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Abstract

The thesis consists of three parts that cover different aspects of statistical learning
for data mining.

In the first part, we propose a new algorithm, LESS (Learning with Empiri-
cal feature-based Summary statistics from Semi-supervised data), which uses only
summary statistics instead of raw data for regression learning. Nowadays the exten-
sive collection and analyzing of data is stimulating widespread privacy concerns, and
therefore is increasing tensions between the potential sources of data and researchers.
A privacy-friendly learning framework can help to ease the tensions, and to free up
more data for research. In LESS, The selection of empirical features serves as a
trade-off between prediction precision and the protection of privacy. We show that
LESS achieves the minimax optimal rate of convergence, in terms of the size of the la-
beled sample. LESS extends naturally to the applications where data are separately
held by different sources. Compared with existing literature on distributed learning,
LESS removes the restriction of minimum sample size on single data sources.

In the second part of the thesis, we study different approaches for analyzing
topics in text data. Topic modeling has been an important field in natural language
processing (NLP) and recently witnessed great methodological advances. Yet, the
development of topic modeling is still, if not increasingly, challenged by two critical
issues. First, despite intense efforts toward nonparametric/post-training methods,

the search for the optimal number of topics K remains a fundamental question in topic



modeling and warrants input from domain experts. Second, with the development of
more sophisticated models, topic modeling is now ironically been treated as a black
box and it becomes increasingly difficult to tell how research findings are informed
by data, model specifications, or inference algorithms. Based on about 120,000
newspaper articles retrieved from three major Canadian newspapers (Globe and Mail,
Toronto Star, and National Post) since 1977, we employ five methods with different
model specifications and inference algorithms (Latent Semantic Analysis, Latent
Dirichlet Allocation, Principal Component Analysis, Factor Analysis, Non- negative
Matrix Factorization) to identify discussion topics. The optimal topics are then
assessed using three measures: coherence statistics, held-out likelihood (loss), and
graph-based dimensionality selection. Mixed findings from this research complement
advances in topic modeling and provide insights into the choice of optimal topics in
social science research.

In the third part, we consider the generalized linear hurdle model with grouped
and right-censored count data. This data type is widely applied in demography;,
epidemiology, sociology, criminology, psychology, and many other branches of social
sciences. The corresponding generalized linear model and the zero-inflated model
recently draw much attention. In this part, we study the hurdle model which covers
not only zero inflation but also zero deflation. We provide sufficient conditions for the
asymptotic consistency and asymptotic normality of maximum likelihood estimator.
We represent the Fisher information matrix of the hurdle model in terms of the
vanilla grouped and right-censored model. We provide an elegant sufficient and
necessary condition for the Fisher information matrix of the hurdle model to be
strictly positive definite. The research complements the recent development of the

statistical inference with grouped and right-censored count data.
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Chapter 1

Semi-supervised Learning with
Summary Statistics

1.1 Introduction

Many reproducing kernel-based machine learning algorithms are designed without
considering privacy issues. In particular, under the structural risk minimization
scheme, as pointed out by the representer theorem, the whole input part of training
data, which may contain private information, has to be shipped along with the pre-
dicted function. Privacy concern would restrict the application of such algorithms.
On the other hand, usually there are unlabeled data available with the same marginal
distribution as the training data. For example, these unlabeled data could be pro-
duced by sampling from the estimated density, or be obtained from public domain
without privacy issues [105, 66]. In this paper, we study the methodology for masking
the sensitive private information in training data, with the help of unlabeled data.
Semi-supervised learning is a big class of machine learning problems where unla-
beled data are used in addition to the data points with labels, e.g., for classification
or regression. In recent years, unlabeled data are observed helpful for capturing the
underlying manifold structures of data distribution [21, 8], relaxing the requirement
on single-source minimum sample size in distributed learning [64, 45], and improving

the convergence under weak regularity assumptions of the regression function [45].
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In this chapter, unlabeled data (possibly also including the input part of the labeled
data) are used to build empirical features first. Then, we use the empirical features to
construct summary statistics, based on which we introduce a new algorithm, LESS
(Learning with Empirical feature-based Summary statistics from Semi-supervised

data), of which the main advantages are summarized below.

e LESS achieves the minimax optimal convergence rate, in terms of the size of

labeled sample.

e With the help of unlabeled data, LESS has an automatic generalization to
distributed learning, where the restriction on single-source minimum sample

size is completely removed.

e The summary statistics we adopt provide a protocol for communicating data
with privacy. Unlike classical kernel-based algorithms, LESS collects only the
summary statistics, instead of the private raw data, for the centralized learning

process.

Consider a regression learning problem with an input space X, which is a compact
metric space, and an output space Y < R. Let z = {(x;,y;)}*, be a sample drawn
independently from (Z = X xY, p), where p is an unknown Borel probability measure
such that the marginal distribution px on X is nondegenerate, i.e., px(A) > 0 for
any measurable set A that has an interior point. The target of the regression problem

is to learn the regression function f, : X — R,

fo(z) = L ydplylz),

from the sample z, where p(y|z) is the conditional distribution of p at z.
There is a large literature of the kernel methods for machine learning. See [91, 90,
96, 103, 89, 63], and the reference therein. Let K : X x X — R be a Mercer kernel.

2



That is, K is a function which is symmetric, continuous, and positive, where positive

means Zé,j:l cic; K (u;,uj) = 0 for any integer 1 <! < oo, any coefficients ¢1,...,¢ €
R, and any elements uy,...,u € X. Let (Hk, (-,-) ;. ||l ) be the reproducing kernel
Hilbert space generated by K. The classical kernel-based regularized least squares

algorithm is defined by

1 m
f = axg uin {E;u(xn )+ AHfI%} , (11)

where A > 0 is the regularization parameter. Kernel-based learning algorithms usu-
ally have the flaws in privacy protection. For example, by the well-known representer

theorem [96], ff in (1.1) takes the form

1= ek, (1.2)
i=1
where ¢i,..., ¢, € R are the coefficients determined by (1.1), and for any z,u € X,

the function K, : X — R is defined by K,(u) = K(x,u). It is easy to see that to
ship f%, the unlabeled part x = {z;}/*, of the sample z must be shipped together.
We put a discussion in Section 1.3. In this paper, we try to solve this problem on
privacy, by introducing the empirical feature-based summary statistics.

We assume that there is another sample u = {u;}}_,, drawn independently from
px without labels. For applications, the sample u may come from some openly
accessible sources, for example those with the privacy expired. Note that we do not
assume independence between u and x. In particular, a part, or even the whole of x
could just be put into u. This inclusion is sometimes useful, and is covered by our
analysis.

Define LY : Hyx — Hyx as an operator by

Ll = 3 Flu) K, (1.9
i=1

3



where |u| = n is the size of u. By the reproducing property [22] that for any f € Hg
and u e X, (f, Ku); = f(u), one has that for any f,g € H,

n

(LS ) = + D Fudo(u) = (F. Lig)

=1

In particular, (L% f, f) = 137, f(u;)* = 0. So L% is a positive semi-definite
operator with rank (i.e., the dimension of its image) at most n. Therefore, we can
write {(A}, ¢}')}; as the eigensystem of L% with A\f > A\§ > ... = A0 > 0=\, =
.... The zero eigenvalues are counted purposely to make {¢?}; an orthonormal basis
of Hg. Similarly, we define L} and {(\¥, ¢¥)}; for the input part x of the sample z
by substituting u with x, and n with m = |x| in (1.3).

Algorithm LESS. The sample dependent functions ¢}'’s are referred to as em-
pirical features (so are ¢X’s). These functions are studied in literature [46, 110, 111]
as powerful tools for regression, classification, and nonlinear dimension reduction.
Let 1 < N < n be an integer. Consider the summary statistic d = (di,...,dy)7,
defined by

di=< y,liyjf(xj> . 1<i<AN. (1.4)
m = N

The superscripts u and z of d and d;’s are dropped to avoid heavy notation. The

summary statistic d is then used to build the output function of LESS,

N N
Vo= (L + MDY did = ) o (1.5)
2,008 = 3wy

i=1
where A > 0 is the regularization parameter, and in this paper, I denotes the identity

operator, with its domain inferred from the context. Here, recall that ¢} is an

eigenfunction of LY, L¥% ¢ = A'¢¥. We have (L + M) ™'of = w50
We see that by the introduction of the empirical features ¢}'’s, the training sample
z is encoded into d, instead of directly shipped along the predicted function f{"*.

4



From the statistic d, it is even not trivial to recover the sample size m! Of course, a
safer design could be achieved by adding noise to d, which we leave as future work.

LESS for distributed learning. The summary statistics d provides an au-
tomatic and unified way for distributed learning. In fact, suppose that instead of
(1.4), the sample z is stored separately in ¢ sources z = z; U zy U ... U z; without

overlapping, then one defines d” = (df,...,d%)" by

N
N
2

(1.6)

| (fE,y)GZJ

1
J _ u
di_<i’|z_ Z ny> ) 1<J<€, 1
K

Again, one may centralize the summary statistics d”’s without directly collecting the

private data sets z;’s. More importantly, the weighted average of d”’s is exactly d,
; zs] 1s
d=>) —=d’ (1.7)
el

So, without any configuration, LESS can be directly applied to distributed learning
problems, where data are separately held by different sources as privacy. From (1.7),
we see that the sizes of different data subsets have no effect on the learning process
(1.5). In another way of saying, our analysis on LESS applies automatically to this
distributed design (1.6).

The rest of this chapter is organized as follows. We first give our main results in
Section 1.2. Comparisons and discussions, as well as the details of implementations

are put in Section 1.3. Proofs are placed in Section 1.4.

1.2 Main Results

In this section, we formulate the main assumptions and our main results.

Write (L2, [-],) the Hilbert space of square-integrable functions on X with re-

pPx’



spect to the measure px. Define Ly : Lgx — L%X by

f L F(@) Kodpx (2).

Since K is continuous and X is compact, Lg is compact. It is easy to verify that Ly

is positive semi-definite. Furthermore, Lk is of trace class (hence Hilbert-Schmidt),
and since px is nondegenerate, HL%QfHK = |f[, for any f e L2 . Denote x =

max{1,sup,cx /K (z,z)}. We have Trace(Lr) < x%. See [22] for detailed proofs. So

we write

M=, =0,

as all the eigenvalues of Lg, and ¢q, ¢, ... the corresponding eigenfunctions, nor-

malized in Hg. For A > 0, write
N(X\) = Trace(Lg (L +N)™)

the effective dimension of L [102, 17, 12]. The following assumption (A1) charac-
terizes the capacity of the hypothesis space Hx, and is widely adopted in learning

theory literature [64, 63, 11].

(A1) There exist some constants 0 < C; < o0 and 0 < s < 1 such that N(\) <

CiA™® for any 0 < \ < o0.

The following assumption (A2) characterizes the regularity of the regression func-

tion.
(A2) There exists some g, € L2 and 1/2 <1 <1 such that f, = Lig,.

Note that Assumption (A2) implies f, € Hx-.



(A3) §,y*dp(x,y) < ©, and that there exist two constants 0 < o, M < o0, such that

J (o) - o <

for px-almost all x € X.

In particular, (A3) holds with o = 4/2(e2 — 3)M, when |y| < M almost surely. For
more discussions on (A3), see [64, 7, 17, 97].

From the design (1.4) and (1.5), we see that intuitively, one needs sufficient
coordinates for d to guarantee the convergence. In particular, we characterize the

requirement by the following assumption (A4).

(A4) N is large enough (meaning that enough empirical features are used), so that

AN41 < K2\

Theorem 1.1. Assume (A1), (A2), (A3), and n = m. For any 0 < § < 1, one has

with confidence at least 1 — & that

u,z 28721 M+ o 10
5= gl < (52 02) (524 1l + ol ) B log?

28727,)\ ' 4/{/2 ' 3r 10 r
+ ( 2+ 2) ()\ v >\N+1) 961,108 =+ llgnll, A",

where

and By, x is similarly defined by substituting n with m.

We cite from [45, Lemma B.1] the following lemma, which is standard, and the

proof can also be found in [63] and [48, Lemma 11].



Lemma 1.1. Let R be a nonnegative random variable. Let o, 5,y > 0. If for any
0 < 0 < 1, one has with confidence at least 1 — & that R < alog” g, then for any
p>0,

(B[R] < a[BT(uy + 1],

where T'(t) = §; e “u!~'du is the Gamma function.

Corollary 1.1. Assume (A1), (A2), (A3), (A4), and n > max{m,m?fﬁ}. Let

A\ =m =+, For any 0 < 0 < 1, one has with confidence at least 1 — ¢ that

10

|1 = foll, < Com™ 75 log? = (1.9)

where Cy is a constant independent of m, n, or &, and it is given at the end of the

proof. Moreover, for any p > 0, Lemma 1.1 gives
u,z 1 — Tt
B = 5] < G RorEe+ 1] m-, (1.10)

Remark 1.1. Recall that 1 < N < n. With the assumption n > max{m,m%ﬂ}

and the setting A = mfﬁ, it is always possible to find some N < n that satisfies
Assumption (A4). In fact, since the eigenvalues A\ = Xy = ... of Lx are arranged

K2 2

. , : 1
in non-increasing order, A, < +Trace(Ly) < & < w’m”~ 7% = k2.

Remark 1.2. [t is well understood [17, 92, 7] that when 1/2 < r < 1, the minimaz
optimal learning rate for learning algorithms that have only the access to z and with
output functions in Hy, is O(m~ 2+ ). The bounds (1.9) and (1.10) in Corollary 1.1

match this rate.



1.3 Discussions and Comparisons

1.3.1 Details for the Implementations

Recall m = |x|. Define the sampling operator Sy : Hx — R™,

It is straightforward to see that the adjoint operator SI : R™ — H is defined by
(co)ity = Y ik,
i=1

Let K be the Gram matrix of the Mercer kernel K on x, K = (K (x;, x;))™_;. Then,

ij=1-
1 1 1
—K=—5.85" L% =-SLs,. (1.11)
m m m
So the eigenvalues of iK, counting multiplicity, are A}, ..., A¥, which are the first

m eigenvalues of L} . Since K is positive semi-definite, we have the following eigen-

decomposition
1
—K =UAUT, A = diag{\¥,..., \*},
m
where U = [Uy,...,Uy,] is an orthogonal matrix. Some simple linear algebra shows

that if A = 0, then (¢, L% ¢X) = 0, so Sx¢¥ = 0, which means ¢¥ is perpendic-
ular to the linear space spanned by {K, : x € x}. In this case we do not have a

representation of ¢¥ with {K, : z € x}. When A* > 0, from SLU; = = SL(ZKU;) =

/\—}L}%(SIUi), and HSEU%Hi( = m (U;, =KU; ), = mAY, we can take

1 1
¢r = STy, U, = Sy d¥.

X (2
A/ MY mA¥

For two samples x and u with sizes m and n respectively, denote K, x the n x m

matrix of which the (4,7) entry is K(u;,x;). Then Kyx = KL, and SuSE = Kyx.

X, U’

9



The Gram matrix K, of size n x n is similarly defined with the sample u. The

summary statistic d could be computed through

1 & 1 1
di = u E Kz _ T‘/i ~ QT
<¢z7mj_1y] ]>K <m5u 7mey>K

1
= - 0 <‘/;7 Ku,xy>Rn )

MA/NAY

where V' = [Vi,..., V] is the orthogonal matrix defined by the eigen-decomposition

1RKuu = Vdiag{A}, ..., An}VT.
1.3.2 Motivating Applications

Our work is inspired by two recent works [105, 66] in statistics. Consider the linear
regression model y = X + ¢, and its least squares solution 3 = (X'X)~1XTy.
Roughly speaking, the basic idea in [105, 66] is only to collect the summary statistic
XTy as a whole, and use a new estimator 3’ = (XTX)"'X”y to replace 3. Here
X is the coefficient matrix made by openly accessible and unlabeled data without
privacy issues. Real applications with data of both X and X are studied in the
works. The relation between the predicted function f7 of regularized least squares,
and the predicted function fy"* of LESS is similar to that between B and B’ . In fact,
for any f,g,h € Hg, define f ® g as an operator by (f ® g)h = (g, h), f. Define
Py : Hi — H as the orthogonal projection onto the subspace spanned by {¢P}Y ;.
That is, Py = >V, 6% ® ¢ Tt is well known [90] that f? = (L% + AI)~" L5Ty,
and we can write f\"” by replacing L% by L}, and inserting the projection Py as a

protocol,
_ 1
W = (L% + AI)"' Px—SLy.
m
LESS can be used as a privacy-friendly substitute for regularized least squares

(1.1). The solution f{ in (1.2) of Problem (1.1) is a linear combination of kernel

10



functions on the sample. To compute f§, the sample z must be collected from the
holder of data. To ship f¥ to the users, at least the input part x should explicitly be
shipped, and the labels y;’s could thus be estimated via y; ~ ff(x;). Although when
the input space X is an Euclidean domain with low dimension, one may ship f¥ in
terms of its local approximations with splines or wavelets, such approximation could
be difficult when the dimension of X is high. LESS solves this problem by collecting
only the summary statistic d and shipping the predicted function f}"* in terms of
the linear combination of ¢}'’s, which is eventually the linear combination of K,,’s,
with u; € u free of privacy issues.

The dimension N of the summary statistic d balances the protection of privacy,
and the least squares error of the predicted function f\"*. As suggested by Assump-
tion (A4) and Corollary 1.1, if N is large enough such that Ay, < %\, d contains
sufficient information that supports the optimal learning rate. In many applications
the eigenvalues of Ly decay quickly and we do not need a large N to achieve (A4).
For example, if X is an Euclidean domain and K is Sobolev smooth, then \;’s decay
polynomially [78]. If K is analytic, such as the widely used Gaussian kernel, then \;’s
decay exponentially [65]. From the proof of Theorem 1.1 and Corollary 1.1, we see
that empirically, Assumption (A4) can be replaced by A%_; < x*\ without affecting
the error estimate. A better privacy protection can be achieved by adding noise to d
(or to d’’s under the distributed setting). We leave the quantitative analysis of this
approach as future work.

For the case the sample z is held separately by ¢ different sources z = U%_,z;,
there are recent works [19, 64, 45] that study the method of inflating each sub-sample
z; with a separate unlabeled sample. The inflation is done as follows. Suppose u is
an unlabeled sample divided into ¢ subsets u = U!_ju;. For each i, all the sample
points in u; are equipped with a fake label 0, and all the labels in z; are scaled by
the factor (|z;| + |u;|)/|z;| to compensate for these fake labels. Then z; and u; are

11



mixed as a sample to yield an output function f}"~* from regularized least squares.

The overall output function fZ is the weighted average of f)*“*’s. By this operation,

[64] proved (with the assumptions |z,| = ... = |z] and |u;| = ... = |uy|) that when
1 s .
{ < ————min {(n + m)l/Qm_ﬁlri;s, (n+ TrL)1/377”L26r++352 } , (1.12)
log”m + 1

the output function fZ still achieves the minimax optimal learning rate.

Compared with the inflation method studied in [19, 64, 45], LESS provides a
way better solution to the learning problems with multiple sources of data. First,
although for the scenarios where it is not allowed to bring together the training data
from different sources, the distributed-learning setting solves the training problem,
one still has to ship out the new instances (to different sources of training data) for
prediction. Usually, these instances also contain private information, and it is not
appropriate to circulate them around. Second, in the worst case scenario, when the
sample size of each subset z; is O(1), and without loss of generality we use ¢ = m,

then (1.12) implies (recall 0 < s < 1)

nzm*tees, (1.13)

where n 2 f(m) means there exists some positive constant 0 < C' < o such that
n = n(m) = Cf(m) for any positive integer m. Note that in Corollary 1.1, the

functional relation n(m) is implicitly given by the lower bound n > max{m, m%ﬂ}

The restriction (1.13) requires much more unlabeled sample points than LESS does
n = max{m, m%ﬂ}, (1.14)

in Corollary 1.1. Third, when (1.13) is satisfied, in each single computing node
(located at the corresponding data source), according to the analysis in [64], the
regularized least squares algorithm would process an inflated sample of size

DS pltess, (1.15)
m

12



While for LESS, since the computation is centralized, we do not need significant
computation provided by the data sources, and the sample size to be processed by

the central computing node for LESS could be reduced, as suggested by (1.14), to

@) (max {m, mﬁD ,

which is even much smaller than (1.15).

Chaudhuri et al. [20] studied an algorithm that uses random features (instead of
the empirical features we use) for learning. Noise is added to the coefficients of the
random features to achieve differential privacy. Because of the adoption of random

features, this algorithm in [20] works only with translation invariant kernels.

1.4 Proof of the Main Theorem

We cite the following lemma from [11, Lemma E.4] and [9, Theorem IX.2.1].

Lemma 1.2. Let A and B be positive definite operators on a separable Hilbert space

H. Write H'Hop(H) the operator norm of H. Then for any 0 < s < 1, we have
14°B%oprey < [ABlGp0)- (1.16)

Write fy = (Lx + AM)~'Lgf,. One has Afx = Lx(f, — f). Write |||, the

operator norm of all the bounded linear operators on H.

Lemma 1.3. We have the following error bound

1132 = Pafal, < Qun (B5 + 1ol W+ llgall, W3) (1.17)
where
Qup = [(Lx + ALk + D], (1.18)
RZ = H(LK + A)7Y? (%Szy — L;;fp> " (1.19)
W= (Li + MDY (L = LR, (1.20)

13



and W3 is defined in the same way as (1.20) by substituting u with x.

Proof. Since span{¢?}Y | is an invariant subspace of L%, Py and L% commute. We

have

[ = Prhll,

1
= | L (L + AD) T Py — Sy — L P s

K

1
= L}f(L; + M) V2PN (LY + M) Y2 (ES;F y — (L% + \I) fA)

K
— |y + M)—WHOP | Prllop [ (L3 + DT (L + ADV2
1
x (L + XI)~Y/? <ES§Cy — (L% + )J)fA> (1.21)
K

The right-hand side of (1.21) is the product of four norms. Below we bound them

one by one. First, obviously ||Py|op < 1. Since A > 0, for any f € Hy,

(i Lef) i < {f,(Lx + M) f)

Therefore we apply Lemma 1.2 to bound the first and the third factor of the right-
. 1/2
hand side of (1.21) by Qu/,)\'

HL”2 (L% + AT)~Y/? V2

[(LY% + M) "V2Lg (LY + M) VQH

op

< (L% + AD TR (Lic + AD) (L + A1)

= (L + AD TR (Li + MDY <95 (1.22)

Since r > 1/2, we cite from [90] the bound that ||fi[x < [g,[,. Consider the

following decomposition

STy = O+ LA = (5 STy = LA, ) + (0% — L)y + (L L)
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which leads to the bound R + [ f,] WX + [go|, W) of the fourth factor of the

right-hand side of (1.21), and thus completes the proof. ]

Lemma 1.4. Let 1/2<r <1 and A > 0. We have

[Pnfx = Iallp < Quain + ) (g (1.23)

Proof. Recall that Py and L} commute. In particular,

(I — Py)(L% + A\I)"

( > ¢;‘®¢;*> (Z(A;*H)%;@asy)

i=N+1 j=1

D (F N @Y,

j=N+1

o [(I = Pn)(L% + N)|lop = (AN41 + A)". By Lemma 1.2 and Inequality (1.22), we

have
IPx fx = fall,
= |exea- PyLEY (L + M) LY HK
= L@ AT+ AP - P L+ ALy
x H(L; + A7) (L + AI)' 2 . L3 (L + )"0+ Lol
< Qo Axgr A Ngoll,-
The proof is complete. O

The following lemma is from [47, Proposition 1]. It is a powerful tool recently de-
veloped [63, 47| for the analysis of kernel-based regularized least squares and related

algorithms.

Lemma 1.5. Let A\ >0 and 0 < 6 < 1. One has with confidence at least 1 — § that

)
Qu, log? = + 2. 1.24
)\B og (5+ ( )
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Denote HS(H k) the Hilbert space of all the Hilbert-Schmidt operators on H.
Write |-|,;s the norm of HS(Hg). In the following lemma, Item 1 is the well-known
Hoffman-Wielandt inequality [51, 55, 10], and Item 2 is a standard corollary of
Pinelis’” vector-valued concentration inequality [75]. Detailed proof of Item 2 is avail-

able in [100, Proposition 5.3]. See also [53, 7, 17, 63, 90, 100, 110].

Lemma 1.6. 1. We have

o]

DN =) < Lk — L s (1.25)
=1

2. For 0 <0 <1, we have with confidence at least 1 — ¢ that

A2 2
||LK — L}((”HS < —log S

Jm

For the following Lemma 1.7, the proof of (1.27) is available in [17]. The proof of

(1.26)

(1.28) is available in [63, Lemma 17]|. The bound (1.29) follows directly from Lemma

1.6 by substituting x with u, and m = |x| with n = |ul.

Lemma 1.7. Let 0 < § < 1. FEach of the following bounds holds with confidence at

least 1 — 9.
M 2
R, < 228, log 5 (1.27)
2
Wy < Bpalog 5 and (1.28)
4K% 2 .
A< N+ —=log=, foralli=1,2---. (1.29)

(2 \/ﬁ 5

Proof of Theorem 1.1. Recall that 1/2 < r < 1. By Lemma 1.3 and Lemma 1.4,
55 = foll, < 155 = Pafal, +I1Pnfa = A, + 1A= fol,
< QualBS+ 1ol WX+ llgoll, W)

+Q:1,A()‘%+1 +A) ngHp + A ngHp , (1.30)
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where we have used the estimate | fx — f,|, < A"[g,|, (see [90]). Let 0 <4 < z,

then log% > log 10 > 1. From Lemma 1.5 and Lemma 1.7, we have with confidence
at least 1 — ¢ that (1.24), (1.27), (1.28) (for both W}* and W respectively), and

(1.29) hold true simultaneously. Now we assume these five inequalities. Then

M+o

Z X 2
B+ ([ foll e WX+ goll, Wi < < + 1 ol + ||gp||,,> By log

5.

We combine the argument above and (1.29) to continue the bound (1.30).

u,z 28721>\ M+o 2
5= gl < (552 02) (574 1l + ol ) B los?

28721 A ' 4’%2 ' 3r 2 r
(2 r2) (v 2w ol 1o 2 4 lal,
The proof is completed by scaling ¢ to 6/5. O

Proof of Corollary 1.1. Recall that 1/2 < r <1, n > m, and 0 < s < 1. With the

assumption N (A) < C1A™° and the setting A = mm (1.8) implies

2k? Cy s .
B < By < e 4 2my LmEE < 26(k +A/Cr)m™ s, (1.31)
m m
S0
By 2 2, —2r-d 2 2
T’ <Ak (k +4/C1)"m™ 2% < 4R (K +4/Ch)”. (1.32)

1

. 2 1
Recall the assumptions Ay;; < &2\ and n = m2+s. Therefore 4= < m ™ 7+ = )\
P + vn

and
4 2
i + >\N+1 < 5/432)\.

NG
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So, Theorem 1.1 implies that

u,z 28’?1)\ M+ o 10
=gl < (552 2) (P Ul + Do, ) Buatog

2

282 ’ 4k ' 50 10 r
(F2 ) (32 g, o 4 Lo,

(8K%(k +A/C1)? +2)(26(k + /C1))

N

M+O' __r 2 10
(T U+ g, ) o g

r 10
+(8K2(k + A/C1)* + 2)"(1 + 5k%)" lgpll 205 log®” 5

+ gl m7
9oll,

10

< Cym™ ¥+ log? 5

where Oy = (8x2(k + /O1)? + 2)(2k(k + v/T1)) (M;U +1fol . + ugpup) +(8K2(k +
VCI)? +2) (1 +56%)" g, + g5l O

We would like to acknowledge Professor Jian Huang for the helpful discussions,

in particular, the introduction of the works [105, 66] to us.
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Chapter 2

Search for K: Assessing Five
Topic-modeling Approaches to
120,000 Canadian Articles

2.1 Introduction

The past two decades have witnessed an explosion in methods, algorithms and tools
designed to identify discussion topics in automated text analysis. Noteworthy among
these research efforts, the Latent-Dirichlet-allocation (LDA) approach assuming a
Dirichlet prior distribution assigns a specific set of topics to each document, based
on a fixed number (K) of topics. By incorporating both observed and latent variables,
this Bayesian generative method allows for latent processes to capture similarities
among sets of observations and thus results in a more precise assignment of topics to
documents (and words to documents) [14]. While this method has been further de-
veloped to detect the number of optimal discussion topics based on a nonparametric
Bayesian model [94], in practice the ultimate decision on the choice of K still relies
on significant input from domain experts. In a more recent review of data analysis
with latent models, Blei highlights a tension between orthodox Bayesian thinking
and model criticism [13]. While the former attempts to integrate all possible sources

of uncertainties in a more complex mixture or “super” models, the latter tries to tell
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whether the essence of the data has been captured by model specification and/or
parameter inference. Yet, model criticism is becoming increasingly challenging with
the proliferation of latent models in that we do not necessarily know whether the
data, model specification, or inference algorithms plays a more significant part in
shaping the (approximate) posterior. In response to these issues, this research uses
various topic-modeling approaches to assess the choice of K via different training
methods, where model specification and inference algorithms play different roles in

shaping research findings.

2.2 Preprocessing Techniques
2.2.1 Data Cleaning and Stopwords Removal

Before applying topic models, the corpus needs to be cleaned. We first removed the
common stopwords in English [68] such as the, a, and an, then we apply RAKE [82]
to combine words into phrases such that words like united states are combined as

united-states.

2.2.2 Term Frequency-inverse Document Frequencies

To apply topic-modeling methods, we represent a large corpus of text using a document-
word matrix X, where each column corresponds to a document and each row cor-
responds to a word [59]. Since a word’s frequency in a corresponding document
cannot suggest the word’s relative importance in the whole corpus, elements of the
document-word matrix are often weighted by term frequency-inverse document fre-
quencies (tf-idf) [80]. One way to calculate the tf-idf weight w; 4 associated with a

term (word) ¢ and a document d is as follows [2],

N
wyq = tfq x log df
t
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where tf, 4 is a term t’s frequency in the document d, N is the total number of
documents, and df; is the total number of documents containing the term t. Clearly,
wy q increases if a term has a higher frequency in a document but such increase is
offset by the term’s prevalence across all documents in text corpus. This tf-idf weight
thus tends to filter out common words or stopwords which appear to be popular in

most documents.

2.3 Five Approaches to Topic Modeling

To guide our assessment of different approaches to topic modeling, we next briefly

discuss methodological details of the five models being adopted in this research.

2.3.1 Latent Semantic Analysis

Theoretical Review

Based on singular value decomposition of the document-word matrix, latent semantic
analysis (LSA) has long been adopted by scholars from different disciplines to identify
topics and themes contained in text corpus [24]. This is achieved by providing a low-
rank approximation to the previously defined word-document matrix X [39]. To
understand how LSA works, we have its singular value decomposition (SVD) of X

as:

X =UxVvT,

where both U and V' are orthogonal matrices and X is a diagonal matrix. To further
explore these three matrices, we first note that the square matrix X X7 contains
all dot products denoting the correlation between any two word vectors across all

documents, and X7 X contains all dot products denoting the correlation between
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any two document vectors. And we have:
UTXXTU = £5Tand VIXTXV = 378, or

XXT =uxxTuTand XTX = VvXTovT.

In other words, X X7 and XTX have the same non-zero eigenvalues expressed by
Y¥T (or, equally by £TY), and their eigenvectors are contained in U and V', respec-

tively.
Application in Topic Modeling

The number of positive singular values in ¥ suggests the rank of X, or the number
of topics in the current research setting, while the values of these singular values
suggests the relative importance of these topics. For a space spanned by singular
vectors corresponding to these singular values (i.e., topics), the coordinates of a word
i across all topics are denoted by the i*® row of U and the coordinates of a document
j across all topics are denoted by the j* column of V7. The corresponding loadings
of all words on the k'" topic are given by elements in the k*" columns of U; and the
corresponding loadings of all documents on the k" topic are given by elements in the
k™ rows of V. While topics identified by LSA can be viewed as clusters of words
and/or documents once they are projected to a “semantic space”, we use columns of
U to denote topics (and their corresponding relations with words). If the values of
singular values are small or below a certain threshold specified by researchers, it is

possible to remove these singular values and achieve a low-rank approximation [93].

2.3.2 Principal Component Analysis

Theoretical Review

The idea of principal component analysis (PCA) is very similar to that of SVD
[54]. For the document-word matrix X, PCA tries to project the data to orthogonal
directions so that distinctive features from the data can be retained as much as
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possible. In other words, if the covariance matrix associated with X is given by
XXT, PCA is looking for a projection matrix P such that after the projection the
covariance matrix Y7Y of the resulted new document-word matrix ¥ = PX has
the largest variance in these projection directions. Yet, one constraint in the search
for P is that these projection directions suggested by P should be basis vectors
and orthogonal to each other. Otherwise, the direction associated with the second
largest variance will be always parallel to or even overlap with that associated with
the largest variance (and so forth for the remaining directions), which provides little
information of the data. As a consequence, the off-diagonal elements (i.e., covariance)
of YTY should be zero and PCA essentially deals with an issue of optimization with

a constraint. We have:
Y'Y = (PX)(PX)' = PXXTPT =D

where D should be a diagonal matrix. Related to our discussion on SVD, if we rank
eigenvectors z,, 2o, - -+ , 2, of XXT and form a new matrix Z = (2,2, ,2,) and

let:

A
T T T A2
XX Z=Y"'Y=A= ) (2.1)

An

D will be a diagonal matrix if we make P = ZT. Therefore, the matrix containing
all the eigenvectors of X X7 provides the loadings of all words on any topic and
a solution to the application of PCA to topic modeling. The optimization issue
also corresponds to the maximization of z! X X7z; when z!z; = 1. If we take the
derivative of z] X X7z, — \z! z; with respective to z;, we have (XX —\I)z; = 0 and

z; must be an eigenvector of X X7
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Application in Topic Modeling

We take these extracted principal components as topics, and extract the top words
of these topics by finding the top corresponding values in the principal component.

To summarize, the relation between LSA and PCA is similar to that between
maximum likelihood estimation and ordinary least squares estimation in linear re-
gression settings: they appear to follow different principles yet (sometimes) yield the
same result. Also, due to the fact that the components extracted by PCA or SVD are
often mixed with positive and negative values, the interpretation of negative values
can be less straightforward. Nevertheless, these two methods differ from each other
in terms of computing: the calculation involving covariance matrices is demanding
when observations and eigenvectors associated with PCA are large, while numerical

methods can be readily applied to the calculation of SVD.

2.3.3 Factor Analysis

Theoretical Review

While PCA tries to identify major components embedded in the data matrix, factor
analysis (FA) aims to represent the data matrix and its internal relations via latent
factors (variables). To do so, FA draws on a parametric model and a series of
assumptions/conditions. More specifically, if words in the document-word matrix X
are centered on its means in a document and we obtain a new document-word matrix

X4, we try to express the p words using latent factors:
Ynxp = X:;F = nXkAkXp + Enxp

where F' is a matrix containing all (latent) factors Fi, Fy, ..., F}, for each of n doc-
ument, A = (a;;)kxp is a loading matrix representing the loadings of all words on
each of the k factors, and ¢ is the Gaussian error term. The FA model satisfies the
following four assumptions/conditions:
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1. The expectation and covariance (matrix) of F; are 0 and I,,, respectively;

2

e 3 o)

2. The expectation and covariance (matrix) of &; are 0 and 02, = diag(c?,032,--- , 02

3. The covariance between € and F' is 0;
4. Cov(Y;) = AAT 4+ 02T and Cov(Y;, F}) = Ajxp.
This conclusion that Cov(Y) = AAT + 02I has two implications. First, it is pos-
sible to calculate the loading matrix A first and then solve the latent factors using
F = YyA”. Second, for the i*" row a; in A and a word y,; across all observations
(i.e., documents), we have var(y;) = a.a; + o and Cov(y;,yr) = aiay. The sum of
squared loadings of y; on all factors, or a,a; (i.e., the common variance), denotes the
dependence of y; on all factors, or the extent to which y; is explained by all factors.
Factor analysis can be implemented in different ways and this study adopts the
EM algorithm to conduct factor analysis [42, 83]. Yet, in existing literature the link
between PCA and FA has been particularly noted [24, 74]. Related to Equation (2.1),

we have the eigenvalues of YY7T as \j, Mg, - - , Ap, their corresponding standardized
eigenvectors as z,, Zy,, - ,Zy,,, and YYT = (- )\izyiz;i given that:
A1
YYT = Ay = Zy Ao ) Z7
: N

A g

= (Zy17Zy27 o ’Zyp) Az Z%/z

Ap z;p

Vi,
Vi,

Vv,

= (\/rlzy17 \/72Zy27 ) \/A»pzyp)

For the vector (v/A1Zy,, vV A2Zy,, -+ ,4/ApZy,), its first m entries (where m < p)
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provides a possible solution to A and thus correspond to m latent factors because:
YYT ~ AAT 4 5°

!/

fr— / / DY A2
= >\1zy1zy1 + )\gzy2zy2 + + )\mzymzym + 6°.

Finally, it should be noted that these factors identified are often rotated to achieve
maximum variance so that these independent factors can have better explanatory

power.
Application in Topic Modeling

The obtained factors are considered as the weight vectors for each topic, we identify
the top words according to the same principle as for SVD (LSA) and PCA, we sort

the words according to its factor value and retain those with high values.

2.3.4 Non-negative Matrix Factorization

Theoretical Review

Non-negative matrix factorization (NMF) decomposes a matrix V' into two matrices

W and H and all elements of the three matrices are not negative [60]:
anm = WnXT’Her

where the dimension of r is often much smaller than that of m and n. The NMF
has a clear advantage over other similar algorithms in computing, interpretation and
data storage. By making all elements in the three matrices non-negative, any column
vector v; in V' can be expressed by a weighted sum of all column vectors in W and

their corresponding weights are given by elements in the i*" column of H:
v; = wihy; + waho; + -+ + wrhy; = Wh;.

In other words, we can learn how a whole system consists of different parts via these
positive weights generated by NMF. The general idea behind NMF is also inherently
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related to how a whole system and its relations with different parts are perceived by

human beings.
Application in Topic Modeling

The relation between NMF and topic modeling, especially probabilistic latent se-
mantic analysis (PLSA), has been noted [40]. For the document-word matrix X,
we could define elements of W' as wy, = P(topic, ) P(word;|topic,,), elements in H as

hi; = P(document;|topic,) and have elements x;; as:
Tij = Z Wik hj

= Z P(topicy,) P(word;|topic;, ) P(document ;| topic,)

The idea is similar to that of PLSA, where a probabilistic model is used to generate

topics, and words/documents are further generated based on the topic distribution.

2.3.5 Latent Dirichlet Allocation (LDA)

Theoretical Review

In topic modeling, LDA provides a generative statistical model allowing for observed
words and documents to be explained by latent topics that capture the similarities
of words/documents [14]. For a text corpus, the generative process of LDA can be
briefly summarized as follows. First, the (optimal) number of topics K needs to
be specified. Second, a parameter #; which governs the distribution of K topics in
the i®® document, is drawn from a Dirichlet prior distribution D(c). The hyper-
parameter « is a K-dimensional vector with its elements (positive real numbers)
denoting the relative weights of the K topics. Third, a parameter ¢, which governs
the distribution of all V' words occurring in a topic k, is drawn from another Dirichlet
prior distribution D(/3). The hyper-parameter § is a V-dimensional (sparse) vector

with its elements denoting the relative weights of the V' words. Finally, for a word
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X, in the [ location of the j*" document, its corresponding topic ¢, is drawn from
a multinomial distribution M (6;) and the word is then generated from a multinomial

distribution M (yy,,). The likelihood function of the model is:

P(X,t,0,p;a,0)

K N L;
=[P D] [ PO ) [ | P06 P(Xiler,,)
i1 j=1 1=1

We adopted the online variational Bayes algorithm [52] to optimize the model, by

optimizing the Evidence Lower BOund (ELBO), details can be found in the reference.
Application in Topic Modeling

The LDA model is designed for topic modeling, therefore the connection is clear
and simple: the estimated posterior ¢ represents the word distribution in each topic

while the estimated posterior 6 represents the topic distribution in each document.

2.4 Data and Measures

2.4.1 Data

The text corpus used in the current study was retrieved from three major newspapers
in Canada with national influence: The Globe and Mail, (The) Toronto Star and
National Post. All newspaper articles published in any of the three newspapers from
January 1% 1977 to June 30" 2019 are retrieved as long as they contain the word
“Chinese”. The data retrieval process took place from 2017 to 2019. In total, 52,317,
43,529, and 23,634 articles were retrieved from The Globe and Mail, Toronto Star and
National Post, respectively. Based on lists of stop words and results from preliminary

data analysis, the research team performed multiple rounds of data cleaning and
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compiling to remove stop words and meaningless words for topic modeling (e.g.,

reporters’ names, street address) prior to our analysis.

2.4.2 Measures

In search for the optimal number of topics K, we compare three types of measures
to assess results estimated from the five topic-modeling methods: held-out likeli-
hood (or reconstruction loss when applicable), coherence statistics, and graph-based

dimensionality selection [18, 104, 73, 70].
Fitting Error Measure

We calculate the held-out likelihood of fitted models using 3-fold cross validation [5].
Specifically, we split the text corpus into three parts, treat one part as a test set and
the other two as training sets. We repeat the estimation process for all three parts
of the text corpus and calculate the average of the held-out likelihood/loss. We then
compute either held-out likelihood or loss based on type of model, we have PCA,
FA and LDA implemented as probabilistic models. It should be noted, however, the
focus of the held-out-likelihood/loss approach is the predictive power of a specific
model instead of the latent structure (e.g., topics) of the text corpus at stake. Also
note that for log-likelihood, higher value indicates better performance, vice versa for

reconstruction loss.
Coherence Statistics

Four measures of coherence are adopted in this study: Cy, Crpmi, Cucis Umass [81]-
If a set of statements or terms mutually support each other, we say that this set
of statements is coherent. For a specific topic, these coherence measures capture
the degree of semantic similarity among words in the topic, thus allow scholars to

assess whether topic modeling results represent actual semantic topics or statistical

29



artifacts. We use the average of a coherence measure of each topic as a within-topic
measure of topic coherence.

We first define the notion of pointwise mutual information:

P(z,y) + e)

PMI(z,y) = log (W

where € is the smoothing constant and is often set to 1.

These four measures of coherence can be briefly described as follows. C'; is prob-
ably the earliest statistic proposed to address topic coherence, which uses a sliding
window and pointwise mutual information to measure the co-occurrence probability
of every word pairs in a topic. It has been suggested that C.; provides an extrinsic
measure of coherence since it pairs every single word with every other word in the
topic [73].

Suppose we have a topic of three words {a, b, c¢}. The co-occurrence probability
of any two words would be calculated based on sliding windows, for example, if our
text is “ais b”, the virtual documents with a size 2 sliding window would be “a is”, “is
b”. In this case, P(a) = 3 (appeared once in two virtual documents), P(a,b) = 0

(no co-occurrence of a and b), and

Cuei = % [PMI(a,b) + PMI(a,c)+ PMI(b,c)]

Chrpmi can be viewed as an enhanced version of C,, because the former uses
normalized pointwise mutual information (NPMI) instead of pointwise mutual infor-

mation [3]. The NPMI is defined as the following:

P(z,y)+e v
l0g 555 P15)
)

NPMI(z,y) = (log(—P(x’y) e

where € is the smoothing constant and higher ~ givers higher NPMI more weight.
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C, is proposed most recently and deals with indirect similarities between words [81],
that is, some words should belong to the same topic but they rarely occur together;
yet, their adjacent words should look similar. For example, suppose there are two
statements “McDonald makes chicken nuggets” and “KFC serves chicken nuggets”,
one will probably want to put McDonald and KFC together in the same topic. The
mathematical details of C, also appears to be somewhat complicated. The use of
co-occurrence counts in the calculation of the NPMI of every top word to every other
top word results in a set of vectors. For every top word, there is a corresponding vec-
tor. The indirect similarity is then calculated between the vector of every top word
and the sum of all other top-word vectors. Cosine distance is used as a similarity
measure.

Finally, based on the idea that the occurrence of every top word should be sup-
ported by every preceding top word, U,,.ss measures the conditional probability of
weaker words given the presence of their corresponding stronger words in a topic.
Different from the other three measures, U,,,ss is an intrinsic measure since the word
list needs to be ordered and a word is compared only to its preceding and succeeding
words [70]. To avoid the calculation of the logarithm of zero, a pairwise score function
of the empirical conditional log-likelihood based on smoothing counts is used.

It it noteworthy that each coherence measure should be considered as independent
therefore comparing intra-indicators is not meaningful. Also, all coherence indicators

are higher the better.
Dimensionality Selection

The last measure originates from graph-based dimensionality selection. Since in
methods like SVD (LSA) and PCA, we have a natural importance indicator which is
the eigenvalue. People has used scree plots to identify the primary principal compo-

nents, but given the very large dimensions (e.g., numbers of eigenvectors) associated
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with about 120,000 newspaper articles, the traditional threshold of dimensionality
selection (eigenvalue as 1.0) cannot be readily applied to a big-data project. We
thus relies on an automatic procedure, which maximizes a simple profile likelihood

function, to search for the elbow point in a scree plot [104].

2.5 Results

The three types of measures based on results from the five methods of topic modeling
are presented from Figure 2.1 to Figure 2.12. For the SVD (LSA) method, it is clear
that the coherence statistics, especially for the C\.; and U,,.ss measures, favor fewer
topics (see Figure 2.1). This opposite conclusion holds for the measure of held-
out likelihood because more topics are associated with smaller errors (see Figure
2.3). Yet, according to the graph-based dimensionality selection, the optimal topics
number appears to be 669 (see Figure 2.2).

Findings based on PCA are similar to these based on the SVD method. Coherence
statistics, especially Cye; and U,y,gss, tend to suggest a smaller number of topics (see
Figure 2.4). This pattern stands in contrast with the held-out likelihood, where
the more the merrier (see Figure 2.6). The optimal number of topics suggested by
dimensionality detection is 698 (see Figure 2.5). The coherence statistics for the FA
method also prefer a smaller number of topics, although the value of U,,,,s slightly
increases with a larger number of topics after 600 (see Figure 2.7). Yet, the held-out-
likelihood measure of the FA model is able to specify the optimal number of topics,
which appears to be 100 (see Figure 2.8).

The coherence statistics for the NMF methods reveal an interesting picture (see
Figure 2.9). While the curves of C,,m; and C, are relatively flat, results based on
the C; and U,,.ss measures do not agree with each other: U,,.ss prefers a smaller

number of topics but C,.; suggests that the value of K should be somewhere around
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50 to 100. In Figure 2.10, the held-out error tends to support a larger number of

optimal topics.

Finally, for the LDA method, the C,,,,; and C, measures do not show a strong

preference over a particular number of topics (see Figure 2.11). The C,.; measure

suggests that the value of K should be between 50 and 80 but the U,,.ss measure still

favors a large number of topics. Finally, the held-out likelihood measure suggests

that the optimal number of topics should be 20.

Singular Value Decomposition (SVD)

Singular Value Decomposition (SVD)
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Figure 2.4: The PCA method: Coher-
ence.
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2.6 Conclusion

Based on an application of five approaches to topic modeling of about 120,000 news-
paper articles in Canada, major findings comparing from three measures for the
optimal number of topics can be summarized in Table 2.1. It should be noted, how-
ever, these findings are based on a specific text corpus and can vary if other forms
of data are used.

As suggested by Table 2.1, when two approaches of topic modeling are method-
ologically similar to each other (i.e., SVD and PCA), these measures tend to report

comparable results. Yet, the optimal number of topics can vary greatly across dif-
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ferent approaches and measures. For the same method of topic modeling, different

assessment measures can also suggest different and even opposite conclusions. Among

these five topic modeling methods being investigated, only assessment measures per-

taining to LDA modeling tend to suggest

similar numbers of optimal topics. These

interesting findings beg a key question in the search for an optimal number of topics:

why should measures and methods based

and computing algorithms report similar,

ics? Is there, in fact, an optimal number of topics to be discovered by more advanced
methods? Without the input from domain experts, to what extent should optimal

numbers of topics be viewed as methodological artifacts or distinctive features of the

on different methodological philosophies

if not identical, numbers of optimal top-
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Table 2.1: A summary of optimal number of topics suggested by different measures
and methods

SVD PCA FA NMF LDA
Chuei Small | Small | Small | 50+ | 50-80
C, Small* | Small* | Small* | 50- 25%
Chrpmi Small* | Small* | Small* | 50- 25%
U, nass Small | Small | Small | Small | Small
Held-out
likelihood (loss) Large | Large | 100 Large | 20
Dimensionality | g0 1695 | nA [ NA | NA
selection

Note: *possibly related to the scale of graphs, the conclusion
suggested by this measure may not be very clear.

text corpus at stake? While the current study cannot answer all these questions, our
mixed findings seem to suggest that optimality should be first defined in terms of,
but not limited to, data reduction, latent structure, or predictive power, before any

search for optimal topics takes place.
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Chapter 3

Hurdle Model for Grouped and
Right-censored Counts

3.1 Introduction

The modeling of count data has been an important field in applied mathematics,
statistics, and social sciences [88, 1, 16, 101, 23, 43, 50]. Over the last few decades,
several statistical models guided by different principles have been developed, imple-
mented, tested, and applied by scholars to analyze count data across various fields of
research, which include but not limited to Poisson models, negative binomial models,
hurdle models, zero-inflated models [34, 31, 32, 15, 49, 56, 76, 84, 109, 4, 57, 98]. One
major reason for an explosion of methods for modeling count data is that the observed
distributions of counts are often dispersed and with excessive zeros. A concrete un-
derstanding of the source of over-dispersed count data is warranted to account for
excessive zeros beyond that expected by a theoretical distribution [6, 77, 98].

When counts are treated as covariates (or independent variables) in empirical
research, they can be easily analyzed as categorical variables by adopting an ap-
propriate data coding method, such as dummy coding, effects coding, or spline
regression [41, 72, 33, 62, 107, 108, 106]. Moreover statistical methods includ-

ing ridge regression, principle component regression, cross-classified mixed-effect
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models, and the least absolute shrinkage and selection operator (the lasso) have
been developed in the presence of collinearity among these categorical variables
[58, 79, 36, 37, 38, 99, 27, 67, 69, 71, 95]. When counts are used as outcome vari-
ables, the modeling of counts becomes a complex issue especially with the presence
of grouped and right-censored counts [28, 44, 76, 29].

In survey methodology, ordered selections with grouped and right-censored counts
are often used to collect information on sensitive topics or from individuals with less
cognitive capacities, such as children, the depressed, or the elderly [86, 87, 85]. Al-
though ordered selections with grouped and right-censored counts are shown to be
a valid and popular tool in data collection, the analysis of such data structure has
been challenged by the absence of algorithms, programs, and models in analyzing
grouped and right-censored counts. Although several Poisson-based methods have
been recently proposed by pioneering studies to model grouped and right-censored
counts in surveys [28, 76, 29], the hurdle model have not been specifically considered
in the research context of grouped and right-censored counts. By adopting a trun-
cated Poisson distribution, the hurdle model uses a different way to consider excessive
zeros, which have not been fully considered in zero-inflated Poisson or negative bino-
mial models. Moreover, as well demonstrated in existing literature, the hurdle model
provides a flexible way to model counts with zero-inflation because both inflation and
deflation of zeros can be considered [109, 16]. Next, we develop a general approach
to consider hurdle models in the context of grouped and right-censored counts in

surveys.
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3.2 Methods

3.2.1 Hurdle Models for Count Data

In this work, count observations are those taking values from the set N := {0,1,...}
of all the non-negative integers. For example, let Y be a random variable that has a

Poisson distribution Y ~ Pois(u) with mean p > 0, then

k

Prob(Y = k) = e‘“%, for any k£ in N.

One has E(Y) = Var(Y) = pu. With a sample {y;}¥, drawn independently from
Pois(p), the method of moment estimator fiyme = ¥ := %Z?zl y; coincides with the
maximum likelihood estimator (MLE) fimie = 7.

Another example is the negative binomial distribution NB(u, v), where u,v > 0.
Let Y ~ NB(u,v), then

Lk +v)

Prob(Y = k) = KT

7 (1 —m)F, for any k in N, (3.1)

where I'(z) = Sgo e 't*1dt for x > 0 is the gamma function, and 7 = 747+ One has

E(Y) = p and Var(Y) = u + “72 As v — 0, NB(u, v) converges in law to Pois(u).
The MLE of p is jimee = ¥y, but to our best knowledge, there is no closed-form
expression of Iy e. There are many ways of parameterization of negative binomial
distributions in the literature. For example, (m,v) in (3.1) is already a different

parameterization. Also, we use a = v and = u/v to have [26]

Ia+ k) B*
KT (o) (14 B)k+e’

Prob(Y = k) = for any £ in N.

In real applications, it is usually observed from data that E(Y) and Var(Y)
are different. This suggests that Poisson is not the true model for data generation

and sometimes NB(u,v) is adopted. In some other scenarios, where the count at
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zero is disproportionately large or small, the hurdle Poisson model HP(y, p) is often

employed. In particular, for Y ~ HP(u, p) with ¢ > 0 and 0 < p < 1, one has

1 - D,
k

P —pit
l—e*“e

Prob(Y = k) = {

So, the hurdle model HP(u, p) assigns probability 1 — p to zero, and the conditional
distribution for £ > 1 is the truncated Poisson. We see that when 1 — p = e™#,
HP(u,p) = Pois(). When 1 — p > e #, we say that the zero outcome is inflated.
When 1 — p < e, we say that the zero outcome is deflated.

Let f(k) be a general probability mass function supported on N. That is, f is
defined on N with f(k) > 0 for all k € N, and »;,  f(k) = 1. The corresponding
hurdle model with a parameter p € (0, 1) is the distribution with the mass function

fp on N, defined by
1_p7 k=
k —
Jolk) {%f(k% k=

There is another model for the inflated zero outcome, called the zero inflated model,
that parallels the hurdle model. In particular, the zero inflated model fz ; with

parameter 0 < p < 1, is a probability mass function on N defined by

2P pfk), k=1
We see that when p < 1 — f(0), f, = fzi; with

p

PTIS0)

For the case p > 1 — f(0), the hurdle model has no longer a fz ; representation. In
particular, when p = 1 — f(0), f, = f. When p > 1 — f(0), one has 1 —p < f(0),
which corresponds to the distribution with deflated zero outcome. In this sense, the

hurdle model provides a more flexible characterization of data. If the mean of the
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distribution f is p, then the means p, and pz ; for the distributions f, and fz ;5 are

respectively,

fp = —pi,and pzp = .
" 1= f(0) v

Furthermore, if the variance of the distribution f is o2, then the variances of the

distributions f, and fz ; are respectively,
o2 — P2 ? n [ p _ p 12
1= f(0)  [1-f(0) (1—=f(0)2]"

0715 = po’ + (p—p)u’.

3.2.2 Regression Analysis of Hurdle Models with Grouped
and Right-censored Data

We consider a family { f(k; 8)} of distributions on N, parameterized by 8 = (0y,...,0,)".
Here, for any 1 < [ < r, we assume that #; takes values from an open interval Z;. For
example, Z; may be (0,1), (0,00), or the whole real line R. Write Z =7 x --- xZ, as

the parameter space. Let p take value from an open interval Z,. We use the following

assumptions on regularity.

(A1). f(k;0) is uniformly supported on positive integers. That is, for any @ € Z and
any integer k > 1, f(k;0) > 0. Note that f(0;0) may either be positive or

zero, for different values of 6.

(A2). f(k;0) is C? on 6. That is, for any fixed k € N, all the first order and second

order partial derivatives of f(k;@) are continuous on Z.

It is easy to verify that Pois(u) and NB(u, v) both satisfy (A1) and (A2).

We now build the generalized linear model for the hurdle model f, of f. For
0<Il<p,let g:Z; - R be a link function such that g; is invertible, 91_1 is C?,
and (g;')'(t) > 0 for all t € R. Most commonly used link functions satisfy these
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conditions. For example, the identity link gi4(t) = t on R, the log link gi,¢(t) = log(t)
on (0,0), the logit link gigi(t) = log 7 on (0, 1), the probit link guopit(t) = ®~1(¢)
on (0,1) where ®(t) = \/%7 St_oo e~ *2du, and so on.

For the I’th parameter 6, we assume 6, = g;*(8] X;). Here, B = (B},...,8")T €
R% is the coefficient vector, and X; = (X;1,..., X;q,)" € R% is the vector of covari-
ates. For the model with intercept, one simply sets X;; = 1. Note that for different
’s, the covariate vectors X; may share some common components. The hurdle pa-
rameter p = g, (8L Xo) € Iy is similarly defined on an open interval Zy = (0,1).
Write d = dy + dy + - -+ + d,.. There are d parameters that specify the generalized
linear hurdle model f,(k;0).

We model the grouped and right-censored counts by separating N into finite
subsets, which we call groups. In particular, let N be the number of groups. We use
a sequence of N integers 0 =1y <ly < --+ < Iy < o to mark the boundaries of the
groups. Write Iy = 00. For 1 < k < N, the k’th group is

GkZ{iEN:lk<i<lk+1}.

Denote G = {I.};_|' the grouping scheme. By grouping the probability masses of
fp, we obtain a categorical distribution on {1,..., N}, of which the probability mass

function fg is defined by

fog(k:0) = > f(i:0), for1<k<N.
lp<i<lpi
We now formulate the structure of sample with covariates. Write D = {(X*, Y{) }?:1
as a sample of n independent observations drawn from the same distribution. Here
X' = (X§,..., X", X§ = (XG4, X{4)" is the covariate vector for p, and
X! = (X{y,...,X]4)" is the covariate vector for 6. In the literature, the covari-
ate X' can be modeled either as deterministic vectors (deterministic design), or

as random from some unknown distribution (random design). We will discuss the
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design later. When X' is given, the conditional distribution of Y3 € {1,..., N}
is specified by the probability mass function f,g(k;0%), where 8° = (6%,...,01)T
with 0! = ¢, (BFX}) and p = g; (BT X¢). So for estimating the coefficient vector
B = (Bo,...,B:), the log-likelihood function takes the form

lg(B) = > log frg(V5,6").

i=1

The grouping and right-censoring procedure usually spoils good algebraic prop-
erties of a distribution. For example, even if the original distribution f belongs to
the exponential family, since the group number N is finite, the categorical distribu-
tion f,¢g of the corresponding hurdle model is in general not an exponential family
distribution. Nonetheless, if f is smooth enough with respect to its parameters, and
if smooth link functions are used, then the maximum likelihood estimator of the
coefficient vector still enjoys asymptotic consistency and asymptotic normality. We
characterize these properties in Theorem 3.1. Here we adopt the randomness as-
sumption, that is, we assume that the predictors X%’s are drawn independently and
identically from some unknown distribution. We point out that in the literature, the
setting of fixed design parallels random design [25]. Here, the fixed design setting

takes the predictors X’s as deterministic variables.
Theorem 3.1. Assume (A1), (A2), and that

1. The sample D = {(X",Y§)}I, is independently and identically drawn from a
joint Borel probability distribution p on R? x {1,---  N}. Here, the marginal
distribution px on R? is supported on a compact set X < R, and for any x €
X, the conditional distribution p(-|x) on {1,..., N} is specified above through
the grouped and right-censored hurdle model f, g with the coefficient vector 3%,

and the link functions {g;}]_,-
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2. f,o(k;0) is C* with respect to B, and g;* is C? with (g; ') > 0 everywhere for

o<si<gr.

3. For any 0 < j <r and any & € R%\{0},
Eprj [(Xa €>2] > 07

where p; is the marginal distribution of px on R% for j’th predictor vector of

the model.

4. The matriz I(f,g,0) is continuous and strictly positive definite at any @ € T

and any p € Zy.

Then, there exists a random integer ny and a sequence B3, of random vectors, such

that with the sample size n — o0, the following properties hold true.

(a). asymptotic existence, i.e., Prob (Vgég(,@n) =0 for alln = nl) =1;

~ a.s.
/Bn_ﬂ* —)07 as n — o0;

(b). strong consistency, i.e.,

(c). asymptotic normality, i.e.,

in law

Vi (B = BY) S5 N(O,F(BT) ),
where F(B*) = —XE [Hessian({g)(B8*)] is the Fisher information matrix.

Theorem 3.1 is a direct corollary of Theorem A.1 in [35] and therefore we do not

expand the proof.

3.2.3 The Computation of Fisher Information

We first consider the vanilla count model f(k;@). Denote fg the probability mass
function on {1,..., N} obtained by grouping the probability mass of f according to
the scheme G. Define

fa(k;0) = > [(i;8).

iEGk
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Denote I( fg; 0) the Fisher information matrix of size r x r, of the distribution fg
at 6. Since fg is a categorical distribution, an expectation with respect to fg is just
a finite sum, which is always interchangeable with partial differential operators, we

have that for any 1 <i,7 < N,

I(fg,0)i; =Ex~y, l(&? log fg(X; 9)) ((;Z log fg(X; 9))]

N ag
== fal LFrvrs 7, log fg(k; 0)
k=1
oo 0 0
:,; I CT) (a—gifgw; 0)) (afojf_c;(k;o))-

We see that for computing I( fg, @), we need only to compute fg(k, 8) and Vg fg(k, 8).

In general, this can be achieved by computing
b—1 b—1
D f(:0), and Ve | f(i:6),

for some integers (or infinity) 0 <a <b < ©
For Poisson distributions Pois(p), let fP(%) denote the probability mass function.
Let \; = e #u'/i! for i > 0. For the sake of unified notation, let A\; = 0 for i < 0 and

let Ay = 0. We have

i)\i:)\ifl_)\z} for — 0 <1< .
dp

So now, @ = € Z; = (0,00) and

d ois
@fg () (ka /’L) = )‘lkfl - )\lk+1717 and

N 2
(Ajo1 — >\lk+1—1)

H Pms(,u _ Z
Pois(p
-1 Jg ks )
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For negative binomial distributions NB(u, v), let (recall that 7 = v/(u + v))
L(i+v)
ilT'(v)

wi = w;i(p,v) = (1 — )k

For computing > w;, we need the incomplete beta function

1 q
]q(a,b) = mj;) ta_1<1 — t)b_ldt,

where 0 < ¢ <1, a,b e (0,00), and

RN =

is the beta function. One has B(a,b) = B(b,a) and

2 Blab) = Bla.b) (Frf)) - I;((jfj))) _ Ba,b)((a) — w(a+ b)),

where ¢(a) = £ logI'(a) is the digamma function.

The mathematics of using incomplete beta function to represent and compute
the probability mass function of NB(u, ) is well known. For example, this method
has already been implemented in R (see, for example, [61] for a numerical algorithm
for computing I,(a,b) with high precision). We include the derivation for the sake

of completeness. For any integer m > 0, we have

0 _Tv+m+1) "
aﬂ_lﬂ(l/,m +1) = ()T (m + 1)7'[' (I —m)™.
Meanwhile,
@ i F(l/+ ) v k
or 2 i) A=)

= EIT(v) = (k— DI (v)
Tw+m+1) , m 0
=TT £ 1) (1—m)™ = a—ﬂ_LTO/, m+ 1).



Since

one has

0 I'(i+v) V(1_7r)i<'/2 (—1) N i M+V—u)

o T ) Tt v? 17 (uto)?
:Fi(!ir—?y’)’)wva ) <—7r + %)
=%wﬂr(i — 1)
(i = (¢ ).

Therefore we have that for any two integers 0 < a < b < o0,

o1
Ew Z w; = m (aw, — bwy) - (3.2)

One checks % SN w = —iawa to find that the identity (3.2) also holds true for
b = o (here we use wy, = 0 for the sake of unified notation).

To our best knowledge, one has to take item-wise derivatives for computing
£ % w; and there is no simpler method.

Now we start to discuss the representation of I(f, g, ) in terms of I(fg, ). The
motivation is to develop a general numerical algorithm for computing I(f, g, @) with
I(fg,0) as input. Note that I(f,g,0) € RU+DXC+D and I(fg,0) € R™". In par-

ticular, we reserve the last row and the last column of I(f,g,0) for p. Denote the
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gradient Vgh as a column vector for any C* function h(0). Write I(f,g,0)[1:7,1: 7]
the top left r x r sub-matrix of I(f,g, @), and write I(f,g,0)[1 : 7, + 1] the top
right sub-matrix of size r x 1. We summarize the representation in Theorem 3.2. We
drop the vector 0 for light notations and write f(k) = f(k;0), fg(k) = fg(k;8), and

fpg(k) = fpg(k: @), respectively.

Theorem 3.2. Write R = (1 — fg(1))/(1 — f(0)). We have

. el — p
I(fpg,0)[1:71:r] = = f(o)ﬂ(fg,0)+
P Vor(0),VefsW1 [ vt ) [Vof(0). Vefo(1)]"
(1—pR)(1—f(0))2[ Bf( )7 9f§< )] —1 pifngE{)(O) [ Gf( )7 9f9< )] ’
(3.3)
R
I(fpg,0)rs1,41 = m> and (3.4)
(50001 o+ 1] = (s (RVo (0) = Vio(1). 35
Proof. Recall that
1 _ p :
het) =t=p+ = B0
_ . p(fs(1) — f(0))
IR ()
=1- Rp7
and R = 1 when 0 is isolated (i.e., when 0 is separated out as a single group,

G1 = {0}). When 0 is not isolated, our assumption that f is supported on the whole
Nyields 0 < R< 1. For2< k<N,

Fro(k) = —L— fo (k).
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For any 1 < 7,5 < r, recall that a%- logp =0,

I(fpg:0)i, prg 6080 log fpg(k)

2

00,00,

log(1 — pR)

82

v fo(h)

where J;, Jo, and J; will be defined and calculated below. First,

o ( -p OR
Jl:_(l_pR)ae-(1—pR ae)

__ 1 OROR PR
“1-pR6,00; " Pov,00,

Next,

2

N
Joy = 1_ Z: 69 89 1ngg( )

2

__ P o, 0
= f(o)ll(fg,e)z,j + 1T f(O)fgm—aeiaej log fg(1)

_1 — f(o)]l(fg76>z7j + 1 — f(O) 60200jfg<1)

B p dfg(1) 2fg(1)
(1= f(0)fg(1) 06; d0;
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Then,

2

= (@) 2 fo0) 7525 los(1 — 1(0))

k‘:2

3

1—fg(1) 0 -1 of(0)
:pl—fgm)a_ei( — f(0) aej)

pRPf(0)  pR  2f(0)0f(0)
1— f(0) 20,00,  (1— f(0))2 06; 00,

We now revisit J;. From

oR 1 0fe()  1-f(1) 0f(0)
00;  1-f(0) a8;  (1—f(0)* 06

L (), R 4(0)

“To40) 6, T (0) o6, (3.6)
we have
PR 1 (0 afe() 1 (1)
00;00; (1 — f(0))2 00; 06 1 — £(0) 06,00,
R OO R0
(1—f(0))2 06, a0, ' 1— f(0) 06;00,
1 af(O)( R 0f(0) 1 8fg(1))
1—f(0) 06; \1—f(0) 06, 1— f(0) o8,
_ - fl) 1 (5f(0)9fg(1)+afg(1)9f(0)>
1— £(0) 06;00;, (1— f(0))2\ 06, 0, 20, 00,
R__&f(0) 2R 2f(0) f(0)
1— £(0) 00,00, = (1— f(0))2 00; 00,
Therefore,
7= P’ fe(1) 2f(1) PR’ 0/f(0) 2(0)
P(I-pR)(1-f(0)2 00, a9; ' (1—pR)(1— f(0)2 d6; b
PR p 0f(0) 2fg(1)  afg(1) 0f(0)
_((1—pR)(1—f(0))2+(1—f(0))2>( ) aej)

__p PHO)_pR PO %R 2(0)2(0)
1— f(0) 06;00; ~ 1— f(0)06;00; (1— f(0))%> 26, 06;
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We combine the above calculation to obtain

plp—1+f(0)  dfs(1) fs(1)
fo(D(A = pR)(1 = f(0))> 00; 06

L PR 0f0)0)
(= pR)(1—JO)F o8, o0,

i p (LOeth | 250 2/0))
(1—pR)(1— f(0)2 \ 06, a0, 00, 00; )

I(fpg,0)i; = I(fg,0):; +

P
1—f(0)

which proves (3.3).

For I(f,.g,0)r+1,-+1, we have

]I(fp,ga r+lr+1 = prg logfpg( )

=—(1 —pR);—;log(l —pR)
S p 02 (k)
- L1 g (10gp+10g1 f(O))

For 1(f,g,0)[1 : 7,7 + 1], recall (3.6). Now the cross terms in the sum >.r_, are



all zero. Let 1 <7 < r to obtain

]I(ng? i+l — prg a 60 1o gfpg( )

:(1_pR)(1—4ﬂ%+pR>éﬂ%

(1-pR)> ) 06;

o L2FO) g
(1 —pR)A - f(0)) \" 26 00; )
The proof is complete. O
The following corollary is obtained by noting that when G; = {0}, we have
f(0) = fg(1) and R = 1. When 0 is isolated, f,g(1) = 1 — p. The representation of

I(fyg,0) by I(fg,0) has a simpler form.

Corollary 3.1. When 0 is isolated, that is, when G1 = {0} for the grouping scheme

G, we have

(o8~ | =70 VOO Fon=roy) 37
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Proof. In (3.3), we substitute fg(1) = f(0), Vafg(1) = Vo f(0), and R = 1 to obtain

(1 —p3)£ — oz Vel (0): Vela(l)] ( i e ) (Vo (0), Vofe(1)]”

fg(1)
B p . p—=1+f(0) T
_(1—p)(1—f(0)>2< ) )V"f (O)Vef(0)
- D Ve f(0)Vof(0)".

F0)(1 = £(0))
This proves the top left corner of the matrix in (3.7). The rest part of the matrix is
evident. The proof is complete. O]
As suggested by Theorem 3.1, it is important to make sure that I(f,g,0) is
strictly positive definite, during the design of the grouping scheme G. To develop the
theory, we write g$ the grouping scheme that has zero isolated and the rest integers
in N put as the other group. Namely,

G ={0,1,00}.

Therefore,

This observation links I( f, g, @) and I(fg, @) by

Ty (0e.0) ~L(fgp.0)) 0
(/0.6) = = O ) |

p(1—p)
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More importantly, we have the following characterization of I(f,g,6) when 0 is

isolated in G. The theorem follows directly from Corollary 3.1.

Theorem 3.3. When 0 is isolated, that is, when G = {0} for the grouping scheme
G, I(fpg,0) is strictly positive definite if and only if 1(fg,0) — ]I(fgg, 0) is strictly

positive definite. O

Before we move on, we would prepare some notations.
e For any grouping scheme G, denote |G| the number of groups contained in G;

e For any grouping scheme G with |G| > 2, let G; denote the grouping scheme
obtained by merging all but the first group of G as one. That is, if N = |G| > 2
with G = {0 = I3, ls,...,In4y1 = o0}, then |G| = 2 with Gy = {l1,ls,In+1}. So,
if N=2,G=G.

The following theorem provides a characterization for the structure of general
grouped and right censored hurdle models. It covers Theorem 3.3 as a direct conse-

quence.

Theorem 3.4. Let G be a grouping scheme. Here, the integer zero may either be
isolated or not, so the first group G of G may contain either only zero, or more
integers. Then, 1(f,g, @) is strictly positive definite if and only if I(fg, 0) —1(fg,,0)

18 strictly positive definite.

The proof is organized as follows. We shall write
p
1= 7(0) (I(fg.0) - 1(fg,,0)) 0
PI(f,,0)P" - r |l 68

o7 -
p(1 —pR)

where P is an invertible matrix. Then the proof is completed by noting the facts

_p __R
that 0 > 0 and o) > 0.
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Proof of Theorem 3.4. We use
N I —Up
lo 1)

where I € R™" is the identity matrix, 0 € R™*! is a zero vector, and

_ p(1=pR)
} R (1-pR)(1-f(0))

(RVaf(0) — Vo fg(1)).

Obviously P is invertible. Note that for A € R™" be R™! and c € R, we have
[ I —up A b I 0
07 1 bt ¢ —vh 1

__A—vpr b—cvp][ 1 O]

b c —vh 1

A—vpbl — bvg + cvpvg b— cup
b" — vl c '

We substitute the matrix
A b
bl ¢

by I(f,g,0) to obtain that first,
(PI(fpg.0)P")[1:7,1:7]

__» pht
1 —f(O)H(fg’o) " (1—=pR)(1 - f(0))
p

~ TR ToE (Ve OVels)' + Vefs(1) Ve (0)7)
L plp—1+ f(0)
(1= pR)(1 = F(0))fo(1)
p(1 - pR)

- R(l . pR)2(1 _ f(O))2 (Rng(O) - VHfG(l» (Rvef<0) - ngg(l)) .

Ve f(0)Vef(0)"

Vo fg(1)Ve fg(1)"

In the above equation, the coefficient of Vg f(0)Vaf(0)T is
pRR pR*(1 —pR)

(1—pR)(1— f(0))2  R(1—pR)2(1— f(0))2 = 0.

%)




The coefficient of Vg fg(1)Vefg(1)T

(
(recall that R = (1 — fg(1))/(1 — f(0)))
plp—1+ £(0))

excluding the component in — ( fg,0)) is

0 pR)(1 - J0)2e(l) R pR)1—F(0))? (39)
PR = p(1— fo(1)) — pfa(l)

~ R pBI0  FOT ol (3.10)
S b . (3.11)

(1= £(0) fe(1)(1 = fg(1))

The coefficients of Vg f(0)Vefg(1)T and Vg fg(1)Vef(0)T are the same,

- R
b + P — 0.

(1 =pR)(1—=f(0))>  R(-pR)(1 - f(0))

Therefore,

(P]I(fpg, O)PT) [1:7r,1:7]

__ b B P .
== f(o)]l(fg,e) A= F(0) fa)(1 = fg(l))VQfg(l)Vofg(l) :

Recall that since G and Gy share the same first group, fg(1) = fg,(1). Since G; has

only two groups, fg,(2) =1~ ng(l) =1— fg(1). We have
2

I(fg,. 0 Veng )WVofg, (k)"

fg‘r

E
—_

1 1 T
) (fgm TI- fg(l)) VolotVoleth

1 T
Rz~ AGKEACEE

This yields

(PI(fpq,0)PT)[1:r1: 7] = —2 & (I(f5.0) ~1(/5,.9))

Next,
(PI(fyg.0)P") [1:7,r+1]

(RVaf(0) — Vo fg(1)) —

1
T (1-pR)(1 - f(0))
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Similarly,

(PI(f,g.0)P")[r+1,1:7r] =0".

So, (3.8) is proved, and the proof is complete. ]

Let G and G’ be two grouping schemes. We say that G’ is finer than G and write
G' > Gor G <@, if G'is obtained by dividing one or several groups of G to smaller
groups respectively. By this operation, each group in G’ is contained entirely in one
group in G, G < G" and |G'| = |G| + 1.

The following theorem is from [30].

Theorem 3.5 ([30]). Consider two grouping schemes G and G'. Let 0 < u < oo.

Then G < G implies ]I(ngOiS(“), p) < ]I(fg,OiS(“), ).
As a direct consequence, we have the following corollary.

Corollary 3.2. Let |G| = 3. Then ]I(f;gis(”),u) is strictly positive definite for any

O<p<land0 < p< 0.

Corollary 3.2 shows that with the other assumptions in Theorem 3.1, one needs
only 3 groups for an asymptotically consistent parameter inference for generalized
linear models with hurdle Poisson distributions.

For negative binomial distributions, we have not found similar results. We would

leave the topic as future research.

3.3 Discussion and Conclusions

In this work, we explored some inspiring and interesting properties of grouped and
right-censored hurdle models. In particular, we showed that under mild conditions
the maximum likelihood estimator of grouped and right-censored hurdle models is
asymptotically consistent and normal. We discussed the computational issues of

Fisher information, and established the relations between the Fisher information
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matrices of grouped and right-censored models and the corresponding hurdle models,
with the motivation of developing a stand-alone algorithm for grouped and right-
censored hurdle model inference that is independent of specific count distribution
families. As a consequence, we developed a simple sufficient and necessary condition
for the Fisher information matrix of grouped and right-censored hurdle model to be
strictly positive definite. Therefore, we now see that one needs only three groups for

Poisson distributions to achieve such strictly positive definiteness.
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