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ABSTRACT 

Light-weight steel structures are extensively used around the world for many 

purposes. Latticed tower structures such as communication tower masts and 

transmission line towers are examples of structures, which single angles are a part. 

Robotic welding machines (RWM) and building information modelling (BIM) 

eliminate the constraints of fabricating thin-walled sections like single angles. Such 

members, however, usually experience complex behaviors in the member-global and 

section-local levels. Single angles are often asymmetric sections; their shear center 

does not coincide with the centroid, and they are thin-walled open sections, thereby 

making the section local and/or distortional buckling prevail. Besides, angle members 

are often eccentrically connected; hence, they are susceptible to bi-axial bending. As 

a result of the above, analysis and design of angle structures are decidedly one of the 

most problematic space frames to analyze.  

Designers still employ the full-scale field test for investigations of latticed-like 

structures due to uncertainties associated with the analysis of this kind of structures. 

The current analysis methods and stability checking equations for single angle 

members encountered several difficulties. The linear interaction equations for 

evaluation of asymmetric single angles subjected to axial force and bi-axial 

bending are conservative and inaccurate. Moreover, most design specifications adopt 

the assumption that the flexural buckling will govern the ultimate strength of single 

angles. Besides, the flexural buckling about the principal minor axis is assumed as the 

dominant failure mode in the existing conventional line elements for direct analysis of 

angle structures. On the other side, full-scale tests on transmission towers revealed 

large discrepancies between the numerical simulation and experimental results 
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because the significant joint slip effects have not well considered in the former. The 

existing joint slip models are oversimplified that many key parameters had not been 

taken into account. Therefore, this research intends to provide robust and efficient 

analysis and design scenarios for angle members in line with the member-based design 

methods and direct analysis method (DAM). 

In this thesis, a finite-element (FE) modelling protocol is developed to simulate 

single angle members employing the shell-based FE method. The member 

imperfections, including the initial geometric imperfections and residual stresses are 

explicitly modelled. The FE results are thoroughly validated and verified using the 

analytical and experimental results in the literature. Based on extensive FE results, a 

new hand-calculating design method considering the section plasticity and member 

stability is proposed; the member global buckling such as flexural and flexural-

torsional buckling are well-considered. For DAM, an effective stress-strain 

relationship for single angle members is presented. The member imperfections, 

including the global and local imperfections, are implicitly incorporated in the 

proposed curve. The relationship is so simple that it can be adopted to implement the 

direct analysis of angle structures utilizing any conventional line elements. 

Furthermore, an advanced joint slip model accounting for the number of bolts, bolt 

load, friction at contact face, angle sizes and plate thickness, steel and bolt grades, and 

hole tolerance are developed for further incorporation in the second-order direct 

analysis of transmission towers. A batch of examples is used to illustrate the accuracy 

and efficiency of the proposed design and analysis methods. This work is essential for 

the practical design of steel structures with angle sections.  

Investigating the complex behavior of general thin-walled members are decidedly 
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important; thus, simulations of such members with arbitrary-shaped cross-sections for 

static and dynamic loads are provided in the final part of the thesis utilizing an 

integrated FE modelling protocol. This work is motivated by the higher accuracy of 

the shell FE-based modelling to capture the local and global complex behaviors of 

asymmetric thin-walled members.    

  

Keywords: Angle structures, Single angle, Thin-walled, Bi-axial bending, Plastic 

design, Stress-strain relationship, Direct analysis, Finite element method. 
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LIST OF SYMBOLS 

Latin upper-case letters. 

𝐴 Cross-sectional area of the angle member.  

𝐴  The cross-sectional area of the bolt at the shear plane. 

𝐸 or 𝐸  Modulus of elasticity. 

𝐹 ,  Shear resistance per shear plane of bolts.    

𝐹 ,  Bearing resistance of bolts. 

𝐹 ,  Design block tearing resistance. 

𝐼  and 𝐼  The second moment of area about principal 𝑈- and 𝑉-axes. 

𝐿 Member length. 

𝑀  Critical lateral torsional buckling moment. 

𝑀  First yield moment for major axis bending. 

𝑀  First yield moment for minor axis bending. 

𝑀  Full plastic moment for major axis bending. 

𝑀  Full plastic moment for minor axis bending. 

𝑀  Applied moment about major 𝑈-axis. 

𝑀  Applied moment about minor 𝑉-axis. 

𝑁 Applied normal force. 

𝑁  Plastic resistance to normal force or the yield load ( 𝐴 𝑓 . 

𝑁   Critical elastic buckling load. 

𝑁 The number of bolts. 

𝑃  Yield or squash load. 

𝑃  The load at commencement of slip. 

𝑃 . The load at onset of plasticity. 

𝑃  The joint ultimate load. 

𝑇  The bolt pretension. 

𝑈 Major principal axis of angle section. 

𝑉 Minor principal axis of angle section. 
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𝑈  Distance between the shear center and the centroid in the direction 

of the major 𝑈-axis. 

𝑉  Distance between the shear center and the centroid in the direction 

of the minor 𝑉-axis. 

𝑋 Geometrical axes ∥ to the short leg. 

𝑌 Geometrical axes ∥ to the long leg. 

𝑋  Distance between the shear center and the centroid in the direction 

of the geometrical 𝑋-axis. 

𝑌  Distance between the shear center and the centroid in the direction 

of the geometrical 𝑌-axis. 

Latin lower-case letters. 

𝑏 The angle leg width. 

𝑑 The nominal bolt diameter. 

𝑑  The bolt hole diameter. 

𝑒 , and 𝑒  Eccentricities with respect to major and minor axes respectively. 

𝑒  the end distance from the centre of a fastener hole to the adjacent 

end of any part, measured in the direction of load transfer. 

𝑓   The characteristic material yield strength of the steel angle. 

𝑓   The characteristic material ultimate strength of the steel angle.  

𝑓  The yield strength of the bolt. 

𝑓  The ultimate tensile strength of the bolt. 

ℎ The angle leg height. 

𝑚  Ratio of applied moment to plastic bending moment about 𝑈-axis. 

𝑚  Ratio of applied moment to plastic bending moment about 𝑉-axis. 

𝑚 The number of the friction surfaces. 

𝑛 Ratio of normal force to full plastic resistance ( 𝑁/𝑁 . 

𝑛  The bolt preload ratio 𝑇 /𝐴 𝑓  

𝑝  The spacing between centres of fasteners in a line in the direction 

of load transfer. 

𝑡 The angle leg thickness. 

𝑤  Elastic section modulus. 
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Greek upper-case letters. 

Δ The total axial shortening of the angle member (mm). 

Δ  The extent of the slip. 

Δ . The deformation between the end of the slip and the onset of 

plasticity. 

Δ  The deformation from the onset of plasticity to the ultimate load. 

Δ  The joint displacement at the end of frictional load transfer. 

Δ  The joint displacement at the end of slip. 

Δ  The joint displacement at the onset of plasticity. 

Δ  The joint displacement at the ultimate load. 

 

Greek lower-case letters. 

𝛼 The inclination of the principal axis 𝑈 to the geometrical axis 𝑋. 

𝛼  The minimum load amplifier of the design loads to reach the 

characteristic resistance of the cross-section without considering 

lateral or lateral torsional bucking 

𝛼  The minimum load amplifier of the design loads to reach the 

elastic critical loads with regards to lateral or lateral torsional 

bucking. 

𝛽 Leg length ratio ( 𝑏/ℎ) 

𝛽  The monosymmetric constant for unequal leg angles. 

𝛽  Buckling curve parameter. 

𝛽  Reliability index. 

𝛾 , and 𝛾  The ratios of the points of intersection of the plastic neutral axis 

with the angle legs. 

𝜀   Yield strain ( 𝑓 /𝐸). 

𝜀 The longitudinal axial strain, 𝜀 𝛥/𝐿. 

𝜖  The peak-buckling strain in the effective 𝜎 𝜖 curve. 

𝜆  Slenderness ratio 𝐿/𝑟  

�̅� Non-dimensional slenderness ratio 𝑁 /𝑁    

𝜆  Global non-dimensional slenderness ratio 𝛼 /𝛼    
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𝜆  Effective plate slenderness ratio ℎ/𝑡 𝑓 /𝐸  

𝜇 The friction coefficient. 

𝜈  Poisson’s ratio. 

𝜉  The amplitude of the residual stress distribution 

𝜌  Material density (𝑘𝑔/𝑚 ) 

𝜎 The longitudinal average axial stress, 𝜎 𝑃/𝐴.  

𝜎  The peak-buckling stress in the effective 𝜎 𝜖 curve. 

𝜒  The reduction factor to account for lateral and lateral 

torsional buckling. 

𝜔 The section capacity factor 
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CHAPTER 1.  

INTRODUCTION 

1.1 Background 

Steel structures with single angle members are commonly used worldwide for 

different purposes. Roof trusses, decks, bridges, multistory buildings and industrial 

buildings are examples of angle structures. In addition, latticed tower structures are 

widely used in the form of communication tower masts, antenna-supporting towers, 

and transmission line towers. Angle members are usually adopted in these kinds of 

structures as main or secondary (bracing) members because they can reduce material-

cost and provide a less self-weight, so that inertia forces, transportation expenditure, 

foundation and installation cost can be reduced. 

Tall angle structures with limited widths and limited bending actions usually have 

complex behaviors, due to their truss forms. Such a complexity is decidedly associated 

with angle members attached to other members by one leg only, thereby making such 

members are loaded eccentrically. Indeed, single angles are often asymmetric, 

eccentrically connected and the cross-section’s centroid and the shear center are not 

coincident. Further, single angles represent thin-walled open sections and the torsional 

stiffness of such sections is quite small. Thus, they may experience torsional buckling, 

local plate buckling and warping deformations. In addition, single-angle principal axes 

do not coincide with the geometrical axes; hence, such a geometry causes biaxial 

bending about the cross-section principal axes even if the transverse loads lie in the 

direction of its geometrical axes parallel to the legs. As a result of the above, angle 

members may exhibit different failure and buckling modes such as section distortional 
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buckling, flexural buckling, or interactive flexural-torsional buckling. Figures 1-1 to 

1-6 show typical structural forms mainly made of angle members. 

 

 
Figure 1-1 Bracing Systems for Steel Lattice Structure Towers (Tah et al., 2017); (a) 

power transmission towers, (b) telecommunication tower. 
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Figure 1-2 Different geometries for latticed towers (Tah et al., 2017); (a) 123 kV 

laticced tower, (b) telecommunication tower 
 

 
Figure 1-3 Communication tower masts (Technologies)  

 

(a) 

(b) 
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Figure 1-4 Full-scale test of the Taung Twin GYI - Shwe Taung 230kV Double 

Circuit transmission line project 
 

  
Figure 1-5 Eifel tower iron lattice structure, Paris, France, Photo by Benh Lieu 

Song / Wikimedia, modified by Aatish Bhatia 
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Figure 1-6 Self-supporting Tower (Hengshui Kehang Metal Structure Co.) 

In the design codes of the member design, current design practices, such as 

EN1993-1-1 Eurocode 3 (2005a), Specification for structural steel buildings AISC 

360-16 (2016) and Code of practice for structural uses of steel in Hong Kong CoPHK 

(2011), employ member-based effective length method (ELM) compiled with some 

empirical design equations for a single angle member. This method is mainly based 

on modified effective slenderness ratios or on the effective area to consider end 

eccentricities. Such a simplification is, however, applicable to welded or minimum 

two bolted connections, while in case of single bolted connections, the interaction 

formulas should be adopted to combine the effect of biaxial bending and normal forces. 

Alternatively, the member capacity can be checked utilizing a more scientific direct 

analysis method (DAM); such an advanced method explicitly accounts for different 

complexities and failure modes associated with member behavior. But, for any of these 

methodologies, several difficulties are noted. 

Firstly, for ELM, there are two design approaches for single angles in current 

design codes: I) simple-column approach, II) beam-column approach. The former 



INTRODUCTION 

____________________________________________________________________ 
6 

 

treats the eccentric member as a simple column and applies an implicit way to consider 

end eccentricities; however, this simplification is limited to the design of angle 

members connected by two or more bolts. Furthermore, single angle members with 

relatively high width-to-thickness ratios may buckle in a torsional or a flexural-

torsional buckling (FTB) mode; thereby, a separated check, using a set of tedious 

equations, should be carried out to account for FTB. It might be quite reasonable in 

case of mono-symmetric cross-sections (equal leg angle), while for asymmetric cross-

sections (unequal leg angle), the accurate calculations of the cross-section properties 

should be extended to calculations of key parameters such as Wagner coefficient (𝛽 ). 

Instead, the advanced or nonlinear plastic analysis or testing should be applied for the 

determination of the member capacity.  

The second, member-based, approach treats the eccentric single angle as a beam-

column, and the interaction equations combining the effect of biaxial bending and 

normal forces are applied – but the existing code-provided equations were mainly 

derived from research on doubly symmetric I-sections; in which the maximum stresses 

about each principal axis are evaluated independently. Indeed, they could be applied 

for doubly symmetric cross-sections because most critical stresses are located at one 

of the four corners of the cross-section – but, for mono-symmetric or asymmetric 

cross-sections, the critical stresses about both principal axes may not coincide; thereby, 

making these equations usually lead to an overly conservative design. Furthermore, 

Class 1 (plastic) and Class 2 (compact) cross-sections should be designed utilizing the 

plastic reserve of the cross-sections. For single angles, the plastic interaction surfaces 

are decidedly nonlinear, which are clearly reported in the literature employing the 

nonlinear equations for the plastic surface (Charalampakis, 2011; Cho & Chan, 2008); 

however, the existing interaction equations in various design practices are linear. 
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The second-order direct analysis method (DAM) is considered an innovative 

approach for angle trusses avoiding the error of estimating effective length and 

accounting for different non-linear effects. Modern design practice (AISC 2016; EC3 

2005a; CoPHK 2011) highly recommended the direct analysis method for angle 

structures to assess the structural stability using a more scientific system-based 

approach. Indeed, different numerical methods, such as line finite-element method 

(LFEM), finite strip method (FSM), and shell finite-element method (SFEM), 

underpin the development of DAM; they are, however, quite complicated. Generally 

speaking, the global frame imperfection and local member imperfections, as well as 

the joint effects such as joint slippage and the joint flexibility will significantly impact 

the structure deformations and thereby the structural performance; therefore, they 

should be taken into account in the DAM. The accuracy of the DAM is basically 

dependent on the element formulations and the modelling methods of imperfections, 

as well as, the modelling of the joint effects (slippage and/or semi-rigid connection). 

It is reported that the experimental tests of full-scale angle towers revealed 

discrepancies between the numerical estimations and experimentally measured 

deflections.  

In summary, single angle members with asymmetric or mono-symmetric cross-

sections and connected eccentrically at both ends together with the slippage or semi-

rigidity of the joints are making the latticed angle structures one of the most complex 

structural forms to analyze and design. 

1.2 Objectives  

The main objective of the research is to propose robust and efficient analysis and 

design scenarios for single angle members, thereby, angle structures. The direct 
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analysis (DAM) and hand-calculating design methods, which are implemented to 

evaluate the buckling strength of angle members, will be investigated. The modelling 

techniques of the residual stress and member initial geometric imperfections for angle 

members will be examined. With this purpose, a framework and FEM protocol to 

simulate single angle member together with its end joints will be developed, utilizing 

the python scripting technique in ABAQUS, and presented in a form of a graphical 

user interface (GUI) for more modelling convenience. Benchmark numerical and 

experimental results for general thin-walled members, specifically single angles, will 

be provided for referencing and verification purposes. As a result, a more accurate 

nonlinear analysis of the angle structures can be established based on this research.  

The research objectives are summarized below. 

 To give an overview of existing methodologies for design and analysis of angle 

structures. Direct analysis method (DAM) and different numerical solutions 

for analysis of thin-walled members (e.g. single angles) will be reviewed and 

discussed.  

 To develop a finite element model to investigate the buckling behavior of 

single angle member under bi-axial bending and normal forces. The shell-finite 

element model (SFEM) considers explicitly the member geometric 

imperfections and residual stresses. A consistent framework will be developed 

for easy and fully controlled modelling. Further, the proposed model will be 

used for an extensive parametric study and design recommendations. 

 To introduce a new simply hand-calculating design method for both Class 1 

and Class 2 single-angle cross-sections accounting for the section plasticity 
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and the member buckling such as flexural buckling and flexural torsional 

buckling.  

 To develop an effective stress-strain relationship for single angle member 

undergoing global and distortional buckling based on the developed 

framework for the FE model. This relationship will be further incorporated in 

line finite-element method (LFEM), to implement the direct analysis method 

(DAM) for single angle structures, with implicit consideration of member 

geometric imperfections and residual stresses. 

 To develop a sophisticated solid finite-element (FE) model incorporating more 

realistic parameters for single angle bolted connection, which will be 

calibrated by the experimental data from the literature. This model will be 

compiled with the initially proposed framework to provide an integrated 

routine for the member and joint FE modelling. Finally, and based on extensive 

FE results, an advanced joint slip model for single angle bolted connections 

will be provided for further incorporation in the second-order direct analysis 

of transmission towers. 

 Taking the advantage of the python scripting technique in ABAQUS, a FE 

modelling protocol to simulate general thin-walled members with any arbitrary 

cross-sections, regardless of whether they are open, closed, and multicellular 

shapes, will be developed for static and dynamic analyses. Elastic buckling, 

static nonlinear, modal frequency, and dynamic time-history analyses for thin-

walled members will be included. The framework will be thoroughly validated 

and verified using existing analytical and closed-form solutions, as well as 

experimental results available in literature. 



INTRODUCTION 

____________________________________________________________________ 
10 

 

1.3 Outline of the Thesis 

The thesis is organized into eight chapters as follows. 

Chapter 1 introduces the characteristics and current application of angle structures and 

reviews the background of the research. The defects of the current design approaches 

and the limitations in numerical methods are discussed. The chapter concludes by 

presenting the research objectives and the content of this thesis.  

Chapter 2 makes a detailed review of previous research on single angle members and 

numerical analysis methods. Firstly, conventional design approaches for single angle 

members, including experimental research and empirical design formulas are 

presented. Secondly, the research work reported on the second-order analysis based 

on the finite-element theory for angle trusses, and towers are discussed. Different 

numerical solutions for analysis of general thin-walled members are reviewed and the 

main features of these methods, and their applications in practice are elaborated. 

Finally, the simulation of member behavior and the modelling of joint effects, which 

are implemented in the existing second-order DAM for angle trusses and transmission 

towers, are presented. 

Chapter 3 presents a detailed, reliable and efficient finite-element (FE) model based 

on ABAQUS to investigate different failure modes and ultimate capacities for steel 

equal-leg and unequal-leg single angle member under bi-axial bending and normal 

forces. The stress-strain curves and different residual stress distribution patterns 

measured experimentally and available in the literature are incorporated in such a 

model. Theoretical solutions of elastic buckling loads and experimental results for 

equal and unequal-leg angle specimens from the literature have been used for 
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verifications. A framework for totally automatic FE model generation, job submission, 

and post-processing of the analysis results is developed. This could be used to generate 

a series of FE models for extensive parametric studies.  

Chapter 4 provides a simply hand-calculating design method for single angle member 

using the full plastic capacity of single angle cross-sections. Based on the results 

obtained from the verified FEM in chapter 3, a new interaction equation of single angle 

member considering the section plasticity and the buckling resistance of the angle 

members is presented. Further, a simplified method for calculating the first yield 

(elastic) moments at critical points of the angle cross-section considering the 

interaction between the normal force and the bi-axial bending is calculated. In addition, 

a simplified equation for predicting the elastic flexural and flexural-torsional buckling 

loads for a single angle member, regardless of whether it is equal or unequal-leg angle, 

is proposed based on the finite-element results and theoretical equations. Examples 

are provided to present the application of the proposed method.  

Chapter 5 presents a sensitivity study of the flexural-torsional buckling of an 

eccentrically loaded single angle member compared to the flexural buckling mode 

about the principal minor axis which is assumed and implemented in the available 

advanced line elements for angle structures. Moreover, an effective stress-strain 

relationship for a single angle member, which considers implicitly the member 

imperfections as well as a member (global) and a section (local) buckling, is proposed. 

The examples show that the proposed method is sufficiently accurate, and therefore, 

it can be employed in the practical design of angle structures. 

Chapter 6 presents a sophisticated solid finite-element model for investigating the 

behaviour of single angle bolted joint. More realistic parameters are explicitly 
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incorporated in the finite-element (FE) model which is developed and calibrated by 

the experimental results from the literature. Considerations of bolt load, friction at 

contact face, angle sizes and plate thickness, steel and bolt grades, number of bolts and 

hole tolerance are thoroughly presented. The proposed FE model is accordingly 

utilized for an extensive parametric study of joint behaviors. Finally, an advanced joint 

slip model is provided for further incorporation in the second-order direct analysis of 

angle towers. The proposed model shows high accuracy and can be simply determined 

by joint details in line with the component method specified in Eurocode 3-1-8. 

Chapter 7 validates a finite element (FE) modelling protocol to simulate thin-walled 

members for static and dynamic analyses. Arbitrary-shaped cross-sections, including 

open, closed, and multicellular sections can be easily modelled for further advanced 

study. The framework is thoroughly validated and verified using existing analytical 

and closed-form solutions, as well as experimental results available in the literature. 

This work is motivated by the higher accuracy of the shell FE-based modelling to 

capture the local and global complex behaviors of asymmetric thin-walled members. 

Chapter 8 summarizes and concludes the research. The chapter highlights the 

achievements of this study and concludes by providing recommendations for future 

works. 
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CHAPTER 2.  

LITERATURE REVIEW 

2.1 Introduction 

This chapter presents a review of the conventional design methods and the more 

scientific direct analysis method (DAM) for angle structures. The chapter begins with 

a summary of several studies on single angle members and their applications in 

different angle structures. The codified design methods for a single angle member are 

briefly discussed according to various design specifications, whereas, the 

experimental and numerical investigations of single angles’ behavior and proposed 

empirical design methods are presented. Moreover, the second-order direct analysis 

method for steel structures is briefly elaborated. Different numerical methods, that 

leverage the DAM, are reviewed and elaborately discussed. Line finite-element 

method (LFEM), finite strip method (FSM) and shell finite-element methods (SFEM) 

are provided for investigating of asymmetric thin-walled members. Furthermore, the 

connections and joint behaviors (e.g. joint slippage), which have a substantial effect 

on the angle structures’ behavior, are highlighted. Finally, existing applications of 

direct analysis methods and nonlinear analytical techniques for angle structures 

(latticed steel transmission towers) are thoroughly reviewed.  

2.2 Conventional Design Approaches for Single Angle 

Members 

The critical issue to be handled in design of a steel member is the estimation of 
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the member resistance, where the prediction of the member buckling strength is the 

most challenging part. The conventional design methods adopt the effective length 

method (ELM) for evaluating the member buckling strength. Firstly, the member 

forces and moments are calculated employing the linear analysis, in which the actual 

and buckling behaviors are not reflected in such an analysis. Later, in the design stage, 

the nonlinear effects such as the initial imperfections, P-δ and P-Δ effects, are used to 

amplify the linear forces and reduce the section capacity, thereby, checking the safety 

of each member individually. In such a method, further to the inconsistency between 

the analysis and design stages, the mono-symmetric or asymmetric angle members are 

complicated to determine the section capacity compared to the doubly symmetric 

sections – also the unavoidable end connections make the members loaded 

eccentrically. Accordingly, this method is inappropriate and inaccurate for design of 

unconventional slender structures such as angle structures – it might lead to unsafe or 

uneconomical design.  

2.2.1 Conventional prescriptive design methods 

As the conventional design method is basically dependent on the first-order linear 

theory with the use of effective length to account for the buckling effect, current design 

practice such as EC3 (2005a), AISC (2016), and CoPHK (2011) employs two major 

approaches for single angle members. The first one is a simple-column approach, 

which treats the eccentrically loaded single angles as simple columns with modified 

slenderness ratios. Whilst the latter is a beam-column approach, which treats 

eccentrically loaded single angles as beam-columns and adopts the interaction 

equations to combine the effect of normal forces and bi-axial bending. In the following 

sections, a brief review of different formulations in different design codes referring to 
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these two approaches is presented. 

2.2.1.1 AISC specification for structural steel buildings (AISC)  

For mono-symmetric and asymmetric members, the nominal compressive 

strength shall be determined based on the limit states of torsional and flexural-torsional 

buckling. 

𝑃 𝐹 𝐴    𝑜𝑟    𝑃 𝐹 𝐴  (2.1) 

The critical stress 𝐹  shall be calculated based on the slenderness ratio (𝜆 𝐿/𝑟 ) 

and the elastic buckling load 𝐹  accounts for flexural and flexural-torsional buckling, 

see clause E.3 and E.4 in AISC (2016) in which 𝐴  and 𝐴  are the gross and 

effective cross-section areas respectively to account for local buckling strength, see 

clause E.7 in AISC (2016).  

Note that the effects of eccentricity of single angle members could be neglected 

by applying the simple-column approach with one of the effective slenderness ratios 

in clauses E.5(a) and E.5(b) in AISC (2016), provided that the following requirements 

are met; 

1- Both-ends connections are at the same leg. 

2- Connections are minimum two-bolted or welded. 

3- No transverse loads are applied with the member. 

4- The slenderness ratio (𝜆 𝐿/𝑟 ) does not exceed 200. 

5- For unequal leg angles, the ratio of long leg width to short leg width is lesser 

than 1.7 (i.e. the leg length ratio 𝛽 0.59). 

Single angle members that do not meet these requirements shall be evaluated using 

the beam-column approach, and the interaction equations should be used to combine 
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the effect of bi-axial bending and normal forces. The combined critical stresses at 

specific locations of a mono-symmetric single angle member should be limited 

according to the following equations. 

𝑃
Φ 𝑃

8
9

𝑀 ,

Φ 𝑀 ,

𝑀 ,

Φ 𝑀 ,
1.0 𝑓𝑜𝑟

𝑃
Φ 𝑃

0.2 (2.2a) 

𝑃
2Φ 𝑃

𝑀 ,

Φ 𝑀 ,

𝑀 ,

Φ 𝑀 ,
1.0 𝑓𝑜𝑟

𝑃
Φ 𝑃

0.2 (2.2b) 

where, 𝑃  and 𝑃  are the required and nominal compressive strength respectively; 

𝑀  and 𝑀  are the required and nominal flexural strength respectively; Φ  and Φ  

are resistance factors for compression and flexure; 𝑢 and 𝑣 refer to the major and 

minor principal axes. While for an unsymmetrical single angle member (i.e. unequal-

leg angle) the linear interaction equation for compression and flexural stresses at the 

point of consideration shall be limited by the following equation. 

𝑓
Φ 𝐹

𝑓 ,

Φ 𝐹 ,

𝑓 ,

Φ 𝐹 ,
1.0 (2.3) 

where, 𝑓  and 𝐹  are the required and critical compressive stress at the location of 

consideration; 𝑓  is the required flexural stress at the point of consideration; 𝐹  is 

the design flexural stress (=𝑀 /𝑆 ). 𝑀  is the nominal flexural strength and the 

section modulus 𝑆  is calculated at the specific location in the cross section 

considering the sign of stress; Φ  and Φ  are resistance factors for compression and 

flexure ( 0.9); 𝑢 and 𝑣 refer to the major and minor principal axes. 

For evaluation of the AISC beam-column approach, different researchers have 

conducted extensive comparison study with the experimental results. Adluri and 

Madugula (1992); (1996) indicated that AISC interaction equations are conservative 
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based on 71 test results. Temple and Sakla (1998b) reported ultimate capacities two to 

three times higher than AISC predicted values. Furthermore, Sakla (2005) concluded 

that the AISC predictions of equal-leg angles capacities are better and more accurate 

than that for unequal-leg angle members.   

2.2.1.2 EN 1993-1-1: 2005 Eurocode 3: Design of steel structures  

The existing design approaches in EN1993-1-1 (EC3 2005a), for beam and 

column buckling, are basically adopted in well-known Ayrton-Perry format (Ayrton 

& Perry, 1886; Szalai & Papp, 2010). This format adjusted the imperfection factors 

according to the cross-section, axis of buckling and yield stress. Different researchers 

extended the Ayrton-Perry formulas and proposed design methodologies for steel-

members undergoing flexural and flexural-torsional buckling (Hashemi & Jafari, 2012; 

Tankova et al., 2015). For a single angle member (L-sections) the buckling curve “b” 

in EN1993-1-1 was adopted for flexural buckling about any axis. Moreover, EN1993-

1-1 uses the same two approaches for the design of single angle members (i.e. simple-

column and beam-column approaches). EN 1993-1-1 neglects the effect of end 

eccentricities and treats angle members as simple columns if the end connections are 

provided with appropriate fixities (i.e. minimum two-bolted or welded connections). 

The effective dimensionless slenderness ratio will be as follows. 

�̅� , 0.35 0.7�̅�  for buckling about minor 𝑣-axis (2.4a) 

�̅� 0.5 0.7�̅�  for buckling about geometrical 𝑥-axis and 𝑦-axis (2.4b) 

For single bolted connection of angle web members, end eccentricities should be 

taken into account using the interaction equation for members subjected to combined 

bending and compression (clause 6.3.3 in EC3) as follows.  
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𝑁
𝜒 𝑁

𝐾
𝑀 ,

𝜒 𝑀 ,
𝐾

𝑀 ,

𝑀 ,
1.0 (2.5a) 

𝑁
𝜒 𝑁

𝐾
𝑀 ,

𝜒 𝑀 ,
𝐾

𝑀 ,

𝑀 ,
1.0 (2.5b) 

in which 𝑁  and 𝑀  are the design values of the compressive force and the 

maximum moments along the member; 𝑁  and 𝑀  are the design resistance of 

the cross-sections for uniform compression and bending respectively; 𝜒  and 𝜒  

are the reduction factors due to flexural buckling about minor 𝑣-axis and lateral 

torsional buckling respectively based on Ayrton-Perry formulas; 𝑢 and 𝑣 refer to 

the major and minor principal axes; Kvu, Kvv, Kuu, and Kuv are the interaction factors 

from Annex A of EN1993-1-1.  

EN1993-1-1 presents a general method in clause 6.3.4, for lateral and lateral 

torsional buckling of structural members such as single angle members. In this method, 

the overall resistance to out-of-plane buckling for any structural member can be 

verified by ensuring the satisfaction of the following equation. 

𝜒 𝛼 ,

𝛾
1.0 (2.6) 

where 𝛼 ,  is the minimum load amplifier of the design loads to reach the 

characteristic resistance of the cross-section considering its in-plane behavior with the 

effects of initial geometric imperfection and local buckling; 𝜒  is the reduction 

factor for the global non-dimensional slenderness ratio (𝜆 ) to account the effects of 

lateral and lateral torsional buckling. 

𝜆
𝛼 ,

𝛼 ,
 (2.7) 



CHAPTER2 

____________________________________________________________________ 
19 
 

According to the clause 6.3.4, the global non-dimensional slenderness ratio λop may 

be determined through the finite element analysis method, which makes the method 

tedious and unfeasible in engineering practices. 

2.2.1.3 Code of practice for structural uses of steel in Hong Kong 

(CoPHK) 

Hong Kong code (CoPHK 2011) applies the same approaches for single-angle 

web member connected by two or more bolts by using the effective slenderness ratio. 

However, the slenderness ratio (𝜆) should be calculated from the larger of the actual 

member length and the following: 

𝜆 0.35 0.7𝜆 / 93.9𝜖   for buckling about minor 𝑣-axis (2.8a) 

𝜆 0.5 0.7𝜆   / 93.9𝜖  for buckling about two geometrical axes (2.8b) 

in which 𝜀 275/𝑓 . 

While for a single bolted connection, 80% of the axial compression resistance of the 

two or more bolts connection shall be used. Alternatively, especially for short 

members, the effect of end eccentricities should be considered using the beam-column 

approach or by a second-order analysis allowing for eccentric connections and 

member imperfections. Therefore, for a compression member under combined axial 

force and moments, the member resistance can be checked using the following 

equations.  

𝐹
𝑃

𝑚 𝑀
𝑀

𝑚 𝑀
𝑀

1.0 
(2.9) 

𝐹
𝑃

𝑚 𝑀
𝑀

𝑚 𝑀
𝑀

1.0 
(2.10) 

𝐹
𝑃

𝑚 𝑀
𝑀

𝑚 𝑀
𝑀

1.0 
(2.11) 
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in which, 𝐹  is the design value of the compressive force; 𝑃  is the smaller 

compression resistance under sway mode (i.e. smaller of 𝑃  and 𝑃 ); 𝑃  is the 

compression resistance under sway mode about minor 𝑣-axis; 𝑃  is the smaller of 

the axial force resistance under non-sway mode from second-order analysis or taking 

member length as the effective length; 𝑀  and 𝑀  are the maximum first-order 

linear design moments about two principal axes; 𝑀  and 𝑀  are the maximum 

design moments amplified for the P-Δ-δ effect about two principal axes; 𝑀  and 

𝑀  are the elastic moment capacity (=𝑊 𝑓 ). 𝑀  is the maximum design moment 

amplified for the P-Δ-δ effect about major u-axis governing 𝑀 ; 𝑀  is the buckling 

resistance moment; 𝑚 , 𝑚 , and 𝑚  are the equivalent uniform moment factors for 

flexural buckling about u-axis, v-axis and lateral torsional buckling respectively. Note 

that single angle member with small thickness-to-length ratios may buckle in torsional 

or flexural-torsional mode. Therefore, a check should be carried out by considering 

the interaction between the two mode of buckling. 

For evaluation of different design codes for single angle members’ design, Fong 

et al. (2009) conducted a comparison study between the predicted codified results, 

including EC3 (2005a), AISC (2016), and CoPHK (2011) and the test results of angle 

trusses. It is reported that all design codes provide a safe design for single angle 

members. However, EC3 (2005a) and AISC (2016) are too conservative, whereas the 

difference, almost 70%, was observed for members with single bolted connection. 

This could be attributed to that the provided interaction equations were basically 

derived for doubly symmetric sections. Further, it is observed that CoPHK (2011) gave 

closest results to the experimental failure load, and this implies the use of 80% of the 

axial compression resistance of the two or more bolts connections for members with 
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single bolted connection. On the other hand, EC3 (2005a) and CoPHK (2011) closely 

predicted the failure load for double bolted connections. This is due to the assumption 

of the effective length, which is quite close to the actual buckling length; also, their 

simplified formulas for modified slenderness ratios are quite reasonable. 

2.2.2 Experimental research 

Experimental studies are the prevailing approach to investigate the behavior of 

single angle members. Different parameters have been examined to elaborate the 

complexities of the single angles’ behavior. Kitipornchai, S. and Lee, H. W. (1986) 

studied the inelastic buckling of the Angle and Tee struts with a modified slenderness 

ratio ranged from 0.33 to 1.08. Evaluations and comparisons with different design 

codes were carried out, and design recommendations were provided. Adluri and 

Madugula (1996) investigated the flexural buckling strength of steel equal-angle 

members under concentric compression; a total of 26 hot-rolled specimens were tested. 

The width-to-thickness ratios varied from 6 to 16, and the slenderness ratios varied 

from 68 to 188. Residual stresses within the angle cross-sections were determined, and 

the initial out-of-straightness was measured; hence, a column buckling curve was 

developed. Furthermore, Shi et al. (2012) investigated the local buckling behavior of 

high strength (420MPa) equal angle columns under compression. A total of 15 stub 

columns were tested, and an evaluation with different design codes and corresponding 

finite-element model was presented. 

For eccentrically loaded angles, Temple and Sakla (1998a) provided an 

experimental program to investigate the behavior and the load-carrying capacity of 

single angles welded by one leg to a gusset plate. The inconsistency between the 

simple-column approach and the actual behavior of the single angle, as an 
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eccentrically loaded member, was investigated and a verified FE model was further 

used for an extensive parametric study. Accordingly, the effects of the gusset plate 

thickness, width, and the unconnected length were examined. More recently, Tian et 

al. (2018) conducted an experimental study focusing on the single-angle compression 

member bolted at both ends by a single high-strength bolt. A total of 47 specimens of 

equal leg angles with one leg connected at ends were tested under a compression force. 

Based on the test results and codified analytical models, design implications were 

provided. Moreover, Liu and Hui (2010a) placed more emphasis on the beam-column 

approach for a single angle member. A total of 28 equal-leg pin-ended single angles 

were examined under a wide range of eccentricities causing either major or minor 

principal axis bending. An extensive parametric study using a benchmarked FE model 

was conducted to investigate different parameters (e.g. slenderness ratios, 

eccentricities with respect to the major and minor axis, initial imperfections and the 

leg width-to-thickness ratios (h/t)). Based on the FE results, a new interaction equation 

has been provided using the critical eccentricity scenario (Liu & Hui, 2010b); however, 

the compression and flexural resistance in the proposed equation were kept the same 

as in AISC. Afterwards, Liu and Chantel (2011) extended the study to the behavior of 

steel single unequal-leg angles under eccentric compression. A total of 26 specimens 

were tested, and it was reported that for eccentrically loaded angles causing major axis 

bending and short leg in compression, the presence of moments might result in 

ultimate loads higher than its axial capacity. 

To take most advantage of the light-weight cold-formed structures, a great deal of 

research has been conducted to investigate the behavior of cold-formed angle sections. 

Madugula et al. (1983) investigated the load carrying capacity of pin-ended 

concentrically loaded cold-formed single angles. Experimental and theoretical results 
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were obtained and compared to the predicted values by different design codes. 

Afterwards, the effect of end connections on the member’s failure loads has been 

investigated (Madugula & Ray, 1984). Experimental failure loads of eccentrically 

cold-formed steel angles showed conservative values compared to the predicted failure 

loads. Consequently, a series of compression tests was carried out to investigate 

different affecting parameters on cold-formed angle sections such as end boundary 

conditions (Popovic et al., 1999), geometrical conditions (e.g. perforated angles) 

(Dhanalakshmi & Shanmugam, 2000), slenderness ratios (Popovic et al., 2001), and 

imperfections (Dubina & Ungureanu, 2002). Young and his co-workers presented a 

number of papers for experimental and numerical investigation of the behavior of 

cold-formed equal and unequal steel angles (Ellobody & Young, 2005; Young, 2004; 

Young & Chen, 2008; Young & Ellobody, 2007). Recently, Landesmann et al. (2017) 

placed more emphasis on investigating the behavior of the short-to-intermediate pin-

ended cold-formed steel equal angle columns. Due to the limited experimental failure 

loads of slender pin-ended columns with relatively high slenderness ratios, an 

experimental study has been carried out; then, the results were used for further 

assessment of the proposed direct strength method (DSM) for thin-walled angle 

columns. 

Moving from member-based experiments to system-based tests (i.e. full-scale 

tests), Chan and Cho (2005) derived a new design method for angle trusses using 

second-order nonlinear analysis. A laboratory test of web members in a full-scale 

simple truss was conducted for validation purpose. Two single angle members with a 

slenderness ratio around 150 connected as web members in a simply supported truss 

were tested. The single bolt and double bolts end connections were examined, and the 

same side and alternative sides arrangements of the web members were also studied. 
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The failure modes and member forces were recorded. Accordingly, a comparison 

study was provided to calibrate the proposed method with the experimental and 

codified results.  

On the other hand, some researchers, in their experimental programs, focused on 

quantifying the residual stress distribution patterns. Ban et al. (2012) used the 

sectioning method to obtain the residual stress magnitudes and distribution for 15 

high-strength equal-angle sections. It has been found that the residual stress values 

were significantly correlated with the width-to-thickness ratios of the angle leg. A 

quadratic curve, trigonometric function and bilinear-models were proposed. Further, 

Može et al. (2014) measured the residual stresses on 6 hot-rolled and two welded 

equal-angles by sectioning method. Based on the test results, the most appropriate 

residual stress patterns were incorporated in a nonlinear FE analysis and equal-leg 

angle buckling curves were obtained. Because the RS distribution pattern was 

evaluated in most cases for equal leg angle, an experimental investigation needs to be 

carried out to recognize the favorable pattern for the unequal-leg angle.  

Finally, some researchers have been devoted to studying single angles in various 

applications. For example, Theofanous et al. (2015) conducted an experimental 

program to investigate the flexural behavior of stainless steel unsymmetric sections 

such as angles and channels. Oszvald et al. (2016) studied the buckling behavior of 

the corroded steel angle under compression, and the remaining load capacities after 

corrosion were examined. 

2.2.3 Empirical design formulation 

Based on the experimental research and FE models, attention was turned to 

developing practical design methods using empirical formulas, which can be used for 
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single angle member design. The existing methods dealt with (i) cross-section capacity, 

and (ii) stability or buckling resistance. Consequently, different load cases (i.e. axial 

compression, flexure, and combined axial compression and flexure) have been studied, 

and the member capacity checks were verified using the proposed empirical formulas.  

Concerning the cross-section capacity, Cho and Chan (2008) provided interaction 

equations for the full plastic capacity of single angles, and the effect of axial load on 

moment capacities was studied. However, the derivations of plastic interaction curves 

were mainly based on the idealized cross-section without geometrical thickness and 

presented as follows; 

if the tension at the heel and compression at the toes, 

𝑛 𝑚
𝑚

1 𝑛
1 

(2.12a) 

if the compression at the heel and tension at the toes 

𝑛 𝑚
𝑚

1 𝑛
1 

(2.12b) 

in which, 𝑚  (=𝑀 /𝑀  and 𝑚  (=𝑀 /𝑀 ) are the ratios of the applied 

moment to the corresponding plastic moment of the section; and 𝑛 (=𝑁/ 𝐴𝑓 ) is the 

ratio of the axial load to the yield (squash) load. For more accurate and reliable results, 

Charalampakis (2011) employed a generic algorithm (Charalampakis & Koumousis, 

2008) to prove that the cross-section idealization entailed a significant error in 

determination of the plastic surface, especially when the plastic neutral axis intersects 

the leg at a small angle, and a higher axial load is applied (Figure 2.1). Consequently, 

alternative interaction equations that are more accurate and less conservative were 

presented (Equation (2.13)). A comparison between the interaction curves of 

Equations (2.12) and (2.13) is shown in Figure 2.1. Note that the interaction equation 

for plastic surface could be incorporated in a second-order analysis software as a 
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member’s capacity check for single angles; otherwise, a reduction factor to address 

the stability checks is required in addition.  

For 𝑛 0 the upper and lower parts of the interaction curve are given as: 

𝑛 𝑚 𝜌
|𝑚 |
1 𝑛

| |

1       𝑓𝑜𝑟    2𝑛 1 |𝑛| 𝑚 1 𝑛  

𝑛 𝑚
𝑚

1 𝑛
1 𝑓𝑜𝑟 1 𝑛 𝑚 2𝑛 1 |𝑛|  

(2.13a) 

For 𝑛  0 the upper and lower parts of the interaction curve are given as: 

𝑛 𝑚
𝑚

1 𝑛
1             𝑓𝑜𝑟  2𝑛 1 |𝑛| 𝑚 1 𝑛  

𝑛 𝑚 𝜌
|𝑚 |
1 𝑛

1 𝑓𝑜𝑟 1 𝑛 𝑚 2𝑛 1 |𝑛|  

(2.13b) 

 

 
Figure 2-1 Interaction curves for single angles; 𝑃𝑜𝑖𝑛𝑡 1 0.0, 1

𝑛 ; 𝑃𝑜𝑖𝑛𝑡 2 0.0, 1 𝑛 ; 𝑃𝑜𝑖𝑛𝑡 3 1 𝑛 / 1 𝑛 , 2𝑛 1 𝑛 / 1

𝑛 ; 𝑃𝑜𝑖𝑛𝑡 3 1 𝑛 , 2𝑛 1 |𝑛|  
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Referring to the member buckling resistance, Woolcock and Kitipornchai (1986) 

proposed a design method for single angle web compression members accounting for 

buckling and end eccentricities, also, the arrangement of angles on the same side or 

on the opposite sides could be reflected and considered. Moreover, and based on the 

experimental results of single angle members welded by one leg to a gusset plate, 

Temple and Sakla (1998b) provided a verified FE model which could predict the 

behavior and load capacity of the angle member. Different parameters were examined, 

and an empirical equation was proposed to predict the ultimate load carrying capacity; 

310n a g yP K A f x    kN (2.14) 

where 𝐴  is the area of the angle member; 𝑓  is the yield stress; and Ka is a constant 

which depends on the gusset plate width, thickness and the member slenderness ratio. 

Based on a FE study, Earls (2003) proposed equations for predicting the flexural 

strength of single angle beam bent about the major principal axis considering the 

slenderness ratio of the beam (𝜆 𝐿 /𝑟  and leg width-to-thickness ratio (ℎ/𝑡) as 

follows; 

𝑀
𝑀

ℎ/𝑡
10000

𝐿
𝑟

50 1.5 𝑓𝑜𝑟 8 ℎ/𝑡 14 (2.15a) 

𝑀
𝑀

0.00184
𝐿
𝑟

50
16
ℎ/𝑡

22.4
ℎ/𝑡

𝑓𝑜𝑟 ℎ/𝑡 14 (2.15b) 

where 𝑀  is the ultimate flexural strength and 𝑀  is the yielding moment. 

Trahair (2002a, b, 2003, 2004, 2005) provided a number of related papers 

concerned with the analysis and design of single angle beams. Section moment 

capacities considering the full plasticity for compact sections, first-yield capacities for 

semi-compact sections and local buckling capacity for slender sections were 



LITERATURE REVIEW 

____________________________________________________________________ 
28 

 

developed (Trahair, 2002b). Further investigations of the bearing, shear, and uniform 

torsion capacities of angle section beams were presented (Trahair, 2002a). These 

proposals could be used if the design actions come from second-order analysis, 

including imperfections, otherwise, stability checks are required. Accordingly, Trahair 

(2003) provided approximate formulations for the lateral buckling strengths of steel 

equal and unequal angle beams subjected to uniformly distributed loads acting at or 

away from the shear center. Afterwards, Trahair (2004) extended the study to the bi-

axial bending of steel equal-angle section beams, and further study for unequal-angle 

beams was provided (Trahair, 2005).  

Moreover, Aydın and Doğan (2007) proposed a design method for a single angle 

beam under bi-axial bending. The first yield moment about the major principal axis 

due to the interaction between major and minor axis bending, critical lateral torsional 

buckling moments, and local buckling moments were calculated using dimensionless 

coefficients. Design procedures taking the AISC specifications (2016) into account 

were given and summarized in Figure 2.2. A complementary study for analysis of an 

equal-leg angle beam subjected to bi-axial bending and constant compression force 

was provided (Aydin, 2009). The first yield, full plastic, and lateral torsional buckling 

moments were determined based on the slenderness ratio of the beam and a constant 

normal force. Furthermore, and concerning the single-angle local-buckling resistance, 

Shi et al. (2014) investigated the local buckling behavior of steel equal-leg single-

angle members with different material strengths under axial compression. The 

relationship between the ultimate local buckling stress as a function of the yield stress 

and leg width-to-thickness ratio (ℎ/𝑡) was proposed. The modified local buckling 

reduction factor could be calculated as follows;   
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𝑄
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𝑓
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ℎ/𝑡 1.1 𝐸/𝑓

 
(2.16) 

 

Figure 2-2 Design procedures for single angle beams under bi-axial bending 
(Aydın & Doğan, 2007)

 

In line with DSM for design of cold-formed steel columns, (Dinis & Camotim, 

2015) proposed novel procedures for pin-ended and fixed-ended equal leg angles. 

Large numbers of ultimate strength data including experimental (≈76) and numerical 

(≈534) results have been presented for referencing and verifications. Section 

distortional, pure torsional, flexural, or interactive failure modes were considered in 

the proposed procedures. This method is proved to provide safe, accurate and reliable 

ultimate failure loads prediction which are akin to the experimental and numerical 
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results.   

For single angle beam-column, Liu and Hui (2010b) showed the inconsistencies 

and conservatism of the current interaction equation suggested in AISC specifications 

(2016). Based on experimental and extensive FE studies, an interaction equation to 

combine the effect of compression and principal axis bending was proposed. A critical 

eccentricity concept and Earls’ equation for angle flexural capacity (i.e. Equation 

(2.15)) were incorporated in the provided equation as follows; 

𝑃
Φ 𝑃

𝑃 𝑒
Φ 𝑀 ,

8
9

𝑃 𝑒
Φ 𝑀 ,

 (2.17) 

where the term 𝑒  is the critical eccentricity value 𝑒 𝑒 𝑒  𝑖𝑓 𝑒

𝑒 ; and 𝑒 0.3�̅� . 𝑈 , in which, 𝑈  is the distance between the shear center 

and the centroid of the cross-section measured in the direction of the major u-axis. 

Recently, and based on an experimental program, Tian et al. (2018) proposed an 

empirical model to determine the effective slenderness ratio, which is complied with 

the current codified models in existing design documents. The proposed model 

showed reasonable predictions of compressive strengths of single angle members 

bolted at both ends by a single bolt. The empirical model for the effective slenderness 

ratio was given as follows; 

𝐾𝐿
𝑟

𝛼 𝛽
𝐿
𝑟

 (2.18) 

in which, 𝛼  and 𝛽  were obtained to minimize the root-mean-square error for 

compressive strength of the tested specimens. 
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2.3 Second-Order Direct Analysis Method 

Second-order direct analysis method (DAM) is an innovative approach for 

evaluating of structures stability. By explicit consideration of the P-𝛿 and P-Δ effects, 

the real behavior of the structure could be captured; and therefore, the use of effective 

length method (ELM) or reduction factors could be vanished. It is with this purpose 

that this method can eliminate the use of the conventional implicit method (i.e. K 

factors, and amplification B1, and B2 factors), thereby moving to more explicit methods 

(Elastic or inelastic analysis). The former mainly considers the equilibrium in the 

deformed shape (imperfect structure) ignoring the cross-section yielding, while in the 

latter, also known as a performance-based method, the attention is directed toward the 

deep consideration of the material yielding and collapse mechanisms within the 

analysis. As a sequence of the above, the evolution of member checking moves from 

system level (K factors) to a member physical length (buckling curve) and right down 

to the cross-section level (section capacity check). Figure 2.3 shows a brief 

comparison between the first-order analysis method and DAM. 

 
Figure 2-3 Comparison between the first-order analysis method and DAM. 
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Current design practices, such as AISC Specification for structural steel buildings 

(2016), and Eurocode 3: EN 1993: Part 1-1 (2005a), recommend the DAM as the 

primary method to design structures for stability. For such requirements, several 

numerical solutions, such as line-finite-element method (LFEM) (Chan & Cho, 2008; 

Cho & Chan, 2008; Du et al., 2017; Hancock & Rasmussen, 2016; Shakourzadeh et 

al., 1995), generalized beam theory (GBT) (Dinis et al., 2006; Gonçalves et al., 2010; 

Martins et al., 2018a; Martins et al., 2018b), finite-strip method (FSM) (Ádány & 

Schafer, 2014; Bian et al., 2016; Khezri, M & Rasmussen, KJR, 2019; Khezri, M & 

Rasmussen, Kim, 2019; Schafer, 2002), and sophisticated shell finite-element method 

(SFEM) (Abdelrahman et al., 2019; Bian, 2017; Farzanian et al., 2019; Hussain et al., 

2018; Schafer, 1998; Tang, Y. Q. et al., 2018; Yu & Schafer, 2007), are proposed and 

implemented for analysis of thin-walled members. Figure 2-4 shows the simulation of 

single angle member utilizing the different numerical methods (LFEM, FSM, and 

SFEM). 

 
Figure 2-4 Simulation of single angle member utilizing different numerical 

methods.
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The main features of these methods and their applications in practice are presented 

as follows. LFEM is widely used in most of practicing engineering, as it employs 

beam-column elements to model structural members for static and dynamic loads. It 

might be the most effective method in terms of numerical implementation with higher 

computational efficiency and more convenience in programming – but, more 

challenges are encountered if the local effects (local and distortional buckling) need 

to be considered. GPT implements a classical beam element, with the cross-section 

distortion due to warping is allowed and the buckling deformations are formally 

decomposed into global, distortional, local, and other modes. Further, the effective 

stiffness is adopted for incorporation in LFEM, thereby establishing the large-scale 

structural analysis – but, the numerical implementation and relatively high difficulties 

in programming, make this method sometimes inappropriate for practical applications. 

Moving to the less applicable methods for large structures (i.e. FSM and SFEM), they 

can basically be used in the analysis of individual members or simple structures, likely, 

in research studies. The former uses line finite strips in a planar analysis to solve 

spatial problems (folded-plate theory), making this method shows unique superiority 

in studying the local, distortional, and global buckling modes of thin-walled members 

– but, it is not able to examine the transient dynamic responses. Due to some 

similarities between FSM and GBT method in terms of the separation of the buckling 

deformations and almost identical end results, a comparison between these two 

methods has been provided in (Ádány et al., 2009). In SFEM, a large number of shell 

or solid elements are adopted to simulate the structural member or system, hence, more 

accurate results can be established. The lower computational efficiency and higher 

programming difficulties, however, are expected. A summary of the essential features 
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and more comparison aspects of the aforementioned numerical methods is presented 

in Table 2-1.  

Table 2-1 Comparisons between the essential features of different numerical methods. 
 Numerical solutions 
 LFEM GPT FSM SFEM 

 Theory Finite-element 
theory 

Beam theory Folded-plate 
theory 

Finite-element 
theory 

 Analysis Static and 
dynamic

Static and 
dynamic

Static (elastic 
buckling)

Static and 
dynamic

 Cross-section 
properties 

Calculations 
are necessary 

Calculations 
are necessary 

Not necessary Not necessary 

 Buckling 
modes 

Global Global, 
distortional, 
local(-plate) 

Global, 
distortional, 
local(-plate) 

Global, 
distortional, 
local(-plate) 

 Tapered 
members 

Allowed Not allowed Not allowed Allowed 

 Practical 
applications 

Member and 
system design 

Member and 
system design 

Member design Member design 

 
2.3.1 Line finite-element method 

In the frame of DAM, the buckling strength of thin-walled asymmetric members 

has been extensively studied in the past century (Bleich, 1952; Salvadori, 1956; 

Timoshenko & Gere, 1961). The conventional design method for latticed steel 

transmission towers (ASCE 2000) is also essentially a member-based design approach 

– but not a more scientific system-based approach, (i.e. the DAM). One of the 

strengths of DAM is that it only needs section capacity check if the failure modes have 

been considered in the analysis process. It is with this purpose, several advanced line-

elements are derived, and basically, they are Hermite cubic element (Bathe et al., 1979; 

Chan & Zhou, 1994; Connor et al., 1968; Fong & Chan, 2012; Iu & Bradford, 2010; 

Teh, 2001; Wood & Zienkiewicz, 1977), stability function element (Chan & Gu, 2000; 

Chen & Lui, 1987; Liew et al., 1999; Oran, 1973), force-based line element (Du et al., 

2017; Neuenhofer & Filippou, 1997, 1998; Souza, 2000; Spacone et al., 1996), mixed 

field element (Bathe, 2007; Zienkiewicz et al., 2005), high-order shape function 
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element (Bai et al., 2020; Bai et al., 2019; Izzuddin & Smith, 1996; Liu et al., 2014a, 

b; So & Chan, 1991), and warping line element (Chan & Kitipornchai, 1987; Hancock 

& Rasmussen, 2016; Kim et al., 1996; Liu et al., 2019; Liu et al., 2018; Shakourzadeh 

et al., 1995).  

The simplest and most conventional line element is the Hermit cubic element, in 

which the third-order displacement shape function is implemented. Three elements, at 

least, to model the member are required to be able to capture an accurate solution 

accounting for the P-δ effect due to the member imperfection (White & Hajjar, 1991) 

– but significant errors are still reported especially when the member is subjected to 

high axial-bending forces (So & Chan, 1991). To handle the pronounced errors due to 

the effect of axial force, stability function element is derived, in which the exact 

integration of the total potential energy equation is employed to derive the element 

stiffness matrix without a need for the numerical quadrature rule, thereby making this 

element more efficient for the geometric nonlinearities. Alternatively, the force-based 

(namely flexibility-based) element is derived based on the numerical integration to 

form the flexibility matrix; more complications and computational expenses, however, 

are expected – but these elements show a superiority for material nonlinearities. 

Moreover, a compound or mixed-field element is proposed, where several Hermit 

elements are adopted, and the deformation of the inner elements are condensed into 

the end-nodes – but the yielding of the inner cross-sections cannot be reflected in 

inelastic analysis. As a sequence, the high-order (fourth or fifth-order polynomial 

displacement function) element is devoted to being utilized, so that one element per 

member modelling and many conveniences in the practical design are established. 

With the fact that most of thin-walled members are asymmetric and the shear center 

and the centroid do not coincide, which decidedly lead to errors when using the 
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conventional line-elements with only 6 degrees of freedom (DOFs), the warping line-

element with 7 DOFs assuming the cross-section being nonsymmetric becomes 

essential. This advanced element permits the nonuniform (warping) torsion along the 

element length, thereby making this element capable of simulating members with 

asymmetric sections with more accurate results compared to sophisticated shell-

element models (Liu et al., 2019; Liu et al., 2018). It is worth noting that single angles 

may experience insignificant warping deformations compared to general thin-walled 

members (e.g. channels and Z-purlins); thereby, adopting the high-order element 

could be adequate.  

The fiber-based analysis approach has been implemented in many packages, such 

as NIDA (2018) and OpenSees (2006), to implement the second-order inelastic 

analysis. The efficiency of the fiber-based section analysis is significantly dependent 

on the accuracy of the uniaxial effective stress-strain relationships. Many researchers 

provided an effective stress-strain relationship for modelling the steel and concrete 

cross-sections. These stress-strain relationships implicitly account for different 

complexities and uncertainties of member behavior. For example, Sakino et al. (2004) 

and  provided the effective axial stress-strain relationships based on experimental 

results and finite element analysis for concrete-filled tubes (CFT) members. These 

relationships were able to account for tube local buckling implicitly, hoop stresses in 

the steel tubes and the effect of concrete confinement. Note that the local buckling of 

thin-walled steel tubes in CFT members may influence the compressive strength of 

the concrete core especially in the post-buckling stage (Yang et al., 2018). Few studies 

have been conducted on the fiber-based approach in combination with the effective 

stress-strain method for direct analysis of steel angle structures accounting for global 

buckling and/or local buckling. 
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2.3.2 Finite-strip method 

Because thin-walled asymmetric-section members usually enjoy complex 

behaviors, specialized tools to investigate their relatively complex stability response 

have been developed. One of the most efficient tools has been the finite strip method 

(FSM), in which the longitudinal strips are employed to discretize the structural 

member (Figure 2-4) and the strain-displacement relation is described by the 

membrane plane stress condition and the bending thin-plate theory (Kirchhoff). At the 

beginning, the simply supported end condition, as a special case, is adopted resulting 

in the signature curve for the stability of thin walled member (Cheung & Tham, 1997; 

Schafer, 1998). Afterwards, the constrained finite-strip method (cFSM) extended the 

classical FSM, in which the mechanical assumptions are utilized to constrain the 

strip’s local and geometric stiffness matrices, so that buckling deformations are 

categorized into local, distortional, and global modes (Ádány & Schafer, 2006a, b, 

2008). Shortly after, an extension to cover various member boundary conditions is 

presented (Li, 2011; Li & Schafer, 2009; Li, Z & Schafer, BW, 2010). The longitudinal 

shape functions have been altered, so that general boundary conditions based on 

simply supported (S), clamped (C), and guided (G) can be used, such as SS, CC, SC, 

CF, and CG. 

As the strength prediction of thin-walled members and the design of cold-formed 

steel (CFS), complying with direct strength method (DSM), is basically dependent on 

the elastic buckling loads. The pure buckling modes (local, distortional, and/or global) 

need to be calculated; thereby making cFSM is a featured method to be implemented. 

Several approaches and validations, employing the conventional FSM and cFSM, have 

been utilized and presented for CFS design using DSM (Ádány & Beregszászi, 2008; 

Beregszászi & Ádány, 2011; Li, Z. & Schafer, BW, 2010; Zeinoddini & Schafer, 
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2010). A comprehensive review on the cFSM developments and applications in CFS 

design can be found in (Li et al., 2014). More recently, an alternative generalize strain-

energy based method for the modal decomposition of the buckled shapes is presented 

for thin-walled members with closed loop cross-sections (Khezri, M & Rasmussen, 

KJR, 2019; Khezri, M & Rasmussen, Kim, 2019). Such sections do not experience 

classical global torsion modes due to the in-plane shear strains.  

2.3.3 Shell finite-element method 

In this section, the uses of finite shell elements to discretize thin-walled structural 

members (Figure 2-4) are highlighted. Finite-shell elements (Thin or Thick shell 

elements) provide solutions for modelling curved and intersected shells in shell-like 

structures and structural members with small thickness, which usually exhibit 

nonlinear response and experience large deformations (translations and rotations) 

(Reddy, 2006; Timoshenko & Woinowsky-Krieger, 1959). With this purpose, there 

are alternatives of precisely formulated shell elements, which are employed in shell 

structures or thin-walled members, where the element’s local stiffness matrix is 

comprised of both the membrane and bending effects. The former includes the in-

plane displacements (membrane element), while the latter represents the 

displacements and rotations perpendicular to the plane of the plate (plate element). 

Several attempts have been made towards the derivation of different shell elements 

with a particular emphasis on the computational efforts and formulation simplicity 

(Han et al., 2008; Tang, Y. et al., 2018).  

Generally, a sophisticated shell finite-element model (SFSM) is considered an 

efficient and most accurate method for simulating various behaviors of 

nonsymmetrical thin-walled members. It also can explicitly consider the 
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aforementioned complexities which are associated with such members. Generating 

such models, however, is burdensome and computationally expensive, thereby 

eliminating the implementation of such a method. Different research has adopted the 

SFEM to examine the thin-walled member responses for static and dynamic loads. For, 

example, Schafer et al. (2010) provided an overview of the different computational 

modelling of cold-formed steel members, a particular emphasis was placed on the 

SFEM, including the material modelling, imperfections, element choice, element sizes, 

and different solutions techniques. Bradford and Liu (2016) developed a sophisticated 

shell-element model for high-strength I-section beam; the inelastic response 

accounting for the material stress-strain curve and residual stresses are examined, as a 

sequence, a strength design curve is proposed. Recently, SFEM is employed to 

simulate single angle members with a wide range of slenderness ratios, accordingly, 

the inelastic response of members under biaxial bending and normal forces has been 

examined (Hussain et al., 2018). Shortly after, extensive finite element results are 

utilized for a proposal of an effective stress-strain relationship to be implemented 

within LFEM (Abdelrahman et al., 2019).   

2.3.4 Connection and the joint behavior 

As a sequel, the joint behavior such as joint slippage and joint flexibility can 

significantly impact the structure deformations and thereby structural performance. It 

is found that bolt slip greatly affects the total tower deflections, especially for the tall 

towers (Jiang et al., 2017). Petersen (1962) has reported tower deflections almost one-

half of the total tower deflections, which are explicitly attributed to the joint slippage. 

Many researchers devoted to investigating the slippage effect on the tower 

deformation. Kitipornchai et al. (1994) revealed that the joint slip may affect the tower 
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deflections and the tower failure loads. Two slippage models (i.e. instantaneous and 

continuous models) have been incorporated into a nonlinear analysis of transmission 

towers subassembly. As the two models were based on limited experimental data, their 

reliability and accuracy should be further assessed. It was also reported that a 

controlled-slippage experiment to validate the analytical prediction of the joint 

slippage behavior might be very difficult or unachievable. Afterwards, Ungkurapinan 

(2000) and Ungkurapinan et al. (2003) have conducted an experimental study on the 

slippage effect in steel electric transmission towers. Based on the experimental force-

displacement curves, several mathematical expressions have been developed to 

describe the joint slip behavior. These expressions and the resulting idealized curves 

were used by different researchers in a structural analysis of transmission towers to 

consider the joint slip effect (Ahmed et al., 2009; Jiang et al., 2017; Jiang et al., 2011). 

However, many practical parameters such as bolt preload, nature of faying surfaces, 

and material properties of the steel member and bolts had not been included in these 

expressions, thereby inaccurate results are pronounced. Thus, a further study should 

be carried out to incorporate these effects in the bolted joint model so that the accuracy 

of direct analysis of tower structures can be improved. 

More recently, An et al. (2019) have conducted an experimental and numerical 

study of the axial stiffness of bolted joints in tower main leg members and a simplified 

load-deformation model was presented. However, the proposed model was only 

applicable to the multiple-bolts leg connections and further study for the connections 

of secondary members with the limited number of bolts in a single row was suggested, 

as the joint slip more likely occurs in a joint with a single row of bolts than multiple-

rows of bolts. 



CHAPTER2 

____________________________________________________________________ 
41 
 

In conclusion, previous research shows that the joint slip effect will significantly 

impact the tower structural behavior, but limited research has been conducted to 

develop a comprehensive joint slip model considering various influence parameters 

for global structural analysis and design.  

2.3.5 Applications of single angle structures  

2.3.5.1. Analysis and design of angle trusses 

A practical second-order direct analysis method for angle structures has attracted 

a wide concern. Cho and Chan (2005) proposed a second-order DAM for angle trusses 

(Figure 2-5) considering the end eccentricities, and member’s local imperfection. The 

P-δ, due to the member bowing, and P-Δ, due to the nodal geometrical change, 

generate additional nonlinear moments and should be considered during analysis. 

Accordingly, the member local imperfections including the initial geometric 

imperfections and residual stresses were considered as an equivalent initial bow 

imperfection in member. Different values of initial bow imperfections were specified 

in different design documents based on cross-section shapes and axis of buckling. 

Moreover, the global imperfection due to the frame out-of-plumbness which may 

increase the sway effect (i.e. P-Δ effect) were incorporated using the elastic buckling 

mode which was scaled using a justified amplitude (e.g. height/200). For further 

modelling of the end connection to account for the double-bolted end connection, 

rotational spring elements were inserted at both ends of the angle member (Chan & 

Cho, 2005). While the magnitude and direction of the end moment due to the load 

eccentricity is explicitly considered using rigid arms (Figure 2-6) attached at both ends 

of the angle web members for the connection with the chord members.  
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As a result of the above, the P-δ and P-Δ effects were taken into account through 

the geometry update during the analysis, and the section capacity check is accordingly 

adequate for strength design as follows: 

𝑃
𝐴 𝑓

𝑀 𝑃 𝛿 Δ
𝑊  𝑓

𝑀 𝑃 𝛿 Δ
𝑊 𝑓

𝜙 1 (2.19) 

in which 𝑃, 𝑀  and 𝑀  are the external force and moments about the principal axes, 

𝑃 𝛿 Δ  and 𝑃 𝛿 Δ  are the collective moments due to the change of 

member stiffness. Note that the maximum load from equation (2.19) was considered 

based on the conventional use of the load causing the formation of the first plastic 

hinge. While an extended consideration of elasto-plastic buckling analysis using the 

full plastic reserve of angle sections is provided applying equation (2.12) as a yield 

function in the second-order analysis (Cho & Chan, 2008). 

 

Figure 2-5 Experimental test for angle truss (Chan & Cho, 2005, 2008) 

 
Figure 2-6 The beam element with rigid-arm elements and spring elements (Chan & 

Cho, 2008) 
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2.3.5.2. Analysis and design of transmission towers 

The nonlinear analysis techniques for transmission line towers have extensively 

provided in literature. Quantifying all influencing factors on the tower behavior is still 

a challenging task. Reducing or eliminating the need of full-scale tower testing is 

considered the main objective of the analytical simulation of the transmission towers. 

In 1993, Al-Bermani and Kitipornchai (1993) presented a nonlinear analysis technique 

for the transmission towers. Both the geometric and material nonlinearities were taken 

into account during the analysis. Consequently, Albermani (1997) applied the 

nonlinear analysis technique for a design verification of a guyed transmission tower 

and a catastrophic collapse was predicted. Afterwards, a number of related papers 

employed the nonlinear analysis to assess the stability of the existing towers, upgrade 

or strengthen of the aging towers, or structural failure analysis of new towers were 

provided (Albermani & Kitipornchai, 2003; Albermani et al., 2004; Alminhana et al., 

2015; Kempner et al., 2002; Kitipornchai & Albermani, 2006). 

 Generally, the nonlinear analyses of latticed transmission towers considering 

different nonlinear effects and uncertainties have been extensively implemented by 

different researchers (Ahmed et al., 2009; Jiang et al., 2017; Jiang et al., 2011; 

Kitipornchai et al., 1994; Kroeker, 2000; Rao & Kalyanaraman, 2001). Particular 

emphasis was placed on joint behaviors in the past decades. Kroeker (2000) used the 

conventional beam element model incorporating different slippage models 

(Kitipornchai et al., 1994; Ungkurapinan, 2000; Ungkurapinan et al., 2003) to 

investigate the behaviors of latticed structures under working load conditions, while 

the material and geometric nonlinearties were not considered. Moreover, because joint 

slippage in such cases compensates the displacements due to the differential settlement 
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or heave, the structural capacity to withstand these displacements has improved 

(Kroeker, 2000). Therefore, Ahmed et al. (2009) investigated this potential effect of 

the joint slip by studying the response of the transmission towers subjected to frost 

heave. It was reported, based on the numerical study, that the tower leg axial force, 

without consideration of the joint slip, exhibited an axial force twice as mush as the 

case of accounting for the slippage effect under frost-heave. It is reported that the 

numerical modelling without consideration of the joint slippage effects can not 

precisely predict the tower sway displacements (Jiang et al., 2017; Jiang et al., 2011). 

The tower ultimate load prediction considering the slippage model is, however, 

dependent only on the load type, load direction and load paths or, in summary, on the 

tower topology. In addition, Wang et al. (2017) developed a multi-scale modelling 

method for the angle transmission tower. Only the joint between the crank arm and 

the tower body was modelled in sufficient detail using the solid elements to investigate 

the joint behavior such as bolt slippage and deformation, while the tower members 

were modelled using the beam elements. The joint eccentricities in the all other joints, 

which were modelled as rigid joints, were neglected. 

Recently, the direct analysis of an ultrahigh-voltage lattice transmission tower 

considering the joint effects such as joint slippage and semi-rigid connection behaviors 

was provided by Jiang et al. (2017). The simplified mathematical models of the 

rotational and axial stiffness of the spring element were presented and incorporated in 

the tangent stiffness matrix for further inclusion in the computer analysis process. The 

equivalent initial bow imperfections including the effect of residual stresses were still 

used, and the assumed failure mode is flexural buckling about the principal minor axis. 

While the other failure modes like the flexural-torsional buckling and local buckling 

were not directly considered. Furthermore, for design of angle transmission towers 
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under freezing temperature, An et al. (2018) provided an experimental program to 

investigate the mechanical properties of angle members made of different steel grades 

under freezing temperature. The uniaxial tensile test and tensile notch test were carried 

out at low temperatures. Design proposals and guidelines were proposed for the design 

of transmission towers in cold regions.  

2.4 Concluding Remarks 

From the available literatures, it could be concluded that buckling behaviors and 

fundamental buckling modes of single angles are multifaceted, although the shape is 

geometrically quite simple. The advanced analysis and design of single angle 

structures are basically dependent on quantifying the actual failure modes of angle 

members and their end connections. In the frame of the member-based design method, 

the effective length method (ELM) is still used and provided in current design codes 

because of its simplicity and practically. Such a simply hand-calculating design 

method accounts for the different second-order effects using the approximation of 

effective length; therefore, any wrong assumptions of the effective length may lead to 

an uneconomical design or an unsafe design. Indeed, this design procedure shows an 

inconsistency between analysis and design.  

Alternatively, direct analysis method (DAM) is a preferable advanced method in 

steel structure design employing the LFEM, which is considered a robust, efficient 

and convenient method for analysis and design of angle structures. This method 

simulates the member’s initial imperfections directly in the analysis models, which 

might obtain more accurate results compared to the conventional effective length 

method. In addition to introducing the initial member imperfections into the analysis 

model, the end joint behavior such as the bolted-joint slip and joint flexibility could 
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be incorporated during the analysis instead of considering their influences into the 

design stage. Accordingly, a simultaneously completed design with the analysis is 

achieved, and the time and efforts spent by engineers can be significantly reduced. 

However, the critical issue is how to simulate the initial imperfections within the 

analysis model. The recent research aims to solve the problem by the direct 

consideration of such effects in the element formulation. The one-element-per member 

method, therefore, is feasible, which avoids the tedious process in modelling the 

member’s initial curves in an analysis model. Further, the fiber-based approach in 

combination with the effective stress-strain method for direct analysis of steel 

structures accounting for the member buckling and material yielding is proved to be 

an innovative approach to deal with such member complexities. Hence, the simulation 

method will bring great benefits to engineering practices. Many studies have 

confirmed the accuracy and efficiency of the beam-column elements in the direct 

analysis of angle structures. 

In conclusion, the main advantage of direct analysis method is that the real 

structural behaviors of the tower structures can be captured such that the traditional 

design method using effective length is no longer required. 
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CHAPTER 3.  

FINITE ELEMENT MODELLING OF SINGLE 

ANGLE BEAM-COLUMN UNDER BI-AXIAL 

BENDING 

3.1 Introduction 

In this chapter, a reliable and efficient finite element (FE) model to investigate 

different failure modes and ultimate capacities of steel equal-leg and unequal-leg 

single angle members under bi-axial bending and normal forces is developed. A 

comprehensive finite shell element model based on ABAQUS (2016) has been 

provided to study the member behavior and the different buckling modes such as 

flexural (FB) and flexural-torsional buckling (FTB). The stress-strain curves and 

different residual stress distribution patterns measured experimentally and mentioned 

in the literature are explicitly incorporated in this model using the subroutine SIGINI 

in ABAQUS. Theoretical solutions of elastic buckling loads and experimental results 

for equal and unequal leg angle specimens from the literature have been used for 

verification purpose. A framework for total automation of FE model generation, job 

submission, and post-processing of the analysis results is developed; thereby, a series 

of FE models can be generated for the parametric study.  

3.2 Finite element model 

A detailed shell finite-element model is developed using the commercial package 

ABAQUS (2016) to investigate the single angle member behavior under different load 

conditions and combinations. Various single angle cross-sections (i.e. equal and 
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unequal angles) and a wide range of slenderness ratios are simulated in this model. 

The details of the current model, including the element description, material model, 

boundary conditions, loading applications, initial geometric imperfections and 

residual stresses are summarized in the following sections.   

3.2.1 The shell finite element model 

The actual geometry of the angle section is more precisely discretized using the 

solid finite elements, in which the actual thickness and round corner can be accurately 

modelled. The shell FE model is, however, more computationally efficient to represent 

the extensive configurations of the angle cross-sections with adequately accurate 

prediction. Može et al. (2014) reported a relative difference, less than 1%, between the 

solid finite element model with an actual geometry of a single angle member and that 

based on the shell elements with uniform thickness. Thus, the latter can produce 

accurate and consistent results for extensive parametric study. Furthermore, the shell 

finite elements are more appropriate to assign the residual stresses values at different 

integration points, especially at the angle heel and leg edges allowing for different 

residual stress distribution patterns. As a result, 4-node shell element with reduced 

integration (S4R) allowing for shear deformation in ABAQUS is used in the proposed 

model. It is worth noting that for all angle-sections studied herein, the breadth-to-

thickness (𝑏/𝑡 ) ratios are greater than 5, and therefore, they can be effectively 

simulated by shell elements. The nominal thickness of the angle section is adopted by 

the thickness of the shell element, while the leg widths are described by the nominal 

angle widths minus a half of the leg thickness (Figure 3.1). 
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Figure 3-1 Typical cross-section dimensions and the proposed shell FE model

 
The lengths of the angle members are altered, so that the slenderness ratios λv 

from 50 to 200 within the practical range are modelled. Further, allowing for the 

eccentric point load application and avoiding possible bending and interference with 

the angle elements, a discrete rigid plate is attached to the top nodes of the angle 

section as an end-loading plate (Figure 3-3). The material modelling is the elastic-

plastic model with a modulus of elasticity E = 210 GPa and Poisson’s ratio 𝜈  0.3. 

The strain-hardening ratio of 0.01, as shown in Figure 3.2, is used while fy is taken as 

the characteristic material yield strength. The steel grades S235, S275, S355 and S460, 

complied with EC3 (2005a), are studied. 

 The finite-elements discretization and the mesh sizing are fully controlled using 

the NODE, NGEN and NFILL functions in ABAQUS, whereas, the leg widths are 

divided into 20 equal parts with further subdivision, as shown in Figure 3.3, is 

implemented – the sizes of elements in the member’s longitudinal direction are further 

taken as 1/20 of the leg width. Since the integration points are identified in order 

arrangement, where the finer meshes are adopted at the edges and the center of the 

angle leg (Figure 3.3), the initial residual stress values are properly assigned, and 

hence, various residual stress distribution patterns are studied. The end-loading plate 

is meshed so that the plate nodes, and the top angle nodes are coincident (Figure 3.3). 
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Figure 3-2 Stress-strain curve for material modelling 
 

3.2.2 Boundary conditions and loads 

Due to the symmetry of the simply supported conditions and applied loads, only 

half length of the angle member is modeled (Figure 3.3). Indeed, the critical section 

can be any section close to the mid-span due to initial imperfections – but the design 

codes usually implement such the idealized “simply supported column” model with 

codified imperfections, such as the geometric imperfections and the residual stress, for 

practical design. Once the imperfections are incorporated into the idealized model, 

which will be introduced in the next section, the actual conditions as well as the 

uncertainty can be taken into account indirectly and practically. Consequently, the 

boundary conditions are as follows; the reference point at the top of the angle member 

is coupled with the top-edge nodes, and the displacements in the plane of the cross-

section (𝑈  and 𝑈 ) as well as the rotation about the longitudinal axis (𝑅 ) are 

constrained so that pin-ended conditions are applied. Further, a rigid-body constraint 

is adopted between the top-loading plate and the corresponding reference point. On 

the other side, the z-axis (longitudinal axis) symmetry boundary condition is employed 

at the mid-height edge nodes, where 𝑈 𝑅 𝑅 0.0 (Figure 3.3).  
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The load cases in the current model include three cases (concentric loading, 

uniform bending and eccentric loading). A concentrated force is applied to the top-

reference point in case of concentrical and eccentrical load cases, where the 

eccentricity is introduced by coordinates of the loading point. Further, in case of a 

uniform bending about one or two principal axes (u-axis and v-axis), two components 

of concentrated moments about geometrical axes (x-axis and y-axis) are applied to the 

top-reference point at the cross-section centroid. It should be noted that the uniform 

bending case with these boundary conditions represents the most critical case in 

related to the lateral torsional buckling. 

Figure 3-3. Boundary conditions, applied loads, and meshing in the FE model
 

3.2.3 Modelling of member imperfections 

Member imperfections, including initial geometric imperfections and residual 

stresses usually have a significant effect on the inelastic buckling behavior of the steel 

members. In the proposed model, an eigenvalue buckling analysis is conducted first 

to obtain the considered buckling mode shape, which is scaled as initial geometric 

imperfections prior to the nonlinear analysis. For both FB (Figure 3.4(a)) and FTB, 
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(Figure 3.4(b)) the maximum amplitude of the initial imperfection shape is suggested 

as 1/1000 of the member length or 3 mm, whichever is larger (Bradford & Liu, 2016). 

It can be clearly seen that the displacement contour (𝑈1) is uniform along the member 

length for flexural buckling about the weak v-axis, while the twist rotation contour 

(𝑈𝑅3) is uniform for flexural-torsional buckling. Note that the section (local) and the 

member (global) imperfections can be considered in the current model, utilizing the 

corresponding eigenvalue buckling mode shape. It is reported that the axially loaded 

equal-leg angle members are generally dominated by flexural buckling (FB), while the 

unequal-leg angles are governed by flexural-torsional buckling (FTB) (Kitipornchai, 

S. & Lee, H., 1986). However, for eccentrically loaded members, flexural torsional 

buckling is the prevailing mode for both equal and unequal angles. In section 4.5 of 

the next chapter, a simple equation for determination of the elastic critical buckling 

load which is related to the first global buckling mode (FB or FTB) is proposed for the 

calculation of the non-dimensional slenderness ratio. 

Figure 3-4. Buckling mode shapes for geometric imperfection: (a) Flexural 
buckling; (b) Flexural-torsional buckling

  
The residual stress distribution patterns for single equal-leg angles were 

experimentally investigated, and such patterns were evaluated in different studies (Ban 
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et al., 2012; Može et al., 2014). The maximum amplitude of the residual stress did not 

mostly exceed 25% of the yield stress. It is reported that the residual stresses had 

shown a noticeable influence for the concentrically loaded member – this influence 

did not generally exceed 5% of the member capacity in case of eccentric loading 

(Temple & Sakla, 1998b); the same conclusion is also presented later in the current 

study. In the proposed model, the well-recognized 3-points residual stresses 

distribution pattern with peak value 0.2fy (Figure 3.5(c)) is incorporated. Such a pattern 

is considered the more conservative distribution and provided in most of the 

specifications and similar studies; whilst, the stepped pattern (Figure 3.5(a)), and the 

4-points pattern (Figure 3.5(b)) are presented for comparisons in the parametric study.   

The initial stress field for the shell elements is adopted in the current model, 

utilizing a FORTRAN subroutine, which is called by the ABAQUS before the 

nonlinear analysis. A self-equilibrating step is, accordingly, carried out before the load 

step. Because the residual-stresses’ distribution pattern was evaluated in most cases 

for an equal-leg angle, a further experimental investigation is suggested to recognize 

the favorable pattern for the unequal-leg angle, especially for the small leg length ratio 

(β ≤ 0.5). 

Figure 3-5 Residual stress models for single angles : (a) Shi et al. (2012); (b) 
Može et al. (2014) and (c) Može et al. (2014) 



FINITE ELEMENT MODELING OF SINGLE ANGLE BEAM-COLUMN 

 

____________________________________________________________________ 
54 

 

3.2.4 Analysis procedure in the FE model 

The nonlinear analysis procedure requires two FE models. The first model is for 

eigenvalue buckling analysis, and the latter is the inelastic analysis, including the 

geometric and the material nonlinearities. The eigenvalue analysis is implemented to 

verify the FE model and as mentioned earlier, to initiate the first buckled mode to be 

used as the initial geometric imperfection. The first buckling load or moment (denoted 

as Ne or Me) is recorded, respective to the axial load or the uniform bending cases. 

Then, the static nonlinear analysis allowing for material yielding is carried out 

employing the modified-Riks method in ABAQUS. Such a method implements the 

arc-length (incremental-iterative) strategy, which shows superiority to solve nonlinear 

problems with the capability to predict the equilibrium path after the limit point. The 

peak point in the load-displacement curve is, then, recorded as the ultimate capacities, 

Nult or Mult, corresponding to the different load cases. 

3.3 Validation and verification of the FE model 

In this section, a verification and validation of the proposed FE model are 

presented. Firstly, the theoretical solutions for the elastic critical buckling loads from 

(Trahair, 1993) are used to verify the FE buckling analysis results, and further, to 

validate the shell elements for simulation of a single angle member with acceptable 

accuracy. Three different loads are considered; 1) axial compression, 2) uniform 

bending about the major u-axis (short leg compression), and 3) uniform bending about 

the major u-axis (short leg tension). 

For the axial compression case, the elastic buckling load (Ne) is the lowest root of the 

cubic equation below; 
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𝑁 𝑟 𝑃 𝑃 𝑃 𝑃 𝑃 𝑃 𝑃 𝑃 𝑃 𝑟 0 

(3.1) 

in which the three reference buckling loads associated with the major flexural buckling 

load (𝑃 ), minor flexural buckling load (𝑃  ) and torsional buckling load (𝑃 ) are 

calculated as follows; 
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where 𝐸𝐼  is the flexural rigidity about the major u-axis; 𝐸𝐼  is the flexural rigidity 

about the minor v-axis; 𝐸𝐼  is the warping rigidity; 𝐺𝐽 is the Saint Venant torsional 

rigidity; 𝑢  and 𝑣  are the coordinates of the shear center with respect to the 

centroid; and 𝑟 𝑢 𝑣 𝐼 𝐼 /𝐴.   

In addition, for uniform bending about the major u-axis, the elastic critical buckling 

moment (𝑀 ) is given by; 

2

1
2 2

u v u v
e cr

cr cr

P P
M M

M M

                 
 (3.3) 

in which, 

2 2

2 2
v w

cr

EI EI
M GJ

L L

  
  

 
 (3.4) 

where 𝛽  is the monosymmetric constant (Wagner coefficient), which equals zero 

for equal-leg angle bent about the axis of symmetry (the major u-axis), and is taken as 

positive value (short leg compression) or negative value (short leg tension), in case of 

unequal-leg angle subjected to a major-axis bending. It can be calculated as follows; 

2 21
( ) 2u o

u A

v u v dA v
I

     (3.5) 

Various angle cross-sections are simulated and evaluated using a linearized 

eigenvalue buckling analysis in the proposed FE model; different leg length ratios 𝛽 
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𝑏/ℎ  from 0.5 to 1.0, different slenderness ratios from 50 to 200, and different 

width-to-thickness ratios from 8 to 15, as shown in Table 3.1, are studied. Totally 720 

models have been analyzed, and the theoretical solutions from equations (3.1) and (3.3) 

are used as representative results for elastic buckling forces and moments, respectively. 

Mean theoretical-to-FEM ratios and the associated coefficient of variation (COV) are 

summarized in Table 3.1. It can be clearly seen that both the elastic buckling loads and 

the elastic buckling moments from FE buckling analysis agree well with the theoretical 

solutions. Thus, the proposed FE model can precisely predict the buckling behavior of 

angle members with different configurations. 

Table 3-1 Comparison between the FE results and the theoretical solutions 
Slenderness ratios  𝜆 50, 60, 80, 100, 120, 140, 150, 160, 180, and 200 

Width-to-thickness ratios  ℎ/𝑡 8, 10, 12.5, and 15 
Loading type  Case 1, Case 2, and Case 3 

 𝛽 𝑏/ℎ   𝛽 0.5 0.60 0.70 0.80 0.90 1.00 
Ntheoritical/NFEM 

(Case 1) 
Mean 1.01 1.01 1.02 1.01 1.02 1.02 
COV  0.035 0.025 0.024 0.026 0.022 0.018 

Mtheoritical/MFEM 

(Case 2 & 3) 
Mean  1.08 1.09 1.06 1.01 1.02 1.02 
COV 0.102 0.095 0.082 0.073 0.085 0.045 

Note: Case 1 is axial compression; Case 2 is uniform bending about the major axis (short leg 
compression), and Case 3 is uniform bending about the major axis (short leg tension). 
 

Moreover, for a static nonlinear analysis, the experimental tests reported by Liu 

and Hui (2010a) and Liu and Chantel (2011), including concentrically and 

eccentrically loaded specimens, as well as equal and unequal-leg angles, are 

referenced. A total of 54 specimens were tested, and more details of the specimen 

configurations, material properties, loading conditions, and the labeling scheme can 

be found in (Liu & Chantel, 2011; Liu & Hui, 2010a). The FE model predictions for 

ultimate capacities of single angle beam-columns against the experimental results are 

presented in Table 3.2. It is worth mentioned that the key parameters related to residual 

stresses and geometric imperfections, described in section 3.2, are incorporated in the 

FE model, such imperfections for the tested angles were not distinctly reported. The 
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mean value of the experimental to predicted results 𝑃 /𝑃  for the equal-leg 

angle tests is 1.04 with a COV of 0.063, while the corresponding values for the 

unequal-leg angles are 1.00 and 0.082, respectively. For further credibility and 

reliability of the FEM, the load-displacement responses based on the FE model against 

those from the tests are shown in Figure 3.6, where the load versus axial displacements 

curves for three specimens (concentrically loaded, major axis bending, and minor axis 

bending) (Figure 3.6 (a)), and the load versus mid-height lateral deflection curves 

(Figure 3.6 (b)), when compared to the corresponding experimental curves, prove the 

accuracy of the proposed model to simulate single angle members, and further a 

prediction of the ultimate load capacities, as well as the large deformation behavior.  

Table 3-2 Comparison of numerical and experimental results 

Note: CL = Concentrically loaded member; EL(Major) = Eccentrically loaded causing major-
axis bending, EL(Minor) = Eccentrically loaded causing minor-axis bending. 
 

Figure 3-6. Load-displacements curves from FE models and experimental results 
(Liu & Chantel, 2011)

 
 

Source 
No. 
of 

spec. 
𝜆

𝐿
𝑟

 Angle size 
𝑓  

(MPa) 
Loading 
condition 

Pexp/ PFEM 

Mean COV 

Liu and 
Chantel 
(2011)  

26 110-160 76x51x6.4 356 
CL, EL(Major), 
and EL(Minor). 

1.00 0.082 

Liu and 
Hui 

(2010a)  
28 

95-125-
155 

51x51x6.4 
330 - 
348 

CL, EL(Major), 
and EL(Minor). 

1.04 0.063 
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3.4 Parametric study 

In this section, and after the verification of the proposed model, attention is turned 

to generating a series of FE models, thereby conducting an extensive parametric study. 

With this purpose, a framework for totally automating FE model generation, job 

submission, and post-processing of the analysis results is developed. Firstly, a python 

script for the proposed model has been written to generate the model instantaneously, 

then, the MATLAB App Designer has been utilized to develop a simple graphical user 

interface (GUI) (Figure 3.7) for a robust and self-consistent framework, so that the 

parametric study can be conducted easily and practically. Such the MATLAB routine 

will generate the input data file, submit the ABAQUS job using the system command, 

and post-process the output results. Modeling parameters such as member geometry, 

boundary conditions, member orientation, load eccentricity, and mesh sizing are listed 

and presented for a generation of the input file (Figure 3.7), while the modelling of the 

geometric imperfections and residual stresses is distinctly provided (Figure 3.8). As a 

result, a robust generation of a sophisticated shell FE model for a single angle member 

is established. 

Liu and Hui (2010b) provided a parametric study for a single equal-leg angle 

member, including slenderness parameter �̅�  from 0.27 to 2.39, eccentricities with 

respect to major and minor axes (e = 0.5, 1.0, 1.5 and 2 𝑈 ), where 𝑈  is the distance 

between the shear center and the centroid of the cross-section measured in the direction 

of the major axis (𝑈), and the leg width-to-thickness ratios (ℎ/𝑡). In the present study, 

different parameters such as initial geometric imperfections, residual stress 

distribution patterns, and the yield stress or steel grades are investigated and evaluated 

for the buckling behavior of a single angle member. Herein, the unequal-leg angle 
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sections L150x100x12 is studied, thereby investigating the influences of the 

aforementioned parameters on unequal-leg angles; such a study on unequal angles are 

rarely reported in the literature. 

 
Figure 3-7. A framework for the FE model of single angle members (Geometry 

module)
 

 
Figure 3-8. Modelling method for the geometric imperfections and residual 

stresses
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3.4.1 Effect of member imperfections 

Given that initial geometric imperfections are mainly based on the cross-section 

type (hot-rolled or cold-formed steel), shape (I-sections, box sections, angles etc.), and 

type of the analysis (elastic or plastic), different initial local bow imperfections are 

extensively provided in the literature and existing design codes. Herein, the initial 

geometric imperfections and the corresponding maximum amplitudes for single angle 

members are reviewed, while their effect on the buckling resistance is investigated. 

According to EC3 (2005a), the buckling curve (b) is suggested for single angles, which 

implies an imperfection factor of 0.34 so that the initial local bow imperfection of 

𝐿/250 for elastic analysis and 𝐿/200 for plastic analysis, where 𝐿 is the member 

length, is assumed. In addition, Chan and Cho (2005) recommended, for practical 

design purpose, a single value of initial equivalent imperfection about the minor axis 

as 𝐿/360 for equal angles and 𝐿/400 for unequal angles. In the current study, 

different imperfection amplitudes, from 𝐿/1500 to 𝐿/250,  with and without 

residual stresses, are analyzed using the proposed FE model, while the results of 

perfect members (i.e. without imperfections) are presented as reference values in the 

comparisons. A steel member, made of an angle section L150x100x12 with a steel 

grade of S355 and subjected to concentric and eccentric compression, is studied.  

Figure 3.9 compares the influence of different geometrical imperfections on the 

single angle buckling resistance, where the comparison is presented as relative 

deviations to the strength of an ideally perfect angle (without geometric imperfections). 

In what follows, the failure load (ultimate load) represents the peak point on the load 

vs deflection curve. Accordingly, the maximum deviation is recorded as 35% at a 

slenderness ratio of 80 (�̅� 1.05), for concentrically loaded members (Figure 3.9 (a)), 

while it did not exceed almost 21% in case of eccentric compression (Figure 3.9 (b)). 
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Generally, the buckling strength of the concentric members reduces with increasing 

the magnitude of the initial imperfections – it is also observed that the deviations 

increased proportionately with the slenderness ratio up to a slenderness ratio of 80, 

where the member imperfections cause premature yielding of the cross-section and 

the member buckles inelastically. Afterwards, they gradually decreased and became 

almost constant in the elastic range ( 𝜆  100). Moreover, by plotting the deviation 

of the buckling strength, based on EC3 (buckling curve (b)), it is clearly seen that the 

capacity of the member with the imperfection of 𝐿/250 and free from residual stress 

provides a lower bound for the buckling curve (b) in the inelastic range (𝜆  100), 

while the member with 𝐿/380 shows lower bound capacities in the elastic range 

(𝜆  100). Accordingly, two distinct values of initial imperfection for elastic and 

inelastic ranges, complied with EC3, are presented. Instead, a minimum amplitude of 

3 mm for initial imperfections, which is recommended and adopted in the proposed 

model, is considered reasonable. Thus, it becomes clear, observing the results of the 

initial imperfection of 𝐿/1000 or 3 mm with residual stress in Figure 3.9 (a), that 

reasonable results and good agreements with the buckling curve (b) are established. 

So, they are adopted in the rest of this parametric study.     

On the other side, the effect of the initial imperfections on the eccentrically loaded 

member is presented in Figure 3.9(b). The constant variation irrespective of the 

slenderness ratio is observed in the elastic range, while it is pronounced that the initial 

imperfections might lead to a higher buckling resistance, but insignificant (almost less 

than 5%), in the inelastic range – it could be attributed to the interaction between the 

bending action and imperfections and the combination of a global and local type of 

imperfection. Finally, it can be concluded that the geometrical imperfections have a 

noticeable effect on the inelastic buckling resistance of concentrically loaded members, 
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while significantly smaller variations are observed in case of eccentric angle members; 

regardless of, they buckled elastically or inelastically. Temple and Sakla (1998b) have 

reported the same conclusion, where the effect of the initial out-of-straightness on the 

equal-leg single angle compression member welded by one-leg to gusset plates 

(eccentrically loaded) was investigated, with results showing a decrease in load 

carrying capacity of 13% or less. It should be further noted that slenderness ratios 

𝜆 𝐿/𝑟  ranged from 80 to 300, while the initial out-of-straightness was altered 

from 𝐿/4000 to 𝐿/250, were studied. 

Figure 3-9 Effect of initial geometric imperfections: (a) concentrically loaded 
member; (b) eccentrically loaded member

 
Because the residual stresses with the geometric imperfections represent the total 

member imperfections, which greatly impact the buckling strength of the angle 

column, different residual stress distribution patterns (Figure 3.5), with a peak value 

coefficient (𝜉) is altered as 0.2, 0.25 and 0.3, are incorporated in the FEM. The initial 
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geometric imperfection of 𝐿/1000 or 3 mm is also introduced. Here again, Figure 

3.10 compares the influence of different residual-stresses’ distribution patterns; it is 

worth mentioning that the comparison herein is presented as relative deviations to the 

strength of an angle member with only geometrical imperfections so that the effect of 

the combination of the residual stresses and the geometrical imperfections can be 

highlighted. Like geometrical imperfections, the residual stress has a more noticeable 

influence on concentrically loaded members than on eccentric members, where the 

maximum variation (the peak value) is almost 12.5% and 8%, respectively. Besides, 

by comparing the three incorporated distribution patterns of residual stresses (Figure 

3.5), it can be concluded that the 4-points distribution pattern shows an unnoticeable 

effect on the ultimate load capacities of the angle member, mostly gives higher load 

capacities (≈+1.5 %) than the member free from residual stress but with geometrical 

imperfection. It might be attributed to the combination of the geometrical 

imperfections and residual stresses, where the tensile residual stresses are introduced 

at the angle’s heel (Figure 3.5), providing enhancement for the buckling strength of 

the angle member, as opposed to the other two patterns (3-points and stepped), where 

the compressive residual stress prevails at the angle’s heel and toes. The same 

beneficial effect due to residual stresses is reported by Buchanan and Gardner (2019), 

when the induced residual tension at I-section flange tips, due to 3-D printing, can 

enhance minor-axis buckling resistance. In addition, the 3-points distribution pattern, 

and the stepped pattern are compared well and considered as the more conservative 

patterns in terms of the buckling resistance. As a result of the above, and observing 

that the 3-point distribution pattern with peak value 0.2fy provides lower bound but 

less conservative to the buckling curve (b) in the inelastic range (Figure 3.10 (a)), it is 

adopted with the geometrical imperfections in the proposed FE model. 
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Figure 3-10. Effect of residual stress distribution patterns, (a) concentrically 
loaded member, (b) eccentrically loaded member 

 

3.4.2 Effect of steel grade and eccentricity 

In addition to the effect of member imperfections, the effect of material yield 

strength, complied with standards and steel grades in EC3 (2005a), along with the 

effect of eccentricities on buckling resistance is studied. Two angle members with 

lengths, making the slenderness ratios 𝜆  as 50 and 150, are analyzed using the 

proposed FE model, while steel grades are altered as S235, S275, S355, and S460. 

Two load cases as a concentrically loaded member and that with an eccentricity (𝑒

𝑈 ) causing a major axis bending are considered. Accordingly, the load versus axial 

displacement curves for the two members with different steel grades are depicted in 
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Figure 3.11, where the ultimate load for the short column (𝜆 50  with a steel grade 

S275 is 661 kN, being 33.6% lower than that with steel grade S460, while for the 

slender column 𝜆 150 , the corresponding values are 213 kN and 7.6% (Figure 

3.11(a)). On the other side, for the eccentrically loaded member, the ultimate load for 

the short column with steel grade S275 is 424.2 kN, which is 38.4% lower than that 

for steel grade S460 and such a ratio also drops to 4.2% for the longer column (Figure 

3.11(b)). Indeed, the influence of changing the steel grades in higher slenderness ratios 

is negligible, as buckling dominates in slender members and the inelastic response 

mostly vanishes. 

Furthermore, the eccentric loading presents a load resistance significantly lower 

than that of the concentric loading for the shorter angles 𝜆 50 , while the longer 

members 𝜆 150  exhibit insignificant reduction due to the eccentricity. For 

example, observing the curve of a steel grade of S460 in Figures 3.11(a) and (b), the 

reduction was 30.4% for the shorter angle and only 6% for the slender one. It is worth 

noting that such an eccentricity, which is adopted for the eccentrically loaded member, 

practically represents the angle end-connection so that a validation of the simple-

column approach for design of single angles is assessed. Accordingly, it can be 

concluded, observing the curves of load versus slenderness ratios 𝜆  shown in 

Figure 3.12, that either steel grades or eccentricities noticeably affect the ultimate 

strength of slender members, thereby, adopting the simple-column approach, 

neglecting the effect of the eccentricity, makes the most appropriate choice for 

members in the elastic range.  
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Figure 3-11 Effect of steel grades: (a) concentrically loaded members; (b) 
eccentrically loaded members about major axis (e = Uo) 

 

 
Figure 3-12 Effect of steel grades and eccentricity on buckling resistance single 

angles
 

3.5 Concluding and Remarks 

In this chapter, a robust and efficient finite-element model for investigating the 

behavior of a single angle member is developed. The shell finite-element model 

explicitly considers the initial geometric imperfections and residual stresses so that the 

inelastic response of angle members is studied. After the verification and validation of 

the proposed model, a framework for the automatic generation of such a model is 

developed so that an extensive parametric study is conducted. Different parameters 

such as initial geometric imperfections, residual stress distribution patterns, yield 
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stress, and load eccentricities are investigated. Consequently, it can be concluded that 

two distinct values of equivalent initial geometric imperfection of 𝐿/380 for elastic, 

and 𝐿/250 for inelastic ranges are presented for a FE model and, alternatively, a 

minimum absolute value is suggested for the relatively short members. If residual 

stresses are explicitly incorporated in the FE model, employing a well-recognized 

distribution pattern for single angles, the initial geometric imperfections of 𝐿/1000 

or 3 mm, whichever is larger, will be introduced so that the total member imperfections 

are precisely modelled. From the parametric study, the member imperfections are 

supposed to have a noticeable effect on the buckling resistance of concentrically 

loaded members, which become insignificant in case of eccentric angle members. 

Further, it is found that either steel grade or eccentricity significantly affects the 

ultimate strength of slender members, hence, neglecting the effect of the eccentricity, 

employing the simple-column approach, makes the most sense for members within the 

elastic range. Finally, the FE results can be used to provide design recommendations, 

and further a proposal for an inelastic design method for a single angle member, 

considering the section plasticity and the member buckling, which will be presented 

in the next chapter. 
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CHAPTER 4.  

INELASTIC DESIGN OF SINGLE ANGLE BEAM-

COLUMN UNDER BI-AXIAL BENDING 

4.1 Introduction 

In this chapter, a simply hand-calculating design method for a single angle 

member using the full plastic capacity of the cross-section and the member stability is 

proposed. Based on extensive FE results obtained from the benchmarked FE model in 

the previous chapter, a new interaction equation of a single angle beam-column is 

presented. First, the cross-section capacity of a single angle cross-section is reviewed; 

and accordingly, the elastic stress distribution at critical points is calculated so that the 

first yield moment about the major axis, considering the interaction between the 

normal force and the bi-axial bending, is provided. As a sequel, the plastic moments 

about two principal axes are presented using dimensionless coefficients, accounting 

for the leg length ratios 𝛽 𝑏/ℎ  of unequal angles; afterwards, the interaction 

equation for the plastic surface of a single angle cross-section is referenced and 

presented in the form of one interaction equation instead of a set of equations for 

different parts of the plastic interaction curve. Concerning the member stability, a 

simple equation for the elastic buckling load, undergoing flexural, and flexural-

torsional buckling, is provided. Finally, an example for check the safety of a single 

angle member under different loading conditions, illustrating the application of the 

proposed method, is provided.  
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4.2 Finite element model assumptions 

The assumptions made for the FE model to address the purpose of the proposed 

design method are: (a) an elasto-plastic with strain hardening model (Figure 3.2) is 

used to account for the section plasticity and the material hardening; (b) the angle 

width-to-thickness ratio is limited so that the section local and distortional buckling is 

avoidable; and (c) the first eigenvalue buckling mode undergoing flexural or flexural-

torsional buckling is considered for initial geometric imperfections.   

4.3 First yield (elastic) section capacity 

Angle sections are usually designed using the theory of elasticity, in which the 

elastic stress distribution at different critical points is calculated. Such stresses are then 

limited to the design strength, which equals the yield stress divided by the material 

partial factor. Accordingly, Aydın and Doğan (2007) proposed the first yield moment 

at the critical points of a single angle cross-section, combining the effect of the major 

and minor axis bending (bi-axial bending). The presence of the normal force, however, 

impacts the stress values at such points; further, the most critical stresses about the 

two principal axes may not coincide, in case of asymmetric sections. For this reason, 

the same procedures by Aydın and Doğan (2007), along with the elastic stress 

distribution assumption are implemented so that the most critical stress at the angle 

section combining the effect of biaxial bending and normal forces is determined. The 

elastic stress value at each critical point is calculated as follows, 

𝜎
𝑁
𝐴

𝑀
𝐼

𝑣
𝑀
𝐼

𝑢  (4-1) 

where, 𝑁 , 𝑀  and 𝑀  are the applied design axial force and bending moments 

about two principal axes; 𝐴, 𝐼  and 𝐼  are the cross-section area and the second 
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moments of area about the principal 𝑢- and 𝑣-axes, respectively; 𝑢 and 𝑣 are the 

coordinates of the critical points with respect to principal axes (Figure 4.1). The most 

critical stresses are, then, calculated at the critical points marked as I to VI, and are 

limited to the yield stress 𝑓 . It should be noted that the positive bending moments 

assume the angle heel under compressive stresses, while the normal force is taken as 

positive for tension force and negative for compression force (Figure 4.1). As a result 

of the above, the first yield moment about the major axis (𝑀 ) considering the 

interaction between the normal force and the bi-axial bending is given as follows, 

𝑀 𝑚 ℎ 𝑡 𝑓 1 𝑠𝑖𝑔𝑛 𝜎 𝑛  
(4-2) 

𝑀 𝛼𝑀
 

where, 𝑚  is the dimensionless coefficient given in Appendix A and obtained using 

the same method in (Aydın & Doğan, 2007), but with the consideration of normal 

forces; ℎ  and 𝑡  are the angle height and thickness respectively; 𝑓  is the yield 

stress; and 𝑠𝑖𝑔𝑛 𝜎  is the signum function for the yield stress which equals 1 or 

1 for positive and negative yield stresses respectively (See Table A.1-Appendix A). 

It worth noting that the dimensionless coefficients, in Table A. 1, assume a positive 

major-axis bending (compression at the angle heel); therefore, the sign of 𝜎  should 

be reversed for a negative major-axis moment (tension at the angle heel). 𝑛 

𝑁/𝑁  where 𝑁   𝐴 ∗ 𝑓 ; and 𝛼 𝑀 /𝑀  is the ratio of a minor to 

major principal axis bending, which ranges between 1.0 and 1.0, as the most 

practical values. 



CHAPTER 4 

 

____________________________________________________________________ 
71 
 

 
Figure 4-1 Elastic stress distribution for single angle cross-sections 

  

4.4 Full plastic (inelastic) section capacity 

To take the most advantage of the plastic reserve of the cross-section, and for a 

more economical design, single angles should be designed in the plastic state, at which 

any further load will lead to a member mechanism and forming of a plastic hinge. If 

the cross-section is classified as Class 1 (plastic) or Class 2 (compact), the inelastic 

section capacity will be introduced, and hence, the plastic surface (failure surface) of 

the angle section is important. With this purpose, some researchers idealized the single 

angle’s cross-section to a single line without geometrical thickness, so that the 

calculation of the interaction formula of the plastic surface became quite simple 

(Aydın & Doğan, 2007; Cho & Chan, 2008). Such an idealization has, however, 

entailed a significant error in determination of the plastic surface (interaction curves), 

especially when the plastic neutral axis intersects the leg at a small angle (Figure 4.2) 

and also, in a presence of high axial loads. To tackle this issue, Charalampakis (2011) 

employed a generic algorithm (Charalampakis & Koumousis, 2008), and studied the 

plastic surface of the angle section using its actual geometry without any idealizations, 
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accordingly, more accurate interaction formulas were proposed, which will be 

implemented in the current study for further stability checks; thereby, robust and 

economical design of single angle members is established.  

For a more practical design, approximate equations for the plastic moments about 

two principal axes are provided to be further used in the plastic surface formulas. First, 

the plastic neutral axis is assumed to intersect with the angle legs by ratios 𝛾 𝑎𝑛𝑑 𝛾  

(Figure 4.2), where 𝛽 𝑏/ℎ  is the leg length ratio and is altered from 0.5 to 1.0 

in the current study. Then, the equilibrium condition is satisfied and the plastic 

moments about the geometrical axes (x- and y-axis) are calculated; accordingly, the 

principal axes’ inclination angle 𝛼  is used so that the full plastic moment 

capacities about the principal axes 𝑀  𝑎𝑛𝑑 𝑀  are derived and presented in 

Table 4.1. As a result of the above, the normalized ratios of the applied moment to the 

corresponding plastic moment, 𝑚  (=𝑀 /𝑀 ) and 𝑚  (=𝑀 /𝑀 ), can be 

calculated and the full-plastic interaction curves for single angle cross-section based 

on (Charalampakis, 2011), while the axial load ratio 𝑛 (=𝑁/𝑁 ) is altered from 0.0 

to 0.9, are depicted in Figure 4-3. 

 
Figure 4-2 Full plastic stress distribution for single angle cross-section 
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Table 4-1 Plastic moment capacities about two principal axes  

 
𝜷 𝒃/𝒉

𝟎. 𝟓 
𝟎. 𝟔 𝟎. 𝟕 𝟎. 𝟖 𝟎. 𝟗 𝟏. 𝟎

𝜸𝟏
∗  0.49 0.59 0.692 0.794 0.898 0

𝜸𝟐 0.26 0.209 0.158 0.106 0.052 1.0
𝑴𝒖 𝒑𝑳/𝒇𝒚 0.448 ℎ 𝑡 0.487 ℎ 𝑡 0.529 ℎ 𝑡 0.579 ℎ 𝑡 0.639 ℎ 𝑡  0.707 ℎ 𝑡

𝜸𝟏 0.066 0.136 0.216 0.304 0.399 0.5
𝜸𝟐 0.684 0.663 0.634 0.596 0.55 0.5

𝑴𝒗 𝒑𝑳/𝒇𝒚 0.125 ℎ 𝑡 0.172 ℎ 𝑡 0.221 ℎ 𝑡 0.269 ℎ 𝑡 0.315 ℎ 𝑡  0.353 ℎ 𝑡
Note: 𝛾  and 𝛾  are the ratios of the points of intersection of the plastic neutral axis with the 
angle legs. 

 
Figure 4-3 Full plastic surface of angle section (Charalampakis, 2011) 

 
Moreover, several cross-section properties such as second moment of areas 𝐼  

and 𝐼 , shear center coordinates from the section centroid with respect to principal 

axes (𝑈   𝑎𝑛𝑑 𝑉  and geometrical axes 𝑋  𝑎𝑛𝑑 𝑌 , the principal axes’ inclination 

𝛼), and the monosymmetric constant 𝛽  for unequal angles are calculated for a 

wide range of angle sections, and accordingly, they are fitted so that approximate 
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equations for such properties are depicted in Figure 4.4 and the corresponding 

formulas are presented in Table 4-2.  

 
Figure 4-4 Section properties of single angle member 

 
Table 4-2. Section properties of single angle member 

Section property Formula
𝐼 /ℎ 𝑡 0.29𝛽 0.16𝛽 0.16 

𝐼 / ℎ 𝑡/12  0.38𝛽 0.83𝛽 0.325 
𝑈 /ℎ 0.3𝛽 0.83𝛽 0.19 
𝑉 /ℎ 0.33𝛽 0.09𝛽 0.42 
𝑋 /ℎ 0.1𝛽 0.18𝛽 0.045 
𝑌 /ℎ 0.456 0.32𝛽 0.1𝛽  
𝛽 /ℎ 1.1 0.6𝛽 0.5𝛽  
𝛼 14𝛽 41𝛽 10 

𝑀 / 𝑓 ℎ 𝑡  0.413𝛽 0.095𝛽 0.388 
𝑀 / 𝑓 ℎ 𝑡  0.098𝛽 0.61𝛽 0.157 

 
Because the plastic design for the angle section is conditionally applicable to the 

cross-section, which can form a plastic hinge or can develop its plastic moment 

capacity, several design practices provide the cross-section classifications in a form of 

maximum width-to-thickness ratios. For example, EC3 (2005a) – clause 5.5, defined 

four section classes so that the plastic design is applied to Class 1 and Class 2 cross-
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sections. Moreover, Trahair (2002b) provided an extensive study for the angle section 

classification using local buckling coefficients, accounting for elastic and plastic stress 

distribution. The optimistic and conservative limits associated with plastic and 

compact cross-sections have been presented. Table 4-3 shows the plastic limit 𝜆  

and compact limit 𝜆  for angle sections under major and minor axis bending. All 

studied cross-sections with different steel grades are verified using the procedures 

proposed in (Trahair, 2002b), while an example demonstrating the section 

classification will be presented in section 4.6.4. 

Table 4-3 Plastic and compact limits for cross-sections classifications (Trahair, 2002b) 

Load condition 
Plate slenderness 

ratio 
Plastic limit 

𝜆  
Compact limit 

𝜆   

Major bending (𝑢-axis) 
𝜆

ℎ
𝑡

𝑓
250

 
12 16 

Minor bending (𝑣-axis) 10 14 

 

4.5 Elastic buckling loads 

The member global buckling, such as the flexural or flexural-torsional buckling 

due to the axial compression, as well as the lateral torsional buckling due to major axis 

bending, greatly impact the member safety, thereby, the full structure stability. 

Therefore, the elastic critical buckling loads and/or moments for single angle members 

are investigated. Trahair carried out theoretical investigations of the buckling behavior 

of steel angle beams (Trahair, 2003, 2004, 2005). Further, Aydın and Doğan (2007) 

provided an equation using a dimensionless coefficient to predict the elastic critical 

buckling moment 𝑀  for lateral-torsional buckling, and reproduced as, 

𝑀 𝑚 𝐸𝑡  (4-3) 

where 𝑚  is the dimensionless coefficient for beam buckling, which is depended on 

the slenderness ratio 𝜆 (= 𝐿𝑡/ℎ ) and the leg length ratio 𝛽, and can be found in 
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(Aydın & Doğan, 2007). On the basis of the theoretical equation (3.1) and FE results, 

the elastic critical buckling loads due to flexural or flexural-torsional buckling are 

calculated; accordingly, they are fitted so that a simple approximate equation is 

proposed as follows, 

𝑁 𝑚 𝐸𝑡 /ℎ  (4-4) 

where, mc is the dimensionless coefficient from equation (4.5), and 𝜆  is the 

slenderness ratio (= 𝐿𝑡/ℎ ). 

𝑚
𝑎
𝜆

 (4-5) 

where, 𝑎 0.55𝛽 0.35𝛽 0.16,  and 𝑏 0.167𝛽 0.2𝛽 2.035.  A large 

number of FE results, which are summarized in Table 3.1, are utilized for equations 

(4.4) and (4.5), while the parameters 𝜆  (= 𝐿𝑡/ℎ ) and 𝛽  (= 𝑏/ℎ ) have clear 

physical meanings, hence, an appropriate and efficient prediction of elastic critical 

buckling loads of both equal and unequal-leg angles is established. Also, the proposed 

equation is able to automatically find the critical buckling mode which may be flexural 

or flexural-torsional and predict the corresponding elastic load instead of the complex 

equations as indicated in equation (3.1). Furthermore, to evaluate the provided 

equation, Figure 4.5 compares the elastic buckling loads predicted based on equation 

(4.4) and that using the theoretical cubic equation (3.1) along with the FE results. Two 

angle members with cross-sections L100x100x100 and L150x100x12 are studied for 

a practical range of slenderness ratios from 50 to 200; thus, the capability of the 

proposed equation (4.4) to predict the elastic loads for both equal and unequal angles 

is assessed.  
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Figure 4-5 Normalized elastic buckling loads for a single angle column 

 

In addition to the elastic buckling load for an axially loaded single-angle column 

and elastic buckling moment for a single-angle beam, the elastic buckling capacity for 

a single angle beam-column under interactive flexural-torsional and flexural buckling 

is important. Such an interaction is not easy to interpret physically, especially for 

asymmetric cross-sections (Trahair, 1993). The simplified interaction equation (4.6) 

for elastic buckling capacity proposed by Trahair (1993) is adopted in the present study.  

1
(1 / )

u

e u e

MN

N N P M
 


 (4-6) 

in which 𝑁 and 𝑀  are the applied design axial force and moment, 𝑁  and 𝑀  

are the elastic critical loads from equation (4.4) and equation (4.3), respectively; and 

𝑃  is the major flexural buckling load from equation (3.2). From the previous 

discussion, and utilizing the interaction equation (4.6) for the elastic buckling capacity 

of a beam-column, the minimum load amplifier of the design loads to reach the elastic 

critical loads with regards to lateral or lateral torsional bucking (denoted as 𝛼 ) can 

be calculated as follows; 
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1
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 (4-7) 

In what follows, the evaluation of equation (4.7) to predict the minimum load 

amplifier 𝛼  is presented. The two angle members (L100x100x10 and 

L150x100x12) are reinvestigated – but with the load is applied eccentrically; and the 

eccentricity with respect to the major u-axis is altered as 0.0, 0.5, 1.0, 1.5, 2 and 3𝑈 , 

where 𝑈  is the distance between the shear center and the centroid of the cross-

section. Based on FE analyses, the ultimate load 𝑁  from nonlinear analysis, and 

the major axis bending 𝑀 𝑁 ∗ 𝑒  are incorporated in equation (4.7) 

representing the applied design loads, while the elastic critical loads and moments, 

from equations (4.4) and (4.3) respectively (𝑁  𝑎𝑛𝑑 𝑀 ), are used so that the predicted 

value of 𝛼  is calculated and denoted as 𝛼 . On the other side, the elastic critical 

load 𝑁 , form eigen-buckling analysis, and the ultimate load 𝑁 , from the 

nonlinear analysis, while the member is eccentrically loaded, are recorded so that the 

load amplifier of the ultimate load to reach the elastic critical load from FE model, 

𝛼  𝑁 /𝑁 , is also calculated. With these in hand, mean FE-to-theoritical 

ratios (𝛼 /𝛼 ) is 1.006 with the COV of 0.085 for the unequal angle, and the 

respective values for the equal angle are 1.10 and 0.092. Thus, it can be said that the 

interaction equation (4.7) can predict the elastic buckling capacity of a single angle 

beam-column under interactive flexural-torsional and flexural buckling and agrees 

well with the sophisticated FE models. 
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4.6 New design method 

4.6.1 Proposal of a new interaction equation 

Based on the previous sections, a new design method for single angle beam-

column considering the section plasticity and member buckling such as flexural and 

flexural-torsional buckling is proposed. Such the method is suitable for both Class 1 

and Class 2 cross-sections, whereas the advantageous plastic reserve of the cross-

section is utilized, thereby, a more economical design is achieved. Firstly, 

Charalampakis (2011) proposed a set of interaction equations for the determination of 

the plastic resistance of angle sections under bi-axial bending and normal force. To 

extend his work and considering more complex behaviors such as flexural and 

flexural-torsional buckling, the first step is to simplify the interaction equations as a 

single equation rather than a set of equations. The original interaction equation is 

rewritten as 

2 1
1

u
s v

s

m
n m

n



  


 
     

 (4-8) 

with, 

𝑛𝜇 0.0: 𝛼 2, and 𝜌 1  

𝑛𝜇 0.0: 𝛼 2 |𝑛|, and 𝜌
| | | |

| | | |   

𝜇 𝑠𝑖𝑔𝑛 𝑚 2𝑛 1 |𝑛|   

where 𝜔 is the section capacity factor, which should be limited to 1.0 for the safety 

of the section capacity without a consideration of the member stability, and 𝜇  is a 

signum function, in which 𝑠𝑖𝑔𝑛 𝑥 1 𝑓𝑜𝑟 𝑥 0 and 𝑠𝑖𝑔𝑛 𝑥 1 𝑓𝑜𝑟 𝑥 0; 

hence, the two parts of the interaction curve (Figure 4.6) is considered. Observing the 

plastic surface in Figure 4.6, where 𝑛 0.4, 𝜇 1 for the upper part of the 

interaction curve 𝑚  2𝑛 1 |𝑛| , and 𝜇 1  for the lower part 𝑚
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2𝑛 1 |𝑛| ; thus, the full interaction curve is described. It worth mention that 

equation (4.8) will become 𝜔 𝑛 1 for axially loaded member (𝑚 𝑚  0 , 

and 𝜔 𝑛 |𝑚 | 1 for eccentric member about only minor v-axis (𝑚   0). 

 
Figure 4-6 Full plastic surface of single angle, 𝑛 0.4 (Charalampakis, 2011) 

The latter step is to address the stability issues by introducing a reduction factor 

𝜒  to account for lateral and lateral torsional buckling; accordingly, the general 

method in clause 6.3.4 in (EC3 2005a), which is recommended for structural members 

such as single angle members, is implemented – but employing a hand-calculating 

method without a finite-element analysis; thereby, its feasibility in engineering 

practices is established. With such a purpose, extensive FE results (almost from 2160 

FEM considering geometrical and material nonlinearities) are post-processed so that 

lower bound curves representing the reduction factors are proposed. The following 

parameters have been considered in the parametric study: (1) Leg length ratios for 

unequal to equal angle members, 𝛽  = 0.5, 0.6, 0.7, 0.8, 0.9 and 1, (2) Width to 
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thickness ratio, ℎ/𝑡 = 8, 10 and 12.5, (3) Different slenderness ratios, 𝜆   𝐿/𝑟  

from 50 to 200, and (4) Two load cases, (axial loading and eccentric loading causing 

major and/or minor axes bending with a wide range of eccentricities (e = 0.5, 1.0, 

1.5, 2, and 3𝑈 ). 

As a result of the above, the interaction equation considering the section plasticity 

as well as the member stability is proposed and expressed as, 

2

1
u

s v op
s

m
n m

n



   


 
     

 (4-9) 

where, 𝜒  is the reduction factor to account for lateral and lateral torsional buckling, 

which can be calculated from equation (4.10) using the global non-dimensionless 

slenderness ratio 𝜆 . 

𝜒
1

𝛷 𝛷 𝛽 𝜆
1

𝛷 0.5 1 𝛼 𝜆 𝜆 𝛽 𝜆  

𝜆
𝛼
𝛼

 

(4-10) 

in which 𝛼  is the minimum load amplifier of the design loads to reach the 

characteristic resistance of the cross-section without considering lateral or lateral 

torsional bucking 1/𝜔 , 𝛼  has been illustrated previously and can be 

calculated from equation (4.7), and 𝛼 , 𝛽 , 𝑎𝑛𝑑 𝜆  are the buckling curve 

parameters, which are determined by fitting the FE results; they are altered so the 

different load combinations and their corresponding buckling modes are reflected 

(Table 4.4). 
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The FE results together with the resulting buckling curves are depicted in Figure 

4.7, for members with eccentric compression causing major axis bending, and Figure 

4-8, for eccentric members having minor axis bending. It is clearly seen that the 

proposed equation represents a lower bound for the FEM results in case of major-axis 

and minor-axis bending. Moreover, the following observations are noted; for 

eccentrically loaded member about the major axis, the cross-section may achieve the 

full plastic capacity without reduction due to buckling if the global slenderness ratio 

( 𝜆 ) is less than 0.5 ( 𝛼  0.25𝛼 ). Further, for 0.25𝛼 𝛼   4 𝛼  

(0.5 𝜆 2), the buckling is in inelastic stress range so that the section capacity 

varies between the full plastic capacity and the first yield limit capacity. Lastly, in case 

of the 𝛼  4 𝛼 , the elastic critical buckling loads are of greater importance and 

the member capacity is mainly resulted from the elastic critical buckling loads 

(𝑁  𝑎𝑛𝑑 𝑀  as the FTB is due to the interaction between the beam and column 

buckling. On the other side, for minor axis bending the buckling is of the inelastic type 

when 𝛼  𝛼 , and the buckling behavior is mostly due to the column buckling 

without consideration of the lateral-torsional buckling about major-axis bending.  

Table 4-4 Buckling curve parameters 
Loading type CL EL(Minor) EL(Major) EL(Bi-axial) 

𝛼  0.34 1 0.49 0.76 
𝛽  1 1 0.9 1 
𝜆  0.2 0.2 0.5 0.2 

EC-3* curve b --- --- curve d 
Note: *the corresponding buckling-curve according to EC-3, CL = concentric loading, and EL 
= eccentric loading. 
 

In summary, the design procedure of the proposed method is shown in Figure 4.9, 

which include a section capacity check and a stability check; thus, the member is 

adequately verified.  
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Figure 4-7 Buckling curves for single angle beam-column and FEM results –

major axis bending
 

 
Figure 4-8 Buckling curves for single angle beam-column and FEM results – 

minor axis bending
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Figure 4-9 Flow chart for the proposed design method for single angle member 

under bi-axial bending
 

4.6.2 Evaluation of the proposed equation  

To evaluate the proposed equation, the experimental tests by Liu and Chantel 

(2011) and Liu and Hui (2010a) are studied. The axial resistances (𝑃) for the tested 

beam-columns are calculated using three methods as follows; (1) the proposed 

interaction equation (4.9), (2) the interaction equation in clause 6.3.3 of EN 1993-1-1 

(2005a), and (3) the interaction equation for members with asymmetric sections in 

Chapter H of the AISC 360-16 (2016). In addition, the section capacity factor (𝜔), 

based on the interaction equation (4.8) for the plastic surface of angle sections, are 

calculated for the experimental results, and those obtained from the three methods. It 

is worth mentioning that the predicted resistance (𝑃 . , using the proposed equation 

(4.9), is calculated by iterations so that the section capacity factor (𝜔  is slightly less 
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than or equal to the reduction factor (𝜒 ,  while the plastic moment capacities 

( 𝑀   and 𝑀 ) are limited to 1.5 times the first yield capacities at the 

corresponding critical point as provided in AISC specifications.  

As a result of the above, mean test-to-predicted ratios and the associated COV for 

the axial resistances (𝑃 /𝑃 .), as well as mean values for the section capacity 

factors (𝜔 /𝜔 .), are summarized in Table 4.5. It is clearly seen that the proposed 

nonlinear equation provided closer and less scattered results to the experimental 

results. The results based on EC3 are significantly conservative for asymmetric 

members as the interaction factors in the EC3 equation are mainly derived for the 

doubly symmetric sections. While, the results of AISC interaction equation, which is 

provided for the asymmetric members, are similar, but relatively less conservative. It 

can be concluded that the linear interaction equation in current specifications is 

inadequate, and the actual stress distribution on the cross-section should be taken into 

account for the strength prediction of both Class 1 and Class 2 cross-sections. 

Table 4-5 Mean test-to-predicted ratios from various methods 

 
 Axial resistance: 𝑃 /𝑃 .  Section capacity: 𝜔 /𝜔 . 
 Proposed EC3 AISC  Proposed EC3 AISC 

Liu and 
Hui 

(2010a) 

Mean 1.07 1.33 1.19  1.15 1.86 1.51 

COV 0.086 0.173 0.163  -- -- -- 

Liu and 
Chantel 
(2011) 

Mean 1.08 1.30 1.22  1.20 1.73 1.66 

COV 0.127 0.190 0.191  -- -- -- 

 

4.6.3 Reliability index, 𝜷𝟎  

To evaluate the proposed method more qualitatively, the reliability index 𝛽  is 

calculated against the experimental results. Reliability, as implemented in AISC-360 

(2016) is embodied in the commentary Eq. C-B3-2, as follows,  



INELASTIC DESIGN OF SINGLE ANGLE BEAM-COLUMN 

 

____________________________________________________________________ 
86 

 

𝛽
ln 𝑅 /𝑄

𝑉 𝑉
 

(4-11) 

where, 𝑅  is the mean value of the resistance, 𝑄  is the mean value of the load 

effect, 𝑉  is the coefficient of variation of the resistance, and 𝑉  is the coefficient of 

variation of the load effect. By further consideration of material 𝑀 , fabrication 𝐹 , 

and professional 𝑃  factors, the nominal resistance is established, and the resistance 

factor is calculated, see (Meimand & Schafer, 2014). Accordingly, the resistance 

factor using Chapter K of the AISI-S100-16 (2016) is used in the current study as 

follows, 

𝜙 𝐶 𝑀 𝐹 𝑃 𝑒  (4-12) 

where, 𝐶  is the calibration factor (=1.52), see (Meimand & Schafer, 2014), 

𝑀  𝑎𝑛𝑑 𝐹  are the material and fabrication factors (=1.05 and 1.0), respectively, 𝑃  

is taken as the mean value of test-to-predicted ratios, 𝛽  is the target reliability index 

which assumed to be 2.5 for structural members, 𝑉  𝑎𝑛𝑑 𝑉  are the coefficient of 

variation of the material and fabrication factors (= 0.1 and 0.05), respectively, 𝐶  is 

the correction factor for the number of tests (taken as 1.0 for reliability calculations), 

𝑉  is taken as the coefficient of variation of test-to-predicted ratios, and 𝑉  is the 

coefficient of variation of the load effect (= 0.21 for LRFD method; see (Meimand & 

Schafer, 2014) for more details.  

The reliability indices are calculated for the two sets of experimental data, in 

which the resistance factor is taken as 0.85; further, the resistance factors are 

calculated for a target reliability index 𝛽 2.5 . The reliability results are shown in 

Table 4-6. The table shows that the proposed method provided closer results to the test 

results, while the linear interaction equation for the EC3 provided reliability index 
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significantly larger than the target reliability index of 2.5. Here agin, the hypothesis 

that will be pursued by the current research is that the linear interaction equation in 

the current specifications is inadequate for design of beam-columns with 

asymmetric sections. 

Table 4-6 Reliability analysis results 

Data set 
No. of 

specimens  Proposed EC3 AISC 

Liu and Hui (2010a) 
L51x51x6.4 

28 
𝛽 𝜙 0.85  2.78 3.14 2.81 
𝜙 𝛽 2.5  0.912 1.027 0.930 

Liu and Chantel (2011) 
L76x51x6.4 

26 
𝛽 𝜙 0.85  2.62 2.94 2.73 
𝜙 𝛽 2.5  0.877 0.973 0.912 

All 54 
𝛽 𝜙 0.85  2.70 3.06 2.78 
𝜙 𝛽 2.5  0.896 1.003 0.923 

 

4.6.4 Design example  

The following design example demonstrates the application of the proposed design 

method for check the safety of a single angle member under different loading conditions. 

Consider that the designer wants to check the cross-section capacity, as well as the stability 

of the member; the column has the following characteristics:  

 An unbraced member made of unequal angle (L150x100x12) and simply 

supported over a span of 3.0 𝑚 is shown in Figure 4.10.  

 The yield strength 𝑓 355 𝑀𝑃𝑎, and Young’s modulus 𝐸 210 𝐺𝑃𝑎. 

 The member is subjected to four loading cases as follows: 

a) 𝑁 245 𝑘𝑁 (Concentric); 

b) 𝑁 130 𝑘𝑁, 𝑎𝑛𝑑 𝑒 130 𝑚𝑚 (Eccentric); 

c) 𝑁 130 𝑘𝑁, 𝑎𝑛𝑑 𝑒 50 𝑚𝑚 (Eccentric); 

d) 𝑁 130 𝑘𝑁, 𝑒 75 𝑚𝑚, 𝑎𝑛𝑑 𝑒 25 𝑚𝑚 (Eccentric). 
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Figure 4-10 Design example – Angle section L150x100x12 

 
For the cross-section classification; ℎ 138 𝑚𝑚 150 12 (the outstand 

leg), hence, 𝜆 ℎ/𝑡 𝑓 /250 13.7, while the compact limit for the major-axis 

bending ( 𝜆 , 16 ), and for the minor-axis bending 𝜆 , 14  (Table 4-3); 

therefore, the section is compact. 

Verification of the cross-section capacity: 

a) 𝜔 𝑛 245 /𝐴𝑓 𝟎. 𝟐𝟒𝟏 1  

(The cross-section capacity is adequate) 

b) 𝑁 130 𝑘𝑁, and 𝑀 16.9 𝑘𝑁. 𝑚; So, 𝑛 𝟎. 𝟏𝟐𝟖. 

From Appendix A, and considering the negative sign of 𝑀  (heel tension); 

(𝛼 𝑀  /𝑀 0.0), 𝛽 𝑏/ℎ 0.667 and ℎ/𝑡 12.5; thus, 

𝑚 0.275 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝐼𝐼 , 𝑜𝑟 𝑚 0.370 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝑉𝐼 , and 

𝑀 𝑚 ℎ 𝑡 𝑓 1 𝑠𝑖𝑔𝑛 𝜎 𝑛  23 𝑘𝑁. 𝑚. 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝐼𝐼 . 

𝑊 𝐼 /101.8 72.5 𝑐𝑚  (𝑃𝑜𝑖𝑛𝑡 𝐼𝐼, see Figure 4.10).  

So, the first yield moment about u-axis = 𝑊 ∗ 𝑓  𝟐𝟓. 𝟕 𝒌𝑵. 𝒎.  

From Table 4-2, 𝑀  0.413𝛽 0.095𝛽 0.388 𝑓 ℎ 𝑡 𝟒𝟖. 𝟕 𝒌𝑵. 𝒎  

Thus, 𝑀 𝟒𝟖. 𝟕 𝑜𝑟 𝟏. 𝟓 ∗ 𝟐𝟓. 𝟕 38.55 𝑘𝑁. 𝑚. , 𝑎𝑛𝑑 𝑚 𝟎. 𝟒𝟑𝟖. 
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Applying equation (4.9) with 𝜌 0.9631 𝑎𝑛𝑑 𝜇 1 

𝜔 0.128   0.9613 0.438/ 1 0.128
.

𝟎. 𝟐𝟖 1  

(The cross-section capacity is adequate) 

c) 𝑁 130 𝑘𝑁, 𝑎𝑛𝑑 𝑀 6.5 𝑘𝑁. 𝑚;  𝑆𝑜, 𝑛 𝟎. 𝟏𝟐𝟖. 

Considering the positive sign of 𝑀  (heel compression); 

𝑚 0.118 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝐼 , 𝑜𝑟 𝑚 0.093 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝑉 , and 

𝑀 𝑚 ℎ 𝑡 𝑓 1 𝑠𝑖𝑔𝑛 𝜎 𝑛 9.88 𝑘𝑁. 𝑚. 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝐼 . 

𝑊 𝐼  /42.38 31.6 𝑐𝑚  𝑃𝑜𝑖𝑛𝑡 𝐼, see Figure 4.10).  

So, the first yield moment about v-axis = 𝑊 ∗ 𝑓 𝟏𝟏. 𝟐𝟐 𝒌𝑵. 𝒎. 

From Table 4-2, 𝑀 0.098𝛽 0.61𝛽 0.157 𝑓 ℎ 𝑡 𝟏𝟗. 𝟕𝟔 𝒌𝑵. 𝒎. 

Thus, 𝑀 𝟏𝟗. 𝟕𝟔 𝑜𝑟 𝟏. 𝟓 ∗ 𝟏𝟏. 𝟐𝟐 16.83 𝑘𝑁. 𝑚, 𝑎𝑛𝑑 𝑚 𝟎. 𝟑𝟖𝟔. 

𝜔 𝑛 |𝑚 | 0.128 0.386 𝟎. 𝟒 1 

(The cross-section capacity is adequate) 

d) 𝑁 130 𝑘𝑁, 𝑀 9.75 𝑘𝑁. 𝑚 𝑎𝑛𝑑 𝑀 3.25 𝑘𝑁. 𝑚;  𝑆𝑜, 𝒏 𝟎. 𝟏𝟐𝟖 

Considering the negative sign of 𝑀  (heel tension), and positive sign of 𝑀  (heel 

compression), 𝛼 𝑀 /𝑀 0.333; thus,  

𝑚 0.413 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝐼𝐼 , 𝑜𝑟 𝑚 0.167 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝑉𝐼 ; 

𝑀 18.1 𝑘𝑁. 𝑚. 𝜎 , 𝑝𝑜𝑖𝑛𝑡 𝑉𝐼 ; 𝑀 𝛼 𝑀 6.03 𝑘𝑁. 𝑚. 

𝑊  𝐼 /75.75 97.4 𝑐𝑚  (𝑃𝑜𝑖𝑛𝑡 𝑉𝐼, see Figure 4.10).  

So, the first yield moment about u-axis = 𝑊 ∗ 𝑓 𝟑𝟒. 𝟔 𝒌𝑵. 𝒎. 

𝑊 𝐼 /49.1 27.3 𝑐𝑚  (Point VI).  

So, the first yield moment about v-axis = 𝑊 ∗ 𝑓 𝟗. 𝟕 𝒌𝑵. 𝒎.  

From Table 4-2, 𝑀  𝟒𝟖. 𝟕 𝒌𝑵. 𝒎. and 𝑀 𝟏𝟗. 𝟕𝟔 𝒌𝑵. 𝒎, hence 

𝑀 48.7 𝑜𝑟 1.5 ∗ 34.6 48.7 𝑘𝑁. 𝑚. , 𝑎𝑛𝑑 𝒎𝒖 𝟎. 𝟐 
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𝑀 19.76 𝑜𝑟 1.5 ∗ 9.7 14.55 𝑘𝑁. 𝑚. , 𝑎𝑛𝑑 𝒎𝒗 𝟎. 𝟐𝟐 

Applying equation (4.9) with 𝜌 0.9631 𝑎𝑛𝑑 𝜇 1 

𝜔 0.128 0.22 0.9613 0.2/ 1 0.128
.

𝟎. 𝟏𝟒𝟑 1 

(The cross-section capacity is adequate) 

Verification of the member stability: 

For elastic buckling, and according to equation (4.4), 𝑁 303.72 𝑘𝑁 , and 

applying equation (4.3) with negative βu (long leg in compression), 𝑀

48.14 𝑘𝑁. 𝑚,  while the major flexural buckling load 𝑃 1743.2 𝑘𝑁. 

Accordingly, the member buckling resistance can be verified for different load 

cases as follows; 

a) Concentric compression, 𝛼  𝑁 /𝑁 1.24, and 𝛼 1/𝜔 4.15. �̅�

4.15/1.24 1.82; using buckling curve “b” from EC3. So,  

𝜒 0.247 𝜔 0.241.(The member is verified). 

b) Eccentric load causing major axis bending, so applying equation (4.7) 𝛼

1.238, and 𝛼 1/𝜔 3.57. �̅� 1.698; using the modified buckling curve 

(Table 4-4), where 𝛼 0.49, 𝛽  0.9 𝑎𝑛𝑑 𝜆 0.5; 

𝜒 0.282 𝜔 0.28. (The member is verified). 

c) Eccentric load causing minor axis bending, 𝛼 2.3, and 𝛼 2.5. �̅�

1.04;  using modified buckling curve, where 𝛼 1, 𝛽 1 𝑎𝑛𝑑 𝜆 0.2 ; 

𝜒 0.402 𝜔 0.4. (The member is verified). 

d) Eccentric load causing biaxial bending, 𝛼 1.54 , and 𝛼 6.99 . �̅�

2.13; using buckling curve “d” from EC3; 

𝜒 0.159 𝜔 0.143. (The member is verified). 
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The verification of the cross-section capacity and the check of the stability of the 

member are summarized and listed in Tables 4-7 and 4-8. Moreover, the FE results 

for the current member are utilized so that the reduction factor from the section 

plastic capacity (𝜒 ) is presented in Table 4-8 for comparisons. 

Table 4-7 Cross-section properties and plastic moment capacity 

Load 
case 

𝑛 
𝑣𝑒  

𝑀  

𝑘𝑁. 𝑚  

𝑀  

𝑘𝑁. 𝑚  
𝑊  

𝑐𝑚  

𝑊  

𝑐𝑚  
𝑀  

𝑘𝑁. 𝑚  

𝑀  
𝑘𝑁. 𝑚  

(a) 0.241 --- --- --- --- --- ---
(b) 0.128 23.0 --- 72.5 --- 38.5 ---
(c) 0.128 --- 9.88 --- -31.6 --- 16.8
(d) 0.128 -18.1 6.03 -97.4 27.3 48.7 14.6

Note:  
(1) First yield moment about major axis due to the interaction of normal force and bi-axial 
bending. 
(2) Elastic section modulus at the most critical point (seen in Figure 4.10). 
(3) The plastic moment capacity from Figure 4.3 – but limited to 1.5 times the first yield 
moment (=1.5 𝑥 𝑊  𝑥 𝑓 ). 
 
Table 4-8 Verification of the cross-section and stability of the member 

Load 
case 

𝜌 𝑚  𝑚  𝜇  𝜔  𝛼  𝛼  𝜆  𝜒  𝜒

(a) --- --- --- --- 0.24 1.24 4.15 1.820 0.247 0.26
(b) 0.9631 -0.43 --- +1 0.28 1.23 3.57 1.698 0.282 0.41
(c) --- --- 0.38 +1 0.40 2.30 2.50 1.040 0.402 0.41
(d) 0.9631 -0.20 -0.22 +1 0.14 1.54 6.99 2.130 0.159 0.29

Note:  
(4) The plastic capacity of single angle section according to equation (4.8). 
(5) Minimum load amplifier of the design loads to reach the elastic critical loads with regards 
to lateral or lateral torsional bucking according to equation (4.7). 
(6) The reduction factor to account for flexural and flexural-torsional buckling calculated from 
Equation (4.10). 
 
 

4.7 Concluding and Remarks 

In this chapter, a new practical design method for single angle members, 

following the general method (clause 6.3.4 in EC3), is proposed and thoroughly 

evaluated. New buckling curves, considering the reduction of plastic capacity of single 

angle members undergoing flexural or flexural-torsional buckling, are provided based 
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on extensive finite element results. An example is presented to illustrate the 

application of the proposed design method.
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CHAPTER 5.  

EFFECTIVE STRESS-STRAIN RELATIONSHIP 

FOR ANALYSIS AND DESIGN OF SINGLE 

ANGLE MEMBERS  

5.1 Introduction 

In this chapter, the stability design of a single angle member in the frame of the 

direct analysis method (DAM) is provided. The actual behaviors of single angles, such 

as flexural, flexural-torsional and/or distortional buckling, need to be reflected in the 

analysis of frames of which single angles are a part. Accordingly, a more scientific 

system-based analysis, with a simultaneously completed design with the analysis, is 

established. With this purpose, an effective stress-strain relationship for a single angle 

member is proposed based on the results from the comprehensive finite shell-element 

models (FSEM). The detailed finite shell-element models explicitly accounted for 

initial geometric imperfections and residual stresses. The stress-strain curves obtained 

from the finite shell-element models are idealized to obtain the compressive stress-

strain relationship for further incorporation in a conventional line finite-element 

method (LFEM). Thus, the direct analysis of angle structures is established. For a 

verification purpose, a comparison study between the results of finite shell-element 

models and those based on conventional finite line-element models comprising the 

proposed effective stress-strain relationship is conducted using the commercial 

package ABAQUS. Finally, for further reliability of the proposed method, a full-scale 

angle-truss test from the literature is used to illustrate the application of the proposed 

method in the analysis of angle structures.  
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5.2 Sensitivity analysis of flexural-torsional buckling 

In what follows, the effect of flexural-torsional mode on the inelastic buckling of 

an eccentrically loaded single-angle member is investigated. Most design 

specifications adopt the assumption that the flexural buckling will govern the ultimate 

strength of single angles. Besides, the flexural buckling about the principal minor axis 

is assumed as the dominant failure mode in the existing conventional line elements for 

direct analysis of angle structures. It is, however, found that single angles usually 

experience global buckling such as flexural and flexural-torsional buckling, local-

distortional buckling, or interaction local-distortional-global failure modes, depending 

on the overall slenderness ratio (𝜆 𝐿/𝑟), and the width-to-thickness ratio (ℎ/𝑡). It is 

further reported that concentrically loaded equal-leg single-angle members are mostly 

governed by flexural buckling failure modes. Nevertheless, the eccentrically loaded 

angles due to unavoidable end connections or concentrically loaded unequal-leg 

angles are generally dominated by the flexural-torsional buckling mode (Kitipornchai, 

S. & Lee, H., 1986). With this purpose, a sensitivity analysis of flexural-torsional 

buckling mode and its effect on the inelastic response of eccentrically loaded single 

angle members is presented in the following sections.  

5.2.1 Finite-element modelling 

The finite-element routine (Figure 3-7), which is previously developed in chapter 

3, is used in the current study. For such a parametric study, various parameters are 

included in the FE analyses; and they are: (i) a wide range of slenderness ratios 𝜆  

from 50 to 200 to cover both elastic and inelastic regions, (ii) the width-to-thickness 

ratio (ℎ/𝑡) is limited so that the local buckling failure modes could be practically 

neglected, (iii) the steel grades S275, S355 and S460 complied with EC3 are studied, 
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and (iv) the load is applied eccentrically at the mid-height of the angle leg which is 

practically considered as the bolt position for the angle connection. Furthermore, two 

cases are considered concerning the assumed failure modes for single angle members; 

the former is a flexural-buckling (FB) mode (Case 1) while the latter is a flexural-

torsional buckling (FTB) mode (Case 2). Consequently, the boundary conditions at 

two member-ends are assumed as a pin-ended condition while the member is kept 

unrestrained along its length. Hence, the flexural torsional buckling (Case 2) is 

investigated; as it is usually the governing failure mode for eccentrically loaded angles. 

On the other side, to address the only flexural buckling mode (Case 1) avoiding the 

possibility of the flexural-torsional failure mode, a rotational constraint is adopted 

along the angle’s heel. Such the assumption was employed previously in the literature 

to study the flexural buckling behavior of steel angle members (Može et al., 2014). 

The angle’s cross-section definitions and the loading point in the FE model are shown 

in Figure 5.1; while the resulting failure modes from Case 1 (FB) and Case 2 (FTB) 

are provided in Figure 5.2. It is clearly seen that the transverse displacement contours 

for the flexural buckling mode are uniform. At the same time, the twist rotations about 

the longitudinal axis are observed for the flexural torsional buckling. 

Figure 5-1. Angle cross-section dimensions and the shell elements in the FE 
model
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Figure 5-2. Failure modes from the FE model; (a) flexural buckling mode, (b) 

flexural-torsional mode
 

5.2.2 Torsional-buckling effect for eccentric single angles 

The shell finite-element results are post-processed so that the normalized loads 

and the axial strains for the eccentric angle member are calculated. First, the loads 

versus (vs) axial-displacements curves are extracted from the FE models; then, the 

applied loads 𝑃  are normalized by the corresponding yield (squash) load for the 

angle cross-section 𝑃/𝑃 , in which (𝑃 𝐴 ∗ 𝑓 ). The longitudinal axial strain 

(𝜀) is also calculated as the total axial shortening (𝛥) of the single angle member 

divided by the member length (𝐿); hence, the normalized axial strains are determined 

𝜖/𝜖 , where 𝜖 𝑓 /𝐸. As a result of the above, the normalized loads (Load/Py) 

vs the normalized axial strains (𝜀/𝜀 ) are plotted for the two buckling modes (i.e. FB 

and FTB) as shown in Figure 5.3. It can be clearly seen that the flexural-torsional 

buckling mode has a small noticeable influence on the inelastic buckling for relatively 
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short members (𝜆  50), while this effect almost vanishes for slender members (𝜆 

 200) where the members buckle elastically. 

Figure 5-3. Normalized load vs. axial strain: (a) h/t = 8, (b) h/t = 10 
 

Moreover, the normalized ultimate buckling load ( 𝑃 /𝑃  (peak load), and the 

normalized peak strain ( 𝜖 /𝜖 ) from the load vs axial strains curves are recorded 

for the two cases (FB and FTB). From the parametric study, the mean FTB-to-FB 

ratios for the normalized buckling loads is 0.96, and the coefficient of variation 

(COV) is 0.022; while for the normalized peak strains, the corresponding values of 

FB-to-FTB ratios are 0.967 and 0.057, respectively (Figure 5.4). Observing the results 

in Figure 5.4(a), the angle members undergoing flexural-torsional buckling usually 

produce ultimate loads slightly lower than that resulting from flexural buckling modes; 

the minimum reduction is almost 0.9. On the other side, higher scattering of peak 

strain ratios (FB-to-FTB ratios) is pronounced in Figure 5.4(b); as the slenderness ratio 

increases the reduction in axial shortenings when ignoring the flexural-torsional 

buckling, is increased up to almost 0.8 of the overall behavior. It might be attributed 

to the complex combined behavior of global flexural-torsional buckling and local 

buckling failure modes, as well as the effect of imperfections in the inelastic range. 

Accordingly, it can be concluded that the relatively close predictions of the ultimate 

buckling strength are not matching with the estimations of the axial shortenings if the 

flexural-torsional failure modes are not explicitly modelled in the analysis.    
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It should be noted that the current study emphasized the torsional buckling effect 

for eccentric equal-leg angle members. Such an effect decidedly has a more 

pronounced influence for unequal-leg angles; therefore, a further study for unequal-

leg angle members is suggested. However, based on the above, it can be concluded 

that the torsional buckling failure modes have a noticeable effect for predicting the 

accurate behavior of angle structures, whereas the flexural-torsional buckling should 

be directly modeled in the analysis, especially for eccentric angle members. To address 

these issues simply and practically, an effective stress-strain relationship for a single 

angle member, which implicitly considers the geometric imperfections considering the 

global and local buckling failure modes, will be developed for further inclusion in the 

line finite-element method. 

Figure 5-4. The ratios for the normalized loads and strains vs. the nondimensional 
slenderness ratios: (a) normalized ultimate loads, (b) normalized peak strains.

 

5.3 Effective Stress-Strain Relationship for Single Angles 

The effective stress-strain relationship for single angle members should include 

the member behavior for both tension and compression loading. The tensile stress-

strain relationship for bare hot-rolled steel members are conventionally modelled by a 

bilinear curve with a firstly elastic portion with a slope of 𝐸  and yield stress (𝑓 ), 

then a hardening branch with a slope of 0.01 𝐸  as shown in Figure 5.5. In the current 
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study, the more involved task is obtaining the compressive stress-strain relationship, 

which is presented in the following sections. 

 
Figure 5-5. Tensile stress-strain relationship for single angle member   

 

5.3.1 Assumptions and limitations 

A parametric study, comprising a total of 150 analyses, is implemented to 

investigate the effect of different parameters on the single angle member behavior. 

Table 5.1 shows the details of the analysis matrix included in the current study, where 

the second column represents the labelling scheme for each model; for example, L-

100-8-𝑓  identifies an angle member with slenderness ratio 𝜆 𝐿/𝑟 100, and 

width-to-thickness ratio ℎ/𝑡  8, while 𝑓  is altered to cover the three studied steel 

grades (𝑆275, 𝑆355, and 𝑆460 MPa). In addition, the following assumptions in the 

FE models are followed to develop the effective stress-strain relationships for single 

angle members: (I) the boundary condition is assumed to be a pin-ended condition 

(free to rotate about the two in-plane axes), (II) the loading condition is concentrically 

loaded, and (III) the first buckling mode (i.e. local and/or global buckling mode) is 

considered as initial geometric imperfection. It should be noted that the current study 

is limited only to the tabulated ranges in Table 5.1. Accordingly, further study for short 

members (𝜆  50) with high width-to-thickness ratio (ℎ/𝑡 15) is suggested to 
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precisely investigate the local-distortional buckling modes excluding the overall 

buckling behavior.  

Indeed, the effective stress-strain relationships should be sufficiently accurate for 

all load cases. It is, however, impractical to develop effective stress-strain 

relationships to precisely predict the behavior of a single angle member for all load 

combinations (i.e. axial compression, flexure, and combined axial compression and 

flexure). Accordingly, the loading and boundary conditions in assumptions (I) and (II) 

are adopted, representing the most critical cases for angle trusses. The former makes 

the member behave more likely to a single-bolted member (more conservative), and 

the latter produces mostly compressive stresses within the angle legs, which are critical 

for local buckling. As a sequel, the effect of end eccentricity can be further considered 

by connecting the angle member at each end by rigid arms to the other members.  

5.3.2 Development of effective stress-strain relationship 

The axial load-displacements curves of the single angle member and the resulting 

stress-strain relationships from the benchmarked shell finite-element models are 

extracted to develop the effective stress-strain relationships as follows. The 

longitudinal average axial stress (𝜎) is estimated as the applied load divided by the 

angle’s cross-section area (𝐴); while the longitudinal axial strain (𝜀) is calculated as 

mentioned earlier ( Δ/𝐿); then, they are normalized by the yield stress (𝑓  and yield 

strain (𝜖 , respectively. As a result, the normalized stresses (𝜎/𝑓  vs the normalized 

strains (𝜖/𝜖  are depicted for all FE models included in the parametric study; with 

these in hand, we have the normalized stress-strain relationships as the examples 

shown in Figure 5.6. 
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Table 5-1 Analysis matrix for an equal-leg single angle member, ℎ  100 𝑚𝑚 

𝑁𝑜. 𝐼𝐷. ℎ/𝑡 
𝜆 
𝐿/𝑟  

𝑓 275 𝑀𝑃𝑎  𝑓 355 𝑀𝑃𝑎  𝑓 460 𝑀𝑃𝑎  

�̅� 𝜆  �̅� 𝜆  �̅� 𝜆  

1 L-50-8-𝑓  8 50 0.563 0.084 0.640 0.108 0.729 0.140 
2 L-60-8-𝑓  8 60 0.676 0.084 0.768 0.108 0.875 0.140 
3 L-80-8-𝑓  8 80 0.902 0.084 1.025 0.108 1.166 0.140 
4 L-100-8-𝑓  8 100 1.128 0.084 1.281 0.108 1.458 0.140 
5 L-120-8-𝑓  8 120 1.353 0.084 1.538 0.108 1.750 0.140 
6 L-140-8-𝑓  8 140 1.579 0.084 1.794 0.108 2.042 0.140 
7 L-150-8-𝑓  8 150 1.692 0.084 1.922 0.108 2.188 0.140 
8 L-160-8-𝑓  8 160 1.805 0.084 2.051 0.108 2.334 0.140 
9 L-180-8-𝑓  8 180 2.031 0.084 2.307 0.108 2.626 0.140 

10 L-200-8-𝑓  8 200 2.257 0.084 2.564 0.108 2.919 0.140 
        

11 L-50-10-𝑓  10 50 0.570 0.131 0.648 0.169 0.737 0.219 
12 L-60-10- 𝑓  10 60 0.684 0.131 0.777 0.169 0.885 0.219 
13 L-80-10- 𝑓  10 80 0.912 0.131 1.037 0.169 1.180 0.219 
14 L-100-10-𝑓  10 100 1.141 0.131 1.296 0.169 1.475 0.219 
15 L-120-10-𝑓  10 120 1.369 0.131 1.555 0.169 1.771 0.219 
16 L-140-10-𝑓  10 140 1.597 0.131 1.815 0.169 2.066 0.219 
17 L-150-10-𝑓  10 150 1.712 0.131 1.945 0.169 2.214 0.219 
18 L-160-10-𝑓  10 160 1.826 0.131 2.075 0.169 2.362 0.219 
19 L-180-10-𝑓  10 180 2.054 0.131 2.334 0.169 2.657 0.219 
20 L-200-10-𝑓  10 200 2.283 0.131 2.594 0.169 2.953 0.219 

        
21 L-50-12-𝑓  12 50 0.575 0.189 0.653 0.243 0.744 0.315 
22 L-60-12-𝑓  12 60 0.690 0.189 0.784 0.243 0.892 0.315 
23 L-80-12-𝑓  12 80 0.920 0.189 1.046 0.243 1.190 0.315 
24 L-100-12-𝑓  12 100 1.151 0.189 1.307 0.243 1.488 0.315 
25 L-120-12-𝑓  12 120 1.381 0.189 1.569 0.243 1.786 0.315 
26 L-140-12-𝑓  12 140 1.611 0.189 1.831 0.243 2.084 0.315 
27 L-150-12-𝑓  12 150 1.727 0.189 1.962 0.243 2.233 0.315 
28 L-160-12-𝑓  12 160 1.842 0.189 2.093 0.243 2.382 0.315 
29 L-180-12-𝑓  12 180 2.072 0.189 2.354 0.243 2.680 0.315 
30 L-200-12-𝑓  12 200 2.303 0.189 2.616 0.243 2.978 0.315 

     
31 L-50-15-𝑓  15 50 0.580 0.295 0.659 0.380 0.750 0.493 
32 L-60-15-𝑓  15 60 0.696 0.295 0.791 0.380 0.901 0.493 
33 L-80-15-𝑓  15 80 0.929 0.295 1.055 0.380 1.201 0.493 
34 L-100-15-𝑓  15 100 1.161 0.295 1.319 0.380 1.502 0.493 
35 L-120-15-𝑓  15 120 1.394 0.295 1.584 0.380 1.803 0.493 
36 L-140-15-𝑓  15 140 1.626 0.295 1.848 0.380 2.103 0.493 
37 L-150-15-𝑓  15 150 1.743 0.295 1.980 0.380 2.254 0.493 
38 L-160-15-𝑓  15 160 1.859 0.295 2.112 0.380 2.404 0.493 
39 L-180-15-𝑓  15 180 2.092 0.295 2.376 0.380 2.705 0.493 
40 L-200-15-𝑓  15 200 2.324 0.295 2.641 0.380 3.006 0.493 

     
41 L-50-20-𝑓  20 140 1.643 0.524 1.866 0.676 2.125 0.876 
42 L-60-20-𝑓  20 140 1.643 0.524 1.866 0.676 2.125 0.876 
43 L-80-20-𝑓  20 140 1.643 0.524 1.866 0.676 2.125 0.876 
46 L-100-20-𝑓  20 140 1.643 0.524 1.866 0.676 2.125 0.876 
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Table 5-1 continued;  

𝑁𝑜. 𝐼𝐷. ℎ/𝑡 
𝜆 
𝐿/𝑟  

𝑓 275 𝑀𝑃𝑎  𝑓 355 𝑀𝑃𝑎  𝑓 460 𝑀𝑃𝑎  

�̅� 𝜆  �̅� 𝜆  �̅� 𝜆  

47 L-120-20-𝑓  20 150 1.760 0.524 2.000 0.676 2.276 0.876 
48 L-140-20-𝑓  20 160 1.878 0.524 2.133 0.676 2.428 0.876 
49 L-150-20-𝑓  20 180 2.113 0.524 2.400 0.676 2.732 0.876 
50 L-160-20-𝑓  20 200 2.348 0.524 2.667 0.676 3.036 0.876 

 

Figure 5-6 Normalized axial stress-strain curves for a single angle member
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Based on the stress-strain curves in Figure 5.6, the following observations are 

made; first, the normalized buckling stress (peak stress) ( 𝜎 /𝑓 ) decreases with 

increasing the slenderness ratio (𝜆) and the yield stress (𝑓 ). Indeed, increasing the 

member length, and accordingly the slenderness ratio (𝜆 𝐿/𝑟 , will reduce the 

member buckling resistance; also, decreasing the steel grade will result in a smaller 

buckling strength – but the normalized buckling stress decreases, when increasing the 

yield stress for a member with the same slenderness ratio. For example, single angle 

members with the same cross-sectional area 𝐴 , second moment of area 𝐼 , and the 

member length 𝐿 , provide the same buckling stresses 𝜎  – but the normalized 

buckling stress 𝜎 /𝑓  will decrease with increasing the yield stress (𝑓 ). 

 Furthermore, the post-buckling behavior of a single angle member is affected by 

the angle width-to-thickness ratio (ℎ/𝑡), whereas increasing the ℎ/𝑡 ratio reduces the 

local buckling stress, and the gradual degradation of the post-buckling curve becomes 

more severe. Figures 5.6(𝑒-𝑓) show that when the member length is relatively short 

(e.g. 𝜆  100 ), the post-buckling behavior is descending with severe negative 

stiffness and the ultimate stress becomes slightly independent of slenderness ratio (𝜆). 

It can be attributed to the fact that the relatively short members, with the high width-

to-thickness ratio (ℎ/𝑡), tend to buckle with local (-plate) or distortional deformations 

rather than global buckling (i.e. FB or FTB). This could be consistent with the same 

conclusion reported by Bai et al. (2017), where the post-buckling behavior becomes 

unstable due to the combination of a global and a local type of imperfection. Besides, 

Figure 5.7 shows the different failure modes corresponding to the two width-to-

thickness ratios (ℎ/𝑡 8 𝑎𝑛𝑑 20). It is clearly seen that for relatively short members 

(𝜆  60), the observed failure mode for a member with a high ℎ/𝑡 ratio is local-
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distortional buckling mode; whilst for a member with a small ℎ/𝑡 ratio, the failure 

mode tends to be global flexural buckling mode.  

Finally, it can be concluded that normalized buckling stress 𝜎 /𝑓 ) mainly 

depends on several parameters, such as cross-section properties, the actual length of 

the member (𝐿) (i.e. the slenderness ratio 𝜆 𝐿/𝑟 ), yield stress (𝑓 ), modulus of 

elasticity (𝐸), and angle width-to-thickness ratio (ℎ/𝑡). Also, the post-buckling stress-

strain behavior is descending with a negative stiffness up to strain value of 4𝜖  where 

the stiffness becomes almost zero, especially for members with high slenderness ratios 

and high width-to-thickness ratios. Therefore, it can be assumed as zero at this strain 

level for practical consideration. 

 
Figure 5-7. Failure modes for single angle member; (a) local plate buckling; (b) 

global flexural buckling 
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Based on the FEM results and the previous observations, a trilinear curve 

representing the compressive stress-strain relationship for single angle members is 

proposed, as shown in Figure 5.8. This idealized effective relationship is simple and 

only requires two control points. Point 𝐴 is for the maximum normalized buckling 

stress 𝜎 /𝑓  with coordinates 𝜖 /𝜖 , 𝜎 /𝑓 ; whilst, point 𝐵 is at the end of the 

significant degrading of the post-buckling behavior with coordinate (4.0 , 𝜎 /𝑓 ). The 

governing equations for the two control points are derived based on multiple 

regression analysis for the aforementioned parameters. The results from FE models 

(Figure 5.6) are analyzed and post-processed for the proposal of the relationships.  

Accordingly, the following equations (5.1 – 5.6) are presented to describe the 

trilinear curve (Figure 5.8). First, the normalized buckling stress 𝜎 /𝑓  is 

calculated using the minimum value of 𝜎 /𝑓  and 𝜎 /𝑓  from equation (5.1). 

The coefficient of variation (COV) obtained from the regression analysis for equation 

(5.1) is 0.05. 

𝜎
𝑓

1.25 𝑒 .     1.0 (5-1-a)

𝜎
𝑓

1
1 2.25 𝜆

   1.0 (5.1-b)

where the non-dimensional slenderness ratio �̅� 𝐴. 𝑓 /𝑁 , and the effective plate 

slenderness ratio 𝜆 ℎ/𝑡 𝑓 /𝐸  represent the consideration of the member-

global and section-local buckling modes. Herein, 𝑁  is the elastic critical buckling 

load which could be calculated using the simplified equation proposed in Chapter 4. 

This equation is rewritten as equations (5.2) and (5.3) for easy reference.  

𝑁 𝑚 𝐸𝑡 /ℎ  (5-2)

𝑚
𝑎
𝜆

 (5-3)
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where 𝑎 and 𝑏 are constants which can be calculated from equation (4.5) in Chapter 

4, and 𝜆 𝐿𝑡/ℎ . Herein, the leg length ratio for equal leg angle section 𝛽 𝑏/ℎ

1.0 ; therefore, 𝑚 0.74/𝜆 . . It is worth noting that the letter “𝑏” in equation 

(5.3) should not be confused with the angle leg width 𝑏  to calculate the leg length 

ratio (𝛽 𝑏/ℎ . As a sequel, the normalized peak strain 𝜖 /𝜖  and the normalized 

post-buckling stress ( 𝜎 /𝑓 ) can be calculated from equations (5.5) and (5.6), 

respectively; while the associated coefficients of variation from the regression analysis 

are 0.14 and 0.20. 

 
𝐸
𝐸

𝜎
𝐸 𝜖

1.13 0.35�̅� (5-4)

𝜖
𝜖

𝜎
𝑓

𝐸
𝐸

 (5-5)

𝜎
𝑓

0.372 𝑒 .      0.24
𝜎
𝑓

 (5-6)

   
Figure 5-8. Idealized effective stress-strain relationship for single angle member 

(compressive loading)  

In what follows, the proposed stress-strain curves and that from FEMs are plotted 

in Figure 5.9. Herein, results for single angles with slenderness ratios ( 𝜆

60, 100, 𝑎𝑛𝑑 200) to cover different buckling ranges (i.e. elastic and inelastic) are 
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presented. It can be seen that the proposed equations can describe the effective stress-

strain curve with acceptable accuracy. The proposed curves agree well with the FEM 

results, especially for members with small width-to-thickness ratios (ℎ/𝑡  8 and 

12 (Figure 5.9)). Since the high ℎ/𝑡 ratios (= 20) make the member buckle by the 

local-distortional deformations, the post-buckling behavior is different (Bai et al., 

2017). It is, however, noted that they shared very close post-buckling stress (𝜎 /𝑓 ); 

thus, adopting a maximum limit for such the stress value (equation (5-6)) is considered 

reasonable. On the other side, the peak buckling stresses for relatively short members 

with high ℎ/𝑡 ratios are mostly dependent on ℎ/𝑡 , 𝑓 , and 𝐸 , while the global 

slenderness ratio �̅�  is almost insignificant. This can be practically reflected by 

equations (5-1 and 5-6) when the local-distortional term (i.e. 𝜆  governs the stress 

values.  

Figure 5-9. Comparison between FEM results with the proposed stress-strain 
relationship: (a) h/t = 8, (b) h/t = 12, (c) h/t = 20 
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5.4 Verification of the proposed method  

In this section, validation and verification of the proposed effective stress-strain 

relationships are presented. First, comparisons between inelastic analysis results 

obtained from conventional beam-column elements comprising the proposed stress-

strain model and that based on sophisticated shell finite-element models (SFEM) for 

individual angle members are provided. Afterwards, a full-scale angle truss 

constructed of steel angles is modelled using the line finite-element method (LFEM) 

in ABAQUS. The proposed effective relationship is implemented for the compression 

members, thereby illustrating the application of the proposed method for analysis of 

angle trusses. 

5.4.1 Comparison between line FE models and shell FE models 

Single angle members with various configurations, as tabulated in Table 5.1, are 

modelled using the conventional beam element B31 in ABAQUS. Such the 2-node 

linear (Timoshenko) beam-element includes the proposed effective stress-strain 

relationship so that the effect of member imperfections and different failure modes are 

implicitly incorporated. On the other side, the framework for the shell finite-element 

(FE) models, which is developed in Chapter 3, is utilized to generate the corresponding 

sophisticated finite shell-element models. Accordingly, the results obtained from the 

line finite-element method (LFEM) are compared with those obtained from the shell 

FE method (SFEM). The ultimate peak loads resulted from the former and those 

obtained from the shell-based models are post-processed so that the normalized 

stresses (𝜎 /𝑓  from LFEM versus those from SFEM are plotted in Figure 5.10, 

where the mean line-to-shell ratio for the normalized buckling stresses is 0.99 with a 

coefficient of variation of 0.047. It should be noted that although there is still a 
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discrepancy between the LFEM and SFEM results for cases of inelastic regions 

(relatively short members, 𝜎 /𝑓 0.7), the former is on the conservative side. As a 

sequel, the normalized buckling stresses versus slenderness ratios (𝜆 𝐿/𝑟 ) are 

plotted in Figure 5.11, where the yield stress is 275 𝑀𝑃𝑎 and the ℎ/𝑡 ratio is altered 

between 8, 12, and 20. It is clearly seen that the line FE elements comprising the 

proposed effective stress-strain relationships can sufficiently predict the ultimate 

buckling stresses for angle members with different slenderness ratios, considering the 

global and/or local buckling, and agree well with the shell finite-element models. 

Further, the aforementioned observation, where the overall slenderness ratios slightly 

affect the local buckling behavior of relatively short members, is clearly observed in 

Figure 5.11(c). 

 
Figure 5-10. Normalized buckling stresses (𝜎 /𝑓 ) obtained from line finite-

element and shell finite-element methods.
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Figure 5-11. Normalized buckling stresses (𝜎 /𝑓 ) Vs. slenderness ratio (𝜆): (a) 
ℎ/𝑡 8, (b) ℎ/𝑡 12, (c) ℎ/𝑡 20 

 
Furthermore, for the reliability of the proposed method, the load-displacements 

curves from the FE models are extracted, and the axial displacements (Δ) are further 

normalized by the member lengths (𝐿). Accordingly, the loads versus axial strains 

(Δ/𝐿) are plotted (Figure 5.12) for an angle member having a slenderness ratio of 60 

and steel grades 275, 355, and 460. Whilst, the width-to-thickness (ℎ/𝑡) ratio is 

altered between 8, 12, and 20 so that different failure modes (local and/or global) 

are expected; hence, the accuracy of the conventional beam-elements comprising the 

proposed relationships, when compared to the shell FE models, is established. As a 

sequel, results of different angle members (ℎ/𝑡 20), with slenderness ratios of 50, 

100, 140, 160, and 200, are depicted in Figure 5-13. Here again, it can be seen, 

from Figures 5.12(c) and 5.13, that the post-buckling behaviors for relatively short 
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members with high ℎ/𝑡 ratio (e.g. 20) show discrepancies in the region between the 

peak buckling stress (control 𝑝𝑜𝑖𝑛𝑡 𝐴) and the stabilizing point (control 𝑝𝑜𝑖𝑛𝑡 𝐵) in 

the proposed trilinear curve. To deal with this problem, a further study to provide a 

multilinear curve is suggested to predict the local post-buckling behaviors precisely. 

 
Figure 5-12. Load-displacement curves for a single angle member (𝜆 60); (a) 

ℎ/𝑡 8, (b) ℎ/𝑡 12, (c) ℎ/𝑡 20 
 

 
Figure 5-13. Load-displacement curves for single angle member (h/t = 20) 
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Moreover, the line FE method is further implemented for a simulation of a single 

angle member. Herein, the included stress-strain relationship is altered between the 

proposed compressive effective stress-strain curve (Figure 5.8) and the traditional 

elastic-plastic with strain hardening model (Figure 5.5). The former is denoted as 

[Model 1] and the latter as [Model 2], while the results of the shell-based FE model 

(SFEM) are presented as benchmark results. The member studied herein has the 

following properties: ℎ/𝑡 10 , 𝜆 60 , and 𝑓 275 𝑀𝑃𝑎 . Consequently, the 

normalized stress-strain curves obtained from the three models are plotted in Figure 

5.14 where almost identical results, when compared to the SFEM, are obtained from 

the proposed method [Model 1]. Whilst the model 2, which considers only the material 

nonlinearity without any imperfections, over-predicts the member ultimate stress. As 

a result of the above, it can be concluded that the proposed stress-strain relationships, 

which implicitly account for the member imperfections, can predict the behavior of 

the single angle member in good agreements with the full-detailed FE models. 

 

 
Figure 5-14. Comparison between different line FE models (Models 1 and 2) and 

the shell finite-element model.
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5.4.2 Comparison between the proposed analytical method and 

experimental test 

For further validation of the simplified numerical modelling, a comparison study is 

conducted between the results from the proposed method against those obtained from 

the experimental test of full-scale angle truss from the literature (Chan & Cho, 2005, 

2008). The details of the angle truss comprising the targeted member are shown in 

Figure 5.15. The two meters long 65𝑥65𝑥6 single angle member, with a slenderness 

ratio about 150,  has been connected by a single-bolted connection to the chord 

members thereby making the member behaved like a pin-ended member. In this study, 

the line FE method in ABAQUS, with the incorporation of the tensile stress-strain 

relationship (Figure 5.5) and the proposed compressive effective stress-strain 

relationship (Figure 5.8), is implemented for the modelling of the angle truss shown 

in Figure 5.15. It worth mentioning that two specimens were tested under a single-

bolted and double-bolted end connections. Nevertheless, the considered case, herein, 

is the single-bolted case so that the end member restrained can be ignored, and the pin-

ended condition can be assumed in the FE modelling. Accordingly, the member's 

failure loads obtained from the proposed method and that from the test are summarized 

in Table 5.2, where the predicted failure load is slightly lower than the tested load 

(almost 13% lower). Moreover, the experimental and theoretical in-plane deflections 

against the member forces are plotted in Figure 5.16, where the proposed model can 

predict the member behavior and agrees well with the test results. As a result, it can 

be concluded that the proposed stress-strain relationship proved to be adequate for 

angle members considering imperfections and failure modes observed in reality. 
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Table 5-2 Failure loads from the test (Chan & Cho, 2005) and the proposed method. 

End condition 
Member failure load (kN) 

Test Proposed method Difference % 
Single bolt* 67.5 58.7 13% 

Note: * the considered case from the experimental program is the single-bolted end condition. 
 

 
Figure 5-15. Details of the angle truss with the targeted member (Chan & Cho, 

2005, 2008)
 

 
Figure 5-16. Member force versus in-plane deflections for the targeted member

 

5.5 Concluding and Remarks 

In this chapter, the sensitivity of the flexural-torsional buckling of eccentrically 

loaded members compared to the flexural buckling mode has been investigated. It is 

concluded that the flexural-torsional buckling mode should be directly modelled in 
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analysis for a more accurate prediction of the angle behavior, especially in the inelastic 

range. Moreover, an effective stress-strain relationship representing the typical failure 

modes and initial imperfections has been proposed for the direct analysis of steel 

structures made of angle sections. Hence, they can be safely designed, avoiding the 

use of effective length method. The proposed model has been calibrated by extensive 

finite-element analysis and experimental results. Also, it is so simple that it can be 

incorporated into any conventional beam-column elements to implement the direct 

analysis of angle structures. The examples show that the proposed method is on the 

conservative side; and therefore, it can be employed in the practical design of angle 

structures.  

This methodology has been recently used to provide one alternative for 

calculating the cross-section strength for composite members as specified in AISC360. 

The effective stress-strain method is applicable when using a fiber-based approach for 

calculating the cross-section strength utilizing modified material stress-strain curves. 

Such an approach implicitly accounts for various complexities such as local buckling, 

yielding, residual stresses, and any other effects that significantly impact the strength 

of the cross-section. Few studies have been conducted on the fiber-based approach in 

combination with the effective stress-strain method for direct analysis of steel 

structures accounting for global buckling (i.e. FB and FTB) and/or local buckling of 

single angles. However, if this method is to be promoted to the industry, the following 

limitations need to be addressed. 

 The study focused on equal-leg angles, and a further study on unequal-leg 

angles is suggested as further research. 

 The proposed stress-strain curves are based on the results from a 

comprehensive parametric study for members with 𝜆 50 𝑡𝑜 200. 
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Accordingly, further study for short members (𝜆  50) with high width-to-

thickness ratio (ℎ/𝑡 15) is suggested to precisely investigate the local-

distortional buckling modes, excluding the overall buckling behavior. 

 The proposed trilinear stress-strain curve represents the actual member 

behavior within the assumed boundaries with acceptable accuracy. The actual 

member behavior of single angles, however, is highly complicated due to its 

unusual member properties. Member global and section local buckling, and 

material yielding are of great importance to be included in the analysis. Thus, 

further study to provide a more sophisticated multilinear curve is suggested to 

predict the buckling behaviors more precisely. It is worth mentioning that 

proposing additional points for describing the curve is challenging from the 

statistic viewpoint; also numerical problems and convergence difficulty may 

be encountered when implementing the line FE method comprising such 

multilinear curves. 
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CHAPTER 6.  

SINGLE ANGLE BOLTED CONNECTIONS –

ADVANCED JOINT SLIP MODEL 

6.1 Introduction 

Given that the member imperfection and failure modes affect the structure 

deformations and thereby structural performance, the joint behavior such as joint 

flexibility and bolt slippage needs thorough consideration for more accurate 

predictions. Full-scale tests on transmission towers revealed large discrepancies 

between the numerical simulation and experimental results because the significant 

joint slip effects have not well considered in the former. The existing joint slip models 

are oversimplified that many key parameters had not been taken into account. Thus, a 

comprehensive joint slip model is proposed in this chapter for better prediction and 

design of tower structures. Firstly, a full-detailed finite element (FE) model based on 

ABAQUS incorporating more realistic parameters for a typical single angle joint is 

developed and calibrated by the experimental data from the literature. Further, the 

proposed FE model is used for parametric study of joint behaviors with considerations 

of bolt pretension, friction at contact face, angle sizes, plate thickness, steel and bolt 

grades, number of bolts, and hole tolerance. Finally, an advanced joint slip model is 

provided for further incorporation in the second-order direct analysis of transmission 

towers. This work is limited in literature and will significantly improve safety and 

enhance the cost-efficiency of tower design. The proposed model shows high accuracy 

and can be simply determined by joint details in line with the component method 

specified in Eurocode 3-1-8. 
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6.2 Three-dimensional finite element modelling 

The finite-element (FE) modelling method has been extensively used by different 

researchers to investigate the true behavior of steel bolted joints. In order to obtain 

accurate and realistic results from the FE modelling of bolted joints, each component 

in the connection should be modeled properly. With this purpose, the main parameters 

affecting the joint slip of the single angle connection are included and they are:  

i. The steel angle member, i.e. dimensions, plate thickness, and steel grade;  

ii. The connecting bolts, i.e. number, diameter, construction clearance, pitch 

distances, edge distances, joint length, bolt grade, and the pretension force; and 

iii. The interaction between the different components, i.e. nature of the contact 

surfaces.  

6.2.1 Model description 

Concerning the purpose of the current study, the single angle bolted connection is 

modelled based on the experimental program conducted by Ungkurapinan (2000). 

Various bolted connections for steel angles were tested and the specimens’ details for 

different test series can be found in (Ungkurapinan, 2000). Herein, the test series C of 

a lap joint with angles back to back resulting in a single shear connection as shown in 

Figure 6.1 is considered. These joints, which are subjected to compressive loads, are 

selected and expected to have a lower load-carrying capacity due to the higher 

eccentricity (Figure 6.1). The number of bolts is altered as one, two, three, and four-

bolted connection representing the bracing single angle connections in reality. While 

the angle length is assumed so that the overall member buckling is excluded and only 

the failure due to bolt shear and/or angle-section buckling is considered. Besides, this 



CHAPTER 6 

____________________________________________________________________ 
119 
 

type of connection can be found in the splice connection of long diagonal bracing or 

splice connection of the main leg in the top part of the tower. Accordingly, solid finite-

element models for the aforementioned typical joint is developed based on ABAQUS 

(2016). As mentioned above, various parameters are included such as the angle and 

bolt size, the number of bolts from 1 to 4, material definitions, boundary conditions, 

applying loads, and model discretization. The details of the FE modelling are 

summarized in the following sections. 

Figure 6-1. Details of the slippage connection and the finite element model
 

6.2.1.1 Material modelling for steel angle and bolts 

To simulate the inelastic response of the steel angle, a quad-linear material model, 

which is proposed by Yun and Gardner (2017), is considered. The elastic region up to 

the yield stress followed by a yield plateau length, with a bilinear curve representing 

the strain hardening region up to material ultimate stress, is adopted in the finite-

element model (Figure 6-2). Such the model shows adequate accuracy compared to 

the material stress-strain data available in the literature for hot-rolled steel (Yun & 

Gardner, 2017). On the other side, the trilinear curve described by a linear strain 

hardening branch with a slope of 0.01𝐸  up to the ultimate stress of the bolt (𝑓 ) has 
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been used for bolt’s material simulation. Therefore, the basic input parameters (𝑓 , 𝑓 , 

𝑓 , 𝑓 , and 𝐸 ) are imposed so that the material modelling is implemented properly. 

Furthermore, to simulate the failure of the shear bolts in the current model, the failure 

damage criteria available in ABAQUS (ductile damage and shear damage criterion) 

have been incorporated in the material definitions. Once the damage criterion is 

reached, the stiffness degrades resulting in the softening branch of the load-

displacement curve. Also, the element deletion option has been used for the failed 

elements when the element reaches the maximum degradation. The damage 

parameters in the proposed model are taken from (Nguyen & Kim, 2009). 

 
Figure 6-2. Stress-strain curves for material modelling 

6.2.1.2 Model discretization and interactions   

In the proposed FE model, the 8-node linear brick element with reduced 

integration and hourglass control (C3D8R) is used to discretize the steel angle and the 

connecting bolts. This element can be efficiently used for a nonlinear analysis 

including contact behaviors, plasticity, and failure. Besides, it is proved to be adequate 

for the finite-element analysis to provide reliable results for steel connections (Egan 

et al., 2012; Ghindea et al., 2015; Li et al., 2017; Nguyen & Kim, 2009; Oktavianus et 
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al., 2015; Thai & Uy, 2015; Thai et al., 2017). Consequently, in order to capture a 

sufficiently accurate prediction of the joint behavior including the failure, a relatively 

fine mesh of the solid elements is employed in the overlapped length of angles while 

a coarse mesh is implemented for the free extended length of the angle member (Figure 

6-3). Based on mesh convergence studies, the element sizes of 2.5 𝑚𝑚  up to 

5.0 𝑚𝑚 are imposed for the fine mesh region, whilst the element size for the coarse 

mesh region are about 25 𝑚𝑚. 

 
Figure 6-3. Finite element mesh for the individual component 

 

Moreover, the interactions between different components (i.e. the steel angle and 

bolts) are explicitly modelled using the surface-to-surface contact option available in 

ABAQUS. First, the contact surfaces such as the bolt head-to-angle, bolt nut-to-angle, 

bolt shank-to-bolt hole, and angle-to-angle are determined (Figure 6-4); as a sequel, 

the contact property is defined as a hard contact in the normal behavior and friction 

coefficient 𝜇  0.25  in the tangential behavior. A sensitivity of the friction 

coefficient values on the joint shear behavior will be demonstrated later in the current 

study. It worth mentioning that the scripting technique in ABAQUS is utilized; hence, 

the contact surfaces and interaction properties are adopted efficiently and practically 
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when the model configuration is extensively altered (e.g. the number of bolts and the 

size of different components). 

Figure 6-4. Contact surfaces between different components 
 

6.2.1.3 Boundary conditions and load applications 

Concerning the boundary conditions, two reference points at the cross-section 

centroid are defined at each end of the angle members (End (1) and End (2) in Figure 

6-1), and with an appropriate coupling constraint, the centroid has been linked to the 

corresponding end surface. Accordingly, the end boundary conditions are imposed to 

the two reference points; where the in-plane displacements (𝑈  and 𝑈 ) and the 

longitudinal displacement (𝑈 ) are restrained – but the displacement (𝑈 ) is kept as 

free at the top-end point (loading point). Moreover, the twist rotation about the 

longitudinal axis (𝑅 ) is restrained at the two reference points; while the in-plane 

rotations (𝑅  and 𝑅 ) are altered as free or restrained for the pin-ended (P-P) and 

fixed-ended (F-F) conditions, respectively. It should be noted that the two boundary 

conditions (P-P and F-F) are examined in the current model. Due to the larger joint 

rotation from the vertical position in the former at higher loads, the resulting bolt 

shear-load is found to be lower than that from the fixed-ended conditions. Such 
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rotations lead to a reduction of the bolt shear-load along with increasing the bolt 

tension-load. Although the different end conditions might alter the failure mode of the 

joint, the overall joint behavior, and the maximum load are not significantly changed 

(Ungkurapinan, 2000).  

On the other side, since the bolts used in these types of connections, are under 

tension (pretension) due to the tightening process, it should be properly considered in 

the FE model. Indeed, when a bolted connection is under pretension, as the bolt-nut is 

tightened around the bolt shank, and then external loads, the bolt will endure much 

longer. Accordingly, for the load applications, two loading steps are carried out in the 

proposed FE model. First, a bolt load step is implemented to apply the pretension force 

before the main loading step and to activate the contact elements even if the joint is 

not considered as a friction slip-resistant type. Herein, since the two different solvers 

in ABAQUS (implicit and explicit) are employed in the proposed model, two different 

techniques for the bolt load application are included. The straightforward bolt load 

tool available only in the implicit solver is used, whilst the thermal contraction of the 

bolt shank is adopted when the explicit solver is utilized. Such the latter approach has 

been implemented by different researchers (Egan et al., 2012; Thai & Uy, 2015; Thai 

et al., 2017). It worth mentioning that the bolt load tool is currently not available in 

the explicit solver. As the bolt clamping force is mainly responsible for the initial 

slippage load, a comparison between the slippage load obtained from the two solution 

techniques will be presented in section 6.2.2.3. Furthermore, the external load 

application is imposed in the second load step (main loading step), where the 

displacement-control and force-control loads are introduced. A longitudinal axial 

displacement or a concentrated axial force is applied at the top-loading node 

corresponding to the two load controls; however, the force-displacement curves are 
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plotted based on the reaction force at the bottom-end node against the longitudinal 

displacement for the loading point. 

6.2.2 Explicit simulation technique vs. implicit in ABAQUS 

There are two different available solvers in ABAQUS for the nonlinear analysis; 

(I) the implicit method available in ABAQUS/Standard, and (II) the explicit method 

available in ABAQUS/Explicit. Both techniques can be used for static nonlinear 

analysis, while the main features and applications of these methods are presented as 

follows. The implicit method uses the incremental-iterative technique in which the 

iteration process is implemented at each load increment to enforce the equilibrium 

conditions and to satisfy the contact conditions. This method is considered as 

computationally expensive for contact and large problems because it needs to 

assemble and solve the system stiffness matrix. In contrast, the explicit technique uses 

the kinematic state from the previous increment to solve the nonlinear problems at the 

current state. This technique does not need to form the system stiffness matrix. 

Generally speaking, the explicit solver using relatively small increments could provide 

accurate results without severe convergence difficulty encountered in the implicit 

solver. Note that the explicit solver is commonly used for the impact problems, 

progressing damage and failure analysis since it is a time control method – but by 

using a relatively low loading rate for a quasi-static load, results equivalent to a static 

loading can be established. Extensive comparison studies have been carried out by 

different researchers (Thai & Uy, 2015; Van der Vegte & Makino, 2004; Yu et al., 

2008), In summary, the explicit method is recommended for the simulation of bolted 

steel connections because of better numerical efficiency. More details about the 

explicit technique for the proposed model and the validation compared to the 

conventional implicit method will be presented in the following sections.   
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6.2.2.1 Speeding up the simulation 

The computer time required in an explicit analysis is a function of the model size 

and the time increment size. The time increment is internally calculated in the explicit 

solver to satisfy the stability limit 𝛥𝑡, which is a function of the element size 𝐿, 

Young’s modulus 𝐸 , and the material density 𝜌 according to the relation (𝛥𝑡

𝐿 𝜌/𝐸) (Thai et al., 2017). Moreover, for a quasi-static loading rate, the stability limit 

is usually very small, and therefore, the computational time will be longer as the 

required number of increments becomes very large. Thus, it is important to speed up 

the numerical simulation with a sufficiently slow loading rate to fulfill the quasi-static 

conditions. With this purpose, the smooth step amplitude instead of the linear (tubular) 

one is utilized, thereby reducing the total number of increments and slowing down the 

loading rate at the beginning of the time step (Figure 6-5(a)). The load-displacement 

curves obtained from an explicit simulation using the smooth step amplitude, and that 

utilizing the linear (tubular) amplitude, with the same loading rate, are shown in Figure 

6-5(b). Further, the test results by Ungkurapinan (2000) and the corresponding results 

employing the implicit method are also plotted for comparisons. It can be clearly seen 

that the smooth step method can speed up the simulation analysis with a relatively 

large loading rate and show good agreement with the experimental and static results. 

Whilst, the linear amplitude method shows a vibrational response, especially at the 

beginning of the analysis. 
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Figure 6-5. Smooth amplitude vs. linear (tubular) amplitude in explicit solver
 
The second approach to speed up the simulation is to increase the time step size 

(the stability limit 𝛥𝑡), using one or more of the following: (I) increasing the element 

size 𝐿, (II) increasing the density 𝜌, and (III) decreasing the modulus 𝐸. Increasing 

the element size 𝐿 is, however, not applicable for complex model geometries, and 

changing the Young’s modulus 𝐸  will significantly affect the accuracy, as the 

stiffness of the model is changed. Thus, the mass scaling option in ABAQUS is 

employed to increase the density of the model thereby speeding up the simulation 

without a significant effect on the accuracy of results. In a quasi-static analysis, the 

speed is very low and consequently, the kinetic energy is very small compared to the 

internal energy. Thus, scaling the mass of the whole model by a specific factor would 

not significantly affect the results. Figure 6-6 demonstrates the mass scaling method 

can significantly save CPU time while the accuracy of results can be maintained. The 

CPU time for the explicit model without and with mass scaling was 20.13 hours and 

0.26 hour respectively. It means that the saving in CPU time is up to 98 %. 
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Figure 6-6. Mass scaling option and its effect on the computational CPU time
 

6.2.2.2 Time period and loading rate used in the simulation 

The explicit dynamic analysis provides a transient response of bolted joint while 

utilizing the real-time for a quasi-static problem as a simulation duration is impractical 

as explained earlier. However, scaling the real-time to a very short time duration might 

be valid and applicable if the structural response is mainly static. Referring to the 

classical dynamic theory, the dynamic response of a structure can be treated as a static 

response if the loading period (i.e. duration of the loading stage) is sufficiently large 

compared to the neutral period of the system (Yu et al., 2008). Indeed, the feasibility 

to apply this method for complex structures might be difficult – but it could be a 

general guidance on the appropriate time duration needed for the current model to 

produce a sufficiently accurate prediction with the shortest time period. Figure 6-7 

provides the effect of the time period (loading rates) on the FE predictions. The load-

displacement responses of the current model using the explicit solver with different 

loading rates are plotted and compared to the experimental results of the tested 

specimen C2N1 by Ungkurapinan (2000). The time period has been altered as 1, 2, 
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4 , 6,  and 8  seconds while the total applied displacement in the simulation is 

10 𝑚𝑚. Hence, the corresponding loading rates are 10, 5, 2.5, 1.67, and 1.25 

𝑚𝑚/𝑠𝑒𝑐 , respectively. It can be clearly seen that the higher loading rate (= 

10 𝑚𝑚/𝑠𝑒𝑐 ) shows a minor vibrational response compared to the experimental 

results. While the smaller loading rate ( 1.25 𝑚𝑚/𝑠𝑒𝑐) agrees smoothly with the 

test results (Figure 6-7). As a result, it could be concluded that the computationally 

efficient loading rate for the proposed joint model is less than 2 mm/sec. It should be 

noted that the actual loading rate in the test is only 0.004 mm/sec which is 500 times 

smaller than the proposed rate of 2 mm/sec.      

  

 
Figure 6-7. Effect of the loading rate on the load-displacement response 

    

6.2.2.3 Validation of the explicit simulation 

In the following, the validation of the explicit simulations of the bolted joints for 

static loads, and their capability to predict the joint behavior without severe 

convergence difficulty are presented. Further, the validation of the thermal contraction 

of the bolt shank to simulate the bolt pretension with adequate and comparable results 

with the conventional bolt load tool is provided.  
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6.2.2.3.1 Validation of the quasi-static solution  

The validation of the explicit simulations to solve the quasi-static problems of 

bolted joints can be established, even if the experimental results are not available. This 

validation might be obtained by two different criteria: (I) the energy output of the 

explicit simulations, (II) the equilibrium between the applied load and the reaction 

force. The dynamic explicit analysis can represent the static loads if the ratio of the 

total kinetic energy (KE) to the internal energy (IE) of the model is less than 10% 

(Smith, 2016). Consequently, the kinetic energy and the internal energy for the whole 

model at different loading rates of 10 , 5 , 2.5 , 1.67 , and 1.25  mm/sec are 

presented in Figure 6-8(a). It has been found that the internal energy at different 

loading rates is almost identical – but the kinetic energy is significantly decreased 

when the loading rate is gradually slowed down. It means that increasing the 

simulation time will lead to smaller kinetic energy, and therefore, the results could be 

considered as a quasi-static solution. Further, the KE-to-IE ratios associated with 

different loading rates are plotted in Figure 6-8(b), where the ratio is decreased from 

almost 60% to nearly 5% when the loading rate decreased from 5 𝑚𝑚/𝑠𝑒𝑐  to 

1.25 𝑚𝑚/𝑠𝑒𝑐 , respectively. Thus, according to the energy criterion stated in 

ABAQUS, the loading rate less than 2 𝑚𝑚/𝑠𝑒𝑐 can produce quasi-static results. 

An alternative validation method is the equilibrium condition for the explicit 

simulations; with this purpose, the force control approach together with the smooth 

step amplitude has been adopted, while the loading rate is altered between 

1.3 𝑘𝑁/𝑠𝑒𝑐  to 5 𝑘𝑁/𝑠𝑒𝑐 . The applied loads versus the reaction forces from the 

simulation models are plotted in Figure 6-9, where the equilibrium between the applied 

load and the reaction force proves that the structural response is quasi-static. The exact 

equilibrium between the applied load and the reaction force is clearly observed for the 
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loading rate of 1.33 𝑘𝑁/𝑠𝑒𝑐. Whilst, for the higher loading rate ( 5 𝑘𝑁/𝑠𝑒𝑐), the 

reaction force exhibited a transient response at the end of the slippage stage (i.e. the 

bolts become in bearing with the bolt hole), as shown in Figure 6-9 (b). Finally, it is 

concluded that the explicit simulation at a loading rate of 1.33 𝑘𝑁/𝑠𝑒𝑐 or lesser can 

be considered as a quasi-static solution. 

Figure 6-8 Energy output of the explicit simulations; (a) Internal and kinetic 
energy with different loading rates, (b) Kinetic energy-to-internal energy ratios.

 
  

Figure 6-9. Applied load vs. reaction force in the explicit simulation method: (a) 
Loading rate of 1.3 𝑘𝑁/𝑠𝑒𝑐, (b) Loading rate of 5 𝑘𝑁/𝑠𝑒𝑐. 

 

6.2.2.3.2 Validation of the bolt load application 

The bolt clamping force is mainly responsible for the initial slippage load; thus, a 

comparison between the slippage load obtained from the two solution techniques (bolt 

load tool and thermal contraction as shown in Figure 6-10) is presented herein. Indeed, 
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the bolt preload is one of the important factors affecting bolted joint behaviors, 

especially slippage behavior. Thus, a reliable bolt pretension technique should be 

adopted in the FE model. As mentioned earlier, the bolt load tool in ABAQUS implicit 

can be used for the bolt load application. Although this method is much easier and 

straightforward, the numerical problems such as extensive elongation of bolts after 

pretension might be encountered in the implicit technique. Therefore, it requires 

intelligent contact configurations with greater concern in the modeling procedures 

(Krolo et al., 2016; Selamet & Garlock, 2010). On the other side, if the bolt load tool 

is not available when using the explicit solver, the thermal loading approach could be 

used. Firstly, an orthotropic thermal expansion coefficient along the bolt axis should 

be defined in the bolt material definitions. Secondly, the initial temperature is assigned 

to the region of the bolt shank (Figure 6-10). A lower temperature (𝑒. 𝑔. 20 𝐶) is 

considered as a constant reference temperature in the proposed model, which should 

be applied in the bolt load step before the main loading step, and consequently, 

pretension force is induced due to bolt contraction. For the comparison between the 

two methods, Figure 6-11 shows the 𝑣𝑜𝑛 - 𝑀𝑖𝑠𝑒𝑠  stress contour and the stress 

component 𝑆22 along the bolt axis direction. It can be clearly seen that the two 

techniques provide very similar stress contours, which means that the thermal 

contraction of the bolt shank can accurately simulate the bolt preload if the bolt load 

tool is not available. 
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Figure 6-10. Bolt preload; (a) bolt load tool, (b) Thermal contraction of the bolt 

shank
 

Figure 6-11. Comparison of the bolt preload application and stresses between the 
bolt load tool and thermal contraction method. 
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To validate the accuracy of the proposed explicit simulation, the force-

displacement curves of the typical joint studied here obtained from both implicit and 

explicit solvers are plotted in Figure 6-12. Two different bolt loads (20 𝑘𝑁  and 

60 𝑘𝑁 ) have been applied to the FE model, and the corresponding values of a 

temperature difference to obtain the equivalent bolt load are used in the explicit 

simulation. It is worthy of mentioning that the pretension force 𝑇  of the bolt can be 

calculated by 𝑇 𝐸 𝐴  𝛼 𝛥𝑇 , where 𝐸𝐴  is the axial sectional stiffness, 𝛼  is 

linear thermal expansion coefficient, and 𝛥𝑇 is the temperature difference. Observing 

Figure 6-12, it is clearly seen that the thermal-contraction bolt-preload is almost 

identical to the traditional bolt load tool used in the implicit solver. 

 

 
Figure 6-12. Force displacements (F-Δ) curves obtained from implicit and explicit 

solvers with bolt preload.
 

6.2.3 Verification and discussion of finite-element results 

To demonstrate the reliability and creditability of the proposed FE model, the 

experimental test conducted by Ungkurapinan (2000) is used in the present study. 

Referring to the test set 𝐶, four different joints with a different number of bolts from 

one to four were tested. For each joint, three different construction clearances have 
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been considered, and they are: (I) maximum clearance (= 3.2 𝑚𝑚), denoted as “𝑀”; 

(II) normal clearance 1.6 𝑚𝑚 , denoted as “𝑁”; and (III) joints set in bearing, 

denoted as “𝐵”. Thus, the labelling scheme for each specimen is, for example, 𝐶2𝑁, 

which identifies a specimen in test set 𝐶  for two bolted connection with normal 

construction clearance N. Accordingly, a total 12 specimens (1𝑀, 1𝑁, 1𝐵, 2𝑀, 2𝑁, 

2𝐵, 3𝑀, 3𝑁, 3𝐵, 4𝑀, 4𝑁, and 4𝐵) have been referenced in the present study. More 

details about the geometric configurations and material properties of the test 

specimens could be found in Ungkurapinan (2000) and Ungkurapinan et al. (2003). 

6.2.3.1 Typical load versus joint deformations 

The typical load versus joint deformation curve obtained from the proposed FE 

model consists of five parts as shown in Figure 6-13, which is consistent with the 

experimental results. Firstly, the elastic frictional load transfer (a-b) up to the slippage 

load, where the significant slip (b-c) occurs until the bolts become totally in bearing 

contact with the bolt holes. It is noted that the extent of slip at almost zero stiffens 

(constant load) mainly depends on the construction clearance; hence, it almost equals 

zero for bolted joints set in bearing during assembly. Furthermore, the elastic load 

transfer by bolt bearing (c-d) is extended until the nonlinear load transfer (d-e) going 

up to the ultimate load where the joints undergo plastic deformations. The fifth and 

final segment is the descending part up to joint failure due to a bolt-shear deformation 

or an angle buckling deformation.  
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Figure 6-13. Typical load versus total joint deformation (Joint slippage model)

 

6.2.3.2 Discussion of joint critical loads 

The measured experimental critical loads together with the FE results are 

summarized in Table 6-1. Because the joint loads are independent of the construction 

clearance, only the average values of the measured loads for each specimen group (i.e. 

the number of bolts from 1 to 4) are presented. The load at the commencement of 

slip (𝑃 ), the load at onset of plasticity (𝑃 .), and the joint ultimate load (𝑃 ) 

from the FE model agree well with the experimental results. The mean predicted-to-

experimental ratios for each load level are 1.02, 1.05, and 0.99 with coefficients of 

variation (COV) of 0.09, 0.12, and 0.05, respectively (Table 6-1). Observing the 

joint loads in Table 6-1, it is found that the 𝑃  is directly proportional to the number 

of bolts or, specifically, to the pretension force applied to each bolt. It should be noted 

that because the bolts are not in bearing contact with angles; hence, the uneven 

distribution pattern for inner and outer bolts, which is reported by Kulak et al. (2001), 

is not observed. However, regarding 𝑃 . and 𝑃 , the bolt load decreases with 

the increasing number of bolts as the total load is not evenly distributed. 
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Table 6-1 Experimental results versus FE results for the joints loads  

 Load at the commencement of slip [𝑷𝒔𝒍𝒊𝒑] (𝒌𝑵): 

No. bolts 
Experimental loads FE loads

FE-to-Exp. ratio 
Joint load  Bolt Load Joint load  Bolt Load 

1 9.29 9.29 10.20 10.20 1.10 
2 20.14 10.07 20.40 10.20 1.01 
3 29.28 9.76 31.30 10.43 1.07 
4 46.95 11.74 42.00 10.50 0.89 
    Avg. 1.02 
    COV 0.09 

 Load at the onset of plasticity [𝑷𝒑𝒍𝒂𝒔𝒕.] (𝒌𝑵): 

No. bolts 
Experimental loads FE loads 

FE-to-Exp. ratio 
Joint load  Bolt Load Joint load Bolt Load

1 65.03 65.03 68.10 68.10 1.05 
2 97.50 48.75 117.00 58.50 1.20 
3 152.85 50.95 160.00 53.33 1.05 
4 168.21 42.05 150.00 37.50 0.89 
  Avg. 1.05 
  COV 0.12 

 Joint ultimate load [𝑷𝒖𝒍𝒕] (𝒌𝑵): 

No. bolts 
Experimental loads FE loads

FE-to-Exp. ratio 
Joint load  Bolt Load Joint load Bolt Load

1 107.70 107.70 100.60 100.60 0.93 
2 157.70 78.85 157.00 78.50 1.00 
3 204.40 68.13 201.62 67.21 0.99 
4 207.55 51.89 217.00 54.25 1.05 
    Avg. 0.99 
    COV 0.05 

 

6.2.3.3 Discussion of joint deformations 

The joint deformations predicted from the proposed FE model have been 

compared to the experimental results as shown in Table 6-2. The extent of the slip 

(Δ ), the deformation between the end of the slip and the onset of plasticity (Δ .), 

and the deformation from the end of plasticity to the ultimate load ( Δ ), are 

summarized in Table 6-2. The mean predicted-to-experimental ratios for the 

deformations ( Δ , Δ . , and Δ  in Figure 6-13) are presented for each 

specimen group, considering three different construction clearances (i.e. 𝑀, 𝑁, and 

𝐵 ). Referring to the extent of slip ( Δ ), they are directly proportional to the 
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construction clearance regardless of the number of bolts. For example, they almost 

equal to 2.9  mm for the maximum construction clearances (3.2 𝑚𝑚); while the 

remaining 0.3 mm has been occurred within the elastic friction load transfer up to 

the slippage load ( 𝑃 ). Similarly, they are nearly  1.3  mm for the normal 

construction clearances ( 1.6 𝑚𝑚 ). However, the mean predicted-to-experimental 

ratios of the Δ  are around 1.3 and 1.7 , which can be attributed to the high 

variability in several joint parameters such as the bolt pretensions and the 

misalignment of bolt holes in the shop production and fabrication processes.    

Moreover, for the deformations between the end of the slip and the onset of 

plasticity (Δ .), it is clearly seen that they are independent of the number of bolts 

and the construction clearances, and the mean FE-to-experimental ratios are 0.32, 

0.47, 0.37, and 0.39 for the four bolt-groups, respectively. Thus, the satisfactory 

predictions of the 𝑃 .  in the FE model are not matching with the estimated 

deflection Δ ., and as a result, the calculated values of the FE elastic stiffness, 𝐸  

in Figure 6-13, ( 𝑃 𝑃 / Δ . ) are higher than that from the test results 

(i.e. the model is stiffer than the experiment). The mean value of the FE elastic 

stiffness was 123 kN/mm with COV of 0.32, while the corresponding values from the 

experiment are 45 kN/mm and 0.4. This is consistent with the observations and 

findings reported by An et al. (2019). On the other side, the mean FE-to-experimental 

ratios of the deformations between the onset of plasticity and ultimate load (Δ ) show 

that such deformations are decreased when the number of bolts increased, while the 

discrepancies between the FE predictions and the test results for the Δ . and Δ  

could be attributed to the inconsistent nature of the onset of plasticity, the limited data 

of the material stress-strain curves from the tests to be adopted in the FE model, and 
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decidedly the high variability in the manufacturing and fabrication processes of the 

joint-slip tests. As a sequel, the relative deviations between the load-displacements 

curves obtained from the FE simulations and the corresponding experimental tests can 

be clearly observed in Figure 6-14, especially at the region between the end of the 

slippage and the ultimate load point (i.e. the segments c-d-e in Figure 6-13). However, 

it worth noting that the mean FE-to-experimental ratios of the total joint deformations 

(i.e. Δ +Δ .+Δ ) show good agreements with the test results, as shown in the 

last column of Table 6-2.  

Table 6-2 Experimental results versus FE results for the joints deformations       

No. 
Exp. deformations (mm)  FE deformations (mm)  FE-to-Exp. ratio 

Δslip Δplast. Δult Δtotal  Δslip Δplast. Δult Δtotal  Δslip Δplast. Δult Δtotal

1M 2.28 2.40 6.64 11.3  2.90 0.99 5.90 9.79  1.27 0.41 0.89 0.86 
1N 0.98 3.06 5.84 9.88  1.32 0.93 5.50 7.75  1.35 0.30 0.94 0.78 
1B --- 2.80 5.73 8.53  -- 0.71 5.25 5.96  --- 0.25 0.92 0.70 

         Avg.  1.31 0.32 0.92 0.78 
         COV  0.04 0.25 0.03 0.11 
               

2M 2.35 1.60 2.81 6.76 2.90 0.95 3.38 7.23 1.23 0.59 1.20 1.07
2N 1.03 1.75 2.38 5.16 1.4 0.81 3.19 5.40 1.36 0.46 1.34 1.05
2B --- 2.13 2.45 4.58 -- 0.74 3.10 3.84 --- 0.35 1.27 0.84

    Avg. 1.30 0.47 1.27 0.98 
    COV 0.07 0.26 0.05 0.13 
        

3M 2.05 2.25 1.92 6.22 2.90 0.98 2.20 6.08 1.41 0.44 1.15 0.98
3N 0.57 2.38 2.48 5.43 1.16 0.95 2.44 4.55 2.04 0.40 0.98 0.84
3B --- 2.57 2.03 4.60 -- 0.71 2.80 3.51  0.28 1.38 0.76

    Avg. 1.72 0.37 1.17 0.86 
    COV 0.25 0.23 0.17 0.13 
               

4M 2.13 1.59 1.01 4.73  2.93 0.79 2.74 6.46  1.38 0.50 2.71 1.37 
4N 0.82 1.75 1.42 3.99  1.4 0.62 3.07 5.09  1.71 0.35 2.16 1.28 
4B --- 2.13 1.01 3.14  -- 0.68 3.32 4.00  --- 0.32 3.29 1.27 

         Avg.  1.54 0.39 2.72 1.31 
         COV  0.15 0.24 0.21 0.04 

 

In summary, based on the aforementioned observations and the comparisons 

presented in Table 6-1, Table 6-2, and Figure 6-14, it can be concluded that the 

proposed FE model can precisely predict the joint loads, and the total joint 
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deformations (i.e. joint ultimate deformations); thereby, capturing the joint slip 

behavior of the single angle connection in good agreements with the experimental 

tests.  

 
Figure 6-14. Load-deformation curves from FE models versus experimental 

results (Ungkurapinan, 2000)
 

6.3 Parametric study 

From the above, the proposed FE model for studying the joint behavior of single 

angle bolted connection has been well verified. Consequently, to take the advantages 

of the proposed FE model, the framework for the automating generation of the FE 

models, which is developed in chapter 3 for studying the member behavior, is extended 

to include the present FE model for single angle bolted connections (Figure 6-15). 

Generally speaking, the variables that may affect the FE simulation of the bolted joint, 

thereby total joint behaviors, should be incorporated in proposed routine such as: (a) 

steel angle thickness and material properties; (b) number of bolts; (c) bolt diameter; 

(d) construction clearance of bolt hole; (e) pitch of bolts; (f) end and edge distances; 

(g) bolt length; (h) bolt material properties; (i) applied load; (j) bolt-tightening method 



ADVANCED JOINT SLIP MODEL FOR SINGLE ANGLE BOLTED CONNECTIONS 

 

____________________________________________________________________ 
140 

 

and bolt pretension; (k) extent of corrosion; (l) nature of faying surfaces; (m) meshing 

size; and (n) boundary conditions. Ungkurapinan et al. (2003) reported that the items 

(b), (c), (d), (i), (j), (k), and (l) may significantly affect the joint slip. Thus, for more 

detailed simulation and modeling convenience, the parameters from (a) to (n) except 

(k) related to the corrosion effect are presented in the proposed GUI (Figure 6-15). 

As a result of the above, an extensive parametric study is conducted to investigate 

the joint behaviors considering various parameters. In this study, a steel angle with 

section 65 x 65 x 5 is connected by M16 bolts (bolt diameter =16 mm) at the member 

ends. As mentioned earlier, to exclude the overall member buckling, the member 

length is taken as 1.5 times of the overlapped connection length, which depends on the 

number of bolts and the pitch distances. The parameters studied here include 1) the 

bolt preload and the friction coefficient; 2) the steel angle and bolt grades; 3) the 

number of bolts and construction clearances.  

  

Figure 6-15. The proposed routine for the FE slippage model 
 

6.3.1 Effect of bolt pretension and friction coefficient 

The snug-tightened joint or pretension joint with bolts that transmit the shear force 

based on the shear strength of the bolts or bearing strength of the connected elements 
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usually experiences joint slip. While the slip-critical joint with pretension bolts, which 

exhibits a clamping force on the faying surfaces, can provide resistance against slip. 

The bolt pretension and the slip factor are considered as key parameters affecting the 

joint slip behavior as well as the slippage load. For this reason, more emphasis in this 

study is placed on the bolt pretension and the friction coefficient affecting the joint 

behavior. The joint configuration studied here is the two-bolted joint with Grade 8.8 

and the steel material of the angle section is S355. The bolt load is altered using 

normalized load ratios (i.e. 𝑛 𝑇 /𝐴 . 𝑓 ) from 0.1 to 1.0. The load versus joint 

displacement curves are plotted in Figure 6-16(a) for different bolt preload ratios 

(i.e. 𝑛  0.12, 0.25, 0.5, 0.75, 𝑎𝑛𝑑 1.0), and the respective friction coefficient 𝜇 of 

0.3. It can be clearly seen that the bolt pretension has a significant effect on the 

slippage load, while the after-slip behaviors are independent of the bolt preload. 

Further, it could be observed that for small pretensions (e.g. 𝑛 0.12 𝑎𝑛𝑑 0.25) the 

frictional load transfer exhibits a linear behavior without plastic deformations, while 

for high pretension loads (e.g. 𝑛  = 0.5, 0.75, and 1.0) the behavior is changed from 

elastic to plastic even before the joint slip. Thus, applying an adequate pretension force 

(i.e. clamping force on the faying surface) might provide a total fiction load transfer 

up to the joint ultimate load without significant joint slip, and as a result, a slip-

resistant connection could be achieved. Fairly speaking, the joint slip effect associated 

with the joint axial stiffness might exhibit an insignificant influence on the tower 

structural analyses if the slip-resistant connections are used in all bracing members 

and diagonals in towers. However, it might be impractical and infeasible to use high 

strength bolts with required tightening torque to produce adequate pretension force for 

all tower members, because of the high cost and the required precautions in fabrication 

and assembly. As reported by Jiang et al. (2017) joint slip effect may significantly 
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increase global P-Δ effect, especially for the tall towers. Thus, this reaffirms the 

importance of developing a more realistic joint slip (i.e. joint axial stiffness) model for 

further incorporation in structural analysis of latticed transmission towers to produce 

more realistic and accurate results. 

Moreover, the friction coefficients 𝜇  (slip factors) have attracted many 

researchers to investigate their impact on the shear behavior of steel bolted joints (Shi 

et al., 2011). Recently, Lacey et al. (2019) have conducted an experimental and 

numerical study of the slip factor for steel bolted connections and an empirical formula 

is provided for the initial slip behavior. In the current study, the friction coefficients 

imposed in the FE model are varied as 0.25, 0.3, 0.4, and 0.5 to investigate the 

sensitivity on the slippage load and the joint slip behavior. The friction coefficient 

represents the faying surface conditions and treatments (e.g. grit blasted, sand blasted, 

hot-dip galvanized, and cold zinc painted surfaces). Indeed, increasing the friction 

coefficient could provide a higher slip-resistant load. It can be observed from Figure 

6-16(b) that even though the same pretension forces (𝑛 0.5) are applied, the 

slippage loads increased from 78 kN to 125 kN related to friction coefficients of 0.25 

and 0.5 respectively. The influence of friction coefficients on slip resistance is not 

linearly proportional, because the slip factor is not only affected by the surface 

roughness, but also by the plastic deformations of the contacting elements (Wang et 

al., 2019). Further, when the friction coefficient 𝜇 is taken as 0.5, the joint might be 

treated as a slip-resistant connection as it achieved the joint ultimate load without 

significant slippage (Figure 6-16(b)). In conclusion, the bolt preload together with 

faying surfaces conditions are mostly responsible for the joint slip behavior especially 

in the elastic range (i.e. before the onset of the joint plasticity) and most bolted joints 

in service function in this range (service loads) (Yaghoobi & Shooshtari, 2018). 
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Figure 6-16. Effect of bolt pretension and friction coefficient on the slippage load
 

6.3.2 Effect of steel and bolt grades 

The yield stress (𝑓 ) and ultimate stress (𝑓 ) of bolt material together with the 

steel material properties (e.g. 𝑓  and 𝑓 ) are considered as significant parameters for 

realistic joint behavior. The stress-strain relationships as demonstrated earlier have 

been incorporated in the current model, and to investigate the influence of material 

grades on the joint failure modes and the resulting force-displacement behavior, the 

bolt grades complied with EC3 (i.e. 4.6, 4.8, 5.6, 5.8, 6.8, 8.8, and 10.9) as well as the 

steel grades (i.e. S275, S355, and S460) have been considered in the present study. 

The results considering two bolts (𝑁 2) are studied with consideration of different 

material grades, and Figure 6-17 shows the force-displacement curves obtained from 

the proposed FE model. The typical five parts in the F-Δ curve (Figure 6-13) can be 

clearly observed. The elastic frictional load transfer is followed by a significant slip 

up to a completely bearing load transfer. Then, the elastic load transfer before the 

inelastic behavior up to the joint ultimate load. Finally, the post-failure descending 

part is significantly dependent on the joint failure mode. It is worthy of noting that the 

joint behavior up to the elastic bearing load transfer is independent of the material 

grades, which is clearly observed from Figure 6-17(a), (b), and (c), where the first 
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three parts of the total joint behavior are almost identical irrespective of the bolt grades 

or steel member grades. However, the inelastic and post-ultimate curves are 

significantly changed. 

The joint failure modes include: (1) totally bolt shear; (2) bearing between the bolt 

and steel angle; (3) block tearing due to shear and tensile rapture; (4) combined failure 

modes. Generally, the failure mode is dependent on the relative strength of the bolts 

and the connected angles. If the steel section has less capacity than the bolts, the failure 

mode tends to be bearing failure mode or block tearing, which basically depends on 

the material properties of the steel angle. It could be observed from Figure 6-17(a), 

where the steel grade of S275 is used, the governing mode is bearing failure, and the 

post-ultimate part is gradually descending and become almost identical irrespective of 

the bolt grades. Whilst using the high steel grade (e.g. S460) compiled with low bolt 

grades (e.g. 4.6, 4.8, 5.6, or 5.8), makes the post-failure curve decreasing with severe 

negative stiffness as shown in Figure 6-17(c), and the bolt shear becomes the dominant 

failure mode. Thus, it could be concluded that the material properties of the elementary 

parts of the steel joints will significantly affect the joint slip behavior in the inelastic 

and post-failure ranges, thereby they should be taken into account if the total F-Δ 

curve up to ultimate load is required.  
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Figure 6-17. Effect of material grades on force-displacement curve; (a) S275, (b) 
S355, and (c) S460

 

6.3.3 Effect of the number of bolts and construction clearances 

In addition to the aforementioned parameters, the number of bolts and the bolt 

hole clearances have a noticeable effect on the joint load-displacement behaviors. The 

load-displacement curves from the proposed model are plotted in Figure 6-18, where 

the number of bolts is increased from one to four and the bolt hole clearances are 

varied to fulfill the normal hole clearance 𝑁 ( 1.6 𝑚𝑚), maximum oversized hole 

clearance 𝑀 3.2 𝑚𝑚), and without hole clearance 𝐵 ( 0.0). It can be clearly 

seen that the slippage loads are proportionally increased with increasing the number 

of bolts, while the joint ultimate loads do not follow the same proportional increment. 

This is consistent with the aforementioned observations for (𝑃  and 𝑃 ) and the 

findings reported by by Kulak et al. (2001) that the joint loads are not distributed 

evenly to each bolt when they become totally in bearing with the bolt holes; that means 
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that increasing the number of bolts, for example, from 2 to 4 does not lead to a doubled 

joint ultimate load. On the other side, referring to the hole clearances, it could be 

observed that changing the bolt hole sizes did not affect the joint loads, while the total 

joint deformations are significantly changed with respect to the hole clearances 

(Figure 6-18). 

 
Figure 6-18. Effect of number of bolts and bolt hole clearances 

 

6.4 Development of advanced slippage model 

After the extensive parametric study, and based on the aforementioned 

observations, an advanced force-displacement curve representing the joint behavior 

allowing for slippage is proposed in this section. The proposed model has taken 

various parameters as discussed before into account. The governing parameters 

included in the proposed model are as follows: 

1) Yield and ultimate stresses of steel angle and bolts (i.e. 𝑓 , 𝑓 , 𝑓 , and 𝑓 ). 

2) Dimensions of steel angle and bolts (i.e. angle width 𝑏 angle thickness 𝑡, 

bolt diameter 𝑑, hole diameter 𝑑 ). 

3) Number of bolts 𝑁  and pitch distances (i.e. spacing between centres of 

fasteners in the direction of load transfer 𝑝  and end distance 𝑒 ). 
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4) Bolt preload 𝑇  and friction coefficient 𝜇. 

6.4.1 Proposed idealized load-displacement curve  

For the purpose of developing an idealized load-displacement curve, multiple 

regression analyses for the FE results are conducted. The three control loads (i.e. 𝑃 , 

𝑃 . and 𝑃 ) together with the four control displacements (Δ , Δ , Δ , and Δ , 

see Figure 6-13), from the FE analysis results, are recorded for post-processing. The 

analysis matrix for the current study had included the following variables: (i) number 

of bolts from one to four within the practical range of transmission towers bracing 

members; (ii) the steel grades S275, S355, and S460 as well as bolt grades from 4.6 to 

10.9 which complied with EC3; (iii) bolt preload from 10 % to 100 % of the minimum 

tensile strength of the bolt – but it is limited that a slip-resistant connection according 

to EC3 is not achieved; (iv) friction coefficients from 0.25 to 0.5. In summary, a total 

of 160 sets of FE results are used for the development and verification of the proposed 

bolt slippage model. As a result of the above, the proposed force-displacement curve 

requires four control points with four transition segments connecting these points, see 

Figure 6-19. Point 𝐴  is at the end of the linear frictional load transfer, and just before 

the commencement of the significant joint slip. Point 𝐵  is at the end of the joint slip. 

Point 𝐶  is at the end of elastic bearing load transfer, and finally, point 𝐷  is at the 

ultimate load. 

6.4.1.1 Calculation of the joint critical loads 

Based on the conducted regression analyses, and in accordance with EC3 (2005b) 

design rules for fasteners subjected to shear force, the following equations which 
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describe the proposed idealized curve are provided. Firstly, the slippage load (𝑃 ) 

can be calculated using the formula in (Kulak et al., 2001) as shown in equation (6-1).  

𝑃 𝜇 𝑚 ∑ 𝑇   (6-1)

where ∑ 𝑇  is the summation of clamping bolt tensions, 𝑚 is the number of the 

friction planes, and 𝜇 is the slip factor according to the class of friction surfaces and 

could be found in EC3 (2005b).  

For the joint ultimate load (𝑃 ), and as mentioned earlier, the joint failure might 

occur due to totally bolt shear, bearing between the bolt and steel angle, block tearing 

due to shear and tensile rapture, or combined failure mode. Therefore, the joint 

ultimate load should consider different failure modes considering different material 

grades. Eurocode (EC3 (2005b)), in clauses 3.6 and 3.10, provides design equations 

for fasteners, and they are as follow: (i) shear resistance per shear plane (𝐹 , ), (ii) 

bearing resistance (𝐹 , ), and (iii) design block tearing resistance (𝐹 , ). Herein, a 

comparison study between the joint ultimate loads obtained from FE models and that 

based on codified equations in EC3 are conduced; and the mean codified-to-FE ratios 

of the joint ultimate loads ( 𝑃 /𝑃 ) is 0.72 with COV of 0.22. This 

conservatism could be explained as, in the FE model, where the lap joint with angles 

back to back is assumed to simulate a pure shear in the bolt, the joint rotations from 

the vertical axis at higher loads reduce the shear load on the bolt and induce the tensile 

load. In fact, the tension resistance of the bolt is higher than the shear resistance, and 

the pre-tensioning effect also increases the tension resistance; therefore, the predicted 

joint ultimate load from the FE analysis shows higher shear capacity than the code-

provided value under pure shear force. Further, the higher discrepancies and 

conservative-predicted values are clearly observed for the single bolted joint, where 

the bolt shear failure becomes more critical than the multiple bolted joints, and the 
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code provided equations assume that the shear resistance of the bolt grades with same 

tensile strength is different. For example, the shear resistances for the bolt grades 4.6 

and 4.8 are different according to EC3, while 𝑓  = 400 MPa for the two grades. 

However, according to the FE results (Figure 6-17), the shear resistance of the bolts 

with the same ultimate tensile resistance ( 𝑓 ) are almost identical while the 

differences are in the joint deformations, see bolts 4.6 and 4.8 in Figure 6-17(b) and 

(c), where the bolt grade of 4.6 exhibits larger deformations than the bolt grade of 4.8. 

As a result of the above, and to account for the joint rotations in predicting the joint 

ultimate loads, equations (6-2 to 6-4) are provided for more realistic predictions. From 

the regression analysis, the mean predicted-to-FE ratios from equation (6-2) is 0.93 

with a COV of 0.13. 

𝑃 𝐹 ,  𝑜𝑟 𝐹 , 𝐹 , 𝑓 𝐴 𝑓 𝐴 /√3 (6-2)

in which, 

𝐹 , 0.6 𝑓  𝐴  & 𝐹 , 𝑘 𝛼 𝑓 𝑑 𝑡  (6-3) 

It worth mentioning that the partial safety factor 𝛾  according to EC3 is taken as 1.0 

in this study; while, 𝑓  and 𝑓  are the characteristic material yield strength and 

ultimate strength of the steel angle respectively; 𝑓  is the ultimate tensile strength 

of the bolt; 𝐴  is the cross-sectional area of the bolt at the shear plane; 𝐴  and 𝐴  

are the net area subjected to tension, and net area subjected to shear in the member 

block tearing respectively; 𝑑 is the nominal bolt diameter, and 𝑑  is the bolt hole 

diameter; 𝑡  is the minimum thickness of the connected angle; 𝑘  and 𝛼  are 

bearing factors accounting for the pitch and end distances as well as bolt positions in 

bolt groups (i.e. inner or end bolt), which can be calculated as follows: 
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𝑘 min , , 𝑜𝑟 1.0  for end bolts ∥ to the direction of the load transfer. 

(6-4)𝑘 min , , 𝑜𝑟 1.0  for inner bolts ∥ to the direction of the load transfer. 

𝛼 min 2.8 1.5, 𝑜𝑟 3.2 for end bolts ⊥ to the direction of the load transfer. 

Furthermore, the load at the end of the elastic bearing load transfer (𝑃 .), which 

is the last of the three control joint loads to describe the total F-Δ curve, needs to be 

determined. Such the load is mainly based on the bolt ductility and the joint ultimate 

load. The more ductile bolts the smaller value of the load at onset of plasticity (Figure 

6-17); therefore, the following equation (6-5) could be used for predicting the load at 

onset of plasticity. From the regression analysis, the mean predicted-to-FE ratios for 

the 𝑃 . from equation (6-5) is 1.0 with COV of 0.16. 

𝑃 .
𝑓
𝑓

 𝑃  (6-5)

6.4.1.2 Calculation of the joint deformations 

On the other side, the more challenging task is to precisely and practically predict 

the joint deformations related to the joint loads presenting a reliable joint slip model. 

For the displacement at the end of frictional load transfer (Δ ), it is observed that the 

elastic stiffness before slip is directly proportional to the number of bolts. More 

accurately, the slippage resistance is dependent on the bolt pretensions, the number of 

bolts and the slip factor, see equation (1) – but the displacements (Δ ) are almost 

identical with an approximate value of 0.25 mm; accordingly, this value is kept 

constant as Δ 0.25 𝑚𝑚  in the proposed model. As a sequel, the displacements at 

the end of the significant joint slip (Δ ) is mainly dependent on the hole clearance for 

both normal and oversized holes. Thus, the value of Δ  is typically taken as the value 

of the hole clearance 𝑑 𝑑  for a worst-case.  
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Δ 𝑑 𝑑 (6-6)

Because the displacement at the onset of plasticity (Δ ) depends on the elastic 

stiffness after the end of the significant slip, the value of Δ  could be calculated from 

equation (6-7) whereas the mean predicted-to-FE ratios from the regression analysis 

is 1.14 with COV of 0.07.  

Δ Δ
𝑃 . 𝑃

0.0002𝑓
 (6-7)

Finally, the ultimate peak displacement (Δ ), which is dependent on the bolt grades 

(i.e. the ultimate-to-yield stress ratios), as clearly observed in Figure 6-17, and the 

number of bolts 𝑁 (Figure 6-18), could be obtained from equation (6-8). Again, the 

mean predicted-to-FE ratios from the regression analysis is 1.2 with COV of 0.19, 

while the high discrepancy in the predicted ultimate joint-deformation could be 

attributed to the inconsistent nature of this loading range (i.e. plasticity range). 

Δ 2.3 0.25𝑁
𝑓
𝑓

Δ  (6-8)

As a result of the above, the coordinates of the four control points (𝐴, 𝐵, 𝐶, and 

𝐷) in terms of loads and displacements, are well defined. With these in hand, the 

transition segments between these points should be described. Based on the extensive 

FE results and observing the resulting F-Δ curves, linear relations are assumed up to 

the control point C (i.e. the end of elastic range and onset of plasticity). Whilst the 

segment between points 𝐶 and 𝐷 is presumed to be a part of an ellipse centred at 

the point (𝑥 , 𝑦), where 𝑥 Δ  and 𝑦 𝑃 . , see Figure 6-19, and with two 

radiuses (i.e. horizontal ℎ and vertical 𝑘) as ℎ Δ Δ , and 𝑘 𝑃 𝑃 .. 

Thus, the mathematical expressions for the proposed load-displacement curve are as 

follows: 
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𝑃

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑃

𝛿
0.25

                                                              𝑓𝑜𝑟  0.0 𝛿 0.25;

𝑃                                                                               𝑓𝑜𝑟  0.25 𝛿 Δ ;

𝑃
𝛿 Δ

Δ Δ
𝑃 𝑃                                 𝑓𝑜𝑟  Δ 𝛿 Δ ;

𝑃 . 𝑃 𝑃 . 1
𝛿 Δ

Δ Δ
     𝑓𝑜𝑟  Δ 𝛿 Δ .

 

where 𝑃 is the joint load (kN) and δ is the joint deformations (mm). 

Figure 6-19. Idealized load versus displacements curve for the joint slippage 
model

 

6.4.2 Proposed model validation and design implication 

To assess the proposed model, a comparison study between the FE results and the 

proposed analytical equations have been conducted accounting for all aforementioned 

parameters in previous sections. The load-displacement curves from the FE results 

together with the proposed model considering the four number of bolts ( 𝑁

1, 2, 3, 𝑎𝑛𝑑 4) are depicted in Figure 6-20, whereas the material yield stress 𝑓

355 𝑀𝑃𝑎 and the bolt grade is 4.6 are plotted in Figure 6-20(a), and those for 𝑓

460 𝑀𝑃𝑎 with the bolt grade 6.8 are shown in Figure 6-20(b). It is clearly seen that 

analytical equations can precisely predict the F-Δ curves representing the joint slip 

behavior of single angle bolted connections and agree well with the FE results. 
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However, as the proposed model is mainly developed in terms of the FE results at first. 

In other words, the FE results are first used to derive the model and then are employed 

to validate the model; therefore, the validation of the model is not really performed. 

Consequently, to further verify the proposed model persuasively, the experimental 

results together with the idealized curves by Ungkurapinan (2000) have been used for 

verification purposes. It worth noting that the proposed model has included various 

parameters which are not fully considered in the existing model by Ungkurapinan 

(2000), see Table 6-3. Accordingly, the proposed model considering the joint 

parameters included in the tests together with the corresponding experimental results 

and idealized model (Ungkurapinan, 2000) are presented in Figure 6-21. Clearly, the 

proposed model can capture the joint behaviors accurately and in good agreement with 

the test results.  

As a result of the above, the proposed model could be used as an axial stiffness of 

a non-linear axial spring that might be attached to the ends of the bracing members to 

the main leg elements. This nodal spring element can accurately and practically reflect 

the joint slip behavior of the bracing members without the use of any complicated 

modeling techniques. By using the proposed joint model in the direct analysis of 

transmission towers, the responses of the structures such as displacements, internal 

forces, and moments can be well predicted. Consequently, the structural stability 

problems due to second-order (P-Δ  and P-𝛿 ) effects and joint flexibility can be 

accurately captured thereby leading to a simultaneously design with the analysis and 

providing safer and less conservative design. 
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Table 6-3 Comparison between the included parameters in the proposed model and 
Ungkurapinan (2000) model.  

 
Bolt 

Pretension 
Friction 

coefficient 
Number 
of bolts 

Construction 
clearance 

Material 
prop. 

Angle 
and bolt 
sizing

Ungkurapinan 
(2000) 

      

Proposed        

Note: A cross () indicates an effect ignored in the model; a check () indicates an effect 
incorporated in the model. 

 

Figure 6-20. Comparison between FEM results and the proposed models; (a) 𝑓  = 
355 MPa, and bolt 4.8, (b) 𝑓  = 460 MPa, and bolt 6.8 

 

 
Figure 6-21. The proposed model together with the test results and idealized 

curves by Ungkurapinan (2000)
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6.5 Concluding and Remarks 

The second-order effects including the joint slip should be modelled in a structural 

analysis so that the real structural behaviors can be well captured for design reference. 

The joint slip model, however, has not been well developed for practical design. In 

this chapter, a comprehensive three-dimensional finite element (FE) model is 

proposed to investigate the bolt slippage in the single angle joint. The FE model is 

verified against extensive experimental results available in the literature and an 

extensive parametric study is conducted. Various affecting parameters not fully 

included in the existing bolt slippage models have been considered in the proposed FE 

model. Finally, a more realistic and efficient slippage model is proposed for second-

order direct analysis of transmission towers, which will significantly enhance the 

numerical efficiency and accuracy. 
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CHAPTER 7.  

SIMULATION OF THIN-WALLED MEMBERS WITH 

ARBITRARY-SHAPED CROSS-SECTIONS FOR 

STATIC AND DYNAMIC ANALYSES  

7.1 Introduction 

From previous chapters, shell finite-element (FE) models are proven to be 

sufficiently accurate to simulate nonsymmetrical thin-walled members (e.g. single 

angles); hence the cross-section and buckling strength can be predicted. Also, FE 

protocols and scripting tool have enhanced the shell element applications and 

underpinned the development of design rules for such members. Therefore, the 

initially developed FE framework is extended in this chapter so that any arbitrary-

shaped cross-sections (e.g. C sections, Z sections, etc..) can be included, and more 

analysis types can be conducted. The main objective of this chapter is to validate a 

finite-element (FE) modelling protocol to simulate thin-walled members for static and 

dynamic analyses. Such sections, including open, closed, and multicellular sections 

can be efficiently modelled for further advanced study. The framework is thoroughly 

validated and verified using existing analytical and closed-form solutions, as well as 

experimental results available in the literature. The current work is motivated by the 

higher accuracy of the shell FE-based modelling to capture the local and global 

complex behaviors of asymmetric thin-walled members. Higher computational 

expenses, however, are required for such sophisticated shell FE models (SFEM). 

Accordingly, a framework hosted in MATLAB and implementing the python scripting 

technique in ABAQUS is developed, which includes eigen buckling, static nonlinear, 

 

 



CHAPTER 7 

 

____________________________________________________________________ 
157 
 

modal frequency, and dynamic time-history analyses. For more modelling 

convenience, various parameters are incorporated, such as imperfections, residual 

stresses, material definitions, element choice, meshing control, and boundary 

conditions. Several examples are provided to illustrate the application of the proposed 

framework and to prove the robustness and accuracy of the generated FE models. The 

chapter concludes with the efficiency of implementing SFEMs for simulating thin-

walled members; thereby, establishing a more accurate and advanced structural 

analysis.    

7.2 Shell Finite-element model 

The finite-element tool based on ABAQUS (2016) has been used in the current 

study. The Python scripting technic is used to generate the whole model, including the 

model geometry, material definitions, boundary conditions, load applications, and the 

required analysis type. For modelling convenience, all preliminary parameters are 

controlled via a simple graphical user interface (GUI), which is developed and hosted 

in MATLAB App Designer. The description of the proposed models, different 

analysis types, and verification examples are presented in the following sections.  

7.2.1 Model geometry and material definitions 

Thin-walled metal open or closed-sections can be described by a number of 

segments interconnected at nodes. Each segment has its own thickness accounting for 

whether it is a constant-thickness cold-formed section or a general section with 

different thicknesses (Figure 7-1). Also, when the cold forming allows for round 

corners, the fillet radius can be also adopted between any two successive segments. 

Examples of different cross-sections and their definitions in the proposed framework 

are shown in Figure 7-1. Furthermore, the mesh discretization around the cross-section 
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and along the member length is defined and presented in the geometry module (Figure 

7-2), thereby adopting the mesh sizing for the whole model simply. Because ABAQUS 

offers different shell elements (linear or quadratic) (e.g. S4R, S8R, S8R5, etc.), the 

user can efficiently select the element type complying with study purpose. It is 

reported that when a relatively coarse mesh is established, pronounced differences 

from different elements are observed in the mechanism response (descending part of 

the response curves) (Schafer et al., 2010).  

Figure 7-1. Illustration of modelling thin-walled cross-sections in the proposed 
framework 

 

Figure 7-2. Material definitions and member geometry modules in the proposed 
framework
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On the other side, concerning the material definitions, the elastic properties 

(modulus of elasticity 𝐸 and poison’s ratio 𝜈), as well as the material density 𝜌, are 

defined in the material module; whilst, to simulate the inelastic behavior of structural 

steel, an appropriate stress-strain curve should be adopted in the finite-element model. 

With this purpose, a quad-linear material model (Figure 7-3(a)) proposed by Yun and 

Gardner (2017), with elastic region up to yield stress followed by a yield plateau length, 

and then, a bilinear curve representing the strain hardening region up to material 

ultimate stress, is included. Unlike the widely used simplified models (elastic-

perfectly plastic or elastic-plastic with linear hardening), the quad linear model shows 

an acceptable accuracy compared with the material stress-strain data available in the 

literature for hot-rolled steel (Yun & Gardner, 2017). In addition, for a more precise 

simulation of cold-formed steel members, the two-stage Ramberg-Osgood model 

proposed by Gardner and Yun (2018) (Figure 7-3(b)) is utilized for CFS members. As 

a result, the inelastic response of thin-walled members, regardless of whether they are 

fabricated from hot-rolled or cold-formed steel, can be efficiently reflected in the 

proposed model. The sensitivity of the two material models is presented in example 2 

(section 7.4).  

Figure 7-3. Stress-strain curves for material modelling; (a) quad-linear model for 
hot-rolled steel, (b) typical CFS stress-strain curve 
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7.2.2 Boundary conditions and applied loads 

Regarding the boundary conditions, a reference point is defined at the cross-

section centroid (𝐸𝑛𝑑 1 and 𝐸𝑛𝑑 2 in Figure 7-4) and, with an appropriate 

coupling constraint, the centroid has been linked to n points around the cross-section. 

The coupling constraints, which are adopted between the two reference points and the 

corresponding end nodes, are altered between the Kinematic and Distributing coupling 

in ABAQUS. Since the former does not allow the relative motion among the 

constrained degrees-of-freedom (DOFs), it avoids the warping of the cross-section. 

Whilst, the distributing coupling allows the relative motion among all DOFs, so it is 

used to distribute the forces and moments to the end nodes. As a sequel, appropriate 

constraints are imposed by using the EQUATION option (Dong & Sause, 2009) so 

that the end-support sections are left free to warp. Consequently, the six DOFs (three 

translations 𝑈 , 𝑈 , 𝑎𝑛𝑑 𝑈 , and three rotations 𝑅 , 𝑅 , 𝑎𝑛𝑑 𝑅 ) at the two reference 

points are restrained or released to account for various boundary conditions; thereby, 

investigating the effect of boundary conditions on the member response. Similarly, the 

member end forces and moments are applied to the two reference nodes following the 

positive directions shown in Figure 7-4. Moreover, for eccentric load applications, the 

centroid axis is transferred to where the eccentric loads need to be applied; hence, the 

eccentricities with respect to the section-centroid are allowed (Figure 7-2). 

Furthermore, for more computational efficiency, only half-length of the member is 

modelled in a case of symmetric loads and boundary conditions, utilizing the 

symmetric boundary-condition option shown in Figure 7-5. As a result of the above, 

the load and boundary condition vectors are properly defined and submitted for further 

model scripting. 
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The member local imperfections, including the initial geometric imperfections 

(Zeinoddini & Schafer, 2011) and residual stresses, are important for static nonlinear 

analysis. It is with this purpose, the former is modelled employing the eigen-buckling 

mode shapes, where a specific eigen buckling mode is scaled with an initially defined 

maximum amplitude as shown in Figure 7-5. Whilst, the longitudinal membrane 

residual stresses considering any arbitrary distribution patterns, which are mainly 

based on the cross-section shape and the material yield stress, are properly modelled 

using the subroutine SIGINI in ABAQUS (Figure 7-5). The ABAQUS input file is 

automatically updated and the *IMPERFECTION and *INITIAL CONDITION 

options are incorporated in the appropriate locations as keywords within the input file; 

thereby, the member local imperfections are sufficiently included. More details about 

the imperfections’ modelling techniques are previously reviewed in Chapter 3. 

Based on different modules (Figures 7-2 and 7-5) in the proposed framework, 

more modelling convenience is established; and accordingly, a series of FE models is 

extensively generated. Moreover, for verifications and comparison studies, (Export to-) 

functions are provided to generate input files for the two educational freeware software 

CUFSM (Schafer, 2018) and MASTAN2 (Ziemian & McGuire, 2019). The former 

employs the finite-strip method for buckling analysis of thin-walled members, and the 

latter implements the line finite-element method. Accordingly, an integrated and more 

efficient routine to implement different numerical methods for extensive and advanced 

studies of thin-walled members is established. 
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Figure 7-4. Illustration of the member axes and orientations in the FE model
 

 
Figure 7-5. Boundary conditions, applied loads, imperfections, and residual 

stresses modules in the proposed framework

7.3 Static and dynamic analyses methods 

It is with the purpose of the developed routine, and because eigen-buckling, static 

nonlinear, modal frequency, and dynamic time-history analyses are included for thin-
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walled members, different analysis methods are first reviewed. Their implementation 

into the commercial software ABAQUS (Smith, 2016) is then illustrated, in which the 

step type and its basic properties (the incrementations, field output, and history output) 

are properly defined based on each analysis purpose as follows. 

7.3.1 Eigen buckling analysis 

In an eigenvalue buckling problem, the loads, which make the member stiffness 

matrix singular, are required. Such analysis is basically used to estimate the critical 

buckling loads at which the bifurcation point is reached, and the member exhibits a 

much lower stiffness. The eigenvalue problem can be formulated as,  

| 𝐾 𝜆 𝐾 | 0 
(7-1)

where 𝐾  and 𝐾  are the linear and geometric stiffness matrices, and 𝜆  is the 

critical elastic buckling load factor. Generally, thin-walled members usually 

experience complex buckling modes such as global (flexural and/or torsional), 

distorsional, local (-plate), or combined local-distortionl-global buckling (Basaglia & 

Camotim, 2015; Chen & LI, 2010; Dinis & Camotim, 2011); hence, the eigenvalue 

buckling analysis can provide a useful estimation for the failure mode shapes. Thus, it 

could be a preliminary analysis to initiate the buckling modes to be scaled as an initial 

geometric imperfection for further static nonlinear analysis. In the current study, the 

linear perturbation Buckle step in ABAQUS is adopted, and the eigenvalue problem 

is solved based on the number of requested eigenvalues. The subspace iteration 

method available in ABAQUS is imposed, as it is usually faster than the other Lanczos 

solver when the requested eigenmodes are lower than 20 (Smith, 2016), and most 

importantly, the Lanczos solver cannot be used if the distributing coupling constraints 

are included in the model. Herein, the eigen buckling analysis is mainly employed to 
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verify and validate shell FE simulations of thin-walled members with extensive 

configurations. The closed-form solutions, which are extensively available in the 

literature (Bleich, 1952; Trahair, 1993; Ziemian, 2010), are accordingly presented as 

representative results for buckling examples.  

7.3.2 Static nonlinear analysis 

In what follows, the nonlinear analysis method, including geometrical 

nonlinearity (large deformations) and material nonlinearity (elasto-plastic material), is 

illustrated and its implementation in the proposed framework is elaborated. As these 

nonlinearities cause a change in the stiffness matrix during the load application, 

different incremental-iterative strategies are required to solve the nonlinear problems, 

such as Newton’s methods (Vasios, 2015) and the arc-length method (also known as 

Riks method) (Riks, 1979). The latter shows a unique superiority for solving nonlinear 

problems and can accurately predict the equilibrium path after the limit point 

(descending part of the force-displacement curve and snap-through buckling). With 

this purpose, the static nonlinear analysis is implemented within the proposed 

framework to examine the nonlinear load-displacement responses of thin-walled 

members with imperfections. The modified-Riks in ABAQUS, utilizing the arc-length 

method, is adopted to solve non-linear problems. The member local imperfections, 

including initial geometric imperfections and residual stresses, have been considered 

and explicitly incorporated in the developed routine as mentioned earlier. Whilst, for 

inelastic analysis, the aforementioned stress-strain curves (Figure 7-3) are imposed to 

represent material inelasticity. Further, to impose a target load factor or displacement, 

two stopping criteria for the incremental nonlinear analysis, are utilized based on 

initially defined values before the job submission. As a result, a reliable assessment of 
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the codified design methods, which might require the processing of several time-

consuming FE models, is established. 

7.3.3 Modal frequency analysis 

After simulating the buckling and large-deflection behaviors of arbitrary thin-

walled members for static loads. Attention is turned to the vibration and modal 

frequency analysis of such members; hence, accurate and practical member design can 

be achieved. Indeed, modal analysis is a process of extracting the modal natural 

frequencies, which are essential, and should be a preliminary step for the mode-based 

dynamic analysis. With this purpose, Frequency step in ABAQUS is further adopted 

for a free vibrational analysis, thereby observing the vibration modes (flexure, torsion, 

axial, or combined modes) and the corresponding natural frequencies. Herein, the 

subspace solver in ABAQUS is adopted based on the number of eigenvalues requested. 

Whilst the applied loads at the two ends of the member are utilized to back-calculate 

lumped masses at the corresponding node employing the gravity acceleration. It is 

worth mentioning that the member self-weight and/or an additional uniformly 

distributed mass along the member length can be imposed according to the study 

purpose. 

7.3.4 Dynamic time-history analysis 

Dynamic analysis methods are basically dependent on the inertia effects (mass 

and acceleration) of the model. Several strategies are proposed to solve dynamic 

problems, such as direct integration and modal methods (Bathe, 2006; Newmark, 

1959). The former performs the direct integration of the model through the time 

domain using implicit or explicit solver, while the latter provides a cost-effective 

solution for performing linear or mildly nonlinear dynamic analyses. With this in mind, 
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and to investigate the transient response of thin-walled members under different 

sources of excitations, the modal dynamics method is implemented and introduced in 

the proposed modules. In the method, the eigenmodes of the member are the basis for 

calculating the dynamic response. Moreover, the direct modal damping with a defined 

critical damping ratio is adopted to represent the member viscosity. In the time-history 

function module, different conventional time-history functions are included (e.g. ramp, 

triangular, sine and cosine functions); or else, a user-defined tabular data function can 

import any complex earthquake data from a specific file (Figure 7-6(b)) to be utilized 

as an acceleration base-motion with a specified direction (Figure 7-6).  

Figure 7-6. Analysis module in the proposed GUI; (a) dynamic time-history 
module, and (b) a plot for a time-history function 

7.4 Verification examples 

In this section, four different examples are presented to illustrate the application 

of the proposed framework for different types of analysis. The first compares results 

of eigen buckling analysis of thin-walled members with arbitrary cross-sections, 

employing the proposed routine (SFEM) and finite-strip method (FSM). The second 

example demonstrates the simulation of cold-formed lipped channel beam-columns 
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for static nonlinear analysis, and a comparison study with existing experimental results 

is conducted. Moreover, the third example shows the capability of the proposed 

framework to extract the natural frequencies of a cantilever beam with a channel 

section, while the internal and external warping constraints are examined. Finally, the 

fourth presents results of dynamic time-history analyses of a single member, and 

compares the results with the line finite element method (LFEM) implemented within 

the educational software (MASTAN2 (Ziemian & McGuire, 2019)). 

7.4.1 Example 1: Eigen buckling analysis of thin-walled members 

with arbitrary cross-sections 

In this example, the critical buckling loads for a lipped channel section and 

branched I-section are obtained. The cross-sections studied herein are shown in Figure 

7-7, while the material constants are as follows: 𝐸 210 𝐺𝑝𝑎, 𝜈 0.0, 𝑎𝑛𝑑 𝑓

500 𝑀𝑃𝑎.Simply-supported columns (pin-end condition), with free to warp end-

support sections, are subjected to axial compression. The critical buckling loads, 

obtained from shell finite-element models (SFEM) and generated by the proposed 

framework, are compared to those based on the finite-strip method (FSM), (for local, 

distortional, and global modes), which are implemented through the open-source 

package CUFSM (Schafer, 2018). In FSM, a large number of longitudinal terms 

10  is employed so that the local and distortional buckling curves (flat plateau) are 

captured. As a result, the normalized buckling loads (𝑃/𝑃 ), where 𝑃  is the yield 

(squash) load for each cross-section, are depicted for the lipped channel section 

(Figure 7-8(a)), and branched I-section (Figure 7-8(b)) with the member length 𝐿 

(represented in logarithmic scale). Identical solutions are clearly observed between the 

results yielded by the FSM (solid curve) and SFEM (dashed-line cross curve); as 
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observed, the different buckling modes (local and/or global) associated with different 

member lengths are simulated. From this example, it can be concluded that the 

proposed framework can efficiently be used to conduct buckling analyses for thin-

walled members with sufficient accuracy and considering the local and global 

buckling modes.    

 

Figure 7-7. Cross-section dimensions, (a) lipped channel, and (b) branched I-section.
 

Figure 7-8. Critical buckling curves for columns with pin end conditions; (a) 
lipped channel section, and (b) branched I-section. 

 

7.4.2 Example 2: Static nonlinear response of cold-formed steel 

lipped channel beam-columns 

In this example, the experimental study conducted by Torabian et al. (2015) is 

referenced. Fifty-five 600S137-54 lipped channel specimens under eccentric 
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compression with a wide range of eccentricities causing major and/or minor axis 

bending were tested. Three different lengths: 305 mm (short), 610 mm (intermediate), 

and 1219 mm (long), to investigate cross-section strength, degraded strength due to 

distortional buckling, and global buckling respectively, were included. More details 

about the material properties and applied eccentricities can be found in (Torabian et 

al. (2015)). Herein, the proposed framework is utilized to model the tested specimens 

where the load eccentricities are imposed through the coordinates of the end reference 

points. For material modelling, a comparison study between the two stress-strain 

curves (i.e. hot-rolled steel and CFS models shown in Figure 7-3) is conducted and the 

results are plotted in Figure 7-9, where almost identical results are observed from the 

CFS material model and that from experimental results. Therefore, the stress-strain 

curve shown in Figure 7-3 (b) is adopted; thereby, predicting the inelastic behavior of 

thin-walled CFS members with adequate accuracy. 

 

Figure 7-9. Comparison between hot-rolled steel model (Yun & Gardner, 2017) 
and CFS model (Gardner & Yun, 2018) adopted in FEM. 

 

In the following, comparisons between experimental and FEM results concerning 

ultimate loads, failure modes, and load-displacement responses are presented. First, 

the peak ultimate loads for each specimen obtained from the proposed framework and 
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that from the experimental study are summarized in Table 7-1 for the three studied 

lengths ( 305  mm, 610  mm, and 1219  mm). Mean predicted-to-experimental 

ratios for the ultimate loads of the three member-lengths are 0.96, 0.95, and 1.0; and 

the associated coefficients of variation (COV) are 0.07, 0.07, and 0.13, respectively. 

Whilst, the mean ratio for all tested specimens is 0.97 with a COV of 0.097. Further, 

the failure modes predicted from the FEM are in good agreement with the 

experimental results, where the web local buckling (WLB) and flange distortional 

buckling (FDB) are clearly observed (Figure 7-10). Finally, for more credibility and 

reliability of the FEM, the load-displacement curves based on the FEM together with 

the experimental curves are shown in Figure 7-11. As a result of the above, it can be 

concluded that the proposed FEM can precisely simulate material and geometric 

nonlinearities; thereby, predicting the buckling behavior and the ultimate loads of thin-

walled members. 

Table 7-1 Peak ultimate loads (experimental and FEM results) 

No. 
Loading 
condition 

L = 305 mm  L = 610 mm  L = 1219 mm 
PEXP PFEM PFEM/ 

PEXP 

 PEXP PFEM PFEM/ 
PEXP 

 PEXP PFEM PFEM/ 
PEXP (kN) (kN)  (kN) (kN)  (kN) (kN) 

1 Axial 
load, 
Minor 
axis 
bending 

25.33 23.82 0.94  18.09 17.89 0.99  9.50 11.31 1.19 
2 40.81 36.32 0.89  28.25 27.91 0.99  17.59 18.16 1.03 
3 51.67 49.83 0.96  43.38 42.41 0.98  25.27 27.02 1.07 
4 72.11 65.72 0.91  46.86 49.28 1.05  24.59 25.16 1.02 
5 49.29 47.97 0.97  24.99 26.85 1.07  16.01 17.86 1.12 
6 26.16 22.97 0.88  16.09 16.46 1.02  10.02 10.87 1.08 
7 Major 

axis 
bending 

54.62 51.49 0.94  57.69 47.86 0.83  48.57 34.89 0.72 
8 34.04 30.93 0.91  34.93 30.60 0.88  38.18 31.48 0.82 
9 20.56 18.79 0.91  21.43 18.72 0.87  23.44 18.61 0.79 

10 Axial 
load, 
Biaxial 
bending 

49.25 45.89 0.93  50.10 42.02 0.84  30.34 34.10 1.12 
11 21.41 24.10 1.13  22.24 20.60 0.93  18.28 17.44 0.95 
12 52.74 53.33 1.01  44.81 43.01 0.96  27.01 30.62 1.13 
13 25.20 26.53 1.05  22.18 22.15 1.00  15.84 17.02 1.07 
14 48.50 47.18 0.97  42.96 41.48 0.97  27.16 28.27 1.04 
15 26.54 26.51 1.00  25.03 24.69 0.99  17.76 18.21 1.03 
16 48.28 44.81 0.93  43.99 41.42 0.94  35.00 30.09 0.86 
17 24.93 25.00 1.00  26.29 23.41 0.89  19.98 18.94 0.95 
   Mean 0.96   Mean 0.95   Mean 1.00 
   COV 0.07 COV 0.07  COV 0.13
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Figure 7-10. Failure modes from the FEM together with the corresponding tested 
specimens.

 

Figure 7-11. Load displacement curves from the FEM and experimental results. 
 

7.4.3 Example 3: Vibrational analysis of a cantilever beam with a 

channel section 

Vibration analysis of thin-walled beams with an investigation of the torsion 

warping constraints is illustrated in this example. A channel U200 with a length of 
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2000 mm, as shown in Figure 7-12, was investigated analytically by Vörös (2004), 

with a particular emphasis was placed on the internal and external warping constraints. 

Consequently, it is reinvestigated using the proposed framework considering two 

external warping conditions. The first allows for the cross-section warping at the fixed 

end (Free), whilst the second one avoids the end-section warping (Fixed). The material 

constants are as follows: 𝐸 200 𝐺𝑃𝑎, 𝜈 0.25 , and the material density 𝜌

7850 𝐾𝑔/𝑚  so that the only beam self-weight is considered. Accordingly, the 

natural frequencies associated with different modes are provided in Table 7-2. It is 

clearly seen from Table 7-2 that the predicted frequencies and the corresponding 

modes agree well with that reported by Vörös (2004). The mean predicted-to-reported 

(FEM-to-Vörös) ratio for the natural frequencies is 0.99 with COV 0.01 in case of the 

fixed warping, whilst the corresponding values for the free warping case are 0.97 and 

0.02, respectively. Thus, the proposed model can accurately perform the vibration 

analysis of thin-walled members accounting for the member boundary conditions. 

Table 7-2 Natural frequencies (Hz) of the cantilever beam from the FEM and that 
from Vörös (2004). 

No. 

Fixed warping at the fixed end  Free warping at the fixed end 
Vörös 

(consist 
/lump) 

SFEM 
[Hz] 

FEM/ 
Vörös 

Mode 
 Vörös 

(consist 
/lump) 

SFEM 
[Hz] 

FEM/ 
Vörös 

Mode 

[Hz]  [Hz]  

1 
17.375/
17.355 

17.45 1.00 Fy1  
17.375/
17.355 

17.37 1.00 Fy1 

2 
30.198/
30.182 

29.65 0.98 Fx+T1  
23.314/
23.306 

22.77 0.98 Fx+T1 

3 
66.630/
66.535 

65.88 0.99 Fx+T2  
63.876/
63.791 

61.06 0.96 Fx+T2 

4 
108.66/
108.23 

106.75 0.98 Fy2  
98.621/
98.324 

96.82 0.98 Fx+T3 

5 
119.90/
119.45 

116.79 0.97 Fx+T3  
108.66/
108.23 

102.24 0.94 Fy2 

  Mean 0.99    Mean 0.97  
  COV 0.01    COV 0.02  

Note: Fy, Fx, and T refer to minor-axis flexure, major-axis flexure, and torsion respectively. 
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Figure 7-12. Cantilever beam with a channel section (Vörös, 2004) 

 

7.4.4 Example 4: Dynamic time-history analysis of cantilever beam 

under different excitations. 

This example investigates the dynamic response of a cantilever beam with a 

mono-symmetrical section under different sources of excitations. A channel section 

with a length of 9.0 m and cross-section dimensions, ℎ 300 𝑚𝑚, 𝑏 100 𝑚𝑚, 

𝑡 10 𝑚𝑚, and 𝑡 16𝑚𝑚, as shown in Figure 7-13, is subjected to dynamic 

excitations. The beam self-weight is neglected. Whilst, a concentrated vertical load of 

8 𝑘𝑁 is applied at the free end of the cantilever to back-calculate an additional lumped 

mass 𝑀 . As a sequel, three different time-history functions (simple, sine, and 

triangular) are applied to the beam – but, the same total step time of 10 seconds with 

a maximum amplitude 0.2𝑔 , where 𝑔  is the gravity acceleration assumed as 

10 𝑚/𝑠 , are adopted for the three functions. A total of five cycles with 2 seconds 

time period each are imposed for the sine and triangular functions, while the simple 

excitation is expressed as follows, 

𝑎 𝑡
𝑔

0.2𝑡                 𝑡 1
 0.0        1 𝑡 10

 
(7-2)

where, 𝑎 𝑡  is the ground acceleration, and 𝑡 is the time (sec.). Note that for the 

simple function (equation (7-2)), the dynamic excitation is applied at the first 1 
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second, while the total step time (10 seconds) is used to examine the freely vibrated 

behaviors after the withdrawal of the excitation. Herein, the critical damping ratio is 

taken as 0.02 to represent the member viscosity. 

 
Figure 7-13. Cantilever beam under dynamic excitations 

 

As a result of the above, a comparison study between the results of the proposed 

model using shell elements (denoted by SFEM) and that from an advanced warping 

line-element (Gao et al., 2020) (denoted by MASTAN2) is conducted. It is worthy of 

mentioning that the latter explicitly accounts for the effect of the misalignment of the 

shear center and the centroid, and it is implemented within the newer version of 

MASTAN2 (Ziemian & McGuire, 2019). Accordingly, it is employed in the current 

study as representative benchmark results. Thus, the dynamic responses (vertical 

displacement vs. time curves) of the cantilever beam under the three types of 

excitations from the two methods are shown in Figure 7-14. It is clearly seen that the 

proposed model can accurately simulate thin-walled members to perform a dynamic 

time-history analysis considering any complex version of excitations. 
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Figure 7-14. Dynamic response of cantilever beam under dynamic excitations
 

7.5 Concluding and Remarks 

In this research, a framework for an automating generation of sophisticated shell 

fine-elements models based on ABAQUS is developed. The python scripting 

technique is utilized, and a graphical user interface hosted in MATLAB is developed 

for proficiency modelling. As demonstrated in the above examples, the proposed 

routine can accurately simulate thin-walled members with arbitrary cross-sections for 

eigen-buckling, static nonlinear, modal frequency, and dynamic time-history analyses. 

Various parameters have been included for automatic and more convenient modelling, 

thereby generating extensive FE results. Thus, the evaluation of the structural capacity 

of thin-walled members and an investigation of the buckling behavior of such 

members is established for static and dynamic loads. 
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CHAPTER 8.  

CONCLUSIONS AND RECOMMENDATIONS  

8.1 Introduction 

In this chapter, the main contents of the present research are summarized, and the main 

findings with conclusions based on the current research are provided. Moreover, the 

recommendations for future work are presented. 

8.2 Conclusions 

The analysis and design of structures with single angle members are provided in 

this thesis. The main motivation of the research is to provide efficient and accurate 

methods for engineering practices. Sophisticated shell finite-element model for a 

single angle member comprising the material and geometrical nonlinearities is 

developed. The local member imperfections, including initial geometric imperfections 

and residual stresses, are explicitly incorporated in the proposed model. Accordingly, 

reliable and accurate results for various equal and unequal-leg single angles, when 

compared to the experimental tests in the literature and closed-form solutions for 

elastic buckling, are established. As a result, the proposed model is utilized with 

confidence to perform an extensive parametric study; thus the effect of geometric 

imperfections and residual stress distribution patterns, as well as the effect of yield 

strength and member eccentricities in both elastic and inelastic regions are studied. 

Furthermore, a new hand-calculating design method for single angles, considering the 

section plasticity and member stability such as a flexural and flexural torsional 

buckling, is developed. With this purpose, simple equations to calculate the elastic 
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buckling loads accounting for the flexural and flexural torsional buckling are 

developed in terms of the member length, cross-section dimensions, and leg length 

ratio for unequal-leg angles. Approximate expressions of the cross-sectional properties, 

such as the second moment of areas, monosymmetric constant, principal axes 

inclination angle, and shear center coordinates with respect to centroid are presented. 

Besides, the first yield moments for single angle beam-columns considering the 

interaction between the normal forces and bi-axial bending, through dimensionless 

coefficients presented as Appendix A in this thesis, are calculated. With these in hand, 

a nonlinear interaction equation for single angle beam-columns instead of the existing 

linear equation in current design specifications is provided. Based on the finite-

element results, the buckling curves for angle beam-columns are provided. 

Additionally, the sensitivity of the flexural torsional buckling modes for single angle 

columns is investigated. An effective stress-strain relationship, which implicitly 

accounts for the member imperfections, is developed. The proposed compressive 

stress-strain curve can be incorporated into any conventional line finite elements for 

further use in the direct analysis of angle structures. To appropriately perform the 

direct analysis for angle structures the effect of joint slip is important. With this 

purpose, an advanced joint slip model based on a comprehensive solid finite-element 

model and considering various effects is developed. Different parameters, such as the 

number of bolts, bolt diameter, bolt-hole clearances, angle size, bolt pretension, and 

friction at the contact surface, are included in such the model. This model is thoroughly 

validated using the experimental results and existing models from the literature; hence, 

the persuasiveness of the proposed joint slip model is established. This work is 

believed to underpin the development of a second-order direct analysis method (DAM) 

for transmission towers thereby improving safety and enhancing the cost-efficiency of 
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a tower design with high accuracy. Finally, in the last chapter of the thesis, an 

integrated routine for FE model generation, and different analyses submission, as well 

as post-processing of the analysis results, is developed for thin-walled members with 

arbitrary-shaped cross-sections. Eigen buckling analysis, geometric and material 

nonlinear analysis with imperfection, modal frequency, and dynamic time-history 

analyses are included. With a quite high computational burden associated with a 

sophisticated shell-based FE model of complex shapes cross-sections of such members, 

the proposed framework is proved to be proficient and accurate for simulating thin-

walled members thereby enhancing the evaluation of the structural capacity of such 

members for static and dynamic loads. The verification examples presented in each 

chapter demonstrate the accuracy and efficiency of the proposed methods in 

engineering practices. The contributions and significance of the research are 

summarized below.     

 From the comprehensive FE model for single angle member, two distinct 

values of the equivalent initial geometric imperfection of 𝐿/380 for elastic, 

and 𝐿/250 for inelastic ranges are presented for a FE model; alternatively, a 

minimum absolute value is suggested for the relatively short members. If 

residual stresses are explicitly incorporated in the FE model, employing a well-

recognized distribution pattern for single angles, the initial geometric 

imperfections of 𝐿/1000 or 3 mm, whichever is larger, will be introduced so 

that the total member imperfections are precisely modelled. 

 It is found that neither steel grade nor eccentricity significantly affects the 

ultimate strength of slender angle members, hence, neglecting the effect of the 

eccentricity, employing the simple-column approach, makes the most sense for 

members within the elastic range. 
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 A new practical design method for single angle members, in accordance with 

the general method (clause 6.3.4 in EC3), is proposed and proved to be reliable. 

New buckling curves, considering the reduction of plastic capacity of single 

angle members undergoing flexural or flexural-torsional buckling, are 

provided based on extensive finite element results. 

 An effective stress-strain relationship representing the typical failure modes 

and initial imperfections has been proposed for the direct analysis such that the 

steel structures made of angle sections can be safely designed avoiding the use 

of the effective length method. The proposed model has been calibrated 

extensively by finite-element analysis and experimental results. 

 A comprehensive three-dimensional finite element (FE) model is proposed to 

investigate the bolt slippage in the single angle joint. The FE model is verified 

against experimental results available in the literature and an extensive 

parametric study is conducted. Various affecting parameters not fully included 

in the existing bolt slippage models have been considered in the proposed FE 

model. Finally, a more realistic and efficient slippage model is proposed for 

second-order direct analysis of transmission towers, which will significantly 

enhance the numerical efficiency and accuracy. 

 Finite-element modelling protocol for simulation of general thin-walled 

members with arbitrary-shaped cross-sections for static and dynamic loads is 

developed and thoroughly validated thereby enhancing the use of shell-based 

FE models to investigate thin-walled members.  
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8.3 Recommendations for Future Work 

This research presents different analyses and design scenarios for single angle 

structures in line with the hand-calculating design method and direct analysis method. 

Further, the simulation of general thin-walled members for static and dynamic loads 

is provided. Some studies, however, are needed to be conducted in future research. 

Recommendations for future research are listed below. 

1) To incorporate the local buckling effects, cross-section moment-curvature curves 

are developed for further inclusion in advanced gaussian line elements, and 

reduction factors are introduced at different gaussian points placed along the 

element length.  

2) For the joint slip, as the angle towers usually experience cyclic wind loads, an 

advanced joint slip considering the effects of cyclic loads is developed so that an 

accurate and advanced analysis of angle towers is performed. 

3) To consider the effects of joint flexibility, as in reality, the connections between 

angle bracing members and the main legs of the towers are neither rigid nor 

pinned. Thus, the proposed FE model for angle joints is further extended to study 

the semi-rigid behavior and an advanced joint model is developed to be 

incorporated in the direct analysis of angle structures. 

4) To incorporate all findings for member behavior as well as joints effects in an 

advanced analysis of full-scale angle towers so that accurate predictions of tower 

deformations when compared to full-scale field tests are established. 

5) To extend the proposed FE routine for thin-walled members to include tapered 

members with various tapering scenarios so that the simulation of such members 

employing the shell finite element method for static and dynamic loads is 
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efficiently and practically conducted. In addition, the material modelling can 

include different material such as stainless-steel, aluminum, and concrete; thereby 

simulating of composite members.       
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APPENDIX A 1 
Table (A.1) Dimensionless coefficient values myu for the calculation of the first yield moment  2 
𝑀 𝑚 ℎ 𝑡 𝑓 1 𝑠𝑖𝑔𝑛 𝜎 𝑛  and 𝑀  𝛼 𝑀   3 
β = b/h = 0.5  h/t = 6  8  10  12.5  15  20 

α = Mv / Mu y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve) 

1  0.0554  0.0578  0.0604  0.0589  0.0647  0.0604  0.0689  0.0621  0.0722  0.0635  0.0769  0.0655 
0.9  0.0605  0.0652  0.0661  0.0664 0.0707 0.0681 0.0753 0.0701 0.0789  0.0717  0.0840 0.0741
0.8  0.0668  0.0748  0.0729  0.0762  0.0780  0.0783  0.0831  0.0806  0.0871  0.0825  0.0927  0.0853 
0.7  0.0744  0.0856  0.0813  0.0894  0.0871  0.0919  0.0927  0.0947  0.0971  0.0970  0.1033  0.1005 
0.6  0.0841  0.0940  0.0919  0.1021  0.0984  0.1084  0.1048  0.1143  0.1097  0.1178  0.1166  0.1222 
0.5  0.0966  0.1043  0.1057  0.1129  0.1132  0.1195  0.1205  0.1256  0.1261  0.1301  0.1340  0.1362 
0.4  0.1135  0.1170  0.1244  0.1261 0.1332 0.1330 0.1417 0.1394 0.1482  0.1440  0.1573 0.1503
0.3  0.1376  0.1333  0.1511  0.1429  0.1618  0.1501  0.1720  0.1565  0.1797  0.1612  0.1906  0.1675 
0.2  0.1746  0.1548  0.1924  0.1649  0.2060  0.1721  0.2188  0.1786  0.2284  0.1832  0.2417  0.1893 
0.1  0.2390  0.1846  0.2647  0.1948 0.2834 0.2018 0.3005 0.2078 0.3131  0.2121  0.3303 0.2176
0  0.2869  0.2149  0.3130  0.2267  0.3301  0.2343  0.3446  0.2407  0.3548  0.2451  0.3679  0.2507 

‐0.1  0.1926  0.2131  0.2027  0.2342  0.2097  0.2483  0.2160  0.2603  0.2206  0.2686  0.2268  0.2792 
‐0.2  0.1450  0.2113  0.1499  0.2423  0.1537  0.2641  0.1573  0.2834  0.1601  0.2970  0.1639  0.3150 
‐0.3  0.1162  0.2096  0.1189  0.2509  0.1213  0.2821  0.1237  0.3109  0.1256  0.3322  0.1283  0.3612 
‐0.4  0.0970  0.2079  0.0985  0.2601 0.1002 0.3026 0.1019 0.3444 0.1033  0.3664  0.1053 0.3971
‐0.5  0.0830  0.1972  0.0832  0.2109  0.0843  0.2257  0.0858  0.2420  0.0870  0.2555  0.0888  0.2757 
‐0.6  0.0714  0.1512  0.0717  0.1623  0.0727  0.1737  0.0740  0.1861  0.0751  0.1961  0.0767  0.2111 
‐0.7  0.0626  0.1226  0.0630  0.1319 0.0639 0.1412 0.0651 0.1511 0.0661  0.1591  0.0676 0.1711
‐0.8  0.0558  0.1031  0.0561  0.1111  0.0570  0.1189  0.0581  0.1272  0.0590  0.1339  0.0604  0.1438 
‐0.9  0.0503  0.0890  0.0506  0.0959 0.0514 0.1027 0.0524 0.1098 0.0533  0.1156  0.0545 0.1240
‐1  0.0458  0.0782  0.0461  0.0844  0.0469  0.0904  0.0478  0.0966  0.0486  0.1016  0.0497  0.1090 

Mv‐el  0.0648  0.0511  0.0704  0.0517 0.0754 0.0528 0.0804 0.0540 0.0844  0.0550  0.0902 0.0566

β = b/h = 0.6             

1  0.0715  0.0829  0.0783  0.0864 0.0837 0.0895 0.0888 0.0925 0.0926  0.0949  0.0979 0.0982
0.9  0.0782  0.0888  0.0857  0.0959  0.0916  0.1012  0.0971  0.1053  0.1013  0.1081  0.1071  0.1119 
0.8  0.0863  0.0957  0.0946  0.1031  0.1011  0.1086  0.1072  0.1136  0.1118  0.1173  0.1182  0.1222 
0.7  0.0963  0.1037  0.1056  0.1116  0.1128  0.1173  0.1196  0.1225  0.1247  0.1263  0.1319  0.1314 
0.6  0.1088  0.1132  0.1194  0.1215  0.1276  0.1275  0.1353  0.1329  0.1411  0.1369  0.1491  0.1422 
0.5  0.1251  0.1246  0.1374  0.1333  0.1469  0.1396  0.1557  0.1453  0.1623  0.1493  0.1715  0.1548 
0.4  0.1472  0.1385  0.1619  0.1477 0.1730 0.1543 0.1834 0.1601 0.1911  0.1643  0.2018 0.1698
0.3  0.1787  0.1560  0.1968  0.1656  0.2104  0.1724  0.2230  0.1783  0.2323  0.1826  0.2451  0.1882 
0.2  0.2273  0.1784  0.2511  0.1884 0.2685 0.1953 0.2844 0.2012 0.2961  0.2054  0.3120 0.2109
0.1  0.3123  0.2085  0.3466  0.2186  0.3708  0.2252  0.3925  0.2309  0.4082  0.2348  0.4293  0.2399 
0  0.3052  0.2303  0.3311  0.2439  0.3479  0.2525  0.3621  0.2597  0.3720  0.2647  0.3847  0.2710 

‐0.1  0.2231  0.2380  0.2359  0.2596  0.2445  0.2737  0.2519  0.2855  0.2571  0.2937  0.2640  0.3041 
‐0.2  0.1758  0.2462  0.1833  0.2776  0.1885  0.2988  0.1931  0.3171  0.1965  0.3298  0.2009  0.3464 
‐0.3  0.1451  0.2551  0.1498  0.2982  0.1534  0.3289  0.1566  0.3564  0.1589  0.3761  0.1622  0.4023 
‐0.4  0.1235  0.2645  0.1267  0.3221  0.1293  0.3659  0.1317  0.4068  0.1335  0.4375  0.1360  0.4798 
‐0.5  0.1068  0.2511  0.1085  0.2703  0.1104  0.2881  0.1124  0.3064  0.1140  0.3209  0.1162  0.3420 
‐0.6  0.0927  0.1931  0.0943  0.2084 0.0961 0.2222 0.0980 0.2363 0.0994  0.2473  0.1014 0.2632
‐0.7  0.0818  0.1568  0.0834  0.1696 0.0851 0.1809 0.0868 0.1923 0.0881  0.2011  0.0900 0.2139
‐0.8  0.0733  0.1320  0.0748  0.1430  0.0763  0.1525  0.0779  0.1621  0.0791  0.1695  0.0809  0.1802 
‐0.9  0.0663  0.1140  0.0678  0.1236  0.0692  0.1319  0.0707  0.1401  0.0718  0.1465  0.0734  0.1556 
‐1  0.0606  0.1003  0.0619  0.1088  0.0633  0.1161  0.0647  0.1233  0.0657  0.1289  0.0672  0.1370 

Mv‐el  0.0835  0.0700  0.0911  0.0721 0.0973 0.0741 0.1032 0.0761 0.1078  0.0777  0.1142 0.0798

β = b/h = 0.7             

1  0.0896 0.0962 0.0981 0.1027 0.1044 0.1075 0.1103 0.1117 0.1147 0.1147 0.1208 0.1188 
0.9  0.0982 0.1029 0.1075 0.1098 0.1145 0.1148 0.1209 0.1192 0.1257 0.1223 0.1324 0.1266 
0.8  0.1086 0.1107 0.1189 0.1179 0.1267 0.1231 0.1338 0.1277 0.1391 0.1310 0.1464 0.1354 
0.7  0.1215 0.1197 0.1331 0.1274 0.1417 0.1328 0.1498 0.1376 0.1557 0.1410 0.1639 0.1456 
0.6  0.1378 0.1304 0.1510 0.1384 0.1609 0.1441 0.1700 0.1491 0.1767 0.1527 0.1860 0.1574 
0.5  0.1591 0.1431 0.1746 0.1516 0.1861 0.1575 0.1966 0.1627 0.2044 0.1664 0.2150 0.1713 
0.4  0.1884 0.1586 0.2069 0.1675 0.2206 0.1737 0.2330 0.1791 0.2422 0.1829 0.2548 0.1879 
0.3  0.2307 0.1778 0.2539 0.1871 0.2707 0.1935 0.2861 0.1991 0.2973 0.2030 0.3126 0.2081 
0.2  0.2976 0.2023 0.3285 0.2120 0.3505 0.2185 0.3703 0.2241 0.3848 0.2280 0.4043 0.2331 
0.1  0.4192 0.2346 0.4651 0.2445 0.4969 0.2510 0.5250 0.2564 0.5453 0.2601 0.5723 0.2650 
0  0.3180 0.2504 0.3433 0.2661 0.3597 0.2760 0.3734 0.2842 0.3829 0.2899 0.3951 0.2971 

‐0.1  0.2484 0.2664 0.2630 0.2898 0.2724 0.3049 0.2805 0.3175 0.2860 0.3262 0.2933 0.3373 
‐0.2  0.2039 0.2846 0.2131 0.3183 0.2193 0.3407 0.2246 0.3597 0.2283 0.3729 0.2332 0.3901 
‐0.3  0.1729 0.3055 0.1791 0.3529 0.1835 0.3859 0.1872 0.4148 0.1899 0.4353 0.1935 0.4624 
‐0.4  0.1500 0.3297 0.1545 0.3960 0.1577 0.4449 0.1605 0.4824 0.1625 0.5025 0.1652 0.5312 
‐0.5  0.1306 0.2888 0.1336 0.3111 0.1362 0.3300 0.1387 0.3486 0.1405 0.3630 0.1431 0.3834 
‐0.6  0.1144 0.2254 0.1173 0.2434 0.1197 0.2584 0.1221 0.2729 0.1238 0.2841 0.1262 0.2999 
‐0.7  0.1018 0.1848 0.1045 0.1999 0.1068 0.2123 0.1090 0.2243 0.1107 0.2334 0.1129 0.2463 
‐0.8  0.0917 0.1566 0.0943 0.1696 0.0964 0.1801 0.0985 0.1903 0.1000 0.1980 0.1021 0.2089 
‐0.9  0.0834 0.1359 0.0859 0.1473 0.0879 0.1564 0.0898 0.1653 0.0913 0.1720 0.0932 0.1814 
‐1  0.0765 0.1200 0.0788 0.1301 0.0807 0.1383 0.0825 0.1461 0.0839 0.1520 0.0858 0.1603 

Mv‐el  0.1026 0.0924 0.1118 0.0961 0.1190 0.0991 0.1257 0.1020 0.1307 0.1041 0.1377 0.1070 



Appendix A. Cont.  
 

  
 

 4 
β = b/h = 0.8  h/t = 6  8  10  12.5  15  20 

α = Mv / Mu y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve)  y (‐ve)  y (+ve) 

1  0.1100  0.1077  0.1200  0.1139  0.1274  0.1183  0.1341  0.1222  0.1391  0.1250  0.1459  0.1287 
0.9  0.1209  0.1154  0.1320  0.1219  0.1401  0.1265  0.1475  0.1306  0.1530  0.1335  0.1605  0.1373 
0.8  0.1343  0.1241  0.1466  0.1310 0.1557 0.1358 0.1639 0.1401 0.1700  0.1431  0.1784 0.1472
0.7  0.1510  0.1344  0.1649  0.1416  0.1751  0.1467  0.1844  0.1512  0.1913  0.1543  0.2006  0.1585 
0.6  0.1724  0.1465  0.1884  0.1541  0.2001  0.1594  0.2108  0.1641  0.2186  0.1674  0.2293  0.1718 
0.5  0.2009  0.1609  0.2198  0.1690 0.2335 0.1746 0.2459 0.1795 0.2551  0.1829  0.2675 0.1875
0.4  0.2407  0.1786  0.2636  0.1871  0.2801  0.1930  0.2951  0.1981  0.3061  0.2016  0.3210  0.2063 
0.3  0.3002  0.2006  0.3293  0.2096  0.3501  0.2156  0.3689  0.2209  0.3826  0.2246  0.4012  0.2294 
0.2  0.3988  0.2287  0.4386  0.2381  0.4668  0.2443  0.4920  0.2497  0.5102  0.2534  0.5349  0.2583 
0.1  0.4206  0.2562  0.4645  0.2684  0.4930  0.2760  0.5169  0.2824  0.5334  0.2868  0.5546  0.2924 
0  0.3295  0.2780  0.3543  0.2961 0.3702 0.3076 0.3834 0.3171 0.3925  0.3235  0.4041 0.3318

‐0.1  0.2708  0.3038  0.2864  0.3303  0.2963  0.3472  0.3047  0.3614  0.3104  0.3711  0.3178  0.3835 
‐0.2  0.2299  0.3348  0.2403  0.3733  0.2471  0.3987  0.2528  0.4201  0.2568  0.4350  0.2619  0.4543 
‐0.3  0.1997  0.3729  0.2070  0.4293  0.2118  0.4679  0.2160  0.5017  0.2189  0.5256  0.2228  0.5571 
‐0.4  0.1762  0.4110  0.1806  0.4423  0.1841  0.4674  0.1873  0.4916  0.1897  0.5099  0.1929  0.5354 
‐0.5  0.1534  0.3071  0.1576  0.3313  0.1610  0.3505  0.1640  0.3687  0.1663  0.3824  0.1693  0.4015 
‐0.6  0.1358  0.2451  0.1398  0.2649 0.1430 0.2804 0.1459 0.2950 0.1480  0.3060  0.1508 0.3212
‐0.7  0.1218  0.2040  0.1256  0.2207  0.1286  0.2336  0.1313  0.2458  0.1333  0.2550  0.1360  0.2676 
‐0.8  0.1104  0.1746  0.1141  0.1891  0.1169  0.2002  0.1194  0.2107  0.1213  0.2186  0.1238  0.2294 
‐0.9  0.1010  0.1527  0.1044  0.1654  0.1071  0.1752  0.1095  0.1844  0.1113  0.1912  0.1136  0.2007 
‐1  0.0930  0.1356  0.0963  0.1470  0.0988  0.1557  0.1011  0.1639  0.1028  0.1700  0.1050  0.1784 

Mv‐el  0.1215  0.1182  0.1321  0.1238  0.1401  0.1280  0.1475  0.1318  0.1530  0.1345  0.1605  0.1383 

β = b/h = 0.9             

1  0.1329  0.1181  0.1445  0.1240  0.1529  0.1281  0.1606  0.1317  0.1663  0.1343  0.1739  0.1377 
0.9  0.1468  0.1267  0.1597  0.1329  0.1690  0.1372  0.1775  0.1410  0.1838  0.1437  0.1922  0.1473 
0.8  0.1640  0.1367  0.1784  0.1432  0.1889  0.1478  0.1984  0.1517  0.2054  0.1546  0.2148  0.1583 
0.7  0.1858  0.1484  0.2021  0.1553  0.2140  0.1601  0.2248  0.1643  0.2327  0.1672  0.2434  0.1712 
0.6  0.2142  0.1623  0.2332  0.1696 0.2469 0.1746 0.2594 0.1790 0.2685  0.1821  0.2808 0.1863
0.5  0.2529  0.1791  0.2754  0.1868 0.2917 0.1921 0.3064 0.1967 0.3172  0.2000  0.3318 0.2043
0.4  0.3087  0.1997  0.3364  0.2079  0.3564  0.2134  0.3744  0.2183  0.3876  0.2217  0.4054  0.2261 
0.3  0.3961  0.2258  0.4321  0.2343  0.4579  0.2401  0.4812  0.2451  0.4981  0.2486  0.5210  0.2533 
0.2  0.5251  0.2584  0.5942  0.2682  0.6403  0.2744  0.6730  0.2795  0.6968  0.2831  0.7288  0.2878 
0.1  0.4159  0.2843  0.4551  0.2986  0.4802  0.3077  0.5012  0.3151  0.5157  0.3202  0.5342  0.3268 
0  0.3444  0.3159  0.3687  0.3368  0.3842  0.3500  0.3970  0.3610  0.4058  0.3684  0.4170  0.3779 

‐0.1  0.2938  0.3554  0.3099  0.3863  0.3202  0.4060  0.3286  0.4224  0.3345  0.4336  0.3419  0.4480 
‐0.2  0.2562  0.4062  0.2673  0.4527 0.2744 0.4832 0.2804 0.5090 0.2845  0.5268  0.2898 0.5499
‐0.3  0.2271  0.4740  0.2350  0.5467 0.2401 0.5967 0.2445 0.6402 0.2475  0.6711  0.2515 0.7119
‐0.4  0.1991  0.4036  0.2051  0.4360  0.2095  0.4606  0.2133  0.4833  0.2161  0.5002  0.2198  0.5233 
‐0.5  0.1754  0.3132  0.1812  0.3388  0.1853  0.3580  0.1890  0.3757  0.1917  0.3889  0.1952  0.4068 
‐0.6  0.1568  0.2559  0.1622  0.2770  0.1662  0.2928  0.1697  0.3073  0.1722  0.3181  0.1755  0.3328 
‐0.7  0.1417  0.2164  0.1469  0.2343  0.1506  0.2477  0.1539  0.2600  0.1563  0.2691  0.1594  0.2815 
‐0.8  0.1293  0.1874  0.1342  0.2030  0.1377  0.2146  0.1408  0.2253  0.1431  0.2332  0.1461  0.2439 
‐0.9  0.1189  0.1653  0.1235  0.1791  0.1268  0.1893  0.1298  0.1988  0.1319  0.2057  0.1348  0.2152 
‐1  0.1100  0.1478  0.1144  0.1602  0.1175  0.1694  0.1204  0.1778  0.1224  0.1840  0.1251  0.1925 

Mv‐el  0.1399  0.1476  0.1519  0.1552 0.1607 0.1607 0.1688 0.1657 0.1747  0.1693  0.1828 0.1741

β = b/h = 1.0             

1  0.1582  0.1278  0.1714  0.1333  0.1810  0.1372  0.1897  0.1406  0.1961  0.1430  0.2047  0.1463 
0.9  0.1757  0.1375  0.1905  0.1434  0.2011  0.1474  0.2108  0.1510  0.2178  0.1536  0.2274  0.1570 
0.8  0.1977  0.1489  0.2143  0.1550 0.2263 0.1594 0.2371 0.1631 0.2451  0.1658  0.2558 0.1694
0.7  0.2260  0.1623  0.2449  0.1688  0.2586  0.1734  0.2710  0.1773  0.2801  0.1802  0.2924  0.1839 
0.6  0.2636  0.1784  0.2857  0.1853  0.3017  0.1901  0.3162  0.1942  0.3268  0.1972  0.3411  0.2012 
0.5  0.3163  0.1979  0.3428  0.2052  0.3620  0.2103  0.3794  0.2147  0.3921  0.2179  0.4094  0.2220 
0.4  0.3954  0.2224  0.4285  0.2301 0.4525 0.2354 0.4743 0.2400 0.4901  0.2433  0.5117 0.2476
0.3  0.5272  0.2537  0.5714  0.2618  0.6033  0.2673  0.6323  0.2721  0.6535  0.2755  0.6823  0.2799 
0.2  0.5101  0.2855  0.5689  0.2969  0.6074  0.3041  0.6401  0.3101  0.6627  0.3142  0.6919  0.3196 
0.1  0.4263  0.3208  0.4629  0.3372  0.4862  0.3475  0.5056  0.3560  0.5188  0.3618  0.5358  0.3693 
0  0.3661  0.3661  0.3902  0.3902 0.4053 0.4053 0.4178 0.4178 0.4263  0.4263  0.4372 0.4372

‐0.1  0.3208  0.4263  0.3372  0.4629  0.3475  0.4862  0.3560  0.5056  0.3618  0.5188  0.3693  0.5358 
‐0.2  0.2855  0.5101  0.2969  0.5689  0.3041  0.6074  0.3101  0.6401  0.3142  0.6627  0.3196  0.6919 
‐0.3  0.2537  0.5272  0.2618  0.5714 0.2673 0.6033 0.2721 0.6323 0.2755  0.6535  0.2799 0.6823
‐0.4  0.2224  0.3954  0.2301  0.4285  0.2354  0.4525  0.2400  0.4743  0.2433  0.4901  0.2476  0.5117 
‐0.5  0.1979  0.3163  0.2052  0.3428  0.2103  0.3620  0.2147  0.3794  0.2179  0.3921  0.2220  0.4094 
‐0.6  0.1784  0.2636  0.1853  0.2857  0.1901  0.3017  0.1942  0.3162  0.1972  0.3268  0.2012  0.3411 
‐0.7  0.1623  0.2260  0.1688  0.2449  0.1734  0.2586  0.1773  0.2710  0.1802  0.2801  0.1839  0.2924 
‐0.8  0.1489  0.1977  0.1550  0.2143 0.1594 0.2263 0.1631 0.2371 0.1658  0.2451  0.1694 0.2558
‐0.9  0.1375  0.1757  0.1434  0.1905  0.1474  0.2011  0.1510  0.2108  0.1536  0.2178  0.1570  0.2274 
‐1  0.1278  0.1582  0.1333  0.1714  0.1372  0.1810  0.1406  0.1897  0.1430  0.1961  0.1463  0.2047 

Mv‐el  0.1582  0.1801  0.1714  0.1902  0.1810  0.1973  0.1897  0.2037  0.1961  0.2083  0.2047  0.2144 
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