 2.4. Suppose that Conditions (C1)-(C3) hold. Then for any x € Ls([0,1]),

there exists a universal positive constant ¢, such that
< RzaRza >2< (1215 + 2ll7,h*7")  and  E{|Rwli} < b~

Proof of Lemma 2.4 A direct calculation yields that
<RusRuw >=2 {S = V(G,G") + V(G,WAG")} ot < 1y 1y > +V(G, WG}

< V(G 7) + V(G 7)) TS — V(G GT) + V(G WAG T V(G 7). (2.4)

It follows from Condition (C3) that {¥ — V(G,G7)}~! is positive definite and
V(G,W)GT) — 0. Let ¢ denote the minimum eigenvalue of {¥ — V(G,G") +
V(G,WyGT)}. Then we have {X—V(G,G")+V (G, W) GT)}~! < ¢7'1 with 1 being
the identity matrix. Thus, we have 2z {¥ — V(G,G") + V(G, WG ")} 12 < ||2|3.
A direct calculation yields that < wx,7mx >,S [|X|3.A7271 and V(G,7x) S

| X||z2h~*"Y/2. Thus, there exists a constant ¢, > 0 such that

< R, R >3< eo(|1 25+ |1 X [ah77).

Besides, it follows from (3.17) and the proof of Lemma S.4 in Shang and Cheng
(2015) that

E < Rw,RW >\ < Crhil.
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The proof is completed.
Define 7, = {o= (07, 8()) € H: [|0]l2 < 1, 1Bz, < 1,7(8,8) < pa},

H, (o) = % S [ (Vi Wis 0) Ry, — Eoo (Vi Wi 0) R,
=1

where ¢, (Y;, W;; «) is a function on the data set and parameters, which might de-
pend on n. To derive the rate of convergence, we need the following concentration

inequality as a preliminary step.

Lemma 2.5. Suppose that Conditions (C1)-(C4) hold. If ¢,(Y;, Wy; 0) =0 a.s., and

there exists a constant Cy > 0 such that

|on(Yi, Wi 1) — ¢ (Yi, Wis )| < Cyllan — aslle,  for any  ay,an € H,

then we have

[ Hn()l]x

ocFp, pil ||l + 012

lim P( sup

n

< {5h 'log log(n)}1/2> =1

where v =1—1/(2m).

Proof of Lemma 2.5 Denote N(6,F,,, | - ||2) as the J—covering number of the
function class F,,,, in terms of || - [[;— norm. Then it follows from Theorem 9.20 of

Kosorok (2008) that

log N(8, Fp,., || ll2) < N (&, p/ 2 Fu, || - [|2)

< N(p, 26, Fi, || - |l2)

< max{(p, /?6)7/™, (p,1?6) P},

where p is the dimension of #. Thus, the conclusion of this lemma follows from

exp(—cmax{(p, /*8) "™, (p,120)77}) < exp(—c(p,/*0)7H™)

and the proof of Lemma 3.4 in Shang and Cheng (2015).
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2.7.2 Proofs of Theorems
Proof of Theorem 2.1

In order to prove Theorem 2.1, we need the following subset for H. Define
Foo ={a=(0",80) e H:[|0]> < 1,[18llr, < 1,J(8,58) < pa}-

First, we show that there exists a unique «, such that Sy(ay) = 0. Let ry,, =
2{J(Bo, Bo) + 1}/2h*  and define the operator: Ti,(a) = a + Sx(ap + a),a € H.
Then,

[Tin(a)||x = [Ja+ Sx(a + ag)|lx < [la+ Sa(a+ ag) — Sa(ao)|lx + [|Sx(ao)||a-

Let B(e) = {a € H,||a||x < €} be the ball of radius € in H. Note that S(ag) = 0,
which implies that Sy(ag) = —Pray. It follows from the Cauchy-Schwarz inequality

that

Tin
1S3 (@0) x = [IPraollx < {AT(Bo, Bo)}* < {T(Bo, Bo) + 1}1/20* = % (2.5)
By Lemma 2.1, we have

1 1
o+ Sx(a+ ap) — Sx(ao)|a :||oz+DS,\(oz0)oz+/ / sD*S)\ (o + ss'a)aa ds ds’||
o Jo
1 1
:||/ / sD*S)\(ag + ss'a)aa ds ds'||
o Jo
1 1
§/ / 5| D*Sx(ag + ss'a)aa||y ds ds’. (2.6)
o Jo

From the definition of D?Sy(«), Lemmas 2.2 and 2.4, and Condition (C1), we have

ID*8x (a0 + ss'a)aally S{E < Rw,a >{PVHE|Rw[R}? < lal3e/?h 2.
(2.7)

From inequalities (2.5), (2.6), and (2.7), we have

_ T'in
ITaalls < elloffer/2n2 + . (2.8)
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Since h = o(1) and k > a + 1/2 > 1/2, we have r,h~'/2 = 0o(1). Then for any
a € B(r1,), ||Tinllx < 71, for large n. This implies T1,(B(r15)) C B(r1,). Next, we
show that 7%, is a contraction mapping. For any o = (0], 53;(-)) € H,j = 1,2, we

have

Tip(on) — Tip(oe) = g — s + Sx(ag + aq) — Sa(ag + az)

= /0 [DS {ap + as + s(a; — ag)} — DSy (ap)](a1 — a2) ds
:/0 /0 S’DQSA[CYO + s’{(l/Q + S(Ozl — Oég)}](ozl — a/g){a2 + S(al _ aQ)} ds dS,.

By the similar arguments adopted in proving inequality (2.8), we have

| T1n (1) — Tin(c2) [

1 1
§/ / s'|| DSy + ' {ag + s(ay — a)} (a1 — ao){aw + s(ay — ag)}||adsds’
o Jo

11
< / / S{E < Ry, a; — ay >5HVHE|Rw|3{E < Rw, s + s(aq — o) >3}/ * ds ds’
o Jo

< Nlan — asllact?h 2 (lay — asl|x + [loz]ly)
< Tinllon — aollae2hTY?

S ]_/2”0(1 — Oéz”,\.

The last inequality follows from the fact that r1,h~"/2 = o(1). Then Ti,(a) is a
contraction mapping on B(ry,). By the Banach fixed-point theorem, there exists a
unique oy, € B(ry,) such that Ty,(a) = o). Define ay = o), + ap. Then S)(a) =0
and [|ay — apl|a < rin.

Next, we show that there exists a unique &, such that S, \(&,) = 0. Since
lax — agllx = O(r1,) = o(1) and DS, (ap) = —id, it follows from the Taylor expan-
sion and inequality (2.7) that DS, () is invertible. By applying similar arguments
employed in Shang and Cheng (2015), we have || DSy (a,)|[x € (1/2,3/2). Now define
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the operator
Ton(a) = a — {DS\(ax)} *Spa(ar + )
= —{DSx\(ax)} DS, r(ar)a — DSy (ay)a}
—{DS\ ()} H{Sualar + ) = Spalan) = DSy a(an)at — {DSx(ar)} ' Sualan)

= Il + ]2 + ]3.
It follows from the functional central limit theorem that uniformly in ¢ € I

H— Zy] ) exp{na, (W)} — st )| = Op(nV2). (2.9)

By Lemma 2.3 and the functional central limit theorem, we have

||_ Z y] exp{nOé)\ j)}RWj - E[yj(t) eXp{nOé)\ (VVJ>}RW3] ||>\

= sup < — Z y] exp{n!n j)}RWj _E[yj (t) eXp{na)\ (WJ)}RWJ]7 Q1 >

lleallx=1

= 0,(nY?p7a71/2), (2.10)

It follows from Sy () = 0, Lemma 2.2, and equations (2.9) and (2.10) that F||[DSx(ay)] 3|3 =
O((hn)~Y). This implies that ||S,(ax)|[x = O,((nh)~1/2). Let ¢ be a positive con-
stant satistying P(|S,a(an)llx < c(nh)V?) — 1. Define ra, = 2c(nh) 2 and
B(ran) = {a € H : |lallx < r2,}. Then we have P([[Spa(cx)|lx < 72,/2) — 1. Define

I'=n!,A,;, where

Ani = {[|Zill2 < clog(n), || Xil[r2 < clog(n), exp{na, (Wi)} < clog(n)}

for a constant ¢. From Condition (C4), we choose ¢ which is large enough such that
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P(T') = 1 and P(A¢,) = O(n™'). To handle I;, we have

123 1 Vi(Ya) exp{na, (W;) }1a(W;) R,
S( )(Y,,oz,\)

[EEXOVIANES £ Sy
i=1

—/ngo)(t,ao)ED)j(t) exp{%;(%)}na(%mwj]ho(t) dtH
0 sy (t, ay) A

1 — Z;-l:lyj(yé)eXp{nax<Wj)}77a( )Zg 1yJ( )eXP{Um( j>}RW]‘
*HEE;AZ‘ (S (Yoo )P

B /0 T SO (1, ) E(t) exp{nm(W)}?;gﬂé)f[ﬁ; (t) exp{ra, (W)} Rw] ho(t) dt”)\

= I + Lo (2.11)

For I1;, we have

1= [T 300 Vi(t) exp{nay, (W)) }1a(W;) R,
||Ill||)\§ HEZ/O =17 J J w.
i=1

3(0)(t,0z,\)
E[J’j(t)exp{za;( ) 3na (W )Rw]dN()H
sy (L, ay) A
= 7 1 1
)3 J 2 205 (V)0 o - s,

1 — TEY; (t) eXp{nax<Wj)}na<Wj)RWj
4y D(t,0 o

_ /0 A0 (t, ) EY;(t) exp{n((;;(( i) 3 (W. )7?44/J o

dtH
t Oé)\) A

= L+ L + Lis.

For 1113, we have

o= | [T S - Eave],

= Op((nh)™") ]l
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To infer I, we first define
) (to) exp L, (W) ba (W)

’ ’ 850) (t0> OQ\)

nj-

Then, for any oy, ay € H, we have
1

|0(Ys, Wi o) = (Y, Wi )| = —5———Y;(t0) exp {7 (W) } {10y (W) = 110, (W) } 14

S1 (t()? O'/A)
clog(n)
517 (to, )

_ felog(m)

gO)< Ovak)

| < RWjaal — Qg > ’[Anj

Define ¢,(Y;, Wj; ) = s§°>(t0, ay)e*{log(n)} 2¢(Y;, W;; ay). Then
|¢n(}/jv VV};OQ) - ¢n()/]7 W]aa1)| S ||a1 - O[2||€'

For any o # 0 € H, let & = a/(d,||allx), where d, = kh~e+D/2_ Tt follows from
Lemma 2.3 that ||@||. < d,||@|[x = 1. Then we have ||8]|s + || 3|, < 1. Meanwhile,
we have M\J(3, ) < ||a||? = d;2. Then J(B, ) < A'd;? = p,. By Lemma 2.5, we
obtain that for any o € B(rs,),
lim P(|| Y [6a(Y;, W @) Ruw, — E{n (Y, Wi &) R, HlIa
j=1

< (n1/2p?11/(4m) + 1){h " log log(n)}1/2) =1

~Y

Therefore, we have

n

lim (]| > [6(Y;, Wys a)Rw, — E{6(Y;, Wy )Ry, } I

j=1
Sda{log(n) 2 [lallx(n'?p)/“™ + 1){h~" loglog(n)}'/*) = 1
It follows from the definition of A,,; that

H EYj(to) exp{na, (W;) }na(W;) R, Lac
sg)(t,a,\)

m”>\<clEH <RW,OC>RV[/'IA¢

= O(P(A7) 202 [lallx = o(1)]|elx.
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2k—2a—1 2a1

Thus, we have I117 = O,(n —1/2p~(a+1)~ {log(n )}2{loglog(n)}l/z)||oz||>\+0p(1)||oz||,\ =

0p(1)]|r||x. From Lemma 2.4, we have that

—HZ | Z% ) xD {1y (W) Y1 (W5 R, ] ANi(1) || = Op(h ).

Then, by equation (2.9) and (nh)™' = o(1), we have I119 = 0,(1)]|c|x.
Applying the approach in deriving 11, we have that I;5 = 0,(1)||a||x. Therefore,
for any a € B(ray), ||[DSx(ax)]| 1] < ron/18. For ||[DSx(cn)]l2||, we have

[[DSx(an)]L2|[x = [{Snalar + @) = Spa(an) — DSpa(ax)at|y

1 1
= | / / sD*S, \(ay + ss'a)aads ds'||y.
o Jo

It follows from inequality (2.7) that
| D*S,, 1 (ax + ss'a)aal|y
< ||D%S,a(an + ss'a)aa — D*Sy(ay + ss'a)aal|y + [|D*Sx(ax + ss'a)aal|

— || D*Spa(ay + ss'a)aa — DSy (ay + ss'a)aaly + O(R~Y2) a3

By employing the arguments in obtaining I;11, we have that

| DS, (ay + ss'a)aa — D*Sy(ay + ss'a)aally

_ Op< —1p—(2a+1)— 25520 log(n)*{log log(n)}1/2{1 + n71/2}> llee|a

1 1 _ _
7 s Oos(n) P og log(a)} 2 0 (ul) )

+op<

2k— 2(1.1

+ 02 log(n)h~ et D/2 4 p1/2p (kD) llog(n)}*{loglog(n)}'/2 + n~ /20" ) a3,

It follows from a € B(ry,) and the conditions in the theorem that || DS, \(cy +
ss'a)aa — DSy (ay + ss'a)aally = o,(1)|lallx. Then we have |[[DSy(ay)] |y <

11]|al|s/18. Therefore, for any a € B(ran), [Ton(a)lx < [Hls + [1alls + [Tl <
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11r9,/12. That is, Top(B(rse,)) C B(r2,). Using the same argument above, we have
that Ty, is a contraction mapping in B(rg,). Therefore, there exists a unique o/ €
B(r2y,) such that Th, (o) = o and this implies S, \(ax + ') = 0. Let G, = an + .

Then S, \(énn) = 0. Therefore, with probability approaching to 1, we have

[6ax — Qol|x < 710 + 120 = Op((nh) ™2 + KF).
Proof of Theorem 2.2

It follows from Theorem 2.1 that there exists a constant M > 0 such that, with
probability approaching to one, ||&, \ —ag|[x < Mr,. For simplicity, denote &, x —ag
as a. We assume that ||af[y, < Mr, since its complement is negligible in terms of
probability. Let d, = kMh~2D/2p 6 = d-'a, and p, = x2h'"%* where & is
a constant given in Lemma 2.3. Since h — 0 with n — oo and 1 — 2k < 0, we
have that p, > 1 when n is large enough. It can be shown that ||« < Mr, and
this implies & € F,,. To see this, write @ = (87, 3(-)). Then ||dll. = d;"all. <
dtkh= Rt D2 o)\ < dtkh =Rt D/2 M, = 1. Thus, we get

J(B,B) = diA AT (B, 8)} < dpl|oll} < d,°A7H(Mry)? = k%12 = p,.

Besides, we have
[Sna(a + ag) = Spa(an) — {Sx(a + o) — Sx(aw)

=||Sn(a + ap) — Sp(ap) — {S(a+ ap) — S(ao) }H|x. (2.12)
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On the right hand side of equation (2.12), we have

|Sn (@ 4 a0) = Snlao) = {S(a + ag) — S(ao)}x

s fe

Z Vi (Yi) exp{na-+a( j)}RWj]
S%O) (Yi, o + )

» nt Y75 Vi(Yi) exp{na, (W)} Rw,
Wi — (0)
Sy (Ys, o)

_fZA
<l

— S+ ag) — S(ag }H

{Z j Vit eXp{na+ao( DIRw, 3259 exp{nao(Wj)}ij}
SOt ag + a) nS\ (¢, ag)

. {Ew) exp{too V)R _ EY) eX(Ig){UaO(W)}RW}] AN(O)| -+ ()1
(t,ap + @) s7 (t, ao)
1 Z y]( i) exp{Natao (W, ')}RW]- B Ej yj(t) eXP{nao(VVj)}RWj
SH”,LZ;/O { (0)(t ap + ) nsg)(t ap) }
N {Ew) egz;({tnamﬁ(vv)mw BV exp{ (1)) H avio),
ag + Oé) S (t> Oé())

o 1 1
+Cp (nh)1/2 +h1/2+an1/2 :

Define I' = N | A,,;, where

Ani = {[|Zill2 < clog(n), || Xil[r2 < clog(n), exp{na, (Wi)} < clog(n)}.

For any to, define o(Yj; ) = [Vj(to) exp{narao(W;)} — V;(to) exp{na,(W;)}], Dn =
{clog(n)}?d; !, and ¢, (Y}; &) = Dpp(Yj;dni)1la,,. Then |, (Yj;d1) — on(Yj; )| <
&1 — azfle. Since ||a|lx < Mr,, & € F,,, it follows from Lemma 2.5 that with

probability approaching to one, we have
n Y 0 (Vii @) Rw, — Ben(Yy; )Rl S (0 @™ lafl7 +n~?){h ™" loglog(n)}'/?

< (p,ll/(‘lm) —{—n_l/z){h_lloglog(n)}l/Q, (2.13)
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where v = 1 — 1/(2m). On the other hand, by the Taylor expansion, the Cauchy-

Schwarz inequality, Lemma 2.2 and Theorem 2.1, we have

1E{e(Y: dud)Rw, 15, HIx < {Ele(Yidud) g, P} {E|Rw, 3}
SIE{Y)(to) exp(na, (W) < Ru,, @ >3} e}/ 2n 12
SIE{Y;(to) exp{na, W) 1TV P (AL ) E{IZ ]2 + 1) Y] e h ™2,
From Condition (C4), we choose ¢ large enough such that
n'2hTV2P(AS )Y = o(py/ ™ {h ™ loglog(n)}'/?).
Then
n' 2 E{o(Yy: duG)Ruv, 15, lIx S p/ " {7~ loglog(n)}'/2.

Thus, on I',,, as n approaches oo, we have
2D, ||Sn(a + ag) — Splag) — {S(a+ ap) — S(ag) Hx < pt/ @™ { A~ loglog(n)}Y/2.

n

(2.14)
On the left hand side of equation (2.12), we have
[Sna (@ + ) — Snalan) — {Sa(a + ag) — Sx(ao)Hx
1 1
= = Spa(ap) — DS\ () — / / sD*Sy(ag + ss'a)aads ds’ ||
o Jo
11
:Ha — Sna() — / / sD*S)\(ag + ss'a)aa ds ds’ .
o Jo
11
ZHoz — Snua(@o)|lx — | / / sD*Sy (g + ss'a)aa ds ds’ . (2.15)
0 Jo

It follows from Lemma 2.3 that

1l 1 1
H / / sD*Sy (g + ss'a)aa ds ds’ . < / / s||D2Sx (g + ss'a) | ds ds’
o Jo o Jo

SllelRerh=12 < h= 2, (2.16)

Therefore, it follows from (2.12),(2.14), (2.15), and (2.16) that
lor = Snalao)llx < Oplan).

The proof of Theorem 2.2 is completed.
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Proof of Theorem 2.3

Define 6%, = (B, h**2B,5), af = (id — Prag, o' = (65, ha*1/26;), RE =

(H,, h+t/2T,), and

) 10 [T n=t Y0 Vi(t) exp{na, (W)) } Rw,
R n — In X — 0— — Rw, — : n : dNZ t).
em Qp ) — O n ;/0 [ W; n-1 ijl V; (t) exp{nao(Wj)} Q

It follows from Theorem 2.2 that ||Rem,||» = O,(a,). Thus, we have

I D0 el (W), _
Wt 3 | [HW'L" S V0 Xl (V) ]dNZ’(””Q‘OP(“")'

Define

nt 30 Yi(t) exp{na, (W;) IRy,
nt 325 Vi(t) exp{na, (W)}

h

1 [T
h _ ~h xh
Rem,, = &, \ —ay — — E /
n <= Jo
1=

] dN; (t).

Then it is easy to show that |[Rem! — ho*Y2Rem, ||y = O,(a,). It follows from

an = o(n~Y/?) that
|Reml||x < ||Rem]; — h*™'/2 Rem, ||y + h** /|| Remy ||y = 0,(n™"?).

Next, we will use Rem” to obtain the target joint limiting distribution. The idea
is to employ the Cramér-Wold device. For any u = (z',t) € R? x I, we obtain the
limiting distribution of n'/227 (6,5 — 65) +n'/2ht1/2{ 3, (t) — Bz(t)}. Note that this
is equivalent to getting the asymptotic result of n'/2 < R, d,’i, N~ ozéh > . It follows
from Theorem 2.2 that n'/?| < R, Rem! >, | = O,(n*/?h=(@+1/2)q,). Thus, we need

to get the limiting distribution of

S IR n~t 305 Vi(t) exp{na, (W) Riy,
12 <Ry, = / Riy, — = el KAUOESE
MR 2, [ L SO O (AT B
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A direct calculation yields that
R LR
1/2 < Ru; - /

n S Dy (s) expna, (W)} RYy,
Y D5(5) exp{an (W)

Ry — ] dN;(s) >

:n—l/QZ/ [ZTHWi+ha+1/2TWi<t>
i=1 V0

1 Vis) exp{na, (W) Hz " Hw, + h+'/2Tyy, (1)}
i1 Yi(s) exp{na, (W)}

=U,,
Define K;(u) = 2" Hy, + h*/2Tyy. (t). Therefore, we have

- BV esplm WG, o
Z/ Ual) = =y Gy exp i (1)) M)+ Onln AT

_n—1/2 Zuz + Op(l)
=1

A direct calculation yields that

e ER el W]
vrta) = & [ o) = S )

. 2a+1 T . EyJ'(S) eXp{nao(Wj)}Ter(t) ? (s

- {”X*” EY,(5) explia (1)) } aNi(s)

—|—2ha+1/2(2 . ha+1/2w<t))T{E . V(G, GT) + V(G, W)\GT)}—l
xE/OT {Wxi (t) — B0 0 i Vo) 1, <t)}

BY,(5) exp{nm (W)}
EY,(5) exp{ne (W) HZ — V(Gux,))
" {{Zi ~ViGme)} - EV,(s) explan (7)) } aNi(s)

+(z = RPN T{E = V(G,GT) + V(G, WG T)}

EY;(s) exp{na., (W;)H{Z; — V(G, ij)}] ©?
EY;(s) exp{na, (W;)}

x{L = V(G,GT) + V(G, WG} (2 — k¥ 2u(t)),

xE/OT [{ZZ- - V(G,7mx,)} — dN;(s)
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and

EY;(s) exp{na,(W;)1{Z; — V(G, ij)}}
EY;(s) exp{na, (W)}

EY;(s) exp{na, (W) }x;(t)
. {WX"(t) — EY;(s) exp{na,(W))}

B[ [1z-viGm -

} dN,(s)

- G G
- Z { 1+ Ap; htt) = (1+ Apj)th@)}

J=1
) )\pj

= § i(8) = Waw(t).
= 1+>\p]

It follows from similar arguments adopted in the proof of Theorem 2.1 in Shang
and Cheng (2015) that h*"/2w(t) — 0, RV 2Wyw(t) — 0, /{05 — 6} — 0, and
VIhY2L 85 () — Bo(t) + {Wi(Bo)}(t)} — 0. Then, as A — 0, we have

Var(U) —o; +2(z+ ) {S - V(G,GN)} &+ (2 +9) {Z - V(G,GN} 1z + )

E(ZT, 1)(I>(zT, 1)T,

It follows from the Lindeberg’s central limit theorem that

\/ﬁ(én)\ - 00)
Vet e ] = SO

Since n'/2hk1+8) = (1), we can get that nh** = o(1). Then, we have

n

b\
(W 6o) to“zl+fj

o 1/2 . 1/2
J
<ar D o] ) —
{ 2 TP

Jj=1

= O(Ah"71/?)

=o(1).

Hence, it leads to v/nh®/2{W,(By) }(t) = o(1). Thus, the conclusion follows directly.
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Proof of Theorem 2.4

Define a = &, » — . It follows from Theorem 2.1 that for some M > 0, we have
|lal[x < Mr, with probability approaching to one. Therefore, we assume |||y <

Mr,. Applying the Taylor expansion, we have

1 1
lna(g) = lua(Gnn) = =Spa(Gnn)a + / / $DS, (G — ss'a)aads ds’
o Jo
11 1
:/ / s{DS, \(Gtnr — ss'a) — DS, x(ap) taads ds’ + §D8n,>\(ozo)aoz. (2.17)
o Jo

It follows from Lemma 2.1 that

141
Lnx(ao) = Ly (Gnn) :/ / S[DS, (G ) — s8'a) — DS, 1 ()] ds ds’
o Jo

1
[DSna(ao) = DSx(ao))aa = S lallx

DO | —

_|_

1
EIl + [2 — 5”@“)\
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To get the order of I;, we define o = &;, y—ss'a—ap = (1—s5")r, where 0 < s,5" < 1.
A direct calculation yields that
[DS,\(Gnx — s5'a) — DS, 1 (ap)]ac| = | DS, \(ap + da)aad|

1 o > Vi(Ya) exp{niao (W;) }na(W;)na(Wj)na (W;)
x‘E;Ai[ n5§0)(%a0)

225 VilYa) exp{nag (W) 100 (W5)1a(W5) 325 Vi (Vi) exp{na, (W) y11a (W)
[nS” (Y, ap)]?

2 V) Py (W) o (W e (W) 35, V57 5k (W5) Y11 (W)
S (Y, )2
o050 VD) expliag (W) (W)} 52, () eXp{nao(Wj)}na/(Wj)] ’
S (Y, )3

225 Vi(8) exp{niag (W) 110 (W;) 11 (W) na (W)

nSgO) (tu Oéo)

2 Vi (t) exp {000 (W) }a (W )0a (W) 32 V5 (Y2) exp{ a0 (W;) b (W) ‘
{ns" (¢, a0)}

5 Vi) exp{naq (W) ba (W))na (W) 2, V5(t) exp{nao(Wj)}na(Wj)’
{ns”(t, ap)}?

{32, i(t) exp{na, (W) ya(Wi) }2 52, V() exp{na, (W) e (W)

st (t, ap))?

< sup
tel

—+ sup
tel

+ 2sup
tel

+ 2 sup
tel

= I+ Lo+ Lz + 114,

where 0 < 9 < 1. Define I' = N, A,,;, where

Ay = {|[Zill2 < clog(n), || Xil[r2 < clog(n), exp{na, (W)} < clog(n)}
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for a constant ¢. For I;;, we have

n=t Y70 Vi) exp{nao (W) 1a (W) na (W) na (W)
sg)(t,ao)

‘n‘l 271 XD {70 W5) 1110 (W10 (W )10 (W) ‘

Iy = sup
tel

<
a 850) (7—7 Oéo)
< —g )Zexp{nao )10 (W5 )2a (W) R |
ns1 (1, ap)
< —5— Zexp{nao DI (W) [ R 3R > |
nsl (7’ ap)
Let d, = kMh=(RotDp and & = d'a, where k is given in Lemma 2.3. Note that

a € F,,, where p, = k 2h?**172F > 1 when n is large enough. Denote

exp{7ao (W) }1a (Wo) [ Rw: [ xR In

n KaAMWZ? V) =
0 ( Oé) \/2_07«{clog( )}3h (a+1/2)

Then it can be shown that

V2¢,{clog(n)}3h=a=1/2
V2¢.{clog(n)}3h—(a+1/2)

|a — alle.

It follows from Lemma 2.5 that with probability approaching to one,

772 37 fexp{ma (W) s (W)l Row, [ R, L, = B exinag (W) b (W) [ Ra, [3Rur, L, ] ||

j=1
<py/ LR loglog(n) }/*{clog(n) PR~ *+1/2),

Therefore, we have

HZGXP{%O D10 (Wl Ruwy 1R, Lay = B exp{iiag (W) a3 [ Ras 3R, L, )|

gnlﬂp}/(“m){h—l log log(n)}I/Q{clog(n)}3h_(a+1/2)dn
:C3Mrnnl/Qﬁlfl/(Qm)h7(2a+3/2)+(2a+172k)/(4m){log(n)}S{lOg log(n)}l/Q.
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It follows from the Cauchy-Schwarz inequality, Lemma 2.2 and Lemma 2.4 that

| E exp{1ag (W) 1o (W)l Rw; [[x < Rw;, a0 >x |

1/2

<(Elexp{na,(W)}?) "{EIRwIEHE < Rw,, a >3}

S (Elexp{na, (W)}2) 2 y/eh ™2/ allt

S(Elexp{na, (W) 1) 72022,

Thus, with probability going to one,

|Ill‘ S (rinfl/Qh7(2a+3/2)+(2a+172k)/(4m){log(n)}?){log 10g(n)}1/2 + hfl/Qr;’»l)'

Similarly, we can prove that

L1y = O (r3n=V/2h~(2a+3/2:+@a+1-26)/(4m) 160 ()13 {log log (n) }/2 + h=1/2p3),

L1y = O, (r3n =12~ (2a+3/2+Qat+1=20)/(4m) {100 (n )13 {log log(n) } /2 + h~1/2r3),

Ly = Oy (r3n=1/2p~(RaF3/2+2a+1=2k)/(4m) f160 () }3{log log (n) }1/2 + h=1/2r3). There-
fore, we have

I, = Op(Tin—1/2h—(2a+3/2)+(2a+1—2k)/(4m){10g<n)}3{10g 1Og(n)}1/2 + h—l/QTZ) — op(n_lh_l/Q).

It follows from equation (2.11) that

2| 5] = |[DSpa(ap) — DS\ ()] x|

2k—2a—1

= O,p(n™ RV =50 {log(n) }{log log(n)}/2r2) = o, (n™'h7'/7).

Therefore, we have

—2nPLRT,, ) = n||d,\ — aOHi + op(h*1/2).

It follows from Theorem 2.2 and n'/?a, = o(1) that

—2nPLRT,\ = n[[Sua(a0) [3(1 + 0,(1)) + 0p(h ™).
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A direct calculation yields that

n/[Sna ()13

2
] dMZ(t) — P)\Oéo \

o S Yt oo (W) YRy
:le/ [Rwi—n ijlyy((g)exp{ﬁ (W;)} Rw,
n i—1 Y0 Sl (t,Oéo)

= Z [ R =" X ngg)e(}:j;m(wmwf] am(o)|

Lo e Vel W) R
—2< = Z [Rwi - )
n i=1 0 Sl (t,Oé())

| arti(e), Pao >x +nl[Prcol}

EJ1 + JQ + Jg.

For J; and Js, it follows from Condition (C1) that

1 (7 nt 370 V() exp{na, (W)} Rw, 2
Ji :EH ;/0 [Rw, — : SO (¢, ) } dMi(t)H)\

A e CUC R

2
1
)\+0p( )7

:%H é /O ’ R, - EY;(t) e;lg){(zjy; (OV)TG)}RWJ} dM;(t)

and

% ] dMi(t),P)\Oéo >\

1 T nt Y Vi(t) exp{na, (W;)} Rw,
fr—y < —_ R LT I :
‘ n ; /0 [ " S§0) (t, )

IN
A
I

1 Z/OT :’RW, B Eyj(t) eXp{nao(Wj)}RW]’] dM;(t), Paag > ‘

i=1 Z 5§0) (2, o)

1 i / "1 EY; () exp{na, (W)} Rw, n' 35 V5(t) eXp{naO(Wj)}RWj] AMi{2), Paco >

[ ) 550) <t7 040) Sfo) (t, Oéo)

n

1 T EY;(t) exp{na,(W;) } Rw, 12 -1/2-a
= <—Z/O U J AL (1), Praig > | + 0,277 [Pac .
1 )

=1
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Denote 8y = 3, bjh;. Since J(Bo, Bo) = >, b7p; < 00, and A = o(1), it follows from

the Lebesgue dominated convergence theorem that

Z/ {RW - BY;(t) exp <na0() ) Rw, } dM;(t), Py >§\]

( )(t o

=nkF

/ {/ {X(8) = B(XOIT = v, A = 1)}Wa(Bo)(?) dt }2y<v> exp{7a, (W) }ho(v) dv]

=V OV (B0, WA () < W)l = 3 By = oy ().

Therefore, we have J; = 0,((n\)Y2)(1 + (nh)~Y2) = 0,((n\)*/?). Note that J3 =
n||Paaoll3 = n||[Wa(Bo)||2, = o(n)). Hence, we have

— 2nPLRT,

:%Hi/(: [Rwi _EY;) e:(l;){gaoa(o) i)} Rw, } AN (1 H T+l W (Bo) |2 + 0y (h172).

Denote R;(t) = Rw, — Eyj(t)exr()oEZQO( )} Rw,

. To obtain the asymptotic result of

tao)

—2nPLRT),, , we need to investigate the properties of

%Hé[m(z&)d Z//<R () >x dM;(1) Mi(8)+% > Wy,

1<i<j<n

where Wij = 2f0T fOT < Rz(t),R](S) > dMZ(t) dMJ(S) Write W,, = Zl§i<j§n Wz]
So, W, is clean Jong (1987). Next, we aim to derive the limiting distribution of W,.
Let 02 = Var(W,). Then

2 n(n

o’ = 2_1)E(W2) n(n—1)E {// < Ri(t), Rj(s) >, dM()de(s)}2

oo 1 -
=1
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Define M;, My and Mj as follows:

=Y EW}), = Y {EWW3)+ EW;Wj) + EWEWE)}, and

1<J 1<j<k

Z {E(W;iWuWi;iWi,) + EWi;WyWieiWi) + EWuWaWipWii) b

i<j<k<l
By Proposition 3.2 of Jong (1987), if My, My, M3 are all of order lower than o2, then

o'W, converges weakly to the standard normal distribution. Now, we study the

order of each M;,7 = 1,2,3. First, observe that

B {/ / < Ry(#), Bi(s) >» dM()de(s)}4
_ 16/OT/OT/OT/OT/OT/OT/OT/OTE<Ri(tl),Rj(sl) < Rilta), Ri(s3) 5r< Rilts), Ry(s3) >

< Ri(ty), Rj(s4) > {dMi(tl) dM;(s1) dM;(ta) dM;(s2) dM;(ts) dM;(s3) dM;(ts) de(s4)}
!
which implies M; = O(n?h™). Next, by the Cauchy-Schwarz inequity,
E(WEW5) S {B(W)YH{EWi)}? = O(h™"),
which yields My = O(n®h™%). A straightforward calculation yields that

- 1
E(W;WaW;Wi) ~ 16 ) ESYeT
j=0

o)t O

Therefore, M3 = O(n*h™!). Combining the fact that o} = (¢2)?> = O(n*h™2) with

n

the assumptions that nh?> — oo and h = o(1), we have that M, My, My are of order
lower than that of 0. Hence, by Jong (1987), o'W, —= N(0,1) as n — cc. Recall

that p} = > 2220 h/(1+ Ap;)?. We have

1

mwn 25 N(0,1). (2.18)
A
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Finally, we consider n=' " | [ [7 < Ry(t), R;(s) >x dM;(t) dM;(s). Through a

direct calculation, we obtain

A7) =0(h™).

e[ [ <0800 >0 a0 sz-<s>}2 — O({E||Rw,

Then,

E {;/0 /0 < Ri(t), R;(s) >» dMi(t) dMi(s) — h~'o? — 1}

< nFE {/0 /0 < Ri(t), Rj(s) >x dM;(2) dMi(s)}Q = O(nh™?),

where 0f = 377 h/1+ Ap;. Combining these results, we have

%zn:/T /T < Ri(t), Rj(s) >x dM;(t) dM;(s) = 1+ h~ o} + O,{(n"/?h)7'}.(2.19)

By (2.18) and (2.19), we have n||S,.\(a)||2 = O,(h™!) and, therefore, n'/2||S, \(co) || =
O,(h=Y2). As a result,
—2nPLRT,,\ = {n'?(|Sux(c0)|[x + 0p(1)}* + 0,(h71/?) (2.20)

= n[|Sux(@0)[I} + 0p(h71/?). (2.21)
In view of (2.18), (2.19) and (2.20), we conclude that as n — oo,
(2h0%/p3) " { =20 PLRT,, » — n [ WaBo(8)|3 — h™'ob /03 } == N(0,1).
The proof of Theorem 2.4 is completed.

Proof of Theorem 2.5

Throughout this proof, we only consider o, = ap + o, for o, € A in Hy. To prove

the theorem, we write

—2n - PLRT, x = —2n{l, x(a0) — lux(ang) } — 2n{ly s (any) — laa(Gnn)} = I + L.
(2.22)
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We first consider ;. For simplicity, we denote

R, = A, 77ao

where 0 < s’ < 1. Then

BARY = B [ Var{n, (W)IT = t.A = 119(6) exp o (V) olt) dt =

—log — Z% ) exp{7a, (W, )}]

N (Wi) —

-nan (VVZ) -

i Zyzl Vj(t) exp{Tag+s/an(

- Az nano 7, IOg Z yj eXp{nanO ( )}]

Z?:l yj (t) exp{nao+8’an (I/Vj)}nan (VVJ

Wi) 3o, (W,

Z?:l yj (t) eXp{nao+s’an (VV]>}

EY; (t) exp{Nag+san (

EY; (t) exp{%o+s'an (VVJ)}

W;) 3o, (W)

')] AN (t)

j)] dN;(t)

_ Eyj (t) eXp{nao+8’an (

W) ¥, (W,

Z?:l Y;(t) exp{nag+sa, (W;)}

-77an (Ws) —

Therefore, we get

Combining these gives

n [ln)\(ao) - ln)\(ano) -

Eyj (t) eXp{nao+s’an (

i)} 10, (W

> (R - ERy)

al

Eyj (t) eXP{Uao+s "o (VVJ)}

E{ln (o) = lna(ong) }]
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Eyj (t) eXp{ﬁOéo-ﬁ-s’om (VV])}

} < nE{R}} = O(n||low|l3)-

Op(n' | n|)-

)] AN(t) + ol

O([lanl3)-

i) dN;(1)



On the other hand, since DSy (o), < 0 for any a € H, there exists a constant

¢ > 0 such that {DS\(a}, )onan} < {DSN(ang)nan} = —cllay||3. Then, we have

E{laa(a) = loa(an,)} = F {Sm,\(ozno)(—ozn) + %DSn,,\(aZO)oznan}

2 2
< AT (g, Q) — C”O;””A < {J(an, an) + J (a0, 0m)} — %
1/2 /27 CH&nH%\
S {J<an7 O{n> + J(Ofo, Oé(]) J(Oén, Oén) } 9
2

It then follows that
L 2 nflag|} + Op(nA + 02 lag|x+) = nllanlR {1+ Op(Alanly? + 072 [lanll 1)}
(2.23)
Next, we consider I,. Under the alternative hypothesis, ||ay, 1 —t, || = Op{(nh)~1/24+

h*} . Tt then follows by the joint functional Bahadur representation in Theorem 2.2

that

inf inf P, ([[anx — ang — Snalang)llx < Mr,) — 1, (2.24)

n>N anp€A

where r,, = (nh)~%/? + h¥, and P,,, 1s the probability which depends on a,,. Note
that, under the alternative hypothesis Hy,, I is the same as (2.17) except one
constant term —2n. Along the lines of Theorem 2.4, we can show that I, has the
same limiting distribution as that in Theorem 2.4, uniformly for any «,, € A. In

other words, uniformly over all «,, € A, we have

(20n0) "2 (L2 = || WiaBoo 17, — B o, 1) = Op(1), (2.25)

ng,A\

where vy, = h™loy \/po xs Ongx and p7 y are same as 03 and p3 but with eigenvalues

and eigenvectors obtained under ay,,. Next, let V., (f,9) = [} [} Fa,, (5,2)f(t)g(s) dt ds

and Vo(f,9) = [} J; Fao(s,t) f(t)g(s) dt ds, where Fy,(s,t) = F(s,t), while Fy,, (s,1)
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has the same formula as F,,(s,t) with aqg replaced by «,,. Thus, for any f € H™),

there exists a constant ¢ such that

|Vn0(f7f)_vb(f7f)|:

[ [ 1Funs o) = Fusfs 0] 100 ) s
< EH eXp{Oén(W)}”OO%(.fa f)HCanOO = CVo(f, f)”Oén”oo

It follows from the Supplementary Material (page 56) of Shang and Cheng (2015)
that

o2 =02 =0h T2 a,|,). (2.26)

n0o,A

Combining (2.23), (2.25) and (2.26) gives
(20,) Y2 (=2nr\PLRT,,.\ — v) = (20) Y =ra (I, + 1) — v}
=(2v) " Pra(I2 = nl|Paanol} = h1or, ) + (200) 7 2ran][PaamolI3

no,A\
+ (2yn)_1/2r)\1'1 + (21/71)_1/27")\]1_1(072107/\ — 0/2\)
>0,(1) + (2vn) Pl 3{1 + Op(Mlanll3® +n72[laq|3 1)}
+O(h274 o |1),
where O,(1) holds uniformly in A, v,, = h™'0}/p3, and r, is defined in Theorem 2.4.
Let Mlan[[3* < 1/e, n7 2 [lanl3* < 1/e, ch™27*2ay|lx < nllaa|, and [lan|} =

c(nh'/?)~" for some sufficiently small constant c. In other words,
](QVn)_lﬂ(—an,\PLRTn,)\ — Vp)| > ca,

where ¢, is the critical value (based on N(0,1)) to HS"** at nominal level o. This

leads to

loa 13 2 {R* + (%)~} (2.27)

Combining (2.24) and (2.27), we complete the proof of Theorem 2.5.
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Chapter 3

Semiparametric Statistical

Inference for Functional Additive
hazard Model

3.1 Introduction

When hazard differences are of focus, the additive hazards model is often preferred
over the Cox proportional hazards models. O’Neill (1986) discovers that if the ad-
ditive hazards model is appropriate but the proportional hazards model is assumed,
there is a significant bias.

The additive hazards model attracts many research interests. The large-sample
theory is developed in Lin and Ying (1994) by utilizing the martingale approach.
Andersen and Gill (1982) originally develops this approach for the Cox model. Lin
et al. (1998) and Martinussen and Scheike (2002) extend the additive hazards model
to handle interval censored data. Kulich and Lin (2000) considers measurement error
problems in the additive hazards model. Huffer and Mckeague (1991) investigates
the weighted least squares estimation for a nonparametric additive risk model. A
partly parametric additive hazards model incorporating time-dependent and constant
regression coefficients is developed by Mckeague and Sasieni (1994).

Recently, Chen et al. (2011) proposes the functional Cox model by incorporating
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functional predictors and scalar predictors. The goal is to study the survival of diffuse
large-B-cell lymphoma (DLBCL) patients. The study considers the gene expression
as a functional parameter to handle the high-dimensional problem. It is of interest
to consider the additive hazards model which is compatible with functional data in
order to avoid potential serious bias resulting from the use of the Cox proportional
hazards model.

Introducing functional data to additive hazards costs more difficult theoretical
investigation. One major contribution of this work is the derivation of the Bahadur
representation of the estimators in the additive hazards model. When an estimator
can be almost expressed as a sum of identical and independent variables, the estima-
tor admits a Bahadur representation. Bahadur (1966) first establishes an asymptotic
almost sure representation of a sample quartile for independent and identically dis-
tributed random variables. The major incentive of deriving Bahadur representation
is that the asymptotic normality can be immediately established with the central
limit theorem under some appropriate regularity conditions. In this chapter, we de-
velop a new technical tool, called a joint Bahadur representation (JBR), for studying
the joint asymptotic results. As far as we know, our joint asymptotic theories and
inference procedures are new. The only relevant references of which we are aware are
Shang and Cheng (2015) and Cheng and Shang (2015), which focus on generalized
functional linear models and semi-nonparametric regression models with partially

linear structure, respectively.

3.2 Estimation Method

The functional additive hazards model with a p-dimensional covariate vector Z =

(Z1,Za,...,Z,)" and a functional covariate X (-) defines the hazard function by
(HW) = ho(t) + {672+ [ X(5)6u(s) ds). 3.
I
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where W = (Z7,X(-))". Without loss of generality, we assume that I = [0, 1].
We focus on right censored data. Let T" be the survival time, C' be the censoring
time, Y = min(7, C') be the observation time, and A = I(T" < C) be the censoring
indicator, where I is the indicator function. Let {(W,,Y;, A)T,i =1,2,--- ,n} be
the observations.

Our goal is to estimate ag = (6, 50(-))" in order to ascertain the relationship
between W and the survival time 7". We assume that y(-) belongs to the mth-order
Sobolev space H™ (I) which is abbreviated as H (™

H = {B:1— ]R|ﬁ(j) is absolutely continuous for j =0,1,...,m — 1,

B € Ly(I)},

where m is a known constant which is > 1/2, 3 is the jth derivative of 3, and
Lo (I) is the Lo space defined in I. Then, we have ag € R? x H™ and denote R? x H™
as H. Define 1o,(W) = 0'Z + [[ X(s)B(s)ds, Y(t) = I(Y > t), and J(31,B2) =
fﬂﬁlm) (t)ﬁém)(t) dt. Let N(t) be the counting process AI(Y < t), and M(t) be the
martingale process N (¢ fo h(s|W)ds. For any oy = (0", 3;(-))" € H,l = 1,2,
define the semi-inner product as:

< g, Qg >

/ [EAY (1) 110, (W) (W)} = E{Y(t) }1]ay (8)7]ay (1)] dE + AT (Br, B2),  (3:2)

0

where 7 is end of the study time, and 7,, (¢) is the asymptotic value of 7,, (t) which

is defined as

2251 Vi ()10, (W)
2 i)

Mon (1) =

For any vector z, define z8° = 1, z®! = z, 282 = zz'. Furthermore, we impose the
following assumptions to construct a Hilbert space and to establish the asymptotic

results.
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Assumption Al.

(a) The survival time 7" and the censoring time C' are conditionally independent
given W.

(b) P(Y > 1) > 0.

(c) There exists a constant ¢; > 1 satisfying that:
/OT[E{y(t)na(W)Q} — E{Y(t)}7ia(t)*] dt = c1 E[{n.(W)}7],

for any o € H.

Assumption Al(a) is very common in right censored data to guarantee the non-
informative censoring mechanism. Assumption A1(b) is used to make 7,(¢) mean-
ingful. Assumption Al(c) is easy to verify under the scenario that 5(s) = 0 and the
following Assumption (A3) holds. Define

SP( Z{yz (H)ZERY, s (t) = E{Y()Z%*}, k= 0,1,2,
SP(t,5,0) = Z{yz Xi(5)X;(0)}, 58 (8, 5,0) = B{Y(H) X ()X ()},

- %Z{yxt)Xi(s)}, 55 (t,5) = E{Y(H)X ()},

F(s,t) = /T Cov{X(s), X(t)|T = v,A = 1}E{Y(v)} dv,

0

where
Cov{X(s), X(t)|T =v,A =1}

=FE{X()X#)|[T =v,A=1} — E{X(8)|T =v,A=1}E{X#)|T =v,A =1}

s (ts) sy (v,s)sy (0,)
s (v) sPw)?
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Then, H is a Hilbert space and H™ is a Reproducing Kernel Hilbert Space
(RKHS) with the inner product

< By, B2 >m= /H/HF(s,t)ﬁl(s)ﬁg(t) dsdt + \J(B1, B2). (3.3)

Denote the reproducing kernel in H™ as K(s,t), and || - ||, as the norm induced by

the inner product < -,- >,,. Define a bilinear operator V(-,-) in H™ as:

V(o) = [ [Flnssmodsa (3.4
1J1
and a linear nonnegative definite and self-adjoint operator W, as:

< Wi, B2 >m= AJ (B4, B2). (3.5)

Define a linear operator S,, as:

Su(@)ar = 37 [ 1 (W) = 1o (OHLANG(E) = D0)n (W) i)

for any (a, a1) € H x H — R. It follows from Lin and Ying (1994) that S,,(«) is the

pseudo-score function for .. Define a least square-type loss function [, («) as:

ln(@)

== 5> [ W) =P e+ S [ (W)~ (0} avice)

Then the first Fréchet derivative of [,,(c) with respect to « at «a; is S,,(a)ay. Thus,
to maximize [,(«) is equivalent to solve S,,(a) = 0. To obtain a smoothed estimate
for 8, we introduce a penalty term to the loss function. The objective function is

then defined as:
A
ln)\(a) = ln(a) - 5‘](576)7
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where J(3, ) is the penalty function and A is the smoothing parameter which con-
trols the balance between the smoothness of 3 and the fit to data. The estimate for

« 1s defined as:

G = argmax [, («).

Let D be the Fréchet derivative operator. Then the first Fréchet derivative of [, ()
with respect to a at any direction ay = (0], 51(-))" € H is:

Sna(a)a
3 [ (W) = A (O} AN(D) = DO (W) e} = M350, (30)

The first and the second Fréchet derivatives of S,)(«) are:

DS (@)1 = =3 [ V0000 (WD) = s (01 (W)t = AT (B, ).

and

DS,z (a)aagas = 0,

respectively. Denote the asymptotic value of S,)(a)a; and that of DS, (a)ajas as
Si(a)aq and DS, (a)ayae, respectively.

Then we have

Sx(a)on = E / {n (W) — s (O} (AN (8) — V(0 (W) e} — AI(B, ),
DS (a)aran

_" / ) 1y (W) — s (6)}1a (W] it — AT (B, o)

= [ B (W) (WYY} = B O (W) ()] = NI 51,

- _ /T [E{nal(W)naz (W)V(t)} — Ty (DT, (1) | E{Y ()} dt — NJ(B1, ).

E{Y(t)}
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Proposition 3.1. Under Assumption A1 and the definition of the inner product, we

have that for any o € H, DS\(«) = —id, where id is the identity operator.

This result directly follows from the definition of the inner product and the defi-
nition of DS («).

We denote two positive sequences a,, and b,, as a,, < b, if lim,,_,(a,/b,) = ¢ > 0.
If c =1, we have a,, ~ b,.
Assumption A2.
There exists a sequence of functions {h;};>1 C H™ such that ||h;||z, < cnj® for

each j > 1, some constants a > 0, ¢;, > 0 and

V(h“ hj) = 5ij7 J(hl, h]> = picsij, fOf any Z,] Z 1, (37)

where ¢;; is the Kronecker’s notation, and p; is a nondecreasing nonnegative sequence
satisfying p; = i?* for some constant k > a + 1/2. Furthermore, for any 8 € H™, j3
admits the Fourier expansion 3 = >"°, V(8, h;)h;.

Following the ideas from Shang and Cheng (2015), we derive the eigen-system

with the following integro-differential equations:

(—1)my @ (2) = p, / Fs, t)yy(s) ds,

yj(i)(o) :yj(.i)(l) =0, i=m,m+1---,2m—1.  (3.8)

Let h; = y;/\/V(y;,y;), with k =m +r+ 1 and @ = r + 1. We have that h; and
p; are the eigenvector and eigenvalue, respectively, if one of the following additional

assumptions is satisfied:
1. r=0;

2. r > 1, and for any i = 0,1,...,7 — 1, F@9(0,¢) = 0 for any ¢t € I, where

F(09) (s, 1) is the ith-order partial derivative with respect to s.
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The relationships between (hj, p;) and K (-,-) or Wy are given as follows:

)0 = T35 ().

This can be referred to Shang and Cheng (2015).
On the basis of the Riesz representation theorem, there exists an element 7, €
H™ such that < 7y, 8 >m= fo t)dt. Through a direct calculation, we have
T = 3 o0y Jy( t)dt/(1 + Ap;)h;. In addition, there exist wy, Gy € H™ such
that the following relationship holds:
V(Gk,B) = < wi, B >m

Ik

where s ; is the kth element of sgl). Denote w = (wy,ws, ..., wy) ", G = (Gy,Ga,...,Gp)T.

E{() ()} s s (s
“” SO0 SO

A direct calculation yields

E{Y(t) sgl)t sgl) t,s
G_ Z// ( (0) X(s)} () 53 (t,5)

RO
_Z /C’ovaX|T—tA—1) (1) dt, by > by

] $\0(t) dth,(s) dsh;

=> V(G y)h
j=1
= [T EYOZX () s (0 s (9 | o) hy
w :Z -5 © sy (t) dth;(s) d31+)\ '

o J1Jo sy (t) sy (t) Pj

_Z / Cov(Znx|T =t,A=1)s (0)()dt hj >, hy
B 1 —f- )\p]

EZV 1 h)\ .

j=1 AL
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Thus, we have w = (id — W))G. It follows from the definition of G and w that if
X(-) and Z are independent, we have G = w = 0. Define ¥ = [ Var[Z|T = t,A =
1)s(t) dt, and Q = V(G, GT). Let h = A2k,

Assumption A3.
¥ —  is positive definite. There exists b € ((1 + 2a)/(2k), 1] such that V(G, h;)

satisfies that:

D IVIG k)30 < oo
j=1

It follows from Assumption A3 that V(G,W,G") — 0 with A\ — 0.

Proposition 3.2. For any w = (z",2(-))", define Ry : W — (Hy, Tw) € H, where
Hy ={S-Q+V(GW,G")} Hz—-V(G,m)} and

Tyw=m—-w {E-Q+ V(G WG )}z - V(G )}

Then, we have < Ry, > = 0"z + fol x(t)B(t) dt.

It follows from the fact V(G,W)\G") — 0 that the definition of {¥ — Q +
V(G,W,\GT)}~tis meaningful. In fact, {S—Q+V(G,W,\G")} = {¥— <w,w' >,
} is positive definite with A — 0.

Denote u = (z',t)".

Proposition 3.3. For any u € RP x I, define Ry : u — (ﬁu,fu) € H, where
Hy={Z-Q+ V(G WG} Hz—-w(t)} and

Ta=K —w {Z—Q+ V(G WG} Yz —w(t)}
Then, we have < Ry, a >\= 0"z + [(t).

Proposition 3.4. For any o € ‘H, define P, : « — (H:, T*) € ‘H, where

(% «

Hy = —{X - Q+V(G,WG} V(G W,5) and
Tr =W\ +w {Z—Q+ V(G W) G} 'V(G, Wy6).

Then, Pxa € H and < Pra, a1 >y=< Wi\, 81 > for any ay = (0] ,61)" € H.
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It follows from the Cauchy-Schwarz inequality that

|Pra]la = sup < Pra,ap >»
o] x=1

= sup AlJ(3, b))

e llx=1

< sup \/)‘J(51751>\/)‘J(5>ﬁ) < [la]x-

llea[lx=1

Thus, we have that ||Py||x < 1 and P, is self-adjoint.

Lemma 3.1. Suppose Assumptions A1-A3 are satisfied. Then, for any x € Ls([0,1]),

we have
< RwaRw >
=z {X - Q+V(G, W) G} 'zt < 7, mp > 22 {2 - Q+V(G, W, G}t

x V(G,m,) + V(G,m,) {E - Q+ V(G, WG} V(G m,).
Furthermore, there exists a universal positive constant ¢, such that

< R, Ruw 2= (2l + [l=ll2,2770), E{|RwlR} < i7"

3.3 Joint Bahadur Representation

Let ||a]le = [|0]|l2 + || 8]|z,- The following lemma states the relationship between the

general Euclidean norm || - || and || - ||a-

Lemma 3.2. The ezists a constant & > 0 such that for any a € H, |afle <

Hh_(2a+1)/2HOzH,\.

Assumption A4.

There exists a constant s € (0,1) such that

Elexp{s([| X]|L, + [|Z]l2)}] < oo (3.9)
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Moreover, there exists a constant My > 0 such that for any a € H,
272

Assumption A4 allows more relax conditions on the covariates than that in Qu

4} gMO[E

Mo (W)

o (W)

et al. (2016).

Lemma 3.3. Under Assumptions A1-A/j, we have that for any o € H, E{| <

Rw,a >* |} < eol|ally, where ¢y is a positive constant that is independent of c.

Theorem 3.1. (Rate of Convergence) Under Assumptions A1-A4,

_ 2k—2a—1

h=o(1), and n 2R~ @D~ {log(n)}{loglog(n)}/? = o(1),

we have that G,y is the unique estimate for oy and ||Gny — aollx = Op(ry), with

T = (nh)~Y2 + h¥,

This theorem shows that when we choose A = n~(#)/2k+1) the estimate enjoys

the same order of convergence as that in Qu et al. (2016).

Theorem 3.2. (Joint Functional Bahadur Representation) Suppose that Assump-

2k—2a—1

tions A1-A4 hold. If n — oo, n~Y/2h~ (=55 {log(n)}{loglog(n)}'/? = o(1),

h = o(1), and nh* — oo, we have that

[6mx — a0 — Snalao)|x = Op(an)
with
a, = n_l/Qh_(4ma+6m_1)/4mrn{log log(n)}l/2 log(n)
and r, = (nh)~Y% + bk
On the basis of the joint functional Bahadur Representation, we derive the asymp-

totic properties of the estimators of the functional coefficient and the scalar coeffi-

cient.
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Theorem 3.3. (Joint Asymptotic Normality) Suppose that Assumptions A1-Aj

hold. Furthermore, suppose

h* ' E </OT [Wx(t) — E{géizzg;t)}rd]\f(s)) — 02 >0,

h T PE {/O ({z —V(G,7x)} - EW(S){;{;(Z)(?’WX)}D

_ E(s)nx(t)}
E{Y(s)}

X <7TX(t) )dN(s)} — &, and

B {/0 ({z ~V(G,7x)} — Ew(‘s){?{;(g(}(}’ m}])@? dN(s)} — By,

where By is positive definite. In addition, if n — co,nh? — oo, n'/2hF0+b) = (1),

32521V (Bo, hy)?p3 < oo, n'Panh™ @D = o(1), h = o(1), with
a, = n—1/2h—(4ma-i—6m—1)/4m?nn{10g 10g(n)}1/2 log(n),

and r, = (nh)~Y2 + h* we have that, for any fived t,

~

\/ﬁ(enA - 90)
[%ﬁmwm@—@ﬁH}%Nmﬁh

with
B (32— Q)_lBO(E — Q)_1 (X - Q)_l&)
é‘[ (- o? }

Next, we can derive the uniform convergence result about Bm(s) in .

Theorem 3.4. Assume that the conditions in Theorem 3 are satisfied, we have that

M{Bn)\(s) - BO(S)}
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converges to a mean zero Gaussian process G(s) in the Hilbert space H'™ () with the

inner product V(-,-). The covariance for G(s) at sy, sg is

i (] e - L)

E{(s)rx ()}
FO0)] ) dN(S)) '

[Wx(sl) .

In practice, to construct the simultaneous confidence band in a closed subset
[¢,1 — (], we employ the resampling method of Lin et al. (1993) for distributional
approximation. For illustration, let (e,...,€,) be independent standard normal
random variables, independent of the data (Y;, A;, Z;, X;(+)),i = 1,...,n. It can be
shown that the distribution of the limiting process G(s) can be approximated by the
distribution of the following zero-mean Gaussian process

A

G(s) = ﬁ ;/ﬂm(s) dW;(t)e;, (3.10)

with

W) = [ {0 - 222 o

Specifically, we obtain a large number of realizations of G (s) by repeatedly gen-
erating the standard normal random samples (i, ..., €,) while fixing the data. One
may use the empirical distribution of these random samples to approximate the dis-
tribution of G(s). In particular, the a-percentile of sup,<,<; . |G(s)| can be approxi-

mated by the empirical percentile of a large number of realizations of sup, <y, 1G(s)],

denoted by Go. Finally, we can construct the global confidence band of §y(-) as fol-

lows:

1

(Bn)\() - WG(M BnA() + ;ga) .

vnhhe
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3.4 Simulation Studies

In this section, we conduct simulation studies to assess the finite-sample performance
of the estimated confidence interval given in Section 3.2 and the uniform convergence
result developed in Section 3.3.

We used a similar setup as that in Qu et al. (2016). The functional covariate X

is defined as
50
X(s) = &Urdn(s),
k=1

where Uy, are independently sampled from the uniform distribution on [—1,1], & =
(—1)F1E=12 ¢ =1, and ¢py1(s) = V2 cos(kms) for k> 1.

The functional coefficient fy is By (t) = sin(3wt)+2t+ 1.5, which is from a Sobolov
space H® (I). The penalty function is J(8, 8) = [,(8®(¢t))? dt. The scalar covariate
Z is set to be univariate with distribution N (0, 1) and the corresponding coefficient

6 = 1. The failure time T is generated from the functional Cox model:
1
W) = ho(t) +9/z+/ X(5)B(s) ds,
0

where ho(t) = t + 5. The censoring times, 7, are 0.4 and 0.2 which lead censoring
rates around 10% and 30%, respectively. We consider the sample sizes n = 250, 500
and 1000. We adopt the cubic spline functions for the estimation of the functional
coefficient. The number of knots is at the order of ¢, = [2n!/°], and the knots are
equally spaced. The smoothing parameter A\ is 1075 and the order m of Sobolev
space is 2. For each combination of censoring rate and n, the simulation is repeated
1000 times.

Figure 3.1 displays an instance of estimated S and that of the pointwise 95%
confidence intervals. The pointwise average of the estimated ((-) and the empirical

coverage probability of the 95% pointwise confidence interval based on 1000 simu-
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Table 3.1: Simulation results for the proposed estimate of 6.

10% 30%

n=250 BIAS 0.0817 0.0787
SSE 0.5030  0.5680

ESE 0.7146 0.6224

CP 0.9520 0.9360

500  BIAS 0.0484 0.0418
SSE 0.3351 0.3881

ESE 0.3650 0.3721

CP 0.9570 0.9350

1000  BIAS 0.0126 0.0182
SSE 0.2456 0.2720

ESE 0.2513 0.3126

CP 0.9430 0.9340

lations are shown in Figures 3.2 and 3.3, respectively. The simulation results are
consistent with Theorem 3.3. In particular, these results suggest that the estimate
B(t) is consistent. In general, it is apparent that when n increases from 250 to
1000 with the censoring rate fixed, the average bias and the standard error decrease
steadily. Furthermore, the coverage probability also approaches the theoretical value
of 95%. The average ESE at 10% censoring rate is lower in comparison to that
at 30% censoring rate. This is consistent with the expectation that the lower the
censoring rate is, the more accurate the estimate becomes.

For the regression coefficient of the scalar covariate, the BIAS, SSE, ESE, and CP
of the estimated 6 are given in Table 3.1 for each setting of censoring rate and n over
1000 repetitions. As the sample size increases, the average of 0 approaches to the true
value, the standard deviation reduces, and the coverage probability approaches to
95% given a fixed censoring rate. Similarly, we observe these trends as the censoring
rate reduces for a given sample size.

Table 3.2 reports the coverage probability and the average width of the global
confidence band derived from the uniform convergence result. Figure 3.4 displays an

instance of estimated 5 and that of the global 95% confidence bands. The simulation
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Figure 3.1: Graphical displays of 3(-) and the pointwise 95% confidence intervals of 3(t). The
dashed lines represent 3(-) whereas the solid lines represent S3(-).

results suggest that the coverage probability approaches the theoretical value of 95%.

In summary, the simulation results suggest that the estimates of both scalar and
functional parameters are consistent and the proposed variance estimation procedure
provides reasonable estimates. Also the results on the empirical coverage probability

suggest that the normal approximation seems to be appropriate.

74



10% 30%

4.0-

35-

3.0-

0sZ

25-

20-

4.0-

35-

= 3.0-

005

25-

20-

40-

35-

3.0-

0001

25-

20-

0.00 0.25 0.50 0.75 100 0.00 025 050 075 1.00
t

Figure 3.2: Graphical displays of the pointwise averages 3(-). The dashed lines represent 3(:)
whereas the solid lines represent the pointwise averages of 3(-).

3.5 An Application

In this section, we apply the proposed method to the Sequential Organ Failure Assess-
ment (SOFA) data obtained from the Improving Care of Acute Lung Injury Patients
(ICAP) study Gellar et al. (2014, 2015). The primary goal of this prospective cohort
study is to investigate the long-term complications of patients who suffer from acute

lung injury/acute respiratory distress syndrome (ALI/ARDS).
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Figure 3.3: Graphical displays of the pointwise coverage probabilities (CP). The dashed lines
represent 95% whereas the solid lines represent the pointwise CP of §(+).

The ICAP study involves 520 subjects, with 237 (46%) dying in the intensive
care unit (ICU). We are interested in the association between the SOFA scores and
survival among the subjects who were hospitalized in ICU for more than a week.
Out of the 520 subjects, 161 subjects (31.0%) died within the first week in ICU,
and they are excluded from the analysis. Therefore, the proposed method is applied
to the remaining 359 subjects. In the ICAP study, data were recorded once the

patients were admitted in the ICU, and then daily during hospitalization. The SOFA
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Table 3.2: Simulation results for the proposed estimate of 5(t).

10% 30%

(& 1—¢) COP Width CP Width
n=250 (0.00, 1.00) 0.998 49.1589 1.000 59.468
(0.05,0.95) 0.999 27.038 1.000 32.309
(0.10,0.90) 0.992 13.688 0.991 16.078
(0.15,0.85) 0.978 11.309 0.975 13.155
(0.20,0.80) 0.969 10.576 0.963 12.233
(0.25,0.75) 0.959 9.864 0.961 11.269
(0.30,0.70) 0.951 9.398 0.962 10.631
(0.35,0.65) 0.952 9.059 0.957 10.228
(0.40,0.60) 0.942 8.487 0.945 9.589
(0.45,0.55) 0.948 7.499 0.949 8.452
(0.00,1.00) 1.000 47.884 1.000 36.882
(0.05,0.95) 1.000 21.563 0.999 21.053
(0.10,0.90) 0.989 10.873 0.992 10.749
(0.15,0.85) 0.970 9.072 0.969 8.646
(0.20,0.80) 0.956 7.870 0.958 8.124
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )

200

0.25,0.75) 0.959 6.932 0.959 7.660
0.30,0.70) 0.953 6.560 0.950 7.331
0.35,0.65) 0.941 6.308 0.944 7.064
0.40,0.60) 0.949 5.888 0.952 6.627
0.45,0.55) 0.947 5.188 0.939 5.881
0.00,1.00) 1.000 22.632 1.000 28.385
0.05,0.95) 1.000 12.816 0.998 15.912
0.10,0.90) 0.986 6.438 0.982 8.037
0.15,0.85) 0.959 5.271 0.954 6.477
0.20,0.80) 0.946 4.997 0.934 6.079
0.25,0.75) 0.933 4.714 0.919 5.689
0.30,0.70) 0.927 4.517 0.913 5.421
0.35,0.65) 0.938 4.349 0.926 5.225
0.40,0.60) 0.927 4.087 0.927 4.883
0.45,0.55) 0.916 3.617 0.917 4.300

1000

score is one of the measurements recorded daily. SOFA is a measure of the overall
organ function status of a patient. It is composed of respiratory, cardiovascular,
coagulation, liver, renal, and neurological components. Each component ranges from
0 to 4, with higher scores suggesting inferior organ function. The SOFA score,

ranging from 0 to 24, is then the sum of these six scores. We treat the history of
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Figure 3.4: Graphical displays of 5(-) and the global 95% confidence band of 8(-). The dashed
lines represent ((-) whereas the solid lines represent f(-).
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each subject’s SOFA scores, in the first week, as a functional covariate, X (s), where
s is the number of days since the admission to the ICU. Trajectories of the SOFA
score of subjects who died after the first week of ICU hospitalization and those who
survived are depicted in Figure 4. It is apparent that among patients who manage to
survive, the pointwise averages of SOFA scores are declining, whereas among patients
who died after the first week of ICU hospitalization, the averages are relatively stable.

Our model includes three scalar covariates as controls of a subject’s baseline risk.
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They are age, gender, and Charlson co-morbidity index (Charlson et al. (1987)).

Our goal is to estimate the association between the trajectory of SOFA scores
and mortality among subjects who are hospitalized in ICU for more than a week.
We adopt the cubic spline functions for the estimation of the functional coefficient.
The number of knots is at the order of ¢, = [2n'/°] = 7, and the knots are equally
spaced. We apply 5-fold cross validation to optimize the smoothing parameter of a
penalized pseudo-score function.

We plot the estimated functional coefficient B() in Figure 3.6. The result suggests
that there is a functional association between time to death during the ICU stay and
the SOFA score function for ¢ € [0,0.1] U[0.75, 1], which corresponds to the first two
days and the last two days of ICU stay. This implies that the SOFA score in the
these days in the first week of ICU stay may be used as an indicator of one’s hazard.

Table 3.3 summarizes the estimation of the regression coefficients of the scalar
covariates. In addition to the functional covariate, there seems to be a positive as-
sociation with two scalar covariates, patients’ age gender, and a negative association

with Charlson co-morbidity index.

SOFA score

0 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 3.5: Trajectories of the SOFA score of subjects who died after the first week of the ICU
hospitalization and those who survived. The red lines are the pointwise average of the SOFA score.
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Figure 3.6: The estimated functional coefficient 3(-) and the pointwise 95% confidence interval
for the SOFA data analysis.

Table 3.3: Estimation results of regression coefficients of scalar covariates for the
SOFA data analysis

0 S.E. t-value  p-value
Age 0.0003  0.0252 x 1072 10.6148 < 0.0001
Gender (male=1) 0.0023  0.7685 x 1073  2.9308 0.0017
Charlson Index ~ —0.0007 0.0887 x 1072 —8.4146 < 0.0001
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Figure 3.7: The estimated functional coefficient B (+) and the global 95% confidence band for the
SOFA data analysis.

3.6 Appendix

In the following, we use ¢ to denote different positive constants in different places.

In addition, a < b means a < ¢b and a 2 b means a > cb.

3.6.1 Proofs of Lemmas

Proof of Lemma 3.1

The first part of Lemma 3.1 follows from a direct calculation. It follows from
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Assumption A3 that {3—Q+V (G, WG T)} ! is asymptotic positive definite. Denote
c as the minimum eigenvalue of it. Then we have {¥ — Q+ V(G,W,G")} !t <11

with 1 being the identity matrix. Thus, we have

z' (¥ - Q+ V(G WG} 'z < ||z|3. (3.11)

A direct calculation yields that

< Ty T >S ||l’||%2h_2a_1.

Besides, it follows from Cauchy-Schwarz inequality that

V(G ma) < N|Gillmll el S Il z2h ™2,

~J

and hence, there exits a constant ¢, > 0 such that

< Rw,Rw > < C,(HZH% + ”XH%thQaA).

Finally, it follows from (3.11) and the proof of Lemma S.4 in Cheng and Shang (2015)

that

E < Rw,Rw >\< Crh_l.

Proof of Lemma 3.2 By the definition of K;, we have || K;||, < h~(@*/2). Following
the idea in the proof of Lemma 3.1, we have that |[Rql[y < h~(0+1/2).

It follows from the fact that
lalle =101l + I18]lz,
<[1€ll2 + [I3lsup

= sup |B(t)+9Tz|
lz]l2=1,tel

= sup <Ry a>)y
2ll2=1,tel

<lalx sup Rl
llzl2=1,t€l

Sh™ @2 ol
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Proof of Lemma 3.3 It follows from Assumptions Al and A4 that

aﬂ<nwﬂ>g%dwﬂmz+ﬁxwmwﬁﬁ

< MlBw {1072+ [ X(0)5(0) i)
I

< a3
3.6.2 Proofs of Theorems

Proof of Theorem 3.1 In order to prove Theorem 3.1, we need the following subset

of H:

Fpo ={a=(0"80)" € H 102 <1, [1Bllz, <1,7(8,8) < pa}.

It follows directly from D%S,,(a) = 0 = D?S)(«) that there exists a unique value
which satisfies Sy(ay) = 0, and a unique value &, which satisfies S,x(Gny) = 0. It
follows from Proposition 3.1 and Assumption Al(c) that &,y is the global maximum
of I,x(a) asymptotically. In the following, we show the uniqueness of the estimate
and derive the order of convergence of the estimate.

Let 71, = 2{J (B, Bo) + 1}/2h*, and define the operator:

Tip(o) =a+ Sa(ag+ ), € H.

Then,
| T1n () |lx =[la 4+ Sx(a + ap) ||

<[la + Sx(a + ag) — Saao)|[x + [|Sa(ao)||a-

Let B(e) = {a € H, ||a||» < €} be a ball of radius € in H. Note that S(ag) = 0. This

implies that Sy(ag) = —Prag. Then

1Sx(@0)llx = [IPA(@0)lIx < {AJT(Bo, Bo)}'/? < {T(Bo, Bo) + 1}7/2h* = % (3.12)
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Following Proposition 3.1, we have that

1 1
lae + Sa(a + ap) — Sa(ao) || :||a+DS,\(a0)a+/ / sD*Sy\(ag + ss'a)aa ds ds’||
o Jo

1 1
=|| / / sD*Sy\(ag + ss'a)aa ds ds’||

o Jo
=0. (3.13)

From (3.12) and (3.13), we have that

T1in

[T1nlx < > (3.14)

This implies T1,(B(r1,)) C B(r1,). Next, we show that T}, is a contraction mapping.
For any a; = (6], 5;(-))" € H,j = 1,2, we have

Tin(an) — Tip(as) = an — ag + Sx(ag + a1) — Sa(ag + az)

= /0 [DS\{ao + as + s(ag — ag)} — DS\ (ap)](ag — ag) ds
=0.

Therefore, Ti,() is a contraction mapping on B(ry,). By the Banach fixed-point
theorem, there exists a unique element oy € B(ry,) such that T1,(cy) = o). Define
ay = ah + ap. We have Sy () = 0 and |Jay — apl[x < 710
Now, we show that there exists a unique value &, which satisfies S\ (Gny) = 0.
As |layx — ag|| = O(r1,) = o(1) and DSy (ag) = —id, from Proposition 3.1, we have
that DSy(ay) = —id is invertible. Next, define the operator
Ton(@) =a — [DSx(x)] ' Spalay + @)
={DS8,\(ar)a — DSy ()}
+ {Sur(ay + a) = Spa(an)
— DSpa(an)a} + Spa(an)

E[l —+ [2 -+ Ig.
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It follows from the functional central limit theorem that uniformly in ¢ € I, we have

H—Zy] — 5"

= Op(”_1/2)7

It follows from Lemma 3.2 and the functional central limit theorem that

I > W (ORw, — B3 (ORw |,

= sup < — ZJ}J

llarllx=1

:Op(n_1/2h_a_1/2).

It follows from the Taylor expansion that

E[yj (t)RW]]a o1 >

Vi(tRw
D> S0

7j=1

:Op(n—l/Qh—a—l/Q).
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It follows from Sy(ay) = 0, Lemma 3.1 and formula (3.15 — 3.17) that

E||I5]3

= E{||Snr(an) — Sa(an)[2}*

5 H‘Z/ %} aM(1)
1 E{Y(t)Rw} 2

—E(/O R, — W} i) |}

‘|‘O( —1h 2a— 1( th))

1 n
<28{]- 3 [ARw, — BARw]I

=1

WE Z A %{dw) ~ BaN)

Z [ R R"V} D20 (W) — EADA0)100 (W)} 3
+ Z [ R 00, (W)~ R O (W)
Ui > [ ) - B o)

+ll Z [ R0 (W) — E{Row SO0} + o)
= O((hm) ™).

This implies that [|S,x(a)|lx = O,((nh)~Y/2). Let ¢ be a positive constant such that
P(|Sux(a))|lx < e(nh)™/2) — 1. Define 79, = 2c(nh)~"/? and B(ry,) = {a € H :

|la||x < ron}. Then we have P(||Spa(an)||x < r2n/2) — 1. Define I' = NP, A,,;, where

Ani = {l1Zill2 < clog(n), [ Xil L2 < clog(n)},
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and c is positive definite. Under Assumption A4, we choose ¢ large enough such that

P(T) — 1, and P(AS;) = O(n™!'). To handle I, we have that

[2]lx

= ||DS7L)\<O£)\>04 — DS)\(OQ\)O(H)\

= H% Z /OT[yxt)na(Wi)Rwi — E{i(Ona (W) Rw Y dt||

N Z /0 Dt Rw, — E{i(t)Rw.}]

()

EDWWI

~ [ n=t Y {Yi(6)n.(W;
n H%;/O () R} E{y(fgna(w)} o i (00 (W)}

s (1) SP()

=In + La+ I3,

For Iy;, we have that

=53 [ Do ¥R, POV R ]

To infer I, we define

Vi(to)na (W) ,

o(Y;, W;a) = A
T s (to) ’

Then for any oy, ay € H, we have that

W(Y},Wj;al) - ¢(Y}'7Wj;a2)‘

= D) {0 (W) = s (W)} L,

sy (to)
1
< (0) ‘ < 7Q’Wjaoél — Qg > ’[Anj
1
L8 14, — .
1 (to)
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Let ¢,(Y;, Wjia) = s{”(to)c {log(n)} '¢(Y;, Wj;a1). Then [¢,(Y;, Wjian) —
on(Y;, Wjiaq)| < [Jag — azlle. For any a@ # 0 € H, let & = a/(d,||a/)), where
d, = kh~(2+D/2 Tt follows from Lemma 3.2 that |||, < dp|&|x = 1.

we have [|0]]y + ||6]l, < 1. Meanwhile, we have \J(3,3) < ||a|} = d

S

J(B,B) < A’ldf = pn. Then, we have that for any o € B(rs,),

lim P(| Z 0n(Yi, Wi &) Rw, — E{¢n(Y;, W; @) Rw, }|»

< (n'2p)/ @™ 4+ 1){h " loglog(n)}/?) = 1

Therefore, we have

n

lim P(]| > [6(Y;, Wi a)Rw, — E{6(Y;, Wj; ) Rw, }

J=1

Sdn{log(n)}allx(n'?p,/ 4™ + 1){h ™" loglog(n)}'/?) = 1

It follows from the definition of A,,; that

‘ E{Y;(to)1a(W;)Rw, Lac }
s (1)

2

< aB| <Rw,;,a > Rw, L s = O(P(A7)' 2h™2)|lally = o(D)]lalx

2k— 2a1

Thus, we have I1; = O, (n~'/2p~(a+1)=
op(1) |||l

Similarly to I;1, we obtain

{log(n) Hloglog(n) }'/?)l|a[lx+0,(1)|el[x =

Il2

N H% Z: /OTD&(t)Rwi — E{Yi(t)Rw,)}] E{ys W)} H

= Op(n™ 2R 2) e
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For I3, we have

o= 15[ e BB SN

= Op(n™ A7 Yl

Therefore, for any o € B(ra,), we have ||I1][x < 72,/18 and For || I3[, we have

[12][x = [{Snalan + @) — Spa(an) — DSpa(ax)at|x

11
= || / / sD*S,\ () + ss'a)aads ds'||
o Jo

=0.

Therefore, for any o € B(rs,),

Ton
[ Ton(a)llx < %

That is, Ton(B(r2,)) C B(rs,). Using the arguments above, we show that Ty, is a
contraction mapping in B(rs,). Therefore, there exists a unique element o/ € B(rs,),
such that Ty, (o) = o/. This implies Spa(ay + ) = 0. Let a,y = ay + . Then

Sna(G@nn) = 0. Finally, with probability going to 1, we have

[6ux — ol < T1n + 72, = Op((nh) /2 + 1F).

Proof of Theorem 3.2

It follows from Theorem 3.1 that there exists a constant M > 0 such that, with
probability approaching to one, ||Gnxy — agl|x < Mr,. For simplicity, denote &,y — ag
as a. We assume that [|a||y < Mr, as its complement is negligible in terms of
probability. Let d,, = kMh~?*1)/2r and & = d;'a. Let p, = x 2h'~?™, where
k is the constant given in Lemma 3.2. When n is large, h — 0 and 1 — 2k < 0.
Hence, p, > 1 as n — oo. It can be shown that ||a|y < Mr, implies & € F,, .

To see this, write & = (A7,3)T. Then ||@|l. = d;'|alle < d;'kh~ e D/2|all, <
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dtkh=2a+ /20Ny, = 1. Thus, it follows from
J(B,8) = d,* A"\ (8, 5)}
<d A alf <dANH M) = k2R =,
Thus we have that

ISna(a + o) = Sna(@o) — {Sx(a + ag) — Sx(ao) }lx

=[ISn(a + o) = Snlan) = {S(e + @) — S(ao)} - (3.19)

On the left hand side of equation (3.19), we have that

[Sna(a + ag) = Sua(an) — {Sa(a + an) — Sx(ao) }|a

1 1
= — Spa(o) — DS\ (ap)ar — / / sD*Sy\ (o + ss'a)aa ds ds’||
0 Jo

1 1
=|lae — Spaag) — / / sD*Sy(ag + ss'a)aads ds’ |

o Jo
=/|a — Spr(ao)][x- (3.20)

It follows from D2S,,(«) = 0 and D*S(a) = 0 that, on the right hand side of equation

(3.19), we have
|Sn (a0 + ag) — Sn(g) — {S(a+ ap) — S(ap) }HIx =|| DS, (s'a + ap)ae — DS (8" + ag) x|
=|| DS, () — DS(ay)a|x

=[| DS, (an)a — DSy (an) || x

Finally, it follows from equation (3.19) and the lines of the proof of Theorem 3.1 that

lov = Spalao)llx < Op(an).

The proof of Theorem 3.2 is completed.
Proof of Theorem 3.3

90



Define @, = (07, h*T/23,)7, ot = (id—Py)ag = (027,807, ag = (057, hot1/280) 7,

and Ry = (Hw,, h"™/?*Tw,). Denote
Rem,,

SN n! 7‘1—1 () Rw,
i —ai— -3 [ (= B () - Yt (W) )

It follows from Theorem 3.2 that ||Rem,||» = O,(a,). Thus, we have

A — [T nt Y Hw,
s =05 =+ 3" [t~ IR a0 0) — B0 (W)

:Op(an)-

Define

h
Rem,,

o LS [Ty i ViR, () — V. .
=0\ o7 Ezzl/o {RW, n‘l Z;‘Zzl y](t) }{dNZ(t) yl(t)nao(wl) dt}

Then, we have

| Rem" — ha+Y2 Rem,,|| s

. 1 o [7
<(1 = hatY2Y|[f,n — 0y — - Z/ {’Hwi
i=1 V0

T YL V()R
n-t Z?:1 Y;(t)

:Op(an)‘

HAN; () = Vi) 10, (W) dt}|2

It follows from a,, = o(n~/2) that
[Remylx < | Remy; — h** 12 Remy||x + b2 Remy ||

= 0,(n"Y?).
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Next, we use Rem! to obtain the target joint limiting distribution. The idea is to

employ the Cramér-Wold device. For any u = (z',#)" € RP x I, we obtain the

limiting distribution of n'/2zT (6,5 — 6%) 4+ n'/2h*T1/2{ 3.\ (t) — B (t)}. Note that this
xh

is equivalent to obtaining the asymptotic result of n'/? < Ry, a", — gt >, . Tt

follows from Theorem 3.2 that

n'?| < Ry, Rem” >, | = O, (n'/?h= (412, ).

Thus, we need to derive the limiting distribution of

18 T 1S YR,
< RS /O (Rly — " n—%:g" a;}(t)w] YL ANL() = Vi(t)ag (W) dt} >,
=1 =17

A direct calculation yields that

N R 3 V()R
02 < R 3 [ Rl I SRR N ) = B (W) ) >
i=1 g=1-J

:n_1/2 Z/ {ZTHWz + ha+1/2TWi (t)
i=1 70

T YL Vi) Hw, + T, 0,
- nt Y Vi) e

=U,,.

A direct calculation yields that
K(W;)
=z' Hw, + h*"/*Tw,(t)
=z {S - Q+ V(G W,\G")} {Z; — V(G,7x,)}
+ A2y (1) —w (O){Z = Q+ V(G, WG} HZ; — V(G,7x,)}]

=h*T Py (t) + {z — b Pw(t)} {E - Q+ V(G WAG ")} {Z: — V(G,7x,)}.

It follows from [|K,||,, < h™* Y2 that [|7x |2, < | X]|2.h72%"L. And it follows from
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V(G,W\G") — 0 that W,G — 0. Thus, we have

V(G )| =| < Giosta > — < (WaGi) o > |
| /]I 2(5)Gh(s) ds — /H 2(5) (WG (s) ds|
x]/ﬂ:r;(s)Gk(s) ds|
S,

Thus, we have [IC(W;)| S Al Xillz, + |1Z:]|2} a.s. Therefore, we have

U,
e [T E{Y;(s)K(W;

. /ZI/O k(W) - {Ei;}j(i)} ”}dMi(s)
—l—Op(n_l/z)

ey [ feewy - £ %gﬁgﬁ}} AM(3) + 0,(1)

=n"1/2 Zui + 0,(1).
i=1
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A direct calculation yields that
Var [LIZ]

L, /OT |:/C(Wi) - E{Jgg:figj)}r ANy (s)

+ 2ha+1/2(z _ ha+1/2w<t))T

X {S -0+ V(G WG} E /0 {m 1) — BT, (t)}}

E{Y;(s)}
EY;j(s){Z; —V(G,7mx;)}]
E{Y;(s)}

X ({Zi ~V(G,7x,)} — ) dN;(s)

+{z — K 2L} {Z - Q+ V(G, WAGT)}IE/T ({zi ~V(G,7x,)}

—E[yj(‘s){zj_V(GvﬂXj)}] @2 (s _ TV =Ly — patl/2,,
E{Y;(5)} ) AN;(){Z = Q+ V(G,W\G )}z — h ().

Assume h*T1/2w(t) — —~;. Thus, as A — 0, we have
Varllh] — o} +2(z + ) (2= Q)76 + (2 + %) (2= Q7' Bo(Z — Q)7 (z + )

=(z",1)2"(z",1)",

(2 —-Q)'By(2 - Q)" (X =) (70 + o)

B { (Yo+&) ' (Z-)! 07 + 27 (X =) &+ v (X -y

It follows from the Lindeberg’s CLT that

~

\/ﬁ(en)\ - 98) *
[mha{mt) - @a@)J = N9,

From the fact that there exists b € ((1+2a)/(2k), 1] such that V(G, h;) satisfies that

D VG, hy)ll3p} < oo,
J
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we have that

1R+ 2w (t)]| 1

12| Z V(G, hy)/(1+ Apj)hi ()]l Ly

<L IVG I+ o) YO s

:O(haJrl/Z)'

This implies that vy = 0. Thus, we have ®* — ® as n goes to infinity. Furthermore,

we have that

| < w, WiBo > |2 =] ;GJV(ﬁo,h])l + Apj|

c° A
<Z||G||21+ Z (Bos )’ p;p

J

)\plfb
YA
7j=1
< )\l—l-b‘

Thus, we have || < w, WxSy >m |la = Op(AF?) = 0,(n~1/?), and so, v/n{0; — 0y} — 0
and /nhatY2[B5(t) — Bo(t) + {Wa(Bo)} ()] — 0. As n'/2R*1+Y = 5(1), we have
nh* = o(1). Thus, if we define By = Y222, bjh; with 32°2, b3p3 < oo, we have

|(WBo)()]

-2
1+ )\pj
o 2a
2 271/2 J 1/2
SCM{Z‘%} / {Z 1+ )\p.)Q} /
j=1 j=1 J

=O(Ah~*71/?).
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Hence, this leads to

Vh™ WA (Bo) }(t) = O(Vnh*) = o(1).

Thus, the conclusion follows directly.
Proof of Theorem 3.4

By Theorem 3.2 and the proof of Theorem 3.3, we have

n!/2petts? sup [Bua() = Bo(s) = Salao)(s)] = 0,(1), (3.21)
where
Sn(o)(s) z% /0 ' :1 (TWZ(S) _ EW(B)%}@H) AN (1)
- /H K (s,u) OTZn: (Xi(u)——ED;j @é)(]“)])dm(t) du

— (s} - 0+ V(G KGN} Y / 2~ V(G dM(E)

=Sn1(a0)(s) — Spa(ao)(s).

(i) Denote H,(s) = vV/nhh®Sni(ag)(s). Our first step is to show that H,(s) converges

to the Gaussian process G(s) in the Hilbert Space H (™ with the inner product V (-, -),

where hj,7 =1,2,---, are the orthonormal basis. Direct calculation yields
hl/2+a / T EY(t)X (u)]
s) = K (s, u)/ <Xl(u) - —) dM;(t) du
vl ECL DS B

1/24a T N ( X(u
\/_Z/ HA; AZ(}Q@)-%) dM;(t) du.

=1

It follows from Theorem 1.8.4 in van der Vaart and Wellner (1996) that to prove H,(t)
converges to the Gaussian process G(t) in the Hilbert Space H(™, we just need to

prove H,(-) is asymptotic finite-dimensional and V' (H,, h;) converges in distribution
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of V(G, h;). It follows from the definition of H,(-) that
o0 > hlt+2a
V(H,, hj)
2 R e \FZ/ 0 [ (v

CEDOX@]y Y
0] >dMZ(t)d } .

It is easy to verify that

h1+2a -2a - 00 m2a

dtrp)2 — Jo  [A+a2F)2 dr <

is asymptotic tight and bounded by cj®. Besides, we have Z

h1+2aj2a

0o. Then for every e > 0, there exits Jy, which satisfies that > > Tre)?
= j

Thus, we have for any € > 0,

lim sup P(Z V(Hp, h;)? > ) — 0.

" 7>Jo

Namely, H,, is asymptotic finite-dimensional.

Furthermore, it follows from the definitions of h; and V (-, -) that

Pl EY()X ()]
V<Hn7h]) (1 +)\pj {\/—Z/ / )— W) sz(t) du}

i>N(o i fj:;z //X _ B fé’[y(t)] du}] dN(s))).

(3.22)

Following Karhunen-Loéve theorem (Alexanderian (2015)), we can get that:

G(t) =Y amo;(t),
J
where 7;,j = 1,2,--- are i.i.d standard normal random variables, ¢;(t) are the

standard orthogonal basis in the Hilbert space Ly(I). It follows from the proof of
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Karhunen-Loéve theorem that under our case, ¢;(t) € H™(I). Direct calculations

yield that

hj) = Z axngV (or, hy).-
p

Then, EV (G, h;) = 0. It follows from Fubini’s theorem that

) h1+2a E{y ﬁl du}
BVG) = (X0 RN )

Thus, we have V(G, h;) follows

¥ (o <1TAp (1t~ 220 fiw(t)] Bl iN)).

It follows from equation (3.22) that V(H,, h;) converges to V(G, h;). The proof of

the first step is completed.

(ii) The next step is to prove that y/nh!/?+4S,;(ag)(s) uniformly in s converges to
zero. It follows from the arguments in Cheng and Shang (2015) that sup, |w(s)| =
O(1). Besides, since h — 0, {S—Q+V (G, W, G} — {S-Q} 1, n7 230 [{Z—
V(G,7yx,)} dM;(t) is asymptotic to a normal distribution, we have h**1/2\/nS,5(a)(s) N
0.

Theorem 3.4 directly follows from Slutsky’s theorem, step (i) and step (ii).
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Chapter 4

Conclusion and future work

This chapter draws conclusion on the thesis, and suggest some possible future re-

search directions.

4.1 Conclusion

This thesis focuses on the development of semiparametric inference for the functional
Cox model and the functional additive hazards model with right-censored data.

We propose a penalized partial likelihood approach for the estimation of model
parameters for the functional Cox proportional hazards model and penalized pseudo-
score function approach for the functional additive hazards model. We establish
the asymptotic properties including the consistency, the convergence rate, and the
limiting distribution of the proposed estimators. To this end, we investigate the joint
Bahadur representation of finite-dimensional and infinite-dimensional estimators in
the Sobolev space with a proper inner product.

One major contribution made to the study of the functional Cox model and the
functional hazards model is that the asymptotic joint normality of the estimators of
the functional and scalar coefficients is derived. Furthermore, the partial likelihood
ratio test are developed and its optimality is shown under the functional Cox model.

We also discover the Wilks phenomenon.
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These two important issues are addressed in the previous research. Our new re-
sults will provide more insights and deeper understanding about effects of functional
predictors on the hazard function of failure time. Simulation studies demonstrate
that the proposed estimators perform well and the penalized partial likelihood ratio

test has good power.

4.2 Future Work

A further interesting research is to explore other useful functional survival models
such as the functional accelerated failure time models where a partial likelihood is
unavailable. In addition, it is of interest to extend the analysis for other censoring
schemes which often occur in medical studies. For instance, we can explore the
functional Cox model, the functional additive hazards model, and the functional
linear model in the presence of interval censoring.

It is also of interest to consider the semiparametric additive transformation model

with current status data Cheng and Wang (2011):
d
H(U)=2Z'8+Y hj(W;) +e,
j=1
where H(-) is a monotone transformation function, h;(-)’s are smooth regression
functions, and € is a random variable with a known distribution F'(-) with support

R. This model is a general transformation framework which covers a wide range of

survival models and econometric models.
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