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Abstract

This work concerns numerical simulations of diffuse interface models with Peng-
Robinson equation of state (EOS). The motivation of our research arises from in-
creasing attention of complex fluids flow problems in the oil industry.

There are two basic concerns in the oil industry: oil exploration and oil exploita-
tion. In oil exploration, properties of petroleum substances at the equilibrium state
are mainly concerned. This requires us to construct numerical schemes that can
accurately capture the interface information between hydrocarbon substances and
phases. In oil exploitation, some fluids flow problems with complex boundary con-
ditions need to be considered. Designed numerical schemes need to have a kinetic
nature and a simple algorithm structure because of the huge amount of calculation
required. In this thesis, based on these two specific needs of numerical algorithms,
we introduce the energy stable scheme and Lattice Boltzmann method (LBM) to
solve the equilibrium and fluids flow problems, respectively.

Firstly, a Cahn-Hilliard type equation is derived to describe the single-component
two-phase equilibrium problem. A first-order scalar auxiliary variable (SAV) scheme
and a second-order SAV scheme are proposed to simulate the evolution process of
single-component two-phase hydrocarbon substances. Mass conservation and energy
stability in discrete sense are proved for these two schemes. Moreover, this approach
has been expanded to the multi-component two-phase equilibrium case in this thesis.

Based on the previous work [18], we modify this Cahn-Hilliard type model by in-



troducing the mobility term. This improvement makes the multi-component model
more physically compatible. A second-order SAV scheme is designed to solve the
multi-component model. Numerical experiments have been carried out for both the
single-component case and the multi-component case. Our numerical results match
well with the laboratory data. It is worth mentioning that we have improved the
calculation of interface tension and capillary pressure comparing with previous work.

For multi-phase fluids flow problems, in order to verify the feasibility of the LBM
for oil exploitation problems, we firstly use the single-relaxation-time LBM to solve a
single-component equilibrium problem based on an Allen-Cahn type equation. Then,
we design a multi-phase fluids dynamics model combined with Peng-Robinson EOS
with a constant temperature under thermodynamics principles. Here, we use the
multi-relaxation-time (MRT) LBM combining with Beam-Warming scheme to solve
the proposed fluid model. Alterable CFL numbers can be used in the numerical
simulation. High-order accurate numerical results have been obtained, which meet
well with our expectations and have a great agreement with previous published results
and laboratory data.

Key words: Peng-Robinson equation of state, equilibrium problems, multi-phase

flow problems, scalar auxiliary variable approach, Lattice Boltzmann method.
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Chapter 1

Introduction

1.1 Background

Modeling and numerical simulation of the multi-phase flow is a significant issue in
many scientific and engineering applications, including groundwater contamination,
carbon sequestration, air pollution, petroleum exploration and recovery, chemical
and biological separation processes, etc. While simulating the multi-phase flow,
especially in the oil industry, capillary pressure caused by interface tension between
various fluids is one of major proprieties. Some physical properties are influenced by
the capillary pressure, such as relative permeability and residual saturations. These
impact the transportation of the vapor and liquid in a porous medium and bring
many multiple phases problems.

In order to understand physical phenomena involving multiple phases, such as lig-
uid droplets, gas bubbles and phase change and separation, it is necessary to model
and simulate the interface between phases. The truth is, properties on the interface
are always accompanied with complex physical activities (sometimes, chemical re-
actions involved). This makes it difficult to model the phenomena on the interface
between different substances or different phases. There exist several methodologies
to describe interfaces in different scales [10, 11, 14, 21, 22, 26, 79]. At the micro-

scopic scale, Molecular Dynamics and Monte Carlo method [10, 20, 83] are main
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tools to resolve the interface. Using the randomness to solve problems is its essen-
tial idea and it shows great advantages when target problems combined with many
coupled degrees of freedom. Besides, at the macroscopic scale, the sharp interface
model [26, 60] is a common approach while considering large-scale problems. In this
method, the interface is treated as a zero-thickness entity and molar densities of
substances undergo a jump through the interface. Inter-facial conditions including
interface tensions should be given to keep the nature of interfaces in the simulation.
When physical properties, such as the interface tension or the capillary pressure,
become the primary concern, it is obviously that the sharp interface model is not
an appropriate approach to catch the interface information. Here, we introduce a
continuous model to catch these properties, which is known as the diffuse-interface
model or phase-field model [2, 5, 6, 78]. In this theory, the interface is described as a
continuum entity to separate the two bulk single-phase fluid regions. It means that
molar distributions are continuous within the interface. Compared with molecular
scale methods, the diffuse interface model is more efficient and it can also provide
the quantity of the interface tension. In our work, we focus on the diffuse interface
model and its numerical schemes.

Diffuse interface models have been extensively studied for multi-phase flow prob-
lems in recent years [4, 51, 67, 72]. In these works, double-well Ginzburg-Landau free
energy are usually considered. This free energy can describe some interface prop-
erties qualitatively. While considering some real problems that occurred in the oil
industry problems, it is impossible to use quantitatively meaningful parameters of
a simple double-well potential for simulations of realistic hydrocarbon species in an
oil-gas two-phase system. As a result, we need realistic equation of state (EOS) to
describe hydrocarbon substances. Here, we introduce Peng-Robinson EOS [54] to
do the simulation. This EOS can be applicable to calculations of all fluid properties
in natural hydrocarbon gas processes, which is an important part in the pore scale

— 2
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modeling and simulations of the subsurface fluid. Because of the realistic thermo-
dynamics properties involved, some physical properties should be preserved when
we design numerical schemes. Usually, the mass conservation law and the energy
dissipation principle are two mainly concerned nature of the process. Therefore,
designing numerical schemes with physical compatibility is very important.

For the diffuse-interface model with Peng-Robinson EOS, some efforts have been
made in literature. For the single-component case, in [59], Qiao and Sun investigated
an Allen-Cahn type two-phase single-component model with Peng-Robinson EOS
in two-dimensional space while only one-dimensional problems were considered in
previous applications. A convex splitting approach was developed in this work to
solve the proposed model. After that, in [33, 34, 56], energy stable schemes were
also proposed by convex splitting method. In [55], Peng proposed a Cahn-Hilliard
type two-phase model with Peng-Robinson EOS and used convex splitting scheme
to solve it. Recently, based on the Allen-Cahn type two-phase single-component
model, an invariant energy quadratization scheme was also developed to study the
Peng-Robinson EOS problems [43]. For the multi-component case, Kou and Sun
proposed a multi-component two-phase model with Peng-Robinson EOS in [31], and
the modified Newton’s method with a relaxation parameter was employed to solve
the model. Soon after, in [18], Fan, Kou, Qiao and Sun designed a component-
wise convex splitting scheme of this multi-component model. More applications of
multi-component model can be found in [32, 35].

In this research, two fundamental issues in the oil industry will be studied: oil
exploration and oil exploitation. For oil exploration, which concerns about physical
properties on phase interfaces, we use so-called energy stable methods to solve single-
component and multi-component two-phase equilibrium problems. Because of the
physical compatibility of these algorithms, some physical properties of the system

can be preserved automatically during numerical simulations. This allows us to get

— 3 —
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laboratory-data-comparable numerical solutions. On the other hand, if we consider
the oil exploitation problem with complex geometries and boundary conditions, the
Lattice Boltzmann method (which is very popular in engineering calculations) is more
suitable. This approach has a great compatibility for complex fluids flow problems. In
this work, we mainly study the Lattice Boltzmann method for the single-component

hydrocarbon fluids flow problems.

1.2 Peng-Robinson EOS in the diffuse-interface
problem

In this section, we will give a brief introduction of Peng-Robinson EOS and its
Helmholtz free energy form in the diffuse-interface problem. The basic expression of
Peng-Robinson EOS can be shown as

nRT n?a(T)

pP— _
1—bn 1+ 2bn—0b2n?’

(1.1)

N
where n = — is the molar density of the substance with N representing the total

particle number and V' being the total volume. a = a(T") is the pressure correction

coefficient and b = b(T") is the volume correction coefficient. They are given as follows

a(T) = Z Z qigj(aiag) 2 (1 — kyy),

b(T) = Z Yib;.
i=1

Here g; represents the mole fraction of the ith component, k;; represents the binary

interaction of Peng-Robinson EOS. a; and b; in the equation above are shown as
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follows
R?*T2 T
(T) = 0.45724—<(1 (1 —4/=))?
G/Z( ) 0 57 Pci ( +ml( Tci))7
RTci
b; = 0.7780 ,
Pci

where T,; and P,; are the properties of the ith substance representing the critical
temperature and critical pressure, respectively. m; has the form

m; = 0.37464 + 1.54226w; — 0.26992w?, w; < 0.49;

m; = 0.379642 + 1.485030w; — 0.164423w? + 0.01666666w?; w; > 0.49.

Using the critical data of the substance we can calculate w; in m; above

_ 3 l0910(14.6]93§>iPSI)

Ty

When we consider the real inhomogeneous fluid system, in order to describe
the phenomenon around the interface, the diffuse-interface model with the gradient

contribution is taken. Here, the total energy density f(n) takes the following form

f(n) = fo(n) + fo(n),

where n = (nq,--- ,n,), m is the amount of the substances, n; = % is the molar
density of the ith substance with N; representing the total particle number of the
ith substance. The Helmholtz free energy f,(n) of a homogeneous fluid with Peng-

Robinson EOS is given by

fo(m) = [t (n) + [ (n),

fg'deal (n) — RTZ nl(lnnl - 1)’

i=1

(1.2)

creess(n) = —nRTIn(1 — bn) +
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where R = 8.31432J K ~*mol~! is the gas constant, T is the temperature, n = > " n;.
The inhomogeneous term of the gradient contribution fg(n) can be modeled by a
simple relation
fe(n) = % i cijVn; - Vn;, (1.3)
ij=1

where ¢;; is the influence parameter given as follows

cij = (1= Bij)y/cicy- (1.4)

Here, f3;; € [0, 1) is the binary coefficient. In this research, we set 5;; = 0 and f;; = 0.5
as in [35]. ¢; represents the influence of the pure substance given as below, which
has the relation with the pressure correction parameter and the volume correction

parameter of Peng-Robinson EOS.

3 Tci
¢ = a;b} (mii(l T + mgﬂ):

10—16
"0 T 19326 + 1.357457Tw;

10-16
mg,z - .
0.9051 + 1.5410w;

1.3 Initial values of the multi-phase system

How to set the initial value of multi-component mixture is a critical modeling issue
when the real EOS is introduced (Peng-Robinson EOS is involved in this work). In
practice, phase splitting problems need to be considered. The NPT calculation (tem-
perature T, pressure P and composition N) and the NVT flash calculation (temper-
ature T, volume V and composition N) are two common phase splitting approaches.
As discussed in [57], classical coupled schemes based on NPT flash calculation suffer

from some essential limitations, such as the requirement of constructing a pressure



PhD Thesis CHAPTER 1. INTRODUCTION

equation as there is no intrinsic pressure equation. An alternative modeling frame-
work, based on the NVT flash calculation with moles, volume and temperature as
primal state variables, has been actively studied very recently [29, 30]. Flash cal-
culations allow us to get the molar density of gas and liquid of a specific substance
when the phase transition occurs. It has been shown that the NVT flash calculation
is better posed than the NPT flash calculation [29, 30]. In this section, we give a
brief introduction to the NVT flash calculation. The obtained solution can be used
as the initial value of diffuse-interface problems with given substances [50].

First of all, we specify the overall composition, i.e. mole fraction of each species

in the overall fluid mixture consisting n components and possibly multiple phases
N,
and we define z; = NZ as the overall mole fraction of the i-th component in the

entire mixture. Nj; is the total amount of i-th component. N = Z:n N; and V are
the total amount and total volume, respectively. Then we will go through two steps
to get molar concentrations of substances that can guarantee the phase separation

numerically and the given mixture is not thermodynamic phase-stable.

N
At the beginning, we need to give some notations: ¢ = v is the total molar

density of the mixture and cz; = — ,7 = 1,--- ,m, is the molar concentration of

i-th component. ¢’ is the trial molar density or the total molar density of the new
phase (which can be found in Fig. 1.1, and details will be discussed shortly). ¢” is the
molar density of the original phase after the phase separation (which can be found in
Fig. 1.2, and details will be discussed shortly). V/ is the volume of i-th component in
the new phase and V;” is the volume of of i-th component in the original phase after
the phase separation. V' = . V/ and V" = . V. N/ is the particle number of i-th
component in the new phase and N/ is the particle number of of i-th component in

the original phase after the phase separation. N’ = Y. N/ and N” = > . N/ and we

— 7 —
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{/
STEP 1. Infinitesimal splitting

denote ¥; = t=1,---,m.

It is believed that, if the phase splitting happens, the new phase (here we call it
the trial phase) will form with an infinitesimal volume (here we use 0% to describe
this volume) at the very beginning of the phase separation. So our first step is to

determine whether or not this phenomenon happens under given conditions.

S = T
1 ‘i

X1, C Xy

<.

Figure 1.1: Infinite small splitting.

As we can see in the Fig. 1.1, if the phenomenon happens, the original single-
phase mixture (with n components’ molar densities czy, ..., cz,) will split into the
trial phase part (infinitesimal volume part) with the volume 0" and the rest part
with the volume V'~ =V — 0" during the progress of the infinite small splitting. In
this step, our aim is to find the trial molar density ¢ of the new phase.

t

First, we need to calculate the saturation pressure p*** which has the following

form
sat Tc
p** = p.exp[5.37(1 + w)(1 — ?)], (1.5)
3 logio(;E=) . . . . :
where w = ?(T—al“‘) Given critical properties T,, P. and boiling point Tp of

Ty

t of different components. Here we

different components, we will get different p*®
note that p.i, represents the unit standard atmosphere pressure. Usually it has the

following relation with the Mpa: 1Mpa ~ 9.8atm. After we have the saturation

— 8 —
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pressure p5** for each component, we will calculate the trial phase composition under
the framework of the NVT flash calculation.
The truth is, from the beginning, we do not know the phase state of the mixture.

So we have following two assumptions.

e Case 1: If the trial phase is in the liquid phase, we first calculate the total

initial pressure by
Pini = Zp?at(T)Ziv 1= 1a s, M, (16)

and then we give the formulation of the trial phase composition (liquid-like)

sat
=24 i=1,.--,m. (1.7)

Dini

After that we calculate the compressibility factor Z of the system by solving the
following equation based on Peng-Robinson EOS (different EOS has different

formulation which respects to Z).

7~ (1-B)Z*+ (A-2B-3B*Z — (AB — B*> - B?) =0, (1.8)
where
A _ a(T’c)pini7
R2T2
(1.9)
bpini
B = .
RT

We use all the real solutions Z of the function (1.8) to do the analysis.

e Case 2: If the trial phase is in the gas phase, first we calculate the trial phase

composition (gas-like)

Ti= 2 i=1,-,m (1.10)
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Then the initial pressure are given by

Pini = Zpsat(T)ji 7= 1, e, M. (111)

(2
We can get Z in the same way as in Case 1.

We then can use the obtained Z to calculate the total molar density of trail phase

¢ by the following relation (the non-ideal gas equation)
Pini = Z¢ RT. (1.12)

Here, we need to mention that py,; we used in (1.12) should be calculated under the
same assumption with the Z we choose.

Then we will show a method to determine whether or not the system will experi-
ence a phase separation under the overall composition that we gave at the beginning.
Here we introduce the tangent plane distance function D

D(T,1,d%y,....d%,) = 2w (T, 1, T, ..., 7)) — (T, 1, ¢21,4 ..y c25)) | T —

[P(T,1,d%y,...,dT,)) — P((T, 1, cz1, ..., czn)) ],

(1.13)
The P here is given by (1.1). The function D is used to determine whether the
phase separation will happen. If D is less than 0, it means that there will be a
phase separation and the molar density of trial phase is ¢. Otherwise we need to
use another Z to do the same process (More details can be seen in the paper by Jiri
[50]). If we fail to find the appropriate ¢’ from all the Z we got in Case 1 and Case 2,
we need to consider a new set of z; for the purpose of two-phase system specification.

STEP 2. Finite-amount splitting
The existing of ¢ means that the original single-phase mixture will experience the
phase separation with the initial fraction z;. Under the assumption that the molar

density of the new phase still equals to the trial phase molar density ¢’ and the phase
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!
composition still equals to z; (which means z; = —) after the phase separation.

N/
We can get molar density ¢’ , the phase composition g; and the total volume V"
of another phase. We call this progress the "finite-amount splitting” and it can be

shown in the Fig. 1.2.

Cl X e X

Figure 1.2: Finite amount splitting.

To be specific, in this step, we calculate the molar density of both phases of the
i-th component by using
V+ V"=V,
AV + V" =V, (1.14)
fo(V' + (V" = LV <0,
where f;, represents the Helmholtz free energy density. Here we use the bisection

method to get the values of V" and ¢”. First we set V' = 0.5V and we can get the

" and V" by the relation

V'i=v -V’
, cvV=7JdV (1.15)
C = T,

where V' is the initial volume. For simplicity, we set V' = 1. Then we put ¢, V', ", V"
into the determination equation f,(¢)V’ + fo(¢")V" — f,V < 0. If the inequality is
established, we can get molar densities of two phases under the given thermodynamic
properties.
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! pick another set of z;

Case 1 No calculate the molar

Zi, TC/ sz Pe calculate the Z, density ¢” of

another phase

calculate the molar
density ¢’ Yes
of one phase
sat

calculate p** for Case 2 calculate the initial
each component calculate the Z values ¢'y; and ¢y,

Figure 1.3: Flowchart of the NVT flash calculation.

For multi-component systems, we can further calculate the composition of both

phases by using the relation
dz, V' +"yV =,V oi=1,-- m, (1.16)

which leads to
czV —dz; V'

S i=1,,m. (1.17)

Gi =
Similarly, we can calculate y; by using
fo(dZ1, o, 2 )V + (1 o, Gn) V" = fo(cz1y oy c20)V <0

as the determination function. Until now, we can get the molar concentrations ¢'z;
and "7; of each component of different phases. We can use these molar concen-
trations as our model’s initial value n(liquid) and n(gas), or we can optimize them
further using additional schemes, e.g. the method in [50].

Fig. 1.3 gives a flowchart to describe the NVT flash calculation. Based on the
above flash calculation scheme, molar density distributions of both components can
be determined as the initial conditions of our further numerical simulation. For the
convenience of researchers in this field, we pre-computed two-phase two-component
system of the methane and the n-decane with the procedure described method. The
composition results can be found in Table 1.1. In the following chapters, we will use
this method to get initial values of the studied substances.
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Table 1.1: Initial values (mol/m?) for the methane (n;) and n-decane (ns) in the gas
and liquid phases

Temperature (K) | ny(lig) | ni(gas) | na(liquid) | na(gas)
450 4062 1028 438 3522
400 3832 1428 488 2938
350 3675 1536 512 2861
300 3569 1648 564 2497

1.4 Numerical approaches

In this section, we will introduce two kinds of numerical approaches involved in this
thesis. Both methods can effectively solve diffuse-interface problems, but they have

different emphases.

1.4.1 Energy stable schemes for diffuse-interface models

Energy stable schemes are highly needed for large time-stepping simulations of the
diffuse-interface models. Otherwise, it may require extremely small time steps to
keep the energy dissipation. For a general free energy functional of the double-well
potential, many energy stable schemes have been developed. To obtain an energy
dissipative scheme, the linear term is usually treated implicitly in some manner, while
different approaches have to be proposed for nonlinear terms. The convex splitting
method is a popular method to develop energy stable schemes for diffuse-interface
models. It splits the homogeneous free energy into a convex part and a concave part
and treats them implicitly and explicitly in the time discretization, respectively. It
was perhaps firstly studied for diffuse-interface problems in [15] but popularized by
8, 21, 22, 72], and was proved only first-order. While it is possible to construct
second-order convex splitting schemes under certain situations (see, for instance,
[63]), a general formulation of second-order convex splitting schemes is not available.
Generally, nonlinear iterative solvers are needed for convex splitting schemes from

a natural decomposition of energy functional. Another popular approach is the so-
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called stabilization method, which treats the nonlinear term explicitly, and adds a
stabilization term to avoid strict time step constraint. The stabilization term is
usually treated implicitly and used to control the nonlinear term of the origional
model, see e.g., [3, 66] and references therein. The stabilization method generates
linear schemes and is easy to be extended to high-order schemes [28, 75], but in
general it can not be unconditionally energy stable [19, 40, 41, 42]. Recently, the
invariant energy quadratization (IEQ) approach was proposed in [9, 77] to solve a
variety of diffuse-interface models. This approach allows one to construct linear and
unconditionally energy stable schemes in the sense that the modified discrete energy
is non-increasing in time. However, at each time step, the linear system resulting from
the TEQ approach has variable coefficients. Thus, fast calculation methods could not
be used when solving the linear system because of the variable coefficient matrix.
To overcome it, the so-called scalar auxiliary variable (SAV) approach was proposed
in [64, 65]. Using Cahn-Hilliard type equation as an example, it is shown that
the SAV approach has the following advantages: (i) For single-component diffuse-
interface problems, it leads to, at each time step, linear equations with constant
coefficients so it is remarkably easy to implement. (ii) For multi-component diffuse-
interface problems, it leads to, at each time step, decoupled linear equations with
constant coefficients. In our work, we will use the SAV approach to solve the diffuse-
interface model with Peng-Robinson EOS for single-component and multi-component
problems. For this model, many advantages could be observed in comparison to

existing energy stable schemes in [18, 43, 56, 59].

1.4.2 The Lattice Boltzmann method for multi-phase flow
problems

In the oil exploitation, many complex situations arise in porous media flow problems

and pore scale simulations, such as complex geometries and boundary conditions.
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Therefore, we need to develop efficient and robust methods for these problems. In
recent years, the Lattice Boltzmann method (LBM), which is originated from lattice
gas automata (LGA) and also could be derived from the kinetic Boltzmann equation,
has emerged as an powerful method for simulating complex fluids dynamics prob-
lems [1, 7, 24]. The kinetic nature brings many advantages to the LBM, including
clear physical pictures, simple algorithm structure, easy implementation of boundary
conditions and natural parallelism. In addition, it is also very easy to incorporate
internal interactions between the fluid and external environment at the microscopic
level, which makes the LBM very suitable for simulating multi-component and multi-
phase flows. Up to now, various types of LBMs have been constructed from different
viewpoints for multi-phase and multi-component flows, such as the color-fluid model
[23], the pseudo-potential model [61, 62], the free energy model [69, 70], the kinetic
model based on Enskog equation [47, 48], and the phase-field model (or diffuse-
interface model or mean-field theory model) [27, 38, 39, 80]. Among them, due to
the aforementioned attractive features, phase-field based LBM has become a widely
used method for simulating multi-phase flows with low and large density ratios. The
initial phase-field based LBM was proposed by He et al. [27]. In their work, two
distribution functions were introduced. One is a pressure distribution function and
the other one is an order parameter distribution function to track interfaces between
different fluids. Whereafter, based on the work of He et al. [27], a three-stage stable
scheme was developed by Lee and Lin [38]. Through discretizing gradient terms in
different manners before and after the streaming step, the multi-phase flow with a
large density ratio can be simulated. Later, Zheng et al. [80] proposed a modified
LBM that can accurately recover the interface capturing equation, i.e. Cahn-Hilliard
equation. Several improved Lattice Boltzmann models for the Navier-Stokes-Cahn-
Hilliard coupled system have been developed [44, 73, 74, 76, 82, 81]. These three
marvelous multi-phase LBMs have achieved remarkable success in simulating various
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interfacial flows.



Chapter 2

Energy stable schemes for the
equilibrium problem of
hydrocarbon substances

In this chapter, the aim of our research is to use the SAV approach to solve multi-
phase problems under equilibrium conditions. These problems are mostly used to
acquire some physical quantities on the interface between different phases or different
substances, such as the interface tension and the capillary pressure. In this chapter,
we consider the Cahn-Hilliard type equation not the Allen-Cahn type equation which
is more suitable for multi-phase systems in multi-component condition. The structure
of this chapter is shown as below.

First, we develop two SAV schemes to solve the single-component phase equi-
librium problem in three dimensional space. After that, based on thermodynamic
principles, by involving the mobility term, we give a new Cahn-Hilliard type model to
describe the multi-component two-phase equilibrium problem. Then, an SAV solver
is proposed to solve the developed model. All numerical results of the developed

scheme will be compared with the laboratory data.

17
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2.1 A single-component two-phase model

In order to study behaviours of oil substances in the equilibrium state, first, we
need to find an appropriate way to describe the single-component equilibrium be-
haviour. In this section, we will study the energy stable scheme of a single-component
two-phase model and we just consider about the one component case. The multi-
component problem will be discussed in the next section.

In [59], an Allen-Cahn type model was considered

on
o CAn ==
(2.1)
J ndx = N,
Q

0
where p, = ﬁ is the chemical potential, ¢ is the influence parameter calculated

on
by (1.4) while ¢ = j and f8;; = 0. p is a Lagrange multiplier to guarantee the mass

conservation of the system. It is an L?-gradient flow of
F :f fo + S|Vn|2dQ. (2.2)
Q 2
In our work, a Cahn-Hilliard type model is considered as follows
ng + cAn = Ay, (2.3)

which could preserve the mass conservation in a natural way.

Remark 2.1. We will use the periodic boundary conditions in this research.
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2.1.1 The SAV approach for a diffuse interface model with
Peng-Robinson EOS

A. Model reformulation

Considering Eq. (2.3), we use the SAV approach to reformulate it. The homogeneous

term of the free energy has the form

E, = Jﬂ F,dQ. (2.4)

We introduce the following term

T(t) =V Ep + Co, (25)

where () is a constant such that E, + Cy = 0. Therefore, the total Helmholtz free

energy (2.2) can be rewritten into the form
F= f g|Vn\2dQ + 1% — Cp. (2.6)
Q

By using (2.5), the original problem can be transformed into the following system
(1 = Ap;

= —cVn + (n);

.
=M ;
J VE, + G (2.7)

_ f (n)mad2
ry = n)n.ds2,
L ! 24/Ep+00 Qﬂb !

which can be further simplified into

r
ny + cA*n — ———Ayuy(n) =0,
! Ep + C(] Mb( )

(2.8)
ntdQ

1
rp= ————— n
t 9 %EvaOo Jﬂﬂb( )
This system has the following energy dissipation property, which could be proved in
a similar way as in [59].
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Lemma 2.1. The total Helmholtz free energy F satisfies the following energy law:

dF

- = ) 2.
dt JQ V/vaubdm ( 9)

d
Remark 2.2. (2.8) also satisfies the mass conservation EJ ndQ = 0 as in [506],
Q
so0 it is no need to add a Lagrange multiplier as for the second order model in [59].
B. Spectral discretization

In this part, we will give notations of some spatial operators for the spectral collo-
cation method on the three-dimensional space 2 = (0, X) x (0,Y) x (0, Z).

Let N, N,, N, be any positive even numbers, the N, x N, x Nj mesh ; of 2
can be described as the following nodes set (z;,y;, 2x), where z; = ih,, y; = jh, and
2y =kh, 1<i< N, 1<j<N,1<k<N,. hsz%,hyleyandhzzN%. We

define index sets

Jn={(i,,k) e N |1 <i< N,,1<j <N, 1<k<N.},
A N, N, N N, N N.
Jn = {(l 73— i1l = Wil <m< =Y _ZF1]<n< 2,

Then we define all the periodic grid functions on €2, as Fj, which has the following

form

Fy =A{f: Q — R|fixin, j4mn, kenn. = fijx, forany (i,7,k) € Jy and (I, m,n) € 73},
(2.10)
For any function f € F}j, we can define the following 3-D Fourier transform

f = Pf and the inverse Fourier transform f = P~'f by

A 1 21 2 2 A
fz,m,n = NxTyNz - Z fz’,j,k exp(—i%xi) exp(—z’ ?Wyj) exp(—i%zk), (l,m,n) € Ju;
(Z7]7k)e=]h
A 21 2 2
fijk = Z fimn exp(iyﬂxi) exp(i%yj) exp(i%zk), (i,7,k) € Jp.

(l,m,n)ej;L
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Let F), = {Pf|f € F,}. First order partial operators D, , ﬁy and D, are defined on

F, as follows:

([) f)lmn = (QZWZ)flmnv
(Dyf)l,m,n = (Qmﬂ-l)flmn7
([)zf)l,m,n = (Znﬂ-z)flmna

where (I,m,n) € Jy. Then the spectral form of second order partial operators can

be written as
D?=P7'D2P, D=P'D!P, D!=P'DP
Spontaneously, we can define the discrete Laplace operator Ay as
Anf = D§f+D§f+sz.
The inner product can also be denoted as

Ny Ny N,

(f g h_hihzhEZZZfZJk Gijk-

i=1j5=1k=1
2.1.2 A First order SAV scheme (SAV1)

In this section, we propose and analyze a first order SAV scheme. First, we assume

that the whole system is solved in the time interval [0,7"] and the space domain

T
Q = [0, X]3. For a given positive integer N;, we set the time step At as At = N
t

X
For a given positive integer N, we set the grid size h as h = N The first order SAV

scheme is constructed by using the spectral collocation method in space as follows:
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for 0 < s < N; — 1, find n**! € F}, such that

s+1 s s+1

ntt —n r
S A { Appp(n®) =0, 2.11
Al h AR (2.11)
psth s = L (pp(n®), 0 — n®),,. (2.12)
2 Ep(ns) + Cy
Solving n**! from (2.11) leads to
SHh= (14 AteA}) 'n® + At r (1 + AteA}) P Appp(n®) (2.13)
n*t = c n c n’). :
4 Ep(ns) + CO h hhe
Substituting (2.13) into (2.12) we can get the expression of 7*7! as
1
e+ (p(n”), [(1 + AteA) ™ = 1]n%),
rth = 2V Ey () + Co (2.14)
A7 : :

1— 1+ AtcAi)*lAhub(ns))h

2(E,(n°) + Cp) (p(n®), (

In order to get n™!, we need to solve (2.14) to get r**1 firstly. Then we substitute

r**1 into (2.13) and get n**!.

Theorem 2.1. The first order SAV scheme (2.11)-(2.12) is unconditionally energy

stable, meaning that for any time step size At > 0,
3 B <0, (2.15)

Proof. First, we consider the discrete form of (2.7)

n -n
Al = App*t
k+1 _ —cA ns+1 + T.s+1 s.
< ,u h /7E; T Co;uba (216)
7,.s+1 e B 1 ( . ns+1 _ns)
N I AN
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Then we take the discrete inner product of the first two functions of (2.16) with p**!,

ns+1 —ns

At

Then we can get

respectively and multiply the last function of (2.16) with 2r**1.

( s n8+1 —ns . .
(M +1’ T)h — (Ah,u +17M +1)h;
nstL — ps nstl — ns pstl nstl _ ps
e e e e
< At dt \/m At
2r8+1rs+1 - _ pstl ( k nstl — ns)
At - Hy AL h-
\
(2.17)
According to (2.17), we can get
s+1 S s+1 s
A s+1 | s+1 — (—cA s+1 T n 2s+1 r
( hlb y 1 )h ( CARN ,—At )h"‘ r A7
1
= E[(*CA}LHS—H’ n8+1)h o (*CAhTLS, ns)h + (*CAh(TLS—H o ns)’ nS_H _ ns)h]
1 s+1\2 s\2 s+1 S\ 2
+Kt<(r ) = () + (T —1r%)%)
= i(ﬁ’k—i-l . Flc) 4 L[(_CAh(ns—&-l . TLS) ns+1 - n5)h + 2(7’5+1 . TS)Q]
At IAL ’ )

(2.18)

Note that Ay, is a non-positive symmetric operator. So from (2.18), we conclude that
Frl_ Fe<.

O

Theorem 2.2. The first order SAV scheme (2.11)-(2.12) can preserve the total mass

of the system as follows

N N N N N N
nSthd = ns . ho. (2.19)
IIPILH LD WIPIL



CHAPTER 2. ENERGY STABLE SCHEMES FOR THE EQUILIBRIUM
PROBLEM OF HYDROCARBON SUBSTANCES PhD Thesis

Proof. From (2.11), we can get

s+1 ns s+1

AR zyk gk, 3 A A2 1 r 3
22 0 Ry = 2 2 Dl eBini e Snan (IR

i=1j=1k=1 i=1j=1k=1

(2.20)
Under the periodic boundary condition, we can find that the right hand side of (2.20)

equals to zero. Thus we have

N N N N N
PIIDILIOEDIPIPN L (2:21)

i=1j=1k=1 i=1j=1k=1

2.1.3 A Second order SAV scheme (SAV2)

In this section, based on the Crank-Nicolson (CN) method, we construct a second-
order SAV scheme as follows

For 0 < s < N, — 1, find n**! € F}, such that

s+1 _ s s+1 s
AT ) - —= Aty =0, (2.22)
o 1
2By (2*3) +
Pl s (Mb('flSJr%), (ns+1 . ns))h, (2'23>

. 1
2\/Ep(ﬁs+%) + Co

where 7°*2 can be regraded as an explicit approximation of nsts. However, due to
the highly nonlinearity of the Helmholtz free energy from Peng-Robinson EOS, it

has a strictly constraint on the time step At using the explicit approximation. So

[N

we employ the following equation for solving n**

~gt L
ns+2 _ 7’L

—At/2 = —cAn stz 4 Appip(n®). (2.24)
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Then solving n*! from (2.22) leads to

sl s

: (14 ALA2) Ay (R*F2).
2\/Ep(fl8+§) + Cy

1 1
nt = (1+§AtcAi)—1(1—5AtaA,%)nS+At

(2.25)

Substituting (2.25) into (2.23),

s+1 1 1
Pt =[r® + ( (n 1 ) (1 + At§cAi)—1(1 — AtﬁcA,%) — 1]n°At),
2\/Ep(ﬁ5+5) + Co
s o5+t
At ub(?’i 2)
AE,(7**3) + Cy

(L4 LAl A7)/ (2.26)

ﬁs-&-% 1 A 1
[1 — (At4E l;;(s+1) j_ C s (1 -+ AtéCAi)_lAh/ubb(ns+2))h].
P 2 0

In order to get n®"!, first, we need to solve (2.26) to get 7**!. Then we substitute

r**!into (2.25) and get n®!.

Theorem 2.3. The second order SAV scheme (2.22)-(2.23) is unconditionally energy

stable, meaning that for any time step size At > 0,
F5H— B2 <. (2.27)

Proof. First, we consider the discrete form of (2.7)

C s+1 s
_EAh(ns-‘rl + ns) + r +r Astl
; 2By + o (2.28)

— S 1 s+1

At 2\/Ep(ﬁs+%) e

n —nNn

A

(1 (7*%)

\

Then we take the discrete inner product on the first two equations of (2.28) with

ns+1 —ns
s+3 and ——— respectively and multiply r**1 + 7 with the last equation. We

H At
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can get

5 C S S
s+§)h _ (—§Ah(n 1y )’

{ 7nerl + s As+ nerl —ns (229)
T (:ub< )7 At )hv
2\/Ep(ﬁs+5) + C

(7,54—1)2 _ (T‘S)Q B TS+1 4 S n5+1 —ns

(o (R72), ).
At 2\/ E,(7s*2) + Cy At

\

According to (2.29), we can get

(AhMH%,Mﬁ%)h — (‘%Ah(nsﬂ + ), ”SHA; ns)h n (”’SH)QAt (r*)?
. ) (2.30)
_ A_t(Fs—i-l — ),
Note that Ay is a non-positive symmetric operator, so we have
FH B <.
O

Theorem 2.4. The second-order SAV scheme (2.22)-(2.23) can preserve the total

mass of the system as follows

N N N N N N
Z Z Z fj}gh?’ Z Z Z ”f,j,khg- (2.31)
=1 j=1 k=1 »

The proof of mass conservation is similar as that of the first-order SAV scheme.

Here we do not show details of the proof.

Remark 2.3. For both first order and second order SAV schemes (2.11)-(2.12) and
(2.22)-(2.23), we only need to solve linear systems with constant coefficient at each
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time step. This is very different from the IEQ) scheme, which has the variable coeffi-

cient. Constant coefficient makes it possible to use the fast Fourier transformation to
solve the linear system. This will greatly reduce the computational cost in numerical

stmulations.

2.1.4 Numerical experiments

A. Convergence test

Numerical experiments are designed in two dimensional space to demonstrate the
temporal accuracy of presented SAV schemes. For the initial configuration, we
adopt the case of single droplet. The liquid density of isobutane under a satu-
rated pressure condition at the temperature 350K is imposed in the square subre-
gion, and a saturated gas of isobutene under the same temperature is full of the
rest of the domain. In this part, in order to test the convergence of the schemes,
we choose a smooth initial value. The refinement test is performed with time steps
At = 2 x 10741 x 10745 x 107°,2.5 x 107°,1.25 x 10~® for both first and sec-
ond order schemes, and the solution obtained by second order SAV schemes with
At = 1.25 x 107° is selected as the benchmark solution for computing errors. The
space is discretized by using the spectral method on the uniform 1024 x 1024 mesh
of the domain €2 to remove the effect of errors from spatial discretization. We define

the relative error by

|75 — |

, (2.32)
|||

Error =

where n, is the benchmark solution and ny is the numerical solution on €2;,. Table
2.1 lists relative errors and convergence rates of numerical solutions at ¢t = 0.05 with
different time step sizes. It is obvious that both first and second order schemes
show expected accuracies. In addition, the second order scheme gives much better

accuracy than the first order one.
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Table 2.1: Relative errors and temporal convergence of approximation solutions for
first order and second order SAV schemes (SAV1 and SAV2) on a 1024 x 1024 uniform

mesh

Time Step SAV1 SAV2
Error Order Error Order
2.0E-4 9.375E-6 - 5.1336E-6 -
1.0E-4 4.9342E-6 | 1.022 | 1.316E-6 | 1.9552
5.0E-5 2.5969E-6 | 1.012 | 3.3751E-7 | 1.9764
2.5E-5 1.3667E-6 | 1.007 | 8.654E-8 | 1.9964
1.25E-5 7.193E-7 | 1.002 | 2.219E-8 | 2.0375

B. Scheme verification

In this section, we simulate the separation of two phases of isobutane (nC4) at the
temperature around 250K to 350K. First order SAV scheme (SAV1) and first-order
convex splitting scheme will be compared in this experiment. The computation
domain is a two-dimensional area Q = (0 x Lp)?, and Lp = 2 x 107® meters. In the
two-dimensional simulation, the discrete domain has 200 x 200 uniformed rectangular
meshes. The time step is 107

Firstly, Fig. 2.1 shows the evolution of the solution of SAV1. The initial condition
is to impose the liquid nC4 under the saturated steam pressure at 350K in the region
of (0.3Lp,0.7Lp)?. The rest of the domain is filled with the gas nC4 under the same
external condition. It is obviously that the gas-liquid interface formed within the
whole process and the shape of the liquid drop becomes circle finally. This process
meets well with the classical convex splitting scheme in the literature, as in [17] and
[56].

With the same initial value and boundary condition, it can be referred from Fig.
2.2 that when the system reach to the stable state, both schemes give similar results.
The two curves meet very well. However, the calculation time of the SAV scheme is
much smaller than that of the convex splitting scheme. Fig. 2.3 shows CPU times of

two schemes on different meshes. It is clear that SAV1 is much more efficient than
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Figure 2.1: The evolution history of solutions of SAV1 from a single droplet.

t=100

the convex splitting scheme in this simulation.
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Figure 2.2: The comparison between results of the SAV1 and the convex splitting
scheme (the 1D cross section of the final state).

Then, we compute another benchmark problem to test the feasibility of algorithm.

In this problem, the computation area is still {2 and this time we put four square
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Figure 2.3: CPU times of SAV1 and the convex splitting scheme on different meshes.

liquid drops in the middle of the gas region. Theoretically, firstly, the four drops start
to go through the same progress as the single drop case. Then, when their shapes
become round, the interface of the drops will contact with each other. Under the
force of the surface tension, physically, these four liquid drops will become one big
drop. As we can see in the Fig. 2.4, our numerical results can perfectly reproduce

this phenomenon.
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Figure 2.4: The evolution history of solutions of SAV1 from four droplets.
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C. 3D simulation

The efficiency and accuracy of presented SAV schemes have been verified. Now we
use the second order SAV scheme (2.22)-(2.22) for three dimensional simulations
to compare with laboratory data. The whole domain can be represented by 2 =
(0 x Lp)®. A uniform mesh is of 200 x 200 x 200 grids and the time step is taken
as At = 0.0001. In the initial condition, the liquid phase of nC4 is imposed at
350K in the region of (0.3L,0.7L)3, and the rest domain is full of nC4 in gas phase.
Here initial values of the liquid molar density and gas molar density are 8878.893849
mol/m? and 403.172584 mol/m?, respectively. Fig. 2.5 shows the evolution history
of the solution which describes a cube liquid droplet turning its shape into a perfect
ball shape by the force of the surface tension. The 3D simulation only takes a few
minutes to reach the final state.

Fig. 2.6 shows the evolution history of the total energy and total mass of the
system that solved by SAV2. An obvious dissipative trend has been observed during
the evolution history of the total Helmholtz free energy, with a sharp decline at the

start and gradually flat in the later time. In the mean time, the mass conservation



CHAPTER 2. ENERGY STABLE SCHEMES FOR THE EQUILIBRIUM
PROBLEM OF HYDROCARBON SUBSTANCES PhD Thesis

200

150

100

50
200

150

100

200

100
50
200
150 200
150
100 100

t=1

200

150
100
50
200
150 200
150
100 100

50 50

t=2000

200

150

50 50

150

150

t= 1000

200
150
100 100

50 50

t= 3000

200

150
100

100

50 50

Figure 2.5: 3D simulation results of the evolution of nC'4 at 350K.

property has also been maintained during the whole process. Here, the mass is

represented by molar density. Assuming that the volume of the droplet does not

change with time and that the steady state droplet has a perfect circular shape, we

make the comparison between the surface tension (N/m) obtained by the numerical

experiment and the data from laboratory. Also, we make the comparison between

the capillary pressure (Pa) calculated from numerical results and the Young-Laplace

method. The surface tension is the net contractive force per unit length of the
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Figure 2.6: The evolution history of the total mass (mol/m?) (Left) and the evolution
history of the total free energy (Right).

interface which has the following form

— F(n) — i(ninitial)’ (2.33)

where A is the cross surface area of the liquid droplet. In our 3D simulation, the

volume of the liquid droplet is
4 3 3
Vy = 3 = (0.4 x Lp)°. (2.34)

After evaluating r from (2.34), we could get A = 47r?. In the previous work, Qiao
and Sun [59] set the radius of the liquid drop under the assumption that the volume
of the drop does not change all along the experiment. This assumption comes from
the sharp interface theory. In the same way, Li et al. [43] used the same method
to calculate the surface tension. On the other hand, our numerical experiment is
based on the diffuse interface theory. When we calculate the cross surface area of the
droplet, the thickness of the interface needs to be considered. The determination of
the width of the interface L is illustrated in Fig. 2.7. So we could get the cross surface
area of the droplet as A = 47(r + £)2. We can see from the left figure in (2.8), the
difference between the surface tension trend calculated by the steady state of (2.23)
and the experimental data, which comes mainly from modeling errors, is much better

than that in paper [43] due to the improvement on surface width treatment. That
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Figure 2.7: The width of the interface.

makes our result more acceptable from the engineering point of view. Therefore, we
could calculate another physical quality, capillary pressure, which is also of major
concerns in two phase flow problems, based on the value of surface tension provided
by the fourth-order parabolic equation. The relation between the surface tension o
and the capillary pressure, Pg, could be represented by the Young-Laplace equation

in the form as

20
PC = Pliquid - Pgas = T (235)

Here the thermodynamic pressure for the liquid Pjguq or the gas Py, is defined by
(1.1). Based on this formula, we could obtain the capillary pressure by applying the
previously calculated value of the surface tension divided by radius, and depicted by
the right figure in Fig. 2.8. It could be observed that, the capillary pressure obtained
from our method and the previous literature are in nice agreement, which guarantees

the reliability of the model (2.3) and our proposed numerical schemes.

2.2 A multi-component two-phase flow model

It is well known that, in the oil exploration and oil gathering problem, the multi-
component and multi-phase problem is an unavoidable problem. For this kind of

multi-component problem along with Peng-Robinson EOS, Fan etc. [18] proposed a
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calculated from the numerical results and the Young-Laplace method (right).

component-wise convex splitting scheme. However, during the numerical experiment,
we found the model in their multi-component model is very sensible with very strict
space time grid. As a result, we modify their model by involving the mobility term.
After that, we use the SAV approach to solve the multi-component multi-phase

system.

2.2.1 A diffuse-interface model of multi-component flows

While modeling the multi-component system, the mobility tensor is a significant
element to be considered. Mobility, which is a variable defined in phase field models,
plays an essential role to keep the developed model consistent with thermodynamic
laws. The mobility matrix M shall be symmetric and positive semi-definite so that
Onsager’s reciprocal principle and the second law of thermodynamics are satisfied.
Different methods have been proposed to model the mobility tensor, which could
be summarized into three types. The first one is to define mobility as a diagonal
matrix with positive diagonal elements, which satisfies the above two principles, and
is convenient to implement. Only the diffusivity of each component is considered,
so that the mobility tensor could be represented simply as: M;;. The second one is

to take mobility matrix as a full matrix, and we have two tensors M;; and M;;. It
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should be noted that the mole mean diffusivity matrix D has properties with matrix

elements D;; = 0 and D;; > 0. The third one is to use mass mean diffusivity instead
of mole mean diffusivity. In this section, inspiring from the first choice of mobility,
we propose a new multi-component two-phase diffuse-interface model in order to use
certain fast calculation approaches.

We now formulate a thermodynamic consistent mathematical model to describe
the multi-component two-phase flow based on Peng-Robinson EOS, which is widely
used in practice especially in petroleum industry, as it can accurately represent the
thermodynamic properties of hydrocarbon mixture in the multi-phase fluids flow with
the capability of handling large set of components and a large range of environment
conditions. As a start, we model the flow under an isothermal condition, i.e. with a
constant temperature.

The general framework we choose here is still Cahn-Hilliard type model. This
is because when we consider the multi-component problem, Allen-Cahn type model
can not describe the multi-component mixture. The multi-component Cahn-Hilliard

model with Peng-Robinson equation of state can be written as the following form

ﬁni
ot

+V-J; =0,

- (2.36)
Ji= = MV,
=1

for i = 1,2,...,m. Here n;, J; and p; are the molar density, the diffusive flux and
the total chemical potential of the i-th component, respectively. M = (M;;)pmxm 18
the mobility tensor, which should be symmetric and at least positive semi-definite
(and in most cases, strictly positive definite) to satisfy Onsager’s reciprocal principle
and the second law of thermodynamics. In [35], Kou and Sun introduced several

approaches to form the mobility term. In our work, we give a new approach of
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M by using a diagonal matrix with positive diagonal elements to meet the above

requirements. We set

N
D; Ty

RT "’

M;; = i=1,2,--,m, (2.37)

where N? is the total particle amount of the i-th component at the initial state and
2] is the calculated volume (area in 2D). R stands for the universal gas constant
and D; > 0 is the diffusion coefficient of component 7. Therefore, the diffusion flux
can be written as

NP
Di@

Ji = —ﬁvm,

i=1,2,--m. (2.38)

We need to mention that the above modeling of mobility by a diagonal matrix allows
us to design certain fast calculation numerical schemes (such the SAV scheme studied
in this thesis) because of its constant coefficients.

Using the mobility (2.38), the origin problem can be rewritten as

on;
LV =0,
ot (2.39)
Ji = =MV,
fori =1,2,--- ,m. The total chemical potential of the i-th component u; as used in

(2.36) has the bulk contribution f,; and the gradient contribution fa ;:

m

fi = Poi — PAag = Hbi — Z ¢ijAng, (2.40)
j=1

where the influence parameter c¢;; is usually assumed to be a constant and its ex-
pression we have already given in (1.4). The bulk part p;,; is the derivative of the
bulk Helmholtz free energy density f;, with respect to n;. The expression of f, in
Peng-Robinson EOS case can also be found in (1.2). The Helmholtz free energy of

the total system are defined as

F = F, + Fo, (2.41)
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where

Fb = JQ fb(n)dx,

o (2.42)
FV = 5 JQZZCUVHZ : Vn]d:c
(]

Next, an SAV scheme will be introduced to solve (2.39) for multi-component two-

phase fluids flow problems.

2.2.2 The SAV approach of the multi-component model with
Peng-Robinson EOS

A. Model reformulation

Considering the multi-component two-phase model (2.39), we use the SAV approach

to reformulate it. First, we introduce V(¢), which has the following form

V(t) = \/ Fy+ i Cr.N?. (2.43)

i=1

Here, Cr; > 0 is the thermodynamic coefficient of component i to ensure Fj +
Z?ll Cr;N} = 0, and we need to choose the Cr; based on the temperature 7' but
independent of the molar density. One thing we would like to mention here is that
Fy is always larger than 0 during all numerical experiments we carried out for real

substances. Using V() to rewrite the chemical potential, we can get

V(t) S
;= i — Y ciiAn;. 2.44
Jus \/Fb n Z:,ll OT,iNZ‘t b, Z J J ( )

j=1
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With this, the origin system (2.39) changes to for i = 1,2,....;m
ony;
L — M A
at K1 MZ?
V() N
i = i cijAng,
8 VF+ 20 CriN| . ; T (2.45)
v _ 2 J [,i on; .
ot i=1Y8 2\/Fb + Z;nzl CT,]'N; ot

The total energy F can be reformulated as F' = Fy + V2. The following energy

on;

law can be easily obtained by integrating the three equations in (2.45) with p;, %

and V, respectively and using periodic boundary conditions.
Lemma 2.2. The total energy F' satisfies the following energy law:

dF

i=1

Remark 2.4. (2.46) implies that the energy I is non-increasing in time. It is easy to

d
get that (2.45) also satisfies the mass conservation af nder =0, =12 ..m.
Q

B. Notations of spectral discretization

For the space discretization, we still use the spectral method. In the previous section,
we have introduced the 3D form of the spectral discretization. Under the same
principle, in this section, we will give notations of some spatial operators for the
spectral collocation method on the two-dimensional space 2 = (0, X) x (0,Y).

Let N,, N, be any positive even numbers, and the N, x N, mesh €}, of €2 can be
described as the following nodes set (z;,y;), where z; = ih,, y; = jhy, 1 <i < Ny,
1<j <Ny hy= N%,hy = N% We define index sets

Jn={(i,j) e N*|1 <i < N,,1<j <N, 1<k},

. N,
Jh={lm)eZ* - = +1<I<

+1<m<
2

)

}.

vo| 2

Ny Ny
2 2
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Then we define all periodic grid functions on §2;, as F},, which has the following form

Fp={f:0,— R‘fiJrlNz,jerNy = fij, foramy (i,j) € J, and (I,m)e ZQ}-

For any function f € F}, we can define the following 2-D Fourier transform

f = Pf and the inverse Fourier transform f = P~1f by

. 2mm -
fl7m = Z fz] GXp )eXp(_Z Y ')7 (lam) € Jh;
(4,7)€Jn
2mm .
Z flmexp )eXp<ZTyj)7 (%.]) € Jh-

(l m)EJ},

Let F), = {Pf|f € F),}. First order partial operators D, and ﬁy are defined on F),

as follows:

(Do = T fi: Dy =

2mm A

)flma ( )eJh-

Then the spectral form of second order partial operators can be written as
D?=P'D:P, D?=P7'D?P,
We can define the discrete Laplace operator Ay as
Anf=Dif+Dif.
The inner product can also be denoted as

Nx Ny

= B2h2 YN fig Gig-

i=17=1
2.2.3 An SAV-CN scheme

In this work, we consider a two-component model with Peng-Robinson EOS. We

solve the system in the time interval [0, T] and the space domain = [0, X]?. For a
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T
given positive integer N;, we set the time step At as At = —. For a given positive
t

X
integer N, we set the gride size h as h = N An SAV-CN scheme of the system

S

(2.39) is constructed by using the spectral collocation method in space as follows:

for 0 < s < N; — 1, find n**! € F}, such that

s+1 s

n, -~ —n; s+1/2
et = My,
At hi;
s+1/2
‘?’H/Q———Ec Ans+1+An) (VP4 ve),  i=1,2
H 1 i (B 2]F1/2 e (2.47)
j=
lus+1/2
s+1 s __ b,j s+1 s
vV 2(2F3+1/2’nj _nj)h’
j=1

where Fs+1/2 = \/Fb(ﬁf“/Q, 1ip T2+ 377 CpaN! and 11;°7Y2 can be regarded as

s+1/2

an explicit approximation of n; " '°. However, due to the high nonlinearity of the

Helmholtz free energy from Peng-Robinson EOS, it has a strict constraint on the

time step At using the explicit approximation. So we employ the following equation
for solving 7,°*1/2

s 2
= Milnpy, — > cigApni*2, i =12,

j=1

(1/2)&

A 1/2
nis+ /

Due to ¢;; = ¢j;, we can have the following property
2

(Z cijAn(n; st ns 3n s+l = 2 il ( S.H, nsth), — — (Apnj,ni)nl, i=1,2,

J=1 J=1
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Using this property, we multiply three equations of (2.47) with Atus*1/2, ni ™2 — ps
and V1 + V* respectively, and then get for i = 1,2
(/“Lf+1/27 nf+1 - nf)h :(AtﬂfHﬂ’ MiiAhM:+1/2>h7
12
( f+1/2,nf+1 ng) 5 2 zy Ahn8+1 +A n) s+1 nf)h
s+1/2 (248)
s+1 S s+1 s
+(2F1/2 (V+ +V) + ni)h,
2 Ius+1/2
(VS+1)2 * (Vs)Q _ Z(2FS+1/2 (VS—H + Vs) s+1 nf)h
7=1
Then
2 122
Z(Atﬂerl/QaMiiAh,uerl/Q _ 52 2 ¢ij Ahnerl s+1) (Ahn], n ) ]+(VS+1)2—<VS)2.
i=1 i=1j=1

In the mean time, we define the modified discrete total energy at time level s as

1 2 2
522 i (Apnd,nd), + (V)2

The operator Ay is negative definite, so it is now clear that the following theorem

holds:

Theorem 2.5. The second order SAV-CN scheme (2.47) is unconditionally energy

stable meaning that for any At > 0 we have
Fstl — F2 <0,

Remark 2.5. The following mass conservation property of (2.47) is easy to be ob-

tained:
Ns N Ns N
s+1712 s 1,2 _
YIDNTIED 3) SR
i=1i=1 i=1i=1
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2.2.4 Numerical experiments

In this section, we carry out numerical experiments with proposed SAV-CN scheme.
The numerical experiments are designed in two dimensional space with the mixture
consists of methane (C'H,) and n-decane (nCioHae). In the following numerical
example, the temperature we choose is 450K. The computational domain is set as a
square area ) = (0, Lp)? with Lp = 2 x 1078 meters and 200x200 mesh grids are
used. The time step At = 10~%. Initial values of methane and n-decane are shown
in Table 1.1. The initial condition is to impose the liquid phase of the substances
under the saturated steam pressure at 450K in the region of (0.3Lp,0.7Lp)% The
rest of the domain is filled with the mixture of the gas phase of the substances under

the same external conditions.
A. Distributions of the molar density and other properties

Obviously, at the initial state, there exists a jump in molar density between two
different phases. During the simulation, the square corners will be changed into
round circular corners at the equilibrium state by the surface force. The molar
density distributions (Figs. 2.9 and 2.10) evolution of methane and n-decane match

well with those from the component-wise convex splitting scheme in [18].

2 2

w w

@ a

. . .
120 20

o w0 0

(a) (b) (c)

Figure 2.9: Molar density distributions of methane at different time: (a) t=0, (b)
£=500, (c) t=1500.
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Figure 2.10: Molar density distributions of n-decane at different time: (a) t=0, (b)
£=500, (c) t=1500.

The mass evolution of each phase in the process are illustrated in Fig. 2.11, which

verify the mass conservation property of our scheme.
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Figure 2.11: The mass evolution of the methane (left) and n-decane (right).

Fig. 2.12 shows the evolution history of the total Helmholtz free energy. It
has been confirmed that an obvious dissipative trend is shown during the evolution
history of the total Helmholtz free energy, with a sharp decline at the start and
gradually flat in the later time. This energy evolution trend meets well with the

second law of thermodynamics, which indicates the energy dissipation nature.
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Figure 2.12: The energy evolutions of the system.

B. Calculation of the interface tension

The interface tension formula has been given in (2.33). When we calculate the cross
surface of the liquid droplet area A, the thickness of the interface needs to be taken
into consideration. Furthermore, in the multi-component case, the diffusion of liquid-
gas interface may be different between substances. This could be observed in Fig.
2.9 and Fig. 2.10. It is natural to determine A by the weighted mean of the area of

different substances
A = 2 wiAi,
i

where w; = ZLN and A; represents the area of the i-th component. Here, we have

two different approaches to get the area A;.

Method 1. This method is same as the one we discussed in the single-component
case. Which can be shown in Fig. 2.13(a) (here we use the methane as an example).
In this approach, we implicitly assume that the volume (area in 2D) of the liquid
droplet is conserved.

Method 2. In general, the volume (area in 2D) of the liquid droplet may not be
conserved exactly during the process of the interface formation. Without having to
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Figure 2.13: The width chosen of the interface: (a) Method 1; (b) Method 2.

assume the conservation of the liquid droplet volume, we provide another approach
to get the radius of the droplet, which can be found in Fig. 2.13(b). Here, we set
the distance from the middle point of the interface to the middle point of the pure

liquid droplet as the radius to get the area A;.

= Laboratory data

=©=Results in [6]

== Results by Method 1
Resuls by Method 2

Interface tension (mN/m)

25 L L L L L L L L
100 120 140 160 180 200 220 240 260 280

Temperature (F)

Figure 2.14: Comparison of interface tension between the laboratory data and the
numerical scheme.

Fig. 2.14 shows interface tensions calculated by these two approaches. At the
same time, the laboratory data and previous results in [18] are also marked. We can
see that interface tensions from our methods are much better than those in paper [18]

due to the involving interface width. It is now acceptable from the engineering point
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of view. We also find that the difference between the two approaches of getting the

interface area is relatively small. This is because when the real substances especially
the hydrocarbon matters are involved, the density of the liquid phase is usually
larger than the density of the gas phase. When these two phases contribute same
mass to the interface, the gas phase will lose much more volume than the liquid phase.
Generally, this reflects to the fact that the volume of the liquid phase experiences
a small change during the interfacial formation. Until now, we have preliminarily

constructed a framework to solve the hydrocarbon system in the equilibrium state.

2.3 Chapter summary

In this chapter, we have proposed Cahn-Hilliard type models with Peng-Robinson
EOS for both single-component and multi-component hydrocarbon two-phase equi-
librium problems. For the single-component equilibrium problem, two SAV ap-
proaches have been proposed in order to describe the molar density distribution
and calculate physical quantities on the interface. For the multi-component equi-
librium problem, first, we develop a new multi-component diffuse interface model
with Peng-Robinson EOS by adding the mobility term on the previous model, which
is physically consistent. Then SAV approach is employed to develop an efficient
second-order accurate numerical scheme for solving the investigated model. Energy
stability is derived in the sense that the modified discrete energy is nonincreasing in
time. Moreover, our numerical results agree better with the laboratory experimental

data compared with existing results in the literature.



Chapter 3

The Lattice Boltzmann method for
the hydrocarbon fluid system

In this chapter, the aim of our research is to use the Lattice Boltzmann method
(LBM) to solve hydrocarbon fluids flow problems. When we consider the porous
media flow problems with complex boundary conditions, which often occurs in the
oil exploitation process, the LBM has many advantages and this work is the first at-
tempt to develop effective LBMs for multi-phase flow problems with Peng-Robinson
EOS. To be simplified, we concern about the single-component fluid case. The frame-
work of this chapter can be shown as follows. First, we verify the efficiency of the
LBM on the equilibrium problem, which is the degenerate problem of the fluids flow
problem. Here we choose the Allen-Cahn (A-C) type model to describe the single-
component two-phase equilibrium problem and we use the single-relaxation-time
LBM (also called Bhatnagar-Gross-Krook (BGK) method) to simulate the proposed
model. Next, we introduce a fluids flow model which combines Peng-Robinson EOS
and Navier-Stokes equations and we use the multiple-relaxation-time (MRT) LBM
method to simulate the fluids flow model. We will compare our numerical results

with the laboratory data and results in the literature.

48



CHAPTER 3. THE LATTICE BOLTZMANN METHOD FOR THE
PhD Thesis HYDROCARBON FLUID SYSTEM

3.1 LBM for the Allen-Cahn type equilibrium phase
problem with Peng-Robinson EOS

3.1.1 Derivation of the Allen-Cahn type phase equation

The A-C type phase equation for i-th component is given as follows[18, 59],

5ni -

o = Z cz-jV2nj - ubﬂ'(n),i = 1,2, e, Mm. (31)

j=1

It is well known that the above A-C equation does not conserve the volume. To
enforce this conservation property, a Lagrange multiplier is introduced in this equa-
tion. Besides, for convenience of presentation, our numerical scheme is developed
based on the single-component two-phase system, which also can be extended to
multi-component case. Then, the modified A-C type phase equation is expressed as

follows,

on(x,t)

Er kVon(x,t) = C(t) — u(x,t),x € Q, (3.2)

f n(x,t)dx = N, (3.3)

where £ is the single component influence parameter, ((t) is the Lagrange multiplier.
Through selecting proper initial and boundary conditions, together with a specified
bulk chemical potential y,, the above PDE has a unique solution [59].

The strong nonlinearity in the source term of the above PDE and the quite small
values of k gives rise to a great challenge of the numerical simulation. In the following
section, we will develop an efficient LBM for the above nonlinear A-C type phase
equation, and the definition of ((t) will be discussed in detail.

In fact, the LBM can be viewed as a special finite difference (FD) scheme for
the following continuous Boltzmann equations with discrete velocity space e;(i =

1,2, ..., N)[24],
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0 i X,t 1 e
09i%,t) +¢; - Vgi(x,t) = ——(gi(x,t) — g:(x, 1)), (3.4)
ot T0

where N is the number of different velocities in this model, g;(x,t) is the discrete
distribution function at site x and time ¢ moving with speed ¢ along the direction
e; and ¢; = ce;. g;!(x,t) is the local equilibrium distribution function depending on
the macroscopic variables, and 7y represents the relaxation time toward the equilib-
rium distribution. This model reflects that the distribution function relaxes to the
equilibrium state with collisions.

If we use the first order forward difference scheme to discretize time derivative
term, use the up-wind scheme for the spatial gradient term and use a downwind

collision term, we can get the following FD scheme for Eq. (3.4),

1 €
gi(x, 1+ 6t) = gi(x, 1) — afgi(x,t) — gi(x — Dy, )] - ;[gi(x —D;,t) — g;'(x — Dy, t)],
where, D; is the spatial displacement of the i-th discrete velocity, a = dt|c;|/|Ds| ,

and 7 = 719/dt is the dimensionless relaxation time. If a« = 1, i.e. D; = ¢;dt, the

following standard LB equation can be got,

%[gz‘(x, t) — gi'(x,t)].

gZ‘<X + Ciét, t+ 5t) = gl‘(X, t) —
The key element in applying LBM for different problems is the equilibrium distri-
bution function. In fact, different physical problems can be solved by LBM provided
that a proper equilibrium distribution function is used. The general form of the
equilibrium distribution function can be written as [68],
e CZ"B C+2D— 1 (GG — 21
oo B (CHED0D): (e

2 4
cs 2c;

)

],
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where, I is the unit tensor, ¢ stands for scalar parameter, such as density p, temper-

ature, or species concentration, B and D are the known differential functions of ¢,
and C is a tensor function of ¢, which is used to remove some additional terms in the
recovered macroscopic equation. Besides, w; are weights and ¢, is the so called sound
speed, being related to the particle speed ¢ and w; by >, wic;c; = 21, and they all
depend on the lattice model used, where ¢ = dx/dt and dz is the lattice spacing.
By means of the multiscale Chapman-Enskog analysis [68], one can see that the

above LB method is used to solve the following convection-diffusion equation:
0p+V-B=V-(aV- D),

where « is the diffusion coefficient.

Following the above idea, we can get the LB method for Eq. (3.2) as follows,

Lo t) — g(x.t)] + 6tR(x.1),  (3.5)

gi(x + ¢;0t, t + 0t) = g;(x,t) — —
-

where the local equilibrium distribution function g;?(x,t) and the distribution func-

tion for source term R;(x,t) are defined as,
gieq(x> t) = win(xa t)a

Ri(x,t) = wi(C(t) — p(x,1)).

By the definition of the above distribution functions, the moment conditions can
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be computed explicitly provided the following lattice symmetries,

( N
Z W = 17
=1
y 2 2
Z w;C;C; = CSI = 085”,
i=1

N
Z w;c; = 0,
i=1
< 1
N
Z w;c;c;c; = 0,

i=1
N

Z w;c;c;c;c;c; = 0,
i=1
N

Z w;C;C;C;C; = CgA = Cg(dij(skl + 5ik5jl + 6zl(5]k>

\ =1

(3.6)

Therefore, the moment conditions are:

(S 0t) = Talxt) = ()

N
Z Cigieq(xa t) = 07
=1

(2

cicig:l(x,t) = An(x, t)I,

DM=Ip=

~
Il
—

(3.7)
Ri(x,1) = u(t) — polx, ),

CiRZ‘(X, t) = 0,

1=

~
Il
—

cicilti(x,t) = c3(u(t) — mo(x, 1)L

M=

,

<.
Il

—

In general, the DnQm lattice model (n dimensional m velocity), which is proposed

by Qian et al [58], is widely used in the LB method. In Table 3.1, several popular

DnQm models are presented.

3.1.2 Chapman-Enskog analysis of the present LBM

The basic idea behind Chapman-Enskog expansion is to separate the physical time

and space as well as distribution function into multiple scales with respect to a small
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Table 3.1: Parameters of some DnQm models.

model lattice vector e; weight w; c?

D1Q3 0, +1 2/3,1/6 1/3

D2Q9 (0,0),(£1,0),(0,+1), (£1,£1) [4/9,1/9,1/36|1/3
(0,0,0) 1/3

D3Q15 (£1,0,0), (0, £1,0), (0,0, £1) 1/18 1/3
(£1,£1,0),(£1,0, £1),(0,£1, £1) 1/36

parameter ¢ (its value is proportional to Knudsen number Kn). Physical proper-
ties of the macroscopic variables are automatically separated into the corresponding
different scales.

The distribution function can be expanded in terms of ¢ as

(0) (1)

2
9 =g, +¢&g; 2

+elg 4+,

(0

where g, ) is distribution function at the equilibrium conditions, equal to g%, By

summing the above equation with respect to i, it leads to,

N N
Z Z +8gz +52gfz) .
=1 =1

From Eq. (3.7), the other expanded term in the above equation should be zero, i.e.,

N
Mg =0k=1
i=1

Generally, the time ¢t and space x are scaled in the following way,
X = e_lxl,tl =¢ct,ly = e%t.

In this representation, xi, t; describe the linear regime, or the fast convective scale,
whereas t, is in charge of the long term dynamics, or slow diffusive scale. Noticed
that the solved Eq. (3.2) is a diffusion equation with source term, in order to keep

both sides of the equation at the same order of magnitude, the time ¢ should be
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scaled by 1/€2, i.e., t = £ 2t5. Thus, we assume that the source term ¢ — y can be

expanded as follows,
¢ —pp = (¢ — ).
The above multiscale representation induces a corresponding representation of

the differential operators:

o L0
g—e’i %,V—Fivl,

Using the above multiscale Chapman-Enskog expansions, by applying Taylor ex-
pansion to the evolution Eq. (3.5), and analyze it in different scales, we can get the

following equations:

1
Oe): ¢ Vg = ——gV 3.8
<€> C vlgz T(Stgz ) ( )

1 1
O(e?) : 0,057+ (1 — —)c; - Vig!) = ——¢® + R?, (3.9)
T 70t

where R = w;(¢ — ).
With the aid of Eq. (3.7), Egs. (3.8) and (3.9) can be integrated as

1
O(e®) 1 Opn+ (1 - 5 )Vi 'Zicz‘gz(l) = (¢ —m)®. (3.10)

Using Egs. (3.7) and (3.8), we can get
Zciggl) = —76tV, ~Zcicigfq = —70t(Vy - 2nl). (3.11)

And then, substituting Eq. (3.11) into Eq. (3.10) and combining the equation on &2

scale, the following equation can be obtained,

on(x,t)
ot

= kV?n(x,t) + C(t) — mw(n(x,1)),

where we enforce ¢?(1 — 1/2)dt = k.
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3.1.3 The definition of Lagrange multiplier

To guarantee the mass conservation of the proposed LB scheme, the Lagrange mul-
tiplier ((t) must be defined in a right way. To explore the relationship between ((t)
and the proposed LB scheme, we expand Eq. (3.5) at (x,y,z) € Q and time ¢ + §t
under the most used D3Q15 model as follows,

f0<$7y727t+5t> ( 71- f0($>y727t>+%—won(may727t>+

)
6tw0(C(t) - :ub(xvy7zat))7
i@y, z,t +0t) = (1= 1) fi(z — 02,9, 2,t) + Ltwin(z — oz, y, 2, 1)+
t

5tW1(C( ) - ,Ub($ - 5l‘,y,2,t)),

f14(3773/727t + 5t) = (1 o %)flll(x - (SI,y + 52/72 + 6Z7t) + 71-(*‘-)14n<aj - 5:673/ + 63/72
+02,t) + dtwi4(C(t) — po(x — dz,y + 0y, 2 + 2, 1)).

From the above expansions, if we sum all the nodes in €2, the following equation can

be got,
€] G G
don(my, s t+ot) = Y on(zyzt)+0t Y (C() = m(z,y, 2, 1)),
z,y,2=0 z,y,2=0 z,y,2=0

where G is the grid number. To satisfy the mass conservation, ((¢) must be defined

in the following way

1 G
C(t) = (CENE x};_oﬂo(% Y, 2,t).

It is worth mentioning that the above derivation is based on the periodic boundary
condition. However, it also can be applied to the standard bounce back boundary

condition.

3.1.4 Numerical experiments

In the numerical experiments below, we will consider the two-phase separation of
isobutane (nC}) and propane (C3) separately at different temperatures, where the
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(a)

(b)

()

Figure 3.1: Numerical results of nCy at different time steps: (a) t=200, (b) t=500,

(c) t=1000.

Table 3.2: Initial molar densities of nCjy.

T

Ny

ny

255.02K
270.90K
285.43K
299.48K
315.82K
333.28K

22.082 1.1274 x 10*
43.757 1.0939 x 10*
71.480 1.0639 x 10*
109.81 1.0321 x 10*
173.08 0.9912 x 10*
270.37 0.9419 x 10*

D3Q15 lattice model will be used. The computational domain is Q = (0, Lp)?3, where

Lp =2 x 1078 meters.

A. 3D numerical simulations of nC,; and Cj

In the 3D numerical simulations, to simplify the computational process, the original

domain (€ is projected to its normalized map Q= [0, ﬁ]3, where L = Lp x 108. The

whole discrete domain € has 200 x 200 x 200 uniform rectangular meshes. The time

Table 3.3: Initial molar densities of Cs.

T

Ny

n

253.08K 1.2357 x 102
267.09K 1.9407 x 102
279.39K 2.7939 x 102
295.73K 4.3805 x 102
315.71K 7.3396 x 102
333.30K 1.1462 x 103

1.3412 x 10*
1.2921 x 10*
1.2445 x 10*
1.1732 x 10*
1.0697 x 10*
9.5705 x 103
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Figure 3.2: Numerical results of Cy at different time steps: (a) t=100, (b) t=500, (c)
t=1500, (d) t=4000.

()

step 0t = dx/c, and c is related to lattice sound speed, its value is always in [1, 2].
The initial condition is to impose the liquid density of hydrocarbons (n;) under
saturated pressure condition at 350K in the region of (0.3Lp,0.7Lp)?, and the rest
of the domain is filled with saturate gas of hydrocarbons (n;) under the same temper-
ature. The detailed initial values of nCy and Cj at different temperatures are given
in Tables 3.2 and 3.3, respectively. The periodic boundary condition is imposed as
in [55, 56]. The spatial distributions of molar densities for nCy at different moments
have been depicted in Fig. 3.1. Initially, a cubic droplet is given, after several time
steps, we can see in Fig. 3.1(a) that the shape of the droplet is still in cube-shape.
After 500 time steps, the four corners of the droplet being rounded (see Fig. 3.1(b)).

At last, the droplet shape appears to be a perfect sphere in Fig. 3.1 (c).
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Furthermore, the coalescence of the separated droplets consisting of (3 is also

numerically simulated. Different from the simulation of nC4, four separated cubic
droplets are given as the initial state. When the gaps between the droplets are less
than twice of the interface thickness, the merging of the separated droplets will occur
due to surface tension. Fig. 3.2 shows the evolution of the interfacial shapes of the
separated droplets merged under capillary force. The quantitative comparison with
laboratory data will be listed in the next section.

In the diffuse interface model, the homogeneous chemical potential density g,
the surface tension contributed to the Helmholtz free energy density finfrens and
the thermodynamic pressure py at the steady state are the most concerned variables.
Among them, uo and py are defined in equations. (3.20) and pressure form of the
Peng-Robinson EOS, and fintfrens has the same expressions as those presented in

Qiao and Sun’s work [59],

finthens = 2fv<n) =kVn-Vn.

The following relationship can be given as

F(n) = Fo(ninie)— f (o) — folnani))d + j fo(n)dz = f [

Without loss of generality, we will take nC; as an example. The numerical results
of the above variables after convergence are depicted in Fig. 3.3. It can be found
that all these variables experience a sharp variation at the interface at the steady
state. In particular, the homogeneous contribution of chemical potential o changes
dramatically across the interface even though it must have the same value in the
liquid and gas bulk regions.

To illustrate the energy stability of the corresponding LB method, the time vary-
ing total Helmholtz free energy is depicted in Fig. 3.4(a). It can be clearly seen

that the free energy has a dissipative trend during the whole evolution history, and
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Figure 3.3: 3D profile along Z = L/2 after convergence (nC, at T=350K): (a)
surface tension contribution of Helmholtz free energy density; (b) cross profile of
(a); (c) homogeneous contribution of chemical potential; (d) cross profile of (c¢); (e)
thermal pressure; (f) cross profile of (e).

it decays rapidly initially and slows down in the rest of time. This illustrates that
the solution approaches its steady state. In addition, from Fig. 3.4(b), we can see

that the mass conservation property has been maintained strictly.
B. Calculation of interface tension

To verify our numerical results of nCy and C3 from the perspective of quantitative,
the interface tension o has been computed and compared with previous numerical
results and laboratory data. In this part, we use the Method 1 that mentioned in the

Chapter 2 to calculate the interface tensions. This is because that our target model
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Figure 3.4: Energy dissipation and mass conservation of 3D numerical simulation of
nCy: (a) energy dissipation, (b) total mass variation with time.
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Figure 3.5: Comparison of surface tension between numerical predictions and labo-
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Figure 3.6: Comparison with Laplace law: (a) nCy, (b) C3.
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is a single-component model. There have few differences between the Method 1 and

Method 2 while considering the single-component problem.

The comparisons of the numerical results of o for nCy and C'3 with the experimen-
tal data [45] are depicted in Fig. 3.5. It can be seen that the differences between the
predicted values and the laboratory data in reference [45] are less than 5%. However,
the predicted values in [59], which are computed from simulations in two-dimensional
space and without considering the width of the two-phase interface, are much larger
than the values from the 3D simulations in this thesis.

Next, we will compare our numerical results with Young-Laplace equation. In
Fig. 3.6, we can clearly see that the capillary pressures of nCy and C3 predicted by

the LBM are matched well with those calculated from the Young-Laplace equation.

3.2 LBM for nonideal fluids with Peng-Robinson
EOS

In this section, based on the fundamental functions of thermodynamics and entropy
splitting structure, we derive the general model for the nonideal fluids flow with
Peng-Robinson EOS, in which the viscosity and density gradient contribution to free
energy are considered. Furthermore, based on the relation between the pressure
gradient and chemical potential gradient, the potential form of momentum balance
equation is developed, where the gradient of chemical potential becomes the primary
driving force of the fluid motion. In the numerical simulation, the derived model
brings great challenge to the construction of numerical scheme. The main difficul-
ties are the strong nonlinearity of Helmholtz free energy density and tight coupling
relations between molar densities and velocity. To solve these problems, an multiple-
relaxation-time (MRT) lattice Boltzmann equation model [12] with Beam-Warming

(B-W) scheme is proposed in this work. Because of the various relaxation processes,
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the MRT model is more flexible to incorporate additional physics that cannot be

naturally represented by the lattice BGK model. It is well known that multi-phase
flows involve additional physical complexity as a result of interfacial physics involved
i.e., phase segregation and surface tension effects. Naturally, to handle this complex
multi-phase fluid system with Peng-Robinson EOS, the MRT collision operator is
utilized in the proposed LB equation model. In addition, as mentioned in [59], the
free energy of Peng-Robinson model is approximately linear, which needs to be cap-
tured accurately. Thus, the B-W propagation scheme is developed base on the MRT
model, which gives rise to an adjustable Courant-Friedrichs-Lewy (CFL) number.
The second order accuracy can be naturally achieved by this scheme without any

other requirement and numerical boundary condition.

3.2.1 A thermodynamically consistent hydrocarbon model

From the fundamental laws of thermodynamics, we have the following relations
F=U-TS§,
m (3.12)
i=1
where U is the internal energy, T is the temperature, S is the entropy, p is the

pressure, and p; is the chemical potential of component ¢. Combining above two

equations and dividing V' on the both side, we can get
F m
f=1=—p+ ) i, (3.13)
i=1

where f is the free energy density. The system we considered is a consistent temper-

ature system, then we can have

dU = TdS — pdV + ). idN;, (3.14)

i=1
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dF = —8dT — pdV + ) j;dN;. (3.15)

i=1

If we consider a constant temperature system, integrating the above equation we

have

F=—pV+ i i IN;.

=1

From the Gibbs-Duhem equation

—Vidp + Y Nydp; + SdT =0,

i=1

the following formula can be obtained,

dp = Z nd ;. (3.16)

i=1

Considering the f(n) (3.13), the chemical potential u; and pressure can be computed

as
i = (5{;?))%“@' =1, ,m, (3.17a)
p = mni — f(n), (3.17b)
=1

where §/0n; represents the variational derivative and n.; denote by the vector

(nb M1, g1, 7nm)-

For realistic fluids, diffuse-interfaces always exist between two phases. To describe
this feature, a local density gradient contribution is introduced into the Helmholtz

free energy of inhomogeneous fluids. As discussed in Chapter 2, the total Helmholtz
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free energy is the sum of two contributions: Helmholtz free energy of bulk homoge-

neous fluid and a local density gradient contribution:
Fn;T,Q) = F,(n; T,9Q) + Fy(n; T,Q)
(3.18)

= J fo(n; T)dx + f fy(n; T)dx.
Q Q
For the single component two phase fluid system, fy(n) can be expressed by a simple

quadratic relation:
1
fv(n) = =kVn - Vn, 3.19
2

where k is the pure component influence parameter.
According to Eq. (3.17b), the pressure of homogeneous fluids py is related to the

Helmholtz free energy f,(n) in the following way:

po = n(%) — Jo =1 — fo. (3.20)

The homogeneous chemical potential y;, can be expressed as the following nonlinear

form
bn
=RT1 T
Ho =1 nl—bn+R 1—0n
(3.21)
L 1n<1+(1—\/§)bn)_ an
2v2b 14+ (1++/2)bn”  1+bn+bn(l—bn)
Replacing f, and pu;, we have Peng-Robinson EOS,
nRT n?a(T)
= — . 3.22
DOm0 T 1+ 26n — 202 (3:22)
The total chemical potential  is defined as
4]
= o) =y — kVn. (3.23)
on

Furthermore, the general pressure can be formulated as

1 1
p=nu—f=n(u—rkV*n)—(fo+ imVn -Vn) = pg— knV?n — §/<LVn -Vn. (3.24)
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Lemma 1. In the isothermal condition, the gradient of the general pressure and total

chemical potential have the following relation
nVu=Vp+£rV - (Vn® Vn).
Proof.

1
nVu —Vp =nV(u — £V>n) — V(py — knV°n — imVn - Vn)

1
= —nV(kV?n) + V(knV?n) + §V(/£Vn -Vn)

1
= kV*nVn + §V</€VTL - Vn)

= kV’nVn + (VkVn) - Vn

*n  on Pn  on

" or0m; 0x; | Ows0x; 0w

=kV - (Vn®Vn).

A. Entropy balance equation

In this section, we will use the first law of thermodynamics and entropy splitting
structure to derive the entropy balance equation. First, we define the entropy,

Helmholtz free energy and kinetic energy in a time dependent volume V' (t) as

1
S — J sdV,F = J fdV . E = —f plul2av, (3.25)
V(1) V() 2 v

where s is the entropy density, u is the mass averaged velocity, p = nM,, is the mass
density and M, is the molar weight.
Through using the Reynolds transport theorem and the Gauss divergence theo-
rem, we can get the following transport equation
a5 = f ﬁdv + J V- (us)dV, (3.26)
dt )y ot Vo
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dF
— = av 3.27
o Jt)&t +f V- (uf)dv (3.27)
and
A1 J J(pu - u) 1
o M Woy 2 Ve (u(pu - w)dV
[ 0 1 % 1
= pu-—u+ Ju updVJr—f ((pu-u)V-u+ (u-u)u-Vp+pu-Viu-u))dV
JV(t) é’t (375 2 V(t)
i 0 1 1
= pu o Ju u—dV + —f (u-u)V-(pu) + 2pu- (u-Vu))dVv
Jve ot 2 lve
[ 0 1
= pu-(—u+u VudV—l——f ——i—V (pu))dV.
Jve ot 2 Jv
(3.28)

From the the mass balance equation

0
P LV (pu) =0, (3.29)
ot
we can rewritten Eq. (3.28) as
dE du
& 4y .
= fv(t) o Sy (3.30)

where du/dt = du/dt + u - Vu.

Next, to determine the relationship among dS/dt, dF'/dt and dE/dt, the total
entropy S is split into a summation of two contributions, i.e., S = Sgys + Ssurr. Seys
is the entropy of the system, and S, is the entropy of the surrounding, which can

be expressed as

dQ

== 31
dSsurr T (3.31)

where () is the heat transfer from the surrounding that occurs to keep the system
temperature constant. From the first law of thermodynamics, d@) satisfies the fol-

lowing equation

dQ dU+E) dW
dt dt dt’

(3.32)
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where, E is the kinetic energy, W is the work done by the face force F;.

Taking into account the relation U = F'+T'S,,,, and using Egs. (3.31) and (3.32),

yss
we have

dsS . dSsys + dSsurr

dt dt dt
CdSys  1dQ
o dt T dt
(3.33)
_ 45, 1 dU+E) dW,
dt T dt dt

LdFeE) 1w
T dt T dt

From the definition of W and Cauchys relation between face force F; and the stress
tensor o, we can get dW /dt as

dw
— = F,  uds
dt v ()

= —f (o-v)-uds (3.34)
v (t)

:_f (07 : Vu+u- (V- 0))dV,
v

where v is the unit normal vector towards the outside of V (¢).
Substituting Eqs. (3.26), (3.27), (3.30) and (3.34) into Eq. (3.33), and taking

into account the arbitrariness of V' (t), we obtain the entropy balance equation

T(% + V- (us)) = —(aa—{ +V-(uf)) —u- (pcfl—lz +V-0)—0o:Vu (3.35)

To further reduce the entropy equation, we need to derive the transport equation
of Helmholtz free energy density. Using the relation Vpy = nVy,, mass balance

equation (3.29) and the thermodynamic relations, we obtain the transport equation
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of Helmholtz free energy density f; as

0 0
%—FV-(uﬁ,)=ub6—7z+u-Vfb+fbV-u

on
= Mb oy +u-uVn+ (nu, —po)V - u (3.36)

= —ng - u.

Thus the transport equation of the Helmholtz free energy density f can be deduced

as
0 0 Ofv 0
T v =2v i)+ LD (few)

0
= —pV-u-— I{VQTLa—?Z +V. (gan -Vn)

= —(po — knV°n — gVn -Vn)V-u+ kV*n(Vn-u) + V(gVn -Vn) -

=—pV-u+ (V- (kVn®Vn)) - -u
=—pV-u+V-(kVn®Vn-u)— (kVn®Vn): Vu.
(3.37)

Substituting Eq. (3.37) into Eq. (3.35), we reformulate the entropy equation as

d
T(%—FV‘(uS)) = (pI+KVn®Vn—oT) : V‘HV'(Wn®Vn-u)—u-(pd—1;+v-a),
(3.38)

where I is the second order identity tensor.
B. Hydrodynamic equations of nonideal fluids

To deduce the hydrodynamic equation from entropy equation, we consider the fluid
system in a closed system with fixed volume. Thus, the natural boundary conditions

can be formulated as

u”7(99207
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where € is the fixed domain, 5 denotes a normal unit outward vector to the bound-

ary 0f). Integrating Eq. (3.38) over the entire domain, we obtain the change of total

entropy S with time

du
Pt

oS

T(—+V-(u9)) = —JQ(UT—pI—/ﬁVn(@Vn):Vudx—f9u~( + V- 0)dx,

ot
(3.39)

where x € (2.
If we consider a realistic viscous flow, the total stress tensor o should be formu-

lated as summation of two parts, reversible part (o,.,) and irreversible part (o ey ),
O = Opep + Cirren- (3.40)

To get the form of the reversible stress, an ideal reversible process is only considered.
In this case, the entropy shall be conserved and the total tress o becomes equal to

the reversible stress o,.,, which must have the form
Orev = Pl + KV ® Vn. (3.41)

The last term on the right hand side of Eq. (3.39) shall also be zero as

du

p% + % Orev = 0. (342)

Newtonian fluid theory suggests that the ;..., has the following form

1
Tirrev = 20(S — ETTS) +&(V - u)l, (3.43)

where, S = (Vu + Vu®)/2 is the strain rate tensor, 7 is the shear viscosity, £ is
the volumetric viscosity, D is the spatial dimension. We assume that n > 0 and
¢ > 2/Dn, so the first term on the right-hand side of Eq. (3.39) is non-negative.

According to the second law of thermodynamics, the total entropy shall not decrease
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with time. Hence, the non-negativity of the last term on the right-hand side of Eq.

(3.39) requires that

d
pd_ltl + V- (Urev + Uirrev) = 0. (344)
Substituting Eqs. (3.41), (3.43) into (3.44), we obtain the complete momentum

balance equation as

p(C 0 T0) = ~Vp+ V- (1(Tut Vu' ) (€~ ) (V) 1) V- (sVn@Vin). (349

ot
From the above, the hydrodynamic equations for the nonideal fluids are

% + V- (pu) = 0. (3.46)

The momentum balance equation is

p(aa—ltleu-Vu) - —Vp+v<n<Vu+VuT>+<§—%n)(vwn—vwﬂ@vn)- (347)

From lemma 1, the above equation can be regrouped as a more compact form,

which is termed as potential form,

ﬁg;tu + V- (pu®u) = —nVu+ V- (n(Vu + VuT) +(E— %n)(v ‘wI),  (3.48)

where © = g — kV?n. According to the relation Vpy = nVyyg, the momentum

balance equation can also be referred to as pressure form

2
ag%l +V-(pu@u) = =Vpy+ V- (n(Vu+Vu') + (€= 5n)(V-w)T) +5nVVin. (3.49)

Although the two formulations are totally identical mathematically, their discrete
versions may differ slightly due to some discretization errors, and may have signifi-
cant influences on the spurious currents [37, 71]. It is worth noting that the above
hydrodynamic equations are the general model for the diffuse interface two phase
fluid system. Any other realistic EOS can be incorporated into this model, once the

corresponding Helmholtz free energy density is known.
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3.2.2 Multiple-relaxation-time LBM

In the present work, the LBM with MRT collision operator is applied to solve the
hydrodynamic equations (3.46) and (3.48). In particular, to capture the tiny non-
convex perturbation from the linear trend of Peng-Robinson model precisely, the
Beam-Warming scheme is used in the present MRT-LBM.

The discrete velocity Boltzmann equation with MRT collision operator can be

expressed as

fi
ot

+ce; - V= —Aylfi — fi'] + Fi, (3.50)

J

where, f;(x,t) is the discrete distribution function of particle at site x and time
t moving with speed ¢ along the direction e; and c¢; = ce;, {e;,;i = 0,...,b — 1}
is the set of discrete velocity directions, c is the sound speed, A;; is the collision
matrix, f;?(x,t) is the equilibrium distribution function (EDF), and F; is the force
distribution function. We now solve this discrete velocity Boltzmann equation using
a time-splitting scheme. Then, Eq. (3.50) is decomposed into two subprocesses, i.e.,

the collision process,

ofi
ot

—Alf; = i1+ F, (3.51)

and the streaming process,

Ofi
ot

+ ce; - sz = 0. (352)

In the MRT model, the collision subprocess can be carried out in the moment space.
Without loss of generality, we take the generally used D2Q9 model as an example.

The distribution functions f; in moment space are defined as

m=M-f= (p76757jx7qwajyaprxxapxy)T

Y

where e and € are related to total energy and the function of energy square; j, and

Jy are relevant to the momentum; ¢, and g, are related to the  and y components of
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the energy; p,, and p,, are the corresponding diagonal and off-diagonal components

of the stress tensor, respectively. M is the transformation matrix, for the D2Q9

model, M is defined as

11 1 1 1 1 1 1 1
-4 -1 -1 -1 -1 2 2 2 2
4 -2 -2 -2 =21 1 1 1
o 1 0 -1 0 1 -1 -1 1
M = o -2 0 2 0 1 -1 -1 1
o o 1 o0 -1 1 1 -1 -1
o o0 -2 0 2 1 1 -1 -1
o 1 -1 1 -10 O O O
o o0 o0 o0 o0 1 -1 1 -1

With the transformation matrix M, the collision process can be rewritten onto the

moment space as

%§=—ym_m%+ﬁ, (3.53)

where 8 = MAM ™1 is a diagonal relaxation matrix, which is given by

Now we define the nondimensional relaxation matrix S = §t8, and

S = dlag{Sm $1, S2, 83, 84, S5, S6, 57758}-

In simulations, sg = s3 = S5, sS4 = sg and s; = sg. We would like to point out that,
if s; are equal to each other, the MRT model will reduce to the lattice BGK model.

Discretizing Eq. (3.53) using the explicit first order Euler scheme leads to
m* = m — 0t8(m — m*) + §tF, (3.54)

where m* = Mf" is the postcollision moments with f* = (f;, ..., f&)* being the

postcollision distribution function.
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The equilibrium moments m® are defined as

1
—2 + 3u?
1 —3u?

m =M. f%=p —u

(3.55)

In addition, F = MF are the corresponding force moments, which have the following

form

Fy =0,
Fil = 6(1 — %)U'Ft,
Fy=—6(1— %)u -Fy,
Fy=(1-%)F,
Fy=—(1-%)F,,
F5 = (1 - %5)Fty7
g =—(1- %ﬁ)Fty,

1 —

Fr = 2(1 - ¥)(uFy — vFy),
Fy = (1= 3)(uly +vFy,),

where F = (Fy, ..., F3)T. F; is the total external force, which is expressed as

Ft:FS+F:(Ft$7Fty)7

(3.56)

where F, represents the force associated with surface tension, and F is the exter-

nal body force, such as the gravity. For the potential form of the hydrodynamic

equations, Fy should be expressed as
F, = V(c2p) —nV.
While for the pressure form, F, has the following form

F, = V(c?p — po) + knV'V?n,
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in which the first term on the right hand side of the above equation is to cancel out

with the ideal-gas contribution to the pressure.
We solve Eq. (3.52) on a regular lattice with spacing dz using the second-order

Beam-Warming scheme,

A(3f;r (x,t) —4fF (x — e;0x,t) + fiF (x — 2e;0x,1))

fi(x,t+0t) =fF(x,t) — 3

(3.57)

+ A?Z(f;r(xv t) — 2fi+(x —e;0m,t) + f;r(x — 2e;6x,t)),

where 0 < A < 1 is the CFL number [25, 49] and the time step dt is determined from
the CFL condition, 6t = Adx/c. Different from the LBM with standard propagation
scheme (called standard LBM), where the CFL number is fixed to 1, the CFL number
is an adjustable parameter in the present scheme.

The macroscopic quantities, p and u are calculated by using
p= Z fis pu = Zczfz + ﬁFz& (3.58)
i i 2

Furthermore, in the calculation of the interaction force, some gradients of scalar
variables are multiplied by the microscopic velocity set (e; - V). These terms are
treated as directional derivatives along characteristics. The second order central
difference (CD) approximation of the directional derivative of a variable ¢ is expressed

as
o(x + €0z, t) — p(x — e;0x, 1)

eZ v ¢(X7 t) 25&:

(3.59)

Derivatives other than the directional derivatives can be obtained by taking mo-

ments of the directional derivatives with appropriate weights to ensure isotropy

VCh(x,t) = 012 D wie;®e; - VOb(x,1). (3.60)

S i#0
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The Laplacian term is calculated using the following isotropic differences with

second-order accuracy

2wi[p(x + e;0x,t) — d(x,1)]

e (3.61)

V2p(x,t) = Z

1#0

3.2.3 From MRT-LBE to Hydrodynamic equations: Multi-
scale Chapman-Enskog expansion

Rewriting the evolution equation (3.57) up to O(dz?), one can obtain the following

equation
1
filx,t+dt) = fF(x,t) — dtee; - V[ (x,t) + §5t2(cei V)2 (x,t) + O(62%). (3.62)

Multiplying Eq. (3.54) by inverse of the transformation matrix M, and substituting
it into the above equation and expanding the variables around (x,t) up to O(dxz?)

and O(dt?), we obtain

ot

Ofi+ e Vii=Q; — 5

[07f; — (cei - V)2 f; + 2ce; - V] + O(62* + §t?), (3.63)

where Q; = —Ay;(f; — ;) + Fi.

0? f; can be expressed as
Thus, Eq. (3.63) can be rewritten as

ot
Difi = (1 - 51)@»)91- + O(6x% + 6t%), (3.65)
where D; = 0; + ce; - V.
In addition, from Eq. (3.63), we can see that ; = D, f; +O(dt). Thus, Eq. (3.65)

is also equivalent to
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St
D;f; + 51)3 fi= —=NiLf; — £ + F; + O(62% + 6t%). (3.66)

Then we introduce the following expansions:

fi= 10w efV + 2

3.67)
0 0 2 0 1) (
e —  V=ecV,.F =cF

ot 58t1+58t2’ VLS = el

where ¢ is a small parameter. With the expansions, Eq. (3.66) can be rewritten in

consecutive orders of € as

O(") : 1 = fi, (3.68a)
O(e") : Diif® = Ay + FY, (3.68b)

O - o O 4 poreg. - Nidy ey _ g Ot o 3 68
()0 f; + 1i[(ij_2)fj]__ijfj -5 Duki, (3.68¢)

where Dli = 5251 +C; - Vl.
Multiplying the transformation Matrix M on both side of Eq. (3.68), we can

obtain the following moment equations:

0(°) : m©® = m( (3.69a)
O(c") : Dym® = —8m® + PO, (3.69b)

2 © S\ 1 %p po )
O(e?) : 0,,m'” + Dy (I - §)m + EDlF = —8Sm®?, (3.69¢)

where Dy = 0, I + C, 014, C, is the discrete velocity matrix.
In addition, from Egs. (3.58) and (3.69a), we derive

| 5t 5t W
PV =040 = —Z R G0 =~ B oW =0 =P =0k >1. (3.70)
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On the ¢; time scale, Eq. (3.69b) can be rewritten as follows:

where B, = —1 + 6v? + 3u?,

p
p(—2 + 3u?)
p(1 —3u?)
pU
~pu
pv
Zpw
p(u® —v?)
pUv

+ O

0
—3eM
—3pe®

0

—54(135:1)

0
—§6q§1)

—57 pgclx)

(1)

—S88Pxy |

pu
0
—pu
AEp + pu?
pB./3
pUv
puv
2pu/3
pv/3

pU
0
— v
pUv
+ Oy pUv
pB,/3
—2pv/3

pu/3

0
6(1—s1/2)u-F,

—6(1 — s3/2)u - F,

(1—s3/2)Fia
—(1 = 54/2) Fig
(1= s5/2)Fyy
—(1 — s6/2) Fyy

2(1 = s7/2)(uFy, — vFy)
| (1 —ss/2)(uFy + vFy) |

B, = —1+ 6u® + 3u®.

cgp + pvQ

(3.71)

Similarly, From Eq. (3.69b), the scale equations of conserved quantities p, j, and

Jy on the ¢y time scale can be rewritten as

6t2p = 0.

(3.72)

1 S s7.,1 ot S
Oua(pu) + 5 (1= F)0uae + (1= D) (Goupl) + 2py) + 5 (1= F)ow(u- F}Y)
ot s ot s
5 (1= D)au(uFy —vFy) + (1= 2)ay (uFy +vEL)) =0,
(3.73)
1 $1 (1) 57 W 1. ), ot S7 (1) 1)
at?(ﬁ”) + 6(1 - E)alye + (1 - E)(alxpa:y - §alypxac> + 5(1 - 3)8150(”}7;53/ + UFtac )

ot
- (1= %)0131(“]?15(;) - UFt(yl)) = 0.

2
(3.74)

ot S1

5 (1= 5 (u - FY) -

_l’_
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To close the hydrodynamic equations at the second order of ¢, the terms of e, pg;lx)

and p,(tly) in Egs. (3.73) and (3.74) should be estimated. Under the low Mach number

assumption, these terms can be evaluated as

1
e = —S—[2p(51xu + 01,v) + 3s1u - F + O(Md?), (3.75)
1
1 2
Pl = —g—7[ 5 P10t = Ouy) + s7(u FY —vrEM] + 0(Ma®), (3.76)
1.1 S
Pl = —5 [53p(0nv + dyu) + 5 WFy o)+ O(Md).  (3.77)

With Eqs. (3.75), (3.76) and (3.77), we can obtain the hydrodynamic equations
at t; and t5 scales,

Continuity equations

On p + Or1z(pu) + 01y(pv) = 0, (3.78)
Orpp = 0. (3.79)

Momentum equations
O, pu + 01 (C2p + pu?) + 01, (puv) = Ft(xl), (3.80)

O, pv + Orz(puv) + 01,(2p + pv?) = FY

ty >

(3.81)

O (pu) = 012 (pr(01,u — 01yv) + pC(O1u + O1yv)) + O1y(pr (0120 + Oryu)),  (3.82)

O (pv) = 01,(pr (0120 + Or1yu)) + Ory(pr(d1yv — O1zu) + pC(O1zu + d1yv)),  (3.83)

where v = pn and ( = p are the kinematic and bulk viscosities, respectively. In the

present MRT-LB model, we enforce v = %(— — 3)ot and ¢ = %(Si — 3)0t.
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Table 3.4: E,4 with different lattice spacings and different CFL numbers.

A=1.0 A=0.5 A=0.1 A=0.05
mesh E, order E, order E, order E, order
128 1.02x 1072 — 958x103% — 914x10™% — 882x10° -

256 2.81 x 1073 1.8923 2.56 x 1073 1.9057 2.43 x 1073 1.9112 2.54 x 1073 1.9163
512 7.51 x 107*1.9015 6.78 x 10™* 1.9142 6.48 x 107* 1.9069 6.67 x 10~* 1.9272

Combining the above equations on ty and t¢; scale, the following hydrodynamic
equations can be obtained,

op+ V- (pu) =0, (3.84)

(%:1 + V- (pu®u) = —Vcip + V- [pr(Vu+ vul) + p(¢ - v)(V- wI]+F,. (3.85)

3.2.4 Numerical experiments

In this section, we will implement a series of numerical simulations to demonstrate

the effectiveness of the proposed thermodynamic consistent MRT-LBM.
A. Accuracy test

In this subsection, numerical experiments are designed in two-dimensional space to
test the temporal accuracy of the proposed MRT-LB model with B-W scheme. The
substance isobutane (nCy) at temperature 350K is simulated. Critical properties,
initial molar densities of liquid n; and gas n,, and the normal boiling point of nCy
are provided in Table 3.5. The initial condition is set as: the molar density equals
the liquid isobutane under a saturated pressure in the region (0.3L,0.7L)%, where
L = 2 x 107® meters, thus the effect of gravity can be neglected in such scale. The
rest of the domain is filled with a saturated isobutane gas. The periodic boundary
condition is imposed.

The 1024 x 1024 mesh is selected as the benchmark solution for computing errors

and the time step is fixed to 1.0 x 107°. The following global relative error is used
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—Maxwell construction

O MRT-LBM simulations

0 0.5 1 1.5 2 25 3 3.5

Figure 3.7: Two phase coexistence curve.

to measure the accuracy:

_ Zlo(x,t) - ¢ (x, 1)
DIEER)

E, (3.86)

where ¢ and ¢* are the numerical solution and benchmark one, respectively, and
the summation is taken over all grid points. The errors are listed in Table 3.4 with
different meshes. It is shown that the proposed LBM gives second-order accuracy in

space and the accuracy is independent on the values of CFL number A.
B. The two-phase coexistence densities

The two-phase coexistence densities solved by the Maxwell equal-area construction
are used as the benchmark to verify the thermodynamic consistency of the numerical
multiphase models. With horizontal phase interfaces, the middle part of the domain
is initialized as liquid, and the remaining part is set as gas. The value of k is set
to be 0.01. The Peng-Robinson EOS, which is widely used in the oil industries
and petroleum engineering, is considered in this work. The parameters are set as

a(T) = 5[1 + (0.37464 + 1.54226w — 0.26992w?) x (1 — A/T/T.)]* with the acentric
factor w = 0.344, b = 2/21 and R = 1. Thus, the critical temperature and density are
T. = 0.072919 and p. = 2.657304, respectively. In simulations, the computational
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Table 3.5: Relevant data of nCj.

T., K P, MPa T,, K n, n
425.18  3.797  272.64 403.17 8878.89

domain is a 127 x 127 square with periodical boundary condition, the CFL. number
is set to be 0.5, and the D2Q9 lattice model is used. The relaxation parameters can
be determined by a linear stability analysis [36] and noted that sg, s3 and s; have
no influence on the deriving of the hydrodynamic equations. Thus, for simplicity,
the relation sy = s3 = s5 = 1.0 is used [46], and s; = sg = 1.2 is corresponded to
the kinematic viscosity v = 0.01. The other relaxation parameters are chosen as:
s1 = s9 = 1.0 and s4 = sg = 1.7 [16]. It can be clearly seen from Fig. 3.7 that the
resulted coexistence densities of Peng-Robinson EOS are in excellent agreement with
the benchmark computed by the Maxwell equal-area construction. These results

numerically confirm that the present model is thermodynamically consistent.
C. Spurious currents

In this section, a realistic hydrocarbon component of isobutane (nCy) in three di-
mensional space is simulated to investigate the spurious currents. The computation
domain is Q = (0, Lp)3, where Lp = 2 x 107® meters, thus the effect of gravity
can be neglected in such scale. The initial condition is to impose the liquid den-
sity of hydrocarbons under saturated pressure condition at 350K in the region of
(0.3Lp,0.7Lp)3, and the rest of the domain is filled with saturate gas of nC under
the same temperature. The critical properties, the initial molar densities of liquid
n; and gas ng, the normal boiling point of nCy are provided in Table 3.5. In the
numerical simulation, a 200 x 200 x 200 uniform cubic mesh grid and the D3Q15
lattice model are used. The transformation matrix of the D3Q15 model and other
related parameters has the following form:

The 15 discrete velocities {e;|i = 0,1,...,14} of the D3Q15 lattice model are
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(e)

Figure 3.8: Time evolution of the molar density distribution.

given by
o1 -1r0 o0 0 0 1 -1 1 -1 1 -1 1 -1
e=(00 0O 1 -1001 1 -1 -1 1 1 -1 -11,
oo o o0oo01~-111 1 1 -1 -1 -1 -1

and the weight coefficients w; are presented as

2 1 1
W, = —,Wi_g = =, Wy_14 = —.
g WI-6 = W14 = oy
The moment vector m is defined as
m = (p, €,, ju, Qus Jys Qys Jy> Qo+ 3Pwas Pwws Days Pews Mayz)



CHAPTER 3. THE LATTICE BOLTZMANN METHOD FOR THE
PhD Thesis HYDROCARBON FLUID SYSTEM

10°

= = pressure form with standard scheme
—potential form with standard scheme
-O- potential form with Beam-Warming scheme

—%pressure form with Beam-Warming scheme

108 ¢

1010 L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
Time step x10*

Figure 3.9: Time evolution of the average kinetic energy.

The non-dimensional relaxation matrix S is given as
S = diag(1, s1, 82, 1, 83, 1, 83, 1, 83, S4, S4, S4, S4, S4, S5)-

The transformation matrix M for the D3Q15-MRT model is a 15 x 15 matrix, which

is given by[13]

111 1 1 1 1 1 1 1 1 1 1 1 1 1
-2 -1 -1-1-1 -1 -11 1 1 1 1 1 1 1
6 -4 4 4 -4 -4 -41 1 1 1 1 1 1 1
o 1 -10 0 O O0O1-11 -1 1 -1 1 -1
o 4 4 0 0 O O0O1-1 1 -1 1 -1 1 -1
o o o0 1 -1 0 011 -1 -1 1 1 -1 -1
o o o0 -4 4 0 011 -1 -1 1 1 -1 -1
M = o o o0 o o0 1 -11.1 1 1 -1 -1 -1 -1
o o0 o o0 o0 -4 4 1 1 1 1 -1 -1 -1 -1
o 2 2 -1 -1 -1 -10 0 O O O O O O
o o6 o0 1 1 -1 -10 0 O O O O 0 O
o o o0 o o6 o o01-1 -1 1 1 -1 -1 1
o o o0 o o0 o o011 -1 -1 -1 -1 1 1
o o0 o0 o0 o0 o0 o01-11 -1 -1 1 -1 1
6 6 o 0o 0 o0 o 1-1 -1 1 -1 1 1 -1

For the numerical example, initially, a cubic bubble is put in the center of the

computational domain. As time evolves, the cubic droplet becomes a sphere-like
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Figure 3.10: Time history of the average kinetic energy with different CFL numbers.

shape due to the surface tension (see Fig. 3.8). After convergence, the droplet
shape appears to be a perfect sphere. Then, we take the average kinetic energy
E = S%p|u|2dx as an indicator of the spurious currents strength. To illustrate the
performance of the presented MRT-LB model, the MRT-LB models with standard
and B-W schemes for both pressure form and potential form of the surface force are
implemented to measure the average kinetic energy. From Fig. 3.9, we can see that
the average kinetic energy with potential form initially decreases at the same rate as
that with the pressure form of standard and B-W schemes. But as time evolves, the
average kinetic energy of the potential form is smaller than that of the pressure form.
In addition, we also found that the use of the B-W scheme with the potential form
of the surface force can effectively reduce the magnitude of the spurious currents.
Next, to examine the relationship between the value of CFL number A and the
spurious currents, the average kinetic energy with different values of A is numerically
studied by the B-W scheme with potential form. From Fig. 3.10, we can see that
the magnitude of the average kinetic energy decreases with the decrease of the value
of A. However, the computational efficiency is reduced with the decrease of A.

To balance the computational efficiency and the accuracy, a moderate value of A
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Figure 3.11: Time evolution of the multiple merging droplets; (a) ¢ = 100, (b)
t = 400, (c) t = 1000, (d) ¢ = 2000.

Table 3.6: Initial molar densities of nCYy.

T Ng ny
255.02K 22.082 1.1274 x 10*
270.90K 43.757 1.0939 x 104
285.43K 71.480 1.0639 x 104
209.48K 109.81 1.0321 x 10*
315.82K 173.08 0.9912 x 10*
333.28K 270.37 0.9419 x 10*

should be chosen. In addition, to demonstrate the capability of the proposed LBM,
the multiple merging droplets are simulated. Fig. 3.11 shows the simulated molar
density distribution for the eight droplet case at different times during the evolution.
The eight cubic droplets firstly evolve into eight separate spheres, then start to merge

and finally form one bigger sphere.
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Figure 3.12: Numerical validation: (a) Comparison of surface tension, (b) validation
of Laplace law.

D. Calculation of surface tension and validation of Young-Laplace law

To illustrate that the proposed MRT-LBM can simulate the realistic hydrocarbon
species in oil-gas system quantitatively, the interface tensions o of nCy at different
temperatures have been computed and compared with previous simulation results
and laboratory data. The initial values of n; and n, for nCy at different temperatures
are give in Table 3.6. Here we still use the Method 1 in Chapter 2 to calculate the
interface tensions. The numerical results of o for nCy by the present MRT-LBM
are compared with the experimental data and the previous work [59] (see Fig. 3.12
(a)). It can be seen that the simulation results agree well with the laboratory data.
In addition, simulation results are more accurate than the results from the two
dimensional simulations without considering the width of the two phase interface.
Next, the well-known Young-Laplace equation is also verified in this work. In
Fig. 3.12 (b), we can clearly see that the capillary pressures of nC} predicted by the

LBM and those by the Young-Laplace equation are well matched.
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3.3 Chapter summary

In this chapter, we study the LBM for the non-ideal hydrocarbon fluid problems.
First, in order to test the feasibility of the LBM, we use the lattice BGK method
to solve the equilibrium single-component multi-phase problem. We find that the
LBM can perfectly solve this kind of problems. After that, we use the MRT-LBM
with B-W scheme to solve the single-component hydrocarbon fluids flow problems
with a constant temperature. The multi-scale Chapman-Enskog analysis shows that
the second order accuracy can be naturally achieved by this MRT-LBM without any
other requirements and numerical boundary conditions. The quantitative numeri-
cal results in this work also show that predictions of surface tension have a great

agreement with laboratory data.



Chapter 4

Conclusions & Future Work

In this chapter, we would like to end the thesis with some concluding remarks and

some possible future work.

4.1 Concluding remarks

In our research, we mainly concern about phase problems occurred in the oil industry.
For diffuse interface problems with Peng-Robinson EOS, we conduct our research in
two broad areas. For oil exploration related problems, which pay much attention
to the static physical properties on the phase interface, we use energy stable SAV
schemes to solve the single-component and multi-component equilibrium problems.
For oil exploitation problems, which concern about the dynamic nature of the hy-
drocarbon fluids, due to complex boundary conditions and geometries, we introduce
the LBM for solving the hydrocarbon fluid problems.

To be specific, in Chapter 2, we firstly investigate the fourth-order Cahn-Hilliard
type model to describe the equilibrium state of the multi-phase one-component
hydrocarbon substances. Then, we propose a first-order and a second-order SAV
schemes to solve the model in three dimensional space. After that, based on the
previous work [18], we modify the multi-component two-phase equilibrium model

by adding the mobility term. Then, a second-order SAV-CN scheme is applied to
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solve the model. Our numerical results have demonstrated the effectiveness of the
developed numerical schemes and have a great agreement with previous simulation
data and laboratory data.

In Chapter 3, we mainly focus on properties of single-component fluids and we
want to introduce the LBM to give an alternative way to solve the hydrocarbon fluids
flow problems efficiently. Therefore, we firstly investigate a second-order Allen-Cahn
type model to simulate the single-component two-phase hydrocarbon substances at
the equilibrium state. Then we use the lattice BGK model to solve the model to check
the feasibility of the LBM with the hydrocarbon species. After that, we design a
fluid model combined with Peng-Robinson EOS with a constant temperature under
principles of thermodynamics. Here, we use the MRT-LBM in combination with
B-W scheme to solve the model in order to get high-order numerical results and
alterable CFL number. Numerical results of proposed schemes can meet well with
our expectations and show that the potential form performs better than the pressure

form.

4.2 Future work

As mentioned above, in this thesis, we have a preliminary discussion on two important
issues of the oil industry. There are many aspects worthy of further investigations in
the future.

For energy stable schemes of equilibrium problems, firstly, in the research process,
we found that the calculation difficulty of the whole system is increased after adding
one more component. Therefore, we can do some works to optimize the existing
energy algorithm or modify the model itself. Secondly, for the phase-field model
based on the actual EOS, the selection of the initial value is still a challenging

problem. In this thesis, we have systematically summarized how to set up the initial
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value of the phase separation of hydrocarbon substances. However, the solution
process has much to be improved. Methods involved in this work are simple and
we can not get the globally optimal solution of the approach. In the future, we can
optimize existing methods to get the initial value. At last, for the SAV approach,
we found that, when we want to solve the problems with real EOS by using this
approach, some computational challenges will arise. To overcome this, sometimes
we need to add the stabilization term to ensure the stability of the system. In
the following research, it is worth modifying the SAV approach in order to make it
feasible for calculating some realistic problems without destroying its high-efficiency
nature.

Finally, for the LBM of hydrocarbon fluids flow problems, some further issues
need to be taken into consideration. Firstly, in numerical experiments, we com-
pare our simulation results with the experimental data for some common benchmark
problems. Advantages of the LBM in dealing with complex boundary and complex
geometry are not shown yet. In the future work, we can use the LBM to solve some
practical problems occurred in the oil transportation. Besides, all the current works
are concerned under isothermal conditions. In practice, when the phase transition
of a substance (evaporation or boiling) happens, non-isothermal conditions should
be considered in many cases. It has many challenges to solve non-isothermal multi-
phase flow problems, which is very important in the oil industry. In the future, we
will consider the corresponding non-isothermal model based on the Dynamic Van der
Waals theory [52, 53]. It can be shown as follows

In order to describe an inhomogeneous temperature fluid system, here, we use
the Dynamic Van der Waals theory to build the model. The internal energy density

e, pressure p and entropy per particle s have the following forms

3
e=f+Tsn= énk:BT — evgn?, (4.1)
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nkgT
p = 1 _tfzon — €Uon2, (42)
)\3 n 5]{/’3
= —kpl th : 4.
e B n[l - + 5 (4.3)

They are given from the following thermodynamic relations: the Helmoholtz free

energy density
f(n,T) = nkgTIn[\3, /(1 — von)] — nkpT — evon?,
the pressure

p=—f+ndf/on,

and the entropy relation

ns = —0df/oT.

Here, vy = a® represents the particle volume, n represents the number density, T’

represents the absolute temperature, kg represents the Boltzmann constant, Ay, =

ha/ ngT is the thermal Broigle wavelength (h is the Planck constant), m is the

particle mass and ¢ is the attractive interaction energy.

In order to describe the multi-phases in-homogeneous fluid, we consider to use the
number density n as the order parameter to build the framework. First, we introduce
the expansion of the internal energy and the entropy with the gradient contribution
because of the phase behaviour.

K(n)

e=e+
2

[Vnl?, (4.4)

S = ns )

S = ns — =~ Vnl”. (4.5)

The coefficients K (n) and C(n) are positive to ensure that the total entropy reaches
the maximum and the total energy reaches the minimum when the gradient terms

vanish. Normally, we treat the coefficient K(n) = 0 and C(n) equal to a constant C'.
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The entropy in the bulk region is
Sb = Jd?“é,
using the Gibbs equation d(ns) = +de — £dn we can have
1 14 C 9
4S5y, = Jdr{fée - f(Sn - 5[§]Vn| 1}, (4.6)

of

where p is the chemical potential and p = 5.

Considering the relation f = e — T'ns, (4.6) can be reformed to
1. 1.G_ o,
55, — Jdr{fée ~ oS 1vall) (47)

where G = K + C'T. In this system, the chemical potential should have the following

form

N G

i =-T = u+ |2 TV - (=Vn). 4,
fi (5,) =1t G IVnf =TV - (Vn) (4.8)

Then considering the generalized Euler equation

we can get the generalized pressure p
G n& G
pP=p— 5!Vn|2+ %|Vn|2—TnVn-VT — GnV?n. (4.10)

In this work, we set K(n) = 0 and C(n) equals to a constant. Then the generalized
can be simplified as p = p — %]VMQ — CTnV?n.

After these, we consider the following fluid function dynamic system:

on .

g + V- (UTL) = 0,

opu L S

o + V- (Up0) =V - M — pge.,, (4.11)
6eT

E%—V-(eTﬁ):V'[MU—q_]—pgvz,
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which describes the transportation behaviour of the mass density p = mn, the mo-
mentum density pt' and the total energy density er = é + pv?/2. Variables in this
system are as follows: upward unit vector along the z axis €, along with v, = vé,,
the stress tensor M = ¢ — II, where o = n(V7 + ViT) + (£ — 2n/3)(V - )] is the
irreversible part and the reversible part Il = —CTVnVn —pl (n represents the shear
viscosity, £ represents the bulk viscosity, ¢ = —A\.VT represents heat flux where A,
is the heat conduction).

In the future, we will develop efficient LBM to solve (4.11).



Bibliography

1]

2]

8]

[10]

[11]

C.K. Aidun and J.R. Clausen. Lattice Boltzmann method for complex flows.
Annual Review of Fluid Mechanics, 42(1):439-472, 2010.

D.M. Anderson, G.B. McFadden, and A.A. Wheeler. Diffuse-interface methods
in fluid mechanics. Annual Review of Fluid Mechanics, 30(1):139-165, 1998.

A L. Bertozzi, N. Ju, and H. Lu. A biharmonic-modified forward time stepping
method for fourth order nonlinear diffusion equations. Discrete and Continuous
Dynamical Systems, 29(4):1367-1391, 2011.

B. Breure and C.J. Peters. Modeling of the surface tension of pure components
and mixtures using the density gradient theory combined with a theoretically
derived influence parameter correlation. Fluid Phase FEquilibria, 334:189-196,
2012.

J.W. Cahn. Free energy of a nonuniform system. II. Thermodynamic basis. The
Journal of Chemical Physics, 30(5):1121-1124, 1959.

J.W. Cahn and J.E. Hilliard. Free energy of a nonuniform system. I. Interfacial
free energy. The Journal of Chemical Physics, 28(2):258-267, 1958.

S. Chen and G.D. Doolen. Lattice Boltzmann method for fluid flows. Annual
Review of Fluid Mechanics, 30(1):329-364, 1998.

W. Chen, S. Conde, C. Wang, X. Wang, and S.M. Wise. A linear energy stable
scheme for a thin film model without slope selection. Journal of Scientific
Computing, 52(3):546-562, 2012.

Q. Cheng, X. Yang, and J. Shen. Efficient and accurate numerical schemes for
a hydro-dynamically coupled phase field diblock copolymer model. Journal of
Computational Physics, 341:44-60, 2017.

H. Davis. Statistical mechanics of phases, interfaces, and thin films. Wiley-VCH,
1996.

C. Dawson, S. Sun, and M.F. Wheeler. Compatible algorithms for coupled
flow and transport. Computer Methods in Applied Mechanics and Engineering,
193(23-26):2565-2580, 2004.

94



PhD Thesis BIBLIOGRAPHY

[12]

[13]

[19]

[20]

[21]

[22]

[23]

[24]

D. d’Humieres. Generalized Lattice Boltzmann equations, in: Rarefied gas dy-
namics: theory and simulations. Progress in Astronautics and Aeronautics,
159:450-458, 1992.

D. d’'Humieres. Multiple-relaxation—time Lattice Boltzmann models in three
dimensions.  Philosophical Transactions of the Royal Society of London,
360(1792):437-451, 2002.

Q. Du and R.A. Nicolaides. Numerical analysis of a continuum model of phase
transition. SIAM Journal on Numerical Analysis, 28(5):1310-1322, 1991.

D.J. Eyre. An unconditionally stable one-step scheme for gradient systems,
manuscript. http://www.math.utah.edu/eyre/research/methods/stable.ps., 1998.

A. Fakhari and T. Lee. Multiple-relaxation-time Lattice Boltzmann method for
immiscible fluids at high Reynolds numbers. Physical Review E, 87(2):023304,
2013.

X. Fan, J. Kou, Z. Qiao, and S. Sun. Modeling pore-scale oil-gas systems
using gradient theory with Peng-Robinson equation of state. Procedia Computer
Science, 80:1364-1373, 2016.

X. Fan, J. Kou, Z. Qiao, and S. Sun. A component-wise convex splitting scheme
for diffuse interface models with Van der Waals and Peng-Robinson equations
of state. SIAM Journal on Scientific Computing, 39(1):B1-B28, 2017.

X. Feng, T. Tang, and J. Yang. Stabilized Crank-Nicolson/Adams-Bashforth
schemes for phase field models. Fast Asian Journal on Applied Mathematics,
3(1):59-80, 2013.

D. Frenkel and B. Smit. Understanding molecular simulation: from algorithms
to applications, volume 1. Elsevier, 2001.

D. Furihata. A stable and conservative finite difference scheme for the Cahn-
Hilliard equation. Numerische Mathematik, 87(4):675-699, 2001.

H. Gomez and T.J.R. Hughes. Provably unconditionally stable, second-order
time-accurate, mixed variational methods for phase-field models. Journal of
Computational Physics, 230(13):5310-5327, 2011.

A K. Gunstensen, D.H. Rothman, S. Zaleski, and G. Zanetti. Lattice Boltzmann
model of immiscible fluids. Physical Review A, 43(8):4320-4327, 1991.

7. Guo and C. Shu. Lattice Boltzmann method and its applications in engineer-
ing. World Scientific, 2013.



BIBLIOGRAPHY PhD Thesis

[25]

[20]

[27]

[28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

7. Guo, C. Zheng, and T. Zhao. A lattice BGK scheme with general propagation.
Journal of Scientific Computing, 16(4):569-585, 2001.

K.B. Haugen and A. Firoozabadi. Composition at the interface between multi-
component nonequilibrium fluid phases. The Journal of Chemical Physics,

130(6):064707, 2009.

X. He, S. Chen, and R. Zhang. A Lattice Boltzmann scheme for incompressible
multi-phase flow and its application in simulation of Rayleigh—Taylor instability.
Journal of Computational Physics, 152(2):642-663, 1999.

Y. He, Y. Liu, and T. Tang. On large time-stepping methods for the Cahn—
Hilliard equation. Applied Numerical Mathematics, 57(5-7):616-628, 2007.

T. Jindrov and J. Mikyka. Fast and robust algorithm for calculation of two-phase
equilibria at given volume, temperature, and moles. Fluid Phase Equilibria,
353(37):101-114, 2013.

T. Jindrov and J. Mikyka. General algorithm for multi-phase equilibria calcula-
tion at given volume, temperature, and moles. Fluid Phase Equilibria, 393:7-25,
2015.

J. Kou and S. Sun. Numerical methods for a multi-component two-phase in-
terface model with geometric mean influence parameters. SIAM Journal on
Scientific Computing, 37(4):B543-B569, 2015.

J. Kou and S. Sun. Unconditionally stable methods for simulating multi-
component two-phase interface models with Peng—Robinson equation of state
and various boundary conditions. Journal of Computational and Applied Math-
ematics, 291:158-182, 2016.

J. Kou and S. Sun. A stable algorithm for calculating phase equilibria with
capillarity at specified moles, volume and temperature using a dynamic model.
Fluid Phase Equilibria, 456:7-24, 2018.

J. Kou and S. Sun. Thermodynamically consistent modeling and simulation of
multi-component two-phase flow with partial miscibility. Computer Methods in
Applied Mechanics and Engineering, 331:623-649, 2018.

J. Kou, S. Sun, and X. Wang. Linearly decoupled energy-stable numerical
methods for multi-component two-phase compressible flow. SIAM Journal on
Numerical Analysis, 56(6):B543B569, 2018.

P. Lallemand and L. Luo. Theory of the Lattice Boltzmann method: dispersion,
dissipation, isotropy, galilean invariance, and stability. Physical Review E, 61(6
Pt A):6546-6562, 2000.



PhD Thesis BIBLIOGRAPHY

[37]

[38]

[39]

[40]

[41]

[44]

[45]

[47]

[48]

[49]

T. Lee and P.F. Fischer. Eliminating parasitic currents in the Lattice Boltzmann
equation method for nonideal gases. Physical Review E, 74(2):046709, 2006.

T. Lee and C. Lin. A stable discretization of the Lattice Boltzmann equation
for simulation of incompressible two-phase flows at high density ratio. Journal
of Computational Physics, 206(1):16-47, 2005.

T. Lee and L. Liu. Lattice Boltzmann simulations of micron-scale drop impact
on dry surfaces. Journal of Computational Physics, 229(20):8045-8063, 2010.

D. Li and Z. Qiao. On second order semi-implicit Fourier-spectral methods for
2D Cahn—Hilliard equations. Journal of Scientific Computing, 70(1):301-341,
2017.

D. Li and Z. Qiao. On the stabilization size of semi-implicit Fourier-spectral
methods for 3D Cahn-Hilliard equations. Communications in Mathematical Sci-
ences, 2017.

D. Li, Z. Qiao, and T. Tang. Characterizing the stabilization size for semi-
implicit Fourier-spectral method to phase field equations. SIAM Journal on
Numerical Analysis, 54(3):1653-1681, 2016.

H. Li, L. Ju, C. Zhang, and Q. Peng. Unconditionally energy stable linear
schemes for the diffuse interface model with Peng-Robinson equation of state.
Journal of Scientific Computing, 75(2):993-1015, 2018.

Q. Li, K. Luo, Y. Gao, and Y. He. Additional interfacial force in Lattice
Boltzmann models for incompressible multi-phase flows. Physical Review E,
85(2):026704, 2012.

H. Lin and Y. Duan. Surface tension measurements of propane (r-290) and
isobutane (r-600a) from (253 to 333) K. Journal of Chemical and Engineering
Data, 48:1360-1363, 2003.

H. Liu, Q. Kang, C.R. Leonardi, S. Schmieschek, A. Narvez, B.D. Jones, J.R.
Williams, A.J. Valocchi, and J. Harting. Multiphase Lattice Boltzmann simula-
tions for porous media applications. Computational Geosciences, 20(4):777-805,
2016.

L. Luo. Unified theory of Lattice Boltzmann models for nonideal gases. Physical
Review Letters, 81(8):1618-1621, 1998.

L. Luo. Theory of the Lattice Boltzmann method: Lattice Boltzmann models
for nonideal gases. Physical Review E, 62(4 Pt A):4982, 2001.

G.R. Mcnamara, A.L. Garcia, and B.J. Alder. Stabilization of thermal Lattice
Boltzmann models. Journal of Statistical Physics, 81(1-2):395-408, 1995.



BIBLIOGRAPHY PhD Thesis

[50]

[51]
[52]

[53]

[54]

[55]

[56]

[57]

[60]

[61]

[62]

[63]

J. Mikyka and A. Firoozabadi. Investigation of mixture stability at given vol-
ume, temperature, and number of moles. Fluid Phase FEquilibria, 321:1-9, 2012.

A. Onuki. Phase transition dynamics. Cambridge University Press, 2002.

A. Onuki. Dynamic Van der Waals theory of two-phase fluids in heat flow.
Physical Review Letters, 94(5):054501, 2005.

A. Onuki. Dynamic Van der Waals theory. Physical Review E, 75(3):036304,
2007.

D. Peng and D.B. Robinson. A new two-constant equation of state. Industrial
and Engineering Chemistry Fundamentals, 15(1):59-64, 1976.

Q. Peng. A convex-splitting scheme for a diffuse interface model with Peng-
Robinson equation of state. Advances in Applied Mathematics and Mechanics,
9:1162-1188, 2017.

Q. Peng, Z. Qiao, and S. Sun. Stability and convergence analysis of second-
order schemes for a diffuse interface model with Peng-Robinson equation of
state. Journal of Computational Mathematics, 35(6):737-765, 2017.

O. Polvka and J. Mikyka. Compositional modeling in porous media using con-
stant volume flash and flux computation without the need for phase identifica-
tion. Journal of Computational Physics, 272(5):149-169, 2014.

Y. Qian, D. D’Humires, and P. Lallemand. Lattice BGK models for Navier-
Stokes equation. Europhysics Letters, 17:479-484, 2007.

Z. Qiao and S. Sun. Two-phase fluid simulation using a diffuse interface model
with Peng-Robinson equation of state. SIAM Journal on Scientific Computing,
36(4):B708-B728, 2014.

L. Rongy, K.B. Haugen, and A. Firoozabadi. Mixing from Fickian diffusion
and natural convection in binary non-equilibrium fluid phases. AIChE journal,
58(5):1336-1345, 2012.

X. Shan and H. Chen. Lattice Boltzmann model for simulating flows with
multiple phases and components. Physical Review E, 47(3):1815-1819, 1993.

X. Shan and H. Chen. Simulation of nonideal gases and liquid-gas phase transi-
tions by the Lattice Boltzmann equation. Physical Review FE, 49(4):2941-2948,
1994.

J. Shen, C. Wang, X. Wang, and S.M. Wise. Second-order convex splitting
schemes for gradient flows with Ehrlich—Schwoebel type energy: application to
thin film epitaxy. SIAM Journal on Numerical Analysis, 50(1):105-125, 2012.



PhD Thesis BIBLIOGRAPHY

[64]

[65]

[66]

[67]

[75]

[76]

J. Shen, J. Xu, and J. Yang. The scalar auxiliary variable (SAV) approach for
gradient flows. Journal of Computational Physics, 353:407-416, 2018.

J. Shen, J. Xu, and J. Yang. A new class of efficient and robust energy stable
schemes for gradient flows. SIAM Review, 2019.

J. Shen and X. Yang. Numerical approximations of Allen-Cahn and Cahn-
Hilliard equations. Discrete and Continuous Dynamical Systems, 28(4):1669—
1691, 2010.

J. Shen and X. Yang. A phase-field model and its numerical approximation for
two-phase incompressible flows with different densities and viscosities. SIAM
Journal on Scientific Computing, 32(3):1159-1179, 2010.

B. Shi and Z. Guo. Lattice Boltzmann model for nonlinear convection-diffusion
equations. Physical Review E, 79:016701, 2009.

M.R. Swift, E. Orlandini, W.R. Osborn, and J.M. Yeomans. Lattice Boltz-
mann simulations of liquid-gas and binary fluid systems. Physical Review FE,
54(5):5041, 1996.

M.R. Swift, W.R. Osborn, and J.M. Yeomans. Lattice Boltzmann simulation of
nonideal fluids. Physical Review Letters, 75(5):830-833, 1995.

A.J. Wagner. The origin of spurious velocities in Lattice Boltzmann. Interna-
tional Journal of Modern Physics B, 17(01n02):193-196, 2003.

C. Wang and S.M. Wise. An energy stable and convergent finite-difference
scheme for the modified phase field crystal equation. SIAM Journal on Numer-
ical Analysis, 49(3):945-969, 2011.

Y. Wang, C. Shu, H. Huang, and C. Teo. Multiphase Lattice Boltzmann flux
solver for incompressible multi-phase flows with large density ratio. Journal of
Computational Physics, 280(C):404-423, 2015.

Y. Wang, C. Shu, J. Shao, J. Wu, and X. Niu. A mass-conserved diffuse inter-
face method and its application for incompressible multi-phase flows with large
density ratio. Journal of Computational Physics, 290(C):336-351, 2015.

C. Xu and T. Tang. Stability analysis of large time-stepping methods for epi-
taxial growth models. SIAM Journal on Numerical Analysis, 44(4):1759-1779,
2006.

K. Yang and Z. Guo. Lattice Boltzmann method for binary fluids based on
mass-conserving quasi-incompressible phase-field theory. Physical Review FE,
93(4):043303, 2016.



BIBLIOGRAPHY PhD Thesis

[77]

[80]

[81]

82]

[83]

X. Yang and L. Ju. Efficient linear schemes with unconditional energy stability
for the phase field elastic bending energy model. Computer Methods in Applied
Mechanics and Engineering, 315:691-712, 2017.

P. Yue, J. Feng, C. Liu, and J. Shen. A diffuse-interface method for simulating
two-phase flows of complex fluids. Journal of Fluid Mechanics, 515:293-317,
2004.

T. Zhang, A. Salama, S. Sun, and M.F. El-Amin. Pore network modeling of
drainage process in patterned porous media: a quasi-static study. Journal of
Computational Science, 9:64-69, 2015.

H. Zheng, C. Shu, and Y. Chew. A Lattice Boltzmann model for multiphase
flows with large density ratio. Journal of Computational Physics, 218(1):353—
371, 2006.

L. Zheng, S. Zheng, and Q. Zhai. Lattice Boltzmann equation method for the
Cahn-Hilliard equation. Physical Review E, 91(1):013309, 2015.

Y. Zu and S. He. Phase-field-based Lattice Boltzmann model for incompressible
binary fluid systems with density and viscosity contrasts. Physical Review E,
87(4):043301, 2013.

A. Zunino, K. Mosegaard, K. Lange, Y. Melnikova, and Thomas Mejer H. Monte
Carlo reservoir analysis combining seismic reflection data and informed priors.
Geophysics, 80(1):R31-R41, 2014.

— 100 —



	Certificate of Originality
	Abstract
	Acknowledgements
	List of Figures
	List of Tables
	1 Introduction
	1.1 Background
	1.2 Peng-Robinson EOS in the diffuse-interface problem
	1.3 Initial values of the multi-phase system
	1.4 Numerical approaches
	1.4.1 Energy stable schemes for diffuse-interface models
	1.4.2 The Lattice Boltzmann method for multi-phase flow problems


	2 Energy stable schemes for the equilibrium problem of hydrocarbon substances
	2.1 A single-component two-phase model
	2.1.1 The SAV approach for a diffuse interface model with Peng-Robinson EOS
	2.1.2 A First order SAV scheme (SAV1)
	2.1.3 A Second order SAV scheme (SAV2)
	2.1.4 Numerical experiments

	2.2 A multi-component two-phase flow model
	2.2.1 A diffuse-interface model of multi-component flows
	2.2.2 The SAV approach of the multi-component model with Peng-Robinson EOS
	2.2.3 An SAV-CN scheme
	2.2.4 Numerical experiments

	2.3 Chapter summary

	3 The Lattice Boltzmann method for the hydrocarbon fluid system
	3.1 LBM for the Allen-Cahn type equilibrium phase problem with Peng-Robinson EOS
	3.1.1 Derivation of the Allen-Cahn type phase equation
	3.1.2 Chapman-Enskog analysis of the present LBM
	3.1.3 The definition of Lagrange multiplier
	3.1.4 Numerical experiments

	3.2 LBM for nonideal fluids with Peng-Robinson EOS
	3.2.1 A thermodynamically consistent hydrocarbon model
	3.2.2 Multiple-relaxation-time LBM
	3.2.3 From MRT-LBE to Hydrodynamic equations: Multi-scale Chapman-Enskog expansion
	3.2.4 Numerical experiments

	3.3 Chapter summary

	4 Conclusions & Future Work
	4.1 Concluding remarks
	4.2 Future work

	Bibliography



