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Abstract

Abstract

In this thesis, we consider a supply chain in which two buyers share the same upstream
source of supply that may be insufficient and then engage in quantity competition in the
downstream market. When the total order quantity of the buyers exceeds the supplier’s
total supply, the limited inventory is allocated based on the lexicographic allocation
policy, and the priority is given to the buyer who is willing to pay more. In such a setting,
a three-stage game-theoretical model is established and solved backward to study the
strategic behavior of every supply chain member and the effect of the demand risk level
and competition intensity on their optimal strategy. Given the revealed demand, we
analyze the pattern for the buyers’ order quantity equilibrium as a function of the
supplier’s inventory level and the wholesale prices. Before the demand is realized, we
derive the wholesale price equilibrium and the optimal inventory strategy of the supplier
and study the interaction between them. We find that when the wholesale prices are not
high enough, the two buyers’ total order quantity experiences a drop when the supplier’s
inventory level crosses a critical value and keeps constant afterward. Therefore, the
supplier has the incentive to limit his inventory level and lexicographic policy may now
become a factor that causes insufficient supply. Moreover, the wholesale price equilibria
are asymmetric with one buyer obtaining the control power while the other one grabbing
the benefit of low purchasing cost, even though the two buyers are symmetric.
Keywords: limited inventory allocation, lexicographic allocation policy, upstream and

downstream competition, wholesale pricing, inventory strategy
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Chapter 1 Introduction

Chapter 1

Introduction

In the real world, there exist many industries in which the firms not only engage in
price or quantity competition in the downstream market, but they also compete for the
resource of the same input market when the supply is scarce for multiple reasons. For
example, jewelry makers who serve the same retail market also compete for the limited
resource of precious stones in the same upstream market. In the input market, the
resource is allocated first to the buyer who is willing to pay more, so, firms can bid up
and buy all uncut diamonds to gain control of the resource of the upstream market. This
is exactly the strategy that has been followed by one company, De Beers, to dominate
the diamond market ever since he has been around. And such a phenomenon commonly
exists in the input market of the gas (or petrol) retailers as well (Esd, Nocke and White
(2010)).

The same strategy of monopolizing the downstream market is also used in the
snacks industry. For example, in 1996, Frito-Lay Inc. signed a supply agreement with
Procter & Gamble Company's to obtain his new fat-substitute olestra, which is named
as Olean. The agreement would enable Frito-Lay to buy far larger quantities of Olean
than his competitors could get for a long-term period. So, this agreement effectively
excluded the firm’s competitor during the period of the contract; and, other snacks
companies would be able to get access to large quantities of Olean after the contract
expired. Olean was quite controversial and had high-level demand risk, Frito-Lay did
this for a purpose that being the monopoly and making a great profit once products made
with Olean become popular in the market. And this agreement was signed even before
the new manufacturing plant for Olean was build. It is reported that Frito-Lay paid a
significant cost for this agreement and he was the only company willing to take the risk
(Frank 1996).

In addition to gaining control power, raising products’ prices voluntarily can also
help buyers to get access to the supplier’s inventory in all market conditions and acquire

enough quantities of the products when the supply is insufficient due to demand risk.
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Chapter 1 Introduction

An industry that matches well with this statement is the semiconductor industry. In the
semiconductor industry where OEMs usually procure from the same semiconductor
supplier, the mismatch between the supply and the demand often occurs due to the long
lead time for both capacity building and product producing, as well as the highly risky
market demand. As Karabuk and Wu (2005) illustrated, building the wafer fabs (used
for wafer fabrication) normally requires 12 to 18 months and the total manufacturing
time for semiconductors is at least 6 to 12 weeks. Such a long lead time makes it hard
for the high-tech industry to precisely forecast the volatile demand, and thus, the total
order quantity of buyers may exceed the total supply of the semiconductors
manufacturer from time to time. To deal with the risk that the supply may be insufficient,
it is reported that in 2018, ZTE company raised the purchase price of MOSFET for 20
percent to acquire the supplier’s inventories as much as possible. And some of its
competitors did the same thing. As a result, the price of this semiconductor component
rose at least 20 percent that year.

Motivated by these cases in the real world, in this thesis, we consider that buyers
have price-setting power in the input market, and the buyer who proposes a higher
wholesale price is prioritized and filled first if the inventory is insufficient. In the
scenario of this thesis, the demand risk exists and the supplier prepares the inventory
before the demand is realized.

Although raising the proposed price voluntarily is a common practice, does such
strategy benefit the buyers in the case that the supply of the upstream market is limited?
Actually, on the one hand, raising the wholesale price and obtaining the priority benefit
the buyer since the priority can assure the buyer of the access to the supplier’s inventory
in all market conditions and even enable him to be the monopoly by ordering all the
resource in the input market. While on the other hand, from the perspective of the buyer,
raising the wholesale price may lead to some harmful outcomes. If the wholesale price
is high, the supplier would have the incentive to increase the inventory level and the
demand risk is relieved. Besides, the cost of acquiring the supplier’s all inventory would
be too high to be beneficial, and thereby the buyer who is prioritized would not

monopolize the market even though he has gained market power over his competitors.
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Chapter 1 Introduction

This indicates that raising the wholesale price becomes meaningless if the proposed
wholesale price is too high for the buyer. Therefore, the answer to the question that
whether raising the purchase price to be prioritized is beneficial and under what
conditions the buyer would like to take this strategy remains unclear and deserves
further study. To this end, a three-stage game-theoretic model is established and solved
backward.

Specifically, we consider a supply chain where a single supplier sells products to
two buyers who engage in quantity competition in the downstream market. The buyers
have price-setting power in both the upstream and the downstream market, and the buyer
who proposes higher wholesale price is prioritized. In such a setting, this thesis aims to
study the strategic behavior of each supply chain member. Here are four primary
research questions to be addressed in this work:

(1) Given the supplier’s inventory level, what are the buyers’ optimal order quantities
and the pattern of the two buyers’ order quantity equilibrium after the market
condition is realized? Under what conditions will the prioritized buyer have the
incentive to monopolize the market and keep his competitor out of the end market?
What is the influence of the wholesale prices?

(i) With the lexicographic allocation policy, if the cost of producing the products for
the supplier is very low, would he prepare as many inventories as possible so that
the supply is sufficient in any realized market condition? What is the effect of the
wholesale prices proposed by the buyers on the supplier’s optimal inventory level?

(ii1) Under what condition does the buyer would like to propose a higher wholesale price
than his competitor? What are the two buyers’ wholesale prices equilibria, are they
symmetric or asymmetric?

(iv) How will demand risk level and competition intensity influence the strategic
behavior of each supply chain member?

Based on the above questions, we give some of the key conclusions drawn from
our thesis as follows.

Given the supplier’s inventory level and the revealed demand, the two buyers’

order quantity equilibrium is related to the inventory level and the wholesale price
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proposed by the buyer who has priority. The buyer who is willing to pay more has strong
a strong incentive to order all the supplier’s inventory to monopolize the end market
when the inventory level is low. And his incentive increases with the decrease of the
wholesale price he proposed, and therefore, if the wholesale price is low, the buyer
would buy up all the inventory even if the total supply exceeds the sum of the two buyers’
demand and some of the products cannot be sold. However, if the wholesale price is
high, once the inventory level exceeds the total demand that the buyer can acquire as
the monopoly, he would quit monopolizing the market, but keeps inflating the order to
compete for more demand if the supply is not too large. And, the buyer becomes more
aggressive in competing for the limited supply with a larger competition intensity.

Intuitively, the lexicographic allocation mechanism is used by the supplier to
allocate the scarce supply. However, we find that using this policy, the supplier would
have the incentive to limit his inventory level when the wholesale prices are not high
enough, and thus, the lexicographic policy may become a factor that causes insufficient
supply. This suggests that there may be an inverse relationship between the use of
lexicographic allocation mechanism and the scarce supply. At the same time, as «a
decreases and & increases, the supplier would have the incentive to prepare more
inventory.

If the cost of obtaining the priority is low, that is: when the buyer’s competitor
proposes a low wholesale price, he would propose a higher one to gain the priority,
otherwise, he would choose to grab the benefit of low purchasing cost and quit the
market in some revealed situations. Once the buyer is prioritized, given the wholesale
prices, he would prefer a lower inventory level, and sometimes, he has to propose a
higher wholesale price to prevent the supplier from preparing too much inventory.
However, the buyer would prefer a higher inventory level if he is not given the priority
because the probability that he can get access to the supply would be greater with a
higher inventory level.

The influence of the demand risk level on the buyer’s best-response wholesale
price is different depending on whether he is prioritized or not. If the buyer has the

priority, as the demand risk level increases, he would be more likely to choose a low
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wholesale price, otherwise, he would propose a high wholesale price to incentivize the
supplier to prepare more inventory.

As for the two buyers’ wholesale price equilibrium, we conclude that though the
buyers are symmetric, their Nash equilibria are asymmetric. At equilibrium, one buyer
obtains control power and grabs the benefit of getting access to the supplier’s inventory
in all market conditions and being the monopoly sometimes, while the other buyer grabs
the benefit of low wholesale price but may not be able to obtain the supplier’s products

sometimes. This indicates that the discriminative wholesale prices emerge.
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Chapter 2
Literature Review

2.1 Capacity allocation policy in the decentralized setting

Considerable works in the OM field have studied the capacity allocation policies
in the decentralized supply chain in which one single supplier sells products to several
buyers. In this chapter, we review studies that are mostly related to our work and explain
how our work is different from these papers.

Cachon and Lariviere (1999a, b, ¢) are among the first few papers analyzing the
properties of various limited capacity allocation mechanisms that are commonly used in
the practice when the retailers’ total order quantity exceeds the supplier’s capacity.
Specifically, Cachon and Lariviere (1999a) considers the turn-and-earn allocation, in
which the supplier’s capacity is allocated to the retailers based on their past sales, and
concludes that it benefits the supplier at the expense of the retailers’ profit and probably
the entire supply chain (when the capacity is extremely tight). This work is extended by
Lu and Lariviere (2012), which assumes the retailers possess private demand
information and obtain some equilibrium behaviors that do not exist in Cachon and
Lariviere (1999a). Cachon and Lariviere (1999b) derives the conditions for a limited
capacity allocation mechanism to be manipulable or truth-inducing in the case
that retailers have private information about their optimal stocking levels. This thesis
also studies how an allocation mechanism influences the supplier’s capacity choice, the
retailers’ profits, the supplier’s profit, and the entire supply chain’s profit; they draw an
interesting conclusion that the supplier may prepare a larger capacity under a
manipulable mechanism and it can thus benefit all players when the capacity is
expensive. Cachon and Lariviere (1999c) extends Cachon and Lariviere (1999b) by
deriving Nash equilibria of players’ order quantities in the capacity allocation game
among retailers with three allocation mechanisms: proportional allocation
(manipulable), linear allocation (manipulable) and uniform allocation (truth-inducing).
And then the paper compares the retailers’ and supply chain’s profit across three

mechanisms.




Chapter 2 Literature Review

Different from the fixed-price mechanisms studied in the above literature,
Deshpande and Schwarz (2002) considers a different-price policy in which the supplier
charges different prices from different buyers. They use a mechanism-design approach
to derive the supplier’s profit-maximizing allocation policy which links both the per-
unit purchase price and the quantity allocated to each retailer with retailers’ private
information of market demand and induce retailers to reveal themselves. Furthermore,
they design an auction mechanism to implement the optimal policy. Similar to this work,
Karabati and Yal¢in (2014) also designs an auction mechanism that can be used to
allocate the manufacturer’s capacity and induce buyers to disclose their private
information on their preferred delivery times truthfully.

A common assumption in the work above is that the buyers only compete for the
supplier’s scarce capacity but not against each other in the downstream market.
However, if the buyers also engage in quantity or price competition in the downstream
market, the conclusions may change. For example, Liu (2012) is the very first literature
that compares uniform allocation policy and a broad class of individually responsive
(IR) allocation rules, such as proportional and linear allocation policies, supposing the
competition in the downstream market exists. Compared to Cachon and Lariviere
(1999a, b, ¢) in which uniform allocation policy is classified into truth-inducing
mechanisms, Liu (2012) concludes that uniform allocation policy is not necessarily
truth-inducing with demand competition. Cho and Tang (2014) extends the study of Liu
(2012) by identifying the conditions under which the uniform mechanism cannot erase
the gaming effect (the buyers inflate their order quantities); and based on these
conditions, deriving an allocation scheme (competitive allocation) that can eliminate the
gaming effect. Moreover, an interesting insight from Cho and Tang (2014) is that under
competitive allocation (truth-inducing), both the retailers’ total profit and the profit of
the entire supply chain are certainly higher (this is also different from the conclusions
in Cachon and Lariviere (1999a, b, ¢)).

Among all the works that consider the competition in the downstream market, Chen,
Li and Zhang (2013) is the most relevant one with us, and they study a setting where the

retailers engage in Cournot competition and analyze the effect of the proportional and
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Chapter 2 Literature Review

lexicographic mechanisms on the supplier’s performance. They conclude that the
supplier’s preference over the two policies is changed by Cournot competition among
the retailers. That is to say, the supplier can obtain higher profit under the lexicographic
mechanism, which is truth-inducing and leads to less profit for the supplier if the
retailers are local monopolistic. The main reasons are 1) the lexicographic mechanism
can dampen the competition intensity of the downstream market, and thereby
encourages the supplier to propose a higher wholesale price; i1) under the lexicographic
mechanism, the total order quantity of the retailers is higher given any wholesale price
because the prioritized retailer has the chance to monopolize the entire market, and this
increases his incentive to order more.

The above literature thoroughly studies the lexicographic allocation policy under
the setting that buyers who compete for the limited resource in the upstream market also
face each other in the downstream market. This thesis contributes to the existing
literature by establishing a novel model in which the buyers have price-setting power in
both the upstream and downstream markets and the buyer who proposes the higher
wholesale price is prioritized. Based on the model, we study each supply chain
member’s strategic behavior. Furthermore, our study differentiates with other literature
by integrating the wholesale price strategy and the inventory strategy, and we analyze
the interaction between the two factors.

Li et al. (2017) and Jain, Hazra and Swaminathan (2019) extend this stream of
literature by considering asymmetric retailers. Li et al. (2017) studies a setting in which
the retailers have asymmetric market bases and the retailer with a greater market base
(called high-type retailer) can sell at a higher retail price. They conclude that the
performance of the lexicographic mechanism depends on whether the priority is given
to the high-type retailer or the low-type one. Furthermore, Jain, Hazra and Swaminathan
(2019) considers that the retailers have asymmetric bargaining power and analyzes an
allocation policy similar to the lexicographic mechanism in which the priority of
obtaining the supplier’s capacity is given first to the well-established and more powerful

buyer in the case that the unmet demand of one buyer will switch to the other buyer’s
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products if the products of this buyer are out of stock, that is to say, quantity competition
between two buyers exists.

In the multi-channel distribution system where the supplier sells the products to the
market via both the direct channel and the retail channel with the buyer being
the intermediary, it is also necessary to analyze the supplier’s optimal capacity
allocation strategy and the buyer’s optimal order quantity when the supplier is capacity-
constrained, and this is what Geng and Mallik (2007), Qing, Deng and Wang (2017) and
Yang et al. (2018) have studied. The similarities between this body of papers and our
work are: 1) the supplier, who is also a seller in the end market, and the buyer compete
in the downstream market; 2) the allocation rule between the two channels is similar to
the lexicographic allocation mechanism, this is, the demand in the direct channel is met
first and the buyer would not obtain his optimal order quantity if the quantity of the
products kept for the direct channel by the supplier is great.

In addition to these works, Dai and Nu (2020) also considers a multichannel-like
system, in which the manufacturer who only has limited capacity enters the product-
sharing market and corporates with the sharing platform to offer the rental services to
customers in addition to selling products directly to consumers who may also provide
rental services on the sharing platform. And they analyze the strategic role of capacity
constraint on the manufacturer’s optimal capacity allocation strategy between two
markets. The difference between this stream of works and our model is that: in our
model, given the supplier’s inventory, the quantities that the two buyers can finally
obtain is determined by their order quantities, however, in the above-mentioned
literature, the quantities that the two channels can obtain is decided by one central
decision maker.

In the intra-firm resource allocation context, when the resource of the firm is
scarce, multiple product lines or divisions would compete for the limited capacity, and
the issue of allocating resources arises. For example, Harris, Kriebel and Raviv (1982)
considers a question of allocating the firm’s resource among multiple divisions which
possess private information on their productivity. Both Mallik and Harker (2004) and

Karabuk and Wu (2005) are inspired by the reality of a major US-based semiconductor
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Chapter 2 Literature Review

manufacturer and study the incentive issues (the manufacturing and product managers
lie about their private information) arising in the semiconductor capacity planning and
allocation. For example, Karabuk and Wu (2005) develops a two-pronged incentive
scheme that can induce the product managers to reveal their demands and allocate the
capacity in a way that can maximize the firm’s expected profits. At the same time, the
scheme can be implemented by using the bonus system which is commonly used in
semiconductor firms. Different from Karabuk and Wu (2005), Mallik and Harker (2004)
considers that both the product demand and the firm’s manufacturing capacity are
uncertain. And in the circumstance that the central coordinator of the firm should
allocate the uncertain capacities (forecasted by the manufacturing managers) to the
different product lines whose demands are forecasted by the product managers for the
planning year, Mallik and Harker (2004) states that the forecasts of capacities
(demands, resp.) would be deflated by the manufacturing managers to deal with
production uncertainties (inflated by the product managers to acquire a greater
allocation of the resource, resp.). So, they design a mechanism that consists of a bonus
scheme to elicit all managers reporting their forecasts truthfully and an allocation rule
to allocate proper capacities to the different products. Similarly, assuming that the
manufacturing and marketing managers of the firm will act in their self-interest, Porteus
and Whang (1991) use the principal-agent (agency) approach to develop a scheme that
could coordinate different divisions and enable the firm to attain the residual returns as
much as possible. To conclude, in this body of literature, the mechanism-design
approach is used by the central decision maker to seek a scheme that could coordinate
the multiple parts of the firm so that he can obtain the maximum profit.

In addition to the literature above, various allocation policies that are used to
allocate demand to the strategic servers in the queueing system are also studied, e.g.,

Cachon and Zhang (2007).

2.2 Using auctions to allocate the scarce resource

In the Economics literature, there is a large number of works considering auctions

as a method of allocating scarce resources. This stream of work is relevant to our topic
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because, in our model, the prioritization is decided by an auction-like policy. And these
studies have provided many interesting insights. In this section, we will introduce some
of them and discuss the contribution of our work.

In the real world, there are probably far more products that are supplied by
manufacturers than the amount that retailers can carry given their shelf space, thus, it is
commonly observed in the practice in recent years that retailers allocate at least some of
their scarce shelf space by auctions via slotting allowances. And this setting has been
extensively studied by Shaffer (2005), Sullivan (1997), Lariviere and Padmanabhan
(1997), Kuksov and Pazgal (2007) and Marx and Shaffer (2010). Marx and Shaffer
(2010) proves that with slotting allowances, the retailer may limit its shelf space
tentatively and let the manufacturers compete for the scarce resource. In this thesis, we
draw a similar conclusion that even though the supplier’s production cost is extremely
low, he would limit his inventory level and do not prepare enough products if the
wholesale prices are not high enough.

Another body of work, which considers that the buyers who bid for the scarce
resource also engage in competition in the downstream market, focuses on studying the
interaction between upstream and downstream markets, e.g., Stahl (1988), Yanelle
(1997) and Es6, Nocke and White (2010). Among these works, Es6, Nocke and White
(2010) 1s related to our model most and studies a setting in which middlemen acquire
capacity allocation from upstream input market by efficient auction or efficient Coasian
bargaining among the firms first, and then, compete in the downstream market in a
Cournot fashion.

In the setting where a monopolistic supplier sells products to several buyers, Harris
and Raviv (1981a) compares three monopolistic pricing schemes, that are: the simple
single price strategy, auction, and priority pricing. And they identify_
(underwhich the schemes are optimal) Similarly, Harris and Raviv (1981b) explains({uliy)
‘auctions are used in certain situations and analyzes which auction mechanism is the.

‘most efficient one..
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Chapter 3 The Model

Chapter 3
The Model

We consider a setting with one supplier and two symmetric buyers. The two buyers
procure key components that are required to assemble the final products from the
supplier, and then sell substitutable products to the end market, assuming that
assembling one final product requires one component.

In the end market, every consumer chooses a buyer to visit first and buys one
product if the buyer has stock in hand. The retail price p is assumed to be exogenous.
This process forms the local demand of each buyer. Suppose that the local demand of
the two buyers is independent and uncertain, and to be specific, let D;,i = 1,2 be buyer
i's local demand, then, D;,i = 1,2 are i.i.d random variables with a two-point discrete
distribution function:

1—& with probability

P46 with probability

where §(€ [0,1]) is the standard deviation variance of D;, and it is used for measuring
the demand risk level. Here, the expected local demand of each buyer is normalized to
one, and we use d;, i = 1,2 to denote the local demand of buyer i after it is realized.

Before the local demand of the two buyers is revealed, acting as Stackelberg leaders,
the buyers have price-setting power in the upstream market and propose the wholesale
prices (w;, i = 1,2) that they want to pay for one product, simultaneously (stage 1). And
based on the wholesale prices, the supplier determines an inventory level q, (stage 2).
We assume the fixed cost and the marginal cost for preparing inventory are normalized
to zero to highlight the influence of the allocation policy on the supplier’s optimal
strategy. Then, the local demand is revealed.

After observing the local demand, the two buyers simultaneously determine the
order quantities s;, i = 1,2 (stage 3). We assume s; < q;. However, they may not be
able to obtain the quantities they have ordered since the supplier’s inventory could be
insufficient. When the total order quantity of the buyers exceeds the supplier’s total

supply, that is: the sum of s; and s, is larger than g, the limited inventory is allocated
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Chapter 3 The Model

based on the lexicographic allocation mechanism. With lexicographic allocation policy,
the supplier satisfies the order of the buyer having priority as much as possible, and then
fills the other buyer's order with the remaining inventory if any.

The wholesale prices proposed by the two buyers provide the criteria for the
supplier to decide which buyer will be prioritized and filled first when the allocation of
the inventory is necessary. To be specific, if the two buyers propose different wholesale

prices, the priority would be given to the one who is willing to pay more. Otherwise, the
supplier gives the priority to one buyer randomly, namely, each buyer has % probability

to be prioritized. Here, we use 8;, i = 1,2 to denote the quantities of components that
buyers can finally obtain.

The process of allocating the supplier’s inventory is as illustrated in Figure 1.
—> (81, 82) = (51,52)

51+S2 < g5

Supplier, gs

w; > wj,i #J
s1+S2 > g > (8i,8) = (51,95 — 51

W = W (81,82) = (51,95 — 51) or
(81,82) = (95 — 52, 52)
Figure 1 Indication of the allocation process
If 8, < d4, some of buyer 1’s realized local demand cannot be met by himself and

buyer 1 would have excess demand; and if 8, = d,, buyer 2 would have excess stock
in hand after satisfying his realized local demand. When both the excess demand of
buyer 1 and the excess stock of buyer 2 exist, a fraction a(€ [0,1]) of the excess
demand of buyer 1 would switch to buyer 2 and forms the switch-over demand of buyer
2; and then buyer 2 tries his best to satisfy the switch-over demand with the excess stock.
By symmetry, we can define buyer 1’s switch-over demand. The sum of the local and
switch-over demand is referred to as the effective total demand of a buyer, and we can
express buyer i's effective total demand as:

di =d; +a(d;j— &))", i=12andj =3 -1,

where: (a)* = max{a, 0}.
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The local demand and the switch-over demand of the two buyers are as illustrated

in Figure 2.
a
e Switch "
witch-over
Buyer 1 (&) demand Buyer 2 (8;)
[r =~ - "
Local deman ik S Local demand
d, End market d,

Figure 2 Indication of local and switch-over demand

Here, a is the switch-over intensity, and it can capture the extent that two products
can substitute with each other as well as the quantity competition intensity between the
two buyers in the following manner:

1) the increase of the buyer i's inventory would result in the decrease of buyer j's
switchover demand, and a higher & would lead to a larger extent of such decrease if the
buyer i's inventory level is lower than his local demand,;

2) with a higher a, the two buyers would have more incentive to propose a higher
wholesale price and compete for the priority that enables their order quantities to be
satisfied first by the supplier who has only limited inventory;

3) the competition intensity for the limited inventory between the two buyers would
increase as a increases because the buyer who has been given the priority would have
more incentive to monopolize the market with a higher a.

In this setting, the two buyers compete in two levels:

1) wholesale price competition:

On the one hand, the two buyers compete for the inventory-obtaining priority and
the control power, which could enable them to have a chance of monopolizing the
market, by proposing a higher wholesale price than the competitor. And the place where
our work differs from other reported research, e.g., Chen, Li, and Zhang (2013), is that:
the two buyers have to pay for the priority, and this level of competition may lead to
asymmetric wholesale prices for symmetric buyers. On the other hand, the two buyers

can affect and increase the supplier’s inventory level and decrease their competitor’s

14
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incentive of being the monopoly (According to Theorem 1 in the following part, the
buyer who is given the priority stops ordering the supplier’s all inventory if g, is larger
than a threshold; and according to Theorem 2, 3, the supplier’s optimal inventory level
increases with the wholesale price proposed by the buyer who is not prioritized.) by
choosing an appropriate price even though they cannot get the priority. To conclude,
raising the proposed wholesale price can help prevent the buyer’s competitor from
gaining too much control.

2) quantity competition:

The two buyers compete for the switch-over demand by ordering more.

To summarize, we illustrate this model in Figure 3.

! Competition 1: wholesale price competition:
> competition for control power and access to
| capacity.

- —_—

Competition 2: quantity competition:
competition for end market.

Figure 3 The model
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Chapter 4
Model analysis

4.1 Quantity competition game after the demand is realized

Given the wholesale prices (w; and w;) and the supplier’s inventory level (qg),
we solve the two buyers' order quantity equilibria (s7,s;) after the demand is realized
in this section with the following three steps:

Step 1: analyze the best-response order quantity of the buyer who is given the
priority;

Step 2: analyze the best-response order quantity of the buyer who is not given the
priority;

Step 3: analyze the two buyers' order quantity equilibria after the demands are

realized.

4.1.1 Profit functions

Suppose buyer 1 has the inventory-obtaining priority, this is to say: w; > w, or
he is chosen when w; = w,. The equilibrium in other cases can be obtained by
symmetry.

The buyers' profit functions after the market condition is realized can be written as:

1 (S1 w1, W2, qs, S2) = g?g(;({P(df Asp) —wisi} (1)

5 (S2|w1, Wy, G5, $1) = glsaé{P(dg A((gs —s1) Asz)) —wa((gs —s1) As2)}  (2)

We define: a A b = min{a, b}, a Vb = max{a, b}.

Consider buyer i's optimization problem, given s;, he has two options categorized
based on whether or not the capacity constraint is violated or not, that is:
Dif 0 <s; <q5—s5j, 8 =s; and 8; = sj;
2)if qs —5; <5; < q5, 81 =51, 83 = (s — S; for i =1, and, 8; = g5 — 51, 81 = §;
for i = 2.

And then, buyer i's optimal profit equals to the maximum one between the two
greatest profits that can be derived from the above two options. Therefore, we can

rewrite equation (1) and (2) as:
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”1(51|W1:W2:‘Zs’52)=max{s [r(r)la)isz]("n(spsz)’s (max ]012(51:52)}

1€ N 1€(4s—S2.95

where:

G11(51,52) = p((dy + a(d; — s2)™) A'sy) — wysy,
G12(s1,52) = p((dy + a(dy — (qs — $1))™) As1) — wysy,
and,

2 (S2|W1, W2, g5, 51) = max{sze%3§51]021(51’52):Sze(gnilifl q ]622(51’52)}
Us S MS

where:

Go1(51,82) = p((dy + a(dy — 1)) Asy) — wys,,

G22(s1,52) = p((dz + a(dy — $1)™) A (qs = $1)) = w2(qs — $1).
4.1.2 Best-response order quantity

We illuminate buyer 1’s best response function in Lemma 1, and buyer 2’s best
response function in Lemma 2.

As we have mentioned before, there are two subproblems for buyer 1. In
subproblem 1, buyer 1 lets buyer 2 obtain s, and tries his best to meet the effective total
demand d; + a(d, — s;)* with the supplier’s left inventory (g — s5), this is to say,
buyer 1's order quantity equals to his effective total demand until the demand is larger
than g5 — s,, and then he orders g5 — S5, so, there is no wasted inventory for buyer 1.

Different from subproblem 1, in subproblem 2, buyer 1 can compete for more
switch-over demand by increasing s;. If s; < qs —d, (d, < qs — s1), there is no
switch over demand for buyer 1, and if s; > q, —d, (d; > g5 — s1), buyer 1 can
obtain @ more units switch over demand and earn ap by ordering one more unit with
paying wy. Consequently, if ap > wy, buyer 1 would like to order more even when
the total demand is less than s, and has the incentive to monopolize the end market
by ordering qg, otherwise, he would not. Comparing the optimal profits of two
subproblems manifests buyer 1’s fradeoff between a) ordering less than g; — s, but all
products ordered can be sold, b) ordering more than g5 — s, to compete for more
effective total demand and even monopolize the end market, but might pay a cost for
the products that cannot be sold. We illustrate the two options of the prioritized buyer

in Figure 4.
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! qs ! ! qs .
I 1 I 1
' qs — 52 ' Sz . I:l Effective total demand

51 S2 52 51

| I:l ‘Wasted ordered products
| dy +ady \ | | dy + ad; . |
i — i —
dy d> dy d;
@s1=qs—s52 (b)s;=d;
qs qs

Extra total demand: & units; '
——» Extra profit: ap;

S2 s 51+ 1 Extra cost: w;. Ss 5
o dytady, . dy+ady L
f I — i —
' dy d; T A
(©)81>qs— 8, s = g

Figure 4 Buyer 1’s two options when he has the priority,
di+ad, <qgs<d;+d, and g5 — s, < d;
Lemma 1: Let s;(s;) bebuyer 1's best response function, if buyer 1 is given inventory-
obtaining priority, we can characterize it as follows:
(1) cSwy Zap:

if 0 <q, <d; +ad,, si(s;) =qs;

if di +ad, < qs < d; + j‘v—’:dz : then $1(s,) =
d, +a(d, —s,), 0<s,< w1(qs—(di+ady))
1 (d 2) 2 2 (p—wy) .
qs, wi1(qs—(di1t+ads)) <s, <q,

a(p-w1)

di+a(d, —s;), 0<s,<d,

. ap _
if go >d; + v d,, then s,(s;) = {dp d, < 5, < g

(2) ap <w; <p;
if 0 <qs <d;+ ad,, s;(s3) =qs;

lf dl + adz < qS S dl + dz , then 51(52) =
di+a(d,—s;), 0<s, <W
d1+0f(d2—qS)' qs—(di+ady) <s, < qs’

1-a 1-a

di+a(d,—s;), 0<s,<d,

if g > dy + d,, then s51(5;) = {dl' dy, <s, <qy’
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It is quite intuitive that: if g3 < d; + ad,, buyer 1 prefers to monopolize the end
market by ordering g, regardless of the value of w; since all the products will be
purchased by customers. If g3 > d; + ad,, buyer 1 orders more than q; — s, to earn
strictly more demand than d; + a(d, — s;)* only in the context that g, is moderate
and s, is large enough, because:

1) if s, is small, on the one hand, buyer 1 already has a high level effective total
demand, and competing for more switch over demand becomes unattractive, on the
other hand, the left capacity g, — s, is already large enough to meet buyer 1’s total
demand and there is no need for him to order more than g — s,;

2) in the case that wy < ap, buyer 1 has to pay more cost to monopolize the market
with a higher qs as there would be more unsold products, however, his effective total
demand and the profit he can collect do not change,

3) in the case that w; > ap and g, is not too large, the inventory left for buyer 2,
that is: g5 — s; becomes less than d, and buyer 1’s switch over demand alters from
zero to be positive when s; is too small to meet his local demand, not to mention the
effective total demand, therefore, it is profitable for buyer 1 to orders more, and even
exceeds g5 — Sy, if possible, to meet the demand that cannot be met, and meanwhile,
compete for more demand until s; equals to buyer 1’s effective total demand,
nonetheless, if q; > d; + d,, from the perspective of buyer 1, to acquire @ more units
demand than d; + a(d, — s,)* must be accompanied by ordering at least one more
unit inventory and there are at least 1 — a units products cannot be sold, which is not
profitable in this case.

Lastly, we can conclude that, if g is large enough, buyer 1’s best response
function is just the one in the game without inventory limitation and is independent of
the value of w;.

Lemma 2: Let s,(s;) be buyer 2's best response function, if buyer 2 is not given
inventory-obtaining priority, we can characterize it as follows:

(1) if 0 < g5 <d, + ady: s,(s;) can be any value in the interval [qs — 1, qs];
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2) if dy+adi<qs<di+d, : s3(59)=d,+a(d; —s;) when 0<s; <

qs—(dx+ady)

T , and s,(s;) can be any value in the interval [qs — S1,qs] When

qs—(dx+ady)

1-a < S1 < qs;

(3) if gs>dy+dy: s5(51) =dy+a(d; —s;) when 0<s;<d;, Sy(51) =d,
when d; < s; < q; — d,, and, s,(s;) can be any value in the interval [qs — Sq, gs]
when q; —d, < 51 < qs.

Buyer 2 is not given inventory-obtaining priority and cannot compete for more
switch-over demand by increasing s,. So, his best-response order quantity equals to his
demand d, + a(d,; — s;)™ until the total demand is larger than g5 — s;, and then he
orders qg — Sq.

If 0 <gqs <d,+ adi, g5 would be too small so that the supplier’s inventory left
by buyer 1 is less than buyer 2’s total demand no matter how many buyer 1 orders,
thereby, he prefers to order at least q; — s;. However, if q; > d, + ad4, buyer 2’s
demand d, + a(d; — s;)" is less than the inventory that he can obtain when s; is
small, therefore, s,(s;) equals to d, + a(d; — s;)™ if s; is small and buyer 2 orders

at least g — 54 if s is large.
4.1.3 Order quantity equilibrium

Based on the two buyers’ best-response order quantities, we can derive the Nash
equilibrium of the quantity competition, which is illustrated in Theorem 1.
Theorem 1: Let (sq,s;) be the Nash equilibrium of buyers' order quantities and
(81,383) be the quantities that buyers are finally delivered, then we characterize them as
follows.
(1) c<wy Zap:
if 0 <q; <d;+ ad,, then any point in {gs} X [0,qs] is a Nash equilibrium with
(81,82) = (45, 0);

if di+ad, <qs<d;+ jv—zzdz, then any point in {q.} X

[W1 (qs—(d1+ady))

ap-wyy sl is 2

Nash equilibrium with (87,83) = (g5, 0);
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if g5 > dy +fv—pd2 , then (s7,s3) = (dy,d,) with (87,83) = (dy,d;) is an unique
1

Nash equilibrium.

(2) ap <w; <p:

if 0 <q; <d;+ ad,, then any point in {gs} X [0,qs] is a Nash equilibrium with

(81,82) = (45, 0);

if di + ad, < g5 < dq + d,, then any point in {

d1+a(d2—qS)} x [qS—(d1+ad2)

1-a 1-«a 'qS] 15 a

3

_ dita(d;—qs) qs—(di+ady)
) - ( 1-«a ! 1-«a )

Nash equilibrium with (87,85
if g3 > d; +d,, then (s7,s3) = (dy,d,) with (8],85) = (dq,d;) is an unique Nash
equilibrium.

Theorem I describes a pattern for the two buyers’ total order quantity as a function

of the supplier’s inventory level and the higher wholesale price proposed by the buyers.

If the supplier’s inventory is scarce (g, is less than d; + “:—idz in case (1) and d; +

ad, in case (2)), buyer 1, who has been given priority, would order g to monopolizes

the end market, and this indicates that the buyers’ total order quantity increases with g

in this case. If g, is large enough (g, is larger than d; + “:—i d, incase(l)and d; + d,

in case (2)), the Nash equilibrium is just the one in the game without inventory constraint
and both buyers order the amount of their local demand, thus, the buyers’ total order
quantity does not change with g, in this case. However, there are also some differences

between case (1) and (2): 1) if wy; < ap, the buyers’ total order quantity is not

continuous and experiences a drop from d; +$—id2 to d; +d, as qs crosses the

critical point d; + fv—i d,; notwithstanding, if w; > ap, the buyers’ total order quantity

is continuous and turns into a constant after g, crosses the critical point d; + d,; 2) if
w; < ap, the Nash equilibrium is either buyer 1 monopolizes the market or buyers’
order quantities equals to their local demand, different from this, if w; > ap, there is a
transitional state, in which the total order quantity equals to gy while 85 is strictly

positive, with a moderate inventory level.
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In case (1), supposing that w; equals to ap, monopolizing is profitable for buyer
1 if and only if g; is no more than d; + d,; with the decrease of wy, that is: wy
becomes strictly less than ap, monopolizing becomes less costly, and thus profitable
even though ¢ is strictly more than d; + d,, and then, the drop of the total order
quantity emerges. This result is interesting, as intuitively, if g5 > d; + d,, there would
be no inventory limitation for this quantity game, and buyers would order local demand,

however, this only happens when w; is larger than ap. Furthermore, buyer 1 becomes

more aggressive with a larger a, as on the one hand, the critical point d; + j}—pdz in
1

case (1) increases with a and buyer 1 would prefer to monopolize with a higher g, on
the other hand, the range of interval (ap,p] decreases with a and thus it is more likely
for buyer 1 to be in the first case.

Let a be one, then the two buyers are perfectly competitive, our result is consistent
with Chen, Li, and Zhang (2013), which studied the capacity allocation problem
between two buyers engaged in Cournot competition. Our work extends this study by
setting « in the range [0,1] to visualize the Nash equilibria and study the effect of
competition intensity in the case that two buyers sell substitutable products and are not
perfectly competitive.

The quantity game between the buyers may have multiple equilibria, nonetheless,
all equilibria predict that buyer 1 will order g; and receive the entire inventory from the
supplier and it is not important that what buyer 2 orders, and therefore the different

equilibria lead to the same profits for the two buyers.

4.2 The optimal inventory strategy of the supplier before

demand is realized

Given the wholesale prices proposed by buyers in the first stage, the supplier
maximizes her expected profit by determining an inventory level before demand is
realized considering the Nash equilibrium of the two buyers' order quantities in the third

stage. We analyze this problem in two cases: w; < ap and ap < w; < p.
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Similar to the previous chapters, we hold the assumption here that buyer 1 has been
given inventory-obtaining priority and the supplier’s decision in the other case (i.e.,

buyer 2 is given priority) can be obtained by symmetry.

4.2.1 Profit functions

4.2.1.1 The expected profit function when w; < ap
We use E(I14(gs|wy, wy)) to denote the supplier’s expected profit, which is given
as:

E(H (QSIWPWZ)) = max{ maX 1(qs) max Z(qs) max M3(qs)
qs€[0.q}] as€(at.a?] qas€(af.ai)

max , M,(qs), max Ms(qs)}.
as€(ai af] as€(af )

The expected profit function is piecewise with four critical points g, i = 1,2,3,4:

qi =1-8+7-(1-9),
w1

gf =1+8+F (1—5)

G =1-68+F (1+5)

r=1+6+21+90).
Wy

M;(qs),i = 1,...,5 are the profit functions in five ranges of q,:

Ml(qs) = Wi(s;

(1-8)+w,(1- 6)
(QS) Wl 4W2 Wi(s;

w1 (1-6)+w (1—6) wy(1+68)+w,(1-68)
(g5) = 2l : 42 +iwigs:

( ) — W1(1—6)+W2(1—6) + W1(1+6)+W2(1—6) W1(1 6)+W2(1+6)
s 4 4 4

+ ~W1i(s;

_ W1(1—6)+W2(1—6) W1(1+6)+W2(1—6) W1(1—6)+W2(1+6) W1(1+6)+W2(1+6)
(45) = 4 + 4 + 4 + 4 '

4.2.1.2 The expected profit function when ap <w; <p

In order to formulate the supplier’s expected profit in this case, we first establish
some preliminary results by simple algebra in Lemma 3.

Lemma 3:
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1-a

(D) If Osasm, 1-64+a(1-6)<1-6+a(1+6)<1+6+a(1-96)<
1+6+a(1+6)<1-6+(1-6)<1-86+1+6<1+6+(1+59);
@ if ~S<s<=, 1-6+a(1-8)<1-8+a(1+8)<1+5+a(l-

6)<1-6+(1-6)<14+64+a(1+6)<1-8+1+6<1+6+(1+596);

B)if << 1-6+a(1-8)<1-6+a(1+8)<1-6+(1-8) <

3—«a 1+a
1+6+a(1-6)<1+6+a(1+6)<1-6+1+6<1+65+1+9);

@) if —2<6<1, 1-6+a(1-8)<1-6+(1-8)<1-86+a(1+8)<

1+a
1+6+a(1-6)<1-6+1+6<1+85+a(1+8)<1+65+({1+56).
We use ql;,i =1, ...,7 to denote the seven critical points 1 — & + a(1 —§), 1 —
S+a(1+68),1+6+a(1=68), 1+6+a(1+68),1-6+(1—-6),1-5§+1+
6 and 1+ 6 + (1 + 9), respectively.

1) f0<ds< ;—Z, we have the supplier’s piecewise expected profit function as

follows:

E(Ms(qslwy, w))

=max{ max N;;(q;), max _Nj,(qs), max_Ni3(qs), max  Niu(qs),

as€[o.af] as€(afpafi as€(afpatl as€(aipatil
max _ N1s5(gs), max N16(gs), max N17(qs), max Nig(qgs)},
as€(atpanl as€(aipanl as€(afpafl as€(ajyo)

where the profit functions in eight ranges of g5 can be described as:

Ni1(qs) = wiqs;

w1 ((1-8)+a((1-6)-q5) J+ws (as—((1-8)+a(1-8))) 3

Ny, (qs) = 4(1-a) + ZW1QS;

wi((1-8)+a((1-8)—qs) ) +w2(qs—((1-8)+a(1-6)))

Ny3(qs) = ( 4()1_a) +
wi((1-8)+a((1+8)-q5) J+w2(qs—((1-8)+a(1+8))) 1 _
4(1-a) 2 W1dss
wi((1-8)+a((1-8)—qs) ) +w2(qs—((1-8)+a(1-6)))

Ni4(qs) = ( 4()1_a) +

w1 ((1-8)+a((1+8)—qs) J+wa (a5 ((1-8) +a(1+6))) N
4(1-a)

wi((1+8)+a((1-8)-a5) J+w2(qs—((1+8)+a(1-8))) 1 _
4(1-a) 2 W1ds>
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wi((1-8)+a((1-8)—qs) ) +w2(qs—((1-8)+a(1-6)))
NlS(Qs) = ( 4()1_0_,) +
w1 ((1-8)+a((1+8)—qs) J+wa(as—((1-8) +a(1+6)))
4(1-a)
w1 ((1+8)+a((1-8)—q5) J+wa (45— ((1+6) +a(1-6)))
4(1-a)
wi((1+68)+a((1+8)-q5) J+w2(as—((1+8)+a(1+8)))
4(1-a) ’

(1=8)+w,(1-68) = wi((@-8)+a((1+8)—qs) )+w2(gs—((1-8)+a(1+5)))
N16(qs) = = 4W2 + ( 4()1—a) +
w1 ((1+8)+a((1-8)—q5) J+wa (as—((1+6) +a(1-6)))
4(1-a)
wi((1+68)+a((1+8)-q5) J+w2(as—((1+8)+a(1+8)))
4(1-a) ’

Ny, (qs) = Wl(l_‘s)l‘wz(l—@) n W1(1—6)ZWZ(1+6) n w1(1+6):w2(1_5) N

wi((1+68)+a((1+8)—q5) J+w2(as—((1+8)+a(1+8)))
4(1-a) ’

le(qs) _ W1(1—5)1‘Wz(1—5) + W1(1—6):W2(1+6) + W1(1+6):W2(1—6) n W1(1+5)ZW2(1+6);

@) If = < § <=, we have:

E(Ms(qslwy, wy))

= max { max Np1(qs), max  Njy(qs), max  No3(qs), max _ Npu(gs),

as€[o.af] as€(arpafi] as€(afp.af] as€(aipag]
m%X4 NZS(QS); m%X 6 N26(QS); m%X , N27(qs)' max NZS(QS)}a
as€(aipan as€(afpafl as€(afpafl as€(afp)

where:

N;1(qs) = wiqs;

w1 ((1-8)+a((1-8)—q5) J+w2 (45— ((1-8)+a(1-8))) | 3

NZZ(QS) = 2(1-a) ZW1QS;

w1((1-8)+a((1-8)—qs) ) +w2 (45— ((1-8)+a(1-8)))

Ny3(qs) = ( 4()1_a) +
wi((1-8)+a((1+8)-q5) J+w2(qs—((1-8)+a(1+8))) 1 _
4(1-a) 2 W1ds;
wi((1-8)+a((1-8)-q5) J+w2(as-((1-8)+a(1-8)))

Ny4(qs) = 1)
w1 ((1-8)+a((1+8)—qs) J+wa (a5 ((1-8) +a(1+6))) N
4(1-a)

wi((1+8)+a((1-8)-a5) J+w2(qs—((1+8)+a(1-8))) 1 _
4(1-a) 2 W1ds>
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wi(1-8)4wy(1-8) w1 ((1-8)+a((1+8)—qs) J+w2 (as—((1-8) +a(1+6))) N
4 4(1-a)
wi((1+8)+a((1-8)-q5) J+w2(q5—((1+8) +a(1-6)))
4(1-a)
wi(1-8)4wy(1-8) w1 ((1-8)+a((1+8)—qs) ) +w2 (as—((1-8) +a(1+6))) N
4 4(1-a)
w1 ((1+8)+a((1-8)—q5) J+wa (45— ((1+6) +a(1-6))) N
4(1-a)
wi((1+8)+a((1+8)—q5) J+w2(as-((1+8)+a(1+8)))
4(1-a) ’

st(qs) =

1 .
Zwlq53

Nye(qs) =

W1(1—6)+W2(1—6) + W1(1—6)+W2(1+6) + W1(1+6)+W2(1—6)
4 4 4

wi((1+68)+a((1+8)-q5) J+w2(as—((1+8)+a(1+8)))
4(1-a) ’

Ny, (qs) = +

N,g(gs) = W1(1‘5>ZW2(1—5> n w1(1—6>1w2(1+6) + wl(1+a)IwZ(1-a) + W1(1+6)Iw2(1+5)'

3) If == < § <, we have:

E(Ms(qslwy, wy))

=max{ max N3;(qs), max N3(qs), max Ni3(qs), max  Nzu(qs),
as€[o.q] as€(afpaf] as€(afpanl as€(aipatl

7

aip®)

1

ax N3s(qs), max  Nig(qs), max N37(Qs);q
1

m
as€(q 7

max N38(Qs)},
paji] as€(atpanl as€(afpaf e(alp

N

where:

N31(qs) = wiqs;

wi((1-8)+a((1-8)-qs) J+w2(as—((1-8)+a(1-8))) 3
N32(Qs) = ( 4()1_0_,) + ZW1QS;

w1 ((1-8)+a((1-8)-q5) J+w2(as-((1-8)+a(1-))) N
4(1-a)

N33(qs) =

wi((1-8)+a((1+8)—a5) J+w2(a5—((1-8)+a(1+6))) 1 _
4(1-a) 2 W1q53

(1=8)+w,(1-6) = wi((1-8)+a((1+8)—qs) )+w2(as—((1-8)+a(1+8))) 1
N34(qs) = 4WZ + ( 4()1_0_,) + EW1QS;
wi(1-8)4wy(1-8) w1 ((1-8)+a((1+8)—qs) J+w2 (45— ((1-8) +a(1+6))) N

4 4(1-a)

wi((1+8)+a((1-8)=45) 4w (45~ ((1+8)+a(1-8)) | 1 _
4(1-a) 4W1q53

N35(qs) =
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wi(1-8)4wy(1-8) wi((1-8)+a((1+8)—qs))+w2 (as-((1— D+a+d)
N36(qs) = 2 r-a)
w1 ((1+8)+a((1-8)—q5) J+wa (45— ((1+6) +a(1-6))) N
4(1-a)
wi((1+68)+a((1+8)-q5) J+w2 (as—((1+8)+a(1+8)))
4(1-a) ’

- - - 5 -5
N37(qs) :W1(1 5)1‘W2(1 5)+W1(1 5):W2(1+5)+W1(1+ ):Wz(l )+

wi((1+8)+a((1+8)—q5) J+w2(as-((1+8)+a(1+8)))
4(1-a) ’

_ _ _ s S S
Nag(qe) = 2242 5>ZW2(1 8wt 6>Zw2(1+6) +W1(1+6)1-WZ(1 )y wils )IWZ(H ]

) If Z—Z < 6 <1, we have:

E(Ms(qslwy, wy))

=max { max Ny;(qs), max _ Nip(qs), m%X2N43(q$) max  Ny4(qs),

as€[o.q] ase(afpag] as€(aipafil as€(afpatl
Nus(qs), max  Nag(qs), max  Ny;(qs), ma7x Nas(gs)},
qse(q” anl ase(atpati) as€(atpafl s€(afp)
where:
N41(qs) = wiqs;
wi((1-8)+a((1-8)—gs) )J+w2(qs—((1-8)+a(1-8))) = 3
N42(Qs) = ( 4()1_0_,) ZW1QS;
(1-8)+w,(1- 6)
Ny3(qs) = e " 2 Wi1(s;
wi(1=8)+w,(1-8) = wi((1-8)+a((1+8)—qs) )+w2(qs—((1-8)+a(1+5)))
N44(qs) =—= p : + ( 4()1_0_,) EW1QS;
wi(1=8)+w,(1-68) = Wi((1-8)+a((1+8)—qs) )+w2(qs—((1-8)+a(1+5)))
Nis(qs) = = . + ( 4()1—a) +
wi((1+8)+a((1-8)=45) 4w (45~ ((1+8)+a(1-8)) 1 _
4(1—0{) 4W1q53
(1-8)+w,(1-6) (1-8)+w,(1+68) (1+8)+w,(1-6)

N46(qs) = 2 4WZ + e 4W2 Wl 4W2 + ~Wi(s;
N47(qs) — Wl(l—a)ZWZ(l—(‘;) + W1(1—6):W2(1+6) + W1(1+6)1‘W2(1—6) +
wi((1+8)+a((1+8)-q5) J+w2(as—((1+8)+a(1+8)))

4(1-a) ’
N48(qs) — W1(1—6)+W2(1—6) + W1(1—6)+W2(1+6) + W1(1+6)+W2(1—6) + W1(1+6)+W2(1+6).
4 4 4 4

4.2.2 The optimal inventory strategy of the supplier when w; <

ap
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When w; < ap, the supplier’s expected profit is not continuous and drops at four
critical points. Moreover, M;(qs),i = 1,...,4 are linearly non-decreasing functions
whose slopes decrease successively and Mg(q,) is constant. The profit function is

illustrated in Figure 5.

E(T4(qs|wy, w5))

F

h qf a q
Figure 5 E (5 (qslwy, wy)) if wy < ap
The optimal expected profit is the maximum one among M;(qi), M,(q?),

M;(q3}), and M,(q}). By comparing the four values, we have:

My(q?) — Mi(q]) = 5 (65w; + (1 — O)w, — (1 - &)ap) . so,  My(q) —
My(qh) 2 0 iff wy > — 2w, + 2 ap;

M;(q}) — My(qP) = - (—46wy + (1 — &)wy + (56 — Dap) , so, Ms(gi) —

1-6 56-1

MZ(qIZ) > 0 iff wy < EWZ +?ap;
My(q}) — M3(qi) = - 26wy + (1 + S)w, — 1+ 8ap) . so  My(qi) —
3 . 1+6 146

M3(ql) >0 iff wy = _EWZ +Eap;

My (q}) — My(q}) = > (—6wy +w, — (1= 28)ap)., so, My(q) — Mp(q?) = 0

iff wy < %Wz —1%8280(;9;
M;(q}) — Mi(g) = 3 (Swy + A = O)w, — (1 —38)ap) . so, Ms(gi) —

M;(qi) = 0 iff wy > _¥W2 + 1—635 .
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.. ) ) _1-8
Then, let Li,i = 1,...,5 to be the five linear functions w; = o W2 + ap,
_1-§ 56-1 146 1+6 1 1-28
Wi =—=Wy +——ap, W, = ——=W, +—=ap, Wy = W, ———ap, and w; =

-38 .
——w, + % ap, respectively.

Symmetrically, we can analyze the case that buyer 2 is given priority in the same

way. We use Li',i=1,..,5 to denote the inverse functions of Li,i=1,..,5,

. . 48 56-1
respectively, which are: wy=——w,+a, wy=—w,———ap , w; =
S 1-6 1-68 1-8
26 5 1-36
W2 ta w = dwy + (1 —26)ap and Wy = =W, +—~ap.

We locate Li,i =1,...,5 together with Li’,i =1,...,5 on the w,-w; plane to
divide it into several regions, and then, the optimal inventory strategy is clear in each
area as illuminated in Theorem 2.

Similar to q,i,i = 1,2,3,4, we define q,i,,,i = 1,2,3,4 in Figure 6 as follows:

qin=1-8+"(1=0). qfy =1+86+-(1=8). qiy =1-6+,°(1+9),
and, q”,—1+5+ (1+5)

Theorem 2: If w; < ap, the supplier’s optimal inventory strategy is showed in Figure
6.

The supplier faces the tradeoff between selling more products to the monopoly
and decreasing the negative influence of adverse equilibrium effect. For example,
compared with g, = g}, even though the supplier can sell more products with g, = g2
when the realized demands (dq,d;) # (1 — 6,1 — &) (i.e., the market is monopolized),
she faces an adverse Nash equilibrium of buyers’ order quantities, that is: selling less at
a lower average wholesale price, when (d;,d,) = (1 —46,1—9).

As § increases, the supplier would have the incentive to preparing more inventory
as observed from Figure 6, where the fraction of region that indicates q: > q} for i =

1,...,4 (qs is the supplier’s best strategy) in the plane becomes larger with the increase
of § and qi # q} if § > é regardless of the value of w; and w,. The reason is that

the benefit of selling more to the monopoly increases with §.
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©=<8<3 @3<8<1

Note: 1) Let the solid lines represent Li,i = 1,...,5 and the dashed lines represent
Li',i=1,..,5;
2) Let red, orange, blue, green, and purple to denote L1 (L1'),..., L5 (L5"),
respectively.
Figure 6 The supplier’s optimal inventory strategy if w; < ap
In general, the benefit of selling more products when the market is monopolized
increases with w; (there is an exception that will be discussed later) and the loss owing
to adverse equilibrium effect decreases with w,, which leads to, as shown in Figure 6,
q: = q} and qi = qf locating at the lower left and the upper right corner, respectively,
where: w, is large (or small) on the top right corner (or the left bottom) and w; is large

(or small) on the top right corner (or the left bottom), therefore, the benefit of selling
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more is large enough (or is not large enough) to exceed the limited loss (or the large
loss) of the adverse equilibrium.

From Figure 6, we can conclude that: given w; > w,, the supplier’s optimal
inventory level increases with w,. This indicates that buyer 2 can induce the supplier to
raise inventory level by proposing a higher w, and then decrease the probability of
buyer 1 being the monopoly. However, whether increasing w, could benefit buyer 2 or
not is uncertain so far, and we will discuss this problem in the next section.

What is interesting and unexpected is that: given a moderate w,, the supplier’s
optimal strategy is g7 if w; is small and g? if w; is large. The behind insight is that:
with the increase of w;, the marginal profit increases while the quantitative superiority
of g} decreases, which leads to a synthetic effect that the benefit of choosing g;
decreases with w;. Similarly, if w, is large, there is a chance that the supplier’s optimal
strategy would be g? instead of qf when w, is also large.

Intuitively, as we normalize the supplier’s production cost to zero and she does not
need to pay for the unsold products, she would like to produce as many products as
possible, that is setting q; as g, to meet the demands in all cases and deal with risks,
which is pretty similar to the newsvendor problem. Notwithstanding, the fact is that g}
is optimal if and only if both w; and w, are large because of the adverse equilibrium

effect resulted from the lexicographic mechanism.

4.2.3 The optimal inventory strategy of the supplier when ap <

Wy =P
If ap <w; <p, the supplier’s expected profit function is continuous and

piecewise with linear functions Nij(qs), where i=1,...,4andj=1,..,8, at each

range of g,. Here we analyze this optimization problem in four cases.
. 1-
Case 1:if 0 < 6 < —.
3+a

We list the slopes of the supplier’s expected profit function at each range of gy as

follows: kij =5 (G~ D™+ (4= + Dwy) s j =155 kg = 25500

_ Wz—awl. k _ 0
17 = g > 18 .
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When w, > aw;, the expected profit function is strictly increasing with g5 if 0 <
qs < qf; and is a constant if g; > q};. So, the supplier produces at least q/; and we take
q/; as the optimal point. When w, < aw;, the profit function is non-increasing with g,

if q; > qj; and increasing with g if 0 < g, < q};, therefore, the optimal point is less

than or equal to g;; and is nonzero. Furthermore, the slopes k; joJ =1,..,4 decrease

successively, which leads to the optimal point being q};, where: i = min{j tkyj < 0} —

1.

| =

-a
.

Case 2: ifﬂ<6s
3+a

w
R

In this case, the slopes of the supplier’s expected profit function are the same with

case 1 except for k,s, this is to say: ky; = ky; for i =1,...,4,6,...,8, and k,5 =

2wy—(Ba-1)wy
4(1-a)

Similar to case 1, when w, > aw;, the profit function is non-decreasing with g
and is constant if g5 > q;;, and we thus take q;; as the optimal point. When w, < aw;,
we have: k1 = kyy = ko3 = kys = kyy and ky; <0 fori=6,7,8, thereby, the
supplier’s optimal strategy can be studied in the following cases:

(1) when k,5; < 0, the expected profit function is non-increasing with g, if g5 is
larger than g, and consequently, the optimal g is less than or equal to 3. Since

the slopes kqj,j =1, ...,4 decrease successively, we can have the optimal point
being g}, with i = min{j: kij<0andj < 4} —1;
(2) when k,, > 0, the optimal point is g};;

(3) when k,5 = 0 = ky,,, there are two local maximizers, which are g and qf;; we

1-a—-36+5ad

have E(Ts(qf lwy, w)) — E(Ts(qfi lwy, w)) = 4(1-a)

(wy —
a(l—-a—56+7ad)

Wi ——————) , moreover, l-a—-3§+5a6=>21—a—-38(3—-a)=0 in

a(l-a—56+7ab)

this case, so, E(T(qfIwy, wy)) = E(Ts(qf lwy, wy)) iff wy > PEry ol CF

1-a

e 1—
Case3:if —< 8 <
3—a 1+a
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In this case, we have: ky; = ks; for i = 1,...,3,5,...,8, and ks, = %
Furthermore, if w, > aw;, the optimal point is q;;, and if w, < awy, k3; = k3, =
k34 = k33 = k35 and k,; < 0 for i = 6,7,8. Then, the supplier’s optimal strategy can

be studied in the following cases:
(1) when ks, < 0, the optimal point is g}, with i = min{j:k;; <0and j < 3} — 1;

(2) when k33 = 0, the optimal point is q;; if k35 < 0 and qf; if k35 = 0;

(3) if k34 = 0 > ks, there are two local maximizers, which are g% and g3; we have:

1-a+6-3adé
E(Hs(qlgllwliwz)) - E(Hs(QIZI|W1'W2)) = %(Wz -

a(l-a)-(4—9a+7a%)8
1-a+6-3ad

1 ), moreover, 1—a+8—-3a6=>1—a—-561+a) =0,

and thus, E(Hs(qﬁllwl,wz)) > E(Hs(q,z,lwl,wz)) iff w, >

a(l-a)-(4—9a+7a%)8
1-a+6-3ad

1

Case 4: ifﬂ<6s 1.
1+a

. _ _ wy—(4a—-3)wy _3 _ wy—(Ba-2)w;
In this case, kg =wy, kyp = ErEs— kys = Wi, Kkys = BT
__ 2wr—-Ba-1w;y _1 _ wy—aw; _ .. .
kys = ETTE— ko = Wi ky; = prem and k,g = 0. Similar to the former, if

w, > aw,, the optimal point is q/;. If w, < aw;, there are multiple local maximizers
and all g};,i = 1, ...,4 have chances to be the optimal point, and we can thus derive the

supplier’s optimal inventory strategy by comparing the four values

E (HS(QIi1|W1'W2)),l' =1,..,4.
Theorem 3: If ap < w; < p, the supplier’s optimal inventory level qg is characterized

as follows:

1-a
() 0<8<—
if 0 <w, < (4a —3)*w;: qi = q¥;
if (42 —3)*w; Sw, < 2 — 1wy g5 = g}

. 4a—1 %
if 2a—D*wy Sw, < (5w 45 = qi;

. 4a—-1

1f(3

+ ) _ 4.
)Twy S wp < awg g5 = qp;
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if aw; <w, < wy: qi = q7).
Q) —2<5<=%
3+a 3-a

if 0 <w, < (4a—3)*wy: ¢& = ql;
if (4a —3)*w; < w, < 2a — D*wy: qf = q;

a(l-a—56+7ad)

if Qa—1)"w; Sw, < ( 1-a-35+5a8

a(l—a—56+7a6))+ * 4
it Sl < < . = :
( 1-a—-36+5ad Wi s Wz = QWi Gs = dir
if aw; <w, < wy: qi = q]].

B) <52
3—a 1+a
if 0 <w, < (4a —3)*w;: qi = q¥;

a(l-a)-(4—9a+7a?)8
1-a+6-3ad

if (4a—3) w; <w, < (

a(l—a)—(4—9a+7a?)8
1-a+6-3aéd

3a-1

if (

.~ (3a-1\T Lok 4.
if > wy S wy < awgl qs = qpp;

if aw;, <w, <wg: gk = ql,.

2(1-a)
2—a

4) =<6<

_ +
if 0 <w, < (=52) wi: qi = g

. a-76)\" x
if (alT) wi Sw, < Ba—2) w;: g5 = CIIZI;

a@-26N\t . 5
-5 ) Wi qs = qir>

if Ba—2)tw; <w, < (

. (a(1-26)
if (*455

+
C ot — 4.
) Wy S Wy S awqk g5 = qpp;

if aw; <w, < wy: qi = q]].

6 T 2<s<1:

a@-76N\t . 4.
-5 ) Wil 4s = qip;

ifOSW2<(

i (a(i—76)

if (a—28+ad)*w; < w, < aw;: q; = qf;

if aw; <w, <wy: qi = q]].

+
.ok 3.
)W1- qs = qj1;

+ coq* — 2.
) wi: g5 = qip;

+
)wy < w, < (_2 ) Wi qs = qp;

+
— ) wy; < w, < (a— 28+ ad)*wy: qf = ¢3;
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As shown in Figure 7, we draw the areas of five cases above on the o — § plane
and indicate their subcategories which are classified depending on whether each

threshold of w, in each case being positive or not. Here, the curves that separate area I

and II, area II and III, area III and IV, and, area IV and V are § = ;—Z, 0= ;:—Z, o=
1-a 2(1-a) .
T and § = p— respectively. The curves that separate area II-3 and 11-4, area III-2

and III-3, and, area V-3 and V-4 are 1 —a—56+7a6 =0, (1—a) — (4 —9a +

7a?)5 =0 and § = %, respectively.

é

Figure 7 Indication of five cases and their subcategories on the @ — & plane

Next, for case K —1,K =1, ...,V, we indicate the supplier’s optimal inventory
level in different regions of the w, — w; plane as shown in Figure 8. In the region of
w, < wy, the expressions of solid segments between two areas in each subfigure are the
thresholds of its corresponding case in Theorem 3, The dashed segments represent the
inverse functions of the solid ones.

Given (d4,d;), provided w, > aw;,, the supplier’s profit is non-decreasing with

qs, and therefore, her optimal strategy is to prepare as many products as possible;
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provided w, < awy, the supplier’s profit decreases with g, and she experiences a loss
if g, 1s larger than d; + ad,, and in this case, the supplier also faces the tradeoff
between selling more products to the monopoly and decreasing the negative influence
of adverse equilibrium effect just as we have explained in section 5.2, for example,
compared with g = q};, even though the supplier can sell more products with q; = g7,

she faces a lower average wholesale price in the case where (dy,d,) = (1 —6,1 —6).

w:

wy \ wy 1
qi
P 7 p P
ah / a // af an / ah /?/é/n’, ah / tﬁr/j/ %7;
7
@ aw Ll ap a ap W,
P ‘Y an /4/ . P
22" “4-7] L a4
" qg - L. ’qj - -5 g
Phe | - L "Ig -
2 2 L -,
qi qi q%
i an ay
0 ap p 0 ap p 0 ap p 2
@i-1 &y -1 -1
wy w1
p p
qb/ @ // qﬁ/h’; q%;/tzf/ at /1171
ap a . ap a -
7 s 4
- |, -
" a5
- ai;
" dy -
»
i - —qi -
B 9 Wy B q W
0 ap P 0 ap P
@Iw-1 @V-1

Figure 8 The supplier’s optimal inventory strategy if ap < w; <p

In Figure 8, the closer from one area to the line w; = w,, the higher q; is in this
area. This is to say, with the decrease of the absolute value of the difference between
w; and w,, the supplier’s optimal inventory level increases as the price superiority of
a lower inventory level decreases, and thus, the loss arising from adverse equilibrium
effect decreases.

As «a decreases and & increases, the fraction of region that indicates q; =
ql; fori=1,...,4,7 is non-decreasing and the supplier has the incentive to prepare
more inventory by the following observations: a) in Figure 7, as the region changes from
K—1toK—4(or K—3if K=V)for K=1,..,V, the area of qi = q}, qi = q4

and qi = q;, in Figure 8 disappears in sequence, and qi = qj; also disappear once a
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becomes zero; b) in case K —1 for K =1,...,V, as a decreases, the thresholds in
Theorem 3 decreases, so the solid segments (or the dashed segments) are closer to the
vertical axis (or horizontal axis), and this fact also happens from (a) to (e) in Figure 5

(from the case [ to V, § increases). It is because 1) as § increases, the absolute value
of the difference between any two possible optimal strategies (|q,i, — q,jl |, i # j)is non-

decreasing, so, the quantitative superiority of a higher inventory level (g}, with higher
i) escalates, and thereby the benefit of selling more products by determining a higher
inventory level (g}, with higher i) increases; 2) as a decreases, even though the effect
on quantitative superiority of a higher inventory level is uncertain, the loss arising from
adverse equilibrium effect decreases and dominates, and accordingly, it becomes easier

for the benefit of selling more to exceed the loss of lower average wholesale price.

4.3 Wholesale price competition game before demand is

realized

In the first stage, buyers engage in wholesale price competition and propose
wholesale prices simultaneously to maximize their expected profits before the market
condition is realized considering the supplier’s optimal inventory level strategy in the
second stage and their order quantity equilibrium (after the demand is realized). In this
chapter, we assume a = 1 for analysis simplicity, and the general pattern will not

change if we let a € (0,1).

4.3.1 Profit functions

To formulate buyers’ expected profit functions in this section, we first establish a
few results by simple algebra in Lemma 4.

Lemma 4: In the case that @ = 1, we have:

1-6

(1) If wy < Ti35°

1+6+a(1+46)<1-6+—(1-9),
§+a(l+06) §+=2(1-6)
1
@ if o <w ST 1+6+a(1-8)<1-86+21-6)<1+8+a(l+
1

1436

§)<qf =1+8+-2(1-0);
1
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o 1-5+a(1-8)<1-6+2 PA-8H<1-6+a(l+

(3) if TS<w <
§<1+86+a(1—-6)<1+5+2 a—5)<1+5+au+5)<1—5+
ap .

L (1+6);

m)f-}§<mq<p 1-6+a(1-8)<1-6+2 a—5)<1—5+am+

§<1+6+a(1—-6)<1+5+2 a—5)<1—5+ (1+5)<1+5+

a(1+6)<1+6+2 (1+@

Let E (ITy1(w1|w3)) be buyer 1’s expected profit function given w,, then we
have:
(1) when wy < wy:

E (ITy; (wy|w)) = 0, if the value of wy results in qi = qfy;; E (T (wy|wy)) =

1-wy)(a-4) . * 1-wy)(1-68) . .
( le( ) if qs=qf; 5 E (Ilh(wilwy)) = (M/z# if qs=gqp; ; and,
1- 2(1-6)+(1+6
E (ITyy (i |w,)) = S0 f g1 = g
(2) when wy; > wjy:
if g5 = qr,
1+48 1 1-8§
F—+LM——1O—6+EG—®) wy <
1 1-6 1-6
E(Ilyy(wi|w)) = T"‘ 1+ (Z_ wy)(1—6 +W_1(1 —8)) T SWi <y
1-6 3 1 1-6
T+(Z_W1)(1_5+w_1(1_6)) mSW1<1
if g5 = qf,
E(Hb1(W1|Wz)) =
D14+ 22w (1 4645-(1-8)  wi <13
(1-w1)(1-5) 1-6 ;
_ﬂr_*4+ﬁ‘ﬂ@@+5+zﬂ‘®)Iﬁgmﬁl
if g5 = q7,
1“+1+E§—11a—5+—{1+®) Wy < 20
2 1+36
E(Hbl(W1|W2)) =911- 1-wy | 1 146 ;

if g5 = qf,
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(1-w)(1=8) . (1-wq)(1+8) 1486 1 1
E(Ily1 (wy|wy)) = - + - +__ZW1(1+5+W_1(1+5));

2 4 2

(3) when w; =w, and q: = q! fori=1,..,4 (g = q};; in this case):

E(Ily1(wq]wy)) = %(E(Hm(WﬂWz)) + E (Il (wy[w3))) ) where:

E(Hbl (w, |W2)) is buyer 1’s expected profit function provided that he is given priority,

and it can be obtained from part (1) (when w; < w,), otherwise, his expected profit
would be E (II,1(w4|w,)) and can be obtained from part (2) (when wy; > w,).

Buyer 2’s profit functions and best-response wholesale price can be obtained by
symmetry.

By analyzing buyer 1’s profit functions, we can conclude that: given w, and q; =

q]i, J=L1l,andi =1, ...,4, buyer 1's expected profit decreases with w;, except that

it is not continuous and drops at w; = w, due to E (ITp; (wq|wy)) > E ([T (wq|wy)).

Therefore, given w,, buyer 1°s best-response wholesale price would be one of the lower
bounds of regions in Figure 3, and then the problem of determining buyer 1°s optimal
wholesale price just becomes choosing a qs that maximizes his expected profit.
Furthermore, w; = w, cannot be buyer 1’s best-response wholesale price since he can

obtain more profit by slightly increasing w;.

4.3.2 Best-response wholesale price

In this section, for ease of formulating expressions, we first introduce several

thresholds values for w, and the demand risk level §.

| _ 8-178+36%+6V25-546+3362

w =
2t 4(2-8) ’
1 _ 8-96+6%2-12583+8V25-266+9752-9653+1445%
2t — 4(2+5+362) ’
wiil — 4-56-282+8V5+26+262
2t — 2(2+6) ’
v _ 8-178+562-46%48,/(1-8)(25-415+4862-1653)
2t 4(2-5+62) ’
wy = —2+165-306%+88%-5V25-2125+55062—37283+738%
2t — )

—2+116-1262%2+363

81 = {6 € [0,1]: wh, =229,
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8 ={6 € [0,1: Wil = 2L

1+36)°

83 = {6 € [0,1]: w3} = wj, = 2Dk

8 = {6 € [0,1]: W), = 2}

14+36J)°

Bis = {6 € [0,1]: 20000 28 sr0os_sis)

4—36+62 5(3-6) 4
Buyer 1’s best-response wholesale price is illuminated in Lemma 5.
Lemma 5: Let w;(w,) to denote buyer 1's best-response wholesale price, we can

characterize it as follows:

<1
(Ho=sé=<:

. 3(14+6)4+V25+346-236% , 1-26 _ . . .

if w, € [0, 5(1425) A 1_6], w;(w,) = w, + &, where € is an infinitely-

small positive number which converges to zero;

. 3(1+6)+V25+346-2362% , 1-26 1—26] _ 66

lf ) € ( 8(1+20) /\ 1-5°’ 1=s I’ Wl(WZ) - 1— 5W2 + p’
. 1-26 [(1-26 111 I _1 1-26 X
if w, € (ﬁ;(ﬁV t VWi ) Awae|, wi(wy) =sW2——5 D;

. 1-26 1-26 3+6

if w, € ((1 v wl vW’“)/\wgt,(( Vv wi VWI”)/\Wét)V%], wy(wy) =
w, + €;

. 1-26 3+6 68 +

if w; € (((ﬁv VW”I) /\Wét) V%' 1], wi(wy) = (_BWZ +p) .

\/_

if w, € [0,1 —36], wy(wy) = w, + &;

) 3(1-6 1-6 56-1
if w, € (1 — 36, ( )szt] wi(wy) = —w, + ——p;
48 48
) 3(1-6) 3(1-68)
lfWZE(WA gt,w, Wl(WZ):W2+€;
) 3(1-8) [ 146 IV) 3(1-6) 1 _1 28
if w € ( 3+6 '(1+36AW2t Voars | wy(w) = 6W2 b

. 1+48 IV) 3(1-96) 1+6] _ .
if w, € ((1+36/\W2t Vi 'Trasl wi(wz) = w, + &

. 1+6 I 148 1 1-26
if w E(—W V—]W Wy) ==W, ——D;
2 1+38° 2 7 143680 1(w2) 5 2 s P

148 346 _ 2(2-6)(1-6
+6 345\ 2(2-6)(1-5)

w,(w,) =w, + ¢;
1+38° 4 4-35+82 | 1(w2) 2T &

if w, € (Wi, v
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if w, € (B2 A 2000 20y 2] i (w,) = 6w, + (1 - 26);
if w, € (3+5 2:55(;7;) L), Wy (wy) = 0,
6<1:
YT IR S O
e (0 20 b s ], -
- %Wz +p;
itws € (Y S T AL waw) = wy + (1= 20)p;

. —26%+76-1
if wy € (W/\ 1, 1], Wl(WZ) = 0.

We illustrate the more detailed results in Table 1. In the table, the underlined and
bold outcomes denote w;(w,) less than w,.

Given w,, buyer 1 has two selections: 1) obtaining priority to guarantee that he
can have access to the supplier’s inventory in all market conditions and be the monopoly
sometimes, but paying a cost of high wholesale price; 2) proposing a low wholesale
price, but may not have access to the supplier’s inventory in some market conditions.
From Table 1, we can conclude that wq(w,) is larger than w, and buyer 1 prefers to
raise the wholesale price to obtain priority until w, is larger than a critical point Wy,
and then, he would choose to grab the benefit of the low wholesale price and quit the
market in some realized situations, because the benefit of obtaining control power
cannot compensate the high wholesale price.

Here, we discuss the influence of adverse equilibrium effect on buyers. Assume
that buyer 1 is given priority, by comparing g} and q,j for i,j=1,...,.4and i <j,we
conclude that the probability that he can monopolize the end market is less with g5 =
q,j and this result in a loss for buyer 1. However, comparing q};, and q{” for i,j =
1,..,4,and i < j, the probability that he can get access to the supplier’s inventory is

larger with q; = qu” if buyer 1 is not given priority and this contributes to buyer 1°’s

expected profit.

41



Chapter 4 Model Analysis

Given wy, E(ITy;(wy|wy)) with g = q} is larger than E(ITy;(w;|w;)) with
qs = q,j for i,j=1,..4andi<j, since the negative influence of adverse

equilibrium effect on buyer 1 dominates and he does not have the incentive to choose a
higher gs for making more profit in the situations where he could monopolize.

Furthermore, E(ITy,(wy|w,)) with g% = qi;; is less than E(ITy; (wy|wy)) with q& =
q,j for i,j=1,..,4and i <j. So, given wy, buyer 1 prefers to lower inventory level

if he is given priority, and sometimes (when w, is moderate), he has to raise the
wholesale price to prevent the supplier from preparing too much inventory; while buyer
1 would prefer higher inventory level if he is not given priority.

Suppose that w, < w3, as § increases, the buyer who is given priority would be
more likely to choose low wholesale cost rather than low inventory level, given the
observations that: with the increase of &, the range of w, in which qi = q; and q} =
qf are chosen becomes wider, and the range of w, in which gi = q} and qi = ¢?
shrinks. This is because: on the one hand, the lower bound of region qi = q# goes up
as § increases, and the wholesale price that motivates the supplier to reduce inventory
level is too high, on the other hand, the quantitative advantage of higher inventory level
increases with the increase of §.

Suppose w, > Wy, and if & is small, then qi = g7, is chosen by buyer 1, and
wq(wy) is the lower bound of this region, which indicates that buyer 1 determines the
lowest price that enables him to have positive expected profit. If § is moderate, g5 =
qr; can also be buyer 1°s best choice when w, is not too large. If § is large enough,
q: = qj;; is buyer 1°s unique best choice and w; (w,) is the lower bound of this region.
Therefore, the buyer who is not given priority would be more likely to choose higher
inventory level rather than low wholesale price with the increase of &, because the
absolute value of the difference between the buyer 1°s expected profit if gi = q;;; and
the buyer 1’s expected profit qi = q%; (or qi = q;;) is non-decreasing, and at the
same time, the lower bound of the region where q; = qj;; descends such that the cost
of the high wholesale price is less than the positive influence of adverse equilibrium

effect on buyer 1 in region qi = qf;.
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4.3.3 Wholesale price equilibrium

Based on buyers’ best-response wholesale prices, we can derive the Nash
equilibrium of the wholesale price competition, which is illustrated in the Theorem 4.
Theorem 4: Let (w;,w,) be the Nash equilibrium of buyers' wholesale price

competition, then we characterize it as follows.

4/ _ 2
(1) if & € [0, 6411, then there exists two Nash equilibria: wy = 3+30+ 8?5:23:;3 238

_ 34+38+V25+346—-2362

8(1+28)

68 +
Wi vwi), wy=(-<Swi+1) ; and w;

1 I
s A (wae V),

65 +
wy = (—ng + 1) ;

(2) if & € (641, 8¢s], then there exists two Nash equilibria: (wy,w;) = (?, 0); and

(02),

(3) if 85 € (85,2— V3], then there exists two Nash equilibria: (wj,w3) =

2(2-8)(1-8) 2(2-6)(1-9) ) 2(2-8)(1-6) _

(4—36+62 0 4-36+62 +(1—25)p) ’ and (5 4-36+62 +a
2(2-8)(1-6)\ .

20)p, 4-35+62 )’

(4) if §€(2—+3,1] , then there exists two Nash equilibria: (wj,w3) =

20148) 45(1+5) ) (_ 45(1+6) z(1+5))
(z+55—52' (1+5)(z+55—52)+p ; and (1+6)(2+556-562) ' 2456-62)°

What is interesting is that even though buyers are symmetric, their Nash equilibria
are asymmetric that one buyer obtains control power and grabs the benefit of getting
access to the supplier’s inventory in all conditions and being the monopoly sometimes,
however, the other buyer grabs the benefit of low wholesale price but may not be able

to obtain the supplier’s products sometimes.
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Table 1: Buyer 1's best-response wholesale price

1. §€[0,27]:
w, € [0,(3(1 + 6) + /25 + 346 — 2362)/8(1 + 26)] ((3(1 + 6) ++/25 + 348 — 2362)/8(1 + 26) ,1]
66
wy(w,) = wy t+¢ _1_6W2 t+p
2. 86(8";?,6“]:
1-26 1-26
W, € e (S wh v k] (whi v wif, 1]
1 1-26 638 *
wy(w,) = w, + € FW2——5 P (—1_6w2+p)
3. §€ (5
1-26 1-26 3+ 6] 3+6
€ I ) S <_
2 [0'1—8] (1—5"””] w2e = 71
1 1-26
wi(wy) = wy + ¢ W, — p wy + € 0
5 5
4. 5 € (6]
3(1—6) 3(1—6) 3+ 6 3+6
€ 0,1—368 _352_~ 2wl 2 <_
W, [ ] (1 35; 3+6 ] ( 3+6 1W2{;] (Wztl 4 4 ) ]
wy(w,) = w, + & 1-9 +56_1 1 1-25 w, + & 0
1 (W3 2 45 Wy 45 p 6W2 5 p 2 =
5. 6 € (62 et
3(1—6) 3(1—6) 1+6 1+6 3+6 3+6
€ 0,1-36 —-35—~ ( ,wiV v, ] (— ] ’,—] (—
W2 [ I a-3s 3+6] 375 "2l V1135 1735 el w2, — el
() = S 1-6 +55—1 1 1-268 S 1 1-26 S 0
12 2 45 2T T4y P §W2T T s P 2 sV P 2 =
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6. 6 € (6s3,6u):
1+6 1+6 3496 346
vz € 101 =30] (135, wai] G (354! (whe ] (S
wy;(w,) = w, + & 1-9 +55_1 w, + € ! 1-26 wy + & 0
1 2 45 27 a5 P 2 sW2T 7§ P 2 =
7. 6 € (64 6:5):
34 67 346
w, € [0,1 - 35] (1-36,w},] (Wl = (51
wi(w,) = wy, + & 1-9 -|-56_1 wy, + & 0
1 (W3 2 45 Wy 45 p 2 =
8. 6 € (65,2205
22-8)(1-8)7 | 22-6)A-68) —262+75 -1 2624751
€ 0,1—36 — 368, wy, 4 ( , — 1
W, [ ] a-3owh) | wh S| | i35 a6 56 =9) sG=5 !
1-6 56 —1
wi(wy) = wy t¢& 15 wy + 25 P wy + & ow, + (1-20)p 0
9. Se(i—m,z—ﬁ]:
. 2(2 - 8)(1 - 6) (2(2—5)(1—5) —282+785 -1 —282+785 -1 .
W2 "T4-351 52 ] 4-35+062 ' 63-0) 53-5)
wy (w,) = w, + € dw, + (1 —-28)p 0
10. 6 € (2—v3,1]:
e 2(1+ 6) ] < 2(1+ 6) 2(1+5)] <2(1+5) "
2 "2+ 56 — 62 2+56—62" 346 3+6
26
wy(wy) = w, + & “I7 ™2 +p owy+ (1-26)p
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Chapter 5

Concluding remarks

In this work, we study a setting with one supplier and two symmetric buyers. The
two buyers procure key components that are required to assemble the final products
from the supplier, and then sell substitutable products to the end market, assuming that
assembling one final product requires one component. We consider that the effective
total demand of the buyers consists of the local demand and the switch-over demand.
The local demand of a buyer represents the number of consumers in the end market who
visit him first and this number is random. The switch-over demand is formed by
consumers search when one buyer has excess demand and the other buyer has excess
inventory.

As the demand is uncertain and the demand risk exists, the supplier’s inventory
may be insufficient in some market condition and the buyers may not be able to obtain
the quantities they have ordered. When the total order quantity of the buyers exceeds
the supplier’s total supply, the limited inventory is allocated based on the lexicographic
allocation mechanism, and the priority under this policy is given to the buyer who is
willing to pay more.

Three are three stages in our model: before the local demand of the two buyers is
revealed, the supplier lets the buyers propose the wholesale prices (w;, i = 1,2) that they
want to pay for one product, simultaneously (stage 1); and based on the wholesale prices,
the supplier determines an inventory level (stage 2); then, the local demand is revealed,
and after observing the local demand, the two buyers simultaneously determine order
quantities (stage 3).

In such a setting, we aim to analyze the strategic behavior of every supply chain
member and the effects of the demand risk level and quantity competition intensity on
their optimal strategy. The problem is solved backward and we find that: i) the buyer
who is willing to pay more has strong incentive to order all the supplier’s inventory to
monopolize the end market when the inventory level is low, and his incentive increases

with the decrease of the wholesale price proposed by himself; ii) with using
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lexicographic allocation mechanism, the supplier has the incentive to limit his inventory
level when the wholesale prices are not high enough, and thus, the lexicographic policy
may become a factor that causes insufficient supply; iii1) if the cost of gaining the priority
is low, the buyers would propose a higher price to obtain the priority, otherwise, they
would choose to grab the benefit of low purchasing cost and quit the market in some
revealed situations; and, iv) though the buyers are symmetric, their Nash equilibria are
asymmetric and the discriminative wholesale prices emerge.

A significant extension of our work is to study some other allocation policies, such
as: proportional allocation, linear allocation, uniform allocation, normal lexicographic
allocation, and so on. Based on the analysis of the properties, we can compare different
allocation mechanisms from multiple aspects and study whether the results will change
when the capacity of the supplier is determined by him endogenously. The other
extension is from the perspective of pricing schemes. This work chooses a type
of discriminating auction to decide wholesale prices, however, there also exist some
other pricing schemes, such as: the simple single price strategy and priority pricing
strategy. Therefore, a new question arises that whether the auction is the best way to
decide the price of scarce supply, and if it is, what is the best auction procedure? We

will leave the answer to this question in our future work.
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Appendix:
Proof of Lemma 1:
Define sub problem 1 as:

max G;1(sy,s;) = max p((d; + a(dy, —s,)Y) Asy) —wysy.
51€[0,g5—52] 51€[0,g5—52]

If Sz < dz, 611(51, Sz) = p((dl + a(dz - Sz)) /\Sl) - Wlsl, Wthh IS as ShOWH
in Figure Al:

Gy1(51,52)
r 3

Gy = (p —wy)s Gy = p(dy + a(dz — 52)) — w51

: > 5
0 dl + a(dz - 52)
Figure Al: G11(s1,52) if s, < d,.

So, sj; = qs — s, when d; + a(d, —s;) = g5 — s, (that is, s, > W),

and, s;; =d;+a(d, —s,) when dy+a(d,—s;)<qs—s, (that is, s, <

qs—(di+ady)
1-a

).
Similarly, if s, = d,, G11(51,52) = p(dy A's;) —w;Sq, we have: s{; = g5 — Sz
when d; = q5 — s, (thatis, s, > q; — d;), and, s;; = d; when d; < g5 — s, (thatis,

Sy < qs — dy).

qs—(di+ady)

If g < dq +d,, and g — d; isless than or equal to d,, and, if g5 >

qs—(dy+ady)

d, +d,, and gq; — d is larger than d,. Based on this, sub problem 1 can

be solved easily in the following two cases:

(1) if g; < d; + d,: we have:

qs—(dy+ady)

di +a(d; —s;) s, <( )"

* 1-a
sjp =arg max Gy1(51,83) = _ and
055154552 s — S, 5, > (Latady)y,”

- 1-a
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qs—(di+ad,)

G Gun ) (p —w(dy +ald; —s3)) s, <( - )"

11 = Mmax Gq13(81,82) = —(dy+ady).

05512055 (P — w1)(qs — 52) sy = (BEEEEy
(2) if g3 > d; + d,: we have:
dl + a(dz - Sz) SZ < dz
S11 = arg0<snlzzllx s G11(51,52) = dq d, < s, < g5 —dy, and,
=21={s7°2
' qs — S2 S; > qs —dq
(p— W1)(d1 + a(d; — 52)) Sy < d;
Gi1 = OSSE?IX_SZGll(Sl'Sz) = (p —wy)dy d; <52 <qs—dy-
(p —w1)(qs — s2) Sy = (s —dq

Define sub problem 2 as:

max ]612(51;52) =p((d; + a(d; — (gs — 51))*) As1) — wysy.

$1€(qs—S2,4s
If dy < qs— s (that is: s; < qs — d;), then: G1,(sq,52) =p(dy ASy) — WS-
If d, > qs —s; (that is: s > g5 —d;), then: G1,(s1,52) =p((di + a(d; — (g5 —
51))) A S1) — wySq, which equals to (p — wy)s; if di + a(d, — (g5 — 51)) = 51 (that

is: 51 < % ), and equals to p(d; +ad, —aqs) + (ap —wq)s; if di +

a(d, — (qs — s1)) < s; (thatis: s; > M),

1-a
To solve this problem, we can first derive the following results by simple algebra:

di+ady;—aqs,

(1) if gs <dq +dy, then: gs—d, <d; < PR

di+ady,—oqg

(2) if g5 > dq + d,, then: <d; <qs—dy;

(3) if ¢ <dy+ad,, then: P> g0 and, if g >dy+ad, , then:

di+ady—aqs
— < (;.

1-a

So, the images of G;,(s1,S,) are as shown in Figure A2 (a) and Figure A2 (b)

when q; < dq +d, and g5 > d; + d,, respectively:
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G12(51,57)

[ 3

fap <wy

» - > 51
0 qs— dy dy dy + ad, — aq;

1—a
(@ qs=d; +d;

ap
> < -
Gy (51,57) 2P 2 W, and g, <d; + Wy d;

F 3

: ap
Tap = wy and q; > d, +w_1d2

frxp<w1

> 51

0 dytad;—ags d; qs — ds qs
11—«

(b) qs > dy + d;
Figure A2: G1,(51,S3)
Then we solve this problem in the following two cases, where, we define s7, =

arg  max_ Gi5(s1,82), Giz = max_ Gy5(s1,52):
qs—S2<S1=(s qs—S2<S1=(s

(1) c<wy Zap:
(1-1) if 0 <qs<d,+d,, we have: s{, =qs, and, G;, = p((dy + ad,) Aqs) —
W1(s;

(1-2)if dy+d, < qs < d; + j‘v—”dz, we have: si, = qg, and, G}, = p(d; + ad,) —
1
W1(s;
(1-3) if g3 > d; +$—pd2, we have: s7, = q; when §] < qs — S, < @5, S12 = (s — S2
1
when d; < g5 — s, <81, and s;, =d; when 0 < qs —s, <d;, where: §] =q; —

“;—pdz satisfying p(d; + ad, — aqs) + (ap — wy)qs = pd, — w;57; specifically:
1
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qs 0S52Sjv_pd2
1
SIZ = qS - Sz ‘l:/_rl)dz < SZ S qS - dlﬂ and:
dy qs —d1 <S2 = ¢s

(p(dy + ady) —wyqs 0<s, < jv_pdz
1
Giz = pd; —wq(qs — S2) :V_Izdz < sy < qs—dys
(r —wy)d,y s —dy < S < g5
(2) ap<w; <p:
(2-1)if 0 < g5 < dy + ad,, we have: s;, = qs, and, G1, = (p — w1)qs;

di+ady,—aqs

(2-2) if dy + ad, < q3 < dq + d,, we have: s{, = qs — S, when - < qgs—
di+ady— di+ady— .
S, < ¢, and, s{, = szaaqs when 0 < g, — s, < szaaqs; specifically:
—(dy+ad
gs—s, 0<s,<B0T0%) (11 2)
st, = % and,
ditadz—aqs  qs—(di+ady)
<52 =(s
1-a 1-a
qs—(di+ady)
G* p(d; + a(dy; —s3)) —wi(gs —sz) 0=<s,< T
12 = di+ad,—oq qs—(di+ady) ’
(p — wy) reles tmiteds) < g, < g,

(2-3) if g3 > d; + d,, we have: s, = q; — s, when dq < qs — S, < q,, and, S7, =
d; when 0 < g5 — s, < dq; specifically:

SIZZ{qS_SZ 0=s2< a5~ da and,

dq s —dy < S < q5’

Gr = {P(d1 ta(d, —s)") —wi(gs—s2) 0<s,<qs—d; .
12 (p —wypdy qs —d1 <53 < g5

We first analyze the case where wy < ap, if g5 < d; + d,, buyer 1’s switch over
demand alters from zero to a positive value when s; is too small to meet his local
demand, not to mention the effective total demand, and therefore, G,,(s;,s,) increases
with s;; otherwise, s; is larger than the effective total demand when buyer 1’s switch
over demand alters from zero to be positive, (that is, s; = gy — d,), and his total
demand increases when s; > qs — d,; so, G;5(sq,s,)’s first order derivative switches
from negative to positive when s; crosses qs; — d,. Moreover, buyer 1’s profit by

monopolizing the market is larger than his profit by just ordering d; if g is not too

large (that is, q; < d; +$—Izd2 ), since buyer 1’s effective total demand if he
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monopolizes the market does not change and he can pay less cost to order all the
inventory if q, is smaller. If w; > ap, buyer 1 would not allow any wasted inventory,
if feasible.

Then we compare G;; and G;, to derive buyer 1's best response function in the
following cases:
(1) c<wy Zap:
if 0 <gqs <d;+ad,, we have: Gi; = (p —w1)(qs = 52) < Giz = (P — W1)gs., S0,
s1(s2) = qs and 73 (s1lw1, w3, g5, 52) = (P — w1)4qs;

if dy+ad,<q,<d;+dy, we have: if s, < ZEZGta%) o v~ _p(p -

. s_(d d ) * *
wy)s; + wy(qs — (dy + ady)), and, if s, > %a Gi1— Gl =—(—wy)s; +

w1(qs—(di+ady)) <
a(p-wq) -

p(qs — (dy + ad;)); by simple algebra, we can conclude that

p(qs—(d1+ady)) < qs—(d1+ady)

pP—wq 1-a

if w; < ap, therefore:

w1(qs—(di+ady))

- <s, <
di+a(d, —s;) 0<s,< o)

s1(s2) = , and,
(qs—(di+ady))
qS 1 a(p_:;/l) Z < Sz S qS
s—(di+ady)
(51l ) (p—w)(di+ald;—s2)) 0<s,< Wl(qa(p—ivl;l 2))
T1(S11W1, W3, (s, Sp) = ) ,
p(dq + ady) — wigs Wl(q;(rff;/ﬂ;dﬂ) <S=(;
1

wq(qs—(dy+ad,))
a(p-wq)

if d1+d2<q53d1+‘i—’zd2,we have: <d,, so if 0<s,<

w1 (qs—(di+ady))
a(p—wq)

and lf w1 (qs_ (d1+ad2))

Gy = Gy
> =tz alp-w)

<Sz<d2, G;1<Gik2, ldeS
S, <qs—dq , Gf1—Gikz=W1(q5—(d1+jv_zidz))30; if qgs—di<s,=<gq;s,

—(d d . . * *
plas—(ditads)) qs — d; 1in this case, so Gi; < Gi,, and therefore:

pP—wip
di+a(d; —s;) 0=<s; < Wl(q;z;d;j?dz))
= —wy
s1(s2) = wy(qs—(d1+ady)) , and,
CIS Ol(p—wl) < Sz S qS
s—(di+ady)
(s1l ) (p—w)(d+ald;—s;)) 0<s,< Wl(qa(p—ivl;l 2))
T1(S11W1, W3, (s, Sp) = ) ,
p(d1 + Oldz) — W;1(s W1(q‘i(;f;}+(;:d2)) <s,<q,
1
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wq(qs—(d,+ad,))
a(p-wq)

if g3 > d, +j}—id2, if 0 <s, <dj, > d, in this case and G7; > Gi5;

: ap * * _ ap . e QD _
if dy <5, < 2d, Gll—Glz—W1<qs (d1+wld2)>>0, if 2, <5, < g

dy, Gi1 =Gl =wi(qs—s,—dy) >0 if g—dy <s,<qs, Gi1—G{, =(p—

w1)(qs — S, — dq) < 0, therefore:

_fdi+aldy;—s;) 0<s,<d,
s1(s2) = { d, dy < s, <qy and,
—wy)ldy +a(d, —s 0<s,<d
(p —wid, d, <s, <qg

(2) ap <w; <p:
if 0<qs<d;+ad;, G, =@ —w1)qs = G{; = (p—w1)(qs — 52), 50, 51(Sz) =

qs and 11 (s;|w1, Wy, 45, 52) = (P = w1)gs;

qs—(d,+ad;)

lf d1+ad2<qSSd1+d2 s lf 0S52<T, Gikl_G:Tz:Wl(l_
(R ) >0 ;i s <q L Gh-Gh= (-

)(QS_(dl'HXdZ)

_ < 0- .
— s,) < 0; so:

1

dy + a(dy, —s,) 0<s, <L=tdrtads)

1-a

1) =) dradyag,  g-(irady) _ < g e
1-a 1-a = 52>
—(dy+ad
o] ) [ @ v el =) 0<s, < Lo
M1(511W1, W2, 4s) S2) = ds+adz—ags qs—(di+ady) ’
- <s, <
(»—wy) - . =S5 = (s
. : * * qs—(d1+ad2)
if g >d;+d,, if 0<s,<d,, Gj; —G, =w;(1—0) — . —52)>0as

qs—(d,+ad;)

- >d, in this case; if d, <s,<qs—dy, G{1 — Gy =wi(qs —dq —

sp) 2 0;and if qs —dy < s, < g5, Gi1 — Gi, = (p —wy)(gs — dy — 53) < 0; s0,

_(di+ald,—s;) 0<s,<d,
s1(s2) = { d, dy, < s, <q. and,
—wpldy +ald, —s 0<s,<d
7T1(51|W1, Wo, qSISZ) = {(p 1)( 1 ( 2 2)) 2 2 '
(p —wi)dy dy, <s, <qq

And the proof is complete.
Proof of Lemma 2:

Define sub problem 1 as:
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max G,1(s1,5;) = max p((d; + a(dy —s51)7) Asy) —w,s,,
52€[0,q5—51] 52€[0,q5—51]

which can be easily solved as:
(1) if 0<qgs <d; +dj:

* dy+a(dy—s) 0<s; < (B
Sz = arg _Imax G21(s1,52) = ;

<S,<Jc—S qs—(dz+ad,)
25(s 1 qs j— Sl (—

b
+<S<
1-a ) =S5 =(s

G = max Gy1(51,52) =
0<s,=qs—5S1
qs—(dz+ad,)
1-a

(p—wy)(dy+a(dy —s1)) 0<s <( )"

S51qu

(® —w2)(qs — 51) (G drady

1-a
(2) if g¢ >dq +dsy:
d, +a(d; — s1) 0<s,<d4

Sy = arg _max G21(51,82) = d, d; <s; <qs—dy;
<S,<q5—S
z=d ' ds — S1 CIs_d2<51SCIs
(p —wy)(dz + a(d; — 1)) 0<s,<d;
Gy = 05523?_51621(51;52) = (p — wy)d, dy <$1 < qs—dy.
(P - WZ)(qs - Sl) qs — dz <s < qs

Define sub problem 2 as:

max  G,(s1,5;)
52€(qs—51.45]

= max ]P((dz +a(dy —s1)") A (gs — 51)) — w2 (qs — S1)

52€(qs—51.9s

In this sub problem, s;, =arg max G,,(s;,S,) can be any value in the
qs—51<S2=(s

interval (gqs — s1,qs] as buyer 2 can only obtain gy — s; no matter how much he orders
and the objective function is constant given s;. Buyer 2's profit in this optimization
problem is as follows:

() if0<qy <d; +dj:

*
Gy, = max  G;;(51,82) =
qs—S51<S82=(s

s—(d d
p(d; +a(d; —s1)) —wa(gs —51) 0<s5 < (—q (dota 1))+ |

1-a
(qS—(d2+“d1)

t<s <g.
1-a )—Sl—qs

(» —w2)(gs — 51)
(2) if q¢ > dq +dy:

54



Appendix

*
Gy, = max  G;;(51,82) =
qs—S51<S82=(s

p(dy + a(dy — s1)) —wa(qs — $1) 0<s;<d
pd; — wy(qs — 51) di <51 <qs—d,.
(r —wz)(qs — s1) qs —dy <51 =¢s

Then we compare G,; and G,, to derive buyer 2's best response function in the
following cases:
(1) if 0<qs <d; +ady: Gy = Gz, = (p —w2)(gs — S1), 80, S2(s1) can be any

value in the interval [qs — Sy, qs] With 7,(s2|wy, Wy, s, 51) = (P — W) (qs — S1);

@ if dy+ady <q <dy+dy: if 0S5 <ZEE G G = wy(1-

-

O() (W - Sl) > O s SO, 52(51) - dz + a(dl - Sl) Wlth
.o qs—(dz+ady)
Ty (s2lwi, W, g5, 81) = (0 — wp)(dy + a(dy — s1)) 5 and if 1. =S515(s,

Gy =Gy = (p—w3)(qs — S1), S0, Sy(s1) can be any value in the interval [qg —
s1,qs] with T5(s2lwy, wa, g5, 51) = (p —w2)(gs — 51);
(3) if g5 > dy +dg: if 0 < 5 < dy, G5y — G = wp(1— o) (022 _ g1 ) > 0

QS_(dZ +le1) > dl

- in this case, so, s,(s9) =dy;+a(d;—s;) with

as
T2 (S2lwy, Wy, G5, 81) = (p —wa)(dy + a(dy —s1)) 5 if dy <s;<qs—d,, G31 —
Gsy =Wy(qs —dy —51) =20, 50, s,(s1) =d, with m,(s,|wy, Wy, qs,51) = (p —
wy)dy; and, if q; — d, < 51 < qs, G321 = G, = (P — W3)(qs — S1), 50, S2(S1) canbe

any value in the interval [qs — S1,qs] With T, (s3|lwy, Wy, qs,51) = (p — W) (qs — S1).-
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