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Abstract

Survival analysis is an essential branch of statistics, which focuses on analyzing
the duration time until one or more events happen. It is applied widely to medicine,
economics, engineering, and sociology. Despite the rapid development during the
past several decades, there are still many interesting researches to study in this area.
This thesis considers two topics: subgroup analysis for the heterogeneous Cox model
and statistical inference for panel count data with an informative terminal event.

In survival analysis, Cox model is commonly used to study the covariate effects.
Nevertheless, the homogeneous effect assumption in the classical Cox model is usually
not satisfied in many applications due to the differences among underlying groups
of individuals. Then the homogeneous model will lead to inaccurate estimation
results. To remove the bias, we conduct the subgroup analysis and build the Cox
model with individual-specific coefficients. We introduce the pairwise fusion penalty
function and minimize the penalized criterion function by the majorized alternating
direction method of multipliers (ADMM) algorithm. Then our estimation procedure
automatically clusters individuals having similar treatment effects into the same
subgroup and estimates the treatment effects simultaneously. For the asymptotic
theory, we first verify that the oracle estimator, the estimator with prior information
about the subgroup structure, is asymptotically consistent and has the asymptotic
normal distribution. Then we prove that under some mild conditions, the oracle

estimator is a local minimizer of our criterion function with high probability. This
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implies the asymptotic consistency and normality of our estimator. We show the
finite sample estimation results by the simulation studies. Furthermore, we use
our method to analyze the breast cancer data collected by the Netherlands Cancer
Institute (NKI).

In the long-term follow-up study of recurrent events, panel count data occurs
when the observations of individuals are some discrete time points such that only
the occurrence numbers of recurrent events between the adjacent time points are
available. In general, the follow-up study often ends with some events having intri-
cate interactions with the recurrent events, which motivates us to study the statistical
inference approaches for panel count data with an informative terminal event. This
thesis builds the nonparametric and semiparametric models for this problem with the
least squares-based loss functions. Treating the distribution of terminal event time
as a nuisance functional parameter, we consider the two-stage estimation procedures.
We approximate the nonparametric function by the monotone I-spline function be-
cause the spline estimation converges faster than the estimation approximated by the
step function. Using the empirical process theories, we verify the asymptotic proper-
ties for the proposed estimators. We also conduct the two-sample hypothesis test for
the mean function in the nonparametric model. Our simulation studies demonstrate
that the proposed estimations perform well. Finally, we use our methods to analyze

the dataset of the Chinese Longitudinal Healthy Longevity Survey (CLHLS).

Key Words: Survival analysis; Subgroup analysis; Cox model; Penalization; Ma-
jorized ADMM; Panel count data; Terminal event; Two-stage estimation; Monotone

I-spline; Empirical process.
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Chapter 1

Introduction

This thesis studies two topics in survival analysis. That is the subgroup analysis
for the heterogeneous Cox model and the statistical inference for panel count data
with an informative terminal event. In this chapter, we first introduce the research
area and some common concepts of survival analysis, such as right censoring, Cox
model, and recurrent events. Then we demonstrate some existing studies closely
related to the two topics in this thesis. Finally, we show the organization of this

thesis.

1.1 Background

The purpose of survival analysis is to investigate the duration time from a starting
point to the occurrences of one or more events. When the event of interest only
happens once for each individual, the duration time is referred to as survival time,
which is usually denoted by a non-negative continuous random variable U. Then the
behavior of survival time is determined by its distribution function F'(u) = P(U < u)
(or equivalently the probability density function f(u) = F’(u)). In survival analysis,
we usually adopt three other quantities to describe the behavior of survival time.
That is the survival function S(u) = 1 — F(u), the cumulative hazard function

H(u) = —In(1 — F(u)) (or equivalently the hazard function h(u) = H'(u)), and the



mean residual life function mrl(u) = [ S(t)dt/S(u). Because there are some one-
to-one maps among the above four quantities, we can focus on any one of them for
statistical inference. The relationships between F'(u), S(u), H(u) and mrl(u) were
summarized in Theoretical Notes 2 in Section 2.4 of Klein and Moeschberger (2006).

In applications, the survival time is sometimes partly observed. For example, in
the right-censored data, because of some censoring events such as loss-of-connection,
drop-out of participants, and the end of study, the remainder of survival time after
the censoring events is not observed. Hence, taking the censoring time to be C', the
right-censored data is recorded as (Y, A), where Y = U A C' is the right-censored
survival time and A = 1lyy<cy is the indicator of uncensored. Due to the loss of
information from the partial observation of survival time in right-censored data, we
need special approaches to analyze the behavior of U. Based on the right-censored
data, Kaplan and Meier (1958) proposed the Kaplan-Meier (KM) estimator for the
survival function of U. The asymptotic consistency and normality of the KM esti-
mator were established by Breslow and Crowley (1974), and the estimations for the
variance of the KM estimator were studied by Aalen and Johansen (1978) and Klein
(1991). Using the idea of the KM estimator, Nelson (1972) provided the Nelson-Aalen
estimator for the cumulative hazard function of U with right-censored data. Aalen
(1978) restudied the Nelson-Aalen estimator using the counting process theory. The
estimations for the density function of U with right-censored data were investigated
by Foldes, Rejté, and Winter (1981), Mielniczuk (1986), and McNichols and Padgett
(1986). Gehan (1965), Breslow (1970), Tarone and Ware (1977), and Harrington and
Fleming (1982) considered two- or multiple-sample tests for the distributions of the
survival time.

Many semiparametric models, such as the Cox model (Cox, 1972; Cox, 1975;
Breslow, 1972), the additive hazard model (Aranda-Ordaz, 1983; Buckley, 1984; Lin
and Ying, 1994), and the accelerated failure time model (Buckley and James, 1979;
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Wei, 1992) were developed to analyze the covariate effects in survival analysis. The
Cox model, which is the most popular model among them, is also known as the
proportional hazard model because it supposes that a unit change on the covariate
generates the exponential paces of changes on the hazard function. Cox (1972, 1975)
proposed the partial likelihood estimation for the coefficients of the covariates. Bres-
low (1972) provided the Breslow estimator for the baseline hazard function. Using
counting process theory, Andersen and Gill (1982) investigated the Cox model with
time-dependent covariates and verified the asymptotic properties of their estimation.
Christensen et al. (1986) further estimated the baseline hazard function for the Cox
model with the time-dependent covariates. There were also many statistical studies
based on other important topics on the Cox model, for example, the Cox model with
covariates measured with error (Prentice, 1982; Hu, Tsiatis, and Davidian, 1998; Hu
and Lin, 2002), variable selection approaches for the Cox model (Fan and Li, 2002;
Zhang and Lu, 2007; Zhao et al., 2020), asymptotic properties of estimators for high
dimensional Cox model (Bradic, Fan, and Jiang, 2011; Huang et al., 2013; Fang,
Ning, and Liu, 2017), and functional Cox model (Chen et al., 2011; Qu, Wang, and
Wang, 2016; Kong et al., 2018).

Most studies mentioned before considered the situation that the event of interest
happened only once. Another situation is that one individual may experience the
same type of events many times, and such events are referred to as recurrent events.
Based on the idea of the KM estimator, Gill (1980) proposed a nonparametric model
for the recurrent event, and Gill (1981) verified the asymptotic consistency. Sellke
(1988) extended the Nelson—Aalen estimator and investigated the estimation for the
intensity function when the recurrent events were observed in an infinite interval.
Aalen and Husebye (1991) provided a renewal process model and studied the wait-
ing time between two adjacent events. Ignoring the last event time, Wang and Chang
(1999) considered a weighed moment estimation for the marginal survival function

3



of the time between two adjacent events. For the semiparametric model of recurrent
events, based on the Poisson process assumption, Andersen and Gill (1982) studied
the proportional intensity model. Lin, Wei, and Ying (1998) investigated the accel-
erated failure time model for the counting process. Fleming and Harrington (1991)
summarized the nonparametric and semiparametric estimations for survival analysis

using the counting process and martingale techniques.

1.2 Literature Review

In this section, we introduce some existing researches about the two topics this

thesis focusing on.

1.2.1 Subgroup Analysis

The classical models presented in Section 1.1 supposed that the treatment effects
were homogeneous for all the individuals. However, in clinical trials, the treatment
effects might be different among patients with different characters, which causes the
homogeneous effect model to be misleading. (Sorensen, 1996; Kravitz, Duan, and
Braslow; 2004) Precision medicine focuses on investigating the treatment heterogene-
ity, and the corresponding methods are referred to as subgroup analysis.

Early subgroup analysis methods supposed that the treatment heterogeneity only
depends on the observed covariates, and the patients were clustered by the descrip-
tive statistics. (Kravitz, Duan, and Braslow, 2004; Rothwell, 2005; Lagakos, 2006)
Due to the lack of statistical frameworks, these approaches were inaccurate. The
finite mixture model (Everitt and Hand, 1981) was one of the most popular statis-
tical model in classification. In particular, Banfield and Raftery (1993), Hastie and
Tibshirani (1996), and McNicholas (2010) studied the gaussian mixture model, and
Wong and Li (2001), Muthén and Shedden (1999), and Muthén and Asparouhov
(2009) investigated the logistic mixture model. Shen and He (2015) first applied the

4



logistic mixture model to test the existence of subgroups and estimate the treatment
effects in the linear regression model. Wu Zheng and Yu (2016) extended the ap-
proach of Shen and He (2015) to the subgroup analysis in the Cox model. Although
the coefficient estimation in the finite mixture model for subgroup analysis performs
well, we need to specify the number of subgroups before the analysis, which is a
challenge in reality. Furthermore, the selected model in the finite mixture model
supposes that the subgroup structure is only dependent on the observed covariates,
which may be also not satisfied.

Recently, Ma and Huang (2017) and Ma et al. (2019) considered the model with
individual-specific coefficients and proposed a data-driven subgroup identification
procedure for the linear model. Introducing the pairwise fusion penalty, their meth-
ods clustered the individuals and estimated the coefficients simultaneously. Yan,
Yin, and Zhao (2020) and Zhang, Wang, and Zhu (2019) extended this subgroup
analysis method to the accelerated failure time model and the quantile regression

model, respectively.

1.2.2 Panel Count Data Analysis

In long-term follow-up studies, when the observation time is discontinuous and
only the occurrence numbers of the events of interest between two adjacent observa-
tion time points are available, such data is referred to as panel count data. Due to
the missing information caused by the discontinuous observation time, the methods
for survival analysis mentioned before are not applicable. Therefore, we need to
develop the statistical inference approaches for panel count data specifically.

Some early studies assumed that the event only happened once for each indi-
vidual, so they applied the methods for interval-censored data to analyze the panel
count data. (Diamond, McDonald, and Shah, 1986; Sun and Kalbfleisch, 1993) For

the studies of recurrent events, Kalbfleisch and Lawless (1985) investigated the panel
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count data under the Markov assumption. Sun and Kalbfleisch (1995) built a model
on the mean function of counting processes with panel count data and considered the
isotonic regression to obtain the estimation. Using monotone step function approx-
imation, Wellner and Zhang (2000) provided the maximum pseudo-likelihood and
maximum likelihood estimations for the mean function of counting processes with
panel count data.

Considering the covariate effects, Sun and Wei (2000), Hu, Sun, and Wei (2003),
and Zhang (2002) constructed the semiparametric model for panel count data. Well-
ner and Zhang (2007) studied the maximum pseudo-likelihood and maximum likeli-
hood estimations under the proportional mean model with panel count data. Using
the empirical process theory, they verified the convergence rate and the asymptotic
normality of the estimations. Lu, Zhang, and Huang (2007, 2009) further investi-
gated the model in Wellner and Zhang (2007) and improved the convergence rate of
the estimations by the monotone spline approximation. There were also some studies
focusing on the variable selection problem in the semiparametric model with panel
count data. For example, Tong et al. (2009) and Zhang, Sun, and Wang (2013)
proposed the penalized estimations for the coefficients using the nonconcave penalty
function and the seamless-Ly (SELO) penalty function, respectively.

For the hypothesis test with panel count data, Sun and Fang (2003) conducted the
k-sample log-rank test for the mean function of counting processes with treatment
indicator. Based on the maximum pseudo-likelihood and likelihood estimations in
Wellner and Zhang (2000), Zhang (2006) and Balakrishnan and Zhao (2009) estab-
lished the asymptotic normality for some functions of the estimators and proposed
k-sample test statistics. Zhao and Sun (2011) studied the k-sample nonparamet-
ric hypothesis test when the distribution of observation processes were not equal in
different groups. Following Lu, Zhang, and Huang (2007, 2009), Zhao and Zhang

(2017) considered the B-spline approximation and conducted the two-sample test for
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the mean function of counting processes with panel count data.

The researches for panel count data were summarized in Sun and Zhao (2013).

1.2.3 Terminal Event

In survival analysis, the observation of individuals may be stopped by some ter-
minal events which potentially affect the survival time. In some early studies, the
terminal event was treated as dependent censoring, and the models were built under
the repeated measure desine. (De Gruttola and Tu, 1994; Little, 1995; Sun and Song
2001) Based on this idea, two types of models for the analysis of recurrent events with
the terminal event were developed, i.e. the marginal model and the frailty model.

The marginal model focuses on the marginal distribution of the rate function of
the recurrent events given the condition of the terminal event time. Based on the
marginal model of Wei, Lin, and Weissfeld (1989), Li and Lagakos (1997) studied
the marginal model for recurrent events with the terminal event. Cook and Law-
less (1997) proposed an estimation for the conditional mean function of the recurrent
event using the marginal model. Ghosh and Lin (2002) investigated the semiparamet-
ric marginal effect model by the inverse probability censoring weight and the inverse
probability survival weight methods. Ghosh and Lin (2003) combined the marginal
model with the accelerated failure time model when the terminal event existed. Zhao,
Zhou, and Sun (2011) considered the marginal model for the semiparametric regres-
sion with time-varying coefficients and an informative terminal event. Using the idea
of the marginal model, Zhao, Li, and Sun (2013a, 2013b) provided semiparametric
statistical analysis for panel count data with the terminal event.

The frailty model introduces a latent variable to describe the correlation be-
tween the recurrent events and the terminal event. It supposes that the recurrent
event and the terminal event are conditionally independent given the latent variable.

Under the Poisson process assumption, Lancaster and Intrator (1998) studied the
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joint distribution of the recurrent events and the terminal event. Wang, Qin, and
Chiang (2001) proposed the frailty model under the assumption that the recurrent
events were from the nonstationary Poisson process. Huang and Wang (2004) and
Liu, Wolfe, and Huang (2004) investigated the extension of the proportional hazard
model for recurrent events with an informative terminal event. Ye, Kalbfleisch, and
Schaubel (2007) developed a time-varying coefficient model when an informative ter-
minal event exists. Zeng and Cai (2010) applied the frailty model and the additive
rate model to estimate the rate function of recurrent events. Sun, Tong, and He
(2007) and Zhou et al. (2017) considered the frailty model for panel count data with
the terminal event.

Both of the above two methods, however, are failed to explain the explicit inter-
actions between the recurrent events and the terminal event. The marginal model
is appropriate only when the recurrent events are not observed but indeed occur
after the terminal event, and the frailty model describes the relationship between
the recurrent events and the terminal event indirectly through the latent variable.
(Kong et al., 2018) Recently, to detect the explicit interactions, Chan and Wang
(2010) considered the situation that the terminal event stops the occurrences of re-
current events and built a time-backward model describing the occurrence rate of
recurrent events before the terminal event. Treating the terminal event time as a
fixed effect covariate, Kong et al. (2018) extended the time-backward model in Chan
and Wang (2010) and developed the mixed effect model for longitudinal data with

an informative terminal event.

1.3 Motivation and Outline

For the first topic, as mentioned in Section 1.2, the existing methods for the

subgroup analysis with the Cox model are based on the logistic-Cox mixture model



(Wu Zheng and Yu, 2016), which still needs to be improved. This motivates us
to consider the pairwise fusion function in Ma and Huang (2017) and Ma et al.
(2019) to do the subgroup analysis with the Cox model. The proposed subgroup
analysis procedure clusters the individuals with similar treatment effects into the
same group, which not only does not need to specify the total number of subgroups
but also clusters the individuals according to their latent characters. The majorized
ADMM algorithm (Li, Sun, and Toh, 2016) considered in this thesis is implemented
more easily and more accurately than the standard ADMM algorithm suggested by
Ma and Huang (2017) and Ma et al. (2019).

For the analysis of panel count data with an informative terminal event, we con-
sider the time backward model to study the explicit effect from the terminal event
with the least squares-based loss function. Since it is difficult to minimize the loss
function with respect to all the unknown parameters and functions, we treat the
distribution function of the terminal event as a nuisance functional parameter and
proposed a two-stage estimation. Furthermore, using the monotone I-spline approx-
imation, the overall convergence rate of our estimation is slower than n'/2?, and the
classical approach for the asymptotic normality is not applicable. Hence, we establish
two general theorems for the asymptotic normality of M-estimation with nuisance
parameter under the nonparametric model and the semiparametric model, respec-
tively. In the two-sample hypothesis test for the nonparametric model, it is difficult
to construct the statistics when the latent distribution functions of the terminal event
are different in two groups. Based on the techniques introduced by Zhao and Sun
(2011), we overcome this challenge which is by no means a straightforward extension
from the asymptotic normality theorem.

The remainder of this thesis is organized as follows.

Chapter 2 proposes the subgroup analysis for the Cox model, which identifies the

subgroup structure and estimates the coefficients simultaneously. We introduce the
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individual-specific parameter to represent the heterogeneous treatment effects. The
individuals with similar treatment effects are clustered into the same subgroup by
the concave pairwise fusion penalty function. To minimize the penalized criterion
function, we introduce the majorized ADMM algorithm. Using the oracle estimation
as a bridge, we verified the asymptotic consistency and the asymptotic normality of
the proposed estimator. The finite sample performances of our estimator are demon-
strated by the simulation studies. Finally, we applied our approach to analyzing the
treatment effects in the breast cancer data.

Chapter 3 studies the nonparametric model for the panel count data with an infor-
mative terminal event. Based on the least squares-based loss function and treating
the distribution function of the terminal event as a nuisance parameter, we con-
sider the two-stage estimation procedure. Under some mild conditions, we prove the
asymptotic consistency and the convergence rate of our estimation. We establish a
general theorem for the asymptotic normality of M-estimation with nuisance param-
eter and verify the asymptotic normality for the proposed estimation based on this
general theorem. Then the two-sample test statistics is constructed for comparison.
We also use the simulation studies to show the finite sample performances of our esti-
mation and the test statistics. At the end of Chapter 3, we use our method to analyze
the rate of occurrences of severe diseases by the data of the Chinese Longitudinal
Healthy Longevity Survey (CLHLS).

As a straightforward extension of Chapter 3, Chapter 4 investigates the semi-
parametric model for the panel count data with an informative terminal event. The
estimation is still based on the least squares-based loss function with a two-stage
estimation procedure. The asymptotic consistency and the convergence rate are ver-
ified under some mild conditions, and we also establish a general theorem for the
asymptotic normality of M-estimation with nuisance parameter for the semipara-

metric model. We conduct simulation studies to show the finite sample estimation

10



results. In the real data analysis, we further study the occurrence rate of severe
diseases by the CLHLS data.
In Chapter 5, we summarise the research results in this thesis and provide some

researches for future study.
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Chapter 2

Subgroup Analysis in the Cox
Model

2.1 Introduction

In this chapter, we consider the subgroup analysis in the heterogenous Cox model
under the assumption of sparsity subgroup structure. Based on the objective function
constructed through combining the negative logarithmic partial likelihood function
and a concave fusion penalty function, we can identify the subgroup structure and
estimate treatment effects simultaneously without any prior knowledge about the
group structure. The likelihood-based regularization approaches make the statisti-
cal inference of identifying the subgroup structure and estimating treatment effects
become an automated procedure and so it is easy to implement.

To overcome the computational difficulties caused from the complicated nature
of the likelihood-based objective function, we borrow the ideas of the majorized
alternating direction method of multipliers (ADMM) algorithm. (Li, Sun, and Toh;
2016) Compared to the classical ADMM algorithm suggested by Ma and Huang
(2017), this algorithm is able to efficiently handle large scale problems to get more
accurate solutions by transforming an objective function into a majorized convex

function with a pairwise fusion penalty. We take the ridge solution of the negative
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log-likelihood function as the initial solution of the algorithm, and find that the
initial solution performs well in identifying the subgroup structure in our simulation
studies.

Using the oracle estimator as a bridge, we obtain the oracle property of the
proposed estimator. Concretely, we obtain the consistency and asymptotic normality
of the oracle estimator at first. Then we show that the oracle estimator and the
proposed estimator are asymptotically equivalent. Thus, the latter is consistent and
possesses the asymptotic normality. This property also illustrates that the proposed
method can identify the subgroup structure of the model as if we knew it in advance.

The rest of this chapter is organized as follows. In Section 2.2, we introduce the
heterogenous Cox model with right censored data and propose a penalized estimation
approach. Section 2.3 presents the majorized ADMM algorithm for computing the
proposed estimators. In Section 2.4, we establish the consistency and the asymptotic
normality of the proposed estimator. We then conduct simulation studies to demon-
strate the performance of the proposed method in Section 2.5, and use the method
to analyze a real data example in Section 2.6. The proofs of the theoretical results

are relegated to the Appendix.

2.2 Heterogenous Cox Model and Estimation Pro-
cedure

Consider a survival study containing n independent subjects. For subject i,
let U; and C; denote the failure time and the censoring time, respectively. Then
the observed data consist of {(T;,4A;) : i« = 1,--- ,n}, where T, = U; A C; and
A; = Ly,<c,y- Let X; and Z; denote covariates with dimensions p and ¢, respectively.

Let A(t|X;, Z;) be the conditional hazard rate function of U given X; and Z;. Then
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the homogeneous Cox model is
ANt X, Zi) = Xo(t) exp(Z/n+ X[ B),i=1,--- ,n, (2.1)

where A\g(t) is the baseline hazard function, n and § are unknown regression pa-
rameters denoting the average effects. However, the homogeneous assumption about
covariate effects is not satisfied when the effects of X; are different among subjects.
To describe the treatment heterogeneity, we propose the heterogeneous Cox model
as follows:

where (3; is subject-specific effect of X; on the hazard function. We suppose that n
subjects are divided into K potential subgroups according to set G = (Gy,...,Gxk),
and §5; = qp foralli € G, k =1,--- , K. For this model, we focus on identifying the
subgroup set G and estimating parameters {aq, -+, ax} and 7.

For the coefficient of X, define a = (af,..., k)" and B8 = (8],...,51)T. The

negative partial log-likelihood function is

i=1 i=1 JER(Ty)
where R(T;) = {j : T; > T;} is the risk set. For the purpose of identifying the
subgroup structure, we use a concave pairwise penalty p.(||5; — 5;||,A) to shrink
small value of ||5; — B,|| to 0, where || - || is the Lyo-norm of a vector. Then the

criterion function is
Qu(1,8) = (0. B) + > _py (1B = Bill, ), (2.4)

~

where A > 0 is a tuning parameter. Thus, we can obtain the estimator (7(\), B(\)) by

minimizing the objective function (2.4) with a given turning parameter \. Finally, the
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estimator for a is the distinct value of B\()\), denoted by a()\) = (aF'(\), ..., d%()\))T.
The identified subgroup structure is Gy(\) = {i : Bi(\) = ax(\),1 < i < n}, where
1<k<K(\.

The penalty function can be naively chosen as the L; penalty function p,(t,\) =
Alt], but Ly penalty tends to choose too many subgroups. Following Ma and Huang

(2017), a better choice of the penalty function is the smoothly clipped absolute
deviation (SCAD) (Fan and Li, 2001) with

po(t2) =2 [ minfL, (3~ a/0) /(7 - D)

or the minimax concave penalty (MCP) (Zhang, 2010) with

o
py(t,A) = )\/0 (1 —x/(y\)) dz.
2.3 Majorized ADMM Algorithm

In this section, we present the algorithm to find the solution path (5()), B())).

Introducing a new set of parameters w;; = 3; — 3;, we can reformulate the criterion

function @Q,(n,3) as

Qu(n,B,w) = La(n, B) + D p([[ussl, A)

i<j

subject to i — 85 — u;; = 0, where u = (uj;,i < j)". Following Ma et al. (2019),
we can solve this minimization problem using the standard ADMM algorithm by

approximating ¢,(n, 3) as the quadratic function

(0, B) & Ly (™D, ) + Y, (D, BT (1, B) = (™Y, BY))

+5 (0.8 — (", BTV, (Y, B (0, B) — (Y, BY)),

N | —
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where (p™~Y 30m=1) is the value of parameter in the mth iteration step. However,
the quadratic approximation is only accurate when (1, 3) is close to (n(m=1, gm=1),
and the calculation of the second order derivative V24, (n,3) is time consuming.
Hence, it motivates us to utilize the idea of the majorized ADMM algorithm. (Li,
Sun and Toh, 2016)

Introduce another set of parameters Y; = ZI'n+ X1 3;, andlet Y = (Y1,...,Y,)T.

The negative log partial-likelihood function I,(n, 3) can be rewritten as

— =AY+ Y Adog (Y exp(1y)).
i=1 =1

JER(Ty)

Then we need to minimize

Qu(n.B,w,Y) = g(Y) + > py(llugl], N) (2.5)

1<J

subject to 8; — B, —u;; = 0 and Y; = ZI'n+ X[ B;. Since V?¢(Y) < G for G =

%diag{gl, ce 7gn} and gj = ; Ai]jER(Ti)a we have

9(¥) <g(Y;Y") = g(Y) + (Y =Y, Vg(Y")) + %IIY - Y'|I%

for any Y and Y’ with ||a:H25 — (x,Gz). The objective function (2.5) is then

transformed to the majorized augmented Lagrangian function as follows

i<j i=1

19 n
+Z<Uz‘jaﬁi_ﬁj_uij>+§Z(§/i_ZiT — X! B)° ZHB@ B; — uisl|?,

i<j i=1 i<j

T

where the dual variables w = (w;,i = 1,...,n)7 and v = (v],i < j)T are the La-

’L]’
grange multipliers, and 9 is the penalty parameter. We then compute the estimators
B and 7 through the following majorized ADMM algorithm.
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At the mth iteration, for a given value of parameter

(77(777,—1)7 B(m—l)7 }/(m—l)7 u(m—l); w(m—l), ,U(m—l)’ Y/(mfl))

I

cluster size K (m—

Step 1. Update (™, 3(™) by minimizing
Q0. B.Y ") a7 gl (m)
Step 2. Update (Y™, (™) by minimizing

QL (™, B, Y i w Y, oD, Y

n

and update
I — g8 X

1

fori=1,...,n;
Step 3. Update w™ and v™ by

w™ =" 4 03V, =z — XTB™),

(m) _ (m—1) (m) (m) (m)
Uii © =5 +00(B; = B =),

where the constant ¢ € (0, (14 v/5)/2);

Step 4. Update K™ and G by clustering 8.

D, and subgroup set G~ the iteration goes as follows:

(2.6)

At Step 1, for fixed (Y, u, w,v,Y"), it suffices to minimize the following objective

function in order to update 3 and n:

n

Y (wi,Yi=ZIn = XTB) + > (v, B — B — uy)

i=1 i<j

19 - T T 2 19 2
+§ZZ:;(Y1'—ZN7—X¢ Bi) +§Z|\6i—ﬁj—um\ :

i<j

17
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Define Z = (Zy,...,2,)", X = diag(X{,...,X}) and A = D ® I,, where D =
{(e; — €;),i < j}* with e; being an n x 1 vector whose ith entry is 1 and the
remaining ones are 0, [, is a p X p identity matrix, and ® is a Kronecker product.
For given K and G, let W5 = {w;} be an n x K matrix, where the entry wy, takes

1if ¢ € Gy and 0 otherwise. In addition, we define Wg =W;® 1, X=X Wg and

A= Aﬁvfg. Thus, after removing the terms irrelevant to 8 and 7, the minimal point

of (2.8) is obtained equivalently by minimizing
Y - 2y - Ko+ 2P+ S Aa—u+ 2
Y — —Xa+ — —|Aa — u + =%
2 7 g T2 9

At the mth iteration, setting Q, = I,, — Z(ZTZ)"'ZT, the parameters 3 and 7 are

updated through the following equations

al )—Hg S; ,
B —Wea™ (2.9)

77(m) :(ZTZ)—lzT(Y(m—l) . Xﬁ(m) +19_1w(m‘1)),

where H; = X7Q;X + AT A, and Sém_l) = YTQZ(Y(’”*U + 9w D) 4
AT(u(mfl) — 9~ tom=1) Tt deserves to note that the updated solution of parameter
B includes the integrated information of a(™, G(™=Y and K1,

At Step 2, for fixed (n, 3, w,v,Y”), we need to get the minimal points

: 1 2
arg min (Y, Vg(Y")) + §HY - Y| (2.10)

n 19 n
iYi_ZT —XTi — Y;-—ZT _XTiQ
‘I’;(wa z/r/ zﬁ>+2;( Z’I’] 7,5)7
. 1 (%]
arg min 5”51'_5]""?

1
— i * + 5oy (Il A). (2.11)
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At the mth iteration, for (2.10), it can be solved that for i = 1,... n,

Yz‘(m) _ @H‘ﬁ)fl [_vig(Y/(mfl))_i_giy;/(m—l)_wgm—l)_Hg(ZiTn(m)_i_XiTﬁi(m))]. (2.12)

For (2.11), we can get the closed form of u ) for some commonly used penalties,

such as group MCP and group SCAD. For the group SCAD penalty with parameter

v, i.e.,
B2 = M) < 0 + D200 g5 3,
we have
(el YA /0), eV < X+ A/,
uz(]m) _J (96— Agiimll)”) el 1)7 At A < ||Cm DI < ) (2.13)
e, e > X,

pim=1

where an—l) = g™ — ngm) “-— and S(¢;A) = (1 — A/|le||)+c. For group MCP

penalty with parameter 7, i.e.,

(YA = Jluij )+
P ([Juigll, A) = -,
Y
we have
eV (m=1)
W (o) e < x. (2.14)
J (m—1) (m=1) 5
Cij s e 7l > Ay

At Step 4, we first solve the following optimization problem

ag”)_argmm 188 — 8™ — iy |1 + py (i1, M), (2.15)

Uqj

and then update K™ and G by clustering individuals 7 and j into the same group
if 4;; = 0. This step is critical to clustering analysis of the regression coefficient 3 so
that Step 1 can be carried out smoothly in the recursive process. The performance of
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the algorithm depends on the choice of the penalty function and the tuning parameter
A

The initial points in the algorithm are taken as follows. Since covariate Z has
no subgroup effect, we simply take the estimator 7/ as 7(°) by treating the hazard
function as a homogeneous effect model. As a reasonable initial point of parameter
3, it should reflect not only the form of the assumed hazard function but also the
subgroup relation among different individuals. So we consider the ridge solution of

the negative log-likelihood function as 3(°). Concretely, we define

BY —argminl,(1/%.8) + 5 3 15— B,
i<j
where tuning parameter \* is taken as 0.001 in our simulation studies, and utilize a
majorized algorithm to find the solution of B3 through (2.5). We take K© = |\/n|
to ensure that there are enough groups at the beginning of the iteration. A cluster
analysis method can then be applied to 3 for determining G(® = ( §0), e ngo)).

Take Y(O) — Y/(O) — ZT](O) _|_ _X/B(O)7 u(o) — AIB(O) and w(o) — 'U(O) f Q

Denote the primal residual as

n

P = 3™ = = 3 = g I (216)

i=1 i<j

We stop the iteration when 7™ is small enough.

We summarize the above descriptions in Algorithm 1.

2.4 Asymptotic Results

Let N;(t) = Lin<t,a,=1), Yi(t) = L(1,>1), and 7 be the end time of study. Suppose

that fOT Ao(t)dt < oco. The negative partial log-likelihood function can be rewritten
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Algorithm 1 Majorized ADMM algorithm

Initialize (7@, 30, Y © 40 © 4O y"O) KO and GO
form=1,2,--- do
Update (8™, n(™) using (2.9)
Update (Y™ u(™)) using (2.12) (2.13), and (2.14)
Update Y'™ using (2.6)
Update (w™ v(™)) using (2.7)
Compute dgn) using (2.15), and update (K, G™)) according to dgn)
Compute 7™ using (2.16)
if 7™ is small enough then
Stop and denote the last iteration by (B, n)
end if
end for

as

a(n,ﬁ):—g[

(ZI'n+ X B) —log {Z Y;(t)exp(Z n+ X B;) }] dN;(t).
j=1
The objective function is Qu(n, B) = £u(n, B) + Pa(B), where Pu(8) = o, (|16 —
Bjll, A). Denote the true subgroup set as Gy = (Go1, - ,Go,k,). Define Wgo =
Wg, ® I, 3(/% = Xﬁvfgo, B = (Z,ngo), and let B; be the i-th column of BT, Let
0 = (nT,al)?, and S©(6,B,t) = n=1 3" Vi(t) exp(BT6). Thus, with the prior

information of Gy, we write the negative partial log-likelihood function as

7.(6) = — i /0 " [B76 — log[ns©(8, B, 1)]] dNi(1).

Then the oracle estimator 7 = (7°", @°") is the minimizer of 7, (8).

Now we present the asymptotic results of the proposed estimators.

Theorem 2.1. Suppose that Conditions (C1)-(C3) given in the Appendixz hold. Let
0y be the true value of parameter 8. Then

(i) 6 L 6y;
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(ii) \/ﬁ(é\o’" —0) converges in distribution to the multivariate normal distribution

with zero mean and covariance matriz X~(0y), where $(6y) is given in the Appendix.

Theorem 2.1 shows that when the grouping structure is known, the oracle esti-
mator is consistent and asymptotically normal. Next, when the true subgroup set

Go is known, we define the oracle parameter space of 3 as
Mgo = {/6 € R"™: /82 = Bj = g, for any Z?] € g(),k7 1 S k S KO}

Define (ﬁo’",ﬁo’") as the minimizer of ¢, (n, 8) with subject to 3 € Mg,. Set By and
oy to be the true parameter. We first consider the case of Ky > 2 and have the

following result.

Theorem 2.2. Suppose that Conditions (C1)-(C4) given in the Appendiz hold. Let
b = minjeg, ,,jeg, v k4K || Boi — Bojl| = mingw ||aor — cowr|]. Assume that b > aX for
constant a in Condition (C4). Then there exists a local minimizer (A(\), B(\)) of

the objective function Q,(n, 3;\) satisfying P((ﬁ()\),ﬁ(/\)) = (ﬁOT,BOT)) — 1.

Next, we consider the case of a homogeneous model in which Ky =1 and Sy =

o= Pon = Q.

Theorem 2.3. Suppose that Conditions (C1)-(C4) given in the Appendiz hold. When

there is only one group, we define the oracle parameter space of B8 as M = {83 €
R™ : B, = a,i = 1,--- ,n}, and the oracle estimator (ﬁm",,/B\m') as the minimizer
of ,(n,B) with B € M. Then there exists a local minimizer (17()\),,3()\)) of the

objective function Q,(n, B; \) satisfying P((A(N), B(N)) = (577, B7)) — 1.

Let @&()\) be the distinct value of B(\) and @ be the distinct value of 8. By

Theorems 2.1-2.3, we conclude that n'/ 2(§(A) — 6,) converges in distribution to the

multivariate normal distribution with mean 0 and covariance matrix X7(6;).
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2.5 Simulation Studies

We conducted simulation studies to evaluate the performance of the proposed
method. The data were generated from model (2.2) with censoring rate 0.20, where
M) =1,n=(-1,1)7T and Z; = (Z;1, Zs)" was generated from multivariate normal
with mean 0, variance 1 and correlation 0.4. We considered four examples: (i)
one treatment variable with two latent subgroups of equal size; (ii) multi-treatment
variable with two subgroups of unequal size; (iii) one treatment variable with three
latent subgroups of equal size; (iv) one treatment variable with a homogeneous effect.
Two penalties, group SCAD and group MCP, were used in the examples to compare
their performance with oracle estimators. The parameter v was taken as 3.7 and 2.5
for SCAD and MCP, respectively. We set sample size n = 100 or 200 in Examples
1, 2 and 4 and n = 150 or 300 in Example 3, and let ¥ = 1 in the majorized ADMM
algorithm.

To implement the algorithm, we adopt the warm start to update the solution
path of 3 and n along different values of A, and use the modified BIC criterion in

Lee, Noh, and Park (2014) to select the optimal tuning parameter A\ by minimizing

logn

BIC(\) = L,(A(\), BN) + Co—=—(K(A\)p + q),

where C,, = log(nK ()\) + ¢). The simulation results are based on 100 replications.
Example 1. We first generated X; from Bernoulli(0.5)+1. Let G, = {1,...,n/2}
and Go = {n/2+1,...,n}, and the effects of variable X on the survival time were
divided into 2 groups with equal size. We considered the following two cases to inves-
tigate the effect of the size of the difference between the subgroup-specific treatment
effects:
Case 1: 3; = —1.5fori € G, and 3; = 1.5 for i € Gy, that is, a = (—1.5,1.5)7.
Case 2: 3; = —3 for i € G, and 3; = 3 for i € Gy, that is a = (—3,3)7.
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We also compared our approach with the subgroup analysis approach under the
logistic-Cox mixture model (Wu, Zheng and Yu, 2016) in Example 1.

(a) Fusiongram based on one dataset

Case 1: a = (—1.5,1.5) Case 2: a = (—3,3)

(b) Fusiongram based on 100 replications

Case 1: o = (—1.5,1.5) Case 2: a = (—3,3)

Figure 2.1: Fusiongram for estimation of parameter 8 for GMCP in Example 1 when
n = 100.

The simulation results for Exapmle 1 are summarized in Tables 2.1 and 2.2 and

Figure 2.1. Figure 2.1 includes two kinds of fusiongrams for GMCP when n = 100,
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Table 2.1: Simulation results for estimation of group size K in Example 1.

n METHOD MEAN MEDIAN SD TPR
Case 1: = (—1.5,1.5) and n = (—1,1)
100 GMCP 2.10 2 0.333 0.911
GSCAD 2.09 2 0.321 0.909
200 GMCP 2.13 2 0.367 0.922
GSCAD 2.08 2 0.273 0.923
Case 2: = (—3,3) and n = (—1,1)
100 GMCP 2 2 0 0.978
GSCAD 2 2 0 0.979
200 GMCP 2 2 0 0.980
GSCAD 2 2 0 0.984

The true value of K is K = 2. SD represents standard deviation; TPR represents rate of
individuals selected into the subgroups correctly.

where one is from one simulated dataset and the other is based on the median
estimate of 100 replications for each fixed tuning parameter. The plots from one
dataset show how the group size and estimates change as the tuning parameter value
increases. It is clear that regression coefficients will be estimated as one group for
large enough value of the tuning parameter. As a comparison, the estimates in the
fusiongram based on 100 replications are more concentrated. This implies that our
ridge initial solution can statistically subgroup the regression coefficients to some
degree. The fusiongram for GSCAD and the fusiongram for n = 200 are similar
and so omitted here. Table 2.1 reports the estimates of group size K in Example
1. The means and medians of K under both GMCP and GSCAD selectors are close
to the true value. When the difference of treatment effects between two subgroups
increases, the true positive rate (TPR) becomes larger and are closer to 1, indicating
identification of the subgroup structure more accurate. Table 2.2 further shows the
estimates of regression coefficients. We can see that the MEANs and MEDIANs are
close to the true values of the parameters, and the standard deviations reduce as the

sample size increases. Noting that the logistic-Cox mixture model assumes that the
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Table 2.2: Simulation results for estimation of regression coefficients in Example 1.

n  PARAMETER METHOD MEAN MEDIAN SD
Case 1: a = (—1.5,1.5) and p = (—1,1)
100 GMCP (—1.760, 1.773) (—1.782,1.789) (0.413,0.421)
GSCAD (—1.735,1.791) (—1.773,1.778) (0.409,0.406)
MIXTURE (—1.545,1.543) (—1.520,1.570) (0.500,0.487)
Oracle (—1.518,1.586) (—1.505,1.594) (0.339,0.287)
GMCP (—0.850,0.844) (—0.869,0.854) (0.232,0.236)
GSCAD (—0.843,0.841) (—0.859,0.852) (0.229,0.234)
MIXTURE (—1.021,1.013) (—1.020,1.026) (0.235,0.242)
Oracle (—1.025,1.027) (—1.015,1.012) (0.175,0.168)
200 GMCP (—1.704,1.667) (—1.715,1.698) (0.299,0.287)
GSCAD (—1.750,1.625) (—1.773,1.671) (0.307,0.328)
MIXTURE (—1.521,1.550) (—1.516,1.554) (0.271,0.256)
Oracle (—1.532,1.538) (—1.531,1.522) (0.215,0.215)
GMCP (-0.924,0.925) (—0.917,0.910) (0.158,0.149)
GSCAD (-0.918,0.910) (—0.916,0.903) (0.162,0.162)
MIXTURE (—1.032,1.033) (—1.031,1.033) (0.140,0.137)
Oracle (—1.020,1.019) (—1.014,1.013) (0.112,0.113)
Case 2: a = (—3,3) and n = (—1,1)
100 GMCP (—2.969,3.171) (—3.013,3.175) (0.642,0.471)
GSCAD (—2.976,3.175) (—3.019,3.175) (0.645,0.475)
MIXTURE (—2.846,2.879) (—2.944,3.109) (0.896,1.124)
Oracle (—3.077,3.167) (—3.013,3.137) (0.545,0.450)
GMCP (—0.957,0.965) (—0.932,0.969) (0.217,0.215)
GSCAD  (—0.960,0.968) (—0.936,0.969) (0.215,0.218)
MIXTURE (—0.965,0.968) (—0.975,1.004) (0.281,0.296)
Oracle (—1.025,1.028) (—1.015,1.015) (0.178,0.172)
200 GMCP (—2.815,2.931) (—2.831,2.955) (0.493,0.436)
GSCAD (—2.856,2.944) (—2.897,2.987) (0.487,0.464)
MIXTURE (—3.002,3.013) (—3.008,3.058) (0.538,0.572)
Oracle (—3.077,3.069) (—3.081,3.040) (0.339,0.328)
GMCP (—0.977,0.966) (—1.000,1.006) (0.186,0.199)
GSCAD (—0.994,0.976) (—1.005,1.006) (0.171,0.186)
MIXTURE (—1.012,1.015) (—1.024,1.020) (0.158,0.164)
Oracle (—1.021,1.018) (—1.018,1.009) (0.114,0.114)

SD represents standard deviation

parameter K = 2 is given and the grouping membership satisfies a logistic model,

its parameter space is much smaller than our model. Table 2.2 shows the biases and
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standard errors of our estimators are comparable to those obtained by fitting the

logistic-Cox mixture model.

Table 2.3: Simulation results for estimation of group size K in Example 2.

n METHOD MEAN MEDIAN SD TPR
100 GMCP 2.10 2 0.362 0.982
GSCAD 2.08 2 0.339 0.984
200 GMCP 2.07 2 0.256 0.991
GSCAD 2.07 2 0.256 0.991

The true value of K is K = 2. SD represents standard deviation; TPR represents rate of
individuals selected into the subgroups correctly.

Table 2.4: Simulation results for estimation of regression coefficients in Example 2.

n PARAMETER METHOD  MEAN MEDIAN SD
Truth: o = (=2,05), as = (2,3), n = (—1,1)
100 a GMCP (—2.062,0.496) (—1.996, 0 507) (0 558, 0.475)
GSCAD (—2.059,0.497) (—1.996,0.507) (0.555,0.474)
Oracle (—2.108,0.486) (—2.064,0.529) (0.606,0.453)
Qs GMCP  (2.110,2.995)  (2.107,3.004) (0.465,0.755)
GSCAD  (2.108,3.012)  (2.120,3.004) (0.463,0.727)
Oracle  (2.111,3.244)  (2.058,3.247) (0.351,0.470)
n GMCP (—0.942,0.957) (—0.972,0.978) (0.279,0.283)
GSCAD (—0.946,0.959) (—0.977,0.978) (0.271,0.274)
Oracle (—1.058,1.060) (—1.053,1.071) (0.150,0.173)
200 a GMCP (—1.989,0.485) (—1.976,0.479) (0.389,0.329)
GSCAD (—1.989,0.485) (—1.976,0.479) (0.389,0.329)
Oracle (—2.108,0.516) (—2.095,0.501) (0.413,0.273)
Qs GMCP  (1.973,2.929)  (1.974,2.981) (0.250,0.456)
GSCAD  (1.973,2.929)  (1.974,2.981) (0.250,0.456)
Oracle  (2.070,3.090)  (2.065,3.066) (0.249,0.275)
n GMCP (—0.984,1.003) (—0.989,1.024) (0.163,0.165)
GSCAD (—0.984,1.003) (—0.989,1.024) (0.163,0.165)
Oracle (—1.021,1.009) (—1.001,0.996) (0.123,0.114)

SD represents standard deviation

Example 2. Suppose X; = (X1, Xig)T, where X;; and X;, were generated from
Bernoulli(0.5) + 1 and Uniform(1, 3), respectively. Set 8; = (—2,0.5)7 for i € G,
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(a) Fusiongram based on one dataset

0.0 05 10 15 20 0.0 05 10 15 20

Figure 2.2: Fusiongram for estimation of parameter 3 by GMCP selector in Example
2 when n = 200.

and 3; = (2,3)T for i € Gy, where G; = {1,...,2n/5}, and G, = {2n/5+ 1,...,n}.
Thus, a = (al',al)T with oy = (=2,0.5)T and ay = (2,3)7.

Example 3. Suppose that X; was generated from Bernoulli(0.5) + 1. Set G; =
{1,...,n/3}, Go ={n/3+1,...,2n/3}, and G5 = {2n/3+1,...,n}. Weset 5, = —3
fori € Gy, Bi =0 fori € Gy, and 3; = 3 for i € Gs. That is a = (—3,0,3)7.

Example 4. Consider the homogeneous model where X; was generated from
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(a) Fusiongram based on one dataset

Figure 2.3: Fusiongram for estimation of parameter 3 by GSCAD selector in Example
2 when n = 200.

Bernoulli(0.5) + 1, and §; = 1 for all i.

The simulation results for Examples 2-4 are summarized in Tables 2.3-2.7 and
Figures 2.2-2.5 in the online supplementary material. The figures show the fusion-
gram for estimation in Examples 2—4, respectively. Tables 2.3, 2.5 and 2.7 display the
estimates of group size K and the TPR in Examples 2-4, respectively. The means

and medians of X under both GMCP and GSCAD selectors are close to the true
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(a) Fusiongram based on one dataset (b) Fusiongram based on 100 replications

" / :

Figure 2.4: Fusiongram for estimation of parameter 8 for GMCP in Example 3 when
n = 150.

(a) Fusiongram based on one dataset (b) Fusiongram based on 100 replications

e

Figure 2.5: Fusiongram for estimation of parameter 3 for GMCP in Example 4 when
n = 200.
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Table 2.5: Simulation results for estimation of group size K in Example 3.

n METHOD MEAN MEDIAN SD TPR

150 GMCP 2.99 3 0.225 0.866
GSCAD 3.03 3 0.264 0.866

300 GMCP 3.01 3 0.100 0.874
GSCAD 3 3 0 0.876

The true value of K is K = 3. SD represents standard deviation; TPR represents rate of
individuals selected into the subgroups correctly.

Table 2.6: Simulation results for estimation of regression coefficients in Example 3.

n PARAMETER METHOD

150 oy

300

GMCP
GSCAD
Oracle
GMCP
GSCAD
Oracle
GMCP
GSCAD
Oracle
GMCP
GSCAD
Oracle
GMCP
GSCAD
Oracle
GMCP
GSCAD
Oracle
GMCP
GSCAD
Oracle
GMCP
GSCAD

Oracle

MEAN MEDIAN SD
Truth: a = (-3,0,3), n = (—1,1)
—3.422 —3.453 0.556
—3.429 —3.387 0.553
—3.087 —3.043 0.429

0.062 0.074 0.393
0.033 0.041 0.420
—0.007 0.001 0.233
3.309 3.219 0.552
3.280 3.204 0.578
3.076 3.040 0.364

(—0.747,0.727)
(—0.716,0.713)
(—1.033,1.024)
—3.283
—3.288
—3.065
—0.068
—0.068
—0.007
3.088
3.133
3.033
(—0.775,0.788)
(—0.785,0.790)
(—1.012,1.017)

(—0.777,0.720)
(—0.714,0.716)
(—1.029,1.016)
—3.289
—3.283
—3.031
—0.067
—0.072
—0.007
3.016
3.158
3.038
(—0.797,0.816)
(—0.795,0.805)
(—1.009,1.013)

(0.228,0.224)
(0.234,0.233)
(0.129,0.133)
0.388
0.411
0.298
0.314
0.298
0.152
0.525
0.523
0.238
(0.182,0.186)
(0.183,0.185)
(0.099, 0.094)

SD represents standard deviation.
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Table 2.7: Simulation results for estimation of K and regression coefficients in Ex-

ample 4.
n PARAMETER METHOD MEAN MEDIAN SD
100 GMCP 1.08 1 0.273
GSCAD 1.09 1 0.288
Oracle — — -
GMCP 1.022 0.999 0.221
GSCAD 1.017 0.995 0.221
Oracle 1.042 1.026 0.245
GMCP (—1.004,0.999) (—0.995,0.991) (0.178,0.171)
GSCAD (-—1.000,0.997) (—0.990,0.988) (0.180,0.170)
Oracle (—1.026,1.026) (—1.017,1.008) (0.170,0.170)
200 GMCP 1.04 1 0.197
GSCAD 1.01 1 0.100
Oracle - — —
GMCP 1.022 1.021 0.184
GSCAD 1.024 1.023 0.183
Oracle 1.020 1.019 0.172
GMCP (—1.029, 1.030) (—1.039, 1.027) (0.114, 0.118)
GSCAD (—1.029,1.030) (—1.032,1.024) (0.113,0.117)
Oracle (—1.019,1.018) (—1.015,1.008) (0.109,0.111)

SD represents standard deviation.

value, and the TPR are close to 1, which reflect that our methods can identify the
group structure correctly with high probability. As the sample size increases, the
standard deviation of K decreases and the TPR increases, which demonstrate the
good performances of our approaches. Furthermore, Tables 2.4, 2.6 and 2.7 report
the estimates of the regression coefficients. The MEAN and MEDIAN of estimators
are very close to the true value, and standard deviation (SD) for parameters reduce

as the sample size increases.

2.6 Real Data Analysis

We applied the proposed method to analyzing the breast cancer data (van de
Vijver et al., 2002; van’t Veer el al., 2002), which can be found in the “nki” data
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set in the R package “dynpred”. This trail was carried out in the Dutch Cancer
Institute, where 295 patients with breast cancer were put into two treatment groups
by the type of surgery (excision and mastectomy), some of them accompanying with
two kinds of adjuvant therapies, chemotherapy or hormonal therapy. The main goal
is to investigate effects of different surgical treatments on patients’ hazard. Hence
we focused on the observed data from 255 patients who were not treated with the
hormonal therapy for the analysis. Let U; and C; be survival and censoring times
for the ith patient, 2 = 1,...,n where n = 255. Let X denote the treatment group
indicator defined as 1 for patients treated with excision and 0 for patients treated
with mastectomy. According to the iterative sure independence screening result (Fan
and Lv, 2008), we took 5 additional baseline covariates Zi,--- , Zs into considera-
tion, including age (age), the logarithmic intensity ratio for estrogen-receptor status
(mlratio), histological grade (histolgrade = 1 if well differentiated; 0 otherwise),
vascular invasion (vasc.inv = 1 for more than 3 vessels; 0 otherwise), and the cross-
validated version of the prognostic index (PICV’). All the continuous covariates
were standardized for convenience.

To check for the possible heterogeneity of treatment effects, we first fitted the
homogeneous Cox model based on the excision treatment group. Figure 2.6 displays
the plot of the kernel density estimate of the martingale residual. We observed
that the distribution has multiple modes, indicating the existence of heterogeneous
treatment effects.

To demonstrate the heterogeneity of treatment effects, we fitted the proposed
heterogeneous Cox model in (2.2) using our subgroup analysis procedure with group
MCP and group SCAD penalties, where the optimal tuning parameter was deter-
mined by the modified BIC criterion. Figure 2.7 displays the fusiongram for the
estimate of 3. The grouping and parameter estimation results with GMCP are sum-

marized in Table 2.8, while the results with GSCAD are similar and so are omitted.
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0.5

Martingale Residual

Figure 2.6: The kernel density plot of the residuals after controlling for the effects
of the 5 covariates for the patients treated with excision in the Breast Cancer data.

For comparison, we also provide the estimation results by fitting both the homoge-
neous Cox model and the logistic-Cox mixture model in the table. It can be seen
from the table that the fitted homogenous Cox model could not detect any signifi-
cant treatment effect, while both the logistic-Cox mixture approach and the proposed
subgroup analysis approach identified the significant subgroup-specific treatment ef-
fects.

Furthermore, we present the grouping result in Table 2.9 according to the type of
surgery. It can be seen from the table that our subgroup analysis approach identifies
90% of the patients with the excision and 4% of the patients with the mastectomy as
one subgroup and 96% of the patients with the mastectomy and 10% of the patients

with excision as another subgroup. For the patients in subgroup 1, the excision
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Figure 2.7: Fusiongram for estimation of parameter 3 in Breast Cancer Data analysis.

Table 2.8: Analysis results for Breast Cancer Data.

PL MIXTURE GMCP
Covariate Estimate(ESE)p—valueEstimate(ESE) p—valueEstimate(ESE) p—value
typesurgeryl —0.311(0.244) .203 —1.571(0.409) < .001* —3.981(0.575) < .001*
typesurgery?2 — 1.374(0.425) .001* 1.917(0.343) < .001*
age —0.323(0.110 .003* —0.058(0.146)  .689 —0.320(0.109) .003*

)

)

)

)

|
—~
|

( (

( ( (
milratio  —0.285(0.152 060 —0.347(0.179) .053 —0.420(0.155 .006*
histolgrade —1.110(0.542 .041* —1.004(0.587)  .087 —1.289(0.551 .019*
vasc.1nv 0.642(0.250 010" 0.046(0.324) .889  1.081(0.274) < .001*
( 011*  0.534(0.166) .001*  0.505(0.171

— N N N e

PICV 0.421(0.165 .003*

PL represents partial likelihood estimators; MIXTURE represents the logistic-Cox mix-
ture estimators; typesurgeryl, typesurgery2 represent the different subgroup variables of
typesurgery; * represents significant at 0.05 level.

can reduce the hazard and prolong the lifetime significantly; while for the patients
in subgroup 2, the mastectomy is better than the excision. The subgroup analysis
approach (Wu, Zheng and Yu, 2016) provides the estimates of the probabilities that
patients belong to each subgroup under the logistic model.

The key difference between our approach and the subgroup analysis approach

(Wu, Zheng and Yu, 2016) is that the number of the potential subgroups K and the
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grouping structure are left completely unspecified in our proposed model, while Wu,
Zheng, and Yu (2016) assumed that K = 2 and the subgroup membership satisfies

a logistic model. Our subgroup analysis method is more flexible and applicable.

Table 2.9: The number of patients with different type of surgery and subgroups.

Subgroup 1 Subgroup 2 Total
Excision 128 15 143
Mastectomy 5) 107 112
Total 133 122 255

2.7 Appendix: Proofs of Theorems

To establish the asymptotic properties of the proposed estimator, we need the
following regularity conditions.

(C1) The end time of study 7 satisfies that [ Ao(t)dt < oc.

(C2) The covariates X; and Z; satisfy that ||X;|| < ¢ and ||Z;]] < ¢ with
probability 1.

(C3) The dimension of covariates p, ¢ and the true cluster size K, are constants.
The sizes of Gy, satisfy that |Gy x|/n — pp for k=1,--- , Ky when n goes to infinity.

(C4) Set the penalty function p,(t) = A™'p, (¢, A). Suppose that p,(¢) is symmet-
ric, non-decreasing and concave on [0,00). p,(t) is constant when ¢t > a), where a
is a positive constant. Furthermore, p,(0) = 0 and the derivative p. (t) satisfies that

p,(07) = 1.
We introduce more notation before proving the theorems.

Let SO(0,B,t) = n ' >." Yi(t)BY exp(BY0), where a® = 1,a,aa’ for [ =

36



0,1, 2. Define the score function

[ [ Seiem)

and the Hessian matrix

Let S®0(0,B,t) = gl Yicg,, Yi(t)B exp(Bf'9), where | = 0,1,2 and k =

1,---, Ky. Then we have

n

s0(g,B,t) = %ZY( )BZ exp(B7'6) = Z S0 g0 (6,B,1).
=1

Note that B;, @ € Gy are independent and identically distributed random vectors.
Denote the expectation of S0 (8, B, t) by s*!(8,t), and s (0,t) = Zszl pres®(0,1),

where |Go x|/n — pr when n — oco. Then we have

sup |S(k’l)(0, B,t) — s“‘””(@,t”m o,

te[0,7]

and supye(o 1 1SD(8,B,t)—51(0, )]s 2 0, where || denotes the maximum norm.

Define

75200t (5000,
%(80) _/0 {5(0)(00,t) a (3(0)(00,t)> 57 (80, D)holt)dt.
2.7.1 Proof of Theorem 2.1

(i) The proof of the first part is based on the techniques for the consistency of

the M-estimator. Note that

n

) _ o SO0, B,
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Define

n

=—%Z [ [BTO 60) —log o OB ((jo ,’15;?)]n<t>exp<B?eo>Ao<t>dt

T SO0, B,t)
- _ 1 T — _ Z A\ (0)
/0 |:S (00, B, t) (0 90) log {S(O)(OO, B, t) } S (00, B, t):| /\D(t)dt

as the compensator of 1 (£, (8)—/,(8y)), and M;(t fo u) exp(B]0¢) \o(u)du.

Since M;(t) is a locally square integrable martingale, then

N . T S© 9, B
%(znw)—en(eo))_ :_—Z/ [BI0—60) o o, ((BO,Btt))}dMi(t)

is also a locally square integrable martingale. Hence - (E (0) — gn(Oo)) — A, (0) has

a predictable variation process

Z% 5 /0 [ {BZT(B ~ 6;) — log %;_1 ig) igggz) } Yi(t) exp(B 00)/\0(15)] dt

S©9, B,t)

1 [ T ) T o)
_= _ B _ -2 — B I
n/O {(9 8y)"5'(0,B,1)(0 — 6y) — 2(6 — 6,)" SV(8, B, 1) log SO0y, B, 1)
S
S

©9,B,t) )"
log —— 11—~ Ao()dt.
e Soge ) | M0
By Conditions (C2) and (C3), for any k and I, s*Y(8,t) and s (0,t) are bounded.
Then, by Condition (C1), the predictable variation process has a finite limit. This
gives that lim,, . %(En(e) — En(eo)) = A(0), where

! 5(0)
A= fig, 409 = _/0 [S(l)wo’ t)7(6 = 60) — log { 50 ((Z; tt))

n—o0

} 59(8y, t)} Ao(t)dt.
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Noting that 6°" is the global minimizer of Zn(e), it is also the global minimizer of

%(Zn(e) —Zn(eo)). Since A(0) is a convex function about € and has a global minimizer

8y, it follows that 87 2 6.

(ii) To prove this part, it suffices to show that \/LEU”(OO) converges to a zero mean
multivariate normal distribution with covariance matrix ¥(6p), and \%[?[n(gor) -

3(6p)|s = 0. For this, we only need to verify the conditions of Theorem 8.2.1 of
Fleming and Harrington (1991). Recall that

sup [SY (0, B, t) — 5V(8y, )]0 = 0.

0<t<r

Noting that 25* (g, B,t) = 5*1(6,B,t) and 2.5%1(0,B,t) = S*2(0,B, 1), we
have Zs*0(0,t) = s®D(0,t) and Zs*D(0,t) = s*2(0,t), k = 1,--- , K. Since
s()(0,1) is a linear combination of s (@,t), it follows that %3(0)(0,75) = s1(0,1)
and Zs(0,t) = s?(0,t). By Condition (C2), s?(6,t) is bounded. In addition,
as the composition of continuous functions is continuous, we then get that s (8, 1),
0 <t < 7 are equicontinuous for [ = 0, 1, 2.

Condition (C2) gives that ||B;|| < \/c} + ¢3 with probability 1. Noting that Y; is

a decreasing counting process from 1 to 0, and B! 6y > —||B;|| - ||6o||, we have

n % sup ||Bz'||Yz'(t)1{BiTeo>—HBi||.|\eo||}£>0-

1<i<n, 0<t<7

Finally, the convexity of negative partial log-likelihood ensures that %f[n(%) is

positive definite and so its limit is
™| 52)(0y,1) s (6, 1) ®2
%(60) = —3 : (@, ) Ao (t)dt.
%) /o {S(O)(Oo,t) <8(0>(00,t)> s7(6o, 1) Ao(?)

By Theorem 8.2.1 in Fleming and Harrington(1991), we conclude the asymptotic

normality of %ﬁﬁn(eo) and |%ﬁn(§°r) — 2(60)]0 = 0.
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By the Taylor’s expansion, we get that ﬁn(é\‘”’) = U,(60) —ﬁn(g)(é\""—Oo), where

6 is a vector between 8 and 6. Noting that ﬁn(é\o’") = 0, we have

%ﬁn(é)ﬁ(éf”‘ — ) = %ﬁn(%)'

Using the fact that both %f[n(@”“) and %ﬁn(eo) converge to ¥(6y) in probability,
f[n(g) also converges to X(6y) in probability. Besides, as \/%;(7"(00) converges to

a zero mean normal distribution with covariance matrix ¥(6y), we conclude that

V/n(0°" — 6y) converges to a normal distribution with zero mean and covariance

matrix X7(6y).

2.7.2 Proof of Theorem 2.2

Define the mapping T : R™ — RXoP a5

T*(8) = {1Goxl ™ > Bl k=1,  K}",

1€G0,k

and let the one-to-one mapping 7' : Mg, — R¥P satisfying T(8) = T*(3). For any
vector B3 € R™, set a = T*(3) and B* = T(T*(B)) = T"'(«). Noting that for
any vector 7 € R? and B* € Mg,, we have £, (1, 3*) = 0,((n",a™)T). Hence, g°r
defined in Theorem 2.1 equals to ((ﬁo”)T,T(B"")T)T. Consider the neighbourhood

of (7707 /30)7 i‘e'7

O ={neR",BeR":|n—1nll < ¢nmax||Gi = Foil| < én},

where ¢, — 0 as n goes to infinity. To conclude the theorem, it suffices to verify the

following two steps.
(i) For any (57, 87) € ©, if (47, (8)7)" # ((7)", (8")")7, then Qu(n, B*) >
Qn(ﬁor’ B\or)_
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(ii) For any (n?,87)T € © and large enough n, Q,(n, B) > Q.(n, B*).

In fact, by Theorem 2.1, we have P((7”",3) € ©) — 1. If (i) and (i) hold,
for any (n?,37)T € O satisfying (7, (8*)1)" # ((7°")7, (B"")T)T and large enough
n, we have Q,(n,3) > Q.(1°", B‘”"). That means that there is a local minimizer of
Qn(n, B; A) satisfying that (ﬁ()\),B()\)) = (77‘”,,3”) with probability tend to 1.

For (i), since £,(n,8°) = Zu((F7,a?)T) > & ()T, (@7)1)T) = (i, B,
we only need to consider the penalty function P,(8) = A>_,_; py(||B8: — B;l[). Note

that 87 = 7 when subjects i and j are from the same group. Thus,

P =r Y i - gl =a Y el o o,

i<j,i€G0,1,7 €G0! kAk!
For any (n”, 87)T € ©, we have max; ||3; — Boi|| < ¢n. Then for any k # K,

|y — ap|

2|l — cow || = [law — aorl] = llaow — awll = |laor — aow || = 2max|lar — o]

>b — 2max 1Goxl ™" Z (B = Boi) || = b —2|Gox| max Z (B — Boi)ll

i€Go i€Go
>b— Qm?XHﬁi — Boil| 2 b —2¢, > al.
(2.17)
The last inequality follows since b > a\ and b > ¢,. By Condition (C4), p,(||ax —
ay||) is a constant, and P,(3*) is only dependent on sample size n for any (n*, 87)7 €
©, which can be denoted as C,. By the fact that (1°",@°") is the unique global

minimizer of £, (1, &), we get

Qn(1,8) = la(1, 8°) + Cp > £, (7", B) + Cp = Qu (7", B

when (77, (8)7)T £ ((7°)7, (8°"))T. Thus, (i) is concluded.
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For (ii), by the Taylor’s expansion, we have

9ln(n, B)

oP,(9)
S| (B8

Qn( 7ﬁ) _Qn( 7/8*> =
! ! B=8 9B" sz

(B—pB") =T1+ T,

where B is a vector between 3 and 3*.

We first consider the second term I';. Note that P,(8) = A3, ieq, , jeg, ., P (18—

Bl)). Then

oP,(B)

L2 = —5ar

\M (8- )

( 5]) *
=\ Bz 5] ﬂz _/Bi
2 A= By = 6 = )

A Y AL - A=)

== (B, = )
1<j<i<n ||/6] 6Z||

( ﬁ]) ¥\ _ . (B
_)\Z (15 — @mm ﬁjn{(ﬂ B57) = (8; = 57}

On one hand, when subjects 7 and j are from different groups, that is ¢ € Gy and

Jj € Gow, k# K, we have
1B = Bj1| > 1180i — Bojl| —2mzde||ﬁ~i — Boil| = ||ewor — aow || — Qm?XHBi — Boill-

Since (1, B) € ©, we can see that max; ||5;—oi|| < ¢n. By (2.17), we have maxy, ||oy—
aok|] < ¢, for a = T*(B). Then B* satisfies that max; ||3F — Boi|| < én. By the
definition of B, we have max; ||3; — Boil| < ¢, and ||B; — Bill > b— 24, > a). By
Condition (C4), p,(t) is a constant when ¢ > aX and pf,(f) = 0 when ¢ > a\. Thus,
when subjects ¢ and j are from different groups, pﬁ,(||ﬁ~, — B;]]) = 0. On the other

||ﬁi—ﬁj|| Hﬁz BJ

hand, 8} = 87 when i and j are from the same group. Hence I " and

(B — B;)"

P15 = Bill) == T

{(52' - B7) - (5]’ _B}k)} = P;(HBz _BJH)HBl —BJH-
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Note that

max max ||f — §jl| = max max ||5; — B} + 5 — 8} + 5 = 5|
k Zvjego,k

1,5€G0,k

SQm?XHBi - Bl < ZmiaX(HBi — Boil| + 1187 = Boil|) < 4.

By Condition (C4), we have

Ko Ko
=3 MBI -8 =D Y A (en)ls - Bl

k=1 {i,j€Go 1,i<j} k=1 {i,j€Go ,i<j}

Now we turn to the first term I'y. Let

Oy, Yi(t) X, ZTn + XT3, _
(9@ B=8 Zj 1 ]( )eXP(ZjU+Xj BJ)
(2.18)
where N(t) = 23" | N;(t). Then after some calculation, we have
n Ko
L= UlBi=8)=>> UlB—5)
i=1 k=1 i€Go x
S PP o Sl CEEINS S Dl

k=1i,j€Go 1 |g°’“’ k=11,j€G0 k 2’%’“‘ k=1 1,500 1 2/Go.x|

Iji IJ Iji—-tjjir i — Pj
:ZZ< 2!5014 Z 2 ( rg)o,:f =

k=1i,5€G0 x k=1 {i,j€Go k,i<j}

K
—ZO 3 2max, [|U]| - [|8; — 5]
|gnmJ 7

k=1 {i,j€G0,k,i<j}

where |Gumin| = ming_; ... x, |Go |- Following the same clues as before, for any (1, 3) €
O, we have (77,,@) € O. Then, by Condition (C2) and (2.18), we can find a constant

Cy such that max; ||U;|| < Cy with probability 1.
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Note that lim,, . o (4¢,) = 1 and [Gpin| goes to infinity as n — oo. For large

enough n, we can get that

Ko
Qu(m,B)=Qu(n,B°) =T1+T2> > > [|B=B,l[[M},(460)—2Cu /|Guinl] > 0.

k=1 {i,j€G0,r,i<j}
Thus, (ii) is concluded.

2.7.3 Proof of Theorem 2.3

Proof. Similar to the proof of Theorem 2.2, we define the mapping 1" and 7™ when
Ky = 1 and Mg, = M. For any vector 3 € R"™, set a = T*(B8) € RP and
B* = T ') € M. The neighbourhood of true parameter © and ¢,, are the same
as those in Theorem 2.2. Then we only need to show the following two steps.

(i) For any (n,87)" € ©, if (n, (B)7)T # ((7)7, (B”)")T, then Qu(n, B*) >
Qu(i”, B

(i) For any (n?,87)T € © and large enough n, Q,(n,3) > Q.(n, 8%).

For (i), when there is only one group, we have 3 = a and so P, (8*) = PH(BO’”) =

0. Since £, (1, B*) = £,(7°, B°7), it follows that Q,(n, B%) > Q. (7", B).
For (ii),
0l,(n, B)

B o _ 9a(n,8) g, 9Pa(B)
Q) -0 8= 2550 (g R

(B—pB") =T1+ Ty,

where 5 is a vector between 3 and 3*. We first consider the second term

=220 g-p)-a X AA-AIN L

B=p 1<i<j<n Hﬁz - BJH

{(B:=87)—(B;=57)}-

BE'—BZ)T _ (Bi—B;)T
|Bi =05 I18:—B51|

Since ¢ and j are from the same group, we have ; = 7 and (|
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Furthermore, max; ||3; — 5;]| < 4¢,,. Then by Condition (C4), we get that

Lo=A S A= BINNE-BlI=r S d @B - Bl

1<i<j<n 1<i<j<n

For the first term I';, we have

_ 0ln(n, B)

v, - 2l T YOXiep(ZIy+ XTH) o

1 n T T A N(t)v
0 & 23:1 Y;(t) eXp(Zj n+ Xj B;)

‘ _ / X.dNi(t) +
B=8 0

where N(t) = 13" . N;(t). Since there is a constant Cy; such that max; ||U;|| < Cy
n i=1

with probability 1, it yields that

- Y 2max; |[Usl| - |18 = Bll o 3 20018 - BilI

] N 7]

1<i<j<n 1<i<j<n

Noting that lim,, . plv(4¢") = 1, we obtain that for large enough n,

1<i<j<n

Hence, (ii) is concluded. O
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Chapter 3

Nonparametric Statistical

Inference for Panel Count Data
with Terminal Event

3.1 Introduction

The main contributions of this chapter are fourfold. First, we propose a reversed
nonparametric mean model for panel count data with a right-censored terminal event,
where the nonparametric mean function is increasingly dependent on the terminal
event time. Thus, the proposed model provides an intuitive interpretation of effects
of terminal events on recurrent event processes. Second, we develop a two-stage sieve-
based nonparametric estimation procedure by treating the distribution function of
the terminal event time as a nuisance functional parameter. Third, we establish the
asymptotic properties of the proposed estimator. In particular, we develop a general
theorem for the asymptotic normality of nonparametric M-estimators with nuisance
parameter when estimators have a convergence rate slower than the standard rate
n~/2. Fourth, we develop a class of nonparametric tests for nonparametric compar-
ison of mean functions of reversed recurrent event processes with panel count data
in the presence of informative terminal event.

The remainder of this chapter is organized as follows. In Section 3.2, we present a
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reversed mean model anchoring at a terminal event and propose a two-stage nonpara-
metric sieve-based estimation procedure. In Section 3.3, we establish the asymptotic
properties of the proposed estimator. We first show the consistency and the conver-
gence rate of the proposed estimators. Then we provide a general theorem for the
asymptotic normality of nonparametric M-estimators with nuisance parameter. Sec-
tion 3.4 presents a class of new test statistics for two sample test and establish their
asymptotic normality. In Section 3.5, we conduct simulation studies to demonstrate
the finite-sample performance of the proposed methods. In Section 3.6, we use the
proposed methods to a set of panel count data from Chinese Longitudinal Healthy

Longevity study. The proofs of the main results are given in the Appendix.

3.2 Model Setting and Estimation Procedure

Suppose that a counting process {N(t) : 0 < ¢t < 7} denotes the number of
recurrent events occurring up to time ¢, where 7 is fixed time point. Let T =
(T}, Ty, -+ ,Tk) be the observation times of N(t), where K represents the total

number of observation times. Then the observed counting process is
N = (N, Ny, -+, Ng) = (N(T1), N(T2), - - - , N(Tk)).

Let U and C be the terminal event time and the censoring times, respectively. The
observed right censored terminal event time is Y = U A C and the indicator whether
the terminal time is uncensored is A = lyy<cy. The observed data for subject i
consists of X; = (Y;, Ay, K, T3, N;), i = 1,--- ,n, where T; = (T}1,Tio, - - - , Tik,) and
N; = (N(T31), N(Ti), - - -, N(Tik,)) with sample size n.

To investigate the effect of the terminal event on the recurrent event process, we
consider a counting process N (t;U) denoting the event counts from time ¢ to the

terminal event U, and propose a reversed nonparametric mean model anchoring at
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the terminal event:

E(N#HU)U = u) = Alu— 1), (3.1)

where A(+) is an unknown nondecreasing function with A(0) = 0 to ensure the iden-

tifiability of this model. This model implies that

E(N(t;;U)|U = u) — E(N(to; U)|U = u) = Au — t1) — Au — t5),

where 0 < t; < t; < u. Noting that N(ty) — N(t1) = N(t1;U) — N(Q;U) and
N(0) =0, we obtain E(N(t)|U =u) = A(u) — A(u —t).

Let F' denote the underlying distribution function of U. To make a valid inference
on our model, we need the following basic conditions: (i) U and C' are independent;
(ii) The censoring event time C' is noninformative to A. (iii) Given (Y, A), the
distribution of (K,T’) is non-informative to A. Define AN; = N(7};) — N(7;-1) and
ANj(u) =Au—Tj-1) —Au—1T;) for j=1,--- | K with Tj = 0. Motivated by

K
E Z{AN] - AAJ(U>}2‘Y7A7K727M

S : v AN, — AN (u) 2dF (u
=Y " A{AN; - AA(Y)} +Z(1—A)f{ 1_F<}£)>} (),

j=1 j=1
with X = (Y, A, K, T, N), we propose a least squares-based loss function

n K;

ln(A, F; X) ZZ[A{AN” Ai(Yi)}?

=1 j=1
(3.2)

Jy, {AN; = A (u)}2dF (u)

+(1-A) A ,

natural idea is to take the minimizer of [, (A, F'; X') defined in (3.2) as the estimator
of the parameter. However, since the loss function involves an unknown distribution
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function F', it is difficult to estimate A and F' simultaneously. To tackle the problem,
we propose a two-stage approach. Concretely, in stage 1, we estimate F' by using
the Kaplan-Meier (KM) estimator F,,(u) (Kaplan and Meier, 1958). In stage 2, A,
is obtained by minimizing the loss function [,,(A, E, X ) with respect to A. Since the
observed data of (Y, A) is used in both stages 1 and 2, to distinguish them, we use
the notation (Y, A) to represent the data when we obtain the KM estimator in stage
1 without any ambiguity.

We adapt spline sieve estimator to estimate A since it converges fast and is
easy to implement according to Lu, Zhang, and Huang (2007, 2009). Let {t; : ¢ =
1,--+,my,+2d} be a sequence of knots that partition [0, 7] into m,, + 1 subintervals,

where
O:tlz"‘:td<td+1<"'<tmn+d<tmn+d+1:"':tmn+2d:7_.

Let g, = m,, +d and {[;(s),l = 1,--- ,g,} be the I-spline basis functions of order d

(Ramsay, 1988). We then define the functional space of the estimator for A to be

Usually, we take d = 3 corresponding to the cubic I-spline. Since F, is a mono-
tone step function, as shown in the Appendix 3.7.1, minimizing the loss function
ln(A,Fn;X) is a quadratic programming with the constraint that o; > 0 for [ =
L, qn. Let I(s) = (Li(s), -+, 1, (s)", @ = (a1, , )7, and the solution of

quadratic programming be & = (Gq, -+, &,,)". Then the spline estimator of A(s) is
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3.3 Asymptotic Properties of the Estimator

To present the asymptotic results, we introduce some notations. Let ¢ be the

rth derivative. For r > 1, define
H,={g:]| g I(s) — g V()| < cols — t| for all 0 < s, t <7},
® ={A € H, : A is a nondecreasing continuous function on [0, 7] with A(0) = 0},

F ={F : F is a distribution function on [0, 00)}.

Denote the true value of (A, F) to be (Ao, Fy) € ® x F. For By, By € By, =:

{BN0,7] : B € B}, where B denotes the collection of Borel sets, set

p1(By X By) = /ZP(K: k|U = u)
k=1

x> P((u—1Tj) € By, (u—Tj_1) € Bo|K =k, U = u)dFy(u),
j=1 (3.3)

k=1
x P((u—Tk) € Bi,u € Bo|K = k,U = u)dFy(u).

For any functions Ay, Ay € ®, we define the metric as

K
di(A1, A2)? = || DAL (s1, 82) — DAa(s1,82)]12,, Z(AAU AAQJ(U)>2
=1
3 S (D5 (0) = D)) dFo(w)
Z A(8AL )~ 2h;(1) 4 (- )T 1_FD(;’)] SR

where AA(sq,s9) = A(s2) — A(sy). For any Fi, Fy € F, we define the metric as
d2<F17F2) - ||F1 _F2||007
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where || - ||« represents the Lo, norm. Write F5 = {F € F : dy(F, Fy) < 0} for small
6> 0.

To establish the asymptotic properties of the proposed estimator, we need the
following conditions.

(C1) 0 < Ap(7) < 0.

(C2) 0 < Fy(r) < 1. Fy is absolutely continuous with respect to Lebesgue
measure. Moreover, the density function fy(s) has a uniform positive lower bound
for all s € [My, 7], where M; is a constant representing the minimum value of the
support of Fj.

(C3) B[ 5 {AN; — Mg (V)] < oo

(C4) The probability of censoring o = P(Y < U) satisfies that 0 < p < 1.

(C5) The number of subinterval in [0, 7] satisfies m,, = O(n”) for 0 < v < 1/2.

Moreover, we suppose that

max ’tl — ti,1| = O(n*”),
d+1<i<mp+d+1

and there is a constant M, > 0 such that

MAX g4 1<i<mp+dt1 [t — tiz1] <M
2

MiNg 1 <i<mp+d+1 [t — tic1] —

uniformly for n.

(C6) There is a constant M3z > 0 such that P(K < M3) = 1.

(CT) P(T; —Tj—1 > My forall j=1,---, K) =1 with some constant A, > 0.
Remark 1. Condition (C1) is standard in the literature of nonparametric estima-

tion. Condition (C2) holds for the most cumulated distribution functions of con-

K

tinuous random variables. Condition (C3) demands that ) AN, has finite second
j=1

order central moment. Condition (C4) is regular in survival analysis to ensure the

censoring rate between 0 and 1. Condition (C5) is required to guarantee a monotone
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spline approximation for a monotone function, see Lu, Zhang, and Huang (2007,
2009). Condition (C6) is similar to Condition (C2) in Wellner and Zhang (2007),
which indicates that the number of observations is bounded. According to Wellner
and Zhang (2007), Condition (C7) is common in practice, which requires that the

adjacent observation times are separable.

Theorem 3.1 (Consistency for Two-Stage Estimator). Suppose that Conditions
(C1)—(CT7) hold. Then, for every 0 < by < by < 7 satisfying u2([0,b1] X [b2, T]) > 0,

we have
AN (51, 52)1(s1.50)€lbr ol x o ,ba]} — LN0(51, 52) 1 (1 50) b bal x b bl Lo () = Op(1)-
In particular, if py({0} x {7}) > 0, then di(An, Ag) = 0,(1).

To establish the rate of convergence and the asymptotic normality, we need the
following additional conditions.

(C8) p is absolutely continuous with respect to Lebesgue measure with a deriva-
tive fi1, and f1; has a uniform positive lower bound.

(C9) There is a positive constant M such that 1/Ms; < Aj(s) < M; for all
s € [7', 7] with 0 < 7/ < 7 such that Ay(7") > 0.

(C10) P(U > 1) =w; >0and P(C > 7) =ws > 0.

(C11) E(e*N®) is uniformly bounded for ¢ € [0, 7] and some constant c.
Remark 2. Condition (C8) implies that the metric p; defined in (3.3) has a strictly
positive intensity. Condition (C9) requires the true conditional mean function being
absolutely continuous with bounded intensity function, which is reasonable as ex-
plained in Wellner and Zhang (2007). (C10) is used as a technical condition in the
proof of the uniform weak convergence rate of the KM estimator according to Kong
et al. (2018). Condition (C11) holds when N (t) is from a Poisson-type process or is
uniformly bounded conditional on terminal event time, which is often true in clinical
trials.
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Theorem 3.2 (Rate of Convergence). Suppose that Conditions (C1)—-(C11) hold and
p2({0} x {7}) > 0. Taking v =1/(1 + 2r), we have di(A,, Ag) = O, (n~"/0+21),

/2 Thus, the classic

By Theorem 3.2, the convergence rate of A,, is slower than n
approach used for asymptotic normality of estimator with nuisance parameter is not
applicable anymore. Here we build a general theorem for the asymptotic normality
of a function of nonparametric M-estimator with nuisance parameter.

We write the loss function (A, F'; X') defined in (3.2) as P,m(A, F'; X). Suppose
that A, is a parameter path satisfying A, € ®, and A, |,—0 = A¢. Set H ={h : h =
88—/;’7]7]:0} and Y (A, F; X)[h] = a%m(An,F;X)M:O. For h € H, we define @,, and Q
by Qn(A, F)[h] = P,y (A, F; X)[h] and Q(A, F)[h] = PY(A, F; X)[h], respectively.

To establish the asymptotic normality, we need the following conditions:

(B1) Q(Ag, Fo)[h] = 0 and Qn(A,, F)[h] = o,(n~1/2).

(B2) V(@ — Q) (A, F)[1] = v/n(Qn — Q) (Ao, Fo)[h] = 0,(1).

(B3) Q(A, F)[h] is Fréchet-differentiable with respect to A at (Ao, F},) with a

continuous derivative Qf\lo) £ [h]; Q(A, F)[h] is Fréchet-differentiable with respect to
F at 0y = (Ao, Fy) with a continuous derivative QE\QO) w1

(B3") Q(A, F)[h] is Fréchet-differentiable with respect to A at (Ag, Fy) with a
continuous derivative Qg\lo) w1

(B4) Q(Ay, F)[B] — Q(Ao, Fo)[B] — Q1) (A = Mo)[h] — QF) (B — Fo)[h] =
0,(n"1/%).

(B4) Q(Aw, Fr)[h) = Q(ho, Fo)[h) = Q4% (An = Bo)[h) = Q) i (B = Fo)[h] =
0,(n"1/?%).

(B5) \/ﬁQngO(Fn — Fy)[h] + v/nQn(Ag, Fy)[h] converges into a tight Gaussian
progress.

Remark 3. (B1), (B3) and (B5) are the analytical conditions required in Theorem
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3.3.1 of van de Vaart and Wellner (1996). Conditions (B2) and (B4) imply that the
remainders of the corresponding Taylor expansions are negligible. (B3’) and (B4’)

are similar to the first part of Condition (B3) and Condition (B4), respectively.

Theorem 3.3 (Asymptotic Normality). Suppose that Conditions (B1)—(B5) hold.
Then

QY o (A = Ao)[h] = VnQR) g, (B = Fo)[A] + vnQu(No, Fy)[1] + 0,(1)

converges into a tight Gaussian process. Replacing the first part of (B3) and (B4) by
(B3") and (B4’), we have

QWY o (A, — Ag)[h] = VO . (B — Fo)[B] + v/nQu(Mo, Fo)[B] + 0,(1)

converges into a tight Gaussian process.

Remark 4. The proof clues of Theorem 3.3 mainly follow from multivariate func-
tional delta method. Theorem 3.3 establishes the asymptotic normality of the statis-
tics about two-stage estimator A, whose convergence rate is not required to be n'/2.
It can be used to derive the asymptotic normality of nonparametric estimators with
a nuisance parameter. As a result, it can be adapted to more general situations
compared with Theorem 1 in Zhao and Zhang (2017).

For panel count data, ignoring constant factors, for all h € H, we have

SAF O = 3 [A[AN, - 50,7} ARy (Y)

J=1

N JE{AN; = DA (u) Y Ahy(u)dF (u)

+( [~ F(Y) ’

where Ahj(u) = h(u —Tj—1) —h(u—=T;), j=1,-- | K.
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Theorem 3.4 (Application to Panel Count Data). Suppose that Conditions (C1)-
(C11) hold and u2({0} x {7}) > 0.

(i) Then for any bounded function h € H,, we have

VAPs(Ay, Eyy X)[h] = VnQP) 1 (B — Fo)[h] + v/nQu (Ao, Fo)[R] + 0,(1),

where
K
A F X =Y [A{AA ANy (YV)} Ahy(Y)
Jj=1
. A)fy {AA;(u) —ff?(gi}Ahj(u)dF(u)] |

(i) Moreover, /i Ps(An, E; X)[h] % N(0,02), where
08 = E [{Pp(No, Fos X: V', A)[A] + (Ao, Fo X)[W)}?]
and (A, F; X; Y, A)[h] is defined as in the Appendiz.

3.4 Two-Sample Test

Suppose that n subjects are from two groups with sample sizes n; and ny, where
ny + ne = n. Denote the observed data of the [th group as {Xz-(l) =1, ,m} =
{(Yi(l),AZ(-l),Ki(Z),E(Z),&(l)) 1 =1,--- ,m}, for [ = 1,2. Given the terminal event

time U® = u, the conditional mean function of NO(t) is A;(u — t).

3.4.1 Terminal Events with Equal Distribution

In this subsection, we assume that terminal event times share the same distri-
bution function F{ for all the subjects so that its estimator F, can be obtained
based on the pooled data. We investigate two-sample test with the null hypothesis
Hy: Ay = Ay = Ag. Denote A; and A, as the estimates of A; and Ay based on the
data set of group [ and the pooled data, respectively.
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Theorem 3.5. Besides of the conditions in Theorem 3.4, we suppose that h,(-) is a

bounded weight process, and there is a bounded function h € H, such that

K

Eiz{llhna = Aby(U)}?

d2 hn,h — Op(nfl/(1+2'r)).

Assume that ni/n — p as n — oo, where 0 < p < 1. Then under Hy : Ay = As,
Un = Vi (s, B X)[ha) = (A, o X) 1]

converges in distribution to N (0, (1/p+1/(1—p))52), where 53 = E[*(Ao, Fo; X)[h]].

Moreover, 5% can be consistently estimated by 62 = Po[1p*(Ay, F; X)[hal]-

Remark 5. Theorem 3.5 states the asymptotic normality of a new statistics U,, and
gives a consistent estimator of its asymptotic variance. Setting T,,(h,) = U, /d, to
be the statistics with different weight processes h,,, we then can use them to conduct
the two-sample hypothesis test. A natural choice is to take h,, = A,. Other possible
choices of the weight processes can be found in the simulation studies. It deserves to
note that the weight process is only required to be bounded, which is more flexible
compared with the monotone condition in Zhang (2006) and Balakrishnan and Zhao

(2009).

3.4.2 Terminal Events with Unequal Distributions

In this subsection, we assume the distribution and density functions of UW, [ =
1,2 to be F; and f;, which may be different for two groups. Let ﬁ’l and Al be the

estimator of F; and A;, respectively. Given a partition 0 = t(()l) < tgl) <-- < tz(/lgl =T,

we define the histogram-type estimators of f; as fy(u) = (Fl(tl(-l)) - Fl(tffll))/(til) -

tEQl) for tz(ll)_ <u< t ) following Féldes, Rejté, and Winter (1981). Set fr(u) =
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prfi(u) + pafo(u),
wi(u —t1) —wi(u—t2) =(h(u —t1) — h(u — t2)) fr(u)/ fiw),

0t =ttt (2 0).

where p; = lim,, oo ny/n for [,r =1,2, 1 #r.

Theorem 3.6. Suppose that the conditions in Theorem 3.5 hold for each group and
fi’s are Lipschitz continuous. Then for Ag € H,,r > 2, under the null hypothesis
Hy: Ay = Ay = Ay we have

(i) U, = \le ST (e(Ay, B X XN[ha] = <(Ag, B; X [R)) converges in dis-
tribution to N(0, (03/p1 + 03/p2)), where o} = E[{Ppi(Ag, Fy; XD YO ADY[w;] +
V(Ao Fi; XD [wy] Y] with (A, F; X: Y, A)[w] defined as in the Appendiz.

(i) In addition, suppose the knots of partition satisfy

N
) min {’tz@ — tz@l‘} — 00
logn i=1 @

an

{1t — ¢V |} = 0 and (

i=1 (l)

asn — o0o. Then o? can be consistently estimated by 67, and the asymptotic variance

of U, can be consistently estimated by 52 = n(62 /ny + 62 /nsy), where
o o . 2
67 = Buy | {Pusgl? (e s X070 A0 0]+ v Fs X [ull ]}

with gpg)(/\, F,X:Y, A)[w] defined as in the Appendiz.

According to Theorem 3.6, we could use the statistics Tn(hn) =U, /G, to test the
two sample hypothesis for the mean function of reversed counting processes under

the case of different distributions of terminal events.
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3.5 Simulation Studies

3.5.1 Two-Stage Estimation for Mean Function

We conducted simulation studies to demonstrate the finite-sample performance
of the two-stage estimator A,. The sample size were n = 50 and 100, respectively.
For subject 4, the observation X; = (Y5, A;, K;, T3, N;) was generated as below. The
latent terminal event time U; was from 6 + exp(1), and the censoring time C; was
from 6 + kexp(3), where 7 = 10 represented the end time of study. The constant
k was taken such that the censoring rate reached 20% and 40%, respectively. Took
Y; = UiAC; and A; = 1iy,<c,y- The number of observation K; was taken from integers
between 1 to 6 with equal probability. Given the censored terminal event time
Y;, observation time T; = (Tj1, i, - -, Tik,) was an ordered sample from uniform
distribution Unif(0,Y;). Let N; be a Poisson process with E(N;(¢)|U = u) = Ag(u) —
Ao(u — t) and Ag(s) = 10s/(s + 1), which means that N;(7;;) was from Poisson
distribution with mean 10U;/(U; + 1) — 10(U; — T31)/(U; — Tix + 1), and N;(T;;) —
N;(Ty(j—1)) was from Poisson distribution with mean 10(U; — T;;-1))/(U; — Ti(j—1) +
1) —10(U; — T35)/(U; — T;; + 1). For the knots of spline, took d = m,, = 3 and let
tat1, tate, tars be quartiles of {Y; — T}, :i=1,--- ,n;j =1,---, K;}. All simulation
studies were based on 1000 replications.

Figure 3.1 shows the results of two-stage estimators for the conditional mean
functions. The solid line represents the true mean function, and dashed line rep-
resents the average of estimated mean function based on 1000 replications. From
(a)-(d) in Figure 1, we can see that the fitted mean functions are very close to the

true ones, which means the proposed nonparametric estimator is nearly unbiased.
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Figure 3.1: Estimates of the mean functions.
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3.5.2 Two-Sample Test with the Same Terminal Events

We conducted two sample test for two groups sharing the same distribution of
terminal event. We generated two groups of independent and identically distributed
sample {Xi(l) : 4 = 1,--- ,m} the same way as in Subsection 3.5.1 for | = 1,2,
with sample size ny = ny = 50,100, 150 or 200. Let N® be a Poisson process with
E(NO@®H|UY = u) = Aj(u)—Aj(u—t) for the Ith group. We considered the following
two cases:

Case 1: A1(s) = s, Ao(s) = Bs;

10s
s+

Case 2 : Ai(s) = s, Ao(s) =

We took 6 =1,1.1,1.2,1.3 in Case 1 and 5 =1, 3,5 in Case 2.

Figure 3.2 displays the graphs of the true mean functions for the two cases with
different values of 5. It can be seen that the conditional mean functions of two
groups in Case 1 do not overlap but they cross over in Case 2. The weight processes

hY) (t),j = 1,2,3 in Theorem 3.5 are chosen to be

1 n
hP(t) =t P (1) = - Zl Lty I (1) = Aa(t).

The simulation studies are based on 1000 replications.

Figure 3.3 presents the quantile plots of the test statistics against the standard
normal distribution in Case 1 with n; = ny, = 200, 5 = 1 and censoring rate 20% for
three weight processes. They reveal that the asymptotic normality given in Theorem
3.5 is satisfied in finite sample size. Similar plots are obtained for other situations
and they are omitted here.

Tables 3.1 and 3.2 report the sizes and powers of the proposed statistics 7, n(hg ))

at significance level 0.05 in Cases 1 and 2 for different values of /3, where Tn(h%j ))
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Figure 3.2: The plots of mean functions for Cases 1 and 2.

61



(a) Q—Q Plot for T,(h”) (b) Q—Q Plot for T,,(h'?) () Q—Q Plot for T, (h{Y)
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Figure 3.3: Q-Q plots for n1=ny,=200, =1, and censoring rate = 20% when the
distribution functions of the terminal events are equal in the two groups.

represents the test statistics with the jth weight process for j = 1,2, 3. The simula-
tion results in Tables 3.1 and 3.2 demonstrate that the proposed test possesses good
properties: (i) Table 3.1 shows the sizes are all around the significance level of 0.05
and they are closer to 0.05 as the sample size increases; (ii) for fixed values of § in
both cases, the power increases when the sample size increases; (iii) power values are
closer to 1 when the parameter § takes values farer away from the null hypotheses;

(iv) power performance relies on the choice of the weight processes.

3.5.3 Two-Sample Test with Different Terminal Events

We then conducted two-sample test for two groups with different distributions
of terminal events, where the sample size ny = ny = 50,100, 150 or 200. The data
sets were generated similar to Subsection 3.5.2 except that the latent terminal event
time Ul-(l) and Ui(Q) were from 6+ exp(1) and 6 + exp(2), and the censoring time C’i(l)
and C’z@) were from 6 + 11 exp(3) and 6 + kg exp(3), where x1 and kg were taken such
that the censoring rates reached 20% or 40%. We also considered Cases 1 and 2 in

Subsection 3.5.2 for the poisson process. The weight processes hg)(t),j =1,---,3
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Table 3.1: Simulation results of two-sample tests with different weights for Case 1 when
the distribution functions of the terminal events are equal in the two groups.

Censoring rate 20% Censoring rate 40%
5 LW LGP P LY LeP) 0P
n1=n9=>50
1 0.045 0.053 0.043 0.056 0.053 0.054
1.1 0.165 0.153 0.166 0.172 0.156 0.171
1.2 0.464 0.417 0.465 0.453 0.419 0.454
1.3 0.776 0.720 0.775 0.763 0.725 0.761
n1=n,=100
1 0.051 0.047 0.052 0.052 0.048 0.051
1.1 0.242 0.229 0.243 0.258 0.240 0.255
1.2 0.728 0.703 0.728 0.715 0.690 0.717
1.3 0.967 0.956 0.967 0.962 0.956 0.960
n1=n,=150
1 0.048 0.047 0.048 0.049 0.048 0.048
1.1 0.359 0.344 0.361 0.355 0.338 0.354
1.2 0.873 0.851 0.873 0.877 0.859 0.878
1.3 0.996 0.989 0.996 0.995 0.991 0.995
n1=n,=200
1 0.039 0.050 0.038 0.043 0.051 0.043
1.1 0.472 0.453 0.475 0.467 0.433 0.467
1.2 0.960 0.948 0.959 0.954 0.939 0.954
1.3 0.999 0.997 0.999 0.999 0.998 0.999

were chosen to be

Lo Av(t) + At
m(0) =t B0 = 23 L, WD) = M

=1

To calculate the histogram-type estimators of f;, we divided [6, 7] into 5 intervals
with equal length. The simulation studies were based on 1000 replications.

Figure 3.4 shows the quantile plots of the test statistics against the standard nor-
mal distribution with n; = ny = 200, 5 = 1 and censoring rate 20% for three weight
processes in Case 1, which demonstrates the normality of the proposed statistics in
finite sample size. The plots for other situations are similar and omitted here. Tables
3.3 and 3.4 summarize the sizes and powers of proposed statistics 7, n(hg )), 1=1,2,3
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Table 3.2: Simulation results of two-sample tests with different weights for Case 2 when
the distribution functions of the terminal events are equal in the two groups.

Censoring rate 20% Censoring rate 40%
B T)) T T Tuh)  T(w)) Tl
n1=n.=>0
1 0.954 0.999 0.512 0.972 1.000 0.601
0.801 0.972 0.563 0.852 0.971 0.604
5 0.934 0.986 0.865 0.942 0.984 0.880
n1=n,=100
1 0.999 1.000 0.752 1.000 1.000 0.868
0.982 0.971 0.859 0.987 1.000 0.892
5 0.998 1.000 0.991 0.999 1.000 0.991
n1=n,=150
1 1.000 1.000 0.900 1.000 1.000 0.960
3 0.998 1.000 0.949 0.998 1.000 0.970
5 1.000 1.000 0.998 1.000 1.000 0.999
n1=n2=200
1 1.000 1.000 0.941 1.000 1.000 0.977
3 1.000 1.000 0.986 1.000 1.000 0.989
5 1.000 1.000 1.000 1.000 1.000 1.000

in Cases 1 and 2 at significant level 0.05. From Tables 3.3 and 3.4, we could draw

the same conclusion as those in Subsection 3.5.2.

3.6 Real Data Analysis

In this section, we applied our method to analyze the dataset from Chinese Lon-
gitudinal Healthy Longevity Survey (CLHLS) during the period from 1998 to 2014,
which was published in Zeng et al. (2017). This survey was conducted by the Center
for Healthy Aging and Development Studies (CHADS) of National School of Devel-
opment at Peking University and Chinese Center for Disease Control and Prevention
(CDC) to shed light on the determinants of healthy human longevity and the oldest-
old mortality. The data set was obtained from the seven waves (1998, 2000, 2002,

2005, 2008, 2011 and 2014), collecting the information on 9093 respondents elder
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Figure 3.4: Q-Q plots for n;=n,=200, S=1, and censoring rate = 20% when the
distribution functions of the terminal events are different in the two groups.

than 77-years-old interviewed in the 1998 baseline survey. On each wave, the re-
spondents were asked to provide their information including health, socioeconomic
characteristics, family, lifestyle and demographic profile at a random date.

In this study, more than 30% interviewees at least once suffered from serious
illness during the survey, and some of them were even bedridden all the time. To
analyze the occurrence rate of serious illness among elderly people living in different
areas (urban or rural) in the survey, we considered 3050 samples after removing 4262
individuals who were deceased or lost to follow-up in 2000, 1312 individuals who lived
in both areas during this period and 469 individuals with missing or typo records.
Among them, 1489 lived in the urban and 1561 stayed in the rural. We then took
T,

i; as the number of months that the jth follow-up survey lasted from the baseline
survey for the ith individual, N(¢) as the times that the respondent suffered from
serious illness up to time t and K; as the total number of follow-up surveys for the
1th individual. We took death as terminal event and loss-of-connection as censoring
event, and 7 = 197, the largest follow-up month. The censoring rate was 27.28%.

Suppose that the recurrent serious illness process follows model (1). To estimate
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Table 3.3: Simulation results of two-sample tests with different weights for Case 1 when
the distribution functions of the terminal events are different in the two groups.

Censoring rate 20% Censoring rate 40%
B LY RGP LT RO 0P 0P
n1=n9=>50
1 0.070 0.063 0.067 0.077 0.075 0.087
1.1 0.175 0.162 0.171 0.193 0.164 0.192
1.2 0.469 0.416 0.471 0.489 0.439 0.484
1.3 0.753 0.721 0.755 0.789 0.758 0.779
n1=n,=100
1 0.056 0.061 0.061 0.068 0.056 0.072
1.1 0.231 0.221 0.231 0.260 0.241 0.260
1.2 0.688 0.664 0.693 0.721 0.687 0.717
1.3 0.960 0.956 0.960 0.956 0.951 0.955
n1=n,=150
1 0.043 0.049 0.041 0.056 0.052 0.054
1.1 0.338 0.311 0.341 0.352 0.330 0.348
1.2 0.863 0.835 0.865 0.872 0.851 0.869
1.3 0.993 0.992 0.994 0.994 0.985 0.992
n1=n,=200
1 0.046 0.048 0.045 0.058 0.057 0.060
1.1 0.447 0.427 0.450 0.469 0.451 0.469
1.2 0.951 0.933 0.953 0.952 0.941 0.954
1.3 1.000 0.998 1.000 0.999 0.999 0.998

the mean function of the reversed recurrent event process on serious illness and make
a comparison between elderly people living in urban and rural, we took the order
of I-spline d = 3 and m,, = 3 to divide [0, 7] into 4 subintervals, and let the knots
of splines t4.1 = 7/4, tgro = 7/2, tgys = 37/4. The estimated mean functions
were displayed in Figure 3.5. The solid line in Figure 3.5 plots the estimated mean
function based on the whole dataset. It shows that the times of serious illness tend
to increase at the end of lifetime, which is reasonable since the physical function of
the elder people would decline as their age increases. The dash and dotted-dash lines
in Figure 3.5 display the mean function estimates for two groups living in the urban

area and the rural area. It can be seen that people living in the former area tend to
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Table 3.4: Simulation results of two-sample tests with different weights for Case 2 when
the distribution functions of the terminal events are different in the two groups.

Censoring rate 20% Censoring rate 40%
B Tu)) L) L) Tuh)) L)) T
n1=n.=>0
1 0.980 1.000 0.622 0.988 1.000 0.751
0.860 0.981 0.653 0.921 0.988 0.755
5 0.950 0.987 0.892 0.969 0.992 0.933
n1=n,=100
1 1.000 1.000 0.834 1.000 1.000 0.926
0.986 1.000 0.884 0.999 1.000 0.947
5 0.997 1.000 0.987 1.000 1.000 0.996
n1=n,=150
1 1.000 1.000 0.940 1.000 1.000 0.985
3 0.998 1.000 0.976 0.999 1.000 1.000
5 1.000 1.000 0.999 1.000 1.000 0.999
n1=n2=200
1 1.000 1.000 0.972 1.000 1.000 0.990
3 1.000 1.000 0.994 1.000 1.000 0.995
5 1.000 1.000 1.000 1.000 1.000 1.000

experience more serious illnesses than those living in the latter.

We then used the same three weight functions as those in the simulation studies to
test the null hypothesis Hy: Ay(s) = Agr(s), where Ay and Ag are the corresponding
mean functions for people living in the urban area and the rural area, respectively.
To conduct the test, we first draw that the survival functions of people living in
urban and rural were significantly different by adopting the rank test (Harrington
and Fleming, 1982) with p-value 3 x 1075. We divided [0, 7] into 8 intervals with equal
length to obtain the histogram-type estimators, and used the statistics in Theorem
3.6 to compare the mean functions. The test results were summarized in Table 3.5,
which suggests that the null hypothesis is rejected significantly at the level 0.05 for

all three weights.
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Figure 3.5: Estimates of the mean functions for the CLHLS data.
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Table 3.5: Two-sample test results with three weights for the CLHLS data.

h7(11) hg) h7(13)

U, | 287.788  3.982  4.357
On 84.445  1.151 1.252
T, 3.408*  3.460"  3.481"

T, n(h) represents the observated value of the test statistic with different weight functions;
* represents significance level of 0.05

3.7 Appendix
3.7.1 Calculation of Loss Function

For the first part of £, (A, E,: X)), replacing A(s) by I (s)a, we have

- . L (VT
LS SE A (AN, - AL Ta)

i=1 j=1

n K;
:% Z ZAi {a" AL(Y)AL(Y:) o — 28N, ;AL (Y:) oo + AN }

i=1 j=1

1 n K; 1 n K; T
\T _J = ) . (Y:
- =N AALV)ALY)T ) - Y S CAAN ALY b«

i=1 j=1 i=1 j=1

1 n Ki
2
+= 3D AN
i=1 j=1

alAja — QBlTa + C4.

For the second part, the KM estimator is nondecreasing step function

L
u) = Z St (w)
=1

where t; = 0, tpy1 = 7, and {[t;,t;41) : | = 1,--- L} is a partition of [0, 7).

Furthermore, for each subject, we assume Y; to be in the interval [{;,,t,41), and

69



take fri1 = fr. Then we have

n K; fy {AN;; — AI.(U)TQ}Zan(u)

1 J

n_ Ki i, {(le_f,){AN” AL (1) aﬂ

1
= 22 (14 1 — Fo(Y)

n K;

—Z Z [ (fie1 — fi { A1y (tz+1)AI (tl(—f—)l) o

n jllll

—2ANi7jAIj(tl(_1i_)1)Ta + ANZQJ}}

"~ 1—A,; K; L
a ; n(l_pn(yl));; {(fl+1 — fi)AI; (tﬁ)l)AI (tl(+)1)T}] o

T
K L
{Z {ANm‘ > (fir — AT, ()T }] o

n K;

Z Dr+1 = fis) ZA = a’Aya — 2BTa + Cs.
=1 1*F(Yz))

Thus, to obtain the estimator A,,, we should minimize a”’ Aae — 2BTa + C' under
the constraints that oy > 0 for I =1,--- ,q,, where A = A, + Ay, B = B; + B,
and C' = 01 + 02.

3.7.2 Lemmas

Lemma 3.1. (i) Suppose that Condition (C2) holds. For sufficiently small 6, any

F € Fs and any differentiable function g, we have

-8

j=1
(E

Jo glu=T)dF(u) [ g(u — Ty)dFy(u)
1—F(Y) 1—FMY)

P

(3.4)

K
+EZ )|
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(ii) In addition, suppose that Conditions (C1) and (C3) hold. It follows that for

all A € @,

|Pm(A, F; X)

Thus, we have Pm(A, E,: X)

— Pm(A, Fy;

— Pm(A, Fo,X)l S dQ(F, FQ)

X) =0,(1) for all A € D.

Proof. (i) By direct calculations, we have

—p

+ (B(Y) - F(Y)) /

<P

+P

_ T)aR(w) [ olu— T)dF()

Z; 1 - Fo(Y) - 1 - F(Y) }
o ) )
TR —Fy 20 ) ot T = )

[e.e]

Y

g(u—

7;)aFu(u)

[ K oo
(1_A)Z |y glu
j=1

Fo(u) — F<u>>]

—F(Y)
[ K
- gl )|dFo(u)

Using integration by parts, we have

P -

K 00
A) Z | Jy gu
j=1

_A)i}_

Fo(u) — F(u))|

J=1

—F(Y)
—F(Y)g(Y —Ty) — [ ¢ (u— Ty) (Fo(u) — F(u))dul
1—F(Y)
IF — Folloo + P | ( ny g/ (u )‘d“ 1F = Fl[o-

Condition (C2) implies that 1 — Fy(Y') is larger than a positive constant. Hence, for

sufficiently small 0 and any F' € F5, 1 — F(Y) is also larger than a positive constant.
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It follows that

K

lg(v = 7))|

<P

AZ\gY ;)

7j=1

< [g0-

and

K 0o
i l9tu — T)ldFy(w)
Pl A)Zl 0RO FY)

J]=

1) |dFo(u

[ K
~ = 1 — FO(Y)

Z\gU T;)

Moreover, by the second part of Condition (C2), we obtain

[ K - u u
, ny )\du p (1_A)Z;fy L )]
[ K
o s E s oS
j=1

Thus, (3.4) holds.

(ii) By the first part of the Lemma, Conditions (C1) and (C3), we have

[Plm(A, F; X) —m(A, Fo; X

K [e'S) 2 00 2
P ;(1 - 1-F(Y) -7 1— Fy(Y) ]
K
( SO (AN; - AN )]+ (AN; = a850))°} ) 1F — Folloc
J=1
Sdo(F, Fy).
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Lemma 3.2. Suppose that Conditions (C2), (C4) and (C6) hold. Then for suffi-
ciently small 6, {m(\, F; X): A € &, F € Fs, A is uniformly bounded} is Donsker,

where

1- F(Y)

K K
m(A, F; X) =) A{AN; — AN P +) (1-4)
j=1

j=1
Proof. Note that functions in F5; and ¢ are monotone and uniformly bounded. It
follows from Section 3 of van der Vaart (1996) that {A € ® : A is uniformly bounded}
and Fjs are Donsker. Since {AN; —AA;(Y)}? is Lipschitz for A, by Theorem 2.10.6 of

van der Vaart and Wellner (1996), {[AN;—AA;(Y)]* : A € ® is uniformly bounded }
is Donsker. Note that

{/ [AN; — AAj(u)]zdF(u) : A € ® is uniformly bounded}
Y

is a subset of the convex combinations of functions in
{[AN; — AA;(Y)]? : A € @ is uniformly bounded }.

By Theorem 2.10.1 and Theorem 2.10.3 of van der Vaart and Wellner (1996),

{/Y [AN; — AN (w)]*dF(u) : A € ® is uniformly bounded}

is Donsker. Since 1—F(Y') and K are bounded from Conditions (C2), (C4) and (C6),
{m(A,F;X) : A € &, F € Fs, A is uniformly bounded} is Donsker by Theorem
2.10.6 of van der Vaart and Wellner (1996). O

Lemma 3.3 (Rate of Convergence of M-estimator with Nuisance Parameter). Sup-

pose that for every A € ®,,, sufficiently large n and sufficiently small n,

~

P(m(Ao, s X) —m(A, F; X)) < —di (A, Ag)? + dy (A, Ao)da(F, Fo) + do(Fy, Fy)?

and

~

{A€®@n:di(ANo)<n} NG
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hold, where ¢n(n) satisfies that n — ¢n(n)/n® is decreasing for some o < 2. Let
rn > 0 satisfy én(r,) < /nri. If the sequence A, satisfies an(Ao,Fn;X) >
an([\an;X) — 0,(r2) and converges in probability to Ao, then dl(An,Ao) =

n

Op(Tn + dg(ﬁn, Fg))

Proof. This Lemma is similar to Theorem 5.55 of van der Vaart (1998). In order to
verify dl(f\n, Ao) = Op(ry + dz(Fn, Fy)), we need to prove that for sufficiently large
n, limas_ee P(An € P, : dl(/A\n,Ao) > 2M(d2(ﬁn,F0) +7,)) = 0. Then we divide &,
into shells S, ;s = {A € ®,, : 21, < dy(A, Ng) < 2707, 2Mdy(F,, Fy) < di(A, Ag)}.

For any A € S, jur, we have 2d; (A, Ag) > oM dy(F,, Fy) + 29r,. Hence,

{An € @ 201(Rn, 8o) > 29 (do(Fr Fo) + 1)} € (J (B € Sz}

jzM

It follows that

P ([\n € @, : di(An, Ag) > 2V (dy(E), Fy) + rn)> <P ([\n e | Sn,j,M> . (3.5)

j>M

Furthermore, since A,, satisfies that P,,m (Ao, Fn; X) > ]P’nm(f\n, F; X) = O,(r?), for

~

A, € S, jm we can find a variable R,, = O,(r2) such that

sup Pn(m(AmﬁmX) _m(A7Fn7X>) > ]P)n(m(Am Fn;X)_m<Am anX)) > _Rn-

AES, M

Then for any constant x, we have

P (An € U S,m,M) <P ( sup P, (m(Ao, Fiy; X) — m(A, Fy; X)) > —m’i)

j>M A€Uj> ar Snyjom

+ P(R, > kr?).
(3.6)
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By (3.5) and (3.6), we obtain

P (An € ¢ dy(An, No) > 2M (do(Ey, Fo) + rn)) < P(dy(An, Ao) > 1) + P(Ry > #r2)

T Z P ( Sup Pn(m(A()anaX) - m(A, Fn,X)) Z —RT?L) .
F>M+1,2i+1<n/rp AESy j M

Since A,, is consistent and R,, = O,(r?), P(dy (An, Ag) > 1) and P(R, > kr?) can
be arbitrarily small for sufficiently large n by the choice of n and . Thus, we need
to prove the limitation of the summation on the right hand side is 0 as M goes to
infinity.

Note that for any positive integer M, 1/4 <1 —2"M —272M < 1. Then for all

A e Sn%]\/[,

~

P(m(Ao, By X) —m(A, E; X)) S —di(A, Ag)? + di(A, Ao)da(Fy, Fo) + do(F), )2
< —(1—=27M 272 q (A, Ag)? < —2%72.

Hence, P(m(Ag, Fo; X) — m(A, F,; X)) < —¢12%72 for some constant ¢;. Taking
M with M > %log2(2/1/cl), then by the Markov’s inequality, for 7 > M + 1 and

sufficiently large n with r, < 270Uy, we have

P sup Pn(m(A()aFn;X) - m(A,Fn,X)) > _K/T?L
AESn,]',M

<P( sup (Py—P)(m(Ao, £ X) — m(A, By X)) > T2%12
AES,, i M 2
n,7,

2 . .
E sup |(Pp —P)(m(Ao, Fn; X) — m(AaFn;X))‘ S92 e

- 2§02
Cl2 Jrn AGSn’j,]W

Since ¢, (n)/n® is decreasing for some o < 2, we have ¢,,(cn) < ¢*¢,(n) for any ¢ > 1.

2 ¢n (29 r) 20Ut ek g
Then ¢,(r,) < y/nr. ensures that T S I = geae- Lhus,

R A 1
Z P( sup P, (m(Ao, Fr; X) —m(A, Fiy; X)) > 0) S Z S—a)i—a’

§>MA41,20+1<n/ry, AESn jm j>M+1
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Noting that iSM41 m tends to 0 as M approaches to infinity, this lemma is

concluded. O

Lemma 3.4. Suppose that Conditions (C1), (C2), (C4)—(C6), (C8), (C9) and (C11)
hold. Define the class M, (F) = {m(A, F; X)—m(Ao, F; X) : A € @, di (A, Ng) < n}

for each F € Fs. For any € <n and sufficiently small §, we have

log Nﬂ(gan(F)v || : ||P7B) 5 An 108;(77/5)»
where the Bernstein norm is defined as ||f||pp = {2P(ell — 1 — | f])}1/2.

Proof. By the calculation in Shen and Wong (1994, page 597), under Condition (C5),

for any € < n, there is a set of brackets
(1A%, AV 1Y (1, 52) = SAHs1, 50l < 8 = Lo+ (/) )

such that for all A € {A € &, : d;(A, Ay) < n}, we can find an interval [AAL, AAY]
satisfying AA(sy, s9) € [AAF (s, 89), AAY (51, 89)]. This implies that ||[AA(sy, s9) —
ANF(s1, )| Loy < € and [|[AA(s1, 82) — AAY (51, 89)||1a(u) < €. Noting that
|AA(s1, 82) — Ao (51, 82) L2y < 1, We have [|AAF(s1,52) — Ao (51, 82) Loy <
(2 +7*)/? and ||AAY (51, 82) — ANo(s1, 52)| | 1oy < (€% +7%)/2. By Lemma 7.1 of
Wellner and Zhang (2007), under Conditions (C8) and (C9), for any AA(sy, s2) satis-
fying [|[AA(s1,52) = ANo(51,52)||Lo(u) < €, we have ||AA(s1,59) — ANg(51,52)][o0 <

(e*/c1)?/? for some constant ¢;. Hence,

0V (AAo(s1,52) — ((2 + 032 [e1)?3) < ANE (51, 52)

< AAY(s51,89) < AAo(s1,52) + ((€2 +n2)Y?/e1)?3,

which implies that AAY(sy,s9) — AAF(s1, s5) are uniformly bounded by 2((g* +

772)1/2/61)2/3.
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We turn to consider the e-bracket of m(A, F'; X) — m(Ag, F;; X). Note that

K

m(A, F; X) —m(Ag, F;X) = Y A [ (AN; — AA;(Y))? — (AN; — AAOJ(Y))Q}
j=1
K 00 L (u 2 L (u 2 u
YN J7 (3, A0 - (B - Sy () ()
K
= A[{ANT)Y = 2AN;AM(Y) = {AA;(V)} + 2AN; A (V)]
7j=1
K 00
N ;(1 A Sy {AA; (W)} - 2ANJ‘AAJ'(U)1—_{§(;\/0),J‘(U)}2 + 2A8N; Ao (w)] dF (u)

By Conditions (C2) and (C4), 1 — F(Y') is positive and has uniform upper and lower
bounds. Hence, m¥(AF, AV, F; X) <m(A, F; X)—m(Ao, F; X) < m{(AF, AV F; X)),

where
mi (A7, A7 F; X)
K
=" A{{AME (MNP = 28N;AAT(Y) = {8805V} + 2AN;840,5(Y)]
j=1
K J° {AAE @) = 28N;80Y(u) = {80 ()} + 2AN;BM0,5(w)| dF ()
+;(1—A) o
and
my (A7, A F; X)
K
=Y A[{AAL()) — 28NAM(Y) — (AR (V)Y + 20N, 880,(Y)|

Il
—_

J

=

+3-a fY [{AA w)}? = 20N AN (u) = {D Ao ()} + 2ANjAAO,j(U)} dF (u)
=1 1-F(Y)

fori=1,---,(n/e)wm.
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We also need to verify ||[m[(Af, A, F; X)—m{ (A}, AV, F; X)|[3 5 S €% Accord-

ing to

1£1125 = 2P(eM =1 — | f]) = <§: n) < 2P (|f[*e),

2

/1125 < €% is followed from P(|f[?ell) < 2. Note that
{AAT ()} — {AAL ()} + 2N (AN (u) — AAT;(u)
= (AAT;(u) + AAZ () + 2AN;) (AN (w) — AN (u)
SAN; (AN () = DA (w) + (AAT;(w) = AT (w)) .
Since AF, AV and 1 — F(Y) are uniformly bounded, we have

elm (AP AT FX)—mf (AP AL FX)| < peN(Tk)
~Y

with some constant c. By Cauchy-Schwarz inequality and Condition (C11), we obtain

P (Imf (AF, AV, F; X) — mE(AF, AV, F; 30) el (A0 AT ) -mE (AT E X))
<P (e ) |l (AL, AV, F; X) — iL(AiL,AlU,F;X){Q)

K
{A D (AN; +1) (AA(Y) = AAE(Y))

2

K fOO(AN +1) AAU( ) AAll:(u) dF (u)
P (1—F<Y> o }
j=1
2
3 AN (u) = ANF;(w)) dF (u
<SPS A (AN () = AL () + (1 - ) 7 1_F(Yz,;< )" dF(u)

SO+ [|AAY (51, 80) — AAE (s, SQ)H%Q(,“) Se

(3.7)
This implies that |[|m—m{ ||} 5 < €%, That means Nj(e, M, (F), ||-|[p,p) < (n/e)®"
and log Ny(e, My(F) || 1) S aulog(n/e). a
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3.7.3 Proof of Theorem 3.1

Proof. First, for any A € ®, we have

Pm(Av F07 X) - Pm(on FOa X)

K
D A{(AN; = AN(Y)? = (ANj = AAg;(Y)?}
j=1

=P

K 0o
£3 0 Ay AN - AAAu))j = ;A(J;) - AAo,jw))?}dFo(u)]

ZK: A(2AN; = AA(Y) = Ao (Y)) (Ao (Y) — AA;(Y))

j=1
+ i(l —A4) by AN, - AM) - A?O’_j (;;o)()}(/)AAO,j(u) — AAj(u)) dFo(u)]
j=1
K K - ,
P> A1) - AW+ - A {AAM?_ FOA(/}\j)(U)} dFy(u)
Jj=1 =
=d; (A, Ag)2.

Thus, to draw the conclusion, we only need to consider Pm(A, Fy; X )—Pm(Ag, Fy; X).
Since A, is the minimizer of P.m(A, Fn;X) with respect to A € &, for any

direction function h € ®,,, we obtain

P,L(A, + ch, Fj; X) — P, L(Ay, Fpp; X)

0= lim
e—0 €
K A~
= —2P, [ S {A(AN; = AR (V) Ak (V) (3.
j=1
(1= Ay (AN = A () Ahj(w)dF, (u) H |
1— F,(Y)
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Taking h(s) = s, by Conditions (C1) and (C6), it follows that

. A
P> {(Tj ~Tjo) (AMW-(Y) Lao Ay AlA_m( ()df (v )) }]

K
E Y AA(U)Tj = Tj1) | < Msho(r)T,

[ K
=P, | > {AN{(Ty —Tj1)}
j=1

where the almost surely convergence follows from the strong law of large number.

Moreover, for the left hand side, by Condition (C7), we have

o )
lim sup P, Z{(TJ_TJ—I) (AA[\W'(Y)+(1 fy AAnJ( )dF( ))}]

Zlimsup By | MR (Y) — An(Y ~ Ty} + (1 - ) Iy = ; = )TK>}an<u>

A

A) Sy Lu-Twe o] uebr, 7]y Fn (1)
1—F,(Y)

> lim sup AAn(blv bQ)Pn

n—0o0

ALty —Tyeefobr)vebary + (1=

=limsup AA, (b1, b2)E (Lo —Telom),veps,] = limsup ANy, (b1, b2) 2([0, b1] X [b2, 7]).

n—o0 n—o0

Hence, for every 0 < by < by < 7 satisfying po([0, b1] X [b2, 7]) > 0, we have
AR (51, 92)1{(s1,50)lbr ol x b1 b2l

is uniformly bounded. In particular, if ({0} x {7}) > 0, then A,(s) is uniformly
bounded.

By Lemma A1l of Lu, Zhang, and Huang (2007), under Condition (C5), there is
Af € @, such that ||A} — Ag||ec = O(n™""). This implies that

Pm(A;, FQ;X) - Pm(Ao, FQ;X)

K K 2
. f (DAo(u) — A% (u) dFy(u)
El: (DA (V) — AAL (V) + (1 Y R

7j=1
SIAL = Aol[% = O(n™7) = o(1).
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Note that

A

0 < Pm(Ay, Fo; X) — Pm(Ao, Fo; X) = Pm(Ay,, Fy; X) — Pm(Ay, F; X)
+Pm(A,, Fp; X) = Pom(A,, Fy: X) + Pym(A,, Fy; X) — Pym(AX, E,; X)
+P.m(AL, Eyy X) — Pm(AL, Fo; X) 4 Pm(AL, F; X) — Pm(AL, Fo; X)

By Lemma 3.1, we have

A

Pm(A,, F: X) — Pm(Ay,, Fo; X) = 0,(1)
and
Pm(A:, Fy: X) — Pm(AL, Fo; X) = 0,(1).

By Lemma 3.2, the class of functions {m(A, F;X) : A € ®,, F € Fs} is Donsker.
Hence it is Glivenko-Cantelli, and we have

A

(P, — P)m(A%, F: X) = 0,(1) and (P, — P)m(A,, F; X) = 0,(1)

since A,, is uniformly bounded. According to the definition of A, an(f\n, Fn; X)—
P,m(A%, F,; X) < 0. Hence, dy(A,, Ao) = Pm(A,, Fo; X) — Pm(Ao, Fo; X) = 0,(1).
]

3.7.4 Proof of Theorem 3.2

Proof. To apply Lemma 3.3, we need to verify that for every A € ®,, and sufficiently

large n, the inequalities

~

P(m(AO, Fn;X) —m(A, Fy; X)) S —di(A, No)* + dl(A7A0)d2<Fna Fy) + d2(ﬁn, Fp)?

and

E sup ‘(IP’” = P) (m(Ao, Fy X) = m(A, F; X))‘ S o)
{A€®y:d1 (A,A0)<n} v
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hold. By some calculations,

P(m(Ao, F; X) — m(A, F; X))

=P D A{(AN; = Ao (1) = (AN; = A8;(V))*

j=1

~ ;O ANj - AAo,j u - A]\[j - AAJ(U) 2dF(u)
+Z(1—A){f ( ( )1)—FEY) | }

j=1

K

=P | AL2AN; — A, (V) — AN (Y)H AN (Y) — Ao, (Y)}

K 24N, — Ao j(u) — AN (u) H{ AN () — A j(u) YdF (u)
+Z(1—A)f { 1_F(;{) ;

j=1

—P

> {A(AAj(Y) = Ao (V) + (1 - A) Jy (AAj(“)l—_ﬁé\%W)) dF (u) }

=

j=

K (AN (1) — Ao j(u))*dFy(u)
Z {f (AA(

= —dy (A, Ao)
(A, Ao) 1— Fy(Y)

=1

Sy (A (w) = AN (w)*dF (u) H
1—F(Y) '

Moreover, by the first part of Lemma 3.1, under Condition (C1), we have

P -i(l —A) {fYOO(AA](U) — Ao ;(u))2dFy(u) B f;O(AAj(u) — Ao (u))?dF (u) }]

= 1— Fo(Y) 1—F(Y)
[ K

SP D 2{AN(U) — AN ;(U)HAA(U) - AAOJ(U)}} [|F = Foloo
j=1

K
+P [ D_{A4,(U) AAo,j(U)}Ql 1F = Folloo

Sdl (A, Ao)dQ(F, Fo) +d; (A, Ao)de(F, Fg)
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This implies that
Pm(Ao, Fu; X)=Pm(A, Fy; X) < —dy (A, Ao)*+dy (A, Ao)do(Fy, Fy)+dy (A, Ao)do(F), Fy).

Second, we need to find a ¢, (n) such that

E s (B P)m(A B X) — m(hg, B X)) < 2200
{A€Dy:d1 (A, Ao)<n} \/ﬁ

By Lemma 3.4, we have log V| (&, My(Fo), 1| - lp.B) S gnlog(n/e), where
M, (F,) = {m(A, Fp; X) — m(Ag, By X) 0 A € @, di (A, Ag) < 1}
For all A satisfying that A € ®,,,d;(A, Ay) < 7, note that

m(A, Fn; X) — m(Ag, Fn; X))

K
=D A(AA(Y) = DA (V)) (AA;(Y) + Aho (V) = 28N,)]

j=1

K [e’) ~
30 A Jy (AAj(u) = AAg j(u)) (AA (u) + Al j(u) — 2AN;)dEy (u)

j=1 - Fn(Y)

K o .

) ) . ' _ fY ’AA](U) — AAO,J(UNCZFn(U)

5; (AN; +1) {A|AAJ(Y) ANo; (V)] +(1—A) —F.0) H ,

Similar to the proof of (3.7), since A,, is uniformly bounded, it follows that
€|m(j\n,ﬁ'n;X)—m(A0,Fn;X)| SJ ecN(TK)

and

P {e‘m<ﬁnﬁn;X>*m<Ao’Fn;X>l im(An, F,; X) — m(Ag, F; X) ﬂ

o 2{ (AN, + 12(BA(Y) = Doy (V))?

T+ (- A)AN; + 1)2f;°<AAj<u>1 - ﬁA((;)w»?an(u) H
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<P

~

1— F,(Y)

> {A<AAj<Y> Ay (V) o+ (1 — Ay () = Do ()P () }]

SA (A, Ao) + di (A, Mo)da (B, ).
That means that for sufficiently large n with dg(ﬁn, Fy) < n, we have
Hm(]\n’ Fn; X) - m(AOa Fn; X)H.?D,B S 772-

Then Lemma 3.4.3 of van der Vaart and Wellner (1996) yields that

~ J(%M (Fn),HHP,B)
Bl (B = Pl g,y S Jo(0 Ma(Fo), | [12.5) {1 A—T ,

where Jj(n, My (E0), ||+ |lpg) = Jy{1+1og Ny(e, My (F), || - [[p5) }2de S gil*n. Tt

follows that

E sup \/ﬁ|(]P)n _P)(m(AapnaX) _m(A07Fn;X))| 5 %1/2774'%”_1/2-
{A€Dy:d1 (A, Ao)<n}

Set ¢n(n) = @/ *n+qun~Y/2. Tt is clear that on(n)/n is decreasing about 1. Moreover,
r2¢(1/ry) = qi/*rn + n~2qr2, where r, = O(n%). Note that ¢, = O(n”) with
0 <v < 1/2. It follows that

,rz(b(_) _ O(na+g + n2a+uf%>.

Thus, a < (1 — v)/2 ensures r2¢(1/r,) < n'/2. This implies that r,, = O(n=)/2).

According to the proof of Theorem 3.1 and the definition of A,,, we have

Pom(Ay,, Fy; X) — Pum(Ag, B3 X)
:an(Ana Fn? X) - an(AZ, Fn; X) + an(AZa Fn? X) - Pm(AZ, Fn; X)
+Pm(A, Fn; X) — Pm(Ao, Fn; X) 4+ Pm(Ao, Fn;X) — P,m(Ay, Fn; X)

Ax Ey X)) —m(Ag, By X
Sn—yr-{—e(Pn_,P) <m< no ) n)W,IZ< 0 ) )) +Op(n_2”r)
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for any 0 < e < 1/2 — vr. Set the class

n—Vrte

—~ A E: X)) —m(Ag, By X
{m( : ) = miAg ) :AECDn,HA—AOHOo:O(nW)}.
Similar to the proof of Theorem 2 in Lu, Zhang, and Huang (2009), under Conditions

(C2) and (C5), we have M, is Donsker, and P2 — 0 as n — oo for any m € M,

Hence,

A5 By X) — m(Ag, Fo X
nwarz-:(]P;n _,P> (m< no n)_m,f:( 0 )) — Op<n7w+sfl/2) — Op<n72z/r>.

This implies that an(f\n, E,: X) —P,m(Ay, E,: X) < 0,(n=?"). Noting that A, is
needed to satisfy P,m(Ag, F,; X) > Pym(A,, F,; X) — O,(r;2), so we should take v
such that O,(n=2") < O,(r;2). Since r, = O(n*=)/2) it follows that v > 1/(1+2r).
Taking v = 1/(1 4+ 2r) and by Lemma 3.3, we have dy(A,, Ag) = O,(n~"/0+2) 1
n=12) = O, (n~"/0+20) =

3.7.5 Proof of Theorem 3.3
Proof. Under (B1), (B3) and (B4), we have
QA F)[0] = Q) 1 (A = Ao)[B] = QR 5, (B = Fo)[h] = 0,(n™"2).

According to (B1) and (B2), we have —Q(A,, F},)[h] = Qn(Ao, Fo)[h] + 0p(n~"/?).

Combining the above two equations, it follows that
—QV) . (A = Mo)[H] = QR , (F = Fo)[h] + Qu(Ao, Fo)[h] + 0, (n™"7).
Similarly, replacing the first part of (B3) and (B4) by (B3’) and (B4’), we obtain

~Qh iy (A = o) [h) = Q) 1 (F = Fo)[h] + Qu(Ao, Fo)[h] + 0, (n~'/?).
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3.7.6 Proof of Theorem 3.4

Proof. (i) To prove this part, we need to verify (B1)—(B4).

For (B1), since E(N(t)|[U = u) = Ag(u — t), we have Q(Ag, Fy)[h] = 0. Note
that A, is obtained by minimizing the loss function P,m(A, F,; X). By (3.8), we
have Qn(f\n, ﬁn)[hn] = 0 for all h, € ®,. According to Lemma Al of Lu, Zhang,
and Huang (2007) and the properties of spline functions, for any h € H,., there is an
h, € ®, such that ||h, — k|| = O(n™") = O(n~"/1+2)) and ||k, — V|| = o(1),
where /' is the derivative of h. Next, to prove Q,(A,, F,)[h] = 0,(n/?), we need to

show that Q,(A,, Fj))[h — hn] = Pptp(Ay, s X)[h — hy] = 0,(n~/2). Note that
Qu(Ay F) (1 = ] = | Qu(Ay ) [h = ] = Qu(Ay Fo) [l =
[ @nlB, Fo)llo = hon] = Qu(Ao, Fo) b — ha]| + Qu(ho, Fo)l = hn] = Ly + Do + I,
For the first term, by Lemma 3.1, we have
PlLin| = PlQu(An, Fa)[h = ha] = Qu(An, Fo) [k — hy]|

Sy (AN = DA j(w)) - (Ahy(u) = A (u))dFo(u)
1—Fy(Y)

K
<p [Za —A)

=1

(AN = BRa(w) - (Bhj(u) = Dl (u))dE(u)
1—F,(Y)

Sda (s Fo) (1B = allow =+ [[1 = By loc) = 0p(n~"72).
For Iy, by the Cauchy-Schwarz inequality, we have

PlLon| = PlQun(An, Fo)[h — hy] — Qu(Ao, Fo)[h — hy|

K
<P | A8 (Y) = Ahag ()} {AR; (V) = Abas (V)}

k=1

B A>f§°{AAg,j(u) — A/A\w(u)} ALK (u) — Ahyj(u) }dFy(u)

+a = oY)
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- A S | AR (u) = DAy 5(u) | dFp(u)
<P ; {AAAOJ — AN (V) + (1= A) TR }]
XHh - hn||oo

<di (A, Ao)||h = hnl|oo = 0p(nY/2).
For the third term, note that Py (Ao, Fo; X;)[h — hn] = 0. By the independence

between X; and X; when 7 # j, we obtain

n 2
PI%N:P(:LZw(AO,FO;Xi)[h—h ) = ( Zw (Ao, Fo; Xi)[h — h])
i=1

2
17— hnl[3

<

~

AA "
|:A’ANj — Ao (V)| + (1 - fy |AN; : —FO(E;() )| dFy( )}

M=

P

1
n

1

<.
I

1 2
S|l = Bl .

Thus, Qn (A, E)[h — hy)] = 0,(n"2/2).
For (B2), note that

\/E(Qn - Q)(Ana Fn)[h] - \/H(Qn - Q)(AOa FO)[h]

~

=vn(P, — P)W(An, Fn; X)[h] — (Ao, Fo; X)[h)).

For a bounded function h € H,., define

T, (h) = {(A, F3 X)[h] — (Ao, Fo X)[h] : A € Dy, F € F

di(A, Ao) < m,do(F, Fo) <n, A is uniformly bounded}.

Similar to the proof of Lemma 3.2, W, (h) is Donsker. According to Condition (C6)
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and Lemma 3.1, we obtain
P (A, F; X)[h] — (Ao, Fo;: X)[h])

S - i\u) — i\u i(u U
Z{A(AAOJ(Y)—AAJ(Y))Ahj(Y)—l—(l—A)fY (Ado,(u) f%i Y)))Ahx )dFy()

j=1

=P

(fy {AN; = AN ()} Ahy(w)dF(w)  [{AN; = AAj<u>}Ahj<u>dFo<u>> H

+ - —F(Y) 1= Fo(Y)

fy (AAgj(u) — AA;(u ))QAhg(u)dFO(u)
1— FO(Y)

J=1

)| AAN; =AM @) Ahy()dF(w) _ [FIAN; = AA; ()} Ak (w)dFy(w) ’
1—-F(Y) 1— Fp(Y)

[ K
+P > (1-A

1

r
<.
Il

<di(A, Ag)? + do(F, Fp)*.

1/2 -

~

It follows that for any function ¢ € W, (h), supgeg, n PP(¥) < sUDgeg, ) P(P?)
n — 0 as n — 0 for the seminorm pp(y)) = {P (¢ — Py)?}/2. Then by Corollary
2.3.12 of van der Vaart and Wellner (1996), we have

V(B —P) (W (An, Fas X)[h] — (Ao, Fo; X)[A]) = 0,(1), (3.9)

and (B2) holds.
For (B3), by the smoothness of Q,,(A, F')[h] with respect to A, we have the Fréchet

derivative

QW (A~ M) = = { QAo + (A — Ao), Fr)in}

e=0
K
:d% {P LZI [A{ANJ' — AN (V) — (DA (Y) — DA (V) }ARi(Y)

[ A{AN; = Ao j(u) — e(AAnj(w) — Ao ()} Ahy(w)dEy (u)
1- Fn(Y)

+ (1-A4)

}

e=0
= — P¢(An, Fp; X)[R].
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Similarly, noting that for any integrable function g,

9 = T+ B B )
1—F0<Y>—s<F Ry,

(L= RV) 2 gl = T)d(F = Fa)(w) + (B = F)(Y) i glu = Ty)dFow)
(i~ R

I { ot = 1) = [ #5585 R (s) } d(F — Fo)(w)
B 1— Fy(Y)

holds, then the Fréchet derivative with respect to I is

d

— {Q(Am Fy+e(F, - Fo))[h]}

QAOEKf%'_}%Mh]: de

d
e

—p [ /Y h By (w3 X)[R]d(E, — Fo)<u>] :

e=0

S (1 - Ayl (BN = Ao (1) - Ay (d(Fy + e(F = Fy))(w)
1— Fy(Y) — e(F, — Fp)(Y)

j=1 e=0

where

Pa.r(u; X)[h]

K

1 F(Y)

J=1

Next, we verify (B4). Note that

QY 1 (B — Fo)[h] =P

1 V) o [ [SH{AN; — Al (u)y Ahy(w)dE, (u)
(1 _A)l—Fo(Y) Z{ 1—F,(Y)

J=1

T AN = Algi(u )}Ahj(u)dFo(u)H
1—Fp(Y) '
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By the conclusion of Lemma 3.1, we have
Q0. F)[R) = Q(Ao, Fo) k] — QF) (B — Fo)1]

(1-4)

F,(Y) = Fy(Y) i { S AAN; — Aoy (w)} Ahy(u)dE, (u)

1 — Fy(Y) 1—E,(Y)

j=1

AN - Af_é&if}’ (u)dFy(u) H ‘

1— E,(Y)

SIE = FollP

(1-2))

1—Fy(Y)

] SIFw — Bl = 0p(n™'72).

Moreover, Q(Ay, F)[h] — Q(Ao, F)[h] — Q') ;. (A — Ag)[h] = 0. Tt follows that

Qs F)[] = Qo, Fo)[1] = @, (R — M) 1] — Q2 (Fu — Fo)[1] = o).
Thus, (B1)-(B4) are satisfied. By Theorem 3.3, we have
—VnQY) 1 (A = Mo) 1] = VnQR g, (B = Fo)[B] + v/nQu(Mo, Fo) ] + 0,(1).

(ii) To prove the second part, we need to rewrite QfngO(ﬁn—Fo)[h] +Qn (Ao, Fo)[h]
and verify (B5). Let

el X)) = (1 = F@)on.r(u X))~ [ par(ss X)HF(s)

Note that F}, is the KM estimator based on the data {(Y;, A;) : 4 = 1,--- ,n}. Setting
Go(s) = Py then for any constant a, by Propositions 3 and 4 of Akritas (2000),

we have

/Oa ProF (u; X)[h]d(ﬁ’n — FO)(U) _ % Z /Oa @Ao,Foélf)a(Z;X)[h] sz(u) + Op(n_1/2),

=1
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where

~ b 1 Yi>s
M;(u) = 1y o\ A1y —/ F{—}%(l)dFo(S)-

It follows that

/ " g (1 X)Hd(Ey — Fo)(u)

7& . > @Ao,Fo(uv O0; X)[h] o B Y @Ao,Fo (U, Y: X)[h] r -1/2
- { /0 dM; (u) /0 sz(u)} +op(n™/7)

Go(u)

Go(Y;) o Go(u)(1— Fo(u))

1 & I Y;, 00; X)[h Vi g u,00; X)|h
= { iy, P )1 Pio.r (0 )]

=1

Y G (1, Y5 X) (M) L P r (VY X)M
—i—/o Golu) (1= Fo(w)) dFy(u) 1{Ai:17Y2Yi} Go(ffi) }—i— o ( ).

Hence, we obtain Qfg,po(ﬁn—Fo)[h} = P, {Py(Ao, Fo; X;Y, A)[h]} +o0,(n~/?), where

oar(Y, 00, X)[h] /” P (u, 00; X)[A]
Go(Y) o Go(u)(1— Fo(u))

PN F; XY, A)[h] =15 dF (u)

YN Gy r(u, Y X)[h] L (VY X))
+/0 Golw) (1L~ Fo(u)) £ ~ Lamryeny = i

Noting that @, (Ao, Fo)[h] = P, (Ao, Fo; X)[h], we have

—vnQ\) . (A, = Ao)[h] % N (0,07),
where 03 = E[{Pp (Ao, Fo; X; Y, A)[h] + (Ao, Fo; X)[R]}]. O
3.7.7 Proof of Theorem 3.5
Proof. Setting Ul = VIPs(Ay, Ey; X)[Ry] for 1 = 1,2, we have U, = uh —
and U = Ul(iz) + U2(Q + Ug(il), where

Ut = v/n(Po = P)s(Ar, s X)[ha),

UL = /mPs(Ay, By X) [ — H,
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and

UL = /mPs(Ay, Ey; X)[A.

For U similar to the proof of (3.9), we have

V(P = P) (W (Ar, Fo; X)[hn] = (Ao, Fo; X)[hn]) = 0p(1)
and
VP, = P)(1h(Ao, Fr; X)[hn] — 1(Ao, Fo; X)[n]) = 0p(1).

Noting that ¢(A, F; X)[hn] = (Ao, F; X)[ha] — (A, F; X)[ha], it follows that U =
op(1).

For UZ(Q, by Cauchy-Schwarz inequality, we obtain

o
K 5 (Bh0) = B0,0) a8 ) v
= Z{ (Auy () = Aoy () 4 (1 - a2 ) }

A 1/2
xP fY (Ahyj(u) — Ah'(u))Qan(U) }] )

1— (V)

K
> {A(Ahn,j(y) — AR (V) 4 (1—

j=1
By Lemma 3.1, similar to the proof of the first inequality in Theorem 3.2, we have
K

> {A(AAIJ(Y) = Al (Y) + (1= 4)

J=1

P

[ (AR (u) = AN ;(u)) dE, (u)
1—E,(Y)

<dy (Mg, Mo)? + dy (Mg, Ag)dy(Fy, Fy) = Oy(n~2/(0F20)

and

P

Z{ (Ahy (V) = Ahy (V) + (1= A)

J=1

[ (Db () — Ahy(w)) dE, (u)
1—E,(Y)

Sdl(hna h)2 + d1<hn, h)dQ(Fn, FO) — Op(n_l/(lﬂ’“))'
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Hence, UQ(Q = 0,(1).
For Uéil), by Theorem 3.4, we have
Usn = V1Qi (B = Fo) 1] + VAo, (Ro, Fo; X)[] + 0p(1),

where P, is the empirical measure based on group [. Thus,

U, =Usy) = Usy) + 0,(1)
n n
=\ VP (o, Fos X)L = 4 [ 20 VmaPuath (o, Fos X)[R] + 0p(1).

Note that P, and P,, are independent, and \/nPy, (Ao, Fo; X)[h] 4 N(0,53).
Thus, we have U, % N(0, (5 + 155)90)-

Finally, we need to prove that 62 — 63 = 0,(1). Note that 53 = Py?(Ag, Fo; X)[h]
and 62 = P, (A, F,; X)[hy]. Thus, we have

G = 66 =Pu{t*(An, Frs X)[hn] = (Ao, Fo; X)[hn]}
+Pn{1* (Ao, Fo; X)[hn] — v* (Ao, Fo; X)[B]} + (P — P)eo* (Ao, Fo; X) ().
By the consistency of (A,, F,,) and the law of large numbers, we have
P {07 (A, Fo; X) ] = 0% (Ao, Fos X)[hal} = 0,(1)
and
(P, — P)y* (Ao, Fo; X)[h] = 0,(1).

Then we only need to consider P, {¢*(Ag, Fo; X)[h,] — ¥*(Ag, Fo; X)[h]}. Since Ay,

Fy, h and h,, are bounded functions, we have

|10 (Mo, Fo; X)[hn] + b (Ao, Fo; X)[h]] = [¢ (Ao, Fo; X)[hn + R]|

S

XK: [A{ANj — Ao ()} +(1- A)f;O{<ANj — AAo,j(U))}dFO(u)} ‘

1— Fy(Y)

S(N(Tk) + Ao(7))
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with probability 1. Thus, by Cauchy-Schwarz inequality, we have

P [0* (Ao, Fo; X)[hn] — (Ao, Fo; X)|[A]]

SP [W(Am Fo; X)[hn] — (Ao, Fo; X)[h”<N(TK) + Ao(7))]

<P

(N(Tic) + 80(7) Y- {AIAN; = B, (V)| 80, (V) = Aby(Y)

- A>f5° [AN; — Ao (W)|| Al j(u) — Lhy(u)|dFo(u) H

1— Fy(Y)
SP | (N(Tie) + Aol Z{Alﬁhm Y) — Ahy(Y))|
py I A () =~ Ahy(w)|dFo(w)
+(1- LR H
<P Z{A(Ahn,jm — Ab(Y)) + (1 - fy (Ahm(1)—FOA(1h})(U)) dFo(u)H :

NI

XP [(N(Tk) + Ao(7))*]? < di(hn, h) = o(1).
Therefore, B, {*(Ao, Fo; X)[hn] (Ao, Fo X)[A]} = 0,(1) and 62 — o3 = 0,(1). T
3.7.8 Proof of Theorem 3.6

Proof. (i) First we write U, = 3.7 (ny/v/n)Pn, (s(Ay, Fj; XD [h,]—¢(Ag, Fy; XO)[hy,])
for [ = 1,2. Note that

Py, (s(A, Fy; XD [h,]) =(Py, — P)s(A, Fi; XD)[hy] + Prs(A, Fy; XO)[hy, — A

+Pi(s(A, Fi; XD [R) — ¢ (A, Fy; XO)[R]) + Pis(A, Fy; XO)[A].
We next show that
P, (s(Ay, Fi; XD)[h,)) = Pis(Ay, Fy; XO)[R] + 0, (n™1/?) (3.10)
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and

P, (s(Ag, £5 XO)[ha]) = Pis(Az, F; XO)[] + 0,(n~1?). (3.11)

According to the proof of Theorem 3.5, we have
Vii(Ba, = P)s(Ar, B XO)[ha] = 0,(1) and yiuPus(A, £ XO) = B] = 0,(1).
Moreover, according to Lemma 3.1, this implies that

P (st i XON] — o(hy. B XO)h)|

N (731

x|| 1~ Bl

KO

> |ad, @) — sno, )| | + P
j=1

KO
> |k, - AA(M(U(”)‘] )

J=1

SUIAL = Aol zaguy + 1AL = Al o) [1Ei = Filoo-
(3.12)
Applying Lemma 3.5 and Corollary 2.1 of He and Shi (1994), we have ||/A\;—A6||L2(M) =
O,(n~U=D/0+2r)y — o (1), This gives Pi(s(Ay, Fj; XO)[h] — ¢(Ay, Fy; XD)[A]) =
0,(n™Y/?). Thus, (3.10) and (3.11) hold.

Moreover, we have

KO KO
P, ZAhj(U(l))] = / E Y Ahj(w)|UY u] dFy(u)
- ) filu) - ry HU)
:/E ;Ahj(u) U0 = u| FdF ) = P, ;Ahj(U )
(3.13)

Hence, (3.10), (3.11) and (3.13) yield

O =3 <Py (s(hs, Fis XO)[A] = o(Aa, Fis XO)A]) + 0,(1)

S
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2 2
:\/ﬁz Pis(Ay, Fy; XO)[ph] — \/EZPlg(A2,P};X(l))[plh] + 0p(1)
=1

=1

n A n A
Z%PN(M Fy; XW)[w] — %ng(z\g, Fo; X)) [ws] + 0,(1).

Set Gi(s) = Piliyws,y and

oA P XY, A)w] = 1iay & (G’l()};) - 0 %y(Fif)u(’loi;?()gU)]dF(U)

+/0YAY ol Vi OW] ) - La 1Y>Y}@A7F(Z;(?)X>[w]'

By Theorem 3.4 and (3.12), we can get
\/Tl_ﬂ)zg([\l; E;X(l)>[wl] = \/n_lPK(AI,FZ;X(Z))[wl] + 0p(1) ~ N(OaU?)~

Since A; and A, are independent, it then follows that U, ~ N (0, (62/py + 02/p2)).

(i) Set
~ A, Y, 00: X)[w ?957 u, 00; X)|w
AT XY D)) = 15, P2l [ oot
Gn'(Y) 0 Gn'(u)(l = F(u))
YAY ~ ~ Y
oar(u, Y X)[w] par(Y,Y; X)[w]
+/ (Z)F dF(u) - 1{&:1,Y>Y/} d O o )
o Gn'(u)(1—F(u)) Gn'(Y)
where GV (s) = Py lywsg- Then
- I 2
of — of =Py, {{Pn% (Ar B X0 YO AD) )] +¢(A,,E;X<”)[w,§)]}

A - Y X A ~ 2
- {P@l(Az,Fl;X( YO ADY 0] +¢(A1,Fl;X(l))[wS)]} 1

~ ~ ~ ~ 2
+Po, [ Piau(A, B X070, AO) D] + Ay, £ XO) )]

~ 2

-P [P@l(Ao,Fl,X(l) YO AU )[wz]+¢(/\o,Fz;X(Z))[wzﬂ '
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Note that

A - ~ ~ 2
- {P¢Z<A17Fl§ YO AD) [wd] +¢(A1,E;X(l))[wg)]} ]
=—Z [{ WO (A, By XO, 70 AN @] — Poy(Ay, By X O, 70, AD) w w]}

< Pl (A, £ X037, A0 ] + Per(A, £ X037, A )
+ 2w<AlyF’l7 l ,Sl }:|

For each i, we obtain

PO (Ay, B XO; V0 A w®] — Pey(Ag, B XO; v, A 0]

=(P, — P)pP (A, F; X0, 7Y AN [w?]

+P (goﬁf)(f\z,ﬁ’z; YO AN ] - eu(Ar, B X070, AD) [w ”]) :
Since sup,c(g . IGP(s) — Gi(s)| = O,(n~112), we get

P (e (A B x OV AN wll] — @by, B X0V A wll]) = 0,(0)
Similar to the proof of Lemma 3.2, under Conditions (C2), (C4), (C6) and (C10),
{oW(A, F; X0, }71-(1), A§l>)[w,<f>] ANed, FeF, doF,F) <6, A is uniformly bounded}
is Donsker and it is Glivenko-Cantelli. It follows that
(B, — P)pO (A, F; XO; ¥V AV w®] = 0,(1)

and the first term of 67 — o} is 0,(1). Denote

u(A, F; Y, A X)[w] = Poy(A, F; XDV, A)[w] 4 (A, F; X)[w].
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To verify that the second term of 67 — o7 is 0,(1), we only need to prove

E[J0?(Ao, F;; YO, AO, XO)[w®] — 02(Ag, F; YO, AD, XO) ][] = o(1).

n

By the definition of w!’ (u,t), we obtain

n ey )

e frw)  fo(u) —p,>

(3.14)

<Vt — 1) — bt — 1)) — (ot — £2) — b — )] | 2+ 292
non fi(u)

e fo(w) )
n + n fl(u) Dbr fl(u) o)

+|h(u —t1) — h(u — t2)|

fr(u) fr(u)

~

gc{mn(u—tl)—h(u—t1>|+\hn<u—tz>—h<u—f2>'+ Fw A

}

with probability 1 for some constant ¢, where [, = 1,2 and [ # r. According to

Theorem 2.2 of Foldes, Rejt6, and Winter (1981), we have

" i) Ailw)

u

a.s.

(3.15)

Moreover, by the definition of ¢, (A, F'; XY, A)[w], ¢a r(u; X)[w] and @p p(u, a; X)[w],

after some calculations, we have

Ao, s VO, A0, XO)w® + w]| £ NOTL,) + Ao(0)
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and
|UI(A07 Ev Y/(l)7 AU)? X(l))[wg) - wl”
(1)

S (VO + Ko(r) 3 [A0 | 2wl (r D) — Ay ()

1

=

<.
Il

(3.16)
S [l ) = A )| dFiw)

Y n,j

1= R(YO)

+ (1 —AW)

+[ P (Ao, Fy; XO; VO AD) [w® — ]|

with probability 1. Combining (3.14)—(3.16) and using the Cauchy-Schwarz inequal-

ity, we obtain
Elvf (8o, 15 YO, AD XD [wD] = vf (Ao, F; VO, AD; XO) )|

K®
2
<E (N<l> (1) + AO(T)) 3 {M) ‘Aw,ﬁ;(W)) — Ay (YD)

~Y

J=1

Dl () = Dy (w)| dF(w)
= RY0)

A

+B [ (NO(7) + Aolr)) [PeilAo, F; X3 7O, A0 ud) —
SE [[Pei(do, i XO: VO, A0 — wll] + 1A = hullagun

Y

SIHAY = h|| 1) — 0.
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Chapter 4

Semiparametric Statistical

Inference for Panel Count Data
with Terminal Event

4.1 Introduction

In this chapter, we extend the nonparametric model in Chapter 3 to a semi-
parametric model. We still use the monotone I-spline functions to approximate the
nonparametric function and propose a least squares-based two-stage estimation by
treating the distribution of the terminal event as a nuisance functional parameter.
We assume that the distribution of the right-censored terminal event satisfies the
Cox model (Cox, 1972) with the baseline hazard function estimated by the Breslow
estimator (Breslow, 1972) and the coeflicient of covariates estimated by the partial
likelihood estimator (Cox, 1972). For the asymptotic properties, we prove that the
estimator of the mean function is consistent and the convergence rate is between

172 depending on the smoothness of the mean function. We also establish

n'/3 and n
the asymptotic normality for the proposed estimator and provide the asymptotic
variance. After demonstrating the finite sample performance of our method by the

simulation studies, we use the method to analyze the rate of severe illness for elder

people in the dataset of CLHLS.
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The rest of this chapter is organized as follows. In Section 4.2, we introduce
the semiparametric model and the loss function for our estimation. Under some
basic conditions, Section 4.3 verifies the asymptotic consistency, the convergence
rate, and the asymptotic normality of the proposed estimation. We demonstrate the
performance of our method by the simulation studies in Section 4.4. Section 4.5 is
the analysis of CLHLS data. Finally, we show the proofs of the theoretical results in

the Appendix.

4.2 Model Setting and Estimation Procedure

We define the notation U, C, Y, A, K, T and N the same way as in Chapter
3. Let the time-independent covariate vector be Z. Then we consider a study
containing n subjects with the sample of subject i being X; = (Y, A, K;, T3, N;, Z;)
fori=1,--- ,n, where T; = (Tj1, T32, - - - , Tik,) and N; = {N;(T1),--- , Ni(Tix,) }-

For the occurrence number of recurrent events from time ¢ to the terminal event,

N(t;U), our model supposes that given the covariate and terminal event time, the

conditional expectation of N(t;U) is
E(Nt;U)U =u,Z = z) = exp(BT2)A(u —1t),0 <t <u <7, (4.1)

where A is a non-negative and non-decreasing baseline mean function with A(0) = 0.
Suppose that the conditional distribution function of U given Z satisfies the Cox
model

Fu|Z =2)=PU <u|Z =z) =1—exp{—H(u) exp(y' 2)}, (4.2)

where H(u) is the baseline cumulative hazard function of U. Then the unknown pa-
rameters and functions to be estimated under models (4.1) and (4.2) are (3, A, Fy 1).
We assume the following basic conditions before the analysis: (i) Given Z, C' and

U are conditional independent; (ii) Given Z, C' is noninformative to A; (iii) Given
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(Y,A,Z), (K,T) is noninformative to A. Taking AN; = N(T;) — N(1j_,) and
AN (u) = Au—Tj_1) —A(u—1T}) for j=1,--- , K with Ty = 0, according to model
(4.1), we have

E Y {AN; - exp(87Z) AN (U) Y, A K, T, N, Z]
=" |A{AN; —exp(872)80,(V))

+1_—Y|Z/ {AN; — exp(B7 Z) AN, (u) Y dF( u\Z)}

Correspondingly, the least squares-based loss function should be

(n(B, A\, F; X)

1 n K; 9
S AAAN; ; —exp(BTZ) AN (Vi
nzg {AN, — exp(87 Z) AN, (¥)} "

o ZZ 1-— Y|Z / {A — exp( BTZ JAA; j(u )}ZdF(u|ZZ»),

where X = (YA, K,T,N,Z), AN, j = N;(T; ;) — N;(T; j_1), and AA; ;(Y;) = A(Y; —
T;j-1)—A(Y;—T;;). Replacing F'(u|Z;) by 1 —exp{—H (u) exp(v? Z;)}, a reasonable
estimator is the minimizer of the loss function (4.3) with respect to (3, A, Fy u).
Since it is difficult to minimize (4.3) directly, we consider the two-stage estimation
by treating F' as the nuisance functional parameter. In stage 1, we calculate the
partial likelihood estimator 4, and the Breslow estimator H,, (Breslow, 1972). Then
we have F,(u|z) = 1 — exp{—H,(u) exp(3T2z)}. In stage 2, (Bn, A,) is obtained by
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minimizing

n K;
~ 1 !
(B, A B X) = NS TA{AN; — exp(B7Z) AN (V)
i=1 j=1
(4.4)
) S / {AN: = exp(BT Z3) A5 (u) Y (u] Z)
nz 1 4= ll_Fn(Y|Z)

with respect to (8, A). To distinguish with the sample (Y, A, Z) used in stage 2, we
denote the sample used in stage 1 by (Y, A, Z).
We still consider the monotone I-spline functions to approximate A on [0, 7]. We

divide [0, 7] into m,, + 1 subintervals
Oztl :"':td<td+1 < - <tmn+d<tmn+d+1 :"':tmn+2d:T

with knots {¢; : i = 1, -+ ,m,+2d}, where d represents the order of I-spline functions.
Let the I-spline basis functions be {I;(s),l = 1,--- ,¢,}, where ¢, = m,, + d. Then

we define the functional space of the sieve estimator for A to be

Define I(s) = (Iy(s), -+, 1, (s))T and a = (v, -, )7, and replace A(s) by
I(s)’a in (4.4). Then we can minimize the loss function (4.4) by the constrained
BFGS algorithm (Lange, 2001). Setting the minimizer of (4.4) to be (Bn, &), the

spline estimator of A(s) is A, (s) = I(s)Té,.
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4.3 Asymptotic Properties of the Estimator

In this section, we establish the asymptotic properties of (Bn,f&n) First, we

define the following parametric spaces

H, ={g: 19TV (s) = g V()| < cols — t| for all 0 < s, < T},
® ={A € H, : A is nondecreasing continuous function on [0, 7] with A(0) = 0},

F ={F : F is a distribution function on [0,00)},

where ¢ is the rth derivative of ¢ for > 1. For a bounded and convex set R C R,
denote the interior of R by R°. Set Fz to be the distribution function of Z with a
bounded support Z C R?, and (8o, Ao, Fo(+|2)) € R° x ® x F to be the true value
of (B, A, F) for all z € Z. Rewrite ¢,(3, A, E,: X)=P,m(B,A, E,: X) with

m(B.A, FiX) = Y~ [A{AN; — exp(87Z)A0, ()}
P rrzy ), (AN ead AN w a2

Let B and B¢ be the collection of Borel sets in R and R?, respectively. Then for

By, By € By, = {BN[0,7] : B€ B} and C € B?, we define

IU1<B1XBQXO)://ZP(KZIC“]:U,Z:Z)
CYJ k=1

k
X ZP((U —T;) € Bi,(u—Tj_1) € Bo|K =k, U =u, Z = z)dFy(u|z)dFz(z),

J=1

,LLQ(Bl X Bg) = M1<B1 X Bg X Rd),

ug(BlxBQ):/Rd/i::P(K:MU:u,Z:z)

xP((u —Tk) € Bl,u€ By|K =k, U =u,Z = z)dFo(u]z)dFZ(z).
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Setting AA(s1,52) = A(s2) — A(sy), for any functions Ay, Ay € @, we define the

metric

2

Mx

di (A1, As) = [[AA (51, 50) — ANs(s1, 99) 17,5 (0) = (AA;(U) = A 4(U))

7j=1

Y AAlJ - A 2,5 U 2 olu

J=1

=LK

For any functions F, F; such that Fy(:|z) € F and F5(-|z) € F, we define the metric

da(F1, Fy) = sup [F1(u|z) — Fa(ulz)].

U,z

For any (81, A1) and (B2, As) in the space R x ®, we define the metric

d3((Br, A1), (B, A2)) = {||B1 — Bell3 + di (A1, Ag)}/2.

We need the following conditions to establish the asymptotic properties.

(C1) 0 < Ap(7) < .

(C2) 0 < Fy(7|Z = 0) < 1. Fj is absolutely continuous with respect to Lebesgue
measure. Furthermore, the density function fy(s|Z = 0) has a uniform positive lower
bound for all s € [M;, 7], where M is a constant representing the minimum value of
the support of Fy.

(€3) E[X (AN, — exp(BT Z2) Ao, (D)}?] < oo.

(C4) The probability of censoring p = P(Y < U) satisfies that 0 < p < 1.

(C5) The measure puy X Z is absolutely continuous with respect to p;.

(C6) P(a¥Z # ¢) > 0,Va # 0 € RY and Vc € R.

(C7) There is a constant My > 0 such that P(K < M,) = 1.

(C8) The number of subinterval in [0, 7] satisfies m,, = O(n”) for 0 < v < 1/2.
Furthermore,

max ’tl — ti,ﬂ = O(n*”),
d+1<i<mp+d+1
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and there is a constant M3 > 0 such that

MAXq41<i<mp+dt1 |[ti — tiz1]

- < Mj
MiNg1<i<m,+d+1 [t — tiz1]

uniformly for n.

(C9) P(T; —Tj—1 > My forall j=1,---, K) =1 with some constant M, > 0.
Remark 1. Condition (C1) is common on the baseline mean function. Condition
(C2) holds when the end time of study is smaller than the maximum value of the sup-
port of Fy. Condition (C3) assumes a finite second order for the counting processes,
which is necessary for the least squares-based estimation. Condition (C4) is common
in right-censored data analysis, meaning that the censoring rate is between 0 to 1.
According to Wellner and Zhang (2007), Conditions (C5) and (C6) are necessary
for the identifiability of the semiparametric model. Condition (C7) holds in many
applications for panel count data. Condition (C8) is a regular assumption for the
spline approximation by Lu, Zhang, and Huang (2007, 2009). By Wellner and Zhang
(2007), Condition (C9) meaning that the adjacent observation times are separable is

regular in applications of panel count data.

Theorem 4.1 (Consistency for Two-Stage Estimator). Suppose that Conditions
(C1)—(C9) hold. Then for 0 < by < by < 7 satisfying ps([0,b1] X [ba, 7]) > 0, we

have

HAAH(SD 82)1{(31,52)e[b1,bg]x[bl,bg}} - AAU(Sl? 82)1{(51782)€[b1?b2}X[b17b2]}H%Z(MQ)

+H1B1 = B3 = 0p(1).
In particular, when ps({0} x {1}) > 0, we have ds((Bn, An), (Bo, Ao)) = 0,(1).

Besides Conditions (C1)—(C9), we need the following additional conditions to

establish the convergence rate and the asymptotic normality.
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(C10) infoez P(U > 7|Z = z) = w; > 0 and P(C > 7) = wy > 0 for some
constants w; and ws.

(C11) po is absolutely continuous with respect to Lebesgue measure with a deriva-
tive fi2, and 1o has a uniform positive lower bound.

(C12) There is a positive constant M5 such that 1/Ms; < Aj(s) < M; for all
s € [7', 7], where 0 < 7/ < 7 such that Ay(7') > 0.

(C13) E(eN®) is uniformly bounded for ¢ € [0, 7] and some constant c.

(C14) For all a € RY, there is a constant i € (0, 1) such that
a’Var(Z|S,S:)a > na’ E(ZZ"|S,,S;)a a.e.

for (S1,S2, Z) having the distribution ;.

Remark 2. By Kong et al. (2018), Condition (C10) is necessary for the uniform
weak convergence rate of E,, on a finite interval. According to Wellner and Zhang
(2007) and Lu, Zhang, and Huang (2009), Conditions (C11)-(C14) are common in
the analysis of panel count data. Condition (C11) supposes that the total observation
time of counting processes has a positive density. Condition (C12) assumes that the
derivative of the mean function has a uniform positive upper and lower bound, and
it may be stronger than necessary. Condition (C13) holds when N(¢) is uniformly
bounded or from a Poisson-type process. By Remark 3.4 of Wellner and Zhang

(2007), Condition (C14) is satisfied in many applications.

Theorem 4.2 (Rate of Convergence). Suppose that Conditions (C1)—(C14) hold,
and p3({0} x {r}) > 0. Taking v = 1/(1 + 2r), we have d3((/én7An)7 (Bo, No)) =
Op(nfr/(1+2r))'

Remark 3. Although the overall convergence rate of (Bn, An) is slower than n'/?, the
convergence rate of Bn is still n'/2, and we can also find a function of A, having the
convergence rate n'/2. The following theorem establishes the asymptotic normality
of Bn and a function of A,,.
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Theorem 4.3 (Asymptotic Normality). Suppose that Conditions (C1)—(C14) hold,
and Ng € H, with r > 2.
(i) For all hy € R and hy € H,., the estimators Bn and A, satisfy that

VAR (h1, hy)(Bn — Bo) + ViiRa(hy, ha) (A, — Ag) ~ N (0, 00[hy, ho]?),

where Ry(hy,hy)(Bn — Bo), Ra(hy,ho)(An — Ao) and oo[hy, ho)? are defined in the
Appendizx.

(ii) Furthermore, we have

V(B = Bo) ~» N(0, (A7) 1B (A7) ™)),

VP [Z {(Dhas(U) + DR (U)R™ (1) Z) expl(267 Z) (A () — Aoy (U) }

j=1

~ N(O, 5’0[]12]2)

for all hy € H,, where Ahy ;(U) = ho(U —Tj_1) — ho(U — Tj), and A*, B*, R**(hs),

and dolhsa| are defined in the Appendiz.

4.4 Simulation Studies

In this section, we conducted the simulation studies to demonstrate the perfor-
mance of our method. We generated the covariate vector Z; = (Z1, Zso, Zis)* by
the following scheme: Z;; ~ Unif(0,1), Z; ~ N(0,1) and Z;3 ~ Bernoulli(0.5).
Given the covariate vector Z;, the terminal event U; satisfied model (4.2) with
Yo = (71,72,73)T = (—1,1,1)T and Hy(u) = u — 5 for u € [5,00). The censor-
ing time C; was from 5 + kexp(1l), where k was selected to yield 20% and 40%
censoring rate, respectively. Then we had Y; = U; A C; and A; = 1{y,<¢,3. Took the
end time of study to be 7 = 10, and the total number of observation K; to be from

{1,2,3,4,5,6} with equal probability. Given Y; and K, the observation time points
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T; = (Ti,- - - , Tik,) were K; ordered random variables from Unif(0,Y;). Under model

(4.1), we considered the following two different cases of Ag:

10s
Case 1: A = d Case 2: A =
ase o(s) = s, and Case o(s) o
to generate the counting process N; = {N;(Ti1), -, Ni(Tik,)} from the Poisson

process with By = (81, B, 83)7 = (—1,0.5,0.5)T. That is in Case 1, N;(T};) was from
the Poisson distribution with mean 7180 %, and N;i(Ti;) — Ni(Tij-1)) was from
the Poisson distribution with mean (7}; — Ti(j,l))eBOTZi for j =2,---, K;; in Case 2,
N;(T;1) was from the Poisson distribution with mean 10{U;/(U;+1)— (U; —T3y)/(U; —
T+ 1)}eﬁ0TZi, and N;(T;;) — Ni(Ty(;—1)) was from the Poisson distribution with mean
10{(U; = Tiy-1)/(Us = Tiggony + 1) = (U = ) /(Ui = T + 1)} % for j =2, | K.,
For the knots of I-spline, we took tgy1, taie, tars to be the 25%, 50% and 75%
quantiles of {Y; —T}; : j =1,--- | K;; i = 1,--- ,n} with d = m,, = 3. Since it
was difficult to obtain o2 directly, the standard error of our estimator was estimated
based on 100 bootstrap samples. The initial value of the BFGS iteration was taken
as a@ = (1,1,1,1,1,1)7 and B8 = 0. The sample size was n = 50 and n = 100,
respectively. The simulation results were summarized based on 1000 replications.
The dash lines in Figures 4.1-4.2 display the mean of the estimation, and the
solid lines in this figure are the true value Ay for comparison. In these Figures, the
estimation functions are close to the true value Ay, meaning that our estimator An
is consistent. The simulation results for the regression parameter 3 are summarized
in Table 4.1 and Table 4.2. Both of the two tables demonstrate that our estimations
are close to the true value of 3, and the biases tend to decrease as the sample size
increases and the censoring rate decreases. The tables also show that the sample
standard errors (SSE) are close to the corresponding estimation of standard errors
(ESE). Both of them are decreasing when the sample size increases and the censoring

rate decreases. The 95% empirical coverage probabilities (CP) are close to 0.95.
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(a) n = 50 and censoring rate = 20% (b) n = 50 and censoring rate = 40%

10
I

0 2 4 6 8 10 0 2 4 6 8 10
(¢) n =100 and censoring rate = 20% (d) n» = 100 and censoring rate =
40%

10

Figure 4.1: Simulation results for the baseline mean function in Case 1. The solid
lines are the true functions, and the dash lines are the estimates.
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(a) n = 50 and censoring rate = 20% (b) n = 50 and censoring rate = 40%

0 2 4 6 8 10 0 2 4 6 8 10
(¢) n =100 and censoring rate = 20% (d) n» = 100 and censoring rate =
40%

Figure 4.2: Simulation results for the baseline mean function in Case 2. The solid
lines are the true functions, and the dash lines are the estimates.
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Table 4.1: Simulation results of the estimates of parameter 3 in Case 1.

Censoring rate = 20% Censoring rate = 40%
B1 B B3 B1 B Bs
n=50
Estimates -1.029 0.511 0.519 -1.032 0.514 0.524
SSE 0.352 0.107 0.194 0.375 0.116 0.204
ESE 0.353 0.112 0.200 0.380 0.125 0.217
CP 0.974 0.948 0.938 0.972 0.964 0.950
n=100
Estimates -1.016 0.508 0.509 -1.016 0.509 0.510
SSE 0.242 0.078 0.142 0.257 0.082 0.148
ESE 0.230 0.071 0.134 0.242 0.076 0.141
CPp 0.961 0.909 0.935 0.964 0.922 0.931

Table 4.2: Simulation results of the estimates of parameter 3 in Case 2.

Censoring rate = 20% Censoring rate = 40%
B B2 B3 B B2 B3
n=>50
Estimates -1.054 0.525 0.536 -1.078 0.541 0.564
SSE 0.456 0.135 0.249 0.491 0.150 0.275
ESE 0.459 0.147 0.257 0.524 0.171 0.291
CP 0.979 0.961 0.952 0.976 0.966 0.944
n=100
Estimates -1.028 0.511 0.517 -1.040 0.525 0.534
SSE 0.287 0.090 0.172 0.307 0.099 0.189
ESE 0.275 0.086 0.161 0.299 0.095 0.176
CP 0.960 0.945 0.928 0.959 0.933 0.927

4.5 Real Data Analysis

In this section, we applied the proposed semiparametric approach to analyze the
occurrence rate of serious diseases for elder people in China based on the datasets of
the Chinese Longitudinal Healthy Longevity Survey (CLHLS) in the period 1998 to
2014. Similar to Chapter 3, we denoted the terminal event and the censoring event
by the death and loss-of-connection, respectively. Then Y = U A C was the follow-up

time, and A = 1yy<c) was the indicator of death. Took the number of months from
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the baseline survey in 1998 to the jth follow-up wave of survey to be T;. Then the
observation time points were ' = {7} : j = 1,--- , K'}, where K < 6 represented the
total number of follow-up surveys. Let 7 = 197 be the largest number of follow-up
months. Set the occurrence numbers of serious diseases before the jth follow-up
survey to be N(T}), and the occurrence numbers of serious diseases from the jth
follow-up survey to death to be N (T3). For the semiparametric model, we chose
6 covariates in our analysis, including the gender (Z; = 1 for male and Z; = 0 for
female), the living area from 1998 to 2000 (Zy = 1 for urban and Zy = 0 for rural), the
number of children (Z3), the systolic blood pressure (Zy4), the heart rates (Zs), and
the lung capacities (Zg). All the continuous covariates were standardized before the
analysis. 4831 individuals were interviewed in both of the surveys in 1998 and 2000.
After removing 1099 individuals with missing or typo records and 1160 individuals
living in different areas in 1998 and 2000, we focused on 2572 individuals with the
censoring rate of 26.36%. We considered the cubic I-spline with order d = 3, and
we divided [0, 7] by the knots t441 = 7/4, taro = 7/2 and t41 = 37/4 to calculate
the I-spline basis function I(s). We chose the initial value a« = (1,1,1,1,1,1) and
B = 0 to start the BFGS algorithm. Similar to Section 4.4, we applied the bootstrap

procedure with 100 replications to estimate the asymptotic variance of the proposed

estimator.
Table 4.3: Inference results for the CLHLS data.
Zl ZQ Z3 Z4 Z5 Z6
Estimates —0.176 0.260 —0.081 —0.101 0.069 0.140
ESE 0.092 0.098 0.041 0.057 0.031 0.053
p-value 0.055* 0.008** 0.047** 0.077* 0.023** 0.009**

* represents significance level of 0.1; ** represents significance level of 0.05.

In Figure 4.3, the solid line represents the estimate of the baseline mean function

Ay, and the dash lines represent the 2.5- and 97.5- percentiles based on the 100
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Figure 4.3: Estimate, 2.5-percentile and 97.5-percentile of the baseline mean function
for the CLHLS data.

bootstrap samples, respectively. Table 4.3 shows the parameter estimation results,
in which all the covariates have significant effects on the occurrence rate of serious
diseases. Specifically, Z; and Z, are significant at the 0.1 level, and Z;, Z3, Z5, and
Zg are significant at the 0.05 level. Furthermore, 75, Z5, and Zg have positive effects
on the occurrence rate of serious diseases, meaning that elder people living in urban
or having higher heart rates or having larger lung capacities tend to suffer from more
serious diseases before death. In contrast, Z;, Z3 and Z4 have negative effects on the
occurrence rate of serious diseases, which implies that elder females or elder people
having fewer children or elder people having lower systolic blood pressure are likely

to suffer from more serious diseases before death.
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4.6 Appendix

4.6.1 Lemmas

Lemma 4.1. Suppose that Conditions (C1) and (C7) hold. Then we have

K

B |3 (ep(8"2)A0(0) — exp(8] 2)80,(0)'

< d3((8, 1), (Bo, Mo)).

In addition, if Condition (C14) holds, then

K

Z (exp(8"Z2) 20, (U) — exp(B] Z) Ao, (U))

2 d3((8,0), (Bo, Ao)).

Proof. First, by the Cauchy-Schwarz inequality, under Conditions (C1) and (C7),

we have

2

tr‘j 1
WE

(exp(B"Z)AN;(U) — exp(B) Z) MM ;(U))

1

T
.
Il

élr‘j 1
W

(exp(BTZ)AN;(U) — exp(ﬁTZ)AAo,j(U))z

1

T
.
Il

(exp(ﬁTZ)AAo,j(U) - eXP(/@gZ)AAO,j(U))Q

_|_
eyl
M=

1

L.
Il

+2F Z exp(B8"Z)AN;(U) — exp(BTZ) AN ;(U))

J=1

x (exp(B"Z) AN, (U) — eXp(ﬁgZ)AAOJ(U))}

K

Z (exp(BTZ) — exp(ﬁérZ))2

Jj=1

— AN ()| + E

=
L
B

K

(exp(B7Z) — exp(BY Z>)2] }

Jj=1



SE |- (AM0) = 20,(0)| + B |(exp(872) ~ exp(8 2))°]

By the mean value theorem, there exists a B¢, € R such that

E [(exp(872) — exp(8] 2))°| = E [exp(288 2){Z27 (8~ Bo)}*] < 118 - Boll3.

It follows that

(exp(B” Z) AN (U) — exp(B Z) AN ,;(U))*

Mw

Jj=1

SIB = Bollz + di(A, Ao) = d5((B, A), (Bo, Ao)).

The proof of the second inequality is similar to the proof in Theorem 3.2 of
Wellner and Zhang (2007). For A € ®, B3 € R? and (S, S, Z) ~ 1, let g(§) =
exp(B¢ Z)ANe(S1, S2), where AN¢(Sy, S5) = EAN(SL, So) + (1 — £)AN(Sh, S2) and
Be = B+ (1 — &)By with & € (0,1). Then we have exp(87Z)AA(S,S2) —
exp(BY Z)ANo(S1, S2) = g(1) — g(0). By the mean value theorem, there is a & €
(0,1) such that

9(1) — g(0) = ¢'(&)
= exp(B5, Z)[(AA(S1, 52) — DAo(S1, ) + A, (S1,5:) (B = Bo) Z]

- Hl L (AL ) = BM(S1, )

ANo(S7,S2) } (B = B0)" ZLA(51, 8:)

HAA(SL S2) — A(S1, 52))].

where ¢ is the derivative of g. Setting g1 = (8—80)T ZAA(S1,S2), go = (AA(Sy, So)—
AN(S1,9)) and g5 = 1+ &(AA(S1, S2) — ANG(S1,52))/AN(S1, S2), we have
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g(1) —g(0) = eXp(,@g;Z)(glg?) + ¢2). This yields that

K

B2 (exp(8 )00 (0) (8 2)20,(0)°

= By [ (9(1) = 9(0)°]

=E,, [exp(2BE,2Z) (9195 + 92)°] Z Epy [(9195 + 92)°] -

Similar to the proof of Theorem 3.2 in Wellner and Zhang (2007), Condition (C14)

implies that
E} [9192) < (1 =n)Ey, [(91)°] B [(92)7] -

According to Lemma 8.8 of van der Vaart (2002), we have

Eul [(9193 + 92)2] Z EMl [(91)2} + EM [(92)2] Z dg((,@, A)> (/60a AO))

Define

sO(v,t)=E |:1{Y>t} exp(y’ Z)} Dy, t)=E [Zl{fzzt} eXP(’YTZ)} ;
s (v, u)

S0 (, u) o)

t
5(2)<77t) =F |:Z®21{1~/Zt} eXp("}’TZ)i| 7§(77t7 Z) - Hﬂ(t)z _/
0

% [ 42 s 2
()= [ "”)—{ “’”} ]s<°><w,t>dﬂo<t>,

sO(y, 1) 15Ot
5D
(rti2) =2) |2 = G2 |

t

Then we have the following lemma.
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Lemma 4.2. Suppose that Condition (C10) holds. Then we have
E,(t|z) = Folt|z) = PQ(t, 2, Y, A, Z) + 0,(n~1/?),

where

Ot,z;Y,A, Z)

Y

=(1 — Fy(t|z))e™ > [q(’yo,t,z)T {Ae('yo,f/, Z) - /0 e(Yo, u, Z)e”YoTZdHO(u)}

_ 1 Y At 6702
+ 1, o A—— —/ ——dHy(u) | .
(=1 5O (~p,Y) 0 5O (79, u) ol

Hence, dy(F,, Fy) = Op(n=/?).

Proof. Define the Breslow estimator of H(t) as

:/ Zl{y>u}epo Yn) {Zl{Y<uA_1}}

According to the proof of Lemma A.3. of Kong et al. (2018), we have

1 — 00 ~ R
- ﬁ Z / 6(707 t; Z’L)sz(t) —|— Op(n_1/2)7
i=1 V0

H,(t) — Ho(t)
sW (5, T A nooat 3 .
{ /0 5(0) 30, ;dHO(u)} (7”_70”%;/0 mdMi(UHOp(n ),

and

E,(t]z) — Fo(t|2)

A

(1= Filt}z)) - = { Ho(t)2" (3 = o) + (Ha(t) = Ho(t)) | + 0,(n "),
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It follows that

n

Fu(tl2) ~ Fo(tlz) = (1 = Fo(dl)e " > {cm,t,z)T / " e(vo,u, Z,)dNE(u)

=1

to . o
=AM —1/2y _ . —-1/2
+/0 S(O)<707u>sz(u)}+op(n ) =Ptz Y, A, Z) 4 0,(n"/?).

[]

Lemma 4.3. Suppose that Conditions (C1), (C4), (CT7), (C8) and (C11)—(C13) hold.

Define the class
My (F) ={m(B, A, F; X)—m(Bo, Ao, F; X) : BE€ R, A€ Oy, ds((B,A), (Bo, Mo)) <1},

for a fixed F satisfying da(F, Fy) < 0. For sufficiently small § and any ¢ < n, we

have

log Ny(e, My (F), || - |lp) S anlog(n/e),

where the Bernstein norm is defined as ||f||p.p = {2P (el — 1 — | f])}1/2.

PTOOf. By the definition of dg((/ﬂa A)7 (/807 AO))’ dg((ﬂ7 A)) (/307 AO)) < 772 y1€1dS that
di (A, Ag) < n. By Condition (C8), according to Shen and Wong (1994, page 597),

for all A € @, di(A, Ag) < nand € < n, we can find a set of brackets
{[AAiL? AA?] . HAA?(SD S9) — AAz’L(Slv 32)HL2(u2) <e =1 a(77/5)clq”}

such that AA(sy, s9) € [AAF(s1,82), ANV (s1,89)] for all s1,s9 € [0,7]. Similar to
the proof of Theorem 3.2 of Wellner and Zhang (2007), under Conditions (C11) and
(C12), we have 0 < AAF (s, 85) < ANV (51, 80) < ANg(s1,80)+e* and AAY (51, 55) —
ANF(s1,85) < 2e* for all 81,85 € [0,7], where ¢* = ((€2 + 1?)Y/?/cy)?? for some
constant ¢y. Furthermore, since Z is bounded and R is a compact set in R, we can

construct an e-net {3, : s =1,---,[(can/e)?]} such that for all B € R, there is a
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3, satisfying |37Z — BT Z| < ¢ and |exp(BT Z) —exp(BL Z)| < ce for some constant
c.
Next we consider the e-bracket of m(8, A, F; X) — m(Bo, Ao, F'; X). After some

algebraic calculations,

m(ﬁ»AaFaX) _m(ﬁmAOaF;X)

K
=AY {exp(B"Z)’AN;(Y)? — 2exp(BTZ) AN (Y)AN; + AN

j=1
1-A &
+T(Y|Z) ]ZI/Y {exp(B" Z)*AN;(u)® —2exp(B" Z) AN (u) AN;

+ANZYAF (u]Z) — m(Bo, Ao, F; X).

Hence, the e-brackets can be chosen as [mZLS, mU] where
“ 2 2
m{js =A Z [{(exp(ﬂsTZ) — cg) (AAﬁj (Y)) — 2(exp(,88TZ) + cg) AA%(Y)AN]-
j=1

2 —A e T 2 L 2
+ANJ } —+ #(HZ)/Y {(exp(ﬂs Z) — 68) (AA%J(U))

—2(exp(B7Z) + =) AAY () AN, + AN}}dFmZ)} — m(Bo, Ao, F; X)

and

K
m?, _AZ [{ exp(B7 Z) + ce) (AAY (V) = 2(exp(BT Z) — c2) AAL, (V) AN,

— A & 2 U 2
+ANJ‘2}+%(Y|Z)/Y {(exp(ﬁsTZ)ﬂLCf) (DA (w))

—2(exp(B7 Z) — ) AAE (u) AN; + ANf}dF(u|Z)] — m(Bo, Ao, F; X).
Then for all B € R, A € ®,, satisfying d2((3,A), (Bo, Ao)) < n?, we have

m(B,A,F,X) _m(ﬁoaAan;X) [mL mU]

1,87
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fori=1,---,(n/e)" and m = 1,---, [(can/e)?].
We also need to prove that ||m/, —mY ||}z < €°. Noting that || f]|% 5 is bounded
by 2P(|f|? exp(|f])), we need to consider P(|m}, — m|* exp(|m}, — m{])). After

some algebraic calculations,

U L
My s — My s

_i [{expgTz + 22 (AAY(V))? = (AAL(V))*)

+2cz exp(BL Z){ (ANY,(V))* + (AAE(Y))*} + 2exp(BL Z) (AAY,(Y) — AANE(Y)) AN;
205 (DAY (V) + DAL (V) AN

3 ez [ (e e ) - (anse))

+2c2 exp(BT Z){ (AN, (u))” + (AAE ()"} + 2exp(BT Z) (ANY(u) — AAE(w)) AN,

+2ce(ANY (u) + AAfj(u))ANj] dF (u|Z).

Since AAF(s), AAY(s) and 1—F(Y') are uniformly bounded functions, and exp(3! Z)
is also bounded, we have exp(|m}, —m{,|) < exp(cN(Tk)). Note that dy(F, Fy) <

and 0 is sufficiently small. Then Conditions (C7) and (C13) imply that

P(lmiy — mi [ exp(Imiy —mi,])) £ P [Imi, — mi,|* exp (eN(Tk))]

~Y

K

<P (YA [{(AAZ@{].(Y))2 — (AAE(V))) 42+ (AAY(Y) = AAE (V) AN,
+8AN}+ZI 1F_Y|Z / {(ANY ()" = (ANE () + &

Jj=1

+(AAY (1) = DAF() AN; + AN, Y (u] Z)|
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K

S A{(AAY(Y) - AAL(Y) + (AN, + 1)

j=1

<p

~

K 2

" ; 1 —1F_($|Z) /:’ {(AAgJ(“) — DA () +e) (AN, + 1)}dF(U|Z)

<p

Y

K
A (AN (Y ) — AAE (V)
7j=1

ﬁz Z / (AAY(u) — AAE(w))*dF (u|Z)

SHAA?(Sl, 82) — AAiL(Sl, 82)“%2(#2) + dg(F, F()) + 62 5 62.

~

Thus, ||m}, — m{ ||pp < €* and Nj(e, My(F), || - |lps) < ¢3(n/e)? ™. Noting
that g, goes to infinity as n goes to infinity, we obtain log Nyj(e, M, (F),|| - [|p5) S

qnlog(n/e). O

Lemma 4.4. Suppose that Condition (C2) holds. For sufficiently small §, any F

satisfying do(F, Fy) < 0, and any differentiable function g, we have

P

fY T;)dF (u|Z) fy dFo(u|Z)’
(Y|Z) 1—Fo(Y|Z)

(1—A)Z

j=1
(s

Lemma 4.5. Suppose that Conditions (C2) and (C4) hold. Then for sufficiently

K

> lg'(U -

) dy(F, Fp).

small 6, {m(B,\,F; X): B € R, A€ ®, A is uniformly bounded, dy(F,Fy) <} is

Donsker.

Lemma 4.6. Suppose that for every B € R, A € ®,,, sufficiently large n and suffi-
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ciently small n,

P(m(Bo. Ao, Fu: X) = m(B. A, i X))

S —d3((B,A), (Bo, Mo)) + d5((B, M), (Bo, Ao))da(Fr, Fy) + d§<Fn7 Fy)

and

E sup |(Pn_P>(m(ﬂ07A07FmX)_m(ﬁuAaﬁnaX)”qun—(n)
[AC@nids(B,A),(Bo,Ao)) <n) Vn
hold, where ¢,(n) satisfies that n — ¢, (n)/n® is decreasing for some o < 2. Let

T > 0 satisfy ¢n(r,) < /nrk. If the sequence A, satisfies

an(ﬁm AO; Fn7 X) > an(/énvATH FTL?X) - OP(T2>

n

and converges in outer probability to Ao, then di(A,, Ao) = Oy(rn + do(E,, Fy)).

4.6.2 A General Theorem for the Asymptotic Normality of
Semiparametric M-estimation with Nuisance Parame-
ter

In this section, we establish a general theorem for the asymptotic normality of
semiparametric M-estimator with nuisance parameter overcoming the difficulty that
the overall convergence rate is slower than n'/2. Consider the two-stage semipara-
metric M-estimator (Bn, An), which is obtained by minimizing the objective function
P,m(B, A, F,; X) with respect to (3, A) € R x ®,. For a parameter path A, € ® sat-
isfying Ayly—o = A, define # = {h: h = 52|, o}, H = {(h1, ha) : hy € R, hy € H,}

and

0
770(/3,/\7 FvX)[hlvhz] = a_nm(/6+nh1?A+ nh’2>F;X)|77:0
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for (hy,hs) € #. In particular, in the case of semiparametric estimation for panel

count data with an informative terminal event, ignoring constant factor, we have

(B, A, F; X)[hy, ha] = Z [A{ANJ- —exp(BTZ) AN (V)
. . 1-A
x exp(BT Z){AN;(Y)h{ Z + Dby i (Y)} + T-F(Z)

X /YOO {AN; —exp(B"Z) AN () } exp(BT Z){ AN;(u)h] Z + Ahy j(u) }dF (u]Z) | .

Set
Qn(B, A, F)[h1, ho] = Poy(B, A, F; X ) [hy, hol

and

Q(B, A\, F)[hy, hy] = PY(B, A, F; X)[hy, hs.

According to Theorem 1 of Zhao and Zhang (2017), we need the following conditions
to establish the asymptotic normality.

(B1) Q(Bo, Ao, Fo)[h1, ho] = 0 and Qu(Bn. Ay, F)[R1, ho] = 0,(n1/2).

(B2) Vi(Qn = Q)(Bus A, Fr) B, ho] = v/i(Qn = Q) (Bo, Ao, Fo)[hr, o] = 0,(1).

(B3) Q(B, A, F)[hq, ho] is Fréchet-differentiable with respect to (3, A) at (B, Ag, Fo)
with a continuous derivative Q1 g, oo 1 [P1, hol; Q(8, A, F)[hy, ho) is Fréchet-differentiable
with respect to F at (8o, Ao, Fy) with a continuous derivative Qs g, ao.5,[R1, ha)-

(B4) Q(Bn, An, Fu)[ha, ho]=Q(Bo, Ao, Fo) R, hal = Q1,80,00,5 (Bn—Bo, Au—No) 1, ho] —
Q2,80,80,5 (Fn = Fo) [, ho] = 0,(n7172).

(B5) /nQn(Bo, Ao, Fo)[h1, ha] + ﬁ@27ﬁ07A07F0<Fn — Fy)[hy, he] converges in dis-

tribution to a tight Gaussian progress.

Lemma 4.7 (General Theorem for the Asymptotic Normality). Suppose that Con-
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ditions (B1)—(Bb) hold. Then we have
—V/1Q1,89.00.7 (Bn — Bo, A — Ao)[ha, ho
:\/ﬁQn(ﬁoa A07 FO)[hh h?] + \/EQQ,,@(),A(),FO (Fn - FO)[hh hZ] + Op(l)
converges in distribution to a tight Gaussian process.
Proof. By the relations in (B1), (B3) and (B4),
Q(Bna [\n7 Z:_177,)[’7’17 h2] - Ql,ﬂo,Ao,Fo (Bn - 1607 [\n - AO)[hb hQ]
_Q27ﬁO,A07FO(Fn - FO)[h'h hZ] = 0P<n71/2)'

According to (B1) and (B2), we have —Q(Bn, An, Fn)[hl, ha] = Qn(Bo, Ao, Fo)[h1, hal+

0,(n~1/%). Combining the above two equations, it follows that

- Ql,ﬂo,Ao,Fg (Bn - /607 ATL - AO)[h17 h?]

=Qn(Bo, Mo, Fo)[hy, ha] + Qa8 09,50 (Fr — Fo)[ha, ha] + 0,(n~Y?).

4.6.3 Proof of Theorem 4.1

Proof. We first prove that A, is uniformly bounded. Since (,én,f\n) minimizes

P,m(B, A, E,: X) with respect to (8,A) € R x ®,, for any direction function h € ®,,,

we have
0= llﬂ% P,m(B8n, An + ¢h, Fn;X;) — Pom(Bn, A, Fru; X)
= 2P i A((AN; — exp(BTZ) DA, (V) exp(BTZ) Dby (V) + ——
b= ] e WP T TR (vz)
< [N~ explB2) 500 exp(BE 2) M ) 012}
(4.5)
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Taking h(s) = s, by Condition (C8), it follows that
K

P, [exp (287 2) Z{ (T) — T;_y <AAAW(Y)
7=1

1-A o

n “roz AAn,j(u)an(U\Z)>}

=P, |exp(B12) Y {AN;(T) — Tj—1)}

J=1

<P, [Z {AN;(T; = Tj-1)}

as, B <o,

K
exp(B] Z) Y Aho;(UNT; — T;1)
j=1

for some constant ¢; and ¢y. Furthermore, by Condition (C9),

K
limsup P, [exp 2,8 Z) Z{ <AAA7L]( )
7=1

n—oo

1_

K

> @ T (A84,,(7)

Jj=1

1_

2 limsupP, [A{An(y) — MY = Tx)}

2 limsup P,

n—oo

n—oo
(u—T dF (u|Z
Tz Y|Z / A, ydb >]
> lim sup AA, (by, by) P, [A1{Y_TKe[o,b1],Ye[b2,T]}
n—oo

1—A /oo
+ Y E— 1 3 . 7_ R .
1-— Fn(Y|Z) v {u—Tk €[0,b1],u€ba,7]}dFy ( |Z)]
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—limsup AA,, (by, by) E [L{v—1eoplves )]

n—oo

= lim sup A‘/Axn(bla bQ),Ug([O, bl] X [b27 T])

n—oo

According to the above two inequalities, we have limsup, .. AA, (by, by) s ([0, by] %
[b2,7]) < co. Then for all 0 < by < 51 < 59 < by < 7 with pg([0, by] X [be, 7]) > 0, since
AN, (s1,50) = Mp(52) = An(s1) < Mp(b2) — A (by) = AA,(by, by), we have AN, (sy, )
is uniformly bounded. In particular, when pg({0} x {r}) > 0, A,(s) is uniformly
bounded on [0, 7].

We next consider the minimal point of Pm(3, A, Fy; X). After some algebraic

calculations, we have
m(/BaA7 F07X) - Pm(/B07AO7FU;X)

=P

A (N, — exp(87Z)A0,(00))" ~ (AN, — exp(8] 2) 20,1

+1—1F#|ZZ / {(AN; = exp(67 2) A0 (w)?

— (BN; - exp(B] 2)5o,(w) } dFo(ulZ)|

=P | Y A{2AN; — exp(B7Z)AN(Y) — exp(BT Z) Ahoy(Y)}

j=1

x {exp(By Z)AMo;(Y) — exp(B" Z) AN (Y) )
+21—1Fﬁ / (20N, — exp(87 Z) A, (u) — exp(BEZ) Ao ()}
x {exp(B] Z) Moy (w) — exp(872) A0, (u)} dFo(u|Z)]

> 0.

_p [Z (exp(8 2) 500,(U) = exp(B7 2) 50, (V))°

j=1
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It follows that
Pm(/87 A7 F07 X) 2 Pm(ﬁ()v AO; F07 X)?

and Pm(B8, A, Fy; X) = Pm(Bo, Ao, Fo; X) if and only if AA(sqy,s9)exp(BTz) =
A ANo(s1,82) exp(B z) a.e. with respect to u;. By conditions (C5) and (C6), similar to
the proof in Theorem 3.1 of Wellner and Zhang (2007), we have Pm(8, A, Fy; X) =
Pm(Bo, Ao, Fo; X) if and only if 8 = By and AA(sy,s2) = ANg(s1,82) a.e. with

respect to us. Hence, for every 6 > 0, we have

sup Pm(/BaA7F0)X) >Pm(607A07F0;X)a
d3((B,A),(Bo,Ao))>d

which yields that
{ds((Bn: An). (Bo. Mo)) > 6} € {Pm(B, A, For X) > Pm(Bo, Ao, Fo: X)}.
By Lemma A1l of Lu, Zhang, and Huang (2007), under Condition (C8), there is

a AX € &, such that ||AZ — Ag||c = O(n™""). Note that

0 <Pm(Bn, An, Fo; X) — Pm(Bo, Ao, Fo; X)
=Pm(Bn, A, Fo; X) — Pm(Bn, A, Fr; X) + Pm(By, Ay, 3 X)
—Poum(B, A, Fos X) + Pum (B, Ay, Fu; X) — Pum(Bo, A, B X) (4.6)
+Pum(Bo, Ay, Fus X) = Pm(Bo, Ay, Fu; X) + Pmi(Bo, A, Fr; X)
—Pm(Bo, Ay, Fo; X) + Pm(Bo, Ay, Fo; X) — Pm(Bo, Ao, Fo; X).
According to Conditions (C2) and (CT7),

0 S Pm(ﬁO,AZ,Fo,X) — Pm(ﬁo,Ao, F(],X) S; HAZ — A(]Hio = 0(1)

A

The definition of (Bn, An) yields that an(,én, A, Ey; X) <P,m(Bo, AL, F; X). By

Lemma 4.4, we have

Pm(,éna Any Fn; X) - ,Pm(Bn7 A'm FO; X) = OP(]')
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and

m(,@o,A;,Fn;X) Pm(Bo, A}, Fo; X) = 0,(1).

By Lemma 4.5, {m(B,A\,F;X) : B € R, A € &, F € F} is Donsker, meaning
that it is Glivenko-Cantelli, and we have (P, — P)m(Bn, A, Fr; X) = 0,(1) and

(P, — P)m(Bo, A%, Fiy; X) = 0,(1). Combining them with (4.6), we have
0 < Pm(Bn, My, Fo; X) — Pm(Bo, Mo, Fo; X) < 0,(1). (4.7)

According to (4.7), {Pm(Bn,An,FO;X) > Pm(Bo, Ao, Fo; X)} goes into a null set
as n — 0o. According to the argument in Theorem A.2.3. of Kong el al. (2018)
and Theorem 5.8 in van der Vaart (2002), it follows that (8,, An) — (Bo, Ag) almost

surely. Thus, ds((B,, An), (Bo, Ao)) = 0,(1). O
4.6.4 Proof of Theorem 4.2

Proof. We use Lemma 4.6 to prove the rate of convergence.

According to the second part of Lemma 4.1, we have

P (m(Bo, Ao, F; X) —m(B, A, F; X))

== P |22 Alexp(87 Z)A0(Y) — exp(B] 2) Ao (V)
© Y iz, (e 28N 0~ exp(6} Z) 00, 1) dF 012

< = &3((8,A), (Bo. o))

P ; %@éyz) /YOO (eXp(ﬁTZ)AAJ'(U) - eXP(ﬂgZ)AAo,j(u))2dF0(u|Z)
- ; %@Z) /Y ) (exp(B7Z) AN, (u) — exp(BLZ) AN (1)) dF (u|Z)
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By Conditions (C1), (C2) and (C7), Cauchy—Schwarz inequality and Lemma 4.4,

P

K 12 (exp(BTZ) AN (1) — exp(BTZ) Ao j () *dFy (u] Z)
2 (1-A { I R(Y]2)

d2(F7 FO)

j=1

K (ep(B2) AN (u) — exp(ﬁgZ)AAo,j(u))QdF(u\Z)}
1- F(Y|Z)

[ K
<P |3 (exp(B72) AN (U) — exp(B] Z) AAo i (U))
| j=1

[ K
i ») Z 2’ eXp(BTZ)AAj(U) - eXp(BgZ>AA0J(U>‘

Lj=1

x| exp(B7 Z) AN, (U) — exp(BL Z) AN, ,(U) |} do(F, Fy)
§d3((/67 A)> (/607 AO))dQ(Fv FO) + dg((/gv A)> (/60a A(J))d?(F? FU)
This yields that
P(m(/607 AO» Fn; X) - m(:énv Anv Fn; X)) 5 _dg((/éna An)a (:307 AO))
+ds((Bn, M), (Bos Mo))da(Fr, Fo) + d2((Bu, Av), (Bo, Ao))da(EF, Fy).

Second, we need to find a ¢, (n) such that

E sup (P, — P)(m(B, A, Fyi; X) — m(Bo, Ao, B X))| < Pnl1)
{(B,N)ERXP:d3((B,A),(Bo,Ao))<n} \/ﬁ

By Lemma 4.3, for sufficiently large n, we have log Ny (e, L,(F), |11les) < gnlog(n/e),

where

MTI(Fn) = {m(/gaAa Fn,X) - m(ﬁo,Ao,Fn;X) :
'6 = R’ Ae (I)n’ d%((,@,/\), (BO,AO)) < 772}'

For (3,A) € Rx ®,, satistying ds((3,A), (Bo, Ag)) < 1, similar to the proof of Lemma

130



4.3, we have

|m(/67 A7 Fna X) - m(ﬁo, Ao, ﬁn, X)’
K
S (AN + D{A|exp(B72)A0,(Y) — exp(B] Z) Ao, (V)]

7j=1

1-A [ ’ . .
+ Tmz);/y | exp(B” Z) AN (u) — exp(B; Z)AAo,j(u)}an(u]Z)}] :

Furthermore, since exp(87 Z), AA;, exp(BL Z) and AN, j are bounded and dg(ﬁn, Fy) =
0p(1), we have elm(B.AFn; X)—m(Bo, Ao, Fni X)| < eONTK) | The above two inequalities yield

that

P [l @A F )= Bodo Bl (B, A, Fys X) = m(Bo, Ao, i X[

< ZA(exp(BTZ)AAj(Y) — exp(BLZ) DA ;(Y))?
+ Z #(;Z) /Y h (exp(B7 Z) AN (1) — exp(BL Z) Ao () dE, (u] Z)

SA3((B,A), (Bo, Ao)) + d3((B, M), (Bo, Ao))da(Fr, F).

That means for sufficiently large n, |[m(8, A, Fji; X) — m(Bo, Ao, Fr; X)| 25 S 0>
By Lemma 3.4.3 of van der Vaart and Wellner (1996),

> J(TLM (ﬁn)aHHRB)
EHnl/Z(Pn - ,P)HMU(Z:}) S J[]<77>Mn(Fn)a H ' HP,B) {1 + I U >

n?nl/?

where Jy(n, M, (En). || |p5) == fi{1 +log Ny(e, My (E), || - ||pp)}/2de S qi*n. Tt
follows that
E sup Vil(B, — P)(m(B, A, F;; X) — m(Bo, Ao, Fu; X))
{(/67A)€R><<I)n:d3((ﬁvA)7(ﬁ07A0))<77}

1/2

<av*n + gun V2,
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Setting ¢, (1) = ¢/ *n + gun~1/2 such that ¢, (n)/n decreases about 7, for a sequence

1
r = O(n®), we have r2¢(L) = ¢2r,, + n2¢,r2. Note that ¢, = O(n”),0 < v < 1/2.

1
This yields that

T2¢<—) _ O(na—&-% + n?a—‘ru—%)'
T'n

Since a < (1 — v)/2 ensures r2¢(1/r,) < n'/2, we choose r,, = O(n(!=)/2).

IN

Finally, we calculate v satisfying Pn(m(,én,/in,ﬁ’n;X) — m(BO,AO,Fn;X))
O,(r;?). Note that for Ag € H,, there is a A € @, such that ||A% —Agl||.c = O(n™"7).
By the definition of (8,,A,) and 0 < Pm(By, A%, Fu; X) — Pm(Bo, Ao, Fr: X) <
[|A% — Aol|%,, we have

Pn (m</én7 Ana an X) - m(ﬁ@? A07 FTU X))
:an(,éna [\ny Fn; X) - ]an(:@(b A:;, Fn; X) + ]P)nm(/BOa AZ, Fn; X) - Pm(,ﬁo, AZ? Fn; X)
+Pm(Bo, A, F; X) = Pm(Bo, Ao, Fru: X) + Pm(Bo, Ao, Fn; X) = Pum(Bo, Ao, Fr; X)

Snfl/r+e(ﬂpn . P) (m(ﬂ[)? An7 F’m )i)_;z(ﬁm AO? Fna X)) + Op(n72w").

According to Lemma 4.3, M, (F) is Donsker. After some algebraic calculations,
P(m(Bo, Ay, Fo; X) = m(Bo, Mo, Fu; X))* S 1IA; — Aoll2-

Hence for any f € M,(F), we have P(f/n"""*¢)> — 0 as n — 0 for any £ > 0.
Using Corollary 2.3.12 of van der Vaart and Wellner (1996), we have

(Pn - P)(m(ﬁoa A:;7 Fna X) - m(ﬁ()? A07 FTH X)) = Op(n_yr+€_1/2)'
Taking 0 < ¢ < 1/2 — rv, we have Pn(m(ﬁn,ﬁn,ﬁn;X) — m(,BO,AO,Fn;X)) <
O,(n™?""), meaning that v > 1/(1+2r) ensures P, (m(,@n, Ay, By X)—m(Bo, Mo, E, X)) <
O,(r,?). Thus, taking v = 1/(1 + 2r), we have d3((,én, An), (Bo, M) = Op(n*ﬁ).

]
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4.6.5 Proof of Theorem 4.3

Proof. (i) We verify Conditions (B1)—(B5) presented in Lemma 4.7 to prove this
theorem.

For (B1), under model (4.1), we have Q(Bo, Ao, Fo)[h1, ha] = 0. By the definition
of (B, ), for all (hy, hy) € R x ®,,, we obtain

o Bam(Bu + nha, Ay + nha, Fi X) — Pum(B, A, £ X)

n—0 n

=0.

This implies that Q, (8, Ay, F,)[h1, he] = 0 for all (hy,hy) € R x &,. By Lemma
A1 of Lu, Zhang, and Huang (2007) and the properties of spline functions (Schu-
maker, 2007), for any hy € H,, we can find an hy,, € @, satisfying ||he, — ho|lec =

O(n=/(+2)) and ||k}, — hb||o = o(1), where hj is the derivative of hy. Thus, for
each hy € H,, we need to prove Qn(ﬁn, A, Fn)[O, ha—hy,] = in(ﬁn, A, Fn)[O, ho —
hon] = 0,(n~Y2) to verify Qn(Bn, A, E) [l ho] = 0,(n~1/%). Note that
Qn(Bn, M, )]0, by — hs ]
={Qu(Bn, An, F2)[0, b2 = ha ) = Qu(Bu, An Fo)[0, hy = o]}
+{Qu (B, A, Fo)[0, by — ha ] — Qu(Bo, Mo, Fo)[0, hy — Do) }
+Qn(Bo, Mo, F)[0, he — ha ] =: L1y + Lon + Iy

For the first term [;,,, Lemma 4.4 yields that

73uln| = P ‘QH(BTUA?% Fn>[0, h2 - h2,n] - Qn(énaAna FO)[Oa h2 - h2,n]

K

d (-4

=1

AN, - exp(BT{Z)A/A\nJ(u)A }(Ahgj(u) — Ahg pj(w)dEy(u)

<P

AN, = exp(BEZ) AN, (w) } (Dha (1) = Dby (1)) dFy(u)
1— Fp(Y)

oz

<dy(Fy, Fo)(||ha = homl|os + [|hy — By l]oe) = 0p(n1/2).
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For the second term I,, after some algebraic calculations, we have
P|12n| = ’P )Qn(/éna ]\na FO)[O: h2 - hQ,n] - Qn(ﬁOa AOa FO)[Oa h2 - h2,n]

<P

> A[{AN; - exp(B12) Ak, ()} exp(B] 2)
—{AN; = exp(B1 2) 500, (Y) } exp(8] Z)

1-A ™ . ) .
TR /Y ‘{ANJ' — exp(B8, Z) DAy (u) } exp(B;, Z)

- {ANj - eXp(,@oTZ)AAo,j(u)} eXP(ﬁgZ)’dFo(u)} |he — honl|so

< {1180 = Bolle + ds((2B A0, (280, 80)) | [1h = Bl o = 0,(n72).

For the third term I3,, note that Q(Bo, Ao, Fo; X)[0, ha — ha,,] = 0. By the indepen-

dence of X; and X}, it follows that
1< i
L.=P|- Ao, Fo; Xi)[0, hy — ho
P 3n P <nlzl¢(ﬂ07 0,470, )[ s 102 2, ])

i [T
= - Ao, Fo; X; —
n—P n ;w (ﬁ(ﬁ 0,10 z)[o, h2 hg}n]

K
,Sn_lp Z {A ‘ANj — exp(,BTZ)AAOJ(YH exp(ﬁTZ)

Lj=1

o0 2
b 18N~ exn(872) 00,0 exp(8” Z)Fa) | e = heal

S he = hapl |-

Then we have Q,,(Bn, A, F,)[0, hy — hgn] = 0,(n"1/?), and (B1) holds.
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For (B2), after some algebraic calculations, we have

V(Qn — Q) (B, Ay, Fy) R, ha] — V(@ — Q) (Bo, Ao, Fo)lhi, o)

:\/EGP)H - P)<w(6n7 Ana ﬁn; X)[hlv h2] - w(ﬁm AO; FOQ X)[hlu h2])~

For each fixed bounded (hy, hy) € H, set

\Iln(hth) - {w(ﬂ7Aa FaX)[hlahQ] - 1/}(/807A07F0;X)[h’17h2} : /8 € Rv A S (Pn) F S F

ds((B,A), (Bo, No)) <n, dao( F, Fy) <mn, A is uniformly bounded}.

Similar to Lemma 4.5, it follows that W, (hy, hy) is Donsker. By Condition (C6) and

Lemma 4.4, after some algebraic calculations, we obtain
P(1/}(18a A7 Fa X)[hla h?] - 77Z)(/E307 AU) FO) X)[h’h hQ])2 5 d3((18a A)7 (IBO’ AO))2 + d2(F7 FO)Q'

Then Corollary 2.3.12 of van der Vaart and Wellner (1996) implies that

\/E(Pn - P)(w(ém Am Fn; X)[hh h2] - w(ﬁm AOa FO; X)[hb hQ]) = Op(l)a

and (B2) holds.

For (B3), since Q(3, A, F')[hq, hs] is a smooth function with respect to (3, A, F),
Q(B, A, F)[hy, hs] is Fréchet-differentiable with respect to (3, A) at (Bg, Ao, Fo). Sim-
ilarly, Q(8, A, F)[hy, ho] is Fréchet-differentiable with respect to F' at (8o, Ao, Fo).
Setting

Bi(ha, ha)(B, = Bo) = =P | D {A(LN; = 2exp(8] 2)280,(Y)) exp(B] 2)

J=1

X (AhQ,j(Y) n AAO,j(Y)thZ> + %@,2) /Y h (AN]- ~ 2exp(BT Z)AAO,j(u)>

x exp(85 2) (ha, () + Doy (wh{Z)dFo(u|Z) } 27 | (B, - By)
(4.8)
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and

Ra(hu, ha) (A, — Ag) = Z {Aexp(B] 2)(BAn (V) = DA, (Y))

X (AN;h{ Z — 2exp(By Z) Ao ; (V)R] Z — exp(B Z) Dby ;(Y))

1-A oo T A (w) — An s (u
T /Y exp(BY Z)(A A (w) — Ao (u)

X (AN;BYZ = 2exp(B] Z) Do (wh{ Z — exp(B] Z) Shai(w)) dFn(u 2) }
(4.9)

we obtain

Ql ,Bo,Mo,Fo (/8 /80 A - AO)[hl hQ]
K

d
£ —1

S {A(Bhas(V) + (Ao (V) + (DR s (V) = Bos (V)W Z)

X (AN = (B80;(1) +£(ARs () = DA (V)) exp (8o + (8o — B))" Z) )

< exp ((Bo + e(Bn — Bo))TZ) + — =2 ) / " oxp ((Bo + 2(Ba — )" 2)

1= Fo(Y) Jy
X (ANJ — (DA (1) + (DA (u) — Al (1)) exp ((Bo + (B — 50))TZ)>

X (Bhag() + (Do) + &(Dhn(u) = BAo;(w) ] Z)dFo(w) }| |

e=0

= — Ry(h1, h2) (B, — Bo) — Ra(hy, ha) (A, — Ay).

Since the equation

I Jd(Fy + e(F, — Fy)) (u|2) Jd=
1—Fo(Y|Z) —e(Fy — Ry)(Y]Z) o
by Jd(F, — Fo)(u|Z) | (Fn— R)(Y|Z) [y~ g(u—T;)dFy(u] Z)
1—F0(Y\Z) (1= Fo(Y[Z))?
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:1—F&wzyéé{““_ﬂ>_zﬁi%%ﬁé%gﬂﬂﬂzﬁd@%—ﬂsz)

holds for any differentiable function g, we obtain

Q2,80.00.70 (F — Fo)[ha, ha] = % {Q(ﬁo, Ao, Fy + e(F, — y))[ha, hz]}
e=0
d - 1-A x .
e {P [Z Rz A (e D)

X exp(B Z){ Doy () + Do (k] Z}d(Fy + e(F, — Fy))(u]2)] }

e=0

= [ [ B Xl el F)012)]

where

PBo,Mo, Fo (u; X) [hb h2]

1—A ~ * jBo.re (83 X) [, ho
== . X _ 120,100,140 Y ) F Z
iz 2 B Ol pa] - [T Eien D Rl i 2

J=1
and

¢j7507A0,F0 (u; X) [h’h h?]

={AN; — exp(Bg Z) Ao j(u) } exp(B5 Z){ Dhaj(u) + Ao j(u)hi Z .

Then (B3) is verified.

For (B4), since ||3, — Bo||2 = Op(n~'/2) and by the Taylor expansion, we have

exp(By Z) = exp(B] Z) + exp(B] Z)Z" (B, — Bo) + 0p(n /7).

By the above equation and Lemma 4.4, after some algebraic calculations, we obtain

Q(Bn, Ay, Fo)lh1, ha] — Q(Bo, Ay, Fo)lh1, ho] = Ri(hy, h?)(Bn — Bo) + Op(n_l/z)-
(4.10)
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Noting that
Q(Bo, M, Fo)[ha, ha) — Q(Bo, Mo, Fo)[ha, ha)

—P Z {A(exp(?ﬁoTZ) (AAn,j (Y)? = AN, (V)i Z

Jj=1

(DA (V) = Dlos (V) (AN; exp(B] Z)hT Z — exp(26] Z) Sha(Y)) )

+$@%IZ) /yoo (exp(285 2) (DA () — D)) 2
+ (A5 (w) = Ao () (AN; exp(B5 Z)hi Z — exp(28] Z)Ah%(u)))dFo(u; Z)H

=Ry(hy, ho)(A, — Ag) — P [Z {A exp(28L Z) (AN, ;(Y) — AN ;(Y))?*hT Z

j=1

1-A

e ears /Y " (exp(280 Z) (DA ) AAo,j<u>>2h{z)dFo<u|z)H

=Ry(hu1, ha) (A, — Ag) + 0, (n1/2),
and by (4.10), it follows that
Q(Br, A, Fo)lha, ha] — Q(Bo, Mo, Fo)[ha, hol

=Ry (h1,h2)(B, — Bo) + Ra(hy, ha) (A, — Ag) + 0,(n /%) (4.11)

:Ql,BO,Ao,FO (Bn — Bo, A, — Ao)[h1, ho] + Op(n—l/Q).

By Lemma 4.4,

1Q(Bo, Ao, Fy) [, ha] — Q(Bo, Ao, Fo) [P, ha) — Q,80,00,7 (Fr — Fo) [Py, ha|

P

~

1— E,(Y)

- A)FniY_) ;OgggY) 5 {fy B30t (1 X) [Py Mol dE (1)

=1

K @,ﬁO,Ao,iﬂ(_u;;jg 1[/!; ha]dFy(u) H ‘
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K

-8y

Iy @isono o (w X)[ha, holdFy(u)
1= FoY)

1% @5.80.00,50 (0 X) [, ho]dF (u)

~

1— (V)

SIE = BolloP

(4.12)

} S B = Fol5 = 0,(n™7).
Furthermore, since Ay € H, with > 2, we have d;(A’,, ) = 0,(1). By Lemma 4.4,

)(Q(Bm ATL: Fn)[h’b hQ] - Q(ﬂo; AO: Fn)[hfly h2])

~(QUBus A, Fo) [P, hz] = Q(Bo, Ao, Fo)lu, o))
<(dy (A, Ao) + dy (A, AL) +118n — Boll2)da(Er, Fy) = 0,(n2).

Thus, according to (4.11), (4.12) and the above inequality, (B4) holds.

Finally, we consider (B5). Note that
V1Qn(Bo, Mo, Fo)[hy, ha] + vV1Qa.p ag.50 (Fro — Fo) [, ho)

=v/nPu(Bo, Ao, Fo; X)[h1, he] + /0P {/OO BB0,00.70 (W3 X) R, hold(F, — Fo)(ul Z) | .
Y

According to Lemma 4.2, we have

P [/OO Bo.to.r (U X )[Ry, hold(Fy(u]Z) — Fo(U\Z))]

Y

_ * 00py,00,5 (us X) [Py, ho]
=P Uy 5 (Fo(ulZ) — Fy(u| Z))du

— Gpuan (Vi X)lha, o) (Fu(Y|2) = Fo(Y]2)|

=P

lzn:{/oo a@ﬁ(),AO,Fo(u;X)[hl?hQ]Q(u AN N)du

n ou
i=1 Y

— PBo,ho,Fo (Y5 X)[h, ho] QY Z%E‘,Ai,z‘)}}

:Pn@(ﬂm AOa FO? }7’ A) Z~)[h17 h2]a
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where

o © 95 : h N
@(/807 AO> FO: Y’ A7 Z)[hb h2] :PX |:{/ a@BO,Ao,FO(g;X)[h’h 2]9(’&, Z, Y, A, Z)du
Y

— ¥PBo,Ao,Fo (Y§ X)[hla hZ]Q(Y, Z, Y/, A, Z)}} .
By the central limit theorem, it follows that

VQn(Bo, Mo, Fo)[hi, ha] + VnQa,p0 0,7 (Fn — Fo)[R1, ha] ~» N(0, 09[Ry, ha]?),

where

oolh1, ho]> = E {{w(ﬁoa/\o, Fo; X)[ha, ha] + ©(Bo, Mo, Fo; Y, A, Z) R, h2]}2} :

(4.13)
By Lemma 47, \/ﬁRl(hl, hg)(,én —,80) + \/ﬁRQ(hl’ hg)(]\n —Ao) ~ N(O, O'()[hl, h2]2).
(ii) To prove the asymptotic normality of 3,, we need to find an (hY, h3) such

~

that Ro(hy, hi)(An, — Ag) = 0. After some algebraic calculations, we obtain

Ro(hi, 1) (A — Ao) = P [Z {(BR,50) = B0, )

Jj=1

x B [(Ah3,(U) + Ao (V)R Z) exp(280 Z)|U, K, T H .
This implies that

—hiTElexp(28L Z2)Z|U, K, T]
AhE (U) = —2 0 U= AN (U) = TR (U, K, T)AN (U
2,]( ) E[exp(?ﬁgZﬂU, K7I] 0,]( ) 1 ( ) 7_> OJ( )7

where R*(U, K,T) = Elexp(28{ Z)Z|U, K, T]/Elexp(2033 Z)|U, K, T]. Then we have

AN;(URTZ + AR (U) = AN (U)RT(Z — R*(U, K, T)). (4.14)
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It follows that

A

R (h3,h3) (B, — Bo)
K
=hi"P | Y {exp(26) Z2) AN (U)*(Z — R (U, K. 1))} Z" | (B, — Bo)
j=1

—hi" A" (B, — Bo),
where A* = 77[Zle{exp(QﬁOTZ)AADJ(U)Q(Z — R*(U,K,T))*?}]. Furthermore,
by (4.14), we obtain

Y (Bo, Ao, Fo; X) [T, h3]

—hi" Y [A{AN; — exp(B Z)AN(Y)} exp(BTZ) AN (V) (Z — R(Y, K, T))

j=1

*% /yoo {ON; = exp(BZ) B0 ()} exp(B7 2) A (u)

X(Z = R (u, K, T)dF (u|2)] = hiTv" (8o, Ao, Fo; X)

and
¢</307 AOa F07 }77 A? ZN)[h; h’;]
* 0pr u; X -
:h’{TPX |:{/ (p/@O7AO7F()( )Q(u’ Z, Y’A’ Z)du
Y au
- @Eoon,Fo (Y; X)Q(K Z; ?7 A? Z)}}
= b7 (Bo, Ao, F0; Y A, Z),
where
% 1-A - ~ % > (ﬁ;,ﬂo,Ao,Fo(S; X)
Wﬂo,Ao,Fg(u;X)TmZ)jzl D go.ho. (U3 X) —/Y 1~ R (Y]Z) dFy(s|Z)

and @5 5 1 g, (43 X) = {AN;—exp(B5 Z) Ao j(u)} exp(B Z) AN (u)(Z—R*(u, K, T)).
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After some algebraic calculations, we have
oulh, 157 = | {160, Ao, B XI5, 15] + (8o, o, Fis V. 8. 2l 13}
7B {0 (B o Fu ) + (B Mo BV 3,20} B = 7B
It follows that /nhiT A*(8, —By) ~» N(0, kT B*h?) for all ht € R. Then we obtain

Vit(Bn = Bo) ~ N(0, (A7) B ((A") 7)),
Finally, we turn to consider (h}*, h3*) such that Ry (h**, h3*)(8, — Bo) = 0, which
implies hi* = R™(h}*) with

- ]

E Z {DNho i (U) AN, (U) exp(QggZ)z}] .

Z {AAOJ >exp(208 Z) ®2}

Then we have

EK: { (Ah’éfj(U) + AAo,j(U)R**(h;*)TZ>

j=1

Ro(hi*, hy*) (A, — Ag) =P

x exp(28] 2)(DAag(U) = AU }].

Taking o[ha)? = oo[R*™*(hy), ho)? for all hy € H,., it follows that

K

VP [Z {(Dhos(U) + DR ()R (1) Z) exp(28] Z) (DA i(U) = Do, (U)) ]
=1

converges in distribution to N(0, Go[hs]?). O
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Chapter 5

Concluding Remarks

In this thesis, we study two topics in the area of survival analysis.

In Chapter 2, we conduct the subgroup analysis for the heterogenous Cox model
using the concave fusion penalized partial likelihood approach. The proposed ap-
proach can identify the grouping structure and estimate the heterogeneous covariate
effects involved in the model simultaneously and automatically. To obtain an effi-
cient solution to the objective function, we apply the majorized ADMM algorithm
which not only converges faster but also calculates more accurately than the local
quadratic approximated ADMM algorithm suggested by Ma et al. (2019). Our sim-
ulation and real data analysis demonstrate that the proposed method performs well.
We expect that the proposed approach can be extensively used for subgroup analysis
with survival data.

Based on the residual time between observation and the terminal event, Chapter
3 builds a conditional nonparametric mean functional model to study the explicit
effects of the terminal events on the occurrence rate of panel count data. We propose
a two-stage estimation procedure and obtain the consistency and the convergence rate
of the nonparametric estimator by extending modern empirical process theories. In
addition, we establish the asymptotic normality of the nonparametric estimator and

conduct the two-sample hypothesis test based on the theoretical results. At last, we
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use the proposed method to analyze the CLHLS data and draw some reasonable and
practical conclusions.

Chapter 4 considers the effect of the covariates and studies the intricate inter-
action between the terminal event and the recurrent event with panel count data
more efficiently and accurately. We propose a semiparametric two-stage estimation
for the baseline conditional mean function and the parameter of covariates, and we
also establish the asymptotic properties for the estimator. Our simulation study
demonstrates that the proposed estimation has satisfactory performance with the
finite sample size. Finally, we use the approach to analyze the CLHLS data and
obtain some practical conclusions.

There still exist some interesting questions for future researches.

For the subgroup analysis, after the identification of the subgroup structure,
we can utilize this result for the prediction purpose. Considering the statistical
methods for classification, such as the support vector machines, we can divide a
new individual into existing subgroups. Based on the estimate for the coefficient
of this subgroup, we can predict the treatment effect. Next, we can consider the
algorithm based on second-order optimization techniques instead of the majorized
ADMM algorithm because the ADMM-based algorithm converges slowly. Since the
performances of the proposed estimation highly depend on the choice of the initial
value in the algorithm, we can improve our estimation by taking a better initial
value. Further, the proposed method can be extended to handling the case where
the unknown number of subgroups and the dimension of covariates can increase with
sample size in the proposed heterogenous Cox model. For this situation, we propose

to use the criterion function

Qu(n,8) = La(n,B) + > PV (118 = Bill, A) + D pP (0, M)
1

i<j i=
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With the penalty functions pgl)(-, A1) and pfy2)(~, Ag), we can conduct subgroup anal-
ysis and variable selection simultaneously. In subgroup analysis, a common problem
of interest is to test the existence of a subgroup with an enhanced treatment effect.
We can use our subgroup analysis method to study the signs of coefficients rather
than the values of coefficients to solve the problem.

For the panel count data with an informative terminal event, we may first consider
the test for goodness-of-fit by using the coefficient of determination or the Pearson’s
chi-squared test. Similar to the techniques using in the nonparametric model, we can
conduct the hypothesis test in the semiparametric model to identify the differences
between two groups. Instead of using the least squares-based two-stage estimation,
it is natural to adapt the maximum-likelihood-based two-stage approach to enhance
the efficiency of the estimation. To study the maximum-likelihood-based two-stage
approach, we need to overcome the challenges brought by the difficulties of theoretical

proofs. We can also extend our model to
E(Nt:U)|U =u) = A(u, ).

Using a two-dimensional function, this model has a more widespread application.
Another straightforward improvement is that we can consider the variable selec-
tion problem by introducing a penalized function such as SCAD (Fan and Li, 2001)
or MCP (Zhang, 2010). Furthermore, in this thesis, the observation progress of
the recurrent event 7' is independent of the covariates, and the covariates are also
time-independent. As these assumptions are usually not satisfied in many applica-
tions, our model will be more accurate when we consider the effect of T' and the
time-dependent covariates. Finally, subgroup analysis is also applicable to the semi-
parametric regression model for panel count data when the treatment heterogeneity

exists.
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