THE HONG KONG
Q POLYTECHNIC UNIVERSITY
& Fenian

Pao Yue-kong Library
BEREEE

Copyright Undertaking

This thesis is protected by copyright, with all rights reserved.
By reading and using the thesis, the reader understands and agrees to the following terms:

1. The reader will abide by the rules and legal ordinances governing copyright regarding the
use of the thesis.

2. The reader will use the thesis for the purpose of research or private study only and not for
distribution or further reproduction or any other purpose.

3. The reader agrees to indemnify and hold the University harmless from and against any loss,
damage, cost, liability or expenses arising from copyright infringement or unauthorized
usage.

IMPORTANT

If you have reasons to believe that any materials in this thesis are deemed not suitable to be
distributed in this form, or a copyright owner having difficulty with the material being included in
our database, please contact lbsys@polyu.edu.hk providing details. The Library will look into
your claim and consider taking remedial action upon receipt of the written requests.

Pao Yue-kong Library, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

http://www.lib.polyu.edu.hk




ANALYSIS AND SYNTHESIS OF NONLINEAR
DYNAMIC SYSTEMS BASED ON FUZZY MODEL
AND FREQUENCY DOMAIN METHOD

LI JINGYING

PhD

The Hong Kong Polytechnic University

This programme is jointly offered by The Hong Kong
Polytechnic University and Harbin Institute of Technology

2021






The Hong Kong Polytechnic University

Department of Mechanical Engineering

Harbin Institute of Technology

Department of Control Science and Engineering

Analysis and Synthesis of Nonlinear Dynamic
Systems Based on Fuzzy Model and Frequency
Domain Method

LI JINGYING

A thesis submitted in partial fulfilment of the requirements

for the degree of Doctor of Philosophy

August 2019






CERTIFICATE OF ORIGINALITY

CERTIFICATE OF ORIGINALITY

I hereby declare that this thesis is my own work and that, to the
best of my knowledge and belief, it reproduces no material previ-
ously published or written, nor material that has been accepted for
the award of any other degree or diploma, except where due ac-

knowledgement has been made in the text.

(Signed)

LI Jingying (Name of student)







Publications Arising from the The-
sis

Journal Papers

1. Jingying Li, Xingjian Jing, Zhengchao Li and Xianlin Huang. A Novel
Parametric Characteristic Function for Hybrid Linear and Nonlinear Pa-
rameters Analysis and Design of Nonlinear Systems.(To be submitted)

2. Jingying Li, Xingjian Jing, Zhengchao Li and Xianlin Huang. Optimiza-
tion of Membership Functions for Fuzzy-Model-Based Controllers Using Fre-
quency Domain Analysis Method.(To be submitted to IEEE Transac-
tions on Cybernetics)

3. Jingying Li, Xingjian Jing, Zhengchao Li and Xianlin Huang. Fuzzy Adap-
tive Control for Nonlinear Suspension Systems Based on a Bio-inspired
Reference Model with Deliberately Designed Nonlinear Damping. IEEFE
Transactions on Industrial Electronics. 2018. (IF: 7.503)

4. Jingying Li, Xianlin Huang and Zhengchao Li. Exponential stabilization
for fuzzy sampled-data system based on a unified framework and its appli-
cation. Journal of the Franklin Institute. 2017. (IF: 3.576)

5. Jingying Li, Xianlin Huang and Zhengchao Li. Extended dissipative fil-
tering of fuzzy systems with time-varying delay under imperfect premise
matching. International Journal of Systems Science. 2017. (IF: 2.185)

6. Zhengchao Li, Jingying Li, Jinyong Yu. Robust filter design for a class of
uncertain systems with D stability constraints under a unified framework.
Journal of the Franklin Institute. 2016. (IF: 3.576)

Conference Papers

1. Jingying Li, Xingjian Jing, Zhengchao Li, and Xianlin Huang. Optimiza-
tion of Fuzzy Membership Function based on the NCOS function method.
IECON2020, the 46th Annual Conference of the IEEE Industrial
Electronics Society (IES).



. Jingying Li, Xingjian Jing, Zhengchao Li, and Xianlin Huang.A Novel
Linear and Nonlinear Characteristic Parameter Approach for Analysis and
Design of Nonlinear Systems. 2020 IEEE International Conference on
Industrial Cyber-Physical Systems.

. Jingying Li, Zhengchao Li, Xingjian Jing and Xianlin Huang. Fuzzy adap-
tive tracking control for nonlinear suspension systems based on a bio-inspired
reference model. 2018 13th World Congress on Intelligent Control
and Automation (WCICA). IEEE. 2018.

. Jingying Li, Xianlin Huang. A switched event-triggered H., control ap-
proach to nonlinear network control system. 2017 36th Chinese Control
Conference (CCC). IEEE. 2017.

. Jingying Li, Xianlin Huang. New results on variable sampling stabiliza-
tion of nonlinear system via fuzzy control approach. 2015 34th Chinese
Control Conference (CCC). IEEE. 2015.



Abstract

In aerospace, astronautics and industrial process, it is usually difficult to model
and analyze the dynamics of controlled object exactly due to strong nonlineari-
ties, internal /external disturbances, variation of loads, system uncertainties, etc.
Classical time and frequency domain theories and methods are not applicable to
analyze and control such nonlinear dynamic systems. Thus control and analysis of
such complicated nonlinear systems are becoming more and more challengeable.
Fuzzy control system, due to its capability of approximating any smooth nonlin-
ear systems on a compact set with arbitrary accuracy, provides an appealing and
efficient approach to facilitate analysis and synthesis of nonlinear systems. Non-
linear Characteristic Output Spectrum (nCOS) function has been well developed
for analysis and design of nonlinear systems in frequency domain. Although there
have been researches on control and analysis of nonlinear dynamic systems based
on fuzzy model and frequency domain nCOS function, there are still some tech-
nical problems to be solved: explore stability analysis conditions of fuzzy system
with lower conservativeness and new frequency domain methods to analyze and
optimize nonlinear dynamic systems, etc. Objective of this thesis is to propose
new control and frequency domain analysis methods to analyze, synthesize and
optimize nonlinear dynamic systems with sampled-data behavior, time delay and
imperfect premise matching based on fuzzy model and nCOS function. Some
of the obtained results are applied to control and analysis of nonlinear vehicle

suspension systems.

First, fuzzy adaptive control for nonlinear active suspension system based on a
bio-inspired reference model is studied. Fuzzy logic systems are used to approxi-
mate unknown nonlinear terms. A general bio-inspired nonlinear structure, which
can present ideal nonlinear quasi-zero-stiffness for vibration isolation, is adopted
as tracking reference model. Particularly, a nonlinear damping is designed to im-

prove damping characteristics of the bio-inspired reference model. With beneficial



nonlinear stiffness and improved nonlinear damping of the bio-inspired reference
model, the proposed fuzzy adaptive controller can effectively suppress vibration
of suspension systems with less actuator force and much improved ride comfort,

thus energy saving performance can be achieved.

Then fuzzy sampled-data control problems for nonlinear dynamic systems un-
der aperiodic sampling are studied. A sampling period dependent Lyapunov-
Krasovskii functional together with a novel efficient integral inequality, which has
the advantages of reducing conservativeness, is adopted. On the basis of stabil-
ity conditions, a sampled-data controller that cannot only exponentially stabilize
the system but also guarantee the extended —dissipativity performance is then de-
signed. Simulation results of a quarter-vehicle suspension system with considering
payload uncertainties and aperiodic sampling are provided to verify effectiveness

and advantages of the designed controller.

The problems of imperfect premise matching fuzzy filtering design for continuous-
time nonlinear systems with time-varying delays are investigated. Based on the
extended dissipative performance index, a new delay-dependent filter design ap-
proach in terms of linear matrix inequalities (LMIs) is obtained by employing
Lyapunov-Krasovskii functional method together with a novel efficient integral
inequality. The designed filter can guarantee the filtering error system satisfy
Hy,, Ly — L, passive and dissipative performance by tuning the weighting matri-
ces in the conditions. Moreover, the fuzzy filter does not need to share the same
membership function with fuzzy model, which can enhance design flexibility and

robust property of the fuzzy filter system.

An advantageous optimization method developed based on the nCOS function
is introduced to optimize mismatched fuzzy controller membership function pa-
rameters. Compared to traditional search-based optimization approach, which
can only obtain optimal results and parameters, more analytical results can be
obtained with less time consuming via this optimization method. This provides

an in-depth understanding of nonlinear parameters’ influence on system output



spectrum. Simulation results demonstrate that with the frequency domain op-
timization method, disturbance suppression capability of the fuzzy-model-based

controller over a concerned frequency band is further enhanced.

A novel parametric characteristic function approach for hybrid linear and non-
linear parameters analysis and design of nonlinear systems is proposed based on
the nCOS function. Thus influence of linear and nonlinear parameters on system
output spectrum can be simultaneously considered. The results of a specific case
demonstrate that the proposed hybrid approach can provide a more comprehen-
sive solution for nonlinear system analysis and design. Then the proposed hybrid
parameter analysis approach, together with an n-th order output spectrum calcu-
lation method is used to identify and locate plant and controller faults of closed-
loop control systems, which provides an in-depth insight of fault characteristics

analysis and identification of closed-loop control systems.
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Chapter 1

Introduction

1.1 Background and motivation

Objective of control on dynamic systems is to provide the principles and methods
used to design engineering systems that maintain desirable performance by auto-
matically adapting to changes in the environment |1]. Practical industrial systems
inherently exhibit nonlinear behaviors and frequently encounter many complex
characteristics, such as, uncertainties, time-delay, internal/external disturbances
and actuator saturation, etc. For most model based control approaches, model
for nonlinear plant dynamics plays a fundamental role in the whole controller
design procedure. However, a comprehensive mathematical model of a nonlinear
industrial plant is generally difficult to obtain due to the complexity of physical,
chemical or other inexplicit behaviors. Fortunately, there are some well-known
control-oriented modeling approaches for nonlinear dynamics, such as the fuzzy

modelling approach, etc.

Fuzzy control system, especially Takagi-Sugeno (T-S) fuzzy model system, has
received a great deal of attention from both theoretical analysis and industrial
application in recent years [2-10] due to its generalized modeling capability for
nonlinear systems, for example, air-breathing hypersonic vehicles (AHVs), direct
current-direct current (DC-DC) converters and mechanical systems [2,4,9,11-13|.
Essentially, T-S fuzzy model combines the known linear system theory with the

flexible fuzzy linguistic theory, which can provide a systematic and powerful way
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to handle nonlinear system. Tremendous significant results have been achieved

based on T-S fuzzy model approach (see [5-10,12,14-23]).

The nonlinear characteristic output spectrum (nCOS) function, which is developed
with a parametric characteristic approach based on the generalized frequency re-
sponse function (GFRF) concept [112], has been widely used in nonlinear analysis
and design [24-27], nonlinear system identification, fault detection, fault diagno-
sis [28-30], etc. One significant advantage of nCOS function is that the nonlinear
output spectrum can be expressed in the form of a polynomial function with re-
spect to the nonlinear system model parameters, which provides an explicit and
analytical relationship between the nonlinear output spectrum and the nonlinear

model parameters of interest.

Even though analysis and synthesis of nonlinear dynamic systems have been well
investigated, yet for some more demanding situations, there remain many inter-
esting and challenging issues to be addressed. Following are some issues worth

further studying.

1.1.1 Fuzzy control for nonlinear suspension systems

Suspension systems, which are of great importance in improving vehicle ride com-
fort, maneuverability and passengers’ safety, have gained significant attention in
the literatures [31-37|. Generally, suspension systems can be classified as: passive
suspension, semi-active suspension and active suspension [38-43|. Active sus-
pension system, which uses actuator components, can provide desired force for
both adding and dissipating energy. This mechanism can effectively reduce road
roughness impact and increase ride comfort. However, to ensure handling capa-
bility and ride comfort, both semi-active and active suspension control systems
cost a great deal of energy, which may be constrained in practical systems. It is
also known that vehicle suspension systems always have some inherent nonlinear-

ities. Sometimes, beneficial nonlinearities may lead to even better performance in
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practical implementation. As shown in [44-49], nonlinear stiffness and damping
characteristics can achieve excellent vibration isolation performance. With a sys-
tematic frequency domain approach referred to as the output frequency response
function or nonlinear characteristic output spectrum based method [48-50], it is
theoretically shown that nonlinear damping has very good advantage over linear

damping [51].

Although these results present an effective characteristic parametric approach to
the analysis and design of nonlinear systems, most existing results for active sus-
pension control just simply cancel nonlinearities to achieve vibration suppression
performance [52], which leads to consumption of extra energy. Therefore, how to
employ beneficial nonlinearities in vibration control would be of high relevance
to engineering practice, since nonlinearity always exists. To address this issue,
a more general and systematic bio-inspired dynamics based fuzzy adaptive con-
trol method, which makes proper use of favorable nonlinearities is studied in this

thesis.

It is noticed that biologically inspired methods have wide applications in engineer-
ing, such as mechanical structure design, robot locomotion [53-56]. Recently, a
bio-inspired limb-like nonlinear structure (also called X-shaped structure), which
takes inspiration from limb legs of animals, has been successfully applied to
some practical engineering systems, like the quasi-zero-stiffness vibration isola-
tor [57-59]. This bio-inspired structure has very beneficial equivalent nonlinear
stiffness and damping, which are generated through the specially geometric nonlin-
earities of the limb-like structure. It has been proven that this bio-inspired model
can always provide a very excellent quasi-zero-stiffness characteristic with high
loading capacity, low natural frequency and broad frequency range of vibration
isolation [57-59]. And therefore is much better than traditional linear vibration
systems. One of the targets in this thesis is to take advantages of the benefi-
cial nonlinear properties of this bio-inspired reference model in active suspension

control.
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A general way to suppress resonant peak is to adopt high level damping. In-
creasing damping can effectively reduce resonant peak but also degrade vibra-
tion isolation performance of non-resonant frequency region. To overcome this
dilemma, a novel nonlinear damping is deliberately designed and integrated into
the bio-inspired reference model in our study. This dynamic nonlinear damping
is expected to suppress resonant peak without deteriorating vibration transmis-
sibility at high frequencies, which has never been reported before. Note that the
model studied in previous work [60] is only the simplest case without nonlinear
damping and only one layer is considered there, which might lead to higher reso-
nant peak of the suspension system. Since a more general bio-inspired nonlinear
dynamics model of more layers in the bio-inspired structure is adopted in our
study, which can further strengthen the vibration isolation performance with a
much milder nonlinear response. Thus the bio-inspired reference model used in
this thesis is more generic for both nonlinear stiffness and damping design which
are needed to produce superior vibration isolation performance and better for

practical implementation.

In order to follow the nonlinear dynamic characteristics of the bio-inspired refer-
ence model, fuzzy adaptive controller will be considered for the tracking control
of suspension systems. In suspension systems, the sprung mass varies due to the
change of payload, if the controller is designed without considering the uncer-
tainties of these parameters the vehicle suspension system performance will be
degraded. Therefore, adaptive control would be more preferred in practical appli-
cations [61-64]. In this thesis, an adaptive backstepping controller based on fuzzy
logic system is developed to attenuate the effect of parameter uncertainties and

external disturbances.

To the best of our knowledge, no attempt has been made towards solving fuzzy
adaptive tracking problems based on the above mentioned bio-inspired reference

model, which motivates the present study.
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1.1.2 Fuzzy sampled-data control

The past decades have witnessed a boom of high speed digital devices, such as
computers and microelectronics, which drastically lower the cost, improve the re-
liability and flexibility of digital control. Hence, more and more digital computers
and microprocessors are utilized to control the continuous-time systems in very
large number of practical applications |65-67]. Such control systems, in which
both continuous and discrete dynamic behavior coexist, are called sampled-data
systems [68]. Up to now, approaches applied to analysis and synthesis of sampled-

data systems are mainly divided into the following three categories:

(1) Discrete-time model: transforming the sampled-data system into an approx-

imately equivalent discrete-time system (e.g. delta operator) [69].

(2) Impulsive model: representing the sampled-data system as the form of im-

pulsive model [70].

(3) Input delay approach: modelling the sampled-data system as a continuous-

time system with control-input delay induced by sampler and holder [71].

where discrete-time approach is generally applicable for constant sampling inter-
vals, impulsive model still suffers from several critical limitations (e.g., conserva-
tiveness problem, and the dimension of the impulsive system) when dealing with
sampled-data systems with complex nonlinearities/ uncertainties. Thus, time-
delay approach, where the sampling-and-holding behaviour is transformed as an
input-delay term, gives a flexible and effective way to handle nonlinear sampled-
data systems. Also, by resorting to the input-delay approach, conducting perfor-
mance analysis (e.g. disturbance attenuation level, exponential stability analysis)

for original closed-loop system is viable.

Analysis and synthesis problems for T-S fuzzy sampled-data system based input-

delay approach have received more and more research attentions (see [72-83]).
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Among these references, the problem of performance analysis with disturbance at-
tenuation level has been extensively investigated. To mention a few, the problem
of H,, state-feedback stabilization for fuzzy systems with aperiodic sampled-data
was investigated in [74, 75|, and H,, state and output feedback control prob-
lems for sampled-data fuzzy system and their applications to active suspension
vehicle system were proposed in [77]. In [78,79]|, the H,, tracking problems of
nonlinear networked systems via fuzzy control approach under variable sampling
were investigated. Lo — L, filtering for multirate nonlinear sampled-data systems
using T-S fuzzy model approach was proposed in [80]. The robust passive con-
troller design problem for a class of nonlinear networked systems with variable
sampling intervals, network-induced delay, and randomly occurring uncertainties
was investigated through T-S fuzzy modeling method in [82]. Dissipativity-based
sampled-data stabilization problems for T-S fuzzy system and its application to

truck-trailer system were reported in [83].

It is especially worth pointing out that the (Q,S,R)-dissipative sysnthesis problem
covers the H,, and passivity synthesis problem, except for the Ly — L, synthesis is-
sue. So, how to handle the Ly — L., synthesis problem and the (Q,S,R)-dissipative
issue for fuzzy sampled-data system with a unified performance index is an inter-
esting topic worth further studying. In recently published literatures |84,85] , a
unified performance index, which can guarantee the H.,, Ly — L., passive and dis-
sipative performance by changing the weighting matrices in extended dissipative
inequalities gives answer to this question. This new unified performance index is
called extended dissipativity. To the best of the authors’ knowledge, until present
there has been no attempt to solve the problems of stability and stabilization for
fuzzy sampled-data systems under this unified frame, which motivates the present

study.

From the viewpoint of input-delay model, the sawtooth delay induced by sampling-
and-holding behavior inevitably leads to the inherent loss of information, which

will affect the dynamic performance of closed-loop sampled-data system. Espe-
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cially for the asynchronous sampling, this effect is fraught with more uncertainties.
In this thesis, in order to obtain expected dynamic performance, exponential sta-
bility is imposed to guarantee that the resulting closed-loop sampled-data system
satisfies the exponential stability with an exponential decay rate for arbitrary

sampling period lying a bounded interval.

Considering the aforementioned observations, the extended dissipative and expo-
nential stabilization problems for T-S fuzzy sampled-data systems will be investi-

gated in this thesis.

1.1.3 Imperfect premise matching fuzzy filtering of nonlinear

systems with time-varying delay

State variables of industrial systems are usually difficult to obtain directly. Thus
it is necessary to estimate system states or part of system states via system mea-
surement output. Classical Kalman filter is a very effective and widely used signal
estimator [86,87|. However, when using classical Kalman filter, statistical proper-
ties of the system’s dynamics and noise are required, which cannot always be guar-
anteed in practical industrial systems. In this case, performance of the Kalman
filter cannot be maintained. H,, filter can estimate state for systems with un-
known bounded noises. Time delays commonly occur in many engineering appli-
cations, such as chemical systems, metallurgical processing systems and network
systems [88,89]. Since the existence of delay often degrades system performance,
sometimes even leads to instability, research on T-S fuzzy system with time delay
is of great practical significance. Recently, some important results about nonlinear
filtering for T-S fuzzy systems with time-delay, which is one of the fundamental
problems in signal processing, communication and control applications, have been
reported, such as H, filter design [7,90-95], Ly — L, filter design [96-101], passive
filter design [102-104], and dissipative filter design [105-108].

In this thesis, instead of addressing the H.,, Lo — L., passive and dissipative
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filtering problems in a separate way, we study these filtering problems for T-S
fuzzy time-delay systems under a unified framework by using the extended dissi-
pativity performance index (see [84,109]), which can guarantee the H,, Ly — Lo,
passive and dissipative performance by tuning the weighting matrices in extended
dissipative inequalities. However, it should be noted that some useful information
about the time-derivative of Lyapunov-Krasovskii functional, such as the term
— 0 f;a 7 (s)Rs(s)dsdf was neglected in [84] for convenient design, the filter
design approach obtained in [84] inevitably suffers the conservativeness problem.
In addition, to the best of the author’s knowledge, so far no attempt has been
made towards solving filtering problems for T-S fuzzy systems under such a unified
framework, either with or without time-delay. Thus, the problem of extended dis-
sipative filtering for T-S fuzzy time-delay system is still an open and challenging

issue, which motivates the present study.

Moreover, in order to retain design flexibility and robust property of extended
dissipative filter, the idea that fuzzy filter shares different premise variables with
the T-S fuzzy model, which is referred to as imperfect premise matching (see
[110,111]), is further introduced in this thesis. Under imperfect premise match-
ing, implementation cost of the fuzzy filtering can be reduced by employing some
relatively simple membership functions different from those complex membership
functions of the fuzzy model. In recent years, the study of fuzzy control with
imperfect premise variables has made some achievements [110-112]. Unfortu-
nately, few research has been pursued on the problem of fuzzy filter with imper-
fect premise variables, besides [113,114]. [113] investigated the filtering problem of
Type-II fuzzy system subjected to D stability constraints with imperfect match-
ing premise variables. [114] studied the decentralised H,, fuzzy filter problem for
non-linear large-scale systems under imperfect premise matching. However, none
of these research results is applicable to the filtering problem for fuzzy system
with time-varying delay, which is the second motivation of our current research

work.
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Motivated by the observations above, the extended dissipative filtering problem
for fuzzy system with time-varying delay under imperfect premise matching will

be considered in this thesis.

1.1.4 Analysis and optimization of nonlinear system

parameters with frequency domain method

Under imperfect premise matching, arbitrary slack matrices can be introduced to
alleviate conservativeness. In recent years, the study of fuzzy control with im-
perfect premise variables has made some achievements [111,112,115]. To design
mismatched fuzzy controller, the mismatched membership function only needs to
satisfy certain design condition. However, some parameters associated with mis-
matched controller membership functions are determined in an ad hoc or arbitrary
manner in the design process of mismatched fuzzy controller. These subjectively
decided parameters play a role in achieving high quality control performance.
Until present, systematic and comprehensive analysis on how mismatched mem-
bership functions’ parameters affect the closed-loop system performance has not
yet been considered in the existing design process. It is also worth noting that a
large number of existing research work on fuzzy-model-based control or filtering
under imperfect premise matching adopt Gaussian shape functions as mismatched
membership functions for its smoothness and concise notation [23,116-118]. So
research on optimization of the mismatched membership functions’ parameters,
especially for Gaussian type membership functions, is of great theoretical and

practical importance.

Conventional method to determine the optimal parameters of mismatched mem-
bership functions is adopting some optimization techniques via direct measure-
ment of the closed-loop system performance, like genetic algorithm (GA) [119-121]
and swarm optimization algorithm [122,123]. However, almost all intelligent opti-

mization methods are based on global searching in the available parameter space,
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which means that the larger parameter space, the longer time it takes to find
optimal values. For systems with complicated dynamics and higher dimensions,
computational complexity will increase to a very high level, which is not con-
venient for analysis and design. Moreover, intelligent optimization method can
only give final optimal values of the concern parameters instead of explicit rela-
tionship between the parameters and system performance. Once the parameter
space changes, the whole optimization process needs to be re-executed, which is

extremely time inefficient.

To overcome this deficiency in optimization problem, nCOS function [49,124,125]
is adopted to analyze the parameters’ influence on system output frequency re-
sponse. The nCOS function developed based on the Volterra series expansion
theory [126] extends the transfer function concept to nonlinear systems, which
provides a powerful insight into the parameters’ influence on system response.
Some significant results about the applications of nCOS function-based method
have been obtained, including the analysis and design of nonlinear vehicle sus-
pensions and fault diagnosis of bolt loosening in satellite structures |29, 30,127|.
Compared to search-based optimization method, nCOS function-based method
can exactly demonstrate how the membership functions’ parameters would affect
the closed-loop system performance. This method provides powerful guidance in
choosing parameters of controller membership functions in mismatched control.
Subjectivity and blindness in the process of optimizing membership function pa-
rameters can be effectively avoided by using this method. Benefited from the
analytical and explicit expression of the relationship between nonlinear output
spectrum and mismatched membership functions’ parameters, the time consump-
tion using nCOS function-based optimization method is much less than search-

based intelligent optimization methods, even for larger parameter space.

One of the critical issues in mechanical system is vibration suppression. In prac-
tice, vibration is usually induced at certain frequencies or only performance over

a certain frequency band that we are interested in, for instance, the vehicle sus-
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1.1 Background and motivation

pensions, we focus on the vertical vibration performance at 4 Hz-8 Hz, to which
human body is much sensitive. In this regard, controller designed over a cer-
tain frequency region can achieve better disturbance attenuation performance,
compared with the over-design generated by entire frequency approach. There
have been lots of research on finite frequency H., control and filter, see refer-
ences [128-133] and therein. However, the problem of fuzzy finite frequency con-
trol under imperfect premise matching design has not been studied yet, which is
an interesting topic worth further study. Motivated by the afore discussions, H
controller over concerned frequency band is first designed under imperfect premise
matching. Then the disturbance suppression capability of the fuzzy controller is
further enhanced by combining the finite frequency H., control with the nCOS

function-based frequency domain optimization method.

1.1.5 Hybrid linear and nonlinear parameters analysis for

nonlinear systems

The nonlinear analysis method using recursive algorithm [24-27] for calculations of
GFRFs coefficients involves the issue of computational efficiency [49]. For systems
with complicated dynamics, the computational complexity of high-order GFRFs
induced by recursive algorithm will increase to a very high level, which is not
convenient for analysis and design. In addition, the recursive algorithm based
method cannot give an explicit expression about relationship between the output
spectrum and system parameters of interest. To improve computational efficiency
and analytically reveal the parameters’ influence on system output, the nCOS
functions has been well developed for nonlinear analysis and design [48, 49,124,
125]. Explicit structure and expression of output spectrum in terms to system
parameters are presented in a clear and concise manner, which provides an in-

depth insight into the parameters’ influence on system response.

The nonlinear system output spectrum is jointly determined by system character-
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1 Introduction

istic parameters, such as linear and nonlinear parameters, excitation amplitude
and frequency variables. Most of existing results about nCOS function based
method mainly focus on nonlinear model parameters’ influence on system output
spectrum. Linear model parameters’ influence on nonlinear systems output spec-
trum was investigated in [134]. It is worth pointing out that analysis of linear
and nonlinear parameters’ influence on system output spectrum in a separated
manner is not comprehensive enough for in-depth understanding of the system

characteristics.

Motivated by above observations, a hybrid linear and nonlinear model parame-
ters analysis approach for nonlinear systems based on the nCOS function will be
systematically investigated. Linear and nonlinear model parameters’ influence on
system output spectrum is simultaneously considered. Relationship between the
system output spectrum and system parameters (both linear and nonlinear) is
explicitly revealed. This result extends the nCOS function based method from
the analysis and design of linear and nonlinear parameters in a separated man-
ner to that of hybrid linear and nonlinear parameters, which provides a more

comprehensive solution to in-depth analysis and design of nonlinear systems.

1.2 Objective of the thesis

Motivated by the above background and discussions, this thesis aims to control
and analyze nonlinear systems based on fuzzy control and frequency domain anal-
ysis method and their applications to mechanical system. Objectives of this thesis

are listed as follows:

e Propose new fuzzy control scheme for nonlinear mechanical systems.

First, construct a new fuzzy adaptive controller, which uses a bio-inspired
limb-like structure with quasi-zero-stiffness and elaborately designed nonlin-

ear damping as reference model, to suppress vibration of suspension system.

12



1.3 Contribution of the thesis

Design a new fuzzy sampled-data controller for nonlinear system is under
a unified framework to achieve better performance for suspension systems

with considering payload changes and disturbances.

e Explore fuzzy filter problems and membership fucntion parameters opti-

mizations problems under imperfect premise matching.

Design an advantageous fuzzy filter for nonlinear system with time-delay

under imperfect premise matching.

Optimize mismatched fuzzy membership function parameters via a frequency

domain method.

e Develop a novel parametric characteristic output spectrum function for anal-
ysis and design linear and nonlinear parameters simultaneously in nonlinear

systems.

1.3 Contribution of the thesis

The main contributions of this thesis are summarized as follows:

(1) A more general bio-inspired structure with multilayers is adopted as the ref-
erence model for fuzzy adaptive control of nonlinear suspension system. This
multilayered bio-inspired model can provide better vibration isolation perfor-
mance than existing systems. A beneficial nonlinear damping is designed and
integrated into bio-inspired nonlinear dynamic reference model. This innova-
tive nonlinear damping is for the first time proposed for attenuating resonance
peak and improving vibration isolation performance of nonresonant frequency
region. Compared to standard fuzzy adaptive control, the controller designed
with this generic bio-inspired nonlinear reference model can ensure the same or
even better performance with less energy cost, which provides an alternative

and effective way to active control of suspension systems.

13
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(2)

14

New stability conditions consisting of both exponential stability and extended
dissipativity criterion for fuzzy sampled-data system have been established. A
sampled-data controller that not only can exponentially stabilize the system
but also guarantee the prescribed extended-dissipativity performance has been

designed.

A systematic and novel filter design method for fuzzy systems with time-varying
delay under imperfect premise matching is proposed. Based on extended dis-
sipative performance index, the H., L, — L., passive and dissipative filter
problems have been investigated. New delay-dependent conditions for perfor-
mance analysis and filter design have been established in terms of LMIs by

employing an efficient integral inequality.

A novel nCOS function based optimization method, which aims to optimize the
(GGaussian membership functions’ parameters, has been proposed in this thesis.
Compared to traditional search-based optimization approaches only providing
final optimal results, the nCOS function-based frequency domain optimization
approach can provide analytical relationship between system output spectrum
and fuzzy membership function parameters and is time efficient. This provides
an in-depth understanding of nonlinear parameters’ influence on system output
spectrum. System performance over a concerned frequency band has been fur-
ther enhanced by combining the finite frequency H,, controller with the nCOS

function based frequency domain optimization method.

A novel parametric characteristic output spectrum (pCOS) function is proposed
based on nCOS function, to jointly analyze and design linear and nonlinear pa-
rameters of nonlinear systems. [49,124,125| developed a systematic method to
express the nonlinear output spectrum function as an explicit polynomial func-
tion of nonlinear characteristic parameters and the new nCOS function proposed
in [134], only investigated the relationship between nonlinear output spectrum
and system linear parameters. The novel pCOS function proposed in this thesis

is a strong complement to the nCOS function-based method in [49,124,125,134].



1.4 Outline of the thesis

The proposed method can be applied to design and analyze both linear and non-
linear parameters of suspension system. Then the proposed hybrid parameter
analysis approach, together with an n-th order output spectrum calculation
method can be used to identify and locate plant and controller faults in closed-
loop control systems, which provide an in-depth insight of fault characteristics

analysis and identification of closed-loop nonlinear control systems.

1.4 Qutline of the thesis

The organization structure of this thesis is shown in Fig.1.1 is structure. Outline

of thesis is given as follows:

Fuzzy adaptive control for

Adaptive fuzz . .
P ¥ L — ] nonlinear suspension system based

trol L
conro on a novel bio-inspired model
Fuzzy
control of
nonlinear Fuzzy sampled-data control for

system | suspension system under unified
performance index

| T-S fuzzy control —

Imperfect premise matching fuzzy
Control and || filtering of time delay system under
unified performance index

analysis of  f—
nonlinear system

Optimization of fuzzy
NCOS function P membership functions based
NCOS nCOS function method
based
analysis Improved
and design result
of nonlinear
system Novel parametric A novel parametric characteristic
characteristic | output spectrum function for
output spectrum nonlinear systems

Fig. 1.1: Structure of the thesis

Chapter 2 investigates the problem of fuzzy adaptive tracking control for active

suspension systems based on a bio-inspired reference model.

Chapter 3 investigates the exponential stabilization problems of T-S fuzzy aperi-

odic sampled-data system under a unified performance index.
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1 Introduction

The problems of imperfect premise matching fuzzy filter design for continuous-
time nonlinear systems with time-varying delays based on a unified performance

index—extended dissipative index are addressed in Chapter 4.

Chapter 5 studies the membership function parameters optimization issue for
suspension system with mismatched finite frequency H., controller based on fre-

quency domain method.

A novel parametric characteristic output spectrum function based linear and non-

linear parameters analysis and design method is studied in Chapter 6.

Chapter 7 concludes this thesis.
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Chapter 2

Fuzzy control of suspension sys-
tems based on bio-inspired nonlin-

ear dynamics

This chapter proposes a bio-inspired reference model based fuzzy adaptive tracking
control for active suspension systems. Fuzzy logic systems are used to approximate
unknown nonlinear terms in nonlinear suspension systems. Particularly, a non-
linear damping is designed to improve damping characteristics of the bio-inspired
reference model. With beneficial nonlinear stiffness and improved nonlinear damp-
ing of the bio-inspired reference model, the proposed fuzzy adaptive controller can
effectively suppress vibration of suspension systems with less actuator force and
much improved ride comfort, thus energy saving performance can be achieved.
Finally, a quarter-vehicle active suspension system with considering payload un-
certainties, general disturbance and actuator saturation is provided for evaluating
the validity and superiority of the bio-inspired nonlinear dynamics based fuzzy

adaptive control approach proposed in this chapter.
The main contributions of this chapter are summarized as follows:

1) A more general bio-inspired structure with multi-layers is adopted as the ref-
erence model for fuzzy adaptive control of nonlinear suspension systems. This
multi-layer bio-inspired model can provide better vibration isolation performance

than existing systems as discussed.
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

2) A beneficial nonlinear damping is designed and integrated into bio-inspired
nonlinear dynamic reference models. This innovative nonlinear damping is for
the first time proposed for attenuating resonance peak and improving vibration

isolation performance of non-resonant frequency region.

3) With this generic bio-inspired nonlinear reference model, and compared to
standard fuzzy adaptive control, the designed controller can ensure the same or
even better performance with less energy cost, which provides an alternative and

useful way to active control of suspension systems.

The rest of this chapter is organized as follows: Nonlinear suspension system is
given in Section 2.1. The bio-inspired reference model and nonlinear damping
design are presented in Section 2.2. Bio-inspired reference model based fuzzy
adaptive controller is designed in Section 2.3. An example of the nonlinear quar-
ter suspension is provided in Section 2.4 to demonstrate the applicability and

effectiveness of the proposed method. Conclusion is drawn in Section 2.5.

2.1 System description and problem formulation

Fig.2.1 shows nonlinear quarter vehicle suspension system with bio-inspired ref-
erence model. my and m,, are sprung and unsprung mass, 2, z, and z, are the

Suspension System

t z

Vehicle m
s
' u Fuzzy adaptive
F J controller
d
mu

Suspension §
£

‘Wheel

RS
Tyre Zr Reference Model

Fig. 2.1: Nonlinear suspension system with bio-inspired reference model

18



2.1 System description and problem formulation

vertical displacements of sprung mass, unsprung mass and road input, u is the
control force applied on the suspension system. According to Newton’s second

law, nonlinear dynamic equation of the system is built as follows:

msés: —FS—Fd+U

muéu:Fs+Fd—Ft—Fb—u (211)

where F, F,, F; are the forces produced by the nonlinear spring, nonlinear damper

and the tire, which are represented as follows

Fs = ksl<zs - Zu) + ]{752(23 - Zu>2 + k33<zs - Zu)g

Fd = Csl(zs - Zu) + 652(25 - Zu)2> E = kt(zu - Zr)a Fb = Ct(éu - Zr)

ksi, kso and kg3 are nonlinear stiffness coefficients, ¢, and ¢y are damping co-
efficients, k; and ¢; are stiffness and damping coefficients of the tire. The main
purpose of this chapter is to construct a bio-inspired reference model with excellent
vibration suppression performance (Fig.2.1 right), then a fuzzy adaptive controller
is designed to make suspension state zg — z, track the bio-inspired dynamics of

reference model y,.

Remark 2.1 Due to the change of payload, the vehicle mass cannot remain con-
stant. Thus, the quarter vehicle suspension model is an uncertain system that
contains uncertain parameters mg(t). The uncertain parameter is supposed to

vary in a given range mg(t) € [Mgmin, Msmaz)-

The following two indexes are commonly used to evaluate suspension system per-
formance: root mean square (RMS) values of body acceleration Z; and power

consumption of actuator, which are calculated as:

RMS, = \/%/0 27 (t)z(t)dt ,RMSp = \/%/O (P, (1))2dt
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

where

2.2 Nonlinear damping design for the bio-inspired

nonlinear reference model

In this section, a novel nonlinear damping system will be introduced for the bio-
inspired reference model to create beneficial nonlinear characteristics for the active
control of suspension systems. A brief analysis of the bio-inspired reference model

is given below. Detailed analysis can be referred to [57,60].

2.2.1 Modeling and analysis of bio-inspired system

As shown in Fig.2.2, a multi-layer asymmetrical bio-inspired structure consists

of connecting rods, rotating joints and springs. This structure is inspired by the

Fig. 2.2: (a) Bird’s leg and its structure (b) Mechanical diagrams of the bio-
inspired structure (¢) Deformation analysis (layer number n = 2)

limb structure of animals in motion vibration control. The bird’s leg shown in
Fig.2.2(a) is a X-shaped structure. With this X-shaped structure, the bird can

maintain super stability when running or landing, even with a very high speed,
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2.2 Nonlinear damping design for the bio-inspired nonlinear reference model

which indicates that this structure has the potential to suppress vibration. In
Fig.2.2(b), M is the mass of the isolated object, Ly and Lo denote the length
of the connection rods. 6, and 6, are initial angles with respect to the horizon
line and the geometric relationship L;sin(f;) = Lgsin(fs) holds, k, and kj, are
stiffness of the two linear springs used as passive muscles in vertical and horizontal
direction, respectively. y is the absolute motion of the mass, z, is base excitation.
¢1 and ¢, are rotational motions of the connection rods, horizontal motions are
denoted by z; and w9, y, = y — 2z, is relative motion between the isolated object
M and the base. And according to the geometrical relationship presented in

Fig.2.2(b) and (c), the rotational and horizontal motions can be given as

x; = L;cos0; — \/LZ2 — (L;sinf; + yr/Qn)2 (2.2.1)
L;sin®; + y, /2 .
¢; = acrtan sinf; + y,/2n —0;,i=1,2.
Licost;, — z;

T =11+ T2, 0 = 1+ P2
The kinetic and potential energy of the bio-inspired structure can be given by

1 1
T =-My* U= —kpz® + =k,(y-/n)* (2.2.2)

1
2 2 2

Then the Lagrangian function is L = T'— U. Different from some existing results,
a nonlinear damper achieving better performance on specific frequency region will

be designed. Then the non-conservative force can be calculated as

= —C1Y, — CoNy0— — F, 2.2.3
Q@ 1Yr — CaNg @ 3y ( )
where ¢; and ¢y are air damping and rotation friction coefficient, b = ;% . dgg,

n, = 3n—+ 1 is the number of joints, F), is the force produced by desired nonlinear

damper, which will be designed in the next subsection.

Then the Lagrange equation for the bio-inspired structure can be given as fol-
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

lows:

d (0L\ OL
%(a_y) =Q (2.2.4)

Substitute L and @ into (2.2.4), we can obtain the nonlinear dynamic equation

of the bio-inspired reference model

dx dy,

: .0
oy T koyr /1 = —c19, — C2nx¢a_j ~F, (2.2.5)

Substitute y, = y — 2, into (2.2.5), the reference dynamic model can be rewritten

as

My'r"i_fl (yr)+kvyr/n2+Clyr+c2nzf2(yr)yr+Fn = _MZu (226)

2
where fl(yr) - khJde dyr7 f2(yr) - <§l—$) :

Define v(y,) = Lisind; + y,./2n, and according to the rotational and horizontal

motion, fi(y,) and fo(y,) can be further deduced as

fily,) = (L160891+L260592— \/L2 —v2(y,) \/Lz — v2(y, )

ky,

n

" ( v(yr) N v(yr) )
\/L2 - Ug yr \/L2 - U2 yr)

1 ! 2
falyr) = <2n\/m " zn\/m>

Define y; = y,, y2 = ¥,, the state space equation of the bio-inspired nonlinear

model is
Y1 = Y2
1

Y2 = i [ha(y1) + ha(y1, y2) + Fo] — 2,

(2.2.7)

where hi(y1) = fi(yr) + ko5, ha(yr,v2) = conafo(y1)ye + c1y2. Z, is the un-
sprung mass acceleration of the suspension system. Until present, the multi-layer
bio-inspired reference model has been established. The following subsection will

present detailed nonlinear damping design procedure.
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2.2 Nonlinear damping design for the bio-inspired nonlinear reference model

2.2.2 Nonlinear damping design

Displacement transmissibility of the bio-inspired reference model under different
linear damping is illustrated in Fig.2.3. The higher the damping, the better per-
formance in the resonant region and the worse transmissibility in non-resonant
frequency region. The ideal damping should be high around resonance frequency
but low at others [45-48|. To this aim, a novel nonlinear damping is proposed in

this study to overcome the inherent trade-off in the choice of damping.

- .-c =02
25+ ’\ ' g
" / =
; \\ — % 7Cl 2
/ _
> 2f EES TN | _ _|me-67
£ , ¥ ncreasing damping =3
o / A cl_
B FZSIC N ST A
E 1.5F A& O ~ ¥\ _ s *C]_:lo i
# 7 & ¥ \o\ N
é . AN
- @ RN 4
1e @ @\
05t R 7S .
’ ~¥ € Eil} B -4
Increasing damping —8Q 9
O L L L L L L
0 2 4 6 8 10 12

Frequency (Hz)

Fig. 2.3: Displacement transmissibility under different damping (The bio-inspired
reference model parameters are M = 0.5 kg, L1= 0.1 m, Ly=0.2 m,
k=500 N/m, k,=350 N/m, c;=0.02 N/sm, 6, = § rad).

A filter-based nonlinear damping in the following form F,(s) = C(s)U(s) is con-
sidered, s is Laplace operator, U(s) is the Laplace transform of relative velocity
Ur, C'(s) is a linear dynamic filter to be designed, the frequency response of which
has a peak around the natural frequency of the bio-inspired reference model and
decays very quickly to a small value in the high frequency region. The key idea
of designing the nonlinear damping is that using high level damping to suppress
the resonant peak and adopting low level damping to improve the isolation perfor-
mance of non-resonant frequency region. This nonlinear damping can be regarded
as a frequency-dependent and/or displacement-dependent damping. The damp-

ing force is adjusted according to the frequency of y,.. The frequency-dependent
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

nonlinear damping can be designed in the frequency domain. So this linear filter
can be chosen as the following second-order quasi band-pass filter. It is worth

pointing out that the filter in the form of (2.2.8) is not unique.

82+2kl§lwl8+alw12
C(s) = 2 2
5% +2& w s + wj

(2.2.8)

Parameter K is the gain of nonlinear damping, 1 < k;, & and w; are band-
pass gain, damping ratio, and center frequency of the quasi band-pass filter, a;

determines the filter gain at low frequency region.

Especially when k; = 1 and a; = 1 hold, the nonlinear damping is reduced to linear
damping with coefficient K. Assume that the band-pass gain k; is far larger than
a;. The peak-gain can be approximated as limg_,;., [|C(s)|| = K - k;. The low
frequency gain and the high frequency gain can be respectively approximated as
limg ;0 [|C(s)]| & K - a; and lim,_, ;. ||C(s)|| = K. For a given system, we can
know the exact damping level. According to the desired damping, the peak-gain,
low frequency gain and high frequency gain can be designed. The damping ratio
& will be determined by the bandwidth of high damping. One way to implement

the second order filter is to adopt analogue circuit.

Through inverse Laplace transform of (2.2.8), the time domain model of the non-

linear damping force is obtained

dF

“1_F

A (2.2.9)
d_t2 = —leFl — 2§lwlF2 -+ (132

where Fy = F,, Fy = F,, up is the input consisting of relative velocity and its
high order derivatives ur = K (ajw? yo + 2ki&wi ys +ya), Y2 = Urs Y3 = U2, Ya = U3
By utilizing relative velocity and its high order derivatives, the nonlinear damping
force can also be implemented according to the model (2.2.9). y, is the relative
displacement between unsprung mass and sprung mass which can be measured

by using potentiometer or other linear displacement sensors. Relative velocity
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2.2 Nonlinear damping design for the bio-inspired nonlinear reference model

U can be obtained by differentiating v, or integrating acceleration .. ¥, is the
relative acceleration which can be obtained by measuring absolute acceleration of
sprung mass and unsprung mass using two accelerometers. % (called jerk) can
be obtained by measuring absolute jerk of sprung mass and unsprung mass using

jerk sensor.

The parameter selection of this filter requires considerations of both the natural
frequency of the bio-inspired reference model and the specific isolation perfor-
mance. Through Taylor series expansion of nonlinear stiffness term f(y,) at zero
equilibrium, the natural frequency of the bio-inspired reference model is approxi-

mated as [57]

2 — A2 2 _ 2)2

wy, = \/%\/#(\/11 _77;;(;6_ 72; i = (2.2.10)
where a =k, /ky, 5= Lo/ L1,y =sinf;. For the bio-inspired reference model with
parameters M = 4.0 kg, L1= 0.1 m, Ly=0.2 m, k;,=500 N/m, k,=350 N/m,
01 = % rad, the natural frequency obtained by (2.2.10) is about w, = 5.22 rad/s.
In order to sufficiently suppress the resonant region and simultaneously guarantee
the vibration isolation performance at high frequency, the center frequency of the
quasi band-pass filter should be close to the natural frequency of reference model.
The parameters of quasi band-pass filter are chosen as K = 1, k; = 20, & = 0.6,
w; = 4.22 rad /s and a; = 2.

In addition, (2.2.8) is a stable filter. Thus F,, can be approximately regarded as

a bounded positive damping.

To demonstrate advantage of the designed nonlinear damping, comparison of vi-
bration isolation performance of bio-inspired reference model between the original
damping and the designed nonlinear damping is conducted. The original damping
and the designed nonlinear damping are respectively selected as ¢; = 2, ¢ = 0.01,
F,=0and ¢ =0, co = 0.01, F,(s) = C(s)U(s). Assuming that excitation in

the base of the bio-inspired reference model is harmonic in nature represented as
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

Zy. Y is the motion transmitted to the top. The transmissibility is defined as
the ratio of the magnitudes of the displacements T = |%| By resorting to the
harmonic balance method, the displacement transmissibility of the bio-inspired

reference model with different damping is shown in Fig.2.4.

—e— Original damping kh=1000, kV=700
pANS — Designed damping kh=500, kV:350
0¥} Designed damping k, =1000, k =700|

Transmissibility (dB/Hz)

5 10 15 20
Frequency (Hz)

Fig. 2.4: Displacement transmissibility under different damping

The transmissibility around the resonant peak is significantly reduced as analyzed
before due to the effect of peak damping around the natural frequency region. As
the frequency increases, the nonlinear damping decays quickly to a small level
and the transmissibility over the effective isolation region is almost unaffected.
Furthermore, the transmissibility of higher frequency region can even be reduced
owing to this small level damping. In Fig.2.4, red line and green line are displace-
ment transmissibility under different damping with same stiffness. It is noted that
there is slight shift of damped resonance frequency due to changes of damping.
By tuning stiffness of the structure, the shift can be removed. In Fig.2.4, blue line

is the transmissibility with modified stiffness.

Then, a random excitation is applied to the base of the bio-inspired reference
model. The acceleration response and its power spectral density (PSD) are given
in Fig.2.5(a) and Fig.2.5(b). From the acceleration response, it can be seen that
the bio-inspired structure with designed nonlinear damping can achieve better
vibration isolation performance than that with original damping since magnitude

of platform acceleration is greatly reduced.
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2.2 Nonlinear damping design for the bio-inspired nonlinear reference model

Original damping kh:lOOO, kV:7OO ‘ Original damping kh=1000, kv=700
oL -+ Designed damping k =500,k =350 - — - Designed damping kh:SOO, kV:350
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Fig. 2.5: Acceleration and power spectral density under original damping and
designed damping

It should be emphasized that the attenuation of resonance peak at low frequency
is not at the expense of isolation performance in higher frequency region, which
can be validated from the PSD of acceleration. All these results indicate that
both the attenuation of resonance peak and vibration isolation performance of
non-resonant frequency region can be simultaneously guaranteed through design-
ing the nonlinear damping force in (2.2.8). Next, a novel reference model with
combination of the bio-inspired vibration structure and this nonlinear damping

will be applied to the active control of vehicle suspension system.

Remark 2.2 Although the nonlinear damping proposed in this chapter is applied
to construct the reference model. Actually, the general active vibration control
systems can also benefit from this nonlinear damping design method. A feasible
method to implement the vibration isolation system with such nonlinear damping
characteristic is to adopt magneto-rheological damper [38]. The damping force
is adjusted according to the output of filter (2.2.8). For practical application,
filter (2.2.8) can be constructed by using analogue circuits. The filter input is the

velocity v,, which can be measured by DC tachogenerator.
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

2.3 Fuzzy adaptive controller synthesis

Based on the bio-inspired reference model and nonlinear damping, the fuzzy
adaptive backstepping controller design is presented in this section. First de-
note z; = 2z, — 2, and zy = Z; — Z,, thus the dynamic equations (2.1.1) can be

rewritten in the following state space form.

Zl = 29
(2.3.1)
. . . T .o
Zo = Zs — Z, = O30 + bou — Z,
Oy = [~k ko ks ca c2)T apd ph, = L are uncertain parameters and
mg’ mg’ mg’ mg’ mg mg

= [21,2%, 23, 29, 22]T is the known nonlinear function vector.

A fuzzy logic system consists of knowledge base, fuzzifier, fuzzy inference engine
and defuzzifier. The knowledge is a set of fuzzy IF-THEN rules which takes the
following form:
Rule j : IF 2, is FY and --- and z, is FJ,

THEN yis B, j =1,2,--- ,N.
Through singleton fuzzifier, center average defuzzification and product inference,

the output of fuzzy logic system is

Z;‘V:I 0; 1= NZ(Zz)

y(z) = — (2.3.2)
Z;V:l [T i (2)
where z = [z1,- -+, 2,]T, 1! (%) is membership function, 0, = maéqBj(y). Define
yE
fuzzy basis functions as
n J
i=1 Hi \Zi
§(z) = NH 14 () (2.3.3)

Zj:l [H?ZI Nf(zz)}

Denote £(z) = [£1(2),&2(2), -+ - ,En(2)], O(2) = [01(2),02(2), - - ,On(2)], then

y(z) = 07¢(2) (2.3.4)

28



2.3 Fuzzy adaptive controller synthesis

The following lemma, is adopted to set relationship between the unknown nonlinear

function and the fuzzy logic system.

Lemma 2.1 [135] For any given continuous function f(z), which is defined on

the compact set ), there exists a constant € > 0 and an optimal parameter vector

0* such that
sup|f(z) —y(2)| <e (2.3.5)

z€Q)

Then an adaptive fuzzy tracking controller can be designed by making the fol-
lowing change of coordinates e; = 2 — y,., ea = 25 — a1, Where y, is the relative
displacement of the bio-inspired reference model, which is bounded, so its deriva-
tive 9., a1 is virtual control signal. Then the intermediate control signal and

adaptive laws can be designed as follows:

a1 = —>\1€1 + yT, )\1 >0 (236)
U= —Agey — €] — ©9, Ay >0 (237)
0 = resf(z) — 2k0,7 > 0,k > 0 (2.3.8)

where @y = £7(2)0, A\, Xo, r and k are parameters to be designed.

Theorem 2.1 For the nonlinear suspension system (2.3.1), the controller (2.3.7)
with the intermediate control signal and parameter law (2.3.6) and (2.3.8) guaran-
tees that all the signals involved are ultimately uniformly bounded, tracking errors
converge to a small neighborhood around zero, the closed-loop system is globally

stable.

Proof: Lyapunov function is chosen as
Ly 1,

1 s
V(t) = 561 + 562 + %9 9

where § = % — 6. Derivative of V() can be written as:

: . . 17 1~ - e zu
V(t) = erér + e2éy — ;QTH = =M€l — hoes +eoff(2) — o] — ;GTG — 2—2
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

where f(2) = (0T¢ — dy)/by, p = £7(2)0 is the fuzzy logic system used to

approximate f(z). Then V() can be rewritten as

) 2 2 T * | ¢T % T 070  ey%,
V(t) =—Aef—daes+es[f(z) =& (2)0"+& (2)0" =€ (2)9]_7_ 3
3 1 ;
< — A2 — hges + ege + 07 (e2é(2) — ;9)— QZ

62'.2:11

= — )\16% — /\26% + €9 + E(QQ*TQ — 20T0)—
r 2

Since 20*70 — 2070 < 6*7* — §T9. Then V(t) can be formulated as

V(t) < —Aief — A€ + eae + E(Q*Te* 079) — ezzu
" 2
k 2 2
=-\e?—Ngeiteget— (01001 0%)+ =0T — 622
r r Dy

According to the following inequalities epe < Le2+ 3¢, 070 = (0% — 0)(60* — 0)T =
0*T9* — 20770 + 070 < 20°T9* + 2070, we have —1070 > —0*T6* — 679. Define

2
Ao =a+ #, since —~2 — 2% < zu, 72 < ay, ap is a positive constant. Then one
2

202 b

can have

: 1 1 k ~m~ 2k a
< _ 2 R P -2 VAT =V T px s
V(t) < =Mef — (a 2)62+ 5¢ 27’6 0+ . 0" 0" + 5
1 1 1~
< —(J(éef + 56% + geTe) +D (2.3.9)

where C' = min{2\;,2a — 1,k}, D = 12 + Z0*T9* + & From (2.3.9), it is easy

to conclude that
V(t) < V(tg)e ) 4 D/C (2.3.10)

Therefore, signals z(t), e1(t), ea(t), 0(t) and u(t) are globally uniformly ultimately

bounded and tracking error is bounded e (¢ \/ZV (tg)e=Clt—to) + 2%. It

the parameters C' and D are appropriately chosen, then @/2% can be as small

as possible. As t — oo, e ¢(=%)/2 5 (. then there exists 7', when t > T,
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2.3 Fuzzy adaptive controller synthesis

|21(t) — v (t)| < /22. This completes the proof.

Remark 2.3 For the proposed adaptive tracking controller, satisfactory closed-
loop tracking performance can be achieved by properly adjusting design parame-
ters A1, Ao, v and k. Larger control gains bring about higher bandwidth of the
closed-loop system, which can achieve fast transient response but also introduce
high-frequency disturbances. The tracking performance may be degraded by the
high-frequency disturbances. Thus, for choosing appropriate controller parame-
ters, minor values are tested until the desired tracking performance is obtained.
According to the adaptive law (2.3.6)-(2.3.8), the computational complexities of
the controller is mainly determined by the number of fuzzy rule, the type of mem-

bership function and the dimension of adaptive law.

Remark 2.4 Generally speaking, the ideal tracking signal vy, is always chosen
as zero in fuzzy adaptive tracking control. Instead of setting the tracking trajec-
tory as zero, the dynamics output of the bio-inspired structure y, and v, are used
as reference signals, which avoid cancellations of nonlinearities of the suspension
system. In addition, a particularly designed nonlinear damping is applied on the
bio-inspired reference model. Thus better ride comfort can be achieved. Further-
more, with this reference model, less actuator force is required, which means that

the adaptive control method proposed in this chapter is energy efficient.

Remark 2.5 Actuator saturation, which is due to physical limitation of actua-
tor, may lead to degraded performance, or even instability of the entire system. As
stated in Remark 2.4, the bio-inspired reference model based fuzzy adaptive con-
troller designed in this chapter requires less actuator force. Hence the method in
this chapter can also find application in active suspension control system subject
to actuator saturation. Detailed comparison discussion will be given later. For
practical application, this fuzzy adaptive controller can be implemented through

measuring the relative displacement z, — z, and relative velocity s, — 2, which can
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

be easily achieved by wnstalling a linear displacement sensor between the vehicle

body and suspension [39].

2.4 Simulation results and analysis

Here, an example of quarter-vehicle active suspension system, the Hyundai Elantra
suspension model with considering payload changes is considered. This example
is provided to evaluate the validity and superiority of the designed bio-inspired

structure based fuzzy adaptive controller.

Suspension model initial states are zeros. For the fuzzy adaptive controller, we as-
sume that the sprung mass varies in a range of [0.9mg, 1.1mg]. The corresponding
controller parameters are determined as A\; = 51.5, \y = 23.7,k = 1.5andr = 1,

fuzzy membership functions are chosen as
() = e OFEHOSETI G — 12 =10,

Parameters of the vehicle system and the bio-inspired reference model are listed

in Table 2.1 and Table 2.2.

Table 2.1: Parameters of quarter vehicle suspension model

Parameter Value Parameter Value
My 240 kg My 23.61 kg
ko 15394 N/m Col 1385.4 Ns/m
ko -73696 N/m? Cs2 524.28 Ns? /m?
kg3 3170400 N/m? c 13.8 Ns/m
ky 181818.88 N/m

Then the designed bio-inspired reference model based fuzzy adaptive controller is
implemented on the quarter vehicle model. Comparison results are mainly con-

ducted from the aspects of vibration suppression and energy consumption among
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2.4 Simulation results and analysis

Table 2.2: Parameters of the bio-inspired reference model

Parameter Value Parameter Value
M 80 kg 01 7/6 rad
Ly 0.1m c 5 Ns/m
L, 0.2 m Co 0.15 Ns/m
k. 350 N/m ky, 500 N/m

the passive suspension system and the following three different active control

methods:

1. Controllerl: Active control using standard fuzzy adaptive backstepping con-

troller in [136].

2. Controller2: Active control using fuzzy adaptive backstepping controller

based on the multi-layer bio-inspired reference model in |57].

3. Controller3: Active control using fuzzy adaptive backstepping controller
based on the multi-layer bio-inspired reference model with deliberately de-

signed nonlinear damping proposed in this chapter.

In simulation, filtered white noise borrowed from [137] with road roughness class

C is adopted. The equation of road excitation is expressed as
q(t) = —2mnguq(t) + 2mngy/ G4 (ng)uw(t) (2.4.1)

where n, = 0.0001m ™" is the lowest frequency, w(t) is standard Gaussian white
noise with 0 mean and unit variance, G,(ng) = 256 x 10~°m?/m~*(class C), u
is the vehicle forward velocity. In this chapter, three different vehicle forward
velocities Vi = 10 km/h, V5 = 20 km/h and V3 = 35 km/h are used to test the

performance of the proposed control approach.

Comparisons of energy consumption and acceleration of the sprung mass Zs for
different vehicle forward velocities with different control methods in terms of the

aforementioned RMS values are given in Table 2.3 and 2.4. In this chapter, we
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

use simulation time 7" = 50s to calculate the RMS values of the sprung mass

acceleration and the consumed energy for different cases.

Table 2.3: RMS of energy consumption for different vehicle forward velocities (W)

V Controllerl | Controller2 | Controller3
Visl0km/h | 402455 | fggg% ( f?fzg%)
Vi=20 km/h | 088268 | fgﬁ%% ( f?éﬁg‘%)
Vo=35 km/b | 173.9910 | fggg?% ( fggg?ﬁ)

Table 2.4: RMS of suspension acceleration for different vehicle forward velocities

(m/s?)

V Passive | Controllerl | Controller2 | Controller3
Vi=10 km/h | 0.0822 (Toég.oiz%) (Toég.();gg%) (TOQ?%O%)
V=20 km/h | 01162 (Toég.l;;%) (1 9028%) | (191485
Vg lan/h | 0158 | (oin | (30 | (1 onaae

From these tables, one can clearly observe that, compared to standard fuzzy adap-
tive Controllerl, the bio-inspired reference model based tracking Controller2 and
Controller3 can improve ride comfort for different forward velocities and mean-

while save more than 50% energy.

The time and frequency domain responses of the vehicle body acceleration are
given in Fig.2.6 where V3 = 35 km/h. It is obvious that the active suspension
response outperforms the passive one, since magnitudes of vehicle body acceler-
ations are greatly reduced with active Controllerl-3 both in time and frequency
domains. Moreover control forces required by Controllerl and Controller3 are
shown in Fig.2.7(a). The control force of Controller3 is much smaller than that of

standard fuzzy adaptive Controllerl. The frequency comparison of control force is

depicted in Fig.2.7(b), from which one can observe that Controllerl contains more
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2.4 Simulation results and analysis

components in high-frequency region and is more likely to occur actuator satura-
tion. It is also well known that high bandwidth controllers are more sensitive to
high frequency noise. Moreover, high bandwidth of actuator requires high speed
sensor and actuator, which will lead to low tolerance of delay and increase cost
of the entire control system. The simulation results show that, compared to stan-
dard fuzzy adaptive Controllerl, Controller3 proposed in this chapter requires
less energy and low bandwidth actuator while guarantees similar ride comfort
with Controllerl. It can also be verified from Table 2.3 and 2.4 (V3 = 35 km/h),
all active controllers improve ride comfort significantly compared to passive sus-
pension system, since the RMS value of the sprung mass acceleration decreases
about 86.67%(Controllerl), 90.39%(Controller2), 91.48%(Controller3 ), while less
energy, 70.7589W (Controller2) and 79.9422W (Controller3) are consumed, which
is much better than the standard fuzzy adaptive controller(about 173.9919W).

06 Acceleration 014 ‘ A‘Accelcratior} ‘
' \ Passive Controllerl Controller3] Passive Controllerl Controller3
0.4 0.12r 0.04
01r 0.03
0.2 s
wl 0.08 0.02 ¥
0o Lo A o <l s v rd Wi b apr e ) 1|
- '“w“wmm1 [ L RN N S, R S R e ¥
0.06¢ 0.01} | 1
-0.2 | ) ;!,, V,M
|
!

10 20 30 40 50
Times(s) Frequency (Hz)

(a) (b)

Fig. 2.6: Vehicle body acceleration and its frequency component

Additionally, constraint of suspension space and dynamic tyre load are also taken
into account. Suspension deflection z; — z, is given in Fig.2.8(b). It is clear
that the controlled suspension spaces all fall into the acceptable ranges. Thus,
this physical constraint can be guaranteed. The dynamic tire load is illustrated in

Fig.2.8(b), which demonstrates that the dynamic tire load constraint %

<1
is satisfied. In a word, Fig.2.8(a) and 2.8(b) validate that road holding capabil-

ity and suspension deflection constraint can be guaranteed with improved ride
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Fig. 2.8: Suspension deflection and dynamic tyre load of the suspension system
with a bio-inspired reference model

Then, to evaluate the robustness of the designed fuzzy adaptive controller, a gen-
eral disturbance F, = sin(3nt) + 0.2sin(307t) is added to the sprung mass. The
disturbance contains components at 1.5 and 15 Hz, respectively. Comparisons are
conducted when vehicle forward velocity is V3 = 35km/h. Following the same
analysis procedure, Table 2.5 and 2.6 show comparisons of RMS values using dif-
ferent controllers. Table 2.5 shows the energy consumed by different controllers.
Bio-inspired based controllers consume 60% less energy than standard controller,

which validate that the bio-inspired reference model based controllers are more
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2.4 Simulation results and analysis

Table 2.5: RMS of energy consumption for different vehicle forward velocities
when subject to disturbance (W)

Vv Controllerl | Controller2 | Controller3
Vi=10km/h | 1701717 | fgfi;% ( fgfgg?%)
V=20 km/b | 287704 | fgﬁif% (fgggg%)
Va=35 km/h | 322.5624 (i0657'?1488%) (i1654i.22965(§>)

Table 2.6: RMS of suspension acceleration for different vehicle forward velocities
when subject to disturbance (m/s?)

\%4 Passive | Controllerl | Controller2 | Controller3
Vi=10 kan/h | 1.2240 (Toég.lg?f%) (To'g(;;l.gg?%) (¢0§8}1054%)
V2=20 km/h | 1.2272 (Toég.lfz(j%) (Toég.lfgg%) (Toég.l;f%)
Vo=35 km/h | 1.2318 (Toég.lfﬁg%) (Toég.l;f)g%) (Toég.l%s%)

energy efficient when subject to disturbance. As for vibration isolation perfor-
mance, from Table 2.6, we can see that the general disturbance has great impact
on passive suspension system, while Controllerl-3 reduce the values of vehicle
body acceleration significantly for about 98% compared to passive system. This
again verifies the results when there is no disturbance. Fig.2.9(a)—(b) are com-
parisons of the vehicle body acceleration in time domain and frequency domain.
From these figures, compared to passive suspension, we can see that ride comfort
are significantly improved with Controllerl and Controller3. Although the vehi-
cle body accelerations with Controllerl and Controller3 are almost the same, the
control force of Controllerl in Fig.2.10(a) is much larger than that of Controller3
and the control signal bandwidth of Controllerl in Fig.2.10(b) is much higher
than that of Controller3, which means that Controller3 is more energy efficient

and economic.

Fig.2.11(a) shows comparison of vehicle body acceleration between Controller2

and Controller3 subject to disturbance Fj;. To further demonstrate the advantages
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Fig. 2.10: Control force and its frequency component when subject to disturbance

of Controller3, a stronger disturbance with larger amplitude F; = sin(3nt) +
sin(307t) is applied to suspension system. Fig.2.11(b) is comparison of vehicle
body acceleration between Controller2 and Controller3 subject to disturbance
F’, from which it can be observed that the improvement of ride comfort over
controller2 is more obvious when disturbance is stronger. The comparison results
between the method proposed in Ref. [60] and Controller3 are also depicted in
Fig.2.12, where the external disturbance and road input are selected as Fj and C
level, respectively. From Fig.2.12, one can observe that ride comfort at both low-

and high-frequency can be simultaneously improved.
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Fig. 2.12: Vehicle body acceleration and its frequency component

Remark 2.6 The bio-inspired model used in Ref. [60] was only single-layer, a
more general model with multi-layer is adopted in this chapter. Moreover, in
this chapter, a novel nonlinear damping is designed for the bio-inspired reference
model. According to the analysis in Section 2.2, the novel nonlinear damping in the
context of bio-inspired structure dynamics and more layers of bio-inspired structure
can jointly contribute to the less wvibration transmissibility. So Controller3 can
achieve better vibration suppression performance which has been verified by the

comparison results in Fig.2.11 and 2.12.

Finally, the ability to address actuator saturation issues for different controllers is
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2 Fuzzy control of suspension systems based on bio-inspired nonlinear dynamics

tested when vehicle forward velocity is V3 = 35 km/h when subject to actuation
saturation ugy., = 1000 N and 1300 N, respectively. Generally speaking, system
performance will be degraded more or less in presence of actuator saturation.
However, simulation results in Table 2.7, 2.8 and Fig.2.13(a), Fig.2.13(b) demon-
strate that compared to standard Controllerl, the bio-inspired reference model
based Controller3 suffers much smaller performance degradations in terms of ride
comfort and energy consumption. All simulation results verify the effectiveness of

the bio-inspired reference model based control method proposed in this chapter.
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Fig. 2.13: Acceleration and control force (saturation is 1300)

Table 2.7: RMS of Energy consumption subject to actuator saturations for V"= 35

km/h (W)
Saturation | Controllerl | Controller2 | Controller3
Umax = 1000 126.9264 70.8401 80.1407
Umax = 1300 172.0001 70.7589 79.9422

Table 2.8: RMS of suspension acceleration subject to actuator saturations for V =

35 km/h (m/s?)

Saturation | Passive | Controllerl | Controller2 | Controller3
Umax = 1000 | 0.1538 0.0694 0.0188 0.0167
Umax = 1300 | 0.1538 0.0223 0.0149 0.0132
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2.5 Conclusion

2.5 Conclusion

In the chapter, a novel bio-inspired reference model based fuzzy adaptive control
method, which aims to simultaneously achieve vibration suppression and energy-
saving in active suspension systems is presented. A beneficial nonlinear damping
is deliberately designed to improve the overall vibration suppression performance.
Then by taking full advantage of nonlinear dynamics of the bio-inspired reference
model, vibration suppression and energy efficiency as well as robustness and actu-
ator saturations issues are guaranteed. It should be emphasized that the generic
bio-inspired nonlinear model with its associated nonlinear stiffness and nonlinear
damping is for the first time fully employed in active tracking control as a reference

model.
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Chapter 3

Fuzzy sampled-data control for non-

linear systems

This chapter investigates the sampled-data control for fuzzy systems. First, ex-
tended dissipative and exponential stabilization problems for T-S fuzzy sampled-
data systems is investigated in this chapter. The most important distinction be-
tween the work being undertaken and the existing literatures is that H.,, Lo — L,
passive and dissipative control problems for T-S fuzzy sampled-data systems can
be solved successfully under the unified framework of extended dissipative control,
instead of addressing these control problems in a separate way. This can allow
us to choose a suitable control strategy by adjusting the weighting matrices in
the new performance index according to the practical applications or noise lev-
els. What is more, the desired dynamic performance of closed-loop sampled-data
system is guaranteed through setting an exponential decay rate in advance for

arbitrary admissible sampling period.

The rest of this chapter is organized as follows. Firstly, a simple introduction of
T-S fuzzy sampled-data system and the corresponding parallel distributed com-
pensation (PDC) controller are presented. Then the unified performance index,
which covers H.,, Lo — L, passive and dissipative performances as special cases is
introduced. Furthermore, under variable sampling, stability conditions consisting
of both exponential stability and extended dissipativity criterion for T-S fuzzy sys-
tem are established through applying the Lyapunov-Krasovskii functional method
together with an efficient integral inequality. It has been verified in [109] that

this novel integral inequality has the potential capability of reducing conservatism.
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3.1 Problem formulation and preliminaries

Based on the stability conditions, a sampled-data controller that cannot only expo-
nentially stabilize the system with an exponential decay rate but also guarantee
the prescribed extended—dissipativity performance is then designed. Finally, a
quarter-vehicle active suspension system with considering uncertain payload and
aperiodic sampling is given for evaluating the effectiveness and advantages of the
extended dissipative and exponential controller design approach proposed in this

chapter over some ones of the existing literatures.

3.1 Problem formulation and preliminaries

Consider the T-S fuzzy model with r» IF-THEN plant rules:

¢ Plant Rule : IF 60;(¢) is p;1 and 09(t) is p2 and - - - and 60,(¢) is p;,, THEN

i(t) = Az (t) + Biu(t) + Buiw(t)
(3.1.1)
2(t) = Ciz(t) + Diu(t) + Dyiw(t)

where 41;; is the fuzzy set, z(t) € R™ represents the state vector, z(t) € R”
denotes the measurement output; and w(t) € RY is the disturbance signal; A;,
B;, By, Ci, D;, D,,; are known constant matrices with appropriate dimensions;
01(t),02(t),- -+ ,0,(t) are premise variables, which are functions of state variables,
and r is the number of fuzzy IF-THEN rules. Denote h;(0(t))=0;(0(t))/> ;_,0:(0(t)),
0;i(0(t)) =1T5— 1ij(0(t)), where p;;(0;(t)) represents the grade of membership of
0;(t) in p;j. Since ¥;(0(t)) > 0,7 =1,2, ---, r, then h(0(t)) >0, S7_ hi(0(t)) =

1. Thus the overall fuzzy system can be obtained as follows:
()= ha(0(t) [Aww(t)+ Biu(t)+ Buiw ()]

' (3.1.2)
2t)=2 . hi(0(1)) [Cix(t)+ Diu(t)+ Duico (1)

Taking the sampled-data behavior into consideration, the state feedback signal

can be transmitted to the controller only at discrete instants, which satisfy

0<ty < - <tp<---<limty =00 (3.1.3)

k—o0
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3 Fuzzy sampled-data control for nonlinear systems

In this chapter, we aim to design a parallel distributed compensation (PDC) tech-
nique based sampled-data controller, which takes the following form, to stabilize

system (3.1.2) :

¢ Controller Rule j: IF 6;(ty) is pj; and 0(t;) is pjo and --- and 6,(tx) is gy,
THEN
u(t) = Kja(te), te < t <ty (3.1.4)

where K is the sub-controller gain, x(¢;) is the sampled-data signal of state at

tx. Thus we can rewrite the fuzzy controller as :

u(t) = ijl hy(0(te)) Kz (ty,) (3.1.5)
Then the closed-loop fuzzy sampled-data system is obtained as:

#(t)=3 0 Do halOO)hy(0(10)) [Ai(t) + B (1) + Buat)eo ()]

" . (3.1.6)
A0 =3 ST hO(0) s (6(t) [Ci(t) + DK (1) + Do) ()]

Before ending this section, the following assumption, definitions and lemmas,

which will be used to develop the main results in sequel, are introduced.

Ry M
Lemma 3.1 [109] For any matriz M € R™™ and Ry € R™™™ satisfying ’
* R3

0, and given scalars 0 < k < 1 and 0 < h(t) < h, then

h /th i7(5) Ryi(s)ds < o7 () Av(?)

where vT (t) = [xT(t) 2Tt —h(t)) 27 (t — h) %f;h Z‘T(S>d8} and A is defined as

All K(Rg—M) Alg O.5(1-/€)7T2R3
*x K2R3+ M+MT k(R3—M 0

* * —R3—0.25(1—k)R3m? 0.5(1—k)7*R3
* * * (k—1)7?Rs3

Ay =—R5—0.25(1—rk)Rsm?, Az = (1—k)(1—0.257%) R3+KM.
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Lemma 3.2 [138] For any constant matriz Ry = RY, Ry = Rl and a scalar
h >0, then the following inequalities hold:

_/t T(s) Rox(s)ds < —% (/t T(s )ds) R, (/t x(s)ds) (3.1.8)
/ /H $)Ryi(s)dsdf <__ ( / / dsd9> ( /j /t; j;(s)dsde)
_ _ﬁ(hx( )— /tjhx(s)ds> Ry (hx( )— /t_hg;(s)ds) (3.1.9)

Assumption 3.1 [84] For given real matrices ® = &7 > 0, ¥, = ¥T < 0,

Uy and V3 = Ul assume that the following conditions are satisfied, Vi, j €
{1,2,---,r}:

1) || Dwil| - [[ @] = 0;

2) (191 + [ 2| @] = 0;

Definition 3.1 [84] System (3.1.5) is said to be extended dissipative if (3.1.10)
holds for all w(t) € L1]0, o)

/ ! J(t)dt > 2T () D2(t) + p,t € [0, 1] (3.1.10)

where J(t) = 2T (£)U12(t) + 227 (1) Wow(t) + wT (t)Vsw(t), ®, Uy, Uy and VU3 are

known matrices satisfying Assumption 3.1, p is a scalar.

Remark 3.1 The extended dissipative control performance for fuzzy sampled-data
system in this chapter is more general than other control performance indices, such
as Hoo, Ly — Lo, passive and dissipative. For instance, when (®, W, Wy, Uy, p) =
(0,—1,0,~4%1,0), the control performance index (3.1.10) becomes the Hy, control
performance considered in [43, 74, 77]; when (®, ¥, Uy, U3, p) = (1,0,0,+%I,0),

the control performance indez (3.1.10) reduces to Lo — Lo, (energy-to-peak) control
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3 Fuzzy sampled-data control for nonlinear systems

performance in [81]; when (O, ¥y, Wy, W3, p) = (0,0,1,~1,0), and z(t), w(t) have
the same dimension, the control performance index (3.1.10) becomes the passivity
performance [82]; when (P, ¥, Uy, U3, p) = (0,Q, S, R — al,0), the control per-
formance index (3.1.10) reduces to the strict (Q), S, R)-dissipativity [83]; when
(O, Wy, Wy, U3) = (0,—€l, I,—0l), (¢ > 0,0 > 0) the control performance index
(3.1.10) reduces to the very-strict passivity performance index. p is not necessary
to be zero in sense of the very-strict passivity. [139] shows that p should be non-

positive in this case, which can also be checked in Assumption 3.1 and Definition

3.1. In fact, when w(t) =0, (3.1.10) becomes
ty
pﬁb/ 2T 2(t)dt — 2T (1) @2(t),t € [0, 4]
0

Then it 1s easy to get that p < 0 since ® > 0 and ¥, < 0 according to Assumption
3.1.

Definition 3.2 [83] Given two constant scalars \* > 0 and ¢ > 0, if

lz @) < ce™"

sup_ =)l ll(s)l1} (3.1.11)

holds. Then the closed-loop fuzzy sampled-data system (3.1.6) is exponentially
stable with a decay rate \* when w(t) = 0.

The problems to be addressed in this chapter are formulated as follows:

1) The closed-loop fuzzy sampled-data system (3.1.6) with w(t) = 0 is expo-
nentially stable;

2) The closed-loop fuzzy sampled-data system (3.1.6) guarantees the new per-

formance index proposed in (3.1.10) for all nonzero w(t) € £3[0, o).
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3.2 Main results on fuzzy sampled-data control

In this section, a new exponential stability condition which can guarantee the pre-
scribed extended dissipative performance for sampled-data fuzzy system is pre-
sented. Based on the input delay approach proposed in [71], the sampling instant

tr can be represented in the form of a special time-varying delay as follows:
th=1t—(t—ty) =t — h(t) (3.2.1)

where h(t) =t — t, which satisfies

0< h(t) < h, = tha1 — T < h,tk <t< trt1 (322)

Substitute (3.2.1) into (3.1.6), we can rewrite the closed-loop fuzzy sampled-data
System as:

B(t)="> > hi(0(t)h;(0(t))[Aia(t) + B K (t—h(t)) + Buw(t)]

i=1 j=1

28) =" > hi(0(0)hy(0(tx) Ciw(t) + DKy (8= h(t)) + Duicw (1))

i=1 j=1

(3.2.3)

The initial condition of z(t) is given as x(t) = ¢(t) for t € [—h, 0], where p(t) is

a differentiable function.

By now, we have transformed the asynchronous sampling fuzzy system (3.1.6)
into a continuous time delay T-S fuzzy system. Thus the exponential stability of

system (3.2.3) can guarantee that system (3.1.6) is exponentially stable.

First we consider the exponential stability criterions for system (3.2.4).

#(t)= Z;l Z;l ha(0(8)hy (0(t) [Asa(t) + Bz (t—h(t))] (3.2.4)

Theorem 3.1 Given scalars 0 < ¢ < 1, 0 < k < 1, 0 < A, system (3.2.4)

is exponentially stable with a decay rate \* = \/2 for any admissible sampling
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period h > 0 if there exist matrices P > 0, Q2 > 0, Ry > 0, Ry > 0, R3 > 0,

Ry > 0, arbitrary matrices Q1, M such that linear matriz inequalities (LMIs)
(8.2.5)—(5.2.7) hold:

P
Gl (3.2.5)
* Qz_
Ry M
>0 (3.2.6)
* Rg
=L Zh Es Y ATR

= = =] TRT P
* =99 =93 Zioy KJ Bz R

* * 533 534 0 <0 (327)
* * * =44 0
* * * * R

where

=i = AP+PT A+ AT P+ Q1+ Q] +eRi+heMRy — 2Ry — Rz — 0.25(1 — k) Rym”
EU = PBK; + k(Ry — M),E15 = —Q1 + (1 — k)(1 — 0.257%) Ry + kM

Sy = hATQu+MhQ1+hQo+2R,+0.5(1—k)w>Rs
heM — h eM—hX—1

Epp =k(M + M" — 2Ry),Zp3 = k(Rs — M), R = Nl \2 R,
25, =hK] Bl Q1235 = —Ri — Ry — 0.25(1 — k)7’ R3
534 = — th + 05(1 — /f)7T2R3, 544 = )\thQ — hRg — 2R4 — (1 — K)WQRg
Proof: Consider the following Lyapunov-Krasovskii function:
V(t) = Vi(t) + Va(t) + Va(t) + Va(t) (3.2.8)
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where
z(t
Vi(t) =e { ( )

N[N
faotas | L at @] | JLpats
/t A(s+h) 4. s)Ryx(s d5+/ /+6 A(s+h) . T s (s)dsdo
/ /9 =047 (5) Ry (s)dsdb

t+
/ / / 140 DT (5) Ry (s)dsdfdv

P, Qs, Ry, Ry, R3 and R4 are symmetric positive-definite matrices. It is easy to

o
—
~
SN—
Il

see that there exists sufficiently small scalar 6 > 0 such that
V(t) > seM|z(t)|? (3.2.9)

The time derivative of V() along the trajectories of system (3.2.4) can be ex-

pressed as:

V(t) = Vi(t) + Va(t) + Va(t) + V() (3.2.10)

where

T

x(t) P x(t)
ftt—hx<8)d8 Q1 @ ftt_ha:(s)ds

+ 2eM [ z(t) P

Vi(t)=XeM

ftt_hfL‘<S)dS Q? QQ
Va(t) =0T () Ryx(t) — eMal (t — h)Ryz(t — h)

+ RN T (1) Ryao(t) — e /t 2T (5) Ryz(s)ds

V(1) = " A (1) Ry (1) he / () Ryi(s)ds

eM—\h— 1MT

Vilt) = M (1) Ru() — /O/Mx §) Ry (s)dsdf

_h
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Recalling and applying Lemma 3.1 under condition (3.2.6), we have
t
- he’\t/ i7(s)Rai(s)ds < eMoT (t)Av(t) (3.2.11)
t—h

where A is defined in (3.1.7).

By Lemma 3.2,we can obtain

— e /)\ /+0 s)Ryx(s)ds

2eM
<7 (/ /+6 ds) Ry (/ /+9 ) (3.2.13)
= —%(hx(t)—/t_hx(s)ds) R, (hx( )—/:hx(s)ds>

Considering (3.2.10)-(3.2.13), we can get (3.2.14)

) < Z Z hi (tk))e 0" ()= (t) (3.2.14)

i=1 j=1
where
¢
nT(t) = [xT(t) (t—h(t)) z* (t—h) h/ xT(s)dsl
t—h
[ =i —ij ;] [ a7 ] [ a7 ] 4
S :1]2 Z13 2y A A;
* 2§ Suy T3 KI'Bl'| .| KBl
= +| R| "’
* * 533 E34 0 0
* * * E44 0 0

Applying Schur Complement to (3.2.7), one can get =;; < 0, which implies that

V(t) <0 (3.2.15)
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3.2 Main results on fuzzy sampled-data control

Then there always exists a sufficiently small scalar ¢ > 0, such that

V(t) < —ceM||z(t)]|* < 0 (3.2.16)

Thus

V(t) < V(0) (3.2.17)

P
On the other hand, denote Q = > 0, then

* Q2

T
(0) z(0)

V1(0) < Amaz(Q)

Sy e(s)ds J2els)ds

©(s) is continuous in [—h, 0], then there exists a positive scalar §; > 0 such that

fi]h @(s)ds < 61]|z(0)]|. Then we have V1(0) < (1 + %) Anae(Q)||2(0)]]?.

4

v =" v
<14 60) Amac{ QH 2 (0)1* + heM Apae{ B1} sup [lz(s)]|?
—h<5<0
AheM 41 heM )
+T)\max{R2} sup ||$(3)||2+7)\max{33} sup [|i(s)|?
—h<s<0 —h<5<0
2€Ah ) )
+ TAmam{Rzl} sup ||z(s)]| (3.2.18)
—h<s<0
<ay sup [[x(s)|]* +az sup [l@(s)]f?
—h<s<0 —h<s<0
<(as+ aa) (s {lolo)I? (o)1)
—h<5<0
where
MheM + 1
ay = (1 + 6%>/\mam{Q} + he)\h)\max{Rl} + Tkmax{RQ}
he 9
ag = TAmax{RS} + TAmax{Rll}
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Then based on (3.2.9), (3.2.17) and (3.2.18), the following inequality holds

SO < (ar +az) ( sup {Jla(s)]?, ||r<s>||2})

—h<s<0

which indicates that

o] < 4/ P2 (535<0{||m<s>||, ||a;~<s>||}) (3.2.19)

According to Definition 3.2 and (3.2.19), it is easy to tell that system (3.2.4) is

exponentially stable with decay rate A* = A/2. This completes the proof. N

Based on Theorem 3.1, we give the following exponential extended dissipative

conditions for system (3.1.6).

Theorem 3.2 Given scalars 0 < e < 1, 0 < k < 1, 0 < X and matrices ¢ =
7D, U, = —UTV,, Uy, Uy satisfying Assumption 1, system (3.2.3) is extended
dissipative and exponentially stable with a decay rate \* = \/2 for any admissible
sampling period h > 0 if there exist matrices P > 0, Q2 > 0, Ry > 0, Ry > 0,
R3 > 0, Ry > 0, arbitrary matrices Q1, M such that LMIs (3.2.20)—(3.2.22) hold.

P
SA (3.2.20)
* Qz_
Ry M
>0 (3.2.21)
*  Rs
=i 29 S, 5, ATR CTUT
* Eap Soy Sog 255 KJ-TBin:i K]-TDiT\Tlrf
*x  x Z33=3 0 0 0
x ok ok Hyq T 0 0 <0 (3.2.22)
© e owowZ, BLR DLW
x * * x *x —R 0
| ko k& * -1 |
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G = >0 (3.2.23)
* u
22

where

% =(1—e)e P - KIDI®D;K;,=}5 = PB,; — C{'¥,

=5, = — K D] Uy, =i = hQ{ By, Ei5 = =3 — DLWy — Uy D,
and scalar p in Definition 3.1 is defined as

p=-V(0)—eM|P] Sup<0||90(0)||2 (3.2.24)

—h<

Other notations are the same as defined in Theorem 3.1.

Proof: Tt is easy to obtain (3.2.7) by pre- and post-multiplying (3.2.22) with

Ij,, 0 0 O
0 0 I, O

and its transpose. Then according to Theorem 3.1, system (3.1.6) with w(t) =0

is exponentially stable.

Take the time derivative of V' (¢) along system (3.1.6), then it follows from (3.2.10)-
(3.2.13) that

V() — () < 305 h60)h; (0(60))e 0T (0 (1) (3.2.25)

i=1 j=1

where

J(t) = 2" ()W z(t) + 227 () Wow(t) + w (1) Vsw(t)

0 (0) = [+ (02" (= he) o 1) 5 [

t-h

o (s)ds (1)
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- T r . r 4T
=i —ij — =i =i T T
—11 =12 —13 —14 —15 Al Ai
= = =ij =ij T RT T RT
*  Zp2 D93 =24 =25 Kj B Kj Bj
Eij = * * 533 534 0 + 0 R 0
* * * E44 thBwi 0 0
=1 T T
* * * * Sk B, B,
(3.2.26)
- 1r 4T
Ta,T Tx,T
Ci \Ijl CZ qjl

KIDTUT | | KTDIw!

+ 0 0
0 0
Dy, vy Dy, 07

Applying Schur Complement to (3.2.22), one can obtain that Eij < 0, which

means that

V(t)—eMI(t) <0 (3.2.27)
According to Definition 1, we need to prove inequality (3.2.28) holds

/de@ﬁﬁ——zTU)Qz@)zip (3.2.98)

When ||®|| = 0, we need to prove

/WNWHZp (3.2.29)

Integrating both sides of (3.2.27) yields

t
/ eMJ(t)dt > V() — V(0) (3.2.30)
0
From (3.2.8), we can obtain

V(0) + /t M J(t)dt > V() > eMaT (t)Px(t) > 0 (3.2.31)
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If J(t) > 0, then fOth(t)dt > —V(0) > p. And if J(t) < 0, for any t € [0,¢/],
eM > 1, it is easy to see that fotf J(t)dt > fof eMJ(t)dt > —V(0) > p. Then we
can conclude that (3.2.29) holds.

On the other hand, when ||®| > 0, according to Assumption 1, it is required that
1T || + ||¥2|| = 0 and || Dy;|| = 0, which implies that ¥y =0, U5 = 0 and ¥3 > 0.
Thus J(t) = w?(t)¥zw(t) > 0. Then according to (3.2.31), inequality (3.2.32)
holds for any ¢ € [0, #y].

t tf
Mol (t)Px(t) < V(0) + e / J(t)dt < —eMp + e / J(t)dt (3.2.32)
0 0

When t > h(t), it is clear that 0 < ¢t — h(t) < t;. Then we have

AT (t—h(t))Pr(t—h(t)) <—Mp+e /t J(t)dt (3.2.33)

When ¢ < h(t), it is obvious that ¢ — h(t) < 0 < t;. In this circumstance, it can

be verified that
ANV h(E) Pr(t—h(1) < PP swp lel@)F (3234
< —6)\tp+€)\t/ J

This, together with (3.2.32), (3.2.33) implies that for any ¢ € [0, t;] and scalar
€ (0, 1), the following condition holds:

et /Otf J(t)dt—eMp > M [(1—e)e "z (t—h(t)) Pr(t—h(t))+ex (t) Px(t)]

(3.2.35)
Recalling (3.1.6) with D,,; = 0, we have
T
T T t t
_Zzhihj =) Gij =) (3.2.36)
i=1 j=1 z(t—h(t)) z(t—h(t))

+eM(1—e)aT (t—h(t))Px(t—h(t))+ex” (t)Px(t)
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We can see that G;; > 0 from (3.2.23). Then
()0z(t) < (1—€)e MaT (t—h(t))Px(t—h(t))+ex’ (t) Px(t) (3.2.37)

Then according to (3.2.35), (3.2.37), inequality (3.2.28) holds for any ¢; > 0. Tak-
ing the aforementioned discussion into consideration, we can draw the conclusion

that system (3.1.6) is extended dissipative.

In conclusion, system (3.1.6) is exponentially stable and can satisfy the prescribed

performance index-extended dissipative. This completes the proof. |

Remark 3.2 Similar to [68] and [83], Theorem 3.2 is applicable to aperiodic
sampled-data systems as long as the length between adjacent sampling instants
does not exceed the admissible sampling period h. Theorem 3.2 provides some suf-
ficient conditions that guarantee system (3.1.6) exponential stability and extended
dissipativity. The conditions in Theorem 3.2 are expressed in the form of LMIs,
which can be solved via standard software easily. By tuning the weighting matrices
b, Uy, Wy, U3 as discussed in Remark 3.1, Theorem 3.2 can be used to check the
H., performance, Ly — Lo, performance, passivity and dissipativity, respectively.
Additionally, a newly developed integral inequality in Lemma 3.1, which involves

less decision variables 1s adopted in this chapter to reduce conservatism.

It is easy to tell that when the sub-controller gains K;,j = 1,---,r are not
given in advance, conditions in Theorem 3.2 are nonconvex, which makes the
performance criteria cannot be directly extended to the controller design. In
what follows, we aim to give a controller design method for system (3.1.2), which
can guarantee system (3.1.6) is exponential extended dissipative. In the following
theorem, sufficient conditions for the existence of an exponential stabilization
fuzzy controller under aperiodic sampling measurements are developed based on

Theorem 3.2.
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3.2 Main results on fuzzy sampled-data control

Theorem 3.3 Given scalars0 <e < 1,0 <k <1, A > 0 and matrices & = &7,
U, = —UTW,, U, Uy satisfying Assumption 1, system (3.1.6) is exponentially
stable with a decay rate \* = \/2 and guarantees the new performance defined
in Definition 3.1 for any admissible sampled-data period 0 < h, if there exist
symmetric positive matrices P, @2, Ri, Ry, Rs, Ry, X, arbitrary matrices @1,

M, Y;, such that LMIs (3.2.38)-(3.2.41) hold:

5 5 .
6;21 >0 (3.2.38)
* Qs |
Ry M
_ >0 (3.2.39)
* R3
eP 0 xXtcror
Gi=| = (1—e)e™P Y,DIGT | >0 (3.2.40)
* * I
[ =i = = =i =i =
=11 S 213 =14 S =16 =17
* Sop o 0 E% Eéjﬁ Eéj?
* * Sa3 T 0 0 0
* * x  Zu 0 hQT 0 <0 (3.2.41)
* * * * =55 52351' Dgz\i{
* * * * * Ze6 0
| * * * * * * — 1 |

where

= = /\]_3+51(AiL+LTA¢T)+@1+©1T+€Ah(]_%1+hﬁg)—2?%4—}_%3—0.25(1—/1)]_%37T2
S = BBY; + k(R — M)l, 15 = (1— k)(1 — 0.2572) Ry + kM — Q4
1= MQp +hQy + 2R, +0.5(1 — k)7 Rs, iy = —B1 By — LTCI'y,
Sig =P —BiL+BLTAT, Ei. = LTCTUT, 2y = 2kRs+kM+rxMT
i =27 —

=  _ (D AT oy T NnT =i TnpT =ij __ T NI\, T
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3 Fuzzy sampled-data control for nonlinear systems

L1

— Ry — Ry — 0.25(1 — k)7 Rs, Z34 = —hQL +0.5(1 — k)7 R

33
44 :/\hQQQ - hRQ - 2}_%4 — (1 - I{)ﬂ'Qﬁg, 5255 = —\113 - DZ;Z\IIQ — \I/ngz
he Mt — h — AN =1
e (& R

66 =—P(L+L")+R, R= \ Ry + 2 4

831

L1l

Moreover, if the above LMIs have feasible solutions, the desired fuzzy sampled-data

controller can be obtained with parameters given by
K;=Y,L™! (3.2.42)

Proof: Define the following new matrix variables L = X'\ P, = BL, P, =
BoL, P = L"PL,Qy = L"Q1L,Qy = L"Q2L, Ry = L"R\L,Ry = L"RyL, Ry =
L"RsL,Ry=L"R,L,M = L"ML, Y; = K;L.

P P Ry M
Then Q| diag{LT LT} O diag{L L} > 0, | ° -

*@2 * Q2 * 3

Rs

=

diag{L" LT} diag{L L} > 0 which indicate that (3.2.38), (3.2.39)

* R3
hold. Noting that for any appropriate dimension matrices P; and P, the following

equation holds
T T

SO hi(0(8)h; (0(t))2¢™ [27(8) P +47 (1) PY ]

i=1 j=1

[A;jx(t)+ B Kjz(t—h(t))+Buw(t)—x(t)] =0 (3.2.43)

Add (3.2.43) to V(). Then we have

V(t) < Z Z ha(O(1)) (B(6))77 (8) =357 (1) < eal|ma(2)]1°

for some ¢; > 0 if (3.2.44) holds.

2, <0 (3.2.44)

where 77 (t) = [n{ (¢) 27 (t)],
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3.2 Main results on fuzzy sampled-data control

= = = =
R * * 533 Eg4 0 0

=ij = )

x % % =Zgu 0  hQT

) T
* * * * Zi B P

[1]>

* * * * * 66

= = APH+[Q]s+eM(Ry+hRy) —2R,— R3—0.25(1 — k) Rsm? + PL A, + AT P — CTW,
=Y = PIB;K;+k(Rs— M) —CIW,D;K;, 15 = —Q1+(1—k)(1—0.257%) Ry +xM

E14 = MQ1 +hQ% +2Ry+0.5(1—k)7* Ry, Zap = k(M + M" — 2R3) — K] D', D;K;
S5 =k(Rs — M), Z33 = —Ry — Ry — 0.25(1 — k)7° R

S5 = — hQL +0.5(1 — )Ry, 2y = M2Qs — hRy — 2Ry — (1 — k)72 Ry

=i, =P—PI+A"P,, =i, = PIB,,—CTV, — CTW,D,,

S5 =K] B Py, =%, = ~K!'DI'U, — —K] D'V, D,

=l ——U;—DLw, - 0D, — DI W, D,,;, Z¢s = R— Pl —P,

By applying Schur Complement to (3.2.44) under condition ¥, = —W7 ¥, and pre-
and post- multiplying the transformed inequation by diag{L” LT LT LT I L™ I}
and its transpose respectively, (3.2.41) can be obtained. Perform congruence
transformation to (3.2.23) with diag{ L™, LT} and its transpose gives the condition
n (3.2.45).

—CTaC; _CTOD;K,

>0 (3.2.45)
* (1—e)eMP—K!I'DI'®D;K;

Apply Schur Complement to (3.2.45) with the condition ® = ®T® one can easily
obtain (3.2.40).

Therefore, according to Theorem 3.2, the designed sampled-data fuzzy controller

can exponentially stabilize system (3.1.6) and guarantee the prescribed extended
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3 Fuzzy sampled-data control for nonlinear systems

dissipative performance. This completes the proof. |

Remark 3.3 Theorem 3.3 provides an approach to design a sampled-data fuzzy
controller so as to guarantee that system (3.1.6) is exponential extended dissipa-
tive. Besides, we can design the controllers by setting appropriate \ in advance
to achieve better performance. Moreover, the performance scalar v 1s included
as a optimization parameter in the MI conditions in Theorem 3.3, which means
that we can optimize the attenuation level v if the following convex optimization

problem has feasible solution:

Minimize ~y subject to (3.2.38)-(3.2.41)

3.3 Application to uncertain suspension system

Here, an example of quarter-vehicle active suspension system with considering un-
certain payload and aperiodic sampling is considered. This example is provided
to evaluate the validity and superiority of the extended dissipative and exponen-
tial controller design approach proposed in this chapter over some ones of the
existing literatures. Comparison results are mainly conducted from the aspects of

disturbance attenuation level and closed-loop system dynamic performance.

Example 1: Consider the two-degree-of-freedom quarter vehicle model which is
shown in Fig.3.1 borrowed from [77]. The dynamic equation of the active suspen-

sion model is built as follows

M (8) 20 (8) s [2(t) — 25 ()] + Es [0 () — 25()]
() — 2 ()] + €0 [2ult) — 2(8) = —u(t) (3:3.1)

ms ()25 (1) +¢s [25 (1) — 2u ()] + ks [25(8) — 2u(t)] = u(?)
where

zs :sprung massed displacement;
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“n

Zr

+ ]
Vehicle m %
* ¢x(x)
) x(¢,)
Suspension ks u Controller |<—A| Sampler |
C
s

Fig. 3.1: Quarter vehicle model

: unsprung massed displacement;

: road displacement input;

: damping coefficient of the suspension system:;

: stiffness coefficient of the suspension system;

: compressibility coefficient of the pneumatic tire;
: damping coefficient of the pneumatic tire;

: sprung mass which represents the car chassis;

: unsprung mass of the wheel assembly;

: active input of the suspension system;

As a result of the payload change, vehicle mass cannot remain constant. Thus, the

quarter vehicle model is an uncertain system that contains uncertain parameters

ms(t) and m,(t). The uncertain parameter is supposed to vary in a given range,

which indicates that ms(t) € [Msmin, Msmax] and My, (t) € [Mumin, Mumax)-

Consider the following performance constraints:

1. The suspension deflection is no larger than a maximum value constrained

61



3 Fuzzy sampled-data control for nonlinear systems

by mechanical structure.

125(t) = 2u(O) ]| < Zmax (3.3.2)

2. The dynamic tire load should not exceed the static tire load to guarantee

that the wheels contact the road uninterruptedly.

Fu(zu(t) — 20(8)) < (my() + mu(D)g (3.3.3)

The following controlled outputs are defined to achieve the aforementioned per-

formance constraints

21 (t) = Z(t),

%) = zt) R(z() —20) 1"
Zmax ( ( ) + My, t))

Z9 (t) =

Define z1(t) = z5(t) — zu(t), which represents the suspension deflection, xo(t) =
zu(t) — z.(t), which denotes the tire deflection, x3(t) = 24(t), which is the sprung
mass speed, z4(t) = Z,(t), which is the unsprung mass speed, and w(t) = 2,.(¢),
which is the disturbance input. Then system dynamical equation (3.3.1) is rewrit-

ten in the state space form:

21(t) = CL(t)a(t) + Dy (t)u(t) (3.3.4)

where ) )
0 0 1 -1
0 0 0 1
Alt) =
ks _ Cs Cs
w0 @ e
ks ke Cs _ Cstct
| mu(t) ma(t) My () my(t)

62



3.3 Application to uncertain suspension system

0 0
0 —1
B(t) - ) 7Bw(t) =
ms(t) 0
1 Ct
My (1) | mw(t)
1
— o ks __Cs Cs =
Cl(t) ma(t) 0 ms(t) ms(t) ] 7D1(t) ms(t)
Zu:]lax O O O
Co(t) = i
0 mwrmms 0 0

Similar to [140] and [77], the T-S fuzzy model of the quarter vehicle system can
be derived as follows: define & (t) = m,@(t) = — . Since m,(t) and m,(t)

my(t)”

are bounded, then we have

1 1
Mg 2 max 51(t> = , Mg £ min €1<t) =
M smin M smax
1 1
M, = max &(t) = . M, 2 min &(t) =
Mymin Mymax

By employing the sector nonlinear method, premise variables &;(t) and & () can
be represented by &i(t) = Mi(&i(t))ms + Ma(&i(t))ms, &a(t) = Ni(&a(t)), +
N2 (fg (t))mu where

My (&u(t)) + Ma(&u(t)) = 1, N1(&2(t)) + Na(&a(t) =1

The membership functions M (& (t)), Ma(&1(1)), N1(&(t)), No(&2(t)) can be cal-

culated as follows

1 ~ A
ma(n) s Ms = 0
Mi(&(t) == ————, Mx(&(t) = —— =
Mi(&(t) =20 ——, Na(ea(t) = ——"2

These membership functions are named as "Heavy" (M;(&(t))), "Light" (My(&1(t))),
"Heavy" (N1(&(t))) and "Light" (Ny(&(t))), respectively. Following the similar
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3 Fuzzy sampled-data control for nonlinear systems

line in [77], we can obtain the T-S fuzzy model of the active suspension system:

Model Rule 1: TF & (t) is Light and &,(t) is Light, Then

&(t) = A1z(t) + Biu(t) + Byw(t)
Zl(t) = Clll'(t) + Dllu(t)

Z9 (t) = CQl.T(t)

Replace

msl(t) and mj(t) with m, and 7, in matrices A(t), B(t), By(t), Ci(t),

Dl(t), Cg(t), we can obtain matrices Al, Bl, Bwh 0117 Dlla 021.

Model Rule 2: TF & (t) is Heavy and &;(t) is Heavy, Then

&(t) = Asa(t) + Bau(t) + Byow(t)
21 (t) = le’(t) + Dlgu(t)

Z9 (t) = CQQZL’(t)

Replace msl(t) and mj(t) with ms and m, in matrices A(t), B(t), By,(t), Ci(t),

Dy (t), Cy(t), we can obtain matrices Ay, Bs, Bysa, Ch2, D1, Cos.

Model Rule 3: TF & (t) is Light and &,(t) is Heavy, Then

21 (t) = Cizz(t) + Dysu(t)

Zg(t) = ngl‘(t)

Replace mj(t) and mj(t) with 7, and m, in matrices A(t), B(t), By(t), Ci(t),

Dy (t), Cy(t), we can obtain matrices Ag, Bs, Bys, Ci3, D13, Cos.

Model Rule 4: IF & (t) is Heavy and &,(t) is Light, Then

21(t) = Craz(t) + Dygu(t)
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3.3 Application to uncertain suspension system

29 (t) = 024517(t)

msl( D) and

Replace mul(t) with mg and m, in matrices A(t), B(t), By,(t), Ci(t),

Dy (t), Cy(t), we can obtain matrices Ay, By, By, Cha, D14, Coy.

By fuzzy blending, we can obtain the following overall fuzzy model
Zh 2(t) + Bau(t) + Buwo(t)

Zh £))Coi(t)

where £(t) = {&(1),&(1)},

hi(§(t)) = My(&1(t)) x Ni(&a(t)), ha(§(t)) = Ma(&1(t)) x Na(&a(t)),
hs(€(t)) = Mi(&i(t)) x Na(&2(1)), ha(€(1)) = Ma(&1(t)) X Ni(&2(1)),

The membership functions h;(£(t)), ¢ = 1,2, --- | r, represent the degree of uncer-
tain parameter mg(t) and m,,(t) in the fuzzy set { Heavy, Light}, i.e., how heavy

or how light the unsprung and sprung mass are at current moment.

Remark 3.4 In general there are two approaches for constructing fuzzy models:
1). Identification (fuzzy modeling) using input-output data; 2). Derivation from
given nonlinear system equations.

The identification approach to fuzzy modeling is suitable for plants that are unable
or too difficult to be represented by analytical and/or physical models. On the other
hand, nonlinear dynamic models for mechanical systems can be readily obtained by,
for example, the Lagrange method and the Newton-Euler method. In such cases,
the second approach, which derives a fuzzy model from given nonlinear dynamaical
models, is more appropriate. There are two ways to convert a given nonlinear

dynamical system into a fuzzy model: sector nonlinearity and local approximation
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3 Fuzzy sampled-data control for nonlinear systems

wn fuzzy partition spaces. The fuzzy model builded by sector nonlinearity method
exactly represents the original nonlinear system in given conditions. However,
the latter is just an approximation fuzzy model, which can reduce the number
of fuzzy model rules. In this chapter, the sector nonlinear method is adopted
to construct the uncertain active suspension system by T-S fuzzy model. More

detailed information on fuzzy modeling can be referenced to [88].

Based on the above T-S fuzzy model of uncertain active suspension system, we
aim at designing a sampled-data PDC fuzzy controller in the form of (3.1.5). By
employing the input delay approach, closed-loop T-S fuzzy sampled-data system

can be easily rewritten as the form of (3.2.3).

To satisfy the performance constraints (3.3.2) and (3.3.3), the following condition

should be taken into consideration [77]:

P PG
* — 1

<0,q=1,2 (3.3.6)

where {Ozi}g denotes the ¢, row vector of C’QTi.

The corresponding quarter-vehicle model parameters are given in Table 3.1.

Table 3.1: Parameters for Quarter-vehicle Model

k’s k’t Cg Ct
42720N/m | 1011156N/m | 1095Ns/m | 14.6Ns/m

The sprung mass mg(t) € [950kg, 996kg], and the unsprung mass m,(t) €
[110kg, 118kg]. The maximum allowable suspension stroke is set as zmax = 0.1 m
with p = 1. To compare with the recently developed fuzzy H,, sampled-data
control method, only the H., sampled-data controller design is considered in this
chapter. We consider different A to find the minimum index ~. In Theorem 3.3,

let A* = 0.1(i.e.A = 0.2), p1 = 0.9, po = 0.4, £ = 0.5, k = 0.99, d = 0, U; = —1,

66



3.3 Application to uncertain suspension system

Table 3.2: Comparison of Minimum Disturbance Attenuation Index v Obtained
by [77] and Theorem 3.3

h 1ms bms 10ms 20ms 30ms
[77] 21.65 21.98 22.43 23.40 24.51
Theorem 3.3 | 10.58 11 11.66 14.25 21.84

U, = 0, U3 = ~2, for several values of h, the obtained minimum H,, disturbance

attenuation performance indices v,,;, are listed in Table 3.2.

It is worth noting that the guaranteed performance index ~u;, obtained by the
convex optimization problem formulated in Theorem 3.3 has much to do with the
sampling period. The guaranteed performance index 7,,;, under different sampling
periods derived from Theorem 3.3 are listed in Table 3.2, from which we can see
that ymin is larger as the sampling periods increases. Moreover, it can be clearly
seen from Table 3.2 that the minimum H,, disturbance attenuation levels 7,
obtained by our approach are smaller than those obtained in [77]. Fig.3.2 shows

control inputs with different sampling period h.

Control inputs (N)

2000 2000
——Th33 === Ref[77]
0 v\7 0 V\f
—200 —200
10 0 5 10
h lms t(s) h=bms
2000 2000
OW .
1
—200 —200
5 10 0 5 10
h=10 =
e t(s) ms t(s) h=20ms
0 \f\ﬁr‘
*100
10
t(s) h 30ms

Fig. 3.2: Control inputs under different sampling period h
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3 Fuzzy sampled-data control for nonlinear systems

Remark 3.5 In [77],2 + r matrices variables are involved, and the number of
LMIs is (r* +r +4)/2 (where r is the number of fuzzy if-then rules), the largest
dimension of LMIs is 3n+m+v, where m is the dimension of control input and v
is the dimension of measurement output. While Theorem 8 contains 9+r matrices
variables, r? +r +7 LMIs and the largest dimension of LMIs is 5n+m +v. And
the computational time of our method is 2.6404s(when h = 30ms, \* = 0.1. All
simulations were performed using SeDuMi [141] and YALMIP [142] with MAT-
LAB 2013b on an Athlon (3.20 GHz), 4/ GB RAM , running Windows 7.), which
is tolerable and acceptable. On the other hand, in [77]only the H., control problem
is investigated for the uncertain suspension system. However, in this chapter, the
Ho., Ly — Lo, passive and dissipative control problems for T-S fuzzy sampled-data
systems can be solved successfully under the unified framework of extended dis-
sipative control, instead of addressing these control problems in a separate way,
which is a most important distinction between the work being undertaken and the
existing literatures [74, 75, T7-80, 82, 83]. This can allow us to choose a suitable
control strateqy by adjusting the weighting matrices in the new performance index
according to the practical applications or noise levels. What is more, the desired
dynamic performance of closed-loop sampled-data system is guaranteed through
setting an exponential decay rate in advance for arbitrary admissible sampling pe-
riod. In addition,a new integral inequality in 3.1 is adopted instead of Jensen’s
inequality in this chapter to derive LMI based conditions, which is conductive to

less conservative results.

To further verify the effectiveness of the controller design method proposed in this
chapter, consider the case of an isolated bump on a smooth road surface [43,77].

Road displacement z,(t) is defined as follows

z(t) = (3.3.7)

=
~
\Y

where the height and length of the bump are A = 50mm and L = 6m and
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3.3 Application to uncertain suspension system

V' = 35(km/h). The designed state-feedback fuzzy sampled-data controller in the
form of (3.1.5) is expected to meet the following requirements: 1) minimize the
sprung mass acceleration z;(t); 2) the suspension deflection is no larger than the
upper bound of suspension stroke zy,, = 0.1m, which is equivalent to z(t); < 1;

3 ) the dynamic tire load , i.e., z5(t)s is less than 1.

State-feedback fuzzy sampled-data controller gains under different decay rates \*

are given in Table 3.3.

Table 3.3: Controller feedback gains for h = 10ms and different values of decay
rate \*

A The Controller Gains

K, =10% x [1.9594 0.8610 — 0.2692 0.3360
A =0.05 | Ky =10% % [1.9399 1.1792 — 0.2972 0.3577
K5 =10% x [1.9402 1.1758 — 0.2961 0.3566
K, =10* x [1.9384 0.8140 — 0.2755 0.3317
K, =10% x [2.0069 1.0657 — 0.2780 0.3228
A =0.25 | Ky =10% x [2.0130 1.4524 — 0.3011 0.3494

X
X

[ ]

[ ]

[ )

[ ]

% %

K3 = 10" x [2.0134 1.4481 — 0.3000 0.3484]

K, =10 x [2.0070 1.0694 — 0.2790 0.3238]

K, = 10" x [2.0789 1.2658 — 0.2764 0.2935]

A =0.50 | Ky =10* x [2.0915 1.6658 — 0.2991 0.3180]
K3 =10 x [2.0914 1.6629 — 0.2982 0.3173]

K, =10* x [2.0793 1.2694 — 0.2772 0.2943]

K, =10% x [2.1256 1.0969 — 0.2434 0.2480]

A =0.75 | Ky = 10* x [2.1429 1.4748 — 0.2636 0.2690]
K3 = 10% x [2.1419 1.4724 — 0.2630 0.2683]

K, =10% x [2.1266 1.0995 — 0.2441 0.2487]

Fig.3.3-Fig.3.5 depict the responses of the open-loop system (u(t) = 0, passive
mode) and the sampled-data closed-loop system, which is composed by the con-
troller we designed in previous section. These figures show the bump responses of
body accelerations, suspension deflection, and tire deflection of the active suspen-
sion system under different decay rates \*, when the maximum sampling interval
is chosen as h = 10 ms. From Fig.3.3, one can observe that the body acceleration
of the closed loop system is much less than that of the open loop system, thus

the designed fuzzy sampled-data controller improves the ride comfort. Moreover,
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3 Fuzzy sampled-data control for nonlinear systems

Body Acceleration

Fig. 3.3: Body acceleration of the open and closed-loop active suspension systems
with different decay rate \* (h=10 ms)

The ratio of suspension deflection
The relation dynamic tire load

Fig. 3.4: Suspension deflection of theFig. 3.5: Tire deflection of the open and

open and closed-loop active closed-loop active suspension
suspension systems with differ- systems with different decay
ent decay rate A* (h=10 ms) rate \* (h=10 ms)

it can be seen from Fig.3.4 and Fig.3.5 that the suspension deflection constraint,
which is equivalent to 1(t)/zmax < 1 and the dynamic tire load constraint i.e.
kixa(t)/(ms(t) + my(t))g < 1 are satisfied, which implies that the designed con-
troller guarantees the road holding capability. In a word, Fig.3.3-Fig.3.5 validate
that better ride comfort, road holding capability can be achieved and constraint
suspension deflection can be guaranteed for the active suspension system with
the designed sampled-data controller. In addition, one can easily see that better

performance can be achieved when the decay rate \* is sufficiently bigger.

Fig.3.6-Fig.3.8 depict the responses of body accelerations, constrained suspension
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deflection, and constrained tire deflection of the active suspension system under
different sampling periods h when decay rate \* = 0.5. We can see that the
smaller sampling period h is, the better body acceleration, suspension deflection
and tire deflection performance can be achieved, which in turn verifies the results

in Table 3.2.

Passive

Body Acceleration

0.20 ; . . 05
0.15}

0.10

0.05

0.00

—0.05

Tire Deflection
Suspension Deflection

=0.10 1

—-0.15

—-0.20 ( L L L L 0.4

Fig. 3.7: Tire Deflection under differentFig. 3.8: Suspension Deflection under
sampling period h different sampling period h

3.4 Conclusion
This chapter has addressed the exponential stability analysis and stabilization

problems for T-S fuzzy systems under aperiodic sampling. Some classical prob-

lems (such as H,, Ly — Lo, passive and dissipative stability and stabilization
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3 Fuzzy sampled-data control for nonlinear systems

problems) have been solved successfully under a unified framework by resorting
to a novel performance index—extended dissipative performance index. Through
adopting a sampling period dependent Lyapunov-Krasovskii function together
with a novel efficient integral inequality, which has the advantages of reducing
conservativeness, new stability conditions consisting of both exponential stabil-
ity and extended dissipativity criterion have been established. Furthermore, a
sampled-data controller that cannot only exponentially stabilize the system but
also guarantee the prescribed extended-dissipativity performance has been de-
signed. A quarter-vehicle active suspension system with taking into account the
uncertain payload and aperiodic sampling has been provided for evaluating the
validity and superiority (from the aspects of disturbance attenuation level and
closed-loop system dynamic performance) of the extended dissipative control ap-

proach proposed in this thesis over some ones of the existing literatures.
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Chapter 4

Imperfect premise matching fuzzy
filtering of nonlinear system with

time-varying delays

Fuzzy sampled-data controller designed in the previous chapter shares the same
fuzzy membership functions with fuzzy model. Compared with fuzzy controller or
filter with matched premise variables, controller and filter designed under imper-
fect premise matching can enhance design flexibility and robustness. So imperfect
premise matching fuzzy filtering problem for nonlinear systems with time-varying
delay is considered in this chapter. Firstly, T-S fuzzy time-varying delay model
and fuzzy filter with imperfect premise variables are established. Then the uni-
fied performance index, which covers H.,, Ly — L., passive and dissipative per-
formance as special cases, is introduced. Furthermore, new extended dissipative
filter design approach based on the above unified performance for the considered
fuzzy time delay system is developed through employing the Lyapunov stability
theory together with an efficient integral inequality. As a result, the extended
dissipative filter can be designed in terms of solutions to a set of convex optimiza-
tion problems. Finally, two examples are provided to verify the effectiveness and
advantages of the extended dissipative filter design approach based on the unified

performance index proposed in this chapter.

The rest of this chapter is organized as follows: the problem to be analyzed and the

unified performance index are presented in Section 4.1. Main results, including
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

filter performance criterion and filter design approach are given in Section 4.2.
Numerical examples are shown in Section 4.3 to demonstrate the effectiveness

and advantages of the proposed method. Conclusion is drawn in Section 4.4.

4.1 Problem formulation and preliminaries

Consider the following time-delay T-S fuzzy model with r plant rules:

¢ Plant Rule i: IF 6,(¢) is M;; and 65(t) is M; and - - - and 6,(¢) is M;,, THEN

((t) = Ava(t) + Aga(t — 7(1)) + Duw(t)
2(t) = Crx(t) + Cox(t — 7(t)) + Daw(t)
(4.1.1)
y(t) = Eyx(t) + Eqx(t — 7(t)) + Dsw(t)
(z(t) = o(t),t € [-7,0],

where 0;(t) and M;; (i =1,--- ,r,j =1,---,p) are the premise variables (which
are measurable) and the fuzzy sets respectively, r is the number of fuzzy IF-
THEN rules, p is a positive integer. z(t) € R™ is the state vector and w(t) € R?
is the disturbance input; z(¢) € RY is the signal to be estimated; y(t) € R™ is
the measured output; Ay;, Ao, D1, Chiy, Coi, Doi, Ev;, Eo; and Ds; are known
constant matrices of compatible dimensions; 7(t) is time-varying delay, which
satisfies 0 < 7(t) < 7, where 7 > 0 is a known constant scalar; ¢(t) is a continuous

vector-valued initial function on [—7, 0].

By fuzzy blending, the overall fuzzy system can be inferred as follows:

()= z;hi(@(t)) Ay (t)+ Agie (t—7(8)) + Disco (1))
2(8) = Y ha(0(1)) [Craar(£)+ Cogar(t =T (1)) + Do (1)
= (4.1.2)
y(t)= ;hi(Q(t)) [Eriw(t)+ Eax(t—T7(t)) + Daiw(t)]
| o(t)=6(t), ¢ € [-7,0]
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4.1 Problem formulation and preliminaries

where h;(0(2)) = w;(0(1))/>5wi(0(1)), wi0(t)) = [Tj_, My;(6;(t)). wi(0(t)) = 0,
i =1,2, ---, r hold for all t. Therefore, we have h;(6(t)) > 0,1 = 1,2, ---, r,

> iha(0(1) = 1.
For system (4.1.2), consider a full order fuzzy filter with r rules taking the following

form:

¢ Filter Rule j: IF n(¢) is N;; and n2(¢) is Njp and -- - and n,(t) is N;,, THEN
Ty(t) = Agjas(t) + Bryy(t)
2(t) = Cpya(t)

where N;g, j=1,2,---,r, 8 =1, 2, ---, p, denote the fuzzy sets. Ay;, By; and Cy;,

(4.1.3)

7=1,2,--- r, are filter parameters to be designed. Thus the overall fuzzy filter

system is represented by the following form:

@w:;wwmmanﬂww

(

| 2008 = Zmy(r()C (1) (.14

\xf(t) = xf(o)at S [_7_-7 O]

where m;(n(t)) >0, j =1, -+, r, 377 m;(n(t)) = 1. For simple description, we
denote h;(0(t)) = h; and m;(n(t)) = m; in the rest of this chapter.

Define an augmented state vector £(t) = [z () 27 ()]" and a filtering error vector

e(t) = z(t) — z¢(t), one can easily obtain the following filtering error system:

( T T

E(t)= ; ;himj [A1i;€(t)+Agi&(t—7 (1)) + D1 (t)]

e(t) =523 him;[Cri;E(t) +Coij€(t—T(t)) + Daijw(t)] (4.1.5)

i=1j=1

Let)=[¢" (1) =;(0)",t € [-7, 0]

where
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

alij = [ Cii  —Cy } ; 521’;’ = [ Cy 0 } ; DQij = Ds;.

Before ending this section, the following assumption, definition and lemma, which
will be useful to develop the main results in sequel, are introduced.
Ry Z

Lemma 4.1 [109] For any matrices Z € R™™ and Ry € R™™ satisfying
* Rl

0, and given scalars 0 < k < 1 and ¢ < b < a, if there exists a vector function
x @ [c,a] — R™ such that the integrations in the following inequality are well
defined, then

—(a—c) /a T (@) Ryz(a)da < vT (1) Av(t)

where vT (t) = [27(a) 27 (b) 27(c) = [* 2T (a)da],

a—c Jc

Ay k(R —2) Aq3 0.5(1—k)m2Ry
* AQQ H(Rl - Z) 0
A= (4.1.6)
* * —R1—0.25(1—k)Ry7? 0.5(1—k)T2 Ry
* * * — (1—r)7? Ry

where

A =— Ry —0.25(1—k)Ry 72,
A3 =(1—r)(1-0.257%) Ry + K Z,

JADD) :R(—2R1 +Z+ZT).

Remark 4.1 In fact, Lemma 4.1 is a convexr combination of the following two

integral inequalities for any k € [0, 1],

—(a—c) / T (@) Ryi(a)da

— ha—o) / () Ryi(a)da — (1 — k)(a — o) / (@) Rii(a)da (4.1.7)
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Then according to [143, 144/, we have:

—k(a—c¢) /a 7 () Ry (a)da

T

z(a) —kRy k(R — Z) kG x(a)
< | z(b) xR 4+ kZ+kZT K(Ri—2) | | 2®) | (418)
z(c) * * —kR, z(c)

—(1=k)(a—rc) /a i (o) Ry#(a)da

025724+ 1)R; 0 (0.2572—1)R, —0.572R,
- * 0 0 0
<—(1-k)n"(t) n(t) (4.1.9)
* x (0.25m2+1)R, —0.57°R,
* * * ™R,

where c < b < a andn”(t) = [7(a) 27 (b) 27 (c) L [T 2T (s)ds]". Then according
to (4.1.7)-(4.1.9), we can get Lemma 2.1. Details of the proof can be referenced
in [109].  Parameter k represents the weights of inequality (4.1.8) and (4.1.9).
A general way to select k is to find an optimal k along the decreasing direction
of disturbance attenuation performance level y for a given initial value (e.g. k =
0.5, inequality (4.1.8) plays the same role as inequality (4.1.9)). Certainly, the

obtained k may be a locally optimal parameter. In order to obtain a globally

optimal parameter, conducting global search is necessary.

Lemma 4.2 [138] For any constant matriz ¥ = X7 and a scalar 7 > 0, then the

_/t " (s)Za(s)ds < — (/ttT T(s)ds)Z(/tT (s)ds) (4.1.10)
/T /”9 T _T% (/T /t+9 ) ( OT /tjei(S)ds)
=

:———Wz ] s

following inequalities hold:

S

>
] (4.1.11)
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

Assumption 4.1 [8/] For given real matrices ® = ®1 >0, U, = ¥T <0, ¥,
and W3 = UL satisfy the following conditions, Vi, j € {1, 2, ,1}:

1) || Dy - [} = 0;
2) (1%l + w2l ][] = 0;

3) DI WDy + DL Wy + WL Dy, + U3 > 0.

2ij 2ij

Definition 4.1 [84] For given matrices ®, Uy, Uy and V3 satisfying Assumption
1, system (4.1.5) can guarantee the prescribed Hoo, Lo— L, passive and dissipative
performance if there exits a scalar p such that the following inequality holds for

any ty > 0 and all w(t) € L]0, o)
Ly
/ JO)dt > TODet) + p, teE 0, 4] (4.1.12)
0

where J(t) = el (t)Uie(t) + 2eT (t)Waw(t) + w? (¢)Vzw(t).

Remark 4.2 In Assumption 1, ® = &1 U, = VT Wy = UL guarantee that the
inequality in Definition 1 is well defined. ® > 0,V < 0 are conducive to deriving
MI-based conditions for the filter design problem in Theorem 4.2 and Corollary
4.1. Item 3) is a standard condition for the investigation of dissipativity problem.
Assumptions similar to these items have been used in [145, 146]. It is well known
that, when considering the Ly — Lo, performance, there should not be disturbance
input in output equation [147], which can be guaranteed by item 1) in Assumption
1. The second term s technically necessary for the development of our analysis
and design method. The only limitation is that when considering the H..,, Lo— Lo,
passivity and dissipativity performance, zero initial condition is required, which is

a common assumption in performance analysis problem, see [82, 148, 149].

Remark 4.3 The left-hand side of inequality (4.1.12) is often regarded as the
enerqy supply function. The extended dissipative filter for fuzzy delay system is
more general than other filter performance indices, such as Hyo, Lo — Lo, passive

and dissipative performances. For instance,
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1) Let ® =0, U, = —I, Uy = 0, U3 = %[ and p = 0, inequality (4.1.12)
reduces to Hy, performance [93/;

2) Let® =1,W¥; =0, ¥y =0, U3 =~% and p = 0, inequality (4.1.12) becomes
Ly — Ly, (energy-to-peak) performance considered in [98]

3) If the dimension of output z(t) is the same as that of disturbance w(t), then
inequality (4.1.12) with ® =0, U1 =0, Uy =1, U3 =~I and p = 0 become
the passivity performance index [150];

4) Let =0,V =Q, Uy =5, ¥3=R—al and p =0, inequality (4.1.12)
reduces to the strict (Q,S,R)-dissipativity [151];

5) Let ® = 0, Uy = —el, Uy = I, U3 = —0l withe > 0 and o > 0, the

inequality (4.1.12) becomes the very-strict passivity performance inde.

In the definition of very-strict passivity, scalar p is not required to be zero. It

was shown in [139] that p should be a non-positive scalar. This fact can also be

verified from Assumption 1 and Definition 1. Indeed, when w(t) = 0, it follows

from (4.1.12) that

pg/otf T ($)We(t)dt — T (B De(t), te 0, t]

Note from Assumption 1 that ® > 0 and Vi < 0. Thus, the above inequality

indicates that p < 0.

The problems to be addressed in this chapter are formulated as follows:

1) The filtering error system (4.1.5) with w(t) = 0 is asymptotically stable;

2) The filtering error system (4.1.5) guarantees the unified performance index

proposed in (4.1.12) for all nonzero w(t) € L3[0, o).
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

4.2 Main Results on fuzzy filter design

In this section, the extended dissipative filter design issue for time-varying delay
fuzzy systems will be considered. We first present a performance criterion for the
filtering error system (4.1.5) where the filter matrices in (4.1.4) are assumed to be

given.

Theorem 4.1 Given scalars 0 < e < 1,0 <k <1, T > 0 and matrices ¢, Uy,
Uy, Uy satisfying Assumption 1, the filtering error system (4.1.5) is asymptotically
stable and satisfies the performance index in Definition 4.1 for any admissible
time-varying delay 0 < 7(t) < 7 under condition m; — A\;h; > 0,(0 < X\; < 1), if
there exist matrices P > 0, Q1 > 0, Ry > 0, Ry, > 0, Ry > 0, G > 0, arbitrary
matrices N;, Z and , L;;i = 1,--- .5 such that the following conditions hold,
Vi, je{l,2,--,r}:

G—-P<O0 (4.2.1)
Ry Z
>0 (4.2.2)
* Rl
EG — C’TZCDGM —57;(195’21 |
Ql-j = 1 ’ " . ’ . >0 (423)
* (1 — €)G — Og;jq)CQij ]
AjEij — )\iEji — )\]Az — )\1/\] + Al + Aj < 0, 1< ] (426)
where [ =i =i i = = =ij ]
—11 =12 -13 —14 —15 —16
x By Zy ApLi —Ly+ ALY =y
_ * *  Hag Zaa —Ls L31_71ij
= ” (4.2.7)
* * * 544 —L4 L4D1ij
* * * * 555 L5Duj
S * * =g
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4.2 Main Results on fuzzy filter design

EY = Q1+ TRy — Ry — 0.25(1 — k) Rym® — 2R3 + Ly Ay + AL, L] — O, 0,Cyy;
:Z1j2 == li(Rl — Z) + leQij + A{”LT C{U\Ij CQU
E% = (1—k)(1—0.257%) Ry + kZ + AT, LY
20, = 05(1 — k) Rym® + 2Ry + A L], E% =P — Ly + A}, LT
B = k(2R + Z + Z") + LoAgyy + AL LY — CF 0, Coy
=5 = k(R — Z) + AL, LY, S35 = —Q1 — Ry — 0.25(1 — k) Ry
Z30=0.5(1 — k) Ry7w?, 2y = —(1 — k) Ry7® — TRy — 2R3
=2
—_ — T 7 EaY
55 = TQRl + —R3 — L5 — Lg, \_1J6 = Lthj Chj‘lf DQU C{ij\ljg
:ZQJG - LQE“J CQU\I] D2U CZ'L]
Egs = — D3, U1 Dy — D Wy — W] Doy — U
In this case, scalar p involved in Definition 1 can be chosen as
p=-V(0) - HGH_Sup |o(0)f? (4.2.8)

Proof: Consider the following Lyapunov-Krasovskii functional:

V(t.&(t) =Vi(t. &) + Valt, &(1)) (4.2.9)

where

Vit £(1)) = / E7(5)QuE(s

Valt, £(1) / tf( $) Raf(s)dsdd + / W;T( ) Rat () dsdf

N /—r /0 48 ¢ () Byg (o) dadBde

P, @, Ry, Ry and R3 are symmetric positive definite matrices. Then the time

derivative of V' (¢,£(t)) along the trajectories of system (4.1.5) can be expressed
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

as.

V(tE1)) —m §(6)) + Va(t. (1))
Vit &(2) PZ Z him[ A€ () + Agy€(t — 7(t)) + Dyijw(t)]
+ € (MQER) — €7 (= P)Que(t = 7)
Va(t,€() =7°¢" () R (#) / & (s) Rag(s)ds+7€" (1) Rat (8) + §£T<t>Rsé<t>

0

_/th(S)R2€($)dS—/_ t+0£T(5)R3£(8)d8d9

Recalling and applying Lemma 4.1 under condition (4.2.2), we have

_= /tj M (@) Rié(a)da < ¢H(HTC(1)

where (T(t)= [€7(t) €7(t=(t) €"(t=7) L[l (s)ds €7(1) w'(1)).
[T, T T 0.5(1—r)aR, 0 0 ]
* F22 I{(Rl—Z) 0 0 0
x % —R—025(1—k)mR; 0.5(1—k)m*R; 0 0
r— (4.2.10)
* ok * —(1—k)m*R; 0 0
* * * * 0 0
* * * * * 0

Iy =—Ri—0.25(1— k)R, T'1o = k(R — 2),
I3 =(1—k)(1-0.257*) Ry + kZ,Tgy = ﬁ(—2R1+Z+ZT)_

By Lemma 4.2,

- eemgas < -2 ( [ ) r( [ o)
—/_0 t; €7 (s)Rs€ (s)dsdh < —% (/_0 t; g’T(s)dsde) Rs (/_0 /t;g'(s)dscw)
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o Ll - L

By considering the dynamic constraint of system (4.1.5), we have the following

equation

26% (1)L [Z himyj (A€ (t)+ Ais€ (t—7(t)) +Duijes(t)) —é(t)] =0 (4.2.11)

=1 j=

where 87(t) = [€7(t) €7(t—7(1)) €7(t—7) L[/ (s)ds €7(1)] and LT —
(LT LY LT LT LT ). Add (4.2.11) to the rlght side of V(t,£(t)), we can have

V(t, () — J(t) < ¢T(t) (lexh mMJ) ¢(t) (4.2.12)
where
J(t) = el (t)Ue(t) + 27 (1) Vow(t) + w” (t)Vsw(t) (4.2.13)

It can be seen from (4.2.12) that if 7/, > 7" him;Z;; <0, then V(t, @) —J(t) <
0. Consider >77 37" hi(h; — mjA;) = 0, where A; = A i = 1,--- 7 are

arbitrary matrices with appropriate dimensions. Then we have

Zzhmjﬂw Zzh< —mj+ Ajh; — Ajh )A+ZzhmJ~U

i=1j= i=1j= 1=1j=
—ZZhQ( iZii — Al +Aq) + i S hihy (A Es - M
i=1li= i—lj i+1
i=1j=

Under the condition of m; — A;jh; > 0 for all j, it is easy to obtain (4.2.14) from
inequalities (4.2.4)-(4.2.6).

V(t,E(1) = J(t) < ¢T(1) (Zzh myum) ¢(t) <0 (4.2.14)

i=1j

Then, there always exists a sufficiently small scalar ¢ > 0, such that (4.2.15)
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

holds.
V(t,E(L) — J(t) < —c | C(t) |P< —c | £(t) |2 (4.2.15)

According to Definition 1, we need to prove that the following inequality holds

for any matrices ®, Wy, Uy, U3 satisfying Assumption 1:

/ T 0t — T (@)ve(t) > p (4.2.16)

where ¢ is any nonnegative scalar. We consider the following two cases of ||®]| = 0

and [|®| # 0, respectively.

First, consider the case of ||®| = 0. When [|®|| = 0, we need to prove

/ T > (4.2.17)

It follows from (4.2.15) that J(t) — V(¢,£(t)) > 0 holds for any ¢ > 0. Integrating
both sides of it yields

/ ()t > V(T E() — V(0) (4.2.18)
From (4.2.9) and (4.2.1), we can obtain
V(t,&(t) > " (t)PE(t) > €1 (HGE(t) > 0 (4.2.19)

Notice from (4.2.8) that p < —V(0). Thus it follows from (4.2.18) and (4.2.19)
that

/ J(t)dt, > €7 (t)GE(ty) + p (4.2.20)

Thus, it is obvious that (4.2.17) holds.

For another case of ||®] # 0, under Assumption 1, it is required that ||¥q] +
|[Wy|| = 0 and ||Dyijl| = 0, which imply ¥; = 0, ¥y = 0 and ¥3 > 0. Thus,
J(t) = wl(t)¥sw(t) > 0. Then according to (4.2.20), the following inequality
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holds for any ¢ € [0, ty].

[ gz [ g, = rwaen o (12.21)

When ¢t > 7(t), it is obvious that 0 < ¢ — 7(t) < ty. Thus it follows from (4.2.21)
that

/ ! J(t,)dt, > / o J(t,)dty > €T (t—1(1))GEE—T (1)) +p (4.2.22)

When ¢ < 7(t), it gives that —7 < —7(t) <t — 7(¢) < 0. In this circumstance, it

can be verified that

p+ET(t—7(1)GE(t—T(1) < p+IG [E(E—7(1))]?
< p+IG| §3p<0\¢(0)\2 (4.2.23)

—TS0S

- vy < [

This, together with (4.2.22), indicates that for any ¢ € [0, ¢;] and scalar € € (0, 1),
(4.2.24) holds:

/0 tf J(t)dty > (1 — )T (t — T(£))GE(t — T(1)) + €T (GEWR) +p  (4.2.24)

Recalling (4.1.5) with Dy;; = 0, we have

' e | (1)
eT(t)CDe(t) = himj{ — Gij
;; [ §(t—7(t)) ] [ §(t—7(t)) ]
+ (1= )T (t—7(t))GE(t—T7(t)) + egT(t)Gg(t)} (4.2.25)

where G;; is defined in (4.2.3) and G;; > 0. Then for any ¢ > 0,

el (t)Pe(t) < (1—e)T (t—7(1))GE(t—T7(t)) +e€T () GE(L) (4.2.26)
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

(4.2.24) and (4.2.26) imply that for any ¢ € [0, t¢] the following inequality holds:
tr
/ J(t,)dt, > €T (t)Pe(t) + p (4.2.27)
0

Since (4.2.27) holds for any t € [0, t¢] . Then (4.2.16) holds for any t; > 0. In view
of the two cases of ||®|| = 0 and ||®|| # 0 discussed above, one can easily obtain
the conclusion that system (4.1.5) is extended dissipative according to Definition

1. When w(t) =0, it follows from (4.2.15) that
V(t, () < e (8)Wre(t) — clé(t)? (4.2.28)

Moreover, ¥; < 0 under Assumption 1, then we have V(t) < —c|¢(t)]?, which
indicates that filtering error system (4.1.5) is asymptotically stable with w(t) = 0.
This completes the proof. |

Remark 4.4 Theorem /J.1 provides a performance criterion for the filtering error
system (4.1.5) with given filter matrices. The performance criteria in Theorem 4.1
are expressed in the form of linear matriz inequalities (LMIs), which can be eas-
ily solved wvia standard software. It is easy to get that p = 0 under zero initial
condition from (4.2.8). By tuning the weighting matrices ®, Wy, Uy, VU3 as dis-
cussed in Remark 4.3, Theorem 4.1 can be used to check the H., performance,
Lo — Lo, performance, passivity and dissipativity, respectively. Additionally, the
terms —f:_?fT(s)Rgﬁ(s)ds and —flﬁieéT(s)Rgé(s)dsdQ in the derivative of the
Lyapunov-Krasovskii functional were ignored in [84], but are made full use of in
condition (4.2.4), (4.2.5) and (4.2.6) of Theorem 4.1. This improvement can

contribute to less conservativeness.

Moreover, it should be pointed out that some existing results [84, 95-95] require in-
formation of the derivative of T(t) to design filters. In this study, such requirement
15 removed since the derivative of delay is usually unknown in practical complex

nonlinear systems.

86



4.2 Main Results on fuzzy filter design

Remark 4.5 Compared with the perfectly matched premise fuzzy filter design
method in [91, 152, 153/, the method proposed in Theorem 4.1 can enhance de-
sign flexibility and lower the implementation cost of the fuzzy filter to some extent
when simple membership functions are used instead of complicated ones. Free
matrices N;, 1 = 1,2,--- ,r. are introduced in the design of filter for fuzzy delay
system to alleviate the conservativeness, which we will discuss later in Fxample
1. The condition m; — \jh; > 0, (0 < X\; < 1) presents a simple description of
relationship between system membership function h; and filter membership func-
tion mj. For convenient of developing the filter analysis and design method, the
parameter X\ 18 technically limited in 0 < A\; < 1. In practice, we can always
find simple membership functions satisfying this condition. When parameter \;
approaches near 1, filter membership function m; is more closely approzimated to

the system membership function h;.

It is worth pointing out that if the filter matrices are not given in advance, con-
ditions in Theorem 4.1 are nonconvex, which makes the performance criteria can
not be directly extended to the filter design. By employing the convex lineariza-
tion technique, we are in a position to develop extended dissipative filter design
approach for fuzzy time-delay system (4.1.2) based on the performance criteria of
Theorem 4.1. Recalling Assumption 1 and noticing that ® > 0 and ¥; < 0, there

always exist matrices ® and W, such that
d=3"d, U, =0TV, (4.2.29)

Under imperfect premise matching, the extended dissipative filter design approach

for fuzzy time-delay system (4.1.2) is stated as follows.

Theorem 4.2 Given scalars 0 < e<1,0< k<1, 7>0, l;,i=1,---,5, fuzzy
filter error system is asymptotically stable and satisfies the extended dissipative
performance for any time-varying delay 0 < 7(t) < 7 under condition m;—A;h; >

0,(0 < \; < 1), if there exist matrices X >0,Y >0, Q; >0, Ry >0, Ry > 0,
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

Ry >0,G>0,L, A, Z, Zlfj, Efj and C'fj such that the following conditions
hold, Vi, j € {1, 2,--- ,r}:

G—P<0 (4.2.30)
R, 7
. >0 (4.2.31)
* R1
6@ 0 T4ij§)
Gi=| « (1—2)G T5;0" | >0 (4.2.32)
* * 1
= — AN <0 (4.2.33)
NZi =N — NN =N AN <0, < j (4.2.35)
= BL B B =4 0355 — Tag W2 Tai; U7
« Ef, B W5 —loL + 1573, 12055 — Ts Wy Yo U]
* * 533 Eg4 —lgf/ Z3T3ij 0
EZ] - * * * §44 —Z4E Z4T3ij 0 (4236)
* ok k * Es5 153 0
x x k% * =Y Dy;; T
| ox % * * * o
Ezljl = @1 + 7_‘R2 - Rl - 025(1 - H)R17T2 - 2R3 + llTlij + llTﬂj

EZIJQ = K(Rl - Z) + llTQZ‘j + ZQT,{;’]’, Ezl]g = (]_ — Ii)(l - 0.257T2)R1 + RZ + lgTT

1ij

Elljll = 05(1 - H)R17T2 + 2R3 + l4T{ij? Eﬁ,—) = P — lll_) + l5T£j

Eéjz =k(—2R+Z+Z") + [5 95 + ZQTzTij> E% =k(R —Z)+ lsTgij

[R]

—Q1 — Ry —0.25(1 — k)R 7*E34 = 0.5(1 — k) Ry7?

33 —
=2
544 = —(1 - li)}_%lﬂ'Q - 7_'}_%2 - 2}_%3, 555 = 7_'2}_%1 + %Rg - l5f/ - Z5ET
5%36 = _D%;J Wy — \I/gDQij — \113
XAli + Eijli ij XAQl + EijQi 0
lij = _ _ 7T2ij = _ )
YAM + ijEh; Afj YAQ,L + ijEQZ' 0
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_ XY XDy; + By;Ds; Cl; Cs;
L= NEVES o s Yaj = | , Tgi =
* Y Y Dy; + ijD?ﬂ' C?j 0

Moreover, if above LMIs have feasible solutions, the desired delay dependent filter

15 obtained with parameters given by

Apj =Y Ay
By =Y 'By; (4.2.37)
Cyj = Cj.

Proof: From inequality (4.2.14), we can obtain that

Under the condition of ¥; = —UTW,, applying Schur Complement to (4.2.38)
yields Z;; < 0, which is defined in (4.2.39):

EY E% B BN E% L1 Dy — CT, 0, CF 07 |
x =%, =29y ALLT —L,+AL LT L,Dy;—CL v, CLOT
* % 33 Eaq —L3 L3Dy;j 0
Ei=| x % * Zu —Ly L4Dyj 0 (4.2.39)
x ok ok * 55 LsDyij 0
x ok K * * =Y Do UT
| x x % * * * —I |

where

Z9 = Q) + 7Ry — Ry — 0.25(1 — k)Ryn? — 2Ry + Ly Ay + AL LT

1ig
=ty _ A AT 7T =ij __ 2 AT 17T
S = K(Rl—Z)—FLlAQ”—i—Al”LQ y D3 = (1 — Iﬁ)(l —0.257 )Rl + KZ —+ AlijL?)
=9, = 0.5(1 — k) Ryw® + 2Ry + AL LT Z = P — Ly + AT, LT

1ij 1ij

= = (2R, + Z + Z7) + LyAyy; + ALLY, =0 = k(Ry — Z) + AL LY

333 == _Ql - R1 - 025(1 - Ii)Rlﬂ'z, ég4 == 05(1 - Ii)RlTI'Z

B B =2
E44 = —(1 — H)Rlﬂ'z — 7_'R2 — 2R3, E55 = 7_'2R1 -+ %Rg — L5 — Lg
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

X S I 0
Let L; =[;L, partition L as L = . Then define H = , Y =
STw 0SWw-1

SWST Ay = SA;WLST) By = SBy;, Cp; = Cp;WLST. Replacing =5
and A; with Z;; and A; in inequalities (4.2.4)-(4.2.6), where A; is an arbitrary
matrix with appropriate dimensions, these inequalities still hold. After replacing
=i; and A\; with é,-j and A;, then pre- and post- multiplying these inequalities by
diag{H, H, H, H, H, I, I} and its transpose with change of matrix variables
defined by: N, =diag{H, H, H, H, H, I, I\A;diag{H, H, H, H, H, I, I}7,G=
HGHT,Q,=HQ,H”, Ry=HRH”, Ry= HR,H”, Ry= HRsHT, Z=HZHT, P=
HPHT. One can easily get (4.2.33)-(4.2.35). By Schur Complement with the con-
dition ® = ®”'® it can be seen from (4.2.3) that

eG 0 E‘fij(T)T
Gj=| « (1-eG CLo" | >0 (4.2.40)
* * I

Then, perform congruence transformation to (4.2.40) with diag{H, H, I} and
its transpose gives the condition in (4.2.32). Therefore, if inequalities (4.2.30)-
(4.2.35) in Theorem 4.2 hold, the filtering error system (4.1.5) is asymptotically

stable and extended dissipative with the filter parameters given as follows:
Agj = ST A STIW, Byy = ST'Byy, Cpy = CppSTTW.

Or equivalently under transformation S~7Wx(t), the filter parameters can be

yielded as:
Asj = S_TW(S_lflij_TW)W_lST = Y‘lzlfj,
Byj = ST'W(ST'By;) =Y ' By,
ij = (aij_TW>W_1ST - afj.
This completes the proof. |

90



4.2 Main Results on fuzzy filter design

Remark 4.6 In terms of LMIs, Theorem 4.2 provides sufficient conditions for the
design of a delay-dependent filter so as to guarantee that the filtering error system
15 extended dissipative. It is worth noting that the conditions in Theorem 4.2 are
LMIs not only over the matriz variables, but also over the matriz V3. In Definition
4.1, W3 = ~2I for Hy and Ly — Lo filtering problem, Vs = ~I, for passivity
filtering problem, respectively, which imply that the scalar v, ¥* can be included
as optimization variable to obtain optimal attenuation level v for Ho, Ly — Lo,
passivity filtering problems, and can be readily obtained by solving the following

conver optimization problem:

Minimize v or o2 subject to (4.2.30)-(4.2.35)

In Theorem 4.2, let A;, = 0,\; = 0,7 = 1,2,--- ,r, we can easily obtain the
following corollary related to filter design for fuzzy delay systems with matched

membership functions.

Corollary 4.1 Given scalars 0 < e < 1,0< k<1, 7>0,l;,1 =1,---,5, and
matrices ®, Wy, Uy, Uy satisfying (4.2.29) and Assumption 1, system (4.1.5) is
asymptotically stable and satisfies the unified performance index in Definition 1
for any time-varying delay 0 < 7(t) < 7, if there exist matrices X > 0, Y > 0,
Q1 >0, R >0, R, >0,R3 >0, G>0, L, Z, ij, Efj and C'fj such that the

following conditions hold, Yi, j € {1, 2,--- ,r}:

G-P<0 (4.2.41)

R Z |
R (4.2.42)

* R |

eG 0 T4ijff> ]
Gi=| x (1—e)G T5d" | >0 (4.2.43)

* * I

2 <0 (4.2.44)
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Moreover, if above LMIs have feasible solutions, the desired delay dependent filter

15 obtained with parameters given by

Apj =Y 1Ay
Cy = Cyy.

Other notations are the same as defined in Theorem 4.2.

Remark 4.7 In general, if the premise variable of the original fuzzy model 0(t)
is available, we can use the information of 0(t) to construct simple filter mem-
bership functions instead of complicated ones. Then, fuzzy filter with imperfect
premise variables can be implemented based the obtained simple filter member-
ship functions. For the case of T-S fuzzy system with unmeasurable parameters
or uncertain parameters, a simple and effective solution is to construct a model-
independent filter. Due to the fact that the fuzzy-rule-independent filter ignores
the fuzzy rule, it has more conservativeness than the fuzzy-rule-dependent one.
Until present, some approaches have been developed well to deal with the fuzzy-
rule-dependent filter design problems of T-S fuzzy system with unmeasurable pa-
rameters (unmeasurable premise variables) or uncertain parameters, such as un-
certain system approach [154] and switching filtering approach [155]. On the other
side, implementation of the fuzzy-rule-dependent filter is more complex than that
of fuzzy-rule-independent filter. Thus, how to reduce the implementation cost of
the fuzzy-rule-dependent filtering, and simultaneously obtain low conservativeness
for T-S fuzzy system with unmeasurable parameters or uncertain parameters by
resorting to the imperfect premise matching method are interesting and challeng-
ing issues. Whereas it is not investigated in the present chapter due to the space

limitation.
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4.3 Simulation results

4.3 Simulation results

In this section, two examples are given to verify the effectiveness and less conser-

vativeness of the method proposed in this chapter.

FEzample 1: Consider T-S fuzzy system (4.1.2) with two plant rules(r = 2) bor-

rowed from [93], the parameters are as followings:

21 01| —11 01 1

Ay As Dy | 1 —2 | —02 —1.1 | —02

A Ap Do | | -19 0] 09 0| 03|
| 02 -11 | -11 -12 | 01

Cu Cn Dn | | 1 -05] 01 0 \ 0

| Ci2 Co Dn | |05 —06 | —02 1 \ 01 |
(B, Ew Du| | 1 0| —08 06 \ 0.3
| B BEw D | | -02 03 0 02 ‘ 0.6

Membership functions for Rule 1 and Rule 2 are given as follows:

1 1
hi(z1(t) =1 — 1 + ¢ 3@®H+3) <1 o 1 +€3(:}c1(t)72‘)) ; ho(xi(t) =1—Nh(1(2)),

—a1 ()2

my(z1(t)) =1 —0.96e2x1:6% | my(z1(t)) =1—mq(x1(%)).

Remark 4.8 An easy way to choose the membership function for the fuzzy filter is
to find some simple membership functions whose profiles are similar to the system
membership function. It only requires some simple trial processes to determine the
filter membership functions that satisfy the unmatched condition m; — A\jh; > 0,

(0 < X\; < 1) while preserving performance of the filter.

The fuzzy filter, designed according to Theorem 4.2, can satisfy the prescribed
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

H., Ly — L, passive and dissipative performances. Due to limited space, only

H, performance is considered in this example.

To compare with the recently developed fuzzy H. filter, set A\; = 0.6, Ay = 0.9,
e=05k=09 &=0, ¥, =—1, ¥, =0, U3 =22 7=0.8 in Theorem 4.2, the

comparison results of minimum +,,;, are listed in Table 4.1.

Table 4.1: Comparison of Minimum index v in Example 1

Ref. [94] [93] [106] Th. 4.2 Cor 4.1
v 0.35 0.22 0.32 0.22 0.23
Number of Variables | 11r+5  42r24+8r+11 5r+9  4r-+9 3r+9

It can be clearly seen that the minimum disturbance attenuation level ~,,;, ob-
tained by our approach is smaller than those obtained in Ref. [94](6 = 20) and
Ref. [106]. Although Theorem 4.2 in this chapter and Ref. [93] obtain the same
minimum 7, Theorem 4.2 in this chapter involves 4r 4+ 9 decision variables, which
are significantly fewer than 42r2+8r+11 decision variables contained in Ref. [93].
The simulation results in Table.4.1 demonstrate that the filter design approach
proposed in this chapter is less conservativeness or more computational efficiency
or both than those in Ref. [94], Ref. [106], Ref. [93] and Corollary 4.1. It is
worth pointing out that the minimum attenuation level v obtained by Theorem
4.2 is smaller than that obtained by Corollary 4.1, which verifies that imperfect

premise filter can reduce conservativeness.

When 7 = 0.8, we obtain a desired delay-dependent H,, fuzzy filter in the form
of (4.1.4) with the following filter parameters

~4.3031 —5.3024| —2.4623
Ap By —0.2069 —4.3285| 0.1056
Agy By —5.3295 —1.9101|—1.5309
| —1.8154-3.4272| 0.0347

[Cﬂ Cﬁ] = [—0.259 0.1335]—0.0026 —0.8033] :
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4.3 Simulation results

Fig. 4.1 depicts the responses of z(t) and z¢(¢), and Fig. 4.2 shows the error

response of z(t)-z;(t).

1.5 1.5 :
== z(t) — e(t)
1.0 — ) 1.0
0.5 | 0.5
0.08u- -7 *\_~ o.oL\_J\/\'
-0.5 ‘ ‘ ‘ -0.5 ‘ ‘ ‘
0 5 10 15 20 0 5 10 15 20

t(s) t(s)

Fig. 4.1: Responses of z(t) and zs(t) Fig. 4.2: Response of filtering error sig-
nal e(t) = z(t) — z¢(t)

Example 2: To further illustrate the effectiveness of the filter design method
proposed in this chapter, we apply Theorem 4.2 to the continuous stirred tank
reactor (CSTR) system borrowed from Ref. [156]. The system parameters and

membership functions are given as follows:

—1.427 0.076 —2.051 0.396 —4.528 0.317
11 — y 4112 = y 4113 —
1.375 —1.635 —5.343 0.724 —20.759 —0.105
0.25 0 —0.5
A21:A22:A23: 7D11:D12:D13:
0 0.25 1

Chi=Cp=03= [5 2] ,Cog1 = Cop = Co3 = [O 0} yDo1 = Dag = Doz =0

Eyn=Fy=F3= [O 1} , 91 = By = Fo3 = [0 0] , D31 = D3y = D33 =1

1 — — =, 21 (t) < 2.7520
hl(xl(t)) — 1+e 1)+ 1( )

0, 21 (t) > 2.7520
ha(x1(1)) =

1— hg(l'l(t)), [L’l(t) > 2.7520
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4 Imperfect premise matching fuzzy filtering of nonlinear system with time-varying delays

0, 21(t) < 2.7520
ha(z1(1)) = )
Tre 321018 Qll(t) > 2.7520
1, 1 () < 0.8882
ma(w1(t) = 1 — U082 (8889 < a(t) < 2.7520
0, 21 (t) > 2.7520
ma(z1(t)) =
L —mg(z1(t)), x1(t) > 2.7520
0, 21 (t) < 2.7520
mg (a1 (t)) = § 200 9 7520 < 2y (t) < 4.7052
1, 1(t) > 4.7052

Now similar to Example 1, we use the filter design approach proposed in this
chapter to design a Ly — L, filter for the above fuzzy CSTR system. By using
standard Matlab software, let Ay = 0.75, \y = 0.5, ¢ = 0.6, Kk = 0.9, 7 = 0.3,
=1, U, =0, ¥y =0, U3 = +% we can see that LMIs (4.2.30)-(4.2.35) in
Theorem 4.2 are feasible. Then we can obtain that v,,;, = 2.24, and the desired

Loy — L, filter parameters are given as follows:

- . —1.2237 —0.0197| —0.1147
Afl Bfl
= 1.6904 —3.0930 | —1.6765
Chi
- - —4.8763 —1.9885
- . —1.6641 0.2504|—0.1155
Ao | Byo
= | —2.7217 —1.2159 | —1.6759
Cts
- - —4.8763 —1.9885
—4.2883 0.3143 | —0.1180
Afg Bfg
= | —20.8035 —0.8783 | —1.6734
Cts
—4.8763 —1.9885
In simulation, the disturbance input is defined as w(t) = 517,¢ > 0. The initial
condition of the system (4.1.2) is £(0) = [—1 0.2]7 and the initial condition of
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4.4 Conclusion

the corresponding filter system is z;(0) = [0 0]”. Fig.4.3 depicts the system state
x(t) and filter state x¢(t). Fig.4.4 shows the response of filtering error signal e(t),

which shows that the filtering error finally reduces to zero. From these simulation

0.5 ; ; : : 2.5 :
- z2() — et
\ — a(t)
0.0f < 2mm 1.5
1
U
"
-0.5 Irf ] 0.5
1
1
1
1 0: 0.5 Vﬁ
70 20 40 60 80 100 0 20 40 60 80 100

t(s) t(s)

Fig. 4.3: Responses of system state x(f) Fig. 4.4: Response of filtering error sig-
and filter state x (1) nal = e(t) = z(t) — z4(¢)

results, it can be seen that the filter design approach proposed in Theorem 4.2
can provide an accurate estimation of the desired signal in presence of external
noise w(t) and the designed Lo — L filter satisfies the specified requirements.
The above results indicate again that the delay-dependent filter design method

proposed in this chapter is effective.

4.4 Conclusion

This chapter focuses on extended dissipative filter design problem for fuzzy sys-
tems with time-varying delay under imperfect premise matching. Based on ex-
tended dissipative performance index, the H.,, Ly — L., passive and dissipative
filter problems have been investigated. New delay-dependent conditions for per-
formance analysis and filter design have been established in terms of LMIs by em-
ploying an efficient integral inequality. Finally, some numerical simulation results
specific to Hy, and Lo — L, filtering problems have been provided to demonstrate
the advantages of the method proposed in this chapter over some recent ones in

the literature.
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Chapter 5

Analysis and optimization of fuzzy
membership functions with a fre-

quency domain method

Although fuzzy control with imperfect premise matching can enhance design flexi-
bility and reduce conservativeness, it also brings difficulty to parameters selection
of membership functions. NCOS function based mismatched fuzzy membership
function parameter optimization problems are studied in this chapter. In this
chapter, finite frequency H,, controller design method for T-S fuzzy-model-based
control system under imperfect premise matching is first given. Then to fur-
ther improve the disturbance attenuation performance of the concerned frequency
band, parameter optimization method of mismatched controller membership func-
tion based on the nCOS function is presented. GA is also given to verify the

validity of the nCOS function based optimization method.

The novelty and contribution of this study lie in several aspects. (a) It is the first
time that a frequency domain method is used for the analysis and optimization of
Gaussian membership functions under imperfect premise matching control and to
this aim a novel systematic frequency domain method for calculating the nCOS
function of such a fuzzy system with nonlinear Gaussian membership function
is developed; (b) The new nCOS function can greatly facilitate optimization of
the mismatched membership parameters and gives an in-depth understanding

of nonlinear influence on system performance due to membership function; (c)
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5.1 System description and problem formulation

Comparison results indicate that the disturbance suppression capability of the
fuzzy controller is further enhanced by combining the finite frequency H,, control

with the nCOS function based frequency domain optimization method.

The rest of the chapter is organized as follows: system description and problem
formulation are given in section 5.1. Fuzzy controller design with mismatched
membership function is given in section 5.2. nCOS function based optimization
algorithm and GA optimization method are also presented in section 5.2. Appli-
cations of the method proposed in this chapter to nonlinear systems are given in

Section 5.3. Conclusions are drawn in Section 5.4.

5.1 System description and problem formulation

In this section, T-S fuzzy model of nonlinear system and fuzzy controller with

mismatched membership functions will be established.

Consider the following nonlinear system

#(t) = Fi(a(t), u(t),w(t))
2(t) = Fy(a(t), u(t),w(?))

(5.1.1)

where Fy(z(t),u(t),w(t)) and Fy(x(t),u(t),w(t)) are nonlinear functions, z(t) €
R™ is the system state vector, w(t) € R¥ is the disturbance input, u(t) € R™ is
the control input, and z(t) € R* is the controlled output. It is well known that
any smooth nonlinear systems can be approximated by a T-S fuzzy model [88],

then nonlinear system (5.1.1) can be expressed in the following form

Plant Rule i: IF 6,(t) is p;1 and 605(t) is p0 and - - - and 6,(t) is p;,, THEN

z(t) = Ajz(t) + Biu(t) + Buiw(t)
(5.1.2)
z(t) = Ciz(t) + Dyu(t)

where fi;1, flig, - - -, pip are fuzzy sets, A;, B;, B, , C; and D; are constant matrices

99



5 Analysis and optimization of fuzzy membership functions with a frequency domain method

with compatible dimensions, 0(t) = [61(t), 02(t), - - -, 0,(t)] is the premise variable
vector, and r is the number of fuzzy IF-THEN rules, ¢ = 1,2,--- ,r. Throughout
this thesis, it is assumed that the premise variables only depend on the system

state x(t). So the overall fuzzy system is inferred as follows

B(t) = hi(0(t)) [Aix(t)+ Byu(t)+ Buw(t)]
= (5.1.3)
2(t) = Z hi(0(1)) [Ciz(t) + Diu(t)]

where hi(0(t)) > 0,57 hi(6(1)) = 1.

In this section, we consider a fuzzy controller that shares different premise vari-

ables with the fuzzy system, which is in the following structure:

Controller Rule j: IF n(t) is N;; and n,(t) is Nj2 and - - - and n,(¢) is N;,, THEN
u(t) = Kjz(t), (5.1.4)

where 7 = 1,2,--- ,r. The output of the mismatched fuzzy controller can be

represented by the following form:

u(t) = S, (n(1)) K1) (5.1.5)

n(t) = [m(t),n2(t),- - ,mp(t)] is the imperfect premise variable vector. Then the

closed-loop fuzzy system can be represented as

@(t) = A(h,m)x(t)+B(h, m)w(t)

B (5.1.6)
z(t) = C(h,m)z(t)
where roor r
A(h,m) = Z Z hi(0(8))m;(n(t)) [A; + BiK;], B(h) = Z hi(0(t)) Bui,
Clh.m) = 37 3" mlb(t))m; (n(t)) [+ D).
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5.2 H., controller design and membership function parameters optimization

m;(n(t)) > 0, imj(n(t)) = 1. For simple description, we denote h;(0(t)) =
hi, m;(n(t)) :]mlj, A(h,m) = A, B(h) = B, C(h,m) = C. For T-S fuzzy
control with mismatched premise variables, various membership functions can be
employed to enhance the design flexibility and /or lower the structural complexity

of the fuzzy controller as long as the following conditions [110] are satisfied:

Remark 5.1 Condition (5.1.7) only presents boundary constraint on the mis-
matched membership function. It is worth noting that except for this design con-
dition, there are still some subjectively decided parameters in the mismatched con-
troller membership function, which will also influence system performance. For
example, Gaussian membership function, which is smooth and nonzero at all points
has been extensively adopted as imperfect membership functions in some existing
research work [23, 110, 116118, 157]. Butl none of these works have systemati-
cally investigated the parameter selection of Gaussian membership function. Thus
it 1s of great importance to explore how the parameters of mismatched controller

membership function affect the closed-loop system performance.

5.2 H., controller design and membership function

parameters optimization

5.2.1 Finite frequency H,, controller design

The finite frequency H,, control problem is to design a fuzzy controller such that
the following inequality holds for all nonzero w(t) € L£5[0, oco) over a specified
frequency band [w; ws|, where w; and wq correspondingly represent the lower and

upper boundaries of the concerned frequency band.

/ y ZT(w)Z(w)dw—VQ/ W (W)W (w)dw < 0,w € [wy,ws] (5.2.1)

w1 <w<ws2
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

In addition, the following actuator saturation constraint is also considered
u(t)] < Umax (5.2.2)

where uyay is the upper bound of the actuator force amplitude. The following
lemma, which will be used to develop the main results in sequel, are introduced
here.

Lemma 5.1 (Projection Lemma) [158]: Given I', A, ©, there exists a matriz F
satisfying TEA + (TFA)T + © < 0 if and only if the following inequalities hold

r+ert? <o, AT"eAT <0
Finite frequency H., controller design for the T-S fuzzy system under imperfect

premise mismatching is presented in the following theorem.

Theorem 5.1 For given scalars n, §, the T-S fuzzy system (5.1.3) with controller
(5.1.4) under condition m; — Ajh; > 0,(0 < A\; < 1) is asymptotically stable with
disturbance input w(t) = 0 and satisfies Hy, disturbance attenuation performance
v over a given frequency band [w; wsy] under energy-bounded disturbance Wy, =

(n — V(0))/0, if there exist symmetric matrices P, A;, P, > 0, Q > 0, Vi,j €

{1, 2,--- ,r}, such that the following matriz inequalities hold
[P A], P,B
<0 (5.2.3)
*  —nl
AB - P + jw, AB c'Cc 0
“ Je + <0 (5.2.4)
I0 P — jw.Q —wwQ I0 0 —2I
—1 V$K;
<0 (5.2.5)
* —ufnaxpl

where w, = (wy + wsy)/2.

Proof: First, we prove that the closed-loop system is asymptotically stable when

w(t) = 0. Consider the following quadratic Lyapunov function
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5.2 H., controller design and membership function parameters optimization

V(t) = 2" (t)Pa(t) (5.2.6)
P, is a positive definite matrix. Time derivative of V'(¢) can be expressed as

V(t) =T (t)Pia(t) + 27 (t) P (t)

_ZthJ ) [AL P+ PLA;] (1) (5.2.7)

11]1

1
<Zth] |:A P1+P1Az]+77pleBTP1 ()

=1 j=1

By using Schur complement, inequality (5.2.3) can be rewritten as
— 1 ==
[P A], + -PBB"P, <0
n

Then we can obtain

V(t)<0 (5.2.8)

Thus we come to the conclusion that the closed-loop system is asymptotically

stable with disturbance w(t) = 0.

For any constant n > 0, the following inequality holds
— 1 —
227 (t)PLBw(t) < —z (t)PLBB” Pia(t) +nw” (t)w(t) (5.2.9)
n
According to (5.2.7), (5.2.8) and (5.2.9), for ¥ w(t) # 0, we can obtain

. _ _ 1
V(t) <zT(t) AP1+P1A+7—]P1BBTP1 () +nw? (t)w(t)

<nw! (t)w(t) (5.2.10)

Integrate both sides of inequality (5.2.10) from 0 to ¢, the following inequality can
be obtained

V)~ V(0) < / ST (Owlt)dt < nllw(t)] = T
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

which indicates that
2T (#)Pra(t) < V(0) + nwmax = 0 (5.2.11)
Consider control input, we have

max|u(t)]* < max ij KTK 5 (t)]

t>0 t>0

(5.2.12)

2

-

— max ij PP KT K P2 PRa(t)

>0

max{zmj 2K K,;P, }}

Then one can obtain that constraints on control input are satisfied if the following

inequality holds

1

5P, QKTKP 2, I (5.2.13)

Apply Schur complement to inequality (5.2.5), (5.2.13) can be obtained.

Next we prove that the frequency performance constraints hold. For inequality
(5.2.4), multiply [z7(¢) w”(t)] and its conjugate transpose on the left and right

side of inequality (5.2.4), we can obtain

237 (t) Pr(t)— i (t) Pi(t) +jwea” () Qa(t) + 27 (1) 2(t) —y*wl (Hw(t) <0 (5.2.14)

Note that for any vectors ¢ and ¢, equation (TQp = tr (p¢*'Q) always holds.
Thus inequality (5.2.14) can be rewritten as

BOPEO 2 (1y2(t) 2 (1t
<tr [He ((wiz(t)+ji(t)) (wez(t)+ji(t))") Q] (5.2.15)

where He(A) = A*—QAT. Integrating both sides of (5.2.15) from 0 to ¢ yields

/0 LT () Pr(t)dt 4 /0 ")+ (0)dt — /0 AT (D)t < tr [He(S)Q]  (5.2.16)
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5.2 H., controller design and membership function parameters optimization

where S = [ (wi2(t)+ji(t)) (wor(t)+ja(t))7dt. [y 2T (t)Px(t)dt > 0 holds when
P > 0, then the following inequality can be obtained

/Ot () z(t)dt — /000 YT (t)w(t)dt < tr[He(S9)Q)] (5.2.17)

Then according to the Parseval’s theorem [159], we have

_ i oo(wl — w)(ws — w) X7 (w) X (w)duw

1 > T
/ =5 [ X)X (w)du

/ %/ W (w)W (w)dw

where X (w), W (w) are continuous Fourier transform of z(¢) and w(t).

tr [He(S)Q] < 0, w € [wy, ws] holds when (w; — w)(ws — w) < 0, then inequal-
ity (5.2.1) holds, which indicates that the closed-loop system satisfies the finite

frequency H,., performance. This completes the proof. B

Since conditions (5.2.3)-(5.2.5) are not strictly linear matric inequalities, hence, it
cannot be handled directly by MATLAB LMI optimization tools. In order to solve

the nonlinear problem, the following theorem is obtained through linearization.

Theorem 5.2 For given scalars n, 0, the closed-loop fuzzy system under condi-
tion m; — \;h; > 0,(0 < A\; < 1), is asymptotically stable with disturbance input
w(t) = 0 and satisfies Hy, disturbance attenuation performance v over given fre-
quency band [wy w,), if there exist symmetric matrices P, A;, and positive definite
symmetric matrices F' >0, Q > 0, Vi,j € {1, 2,--- ,r}, such that the following

matriz tnequalities hold

O — N <0 (5.2.18)
O5 — MAi = MAj + A+ A <0, i < (5.2.20)
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

—Q P+jw.Q—F 0 0
<0 (5.2.21)
* * —2I 0
* * * —1I
—1 V$K;
<0 (5.2.22)
* _u%wa;F

where
w, = (wy + wa) /2, Ui =—w1weQ+[A;F+ B; K}

_ [A;F+B;K,]; Bu
&)
* —nl

Then the fuzzy controller gain can be obtained as
K;j=K;F! (5.2.23)

Proof: It’s easy to verify that (5.2.4) and the following inequality are equivalent

—_—— T —_—
AB AB
10| ®|ro|<o (5.2.24)
017 07
where

—Q P+ jw.Q 0

= | P—jw.QuiwQ+C"C 0 (5.2.25)

0 0 —~2I

We also know that the following equation always holds

T

10 10
_Q 0
00| ®|o0]| = <0 (5.2.26)
0 —2I
17 II
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5.2 H., controller design and membership function parameters optimization

According to Lemma 5.1 with

L |ATOp L (100

BOI 0017

the following inequality is sufficient condition for (5.2.4)

T
1 S
o+ |AT| P foro] + oro] A|AT| <o (5.2.27)
b” BT

Then substitute Z = Z::l Z;:l himj [Az + BZ'KJ‘], 6 = Z:Zl Z;:l himj [CZ + DinL
B = > i hiB.,i into inequality (5.2.27), the following inequality can be ob-
tained

T T

i=1 j=1

where
—Q—-P+P+jwQ 0
Zij = | o« Qi P, B,
* * —~2T

Qij = [Alpl + Binpl]s + wleQ + [Cz + DZ'Kj]T [Cl + DzKJ]

Since h;, m; > 0, thus we have =;; < 0. According to Schur Complement =;; < 0

can be equivalently transformed into

—Q —P 4+ P+ jw.Q 0 0
AP PPl oneQ B 71 <0 (5.2.2)

* * —~2I 0

* * * —1I

Define following new matrix variables Q = F~TQF\,P = F-TPF~! P =
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

FUK; = K;F~1, T, =diag{F~!, F~' 1,1}, then perform congruence transfor-
mation to (5.2.29) by pre- and post-multiplying T7 and its conjugate transpose,
(5.2.21) can be obtained.

Substitute Z = Z::l Z;:l himj [Al + BZ'Kj], (_j = 22:1 z;zl himj [Cz + Din],
B =Y""_| hiB,,; into inequality (5.2.3), the following inequality can be obtained

T

Zihimj@ij <0 (5.2.30)

i=1 j=1

where

[PlA;+B;K;)|s PiB.

iJ

* —nl
Taking property of fuzzy membership function into consideration, we have

T s

i=1j=1

where A; = AT is arbitrary matrix with appropriate dimension, add 5.2.31)to

inequality (5.2.30), the following results can be obtained

Zthy ij ZZh( —mj + Ajh; — )A+Zthg ij

1=15= 1=17= 1=1j=
— RO — Ak + ) + Z_: > hih;(Aj©i — AjAq
i=1li=1 i—lj—i-l-l
i=1j=

Then if (5.2.32)-(5.2.34) hold

Aj@ij+)\i®ji_)\in_)\iAj+Ai+Aj <0,1< ] (5234)

then (5.2.30) also holds. Define YTy = diag{F~! I}, pre- and post-multiply
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5.2 H., controller design and membership function parameters optimization

(5.2.32)-(5.2.34) by Y% and its transpose, inequality (5.2.18)-(5.2.20) can be ob-
tained. This completes the proof. H

5.2.2 Optimization of mismatched membership functions’

parameters based on nCOS function

In this part, nCOS function based optimization method is applied to obtain the
optimal parameters of the mismatched controller membership functions. Some

basic definitions are first introduced.

Nonlinear output spectrum for single-input multiple-output system

Nonlinear systems can usually be identified or modeled into parametric model such
as nonlinear differential equation (NDE), nonlinear autoregressive with exogenous
input (NARX) and nonlinear block oriented (NBO) in practice. Nonlinear output
spectrum of those nonlinear systems is not only a function of frequency variables
but also functions of model parameters and input magnitude. Volterra model of
a single-input multiple-output (SIMO) nonlinear differential equation system is

given as follows [26]:

w() =3 ()
wO=0+ [ o [ e m) [Jut-ndn

o0 k=1

where y;(t) and u(t) are the ith subsystem output and input of the system, re-
spectively, N is the maximum order of the system nonlinearity, A (7, -+, 7,) is
the nth order Volterra kernel, 4? is zero or the DC constant. Then the nth order

GFRF can be defined by the multi-dimensional Fourier transform as [126]

H (jwe, -+, jwn) =/ / R (7, T )Tt T) oy (5.2.36)

Then (5.2.35) can also be rewritten as [160]
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

yi(t) =Dy () (5.2.37)

— g4 — Erdwy - - - dw,,— Jwt g
o /oo (2m) /oo /oo A

T
where

= =H] (jwr, - jwp—1, j(w —wy — -+ = wn 1)) X Up(jwr, -+, jwn 1)
Un(jwy, -+ jwn—1) = U(jwr) -+ U(jwn 1)U (j(w —wy — -+ — wp_1)), wp = w —
wy — -+ —wy,_1, U(jw) is the input spectrum, HY is associated with the Oth order

output ¢!, which is independent of input. The output 4 in the frequency domain

1S written as

1 o0 [o¢]

Y;n(jw) = / / Erdwy - - - dw,_y (5.2.38)
N

Yi(jw) =) Y'(juw). (5.2.39)

5.2.3 Computation of the nonlinear output spectrum

The nonlinear output spectrum of a SIMO system from the first order to the
nth order can be analytically computed based on numerical or experimental data
using least square method [49,124,125|. Considering the truncation error opy(jw)
and input pU(jw) with magnitude p, the nonlinear output spectrum in (5.2.39)

is presented as
Yi(jw)y =) 0"V(jw)
= pY (jw) + p*Y (jw) + p°Y (jw) + - - (5.2.40)

N . .
= Y (w) + o (jw)
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5.2 H., controller design and membership function parameters optimization

where opy)(jw) is the truncation error, which includes all the remaining higher
order output spectrum components in Volterra series expansion, p represents dif-
ferent magnitudes of input. To determine Y;(jw),, the system can be excited by
the same input U (jw) with different magnitudes pq, pa, - -+ , py and there will be a
series of output denoted by Y;(jw),,, Yi(jw),,, - -, Yi(jw),y. Then the nth order
output spectrum Y;"(jw), n € {1,2,--- N} is calculated as

- - - - -1 r -

Y (jw) prptepr Yi(jw)p
Y2 (jw 2.l Y;(jw
: (:7 )| _ o2 P (J. o2 (5.2.41)
YVGw) | |evek N | [ Yiliw)ey |
The square matrix is nonsingular if p; # py # -+ # py. An important issue of

applying the above method for estimation of the output spectrum is how to select
appropriate excitation magnitude p with consistent accuracy. To find the best
excitation parameter p, a p-selection method in [49] can be adopted. Generally, p
can start with a small number and increases regularly by ¢ until a larger number.
For each p, run the method above to estimate first-, second- and third-order
output spectrum, and eventually generate the |Y"(jw)| «~ p curve; the best value
of p corresponds to the bottom of the resulting U-shaped curve which results in a

smaller estimation error for |Y;"(jw)|.

5.2.4 Optimization of fuzzy membership function parameters

by nCOS function

The controller gains K are obtained according to the finite frequency H,, con-
troller design method in Theorem 5.2. For the mismatched fuzzy controller adopt-
ing the Gaussian shape membership function, the closed-loop T-S fuzzy system can
be reformulated as the following general exponential-type nonlinear system [161]

by substituting the fuzzy controller (5.1.5) into the original nonlinear plant

fi1(E, &) + fo(Z, @) 9@ =y " —— (5.2.42)

111



5 Analysis and optimization of fuzzy membership functions with a frequency domain method

where ) d'z d*x dkz) . dw d*w d*w
T = T, —— —— e —— w = W, —— —— oo | ——
Tdt ] de2’ T ditl |7 Tdt T dit27 7 dik

and f1(z,w), f2(Z,w) and ¢(Z,w) are polynomial functions of system state = and

input w, [ is the differential order with maximum order L.

According to equation (5.2.41), the nonlinear characteristic output spectrum can
be analytically computed based on experimental data and least square method,
which will be very useful for the analysis and optimization of membership func-
tion parameters. The optimization process for mismatched fuzzy controller with

Gaussian shape membership function is summarized in Algorithm 1.

Algorithm 1: Optimization of fuzzy membership function parameters

(1) Define new state variables y; = x and yo = e9@%) then by taking derivative

of yo with respect to time, the following equation can be obtained:

dy: 0 d9(2,0) dg(i,w)
—_— T, = 5243
T dt AT ( )
Then the closed-loop system (5.2.42) can be equivalently transformed into
the following single input multiple output polynomial nonlinear system with
the same initial conditions of (5.2.42) and y,(0) = 9@(©)2(0));
L

A .. d'w

F1§1,@) + Folir, @)y = T
1=0 (5.2.44)

dy  dg(ih,w)

i@ P

(2) Based on the probing method [26], assume the input is w(t) = (Wit Fwn)t,

system state of (5.2.44) is expressed as

Y = Hzo + Z Hil(wil)ejw“t + - (5245)

all combinations

of w;p in w
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5.2 H., controller design and membership function parameters optimization

N Z Z H{' (wi, - - ,wm)ej(wilJf“'erm)t

all permutations all combinationsof w;; in w

of (wir, -+, win)

where w = (wy, - -+ ,w,). Substitute (5.2.45) into (5.2.44) and equate the co-
efficients of e/(W1+wn)t to zero, the explicit formula of the nth order GFRFs
can be obtained. Substitute GFRFs into (5.2.38) with some manipulation,

the output spectrum can be obtained.

(3) With the estimated Y;(jw), from (5.2.40), the unknown frequency coeffi-
cients regarding to w in nCOS function are determined by using the least
square method. Then the relationship between the nonlinear parameters
that we are interested in and the output spectrum of (5.2.42) can thus be
obtained, which can clearly demonstrate how the parameters of interest af-
fect system frequency response. The optimal parameters of membership
function for the mismatched controller can be obtained where the output

spectrum is minimized.

Remark 5.2 The nCOS function based optimization method in Algorithm 1 can
be applied to analysis and design of the control systems with exponential type non-
linearities. Parameters optimization for the mismatched fuzzy controller adopting
Gaussian shape membership function is one of the applications of nCOS function
based frequency domain method. If the mismatched membership function is poly-
nomial type, the methods in [27, 48,49, 160] can easily obtain the nCOS function

for polynomial type nonlinear system and thus determine the optimal parameters.

5.2.5 GA-based optimization of mismatched membership

functions’ parameters

Another solution to the aforementioned parameters optimization problem of the T-

S fuzzy system adopting Gaussian shape mismatched membership function is using
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

search-based optimization method. In this chapter, GA is adopted to verify the
validity and effectiveness of the nCOS function based frequency domain method.
The objective is to seek optimal parameters in fuzzy membership functions to
minimize the output frequency response |Y (jw)|. GA has great potential in global
optimization, is appropriate to deal with the optimization problem in this chapter.
In the following, standard GA is applied to search the parameter space to seek
for the optimal fuzzy membership function. The process of GA optimization is

summarized in Algorithm 2.

Algorithm 2: Optimization of fuzzy membership function parameters using GA

(1) Specify bounds of the parameters in Gaussian membership function.

(2) Encode the parameters to a binary string and generate an initial population

of N chromosomes randomly.
(3) Decode the initial population into practical values of system’s parameters.

(4) For each set of parameters, calculate the output frequency response |Y (jw)|

of the closed-loop fuzzy system.
(5) Cross over with a probability p. and mutate with a probability p,,.
(6) Retain the best chromosomes in the population.

(7) Check if the maximum number of iterations is reached or the convergent
conditions are satisfied. If so, stop and output the result. If not, repeat

Step 4-7.
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5.3 Applications to nonlinear mechanical systems

5.3 Applications to nonlinear mechanical systems

In this section, two nonlinear systems are considered: one is a simple numerical
nonlinear system and another is a nonlinear quarter suspension systems. These
examples are provided to evaluate the validity and superiority of the frequency

domain based optimization approach proposed in this chapter.

5.3.1 Numerical example

First we consider a simple nonlinear system in [162]

E(t) = —0.026(t) — 0.676(1)> + u(t) + w(t) (5.3.1)

Assume £(t) € [—d,d], d > 0. Denote x(t) = £(t) and xo(t) = £(t), according to
sector nonlinearity method, the nonlinear system can be exactly represented on

[—d, d] by the following overall fuzzy system

B(t) =) hi(2(t)) [As(t)+ Biu(t) + Buw(t)]
=1 (5.3.2)

I
=
I
&
&
“
~
~—
Q
&
=

where z(t) = [zT(t) 21 (t)]".

hi(z(t)) =1 — 21 (8)*/d®, ha(x(t)) = 2:1(t)?/d? (5.3.3)
0 1 0 1 0
Alz 7A2: aBlzBQZ anlszQZ
—0.020 —0.02 — 0.67d0 1 1

Oy =100.5], Cy=1[00.5]
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

Controller membership functions are chosen as

_ (z1—b)? _ (z1-b)?

my(z(t)) =1 —ae 2x% | mo(x(t)) =ae 2x2 (5.3.4)

where d = 2, a = 0.95, b € [-6, 6], ¢ € [0.84, 6], w; = 0.01, wy = 1 with
permissible parameters A\; = 0.05 and Ay = 0.0011. Controller gains obtained
from Theorem 5.2 can be written as K7 = [k11 k1a], Ko = [ko1 ko], so the overall

controller is
2

u(t) = mq(&(t) K (t) (5.3.5)

=1

=k &(t) + ko€ () + [(k’m — k11 )E(t) + (kag —K12)E(t) | ae

_(e-b)?
2c2

According to Theorem 5.2, assume initial condition x(0) = 0, #(0) = 0, x = 500,

the fuzzy controller is calculated as
K, =[—223.4033 — 46.2517], Ky = [—255.4280 — 56.0321]

By substituting (6.3.9) into (5.3.1), the closed-loop system can be written as

Et) =m€(t) T (1) +nse (e 5 1B 52 4nst (P +wlt)  (5.3.6)

where ny = k11—0.02, Ng = k‘lg, ng = a(k‘gl—kn),m = a(kigg—k’lg), Ny = —0.67.

It is obvious that the closed-loop system is a nonlinear system with exponen-
tial type nonlinearity: e©9?/2¢. Then following the steps in Algorithm 1,
the relationship between system nCOS function and parameters b and ¢ can be
analytically calculated as follows:

First define new variables y;(t) = &(t) and ys(t) = e 52" , the closed-loop

system can be equivalently transformed into the polynomial nonlinear system

i1 (t) =na (£)yr (£) +nag () +nsy1 (O)y2 () +1agn () y2(t) +nsy1 (6)* +w ()
X X (5.3.7)
Ua(t) = — gyl(t)y'l(t)?h(t) + g?ﬁ(t)yz(t)

116



5.3 Applications to nonlinear mechanical systems

Following Step 2 of Algorithm 1, each order GFRF H['(jw) can be easily ob-

tained:
b2
H? =0, Hg =€ 22
1
HY(=myjw, —m3) — (mojw; +w?+mq)’
(majwi+mg) Hi (jw) Hy (jwa)/Hy
Fmyj(wy +ws) —ma) —[maj (wy +ws) 4 (wy +ws )2 +my]
o " 1 .
H2(jwy, jws) = _%lel?(glwfifi)mw) N C_Z;j(wfzj_lMQ)Hll(jwl)H%(ng)

bHY 4 .
+ 2 B G, )

H; (jwr) = Hy (jwy) = HyH, (jw)

H12(j7«U1>jw2) =

H} (jwr, jws, jws) = {HY [(majw;+mg)H{ (jwr)H3 (jws, jws)
+myj (wy+ws) H (jwy, jws) Hy (jws)| — ms Hy (jw:) H (jws) Hy (jws)/H3 }

/ Fmag(wy+wy+ws) —ms] — [maj (wy +wa+ws) + (wy +wy+ws)* 4+my |

Choose y(t) = £(t) as the output. Input is w(t) = psin(wt) and denote f = —%,

g = L. Substitute H'(jw) into (5.2.38) with some manipulation, the output

spectrum can be calculated as:

Yi(jw) = pYi (jwr) + p*Y7 (jwy, jws) + p°Y7 (jwr, jws, jws) + - - -

where
Y (jur) = —— 01 a— (5.3.8)
e1(jwi)Hy + ¢4 (jwr)
Y2 (jwy, jwy) = . Hy (5.3.9)
’ S0 h(jwr, jws) (HY)
Y (jwy, jwa, jws) = —g ! + (5.3.10)

Zi:o Spé(wb W2, w3)(HS)l
Sy (04 (wr, wa, ws) f4 @5, (wr, wa, ws)g+gh, (wy, wa, ws)] (HY)!
S oo h(wr, we, ws) (HY)!

The coefficients ¢(-) which are given in the following tables, are independent of
those parameters of interest, i.e., f and g and can be determined by using least

square method.
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

According to the p—selection method aforementioned, curves of |Y2(jw)| « p
and |Y?(jw)| «~ p are given in Fig.5.1, from which it can be seen that the best

excitation magnitude should be 0.6.

x107°
7.50445

T
— fitted curve

75944

Bottom of the U shape

T
— fitted curve

Bottom of the U shape

Fig. 5.1: Estimation of Y?(jw) and Y?(jw) under different excitation

Then choose input as w(t) = 0.6sin(7 - t), the coefficients of the output spectrum

can be obtained via least square method, which are shown in Table 5.3.1 as follows:

Coeflicient

Value

Coeflicient

Value

p1(jw)

@5 (jw, jwa)
©3(jwi, jws)
@3 (jwr, jwa, jws)
©3(jwr, jws, jws)
gogl(jwl,ng,ng)
P3(jws, jws, jws)
@3, (w1, jwa, jws)
Qpég(jwlvaQa jw3)
Spgg(jwla Jws, ng)
(ch(jU)bij, ]U)g)

0.7394+0.19261
-7.2e09 - 4.2e091
-4.3e09-2.5¢091
-2.5e07 + 2.1e07i
-1.2e09 + 9.4e+08i
-3.1e09 + 2.3e09i
-4.6e08 + 3.5e08i
-166.06 - 10.4171
40.147 + 1.63091
29.447 + 1.3701i
-19.469 - 1.1247i

@) (jwr)

@5 (jwy, jws)
@3 (jwy, jws)
@3 (jwy, jws, jws)
@3 (jwy, jwa, jws)
P3(jws, jws, jws)
@37 (jw1, jwa, jws)
¥ f(jwlajw2>jw3)
¥ g(jw17jw27jw3)
@%,c(jwbjw%jw:ag

e

<P§c Jwy, jwa, Jws

w

3
2
3

3.6805 + 0.4148i1
1.1e10 + 6.4e091
5.3e08+-3.2e081
2.8e08 - 2.2e081
2.6e09 - 2.0e091
1.8e08 - 1.4e091
-96.279 - 2.15561
-41.369 - 1.78031
119.33 + 7.28231
29.658 + 1.74771
-34.687 - 1.90191

To verify the output prediction, output spectrum in terms of different parameters

b and c are calculated via simulation, which are shown in Fig.5.2.
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[ (juw)l

0.135}

o

numerical simulation
nCOS function method

2 4

0.14f

(¢]

T
numerical simulation

nCOS function method ]

6

Fig. 5.2: Amplitude of Y (jw) with different b (¢ = 1) and ¢ (b= 1)

From these two results, it can be seen that the output spectrum calculated by the

nCOS function based method has a good agreement with the numerical simulation

results.

Output spectrum in terms of different parameters of b and ¢, can then be easily

calculated, which is shown in Fig.5.3. It can be seen from Fig.5.3 that parame-

4
b 6 0
Fig. 5.3: Amplitude of |Y (jw)| with different b and ¢

C

ters b and c in the controller membership functions have a significant impact on
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

system output, which has not been studied in existing research works yet. The
output spectrum can provide insight guidance in choosing parameters of controller
membership functions in imperfect premise variables fuzzy control. For example,
when b = 2, ¢ = 0.955,]Y (jw)| = 0.1561. b = —0.285, ¢ = 5.595, |Y (jw)| = 0.1346.
The amplitude of output is reduced about 13.77%.

Then GA optimization method is applied to verify the results obtained by the
nCOS function based optimization method, choose the initial population as N =
120, the crossover rate as p. = 0.6, the mutation rate as p,, = 0.05 and the pa-

rameters space of b and ¢ are [—6,6] and [0.84, 6] respectively. The GA-based

1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

4 T T T
2 JWHWLM‘MUWWW -[ ) ]
0 R R R R I R I R I R
lOO 150 ZOO 250 300 350 400 450 500
0. 1 6 T T T T T T

— Y (jw)|
0.14

0. 1 2 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Generation

Fig. 5.4: GA-based optimization process

optimization process is shown in Fig.5.4. It is obtained that the final optimal out-
put is |Y (jw)| = 0.13448, and the corresponding optimal parameters are approxi-
mately b = 0 and ¢ = 3.5, which is almost identical to the result |Y (jw)| = 0.1345
calculated by the frequency response based method. This again verifies the ef-
fectiveness of frequency response based optimization method. It is also worth
pointing out that the GA approach can only obtain optimal value of |Y (jw)| and
the corresponding parameters b and c. Moreover, the time consumption increases

tremendously with larger parameter space. On the other hand, the nCOS function
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5.3 Applications to nonlinear mechanical systems

based method, can provide analytical relationship between the parameters b, ¢ and
the desired performance. As shown in Fig.5.3, the output response of the closed-
loop system in the concerned parameter space can be calculated analytically. And

the computing burden does not increase with parameters’ range.

5.3.2 Nonlinear vehicle suspension system

A more complicated 2-DOF nonlinear vehicle suspension system is given in this
part. According to Newton’s second law, nonlinear dynamic equation of the sys-
tem is built as follows:

meis = —F, — F;+u

MyZ, = Fy+ Fy— F, — F, — u (5.3.11)

where ms and m, are sprung and unsprung mass, 2, 2, and z, are the vertical
displacements of sprung mass, unsprung mass and road input, u is the control
force applied on the suspension system. Fj, Fy, F; are the forces produced by the
nonlinear spring, nonlinear damper and the tire, which are represented as:Fs =
ka1 (2s — 2u) +Eas(2s — 20)*, Fy = ci(2u— 4), Fa = ca(Zs — 2u) (2 — 24)°, Fi =
ki(zy — z), where kg and kg are nonlinear stiffness coefficients, ¢y and ¢,y are

damping coefficients, k; and ¢; are stiffness and damping coefficients of the tire.

Define x1(t) = 25(t) — 2,(t), which represents the suspension deflection, xo(t) =
Z4(t), which is the sprung mass speed, x3(t) = z,(t) — z.(t), which denotes the tire
deflection, x4(t) = 2,(t), which is the unsprung mass speed, and w(t) = 2,.(¢) is
the disturbance input. Then system dynamical equation (5.3.11) is rewritten in

the following form:

4

T1 = T2 — T4,

. ksl ks?) 3 Cs1 Cs2 .9 Uu

o= ——x1 — —x] — — (T3 —xy) — —&7 + —,
Mg Mg mg Mg Mg

¢3:x4—w,

kslﬁfl k‘sgfv?’ C (:U — T ) C .j32 ]{f T T Ctw
1 s1\42 4 5241 tL3 t4 t
\ my, my, my, my, my, my, my,
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

In suspension control, the following performance constraints should also be taken

into consideration:

1. The suspension deflection is no larger than a maximum value constrained

by mechanical structure, i.e., ||z5(t) — 2, (¢)]] < Zmax

2. The dynamic tire load should not exceed the static tire load to guarantee
that the wheels contact the road uninterruptedly, i.e., ki(z,(t) — z.(t)) <

(ms + mu)g

The following controlled outputs are defined to achieve the aforementioned per-

formance constraints

21 (t) = Z4(1),
(1) = {38(0 — 24(t)  ke(2u(t) — 2:(1))

Zmax (ms +my)g

Assume z(t) € [—dy,dy], @1(t) € [—da,da], di, do > 0. Then according to the
fuzzy modeling method in [88], the following fuzzy model can exactly represent

the nonlinear suspension system in region [—dy, d;] X [—dy, ds]
E(t) =3 ha(€(0)[Aixlt) + Bou(t) + Bui(t)]
a(t)= " h(€)[Cu(t) + Dyult)]

4

2(t) =) h(E(t)Cua(t)

where (1) = {z1(t), 41(8)}, Mi(21(1)) = 1= 2455, Mp(1(¢)) = 255, Ny(d () =
11— 20, Ny(i (1) = 3(1 4+ 28),

hn(€(t)) =M (21(2)) - Nu(@1(1)), ha(€(2)) = Mi(2:1(F)) - Na(i:1(2)),
hs(£(t)) = Ma(z1 (1)) - N1(@1(1)), ha(€(t)) = Ma(z1(F)) - Na(@1(2)),

0 1 0 —1 0 0
ab, a 0 a 1 0
A = o . Bi= 1| "™ | ,Bui= ;
0 0 0 1 0 -1
_afn Qo _,fb_tu 34_ __m%L_ _rfb_l_
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5.3 Applications to nonlinear mechanical systems

2
al . &2 . ksl a3 o CL4 o ksl + ks3d1 al - CL2 o ksl
1 11— 1 1 — - 41 — Y41 —
2 2 My ) Y2 2 m, ) mu7
2
CL3 _ CL4 . ksl + ksSdl a,l . CL3 . CSQdQ — Cq1 al o CLS o Cs1 — ngdg
41 — Y41 — 22 T W22 — 24 — Y24 —
mu ’ mS ’ mS ’
Al — g3 — Cs1 — daCsp Al — 3 — dacsy — Cs1 — ¢4 R —Csady — Cg1
42 — Y42 — s 44 T H44 T s W22 T W22 T 3
my, my, ms
2 o=t = G + Csad 02— gh G +dacsa 5 = —daCsy — Cs1 — ¢4
24 7 Y24 — ) 42 T 42 T ) H44 T Ma4 T 9
My My, My
Cll — | _ks1 csada—ca1 0 Csl_032d2:| ’012 — [_@ —csoda—cs1 0 Csl+032d2:| ,
ms ms ms ms ms ms
Ciz = _ksitks3d®  csada—cs (0 Csri=cs2ds | (O = __ksit+ksad® —csada—ca () Csitcsada
ms ms ms ’ ms ms ms )
0 0 0 1
max
CQZ‘ — . 5 Dz — E
PR . A— S
L 0 0 (ms+mu)g 0

To satisfy the performance constraints, the following condition should be taken

into consideration:

—P \/3p1{02i}qT
* -1

<0,q=1,2 (5.3.12)

where {Cy}! denotes the g, row vector of C3;.

Parameters of this nonlinear quarter vehicle suspension system are listed in Table

o.1.

Table 5.1: Parameters of Quarter vehicle Suspension Model

Parameter Value Parameter Value
Mg 900 kg My, 50 kg
kg1 20000 N/m kg3 3170400N /m?
Cs1 1500 Ns/m Cs2 54.28 Ns? /m?
ki 200000 N/m ¢t 170 Ns/m

The mismatched controller membership functions are chosen as

_@mo-v? 1 Zy(t) _@w-n* 1 @y (t)
2 — 1—0. 2 _ N
=G T g, Sme(E®) = (L= 0.5em ) (4 5

1 () (1 xl_(t))
2 2d, 2 2dy

my (€()) =(1 - 0.5¢

_ (z1()=b)?
202

_ (z1()—=b)?
202

ms(&(t)) =0.5e (

),my(&(t)) = 0.5e
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

where d; = 0.1, dy = 1, b € [—6, 6], ¢ € [1.5, 6] with permitted \; = 0.00014,
A2 = 0.00014, A3 = 0.00014, A4y = 0.00016, wy; = 4, wy = 8. Then according to
Theorem 5.2, assume initial conditions are 0 , u = 3000, v and fuzzy controller

gains are calculated as v = 4,

K, =10" x [~1.8874 —1.2846 — 0.7848 — 0.0107],
Ky =10" x [—1.8750 — 1.2824 — 0.7726 — 0.0114],
Ks =10" x [1.0075 —0.7257 2.7113 —0.0103],

Ky =10 x [1.0048 —0.7199 2.8760 — 0.0143]

Choose Z; as the output, then following the same procedure as in FExample.l,
given input w(t) = 0.02sin(127¢), the output spectrum can be easily calculated
with different parameters of b and c. Fig.5.5 show the effectiveness of the out-

put spectrum calculation method. Then the curve |Y (jw)| « b&c can be easily

obtained, which is shown in Fig.5.6.

O numerical simulation
nCOS function method

2 4

14
© numerical simulation
nCOS function method |

1.35

[Y (jw)l

Fig. 5.5: Amplitude of Y (jw) with different b (¢ =1) and ¢ (b= 1)

According to the GA optimization method, the optimal value of |Y (jw)| and
optimal b and ¢ are |Y (jw)|mm = 1.2525, b = 0.7005, ¢ = 6, which are easy to
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5.3 Applications to nonlinear mechanical systems

Fig. 5.6: Amplitude of Y (jw) with different b and ¢

obtain via the nCOS function based optimization method. In addition to optimal
value, from the curve we can easily come to the conclusion that parameters in the
dark blue area are all eligible candidate for the mismatched controller, whereas
parameters that fall in red area should be avoided. Also, from Fig.5.6, we can tell
that parameter b in the controller membership functions has more influence on
system performance than parameter c. None of these can be observed via GA or

other existing optimization methods.

For comparison, we choose parameters b = 0.01, ¢ = 1.5 from the dark blue area
as optimized parameters and b = 5, ¢ = 1.6, from the red area as randomly chosen
parameters in the curve |Y (jw)| « b&c. To test performance of the suspension
system, filtered white noise borrowed from [163] with road roughness class E is
adopted in the simulation. The equation of road excitation can be expressed as
(t) = —2mnguq(t) + 2mno/Gy(no)uG(t), where n, = 0.0001m™! is the lowest
frequency, G(t) is standard Gaussian white noise with 0 mean and unit variance,
G,(ng) = 4096 x 107%m? /m~!(class E), u is the vehicle forward velocity. Vehicle
forward velocities V' = 30 m/s is used to test performance of the proposed control
approach. Fig.5.7 presents the body acceleration response and FFT of the accel-
eration signal, from which we can see active suspension outperforms passive one,
and the controller with optimized b, ¢ can achieve better performance than the

one with randomly chosen parameters between 4Hz-8Hz.
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Fig. 5.7: Acceleration response and FFT of acceleration

Suspension deflection z; — z, is given in Fig.5.8, from which one can observe
that the controlled suspension spaces all fall into acceptable ranges. Thus, these
physical constraints are guaranteed. The dynamic tire load is illustrated in Fig.5.8,
which demonstrates that the dynamic tire load constraint % < 1is satisfied.

In a word, Fig.5.8 validates that road holding capability and constraint suspension

deflection can be guaranteed with improved ride comfort.
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Fig. 5.8: Suspension deflection and dynamic tyre load
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5.3 Applications to nonlinear mechanical systems

Then to evaluate robustness of the designed fuzzy controller, a general disturbance
Fy = 0.2sinl.57t +sinl127t is added to the sprung mass. The disturbance contains
disturbance components at 6Hz, which falls in 4Hz-8Hz. Following the same
analysis procedure, Fig.5.9 shows acceleration of the suspension system both in
time and frequency domain, from which we can see that the controller designed
based on optimal parameters outperforms the one designed based on randomly

chosen parameters over the frequency range 4Hz-8Hz.

Random — — — Optimal

Passive

Acceleration (m/s?)
(e}

20+ Passive Random — — - Optimal

Amplitude (dB)
N
()
.

H o BT “W‘;' AN '\‘,“
60 R Ml

0 5 10 15 20
Frequency (Hz)

Fig. 5.9: Acceleration response and FFT subject to disturbance

Passive —— Random - - - Optimal

Suspension Deflection

-0.04

Dynamic tyre load

Fig. 5.10: Suspension deflection and dynamic tyre load
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5 Analysis and optimization of fuzzy membership functions with a frequency domain method

Fig.5.10 are the suspension deflection and dynamic tyre load, which demonstrates
that the physical constraints of the suspension system are all satisfied when subject

to general disturbance.

It can be seen from the results above that the proposed nCOS function based
method provides a unique frequency domain insight into the nonlinear influence in-
curred by exponential-type nonlinearity (i.e., the Gaussian membership functions
of the controller) on system output response, and therefore offers an alternative
solution to parameters optimization problem in fuzzy control with mismatched
controllers. This has never been explored in existing research work but can be

done readily with the proposed frequency based method.

5.4 Conclusion

A novel finite frequency H,, controller with mismatched premise variables has
been designed. A novel nCOS function based optimization method, which aims
to optimize the Gaussian membership functions’ parameters has been proposed
in this chapter. Compared to GA optimization method, the nCOS function based
frequency domain optimization approach can provide analytical relationship be-
tween system output spectrum and fuzzy membership function parameters and
is time efficient. Simulation results of nonlinear suspension system demonstrate
that suspension performance over a concerned frequency band has been further
enhanced by combining the finite frequency H,, control with the nCOS function

based frequency domain optimization method.
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Chapter 6

A novel parametric characteristic
output spectrum function for non-

linear systems

In general, nonlinear system output spectrum is jointly determined by linear pa-
rameters, nonlinear parameters, excitation amplitude and frequency variables [49].
Frequency domain method used in Chapter 5 and most of the existing results
about nCOS function based method mainly focus on nonlinear model parameters’
influence on system output spectrum |[27,49, 124,160, 164|. Linear model pa-
rameters’ influence on systems output nonlinear spectrum has been systemically
investigated in [134]. It is worth pointing out that analysis of linear and nonlinear
parameters’ influence on system output spectrum in a separated manner is not
comprehensive enough for in-depth understanding of the system characteristics.
To solve this problem, a novel parametric characteristic output spectrum (pCOS)
function simultaneously including linear and nonlinear model parameters will be
developed in this chapter. Based on the proposed novel pCOS function, nonlin-
ear output spectrum can be determined as a polynomial of system parameters
(both linear and nonlinear). This result will be a strong complement to existing
nCOS function based methods, which can provide a more comprehensive solution
to in-depth analysis and design of nonlinear systems. Moreover, coefficients of the
novel parametric characteristic output spectrum are independent of linear and
nonlinear model parameters of interest. Only measured output data are required

to calculate these coefficients, which is very convenient for nondestructive evalua-

129



6 A novel parametric characteristic output spectrum function for nonlinear systems

tions of practical systems. Detailed procedures to determine these coefficients are
presented in this chapter. To verify effectiveness of the proposed method, an ex-
ample of designing linear and nonlinear parameters for a mechanical system is first
given. Then together with a nonlinear output spectrum calculation method [49],
the approach proposed in this chapter is applied to fault detection of closed-loop
control systems with plant and controller faults. The fault characteristics can
be decoupled by using the nth-order output spectrum. Therefore, identification
and location of multi-faults can be determined according to the nth-order output

spectrum.

6.1 Volterra series in the frequency domain and

nonlinear output spectrum

A considerably large class of nonlinear systems, for example, mechanical systems
[29,30,165-167], circuit systems [134,168|, can be modeled or identified as general

Nonlinear Differential Equation (NDE) model as follows:

M m K P k. k.
dy(t) 7T dhft)
ZZ Z vaQ(k17”' 7kp+q) dtkl dtkb :0 (611)
p=0

m=1 ki, o kprg =0 =1 =p+l

dFu(t K K K
where d¢£)|k:0 = u(t), p+q=m, Zk1,~~,kp+q:0 = Zklzo(')"'zkp+q:0('), M
is the maximum degree of nonlinearity in terms of y(¢) and u(t), and K is the
maximum order of the derivative. In this model, the parameters such as ¢ 1(-)

and ¢ o(-) are linear parameters corresponding to the linear terms in the model,

dry(t)
dtk

dPu(t)

and —ak

ie., for k = 0,1,---,L, and ¢,,(-) for p+ ¢ > 1 are referred

to as nonlinear parameters corresponding to nonlinear terms in the model of the

form [TV, % ’Ziﬁﬂ dlzt%t), i.e., yP(t)ul(t). p+ q is referred to as the nonlinear

degree of parameter ¢, ,(-).

The input-output relationship for a considerably large class of nonlinear sys-
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6.1 Volterra series in the frequency domain and nonlinear output spectrum

tems described by the NDE model (6.1.1) can be approximately represented by a
Volterra series of order N as [48,160, 169|

v ="t
yn(t) :/m /OO By, ) [ ult = 72)dr (6.1.3)

i=1
where u(t) is input of system, y(t) is output of system, N is maximum nonlinearity

(6.1.2)

order of system, h, (7, - ,7,) is the nth-order Volterra kernel. The nth-order

GFRF is defined as [24]

H,(jwy, -, jwn) :/ . / P (71, - ,Tn)e_j(w171+"'+w"7")d71 -eodr, (6.1.4)

Then in the frequency domain, (6.1.2) and (6.1.3) can be written as

Y(jo) =3 Ya(iw) (6.1.5)

n

Yo (jw) :W / Hy(jwr, -+ ,jwn)HU(jwi)d% (6.1.6)

w1t Hwn=w

where [ (-)do,, is integration on the super plane wy + -+ + w, = w. Y (jw)
w1t tHwp=w
is output spectrum, Y, (jw) is referred to as the nth-order output spectrum.

According to [124, 164], GFRFs for the NDE model (6.1.1) in terms of model

parameters can be recursively calculated as:

= 3 ol k) Gen) G (6.1.7)

+ Z Z Z Cpg(kis s kpyg) (H(jwnqﬂ»)kmi)

=1
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6 A novel parametric characteristic output spectrum function for nonlinear systems

n K
+Z Z Cp,U(kla"' ’kp)Hn,p(jwla"' , Jwn)

P=2 ki, kp=0

where
n—p+1
Hyp() = Y Hi(jwr, -+ jwn) Hyip o (jwist, -+ 5 jwn) (Gwr + -+ + jwi)™
=1

Hn,l(jwh e 7jwn) = H (jwh T ajwn)<jw1 + - +jwn)kl

Ly (jwi, - -+, jwn) = Z cro(ky)(wr + - -+ + jw,)™
k1=0
Moreover, H,, ,(jwi, - - , jw,) can also be written as
n—p+l p
anp(jwlﬂ'” 7jwn - Z HHM ij+1, 7ij+T¢)(ij+17"' 7.ij+n)ki
ry--- =1 i=1
Emy:n

where X = S"""! r,. Then (6.1.7) can be written in a more concise form as

n n—q

Hn(]wh?]wn): n ZZ Z Cpq kla."7k>
( Zwl> q=0 p=0 ky,kp=
=1

q
x (H(jwn—q+1)kp+i) Hyyqp(jwr, -+ 5 jWn—q) (6.1.8)

=1

Higher order GFRFs can be recursively calculated from lower-order GFRFs. The
first order GFRF is given as

S o co (ki) (jwn)*
Ly (jwr)

Hy(jwi) = — (6.1.9)
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6.2 A novel parametric characteristic output spectrum function for nonlinear systems

6.2 A novel parametric characteristic output

spectrum function for nonlinear systems

Nonlinear output spectrum is not only function of frequency variables but also
function of input magnitude and model parameters of interest. Based on the
parametric characteristic analysis results in [124], the nth-order GFRF can be

expressed as

H,(jwi, -, jwn) = CE(H,(jwi, -, jwn))  fa(wi, -, jwn) (6.2.1)

where f,(jwi, -+, jw,) is a complex valued function vector with appropriate di-
mension, which is referred to as the correlative function of the parametric char-

acteristic CE(H,,(jwy, -+, jwn)).

Equation (6.2.1) explicitly demonstrates the analytical relationship between sys-
tem GFRFs and system time domain nonlinear model parameters. Based on the
parametric characteristic analysis, system nonlinear characteristics can be studied
in the frequency domain from a novel perspective such as frequency characteristics

of system output frequency response, parametric sensitivity analysis and so on.

Substitute (6.2.1) into (6.1.6)

N n
. . . 1 . . .
Y (jw) :Z CE(H,(jwr, - JWn))W / fagwr, -+, jwy) H U(jw;)do,
n=1 Wit Honp=w n=1
N
= CE(Hu(jw, -+ ,jwn)) - Faljwr, -+, jwn) (6.2.2)
n=1
Obviously, nonlinear parametric characteristic can be obtained as
N
CE(Y (jw)) = & CE(Hu(jwr, -, jwn)) (6.2.3)

Operation @ is reduced vectorized sum which has the same definition as in [124].
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6 A novel parametric characteristic output spectrum function for nonlinear systems

(6.2.1) and (6.2.2) are nonlinear parameter characteristics of GFRE and system
output frequency response function, which clearly demonstrate analytical relation-
ship between nonlinear system model parameters and system GFRF, frequency
response functions. Nonlinear parameter characteristic analysis, such as influence
of certain nonlinear parameters on output frequency response, sensitivity anal-
ysis of nonlinear parameters, detailed results can be referenced to [27,164,170).
In [125], correlative function f,(jws, - ,jw,) are determined as functions of first
order GFRF and system nonlinear parameters, which has greatly enriched the
nonlinear parametric characteristics analysis theory. In this chapter, we take this
result one step further, correlative function f,(jw, - ,jw,) are explicitly deter-

mined as polynomials of system linear and nonlinear parameters.

In the following section, based on parametric characteristic vector CE(H,(-)), al-
gorithms are provided to explicitly and rigorously determine the correlative func-
tion f,(jwi, -+, jw,) and Fy,(jwy, -, jw,) directly in terms of system linear pa-
rameters, in a more analytical form. Then system’s GFRF and output frequency
spectrum can be easily expressed as a clear structure in terms of linear and nonlin-
ear parameters. The proposed algorithms enable simultaneous analysis of linear
and nonlinear parameters’ effect on system GFRF and output frequency response

functions.

6.2.1 GFRFs with respect to system parameters

For convenience, linear parameters in L,(-) are separated into the following two
parts:

Cpq = ép,q(kl) + 6p7q(k1)>p+q = 17k1 = 07 17 e aK

where ¢,,(k1) denotes linear components of no interest and ¢,,(k;) are linear

parameters to be analyzed and designed. Moreover, define € = [gg, ey, -+ ,€k],
~ K ~Elk . . .

er, € N* by =0,--- K. & = [],,_o¢.0, which only involves linear parameters

of interest.
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6.2 A novel parametric characteristic output spectrum function for nonlinear systems

Proposition 6.1 [134): If |L; (wn)Ln(ws)| < 1, then the following equation

holds:
Liwa) = @0(wn)+ D dh(wn)® (6.2.4)
eotert+t+exg=1
where
K K K
> ek . L > ekt > kixer
O (wn) = 1M=L (W)= (Jwr e )0 (6.2.5)
. K
Ln(wn) = Z élyo(k’l)(]wl + +]wn)k1
k1=0

¢2(Wn) = zn(wn) = N ) )
S o Cro(k) (jwi + -+ + jwy )k

(6.2.4) can also be written in the following concise form:

Ly wn) = X" - b (wn) (6.2.6)

where XM = [1,¢°], which only involves the output linear parameters of interest.
Y (wn) = [0 (Wn), Do s e s et Do (wn)]", which only involves output linear pa-

rameters of no interest and frequency variables w,.

Proposition 6.2 The first order GFRF' of the nonlinear system can be given as

product of two polynomials consisted of system linear parameters
Hi(jwr) = X" @ x™ - ®1(¢,4(k1); jw1) (6.2.7)

where p+q =1, x"* = [1,Co1(k1)], k1 =0, K, XM = [1,¢°]. @1(Epqg(ka); jwn), kn =
0,---, K is a complex valued function vector with appropriate dimension, which
involves only linear parameters of no interest and frequency variables. Operation

® is reduced Kronecker product, which has same definition as in [124].

Proof: The first order GFRF (6.1.9) can be rewritten as:
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6 A novel parametric characteristic output spectrum function for nonlinear systems

B S o Coa (k) (Gwi)® + 3o g o1 (kr) (jwr)™
Ly (jwr)
[1, o1 (k1)][co (k) (ewn)® (jwr)®]"

- o) (6.2.8)

Hy(jw) =

Then substitute (6.2.6) into (6.2.8), the following equation can be obtained

Hi(jwi) = x" - o (wr) - X™ - @ (wr) (6.2.9)

where o (wy) = [éo1(k1)(Gowr,)®, (Gwi)®]T. In (6.2.9), p%(w:), ¢} (w) are func-
tions of linear parameters of no interest, which are independent of system linear
parameter to be analyzed in x* and x’¥. So the first order GFRF can be written
as a polynomial of linear parameters in x“*® y™. Thus (6.2.9) can be written in

a more concise form as

Hy(jw) = XLy ® XLU : q)l<ép7q(k1>§jwl)ap +q=1

This completes the proof.

Based on the results in Proposition 6.2, the nth order GFRF of system (6.1.1) can
be rewritten as a polynomial function with respect to system linear and nonlinear

parameters as follows:

Proposition 6.3 Let s7 = cpya0()Cpran () - Cppan(0) (0 = 1,--+ L), which is

the v-th nonlinear parametric monomial in CE(H,(-)). n(st) is the order of the

GFRF, in which the monomial st is generated, n(s%) =3 (pi+q¢)—x,+1, z,
is the number of parameters in st, > 7 (p; + q;) is summation of the subscript of

all the parameters in sk, if v, <1, > 7" (-) =0, n(1) = 1. The n-th order GFRF

n >’

for system (6.1.1) can be formulated as

Ho(+) = st g (sitswn, @, ) (6.2.10)

=1

Fn(si“)(siL; i 'wln(sﬁb)) - SOn(sz‘)(SiL;Wh T Wln(sx))[XLy]p—m [XLu]p (6'2'11)
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6.2 A novel parametric characteristic output spectrum function for nonlinear systems

where @,z (syswiy - W, ) represents function of frequencies wy, - wy, and
output linear parameters of no interest, and p = n—Zsz Gi, li fori=1,--- n(s™)
is a positive integer representing the index of the frequency variables. [xMV]PT® =

XY@ ex™], =Moo ox™].

/ .

-~ -~

ptz P

Proof: Let I'c(n) be a set composed of all the elements in CE(H,(-), and I'y(n)
be a set of complex valued functions f,(-). Based on results in [125], the nth-order

GFRF can be expressed as
H,(-) = CE(H, (")) - Vo (CE(Hn(-)))
where W, is a mapping
U, :Top(n) = IT'i(n)

Then for any nonlinear parameter monomial s7* in CE(H,(-)), there exists a
complex valued correlative function 7, sz (55w, - - - wy , which indicates that

the nth order GFRF H,,(-) can be written as (6.2.10).

i)
Based on results in [125], the correlative function can be written as a function of

first order GFRF and L;()

Ly . P
B Spn(snl s Wiy wln(sfflb

[L(wll BERNES )}

Ty .
‘Fn(sﬁL)(SnLa Wy =Wy

n(spt)

HImoe) G212

where 7, - -+ , 7, are p integers taken from [1,2, -+, n(s%)] without repetitions, [ =

[71,- -+ ,7,] is a set of integer representing the index of the frequency variables.

Substitute (6.2.6) and (6.2.7) into (6.2.12), (6.2.11) can be obtained. This com-
plete the proof.

Remark 6.1 In Proposition 6.3, the GFRFs are given in an explicit and straight-

forward structure in terms of system nonlinear parameters, the first order GFRF
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6 A novel parametric characteristic output spectrum function for nonlinear systems

Hy(-) and L;'(.), thus influence of system linear and nonlinear parameters on
system GFRFs can be stmultaneously investigated based on results in Proposition

6.3.

6.2.2 Novel pCOS function with respect to both linear and

nonlinear parameters

The analytic relationship between GFRFs and system linear and nonlinear param-
eters has been shown in Proposition 6.3. Nonlinear output spectrum is determined
by GFRFs and input spectrum, thus how system linear and nonlinear parameters
affect nonlinear output spectrum can be directly obtained based on results in

Proposition 6.3.

Proposition 6.4 A novel parametric characteristic output spectrum of system

(6.1.2) in terms of system linear and nonlinear parameters can be given as

N
Y(jw) = Vi) (6.2.13)
n=1
£
Ya(jw) =D e X I st (855w - wi ) (6.2.14)

=1

where Yy, gzy (she; wy, - - W 18 function of frequency variables, input magnitude

(s£‘>>

and irrelevant linear parameters.

Proof: According to (6.1.5) and (6.1.6), nonlinear output spectrum can be written

as:

N n
_ 1 . .
Y(j(,d) = Z —(271_)“_1 / . /1+ o Hn(j(«‘-)l? o 7]wn) H U(wl)dwl
w1t Fwn=w i=1

n=1

Since 57, [xZ¥]*T® and [xLv]P are all system parameters, substitute (6.2.10) into

the above equation, (6.2.14) can be obtained. This completes the proof.
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6.2 A novel parametric characteristic output spectrum function for nonlinear systems

Procedure for calculation of the novel pCOS is given as follows:

Procedure 1: Calculation of the novel pCOS function

(1) Determine the polynomial representation of L;(-) and H;(-) based on meth-

ods in Proposition 6.1 and Proposition 6.2

(2) Determine structure of the novel pCOS function based on method proposed

in Proposition 6.4.

(3) Calculate coefficients sz (57 wi, - - -wln(s%).

Remark 6.2 9, (555w, - - W ) can be determined based on simulation or

(sn*)

experimental data by Least Square method in terms of concerned linear and non-

linear characteristic parameter over given parameter’s range.

Remark 6.3 It is noticed that the novel parametric characteristic oulput spec-
trum is a polynomial function with respect to system linear and nonlinear pa-
rameters. This relationship between the nonlinear output spectrum and system
linear and nonlinear parameters in (6.2.14) is referred to as the novel parametric
characteristic output spectrum function, which is not only function of frequency
variables, but also functions of system’s linear and nonlinear parameters (to be
designed and analyzed). The novel pCOS function proposed in this chapter is a
strong complement to the nCOS function-based method proposed in [49,124, 125],
which developed a systematic method to express the nonlinear oulput spectrum
function as an explicit polynomial function of nonlinear characteristic parame-
ters and the new nCOS function proposed in [134], which only investigated the

relationship between nonlinear output spectrum and system linear parameters.
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6 A novel parametric characteristic output spectrum function for nonlinear systems

6.3 A case study

The NDE model (6.1.1) has been widely used in mechanical system modelling.

For example, NDE model of a single degree-of-freedom suspension system with

e

cubic nonlinear damping is given by

F o F

s
I

Fig. 6.1: 1-DOF suspension system

Mg Z5(t) + k (25(t) = zu(t) + c1 (2(8) = 2u(t)) + 3 (45(t) — 2u(8))° =0 (6.3.1)
Denote z(t) = zs(t) — z,(t), equation (6.3.1) can be rewritten as
mg 2(t) + k 2(t) +c1 2(t) + c3 2(1)* = F (1) (6.3.2)
where F,(t) = —mg Z,(t). Equation (6.3.2) is a specific case of (6.1.1) with
00,1(2) = Mg, 61,0(2) = Mg, 01,0(0) =k,

0170(].> = (1, Cg’()(l, ]., 1) = Cs, else Cp,q(') = 0.

6.3.1 Analysis and design of nonlinear system

The main objective of this section is to study the effect of system damping pa-
rameters c; and c3 on system output responses over the concern ranges. The
output frequency response of the 1-DOF suspension system up to 5th order can

be calculated as follows:
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6.3 A case study

(1) Determine the polynomial representation of L, (-) and H;(-) in terms of system
damping coefficients ¢; and c3 based on methods in Proposition 6.1 and 6.2. In
this case, only parameter c; o(1) is the linear parameter of interest, so € = [g4],

where e, represents the nonlinear order of linear parameters c; (1) in x™.

L (I w) =3 elw) = [Ler - € Jol(en)

=1
H;(jw) = X" @ X" - ®1(¢)4(k1); jwr)

=[ler - P1(Cpq(kr); jwn),p+q=1.

(2) Determine structure of system output spectrum. Nonlinear characteristic pa-

rameters of the system are obtained as
CE(H,(-)) = [1], CE(H3()) = [cs], CE(H5(-)) = [e3].

According to Proposition 6.3, GFRFs up to fifth order can be obtained as fol-

lowing:

For first order GFRF: v =0, so =1, p=1.
Hy(jw) =1- Fi(L;w) = x" - ¢1(1;0)

For third order GFRF: x =1, s; = ¢30(1,1,1), p = 3.

Hj(jw) = e30(1,1,1) - Fa(cz0(1,1,1);w) = e30(1, 1, 1) - [x™PT - po3(c30(1,1,1); w)

For fifth order GFRF: x = 2, sy = 03,0(17 1,1), p=5

H5(jw) = C%,O(lv L, 1) ) F5<C§,0(1’ L, 1); w) = C%,O(lv L, 1) ) [XLy]5+2 ) 905(6?’,,0(17 L, 1);(*})

(3) Determine output spectrum.

Yi(jw) = x" - ¢ (L)
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6 A novel parametric characteristic output spectrum function for nonlinear systems

Ys(jw) = cs30(1,1,1) - P s(cs0(1, 1, 1) w)

}/})(]w) = C%,O(L L, 1) ) [XLy]5+2 ) 77/}5(0370(1, L, 1);("})

where ¢;(-),i = 1,3,5 are coefficients to be calculated. Then system output
spectrum up to fifth order can be obtained as:

V(o)=Y Yaljw)

Parameters for the single-DOF suspension system are given as: my = 240, and k =
15394. System output frequency response at resonant frequency is always of great
importance. So resonant frequency w, is first chosen as input frequency. Although
high linear damping can effectively suppress the resonant peak, it will also degrade
system isolation performance at higher frequency domain. Thus, system response
out of resonant frequency domain should also be taken into consideration. The
excitation input are chosen as Z,(t) = 4.2sin(w,t) and Z,(¢t) = 4.2 sin(6w,t), where
wy = \/k/ms is the resonant frequency of the suspension system. Then coefficients
can be calculated from system characteristic output spectrum responses subject
to given input when damping parameters ¢; and c3 are over the following concern

ranges ¢; € [500, 1300], ¢3 € [800, 2800].

To verify validity of the proposed approach, comparisons of output frequency re-
sponse that obtained via simulation and the method proposed are given in Fig.6.2,
from which it can be seen that larger truncation order €; for linear parameters ¢,
results in better match between simulation results and estimated output spectrum.

This verifies the effectiveness the approach proposed in this chapter.

Then output frequency response in terms of linear damping c¢; and nonlinear
damping c3 at resonant frequency w, and high frequency 6w, are given in Fig.6.3

and Fig.6.4, respectively.

From Fig.6.3, it can be seen that both high linear damping and high nonlinear

damping are helpful to suppress the resonant peak. But the performance improved
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4.5 ‘ ‘ : .

proposed method with ;=2
¢ numerical simulation data ||
proposed method with ;=1
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C1

——proposed method withe;=2
¢ numerical simulation data
proposed method with ;=1

3.6 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
800 1000 1200 1400 1600 1800 2000 2200 2400

Fig. 6.2: Amplitude of Y (jw) under zu(tc)3 = 4.2sin(w,t) (a) ¢ = 1000 and (b)
c1 = 500.
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Fig. 6.3: Amplitude of Y (jw) with ¢; and ¢3 under input Z,(t) = 4.2 sin(w,t)
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Fig. 6.4: Amplitude of Y (jw) with ¢; and ¢3 under input Z,(t) = 4.2 sin(6w,t)
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6 A novel parametric characteristic output spectrum function for nonlinear systems

by increasing the linear damping is more obvious. From Fig.6.4, it is observed that
high frequency performance is sharply degraded by linear damping, but almost
not affected by the nonlinear damping. Then we can come to the conclusion that
suspension system with proper small linear damping and large nonlinear damping

can achieve better performance at both resonant and high frequency domains.

To further test vibration isolation performance of the suspension system with the
above damping design strategy, random input including low and high frequency
disturbances are respectively applied to the system. The disturbances are cor-
respondingly chosen as Z,(t) = 0.2sin(w,t) and Z,(t) = 2.0sin(6w,t), w, is the
resonant frequency. Suspension acceleration response in time domain with differ-

ent damping are given in Fig.6.5.

Linear damping Nonlinear damping

(a) 1 T T T
:.;‘0.5* " | J | |

0 10 20 30 40 50

04 ‘ ‘ w w
0 10 20 30 40 50

Time (s)

Fig. 6.5: Acceleration response under different damping. (a) linear damping (¢; =
500, ¢3 = 0) and nonlinear damping (¢; = 800, ¢3 = 2800), (b) linear
damping (¢; = 1300, ¢3 = 0) and nonlinear damping (¢; = 800, ¢ =
2800).

Fig.6.5(a) shows acceleration under linear damping and nonlinear damping, from
which it is observed that nonlinear damping outperforms linear damping. Fig.6.5(b)
are comparison results of acceleration response with high linear damping and high
nonlinear damping, from which we can see that large linear damping degrades high
frequency performance. The linear and nonlinear parameters analysis method

proposed in this chapter can be seen as a powerful tool in passive suspension, or
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6.3 A case study

passive vibration isolation system design. With this method, both linear and non-
linear parameters can be designed to guarantee better performance. This method
can also be applied to parameter analysis and design of multi-degree-of-freedom

system. In that case, more frequencies should be included.

6.3.2 Application to fault identification of closed-loop

nonlinear control system

In this part, the parameter analysis approach is applied to identify controller
and plant faults of the closed-loop system. Generally, in practical systems, only
measured output data can be obtained for nondestructive evaluation. Hence, the
hybrid parameters analysis method proposed in this chapter, together with an n-th
order nonlinear output spectrum calculation method via measured output [49] can

provide an in-depth insight of fault characteristics analysis and identification.

Computation of the nth-order output spectrum

The output spectrum of a single input single output system up to nth-order can be
analytically computed based on simulation or experimental data and least square
method [49,124,125]. Considering excitation input 3,U(jw) with magnitude 3,

the nonlinear output spectrum in (6.1.5) is presented as

0o N
Y(jo)s, = 3 BVaGe) = 3 BVale) tomGe) (633

where opy)(jw) represents the truncation error. To calculate nth-order output
spectrum Y, (jw), the system is excited by input £,U(jw) with the same frequency
but different amplitude, where p = {1,2,--- , N}. Correspondingly, system output
Y (jw)s,, Y(jw)s,, -+, Y(jw)sy can be obtained. Then the nth-order output
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6 A novel parametric characteristic output spectrum function for nonlinear systems

spectrum Y, (jw), n € {1,2,---, N} is calculated by least square method

-1 r -

Vi (ju) B @ o B || Yiw)s
Giw) | | 68 B Y (jw)s, 65
TnGw)| | By B - BY || V(W) |

The square matrix is nonsingular if 5; # [y # - -+ # By. An excitation magnitude
3 selection method in [49] can be adopted. U-shaped |Y;(jw)| «~ S, curve can
be obtained with a series of (3,, which starts from a small value. The optimal 3,
should locate around the bottom of the curve which corresponds to the minimum

estimation error for |, (jw)|.

Then according to (6.2.14), we can obtain:

[
=
g
V2

i [XLy]erx [XL“]”lﬁn(s%)(SiL; Wy - 'wln(sfy)) (6.3.5)

where 1y, (gz0y (855 wyy -+ - wy (I,)) is a function of frequency variables and linear
n Sn’

parameters of no interest.

Fault identification of closed-loop system

For practical systems modeled as the NDE model (6.1.1), consider a state feedback
controller u(t) = K(xz(t)) z(t), then the closed-loop system is still a NDE model.
Then output spectrum of the closed-loop system can be explicitly formulated as
(6.2.13) and (6.2.14). The output spectrum value can also be directly estimated
via the aforementioned decomposition method in (6.3.4). Thus parameters in-
cluding actuator parameters and plant parameters in the output spectrum can
be determined. Finally, compare the estimated parameters with known systems’

information, the fault can be easily detected and located. The fault detection
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method can be summarized as follows:

Procedure 2: Fault detection of closed-loop control system

(1) Determine the optimal 5 with the excitation magnitude selection method.

(2) Determine structure of Y,,(jw) according to method proposed in Proposi-
tion 6.4. Then output spectrum Y, (jw) can be calculated as

£

Vi) =3 s DI s (s e ) (6:36)

L

(3) Calculate the nth order output frequency response Y, (jw) using the decom-
position method with excitation input U (jw). Coeflicients @/A)n(sg;)(s;”;; Wy
can be calculated over given parameters’ ranges (Cpy.q0s ** s Cprogr )-

Wz )

(4) Then cpy40(+)s -+ 5 Cppgi (+) can accordingly be calculated. Compare them to

known system parameters, fault can be identified and located.

Case study

In this part, we still consider the example in Section 6.3. To achieve better vibra-
tion isolation performance, active control method based on T-S fuzzy nonlinear
controller will be used in this system. Define z1(t) = z(¢) and z3(t) = 2(t),
denote x(t) = [x1(t) x2(t)]", then the nonlinear system can be represented on

xo(t) € [—d, d] by the following T-S fuzzy system

i(t) =3 ha(a(t) [As 2(t) + By u(t) + Bui Fu(t)] (6.3.7)
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where membership functions are hy (x(t)) = 1—x9(t)?/d?, and ho(x(t)) = 22(t)? /d>.

System matrices are given as follows:

A 0 1 A 0 1

Y 0 e Y SR
S bT S S zj

Bi=By= 01|, Bo=Bu= [0 L]

For the aforementioned fuzzy system, a fuzzy controller will be designed to achieve

better vibration isolation performance. Controller gains are expressed as:
Ky = [k ko], Ko = [k ko] (6.3.8)

The overall controller can be represented as:

2

u(t) = Zizl hi(z(t)) K;x(t) (6.3.9)

ko — k koo — k
= ka1 (t) + kiawa(t) + %xl(t)xg(t) + %x%(t)

By substituting (6.3.9) into (6.3.2), the closed-loop system is obtained as:
mg 2(t)+ay 2(t)+ag 2(t)+as 22 (t) +aq 2(t) 2% (t) = F,(t) (6.3.10)

where a1 = (k — ki1),a2 = (c1 — ki2), a5 = (c3 — 22582) and ay = —22
Obviously, the stiffness and damping coefficients of the closed-loop system (6.3.10)
are reconfigured by the controller to achieve better performance. The system
output y(t) is chosen as y(t) = Z,(t). For given system parameters m, = 240,
k = 15394, ¢, = 385.4, ¢3 = 100, and d = 5, a fuzzy controller is designed based

on the method in |171] and the controller gains are given as follows
K, =[7661.5089, —4785.8861], K,=[7664.1038 — 4685.0831].

As shown in Fig.6.6, we mainly consider multiplicative faults caused by the non-
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= =200, Damper fault
=10~ ¢ € [10200]
3 (m/s) f

o @ )@ Plant - y(t))o

x()
Controller - —

¥ 2
Controller fault u(f) = Zhi(x(t))RiKix(t)

i=1

Fig. 6.6: Damper and controller faults in the closed-loop control system

linear damper and controller. A typical fault of nonlinear damper is the damper
force drift caused by oil leakage, physical deformation and other factors. Nonlin-
ear damping coeflicient ¢3 varying in the range of ¢; € [10 200] is used to mimic
the damper fault. The normal value of ¢3 is 100. For convenient analysis, the
controller fault distribution matrix R; is defined as

R, = b , Ro = b . (6.3.11)

0 . 0 r.

where controller fault rate r. € [0 1] is used to describe the fault extent. r. =1
means no fault occurs in the controller. The controller fault is mimicked by
adopting controller rate varying in the range of r. € [0.40 0.95]. The faults are
assumed to be slow time-varying, then the parameters at the moment of estimation

will remain constant.

The closed-loop system (6.3.10) can be viewed as a specific case of (6.1.1) with

the following parameters

c10(2) = ms, c10(0) = a1, c10(1) = as,

63’0(1, 1, 1) = as, 63’0(0, 1, 1) = Qy4, else Cp,q(') =0.

Since parameters cz, k1o, and koo are closely related to system faults, ao and ag
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6 A novel parametric characteristic output spectrum function for nonlinear systems

are the concerned parameters in the closed-loop control system (6.3.10). Thus,
parameter ¢ o(1) is the linear parameters of interest, € = [¢1], where £; represents
the nonlinear order of linear parameters ¢; o(1) in x*. Consequently, the poly-
nomial representation of L '(-) and Hi(-) in terms of system linear parameters

c1,0(1) can be determined as:

L (5Y ) = o) = [Laz -+ a5 o)
Hy(jw) =x™ @ x™ - @1(¢0.1(1); jw)

=[1ay - a3']®1(éo1(1); jw)

Further, nonlinear characteristic parameter of the system can be obtained as
CE(H:(-)) = [1],CE(H;5(+)) = [as, as4]. Then output spectrum up to third or-

der can be written as:

Y(jw) =Y1(jw) + asF3(as;w) + asF3(ag;w) (6.3.12)

Y3(jw)

Based on output spectrum estimation (6.3.3), (6.3.12) can be reformed as:

N J

Y (jw) =BY1(jw) + B° [asF3(as;w) + asF3(ayg;w)] (6.3.13)

Y3 (jw)

According to Proposition 6.4, F3(as;w) and Fy(ay;w) can be calculated as:

A ~ A

Fs(az;w) = [XLy]3+1 -p3(az;w), Fi(ag;w) = [XLy]3+1 : 'ﬁs(%;w)
Then it is easy to obtain

~

Vi(jw) =[1 ay -+ a5 91(1;w) (6.3.14)

~

Y3(jw) =a[l az -+ a3 |* Ps(az;w)ag[l az -+ a5 " s(ag;w) (6.3.15)

where g@l(),z = 1, 2,3 are column vectors, which are independent of as, as, as and

150
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can be determined based on simulation or experimental data.

The linear parameters truncation order £; = 2, excitation magnitude is selected
as = 0.02 based on the excitation magnitude selection method, then coefficients

1/31(1; w), zﬁg(ag; w), and 17@3(%; w) are obtained as shown in Table 6.1 and 6.2.

Table 6.1: Coefficients of first-order output spectrum

Coefficient Value

b (1;w)(1,1) 0.9103 - 0.0811i
iy (1;w)(2,1)  -1.4505e-04 - 1.2784¢-04i
b (1;w)(3,1)  1.2201e-08 + 1.1116e-08i

Table 6.2: Coefficients of third-order output spectrum

Coefficient Value Coefficient Value
Ps(asz; w )( -7.64e-05 - 9.34e-05i [¢3(as; w)(1,1) 3.88e-05 + 6.40e-051
?,bg as , 1) 1.24e-07 + 1.56e-07i|1)3(ay ,1) -8.56e-08 - 1.34e-07i

-8.82e-11 - 1.13e-10i
3.54e-14 + 4.57e-141

1)

)

) 7.72e-11 + 1.17e-10i
)

) -8.71e-18 - 1.14e-17i

)

)

)

)

1)

)

)

) -3.75e-14 - 5.58e-14i
) 1.08e-17 + 1.58e-17i
)
)
)
)

w

w
Q

w

1.34e-21 + 1.77e-21i
-1.27e-25 - 1.68e-25i
6.69e-30 + 8.89e-30i
-1.51e-34 - 2.02e-34i

-1.90e-21 - 2.75e-21i
2.00e-25 + 2.88e-25i
-1.16e-29 - 1.66e-29i
2.85e-34 + 4.04e-34i

Q

w

w

(

(445 w)(
ps(aa; w)(
pa(aa; w)(
W)(
(a4; ) (
(445 ) (
(a4; @) (
(a4;0)(

e&ggegg
e&ggege

w

To identify the fault, excitation input with different amplitude is imposed to the
system and the values of output spectrum Y;(jw) and Y3(jw) are obtained by
measuring the input and the corresponding output based on the equation (6.3.4).
According to the explicit relationships in (6.3.14) and (6.3.15), the concerned
parameters as and as can be obtained. For the real values of ¢3 and r. selected
from ¢ € [20 200] and 7. € [0.40 95], the estimation results of controller and

damper faults are demonstrated in Table 6.3.

Since the first-order output spectrum Y;(w) is only dependent on the parameter
as, the estimation results of control fault rate r. remain constant for different

damping coefficient c3. The detailed estimation errors of controller and nonlinear
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6 A novel parametric characteristic output spectrum function for nonlinear systems

Table 6.3: Estimation results of controller and nonlinear damper faults

r. — 0.40 r, — 0.45 . — 0.50 r, — 0.55 r, — 0.60 7, — 0.65
0.3974  0.4586  0.5144  0.5659  0.6141  0.6597

¢s = 10 9.9858  10.7255  10.7577  10.4922  10.2348  10.1106
¢ = 50 0.3974 0.4586 0.5144 0.5659 0.6141 0.6597
49.9714  54.1588  54.3237  52.7272  51.1501  50.3968
e = 100 0.3974 0.4586 0.5144 0.5659 0.6141 0.6597
99.9535 108.4473 108.7815 105.5199 102.2946 100.7545
e = 150 0.3974 0.4586 0.5144 0.5659 0.6141 0.6597
149.9356  162.7364 163.2392 158.3139 158.4384 151.1112
¢ — 200 0.3974 0.4586 0.5144 0.5659 0.6141 0.6597

199.9177 217.0255 217.6971 211.1071 204.5823 201.4683
r. — 0.70 r, — 0.75 . — 0.80 r, — 0.85 r, — 0.90 7, — 0.95
0.7034  0.7460  0.7878  0.8299  0.8729  0.9184

¢s = 10 10.1344  10.2569  10.3796  10.3625  10.0775 9.5177
¢ = 50 0.7034 0.7460 0.7878 0.8299 0.8729 0.9184
50.6233  51.5919  52.6894  52.9502  51.3555  47.6075
e = 100 0.7034 0.7460 0.7878 0.8299 0.8729 0.9184
101.2351  103.2590 105.5777 106.1875 102.9577  95.2199
e — 150 0.7034 0.7460 0.7878 0.8299 0.8729 0.9184
151.8470 154.9245 158.4658 159.4253 154.5580 142.8336
e — 200 0.7034 0.7460 0.7878 0.8299 0.8729 0.9184

202.4587 206.5917  211.3527 212.6602 206.1589  190.4450

damper faults are summarized in the Fig.6.7. The estimation error of controller
fault rate r. is less than 4%. The estimation error of nonlinear damper fault
is less than 8%. The estimation error is mainly introduced by the least-squares
method. Since the damper fault estimation is based on the estimation result of
controller fault rate r., thus the estimation error on damper fault estimation is

further enlarged. Overall, the estimation errors are in an acceptable level.

Remark 6.4 For closed-loop control systems including multiple faults from plant
and controller, the proposed fault detection method uses only one single output as a
reference of evaluation. By resorting to a nonlinear decomposition method, multi-
ple fault characteristics can be independently extracted from the single output data
with relatively high accuracy. Compared with other methods using multiple output

data, the proposed fault detection method significantly improves the efficiency and
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Fig. 6.7: Estimation errors of controller and nonlinear damper faults

convenience of detection procedures especially in nondestructive evaluation cases
with high dimension. Moreover, higher order unmodeled dynamics or disturbances
do not affect the identification results. Taking the case in this chapter for exam-
ple, only first- and third-order output spectrum are used to identify faults, thus
unmodeled dynamics or disturbances higher than third order in the system have
no influence on the identification results, which further confirms the robustness of

the proposed method.

6.4 Conclusion

A novel parametric characteristic function is proposed for analysis and design of
nonlinear systems in this chapter. The relationship between system parameters
and output spectrum is explicitly revealed and effects of both linear and nonlinear
parameters of interest on system output spectrum are simultaneously considered
and analyzed. This proposed approach serves as a strong complement to existing
nCOS function based method, which can only analyze and design system param-
eters in a separated manner, either linear or nonlinear and can provide a more
comprehensive and powerful solution for nonlinear system analysis and design.

Then together with a nonlinear decomposition method, the approach proposed in
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6 A novel parametric characteristic output spectrum function for nonlinear systems

this paper are applied to fault detection of closed-loop control systems with plant

and controller faults.
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Chapter 7

Conclusions

This thesis has presented some novel control and analysis methods that can
improve nonlinear dynamic systems performance with disturbance, uncertainty,
time-delay, etc. The results obtained in this thesis foster the flexibility of fuzzy
model based control, enrich research on frequency domain method based on nCOS
function and offer solutions to some existing technical problems. More specifically,

the conclusions have been summarized as follows:

Chapter 2 studies the fuzzy adaptive control for nonlinear suspension systems
based on a bio-inspired reference model. A general bio-inspired nonlinear struc-
ture, which can present ideal nonlinear quasi-zero stiffness for vibration isolation,
is adopted as tracking reference model. Fuzzy logic systems are used to approx-
imate unknown nonlinear terms in nonlinear suspension systems. Particularly,
a nonlinear damping is designed to improve damping characteristics of the bio-
inspired reference model. With beneficial nonlinear stiffness and improved non-
linear damping of the bio-inspired reference model, the proposed fuzzy adaptive
controller can effectively suppress vibration of suspension systems with less actu-
ator force and much improved ride comfort, thus energy saving performance can
be achieved. Finally, a quarter-vehicle active suspension system with considering
payload uncertainties, general disturbance and actuator saturation is provided
for evaluating the validity and superiority of the bio-inspired nonlinear dynamics

based fuzzy adaptive control approach proposed in this chapter.

Chapter 3 deals with the fuzzy sampled-data control for nonlinear systems. First,

exponential stability analysis and stabilization problems for T-S fuzzy systems
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under aperiodic sampling have been investigated. Some classical problems (such
as He, Ly — Ly, passive and dissipative stability and stabilization problems)
have been solved successfully under a unified framework by resorting to a novel
performance index—extended dissipative performance index. Through adopting a
sampling period dependent Lyapunov-Krasovskii function together with a novel
efficient integral inequality, which has the advantages of reducing conservativeness,
new stability conditions consisting of both exponential stability and extended dis-
sipativity criterion have been established. Furthermore, a sampled-data controller
that can not only exponentially stabilize the system but also guarantee the pre-
scribed extended-dissipativity performance has been designed. A quarter-vehicle
active suspension system with taking into account the uncertain payload and ape-
riodic sampling has been provided for evaluating the validity and superiority (from
the aspects of disturbance attenuation level and closed-loop system dynamic per-
formance) of the extended dissipative control approach proposed in this thesis

over some ones of the existing literatures.

Chapter 4 focuses on imperfect premise matching fuzzy filter design problem for
nonlinear systems with time-varying delay. Based on extended dissipative perfor-
mance index, the H., Ly — L, passive and dissipative filter problems have been
investigated. New delay-dependent conditions for performance analysis of filter-
ing error system have been established in terms of LMIs by employing an efficient
integral inequality. Finally, some numerical simulation results specific to H,, and
Lo — L filter problems have been provided to demonstrate the advantages of the

method proposed in this chapter over some recent ones in the literature.

In Chapter 5, optimization problems of mismatched fuzzy membership function
parameters based on frequency domain method is investigated. Finite frequency
fuzzy H., control for nonlinear mechanical system with mismatched premise vari-
ables is first studied. Then the H,, index from disturbance to controlled output
has been minimized by designing a finite frequency fuzzy controller over the con-

cerned frequency band. A novel nCOS function based optimization method, which
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aims to optimize the Gaussian membership functions’ parameters, has been pro-
posed in this thesis. Compared to GA optimization method, the nCOS function
based frequency domain optimization approach can provide a more analytical rela-
tionship between system output spectrum and fuzzy membership function param-
eters and is time efficient. Then the controller design and optimization methods
are applied to a nonlinear quarter suspension system. Simulation results demon-
strate that suspension performance over a concerned frequency band has been
further enhanced by combining the finite frequency H,, control with the nCOS

function based frequency domain optimization method.

On the basis of nCOS function, a novel pCOS function for the analysis and design
of nonlinear systems is proposed in Chapter 6. The relationship between system
parameters and output spectrum is explicitly revealed through the novel pCOS
function, and effects of both linear and nonlinear parameters of interest on system
output spectrum are considered and analyzed. This parameter analysis approach
is used to analyze and design linear damping and nonlinear damping of passive
suspension system. Then together with a nonlinear decomposition method, the
approach proposed in this paper are applied to fault detection of closed-loop con-

trol systems with plant and controller faults.

7.1 Future work

Following are the future research that will further verify and enhance the concepts

presented in this thesis:

1. The novel pCOS function proposed in Chapter 6 of this thesis aims at analysis
and design of SISO systems. The problem of pCOS function of MIMO systems is
worth further study.

2. Experimental validation: The control methods presented in this thesis are all
theoretical research. Thus, experimental test platform such as quarter suspension

setup can be designed to experimentally validate control approaches.
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