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Abstract

Topological photonics have been of great interest for the past decade, as the

topological edge modes were proven to be robust against local perturbations.

In this thesis, we study one-dimensional (1D) topological gyrotropic lattices

beyond the Su-Schrieffer-Heeger (SSH) model. Different from the conven-

tional SSH model that has only nearest-neighbor interactions, we consider,

in general, dispersive systems with dynamic long-range interactions. The

electromagnetic resonances of both gyroelectric lattices and gyromagnetic

lattices are studied and compared. We find that the normal modes of the

system coupled strongly to the photon mode of the background medium. In

particular, the dynamic effects create a different band gap in gyromagnetic

systems. We propose a 1D topological model for such a dispersive gyromag-

netic system and demonstrate that the dynamic long-range interaction can

lead to localized topological edge modes, while the quasi-static interaction

alone does not. Our results indicate that the dynamic long-range interaction

plays a crucial role in predicting the precise band structures and the spec-

tral position of the topological edge modes in strongly dispersive gyrotropic
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systems, which deepen our understanding on the topology in non-reciprocal

photonics.
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Chapter 1

Introduction

1.1 Arrays of subwavelength particles

The ability to control light is always challenging and leads to important appli-

cations. Arrays of subwavelength particles, such as plasmonic nanoparticles

and dielectric nanoparticles have attracted a lot of interests due to the inter-

esting possibilities for potential applications in manipulating electromagnetic

waves. Comparing to photonic crystals, array of subwavelength particles use

less materials and are more compact in size.

In particular, one-dimensional (1D) arrays of plasmonic nanoparticles

have been intensively studied due to their abilities of guiding and confining

light in the nanoscale[1, 2, 3, 4, 5]. The guided modes in arrays of plasmonic

nanoparticles are due to the interactions of localized plasmons in the plas-

monic nanoparticles. Many properties of the plasmonic nanoparticles can be

1



CHAPTER 1. INTRODUCTION 2

studied analytically under the dipole approximation, where each nanoparti-

cles can be treated as a point dipole, and the operating frequency of devices

based on such arrays of plasmonic nanoparticles are in the terahertz regime.

Recently, arrays of gyromagnetic subwavelength particles operating mi-

crowave regime have also been studied[6, 7]. The gyromagnetic particles can

be studied with a similar dipole model, where the electric dipoles in plas-

monic nanoparticles is analog to a magnetic dipoles in gyromagnetic par-

ticles. In gyromagnetic media, the magnetization not only breaks both the

time reversal symmetry and the Lorentz reciprocity due to the non-symmetric

permeability tensor µ 6= µT , but it also breaks other spatial symmetries.

System with broken symmetries and Lorentz reciprocity have possibility to

support unidirectional light propagation and can form the basis for design-

ing metasurfaces[8]. This has important applications in optical information

technology, such as overcoming time-bandwidth limit[9], optical isolator[10],

and optical circulator[11]. It is found that, arrays of gyromagnetic subwave-

length particles can be useful in power transmission, where Faraday rotation

is observed[6] and self-guided unidirectional waveguides can be realized[7].

Apart from gyromagnetic particles, an analog system can be obtained

when external magnetic field is applied to array of plasmonic nanoparticles.

The magnetized plasmon, or gyroelectric, systems with non-symmetric per-

mittivity tensor ε 6= εT were proven to presnet Faraday rotation[12] and

non-reciprocal propagation of electromagnetic waves[13]. As we seen, both

gyromagnetic and gyroelectric particles, or simply known as gyrotropic par-
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ticles are very useful and interesting. In this thesis, we study arrays of gy-

rotropic subwavelength particles together with the concept of topology which

will be introduced in the subsequent chapters.

1.2 Topological photonics

In the past decade, topological photonics[14, 15] has become a rapidly grow-

ing field of research since the analogs of quantum Hall edge states were

theoretically proposed[16, 17, 18] and experimentally realized[19] in two-

dimensional (2D) gyromagnetic photonic crystals. The bulk-boundary cor-

respondence predicts edge modes existing at the boundary between systems

with distinct topological phases, which are backscattering-immune and ro-

bust against local perturbations[14, 15]. Topological edge modes can be

supported in many photonic systems, such as coupled resonator arrays[20,

21, 22], bi-anisotropic metamaterials[23], photonic crystals made of dielectric

cylinders[24], radio-frequency circuits[25], cavity and circuit quantum elec-

trodynamics systems[26, 27], and three-dimensional Weyl points and nodal

lines systems[28] or in even higher synthetic dimensions[29, 30]. The en-

hanced light-matter interactions associated with topological edge modes may

lead to many potential applications, such as efficient and robust lasers[31, 32,

33, 34, 35, 36].

Recently, it has been shown that topological modes can be realized in one-

dimensional (1D) photonic crystals[37, 38], and 1D arrays of plasmonic[39, 40,
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41, 42, 43, 44, 45] and dielectric nanoparticles[46, 47, 48]. In particular, the

Majorana states are found in the zigzag chains of plasmonic nanoparticles[39]

and lasing topological edge states are reported in the photonic analogs of Su-

Schrieffer-Heeger (SSH) model[31, 33, 34].

Since the rise of topological photonics, there have been extensive study

on the topological edge modes in gyromagnetic systems including continuous

media[49, 50] and 2D lattices[17, 19, 51, 52, 53, 54]. Previously, 1D gyro-

magnetic lattices have been studied either with a focus on high frequency

modes[7], or in quasi-static limit with short-range interactions[6]. Compare

to 2D systems, there is lack of work in 1D topological gyromagnetic systems,

and the same is also true for 1D topological gyroelectric system, even their

analogs of the simplest SSH model, if exists, have not been discussed. This

gives the motivation of this work to clarify the topological physics in these

non-reciprocal photonic systems.

1.3 The Su-Schrieffer-Heeger (SSH) model

In 1979, the theoretical study of soliton formation in long-chain polyenes

leads to the famous Su-Schrieffer-Heeger (SSH) model[55]. The SSH model

describing spinless fermions hopping on a 1D lattice with staggered hopping

amplitudes is one of the simplest systems exhibiting non-trivial topologi-

cal bands. Although the SSH model is simple, it captures all the topolog-

ical physics of 1D systems. The details of the topological invariant, bulk-



CHAPTER 1. INTRODUCTION 5

Figure 1.1: Illustration of the SSH model. The lattice constant is given by a2.
The unit cell is indicated by the dashed box. The distance between cylinder
A and cylinder B is given by b.

boundary correspondence, and topological edge modes for 1D systems will

be discussed in Chapter 2. The SSH model is essentially a dimerized chain

on a 1D lattice, as depicted in Fig. 1.1. The unit cell consists of two par-

ticles, labeled as A and B, and the displacement from particle A to par-

ticle B is given by b. It is a universal model and the analogs of the SSH

model appear in many different physical systems. The model is studied us-

ing a tight-binding approach with only nearest-neighbor interactions being

considered. In photonic systems, it is usually studied in quasi-static limit.

It is known that the SSH model under these approximations exhibit chiral

symmetry[56]. In short, we say a system with Hamiltonian Ĥ has chiral

symmetry, if Γ̂ĤΓ̂† = −Ĥ, where Γ̂ is an operator. The chiral symmetry

operator has to be unitary and Hermitian, which can be written succinctly

as Γ̂†Γ̂ = Γ̂2 = 1. The characteristics of the SSH model that are most in-

terested to us is the consequences of chiral symmetry for energy eigenstates.

The spectrum of a chiral symmetric Hamiltonian is symmetric. For any state

with energy E, there is a chiral symmetruc partner with energy −E, and the
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edge state lies at the zero-energy state. This was validated in a variety of

analogous photonic systems under the tight-binding approach[46, 40, 48].

1.4 Beyond the SSH model

As mentioned in Chapter 1.3, a tight-binding approach is widely used in

studying the topology of bands in photonic systems. In that approach, the

systems are studied in quasi-static limit with only short-range interactions

being considered. Under these approximations, the retardation and radiative

effects, or simply the dynamic effects, is neglected.

Recently, however, we demonstrated that dynamic long-range interactions

play a crucial role in the accurate prediction of the photonic band struc-

tures and topological edge modes in the SSH and nonsymmorphic Rice-Mele

model of plasmonic nanoribbon lattices[43]. Our observations are confirmed

in the subsequent investigations of plasmonic nanoparticles chains in both

classical[44] and quantum regime[45]. Different from the electron wave func-

tions, the electromagnetic fields of photonic resonators are not very localized.

Although the near fields are stronger than the far fields, the effects of the

far fields can play an important role in some circumstance. In that case,

long-range interactions and dynamic effects cannot be neglected, otherwise

some interesting physics may be overlooked[43, 44, 45].

Moreover, many works in topological photonics assume a non-dispersive

and focus on Hermitian systems[17, 20]. In principle, photonic systems are
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inherently dispersive. Furthermore, even if damping is neglected, the systems

are still non-Hermitian in nature due to the retardation and radiative effects.

It is found that non-Hermitian due to dynamic long-range interactions can

have interesting topology[44].

In the present work, we investigate the effects of dynamic long-range in-

teractions on the photonic band structures and the topological edge modes in

1D arrays of dispersive gyrotropic resonators beyond the SSH model. We use

the eigen-response theory[57, 58, 4, 59], which will be introduced in Chapter

2 and was extensively used in the studying of coupled plasmonic resonators,

to account for the dynamic long-range interactions and, meanwhile, to create

mapping to a non-Hermitian eigenvalue problem.

1.5 Structure of this thesis

In this chapter, the background of 1D topological photonics has been re-

viewed. The motivation and objective of this work are stated. In Chapter 2,

the theory underlying this work is introduced. The coupled-dipole method

and the eigen-response theory in 2D space for multiple dispersive gyrotropic

cylinders is formulated. Also, the Zak phase and bulk-boundary correspon-

dence for 1D topological systems is reviewed. In Chapter 3, the results for

1D gyromagnetic lattices are presented. The band structures of a regular

chain and a dimerized chain are calculated, which demonstrated the impor-

tance of dynamic long-range interactions. Then topological phase transition
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in a dimerized chain is discussed and topological edge modes supporting in

a finite lattice is demonstrated. In Chapter 4, the results for 1D gyroelectric

lattices are presented. The structure of this chapter is analog to Chapter 3.

The objective of this chapter is to show the difference between gyroelectric

lattices and gyromagnetic lattices. Finally, the conclusions of this thesis is

given in Chapter 5.



Chapter 2

Theory

In this chapter, we formulate the theory in 2D space underlining the work

of this thesis. We will be focusing on the magnetic phenomena associated

with gyromagnetic system. Then, by the duality of Maxwell’s equation, all

the equations formulated can be transformed to their electric counterparts

associated with gyroelectric system. It should be noted that, Gaussian units

are used in this chapter. Furthermore, we assume and follow the convention

for the time dependence e−iωt.

2.1 Coupled-dipole method in two dimensions

In this section, we describe the coupled-dipole method in two dimensions

for multiple dispersive gyromagnetic cylinders. Coupled-dipole method is

used extensively in studying electromagnetic interactions between multiple

9
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particles, such as arrays of plasmonic and dielectric nanoparticles.

We begin by considering multiple cylinders in the xy-plane. The radius

of the cylinder is given by r and axis of the cylinder in z-direction. The

center-to-center distance between cylinders is given by a. The parameters are

chosen with a ≥ 3r, such that the cylinders are not too close to each other.

For frequencies near the dipole resonance, we take the dipole approximation,

in which each cylinder is treated as a point dipole[5]. We are interested in the

fields perpendicular to the axis of the cylinder in the xy-plane. A magnetic

dipole moment m(ρ) = α(ω)B(ρ) will be induced when the cylinder at ρ

is in a magnetic field B(ρ), where α(ω) is the polarizability of the cylinder.

We have

α(ω) =

αxx αxy

αyx αyy

 . (2.1)

In general, the polarizability of an object depends on materials and the ge-

ometry of it. We have taken into account the dispersive properties of the

materials, so α(ω) is a function of frequency ω. The polarizability is the

response function of an object to the electromagnetic field. Then, the reso-

nant frequency of a single gyromagnetic cylinder ω0 can be found by solving

<[detα−1(ω0)] = 0. ω0 can be interpreted as the spectral position of the

zero-energy state in the SSH model.

The field at ρ due to the induced dipole moment at ρ′ is given by

B(ρ) = 4πk20G(ρ,ρ′)m(ρ′)[60], where G(ρ,ρ′) is the 2D Green’s tensor.
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We have[61]

G(ρ,ρ′) =

Gxx Gxy

Gyx Gyy

 , (2.2)

with

Gxx =
i

4

(
sin2(θ)H

(1)
0 (k0R) +

cos(2θ)

k0R

)
H

(1)
1 (k0R), (2.3a)

Gxy = Gyx =
i

4

sin(2θ)

2
H

(1)
2 (k0R), (2.3b)

Gyy =
i

4

(
cos2(θ)H

(1)
0 (k0R)− cos(2θ)

k0R

)
H

(1)
1 (k0R), (2.3c)

where R := ρ′ − ρ = [R cos(θ), R sin(θ)] = (x − x′, y − y′) is the relative

displacement between the source and the observation points, H
(1)
i is the

Hankel function of the first kind, and k0 = ω/c is the wavenumber in the

background medium. In quasi-static limit k0 → 0, the field varies inversely

as the square of the distance B ∼ 1/R2 (see Appendix A). For an array

of cylinders, the local field at a dipole is given by the sum of the external

field and the fields from all the other dipoles. The dipole-dipole interaction

between cylinders leads to the following coupled-dipole equations

m(ρ) = α(ω)

(
4πk20

∑
ρ′ 6=ρ

G(ρ,ρ′)m(ρ′) +B0(ρ)

)
, (2.4)

where the sum includes all the dipole moments except the self-interaction

term and B0(ρ) is the external excitation magnetic field. For example, B0

can be the field of a plane wave.
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2.2 Coupled-dipole method in three dimen-

sions

In this section, we describe the coupled-dipole method in three dimensions

for multiple dispersive particles and in particular, we consider arrays of gy-

roelectric spheres. In three dimensions, the polarizability of a particle is

generally given by

α(ω) =


αxx αxy αxz

αyx αyy αyz

αzx αzy αzz

 . (2.5)

Then, the resonant frequency of a single particle ω0 can again be found

by solving <[detα−1(ω0)] = 0. The field at r due to the induced dipole

moment at r′ is given by E(r) = k20/ε0G(r, r′)m(r′)[60], where G(r, r′) is

the 3D Green’s tensor. The 3D Green’s tensor is obtained from the Helmholtz

equation. We have

G(r, r′) =
eik0R

4πR
, (2.6)

and

G(r, r′) =

(
I +

1

k20
∇∇

)
G(r, r′) (2.7)

Then the 3D Green’s tensor is given by

G(r, r′) =
eik0R

4πR

[(
1 +

ik0R− 1

k20R
2

)
I +

3− 3ik0R− k20R2

k20R
2

R⊗R
R2

]
(2.8)
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In quasi-static limit k0 → 0, the field varies inversely as E ∼ 1/R3 which

decays faster than that in two-dimensional space. For an array of sphere, the

local field at a dipole is given by the sum of the external field and the fields

from all the other dipoles. The dipole-dipole interaction between cylinders

leads to the following coupled-dipole equations

p(r) = α(ω)

(
k20
ε0

∑
r′ 6=r

G(r, r′)m(r′) +E0(r)

)
, (2.9)

where the sum includes all the dipole moments except the self-interaction

term and E0(r) is the external excitation electric field.

2.3 Lattice sums for the 3D Green’s tensor

In this section, we describe a method to obtain the lattice sums for the 3D

Green’s tensor[62]. The lattice sums of the 3D Green’s tensor is not diverging

but slowly converging. In the study of different photonic systems made of

arrays of electromagnetic particles, we often encounter the problem of slowly

converging lattice sums. In particular, we follow the method known as Ewald

summation and formulate the lattice sums for general 3D Bravaus lattices.

To begin with, we write the coupled dipole equations as

p(r) = α(ω)

(
k20
ε0

∑
n6=0

G(R0,R0 +Rn)p(R0 +Rn) +E0(R0)

)
, (2.10)
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where the Bravais lattice vector is given by

Rn = n1a1 + n2a2 + n3a3 (2.11)

and we define R := r − r′ and the reference point R0 = n1,0a1 + n2,0a2 +

n3,0a3. For infinite periodic lattice, we apply the Bloch’s theorem

p(R0 +Rn) = eik·Rnp(R0) (2.12)

where k = kxx + kyy + kzz is the Bloch’s wave vector. Then the coupled-

dipole equation for infinite lattice is given by

p(r) = α(ω)

(
k20
ε0

∑
n6=0

G(R0,R0 +Rn)eik·Rnp(R0) +E0(R0)

)
(2.13)

The lattice sums is given by
∑

n6=0G(r,R0 +Rn)eik·Rn , where we now con-

sider the observation point in general position r other than only the lattice

point. First, we observed that there is singularity ar r = R0 with n = 0. To

carry out regularization, we rewrite the lattice Green’s function as

G(r,R0 +Rn,k) =
∞∑

n=−∞

G(r,R0 +Rn)eik·Rn −G(r,R0) (2.14)

G(R0,R0 +Rn,k) = lim
r→R0

(
∞∑

n=−∞

G(r,R0 +Rn)eik·Rn −G(r,R0)

)
(2.15)
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The Green’s tensor is related to the Green’s function by

G(r,R0 +Rn,k) =

(
I +

1

k20
∇∇

) ∞∑
n=−∞

G(r,R0 +Rn)eik·Rn −G(r,R0)

(2.16)

and

G(R0,R0 +Rn,k) = lim
r→R0

G(r,R0 +Rn,k) (2.17)

Following the Ewald method, then we can carry out the sums in the real

space lattice and reciprocal space lattice respectively, which gives

G(R0,R0 +Rn,k) = GR +GG (2.18)

and

GR0,R0 +Rn,k) = GR +GG (2.19)

To be clear, the reciprocal lattice is given by

Gm = m1b1 +m3b3 +m3b3 (2.20)

where

b1 = 2π
a2 × a3

a1 · (a2 × a3)
(2.21)

b2 = 2π
a3 × a1

a2 · (a3 × a1)
(2.22)

b3 = 2π
a1 × a2

a3 · (a1 × a2)
(2.23)
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To simplify the notation, we further define

rn = r − (R0 +Rn) (2.24)

and hence

rn = r − |(R0 +Rn)| (2.25)

Then we have

GR =
1

8π

∞∑
n=−∞

eik·Rn

rn
f(rn) (2.26)

and

GG =
1

a1a2a3

∞∑
m=−∞

e−
|k+Gm|2−k20

4E2

|k +Gm|2 − k20
ei(k+Gm)·(r−R0) (2.27)

where we define the function

f(r,R0 +Rn) := eik0|r−(R0+Rn)| erfc(|r − (R0 +Rn)|E +
ik0
2E

) (2.28)

+e−ik0|r−(R0+Rn)| erfc(|r − (R0 +Rn)|E − ik0
2E

)(2.29)

f(rn) = eik0rn erfc(rnE +
ik0
2E

) + e−ik0rn erfc(rnE −
ik0
2E

) (2.30)

The parameter E is chosen to optimized the convergence and it is given by

E =

(
π21/a21 + 1/a22 + 1/a23

a21 + a22 + a23

)1/4

(2.31)

Now, we can carry out the differentiation to GR and GG respectively. For
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the real lattice part, we have

∇∇GR =
1

8π

∞∑
n=−∞

eik·RnF (rn) (2.32)

where

F (rn) :=

(
f ′(rn)

r2n
− f(rn)

r3n

)
I +

(
f ′′(rn)

rn
− 3f ′(rn)

r2n
+

3f(rn)

r3n

)
rn ⊗ rn
r2n

(2.33)

For the reciprocal lattice part, we have

∇∇GG = − 1

a1a2a3

∞∑
m=−∞

(k+Gm)⊗(k+Gm)
e−
|k+Gm|2−k20

4E2

|k +Gm|2 − k20
ei(k+Gm)·(r−R0)

(2.34)

From these, we already obtained the field from a infinite lattice to an arbitary

observation point r. In the study of the properties of an infinite lattice, we

will need the observation point to be one of the lattice point. For r = R0, it

is done by regularizing the Green’s fucntion to remove the singularity

G(R0,R0 +Rn,k) = lim
r→R0

(GR(r,R0 +Rn,k)−G(r,R0)) (2.35)

G(R0,R0 +Rn,k) =
1

8π

(∑
n6=0

eik·Rn

rn
f(rn) + f ′(0)− 2ik0

)
(2.36)

GG(R0) =
1

a1a2a3

∞∑
m=−∞

e−
|k+Gm|2−k20

4E2

|k +Gm|2 − k20
(2.37)

Then we can carry out differentiation on the real lattice part and reciprocal
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lattice part respectively.

∇∇G(R0,R0 +Rn,k) = lim
r→R0

(∇∇GR(r,R0 +Rn,k)−∇∇G(r,R0))

(2.38)

∇∇G(R0,R0 +Rn,k) =
1

8π

(∑
n6=0

eik·Rn

rn
f(rn) +

f ′′′(0) + 2ik30
3

I

)
(2.39)

∇∇GG(R0) = − 1

a1a2a3

∞∑
m=−∞

(k+Gm)⊗ (k+Gm)
e−
|k+Gm|2−k20

4E2

|k +Gm|2 − k20
(2.40)

2.4 Eigen-response theory

Instead of solving Eq. (2.9) directly, which involves numerical complex root-

finding, we use a eigen-response theory to study the spectral response of the

system. To do so, we define

M(ω) := α−1(ω)− 4πk20
∑
ρ′ 6=ρ

G(ρ,ρ′). (2.41)

For a system with N gyromagnetic cylinders, M(ω) is a 2N × 2N matrix.

Then Eq. (2.9) can be rewritten as

M(ω)m = B0. (2.42)

This relates the dipole moments m with the external excitation field B0. In

the eigen-response theory[57, 58, 4, 59], which is based on spectral decompo-
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sition, we consider the eigenvalue problem

M (ω)mi = λi(ω)mi, (2.43)

where λi(ω) is the eigenvalue corresponding to the eigenmode mi. We define

the quantity

αeig :=
1

λ
, (2.44)

as the eigen-polarizability, which has the dimension cm2, same as that of the

polarizability α. The eigen-polarizability can be interpreted as the response

function of the corresponding eigenmode for an external excitation field and

the peaks of =(αeig) represent resonances.

2.5 Zak phase and bulk-boundary correspon-

dence

To classify the band topology in 1D systems, we consider a 1D infinite lattice

with the wave vector k = kx̂, with the first Brillouin zone k ∈ [−π/a, π/a],

where a is the lattice constant. The topological invariant for 1D system is

given by Zak phase[63], which is the 1D Berry phase. For the SSH model,

which is a two-band model, we have the eigenmode m±(k) for each band (+

or −), which is a function of the wave vector k. The Zak phase for each band
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is given by[40]

θ± = i

∫ π/a

−π/a
m∗±(k) · d

dk
m±(k)dk, (2.45)

We can calculate the Zak phase numerically through the Wilson loop

e−iθ± =
N−1∏
0

m∗±(−π + n∆k)m±(−π + (n+ 1)∆k)

|m∗±(−π + n∆k)m±(−π + (n+ 1)∆k)|
, (2.46)

where ∆k = 2π/N with N the number of unit cell. In the continuum limit,

we have N →∞ and ∆k → 0, then Eq. (2.46) becomes Eq. (2.45). The Zak

phase for system with unit cell having inversion symmetry is a Z2 invariant

and quantized to 0 and π

θ± = nπ mod (2π) (2.47)

If the inversion center of the unit cell is not at the center of it, the Zak phase

is not quantized, but can be recovered by an additional term[64, 65]. For the

SSH model, this problem will not occur and Eq. (2.45) always gives quantized

Zak phase.

The Zak phase for each bands is obtained from the bulk Hamiltonian.

This bulk topological invariant can be used to make simple robust predictions

about the physics at the edge of a finite lattice. The number of edge modes

nedge in the gap of a finite lattice is given by[56, 65]

nedge =
θ

π
mod (2) (2.48)
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This is known as the bulk-boundary correspondence.



Figure 3.1: Illustration of gyromagnetic cylinders on 1D infinite lattice. The
lattice constant is given by a1. The unit cell is indicated by the dashed box.

22
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Figure 3.2: (a) The photonic band structure with short- and long-range
interactions in quasi-static limit. The blue line is the dispersion relation
with nearest-neighbor interactions only. (b) The photonic band structure
with dynamic long-range interactions. The white dotted lines are the light
lines and the region within the light lines is the light cone. The cyan dashed
line indicates the resonant frequency of a single gyromagnetic cylinder ω0.
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Chapter 3

One-dimensional (1D)

gyromagnetic lattices

3.1 Regular chain

3.1.1 Infinite lattice

We begin by considering a 1D infinite lattice with lattice constant a1 =

9.375 mm in x-direction as depicted in Fig. 3.1. The unit cell consists of one

gyromagnetic cylinder with radius r = 2.5 mm and axis of the cylinder in

z-direction. The parameters are chosen with a1 ≥ 3r, such that the cylinders

are not too close to each other. For frequencies near the dipole resonance, we

take the dipole approximation, in which each cylinder is treated as a point

dipole[5]. We are interested in the fields of the dipole moments in the xy-
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plane, which are perpendicular to the axis of the cylinder. The polarizability

of a cylinder is given by[66]

α−1(ω) =
4π

A

(
[µ(ω)− I]−1 +L

)
− iπk

2
0

2
I, (3.1)

where A = πr2, I is the 2 × 2 identity matrix, and L = (1/2)I is the

demagnetization factors for cylinder, k0 = ω/c is the wavenumber in the

background medium and µ(ω) is the permeability tensor of the gyromagnetic

medium. The radiative correction term −i(πk20/2)I is included to satisfy the

optical theorem. For the case that the applied static magnetic field H and

the saturation magnetization M are parallel to the axis of the cylinder in

+z-direction, the permeability tensor is given by[67]

µ(ω) =

µ1 −iµ2

iµ2 µ1

 , (3.2)

with

µ1 = 1 +
ωm(ωh − iβω)

(ωh − iβω)2 − ω2
, (3.3a)

µ2 =
ωmω

(ωh − iβω)2 − ω2
, (3.3b)

where ωh = γH and ωm = γ4πM , in which γ is the gyromagnetic ratio,

and β is the damping factor. We consider the cylinders are made of yt-

trium iron garnet (YIG), which is a ferrimagnetic material with very low
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loss. The parameters for YIG are H = 500 Oe, 4πM = 1750 G[51, 53], and

β = 3× 10−4[68]. From these expressions, we have

α−1(ω) =

 4
r2

(
ωh
ωm

+ 1
2
− iβ ω

ωm

)
− iπk

2
0

2
i 4
r2

(
ω
ωm

)
−i 4

r2

(
ω
ωm

)
4
r2

(
ωh
ωm

+ 1
2
− iβ ω

ωm

)
− iπk

2
0

2

 .

(3.4)

The resonant frequency of a single gyromagnetic cylinder ω0 is found by

solving <[detα−1(ω0)] = 0, which gives

ω0 = ωh +
ωm
2
. (3.5)

It is equal to f0 = ω0/(2π) = 3.853 GHz, which is in the microwave regime.

ω0 can be interpreted as the spectral position of the zero-energy state in the

SSH model.

For our system, we have the 2D Green’s tensor[61]

G(ρ,ρ′) =

Gxx 0

0 Gyy

 , (3.6)

with

Gxx =
i

4

(
1

k0R

)
H

(1)
1 (k0R), (3.7a)

Gyy =
i

4

(
H

(1)
0 (k0R)− 1

k0R
H

(1)
1 (k0R)

)
, (3.7b)
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where R := ρ′ − ρ is the relative displacement between the source and the

observation points, and H
(1)
i is the Hankel function of the first kind. We have

the following coupled-dipole equations

m(ρ) = α(ω)

(
4πk20

∑
ρ′ 6=ρ

G(ρ,ρ′)m(ρ′) +B0(ρ)

)
, (3.8)

where the sum includes all the dipole moments except the self-interaction

term and B0(ρ) is the external excitation magnetic field.

For 1D infinite lattice, the translational symmetry leads to Bloch’s theo-

rem

m(ρ+R) = eik·Rm(ρ), (3.9)

where the displacement R = na1x̂, with integer n and lattice constant a1,

and the wave vector k = kx̂, with the first Brillouin zone k ∈ [−π/a1, π/a1].

Also, we have G(ρ,ρ′) = G(0,R). The coupled-dipole equation for infinite

lattice is given by

m(ρ) = α(ω)

(
4πk20

∑
R 6=0

G(0,R)eik·Rm(ρ) +B0(ρ)

)
, (3.10)

and we define

M (k, ω) := α−1(ω)− 4πk20
∑
R 6=0

G(0,R)eik·R. (3.11)

The translational symmetry reduces M to a 2× 2 matrix. Then Eq. (3.10)
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can be rewritten as

M (k, ω)m = B0. (3.12)

Then the eigenvalue problem for infinite lattice is

M (k, ω)mi = λi(k, ω)mi. (3.13)

It should be noted that, M is non-Hermitian due to the loss and dynamic

effects. From now on, we set B0 = 0, so as to study the normal modes of the

system.

Quasi-static limit

We calculate the band structure of the gyromagnetic system described in

Sec. 3.1.1 in an infinite lattice. Before studying the more general case, we

consider the system in quasi-static limit k0 → 0. The coupled-dipole equa-

tions in quasi-static limit is described in Appendix A. From Eq. (A.10), we

have

M ′(k, ω) =


4
r2

(
ωh
ωm

+ 1
2
− iβ ω

ωm

)
−
∑
R 6=0

2
R2 e

ik·R i 4
r2

(
ω
ωm

)
−i 4

r2

(
ω
ωm

)
4
r2

(
ωh
ωm

+ 1
2
− iβ ω

ωm

)
+
∑
R 6=0

2
R2 e

ik·R

 .

(3.14)

Then, the system is described by

M ′(k, ω)m = 0. (3.15)
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Now, we take the tight-binding approach, in which only short-range inter-

actions are being considered. By including only the nearest-neighbor inter-

actions, the dispersion relation and the normal mode can be obtained analyti-

cally by solving the non-trivial solution of Eq. (3.15). From <[detM ′(k, ω)] =

0, we obtain the dispersion relation

ω(k) = ω0

√
1− f(k)2, (3.16)

with

f(k) :=

(
r

a1

)2
ωm
ω0

cos(ka1). (3.17)

It is plotted with blue line in Fig. 3.2 (a). We observe a single narrowband.

The normal mode of the system does not couple to the photon mode of

the background medium. At k = ±π/(2a1), the resonant frequency of the

system equals to that of a single gyromagnetic cylinder ω0, while at other k,

the band is below ω0. The group velocity vg = dω/dk of the normal mode

is zero, vg = 0, at k = 0,±π/(2a1),±π/a1. We will soon show that the

results obtained in quasi-static limit do not correctly describe the qualitative

features of the system. Nevertheless, we see that only one non-trivial solution

is obtained from the 2 × 2 matrix problem of Eq. (3.15). The normalized

normal mode is given by

m =
1√
2

√1 + f(k)e−i
π
2√

1− f(k)

 . (3.18)
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We find that the longitudinal mode and the transverse mode are coupled,

such that the magnetic dipole moments rotate counterclockwise elliptically.

This is different from the analogous plasmonic system, where two non-trivial

solutions, which correspond to the longitudinal mode and the transverse

mode, will be obtained.

Dynamic long-range interaction

Now, we extend our calculation to include the dynamic long-range interac-

tions. We consider the non-Hermitian eigenvalue problem of Eq. (3.13) with

eigen-response theory. The band structure can be obtained from the peaks of

max|αeig| and it is shown in Fig. 3.2 (b). Different from the result calculated

with quasi-static short-range interactions, we observe a single broadband.

The normal modes of the system coupled strongly to the photon mode of the

background medium. The band forms outside the light cone with |k| > ω/c,

which represent guided modes and any mode in the light cone with |k| < ω/c

is radiation mode[69]. There is blueshift near the Brillouin zone boundary,

such that the band is above the resonant frequency of a single gyromagnetic

cylinder ω0. All of these features are different from the results in quasi-static

limit.

To show that the differences are due to the dynamic effects, we consider

the system in quasi-static limit again, but including long-range interactions.
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Figure 3.3: Illustration of dimer model of gyromagnetic cylinders on 1D
infinite lattice. The lattice constant is given by a2. The unit cell is indicated
by the dashed box. The distance between cylinder A and cylinder B is given
by b = (1− δ)a2/2.

Now, we have the eigenvalue problem

M ′(k, ω)mi = λi(k, ω)mi, (3.19)

where M ′(k, ω) is given by Eq. (3.14). The band structure is shown in

Fig. 3.2 (a). We see that, without the dynamic effects, the general features of

the band are similar to the blue line, which is the dispersion relation obtained

with only short-range interactions, except at the Brillouin zone center k = 0,

where the group velocity vg becomes discontinuous.
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Figure 3.4: (a), (b), (c), (d) The photonic band structure for dimer model
in quasi-static limit and in general, with dynamic effects. All results include
the long-range interactions. The white dotted lines are the light lines and the
region within the light lines is the light cone. The cyan dashed line indicates
the resonant frequency of a single gyromagnetic cylinder ω0.
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3.2 Dimerized chain

3.2.1 Model

To further demonstrate the importance of dynamic long-range interactions in

gyromagnetic systems, we consider a dimer model of gyromagnetic cylinders

on 1D infinite lattices. In this dimer model, the lattice constant is given by

a2 = 2a1 = 18.75 mm. The unit cell consists of two gyromagnetic cylinders,

labeled as A and B, with the same radius r = 2.5 mm. The displacement

from cylinder A to cylinder B is given by b = bx̂, with

b =
a2
2

(1− δ), (3.20)

where δ is a dimensionless parameter with |δ| ≤ 0.2 and hence b ≥ 3r. The

system is depicted in Fig. 3.3. The polarizability for cylinder A and cylinder

B are given byαA andαB, and their corresponding magnetic dipole moments

are given by mA and mB, respectively. With Bloch’s theorem in Eq. (3.9),

the coupled-dipole equations for the dimer model can be written as

α−1A 0

0 α−1B


mA

mB

 = Γ

mA

mB

 , (3.21)
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with

Γ := 4πk20


∑
R 6=0

G(0,R)eik·R
∑
R

G(0,R+ b)eik·R∑
R

G(0,R− b)eik·R
∑
R 6=0

G(0,R)eik·R

 , (3.22)

and the associated eigenvalue problem with eigen-response theory is given by

Mdimer(k, ω)mi = λi(k, ω)mi, (3.23)

where

Mdimer(k, ω) :=

α−1A 0

0 α−1B

− Γ, (3.24)

is a non-Hermitian 4× 4 matrix.

We consider the system with δ = 0 and δ = 0.2, in quasi-static limit

(see Appendix B) and in general, with dynamic effects, all with long-range

interactions. Again, the band structure can be obtained from the peaks of

max|αeig|. For δ = 0, the system is the same as that discussed in Sec. 3.1.1

as depicted in Fig. 3.1. The band structures for this system are shown in

Fig. 3.4 (a) and (b). Two bands are obtained due to the band folding and

they are physically the same with those in Fig. 3.2 (a) and (b). In both cases,

the results are gapless and there is degeneracy at the Brillouin zone boundary

k = ±π/a2 protected by the inversion symmetry of the system. For the case

in quasi-static limit, this degeneracy is at the resonant frequency of a single

gyromagnetic cylinder ω0, while for the case with dynamic effects, it is at a



CHAPTER 3. ONE-DIMENSIONAL (1D) GYROMAGNETIC LATTICES35

frequency below ω0.

For δ = 0.2, the band structures are shown in Fig. 3.4 (c) and (d). Again,

two bands are obtained. For any δ 6= 0, the inversion symmetry of the

system is broken, hence the degeneracy split. For the case in quasi-static

limit, the degeneracy at the Brillouin zone boundary k = ±π/a2 is split

by one band shifting to a lower frequency, such that the two bands do not

exceed the resonant frequency of a single gyromagnetic cylinder ω0. The

system does not have a full band gap. While for the case with dynamic

effects, the system opens a full band gap. The degeneracy at the Brillouin

zone boundary k = ±π/a2 is split, such that the bands are symmetric about

the original degeneracy. Moreover, the band gap is larger than the one in

quasi-static limit.

We showed that, for dimer model of gyromagnetic cylinders on 1D infinite

lattice, the system do not have a full band gap in quasi-static limit, even if

long-range interactions are included. Besides breaking inversion symmetry

of the system, a full band gap is obtained only when the dynamic long-

range interactions are taken into account. This is a major difference with

the conventional SSH model and its analogous systems, such as arrays of

plasmonic[40, 42] and dielectric nanoparticles[46, 48]. In plasmonic lattices,

although dynamic long-range interactions can be also considered[43, 44, 45],

studying the system in quasi-static limit, with only short-range interactions

is suffice to obtained a full band gap[46, 40, 48, 42], as long as inversion

symmetry is broken in the system. Furthermore, chiral symmetry of the
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system is broken due to the dynamic long-range interactions[44, 45], such that

the band structures are not symmetric with respect to the resonant frequency

of a single cylinder ω0. These demonstrated the importance of dynamic long-

range interactions on the band structures in gyromagnetic systems.

3.2.2 Topological phase transition

It is known that, for the conventional SSH model, the topology of band de-

pends on the distance between the two basis elements in the unit cell[70].

Here, we discuss the topological phase transition in the dimer model of gyro-

magnetic cylinders on 1D infinite lattices by the associated band inversion[71].

We consider the band structures of the system for δ ∈ [−0.2, 0.2] and

find the corresponding upper and lower band edges at k = π/a2. The results

are shown in Fig. 3.5. The curves are the upper and lower band edges at

k = π/a2 and the grey areas are the band gaps. The results are symmetric

about δ = 0. For δ 6= 0, the system opens a band gap. As |δ| decrease, the

band gap becomes smaller. For δ = 0, the band gap closes, and the system

is gapless, which corresponds to the results in Fig. 3.4 (b) at k = π/a2. To

illustrate the band inversion, we find the eigenmodes of the unit cell with

δ = 0.2 and δ = −0.2 for both the upper band and the lower band. We see

that, all the magnetic dipole moments rotate counterclockwise elliptically, as

discussed in Sec. 3.1.1. There are two types of eigenmodes of the unit cell,

with different phase difference ∆θ between cylinder A and cylinder B: one

is in-phase ∆θ = 0 and the other one is anti-phase ∆θ = π. The in-phase
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Figure 3.5: Band inversion and topological phase transition in dimer model
of gyromagnetic cylinders on 1D infinite lattice. The curves are the upper
and lower band edges at k = π/a2 and the grey areas are the band gap. The
eigenstate of the unit cell with δ = 0.2 and δ = −0.2 for both upper band and
lower band are illustrated. The in-phase eigenmodes and the corresponding
band are in blue, while the anti-phase eigenmodes and the corresponding
band are in red. The cyan dashed line indicates the resonant frequency of
a single gyromagnetic cylinder ω0. For δ < 0, the system is in topological
phase I, while for δ > 0, it is in topological phase II. At δ = 0, the system is
gapless, which undergoes band inversion and topological phase transition.
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Figure 3.6: Illustration of 1D topological model of gyromagnetic lattices.
The lattice constant is given by a2. The finite lattice composed of a left
and a right part with different unit cells. The unit cells are indicated by the
dashed boxes and indexed by the integer n. The distance between cylinder
A and cylinder B, in the left and the right part of the lattice, is given by
bL = (1− δL)a2/2 and bR = (1− δR)a2/2, respectively.

eigenmodes and the corresponding band are in blue, while the anti-phase

eigenmodes and the corresponding band are in red. It is shown that, as δ

varies and cross the point δ = 0, the band with in-phase eigenmodes becomes

anti-phase and vice versa. This observation illustrates band inversion and

indicates topological phase transition in the dimer model. For δ < 0, the

system is in topological phase I, while for δ > 0, it is in topological phase

II. At δ = 0, the system is gapless which undergoes band inversion and

topological phase transition.

3.2.3 Finite lattice and topological edge modes

To demonstrate topological edge modes supporting in 1D gyromagnetic sys-

tem, we consider a dimer model of gyromagnetic cylinders on 1D finite lattice

in x-direction with lattice constant a2 = 18.75 mm. The finite lattice com-

posed of a left and a right part with different unit cells. For both the left and
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Figure 3.7: Band structures of dimer model of gyromagnetic cylinders on
1D finite lattice. (a) The topologically trivial system with both δL = 0.2
and δR = 0.2. (b) The topologically non-trivial system with both δL = −0.2
and δR = −0.2. (c) The system with δL = 0.2 and δR = −0.2, where the
left and the right part of the lattice are topologically trivial and non-trivial,
respectively. The upper and the lower triangle indicate the upper and the
lower bands, respectively. The circle and the square are the topological edge
modes. The cyan dashed line indicates the resonant frequency of a single
gyromagnetic cylinder ω0.
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Figure 3.8: The norm of eigenmodes corresponding to the labeled modes in
the band structures in Fig. 3.7. (a), (b), (c) The results for the system with
δL = −0.2 and δR = −0.2. (d), (e), (f), (g) The results for the system with
δL = 0.2 and δR = −0.2. In particular, (c), (e), and (f) are topological edge
modes.
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Figure 3.9: The norm of eigenmodes in semi-log plot corresponding to the
labeled modes in the band structures in Fig. 3.7. (a), (b), (c) The results for
the system with δL = −0.2 and δR = −0.2. (d), (e), (f), (g) The results for
the system with δL = 0.2 and δR = −0.2. In particular, (c), (e), and (f) are
topological edge modes.
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Figure 3.10: Topological phase transition of dimer model of gyromagnetic
cylinders on 1D finite lattice with δL = 0.2 and δR ∈ [−0.2, 0.2]. The white
dashed line at δR = 0 indicates topological phase transition in the right part
of the lattice and the cyan dashed line indicates the resonant frequency of a
single gyromagnetic cylinder ω0. The blue square and the blue circle are the
topological edge modes.
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the right part of the lattice, the unit cell, indexed by the integer n, consists

of two gyromagnetic cylinders labeled as A and B, with the same radius

r = 2.5 mm as depicted in Fig. 3.6. We assume there are N unit cells with

N being an even number, so n = −N/2, . . . , 0, . . . , N/2 − 1. Then n < 0

corresponds to the left part and n ≥ 0 corresponds to the right part of the

lattice. The displacement from cylinder A to B in unit cell n is given by

bn = bnx̂, where

bn =


bL if n < 0,

bR if n ≥ 0,

(3.25)

with

bL =
a2
2

(1− δL), (3.26a)

bR =
a2
2

(1− δR). (3.26b)

In the nth unit cell, the magnetic dipole moments is mn = (mn,A,mn,B)T

and the polarizability is αn(ω) = diag(αn,A,αn,B). Then we have m̃ =

(m−N/2, . . . ,m0, . . . ,mN/2−1)
T and α̃(ω) = diag(α−N/2, . . . ,α0, . . . ,αN/2−1).

We define Γ̃(ω) as the interactions between the unit cells i and unit cell j,

such that for i = j,

Γ̃ij = 4πk20

 0 G(0, bi)

G(0,−bi) 0

 , (3.27)
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and for i 6= j

Γ̃ij = 4πk20

 G(0,Rij) G(0,Rij + bi)

G(0,Rij − bi) G(0,Rij)

 , (3.28)

where Rij := (j − i)a2x̂ is the displacement from unit cell i to unit cell j.

Furthermore, we define

M̃dimer(ω) := α̃−1(ω)− Γ̃(ω). (3.29)

The coupled-dipole equations for the dimer model of gyromagnetic cylinders

on 1D finite lattice can be written as

M̃dimer(ω)m̃ = 0, (3.30)

where M̃dimer(ω) is a 4N × 4N matrix. Finally, we have the eigenvalue

problem

M̃dimer(ω)m̃i = λi(ω)m̃i, (3.31)

with eigen-response theory described in Sec. 2.4.

We consider the finite lattice with N = 32. First, we study the topological

trivial case with both δL = 0.2 and δR = 0.2. This is the finite case of

the dimer model studied in Sec. 3.2.1 with δ = 0.2. To clearly show the

eigenmodes, we plot the quantity =(αeig). The result is shown in Fig. 3.7

(a). We found that there are two sets of modes correspond to the upper
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and the lower band of the system. There is no state within the band gap,

as expected. The results are in good agreement with the band structure

obtained in Fig. 3.4 (d).

Next, we consider the topological non-trivial case with both δL = −0.2

and δR = −0.2. As is well known from the conventional SSH model, this

system should present topological edge modes at the end of the chain by the

bulk-boundary correspondence. The result is shown in Fig. 3.7 (b). Again,

we observed that there are two sets of modes correspond to the upper and

the lower band of the system. The bottom of the upper band is labeled

by the magenta upper triangle and the top of the lower band is labeled

by the magenta lower triangle. However, in contrast to the trivial case,

there is a localized mode on the top of the lower band, which is labeled

by the magenta circle. Then we calculated the corresponding norm of the

eigenmodes ‖m‖ =
√
m∗m of the system. The results for the upper and

lower band are shown in Fig. 3.9 (a) and (b), respectively. They are the

usual normal modes of the system. For the localized mode on the top of the

lower band, the norm of the eigenmodes is shown in Fig. 3.9 (c). We see

that, this eigenmode localized at m−N/2,A and mN/2−1,B, which is at the end

of the chain. This is the topological edge modes supporting in the system.

Since the full band gap in the dimer model only appears when dynamic

long-range interactions are included and cannot be predicted by the tight-

binding approach, it is very interesting to see that the dynamic long-range

interactions lead to localized topological edge modes.
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Furthermore, from the results in Fig. 3.5, we choose the two extreme

cases with δL = 0.2 and δR = −0.2. Then the left part of the lattice is in

topological phase II, while the right part of the lattice is in topological phase

I. The result is shown in Fig. 3.7 (c). Again, we observed the upper and

the lower band of the system, which are labeled by the upper blue triangle

and the lower blue triangle, respectively. Besides the localized mode on the

top of the lower band, which is labeled by the blue circle, there is also a

localized mode at the center of the band gap, which is labeled by the blue

square. There are two topological edge modes supporting in this system.

The corresponding eigenmodes for the upper and the lower band are shown

in Fig. 3.9 (d) and (g), respectively. The eigenmodes are neither symmetric

nor anti-symmetric about the center of the chain because the system has a

broken inversion and reflection symmetry. For the localized mode on the

top of the lower band, the norm of the eigenmode is shown in Fig. 3.9 (f).

Now, this eigenmodes only localized at mN/2−1,B, which is the right end of

the chain. For the localized mode at the center of the band gap, the norm

of the eigenmode is shown in Fig. 3.9 (e). It is shown that, this eigenmode

localized at m0,A, which is the boundary between the left and the right part

of the lattice. As long as the left part and the right part of the lattice are

in two distinct topological phases, protected modes exist at the boundary

where there is topological phase transition.

To study the effects of dynamic long-range interactions on the topological

edge modes, we consider the system with fixed δL = 0.2, and δR ∈ [−0.2, 0.2].
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The band structures are shown in Fig. 3.10. For δR > 0, both the left and

the right part of the lattice are in the same topological phase II. As a result,

there is no mode within the band gap in the system. We observed that, as

δR decrease from δR = 0.2, the band gap becomes smaller. When the system

crossing δR = 0, which is indicated by the white dashed line, the right part of

the lattice undergoes topological phase transition, as discussed in Sec. 3.2.2.

Hence, for δR < 0, the right part of the lattice is in topological phase I.

Now, the left and the right part of the lattice are in two distinct topological

phases. By the prediction of the bulk-boundary correspondence, topological

edge modes will exist. We observed that, after the system crossing δR = 0,

the topological edge mode emerges from the bottom of the upper band and

it is redshifted from the resonant frequency of a single gyromagnetic cylinder

ω0.

In the conventional SSH model and its analogous systems, the topologi-

cal edge modes can be predicted by the bulk-boundary correspondence with

a tight-binding approach in quasi-static limit, where only nearest-neighbor

interactions are being considered. However, this is not possible with our 1D

topological model for gyromagnetic system. As seen in Fig. 3.4 (c), in quasi-

static limit, apart from not having a full band gap, the resonant frequency of

a single gyromagnetic cylinder ω0, which corresponds to the zero-energy state

in the SSH model, is on top of the bands. Since the chiral symmetry ensures

the spectral position of any edge mode lies at ω0, the topological nature of

edge mode is not well defined. As discussed in Sec. 3.2.1, in order to obtain
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a full band gap, the dynamic long-range interactions have to be taken into

account. Furthermore, chiral symmetry of the system is broken due to the

dynamic long-range interactions[44, 45], the topological edge modes are red-

shifted from ω0, such that they are within two topological bands and can be

understood by the bulk-boundary correspondence. Therefore, the dynamic

long-range interaction plays a crucial role in opening a band gap and sup-

porting the topological edge modes in our system. The details of finite lattice

in quasi-static limit is presented in Appendix C. Part of the band structures

and edge modes (or density of states) of this topological 1D array of gyro-

magnetic cylinders could be verified experimentally through measurement of

the transmission along the chain using near-field techniques[72, 73, 74, 7].



Chapter 4

One-dimensional (1D)

gyroelectric lattices

In this chapter, the results for 1D array of strongly dispersive gyroelectric

resonant cylinders are presented. The structure of the chapter is analogous

to Chapter 3. The objective is to show the differences between gyromagnetic

and gyroelectric systems. It should be noted that, SI unit is used in this

chapter.

4.1 Regular chain

4.1.1 Infinite lattice

We begin by considering a 1D infinite lattice with lattice constant a1 =

0.9375 µm in x-direction as depicted in Fig. 4.1. The unit cell consists of

49



CHAPTER 4. ONE-DIMENSIONAL (1D) GYROELECTRIC LATTICES50

Figure 4.1: Illustration of gyroelectric cylinders on 1D infinite lattice. The
lattice constant is given by a1. The unit cell is indicated by the dashed box.
The size of the gyroelectric system is 104 times smaller than the gyromagnetic
one considered in Chapter 3.

one gyroelectric cylinder with radius r = 0.25 µm and axis of the cylinder

in z-direction. The size of the gyroelectric system is 104 times smaller than

the gyromagnetic one considered in Chapter 3. The parameters are chosen

with a1 ≥ 3r, such that the cylinders are not too close to each other. For

frequencies near the dipole resonance, we take the dipole approximation, in

which each cylinder is treated as a point dipole[5]. We are interested in the

fields of the dipole moments in the xy-plane, which are perpendicular to the

axis of the cylinder. The polarizability of a cylinder is given by[66]

α−1(ω) =
1

ε0A

([
ε(ω)

ε0
− I

]−1
+L

)
− i k

2
0

8ε0
I, (4.1)

where A = πr2, I is the 2×2 identity matrix, and L = (1/2)I is the depolar-

ization factors for cylinder, k0 = ω/c is the wavenumber in the background

medium and ε(ω) is the permittivity tensor of the gyroelectric medium. The

radiative correction term −i(k20/8ε0)I is included to satisfy the optical theo-
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Figure 4.2: The splitting of resonant frequency of a single gyroelectric cylin-
der ω0 in the presence of applied static magnetic field B. The blue dotted
line indicated the resonant frequency ω0 = ωp/

√
2 for B = 0. Two two blue

lines correspond to the splited resonant frequency ω0,+ and ω0,−
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Figure 4.3: (a) The photonic band structure with short- and long-range
interactions in quasi-static limit. The blue and red lines are the disper-
sion relation with nearest-neighbor interactions only. (b) The photonic band
structure with dynamic long-range interactions. The white dotted lines are
the light lines and the region within the light lines is the light cone. The cyan
dashed line indicates the resonant frequency of a single gyroelectric cylinder
ω0,±. All results are calculated with B = 0.5 T.
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rem. For the case that the applied static magnetic field B are parallel to the

axis of the cylinder in +z-direction, the permittivity tensor is given by[12]

ε(ω)

ε0
=

 ε1 −iε2

iε2 ε1

 , (4.2)

with

ε1 = 1−
ω2
p(ω + iβ)

ω(ω + iβ)2 − ωω2
c

, (4.3a)

ε2 =
ω2
pωc

ω(ω + iβ)2 − ωω2
c

, (4.3b)

where ωp is the plasma frequency, β is the electron collision frequency, and

ωc = eB/me is the cyclotron frequency, in which e is the elementary charge,

and me is the electron rest mass. We consider the cylinders are made of

intrinsic indium antimonide (InSb), which is a semiconductor with properties

depending on temperature T . The plasma frequency of intrinsic InSb is given

by[75]

ω2
p =

∑
i

nie
2

miε0
(4.4)

where ni is the densities and mi is the effective masses of the free electrons

and holes in the relevant conduction and valence bands i. The density of free

electron of intrinsic Insb is given by

ne = 5.76× 1020T 3/2e
−0.13
kBT (4.5)
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where T in K, kBT in eV, and ne in m−3. The parameters we used are

T = 300 K and β = 0.01ωp. From these expressions, we have

α−1(ω) =

 1
πε0r2

(
1
2
− ω2

ω2
p
− iβω

ω2
p

)
− i k

2
0

8ε0
i 1
πε0r2

(
ωωc
ω2
p

)
−i 1

πε0r2

(
ωωc
ω2
p

)
1

πε0r2

(
1
2
− ω2

ω2
p
− iβω

ω2
p

)
− i k

2
0

8ε0

 .

(4.6)

The resonant frequency of a single gyroelectric cylinder ω0,± is found by

solving <[detα−1(ω0,±)] = 0, which gives

ω0,± =
1

2

(√
ω2
c + 2ω2

p ± ωc
)
. (4.7)

For B = 0.5 T, it is equal to f0,+ = ω0,+/(2π) = 7.264 THz, and f0,− =

ω0,−/(2π) = 7.245 THz which is in the terahertz regime. For B = 0, we have

ω0 =
ωp√

2
, (4.8)

which is equal to f0 = ω0/(2π) = 7.257 THz. As discussed in Chapter 3,

ω0 can be interpreted as the spectral position of the zero-energy state in the

SSH model in gyromagnetic systems. However, in gyroelectric systems, it is

splited into two resonant frequencies ω0,+ and ω0,−. The splitting of ω0 with

magnetic field B is shown in Fig. 4.2.
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For our system, we have the 2D Green’s tensor[61]

G(ρ,ρ′) =

Gxx 0

0 Gyy

 , (4.9)

with

Gxx =
i

4

(
1

k0R

)
H

(1)
1 (k0R), (4.10a)

Gyy =
i

4

(
H

(1)
0 (k0R)− 1

k0R
H

(1)
1 (k0R)

)
, (4.10b)

where R := ρ′ − ρ is the relative displacement between the source and the

observation points, and H
(1)
i is the Hankel function of the first kind.

We have the following coupled-dipole equations, which is analog to that

describing gyromagnetic system, given by

p(ρ) = α(ω)

(
k20
ε0

∑
ρ′ 6=ρ

G(ρ,ρ′)p(ρ′) +E0(ρ)

)
, (4.11)

where the sum includes all the dipole moments except the self-interaction

term and E0(ρ) is the external excitation electric field. For example, E0 can

be the field of a plane wave.

For 1D infinite lattice, the translational symmetry leads to Bloch’s theo-

rem

p(ρ+R) = eik·Rp(ρ), (4.12)
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where the displacement R = na1x̂, with integer n and lattice constant a1,

and the wave vector k = kx̂, with the first Brillouin zone k ∈ [−π/a1, π/a1].

Also, we have G(ρ,ρ′) = G(0,R). The coupled-dipole equation for infinite

lattice is given by

p(ρ) = α(ω)

(
k20
ε0

∑
R 6=0

G(0,R)eik·Rp(ρ) +E0(ρ)

)
, (4.13)

and we define

M(k, ω) := α−1(ω)− k20
ε0

∑
R 6=0

G(0,R)eik·R. (4.14)

The translational symmetry reduces M to a 2× 2 matrix. Then Eq. (4.13)

can be rewritten as

M (k, ω)p = E0. (4.15)

Then the eigenvalue problem for infinite lattice is

M (k, ω)pi = λi(k, ω)pi. (4.16)

It should be noted that, M is non-Hermitian due to the loss and dynamic

effects. From now on, we set E0 = 0, so as to study the normal modes of the

system.
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Quasi-static limit

We calculate the band structure of the gyroelectric system described in

Sec. 4.1.1 in an infinite lattice. Before studying the more general case, we

consider the system in quasi-static limit k0 → 0. The coupled-dipole equa-

tions in quasi-static limit is analog to those described in Appendix A. From

Eq. (A.10), we have

M ′(k, ω) =
1

4πε0


4
r2

(
1
2
− ω2

ω2
p
− iβω

ω2
p

)
−
∑
R 6=0

2
R2 e

ik·R i 4
r2

(
ωωc
ω2
p

)
−i 4

r2

(
ωωc
ω2
p

)
4
r2

(
1
2
− ω2

ω2
p
− iβω

ω2
p

)
+
∑
R 6=0

2
R2 e

ik·R

 .

(4.17)

Then, the system is described by

M ′(k, ω)p = 0. (4.18)

Now, we take the tight-binding approach, in which only short-range inter-

actions are being considered. By including only the nearest-neighbor inter-

actions, the dispersion relation and the normal mode can be obtained analyti-

cally by solving the non-trivial solution of Eq. (3.15). From <[detM ′(k, ω)] =

0, we obtain the dispersion relations, we have

ω(k) =

√
ω2
p + ω2

c

2
±
√
ω2
c (2ω

2
p + ω2

c ) + 4ω4
pf(k)2, (4.19)



CHAPTER 4. ONE-DIMENSIONAL (1D) GYROELECTRIC LATTICES58

with

f(k) :=

(
r

a1

)2

cos(ka1), (4.20)

For B = 0, it becomes

ω(k) =
ωp√

2
(1± f(k)) , (4.21)

where at k = ±π/(2a1), the two bands are degenerate. For B = 0.5 T,

they are plotted with blue and red lines in Fig. 4.3 (a). We observe two

bands, instead of one in gyromagnetic system. The presence of magnetic field

breaks the time-reversal symmetry and the degeneracies are splitted. We see

that two non-trivial solution is obtained from the 2 × 2 matrix problem of

Eq. (4.18). At k = ±π/a1, the upper band is the longitudinal mode and the

lower band is the transverse mode. Different from the gyromagnetic systems,

the longitudinal mode and the transverse mode are not coupled. Both the

longitudinal mode and the transverse mode of the system do not couple to the

photon mode of the background medium. Although the resonant frequency

of a single gyroelectric cylinder ω0 splits into ω0,±, there spectral positions are

very close. The band structure is symmetric about the resonant frequency of

a single gyroelectric cylinder ω0,±. The group velocity vg = dω/dk of both the

transverse mode and the longitudinal mode is zero, vg = 0, at k = 0,±π/a1.

We consider the system in quasi-static limit including long-range interac-
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tions. Now, we have the eigenvalue problem

M ′(k, ω)mi = λi(k, ω)mi, (4.22)

where M ′(k, ω) is given by Eq. (4.17). The band structure is shown in

Fig. 4.3. We see that, the general features of the bands are similar to the

results obtained with short-range interaction, except at the Brillouin zone

center k = 0, where the group velocity vg becomes discontinuous. We will

soon show that the results obtained in quasi-static limit already give good

description to the qualitative features of the system.

Dynamic long-range interaction

Now, we extend our calculation to include the dynamic long-range interac-

tions. We consider the non-Hermitian eigenvalue problem of Eq. (4.16) with

eigen-response theory. The band structure can be obtained from the peaks

of max|αeig| and it is shown in Fig. 4.3 (b).

The result is very similar to the results calculated with either short-range

interactions, or long-range interactions, in quasi-static limit. The only differ-

ence is that, both the longitudinal mode and the transverse mode of the sys-

tem coupled strongly to the photon mode of the background medium. The

band forms outside the light cone with |k| > ω/c, which represent guided

modes and any mode in the light cone with |k| < ω/c is radiation mode[69].
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Figure 4.4: Illustration of dimer model of gyroelectric cylinders on 1D infinite
lattice. The lattice constant is given by a2. The unit cell is indicated by the
dashed box. The distance between cylinder A and cylinder B is given by
b = (1− δ)a2/2. The size of the gyroelectric system is 104 times smaller than
the gyromagnetic one considered in Chapter 3.

4.2 Dimerized chain

4.2.1 Model

To further compare the difference between gyroelectric systems and gyro-

magnetic systems, we consider a dimer model of gyroelectric cylinders on

1D infinite lattices. In this dimer model, the lattice constant is given by

a2 = 2a1 = 1.875 µm. The unit cell consists of two gyroelectric cylinders,

labeled as A and B, with the same radius r = 0.25 µm. The displacement

from cylinder A to cylinder B is given by b = bx̂, with

b =
a2
2

(1− δ), (4.23)

where δ is a dimensionless parameter with |δ| ≤ 0.2 and hence b ≥ 3r. The

system is depicted in Fig. 4.4. The polarizability for cylinder A and cylinder
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Figure 4.5: (a), (b), (c), (d) The photonic band structure for dimer model
with B = 0.5 T in quasi-static limit and in general, with dynamic effects. All
results include the long-range interactions. The white dotted lines are the
light lines and the region within the light lines is the light cone. The cyan
dashed line indicates the resonant frequency of a single gyroelectric cylinder
ω0,±.
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Figure 4.6: The normal modes in the dimerized chain. The photonic band
structure for dimer model with dynamic long-range interactions. The eigen-
state of the unit cell for each band is illustrated. The in-phase eigenmodes
are in blue, while the anti-phase eigenmodes are in red. The white dotted
lines are the light lines and the region within the light lines is the light cone.
The cyan dashed line indicates the resonant frequency of a single gyroelectric
cylinder ω0,±.
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B are given by αA and αB, and their corresponding electric dipole moments

are given by pA and pB, respectively. With Bloch’s theorem in Eq. (4.12),

the coupled-dipole equations for the dimer model can be written as

α−1A 0

0 α−1B


pA
pB

 = Γ

pA
pB

 , (4.24)

with

Γ :=
k20
ε0


∑
R 6=0

G(0,R)eik·R
∑
R

G(0,R+ b)eik·R∑
R

G(0,R− b)eik·R
∑
R 6=0

G(0,R)eik·R

 , (4.25)

and the associated eigenvalue problem with eigen-response theory is given by

Mdimer(k, ω)pi = λi(k, ω)pi, (4.26)

where

Mdimer(k, ω) :=

α−1A 0

0 α−1B

− Γ, (4.27)

is a non-Hermitian 4× 4 matrix.

We consider the system with δ = 0 and δ = 0.2, in quasi-static limit

(see Appendix B) and in general, with dynamic effects, all with long-range

interactions. Again, the band structure can be obtained from the peaks of

max|αeig|. For δ = 0, the system is the same as that discussed in Sec. 4.1.1
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as depicted in Fig. 4.1. The band structures for this system are shown in

Fig. 4.5 (a) and (b). Four bands are obtained due to the band folding and

they are physically the same with those in Fig. 4.3 (a) and (b). In both cases,

the results are gapless and there are two degeneracies at the Brillouin zone

boundary k = ±π/a2 protected by the inversion symmetry of the system.

For the case in quasi-static limit, the band structure is symmetric about the

resonant frequency of a single gyroelectric cylinder ω0,±.

For δ = 0.2, the band structures are shown in Fig. 4.5 (c) and (d). Again,

four bands are obtained. For any δ 6= 0, the inversion symmetry of the system

is broken, hence the degeneracy split. For both the cases in quasi-static limit

and with dynamic effects, the systems open a full band gap. Moreover, the

band gap is approximately the same in both cases and the resonant frequency

of a single gyroelectric cylinder ω0,± is at the center of the band gap.

There are four normal modes in the dimer model, two transverse modes

and two longutidinal modes, each with in-phase modes and anti-phase modes.

The eigenmodes of each band are shown in Fig 4.6.

We showed that, for dimer model of gyroelectric cylinders on 1D infi-

nite lattice, studying the system in quasi-static limit is suffice to obtained a

full band gap, as long as inversion symmetry is broken in the system. Fur-

thermore, for both results in quasi-static limit and with dynamic long-range

interactions, the resonant frequency of a single gyroelectric cylinder ω0,± is at

the center of the band gap. This is a major difference with the gyromagnetic

systems discussed in Chapter 3.
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Figure 4.7: Illustration of 1D topological model of gyroelectric lattices. The
lattice constant is given by a2. The finite lattice composed of a left and a right
part with different unit cells. The unit cells are indicated by the dashed boxes
and indexed by the integer n. The distance between cylinder A and cylinder
B, in the left and the right part of the lattice, is given by bL = (1− δL)a2/2
and bR = (1 − δR)a2/2, respectively. The size of the gyroelectric system is
104 times smaller than the gyromagnetic one considered in Chapter 3.

4.2.2 Finite lattice and topological edge modes

Following the discussion of the topological phase transition in the dimer

model of gyromagnetic cylinders on 1D infinite lattices by the associated band

inversion[71] in Chapter 3, we introduce the same concept into gyroelectric

systems. Then, for δ < 0, the system is in topological phase I, while for

δ > 0, it is in topological phase II. At δ = 0, the system is gapless which

undergoes band inversion and topological phase transition.

To demonstrate topological edge modes supporting in 1D gyroelectric

system, we consider a dimer model of gyroelectric cylinders on 1D finite

lattice in x-direction with lattice constant a2 = 1.875 µm. The finite lattice

composed of a left and a right part with different unit cells. For both the

left and the right part of the lattice, the unit cell, indexed by the integer

n, consists of two gyroelectric cylinders labeled as A and B, with the same
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Figure 4.8: Band structures of dimer model of gyroelectric cylinders on 1D
finite lattice with B = 0.5 T. (a) The topologically trivial system with both
δL = 0.2 and δR = 0.2. (b) The same band structure in high resolution. The
cyan dashed line indicates the resonant frequency of a single gyroelectric
cylinder ω0,±.
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Figure 4.9: Band structures of dimer model of gyroelectric cylinders on 1D
finite lattice with B = 0.5 T. (a) The topologically non-trivial system with
both δL = −0.2 and δR = −0.2. (b) The same band structure in high
resolution. The upper and the lower triangle indicate the upper and the lower
bands, respectively. The circles are the topological edge modes each with two-
fold degeneracy. The cyan dashed line indicates the resonant frequency of a
single gyroelectric cylinder ω0,±.
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Figure 4.10: The norm of eigenmodes corresponding to the labeled modes in
the band structures in Fig. 4.9. The results for the system with δL = −0.2
and δR = −0.2. (a), (f) are the upper and the lower bands, respectively.
(b), (c), (d), (e) are topological edge modes and each of them has two-fold
degeneracy.
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Figure 4.11: Band structures of dimer model of gyroelectric cylinders on 1D
finite lattice with B = 0.5 T. (a) The system with δL = 0.2 and δR = −0.2,
where the left and the right part of the lattice are topologically trivial and
non-trivial, respectively. (b) The same band structure in high resolution.
The upper and the lower triangle indicate the upper and the lower bands,
respectively. The circles and the squares are the topological edge modes.
The cyan dashed line indicates the resonant frequency of a single gyroelectric
cylinder ω0,±.



CHAPTER 4. ONE-DIMENSIONAL (1D) GYROELECTRIC LATTICES70

Figure 4.12: The norm of eigenmodes corresponding to the labeled modes in
the band structures in Fig. 4.11. The results for the system with δL = 0.2
and δR = −0.2. (a), (f) are the upper and the lower bands, respectively. (b),
(c), (d), (e) are topological edge modes.
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radius r = 2.5 mm as depicted in Fig. 3.6. We assume there are N unit cells

with N being an even number, so n = −N/2, . . . , 0, . . . , N/2−1. Then n < 0

corresponds to the left part and n ≥ 0 corresponds to the right part of the

lattice. The displacement from cylinder A to B in unit cell n is given by

bn = bnx̂, where

bn =


bL if n < 0,

bR if n ≥ 0,

(4.28)

with

bL =
a2
2

(1− δL), (4.29a)

bR =
a2
2

(1− δR). (4.29b)

In the nth unit cell, the electric dipole moments is pn = (pn,A,pn,B)T

and the polarizability is αn(ω) = diag(αn,A,αn,B). Then we have p̃ =

(p−N/2, . . . ,p0, . . . ,pN/2−1)
T and α̃(ω) = diag(α−N/2, . . . ,α0, . . . ,αN/2−1).

We define Γ̃(ω) as the interactions between the unit cells i and unit cell j,

such that for i = j,

Γ̃ij =
k20
ε0

 0 G(0, bi)

G(0,−bi) 0

 , (4.30)
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and for i 6= j

Γ̃ij =
k20
ε0

 G(0,Rij) G(0,Rij + bi)

G(0,Rij − bi) G(0,Rij)

 , (4.31)

where Rij := (j − i)a2x̂ is the displacement from unit cell i to unit cell j.

Furthermore, we define

M̃dimer(ω) := α̃−1(ω)− Γ̃(ω). (4.32)

The coupled-dipole equations for the dimer model of gyromagnetic cylinders

on 1D finite lattice can be written as

M̃dimer(ω)p̃ = 0, (4.33)

where M̃dimer(ω) is a 4N × 4N matrix. Finally, we have the eigenvalue

problem

M̃dimer(ω)p̃i = λi(ω)p̃i, (4.34)

with eigen-response theory described in Sec. 2.4.

We consider the finite lattice with N = 32. First, we study the topological

trivial case with both δL = 0.2 and δR = 0.2. This is the finite case of

the dimer model studied in Sec. 4.2.1 with δ = 0.2. To clearly show the

eigenmodes, we plot the quantity =(αeig). The result is shown in Fig. 4.8 (a)

and a high resolution plot is shown in Fig. 4.8 (b). We found that there are
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two sets of modes correspond to the upper and the lower band of the system.

There is no state within the band gap, as expected. The results are in good

agreement with the band structure obtained in Fig. 4.5 (d).

Next, we consider the topological non-trivial case with both δL = −0.2

and δR = −0.2. As is well known from the conventional SSH model, this

system should present topological edge modes at the end of the chain by the

bulk-boundary correspondence. The result is shown in Fig. 4.9 (a) and a high

resolution plot is shown in Fig. 4.9 (b). Again, we observed that there are

two sets of modes correspond to the upper and the lower band of the system.

The bottom of the upper band is labeled by the magenta upper triangle

and the top of the lower band is labeled by the magenta lower triangle.

However, in contrast to the trivial case, there are two localized mode in the

band gap, which are two-fold degenerate and labeled by the magenta circle.

Then we calculated the corresponding norm of the eigenmodes ‖p‖ =
√
p∗p

of the system. For the localized modes in the band gap, the norm of the

eigenmodes are shown in Fig. 4.12 (b), (c), (d), and (e). The localized modes

have two-fold degeneracy. We see that, this eigenmode localized at p−N/2,A

and pN/2−1,B, which is at the end of the chain. This is the topological edge

modes supporting in the system.

Furthermore, we choose the two extreme cases with δL = 0.2 and δR =

−0.2. Then the left part of the lattice is in topological phase II, while the

right part of the lattice is in topological phase I. The result is shown in

Fig. 4.11 (a) and a high resolution plot is shown in Fig. 4.11 (b). Again, we
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observed the upper and the lower band of the system, which are labeled by the

upper blue triangle and the lower blue triangle, respectively. There are four

localized modes in the band gap, which are labeled by blue circles and blue

squares. There are four topological edge modes supporting in this system.

For the localized mode labeled by blue circles, the norm of the eigenmode

is shown in Fig. 4.12 (c) and (d). Now, this eigenmodes only localized at

pN/2−1,B, which is the right end of the chain. For the localized mode labeled

by blue squares, the norm of the eigenmode is shown in Fig. 4.12 (b) and

(e). It is shown that, this eigenmode localized at p0,A, which is the boundary

between the left and the right part of the lattice. As long as the left part and

the right part of the lattice are in two distinct topological phases, protected

modes exist at the boundary where there is topological phase transition.

In summary, we have studied the 1D array of strongly dispersive gyro-

electric resonant cylinders in quasi-static limit and with dynamic long-range

interactions. We find that, the results obtained in quasi-static limit already

give good description to the qualitative features of the system. We showed

that, studying the system in quasi-static limit is suffice to obtained a full band

gap, as long as inversion symmetry is broken in the system. By considering

a dimer model of gyroelectric cylinders on 1D finite lattice, we demonstrated

topological edge modes supporting in 1D gyroelectric system. The topologi-

cal edge modes are within four topological bands and can be understood by

the bulk-boundary correspondence.



Conclusions

Topological photonics have been of great interest for the past decade and is a

rapidly growing field of research, as the topological edge modes have promis-

ing applications. In this thesis, we studied one-dimensional (1D) topological

gyrotropic lattices beyond the simplest topological model, which is the Su-

Schrieffer-Heeger (SSH) model. Different from the tight-binding approach

usually been used in photonic systems, we considered, in general, dispersive

materials beyond the quasi-static limit.

In Chapter 3, we studied the dynamic long-range-interaction induced

topological photonic edge modes in one-dimensional (1D) array of strongly

dispersive gyromagnetic resonant cylinders. The longutidinal mode and the

transverse mode are coupled and the normal modes of the system coupled

strongly to the photon mode of the background medium. In the case of dimer

lattices, we found that the creation of the non-trivial band gaps and topolog-

ical edge modes rely on the dynamic long-range-interaction associated with

the free-space photon modes of the background medium. Our results indi-

cate that the dynamic long-range interaction plays a crucial role in predicting

75
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the precise band structures and the spectral position of the topological edge

modes in gyromagnetic systems.

In Chapter 4, we have studied the 1D array of strongly dispersive gyro-

electric resonant cylinders in quasi-static limit and with dynamic long-range

interactions. Different from the gyromagnetic lattice, we found that the

results obtained in quasi-static limit already give good description to the

qualitative features of the system. The longutidinal mode and the transverse

mode of the system do not coupled together. We showed that, studying the

system in quasi-static limit is sufficient to obtain a full band gap, as long as

inversion symmetry is broken in the system. By considering a dimer model of

gyroelectric cylinders on 1D finite lattice, we demonstrated topological edge

modes supporting in 1D gyroelectric system. The topological edge modes are

within four topological bands and can be understood by the bulk-boundary

correspondence.

Our results indicate that the dynamic long-range interaction plays a cru-

cial role in predicting the precise band structures and the spectral position of

the topological edge modes in strongly dispersive gyrotropic systems, which

deepen our understanding on the topology in non-reciprocal photonics.



Appendix A

Coupled-dipole equations in

quasi-static limit

In quasi-static limit k0 → 0, the Hankel functions in Eq. (3.7) become[76]

H
(1)
0 (k0R) ∼ 2i

π
ln k0R, (A.1a)

H
(1)
1 (k0R) ∼ −2i

π

(
1

k0R

)
. (A.1b)

Hence, the 2D Green’s tensor for our system in quasi-static limit is given by

G′(ρ,ρ′) =

G′xx 0

0 G′yy

 , (A.2)

77
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with

Gxx =
1

2π

1

(k0R)2
, (A.3a)

Gyy = − 1

2π

(
ln k0R +

1

(k0R)2

)
. (A.3b)

Now, G′ is real symmetric. Moreover, we define

A(ρ,ρ′) := lim
k0→0

4πk20G
′(ρ,ρ′), (A.4)

and since limk0→0 k
2
0 ln k0R = 0,

A(ρ,ρ′) =

 2
R2 0

0 − 2
R2

 . (A.5)

The polarizability in quasi-static limit α′(ω) is obtained by eliminating the

radiative correction term in Eq. (4.1), as limk0→0−i(πk20/2)I = 0. We have

α′−1(ω) =
4

r2

 ωh
ωm

+ 1
2
− iβ ω

ωm
i ω
ωm

−i ω
ωm

ωh
ωm

+ 1
2
− iβ ω

ωm

 . (A.6)

Then the coupled-dipole equations in quasi-static limit are given by

m(ρ) = α′(ω)

(∑
ρ′ 6=ρ

A(ρ,ρ′)m(ρ′) +B0(ρ)

)
, (A.7)
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and in the formalism of eigen-response theory, we define

M ′(ω) := α′−1(ω)−
∑
ρ′ 6=ρ

A(ρ,ρ′). (A.8)

For infinite lattice, with the Bloch’s theorem in Eq. (3.9), Eq. (A.7) becomes

m(ρ) = α′(ω)

(∑
R 6=0

A(0,R)eik·Rm(ρ′) +B0(ρ)

)
, (A.9)

then we define

M ′(k, ω) := α′−1(ω)−
∑
R 6=0

A(0,R)eik·R. (A.10)

It should be noted that, although A is real symmetric, α′ is non-Hermitian,

so M ′ in both Eq. (A.8) and Eq. (A.10) are also non-Hermitian.



Appendix B

Coupled-dipole equations for

the dimer model in quasi-static

limit

We consider the dimer model in Sec. 3.2.1 in quasi-static limit, k0 → 0. The

polarizability for cylinder A and cylinder B are given by Eq. (A.6) and are

denoted by α′
A and α′

B, respectively. With the Bloch’s theorem in Eq. (3.9)

and with Eq. (A.5), the coupled-dipole equations for the dimer model can be

written as α′
A
−1 0

0 α′
B
−1


mA

mB

 = Γ′

mA

mB

 , (B.1)
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where we have defined

Γ′ :=


∑
R 6=0

A(0,R)eik·R
∑
R

A(0,R+ b)eik·R∑
R

A(0,R− b)eik·R
∑
R 6=0

A(0,R)eik·R

 . (B.2)

It should be noted that, since A is real symmetric, Γ′ is Hermitian. In the

formalism of eigen-response theory, we define

M ′
dimer(k, ω) :=

α′
A
−1 0

0 α′
B
−1

− Γ′. (B.3)

Now, since α′ is non-Hermitian, M ′ is also non-Hermitian.



Appendix C

Finite gyromagnetic lattice in

quasi-static limit

The band structures of dimer model of gyromagnetic cylinders on 1D fi-

nite lattice in quasi-static limit are shown in Fig. C.1. The norm of the

localized eigenmodes corresponding to the band structures in Fig. C.1 are

shown in Fig. C.2. From the results, we see that, apart from not having

a full band gap, the resonant frequency of a single gyromagnetic cylinder

ω0, which corresponds to the zero-energy state in the SSH model, is on top

of the bands. Although topological non-trivial edge modes may exist even

in absence of a band gap, the spectral positions of the edge modes still lie

within two topological bands and can be understood by the bulk-boundary

correspondence[44]. In our case, since the chiral symmetry ensures the spec-

tral position of any edge modes lies at ω0, the topological nature of edge

82
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Figure C.1: Band structures of dimer model of gyromagnetic cylinders on
1D finite lattice in quasi-static limit. (a) The system with both δL = 0.2 and
δR = 0.2. (b) The system with both δL = −0.2 and δR = −0.2. (c) The
system with δL = 0.2 and δR = −0.2. The cyan dashed line indicates the
resonant frequency of a single gyromagnetic cylinder ω0.

mode is not well defined.



APPENDIX C. FINITE GYROMAGNETIC LATTICE IN QUASI-STATIC LIMIT84

Figure C.2: The norm of the localized eigenmodes corresponding to the band
structures in Fig. C.1. (a) The results for the system with δL = −0.2
and δR = −0.2 at ω = 24.2112× 109 rad s−1. (b), (c) The results for the
system with δL = 0.2 and δR = −0.2 at ω = 24.2112× 109 rad s−1 and
ω = 24.2096× 109 rad s−1.
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