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Abstract 
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Lightning is a powerful natural phenomenon. It could cause fatal casualties, 

severe damage to the facilities, and mal-function of electrical or electronic 

systems. Lightning protection, therefore, is imperative for the facilities and 

systems on the ground. To design efficient and effective protection measures, 

transient analysis, and evaluation of lightning strikes on a ground structure is 

considered essential.  

This thesis firstly introduces an extended time-domain traveling-wave 

(TDTW) theory which can be applied to the lightning transient analysis. It is based 

on the wave equation for scalar potential and vector potential and the retarded 

Green’s equation. The traditional traveling wave theory assumes the constant 

impedance and reflection coefficient of the transverse electromagnetic (TEM) 

traveling wave. This is not in coincidence with the non-TEM propagating 

behavior of the lightning current surge along the lightning path. The proposed 

TDTW theory introduces time-and-spatial-variant impedance and time-variant 

reflection coefficient in a simple format. Furthermore, the traveling waves can be 

divided into primary waves and secondary waves in the presence of discontinuities 

or lumped circuit elements. The overall solution is simple and analytical under the 

ramp waveform source. To adapt it to arbitrary waveform excitation, a 

convolution technique is adopted. The TDTW theory would benefit in 

constructing a more reasonable lightning engineering model to obtain the 

corresponding lightning-induced electromagnetic field. Meanwhile, the TDTW 

theory can be used in determining the transient of a traveling wave antenna with 

lumped loading. 
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This thesis also proposes a novel lightning electromagnetic model, which is 

the hybrid model of distributed circuit (DC) model and the partial element 

equivalent circuit (PEEC) method. It is well known that most of the physical 

characteristics of the lightning channel evolution can be reproduced by the DC 

model in the simplest way, while the electrical circuit behavior of complicated 

wire ground systems can be dealt with by the PEEC method. Thus, this hybrid 

electromagnetic and circuit model can be used to model the physical behavior of 

the lightning channel and the circuit characteristics of a complicated ground 

structure together. Most recently, the physical dynamic characteristics of the 

lightning corona effect are well established. Thus, in this thesis, the exited DC 

model is extended to include the non-linear and non-uniform behavior of the 

dynamic corona effect. Meanwhile, because the initial charge also plays an 

important role in the physical evolution, the modified charge simulation method 

(CSM), which is modified to involve the dynamic corona effect, is proposed to 

obtain the initial charge distribution beneath the thundercloud. The modified CSM 

is solved with Newton’s iterative method. The hybrid electromagnetic and circuit 

model is solved with Piecewise Linearization (PL) Method and march on-in-time 

technique. The simulation results are well matched with the experimental 

measurement data. This model exhibits the influence of various ground structures 

and dynamic corona effect on the lightning current surge and corresponding 

LEMP. 

In general, this thesis proposes an extended traveling wave theory and a 

hybrid electromagnetic and circuit model. Both can be used in lightning strikes on 

a ground structure issue. The former is of simple and closed-form expression and 

would benefit from giving a more reasonable engineering model. The latter is 

based on the electromagnetic numerical method and aims at proposing a novel 

electromagnetic model to include both the physical behavior and circuit 

characteristics of a lightning strike. The choice of an appropriate model highly 

depends on the research objective and specific engineering application. 
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1. Introduction  

 Background 

Lightning is a powerful natural phenomenon. It is often classified into cloud 

discharges and cloud-to-ground (CG) discharges, both accompanied by strong 

flashes and loud noises [1,2]. The cloud discharges include intracloud, intercloud, 

and cloud-to-air discharges. It is mentioned in [3] that cloud discharges are generally 

considered to have little influence on the human being or other objects on the ground. 

It is the CG discharges that have a significant threat to the human being and facilities. 

It may cause casualties, forest fires, the malfunction of electrical systems. The peak 

value of the pulse current released by lightning is up to hundreds of kilo amperes 

and generates powerful electromagnetic pulses. The high peak pulse current and 

powerful electromagnetic pulses are extremely destructive to various objects, 

especially microelectronic devices. In China, the economic loss caused by the 

lightning hazard exceeds hundreds of millions of yuan and the number of casualties 

caused by lightning is more than thousands each year [4].  
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Figure 1.1 The ground objects hit by lightning flash 

Lightning protection, therefore, is imperative for the facilities and systems on the 

ground. To design efficient and effective protection measures, evaluation of 

lightning transients in the structures and systems on the ground is considered 

essential.  

It is well known that the presence of a vertically extended and grounded structure 

in the lightning discharge path can appreciably influence the lightning current 

waveforms and consequently the radiated electromagnetic fields In addition, 

electrical characteristics of a lightning channel may influence the current and voltage 

distribution at the lightning striking object, such as a wind turbine system or a power 

system. These issues have significant meaning in both lightning science research and 

lightning protection engineering. 

This thesis gives a specialized theory for lightning surge propagation and a 

technical solution for lightning transients on complicated ground structures. 

 Lightning Strikes on Ground Structures 

In the middle of the 18th century, Benjamin Franklin firstly used scientific 

methods to study lightning and discovered that lightning was a discharge 

phenomenon. Until now, researchers have been measuring and recording natural 

lightning with equipment installed in tall structures on the ground. The research not 

only includes the study of lightning evolution mechanism and characteristics, but 

also the measurement of lightning parameters and lightning-induced electromagnetic 

fields.  

By comparing the measurement observation data and the electromagnetic 

simulation results, it is beneficial for researchers to obtain a deeper insight into the 

lightning phenomenon and understanding the interaction between lightning channel 

and ground structures. Thus, the electromagnetic transient study of lightning strikes 

on tall ground structures are of great significance in lightning science research.  

On the other hand, the tall structure is the major object for lightning protection 

against economic loss and casualties. According to the lightning electromagnetic 
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wave path, the lightning effect for lightning protection engineering and lightning 

science research is divided in to direct lightning and indirect lightning.  

In an indirect lightning strike, the resultant current propagating on a tower could 

be a significant source in the evaluation of lightning-induced electromagnetic pulses 

(LEMP) [8-9]. Such LEMP may induce transient voltages and currents on overhead 

lines, underground lines, and wiring systems in buildings, and may cause damages 

or malfunction of electrical and electronic equipment connected as well. The correct 

current distribution along the lightning path, therefore, is indispensable in lightning-

induced transient analysis. In a direct lightning strike, the lightning current surge 

propagates both upward along the lightning channel and downward along the tall 

structure. This instantaneous high current is very likely to cause damages to 

electrical and electronic equipment as well as the safety of the human being.  

In a word, the lightning strikes on ground structures have considerable 

significance in both academic research and practical applications. However, the 

research of lightning strikes on ground structures began most recently and is far from 

fully developed. 

The theoretical analysis of the lightning surge in the overhead horizontal lines is 

made with the traditional transmission line (TL) theory. This TL theory is widely 

used in the power system because of its especially convenience and clear physical 

meaning, However, for lightning strikes on ground structures, the traditional TL 

theory, which is based on the TEM assumption of wave, is no longer valid. A 

specialized theory shall be developed to study the traveling characteristics of the 

non-TEM wave in such structures. 

Besides the theoretical establishment, numerical simulation is also of great 

significance in lightning research. Several models have been proposed recently 

including the antenna theory model, hybrid electromagnetic model distributed circuit 

model, and macroscopic model. These models are beneficial in the transient 

electromagnetic study of lightning strikes on ground structures. However, it is found 

that although the Partial-element-equivalent-circuit model has the advantage to 

consider more complex and practical EMC problems during a direct lightning strike 

[10], it is not applied yet for the simulation and study of lightning strikes on ground 

structures. On the other hand, the physical evolution of lightning is not fully 

considered in the modeling. 
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Thus, from the view of both specific theory establishment and realistic numerical 

simulation, the research for lightning strikes on ground structures shall be developed. 

 Objectives 

This thesis aims at addressing the issues of lightning strikes on ground structures, 

and the specific non-TEM time-domain traveling wave theory. An integrated 

modeling method is developed to consider a more realistic lightning physical 

evolution and complicated ground structures for transient analysis. 

The objectives of this thesis are shown below: 

1. To develop a specific traveling wave theory, called time-domain-traveling-

wave (TDTW) theory for describing the propagation of a lightning surge along 

vertical lines above the ground. The TDTW theory provides both the theoretical 

establishment and analytical expression for the non-TEM traveling wave problem. 

This theory aims at formulating the non-TEM traveling wave characteristics for a 

single conductor, multiple parallel-connected conductors, and discontinuities on the 

conductors, such as lumped loading, grounding, and multi-level structures, under a 

lightning strike. Note that the characteristics of such lines may vary with input 

waveform, a corresponding convolution technique is developed for evaluating the 

solution under arbitrary input source/voltage waveform. 

2. To give a further development on the interaction between a realistic physical 

lightning channel and complicated ground structures in this thesis, i.e., an integrated 

model. The integrated model is based on the advanced distributed circuit (DC) model 

and the PEEC method. The integrated model includes both the comprehensive 

modeling of lightning physical evolution and a large-scale complicated ground 

structure at the same time. The calculated lightning radiated electromagnetic field 

and lightning current waveform are compared with the measurement observation 

result for verification.  

The contribution of this thesis is summarized as follows: 

a) A novel time-domain traveling wave (TDTW) theory 

By recognizing the deficiency of traditional traveling wave theory, the TDTW 

theory is developed for the 1st time to settle the problem of non-TEM traveling 
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waves along wire structures. The specially defined impedance is introduced for the 

1st time to consider both the attenuation and distortion of the traveling wave. The 

discontinuity problem of non-TEM traveling waved is tackled with a time-variant 

reflection coefficient and a fictitious secondary current source. This theory is further 

developed for applications in a multi-conductor multi-level structure above the 

ground. The overall analytical expression is simple and accurate. 

The phenomena of non-TEM traveling waves are widely observed in lightning 

surge propagating along vertical structures, such as a multi-stage tower, or a long 

wire antenna. This theory has been applied to address the electromagnetic transients 

and the non-TEM traveling wave behavior in a two-stage tower under a lightning 

stroke and the lumped loading long wire antenna under the voltage source excitation. 

b) A novel integrated model for lightning strikes on complicated ground structures 

This integrated model gives a further development on the interaction between the 

lightning channel and ground structures. The recent research results in lightning 

observation studies are included in the lightning channel model using the extended 

DC model. Meanwhile, the complicated ground structures are modeled with the 

PEEC method. This integrated model is intended to use for transient analysis in a 

system with a realistic lightning channel and complicated ground structures.  

For the practical application, this integrated model is used to determine the 

lightning transients in a typical commercial house and a wind turbine system. 

 

 Thesis Outline 

The body of the thesis is structured as follows: 

In Chapter 2, the literature review of lightning strikes on ground structures is given. 

This includes the analytical methods of lightning transient simulation, the physical 

mechanism of lightning strikes on ground structures, the modeling of lightning 

strikes on ground structures, and the traditional traveling wave theory. 

In Chapter 3, the time-domain-traveling-wave (TDTW) theory is introduced. 

Similar to the traditional traveling wave theory, it is used to describe the propagation 
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of non-transverse-electromagnetic-mode (non-TEM) waves on a line structure. The 

scalar potential and vector potential are used to describe the characteristics of 

traveling waves. The specially introduced impedance is first evaluated under a ramp 

current source and then is extended to the arbitrary current/voltage source waveform. 

Then, the discontinuity issue of a non-TEM traveling wave is settled by introducing 

the time-variant reflection coefficient. The TDTW theory is also extended to a multi-

conductor structure above the ground. The applications of the TDTW theory include 

the lightning transients in a multi-level tower above the ground and the transient 

analysis of the lumped-loading dipole antenna. 

In Chapter 4, to model a complicated ground structure and the physical behavior 

of a lightning channel at the same time, an integrated model for the lightning channel 

and ground structures is proposed. It is based on the enhanced distributed circuit (DC) 

model and partial equivalent element circuit (PEEC) method. The initial charge 

distribution and the dynamic behavior of the corona sheath are included in the 

integrated model with the most recent research results on lightning corona discharge. 

As the dynamic corona discharge demonstrates the significant nonlinear behavior, 

the piecewise-linearization (PL) method combined with the march-on-in technique 

is used to solve the modified-nodal-analysis (MNA) matrix of PEEC. The vector 

fitting method is used to include the frequency-dependent effects and the quasi-static 

Green’s function is applied to consider the effect of the lossy ground. This integrated 

model can be used to modeling the physical behavior of the lightning channel and 

the large-scale complicated ground objects together. It may give a tool for further 

study on the influence of various ground structures on the lightning current 

propagation behavior along the lightning channel, as well as the influence of 

lightning physical characteristics on the lightning current and voltage distribution 

along the ground structures. The application of this model is the lightning transient 

analysis of lightning strikes on a commercial house or a wind turbine system. 

In Chapter 5, the conclusion and the future work of this thesis are presented.  
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 Literature Review: Lightning Strikes 

on Ground Structures 

In this chapter, the literature review of lightning strikes on ground structures are 

presented. It includes the general electromagnetic numerical method used in 

lightning protection engineering, the physical mechanism of lightning strikes on a 

ground structure, the existing model of lightning strikes on ground structures, and 

the traditional traveling wave theory. 

 The Electromagnetic Numerical Computation 

Methods 

2.1.1 The Partial-element-equivalent-circuit (PEEC) method 

The PEEC method was firstly proposed by E. Albert for extracting the lumped 

inductance and capacitance of the ultra-large-scale integrated circuit (VLSI) in the 

1970s [11]. Based on this method, the acceleration calculation of inductance and 

capacitance was introduced for arbitrary three-dimensional structures [12]. The 

PEEC method can be applied from dc to extra-high frequency determined by the 

meshing. Using the PEEC method, the complicated electromagnetic problem can be 

transferred into the circuit domain. The equivalent circuit formulation can be easily 

constructed using modified nodal analysis (MNA) formulation and then be solved in 

the time or frequency domain, for example, SPICE. Another advantage of MNA 

formulation is that any type of circuit elements can be included directly into the 

solver of PEEC. The PEEC method is also efficient in solving non-orthogonal 

geometries. All these advantages lead to its wide applications in electromagnetic 

transient simulation in complex structures. Thus, with this PEEC model, it is possible 

to consider more complex and practical EMC problems [13], particularly the wire-

structure problems. 

In 1989, Milson proposed the non-orthogonal PEEC model in the simulation of 

the printed circuit board (PCB). This research shows the advantage and efficiency 

of PEEC in the simulation of non-orthogonal geometry [14]. In 1992, Ruehli 

introduces the time retardation effect into the PEEC model [15]. Then, the original 
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PEEC method is enhanced to obtain a full wave solution. Note that for the small 

electrical geometry size problem, it is found in [15] that the PEEC method can be 

approximated by a quasi-static model, which gives an approximately accurate result 

compared with the full-wave solution but significantly improves the algorithm 

efficiency. The following is the summary of the PEEC method, which is applied for 

the lightning transient analysis presented in this thesis. 

2.1.1.1 PEEC model in the air 

The formulation of the PEEC model is based on the mixed potential integral 

equation (MPIE). The electric field is expressed with scalar potential 𝜙 and vector 

potential A, as follows: 

 ( ) ( )E r j A r r           (3.1.1) 

Both vector potential 𝐴 and scalar potential𝜙 can be expressed with charge 𝜌 and 

current 𝐼 using the free-space Green’s function: 
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Dividing the conductors into segments then substituting (3.1.2) into (3.1.1) yields 

the PEEC model for one segment, 
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The inductance and capacitance of the PEEC model are defined as the following 

expression: 
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Table2.1 Expressions of PEEC elements 
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With the partial inductance, capacitance, and resistance, the equivalent circuit of 

a line segment can be drawn as shown in Fig.2.1. The elements are found in Table 

2.1. 
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Figure 2.1 Equivalent circuit of a line segment 

2.1.1.2 PEEC model above the lossy ground 

The ground object is generally represented with a wire-grid structure during a 

lightning strike. Such a wire structure can be efficiently modeled by using the PEEC 

method proposed in [16]. 

Both vector potential 𝐴 and scalar potential𝜙 for the segment above the ground 

can be expressed using Green’s function as: 
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where 𝐼(𝑟′) and 𝜌(𝑟′) are the conductor current and charge density. 𝐺̿𝐴(𝑟, 𝑟′) is the 

dyadic Green’s function. 𝐾𝜙(𝑟, 𝑟′)  are the scalar Green’s function for electric 

potential and a correction term 𝐶𝜙arising from the z component of the current is 

introduced [17].  
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Fig. 2.2 Source current and charge and their images for two ground models: Low-

frequency ground (LFG model) 

It is noted in [18] that the configuration of the PEEC method with ground images 

is shown in Fig. 2.2. It is also known that the ground effect is ignorable in a high 

position.  Therefore, the ground model presented in Fig. 2.2 is adopted for modeling 

the ground structure in the time-domain simulation. Therefore, circuit parameters 

consist of the contributions from the component in air and their images. With these 

lumped elements, one typical segment of the PEEC equivalent circuit is constructed. 

Fig. 2.1 shows the lumped circuit in a segment of the conductor. 

Then the modified node analysis (MNA) matrix for the PEEC method is written 

as: 
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                    

The PEEC method is particularly useful in modeling 3D interconnected thin-wire 

structures. In the past few years, this method has been applied for lightning analysis 

in buildings due to its high computational efficiency and excellent compatibility with 

nonlinear devices. In [19], lightning current and voltage in distribution circuits 
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within buildings were addressed. In these studies, the ground was assumed to be 

perfectly conductive. The residual current in a circuit was addressed as well during 

a direct lightning strike to a house.  

2.1.2 The other numerical methods 

Lightning transients in a line structure can be evaluated using other numerical 

methods, such as Finite-difference-time-domain (FDTD) [20-21] Finite element 

method (FEM) [22], Method of moments (MoM) [23], Partial-element-equivalent-

circuit (PEEC) [11-14] method and transmission line (TL) [24-25] method. These 

numerical methods have been successfully applied to analyze electromagnetic 

phenomena associated with bio-electromagnetic models, waveguide models, and 

printed circuit boards with lumped electric elements. 

MoM [23] is based on the integral formulation of Maxwell’s equations. This basic 

feature makes it possible to exclude the air around the objects in the discretization. 

The MoM is a full-wave numerical technique for solving open boundary 

electromagnetic problems. This technique is widely used to solve electromagnetic 

radiation, scattering problems. However, the voltage is not directly obtained in this 

technique and needs post-processing. 

 The FDTD method is an intuitive and powerful analysis technique to solve 

electromagnetic problems in the time domain. The FDTD method delivers the result 

in field variables, E and H, at all locations in the discretized domain and at every 

time point. To obtain structure currents and voltages post-processing is needed for 

the conversion. However, the issue of charge variation during the lightning process 

is not well-addressed in FDTD. 

The finite element method (FEM) is suitable for narrow-band frequency 

investigation. These methods can deal with complex geometry and material 

characteristics of conductive bodies. Note that they both need to discretize the whole 

problem domain into a large number of small cells. For the delicate wire system, the 

length and volume of the cells need to be small enough to ensure a reasonable result. 

As a result, both memory space and computation time increase significantly, 

compared with the PEEC and TML methods which need to build the model for 

conductors only. 
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Recently, in [18] the low-frequency model of lossy ground and the vector fitting 

technique were proposed to model frequency-dependent components. The time-

domain simulation would be made very efficient even in a model with frequency-

dependent parameters. For practical engineering applications, the partial element 

equivalent circuit (PEEC) method has advantages in modeling complicated wire 

structure and is widely used in electromagnetic transient simulation in-ground 

structures [10]. Using this PEEC model it is possible to consider more complex and 

practical EMC problems.  

 Physical Mechanism of Lightning Strikes on 

Ground Structure 

A typical cloud-to-ground lightning flash generally starts with a downward leader 

process. In this process, a negatively-charged leader channel is generated together 

with the positive charge situated on the ground in its vicinity. This process is 

followed by a return stroke propagating upward which creates a substantial lightning 

current in the channel and radiates impulse electromagnetic fields outwards. Such 

electromagnetic fields induce transient voltages and currents on overhead lines, 

underground lines, and wiring systems in buildings, and may cause damage or 

malfunction of electrical and electronic equipment connected. 

The return stroke is the most important element of a lightning flash in the 

evaluation of lightning transients.  For lightning strikes on a ground structure, the 

return stroke current propagates both upward along the lightning channel and 

downward along the ground structures. The charge deposited along a channel by the 

upward propagating current will be neutralized with the initial charge surrounded 

the channel core. This will make the channel behavior to be both non-uniform and 

non-linear. The downward propagating current is of major concern in engineering 

applications. When this part of the current is reflected from the ground and 

propagates into the channel again, the channel behavior is different because of the 

previous neutralization by the upward propagating current. This situation is much 

complicated if both downward leader and upward leader with opposite initial charge 

are taken into consideration. The complicated ground structure is also another 

concern in lightning modeling. Thus, an integrated model is necessary for both 

lightning mechanism study and lightning protection engineering. 
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The physical mechanism of the corona sheath has been studied increasingly [26]. 

A simplified corona sheath model has been proposed in [27]. It is represented as a 

given lumped current source in either the engineering model [28], distributed circuit 

model [29], or the electromagnetic model [30]. In this model, the distributed charge 

inside the corona sheath, which plays a key role in the radial expansion of the corona 

sheath, is downplayed. Note that the charge characteristics of corona discharges in a 

coaxial geometry are well studied in [31]. However, when applied to the distributed 

circuit model of a lightning channel, the situation is simplified, again, into a lumped 

pre-given constant current source, called corona current [32]. It is more reasonable 

to consider the time-varying corona current in the model. 

 Modeling of Lightning Strikes on Ground 

Structures 

The modeling of lightning strikes on a ground structure has drawn a lot of 

attenuation in recent years. Several models have been proposed based on the existing 

electromagnetic numerical methods as mentioned in Section 2.2, including the 

engineering model [28], the antenna theory (AT) model [30], the macroscopic 

physical model [33], the distributed circuit model [29] and the hybrid 

electromagnetic model [34]. 

The engineering model has been widely used in various lightning electromagnetic 

pulse (LEMP) calculations [28]. This model assumes that a current wave, injected at 

the lightning channel base, propagates upward along the channel with specific 

velocity and attenuation. The reflection coefficients at the ground and the structure 

tip are given as constant. Thus, the spatial and temporal distribution of the current 

along the channel and the striking object can be calculated directly. The channel-

base current is introduced in the engineering model as the source term, which is 

assumed as an input parameter of the model known from measurement observation 

results. 

In the AT model, the lightning channel is modeled as a lossy vertical antenna 

attached to the tower top. The lossy antenna and the wire structure representing the 

tower are assumed to be fed at their junction point by a voltage source. The voltage 

waveform of this source is selected so that the source current resembles a typical 

lightning current waveform not influenced by the presence of the tall strike object. 
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For the macroscopic physical model considering both the lightning channel and 

tall objects based on the EFIE technique. The lump voltage source is added as an 

input source term and obtained by an undisturbed current source and input 

impedance [43], the correct boundary conditions between the building and the 

lightning channel are well performed. However, the solution may be very time 

consuming 

The distributed circuit (DC) model, also called the transmission line model, uses 

a transmission line with per-unit-length inductance, capacitance, resistance, and 

conductance to represent a lightning channel [35]. Currents and voltages along the 

lightning channel are obtained from the solution of the well-known telegrapher’s 

equations. In the original DC model [36], the constant distributed resistance and 

inductance are adopted. Later in [37], the model revised with the nonlinear time-

varying resistance is introduced to mimic the radially expanding core radius. 

Furthermore, the non-uniform transmission line model is proposed in [38] to 

reproduce the current pulse attenuation and distortion. In this model, the 

characteristic impedance of a transmission line varies with height. The corona effect 

around the core can be modeled by either adding a non-linear dynamic capacitance 

or a corona current source [32]. It is found that the distributed circuit model with the 

presence of corona is capable of reproducing the most important characteristics of 

subsequent return strokes in a negative lightning flash, including the realistic return 

stroke speeds and the signatures typically observed in measured electromagnetic 

fields [29].   

 The Traditional Traveling Wave Theory 

The transmission line model is widely used in power systems, electronic systems, 

and communication systems. Unlike the lumped circuit element, when the 

wavelength of the transmitted electromagnetic wave and the object circuit size is 

comparable, the circuit has to be changed from a lumped parameter circuit to a 

distributed parameter circuit. The inductance, capacitance, resistance, conductance 

are distributed along the line. A typical segment of the transmission line model is 

shown below: 
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Fig. 2.3 The distributed circuit element of the transmission line model 

The well-known telegrapher's equations are used in the transmission line model 

to describe the voltage 𝑉(𝑧, 𝑡) and current 𝐼(𝑧, 𝑡) with distance and time. 
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     (2.1) 

Typically, if the transmission line is lossless, resistance and conductance can be 

removed: 
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The lossless telegrapher’s equations can be combined to get two wave equations, 

each with only one dependent variable, as follows: 
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In the frequency domain, the solution of the wave equations is 
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where 𝛽 = √𝐿𝐶 is the propagation constant and 𝑍0 = √𝐿 𝐶⁄  is the characteristic 

impedance. Both the voltage and current can be viewed as the superposition of 

incident waves 𝑈𝑖(𝑧)e, 𝐼𝑖(𝑧) and reflection waves 𝑈𝑟, 𝐼𝑟.  

When considering the boundary condition such as the connected load 𝑍𝐿 , the 

reflection coefficient is introduced to express the ratio of the incident wave and the 

reflection wave that 
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            (2.5) 

In the time domain, the solution of the wave equations (2.3) is the sum of a 

forward traveling wave and a backward traveling wave 

1 2( , ) ( ) ( )V z t f z vt f z vt                (2.6) 

where, 𝑓1 and 𝑓2 can be arbitrary functions. 𝑓1 represents the wave traveling along 

positive z-direction and 𝑓2  represents the wave traveling along the negative z-

direction. 𝑣 = √𝐿𝐶 is the propagation speed. 

Similar to (2.5), with the characteristic impedance 𝑍0 and the end load 𝑍𝐿, the 

current and reflection coefficient is written as 

1 0 2 0( , ) ( ) ( )I z t f z vt Z f z vt Z                    (2.7) 
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To obtain the time domain traveling wave solution, there are three key constant 

parameters, characteristic impedance  𝑍0 , propagation speed 𝑣,  and reflection 

coefficient 𝛾. The lattice diagram is a convenient and useful technique to express the 

general traveling wave solution with the three constant parameters mentioned before. 
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Fig. 2.4 Traveling wave and lattice diagram 

The voltage 𝑉(𝑧0) at the observation point 𝑧0 can be obtained by the summation 

of each traveling wave component as shown in Fig. 2.4. 𝛾𝑠 and 𝛾𝑙 are the reflection 

coefficient respectively at the start and endpoint of the transmission line. The 

mathematical expression for 𝑉(𝑧0) is shown below.  
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(2.9) 

The traveling wave theory has been applied to analyze lightning transients in 

power lines, towers, and other structures. Recently the engineering model, which is 

based on the traveling wave solution of the transmission line model, has been widely 

used in the studies on the lightning strikes to tall structures. The propagation of 

current is assumed to be transverse electromagnetic (TEM) mode and the reflection 

coefficient at a discontinuity is normally given as a constant [39-40]. It is found in 

[41] that the ground reflection coefficient is dependent on the waveform and not 

influenced by the top of the struck object. In [42] the phenomenon of non-TEM wave 

propagation in a vertical conductor has been reported. The wave can be described 

using the electric scalar potential and current in the vertical structure. Note that the 

definition of quasi-static transverse voltage does not guarantee a unique value of the 

voltage on the tower [43]. It also is found that both the surge impedance [44] and the 

corresponding current attenuation [45-46] are time/position-variant. These studies, 

however, could not fully explain and formulate the varying surge impedance [43-
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44]. The closed-form expression of the reflection coefficient and the dynamic 

behavior of a non-TEM wave in the tower with a discontinuity remain unknown.  
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 The Extended Time Domain 

Traveling Wave Theory 

In this chapter, to describe lightning surge propagation along vertical lines, the 

time-domain-traveling-wave (TDTW) theory is introduced. The wave equations for 

vector potential and scalar potential are used. Then the specially defined impedance 

is introduced under a ramp source waveform and then is extended to an arbitrary 

current/voltage source waveform. With the potential and impedance relationship, the 

TDTW theory for the grounded structure, discontinuities, and multi-conductor 

structure is proposed. Two typical applications using the TDTW theory are then 

presented. 

 The General Time-Domain-Traveling-Wave 

(TDTW) Theory 

Surge propagation on vertical structures above the ground is a long-standing issue 

in lightning surge analysis. This is particularly important in predicting lightning 

overvoltage on electrical power systems as well as providing reference information 

for surge protection design. In the past decades, many experimental and theoretical 

studies have been carried out to investigate surge impedance [47-61] and the 

corresponding current attenuation phenomenon [62-65]. These studies provided 

useful information for researches and engineers in understanding surge propagation 

behaviors along vertical structures and designing effective lightning protection.  

The investigations into surge impedance have been carried out for a long time. In 

1934, Jordan in [47] proposed the first theoretical equation based on the Neumann 

inductance equation. After that, several surge impedance equations were proposed 

using the field theory [48-59]. These equations all assume that the vertical conductor 

is a cylinder or an equivalent cylinder, and the surge propagation speed is assumed 

to be the same as the velocity of light. In these studies, the current attenuation in 

surge propagation was not taken into account. The author in [52] analyzed surge 

current in a dipole antenna fed with a unit step voltage.  This configuration is similar 

to those discussed in [51]. Again current attenuation on the line was not taken into 

account. Numerical methods are also available to study lightning surges on the 
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vertical structures. These includes Method of Moment [53-54], partial element 

equivalent circuit (PEEC) [55-57], finite-difference finite-time method [63]. Except 

for the PEEC method, other methods are generally applicable to the surge current 

analysis only. So far there is no generalized theory for discussing traveling wave 

propagation in such structures. 

a) Vertical Line over the 

ground

ground

b) Traditional Transmission 

Lines

I2

I1

X

I2

I1

X

-I2

-I1

Voltage Drop 

Direction Voltage Drop 

Direction

 
Fig.3.1 The comparison of vertical line structure and transmission lines 

One critical issue in the discussion of traveling wave theory is the definition of 

voltage. Shown in Fig.3.1 is the comparison of the propagating current and voltage 

along vertical line structure and traditional transmission lines. In Fig.3.1 (b), the 

traditional transmission line theory is widely used for horizontal overhead wires or 

a pair of wires. The currents on the line are of opposite polarity, the voltage drop is 

approximated perpendicular to the line under TEM assumption. This voltage drop 

can be easily obtained with the integral of the electric field. The relationship between 

current and voltage can be written as 𝑉 𝐼⁄ = 𝑍0  with constant characteristic 

impedance𝑍0 = √𝐿 𝐶⁄ . 

In Fig.3.1 (a), the propagating lightning current surge is without any return path. 

This results in a voltage drop mainly in the vertical direction. Note that the definition 

of quasi-static transverse voltage does not guarantee a unique value of voltage in this 

situation [65]. It is mentioned in many works of literature that [47-49] the voltage in 

this situation can be defined differently, such as: 
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 The line integral of the electric field from the ground to the top of a conductor. 

 The potential difference between the top and bottom of a conductor. 

 Measured value from the top of a conductor to a point far enough on the 

ground surface. 

In this chapter, unlike the traditional transmission line theory, the surge potential 

instead of the surge voltage is discussed firstly to describe the non-TEM propagating 

surge. In the following sections 3.1.1-3.1.3, the characteristics of surges on a single 

conductor are described respectively upon the potential 𝜙, current I, and impedance 

Z. 

3.1.1 Electric scalar potential   

In the discussion, the surge current source is placed in series between two 

conductor segments, as shown in Fig. 3.1(a). Fig. 3.1(a) shows a simplified 

configuration for surge propagation on a vertical line above the ground. Surges will 

be generated and propagate upwards and downwards. These surges have the same 

current values at Point X due to the current continuity. This configuration is similar 

to that of a vertical grounded structure struck by lightning.  The return stroke can be 

viewed as a lumped current source placed between the grounded conductor and the 

lead wire when the current and potential on the ground object area of concern. The 

return stroke current propagates upwards along the lead wire and the discharge 

current propagates downwards to the ground. 

a) Vertical conductor over 

the ground

ground

b) Single conductor in free 
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Fig.3.2 Configuration of a vertical line over the ground 
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Note that the ground does not affect the surge propagation if the reflected surge 

from the ground has not arrived. Without loss of generality, a single conductor with 

neither the ground nor a returning current path is then analyzed through this thesis. 

As shown in Fig. 3.2(b) this conductor is separated into two segments at Point X: 

upper and lower segments carrying surges propagating in opposite directions. 

Surge propagation on a free-space single conductor excited by a ramp current 

source is then investigated numerically with the PEEC method. The cylindrical 

conductor has a radius of 5mm, and a length of 150m in both upper and lower 

segments, as shown in Fig. 3.2(b). It is connected to the perfect ground at the lower 

end and to a ramp current source of 𝐾𝑡 (𝐾 = 5𝑘𝐴/𝑠) at Point X on the conductor. 

In the PEEC method, wires are divided into short elements which are represented by 

coupled lumped-parameter circuit components. In this model, the conductor is 

equally divided into 2500 elements. Surge potential and current in the coupled 

network are analyzed using a circuit approach. Both surge current and potential are 

calculated in the frequency domain. The time-domain solution is obtained using an 

inverse Fourier Transform technique (ifft). 

 

Fig. 3.3 Potential curves on the lower segment with time delay being removed. 

Fig. 3.3 shows the curves of the surge potential at different positions along the 

conductor. The time delay of individual potential curves is removed again, and each 

curve is padded with zero when a reflected surge comes back from the ground. It is 

found that the potential curves at different positions on the conductor match very 

well. This indicates that there is no potential attenuation during its propagation. This 

phenomenon can be explained theoretically 
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According to Maxwell equations, electric scalar potential  at point z on a 

conductor (Fig. 3.2(b)) can be expressed by the magnetic vector potential 𝐴𝑧 and 

electric field 𝐸𝑧 in the z-direction, as follows; 
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where 𝐼(𝑙′, 𝑡 − 𝑅/𝑐) is a retarded surge current on the conductor, and is equal to 

zero when 𝑡 < 𝑅/𝑐 . Both c and R are respectively the velocities of an 

electromagnetic wave in free space and the distance between the source-current point 

and observation point. On a perfect conductor electric field 𝐸𝑧 in (3.1) is identically 

zero. As the resistance on a lossy conductor can be added into the surge impedance 

as a separate item [55], the lossy wire is not discussed in this thesis. 

Throughout this thesis, potential 𝜙(𝑧, 𝑡)  given in [59] is selected to be the 

potential for addressing surge propagation on the conductor. This potential is 

determined by conductor geometry, observation position, and time, and is not 

affected by the path selected for the evaluation. 

The exact expression of potential 𝜙(𝑧, 𝑡)  at position z and time t on a conductor 

of radius r is given by combining equations in (3.1) that 
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where 𝐼(0, 𝑡) is the source current at Point X. The derivation of (3.2) is given in 

Appendix A.  

Note that (3.2) is a complicated expression and inefficiency in computation. Here 

we introduce the wave equations of scalar potential 𝜙 and vector potential A as used 

in [60] that 

2 2

2 2 2

2 2

2 2 2

( , ) 1 ( , )

( , ) 1 ( , )

z t z t

z c t

A z t A z t

z c t

  


 

 


 

  (3.3) 



 

33 

 

Note that a solution of (3.3) for the downward surge is given by  
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z t G z ct

 
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where ( )F  and ( )G   are wave functions for the vector potential and scalar 

potential, respectively. 

Thus, for a lossless conductor, the one-directional scalar potential and vector 

potential are both lossless during propagation. A further relationship between scalar 

potential 𝜙 and vector potential A for a single traveling wave is derived in Appendix 

B, that is, 𝜙(𝑧, 𝑡) = 𝑐𝐴(𝑧, 𝑡) . Thus, the potential 𝜙(𝑧, 𝑡)  in (3.2) can also be 

evaluated as 
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This is the general evaluation of potential 𝜙(𝑧, 𝑡) with given current distribution 

𝐼(𝑧, 𝑡) in the TDTW theory for a one-directional single traveling wave 

It is noted that the current distribution is unknown because, unlike the traditional 

transmission line theory based on the TEM assumption, this current distribution 

would suffer both attenuation and distortion during its propagation [57]. In the next 

section, this characteristic of current attenuation will be discussed. 

3.1.2 The distorted and attenuated current I 

Fig. 3.4 shows the time-domain curves of the surge current at different positions 

along the conductor. In the figure, the time delay of individual current curves is 

removed. As the reflected surge is not an issue of concern in this section, all the 

curves are padded with zero when a reflected surge from the ground or a 

discontinuity arrives. This is for easy identification of curves at different locations. 

It is found in the figure that the surge current attenuates or the slope of its waveform 

decreases with increasing distance to the observation point. The change, however, 

becomes less at a farther position.  

This phenomenon was observed in the experimental results of the surge 

propagation on perfect vertical conductors, especially near the source region [64]. A 
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“scatter theory” was proposed by authors in [63] to explain the current attenuation. 

The surge associated with an electromagnetic wave in a non-zero thickness vertical 

conductor does not transmit in TEM mode. The attenuation can be attributed to the 

“reflected surge” generated during propagation.  

The attenuation coefficient of surge current 𝑝(𝑧, 𝑡) is introduced in this thesis for 

surge evaluation. It is defined by a ratio of the current 𝐼 with propagation attenuation 

to the current 𝐼′ without propagation attenuation, as follows: 
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for 𝑡 ≥ 𝑧/𝑐. The attenuation coefficient of the surge current is affected by the 

conductor radius as well. Fig. 3.5 shows time-domain curves of attenuation 

coefficient at different positions for two-conductor radii. The time delay of each 

curve is removed. It is found that current attenuation is significant in the early time, 

and becomes small when time goes on. The current attenuation is significant as well 

as near the source point. It is also found that the attenuation coefficient approaches 

one when the radius becomes small.  

 

Fig. 3.4 Current curves on the lower segment with time delay being removed 
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Fig. 3.5 Attenuation coefficient 𝑝(𝑧, 𝑡) of surge current at z=18m and 30m with 

conductor radius r=5mm and 10mm 

3.1.3 The time-and-space-varied impedance Z 

    Characteristic impedance is a key parameter to describe wave propagation over a 

line and is generally expressed by the ratio of voltage to current.  Though it is known 

that further analysis of surge behavior on vertical conductors needs time-variant 

surge impedance expressions [56-58], the question of “how to define surge 

impedance” obstructs the understanding of this problem. Authors in [57-58] quoted 

some definitions of surge impedance in the time domain as below; 

 Transient surge impedance defined by voltage 𝑣(𝑡) and current 𝑖(𝑡)  at the 

top of a conductor: 
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 Surge impedance defined by voltage 𝑣(𝑡) and current of a single value: 
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where the current is of either a step wave or a ramp wave. 

In this chapter, the definition of surge impedance given in (3.6) is adopted and 

extended. As mentioned before, the scalar potential instead of voltage is used. To 

consider both the distortion and attenuation of surge current along the conductor, we 

introduce a time-and-space-varied impedance 𝑍(𝑧, 𝑡) that is, 
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The evaluation of 𝑍(𝑧, 𝑡)  is settled in this chapter under the ramp current 

waveform. Both analytical and numerical methods for obtaining 𝑍(𝑧, 𝑡) are derived 

respectively in section 3.2.1 and section 3.2.2. 

Fig. 3.6 shows time-domain curves of surge impedance at different positions on a 

conductor with a radius of 5mm.  For comparison, the time delay of each curve in 

the figure is removed. It is noted that that surge impedance increases with time, but 

the changing rate becomes small as time goes on. The surge impedance increases as 

well when the distance to the source point is increased. However, the change of surge 

impedance will be small if the observation point is away from the source.   

 

Fig.3.6 Surge impedance on a single conductor with the radius of 5mm 

 The Solutions of the Non-TEM Propagating Wave 

3.2.1 Analytical solution for 𝑍, 𝜙, and 𝐼. 

By using the definition of transient surge impedance given in (3.8) with the 

potential given in (3.4), surge impedance at point z is obtained according to (C4) in 

appendix C 
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for 𝑡 ≥ 𝑧/𝑐 . At Point X (𝑧 = 0), surge impedance of the vertical conductor 

reduces to 

(0, ) 60 ln 1
ct

Z t
r

 
  

 
                                                                             (3.10) 

Then, according to Appendix B that the lossless propagation of the potential wave, 

the following equation is then written: 

( , ) ( , ) ( , ) ( / ) (0, / )z t I z t Z z t I t z c Z t z c         (3.11) 

Then, by substituting (3.11) into (3.3), the attenuation coefficient can also be 

written as: 

( , )
( , )

( / )

(0, / )

( , )

s

I z t
p z t

I t z c

Z t z c

Z z t





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       (3.12) 

This means that once the source current 𝐼𝑠(𝑧, 𝑡)and impedance 𝑍(𝑧, 𝑡) is known, 

the current distribution as well as the potential can be obtained through (3.11-3.12). 

Some analytic formulas of surge impedance have been derived in the literature by 

using different approaches. These formulas are normally used to estimate the surge 

at the top of a grounded conductor just before a reflected surge from the ground 

reaches the top of the conductor. Table 3.1 shows some of the surge impedance 

formulas together with the proposed formula of (6). It is noted that these expressions 

are very similar. Only the coefficients or the constants of the formulas are different. 

The difference might be caused by; (a) the upward lead wire is not taken into account, 

or (b) a step function is adopted for the current source. Note that the revised Jordan’s 

expression [62] is the same as the proposed formula when 𝑡 = 2𝐻/𝑐. However, the 

revised Jordan’s expression was derived with the following assumptions:  

 The constant current along the conductor is assumed; 

 The effect of the conductor image is considered; 

 The effect of an upward lead wire is not considered. 
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Table 3.1 Analytic formulas of surge impedance for a vertical conductor with 

height H and radius r above the ground 

Revised Jordan formula [60] 𝑍 = 60 ln(4𝐻/𝑟) − 60 

Wagner formula [47] 𝑍 = 60 ln(2√2𝐻/𝑟) 

Sargent formula [50] 𝑍 = 60 ln(√2𝐻/𝑟) − 60 

CIGRE formula [67] 𝑍 = 60 ln [cos[0.5𝑡𝑎𝑛−1(𝐻/𝑟)]]  

Proposed formula (3.9) 𝑍 = 60 ln(2𝐻/𝑟) − 60 

 

3.2.2 Numerical Solution for 𝑍, 𝜙, and 𝐼. 

An iterative method is presented in this section for the evaluation of surge 

propagation on a free-space single conductor. This procedure does not request a 

detailed knowledge of circuit modeling. With the information of conductor geometry 

and current source, surge current, potential, and impedance can be obtained directly.  

Assume source current 𝐼0(𝑡) at Point X is already given, and the attenuation 

coefficient 𝑝(𝑧, 𝑡) is known. Let discrete values 𝑧𝑖 = 𝑖∆𝑧, and 𝑡𝑗 = 𝑗∆𝑡 (position 

index 𝑖 and time index 𝑗 = 0, … , 𝑁) and ∆𝑧 = 𝑐∆𝑡.  With the results in Appendix A, 

discrete potential 𝐴𝑖,𝑗 = 𝐴𝑧(𝑧𝑖 , 𝑡𝑗) is expressed by 
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  (3.13) 

where 𝑐𝑡𝑗 > 𝑧𝑖. 𝑟1 is the radius of the conductor. To evaluate (3.13), the interval 

of 𝑙′  is divided into three sub-segments, that is, [0.5(𝑧𝑖 − 𝑐𝑡𝑗) , 0], [0, 𝑧𝑖 ] and 

[𝑧𝑖 , 0.5(𝑧𝑖 + 𝑐𝑡𝑗) ]. By replacing 𝑑𝑙′ = −𝑑𝑙′ in the first interval of [0.5(𝑧𝑖 − 𝑐𝑡𝑗), 0], 

vector potential 𝐴𝑖,𝑗 turns to 
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It is noted from (3.3) that 𝐼(𝑙′, 𝑡)  can be expressed with source current 𝐼0 and 

attenuation coefficient𝑝(𝑙′, 𝑡). Three surge currents in (3.14) are then expressed by  
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where 𝐼0,𝑗  is the discrete source current at 𝑡 = 𝑡𝑗, and 𝑝𝑖,𝑗  is the discrete 

attenuation coefficient at 𝑧 = 𝑧𝑖  and 𝑡 = 𝑡𝑗 . In (3.15) pulse function 𝑈𝑘(𝑙′)  is 

defined by 
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Substituting (3.15) in (3.14) yields 
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where functions 𝑓1,𝑖(𝑘) and 𝑓2,𝑖(𝑘) are defined by 
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For 𝑘 ≠ 𝑖 
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For 𝑘 = 𝑖 
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Note in Appendix B that vector potential propagates downwards without any 

attenuation, that is, 𝐴𝑖,𝑗 = 𝐴𝑖−𝑘,𝑗−𝑘  (𝑘 = 1, … ). If any difference of vector potential 

at different positions along the conductor is observed, the attenuation coefficient 𝑝𝑖,𝑗 

will be adjusted. The vector potential will be updated again.  

In the proposed algorithm, the following error of vector potential (𝐸𝑅𝑅(𝑚)) in the 

m-th iteration is checked 
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  (3.19)  

If 𝐸𝑅𝑅(𝑚) is greater than a pre-set value, the attenuation coefficient 𝑝𝑖+1,𝑗+1
(𝑚+1)

 will 

be updated with 

( 1) ( 1) ( 1)

1, 1 , ,

m m m

i j i j i jp p p  
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  (3.20) 

In (3.20) difference of attenuation coefficient ∆𝑝𝑖,𝑗
(𝑚+1)

 is determined by 
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where  is a damping coefficient. A minimum value of the damping coefficient 

could be set for the fast convergence of the iterative method. Before the calculation 

with (3.17), a boundary condition has to be set, that is, 𝑝0,𝑗
(𝑚+1)

= 1 for any j. This 

means that the current at Point X does not have any attenuation. After 𝑝𝑖,𝑗
(𝑚+1)

is 

obtained, potential 𝜙𝑖,𝑗
(𝑚+1)

 can be calculated using (B6). The flow chart of this 

iterative procedure is given in Fig. 3.7. 

 

Fig. 3.7 Iterative method for surge evaluation 

Propagation characteristics of a surge on a free-space single conductor can be 

analyzed by applying the proposed iterative method. This method has been coded on 
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the MATLAB platform. With the source current and conductor radius, this 

MATLAB program returns the attenuation coefficient of the surge current, as well 

as surge potential, current, and impedance at any time and any position along the 

conductor. 

3.2.3 Comparison with PEEC results 

Numerical comparison with the PEEC results has been made. The configuration 

of a conductor system for comparison is illustrated in Fig. 3.2(b). Both conductor 

and source parameters are given in Fig. 3.2(b) in Section 3.1.2, as well as PEEC 

simulation parameters. In the simulation with the proposed iterative method, both 

distance and time steps ∆𝑧 and ∆𝑡 were selected to 1.5m and 5ns, respectively. It is 

noted that simulation time in a PC with i7-4790 CPU at 3.6GHz and 16GB RAM is 

27.5 sec. with the iterative method, and 3hr 15min. with the PEEC method. 

Fig. 3.8 shows the surge current at z=30m on the conductor calculated with (1) 

the iterative method and (2) the PEEC method. It is noted that there is no difference 

between these two curves. The average error is less than 1%. The source current at 

Point X is also presented in the figure for reference. Fig. 3.9 shows surge impedance 

at 𝑧 = 0𝑚  and 𝑧 = 30𝑚  calculated with these two methods. When the current 

attenuation is taken into consideration, the calculated impedance matches the PEEC 

result. The average difference between the calculated surge impedance and the 

simulated one is 0.2% for the time greater than 0.2µs.  

 

Fig. 3.8 Surge current on the vertical conductor under a ramp current source 

A relatively large difference of these curves is observed in the early time in which 

the current is relatively small. This difference arises from using the frequency-
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domain PEEC method. Because both fft and ifft techniques are used to obtain the 

time-domain result, a small non-zero current is observed in the PEEC result even 

before the surge arrives. This leads to a relatively large error.  

 
Fig. 3.9 Surge impedance on the vertical conductor under a ramp current source 

For comparison, surge impedance calculated with the simplified formula (3.9) is 

presented in the figure as well. It is noted that there is a large difference between the 

results using the simplified formula and the iterative method. The surge impedance 

is generally overestimated if the theoretical formula is used, as the current 

attenuation is not taken into consideration.  

 The Time-and-space-varied Impedance for 

Arbitrary Current Waveform 

It is noted in Section 3.2 that simplified surge impedance given in (3.8) is not 

affected by the slope of a ramp current source. It is then interesting to know whether 

the surge impedance is affected by the source current waveform when the current 

attenuation is taken into account. Simulation of surge impedance with different 

current waveforms has been carried out using the proposed iterative method. Three 

groups of representative waveforms were selected for evaluation, that is, (a) ramp 

waveform, (b) impulse waveform with a slow or fast-rising rate, and (c) impulse 

waveform with a fast or slow decaying rate.  

As shown in fig. 3.2(b), all the waveforms used for a surge current injected at 

Point X. The front time of an impulse current is either 0.06µs or 0.12µs, and the time 

to half-peak is either 0.95µs or 100µs approximately. The impulse current has a fixed 
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magnitude of 10kA. The ramp current has a slope of either 10kA/µs or 20kA/µs. Fig. 

3.10b shows the curves of surge impedance under five different current waveforms. 

It is noted that the slope of a ramp current does not affect the surge impedance. This 

is the same as that observed from the simplified formula of (3.9). The surge 

impedance under an impulse current source is, however, significantly different from 

that under a ramp waveform. The surge impedance generally varies with the front 

time and the time to half-peak. It increases quickly if the front time is short, and 

remains the same if there is no difference in the tail. Surge impedance generally 

continues to increase no matter what waveform the tail has. The surge impedance 

will increases quickly if the time to half-peak is short. Therefore, the surge 

impedance under a ramp current generally has a lower impedance than that under an 

impulse current.  

Although surge impedance is not affected by the slope of a ramp function, it is 

indeed changed by the shape of the source current waveform, as seen in Fig. 3.10. 

This is because the surge impedance of a standalone line is time-variant.  

 

Fig. 3.10a Waveforms of a surge current propagating on the conductor 
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Fig. 3.10b Surge impedance with different waveforms of a surge current 

The evaluation of the current and potential response under arbitrary current 

source waveform is derived in this section. As shown in Fig. 3.11, an arbitrary 

waveform can be expressed approximately by a series of ramp waveforms with 

different time delays, as follows, 
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where 𝑟(𝑡 − 𝑗∆𝑡) is a unit ramp function with the slope of one applied at 𝑡 = 𝑗∆𝑡. 

∆𝑡 is the time step used in the evaluation of surges. In particular, the slope 𝑘𝑗 can be 

expressed as,  
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Fig. 3.11 Decomposition of an arbitrary waveform into ramp waveforms 
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The surge impedance and attenuation coefficient do not vary with the slope of a 

ramp source current [9]. Both surge current and electric potential on the line arising 

from a unit ramp current applied at 𝑗∆𝑡 can be directly obtained through (10) and 

(12). The surge current and electric potential under the arbitrary-waveform current 

source can be given by, 
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This expression indicates that both potential and current excited by an arbitrary-

waveform current source can be calculated with the surge responses of a ramp 

current source, or characteristic parameters 𝑝𝑎(𝑧, 𝑡), and 𝑍𝑎(𝑧, 𝑡) of a vertical line. 

 The Response Transfer under Arbitrary Source 

Voltage/Current Waveform 

In section 3.2, the vertical line is fed by a current source with a ramp waveform. 

To find out the current and potential response under an arbitrary-waveform current, 

the technique in section 3.3 is adopted. This can be expressed with a more general 

technique, called the convolution technique, in this chapter. Assume that the 

current/voltage response under a ramp feed current is 𝑒𝑖(𝑡), which is obtained with 

the numerical/analytical solution in section 3.2. According to the convolution 

properties in a linear time-invariant system [69], the impulse response ℎ𝑖(𝑡) of the 

dipole is derived to be 
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d e t
h t
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         (3.25) 

Then, response 𝑦(𝑡) of the dipole under an arbitrary-waveform feed current 𝐼𝑠(𝑡) 

is written as: 

( ) ( ) ( )s iy t I t h t          (3.26) 

Note that the step response of the current given by the delta-gap voltage is 

presented in [68] 
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Then, the impulse response ℎ𝑣(𝑧, 𝑡) of feed-point current in the dipole excited by 

a voltage source can be expressed by the step response 𝐼𝑠𝑡𝑒𝑝(𝑧, 𝑡) [69], as follows: 
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The dipole response y(𝑡) under the source voltage 𝑉𝑠(𝑡) then is expressed by  

0( ) [ ( ) ( )] ( )s iy t V t h t h t          (3.29) 

The evaluation of the dipole response is illustrated in Fig. 3.12. 

Feed-point voltage 

ℎ0(𝑡) 

𝑦(𝑡) = (𝑉𝑠 ∗ ℎ0) ∗ ℎ𝑖(𝑡) 

Feed-point current Dipole response

ℎ𝑖(𝑡) =
𝑑2𝑒𝑖(𝑡)

𝑑𝑡2
 

𝐼𝑠(𝑡) 𝑉𝑠(𝑡) 

 

Fig. 3.12 Flowchart of dipole response evaluation given by the source voltage 

 The Extended TDTW Theory for a Grounded 

Vertical Structure 

Vertical structures on the ground, such as towers and buildings, are subject to 

lightning strikes. Severe lightning electromagnetic environments may cause 

malfunction or even damage to vulnerable equipment in the vicinity. Therefore, it is 

of significant importance to evaluate lightning current and potential along vertical 

structures to protect the equipment on the towers or in the buildings.  

This section presents an extended discussion on the surge propagation on a ground 

vertical conductor resulting from the ground reflection, with the characteristic 

parameters of a vertical line [70]. The conductor is connected to the earth via a 

grounding electrode and is subject to a lightning stroke at its top end. With the surge 

impedance and attenuation coefficient of current, the propagation mechanism on the 

grounded conductor can be revealed. More importantly, explicit expressions of 
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surges resulting from the ground reflection are derived under the source current with 

a ramp or an arbitrary waveform. Finally, numerical validation with both finite-

difference and time-domain (FDTD) method [71] and the PEEC method [72] is 

presented.  

Lead Wire

Vert. Conductor

Gnd Resistance

Current Source

Perfect Gnd.

Source Image

(a) Orig. config.
(b)  Config. with the 

image

(c) Config. with  the   

downward source 

current

Ilead
Ilead

Ia

Ia

Is

Is

Is

I’a

I’1ead

z=0

z=z0

z=2z0

z

 

Fig. 3.13 Configurations of a vertical grounded conductor subject to lightning 

3.5.1 Reflection under a Ramp-Waveform Current Source 

Fig. 3.13(a) is a typical configuration of the grounded vertical conductor subject 

to a lightning stroke.  The lightning stroke is represented with current source 𝐼𝑠 

connected on the top end of the conductor (𝑧 = 0). The current source can generate 

the lightning return stroke current propagating upwards in the lightning channel and 

the lightning discharge current propagating downwards to the ground on the vertical 

conductor. Notably, the vertical conductor is connected to a grounding electrode, 

which is represented with ground resistance R. A reflected surge is generated when 

the downward lightning current reaches the ground surface (𝑧 = 𝑧0). It was reported 

in [72] that the material parameters of the soil, such as conductivity and permittivity 

have little influence on surge propagation on a vertical line. Therefore, the analysis 

is performed on the line connected to a perfect ground via grounding resistance R, 

as shown in Fig. 3.13(a).  

3.5.2 Scenario I: ground resistance R=0 
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By using the image method, the perfect ground is substituted with the images 

placed under the ground surface. As seen in Fig. 3.13(b), the conductor is extended 

to the source image at 𝑧 = 2𝑧0. The source image is connected to the lead wire image 

on the other end. Since this configuration is symmetrical to the ground surface, an 

upper part of the line configuration is selected for discussion, as shown in Fig. 3.13 

(c). The surge propagation over such a line can be described with the theory of the 

vertical transmission line proposed in [70].  

It is assumed that the conductor is perfectly conductive. Under a ramp current 

source 𝐼𝑠 applied at 𝑧 = 0 and 𝑡 = 0, surge current 𝐼𝑎(𝑧, 𝑡) on the conductor with 

radius, 𝑟 can be expressed with the attenuation coefficient 𝑝𝑎(𝑧, 𝑡) [70], i.e., 

( , ) (0, ) ( , )a a a

z
I z t I t p z t

c
  

  𝑧 ≥ 𝑐𝑡,     (3.30) 

where 𝐼𝑎(0, 𝑡 − 𝑧/𝑐) is the retarded current without attenuation, and equal to 

𝐼𝑠(𝑡 − 𝑧/𝑐). 𝑐 is the speed of an electromagnetic field wave in free space. With surge 

impedance 𝑍𝑎(𝑧, 𝑡) [70], electric potential 𝜙𝑎(𝑧, 𝑡) is given as, 

( , ) ( ) ( , ) ( , )a s a a

z
z t I t p z t Z z t

c
    

      (3.31) 

Both 𝑝𝑎(𝑧, 𝑡)  and 𝑍𝑎(𝑧, 𝑡)  are the characteristic parameters of a vertical 

transmission line. They can be determined numerically using an efficient iterative 

procedure given in Section 3.2. These parameters vary with wire radius but are not 

affected by the slope of a ramp waveform. 

It should be noted that the resultant surge on the conductor is the sum of surges 𝐼𝑎 

and 𝐼𝑎
′  which are symmetrical to the ground surface. These components have the 

same expressions, but arise from the current source at 𝑧 = 0 and its image at 𝑧 =

2𝑧0, respectively. As a result, the total surge current above the ground (0 ≤ 𝑧 ≤ 𝑧0) 

is expressed as 

'

0

0

( , ) ( , ) ( , )

2
= ( ) ( , ) ( ) (2 , )

a a

s a s a

I z t I z t I z t

z zz
I t p z t I t p z z t

c c

 


   

.       (3.32) 

3.5.3 Scenario II: ground resistance 𝑅 ≠ 0 
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Fig. 13(a) shows the simplified configuration of a grounded conductor terminated 

with a ground resistance. Resistance R is inserted in series between the conductor 

and its image. In this scenario, additional surge current  𝐼∆ and its mage 𝐼∆
′  will be 

generated when a lightning current reaches the ground. The propagation starts from 

the ground surface in opposite directions. The total surge current in (3.32) is revised 

as 

0( , ) ( , ) (2 , ) ( , )a aI z t I z t I z z t I z t    .           (3.33) 

As seen in Fig. 3.14(a), both 𝐼∆ and 𝐼∆
′  are symmetrical to the ground surface. This 

is equivalent to the configuration where a virtual current source 𝐼∆(𝑧0, 𝑡) is placed at 

𝑧 = 𝑧0, as illustrated in Fig. 3.14(b). Based on the theory of the vertical transmission 

line [9], the upward surge current can be expressed as: 

0 0

0 0( , ) ( , ) ( , )a

z z z
I z t I z t p z z t

c c
 


    

.        (3.34) 

Attenuation coefficient in (3.34), resulting from the virtual source 𝐼∆(𝑧0, 𝑡) 

applied at 𝑧 = 𝑧0 and 𝑡 = 𝑧0/𝑐, have the same expression as that used in (1). Similar 

to (2), the electric potential on the bottom end of the line is given as 

0

0 0( , ) ( , ) (0, )a

z
z t I z t Z t

c
    

.                 (3.35) 

In (3.35) the negative sign arises from the upward propagation of 𝐼. Similarly, 

surge impedance in (3.35) yielding from the virtual source has the same expression 

of that in (3.31). 
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(a) Config. with image
(b) Config. for additional 

reflection currents
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Fig. 3.14 Configuration of a vertical line with resistance subject to lightning 

The current in (3.33) yields a resistive voltage on the ground resistance as well, 

0 0 0( ( , ) ( , ) ( , ))R a aV I z t I z t I z t R
     .                    (3.36)       

The symmetric property leads to the fact that𝐼𝑎(𝑧0, 𝑡) = 𝐼𝑎
′ (𝑧0, 𝑡). As the electric 

potential of the earth is equal to zero, i.e., 𝑉𝑅 + 𝜙Δ(𝑧0, 𝑡) = 0, additional current 

component   𝐼∆( 𝑧0, 𝑡) can be obtained as, 

0

0 0

0

0

0(

2
( ,

) ( ,

) ( ,

2
)

)
( )

( )
s

a

s

s

a

R
I z t I z t

I

Z t t R

R

Z
t t p z t

t t R






 


  

 
 .                   (3.37)       

where 𝑍𝑠(𝑡) = 𝑍𝑎(0, 𝑡) and 𝑡0 = 𝑧0/𝑐.  

Conventionally, the reflection coefficient  of the surge current can be defined as, 

0

0

0

( )
( , )

( )

s

s

Z t t R
z t

Z t t R


 


 
,                      (3.38)  

where  is similar to the traditional reflection coefficient of a TEM line. However, 

(3.38) is not able to be directly applied to the vertical line since two reflected 

components shown in (3.33) attenuate at different rates during their upward 

propagation.    
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With (3.34) and (3.37), total surge current in (3.32) can be expressed explicitly 

for 𝑡 ≥ 𝑡0, 

1 3 0

3 0 2 0 0

3

( , ) ( ) ( , ) ( ) (2 , )

2
( ) ( , ) ( , )

( )

s a s a

s a a

S

I z t I t p z t I t p z z t

R
I t p z t p z z t t

Z t R

   

 


    (3.39) 

where 𝑡1 = 𝑡 − 𝑧/𝑐 , 𝑡2 = 𝑡 − (𝑧0 − 𝑧)/𝑐 and 𝑡3 = 𝑡2 − 𝑧0/𝑐.  

Noted that electric potential does not attenuate during its propagation [9] on a 

single conductor, i.e.,𝜙𝑎(𝑧, 𝑡) = 𝜙𝑎(0, 𝑡 − 𝑧/𝑐) , the following identities can be 

obtained 

( , ) ( , ) ( / ) ( / )

( , ) ( , ) ( / )

a a s s

a a s

I z t Z z t I t z c Z t z c

p z t Z z t Z t z c

  

 
      (3.40) 

The total electric potential on the conductor can be expressed as, 

0 0

0 0

0 2

1 1 3 3

3

( , ) ( , ) ( , ) (2 , ) (2 , )

( , ) ( , )

2 ( , )
( ) ( ) ( ) ( ) 1

( )

a a a a

a

a

s s s s

s

z t I z t Z z t I z z t Z z z t

I z t Z z z t t

R p z t
I t Z t I t Z t

Z t R





    

 

 
    

     (3.41) 

Electric potential and surge current on the grounded conductor have been yielded 

with (3.40) assuming that characteristic parameters 𝑝𝑎(𝑧, 𝑡)  and 𝑍𝑎(𝑧, 𝑡)  of a 

vertical line have been given. In this section, simulation results of the surges on the 

line shown in Fig.14(a) will be presented. In the simulation, the ground is located at 

z0=120 m. The conductor radius is equal to 20 mm. The source current has the 10 

kA magnitude and the 0.25/100 µs waveform. 
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Fig. 3.15a Surge currents calculated with the FDTD method and with (3.40) 

 

Fig. 3.15b Electric potentials calculated with the PEEC method and with (3.40) 

To validate the proposed formulas, the comparison with the FDTD [73] or the 

PEEC method [74] has been performed. The FDTD method is generally applicable 

to surge current analysis exclusively. Fig.3.15a and Fig.3.15b show the surge current 

and electric potential at the middle point of the line (z=60 m) calculated by the FDTD 

method, the PEEC method, and the proposed method (VTL) under an impulse 

current source. Two different scenarios of grounding resistance have been simulated, 

i.e., a) R=0 ohm and b) R=100 ohm. It can be observed that the surge current and 

electric potential match the results from the FDTD and PEEC methods very well. 

The average error of the surge current and electric potential is generally less than 

1%.  
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 The Extended TDTW Theory for a Conductor 

with a Discontinuity 

3.6.1 Center-fed dipole line structure 

Shown in Fig. 1 is the configuration of a center-fed perfectly-conducting thin-wire 

dipole aligned in the z-direction. Current source 𝐼𝑠(𝑡) is applied at 𝑡 = 0 and 𝑧 = 0 

in series with wire 𝑎 of radius 𝑟𝑎 and wire b radius 𝑟𝑏. This source generates two 

current waves propagating outwards along these wires.  

Wire a Wire b

0

𝐼𝑠 

z𝐼𝑎  

 

𝐼𝑏  

 

𝜙𝑏 (𝑧, 𝑡) = 𝐼𝑏 (𝑧, 𝑡)𝑍𝑏 (𝑧, 𝑡) 𝜙𝑎 (𝑧, 𝑡) = 𝐼𝑎 (𝑧, 𝑡)𝑍𝑎 (𝑧, 𝑡) 

 

Fig. 3.16 Wave propagation in a center-fed line dipole 

It is noted in [70] that current waves attenuate during their propagation in a dipole 

with 𝑟𝑎 = 𝑟𝑏 . While the waves of electric scalar and magnetic vector potentials 

propagate without any attenuation. These parameters are uniquely determined by the 

transient characteristic impedance 𝑍𝑥(𝑧, 𝑡) (x = a or b) of the dipole under a ramp 

current source. The characteristic equations for a dipole in Fig. 1 are then given by 

( , ) ( , ) ( , )

( , ) (0, ) ( , ) ( )

x x x

x x x s

z t Z z t I z t

I z t Z t z c Z z t I t

   

  
           (3.42) 

where both 𝜙𝑥(𝑧, 𝑡)  and 𝐼𝑥(𝑧, 𝑡)  are the scalar potential and current waves 

propagating in wire x. The minus sign in (1) is taken when potential 𝜙 propagates in 

the –z-direction. c is the speed of light in free space. With (3.42) attenuation 

coefficient p of current in a dipole is then expressed by 

( , ) ( , ) ( )

(0, ) ( , )

x x s

x x

p z t I z t I t z c

Z t z c Z z t

 

 
            (3.43) 

Transient impedance 𝑍𝑥(𝑧, 𝑡) varies temporally and spatially along the wire. It is 

uniquely determined by the wire radius and can be numerically evaluated with an 

iterative procedure [70]. The simplified formula of 𝑍𝑥(𝑧, 𝑡) is also available, and is 

presented in (A4) in Appendix A. According to Appendix B, (1) holds even if 𝑟𝑎 ≠
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𝑟𝑏 . Transient impedance in wire x can be evaluated by assuming the radius 𝑟𝑥 

everywhere in the dipole.  

3.6.2 Dipole line with a discontinuity 

Fig. 3.17 shows the dipole with line discontinuity caused by a change of wire 

radius at 𝑧 = 𝑧0. The dipole is fed by the current source 𝐼𝑠(𝑡) applied at 𝑡 = 0 and 

𝑧 = 0. The line with the discontinuity could be connected to the ground, but the 

reflected surge from the ground has not arrived yet in the analysis.  

𝐼𝑖  Wire a

Wire b Wire c
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z
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𝐼𝑖 , 𝜙1
𝑖  

 

0 z𝑧0 

(c)

𝐼𝑡2, 𝜙2
𝑡2 

 

𝐼𝑟 , 𝜙2
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Fig. 3.17 Configuration of the dipole with a line discontinuity (a) Current waves resulted 

from the line discontinuity. (b)  Configuration for evaluating waves 𝜙1, 𝐼𝑖 and 𝐼𝑡1 (c) 

Configuration for evaluating waves 𝜙2, 𝐼𝑟and 𝐼𝑡2. 

The current source in Fig. 3.17(a) generates an incident current surge 𝐼𝑖 

propagating towards the discontinuity (𝑧 = 𝑧0). When the incident surge arrives at 

the discontinuity, both reflected surge and transmitted surge will be generated and 

propagate away from the discontinuity along wires a and b. For the convenience of 

analysis, the transmitted surge is split into two components 𝐼𝑡1  and 𝐼𝑡2 . These 

components at 𝑧 = 𝑧0 are respectively equal to the incident and reflected surges 𝐼𝑖 

and 𝐼𝑟.  

Note that the scalar potential in a diploe can be evaluated with the following 

formula [75], 

( ) 2

0

2 2
( ) 2

( ', )
( , )

4 ( )

l ctct

z l ct

I l t l l c
z t dl dl

t l l r










 


   
 

     (3.44) 
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where 𝐼(𝑙′, 𝑡) is the total current in the dipole, which is composed of four current 

components mentioned above. The original model in Fig. 3.17(a) is then replaced 

with two pairs of currents propagating on these wires independently, i.e., 𝐼𝑖 and 𝐼𝑡1, 

𝐼𝑟 and 𝐼𝑡2as shown in Fig. 3.17(b) and Fig. 3.17(c). In this case, 𝐼𝑖(𝑧0 ,t)= 𝐼𝑡1(𝑧0 ,t) 

and 𝐼𝑟(𝑧0 ,t)= 𝐼𝑡2(𝑧0 ,t). 

In Fig. 3.17(c), an additional diploe current source 𝐼𝑠𝑐is introduced so that the 

current continues at the discontinuity. Now the configuration in Fig 3.17(c) is the 

same as that of a dipole shown in Fig. 1. Scalar potentials in this configuration are 

expressed by= 𝐼𝑟(𝑧0, 𝑡) 

2 2

( , ) ( , ) ( , )

( , ) ( , ) ( , )

r r

b

t t

c

z t I z t Z

z t I z t Z





 


      (3.45) 

where = 𝑧 − 𝑧0  , 𝜏 = |𝑡 − 𝑡0| , 𝑧0 = 𝑐𝑡0  and 𝑡0 = 𝑧0/𝑐 . Both 𝑍𝑏(−𝜍, 𝜏)  and 

𝑍𝑐(𝜍, 𝜏) are the dipole impedances with arm radius of 𝑟𝑏 and 𝑟𝑐, respectively, excited 

at 𝜍 = 0 and 𝜏 = 0. 

In Fig. 3.17(b), the pair of current surges 𝐼𝑖  and 𝐼𝑡1  propagates in the same 

direction on wire b (𝑧 ≤ 𝑧0) and wire c (𝑧 ≥ 𝑧0), respectively. As stated in Appendix 

C, the influence of surge 𝐼𝑡2on wire c on scalar potential 𝜙𝑖(𝑧, 𝑡) on wire b is 

negligible. 𝜙𝑖(𝑧, 𝑡) can be expressed by, 

( , ) ( , ) ( , )i i

bz t I z t Z z t         (3.46a) 

According to Appendix C. The scalar potential 𝜙𝑡1(𝑧, 𝑡) on wire c is expressed 

by, 

 1 1( , ) ( , ) ( , )t t

c TLz t I z t Z Z  
      (3.46b) 

where Z𝑇𝐿 =
𝜇0𝑐

2𝜋
𝐼𝑛(𝑟𝑐/𝑟𝑏).  

The total potentials on wire b and wire c are contributed by components in Fig. 

3.17(b) and (c), and are expressed by 
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 
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  

  

 

 

 

  
    (3.47) 

Note that dipole source current 𝐼𝑠𝑐(𝜏) = 𝐼𝑟(𝑧0, 𝜏) = 𝐼𝑡2(𝑧0, 𝜏)  at the 

discontinuity. It can be obtained by equaling (3.46a) and (3.46b) with boundary 

condition 𝐼𝑖(𝑧0, 𝑡) = 𝐼𝑡1(𝑧0,t) as mentioned before. With incident current 𝐼𝑖  it is 

expressed as, 

0( ) ( , ) ( )

( ) ( (0, ) (0, ))

i

sc

TL b c

I I z t t

t Z Z Z



  



        (3.48) 

It is a time-variant reflection coefficient expressed with a ratio of dipole 

impedances at the position z = 𝑧0 . Note that the reflection coefficient is only 

determined by wire radii. 

3.6.3 Reflection coefficient at the discontinuity with a lumped load 

Note that the reflection coefficient of current is generally determined using the 

potential balanced equation at the discontinuity. As a general case, a lumped load is 

inserted in series between two wires at the discontinuity (𝑧 = 𝑧0).  This load can be 

a resistor (R), a capacitor (C), an inductor (L), or a combination of these elements. 

A voltage drop ∆𝜙(𝑡) then is generated across the load when a surge propagates over 

the discontinuity and can be expressed as 

( ) 1
( ) ( )

dI t
I t R L I t dt

dt C
    

      (3.49) 

where 𝐼(𝑡) = 𝐼𝑖(𝑧0,t)+𝐼𝑟(𝑧0,t). It is the total current at the discontinuity. With the 

ramp waveform for the currents, (3.49) can be simplified, as follows:  

0 0

( )

( ) ( ) 2

eq

eq

I t Z

Z R L t t t t C

 

    
      (3.50) 

where 𝑍𝑒𝑞  is an equivalent impedance of the load used in the time-domain 

simulation.  

Note that potentials at the discontinuity are balanced, i.e.,  
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0 0( , ) ( , )b cz t z t            (3.51) 

Substituting (3.48), (3.49) and (3.50) into (3.51) yields the reflection coefficient 

𝛼(𝑡) of current at the discontinuity, as follows:  

( )
(0, ) (0, )

TL eq

b c eq

Z Z
t

Z Z Z


 




 
      (3.52) 

for𝑡 ≥ 𝑡0. Therefore, the reflection coefficient is essentially calculated with dipole 

impedance at the feeding point and equivalent load impedance at the discontinuity. 

It is determined by the radii of the wires and is a characteristic parameter of a center-

fed dipole.   

3.6.4 Extended traveling wave theory 

As shown early, the surge propagation in a dipole with the line discontinuity can 

be described with two sets of surges propagating in two-line configurations shown 

in Fig. 3.17(b) and 3.17(c). given by lossless propagation of scalar potentials on wire 

b and c in the configuration of Fig. 3.17 (b) in appendix D, both 𝐼𝑖(𝑧, 𝜏)  and 𝐼𝑡1(𝑧, 𝜏) 

can be expressed using (3.45) and (3.46) as 
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The other two surges emitted by the dipole current source 𝐼𝑠𝑐(𝑡) will propagate 

again without attenuation. Thus, by using (3.52) the following yields: 

0

2

0

(0, )
( ) ( ) ( )

( , )

(0, )
( ) ( ) ( )

( , )

r i b

b

t i c

c

Z
I z t t I z t

Z

Z
I z t t I z t

Z




 




 

 


 

      (3.54) 

Here, 𝑍𝑥(0, 𝜏) is the dipole impedance on wire x at the feeding point.  

For the sake of simplicity, a time-domain full-wave attenuation coefficient K of 

the traveling wave is introduced, as follows: 



 

59 

 

0

0

(0, )
( , )

( , )

x

x

x

Z v a
K u v

Z u v a





       (3.55) 

where 𝑎0 = 𝑍𝑇𝐿 for the  𝐼𝑡1component, otherwise 𝑎0 = 0. This parameter looks 

like an attenuation coefficient but varies for surge components and wire geometry at 

the discontinuity. Then, four current surges can be expressed, as follows: 
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Surge propagation over line discontinuity can then be described graphically.  Fig. 

3.18 shows the traveling wave theory for wave propagation on the dipole with line 

discontinuity, which is physically similar to that for the TEM wave propagation. 

When the incident current 𝐼𝑖(𝑧, 𝑡)  travels to the position of discontinuity, two 

transmitted current surges, and one reflected current surge emerge. The propagation 

of these generated surges around the discontinuity is governed by both the refection 

coefficient 𝛼(𝑡) and generalized attenuation coefficient 𝐾𝑥(𝑧, 𝑡, 𝑑) , which are 

fundamentally determined by dipole impedances and the position of the 

discontinuity on the dipole.   

 

Fig. 3.18 Travelling Wave Theory for the dipole with a discontinuity 

The proposed procedure has been implemented on the platform of MATLAB and 

applied to evaluate surges in a dipole structure with line discontinuity. Numerical 

validation was then made by comparing the results with the results obtained from 

the FDTD or PEEC method [76].  

The wire structure selected for surge evaluation consists of three wires: a, b and 

c, as illustrated in Fig. 3.19(a). The dimensions of these wires are given in Table 1.  

The current source has a ramp function and is placed in series with wire a and wire 

b. The discontinuity is located at 𝑧 = 𝑧0  between wire b and wire c. At the 
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discontinuity, a lumped load is connected. This load can be either (a) a resistor with 

R= 500 , (b) an inductor with L=10 µH, or (c) a capacitor with C=100 µF.  

Table.3.1 wire dimensions of a dipole structure 

 Wire a Wire b Wire c 

Length (m) 120 60 120 

Radius (mm) 20 20 5 

As discussed in previous sections, surge propagation in a dipole structure can be 

fully described with dipole impedances evaluated with (6). Fig. 3.20 and 3.21 show 

the reflection coefficient of current at the discontinuity with different lumped loads 

using this proposed method and the PEEC method [76]. The curves of the reflection 

coefficient up to 0.4 µs are plotted in the figures. It is found that the reflection 

coefficient matches well with the results obtained from the PEEC method in all four 

cases. It is noted in Fig. 3.20 that the reflection coefficient generally does not varies 

with time significantly. The reflection coefficient is approximately equal to -0.1 for 

R=0 and increased negatively to -0.4 for R=500ohm.  Fig. 3.21 shows the reflection 

coefficient of current when an inductor or a capacitor is connected at the 

discontinuity. Similar results are observed.  

 

Fig. 3.20 Reflection coefficients with a resistance connected at the discontinuity (R=0 ohm 

and 500 ohms) 
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Fig. 3.21 Reflection coefficients with an inductance and a capacitance connected at the 

discontinuity (L=10 µH and C= 100 µF) 

Fig. 3.22 shows surge currents in both wires a and b calculated with the proposed 

method and the FDTD method. The load connected at the discontinuity has a 500-

ohm resistance. In this case, surge currents at two positions P1 (z=45m) and P2 

(z=75m) of upper and lower wires were respectively recorded, that is, 15m away 

from the discontinuity. For comparison, the source current with a ramp waveform is 

also plotted in the figure. It is found that the results obtained from the two methods 

match well, and the average difference is generally less than 1%. The surge current 

in the wire is contributed by both the incident surge and reflected surge from the 

discontinuity. It is clear to see in Fig. 5 that the reflected surge arrives at P1 at 

t=0.1µs. Note that the surge currents in wires a and b are less than the source current. 

This is due to both the current attenuation during its propagation and the surge 

reflection at the discontinuity. 

 

Fig.3.22 surge currents at z=45m in wire a and at z=75m in wire b with resistance at the 

discontinuity (R=500 ohm) 



 

62 

 

Simulation of surges in a grounded dipole structure, as shown in Fig. 3.19(b) is 

also performed. This mimic a grounded vertical structure with a grounding resistance 

of 100 ohms struck by lightning under excitation of an arbitrary waveform current 

In this case, the load connected at the discontinuity has zero resistance. The source 

current has a rising time of 0.2 µs, and a magnitude of 10kA.  Both surge currents in 

wires a and b are calculated with the proposed method. By simply adding a time 

delay in (25) and (26) for each component of the current source, resultant surge 

currents in wires a and b are obtained by summing all these surge components 

together using (27). The results are presented in Fig. 3.22. The surge currents 

calculated with the FDTD method are presented in Fig. 3.22 as well for comparison. 

It is found that these results from the two methods match well, with an average 

difference of less than 1%. It is noted that simulation time in a PC with i7-4790 CPU 

at 3.6GHz and 16GB RAM is 27.5 sec. with the iterative method, and 30min with 

the FDTD method. 

Wire a

Wire b

Wire c

𝐼𝑠  

0

𝑧0 

Rg=100 

10mm
L=120m

40mm

L=120m

 

Fig. 3.23 configuration of a vertical structure struck by lightning 

It is found that surge potentials and currents around the discontinuity are 

completely determined by characteristic parameters of a line, that is, surge 

impedance, attenuation coefficient, and reflection coefficient under a ramp current 

source. With the reflection coefficient, surges on the conductors can be evaluated 

directly, even if the source current has an arbitrary waveform. The formulas 

presented in the paper have been validated numerically with the FDTD method. 

Good agreements have been observed. 



 

63 

 

 

(a) Surge current in wire a at z=90m 

 

(b) Surge current in wire b at z=150m 

Fig.3.24 surge current with an impulse-wave source current with 100Ohm grounding 

resistance 

 The Extended TDTW Theory for a Grounded 

Multi-level Tower 

The grounding resistance and characteristic parameters of a single line, i.e., the 

attenuation coefficient Transmission towers are of great significance in lightning 

research, as they are the essential part in the analysis of lightning surges on overhead 

power lines [77]-[79]. Inappropriate tower modeling may fail to predict the flashover 

rate [80], and lead to incorrect assessment of hazards to sensitive loads. On the other 

hand, the resultant current propagating on a tower could be a significant source in 

the evaluation of lightning-induced electromagnetic pulses (LEMP) [81-82]. The 

correct current distribution along a tower, therefore, is indispensable in lightning 

transient analysis.   
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Research work has been carried out extensively to reveal the tower current 

distribution using lumped representations. Several models has been proposed, 

including the single-line model [80], [83-85], multi-conductor model [86-88], multi-

story model [89-90]. The simplest representation is based on the transmission line 

(TL) theory using constant surge impedance and travel time [90]. Note that, the TL 

theory introduces forward and backward waves along a line as well as the reflection 

at the boundary, which is of great convenience in its application. Recently the 

engineering model, which is based on the TL theory, has been widely used in the 

studies on the lightning strikes to tall structures. The propagation of current is 

assumed to be TEM-mode and the reflection coefficient at a discontinuity is 

normally given as a constant [91-92]. It is found in [93] that the ground reflection 

coefficient is dependent on the waveform and not influenced by the top of the struck 

object.  

In this section, a TDTW theory is developed for the transient analysis of a multi-

stage and multi-conductor tower. A generic configuration of the tower and its model 

are described. Based on this configuration, the wave propagation equations are 

presented multiple lines in parallel and for the lines with a discontinuity. Closed-

form formulas are provided for both the transient impedance and reflection 

coefficient. The comparison results using the FDTD method are given. 

Fig. 25(a) is a multi-stage tower subject to a lightning stroke at its top end. It is 

known that the lightning return stroke generates two current pulses propagating 

upwards in the channel, and downwards in the tower. These pulses may be viewed 

as the incident currents in the channel and tower resulting from a voltage source at 

the attachment point. With this model, the wave reflection at the channel base can 

then be fully taken into account in a lightning stroke. This configuration is similar to 

a dipole fed by a delta-gap voltage source, as shown in Fig. 1. 

Note that the tower structure is rotationally-symmetric, as seen in Fig.3.25 (a). All 

branch currents and scalar potentials are identical at the same height in a stage. The 

tower structure can then be represented by a set of identical dipole lines running in 

parallel. Each line has a feed current (𝐼𝑠1,0) at 𝑧 = 0 and a discontinuity between two 

stages. Fig.3.25 (b) shows the configuration of one representative dipole line, which 

is deformed at 𝑧 = 0 and 𝑧 = 𝑧0. Note that 𝐼𝑠1,0 = 𝐼𝑠,0/𝑛 where n is the number of 

branches in the stage.  
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𝐼𝑠,0(𝑡) 

 

𝐼𝑐1 

𝐼𝑎1 

𝐼𝑏1 
Stage b

Stage c
𝑧0 

𝑧 

𝐼𝑠1,0(𝑡) Stage a

 

(a) Tower configuration  (b) one dipole line 

Fig. 3.25 Tower structure and its dipole line model 

3.7.1 Wave Propagation on a Tower Model with Constant Wire Spacing 

Consider a standalone center-fed dipole with two perfectly conducting thin wires 

of radius 𝑟𝑥, which is excited by a delta-gap voltage source. With a ramp incident 

current from the source, current 𝐼 propagates with attenuation along the dipole, while 

scalar potential 𝜙  propagates without attenuation [70]. These parameters are 

uniquely determined by transient impedance 𝑍 of the dipole. In wire x of the dipole, 

they are described with the following characteristic equations, 
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where c is the speed of light, and 𝛼𝑥 is the attenuation coefficient of current give 

by 𝑍𝑥(0, 𝑡 − 𝑧 𝑐⁄ ) 𝑍𝑥(𝑧, 𝑡)⁄ . 𝐼𝑠,0(𝑡) is the ramp incident current at the feed point 

(𝑧 = 0). 𝑍𝑥(𝑧, 𝑡) can be either evaluated numerically [70] or analytically [76] with 

(D6) in Appendix D  

Now consider a rotationally-symmetric model of n parallel dipole lines, which is 

fed separately by n voltage sources with the ramp current 𝐼𝑠,0 ( 𝐼𝑠1,0 = 𝐼𝑠,0/𝑛) from 

the source. These dipole lines have a spacing of 𝐷𝑥,𝑖𝑗 between lines i and j, and a 

radius of 𝑟𝑥 in stage x (𝑥 = 𝑎 or b). Fig, 3.26(a) illustrates the configuration of two 

dipole lines 1 and i of this model. In the model, the total stage current 𝐼𝑥𝑀 is equal 

to 𝑛𝐼𝑥1, where 𝐼𝑥1 is the current of one dipole line in stage x.  
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Fig.3.26 Multi-dipole model with constant wire spacing (a) original model, (b) one pair of 

dipole lines carrying balanced currents (c) single dipole line 

It is known in Appendix B that electric potential 𝜙𝑥𝑀  propagates without 

attenuation in the model. According to Appendix B, 𝜙𝑥𝑀 and 𝐼𝑥𝑀in this n-diploe 

line model can be expressed using tower transient impedance 𝑍𝑥𝑀, as follows: 
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where 𝛼𝑥𝑀 is the attenuation coefficient of current in the n-dipole line model. 

Both  𝛼𝑥𝑀 and 𝑍𝑥𝑀 are given by 

 

,10

2

( , ) (0, ) ( , )

( , ) ( , ) ln( )
2

xM xM xM

n
x i

xM x

i x

z t Z t z c Z z t

Dc
Z z t Z z t

n r





 

 

  
              (3.59) 

𝑍𝑥(𝑧, 𝑡) is the transient impedance of a standalone dipole made of wire b.  Note 

that both (3.57) and (3.59) are similar. An additional quasi-static transmission line 

impedance is added for this multi-dipole line structure. 

3.7.2 Wave Propagation over the Multi-dipole Line Model with a Discontinuity 

A. Waves at the discontinuity of a dipole line model 

Consider the n-dipole line model with a sudden change of spacing in the parallel 

wires, as illustrated in Fig. 3.27(a). This dipole model has the spacing of 𝐷𝑏,𝑖𝑗 in 

stage b, and  𝐷𝑐,𝑖𝑗 in stage c. The change of wire spacing is made at 𝑧 = 𝑧0. 
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Similar to the wave propagation in the standalone dipole with a discontinuity in 

section 3.6, incident current  𝐼𝑏𝑀
𝑖  propagates in stage b towards the discontinuity. It 

then generates reflected current 𝐼𝑏𝑀
𝑟  in stage b, and transmitted current 𝐼𝑐𝑀

𝑡 = 𝐼𝑐𝑀
𝑡1 +

𝐼𝑐𝑀
𝑡2  in stage c. These currents are combined into two groups: (1) 𝐼𝑏𝑀

𝑟  and 𝐼𝑐𝑀
𝑡1  and (2) 

𝐼𝑏𝑀
𝑖  and 𝐼𝑐𝑀

𝑡2 . Fig. 3.27(b) and 3.27(c) show the configurations for these two sets of 

the currents. By ignoring the effect of short wires connecting stages b and c at 𝑧 =

𝑧0, the following boundary conditions are observed, 
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where  = 𝑧 − 𝑧0 , 𝜏 = 𝑡 − 𝑡0 and 𝑡0 = 𝑧0/𝑐.  
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Fig. 3.27 Multi-dipole line model with a change of wire spacing (a) original model, (b) 

config. of 𝐼𝑏𝑀
𝑟  and 𝐼𝑐𝑀

𝑡1 ,  and (c) config. of 𝐼𝑏𝑀
𝑖  and 𝐼𝑐𝑀

𝑡2 . 

In the configuration shown in Fig. 3.27(b), as indicated in Appendix E, both scalar 

potential 𝜙𝑏𝑀
𝑖 (𝑧, 𝑡) and 𝜙𝑐𝑀

𝑡1 (𝑧, 𝑡) are expressed respectively using corresponding 

branch currents 𝐼𝑏𝑀
𝑖  and 𝐼𝑐𝑀

𝑡1  in the their stages, as follows:  
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where 𝑍𝑥𝑀(𝑧, 𝑡) is the transient impedance of a multi-diploe line model with the 

same geometry as the wires in stage x. This indicates that both potential and current 

in a tower stage can be evaluated using a multi-diploe line model with constant 

spacing. 
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In Fig. 3.27(c), a set of voltage sources is inserted between stages b and c so that 

the currents in the dipole lines are continuous at the discontinuity. In this case the 

incident current 𝐼𝑠,𝑧0(𝜏) from the virtual sources is equal to 𝐼𝑏𝑀
𝑟 (𝑧0, 𝜏) or 𝐼𝑏𝑀

𝑡2 (𝑧0, 𝜏), 

and is activated after the wave arrives at 𝑧0. This configuration is similar to the one 

shown in Section 3.6. According to Appendix E, both  𝜙𝑏𝑀
𝑟  and  𝜙𝑐𝑀

𝑡2  are expressed 

with transient impedance 𝑍𝑥𝑀 as 
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B. Reflection coefficient at the discontinuity  

It is noteworthy that the potential at the position 𝑧 = 𝑧0 in this configuration is 

continuous, i.e., 𝜙𝑏𝑀
𝑖 + 𝜙𝑏𝑀

𝑟 = 𝜙𝑐𝑀
𝑡1 + 𝜙𝑐𝑀

𝑡2  at 𝑧 = 𝑧0. With (3.61) and (3.62), the 

following equation for the reflection coefficient 𝛾𝑧0(𝜏) is obtained, 
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Expression (3.63a) is similar to the reflection coefficient defined in traditional 

traveling wave theory, in which the impedance is constant. Note that with (C5) in 

appendix C, (3.63a) can be further written as 
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Note that the reflection coefficient is only decided by radius, spacing distance, 

and input impedance at the point of discontinuity, this is in coincidence with the 

experimental study in [93]. 

C. Traveling wave theory for the multi-dipole line model with a discontinuity 

As seen in Appendix D, the propagation of scalar potentials in a set of perfectly 

conducting wires is lossless. It can then be stated that the propagation of 𝜙𝑏𝑀
𝑟  and  

𝜙𝑐𝑀
𝑡2  in Fig. 3.27(c) is lossless, as well as 𝜙𝑏𝑀

𝑖  and 𝜙𝑐𝑀
𝑡1  in Fig. 3.27(b). Therefore, 
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both 𝐼𝑏𝑀
𝑖   and  𝐼𝑐𝑀

𝑡1  are obtained with (3.61), and are expressed with the source 

current as 
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With (3.62) the following is obtained, 
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Now introduce coefficients 𝛼𝑥,𝑧𝑠
∗ (𝑧, 𝑡′)  and 𝛾𝑧𝑠

∗ (𝑧, 𝑡′)  expressed with time 𝑡′ , 

given by a source at 𝑧 = 𝑧𝑠. 𝑡′ is the time counting after the wave arrives at point 𝑧, 

for example, 𝛼𝑥,𝑧𝑠
∗ (𝑧, 𝑡′) = 𝛼𝑥(𝑧, 𝑡)|𝑡=𝑡′+Δ𝑡, where ∆𝑡 is the travel time of a wave 

from the source point (𝑧𝑠) to the field point (𝑧). Both (3.64) and (3.65) then are 

revised to be 

* *

,0 ,0

1 * * *

,0 ,0 ,0 0

* *

,0 , 0

2 * *

,0 , 0

( , ) ( ) ( , )

( , ) ( ) ( , ) ( , )

( , ) ( ) ( , )

( , ) ( ) ( , )

i

b s b

t

c s c b c

r

b s b z

t

c s c z

I z t I t z t

I z t I t z t C z t

I I t t

I I t t





   

   

  

    

  

  
         (3.66) 

where correction factor 𝐶𝑏 𝑐⁄ ,0
∗ (𝑧0, 𝑡′)  is defined as  𝛼𝑏,0

∗ (𝑧0, 𝑡′) 𝛼𝑐,0
∗ (𝑧0, 𝑡′)⁄ , 

arising at the discontinuity (𝑧0) for the source at 𝑧 = 0. All the currents in wires b 

and c in (3.66) are expressed with local time 𝑡′ accounting after the wave arrives at 

field point 𝑧. 
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Fig. 3.28 Traveling wave theory for the dipole line model with a discontinuity 

Wave propagation over a line discontinuity in the multi-dipole model can then be 

described graphically.  Fig. 3.28 depicts the traveling wave theory for wave 
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propagation on the dipole line model. The incident current 𝐼𝑖 travels with attenuation 

towards the discontinuity. After the discontinuity, it continues to propagate as 

𝐼𝑡1with a new attenuation coefficient multiples by a correction factor. This wave is 

called the primary wave. A pair of secondary wavers 𝐼𝑟 and 𝐼𝑡2 are generated at the 

discontinuity. This case is similar to a delta-gap dipole fed with the incident current 

𝐼𝑠,𝑧0.  

 Applications 

3.8.1 Dipole antenna with a lumped loading 

The expression of current in cylindrical antennas has been addressed for a long 

time [94-97]. Hallén [98] derived an integral equation in the Fourier domain for the 

outward traveling wave on a perfectly conducting dipole antenna. The simplified 

solutions in both time and frequency domains were given by Bogerd in [100]. It is 

found that the approximate frequency-domain solution is generally consistent with 

the numerical result of Hallen’s integral equation. However, a larger difference was 

found in the time-domain solution of Hallen’s integral equation. The reason may be 

the constant value approximation for both the time- and space-varying admittance.  

Traveling wave antennas constructed using a loading technique [101] are 

desirable in some practical situations [102].  It was stated in [103] that because of 

the broad frequency band of the short-pulsed fields, direct treatment of the antennas 

in the time-domain may lead to more efficient and physically transparent 

representations. It is noted that analysis [104-105] and optimization [106-107] of the 

radiated pulsed energy in a given direction have been performed in the time-domain. 

However, time-domain traveling wave analysis for the dipole antenna with lumped 

loads or a discontinuity has not been addressed significantly. 

Recently, the lumped circuit model has been developed to determine the 

impedance of line antennas under different situations [108-109]. An accurate 

determination of the input impedance is essential for designing an appropriate 

matching network to obtain the maximum radiation efficiency, especially at or near 

the first resonance [108]. Numerical methods such as the finite-difference time-

domain method (FDTD) [90-93] and time-domain-integral-equations [94-95] have 

been developed to evaluate the input impedance and the radiated electromagnetic 
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field of a dipole antenna. Generally speaking, these methods could deal with 

problems with complex geometry and material properties. To address the wave 

propagation over a line discontinuity, several types of impedances at the 

discontinuity have been introduced. These impedances were numerically 

investigated using the PEEC method [97-98] and were applied to reveal the 

relationship among the waves arising at the discontinuity. However, generalized 

mathematical models for such impedances in time-domain are not available. Insights 

on the wave propagation on a line dipole are not available either. 

In this section, the TDTW theory is used for the wave propagation in a line dipole, 

fed by a delta-gap voltage source. The dipole has a line discontinuity caused by a 

sudden change of wire radius or a lumped load.  

Fig. 3.29 shows the configuration of a center-fed perfectly-conducting thin-wire 

dipole aligned in the z-direction. A delta-gap voltage source with current 𝐼𝑠(𝑡) is 

applied at 𝑡 = 0 and 𝑧 = 0 in series with wire a of radius 𝑟𝑎 and wire b of radius 𝑟𝑏. 

This source generates two current waves propagating outwards along these wires.  

Wire a Wire b

0

𝐼𝑠 

z𝐼𝑎
− 

 

𝐼𝑏
+ 

 

( , ) ( , ) ( , )a a az t Z z t I z t    ( , ) ( , ) ( , )b b bz t Z z t I z t  

 

Fig. 3.29 Wave propagation in a center-fed line dipole 

Theoretically, this dipole can be described by the 1-D wave equation of vector 

potential A in the time domain, as follows [103]: 

2 2

2 2 2

( , ) 1 ( , )A z t A z t

z c t

 


                                    (3.67) 

where c is the speed of light in free space. Note that the identity of holds 𝐴(𝑧, 𝑡) =

∓𝑐−1 𝜕𝐴(𝑧, 𝑡) 𝜕𝑧⁄  [104]. The signs ∓ are taken respectively for the traveling waves 

propagating in positive and negative directions from the source.  As the axial electric 

field is zero on a perfect conductor, the electric scalar potential 𝜙 can be expressed 

by 

( , ) ( , )z t cA z t  
                             (3.68) 
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under zero initial boundary conditions. It is noted in (1-2) that both scalar and 

vector potentials propagate without attenuation, i,e.,𝐴𝑥(𝑧, 𝑡) = 𝐴𝑥(0, 𝑡 − 𝑧 𝑐⁄ )and 

𝜙𝑥(𝑧, 𝑡) = 𝜙𝑥(0, 𝑡 − 𝑧 𝑐⁄ ). 

Vector potential A in a dipole can be also evaluated with the free-space Green’s 

function [17] 

( ) 2

0

2 2
( ) 2

( ', )
( , )

4 ( )

z ct

z ct

I l t l z c
A z t dl

l z r









 


  


     (2.69) 

where 𝐼(𝑙′, 𝑡)  is the current on the dipole. Under a ramp source current, 

characteristic equations for the dipole in Fig. 1 was derived with (3) [70], and are 

given by  

( , ) ( , ) ( , )

( , ) ( / ) (0, ) ( , )

x x x

x s x x

z t Z z t I z t

I z t I t z c Z t z c Z z t

   

 
          (3.70) 

where both 𝜙𝑥(𝑧, 𝑡) and 𝐼𝑥(𝑧, 𝑡) (x = a or b) are the scalar potential and current 

waves propagating in the 𝑧 directions in wire x from the source point. 𝑍𝑥(𝑧, 𝑡) is the 

transient characteristic impedance of the dipole, given by the source at 𝑧 = 0. With 

(3.70) attenuation coefficient 𝛼(𝑡) of current in a dipole fed by the source at 𝑧 = 0 

is then expressed by 

( , ) ( , ) ( )

(0, ) ( , )

x x s

x x

z t I z t I t z c

Z t z c Z z t

 

             (3.71) 

Transient impedance 𝑍𝑥(𝑧, 𝑡) varies temporally and spatially along the wire. It is 

uniquely determined by the wire radius and can be numerically evaluated with an 

iterative procedure [70]. The simplified formula of 𝑍𝑥(𝑧, 𝑡) is also available, and is 

presented in (C4) in Appendix C. According to Appendix B, both (3.70) and (3.71) 

holds even if 𝑟𝑎 ≠ 𝑟𝑏. Transient impedance in wire x can be evaluated by assuming 

the radius 𝑟𝑥 everywhere in the dipole 

The proposed procedure has been implemented on the platform of MATLAB and 

was applied to evaluate wave propagation in the dipole structure with a discontinuity. 

Numerical validation was made by comparing the results with the results obtained 

from the commercial software XFdtd using an FDTD method.  
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Fig. 3.30 Line dipole with lumped loads 

Fig. 3.30 shows a line dipole fed by a delta-gap voltage source with the ramp 

source current. Each line of the dipole consists of two equal-length wires connected 

with a lumped load. This load can be either (a) a resistor 𝑅, (b) an inductor 𝐿, or (c) 

a capacitor 𝐶. In the simulation presented in this section, the dipole has the wires 

radii of 𝑟𝑎 = 𝑟𝑏 = 5 mm and 𝑟𝑐 = 2 mm. 

 

Fig. 3.31 Reflection coefficient with a resistance connected at the discontinuity (R=0 ohm 

and 200 ohms) 

The reflection coefficient of the dipole at the discontinuity is investigated first. As 

seen in (11) and (15), it is calculated using transient impedances of the dipole and 

connected load impedance. Note that the transient impedance is calculated with (A5) 

in Appendix A. Fig. 3.31 and 3.32 show the calculated reflection coefficient of 

current up to the 14 ns at the discontinuity for different lumped loads. The reflection 

coefficient for 𝑅 = 0 Ω or 200 Ω is presented in Fig. 3.31, while that for L = 0.5 𝜇𝐻 

or C = 0.5 𝑛𝐹 is presented in Fig. 6. Reflection coefficients with different connected 

loads were also calculated with XFdtd, and are presented in these figures. It is found 

that the results obtained by both methods match well in all four cases.  
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Fig. 3.32 Reflection coefficient with an inductance of 0.5 µH or capacitance of 0.5 nF 

placed connected at the discontinuity 

Fig. 3.33 shows the waveforms of currents 𝐼𝑏
𝑖 , 𝐼𝑏

𝑟 and 𝐼𝑐
𝑡 at the discontinuity of the 

dipole, calculated with the FDTD method. It is observed that these currents generally 

have the ramp waveform. Note that the reflection coefficient is the ratio of two 

currents. It is reasonable to use the ramp waveform assumption in the calculation of 

the reflection coefficient. This has been illustrated already in Fig. 3.31 and Fig.3.32. 

 

Fig. 3.33 Waveforms of Ib
i , Ib

r  and Ic
t  at the discontinuity 

Simulation of the transient waves in wire b of the dipole with resistive loading 

was also performed. In this case, the dipole was fed by a cosine function modulated 

Gaussian-pulse delta-gap voltage source, as below: 

2

0( ) exp( 2)cos(2 )sV t V t t 
      (3.72) 

where the unit of time t is set to be ns, and 𝑉0 is set to be 1. 
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Fig. 3.34 illustrates the wave propagation in the dipole using the traveling wave 

theory. The dipole configuration is illustrated in Fig. 3.30, with a resistance of 100 

ohms. For simplicity, 𝑧0 is set to be half of 𝐻, where 𝐻 = 1.2 m.  In Fig. 3.34(a) the 

incident current wave 𝐼1 generated by the center-fed dipole source propagates in 

wire b. The reflected wave 𝐼2 is generated by the lumped element at the discontinuity 

𝑋1 and propagates in wire b, as shown in Fig. 3.34(b). In Fig. 3.34(c), the wave 𝐼3 

reflected at the discontinuity 𝑋2 propagates forward in wire b. In Fig. 3.34(d), both 

the wave reflected at 𝑧 = 𝐻   and the wave propagating from a point 𝑋2  hit the 

discontinuity 𝑋1. They generate the 2nd round of reflected and transmitted waves 𝐼4 

and 𝐼5  in wires b and c. The resultant current in wire b up to the 2nd round of 

reflection at 𝑧 = 𝑧0 is evaluated. 

0

z=H
𝑧0 −𝑧0 

0

z=H
𝑧0 

0

z=H

𝑧0 

0

z=H
𝑧0 

𝐼1 
(a) 𝐼1 𝑎𝑟𝑟𝑖𝑣𝑖𝑛𝑔 𝑎𝑡 ∆𝑡 = 𝑧/𝑐 

(𝑏) 𝐼2 𝑎𝑟𝑟𝑖𝑣𝑖𝑛𝑔 𝑎𝑡 ∆𝑡 = (2𝑧0 − 𝑧)/𝑐 

(𝑐) 𝐼3 𝑎𝑟𝑟𝑖𝑣𝑖𝑛𝑔 𝑎𝑡 ∆𝑡 = (2𝑧0 + 𝑧)/𝑐 

(𝑑) 𝐼4 + 𝐼5  𝑎𝑟𝑟𝑖𝑣𝑖𝑛𝑔 𝑎𝑡 ∆𝑡 = (4𝑧0 − 𝑧)/𝑐 

X1X2

𝐼2 

𝐼3 

𝐼4 + 𝐼5 

−𝑧0 

−𝑧0 

−𝑧0 

 

Fig. 3.34 Illustration of the traveling wave theory 

These components in wire b are evaluated first under a ramp source current with 

(17). The resultant current is obtained by adding all these components, as follows:  

5

1
( , ) ( , ')ii

I z t I z t


 
       (3.73) 

where 
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𝐼𝐻
∗ (𝑡′) is the current reflected at the end of the dipole. The reflection coefficient 

there is -1. 𝛾𝑧0
∗ (𝑡′) and 𝛾−𝑧0

∗ (𝑡′) are the reflection coefficients at points 𝑧 = 𝑧0 and -

𝑧0 respectively for the waves propagating from the source at z = 0. 

With (3.66), the current of the dipole fed by a modulated Gaussian-pulse voltage 

source is obtained. Fig. 35 shows the waveforms of the current at 𝑧 = 0.5𝑧0 in wire 

b, calculated with the proposed method and the XFdtd method. It is found that the 

results obtained from the two methods match well, with an average difference of 2% 

at peaks. The waveforms of five traveling waves are illustrated in Fig. 3.35. 

 

Fig. 3.35 Transient current in a dipole antenna at position z = 0.5𝑧0by a Modulated-

Gaussian-pulse delta-gap voltage source 
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3.8.2 Lightning strikes on a two-stage tower on the ground 

Lightning transient currents in a two-stage tower on the ground, as shown in Fig. 

3.36, are simulated with the proposed approach. The tower is 240 m tall with 120 m 

height in each stage. The conductors have radii of 0.01 m and 0.03 m and wire 

spacing of 1.2 m and 2.4 m, respectively in the upper and lower stages. The lower 

stage is connected to a grounding electrode with a resistance of 10 Ohm. The perfect 

ground is considered for tower modeling [110] and is substituted with the tower 

image shown in Fig. 3.36.  

𝐼𝑠,0(𝑡) 

  

Fig. 3.36 A typical Two-stage Tower structure  

The incident current 𝐼𝑠,0(𝑡)  resulting from a lightning return stroke has a 

magnitude of 10 kA and a waveform of 0.25/100 µs. It is expressed using Heidler’s 

function [111]. In the simulation, the traveling wave theory is first employed to 

calculate the transient current 𝐼𝑟(𝑡) with a ramp incidnet current. Lightning current 

𝐼𝑝(𝑡)  at point p given by incident current 𝐼𝑠,0(𝑡)  then is calculated using a 

convolution technique presented in section V, as follows: 

2

,0

2

( )
( ) ( )

s

p r

d I t
I t I t

dt
 

             (3.74) 

As shown in Fig. 3.36, incident current 𝐼𝑖  as a primary wave propagates with 

attenuation towards the other end of the model. The wave is reflected with 𝛾0
∗ at 𝑧 =

0 or  2𝐻. The subsequent propagation in the model can be viewed as a new primary 

wave arising from a brand-new source at 𝑧 = 0 or  2𝐻. Fig. 3.36(a) shows a lattice 

diagram for the primary waves propagating along the model, which originate at one 

end of the model. The total attenuation for a wave propagating from one end towards 

another after three discontinuities is expressed by 
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Fig.3.37 Tower model struck by lightning: 𝑧0 = 120 m and 𝐻 = 2𝑧0 

Consider a primary wave arriving at z in stage b in the nth one-way trip in the 

model. The primary wave 𝐼𝑝𝑟𝑖
(𝑛)

 can be expressed with (3.64) and (3.75) as 
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where 𝑖 = 0,1 ⋯. 𝐾(2𝐻, 𝑡′) is the total attenuation of current in a one-way trip 

including the reflection at one end. Both 𝛼𝑏,0
∗  and 𝐾(2𝐻 − 𝑧, 𝑡′) are respectively the 

attenuations from the ends to field point in a one-way trip. 
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(b ) The 1st secondary current 𝐼𝑠𝑒𝑐,1𝑎 

Fig.3.38 Illustration of traveling waves in a 2-stage tower, 𝐾∗ = 𝐾(2𝐻, 𝜏′) 
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The primary wave will generate a virtual source at each of the discontinuities(𝑧 =

0, 𝑧0, 𝐻, 𝑧0 + 𝐻, 2𝐻), which is determined by the reflection coefficient there. Fig. 

3.39 shows the reflection coefficients of a current wave at z=0, 𝑧0, 𝐻, and 𝑧0 + 𝐻.  

 

Fig.3.39 Reflection coefficient 𝛾𝑧0
∗  between stage b and stage c, 𝛾𝐻

∗  at the ground with 

grounding resistance of 10 Ohm, 𝛾2𝐻−𝑧0
∗  between stage c’ and stage b’ and 𝛾2𝐻

∗  at the tower 

top. 

At each discontinuity, the virtual source generates a pair of secondary waves 

propagating in the opposite directions. Similar to the primary wave, these secondary 

waves will produce a next-level virtual source at each discontinuity they encounter. 

As the reflection coefficients are generally less than 0.1, as seen in Fig. 3.39, the 

next-level secondary waves could be neglected. The secondary wave arriving at z in 

stage b after the (n-1)th full reflection, arising from the 1st virtual current source 𝑧 =

𝑧0, is expressed by 
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where 𝑖 = 0,1 ⋯. Fig. 3.38(b) shows a lattice diagram for the propagation of a 

pair of the secondary waves arising from a virtual source at 𝑧 =   𝑧0.   
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Fig. 3.38(a) illustrates both the primary and secondary waves arriving at 𝑧 =

50 𝑚  up to the 3rd one-way trip on the structure. It is found that the 1st-level 

secondary waves are relatively small due to the small reflection coefficient. Their 

subsequent secondary waves can therefore be ignored. Fig. 3.38(b) shows the curve 

of the resultant current at the observation point calculated using the traveling wave 

theory. For comparison, the resultant current calculated with the FDTD method 

[112-113] is presented in the figure as well. It is found that both curves match very 

well with the difference of 2%. The non-TEM solution based on the traditional TL 

is also calculated for comparison. The reflection coefficient at the tower tip is 

assumed to be -0.7 and at the other discontinuities are zero. A significant difference 

between the traditional TL theory and the proposed traveling theory is observed.  

 
(a) 

 
(b) 

Fig.3.40 Comparison of tower current calculated with the FDTD method and the extended 

traveling wave theory.  
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 Conclusion 

This chapter presented a theoretical time-domain analysis of lightning transients 

in a vertical tower. The extended time-domain-traveling-wave (TDTW) theory is 

introduced. Based on the traditional traveling wave theory, it is extended to 

formulate the propagation of non-transverse-electromagnetic-mode (non-TEM) 

waves. The overall mathematical expression is simple and accurate. This theory can 

be used in a typical dipole antenna with a lumped loading technique and a grounded 

multi-level stage tower. Once the current distribution is obtained with the closed-

form expression, both the radiated electromagnetic field of the antenna and lightning 

striking object can be computed quickly. From the view of lightning protection, the 

proposed TDTW theory can be used to build a more general and reasonable 

engineering model. From the view of antenna design, it can be used to fast calculate 

the input impedance and radiation pattern of long wire antenna with lumped loading 

technique.  
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 The Integrated Model for Lightning 

Strikes on Ground Structures 

    In Chapter 4, a novel integrated model for lightning channel and ground structures 

is proposed. To consider a more comprehensive physical evolution of lightning 

channel, the advanced DC model of lightning return stroke is proposed and is 

introduced in this Chapter. The dynamic corona discharge is modeled in section 4.1. 

Then, to include a more complicated ground structure, the integrated model is 

proposed based on the advanced DC model and PEEC method. In section 4.3, two 

typical applications are introduced. 

 The Enhanced DC Model for Lightning Return 

Stroke with Dynamic Corona Discharge  

The attachment between the downward and upward leaders leads to a transient 

neutralization process of charges in the corona sheath. The lightning return stroke 

after the attachment generates two current waves. One propagates upward along the 

lightning channel and the other one propagates downward along the ground structure. 

The upward propagating current serves to delivery charges to the corona sheath, 

which is surrounded by the channel core due to the electrical breakdown. The 

downward propagating wave is the major threat to the ground structure as well as 

the surrounded electronic devices. 

It is often interesting to determine the current in the ground structure and 

lightning channel, with the known current at the attachment point. For simplicity, 

the return stroke is substituted with a charging process arising from a voltage source 

at that point. In such a way, the charge transferred to the channel will lead to the 

same current waveform at the attachment point.  Note that the difference between 

these two models is the charge offset which is the initial charge before the attachment. 

This is the static charge, which affects the static electric field only, not the dynamic 

charging or discharging current.  

Shown in Fig. 4.1 is the configuration of a lightning stroke terminating on a tall 

structure. Given by the return stroke current at the attachment point, the lighting 

current in the channel and the ground structure is evaluated. A hybrid model for the 
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whole system is proposed for the evaluation. In this model, the lightning channel is 

represented as a thin-wire core surrounded by the corona sheath. A non-linear and 

non-uniform DC model, similar to that in [114] is adopted. The telegrapher’s 

equations for this DC model are described, as follows: 

( , ) ( , )
( , ) ( ) ( , )

( , ) ( , )
( , )

ch ch

ch

V z t I z t
L z t R t I z t

z t

I z t V z t
C z t

z t

 
  

 

 
 

          (4.1) 

where 𝑅𝑐ℎ,  𝐿𝑐ℎ  and 𝐶𝑐ℎ  are the per-unit length resistance, inductance, and 

capacitance of the lightning channel. They generally vary with time and channel 

current as well. By neglecting skin effect, the channel resistance is calculated with 

𝑅𝑐ℎ(𝑡) = 1 𝜎𝜋𝑟𝑐
2(𝑡)⁄ , where 𝜎 is the channel conductivity. The core radius 𝑟𝑐 can 

be expanded radially, and is determined by core current 𝑖, as follows: 

2 1 3 2 3 2

0 0
0

( ) (0.25 ) ( )
t

cr t i t dt r   
     (4.2) 

According to the strong-shock approximation [115]. In (4.2), 𝑟0 is the initial 

radius corresponding to the leader channel, 𝜌0 is the atmospheric density, and ξ is 

the factor controlling the expansion rate of the channel proposed in [115]. 

Grounded 

structure

Lightning 

channel

Return stroke 

Grounding grid

Grounded 

structure

Lightning 
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+_
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Grounding grid

 

(a) Configuration  (b) Equivalent circuit 

Fig.4.1 Configuration of a lightning channel terminated on a ground structure. 
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𝑟𝑆 

𝑞𝑐  

𝑟𝑐  

𝑄 − 𝑞𝑐  

Corona sheath

Core

𝐸𝑟  

 

Fig4.2 The modeling of dynamic corona sheath 

Both the inductance and capacitance are evaluated with the characteristic 

impedance 𝑍𝑐 of the channel [116], and are expressed approximately by 

1

1 1

( , ) ( , )

( , ) ( , )

60ln(2 ( ))

ch c

ch c

c c

L z t c Z z t

C z t c Z z t

Z z r t



 





        (4.3) 

The characteristic impedance 𝑍𝑐 varies with channel height. It is noted in (4.2) 

that the core radius is a function of the core current in the strong-shock 

approximation model. Then the core radius varies with time t and channel height z. 

The radius is no longer assumed constant in the distributed model of a lightning 

channel. 

So far, the corona sheath effect is not included in the model. To consider the 

presence of the corona sheath, the dynamic capacitance due to the existence of a 

deposited sheath charge shall be added in the model [32]. Thus the channel 

capacitance is modified as follows: 

1 1( , ) ( , ) ( , )ch c dynC z t c Z z t C z t  
      (4.4) 

where the dynamic capacitance 𝐶𝑑𝑦𝑛 is defined as a ratio of sheath charge 𝑞𝑠 

over its potential.  

In the corona model proposed in [31], a simple coaxial structure is adopted to 

make it more straightforward the calculation of radial corona currents.  Instead of 

the thin wire model, this coaxial arrangement assumes a central and outer conductor 

even if the corona does not exist. The radial extension of the corona sheath increases 
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with increasing potential applied at the central conductor. For the reason that the 

corona behavior is well analyzed by Cooray, the coaxial arrangement, which is just 

for mathematical simplicity at first, is no longer used in this thesis. The derivation 

of 𝐶𝑑𝑦𝑛 in this thesis is addressed based on the assumption of the thin-wire model, 

which does not need the outer conductor. The assumption is the same as Coorays 

that that electric field is uniformly distributed inside the corona sheath [31], and is 

equal to the breakdown value. This is in coincidence with the experimental 

observation. The formula of 𝐶𝑑𝑦𝑛 is derived in Appendix F. It is expressed with total 

charge Q, the summation of core and sheath charges 𝑞𝑐 and 𝑞𝑠, as follows:  

0 for 

( , )
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c

dyn

t c

c c c S

Q q

C x t Q
C x t Q q

q p Q q p




 
       (4.5) 

where both 𝑝𝑐 and 𝑝𝑠 are the coefficients of potential associated with core and 

sheath charges, respectively. As these coefficients are determined core and sheath 

radii, they vary with time and position on the channel. In (4.5) core charge 𝑞𝑐 is 

equal to 2𝜋𝜖0𝑟𝑐𝐸𝑐 where 𝐸𝑐 is the breakdown electric field. Thus 𝑞𝑐 is the critical 

charge that maintains the corona sheath surrounding the core. With (4.5) the dynamic 

evolution of the corona sheath is modeled. This can reflect how the corona sheath 

radius expansion synchronously with the deposited charge along the whole channel. 

Because of the spacing variation of 𝐶𝑑𝑦𝑛(𝑧, 𝑡) along the channel, a lightning channel 

with a varying radius of corona sheath is formulated. 

The proposed evaluation method for 𝐶𝑑𝑦𝑛(𝑧, 𝑡) is shown in Appendix F. 

 The Integrated Model 

It is known in the previous sections that the lightning channel is represented with 

a non-linear and time-variant distributed circuit, and the ground structure is 

represented with a partial electrical equivalent circuit. Note that the potential in these 

circuits is the potential with reference to the infinity. These two circuits can be 

integrated, and connected in series via a voltage source.  

4.2.1 Introduction of the integrated model 
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The PEEC model is generally solved by using the modified node analysis 

(MNA). The matrix equation is given as follows: 

1

s

T

s
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VA R L V

IP A I
                (4.6) 

where A is the incident matrix of the assembled network, and  R, L, and P are 

the resistance, inductance, and potential coefficient matrices, respectively.  

It is noted that the DC model is described by the telegraph equations as shown 

in (4.1). With the discretization in space, the following equations are obtained, 
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where𝑧 = 𝑛𝛥𝑧. Here, the subscript ch represents the lightning channel. From 

(4.6) a matrix equation is obtained, as follows: 
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where 𝑽𝑐ℎ
𝑛  and 𝑰𝑐ℎ

𝑛  are the vectors of node potentials and branch currents for all 

segments in the channel. Note that this matrix equation is similar to the equation in 

the PEEC model. 

By integrating (4.6) and (4.8), a general MNA matrix equation is obtained, as 

follows:   

n
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s
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where resistance, inductance, and capacitance matricide are given by 
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It is known that in the PEEC model the inductive and capacitance coupling from 

external sources has to be taken into consideration. It is noted again that the coupling 

effect is weak if those sources are away from the circuit of concern. Thus, the 

coupling effect from the lower part of DC is included in the proposed model. Both 

L and C matrices will then be updated with additional mutual inductance and 

capacitance. 

In the problem presented in the previous section, the ground object is subject to 

a lightning stroke. Because of the interaction between the lightning channel and 

ground object, a simple hard current source is not appropriate to study the lightning 

current within the structure as well as the lightning channel.  A voltage source then 

is introduced at the attachment point, as shown in Fig. 4.1(b). The source voltage is 

determined in such a way that the lightning current at the attachment point generally 

has the same waveform as the given lightning return stroke current.  

The voltage source is comprised of two components, i.e., 𝑉𝑠1(𝑡) and 𝑉𝑠2 (t). 

𝑉𝑠1(𝑡)  is applied to enforce the return stroke current 𝐼0 to be injected into the 

structure. It is determined by the input impedance 𝑍𝑠𝑡 of the structure, as follows: 

1

1 0( ) [ ( ) ( )]s stV t F Z I  
       (4.10) 

where 𝜔 is the angular frequency, and 𝐹−1 is the inverse Fourier transform. The 

procedure for evaluating 𝑍(𝜔) is detailed in [117].  𝑉𝑠2(𝑡) is applied to enforce an 

assigned waveform for the incident current 𝐼0 at channel base. Because the channel 

is modeled as a nonlinear distributed circuit, the procedure in [117] is not applicable. 

Therefore, it is evaluated by applying 𝐼0 directly at the channel base without the 

structure being connected. Note that this input waveform is termed as an 

“undisturbed” waveform by researchers in [118]. This “undisturbed” waveform does 

not involve the reflection waves from the ground. By adding the voltage source 𝑉𝑠, 

the given “undisturbed” current waveform can be obtained.  
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4.2.2 Time-domain solution of the system 

The MNA matrix equation for a complete system is built in the previous section. 

For finding a time-domain circuit solution, the differential equation in (12) is 

discretized in time by using the backward Euler method. Because the channel radii 

vary with the current there, the MNA matrix contains nonlinear elements, 

particularly the channel capacitance. The solution of (4.10) can be obtained by using 

the enhanced march on-in-time technique. Consider channel resistance, inductance, 

capacitance are the parameters varying slowly with time. These parameters are 

assumed constant at each time interval. At the time from t to t + Δt, the equations 

for branch current through inductance and node potential upon capacitance are 

written as:  

( ) ( ) ( )
( ) ( ) ( )
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 

        (4.11) 

Then, by writing (4.11) into (4.9) in a matrix format, the discrete equation of the 

iterative solution yields, 

1

1

( ) ( )
( )

( ) ( )

n
n s

n
T n

t t t t
t t

t t

t t t t

t t





      
         

    
       

       

L L
A R V I

V

C CI
A V

 

It is noted in (4.4) that the channel capacitance is determined by the instantons 

value of channel charge Q. According to the current continuity equation for a wire, 

total charge Q at time t and height z is evaluated with 

( , )
( , )

H

h

I z t
Q z t dt

z


 


           (4.12) 

After evaluating the charge, the nonlinear sheath potential coefficient, and then 

the total equivalent potential coefficient can be obtained with (4.4) and (4.5). The 

calculation flowchart is illustrated in Fig. 4.3 
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Begin

1. Input initial r, σ and H at time j=0

2. Calculate initial R,L,P

3. Calculate the potential and current 

at time j 

4. Evaluate the Q with (4.12), core 

radius rc with (4.2) and sheath radius 

rs with (F5)

5. update R,L,P with(4.3-4.4)

6. set j+1.

Is j the final time step? 

End

Yes

No

 

Fig. 4.3 Flowchart for solving the MNA matrix equation 

4.2.3 Model Validation 

In this section, the proposed model is validated by the electric field and current 

distribution observed by the measurement.  

The Typical electric field observation result is obtained from [119]. As shown 

in Fig.4.4, the vertical electric field at distance 1, 2, 10, 15, 50, and 200km are 

measured by authors in [119]. The solid line is the date of the first return stroke and 

the dashed line is the date of the subsequent return stroke. 
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        (a)                                                     (b) 

 

        (c)                                                     (d) 

 

        (e)                                                     (f) 

Fig.4.4 Typical vertical electric field intensity 

It is noted in [120] that the typical characteristics of observed electric fields can 

be summarised and shown below: 

(a) The sharp initial peak at 5 km and 100 km. 

(b) Flattening of the electric field measured at 50m. 

(c) Slow ramp after the initial peak at 5 km. 

(d) Zero crossing in the tail of field waveforms at 100km. 
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    (a)D=50m                                                  (b)D=1km 

  

  (c)D=5km      (d)D=10km 

  

(e)D=50km     (f)D=100km 

Fig.4.5 Calculated electric field with the proposed model 

The calculated electric field at distance D=50m, 1km, 5km, 10km,50km, and 

100km are shown in fig.4.5(a-f). In fig.4.5(a) the electric field goes flatten at the 

distance of 50m, this is in coincidence with the measurement observation. In 

Fig.4.5(b), the close distance electric field has an initial peak. After that, the current 

rises with an approximate ramp and then goes flatten. In Fig.4.5(c-d) are the 

intermediate distance electric field, shows an initial peak at d=5km. Then the slow 

ramp after the initial peak. In Fig.4.5(e-f) are the far-field electric field, the initial 

peak value is observed at a distance of 100km. However, zero-crossing is not found 
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in the calculated electric field. It is mentioned in [121] that not all the measured 

electric field shows a zero-crossing characteristic.  

The measurement data obtained in [30] is the lightning channel on the 553m 

height CN tower. The source current waveform was specified to match the initial 

rising portion of the measured current waveform, with the tail portion being set to 

match that of the measured current waveform disregarding the multiple reflections. 

𝐼01 = 6.5 × 103, 𝑘0 = 0.845, 𝜏1 = 0.07 × 10−6; 𝜏2 = 2 × 10−6; 𝐼02 = 5.1 × 103; 

𝜏3 = 70 × 10−6; 𝜏4 = 4 × 10−6. The similar specified current waveform can be 

found in [117] with the antenna model and is written as the following expression: 
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
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
       (4.13) 

The current source waveform is shown in Fig.4.6. 

 

Fig.4.6 The source current waveform using Heidler’s function that was used to obtain the 

voltage source in this simulation. 

In this simulation, the initial core radius is set to be 1mm, and the core 

conductivity  σ = 3 × 104 . σ is in the range of lightning channel conductivities 

estimated by authors in [91]. The breakdown electric field is selected as 2MV/m 

corresponding to the model in [92-93]. A 10cm vertical conductor with a skypod is 

set on the top of a tower with a height of 330m, the same as the model proposed in 

[30]. The low frequency and low current grounding resistance are set to be 30 Ohm 

in this simulation. 
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Fig.4.7 Measured and calculated current at 80m beside the top of the tower. 

The simulation result can be seen in Fig.4.7. The measured data is obtained from 

the experience in [30]. The calculation result matches the measured data well. The 

reflection from the skypod and the reflection of the ground can be seen from Fig. 

4.7. 

The current distribution along the lightning channel is shown in Fig.6. The 

obvious distortion and attenuation of current are observed which are in coincidence 

with the scattering theory in [38]. With the inclusion of the corona sheath, the 

propagation speed of current along the channel changes from 2/3 to 1/3 light speed 

with height increasing, which is coincidence with the measurement value [120].  

 

Fig.4.8 The current distribution along lightning channel 600m, 900m, 1200m, 1500m, and 

1800m height. 
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 Applications 

4.3.1. Lightning Strikes on a Commercial Building 

The PEEC-based lightning channel on a typical commercial building is shown 

below. The building is 100m high. In the existing models for the lightning strike, a 

lightning channel is represented by the simple resistance, which is equal to the 

channel surge impedance, the value of which is often provided from the range 

between 400 Ω and 2000 Ω [120]. It is often recommended to adopt the lower value 

of the lightning channel impedance for lightning currents having high values and 

vice versa. This resistance is connected in parallel to the above mentioned ideal 

current source. In the following simulation, the calculation result is based on the 

proposed lightning channel model. The simulated results are compared with those 

obtained from the simplified models. 

Voltage source

Grounded Building

200m

10m x 10m

Earth

Lightning channel

 

Fig.4.9 The typical building integrated with the lightning channel model 



 

95 

 

 

Fig.4.10 The current distribution at the top of the building 

 

Fig.4.11 The current distribution at the bottom of the building 

Both Fig.4.10 and Fig.4.11 show the currents at the top and the bottom of the 

cage structure of a building. The voltage source is added at the top of the building 

which generates a 1/50 µs Heilder current. The channel is either represented by the 

proposed model or by the lumped resistance R=800, 1500, or 3000 Ohm. It is found 

out in Fig.9 and Fig.10 that the proposed method predicts a current with obvious 

fluctuation at the initial time. This is similar to the channel model with large lumped 

resistance. With the time increasing, the fluctuation of current, obtained by the 

proposed method, damps quickly. This is in coincidence with the behavior of small 

lumped resistance. From the view of fluctuation of the channel, the dynamic 

behavior of corona sheath and channel core is assembled to a nonlinear resistance 

decreasing with time quickly. 
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On the other hand, when considering the dynamic behavior of the corona sheath 

and channel core, the current obtained by the proposed model attempts to drop faster 

than the lumped resistance model. 

4.3.2. Lightning Strikes on a wind turbine 

A typical wind turbine system is shown below. The modeling details of the blade 

and tower model are shown in [121]. The wind tower is 80m high and the length of 

the blade is 50m. Thus, the tip of the total wind turbine is about 130m from the 

ground. This thesis mainly discusses the influence of the lightning channel model on 

the potential along the wind turbine. 

Earth

HVLV

Lightning 

Strikes
DC 

Channel 

Model

Wind turbine 

PEEC model

Grounding Grid 

Model

Voltage 

Source

 

Fig.4.12 The modeling of lightning strikes on a wind turbine system 

Fig.4.13 and Fig.4.14 show respectively the potentials at the tip and bottom of the 

wind turbine calculated with the lightning channel model with constant resistance 

R=400, 800, and 1600Ohm respectively, and the proposed model. It is found that the 

rising part and peak value are nearly the same for the proposed model and the R=400 

lightning channel resistance model. But the reflection can be seen in the proposed 

model, which is like the R=800 lightning channel resistance model. This means that 

the channel resistance is time-variant. To model both the peak potential and the 

fluctuation, the constant resistance model is not adequate. However, the potential at 

the bottom of the wind turbine is not much influenced by the channel model. This is 

coincidence with the experiment result that the ground reflection coefficient is not 

influenced by the top structure of the ground structure [93]. 
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Fig.4.43 Calculation results for modeling the lightning channel with constant resistance 

or proposed model. The potential at the tip of the wind turbine. 

 
Fig.4.14 Calculation results for modeling the lightning channel with constant resistance 

or proposed model. The potential at the bottom of the wind turbine. 

Fig.4.15 shows the comparison results between the proposed model and the 

channel model with an ideal current source, which is also a widely adopted channel 

model. It can be seen in Fig.4.15 that the strong fluctuation can be found if the channel 

model has infinite resistance. Meanwhile, the peak value is significantly 

overestimated because of the oscillation. 

Fig.4.16 and Fig.4.17 show the influence of the breakdown electric field and the 

channel initial radius on the potential on the wind turbine. It is found out that both the 

breakdown electric field and initial core radius have nearly non-influence on the 

potential on the wind turbine.  
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Fig.4.15 Calculation results for modeling the lightning channel with infinite resistance or 

proposed model. The potential at the tip of the wind turbine. 

 
Fig.1.16 Calculation results for comparing the different breakdown electric field values. 

 
Fig.4.17 Calculation results for comparing the different initial core radius value. 
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 Conclusions 

In this chapter, a novel integrated model for lightning channel and ground 

structures is proposed. It is based on the distributed circuit (DC) model and partial 

equivalent element circuit (PEEC) method. The dynamic behavior of the corona 

sheath is included in the integrated model. As the dynamic corona discharge involves 

significant nonlinear behavior, the piecewise-linearization (PL) method combined 

with the march-on-in technique is used to solve the modified-nodal-analysis (MNA) 

matrix of PEEC. 

It is found out that the breakdown electric field and initial radius of the lightning 

channel have little influence on the current and potential distribution of the striking 

object. However, the lumped resistance of the lightning channel will influence the 

waveform of the lightning current at the tip of the striking object. The equivalent 

impedance of the lightning channel is nonlinear and varies with time. It is not enough 

and accurate to be expressed by a simple constant resistance. 
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 Conclusions and Future work 

 Conclusions 

In Chapter 3, the extended time-domain-traveling-wave (TDTW) theory is 

introduced. Similar to the traditional traveling wave theory, it is used to describe the 

propagation of non-transverse-electromagnetic-mode (non-TEM) waves. The 

overall mathematical expression is simple and accurate. This theory can be used in 

a typical dipole antenna with a lumped loading technique or a ground multi-level 

stage tower. Once the current distribution is obtained with the closed-form 

expression, both the radiated electromagnetic field of antenna or lightning striking 

object can be computed quickly. From the view of lightning protection, the proposed 

TDTW theory can be used to build a more general and reasonable engineering model. 

From the view of antenna design, it can be used to fast calculate the input impedance 

and radiation pattern of long wire antenna with lumped loading technique. 

In Chapter 4, a novel integrated model for lightning channel and ground 

structures is proposed. It is based on the distributed circuit (DC) model and partial 

equivalent element circuit (PEEC) method. The dynamic behavior of the corona 

sheath is included in the integrated model. As the dynamic corona discharge involves 

significant nonlinear behavior, the piecewise-linearization (PL) method combined 

with the march-on-in technique is used to solve the modified-nodal-analysis (MNA) 

matrix of PEEC. The influence of the parameters of the lightning channel on the 

current and potential distribution of the ground structures is discussed. The situation 

is based on lightning strikes on a commercial house and the wind turbine. 

 

 Future Work 

The following issues should be settled: 

1) For transient analysis in a complicated ground structure, it is also necessary to 

study the modeling of both conductors above the and under the ground, including 

grounding grids, buried cables, and others. A complete model for these conductors 

needs to be developed. 
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 2) To expand the application of the PEEC method, it would be necessary to 

develop a model for interconnects linking both wires and long wires. The short wires 

are modeled by the PEEC method, while the long wires can be represented using the 

transmission line equations. Therefore, lightning analysis in a more complicated 

wire structure could be possible. 

3) More research work needs to be carried out for the application of the PEEC 

method in other areas, such as lightning transient analysis in railway stations, radio 

base stations, wind turbines, solar power plants, etc. 
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Appendix 

Appendix A The Relationship between Current and Scalar 

Potential 

The difference between potential (𝑧, 𝑡)at position z and time t and (𝑧, 𝑡)at 

position z0 and time t is the integral of vector potential as mentioned in (3.1), that is, 

0

0( , ) ( , ) ( , )
z

z
z

z t z t A l t dl
t

 


 
     (A1) 

where reference position z0 is selected in such a way that the surge has not arrived 

at that point yet, that is, 𝑧0 > 𝑐𝑡 . Therefore, potential (𝑧0, 𝑡) is identically zero. 

Alternatively, z0 can be located at the infinity to which a virtual wire is extended from 

the conductor.  

Note that two current surges propagate upwards and downwards on the conductor, 

respectively, as shown in Fig. 3.2(b). Assume that at time t the two surges arrive at ct 

on the lower segment of the conductor, and –ct on the upward segment.  Potential 

(𝑧, 𝑡)  in (A1) can be then expressed by   

 

0

2 2

'
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( , ) '
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ct ct
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l l
I l t

cz t dl dl
t l l r
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  
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  

 
 

      (A2) 

where land 𝑙′ are respectively the variables of integration along the conductor for 

scalar potential and vector potential. Potential (𝑧, 𝑡)is identically zero if 𝑧 > 𝑐𝑡 

(travel distance of the surge at time t). 

Considering there is no current attenuation on the conductor, the retarded current 

is expressed by
 

),0(),(
c
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c

l
tI

c

ll
tlI








                             (A3) 

It is noted that the retarded time of 𝑡 − |𝑙′|/𝑐 − |𝑙 − 𝑙′|/𝑐 must be greater than 

zero at any point and any moment. The following inequalities yield  
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2 ' for ' 0

2 ' for ' 0

ct l l l

ct l l l

  

  
    (A4) 

The upper and lower limits of variable 𝑙′ can be worked out from (A4). Then 

potential ( , )z t in (A2) reduces to 
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Appendix B Lossless Propagation of Potentials 

Note that the longitudinal E field is zero on a perfect conductor. In the n-dipole 

line model given in Fig. 3.2(a), both vector potential 𝐴𝑥𝑀 and scalar potential 𝜙𝑥𝑀 

(𝑥 = 𝑎, 𝑏 or 𝑏) on the line satisfy the following equation, 

( , ) ( , )xM xMz t z A z t t                                                  (B1)  

With Lorenz gauge, the following is obtained,   

2

2

( , ) ( , )

( , )

xM xM

xM

z t t c A z t

c A z t z

     

   
       (B2) 

Note that (B1) and (B2) formulate a pair of coupled 1st order differential equations 

similar to the well-known telegrapher’s equations. Then, the corresponding solution 

for the vector potential is given by [27]: 

1 2( , ) ( ) ( )xMA z t f ct z f ct z                        (B3) 

Under the zero initial condition, integrating (B3) along the time axis yields 
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                 (B4) 

Thus, for a wave propagating in one direction, these vector potential and scalar 

potential satisfies: 

( , ) ( , )xM xMz t cA z t                        (B5) 

  



 

118 

 

Appendix C Wave Propagation in a Dipole Line Structure 

with Different Radius 

The vector potential 𝐴𝑥  on a single dipole line with the radius 𝑟𝑥 shown in Fig. 

3.17(c) is given by: 
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Note that the current can be written, using the attenuation coefficient, 

as  𝐼𝑥(|𝑙′|, 𝑡𝑑1) = 𝐼𝑠(0, 𝑡𝑑2)𝛼𝑥(|𝑙′|, 𝑡𝑑1) [26] and  𝑡𝑑2 = 𝑡 − |𝑙′ − 𝑧|/𝑐 .  Then, the 

total vector potential 𝐴𝑥 on a line structure in Fig. 3.17(c) is  
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Now we replace 𝛼𝑥(|𝑙′|, 𝑡𝑑1)  in the integral of (C3) with 𝛼𝑥(𝑧, 𝑡) +

[𝛼𝑥(|𝑙′|, 𝑡𝑑1) − 𝛼𝑥(𝑧, 𝑡)]. According to the Bogerd’s derivation for a finite antenna 

[33], the integral containing [𝛼𝑥(|𝑙′|, 𝑡𝑑1) − 𝛼𝑥(𝑧, 𝑡)] is neglected. The remaining 

integral can be evaluated analytically under the assumption that  (𝑐𝑡 − 𝑧)2 ≫ 𝑟2. 

Thus, the final expression for the total vector potential in (C2) is given as, 
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   (C3) 

The corresponding transient impedance of the line structure in stage x is obtained 

as follows: 
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Appendix D Wave Propagation in a Multiple Dipole Line 

Structure 

To obtain characteristic equations for waves in a multiple dipole line structure 

shown in Fig. 3.27(a), the current in dipole line 1 is decomposed into two 

components, i.e., −(𝑛 − 1)𝐼𝑏1  and 𝑛𝐼𝑏1  as seen in Fig. 3.27(b) and 3.27(c). 

Therefore, there are n pairs of dipole lines or n transmission lines with dipole line 1 

being the reference, as illustrated in Fig. 3.27(b). Each pair of the dipole lines carries 

two equal but opposite currents. In Fig. 3.27(c), there is one dipole line alone 

carrying the current of 𝑛𝐼𝑏1. Note that all these currents are characterized by the 

same attenuation coefficient 𝛼𝑏𝑀(𝑧, 𝑡). 

Now consider a pair of dipole lines 1 and i with spacing 𝐷𝑏,1𝑖 , as shown in 

Fig.3.27(b). These dipole lines are closely spaced and carry equal but opposite 

currents. The vector potential 𝐴𝐷𝑀  contributed by this pair of differential-mode 

currents is given in [32]: 

1( , , ) ( , ) ( , , )DM bM dA z t I l t g l z dl            (D1) 

2 2 2 2

,1( , ) 1 1 ( )b ig l l l D           
 

Where,  ∆𝑙′ = 𝑙′ − 𝑧 and the Green’s function in [32] 

 𝑔(𝜌, 𝛥𝑙′) = 1 √𝛥𝑙′2 + 𝜌2⁄ − 1 √𝛥𝑙′2 + (𝜌 − 𝐷𝑏,1𝑖)2⁄   by neglecting the 

retardation time over the spacing distance between closely spaced dipole lines.  

According to the symmetry, 𝐴𝐷𝑀(𝑟𝑏 , 𝑧, 𝑡)  can also be regarded as the vector 

potential difference between position (𝑟𝑏 , 𝑧) and (𝐷𝑏,1𝑖, 𝑧) caused by only one of the 

pair currents. Then, with Ampere’s law, the vector potential resulting from a pair of 

dipole lines with the opposite currents is given by 
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Vector potential 𝐴𝑏1
′′ in Fig. 3.27(c) is contributed by the current on a single dipole 

line with a radius 𝑟𝑏. According to [26], it is expressed by 
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where 𝑡𝑑1 = 𝑡 − |𝑙′ − 𝑧|/𝑐.  

Note that the current can be written, using the attenuation coefficient, 

as  𝐼𝑏𝑀(|𝑙′|, 𝑡𝑑1) = 𝐼𝑠(0, 𝑡𝑑2)𝛼𝑏𝑀(|𝑙′|, 𝑡𝑑1)  [26] and  𝑡𝑑2 = 𝑡 − |𝑙′ − 𝑧|/𝑐 .  Then, 

the total vector potential 𝐴𝑏𝑀 on an n-dipole line structure in Fig. 27(a) is obtained 

by summing both (D2) and (D3), as follows: 
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Now we replace 𝛼𝑏𝑀(|𝑙′|, 𝑡𝑑1)  in the integral of (D3) with 𝛼𝑏𝑀(𝑧, 𝑡) +

[𝛼𝑏𝑀(|𝑙′|, 𝑡𝑑1) − 𝛼𝑏𝑀(𝑧, 𝑡)] . According to the Bogerd’s derivation for a finite 

antenna [33], the integral containing [𝛼𝑏𝑀(|𝑙′|, 𝑡𝑑1) − 𝛼𝑏𝑀(𝑧, 𝑡)] is neglected. The 

remaining integral can be evaluated analytically under the assumption that  (𝑐𝑡 −

𝑧)2 ≫ 𝑟2. Thus, the final expression for the total vector potential in (D4) is given as, 
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   (D5) 

Thus, the analytical expression for transient impedance can be obtained as 
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where 
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2 2 2
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It is found that under the thin-wire approximation, the transient impedance of a 

multi-dipole line structure is not affected by the attenuation coefficient 𝛼𝑏𝑀  of 

current. It is fully determined by the geometry of a wire structure. This impedance 

can be viewed as the impedance of a standalone dipole minus a quasi-static 

transmission line impedance. 
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Appendix E Transient Impedance of Wave Propagation in a 

Multi-stage tower 

Consider an n-dipole line structure with a change of wire spacing at 𝑧 = 𝑧0, as 

illustrated in Fig. E(a). With the same technique used in Appendix D, the current in 

dipole line 1 is substituted by −(𝑛 − 1)𝐼𝑥1 and 𝑛𝐼𝑥1 in Fig. E(b) and 𝑛𝐼𝑥1 in Fig. 

E(c) (𝑥 = 𝑎, 𝑏, or, 𝑐). 

Similar to (D1) in Appendix D, vector potential in Stage 𝑥 contributed by a pair 

of opposite currents shown in Fig. E(b) is expressed by 
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Fig. E Waves propagating in a multiple dipole line structure (a) original configuration (b) n 

pairs of dipole lines (c) a single dipole line 

Similar to (D2), the vector potential 𝐴𝑥1
′′  on a single dipole line with the radius 𝑟𝑥 

shown in Fig. 17(c) is given by: 
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where y represents a stage other than stage x.  𝐷𝑥𝑦 is equal to (𝐷𝑦,𝑖𝑗 − 𝐷𝑥,𝑖𝑗) 2⁄ . 

Note that (E2) can also be written as: 
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where 𝑔(𝑟𝑥, 𝛥𝑙′) is the Green’s function in (D1). 

The total vector potential can then be obtained by summing both (E1) and (E3). 

The total transient impedance of the n-dipole line structure in stage x is obtained as 

follows: 
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Where  
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The integral in (E4) can be evaluated similar as (D1) and yields  
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 Note x and y represents different stages so that 𝐼𝑦𝑀(𝑧, 𝑡) is zero if observation 

point z belongs to the stage x. Thus, (E5) is always zero. The integral in (E4) can be 

removed. 

Then the total transient impedance is simplified into 
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The transient impedance in stage x of the tower with a discontinuity is determined 

by the single dipole line impedance together with the quasi-static transmission line 

impedance. Note that (E6) is the same as (D5).  
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Appendix F The Lumped Capacitance Considering the 

Nonlinear and Dynamic Corona Sheath 

Let 𝑞𝑐  and 𝑞𝑠  be the surface charge on the core and the volume charge in the 

sheath, respectively. Total charge Q in the channel then is equal to 𝑞𝑐  and 𝑞𝑠. The 

electric field on the surface of the core arising from the core charge is expressed by 

02c cE q r         (F1)          

Assume that 𝐸𝑐is the breakdown electric field for maintaining the corona sheath. 

The charge on the core surface is given by 

02c c cq r E                          (F2)  

Denote Q the total charge in the channel. Sheath charge 𝑞𝑠 then is equal to. The 

potential of the lightning channel is contributed by both 𝑞𝑐  and 𝑞𝑠, as follows: 

( )c c c Sq p Q q p                                                     (F3) 

Note that 𝑞𝑐 = 𝑄 − 𝑞𝑐. Both cp and Sp are the coefficients of potential 𝑞𝑐  and 𝑞𝑠, 

respectively. They are evaluated with the integrals given below: 

4 2

1 22 3 1 2 2
0 1 2

1 1

4 ( )

z z

c
z z

c

p dh dh
l r h h


  

 
        (F4a) 
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S

S
ra z z

s a

r
p dh dh dr

l r r r h h

 




   
  

    (F4b) 

The double-line integral along the z axis is evaluated with 

2 2 2 2

1,2 3,4
( ln( ))ij ij ij iji j

z r z z z r
 

        
  

And 

ij i jz z z    
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Assume the radial electric field is uniform within the corona sheath. The charge 

density in the corona sheath then varies inversely with r in the radial direction []. 

The outer sheath radius in (11) can be obtained by 

02s cr Q E                                                             (F5) 

The equivalent potential coefficient is evaluated by 

( , ) ( , ) ( , )P x t x t Q x t                                                 (F6) 

The capacitance is equal to the inverse of the potential coefficient, that is,           

( , ) ( , ) ( , )

( )c c c S

C x t Q x t x t

Q

q p Q q p




   

                                      (F7) 

The dynamic capacitance due to corona sheath behavior is  

( , ) ( , )
( )

dyn t

c c c S

Q
C x t C x t

q p Q q p
 

   
                (F8) 


