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Abstract 

Understanding the damping mechanism in dynamic systems is important for 

their utilisation and analysis. Dangerous situations could occur without or with 

relatively low damping, especially under resonance. There are two main methods used 

for vibration control: active and passive. Compared to active control methods, passive 

vibration control methods are more reliable, consume less energy, and are effective 

with optimal vibration protection devices. Passive vibration control can be achieved 

by employing damping mechanisms, in the form of vibration isolators or tuned-mass 

dampers. This study analysed a bio-inspired nonlinear damping mechanism, and two 

applications of this nonlinear damping are developed: a nonlinear tuned-mass damper 

(X-absorber) and a nonlinear vibration isolator (X-mount).  

In a linear damping system, enhanced damping suppresses the vibration 

amplitude near the resonance point, while causing performance deterioration at higher 

excitation frequencies. Therefore, the design and analysis of nonlinear damping for 

vibration isolators are necessary and important. Recently, a bio-inspired limb-like 

structure (LLS) or X-shaped structure was developed and used in numerous 

applications owing to its beneficial nonlinearities and tuneable properties. By utilising 

this bio-inspired structure, geometrically nonlinear damping can be achieved, which 

could improve the performance of the isolator not only at resonance, but also at higher 

frequencies.  



III 

 

Further, this X-shaped structure was utilised to design a novel TMD (X-absorber) 

to enhance the overall vibration suppression performance. Accordingly, multi-variable 

optimisation analysis was performed, and tuneable stiffness and damping properties, 

nonlinear influence, and vibration suppression performance of this X-absorber were 

systematically investigated. The X-shaped structure can provide beneficial nonlinear 

damping to improve the system parametric robustness and tuneable quasi-zero 

stiffness to significantly widen the suppression bandwidth. Moreover, in comparison 

to traditional absorbers, the X-absorber can successfully mitigate or eliminate potential 

instabilities that are inherent in Duffing systems. 

Based on the superior nonlinear damping and stiffness properties of this X-

shaped structure, a compact X-shaped mount (X-mount) was designed with a special 

oblique spring for a wider quasi-zero-stiffness (QZS) range. The static analysis 

explores the combination effect of the negative and contact stiffness; therefore, a wider 

range of QZS is achieved via this combination effect. Further, the isolation 

performance of this X-mount is evaluated, which indicates a tuneable payload and 

resonant frequency property, which can be optimally designed to achieve an excellent 

isolation effect: lower resonance peak and wider isolation frequency range. A 

prototype was designed for the experimental investigation, which verifies the 

theoretical results, including the influence of the structural parameters, enlarged QZS 

range, and excellent isolation effects. 
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The results show that this bio-inspired structure can be freely designed to have 

advantageous nonlinear damping and stiffness properties, which could provide 

feasible and promising solutions in numerous practical applications.     
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 1 

1. Introduction 2 

1.1 Background and Motivation 3 

Oscillation is a physical phenomenon ubiquitous in nature as a vivid expression 4 

of energy transfer or dissipation. In engineering practice, most vibrations of machines, 5 

devices, equipment, and structures must be purposefully reduced to avoid damage due 6 

to large vibration amplitudes or high vibration frequencies. Moreover, the suppression 7 

of harmful vibrations contributes to the equipment’s default functionality and 8 

maintains its reliability, and protects humans from impact damage or fatigued 9 

operations [1]. Therefore, the design and development of vibration 10 

suppression/protection devices are important and crucial in engineering practice. 11 

These protected objects could involve engineered structures, buildings, 12 

aeroplanes, ships, bridges, electronic devices, equipment, and precise instruments. 13 

Vibration occurs upon excitation from the outside or a working machine within the 14 

object. Different types of excitations include harmonic, random, and impact excitation. 15 

For theoretical analysis, harmonic excitations are typically employed to determine the 16 

response of the vibration system at different excitation frequencies. 17 

When the excitation is harmonic, the system vibrates at the excitation frequency. 18 

One extremely harmful situation occurs when the excitation frequencies coincide with 19 
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the natural frequencies of the system, causing resonant vibration, which may induce 1 

vibrations of dangerously large amplitudes. Numerous structures were damaged owing 2 

to the resonant vibration. Therefore, resonant vibration is a severe problem in practice, 3 

and creating an optimal design for vibration protection (VP) to suppress resonant 4 

vibrations is crucial. 5 

From the perspective of energy consumption and fundamental control concepts, 6 

the approaches to vibration suppression can be divided into two groups: active and 7 

passive vibration control. 8 

Active vibration control implies an automatic control system with an additional 9 

power supply and devices (e.g., sensors and controllers). Active control methods can 10 

reduce vibrations within a short time and exert significant vibration suppression effects 11 

[2]. However, the drawbacks of these active control approaches are numerous, namely 12 

energy consumption, difficulties in instalment, instability in some situations, and the 13 

need for additional sensitive electronic devices that come at a high cost. 14 

Passive vibration control indicates the absence of an additional power supply 15 

and electronic devices. This control approach is achieved by employing a damping 16 

mechanism through a vibration isolator or a tuned-mass damper. Passive vibration 17 

control systems typically include the protected object/structure, additional masses, 18 

elastic and damping elements for transferring or dissipating energy. As mentioned 19 

previously, the natural frequencies of the vibration system must be taken into 20 

consideration at the design stage of the vibration protection device. The mass, stiffness, 21 
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and damping are fundamental elements of a passive vibration protection system. To 1 

achieve a desirable vibration protection performance, the system parameters must be 2 

optimally designed before employment. The focus of this study is to emphasise the 3 

damping effect on vibration systems, including model analysis, performance 4 

evaluation, and optimal design. 5 

In the mathematical model, damping is described by linear or nonlinear damping 6 

models. Linear damping is widely used in mathematical modelling and analysis for 7 

simplicity; however, its limitation is that whereas increasing the damping coefficient 8 

suppresses the resonant peak, it simultaneously deteriorates system performance in the 9 

higher frequency range. If a small damping coefficient is chosen, the resonant 10 

amplitude will remain large, which may lead to damaging the structure. However, this 11 

limitation may be overcome by optimally designing nonlinear damping. Therefore, 12 

nonlinear damping has attracted significant attention because of its advantages over 13 

linear damping [3-8]. 14 

1.2 Damping mechanism 15 

The damping mechanism dissipates part of the vibration energy to achieve 16 

vibration protection. In the vibration isolation system, damping can help suppress the 17 

resonant vibration amplitude and some undesirable nonlinear phenomena. The aim of 18 

damping is to remove/dissipate energy from the vibration system. In the free vibration, 19 

damping dissipates the vibration energy leading to the reduction of the vibration 20 
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amplitude of the mass. In the forced vibration, the loss of energy from the damping is 1 

supplemented the excitation. These two energy loss examples motivate us to come up 2 

with methods to measure the damping coefficient in free or forced vibration systems. 3 

In Chapter 3, the forced vibration case is employed in an experimental setting to 4 

measure and analyse the damping coefficients of a vibration isolation system. 5 

The damping component is crucial in a vibration system. The influence of 6 

damping on the vibration systems is evident; however, it is difficult to describe using 7 

mathematical models [2]. Therefore, investigation of the damping mechanism is 8 

necessary and important. With adequate knowledge of the damping mechanism, the 9 

vibration protection devices (e.g., vibration isolator and dynamic absorber) can be 10 

designed to achieve optimal performance. 11 

In engineering structures, damping is of high importance for the suppression of 12 

vibration. The damping mechanism can protect the structure from vibration-incurred 13 

damage due to large vibration displacement or acceleration. Without appropriate 14 

damping, the vibration amplitude of a structure can be highly destructive, and damping 15 

can affect the dynamic response of a structure in a profound manner owing to 16 

nonlinearities, excitation frequencies, and modal coupling effects [9]. In reference [2], 17 

three primary inherent damping values are defined as follows: 18 

• Internal damping (inside the material) 19 

• Structural damping at joints and interfaces 20 

• Fluid damping (through fluid–structure interactions) 21 
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More specifically, the mechanism of internal damping may be understood in 1 

terms of energy dissipation inside the material due to microscopic and macroscopic 2 

processes. This type of damping usually has a high damping value and exists in soft or 3 

elastic materials, such as rubber.  4 

Structural damping is caused by the relative motion of the system components 5 

inside the structure. This occurs in mechanical systems at connections of the 6 

comprising components, namely at joints or bearings, wheel gears, sliding motion, etc. 7 

One example of such structural damping is investigated in Chapters 2 and 3 with 8 

mathematical modelling, theoretical analysis, and experimental measurement.  9 

Fluid damping describes the energy dissipation caused by the interactions 10 

between mechanical components and the fluid. It can be vividly understood as the 11 

energy lost during the swimming activity. When the vibration system contains 12 

interactions between the fluid and other components, the damping model can be 13 

considered as a fluid damping model.  14 

The damping mentioned above is inherent in a mechanical/vibration system. 15 

However, in some scenarios, inherent damping is insufficient to suppress resonance 16 

vibration or dissipate extra energy. Therefore, supplementary damper devices can be 17 

used to dissipate the surplus vibration energy and protect the structure. For example, 18 

an additional damper, such as a tuned-mass damper can be considered if there is 19 

inadequate inherent damping in the mechanical system. 20 

 21 
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1.2.1 Nonlinear damping  1 

For a linear vibration isolation system, the dilemma is between whether 2 

increasing the linear damping coefficient suppresses or decreases the peak of the 3 

transmissibility in the resonant frequency range; however, this will also increase 4 

transmissibility in the high-frequency range. This has been reported in numerous 5 

textbooks and references [1-10]. To address this problem, nonlinear damping was 6 

proposed to improve the vibration performance of an isolator across the entire 7 

frequency range. 8 

Generally, for vibration isolation or suppression, the ideal damping might be as 9 

follows. Close to the resonant frequencies inducing the large-displacement amplitude 10 

of a vibration system or structure, system damping is usually expected to be as high as 11 

possible to ensure dissipation of vibration energy, whereas at other frequencies, a 12 

lower damping effect is expected to cause low vibration transmissibility. When a 13 

desired vibration signal is transmitted through a structure, high damping is expected 14 

for larger vibration displacement, while in other cases the damping must be as low as 15 

possible such that the vibration signal can propagate through the structure with 16 

minimal attenuation. Another example is vibration transducers, where the damping is 17 

often preferred to protect the device when the excitation amplitude is large, but must 18 

be reduced when the vibration level is relatively low to enhance measurement 19 

performance [11]. All these cases clearly indicate that the desired damping must be 20 

dependent on the displacement and vibration frequencies, such that the damping value 21 
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could adapt to different requirements to achieve an excellent isolation performance 1 

across the entire frequency range. 2 

Therefore, researchers have shown increasing interest in the investigation and 3 

design of nonlinearities due to the abundant phenomena and the advantages of 4 

vibration applications. As an emerging field, one application of the nonlinearities of 5 

the stiffness and damping is the use of these two elements to improve the efficiency of 6 

energy harvesting, for example, in the form of bi-stable/jump phenomenon [8, 12, 13] 7 

and nonlinear dynamic absorber [14-16]. Notably, nonlinear properties can be 8 

exploited to increase the bandwidth of the energy harvesting device [17, 18]. However, 9 

one of the main problems of the nonlinear system is the difficulty faced in conducting 10 

its theoretical analysis. Nonlinear damping could contribute complexity for further 11 

theoretical analysis, and the experimental measurement/identification of the damping 12 

ratio can be complex.  13 

Different nonlinear damping models used for vibration systems are presented in 14 

references [3, 19-31]. More specifically, these nonlinear damping models could be 15 

velocity-dependent [3, 29, 30] or displacement-dependent [3, 20, 31]. For vibration 16 

isolation with basement excitation, displacement-dependent damping exhibits a better 17 

performance in the high non-resonance frequency range of the transmissibility curve. 18 

 19 

 20 

 21 
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1.2.2 Experimental investigation  1 

The experimental identification or measurement of the damping ratio was 2 

investigated by the free vibration or forced vibration method in numerous studies [32-3 

42]. The estimation method based on a free vibration test is appropriate for a lightly 4 

damped device. In reference [40], the time history curves are employed to estimate the 5 

instantaneous amplitude and instantaneous damped natural frequency using the Hilbert 6 

transform. For a forced vibration system, experiments could obtain further information 7 

on e.g., the natural frequencies, transmissibility curves, and the time history response 8 

based on different levels of input amplitude. A nonlinear frequency response function 9 

(FRF) of a dummy blade was investigated by varying the normal contact load and the 10 

amount of excitation of the system in reference [35]. The experimental object could be 11 

high-damping rubber [33], pendulum tuned-mass damper [36], magnetorheological 12 

elastomer [37], impact damper [39] among others. All these cases exhibit nonlinear 13 

properties and require proposed mathematical models for parameter 14 

identification/estimation.  15 

1.3 Vibration isolation 16 

In the vibration isolation field, Ibrahim [43] reviewed a number of nonlinear 17 

vibration isolators in the absence of active control methods including ultra-low-18 

frequency isolators, friction elements, laminated-rubber bearings, and the friction 19 

pendulum, which are utilised for base isolation. These nonlinear vibration isolators 20 
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have experienced significant development to satisfy pressing demands for vibration 1 

protection. 2 

A symmetric theoretical approach for investigating nonlinear vibration systems 3 

was studied by Jing [30, 44-48]. In these studies, nonlinear systems can be 4 

approximated by a Volterra series in the neighbourhood of the zero equilibrium, and 5 

the generalised frequency response function (GFRF) can be obtained [44]. With this 6 

approach, nonlinear viscous damping (e.g., cubic) was investigated, and results 7 

showed that nonlinear damping improved the vibrational isolation performance in the 8 

high non-resonance frequency range [29, 30, 44]. 9 

Liu et al. [5] summarised recent progress in micro-vibration control. In this 10 

review, nonlinear stiffness and damping are highlighted as emerging technologies for 11 

advantageous micro-vibration isolation/control methods. In references [44-48], it was 12 

theoretically shown that simple nonlinear damping characteristics can achieve 13 

significantly better vibration isolation/suppression, that is, effectively suppressing the 14 

resonance peak without increasing high-frequency transmissibility. 15 

The benefits of nonlinear damping in vibration isolation systems have led to 16 

numerous researchers considering the applications of nonlinear dampers in vibration 17 

suppression/control. More nonlinear dampers were designed and investigated using 18 

vibration systems [4, 16, 49-61]. Typically, nonlinear damping can be achieved 19 

through active or semi-active control. However, the main shortcoming of these 20 

methods is that the active control contributes additional complexity and cost because 21 
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of the addition of sensors, controllers, and power supplies. Therefore, the development 1 

of passive methods is preferable for the realisation of desired nonlinear damping with 2 

a given vibration system.  3 

There are several approaches to achieve nonlinear damping characteristics in 4 

engineering applications. For example, nonlinear damping is frequently observed in 5 

practice due to inherent system nonlinearity, such as in magneto-rheological (MR) 6 

fluid dampers [16, 24], smart materials [4, 59, 61], nonlinear geometric structures [20, 7 

31, 51, 52, 60], and some semi-passive dampers [50, 62]. Among these nonlinear 8 

damping methods, material or structural damping is usually nonlinear; however, the 9 

design of these methods is cumbersome to achieve a desired nonlinear characteristic 10 

in practice. 11 

Notably, the design of nonlinear damping utilising the geometric nonlinearity of 12 

structures has numerous advantages in engineering applications. The nonlinearity due 13 

to the geometric structure exhibits advantages in vibration isolation in the high non-14 

resonance frequency range. More importantly, this nonlinear mechanism can be 15 

simply achieved by designing the nonlinear geometry of the structure or motion. More 16 

specifically, Tang et al. [3, 40] investigated different types of displacement-dependent 17 

nonlinear damping arising from geometric nonlinearity. Johnson et al. [63] 18 

investigated adaptable damping (displacement-dependent) via a bi-stable oscillator 19 

that can increase power dissipation and provide passive damping adaptable to different 20 
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excitation amplitudes and frequencies. All these nonlinear properties demonstrated 1 

advantages in the application of vibration isolation. 2 

1.3.1 Nonlinear stiffness 3 

For vibration isolation, the stiffness must be optimally designed for excellent 4 

performance. In the linear vibration isolation system, the natural frequency of the 5 

isolator is expected to be lower than that of the protected object. In some cases, the 6 

natural frequency of the protected object is very low, for instance, 1–2 Hz. In these 7 

situations, the natural frequency of the isolator is assumed to be near 0 Hz. However, 8 

this will lead to a deterioration of the static loading capacity. Therefore, nonlinear 9 

isolators were introduced to overcome the limitations of linear systems. 10 

Recently, vibration isolation systems with quasi-zero stiffness (QZS) have 11 

attracted increasing attention [5, 43, 52, 64-86]. These QZS systems can achieve quasi-12 

zero stiffness in an isolated system by employing nonlinear or negative stiffness. The 13 

main advantage of the QZS in vibration isolation is that it can achieve quasi-zero 14 

dynamic stiffness and ultra-low natural frequency while maintaining a considerably 15 

high static loading capacity. This property can overcome shortcomings of the 16 

traditional linear stiffness system. In these studies, the nonlinear damping effect is 17 

rarely considered in the nonlinear stiffness systems of interest. Thus, the combination 18 

effect of nonlinear stiffness and nonlinear damping is investigated in this work. 19 

 20 
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1.3.2. Linear damping and displacement transmissibility  1 

A general dynamic equation of a single-degree-of-freedom (SDOF) system with 2 

linear viscous damping and linear stiffness, driven by an external force, can be written 3 

as 4 

𝑀�̈�(𝑡) + 𝑐/�̇�(𝑡) + 𝐾𝑥(𝑡) = 𝐹@𝑒8_`                   (1.1) 5 

where M is the mass of the vibration system; 𝑐/ is the damping coefficient; K 6 

is the stiffness; 𝑥(𝑡) is the displacement of the mass, and 𝐹@𝑒8_`  is the external 7 

harmonic excitation. In the vibration isolation field, the transmissibility curve is a 8 

fundamental basis for the assessment of the performance of an isolator.  9 

In Fig. 1.1, the transmissibility of a linear damping system was investigated with 10 

different linear damping ratios 𝜉a . When the linear damping ratio 𝜉a  increased from 11 

0.01 (solid blue line) to 0.1 (dashed red line), the peak in the resonance is effectively 12 

suppressed; however, in the higher frequency range, the transmissibility is increased, 13 

which indicates a deterioration of the vibrational isolation performance in the higher 14 

frequency range. As mentioned previously, increasing the linear damping coefficient 15 

can help suppress the vibration in the resonance, but will be harmful in the higher 16 

frequency range, which is a main limitation of the linear damping vibration isolation 17 

system. In practice, for some devices, the high damping in the high-frequency range is 18 

undesirable, e.g., for the sensor. Therefore, the solution for the dilemma caused by 19 

linear damping in vibration isolation is both necessary and promising.  20 
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 1 

Fig. 1.1 Transmissibility of SDOF system with linear damping [3] 2 

1.3.3 Nonlinear damping 3 

As mentioned above, linear damping has limitations with regard to the 4 

enhancement of the vibrational isolation performance. However, this problem can be 5 

solved by introducing nonlinear damping components. Therefore, numerous 6 

researchers are showing interest in the mechanism of nonlinear damping and its 7 

applications in the vibration protection field. In this section, the mathematical models 8 

of nonlinear damping are introduced, which will be investigated with an isolation 9 

system in Chapter 2. 10 

A general viscous damping force can be written in terms of the velocity-nth 11 

power, which is given by Eq. (1.2). This type of damping was investigated for many 12 

years addressing different cases. Among these, cubic damping is a typical nonlinear 13 
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damping that is proportional to the cube of the relative velocity, which is described in 1 

Eq. (1.3).  2 

𝐹b = 𝑐R|𝑦/̇|Re/𝑦/̇                         (1.2) 3 

where 𝑐R is the velocity-nth power damping coefficient, and 𝑦/ is the relative 4 

displacement. 5 

The damping force with a linear and a cubic component can be expressed as 6 

𝐹U = 𝑐/𝑦/̇ + 𝑐-𝑦/̇-                         (1.3) 7 

where 𝑐/  is the linear damping coefficient, and 𝑐-  is the cubic damping 8 

coefficient. 9 

For the force excitation, by increasing the cubic damping coefficient, the peak 10 

response amplitude in the resonance could be suppressed and will not affect the 11 

transmissibility in the high-frequency range [3, 29]. Cubic damping shows better 12 

isolation performance than linear damping when the vibration system is excited by a 13 

force. For different excitations, the conclusion could be complex.  14 

Several researchers have investigated the influence of different types of 15 

excitations on the isolation performance in nonlinear damping systems. Velocity-16 

dependent damping shows advantages with regard to the reduction of the resonant 17 

amplitude peak and does not affect the transmissibility in the higher frequency range 18 

with a proper selection of the velocity exponent under the force excitation. However, 19 

with the base/displacement excitation, the nonlinear damping in terms of the velocity-20 

dependence can outperform linear damping at the resonant peak, whereas it exhibits 21 
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poor performance in the higher frequency range. Xiao and Jing [29] analysed the 1 

influence of nonlinear damping, which is a function of both the velocity and the 2 

displacement on an SDOF isolator, and the results showed that when only the pure 3 

cubic order nonlinear damping is chosen without linear damping, the force and 4 

displacement transmissibility perform even better. Further comparison results are 5 

reported in [60]. The investigation results show that small velocity exponents are 6 

helpful for isolating the base excitation, and large velocity exponents are helpful for 7 

force excitation. 8 

Based on previous analysis results, to explore further advantages of the nonlinear 9 

damping models in the applications of vibration suppression, displacement-dependent 10 

damping models were introduced and investigated. A classic case was studied in 11 

reference [3]. As shown in Fig. 1.2(a), a horizontal linear damper was installed to 12 

achieve a nonlinear damping mechanism in the vertical direction by employing 13 

geometric nonlinearity. The system consists of linear components (linear damping or 14 

linear stiffness), with a geometrically nonlinear relationship between the horizontal 15 

and vertical motions, and the final equivalent damping is nonlinear and displacement 16 

dependent. This nonlinear mechanism can be conveniently achieved and designed in 17 

engineering practice. More importantly, these geometrical nonlinearities show 18 

advantages in vibration isolation with the base excitation in comparison to the linear 19 

system or even the nonlinear cubic damping system. 20 
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The comparison of linear, cubic, and geometrically nonlinear damping is 1 

summarised as follows: when the damping coefficients increase, both cubic damping 2 

and geometrically nonlinear damping show better suppression performance with force 3 

excitation compared with the linear system. However, with the base excitation, the 4 

isolation performance of the system with cubic damping deteriorates in the high-5 

frequency range when the cubic damping coefficient increases. The geometrically 6 

nonlinear damping exhibits better performance not only at the resonance, but also at 7 

high frequencies when the damping coefficient increases with the base excitation. 8 

 9 

Fig. 1.2 Two types of nonlinear dampers [3] 10 

Based on previous investigations, the main results of the vibration isolation with 11 

different types of nonlinear damping can be summarised as follows: 12 

1. Nonlinear damping can be helpful to achieve excellent performance in a wide 13 

frequency range compared with the linear damping system. 14 
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2. The nonlinear damping that only comprises velocity-dependent damping can 1 

be helpful in the resonant frequency range by increasing the nonlinear damping 2 

coefficient; however, the isolation vibration performance could deteriorate, because 3 

this may enhance displacement transmissibility in the high-frequency range. 4 

3. Nonlinear damping, which is displacement-dependent, could be beneficial to 5 

improve the vibration isolation performance (both force and displacement 6 

transmissibility) across the entire frequency range by choosing proper nonlinear 7 

damping coefficients.  8 

In practical applications, this nonlinear displacement-dependent damping is 9 

dependent on the system’s structural parameters and the motion in different directions, 10 

which means the relationship between the system parameters and nonlinear damping 11 

must be investigated comprehensively to gain in-depth knowledge about the influence 12 

on the vibration isolation performance and how to optimise these parameters. 13 

1.4 Tuned-mass damper 14 

Vibration control has been essential in the engineering field. From the external 15 

energy consumption perspective, there is active vibration protection, semi-active 16 

protection, and passive protection. Passive vibration protection suggests the absence 17 

of additional energy supply, sensors and control devices in the vibration system. 18 

Therefore, passive vibration control is energy-saving, reliable, stable, and economical, 19 
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as there is no need for a power supply and additional electronic devices, such as sensors 1 

and controllers. 2 

In addition to the vibration isolation system, there is another method to achieve 3 

passive vibration suppression, namely the so-called dynamic vibration absorber (DVA) 4 

or tuned-mass damper (TMD). The principle of the TMD system is different from that 5 

of a vibration isolation system. TMD is a convenient and effective device to suppress 6 

the vibration amplitude of the primary system (protected object) in its resonance by 7 

transferring the energy from the primary system to the tuned-mass damper and 8 

dissipating it via the damping components. The TMD is an additional vibration mass 9 

attached to the primary vibration system through elastic and damping components. The 10 

performance of a TMD is sensitive to the system parameters; therefore, optimisation 11 

is necessary for its effectiveness.  12 

1.4.1 Linear tuned-mass damper 13 

The  theoretical procedure for choosing optimal system parameters in a linear 14 

tuned-mass damper (LTMD) was first introduced by Den Hartog [11] in 1956. The 15 

fixed-point theory of a linear TMD system was proposed in this work, and the closed-16 

form solutions based on it were also obtained. This fixed-point theory laid the 17 

foundation of the theoretical solutions for the TMD system and was widely used 18 

afterwards. Even today, some theoretical methods/ideas of different TMD systems are 19 

based on the fixed-point theory.  20 
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For the LTMD system, the exact solution was derived for the optimisation 1 

analysis of the TMD connected to an undamped primary system with harmonic or 2 

white noise excitation. When the primary system contains the damping elements, the 3 

optimisation based on the numerical solutions was investigated [87, 88]. 4 

Although the LTMD system is widely used in vibration suppression for its 5 

simplicity, its drawbacks cannot be neglected. One drawback of LTMD is the narrow 6 

suppression bandwidth in the resonance frequency range. Hunt et al. [89] in 1982 7 

described the limited effectiveness of the linearly passive DVA/TMD and showed that 8 

the suppression bandwidth can be doubled by using the nonlinear softening Belleville 9 

spring. More generally, numerous studies [90-95] focussed on minimising the 10 

maximum response amplitude of the primary system at resonance (𝐻f optimisation 11 

[90]) or minimising the total vibration energy across all frequencies (𝐻, optimisation 12 

[90]). For the LTMD system, the exact solution was derived for the optimisation 13 

analysis of the TMD with an undamped primary structure. However, it is difficult to 14 

obtain the theoretical optimal solutions when the primary system contains damping. 15 

Numerical optimisation solutions were only available when the primary system 16 

contained damping elements. 17 

1.4.2 Nonlinear tuned-mass damper 18 

For the nonlinear tuned-mass damper (NTMD) system, it is more difficult to 19 

conduct the optimisation analysis because the dynamic functions of the NTMD are 20 
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nonlinear and coupled. The objective function for the optimisation cannot be presented 1 

in explicit form without any simplification or linearisation treatment. 2 

Despite being cumbersome, the optimisation analysis of the NTMD has recently 3 

attracted significant attention. There are two main reasons for researchers interested in 4 

the investigation of NTMD systems. First, in engineering practice, most of the TMD 5 

or the primary systems inherently consist of nonlinear elements (nonlinear 6 

stiffness/nonlinear damping). Therefore, it is necessary to investigate the TMD with 7 

nonlinearities, although it is challenging. K. M. Shun [87] investigated a liquid column 8 

vibration absorber and derived a set of simple approximate expressions of TMD with 9 

nonlinear viscous damping based on frequency tuning for a damped structural system 10 

under white noise excitation. Using the linearisation technique, a frictional tuned-mass 11 

damper was investigated in [96, 97]. These investigations provided a linearisation 12 

method to treat nonlinear damping terms. A theoretical analysis of linearisation for 13 

nonlinear viscous power law damping based on a stochastic statistical method was 14 

systematically conducted by Rudinger [98].  15 

The second reason is that the NTMD system demonstrated advantages in 16 

numerous scenarios. As aforementioned, softening nonlinear stiffness could double 17 

the vibration suppression bandwidth of the primary structure in the frequency response 18 

curve [89]. The jump and hysteresis phenomena that result from saddle-node 19 

bifurcation could occur in the steady-state response of the primary nonlinear oscillator, 20 

and LTMD fails to suppress these bifurcations. In comparison with the LTMD, an 21 
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optimally designed NTMD can help suppress the large-amplitude response and 1 

address instability problems of the nonlinear primary structure [94, 99, 100] Realising 2 

that the performance of NTMD depends on the amplitude of the external excitation, 3 

Viguie [101] developed a qualitative tuning methodology that imposes the frequency-4 

energy dependence of the absorber to be identical to that of the nonlinear primary 5 

structure and found that a 2DOF system consisting of essential nonlinearities seems to 6 

behave in a somewhat linear fashion. Further studies on the NTMD are described in 7 

recent works [102-114]. Habib [102] proposed a nonlinear generalisation of Den 8 

Hartog’s equal-peak method for tuning the NTMD attached to a nonlinear primary 9 

system. Detroux [100] extended the investigation by analysing the performance, 10 

robustness, and sensitivity of the NTMD coupled to a Duffing system. However, a 11 

problem with the use of the cubic stiffness absorber occurs when the excitation 12 

amplitude is large, such that nonlinear problems of bifurcation, instability, and 13 

detached resonance curves [93, 94, 100, 102, 104, 114] could be triggered. Therefore, 14 

the mitigation of the unstable problem is a key safety issue for the use of nonlinear 15 

absorbers.  16 

In addition to the minimising-the-maximum optimisation analysis of NTMD, the 17 

sensitivity of attenuation performance, bifurcation detection, and global analysis was 18 

investigated with numerical continuation of periodic solutions in [100]. Other adverse 19 

effects and applications of nonlinear dynamic absorbers have been reported recently, 20 

including the reduction of the modal vibration of a curved beam/panel [115], 21 
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mitigation vibration using three-to-one internal resonances [116], adaptive-passive 1 

absorbers with negative stiffness tension adjusting mechanism [117], improvement of 2 

the milling stability [118], chaotic nonlinearity [119], absorbers for self-excited 3 

systems [120], and suppression of the machining chatter [121]. 4 

1.4.3 Numerical optimisation methods 5 

In addition to the aforementioned analytical solutions, studies have focused on 6 

the optimisation algorithm [122, 123]. Examples include the genetic algorithm (GA), 7 

particle swarm optimisation (PSO), and ant colony optimisation (ACO). The main 8 

problem of the utilisation of the optimisation algorithm for the NTMD is that the 9 

explicit response function of the primary system cannot be obtained without any 10 

simplification or approximation, which means that the optimisation objective function 11 

cannot be derived if there is no linearisation or simplification. 12 

Currently, there are various methods for theoretically analysing nonlinear 13 

dynamical systems. In fact, the exact analytical solution for the nonlinear dynamic 14 

differential equations only exists in a few special cases. Therefore, approximation 15 

methods and qualitative methods are widely used to obtain analysable results. Among 16 

these approximation methods, the harmonic balance method (HBM) is a powerful 17 

approximation method. With the first-order response assumption, HBM becomes a 18 

linearisation method; however, the properties inherent to the nonlinear systems are 19 

retained. Meanwhile, through the HBM, the original nonlinear differential equations 20 
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are transferred to a set of nonlinear algebraic equations that link the system parameters 1 

with the characteristics of the process [6]. 2 

1.4.5 Adjustable system parameters 3 

In engineering practice, the parameters of the TMD or dynamic absorber are 4 

preferably adjustable to maintain optimal performance in various situations. This 5 

suggests tuneable damping and stiffness properties. Moreover, in the civil engineering 6 

field, the vibration absorber is required to be effective in the ultra-low frequency range 7 

(e.g., 1–2 Hz) to mitigate vibrations induced by earthquakes [124, 125] and wind [126]. 8 

The natural frequencies of the experimental prototypes used in references [40, 127] 9 

were in the range of  10–160 Hz. Therefore, to achieve an ultra-low frequency and 10 

ensure adaptability to different situations, the system parameters of the TMD are 11 

adjustable, which indicates tuneable damping and stiffness.  12 

1.5 Bio-inspired mechanical system 13 

 Nature consistently creates excellent structures for anti-shock or vibration 14 

isolation. Examples are the structure of the woodpecker’s head [128, 129], joints of 15 

the human wrist [130], and motions from nature [131]. Inspired by these natural 16 

biological systems, a bio-inspired limb-like structure (LLS) or X-shaped structure was 17 

introduced and comprehensively studied in references [5, 64, 132-145]. Results show 18 

that the geometric nonlinearity within the LLS can produce nonlinear stiffness 19 
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characteristics, leading to an adjustable and flexible high-static-low-dynamic stiffness, 1 

which is beneficial for vibration isolation or suppression and very convenient for 2 

design and implementation in practice. The bio-inspired LLS is adjustable with respect 3 

to its structural parameters such as rod length, asymmetric rod length ratio, stiffness 4 

ratio, layer number, and initial assembly angle, and thus provides an ideal passive 5 

manner to achieve desirable nonlinear stiffness properties in practical applications 6 

without sacrificing the loading capacity [136]. Further, the equivalent damping of the 7 

LLS or X-shaped structure shows nonlinear displacement-dependent properties, which 8 

can be beneficial for the suppression of the resonant peak and the large amplitude 9 

vibration without deterioration in the high-frequency range.  10 

In summary, a bio-inspired X-shaped structure is widely employed for vibration 11 

isolation, energy harvesting, and sensors owing to its beneficial nonlinearities, 12 

designable stiffness and damping, and tuneable multi-parameter properties. The 13 

applications of this bio-inspired structure in terms of vibration isolation and vibration 14 

absorber are investigated here with mathematical modelling, theoretical analysis, and 15 

experimental verification.  16 

1.6 Research gaps 17 

For vibration isolation systems, the linear damping system faces a challenge: 18 

increasing the linear damping coefficient could reduce the peak of the transmissibility 19 

at the resonance, however it will increase the transmissibility curve in the high-20 
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frequency range. Therefore, a nonlinear damping mechanism is introduced to improve 1 

the vibration isolation performance in a wider frequency range. Among these nonlinear 2 

damping models, displacement-dependent damping shows better isolation 3 

performance both in resonance and at higher frequencies with base excitation. Bio-4 

inspired asymmetric LLS damping is investigated systematically for the first time in 5 

this thesis, which is displacement-dependent and exhibits numerous advantages in the 6 

application of vibration isolation. Further, the combination effects with nonlinear 7 

stiffness are investigated with an X-mount, which shows the wider QZS range property. 8 

This is also a novelty of this work, which explores the advantages of the X-shaped 9 

structure in the application of vibration suppression.  10 

Regarding the TMD system, linear systems exhibit limitations in several 11 

situations, for example, narrow vibration suppression bandwidth, unstable 12 

performance with a nonlinear primary system, and sensitivity to detuning parameters. 13 

Although the optimisation analysis for the nonlinear TMD system is different to 14 

conduct, the closed-form solutions are almost impossible to obtain without any 15 

simplification or linearisation, and the performance of the TMD system can be 16 

improved with properly optimised nonlinear stiffness and nonlinear damping. The 17 

bioinspired LLS stiffness and damping in the TMD system was studied for the first 18 

time in this thesis, which provides a new type of NTMD that possesses beneficial 19 

nonlinearities, designable stiffness and damping, and tuneable multi-parameter 20 

properties. 21 
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1.7 Outline of thesis 1 

The remainder of this thesis is organised as follows. The modelling and 2 

theoretical analysis of LLS nonlinear damping is illustrated in Chapter 2. In Chapter 3 

3, the vibration isolation performance of the LLS nonlinear damping is investigated 4 

theoretically with experimental validation, and a comparison with benchmark 5 

nonlinear damping models is evaluated. In Chapter 4, an NTMD with an LLS (X-6 

absorber) is investigated with a multi-variable optimisation analysis and validation of 7 

the vibration suppression performance. In Chapter 5, a novel and compact X-structured 8 

mount (X-mount) is proposed with a special deigned oblique spring for a wider quasi-9 

zero-stiffness (QZS) range. The effects of the nonlinear stiffness and nonlinear 10 

damping are investigated comprehensively by theoretical analysis and experimental 11 

validation. Finally, the conclusion of this thesis is presented in Chapter 6. 12 

  13 
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2. A bio-inspired nonlinear damping model 1 

This Chapter introduces a bio-inspired structure which can provide a nonlinear 2 

damping due to the geometrically nonlinear motion between the horizontal direction 3 

and vertical direction. This structure is inspired by the limb of a crane therefore, it is 4 

called limb-like structure (LLS). This LLS can achieve a nonlinear stiffness and 5 

damping with only pure linear components (stiffness and damping) by utilizing the 6 

geometrical relationship between motions in different directions. In this Chapter, the 7 

nonlinear characteristics of the LLS nonlinear damping is analyzed with the 8 

mathematical modeling. The analysis result shows this nonlinear damping is 9 

displacement-dependent and varies with the input frequencies. More specifically, by 10 

using the Lagrange principle, the dynamic equation of the LLS system with nonlinear 11 

damping is obtained. The nonlinear properties of two kinds of LLS damping are 12 

explored. The analysis systematically investigates the influence of the structural 13 

parameters on the nonlinear damping characteristics of the LLS. 14 

2.1 Bio-inspired limb-like structure with a horizontal linear damper 15 

Fig. 2.1(a) shows the schematic of a grus japonensis’s legs[136]. Legs of the 16 

crane can support the heavy body and maintain very good stability no matter whether 17 

the crane is running or standing. It is known that there are nonlinear relations between 18 

displacement amplitude and joint mechanics at the human wrist [130]. How to realize 19 
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a nonlinear damping system for the vibration control in the real world, exploring the 1 

nonlinear damping characteristics of the limb-like structure will give us a hint. Fig. 2 

2.1(b) demonstrates an asymmetric structure inspired by a grus japonensis’s leg which 3 

has been introduced and studied in [136]. The work in [136] focused on the 4 

investigation of the structure’s nonlinear stiffness while, the study of this Chapter is to 5 

explore the nonlinear relationships between the structure parameters and the 6 

equivalent damping effect, and to reveal how dynamic response is influenced 7 

consequently. Fig. 2.1(c) demonstrates the dynamic model of the LLS with a passively 8 

linear damper installed in the horizontal direction. 9 

The LLS has asymmetric rod length 𝐿/  and 𝐿, . 𝜃/  and 𝜃,  are the initial 10 

assembly angles. Rods are connected by joints using the bearings. There are 𝑛S =11 

6𝑛 + 2 rotational joints in an n-layer LLS. A horizontal damper is installed between 12 

two joints of one layer of the LLS. 𝜑/	and 𝜑, are the rotational motion relative to 13 

𝐿/ and 𝐿, respectively. 𝛽 = 𝐿, 𝐿/⁄  is the length ratio. 𝑥/and 𝑥, are the horizontal 14 

displacement variables. y is the variable of the motion in the vertical direction. K is the 15 

stiffness of the vertical linear spring. M is the mass of LLS. 𝑐/ is the air damping 16 

coefficient, 𝑐, is the rotational damping coefficient of each joint and 𝑐- is the linear 17 

damping coefficient of the horizontal damper. 𝑧 is the base excitation and 𝑦/ = 𝑦 −18 

𝑧 is the relative motion between the basement and the mass. When 𝑦/ = 0 the mass 19 

is in the balanced position. 𝜔@ is the external excitation frequency, 𝜔/ is the natural 20 

frequency of LLS and 𝛺 = 𝜔@ 𝜔/⁄  is a dimensionless frequency ratio. The main 21 
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purposes of this Chapter are to establish the mathematical model of the LLS nonlinear 1 

damping and further, to investigate the nonlinear displacement-dependent damping 2 

characteristics. 3 

(a) (b) 4 

(c) 5 

Fig. 2.1 The bio-inspired structure: (a) legs of a crane [136], (b) bio-inspired limb-like 6 
asymmetric structure [136] and (c) its motion with a passive horizontal damper. 7 

 8 

2.2 Mathematical modelling 9 

The dynamic equation of motion can be obtained by utilizing the Lagrange 10 

principle. The kinetic energy T of the LLS is given by  11 

Mass 
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𝑇 =
1
2𝑀�̇�

,	 (2.1) 

The potential energy V of the system can be expressed as 1 

𝑉 =
1
2𝐾𝑦/

, (2.2) 

Since the LLS system is a nonconservative system, considering the damping 2 

effect, a generalized force Q of the LLS with the non-constraint forces 𝐹8	along the 3 

virtual displacements 𝜕𝑟8 can be expressed as:  4 

𝑄 =m𝐹8
𝜕𝑟8
𝜕𝑦 = −𝑐/�̇�/

𝜕𝑦/
𝜕𝑦 − 𝑐,𝑛S�̇�

𝜕𝜑
𝜕𝑦 − 𝑐-�̇�

𝜕𝑥
𝜕𝑦 (2.3) 

The Lagrange principle with the single-degree-of-freedom (SDOF) vibration 5 

system can be presented as 6 

𝑑
𝑑𝑡 o

𝜕𝑇
𝜕�̇�p −

𝜕𝑇
𝜕𝑦 +

𝜕𝑉
𝜕𝑦 = 𝑄	 (2.4) 

Substituting the kinetic energy T in Eq. (2.1) and the potential energy V in Eq. 7 

(2.2) into Eq. (2.4), the dynamic equation of the vibration system with the LLS 8 

damping can be obtained as 9 

�̈�/ +
𝐾
𝑀𝑦/ + q

𝑐/
𝑀 +

𝑐,𝑛S
𝑀 o

𝜕𝜑
𝜕𝑦/

p
,

+
𝑐-
𝑀 o

𝜕𝑥
𝜕𝑦/

p
,

r �̇�/ + �̈� = 0	 (2.5)	

where 𝑧 = 𝑧@𝑐𝑜𝑠𝜔@𝑡 is the harmonic excitation from the basement. Moreover, 10 

𝜑/  and 𝜑,  are the rotational motion. 𝑥/  and 𝑥/  are the displacement in the 11 

horizontal direction. The geometrically nonlinear relationships exist in the motions in 12 

the vertical direction, horizontal direction and the rotational angle. Both rotational 13 
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motion 𝜑  and the horizontal motion 𝑥  can be represented by the motion in the 1 

vertical direction. Therefore, the vibration system consists of a linear stiffness and two 2 

kinds of nonlinear damping with only one variable 𝑦/. The detailed information of the 3 

structural parameters of a n-layer LLS is listed in table 2.1. 4 

Table 2.1 Structural parameters of a n-layer LLS. 5 

Symbol Structural parameters Unit 

K stiffness of vertical spring N m-1 

M mass kg 

𝐿/ and 𝐿/ unequal length of the rod m 

𝜃/ and 𝜃/ assembly angle of the rod rad 

n number of layers  

𝑛S  number of joints  

𝜔@ excitation frequency rad s-1 

𝜔/ natural frequency rad s-1 

𝑧@ amplitude of base excitation z m 

𝑦/ relative displacement m 

𝜑/ and 𝜑, variable of angle of rods rad 

𝑥/ and 𝑥, variable in the horizontal direction m 

𝛽 ratio of the rods (𝐿, 𝐿/⁄ )  

𝑐/ air damping coefficient N s m-1 

𝑐, rotational damping coefficient N s rad-1 

𝑐- horizontal damping coefficient N s m-1 

The detailed geometric relationship between the rotational displacement and the 6 

vertical displacement can be expressed as 7 
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𝜑/ = 𝑡𝑎𝑛e/(
𝐿/ 𝑠𝑖𝑛 𝜃/ +

𝑦/
2𝑛

𝐿/ 𝑐𝑜𝑠 𝜃/ − 𝑥/
) − 𝜃/	

(2.6)	

𝜑, = 𝑡𝑎𝑛e/(
𝐿, 𝑠𝑖𝑛 𝜃, +

𝑦/
2𝑛

𝐿, 𝑐𝑜𝑠 𝜃, − 𝑥,
) − 𝜃,	

(2.7)	

Similarly, the displacement in the horizontal direction (𝑥/	and	𝑥, ) can be 1 

represented by the rotational displacement and the vertically relative displacement in 2 

Eq. (2.8) and Eq. (2.9). 3 

𝑥/ = 𝐿/(𝑐𝑜𝑠 𝜃/ − 𝑐𝑜𝑠(𝜃/ + 𝜑/)) = 𝐿/ 𝑐𝑜𝑠 𝜃/ − y𝐿/, − (𝐿/ 𝑠𝑖𝑛 𝜃/ +
𝑦/
2𝑛)

, (2.8) 

𝑥, = 𝐿,(𝑐𝑜𝑠 𝜃, − 𝑐𝑜𝑠(𝜃, + 𝜑,)) = 𝐿, 𝑐𝑜𝑠 𝜃, − y𝐿,, − (𝐿, 𝑠𝑖𝑛 𝜃, +
𝑦/
2𝑛)

, (2.9) 

Combine these variables and obtain the total displacement in the horizontal 4 

direction and in rotational motion in Eq. (2.10) and Eq. (2.11), respectively. 5 

𝑥 = 𝑥/ + 𝑥,                               (2.10) 6 

𝜑 = 𝜑/ + 𝜑,                              (2.11) 7 

Define 𝑆, = (𝑑𝜑 𝑑𝑦/⁄ ), and 𝑆- = (𝑑𝑥 𝑑𝑦/⁄ ),, then substitute Eq. (2.6) -Eq. 8 

(29) and the expressions of 𝑆, and 𝑆- can be written as 9 
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𝑆, =

⎝

⎜
⎜
⎜
⎛𝑑(𝑡𝑎𝑛

−1 ~
𝐿1 𝑠𝑖𝑛 𝜃1 +

𝑦1
2𝑛

𝐿1 𝑐𝑜𝑠 𝜃1 − 𝑥1
� − 𝜃1 + 𝑡𝑎𝑛−1(

𝐿2 𝑠𝑖𝑛 𝜃2 +
𝑦1
2𝑛

𝐿2 𝑐𝑜𝑠 𝜃2 − 𝑥2
) − 𝜃2)

𝑑𝑦1

⎠

⎟
⎟
⎟
⎞

2

 

(2.12) 

𝑆- = 

⎝

⎛
𝑑(𝐿/ 𝑐𝑜𝑠 𝜃/ − y𝐿/, − (𝐿/ 𝑠𝑖𝑛 𝜃/ +

𝑦/
2𝑛)

, + 𝐿, 𝑐𝑜𝑠 𝜃, − y𝐿,, − (𝐿, 𝑠𝑖𝑛 𝜃, +
𝑦/
2𝑛)

,)

𝑑𝑦/
⎠

⎞

,

 

(2.13) 

Substitute the expressions of 𝑆, and 𝑆- into Eq. (2.5), the dynamic equation 1 

can be written as: 2 

�̈�/ +
𝑘
𝑀 𝑦/ + �

𝑐/
𝑀 +

𝑐,𝑛S
𝑀 𝑆, +

𝑐-
𝑀 𝑆-� �̇�/ + �̈� = 0 (2.14) 

Define 𝐹/ = 𝑐/ 𝑀⁄ , 𝐹, = 𝑐,𝑛S𝑆, 𝑀⁄ , 𝐹- = 𝑐-𝑆- 𝑀⁄ , then Eq. (2.14) can be 3 

written as 4 

�̈�/ +
𝑘
𝑀 𝑦/ + (𝐹/ + 𝐹, + 𝐹-)�̇�/ + �̈� = 0 (2.15) 

For the further investigation, the dimensionless parameters are introduced. After 5 

the mathematical deduction, the dimensionless dynamic equation of the LLS under the 6 

base excitation are written as 7 

𝑦/�� + 𝑦/ + 2𝜉𝑦/� − Ω,𝑧@ cosΩ𝜏 = 0 (2.16) 

where (∙)� = 𝑑(∙) 𝑑𝜏⁄  and 𝜏 = 𝜔/𝑡 is the dimensionless time. The definitions 8 

of other parameters are: 𝜔/ = �𝑘 𝑀⁄ , Ω = 𝜔@ 𝜔/⁄ , 𝜉 = 𝑓/ + 𝑓, + 𝑓-, 𝑓/ = 𝐹/ 2𝜔/⁄ , 9 
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𝑓, = 𝐹, 2𝜔/⁄ , 𝑓- = 𝐹- 2𝜔/⁄ . More specifically, 𝜔/ is the natural frequency of the 1 

dynamic system. Ω is the dimensionless excitation frequency ratio which is important 2 

to a vibration system. 𝜉 is the equivalent nonlinear damping which consists of the 3 

rotational damping and the horizontal damping. The definitions of the dimensionless 4 

parameters are listed in table 2.2. As mentioned before, the nonlinearity of the 5 

equivalent damping is caused by the geometrically nonlinear relationship.  6 

Table 2.2 Dimensionless variables of LLS. 7 

Dimensionless parameters Values 

𝜔/ �𝐾 𝑀⁄  

 𝜔/𝑡 

Ω 𝛺 = 𝜔@ 𝜔/⁄  

From Eq. (2.14) and (2.15), it is very clear that the equivalent damping ratio 𝜉 8 

is a complex nonlinear function, i.e., 𝑐/ 𝑀⁄ + (𝑐,𝑛S𝑆, 𝑀⁄ )𝑆, + (𝑐-𝑆- 𝑀⁄ )𝑆-, of each 9 

structural parameter (rod length, asymmetrical ratio and assembly angles, etc.) and it 10 

is nonlinearly dependent on the relative displacement between the top platform and the 11 

basement. These are two important features which can be employed in practice since 12 

a displacement-dependent nonlinear damping is exactly what is desired as discussed 13 

in the introduction. And more importantly, the damping characteristics can be adjusted 14 

or tuned through the structural parameters. This is a pure passively way to achieve the 15 

vibration protection. 16 

t
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The following study will investigate the influence of the structural parameters 1 

on the equivalent nonlinear damping. The insight of nonlinear characteristics of this 2 

damping will help us to know how to control the vibration performance by tuning the 3 

structural parameters. 4 

2.3. Influence of structural parameters  5 

This section focuses on the influence of the structure parameters on the 6 

equivalent damping coefficients of the bio-inspired limb-like structure. Ideally, the 7 

damping coefficient should be adaptable to vibration amplitude as mentioned in the 8 

introduction. Which is, it is expected to be high at the resonance to dissipate vibration 9 

energy as much as possible and thus to prevent the structure from the damage, and to 10 

be low at other high frequencies to avoid the deterioration of the vibration performance. 11 

It will be shown in the following that the equivalent damping of the bio-inspired 12 

structure depends on the vibration amplitude as expected and is completely adjustable 13 

with structural parameters. 14 

2.3.1 Parameter influence on the displacement-dependent damping characteristics 15 

As shown in Fig. 2.1, there are four structural parameters in this bio-inspired 16 

structure which are the length of the rod, rod-length ratio, layer number and assembly 17 

angle. These four structural parameters are changeable to investigate how they affect 18 

the damping characteristics of the LLS.  19 
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The definitions of 𝑓,, 𝑓- and 𝜉 can be seen in Eq. (2.16). More specifically, 1 

𝑓, is related to the rotational damping effect of the joints, 𝑓- is related to the linear 2 

damper placed in the horizontal direction, and 𝜉 is the total equivalent damping ratio 3 

which is nonlinear and displacement-dependent. Variable 𝑦/ is the relative motion 4 

between the top mass and the basement. Set 𝑐/ = 0.5, 𝑐, = 0.1, 𝑐- = 50  (for the 5 

comparison, 𝑓, , 𝑓-  and 𝜉  are in the same scale for the comparison) and the 6 

relationship between damping coefficients and 𝑦/ can be seen in Fig. 2.2-Fig. 2.5.  7 

 8 

Fig. 2.2 Damping coefficients 𝑓,, 𝑓- and 𝜉 with different rod-length 𝐿/ when 𝛽 =9 
2, 𝜃/ = 𝜋 4⁄  and n=2. 10 

 11 

Fig. 2.3 Damping coefficients 𝑓,, 𝑓- and 𝜉 with different rod-length ratio 𝛽 when 𝜃/ =12 
𝜋 4⁄ , 𝐿/ = 0.2 and n=2. 13 
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Fig. 2.2 shows the damping coefficients 𝑓,, 𝑓- and 𝜉 change differently and 1 

asymmetrically when the value of 𝑦/ changes from negative to positive. When the 2 

value of 𝑦/ is positive the mass moves upward, and vice versa. From the comparison 3 

results, different value of the rod-length 𝐿/ leads to different damping effect. When 4 

𝐿/ decreases all the damping coefficients 𝑓,, 𝑓- and 𝜉 increase and become more 5 

nonlinear. This phenomenon could be beneficial to the vibration isolation. 6 

Fig 2.3 displays the influence of the rod-length ratio 𝛽  on the damping 7 

coefficients. The nonlinear displacement-dependent properties of the damping are very 8 

clear with respect to different rod-length ratio. It is noticed that, increasing 𝛽 leads to 9 

the deducing of all damping coefficients 𝑓, , 𝑓-  and 𝜉 . When 𝛽 = 1 (symmetric 10 

LLS) the value of damping coefficients 𝑓, , 𝑓-  and 𝜉  are the largest, while 11 

increasing 𝛽 leads to smaller but still obvious nonlinear damping effect. 12 

 13 

Fig. 2.4 Damping coefficients 𝑓,, 𝑓- and 𝜉 with different layer n when 𝐿/ = 0.2, 𝛽 = 2 14 
and 𝜃/ = 𝜋 4⁄ . 15 



38 

 

 1 

Fig. 2.5 Damping coefficients 𝑓,, 𝑓- and 𝜉 with different assembly angle 𝜃/ when 2 
𝐿/ = 0.4, 𝛽 = 2 and n=2. 3 

The influence of the layer number n of the LLS is shown in Fig. 2.4. It is clear, 4 

a bigger layer number implies a smaller and more linear damping effect in the LLS, 5 

and the overall damping effect also tends to be a constant with a much bigger layer 6 

number. However, a smaller layer number yields more nonlinear damping effect and 7 

a significant changing range. 8 

Fig. 2.5 shows the influence of the initial assembly angle	𝜃/. It indicates that, a 9 

smaller value of the initial angle 𝜃/ leads to smaller and more linear damping effect. 10 

The damping due to the horizontal damper is always displacement-dependent while 11 

the damping due to the rotation tends to be a constant with a smaller angle 𝜃/. To have 12 

more nonlinear and bigger damping effect, a bigger initial angle 𝜃/ is needed.  13 

In general, by decreasing 𝐿/, 𝛽, 𝑛	and increasing the initial angle 𝜃/  could 14 

increase the total damping 𝜉 rapidly when the displacement increases. However, to 15 

have the best nonlinear damping effect, the structural parameters must be optimal 16 
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selected, and further understanding of the structural parameter influence on the linear 1 

and nonlinear damping effect is also necessary. 2 

Basically there are four main points can be extracted from the above results: (a) 3 

the values of  𝑓, , 𝑓-  and 𝜉  are always positive, and increase nonlinearly as the 4 

value of 𝑦/  increased; (b) a bigger rod length leads to a more constant rational 5 

damping effect 𝑓, and more linear function of horizontal damping effect 𝑓-; (c) when 6 

the rod length is shorter (𝐿/ = 0.2 ) all the damping coefficients 𝑓, , 𝑓-  and 𝜉 7 

increase rapidly and nonlinearly as the relative displacement 𝑦/ increases; (d) the 8 

total equivalent damping 𝜉 can be changed from a very small value to a much bigger 9 

value which means LLS can dissipate more energy in the resonant amplitude peak. 10 

2.3.2 Parameters influence on the linear and nonlinear coefficient 𝜉89  11 

To understand more about the parametric sensitivity of the nonlinear damping, 12 

damping coefficients are particularly investigated here with respect to each critical 13 

structural parameter. For this purpose, Taylor series expansions of 𝑆, and 𝑆, are 14 

used which can indicate clearly the structure parameters influence on the linear and 15 

nonlinear components of the equivalent damping effect meanwhile, show more clearly 16 

the displacement-dependent relationship between the damping coefficient and the 17 

relative displacement 𝑦/.  18 

For the accuracy, using Taylor series expansion up to the 5th order of 𝑆, and 𝑆- 19 

to explore the relationship between the relative displacement and the equivalent 20 
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damping coefficients. The comparison between the original terms and the Taylor 1 

expansions can be seen in Fig. 2.6. With Taylor series expansion the relationship could 2 

be more explicit and understandable. From the Eq. (2.17) and Eq. (2.18), it is clear the 3 

damping coefficients 𝑆,  and 𝑆-  can be written as a nonlinear polynomial with 4 

respect to the relative displacement 𝑦/ as 5 

𝑆, ≈ 𝑇, = 𝜉,@ + 𝜉,/𝑦/ + 𝜉,,𝑦/, + 𝜉,-𝑦/- + 𝜉,�𝑦/� (2.17) 

𝑆- ≈ 𝑇- = 𝜉-@ + 𝜉-/𝑦/ + 𝜉-,𝑦/, + 𝜉--𝑦/- + 𝜉-�𝑦/� (2.18) 

The Taylor expressions of the damping coefficients 𝜉89  of 𝑆,  and 𝑆-  are 6 

written in table 2.3. The first four order of Taylor coefficients are listed here for the 7 

conciseness. ALL the Taylor coefficients can be obtained by the standard 8 

mathematical software, e.g., MATLAB and MAPLE. 9 

Define 𝐹�, = 𝑐,𝑛S𝑇, 𝑀⁄ , 𝐹�- = 𝑐-𝑇- 𝑀⁄ , the dimensionless dynamic equation 10 

Eq. (2.16) can be rewritten as 11 

𝑦/�� + 𝑦/ + 2𝜉a𝑦/� − 𝛺,𝑧@ 𝑐𝑜𝑠 𝛺𝜏 = 0 (2.19) 

where 𝜉a = 𝑓/ + 𝑓,` + 𝑓-` , 𝑓/ = 𝐹/ 2𝜔/⁄ , 𝑓,` = 𝐹�, 2𝜔/⁄ , 𝑓-` = 𝐹�- 2𝜔/⁄ .  12 

Coefficients 𝜉89  of the Taylor series expansion can be obtained with standard 13 

computer programming. Eq. (2.17) -Eq. (2-19) will be used for analysis of the 14 

nonlinear damping coefficients and the theoretical solution of the transmissibility of 15 

the LLS system. Each coefficient 𝜉89  represents different part of the damping. For 16 

instance, 𝜉,@  and 𝜉-@  represent the linear parts of the rotational damping and 17 
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horizontal damping, respectively, while others represent the nonlinear parts. The total 1 

equivalent damping 𝜉a  is a complex combination of the rotational damping and the 2 

horizontal damping which is nonlinear and displacement dependent. 3 

Table 2.3 Expressions of the damping coefficients.  4 

Symbol Expression with structural parameters 

𝜉,@ (
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
2𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

), 

𝜉,/ 
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

× (
𝑠𝑖𝑛𝜃/

4𝑛,𝐿/,𝑐𝑜𝑠𝜃/-
+

𝑠𝑖𝑛𝜃,
4𝑛,𝐿/,𝛽,𝑐𝑜𝑠𝜃/-

) 

𝜉,, 
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

× q
3 − 2𝑐𝑜𝑠𝜃/,

16𝑛-𝐿/-𝑐𝑜𝑠𝜃/�
r +

3 − 2𝑐𝑜𝑠𝜃,,

16𝑛-𝐿/-𝛽-𝑐𝑜𝑠𝜃,�
 

𝜉,- 
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

× q
𝑠𝑖𝑛𝜃/(5 − 2𝑐𝑜𝑠𝜃/,)
32𝑛�𝐿/�𝑐𝑜𝑠𝜃/�

+
𝑠𝑖𝑛𝜃,(5 − 2𝑐𝑜𝑠𝜃,,)
32𝑛�𝐿/�𝛽�𝑐𝑜𝑠𝜃,�

r + 

(
𝑠𝑖𝑛𝜃/

2𝑛,𝐿/,𝑐𝑜𝑠𝜃/-
+

𝑠𝑖𝑛𝜃,
2𝑛,𝐿/,𝛽,𝑐𝑜𝑠𝜃/-

) × (
3 − 2𝑐𝑜𝑠𝜃/,

16𝑛-𝐿/-𝑐𝑜𝑠𝜃/�
+

3 − 2𝑐𝑜𝑠𝜃,,

16𝑛-𝐿/-𝛽-𝑐𝑜𝑠𝜃,�
) 

𝜉-@ (
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

2𝑛
), 

𝜉-/ 
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

𝑛
× q

𝑐𝑜𝑠𝜃/- + 𝛽𝑐𝑜𝑠𝜃,-

4𝑛,𝐿/𝛽𝑐𝑜𝑠𝜃/-𝑐𝑜𝑠𝜃,-
r 

𝜉-, 
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

𝑛
× q

𝑐𝑜𝑠𝜃/�𝑠𝑖𝑛𝜃, + 𝛽,𝑐𝑜𝑠𝜃,�𝑠𝑖𝑛𝜃/
16𝑛-𝐿/-𝛽,𝑐𝑜𝑠𝜃/�𝑐𝑜𝑠𝜃,�

r + (
𝑐𝑜𝑠𝜃/- + 𝛽𝑐𝑜𝑠𝜃,-

4𝑛,𝐿/𝛽𝑐𝑜𝑠𝜃/-𝑐𝑜𝑠𝜃,-
), 

𝜉-- 
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

𝑛
× q

5 − 4𝑐𝑜𝑠𝜃/,

32𝑛�𝐿/-𝑐𝑜𝑠𝜃/�
+

5 − 4𝑐𝑜𝑠𝜃,,

32𝑛�𝐿/-𝛽-𝑐𝑜𝑠𝜃,�
r 

+
𝑐𝑜𝑠𝜃/- + 𝛽𝑐𝑜𝑠𝜃,-

2𝑛,𝐿/𝛽𝑐𝑜𝑠𝜃/-𝑐𝑜𝑠𝜃,-
× q

𝑐𝑜𝑠𝜃/�𝑠𝑖𝑛𝜃, + 𝛽,𝑐𝑜𝑠𝜃,�𝑠𝑖𝑛𝜃/
16𝑛-𝐿/,𝛽,𝑐𝑜𝑠𝜃/�𝑐𝑜𝑠𝜃,�

r 
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Due to the nonlinear geometrical relationship among the rotation motion j, 1 

horizontal motion x and vertically relative motion 𝑦/, it is clear that 𝐹�, and 𝐹�- 2 

depend on the vertical relative displacement 𝑦/  eventually. 𝐹/  is the linear air 3 

damping coefficient while 𝐹�,  and 𝐹�-  are the nonlinear damping due to the 4 

rotational damping and the horizontal damping of the LLS. The damping coefficients 5 

𝐹�,, 𝐹�- depend on not only the relative motion 𝑦/ but also the structural parameters. 6 

(a) 7 

(b) 8 

Fig. 2.6 Comparison between the original terms and corresponding 5th Taylor series 9 
expansion: (a) rotational damping; (b) horizontal damping. 10 

In Fig. 2.6, the structural parameters are set as: 𝑛 = 2, 𝐿/ = 0.3, 𝐿, = 0.6, 𝜃/ =11 

𝜋 4⁄ . The purpose of this comparison is to check the accuracy of the Taylor series 12 

expansions used in Eq. (2. 17) and Eq. (2.18). As shown in the figure, Taylor series 13 

expansions 𝑇,	and	𝑇- fit quite well the original terms 𝑆, and 𝑆- which means that 14 

5th order approximation of Taylor expansion has a good agreement with the original 15 

expressions and has the enough accuracy for the further investigation.  16 
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Because the LLS is used for the practical application, the working range should 1 

be defined here. There is a relationship between the structural parameters and the 2 

effective working range ( 𝑦/ ). The maximum of the motion 𝑦/ should satisfy 3 

𝑠𝑖𝑛𝜃/=���
R
�/𝐿/ in the compression state. Therefore, the effective working range of 𝑦/ 4 

in compression is defined in equation (2.20):  5 

𝑦/
𝑛 < 𝐿/ 𝑠𝑖𝑛 𝜃/ (2.20) 

It can be seen in Eq. (2.17) and Eq. (2.18), there are linear and nonlinear 6 

coefficients 𝜉89  in the Taylor series expansion of rotational and horizontal damping. 7 

The relationship between the Taylor expansion coefficients 𝜉89  and the main 8 

parameters including the rod-length ratio β, the assembly angle 𝜃/ and layer n are 9 

shown in Fig. 2.7- Fig.2. 9 (note that 𝑇, is the Taylor expansion of rotational damping 10 

and 𝑇- is the Taylor expansion of horizontal damping). 11 
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(a)1 

(b) 2 

Fig. 2.7 Damping coefficients 𝜉89  with different rod-length ratio β. (a) rotational damping 3 
coefficients and (b) horizontal damping coefficients. 4 

Fig. 2.7 illustrates the change trend of the Taylor series coefficients 𝜉89  with 5 

different rod-length ratio β when other parameters are set as: 𝑛 = 2, 𝐿/ = 0.3𝑚, 𝜃/ =6 

𝜋 4⁄ . It can be seen increasing β brings the decreasing of coefficients 𝜉89  in both 7 

figures. 𝜉,@ is the linear coefficient of the rotational damping which has the smallest 8 

value, and is similar with the linear coefficient 𝜉-@  of the horizontal damping. 9 

Comparing the results in both figures, the coefficients 𝜉,9  of the rotational damping 10 

are always 10 times bigger than the corresponding horizontal damping coefficients 11 

𝜉-9 . 12 
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(a)1 

(b) 2 

Fig. 2.8 Damping coefficients 𝜉89with different assembly angle 𝜃/. (a) rotational damping 3 
coefficients and (b) horizontal damping coefficients. 4 

Similarly, Fig. 2.8 investigates the Taylor expansion coefficients 𝜉89  with 5 

different assembly angle 𝜃/  when 𝑛 = 2, 𝐿/ = 0.3𝑚, 𝛽 = 2 . All Taylor 6 

coefficients increase nonlinearly with the increasing of 𝜃/ (but the coefficient 𝜉,@ is 7 

almost constant), and the Taylor coefficients of the rotational damping 𝜉,9  are about 8 

10 times bigger than the corresponding coefficients of the horizontal damping 𝜉-9 . 9 

When 𝜃/ is smaller than 0.6, the linear component 𝜉,@ of the rotational damping is 10 

bigger than the second coefficient 𝜉,/, which implies more linear damping effect in 11 

such situation.  12 
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(a)1 

(b) 2 

Fig. 2.9 Damping coefficients 𝜉89with different layer n. (a) rotational damping coefficients 3 
and (b) horizontal damping coefficients. 4 

Fig. 2.9 displays the change trend of the Taylor expansion coefficients 𝜉89  with 5 

the variation of the parameter layer n when 𝐿/ = 0.3𝑚,𝛽 = 2, 𝜃/ = 𝜋 4⁄ . As a result, 6 

increasing n brings the decreasing of coefficients 𝜉89  significantly in both figures. 7 

Noticeably, in Fig. 2.9 (a) when n is bigger than 4 or 5, the linear components of both 8 

Figures are becoming bigger than nonlinear components, indicating more linear 9 

damping effect in such cases. This means when the layer number n is big enough, the 10 

rotational damping shows more linear characteristics. 11 
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In conclusion, to maintain a good balance of linear and nonlinear damping effect, 1 

the structural parameters should be appropriately chosen with respect to potential 2 

optimization functions due to the complicated nonlinear relationships. 3 

In this section, the change trends of the damping coefficients were investigated 4 

with the variation of the main structural parameters. The investigation result will give 5 

us an insight of how the structural parameters affect the system damping effects, 6 

separately. This could be used for the vibration isolation when the damping is 7 

adjustable and nonlinear, more importantly, the nonlinearity of the equivalent damping 8 

can be designed with tuning the structural parameters. 9 

In the next section, the frequency-dependent and the displacement-dependent 10 

characteristics of the LLS nonlinear damping will be studied. 11 

2.3.3 Frequency-dependent nonlinear damping characteristics and their nonlinear 12 

influence 13 

It is already known that there are two damping mechanisms in the LLS caused 14 

by the joint friction (referred to as rotational damping) and the horizontal damper 15 

(referred to as horizontal damping). Both damping characteristics are nonlinear 16 

functions of the relative displacement and structure parameters. This section is to 17 

reveal the displacement-/frequency-dependent damping characteristics, to understand 18 

how they nonlinearly respond to different excitation frequencies or amplitudes and to 19 
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unveil how different nonlinear damping characteristics affect dynamic response under 1 

different structural parameters. 2 

To these aims, the relationship between the excitation frequency Ω and the 3 

equivalent nonlinear damping 	𝜉 is investigated to reveal the frequency-dependent 4 

nonlinear characteristics of the damping effect of the LLS subject to different 5 

excitation amplitude. Firstly, the frequency response of the mass subject to sinusoidal 6 

excitations can be calculated based on the harmonic balance method, and then based 7 

on the steady state response amplitude 𝑦/ at each excitation frequency the equivalent 8 

damping 𝜉 can be calculated from Eq. (2.16).  9 

The structural parameters are set as 𝜃/ = 𝜋 4⁄ , 𝑛 = 2, 𝐿/ = 0.3, 𝛽 = 2 in this 10 

section. There are three cases of the system with different damping coefficients (also 11 

refer to Fig. 2.10): (1) Only rotational damping is considered, which adopts the 12 

parameter setting as 𝑐/ = 0, 𝑐, = 1.05, 𝑐- = 0 and the equivalent damping can be 13 

calculated as 𝜉 = 0.194 + 0.35𝑦/ + 0.954𝑦/, + 2.57𝑦/- ; (2) Only horizontal 14 

damping is studied, which means 𝑐/ = 0, 𝑐, = 0, 𝑐- = 327  and the equivalent 15 

damping is obtained as 𝜉 = 0.194 + 0.807𝑦/ + 2.05𝑦/, + 5.306𝑦/- ; (3) Both 16 

rotational plus horizontal damping are considered, which means 𝑐/ = 0, 𝑐, =17 

1.05, 𝑐- 	= 327. In each case, the excitation amplitude is increased from 0.01m to 18 

0.1m. In this way, how these different nonlinear damping characteristics subject to 19 

different excitation amplitudes is understood and revealed.  20 

 21 
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(A) Same linear damping parts 1 

(a) (b) 2 

(c) (d) 3 

(e) (f) 4 

Fig. 2.10 Relationship between damping coefficients and excitation frequency when 𝑐, =5 
1.05, 𝑐- = 327: the amplitude-frequency response of Mass with different input amplitude 6 
𝑧@ (a (𝑧@ = 0.01𝑚) , c (𝑧@ = 0.05𝑚), e (𝑧@ = 0.1𝑚)), and the relative damping-frequency 7 

diagrams (b, d, f). 8 

In Fig. 2.10, the parameters 𝑐, and 𝑐- are set properly such that the equivalent 9 

linear parts of two different nonlinear damping mechanisms (rotational and horizontal 10 

damping mechanisms) are equal for comparison. Note that both nonlinear damping 11 
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characteristics have the same linear part, i.e., 0.194. With 𝑧@ = 0.01𝑚, the amplitude-1 

frequency responses of three cases are shown in Fig. 2.10 (a). Meanwhile the 2 

equivalent damping ratios ξ are shown in Fig. 2.10(b) which change clearly with 3 

different excitation frequency. Importantly, it is noticed that (1) the rotational damping 4 

and the horizontal damping have almost the same influence on the dynamic response 5 

in such parameter settings, although the horizontal damping seems slightly higher than 6 

the horizontal damping; (2) the overall damping obviously suppresses the resonant 7 

peak but leads to stronger response at higher frequencies due to the increased linear 8 

damping (which is the double for each single damping case). 9 

To understand the nonlinear damping effect with different excitation amplitudes 10 

but the same structural parameters, Fig. 2.10 (c) and Fig. 2.10 (e) display the 11 

amplitude-frequency response with 𝑧@ = 0.05𝑚 and 𝑧@ = 0.1𝑚, while Fig. 2.10 (d) 12 

and Fig. 2.10 (f) show the corresponding damping ratio ξ. A very interesting 13 

phenomenon is shown in Fig. 10(f) which is the total damping ξ is smaller than the 14 

horizontal damping in the resonance. This is a coupling effect because all the damping 15 

depends on the displacement: the larger displacement the higher damping value. In Fig 16 

10(e), the response displacement with the total damping ξ in the resonance is 17 

suppressed greatly compared with the situations with only rotational damping or only 18 

horizontal damping. Therefore, the total damping ξ in the resonance decreases with the 19 

reduction of the resonance amplitude. This coupling effect makes the total damping ξ 20 
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and response displacement depends on each other and the interaction between the two 1 

factors is complex and needs an in-depth study further. 2 

The following observations can be drawn as:  3 

(1) All damping characteristics increases obviously with the excitation amplitude 4 

and reaches the maximum value at the resonant frequency, indicating very 5 

clearly frequency-dependent nonlinear damping characteristics which becomes 6 

bigger and bigger with the response/excitation amplitude.  7 

(2) The linear parts of the damping characteristics are not changed too much (as all 8 

structural parameters are fixed) but the nonlinear parts especially around the 9 

resonant frequency change greatly, which is absolutely desired in real 10 

application situations which requires high damping for dissipating strong 11 

vibration energy.  12 

(3) The nonlinear increasing of the horizontal damping around the resonant 13 

frequency demonstrates even more significantly, thus leading to more 14 

suppression of the resonant peak. This also implies that the nonlinear damping 15 

characteristics incurred by the horizontal damper can have an even better 16 

influence on vibration energy dissipation (i.e., high damping at around resonant 17 

frequency but low damping at others).  18 

 19 

(B) Same maximum damping effect 20 
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To understand the above analysis in depth, the parameters 𝑐, and 𝑐- are set 1 

properly such that the peaks of the horizontal and rotational damping characteristics 2 

are equal for the excitation amplitude 𝑧@ = 0.01𝑚, and all the structural parameters 3 

are fixed thereafter. The excitation amplitudes are changed from 0.01m, 0.05m to 0.1m.  4 

 5 

(a) (b) 6 

(c) (d) 7 

(e) (f) 8 

Fig. 2.11 Relationship between damping coefficients and excitation frequency when 𝑐, =9 
1.125, 𝑐- = 327: the amplitude-frequency response of Mass with different input amplitude 10 
𝑧@ (a (𝑧@ = 0.01𝑚) , c (𝑧@ = 0.05𝑚), e (𝑧@ = 0.1𝑚)), and the relative damping-frequency 11 

diagrams (b, d, f). 12 
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Fig. 2.11 displays the results for 𝑧@ = 0.01𝑚 , where 𝑐- = 327  and the 1 

horizontal damping is 𝜉 = 0.194 + 0.807𝑦/ + 2.05𝑦/, + 5.306𝑦/- (same as in the 2 

previous case) but 𝑐, = 1.125 with the rotational damping 𝜉 = 0.208 + 0.37𝑦/ +3 

1.02𝑦/, + 2.75𝑦/-. They have the same maximum damping at the resonant frequency 4 

(Fig. 2.11(b)), while the amplitude of only rotational damping is smaller than the case 5 

of only horizontal damping in Fig. 2.11(a). It is noticed that the rotational damping has 6 

bigger linear damping part while the horizontal damping demonstrates more beneficial 7 

nonlinear property. With the increasing of the excitation amplitude, the horizontal 8 

damping increases more significantly while maintains a relative smaller linear 9 

damping part, leading to reduced resonant peak but not increase high-frequency 10 

response. This is particularly desired nonlinear damping property as mentioned before. 11 

 12 

 13 

 14 

 15 

 16 

 17 

 18 

 19 

 20 

 21 
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(C) The same quadratic damping coefficients  1 

(a) (b) 2 

(c) (d)3 

(e) (f) 4 

Fig. 2.12 Relationship between damping coefficients and excitation frequency when 𝑐, =5 
2.26, 𝑐- = 327: the amplitude-frequency response of Mass with different input amplitude 6 
𝑧@ (a (𝑧@ = 0.01𝑚) , c (𝑧@ = 0.05𝑚), e (𝑧@ = 0.1𝑚)), and the relative damping-frequency 7 

diagrams (b, d, f). 8 

In Fig. 2.12, by adjusting 𝑐, = 2.26, the coefficient of the quadratic terms of 9 

the two damping mechanisms are the same. That is,	 𝑐- = 327	 the horizontal damping 10 

ratio is	 𝜉 = 0.194 + 0.807𝑦/ + 2.05𝑦/, + 5.306𝑦/-,	but	set	 𝑐, = 2.26	 such that the 11 

rotational damping is	 𝜉 = 0.417 + 0.75𝑦/ + 2.05𝑦/, + 5.52𝑦/-.	Both	cases	have	the	12 
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same	quadratic	coefficient. In this case with the excitation amplitude 𝑧@ = 0.01𝑚, 1 

the rotational damping is almost a linear characteristic with much bigger linear 2 

damping part, which is not desired in the practice. With the increase of the excitation 3 

amplitude, the nonlinearly frequency-dependent damping effects are becoming 4 

obvious and the horizontal damping is much better as well. However, due to bigger 5 

linear damping part from the rotational damping, the overall damping effect is not 6 

good at high frequencies. This indicates that a parameter optimization is needed to 7 

balance the linear and nonlinear parts in the overall nonlinear damping design for real 8 

practical applications.  9 

2.4. Conclusions 10 

In this chapter, several points can be generally drawn as follows. 11 

Firstly, the equivalent damping of the LLS is nonlinear and can be significantly 12 

changed with the structural parameters in a relatively large range.  13 

Secondly, with the same parameter settings, the expressions of the equivalent 14 

damping are nonlinear functions with respect to relative vibration displacement and 15 

thus vary with different excitation frequency from the basement. In the resonant 16 

frequency range, due to the large displacement amplitude, all the equivalent damping 17 

components can have relatively bigger values than those at the high frequency range. 18 

This indicates a nonlinear damping property, that is, automatically high damping effect 19 

at resonant frequencies for larger vibration displacement but lower damping at high 20 

frequencies.  21 



56 

 

Thirdly, both rotational damping and horizontal damping can produce nonlinear 1 

damping effect as mentioned above. However, the horizontal damping demonstrates 2 

even better beneficial nonlinear damping effect than the rotational damping, and a 3 

parameter optimization is needed in real practical applications to balance the linear 4 

and nonlinear parts in the overall nonlinear damping design. 5 

  6 
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3. Vibration isolation performance of nonlinear 1 

damping 2 

In the previous results, the properties of the LLS damping has been proved to be 3 

nonlinear and displacement-frequency-dependent. The purpose of this section is to 4 

investigate how the nonlinear damping characteristics of the LLS affect the vibration 5 

isolation performance or vibration transmissibility.  6 

The displacement transmissibility 𝑇U  of the LLS system with the nonlinear 7 

damping in Fig. 3.1 can be obtained as follows: With the Taylor series expansions of 8 

the equivalent damping, the approximately analytic solutions of Eq. (2.19) can be 9 

obtained by using the Harmonic Balance Method (HBM). The first order harmonic 10 

response is adopted here which can be written as 11 

𝑦/ = 𝑎 cos(Ω𝜏 + 𝜙) (3.1) 

where a is the first order harmonic amplitude and 𝜙 is the phase. Substituting 12 

Eq. (3.1) into the dynamic dimensionless Eq. (2.19), the parameters in Eq. (3.1) can 13 

be obtained by solving two sets of high order algebraic equations. The procedure of 14 

HBM can be seen in the standard software programming in MATLAB. After the 15 

solving the nonlinear algebraic equations, the displacement transmissibility 𝑇U can 16 

be obtained with Eq. (3.2): 17 
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𝑇U = ¥
�𝑎, + 𝑧@, + 2𝑎𝑧@ cos(𝜙)

𝑧@
¥ 

(3.2) 

Based on the discussions above, a displacement-dependent damping system can 1 

be achieved with the LLS which can provide high damping around resonant frequency 2 

but low damping at others. The results can be found in the following analysis.  3 

3.1 Influence of damping coefficient 𝐜𝟐, 𝐜𝟑 4 

The damping coefficients 𝑐,  and 𝑐-  are different from the structural 5 

parameters. But the damping coefficient 𝑐, and 𝑐- affect the overall damping effect 6 

of the rotational damping and horizontal damping respectively, and thus affect 7 

dynamic vibration response. Therefore, it is necessary to investigate the influence of 8 

damping coefficients 𝑐,, 𝑐- and thereafter the structural parameters. The results are 9 

shown in the Fig. 3.1- Fig. 3.3 with other structural parameters as 𝑐/ = 0 , 𝑛 =10 

2, 𝐿/ = 0.3, β = 2, 𝜃/ = 𝜋 4⁄ 	and	𝑧@ = 0.05.  11 

 12 

Fig. 3.1 Transmissibility curves with different 𝑐,. 13 
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 1 

Fig. 3.2 Transmissibility curves with different 𝑐-. 2 

 3 

Fig. 3.3 Transmissibility curves with different 𝑐, and 𝑐-. 4 

From Fig. 3.1- Fig. 3.3, it can be seen the increasing of the coefficients 𝑐,	and	𝑐- 5 

can effectively decrease the resonant peak, but the rising of the high-frequency 6 

transmissibility is also observed due to the increasing of the linear damping effect. 7 

Compared with rotational damping effect, the linear damping effect seems not 8 

increased too much with the horizontal damping. This is consistent with the previous 9 

discussions. Obviously, the joint friction is a good factor for vibration suppression of 10 

resonant peak but would also deteriorate high-frequency performance. This should be 11 

solved by tuning other structural parameters as discussed previously. 12 
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3.2 Influence of structural parameters on the transmissibility  1 

By changing different values of parameters 𝐿/, 𝐿,, 𝛽, 𝜃/ and n to investigate 2 

the vibration isolation performance of the LLS. Since the LLS damping depends on 3 

these structural parameters sensitively, it is important to find proper parameters to 4 

make the vibration isolation performance better. Therefore, in the following section, 5 

the displacement transmissibility will be investigated by changing a single structural 6 

parameter once and keeping other parameters the same. The analysis results with 7 

different structure parameters are shown in Fig. 3.4- Fig. 3.7, and other parameters are 8 

set as 𝑐/ = 0.01, 𝑐, = 0.7, 𝑐- = 100	and	𝑧@ = 0.05.  9 

 10 

Fig. 3.4 Transmissibility with different 𝐿/ and 𝐿,. 11 

 12 

Fig. 3.5 Transmissibility with different 𝛽. 13 
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Fig. 3.4 displays that when 𝜃/ = 𝜋 4⁄ , n=2 by increasing the structure 1 

parameters (rod length 𝐿/ and 𝐿,) the response amplitude becomes bigger at the 2 

resonant frequency due to a smaller damping effect. As discussed before, for higher 3 

damping effect, smaller rod length should be considered, with the consideration of an 4 

appropriate working range. 5 

Fig. 3.5 shows the transmissibility with the LLS for different rod-length ratio β 6 

when 𝐿/ = 0.3, 𝜃/ = 𝜋 4⁄  and n=2. By increasing the ratio β the transmissibility 7 

increases a lot at the resonant frequency indicating a decreasing damping effect but 8 

stays almost the same in the high frequency range (for β ≥2). However, with the same 9 

parameter setting, it is noticed that, when the ratio β=1 the transmissibility rises 10 

obviously in the high frequency range. This clearly shows that the asymmetric ratio β 11 

is beneficial to the application of vibration isolation by tuning nonlinear damping 12 

characteristics to maintain a better balance between the linear and nonlinear damping 13 

effect.  14 

 15 

Fig. 3.6 Transmissibility with different 𝜃/. 16 
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 1 

Fig. 3.7 Transmissibility with different n. 2 

Fig. 3.6 displays the influence of the initial assembly angle 𝜃/  on the 3 

displacement transmissibility when other parameters are set as: 𝐿/ = 0.3, 𝛽 = 2	and 4 

𝑛 = 2. By increasing the assembly angle 𝜃/, the resonant peak can be effectively 5 

suppressed with not obviously increasing at high frequencies. For instance, when 6 

𝜃/ = 𝜋 3⁄  the resonant peak of the transmissibility can be suppressed to 2 and with 7 

almost no increase in the higher frequency range. This implies that the assembly angle 8 

𝜃/ is the other factor which can be used to increase the overall nonlinear damping 9 

effect without changing the linear damping component significantly. 10 

Fig. 3.7 demonstrates how the layer number n affect the transmissibility with the 11 

LLS when	𝜃/ = 𝜋 4⁄ , 𝐿/ = 0.3 and 𝛽 = 2. It is clear the response amplitude drops 12 

in the resonant peak when the layer number n is smaller with not too much increasing 13 

at high frequencies. Therefore, the lay number n is also should be taken into 14 

consideration for the better isolation performance by tuning the overall nonlinear 15 

damping effect.  16 



63 

 

As a conclusion, the influence of the structural parameters on the vibration 1 

performance can be generally concluded as follows. 2 

1. By reducing the length of the rods 𝐿/, the layer n and the rod-length ratio 𝛽 3 

or increasing the initial angle 𝜃/, the overall nonlinear damping effect of the LSS can 4 

be effectively increased. Increasing the nonlinear damping effect can reduce/suppress 5 

the peak value of the transmissibility without the deterioration of the performance in 6 

the high frequency range. This discover is consistent with the aforementioned 7 

conclusions. Remarkably, the transmissibility curves in the high frequency range 8 

remain relatively low in almost all cases which is the desired nonlinear damping effect 9 

compared with traditional linear damping effect. That is, the value of the resonant peak 10 

can be suppressed by adjusting several structural parameters without sacrificing the 11 

vibration isolation performance at higher frequencies, with the nonlinear damping 12 

introduced by the LLS.  13 

2. Note that, the displacement transmissibility curve will increase in the high 14 

frequency range when the structure parameters are not properly set such as in Fig. 3.5 15 

for the case 𝛽 = 1. Therefore, tuning the structural parameters properly is helpful to 16 

maintain a good balance between the linear and nonlinear damping effect, while the 17 

linear damping component is often not preferred to be very high, but the nonlinear 18 

damping component does, in order to obtain a better vibration isolation performance 19 

in both resonant frequency range and high frequency range.  20 
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3.3 Influence of the input amplitude 1 

In this part, the influence of the input excitation is investigated to explore how 2 

the LLS damping system reacts to different excitation amplitudes. Note that, the 3 

different value of the linear damping would not affect the transmissibility curve with 4 

different amplitudes of excitation, but nonlinear damping does. It is one of the 5 

nonlinear properties which can be affected by the input amplitude. Because the 6 

nonlinear damping is displacement-dependent which means the equivalent damping 7 

will change if the excitation amplitude changed. As a result, the changed equivalent 8 

damping will affect the transmissibility curve. It likes a mutual effect. The details can 9 

be seen in Fig. 3.8. 10 

 11 

Fig. 3.8 Transmissibility with different excitation amplitude. 12 



65 

 

Parameters of the LLS used in Fig. 3.8 are set as:	𝑛 = 2, 𝐿/ = 0.4, 𝛽 = 2, 𝜃/ =1 

𝜋 4⁄ 	and	𝑐/ = 0.01, 𝑐, = 0.7, 𝑐- = 100. 2 

Fig. 3.8 shows how the transmissibility of the LLS system changes with the 3 

different excitation amplitude. For comparison, the system setting with linear damping 4 

𝜉/=0.075 is adopted, which has the same peak response with the LLS system when the 5 

excitation amplitude is 𝑧@ = 0.05𝑚. It is clear, in the linear damping system no 6 

matter how the input amplitude changes the transmissibility curve does not change. By 7 

contrast, the LLS damping (in this case 𝜉 = 0.045 + 0.334𝑦/ + 2.084𝑦/, + 12.97𝑦/-) 8 

depends on the response amplitude which will bring obvious benefit to the vibration 9 

isolation. When the excitation amplitude increased from 0.1m to 0.3m, the 10 

transmissibility decreases obviously at the resonance and keeps almost the same value 11 

in the non-resonance frequency region, which means the LLS damping not only is 12 

better than the linear damping in the resonant peak but also does not deteriorate the 13 

high-frequency response as the linear damping does. Note that, if the linear damping 14 

is increased to suppress the resonant peak as much as the LLS for 𝑧@ = 0.3𝑚, the 15 

linear damping ratio 𝜉/ should be increased to 0.225 but it will obviously sacrifice 16 

the performance in the higher frequency range. 17 

This demonstrates again the advantage of the nonlinear damping effects 18 

provided by the LLS, which cannot be achieved by any linear damping systems. For 19 

the nonlinear damping systems, the comparison with other nonlinear damping systems 20 

will be demonstrated in section 3.5. 21 
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3.4 Balance of linear and nonlinear parts in the damping and 1 

corresponding influence 2 

This part is to reveal the importance of the balance between the linear and 3 

nonlinear components of the equivalent damping characteristics for achieving better 4 

dynamic response, and to show that the structural parameters of the LLS can be easily 5 

tuned to achieve this objective.  6 

The structural parameters can be adjusted in such way that the linear part of the 7 

equivalent damping keeps a small value (e.g., 0.05) while the nonlinear parts are 8 

changing to investigate the influence of the nonlinear damping characteristics on the 9 

vibration transmissibility. The Taylor expansions of the nonlinear rotational and 10 

horizontal damping are shown in Eq. (2.17) and Eq. (2.18) and thus the total equivalent 11 

damping can be obtained by Eq. (3.3)-Eq. (3.4). 12 

If 𝑐/ = 𝑐- = 0 (only rotational damping),  13 

𝜉 = 𝜉,@
� + 𝜉,/

� 𝑦/ + 𝜉,,
� 𝑦/, + 𝜉,-

� 𝑦/- (3.3) 

where 𝜉,9
� = ¦§R¨

,√ª«
𝜉-9  is the damping coefficient of the rotational damping. 14 

If 𝑐/ = 𝑐, = 0 (only horizontal damping),  15 

𝜉 = 𝜉-@
� + 𝜉-/

� 𝑦/ + 𝜉-,
� 𝑦/, + 𝜉--

� 𝑦/- (3.4) 

where 𝜉-9
� = ¦¬

,√ª«
𝜉-9  is the damping coefficient of the horizontal damping? 16 

The comparison is followed this way: by adjusting the structural parameters and 17 

the damping coefficients 𝑐/ and 𝑐, to have the same linear damping components in 18 
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each case. Therefore, the influence of the structural parameters on the nonlinear 1 

damping coefficients can be explored as well as the effects on the displacement 2 

transmissibility curve. This is the investigation of the nonlinear characteristics of the 3 

equivalent damping and how the structural parameters affect the nonlinear components 4 

of the equivalent damping and the transmissibility. The results are shown in Fig. 3.9- 5 

Fig. 3.13. 6 

Case A and Case B investigates the situation when the system only has rotational 7 

damping (Case A) or only has horizontal damping (Case B), respectively. Both of them 8 

are nonlinear damping and depend on the structural parameters and the relative 9 

displacement 𝑦/.The combined effects of these two kinds of damping were studied in 10 

the previous sections. While, in this part, these two kinds of nonlinear damping will 11 

be investigated separately. 12 

The system only has the rotational nonlinear damping is studied in Fig. 3.9- Fig. 13 

3.11 (Case A). In these cases, the influence of the structural parameters on the 14 

nonlinear characteristics is investigated with the equivalent damping effect and the 15 

transmissibility. Similarly, the system only has the horizontal nonlinear damping is 16 

studied in Fig. 3.12- Fig. 3.13 (Case B). The influence of the structural parameters on 17 

the nonlinear damping characteristics is investigated with the transmissibility. The 18 

detailed information of the nonlinear damping coefficients is listed in the table 19 

followed the transmissibility analysis which give us an insight into the relationship 20 

between the structural parameters and the nonlinear coefficients of each order. Still, 21 
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the linear component of the equivalent damping is tuned to be the same (0.05) in each 1 

case. 2 

(A) Only rotational damping (c/ = c- = 0) 3 

(a)4 

(b) 5 

Fig. 3.9 Equivalent damping with different	𝛽 when 𝜃/ = 𝜋 3,⁄ 𝐿/ = 0.02, 𝑐/ = 𝑐- = 0, 𝑧@ =6 
0.01(a); and the relative displacement transmissibility (b). 7 

Fig. 3.9 demonstrates the changing trend of the equivalent damping with the 8 

relative displacement 𝑦/ . The structural parameter rod length ratio b increases in 9 

different cases. In Fig. 3.9 (a), when b=1 (symmetrical structure) the equivalent 10 

damping shows a stronger nonlinear effect than other cases. Fig. 3.9. (b) displays the 11 

comparison of the displacement transmissibility with different damping. From the 12 
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comparison, it is obvious that the LLS damping shows the advantages in the resonance 1 

and with the deterioration in the high frequency range. More specifically, when the 2 

linear damping 𝜉/ = 0.06 the vibration amplitude in the resonant frequency cannot 3 

be suppressed effectively, while, if increase the linear damping ratio 𝜉/ to 0.15 the 4 

amplitude in the resonance peak can be suppressed greatly but the transmissibility in 5 

the high frequency range will increase as well which means a deterioration of the 6 

transmissibility in the high frequency range. By contrast, the LLS damping displays 7 

the advantages which is, it can suppress the vibration amplitude in the resonance 8 

effectively to protect the structure from the large vibration amplitude damage and 9 

meanwhile, the transmissibility in the high frequency will keep low which means no 10 

deterioration happens in the higher frequencies. 11 

Table 3.1 states the details of the damping coefficients of each order of the 12 

Taylor expansion expression. In the list, it is clear the nonlinear terms are bigger when 13 

𝛽 = 1 which can explain the comparison results in the previous damping analysis. 14 

Table 3.1 Coefficients of equivalent damping with different 𝛽 15 

𝑐, β 𝜉,@�  𝜉,/�  𝜉,,�  𝜉,-�  

0.00029 1 0.05 4.4 412.34 38456.94 

0.000475 1.25 0.05 3.28 268.32 23096.04 

0.00058 1.5 0.05 3.31 281.41 24927.24 

0.0007 2 0.05 3.46 305.27 27559.06 

0.0009 4 0.05 3.85 351.81 32318.24 

0.0011 25 0.05 4.25 397.04 36937.06 
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For the verification, the investigation with different initial assembly angle 𝜃/ is 1 

conducted. In Fig. 3.10, the result is same with the previous case which is when 𝛽 =2 

1 (symmetrical structure) the equivalent damping shows a stronger nonlinear effect 3 

than other cases and this will be beneficial to the vibration isolation in the displacement 4 

transmissibility. 5 

(a)6 

(b) 7 

Fig. 3.10 Equivalent damping when 𝐿/ = 0.02, 𝑐/ = 𝑐- = 0, 𝑧@ = 0.01 with 𝜃/ = 𝜋 4⁄  8 
(a); and	𝜃/ = 𝜋 6⁄  (b). 9 

Fig. 3.11 investigates the equivalent damping effect and the corresponding 10 

displacement transmissibility with different initial assembly angle 𝜃/ . From the 11 

previous analysis result, among these structural parameters, the initial assembly angle 12 
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𝜃/ shows a very strong nonlinear characteristic when the vale is big enough. Therefore, 1 

the study of the influence of 𝜃/ is conducted and displays in Fig. 3.11 and the detailed 2 

information of the equivalent damping coefficients is shown in table 3.2. 3 

(a) 4 

(b) 5 

Fig. 3.11 Equivalent damping with different 𝜃/ when 𝛽 = 2, 𝐿/ = 0.02, 𝑐/ = 𝑐- = 0, 𝑧@ =6 
0.01(a); and the relative displacement transmissibility (b). 7 

Table 3.2 Coefficients of the equivalent damping with different 𝜃/. 8 

𝑐, 𝜃/ 𝜉,@�  𝜉,/�  𝜉,,�  𝜉,-�  

0.0007 𝜋 3⁄  0.05 3.46 305.27 27559.06 

0.0012 𝜋 4⁄  0.05 1.35 55.2 2227.46 

0.0016 𝜋 6⁄  0.05 0.61 16.75 370.08 
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Fig. 3.9(a) displays the comparison of rotational damping with different 𝛽 . 1 

Since the linear part of the damping is always set to 0.05 by tuning structural 2 

parameters, the damping curves are different due to the nonlinear parts of the rotational 3 

damping and the changing rate are different with different 𝛽. Compared with the two 4 

only linear damping cases in Fig. 3.9(b), the nonlinear damping can obviously suppress 5 

the resonant peak meanwhile, without sacrificing high-frequency transmissibility 6 

achieving the desired nonlinear damping performance. Similar to the conclusions in 7 

the previous result, when the assembly angle 𝜃/  is decreased from 𝜋 3⁄ 	 to 8 

𝜋 4⁄ 	or	 𝜋 6⁄ 	in Fig. 3.11(a), the nonlinear damping tends to be mildly and thus the 9 

desired nonlinear damping effect in Fig. 3.11(b) is not as good as those in Fig. 3.9(b).  10 

Therefore, to have a better nonlinear damping effect, the assembly angle 𝜃/ is 11 

preferred to be taken a larger value with other appropriate structural parameters to 12 

maintain a relatively smaller linear damping component and strong nonlinear effect. 13 

In the next part, the equivalent damping only contains the horizontal damper will 14 

be investigated. 15 

 16 

(B) Only horizontal damping (c/ = c, = 0) 17 
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(a)1 

(b) 2 

Fig. 3.12 Equivalent damping with different 𝛽 when	𝜃/ = 𝜋 3⁄  	𝐿/ = 0.02, 𝑐/ = 𝑐, =3 
0, 𝑧@ = 0.01(a); and the relative displacement transmissibility (b). 4 

Table 3.3 Coefficients of the equivalent damping with different 𝛽. 5 

𝑐- β 𝜉-@�  𝜉-/�  𝜉-,�  𝜉--�  

13.4 1 0.05 5.8 544.38 50770.74 

26.9 1.5 0.05 4.73 384.92 33531.72 

32.7 2 0.05 4.91 415.99 37130.25 

42 4 0.05 5.3 473.52 43277.12 

51.3 25 0.05 5.69 529.84 49252.18 
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 (a) 1 

(b) 2 

Fig. 3.13 Equivalent damping with different 𝜃/ when β = 1 	𝐿/ = 0.02, 𝑐/ = 𝑐, = 0, 𝑧@ =3 
0.01(a); and the relative displacement transmissibility (b). 4 

Table 3.4 Coefficients of the equivalent damping with different 𝜃/. 5 

𝑐- 𝜃/ 𝜉-@�  𝜉-/�  𝜉-,�  𝜉--�  

13.4 𝜋 3⁄  0.05 5.8 544.38 50770.74 

40.1 𝜋 4⁄  0.05 3.54 156.64 6645.7 

120.1 𝜋 6⁄  0.05 3.34 97.30 2316.74 

From Fig. 3.12- Fig. 3.13, it can be seen similar conclusions can be obtained for 6 

the horizontal damping compared with those for the rotational damping of the LLS. 7 

That is, (1) a bigger assemble angle 𝜃/ leads to a better nonlinear damping effect, and 8 
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(2) the linear damping component is preferred to be taken a smaller value by tuning 1 

structural parameters to have the desired nonlinear damping effect (high damping at 2 

the resonant frequency but low at others).  3 

Importantly, compared with Fig. 3.12 with Fig. 3.9, it can be seen that, the 4 

nonlinear damping effect of the horizontal damping is even stronger and better than 5 

the rotational damping although they have the same linear damping component (i.e., 6 

𝜉,@� = 𝜉-@� =0.05). Therefore, it is more preferable to employ the linear damper in the 7 

LLS to design the beneficial nonlinear damping effect in practice (consistent with the 8 

conclusions in the previous section), and it is also beneficial to employ an optimization 9 

process to find the best parameter setting for a specific nonlinear damping design in 10 

practice.  11 

3.5 Comparison with benchmark nonlinear damping systems  12 

In this section, the comparison with some benchmark nonlinear damping models 13 

will be investigated. Firstly, a linearly viscous damping model will be given. Then, the 14 

nonlinear damping models as mentioned in the introduction in Chapter 1 will be given. 15 

The nonlinear damping models introduced here can be divided in two types: A. The 16 

nonlinear velocity-dependent damping (e.g., cubic damping); B. The nonlinear 17 

displacement-dependent damping (e.g., geometrical nonlinear damping). With the 18 

deduction of these nonlinear damping models, the displacement transmissibility of 19 

these nonlinear systems will be investigated finally. 20 
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As aforementioned, with the force excitation both cubic damping and geometric 1 

damping shown excellent performance in the force transmissibility. While, when the 2 

external excitation is from the basement, the geometric damping exhibited very good 3 

performance, but the vibration system with the cubic damping shown a deterioration 4 

in the high frequency range in the displacement transmissibility curve. That is the 5 

purpose for the comparison with LLS nonlinear damping and these mentioned 6 

nonlinear damping with the consideration of the displacement transmissibility. 7 

Firstly, a classic single-degree-of-freedom isolation model with the linear 8 

viscous damping under the base excitation can be written as: 9 

𝑦/�� + 𝑦/ + 2𝜉/𝑦/� − 𝑧@Ω, cosΩ𝜏 = 0 (3.5) 

where 𝜉/ = 𝑐/ 2√𝑀𝑘⁄  is the linear viscous damping ratio and 𝑐/  is the 10 

coefficient of the linear viscous damping. The definitions of other parameters are same 11 

with the LLS model. 12 

3.5.1 Model 1: a velocity-dependent nonlinear damping  13 

Some nonlinearly velocity-dependent damping models have been considered in 14 

[9, 29, 56]. A cubic damping is a typical velocity-dependent nonlinear damping in 15 

these literatures, which is proportional to the cube of the relative velocity. The 16 

nonlinear cubic damping force with a linear component can be written as: 17 
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𝐹b« = 𝑐/�̇�/ + 𝑐-�̇�/- (3.6) 

Define the relative motion 𝑦/ = 𝑧 − 𝑦 where 𝑧 = 𝑧@ cos𝜔@𝑡 is the basement 1 

excitation. Equation of motion of the nonlinearly cubic damping system with basement 2 

excitation can be written as: 3 

𝑀�̈�/ + 𝑐/�̇�/ + 𝑐-�̇�/- + 𝐾𝑦/ = −𝑀�̈� (3.7) 

where 𝑐/ is the linear viscous damping coefficient, 𝑐- is the nonlinearly cubic 4 

damping coefficient, M is the mass of the vibration system and K is the stiffness. 5 

Define 𝜏 = 𝜔/𝑡 , (∙)� = 𝑑(∙)/dτ, 𝜉¦/ = 𝑐/ 2𝑀𝜔/⁄  and 𝜉¦- = 𝑐-𝜔/ 2𝑀⁄ , 𝜔@ 6 

is the excitation frequency, 𝜔/ is the natural frequency. and other parameters are: 7 

𝜔/ = �𝐾 𝑀⁄ , Ω = 𝜔@ 𝜔/⁄  which have the same definition in the LLS system. 8 

With the deduction, the dimensionless dynamic equation of the nonlinearly 9 

velocity-dependent damping system with the basement excitation which is mentioned 10 

above can be written as: 11 

𝑦/�� + 2𝜉¦/𝑦/� + 2𝜉¦-𝑦/�
- + 𝑦/ − Ω,𝑧@ cosΩ𝜏 = 0 (3.8) 

By using the HBM (first order 𝑦/ = 𝑎 cos(Ω𝜏 + 𝜙)) in Eq. 3.1, the amplitude 12 

response of the system can be solved and us Eq. (3.2) the displacement transmissibility 13 

curves of the velocity-dependent nonlinear damping system can be obtained. The 14 

analysis results will be shown and discussed in the comparison part. 15 
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3.5.2 Model 2: a displacement-dependent damping  1 

 2 

Fig. 3.14 Dynamic model of a horizontal linear damper. 3 

There are other kinds of nonlinear damping which can be achieved by the 4 

geometric nonlinearity of the structure. The components of the damper and spring are 5 

all linear but with the nonlinearly geometric relationship between the motions in 6 

different directions, the final equivalent damping and equivalent stiffness could be 7 

nonlinear and displacement dependent. 8 

This mechanism is widely used for the quasi-zero-stiffness system, while in this 9 

section, the interest will be focus on the nonlinearly geometric damping mechanism to 10 

explore the influence on the displacement transmissibility with the comparison of the 11 

cubic damping system and the LLS system. 12 

The classic model of the nonlinearly geometric damping system with a linear 13 

spring are illustrated in Fig. 3.14. In the figure, a linear damping is installed in the 14 
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horizontal direction. The motion between horizontal direction and vertical direction 1 

has a geometrically nonlinear relationship. Therefore, the linear damper in the 2 

horizontal direction shows a nonlinear damping characteristic in the vertical direction. 3 

This is the fundamental principle of the geometrically nonlinear damping effect. 4 

The damping force 𝑓U in the vertical direction caused by the horizontal damper 5 

can be written as: 6 

𝑓U =
𝑐¯𝑦/,

𝑎, + 𝑦/,
�̇�/ (3.9) 

where 𝑐¯ is the coefficient of a linear damping in the horizontal direction. a is 7 

the length of the horizontal damper and 𝑦/ = 𝑦 − 𝑧 is the relative displacement in 8 

vertical direction. 𝑌/ is the amplitude of the resulting relative displacement 𝑦/ =9 

𝑌/ cos(𝜔𝑡 + 𝜙).  10 

From reference [3], when |𝑦/ 𝑎⁄ | < 0.2 Eq. (3.9) can be approximately written 11 

as: 12 

𝑓U = 𝑐¯
𝑦/,

𝑎, �̇�/
 (3.10) 

Therefore, the equivalent viscous damping ratio 𝑐±²(¯) is given by 13 

𝑐±²(¯) =
1
4 𝑐¯

𝑌/,

𝑎,
 (3.11) 

The equation of motion for the base-excited system is given by 14 
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𝑀�̈� + 𝑐±²�̇� + 𝐾𝑦 = −𝑀�̈� (3.12) 

where M is the mass as shown in Fig. 3.14, K is the stiffness of the vertical spring 1 

and z is the basement excitation. 2 

Introduce the dimensionless time 𝜏 = 𝜔/𝑡, where 𝜔/ = �𝐾 𝑀⁄  is the natural 3 

frequency of the vibration system and	(∙)� = 𝑑(∙)/dτ. The dimensionless equation of 4 

this displacement-dependent damping can be written as: 5 

𝑦/�� + 2𝜉¯/𝑦/� + 2𝜉¯
𝑌/,

4𝑎, 𝑦/
� + 𝑦/ − Ω,𝑧@ cosΩ𝜏 = 0 (3.13) 

where 𝜉¯/ = 𝑐/ 2√𝑀𝑘⁄  is the linear damping ratio, 𝜉¯ = 𝑐¯ 2√𝑀𝐾⁄  is the 6 

equivalent nonlinear damping ratio, 𝑧@ is the amplitude of the basement excitation 7 

and Ω is the dimensionless frequency. 8 

So far, the models of two kinds of nonlinear damping is obtained and in the next 9 

part, the comparison of these benchmark nonlinear damping with the LLS damping 10 

will be made.  11 
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3.5.3 Comparison of the vibration isolation performance with LLS: 1 

 2 

Fig. 3.15 Comparison of displacement transmissibility of linear damping, LLS damping, 3 
velocity-dependent damping and displacement-dependent damping with excitation amplitude 4 

𝑧@ = 0.05. 5 

The LLS parameters are set as:	𝜃/ = 𝜋 3⁄ , 𝐿/ = 0.07, 𝛽 = 2, n=2, and 𝑐/ =6 

0, c, = 0.03, 𝑐- = 8. The parameters of other vibration isolation systems used for the 7 

comparison are listed in table 3.5 and the values of these parameters are listed in table 8 

3.6- table 3.7. 9 

Table 3.5 Dimensionless variables in linear, velocity-dependent and displacement-dependent 10 

damping. 11 

Symbol System parameters 

𝜉/ linear damping ratio 

𝜉¦/ linear damping ratio in the velocity-dependent damping system 

𝜉¦- velocity-dependent damping ratio 

𝜉¯/ linear damping ratio in the displacement-dependent damping system 

𝜉¯  displacement-dependent nonlinear damping ratio 
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Table 3.6 Parameters value of the velocity-dependent nonlinear damping system. 1 

Symbol Values Unit 

c/ 0 N s m-1 

c- 15 N s m-3 

Table 3.7 Parameters value of the displacement-dependent nonlinear damping system. 2 

Symbol Values Unit 

𝑐/ 40 N s m-1 

𝑐¯ 1000 N s m-3 

a 0.5 m 

The comparison displayed in Fig. 3.15 shows that the LLS damping (upward-3 

pointing triangle in cyan) has the best vibration isolation performance not only at the 4 

resonant frequency but also in the high frequency range. More specifically, the LLS 5 

damping can suppress the resonant peak as low as linear damping 𝜉/ = 0.24 (solid 6 

line in red) and in the high frequency range (Ω > 2) the LLS damping can maintain 7 

the low transmissibility as linear damping 𝜉/ = 0.16 (solid line in blue).  8 

Usually, when the damping ratio increases the vibration isolation system will be 9 

benefited in suppression of the resonant amplitude peak but will deteriorate the 10 

performance in the high frequency range (displacement transmissibility curve will 11 

rise). By contrast, the displacement transmissibility of the velocity-dependent 12 

nonlinear damping system (dashed line in green) has obvious rising transmissibility in 13 

the high frequency range (Ω > 2), and the displacement-dependent nonlinear damping 14 
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system (dashed-dotted line in black) of the literature [3] also has a higher 1 

transmissibility in the higher frequency range. 2 

Summarize the comparison result we can obtain the conclusions: 3 

1. By increasing the damping ratio, the resonant amplitude can be suppressed 4 

effectively no matter with the linear damping or nonlinear damping. 5 

2. The displacement-dependent damping (e.g., geometrically nonlinear damping) 6 

shows advantages compared with the velocity-dependent damping (e.g., cubic viscous 7 

damping) in the high frequency range of the displacement transmissibility.  8 

3. Although the LLS and the geometrically nonlinear damping in the reference 9 

are all displacement-dependent, the LLS damping demonstrates a better performance 10 

in the high frequency range in the displacement transmissibility. 11 

 12 

  13 
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3.6 Experimental analysis 1 

3.6.1 Experimental testing setup of the LLS prototype 2 

The signal acquisition system used for the experimental testing and analysis is 3 

consisted of two accelerometers, a shaker, a signal conditioner, a data acquisition 4 

hardware and a computer. 5 

The setup of the experimental prototype is shown in Fig. 3.16(a) where the LLS 6 

is fixed on a metal plate and the plate is connecting with a shaker. The metal plate can 7 

be seen as the basement of the LLS which provides the base excitation. This base 8 

excitation can be achieved by a shaker which is fixed on the basement plate. More 9 

details are: two accelerometers are installed on the mass and the basement plate, 10 

respectively, for the acquisition of the acceleration signals of mass and basement in 11 

the time domain. Fig. 3.16(b) shows the experimental testing flow chart of the signal 12 

transmission from the shaker to the mass. 13 

The LLS is constructed with aluminium links connected with ball bearings. The 14 

whole LLS has two layers (n=2) with rod length 𝐿/ = 0.15𝑚, 𝐿, = 0.2𝑚, and the 15 

assembly angle 𝜃/ = 𝜋 4⁄ . The top mass M is 0.5 kg. The linear spring with stiffness 16 

coefficient K=700 N 𝑚e/ is installed vertically within the LLS. 17 

The purpose of the experimental testing is to verify the conclusion in the 18 

previous theoretical analysis that the LLS damping is displacement-dependent and 19 
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frequency-dependent which is passively adaptable to vibration displacement and 1 

frequencies. 2 

(a) (b) 3 

Fig. 3.16 LLS experimental setup: (a) Experimental setup, (b) Signal transmission flow 4 
chart. 5 

Theoretically, the system will have a resonance frequency around 5.96 Hz. For 6 

the verification, first thing should be done is to obtain the resonant frequency of this 7 

system via testing data. 8 

The basement of the platform can be excited by a shaker with a random signal 9 

or harmonic signal. With a random excitation, the responses of the mass and basement 10 

are shown in Fig. 3.17(a). Fig. 3.17(a) displays a period of the time history responses 11 

of the protected mass (solid line in red) and the basement (dotted line in blue). By 12 

using the Fast Fourier Transform (FFT) the vibration transmissibility can be obtained 13 

Mass 

LLS (stiffness and damping) 

Basement 

Shaker (excitation) 

Accelerometer 

Accelerometer 
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and is shown in Fig. 3.17(b). It can be seen the resonant frequency of the LLS is around 1 

5.9Hz which is in good agreement with the previously theoretical calculation result. 2 

Note that the damping coefficient cannot be measured directly from the time 3 

history record. Therefore, the damping ratio should be obtained by a method which is 4 

mentioned in the introduction. The approach used here is based on the forced vibration 5 

response of a damped system. The damping force can be obtained with the harmonic 6 

excitation from the experimental testing. In the following experimental testing, the 7 

relationships among the excitation frequency, amplitude and the damping force is 8 

investigated. Based on testing results equivalent damping coefficient can be calculated. 9 

(a) 10 

(b) 11 

Fig. 3.17 Response of mass and basement excited by a random signal: (a) Response of mass 12 
and basement, (b)Transmissibility of the system. 13 
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3.6.2 Experimental testing results 1 

In a steady-state forced vibration, the energy dissipation per cycle due to a 2 

damping force 𝐹U can be computed with Eq. (3.14).  3 

𝛥𝑊 = ¶𝐹U𝑑𝑥 (3.14) 

From the experimental analysis result, Δ𝑊 can be calculated from the area of 4 

the hysteresis loop. Therefore, the equivalent damping coefficient can be obtained 5 

from Eq. (3.15) [9]: 6 

Δ𝑊 = ¸ 𝑐(𝑑𝑥/𝑑𝑡),
,¹/_º

`»@
= ¸ 𝑐𝑋,

,¹

@
𝜔U(𝑐𝑜𝑠(𝜔U𝑡)),𝑑(𝜔U𝑡)

= 𝑐𝜋𝜔U𝑋, 

(3.15)                           

where 𝑥(𝑡) = 𝑋𝑠𝑖𝑛(𝜔U𝑡) is the response in the steady-state forced harmonic 7 

vibration, X is the amplitude of the response and 𝜔U is the excitation frequency.  8 

The principle of this method can be described in this way: in a damped vibration 9 

system, the loss of energy is balanced by the energy that is supplied by the excitation. 10 

The force-displacement curve will enclose an area, referred to as the hysteresis loop, 11 

that is proportional to the energy lost per cycle. The energy dissipated per cycle is 12 

given by the area enclosed by an ellipse. By combing the damping force 𝐹U and the 13 

restoring force 𝑘𝑦 of the loss-less spring, the hysteresis loop can be presented in Fig. 14 

3.19. 15 
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Fig. 3.18 and Fig. 3.20 display the time traces of the LLS with different 1 

excitation frequencies of input amplitude 0.2g and 0.4g, respectively. Fig. 3.19 and 2 

Fig. 3.21 show the relative force-displacement diagram with different excitation 3 

frequencies. More specifically, the frequency of the harmonic excitation is 3.5Hz, 4 

4.0Hz, 5.0Hz, 5.8Hz, 6.0Hz, 6.4Hz, 6.8Hz, 7.4Hz, 8.0Hz, 9.5Hz, 11Hz, 13Hz, 15Hz, 5 

respectively. The amplitudes of the excitation from the shaker changes from 0.2g to 6 

0.4g. Based on these experimental data the equivalent damping can be obtain with Eq. 7 

(3.15). The details of this method and calculation of equivalent damping in each circle 8 

is recorded in table 3.8. In other cases, the equivalent damping can be calculated with 9 

the same method and all the calculation results are demonstrated in Fig. 3.22 to make 10 

a comprehensive comparison. 11 

(a) (b)12 

(c) (d)13 
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(e) (f)1 

(g) (h)2 

(i) (j)3 

(k) (l) 4 
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(m) 1 

Fig. 3.18 Responses (time trace) of mass and basement with different excitation frequencies 2 
with 0.2g input. 3 

(a)4 

(b) 5 

Fig. 3.19 Force-displacement diagram with 0.2g input: (a) 3.5Hz-5.8Hz, (b) 6.0Hz-15Hz. 6 

 7 

 8 
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Table 3.8 Calculation of equivalent damping with different excitation frequencies. 1 

Input (g) 

 

Displacement  

X (mm) 

𝑋, Area 

 (𝑚𝑚,) 

Frequency 

(Hz) 

Equivalent 

damping (Ns/mm) 

0.4 40 1600 2800 3.5 0.0250 

0.4 41 1681 3500 4 0.0277 

0.4 70 4900 14000 5 0.0289 

0.4 80 6400 38000 6 0.0330 

From Fig. 3.19 and Fig. 3.21, it can be seen that the damping effect changes with 2 

different excitation amplitude and different frequency which implies clearly that the 3 

equivalent damping of the LLS changes at different amplitudes and frequencies. 4 

Notably, a larger circle area (and thus a larger damping effect) occurs at around 5 

resonant frequency irrespectively of excitation amplitude, and before or after the 6 

resonant frequency, the area of the hysteresis curves decreases obviously, which 7 

implies that the LLS has much higher energy dissipation capacity in the vicinity of the 8 

resonant frequency but lower at other frequencies. This is exactly the ideal nonlinear 9 

damping effect needed in practice as discussed before and completely consistent with 10 

the theoretical analysis results in the previous sections.  11 

(a) (b) 12 
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(c) (d)1 

(e) (f)2 

(g) (h)  3 

(i) (j) 4 
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(k) (l) 1 

(m) 2 

Fig. 3.20 Responses (time trace) of mass and basement with different excitation frequencies 3 
with 0.4g input. 4 

 5 

 6 

 7 

 8 

 9 

 10 
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(a) 1 

(b) 2 

Fig. 3.21 Force-displacement diagram with 0.4g input: (a) 3.5Hz-5.8Hz, (b) 6.0Hz-15Hz. 3 

Compared with the result in Fig. 3.19, the case in Fig. 3.21 shows much stronger 4 

damping effects due to the increased vibration amplitude incurred by the increased 5 

excitation amplitude. This again shows that that nonlinear damping is dependent on 6 

the vibration amplitude, consistent with previous theoretical results.  7 

3.6.3 Equivalent damping analysis 8 

To gain an insight of the damping effect, the equivalent damping coefficients of 9 

the LLS obtained from all the above cases are summarized in Fig. 3.22 (frequency-10 
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dependent damping curve) and Fig. 3.23 (displacement-dependent damping curve). 1 

These two figures clearly illuminate two sides of the equivalent damping which are 2 

frequency-dependent and displacement-dependent. 3 

 4 

Fig. 3.22 Equivalent damping curves with different frequency. 5 

Fig. 3.22 displays that at the resonant frequency the equivalent damping 6 

coefficient increases dramatically but decreases quickly at other frequencies. The blue 7 

solid line is the damping coefficient obtained from experimental data with the 8 

excitation amplitude 0.2 and the orange dash line with an excitation of 0.4g. These are 9 

very consistent with the previous analytical results.  10 
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 1 

Fig. 3.23 Equivalent damping curves with absolute displacement. 2 

Note that the equivalent damping can only be obtained with respect to the 3 

absolute displacement from all experimental data. Therefore, the relationship between 4 

the equivalent damping and the absolute relative displacement are shown in Fig. 3.23. 5 

More specifically, in Fig3.23 when the displacement increases from 0.002 m to 0.09 6 

m the equivalent damping coefficient increases as well (from 0.02 to 0.043) 7 

irrespectively of excitation amplitudes. It is noticed that for the same level of relative 8 

displacement, the equivalent damping coefficient of smaller excitation amplitude (0.2g) 9 

seems higher than that of bigger excitation amplitude (0.4g), indicating a more 10 

complicated nonlinear damping mechanism existing which is under further study. 11 
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 1 

Fig. 3.24 Equivalent damping coefficients with different displacement (input: 0.4g). 2 

By utilizing the curve fitting function in software MATLAB a polynomial 3 

function with cubic order have been obtained and plotted in Fig. 3.24. In the 4 

polynomial function, x-axis is the absolute displacement and y is damping coefficient. 5 

All these results validate clearly that this LLS damping is a displacement-dependent 6 

damping which can rise significantly as the vibration displacement increases.  7 

3.7 Conclusions 8 

In this Chapter, the nonlinear damping characteristics of the LLS or X-shaped 9 

structure are investigated theoretically and experimentally. The performance of the 10 

vibration isolation system with this nonlinear damping are evaluated as well. The 11 

results show that the damping effect due to the geometrical nonlinearity of the LLS 12 

structure is nonlinear, and passively adaptable to vibration displacement and frequency. 13 

It systematically reveals that:  14 
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(1) The equivalent damping of LLS can be expressed as a nonlinearly 1 

polynomial function of the relative displacement and varies with different excitation 2 

frequencies (high damping ratio at resonant frequency and low damping ratio at higher 3 

frequency range) which is an ideal, passive, and nonlinear damping property in the 4 

application of the vibration isolation. 5 

(2) The structural parameters, e.g., rod length, asymmetric rod length ratio, layer 6 

number, and assembly angle can affect the value and the nonlinearity of the equivalent 7 

damping significantly and thus can be optimally adjusted to achieve a better balance 8 

between the linear and nonlinear damping component in the engineering practice. By 9 

changing the structural parameters, the vibration resonance peak can be effectively 10 

reduced due to the nonlinear damping effect, meanwhile, the performance will not 11 

deteriorate in the higher frequencies. In this way, the nonlinear damping provided by 12 

the LLS could overcome the defeat of the linear damping. 13 

(3) For the vibration displacement transmissibility, the displacement-dependent 14 

damping (e.g., geometrically nonlinear damping) shows advantages compared with the 15 

velocity-dependent damping (e.g., cubic viscous damping) in the higher frequencies. 16 

Especially, the nonlinear LLS damping due to the geometrical nonlinearity could 17 

achieve much better vibration isolation performance compared with others. 18 

(4) The experimental results confirm that, the equivalent damping characteristic 19 

is a nonlinear function of the vibration displacement and varies at different frequencies 20 

(high damping at resonant frequency and low damping at high frequency range), 21 
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showing an ideal, passive, and nonlinear damping property exactly needed in various 1 

vibration control practice. 2 

(4) The potential applications of this nonlinear damping could be in the field of 3 

vibration isolation platform since this structure shows the excellent performance in the 4 

suppression of vibration resonant peak and totally passive. With the nonlinear stiffness, 5 

the vibration isolation platform could be designed for wider frequency protection. 6 

Therefore, the nonlinear stiffness effects can be considered with the effect of the 7 

nonlinear damping in the application of the vibration isolation platform. 8 

 9 

  10 
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4. Tuned-mass damper with nonlinear LLS 1 

damping and stiffness 2 

Inspired by the geometric structure and motion of a bird’s leg, a limb-like 3 

structure (LLS) or X-shaped structure has been comprehensively and widely used in 4 

vibration protection [136, 141, 146]. The X-shaped structure provides adjustable and 5 

flexible nonlinear stiffness and passive damping, which could be utilised for the design 6 

of optimal parameters of the NTMD. Inspired by this structure, a bio-inspired TMD 7 

with an X-shaped structure (X-absorber) is introduced in this paper, which is tuneable 8 

for both stiffness and damping and can achieve an ultra-low natural frequency with 9 

linear elements. The investigation of the X-absorber is studied for the first time, which 10 

possesses beneficial nonlinearities, designable stiffness, and damping. Moreover, the 11 

X-absorber exhibits superior vibration suppression performance to the traditional 12 

nonlinear absorber with cubic stiffness coupled to the Duffing system, which cannot 13 

eliminate unstable problems such as bifurcation and detached resonance curves.  14 
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4.1. Dynamic modelling of X-absorber with nonlinear damping 1 

 2 

Fig. 4.1 Dynamic model of X-absorber with LLS nonlinear damping. 3 

The 2-degree-of-freedom (2DOF) vibration system consisting of a linear 4 

primary structure and the X-absorber with a two-layer LLS is shown in Fig. 4.1. In the 5 

primary structure, 𝑀/  is the mass, 𝐾/  is the stiffness, and 𝑐/  is the damping 6 

coefficient. In the NTMD, 𝑀, is the mass, 𝐾, is the stiffness, 𝑐½ is the damping 7 

coefficient of the rotational motion of the rod, and 𝑐¯ is the damping coefficient of 8 

the horizontal damper. The external harmonic force 𝑓𝑐𝑜𝑠(𝜔𝑡)  is applied to the 9 

primary mass 𝑀/. 𝑥¾ = 𝑥/ − 𝑥, denotes the relative motion between 𝑀/ and 𝑀,. 10 

The structural parameters of the LLS are defined as follows: 𝜃/ and 𝜃, are the initial 11 

assembly angles for the short and long rod, respectively. 𝜑/ is the rotational motion 12 

of the short rod on the right side, 𝜑, and is the rotational motion of the long rod on 13 

the left side. 𝜑 is the total rotational motion.	𝐿/ and 𝐿, are the lengths of the short 14 
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rod and long rod, respectively. 𝛽 is the length ratio of the long rod to the short rod, 1 

and n is the number of layers of the LLS. 𝑛S is the number of bearings of each joint. 2 

The definitions of the parameters used for the dynamic modelling are listed in Table 3 

4.1. 4 

Table 4.1 Structural parameters of NTMD with LLS. 5 

Symbol Structural parameters Unit 

𝐾/ stiffness of spring in primary system N m-1 

𝑀/ mass of primary system kg 

𝐾, stiffness of vertical spring of TMD N m-1 

𝑀, mass of primary system kg 

𝜃/ and 𝜃, assembly angle of rod rad 

n number of layers  

𝑛S  number of joints  

𝜔/ natural frequency of primary system rad s-1 

𝜔, natural frequency of TMD rad s-1 

𝐴@ amplitude of external force m 

𝑥/ displacement of primary mass m 

𝑥, displacement of TMD m 

𝑥¾ relative displacement m 

𝜑/ and 𝜑, variable of angle of rods rad 

𝑦/	and 𝑦/ variable in horizontal direction m 

𝛽 ratio of rods (𝐿, 𝐿/⁄ )  

𝑐/ damping coefficient of primary system N s m-1 

𝑐½  rotational damping coefficient of TMD N s rad-1 

𝑐¯ horizontal damping coefficient of TMD N s m-1 
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The motions in the horizontal direction and in the rotation can be expressed by 1 

the vertically relative motion 𝑥¾. The relationships between these are geometrically 2 

nonlinear. Therefore, the X-absorber system containing only linear components 3 

exhibits nonlinear properties. 4 

Dynamic modelling can be conducted by utilising the Lagrange equation. 5 

The kinetic energy T of the 2DOF system is expressed as  6 

𝑇 =
1
2𝑀/�̇�/, +

1
2𝑀,�̇�,, (4.1) 

The potential energy V of the system can be expressed as 7 

𝑉 =
1
2𝐾/𝑥/

, +
1
2𝐾,𝑥¾

, (4.2) 

Considering the damping effect, the generalised force 𝑄8 of the 2DOF system 8 

with the non-constraint forces 𝐹8	 along the virtual displacements 𝜕𝑟8  can be 9 

expressed as 10 

𝑄/ =m𝐹8
𝜕𝑟8
𝜕𝑥 = −𝑐/�̇�/

𝜕𝑥/
𝜕𝑥 + 𝑐½𝑛S�̇�

𝜕𝜑
𝜕𝑥 + 𝑐¯�̇�

𝜕𝑦
𝜕𝑥 (4.3) 

𝑄, =m𝐹8
𝜕𝑟8
𝜕𝑥 = −𝑐½𝑛S�̇�

𝜕𝜑
𝜕𝑥 − 𝑐¯�̇�

𝜕𝑦
𝜕𝑥 (4.4) 

The general Lagrange principle is given by 11 

𝑑
𝑑𝑡 o

𝜕𝑇
𝜕𝑥À̇

p −
𝜕𝑇
𝜕𝑥8

+
𝜕𝑉
𝜕𝑥8

= 𝑄8 (4.5) 

Using the Lagrange principle (4.5), the dynamic equations of the 2DOF system 12 

can be obtained:  13 
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𝑀/�̈�/ + 𝑐/�̇�/ + (𝑐½𝑛S o
𝜕𝜑
𝜕𝑥¾p

,

+ 𝑐¯ o
𝜕𝑦
𝜕𝑥¾p

,

)𝑥¾̇ + 𝐾/𝑥/ + 𝐾,𝑥¾ = 𝑓𝑐𝑜𝑠(𝜔𝑡) (4.6a) 

𝑀,�̈�/ − 𝑀,𝑥¾̈ − (𝑐½𝑛S o
𝜕𝜑
𝜕𝑥¾p

,

+ 𝑐¯ o
𝜕𝑦
𝜕𝑥¾p

,

)𝑥¾̇ − 𝐾,𝑥¾ = 0 (4.6b) 

The rotational motion 𝜑 of the rods can be written as  1 

𝜑/ = tane/(
𝐿/ sin 𝜃/ +

𝑥¾
2𝑛

𝐿/ cos𝜃/ − 𝑦/
) − 𝜃/ (4.7) 

𝜑, = tane/(
𝐿, sin 𝜃, +

𝑥¾
2𝑛

𝐿, cos 𝜃, − 𝑦,
) − 𝜃, (4.8) 

The relationship of the motion in the horizontal direction (y-axis) and in the 2 

vertical direction (x-axis) is deduced as  3 

𝑦/ = 𝐿/(𝑐𝑜𝑠 𝜃/ − 𝑐𝑜𝑠(𝜃/ + 𝜑/)) = 𝐿/ 𝑐𝑜𝑠 𝜃/ − Á𝐿/, − (𝐿/ 𝑠𝑖𝑛 𝜃/ +
𝑥¾
2𝑛)

, (4.9) 

𝑦, = 𝐿,(𝑐𝑜𝑠 𝜃, − 𝑐𝑜𝑠(𝜃, + 𝜑,)) = 𝐿, 𝑐𝑜𝑠 𝜃, − Á𝐿,, − (𝐿, 𝑠𝑖𝑛 𝜃, +
𝑥¾
2𝑛)

, (4.10) 

The total motion in the horizontal direction and the rotation angle are expressed 4 

as 5 

𝑦 = 𝑦/ + 𝑦, (4.11) 

𝜑 = 𝜑/ + 𝜑, (4.12) 

Substituting Eq. (4.7) – (4.12) into Eq. (4.6), the dimensionless equation of 6 

motion of the X-absorber with LLS damping 𝜉S can be obtained as 7 

𝑥/�� + 2𝜉/𝑥/� + 2𝜉S𝜇𝛾𝑥¾� + 𝑥/ + 𝛾,𝜇𝑥¾ = 𝐴@ cosΩ𝜏 (4.13a) 

𝑥/�� − 𝑥¾�� − 2𝜉S𝛾𝑥¾� − 𝛾,𝑥¾ = 0 (4.13b) 
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where (∙)� = 𝑑(∙) 𝑑𝜏⁄ , and the dimensionless time is defined as 𝜏 = 𝜔/𝑡. Other 1 

dimensionless parameters are defined in Table 4.2. 2 

Table 4.2 Dimensionless variables of NTMD with LLS.  3 

Dimensionless parameters Values Unit 

𝜔/ �𝐾/ 𝑀/⁄ , 

𝜔, �𝐾, 𝑀,⁄  

𝐴@ 𝑓 𝐾/⁄  

 𝜔/𝑡 

Ω 𝛺 = 𝜔 𝜔/⁄  

𝛾 𝛾 = 𝜔, 𝜔/⁄  

𝜇 𝑀, 𝑀/⁄  

𝜉/ 𝐶/ 2�𝐾/𝑀/⁄  

Notably, the nonlinear LLS damping of the tuned-mass damper is expressed as  4 

𝜉S = (𝑐½𝑛S o
𝜕𝜑
𝜕𝑥¾p

,

+ 𝑐¯ o
𝜕𝑦
𝜕𝑥¾p

,

) 2�𝐾,𝑀,Ä  (4.14) 

Considering the feasibility of theoretical analysis for differential equations, the 5 

Taylor series expansion is used here for nonlinear damping, which can be expressed 6 

as 7 

o
𝜕𝜑
𝜕𝑥¾p

,

≅ 𝑓, = 𝜁@ + 𝜁/𝑥¾ + 𝜁,𝑥¾, + 𝜁-𝑥¾- (4.15) 

o
𝜕𝑦
𝜕𝑥¾p

,

≅ 𝑓- = 𝜖@ + 𝜖/𝑥¾ + 𝜖,𝑥¾, + 𝜖-𝑥¾- (4.16) 

The expressions of these damping coefficients, i.e., 𝜁8 and 𝜖8 with respect to 8 

the structural parameters, are listed in Table 4.3. 9 

t
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Table 4.3 Damping coefficients related to Taylor expansion expressions. 1 

Damping 
coefficient 

expressions with structural parameters 

𝜁@ (
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
2𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

), 

𝜁/ 
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

× (
𝑠𝑖𝑛𝜃/

4𝑛,𝐿/,𝑐𝑜𝑠𝜃/-
+

𝑠𝑖𝑛𝜃,
4𝑛,𝐿/,𝛽,𝑐𝑜𝑠𝜃/-

) 

𝜁, 
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

×
3 − 2𝑐𝑜𝑠𝜃/,

16𝑛-𝐿/-𝑐𝑜𝑠𝜃/�
+

3 − 2𝑐𝑜𝑠𝜃,,

16𝑛-𝐿/-𝛽-𝑐𝑜𝑠𝜃,�

+ (
𝑠𝑖𝑛𝜃/

4𝑛,𝐿/,𝑐𝑜𝑠𝜃/-
+

𝑠𝑖𝑛𝜃,
4𝑛,𝐿/,𝛽,𝑐𝑜𝑠𝜃/-

), 

𝜁- 
𝑐𝑜𝑠𝜃/ + 𝛽𝑐𝑜𝑠𝜃,
𝑛𝐿/𝛽𝑐𝑜𝑠𝜃/𝑐𝑜𝑠𝜃,

× q
𝑠𝑖𝑛𝜃/(5 − 2𝑐𝑜𝑠𝜃/,)
32𝑛�𝐿/�𝑐𝑜𝑠𝜃/�

+
𝑠𝑖𝑛𝜃,(5 − 2𝑐𝑜𝑠𝜃,,)
32𝑛�𝐿/�𝛽�𝑐𝑜𝑠𝜃,�

r + 

(
𝑠𝑖𝑛𝜃/

2𝑛,𝐿/,𝑐𝑜𝑠𝜃/-
+

𝑠𝑖𝑛𝜃,
2𝑛,𝐿/,𝛽,𝑐𝑜𝑠𝜃/-

) × (
3 − 2𝑐𝑜𝑠𝜃/,

16𝑛-𝐿/-𝑐𝑜𝑠𝜃/�
+

3 − 2𝑐𝑜𝑠𝜃,,

16𝑛-𝐿/-𝛽-𝑐𝑜𝑠𝜃,�
) 

𝜖@ (
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

2𝑛
), 

𝜖/ 
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

𝑛
×

𝑐𝑜𝑠𝜃/- + 𝛽𝑐𝑜𝑠𝜃,-

4𝑛,𝐿/𝛽𝑐𝑜𝑠𝜃/-𝑐𝑜𝑠𝜃,-
 

𝜖, 
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

𝑛
×
𝑐𝑜𝑠𝜃/�𝑠𝑖𝑛𝜃, + 𝛽,𝑐𝑜𝑠𝜃,�𝑠𝑖𝑛𝜃/

16𝑛-𝐿/-𝛽,𝑐𝑜𝑠𝜃/�𝑐𝑜𝑠𝜃,�
+ (

𝑐𝑜𝑠𝜃/- + 𝛽𝑐𝑜𝑠𝜃,-

4𝑛,𝐿/𝛽𝑐𝑜𝑠𝜃/-𝑐𝑜𝑠𝜃,-
), 

𝜖- 
𝑡𝑎𝑛𝜃/ + 𝑡𝑎𝑛𝜃,

𝑛
× q

5 − 4𝑐𝑜𝑠𝜃/,

32𝑛�𝐿/-𝑐𝑜𝑠𝜃/�
+

5 − 4𝑐𝑜𝑠𝜃,,

32𝑛�𝐿/-𝛽-𝑐𝑜𝑠𝜃,�
r 

+
𝑐𝑜𝑠𝜃/- + 𝛽𝑐𝑜𝑠𝜃,-

2𝑛,𝐿/𝛽𝑐𝑜𝑠𝜃/-𝑐𝑜𝑠𝜃,-
×
𝑐𝑜𝑠𝜃/�𝑠𝑖𝑛𝜃, + 𝛽,𝑐𝑜𝑠𝜃,�𝑠𝑖𝑛𝜃/

16𝑛-𝐿/,𝛽,𝑐𝑜𝑠𝜃/�𝑐𝑜𝑠𝜃,�
 

Combining and rescaling these two types of damping, the total equivalent 2 

nonlinear damping can be written as 3 
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𝜉S ≈ 𝜂@ + 𝜂/𝑥¾ + 𝜂,𝑥¾, + 𝜂-𝑥¾- (4.17) 

where 𝜁8 and 𝜖8 are the Taylor expansion coefficients of different orders, and 1 

𝜂É is the combined equivalent damping coefficient, which can be expressed as 2 

𝜂@ =
𝑐½𝑛S𝜁@ + 𝑐¯𝜖@
2�𝐾,𝑀,

 (4.18) 

𝜂/ =
𝑐½𝑛S𝜁/ + 𝑐¯𝜖/
2�𝐾,𝑀,

 (4.19) 

𝜂, =
𝑐½𝑛S𝜁, + 𝑐¯𝜖,
2�𝐾,𝑀,

 (4.20) 

𝜂- =
𝑐½𝑛S𝜁- + 𝑐¯𝜖-
2�𝐾,𝑀,

 (4.21) 

To obtain the response of the system, the harmonic balance method (HBM) is 3 

used to solve these differential equations. Assuming that the responses of this vibration 4 

system are harmonic and of the second order, they can be written as 5 

𝑥/ = 𝐴/𝑐𝑜𝑠(Ω𝜏 + 𝜙/) + 𝐵/𝑐𝑜𝑠(2Ω𝜏 + 𝜙,) (4.22a) 

𝑥¾ = 𝐴,𝑐𝑜𝑠(Ω𝜏 + 𝜗/) + 𝐵,𝑐𝑜𝑠(2Ω𝜏 + 𝜗,) (4.22b) 

where 𝐴/ and 𝐵/ are the amplitudes of the primary mass; 𝐴, and 𝐵, are the 6 

amplitudes of the tuned mass damper, and 𝜙/, 𝜙,, 𝜗/, and 𝜗/ are the phase angles 7 

for the primary mass and the tuned mass damper, respectively. 8 

Substituting Eqs. (4.22a) and (4.22b) into Eqs. (4.13a) and (4.13b), respectively, 9 

the unknown parameters	𝐴/, 𝐵/, 𝐴,, 𝐵,, 𝜙/, 𝜙,, 𝜗/, and 𝜗/ can be obtained by 10 
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numerically solving a set of nonlinear algebraic equations for each excitation 1 

frequency Ω with the standard HBM procedure. The nonlinear algebraic equations can 2 

be solved by the iterative algorithm in the MAPLE or MATLAB software. 3 

As mentioned above, the optimisation analysis is critical for effectiveness in the 4 

application of TMD advices. In well-designed and optimal parameter conditions, the 5 

TMD can suppress the vibration response of the primary mass in the most dangerous 6 

frequency range, i.e., at resonance. However, when the TMD is detuned, the 7 

effectiveness of the suppression deteriorates severely. Therefore, in the following part, 8 

the optimisation analysis of this TMD with nonlinear LLS damping will be 9 

implemented, including the optimisation objective function, the optimisation 10 

procedure, and the optimal results analysis. The focus of the optimisation analysis is 11 

the tuning of the LLS structure parameters of the TMD to obtain the optimal response 12 

of the primary mass. For the HBM, the second order solution of algebraic equations 13 

requires a long time, and the analysis result confirmed that the first-order solution is 14 

sufficiently accurate compared with the second order. Therefore, in the following 15 

analysis, the first-order HBM is used for the optimisation analysis. 16 

By substituting Eqs. (4.22a) – (4.22b) into Eqs. (4.13a) – (4.13b), four algebraic 17 

equations are obtained: Eqs. (4.23) – (4.26). Thus, the responses of the 2DOF can be 18 

obtained by solving these algebraic equations. In the following section, an optimisation 19 

analysis will be conducted to explore the performance of the TMD with LLS damping. 20 
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[−(1 − Ω,) sin(𝜙/) − 2𝜉/Ω cos(𝜙/)]𝐴/ + [−𝜇𝛾, sin(𝜙,) − 2𝜇𝛾Ω𝜂@𝑐𝑜𝑠(𝜙,)]𝐴, −1 

0.5𝜇𝛾Ω𝜂,[sin(𝜙,), cos(𝜙,) + cos(𝜙,)-]𝐴,- = 0                       (4.23) 2 

[−2𝜉/Ω sin(𝜙/) + (1 − Ω,) cos(𝜙/)]𝐴/ + [−2𝜇𝛾Ω𝜂@𝑠𝑖𝑛(𝜙,) + 𝜇𝛾, cos(𝜙,)]𝐴, −3 

0.5𝜇𝛾Ω𝜂,[sin(𝜙,) cos(𝜙,), + sin(𝜙,)-]𝐴,- − 𝐴@ = 0                   (4.24)                                                  4 

[Ω, sin(𝜙/)]𝐴/ + [(𝛾, − Ω,) sin(𝜙,) + 2𝜂@Ω𝛾 cos(𝜙,)]𝐴, +5 

0.5𝛾Ω𝜂,[sin(𝜙,), cos(𝜙,) + cos(𝜙,)-]𝐴,- = 0                        (4.25)                                                                                        6 

[−Ω, cos(𝜙/)]𝐴/ + [2𝜂@Ω𝛾 sin(𝜙,) − (𝛾, − Ω,) cos(𝜙,)]𝐴, +7 

0.5𝛾Ω𝜂,[sin(𝜙,) cos(𝜙,), + sin(𝜙,)-]𝐴,- = 0                        (4.26)                                                8 

4.2. Multi-variable optimisation analysis of X-absorber  9 

4.2.1 Optimisation objective: 𝐻f optimisation 10 

For a tuned-mass damper system, the optimisation objective could minimise the 11 

motion of the primary mass. In these cases, the optimisation objective could be the 12 

minimisation of the maximum displacement, velocity, acceleration, or maximisation 13 

of the energy dissipation of the primary system across a wide frequency range. 14 

Moreover, in addition to the energy dissipation aspect, the optimisation could widen 15 

the vibration suppression bandwidth in the resonance frequency region. 16 

In this section, the optimization objective of the X absorber with LLS nonlinear 17 

damping is to minimise the maximum amplitude/displacement of the primary structure 18 

in the most dangerous frequency range: the resonant frequency, which is 𝐻f 19 

optimisation. The challenge of the 𝐻f optimisation of the LLS system is to optimise 20 
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structural parameters and ultimately affect the system response. With the Taylor 1 

expansion expression, the relationship between the structural parameters and the 2 

damping coefficients are explicit polynomial functions. Therefore, the optimisation 3 

could be done via optimisation of structural parameters directly with the response 4 

functions solved by the HMD. The optimisation analysis in this section is presented in 5 

the following order:  6 

1. Description of optimisation objective. 7 

2. Multi-parameter optimisation process with the HBM and nested-loop 8 

programming in MAPLE. 9 

3. Optimal results analysis with comparison of other cases. 10 

4. Comparisons with the linear damping TMD when the system is detuned. 11 

First, the optimal objective is defined as minimising the maximum amplitude of 12 

the primary mass. This is a minimising the maximum problem, which can be expressed 13 

as 14 

min
ÎÏ,Ð

( max
Ð�ÒÐÒÐ§

𝐺(𝛼8, Ω)) (4.27) 

where 𝐺 = |𝑥/ 𝐴@⁄ |  is a dimensionless amplitude ratio, 𝐴@ = 𝑓@ 𝐾/⁄  is the 15 

input amplitude, and 𝛼8  is the nonlinear damping ratio of each order. Ω  is the 16 

dimensionless excitation frequency within the range [𝛺/, 𝛺,]. 17 
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4.2.2 Multi-parameter optimisation analysis with LLS damping 1 

In the linear tuned-mass damper system with the undamped primary structure, 2 

the optimal solutions were efficiently derived, and the optimal value of the linear 3 

damping and stiffness ratio can be calculated based on a given mass ratio. However, 4 

for a nonlinear system, finding the optimal damping proves to be difficult. 5 

Nevertheless, the analysis of the nonlinear tuned-mass damper (NTMD) is necessary 6 

and important. Further, there are several advantages of NTMD, particularly the X-7 

absorber. The X-shaped structure or the LLS installed in the X-absorber can provide 8 

tuneable structural parameters that can be utilised for adjustment to an optimal 9 

damping ratio and other parameters to adapt to different situations. When the system 10 

conditions change, for instance, the mass ratio 𝜇 changes, and the damping value 11 

needs to be adjusted to maintain the optimal response. By only adjusting these 12 

structural parameters, the equivalent damping of the X-absorber can be adjusted to 13 

obtain the optimal result under any condition. This adjustable parameter property can 14 

be utilised to tune the optimal damping value in a purely passive way. 15 

The optimisation procedure and analysis can be briefly described as follows: 16 

First, using the Taylor expansion expressions of nonlinear damping in the 17 

Appendix, the equivalent damping coefficients (polynomial damping) can be obtained 18 

with structural parameters in explicit forms. Within a reasonable range, the structural 19 

parameters can be tuned step by step to obtain the optimal parameter value. 20 
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Then, the optimisation process of this nonlinear X-absorber system can be 1 

conducted with the nested-loop programming in the MAPLE software. More 2 

specifically, three structural parameters (𝜃/, 𝐿/, 𝛽 ) are used for the optimisation 3 

process. Nested-loop programming is utilised to find the minimum value of the 4 

resonant amplitude (minimising the maximum problem). When the structural 5 

parameters change, the equivalent damping coefficients change simultaneously. There 6 

are four nested loops in the optimisation process, and the layers of the loop are 7 

arranged in the order (𝜃/, 𝐿/, 𝛽, Ω). The process of this nested-loop programming is as 8 

follows: after solving Eq. (4.23) – Eq. (4.26) with a given range of frequencies 𝛺 9 

[𝛺/ ≤ 𝛺 ≤ 𝛺,], there will be a maximum value of the amplitude 𝐴Õ/ of the primary 10 

mass. Then, we change the parameter 𝛽  in the following loop and search the 11 

maximum value of the amplitude in the same range [𝛺/ ≤ 𝛺 ≤ 𝛺,], labelling the 12 

maximum value in this loop as 𝐴Õ,. Therefore, after the four nested loops, numerous 13 

maximum values exist as 𝐴Õ8. Finally, the minimum value of 𝐴Õ8 is found to be the 14 

optimal minimum amplitude of the primary mass in a given range of structural 15 

parameters. 16 

Before the optimisation result analysis, details of the damping coefficients in the 17 

nested-loop are investigated to understand the changing trend of the linear coefficient 18 

and the nonlinear coefficients in one loop. For example, in Table 5.4 (𝜇 = 0.1, 𝑟 =19 

0.9091,𝑛 = 2, 𝜉/ = 0, 𝑐½ = 0.004, 𝑐¯ = 0. ), a part of the loops of the changing 20 

structural parameter and the relative damping coefficients are displayed. The nonlinear 21 
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coefficients are consistently larger than the linear coefficient. All damping coefficients 1 

are positive and increase or decrease at the same time. The coefficients in italic denote 2 

the optimal values of polynomial damping coefficients. 3 

Table 4.4 Equivalent damping coefficients with different structural parameters (part). 4 

𝜃/ 𝐿/ β 𝜂@ 𝜂/ 𝜂, 𝜂- 

0.6 0.15 1.5 0.10636 0.22299 0.85624 2.8889 

0.6 0.15 1.4 0.11318 0.24105 0.92201 3.0868 

0.6 0.15 1.3 0.12168 0.26626 1.0184 3.3933 

0.6 0.15 1.2 0.13257 0.30331 1.1703 3.9159 

0.6 0.15 1.1 0.14708 0.36170 1.4350 4.9331 

0.6 0.14 1.5 0.12210 0.27426 1.1284 4.0791 

0.6 0.14 1.4 0.12992 0.29648 1.2150 4.3585 

0.6 0.14 1.3 0.13968 0.32750 1.3420 4.7911 

0.6 0.14 1.2 0.15218 0.37306 1.5423 5.5290 

0.6 0.14 1.1 0.16884 0.44489 1.8912 6.9654 

0.6 0.13 1.5 0.14161 0.34255 1.5178 5.9085 

0.6 0.13 1.4 0.15068 0.37030 1.6343 6.3134 

0.6 0.13 1.3 0.16199 0.40903 1.8051 6.9401 

0.6 0.13 1.2 0.17649 0.46594 2.0745 8.0089 

0.6 0.13 1.1 0.19582 0.55565 2.5437 10.089 

 5 

The structural parameter ranges in the optimisation programming are set as 𝜃/ ∈6 

[0.6,0.8], 𝐿/ ∈ [0.1,0.15], 𝛽 ∈ [1.1,1.5], 𝛺 ∈ [0.5,1.5]. Other system parameters are 7 

fixed as 𝜇 = 0.1, 𝑟 = 0.9091,𝑛 = 2, 𝐴@ = 0.02, 𝜉/ = 0, 𝑐½ = 0.004, 	and	𝑐¯ = 0. 8 
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The optimal result of Eq. (4.27) can be expressed with the structural parameters 1 

as 2 

min
ÎÏ,Ð

( max
Ð�ÒÐÒÐ§

𝐺(𝛼8, Ω)) (𝛼8 = 𝜃/, 𝐿/, 𝛽) (4.28) 

By using the solve programming in MAPLE with a nested loop, the optimal 3 

value of min
ÎÏ,Ð

( max
Ð�ÒÐÒÐ§

𝐺(𝛼8, Ω))  ( 𝛺 ∈ [0.5,1.5] ) is 4.645, and the normalised 4 

maximum amplitude is 0.0929 when the input amplitude 𝐴@ = 0.02. The optimal 5 

structure parameter value is 𝜃/ = 0.6, 𝐿/ = 0.14, 𝛽 = 1.1. The optimal equivalent 6 

nonlinear damping is 𝜉S = 0.1688+ 0.4449𝑥¾ + 1.8912𝑥¾, + 6.9654𝑥¾-, as listed in 7 

italic in Table 4.4. The optimisation results of the NTMD are plotted in Fig. 4.2 along 8 

with the linear tuned-mass damper (LTMD) for comparison. 9 

 10 

Fig. 4.2 Amplitude-frequency response with optimal structural parameters.  11 

Fig. 4.2 shows that with the optimisation objective (𝐻f), the NTMD (X-absorber) 12 

with LLS damping can achieve the same vibration suppression performance as the 13 

LTMD. The challenge lies in how to process the multi-parameter optimisation in a 14 
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nonlinear 2DOF vibration system. Fig. 4.2 indicates that the nonlinear damping tuned-1 

mass damper is effective in energy absorption and dissipation with the optimal 2 

parameters.   3 

This optimisation process can be summarised as follows: 1. Among all structural 4 

parameters, 𝜃/ is the most effective parameter for adjusting the damping value. 𝜃/ 5 

determines the main value of the nonlinear damping ratio. 2. Other parameters may be 6 

used for finetuning when the damping coefficients 𝑐½, 𝑐¯ are fixed. 7 

4.2.3 Optimisation analysis for different situations and tuneable property 8 

a. Optimisation analysis of changing input amplitude  9 

In a nonlinear system, when the input amplitude changes, increases, or decreases, 10 

the system characteristics change. For an NTMD, when the input changes, the system 11 

parameters of the NTMD must be tuned to achieve the optimal response. Because the 12 

LLS damping is nonlinear and displacement-dependent, the damping coefficients must 13 

be optimised when the input amplitude changes. With the same optimisation procedure 14 

described in the previous analysis; optimal results can be obtained when the input 15 

amplitude/energy changes. In the previous case, the input amplitude was set as 𝐴@ =16 

0.02. Several other cases are studied here: when the input amplitude 𝐴@ decreases to 17 

0.01, the optimal structure parameter value is 𝜃/ = 0.6, 𝐿/ = 0.12,𝛽 = 1.4 . The 18 

optimal nonlinear damping is given by 𝜉S = 0.17684+ 0.47082𝑥¾ + 2.2510𝑥¾, +19 

9.4204; when the input amplitude 𝐴@ increases to 0.03, the optimal damping is 𝜉S =20 
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0.15218+ 0.37306𝑥¾ + 1.5423𝑥¾, + 5.5290, and optimal structural parameters are 1 

𝜃/ = 0.6, 𝐿/ = 0.14, 𝛽 = 1.2. 2 

A comparison of the optimal results with different input amplitudes is shown in 3 

Fig. 4.3. By adjusting the structural parameters (𝐿/ and 𝛽 for the fine adjustment), 4 

the effectiveness of suppression by the X-absorber can be maintained. Table 4.5 5 

displays the details of the nonlinear damping coefficients of these three optimisation 6 

cases. Notably, when the input amplitude increases, the linear part of the damping must 7 

be decreased to maintain optimal results; whereas when the input amplitude decreases, 8 

the linear component must also be increased.  9 

 10 

Fig. 4.3 Optimal results with different input amplitude. 11 

Table 4.5 Optimal damping coefficients with different input amplitude. 12 

Input 𝜃/ 𝐿/ β 𝜂@ 𝜂/ 𝜂, 𝜂- 

𝐴@ = 0.01 0.6 0.12 1.4 0.17684 0.47082 2.2510 9.4204 

𝐴@ = 0.02 0.6 0.14 1.1 0.16884 0.44489 1.8912 6.9654 

𝐴@ = 0.03 0.6 0.14 1.2 0.15218 0.37306 1.5423 5.5290 



117 

 

b. Optimisation analysis with different mass ratios 𝜇  1 

In engineering practice, the mass ratio 𝜇 changes under certain conditions. For 2 

instance, if the primary system loses or gains some weight, the mass ratio 𝜇 of the 3 

entire system changes. Therefore, when the mass ratio	𝜇 is altered, the parameters of 4 

the X-absorber must be optimised and designed to maintain the effectiveness of the 5 

vibration control. Based on the previous damping coefficient analysis, the optimal 6 

analysis range of the structural parameters can be narrowed down to obtain the optimal 7 

damping. For instance, when 𝜃/ = 0.6, 𝐿/ and 𝛽 can be tuned for fine adjustment 8 

to obtain the optimal value. This solution provides a convenient and efficient approach 9 

to tune the structural parameters to optimal values. 10 

 11 

Fig. 4.4 Optimal results with different mass ratio 𝜇. 12 

Fig. 4.4 shows that when the mass ratio	𝜇 increases, the response amplitude of 13 

the primary structure is efficiently suppressed. This result matches the conclusions of 14 

the LTMD system, which means that a heavy mass of the TMD can absorb more 15 

energy from the primary structure. If there is no limitation of the mass of the TMD, 16 
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the mass ratio µ can be designed to be sufficiently large to suppress the amplitude of 1 

the primary structure as much as possible. 2 

Table 4.6 shows the optimal damping parameters and the relative structural 3 

parameters with different mass ratios. Clearly, when the mass ratio 𝜇 increases, the 4 

equivalent damping must be increased to maintain the optimal status. For comparison, 5 

the value of the linear damping coefficient 𝜂@  doubled when the mass ratio 𝜇 6 

increased from 0.05 to 0.2, and other nonlinear damping coefficients were enhanced 7 

significantly. 8 

Table 4.6 Optimal structural parameters and damping for different mass ratios 𝜇. 9 

Mass Ratio 𝜃/ 𝐿/ β 𝜂@ 𝜂/ 𝜂, 𝜂- 

𝜇 = 0.05 0.6 0.16 1.4 0.0995 0.1986 0.7122 2.2354 

𝜇 = 0.10 0.6 0.14 1.1 0.1688 0.4449 1.8912 6.9654 

𝜇 = 0.20 0.6 0.12 1.2 0.2071 0.5924 2.8574 11.950 

 10 

4.3. Sensitivity analysis of X-absorber with nonlinear damping 11 

As established in previous studies, the linear TMD system has two fixed points 12 

in the amplitude-frequency response curve [11]. The fixed-point theory is the 13 

foundation of the optimal design of a linear tuned-mass damper. In references [100, 14 

101, 103] the fixed points of the frequency response of the NTMD with nonlinear 15 

stiffness (cubic buffing stiffness) no longer exist. However, these analyses focused on 16 

the primary system with nonlinear stiffness, and no discussion was provided on the 17 
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effects caused by nonlinear damping. In this work, fixed points in the X-absorber were 1 

determined with nonlinear damping, as shown in Fig. 4.5. Moreover, when the primary 2 

structure contains damping or the TMD system contains nonlinear LLS stiffness, the 3 

fixed points no longer exist, as shown in Fig. 4.6. Fig. 4.5 shows a fixed point in the 4 

amplitude-frequency curve upon changes in the nonlinear damping ratio, regardless of 5 

the change in nonlinear damping, which is caused by the change in structural 6 

parameters (Fig. 4.5a) or the change in the damping coefficients (Fig. 4.5b). 7 

(a) 8 

(b) 9 

Fig. 4.5 Sensitivity performance with respect to (a) structural parameter and (b) damping 10 
coefficients. 11 
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Fig 4.6 studied the cases in which the X-absorber with nonlinear damping was 1 

attached to a damped primary structure. The system parameters are set as n = 2, 𝐿/ =2 

0.3, 𝛽 = 2, 𝜃/ = 𝜋 4⁄ , 𝑐½ = 0.02, and 𝑐¯ = 0.1. The exact solutions of the TMD 3 

cannot be obtained with the damped primary system (𝑐/ ≠ 0). Only the numerical 4 

solution or some simplification methods can be used to obtain an explicit response. In 5 

the X-absorber system, the damping component of the primary system can aid in 6 

suppressing the amplitude peaks of the primary structure. However, when the primary 7 

system contains the damping component, there is no fixed point in the amplitude-8 

frequency curves when the primary system damping changes. Therefore, the fixed 9 

point cannot be used to obtain the explicit optimal formula. 10 

 11 

Fig. 4.6 Sensitivity of X-absorber at different primary system damping coefficients 𝑐/. 12 

In engineering practice, the system parameters could change owing to the 13 

changing environment. Previous investigations have shown that an optimal TMD 14 

system is sensitive to changes that will deteriorate its suppression effectiveness. In this 15 

section, the detuned cases of the X-absorber are studied to explore how the nonlinear 16 

damping affects the system in the detuning situation. 17 
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In Fig. 4.7, 𝑀/ is the mass of the primary system, and 𝑀, is the mass of a 1 

tuned mass damper. In these cases, not only the responses of the primary structures are 2 

studied, but the responses of the tuned-mass damper are also explored. In real 3 

applications, the limitation of the space of the TMD device must also be considered. 4 

There are four amplitude-frequency curves in each figure, which depict the responses 5 

of the primary mass with nonlinear damping (solid blue line) and linear damping 6 

(dotted blue line), the response of the X-absorber with nonlinear damping (solid red 7 

line), and the response of the TMD with linear damping (dotted red line). 8 

When the damping coefficient changes, the primary mass and tuned mass of the 9 

linear and the nonlinear damping exhibit different properties. The analysis results show 10 

that when the damping coefficient of the tuned-mass damper changes, the X-absorber 11 

exhibits better performance than the LTMD. The analysis results from Fig. 4.7(a) to 12 

Fig. 4.7(b) show that the X-absorber with nonlinear damping will maintain a relatively 13 

low amplitude in the resonance region, while the LTMD will deteriorate significantly 14 

when the damping coefficient (𝐶Ù for LTMD and 𝐶½ for X-absorber) decreases. In 15 

Fig. 4.7(c), when the damping coefficient increases slightly, both systems exhibit the 16 

over-damping phenomenon, which indicates the disappearance of the two peaks. In 17 

conclusion, the X-absorber with LLS damping will maintain relatively low amplitudes 18 

for both the primary structure and the tuned-mass damper compared with LTMD when 19 

the system damping coefficients decrease. When the system damping coefficients 20 

increase slightly, both the X-absorber and LTMD exhibit over-damping. 21 
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(a) 1 

(b) 2 

(c) 3 

Fig. 4.7 Sensitivity performance with respect to excitation frequency at (a) −50% damping 4 
coefficient, (b) −87.5% damping coefficient, and (c) +25% damping coefficient. 5 

When the TMD system has a small damping ratio, there is a vibration 6 

suppression bandwidth in the amplitude-frequency response curve of the primary 7 
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structure. Fig. 4.8 shows the responses of the primary mass when the stiffness shifts 1 

from the optimal value (𝛾 = 0.9091) at mass ratio 𝜇 = 0.1. Evidently, the primary 2 

mass of the X-absorber (with nonlinear damping) has a lower resonance response peak 3 

than that of the LTMD (linear damping). Interestingly, the results show that the 4 

vibration suppression bandwidth did not change, regardless of the type of damping 5 

(nonlinear or linear). This result indicates that damping (linear or nonlinear) hardly 6 

affects the bandwidth of the vibration suppression; however, nonlinear damping 7 

exhibits better performance when the damping is insufficient (linear damping ratio 8 

𝜉a = 0.005, nonlinear damping ratio 𝜉S is reduced to the same scale) and the stiffness 9 

ratio changes. In reference [89], the soft stiffness doubled the suppression bandwidth. 10 

In the following section, the influence of the nonlinear stiffness of the X-absorber on 11 

the vibration suppression bandwidth is explored. 12 

 13 

Fig. 4.8 Sensitivity performance of X-absorber with respect to stiffness ratio r. 14 
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4.4 Analysis of nonlinear stiffness effect 1 

4.4.1 Dynamic modelling of X-absorber with nonlinear stiffness and damping 2 

As discussed in the previous section, the damping component cannot affect the 3 

suppression bandwidth of the response of the primary system. Therefore, in this section, 4 

the X-absorber with the nonlinear LLS stiffness is considered, and the combination 5 

effect of the nonlinear stiffness and nonlinear damping is investigated. With a linear 6 

spring installed horizontally in the X-absorber, the equivalent stiffness of the 2DOF 7 

vibration system is nonlinear owing to the geometric relationship, which is similar to 8 

LLS damping. The dynamic model of the 2DOF X-absorber with nonlinear LLS 9 

stiffness and nonlinear damping is shown in Fig. 4.9.  10 

 11 

Fig. 4.9 Dynamic model of X-absorber with both LLS stiffness and damping. 12 
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After the deduction using Lagrange’s principle, the dimensionless equations of 1 

the motion of the X-absorber with LLS horizontal damping and spring can be written 2 

as 3 

𝑥/�� + 2𝜉/𝑥/� + 2𝜉S𝜇𝛾𝑥¾� + 𝑥/ + 𝛾,𝜇𝛼𝑓ª = 𝐴@ cosΩ𝜏 (4.29a) 

𝑥/�� − 𝑥¾�� − 2𝜉S𝛾𝑥¾� − 𝛾,𝛼𝑓ª = 0 (4.29b) 

where α = 𝐾¯ 𝐾,⁄  is the nonlinear stiffness ratio, and the definitions of other 4 

dimensionless parameters are the same as those of the previous model in Eq. (4.13). 5 

𝑓ª  is the Taylor series expansion of the dimensionless nonlinear stiffness, which can 6 

be expressed as  7 

𝑓ª = 𝛾/𝑥¾ + 𝛾,𝑥¾, + 𝛾-𝑥¾- (4.30) 

With the same optimisation method, the optimal result of the X-absorber with 8 

both LLS stiffness and LLS damping can be obtained and plotted in Fig. 4.10. The 9 

comparison between the X-absorber with nonlinear damping (blue solid line) and the 10 

X-absorber with both nonlinear stiffness and damping (black dashed-dotted line) is 11 

also shown in Fig. 4.10. The optimal amplitude peaks of the two cases are almost the 12 

same, while the nonlinear stiffness will lead to a shift of the resonance peak in the 13 

amplitude-frequency curve. The system parameters used in both cases are, 𝑛 =14 

2, 𝜃/ = 0.6, 𝐿/ = 0.12,𝛽 = 1.4, and	𝐴@ = 0.01. The equivalent nonlinear damping is 15 

𝜉S = 0.1768+ 0.47𝑥¾ + 2.25𝑥¾, + 9.4𝑥¾- . In the case of nonlinear stiffness, the 16 
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optimal nonlinear stiffness ratio is 𝛼 = 10.13. In the following section, the influence 1 

of the nonlinear stiffness on the vibration suppression bandwidth is explored. 2 

 3 

Fig. 4.10 Comparison of X-absorber with only LLS damping and LLS damping and 4 
stiffness. 5 

4.4.2 Analysis of vibration suppression bandwidth 6 

Fig. 4.11 explores the influence of the nonlinear stiffness ratio 𝛼  on the 7 

vibration suppression bandwidth when the damping ratio is small (reduced to 1/10 of 8 

the optimal damping value), and the initial 	𝛼 = 10.13 . In Fig. 4.8, the damping 9 

characteristics could not affect the suppression bandwidth of the X-absorber with 10 

linear stiffness. In this section, the nonlinear stiffness is considered to explore the 11 

influence on the vibration suppression width. It is clear from Fig. 4.11 that increasing 12 

the nonlinear stiffness ratio 𝛼 could significantly widen the vibration suppression 13 

bandwidth. This characteristic of the nonlinear stiffness could be used for the design 14 

of the widened suppression bandwidth.  15 
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Fig. 4.12 shows that the X-absorber with nonlinear stiffness can at least triple 1 

the vibration suppression bandwidth when the TMD with small damping (linear 2 

damping ratio 𝜉a = 0.005 and nonlinear damping ratio reduced to the same scale), 3 

while in reference [89], the softening stiffness can double the suppression bandwidth 4 

in comparison with the linear system. This phenomenon shows the potential of the X-5 

absorber to broaden the suppression bandwidth. Further, with the same small value of 6 

the damping coefficient, nonlinear damping can aid to suppress the amplitude peaks. 7 

Therefore, the X-absorber with both nonlinear stiffness and damping exhibits better 8 

performance with respect to broadening the vibration suppression bandwidth. 9 

 10 

Fig. 4.11 Relationship between nonlinear stiffness ratio α and suppression bandwidth. 11 
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 1 

Fig. 4.12 Comparison of suppression bandwidth with X-absorber and LTMD (nonlinear 2 
stiffness is 2α in NTMD). 3 

Fig. 4.13 shows tuning of the initial angle 𝜃/  to widen the suppression 4 

bandwidth. The damping ratio is 0.008 for all cases (for the linear system, 𝜉a = 0.008; 5 

for the X-absorber, the linear damping ratio component 𝜉@ = 0.008). By increasing 6 

the stiffness ratio 𝛼, the suppression bandwidth is increased, as shown in Fig. 4.11 7 

and Fig. 4.12. By increasing the initial angle 𝜃/  from 0.6 to 0.8, the vibration 8 

suppression bandwidth is significantly widened, as shown in Fig. 4.13. The 9 

suppression bandwidth is broadened by a factor of four compared to the case 𝜃/ = 0.6 10 

or the linear case. This property could be beneficial to vibration suppression in a 11 

certain frequency range, for example, resonance. Further, the resonant peak on the 12 

right side is very small compared with the linear system, which is also very beneficial 13 

to vibration suppression. This tuneable nonlinear property shows great potential for 14 

enhancing the vibration suppression performance in various environments. 15 
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 1 

Fig. 4.13 Comparison of suppression bandwidth for increasing 𝜃.  2 

4.4.3 Sensitivity analysis 3 

Fig 4.14. illustrates the influence of the nonlinear stiffness of the X-absorber on 4 

the amplitude-frequency response. The parameters used in these cases are the same as 5 

those in Fig. 4.2. Evidently, when the nonlinear stiffness changes, the fixed-point will 6 

no longer exist. This result matches the conclusion in references [100, 101, 103] which 7 

is a TMD system with nonlinear stiffness (e.g., cubic stiffness) and has no fixed-point 8 

in the amplitude-frequency curve. Further, increasing the stiffness (larger 𝜃/	or	𝛼) 9 

leads to a higher left peak, and a decrease in the stiffness leads to an increase in the 10 

right peak. 11 
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(a)1 

(b) 2 

Fig. 4.14 Sensitivity of X-absorber performance with respect to (a) 𝜃/ and (b) 𝛼. 3 

 4 
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4.5 Comparison with benchmark nonlinear tuned-mass damper 1 

 2 

Fig. 4.15 Nonlinear tuned-mass damper coupled to a linear primary system. 3 

A general nonlinear stiffness TMD model coupled to a linear primary vibration 4 

system is shown in Fig. 4.15.	𝐶,  is the linear damping coefficient, and the other 5 

parameters have the same definitions and values as the X-absorber. 𝐾RÙ, represents 6 

the nonlinear spring stiffness, and 𝐾, is the linear spring stiffness. Considering the 7 

benchmark cubic spring as the nonlinear stiffness, the spring force consists of the cubic 8 

spring, and a linear spring can be written as  9 

𝑓RÙ, = 𝐾,𝑥¾ + 𝐾RÙ,𝑥¾-=𝐾,(𝑥¾ + 𝛼𝑥¾-) (4.31) 

In Eq. (4.31),	𝛼, = 𝐾RÙ, 𝐾,⁄ , which denotes the nonlinear stiffness ratio. 𝛼, <10 

0 represents the soften stiffness, 𝛼, = 0 represents the linear spring, and 𝛼, > 0 11 

represents the harden spring.  12 

The dimensionless dynamic equations of this 2-DOF system are obtained as: 13 



132 

 

𝑥/�� + 2𝜉/𝑥/� + 2𝜉,𝜇𝛾𝑥¾� + 𝑥/ + 𝛾,𝜇(𝑥¾ + 𝛼,𝑥¾-) = 𝐴@ 𝑐𝑜𝑠 𝛺𝜏 (4.32a) 

𝑥/�� − 𝑥¾�� − 2𝜉,𝛾𝑥¾� − 𝛾,(𝑥¾ + 𝛼,𝑥¾-) = 0 (4.32b) 

(a)1 

(b) 2 

Fig. 4.16 Comparison of suppression bandwidth at (a) different 𝛼,, (b) compared with X 3 
absorber. 4 

Fig. 4.16 shows the comparison of the NTMD with a cubic spring and the X-5 

absorber with LLS stiffness and damping. The parameters of the X-absorber system 6 

are set as 𝐶/ = 0, 𝐶½ = 0.0000108,𝐶¯ = 0, 𝑛 = 2, 𝜃/ = 0.6, 𝐿/ = 0.12,𝛽 =7 
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1.4,	𝐴@ = 0.01, and 𝛼 = 10.13. The linear damping component of the LLS damping 1 

is 𝜉@ = 0.008, and the damping coefficient of the cubic spring system is 𝜉, = 0.008. 2 

All other parameters have the same values as the X-absorber system. 3 

In Fig. 4.16(a), the nonlinear spring ratio 𝛼,  is tuned to different values to 4 

investigate its influence on the vibration suppression bandwidth. When 𝛼, is negative, 5 

the system also has a soften spring effect; when 𝛼, is zero, the absorber is linear, and 6 

when 𝛼,  is positive, the absorber has a hardened stiffness. When 𝛼, = −3 , the 7 

absorber has a softened stiffness, and the suppression range moves to the left of the 8 

resonance, while the bandwidth increases slightly compared with the linear case. When 9 

𝛼, is positive and increases to 50, the bandwidth is similarly widened. To explore the 10 

potential of the widening effect, the nonlinear cubic stiffness ratio 𝛼, increases to 11 

100, as shown in Fig. 4.16(b). Clearly, the suppression bandwidth of the cubic system 12 

can be increased by increasing 𝛼, ; however, the drawback is obvious—a high 13 

hardening stiffness (𝛼, = 100) could lead to bifurcation and instability problems, 14 

which has also been previously reported [100, 119]. Therefore, by tuning the structural 15 

parameters (increasing the nonlinear stiffness) of the LLS, the X-absorber could 16 

effectively enlarge the vibration suppression bandwidth. More importantly, unlike the 17 

traditional cubic stiffness absorber, the system with the nonlinear X-absorber is more 18 

stable and has no bifurcations as the nonlinear stiffness increases, which is desirable 19 

in practice. 20 

 21 
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4.6. Performance of nonlinear tuned-mass dampers coupled to 1 

Duffing oscillator 2 

4.6.1 Cubic stiffness NTMD coupled to a Duffing oscillator 3 

 4 

Fig. 4.17 Nonlinear tuned-mass damper coupled to a Duffing primary system. 5 

Vibration systems usually have inherently nonlinear components, especially 6 

when the vibration amplitude is large, and the nonlinearities are more easily triggered. 7 

Therefore, it is necessary to investigate the effects of the nonlinear absorber coupled 8 

to a nonlinear primary oscillator (e.g., Duffing oscillator). Fig. 4.17 shows a nonlinear 9 

tuned-mass damper coupled to a Duffing primary system. 𝐾RÙ/  and 𝐾RÙ,  are the 10 

nonlinear stiffness coefficients of the Duffing oscillator and the nonlinear tuned mass 11 

damper, respectively. 𝐾/ and 𝐾, are linear stiffness coefficients. 𝐶, and 𝐶, are 12 

linear damping coefficients. 𝑞/ = 𝑥/ 𝐴@⁄  and 𝑞, = 𝑥¾ 𝐴@⁄  are dimensionless 13 

displacements. 𝑥/ is the displacement of the primary mass, and 𝑥¾ = 𝑥/ − 𝑥, is the 14 
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relative displacement between the primary mass and the tuned mass damper. The 1 

dimensionless dynamic equations of this system are deduced in references [100, 102] 2 

which can be written as 3 

𝑞/�� + 2𝜉/𝑞/� + 𝑥/ +
4
3𝛼-𝑞/

- + 2𝜉,𝛾𝜇𝑞,� + 𝛾,𝜇𝑞, +
4
3𝜇𝛽-𝑞,

- − 𝑐𝑜𝑠 𝛺𝜏 = 0 (4.33a) 

𝑞,�� + 2𝜉/𝑞/� + 𝑥/ +
4
3𝛼-𝑞/

- + 2𝜉,𝛾(𝜇 + 1)𝑞,� + 𝛾,(𝜇 + 1)𝑞, 

+
4
3
(𝜇 + 1)𝛽-𝑞,- − 𝑐𝑜𝑠 𝛺𝜏 = 0 

(4.33b) 

 

where	𝛼- =
-
�
ÜÝÞ�
Ü�

𝐴@, is the nonlinear stiffness ratio of the Duffing system; 𝛽- 4 

is the nonlinear stiffness ratio of the tuned mass damper, which is optimally designed 5 

as 𝛽- =
,ßÎ¬
/à�ß

 [100, 102]. All other parameters have the same definition as that in the 6 

X-absorber system, as defined in Eq. (4.13). 7 

The performance of the cubic stiffness NTMD is compared with that of the 8 

LTMD, which is shown in Fig. 4.18. In Fig. 4.18 (a), an LTMD coupled to a Duffing 9 

primary system is investigated as the vibration amplitude increases. When 𝛽- = 0 in 10 

Eq. 4.33, the equation of motion of the LTMD coupled to a buffing system is obtained. 11 

The basic parameters are set as 𝐾/ = 1	𝑁/𝑚, 𝐾RÙ/ = 1	𝑁/𝑚 𝑀/ = 1	𝑘𝑔, and 𝐶/ =12 

0.002	𝑁𝑠/𝑚. For 𝜇 = 0.05, the optimal LTMD parameters are obtained as 𝑀, =13 

0.05	𝑘𝑔  𝐾, = 0.045 , 𝛾 = 0.952 4, 𝜉, = 0.134 . The same values of these 14 

parameters were used in reference [100]. Clearly, the optimally designed LTMD is 15 

only effective when the vibration amplitude is relatively small (e.g., 𝐴@ = 0.01𝑚), 16 

and the equal-peak exists in this situation, which means that the optimally designed 17 
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linear absorber is effective. Meanwhile, when the input vibration amplitudes 1 

continually increase to 0.05 m and 0.10 m, the cubic nonlinearity of the primary system 2 

is activated. The consequence is that the performance of the primary system starts to 3 

deteriorate. In particular, when the amplitude increases to 0.10 m, a strong nonlinear 4 

phenomenon bifurcation appears in the primary system, which could cause instability 5 

and amplification problems. Therefore, the LTMD can only be effective for a very 6 

limited range of motion with weak nonlinearity.  7 

(a)8 

(b) 9 

Fig. 4.18 Two types of TMD coupled to a Duffing primary system: (a) LTMD, (b) cubic 10 
NTMD. 11 
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In Fig. 4.18(b), the performance of a cubic stiffness NTMD coupled to the 1 

Duffing primary system is investigated. The dynamic equations are shown in Eqs. 2 

(4.32a) -(4.32b). The optimal nonlinear stiffness ratio 𝛽- is calculated by 𝛽- =
,ßÎ¬
/à�ß

, 3 

as mentioned above. The performance of the cubic NTMD is examined by increasing 4 

the vibration amplitude, as shown in Fig. 4.18(b). The performance of the cubic 5 

NTMD is clearly better than that of the LTMD. The optimally designed cubic NTMD 6 

is more stable and can be effective in a large range of motion. Therefore, it is necessary 7 

to use the NTMD to mitigate the vibration amplitude of the nonlinear primary system, 8 

particularly when the vibration amplitude is relatively large. 9 

4.6.2 X-absorber coupled to a Duffing oscillator 10 

 11 

Fig. 4.19 X-absorber coupled to a Duffing primary system. 12 

In the previous section, the performance of the cubic NTMD coupled to the 13 

Duffing primary system was examined and compared with the LTMD. The results 14 

X-absorber 



138 

 

show that the NTMD exhibits better performance when the nonlinear primary system 1 

encounters large motions. Further, in this section, the performance of the X-absorber 2 

coupled to a Duffing primary system is investigated to explore the effectiveness of the 3 

X-absorber in large motions. A schematic diagram of the X-absorber coupled to a 4 

Duffing oscillator is displayed in Fig. 4.19. The dimensionless equation of motion is 5 

derived as follows:  6 

𝑞/�� + 2𝜉/𝑞/� + 𝑞/ +
4
3𝛼-𝑞/

- + 2(𝜂@ + 𝜂/𝐴@𝑞, + 𝜂,𝐴@,𝑞,, + 𝜂-𝐴@-𝑞,-)𝛾𝜇𝑞,�  

+𝛾,𝜇(𝑞, + 𝛹,𝐴@𝑞,, + 𝛹-𝐴@,𝑞,,) − 𝑐𝑜𝑠 𝛺𝜏 = 0 

(4.34a) 

𝑞/�� − 𝑞,�� − 2(𝜂@ + 𝜂/𝐴@𝑞, + 𝜂,𝐴@,𝑞,, + 𝜂-𝐴@-𝑞,-)𝛾𝑞,�  

−𝛾,(𝑞, + 𝛹,𝐴@𝑞,, + 𝛹-𝐴@,𝑞,,) = 0 

(4.34b) 

where 𝛹, = 𝜓, 𝜓/⁄  and 𝛹- = 𝜓- 𝜓/⁄  are the dimensionless stiffness ratios 7 

of the X-absorber. 𝜂8 (i = 0.3) is the damping ratio of the LLS, which can be found in 8 

Eqs. (4.18)– (4.21). Based on the optimisation method for the cubic stiffness NTMD 9 

proposed in reference [102], the cubic stiffness term 𝛾,𝜇𝛹-𝐴@, of the LLS is equal to 10 

the cubic stiffness term �
-
𝜇𝛽- in Eq. (4.33). Therefore, the cubic stiffness ratio 𝛹- 11 

in the X-absorber is optimal,  12 

𝛹- =
2𝜇

1 + 4𝜇
𝐾RÙ/
𝐾/𝛾,

 (4.35) 
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 1 

Fig. 4.20 Two types of NTMD coupled to a Duffing primary system. 2 

The performance of the X-absorber was compared with that of the cubic NTMD. 3 

First, the optimal value of 𝛹- is calculated as 0.09188 based on Eq. (4.35) with the 4 

same parameter values used in Fig 4.18. Then, the parameters of the LLS absorber are 5 

optimally tuned as 𝑛 = 2, 𝜃/ = 0.6, 𝐿/ = 2.026, 𝑎𝑛𝑑	𝛽 = 1.5 to let 𝛹- = 0.09188 6 

in Eq. (4.34a) and (4.34b). When 𝐴@ = 0.1, the damping coefficients 𝐶½ and 𝐶¯ are 7 

tuned to find the optimal damping values of the X-absorber, which could achieve an 8 

equal-peak in the frequency amplitude curve, or it can be described as minimising the 9 

maximum value of the frequency amplitude curve. In this case, 𝐶½ = 0 and 𝐶¯ =10 

0.16 are set to obtain the optimal value. 11 

The comparison results are shown in Fig. 4.20. When the input amplitude 𝐴@ =12 

0.1, the X-absorber and the Cubic NTMD are both effective. When the input amplitude 13 

increases to 𝐴@ = 0.13, a detached resonance curve appears in the cubic NTMD 14 

system, which has been reported in reference [100, 102]. This means that unstable and 15 
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bifurcation problems could still occur, and strong nonlinearity is triggered when the 1 

amplitude of the vibration is large. In contrast, in this large vibration amplitude 2 

situation (e.g., 𝐴@ = 0.13), the X-absorber can mitigate these strong nonlinearities 3 

and maintain the effectiveness of vibration suppression.  4 

4.7. Conclusions 5 

The dynamic modelling, multi-variable optimisation, and vibration suppression 6 

performance of an innovative tuned-mass damper X-absorber were investigated in this 7 

study. The main results and contributions are summarised as follows: 8 

1. With the HBM and the nested loop optimisation procedure, the structural 9 

parameters (𝜃/, 𝐿1, 𝛽) of the X-absorber can be freely designed to obtain the optimal 10 

stiffness and damping values based on the 𝐻f optimisation objective, which is also 11 

adaptable to different vibration environments. 12 

2. In comparison with the linear damping, the LLS damping of the X-absorber can 13 

help improve the robustness of the system. 14 

3. By increasing the LLS stiffness, the X-absorber can significantly widen the 15 

vibration suppression bandwidth with a lower resonance peak compared with a linear 16 

absorber. This property could be beneficial to vibration suppression in a certain 17 

frequency range, for example, at resonance.  18 

4. For strongly nonlinear regimes, traditional nonlinear tuned-mass dampers 19 

with cubic stiffness cannot eliminate the instability problems of the Duffing primary 20 
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structure, for example, bifurcation and detached resonance curves. In contrast, the X-1 

absorber can successfully mitigate or eliminate these potential instabilities, which is 2 

very desirable in practice. 3 

In this chapter, an innovative X-absorber is designed and investigated, which 4 

shows beneficially tuneable nonlinearities and stable properties. This absorber exhibits 5 

great potential in vibration suppression applications. 6 

  7 
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5. Design and analysis of X-mount  1 

In the previous chapters, the influence and characteristics of the nonlinear 2 

damping were investigated. The benefits brought by the nonlinear damping could be 3 

in the applications of isolation platform and the tuned mass damper. While, in this 4 

Chapter, the nonlinear stiffness will be taken into consideration for the vibration 5 

isolation system.  6 

Based on the X-shaped structure, a novel and compact X-shaped mount (X-7 

mount) is proposed in this Chapter with a special deigned oblique spring for wider 8 

quasi-zero-stiffness (QZS) range. First, the static performance is investigated which 9 

explores a combination effect of the negative stiffness and the contact stiffness, 10 

therefore, a wider range of QZS is achieved via this combination effect with optimal 11 

designed parameters. In the dynamic analysis, the isolation performance of this X-12 

mount with different parameters are evaluated which shows a tunable payload and 13 

resonant frequency property and all these can be optimal designed to achieve excellent 14 

isolation effect: lower resonance peak and wider isolation frequency range. Specially, 15 

the wider QZS range effect is investigated with an optimal working position study. 16 

Finally, an experimental prototype is well designed and utilized in the experimental 17 

investigation which verifies the analysis results including the influence of the 18 

structural parameters, enlarged QZS range and excellent isolation effects in 19 

transmissibility curves and time history records.  20 
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 1 

5.1. Mathematical model and static analysis  2 

The design of the X-mount can be seen in Fig. 5.1. It consists of upper and 3 

bottom frames with two X-shaped supporting structures and associated sliding slots 4 

for guiding the horizontal movement of rods, and an oblique spring with a height-5 

adjuster for different obliqueness and a tuning handle for adjusting the pre-extension 6 

of the spring. The spring can be changed for significant payload change, otherwise the 7 

pre-extension can be used to adapt to a small change of the payload. The upper 8 

platform can be installed with rubber materials for multi-direction isolation but this 9 

paper only focuses on the vibration isolation performance in the vertical direction.  10 

  11 

Fig. 5.1 Design of the X-mount. 12 

Mass X-shaped structure 

 

Height-and pre-
extension adjuster a b 
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5.1.1 Geometric relationships  1 

The modelling of the X-mount can be done by only considering a simplified 2 

model as shown in Fig. 5.2 with specification of structural parameters. The structural 3 

parameters are denoted as: L is the length of the rod, 𝜃 is the initial assembly angle, 4 

n is the number of the layer, M is the isolated mass and K is the stiffness of the spring. 5 

Some modeling variables are denoted as follows. The z-axis is the vertical direction 6 

and x-axis is the horizontal direction, 𝜑 is the rotational angle of the rod, ∆𝑥 is the 7 

relative displacement in the horizontal direction, 𝑧/ is the total relative displacement 8 

in vertical direction.	Fig. 5.2 illustrates the dynamic motion of the X-shaped structure. 9 

Clearly, there is a geometric nonlinear relationship between the horizontal motion and 10 

the vertical motion. This is an essential factor of the nonlinear characteristics of the X-11 

shaped structure.  12 

For different practice applications, the X-mount is preferable to have an 13 

adjustable property to adapt to different situations as mentioned. Therefore, the spring 14 

is specially designed to have an adjustable oblique angle with respect to the horizontal 15 

plane as illustrated in Fig. 5.2. The height of the oblique spring from the base is marked 16 

as H. By changing H, the initial angle 𝜃/  between the oblique spring and the 17 

horizontal plane can be adjusted correspondingly. The potential advantage of using the 18 

oblique spring lies in that it can conveniently reduce the stiffness and lead to the 19 

required QZS effect for a given payload and chosen spring. This will be more analyzed 20 

later in this section. 21 
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Introducing a non-dimensional positive real number 𝛽 to describe the oblique 1 

level of the spring. When 𝛽 = 0, it is a special case for the oblique spring (horizontal 2 

spring) which is same with the previous model in [132-134]. 𝑙@ is the original length 3 

of the oblique spring and 𝑙/ is the length of the oblique spring when the spring is in 4 

tension. ∆𝑙 = 𝑙/ − 𝑙@ is the deformation length of the oblique spring. The following 5 

analysis will focus on the investigation of the influence of the spring obliqueness 𝛽 6 

and other parameters on the static stiffness of the X-mount before and after the contact. 7 

All the structural parameters are listed in Table 5.1. 8 

 9 

Fig. 5.2 X-mount with an oblique spring. 10 

 11 

 12 

 13 

 14 

 15 
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Table 5.1 Structural parameters of X-mount. 1 

Symbol Structural parameters Unit 

K Spring stiffness N m-1 

M Mass kg 

𝐿 Length of rod m 

𝜃 Initial angle of rod rad 

𝜃/ Initial angle of spring between basement rad 

n Number of layers - 

∆𝑥 Relative displacement in horizontal direction m 

𝜑 Rotational motion rad 

𝜑/ Rotational motion between spring and basement rad 

α Rotational angle between rod and spring rad 

𝑧/ Relative displacement in vertical direction m 

H Height of left side joint of spring m 

𝛽 Ratio of the oblique level of spring - 

𝑙@ Original length of spring m 

𝑙/ Length of spring after deformation m 

∆𝑙 Deformation length of spring m 

 2 

Due to the geometric relationship, the rotational angle 𝜑  and horizontal 3 

displacement ∆𝑥 can be represented by the vertical relative displacement 𝑧/, which 4 

can be given as follows, 5 

∆𝑥 = 𝐿(𝑐𝑜𝑠( 𝜃) − 𝑐𝑜𝑠(𝜃 + 𝜑)) = 𝐿 𝑐𝑜𝑠(𝜃) − y𝐿, − (𝐿 𝑠𝑖𝑛(𝜃) +
𝑧/
𝑛 )

, (5.1) 

𝜑 = 𝑎𝑟𝑐𝑡𝑎𝑛~
𝐿 𝑠𝑖𝑛(𝜃) + 𝑧/𝑛
𝐿 𝑐𝑜𝑠(𝜃) − ∆𝑥

�− 𝜃 (5.2) 
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The deformation length of the spring ∆𝑙 can be written as 1 

𝑙@ = �𝐻, + (𝐿𝑐𝑜𝑠(𝜃)), (5.3) 

𝑙/ = �𝐻, + (𝐿𝑐𝑜𝑠(𝜃) − ∆𝑥), (5.4) 

∆𝑙 = 𝑙/ − 𝑙@ (5.5) 

It should be noticed that in the compression process, 𝑧/ is always negative and 2 

∆𝑥  is also negative. In the calculation, it should take −∆𝑥  to keep the variable 3 

positive. Other parameters are defined as 4 

𝐻 =
1
2𝐿𝛽 (5.6) 

𝜃/ = 𝑎𝑟𝑐𝑡𝑎𝑛(
𝐻

𝐿𝑐𝑜𝑠(𝜃)) (5.7) 

𝜑/ = 𝑎𝑟𝑐𝑡𝑎𝑛(
𝐻

𝐿𝑐𝑜𝑠(𝜃) − ∆𝑥) − 𝜃/ (5.8) 

𝛼 = (𝜃 + 𝜑) − (𝜃/ + 𝜑/) (5.9) 

5.1.2 Static analysis 5 

In this section, the static stiffness, the loading capacity of this structure and the 6 

nonlinear effect of the oblique spring are investigated systematically. This will help 7 

understand this structure and its special nonlinear stiffness property and provide the 8 

foundation to optimize this mechanism. Because of the geometric nonlinearities, the 9 

loading force applied on the X-mount are nonlinear and related to the relative 10 
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displacement 𝑧/ and the structural parameters. In the following analysis, the static 1 

analysis will be conducted by changing main structural parameters (𝛽, 𝜃, n and L). It 2 

should be noticed that the inside horizontal rod connecting to rotation bears (simplified 3 

as point O in Fig. 5.3) will contact the oblique spring when the X-structure is 4 

compressed in a very low position. When this bearing rod O contacts the spring, the 5 

equivalent force of this structure changes because a contact stiffness appears. 6 

Therefore, in the following analysis, the loading process is described as two processes. 7 

The one (Fig. 5.3 (a)) is the point O moving downward but no contact with the oblique 8 

spring; and the other one (Fig. 5.3 (b)) is from the moment the point O contacts the 9 

spring and then continue moving downward until reaching the maximum structure 10 

compression position. All the parameters used in the model are listed in Table 5.1 11 

(before contact) and Table 5.2 (after contact). 12 

A. Static force before the contact 13 

 14 
Fig. 5.3 Static force before the contact. 15 

Fig.5.3 shows the deformation of the oblique spring when the force is loaded on 16 
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the structure. Points Q, N, G and P are the joints of 1-layer X-structure. Fig. 5.3(a) is 1 

the simplified 1-layer X-structure and Fig. 5.3(b) is the static analysis model of Fig. 2 

5.3(a) when force is loaded on the top joints. To keep the static balance of the X-3 

structure, the equilibrium functions should be satisfied which can be written as 4 

m𝐹S = 0 (5.10) 

m𝐹ç = 0 (5.11) 

m𝑀è = 0 (5.12) 

Eq. (5.10) and Eq. (5.11) are the force equilibrium functions in vertical and 5 

horizontal direction, respectively. Eq. (5.12) is the force moment equilibrium function 6 

regarding to point O. 7 

Based on the balance of the static force in the vertical direction, the balance of 8 

static force in the horizontal direction and the balance of the force moment regarding 9 

to point O, the static balance equations can be written as 10 

2𝑓/ = 𝑓éê + 𝑓ëê + 𝑓ì𝑠𝑖𝑛(𝜃/ + 𝜑/) (5.13) 

𝑓²í + 𝑓éí = 𝑓ì𝑐𝑜𝑠(𝜃/ + 𝜑/) (5.14) 

𝑓/𝑐𝑜𝑠(𝜃 + 𝜑) + 𝑓éê𝑐𝑜𝑠(𝜃 + 𝜑) = 𝑓éí𝑠𝑖𝑛(𝜃 + 𝜑) (5.15) 

𝑓/𝑐𝑜𝑠(𝜃 + 𝜑) + 𝑓îê𝑐𝑜𝑠(𝜃 + 𝜑) = 𝑓²í𝑠𝑖𝑛(𝜃 + 𝜑) + 𝑓ì𝑠𝑖𝑛(𝛼) (5.16) 
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𝑓éê = 𝑓ëê (5.17) 

where the spring force 𝑓ì  can be written as  1 

𝑓ì = 𝐾∆𝑙 (5.18) 

By solving the Eq. (5.13)- Eq. (5.17), the static loading force 𝐹/ can be obtained 2 

as  3 

𝐹/ = 2𝑓/ =
𝐾∆𝑙/(𝑠𝑖𝑛(𝜃/ + 𝜑/)𝑐𝑜𝑠(𝜃 + 𝜑) + 𝑐𝑜𝑠(𝜃/ + 𝜑/)𝑠𝑖𝑛(𝜃 + 𝜑) + 𝑠𝑖𝑛(𝛼))

2𝑐𝑜𝑠(𝜃 + 𝜑)  (5.19) 

For the comparison, the static loading force of the X-structure with a horizontal 4 

spring in reference [134] is a special case of Eq. (5.19) (with 𝛽 = 0). When (𝜃/ +5 

𝜑/) = 0 it can be written as 6 

𝐹¯ = 𝐾∆𝑥𝑡𝑎𝑛(𝜃 + 𝜑) (5.20) 

 7 

B. Static force after the contact 8 

As shown in Fig. 5.4(a), when the rod (point O) rests on the spring, the surface 9 

will exert a force 𝑓@ on the point O that is normal to the surface at the point of contact, 10 

and it is supposed that the spring is in continuous tension along the whole length. The 11 

point O dose not separate the spring into two sections which means the spring is in 12 

continuous tension in the whole process. Therefore, in the both sides of point O, the 13 

tension force of the spring is 𝑓ì,. Fig. 5.4(b) illustrates the deformation of the spring 14 

when the oblique spring is contacting with the point O and the spring is simplified as 15 
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an elastic line for convenience. More specifically, 𝐻/ is the geometrical parameter 1 

used to simplify the following expressions.	𝜃, is the angle between the spring and the 2 

rod on the left side. 𝑙, is the total length of the spring after bending deformation and 3 

∆𝑙, is the spring deformation length in the whole process. Points G, P, Q and N are 4 

the joints of the X-structure. 𝑓ì, is the spring force after the contact. The relative 5 

structural parameters are listed in Table 5.2. 6 

(a) 7 

(b) 8 

Fig. 5.4 Static force after contact: (a) vertical force due to contact spring, (b) static force 9 
analysis. 10 

 11 

 12 
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Table 5.2 The system parameters after contact. 1 

Symbol System parameters Unit 

𝜃, Angle between spring and vertical direction rad 

𝜃� Angle between spring force 𝑓ì, and 𝑓@ rad 

𝜃�� Angle between 𝑓@ and 𝑓LM rad 

𝐻/ Length from the end point of spring to point Q m 

𝑙, Total length of the spring after contact m 

∆𝑙, Deformation length of spring after contact m 

𝑧¦ Critical displacement when spring just contacts O m 

𝑧Õ Maximum displacement of Mass in vertical direction m 

The related parameters are defined as follows: 2 

𝐻/ = 𝐻 − 𝐿𝑠𝑖𝑛(𝜃 + 𝜑) (5.21) 

𝜃, = 𝑎𝑟𝑐𝑠𝑖𝑛

⎝

⎛
1
2 (𝐿𝑐𝑜𝑠(𝜃) − ∆𝑥)

y𝐻/, + (
1
2 𝐿)

,
⎠

⎞ (5.22) 

𝑙, =
1
2 𝐿 +

Á(
1
2 𝐿𝑐𝑜𝑠(𝜃 + 𝜑))

, + (𝐻 −
1
2𝐿𝑠𝑖𝑛(𝜃 + 𝜑))

, (5.23) 

∆𝑙, = 𝑙, − 𝑙@ (5.24) 

There are some critical parameters should be further defined here. 𝑧¦  is the 3 

critical relative displacement of the end point of the rod (Q, G) when the central point 4 

O contacts the spring. When the structure is totally compressed, the maximum relative 5 

displacement is written as 𝑧Õ. And 𝑥@ is the critically relative displacement in the 6 

horizontal direction when the point O contacts the spring. All these parameters can be 7 

related as 8 
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𝑧¦ = 𝑛𝐿𝑠𝑖𝑛(𝜃) − 𝑛𝐻 (5.25) 

𝑧Õ = 𝑛𝐿𝑠𝑖𝑛(𝜃) (5.26) 

𝑥@ = 𝐿𝑐𝑜𝑠(𝜃) − y𝐿, − (𝐿𝑠𝑖𝑛(𝜃) +
−𝑧¦
𝑛 ), (5.27) 

Based on the general force equilibrium functions in Eq. (5.10)-Eq. (5.11) and the 1 

force moment equilibrium function in Eq. (5.12), the force equilibrium functions and 2 

the force moment equilibrium function regarding to point O can be written as  3 

2𝑓, = 𝑓éê + 𝑓ëê + 𝑓ì,𝑠𝑖𝑛(𝜃 + 𝜑) + 𝑓LM (5.28) 

𝑓²í + 𝑓éí + 𝑓LS = 𝑓ì,𝑐𝑜𝑠(𝜃 + 𝜑) (5.29) 

𝑓,𝑐𝑜𝑠(𝜃 + 𝜑) + 𝑓éê𝑐𝑜𝑠(𝜃 + 𝜑) = 𝑓éí𝑠𝑖𝑛(𝜃 + 𝜑) (5.30) 

𝑓,𝑐𝑜𝑠(𝜃 + 𝜑) + 𝑓ëê𝑐𝑜𝑠(𝜃 + 𝜑) = 𝑓²í𝑠𝑖𝑛(𝜃 + 𝜑) (5.31) 

𝑓éê = 𝑓ëê  (5.32) 

where the relative spring forces and geometric angles are defined as 4 

𝑓ì, = 𝐾∆𝑙,, 𝑓L = 2𝑓ì,cos	(𝜃�), 𝑓LM = 𝑓Lcos	(𝜃��), 𝑓LS = 𝑓Lsin	(𝜃��) (5.33) 

𝜃� = ï§à¹ ,⁄ àïàð
,

, 𝜃�� = 𝜃� − 𝜃, (5.34) 

The static force after the contact can be solved as 5 
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𝐹, = 2𝑓 = 𝑓ì,(𝑠𝑖𝑛(𝜃 + 𝜑) − 𝑓ì,𝑡𝑎𝑛(𝜃 + 𝜑)cos	(𝜃�)𝑠𝑖𝑛(𝜃��) +
1
2 𝑓LM (5.35) 

The whole loading process can be combined as a piecewise function which can 1 

be written as 2 

𝐹 = ñ𝐹/, 𝑖𝑓	𝑧/ < 𝑧¦
𝐹,, 𝑖𝑓	𝑧/ ≥ 𝑧¦

 (5.36) 

where 𝑧¦ is the critical relative displacement when the central point O contacts 3 

the spring and the expression can be found in Eq. (5.25). 4 

In the following analysis, the static loading capacity will be investigated with the 5 

consideration of the influence of parameters 𝛽, 𝜃, L and n. It should be emphasized 6 

that when a static force F loading on the X-mount, the force F is working in the 7 

negative direction (downward). ∆𝑥 and 𝜑 are always negative when F is negative. 8 

In the following case study, the values of the loading force F and the compression 9 

length are absolute value.  10 

C. The overall equivalent stiffness force with respect to vertical compression 11 

(a) (b) 12 

Fig. 5.5 Static force analysis: (a) the entire static force F and (b) the added spring force 𝑓LM 13 
in vertical direction due to the contact with the oblique spring. 14 

Before contact 

After contact 
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Fig. 5.5(a) displays a typical case to show how the static force changes in the 1 

compression process when the parameters are set as K=10000, n=2, L=0.1 𝜃 = 𝜋 5⁄ , 2 

𝛽 = 0.4. Fig 5.5(b) shows the vertical force added by the contact of the oblique spring 3 

after the contact point.  4 

From Fig 5.5(a), the following summary can be drawn: 5 

(a) With the compression of the structure, the reactive force of the structure is 6 

increasing but has an obvious decreasing slope (i.e., a decreasing equivalent stiffness) 7 

until the structure comes to the maximum loading capacity with a zero equivalent 8 

stiffness, which demonstrates a very unique nonlinear stiffness system, compared to 9 

most commonly-used elastic systems like coil springs or rubber materials;  10 

(b) With further compression of the structure, the reactive force is obviously 11 

decreasing and exhibits a negative slope, leading to a decreasing loading capacity and 12 

negative equivalent stiffness, which is the other unique nonlinear stiffness property of 13 

this X-mount; 14 

(c) After the contact with the oblique spring happens, the reactive force is 15 

gradually increased due to the increased positive stiffness force provided by the 16 

oblique spring (Fig 5.5(b)); Clearly, the negative stiffness provided by the X-structure 17 

can be well tuned or adjusted by the added positive stiffness provided by the oblique 18 

spring such that a much wider quasi-zero-stiffness area can be obtained. This is exactly 19 

a very important nonlinear property to be explored in the X-mount.  20 
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For convenience, the compression stage in (a) and (b) is referred to as 1 

compression stage before contact, and the stage in (c) is referred to as contact stage.  2 

5.1.3 Parametric influence 3 

A. influence of the obliqueness 𝛽 4 

(a) (b) 5 

Fig. 5.6 Static stiffness analysis with different 𝛽 (a) the entire static force F and (b) the 6 
added spring force 𝑓LM in vertical direction. 7 

Fig. 5.6 shows a case study which is the influence of 𝛽 on the entire static 8 

stiffness when K=10000, n=2, L=0.1 𝜃 = 𝜋 5⁄ . Fig. 5.6(a) displays how the static 9 

force changes when the compression length increases. In the compression stage before 10 

contact, a bigger oblique slope of the spring (i.e., a bigger 𝛽) implies a smaller loading 11 

capacity but the zero-stiffness point is not changed, and also leads to smaller stiffness 12 

for the same payload, which is very beneficial to practice adjustment of system 13 

stiffness for a given payload. Meanwhile, Fig 5.6(b) indicates that a bigger oblique 14 

slope lead to the added positive stiffness faster to be added due to the increased height 15 

of the oblique spring.  16 
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B Influence of the initial angle 𝜃, rod length L and layer number n 1 

(a) (b) 2 

(c) (d) 3 

(e) (f) 4 

Fig. 5.7 The entire static stiffness F and added vertical spring force 𝑓LM with different 5 
parameters 𝜃, L and n. 6 
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In Fig 5.7, without further specification, parameters are set as K=10000, n=2, 1 

L=0.1 𝜃 = 𝜋 4⁄ , 𝛽 = 0.3 in this section. Fig. 5.7(a) shows the change of the entire 2 

static force F with the influence of different 𝜃. Clearly, a smaller value of 𝜃 leads to 3 

a smaller loading capacity but a much better stiffness for the same payload. Meanwhile, 4 

the zero-stiffness point is changing to be faster to meet during compression and the 5 

same to the contact point due to a smaller compression range.  6 

Similar results can be found in Fig. 5.7 (c-d). With a shorter rod length L, the 7 

loading capacity is decreased but the stiffness is becoming smaller for the same 8 

payload, and meanwhile, the zero-stiffness point is changing to be faster to meet during 9 

compression and the same to the contact point due to a smaller compression range.  10 

However, in Fig. 5.7(e) and Fig. 5.7(f), the layer number has no influence on the 11 

loading capacity but a bigger layer number leads to a smaller stiffness for a given 12 

payload and a larger compression range to come to the zero-stiffness point and the 13 

contact point. 14 
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 5.1.4 Equivalent stiffness force in one cycle 1 

(a) 2 

(b) 3 

(c) 4 

Fig. 5.8 The reactive spring force subject to a base harmonic input in one cycle: (a) 5 
Comparison with linear system with the same spring stiffness; (b) Increase the spring 6 

stiffness for the X-mount just for a comparison although it is not the best setting for the X-7 
mount; (c) With different 𝛽. 8 
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The nonlinear reactive spring force of the X-mount subject to a base harmonic 1 

input in one cycle is investigated with the comparison of the linear system in this 2 

section.  The parameters are set as: K=5000, M=10, A=0.02, L=0.1, 𝜃 = 𝜋 4⁄ , n=2, 3 

𝛽 = 0.3.  4 

In Fig. 5.8(a), with the same spring stiffness, the reactive equivalent stiffness 5 

force of the X-mount in one cycle has much smaller oscillation compared to a linear 6 

stiffness system (𝐾Ù=5000). In Fig. 5.8(b), by increasing the spring stiffness of the X-7 

mount to K=13800, the same reactive force is obtained in the positive direction 8 

compared with the linear system (𝐾Ù=5000). In this situation, the reactive force of the 9 

X-mount in the negative direction is still much smaller than that of the linear system. 10 

Fig 5.8(c) shows that the obliqueness of the oblique spring can obviously tune 11 

the oscillation of the reactive force to be smaller (K=13800). It should be noted that a 12 

smaller oscillation in the reactive force implies that the upper payload would receive 13 

much less vibration transmitted from the base and therefore much better vibration 14 

isolation performance obtained. 15 

5.2 Dynamic performance analysis 16 

5.2.1 Dynamic modeling  17 

In the dynamic modeling, 𝑐½ is the rotational damping coefficient of joints, 𝑐¯ 18 

is the sliding damping coefficient of the rolling bearings in the grooves, 𝑧@ is the 19 

excitation from the basement, 𝜔  is the excitation frequency, 𝜔/  is the natural 20 
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frequency of a spring-mass system. When 𝑧/ = 0, the mass is in the equilibrium 1 

position. All the parameters used for the dynamic modelling are listed in Table 5.3. 2 

Table 5.3 System parameters and variables in dynamic analysis. 3 

Symbol System parameters Unit 

𝑐½  Rotational damping coefficient N s rad-1 

𝑐¯ Horizontal damping coefficient N s m-1 

𝜔 Frequency of basement excitation rad s-1 

𝜔/ Natural frequency of Mass-spring system rad s-1 

𝑧@ Basement excitation in vertical direction m 

𝐴@ Amplitude of basement excitation m 

𝑇U  Displacement transmissibility in vertical direction  

𝛺 Dimensionless excitation frequency  

𝜏 Dimensionless time  

𝜔R  Dimensionless natural frequency with oblique spring  

𝜔¯  Dimensionless natural frequency with horizontal 

spring 

 

𝜉S  Equivalent damping ratio  

 4 

Considering that the elastic deformation of rods is small, therefore, the Lagrange 5 

principle is used for the mathematical modeling. By utilizing the Lagrange equation, 6 

the dynamic model is established as follows. The kinetic energy T of the system is 7 

given by 8 

𝑇 =
1
2𝑀�̇�

, (5.37) 
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The potential energy V of the spring can be expressed as 1 

𝑉 =
1
2𝐾(∆𝑙)

, (5.38) 

With the consideration of the damping effect, a generalized force Q of the system 2 

with the non-constraint forces 𝐹8	along the virtual displacements 𝜕𝑟8can be expressed 3 

as 4 

𝑄 =m𝐹8
𝜕𝑟8
𝜕𝑧 = −𝑐½𝑛S�̇�

𝜕𝜑
𝜕𝑧 − 𝑐¯�̇�

𝜕𝑥
𝜕𝑧 = −𝑐½𝑛S�̇�/ o

𝜕𝜑
𝜕𝑧/

p
,

− 𝑐¯�̇�/ o
𝜕𝑥
𝜕𝑧/

p
,
 (5.39) 

where (∙)̇ = 𝑑(∙) 𝑑𝑡⁄ . 5 

The Lagrange equation can be written as 6 

𝑑
𝑑𝑡 o

𝜕𝑇
𝜕�̇�p −

𝜕𝑇
𝜕𝑧 +

𝜕𝑉
𝜕𝑧 = 𝑄 (5.40) 

In the Lagrange equation, the derivation of the potential energy V with respect 7 

to the generalized coordinate z can be expressed as 8 

𝜕𝑉
𝜕𝑧 =

𝜕𝑉
𝜕(∆𝑙)	

𝜕(∆𝑙)
𝜕𝑧/

	
𝜕𝑧/
𝜕𝑧 = 𝐾∆𝑙

𝜕(∆𝑙)
𝜕𝑧/

= 𝐾𝑓N(𝑧/) (5.41) 

where 𝑓N(𝑧/) can be calculated as 9 

𝑓N(𝑧/) = 

(�𝛽,𝐿, + 4𝐿,𝑐𝑜𝑠(𝜃), − y𝛽,𝐿, + 4𝐿, − 4(𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,)(𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )

𝑛y𝛽,𝐿, + 4𝐿, − 4(𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,

 

(5.42) 

It should be noticed that when 𝛽 = 0, the spring is considered as horizontally 10 

installed which is a special case of this model. The stiffness term 𝑓N(𝑧/) is simplified 11 

as 𝑓Nó (𝑧/) when 𝛽 = 0 (horizontal spring). 12 
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𝑓Nó (𝑧/) = ∆𝑥
𝜕(∆𝑥)
𝜕𝑧/

𝜕𝑧/
𝜕𝑧

=
q𝐿𝑐𝑜𝑠(𝜃) − y𝐿, − (𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )

,r �𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 �

𝑛y𝐿, − (𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,

 
(5.43) 

where, 𝑓N(𝑧/)  is the nonlinear stiffness term, 𝑓,(𝑧/)  and 𝑓-(𝑧/)  are the 1 

nonlinear damping terms which can be expressed as 2 

𝑓,(𝑧/) = o
𝜕𝜑
𝜕𝑧/

p
,

= ⎝

⎛ 1

𝑛y𝐿, − (𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,
+

�𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 �
,

�𝐿, − (𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,�

-/,

⎠

⎞

,

~1 +
�𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 �

,

𝐿, − (𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,
�

,  

(5.44) 

𝑓-(𝑧/) = o
𝜕(∆𝑥)
𝜕𝑧/

p
,

=
�𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 �

,

𝑛, �𝐿, − (𝐿𝑠𝑖𝑛(𝜃) + 𝑧/𝑛 )
,�

 
(5.45) 

By substituting the kinetic energy T and potential energy V, the equation of 3 

motion of the system can be deduced as 4 

𝑀�̈� + 𝐾𝑓N(𝑧/) + (𝑐½𝑛S𝑓,(𝑧/) + 𝑐¯𝑓-(𝑧/))�̇�/ = −𝑀�̈�@ (5.46) 

The dynamic equation Eq. (5.46) cannot be theoretically solved with the 5 

fractional items in Eq. (5.42)– Eq. (5.45). Therefore, Taylor series expansion is utilized 6 

here to transfer the fractional items into polynomial functions. After that, the high 7 

order nonlinear differential equation Eq. (5.46) can be solved with the HBM. 8 

For the reason above, the nonlinear stiffness and nonlinear damping are 9 

expressed with explicit polynomial functions by utilizing Taylor series expansion. 𝜓9 10 

(j=1, 2, 3, 4), 𝜁8  and 𝜖8  (i=0, 1, 2, 3) is the Taylor expansion coefficients of the 11 
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nonlinear stiffness, rotational damping and the horizontal damping, respectively. 1 

Clearly, these coefficients are related to the structural parameters 𝛽 L, 𝜃, and n.  2 

The nonlinear stiffness term Eq. (5.42) can be expanded with Taylor series 3 

expansion which is expressed as follows 4 

𝑓N(𝑧/) = ∆𝑙
𝜕(∆𝑙)
𝜕𝑧/

𝜕𝑧/
𝜕𝑧 ≅ 𝜓/𝑧/ + 𝜓,𝑧/, + 𝜓-𝑧/- + 𝜓�𝑧/� (5.47) 

where the stiffness coefficients 𝜓9	(𝑗 = 1, 2, 3, 4) can be written as  5 

𝜓/ =
4𝑠𝑖𝑛(𝜃),

𝑛,(𝛽, + 4𝑐𝑜𝑠(𝜃),) 
(5.48) 

𝜓, =
6𝑠𝑖𝑛(𝜃)(𝛽, + 4)

𝑛-𝐿(𝛽, + 4𝑐𝑜𝑠(𝜃),), (5.49) 

𝜓- =
2(𝛽, − 16𝑐𝑜𝑠(𝜃), + 20)(𝛽, + 4)

𝑛�𝐿,(𝛽, + 4𝑐𝑜𝑠(𝜃),)-  (5.50) 

𝜓� =
10(3𝛽, − 16𝑐𝑜𝑠(𝜃), + 28)(𝛽, + 4)𝑠𝑖𝑛(𝜃)

𝑛�𝐿-(𝛽, + 4𝑐𝑜𝑠(𝜃),)�  (5.51) 

The nonlinear damping terms in Eq. (5.44)- Eq. (5.45) can be expanded with 6 

Taylor series expansion which are written as follows 7 

𝑓,(𝑧/) = o
𝜕𝜑
𝜕𝑧/

p
,

≅ 𝜁@ + 𝜁/𝑧/ + 𝜁,𝑧/, + 𝜁-𝑧/- (5.52) 

𝑓-(𝑧/) = o
𝜕𝑥
𝜕𝑧/

p
,

≅ 𝜖@ + 𝜖/𝑧/ + 𝜖,𝑧/, + 𝜖-𝑧/- (5.53) 

where the damping coefficients 𝜁8 and 𝜖8 (i=0, 1, 2, 3) are expressed as 8 

𝜁@ =
1

𝑛,𝐿,𝑐𝑜𝑠(𝜃), (5.54) 



165 

 

𝜁/ =
2𝑠𝑖𝑛(𝜃)

𝑛-𝐿-𝑐𝑜𝑠(𝜃)� (5.55) 

𝜁, =
4 − 3𝑐𝑜𝑠(𝜃),

𝑛�𝐿�𝑐𝑜𝑠(𝜃)ô  (5.56) 

𝜁- =
4𝑠𝑖𝑛(𝜃)(2 − 𝑐𝑜𝑠(𝜃),)

𝑛�𝐿�𝑐𝑜𝑠(𝜃)õ  (5.57) 

𝜖@ =
𝑡𝑎𝑛(𝜃),

𝑛,  (5.58) 

𝜖/ =
2𝑠𝑖𝑛(𝜃)

𝑛-𝐿𝑐𝑜𝑠(𝜃)� (5.59) 

𝜖, =
4 − 3𝑐𝑜𝑠(𝜃),

𝑛�𝐿,𝑐𝑜𝑠(𝜃)ô  (5.60) 

𝜖- =
4𝑠𝑖𝑛(𝜃)(2 − 𝑐𝑜𝑠(𝜃),)

𝑛�𝐿-𝑐𝑜𝑠(𝜃)õ  (5.61) 

The stiffness and the damping are two key factors of a vibration isolation system 1 

and both are nonlinear in the X-mount under study. In the following, the nonlinear 2 

characteristics of the equivalent stiffness and damping will be investigated to explore 3 

how the structural parameters affect the isolation performance of the X-mount. 4 

To evaluate the accuracy of the Taylor series expansion, the comparison of the 5 

original expressions and the relative Taylor series expansions is displayed in Fig. 5.9, 6 

where, 𝑓N(𝑧/) is the stiffness function, 𝑓,(𝑧/) the rotational damping and 𝑓-(𝑧/) 7 

the horizontal damping. In each figure, the curves match very well implying the 8 

accuracy of the Taylor series expansion in the given displacement range (which is 9 

already reasonable for the small size of a mount). 10 
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(a) 1 

(b) 2 

(c) 3 

Fig. 5.9 Comparison of the original functions and the Taylor expansions: (a) 𝑓N(𝑧/), (b) 4 
𝑓,(𝑧/), and (c)	𝑓-(𝑧/). 5 

For conciseness, the two damping terms (𝑓,(𝑧/), 𝑓-(𝑧/)) are combined into one 6 

term which can be written as a polynomial function. The base excitation is 𝑧@ =7 

𝐴@𝑐𝑜𝑠𝜔𝑡. Therefore, from Eq. (5.46) the dimensionless equation of motion with the 8 

Taylor series expansions can be deduced as 9 

𝑧/�� + 𝜓/𝑧/ + 𝜓,𝑧/, + 𝜓-𝑧/- + 𝜓�𝑧/� + 2(𝜂@ + 𝜂/𝑧/ + 𝜂,𝑧/, + 𝜂-𝑧/-)𝑧/�  

= 𝛺,𝐴@ 𝑐𝑜𝑠 𝛺𝜏 

(5.62) 

where (∙)� = 𝑑(∙) 𝑑𝜏⁄ , 𝜏 = 𝜔/𝑡, 𝜔/ = �𝐾 𝑀⁄ , Ω = 𝜔 𝜔/⁄ . 10 
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The expressions of the nonlinear damping coefficients 𝜁8 and 𝜖8 (i=0, 1, 2, 3) 1 

can be found in Eq. (5.54)- Eq. (5.61), and the nonlinear damping terms are combined 2 

and rescaled into the total equivalent damping ratio.	𝑛S = 6𝑛 + 2 is the number of the 3 

bearings used for the connection of the rotational bars. 𝜁8  and 𝜖8  are the Taylor 4 

expansion coefficients of different orders. 𝜂É  (i=0, 1, 2, 3) is the total equivalent 5 

damping coefficient which can be written as:  6 

𝜂@ =
𝑐½𝑛S𝜁@ + 𝑐¯𝜖@

2√𝐾𝑀
 (5.63) 

𝜂/ =
𝑐½𝑛S𝜁/ + 𝑐¯𝜖/

2√𝐾𝑀
 (5.64) 

𝜂, =
𝑐½𝑛S𝜁, + 𝑐¯𝜖,

2√𝐾𝑀
 (5.65) 

𝜂- =
𝑐½𝑛S𝜁- + 𝑐¯𝜖-

2√𝐾𝑀
 (5.66) 

The equivalent damping ratio 𝜉S can be written as 7 

𝜉S = 𝜂@ + 𝜂/𝑧/ + 𝜂,𝑧/, + 𝜂-𝑧/- (5.67) 

5.2.2 Dimensionless natural frequency  8 

The dimensionless natural frequency of the X-mount can be calculated by Eq. 9 

(5.68) 10 

𝜔R = �𝜓/ = Á
4𝑠𝑖𝑛(𝜃),

𝑛,(𝛽, + 4𝑐𝑜𝑠(𝜃),) 
(5.68) 
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From Eq. (5.68), the dimensionless natural frequency of the X-mount is decided 1 

by three structural parameters which are the initial angle 𝜃, the layer number n and 2 

the obliqueness ratio 𝛽 . These parameters can affect the dimensionless natural 3 

frequency of the system, and therefore, could make a profound influence on the 4 

transmissibility property. 5 

(a) 6 

(b) 7 

Fig. 5.10 Relationship between dimensionless natural frequency 𝜔R  and 𝛽: (a) with 8 
different n; (b) with different 𝜃. 9 

Fig. 5.10(a) displays how the dimensionless natural frequency 𝜔R changes with 10 

different 𝛽. When layer number n increases from 1 to 3, the value of 𝜔R decreases 11 

dramatically. As to the influence of 𝛽, when 𝛽 increases 𝜔R  declines gradually. 12 

Especially when the layer number n=1, 𝜔R  decreases from 1.0 to 0.85 with 𝛽 13 

increasing from 0 to 1. Fig. 5.10(b) illustrates the influence of 𝛽 on the value of 14 
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dimensionless natural frequency 𝜔R with different initial angle 𝜃. It can be found 1 

that when 𝛽  increases all the curves of the dimensionless natural frequency 𝜔R 2 

decrease. While, when the initial angle 𝜃 = 𝜋 3⁄ , the value of 𝜔R is the biggest in 3 

the whole range of 𝛽 compared with other two cases. This property could be used for 4 

achieving ultra-low natural frequency and wider range of effective isolation range. 5 

Noticeably, the horizontal spring is included in the oblique spring model. When 𝛽 =6 

0 , the oblique spring model equals to the horizontal spring model and the 7 

dimensionless natural frequency of the horizontal spring model can be written as 8 

𝜔¯ = �𝛾/ =
𝑡𝑎𝑛𝜃
𝑛  (5.69) 

 9 

Fig. 5.11 Relationship between natural frequency 𝜔R  and 𝜃 with different 𝛽. 10 

Fig 5.11 shows the changing trend of 𝜔R  as the initial angle 𝜃  increases 11 

continuously. When the initial angle 𝜃  increases continuously the value of 𝜔R 12 

increases as well. The difference is when 𝛽 has a smaller value, the increasing of the 13 

𝜔R is more obvious.This tunable property of natural frequency could be used for the 14 

design of the natural frequency of the isolation platform to achieve a better isolation 15 
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performance in a wide frequency range. By increasing the obliqueness 𝛽 and with 1 

proper structural parameters 𝜃 and n (smaller 𝜃 and bigger n), the X-mount could 2 

achieve ultra-low natural frequency and enlarge the frequency range of the vibration 3 

protection. 4 

5.2.3 Equivalent damping 5 

In this part, the equivalent damping effect is investigated. The equivalent damping 6 

ratio 𝜉S can be seen in Eq. (5.67). From the expressions of the equivalent damping 7 

coefficients in Eq. (5.63)- Eq. (5.66), it can be found that the damping has no 8 

relationship with the parameter 𝛽 which means 𝛽 could only affect the stiffness but 9 

could not has influence on the equivalent damping ratio 𝜉S . Therefore, in the 10 

following study, the influence of the structural parameters 𝜃, n and L on the damping 11 

ratio 𝜉S will be investigated.  12 

 13 

 14 

 15 

 16 

 17 

 18 
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(a) 1 

(b) 2 

(c) 3 

Fig. 5.12 Equivalent damping ratio 𝜉S  with: (a) different n, (b) different L and (c) 4 
different 𝜃. 5 

The influence of the structural parameters on the damping characteristics is 6 

illustrated in Fig. 5.12. In Fig. 5.12(a), the figures show the comparison result of the 7 

nonlinear damping ratio 𝜉S  when the layer number n has different value. Clearly, 8 

when n=1, the damping ratio 𝜉S  changes rapidly as the relative displacement 𝑧/ 9 

increases and shows a strong nonlinearity at the same time. When n increases to 2 or 10 
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3, the value and the nonlinearity of the equivalent damping 𝜉S decrease dramatically 1 

with the same 𝑧/. Fig. 5.12(b) investigates the influence of the rod length L on the 2 

damping ratio 𝜉S. When the relative displacement increases, the value of the damping 3 

ratio 𝜉S  increases. While when the rod is shorter (e.g. L=0.02) the 𝜉S  increases 4 

rapidly and shows a strong nonlinearity in this process. Fig. 5.12(c) displays how the 5 

initial angle 𝜃 affect the damping ratio 𝜉S. Obviously, when the initial angle 𝜃 has 6 

a bigger value, the damping ratio 𝜉S increases dramatically when the amplitude of the 7 

motion increases. Similarly, the damping ratio 𝜉S shows a strong nonlinearity and has 8 

bigger value when the value of the initial angle 𝜃 is big (𝜃 = 𝜋 3⁄ ). 9 

In the next section, the analysis result based on HBM will be illustrated to explore 10 

the influence of the system parameters on the transmissibility property. 11 

5.2.4 Displacement transmissibility 12 

By utilizing HBM, the first order response of equation (5.62) can be assumed as: 13 

𝑧/ = 𝐴/𝑐𝑜𝑠(𝛺𝜏 + 𝜙/) (5.70) 

where 𝐴/  is the assumed amplitude of the motion, and 𝜙/  is the assumed 14 

phase angle. By substituting Eq. (5.70) into Eq. (5.62) the unknown parameters can be 15 

obtained by solving a set of nonlinear algebraic equations for each excitation frequency 16 

Ω with the standard HBM procedure. The algebraic equations can be solved by the 17 

iterative algorithm in the software MAPLE or MATLAB. The HBM provides a 18 

method to transfer the problem of solving the differential equation into solving a set 19 
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of algebraic equations. Therefore, the relationship of the system response and the input 1 

(amplitude 𝐴/ and frequency 𝛺) can be explored and further theoretical or numerical 2 

analysis can be conducted. When the solution is obtained, the unknown parameters in 3 

Eq. (5.70) can be obtained as well. After that, the vibration transmissibility is obtained.  4 

The displacement transmissibility 𝑇U of the X-mount can be expressed as 5 

𝑇U =
|𝐴/ 𝑐𝑜𝑠(𝛺𝜏 + 𝜙/) + 𝐴@ 𝑐𝑜𝑠(𝛺𝜏)|

|𝐴@ 𝑐𝑜𝑠(𝛺𝜏)|
=
�𝐴/, + 𝐴@, + 2𝐴/𝐴@ 𝑐𝑜𝑠(𝜙/)

|𝐴@|
 (5.71) 

where |∙| denotes to take the norm.  6 

The amplitude 𝐴/ and phase angle 𝜙/  can be obtained by solving a set of 7 

algebraic equations for each excitation frequency Ω with the HBM as mentioned.  8 

5.2.4.1 The range of parameter 𝛽 9 

From Eq. (5.6) and Eq. (5.25), the range of parameter 𝛽 can be analyzed and 10 

the critical value 𝛽 can be deduced as  11 

𝛽 < 2𝑠𝑖𝑛(𝜃) −
2𝑧/
𝑛𝐿  (5.72) 

which can ensure no contact with the oblique spring when the top mass is moving 12 

downward. In this case, the oblique spring can also be used as an elastic motion 13 

restriction. For the contact case, it would be further discussed later.   14 

For practice application purpose, the X-mount should has a reasonable amplitude 15 

of vertical displacement motion. When the amplitude increases to a certain value, the 16 
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spring contact will happen. Although, the bigger value of 𝛽 will be benificial to the 1 

isolation performance of the X-mount, but in application, the value of 𝛽 should be 2 

evaluated first with the consideration of the requirement of the motion. For instance, 3 

when n=2, L=0.05, 𝜃 = 𝜋 4⁄  and the top mass is supposed to has a vertical 4 

displacment motion downward (𝑧/ = 0.02) without the contact of the spring, then 𝛽 5 

should be less than 1.014. In this range, the bigger value of 𝛽 will be beneficail to the 6 

isolation performance. For other situations, the critical value of 𝛽 can be obtained by 7 

Eq. (5.72). 8 

5.2.4.2 Influence of 𝛽 and initial angle 𝜃 9 

From Eq. (5.68) it is clear that the dimensionless natural frequency of the X-10 

mount depends on three structural parameters which are the initial angle 𝜃 , layer 11 

number n and obliqueness ratio 𝛽. The influence of the obliqueness ratio 𝛽 would be 12 

more focused as it is newly introduced in this X-shaped structure. Without further 13 

specification, in the following analysis, these parameters are set as: M=10, K=1000, 14 

𝑐½ = 0.02, 𝑐¯ = 1, and 𝐴@ = 0.01. Fig. 5.13 shows the influence of 𝛽 with different 15 

values of the initial angle 𝜃 on the displacement transmissibility curves when L=0.1, 16 

n=2. From Fig. 5.13(a), it can be found that, by increasing the value of 𝛽, two benefits 17 

can be achieved: (i) the frequency of the resonance peak will shift to the left which 18 

will enlarge the frequency range of the effective isolation performance and (ii) the 19 

transmissibility peak will decrease which is further benefitial to the reduction of the 20 
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large amplitue vibration in the resonance. Noticeably, when 𝛽 = 0.5, the peak of the 1 

transmissibility has the smallest value and the dimensionless natural frequency is 2 

relatively low. Similar results can be found in Fig. 5.13(b) and Fig. 5.13(c).  3 

(a) 4 

(b) 5 

(c) 6 

Fig. 5.13 Influence of 𝛽 on displacement transmissibility 𝑇U  when (a) 𝜃 = 𝜋 4⁄ , (b) 7 
𝜃 = 𝜋 3.5⁄  and (c)	𝜃 = 𝜋 3⁄ . 8 
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 1 

Fig. 5.14 Influence of 𝜃 on displacement transmissibility 𝑇U  when 𝛽 = 0.3 2 

A comparison of the initial angle 𝜃 is shown in Fig. 5.14. It is clear that, with 3 

the same 𝛽 value (𝛽 =0.3), decreasing the initial angle 𝜃 leads to the reduction of 4 

the dimensionless natural frequency W which results in the left shift of the peak of the 5 

displacement transmissibility curve. But it should be noticed that, since the damping 6 

value is reduced as initial angle 𝜃 decreasing, the resonance peak rises with reducing 7 

the value of the initial angle 𝜃 as shown in Fig. 5.14. For the influence of 𝛽, it can 8 

be found that, when the value of the initial angle 𝜃 is bigger (e.g. θ = 𝜋 3⁄ ), the 9 

effects of 𝛽 are more obvious including the effect of the left shifting of resonannce 10 

and the effect of the resonant amplitude suppresion. 11 

 12 

 13 

 14 

 15 

 16 
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5.2.4.3 Influence of 𝛽 and layer number n 1 

(a) 2 

(b) 3 

(c) 4 

Fig. 5.15 Influence of 𝛽 on displacement transmissibility 𝑇U  when (a) 𝑛 = 2, (b) 5 
𝑛 = 3 and (c)	𝑛 = 4. 6 
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 1 

Fig. 5.16 Influence of 𝑛 on displacement transmissibility 𝑇U  when 𝛽 = 0.3. 2 

Fig. 5.15 shows the influence of 𝛽 and the layer number n on the displacement 3 

transmissibility curves when L=0.1 and 𝜃 = 𝜋 3⁄ . In Fig. 5.15(a) when n=2, as 𝛽 4 

increases from 0 to 0.5, the transmissibility curve shifts to the left gradually and the 5 

peak of the resonance decreases. When n=3 (Fig. 5.15(b)) and n=4 (Fig. 5.15(c)), by 6 

increasing 𝛽 , the resonance peak of the transmissibility curve declines and the 7 

resonant frequency decreases simultaneously. These results are consistent with the 8 

previous case study.  9 

Fig. 5.16 investigates the influence of the layer number n when 𝛽 has a fixed 10 

value 0.3. From the curves it is clear that n can be used to change the resonant 11 

frequency of the X-mount. For a bigger n, the value of the equivalent damping is 12 

relatively smaller than in other cases which is consistent with the previous work [146]. 13 

Overall, the parameter 𝛽 is more beneficial to the isolation performance because by 14 

increasing 𝛽, the resonant peak could be reduced and the resonant frequency could 15 

decrease simultaneously. Both of these are desirable properties for vibration isolation. 16 

 17 
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5.2.4.4 Influence of 𝛽 and rod length L 1 

(a)2 

(b) 3 

(c) 4 

Fig. 5.17 Influence of 𝛽 on displacement transmissibility 𝑇U  when (a) 𝐿 = 0.05, (b) 5 
𝐿 = 0.07 and (c)	𝐿 = 0.10. 6 
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 1 

Fig. 5.18 Influence of 𝐿 on displacement transmissibility 𝑇U  when 𝛽 = 0.3. 2 

Fig. 5.17 investigates the influence of 𝛽  and the rod length 𝐿  on the 3 

displacement transmissibility curves when 	𝜃 = 𝜋 3⁄ , n=2 and 𝑐½ = 0.01 . The 4 

influence of the rod length L is different from other parameters because L can only 5 

affect the equivalent damping and has no influence on the natural frequency of the X-6 

mount. Therefore, by changing L the resonant frequency will not shift too much due 7 

to the nature of this system. While, 𝛽 can affect the resonant frequency. In Fig. 5.17(a) 8 

by increasing 𝛽, the transmissibility curve shifts to the left and the resonance peak 9 

drops graqdually. This result shows the benefits of proper value of 𝛽 in the vibration 10 

isolation preformance. The same situation happens when L increases to 0.07 and 0.10 11 

in Fig. 5.17(b) and Fig. 5.17(c). The difference is that, when L increases, the peak of 12 

the transmissibility curves increase when other parameters are the same.  13 

Actually from Eq. (5.68) it is clear that the dimensionless natural frequency is 14 

not affected by L. It is only related to three structural parameters: 𝜃, n and 𝛽. This is 15 

also shown in Fig. 5.18. The value of L has a significant effect on the value of 16 

equivalent damping which can affect the peak value of the transmissibility as also 17 
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shown in Fig. 17. When the rod length L increases, the damping reduces obviously 1 

which results in the increasing of the resonance peak and also more nonlinear response 2 

around the resonant frequency. 3 

5.2.4.5 Influence of the input amplitude 4 

 5 

Fig. 5.19 Influence of the input amplitude on the displacement transmissibility 𝑇U . 6 

The Fig. 5.19 shows the displacement transmissibility curves when the excitation 7 

amplitude increases from 0.01m to 0.1m with the parameters set as: n=2, L=0.3, and 8 

𝜃 = 𝜋 4,⁄ 	𝛽 = 0.6, 𝑐½ = 0.2	and 𝑐¯ = 5. As the equivalent stiffness and damping of 9 

the X-mount are nonlinear and dependent on the response displacement, therefore, 10 

when the input amplitude increases, the nonlinearities of the X-mount changes a little 11 

accourndingly although not significant. As a result, the resoncance peak decreases 12 

(nonlinear damping effect is stronger) and the resonance shifts to the right slightly 13 

(increased nonlinear stiffness effect). This X-mount system shows the beneficial 14 

nonlinearities but without unstable bifurcation or chaotic phenomena when the 15 
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excitation amplitude is large. However, the literature methods may not, which can be 1 

referred to [4,7-9]. 2 

5.2.5 Extended quasi-zero region and optimal working position 3 

To specially consider this, a new dynamic model which include the previous one 4 

and consider the contact nonlinear spring force is given here.  5 

5.2.5.1 Dynamic model considering the contact 6 

When the X-mount is in the contact situation, the dynamic modelling should 7 

consider the dynamic stiffness after the contact, which can be obtained with the 8 

Lagrange equation. In the Lagrange equation, the derivation of the potential energy V 9 

with respect to the generalized coordinate z can be expressed as 10 

𝜕𝑉
𝜕𝑧 =

𝜕𝑉
𝜕(∆𝑙,)

	
𝜕(∆𝑙,)
𝜕𝑧/

	
𝜕𝑧/
𝜕𝑧 = 𝐾∆𝑙,

𝜕(∆𝑙,)
𝜕𝑧/

𝜕𝑧/
𝜕𝑧 = 𝐾𝑓÷(𝑧/) (5.72) 

Therefore, 𝑓ø(𝑧/) is the stiffness term after the contact which is nonlinear and 11 

depends on the spring deformation ∆𝑙, which can be seen in Eq. (5.23)-(5.24). The 12 

dimensionless dynamic equation of the X-mount can be rewritten with a piecewise 13 

stiffness as follows 14 

𝑧/�� + 𝐾𝑓ùú(𝑧/) + 2𝜉S𝑧/� = 𝛺,𝐴@ 𝑐𝑜𝑠 𝛺𝜏 (5.73) 

where the piecewise stiffness can be written as 15 
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𝑓ùú(𝑧/) = ñ𝑓N(𝑧/), 𝑖𝑓	𝑧/ ≥ −𝑧¦
𝑓÷(𝑧/), 𝑖𝑓	𝑧/ < 𝑧¦

 (5.74) 

All other parameters have the same definitions with Eq. (5.62). 1 

5.2.5.2 Optimal working position 2 

(a) (b) 3 

(c) 4 

Fig. 5.20 Quasi-zero-stiffness working range analysis: (a) static force before contact, (b) 5 
static force considering the contact stiffness, and (c) the corresponding isolation 6 

performance. 7 

In Fig 5.20, the parameters are set as K=10000, M=10, A=0.005, L=0.1, 𝜃 =8 

𝜋 6⁄ , n=2, 𝛽 = 0.6, 𝑐½ = 0.15, 𝑐¯ = 1. Fig. 5.20(a) shows the static force of the X-9 
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mount installed with only a horizontal spring which has a very limited QZS zone as 1 

shown and the right side of the zero stiffness point is a negative stiffness area which 2 

has decreasing stiffness force with compression of the structure. In comparison, with 3 

the oblique spring and the contact stiffness in Fig. 5.20(b), the negative stiffness can 4 

be eliminated effectively by the special contact stiffness which is positive, and the X-5 

mount can maintain the QZS in a considerable wider range. 6 

From the static stiffness force curve, the working position of the X-mount system 7 

can be optimally designed to achieve better vibration isolation performance (Fig. 8 

5.20(b)). Therefore, the optimal working position is in the vicinity of ûü
ûç�

= 0 (QZS 9 

zone) which is around the point C (compression length is 0.04m) in Fig. 5.20(b). For 10 

the comparison, the isolation performances in three points are studied. The points A, 11 

B and C represents that the X-mount working angle is 𝜃 = 𝜋 6 ≈ 0.524⁄ , 𝜃 = 0.412, 12 

and 𝜃 = 0.314, respectively. 13 

Fig. 5.20(c) shows the results of the displacement transmissibility with three 14 

working positions A, B and C. The X-mount has the best vibration isolation 15 

performance at the working position C: wider isolation frequency range and smaller 16 

resonant peak. 17 

5.2.6 The comparison with linear isolator and benchmark QZS isolator 18 

In this section, the comparisons with a linear isolation system and a benchmark 19 

QZS isolator with a three-spring mechanism are investigated [16,19].  20 
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A traditional linear spring-mass-damper isolator with a basement excitation can 1 

be written as  2 

𝑧/�� + 2𝜉/𝑧/� + 𝑧/ = 𝛺,𝐴@ 𝑐𝑜𝑠 𝛺𝜏 ((5.75) 

where 𝜉/ is the linear damping ratio, and other parameters are same with the X-3 

mount. 4 

A benchmark QZS isolator consists of three springs and its mathematical model 5 

can be borrowed from [136, 147]. The dynamic equation of the QZS can be 6 

approximated by Duffing’s equation without the linear stiffness. For the basement 7 

excitation, the dynamic dimensionless equation of the QZS can be obtained as 8 

𝑧/�� + 2𝜉/𝑧/� + 𝜇𝑧/- = 𝛺,𝐴@ 𝑐𝑜𝑠 𝛺𝜏 (5.78) 

where 𝜇 is the nonlinear stiffness ratio. 9 

The parameters of X-mount are set as: L=0.3, n=3.	𝜃 = 0.3, 𝛽 = 0.6, 𝐴@ = 0.2, 10 

M=10, K=10000, 𝑐½ = 0.65, 𝑐¯ = 10. The nonlinear damping is obtained as :𝜉S =11 

0.0676 + 0.106𝑧/ + 0.390𝑧/, + 0.944𝑧/-. The linear part of the equivalent damping 12 

𝜉S is 𝜂@ =0.0676. For the linear model and the QZS isolator, the linear damping ratio 13 

𝜉/ = 0.11 which is almost twice as the linear part of the nonlinear damping ratio (𝜂@) 14 

of the X-mount. For the QZS isolator [16,19], 𝜇 = 1.75 is the same as the reference 15 

[136]. All other parameters have the same value with X-mount. 16 
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 1 

Fig. 5.21 Comparison among the X-mount, a linear isolator and a benchmark QZS isolator 2 

[16,19]. 3 

The comparison results are shown in Fig. 5.21. From the comparison, the 4 

advantages of the X-mount are obvious. Firstly, compared with the linear isolator and 5 

the existing QZS, the X-mount shows much better isolation performance: obvious 6 

suppression effect on the resonant peak and the widest isolation frequency range. The 7 

QZS isolator can only be effective when the excitation frequency is larger than 8 

unstable frequencies. Most importantly, the X-mount has guaranteed stability 9 

compared with the QZS isolator while the latter is known easy to lose stability due to 10 

strong nonlinearity, since in the ultra-low frequencies, the QZS isolator appears the 11 

multi-steady states and the jump phenomenon which are not expected in application.  12 

In a word, the proposed X-mount has wider isolation frequency range, lower 13 

resonant amplitude and ensured stability, and also is adjustable in terms of loading 14 

capacity and resonant frequency, showing superior isolation performance which are 15 

all desirable properties in vibration isolation practice.  16 
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5.3 Experimental validations 1 

5.3.1 Prototype and experimental setting up 2 

For the validation of the theoretical analysis results, a prototype of the X-mount 3 

is well designed and manufactured for testing and validation. The prototype and the 4 

experimental installation can be seen in Fig. 5.22. This compact design consists of 5 

upper and bottom frames with slots for guiding horizontal movement of the X-structure 6 

rods, a pair of parallel X-shaped structures to connect the upper and bottom frames, 7 

and an oblique spring with a height and pre-extension adjuster for different obliqueness 8 

and pre-extension.  9 

 10 

Fig. 5.22 The experimental photo of X-mount prototype. 11 

The X-shaped structure of this prototype is constructed with aluminum links 12 

connected with ball bearings. The whole X-shaped structure has two layers (n=2) with 13 

rod length 𝐿 = 0.075	m. An oblique spring with stiffness coefficient K=2300 N 𝑚e/ 14 

Mass 

Height-and pre-
extension adjuster 

X-shaped structure 
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is installed in the bottom layer of the X-mount. Three levels of the obliqueness b of 1 

the spring can be tuned by the height-adjuster which is 0.2, 0.5, 0.8, respectively. 2 

Moreover, the working angle q is important for performance tuning. The prototype is 3 

placed on a shaker table with two sensors for the acquisition of vibration signals. The 4 

signal processing system consists of two acceleration sensors, a signal amplifier and 5 

the M+P signal acquisition system. The setting up of the experimental platform of the 6 

X-mount can be seen in Fig. 5.23. One accelerometer is installed on the bottom of the 7 

prototype and the other is installed on the top. These two sensors collect the vibration 8 

data of the system for analysis. A mass is placed on the top of the X-mount which can 9 

be changed for different loading requirement. For higher loading requirement, a 10 

different spring of appropriate stiffness can be replaced. But for the same spring, the 11 

working angle can be tuned to accommodate to different payload. 12 
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 1 

Fig. 5.23 The experimental testing installation. 2 

5.3.2 Natural frequency and vibration transmissibility 3 

A random excitation is applied first to the base of the platform, and the 4 

transmissibility and the natural frequency of the system can be obtained. The 5 

transmissibility of this X-mount is obtained by cross-spectral density (𝑆S�(𝜔)) and the 6 

power spectral density (𝑆SS(𝜔)). The transmissibility from basement to the top Mass 7 

can be expressed as  8 

𝐻(𝜔) =
𝑆S�(𝜔)
𝑆SS(𝜔)

 (5.79) 
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In Fig. 5.24(a), the vibration signal of the basement is the blue dot line and the 1 

vibration signal of the Mass (M=0.5Kg) is represented by the red solid line. It shows 2 

that this X-mount prototype can successfully suppress the vibration amplitude up to or 3 

more than 90% and has an excellent isolation performance for the random excitation. 4 

The transmissibility can be seen in Fig. 5.24(b), indicating a natural frequency around 5 

1.5 Hz. The transmissibility peak is around 15dB. 6 

(a) (b) 7 

Fig. 5.24 System responses with random input: (a) the time history records, and (b) the 8 
transmissibility. 9 

5.3.3 Influence of the spring obliqueness 𝛽  10 

In the previous theoretical analysis, the obliqueness 𝛽 can affect the equivalent 11 

stiffness and the natural frequency of the system. More specifically, by increasing 𝛽, 12 

there is a left shift of the resonance peak in the transmissibility curve which leads to a 13 

wider isolation range in frequency domain. The testing results verified this advantage 14 

and the comparison result with different 𝛽 can be seen in Fig. 5.25. The obliqueness 15 
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of the spring can be changed by the height-adjuster as shown in Fig. 5.22. There are 1 

three levels of the obliqueness 𝛽 which can be tuned by the height-adjuster. 2 

 3 

Fig. 5.25 Comparison of the system with different obliqueness of spring. 4 

5.3.4 Optimal working position of the X-mount  5 

 6 

Fig. 5.26 Experimental prototype with initial working angle (position A). 7 

Fig. 5.26 shows the working angle (𝜃 = 0.55) of the X-mount which is the 8 

position A in Fig. 5.27(a). In this case, the X-mount works without loading. If the 9 
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loading gradually increases, the optimal working position can be achieved as shown 1 

in Fig. 5.27(a), which is position C. The loading will be around 5.5N (Mass=0.55 kg). 2 

With different working angle, the isolation performance/the transmissibility is 3 

compared in Fig. 5.27(c). The ideal working position should be located in the QZS 4 

zone ( ýþ
ýÿ�

= 0), e.g., point C and D. The purpose of this testing is to verify the previous 5 

analysis results about how to achieve optimal working position based on the static 6 

force curve and the enlargement of the QZS range (Fig. 5.27(a)). 7 

In Fig. 5.27(a), position A is the initial working angle of the X-mount, position 8 

B is the situation when the loading increased to 3N (compression 0.01m), position C 9 

(compression 0.023m, without contact) is the optimal working position with loading 10 

of 5.5N. When the loading continues increasing to 5.6 N, the system reaches to position 11 

D (with contact stiffness). 12 

As an example, the comparison of the theoretical result and the experimental 13 

result can be found in Fig. 5.27(b) which are the transmissibility curves of position A. 14 

For the theoretical analysis result of the transmissibility, the system parameters take 15 

the values same with the experimental prototype which are: n=2, L=0.075, K=2300, 16 

M=0.015 and 𝛽 = 0.5. The damping coefficients are set as 𝑐½ = 0.0005, 𝑐¯ = 1 17 

and the excitation amplitude 𝐴@ = 0.002. The curves match well with each other in 18 

the resonance which means the accuracy of the theoretical modeling and analysis. 19 

Because the noise in the high frequency is hardly eliminated, the curve of the 20 

experimental testing result is non-smooth in the high frequencies. 21 
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Fig. 5.27(c) shows the theoretical analysis results of the transmissibility 1 

performance of each position which is displayed in Fig. 5.27(a). Besides the fixed 2 

parameters mentioned in Fig. 5.27(b), for the different positions, the parameter setting 3 

is given in Table 4 which is also used for the experimental testing. From the results, 4 

clearly the optimal working position C and D show much better isolation performance, 5 

because the X-mount is in the stable QZS range now. Then, the experimental testing 6 

will be conducted and analyzed for the validation. 7 

Fig. 5.27(d) shows the relative experimental testing results and the parameters 8 

of the experimental testing are recorded in Table 5.4. The testing results match well 9 

the previous theoretical analysis results which can be summarized as the resonant 10 

frequency of the system shifts to the lower frequencies as the working position is tuned 11 

from the initial position A to the optimal positions D. At the working position C and 12 

D, the X-mount has an ultra-low resonant frequency around 1Hz and the 13 

transmissibility peak decreases as well. In both positions C and D, the X-mount has 14 

ultra-low resonant frequencies and excellent isolation transmissibility performances 15 

which effectively confirmed the effectiveness of the enlarged QZS range. Without the 16 

special designed oblique spring and the contact stiffness, the QZS range is very narrow 17 

and position D will not exist. 18 

Comparing the theoretical results in Fig. 5.27(c) and the experimental testing 19 

results in Fig. 27(d), the main trends are in good agreement. While, there are still some 20 

differences such as the transmissibility curves are lower in the theoretical results and 21 
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the resonance frequencies of position C and D are higher than the experimental results. 1 

The reasons could be: 1. the high frequencies from the structure and the high frequency 2 

noise exists in the testing environment which lead to the higher non-smooth curves in 3 

the high frequencies. 2. The top plate on the X-mount and the X-shape structure have 4 

some weight which is not considered in the theoretical analysis therefore, the 5 

resonance frequencies are little higher in the theoretical analysis. These aspects can be 6 

considered in the further analysis. 7 

(a) (b) 8 

(c) (d) 9 

Fig. 5.27 Influence of the working position: (a) static force curve with oblique spring and the 10 
contact stiffness, (b) comparison of theoretical and experimental result (c) theoretical results 11 

of the transmissibility (d) experimental testing results. 12 
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Table 5.4 Parameter of different working positions. 1 

Working 

position 

Working angle  

(rad) 

Compression length 

(m) 

Loading Mass  

(Kg) 

A 𝜃 = 0.55 0 0 

B 𝜃 = 0.47 0.010 0.3 

C 𝜃 = 0.38 0.023 0.55 

D 𝜃 = 0.30 0.034 0.56 

 2 

5.3.5 Time history recorded at the optimal working position 3 

As shown in Fig. 5.28, the time responses are obtained with the harmonic 4 

excitation with different frequencies: 3Hz, 5Hz, 8Hz, 10Hz, 12Hz, 15Hz, respectively. 5 

The red solid line represents the response of the isolated Mass on the top of the X-6 

mount and the black dot line represents the response of the bottom basement which is 7 

the input signal of the system. The X-mount clearly demonstrates different levels of 8 

vibration suppression at different excitation frequencies. When the excitation 9 

frequency increases, the X-mount exhibits excellent isolation performance as shown.  10 

 11 

 12 
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(a) (b) 1 

(c) (d) 2 

(e) (f) 3 

Fig. 5.28 Time response curves with harmonic excitation at different frequencies. 4 

5.4. Conclusions 5 

A novel and compact X-mount are designed and investigated in this paper. This 6 

X-mount demonstrates beneficial nonlinearities (stiffness and damping), tunable 7 

payload and adjustable resonant frequency, with an enhanced QZS effect. The main 8 

results and contributions are summarized as follows. 9 
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1. By introducing a special oblique spring (parameter 𝛽), the X-mount can 1 

achieve excellent adjustable performance in a wider frequency range with lower 2 

resonant peak. A bigger 𝛽 can result in a lower resonant peak and lower resonant 3 

frequency simultaneously. 4 

2. By tuning the obliqueness 𝛽 and other structural parameters 𝜃, n and L, the 5 

X-mount could be optimally designed for desirable and controllable nonlinear stiffness 6 

and damping to achieve excellent performance in vibration protection in a purely 7 

passive way.  8 

3. The negative stiffness effect of the X-structure can be eliminated by the 9 

vertical positive stiffness due to the contact stiffness introduced by the oblique spring, 10 

and thus achieving much wider range of the QZS effect.  11 

4. The traditional QZS isolators may cause strong nonlinear phenomena, e.g., 12 

instability, bifurcation, jump phenomenon and chaos which are all unexpected in 13 

applications. On the contrast, the X-mount has desirably weak nonlinearities and its 14 

structure parameters and the introduced oblique spring can be well employed to 15 

eliminate the negative stiffness and ensure stability, loading capacity, and adjustable 16 

isolation performance at meanwhile.  17 

Potentially, this novel X-mount provides a promising technical innovation for 18 

most vibration control purposes in wider engineering practices.  19 

  20 
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6. Conclusions, innovations, and future work 1 

6.1 Conclusions 2 

This thesis presents the study of a bio-inspired nonlinear damping mechanism 3 

and its applications in vibration protection\suppression. 4 

The nonlinear damping characteristics of a passive bio-inspired limb-like 5 

structure (LLS) or an X-shaped structure were studied with theoretical modelling and 6 

experimental validation. The structural rod length, asymmetric rod length ratio, layer 7 

number, and assembly angle can all significantly affect the equivalent damping and 8 

thus can be freely designed to achieve a better balance between the linear and nonlinear 9 

damping effects. 10 

LLS damping varies depending on vibration displacement and frequency, 11 

exhibiting high values at the resonance frequency (for large-displacement vibration) 12 

and extremely low values at other frequencies (for low-displacement vibration). This 13 

demonstrates an ideally nonlinear damping property in the application of vibration 14 

isolation. 15 

A tuneable TMD with an X-shaped structure (X-absorber) was designed to 16 

enhance the overall vibration suppression performance. Multi-variable optimisation 17 

analysis was conducted, and tuneable stiffness and damping properties, nonlinear 18 

influence, and vibration suppression performance of this X-absorber were investigated 19 

systematically. Compared with traditional absorbers, the X-absorber can successfully 20 
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mitigate or eliminate potential instabilities, for example, bifurcation and detached 1 

resonance curves that exist inherently in Duffing systems. It can also widen the 2 

vibration suppression bandwidth in resonance and overcome parametric sensitivity.  3 

A compact X-mount was designed and investigated. It demonstrates 4 

advantageous nonlinearities (stiffness and damping), tuneable payload, and adjustable 5 

resonant frequency, with an enhanced QZS effect by utilising the negative stiffness 6 

property. The X-mount appears to provide an innovative technical upgrade to many 7 

existing vibration isolation mounts in various engineering practices, and it might also 8 

be the first prototype mount that conveniently offers adjustable quasi-zero stiffness 9 

and adjustable loading capacity.  10 

  11 
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6.2 Innovations 1 

The main contributions of this thesis are summarised as follows: 2 

(1) An innovative and passive solution for designing the desired nonlinear 3 

damping vibration isolation is obtained by using a bio-inspired damping mechanism. 4 

The nonlinear damping characteristics of this bio-inspired limb-like structure (LLS) or 5 

X-shaped structure exhibits advantageous variations with vibration displacement and 6 

frequencies, showing an ideal passive and nonlinear damping property.  7 

(2) Design of an X-absorber that provides beneficial nonlinear damping for 8 

improving the system parametric robustness and tuneable quasi-zero stiffness for 9 

significantly widening the vibration suppression bandwidth. Moreover, compared with 10 

traditional absorbers, the X-absorber can successfully mitigate potential instabilities 11 

inherently existing in Duffing systems, widen the vibration suppression bandwidth, 12 

and overcome parametric sensitivity. 13 

(3) A compact X-mount is investigated, which demonstrates the benefits of the 14 

utilisation of nonlinear damping and stiffness in vibration isolation. By optimally 15 

designing the negative stiffness within the X-shaped structure, the X-mount can have 16 

an enlarged vibration displacement range, maintaining the quasi-zero-stiffness 17 

property. With the optimal design, a tuneable payload, adjustable resonant frequency, 18 

and an enhanced QZS effect are achieved. 19 
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(4) This innovative bio-inspired damping exhibits geometrical nonlinearity, 1 

which is beneficial for vibration isolation, and the tuneable property indicates its great 2 

potential in practice.  3 
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6.3 Future work 1 

Based on the studies in this thesis, the following studies will be considered in 2 

the future: 3 

(1)  The potential application of this nonlinear damping could be in the field 4 

of the nonlinear energy sink (NES), as the X-shaped structure exhibits an 5 

excellent magnification effect in the vibration resonance. 6 

(2)  To further improve the performance of the X-absorber, inertial elements 7 

(e.g., an inerter damper) could be utilized. 8 

(3) Nonlinear damping may also be used to improve the seismic performance 9 

of the base-isolated structure. 10 

  11 
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