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Abstract

This thesis studies two applications of stochastic control in quantitative finance and in-
surance, namely one problem of optimal entry decision making and dynamic consumption
with habit formation and one problem of optimal dividend payment for an insurance group
in face of external default risk. By using dynamic programming argument and some del-
icate partial differential equation (PDE) analysis, we can characterize the value function
of each control problem as the solution to the associated Hamilton-Jacobi-Bellman (HIB)
variational inequality in a classical sense or in a viscosity sense.

In the first project, we consider a composite problem to choose an optimal entry time
from complete market information to incomplete information bearing information costs.
Starting from the chosen time, the investor no longer pays the fee for acquiring the extra
market information and chooses dynamic investment and consumption strategies through
partial observations of the public stock price. In addition, the habit formation preference is
considered for the dynamic consumption problem. By employing the stochastic Perron’s
method, the value function of this composite problem is proved to be a viscosity solution of
the HJB variational inequality. For the interior optimal investment-consumption problem,
the feedback control policies are obtained. The numerical illustration of the continuation
region and stopping region is also presented.

In the second project, a multi-dimensional optimal dividend problem for an insurance
group is formulated and studied. The novelty of our work is to incorporate the systemic

risk modelled by the contagious credit default risk among subsidiaries. That is, each sub-
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sidiary of the insurance group runs a product line and all subsidiaries suffer from the exter-
nal credit risk from the financial market. The default contagion is considered in the sense
that one default event may increase the default probabilities of all surviving subsidiaries.
By studying the recursive system of the Hamilton-Jacobi-Bellman variational inequalities
(HJIBVIs), the optimal singular dividend of each subsidiary satisfies a barrier type and the
optimal barrier is dynamically modulated by the current default state. In the case of two
subsidiaries, the value function and optimal barriers are given in analytical forms, allowing
us to conclude that the optimal barrier of one subsidiary decreases if the other subsidiary

defaults.
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Chapter 1

Introduction

The aim of this chapter is to briefly review some applications of stochastic control
and dynamic programming approach based on HJB variational inequality. The existing
literature is far-reaching, thus, we will only refer to a small portion of the abundant work
that is closely related to our models and mathematical methods. The outline of this thesis

is given at the end.

1.1 Optimal Control Problem and Variational Inequali-
ties

Mathematical finance attaches great importance to optimal control problems as a con-
sequence of the comfort and convenience that they bring in the real world, especially the
optimal entry and consumption problem and the optimal dividend problem. Those prob-
lems address a basic model that can be described as HIB variational inequality to meet
the increasing demands and requirements of detailed considerations, for example, optimal
entry time, habit formation preference and contagious credit default risk.

Variational inequalities are important mathematical tools in vast research on stochas-
tic singular control, impulse control and optimal stopping problems. We refer the com-
prehensive review of this approach in financial applications in [72]. HJB variational in-

equalities have been theoretically elaborated from those that relate to control problems



in [10, 16]. Specifically, HIB variational inequalities have been used in optimal con-
sumption and portfolio optimization in [32, 83] and optimal dividend control problems
in [61, 84, 88]. The combined optimal stopping and stochastic control problem has been
investigated in [26, 55]. The variational inequalities that formulate the optimal stopping
problem was used in [16], and then developed in [50] in diffusion models for Ameri-
can options, and then further applied in [71] to the optimal stopping, free boundary, and
American options in a jump-diffusion model. The optimal insurance demand problem
with marked point processes shocks were analyzed through HJB variational inequality in
[62, 63]. The relationship between optimal risk control and dividend distribution policies
with the excess-of-loss reinsurance risk control method was explored in [64]. Although
the same problem was studied in [82], they considered the diffusion model with a terminal
value. The swing option has been discussed as another application in [15, 31].

The majority of research relating to the background of optimal control problems in this
thesis has been carried out in previous studies. However, with reference to the difference of
opinions regarding the impact of information costs on optimal investment [1, 51, 53, 74],
we assume that investors need to afford higher information costs during the waiting time.
Additionally, we employ the habit formation preference as the habit formation is illustrated
to depict preferences on consumption rate, which has been investigated in both complete
[35, 38, 66] and incomplete [86, 87] market models. A large body of work has considered
various aspects of the optimal dividend payment, a necessary signal for both companies
and shareholders [3, 6, 7, 8, 9, 27, 34, 43, 47, 56, 59, 68, 69, 70, 78]. It is also interesting

to take default contagion into account, as studied by [4, 33, 80].

1.2 Outline of the Thesis

In this thesis, we discuss the optimal entry and consumption problem and the opti-

mal dividend problem. Detailed introductions are given in each chapter to provide better



background to the model, the mathematical challenges, and our contributions. Each value
function of the corresponding control problem can be formulated as the solution to an HIB
variational inequality, in a classical sense or in a viscosity sense using different mathemat-
ical arguments.

Chapter 2 analyzes a composite optimal control problem, that is, a portfolio and con-
sumption optimization problem under habit formation, together with choosing an optimal
entry time. First, the interior utility maximization problem with habit formation under par-
tial observations are explicitly solved. The explicit interior value function then allows us to
regard exterior optimal stopping as an optimization problem over the renewed input of the
drift process using Kalman-Bucy filtering and a linear information cost function. Finally,
using the stochastic Perron’s method with a linear cost function for the exterior optimal
entry problem, we prove that the value function of this composite control problem is the
unique viscosity solution to some HJB variational inequality. The numerical example of
the sensitivity analysis of the free boundary curve is also given.

Chapter 3 studies the optimal dividend strategy for a multi-line insurance group whose
subsidiaries are exposed to some external credit default risk. As opposed to Chapter 2, a
multi-dimensional control problem is considered, which creates some new mathematical
hindrances. Firstly, an HIJB variational inequality for two subsidiaries is derived and then
a closed-form solution of this value function is solved completely. Moreover, the current
default state modulates the optimal barrier of the dividend policy, which is a consequence
of the recursive system of the HIBVIs and the smooth-fit principle. Furthermore, these
results are generalized to a multi-line insurance group using mathematical induction. We
also present the numerical example of two subsidiaries to show the change of the optimal
barrier when default occurs.

Chapter 4 summarizes the main results and contributions of this thesis. In addition, it

also gives a brief introduction to some future work.






Chapter 2

Optimal Entry and Consumption Under
Habit Formation

In this chapter !, we formulate a composite problem involving the decision making of
the optimal entry time and dynamic consumption afterwards. In stage-1, the investor has
access to full market information, subject to some information costs, and needs to choose
an optimal stopping time to initiate stage-2. In stage-2, starting from the chosen stopping
time, the investor terminates the costly full information acquisition and starts dynamic
investment and consumption under partial observations of free public stock prices. The
habit formation preference is employed, in which past consumption affects the investor’s
current decisions. The value function of the composite problem is proved to be the unique

viscosity solution of some variational inequalities.

2.1 Introduction

We consider a basic model to incorporate information costs in a continuous-time finite
horizon portfolio-consumption problem. In particular, we study a two-stage composite
problem under complete and incomplete filtrations, sequentially. The drift process of the

stock price is assumed to be of the Ornstein-Uhlenbeck type. In the first stage, from the

! A version of this chapter has been submitted to Advances in Applied Probability, which is currently under
review.



initial time, the investor needs to pay information costs to access the full information filtra-
tion generated by both drift and stock price processes to update their dynamic distributions
and decide the optimal time to enter the second stage. The information costs for full mar-
ket information may refer to search cost and storage cost to obtain data generated by the
stochastic drift process, as well as communication cost, investor’s attention cost, and other
service costs. We consider linear information costs in the present chapter, which have a
constant cost rate per unit of time and are subtracted directly from the investor’s initial
wealth as time moves on. Therefore, the longer the first stage is, the higher information
costs the investor needs to afford. Some previous work has addressed impacts of informa-
tion costs to optimal investment from different perspectives (see [51], [74], [1] and [53]).
In our first stage, the mathematical problem becomes an optimal stopping problem under
the complete market information filtration. The second stage starts from the chosen entry
time and the investor terminates the full observations of the drift process. Instead, the in-
vestor starts to choose the investment and consumption policy dynamically, based on the
prior data inputs and the free partial observations of public stock prices, which corresponds
to an optimal control problem under incomplete information filtration. As the value func-
tion of the interior control problem depends on the stopping time and data inputs of wealth
and drift processes at the chosen stopping time, the exterior problem can be equivalently
understood as to choose to wait in an optimal way, subjecting to some waiting costs for
the input values to achieve certain levels in order to maximize the interior function.
Portfolio optimization under partial observations have been actively studied in past
decades (see a few examples among [18, 21, 23, 57, 65, 81]) with different financial mo-
tivations. As illustrated in these works, the value function under incomplete information
filtration is strictly lower than the counterpart under full information filtration, and this gap
is usually regarded as the loss of information. The present chapter attempts to contribute
to the study of partial observations from the perspective that the full market information

is available, but costly, because more data, services and personal attentions are involved.
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The information cost may significantly change the investor’s attitude towards the usage of
full observations because it is no longer true that the more information he observes, the
higher profit he can attain. Moreover, from some previous work on partial observations,
we know that the value function eventually depends on the given initial input of random
factors, such as the drift process. As in [23, 57], it is conventionally assumed that the
initial data of the unobservable drift is a Gaussian random variable so that the Kalman-
Bucy filtering can be applied. We take this input into account and consider a model that
the investor can wait on and dynamically update the distribution of inputs using the full
market information, subjecting to information costs. We can show that starting sharp from
the initial time to invest and consume under incomplete information is not necessarily the
optimal decision. The optimal solution suggests that the investor can be better off if he
delays his dynamic decisions and waits until the observed drift process hits a certain level.

On the other hand, the habit formation has become a new paradigm for modelling
preferences on consumption rate in recent years, which can better match with some empir-
ical observations (see [29, 60]). The literature suggests that the past consumption pattern
may enforce a continuing impact on the individual’s current consumption decisions and
therefore the preference should depend on the consumption path. In particular, the linear
habit formation preference has been widely accepted, in which there exists an index term
that stands for the accumulative consumption history. This habit formation preference has
been well studied in [35, 38, 66] in complete market models and in [86, 87] in incomplete
market models. It is noted that the utility function is decreasing in the habit level. In the
present chapter, we assume that there is no consumption during stage-1 and the investor
starts to form consumption habits only in stage-2. Therefore, it may yield that an early
entry time to stage-2 may not be the optimal decision because the investor has a longer
time to develop a much higher habit level. This is our second motivation to investigate the
exterior optimal entry time problem in order to see whether longer waiting and updating

inputs can benefit the investor more as the resulting habit level can be much lower and lead
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to a higher interior value function.

We show that the value function of the composite problem is the unique viscosity so-
lution to some variational inequalities. To this end, we can choose to apply either the
classical Perron’s method or the stochastic version of Perron’s method introduced in [11].
For the classical Perron’s method, in order to establish the equivalence between the value
function and the viscosity solution, we must either prove the dynamic programming prin-
ciple or upgrade the global regularity of the solution and prove the verification theorem.
The convexity of the value function with respect to the state variable is usually crucial
in some standard arguments to improve global regularity. However, the convexity is not
clear in our composite problem. The global regularity of the value function along the free
boundaries is not guaranteed, and the direct verification proof for the exterior problem
becomes difficult. Instead, we choose the stochastic Perron’s method, which allows us to
show the equivalence between the value function and the viscosity solution without global
regularity. For some related literature on optimal stopping using the viscosity solution,
we refer to [76] and [71] (see also some recent work on stochastic control problems us-
ing the stochastic Perron’s method, e.g. [11, 12, 13, 14, 58, 79]). One important step to
complete the argument of the stochastic Perron’s method is the comparison principle of
the associated variational inequalities, which is also established in the present chapter.

The rest of the chapter is organized as follows. Section 2.2 introduces the market
model and the habit formation preference and formulates the 2-stage optimization prob-
lem. Section 2.3 not only gives the main result of the interior utility maximization problem
with habit formation and partial observations, but studies the exterior optimal entry prob-
lem with linear information costs as well. Using the stochastic Perron’s method, we show
that the value function of the composite problem is the unique viscosity solution of some

variational inequalities. Some auxiliary results are reported in Appendix A.



2.2 Mathematical Model and Preliminaries

2.2.1 Market Model

Given the probability space (§2,F,P) with full information filtration F = (F})o<¢<r
that satisfies the usual conditions, we consider the market with one risk-free bond and one
risky asset over a finite time horizon [0, 7]. It is assumed that the bond process satisfies
SY =1, for t € [0, 7], which amounts to the standard change of numéraire.

The stock price S; satisfies

dSt = MtStdt + OSStth, 0 S t S T, (21)

with Sy = s > 0. Some empirical studies such as [24, 25, 40, 75] have observed that
the drift process of many risky assets follows the so-called mean reverting diffusion. This
structure has been widely used not only due to the financial evidence, but also in view of
its advantage to make the mathematical problem tractable. We therefore consider that the

drift process pi; in (2.1) satisfies the Ornstein-Uhlenbeck SDE as

Here, (W;)o<t<r and (B;)o<i<r are F;-adapted Brownian motions with correlation coef-
ficient p € [—1, 1]. For simplicity, the initial value yq of the drift is a given constant. We
assume that market coefficients og, A, i and o, are given non-negative constants based on
calibrations from historical data.

It is assumed that the investor starts with initial wealth x(0) = zy > 0 at time ¢ = 0.
Also, starting from the initial time ¢ = 0, the access to the full market information F;
generated by 1/ and B incurs information costs ~t, where x > 0 is the constant cost rate
per unit time. The information costs may refer to storage cost, search cost, communication
cost, investor’s attention cost or other service costs to fully observe the market information
Fi. Moreover, to simplify the mathematical problem, it is assumed that starting from ¢ = 0

to a chosen stopping time 7, the investor purely waits and updates dynamic distributions of
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processes 1; and Sy and does not invest and consume at all. This assumption makes sense
as long as the value of the optimal entry time 7 is short in the model. The dynamic wealth
process after the information costs at time ¢ is simply given by a deterministic function
x(t) = xg — Kt forany t < 7.

As the full market information filtration is costly, the investor needs to choose opti-
mally choose an F;-adapted stopping time 7 to terminate the full information acquisition
and enter the second stage. From the chosen stopping time 7, he switches to the partial
observations filtration 7° = F,\/ o(S, : 7 < u < t) for 7 < t < T, which is the union
of the sigma algebra .. and the natural filtration generated by the stock price S up to time
t. Moreover, for any time 7 < ¢t < T, the investor chooses a dynamic consumption rate
¢; > 0 and decides the amounts 7; of his wealth to invest in the risky asset and the rest
in the bond. Without paying information costs, the drift process y; and Brownian motions
W, and B; are no longer observable for ¢ > 7. Therefore, the investment-consumption pair
(7, ¢;) is only assumed to be adapted to the partial observation filtration ]—"f forr <t <T.
Recall that at the entry time 7, the investor only has wealth z(7) = xy — x7 left. Under

the incomplete filtration ]_—ts , the investor’s total wealth process Xt can be written as

dXt = <7Tt[Lt — Ct)dt + Usdet, T S t § T, (23)

with the initial value X, = x(7T) = x9 — kT > 0. Note that I¥; is no longer a Brownian
motion under the partial observations filtration F°, we have to apply the Kalman-Bucy
filtering and consider the Innovation Process defined by

th . 1 <dSt

1
— [(Mt — fu)dt + USth} =—\|\—= - /:Ltdt), T<t<T,
os os \ Sy

which becomes a Brownian motion under F;°. The best estimation of the unobservable

drift process y; under 7 is the conditional expectation process ji; = E[ut

ES], for
7 <t < T with the initial input /i, = g, at the stopping time 7 where 1, is determined
via (2.2) by paying information costs up to 7. By standard Kalman-Bucy filtering, /i,

10



satisfies the SDE

S(t .
dfty = —A(fue — i)t + (M> AW, r<t<T,

with fi, = .. The conditional variance 3(t) = E [(ut — fig)? )ES } satisfies the determin-

istic Riccati ODE
d>(t 1. 9 )
dx(t) = ——3%(t) + < Tup 2)\>E(t)+(1—p2)02, T<t<T,
dt o 0s !

with the initial value $3(7) = E [(MT )’

]_—ts] = 0 1in view of ji, = p,, P-a.s.. It can be

solved explicitly as

S(t) = Vkog o5
kyexp(2(XE)t) — ky

vk
kyexp(2(57)t) + k2 B (/\ N Uup) i

where
k= N0z + 2050, p + ai,
ki = Vhos + (Ao§ + 050,0),
ky = —Vkos + (Ao + 050,p).
For the second stage dynamic control problem, we employ the habit formation prefer-
ence. In particular, we denote Z; := Z(c;) as habit formation process or the standard of

living process, which describes the consumption habits level. It is assumed conventionally

that the accumulative reference Z; satisfies the recursive equation (see [35]) that

dZt = ((S(t)Ct — Oé(t)Zt)dt, T S t S T,

where Z, = zy > 0 is called the initial consumption habit of the investor. Equivalently,

we have

t
Zy = zpe~ J7 atu)du + / d(u)e” M odse du, <t <T,

11



which is the exponentially weighted average of the initial habit and the past consumption.
Here, the deterministic discount factors a(t) > 0 and 0(¢) > 0 measure, respectively, the
persistence of the past level and the intensity of consumption history. We are interested
in addictive habits in the present chapter, namely it is required that the investor’s current
consumption strategies shall never fall below the level of standard of living that ¢; > Z;
as.,forr <t <T.

Under the partial observation filtration (F),<;<7, the stock price dynamics (2.1) can

be rewritten by

dSt = /ltStdt + Usstth,

and the wealth dynamics (2.3) can be rewritten as

dXt = (7Tt/:Lt — Ct)dt + O'ST('thAVt, T S t S T.

To facilitate the formulation of the stochastic control problem and the derivation of the
dynamic programming equation, for any ¢ € [0, 7], we denote .4,(y) the time-modulated
admissible set of the pair of investment and consumption process (7, ¢;):<s<7 With the
initial wealth X, = y, which is F*-progressively measurable and satisfies the integrability

conditions

T
/ 7r§ds < +o0, P—as.,
t

T
/ csds < +o00, P —as.,
t

with the addictive habit formation constraint that ¢, > Z,, P-a.s., t < s < T. Moreover,

no bankruptcy is allowed, i.e., the investor’s wealth remains nonnegative, i.e. X > 0,

P-as.,t<s<T.

2.2.2 Problem Formulation

The two-stage optimal decision making problem is formulated as the composite prob-
lem involving the optimal stopping and the stochastic control afterwards, which is defined

12



‘7(0, Ho; Zo, Zo) :=suplE
>0

T
esssup K {/ Mds)}"fu : (2.4)
) T

(m,c)eAF (mo—KT p

In particular, starting from the chosen stopping time 7, we are interested in the utility
maximization on consumption with habit formation, in which the power utility function
U(z) = aP/p is defined on the difference ¢, — Z;. To simplify the presentation, we only
consider in the present paper that the risk aversion coefficient p < 0. The indirect utility
process of the interior control problem is denoted by

T

> s Zs P

V(t,xo — Kt, 20, p1t;0) ==  esssup E [/ uds‘]—"f}
(m,c)€AL(zo—Kt) t p

Tles—Z)P 1o X .
= esssup E —ds’Xt =z — Kt, iy = g, Zy = 20; () =01 .
(m,¢) €A (zo—Kt) t p

To determine the exterior optimal stopping time, we need to maximize over the inputs
of values 7, XT, 7. and ji,. Recall that the investor does not manage his investment and
consumption before 7, it follows that X = 29— KT, Z. = 2, and f](f) = (0 can all be
taken as parameters instead of variables. That is, x, = /i, is the only random input and

we can regard i; as the only underlying state process. Therefore, the dynamic counterpart

Mt:U]~

(2.5)

of (2.4) is defined by

‘7(1&, n; xo — Kt, z9) := esssup E

>t

T — 7P
esssup  E [/ M)ds
) T p

(m,c)eAF (xo—KT

7]

Remark 2.1. We focus on the case p < 0 in the present chapter because functions A(t, s),
B(t,s) and C(t,s) as solutions to some future ODEs (2.13), (2.14) and (2.15) are all
bounded and the utility U(x) is also bounded from above, which can significantly sim-
plify the proof of the verification result Theorem 2.3 and the proof of comparison results

Proposition 2.1. The other case 0 < p < 1 can essentially be handled in a similar way.

13



However, as the process [i; is unbounded and functions A(t, s), B(t, s) and C(t, s) may ex-
plode at some t € [0, T], one needs some additional parameter assumptions to guarantee

integrability conditions and martingale properties in the proofs of some main results.

Assumption 2.1. According to Remark 2.3 for the interior control problem, it is assumed
from this point onwards that xy — Kkt > zom(t) for any 0 < t < T, i.e. the initial wealth
is sufficiently large to support that the interior control problem is always well defined for

any 0 <t < T, where m(t) is defined by

m(t) = /tT exp (/:(5@ - a(v))dv) ds, 0<t<T. 2.6)

Here m(t) in (2.6) represents the cost of subsistence consumption per unit of standard of
living at time t because the interior control problem is solvable if and only if Xf > m(t)Zy,

0 <t < T, see Proposition 3.4.1 in [85].

The function V can be solved in the explicit form given in (2.12) later. The process
17(25, fe; To— Kt, zo) with the function V defined in (2.5) is the Snell envelope of the process

17(15, xo — Kt, 29, ;1) above. The function Vin (2.5) can therefore be written as

‘7<t7 n,Zo — Kt, ZO) = €sssup E ‘7(7_7 Lo — KT, %0, MT)

T>t

Mt:U]

The continuation region, interpreted as the continuation of full information observa-

tions to update the input value, is denoted by

C = {(t>77) € [OaT) xR: ‘7<t777;x0 - /‘Uf,zo) > ‘7(257370 - Ht,zo,ﬁ)},

and the free boundary is

~ A~

IC ={(t,n) € [0,T) x R:V(t,n;x0 — Kt, 29) = V(t,z0 — Kt, 20,7) }

Let us denote V (¢, 1; 29 — kt, z) by V (¢, 1) for short when there is no confusion. By

some heuristic arguments, we can write the HJB variational inequalities with the terminal
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condition V(T, n) =0,n € R, by

oV (t,m)
ot

min {‘7(75, n) — \7(15, xg — Kt, 20,m), — — EV(t, 7])} =0, 2.7)

where LV (t,1) = —A(n — ﬁ)%(t,n) + %ai%(t, n). To simplify notations in the fol-
lowing sections, we shall rewrite (2.7) by

{ F(t,n,V,Ve,Vy, Vi) =0, on[0,T) xR, 2.8)

v(T,n) =0, forneR,
where F'(t,n,v, v, vy, Upy) = min {v — XA/, —% — Ev}.

Remark 2.2. The second term —%—‘Z —LV =0in (2.7) is a linear parabolic PDE and does

not depend on the interior control (m,c). The comparison part V—Vin (2.7) depends
on the optimal control (7, c) as the V is the value function of the interior control problem

provided the input Xt = w0 — Kt, Zy = zp and iy = [y = 1.

The next theorem is the main result of this chapter.

Theorem 2.1. V' (t,n) defined in (2.5) is the unique bounded and continuous viscosity
solution to variational inequalities (2.7). In addition, the optimal entry time for the com-

posite problem (2.5) is given by the F;-adapted stopping time

7 :=T Ninf {t >0: V(t, [y To — Kty 29) = 17(25,:60 — Kt, zo,ut)} ) (2.9)
We also have that the process ‘7(15, s To — KL, zo) is a martingale with respect to the full
information filtration F;, 0 <t < 7%,
The proof will be provided in Section 2.3.
2.2.3 Numerical Example

We present here some numerical results of sensitivity analysis of the free boundary

curve, i.e. the shape of the continuation region and stopping region, with respect to
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changes of the parameter §. In particular, we want to illustrate that waiting in the full
information filtration can benefit the investor more and it is optimal for the drift process to
achieve certain thresholds that gives the optimal entry time for the interior control problem
under habit formation and partial observations. We choose parameters 7' = 12.5, p = —1,
p =102, 05 = 0.5, xy = 1000000, 2y = 0.5, 0, = 0.4, A = 0.1, a = 0.04, i = 0.25
and the information cost rate x = 5000, and plot free boundary curves with respect to the
parameter 0 = 0.05,0.25,0.45,0.55, 0.75 respectively. The shaded regions correspond to
the continuation regions, which should be understood as the region to purely update the

input by observing the costly full information generated by both 1; and S;.

Figure 2.1: Sensitivity analysis of the free boundary curve

For each time ¢, we can first identify the barrier level for the input of the drift process
1 such that it is optimal to terminate the full observations of the drift process and initiate
the investment and consumption under partial observations only when the observed ||
is large enough. From Figure 1, we can see that if the discount factor J increases in the
habit formation preference, the free boundary barrier also increases so that the optimal

stopping time increases. This can be understood that if the weighting intensity of the past
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consumption is larger, the trigger level (absolute value of 7) to start consumption is lifted
up and the investor would prefer to wait longer in the first stage and delay his consumption
in order to maximize his total profit.

Moreover, we can also easily verify the following sensitivity results of the composite

value function.

Lemma 2.1. If the information cost rate k increases, the value function ‘7(75, n) decreases

foranyt <T.

Proof. By the definition of V (¢, ) and the explicit form of V (¢, 2 — kt, 29, 1) in (2.12)
and explicit form of m(t) in (2.6), I7(t, xo — Kt, z0,n) decreases if zo — xt decrease, then

it clearly follows that V (¢, 7) is decreasing in x. O]
Lemma 2.2. We have the following sensitivity properties of the value function \N/(t, n):

(i) Suppose that « > and 6 > 0 are both constants in the definition of habit formation
process such that 6 > «. We have that ‘7(15, n; «, d) is decreasing in 0 and increasing

in o.
(ii) If the initial habit z, increases, the value function ‘7(15, n) decreases.

Proof. By the definition of ‘7(15, n) and the explicit form of V(t, xo—kt, 29,m) in (2.12)
and explicit form of m(t) in (2.6), for constants ¢ > «, it is clear that IA/(t, xo — Kt, 20,7M)
is decreasing in ¢ and increasing in «, which implies that ‘7(15, n) has the same sensitivity
property. Similarly, it is clear that XA/(t, xo — kt, z9,n) decreases while zy increases, and

hence V (t,7) is decreasing in z. O

2.3 Exterior Optimal Stopping Problem

This section mainly aims to solve the exterior optimal entry problem. To determine the

optimal stopping time, we need to maximize over the inputs of values 7, X,, Z, and fhr-
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We recall that the investor does not manage his investment and consumption before 7, it
follows that X, = x — k7, Z, = 2z, and 2(7') = 0 can all be taken as parameters. The
mathematical problem corresponds to an optimal stopping problem in which p; becomes
the only underlying state process. To this end, we choose to apply the stochastic Perron’s
method to verify that the value function of the composite problem corresponds to the
unique viscosity solution of some variational inequality.

The proof can be summarized as follows: we first introduce sets of stochastic semi-
solutions V™ and V™ and prove that v~ < 1% < o™, where v~ and v™" are defined later
in (2.17) and (2.18). By using the stochastic Perron’s method, we can get that v is a
bounded and upper semi-continuous (u.s.c.) viscosity subsolution and v~ is a bounded and
lower semi-continuous (I.s.c.) viscosity supersolution. At last, we prove the comparison
principle, namely if we have any bounded and u.s.c. viscosity subsolution « and bounded
and 1.s.c. viscosity supersolution v of (2.8), we must have u < v. It follows that v™ < v~
which leads to the desired conclusion that v~ = V = v* and the value function is the
unique viscosity solution.

First, the similar result in [85] with respect to the interior utility maximization under
partial observations will be showed. For some fixed time 0 < k£ < 7', the dynamic interior

stochastic control problem under habit formation is defined by

~

V(k,x,z,n;0)

r rT
S_Zsp
= sup E / (e Z) )ds‘]-",f}
(m,c)EA(x) k p

r T
s Zs P
= sup E / uds
(m,c)€AL(2) k p

(2.10)

Xk:x,Zk:z,/lk:n;fJ(k)ze ,

where Ay (x) denotes the admissible control space starting from time k. Here, as the
conditional variance f)(t) is a deterministic function of time, we set # as a parameter
instead of a state variable. We only consider in the present chapter that the risk aversion

coefficient p < 0.
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By using the optimality principle and It6’s formula, we can heuristically obtain the
HJB equation as

(f](t) + 050Mp> i

Vi = alt)aV = Ao — )V + ~——
Og

nm

+ max {—cvx +co(t)V, +
(m,c)eA

@—ZV} 2.11)
P

1 N
+ (m?XA [ﬂan + §0§7T2Vm + Vi (E(t) + asaup> 7T:| =0, k<t<T,
T,c)€

with the terminal condition V(7' x, z,n) = 0.
The following results are part of discussions in section 3.3.2 by [85]. We present them

for the completeness.

Theorem 2.2. For fixed t € [k, T], we can define the effective domain for the pair (x, z)
by D, = {(«,2') € (0,400) x [0, +00); 2’ > m(t)z'}, where k < t < T. The HIB

equation (2.11) admits a classical solution on [k, T] x Dy x R that

P

V(t,z,z,n) —[/tT (1 + (5(3)m(5)) " exp <A(t, s)n® + B(t, s)n + C(t, s))ds} o

= m@)
p Y

(2.12)

where A(t,s), B(t,s) and C(t, s) satisfy the following ODEs:

P(5(t) + 059,p)

A+
o%(1—p)

At s) 4 ——D 42 A(t, 5)

2(1—p)o?

(2.13)

2(3(t 2
+ ( ( ) +205U#p) A2(t,8) — 0’
0g

A

p(E(t) + 950,p)

A+
o%(1—p)

By(t,s) + B(t, s) + 2\ A(t, s)

(2.14)




(f](t) + 050,p

Ci(t,s) + A\uB(t,s) + 207

) <B2(t, s) + 2A(t,s)> —0, (2.15)

with terminal conditions A(s,s) = B(s,s) = C(s, s) = 0. The explicit solutions of ODEs

(2.13), (2.14), (2.15) are reported in Appendix A.

Remark 2.3. The effective domain of V (t, z, z, 1) mandates some constraints on the op-
timal wealth process Xf and habit formation process Z; such that X; > m(t)Z} for
t € [k, T). In particular, we have to enforce the initial wealth-habit budget constraint that

X, > m(k)Zy at time k.
The following results is Theorem 3.3.3. in [85].

Theorem 2.3. (The Verification Theorem) If the initial budget constraint X, > m(k)Zy
holds at time k, the unique solution (2.12) of HIB equation equals the value function
defined in (2.10), i.e., V(k,x,z,n) = V(k,x,z,n). Moreover, the optimal investment
policy m; and optimal consumption policy c are given in the feedback form by ©; =
Tt X5 28 ) and ¢ = ¢ (6, XF, ZF ), k < t < T. The function 7 (t,x,z,n) :
[k, T] x Dy x R — Ris given by

7T* (t7 x? Z? T}) =

and the function ¢*(t,z,z,n) : [k, T] x Dy x R — R¥ is given by

(tyr,z,n) =z+ (z = m(t)2)

(1 + 5(t)m(t))”N(t,n).

The optimal wealth process X k<t<T,is given by

Ok r—1m P N(taﬂt> ex ! (ﬂU)Q u ! ﬂu T m *
A =( M) N e p(/k 51— o2’ +/k —(1—p)anW“) +m(t)Z;.
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Remark 2.4. Recall that the interior value function Vis of the form in (2.12). Moreover,
by Remark A.1, functions A(t,s) < 0 and B(t,s) < 0in (2.12) due to p < 0. That is,
if we take ‘7(7', fi-) as a functional of the input [i,, it is not globally convex or concave
in fi. € R because the function exp (A(t, s)n* + B(t, s)n + C(t, s)) is not globally con-
vex or concave in the variable n € R, which depends on values of A(t,s) and B(t, s).
Therefore, the composite value function ‘N/(t, n) in (2.5) is not globally convex or concave

inn € R, which depends on all model parameters.

The proof of the above theorem can be found in [85]. Let us then give the following

definitions similar to [11, 13].

Definition 2.1. The set of stochastic super-solutions for the PDE (2.8), denoted by V7, is
the set of functions v : [0, T] x R — R which have the following properties:

(i) v is u.s.c. and bounded on [0,T] x R and v(t,n) > V(t, zo — Kt, 29, m) for any (t,n) €
0,7] x R.

(ii) for each (t,n) € [0,T] x R and any stopping time t < 7, € T, we have v(Ty, fir,) >
E[v(7, tiry )| Fr ), P — a.s. for any 7o € T and 79 > 7. That is to say, the function v
along the solution of the SDE (2.2) is a super-martingale with respect to full information

filtration (F)sc(0,1) between 7y and T.

Definition 2.2. The set of stochastic sub-solutions for the PDE (2.8), denoted by V™, is
the set of functions v : [0,T] x R — R which have the following properties:

(i) v is Ls.c. and bounded on [0, T| x R and v(T,n) <0 foranyn € R.

(ii) for each (t,n) € [0,T] x R and any stopping time t < 171 € T, we have v(1y, pir,) <
E[v(me A C, tiryac)|Fr), P — as. for any 5 € T and 75 > 11. Hence, the function v
along the solution to (2.2) is a sub-martingale with respect to full information filtration

(Ft)eejo,1) between Ty and (, where

Ci=inf{t € [71,T) : v(t, p; 2o — Kt, 20) = V(t, 20 — Kt, 20, jur) }- (2.16)
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Remark 2.5. We note that the definitions of stochastic super-solutions and stochastic sub-
solutions for the optimal stopping problem are not symmetric, which are consistent with
the similar definitions in [13]. The main reason for these differences comes from the
natural supermartingale property of the Snell envelop process and its martingale property
between the initial time and the first hitting time ( in (2.16). That is, we naturally need
u(t,n) > V(t, xo—kt, z0,n) forall (t,n) € [0, T] xR including the terminal time T in item
(1) of Definition 2.1 of stochastic super-solution, but we only require v(T,n) < V(T, xo —
Kt, z9,m) = 0 at the terminal time T in item (1) of Definition 2.2 for stochastic sub-solution.
These comparison results and the supermartingale and submartingale properties will play

important roles to establish the desired sandwich result v~ < 1% < " in Lemma 2.6.
Lemma 2.3. 17(75, xo — Kt, 20,1; 0) is bounded and continuous for (t,n) € [0,T] x R.

Proof. For fixed z( and 2y, it is clear that XA/(t, xo — Kt, 29,7) in the explicit form in

Theorem 2.3 is continuous and \A/(t, xo — kt, 29,m) < 0. So we only show that V is lower

bounded. By Appendix A, we know that A(u) < 0, B(u) < 0 and C(u) < K for some

K > 0 by using p < 0. We deduce that (A(u)n2 + B(u)n + C(u)> < K; for some

K; > 0 and it follows that IA/(t, xo — Kt, 29,m) is lower bounded by some constant for
(t,n) € [0,T] x Rasp < 0. O

As it is trivial to see that 0 € V™ and 0 € V1, we have the following result.
Lemma 2.4. V" and V™~ are nonempty.

Definition 2.3. We define

VT = sup p; (2.17)
peEV—

v = inf q. (2.18)
qeVvt

Similar to Lemma 2.2. of [11], the next result holds.
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Lemma 2.5. We have v~ € V™ and vt € V7.
Next, we have the following comparison result.
Lemma 2.6. We have v— < V < v™.

Proof. For each v € V7, let us consider 7, = ¢ > 0 in Definition 2.1. For any 7 > t,

we have

o(t,n) > Elo(r, ur) | F] > B[V (7,20 — &7, 20, 1) Fi,

because of the sup-martingale property in Definition 2.1. It readily follows that

~

v(t,m) > esssup,. E[V (7,10 — KT, 20, ptr )| ]

This implies that v(t,7) > V (¢, 7) in view of the definition of V' (t,7) and hence V < v*
by the Definition (2.18). On the other hand, for each v € V~, by taking 7, =t > 0
in the Definition 2.2, we have v(t,n) < E[v(T A (, ptrac)|Fi] for any 7 > ¢ because of
the sub-martingale property in Definition 2.2. In particular, using the definition of ¢, we

further have

v(t,n) S El(T A G peng)[Fi]

<E[V(r ACx0— F(T AC), 20, tirne) | Fi]

< esssup, > ]E[‘?(Ta Lo — KT, %0, ,U/T)|]:t] = v(tv 77)
Thus, it follows that 1% > v~ because of (2.17). In conclusion, we have the inequality

v <V <ot -

Theorem 2.4. (Stochastic Perron’s Method) v~ in Definition 2.3 is a bounded and L.s.c.

viscosity super-solution of

F(t7navavtavnavnn) >0, on [O,T) X R,
v(T',n) =20, foranyn € R,

and v™" in Definition 2.3 is a bounded and u.s.c. viscosity sub-solution of

{ F(t,n,v,v,vy,vy) <0, on0,T) xR,

v(T,n) <0, foranyn € R. (2.19)
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Proof. We follow similar arguments as in [11, 13].

(i) The sub-solution property of v™. First, definition in (2.18) and Lemma 2.5 im-
ply that v* is bounded and upper semi-continuous. Suppose v™ is not a viscosity sub-
solution, there exists some interior point (¢,7) € (0,7) x R and a C"*-test function
¢ :]0,T] x R — R such that vt — ¢ attains a strict local maximum that is equal to zero
and F'(t, 7, v, vg, v, vg;) > 0. It follows that

(VDTG 00m>0
— 50 (t,1m) — Le(t, 1) > 0.
As coefficients of the variational inequality are continuous, there exists a ball B(t, 1, ¢)

small enough that
-2 — Lo >0 on B(t, 7, €),
>0t on B(t,7,e)\(t. 7).
In addition, as p(t,7) = vt (¢,7) > V(t, xo — f(t), 20,7), ¢ is continuous and Vis
continuous, we can derive that for some € small enough, we have p —¢ > V on B(t,7,¢).

Because v+ — ¢ is upper semi-continuous and B(¢,7,¢)\B(t,7, 5) is compact, it then

3
follows that there exists a & > 0 such that ¢ — 0 > v* on B(t,7,¢)\B(Z, 7, 5 ).
If we choose 0 < £ < § A ¢, the function ¢ = ¢ — ¢ will satisfy the following

properties:
8“05 — Lyt >0 on B(t,7,¢),
o >vj on B(t,n,e)\B(t, 7, 5),
p¢ >V on B(t,7,¢),
and (£, ) = v*(£,7) — &.
Let us define an auxiliary function by

+ 3 S/ = .\
I S
1

It is easy to check that v¢ is upper semi-continuous and v*(£, 1) = ¢*(t,7) < v*(t,7). We
claim that v¢ satisfies the terminal condition. To this end, we pick some € > 0 that satisfies
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T > t + ¢ and recall that v satisfies the terminal condition. We then continue to show
that v¢ € V* to obtain a contradiction.

Let us fix (¢,7) and recall that ((i1s)i<s<7, (Ws, Bs)t<s<t, Q, F, P, (Fs)i<s<r) € X
where x is the nonempty set of all weak solutions. We need to show that the process
(v8(s, ps))e<s<T is a super-martingale on (€2, ) with respect to (F;)s<s<7. We first assume
that (v" (s, s1s))e<s<7 has right continuous paths. In this case, v° is a super-martingale
locally in the region [t, 7] x R\B(t,7, 5) because it equals the right continuous super-
martingale (vT(s, j1s))i<s<7. As the process (v¢(s, i;))i<s<7 is the minimum between
two local super-martingales in the region B(t, 7, €), it is a local super-martingale. As two
regions [t, T] x R\B(t, 17, 5) and B(t, 7], €) overlap over an open region, (v°(s, f15))i<s<r
is actually a super-martingale.

If the process (v7 (s, iis))i<s<7 is not right continuous, we can consider its right con-
tinuous limit over rational times to transform it to the special case discussed above. In
particular, for a given rational number r and fixed 0 < ¢t < r < s < Tandn € R, it
remains to show the process (Y, )i<u<r = (v*(u, 1) )t<u<r between r and s is a super-
martingale, which is equivalent to show Y, > E[Y}|F,].

Let us denote G, := v™ (u, ), 7 < u < s and stop the process G after time s, i.e.
Gy =v7(s,pts), s <u <T.As (G,)r<u<r may not be right continuous, by Proposition
1.3.14 in [52], we can define its right continuous modification as

Gl (w) = lim Gu(w), r<u<T.

u' —u, u' >u, u'€Q

Note that G is a right continuous super-martingale with respect to F which satisfies the
usual conditions. Because v is upper semi-continuous and the process remains the same
after s, we conclude that G, > G, Gy = G7. Recall that v < ¢ — 0 in the open region

B(t,n,e)\B(t,7, 5), if we take right limits inside this region and use continuous function

©, we have

. — _ _ €
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Thus, if we consider the process
Y+ = GI? (uvﬂu) gB(ﬂﬁa%)? 3
) G A (u, ), (u, p) € B(L,7,€),
wealsohave Y, > Y © Y, =Y.
Because G has right continuous paths, we can conclude that Y is a super-martingale

such that

Y, > ;' > E[Y;|F] = E[Yi| F.].

(ii) The terminal condition of v™.

For some 7y € R, we assume that v (7', 79) > 0 and will show a contradiction. As 1%
is continuous on R, we can choose an ¢ > 0 such that 0 < vt (7, 7y) — e and |n — 1| < &.
On the compact set (B(T, 19, )\B(T, 1o, $) N ([0,T] x R), v* is bounded above by the
definition of V' and that v* € V*. Moreover, as v is upper semi-continuous on this
compact set, we can find 4 > 0 small enough such that

v (Tmo) + —>e+ sup vt(t,n). (2.20)
(tﬂ?)€(B(Tvﬂo’g)\B(Tmov%))ﬁ([ovT]XR)

Next, for k& > 0, we define the function @*<*(t,n) := v (T, ) + M + k(T —t).
For k large enough, we derive that —c,of’a7k — Le*** > 0 on B(T,no,c). Moreover, we

have the following result in view of (2.20)

@ > e+ vt on (B(T,m0,)\B(T, 1m0, g)) N ([0, T] x R),

and ©***(T,n) > v* (T, 1) > 0+ ¢ for [ — 1| < e.

Now, we can find £ < ¢ and define the function as follows,
/Uévaﬂk"ag N v A (90616# _ 5) on B(T7 Mo, 6)7
' vt outside B(T,ng,¢).
By following similar argument in Step (7 ), one can obtain that v>¢*¢ € V*, but v>*%<(T, 1) =

v (T, n9) — &, which leads to a contradiction.
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(iii) The super-solution property of v~

Let us only provide a sketch of the proof as it is essentially similar to Step (¢). Sup-
pose that v~ is not a viscosity super-solution, then there exist some interior point (¢,7) €
(0,T) x R and a C'-test function ¢ : [0, 7] x R — R such that v~ — ¢ attains a strict
local minimum that is equal to zero. As F'(t,7, v, vg, vy, V) < 0, there are two separate
cases to check.

case(i) v (f,7) — V (£, — f(f), 20,7) < 0. This already leads to a contradiction with
v~ (£, 1) > V(39 — f(£), 20,7) by the definition of v~

case(ii) —9%(¢,7) — Ly(#,7) < 0. We can find a small enough ball B(Z,7, <) such
that —% — L) < 0 on B(f,7,¢). Moreover, as v~ — 1 is lower semi-continuous
and B(T?M\B(f,ﬁ, 5) is compact, there exists a § > 0 such that ¢ + 0 < v~ on
B(t.7,€)\B(.7
isfies the following three properties: (i) _a_wﬁ — LY* < 0 on m; (i) we have
2P0 > Y€ = g on BELNBET 3 Gib) oE(E0) = ¢(E0) + € =
v~ (t,7) + & > v~ (¢, 7). Thus, we can define an auxiliary function as

e[ v Vet on Bl
" | v~ outside B(f,7,¢).

). We can then choose { € (0,2) small such that ¢¢ = 1 + £ sat-

N ™M

By repeating similar argument in Step (i), we have that v* € V= by showing that
(v8(s, pus))e<s<T is a sub-martingale. If v~ has right continuous paths, then the proof is
trivial. In general, by Proposition 1.3.14 in [52], we can define the right continuous sub-
martingale G} (w) = lmyy weu, weg Guw(w), w € Q% r < u < T, where G,

v (u, fy), 7 < u < s and we stop it at time ¢, that is to say, G, := v~ (s, is), s <u < T,
given fixed 0 < ¢t < r < s < T andn € R. Similar to Step (7), we note that G*
is the right continuous sub-martingale and therefore G, < G, G, = Gf. As G} >
V& (u, ), if (u, i) € B(t, 1, € )\B( 7, 5), we can define the process
{ u )  BE7,5),
G+vw’umﬂ(%mJ€B@ﬁé)
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We can conclude that Y, < Y,*, Y, = Y," and Y is a sub-martingale that Y, < Y, <
E[Y,;"|F,] = E[Y:|F,], which completes the proof.

(iv) The terminal condition of v~.

For some 79 € R, suppose that v~ (7, 17y) < 0 and we will show a contradiction. As 1%
is continuous on R, we can choose an £ > 0 such that 0 > v~ (7',n9) + € and | — np| < e.

Similar to Step (i), we can find 6 > 0 small enough so that

2

v (Tym0) — = < inf v (t,n) —e. (2.21)
40 7 (t;m)eBTm0.2)\B(T10,£)N(0,T]xR)

Then, for k > 0, we consider %< (t,n) := v=(T,n9) — % — k(T —t). For k large
enough, we have that —wf ek _ L%k < 0on B(T,no, ). Furthermore, in view of (2.21),

we have

Wk < o= — 2 on (BIT 10, 2)\B(T, 1o, g)) N ([0,T) x R),

and Y=k (T, n) < v~ (T, no) < —e for |n —no| < e.

Next, we can find £ < ¢ and define the function by

SoEhE { vV (R 4+ &) on B(T,mo,e),
v~ outside B(T,no,¢).
Similar to Step (i4), we obtain that v>&*¢ € V=, but v><*¢(T, 1) = v~ (T, 19) +&, which
gives a contradiction. 0
Let us then reverse the time and consider s := T — t. However, for the simplicity
of presentation, let us continue to use ¢ in the place of s if there is no confusion. The

variational inequalities can be rewritten as
mln{"?(tanv To — f(T - t)? ZO) - V<t7'r0 - f(T - t)7 <05 7))7

oV (t,n)

o CV(t,n)} =0, (2.22)
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where LV (t,1) = —A\(n — ﬂ)%(t, n) + 03 82‘7(15, 1) and also V(0,7) = 0.

2% 1 an?

Let us denote it equivalently as

F(t,n,v, v, vy, vy,) = 0,0n (0,7] x R, (2.23)
v(0,7) = V(0,20 — f(0), 20,7), for any n € R, '
where F'(t,n,v, vy, vy, Uyy,) := min {v — ‘7, % — Ev}. We also have the continuation

regionas C = {(t,n) € (0,T) xR : V(t,n; 20— f(T—1), 20) > V(t,z0— f(T—1), z0,1)}.

Proposition 2.1. (Comparison Principle) Let u, v be u.s.c viscosity subsolution and Ls.c.
viscosity supersolution of (2.23), respectively. If u(0,n) < v(0,n) on R, then we have
u<wvon (0,T] x R.

Proof. We will follow similar arguments in [14, 72] with modifications to fit into our
framework. We suppose that u(0,7) < v(0,7) on R, then, we try to prove that u < v on
[0,7] x R. We first construct the strict supersolution to the system (2.23) with suitable
perturbations of v. Let us recall that A < 0, B < 0 and C' is bounded above by some
constant, which are shown in Appendix A. Moreover, IA/(t7 xo — Kt, z9,m) < 0. Let us fix
a constant Cy > 0 small enough such that A > Cy07, and set ¢(t,7) = Coe’ + €@ with

some Cy > 1. Thus, we have the following inequality:

0 2
% — L1 =Che! + O, [2(/\ - CgO'i)T]Q —2\im — oi] e“2"
—2(\ — Cy0?)o? — N2 i
>C t C |
= T N = Goo?)
—2(A = Cy0?)o? — N2ja?
>Cy+ C L
O TS o)
72()\70202)0}%7)\2;7,2 .
We can then choose Cy > 1 large enough such that Cy + Cs 5= Cno?) > 1, which
guarantees that
o
— — LY > 1. 2.24
5~ v (2.24)
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We define v* := (1 — A)v + Ay on [0, T] x R forany A € (0,1). It follows that
oh -V = (1—A)U+Aw—17: (1 —A)'U+A(Coet+ecz’72) —V

~

> (1= A)v+ A(Coet + %)+ AV =V (2.25)

> (1=A)w—V)+ACy> A,

where we used v — V > 0 in the last inequality. From (2.24) and (2.25), we can deduce

that for A € (0, 1), v* is a supersolution to

. Ao 00t A
min< v" —V, W_EU > A (2.26)

In order to prove the comparison principle, it suffices to show the claim that sup(u —
v*) < 0 forall A € (0,1), as the required result is obtained by letting A go to 0. To
this end, we will prove the claim by showing a contradiction and suppose that there exists
some A € (0, 1) such that M := sup(u — v™) > 0.

It is clear that u, v and V have the same growth conditions: in view of the explicit
forms of A, B,C and ‘7 it follows that V has growth condition in ¢ as e for some
K, < 0 and has growth condition in 7 as eX2n” for some K. 5 < 0; on the other hand,

2
€21 Thus, we have

has growth condition in ¢ as e’ and has growth condition in 7 as e
that u(t,n) — v*(t,n) = (u — (1 — A)v — AY)(t,n) goes to —oco as t — T,n — oc.
Consequently, the u.s.c. function (u — v*) attains its maximum M.

Let us consider the u.s.c. function ®.(¢,#,n,7') = u(t,n) —v* (', 1) — ¢ (t, ', n, 1),
where ¢.(t,t',n,1) = 5=((t —¢')> + (n — 1/)?), ¢ > 0 and (t.,tL,n.,n.) attains the

maximum of ®.. We have

M, = max @, = O (t.,t.,n.,n.) — M and ¢.(te,t.,ne,m.) — 0O whene — 0. (2.27)

We give an equivalent definition of viscosity solutions in terms of superjets and subjets.
In particular, we define P> Fu(%, 7)) as the set of elements (¢, k, M) € R x R x R satisfying
u(t,n) < ult,n) +q(t — 1) + k(n—n) + M —0)* +o((t = ) + (n = 7)?). We define
P2=v(t,7) similarly.
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Thanks to Crandall-Ishii’s lemma, we can find A, B, € R such that

te—tL m. — 1. -
(= R A € PP Rult ),

te—t. n.—1. -
(= =L B) e Pt (i),

w

o*(n-)A: — o*(1L) B. < ~(o(ne) - a(n.))?.

By combining the viscosity subsolution property (2.19) of u and the viscosity strict

supersolution property (2.26) of v, we have the following inequalities

min{u(tg, 776) — ‘7(7557 To — f(te)a 20, 776)7

t—t n.—1 1
—= — (1) — 5% (1A f <0, (2.28)

min{vA(t;,n;) - ‘7(15/5, Ty — f(t,a)a 20777;%

ot m—1 1
e — L - LA 502(77;)35} > A, (2.29)

where b(t.,1.) = —=A(n. — i), 0°(ne) = o2, b(tL, 1) = =A(n. — f) and o*(n).) = .
Ifu—V < 0in (2.28), then because v* — ¥ > A in (2.29), we obtain that u — v* <
—A < 0 by contradiction with sup(u — v*) = M > 0. On the other hand, if u — V > 0in

(2.28), then we have

{ et _ nihp p) — Lo?(n)As <0,

€ ' )
te—tl nsaneb(tla’ng) _ 502(7};)35 > A.

Furthermore, after mixing these two inequalities above, we derive that

B () L 1))+ o) — 0(0)°

Ne — 77; 1
> - (b(tsa 778) - b(t/aa 77{;)) + 5(02(775)A5 - 02(77;)35) > A
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The first inequality holds due to the Crandall-Ishii’s lemma. Moreover, by letting € — 0,
we get 77E%"é(b(tg, ne) — b(t.,1.)) + 2(o(ne) — o(n.))* = 0 thanks to (2.27). It follows

that we have 0 > A > 0, which leads to a contradiction and therefore our claim holds. [

Lemma 2.7. Forall (t,n) € C in the continuation region, V in (2.5) has Holder continuous

derivatives.

Proof. The proof follows closely the argument in Section 6.3 of [41]. First, let us recall

that

oV oV 1,02V
_ Y _ 22 Y - . 2.
5 (L) + A0 — ) o (t.1) = 59, o (t,m) =0onC (2.30)

The definition of viscosity solution of V to (2.22) gives that Visa supersolution to (2.30).
On the other hand, for any (£,7) € C, let » be a C? test function such that (Z,7) is a
maximum of V — ¢ with V(£,77) = ¢(f,7). By definition of C, we have V(£,7) >

~

V(ﬂ To — f(a) 20, ﬁ)’ so that

9 09 o1 5 0%
—(t,n)+AX(n—p)=—(t,n) — =o-—=—=(t,n) <0

at(,n)Jr (n u)@n(,n) 20“6772(’”)— :

due to the viscosity sub-solution property of V to (2.22). It follows that Visa viscosity
subsolution and therefore viscosity solution to (2.30).

Let us consider an initial boundary value problem:

ow L Ow 1 ,0%w
it N1 — i) =— B i — B
T (t,n) — A(n — q) an (t,n) + 201 G (t,n) =0on QU Br,

(2.31)

Here, () is an arbitrary bounded open region in C, ) lies in the strip 0 < ¢t < T.

B=0Qn {t = 0}, Br = QnN {t = T}, Br denotes the interior of By, B denotes the

interior of B, S, denotes the boundary of Q lying in the strip 0 < t < T and S = So\Br.
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Theorem 3.6 in [41] provides the existence and uniqueness of a solution w on ) U By to
(2.31), and the solution w has Holder continuous derivatives w;, w, and w,,,. Because the
solution w is a viscosity solution to (2.30) on () U By, from standard uniqueness results on
viscosity solution, we know that V = won Q U Br. As (Q C C is arbitrary, it follows that
V has the same property in the continuation region C. Therefore, V has Hélder continuous

derivatives \N/t \7;7 and XN/W. L]

We can finally prove our main result Theorem 2.1.
Proof. We have shown the inequality v~ = sup,¢y- p < V<ot = inf,ep+ ¢ in Lemma
2.6. By using the comparison result in Proposition 2.1, we also have v* < v~. Putting

all pieces together, we conclude that vt = V(¢,1) = v~ and therefore the value function

V'(t,n) is the unique viscosity solution of the HIB variational inequality (2.7). By follow-
ing similar argument for Theorem 1 in [36], fix the F;-adapted stopping time 7* defined in
(2.9), 1t6-Tanaka’s formula (see Theorem IV.1.5, Corollary IV.1.6 of [77]) can be applied

to V(t, 1) in view of Holder continuous derivatives of V (£, 7) and we get that

5 * *
V(1" ATy, o — KT A Ty, 20,y flrsnr, )

:v(t, ) + [‘7(7'* A Ty To — KT A Ty 205 s nr, ) — ‘7(7'* A Tp, ,uT*/\Tn)}

T NTn, 8‘7 T NTn,
+/ a—s,usdBS+/
t g on ( ) t

where 7, T 7T is the localizing sequence. As XN/(t, n) satisfies HIB variational inequality

AV (s, us)
ot

+ /:‘7(8,/18)] ds,

(2.7), by taking conditional expectations and the definition of 7* in (2.9), we obtain that

~

Et V<7_* N Ty To — KT A Tny 205 IUT*/\Tn)]-{T*STn}:| + Et |:‘7(7—n7 MTn)1{7*>Tn}] = ‘7(15’ ,LLt)

By taking the limit of 7,, and dominated convergence theorem, we can verify that

]Et ‘7(7_*’ To — KT*v 20, MT*)] - V(tv ;ut)v

33



and therefore 7* is the optimal entry time.
At last, the martingale property between ¢ = 0 and 7* follows from the definition of

stochastic subsolution and stochastic supersolution. [
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Chapter 3

Optimal Dividend Strategy for an
Insurance Group with Contagious
Default Risk

This chapter ! studies the optimal dividend for a multi-line insurance group, in which
each subsidiary runs a product line and is exposed to some external credit risk. The default
contagion is considered such that one default event may increase the default probabilities
of all surviving subsidiaries. The total dividend problem for the insurance group is investi-
gated and we find that the optimal dividend strategy is still of the barrier type. Furthermore,
we show that the optimal barrier of each subsidiary is modulated by the default state. That
is, how many and which subsidiaries have defaulted will determine the dividend threshold
of each surviving subsidiary. These conclusions are based on the analysis of the associ-
ated recursive system of Hamilton-Jacobi-Bellman variational inequalities (HIBVIs). The
existence of the classical solution is established and the verification theorem is proved. In
the case of two subsidiaries, the value function and optimal barriers are given in analytical
forms, allowing us to conclude that the optimal barrier of one subsidiary decreases if the

other subsidiary defaults.

I A version of this chapter has been accepted by Scandinavian Actuarial Journal, which is forthcoming.
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3.1 Introduction

Dividend payment is always a focused issue in insurance and corporate finance, which
is regarded as an important signal of the company’s future growth opportunities and has
direct impact on the wealth of shareholders. Meanwhile, insurance companies also dy-
namically invest money in the financial market in order to pay future claims. The pioneer
work [34] solves the optimal dividend problem up to the financial ruin time when the
surplus process follows a simple random walk. Later, vast research has been devoted to
finding optimal dividend strategies in various discrete and continuous time risk models,
see a short list of related work in [6, 8, 9, 27, 43, 47, 56, 59, 68, 69, 70, 78] and references
therein. We refer to [3] and [7] for some comprehensive surveys on the topic of dividend
optimization.

The present chapter has a particular interest in a multi-line insurance group, which is
a parent insurer consisting of multiple subsidiaries in the market where each subsidiary
runs a product line such as life insurance, auto insurance, income protection insurance,
housing insurance and etc. Each product line is subject to bankruptcy separately and has
its own premiums and losses with very distinctive claim frequency, which motivates some
recent academic studies on multi-line insurance business. In a multi-line insurance group
framework, the insurance pricing model by line is studied in [73]. The capital allocation
strategy for a multi-line insurance company is investigated in [67], which reveals that
allocations depend on the uncertainty of each line’s losses and the marginal contribution
of each line. Under the assumption that losses from all product lines follow a sharing rule,
some premiums problems are examined in [48].

What is missing in the literature is the investigation of external systemic risk for the
insurance group. Our work enriches the study of the insurance group by considering the
group dividend optimization problem in which each subsidiary may go default due to some

contagious default risk. In practice, many subsidiaries share the same reserves pool from
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the parent group company. It is reasonable to assume that all subsidiaries are exposed to
some common credit risk. Our model can depict some real life situations that the group
manager collects cash reserves from different subsidiaries and invests them into some
financial credit instruments such as defaultable Bonds, CDS, equity default swaps and etc.
The insolvency and termination of one subsidiary business caused by the market credit
risk may quickly spread to all other subsidiaries if they share the same underlying credit
assets. Some empirical studies find that defaults are indeed contagious in certain cases and
exhibit the so-called default-clustering phenomenon, see [33]. In particular, a dependent
credit risk model is studied in [80], which analyzes the contagious defaults affected by a
common macroeconomic factor. A financial network model is later developed in [4], in
which the contagious defaults are caused by a macroeconomic shock. In the context of
insurance, it is also reasonable to consider the investment of net-reserves in some credit
assets and the default risk in the financial market may lead to some massive domino effects
in surplus management and subsidiaries operations.

It is worth noting that some recent work such as [2], [46] and [45] consider the col-
laborating dividend problem between multiple insurance companies, in which the credit
default and default contagion are again not concerned. Instead, they consider some inde-
pendent insurance companies and assume that one insurance company can inject capital
into other companies whenever their financial ruins occur. The optimal dividend for two
collaborating insurance companies in compound Poisson and diffusion models are studied
in [2] and [46] respectively. The extension to different solvency criteria is considered later
in [45]. Although these work differ substantially from the present chapter, we confront
similar challenges from the multi-dimensional singular control problem and some new
mathematical methods are required.

To ensure the tractability, we work in the interacting intensity framework to model
default contagion, which allows sequential defaults and assumes that the credit default
of one subsidiary can affect other surviving names by increasing their default intensities.
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This type of default contagion has been actively studied recently in the context of portfo-
lio management, see among [17, 19, 20, 21, 22] and many others. The key observation
in these work is that the system of HJB partial differential equations (PDEs) is recursive
and the depth of the recursion equals the number of risky assets. The system of PDEs can
therefore be analyzed using a backward recursion from the state in which all assets are de-
faulted towards the state that all assets are alive. As opposed to portfolio optimization, we
confront a singular control problem that stems from the dividend payment, and we conse-
quently need to handle variational inequalities instead of PDE problems. To the best of our
knowledge, our work appears as the first one attempting to introduce the default contagion
to the insurance group dividend control framework. In particular, we distinguish the ruin
caused by insurance claims (i.e. the surplus process diffuses to zero) and the termination
caused by credit default jump. It is observed in this chapter that the optimal group dividend
is of the barrier type and the optimal barrier for each subsidiary is default-state-modulated,
i.e., the optimal barrier of each surviving subsidiary will be adjusted whenever some sub-
sidiaries go default. In the simple case of two subsidiaries, we can rigorously prove that
the group manager lowers the dividend barrier of the surviving subsidiary and forces it to
pay dividend soon, see Corollary 3.1.

Our mathematical contribution is the study of the recursive system of HIBVIs (3.36),
which differs from some conventional PDE problems in portfolio optimization. We adopt
the core ideain [17, 19, 20, 22] and follow the backward recursion based on the number of
defaulted subsidiaries. In addition, we take the full advantage of the risk neutral valuation
of the group control and simplify the multi-dimensional value function into a separation
form. Our arguments can be outlined as follows. Firstly, we start from the case when there
is only one surviving subsidiary and work inductively to the case when all subsidiaries
are alive. The classical solution in the step with & surviving subsidiaries will appear as
variable coefficients in the step with k£ 4 1 surviving subsidiaries, and we can continue to

show the existence of classical solution with £ 4+ 1 names. Secondly, to show the exis-
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tence of classical solution in each step with a fixed number of subsidiaries, we conjecture
a separation form of the value function, and split the variational inequality from the group
control into a subsystem of auxiliary variational inequalities. To tackle each auxiliary vari-
ational inequality, we first obtain the existence of a classical solution to the ODE problem.
By applying the smooth-fit principle, we deduce the existence of a free boundary point
depending on the default state and construct the desired classical solution to the auxiliary
variational inequality. The rigorous proof of the verification theorem is provided to show
that the value function coincides with the classical solution to the recursive system of HIB-
VIs (3.36). As a byproduct, the optimal dividend is proved to be a reflection strategy with
the barrier depending on the default state indicator process, see (3.6) in Theorem 3.1.

The rest of the chapter is organized as follows. Section 3.2 introduces the model of
the multi-line insurance group with external credit default contagion. The optimal group
dividend problem for all subsidiaries is formulated and the main theorem is presented
therein. In Section 3.3, we derive the HIBVI (3.9) for two subsidiaries and solve the value
function in an explicit manner. The optimal barriers of the dividend are constructed using
the smooth-fit principle. Section 3.4 generalizes the results to a multi-line insurance group.
The proof of the verification theorem is given in Section 3.5. The derivation of the HIBVI

(3.9) for two subsidiaries is reported in Appendix B.

3.2 Model Formulation

Let (2, F,F,P) be a complete filtered probability space where F := {F;} is a right-
continuous, P-completed filtration. We consider an insurance group consisting of N sub-
sidiary business units and each business unit is managed independently within the group.
In particular, the decision maker in the present chapter is the insurance group manager,
who collects the premiums and contributes shares of the dividend for the whole group of

subsidiaries.

39



After the pioneer work [49], the diffusion-approximation of the classical Cramér-
Lundberg model has been popular in the study of optimal dividend and reinsurance thanks
to its tractability and allowance of explicit control strategies, see among [37], [44], [5],
[28], [42] and many others. Following their setting, it is assumed in this chapter that all
subsidiaries have the same form of surplus processes with different drifts and insurance
claim distributions and the pre-default surplus process )A(l(t) for each subsidiary satisfies

the diffusion model that

dX;(t) = a;dt — bydWi(t),

where constants a; > 0 and b; > 0 represent the mean and the volatility of the surplus
process respectively, and each W;(t) is a standard P-Brownian motion. For 1 <i,5 < N,
the correlation coefficient between W; and W; is denoted by the constant —1 < p;; <1
and the correlation coefficient matrix is denoted by ¥ = (p;;)nxn. The model covers
correlated insurance claims from different subsidiaries including possible scenarios that
some subsidiaries are running product lines that depend on other product lines and some
subsidiaries serve certain overlapping customers.

We consider in this chapter that each subsidiary allocates a large proportion of its net-
reserves in some credit assets. Each subsidiary is exposed to some external credit risk in
the financial market, and a wave of defaults in these credit assets may lead to large loss
of net-reserves in all subsidiaries. One example is the collapse of AIG, which is exposed
to substantial credit risk in its balance sheet in the 2008 financial crisis. To make our
multi-dimensional dividend control problem tractable and facilitate the backward induc-
tion method, we consider the extreme case in the present chapter that the external default
will terminate the operation of the subsidiary and no salvage value can be paid as divi-
dend at the moment of default. To model these extreme and irreparable default events,
we choose the so-called default indicator process that is described by an N-dimensional

[F-adapted process Z(t) = (Zy(t),...,Zx(t)) taking values on {0,1}". For each i,
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Z;(t) = 1 indicates that the i-th subsidiary has defaulted up to time ¢, while Z;(t) = 0
indicates that the i-th subsidiary is still alive at time ¢. The process Z(t) is assumed to be
independent of all Brownian motions W;(¢), ¢ = 1,..., N, to reflect that these external
default events stem from the credit assets and they do not depend on the claims of each
subsidiary’s insurance products.

Foreach: =1,..., N, the default time o; for the i-th subsidiary is given by

o; :=1inf {t > 0; Z;(t) = 1}.

The stochastic intensity of ¢; is modeled by (1 — Z;(+)) \; (Z(+)), where \; maps {0, 1}V

to (0, +00) and the process

Milt) = Zi(t) — /OW” M (Z(s)) ds, G.1)

is a martingale with respect to the filtration generated by Z. Note that this process Z;(t) can
also be viewed as a Cox process truncated above by constant 1, whose intensity process is
(1= Z()M(B() + Zi(0).

Let us take N = 2 as an example and consider the default state Z(¢) = (0,0) at time
t. The values A\1(0,0) and \y(0, 0) give the default intensity of subsidiary 1 and subsidiary
2 at time ¢ respectively. Suppose that subsidiary 1 has already defaulted before time ¢
and only subsidiary 2 is alive, then \y(1,0) represents the default intensity of subsidiary
2 at time t. Similarly, if the subsidiary 2 has already defaulted before time ¢ and only
subsidiary 1 is alive, then A;(0, 1) represents the default intensity of subsidiary 1 at time
t. Moreover, we consider the default contagion in the sense that \;(0,0) < X;(0,1) and
A2(0,0) < A2(1,0) such that the default intensity of one subsidiary increases after the
other subsidiary defaults.

For the general case with N subsidiaries, the default indicator process at time ¢ may

jump from a state
Z(t) = (Zl(t)v SRR Zifl(t% Zl<t)7 ZiJrl(t)a SR ZN):
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in which the subsidiary i is alive (Z;(t) = 0) to the neighbour state

(Zy(t), ..., Zia(t), 1 — Zi(t), Ziy1(t), ..., ZN),

in which the subsidiary ¢ has defaulted with the stochastic rate \;(Z(t)). It is assumed

from this point on that Z;, 7 = 1, ..., NV, will not jump simultaneously in the sense that

AZ(DAZ;(t) =0, 1<i<j<N, t>0. (3.2)

Note that the default intensity of the i-th subsidiary X;(Z(t)) depends on the whole vector
process Z(t), and it is assumed that \;(Z(¢)) increases if any other subsidiary defaults.
This is what we mean by default contagion for multiple subsidiaries. Let us denote the
vector A\(z) = (\i(z);i = 1,..., N)T, for the given default vector z € {0, 1}%.

The actual surplus process of subsidiary ¢ after the incorporation of external credit risk

is denoted by )zi(t), where i = 1,2,..., N, and it is defined as

Xi(t) = (1— Zi(t)) Xu(t).

Given the surplus process )~(Z~(t), for each subsidiary 7, we can then introduce the div-
idend policy. A dividend strategy D;(-) is an JF;-adapted process representing the accu-
mulated amount of dividend paid up to time ¢. That is, D;(¢) is a nonnegative and nonde-
creasing stochastic process that is right continuous and have left limits with D;(0~) = 0.
The jump size of D; at time t > 0 is denoted by AD;(t) := D;(t) — D;(t”), and
Dg(t) == Di(t) — > _g<sci ADi(s) denotes the continuous part of D;(t).

For the ¢-th subsidiary, the resulting surplus process in the presence of dividend pay-

ments can be written as
Xi(t) = (1 = Zi(8)) (Xi(t) = Dy(t)), Xi(0) = ; = 0,

where z; stands for the initial surplus of the i-th subsidiary. We denote the vector process

X(t) = (X1(8), ..., Xn(t)).
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The objective function for the insurance group is formulated as a corporative singular

control of total dividend strategy

D(t) = (Di(t),..., Dn(t)),

under the expected value of discounted future dividend payments up to the ruin time

J(x,z,D(-)) :=E (Z Q; /0” €_rthi(t)> )

where the weight parameter satisfies oy + o 4. .. +any = 1. The parameter «; represents
the relative weight of the subsidiary in the insurance group, and they add up to 1 after
scaling. » > 0 is a given discount rate. Recall that the insurance group manager is the
decision maker, the surplus process of each subsidiary is therefore completely observable

to the decision maker. The ruin time 7; of the subsidiary ¢ is defined by

o :1nf{t20XZ(t):0}, Zzl,,N

The initial surplus level is denoted by X;(0) = z; and the initial default state is denoted
by Z;(0) = z;,i = 1,..., N. We also denote
X(0) =x:=(v1,...,2Nn),

Z(0)=2z:=(21,...,2Nn).

It is assumed henceforth that each admissible control process D;(t) can not jump simulta-

neously with Z;(¢) in the sense that, for ¢t > 0,

AD,(H)AZ;(t) =0, 1 < i < N. (3.3)

That is, the dividend for the subsidiary 7 can not be paid right at the moment when the
subsidiary ¢ goes default due to external credit risk. The assumption (3.3) is by no means
restrictive because the process D;(t) is cadlag and the default time o is totally inaccessible

due to the existence of default intensity \;. In Appendix B, assumptions (3.2) and (3.3) are
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needed to derive the associated HIBVI. Moreover, it is assumed throughout the chapter
that
AD;(t) < Xi(t-),

D;(t) = Di(t AN T;),

where the first condition dictates that the subsidiary ¢ can not pay dividend more than its
currently available fund and the second condition means that the subsidiary : won’t pay

any dividend after its ruin time.

Remark 3.1. In most cases, we simply choose o; = %, that is, every subsidiary shares
the same percentage of the insurance group. In special cases, the product line of some
subsidiary 1 is the key business of the insurance group, in which weight o; is a little bit

bigger than other subsidiaries.

Our goal is to find the optimal dividend strategy D* such that the value function can

be attained that

f(x,2z) :=sup J(x,z,D) = J(x,z,D"). (3.4)
D

In particular, we are interested in the case that all subsidiaries are alive at the initial time,
i.e., the value function f(x,0) can be characterized, where 0 = (0,...,0) is the zero
vector.

A barrier dividend strategy is to pay dividend whenever the surplus process excesses
over the barrier. The optimal dividend for a single insurance company has been shown to
fit this type of barrier control in various risk models. In our setting with default contagion,
the optimal dividend for the insurance group also fits this barrier control. Nevertheless,
the optimal barrier for each subsidiary is no longer a fixed level as in the model of a
single insurance company. Instead, we identify that the optimal barrier is dynamically
modulated by the defaulted subsidiaries and surviving ones. The dependence on the default
state leads to some distinctive phenomena that the dividend barrier will be adjusted in the
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observation of sequential defaults. Furthermore, the change of the barrier for subsidiary 7,
i.e. the change of m;(Z(t)) in (3.6), is complicated and depends on all market parameters.
In the case of two subsidiaries, we can prove in Corollary 3.1 that the default event of
one subsidiary will stimulate the surviving one to pay dividend, albeit with less amount,
because the dividend threshold decreases.
For any vectors x € [0, +00)" and z € {0, 1}", let us denote
x1) = (1, x1-1,0, 241, .., TN),

L.
7z = (21,...,2171,17Zl+1,...,ZN).

The next theorem is the main result of this chapter.

Theorem 3.1. Let us consider the initial surplus level X(0) = x € [0, +00)" and the
initial default state Z(0) = z := (z1,...,2zn) = O that all subsidiaries are alive at the
initial time. The value function f(x,0) defined in (3.4) is the unique classical solution to

the variational inequalities

1<i<N

N
max {ﬁf(x, z) + Z N(2) f(x©, 2, a; — 0; f(x, z)} =0, (3.5)
=1

in which the operator is defined by

Lf(x,z):=— (r + Z )\k(z)> f(x,2z)+ Z <ak(9kf(x, z) + %bzakkf(x, z))

k=1

N
+ > bibipy0} f (%, 2),
z,ij>:jl

where O f == g—f and Oy f = gi’;.
T 7,
Moreover, for each i = 1,..., N, there exists a mapping m; : {0,1} — (0, +00)

such that the optimal dividend D* for the i-th subsidiary is given by the reflection strategy

D} (t) := max {O, sup {)zz(s) —m; (Z(S))}} , 1=1,...,N, (3.6)

0<s<t

45



and m;(Z(t)) represents the optimal barrier for the i-th subsidiary modulated by the N-

dimensional default state indicator Z(t) at time t.

From the form of HIBVI (3.5), we can see that the solution f(x,z) actually depends
on the value function f(x, z') with the initial default state z' indicating that one subsidiary
has already defaulted. Therefore, to show the existence of classical solution to HIBVI
(3.5) with z = 0, we have to analyze the existence of the classical solution of the entire
system of HIBVIs with all different values of z € {0,1}". To this end, we follow a
recursive scheme that is based on default states of subsidiaries. The proof of Theorem 3.1

is postponed to Section 3.5.

3.3 Analysis of HJBVIs: Two Subsidiaries

To make our recursive arguments more readable, we first present the main result for
only 2 subsidiaries. As one can see, the associated HIB variational inequalities can be
solved explicitly for 2 initial subsidiaries and the optimal barriers of dividend for each
subsidiary at time ¢ can be derived that depends on the default state Z(¢). The recursive
scheme to analyze the variational inequalities has a hierarchy feature, which is operated in
a backward manner. To be more precise, we first solve a standard optimal dividend prob-
lem when only one subsidiary survives initially, and the associated value function appears
as variable coefficients in the top level of HIBVI when both subsidiaries are initially alive.
We can then continue to tackle the top level HIBVI with two subsidiaries by employing a

separation form of its solution and the smooth-fit principle.

3.3.1 One Surviving Subsidiary

In this subsection, it is assumed that there is only one subsidiary at the initial time.
That is, we need to consider default states z; := (0, 1) and z» := (1,0). Here, the default

state z;, ¢ = 1, 2, indicates that subsidiary 7 is alive initially while the other subsidiary has
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already defaulted due to the external credit risk.
For each 4, let us consider the default state z;, and let z; > 0 be the initial surplus level
for the subsidiary i. The associated HIBVI for the default state (0,1) and (1,0) can be

derived as

af

max {Ezlf(l’z, ZZ‘), oy — 8_552

(xi,zi)} =0, i=1,2, (3.7)

where the operator is defined by

of 1b232f
or; 2 '0xz2)"

LPf=—(r+N(=)) f+ (ai

Here, we recall that \;(z;) stands for the default intensity for subsidiary i given that the
other subsidiary has already defaulted.
We can follow some standard results in [6], which solves the stochastic control problem

for a single insurance company. The positive discount rate 7 > 0 ensures that

1
56?32 +a;s — (r+ X\i(z;)) =0,

admits two real roots. Let 6,1, —6;» denote the positive and negative root respectively that

—a; + /a2 + 262 (r + Ni(z;))
i1 = b2 9 1= 1727

D>

A —a; — 7+ 207 Ai(2
_87;2 — a \/al +b2 z(T + (Z ))7 Z — 1’2

According to results in [6], for ¢ = 1, 2, the solution to the HIBVI (3.7) is

a;Cy(z) (P17 — e702m) 0 <y < my(z),
f(xia Zi) = R R

&ici<zi)<€0i1mi(zi) _ efé?izmi(m)) + Oéi(mi _ mi<zi))7 T > mi(zi),
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where

B b? o Vaz +202(r + Ni(z)) + a;
\/ag + 262 (r + Ni(z)) s \/%2 + 263 (r 4+ Ni(z)) — a; 7
1

Ci(2i) == = N b » =12
ezleﬁlml(zl) + 0126—9127’711(21)

3.3.2 Auxiliary Results for Two Subsidiaries

‘We continue to consider the case that both subsidiaries are alive at time ¢ = 0 with the
initial surplus x = (1, x2) and initial default state z = (0, 0). Using heuristic arguments

in Appendix B, the associated HIBVI for the value function can be written by

max {‘C(OVO)f(Xa (07 0))7 ayp — alf(xa (07 O))a Qo — an(Xa (Oa O))} = 07 (39)

with the operator

LOY f(x,(0,0)) == — (r + A1(0,0) + A2(0,0)) f(x, (0,0)) + bibap12d1a f(x, (0,0))

(00110 (0,0) + 517087 0x, (0.0)

(027, 0.0) + 305, 1(x,0,0)))
0 0,0)f(22,(1,0)) + 2(0,0) (1, (0,1), 310

where functions f(z1, (0,1)) and f(z9, (1,0)) are given explicitly in (3.8), and

9f(x,(0,0)) _ f(x,(0,0))

8% amixj

8if(x, (O, O)) = , and (%jf(X, (0,0)) : , ’l,j = 1,2

To show the existence of a classical solution to HIBVI (3.9), we first conjecture that the

solution f(x, (0,0)) with x = (z1, z9) € [0, +00)? admits a key separation form that
f(X> (050)) :fl(xh(()ao))+f2($27(070))7 L1, T2 Z 07 (311)
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for some smooth functions f; and fs, i.e., functions of x; and x5 can be decoupled. The
rigorous proof of this separation form will be given in the next subsection.
With the aid of the separation form (3.11), to solve HIBVI (3.9) is equivalent to solve

two auxiliary variational inequalities with one dimensional variable = € [0, +00) defined

by
max {Al-fxx, (0,0)) + AI(OA’%%()O’ O f (.2, (3.12)
@ — fi(z, (0,0))} —0, i=12 x>0, (3.13)

where the operators are defined as

Auf (2, 0,0)) =2, (0,0)) + s, (0,0)

—(r+AM1(0,0) + A:(0,0)) f (=, (0,0)), =12,
and the boundary condition f;(0, (0,0)) =0,i=1,2.

Remark 3.2. When two subsidiaries are alive, the function fi(x1,(0,0)) from the de-
composition relationship (3.33) satisfies variational inequalities (3.12). It is worth noting
that this function fi(x1,(0,0)) can not be simplify interpreted as the value function of the
optimal dividend problem for the single subsidiary 1 without considering all other sub-
sidiaries. As one can observe from (3.12), f1(x1, (0,0)) depends on the coefficient A2(0,0)
that is the default intensity of the subsidiary 2 and also depends on the value function
fi(z,(0,1)). However, as pointed out later in Remark 3.4, our mathematical approach can
eventually verify that fi(x1,(0,0)) equals the expected value of the discounted dividend
using the dividend control policy D5 (t) for subsidiary 1, where D*(t) = (D;(t), D3(t)) is

the optimal dividend for the whole group.

By symmetry, for the existence of classical solution to the auxiliary variational inequal-

ity (3.12), for ©+ = 1,2, it is sufficient to study the general form of variational inequality
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with one dimensional variable = € [0, +00) defined by

max {Af(z) + h(z),y — f'(x)} = 0, (3.14)
where v > 0,
1
Af(x) = —/,Lf<37> + l/f,<CC> + 50.2.]?”(1.)’ MV, 0 > 07 (315)
and the function h is a C? function satisfying h(0) = 0, lim,_, 1o h(u) = +oo, h(z) > 0,
h'(xz) > 0,and h"(z) <0, for z > 0.

To tackle the general variational inequality (3.14), we propose to examine the solution

to the ODE part at first in the next lemma.

Lemma 3.1. Let us consider the ODE problem
Ag(xz) + h(z) =0, x>0, (3.16)

with the boundary condition g(0) = 0 and the operator A is defined in (3.15), h is the

same as that in (3.14). The classical solution g to (3.16) admits the form

g(x) = ¢1(z) + Coha(x),
where C'is a parameter in R, and

o1(z) = 2 ) /O ’ h(u)(eP@=w) — 02wy dy 2 >0, (3.17)

_0'2(91 + 02
bo(x) = h* — e 2 >0, (3.18)

Here 01, —0, are the roots of the equation %0292 +vl—pu=0.

Proof. We first rewrite the ODE (3.16) in a vector form as

iz () =4 () ) oo

e (a ) ()

where



One can solve it as

(90 ) = [ iturtns o,

The boundary condition g(0) = 0 then yields that 5, = (0, ¢’(0))" and

eA:):BO — (0(69190 o 6—92:{:)’ 0(016911‘ + 926—921))T ’

for some constant C'. Note also that (z) = (0, —20~2h(z)), hence it follows that

xr xr O
eA””/ e~ B (u)du = —20_2/ eAlE—u) ( ) du
Al : h(w)
= —20_2/ h(u)et@=w ( 0 ) du.
0 1

Let ( 3328 ) = At ( ? ),wegetthat% ( ‘z;g; > =A ( 3328 ) ,41(0) = 0,12(0) =

1. Then y}(t) = y»(t) implies that y;(t) = C1e% + Coe=%, 41(0) = 0, y;(0) = 1. We

then deduce that ', = —Cy = ﬁ. Therefore, we have

eAx/ e—Auﬁ(u,)du = —20'—2/ h(u)eA(x—u) ( (1) ) du
0 0
_ 2 /‘96 h(u) <691(x7u) o efeg(xfu)> i
B 0'2(91 + 92) 0 h(u) 01691(5’5*”) + 926792(967@) )
and also

2 X
9(z,(0,0)) = ] /o h(u)(e@W — e=%2@=W) gy 4 (e — o=022)

020, + 0,

= ¢1(x) + Ca(1),
where C'is a parameter, and ¢ (x) and ¢ (x) satisfy (3.17) and (3.18) respectively. O

Back to the variational inequality (3.14), we plan to apply the smooth-fit principle to
mandate the solution to be smooth at the free boundary point. The next technical result

becomes an important step to prove the main theorem.
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Lemma 3.2. Under the conditions in Lemma 3.1, we have ¢ > 0 and there exist positive

constants (C, m) such that
¢y (m) + Cy(m) =7,

1(m) + Cg5(m) = 0.

Proof. Let us start with some identities of derivatives by direct calculations that

2 xX
¢1(r) = T o0 £ 0 / h(u) (0™ ) + Ope= ") du < 0, (3.19)
1 2 0
2 x
") = prT / B (1) (0@ 4 gre 2=y < 0, (3.20)
1 2 0

where the second inequality holds thanks to 4(0) = 0, and

) = 2 TPl I w)h(x — u)du
[(0) = =g OO — g | (e = uja

2 2

= sy (M@)80) = b))~~~y
2 2

= m/{) h(u)@y(x — u)du — m/o R (u) gy (x — w)du

— ﬁ/j h(u)py(x — u)du

2

- —m/o B (u)dhy(x — u)du.

Note that ¢4 (0) = 67 — 02 < 0. As ¢(x) > 0, the existence of m € (0, +00) boils down

to the existence of root = € (0, +00), to the following equation

o Hl‘ ’Y—Qsll(x) ”I —
q(x) = ¢y( )+—gb’2(:17) 5(z) = 0.

As ¢1(0) = ¢{(0) = 0 by (3.19) and (3.20), we obtain that (0) = £ < 0.

Plugging (3.19) and (3.20) into the definition of ¢ above, we obtain that

_ ¢/2/(x) 2 ¢ /2/(1‘) N 01(z—u) —02(z—u)
q(z) —7¢§(x) + 200, 7 0) /0 Lﬁé(m)h(u) h'(u)| (6re + Ose Ydu.
(3.21)
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As h” < 0, k' > 0, it follows that ' is bounded. Noting that lim,_. | o zg_g)) =6, >0,

as well as that lim,,_, 1, h(u) = +o0, we deduce from (3.21) that lim, _, ; -, ¢(z) = +o0.

Therefore ¢ admits at least one root = € (0, +00). We then define

m :=inf {u : ¢(u) = 0} € (0, +00), (3.22)
and choose
v — ¢\ (m) gl
C:= > 0. 3.23
m) = Ghlm) (329
L]

With the parameters (C, m) obtained in (3.23) and (3.22) in the proof of Lemma 3.2,

we can turn to the construction of a classical solution to the general variational inequality.

Proposition 3.1. The variational inequality

max {Af(z) + h(z),y— f'(x)} =0, = >0, (3.24)

with the boundary condition f(0) = 0 admits a C? solution, which has the form of

o1(z) + Coo(x), x €[0,m)],
flz) = (3.25)
o1(m) + Copo(m) +vy(x —m), =€ [m,+00).
Here ¢1(x) and ¢o(x), © > 0, are defined in (3.17) and (3.18) respectively and parameters
C and m are determined in (3.23) and (3.22).

In particular, we have
Af(x)+ h(x) =0, z€[0,m)],

(3.26)
v—f'(z) =0, z€[m,+00),

and f(0) =0, f' >0, " <0, lim,_ 1o f(z) = +00

Proof of Proposition 3.1. Let g(x) be the classical solution to the ODE (3.16). We have

that f(z) coincides with ¢g(z) in Lemma 3.1, for z < m and the function is a linear
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function, for x > m. We aim to prove that the function f is the desired C? solution
to the variational inequality (3.24). Thanks to Lemma 3.2, we deduce that f'(m) = ~,
f"(m) = 0. In view of its definition, it is straightforward to see that f belongs to C?. On
the other hand, Lemma 3.1 and (3.25) give the validity of (3.26). Therefore (3.24) holds

once we show that
f(x) = ¢1(x) + Ch(x) >, forz € [0,m],
as well as

Af(x)+ h(x) <0, forz > m.

Define the elliptic operator
1 2 ¢/ !
Lf=—50°f"—vf +uf,

and consider g(z) in Lemma 3.1 with C'in (3.23). Then we have

Lg(z) = h(z), x € (0,m).

Note that / is twice differentiable, and that A” < 0. It therefore follows that

Lg"(x) =h"(z) <0, x € (0,m).

Since p > 0, according to the weak maximum principle (see Theorem 2 in §6.4 of [39]),

we have

+ +
max, g"(z) < max { lg"(0)]7, [¢"(m)] } =0.
Therefore, we have

¢y (x) + Cdhy(z) > ¢1(m) + Cdy(m) =, forx € [0,m].

In other words,

I(x)+Coy(x) <0, xe€][0,m)] (3.27)
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We next show that Af'(z)+ h'(z) <0, for > m. In our previous argument, we have

shown that ¢ (x) + C¢(z) <0,z € [0,m], i.e., f'(x) <0, x € [0,m]. It follows that

ey = G =S o @ (3.28)

T—m— m—x T—m— M — T

Thanks to the definition of f, we have that Af'(x) + h'(x) = 0 on z € [0,m). By sending

r — m—, we get

Af'(m=) +h(m) =0.
That is,

1
—py + W (m) = —50° [ (m=) <0.

For x > m, we have f”(z) = 0, f'(x) = ~, and h/(z) < h/(m) as h” < 0. Hence, we

have

Af'(x) + hW(x) = —pf'(x) + b (x) < —py + B (m) <O0.

Then for x > m, we arrive at

Af(z) + h(z) < Af(m) + h(m) = 0.

Putting all the pieces together, we can conclude that f is the desired C*? solution to the
variational inequality (3.24).

To complete the proof, it remains to show that

F(0)=0, f(x)>0, f'(x)<0, z>0.

In view of (3.17), (3.18) and (3.25), it holds that f(0) = 0. Note that the variational
inequality (3.24) gives f'(x) > 0, x > 0. Moreover, in view of (3.27) and the fact that f(z)

is linear on = € [m, +00), we obtain that f”(z) <0,z > 0, lim, o f(z) = +00. O
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3.3.3 Main Results for Two Subsidiaries

In view of the explicit solution of the auxiliary variational inequality (3.24), for ¢ =
1,2, we can derive the explicit solution f;(z;, (0,0)) to the variational inequality (3.12) by
setting A = A;, h(z;) = %&égo’o)ﬁ(%, z;) and v = .

Moreover, for i = 1,2, let us denote the constant m and C for variational inequality
(3.12) by m;(0,0) and C;(0,0), because we can verify later that the constant m;(0, 0) is
the optimal barrier of the dividend strategy for the subsidiary .

Let us define

K; = aici(zi)(eéumi(zi) _ eféz‘zmi(m)) _ Oéimz'(zi>, i=1,2,
and we will construct the explicit solution of the variational inequality (3.12) in the fol-
lowing steps.
For i = 1,2, let us denote 6;;, —6;5 as the positive and negative roots of the equation

20207 + a;0 — (1 + A\1(0,0) + A2(0,0)) = 0 respectively that

oy —+ \/aZ2 —+ 2b12(7" + /\1(0, 0) + )\2(07 0))
b? ’

0. . ~% = /el +25(r+ M(0,0) + X(0,0))
—U;9 .— .
b?
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Let us first define for « = 1, 2 and the variable = > 0 that

( _ 2.a:0(0,0)0(0,0)Cy(z)
fii(z) == 2 (0. 0) (0 1 6)

(051 + Oiz)e’* n (051 + Oiz)e 2"

(0i1 — 0:1)(0 + 0i2)  (Bi2 + 0i1)(—0i2 + 0:2)

(Bi1 + Oig) el _ (Bi1 + Oig)e 02"

(0i1 —0i1)(Oia+60i1) (01 + 0i2)(—bi2 + 0i2)

b

O S e S mi(zi),
_3051)\1(0, 0))\2(0, O)C’l(zl)
o2 X(0,0)(0i1 + bi2)

691'11‘ N 6_91'243 ~
X | = <6(9i1_9i1)mi(zi) . 1> 4 < . e(0i1+9i2)mi(zi) + 1)
01 — 01 0i1 + 0i2

filQ(fB) =

eeilx

+ = <e_(éi2+0i1)mi(zi) . 1)
0o + 0i1

fil(‘ra (07 O)) =

€—9i293 .
S <e(_9i2+9i2)mi(zi) . 1)
—0ip + 0i2

B EKi/\l(0,0))\g(0,0)
2 Xi(0,0)(0;1 + 0i2)

X [i <€911$—9i1mi(zz‘) _ 1> +
01

. 3 Oéi>\1(0, 0))\2(0, O)
O'2 )\2(0, O)(ezl -+ 912)

)

1 _9.2 +92 ( )
. 2T i2Mi\Zg) 1)
0rn (6

1
21

(012)? < — b + 1+ (fiami(z;) — 1)6912“91‘2%(%))] ;
i2

Lmy(z;) <z,

(3.29)
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fio(2,(0,0)) = eP1® — %27 4 >0, (3.30)

In view of Lemma 3.2 and Proposition 3.1, we can define the constant

m;(0,0) :=inf{s: ¢;(s) =0}, i=1,2,

where

QG — {1(1‘, (07 0))

qi(x) == ffi(x,(0,0)) + 7 (2, (0,0))

fin(2,(0,0)), i=1,2.

We also define C;(0, 0) := %”(ﬁ)(&f” i=1,2.

To illustrate the change of the optimal barrier when one subsidiary defaults, let us
choose the model parameters: a; = 0.1, by = 0.07, ay = 0.15, by = 0.06, A1(0,0) = 0.02,
A1(0,1) = 0.04, A\5(0,0) = 0.01, A\y(1,0) = 0.04, » = 0.05 and oy = 0.4. We can see
from Figure 1 that the comparison results 1m4(0,0) > m;(0,1) and m2(0,0) > mo(1,0)
hold. That is, both subsidiaries decrease the optimal barriers for dividend payment after
the other subsidiary defaults. These observations are consistent with our intuition that the
default contagion effect forces the surviving subsidiary to take into account that itself will
go default very soon because of the increased default intensity. Therefore the surviving
one prefers to pay dividend as soon as possible by setting a lower dividend threshold before
the unexpected default happens.

We actually have the next theoretical result on the change of the optimal barrier when

one subsidiary defaults.

Corollary 3.1. For the case of two subsidiaries, as we have \(0,1) > X;(0,0) and
A2(1,0) > A2(0,0), we always have the orders that my(0,0) > my(0,1) and ms(0,0) >
mg(l, 0)

Proof. 1t suffices to show that m4(0,0) > m;(0,1). We first show that fi(x,(0,0)) >
fi(z,(0,1)), & > 0. Define fs(z) := e~ fy(x, (0,0)), fs(x) = e fi(x, (0,1)). Here,
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Figure 3.1: The change of the optimal barrier when default occurs

we choose the constant § > 0 small enough such that r+X; (0, 0)+A2(0, 0) —da; — 36267 >

0. We can verify by direct calculation that fs(x) satisfies
mac { A7 fs() + 22(0,0)fu(x, (0, 1)), 1 = (™ fo(x)) } =0, @ >0,
with f5(0) = 0 and the operator .AS defined by
Alf = %bi(eéwf(x))” +ay (% f(2)) = (r+ A1(0,0) + X9(0,0)) e f ().
On the other hand, we have that
max {fl‘l;ﬁ;(x) + X2(0,0) f1(x, (0,1)), 1 — (eérﬁ;(:ﬁ))/} =0, x>0,
with f5(0) = 0 and the operator .A? defined by

Alf = %bf(e(Sff(x))” +ar (% f(x)) = (r+ Ai(0,0) + A2(0,0)) e f(x),

and \;(0,0) := A;(0,1). Noting that A;(0,0) > A;(0,0) and f5 > 0, we thus have that
max { AL f5(@) + X2(0,0) ula, (0,1)), 1 = (¢ fs(@)) } 2 0, @ =0,
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The comparison result of viscosity solutions (see e.g. Section 5B in [30]) yields that, for

each M > 0,

~

fs(z) — fs(z) < max{O,f(;(M) — f(;(M)}, x € [0, M].

Note that M > 0 is arbitrary and lim ;.o | f5(M) — f5(M)| = 0. Letting M — +oc in

the inequality above, we obtain that

This gives that fi(z, (0,0)) > fi(z,(0,1)), xz > 0.

Next, let us define g(z1) := fi (21, (0,0)). We claim that g is the viscosity solution of

max {Alg(xl) + )‘2(07 0)f{(131, (07 1))7 a1 — g(*rl)} = 07 (331)

with ¢(0) = £1(0,(0,0)) and g(M) = «y, where the constant M is sufficiently large that
M > my(0,1) V. my(0,0). Indeed, on (0, +00) \ {m1(0,1)}, g is C* and satisfies (3.31).
On the other hand, similar to (3.28), we can derive that

lim ¢"(x)= lim f"(z,(0,1)) >0,

tmi (0,1) wtm1(0,1)

as well as that limy,,, 0,1y ¢” () = 0. Hence

Dyl (0.1) = { 0.0) 0> _lim 7w (0,1)},

D~®g(my(0,1)) = {(0,p) : p < 0},

Here, we denote D+ and D~ the second order Super-Jet and Sub-Jet respectively. For

(0,p) € DY@ g(m,(0,1)), we have that

max {%b% ‘p4ar-0—(r+ A(0,0) + A2(0,0))g(m1(0,1)), a1 — g(m4(0, 1))} >0,

while for (0, p) € D~®g(m,(0,1)), we have
1
max {563 ‘p+a;-0—(r+ A1(0,0) + X2(0,0))g(m1(0,1)), a1 — g(m (0, 1))} <0.
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Therefore g is the viscosity solution of (3.31).
Let us define §(x) := fi(z, (0,1)). Following the same arguments above, we have that
g is the viscosity supersolution to (3.31), or equivalently, the viscosity solution to

max {A1§($1) + )‘2(07 O)f{<x1’ (07 1))7 aq — g($1)} Z Oa

with g(0) = f1(0,(0,1)) and g(M) = ay.
Because we have shown that

f1<x7 (070)) > fl(l‘7 (Ov 1))’ fl(ov (Ov())) = fl(ov (0’ 1)) = 07

it follows that f{(0, (0,0)) > £{(0,(0,1)), i.e., g(0) > §(0). Moreover, g(M) = g(M) =
1. The comparison result of viscosity solutions gives that g(x) > g(x), = € [0, M]. That
is, f1(x,(0,0)) > fi(z,(0,1)). We thus deduce that

Q1 = f{(ml(0,0), (070)) 2 f{(m1(070)> (07 1)) Z aq,

which implies that f{(m,(0,0), (0,1)) = a;. As f{(z, (0,1)) > ay, for z € (0,m,(0,1)),

we can obtain the desired order that m; (0, 1) < m;(0,0). O

Based on solution forms in (3.29) and (3.30) and Corollary 3.1, we have m;(0,0) >
m;(z;), i = 1,2, and the solution of the auxiliary variational inequality (3.12) satisfies
the piecewise form that

( fin () + C5(0,0) fia(w4, (0,0)), 0 < < my(z),
fi12(1’i) + Ci(O, 0)fi2($i, (O, 0))7 mi<zi) <x; < mi(07 0)7

fi<xi> (07 0)) =
filQ(mi<Oa O)) + Ci(07 O)fi2(mi(07 O)a (O? 0))

+Oéi(l'i — ml(O, 0)), xT; > mz(O, 0)

(3.32)

We can continue to verify the important conjecture f(x,(0,0)) = fi(x1,(0,0)) +

fa(z2,(0,0)) in (3.11) and prove the existence of a classical solution to HIBVI (3.9) in the
next theorem.
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Theorem 3.2. There exists a C? solution to HIBVI (3.9) that admits the form

f(x,(0,0)) :== fi(21,(0,0)) + fa(w2,(0,0)), (3.33)

where f;(x;,(0,0)) given in (3.32) is the C? solution to the auxiliary variational inequality

(3.12), i =1,2.

Proof. Thanks to Proposition 3.1, the auxiliary variational inequality (3.12) admits C?
solution, for ¢ = 1,2. Let f; be the solution to (3.12), i = 1,2. By setting f(x, (0,0)) :=
fi(z1,(0,0)) + fa(xs, (0,0)) and plugging into (3.10), we have

LOYf(x,(0,0)) = — rfi(w1,(0,0)) = rfa(x2, (0,0))
n (alalfl(xl, (0,0)) + %bfaflfl(wl, (0, 0)))
— (A1(0,0) 4 X2(0,0)) f1 (1, (0,0)) 4+ A2(0,0) f (21, (0, 1))
+ (a232 fa(2,(0,0)) + = b28222 fa(2, (0, 0)))
— (A1(0,0) 4 X2(0,0)) f2(w2, (0,0)) 4+ A2(0,0) f (21, (0, 1)).

It readily yields that
LOYf(x,(0,0)) = Afi(x1,(0,0)) + A2(0,0) fi (1, (0, 1))
+ Az fo(@2,(0,0)) + A1(0,0) fo(x2, (1,0)),
— 01f(x,(0,0)) = a1 — fi(z1,(0,0)),
— 02£(x,(0,0)) = a2 — f3(x2,(0,0)).

As f; solves the variational inequality (3.12), 7 = 1, 2, we have that

max {E(O’O)f(x, (0,0)),a1 — 01 f(x,(0,0)), e — Ao f(x, (0, 0))} <0.

Moreover, if L9 f(x, (0,0)) < 0, we get that

Alfl(l‘h (07 0)) + )‘2(07 O)f(xh (07 1)) < 07
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or

As fa(z2,(0,0)) + A1 (0,0) f (2, (1,0)) < 0.

Without loss of generality, we assume that A; f1(x1, (0,0)) + A2(0,0) f(z1,(0,1)) < 0.
By (3.12), we have that o — 0, f(x, (0,0)) = o — f{(x1, (0,0)) = 0, and hence

max {»C(O’O)f(xa (0’ O))? a — alf(xv (0’ O))’ I—a-— an(Xv (O’ 0))} =0.

This shows that f(x, (0,0)) in (3.33) is the solution of the HIBVI (3.9). O

3.4 Analysis of HJBVIs: Multiple Subsidiaries

This section generalizes the previous results to the case with N > 3 subsidiaries by
employing mathematical induction. To this end, let us start to focus on the case that there
are k < N subsidiaries defaulted at the initial time and show the existence of classical
solution to the associated variational inequality. The final verification proof of the optimal
reflection dividend strategy for /V initial subsidiaries is given in the next section.

For 0 < k < N, let us consider the initial default state that £ subsidiaries have de-
faulted and denote z = (/7% as the N dimensional vector that ji, . . ., j, components are
1 and all other components are 0 if £ > 1 and denote z = (/17 as the N-dimensional
zero vector 0 if £ = 0. We also denote by {jri1,.-.,in} :={1,2,.. .., N}\ {J1, .-, Jx}-
For example, if (ji,...,Jx) = (1,2,...,k), then (jxi1, - ,jin) = (k+1,...,N).

Consider z = 0% x = (0,...,0, 2441, ..., n), and define the operator
9 + p

,sz(X, Z) = (T * Z Al(Z)> f(X’ Z) + Z (aiaif(xv Z) + 11?282]0()(, Z))

2 770
i=k+1 i=k-+1

(3.34)

N
+ Z biblpilaizlf(xaz)'
i J=k-+1
i<l
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With the notation above, we introduce the recursive system of HIBVIs

k+1<i<N
l=k+1

max {ﬁzf(x,z)+ Z N(z)f(x©, 2!, a; —@-f(x,z)} =0.

Similar to the previous section, we seek for the solution in the separation form
N
f(Xa Z) = Z fi(xhz)a
i=k+1

so that x4, ..., x are decoupled, where we define, for any = > 0, that
fin(w,2) + Ci(z) fip(r,2), 0< 2 <m(z),

filz,z) =
fi1(mi(z),z) + Ci(z) fi2(mi(2),2) + a;(z — my(2)), = > m(z).

In particular, for £ +1 <17 < N,

a; — 0if(x,2) =0, xe€Uflz),

Lf(x,z)+ Y MNz)f(xP.2)=0, xeU(z),

I=k+1
where we have introduced
N
Ui(z) :== {z; >my(z)}, and U(z):= ﬂ Uf(z). (3.35)
i=k+1
For z = 07k and x = (21,...,2x) with z;, = 0,1 < ¢ < k, we can define U;(z),

U (z) and the operator £ in the same manner as (3.35) and (3.34), except that the notation
1 and [ in the expression, satisfying k + 1 < 4,1 < N, is replaced with j; and j;, satisfying
E+1<4l<N.

With the discussion and notations above, we now proceed to prove by induction that

the following statement (S,,) holds, for 1 < n < N:
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(S,) For N —n <k < N and z = (/& there exists a solution f to HIBVI

N
max {Ezf(x,z) + Z N (2) f(x9) 27) aj, — (‘3jif(x,z)} =0, (3.36)

k+1<i<N
I=k+1

where f admits the form f(x,z) = Zf\;kﬂ fj(xj,, z), satisfying

fji,l(xa Z) + Oji (Z>fji,2(xv Z)? 0<z< mji(z>7
fji(QT,Z) = fji,l(mji<z)7z) + Cji(z)fji,2<mji(z)7z> (3.37)

+aj, (1‘ - mjz‘(z))7 x> mji<z)’

In particular, for £ +1 <7 < N,
Qj; — 8jif(x’ z) =0, xe€Ulz),

N (3.38)

and f;,(0,z) =0, f;, >0, fj’z > 0, fj’: <0, lim, 1 fj(z,2) = +o0.

The expressions of (3.8) and (3.25), Proposition 3.1 and Theorem 3.2 in the previous
section imply that (S,,) holds when n = 1, 2.

Let n be any fixed integer satisfying 1 < n < N. Assuming that statement (S,,)
holds true, we continue to show by induction that statement (S,,;1) is also true. Due to
symmetry, it suffices to show that HIBVI (3.36) admits a solution f(x, z), for z = 0"
when k = N —n — 1, as well as that f(x, z) should admit the form specified in (3.37) and
(3.38). In the case where z = 0% and k = N — n — 1, the previous HIBVI (3.36) turns
out to be

N
o nax {EZf(x, z)+ Y (Z Az(z)fj(xj,zl)) Loy — O f(x, z)} =0. (339

I=N—n \ j#l

In the same fashion of the previous section with two subsidiaries, it is sufficient to

study the auxiliary variational inequality, for N — n < ¢ < N, with one dimensional
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variable z > 0 that

N
max { A% f;(z,2) + Z N(2)fi(x,2") |, o5 — fl(x,2) p =0. (3.40)
I=N—-n
I#i

Here, we define the operator

A% f = — (T + X(Z)) f+af + %bff”,

where \(z) == S . \i(z).

Lemma 3.3. Suppose that statement (S,,) is true, then the auxiliary variational inequality
(3.40) with the boundary condition f(0,z) = 0 admits a C* solution f;(x,z), N —n <

i < N, where z = 0--N"""1 and

fir(x,z) + Ci(2z) fia(z,2), 0<az<mz),

fi(xa Z) =
fir(mi(z),z) + Ci(z) fi2(mi(z), 2) + ci(z —mi(z)), x> m,(z).
(3.41)
Moreover, for x > 0 and N —n <1 < N, it holds that
( N
A fi(z) + | D N(@)fi(x,2) | =0, xe€[0,mi(z)],
I=N—n (3.42)
1#1
\ Oéi_fi,(x7z):0a S [mi(z),+oo),

as well as that f;(0,z) =0, f/(x,z) >0, f/'(z,2) <0, and lim,_, | fi(X,2z) = +o0.

Proof. Note that forany N —n < [ < N, z! = 0%¥="=1 Qur induction assumption

(S,) gives the boundary condition },; Ai(z) fi(0, z') = 0 as well as the results

Z)\l fZZL’Z (ZAZ fzx Z ) (Z/\l f,l’Z > §07

I+ 1#1 1#1
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for N — n < i < N. Therefore, for N — n < ¢ < N, we can conclude the existence of
C? solution f;(z, z) by using the same argument in the proof of Proposition 3.1 and obtain
the existence of free boundary points m;(z) with z = 0%+¥="=1 such that (3.42) holds.
Moreover, we have f;(0,z) = 0, f/(z,z) > 0, f/'(z,2z) < 0,2 > 0. In view of (3.41), we

also have lim,_, | », fi(x,z) = +oc. O

Lemma 3.4. Suppose that statement (S,,) is true, then the variational inequality (3.39)

admits a C* solution, which is in the separation form of

N

i=N—n
where each f;(x,z) defined in (3.41) is the solution to the auxiliary variational inequality
(3.40). In particular, for v > 0, fi(x,z) satisfies (3.42), f;(0,z) = 0, f/(z,z) > 0,
fl(z,2) <0, and lim,_, ~ fi(X,2) = +00. Therefore statement (S,,11) is also true.
Proof. It suffices to investigate the C? solution of the variational inequality (3.39). Let f

be the function defined in (3.43). It is then obvious that f is C2. In view of (3.40), we have

Lf(x,z Z (Z)\z ) fi(wi,z >

i=N l#1

N
LS w3 (Dl o )
=N — —-n

A n =N l#1

N
= <.AzzfZ T, Z —|— (Z}\l fl Ti, 2 >> =~
i=N—n 1#1

Furthermore, o; — 0;f(x,2) = o — f/(z;,2) < 0,i = N —n, ..., N. It follows that

N—I}/’ngz?i]\/{ﬁ flx2) + Z <Z )\l(z)fi(muzl)> Ly — 0 f(x, z)} < 0.

i= 1#£1

Now we claim that

N—IgngSN {,sz(x Z (Z /\l fz Ti, 2 > , O — aif(X,Z)} = 0.

i=N l#1
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Fixz; >0, N—n<i< Nandz=0b-N""1If

TS (zmmmw) -

i=N—n 1#1

then the equality trivially holds. If £%f(x,z) + ZfiN—n (Zl# \i(z) fi(z;, zl)> <0,it

follows that A% f;(z;,z) + (Zl# () fi(z;, zl)> < 0, for some i. As f; is chosen to
solve (3.40), it holds that a; — 0, f(x,2) = o; — f!(z;,2) = 0. Therefore, our claim holds
that f(x,z) is the C? solution to the variational inequality (3.39). Moreover, for z > 0,
we have by Lemma 3.3 that f;(x,z) defined in (3.41) satisfies f;(0,z) = 0, f/(z,2z) > 0,
fi(x,z) < 0and lim, . fi(x,z) = +00. Meanwhile, (3.42) in Lemma 3.3 yields the
desired property in (3.38).

Given the results above, we conclude that, for z = 0%V —"=1 HJIBVI (3.36) has a
solution f(x,z), which admits the form in (3.37) and (3.38). This completes the proof of

the statement (S,,11). ]
By mathematical induction, we can present the following main result.

Theorem 3.3. Statement (Sy) is true. In particular, for 0 < k < N and z = 0"*, the
recursive system of HIBVI (3.36) admits a C* solution in the separation form of

N
fooz) =Y filwi2), (3.44)

i=k+1

where each f;(x,z) is defined in (3.41), withn = N — 1, i.e., f;(x,2) is the solution to the

auxiliary variational inequality (3.40) and satisfies (3.42), k+1 <1 < N.

Remark 3.3. It can be observed from (3.40) that each function f;(x;,z) in the separation
form (3.43) is actually independent of the correlation coefficient matrix .. Therefore,
the solution f(x,z) to the recursive system of HIBVI (3.36), for 0 < k < N, is also

independent of the correlation coefficient matrix ¥ = (p;;) NxN-
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3.5 Proof of Verification Theorem

In this section, we construct the optimal dividend strategy using the C? solution of the

recursive system HIBVI (3.36) and complete the proof of the main theorem.

Proof of Theorem 3.1.
Thanks to Theorem 3.3, we can readily conclude that variational inequality (3.5) for the
case k = 0 (i.e. z = 0 and N subsidiaries are alive) also admits the C? solution in
the separation form (3.44). Moreover, as statement (Sy) holds, the existence of mapping
m;,(z) : {0,1} +— (0, +00) is also guaranteed, for any z = 0719+, 1 < i < k as well as
z =0.

Let 7 be an arbitrary stopping time, and D(t) = (D;(t),..., Dy(t)) be an arbitrary

admissible strategy. By using It6’s formula, we first get

2 [ ereini + e (X(0).2(0) = (2

_ / —rs
0

=3 [ o — 2. 2] D)

L2 f(X Z M(Z () F(XO(s),Z! ()| ds

I=k+1

Y 6”ZAZJ(S>[J‘"(X(”(8—)—ADJ(S),Zj(s—))
0<s<,AZ(s)#0 j=1
— f (XY (s—) ) + alAD }

Z#J

+ > e_”[f(X(s)—AD(S),Z(S—))—f(X(S_):Z(S_))

0<s<7,AZ(s)=0

N
+) " AD;(s)
=1

+ M,
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=T+ 11 +11T+1V + M,. (3.45)

As f solves (3.36), we have that 1,11, IV < 0. Moreover, by noting that f(x,z’) also
solves (3.36), we deduce that /11 < (. Note that M, is a local martingale. There exists

a sequence of stopping times {7}, }°2, satisfying T,, 1 oo, and

éai /OT e”dDi(s)]

E

< lim E

T n—oo

N TNy

Z Q; / e " dDy(s) + e "N F(X (T AT, Z(T A T))

i=1 0

<f(x,z)+ nh_)rgo EM;ar,] = f(x,2). (3.46)

In view that D(¢) is arbitrary, we obtain by sending 7 in (3.46) to 400 that

sup J(x,z,D) < f(x,2z). (3.47)
D
Let us continue to prove that “=""holds in (3.47). Consider the cadlag strategy

;1) = maxcfo. sup {Tifs) —mi @) } |

0<s<t

We set A;(t) := I{D;(t):;(i(t)

—ma(Z ()} It follows that
X; (1) = Xilt) = Di(t) < m; (2(1). (3.48)
dD;}(t) = A;(t)dD;(t).

On {D;(t) = Xi(t) — ms (Z(t))}, we have that
X;(t) = X(t) — Di(t) = m; (Z(t)),
and vise versa. It then follows that

dD;(t) = A()AD;(t) = 1 x- (ymm, (2} 45 (2)-
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Furthermore, we have on { X/ (¢) = m; (Z(¢))} that

X7 (t=) = X; (1) + AD}() > X; (t) = m; (Z(1)) (3.49)

2

In view of (3.48), (3.38), we have that

L F(X (), Z(s)) + Y N(Z())F(X)D(s), Z!(5)) = 0. (3.50)

I=k+1

Note that for z; > m; (z), 0, f(x,2) = f/(x;,z) = «;. Hence, itholds that 9; f (X*(s), Z(s)) =
a; on { X (t) = m; (Z(t))}, which then entails that

N T
)N TR SOR NG
i=1
N T
= Z/o e " oy — 01 f (X" (s), Z(s))] 1{X;‘(t):mi(Z(t))}d<D;'k)C(S) = 0. (3.51)
i=1
By virtue of (3.49), we can see that whenever AD;(s) # 0, it holds that X*(s—) >

X/ (s—) — ADj(s) = X} (s) = m; (Z(s)). By using the fact that 0, f (x,z) = f/(x;,z) =

«, for x; > m; (z), again, we obtain that

N
> 82,61 (X)) - ADIO(9). 2/(5-)
j=1

— £ ((X)9(s-),27(5-)) + i %.AD;@]

i=1
i#j

=0. (3.52)
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Similarly, we obtain the equality that

e [f (X*(s—) — AD*(s), Z(s-))

0<s<7,AZ(s)=0

— [(X*(s=), Z(s—)) + ZO@AD?(S)}

_ ¥ e—m[ﬂx*(s—)—AD*(s>,Z<s>>

0<s<7,AZ(s)=0

— [ (X*(s—), Z(s)) + ZaiAD;(s)}

=0.

(3.53)

Putting all the pieces together, we conclude from (3.45) and (3.50)-(3.53) that

N T
Zai/ e dD(s) + ¢ T f (XH(7), Z(7)) — f(x,2) =M,, T>0, (3.54)
i=1 0

where M, is a local martingale. Hence, there exists a sequence of stopping times {7,,}°° ,

satisfying 7;, 1 oo, and

N TN,
E > a / e " dD; (s) + e " (X7 AT, Z(T AT)) | — f(x,2)
i=1 0
=E [Mrz,] = 0. (3.55)

In view of (3.48), we have 0 < X/ (1) < m; (Z(7)), 7 > 0, which entails that X/(7) is a
bounded process. It follows that f (X*(7), Z(7)) is also bounded. Note that
lim e "N £ (X* (1 AT,), Z(T AT)) = e f (X*(7),Z(7))  as..

n—o0

By passing the limit in (3.55), we arrive at

E

2 a; /OT e "dD}(s) + e T f(X*(7),Z(T))| — f(x,2) = 0. (3.56)
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Note that lim, , o e f (X*(7), Z(7)) = 0 a.s.. Sending 7 to 400 in (3.56) yields that

E

N -
Zai/ e_TSdD:(S)] — f(x,z) =0, (3.57)
i=1 0

which completes the proof. 0

Remark 3.4. Similar to the derivation of (3.54), fori = 1,..., N, if we extend the defi-
nition of f; in such a way that f;(x;,z) = 0 whenever the i-th component of z is 1, then,

following the proof of Theorem 3.1 and using (3.40), we can show

a, / e D} (s) + ¢y (X7 (1), Z(r)) — filwiz) = MO, i=1,...,N,
0

where //\X(TZ) are local martingales, for x; € [0,+00), i = 1,...,N, and z = 0. In the

same fashion to obtain (3.57), one can also get

E [az/ Ze_rsdD;(S):| —fi(x,»,z) =0, 2=1,...,N.
0

This equality implies a natural linear separation form of f(x,z) in (3.43) because we can
see that

f(x,z) =E (é Q; /On e”dDZ‘(t)) = ZE [ai /On e”dD;‘(t)] :

i=1

and each f;(x;,z) stands for the expected value that fi(v;,z) = E [ai On e "dD; (t)}
given the optimal dividend policy D} for the subsidiary i. However, we also point out that
Dr is the i-th component of the optimal control D* which solves the group dividend prob-
lem. One can not simply interpret that f;(z;,z) is the value function or D} is the optimal
control when we purely solve a dividend optimization problem for the single subsidiary i
without taking account all other subsidiaries. The vector process D* is the solution that
is optimal for a whole group and it has a coupled nature because the variational inequal-
ity (3.40) or the solution form (3.41) for each f;(x;,z) depends on the default intensities

of all surviving subsidiaries and the value functions given that one more subsidiary has

defaulted.
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Chapter 4

Conclusion

This thesis aims to investigate the applications of stochastic control in one optimal en-
try and investment-consumption problem and one optimal dividend problem. Employing
dynamic programming arguments and PDE analysis, the value function of each problem
is related to the HJIB variational inequality. In this Chapter, we provide a summary of the

main contributions stemming from this thesis and related future work.

4.1 Main Contributions

The first project on investment and consumption extends existing work by considering
the optimal entry time and consumption with habit formation preference. This composite
problem can be analyzed in two stages. In stage-1, the exterior problem is an optimal stop-
ping problem under the complete market information filtration, where the investor needs
to pay information costs and decides the initial time of the interior control problem. In
stage-2, the interior problem is an optimal control problem under incomplete informa-
tion filtration, where the investor selects a dynamic optimal investment and consumption
strategy. Mathematically, with the help of the stochastic Perron’s method and comparison
principle of variational inequality, the value function of this composite problem is proved
to be the unique viscosity solution to some HJB variational inequality. A numerical exam-

ple is given to illustrate the free boundary curve.
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The second project formulates and investigates an optimal dividend problem for a
multi-line insurance group. Each subsidiary within the group runs a product line and
all subsidiaries are exposed to some external contagious default risk. Using the backward
recursive scheme and the smooth-fit principle, the associated recursive system of HIBVIs
is studied and the value function of the expected total dividend is proved to be its classical
solution that has a separation form. We verify that the optimal dividend fits the type of
barrier control and the barrier for each surviving subsidiary is dynamically modulated by
the default state. The numerical analysis for the change of the optimal barrier when one

subsidiary defaults is also provided.

4.2 Future Work

As this thesis focuses on two different applications of optimal control problems in the
background of mathematical finance, there remain some interesting open problems that
deserve further studies.

For the first problem, information acquisition can be analyzed from a different per-
spective for future research. From the beginning time 0, it is assumed that the investor
can only observe stock prices instead of underlying Brownian motions. Then, the in-
vestor is allowed to choose the unknown drift from a confidence interval estimated using
Kalman-Bucy filtering to solve the path-dependent optimal investment and consumption
control problem with partial observations. Information acquisition comes into play when
the investor can update the confidence interval dynamically by using new updated data so
that the confidence interval shrinks over time. This leads to a non-standard robust control
problem when the uncertainty of the model can be improved dynamically. One can try
to study the corresponding Hamilton-Jacobi-Bellman-Isaacs equation and prove that the
value function is the unique viscosity solution of this equation.

For the second problem, some future research can be conducted along different di-
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rections. Firstly, one can consider the more general model of X; with jumps such as the
classical Cramér-Lundberg model or other jump-diffusion models. Secondly, we note that
the real life default events from credit assets can hurt the surplus management but may not
lead to domino bankruptcies of subsidiaries due to strict regulations of the whole insurance
sector. It is more realistic to consider the problem when Z;(¢) can take values in [0, 1] so
that the default event only leads to a large size downward jump of the surplus process and
certain recovery rate can be incorporated. Moreover, the default intensity \; (Z(t), X;(¢))
of Z;(t) may also depend on the surplus level X;(¢) of the i-th subsidiary to depict the
situation that a larger surplus level guarantees a smaller default probability. The inclusion
of these factors will complicate the analysis of HIBVIs significantly because the backward
induction can not be applied in a simple way and it is an open problem whether the opti-
mal dividend of each subsidiary is still of the barrier type. It will be interesting to study
these model extensions by applying some distinctive PDE arguments. Another appealing
future work is to accommodate the collaborating bail-out dividend (see [2], [46] and [45])
in the present setting with contagious default risk so that each subsidiary can perform cap-
ital injection to other subsidiaries within the group whenever their financial ruins or credit
default events happen. Finally, we can consider other types of ruin in the future research
such as the ruin time when the total surplus of the insurance group hits zero or the first

ruin time among different subsidiaries.
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Appendix A

Fully Explicit Solutions to The Auxiliary
ODEs in Chapter 2

Lemma A.l. For k < t < s < T, consider the following auxiliary ODEs for a(t, s),
b(t,s), l(t,s), w(t,s) and g(t, s):

20—p+pp?) 5 4 2ppoy, p
- 2\ — IR S Al
Qy 1 “p O—Na + )\ (1 _ p)o’S a 2(1 _p)o_%a ( )
2(1 —p+ pp® _ ppo
by = — ( T )o‘iab — 2 \jga + (A — = pl)LJS b, (A.2)
(1—p+pp’)o;
I, =—oc%a— Ly — \ib, (A.3)
' : 2(1—p) a
Aog + po 1
=—2(1 - pH?w? +2 K A4
wy ( p )O-,uw + og w+ 20%7 ( )
g =0n(1— p?)(w — a), (A.5)

with the terminal conditions a(s,s) = b(s,s) = l(s,s) = w(s,s) = g(s,s) = 0. If we

adopt the convention % = 0, the solutions of ODEs (2.13), (2.14), (2.15) are given by:

Aty s) == alt, s) N )
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By [54], we can solve auxiliary ODEs (A.1), (A.2), (A.3), (A.4) and (A.5) explicitly

by
a(t,s) = p(1 = e*) )
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The condition for the bounded Normal solution is 3 > 0, or v; > 0, or 7, < 0.

Remark A.1. If p < 0, (A.6) clearly holds and we have vo < 0, therefore a(t,s) < 0

~ ~

is a bounded solution as well as 1 — 2a(t,s)X(t) > 1 and 1 — w(t, s)X(t) > 1. Hence

solutions of ODEs (2.13), (2.14), (2.15) are bounded on k <t < s < T. We also note that

_ a(t,s)
A(t,s) = ESTTRE TP <0, onk<t<s<T.
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Appendix B

Derivation of (3.9) in Chapter 3

For the default process starting from Z(0) = z = (0, 0), we present here the argument
to derive the associated HIBVI using It6’s lemma. For a given function (-, z) € C?*(R?),

let us rewrite

o /OT e "*dD(s) + ao /OT e "*dDy(s) + e " (X(7), Z(T)) — (%, 2)
= /OT e L0 (s)ds + /OT e " lag — p(s)] dDS(s)
+ /OT e " [ag — Dat)(8)] dD5(s)

+a1/ e_Tsle(s)—i-ag/ e "*dDy(s)
0 0

-/ T 00 ) s / "y — 0y(s)] DS ()
+f "¢ a3 — 0u(s)] dD5(s)

+a /0 ' e "D (s) + /0 ' e " dDy(s)

Y e (X () Z(s)) — ¥ (X (). B(s))]

0<s<7,AZ(s)#0
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+ 14D, (5) + asADx(s)| + M,

where M is a local martingale.
Let us turn to the jump terms. According to assumptions that no simultaneous jumps
can occur in the sense of (3.2) and (3.3), it follows that

AZ1(s)AD1(s) = AZy(s)ADo(s) = AZy(s)AZy(s) = 0.

On {AZ(s) # 0}, let us consider Z(s—) = (0,0). We have
e " W (X(s),Z(s) — ¥ (X(s—), Z(s—))]
=e ""AZ1(s) [ ((0, Xa(s—) — ADs(s)), (1,0)) — ¢ (X(s—), (0,0))]
+ e PAZy(s) [ ((Xi(s—) = AD1(s),0),(0,1)) = ¥ (X(s—),(0,0))],

as well as
e "AZ(s) [¢ ((0, Xo(s—) — ADa(s)), (1,0)) — ¢ (X(s—), (0,0))]
=e "AZ(s) [ ((0, Xa(s—) — ADs(s)), (1,0)) — ¥ (0, Xa(s—), (1,0))]
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Similarly, one can get
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e " [ (X(s), Z(s)) — ¥ (X(s—), Z(s—))]
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and also

o / cdDi(s) = Y e AD(s) - Y. aeAD(s).
0

0<s<7,AZ3(s)#0 0<s<7,AZ3(s)=0

Thanks to the martingale property in (3.1) and the fact that, for any 2 € C*(R) and

y €R,
AD;(s)
Wy — ADy(s)) — h(y) = — / W (y — w)du,

we obtain the desired HIBVI (3.9).
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