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I 

ABSTRACT 

The shell as a structural form is widely present in nature and extensively applied in 

various engineering practices. Due to its inherent thinness and curvature, the shell 

structure boasts an efficient load-carrying capability and a unique aesthetic value in 

architecture. It is also because of the thinness and curvature the shell structure is well 

acknowledged to exhibit the greatest complexity of any structural form. For thin-

walled shells, buckling failure is commonly recognized as the dominating failure mode 

and can often lead to catastrophic collapse of the structure. The buckling and post-

buckling behavior of circular cylindrical shells (CCSs) is one of the most extensively 

investigated problems in the last century, and is now reasonably well understood. 

Research on a more generic geometric form, the elliptical cylindrical shells (ECSs), 

has however been rather limited. To date, only four types of loading cases, namely 

uniform axial compression, uniform external pressure, global bending, and torsion, 

have been examined in a small number of studies with regard to the elastic stability of 

isotropic ECSs. The majority of these studies focus on the buckling and post-buckling 

of ECSs under axial compression in a much less systematic way compared with 

research on CCSs. For the loading case of torsion, only one study has been discovered, 

which implies this loading condition is extremely underexplored. To this end, the 

present PhD thesis is dedicated to investigations into the elastic buckling and post-

buckling problems of isotropic ECSs under two fundamental loading cases, namely, 

axial compression and torsion, in a thorough and systematic way using finite element 

analysis.  

 

The elastic buckling of ECSs under axial compression is firstly investigated 

considering both the effects of shell length and boundary conditions. Length 

parameters similar to the well-known Batdorf parameter in CCSs are proposed to 

characterize the full range buckling behavior. Formulae predicting the critical elastic 

buckling loads are also proposed. 



II 

The elastic post-buckling of perfect and imperfect ECSs under axial compression is 

subsequently examined. The influences of both imperfection amplitude and 

imperfection form are systematically explored. The envelope of lowest buckling loads 

for medium-length ECSs with the introduction of three different types of initial 

geometric imperfections is finally approximated by two algebraic formulae.  

 

The elastic buckling of ECSs under torsion is finally studied. Due to the presence of 

the warping effect in ECSs under restrained torsion, this study starts from an 

investigation of the stress distributions of ECSs under restrained torsion in the pre-

buckling stress state. The results demonstrate the inappropriateness of the rigid body 

rotation assumption in the classical restrained torsion theory when applied to ECSs. 

After obtaining a clear understanding of the pre-buckling stress distributions of ECSs 

under torsion, the elastic buckling behavior of ECSs under torsion is eventually 

examined by considering both the length effect and the boundary condition effect as 

in the study on axially compressed ECSs. Length parameters are devised to 

characterize the full range elastic buckling behavior. Formulae predicting the critical 

elastic buckling torques are proposed as well.  
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CHAPTER 1  

INTRODUCTION 

 

1.1 GENERAL BACKGROUND  

The shell as a very common structural form is widely present in nature and extensively 

applied in various engineering practices. Seashells, eggshells, nutshells, turtle shells, 

human skulls, bamboo and the like are all nature-created shells that effectively protect 

animals and plants from external dangers. The human being has been mimicking the 

nature and striving to transcend its works by uncovering the science behind the 

phenomena. This is the driving force for achieving the numerous engineering wonders 

in the human history. Today the shell structures pervade the civil, mechanical, 

architectural, marine, aeronautical and astronautical engineering fields; it is an 

excellent example of transcending nature’s creativity through science and engineering.  

  

Shell structures have been proven to possess the following advantages:  

  

1) Membrane-stress dominant behavior makes shells very efficient in utilizing the 

material strength thereby leading to considerably high strength-to-weight ratios;  

2) Its saving of structural materials makes the construction economical and 

environment friendly;  

3) Very high stiffness;  

4) It is able to achieve large containment of space or wide spanning area without the 

need for internal supports;  
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5) The unique aesthetic value in architecture.  

  

However, due to the inherent thinness and curvature, shells are also widely recognized 

as the most geometrically and mechanically complex structural form. Local buckling, 

global nonlinear collapse, plastic failure and their combinations are all possible for a 

shell structure. They are also found to manifest different degrees of sensitivity to initial 

geometric imperfections and to geometric nonlinearity under different loading and 

boundary conditions. Furthermore, the shell is such a versatile structural form that it 

can be designed into distinctly different geometries for different purposes. It is thus 

not surprising that shell structures have posed some of the greatest challenges to 

researchers and engineers during the past two centuries. In spite of the intensive efforts 

made by researchers all around the world, the classical engineering problem of 

accurately predicting the failure loads and modes of shells has not yet been completely 

resolved. More efforts and talents are still needed in this fascinating and challenging 

field.  

 

Among all shell buckling problems, the elastic stability problem of isotropic circular 

cylindrical shells (CCSs) is one of the most extensively explored one. Significant 

advances have been made on this problem in the elastic domain for isotropic CCSs 

under fundamental loading cases such as one or a combination of uniform axial 

compression, normal pressure, torsion and bending, thanks to efforts of numerous 

researchers around the world (Yamaki, 1984, Teng; 1996, Teng and Rotter, 2006). A 

comprehensive summary of the buckling and post-buckling behavior of elastic 

isotropic CCSs can be found in Yamaki’s book (1984), Elastic Stability of Circular 

Cylindrical Shells, and a more recent summary of the buckling of thin metal shells is 

well documented in Teng and Rotter’s book (2006), Buckling of Thin Metal Shells. 

Despite of the tremendous research efforts on and the extensive applications of CCSs, 

the research on the elastic buckling of isotropic elliptical cylindrical shells (ECSs) is 

still rather limited. It is noted that applications of such a structural form have already 

emerged. This thesis aims to fill some major knowledge gaps of the elastic stability 
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problem of isotropic ECSs under fundamental loading cases including axial 

compression and torsion. 

 

1.2 GEOMETRY OF ELLIPTICAL CYLINDRICAL SHELLS  

The geometry of one elliptical cylindrical shell (ECS) is presented in Figure 1.1. All 

dimensions are defined with reference to the mid-surface which is composed of the 

points that are at equal distances from the outermost and innermost surfaces. 

Accordingly, the shell thickness t at each position is defined as the length of the line-

segment which is orthogonal to the mid-surface and bounded by the outermost and 

innermost surfaces, the major radius a is defined as the distance between the max-

curvature point on the mid-surface and the centroid of the cross section, and the minor 

radius b is the distance between min-curvature point on the mid-surface and the 

centroid of the cross section. 

 

1.3. APPLICATION OF ELLIPTICAL CYLINDRICAL SHELLS IN VARIOUS 

FIELDS  

The geometry of the elliptical cylindrical shell finds its application in various 

disciplines. For instance, heavy-duty road tankers (Figure 1.2) are frequently equipped 

with elliptical cylindrical tanks to lower the center of gravity and enhance the stability 

of the vehicles. The pushrods used in Formula 1 racing cars (Figure 1.3) are designed 

in the shape of elliptical tubes instead of circular tubes for the reason of reducing 

turbulences and improving the overall aerodynamic performance of the vehicles. For 

the cutting-edge material carbon nanotube that is intensively investigated and 

increasingly applied around the world, when high pressure is present, elliptical cross-

sections are preferred to circular ones (Figure 1.4). Many research studies have 

therefore been concerned with material properties of carbon nanotubes with elliptical 

cross-sections (Reich et al., 2003). In the magical area of invisible cloaking, elliptical 

cylindrical invisibility cloak (Jiang et al., 2008a, 2008b) is proposed in order to 
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eliminate singularities in material parameters which are inevitable in circular 

cylindrical cloaks. The expansion chambers for automotive mufflers (Figure 1.5) often 

take the shape of hollow elliptical cylinder. Muffler is a necessary component of the 

exhaust system of an internal combustion engine and the expansion chamber is 

generally devised for noise attenuation (Wankhade and Bhattu, 2015).  

 

In the field of civil engineering, tubular members with elliptical hollow sections (EHSs) 

have been newly introduced into the family of structural members in civil engineering 

applications. They are included in the latest edition of the European product standard 

EN 10210-2:2019 (2019) for hot finished and EN 10219-2:2019 (2019) for cold 

formed welded steel structural hollow sections, and in the member resistance tables of 

the steelwork design aid book Steel Building Design: Design Data (SCI/BCSA, 2015). 

The elliptical hollow section tubes are currently available in the market (TATA Steel, 

2020).  

 

The considerable potential of the wide application of tubular members with EHSs in 

the future is attributed to their advantages in both structural efficiency and architectural 

aesthetics. The improved structural efficiency compared with the commonly used 

tubular members with circular hollow sections (CHSs) mainly lies in resisting biaxial 

bending moments associated with the difference in flexural rigidities about the two 

principal axes of the ellipse.  

 

Many remarkable construction works have adopted structural members with EHSs 

such as the Zeeman Building (Figure 1.6) at the University of Warwick (Chan et al., 

2010), the Barajas airport (Figure 1.7) in Madrid (Viñuela-Rueda and Martinez-

Salcedo, 2006), the Cork airport (Figure 1.8) in Cork, Ireland, the Heathrow airport in 

London, the Coeur Défense atrium in Paris, and the Hangzhou East Railway Station 

(Figure 1.9) in Hangzhou, China (Wu, 2015).  
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According to all the foregoing applications of hollow elliptical cylinders or elliptical 

cylindrical shells (ECSs) in multiple disciplines, research studies aiming at obtaining 

insights about their fundamental behavior could bring about far-reaching impacts 

which make the author determined in investigating this type of geometry.  

 

1.4 EXISTING FINDINGS AND KNOWLEDGE GAPS ON THE ELASTIC 

STABILITY OF ELLIPTICAL CYLINDRICAL SHELLS  

1.4.1 Existing Findings 

The mechanical behavior of ECSs is generally of great importance in most applications. 

It is well acknowledged that buckling failure is one dominating failure mode in shell 

structures, especially for thin-walled cylindrical shells. For the geometry of elliptical 

cylindrical shell, the author is therefore particularly interested in the elastic buckling 

and post-buckling behavior of thin-walled ECSs.  

  

Buckling and post-buckling behavior of circular cylindrical shells (CCSs), which can 

generally be deemed as the special case of ECSs, have been extensively and thoroughly 

investigated in last century. The research studies on the elastic buckling of isotropic 

ECSs however are still rather limited, and the majority of them focus on the elastic 

stability of ECSs under axial compression. The major existing findings on the buckling 

behavior of axially compressed ECSs are briefly summarized as follows:  

 

1) The local buckling waves in ECSs are found to localize at the flat region (area 

around the lowest curvature).  

 

2) ECSs are not as sensitive to initial geometric imperfection as CCSs.  

  

3) For ECSs with small aspect ratios (a / b), the post-buckling behavior is somewhat 

‘circular-shell-like’, while with the increase in aspect ratio, the behavior will become 

more akin to ‘plate-like’ behavior and will be less sensitive to imperfections.  
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4) For ECSs with sufficiently large aspect ratios, the ultimate strength attained in the 

post-buckling stage may be greater than the initial buckling load.  

1.4.2 Knowledge Gaps  

According to a review of the existing literature on the elastic buckling of isotropic 

ECSs, the research studies on axial compression account for the majority of the 

existing literature on the buckling of ECSs. Fundamental loading cases such as global 

bending, torsion and external pressure are extremely under-investigated for ECSs.   

 

Investigations on the buckling behavior of ECSs/OCSs initiated intensively in the 

1960s with a focus on the axial compressive loading. Nevertheless, due to the 

limitation in computer power at that time, those studies are mainly analytical works 

starting from the mathematical formulation, utilizing mathematical analyses and 

approximation tools, and ending up with some approximate results or limited 

numerical results. These results actually make little practical sense today. After the 

1970s, the static stability of ECSs is rarely investigated from the viewpoint of shell 

theory. Most of the contemporary studies treat ECSs as structural tubular members. 

The majority of these studies only focus on short to medium length elliptical 

cylindrical shells/tubes dominated by local buckling and local post-buckling. Limited 

efforts have been exerted on the evaluation of length effects. This thesis therefore aims 

to look into the length effect on the elastic buckling of ECSs.  

 

Thus far, there is only one paper studying the effect of boundary conditions (BCs) on 

the buckling behavior of OCSs which is by Volpe et al. (1980). It studied the buckling 

behavior of an axially compressed finite OCS with orthogonal stiffeners under three 

different types of boundary conditions, which were adopted from Almroth’s work 

(1966). As far as the author’s concern, there is no paper investigating the effects of 
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boundary conditions on ECSs adopting the classification of BCs suggested by Almroth 

(1966) and Yamaki (1984). 

 

In terms of the post-buckling behavior, computational studies are still limited. Early 

studies generally adopted Koiter’s initial post-buckling theory (1945) which cannot 

provide any information for the “far” post-buckling region. Recent efforts by Silvestre 

and Gardner (2011) and McCann et al. (2016) only focused on the axially compressed 

ECSs mostly with rather thick shell walls (a / t < 50) where elastic-plastic buckling 

could be in dominant position for metal shells. The post-buckling behavior of thin-

walled ECSs under axial compression has not yet been well investigated.  

 

Besides the simple loading case of axial compression, the fundamental loading cases 

of torsion, global bending and external pressure are much more underexplored. For the 

loading case of torsion, only one study dated back to 1939 was discovered, which 

means that this loading case is extremely underexplored. 

 

1.5 AIMS AND SCOPE OF THE THESIS  

In light of the aforementioned background and knowledge gaps, this study therefore 

aims to conduct fundamental research and gain in-depth knowledge of the buckling 

and post-buckling behavior of ECSs under two types of fundamental loading 

conditions, axial compression and torsion, from the standpoint of the shell theory. 

According to the summary of the knowledge gaps presented in the previous section, 

for axial compression, the length and boundary condition effects on the elastic 

buckling response have not yet been well investigated, and the post-buckling behavior 

of perfect ECSs and imperfect thin-walled ECSs with various imperfection forms have 

not yet been studied. This thesis aims to tackle these problems and establish a thorough 

understanding of the elastic buckling and post-buckling behavior of ECSs under axial 

compression.  
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Besides, the elastic buckling behavior of ECSs under torsion, which is an area 

extremely underexplored, will also be investigated. Unlike CCSs, the torsional 

behavior of ECSs is even more complicated due to the warping effect, which makes 

the shear stresses non-uniform during the pre-buckling stage. Therefore, the study of 

torsional buckling will start from a study on the stress distributions of ECSs under 

restrained torsion in the pre-buckling stress state. After achieving a clear understanding 

of the pre-buckling stress distributions, the elastic buckling behavior of ECSs under 

torsion is then examined by considering both the length effect and the boundary 

condition effect as in the study on axially compressed ECSs.  

  

The main investigation approach is numerical simulation performed on the well-

established commercial software package ABAQUS (2012). This software is based on 

the finite element method which is one of the most extensively employed numerical 

techniques in solving boundary value problems for systems of partial differential 

equations.  

  

This thesis is mainly divided into eight chapters, details of which are summarized in 

the following:  

  

The first chapter is an introduction which aims to introduce the background of this 

PhD topic and explain the rationale for investigating this topic.  

  

The second chapter presents a thorough literature review of existing literatures related 

to the topic. Specifically, it includes: i) fundamental concepts of the classical stability 

and buckling theory along with some typical examples of the buckling of columns, 

plates and shells, ii) a review of the classical mechanics literature on shell theory, iii) 

a review of computational studies on shell buckling problems, iv) a literature review 

on the buckling and post-buckling behavior of CCSs under axial compression and 

torsion, especially focusing on the effects of shell length, boundary conditions and 

initial geometric imperfections on the buckling response, and v) a literature review on 
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buckling and post-buckling of elliptical or oval cylindrical shells aiming at identifying 

the gaps of knowledge within this research area.  

  

The third chapter presents a systematic investigation towards the influence of shell 

length on the elastic buckling behavior of elliptical cylindrical shells (ECSs) under 

axial compression which has rarely been examined thus far. Length parameters are 

devised to better characterize the full range buckling behavior of axially compressed 

ECSs. Formulae predicting the critical buckling loads are also proposed which could 

be a valuable reference for future research studies and design codes.  

  

The fourth chapter firstly examines the effect of boundary conditions on the elastic 

local buckling behavior of axially compressed medium length elliptical cylindrical 

shells (ECSs), by presenting detailed results and discussions on case studies with 

focuses on both the buckling loads and buckling modes. Comprehensive parametric 

studies are then carried out to demonstrate the length effect on the buckling of axially 

compressed ECSs under various types of boundary conditions. 

  

The fifth chapter presents an investigation on the nonlinear post-buckling behavior of 

ECSs under axial compression. Five major aspects are studied: (i) the influence on 

critical buckling loads after considering pre-buckling geometric nonlinearity, (ii) the 

post-buckling behavior of perfect ECSs under axial compression, (iii) the post-

buckling behavior of axially compressed ECSs with linear bifurcation mode-affine 

imperfections, (iv) the post-buckling behavior of axially compressed ECSs with 

nonlinear bifurcation mode-affine imperfections, and (v) the post-buckling behavior 

of axially compressed ECSs with weld depressions.  

  

The sixth chapter investigates the stress distributions of ECSs under restrained torsion. 

The inappropriateness of the classical restrained torsion theory when applied to ECSs 

is presented and clarified in detail. Empirical formulae of maximum and minimum 

shear stresses at mid-height for thin-walled ECSs are proposed.  
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The seventh chapter presents a systematic investigation towards the effects of shell 

length and boundary conditions on the buckling behavior of ECSs under torsion. 

Length parameters are invented to better characterize the full range buckling behavior 

similar to what is done in Chapter 3. Formulae predicting the critical torque of ECSs 

under torsion are also proposed, which could be a valuable reference for future 

research studies and design codes.  

  

The thesis concludes with the eighth chapter, which presents a summary of conclusions 

drawn from the whole thesis and an outlook for the future work.  
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Figure 1.1 The geometry of elliptical cylindrical shells 

 

 
Figure 1.2 A heavy-duty tank trailer in the form of an elliptical cylindrical shell [from 

ANSTER (2020)] 

 

 

Figure 1.3 Pushrods of a Formula one racing car is in the form of an elliptical tube 

[from Racecar Engineering (2020)] 
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Figure 1.4 With the presence of high ambient pressure, carbon nanotubes transfer from 

circular cross sections (a) to elliptical ones (b) [from Reich et al. (2003)] 

 

 
Figure 1.5 A muffler of which the expansion chamber takes the form of hollow 

elliptical cylinder [from Wankhade and Bhattu (2015)] 

 

  

Figure 1.6 Zeeman Building at the University of Warwick implemented tubular 

columns with elliptical hollow sections [from Chan et al. (2010)] 
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Figure 1.7 The Barajas airport in Madrid adopted tubular members with elliptical 

hollow sections [from Chan et al. (2010)] 

 

 
Figure 1.8 The Cock airport in Cork, Ireland adopted tubular members with elliptical 

hollow sections [from Chan et al. (2010)] 

 

 

Figure 1.9 The Hangzhou East Railway Station in Hangzhou, China [from Wu (2015)] 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 INTRODUCTION 

Thin-walled shells find wide application in various fields of engineering, especially in 

civil, mechanical, aeronautical, astronautical, architectural and marine engineering. 

Examples in civil engineering include tanks, silos, pipelines, wind turbines, pressure 

vessels, concrete arch domes, large-span roofs, containment shells of nuclear power 

plants, and offshore platforms. Tracing back to the early 19th century, shell structures 

were historically relatively thick-walled due to the limitations of the construction 

materials available at the time (Rotter, 2017b). For such thick-walled shells, buckling 

problems rarely happened and therefore did not attract too much attention of the 

mechanics field. With the advent in steelmaking technology, much thinner steel 

members became achievable. Fairbairn (1849) conducted experiments on thin tubular 

members and showed the occurrence of local buckling phenomenon (Clark, 1850). 

This marks the beginning of the history of research on shell buckling. The first 

recognized application of thin-walled shells in civil engineering is perhaps the 

compressive members in the trusses of the Forth Bridge (Rotter, 2017b). The first shell 

theory on thin shells was arguably Love’s theory (1888) which adopted Kirchhoff’s 

hypothesis postulated for plate theory and is therefore commonly referred to as 

Kirchhoff-Love shell theory. This theory is based on linearized elasticity and hence 

cannot handle problems with relatively large displacements such as shell buckling 

problems. The first theoretical shell buckling problem solved was the buckling of 

axially compressed circular cylindrical shells which was independently tackled by 

Lorenz (1908), Timoshenko (1910) and Southwell (1914).  



17 

 

Early experiment tests conducted by Robertson (1928) and the group in the University 

of Illinois (Wilson and Newmark, 1933; Wilson, 1937; Wilson and Olson, 1941) 

however showed that the buckling loads of real cylindrical shells are always 

significantly lower than the classical elastic buckling loads (could be as low as 10% of 

the theoretical prediction). From then on, numerous efforts have been exerted on the 

buckling behavior of circular cylindrical shells (CCSs) under uniform axial 

compression which has been widely acknowledged as the prototype problem within 

the topic of shell buckling. Early efforts from the practical engineering area proposed 

empirical reduction formulas for axially compressed CCSs which has dominated the 

practical shell design codes for quite a long time. 

 

However, this empirical method fails to explain the fundamental physics behind the 

significant discrepancy between results of theory and experiments in buckling of CCSs. 

The urgent demands of using thin metal shells to manufacture aircrafts in the early 

twentieth century motivated much more theoretical researchers to devote themselves 

into this challenging field. The mystery was not unveiled until the pioneering and 

groundbreaking studies of von Karman and Tsien (1941) and Koiter (1945). The chief 

factor dominating this phenomenon is determined as the initial geometric imperfection 

which was found to potentially lead to large buckling load reductions as observed in 

experiments.  

 

Koiter’s initial post-buckling theory published as part of his PhD thesis (1945), an 

asymptotic theory with rigorous mathematical foundation, proved the extreme 

imperfection sensitivity of buckling loads of CCSs to initial geometric imperfections. 

But his work was not known by the majority of shell buckling field until it was 

translated into English in 1960s. In 1964, Koiter’s theory (1945) was further modified 

by Budiansky and Hutchinson (1964) based on continuum concepts using the principle 

of virtual work which facilitated the wide application of Koiter’s theory in the next 



18 

decade. (Hoff and Rehfield, 1965; Hutchinson, 1968; Amazigo, 1969; Hutchinson and 

Koiter, 1970; Hutchinson et al., 1971; Amazigo and Budiansky, 1972). 

 

The advent of modern computers made possible great advances in the analysis of shell 

buckling problems allowing the investigation of various effects on the buckling 

behavior of CCSs including boundary conditions, pre-buckling geometric nonlinearity 

and various imperfection forms. In the elastic domain, significant advances were made 

in solutions of elastic buckling problem of CCSs by the 1980s, thanks to efforts of 

numerous researchers around the world. The elastic stability behavior of CCSs has 

been well documented in the classical book, Elastic Stability of Circular Cylindrical 

Shells, by Yamaki (1984). A more recent book, Buckling of Thin Metal Shells, by Teng 

and Rotter (2006) provides an informative review to the field of shell buckling and 

specifically summarizes the major research findings on the buckling problems related 

to thin metal shells which are widely applied in civil engineering such as silos, tanks, 

cooling towers and pipelines.  

 

Although the computational methods advanced the research on shell buckling 

problems, the practical design methods benefited trivially from numerical analysis 

until the 1990s. Rotter, Schmidt, Greiner and their associates worked intensively 

during the past 40 years on the development of a complete conceptual framework for 

the design of civil engineering shell structures which is capable of exploiting the 

advanced computational methods in the design methods. Schmidt and Krysik (1991) 

firstly presented their ideas towards the inclusion of numerical methods into the design 

process in 1991 which is devised for one chapter on “buckling design by means of 

numerically determined buckling resistances” of the German design guideline DASt-

017 (1992). Rotter, Schmidt and Greiner then worked collaboratively to draft the rules 

on “design by global numerical analysis” which was first adopted in the Eurocode 

(ENV 1993-1-6, 1999) and continues to serve in the latest version EN 1993-1-6: 2007 

+ A1 (2017). Their efforts radically changed the design philosophy of shell structure 

from the crude empirical lower bound estimation which is based on test data obtained 
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in the 1930s to 1960s such as the NASA SP-8007 to a complete and rational conceptual 

framework which could efficiently accommodate all numerical results and effectively 

take the essential physical findings of research work on shell buckling into 

consideration.  

 

The recently proposed Reference Resistance Design (RRD) framework by Rotter 

(2016a,b, 2017a) is capable of allowing the design of any structural system to be fitted 

in. Hand calculations could be achievable by algebraically characterizing the required 

parameters via exploiting results from computational studies of the structural system. 

This framework provides the researchers a rather clear idea about how to practically 

utilize their research outcomes from numerical analysis to devise easy-to-use algebraic 

formulae for designers. The designers consequently could make more reliable designs 

taking the advantage of the rather intricate nonlinear computational analysis without 

the bother of actually performing it (Rotter, 2017; Wang et al., 2020). 

 

The research on the buckling behavior of elliptical cylindrical shells (ECSs) is however 

very limited compared with the ample research outcomes on buckling of CCSs. Early 

studies were generally initiated by the aerospace industry where noncircular 

cylindrical shaped components were the first to be employed. In recent years, with the 

increasing using of elliptical steel tubular members in the field of civil engineering, a 

sizable body of research studies have been conducted by groups of researchers with 

the background of steel structural engineering. This chapter will make a detailed 

review on all the existing literature on the elastic buckling of ECSs which will assist 

in identifying the knowledge gaps which need to be filled via this PhD work and some 

more future efforts. Before conducting such a review, the ample literature on buckling 

of CCSs will be reviewed first to provide a solid foundation for the research on ECSs, 

as CCSs clearly can be deemed as a particular case of ECSs (i.e., the major radius a 

and the minor radius b are identical). 
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This chapter starts with an introduction to some fundamental concepts of the classical 

stability and buckling theory along with some simple and typical examples of the 

buckling of columns, plates and shells, illustrating different types of buckling 

phenomena and emphasizing why shell buckling problem is even more important and 

critical. The focus will then be fully on shells and a brief review to the classical 

mechanics literature on shell theory is presented. Subsequently, the modern numerical 

approaches for shell buckling analysis are introduced along with a brief introduction 

to the RRD framework which exploits the advantage of advanced numerical methods 

in the design of shell structures. After this, a historical review of the studies on 

buckling problems of CCSs is presented where the studies on buckling and post-

buckling behavior of CCSs under axial compression and uniform torsion are reviewed 

in detail together with the effects of shell length, boundary conditions, and initial 

geometric imperfections. Such a review serves as an informative background to the 

research work on buckling of elliptical cylindrical shells, in light of the fact that CCSs 

are a particular case of ECSs. Finally, a thorough review of all the existing literatures 

on elastic buckling and post-buckling behavior of ECSs are summarized, which assists 

in identifying gaps of knowledge in this specific field.  

 

2.2 A BRIEF INTRODUCTION TO SOME FUNDAMENTAL CONCEPTS OF 

THE CLASSICAL STABILITY THEORY 

2.2.1 Definition of Stability and Buckling  

When an object is under certain loads in an equilibrium state, to judge whether it is in 

a stable state or instable state, the perturbation method is frequently implemented 

(Koiter, 1945). The idea is that when the object is perturbated from this equilibrium 

state by an infinitesimal disturbance, if the deformed object will tend to return to its 

initial configuration after the removal of the infinitesimal disturbance, the equilibrium 

state is called a “stable” state. Otherwise, if the object deforms further away from the 

initial equilibrium state, the initial equilibrium state is said to be “unstable”. Lastly, if 
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the object remains at the perturbated state even after removing the perturbation, this 

state of equilibrium is termed as a “neutral” equilibrium. Mathematically, to determine 

whether an elastic system under conservative loads is stable or not, the energy criterion 

is employed (Hutchinson and Koiter, 1970). By examining the second variation of the 

potential energy, it is sufficient to conclude that the equilibrium is stable if the second 

variation is positive definite. Buckling is the state corresponding to the attainment of 

a “neutral” equilibrium with the gradual increase in load from zero (Brush and Almroth, 

1975), which implies the stationary condition of the second variation of the total 

potential energy, that is the Trefftz buckling criterion (Trefftz, 1933), and generally 

marks the transition from energetically stable of equilibrium to an unstable one (Jones, 

2006). There are two types of buckling events: bifurcation buckling and limit point 

buckling.  

2.2.1.1 Bifurcation buckling  

Bifurcation is a mathematical concept which implies the existence of multiple 

solutions. Bifurcation buckling therefore refers to events happening on the primary 

equilibrium path where multiple possible equilibrium paths emerge (Brush and 

Almroth, 1975). True bifurcation buckling is impossible to happen physically in real 

structures. The physical manifestations of “bifurcation buckling” are generally 

realized due to the presence of imperfections in the form of geometric deviations from 

the perfect structure, load nonuniformity, residual stresses and non-ideal boundary 

conditions, which guides the primary equilibrium path to a limit point instead of the 

theoretical bifurcation point of the perfect shell (Bushnell, 2012). Although true 

bifurcation buckling is fictitious, the classical bifurcation buckling analysis is still 

widely acknowledged and employed because it has been proven to be a very 

convenient, efficient and reliable tool which could reasonably estimate the actual 

failure load and mode in many applications (Bushnell, 2012) and provide a reference 

result for more complete and complex analyses (Rotter and Schmidt, 2013). 
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2.2.1.2 Limit point buckling (nonlinear collapse)  

Apart from bifurcation buckling where multiple equilibrium paths exist upon buckling, 

there are also cases losing stability without bifurcating to a new branch of equilibrium 

path as shown in Figure 2.1. For such cases, the system becomes unstable after 

reaching a so-called limit point. Before reaching this limit point, the pre-buckling path 

is not straight anymore. At the limit point, the slope of the load-deflection curve 

becomes zero indicating the attainment of the maximum load. If the load is maintained 

at this limit point, the structure may fail dramatically with considerable deformations. 

This type of failure is generally referred to as snap-through buckling which is also 

shown in the Figure 2.1. One common example of such snap-through failure is the 

failure of shallow arches/shells under uniformly distributed loads.  

2.2.2 Elastic Buckling vs. Elastic-Plastic Buckling  

Figure 2.2 shows a schematic of typical load-displacement curve of a rather thick-

walled metal cylindrical shell under axial compression (end shortening) along with 

some classical photos token from experiments demonstrating the deformation pattern 

at certain stages (Bushnell, 2012). The solid line OAC represents the primary 

equilibrium path featured by an axisymmetric deformation pattern. It is obviously 

observed that the deformation chiefly concentrates near the top of the shell manifesting 

a so-called “elephant’s foot” buckling mode at Point A which typically emerges in 

elastic-plastic buckling phenomenon. The load carrying capacity of this shell achieves 

its maximum at this Point A and equilibrium path keeps continuous after passing this 

point which implies a limit point buckling, and this Point A is therefore a limit point 

of this structure. As end shortening is further increased during the post-buckling stage, 

a secondary buckling happens at another point, Point B, which corresponds to a 

bifurcation point where multiple equilibrium paths exist and the structure bifurcates 

into a new equilibrium path as indicated by the dotted line BD. On this new equilibrium 

path, the deformation pattern alters abruptly from the previous axisymmetric mode on 

the primary equilibrium path OAB to a non-axisymmetric form as shown in Figure 2.2. 
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This bifurcation point, Point B, is determined from a series of nonlinear buckling 

(eigenvalue) analyses conducted at successive points on the primary equilibrium path 

OAB until the first bifurcation point is identified which indicates the breach of the 

uniqueness of equilibrium state. For such instability behavior, the maximum load is 

indeed controlled by the material plasticity together with the geometric nonlinearity. 

The pre-buckling path in the vicinity of the limit point has essentially became a 

nonlinear curve. Such a system exhibits very little or no sensitivity to initial 

imperfections, and the load carrying capacity is not significantly affected by the 

presence of initial geometric imperfections. This type of buckling behavior is normally 

referred to as elastic-plastic buckling behavior.   

 

Figure 2.3 shows a schematic demonstration of the load-displacement path of a 

relatively thin cylindrical shell under axial compression. For such thin-walled 

cylindrical shells, the first bifurcation point generally occurs before the achievement 

of the limit point, the pre-buckling path is usually highly linear which implies a very 

stiff structure, the equilibrium path of the imperfect shell (dashed line) is generally 

bounded by the primary and secondary paths of the perfect shell, and the maximum 

load is commonly sensitive to initial geometric imperfections and could be 

significantly below that of the perfect shell. Such imperfection sensitivity commonly 

becomes even more pronounced when the shell wall becomes extremely thin which 

frequently occurs in the application of large storage silos and tanks. The buckling load 

of imperfect shell could be dramatically lower than (as low as about 20% of) the 

theoretical elastic bifurcation buckling load which implies an extremely high 

imperfection sensitive behavior generally found in CCSs under axial compression and 

spherical shells under uniform external pressure which is illustrated in Figure 2.4 

(Hutchinson and Koiter, 1970). These are the common features of elastic buckling that 

is the buckling phenomenon is controlled by the bifurcation buckling and highly 

imperfection sensitivity to initial imperfections. The buckling problem for such type 

of shells is therefore of great importance to the structural safety and should be 

thoroughly investigated. This thesis fully focuses on the elastic buckling problems.  
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2.2.3 Simple Examples to Demonstrate Various Types of Buckling  

2.2.3.1 Buckling of Columns under Axial Compression  

The first research on buckling phenomenon can be traced back to the 1750s when Euler 

(1759) studied a pin-ended column subjected to axial compression. The governing 

differential equation (Eq. 2.1) is derived by analyzing the column in a slightly 

deflected configuration.   

 EIwiv + Pw = 0  (2.1) 

where E is the elastic modulus of column material, I is the second moment of area of 

the cross section, P is the applied axial load, and w is the deflection of the column 

which is a function of the meridional coordinate x.  

  

By solving this equation under various sets of boundary conditions (BCs), the critical 

buckling load Pcl of the column can be eventually determined by the simple closed-

form formula shown in Eq. 2.2.  

  
2

2( )cl
EIP

KL


=  (2.2)  

KL is the so-called effective length of the column the value of which depends on the 

end support conditions. A summary of this effective length under various types of 

boundary conditions can be found in Table 2.1.  

 

The formula indicates that the critical buckling load of column is proportional to the 

inverse of the square of column length which implies a rapid load reduction process 

with the increase in column length.  

 

All the previous derivations are based on a perfect column but in the real-world 

applications, initial geometric imperfections are always unavoidable. To gain a better 

knowledge of the influence of imperfections, an imperfect column in the shape of a 

sine curve is investigated by Timoshenko and Gere (1961). A schematic view of 
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typical equilibrium paths (loading vs deflection curves) of perfect and imperfect 

columns under axial compression is demonstrated in Figure 2.5.  

 

The relationship between the deflection w at the mid-height of an initially imperfect 

column and the applied load P may be approximated as shown in Eq. 2.3 (Timoshenko 

and Gere, 1961). 

  P / Pcl = 1-
w0

w
 (2.3) 

in which w0 is the maximum magnitude of initial geometric imperfection (deflection) 

of the column.  

  

This relationship indicates a weakly stable or neutral post-buckling behavior of 

imperfect columns under axial compression.   

2.2.3.2 Buckling of Flat Plates under Uniaxial Compression 

For the buckling problem of a simply supported flat plate with a length a0 and a width 

b0 under uniformly distributed uniaxial in-plane compressive forces, the governing 

differential equation is first developed and solved by Bryan (1891) using the energy 

method. Many other researchers (Timoshenko & Woinowsky-Krieger, 1959; 

Timoshenko & Gere, 1961; Brush & Almroth, 1975) later also revisit this problem and 

confirm the results.  

 

The governing equation is derived as,  

  DÑ4w + Nx
¶2 w
¶x2 = 0  (2.4) 

The non-trivial solution of this equation corresponding to buckling is shown as,  
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26 

in which, m and n are positive integers. D is the bending rigidity of the plate as defined 

in Eq. 2.6.  

 D =
Et 3

12(1-n 2 )
 (2.6)  

The critical buckling load can be obtained by properly choosing n and m. Clearly, n 

should equal to one, which means only one buckling wave develops along the direction 

perpendicular to the loading axis upon buckling. The formula then reduces to,  

 
2
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2

0 0 0
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= +  (2.7) 

m then should be determined by minimizing the term 20 0

0 0

( )mb a
a mb

+ , which requires 

m=a0 /b0, and gives the critical load as,  
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=   (2.8) 

It should be noted that this minimum value can only be achieved when a0 / b0 is an 

integer. If the width b0 does not fit in the length a0 by whole numbers, the integers near 

this ideal value need to be examined for the determination of the integer m to secure a 

minimum load.  

  

The post-buckling behavior of perfect and imperfect plates is rather stable with 

additional load carrying capacity which is different from the neutral post-buckling 

behavior of columns. Such behavior constitutes the so-called stable-symmetric 

bifurcation as shown in Figure 2.6.  

 

The imperfection sensitivity in plates is deemed as mild because it does not deteriorate 

the load carrying capacity of plates dramatically as shown in Figure 2.6. The 

experimental results are generally in close agreement with the theoretical prediction of 

the perfect structures which also confirms this assertion.   
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By summarizing the stability behavior of columns and plates, it is found that the 

buckling loads are controlled by the flexural rigidity (EI for column, and D for plates). 

This implies that the buckling phenomenon in plates and columns should be bending 

dominated behavior. Furthermore, buckling in plates or columns generally does not 

lead to catastrophic collapse of the whole system, especially in plates, additional post-

buckling load carrying capacity can be further obtained after buckling. This also leads 

to the mild sensitivity to initial geometric imperfections. For such cases, the theoretical 

predictions by the classical column/plate buckling theory could be very reliable 

reference and a reasonable estimation of physical members in practical applications.  

2.2.3.3 Buckling of Circular Cylindrical Shells (CCSs) under Axial Compression 

The load carrying capacity of long prismatic structural members under compression 

are limited by the Euler column buckling load as shown in Eq 2.2. This equation tells 

that a larger second moment of area could secure a larger column buckling load which 

implies that the load carrying capacity can be maximized by placing all material as far 

away as possible from the principal axis of centroid. In theory, this makes the circular 

cylindrical shells (CCSs) the most efficient compressive load-carrying member. 

However, due to the thinness of shell wall, local buckling may emerge before the 

occurrence of global column buckling dominates. This makes the stability problem a 

predominant issue for the practical application of thin-walled shells. 

 

Almost all fundamental and groundbreaking theories on shell stability start from the 

discussion on CCSs under axial compression, which is also the first solved shell 

buckling problem (Lorenz, 1908; Timoshenko, 1910; Southwell, 1914). Different from 

the buckling behavior of columns and plates, thin-walled CCSs pose a rather drastic 

and unstable buckling response featured by a catastrophic load reduction immediately 

beyond buckling. Typical load-displacement curves of perfect and imperfect CCSs are 

shown in Figure 2.4.  
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The axial load increases with the axial shortening almost linearly until a bifurcation 

point is met. The equilibrium path suddenly bifurcates at this bifurcation point from 

the primary equilibrium path, featured by a dramatic change in deformation pattern.   

 

The compressive stress at the first bifurcation point for a medium length CCS with 

simply supported ends and membrane pre-buckling stress state assumed, which is 

commonly referred to as the “classical critical elastic buckling stress”, is independently 

determined analytically by Lorenz (1908), Timoshenko (1910) and Southwell (1914) 

as shown in Equation 2.9.  

 
( )2

0.605
3 1

cl cl
Et tE

RR
 


= =

−
 , where 0.3 =    (2.9) 

in which, E is the elastic modulus, t is the shell wall thickness, υ is Poisson’s ratio and 

R is the radius.  

 

In terms of the buckling mode at the bifurcation point, hundreds of modes are possible, 

which is generally termed as “mode competing” as indicated by the so-called Koiter 

Circle (Koiter, 1945) as shown in Figure 2.7. The Koiter Circle represents the 

relationship between the number of meridional buckling half-waves m and that of 

circumferential buckling full waves n. All the admissible combinations of integer 

couples (m,n) that lie on the same circle represent all the valid buckling mode shapes 

sharing the identical buckling load. Such “mode competing” phenomenon further 

implies the extremely high imperfection sensitivity of such type of system, axially 

compressed CCSs. All these admissible buckling modes can be classified into two 

types as shown in Figure 2.8, that is the axisymmetric buckling mode (n = 0) and the 

Chequer-board buckling mode (n ≠ 0) (Teng and Rotter, 2006).  

  

The axisymmetric buckling mode is in a corrugated fashion along the meridian which 

only one circumference buckling wave forms. The axial half-wavelength λa is 

determined as in Eq. 2.10. 
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 la = p 12 1-u2( )é
ë

ù
û

-1/4
Rt  (2.10) 

The Chequer-board mode is a non-symmetric mode featured by several buckling 

waves around the circumference and along the meridian of which the wavelengths are 

related by the “Koiter circle” (Koiter, 1945). For a medium length cylinder, if the 

wavelengths in the meridional and circumferential directions are equal, the buckling 

mode will be featured by square waves in Chequer-board form. The number of full 

circumferential buckling waves in such case can be determined by the Eq. 2.11 

(Calladine, 1989).  

 nc = (3 / 4) 1-u2( )4 R / t  (2.11)  

Although these short-wave buckling modes obtained from the classical theory are 

generally difficult to observe using unaided eyes in experiments, Horton and Durham 

(1963) successfully captured the non-symmetric (Chequer-board) mode by high-speed 

camera as shown in Figure 2.9.   

 

This buckling pattern with short waves is obtained by inserting a cylindrical mandrel 

inside with a very small gap to the cylindrical shell, so that when the cylindrical shell 

buckles, the inward buckling waves will hit the mandrel and arrest which makes it 

possible to observe the shortwave buckling mode. If there is no external control 

implemented and the cylinder will collapse in long wavelength mode under rigid 

loading.   

  

If there was a very precise displacement control apparatus, the path after the 

bifurcation point, which is conventionally termed as the post-buckling path, would be 

attained as shown in Figure 2.4 which manifests a snap-back fashion (“doubling back”). 

This implies that the shell length increases during this unstable equilibrium stage 

together with the rapid mode switching. This snap-back stage is numerically rather 

challenging to capture attributed to its dynamic jumping nature from one buckling 
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mode with a circumferential wave number of n to another mode with a different 

number (Riks et al., 1996). The equilibrium state re-stabilizes after reaching the first 

local minimum on the post-buckling path, and the structure regains certain load 

carrying capacity which is far below the bifurcation load (usually 20% to 60% of the 

load at bifurcation) followed by a gradual ascending path. In common displacement-

controlled experiments, this snap-back process is never observed while instead the 

post-buckling path directly falls to a stable post-buckling equilibrium path featured by 

a positive slope (Fuji et al., 2000). This assertion is supported by Yamaki’s 

experimental results (1984).   

 

Due to the presence of numerous possible buckling modes at the bifurcation point and 

the existence of multiple post-buckling equilibrium paths, thin-walled CCSs are 

extremely sensitive to initial imperfections, especially geometric imperfections. A 

very small geometric imperfection could divert the equilibrium state from the primary 

path directly to a post-buckling equilibrium path with a rather lower load compared 

with the classical critical bifurcation load which explains the dramatic discrepancy (up 

to about 80% difference) between experimental results and theoretical predictions. 

When the imperfection magnitude becomes sufficiently large, the sudden drop 

phenomenon in buckling load may diminish, instead the structure deforms with a 

gradual decrease in stiffness which makes it difficult to detect the onset of buckling 

(Yamaki, 1984). The post-buckling path in such cases can be deemed as stable with 

ascending branches.  

2.3 A REVIEW OF THE CLASSICAL MECHANICS LITERATURE ON 

SHELL THEORY 

2.3.1 Introduction 

The mechanics of shells constitutes a major part of the field of continuum mechanics. 

In continuum mechanics, the theory can be classified into three types based on the 

extent of deformation, namely, infinitesimal strain theory, large-displacement (rotation) 
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theory with small strain assumed, and finite strain theory. This section chiefly reviews 

the development of infinitesimal strain theory and large-displacement theory for shell 

structures. 

2.3.2 Infinitesimal (Small) Strain Theory – Linearized Elasticity 

When an elastic body is subjected to a small deformation in which displacements and 

the derivatives of displacements (strain) are sufficiently small, the expressions for 

displacement-strain relations and stress-strain relations can be linearized by throwing 

all higher order terms. The equilibrium equations in such cases can be established at 

the undeformed state (reference configuration). The governing equations hence are 

linear in terms of displacements which makes for the classical linear elastic theory, or 

infinitesimal strain theory. The displacements in such cases are proportional to the 

imposed loads. 

 

The shell theories derived within the framework of infinitesimal strain theory starts 

from Love’s groundbreaking work (Love, 1892) which firstly presents a successful 

approximation shell theory based on the classical linearized elastic theory. Problems 

related to shells are three dimensional in nature, but by adopting the Kirchhoff 

hypotheses postulated for plate theory to shell theory together with some further 

assumptions on the small deflection and thinness of shell, Love managed to reduce 

such problems to two-dimensional ones. In classical textbooks of shell theory (e.g. 

Timoshenko and Woinowsky-Krieger, 1959 and Ventsel and Krauthammer, 2001), the 

set of assumptions employed by Love is commonly referred to as the Kirchhoff-Love 

assumptions. 

 

The Love theory (1892) however has some deficiencies such as inconsistently 

dropping some small terms while keeping others in the same order during the 

derivations. Some more mathematically rigorous shell theories therefore are further 

pursued by many other researchers. Reissner (1941) developed a linear shell theory 
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directly from the three-dimensional elasticity which also employs the Kirchhoff-Love 

assumptions to reduce the formulation from a three-dimensional one to a two-

dimensional one. It successfully overcomes the defects of Love’s theory and is now 

perhaps the most recognized linear shell theory adopted by many textbooks. Sanders 

(1960), Budiansky (1963) and Koiter (1960) later developed more accurate first-order 

linear shell theories. 

 

Besides the aforementioned general linear shell theories, some specialized shell 

theories are also devised for specific types of problems. 

 

Membrane theory of thin shells which chiefly deals with problems in membrane state 

of stress is introduced herein as the first example of specialized shell theory. 

Membrane stress state is defined as a stress state where the bending and twisting 

moment resultants are either zero or negligible. The general form of governing 

equations for membrane theory was established by Beltrami (1882) and Lecornu 

(1880). Further studies were conducted by Reissner (1912), Sokolovskii (1938) and 

Vlasov (1960) for the formulation of membrane theory on thin shells of revolution. 

 

For cases where deflections are restricted by either the boundary conditions or the 

change in geometry, discontinuity forces and moments emerge when using membrane 

theories. For such conditions, bending theory which accounts for bending and 

transverse shear stresses is valid. Due to the mathematical intricacy of such problems, 

only some particular cases can be analytically solved and mostly for shells of 

revolution. The classical formulation for the bending problems of shells of revolution 

is developed by Reissner (1912). Meissner (1913) generalized Reissner’s theory to 

shells of revolution with an arbitrary shape and varying shell wall thickness. With the 

aid of the concept of bending boundary layer first proposed by Love (1892), closed-

form solutions for several particular problems can be algebraically achieved. It was 

shown by Love (1892) that the complete state of stress may be approximated by the 

superposition of solutions of the membrane stress state obtained by the membrane 
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theory and the edge effect stress state characterized by the bending theory. The edge 

effect stress state is generally represented by rapidly varying stress functions. 

2.3.3 Finite Strain Theory 

When an elastic body sustains arbitrarily large displacements and strains, the 

assumptions of linearization cease to hold, and the undeformed state (reference 

configuration) and deformed state (current configuration) are essentially different. 

More complicated definitions of strains with higher order terms are necessary, and 

equilibrium needs to be considered with reference to the deformed state. The 

governing equations in such cases are inevitably nonlinear. In classical shell buckling 

problems, when the shell wall is sufficiently thick, transverse shear stresses and strains 

normal to the middle surface should no longer be ignored as in the infinitesimal strain 

theory. The finite strain theory should be employed for such cases. In the practical 

application of thick-walled metal shells, plastic flows are generally inevitable before 

the attainment of the critical load which leads to elastic-plastic buckling and plastic 

collapse of shells as demonstrated in Figure 2.2. For thin-wall cylindrical shells, elastic 

strain components are generally small upon buckling though the displacement may 

become moderately large. For such problems, a simplified form of theory, which is 

usually termed as large displacement / rotation theory is intensively derived and will 

therefore be reviewed in the next section.  

2.3.4 Large Displacement / Rotation Theory (Small strain-large displacement 

theory) 

2.3.4.1 Introduction 

Numerous problems in shell buckling involve strains which are small, but the 

displacements (rotations) are significantly large, such as buckling problems of thin-

walled cylindrical shells. In such problems, the linear stress-strain relations stay valid 

but higher-order terms need to be introduced in the displacement-strain relations to 

take the geometric nonlinearity into consideration. The necessity of the introduction 
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of higher-order terms can be demonstrated using one simple example (Belytschko et 

al., 2013). 

 

Let us consider a problem of an elastic object subjected to a rigid body rotation as 

shown in Figure 2.10. Obviously, the strain components after this rigid rotation should 

be zero. But, if we examine this problem using the linearized strain measure from 

infinitesimal strain theory, the results will not be as expected. X represents any 

material point on the undeformed object (reference configuration). x is the 

corresponding material point after deformation (current configuration). The 

relationship between x and X should be, 

 x = R t( )×X   (2.12) 

where, R is the rotation tensor represented by the following matrix, 

 R=
cos q t( )( ) -sin q t( )( )
sin q t( )( ) cos q t( )( )

é

ë

ê
ê
ê

ù

û

ú
ú
ú

  (2.13) 

The displacements u and v can be derived as, 
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Clearly, when q  is sufficiently large, the strain components obtained from this 

linearized strain measure will no longer be trivial which implies that rigid body 

rotation triggers elastic strain which obviously violates the physics. This example 

(Belytschko et al., 2013) intuitively demonstrates the invalidity of infinitesimal strain 

theory when handling elastic problems with large rotations. To this end, theories 

capable of dealing with large displacements are developed.  

 

It is to be added that in such a type of problems, the equilibrium equations should be 

developed at the deformed configuration though strains are infinitesimal. The strain-

displacement equations therefore become nonlinear while the stress-strain equations 

are still linear. For such nonlinear static problems, the displacement becomes 

disproportional to the load, and the uniqueness of solution and the stability of 

equilibrium state are generally not secured which is essentially different from the linear 

elastic problems. This implies that multiple equilibrium states may exist at one specific 

load, and some of them are stable while others unstable. (Brush and Almroth, 1975) 

 

This section reviews the development of large-displacement theory of shells. After the 

first buckling theory for axially compressed CCSs devised independently by Lorenz 

(1908), Timoshenko (1910) and Southwell (1914) by assuming simply supported end 

conditions and ideal membrane pre-buckling stress state, the theoretical formulation 

had not been further improved until the dramatic discrepancy between this theoretical 

prediction and experimental results discovered by Robertson (1928). Flugge (1932) 

and Donnell (1933, 1934) firstly improved the large displacement shell theory by 

making appropriate assumptions to the strain-displacement relations and neglecting 

some minor terms. Much more accurate formulations were developed later by Sanders 



36 

(1963) and Koiter (1966) which are generally referred to as the classical "small strain-

moderate rotation" theory and the classical "small finite deflection" theory, 

respectively.  

2.3.4.2 Donnell Theory 

Donnell (1933) derived the simplified differential equations of CCSs when dealing 

with the buckling problem of CCSs under torsion. It assumes that the shell is 

sufficiently thin, the strain is sufficiently small, and Hooke’s law is still applicable. 

The theory compiles with the Kirchhoff-Love hypotheses and assumes the 

deformation is dominated by the normal displacement and the in-plane displacements 

are negligible. The bending curvature is assumed to be related to the normal 

displacement only. These assumptions lead to reasonably simple expressions with 

sufficient accuracy for many practical problems though certain limitations are 

inevitable. These simple governing equations contribute to the shallow shell theory 

where the number of circumferential buckling waves is assumed to be sufficiently 

large (shallow shell assumption). 

2.3.4.3 Modified Flugge theory 

The so-called shallow shell approximations in Donnell’s theory are not applicable for 

a cylindrical shell for conditions where in-plane displacements are no longer negligible. 

Typical examples relate to a moderately long cylindrical shell under axial compression 

with a relatively small number of circumferential buckling waves, and an intermediate 

aspect ratio cylinder under asymmetric wind pressure. The modified Flugge’s theory 

(Yamaki, 1984) overcame this shortcoming to consider in-plane displacements in 

deriving the expressions for strains. However, the modified Flugge’s theory itself is 

rather complicated and sophisticated in application. 
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2.3.4.4 Koiter-Sanders theory 

Sanders (1963) and Koiter (1966) independently developed nonlinear thin shell 

theories which are deemed as sufficiently accurate for thin shells with small strain and 

moderately large rotations. It has been shown that previous theories can be derived 

from this theory by taking appropriate approximations. The Koiter-Sanders 

formulation exhibits better accuracy and more complexity compared with the Donnell 

equations but simpler than the formulation of the Modified Flugge theory. Its 

generality makes it applicable to both shallow and non-shallow shells irrespective of 

the specific geometric configuration, which is especially favorable in the formulation 

of finite element analysis (Yamaki, 1984). In ABAQUS, the shear flexible small-strain 

shell elements (S4R5, STRI65, S8R5, S9R5, and S8R) tailored for thin shells are 

formulated based on this theory (ABAQUS, 2012). 

2.3.4.5 Complete expressions for nonlinear elastic theory 

All the above theories adopted assumptions for certain class of shell problems which 

omit some nonlinear terms in the strain-displacement relations to simplify the 

nonlinear equations and facilitate algebraic analysis. With the rapidly increasing 

computer power, numerical approaches become the dominating method in solving 

shell buckling problems. Simplification of governing equations for computational 

studies no longer leads to better efficiency and may deteriorate the accuracy for 

problems of realistic complexity. On the contrary, adding some more nonlinear terms 

in the governing equations generally brings about a very small increase in computation 

cost (Teng and Hong, 1998). A set of complete expressions for general nonlinear shell 

theory therefore becomes more meaningful. Combescure (1986), Rotter and Jumikis 

(1988) and Su et al. (1987) independently developed the complete set of expressions 

for thin shell of revolution. Teng and Hong (1998) further generalized the expressions 

to general shells which is derived directly from the three-dimensional nonlinear theory 

of elasticity.  
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2.4 A REVIEW OF NUMERICAL STUDIES OF SHELL BUCKLING 

PROBLEMS 

2.4.1 A Brief Historical Review 

Early studies on shell buckling before the age of computers are mainly algebraic 

analyses. Such analyses were challenging due to the mathematical complexity after the 

introduction of many factors, including boundary conditions, geometric nonlinearity, 

imperfection sensitivity, geometric complexity and plasticity. For different types of 

problems, specialized theories may be needed adopting specific assumptions as shown 

in the previous section, which contributes to laborious mathematics and also limits the 

problems solved to very specific idealized cases. 

 

The advent of modern computers makes for a great stride in the analysis of shell 

buckling problems. Early numerical works can be traced back to 1960s when 

numerous researchers started to lend assistance from numerical approaches (Stricklin 

et al., 1964; Kalnins, 1964; Marcal and Pilgrim, 1966; Cohen, 1968; Popov and Sharifi, 

1971; Bushnell, 1974) with each study formulated a specific numerical framework for 

a particular type of shell buckling problems. Among these numerical studies, the finite 

element analysis is proven to be one of the most efficient numerical tools for many 

engineering problems. Early finite element formulations of shell structures dated back 

to the period from the 1960s to the 1980s were chiefly established by individual 

researchers (Kalnins, 1964; Stricklin et al., 1964; Marcal and Pilgrim, 1966; Cohen, 

1968; Popov and Sharifi, 1971; Bushnell, 1974; Esslinger et al., 1980; Wunderlich et 

al., 1982) for a specific class of problems. Among these early developed programs, 

some became more widely used in practical engineering applications (Bushnell, 1976; 

Cohen, 1982; Esslinger et al., 1984; Teng and Rotter, 1989) such as BOSOR 5 

(Bushnell), SRA (Cohen), STAGS (Almroth), KSHEL (Kalnins) and NEPAS (Teng 

and Rotter). From the 1970s, some general-purpose finite element analysis platforms 

became available and now are well established such as the commercial software 

packages ABAQUS, ADINA, ANSYS and NASTRAN. These software packages are 
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currently widely installed on personal computers all around the world and aid in both 

research studies and engineering applications. Most studies on shell buckling today are 

computational based using those general-purpose finite element analysis tools, 

especially ABAQUS, which is widely implemented in nonlinear analysis of shell 

structures in the 21st century (Teng and Song, 2001; Song et al., 2004; Ruiz-Teran and 

Gardner, 2008; Rotter et al., 2014; Sadowski and Rotter, 2014; Kobayashi et al., 2012; 

Lee et al., 2016; Xu et al., 2017). 

 

Thanks to all these powerful numerical tools, the difficulties in solving a shell buckling 

problem are much reduced. But the numerical results cannot directly provide algebraic 

relationships and cannot identify the controlling parameters for generic problems. 

Understand the physics behind the numerical results and accommodate these results 

into practical design codes has become the new challenge instead of solving any 

specific shell buckling equations. 

 

Under such a background, the European standard on the strength and stability of shell 

structures (ENV 1993-1-6, 1999) is the first standard provides a comprehensive 

conceptual framework accommodating results from computational studies into the 

hand calculation design process (Rotter, 2002a, b). It classified the computational 

analysis into seven types the acronyms of which are first given at a meeting of the 

drafting committee for EN 1993-1-6 (2007) in Brno in 1997, that is linear elastic 

analysis (LA), linear bifurcation analysis (LBA), materially nonlinear analysis (MNA), 

geometrically nonlinear analysis (GNA), geometrically and materially nonlinear 

analysis (GMNA), geometrically nonlinear analysis with imperfections (GNIA), and 

geometrically and materially nonlinear analysis with imperfections (GMNIA). These 

terminologies have become very widely employed and will be adopted throughout this 

thesis as well. Furthermore, the state-of-the-art European Standard EN 1993-1-6 (2007) 

also presents the attempt to incorporate imperfection measurements into the design 

consideration which marks a great advance in the design philosophy compared with 

the crude empirical design criterion used in the old days (e.g., NASA SP-8007) which 
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ignores the measurement information of imperfection patterns and amplitudes. A 

recent proposal by Rotter (2016a, b, 2017a) improved the design framework much 

further which is termed the Reference Resistance Design framework. This conceptual 

framework makes it possible for the designers to achieve more reliable designs by 

exploiting the advantage of the rather intricate nonlinear computational analyses 

without the bother of actually performing them (Rotter, 2017a; Wang et al., 2020). All 

these efforts make the computational results more interpretable and useful in 

developing hand calculation design process. Such efforts will also make computational 

driven study feasible to replace the dominating role of experiments which are rather 

costly in terms of labor and time in guiding engineering applications.  

2.4.2 A Brief Introduction to Conceptual Framework of the Current European 

Standard EN 1993-1-6:2007 and the Reference Resistance Design (RRD) for Shell 

Buckling Assessment 

For the purpose of providing a reliable and feasible design guidance on civil 

engineering shell structures, Rotter, Schmidt, Greiner and their associates worked 

intensively during the past 40 years on the development of a complete conceptual 

framework for the design of shells which strives to fully consider the effects of 

geometric nonlinearity, plasticity and imperfection sensitivity for shells with arbitrary 

geometry, load case and boundary conditions as well as exploit the power of modern 

computation in assessing these effects (DIN 18800-4, 1990; Schmidt and Krysik, 1991; 

Schmidt and Greiner, 1998; Schmidt, 2002; Rotter, 1998, 2005, 2007, 2016a,b, Rotter 

and Schmidt, 2013). Their efforts radically changed the design philosophy of shell 

structure from the crude empirical lower bound estimation which is based on test data 

obtained in the 1930s to 1960s (e.g., NASA SP-8007) to a complete and rational 

conceptual framework which could efficiently accommodate all computation results 

and effectively take the essential physical findings of research work on shell buckling 

into consideration. The NASA empirical design criterion (Weingarten et al., 1968) is 

shown in Eq. 2.18 and demonstrated in Figure 2.11. The parameter γ is originally 
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proposed by Weingarten et al. (1965) and now commonly referred to as “knockdown 

factor”. The figure shows that most data (95%) is right above this knockdown line. 
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The current European standard EN 1993-1-6 (2007) provides three approaches for the 

shell buckling assessment, two of which are devised for the accommodation of 

numerical analyses in the design procedure. The first approach is the hand calculation 

process. The procedure is schematically demonstrated in Figure 2.12. It begins with 

an assessment of the linear elastic critical resistance Rcr and the plastic limit resistance 

Rpl (A) both of which for most problems can be obtained through well derived 

algebraic formulae. The so-called shell relative slenderness λ is then determined as the 

square root of the ratio of Rpl and Rcr as shown in Eq. 2.19 (B). This relative slenderness 

λ indicates the relative importance of elastic and plastic behavior. The imperfection 

amplitude is then assessed based on the information of shell geometry, load case and 

fabrication quality (C). The elastic imperfect buckling resistance αRcr is subsequently 

determined based on the imperfection amplitude and the load case which includes the 

effects of both geometric imperfections and geometric nonlinearity (D). The parameter 

α is commonly referred to as the elastic imperfection reduction factor or the “knock-

down” factor. The behavior of elastic-plastic interaction is obtained from the 

information of shell geometry and load case (E). The characteristic elastic-plastic 

buckling resistance Rk is evaluated based on all the previously determined items (F) 

which represents the real strength (failure load) of the structure. The design value of 

the elastic-plastic resistance is eventually attained by applying a partial safety factor 

to the characteristic resistance Rk (G).  
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The definition of Rpl and Rcr can be better illustrated as in Figure 2.13. The reference 

plastic resistance Rpl is the lowest collapse load obtained from a materially nonlinear 

analysis (MNA) with small displacement theory and ideal elastic-plastic material 

constitutive model assumed. The elastic critical resistance Rcr is the lowest eigenvalue 

acquired from a linear elastic bifurcation analysis (LBA). Both of them are always 

calculatable, and simple algebraic formulae can be derived for them either analytically 

or numerically (Rotter, 2017). 

 

The second method provided by EN 1993-1-6 (2007) is termed as an LBA/MNA 

procedure where the linear elastic bifurcation critical load and the plastic limit load 

may be determined from numerical analyses as shown in Figure 2.13 and the remainder 

of the design follows the hand calculation procedure prescribed by the standard. The 

third approach is to adopt a fully material and geometric nonlinear analysis with 

explicitly introduced initial geometric imperfections (GMNIA) to estimate the 

characteristic load directly. Such an approach is however rather complicated and 

challenging to designers which requires the designer to have great experience and 

physical insight into the buckling behavior of shells. 

 

The recently proposed Reference Resistance Design (RRD) framework by Rotter 

(2016a,b, 2017a, EN 1993-1-6/A1, 2017) which has now been adopted into the 

European Standard EN 1993-1-6 through an amendment (EN 1993-1-6/A1, 2017) 

takes a further step toward exploiting the advantage of computational methods in shell 

design. 

 

RRD chiefly characterizes the relationship between the relative buckling strength of 

the system χ as defined in Eq. 2.20 and the dimensionless slenderness λ as shown in 

Eq. 2.19 which constitutes the so-called capacity curve as suggested in EN 1993-1-6 

(2007) shown in Figure 2.14 (a) and further modified by Rotter (2005, 2007) as in 
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Figure 2.14 (b) by changing the horizontal axis from the relative slenderness λ to the 

relative resistance Rk / Rcr. 

 k

pl

R
R

 =  (2.20)  

where Rk is the characteristic resistance which represents the real strength of the 

structure; Rpl is the reference plastic resistance; and Rcr is the elastic critical resistance.  

 

The most complete form of the capacity curve for RRD is summarized as in Eq. 2.21. 

The parameters required for the framework are summarized as: two reference 

resistances which are the reference plastic resistance Rpl (obtained from a materially 

nonlinear analysis with small displacement theory and ideal elastic-plastic material 

constitutive model assumed), and the elastic critical resistance Rcr (acquired from a 

linear elastic bifurcation analysis), and seven independent dimensionless parameters 

αG, αI, β, η0, ηp, λ0 and χh. 
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αG and αI are parameters accounts for the effects of geometric nonlinearity and 

imperfection sensitivity respectively. Their product is defined as α which corresponds 

to the concept of ‘knockdown factor’ traditionally employed in extensive literatures 

and standards. The innovation of the RRD proposal in splitting this knockdown factor 
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into two factors makes it more clear to designers about the actual contributions of the 

effects of geometric nonlinearity and imperfection sensitivity on the buckling load. 

The reason why these effects were always considered together within the single 

knockdown factor is classical research studies could be attributed to the fact that most 

studies on imperfection sensitivity concerned about the problem of CCSs under axial 

compression. In such cases, the buckling load is not significantly affected by the pre-

buckling geometric nonlinear deformation but severely reduced due to the presence of 

initial geometric imperfections. The knockdown factor is therefore chiefly deemed as 

the load reduction factor reflecting the detrimental effect of geometric imperfections, 

and the effect of geometric nonlinearity hence was not separately considered. But there 

are still many situations where the structure undergoes considerable geometric 

deformation before the occurrence of buckling such as relatively long CCSs under 

global bending. (Rotter et al, 2014; Fajuyitan and Sadowski, 2018; Wang et al., 2020) 

The load reduction in such cases could be largely attributed to the effect of geometric 

nonlinearity as opposed to that of imperfection sensitivity. If the single knockdown 

factor were still employed in such cases, it would mislead the designer to improve the 

fabrication quality when seeking to increase the buckling strength (Rotter, 2016a). A 

separation of the knockdown factor into the two independent parts therefore is 

essentially necessary and reasonable in expanding the applicability and generality of 

the design framework. The ‘plastic range factor’ β indicates the lower boundary of the 

resistance range above which the structure system will be affected by material 

plasticity. This resistance range also corresponds to the range with the relative 

slenderness λ ≤ λp. η is the interaction exponent which varies linearly between 

boundary values of η0 and ηp at λ0 and λp respectively and controls the shape of the 

elastic-plastic interaction curve. χh is the hardening limit. The parameters β, η0, ηp, λ0 

and χh can be obtained by best fitting to GMNIA results. 

 

The establishment of a RRD framework for a specific problem commonly requires a 

thorough and systematic computational study which may contain many thousands or 

even millions of simulation tasks in order to account for a reasonably large range of 
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applicability in terms of shell geometry, material property and loading conditions, etc. 

Sadowski et al. (2017) proposed a computational strategy which involves complete 

automatic preprocessing (model generation), job submission, termination and 

postprocessing (automatic data collection and organization). This highly automated 

computational strategy makes the programming of massive RRD-oriented parametric 

studies manageable for researchers exploring various structural systems. (Wang et al., 

2020). Wang et al. (2020) recently utilized this computational strategy to establish the 

RRD parameters for circular cylindrical shells (CCSs) under uniform bending which 

is the first practical application of this computational strategy in the establishment of 

an RRD design framework. 

2.4.3 Numerical Methods Commonly Adopted for Shell Buckling Problems 

2.4.3.1 Eigenvalue buckling analysis 

Eigenvalue buckling analysis is suitable for very stiff structure systems where the 

deformation vector can be treated as linearly dependent on the imposed load vector. 

The classical analysis for bifurcation buckling is in the form of an eigenvalue problem. 

In such analysis, the elastic continuum system is assumed to be very stiff so that the 

deformation vector can be deemed as linearly dependent on the imposed load vector. 

The global equilibrium equation can therefore be reduced as shown in Eq. 2.22 

(ABAQUS analysis user’s manual, 2012),  
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where K0 is the ‘material’ stiffness matrix corresponding to the base state (reference 

configuration), Kf is the ‘geometric’ stiffness matrix representing the linear 

relationship between imposed load and deformation, D is the displacement vector and 

λ is a scalar indicating the magnitude of load. For such a continuum system, it is 

obvious that when the determinant of (K0 - λKf) becomes zero, there will exist infinitely 

many solutions which correspond to the bifurcation points along the primary path. This 
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is therefore a typical eigenvalue problem. The lowest eigenvalue λ0 corresponds to the 

critical buckling load and the associated eigenvector D0 is the critical buckling mode. 

But this analysis cannot give any further information about the post-buckling behavior 

after the bifurcation point.  

 

Numerical tools have been well established for solving such eigenvalue problems of 

finite element models among which the most widely applied are the Lanczos method 

(Lanczos, 1950) and the Subspace method (Bathe, 1971). The Lanczos method is 

deemed to be very efficient in solving large-matrix problems requiring a great number 

of eigenmodes. But the Lanczos algorithm implemented in the finite element software 

package ABAQUS (2012) is inapplicable to cases where the stiffness matrix is 

indefinite. Examples include models with rigid body motion mode exist and models 

preloaded over the first bifurcation point (ABAQUS analysis user’s manual, 2012). By 

comparison, the subspace iteration method may be faster when solving large-matrix 

eigenvalue problem requesting only a small number of eigenmodes (normally less than 

20). The subspace method adopted in ABAQUS (2012) exhibits wider applicability 

which can be used to almost all valid finite element models. It should be mentioned 

that for the subspace method implemented in ABAQUS, the default value of the 

number of iteration vectors is determined as the minimum value of 2p and p+8 where 

p is the number of eigenvalues requested by the user. This convention is suggested by 

Bathe and Wilson (Bathe, 1971; Bathe and Wilson, 1972; Bathe and Wilson, 1973) in 

the early 1970s. In 2013, Bathe (2013) revisited this method and made some new 

suggestions which can be regarded as an addendum to the subspace iteration method. 

In this work, Bathe suggested that the number of iteration vectors should be modified 

of the maximum value of 2p and p+8 in light of the modern computation power. The 

old suggestions were based on the computation speed and memory available back in 

the early 1970s which is very limited compared with modern computers. 



47 

2.4.3.2 Path tracing methods 

2.4.3.2.1 Riks method 

Path-tracing approaches are adopted to capture the highly nonlinear and unstable post-

buckling behavior where there are no bifurcation points in the equilibrium path which 

means that the path is smooth without any discontinuities. The Riks method (Riks, 

1979) is the most widely recognized option, while the artificial damping method and 

dynamic approaches are also employed in some studies (Kobayashi et al., 2012). 

Instead of directly controlling either the load or the displacement, Riks method adopts 

a so-called “arc-length” which is a function of both load and displacement to represent 

the progress of loading. Different variations of the Riks method are developed by 

proposing various definitions of this arc-length and altering the searching algorithm of 

equilibrium states. The modified Riks method proposed by Crisfield (1981), Ramm 

(1981), and Powell and Simons (1981) is one of the most successful versions, which 

is also adopted in the widely applied commercial software ABAQUS. The basic 

algorithm in this method is still the well-known Newton method, while the searching 

algorithm of equilibrium paths can be elaborated in a solution space defined by the 

nodal variables and the loading parameter as shown in Figure 2.15. The searching of 

the next equilibrium state A2 from the current state A0 is implemented by moving a 

given distance which is determined by an automatic incrementation algorithm based 

on the current convergence rate, to a new state point A1 along the tangential direction 

of the current solution point A0, and then finding the solution in the plane passing 

through this new state point A1 and perpendicular to the tangential line at point A0. 

The equilibrium state is eventually updated in an iterative fashion.  

 

But it should be noted that in ABAQUS, the modified Riks method does not include a 

direction check algorithm which implies that if the equilibrium path has very high 

curvature like the “doubling back” response in CCSs under axial compression right 

after buckling, this modified Riks method may identify a wrong direction and trace 

back the equilibrium path which makes it frequently fail when dealing with post-
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buckling problems of perfect or near perfect CCSs. Besides, due to the nature of this 

method which is global load control, when localized instability issue such as local 

dimple buckling happens, it cannot effectively find the unstable equilibrium solution 

featured by a local transfer of strain energy from the current local buckling lobe to 

neighboring parts (Kobayashi et al., 2012) which in fact is a mode-switching process 

generally happens during the unstable snap-back process. For such problems, dynamic 

approaches (dynamic explicit and dynamic implicit) or static artificial damping 

method should be more appropriate and could aid in tracing much further and also 

accurate post-buckling path as demonstrated in Kobayashi et al.’s work (2012). 

2.4.3.2.2 Artificial damping method 

As mentioned in the previous section, when the equilibrium path is extremely sharp, 

the modified Riks method may not be able to effectively trace the path and quasi-static 

approaches realized by either dynamic method or artificial damping method provide a 

more feasible method of analysis. This section briefly introduces the static artificial 

damping method implemented in ABAQUS (2012), which is an automatic stabilizing 

approach tailored for unstable quasi-static problems. By applying volume-proportional 

damping throughout the model, instantaneous buckling or collapse can be substantially 

impeded and the system becomes stable; at the same time, by appropriately defining 

the magnitude of the damping ratio, the overall behavior will not be significantly 

affected. 

 

The viscous forces Fv (Eq. 2.23) induced by artificial damping are added to the global 

equilibrium equations as in Eq. 2.24. 

 Fv = cM*v (2.23) 

 P − I − Fv = 0 (2.24)  

in which, M* is an artificial mass matrix calculated with a density of unity, c is a 

damping factor, v = Δu / Δt is the nodal velocity vector which is in an artificial sense 

without any physical meaning in the problem, as is the artificial time increment Δt; P 

is the total external force, and I is the total internal force.  
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When local buckling happens, the nodal velocities within that region will start to 

increase rapidly. The introduced damping in turn generates viscous forces to 

accommodate such locally released strain energy and provides a stabilizing effect to 

the global nonlinear solver. In reality, the locally released strain energy is transferred 

into the kinetic energy. The artificial damping effect in this sense is equivalent to the 

inertia effect and the essence of the artificial damping method is to facilitate the 

simulation of such local buckling/unstable phenomena using static analysis.  

 

2.4.3.2.3 Dynamic approach 

For a genuine dynamic system, the equation of motion can be expressed as Eq. 2.25. 

 Mü+Cu̇+Ku=F (2.25)   

where M is the global mass matrix, C is the global damping matrix, K is the global 

stiffness matrix, u is the displacement vector, �̇�  and �̈�  are the first and second 

derivatives of the displacement vector with respect to time, i.e. the velocity vector v 

and the acceleration vector a, and F is the external force vector. 

 

For numerical application, Eq. 2.25 is generally expressed in a time-discrete form as 

in Eq. 2.26. 

 ( ) ( ) ( )1 1 1 11 1 1n n n n n n nMa Cv Cv Kd Kd F F     + + + ++ + − + + − = + −  (2.26) 

 

The acceleration an, velocity vn and displacement dn at time step n are related via finite 

difference equations (Eqs. 2.27 and 2.28). 

 
( )

2

1 11 2 2
2n n n n n
td d tv a a + +


= +  + − +    (2.27) 

 ( )1 11n n n nv v t a a + += +  − +    (2.28) 

where Δt is the time increment, and α, β, and γ are the constants of the time integration 

algorithm. 
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If α = 0, the equation of motion (Eq. 2.25) can be solved in a straightforward manner 

by applying a direct time integration algorithm, such as the Newmark-β method 

(Newmark, 1959), the Wilson-θ method (Wilson, 1968) and the central difference 

method (Hughes, 1983). Such dynamic approaches are generally referred to as 

“dynamic explicit methods” which have been widely investigated and developed in 

the framework of finite element analysis by Belytschko and his colleagues (Belytschko 

et al., 2013). In a direct integration algorithm, there is no iteration in the solution 

process and hence no convergence issue, which makes it extremely advantageous for 

highly nonlinear and unstable systems and problems with discontinuities. However, it 

should be mentioned that due to the lack of iteration, the computational error will 

always accumulate, and the results after a vast number of increments could be quite 

inaccurate. Besides, the explicit method is conditionally stable while the Newton 

method commonly adopted in implicit approaches is unconditionally stable. This leads 

to the fact that the time increment in the explicit method should be sufficiently small 

to secure numerical stability, which makes the number of increments inevitably quite 

large for most problems though some advanced techniques such as mass scaling could 

assist (Belytschko et al., 2013). 

 

If α ≠ 0, the integration scheme is termed as the HHT-α method (Hilber et al., 1977) 

which is also widely used for dynamic problems, and especially suitable for the quasi-

static cases where some discrete local dynamic effects are present, such as the local 

buckling of cylindrical shells and the discrete crack propagation in concrete structures 

(Chen et al., 2015). Such a time integration scheme is implicit, which means the 

operation matrix must be inverted, a set of nonlinear equations must be solved 

iteratively, and convergence issues therefore may arise. Nevertheless, the implicit 

method is unconditionally stable which means that there is no mathematical limit on 

the increment size and the iterations could secure a better accuracy even after a large 

number of increments, which makes the implicit method more favorable than the 
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explicit method. Such a dynamic approach with an implicit time integration algorithm 

will be referred to as a “dynamic implicit method” in this thesis. 

 

For the implementation of a dynamic implicit method in ABAQUS (2012), there are 

three types of applications: namely, the transient fidelity application, the moderate 

dissipation application, and the quasi-static application. For the buckling problems 

investigated in this thesis, the quasi-static application, which is tailored for the 

determination of a final static response, is the most suitable and adopted in this thesis 

with its default numerical settings in ABAQUS (2012). 

2.5 A REVIEW OF ELASTIC BUCKLING AND POST-BUCKLING OF 

CIRCULAR CYLINDRICAL SHELLS UNDER AXIAL COMPRESSION 

2.5.1 Introduction  

The buckling problem of circular cylindrical shells (CCSs) under axial compression is 

the first theoretically solved and also the most extensively explored shell buckling 

problem. The formula of the “classical critical elastic buckling stress” (Eq. 2.9) is 

obtained by Lorenz (1908), Timoshenko (1910) and Southwell (1914) independently 

which is based on the assumptions of a membrane pre-buckling stress state and simple 

support conditions at shell ends. 

 

Early experiments (Wilson and Newmark, 1933; Wilson, 1937; Wilson and Olson, 

1941) however showed that real cylindrical shells buckle at loads significantly below 

(as low as about 10% of) the classical buckling load predicted by the formula (Eq. 2.9). 

Tremendous efforts have been exerted on explaining this remarkable discrepancy. The 

results attribute this discrepancy to the effects of (1) boundary conditions, (2) pre-

buckling deformations, (3) load eccentricities and non-uniformities, and (4) geometric 

imperfections. The initial geometric imperfection is eventually identified as the 

dominating factor leading to the dramatic discrepancy. The following subsections 

review literatures on these effects sequentially. 
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2.5.2 Effect of Boundary Conditions (BCs) 

Early works mainly focused on the mathematical formulation of the stability problem 

and the solutions were basically obtained by assuming simple explicit expressions for 

the buckling displacements under special boundary conditions (e.g., simple support 

and infinite long shell). A membrane pre-buckling stress state was always assumed in 

early analytical work. But the boundary conditions also restrict the deflections near 

shell ends which results in bending stresses and deformations. Such bending effect is 

expected to affect the buckling load to some degree, but an analytical study on the 

boundary condition effect is rather challenging because of the more complicated stress 

states. For this reason, the effects of boundary conditions on the buckling behavior of 

CCSs under axial compression were rarely visited until the 1960s when high-speed 

digital computers and various numerical approaches of buckling problems became 

available. The first studies to the best of the author’s knowledge are by Ohira (1961, 

1964), Fischer (1962, 1963) and Stein (1962, 1964) where the buckling load is shown 

to be reduced up to half of the critical load under the so-called weak boundary 

conditions where all the rotational and circumferential translational degrees of freedom 

are freed at both shell ends. A number of studies (Hoff and Rehfield, 1965; Hoff, 1966a, 

b; Fischer, 1965; Almroth, 1966; Gorman and Evan-Iwanowski, 1970; Yamaki and 

Kodama, 1972) on the effect of boundary conditions later conducted by many 

researcher confirm this finding and showed the load reduction for cases with practical 

boundary conditions such as simply supported and clamped ends is generally within 

15% which should not be the primary reason for the remarkable discrepancy between 

theory and experiment, or for the great scatter in test results. It should be mentioned 

that Hoff and Soong (1967) further proved that for the weak boundary conditions, 

instead of releasing the circumferential translations of all nodes at shell ends, only 

releasing a small fraction of them could lead to an almost identical detrimental effect.  

 

The boundary condition effects on buckling of CCSs subjected to various simple 

loading cases are well summarized in Yamaki’s book (1984). The list of types of 
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boundary conditions is summarized in Table 2.2 relating to the incremental 

displacements upon buckling, which are also adopted in this thesis for discussions on 

the effect of boundary conditions. The symbols “S” and “C” represents simply 

supported and clamped edge conditions, respectively. The displacement components 

are defined in Figure 1.1. The buckling load versus the Batdorf parameter Z (Eq. 2.29) 

relationships for axially compressed CCSs with the eight types of boundary conditions 

are presented in Figure 2.16 which is directly adopted from Yamaki’s book (1984). 

 
2

21 LZ
Rt

= −  (2.29)
 

According to Figure 2.16, the most remarkable phenomenon is that for cases S2 and 

S4 where both the circumferential translation and the edge rotations are free at both 

shell ends, the buckling load could be halved compared with the classical elastic 

critical load, while in other cases, the loads are generally between 0.8 and 0.95 for 

medium length shells. Medium length shells refer to shells of which the critical load 

is independent of shell length. The range of medium length shells for each type of BCs 

is also provided by Yamaki (1984) with reference to the Batdorf parameter as shown 

in Table 2.3.   is the ratio of the critical load and the classical elastic critical load, 

lZ is the lower bound, and uZ  is the upper bound. 

 

For short shell, the critical load in each case varies with the Batdorf parameter Z in 

festoon-shaped curve which indicates changes of number of meridional buckling half-

waves. The curves of all eight cases demonstrate much more pronounced differences 

compared with those of medium length shells (Yamaki, 1984). This implies that BCs 

have more influence on buckling of short shells which can also be comprehended by 

referring to the linear half-wavelength b  (Eq. 2.30) determined by the classical 

bending theory for circular cylindrical shells under small edge rotations (Rotter, 2004).  
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According to the bending theory, for regions at a distance greater than the linear half-

wavelength λb from shell ends, the stress states are almost not affected by the boundary 

conditions. It can therefore be expected that BCs should considerably affect the 

buckling behavior of shells shorter than 2 λb, which corresponds to Z < 23 (Yamaki, 

1984). 

 

For long shells, with the increase in shell length, the wave number diminishes step-

wisely to one (Euler column buckling). When the shell becomes extremely long and 

wave number diminishes to one, Euler column buckling dominates and all eight types 

of BCs reduce to two column types of BCs, namely, simply supported and clamped. 

The critical buckling stress in such cases can be determined following the Euler 

buckling formula as in Eqs. 2.31 and 2.32. 

 C1, C2, S1, S2: ( )222 /E R L = for / 8 /L R R t  (2.31) 

 C3, C4, S3, S4: ( )221 /
2

E R L = for / 4 /L R R t  (2.32) 

Recent research efforts in the US by Hilburger and Starnes (2002, 2004) have also 

investigated the effects of elastic boundary conditions representative of those found in 

laboratory-scale and large-scale cylinders. These studies were conducted to determine 

the effects of as-tested boundary conditions in an effort to improve test and analysis 

correlation. It is found that the elastic boundary conditions primarily affect the 

rotations and radial displacements near the ends of the shell. In most of the limited 

cases studied, the elastic boundary conditions had a minimal effect on the buckling 

load but often significantly changed the overall character of the pre-buckling 

deformation. 

2.5.3 Effect of Pre-buckling Deformation 

Early studies adopted membrane stress state assumptions (no bending) for the benefit 

of simplifying the governing equations and facilitating the algebraic analysis. However, 

this idealized stress state is generally impossible to achieve in real structures due to 



55 

both the Poisson effect and the presence of constraints at shell ends (Brush and 

Almroth, 1975; Rotter, 2004). The edge restraints are expected to impede the Poisson 

expansion of shell under axial compression and cause inevitable bending stresses and 

deformations concentrating in a narrow band near shell ends (boundary layer) (as 

schematically demonstrated in Figure 2.17) characterized by the aforementioned linear 

axial half-wavelength (Eq. 2.30) from the classical bending theory (Rotter, 2004). 

These bending stresses and deformations though localized are still expected to affect 

the buckling loads to certain degrees. Some studies (Stein, 1962; Stein, 1964; Fischer, 

1965; Nachbar and Hoff, 1962; Almroth, 1966) in the 1960s examined this pre-

buckling nonlinear effect and found no more than 20% reduction in the buckling loads 

when considering nonlinear pre-buckling deformation compared with those assuming 

membrane pre-buckling stress state. Yamaki (1984) later presented systematic 

computation studies for CCSs under axial compression considering the pre-buckling 

geometric nonlinearity for a much wider range of geometries under the eight types of 

boundary conditions. The results also demonstrate a mild effect on buckling load. 

Therefore, the effect of pre-buckling deformation is not a primary reason for the large 

discrepancy either. 

2.5.4 Effect of Load Eccentricities and Non-uniformities 

Small unintended load eccentricities generally caused by joint eccentricities between 

different shell segments are commonly found to have minor influence on the buckling 

load ( Esslinger and Geier , 1977; Simitses et al., 1985; Rotter and Teng, 1989; Greiner 

and Yang, 1996; Rotter, 2004). This is because the reduction in buckling load is chiefly 

controlled by dimple-type geometric imperfections. As long as the dimple 

imperfections are not present in the vicinity of the joint eccentricities, such load 

eccentricities will not aggravate the deleterious effect of dimple imperfections (Rotter 

and Teng, 1989). 
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Libai and Durban (1973) reviewed studies on CCSs under non-uniform axial loads 

before the early 1970s. The major findings can be summarized as i) the buckling load 

is trivially influenced by non-uniformly distributed loads described by harmonic terms 

around the circumference; and ii) the buckling load can slightly increase with the 

presence of local loads uniformly distributed over a segment of the circumference and 

this increase can be ignored when the width of the local loads becomes sufficiently 

large (Hoff et al., 1964). The latter observation was further confirmed by later studies 

(Calladine, 1989; Knoedel and Schulz, 1988; Ramm and Buchter, 1991; Knödel and 

Schulz, 1992; Hoist and Rotter, 2001). 

 

The aforementioned studies chiefly investigated the influence of load non-uniformities 

around the circumference, the effect of meridionally varying loads (e.g., self-weight) 

was also examined from the 1960s. Weingarten (1962) reported that after considering 

self-weight the buckling load can reach up to 1.9 times of the corresponding critical 

load under uniform axial compression when the shell becomes extremely short. For 

shells with a practical shell length (medium length), the increase in buckling load is 

generally within 20%. 

 

Non-uniform settlements or uneven supports generally introduced from the shell base 

or the connections between the shell and the accessories can also lead to non-uniform 

axial loads (Esslinger et al, 1977; Malik et al. 1977; Kamyab and Palmer, 1989; Palmer, 

1992, 1994; Holst and Rotter, 2005, 2006). Holst and Rotter’s studies (2005, 2006) 

revealed that the effect of uneven supports was very complicated but not quite serious. 

Błachut (2010) investigated the influence of non-uniform axial length on the load 

carrying capacity of axially compressed steel CCSs using finite element analysis. Such 

problems are generally encountered at the connections between different cylindrical 

segments incurred by the presence of axial gaps between two segments which are in 

the contact. The major finding is that for cylinders with imperfect length under certain 

boundary conditions where the loading end of the shell is totally free from any 

restraints on displacements, the load reduction could be nearly five times more severe 
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than that in commonly investigated cases with eigenmode-affine imperfections where 

the geometric deviations are present in the generator of the cylindrical shell. 

2.5.5 Effect of Initial Geometric Imperfections 

2.5.5.1 A Historical Review 

Initial geometric imperfections are generally unavoidable in real shell structures 

commonly introduced during the fabrication or erection process of the structure in 

either a systematic or random way. They were found to be the most likely factor 

contributing to the large discrepancy between theory and tests as firstly exposed by 

Karman and Tsien (1941) and Koiter (1945). From then on, countless research efforts 

have been exerted on the influence of initial geometric imperfections. The most 

remarkable studies are credited to Karman and Tsien (1941), Koiter (1945), Donnell 

and Wan (1950), Budiansky and Hutchinson (1966) and Yamaki (1984), and (Teng 

and Rotter, 2006).  

 

The pioneering work of Karman and Tsien (1941) on the buckling of perfect CCSs 

under uniform axial compression showed that the initial post-buckling response was 

unstable and was the first to identify the existence of multiple possible post-buckling 

equilibrium paths. It provided the first indications of how initial imperfections in the 

shell geometry could possibly cause the large reductions in the buckling load as 

observed in experiments. In 1950, Donnell and Wan (1950) extended this work to 

include the effects of initial geometric imperfections in the analysis. Their results 

showed that the imperfections in the cylinder act as a perturbation and cause the 

response to deviate from that of the idealized perfect cylinder. The initial imperfection 

form in this work is however not a particular shape. Instead, the initial deviation was 

assumed to be in the form of the constantly changing displacement mode. 

 

Almost around the same time as Karman and Tsien (1941), Koiter’s asymptotic theory 

(1945) was developed in his doctoral thesis and applied to circular cylinders loaded in 
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uniform axial compression and provided rigorous mathematical proof of the extreme 

imperfection sensitivity. However, this work went relatively unknown until 1967 when 

it was translated from Dutch into English. The general stability theory proposed in 

Koiter’s thesis (1945) deals with the neighboring states of equilibrium upon buckling 

and exposes the initial post-buckling behavior of elastic systems under static 

conservative loads. The stability of equilibrium at buckling is judged using energy 

criterion. By expanding the potential energy into series expressions, the initial post-

buckling behavior is asymptotically analyzed, and three types of bifurcation points are 

defined, namely asymmetric, unstable symmetric and stable symmetric ones. For each 

type of bifurcation point, the imperfection sensitivity is further examined by assuming 

initial geometric imperfections in the form of axisymmetric critical buckling 

eigenmode of the perfect shell. It was claimed that if the initial post-buckling branch 

possesses a positive slope which implies a stable initial post-buckling behavior, the 

structure will be mildly sensitive to the initial geometric imperfection, while if it 

manifests a descending trend (i.e., a negative slope), the structure will be extremely 

sensitive to the initial geometric imperfections. 

 

In the early 1960s, Koiter’s theory attracted a lot of attentions from the US and the UK. 

In the US, Budiansky and Hutchinson re-organized this theory to make it suitable for 

elastic continua, that is the Koiter-Budiansky theory (Hutchinson and Koiter, 1970; 

Budiansky, 1974). They further employed Koiter-Budiansky theory to conduct a series 

of investigations on the initial post-buckling behavior and imperfection sensitivity of 

a variety of shell structures by assuming a linear pre-buckling stress state (Budiansky 

and Amazigo, 1968; Hutchinson and Amazigo, 1967; Hutchinson, 1968) and by 

accounting for the pre-buckling geometric nonlinearity (Hutchinson et al., 1971; 

Budiansky and Hutchinson, 1972; Amazigo and Budiansky, 1972).  

 

In the UK, another general theory of elastic stability was initiated by Thompson in 

terms of generalized coordinates for the discrete elastic system (Thompson and Hunt, 

1973). Yamaki (1984) employed the Koiter-Budiansky initial post-buckling theory to 
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study the initial post-buckling behavior and imperfection sensitivity of CCSs. The 

imperfections introduced are in the shape of the non-axisymmetric buckling mode. The 

Donnell equations were adopted and solved using the Galerkin method. The 

perturbation approach was performed to obtain asymptotic results and more accurate 

results are also obtained to justify the range of validity of the asymptotic solutions by 

using the direct nonlinear analyses with the post-buckling deflection of the perfect 

cylinders as the initial geometric imperfection. All results are compared with those by 

Koiter (1945, 1963) assuming the axisymmetric buckling mode as the imperfection. It 

was demonstrated that the axisymmetric buckling mode-affine imperfection exerted 

the most significant degrading effect on the critical load among all types of 

imperfections examined.  

 

By considering the state of stress in the system before buckling, Rotter (2016b) 

concluded that the significant sensitivity to geometric imperfection demonstrated by 

cylinder systems under the classical load cases of uniform axial compression and, to a 

lesser extent, external pressure and torsion (Fig. 2.16), is due to the fact that their pre-

buckling behaviour is strictly dominated by uniform membrane actions. Rotter (2004) 

however advised that this sensitivity to initial geometric imperfections depends largely 

on the form and amplitude of geometric imperfections, as well as the loading and the 

length of the structure. 

 

Some sophisticated experimental studies (Babcock and Sechler, 1963; Tennyson, 1963; 

Almroth et al., 1964; Horton and Durham, 1965) were also conducted which 

demonstrated the detrimental effect of the initial geometric imperfections on the 

buckling loads. Tennyson (1976) conducted experimental studies to investigate the 

influence of imperfection shapes on the buckling of CCSs under axial compression. 

Arbocz et al. (Arbocz and Babcock, 1976; Arbocz and Williams, 1977; Arbocz, 1981) 

and Singer (1980) performed buckling experiments with the emphasis on the 

imperfection measurements and buckling predictions for CCSs. These efforts were 

further expanded by collecting the data of vast surveys on the initial imperfections of 
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full scale structures and eventually contributed to the so-called “imperfection data 

bank” (Arbocz, 1982) which is established to provide designers a better tool in 

obtaining realistic buckling loads of CCSs on the basis of the actual manufacturing 

process adopted. Experimental results of the critical load of CCSs under compression 

generally scatter widely showing a great discrepancy between theory and experiment 

which is attributed to the extremely high imperfection sensitivity as revealed in 

Yamaki’s work (1984). Esslinger and Geier (1972) proposed the so-called “Karman’s 

load” as the lower limit of the critical load under compression, which is no less than 

50% of the classical buckling load when Z>200. 

 

Although tremendous efforts have been made on the theoretical investigation of 

imperfection effect, the practical design however benefits very limited from the 

theoretical findings in the last century. The early design codes were generally based 

on empirical “knockdown” factors acting as a lower bound to test data which 

accounted for all the detrimental physical mechanisms into one single parameter (e.g., 

NASA SP-8007). This factor showed no connection to the form and amplitude of the 

initial geometric imperfections and therefore could not give any credit to the 

improvement in the quality of fabrication, especially for modern shell structures where 

the fabrication and construction process have been much improved compared with 

those back in the 1960s. 

 

With the significant advance in the development of digital computers, numerical 

approaches have been more and more extensively adopted in studies on shell buckling 

problems compared with the analytical methods widely employed in the last century 

especially before the 1960s. The state-of-the-art European Standard on the Strength 

and Stability of Metal Shells: EN 1993-1-6 (2007) firstly presented two complete 

computer-aided design procedures which involved the implementation of numerical 

analysis in the design of metal shells. These two approaches were documented under 

the generic title of ‘design by global numerical analysis’ which innovatively 

introduced different qualities of fabrication to reflect the effect of geometric 
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imperfections on the buckling load according to certain elaborately defined tolerances 

to in-situ measurements (Rotter and Schmidt, 2013). The European Standard ENV 

1993-1-6 (1999) and the latest EN 1993-1-6 (2007) also presented the first attempt in 

relating the load carrying capacity to the amplitudes of the measured imperfections. 

Practical protocols of the imperfection measurements are also documented in this 

standard. However, the computer-aided methodologies still pose major challenges to 

many practitioners who may not have enough experience on numerical analysis or do 

not have the necessary software to perform the intricated nonlinear finite element 

analysis.  

 

A much more recent proposal by Rotter termed as Reference Resistance Design (RRD) 

(Rotter, 2016a,b, 2017a, EN 1993-1-6/A1, 2017) makes a further step toward a more 

user-friendly design approach for shell structures. This framework permits designers 

to fully exploit the advantages of numerical analyses without recourse to the rather 

complicated computational simulations. As introduced in Section 2.4.2, this 

framework clearly provides the researchers a straightforward approach to exploit their 

research outcomes efficiently and practically from computation analysis. For each type 

of problems, computational studies are chiefly conducted to obtain all the required 

parameters in RRD and eventually to construct a capacity curve which can be easily 

used by designers in hand calculation (Wang et al., 2020). All these efforts made 

within the last 40 years make the computational results more interpretable and useful 

in developing hand calculation design process. Such efforts will also make 

computational driven study feasible to replace the dominating role of experiments 

which are rather costly in terms of labor and time in guiding engineering applications.   

 

All the aforementioned efforts on the development of a safe, robust and economic 

design approach which can take the detrimental effect of the initial geometric 

imperfections into consideration are well classified into four directions as suggested 

by Teng and Rotter (2006): i) to find a simple envelope / lower bound based on 

available test results which is also referred to as the Lower Bound Design Philosophy 
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(Arbocz, 1982); ii) to identify the worst imperfection shape for a specific problem; iii) 

to derive a theoretical lower bound which is independent of the shape and magnitude 

of imperfections; iv) to use generalized approximations of measured imperfections in 

real structure. The following sections will review the literatures in connection with the 

effect of initial geometric imperfections in the four different directions sequentially. 

2.5.5.2 A review of studies in line with Lower Bound Design Philosophy 

The attempts on find a lower bound on the basis of experiments starts from the work 

of Robertson (1928), followed by a quantity of studies (Wilson and Newmark, 1933; 

Donnell, 1934; Morgan et al., 1965; Timoshenko and Gere, 1961; Harris et al., 1957; 

Hoff and Soong, 1967; Almroth et al., 1970; Steinhardt, O. and Schulz, V., 1971; 

Bornscheuer, 1982). The disadvantages of this approach include: 1) some of the tests 

are affected by plasticity, poor loading apparatus, and poor quality of specimens which 

are far below the quality of current manufacture (Rotter, 2004); 2) this method has 

nothing to do with the shape and magnitude of imperfections which makes it 

impossible to relate imperfection tolerance measurements to buckling strengths (Rotter, 

2004, 2017); 3) the fabrication of shells in a laboratory is generally different from that 

implemented in practical applications on full-scale structures, which makes the 

imperfections found in laboratory models substantially different from those in real 

structures (Rotter, 2017); 4) The loading and boundary conditions are almost 

impossible to be reproduced in laboratory experiments (Rotter, 2004). Despite all these 

disadvantages, many standards are still based on such empirical lower bounds. 

 

Nowadays, these knockdown factors seem to be way too conservative, and some 

further improvements need to be conducted. By using modern finite element analysis 

(FEA) software packages such as ABAQUS, ANSYS etc., if the geometry, boundary 

conditions and imperfections are modelled accurately, the buckling load can be 

obtained with sufficient accuracy. Also, in practical applications today, most shell 

structures are stiffened and are no longer as imperfection sensitive as unstiffened 
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monocoque cylinders. The precision in manufacturing and quality of construction 

material are also improved significantly. It is therefore reasonable to doubt the 

applicability and rationality of the knockdown proposed by considering experimental 

data from the old days. In the US, NASA is aware of this issue and now developing a 

rational approach led by M.W. Hillburger (2018) involving three major components: 

 

1) Measuring of imperfections of shell and relate them with the manufacturing 

process; 

2) Input these measured imperfections into computer codes and compute the 

buckling load; 

3) Testing shell to validate the prediction. 

 

In the UK, Rotter, Schmidt, Greiner, and colleagues exerted numerous efforts in 

finding a rational, robust and easy-to-use design protocol to estimate the shell strength 

from computer-aided analysis. ECCS EDR2 (1983) presented the first attempt in 

relating the buckling strength to measured imperfection sizes where measuring sticks 

which take the length associated with the expected buckling wavelength were devised 

for the imperfection measurements. Rotter (1985) later showed that the results with 

stick measurements according to ECCS EDR2 agreed moderately well with those from 

Koiter’s work (1945) in terms of the imperfection sensitivity curve for axially 

compressed CCSs. Rotter (1985) further proposed the concept of three qualities of 

fabrication, the values of which are directly related to the tolerance limits of stick 

measurements. This concept was then employed by the first draft of the Eurocode ENV 

1993-1-6 (1999), now continues to serve in the latest version EN 1993-1-6:2007 + A1 

(2017) and has also been adopted by some other standards and design 

recommendations such as EN 10210-2 (2019), EN 10219-2 (2019), EN 1090-2 (2008), 

ECCS EDR5 (2013) and the Reference Resistance Design (RRD) framework proposed 

by Rotter (2016a,b, 2017a).  
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2.5.5.3 A review of studies on identifying the worst imperfection pattern 

The most widely used interpretation of this concept is that an imperfection in the form 

of critical buckling eigenmode of the perfect shell is close to the theoretically ‘worst 

form’ which was first proposed by Koiter (1945), later employed by many other 

researchers (Amazigo, 1969; Muggeridge and Tennyson, 1969; Hutchinson and Koiter, 

1970; Amazigo and Budiansky, 1972; Deml and Wunderlich, 1997; Teng and Song, 

2001) and now acts as the default form of initial geometric imperfections as prescribed 

in the European Standard EN 1993-1-6 (2007) for shell of any geometry and loading 

conditions when there is a lack of information of the realistic imperfection form. Hoff 

et al. (Dym and Hoff, 1968; Narasimhan and Hoff, 1971), Hutchinson et al. (1971), 

and Arbocz, Babcock and others (Árbocz and Babcock, 1969; Bhatia and Babcock, 

1974; Arbocz and Sechler, 1974; Hansen, 1975) determined critical loads of axially 

compressed CCSs with some special imperfections and showed that these imperfection 

forms are not as damaging as the axisymmetric buckling mode-affine one. However, 

it should also be mentioned that sometimes the linear eigenmode-affine imperfections 

give much higher strengths than the worst possible mode (Schneider et al., 2001). 

 

One major disadvantage of this method is that the worst imperfection shape identified 

may not be possible to exist in as-built structures (e.g., torsional buckling). 

Additionally, the introduction of an eigenmode-affine imperfection could lead to a 

significant reduction in structural stiffness at the pre-buckling stage which is not 

observed in actual tests. (Arbocz, 1974) 

 

Furthermore, in order to successfully adopt the worst imperfection into design, the 

amplitudes of imperfections need to be related to the measured magnitudes of real 

imperfections. The most serious of all, as for the imperfection amplitude measured 

from real structure, the identified “worst” imperfection pattern may not be the real 

worst-case scenario at this specific imperfection amplitude (Teng and Rotter, 2006). 
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For instance, it has been long known that a deeper imperfection does not necessarily 

cause a larger load reduction as illustrated in Figure 2.18.  

 

It can be observed from Figure 2.18 that with the increase in imperfection size for this 

specific case, the buckling phenomenon (e.g., limit point and bifurcation point) will 

disappear and instead the structure will smoothly deform from the “pre-buckling” 

stage to the “post-buckling” stage. If the buckling load is chosen as the point of 

inflection in the load-displacement curve as suggested by Yamaki (1984), it can be 

inferred that with deeper imperfections, the buckling strength could eventually 

increase instead of monotonically decreasing (Sadowski and Rotter, 2011; Rotter, 

2017). This phenomenon is explained by Rotter (2011) as a consequence of the 

influence of boundary conditions. With the increase in imperfection size, the stiffness 

of the shell structure becomes further deteriorated and the restraint by the edge 

conditions become more and more pronounced which eventually postpones the 

occurrence of buckling phenomenon and increases the strength of the shell against 

buckling (Rotter, 2011; Fajuyitan and Sadowski, 2018). Schneider et al. (2005) were 

also aware of such imperfection-amplitude dependent feature and claimed that the 

“worst” imperfection form did not exist for shell structure while there existed several 

unfavorable imperfection patterns in connection with the imperfection amplitude. 

They proposed the so-called quasi-collapse-affine imperfection patterns aiming to 

approximate the “worst” imperfection form for a given imperfection amplitude. 

 

Last but not the least, the worst imperfection shape and amplitude may depend on both 

the exact loading cases and boundary conditions which makes it an onerous task to be 

determined for each problem and limits its range of applicability. (Yamaki, 1984; 

Greiner and Derler, 1995; Rotter, 2011). For instance, the detrimental imperfection 

form determined for axially compressed CCSs may not affect the buckling load of 

CCSs under external pressure much (Rotter and Schmidt, 2013). 
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2.5.5.4 A review of studies on the development of theoretical lower bounds on strength 

Esslinger and Geier (1976), Croll (1984), Croll and Ellinas (1985) and Yamada and 

Croll (1999) attempted to find theoretical lower bounds. This could free designers from 

concerns about the form and amplitude of imperfections. But this will give no reward 

to good quality constructions because it has addressed the worst of all possible 

imperfections. This approach is also difficult to be generalized to complicated loading 

cases. The lower bound found should be verified against test results while the test 

results as mentioned before cannot reflect the imperfections formed in full scale 

construction. 

 

An improved variant on this method is the stochastic reliability assessment based on 

the ideas of Amazigo (1969, 1976) and extended by Elishakoff (1998). The challenge 

faced by this method is to figure out a rational approach to relate the strength 

assessments to tolerance measurements in full-scale construction. 

2.5.5.5 A review of studies on defining realistic imperfection patterns 

A search for the realistic imperfection patterns seems to be a rational and intuitive way 

in examining the effect of geometric imperfections. It is however an extremely 

challenging task as well because the aim is not only finding the highly detrimental 

imperfection form but also effectively relating the imperfection to the manufacturing 

process a priori and to the measured data of the real structure. By using generalized 

approximations of measured imperfections in real structure, tolerance measurements 

can be directly defined. It was probably first proposed by Arbocz (1974) who 

conducted extensive measurements of imperfections in aerospace engineering shells 

(Arbocz and Babcock, 1976) to derive key conclusions for shell design. 

 

In the field of aeronautic engineering, efforts have been made to acquire complete 

surveys of actual shell geometries and characterize initial geometric imperfections. 

These efforts first began in the late 1960’s by Arbocz and Babcock. Investigations 
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were then carried out using these measured imperfections (Babcock, 1974; Haynie and 

Hilburger, 2010), to determine the critical role imperfection plays in the buckling of 

cylinders loaded in axial compression. This work was expanded to acquire complete 

imperfection surveys of full-scale cylindrical shells manufactured by the aerospace 

industry (Arbocz and Williams, 1977). The goal was to collect data from these 

imperfection surveys into an imperfection data bank that would allow future designers 

to more accurately predict buckling loads based on the manufacturing method used to 

build the shell structure (Arbocz, 1982). Their work revealed a number of common 

characteristics of the imperfection associated with a particular manufacturing process 

in the field of aeronautic engineering, later referred to as an imperfection signature. 

Such statistical methods based on measurements of a large number of real shell 

structures are however found to be very challenging to obtain reliable design rules for 

civil engineering shell structures. (Rotter and Schmidt, 2013) 

 

Imperfection surveys of full-scale civil engineering shells are relatively recent 

compared those in the aerospace industry. The patterns of geometric imperfections 

found in civil engineering shells were however found to be considerably different from 

those found in aerospace industry which should be attributed to the difference in both 

the manufacturing process and the structure scales (Rotter et al., 1992; Sadowski et al., 

2015). This makes the independent surveys on the geometric imperfections of civil 

engineering shells meaningful and indispensable. Clarke and Rotter (1988) may be the 

first to present a geometric imperfection survey on the typical civil engineering shell 

structures, cylindrical steel silos and tanks followed by extensive surveys conducted 

by Coleman et al. (1992), Ding (1992), Ding et al. (1996a, 1996b), Berry et al. (1997, 

1999, 2000), Pircher et al. (2001) and Teng et al. (2005). These surveys showed that 

unlike the asymmetric imperfection patterns commonly found in aerospace and 

laboratory constructed shells (Arbocz and Babcock, 1969; Arbocz and Williams, 

1977), the imperfection patterns in civil engineering shells were generally dominated 

by axisymmetric weld depressions formed during the welding and cooling process 

when connecting different shell segments. Hutchinson et al. (1971) early showed that 
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axisymmetric dimple imperfections could drastically reduce the buckling loads of 

axially compressed CCSs though not as severe as the axisymmetric critical buckling 

mode. The axisymmetric weld depression (WD) imperfections therefore attracted a lot 

of research attentions and were widely adopted in studies on civil engineering shells. 

 

The local axisymmetric imperfections associated with fabricated welded joints widely 

used in civil engineering were first studied by Bornscheuer and Hafner (1983). The 

first systematic study of the axisymmetric weld depression was produced by Rotter 

and Teng (1989) followed by a range of later studies on various problems using such 

weld depression imperfections (Teng and Rotter, 1992; Rotter and Zhang, 1990; 

Knoedel et al., 1995; Knödel and Ummenhofer, 1996; Rotter, 1996, 1997, Berry et al., 

1997; Berry et al., 2000; Holst et al., 2000; Schmidt and Winterstetter, 2001; Pircher 

et al., 2001). A more sophisticated approach was later devised and used by Pircher et 

al. (2000) to obtain residual stresses and shrinkage deformations which is based on the 

actual temperature history of welding process. But this method indeed depends on 

reliable temperature information during the welding process which is not always 

available. Rotter (1996), Holst et al. (1999, 2000) and Pircher and Bridge (2001) 

adopted a shrinkage strain approach which imposes an assumed initial constant 

shrinkage strain field (Figure 2.19) to the center of weld which can eventually provide 

the residual stresses and depressions. However, the constant strain block assumed 

leads to abrupt changes at the edges of the block which requires very finely meshed 

elements to be used around such regions and in turn demands high cost of computation 

power. In 2006, Hübner et al. (2006) proposed a new artificial weld depression 

approach using the so-called “trapezoidal strain field approach” which successfully 

addresses the issue in the shrinkage strain approach whilst keeping its simplicity 

without leaning on the temperature history for help. This approach adopts a trapezoidal 

strain block at the center of weld as shown in Figure 2.19. This gives the strain field a 

much smoother change and requires relatively coarser mesh compared with the 

shrinkage strain approach. Hübner et al. justified the validity of this new approach by 
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presenting a close agreement between the simulation predicted buckling loads and 

those predicted by the European code for steel shell structures (ENV 1993-1-6, 1999). 

 

Further studies on finding systematical imperfection patterns were conducted in recent 

years such as the study using careful laser surveys and characterizing the measured 

imperfection forms with 1D and 2D harmonic analyses and curve fitting techniques 

(Sadowski et al., 2015) and the proposal of “quasi-collapse-affine” imperfection 

patterns by Schneider et al., 2005 and Gettel and Schneider, 2007. 

 

All the aforementioned imperfection forms are reasonable candidates for the 

imperfection pattern used in design process but none of them has been acknowledged 

to be capable of universal application (Rotter and Schmidt, 2013). It is claimed by the 

ECCS EDR5 (Rotter and Schmidt, 2013) that though the equivalent imperfections 

chosen for the design concern cannot be precisely identical to the measured form of a 

real shell structure after fabrication and erection, the imperfections should 

appropriately be related to the in-situ measurements through certain regulations on the 

deviation tolerances such as the regulations prescribed in EN 1993-1-6 (2007). To 

determine an appropriate geometric imperfection, both the shape and the amplitude 

need to be carefully chosen. Identifying appropriate imperfection form and amplitude 

for the design consideration is however still a formidable challenge to researchers and 

more efforts are still needed.  

2.5.5.6 Length effect on the imperfection sensitivity 

According to the knowledge of the length effect and boundary condition effect on the 

buckling load of CCSs under axial compression as shown in Section 2.5.2, it is 

reasonable to expect that the effect of geometric imperfections could also be dependent 

on the shell geometry and boundary conditions. Rotter and Al-Lawati (2016) arguably 

were the first to conduct systematic computational studies to examine the influence of 

shell length on the sensitivity of axially compressed CCSs to the weld depression 
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imperfection. The ‘Type A’ weld depression proposed by Rotter and Teng (1989) was 

adopted in their study. The S3 type boundary conditions (Yamaki, 1984) defined in 

Table 2.2 are assumed at both shell ends. The results (Figure 2.20) of the relationship 

between the normalized buckling stress, defined as the ratio of the computed buckling 

stress and the classical critical buckling stress, and the dimensionless length 

parameters ω and Ω defined as in Eq. 2.33 show that the imperfection sensitivity of 

axially compressed CCSs indeed depends on the shell length, and shorter medium 

length CCSs manifest the most severe imperfection sensitivity. 

 L
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 = ,  L t
R R
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where L is the shell length, t is the shell wall thickness and R is the radius of the circular 

cross section with respect to the mid-surface. 

 

It can also be inferred that for the cases dominated by the Euler buckling mode, with 

the presence of deeper weld depression imperfections, the dominating buckling mode 

may alter to the local buckling mode which dominates the medium length shells as 

long as the buckling loads in such cases are smaller than the corresponding Euler 

buckling loads. This length dependence of the imperfection sensitivity has not yet been 

included in the current Eurocode EN 1993-1-6:2007 + A1 (2017). Further efforts are 

still needed on such length effect together with the boundary condition effect on the 

imperfection sensitivity and on how to rationally take these effects into design 

consideration.   

2.6 A REVIEW OF ELASTIC BUCKLING AND POST-BUCKLING OF 

CIRCULAR CYLINDRICAL SHELLS UNDER TORSION 

2.6.1 Introduction 

Thin cylindrical shells in civil engineering applications are often subjected to 

membrane shear stresses, mostly in connection with a transverse loading and overall 

bending. The most widely adopted approach for the design of such structures against 
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loss of structural stability is to check the maximum values of shear stresses against 

design values deduced from investigations on cylinders under pure torsion. Torsion is 

one of the fundamental loading cases leading to buckling-relevant membrane stresses 

in cylindrical shells: that is, axial compression, external pressure, and torsion. 

Buckling under torsion is therefore the subject of numerous experimental and 

theoretical studies.  

 

In a circular cylindrical shell with uniform wall thickness, torsional load gives rise to 

a membrane shear stress pre-buckling state with a constant magnitude which can be 

computed by using the Bredt’s formula (Eq. 2.34). 
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The shear stresses according to the fundamental knowledge from continuum 

mechanics are equivalent to inclined principal tensile and compressive stresses as 

shown in Figure 2.21. 

 

These inclined compressive stresses therefore are responsible for the buckling 

phenomenon of CCSs under torsion, which not surprisingly bring about helical 

buckling waves. 

2.6.2 Elastic Buckling of CCSs under Torsion 

Theoretical torsional buckling loads are much more difficult to obtain as there are no 

simple trigonometric shape functions suitable for such conditions. First approximate 

solutions were provided by Schwerin (1925) and Donnell (1933). In Donnell’s work, 

experimental results from Lundquist (1932), Bollenrath (1931), Gough and Cox (1932) 

and Sezawa and Kuba (1931) are summarized together with some supplemental test 

results from himself. The formulation of simplified differential equations for CCSs is 
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derived which is then widely applied in numerous research studies and commonly 

referred to as the Donnell theory or the shallow shell theory. Formulas are proposed in 

this work for the prediction of critical buckling loads of CCSs under torsion though 

considerable discrepancy between the prediction and test results exists.  

 

More accurate solutions were later obtained by Timoshenko and Gere (1936), Kromm 

(1942), Batdorf (1947) and Flugge (1973). Batdorf (1947) simplified Donnell’s 

formulation and computed the critical loads of CCSs under torsion for a wide range of 

geometries. The results were found to be slightly improved compared with those from 

Donnell’s theory. But the discrepancy between this theory and experimental results 

still persisted. A detailed and systematic study on elastic torsional buckling of CCSs 

is presented by Yamaki (1984) where the effect of boundary conditions is carefully 

examined. The normalized critical torsional buckling stress ks was found to be almost 

proportional to 0.75Z  when Z > 50 as shown in Eq. 2.35 where Z is the Batdorf 

parameter defined in Eq. 2.29. 
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The relationship between the parameter as and the Batdorf parameter Z for CCSs under 

torsion with different types of boundary conditions is presented in Figure 2.22. It is 

found that (a) the parameter as is almost constant when Z>104, and (b) for relatively 

long shells, cases with axial restraints boast a slightly higher torsional load than those 

without axial restraints (the relative difference is about 9%). 

 

A much clearer picture about the length effect on the linear buckling loads of CCSs 

under torsion with the S3-type boundary conditions is provided in Teng and Rotter’s 

book (2006) as shown in Figure 2.23 which is reproduced from the results of Lindner 
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et al.’s work (1998). The full range buckling behavior is summarized as: (a) for very 

short cylinders, the buckling behavior is similar to plate strips under shear loading 

while (b) for very long cylinders, the buckling mode is featured by two circumferential 

helical waves which is chiefly induced by helical ovalisation and should be trivially 

affected by the boundary conditions (Teng and Rotter, 2006). 

2.6.3 Elastic Post-buckling of CCSs under Torsion 

The post-buckling of CCSs under torsion was analytically approached by Loo (1954), 

Nash (1957), and Hayashi and Hirano (1964), but the results are in poor agreement 

with experimental findings by Nash (1959), Weingarten (1962), and Yamaki (1984). 

Nash (1959) found that when adopting eigenmode-affine imperfections in similar 

magnitudes as experimental measurements, critical buckling loads of CCSs under 

torsion obtained using theories of Loo (1954) and Nash (1957) can be much closer to 

the experimental results. The initial post-buckling behavior and the imperfection 

sensitivity of CCSs under torsion was examined by Budiansky (1967) by adopting 

Koiter-Budiansky initial post-buckling theory. The buckling mode-affine 

imperfections were assumed and examined in this study. It was found that with a 

careful fabrication (say, the maximum amplitude of the initial geometric imperfection 

is smaller than half of the shell thickness), the load reduction rarely exceeds 30% of 

the theoretical prediction which indicates a less severe imperfection sensitivity toward 

geometric imperfections compared with the cases under uniform axial compression. 

 

More accurate and thorough investigations on this topic were performed by Yamaki 

and Matsuda (1976), Yamaki (1976) and Yamaki et al. (1978) by conducting both 

experimental and numerical studies. The results are well summarized in Yamaki’s 

classical book (1984). The imperfection sensitivity analysis in Yamaki’s book (1984) 

also adopted the eigenmode-affine imperfections as in Budiansky’s work (1967). The 

results compared reasonably well between Yamaki’s and Budiansky’s studies, though 

slight difference could be observed as well. Yamaki (1984) attributed this small 
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discrepancy to the difference in Poisson’s ratio employed. Yamaki (1984) also 

compared the experimental results with the theoretical prediction which shows the 

experimental ones are generally with 65% of the corresponding theoretical predictions. 

This experimental finding agrees satisfactorily with the studies on imperfection 

sensitivity by Budiansky (1967) and Yamaki (1984) and indicates a mild imperfection 

sensitivity of CCSs under torsion. 

2.7 A LITERATURE REVIEW OF STUDIES ON THE BUCKLING AND 

POST-BUCKLING OF ELLIPTICAL CYLINDRICAL SHELLS 

2.7.1 Introduction 

Elliptical cylindrical shells are unlike circular cylindrical shells in that they are not 

shells of revolution. This leads to much more complicated partial differential 

governing equations and difficulties in obtaining closed-form solutions. Even when 

calculating the perimeter of an ellipse, elliptic integrals are unavoidable and closed-

form solutions are unattainable. This fact contributes to the far less research efforts on 

the buckling of ECSs compared with those of CCSs.  

2.7.2 A Historical Review of Studies on the Buckling and Post-buckling of ECSs 

2.7.2.1 A review of early studies on buckling behavior of ECSs 

The first study on the mechanical properties of ECSs, to the best of the author’s 

knowledge, can be traced back to 1937, when the stability of infinitely long orthotropic 

elliptic cylinders under pure bending about either major or minor axis was investigated 

by Heck (1937). After this initial effort, Howland (1939) examined the strength of 

thin-walled ECSs supported at the minor axis as a PhD topic. It was found in this thesis 

that when subjected to bending and shearing loads for ECSs supported at the minor 

axis, the strength is primarily governed by the bending strength unless the shear load 

is quite large with respect to the moment. With the increase of eccentricity, the bending 

and shear strength decrease. When sustaining torsional loads, it was unveiled that the 
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buckling stress reduces with the increase of the aspect ratio of the ellipse while the 

reduction in failure stress is not as significant. In the later decades, however, the 

subject of ECSs was rarely visited until 1951, when Marguerre (1951) studied the 

stability of a number of oval cylindrical shells (OCSs) which are specialized by the 

varying curvature along the circumferential direction quantified by a series of 

functions for curvature represented by a few Fourier terms as shown in Eq. 2.36. ECSs 

are therefore a subclass of OCSs under such a generic definition. 
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where 1/ r  is the curvature, 1/ or is the arithmetic mean of the curvature, *r is the 

number of Fourier polynomial terms 

 

Marguerre (1951) chiefly studied oval cylindrical shells with only the first two terms 

of the Fourier series kept, which makes the cross-sectional shapes slightly different 

from ellipse, under loading cases such as axial compression, shear, and the 

combination of them. For the axial compression cases, the maximum deflection of the 

buckled shape is found to be near the point of minimum curvature where the deflection 

is exactly zero. The buckled shape is anti-symmetric about the minor axis. Around the 

1960s, elastic buckling and post-buckling behavior of Oval Cylindrical Shells (OCSs) 

were intensively examined by a number of researchers (Romano and Kempner, 1962; 

Kempner and Chen, 1966b; Hutchinson, 1968; Jenkins and Yao, 1970; Almroth et al., 

1971; Chen et al., 1971; Feinstein et al., 1971; Tennyson et al., 1971; Kempner and 

Chen, 1969). Kempner (1962) investigated the buckling behavior of the OCSs adopted 

from Marguerre’s work (1951) using a different deflection function to Marguerre 

(1951) and found that one OCS could be much weaker than the corresponding CCS 

with identical wall thickness and circumference. It was also suggested that by 

replacing the radius in the classical formula (Eq. 2.9) for CCSs with the maximum 

radius of curvature of OCSs, a lower bound of the critical buckling stresses of OCSs 

could be obtained. Kempner (1962) also examined the buckled shapes of the OCSs 
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which also kept only the first two terms of the Fourier series (Eq. 2.36) and found that 

the buckling waves localize at the flat region around the minimum curvature in a 

symmetric fashion about the minor axis instead of the anti-symmetric shape found by 

Marguerre (1951). Later studies (Hutchinson, 1968; Ruiz-Teran and Gardner, 2008; 

Silvestre, 2008) including this work confirmed Kempner (1962)’s finding about the 

critical buckling shape. 

2.7.2.2 A review of early studies on post-buckling behavior of ECSs 

By the 1950s, the post-buckling behavior of CCSs has already been well known. The 

post-buckling equilibrium path of perfect CCSs in compression was found to drop 

steeply downwards from the bifurcation point and this steep drop makes them 

extremely sensitive to geometric imperfections. More than sixty percent of reduction 

in critical buckling loads could happen simply due to slight geometric imperfections. 

These results were well understood at that time and in good agreement with 

experiments. The understanding of post-buckling behavior of axially compressed 

ECSs remained completely unexplored until the 1960s. The post-buckling behavior of 

OCSs under compression is first investigated by Kempner and Chen (1966a, 1966b). 

These studies mainly focused on the “far” post-buckling region. The results showed 

that for OCSs with aspect ratios close to one, the post-buckling behavior was akin to 

those of CCSs with a sudden drop displaying unstable features, while with the increase 

in aspect ratio, the post-buckling behavior became more or less ‘plate-like’ with a 

stable post-buckling equilibrium path, and higher ultimate loads compared with the 

initial buckling loads could be attained in many cases. This was also confirmed many 

years later in Silvestre and Gardner’s (2011) study. 

 

Prompted by Kempner and Chen’s (1966a, 1966b) interesting investigations, in order 

to complement their work and reveal the behavior in the initial post-buckling region, 

Hutchinson (1968) studied the buckling and initial post-buckling behavior of ECSs 

which are geometrically similar to those OCSs used in Kempner and Chen’s papers 
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(1966a, 1966b). Hutchinson’s work (1968) is the first study found in literature for the 

buckling and post-buckling behavior of axially compressed ECSs. Hutchinson pointed 

out that all OCSs and ECSs were imperfection sensitive which contradicts Kempner 

and Chen (1966a, 1966b)’s assertion that OCSs are almost insensitive to imperfections 

when the aspect ratio of the cross section becomes adequately large. Hutchinson 

attributed this contradiction to the fact that solution scheme adopted by Kempner and 

Chen (1966a, 1966b) is not accurate for the initial post-buckling regime.  

 

Later on, Kempner and Chen (1969) further extended their scheme to the initial post-

buckling region and showed that as conjectured in their previous work (Kempner and 

Chen, 1966a; 1966b), OCSs with sufficiently high eccentricities will be far less 

sensitive to initial imperfections. They also found for OCSs with moderate to high 

eccentricities, the maximum post-buckling load may exceed the classical buckling load, 

which agreed well with the test results and was later confirmed by Almroth et al. 

(1971), Feinstein et al. (1971), Tennyson et al. (1971), and Silvestre and Gardner 

(2011). They therefore claimed that Hutchinson’s study is applicable to OCSs with 

small eccentricity, but not applicable to those with moderate to large eccentricities, for 

which the maximum post-buckling load in the “far” post-buckling region is more 

meaningful.  

 

In 1971, Tennyson et al. (1971) performed a series of experiments to investigate the 

buckling and post-buckling behavior of axially compressed imperfect ECSs with 

aspect ratios ranging from 1 to 2. The imperfections were artificially introduced in the 

form of a sine wave along the longitudinal direction. The results confirmed 

Hutchinson’s conclusion that all ECSs were imperfection sensitive. Their results also 

confirmed Kempner and Chen’s findings (1969) on the attainment of higher post-

buckling load than the critical buckling load for ECSs with relatively large 

eccentricities. However, when the elastic-plastic material law is included, this 

conclusion may not hold found by Tvergaard (1976). Tvergaard (1976) showed that 

the development of plastic region noticeably reduces the load carrying capacity in the 
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post-buckling range, and OCSs with relatively large eccentricities were moderately 

imperfection sensitive instead of almost insensitive found by the elastic analysis 

(Kempner and Chen, 1969). Many years later, the study on elastic local post-buckling 

of elliptical tubes in 2011 by Silvestre and Gardner (2011) proposed a concept of 

“bound imperfection amplitude” ξb which indicates the turning point where elliptical 

tubes transfer from imperfection sensitive (ξ < ξb) to imperfection insensitive (ξ > ξb). 

They determined the “bound imperfection amplitudes” ξb for cases with various aspect 

ratios ranging from 1.1 to 5 and these “bound imperfection amplitudes” decrease 

significantly with the increase of aspect ratios. This implies that elliptical tubes may 

be either imperfection sensitive or insensitive depending on the range of imperfection 

amplitude considered. It should be noted that Silvestre and Gardner’s work (2011) only 

focuses on thick wall tubes (2a / t = 37.5). The post-buckling behavior of thin-walled 

ECSs however is still not yet examined in the 21st century.  

 

In the 1970s, Kempner and Chen (1974, 1976) continued investigating the buckling of 

OCSs and studied further the loading cases with combined axial compression and 

bending. Subsequently, the number of papers investigating the static stability of ECSs 

or OCSs under axial compression during 1980s to 1990s dropped significantly, and 

most of the related papers focused on composite ECSs which are majorly made of 

anisotropic materials (Spence and Toh, 1979; Sun, 1991; Sheinman and Firer, 1994; 

Meyers, 1999). Soldatos (1999) reviewed the research studies related to the 

investigations on both the static and dynamic mechanical behavior of non-circular 

cylindrical shells and shell segments made of either isotropic or anisotropic materials. 

2.7.2.3 A review of modern studies on the buckling and post-buckling behavior of ECSs 

After entering the 21st century, studies on axially compressed ECSs majorly treat them 

as tubular members, and extensive works have been conducted by Gardner and his 

colleagues (Theofanous et al., 2009a; McCann et al., 2016; Chan and Gardner, 2008b; 

Ruiz-Teran and Gardner, 2008; Silvestre and Gardner, 2010; Insausti and Gardner, 



79 

2011; Silvestre and Gardner, 2011). Xu et al. (2017) performed extensive 

computational studies to investigate the nonlinear stability of elliptical cylindrical 

shells under uniform bending about both principal axes by extending the 

corresponding work on circular cylindrical shells (Rotter et al., 2014). Appropriate 

length parameters are proposed to quantify the four distinct length-dependent domains 

of buckling behavior under uniform bending including the region controlled by the so-

called “Brazier” (ovalisation) effect (Brazier, 1927).  

 

In recent three years, the group in Hong Kong led by Young also contributed a lot 

efforts on the cross-section behavior and design recommendation of cold-formed and 

hot-finished steel elliptical hollow sections majorly treated as columns (Cai et al., 2019; 

Yao et al., 2019; Chen and Young, 2019b; Chen and Young, 2019c), and beams (Chen 

and Young, 2019a) by conducting both experiments and numerical simulation studies. 

 

The elastic local buckling behavior and post-buckling behavior of elliptical tubes 

under axial compression were carefully examined using finite element method by 

Ruiz-Teran and Gardner (2008) and Silvestre and Gardner (2011) respectively. In 2010, 

Chan et al. (2010) presented a review about the structural design of EHSs. Apart from 

Gardner and his colleagues’ studies, Zhu and Wilkinson (2007) investigated the local 

buckling behavior of structural steel ECSs sustaining uniaxial compression and 

pointed out that the equivalent radius using the maximum radius of curvature leads to 

more significant errors with the increase in aspect ratio a / b and thickness to major 

radius ratio t/a, which was also argued by Ruiz-Teran and Gardner (2008), Silvestre 

(2008), and Haque et al. (2012). A better estimation for the equivalent radius is 

therefore needed.  

 

One satisfying solution should be Ruiz-Teran and Gardner’s suggestion for the 

equivalent radius (Ruiz-Teran and Gardner, 2008). A simplified form of this 

equivalent radius for medium length ECSs is shown in Eq. 2.37. By replacing the 

radius in Eq. 2.9 with this equivalent radius, excellent accuracy can be achieved 
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compared with simulation results in predicting the buckling loads of axially 

compressed ECSs within a reasonably broad range of geometries. They also examined 

the length effect by comparing the buckling loads between ECSs with L/2a = 2.5 and 

L/2a = 7.5 by varying the aspect ratio from 1 to 2 and a / t ratio from 5 to 100 and 

proposed a length factor for moderate length to long shells based on the one in BS EN 

1993-1-6:2007 (2007). Since only two different lengths are investigated, the range of 

application of this length factor is doubted.  
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Where eqR  is the equivalent radius of an ECS, a is the major radius, b is the minor 

radius, and t is the shell thickness. 

 

Silvestre (2008) studied the elastic buckling behavior of axially compressed elliptical 

cylindrical shells and tubes using Generalized Beam Theory (GBT). A full picture of 

variation of buckling loads and buckling modes with shell length is first presented in 

their study for ECSs with an aspect ratio of 1.5 and an a / t ratio of 25. 

2.7.3 Discussion and Summary of Knowledge Gaps 

According to the previous description on the existing literatures, several attempts in 

understanding the buckling behavior of ECSs initiated intensively in the 1960s and 

1970s (Kempner, 1962; Kempner and Chen, 1966a,b, 1969, 1974, 1976; Hutchinson, 

1968; Almroth et al., 1971). Nevertheless, due to the limitation in computer power at 

that time, those studies are mainly analytical works starting from the mathematical 

formulation, utilizing mathematical analysis and approximation tools, and ending up 

with some complicated exact formulations, approximate results, or limited numerical 

results. Nowadays, these approaches make limited practical sense. After the 1970s, the 

static stability of ECSs is rarely investigated from the viewpoint of shell theory. Most 
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of the current studies treat ECSs as structural tubular members, and also the 

understanding of their buckling behavior under simple loading cases is quite limited. 

Though most existing literature focused on the buckling of ECSs under axial 

compression, the four aforementioned dominating factors influencing the buckling 

behavior of axially compressed CCSs, that is (a) boundary conditions, (b) pre-buckling 

deformations, (c) geometric imperfections, and (d) load eccentricities, have not yet 

been assessed or not been systematically examined for ECSs. The lack of systematic 

studies on ECSs and the potential wide application of this geometry prompt the authors 

to delve into this area. Since the case with axial compressive load is the most classical 

and widely studied problem in CCSs, this thesis for ECSs will also start from this 

classical problem by investigating both effects of shell length and boundary conditions 

on the elastic buckling of axially compressed ECSs. 

 

The post-buckling behavior of axially compressed ECSs has not been systematically 

investigated. The imperfection sensitivity for ECSs with various geometries and types 

of boundary conditions has not yet been well understood. The influence of 

imperfection forms has not been examined either. These questions will be answered in 

this study. 

 

The buckling behavior of isotropic ECSs under torsion is an area extremely 

underexplored, only one study discovered by the author which should be dated back 

to 1939, though the post-buckling behavior and progressive failure behavior of 

composite ECSs have been extensively studied by Haynie (2007) in his PhD 

dissertation. Unlike CCSs, the torsional behavior of ECSs is even more complicated 

due to the warping effect which makes the shear stresses non-uniform during the pre-

buckling stage. Therefore, the study of torsional buckling will start from a study on 

the stress distributions of ECSs under restrained torsion in the pre-buckling stress state. 

After having a clear understanding of the pre-buckling stress distributions, elastic 

buckling behavior of ECSs under torsion will be then examined by considering both 

the length effect and the boundary condition effect. 
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2.8 CONCLUSIONS 

This chapter introduced some fundamental concepts of the classical stability and 

buckling theory in the first place along with some simple and typical examples 

illustrating different types of buckling phenomena and emphasizing why shell 

buckling problem was even more important and critical. It also presented literature 

reviews i) to the classical mechanics literature on shell theory, ii) to the modern 

numerical approaches for shell buckling analysis, iii) to the studies on buckling 

problems of CCSs, and iv) to almost all existing literature on elastic buckling and post-

buckling behavior of ECSs. The studies on buckling and post-buckling behavior of 

CCSs under axial compression and uniform torsion were presented in detail with the 

emphasis on the effects of shell length, boundary conditions, and initial geometric 

imperfections. Such review of the ample existing studies on CCSs could serve as a 

beneficial role to the research work in this thesis on buckling of elliptical cylindrical 

shells under axial compression and torsion. This is because CCSs are a special case of 

ECSs.  

 

By thoroughly reviewing existing literature on buckling and post-buckling of ECSs, 

knowledge gaps were identified. The effect of boundary conditions (BCs) on the 

buckling behavior of axially compressed ECSs from the standing point of shell theory 

has never been investigated thus far. 

 

The length effect as mentioned before has not yet been systematically investigated in 

ECSs and therefore deserves to be thoroughly studied in this thesis. The influence of 

pre-buckling deformation on the buckling of axially compressed ECSs has never been 

studied in the existing literature and will hence be investigated in this thesis as well.  

 

The post-buckling behavior of axially compressed ECSs has not been systematically 

investigated. The imperfection sensitivity for ECSs with various geometries and types 
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of boundary conditions has not yet been well understood. The influence of 

imperfection forms has not been examined either. 

 

The buckling behavior of isotropic ECSs under torsion was found to be an area 

extremely underexplored. Unlike CCSs, the torsional behavior of ECSs is even more 

complicated due to the warping effect which makes the shear stresses non-uniform 

during the pre-buckling stage. Therefore, the study of torsional buckling will start from 

a study on the stress distributions of ECSs under restrained torsion in the pre-buckling 

stress state. After having a clear understanding of the pre-buckling stress distributions, 

elastic buckling behavior of ECSs under torsion will be then examined by considering 

both the length effect and the boundary condition effect. 

 

For other types of simple loading cases such as external pressure and bending which 

have been rarely visited as well, the author decides to leave them aside for future work. 
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Table 2.1 Summary of effective length for different types of column-type BCs [from 

AISC: Steel Construction Manual (2015)] 

 

Table 2.2 Types of boundary conditions [as defined by Yamaki (1984)]  

BC δu δv δw Δ𝑤′ 
S1 r r 

r 

f 
S2 f r f 
S3 r f f 
S4 f f f 
C1 r r r 
C2 f r r 
C3 r f r 
C4 f f r 

Notes: r = restrained displacement during buckling; f = free to displace during buckling. 

Table 2.3 Lower and upper bounds for medium length CCSs under axial compression 

with different types of boundary conditions [from Yamaki (1984)]  

Case    lZ   ( )2/uZ t R   
C1, C2 0.92 400 4.0 
C3, C4 0.90 400 0.1 

S1 0.85 400 10 
S2 0.50 40 60 
S3 0.83 400 0.32 
S4 0.50 40 15 
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Figure 2.1 Schematic of the concepts of bifurcation point, limit point and snap-through 

[after Leahu-Aluas & Abed-Meraim (2011)] 

 
Figure 2.2 Schematic of the load-displacement curve of a thick-walled circular 

cylindrical shell under axial compression [from Bushnell (2012)]  

 

Figure 2.3 Schematic of the load-displacement curve of perfect and imperfect thin-

walled circular cylindrical shell under axial compression [after Bushnell (2012)]   
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Figure 2.4 Schematic of the load-displacement curve of perfect and imperfect circular 

cylindrical shell with very thin shell wall under axial compression [after Bushnell 

(2011)] 

 
Figure 2.5 Schematic of the load-deflection curves of perfect and imperfect columns 

under axial compression 

 
Figure 2.6 Schematic of the load-displacement (left) and load-deflection (right) curves 

of perfect and imperfect plates under uniaxial compression [after Brush and Almroth 

(1975)] 
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Figure 2.7 A schematic of the relationship between the numbers of axial half-waves 

and circumferential full waves for the linear buckling modes of axially compressed 

circular cylindrical shells [from Fajuyitan (2018)] 

 
Figure 2.8 Typical buckling modes for axially compressed perfect cylinders: (a) 

axisymmetric mode; (b) non-symmetric (Chequer-board) mode. [from Teng and 

Rotter (2006)] 

 

Figure 2.9 “Near perfect” cylinder with completely developed short buckling waves in 

a “Chequer-board” pattern [from Horton and Durham (1963)] 
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Figure 2.10 Schematic of the rigid body rotation of an elastic object  

 
Figure 2.11 Empirical lower bound recommendation (knockdown factor) by NASA 

SP-8007 for CCSs under axial compression controlled by elastic shell buckling [from 

Hillburger (2018)] 

 
Figure 2.12 Hand calculation process of EN 1993-1-6 (2007) [from Rotter (2002b)] 
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Figure 2.13 Definition of the plastic reference resistance Rpl and elastic critical 

resistance Rcr obtained from MNA and LBA respectively [from Rotter and Schmidt 

(2013)] 

 
Figure 2.14 Capacity curves suggested by (a) the Eurocode EN 1993-1-6:2007 and (b) 

the Reference Resistance Design framework [from Wang et al. (2020)] 

 

Figure 2.15 A schematic of the modified Riks method adopted in ABAQUS [from 

ABAQUS theory manual (2012)]  
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Figure 2.16 Relations between the length parameters and the normalized buckling load 

of axially compressed circular cylindrical shells under eight types of boundary 

conditions [from Yamaki (1984)] 

 

Figure 2.17 A schematic of the effect of restrained boundary conditions (rotational free) 

of the deformation of an axially compressed circular cylindrical shell [from Brush and 

Almroth (1975)]  
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Figure 2.18 Normalized load versus normalized axial shortening for circular 

cylindrical shells with various imperfection amplitudes under eccentric discharging 

[from Sadowski and Rotter (2011)] 

 

Figure 2.19 A comparison of Constant strain block with a width of 8t and the 

equivalent trapezoidal strain block [from Hübner et al. (2006)]  

 
Figure 2.20 Relations between the length parameter ω, Ω and the normalized 

LBA/GNIA predicted buckling load of circular cylindrical shells with various 

amplitudes of initial geometric imperfections [from Rotter and Al-Lawati (2016)]  
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Figure 2.21 A schematic of the stresses in a CCS under uniform torsion. [from Teng 

and Rotter (2006)] 

 
Figure 2.22  Critical torsional buckling stresses represented by the parameter as 

for CCSs under different types of boundary conditions [from Yamaki (1984)] 

 
Figure 2.23  Relationship between the normalized critical torsional buckling 

stresses and the length parameters for CCSs under torsion with the S3-type 

boundary conditions [from Teng and Rotter (2006)] 
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CHAPTER 3 

ELASTIC BUCKLING OF ELLIPTICAL CYLINDRICAL 

SHELLS UNDER AXIAL COMPRESSION: LENGTH EFFECT 

3.1 INTRODUCTION 

The buckling of axially compressed elliptical cylindrical shells (ECSs) has attracted 

recent significant research attention as a local buckling problem of elliptical steel 

tubular columns. Within this specific application context, there is interest in knowing 

when local/distortional buckling rather than global buckling will become critical in an 

elliptical steel tube. This thesis therefore starts from this practical problem. Figure 3.1 

defines the basic geometric characteristics of an ECS with reference to its mid-surface: 

the major radius a, the minor radius b, and the shell thickness t. The a / b ratio indicates 

the ellipticity of an ECS and is referred to as the ‘aspect ratio’ of an ECS. 

 

This chapter presents a systematic finite element (FE) investigation into the influence 

of shell length on the elastic buckling behaviour of ECSs subject to axial compression, 

not only paying special attention to the geometric boundaries separating local buckling, 

distortional buckling and global buckling, but also presenting specific variations of 

buckling loads such as for short to medium length shells, with the aim of providing a 

full picture of the buckling behaviour of ECSs with changes in shell geometry. For 

circular cylindrical shells (CCSs) subject to axial compression, the Batdorf parameter, 

devised to represent the geometric property of a CCS, is employed to describe the 

buckling behavior of CCSs including short, medium length, and long shells. The onset 

of global buckling is explicitly defined by utilizing this geometric parameter. In this 
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section, a similar geometric parameter, representing the geometric property of medium 

length to long ECSs and referred to as the length parameter, is proposed. Additionally, 

a simplified form of this length parameter is suggested for use in practice. Further, a 

modified Batdorf parameter is also proposed by replacing the radius of the circular 

cross section in the original form, with the so-called “equivalent radius” for ECSs to 

represent the buckling behaviour of short to medium length shells. Formulae for 

computing compressive buckling stresses of short to medium length ECSs are then 

devised by employing this modified Batdorf parameter Zm in a similar manner to those 

suggestions in EN 1993-1-6 (2007) for CCSs. It should be mentioned that in EN 1993-

1-6 (2007) instead of directly adopting the Batdorf parameter, its square root is 

employed which is linearly dependent on shell length. Extensive FE results, covering 

a wide range of geometries (e.g., with aspect ratios ranging from 1 to 3.5 and shell 

major radius-to-thickness ratios from 50 to 400), are presented to determine the value 

of the proposed length parameter corresponding to the onset of global buckling and 

justify the accuracy of the proposed formulae for buckling stresses for axially 

compressed ECSs. Besides, models with various Poisson’s ratios ranging from 0.1 to 

0.4 are also tested to verify the Poisson’s effect term in the proposed length parameters. 
 

3.2 MESH CONVERGENCE STUDY 

3.2.1 Introduction 

With finite element analysis (FEA), the displacement field for each element takes an 

assumed shape and therefore, to more accurately represent the unknown displacement 

field, the mesh size should be chosen with care for an accurate solution. To this end, a 

mesh convergence study is generally performed to decide the appropriate mesh size. 

  

The ECS models examined in the mesh convergence study possess a fixed major radius 

of 200 mm. The major radius to shell thickness ratio a / t ranges from 20 to 400 

covering both “thick-walled” shells and “thin-walled” shells. The shell length to major 
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radius ratio is fixed to be 5 in this section. The aspect ratio a / b varies from 1 (CCS) 

to 3.5 representing models with circular, nearly circular, moderately elliptical, and 

extremely elliptical cross sections. Although the commercially available elliptical 

hollow sections in the market (TATA Steel, 2020) and included in standards (EN 

10210-2:2019 and EN 10219-2:2019) mainly have the fixed aspect ratio of two, there 

will be potential development if more and more ECS members are used in practical 

applications. The author therefore decided to extend the range of aspect ratios from 

1.25 to 3.5. It should also be mentioned that higher aspect ratios were investigated by 

Ruiz-Teran and Gardner (2008), but for the sake of practical applications, the author 

believes an aspect ratio of 3.5 is a sufficiently elliptical form.  

 

The material properties are: 200 GPa for the elastic modulus and 0.3, the Poisson’s 

ratio, which are the default values throughout this thesis. The material by default in 

this thesis are assumed to be homogeneous, isotropic, and linearly elastic. The 

boundary conditions for all models in this chapter are fixed (clamped) at both ends, or 

all degrees of freedom are restrained at both ends except the axial translation at the 

loading end, which corresponds to the ‘C1’ type BCs as defined in Yamaki’s book 

(1984) or the ‘BC1r’ type BCs as suggested by the standard, EN 1993-1-6 (2007). 

Linear bifurcation analysis is conducted throughout this chapter in determining critical 

buckling loads. The major parameters investigated, which are supposed to influence 

the mesh convergence tendency, were a / b, a / t, and L / a. 

 

In displacement-based finite element analysis, where the displacement field is assumed 

to be described by certain functions, the stiffness of the structure is generally 

overestimated. Fully integrated elements provide slower convergence in terms of 

displacement compared with reduced-integration elements in which the number of 

integration points is reduced and hence, to some degree, this compensates for the 

overestimated stiffness matrix (Zienkiewicz et al., 2013; Li et al., 2018). Many studies 

on shell buckling problems (Mahmoud et al., 2015, 2018; Fajuyitan et al., 2017) have 

already shown that the reduced-integration linear shell element provides much faster 
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convergence than the corresponding full-integration element. In this regard, the 

reduced integration shell element S4R in ABAQUS (2012), which is a 4-node linear 

shell element applicable to both thick- and thin-walled shells, has been adopted 

throughout this thesis in order to secure a better convergence rate. For cases with 

relatively large local curvatures such as models with an aspect ratio of 3.5, the linear 

shell element S4R may have difficulty in approximating the geometry closely. Thin-

walled ECS models with higher-order shell elements are therefore examined first to 

alleviate such concerns. The S8R5 element provided by ABAQUS (2012) is employed 

in the higher-order-element models, which is an 8-node doubly curved thin shell 

element with reduced integration and employs five degrees of freedom per node. The 

ECS models tested share a fixed a / b ratio of 3.5, an a / t ratio of 200 and an L / a ratio 

of 5. The curves of the normalized load vs. the inverse of the total number of nodes 

are presented in Figure 3.2 where the normalized load is defined as the FE computed 

buckling load over the buckling load of the S8R5-element ECS model with the largest 

number of nodes. The results show that only a trivial difference (about 0.2%) can be 

observed between the converged buckling loads of the S4R-element model and the 

S8R5-element model. The S4R element widely adopted in the existing literature (Zhu 

and Wilkinson, 2007; Ruiz-Teran and Gardner, 2008; Chan and Gardner, 2009; Rotter 

et al., 2014; Xu et al, 2017; Wang et al. 2020) is therefore applied throughout the 

buckling studies in this thesis. 

 

The general protocol designed to achieve mesh convergence in this work is explained 

as follows,  

 

Step 1: The element sizes around the circumference 𝑙𝑒
𝑐 and along the meridian 𝑙𝑒

𝑎 as 

defined in Figure 3.3 are first set to be identical. Models with different element sizes 

are tested, and the element sizes (𝑙𝑒
𝑐 = 𝑙𝑠, 𝑙𝑒

𝑎 = 𝑙𝑠) which guarantee errors in critical 

buckling stresses within 0.1% compared with the finest meshed model can then be 

identified; 
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Step 2: Use the element size ls identified in Step 1 as a fixed length for two opposite 

sides either along the meridian 𝑙𝑒
𝑎 = 𝑙𝑠  or around the circumference 𝑙𝑒

𝑐 = 𝑙𝑠 ) and 

change the aspect ratio of the rectangular element to find a more efficient set of element 

sizes (𝑙𝑒
𝑐, 𝑙𝑒

𝑎) than the square elements (𝑙𝑠, 𝑙𝑠) determined in Step 1. In this step, the 

convergence will be judged in terms of both critical buckling load and meridional 

buckling half-wavelengths. It should be noted that for the sake of accurate finite 

element studies, it is essential to adopt reasonable rectangular element shapes. The 

aspect ratio of the rectangular element therefore should not be too large. In this work, 

the aspect ratio was controlled to be no more than 5. 

 

To facilitate the demonstration of the results of mesh convergence studies, one element 

number parameter γ (Eq. 3.1) is devised. This parameter can be interpreted as the 

number of elements within one shell segment with an arclength of λm (Eq.3.2). λm is 

assumed to be linearly related to the meridional buckling half-wavelength as it works 

for CCSs. The equivalent radius used (Eq. 3.3) is adopted from Ruiz-Teran and 

Gardner’s work (2008) and is further simplified here for medium length shells. For 

CCSs subject to axial compression, the meridional buckling half-wavelength λ is 

shown in Eq.3.4. 

 

 / in which is the element size along the direction of interest (  or )c a
m e e e el l l l = (3.1)
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3.2.2 Influence of a / b 

This subsection presents the effect of aspect ratio a / b on mesh convergence. The a / 

t ratio is fixed to be 200 and the L / a ratio is fixed to be 5. The aspect ratio varies from 

1.25 to 3.5.  

 

The smallest element size adopted here is 0.05λm, i.e., γ = 20. The convergence study 

was performed following the protocol stated above. The results of mesh convergence 

are presented in Figure 3.4 and Figure 3.5 in terms of the relative errors of the predicted 

critical buckling stresses compared with those of the finest meshed models. The critical 

buckling stress in this study was defined as the buckling load divided by the area of 

the undeformed cross section. The relative error δ used in this paper is defined in Eq. 

3.5.  

 

1 2

2

F F
F


−

=
  (3.5) 

F1 in this study is the computed result from either regression formulae or relatively 

coarsely meshed FE models, while F2 is always the more “exact” solution, that is, it is 

either the prediction from the classical formula (Eq. 3.6) or from the finest meshed FE 

models. 

 

 
( )2

0.605
3 1

cl cl
Et tE

RR
 


= =

−
 , where 0.3 =   (3.6) 

σcl is the classical critical buckling stress, E is the elastic modulus,   is Poisson’s 

ratio and R is the radius of the circular cross section. 

 

According to Figure 3.4, it can be inferred that the absolute value of relative error can 

be reduced to be within 0.1% in terms of critical buckling stress when γ = 10 for square 

elements. However, the computation cost is quite expensive. Following Step 2, the 

more efficient rectangular elements can be determined from Figure 3.5. With the 
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circumferential element size le
c set to be 0.1 λm, a 99.9% of accuracy can be achieved 

when le
a ≤ 0.3λm according to Figure 3.5. 

 

Besides the buckling stress, the buckling half-wavelengths along the meridian λECS
a  

and around the circumference λECS
c  were also examined. Generally, for ECSs with 

clamped edge conditions, the meridional buckling half-wavelength is distributed in the 

fashion shown in Figure 3.6 which demonstrates that the wavelengths of buckling half 

waves achieve the maximum near shell ends and become almost constant when the 

waves are sufficiently distant from the ends. The horizontal axis in the figure is simply 

the sequence ID of half waves from one shell end to the other. The vertical axis is the 

normalized meridional half-wavelength λn defined in Eq. 3.7. 

 0 /n m  =    (3.7) 
 
in which λ0 is the half-wavelength gained from the FE simulation. 

 

It can be inferred that the half-wavelengths are almost identical for buckling waves far 

from the ends. It is also observed that the dominating buckling modes are either 

symmetric or anti-symmetric about the cross section at mid-height (Figure 3.7). The 

half-wavelengths around the mid-height for these two types of buckling modes are 

indistinguishable. Therefore, the half-wavelength of each case demonstrated in this 

work is the mean value of the half-wavelengths around the mid-height from the 

symmetric buckling mode. The convergence trend of the normalized buckling half-

wavelength λn for ECSs with a fixed circumferential element size of 0.1λm and various 

element sizes along the axis is shown in Figure 3.8. It can be inferred that to secure an 

accuracy of 1.0% in terms of meridional buckling half-wavelengths, the element size 

along the axis should be at most 0.2λm, i.e., γ = 5. 

 

The circumferential buckling waves are distributed in a quite different fashion. 

Generally, the largest bulge is located at the flattest regions where the curvature is at a 

minimum, and the other waves decay rapidly toward the most curved regions where 



126 

the curvature is at a maximum. The buckling waves around the circumference in 

dominating buckling modes are found to be always symmetric with respect to the 

minor axis which confirms Kempner’s findings (1962). In this subsection, the largest 

circumferential buckling half-wavelength is also determined as another indicator of 

mesh convergence. It was found that accuracy cannot be further improved by refining 

the axial mesh if the circumferential element size is fixed. The models with le
c = 0.1λm 

and le
a = 0.1λm, 0.2λm  show almost identical accuracy with the absolute values of 

relative error all within 2.0% of each other. By synthesizing the results from the 

convergence studies on critical buckling stress and buckling wavelength, reasonable 

element sizes should be chosen as le
c ≤ 0.1λm and le

a ≤ 0.2λm to ensure an accuracy 

within 0.1% in terms of both critical buckling stresses, 1.0% in terms of axial buckling 

wavelengths, and 2.0% in terms of the largest circumferential buckling wavelengths 

for ECSs with aspect ratios ranging from 1.25 to 3.5, a fixed a / t ratio of 200, and a 

fixed L / a ratio of 5. 

3.2.3 Influence of a / t 

In the study reported in this subsection the aspect ratio is set to be 2, the L / a ratio is 

fixed to be 5, and the a / t ratio varies from 20 to 400. Following the protocol, the mesh 

convergence results in terms of buckling loads and buckling wavelengths are presented 

in Figure 3.9, Figure 3.10, and Figure 3.11. 

 

The results show that for a / t ≥ 100 with le
c = 0.1λm, the axial element size le

a = 0.3λm 

is sufficient to secure an accuracy of 99.9% in terms of buckling loads. However, for 

thick-walled ECSs with a / t = 20, 40, the results show that only cases with both 

element sizes le
c and le

a equal to 0.1𝜆𝑚 satisfy the accuracy requirement.  

 

For the meridional buckling half-wavelength, when le
c ≤ 0.1λm  and le

a ≤ 0.2λm , the 

absolute value of relative error for each case is within 1.0%. Therefore, according to 

the results in this subsection, for thin-walled ECSs (a / t ≥ 100), le
c ≤ 0.1λm  and 
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le
a ≤ 0.2λm , can ensure an accuracy of 99.9% in buckling loads and 99% in axial 

buckling wavelengths, while for thick-walled ECSs (a / t = 20, 40), le
c ≤ 0.1λm and 

le
a ≤ 0.1λm are necessary. 

3.2.4 Formulae for the Meridional Buckling Half-wavelength and the Largest 

Circumferential Buckling Half-wavelength 

To verify whether the buckling half-wavelength is still linearly related to 𝜆𝑚  for 

ECSs, as it does for CCSs, this section adopts the FE results from the finest meshed 

ECS models with aspect ratios ranging from 1.25 to 3.5 and a / t ratios from 50 to 400 

and performs regression analyses to find empirical formulae for the meridional 

buckling half-wavelength (Eq. 3.8) and the largest circumferential buckling half-

wavelength (Eq. 3.9), respectively.  

 1.852 1.852 RG
ECS m eqR t = =  (for / 40a t  ) (3.8)

 

 
3.722 0.427c RG

ECS eqR t a = +
  (3.9) 

The values of critical buckling stresses, meridional buckling half-wavelengths, and 

largest circumferential buckling half-wavelengths from the finest-meshed models are 

summarized in Table 3.1, Table 3.2, and Table 3.3. The accuracy of both formulae is 

demonstrated in Figure 3.12 and Figure 3.13. The formula for meridional buckling 

half-wavelength (Eq.3.8) shows satisfactory accuracy (within 6.0%) for thin-walled 

ECSs ( / 40a t  ) with aspect ratios ranging from 1.25 to 3.5 and fixed boundary 

conditions. It can be further verified that the formula is valid for medium length to 

long shells in the local buckling mode. Hutchinson (1968) also proposed a formula for 

the meridional buckling half-wavelength as shown in Eq. 3.10 by replacing the radius 

in the formula for CCSs (Eq. 3.4) with the maximum radius of curvature of an ECS. 

The accuracy of this formula is presented in Figure 3.14 for comparison. The errors 

keep increasing with the increase in a / t and a / b ratios and are relatively large in most 

cases compared with those of Eq. 3.8.  
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The formula for the largest circumferential buckling half-wavelength (Eq.3.9) shows 

lower accuracy than Eq. 3.8 for the meridional buckling half-wavelength. For ECSs 

with / 1.5a b   and / 20a t  , the absolute values of relative error between this 

formula and the FE results are generally within 10% (except for the case with 

/ 2.5a b =  and / 20a t = , where the relative error is 10.2%). 

 

Equations 3.8 and 3.9 clearly show that the buckling half-wavelengths for ECSs are 

linearly related to λm  when the major radius, a, is fixed. This result proves the 

appropriateness in using the element size parameter λm to determine the appropriate 

element sizes for ECS models. By recalling the appropriate element sizes found in the 

subsections above, it can be inferred that for medium length shells, 19 elements in one 

meridional buckling wave and 37 elements in the largest circumferential buckling 

wave are enough for thin-walled ECS finite element models. 

3.2.5 Influence of L / a 

In the preceding subsection, the shell length to major radius ratio is fixed to be 5 for 

all models. The element sizes were determined as: for thin-walled ECSs (a / t ≥ 100), 

le
c ≤ 0.1λm and le

a ≤ 0.2λm, and for thick-walled ECSs (a / t = 20, 40), le
c ≤ 0.1λm and 

le
a ≤ 0.1λm . However, for long shells, this mesh scheme will be extremely 

computationally expensive. Therefore, in this section, the focus is firstly on the mesh 

convergence study for long shells in the vicinity of the turning point between 

local/distortional buckling and global buckling.  

 

In order to determine the shell length at the onset of global buckling for each case more 

efficiently, without concern for the accuracy of buckling load, much coarser models 

(le
c = 0.8λm, le

a = 1.6λm) were used initially for extremely long shells. Once the length 

of an ECS for each case was identified, a mesh convergence study was conducted to 
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ensure the accuracy of the determination of the turning points. The shell lengths for 

this mesh convergence study were taken as those of ECSs at the onset of global 

buckling as determined using the aforementioned coarser-meshed models, and the 80% 

of those lengths respectively. The results are summarized in Table 3.4 and Table 3.5 

correspondingly. The results show that the critical buckling load is not sensitive to the 

change in element size for long ECSs. The critical buckling mode therefore should be 

the controlling factor indicating the convergence of solution. After examining the 

eigenmodes, it was found that in order to ensure the correctness of the type of buckling 

mode identified, i.e., local buckling, distortional buckling or global bending buckling, 

and to secure a feasible computation time, the element sizes should comply with the 

following rules. For models with a / t ≥ 100, le
c ≤ 0.2λm and le

a ≤ 0.4λm. For models 

with a / t = 20 or 40, le
c ≤ 0.1λm and le

a ≤ 0.2λm. 

 

The next step is to determine a lower bound of shell length above which the element 

sizes determined above are sufficient to secure accurate solutions. Firstly, to better 

represent the shell length for ECSs with various a / b and a / t ratios, the concept of a 

reference length (Eq. 3.11) was devised by employing the formula for meridional 

buckling half-wavelength (Eq. 3.8) proposed in the previous section. 

 

r
ECS

LL


=

  
(3.11) 

For models with a / t = 20 or 40, the element sizes determined are identical to those 

for cases with a / t ≥ 100 and L /a = 5. The largest reference length of these long thick-

walled ECSs is 107.5 (corresponding to the case with a / b = 1.25, a / t = 20, L / a = 

34.6).  The authors therefore assume a value of Lr = 110 as the lower bound. FE 

models with Lr = 110, a / b = 1.25, 2, and 3.5, and a / t = 200 are tested to confirm the 

validity of this bound. It was found that element sizes of le
c = 0.2λm and le

a = 0.4λm 

are sufficient in terms of convergence. Therefore, in this work, ECS models with Lr = 

110 adopted the mesh le
c = 0.2λm and le

a = 0.4λm. It should also be mentioned that for 

extremely long shells, clearly dominated by the Euler buckling mode, a much coarser 
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mesh is employed. The element sizes in such a case are chosen as le
c = 0.6λm  and 

le
a = 1.2λm for thin-walled models with a / t ≥ 100, or le

c = 0.4λm and le
a = 0.8λm for 

thick-walled models with a / t < 100. 

 

After determining the bound between “medium length shell” and “long shell”, it is still 

uncertain when the mesh scheme, le
c ≤ 0.1λm  and le

a ≤ 0.2λm , will fail with the 

decrease in shell length. The smallest reference length of the models studied and 

described above, suitable for this mesh scheme is 19.6. Therefore, Lr = 20 is chosen as 

the lower bound for this type of mesh. 

 

Short shells with reference lengths of 5, 10, and 15 were then examined along with the 

shortest model with a shell length of 30 mm.  

 

Finally, the element sizes for the full range of ECSs studied in this work are to be 

chosen following the rules: 

 

a) For models with 5rL  , 0.05c
e ml =  and 

0.025 , / 1.5
0.0125 , / 1.5

ma
e

m

a b
l

a b





= 


 

b) For models with 5 15rL  , 0.05c a
e e ml l = =  

c) For models with 15 20rL  , 0.1c a
e e ml l = =  

d) For models with 20 110rL  , 0.1c
e ml =  and 0.2a

e ml =  

e) For models with 110rL  , 0.2c
e ml =  and 0.4a

e ml =  

f) For extremely long shells clearly dominated by the Euler buckling mode, 

0.6 and 1.2 , / 100

0.4 and 0.8 , / 100

c a
e m e m
c a
e m e m

l l a t

l l a t

 

 

 = = 


= = 
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3.3 MODEL SYMMETRY SENSITIVITY ANALYSIS 

3.3.1 Introduction 

After the thorough mesh convergence study presented in the previous section, it is 

found that the full-scale models which could secure the required accuracy are quite 

computationally expensive, especially for very thin-walled ECSs with small ellipticity. 

The author therefore seeks for some further simplification to the finite element models 

by taking advantage of model symmetry.  

3.3.2 Results and Discussion 

Owing to the symmetry in both geometry and loading, the problem of ECSs under 

axial compression can be further simplified by taking the advantage of symmetry 

which can indeed save considerable computation costs. The symmetry planes for this 

problem are the XY plane (the plane of minor axis), the XZ plane (the plane of major 

axis), and the plane at shell mid-height parallel to the YZ plane (the mid-height plane). 

The models can be then categorized into six types as shown in Table 3.6. The FE 

models adopted in this section share an aspect ratio of 1.25 and an a / t ratio of 100, 

while the L/t ratio ranges from 20 to 50000. The shell thickness is fixed to be 1 mm 

which is the default value throughout this thesis if not specified. The linear bifurcation 

analysis (LBA) is performed for each model type. Each LBA is composed of two 

stages: stress perturbation and eigenvalue extraction. All degrees of freedom are 

restrained at both shell ends for both stages except the axial translation at the loading 

end for stress perturbation, that is the C1 type BCs (Yamaki, 1984) are adopted to both 

shell ends for the eigenvalue extraction. The curves of shell length vs. normalized load 

(or the so-called load proportionality factor, LPF) are presented in Figure 3.15-Figure 

3.17. The normalized load or the load proportionality factor (LPF) is herein defined as 

the ratio of the buckling load over the value estimated from the classical formula with 

the circular radius replaced with the maximum radius of curvature of the elliptical 

cross section. 
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The results show that for short shells, buckling loads predicted by the half-length 

models (i.e., 1o2L, 1o2L_1o2C and 1o2L_1o4C) can be distinct from those of full-

length models (i.e., FULL, 1o2C and 1o4C). The discrepancy can be attributed to the 

fact that for short shells, the number of half waves along the meridional direction in 

the critical buckling modes sometimes can only be even numbers due to the restraints 

from edge conditions while the meridional symmetry only accepts modes with odd 

number of half waves which leads to a larger critical buckling load predicted by the 

half-length models compared with full length models. With the increase in shell length, 

this difference between the buckling loads for modes of even- and odd-number half 

waves diminishes. This can be better illustrated by comparing the buckling modes for 

specific models as shown in Figure 3.16. It should be mentioned that for the purpose 

of illustrating the critical buckling modes in a comparable way, all the buckling modes 

are recreated by applying the mirror function of ABAQUS Viewer in full shell models. 

The numbers of circumferential full waves n and meridional half waves m are also 

listed in the figure as (n, m). 

 

The short shells and medium length shells can be distinguished based on the difference 

in buckling loads between full-length model and half-length model. With the increase 

in shell length, when the buckling loads obtained from the full length model and half-

length model start to become no longer different and equal to the classical buckling 

loads for medium length ECSs predicted using Ruiz-Teran and Gardner’s equivalent 

radius (2008), this shell length could be deemed as the division point below which the 

shells are defined to be short shells, while above this division point, the shells are in 

“medium length” as long as the critical buckling mode is still in the local buckling 

fashion. The physical meaning of this division point for short and medium length ECSs 

can be interpreted as that when the shell length surpasses that of this division point, 

the shell becomes long enough for the fully development of the critical membrane 

stress state within a finite portion of the shell where the local buckling wave can be 

completely formed without being affected by the local bending stresses generated near 

shell ends due to the edge constraints. 
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For medium length shells, with the increase in shell length, the buckling loads again 

start to diverge between those from half-length models and those from full length 

models. It can be also observed that the buckling loads from full length models start to 

gradually decrease. Such phenomenon leads to a new definition of “moderately long” 

or “transitional length” shell. The moderately long shells are controlled by a so-called 

“distortional” buckling mode instead of the local buckling (ripple buckling) mode. 

This “distortional” buckling mode features much longer buckling waves than the local 

buckling mode, primary warping (meridional) displacements, and inextensible cross 

sections which means the perimeter of each elliptical cross section keeps unchanged 

during deformation. Such “distortional” (“inextensible”) buckling modes for ECSs 

were reported and examined carefully by Silvestre (2008) and Dias and Silvestre 

(2011). The moderately long shells buckle in long waves, and the buckling loads 

gradually decrease with the increase in shell length. The reason which leads to the 

divergence of results for moderately long shells can be attributed to the number of 

axial buckling waves in the critical buckling mode, that is the distortional mode. Since 

the buckling waves are quite long, the corresponding buckling stress can be 

considerably different between distortional modes with an odd wave number and an 

even wave number. In this regard, it is not surprising that the results between half-

length models and full-length models are different. Full-length models are therefore 

required for modelling moderately long shells.  

 

When the shell length becomes much longer, the dominating buckling mode will shift 

from the distortional type to the Euler column buckling one as presented in Figure 3.17. 

The theoretical curve for Euler column buckling is also plotted as one red dash line in 

the figure. It can be inferred that the buckling load versus shell length curves of full 

circumference and half circumference models for relatively long shells agree very well 

with this theoretical curve, while those of models with quarter circumference are 

clearly different, which is because that the quarter circumference models impede the 

formation of Euler column buckling mode. The boundary between moderately long or 
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transitional length shells and long shells which should be the onset of Euler column 

buckling can be determined in Figure 3.17 as the point where the results of quarter 

circumference model start to diverge from those of others.  

 

The knowledge obtained from this section could provide valuable guidance on model 

simplification for later studies in this chapter. To secure both a reasonable computation 

time and a rational result, the structural symmetry should be exploited appropriately. 

For “short” shells which are likely affected by the symmetry at the mid-length, full 

length models should be adopted. The most computationally economic models for such 

cases should be the 1/4-circumference model with full shell length (1o4C). For 

“medium length” shells, the best choice should be the 1/2-length and 1/4-

circumference model (1o2L_1o4C). For “moderately long” shells where the column 

buckling mode is dominated by the long-wave distortional buckling mode, full length 

models must be employed. Similar as short shells, the most computationally economic 

models for such cases should be the 1/4-circumference model with full shell length 

(1o4C). Finally, for “long” shells which buckle in Euler column buckling mode, 1/4-

circumference models should be avoided. The 1/2-length and 1/2-circumference 

model is therefore the most favorable one. Practically speaking, before performing the 

parametric studies, we cannot determine the exact bounds between those shell types a 

priori. Therefore, instead of dividing the shells into four types, the author roughly 

divides them into two types which are termed as “relatively short” and “relatively long” 

shells. The model simplification therefore can be summarized as follows, 

 

(i) for “relatively short” shells ( 40rL  ), 1/4-circumference and full shell length 

models (1o4C) are adopted, while 

(ii) for “relatively long” shells ( 40rL  ), 1/2-circumference and full shell length 

models (1o2C) are employed. 
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3.4 DETERMINATION OF LENGTH PARAMETERS FOR ELLIPTICAL 

CYLINDRICAL SHELLS 

3.4.1 Introduction 

Limited research efforts have been made into the effect of shell length on the buckling 

of axially compressed ECSs (Silvestre, 2008; Ruiz-Teran and Gardner, 2008; Dias and 

Silvestre, 2011). The boundary between local/distortional buckling and global 

buckling has not yet been identified, and there are no length parameters proposed 

suitable in representing the buckling behavior of ECSs with various geometries. It is 

well known that for circular cylindrical shells, the Batdorf parameter (Eq. 3.12) is a 

universal parameter which is a function of all the geometric information including the 

shell length, shell thickness, and radius of circular cross section.  

 
2

21 LZ
Rt

= −  (3.12)
 

Besides, the Poisson’s ratio is also considered in this parameter which makes it not 

limited to specific materials. In the society of steel structural engineering, since the 

Poisson’s ratio is always 0.3, Rotter (2004) suggested another length parameter   

(Eq. 3.13) for CCSs which is now widely applied by many researchers and also 

employed in the standard, EN 1993-1-6 (2007). 

 L
Rt

 =   (3.13)
 

This form is closely related to the Batdorf parameter as its square root after dropping 

the Poisson’s effect term 21 − . Different from the Batdorf parameter Z, ω is 

linearly related to the shell length which makes it, to certain extent, a more direct 

dimensionless length. The success of this parameter in the buckling problem of CCSs, 

not only limited to axial compression, implies that the term √Rt which exists in the 

governing equations of CCSs is a better unit relating to the buckling wavelength 

instead of the radius R and is therefore more appropriate to be employed for buckling 

problems of CCSs.  
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The length parameter ZCCS (Eq. 3.14) for medium length to long CCSs is further 

derived in the framework of Donnell’s formulation by imposing some simple 

assumptions.  

 

2 2
2 1 2 0.5(1 ) (1 )CCS

t L tZ Z
R R R

 − −     = − = −     
       

(3.14)
 

In Donnell’s formulation, the number of circumferential buckling waves is assumed to 

be sufficiently large, and the resulting buckling stress σcl (Eq. 3.6) keeps constant for 

medium length shells. 

 

It is also well acknowledged that when one shell becomes sufficiently long, it will 

behave as a column and the critical buckling mode for such a case becomes the well-

known Euler column buckling mode instead of the ripple buckling modes featured by 

very small wavelengths for short to medium length CCSs. Therefore, it is intuitively 

conceived that by equating the classical buckling stress σcl (Eq. 3.6) with the Euler 

buckling stress σEuler (Eq. 3.15), the turning point from local (shell) buckling to global 

(column) buckling can be located, and a length parameter ZCCS can be obtained as well 

(Eq. 3.14). 

 
( )

2

2cr
EIP
L




=   (3.15) 

where λ is the column effective length factor, EI is the flexural rigidity of the column 

for bending in the relevant plane, L is the unsupported length of the column.  

 

It should be mentioned that by performing the linear buckling analysis under the 

Flugge’s formulation, it is found that Donnell’s assumption on the number of 

circumferential waves is no longer appropriate when the shell length becomes 

sufficiently long. The number of circumferential buckling waves in fact gradually 

decrease with the increase in shell length until it reduces to 1 which corresponds to the 

column buckling mode. For this reason, the turning point determined by the Donnell’s 

theory is not exact, but the length parameter derived works well in Flugge’s framework 
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as presented in Yamaki’s book (1984). Like the Batdorf parameter, similar length 

parameter Ω (Eq. 3.16) is also proposed in steel structural engineering by Rotter (2004), 

which is the square root of ZCCS after removing the Poisson’s effect term 2 0.5(1 ) −− . 

 L t
R R

 =  (3.16)
 

This section aims to develop similar length parameters for ECSs which should be very 

useful and powerful in unifying the buckling behavior of ECSs with various 

geometries and also help to better understand the buckling behavior of ECSs. It should 

always keep in mind when conducting such work that everything developed should be 

compatible with the theory of CCSs, because CCSs could be deemed as one particular 

case of ECSs. 

3.4.2 Finite Element Analysis (FEA) Results of Critical Buckling Stresses for 

ECSs with Various Geometries 

In this section, extensive finite element models of ECSs with various geometries are 

analyzed. The aspect ratios studied include 1, 1.25, 1.5, 2, 2.5, 3 and 3.5, and the a / t 

ratios include 50, 100 and 400. The L / t ratios vary from 10 to 100,000 in order to 

sufficiently capture the full range behavior. The shell thickness t is set to be 1 mm and 

the Poisson’s ratio is fixed to 0.3. The results for models with different aspect ratios 

are shown in Figure 3.18. The LBA load proportionality factor (LPF) is defined as the 

ratio of the buckling load over the prediction which is the value obtained from the 

classical formula with the circular radius replaced with a so-called equivalent radius 

(Eq. 3.17) suggested by some researchers in the 1960s (Kempner, 1962; Hutchinson, 

1968). This equivalent radius is merely the maximum radius of curvature of the 

elliptical cross section. For the sake of conciseness, this “LBA load proportionality 

factor” will be referred as “normalized load” in this thesis. 

 
2

,eq K
aR
b

=   (3.17)
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The results show that when the aspect ratio is greater than 1.5, the transitional mode 

will no longer present, and the whole length range can be simply classified into three 

domains instead of four (namely, short, medium length, moderately length and long 

shells, the typical buckling modes of which are demonstrated in Table 3.7). The 

buckling mode will directly transfer from local ripple buckling to Euler column 

buckling. 

3.4.3 First Formulation for Medium Length to Long Shells by Replacing the 

Circular Radius with Major or Minor Radii of ECSs 

As can be observed from the results of the previous section, ECS models with different 

a / b and a / t ratios have different normalized load vs shell length curves. This section 

intends to develop a length parameter for medium length to long ECSs. Firstly, the 

author tries to modify the length parameter for CCSs as simply as possible by replacing 

the radius with either the major or minor radius of ECSs. There are four alternatives, 

namely, 

L t
a a

, L t
a b

, L t
b a

, and L t
b b

. 

By comparing the results among these alternatives, it eventually finds out that the most 

satisfactory form should be,  

 ECS
L t
a b

 =  (3.18) 

The curves of normalized load versus this parameter ΩECS are presented in Figure 3.19. 

 

It can be pointed out that all curves manifest very clear tendency of gathering together, 

especially when a / b < 2, after replacing the shell length using this length parameter 

ΩECS as the horizontal axis. But the buckling load for medium length shells are not 

always around one, which implies that the predicted buckling load using the equivalent 

radius Req,K is not accurate enough, especially for ECSs with larger aspect ratios and 
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thicker shell walls. This is because the finite thickness effect is not fully considered 

when estimating the critical buckling loads of ECSs with large ellipticity. Ruiz-Teran 

and Gardner (2008) proposed a better equivalent radius for ECSs which is an empirical 

formula obtained from regression analysis on their finite element simulation results. A 

simplified form of this equivalent radius is presented as Eq. 3.3 for medium length 

shells. 

 

If this equivalent radius is adopted for predicting critical buckling loads, the results are 

updated as shown in Figure 3.20. It can be seen that all curves agree much better with 

each other. But some difference can still be visually captured around the turning from 

local buckling to Euler column buckling. With the increase in ellipticity, this length 

parameter becomes more and more inaccurate in lumping together curves from models 

with different a / t ratios. When comparing all curves, this length parameter also cannot 

satisfactorily make all curves from models with various aspect ratios agree well with 

each other. These results indicate that this parameter is too simple to fully capture the 

influence of shell ellipticity and shell thickness. The author therefore makes some 

further efforts in later sections in developing a better length parameter for medium 

length to long ECSs. 

3.4.4 Second Formulation for Medium Length to Long Shells by Adopting the 

Same Assumption as in CCSs 

Prompted by the assumption adopted in the determination of the onset of global 

buckling and the length parameter ZCCS for CCSs, the exploration of the length 

parameter for ECSs in this section was conducted from the same idea. If the classical 

buckling stress for ECSs σcl
ECS  equals to the corresponding Euler buckling stress 

σEuler
ECS , there should be a length parameter similarly which could indicate the onset of 

global buckling and represent the buckling behavior of medium length to long shells. 

The finite element results obtained also impart the author a lot more confidence in 

making such a formulation because it is observed that when the aspect ratio is greater 
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than 1.5, the distortional buckling mode will disappear, and the buckling load keeps 

almost constant until the onset of column buckling. This indeed coincides well with 

the Donnell’s assumption, though it is not the true story for CCSs. This assumption 

could be expected to work well for ECSs with a / b >1.5. 

 

The classical buckling stress for ECSs is computed by replacing the radius in the 

original form for CCSs with the equivalent radius proposed by Ruiz-Teran and 

Gardner (2008) (Eq. 3.3) for medium length ECSs. In order to develop a closed form 

length parameter for ECSs, closed-form formulae for the area and the second moment 

of area of ECSs should be provided first.  

3.4.4.1 Closed-form approximation for the cross-sectional area of thin-walled ECSs 

The cross-sectional area for thin-walled ECSs can be estimated using, 

 PrECS ECSA t  (3.19) 

The exact expression for the perimeter of ECSs is, 
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 = + 
 


 (3.20) 

The angle θ is defined as shown in Figure 3.21 where cos , sinz a y b = = . 

 

This integration form is apparently not suitable for practical use. Many approximations 

(Kepler, 1609; Euler, 1773; Muir, 1883; Peano, 1889; Lindner, 1904; Ramanujan, 

1914; Selmer, 1975; Almkvist, 1978) are therefore proposed. Peano’s approximation 

(Almkvist and Berndt, 1988), which was proposed by Peano in 1889, was adopted for 

this study (Eq. 3.21), in view of both its accuracy (demonstrated in Table 3.8) and 

simplicity.  

 

 
( )Pr 1.5ECS a b ab  = + −

    (3.21) 
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3.4.4.2 Closed-form approximation for second moment of area of thin-walled elliptical 

hollow section 

The exact expressions for the second moment of area are as follows, 

 

2

2

yy A

zz A

I z dA

I y dA

=

=




 

(3.22)
 

For thin-walled shells, it is assumed that dA tds  and the second moment of area of 

ECSs could therefore evolve to, 

 

2
2 3 2 2 22

0

2
2 3 2 2 22

0

4 cos sin cos

4 sin sin cos

ECS
yy A

ECS
zz A

bI z tds a t d
a

aI y tds b t d
b





   

   

 = = +  
 

 = = + 
 

 

 
 

(3.23)
 

EN 10210-2:2019 (2019) suggests two formulae estimating the second moment of area 

of elliptical hollow sections about the major axis and the minor axis respectively, 
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   (3.24) 

The exact solutions for second moment of area for ECSs with various a / b and a / t 

ratios are presented in Table 3.9 and Table 3.10. The accuracy of the two formulae 

suggested by the standard (EN 10210-2, 2019) is demonstrated in Figure 3.22 and 

Figure 3.23. From the figures, it can be inferred that the formulae proposed by the 

Standard perform well when the aspect ratio is smaller than 1.5, but the absolute 

relatively error of each formula increases rapidly from about 2% to more than 6% with 

the increase in aspect ratio from 2 to 5. In this thesis, therefore, two simple formulae 

with better accuracy are proposed (Eq. 3.25) for ECSs. The accuracy of the proposed 

formulae is also demonstrated in Figure 3.22 and Figure 3.23. 
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3.4.4.3 Determination of length parameter 

If the turning point is exactly the transition from classical buckling load to Euler 

column buckling load, it would be the case that σcl = σEuler. By extending this 

assumption from CCSs to ECSs and adopting Ruiz-Teran and Gardner’s equivalent 

radius, then 
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 If 0.3 =  and adopting the fixed boundary condition, * 35.30u
ECSZ = . 

 

The Poisson’s effect term will be kept here while the influence of Poisson’s ratio will 

be discussed in Section 3.5. 

 

The normalized load versus this length parameter ZECS
*  (Eq. 3.27) relationships are 

presented in Figure 3.24 to demonstrate the accuracy.  

 

All curves for medium length to long shells gather together, which shows better 

accuracy (visually no difference) compared with the previous parameter ΩECS. To 

attain a better knowledge of the accuracy of this parameter, the onset of global 

buckling in terms of shell length for each case obtained from FE studies is summarized 

in Table 3.11. The comparison between results from FE studies and the length 

parameter 𝑍𝐸𝐶𝑆
∗  is presented in Figure 3.25 in terms of their relative error. 

 

According to Figure 3.25, for ECSs with the aspect ratio and a / t ratio greater than or 

equal to 1.5 and 100 respectively, this length parameter ZECS
*  performs satisfyingly in 
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predicting the onset of global buckling. The errors in ECSs with an aspect ratio of 1.25 

are always significant because in these cases, the transition is from distortional 

buckling to global buckling instead of from local buckling as assumed. For relatively 

thick shells (a / t < 100), this geometric parameter ZECS
*  however leads to significant 

errors. This motivates the third formulation which aims to broaden the range of 

application of the length parameter. 

3.4.5 Third Formulation for Medium Length to Long Shells by Inheriting the 

Basic Form of the Length Parameter in CCSs 

In light of the fact that the length parameter ZECS
*  is only applicable for ECSs with 

/ 1.5a b   and / 100a t  , to expand the range of application of the length parameter, 

a new length parameter ZECS (Eq. 3.28) which inherits the basic form of the geometric 

parameter for CCSs is developed in this subsection by directly processing the data 

gained from FE studies in Table 3.11 via regression analysis. 

( )
22.8

0.521 35.3 at the onset of Euler buckling for clamped BCsECS
eq

a L tZ
b R a


−     = − =         

     

(3.28) 

The Poisson effect term will be kept here while the influence of Poisson’s ratio will be 

discussed in Section 3.5. The curves of the normalized load vs this new length 

parameter ZECS are presented in Figure 3.26. 

 

A formula (Eq. 3.29) of “equivalent radius” for ECSs under axial compression can be 

derived from this parameter by comparing with the formula for CCSs (Eq. 3.14). This 

equivalent radius can be shown to possess comparable accuracy to Ruiz-Teran and 

Gardner’s formula (Eq. 3.3) in Figure 3.27 and Figure 3.28. It can be inferred from 

these figures that both equivalent radii are good enough (within 1.0%) in predicting 

the critical stresses for ECSs with aspect ratio ranging from 1.25 to 3.5 and a / t ratio 

varying from 100 to 400. The equivalent radius proposed in this work performs much 

better for thicker shells (a / t = 20, 40 in this work) where the error is still reasonably 
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acceptable, being within 1%. In comparison, the error of Ruiz-Teran and Gardner’s 

equivalent radius can go to 1.5% for thick-walled ECSs. It can also be observed that 

the equivalent radius proposed in this work performs obviously better when the aspect 

ratio is smaller than 2.5. 
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eq
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By plugging the results in Table 3.11 into the new length parameter ZECS, it could be 

inferred that for cases with aspect ratios ranging from 1.5 to 3.5 and a / t ratios varying 

from 40 to 400, the length parameter remains almost constant at the onset of global 

buckling (Table 3.12). For ECSs with fixed boundary conditions as studied in this 

paper, this constant is taken to be 35.3. For cases with an aspect ratio of 1.25, this 

constant should be adjusted to 39.6 due to the presence of a broad distortional buckling 

dominated range (15.6 < ZECS < 39.6) with an apparent load drop of about 12% 

compared with the “classical critical buckling load” right before the onset of global 

buckling, and it indicates the transition from distortional buckling mode to global 

bending buckling mode. It is noteworthy that for cases with an aspect ratio of 1.5, the 

distortional buckling mode also exists but the range is relatively narrow (27.0 < ZECS 

< 35.3) and the load drop is insignificant (within 2% reduction). Therefore, both of the 

proposed length parameters ZECS
*  and ZECS could easily include the aspect ratio of 1.5 

into its range of application. The comparison between the results from FE studies and 

the length parameter ZECS is presented in Figure 3.29 in terms of their relative error. 

The new length parameter is also assessed by replacing the equivalent radius with 

Ruiz-Teran and Gardner’s formula (Eq. 3.19). The comparison with FE studies is 

shown in Figure 3.30. 

 

Comparing Figure 3.29 with Figure 3.25, it can be concluded that the accuracy in terms 

of predicting the onset of global buckling has been improved especially for cases with 
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a / t ratios of 40 and 20. For ECSs with aspect ratio within 1.5 ~ 3.5 and a / t ratio 

within 40 ~ 400, the absolute value of relative error can be guaranteed below 0.7%. 

For the thickest case of a / t = 40, the absolute value of relative error is within 2% 

which is also reasonably acceptable. For the case with an aspect ratio of 1.25, due to 

the presence of distortional buckling, ZECS
u  is found to be 39.6 instead of the constant 

35.3 for cases with aspect ratio greater than 1.25. When an ECS degenerates to a CCS, 

i.e., a / b = 1, the proposed length parameter ZECS could naturally regress back to the 

length parameter ZCCS for CCSs, and ZECS
u  in such case should be therefore taken as 

ZCCS
u . It could also be mentioned as per Figure 3.30 that in the new length parameter 

ZECS, if the equivalent radius is replaced by Ruiz-Teran and Gardner’s formula (Eq. 

3.19), the predictions for ECSs with aspect ratio of 3.5 show more significant 

deviations compared with the one with the proposed equivalent radius in this work. 

3.4.6 Simplified Form for Design Use  

One simplified form of the length parameter ZECS is also given here in order to facilitate 

the application of the findings in practical use. The simplified length parameter Zecs is 

defined as, 

 

 
( ) ( )

2 2
0.5 0.52 21 1ecs

eq eq
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When setting Zecs
u  = 33, the results are shown in Figure 3.31. It can be observed that 

all points are above the line indicating Zecs = 33, which indicates a relative conservative 

division for the boundary between global buckling and local or distortional buckling. 

This conservative value may be used for design consideration which claims that when 

the length parameter Zecs of the designed ECS is above this value, i.e., Zecs > 33, global 

buckling should be taken into consideration in the design. It should also be mentioned 

that, in Figure 3.31, two more points are added which are the results corresponding to 
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a / b ratios 1.15 and 5 respectively for external verification of this parameter. These 

points are also above the line of Zecs = 33. 

3.4.7 First Formulation for Short to Medium Length Shells by Replacing the 

Circular Radius with the Maximum Radius of Curvature of ECSs 

This section aims to develop a length parameter for short to medium length ECSs. 

Similar as in section 3.4.3, the author attempts to modify the length parameter for 

CCSs as simply as possible. Since many researchers suggest using the maximum 

radius of curvature as the “equivalent radius” of one ECS. The length parameter ω is 

modified by replacing the circular radius with the maximum radius of curvature for 

ECSs, namely ωECS (Eq. 3.31).  

 
2ECS

L L b
a ta t

b

 = =  (3.31) 

After changing the horizontal axis in Figure 3.18 from shell length to ωECS and the 

equivalent radius from Req,K to Req (Eq. 3.29) in predicting buckling load, the updated 

results are shown in Figure 3.32.  

 

It can be observed that the curves indeed tend to lump together, but when ωECS < 4, 

separations can be clearly observed for all cases with a / b > 1.  

3.4.8 Second Formulation for Short to Medium Length Shells by Replacing the 

Circular Radius with the Equivalent Radius Proposed in This Chapter 

Instead of replacing the radius with the maximum radius of curvature, the author 

implements the equivalent radius proposed in Section 3.4.5 (Eq. 3.29) to modify the 

classical Batdorf parameter directly in this section. The new length parameter Zm 

proposed for short to medium length ECSs is therefore, 

 



147 

 

2
21m

eq

LZ
R t

= −
 (3.32) 

The normalized load is the same as the previous subsection, which is the ratio of 

buckling load from FE simulation and the classical buckling load (Eq 3.6) predicted 

using Req (Eq. 3.29) as the radius. The normalized load versus Zm curves are shown in 

Figure 3.33. The results show that all curves agree slightly better, but some difference 

can still be observed for Zm < 16. This second formulation is eventually suggested by 

the author not only because of the slight improvement in terms of accuracy, but also 

in light of the logical reason that since the equivalent radius has been adopted in 

normalizing the buckling load, it is more logical to keep it consistent and introduce the 

same radius into the Batdorf parameter to constitute the final modification for ECSs. 

The square root of the modified length parameter should also work, but the author still 

prefers to keep the original form of Batdorf parameter for the sake of making this work 

a better counterpart to Yamaki’s classical book (1984). 

3.5 SUMMARY OF LENGTH EFFECT ON BUCKLING OF AXIALLY 

COMPRESSED ELLIPTICAL CYLINDRICAL SHELLS 

In this section, the full picture of the variation of normalized buckling loads with 

geometric parameters representing the length effect for ECSs is presented and 

discussed (Figure 3.34 and Figure 3.35). Different from the previous studies using a 

fixed Poisson’s ratio of 0.3. In this section, FE results for ECSs with Poisson’s ratios 

of 0.1, 0.2, and 0.4 are also presented. Besides, results from models with thinner (a / t 

= 1000) and thicker (a / t = 33.3) shell walls are exposed as solid dots in Figure 3.34 

and Figure 3.35 as well. 

 

According to Figure 3.34 and Figure 3.35, ECSs can be categorized into four types as 

summarized in Table 3.7 based on the buckling behavior under axial compression, 

namely, short shells, medium length shells, moderately long (transitional length) shells 

and long shells.  
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Short shells are defined as those exhibiting an increased normalized buckling load with 

a decrease in the modified Batdorf parameter Zm (Eq. 3.32). This parameter is devised 

by replacing the circular radius in the Batdorf parameter with the equivalent radius 

proposed in this chapter.  

 

Medium length shells are those with a constant normalized load, which implies the 

independence on Zm. For such cases, the critical membrane stress state can be fully 

developed within a finite portion of the shell where the local buckling wave can be 

completely formed without being affected by the local bending stresses generated near 

shell ends due to the edge constraints. Multiple buckling modes exist sharing the same 

critical buckling load (i.e., mode competing), all of which belong to the local ripple 

buckling type.  

 

Moderately long or transitional length shells are those with a type of distortional 

(inextensible) mode. The normalized load for moderately long shells are generally 

lower than those for medium length shells, but the reduction is within 15%. The length 

range of moderately long shells disappears when the aspect ratio exceeds 1.5. 

 

Long shells are those dominated by the Euler (column) buckling mode. The 

normalized load for long shells decrease significantly with the increase in ZECS. The 

buckling loads for these shells can be predicted employing the formula of Euler’s 

critical load for columns (Eq. 3.15). 

 

The variation of normalized load with the modified Batdorf parameter Zm shown in 

Figure 3.34 which focuses on short to medium length shells justifies the validity of 

this modified Batdorf parameter for ECSs. The data points obtained from FE models 

of ECSs with various geometries and Poisson’s ratios align satisfactorily on one 

smooth curve. Some representative buckling modes are also shown in Figure 3.34. It 

can be pointed out that with the decrease in Zm, the number of longitudinal wave 

gradually decreases. When the wave number reduces to 2, the normalized load starts 
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to increase remarkably with the decrease in Zm instead of being constant. This 

phenomenon is similar to what is observed in CCSs. When Zm ≥ 100, the normalized 

load can be deemed as constant until the shell becomes extremely long. It should be 

mentioned that the modified Batdorf parameter can degenerate to Batdorf parameter 

when a / b = 1. The data points reproduced from Yamaki’s work (1984) for CCSs 

could also satisfactorily align with the data points for ECSs on the same smooth curve 

in Figure 3.34. This confirms the success in extending the Batdorf parameter to ECSs. 

 

For medium length to long shells, the length parameter ZECS is adopted to reflect the 

length effect on buckling behavior of ECSs. The variation of normalized load of ECSs 

with the length parameter ZECS is shown in Figure 3.35 along with several 

representative buckling modes at different stages. It can be inferred that for ECSs with 

apsect ratios within 1.5 ~ 3.5, a / t ratios from 33.3 to 1000, and Poisson’s ratios from 

0.1 to 0.4, data points can reasonably lie on one smooth curve with one common 

turning point (ZECS = 35.3 for fixed boundary conditions) where the critical buckling 

mode changes from local shell type to global column bending form. It is also found 

that for ECSs with aspect ratios smaller than or equal to 1.5, a distortional buckling 

mode emerges between the local shell mode and the global buckling mode, which 

could be attributed to the lower restraint provided by the most curved regions around 

the maximum curvature compared with ECSs with larger aspect ratios to the flat 

regions where local buckling wave develops. The transition from local buckling to 

distortional buckling occurs earlier with the decrease in aspect ratio from 1.5 to 1 (i.e. 

CCS) as observed in Figure 3.35. This distortional buckling mode is also reported in 

both Silvestre’s (2008) and Dias and Silvestre’s (2011) studies. In their work, the 

distortional buckling mode exists for ECSs with aspect ratios ranging from 1 to 5, 

while in this report, the distortional buckling mode has not been observed in the critical 

buckling conditions when the aspect ratio exceeds two. Figure 3.35 also shows the 

comparison between the critical buckling loads predicted by the formula from Ruiz-

Teran and Gardner (2008) and the FE results by the author. Clearly, their formula is 

not accurate for long ECSs. 
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This section also proposes a formula (Eq. 3.33) for computing the compressive 

buckling stress of short to medium length ECSs with aspect ratios from 1.5 to 3.5 and 

a / t ratios from 20 to 1000 with the consideration of length effect. This equation is 

modified on the basis of the formula of classical buckling stress for CCSs (Eq. 3.6). 

The member length effect is considered by introducing a length factor Cx
ECS similar 

to what EN 1993-1-6 (2007) suggests for CCSs as described in Section 2. The formula 

is suitable for ECSs with fixed boundary conditions. 
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For medium length shells, which are defined by Zm > 400 and ZECS < 35.3, Cx
ECS = 1. 

 

For short shells, which are determined by 3 < Zm ≤400, 2
3.29 0.781ECS

x
m m

C
Z Z

= + +  

 

For long shells, which are specified by ZECS ≥ 35.3, the buckling stress can be 

computed using the Euler’s column buckling formula (Eq. 3.15), and the closed-form 

formulas for perimeter (Eq. 3.21) and second moment of area (Eq. 3.25) of thin-walled 

elliptical hollow sections. The final form of this buckling stress for long shells is shown 

in Eq. 3.34. 
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=   for long shells. 0.5 =  for fixed boundary conditions

 (3.34) 

3.6 CONCLUSIONS 

This chapter presented a systematic investigation towards the influence of shell length 

on the elastic buckling behavior of elliptical cylindrical shells (ECSs) under axial 

compression which was rarely examined in the existing literature before. Geometric 
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parameters include the modified   and  , the modified Batdorf parameter Zm, and 

two types of length parameter ZECS
*  and ZECS, similar to what had been devised for 

circular cylindrical shells (CCSs), were developed and verified in this study in order 

to accurately represent the buckling behavior of axially compressed ECSs with various 

geometries. The length parameter ZECS was finally suggested to be employed 

considering its excellent accuracy in predicting the onset of global bending buckling 

for ECSs with aspect ratios greater than 1.5 for which the transition stage no longer 

presented. The modified Batdorf parameter was proposed to represent the geometry of 

short to medium length ECSs. A clear full-range picture of the variation of buckling 

behavior of ECSs with these length parameters from short shells, medium length shells, 

transitional length shells to long shells could be eventually exposed.  

 

Short shells refer to shells manifesting an increasing normalized load with the decrease 

in the modified Batdorf parameter Zm. Medium length shells are those with a constant 

normalized load irrespective of any length parameters. Moderately long or transitional 

length shells are featured by a global distortional (inextensible) buckling mode with 

relatively long wavelengths. The normalized loads for moderately long shells are 

generally lower than those for medium length shells, but the reduction is generally 

within 15%. Such transitional stage was found to disappear when the a / b ratio 

exceeded 1.5. Long shells are controlled by the Euler column buckling mode (a global 

bending mode). The normalized loads for long shells with global bending mode 

however decrease significantly with the increase in ZECS based on the formula of 

Euler’s critical load for columns. Formulae for the calculation of buckling stress for 

short to medium length ECSs were also proposed in this paper by using the modified 

Batdorf parameter Zm in a similar format to the suggestions in EN 1993-1-6 (2007) for 

CCSs. 

 

A simply modified form of length parameter   was firstly tested for medium length 

to long shells. The results showed that this parameter could capture the major trend 

and lumps most curves together but could not accurately have all turning point from 
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local buckling to column buckling concentrate to one common point. It is becasue this 

parameter is too simple to fully capture the influence of shell ellipticity and shell 

thickness.  

 

The second type of length parameter ZECS
*  for medium length to long ECSs was 

derived based on the assumption that the turning point from local buckling to global 

buckling locates where the classical buckling stress σcl and the Euler buckling stress 

σEuler coincides. In order to obtain a closed-form formula for the length parameter, a 

closed-form approximation formula was proposed for computing the second moment 

of area of thin-walled elliptical cross section. This approximation could provide better 

estimations for thin-wall elliptical hollow sections compared with the formula 

recommended by EN 10210-2:2019 (2019), especially for sections with an aspect ratio 

of 2 or larger. The length parameter ZECS
*  was derived by adopting closed-form 

approximations of section area and second moment of area and the formula of 

equivalent radius by Ruiz-Teran and Gardner (2008). Extensive FE simulation studies, 

covering a wide range of geometries (e.g., with aspect ratios ranging from 1.5 to 3.5 

and shell major radius-to-thickness ratios from 40 to 400), were performed to 

determine the onset of global buckling in terms of shell length. The FE results were 

employed to testify the accuracy of the proposed length parameter ZECS
* . It was found 

that for relatively thick shells (a / t < 100), this geometric parameter ZECS
*  led to 

significant errors. Besides, the errors in ECSs with aspect ratio of 1.25 were always 

significant because in these cases, the transition was from distortional buckling to 

global buckling instead of from local buckling as assumed.  

 

These facts motivated the author to make further efforts to develop a more accurate 

formulation which could expand the range of application of the length parameter. The 

third type of length parameter ZECS which inherited the basic form of the length 

parameter for CCSs was developed by directly regressing the data from FE studies 

using curve fitting tools. By comparing with the FE results, it could be concluded that 

for ECSs with aspect ratios within 1.5 ~ 3.5 and a / t ratios within 40 ~ 400, the absolute 
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value of relative error could be guaranteed below 0.7%. For the thickest case of a / t = 

40 in this work, the absolute value of relative error was within 2% which is also 

reasonably acceptable. For the case with an aspect ratio of 1.25, due to the presence of 

distortional buckling, the value of the length parameter ZECS corresponding to the onset 

of global buckling ZECS
u  was found to be 39.6 instead of the constant value of 35.3 for 

cases with aspect ratio greater than 1.25. A by-product of this second type of length 

parameter ZECS was one formula of “equivalent radius” for ECSs under axial 

compression. Finally, a simplified form of the geometric parameter was presented in 

this paper for use in practice. This simplified form indicated a conservative bottom 

line above which global buckling needed consideration in design. 

 

It should be noted that all the models treated in this work assume fixed boundary 

conditions. The knowledge from elastic buckling of axially compressed CCSs 

(Yamaki, 1984) tells that boundary conditions have non-negligible effects on the 

buckling behavior of CCSs. Therefore, it could be expected that similar phenomenon 

may happen to ECSs. Future work will be dedicated to unveiling the mystery of 

boundary condition effects on the buckling behavior of axially compressed ECSs. 
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Table 3.1 The critical stresses (unit: MPa) obtained from the finest-meshed FE models 
with various a / b and a / t ratios  

 a / b 
1.25 1.5 2 2.5 3 3.5 

a / t  

400 243.85 204.04 153.91 123.75 103.56 89.084 
200 489.32 410.67 311.02 250.76 210.37 181.39 
100 984.93 829.75 632.36 512.27 431.57 373.44 
40 2491.9 2119.8 1638.7 1342.4 1141.1 994.10 
20 5037.8 4338.7 3410.9 2834.7 2428.7 2109.1 

 

Table 3.2 The meridional buckling half-wavelengths (unit: mm) obtained from the 
finest-meshed FE models with various a / b and a / t ratios  

 a / b 
1.25 1.5 2 2.5 3 3.5 a / t  

400 19.835 21.827 25.357 28.426 31.233 33.760 
200 28.228 31.089 36.042 40.374 44.330 47.985 
100 40.019 44.080 51.306 57.476 63.273 68.362 
40 63.952 70.239 81.991 92.053 101.05 109.43 
20 90.968 100.28 117.38 133.17 146.24 172.20 

 
Table 3.3  The largest circumferential buckling half-wavelengths (unit: mm) obtained 
from the finest-meshed FE models with various a / b and a / t ratios 

 a / b 
1.25 1.5 2 2.5 3 3.5 a / t  

400 127.24 131.05 137.83 143.83 149.26 154.26 
200 144.19 149.48 158.90 167.24 174.80 181.76 
100 168.03 175.27 188.23 199.72 210.15 219.77 
40 214.77 225.43 244.63 261.74 277.33 291.74 
20 266.48 280.19 305.04 327.35 347.76 366.69 

 

Table 3.4  The critical stresses (unit: MPa) obtained from the mesh convergence 
study for models with various aspect ratio and corresponding tube length at the onset 
of global buckling 

a / b Length (mm) 0.25 m  0.5 m    m   

1.25 15700 428.54 428.55 0.00% 428.55 0.00% 
1.5 13700 406.10 406.08 0.00% 406.22 0.03% 
2 12100 308.88 308.88 0.00% 308.86 0.01% 

2.5 11000 247.01 247.03 0.01% 247.03 0.01% 
3 10100 207.84 207.84 0.00% 207.82 0.01% 

3.5 9400 178.83 178.83 0.00% 178.81 0.01% 
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Table 3.5  The critical stresses (unit: MPa) obtained from the mesh convergence 
study for models with various aspect ratio and corresponding tube length which is 80% 
of the length at the onset of global buckling 

a / b Length (mm) 0.25 m  0.5 m    m   

1.25 12600 446.92 446.92 0.00% 446.93 0.00% 
1.5 11000 411.92 411.92 0.00% 412.14 0.05% 
2 9700 311.82 311.90 0.03% 311.98 0.05% 

2.5 8800 251.30 251.28 0.01% 251.37 0.03% 
3 8100 210.66 210.67 0.01% 210.71 0.03% 

3.5 7500 181.58 181.60 0.01% 181.69 0.06% 

 

Table 3.6 Categories of models  

Full model 1/2-length 
model 

1/2-
circumference 
model 

1/4-
circumference 
model 

1/2-length and 
1/2-
circumference 
model 

1/2-length and 
1/4-
circumference 
model 

No 
structural 
symmetry 
exploited 

Meridional 
symmetry BCs 
applied at mid-
length. Full 
circumference 
kept 

circumferential 
symmetry BCs 
employed 
about the 
minor axis. 
Full length 
kept 

circumferential 
symmetry BCs 
employed 
about both the 
minor and 
major axes. 
Full length 
kept 

Symmetry 
BCs applied 
respectively at 
the mid-length 
and about the 
minor axis 

Symmetry 
BCs applied 
respectively at 
the mid-length 
and about both 
the minor and 
major axes 
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Table 3.7 Typical buckling modes of axially compressed ECSs under C1 type BCs in 
different length ranges  

Short Medium Length 
Moderately long (this 
range disappears 
when a / b > 1.5)  

Long 

 

 

 

 

 

Table 3.8 Comparison between Peano’s approximation and the numerical solution to 
the perimeters of ECSs (unit of perimeter: mm) 

a / b 1.15 1.25 1.5 2 2.5 3 3.5 5 
Peano 1176.11 1134.47 1057.78 969.43 922.09 893.88 875.91 849.98 
Exact 1176.10 1134.47 1057.70 968.84 920.52 890.99 871.48 840.40 
Error 0.00% 0.00% 0.01% 0.06% 0.17% 0.32% 0.51% 1.14% 

 

Table 3.9 Numerical solutions of second moment of area about y axis Iyy of ECSs (cm4) 
 a/b 1.15 1.25 1.5 2 2.5 3 3.5 5 a/t  
400 1135.16 1071.73 953.50 813.98 736.46 688.32 656.11 603.95 
200 2270.32 2143.46 1907.00 1627.96 1472.92 1376.64 1312.22 1207.90 
100 4540.64 4286.93 3814.01 3255.91 2945.85 2753.28 2624.44 2415.79 
40 11351.60 10717.32 9535.02 8139.78 7364.62 6883.21 6561.09 6039.48 
20 22703.20 21434.64 19070.05 16279.57 14729.24 13766.42 13122.18 12078.96 

 

Table 3.10 Numerical solutions of second moment of area about z axis Izz of ECSs 
(cm4) 

 a/b 1.15 1.25 1.5 2 2.5 3 3.5 5 a/t  
400 920.28 766.21 516.40 280.93 176.73 121.52 88.72 43.07 
200 1840.55 1532.42 1032.79 561.86 353.47 243.04 177.44 86.15 
100 3681.10 3064.84 2065.58 1123.71 706.94 486.07 354.89 172.30 
40 9202.76 7662.09 5163.95 2809.28 1767.34 1215.18 887.22 430.74 
20 18405.52 15324.18 10327.91 5618.56 3534.68 2430.37 1774.45 861.48 
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Table 3.11 The onset of global buckling in terms of shell length for models with 
various a / b and a / t ratios from FE studies 

a / b 
a / t 

Length for the onset of global buckling (mm) 
1.25 1.5 2 2.5 3 3.5 

400 22300 19500 17200 15700 14400 13400 
200 15700 13700 12100 11000 10100 9400 
100 11100 9540 8440 7640 7000 6500 
40 6920 5950 5130 4600 4200 3850 
20 4800 4100 3450 3050 2750 2500 

 

Table 3.12 The onset of global buckling in terms of the proposed geometric parameter 
for models with various a / b and a / t ratios along with the geometric parameter for 
circular cylindrical shells for the purpose of comparison 

a / b 
a / t 

u
ECSZ  for the onset of global buckling (mm) u

CCSZ # 
1.25 1.5 2 2.5 3 3.5 

34.18 
(Donnell) 

53.46  
(Flügge) 

400 39.47 35.21 35.37 35.24 35.15 34.80 
200 39.43 35.20 35.33 35.54 35.23 35.04 
100 39.90 34.82 35.47 35.74 35.58 35.49 
40 39.83 35.25 35.09 35.38 35.58 35.10 
20 39.67 35.43 34.46 34.50 34.43 33.91 

#The values for circular cylindrical shells are from Yamaki (1984) for fixed boundary 
conditions. 

 

 

 
 

Figure 3.1 The geometry of elliptical cylindrical shells 

 



161 

 
Figure 3.2 A comparison between models with S4R and S8R5 elements in terms 
of mesh convergence  

 
Figure 3.3 Schematic for the definition of element sizes in one normal four-node 
shell element  

 

Figure 3.4 Relative error δ in terms of buckling stresses vs. element size parameter 
γ for ECS models with different aspect ratios (1.25 ~ 3.5) 
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Figure 3.5 Relative error δ in terms of buckling stresses vs. element size parameter γ 
for ECS models with various aspect ratios (1.25 ~ 3.5) and meshed with a fixed 
circumferential element size and various axial element sizes 
 

 
Figure 3.6 The distribution of normalized meridional buckling half-wavelengths along 
the meridian from one shell end to the other 

 
Figure 3.7 Typical distributions of buckling waves along the meridional direction 
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Figure 3.8 Relative error δ in terms of meridional half-wavelength vs element size 
parameter γ for ECS models with various aspect ratios (1.25 ~ 3.5) and meshed 
with a fixed circumferential element size and various axial element sizes 

 

 
Figure 3.9 Relative error δ in terms of buckling stresses vs. element size parameter γ 
for ECS models with different a / t ratios (20 ~ 400) 
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Figure 3.10 Relative error δ in terms of buckling stresses vs. element size parameter γ 
for ECS models with various a / t ratios (20 ~ 400) and meshed with a fixed 
circumferential element size and various axial element sizes 

 

Figure 3.11 Relative error δ in terms of meridional half-wavelength vs element size 
parameter γ for ECS models with various a / t ratios (20 ~ 400) and meshed with a 
fixed circumferential element size and various axial element sizes 

 
Figure 3.12 Comparison between the results of meridional buckling half-
wavelengths from the proposed formula and the finest meshed FE models 
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Figure 3.13 Comparison between the results of the largest circumferential buckling 
half-wavelengths from the proposed formula and the finest meshed FE models 

 
Figure 3.14 Comparison between the results of meridional buckling half-
wavelength from Hutchinson’s formula (1968) and the finest meshed FE models 
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Figure 3.15 The shell length vs. normalized load curves for different types of ECS 
models sharing an aspect ratio of 1.25 and an a / t ratio of 100 

 
Figure 3.16 The enlarged view of the curves in Figure 3.15 for relatively short 
shells. 
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Figure 3.17 The enlarged view of the curves in Figure 3.15 for relatively long shells 
(red dash line represents the theoretical Euler buckling load) 
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Figure 3.18 Normalized load vs. shell length curves for ECSs with various a / b (1 
~ 3.5) and a / t ratios (50 ~ 400) 
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Figure 3.19 Normalized load by the prediction using the maximum radius of 
curvature as the equivalent radius vs. ΩECS curves for ECSs with various a / b (1 ~ 
3.5) and a / t ratios (50 ~ 400) 
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Figure 3.20 Normalized load by the prediction using Ruiz-Teran and Gardner’s 
(2008) equivalent radius vs. ΩECS curves for ECSs with various a / b (1 ~ 3.5) and 
a / t ratios (50 ~ 400) 

 

 
Figure 3.21  Schematic for the definition of angle θ 
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Figure 3.22 Comparison among the formula of BS EN 10210-2:2019, the proposed 
formula, and the exact solutions of second moment of area about y axis Iyy 

 

 
Figure 3.23 Comparison among the formula of BS EN 10210-2:2019, the proposed 
formula, and the exact solutions of second moment of area about z axis    
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Figure 3.24 Normalized load vs. ZECS
*  curves for ECSs with various a / b and a / 

t ratios. 

 

 

Figure 3.25  Comparison between shell lengths at the onset of global buckling 
obtained from FE studies and the length parameter ZECS
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Figure 3.26 Normalized load vs. ECSZ  curves for ECSs with various a / b and a / 
t ratios. 

 

Figure 3.27 Comparison between the critical buckling stresses from the classical 
formula using the equivalent radius proposed in this work and from the finest 
meshed FE models  
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Figure 3.28 Comparison between the critical buckling stresses from the classical 
formula using the equivalent radius proposed by Ruiz-Teran and Gardner and from 
the finest meshed FE models 

 
Figure 3.29  Comparison between shell lengths at the onset of global buckling 
obtained from FE studies and the length parameter ZECS 

 
Figure 3.30 Comparison between shell lengths at the onset of global buckling obtained 
from FE studies and the length parameter ZECS in which the equivalent radius is 
replaced by Ruiz-Teran and Gardner’s formula 
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Figure 3.31 The Zecs value of each model at the onset of global buckling versus the 
aspect ratio along with the line indicating Zecs = 33 
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Figure 3.32 Normalized load vs. ωECS curves for ECSs with various a / b and a / t 
ratios. 
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Figure 3.33 Normalized load vs. Zm curves for ECSs with various a / b and a / t 
ratios. 
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Figure 3.34 Variation of normalized load with the modified Batdorf parameter Zm (all 
the black lines are directly adopted from Figure 3.33) 

 

Figure 3.35 Variation of normalized load with the length parameter ZECS (all the black 
lines are directly adopted from Figure 3.26) 

 



192 

 

 

 

CHAPTER 4 

ELASTIC BUCKLING OF ELLIPTICAL CYLINDRICAL 

SHELLS UNDER AXIAL COMPRESSION:  

BOUNDARY CONDITION EFFECT 

4.1 INTRODUCTION 

This chapter investigates the influence of boundary conditions on the elastic local 

buckling behavior of elliptical cylindrical shells (ECSs) under axial compression by 

using finite element analysis (FEA) which has rarely been visited thus far. Only one 

paper was found on similar topic by Volpe et al. (1980) investigating the stability of 

an axially compressed finite oval cylindrical shell (OCS) with orthogonal stiffeners 

under three different types of boundary conditions adopted from Almroth’s work 

(1966), which correspond to the C1, S3 and S4 types of BCs in Yamaki’s book (Table 

2.1). Therefore, a thorough study is performed in this paper to fill in the blank in theory. 

Eight types of boundary (edge) conditions proposed by Almroth in 1966 for circular 

cylindrical shells (CCSs) and also adopted by Yamaki (1984) are examined. It starts 

from some case studies for medium length ECS models with aspect ratios (major 

radius to minor radius ratio) ranging from 1 (CCS) to 3.5 and a / t ratios taken to be 

400 and 1000. The shell length to major radius ratio is fixed to be 5. The elastic 

buckling analysis is performed under three different types of pre-buckling stress state, 

namely, membrane stress state, consistent stress state, and consistent stress state with 

the consideration of geometric nonlinear effect. Both the buckling loads and buckling 

modes are carefully assessed and discussed. The results from the buckling analysis 
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with membrane pre-buckling stress state and consistent pre-buckling stress state show 

almost identical buckling loads and buckling modes, which implies the validity of the 

membrane pre-buckling stress state assumption for the linear bifurcation analysis of 

ECSs under uniform axial compression. It is also found from all the three types of 

buckling analysis that a dramatic reduction (generally 40% to 50%) in the critical 

buckling loads compared with those in cases with C1-type BCs (Yamaki, 1984) as 

adopted in Chapter 3 happens when an ECS is free from all tangential translational and 

rotational constraints at both shell ends (corresponds to S2 and S4 types of BCs in 

Yamaki’s work (1984)). This interesting phenomenon is also observed in CCSs 

(Almroth, 1966; Yamaki, 1984). For other types of boundary conditions, with the 

consideration of geometric nonlinear effect in the pre-buckling stress state, the 

reduction in buckling loads never exceeds 13% compared with those in corresponding 

cases adopting membrane pre-buckling stress state. The first buckling modes are 

always either symmetric or anti-symmetric about the major axis in a cross-sectional 

view except for cases S2 and S4 where anti-symmetric modes dominate. Furthermore, 

it is found that the buckling waves always localize near both ends after considering the 

geometric nonlinear effect except for cases S2 and S4 which is also found for CCSs 

(Yamaki, 1984).  

 

This chapter concludes with a thorough parametric study which maps out the 

parameter space as what has been done in Chapter 3 for all eight types of shell 

boundary conditions. It should be mentioned that the models in Chapter 3 are imposed 

with the C1-type BCs. Besides, when shells become sufficiently long, the column-type 

boundary conditions are expected to take over the dominating position of shell-type 

boundary conditions. Therefore, some sets of column boundary conditions are also 

investigated for medium length to long shells in this chapter in order to present a full 

picture of boundary condition effect. 
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4.2 LINEAR ELASTIC BUCKLING WITH MEMBRANE PRE-BUCKLING 

STRESS STATE 

4.2.1 Introduction 

In the early days, to facilitate the mathematical formulation and solution to the stability 

problems of CCSs, a simplified membrane stress state is usually assumed to represent 

the pre-buckling stress state. This stress state only contains membrane stresses and 

ignores the bending stresses incurred by satisfying the boundary conditions. Therefore, 

for the historical reason, this section lays emphasis on the linear elastic buckling 

analysis with the assumption of membrane pre-buckling stress state for ECSs under 

various boundary conditions. 

 

The cross-section geometry is an ellipse with various aspect ratios, namely 1, 1.25, 1.5, 

2, 2.5, 3, and 3.5. The shells take two different a / t ratios, that is a / t = 400 and a / t 

=1000. The shell thickness in each case is fixed to be 1 mm. The length to major radius 

ratio L / a is fixed to be 5. The mesh size is assigned based on the results from the 

mesh convergence study shown in Chapter 3. The element size along the longitudinal 

direction is taken as 0.2𝜆𝑚 (𝜆𝑚 is defined in Eq. 3.2 of Chapter 3) while along the 

circumferential direction 0.1𝜆𝑚. The finite element analysis is performed in ABAQUS 

(2012). 

 

4.2.2 Boundary Conditions (BCs) 

All the eight types of boundary conditions (Yamaki, 1984) used in linear bifurcation 

analysis (LBA), i.e. eigenvalue extraction, are listed in Table 4.1, along with the 

boundary conditions for the pre-buckling static analysis and linear perturbation 

analysis, respectively. The definitions for the displacement components and the 

coordinate systems are shown in Figure 3.1 of Chapter 3. 
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4.2.3 Results and Discussion on the Buckling Loads 

The results of the critical buckling load for cases with a / t = 400 and a / t = 1000 are 

summarized in Table 4.2 and Table 4.3 respectively. The buckling load is defined as 

the load per unit length around the circumference which is consistent to the convention 

in classical shell theory. The normalized buckling load for each case, which is defined 

as its buckling stress over the corresponding buckling stress of the ECS model with 

S1-type BCs, is shown in Table 4.4 and Table 4.5 for models with a / t = 400 and a / t 

= 1000, respectively. The results clearly indicate the interesting phenomenon, which 

is also observed in the studies for CCSs with the adoption of the membrane pre-

buckling assumption (Hoff, 1966; Almroth, 1966; Yamaki, 1984), a dramatic 

reduction (generally about 50% decrease) in the critical buckling load happens when 

an ECS is free from all tangential constrains ( 𝑣  and 𝑤 ′ ) at both ends which 

corresponds to cases S2 and S4. It could also be inferred that the influence of boundary 

conditions, for cases C1, C2, C3, C4, S1, and S3, on the critical buckling loads is trivial 

and all the critical buckling loads are almost identical (within 0.1% difference) which 

is also consistent with both Hoff and Rehfield’s (1965) and Yamaki’s findings (1984) 

for medium length CCSs. 

 

4.2.4 Results and Discussion on the Buckling Modes 

The first buckling modes for models with the aspect ratio of 1.5 under all eight types 

of boundary conditions are presented in Figure 4.1 ~ Figure 4.8 Figure 4.11. The 

buckling modes are found to be symmetric about the plane of major axes except for 

the cases S2 and S4. By examining the first ten buckling modes for each case, it is 

found that the mode competing is basically between the symmetric and anti-symmetric 

modes for cases S1, S3, C1, C2, C3 and C4. By saying mode competing, it means that 

in the vicinity of the first eigenvalue, several orthogonal eigenmodes exist. Generally, 

the eigenvalues of the first two competing modes are always within 0.1% difference. 

The second buckling mode for the model under S1-type boundary conditions is 

demonstrated in Figure 4.9 illustrating the anti-symmetric counterpart for the first 
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buckling mode (Figure 4.1) which is clearly symmetric about the plane of major axes. 

It should also be mentioned that for cases S1, S3, C1, C2, C3 and C4, the difference in 

buckling loads for the first six modes is commonly within 1%. However, for S2 (Figure 

4.2) and S4 (Figure 4.4), the first mode shape is dominated by the anti-symmetric mode. 

The difference in buckling loads between the first anti-symmetric mode and the first 

symmetric mode is basically over 5%. For cases with C2 and C4 types of BCs, the first 

anti-symmetric buckling modes, which compete with the first symmetric modes as 

shown in Figure 4.10 and Figure 4.11 respectively, manifest apparent difference from 

all competing modes of C1 or C3 types of BCs. The amplitudes of radial displacement 

w near both ends in the first anti-symmetric buckling mode are comparable with those 

around the middle length, while for all competing modes in cases C1 and C3 with fixed 

rotational degree of freedom along the circumferential direction (i.e., cases with 

boundary condition types whose names initiate with ‘C’), the amplitudes of 

longitudinal waves decrease monotonically when approaching both ends from the 

middle length. This phenomenon indicates that with the release of the translational 

DOF along the circumferential direction, significant local buckling could happen near 

the ends. For cases S1 and S2, the amplitudes of the buckling waves along the 

longitudinal direction are almost the same throughout the shell length. 
 

4.3 LINEAR ELASTIC BUCKLING WITH CONSISTENT PRE-BUCKLING 

STRESS STATE 

4.3.1 Introduction 

In this section, without the assumption of membrane pre-buckling stress state, the 

linear elastic buckling for each case corresponding to the previous section is analyzed. 

This section serves as a comparison with the previous section for the purpose of 

assessing the influence of the membrane pre-buckling assumption widely adopted in 

the stability theory of CCSs on the results of the linear bifurcation analysis for ECSs. 
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4.3.2 Boundary Conditions (BCs) 

The boundary conditions in this section are “consistent” all the time for each analysis 

step and are listed in Table 4.6, which means identical boundary conditions are 

employed in both stress perturbation and eigenvalue extraction. Other parameters for 

the FE models are identical to those in the previous section. 

4.3.3 Results and Discussion 

The normalized buckling loads by the corresponding loads in S1 from the FE studies 

are shown in Table 4.7 (a / t = 400) and Table 4.8 (a / t = 1000). Comparisons between 

the results from the Section 4.2 and those from this section are presented in Table 4.9 

(a / t = 400) and Table 4.10 (a / t = 1000) by computing the ratio between them. The 

first eigenmode for each case is almost identical to the corresponding one in the 

membrane pre-buckling stress state buckling analysis and is therefore not presented in 

this thesis. The comparisons of the critical buckling loads shown in Table 4.9 and 

Table 4.10 confirm the validation of the assumption of membrane pre-buckling stress 

state in the linear bifurcation analysis for ECSs, in light of the trivial difference 

between the results (within 0.1% difference). 

 

Based on the results from the membrane pre-buckling stress state analysis and the 

consistent pre-buckling stress state analysis, it can be concluded that the simplification 

of the pre-buckling stress state has trivial influence on the final results in linear 

bifurcation analysis for medium length shells. In fact, only for very short shells, which 

are quite sensitive to the influence of boundary conditions, the membrane pre-buckling 

stress state assumption may lead to inaccurate predictions. 

 



198 

4.4 ELASTIC BUCKLING WITH CONSISTENT PRE-BUCKLING STRESS 

STATE CONSIDERING THE EFFECT OF NONLINEAR PRE-

BUCKLING DEFORMATION 

4.4.1 Introduction 

The boundary conditions for each case are identical to those in Section 4.3 for the 

consistent pre-buckling stress state buckling analysis. The only difference is the 

introduction of the consideration of nonlinear pre-buckling deformation, that is the 

geometry nonlinear effect, which makes it a geometric nonlinear analysis (GNA). In 

this section, a / t is fixed to be 400 in each model. Other parameters of the FE models 

are the same as those in the previous section. The base state for buckling analysis in 

this subsection is the deformed configuration rather the undeformed configuration 

applied in Section 4.2 and Section 4.3. The implementation in ABAQUS for this 

nonlinear buckling analysis is more complicated compared with the linear bifurcation 

analysis performed in previous sections. A GNA is performed using the Static, General 

module provided in ABAQUS (2012). This analysis is terminated when the first 

negative eigenvalue is detected. A bifurcation analysis is then performed on the 

deformed configuration obtained right before the step where a negative eigenvalue is 

first detected. The eigenvalue (incremental load) is then checked to see whether it is 

trivial compared with the total imposed load. If the incremental load obtained is trivial 

(ideally should be zero, but numerically always a non-zero value) compared with the 

current load level, the bifurcation buckling mode extracted should be taken as the 

desired solution. If the incremental load is not trivial, then the increment size should 

be reduced, and the previous procedure should be repeated until the incremental 

buckling load becomes trivial. The bifurcation point is judged to have been found in 

this work when the incremental load gained from the bifurcation buckling analysis is 

less than 0.1% of the total imposed pre-buckling load, which ensures an accuracy 

comparable to that in the mesh convergence study. Such a buckling analysis is referred 

to as a “nonlinear buckling analysis” or a “nonlinear bifurcation analysis” in this thesis 

which implies bifurcation from a nonlinear prebuckling state. Such an analysis is 
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merely a nonlinear prebuckling analysis followed by a linear bifurcation analysis, 

which should be differentiated from the mathematical concept of nonlinear eigenvalue 

analysis. 

4.4.2 Results and Discussion on the Buckling Loads 

To verify the validity of the nonlinear bifurcation analysis proposed in this paper, one 

FE model of a CCS with radius R = 400mm, shell thickness t = 1mm, and shell length 

L = 2000mm is firstly studied. The results of normalized critical loads, defined as the 

ratio of the critical loads from FE simulation to the classical critical loads predicted by 

Eq. 3.6, are shown in Table 4.11 along with the results from Almroth’s (1966) and 

Yamaki’s (1984) studies. It can be concluded that the simulation results from this paper 

agree satisfactorily with those from both Almroth’s (1966) and Yamaki’s (1984) 

studies, which demonstrates the correctness of the approach employed in this study. 

 

Table 4.11 also presents the normalized critical loads for ECS models of this section. 

The classical buckling loads for ECSs are computed using the classical formula (Eq. 

3.6) by replacing the radius with the proposed equivalent radius in Chapter 3 (Eq. 3.29). 

The results from this study for ECSs show that a dramatic 40% to 50% reduction in 

the critical loads happens when the ECSs are free from all rotational and tangential 

constrains at both ends (cases S2 and S4). This observation is consistent with the 

findings from the previous two sections. For other cases, the reduction never exceeds 

13% in ECSs. By comparison, about 50% reduction arises in cases S2 and S4 for CCSs 

and no more than 20% reduction in other cases. 

 

For cases, except C1, an increasing tendency of the normalized loads can be observed 

with the increase of the aspect ratio, while for C1, the ratio seems to be a constant 

regardless of the aspect ratio within the range of 1.25 to 3.5. 

 

A comparison between the results from Section 4.3 and those from this section is 

presented in Table 4.12 by computing the ratio between them. It should be pointed out 
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that after considering the pre-buckling deformation, the buckling loads manifest a 

surprising increase in cases with S2 or S4 type boundary conditions. This phenomenon 

was also reported by Yamaki (1984) for CCSs. To explain this phenomenon, one may 

pay special attention to the deformation forms in those cases before buckling and at 

buckling. The pre-buckling deformation is always symmetric about the major axis 

within a cross-sectional view in those cases, while the first buckling mode is 

nevertheless predominately anti-symmetric. The symmetric buckling mode is 

generally the second buckling mode with more than 5% higher buckling loads. 

Therefore, after considering the symmetric deformed configuration in buckling 

analysis, the base state in this case will be more deviated from the preferred first 

buckling mode, which should be anti-symmetric, compared with the undeformed 

configuration. The pre-buckling deformation in those cases (cases S2 and S4) may 

therefore be a beneficial factor which may leads to less conservative results when 

considered in the buckling analysis. 

4.4.3 Results and Discussion on the Buckling Modes 

The first mode shapes for models with the aspect ratio of 1.5, a / t ratio of 400 and all 

eight types of boundary conditions are shown in Figure 4.12 ~Figure 4.19. The second 

buckling mode for the model under S1-type boundary conditions is also presented in 

Figure 4.20 demonstrating the anti-symmetric counterpart for the first buckling mode 

which is clearly symmetric. By examining the first several modes for each case, it can 

be concluded that the first mode after considering pre-buckling deformation is quite 

different from those in linear bifurcation analysis without considering geometric 

nonlinearity. The first mode shapes attained from the nonlinear bifurcation analysis 

except those in cases S2 and S4, are roughly alike manifesting two apparent features. 

One is that the buckling waves are generally localized at both ends of the ECSs. Similar 

phenomenon is also reported in CCSs (Yamaki, 1984). This phenomenon can be better 

comprehended by examining the pre-buckling stress state right before the bifurcation 

point shown in Figure 4.21. It can be observed that compressive stresses with 

maximum magnitude localize in the vicinity of shell ends which should be attributed 
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to the local compatibility bending induced by the edge restraints. In light of this stress 

concentration, it should not be surprising that buckling waves localize near shell ends. 

The other feature is that the first buckling modes are still either symmetric or anti-

symmetric and by checking the competing modes, it could also be inferred that the 

symmetric mode and anti-symmetric mode are in competition with each other which 

is consistent with the observations from the previous two sections.  

 

For the first buckling modes in cases S2 and S4, what is obviously distinct from those 

in other cases is that a larger portion of the flat region bulges out throughout the 

longitudinal direction rather than the localized buckling waves near both ends. Further, 

as in the previous two sections, the first buckling mode after considering the effect of 

pre-buckling nonlinear deformation is always dominated by the anti-symmetric mode 

as well. 

4.5 A PARAMETRIC STUDY FOR ELLIPTICAL CYLINDRICAL SHELLS 

UNDER DIFFERENT TYPES OF BOUNDARY CONDITIONS 

4.5.1 Introduction 

The length effect on the elastic buckling of axially compressed ECSs under C1-type 

BCs has been carefully examined in the previous sections. The length effect under 

other types of BCs is still not clear thus far. This section therefore presents a thorough 

parametric study as what has been done in Chapter 3 for each type of boundary 

conditions using linear bifurcation analysis. Firstly, to achieve a reasonable 

computation time, model symmetry sensitivity analysis is conducted for each type of 

BCs. 

4.5.2 Model Symmetry Sensitivity Analysis 

The FE models share an aspect ratio of 1.25, an a / t ratio of 100, while the / eqL R  

ratio ranges from 0.2 to 400. The shell length vs. normalized load curves for each type 

of BCs along with some typical buckling modes are presented in Figure 4.22 Figure 
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4.28. The normalized loads are the ratio of buckling load obtained from FE simulation 

and the prediction using the equivalent radius proposed in Chapter 3 (Eq. 3.29) 

 

4.5.2.1 C2-type BCs 

The results for C2 (Figure 4.22) show that for short shells, if the 1o4C type symmetry 

is imposed, i.e., symmetry about both the major and minor axes, the buckling load will 

be over-estimated for certain cases where the anti-symmetric buckling mode about the 

major axis is dominant. Similarly, it is also found that if the 1o2L type symmetry is 

applied, i.e., symmetry about the mid-height cross section, the buckling load can also 

be over-estimated when the anti-symmetric buckling mode about the mid-height cross 

section predominates the critical position. Therefore, the 1o2C type symmetry, that is 

symmetry about the minor axis, is the best option for short ECSs with C2-type BCs in 

terms of both accuracy and computation cost.  

 

For moderately long to long shells, it can be observed that when the distortional 

buckling mode first emerges, the load vs. length curves of full-length models and half-

length models diverge. It is because the distortional buckling mode is expected to be 

anti-symmetric about the mid-height plane in such cases whereas the 1o2L symmetry 

restraint impedes the formation of this distortional-type mode and keeps the short-

wave ripple buckling mode as the critical mode until the distortional buckling mode 

with even number of half meridional waves takes over the role. This could be explicitly 

observed in the figure where after the first divergence, all curves converge again to the 

same curve where the critical buckling mode is the distortional mode with symmetry 

about the mid-height plane. After this stage, the curves diverge into three curves. The 

first curve with 1o2L_1o4C-type symmetry is the same curve as the previous stage 

where the critical buckling mode is the distortional mode with symmetry about the 

mid-height cross section. The second curve with 1o4C type symmetry, which is 

slightly lower than the first curve, is dominated by the distortional buckling mode with 
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an odd number of half meridional buckling waves. The third curve which is the lowest 

one is the Euler column buckling curve. This difference is attributed to the fact that 

the column buckling mode is not symmetric about the major axis which makes all 

quarter-circumference models fail to reach this Euler column buckling curve. All these 

results for moderately long to long shells indicate that full-length model with half 

circumference symmetry about the minor axis should be the simplest and most cost-

effective model for moderately long to long ECSs.  

 

For C2-type BCs, in summary, ECS models with 1o2C-type symmetry are employed 

in this chapter. 

4.5.2.2 C3-type BCs 

The results for C3 (Figure 4.23) show that for short shells, the curves from half-length 

models could be different from those of full-length models. This is because that in 

certain cases, the anti-symmetric buckling mode about the mid-height cross section 

predominates the critical position. This difference diminishes with the increase in shell 

length. For medium length models, the symmetric and anti-symmetric buckling modes 

could share identical critical buckling loads which makes the curves from half-length 

and full-length models indistinguishable.  

 

For moderately long to long shells, it can be observed that when the first divergence 

occurs, the critical buckling mode becomes distortional mode with odd number of 

meridional waves. Since this type of buckling mode is anti-symmetric about the mid-

height plane, the 1o2L models therefore cannot capture this mode, instead the ripple 

buckling mode becomes the critical mode again for these models until the Euler 

column buckling mode takes over the dominating position. For full-length models, 

when the shell becomes much longer, the curves diverge into two. The higher one 

corresponds to models with quarter-circumference where the Euler column buckling 

mode cannot happen. The lower one is exactly the Euler column buckling curve.  
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For C3-type BCs, it is found that full-length models are required for both short shells 

and long shells. For short shells, quarter-circumference models with full shell length 

(1o4C) are enough, while for long shells, half-circumference models with full shell 

length and symmetry about minor axis (1o2C) are the bottom-line. In this chapter, 

when dealing with C3-type BCs, to effectively save computational cost, for relatively 

short shells (Lr < 20), 1o4C models are employed, while for relatively long shells (Lr 

≥ 20), 1o2C models are applied. 

4.5.2.3 C4-type BCs 

The results for C4 (Figure 4.24) show that for short shells, if the 1o4C type symmetry 

is imposed, i.e., symmetry about both the major and minor axes, the buckling load will 

be over-estimated for certain cases where the anti-symmetric buckling mode about the 

major axis is in dominant position. Similarly, it is also found that if the 1o2L type 

symmetry is applied, i.e., symmetry about the mid-height cross section, the buckling 

load can also be over-estimated when the critical buckling mode contains certain axial 

translation (one “shear” type buckling mode emerges). This mode is featured by the 

opposite meridional translations about the major axis which in other words, is an anti-

symmetric type of buckling mode about the plane of major axis. Therefore, the 1o2C 

type symmetry, that is symmetry about the minor axis, is the best option for short ECSs 

with C4-type BCs in terms of both accuracy and computation cost.  

 

For moderately long to long shells, similar phenomenon can be observed as in cases 

with C3-type BCs. It is found that when the first divergence occurs, the critical 

buckling mode becomes distortional mode with odd number of meridional waves. 

Since this type of buckling mode is anti-symmetric about the mid-height plane, the 

1o2L models therefore cannot capture this mode, instead the ripple buckling mode 

becomes the critical mode again for these models until the Euler column buckling 

mode takes over the dominating position. For full-length models, when the shell 
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becomes much longer, the curves diverge into two. The higher one corresponds to 

models with quarter-circumference where the Euler column buckling mode cannot 

happen. The lower one is exactly the Euler column buckling curve.  

 

For C4-type BCs, in summary, ECS models with 1o2C-type symmetry are employed 

in this chapter. 

4.5.2.4 S1-type BCs 

The results for S1 (Figure 4.25) show that for short shells, if the 1o2L type symmetry 

is applied, i.e., symmetry about the mid-height cross section, the buckling load can be 

over-estimated when the critical buckling mode for full-length models has an anti-

symmetry feature about the mid-height plane. Therefore, the full-length models are 

required when dealing with short ECSs with S1-type BCs and the 1o4C model should 

be the most cost-effective.  

 

For moderately long to long shells, it can be observed that when the distortional 

buckling mode first emerges, the load vs length curves of full-length models and half-

length models diverge, and very similar phenomenon is observed as in results of C2-

type BCs. Since the distortional buckling mode should be anti-symmetric about the 

mid-height plane, the 1o2L symmetry restraint impedes the formation of this 

distortional-type mode which leads to the difference. After this divergence, a second 

divergence happens where all curves diverge into three typical curves as what happens 

to C2-type BCs. The first curve with 1o2L_1o4C-type symmetry is the same curve as 

the previous stage where the critical buckling mode is the distortional mode with 

symmetry about the mid-height cross section. The second curve with 1o4C type 

symmetry which is a bit lower than the first curve is the dominated by the distortional 

buckling mode with even number of half meridional buckling waves (anti-symmetry 

about the mid-height plane). The third curve which is the lowest one is the Euler 

column buckling curve. This difference is attributed to the fact that the column 
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buckling mode is not symmetric about the major axis which makes all quarter-

circumference models fail to reach this Euler column buckling curve. All these results 

for moderately long to long shells indicate that full-length model with half 

circumference symmetry about the minor axis should be the minimum requirement 

and also the most cost-effective model for moderately long to long ECSs under S1-

type BCs.  

 

For S1-type BCs, in summary, ECS models with 1o4C-type symmetry are employed 

for relatively short shells (Lr < 40), and ECS models with 1o2C-type symmetry are 

applied for relatively long shells (Lr ≥ 40) in this chapter. 

4.5.2.5 S2-type BCs 

For S2-type BCs, smaller element sizes were used for medium length to long shells to 

secure a better accuracy in terms of the buckling load. According to Figure 4.26, the 

results of quarter circumference models are always higher which is because the critical 

buckling mode is always anti-symmetric about the major axis in a cross-sectional view. 

Quarter circumference models therefore should always be avoided when handling such 

type of BCs. Both 1o2C and 1o2L models share almost identical accuracy and 

computation cost. In this chapter, 1o2C models are used for S2-type BCs. 

4.5.2.6 S3-type BCs 

The results for S3 (Figure 4.27) show that for short shells, the curves from half-length 

models could be different from those of full-length models. This is because that in 

certain cases, the anti-symmetric buckling mode about the mid-height cross section 

predominates the critical position. This difference diminishes with the increase in shell 

length. 

 

For moderately long to long shells, a similar phenomenon can be observed as in cases 

with C3-type BCs. It is found that when the first divergence occurs, the critical 
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buckling mode becomes distortional mode with even number of meridional waves. 

Since this type of buckling mode is anti-symmetric about the mid-height plane, the 

1o2L models therefore cannot capture this mode, instead the ripple buckling mode 

becomes the critical mode again for these models until the Euler column buckling 

mode takes over the dominating position. For full-length models, when the shell 

becomes much longer, the curves diverge into two. The higher one corresponds to 

models with quarter-circumference where the Euler column buckling mode cannot 

happen. The lower one is exactly the Euler column buckling curve.  

 

For S3-type BCs, in summary, ECS models with 1o4C-type symmetry are employed 

for relative short shells (Lr < 20), while 1o2C models are applied for relative long 

shells (Lr ≥ 20) in this chapter. 

4.5.2.7 S4-type BCs 

For S4-type BCs (Figure 4.28), similar phenomenon observed as in S2 cases. It is 

because the critical buckling mode in S4 cases is also anti-symmetric about the major 

axis as in S2 cases. Quarter circumference models therefore should always be avoided 

when handling such type of BCs. When the shell becomes sufficiently short, similar 

“shear” type buckling mode emerges as observed in the C4 case. Therefore, the half-

length model (1o2L) should be abandoned for modelling short shells, though it can be 

used for medium length to long shells. To sum it up, in this chapter, the half 

circumference mode (1o2C) is employed for S4-type BCs. 

4.5.3 Parametric Study 

This section conducts a thorough parametric study on the buckling behavior of axially 

compressed ECSs under various boundary conditions. The normalized load versus 

shell length curves for various types of BCs with various aspect ratios (1.0 to 3.5) and 

various a / t ratios (50 to 400) are summarized in Appendix 4.1. Two example cases 
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are presented in Figure 4.29 for models with a / b=1.25 and a / t=100, and Figure 4.30 

for models with a / b=3.5 and a / t=100 to facilitate the readability and the discussion.  

 

The results show that for short shells, the sets of BCs with edge rotation restrained 

clearly make for larger buckling loads compared with their counterparts with free edge 

rotations, while for medium length shells, the buckling loads of all these BC types 

except S2 and S4 are almost indistinguishable and agree well with the prediction. The 

restraints on circumferential translation also manifest apparent influence, especially 

when the edge rotations are free (S2 and S4), a load reduction up to 50% can be 

observed in S2 and S4 cases. For C4 and C2 cases, though the load reduction is not 

that dramatic, it still can be observed that the buckling loads are lower than the 

corresponding C1 and C3 cases.  

 

For C1 and C3, the buckling load monotonically increase with the decrease in shell 

length. For other cases, festoon-shaped curves can be observed for short shells which 

implies frequent mode changes. When the shell becomes extremely short, except C4 

and S4, all curves keep ascending with a decrease in shell length. This implies that the 

rather short shell length limits the formation of longitudinal buckling waves, leading 

to the further development of circumferential lobes and hence some higher order 

modes which require much higher energy to achieve.  

 

For short shells, the restraint on axial translation however exhibits trivial influence on 

the buckling behavior, except when the shell becomes extremely short in C4 and S4 

cases. In these cases, the release of axial translational constraints could lead to the 

formation of one “shear” type buckling mode (anti-symmetric mode) where the 

material points, symmetric about the major axis, translate along the meridian in 

opposite directions with identical magnitude. When the shell length becomes 

sufficiently short, this “shear” mode for C4 and S4 cases clearly requires less energy 

and therefore replaces these ripple buckling modes. The reduction in shell length 

facilitates the formation of this “shear” mode and in turn leads to the reduction in 
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critical buckling loads. This “shear” mode is also observed in short CCSs tested in this 

study which makes the results different from those in Yamaki’s book (1984). Such 

phenomenon in CCSs for the relaxed boundary conditions (S4) was firstly discovered 

by Simmonds and Danielson in 1970. They investigated CCSs under S4 type BCs and 

unveiled this anti-symmetric mode. Yamaki also mentioned their discovery in his book 

but decided to leave it alone as such phenomenon only happens to very short ring-

beams constrained between two rigid, concentric frictionless cylinders under axially 

compression which is not a typical shell buckling problem.  

 

Figure 4.31 and Figure 4.32 present the relationships between normalized loads and 

the length parameters Zm and Z for ECS models with an aspect ratio of 1.25 and various 

a / t ratios (i.e., a / t = 50, 100, 400) as an example for discussion. Similar figures for 

models with other aspect ratios can be found in the Appendix 4.1.4. According to these 

figures, it can be inferred that the length parameters Zm and Z devised from the studies 

on axially compressed ECSs with C1-type BCs in Chapter 3 are still able to 

satisfactorily lump curves from models with the same type of BCs and various a / t 

ratios together for most cases except for the rather short models with C4 type BCs. 

Moreover, for medium length shells, the normalized load for each case becomes almost 

constant irrespective of the length parameters as in C1 cases. Lower and upper bounds 

of Zm and ZECS can therefore be reasonably determined for each case prescribing this 

“constant-load” stage. The details can be found in Table 4.13 formatted as (lower 

bound in Zm, upper bound in ZECS). 

 

For long shells, except S2 and S4, the other six cases concentrate to two different Euler 

column buckling curves: C1, C2 and S1 belong to the first set, and C3, C4 and S3 

constitute the second set. Obviously, for long shells, the edge rotational restraint has 

very trivial effect on the buckling behavior as long as the circumferential translations 

are constrained. The column-type boundary conditions are now in dominant position 

instead of the eight shell-type boundary conditions. The eight types of BCs only 

represent two types of column-type boundary conditions which are the E1 and E4 types 
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as shown in Table 4.14. Whether the set of BCs belongs to E1 or E4 simply depends 

on whether the axial translation is fixed or not. If the axial translations are fixed, the 

shell end plane cannot rotate and therefore can be deemed as a fixed column end. On 

the contrary, if the shell edges are free to move meridionally, the shell end plane shall 

be free to rotate and therefore be treated as a simply supported column end. It is 

therefore not surprising to find the critical length is reduced by half in C3, S4 and S3 

cases compared with C1, C2 and S1 cases in Figure 4.30 where the transition zones do 

not exist, according to the knowledge from Euler’s column buckling. 

 

Two more types of column-type BCs, namely E2 and E5, are then further investigated 

in order to unveil the influence of boundary conditions on medium length to long shells. 

The transition stages from ripple buckling dominated region to column buckling 

dominated region for four types of column-type boundary conditions are presented in 

Figure 4.33 for the purpose of presenting a thorough picture of the buckling behavior 

of ECSs under axial compression.  

 

According to Figure 4.33, as long as the shell end is not free as in the E5-type BCs, 

the normalized loads for medium length shells are still reasonably around one which 

implies the limited influence of these types of BCs on the buckling loads of medium 

length ECSs. For ECSs with an aspect ratio of 1.25, transition stage is always present 

between the ripple buckling stage and the Euler column buckling stage. With the end 

plate rotation restrained, this transition zone narrows down. For ECSs with an aspect 

ratio of 3.5, this transition stage disappears in all cases.  

 

If one shell end is freed, the buckling load of medium length shell deteriorates below 

0.4 which makes an even greater reduction in buckling load compared with S2 and S4 

cases presented in previous sections. 
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4.6 CONCLUSIONS 

This chapter has assessed the effect of boundary conditions on the elastic local 

buckling behavior of axially compressed medium length elliptical cylindrical shells 

(ECSs) by presenting both detailed case studies and thorough parametric studies. 

 

In the case studies, ECSs with aspect ratios varying from 1.25 to 3.5, a / t ratios of 400 

and 1000 and a fixed L / a ratio of 5 were examined using finite element analysis (FEA). 

Three types of pre-buckling states were analyzed under eight types of boundary (edge) 

conditions adopted from Yamaki’s work (1984) for circular cylindrical shells (CCSs). 

The first two types (membrane stress state and consistent stress state) employed linear 

bifurcation analysis (LBA) while the third type adopted geometric nonlinear analysis 

(GNA) to take the pre-buckling geometric nonlinearity into consideration followed by 

a LBA performed on the deformed configuration to extract the so-called nonlinear 

buckling mode. 

 

Both the buckling loads and buckling modes were assessed carefully in each type of 

analysis. The results from the buckling analyses with membrane pre-buckling stress 

state and consistent pre-buckling stress state showed almost identical buckling loads 

and buckling modes, which implies the validation of the membrane pre-buckling stress 

state assumption for the linear bifurcation analysis of medium length ECSs. It was also 

found from all the three types of buckling analysis that a dramatic reduction (generally 

40% to 50%) in the critical buckling load arose when an ECS was free from all 

rotational and tangential translational constraints at both ends (corresponds to cases S2 

and S4). This interesting phenomenon was also observed in circular cylindrical shells. 

For other boundary conditions, with the consideration of geometric nonlinear effect in 

the pre-buckling stress state, the reduction in buckling loads never exceeded 13%, and 

this load reduction decreased with the increase in aspect ratio. The first buckling modes 

were always either symmetric or anti-symmetric except for cases S2 and S4 where 

anti-symmetric modes were in dominating position. Furthermore, it was found that the 
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buckling waves always localized near both ends after considering the geometric 

nonlinear effect except for cases S2 and S4. Similar phenomenon was also observed 

in CCSs. 

 

The parametric study mapped out the parameter space for each type of BCs. The S2 

and S4 types of BCs were found to manifest the most significant influence which led 

to load reductions up to 50%. In cases where the circumferential translational degrees 

of freedom were restrained at both shell ends, the edge rotational restraint showed the 

most remarkable effect when shells were sufficiently short while the axial translational 

restraint had the most pronounced effect when shells buckled in column bending mode.  

 

When the circumferential translational degrees of freedom were released, if the edge 

rotations were released as well, the buckling load reduction up to 50% could be 

observed. If the edge rotations were restrained, the buckling load of medium length 

shells was still around the predicted value (i.e., the normalized load equals one). If the 

axial translations are freed, when an ECS becomes extremely short, a “shear-type” 

anti-symmetric buckling mode will emerge which leads to a dramatic load reduction. 

This phenomenon was also discovered in CCSs (Simmonds and Danielson, 1970). 

 

When the aspect ratio was smaller than or equal to 1.5, the transitional stage which 

was featured by the presence of the inextensible distortional buckling mode always 

existed except for the cases with S2-type and S4-type BCs. On the contrary, if the 

aspect ratio was greater than 1.5, the transitional stage disappeared in all cases. 

 

For long shells, two more sets of column-type BCs were also examined on ECSs with 

a / b ratios of 1.25 and 3.5 respectively for the purpose of presenting a rather thorough 

picture of the buckling behavior of ECSs under axial compression. It was found that 

as long as the shell end was not free as in the E5-type BCs (i.e., all degrees of freedom 

are free at shell ends), the normalized loads for medium length shells were still 

reasonably around one which implies the limited influence of these types of BCs on 
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the buckling loads of medium length ECSs. For ECSs with an aspect ratio of 1.25, 

transition stage always emerged between the ripple buckling stage and the Euler 

column buckling stage. With the end plate rotation restrained, this transition zone 

narrowed down. For ECSs with an aspect ratio of 3.5, this transition stage was not 

present in all cases. 
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Table 4.1 The boundary conditions for each analysis step studied in Section 4.2  

BC Pre-buckling membrane stress 
state (Static, General) Linear perturbation Eigenvalue Extraction 

u v w 𝑤 ′ 
S1 

𝑢 = 𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑙𝑜𝑎𝑑, 
𝑎𝑡 𝑥 = 𝑙 

 
𝑢 = 0, 𝑎𝑡 𝑥 = 0 

𝑢 = 𝐼𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑙 𝑙𝑜𝑎𝑑,  
𝑎𝑡 𝑥 = 𝑙 

 
𝑢 = 0, 𝑎𝑡 𝑥 = 0 

0 0 

0 

Free 
S2 0 Free Free 
S3 Free 0 Free 
S4 Free Free Free 
C1 0 0 0 
C2 0 Free 0 
C3 Free 0 0 
C4 Free Free 0 

 

Table 4.2 The values of critical buckling load 𝑁𝑐𝑟𝑚
𝐹𝐸  for ECSs with a / t = 400 

a / b 
(kN/m) 

S1 S2 S3 S4 C1 C2 C3 C4 
1 151.18 75.610 141.84 75.606 151.27 151.19 142.37 142.09 

1.25 121.91 62.411 121.90 62.306 121.96 121.92 121.96 121.92 
1.5 102.01 52.704 102.01 52.600 102.06 102.03 102.06 102.02 
2 76.959 40.246 76.957 40.162 77.022 77.011 77.022 76.972 

2.5 61.846 32.658 61.844 32.598 61.917 61.903 61.916 61.862 
3 51.746 27.570 51.744 27.529 51.815 51.768 51.815 51.768 

3.5 44.526 23.922 44.524 23.874 44.578 44.549 44.577 44.546 

 

Table 4.3 The values of critical buckling load 𝑁𝑐𝑟𝑚
𝐹𝐸  for ECSs with a / t = 1000 

a / b 
(kN/m) 

S1 S2 S3 S4 C1 C2 C3 C4 
1 24.201 12.102 22.913 12.102 24.208 24.201 22.965 22.963 

1.25 19.454 9.8780 19.454 9.8680 19.459 19.456 19.459 19.454 
1.5 16.249 8.2979 16.249 8.2903 16.254 16.250 16.254 16.250 
2 12.227 6.2907 12.227 6.2839 12.232 12.231 12.232 12.228 

2.5 9.8058 5.0723 9.8058 5.0659 9.8114 9.8074 9.8114 9.8074 
3 8.1906 4.2561 8.1902 4.2490 8.1950 8.1930 8.1950 8.1918 

3.5 7.0332 3.6706 7.0328 3.6632 7.0380 7.0344 7.0380 7.0344 

 

  

_
FE
cr mN

_
FE
cr mN
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Table 4.4 The normalized values 𝑁𝑐𝑟𝑚
𝐹𝐸

𝑁𝑐𝑟𝑚𝑆1

𝐹𝐸  for ECSs with a / t = 400 

a / b 
𝑁𝑐𝑟𝑚

𝐹𝐸

𝑁𝑐𝑟𝑚𝑆1

𝐹𝐸  

S2 S3 S4 C1 C2 C3 C4 
1 0.500 0.938 0.500 1.001 1.000 0.942 0.940 

1.25 0.512 1.000 0.511 1.000 1.000 1.000 1.000 
1.5 0.517 1.000 0.516 1.000 1.000 1.000 1.000 
2 0.523 1.000 0.522 1.001 1.001 1.001 1.000 

2.5 0.528 1.000 0.527 1.001 1.001 1.001 1.000 
3 0.533 1.000 0.532 1.001 1.000 1.001 1.000 

3.5 0.537 1.000 0.536 1.001 1.001 1.001 1.000 

Table 4.5 The normalized values 𝑁𝑐𝑟𝑚
𝐹𝐸

𝑁𝑐𝑟𝑚𝑆1

𝐹𝐸  for ECSs with a / t = 1000 

a / b 
𝑁𝑐𝑟𝑚

𝐹𝐸

𝑁𝑐𝑟𝑚𝑆1

𝐹𝐸  

S2 S3 S4 C1 C2 C3 C4 
1 0.500 0.947 0.500 1.000 1.000 0.949 0.949 

1.25 0.508 1.000 0.507 1.000 1.000 1.000 1.000 
1.5 0.511 1.000 0.510 1.000 1.000 1.000 1.000 
2 0.515 1.000 0.514 1.000 1.000 1.000 1.000 

2.5 0.517 1.000 0.517 1.001 1.000 1.001 1.000 
3 0.520 1.000 0.519 1.001 1.000 1.001 1.000 

3.5 0.522 1.000 0.521 1.001 1.000 1.001 1.000 

Table 4.6 The boundary conditions for each analysis step studied in Section 4.3 

BC 
Pre-buckling stress state 

(Static, General) Linear perturbation Eigenvalue Extraction 

u v w 𝑤 ′ u v w 𝑤 ′ u v w 𝑤 ′ 
S1 

0 (x=0) 
Estimated 

Load 
(x=l) 

0 

0 

Free 

0 (x=0) 
Incremental 
Load (x=l) 

0 

0 

Free 0 0 

0 

Free 
S2 Free Free Free Free 0 Free Free 
S3 0 Free 0 Free Free 0 Free 
S4 Free Free Free Free Free Free Free 
C1 0 0 0 0 0 0 0 
C2 Free 0 Free 0 0 Free 0 
C3 0 0 0 0 Free 0 0 
C4 Free 0 Free 0 Free Free 0 
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Table 4.7 The normalized values 𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛𝑆1

𝐹𝐸  for ECSs with a / t = 400 

a / b 
𝑁𝑐𝑟𝑐𝑜𝑛

𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛𝑆1

𝐹𝐸  

S2 S3 S4 C1 C2 C3 C4 
1 0.500 0.938 0.500 1.001 1.000 0.942 0.940 

1.25 0.512 1.000 0.511 1.000 1.000 1.000 1.000 
1.5 0.517 1.000 0.516 1.000 1.000 1.000 1.000 
2 0.523 1.000 0.522 1.001 1.001 1.001 1.000 

2.5 0.528 1.000 0.527 1.001 1.001 1.001 1.001 
3 0.532 1.000 0.532 1.001 1.001 1.001 1.001 

3.5 0.537 1.000 0.536 1.001 1.001 1.001 1.001 

 

Table 4.8 The normalized values 𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛𝑆1

𝐹𝐸  for ECSs with a / t = 1000 

a / b 
𝑁𝑐𝑟𝑐𝑜𝑛

𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛𝑆1

𝐹𝐸  

S2 S3 S4 C1 C2 C3 C4 
1 0.500 0.947 0.500 1.000 1.000 0.949 0.949 

1.25 0.508 1.000 0.507 1.000 1.000 1.000 1.000 
1.5 0.511 1.000 0.510 1.000 1.000 1.000 1.000 
2 0.514 1.000 0.514 1.000 1.000 1.000 1.000 

2.5 0.517 1.000 0.517 1.000 1.000 1.000 1.000 
3 0.520 1.000 0.519 1.000 1.001 1.000 1.000 

3.5 0.522 1.000 0.521 1.001 1.000 1.001 1.000 

 

Table 4.9 The comparison made by estimating the ratios 𝑁𝑐𝑟𝑚
𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸  for ECSs with a / t = 

400 

a / b 
𝑁𝑐𝑟𝑚

𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸  

S1 S2 S3 S4 C1 C2 C3 C4 
1 1.000 1.001 1.000 1.000 1.000 1.000 1.000 1.000 

1.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
1.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
2 1.000 1.001 1.000 1.001 1.000 1.000 1.000 1.000 

2.5 1.000 1.001 1.000 1.001 1.001 1.000 1.001 1.000 
3 1.001 1.001 1.001 1.001 1.001 1.000 1.001 1.000 

3.5 1.001 1.001 1.001 1.001 1.001 1.000 1.001 1.000 
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Table 4.10 The comparison made by estimating the ratios 𝑁𝑐𝑟𝑚
𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸  for ECSs with a / t 

= 1000 

a / b 
𝑁𝑐𝑟𝑚

𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸  

S1 S2 S3 S4 C1 C2 C3 C4 
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

1.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
1.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

2.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

3.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
 

Table 4.11 The normalized values 
𝑁𝑐𝑟𝐺𝑁

𝐹𝐸

𝑁𝑐𝑙
𝑒𝑞  for ECSs 

a / b 
𝑁𝑐𝑟𝐺𝑁

𝐹𝐸

𝑁𝑐𝑙
𝑒𝑞  

S1 S2 S3 S4 C1 C2 C3 C4 
1* 0.866 0.503 0.843 0.503 0.925 0.925 0.907 0.906 
1# 0.868 0.510 0.844 0.510 0.928 0.928 0.911 0.909 
1^ 0.867 0.501 0.842 0.500 0.925 0.925 0.908 0.907 

1.25 0.894 0.536 0.873 0.524 0.953 0.936 0.940 0.922 
1.5 0.895 0.551 0.879 0.533 0.954 0.939 0.945 0.929 
2 0.896 0.569 0.885 0.545 0.953 0.946 0.948 0.939 

2.5 0.899 0.582 0.889 0.555 0.954 0.952 0.950 0.946 
3 0.902 0.598 0.894 0.565 0.956 0.958 0.952 0.953 

3.5 0.906 0.613 0.898 0.574 0.959 0.963 0.955 0.958 
* results from Yamaki’s (1984) work. 

# results from Almroth’s (1966) work. 
^ results from this work. 

 

Table 4.12 The comparison made by estimating the ratios 
𝑁𝑐𝑟𝐺𝑁

𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸  for ECSs 

a / b 
𝑁𝑐𝑟𝐺𝑁

𝐹𝐸

𝑁𝑐𝑟𝑐𝑜𝑛
𝐹𝐸  

S1 S2 S3 S4 C1 C2 C3 C4 
1.25 0.895 1.049 0.874 1.026 0.954 0.937 0.941 0.923 
1.5 0.897 1.070 0.882 1.037 0.956 0.942 0.948 0.932 
2 0.900 1.093 0.889 1.050 0.956 0.949 0.951 0.943 

2.5 0.902 1.107 0.893 1.058 0.957 0.954 0.953 0.950 
3 0.905 1.127 0.896 1.065 0.958 0.960 0.954 0.955 

3.5 0.907 1.183 0.899 1.073 0.959 0.963 0.956 0.958 
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Table 4.13 Lower and upper bounds for medium length shells under various BC types 

a / b S1 S2 S3 S4 C1 C2 C3 C4 
1 (200,1) (40,60) (40,60*) (40,10) (300,1) (200,1) (100,150*) (100,150*) 

1.25 (400,12) (40,60) (400,1) (40,13.6) (400,12.6) (800,15.7) (400,1.1) (400,1) 
1.5 (400,35.3) (40,60) (400,1.2) (40,10.5) (400,35.3) (800,28) (400,1.2) (400,1.2) 
2 (200,35.3) (40,60) (400,8.82) (40,10.5) (400,35.3) (800,35.3) (400,8.82) (400,8.82) 

2.5 (200,35.3) (40,60) (400,8.82) (40,10.5) (400,35.3) (800,35.3) (400,8.82) (400,8.82) 
3 (200,35.3) (40,58) (400,8.82) (40,10.5) (400,35.3) (800,35.3) (400,8.82) (400,8.82) 

3.5 (200,35.3) (40,55) (400,8.82) (40,10.5) (400,35.3) (800,35.3) (400,8.82) (400,8.82) 

* The value is mZ . 

Table 4.14 List of column-type BCs [adapted from AISC: Steel Construction Manual 

(2015)] 

 

  

      

E1 E2 E3 E4 E5 E6 
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Figure 4.1 Views of the first symmetric eigenmode for model (a / b = 1.5, a / t = 400) 

with S1 type BCs from LBA 

 

 

Figure 4.2 Views of the first eigenmode for model (a / b = 1.5, a / t = 400) with S2 

type BCs from LBA 
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Figure 4.3 Views of the first symmetric eigenmode for model (a / b = 1.5, a / t = 400) 

with S3 type BCs from LBA 

 
Figure 4.4 Views of the first eigenmode for model (a / b = 1.5, a / t = 400) with S4 

type BCs from LBA 
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Figure 4.5 Views of the first symmetric eigenmode for model (a / b = 1.5, a / t = 400) 

with C1 type BCs from LBA 

     

Figure 4.6 Views of the first symmetric eigenmode for model (a / b = 1.5, a / t = 400) 

with C2 type BCs from LBA 
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Figure 4.7 Views of the first eigenmode for model (a / b = 1.5, a / t = 400) with C3 

type BCs from LBA 

      

Figure 4.8 Views of the first symmetric eigenmode for model (a / b = 1.5, a / t = 400) 

with C4 type BCs from LBA 

 

Figure 4.9 Views of the first anti-symmetric eigenmode for model (a / b = 1.5, a / t = 

400) with S1 type BCs from LBA 
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Figure 4.10 Views of the first anti-symmetric eigenmode for model (a / b = 1.5, a / t = 

400) with C2 type BCs from LBA 

 
Figure 4.11 Views of the first anti-symmetric eigenmode for model (a / b = 1.5, a / t = 

400) with C4 type BCs from LBA 
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Figure 4.12 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

S1 BCs from nonlinear bifurcation analysis 

 

Figure 4.13 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

S2 BCs from nonlinear bifurcation analysis 
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Figure 4.14 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

S3 BCs from nonlinear bifurcation analysis 

 
Figure 4.15 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

S4 BCs from nonlinear bifurcation analysis 

 



227 
 

 
Figure 4.16 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

C1 BCs from nonlinear bifurcation analysis 

 
Figure 4.17 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

C2 BCs from nonlinear bifurcation analysis 
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Figure 4.18 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

C3 BCs from nonlinear bifurcation analysis 

 
Figure 4.19 Views of the first eigenmode for the model (a / b = 1.5, a / t = 400) with 

C4 BCs from nonlinear bifurcation analysis 
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Figure 4.20 Views of the first anti-symmetric eigenmode for the model with S1 BCs 

from nonlinear bifurcation analysis 

 

 
Figure 4.21 Contour of axial compressive stresses in the mid-surface of shell at the 

pre-buckling stage right before bifurcation for the ECS model with a / b = 2, a / t = 

400, and C1 type boundary conditions. 
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Figure 4.22 The shell length vs. normalized load curves for different types of ECS 

models with C2-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 
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Figure 4.23 The shell length vs. normalized load curves for different types of ECS 

models with C3-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 

 

Figure 4.24 The shell length vs. normalized load curves for different types of ECS 
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Figure 4.25 The shell length vs. normalized load curves for different types of ECS 

models with S1-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 
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Figure 4.26 The shell length vs. normalized load curves for different types of ECS 

models with S2-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 
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Figure 4.27 The shell length vs. normalized load curves for different types of ECS 

models with S3-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 

 

Figure 4.28 The shell length vs. normalized load curves for different types of ECS 

models with S4-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 
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Figure 4.29 The shell length vs. normalized load curves for ECS models with 

different types of BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 
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Figure 4.30 The shell length vs. normalized load curves for ECS models with different 

types of BCs sharing an aspect ratio of 3.5 and an a / t ratio of 100 

 

Figure 4.31 The length parameter mZ  vs. normalized load curves for short to medium 

length ECS models with different types of BCs and various a / t ratios sharing an aspect 

ratio of 1.25 (models with the same BC types share identical line types) 
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Figure 4.32 The length parameter Z  vs. normalized load curves for medium length 

to long ECS models with different types of BCs and various a / t ratios sharing an 

aspect ratio of 1.25 (models with the same BC types share identical line types) 

 

 

 
Figure 4.33 The shell length vs. normalized load curves for ECS models with different 

column-type BCs  
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CHAPTER 5  

ELASTIC POST-BUCKLING OF ELLIPTICAL CYLINDRICAL 

SHELLS UNDER AXIAL COMPRESSION 

5.1 INTRODUCTION 

This chapter investigates the elastic post-buckling behavior of ECSs under axial 

compression. The problems studied majorly involve five parts, namely, (i) the 

influence on critical buckling loads after considering pre-buckling geometric 

nonlinearity, (ii) the post-buckling behavior of perfect ECSs under axial compression, 

(iii) the post-buckling behavior of axially compressed ECSs with linear bifurcation 

mode-affine imperfections, (iv) the post-buckling behavior of axially compressed 

ECSs with nonlinear bifurcation mode-affine imperfections, and (v) the post-buckling 

behavior of axially compressed ECSs with weld depressions. The investigations on 

imperfect ECSs generally comprise the imperfection sensitivity analysis, and the 

analysis of stress distributions. The influence of boundary conditions, and the 

influence of shell geometry, are further examined in the third section for ECSs with 

linear bifurcation mode-affine imperfections.  

 

The previous chapters successfully identified the critical loads and the corresponding 

buckling mode of perfect ECSs in various geometries under different sets of boundary 

conditions by solving the eigenvalue problems. These results revealed the behavior of 

ECSs in the incipient buckling state at the first bifurcation point. However, when 

facing the practical problems, this is still far from enough. It is necessary to understand 
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the behavior of the shell members or structures after passing through the critical point 

(post-buckling behavior). It is also well-known that CCSs under axial compression are 

extremely sensitive to initial geometric imperfections (Karman and Tsien, 1941; 

Koiter, 1945, 1963; Hutchinson and Koiter, 1970; Yamaki, 1984). A tiny geometric 

imperfection with a magnitude of about 0.2 times shell thickness could halve the 

buckling load. (Hutchinson and Koiter, 1970) This also contributes to the fact that the 

foregoing studies on perfect ECSs are still far from enough, in that they do not provide 

any insight into the behavior of imperfect ECSs under axial compression. Initial 

geometric imperfections are generally unavoidable in nature and may be in various 

irregular forms which makes the problem even more complicated. Following the 

research routine for CCSs, some characteristic and potentially the most detrimental 

modes, that is the linear bifurcation (LB) mode, the nonlinear bifurcation (NB) mode, 

and the single mid-height weld depression, are introduced as imperfection shapes for 

the study on imperfection sensitivity of ECSs. Eventually, this chapter presents the 

critical buckling loads for ECSs with various imperfection sizes of the three types of 

imperfection shapes, respectively.  

5.2 INFLUENCE OF PRE-BUCKLING GEOMETRIC NONLINEARITY ON 

THE CRITICAL BUCKLING LOAD 

The previous chapters chiefly used linear bifurcation analysis (LBA) which assumed 

a linear response during the pre-buckling stage to investigate the buckling behavior of 

ECSs under axial compression, while in reality, the effect of geometric nonlinearity is 

commonly unavoidable and therefore should be considered due to the presence of edge 

restraints. This section hence aims to clarify how much the pre-buckling geometric 

nonlinearity affects the prediction on the critical buckling load. For CCSs, such studies 

were conducted aiming to understand the reason of the great discrepancy between the 

theoretical prediction and the experimental result. For ECSs, such studies are also an 

essential step before investigating the effect of imperfections.  
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The geometric nonlinear analysis (GNA) is employed in this section. The critical 

buckling loads are obtained by performing the GNA on ECS models with very small 

mesh perturbations (0.05t of linear bifurcation mode, where t is the shell thickness) 

and determined when detecting the first negative eigenvalue of the system matrix. 

5.2.1 Model Symmetry Sensitivity Analysis 

Similar process is performed here as in previous chapters. The structural symmetry 

sensitivity analysis is conducted first. The ECS models used share an aspect ratio of 

1.25 and an a / t ratio of 100. The C3-type BCs are adopted herein. The results are 

shown in Figure 5.1. 

 

The results show that for short shells, a full-length model is required, with the quarter-

circumference model (1o4C) being the most economic option. For moderately long to 

long shells, a full-length model is also required, and the quarter-circumference model 

must be abandoned due to its prevention of Euler column buckling mode. Therefore, 

for such cases, the half-circumference model (1o2C) is the best option in terms of both 

accuracy and computation cost. For medium-length models which are featured by the 

constant normalized buckling load irrespective of shell length, 1o2L_1o4C models are 

enough. In this section, since the boundaries between short shells, medium length 

shells and (moderate) long shells are not known a priori, the author follows the 

previous practice to roughly divide the length domain into two parts, that is, “relatively 

short” (Lr < 20) and “relatively long” (Lr ≥ 20). For relatively long shells, 1o2C 

models are adopted, while for relatively short shells, 1o4C models are employed. 

5.2.2 Parametric Study 

A thorough parametric study was conducted which maps out the whole parameter 

space (a / b = 1~3.5, a / t = 50~400) as in previous chapters for models with C3-type 

BCs. All results are summarized in Appendix 5.1. Some typical figures are listed in 

this section to facilitate the discussion. 
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All results are plotted against the length parameters proposed in Chapter 3, Zm (Eq. 

3.32) and ZECS (Eq. 3.28) as shown in Figure 5.2 and Figure 5.3 respectively. It can be 

observed that the length parameters could still capture the basic trends, but since the 

influence of geometric nonlinearity varies for different cases, the curves cannot lump 

together perfectly. 

 

Typical results which compare the GNA-predicted buckling loads with the 

corresponding LBA results from cases with a / b = 1.25 and a / t = 400, and from cases 

with a / b = 3.5 and a / t = 400 are demonstrated in Figure 5.4 and Figure 5.5 

respectively. 

 

It can be pointed out that the geometric nonlinearity affects short to medium length 

shells the most. For short shells, after considering geometric nonlinearity, the buckling 

load obtained could exceed the linear bifurcation prediction, while for medium length 

shells, the GNA-predicted loads are generally lower than the LBA predictions. The 

load reduction for medium length ECSs after considering the effect of pre-buckling 

nonlinear deformation is about 6% for a / b = 1.25 and 4% for a / b = 3.5. By examining 

all results in the Appendix 5.1, it can be further inferred that for medium length ECSs, 

the load reduction is generally within 6% which is lower than that in CCSs (about 10% 

for C3-type BCs) and this load reduction could further alleviate with the increase in 

cross sectional ellipticity.  

 

For transitional lengths to long CCSs, the pre-buckling geometric nonlinear effect has 

almost no effect on the buckling load, while for ECSs with a / b = 1.25 and falling in 

this transition range, by considering geometric nonlinearity, the predicted buckling 

load sometimes could exceed the corresponding LBA result as shown in Figure 5.4. 

The GNA-predicted buckling load of shells with transitional lengths even exceeds the 

linear bifurcation load of medium length shells for certain cases of ECSs with a / b = 
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1.5 and a / t = 50 as shown in Figure 5.6. To better understand such a phenomenon, 

the buckling modes obtained from GNA and LBA are compared in Figure 5.7 for the 

ECS model with an aspect ratio of 1.25, an a / t ratio of 400 and an L / a ratio of 25. 

From the load displacement curve, it can be observed that after considering the pre-

buckling nonlinear deformation, the GNA-predicted buckling load slightly exceeds the 

LBA prediction. After considering the geometric nonlinearity, the wavelength of the 

largest circumferential buckling wave in the flattest region increases as compared with 

the LBA prediction, and the critical buckling mode from GNA is clearly characterized 

by the snap-through process occurring in the most curved regions; that is, the most 

curved regions gradually get flattened, and the buckling is marked by inward snap-

through deformation. 

5.3 THE POST-BUCKLING BEHAVIOR OF PERFECT ELLIPTICAL 

CYLINDRICAL SHELLS UNDER AXIAL COMPRESSION 

The post-buckling behavior of perfect ECSs under axial compression is firstly studied 

using the well-acknowledged Riks method (modified Riks method implemented in 

ABAQUS). This type of path-tracing method is able to present the full picture of the 

extremely nonlinear behavior of cylindrical shells and has been successfully applied 

for CCSs. However, as a result of the highly nonlinear nature of the problem, this 

method frequently fails at the initial post-buckling stage. Therefore, to capture a longer 

post-buckling path and better understand the post-buckling behavior of axially 

compressed ECSs, the artificial damping method is employed in this section.  

 

The value of artificial damping factor is determined first to ensure that an accurate and 

sufficiently long post-buckling path can be obtained. The test is performed on an ECS 

model with a / b = 1.25, a / t = 400, and L / a = 5 under C1-type BCs. The linear S4R 

shell element is employed. The results of normalized load vs. normalized displacement 

curves for models using various damping factors are presented in Figure 5.8 along with 

the result from the Riks analysis indicated as one dash line. The loads are normalized 
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by the linear buckling load estimated by Eq. 3.6 employing the equivalent radius 

shown in Eq. 3.29, and the meridional displacements (i.e., end shortening) are 

normalized by the end shortening corresponding to the linear buckling load. These are 

the default definition of normalized load and normalized displacement adopted 

throughout this chapter. 

 

According to the figure, it can be seen that when the damping factor reduces to   = 

1e-6, the post-buckling path reasonably agrees with and is longer than those from 

models with lower damping factors. If the damping factor is greater than this value, 

the critical buckling state seems to be damped out by the artificial damping introduced 

in this algorithm, and the critical buckling load is hence overestimated. Therefore, a 

damping factor of   = 1e-6 is chosen to be adopted in later studies which could 

secure both a reasonably long post-buckling path and an accurately predicted critical 

load. 

 

The models used in the case study on post-buckling behavior of perfect ECSs under 

axial compression share a fixed L / a ratio of 5, a fixed a / t ratio of 400, and various 

aspect ratios ranging from 1 to 3.5. Both the modified Riks method and the artificial 

damping method implemented in the software package ABAQUS (2012) are examined. 

All studies using the modified Riks method failed during the snap-back process and 

provided limited information about the post-buckling behavior and the so-called 

“characteristic loads” (Esslinger and Geire, 1972; Yamaki, 1984), which are the loads 

corresponding to the minimum edge shortening during the snap-back process and to 

the first local minimum load in the post-buckling path, cannot be attained. In 

comparison, the artificial damping method performs satisfactorily with reasonably 

deep post-buckling paths captured. The results of the normalized load versus 

normalized displacement relations attained by the artificial damping method are shown 

in Figure 5.9. A similar concern arises here as in the buckling studies of the ECS model 

with an aspect ratio of 3.5, where substantial local curvatures are present, that the linear 
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shell element S4R may have difficulty in approximating the geometry closely. Thin-

walled ECS models modelled using the quadratic shell element S8R5 are therefore 

examined as well. The ECS models examined herein share a fixed a / b ratio of 3.5, an 

a / t ratio of 400 and an L / a ratio of 5. The normalized load-displacement curves from 

the S4R-element model and the S8R5-element model are compared in Figure 5.10, and 

trivial differences (within 1%) can be observed. The S4R element, which has been 

widely used in elastic postbuckling analysis of cylindrical shells (Silvestre and 

Gardner, 2011; Kobayashi et al., 2012; Mccann et al., 2016) is therefore employed 

throughout the postbuckling studies in this chapter. 

 

The results from Figure 5.9 show that when a / b > 2, the stable post-buckling path 

tends to manifest an ascending trend. But it is also clear that the characteristic load 

which is the lowest load during the snap-back stage cannot be captured using the 

artificial damping method. Since the Riks method failed for all cases during the snap-

back stage, the characteristic load cannot be determined eventually. But the results 

from artificial damping analysis still provide certain hints. With the increase in aspect 

ratio, the load drop becomes smaller and smaller. The characteristic load therefore may 

also manifest such trend which implies that with the increase in shell ellipticity, the 

buckling failure may become less and less severe. It can also be inferred that with the 

increase in aspect ratio, the normalized critical buckling load increases as well, which 

agrees with the previous finding that the influence of geometric nonlinearity on the 

buckling load reduces with the increase in ellipticity.  

5.4 THE POST-BUCKLING BEHAVIOR OF ELLIPTICAL CYLINDRICAL 

SHELLS WITH LINEAR BIFURCATION MODE-AFFINE 

IMPERFECTIONS UNDER AXIAL COMPRESSION 

5.4.1 Introduction 

This study starts from one example ECS with t = 1 mm, a / b = 1.25, a / t = 400, L / a 

= 5, and fixed boundary conditions (C1). The linear bifurcation mode is chosen as the 
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form of imperfections which is a widely adopted convention from the very first study 

on post-buckling of CCSs by Koiter (1945). Since there are many possible buckling 

modes in the vicinity of the critical buckling point, to secure a commensurate 

comparison, the imperfection shape is chosen as the first linear bifurcation mode that 

complies with the following requirements borrowed from Silvestre and Gardner’s 

study (2011):  

 

a. symmetry of deformation about both the major axis in cross section and the mid-

height plane along the axis. 

b. the maximum magnitude of deflection occurs at the point of minimum curvature 

and the direction of this deflection should be inward. 

 

Consistently choosing the imperfection shapes for each case could guarantee rational 

comparisons among the results from different cases. All the later studies therefore also 

follow these requirements in selecting the imperfection shapes. 

 

The element sizes used in this chapter are also consistently chosen as follows for the 

sake of achieving a reasonable computation time, 

 

a. for cases with a / b < 3, the element sizes are doubled compared with the previous 

chapters, i.e., the circumferential element size is 0.2 m , and the longitudinal is 0.4

m . This mesh guarantees the absolute relative error to be within 0.5%. 

b. For cases with a / b = 3 or 3.5, the element sizes used in previous chapters are 

inherited in this chapter, i.e., both the circumferential longitudinal element sizes are 

0.1 m . 

 

The modified Riks method implemented in the software package ABAQUS is firstly 

employed in this chapter to trace the post-buckling path. It is found that even after 
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introducing significant imperfections, it is still challenging to obtain a rather deep post-

buckling path. The dynamic implicit method and artificial damping method are then 

implemented which assist in tracing a much farther post-buckling path. The results 

from both methods are combined to illustrate the overall post-buckling behavior in the 

case studies. 

5.4.2 Results of Case Studies: Load-Displacement Curve, Deformation Pattern 

and Deflection and Axial Stress Distributions 

The post-buckling behavior of the example cylinder with LB mode-affine 

imperfections are studied carefully in this section in terms of both deformation and 

stress distribution. Models with two different imperfection sizes, i.e.   = 0.25 and 1 

where the geometric deviation factor   is defined as the ratio of the maximum 

deviation from the perfect geometry to the shell thickness as shown in Figure 5.11, are 

investigated. Two different sets of post-buckling response are obtained: one exhibiting 

“strong” recovery after the first post-buckling minimum (  = 0.25) and the other 

“weak” recovery (  = 1). 

5.4.2.1 Case study for   = 0.25 

5.4.2.1.1 Load displacement curve and deformation pattern 

 

For   = 0.25, a / b = 1.25, the post-buckling path and the enlarged one with the 

contours of magnitudes of displacements are shown in Figure 5.12 and Figure 5.13, 

respectively. It should be mentioned that though the contours only exhibit one side of 

the cylinder, the deformation patterns are identical in the other sides manifesting a 

symmetry about the plane of major axes. 

 

From the figure, it can be inferred that in the pre-buckling state, the deformation 

patterns are quite similar, generally following the imperfection shape. After passing 

the bifurcation point, during the snap-back stage, the deformation concentrates more 
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remarkably at the mid-height and eventually forms a major dimple at the mid-height. 

The unstable snap-back stage terminates at point B where the post-buckling load meets 

its first minimum. After this point, the ECS re-stabilizes and manifests hardening 

behavior (an ascending branch). The deformation patterns during this hardening stage 

are also similar which are characterized by one major bulge at the flattest region of 

mid-height. The dimple extends further towards both the most curved regions 

horizontally and the shell ends vertically with the increase in the axial load forming a 

somewhat “diamond-shaped” bulge. The load-displacement curve is divided into three 

stages as shown in Figure 5.12.  

 

5.4.2.1.2 Deflection and axial stress distributions 

 

The deflection and axial normal stress distributions around the circumference (the 

angle   is defined as in Figure 5.14) at the mid-height cross section for all three 

stages are presented in Figure 5.15 and Figure 5.16, respectively. The axial stresses 

are all normalized by the corresponding critical buckling stresses estimated by Eq. 3.6 

employing the equivalent radius shown in Eq. 3.29. By default, the deflection is 

positive if it is inward, and the axial stress is positive if it is compressive. In each figure, 

the thicker the line, the later the loading stage. 

 

From observation of Figure 5.15 and Figure 5.16, it can be inferred that, 

 

(i) During the pre-buckling stage O-A, the deflections in the flattest region increase 

most significantly, and the axial stresses become more and more nonuniformly 

distributed around the circumference. The deflection patterns are similar in shape. The 

normal stress achieves the minimum at the crest of the largest bulge and the maximum 

at the edges of the largest bulge. By examining the number of half waves around the 

circumference and the angles formed by the largest and the smallest half waves 

respectively, it can be inferred that the number of half waves keeps constant while both 
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bulges formed in the flattest region and the most curved region expand with the load 

increase during the pre-buckling stage. 

 

(ii) During the snap-back stage A-B, the number of half waves around the 

circumference remains to be unchanged. The deflection of the largest bulge keeps 

increasing with the decrease in both load and displacement while the waves in the most 

curved region are almost unaltered. The angle formed by the largest halfwave 

decreases in the initial post-buckling region, then keeps constant, and finally starts to 

increase when the normalized load drops below 0.44. The angle formed by the smallest 

halfwave however keeps decreasing during this stage. Recalling the overall pattern 

shown in Figure 5.13, the unstable snap-back stage can be deemed as a transition stage 

or a mode-jumping/switching stage where the deformation pattern changes from the 

one in the main path which follows the imperfection shape to the one in the re-

stabilized stage (B-C) which is characterized by one major bulge (dimple) at the flattest 

region of mid-height. During the pattern transition, the normal stresses within the 

buckling bulges and all the curved regions release while those at the edges of the 

largest buckling lobe keep increasing which leads to a prominent stress concentration 

phenomenon: when it approaches Point B, the maximum normal stress at the mid-

height even exceeds the critical buckling stress of the corresponding perfect ECS. 

 

(iii) After the structure re-stabilizes at Point B, the load starts to increase with the axial 

displacement. The number of half waves around the circumference is still unchanged. 

The deformation patterns are similar in this stage featured by one major dimple at the 

flattest region of mid-height. Both the wave magnitude and wavelength of the largest 

bulge increase with the load. As the bulge extends towards the most curved region, the 

smallest half wave in the most curved region gradually decreases. The normal stresses 

concentrate at the edges of the major dimple. The concentration zones move towards 

the most curved region with the extension of the dimple. The stress levels in the 

concentration zones and the most curved regions increase with the increase in axial 
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load. It is also observed that the normal stresses within the largest bulge approach zero 

while those in the half waves beside the largest lobe even turn negative which implies 

the formation of tension zones. 

5.4.2.2 Case study for   = 1 

5.4.2.2.1 Load displacement curve and deformation pattern 

 

For   = 1, a / b = 1.25, the post-buckling path and the enlarged one with the contours 

of magnitudes of displacements are shown in Figure 5.17 and Figure 5.18 respectively. 

Same as the previous case, though the contours only exhibit one side of the cylinder, 

the deformation patterns are identical in the other sides manifesting a symmetry about 

the plane of major axes. 

 

From Figure 5.18, it can be inferred that similar to the previous case, in the pre-

buckling state, the deformation patterns are quite similar, generally following the 

imperfection shape. After passing the bifurcation point, during the snap-back stage, 

the stresses concentrate more remarkably at the mid-height, while releasing in other 

regions. In the meantime, the largest buckling wave at the flattest region of the mid-

height gradually changes from one single inward bulge to three major buckling lobes, 

that is two significant inward buckling bulges along with one outward lobe in between 

with similar wave magnitudes. This phenomenon is apparently different from the 

previous case where solely one dimple eventually develops at the flattest region of the 

mid-height during snap-back process.  

 

The unstable snap-back stage terminates at point B where the post-buckling load meets 

its first minimum. After this point, the ECS re-stabilizes and manifests “weak” 

recovery/hardening behavior. By saying “weak”, it mainly indicates the fact that the 

slope of the post-buckling curve is quite small, and much flatter post-buckling path is 

captured compared with that in the previous case where the recovery/hardening 



251 
 

behavior is termed as “strong”. The deformation patterns during this “weak” hardening 

stage are also similar which are characterized by two major inward bulges and one 

outward lobe at the flattest region of mid-height. The inward waves extend further 

towards both the most curved regions horizontally and the shell ends vertically with 

the slight increase in the axial load forming two “diamond-shaped” dimples. The load-

displacement curve is also divided into three stages shown in Figure 5.17 similar to 

the previous case.  

 

5.4.2.2.2 Deflection and axial stress distributions 

 

The deflection and axial normal stress distributions around the circumference at the 

mid-height cross section for all three stages are presented in Figure 5.19 and Figure 

5.20, respectively. The axial stresses are all normalized by the corresponding critical 

buckling stresses. By default, the deflection is positive if it is inward, and the axial 

stress is positive if it is compressive. In each figure, the thicker the line, the later the 

loading stage. 

 

From observation of Figure 5.19 and Figure 5.20, it can be inferred that, 

 

(i) During the pre-buckling stage O-A, similar to the previous case, the deflections in 

the flattest region increase most significantly, and the axial normal stresses become 

more and more nonuniformly distributed. The axial normal stress achieves the 

minimum at the crest of the largest bulge and the maximum at the edges of the largest 

bulge. Compared with the previous case, due to the increase in imperfection size, the 

normal stress distribution becomes nonuniform much earlier and more significant. The 

normal stresses in the largest bulge could reduce to less than 25% of those in the most 

curved region, while in the previous case, they are more than 60%. The stress level in 

the largest bulge in this case is always very low (no more than 0.15 of the classical 

buckling load) which is attributed to the ‘stiffness softening’ effect introduced by the 
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series of deep imperfections (waves) along the meridian in the flattest regions. By 

examining the number of half waves around the circumference and the angles formed 

by the smallest and the largest half waves respectively, identical observations are 

found as in the previous case that the number of half waves keeps constant while both 

bulges formed in the flattest region and the most curved region expand with the load 

increase. 

 

(ii) During the snap-back stage A-B, the number of halfwaves changes abruptly from 

12 to 16 when the load drops to about 0.7 times the classical buckling load. This 

corresponds to the formation of one small outward bump inside the preceding largest 

bulge. This small bump divides the large inward bulge into two inward bulges. The 

magnitudes of these two inward bulges and the outward bump keep increasing with 

the decrease in both the load and the displacement, while both the wave magnitudes 

and wavelengths in the most curved regions keep decreasing. Similar to the previous 

case, the unstable snap-back stage is deemed as a transition stage where the 

deformation pattern changes from the one in the main path which follows the 

imperfection shape to the one in the re-stabilized stage (B-C) which is characterized 

by two major inward bulges (dimples) connected by one outward lobe with almost 

identical wave magnitudes at the flattest region of mid-height. During the pattern 

transition, the normal stresses within the buckling bulges and all the curved regions 

release while those at the edges of the largest buckling lobe keep increasing which 

leads to stress concentrations. Similar to the previous case, it is found that the 

maximum normal stress could exceed the critical buckling stress when it approaches 

Point B. Unlike the previous case, when it approaches Point B, tension zones are found 

to form within the outward lobe at the flattest region. 

 

(iii) After the structure re-stabilizes at Point B, the load starts to increase slightly with 

the axial displacement. The number of halfwaves changes from 16 back to 12 in the 

vicinity of Point B since the smallest halfwaves at the most curved region change from 
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outward to inward. The deformation patterns are then all similar after this change 

featured by two major inward dimples along with one outward bump in between at the 

flattest region of mid-height and small inward lobes at the most curved region. With 

the load increase, the largest inward bulges extend further towards the most curved 

regions, and the magnitudes of the outward bumps in the most curved region gradually 

increase. The normal stresses concentrate at the edges of the bulges at the flattest 

region. The concentration zones move towards the most curved region with the 

extension of the inward dimples. The stress levels in the concentration zones and the 

most curved regions increase with the increase in axial load. The tensile stresses in the 

tension zones also magnify in this stage with the load increase. The tension zones at 

the flattest region apparently introduce “softening” effects into the structure, and the 

slope of the stable post-buckling path is rather smaller than that of the previous case 

with   = 0.25. It is also observed that the normal stresses in the half waves between 

the inward bulges at the flattest region and at the most curved regions become negative 

(tensile) when the axial load increases further towards Point C. 

5.4.2.3 Dynamic implicit analysis and artificial damping analysis for attaining 

“farther” post-buckling paths 

5.4.2.3.1 Introduction 

 

Due to numerous convergence issues encountered when employing the modified Riks 

method, the post-buckling path could not be further traced within the current 

framework using the Riks method. To obtain a better understanding of the “far” post-

buckling region, both the artificial damping method and the dynamic implicit approach 

are then implemented on the identical models used in the previous two sections. The 

damping factor of η = 1e-6 is adopted as determined in Section 5.3 for the artificial 

damping method, and the default settings of the numerical damping constants for the 

quasi-static application in ABAQUS (2012) are employed for the dynamic implicit 

method. The static dissipation energy and the kinetic energy are carefully monitored 
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in these methods, respectively. Both types of energy are limited to be within 10% of 

the total strain energy to secure the accuracy of the simulation results. 

 

5.4.2.3.2 Results of case study for δ = 0.25 

 

The comparison among the results from the modified Riks method, the dynamic 

implicit method, and the artificial damping method are shown in Figure 5.21 for an 

ECS with a / b = 1.25, a / t = 400 and an imperfection amplitude of 0.25t. The results 

generally agree well with each other, but clearly some dynamic effects are quite 

pronounced in the results from dynamic implicit method. However, the dynamic 

implicit method is still adopted for later studies in this chapter to capture much “farther” 

post-buckling paths for most cases compared with the artificial damping method. The 

results from the dynamic approach should be compared with those from the static 

method with caution because in many cases, dynamic effects could easily ruin the so-

called quasi-static results and drive the post-buckling path to somewhere else.  

 

By performing both the dynamic implicit analysis and the artificial damping analysis 

on the example cylinder with an imperfection size of 0.25t, the load-displacement 

curves can be obtained as shown in Figure 5.21. The stable ascending post-buckling 

stage B-C is extended to Point D where a secondary bifurcation happens and one more 

stage is further observed, that is the D-E stage. The contours of the magnitude of 

displacements at some instances are also shown in this figure along the post-buckling 

path. It should also be mentioned that the axial load at Point D is much higher than the 

first buckling load at Point A. This implies that for ECSs, higher load carrying capacity 

may be attained after the first buckling which indicates a much more stable post-

buckling behavior compared with CCSs. This phenomenon for ECSs is also 

discovered by some other researchers (Kempner and Chen, 1966a, 1966b, 1969; 

Almroth et al., 1971; Feinstein et al., 1971; Tennyson et al., 1971; Silvestre and 

Gardner, 2011). This second load carrying capacity imparts ECSs a buffering zone in 
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practical use which is very important for structural safety. It should be mentioned that 

though the results of the dynamic implicit method and the artificial damping method 

agree reasonably well in terms of both load-displacement curves and deformation 

pattern, one major difference is still observed in the very “deep” post-buckling region 

after re-stabilizing from the secondary buckling (roughly after Point E). For the 

dynamic implicit method, the post-buckling deformation pattern remains symmetric 

about the plane of major axes while for the static damped method, the deformation 

pattern changes to an asymmetric form as shown in Figure 5.21. Since for such post-

buckling cases, the load carrying capacity has reduced to about 20% of the elastic 

critical load or 40% of the first limit load (Point A in Figure 5.21) and the post-buckling 

paths start to manifest descending trends, the post-buckling paths will not be traced 

further, and this difference will not be paid more attention at this stage. 

 

The displacements in the dynamic implicit method and the artificial damping method 

are monotonic and therefore the static snap-back stage captured by the modified Riks 

method cannot be traced by using either approach. Instead of a static unstable transition, 

the structure simply jumps to the stable post-buckling state which starts in the vicinity 

of Point C. This point of re-stabilization, for simplicity, is deemed to be Point C where 

the modified Riks method failed for the case with δ = 0.25 without any further 

discrimination. 

 

Similar to the previous sections, the deflection and axial normal stress distributions 

around the circumference at the mid-height cross-section for the later stages C-D and 

D-E are presented in Figure 5.22 and Figure 5.23, respectively. It can be inferred from 

these figures that, 

 

(i) During the C-D stage, the trend continues consistently from the B-C stage, the 

stresses both at the edges of the largest bulges and at the curved regions keep increasing. 

In the meantime, the stresses in the tension zones formed at the buckling bulges beside 
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the largest bulges also magnify in magnitude. The largest bulges extend towards the 

most curved region with the increase in axial load. 

 

(ii) The onset of the secondary buckling is signified by the formation of multiple 

buckling waves in the most curved region at the mid-height of the ECS after passing 

Point D. During the stage D-E, multiple tension zones also emerge in the most curved 

region which leads to a significant load drop. These tension regions formed in the most 

curved part leads to significant stiffness softening effects on the later stages which can 

also be observed in the load-displacement curve. 

 

5.4.2.3.3 Results of case study for   = 1 

 

For the case with δ = 1, the load-displacement curves obtained by using modified Riks 

method, dynamic implicit method and artificial damping method are presented in 

Figure 5.24. The deformation patterns in this figure are all symmetric about the plane 

of major axes. 

 

The ECS re-stabilizes at Point C in the results from the artificial damping analysis. 

This Point C is different from that in the Riks analysis since the Riks analysis failed 

quite early before reaching the displacement of Point C. This Point C is not identical 

to the prediction from dynamic implicit method either. The post-buckling path from 

the dynamic implicit analysis is apparently lower. Since the post-buckling path from 

modified Riks method seems to be much closer to that from the artificial damping 

method, and the post-buckling modes from both analyses also resemble in pattern, the 

post-buckling path from the artificial damping method as a more reasonable result is 

adopted in this case for further analysis, that is the re-stabilized post-buckling paths 

after the first buckling obtained from the Riks analysis and the artificial damping 

analysis belong to one single path. The later discussion in this case study is therefore 

based on the results from artificial damping analysis only. It should be mentioned, 
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though the post-buckling path from the artificial damping method is more rational, the 

critical load is slightly over-estimated compared with that from the modified Riks 

analysis. By comparison, the dynamic implicit method predicts the critical load with 

better accuracy. But the dynamic method fails to capture the stable post-buckling mode 

revealed by both the Riks method and the artificial damping method even after 

adjusting the damping ratio and the solution parameters in a reasonably wide range. 

When the damping ratio exceeds 1 in the dynamic approach, similar post-buckling 

deformation pattern to the artificial damping method can be observed around Point D, 

but the critical buckling load will be overestimated by about 10% and the viscous 

dissipation due to damping could exceed 30% of the internal energy which is 

unreasonably large. 

 

From Figure 5.24, it can be observed that the deformation pattern keeps being 

symmetric or nearly symmetric about the mid-height during the whole post-buckling 

process. It should be mentioned that buckling waves are formed in the most curved 

region at this point of re-stabilization as also observed in the previous Riks analysis. 

The load carrying capacity gradually reduces during C-D stage until a secondary 

buckling happens at Point D and a considerable load drop occurs. After the second 

bifurcation, the ECS re-stabilizes at Point E where more remarkable buckling dimples 

emerge at the flattest region near shell ends. Moreover, the buckling waves in the most 

curved regions become much deeper. The deformation pattern keeps being similar, the 

buckling waves develop further towards shell ends, and the load gradually decreases 

during the E-F stage. 

 

Two types of distinct post-buckling behavior are observed for the cases with δ = 0.25, 

1: the former clearly re-stabilizes with a hardening behavior attaining a much higher 

strength compared with the first critical load, while the latter manifests a more 

significant load drop followed by stiffness softening behavior. Clearly, the latter case 

with deeper imperfections is much more severe in terms of structural safety. It is 
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therefore reasonable to query the ranges of imperfection size where the ECS manifests 

stiffening post-buckling behavior and where the ECS suffers softening post-buckling 

behavior. The following study varies the imperfection size from 0.01t to 1t to answer 

this question. 

5.4.3 Imperfection Sensitivity Analysis 

This section performs imperfection sensitivity analysis on ECSs with a / b = 1.25, a / 

t = 400, L / a = 5 and LB-mode-affine imperfections with various sizes ( = 0.01~5). 

The post-buckling paths are obtained by using dynamic implicit method and artificial 

damping method. The results are shown in Figure 5.25. The solid and dash lines 

indicate the results from the dynamic implicit method and artificial damping method, 

respectively. 

 

By comparing the results from the dynamic implicit method and the artificial damping 

method, it can be inferred that when the imperfection size is sufficiently small 

( 0.3  ), the results from both methods agree satisfactorily, sharing almost identical 

critical points and post-buckling paths. However, when the imperfection size exceeds 

0.3t, either the critical buckling load predicted, or the post-buckling path traced cannot 

agree well between those two methods. It is also observed that the critical buckling 

load predicted by the artificial damping analysis is always higher than that by the 

dynamic implicit method as what has been discovered in the previous case studies. It 

is also observed that when 0.3  , the dynamic implicit approach can trace longer 

post-buckling paths with satisfactory accuracy, while when 0.3  , though the 

dynamic implicit method could still capture deeper post-buckling behavior, 

discrepancies between the results of the dynamic implicit method and those of the 

artificial damping method can be clearly observed for most cases. Nevertheless, the 

post-buckling paths obtained from both methods qualitatively agree with each other, 

that is, they have similar trends such as whether the stable post-buckling branch after 

the initial buckling is ascending or gradually descending. In summary, for cases with 
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0.3  , the dynamic implicit approach is recommended which is capable of tracing a 

deeper post-buckling path with satisfactory accuracy. For cases with 0.3  , the 

dynamic implicit analysis or the Riks method is recommended in terms of accurately 

acquiring the critical (limit) load, while when it comes to the post-buckling path, both 

the dynamic implicit method and the artificial damping method need to be used with 

more care. Future studies are needed to understand the reason for the difference and 

propose a more reliable numerical approach for studying such cases. 

 

According to the Figure 5.25, when the imperfection magnitude of LB mode-affine 

imperfections varies from 0.01t to 1t, the post-buckling behavior mainly falls into two 

categories, i.e. i) the ‘sudden-drop type’ represented by the case with 0.01 = , and 

ii) the ‘gradual-drop type’ represented by the case with 0.1 = . When 0.1  , the 

post-buckling starts with a significant load drop and re-stabilizes at a fairly low load 

level of no more than 0.25 times the critical buckling load followed by a rather steady 

stage where the load capacity slightly decreases with the increase in axial displacement. 

When 0.1  , the post-buckling also initiates with a load drop but in a remarkably 

smaller percentage followed by a clearly ascending (hardening) stable stage for cases 

with 0.4   where the post-buckling strength exceeds the first buckling load. The 

ascending stage finally terminates at a certain point where a second or third bifurcation 

happens followed by a considerable load drop. The load eventually drops below 0.25 

times the critical buckling load and becomes almost constant afterwards. For cases 

with 0.4   however, with the increase in imperfection size, the extent of load drop 

increases while the slope of the ascending curve decreases (declines to almost 

horizontal when 0.5 = ).  

 

It is also observed that with the increase in imperfection size, the stiffness of the 

structure in the pre-buckling stage decreases. When the stiffness decreases to certain 

extent (when 0.3 = ), the critical buckling load starts to increase with the increase in 

imperfection size instead of the highly imperfection sensitivity observed for slightly 
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imperfect ECSs. This trend is clearly demonstrated in Figure 5.26 which presents the 

relationship between the normalized critical buckling load and the imperfection 

magnitude in a relatively wider range ( 0.01 5  ). 

5.4.4 Explanation for the Imperfection Sensitivity Tendency Based on the Stress 

and Deflection Distributions for LB 

By investigating the normal stress and deflection distributions upon buckling in the 

mid-height cross section (Figure 5.27 and Figure 5.28), it can be seen that with the 

imperfection size increases, the magnitude of deflection keeps increasing, and the 

buckling bulges at the flattest region always point inward while those at the most 

curved region outward. The normal stresses in the largest buckling bulge keep 

decreasing, while those in the most curved region and at the edges of the largest bulge 

decrease initially but start to increase later on, when δ > 0.3 for those in the most curved 

region, and δ > 0.2 for those at the edges of the largest lobe. When the imperfection is 

small (δ ≤ 0.1), the stress distribution around the circumference is relatively uniform 

at bifurcation, and stress concentration occurs near the edges of the largest buckling 

bulge. The deflection is not significant at such cases, especially in the most curved 

region. When the imperfection size is extremely small (δ = 0.01), it is observed that 

the normal stresses in the flattest region are higher than the average around the 

circumference while in all the other cases, they are lower than the average and tend to 

approach zero (stress release), especially when the imperfection size becomes larger. 

When the imperfection size approaches 0.2t, the deflection increases rapidly in both 

the flattest and the most curved regions, and the stress distributes more and more 

nonuniformly around the circumference. When the imperfection size changes from 

0.2t to 0.3t, the axial normal stresses in the flattest region keep decreasing while those 

near the edges of the major buckling wave start to increase, and the stresses in the most 

curved region do not change significantly. The buckling loads in such cases cease to 

decrease. When the imperfection size keeps increasing (δ ≥ 0.4), the wavelengths do 

not change much, the stress concentration zones move insignificantly, and the axial 
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normal stresses in the flattest region keep decreasing while those in both the stress 

concentration zones at the edges of the largest bulge and the most curved regions 

increase remarkably, which eventually leads to the increase of the buckling load shown 

in Figure 5.26. Therefore, it can be inferred that for ECSs, due to the inherent variation 

of curvature around the circumference and the edge constraints at both shell ends, the 

regions with higher stiffness compared with the flattest region could take over more 

loads (stress redistribution) and effectively restrain the sufficiently weakened (δ > 0.3) 

flattest region from buckling, which brings about the increase in buckling load instead 

of consistently decreasing with the increase in imperfection amplitude as shown in 

Figure 5.26.  

5.4.5 Influence of Aspect Ratio 

The previous sections only focus on the post-buckling of the example cylinder with a 

fixed aspect ratio of 1.25. The effect of aspect ratio on the post-buckling behavior of 

ECSs with LB mode-affine imperfections is still unclear. This section therefore aims 

to address this issue. The normalized load vs normalized displacement curves for 

models with a / b = 1.25, 2 and 3.5 are shown in Figure 5.29, Figure 5.30 and Figure 

5.31 for comparison. The imperfection sizes vary from 0.01t, 0.25t to 1t in these 

figures. To provide a more intuitive understanding of the influence of aspect ratio on 

the postbuckling behavior, figures similar to Figure 5.21, which contain the load-

displacement curves and deformation patterns at different stages for models with 

aspect ratios ranging from 1.5 to 5, are summarized in Appendix 5.2. 

 

(1) For a / b = 1.25 when δ = 0.01, the post-buckling initiates with a significant load 

drop followed by a steady/stable stage with the load carrying capacity becomes almost 

constant. By contrast, for the corresponding cases with a / b = 2 and 3.5, the load drop 

is not as significant and the followed post-buckling stage is more stable, especially for 

the case with a / b = 3.5, an ascending branch can be observed. 
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(2) when δ = 0.25, the post-buckling starts with a moderate load drop followed by an 

ascending stage where the axial load keeps increasing with the axial displacement. All 

the three cases considered herein follow this trend. It can also be inferred that the 

higher the aspect ratio, the smaller the slope of the ascending branch, the longer the 

ascending branch and the higher the second buckling load (the post-buckling strength) 

attained. 

 

(3) when δ = 1, for the case with a / b = 1.25, the post-buckling begins with a moderate 

load drop followed by a steady/stable stage where the axial load becomes almost 

constant. However, when the aspect ratio becomes relatively large with a / b = 2 and 

3.5, the ascending branch can be observed in the post-buckling stage. The softening 

effect as found in the previous sections is generally introduced by the formation of 

tension zones in the curved region. In other words, if buckling happens in the most 

curved regions, the structure will be considerably weakened. After conceiving such a 

concept, it is not surprising to observe the ascending post-buckling branches in all the 

cases presented for the ECS models with a / b = 3.5. In these cases, the stiffness of the 

most curved region is much greater than that of the flattest region. The curved regions 

could therefore provide better support to the structure before they buckle than those in 

the other cases.   

 

By examining the deformation patterns of the postbuckling stage of each case in 

Appendix 5.2, it is found that the deformation patterns of all the ascending stages of 

the post-buckling paths are almost identical irrespective of the aspect ratio: they all 

feature one major inward buckling bulge formed in the flattest region of the mid-height 

as previously exposed in the case study of Section 5.4.2.1. During the ascending stage, 

the buckling bulge at the mid-height extends towards the most curved regions. The 

larger the aspect ratio, the larger the extension of the buckling bulge. The cessation of 

this hardening stage is generally caused by the buckling in the most curved regions. 

The influence of the aspect ratio on the post-buckling of axially compressed ECSs is 
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therefore mainly attributed to the difference in stiffness between the most curved 

regions and the flattest regions of an ECS. The higher the aspect ratio, the larger the 

difference in stiffness between those regions, which leads to later buckling of the most 

curved regions. This eventually contributes to the more stable post-buckling responses 

of ECSs with higher aspect ratios. In this study, for the cases with a / b = 3.5, the 

ascending post-buckling stages are always present irrespective of the imperfection size, 

and the axial loads in these stages can always exceed the corresponding first buckling 

loads, which was also observed by some other researchers (Kempner and Chen, 1969; 

Almroth et al., 1971; Feinstein et al., 1971; Tennyson et al., 1971; Silvestre and 

Gardner, 2011). Some regards this kind of post-buckling response as the so-called 

“plate-like” behavior. Such plate-like behavior is even more pronounced in the case of 

a / b = 5 as shown in Figure 5.32, where the load drops are much milder (especially 

the load drop associated with secondary buckling) compared with those in ECS models 

with smaller aspect ratios. The overall behavior is akin to the stable postbuckling 

behavior of plates. 

 

By further examining the stress distributions during the postbuckling process, it can 

be inferred that for ECSs with sufficiently large aspect ratios, the maximum axial stress 

could reach more than five times the classical buckling load during the ascending stage, 

which indicates a high-level stress concentration. In practical metal shell applications, 

this could imply that even though the ECS is designed to buckle elastically, during the 

ascending postbuckling process where the load-carrying capacity is still maintained, 

material yielding could occur when the aspect ratio is sufficiently large. The onset of 

material yielding will lead to stiffness reduction and stress redistribution, and the 

postbuckling behavior could therefore be substantially altered. For such cases, an 

elastic-plastic analysis instead of the current purely elastic analysis is desirable. Since 

the focus of this thesis is on elastic behavior, the elastic-plastic post-buckling behavior 

of ECS is left for future research.  



264 
 

5.4.6 Imperfection Sensitivity: Varying Imperfection Size and Aspect Ratio 

This section deals with the imperfection sensitivity of axially compressed ECSs with 

LB-mode affine imperfections. The imperfection sizes vary from 0.01t to 5t. All the 

ECS models share identical shell length, major radius, and shell thickness. The aspect 

ratio varies from 1 (CCS) to 3.5. The results of normalized buckling load vs 

imperfection size for all models are presented in Figure 5.33. For the case of CCSs, 

two types of linear buckling modes are tested, that is the Chequer-board mode and the 

axisymmetric mode as illustrated in Figure 2.8 of Chapter 2. The distributions of 

deflections and axial normal stresses around the circumference of the mid-height 

section where the largest buckling bulge locate at incipient buckling stage are 

demonstrated in Figure 5.34. 

 

According to Figure 5.33, the shapes of imperfection sensitivity relations are similar 

for LB type, almost identical when δ ≤ 0.25 for all ECS cases and the CCS case with 

the Chequer-board buckling mode-affine imperfection. For ECSs, the minimum 

buckling load in each curve is generally achieved when the imperfection size is 0.4t 

for models with a / b < 3 and 0.25t for models with a / b ≥ 3. The minimum buckling 

load gradually increases with the increase in aspect ratio which indicates that with the 

growth in ellipticity, the cylindrical shells gradually become less and less imperfection 

sensitive. 

 

The results from the CCS models with the axisymmetric mode-affine imperfections 

are always the lowest in all cases, which implies the highest imperfection sensitivity. 

Moreover, unlike ECSs, in the range of this study, the minimum buckling loads for 

CCSs are achieved in cases with the maximum imperfection sizes (i.e., 5t). 

 

By investigating the meridional normal stress and deflection distributions at the mid-

height, it can be seen that when the imperfection is small (δ ≤ 0.1), the stress 

distribution around the circumference is relatively uniform at bifurcation, and stress 
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concentration occurs in the flat region. The deflection is not significant in such cases, 

especially in the curved region. When the imperfection size approaches 0.25t, the 

deflection increases rapidly, and the stress distributes more and more nonuniformly 

around the circumference. The stresses in the flattest region decrease, those near the 

edges of the major buckling wave increase, and those in the curved region do not 

change significantly. The buckling loads in such cases cease to decrease. When the 

imperfection size keeps increasing, the wavelengths do not change much, the stress 

concentration zones move insignificantly, and the stresses in the flattest region keep 

decreasing while those in both the stress concentration zone and the curved region 

increase remarkably. These phenomena lead to the increase in the critical buckling 

load. The higher the aspect ratio, the higher the stiffness in the curved region. The 

higher stiffness provides higher capability in confining deformation and withstanding 

stress concentration. This brings about the attainment of higher normalized buckling 

loads with the increase in imperfection size and aspect ratio when the imperfection 

amplitude is greater than 0.4t. 

5.4.7 Boundary Condition Effect on the Imperfection Sensitivity of ECSs under 

Axial Compression with LB-mode-affine Imperfections 

The eight types of boundary conditions used by Yamaki (1984) are adopted in this 

post-buckling study, consistent with the study on the eigenvalue buckling problems in 

Chapter 4. All the sets of boundary conditions are shown in Table 4.1 of Chapter 4. 

The ECS models share a shell thickness of 1 mm, an a / b ratio of 2, an a / t ratio of 

400, and an L / a ratio of 5. The imperfection shape for each case is the corresponding 

linear buckling (LB) mode following the aforementioned requirements in Section 5.4.1 

except the cases with S2 and S4 types of BCs. For S2 and S4 BC-types, the critical 

buckling mode is always symmetric about the mid-height cross section and anti-

symmetric about the planes of major axes as shown in Figure 4.3 of Chapter 4. The 

imperfection shapes adopted in these cases are therefore exactly the critical buckling 

modes. 
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The normalized buckling load, which is defined as the ratio of the critical buckling 

load and the linear buckling load of the corresponding model with C1-type BCs, versus 

the imperfection size curves for different types of boundary conditions are presented 

in Figure 5.35. 

 

It can be inferred that besides the cases of S2 and S4, after restraining the edge rotations, 

the ECSs become more sensitive to the LB-mode-affine imperfections. When the 

imperfection size is smaller than 0.25t, the minimum loads are achieved by the cases 

with C1-type and C3-type BCs. When the imperfection size exceeds 0.25t, the C3 case 

gives the lowest buckling load. For the cases with S2-type and S4-type BCs, especially 

the cases with S2-type BCs, the buckling loads are remarkably higher and not quite 

sensitive to the imperfections. This may be attributed to the longer critical buckling 

waves in these cases. 

 

If the limit loads are normalized by the corresponding linear buckling load of each case 

(as shown in Figure 5.36), it can be observed that the limit loads of S2-type and S4-

type BCs are much larger than the linear buckling load which implies that the presence 

of the imperfections becomes a beneficial factor in terms of load-carrying capacity. 

5.4.8 Length Effect on the Imperfection Sensitivity of ECSs under Axial 

Compression with LB-mode-affine Imperfections 

This section investigates the influence of shell geometries on the imperfection 

sensitivity. The a / b, a / t and L / a ratios are varied, and the results are shown in Figure 

5.37. The C1-type BCs are adopted, and the linear buckling mode-affine imperfections 

are introduced. 

 

By investigating cases with the identical modified Batdorf parameters, it can be 

concluded that for medium length ECSs with Z = 4855, the normalized buckling loads 
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are almost identical for different models when the imperfection size is smaller than 

0.25t. For relatively shorter cases with Z = 400, the normalized buckling loads are 

always similar for the two different models, and it can also be inferred that when the 

imperfection size is larger than 0.1t, the shell can be deemed as imperfection 

insensitive and the limit load becomes almost constant. By changing Z from 4855 to 

1000, it is found that for the medium length shell, the buckling load changes trivially 

with the change in the modified Batdorf parameter Z when the imperfection size is 

smaller than 0.3t. When the ECS becomes either extremely short or extremely long, it 

becomes almost imperfection insensitive. For relatively short ECSs, it is necessary to 

figure out when it becomes imperfection insensitive, and the constant buckling load 

can be deemed as the lower bound for such cases. For medium length shells, an 

empirical formula (Eq. 5.1) can be proposed for ECSs with imperfection sizes smaller 

than 0.25t as a lower bound envelope (Figure 5.37). 

 14.72/ 0.51 0.43clP P e −= +   (5.1) 

5.5 THE POST-BUCKLING BEHAVIOR OF ELLIPTICAL CYLINDRICAL 

SHELLS WITH NONLINEAR BIFURCATION MODE-AFFINE 

IMPERFECTIONS UNDER AXIAL COMPRESSION  

5.5.1 Introduction 

As discovered in Chapter 4, the nonlinear bifurcation (NB) mode which is obtained 

based on the consistent mechanical scheme and the geometric nonlinear analysis 

(GNA) is apparently different from the linear bifurcation buckling mode (used in 

Section 5.4) from typical LBA. This NB buckling mode is more coherent in analysis 

because it is the buckling mode obtained after considering the geometric nonlinearity 

effect together with the boundary condition effect which theoretically should be the 

buckling mode of the perfect cylinder. This section therefore adopts this NB buckling 

mode as the imperfection shape to investigate the post-buckling responses of ECSs 

under axial compression.  



268 
 

5.5.2 Case Study for   = 1 

A preliminary study using the modified Riks method was conducted first similar to the 

previous section aiming to obtain a complete static post-buckling path. The post-

buckling path is presented in Figure 5.38. However, it is found that tracing the post-

buckling path of ECSs with NB mode-affine imperfections using Riks method is much 

more challenging, and only a quite short post-buckling path was obtained for this 

specific thin-walled ECS model with a / t = 400, a / b = 1.25 and L / a = 5. The 

imperfection size in this case is the same as the shell wall thickness (i.e., 1 = ). The 

results are compared with those of the corresponding model with linear buckling 

mode-affine imperfections first in Figure 5.39.   

 

The fact that numerical issues in such cases are more severe may be because of the 

highly unstable equilibrium path during the snap-back stage where the major buckling 

bulges initially formed near shell ends may tend to move towards the shell mid-height, 

which leads to much more significant deformation compared with that in LB cases 

where the major buckling dimples always locate at the shell mid-height. The dynamic 

implicit approach and the artificial damping method are then employed as in the 

previous section. The results indeed reveal that the major buckling bulges hop from 

the shell ends to the mid-height. 

 

By comparing the load-displacement curves in Figure 5.39, the limit load of the thin-

walled ECS (a / b = 1.25) with nonlinear buckling (NB) mode-affine imperfections is 

lower than that with linear buckling (LB) mode-affine imperfections, while the 

characteristic buckling load (i.e., the lowest load during the snap-back stage) in the NB 

case is higher. It can also be observed that the snap-back is much sharper (i.e., the 

bifurcation angle is smaller) for the case with linear buckling mode-affine 

imperfections. 
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In terms of deformation, for the model with NB mode-affine imperfections, the 

deformation mainly concentrates around the buckling waves which are close to shell 

ends, while for the model with linear buckling-shape imperfections, the deformation 

concentrates at the mid-height of the shell where the buckling waves take the highest 

magnitude.  

 

To trace a much longer post-buckling path, the dynamic implicit method is then 

employed as in the previous section. The result of the complete load-displacement 

curve is presented in Figure 5.40. It can be observed that after the first buckling, a 

significant load drop happens which leads to the load carrying capacity to about 40% 

of that at the onset of buckling. After the load dropping stage of A-B, the buckling 

waves move from near shell ends to around the mid-height featured by an asymmetric 

form about the mid-height cross section, and the post-buckling path becomes rather 

mild manifesting clear softening trend. By examining the deflection and meridional 

normal stress distributions, it can be inferred that for the post-buckling stages with 

such asymmetric deformation forms, outward buckling bulges and tension zones 

developed in the most curved region which lead to the stiffness softening effect. 

5.5.3 Imperfection Sensitivity Analysis 

The load-displacement curves for models with an aspect ratio of 1.25, a / t of 400, L / 

a of 5 and various imperfection sizes are shown in Figure 5.41. The solid and dash 

lines indicate the results from the dynamic implicit method and the artificial damping 

method, respectively. It is found that for the NB cases, the results from the dynamic 

implicit and the artificial damping methods agree much more closely compared with 

the situation observed for the LB cases. And still, the dynamic implicit method could 

provide the deepest post-buckling paths though some dynamic effects are unavoidable. 

 

For the NB cases, it is found that the post-buckling behavior is always unstable with a 

major load drop followed by a softening post-buckling path for ECSs with an aspect 
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ratio of 1.25 and a / t of 400. From Figure 5.42, it suggests that the critical loads of 

ECSs with NB mode-affine imperfections are rather imperfection sensitive. A tiny 

imperfection of 0.2 =  could lead to more than 30% of load reduction. A small 

plateau is also observed for models with 0.2 0.4   where the buckling load is 

almost constant to be about 0.63 times the classic critical load. When the imperfection 

size becomes greater than 0.4t, the buckling load decreases again with the increase in 

imperfection size until it grows to the same magnitude as the shell thickness. When 

the imperfection size exceeds 1t, the shell will be almost no longer imperfection 

sensitive, and the buckling loads of such cases keep being about half of the 

corresponding classic critical buckling loads. 

5.5.4 Influence of Aspect Ratio 

5.5.4.1 The ‘equivalent geometric deviation’ parameter δe 

By examining the critical buckling modes for ECS models with various aspect ratios, 

it is found that the ratios of the magnitudes of the maximum inward and outward 

buckling waves vary with the aspect ratio, while in the previous studies using LB 

mode-affine imperfections, the maximum inward and outward buckling waves are 

almost identical in terms of amplitudes, which implies a constant ratio of one 

irrespective of the aspect ratio. A so-called ‘equivalent geometric deviation’ parameter 

δe is therefore firstly introduced here which is inherited from Fajuyitan and Sadowski’s 

work (2018) to attain a commensurate comparison for models with various aspect 

ratios. This parameter δe is defined as the maximum adjacent ‘ridge to valley’ distance 

along the direction normal to the mid-surface as illustrated in Figure 5.43. 

5.5.4.2 Results and Discussion 

The results of imperfection sensitivity of critical buckling loads for models with 

various aspect ratios are shown in Figure 5.44. The shapes of imperfection sensitivity 

relations are also similar for all results using the NB mode-affine imperfections, almost 
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identical when δe ≤ 0.25. The first local minimum buckling load is about 0.63 times 

the classical buckling load which is generally achieved within the range of δe between 

0.27 and 0.4. The buckling load generally becomes almost constant and achieves the 

minimum value when δe > 1.5. 

5.6 THE POST-BUCKLING BEHAVIOR OF ELLIPTICAL CYLINDRICAL 

SHELLS WITH WELD DEPRESSIONS UNDER AXIAL COMPRESSION  

5.6.1 Artificial Weld Depression Formed Using the Trapezoidal Strain Field 

Approach 

This section investigates the effect of initial geometric imperfections in the form of 

weld depressions on the post-buckling behavior of ECSs under axial compression. The 

weld depression is a type of geometric imperfections widely present in practical metal 

shells. For metal CCSs, the effect of weld depressions has been broadly examined 

since the 1980s. The axisymmetric weld depressions proposed by Rotter and Teng 

(1989) which are represented by explicit algebraic formulae have been widely 

employed in many studies (Teng and Rotter, 1992; Rotter and Zhang, 1990; Knodel et 

al., 1995, 1996; Rotter, 1996, 1997; Berry et al., 1997; Berry et al., 2000; Holst et al., 

2000; Schmidt and Winterstetter, 2001; Pircher et al., 2001). A more sophisticated 

approach is later devised and used by Pircher et al. (Pircher et al., 2000) to obtain 

residual stresses and shrinkage deformations, which is based on the actual temperature 

history of the welding process. But this method indeed depends on reliable temperature 

information during the welding process which is not always available. Rotter (1996), 

Holst et al. (1999, 2000) and Pircher and Bridge (2001) adopted a shrinkage strain 

approach which imposes an assumed initial constant shrinkage strain field (Figure 5.45) 

to the center of the weld and can eventually provide the residual stresses and 

depressions. However, the constant strain block assumed leads to abrupt changes at 

the edges of the block which requires very finely meshed elements to be used around 

such regions and in turn demands high cost of computation power. In 2006, Hübner et 

al. (2006) proposed a new artificial weld depression approach using the so-called 
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“trapezoidal strain field approach” which successfully addresses the issue in the 

shrinkage strain approach whilst keeping its simplicity without requiring the 

temperature history. This approach adopts a trapezoidal strain block at the center of 

weld as shown in Figure 5.45. This gives the strain field a much smoother change and 

requires relatively coarser mesh compared with the shrinkage strain approach. For 

ECSs which are no longer axisymmetric structures, Hübner et al.’s approach provides 

a simple and feasible route to establish weld depressions. This section therefore 

employs Hübner et al.’s approach to establish all weld depressions. It should be 

mentioned that the residual stresses associated with the formation of such weld 

depressions are not included, and the effect of residual stresses on the buckling 

behavior of ECSs is not examined in this thesis. In Hübner et al.’s (2006) work, they 

found the residual stresses to have a beneficial effect on the buckling of CCSs, which 

was also observed in some other studies (Rotter, 1996; Holst and Rotter, 2002). This 

beneficial effect on the buckling of CCSs under axial compression can be explained 

by the fact that these associated residual stresses in the vicinity of the welds are mainly 

tensile though the circumferential weld depressions cause circumferential compressive 

stresses (Hübner et al., 2006). Given this observation, the effect of residual stresses is 

neglected in this thesis, and only the influence of the geometry of the weld depression 

is examined.   

 

The weld depressions are all assumed to be located at the mid-height and run in the 

circumferential direction. The strain field for each weld depression is implemented as 

a narrow band about the mid-height, with a band width of 12t. This narrow band is 

further divided into three equal-sized sub-bands. The strain field is introduced by 

applying: (a) a relatively low temperature field with a constant temperature Tl on the 

middle sub-band of the three equal-sized sub-bands (i.e., with a sub-band width of 4t), 

(b) no temperature fields on the other two sub-bands besides the middle sub-band, and 

(c) high temperature fields with a constant temperature Th (Th > Tl) on the other parts 

of the ECS. By appropriately adjusting Th and Tl and performing a coupled 
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temperature-displacement field analysis, the desired weld depression can be formed. 

Figure 5.46 shows an example cylinder of a / b = 2, a / t = 400, L / a = 5 with a mid-

height weld depression developed using the trapezoidal strain field approach (Hübner 

et al., 2006). The lower temperature Tl on the middle narrow sub-band is 0 K and the 

higher temperature Th is set to be 176.76 K. The thermal conductivity of the material 

is assumed to be 50 W/(mK), and the coefficient of thermal expansion is 1e-5 K-1 

throughout this section. The steady-state coupled temperature-displacement analysis 

in ABAQUS/Standard (2012) is adopted in this section to implement the trapezoidal 

strain field approach, and the S4RT-type coupled temperature-displacement element 

is employed in such analysis. 

 

Figure 5.47 presents the deflection distribution of weld depressions formed in different 

ECSs with aspect ratios varying from 1.25, 2 to 3.5, a fixed a / t ratio of 400, and a 

fixed L / a ratio of 5. The circumferential distribution represents the cross section with 

the deepest inward deflection. The axial distribution is taken along the meridional path 

in the flattest region. The deflections are normalized by the magnitude of maximum 

deflection   and are presented as the vertical axes. The deflection is positive if it 

points inward. The angle   is defined as in Figure 5.14.  

 

According to Figure 5.47, the variation around the circumference becomes more and 

more significant with the increase in aspect ratio. The weld depression form around 

the circumference seems to be a cosine function, and it is found that a simple function 

in the form of w (θ) = a + b cos (cθ)  could satisfactorily approximate the weld 

depression around the circumference. From the figure for longitudinal distributions, it 

can be inferred that though the ellipticity varies case by case, the peak to trough 

distance along the normal direction to the shell mid-surface keeps almost constant 

which is about 1.04 . It should be mentioned that this distance is also the same as that 

in CCSs (Rotter and Teng, 1989; Fajuyitan and Sadowski, 2018). 



274 
 

5.6.2 The Post-buckling Behavior: Load-Displacement Relation, Deformation 

Pattern, and Normal Stress and Deflection Distributions 

To be consistent with the previous two sections for LB and NB mode-affine 

imperfections, one ECS model with an aspect ratio of 1.25, an a / t ratio of 400, an L / 

a ratio of 5 is adopted herein, and one mid-height weld depression with a magnitude 

of the peak geometric derivation (i.e. t  as defined in Figure 5.48) of 0.25t is 

imposed on this model for the purpose of presenting an in-depth case study on the post-

buckling behavior. To better distinguish the peak geometric deviation and the 

equivalent geometric deviation proposed in the previous section, if there is no further 

explanation is given, the imperfection size mentioned refers to the peak geometric 

deviation in the remaining sections.  

 

It should be mentioned that for ECSs with single mid-height weld depressions, 

reasonably deep post-buckling paths can be effectively traced by using the modified 

Riks method. All simulation studies for models with weld depression in this thesis 

hence employ the modified Riks method to investigate the post-buckling behavior. 

 

The complete load-displacement curve is shown in Figure 5.49. Six stages are defined 

for this curve, that is, O-A, A-B, B-C, C-D, D-E, and E-F. Three buckling points can 

be identified which are Points A, C and F. The results of meridional normal stress and 

deflection distributions shown in Figure 5.50 and Figure 5.51 are presented for each 

stage to provide a closer view on the post-buckling responses. The meridional stresses 

are all normalized by the corresponding critical buckling stresses in these figures. By 

default, the deflection is positive if it is inward, and the meridional stress is positive if 

it is compressive. In each figure, the thicker the line, the later the loading stage. 

 

From observation of Figure 5.50 and Figure 5.51, it can be inferred that, 
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(i) During the pre-buckling stage O-A, the meridional normal stress attains its 

maximum at the middle of the flattest region. When it approaches the bifurcation point, 

the distribution of normal stresses becomes more and more uneven around the 

circumference, and the number of circumferential waves changes abruptly from 2 to 

10. 

 

(ii) During the snap-back stage A-B, the magnitude of the largest buckling wave in the 

flattest region increases rapidly, and the wavelength also gradually increases, while 

the wavelength of the small buckling wave in the most curved region stays almost 

constant. The number of circumferential waves changes from 10 to 6. The normal 

stresses within the buckling wave in the flattest region decrease swiftly towards zero, 

the stress level in the most curved region also reduces, and some stress concentration 

zones are formed near the edges of the largest buckling wave in the flattest region 

where the normal stress exceeds the critical buckling stress of the axially compressed 

ECS. 

 

(iii) The structure re-stabilizes at Point B, and the B-C stage manifests an ascending 

trend where the axial load increases with the increase in edge shortening. During this 

load ascending stage, the wavelength of the buckling wave at the flattest region keeps 

increasing. The normal stresses in the flattest region approach almost zero, and the 

‘zero stress zone’ widens with the increase in load. The stress concentration zones 

around the edges of buckling waves in the flattest regions move towards the most 

curved regions with the increase in load. It also can be observed that some parts of the 

shell start to experience tensile axial stresses. 

 

(iv) The structure buckles the second time at Point C where buckling bulges emerge at 

the most curved regions. During the snap-back stage C-D, the number of 

circumferential waves changes from 6 to 10. The normal stresses near the most curved 
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parts decrease rapidly towards zero. More stress concentration zones develop around 

the most curved regions. 

 

(v) The number of circumferential waves changes from 10 to 6 at Point D. During the 

D-E stage, deflections in both the flat and curved regions develop rapidly, and the 

magnitudes of the deflections in the flattest and the most curved regions become 

comparable. The load decreases gradually in this stage, and the meridional normal 

stresses in more areas of the cross section become almost zero. Tensile stresses emerge 

in the most curved regions.  

 

(vi) The structure regains limited load carrying capacity and positive stiffness at Point 

E. During the E-F stage, the wavelengths and wave number around the circumference 

become fixed with the wave amplitudes gradually increase with the mild increase in 

axial load. The load is chiefly carried by the stress concentration zones around the 

edges of buckling waves. Within the inward buckling bulges, the axial normal stresses 

are almost zero which indicates the loss of load carrying capacity. Moreover, multiple 

tension zones exist in the inward dimples, which introduces softening effect to the 

structure. At this stage, though the load still increases, the compressive normal stresses 

in most stress concentration zones exceed four times of the critical buckling stress. 

5.6.3 Imperfection Sensitivity 

This section investigates the effect of magnitudes of weld depression on the post-

buckling behavior. The results of the complete load-displacement curves for models 

with various imperfection sizes and of the normalized buckling load vs imperfection 

size curves are shown in Figure 5.52 and Figure 5.53 respectively for the ECS model 

with a / b = 1.25, a / t = 400, L / a = 5. 

From Figure 5.52, it can be inferred that for models with imperfection sizes smaller 

than 1t, snap-back behavior can be observed after the initial buckling, and the critical 

load decreases with the increase in imperfection size. The characteristic loads however 
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are almost constant in those cases. After the structure re-stabilizes, the post-buckling 

paths manifest ascending trend with all these cases share the same stiffness (slope). 

The deformation pattern during this stage is also a major dimple located at the flattest 

region of the shell mid-height which is almost identical to that observed in similar 

cases with LB-mode-affine imperfections. Secondary buckling behavior is also 

observed followed by another snap-back stage. The secondary buckling loads also 

decrease with the increase in imperfection size. 

 

When the imperfection size becomes greater than the shell thickness, the initial post-

buckling behavior transfers from a doubling back form to a smooth transition as a kink. 

The deformation pattern for such cases after the kink shown in the figure is also 

featured by one major dimple at the flattest region. What makes it different from those 

in cases with smaller imperfection sizes is that clear buckling lobes are also observed 

in the most curved regions. This should be attributed to the fact that the deeper 

depressions introduced in the most curved regions severely deteriorate the stiffness 

within these regions, which in turn facilitates the development of buckling waves in 

these regions. When the imperfection size grows to 4t or greater, the buckling behavior 

becomes limit point buckling again but with snap-through post-buckling.     

5.6.4 The Influence of Aspect Ratios on the Post-buckling Behavior 

The curves of normalized load versus displacement are presented in this section for 

ECSs with various aspect ratios ranging from 1 to 3.5 as shown in Figure 5.59. The 

mid-height weld depression is introduced in each model, and the imperfection size 

varies in each model with a fixed aspect ratio. A direct comparison of the normalized 

load versus normalized displacement curves among models with various aspect ratios 

is shown in Figure 5.60. The imperfection size is fixed to be 0.1t for all models in this 

figure. 
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From Figure 5.59 and Figure 5.60, it can be inferred that for models with an aspect 

ratio smaller than 1.5, the first buckling load indicates the maximum load capacity. For 

models with higher aspect ratios, higher loads can be attained during the post-buckling 

stage compared with the first buckling load. For one fixed imperfection size, the higher 

the aspect ratio, the higher the normalized axial load could be achieved during the post-

buckling stage. For one specific aspect ratio, the smaller the imperfection size, the 

higher the buckling load and the maximum post-buckling load. When the imperfection 

size is greater than 1t, no snap-back buckling will occur for axially compressed ECSs. 

 

5.6.5 The Influence of Shell Geometry 

The normalized buckling load vs imperfection size curves for models with different 

geometric parameters Z are presented in Figure 5.61 to demonstrate the influence of 

shell geometry on the postbuckling behavior of imperfect ECSs with a single mid-

height weld depression. 

 

The results suggest that for medium length to long shells, the imperfection sensitivity 

is similar for ECSs with a single mid-height weld depression, while when the shell 

becomes extremely short, the imperfection sensitivity becomes relatively mild. This is 

different from the behavior found in models with LB mode-affine imperfections where 

long shells are almost insensitive to the imperfections and short shells become less 

sensitive with a decrease in shell length. This should be attributed to the inherent nature 

of these two types of imperfections. The LB mode-affine imperfection is present 

mainly in the flattest regions of the cross section while the single mid-height weld 

depression is present around the whole circumference. The weakening effect 

introduced to the most curved regions by the circumferential weld depression is 

therefore detrimental to the buckling of ECSs under axial compression irrespective of 

the shell length.  
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5.7 COMPARISON AMONG THE EFFECTS OF THE THREE DIFFERENT 

FORMS OF INITIAL GEOMETRIC IMPERFECTIONS ON THE POST-

BUCKLING BEHAVIOR OF ELLIPTICAL CYLINDRICAL SHELLS 

5.7.1 Introduction 

The concept of the ‘equivalent geometric deviation’ parameter δe used in Section 5.5.4 

is further adopted in this section to attain a commensurate comparison among the 

effects of the three different forms of initial geometric imperfections on the post-

buckling behavior of ECSs. This parameter δe is defined as the maximum adjacent 

‘ridge to valley’ distance along the direction normal to the mid-surface. The detailed 

definition for each type of imperfection forms is illustrated in Table 4.1. 

 

5.7.2 Comparison of the Imperfection Sensitivity in terms of Buckling Loads 

among Cases with Three Different Types of Imperfections 

The normalized critical load versus δe relations for all three types of imperfections are 

compared in Figure 5.62 along with an enlarged view in Figure 5.63. The comparison 

shows that when the imperfection coefficient δe ≤ 0.2, the LB mode-affine 

imperfections lead to the lowest normalized buckling loads among all the three 

imperfection shapes studied. It can also be observed that a lower aspect ratio gives rise 

to a relatively lower normalized buckling load for the LB cases. When δe > 0.3, the 

weld-depression-type imperfections bring about the most detrimental effect and result 

in the lowest normalized buckling loads. The normalized buckling loads are almost 

insensitive to the change in aspect ratios for the cases of LB mode-affine imperfections 

with δe ≤ 0.5, of NB mode-affine imperfections with δe ≤ 0.3, and of weld depressions 

with δe ≤ 1.0. For these cases, the relationships between the normalized buckling load 

and the ‘equivalent geometric deviation’ parameter δe can be approximated 

satisfactorily using simple algebraic formulae as shown in Equations 5.1 ~ 5.3 and also 

presented in Figure 5.63. 
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 LB: 7.36/ 0.51 0.43 e
clP P e −= +  0.5e   (5.1) 

 NB: 0.52/ 1 0.70cl eP P = −   0.3e   (5.2) 

 WD: 3.12/ 0.3 0.61 e
clP P e −= +  1.0e   (5.3) 

5.7.3 Comparison of the Imperfection Sensitivity in terms of Buckling Loads 

between Cases with LB mode-affine and Weld Depression Imperfections for 

ECSs in Various Geometries 

Since only the LB mode-affine imperfections and the weld depressions lead to the 

lowest buckling loads in this study, the influence of geometries on the critical buckling 

loads is examined in this section with respect to these two types of imperfection only. 

The comparison among results from ECS models with various geometries adopting 

either LB mode-affine imperfections or single mid-height weld depressions is 

demonstrated in Figure 5.64. 

 

Figure 5.64 shows that for short and long ECSs with LB mode-affine imperfections 

except for the cases of CCSs with axisymmetric bifurcation mode-affine imperfections, 

the buckling loads are far less sensitive to the sizes of the initial geometric imperfection. 

For medium length ECSs, the curves for ECSs with various geometries generally 

concentrate in fairly narrow bands for both models with LB mode-affine imperfections 

and weld depressions. Among all the investigated cases, the most imperfection 

sensitive one is still the CCSs with axisymmetric bifurcation mode-affine 

imperfections which have long been acknowledged as the most detrimental form for 

CCSs under axial compression (Rotter, 2004). It should also be mentioned that the 

results from Rotter and Teng’s study (1989) on the imperfection sensitivity of axially 

compressed CCSs with one mid-height “Type A” weld depression are also presented 

in the figure as a thick solid line. The results are found to agree well with those attained 

in this work on thin-walled CCSs from the FE studies using weld depressions formed 

by the trapezoidal strain field approach.  
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The envelope of the lowest normalized buckling loads for ECSs excluding CCSs can 

be determined as two major sectors, the LB-mode-affine-imperfection-dominated 

region for δe ≤ 0.25, and the weld-depression-dominated region for δe > 0.25. For 

medium length ECSs with a / b > 1.5, algebraic formulae proposed in the previous 

section as Eq. 5.1 for the cases with LB mode-affine imperfections and Eq. 5.3 for the 

cases with single mid-height weld depressions can be adopted here to describe the 

envelope as shown in Eq. 5.4. 

 7.36/ 0.51 0.43 e
clP P e −= +  0.25e    

 3.12/ 0.3 0.61 e
clP P e −= +  0.25 2e   (5.4) 

/ 0.3clP P =      2e     

 

5.8 CONCLUSIONS  

This chapter has presented a detailed investigation into the elastic post-buckling 

behavior of ECSs under axial compression. Five major parts were studied, namely, (i) 

the influence on critical buckling load after considering pre-buckling geometric 

nonlinearity, (ii) the post-buckling behavior of perfect ECSs under axial compression, 

(iii) the post-buckling behavior of axially compressed ECSs with linear bifurcation 

mode-affine imperfections, (iv) the post-buckling behavior of axially compressed 

ECSs with nonlinear bifurcation mode-affine imperfections, and (v) the post-buckling 

behavior of axially compressed ECSs with weld depressions. The investigations on 

imperfect ECSs generally comprised the imperfection sensitivity analysis, and the 

analysis of stress distributions. The influence of boundary conditions, and the 

influence of shell geometry were also examined in the third section for ECSs with 

linear bifurcation mode-affine imperfections.  
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The investigation started with the influence on critical buckling load after considering 

pre-buckling geometric nonlinearity by performing GNA on ECSs with slight mesh 

perturbations. The results showed that for ECSs, the load reduction for medium length 

shells was generally within 5%. This load reduction decreased with the increase in 

aspect ratio. After considering the geometric nonlinearity, the obtained buckling load 

could exceed the corresponding LBA result for short and moderately long shells.  

 

The study then moved to the post-buckling buckling behavior of perfect ECSs under 

axial compression. The results showed that when the aspect ratio was larger than 2, 

the post-buckling branch manifested an ascending trend. The load reduction after first 

buckling decreased with the increase in aspect ratio. 

 

The imperfect ECSs were then examined by the introduction of LB mode-affine, NB 

mode-affine, and single mid-height weld depression imperfections, respectively. For 

the LB case with an a / b ratio of 1.25, an a / t ratio of 400 and an L / a ratio of 5, when 

the imperfection size was within the range of 0.1t to 0.3t, higher load carrying capacity 

was found to be achieved during the post-buckling stage compared with the first 

buckling load which had never been reported before. Previous studies claimed that 

when the aspect ratio was sufficiently large, the post-buckling strength could exceed 

the buckling load. For most cases of ECSs with LB mode-affine imperfections, in fact, 

it was found that whether a higher post-buckling strength could be attained chiefly 

depends on the imperfection size. For the cases with a / b = 3.5 studied in this work, it 

was found that irrespective of the imperfection size, the post-buckling strength was 

always higher than the first buckling load. 

 

For ECSs with an a / b ratio of 1.25, an a / t ratio of 400, an L / a ratio of 5 and NB 

mode-affine imperfections, the post-buckling behavior was however always unstable 

with a major load drop followed by a softening post-buckling path. The post-buckling 

strength in such cases never exceeded the first buckling load. 
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By comparing the results of imperfection sensitivity in terms of the critical buckling 

load from models with different forms of imperfections, it was found that when the 

equivalent geometric deviation parameter δe ≤ 0.25, the LB mode-affine imperfections 

led to the lowest normalized buckling loads among all the three imperfection shapes 

studied. When δe > 0.25, the weld depression induced imperfections result in the lowest 

normalized buckling loads. The normalized buckling loads were almost insensitive to 

the change in aspect ratios for the cases with weld depressions.  

 

This study also presented the imperfection sensitivity in terms of critical buckling 

loads for ECSs with various geometries and various imperfection shapes. For short 

and long ECSs with LB mode-affine imperfections except for the cases of CCSs with 

axisymmetric bifurcation mode-affine imperfections, the buckling loads were far less 

sensitive to the sizes of the initial geometric imperfection. For medium length ECSs, 

the curves for ECSs with various geometries generally concentrated in fairly narrow 

bands for both models with LB mode-affine imperfections and weld depressions. 

Among all the investigated cases, the most imperfection sensitive one was still the 

CCSs with axisymmetric bifurcation mode-affine imperfections which had long been 

acknowledged as the most detrimental form for CCSs under axial compression. The 

envelope of lowest normalized buckling loads for medium-length ECSs excluding 

CCSs was determined by two algebraic formulas derived from regression analysis.  
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Figure 5.1 The shell length vs. normalized load curves for different types of ECS 

models with C3-type BCs sharing an aspect ratio of 1.25 and an a / t ratio of 100 

 

Figure 5.2 The GNA-predicted buckling load vs. the length parameter mZ   
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Figure 5.3 The GNA-predicted buckling load vs. the length parameter ZECS 

 

Figure 5.4 Comparisons of the results of LBA- and GNA-predicted buckling loads for 

axially compressed ECS models with a fixed a / t ratio of 400, a fixed a / b ratio of 

1.25 and various shell lengths (unit: mm) 

 

Figure 5.5 Comparisons of the results of LBA- and GNA-predicted buckling loads for 

axially compressed ECS models with a fixed a / t ratio of 400, a fixed a / b ratio of 3.5 

and various shell lengths (unit: mm) 
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Figure 5.6 Comparisons of the results of LBA- and GNA-predicted buckling loads for 

axially compressed ECS models with a fixed a / t ratio of 50, a fixed a / b ratio of 1.5 

and various shell lengths (unit: mm) 

 
Figure 5.7 Comparison of the results of LBA- and GNA-predicted buckling loads and 

modes for an axially compressed ECS with an a / t ratio of 400, an a / b ratio of 1.25 

and an L / a ratio of 25 
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Figure 5.8 The normalized load vs. normalized displacement curves for ECS models 

sharing an aspect ratio of 1.25 and an a / t ratio of 400 with different artificial damping 

factors 

 

Figure 5.9 The normalized load-normalized displacement curves for ECS models with 

various aspect ratios using artificial damping method 
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Figure 5.10 Comparison of the normalized load-displacement curves for ECS models 

with S4R and S8R5 elements sharing an a / b ratio of 3.5, an a / t ratio of 400 and an 

L / a ratio of 5 using artificial damping method 

 

Figure 5.11 Definition of the geometric deviation factor   for the linear bifurcation 

(LB) mode-affine imperfection 
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Figure 5.12 The normalized load-displacement curves for ECS models with a LB-

mode-affine imperfection of 0.25t 
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Figure 5.13 The enlarged view of Figure 5.12 along with some deformation patterns 
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Figure 5.14 The definition of angle   used in this chapter ( 0 =  corresponds to 

Point A which is the point of minimum radius of curvature at the positive horizontal 

axis) 
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Figure 5.15 The distribution of deflections around the circumference (since the 

deformation mode is always symmetric about the plane of major axes, only half of the 

distribution is presented) at shell mid-height during different stages (in each figure, the 

thicker the line, the later the loading stage) 

 

Figure 5.16 The distribution of normalized axial stresses around the circumference 

(since the deformation mode is always symmetric about the plane of major axes, only 

half of the distribution is presented in each figure) at shell mid-height during different 

stages (in each figure, the thicker the line, the later the loading stage) 
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Figure 5.17 The normalized load-displacement curves for ECS models with a LB-

mode-affine imperfection of 1t 

 

Figure 5.18 The enlarged view of Figure 5.17 along with some deformation patterns 
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Figure 5.19 The distribution of deflections around the circumference (since the 

deformation mode is always symmetric about the plane of major axes, only half of the 

distribution is presented in each figure) at shell mid-height during different stages (in 

each figure, the thicker the line, the later the loading stage) 

 

Figure 5.20 The distribution of normalized axial stresses around the circumference 

(since the deformation mode is always symmetric about the plane of major axes, only 

half of the distribution is presented in each figure) at shell mid-height during different 

stages (in each figure, the thicker the line, the later the loading stage) 
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Figure 5.21  A comparison of normalized load vs. displacement curves obtained 

using different methods for an ECS with aspect ratio of 1.25, a / t ratio of 400, L / a 

ratio of 5 and a LB-mode-affine imperfection of magnitude 0.25t  

 
Figure 5.22 The distribution of deflections around the circumference (since the 

deformation mode is always symmetric about the plane of major axes, only half of the 

distribution is presented in each figure) at shell mid-height during different stages (in 

each figure, the thicker the line, the later the loading stage) 
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Figure 5.23 The distribution of normalized axial stresses around the circumference 

(since the deformation mode is always symmetric about the plane of major axes, only 

half of the distribution is presented in each figure) at shell mid-height during different 

stages (in each figure, the thicker the line, the later the loading stage) 

  

Figure 5.24  A comparison of normalized load vs. displacement curves obtained 

using different methods for an ECS with aspect ratio of 1.25, a / t ratio of 400, L / a 

ratio of 5 and a LB-mode-affine imperfection of magnitude 1t  
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Figure 5.25  A comparison of normalized load vs. displacement curves of ECSs with 

various amplitudes of LB mode-affine imperfections 

 
Figure 5.26  Imperfection sensitivity of ECSs sharing an aspect ratio of 1.25, a / t = 

400 and L / a = 5 with different amplitudes of LB-mode-affine imperfections 
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Figure 5.27  The distribution of deflections around the circumference at shell mid-

height at the incipient of shell buckling stage for models with various imperfection 

sizes (the thicker the line, the larger the imperfection size) 

 
Figure 5.28  The distribution of normalized axial stresses around the circumference 

at shell mid-height at the incipient of shell buckling stage for models with various 

imperfection sizes (the thicker the line, the larger the imperfection size) 
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Figure 5.29  A comparison of normalized load vs. displacement curves of ECSs with 

various aspect ratios sharing an identical imperfection size of 0.01t 

 

 

Figure 5.30  A comparison of normalized load vs. displacement curves of ECSs with 

various aspect ratios sharing an identical imperfection size of 0.25t 
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Figure 5.31  A comparison of normalized load vs. displacement curves of ECSs with 

various aspect ratios sharing an identical imperfection size of 1t 

 

Figure 5.32  Normalized load vs. displacement curves for an ECS with an aspect ratio 

of 5, a / t ratio of 400, L / a ratio of 5 and a LB-mode-affine imperfection of magnitude 

0.25t 
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Figure 5.33  Imperfection sensitivity of ECSs with various aspect ratios and LB-

mode-affine imperfections 
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Figure 5.34  The distributions of deflections and axial normal stresses around the 

circumference of the mid-height section where the largest buckling bulge locate at 

incipient buckling (the thicker the line, the larger the imperfection size) 

 

Figure 5.35  Imperfection sensitivity of ECSs under various types of BCs 
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Figure 5.36  Imperfection sensitivity of ECSs under various types of BCs using 

normalized load by the corresponding linear bifurcation load for each BC case. 

 

Figure 5.37  Imperfection sensitivity of ECSs with different shell lengths 
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Figure 5.38  Normalized load vs. displacement curve for an ECS with a / b = 1.25, a 

/ t = 400, L / a = 5 and a nonlinear bifurcation (NB) mode-affine imperfection with the 

maximum geometric deviation of 1t 

 

Figure 5.39  A comparison of normalized load vs. displacement curves for ECSs with 

LB-mode-affine and NB-mode-affine imperfections with the maximum geometric 

deviation of 1t sharing other identical geometric parameters: a / b = 1.25, a / t = 400 

and L / a = 5. 

The imperfection shape adopted 
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Linear bifurcation mode-affine 
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Figure 5.40 The normalized load vs. displacement curve for an ECS with an aspect 

ratio of 1.25, a / t ratio of 400, L / a ratio of 5 and a NB-mode-affine imperfection with 

the maximum geometric deviation of 1t using dynamic implicit method 
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Figure 5.41  A comparison of normalized load vs. displacement curves of ECSs with 

NB mode-affine imperfections in various amplitudes 

 

Figure 5.42  Imperfection sensitivity of ECSs sharing an aspect ratio of 1.25, a / t = 

400 and L / a = 5 with different amplitudes of NB-mode-affine imperfections 
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The dash lines represent results from damped 
static analysis while the solid lines correspond 
to those from dynamic implicit analysis  

The dash lines represent results from damped 
static analysis while the solid lines correspond 
to those from dynamic implicit analysis  



310 
 

 

Figure 5.43  Definition of ‘equivalent geometric deviation’ e  for the nonlinear 

buckling (NB) mode-affine imperfection 

 

Figure 5.44  Imperfection sensitivity of ECSs with various aspect ratios and NB-

mode-affine imperfections 

 

Figure 5.45  A comparison of constant strain block with a width of 8t and the 

equivalent trapezoidal strain block [from Hübner et al. (2006)] 
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Figure 5.46 An example of one weld depression formed in an ECS using the 

trapezoidal strain field approach 

 

 
Figure 5.47 The deflection distributions around the circumference and along the 

meridian for the mid-height weld depressions formed using the trapezoidal strain field 

approach in ECSs with various aspect ratios  
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Figure 5.48 Definition of the geometric deviation factor   for the mid-height weld 

depression imperfection 

Figure 5.49 The normalized load-displacement curves for one ECS model with an 

aspect ratio of 1.25, an a / t ratio of 400, an L / a ratio of 5 and a mid-height weld 

depression in the magnitude of 0.25t 
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Figure 5.50 The distribution of deflections around the circumference (since the 

deformation mode is always symmetric about the plane of major axes, only half of the 

distribution is presented in each figure) at shell mid-height during different stages (in 

each figure, the thicker the line, the later the loading stage; solid and grey lines are 

presented in an alternating fashion) 
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Figure 5.51 The distribution of normalized axial stresses around the circumference 

(since the deformation mode is always symmetric about the plane of major axes, only 

half of the distribution is presented in each figure) at shell mid-height during different 

stages (in each figure, the thicker the line, the later the loading stage) 
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Figure 5.52  A comparison of normalized load-displacement curves for ECSs with an 

a / b ratio of 1.25, an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 
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Figure 5.53  Imperfection sensitivity of ECSs sharing an aspect ratio of 1.25, a / t = 

400 and L / a = 5 with different amplitudes of mid-height weld depressions 

 
Figure 5.54  A comparison of normalized load vs. normalized displacement curves 

for CCSs with an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 

 
Figure 5.55  A comparison of normalized load vs. displacement curves for ECSs with 

an a / b ratio of 1.05, an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 
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Figure 5.56  A comparison of normalized load vs. displacement curves for ECSs with 

an a / b ratio of 1.5, an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 

 
Figure 5.57  A comparison of normalized load vs. displacement curves for ECSs with 

an a / b ratio of 1.75, an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 
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Figure 5.58  A comparison of normalized load vs. displacement curves for ECSs with 

an a / b ratio of 2, an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 
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Figure 5.59  A comparison of normalized load vs. displacement curves for ECSs with 

an a / b ratio of 3.5, an a / t ratio of 400, an L / a ratio of 5 and various sizes of weld 

depressions 
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Figure 5.60  A comparison of normalized load vs. normalized displacement curves 

for ECSs with various aspect ratios and mid-height weld depressions of a fixed 

amplitude of 0.1t 

 

Figure 5.61  A comparison of normalized load vs. imperfection size curves for ECSs 

with various geometries and mid-height weld depressions 
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Figure 5.62  A comparison of normalized load vs. ‘equivalent geometric deviation’ 

parameter δe curves for ECSs with various types of imperfections and aspect ratios 

 

Figure 5.63  An enlarged view (δe ≤ 0.5) of the comparison of normalized load vs. 

‘equivalent geometric deviation’ parameter δe curves for ECSs with various types of 

imperfections and aspect ratios along with the results of the proposed formulae 
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Figure 5.64  A comparison among results from ECS models with various geometries 

adopting either LB mode-affine imperfections or mid-height weld depressions 
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Table 5.1 Definitions of ‘equivalent geometric deviation’ δe for the LB, NB mode-affine and weld depression (WD) imperfections 

Linear Bifurcation (LB) mode Nonlinear Bifurcation (NB) mode Weld Depression (WD) mode 

   
 

δe = δ + δ’ 

δt 

δt 

δet=2δt δt δet=1.04δt 
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CHAPTER 6  

PRE-BUCKLING STRESS STATE OF ELLIPTICAL 

CYLINDRICAL SHELLS UNDER RESTRAINED TORSION 

6.1 INTRODUCTION 

The previous three chapters have addressed the problems related to the buckling of 

axially compressed ECSs including both the eigenvalue buckling problem and the 

post-buckling problem. Starting from this chapter, the focus will be altered to the 

problems of ECSs under torsion. Compared with axial compression, torsion is 

somewhat foreign to many engineers and researchers. The stress distributions in ECSs 

under torsion during the pre-buckling stage are more complicated compared with those 

under axial compression and not as well intuitively conceived. The investigation on 

the torsion problems therefore initiates with a detailed study on the pre-buckling state 

of ECSs under torsion. 

 

In this chapter, the stress distributions in elliptical cylindrical shells (ECSs) under 

torsion in the pre-buckling state have been carefully investigated. This chapter is 

composed of four sections. It begins with an introduction of the classical theories on 

torsion for closed thin-walled beams. Both Saint-Venant’s free torsion theory and 

Umansky/Benscoter’s restrained torsion theory (Umansky, 1939; Benscoter, 1954; 

Wu, 2015) are presented. The second section starts with an investigation towards the 

general shapes of stress distributions along the circumference for ECSs with various 

geometries and then demonstrates comparisons between results from Umansky’s 
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theory and those from numerical studies using the finite element method (FEM). The 

third section demonstrates comparisons between results from Umansky’ theory and 

those from FE models with rigid diaphragms (membranes). The rigid diaphragms are 

introduced to explicitly impose the assumption of rigid body rotation to FE models as 

assumed in Umansky’s theory. This is to verify the correctness of Dr. Wu’s solutions 

(2015) based on Umansky’s theory and to justify the validity and applicability of 

Umansky’s theory to the problem of ECSs under torsion. The fourth section presents 

comparisons among results of Umansky’s theory, FE models without rigid diaphragms 

(from Section 6.3), FE models with rigid diaphragms (from Section 6.4) and FE 

models with elastic diaphragms. The stiffness of elastic diaphragms varies in a broad 

range to simulate the evolution from models with rigid diaphragms to models without 

diaphragms. Tracing this evolution is to gain a better understanding of the influence 

of diaphragms on the torsional responses of ECSs.  

 

By default, the angle   for any point P on the ellipse used in all the figures of this 

chapter is defined as shown in Figure 6.1. The coordinate for each point on the ellipse 

therefore satisfies, , = =x acos y bsin . 

 

All the finite element simulation studies in this chapter were performed using the 

ABAQUS (2012) commercial software package. 

6.2 CLASSICAL THEORIES ON FREE TORSION AND RESTRAINED 

TORSION 

The classical theories on torsion can be generally categorized into two types. One is 

for open thin-walled (OTW) beams and the other is for closed thin-walled (CTW) 

beams. The classical theory for OTW beams neglects the shear strains in middle 

surface which is however reported to be non-ignorable in many cases. It therefore has 

been extensively studied in the literature (Kollár, 2001; Roberts and Ubaidi, 2001; 

Pavazza, 2005; Erkmen and Mohareb, 2006; Feo and Mancusi, 2010; Wang et al., 

2012;). However, far fewer research studies investigate the theory of CTW beams 
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(Wang and Zhao, 2014). This chapter therefore firstly revisits the classical theory and 

then conducts finite element studies to verify the applicability of the classical theory 

to this problem of ECSs under torsion. For the classical theory for CTW beams, two 

types of theory exist: free torsion theory and restrained torsion theory. The difference 

between them lies in whether the axial displacements of the beam ends are restrained. 

For free torsion which allows the beam ends to deform freely, only in-plane shear 

stresses exist, while for restrained torsion, besides shear stresses, warping stresses are 

also present, leading to a more complicated stress state. This chapter starts from the 

simpler case of free torsion, leaving the detailed derivations for the case of restrained 

torsion in the Appendix 6.1 for the sake of conciseness. 

6.2.1 Free Torsion 

In 1853, the French engineer Adhemar Jean Barre de Saint-Venant presented the 

classical torsion theory of closed thin-walled beams to the French Academy of Science. 

This theory can be found in most textbooks for elasticity and thin-walled beams 

 

The basic assumptions of Saint-Venant’s torsion theory include: 

 

A1. The cross sections do not distort in plane during twisting, so every material point 

in the section rotates rigidly (in cross sectional plane) through angle ( ) x  about the 

center of twist; 

 

A2. Out of plane warping is not constrained, which implies that there is no warping 

stress; 

 

A3. Out of plane warping does not vary along the meridional direction; 

 

A4. Since the thickness of the section wall is small, the shear stress distribution along 

the thickness of the section is assumed to be uniform and the shear stress direction is 

tangential to the mid-line. 
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Figure 6.2 shows the three coordinates needed in the derivation of the theory. The three 

coordinates include a global right-handed Cartesian coordinate system (x, y, z), a local 

right-handed Cartesian coordinate system ( , ,x r  ), and a curvilinear coordinate s 

along the mid-line of the cross section starting from an arbitrarily chosen point O. 

 

According to the equilibrium of arbitrary infinitesimal element of the thin wall, the 

Bredt shear flow which is defined in Eq. 6.1 should be constant everywhere. The 

compatibility and constitutive relations are listed in Eqs. 6.3-6.8. 

 
( ) ( ) Tq s t s const= = =

  (6.1) 

where 

 
( )s ds = 

  (6.2) 

Compatibility: 

 0
= 


x

u
x

 (6.3) 

 0
= 



s
s

v
s

 (6.4) 

 


= +
 

svu
s x

 (6.5) 

Stress-strain relations: 

 11 11 0 = + s xs Q Q  (6.6) 

 11 11 0  = +s xx Q Q  (6.7) 

 12 = Q  (6.8) 

in which, 11 122 ,
1 2(1 ) 

= = =
− +
E EQ Q G . 
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The assumption A1 gives the circumferential displacement, ( ) ( ) =sv s x , where 

( )s  is the distance from the center of twist S to the tangent of an arbitrary point P 

on the contour, as shown in Figure 6.2. 

 

The warping displacement u can be expressed as follows, 

 𝑢(𝑠) = 𝑢(0) +
𝑇

𝐺𝛺
∫

𝑑𝑠

𝑡

𝑠

0
− 𝜙′(𝑥) ∫ 𝜌(𝑠)𝑑𝑠

𝑠

0
 (6.9) 

The closed cross section requires that, 

 𝑢(𝑙) = 𝑢(0) +
𝑇

𝐺𝛺
∮

𝑑𝑠

𝑡
− 𝜙′(𝑥) ∮ 𝜌𝑑𝑠 = 𝑢(0) (6.10) 

in which, 𝑙 = ∮ 𝑑𝑠. 

 

This gives that, 

 𝜙′(𝑥) =
𝑇

𝐺𝐽𝑑
 (6.11) 

in which, 𝐽𝑑 =
𝛺2

∮
𝑑𝑠

𝑡

  is the free torsion constant. 

 

Finally, the warping displacement is obtained as, 

 𝑢(𝑠) = 𝑢(0) − 𝜙′(𝑥)𝜔(𝑠) (6.12) 

( ) s is the sectorial coordinate defined as, 

 
0

( ) [ ( ) ]
s

s s ds
ds

 


= −


 (6.13) 

The shear stress is, 

 ( )
( ) ( )
q Ts

t s t s
 = =


 (6.14) 

6.2.2 Restrained Torsion 

Vlasov (1961) developed an intricate theory for closed thin-walled beams formed by 

flat plates. For each flat wall, individual warping functions are devised to consider the 
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warping effect. The classical theory for generic CTW beams under restrained torsion 

was introduced by Umansky (1939) and Benscoter (1954) independently, in which the 

twist-rate function is replaced by another function with limited physical meaning. This 

theory shares the assumptions A1 and A4 with the Free torsion theory. However, the 

following unique assumption A3 is additionally made. 

 

A3. Out of plane warping is constrained, but the warping function is assumed to take 

a similar form as in free torsion, 

 0( , ) ( ) ( ) ( )u x s u x x s − = −   (6.15) 

in which, the twist-rate function 𝜙′(𝑥) is replaced by 𝛽′(𝑥) which is not intuitively 

related to the rotation angle and should be determined through a complicated 

derivation. This assumption indicates that the axial displacements leading to warping 

stresses in restrained beams share the identical transverse distribution as would occur 

in free warping beams of Saint-Venant’s theory. 

 

The detailed derivation of the whole theory is presented in Appendix 6.1. This section 

only lists the sets of governing equations and the final solutions for the sake of 

conciseness.  
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Stress-strain relations: 

 11 11 = +s s xQ Q  (6.19) 

 11 11 = +x s xQ Q  (6.20) 
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 12 = Q  (6.21) 

in which, 11 122 ,
1 2(1 ) 

= = =
− +
E EQ Q G . 

Equilibrium: 

 0  
+ =

 

s

s x
(Not considered in the derivation) (6.22) 

 0 
+ =

 

x

s x  (6.23) 

 

Plug Eqs. 6.19-6.21 into Eqs. 6.22 and 6.23, which gives,  

 11 12 0


 
+ =

 

xQ Q
s x  (6.24) 

 12 11 0 
+ =

 

xQ Q
s x  (6.25) 

Assumed displacement fields: 

 0( , ) ( ) ( ) ( )u x s u x x s − = −   
(6.26)

 

 ( ) ( ) =sv s x  
(6.27)

 

The full set of equations from the theory of elasticity actually cannot be satisfied 

strictly due to the assumptions made, that is the kinematic constraints introduced by 

A1 and A3. 

 

The governing equation can be deduced as, 

 𝜙′′′′ − 𝑘2𝜙′′ = −
𝑇′(𝑥)𝜇

𝑄11𝐽𝜔
 (6.28) 

in which, 2

11 


= dGJk

Q J
 𝐽𝜔 = ∮ 𝜔2𝑡𝑑𝑠, is called principal sectorial moment of inertia. 

2 ( )J s tds =   is the oriented moment of inertia. 1 dJ
J

 = − is the warping 

coefficient, which indicates the warping degree of the cross section. For open sections, 

Jρ ≫ Jd, μ ≈ 1, so the warping is serious in open sections. If Jρ = Jd, the results will 

degenerate to those of free torsion.  
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If the torque T is a constant, the governing equation will become homogeneous. 

 𝜙′′′′ − 𝑘2𝜙′′ = 0 (6.29) 

The solution is, 

 𝜙(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3 sinh(𝑘𝑥) + 𝐶4 cosh(𝑘𝑥) (6.30) 

The coefficients iC  (i = 1, 2, 3, 4) can be determined by the boundary conditions. 

 

The warping displacement, warping stress, and shear stress can be finally obtained as 

shown in Eqs. 31-33. 

 3 4
( )( , )= ( ,0) cosh sinh

d

s Tu x s u x C k kx C k kx
GJ

 



 
− + + 

 
 (6.31) 
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= − +  (6.32) 
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( )( , ) ( cosh sinh )Q S sTx s C k kx C k kx
t t
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in which, 
( ) ( )

( ) ( )
S s s ds

S s S s 

 


= −



 , 
0

( ) ( )
s

S s s tds =   

 

Due to the complexity of the closed-form solution (Eqs. 6.31-6.33), simplified 

formulae for elliptical sections were proposed by Wu (2015) as follows: 

 

3 4
( )( , )= ( ,0) sin 2 cosh sinh

2 ( ) d

ab a b Tu x s u x C k kx C k kx
a b GJ
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− + + +  

 (6.34) 

2 211
3 4

( )( , ) sin 2 ( sinh cosh )
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Q ab a bx s C k kx C k kx
a b

 


−
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+
 (6.35) 

3 311
3 4

( )( , ) cos 2 ( cosh sinh )
8

Q ab a bTx s C k kx C k kx
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−
= − +


  (6.36) 



332 

6.3 COMPARISONS BETWEEN RESULTS OF THEORY AND FINITE 

ELEMENT SIMULATION 

6.3.1 Introduction 

To justify the validity of the theoretical derivation based on Umansky’s/Benscoter’s 

theory presented in the previous section, numerical studies are performed in this 

section using the finite element method (FEM). The finite element (FE) models used 

in this chapter share a fixed major radius of 200 mm, a fixed shell length of 600 mm. 

The aspect ratios of ECSs vary from 1.25 to 3.5, and the a/t ratios from 33.3 to 400. 

The material is assumed to be linear elastic, homogenous, and isotropic with the elastic 

modulus: E = 200 GPa and Poisson’s ratio: ν = 0.3. The reduced integration shell 

element S4R in ABAQUS (2012), which is a 4-node linear shell element applicable to 

both thick- and thin-walled shells, is adopted in this chapter. The element size is taken 

with reference to the buckling half-wavelength λ which is estimated based on the 

formula proposed for CCSs as shown in Eq. 6.37. This formula is assumed to also 

apply to ECSs herein when replacing the Batdorf parameter Z with the modified one 

Zm (Eq. 3.32) proposed in Chapter 3. The parameter bs depends on the boundary 

conditions. The element size is chosen to be 0.03λ after a mesh convergence study. 

The hinged edge (boundary) conditions (or S1-type BCs) are assumed in all the FE 

studies of this chapter. The parameter bs is taken to be 1.35 for this type of BCs 

(Yamaki, 1984). 

 
1/4 =

s

L
b Z

  (6.37) 

6.3.2 Results and Discussions 

Firstly, the general shapes of stress distributions around the circumference of ECSs 

with various geometries from FE simulation studies are summarized in Appendix 6.2. 

To facilitate the discussion, example figures are presented for the distributions of shear 

stresses, warping stresses and circumferential normal stresses of the cases with a fixed 

a / t ratio of 400, an L / a ratio of 3 and various aspect ratios as in Figure 6.3, and of 
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the cases with a fixed a / b ratio of 2, L / a ratio of 3 and various a / t ratios in Figure 

6.4. The stresses are normalized by the corresponding maximum value for each case. 

It can be concluded that, for thin-walled ECSs (a / t ≥ 200), the shapes of stress 

distribution are quite similar in shape irrespective of the a / b and a / t ratios, while for 

ECSs with thicker shell walls (a / t < 200), the shapes of warping stress and 

circumferential normal stress are still similar in shape respectively while the shape of 

shear stress distribution changes obviously with the change in a / t ratio. With the 

increase of a / b ratio, the variation of shear stress around the circumference increases. 

With the decrease of a / t ratio, the shapes of shear stress distribution curves become 

much plumper while the magnitudes of variation changes insignificantly when fixing 

the aspect ratio, especially for cases with a / b ratio smaller than 3. 

 

The figures for the comparison of various ECS models in terms of shear stress and 

warping stress among the theoretical solution, Wu’s simplified solution, and the FE 

results from this work are summarized in Appendix 6.3 and Appendix 6.4. Example 

figures are presented for the shear and warping stress distributions around 

circumference in cases of an ECS with a / b = 1.25, a / t = 400 and L / a =3 in Figure 

6.5 and Figure 6.6, of an ECS with a / b = 1.25, a / t = 10 and L / a =3 in Figure 6.7 

and Figure 6.8, of an ECS with a / b = 3.5, a / t = 400 and L / a =3 in Figure 6.9 and 

Figure 6.10, and of an ECS with a / b = 3.5, a / t = 10 and L / a =3 in Figure 6.11 and 

Figure 6.12. Obvious differences between the results of FE studies and Dr. Wu’s 

solutions (both theoretical and simplified solutions) can be observed in both shear 

stress and warping stress (axial normal stress) distributions. The shear stress 

distribution around the circumference in each case resembles in shape, especially for 

cases with a / b = 1.25. However, the magnitudes of results from FE studies are always 

smaller than those from Wu’s solutions (2015). With a reduction in the a / t ratio, the 

shapes from FE results will become more deviated from the theoretical predictions, 

especially for the cases of a / b =3.5. The errors in magnitudes of shear stresses are 

found to increase with the increase of the aspect ratio. For the warping stress 

distribution, the crests or troughs never coincide between results of FE studies and the 
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theoretical predictions, and the deviation becomes more pronounced with the increase 

of aspect ratio. In other words, with the increase of the maximum curvature, the 

troughs and crests (maximum magnitudes of warping stresses) will become much 

closer to the regions with maximum curvature (curved regions). For the shear stress 

distribution along the axial direction, the FE results are almost constant while the 

theoretical predictions vary clearly throughout the shell length. The differences mainly 

stem from the assumption of rigid body rotation in the classical theory. This 

assumption states that cross-sections do not distort in plane during twisting, so every 

point in the section rotates (in plane) through angle ϕ(x) about the center of twist, 

which implies that the normal strain around circumference should be zero everywhere 

in the shell (εs = 0). According to the FE results, this assumption is not true in some 

parts of ECSs (as shown in Figure 6.13 and fully documented in Appendix 6.5). The 

persisting difference in the shapes of warping stress distribution should be attributed 

to the assumed warping displacement field in the classical theory. 

 

It can also be pointed out that, for the shear stress distributions along the axial direction 

from FE results (as summarized in Appendix 6.4), the size of the region affected by 

the boundary conditions increases with the increase of aspect ratio and shell thickness. 

Example figures are presented in Figure 6.15. This may be attributed to the similar 

concept of half-wavelength for Circular Cylindrical Shells (CCSs) which is 

proportional to √Rt4  and indicates the distance from shell end to where the 

nonuniform stress distributions introduced by the boundary conditions become 

negligible.  

 

A detailed discussion on the differences is conducted with reference to the differences 

in the sets of governing equations. 

 

The full set of governing equations for FE models is summarized as follows, 
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Compatibility: 
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Stress-strain relations: 

 11 11 = +s s xQ Q  (6.41) 

 11 11 = +x s xQ Q  (6.42) 

 12 = Q  (6.43) 

in which, 11 122 ,
1 2(1 ) 

= = =
− +
E EQ Q G . 

 

Equilibrium: 
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+ =

 

s

s x  (6.44) 

 0 
+ =

 

x

s x  (6.45) 

Plug Eqs. 6.41-6.43 into Eqs. 6.44 and 6.45, which gives,  

 11 12
( 0)  + 

+ =
 

s xQ Q
s x  (6.46) 

 12 11
( 0)  +

+ =
 

s xQ Q
s x  (6.47) 

If the rigid body rotation assumption was prescribed which states that cross sections 

do not distort in plane during twisting, 0s =  and Eqs. 6.46 and 6.47 would become, 

 
2

(1 )
 




= −

 − 

x

x s  (6.48) 

 12 11 0 
+ =

 

xQ Q
s x  (6.49) 

In light of Eqs. 6.48 and 6.49, it can be inferred that the variation of shear strain and 

in turn shear stress along the axial direction is directly related to the distribution of 
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warping strain around the circumference. Since we are considering restrained warping, 

the warping strain along the circumference should not be constantly zero. The shear 

strains and shear stresses along the axial direction therefore would not be constant. In 

fact, according to the classical theory, warping strain should be a function of the axial 

coordinate x in the shape of 1 2sinh cosh+C kx C kx . If the rigid body rotation 

assumption is not imposed, the variation of shear strain and shear stress along the axial 

direction is actually directly related to the distribution of the circumferential normal 

stress as shown in Eq. 6.44 instead of the warping strain shown in Eq. 6.48. According 

to the FE studies, the circumferential normal stresses (shown in Figure 6.17) are almost 

zero (All figures for various geometries are documented in Appendix 6.6 which show 

the circumferential normal stresses are negligible compared with the warping stresses) 

in most of the models, especially in those thin-walled models with t/a within 1/100, 

except at the vicinity of the ends of ECSs. Therefore, it could be expected that shear 

stress be simplified as a function of solely the circumferential coordinate s or   for 

thin-walled ECSs, which means that shear stress should be constant along the axial 

direction. Figures in Appendix 6.4 do support this conjecture. In those figures, the FE 

results of shear stresses along the axis are almost constant in portions away from the 

shell ends, while the results from the theory are varying more significantly in the shape 

of 1 2sinh cosh+C kx C kx  as discussed previously. To directly prove the 

inappropriateness of the rigid body rotation assumption, the distributions of 

circumferential normal strains are investigated, shown in Figure 6.13 as an example 

and fully documented in Appendix 6.5. The normal strains are non-negligible in most 

regions compared with the warping strain which indicates non-ignorable distortion of 

the cross sections. 

 

To justify the correctness of the theoretical derivations presented in this chapter, FE 

models with rigid coupling constraints / rigid diaphragms simulating explicitly the 

rigid body rotation assumption are established in the following section. 
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6.4 COMPARISONS BETWEEN RESULTS OF THEORY AND FINITE 

ELEMENT SIMULATION USING MODELS WITH RIGID 

DIAPHRAGMS 

To verify the theoretical derivations based on the classical restrained torsion theory for 

this specific problem, FE models with rigid diaphragms were established. The rigid 

diaphragms are introduced in two different ways: one is to impose the kinematic 

coupling constraints provided in ABAQUS, and the other is to insert elastic 

membranes with sufficiently high stiffness (E = 2e18 Pa which is ten million times of 

the elastic modulus of the shell, thicknesses of membranes are taken to be identical to 

the thicknesses of shells) inside the cylindrical shells. For the first method which is to 

be referred as kinematic coupling for brevity, all the nodes at each height are 

constrained to the corresponding centroid to ensure the in plane rigid body rotation 

assumed in classical restrained torsion theory (Umansky’s theory). For the second 

method, which is to be referred as rigid membranes, the membrane stiffness is far 

greater than the elastic stiffness of ECSs and therefore can be rationally deemed as 

“rigid” membranes. These membranes are tied to the corresponding nodes at each 

height by using the tie constraints provided in ABAQUS. The geometric parameters 

of FE models in this section are inherited from the previous section. 

 

A direct comparison between FE results with and without rigid diaphragms can be 

made by viewing the shear stress contours shown in Figure 6.19. 

 

By comparing the contours, it can be pointed out that the shear stress distributions 

along the axis are obviously different. The detailed comparisons among results from 

the theoretical solution, Wu’s simplified formulas, and FE models with rigid 

diaphragms are shown in Figure 6.20, Figure 6.21 and Figure 6.22 and completely 

summarized in Appendix 6.7. Firstly, it can be concluded that the two methods in 

imposing the assumption of rigid body rotation lead to very similar predictions for the 

stress state. Secondly, it can be observed that the results are all similar in shape. Thirdly, 
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the difference in magnitudes decreases apparently between the FE results and 

theoretical predictions compared with that between the results of FE models without 

diaphragms and the theory. Fourthly, for the shear stress distributions along the axial 

direction (Figure 6.20), the results match satisfyingly at regions away from shell ends. 

The errors in the vicinity of shell ends increase with the increase of aspect ratio. The 

magnitudes of relative errors are scarcely influenced by a / t ratios. Finally, for the 

shear stress distributions around the circumference (Figure 6.21 and Figure 6.22), the 

theoretical solutions are almost identical to the FE results for each case at the shell 

mid-height (Figure 6.21). The theoretical predictions however cannot satisfyingly 

capture the FE results at shell ends (boundaries) (Figure 6.22) for cases with aspect 

ratio greater than 1.5. The magnitudes of relative errors are also hardly affected by the 

a / t ratios. 

 

Besides, since the effects of boundary conditions may be limited by something like 

half-wavelength, it can be conjectured that, for long shells, the agreement between FE 

results with rigid diaphragms and theoretical predictions could be excellent in most 

regions; on the contrary, for short shells, the theoretical predictions could differ from 

the FE results in most regions. Figure 6.24 and Figure 6.25 present the stress 

distributions of shear stresses along the meridian shown in Figure 6.16 and along the 

meridian shown in Figure 6.26 for long shell (L / a=20) and short shell (L / a=1/10) 

respectively. The aspect ratio is 2, a / t = 400 for both models. The results confirm the 

aforementioned conjecture. 

 

Comparisons among the sets of governing equations of classical restrained torsion 

theory, FE models without diaphragms and FE models with rigid diaphragms are 

summarized in Table 6.1. 

 

By imposing assumption A1 explicitly in the FE models (models with rigid 

diaphragms), differences become much smaller. This decrease in error clearly shows 

the influence of rigid diaphragms. The remaining differences in those thin-walled 
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models should come from A4 where the shape of the circumferential distribution of 

warping displacement is assumed to be a function of the sectorial coordinate adopted 

from the Saint-Venant Theory for free torsion and the fact that the governing equations 

cannot be fully satisfied. To make it clearer, comparisons between the FE results with 

rigid diaphragms and the theory are made on the distributions of warping stresses 

around the circumference as shown in Figure 6.23 and fully documented in Appendix 

6.7. Persisting difference can be observed in all cases. The crests or troughs never 

coincide between results of FE and theory. The deviation becomes more pronounced 

with the increase of aspect ratio. These evidences demonstrate the inappropriateness 

of the assumption A4 in the classical theory. 

6.5 COMPARISONS AMONG RESULTS OF THEORY, FE MODELS 

WITHOUT RIGID DIAPHRAGMS, FE MODELS WITH RIGID 

DIAPHRAGMS AND FE MODELS WITH ELASTIC DIAPHRAGMS 

FE models with elastic diaphragms are investigated in this section. These elastic 

diaphragms are introduced in the same way as in Section 6.4, by inserting elastic 

membranes inside the cylindrical shells at each node height. The elastic membranes 

are tied to the corresponding nodes at each height. The stiffness of elastic diaphragms 

changes in a wide range to simulate the evolution from models with rigid diaphragm 

to models without diaphragms. The aim of this study is to better understand the 

influence of diaphragms on the torsional responses of ECSs. Models used in this 

section possess a fixed aspect ratio of two. Two a / t ratios are considered, namely, 400 

and 20. 

 

The results of the thin-walled case with a / t = 400 are presented in Figure 6.27 to 

Figure 6.31. With the elastic modulus of membrane varying from 2e15 Pa to 2e5 Pa, 

the results gradually change from those of FE models with rigid diaphragms to those 

of FE models without any diaphragms. When the elastic modulus of diaphragms is 

equal to or above the elastic modulus of ECSs, the results are almost identical to those 

of ECS models with rigid diaphragms. Until the elastic modulus of membranes reduces 
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to 2e5 Pa (1e-6 times of elastic modulus of the ECS), could the results match well with 

those of FE models without diaphragms. For all the models with elastic modulus of 

membranes above 2e8 Pa (0.1% of the elastic modulus of ECSs), the shear stress 

distributions at mid-height almost coincide with each other. 

 

For cases with relatively thicker walls of a / t = 20 (Figure 6.32 to Figure 6.36), similar 

trends are observed. However, the results cannot perfectly match those of FE models 

with rigid diaphragms, even for FE models with elastic membranes that have 10,000 

times stiffness of the shell. It could also be recalled that when using membranes 

possessing 1e7 times stiffness of the shell (E=2e18 Pa) in Section 4, the results of FE 

models with rigid kinematic coupling constraints and FE models with these “rigid” 

membranes agree well. When the elastic modulus of membranes is below 2e8 Pa, the 

results can satisfyingly coincide with results of FE models without diaphragms. For 

shear stress distributions at the mid-height, when the elastic modulus of membranes is 

above 10 times of that of ECSs, the results match well with those of FE models with 

rigid diaphragms. 

6.6 PROPOSAL OF FORMULAE FOR THE MAXIMUM AND MINIMUM 

SHEAR STRESSES IN ELLIPTICAL CYLINDRICAL SHELLS UNDER 

RESTRAINED TORSION 

To quantitatively conceive the influence of warping effect on the variance of shear 

stresses around the circumference for thin-walled ECSs (a / t ≥ 100), a parametric 

study is further conducted on ECS models with various a / b (1.25 to 3.5) and L / a 

(1~100) ratios. The results are presented in Figure 6.37 and Figure 6.38 in terms of 

one shear stress factor which is defined as, 

 

* free

free

 



−
 =  (6.50) 

in which, *  is the maximum or minimum shear stress obtained from the finite 

element analysis at the mid-height cross section; free  is the corresponding shear 

stress under free torsion. This factor therefore is an indicator on the influence of 

warping efffect on the shear stress distribution for ECSs under restrained torsion. It 
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can be seen from the figures that when the shell becomes sufficiently long, the warping 

effect will diminish at the shell mid-height. A length parameter Zt (Eq. 6.51) is also 

developed for indicating the range where the warping effect can be deemed to be 

negligible at the shell mid-height, that is 6tZ  . 

 t
L bZ
a a

=  (6.51) 

According to Figure 6.37 and Figure 6.38, it can be inferred that the shear stress factor 

is almost independent of the shell wall thickness when a / t ≥ 100. By performing 

regression analysis on the results from all thin-walled ECS models with a / t ≥ 100 

using the curve fitting tool (cftool) in MATLAB (2017), two approximate formulae 

with reasonable accuracy (with errors being within 2%) are eventually proposed for 

the maximum (Eq. 6.52) and minimum (Eq. 6.53) shear stresses around the 

circumference of the mid-height cross section for thin-walled ECSs (a / t ≥ 100). The 

accuracy of both formulae is demonstrated in Figure 6.39 and Figure 6.40 respectively. 
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 (6.53) 

6.7 CONCLUSIONS 

The comparisons made in this chapter were generally in terms of shear stress 

distributions around the circumference, shear stress distributions along the meridional 

direction, and warping stress (normal stress in the meridional direction) distributions 

around the circumference. According to the study on the general shapes of stress 

distributions, it could be concluded that for thin-walled ECSs (a / t ≥ 200), the shapes 
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of stress distribution were quite similar in shape irrespective of the a / b and a / t ratios, 

while for ECSs with thicker shell walls (a / t < 200), the shapes of warping stress and 

circumferential normal stress were still similar in shape respectively while the shape 

of shear stress distribution changed obviously with the change in a / t ratio. With the 

increase in a / b ratio, the variation of shear stress around the circumference increased. 

With the decrease in a / t ratio, the shapes of shear stress distribution curves became 

much plumper while the magnitudes of variation changed insignificantly when the 

aspect ratio was fixed, especially for cases with a / b ratio smaller than 3.  

 

Comparisons from Section 6.3 demonstrated obvious differences between the 

theoretical solutions and FEM results in both shear stress and warping stress 

distributions. The differences mainly stemmed from the assumption of rigid body 

rotation and the assumed warping displacement function in Umansky’s theory. 

According to the FE results of the distribution of circumferential normal strain s , this 

assumption was found to be not true in some regions of ECSs near both ends.  

 

After imposing the rigid body rotation assumption adopted in Umansky’s theory 

explicitly in the FE models (Section 6.4), the results of FE models with rigid 

diaphragms in Section 6.4 could be much closer to those from Umansky’s theory, 

especially at regions away from both ends (almost identical). However, by comparing 

the distributions of warping stresses around the circumference, persisting difference 

could be observed in all cases. The crests or troughs never coincided between results 

of FE models with rigid diaphragms and the theoretical predictions. The deviation 

became more pronounced with the increase in aspect ratio. In other words, with the 

increase in the maximum curvature, the troughs and crests (maximum magnitudes of 

warping stresses) became much closer to the regions with maximum curvature (most 

curved regions).  
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The comparisons shown in Section 6.5 indicated that for both the thin-walled case with 

a / t = 400 and the thick-walled case with a / t = 20, with the elastic modulus of 

membrane varying from 1e4 to 1e-6 times of that of the shell, the results gradually 

changed from those of FE models with rigid diaphragms to those of FE models without 

any rigid diaphragms. For the thin-walled case, a) when the elastic modulus of 

diaphragms was equal to or above the elastic modulus of ECSs, the results were almost 

identical to those of ECS models with rigid diaphragms; b) until the elastic modulus 

of membranes reduced to 1e-6 times of elastic modulus of the shell, the results matched 

well with those of FE models without diaphragms; c) for all the models with elastic 

modulus of membranes above 0.1% of the elastic modulus of ECSs, the shear stress 

distributions at mid-height almost coincided with each other. For the thick-walled case, 

a) the results could not perfectly match those of FE models with rigid diaphragms, 

even for FE models with elastic membranes that have 10,000 times of the stiffness of 

the shell; b) when the elastic modulus of membranes was below 0.1% of the elastic 

modulus of the shell, the results could satisfyingly coincide with results of FE models 

without diaphragms; c) for shear stress distributions at the mid-height, when the elastic 

modulus of membranes was above 10 times of that of ECSs, the results matched well 

with those of FE models with rigid diaphragms. 

 

This chapter concluded with the proposal of two empirical formulae of the maximum 

and minimum shear stresses for thin-walled ECSs (a / t ≥ 100). 
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Figure 6.1 Schematic of the geometry of ellipse and the definition of angle   used in 

this chapter 

 

 
Figure 6.2 Schematic of the coordinates adopted in this section [after Wu (2015)] 
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Figure 6.3 General shape of stress distributions around the circumference for ECSs with a 

fixed a / t ratio of 400, L / a ratio of 3 and various aspect ratios from FE results. The vertical 

axes in each figure from top to bottom are the normalized shear stress by the maximum 

shear stress, the normalized warping stress by the maximum warping stress, and the 

normalized circumferential normal stress by the maximum circumferential normal stress. 

The thicker the line, the larger the a / b ratio. 
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Figure 6.4 General shape of stress distributions around the circumference for ECSs with a 

fixed a / b ratio of 2, L / a ratio of 3 and various a / t ratios from FE results. The vertical 

axes in each figure from top to bottom are the normalized shear stress by the maximum 

shear stress, the normalized warping stress by the maximum warping stress, and the 

normalized circumferential normal stress by the maximum circumferential normal stress. 

The thicker the line, the larger the a / b ratio. 
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Figure 6.5 Shear stress distribution around circumference at one shell end for an ECS with 

a / b = 1.25, a / t = 400, L / a = 3 

 
Figure 6.6 Warping stress distribution around circumference at one shell end for an ECS 

with a / b = 1.25, a / t = 400, L / a = 3 
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Figure 6.7 Shear stress distribution around circumference at one shell end for an ECS with 

a / b = 1.25, a / t = 10, L / a = 3 

 
Figure 6.8 Warping stress distribution around circumference at one shell end at one shell 

end for an ECS with a / b = 1.25, a / t = 10, L / a = 3 
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Figure 6.9 Shear stress distribution around circumference at one shell end for an ECS with 

a / b = 3.5, a / t = 400, L / a = 3 

 

Figure 6.10 Warping stress distribution around circumference at one shell end for an ECS 

with a / b = 3.5, a / t = 400, L / a = 3 
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Figure 6.11 Shear stress distribution around circumference at one shell end for an ECS 

with a / b = 3.5, a / t = 10, L / a = 3 

 
Figure 6.12 Warping stress distribution around circumference at one shell end for an ECS 

with a / b = 3.5, a / t = 10, L / a = 3 
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Figure 6.13 Circumferential normal strain distributions along the meridian shown in Figure 

6.14 for ECSs with a / b = 1.25 and 3.5, a / t = 400 and a fixed L / a = 3. The strain is 

normalized by the maximum warping strain 

 

 
 

Figure 6.14 A schematic of the meridional path (red solid line) chosen for the presentation 

of circumferential normal strain distribution in Figure 6.13. This is the meridian which 

passes the point with the maximum circumferential normal strain. 

a / b = 1.25, a / t =400 a / b = 3.5, a / t =400 
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Figure 6.15 Shear stress distributions along the meridian shown in Figure 6.16 for ECSs 

with a / b = 1.25 and 3.5, a / t = 400 and 10 and a fixed L / a = 3 

 

Figure 6.16 A schematic of the meridional path (red solid line) chosen for the presentation 

of shear stress distribution in Figure 6.15 

a / b = 1.25, a / t = 400, L / a = 3 a / b = 3.5, a / t = 400, L / a = 3 

a / b = 3.5, a / t = 10, L / a = 3 a / b = 1.25, a / t = 10, L / a = 3 
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Figure 6.17 Circumferential normal stress distributions along the meridian shown in Figure 

6.18 for ECSs with a / b = 2, a / t = 400 and 100, and a fixed L / a = 3. The stress is 

normalized by the maximum shear stress 

 

Figure 6.18 A schematic of the meridional path (red solid line) chosen for the presentation 

of circumferential normal stress distribution in Figure 6.17. This is the meridian which 

passes the point with the maximum circumferential normal stress. 

 
Figure 6.19 Shear stress contours of FE models with rigid diaphragms (left) and without 

rigid diaphragms (right) 

a / b = 2, a / t =400 a / b = 2, a / t =100 
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Figure 6.20 Shear stress distributions along the meridian in Figure 6.16 for ECSs with rigid 

diaphragms of a / b = 1.25 and 3.5, a / t = 200 and 10, and a fixed L / a = 3  

a / b = 1.25, a / t = 200, L / a = 3 a / b = 3.5, a / t = 200, L / a = 3 

a / b = 1.25, a / t = 10, L / a = 3 a / b = 3.5, a / t = 10, L / a = 3 
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Figure 6.21 Shear stress distribution around circumference at shell mid-height for ECSs 

with rigid diaphragms of a / b = 1.25 and 3.5, a / t = 200 and 10, and L / a = 3 

 

a / b = 1.25, a / t = 10, L / a = 3 

a / b = 1.25, a / t = 200, L / a = 3 

a / b = 3.5, a / t = 10, L / a = 3 

a / b = 3.5, a / t = 200, L / a = 3 
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Figure 6.22 Shear stress distribution around circumference at one shell end for ECSs with 

rigid diaphragms of a / b = 1.25 and 3.5, a / t = 200 and 10, and L / a = 3 

a / b = 1.25, a / t = 200, L / a = 3 a / b = 3.5, a / t = 200, L / a = 3 

a / b = 1.25, a / t = 10, L / a = 3 a / b = 3.5, a / t = 10, L / a = 3 
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Figure 6.23 Warping stress distribution around circumference at one shell end for ECSs 

with rigid diaphragms of a / b = 1.25 and 3.5, a / t = 200 and 10, and L / a = 3 

a / b = 1.25, a / t = 200, L / a = 3 a / b = 3.5, a / t = 200, L / a = 3 

a / b = 1.25, a / t = 10, L / a = 3 a / b = 3.5, a / t = 10, L / a = 3 
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Figure 6.24 Distributions of normalized shear stress by maximum value of FE results  

along (a) the path shown in Figure 6.16 and (b) the path shown in Figure 6.26 for the long 

shell with L / a = 20, a / b = 2, and a / t = 400 

(a) 

(b) 
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Figure 6.25 Distributions of normalized shear stress by maximum value of FE results along 

(a) the path shown in Figure 6.16 and (b) the path shown in Figure 6.26 for the short shell 

with L / a = 1/10, a / b = 2, and a / t = 400 

 
Figure 6.26 A schematic of the meridional path (red solid line) chosen for the presentation 

of shear stress distribution in Figure 6.24 and Figure 6.25 

(a) 

(b) 
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Figure 6.27 Shear stress distribution around circumference at one shell end for ECSs with 

elastic diaphragms of a / b = 2, a / t = 400, and L / a = 3 

 
Figure 6.28 Warping stress distribution around circumference at one shell end for ECSs 

with elastic diaphragms of a / b = 2, a / t = 400, and L / a = 3 
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Figure 6.29 Shear stress distribution around circumference at shell mid-heights for ECSs 

with elastic diaphragms of a / b = 2, a / t = 400, and L / a = 3 

 

Figure 6.30 Shear stress distributions along the meridian shown in Figure 6.16 for ECSs 

with elastic diaphragms of a / b = 2, a / t = 400, and a fixed L / a = 3 
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Figure 6.31 Shear stress distributions along the meridian shown in Figure 6.26 for ECSs 

with elastic diaphragms of a / b = 2, a / t = 400, and a fixed L / a = 3 

 

Figure 6.32 Shear stress distribution around circumference at one shell end for ECSs with 

elastic diaphragms of a / b = 2, a / t = 20, and L / a = 3 
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Figure 6.33 Warping stress distribution around circumference at one shell end for ECSs 

with elastic diaphragms of a / b = 2, a / t = 20, and L / a = 3 

 
Figure 6.34 Shear stress distribution around circumference at shell mid-heights for ECSs 

with elastic diaphragms of a / b = 2, a / t = 20, and L / a = 3  
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Figure 6.35 Shear stress distributions along the meridian shown in Figure 6.16 for ECSs 

with elastic diaphragms of a / b = 2, a / t = 20, and a fixed L / a = 3 

 

 
Figure 6.36 Shear stress distributions along the meridian shown in Figure 6.26 for ECSs 

with elastic diaphragms of a / b = 2, a / t = 20, and a fixed L / a = 3 
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Figure 6.37 Maximum shear stress factor vs. shell length for models with various aspect 

ratios and thicknesses 
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Figure 6.38 Maximum and minimum shear stress factor vs. shell length for models with 

various aspect ratios and thicknesses 

 

Figure 6.39 Comparison of the maximum shear stress factors between FE results and the 

approximation equation Eq. 6.52 
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Figure 6.40 Comparison of the minimum shear stress factors between FE results and the 

approximation equation Eq. 6.53 
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Table 6.1 Sets of governing equations of classical restrained torsion theory, FE models 

without diaphragms and FE models with rigid diaphragms 

 
  

 Classical Theory FE models without rigid 
diaphragms 

FE models with rigid 
diaphragms 
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Stress-strain 
relations 

11 11 = +s s xQ Q  

11 11 = +x s xQ Q  

12 = Q  

11 11 = +s s xQ Q  

11 11 = +x s xQ Q  

12 = Q  

11 11 = +s s xQ Q  

11 11 = +x s xQ Q  

12 = Q  

Kinematic 
Constraints 

0( , ) ( ) ( ) ( )u x s u x x s − = −   

( ) ( ) =sv s x  
None ( ) ( ) =sv s x  

Equilibrium 
of Stress 

Resultants 
( ) ( , ) ( ) = T x x s s dA  ( ) ( , ) ( ) = T x x s s dA ( ) ( , ) ( ) = T x x s s dA  

Through-
thickness 

Stress 
Distribution 

Uniform 

For thin-walled shells, as 
computed employing 
Love-Kirchhoff 
assumptions. For thick 
shells, shear deformation 
will be accounted for. 

For thin-walled shells, as 
computed employing 
Love-Kirchhoff 
assumptions. For thick 
shells, shear deformation 
will be accounted for. 
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CHAPTER 7  

ELASTIC BUCKLING OF ELLIPTICAL CYLINDRICAL SHELLS 

UNDER TORSION 

7.1 INTRODUCTION 

Thin cylindrical shells in civil engineering applications are often subjected to membrane 

shear stresses, mostly in connection with a transverse loading and overall bending. The 

most widely adopted approach for the design of such structures against loss of structural 

stability is to check the maximum values of shear stresses against design values deduced 

from investigations on cylinders under pure torsion. This is why though uniform torsion 

action is not quite common in practice, the buckling of circular cylindrical shells under 

torsion is still one major subject of numerous experimental and theoretical studies. 

 

For the buckling of CCSs under torsion, a sizeable of literature exists. Theoretical torsional 

buckling loads of CCSs under torsion are much more difficult to obtain compared with the 

axial compression case as there are no simple trigonometric shape functions suitable for 

such conditions. First approximate solutions were provided by Schwerin (1925) and 

Donnell (1933). In Donnell’s work, experimental results from Lundquist (1932), 

Bollenrath (1931), Gough and Cox (1932) and Sezawa and Kuba (1931) are summarized 

together with some supplemental test results from himself. Algebraic formulae are 

proposed in this work for the prediction of critical buckling loads of CCSs under torsion 

though considerable discrepancy between the prediction and test results exists.  
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More accurate solutions were later obtained by Timoshenko and Gere (1961), Kromm 

(1942), Batdorf (1947) and Flugge (1973). Batdorf (1947) simplified Donnell’s 

formulation and computed the critical loads of CCSs under torsion for a wide range of 

geometries. The results are found to be improved slightly compared with those from 

Donnell’s theory. But the discrepancy between this theory and experimental results still 

persists. A detailed and systematic study on elastic torsional buckling of CCSs is presented 

by Yamaki (1984) where the effect of boundary conditions is carefully examined on CCSs. 

It is found that for relatively long shells, cases with axial restraints boast a slightly higher 

torsional load than those without axial restraints (the relative difference is about 9%). 

However, the elastic buckling behavior of isotropic ECSs under torsion is an area never 

touched by any researchers though the post-buckling behavior and progressive failure 

behavior of composite ECSs have been extensively studied by Haynie (2007) in his PhD 

dissertation. Therefore, this chapter aims to conduct a systematic investigation on the 

elastic buckling behavior of ECSs under torsion by considering both the length effect and 

the boundary condition effect. 

 

For CCSs under uniform torsion, pure shear states with constant shear flux throughout the 

whole shell are always achieved (warping-free condition), while for ECSs under restrained 

torsion as investigated in the previous chapter, a warping effect leads to the formation of 

warping normal stresses along the meridional direction unless the axial translation at both 

shells are freed, that is under a free torsion condition which is not that usual in practical 

viewpoint. However, according to the knowledge from Chapter 6, the magnitude of this 

warping normal stress is always smaller than that of shear stress which makes it almost 

impossible to lead to axial compressive buckling preceding shear buckling for ECSs under 

restrained torsion. Therefore, the study in this section should be able to provide enough 

information about the buckling behavior under shear stresses though these warping 

stresses could introduce some non-negligible effect to and further complicate the problem 

which makes it a more challenging and interesting topic.  
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A mesh convergence study is firstly performed as in Chapter 3. Unlike the axially 

compressed ECSs, ECSs under torsion do not possess any structural symmetry which can 

improve the computation efficiency. Therefore, there is no section in this chapter 

discussing the model symmetry sensitivity. Instead, full-size models are directly adopted 

throughout this chapter. The length effect is then examined on ECSs with C1-type BCs 

(clamped edges/fixed ends). Length parameters are also devised as in Chapter 3 to better 

characterize the full range behavior of ECSs under torsion. Formulas of critical torque for 

short, medium length and long ECSs under torsion are proposed as well. The boundary 

condition effect is finally investigated covering all eight types of boundary conditions 

employed in Chapter 4. 

7.2 MESH CONVERGENCE STUDY 

For ECSs under restrained torsion, no advantage of structural symmetry can be taken. All 

finite element models in this chapter are thus full geometry models. A mesh convergence 

study was performed first to secure a reasonable computation cost. In light of the 

knowledge from CCSs, different from the local ripple buckling behavior of axially 

compressed CCSs, the half buckling wavelength of CCSs (Eq. 6.37) under torsion is 

related to the shell length which makes the problem less computationally extensive even 

when employing full-scale model. The mesh convergence study covers models with 

various a / b ratios (1 ~ 3.5) and a / t ratios (33.3 ~ 400). The element size is described in 

terms of the assumed half-wavelength λECS defined in Eq. 7.1 where bs is a parameter 

related to the type of BCs as in Yamaki (1984). 
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 (7.1) 

In Eq. 7.1, the Batdorf parameter used for CCSs is modified by replacing the radius with 

the maximum radius of curvature of ECSs. The formula for CCSs is then directly adopted 

for ECSs to estimate the buckling wavelength. 
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The results of mesh convergence study (one example is shown in Figure 7.1) show that 

when the element size is 0.03λECS (indicated by the red circle in Figure 7.1), the absolute 

relative error in terms of the buckling load compared with the result from the 

corresponding finest-meshed model reduces to less than 0.1%. This element size of 

0.03λECS is therefore adopted throughout this chapter. 

 

By plotting the normalized load versus the inverse of the number of elements, a strong 

linear relationship is observed as shown in Figure 7.1 (b). This can be explained by the 

classical finite element theory as described in Hughes (1987). The finite element 

approximation λl
h is related to the exact solution λl as, 

 
2( 1 ) ( 1)/h k m k m

l l l lch   + − +  +
 (7.2) 

in which, h is a measure of element size, m is the order of highest derivative in the weak 

form, k is the polynomial degree of completeness of uh.  

 

For the current buckling problem, m is one according to the knowledge of classical 

displacement finite element formulation. k is one since the linear shell element S4R is 

adopted. Therefore, it reduces to, 

 
( )21

h
l

l

O h


= +

 (7.3) 

which implies that the finite element approximation linearly depends on the square of 

element size. It is obvious that the square of element size is linearly dependent on the 

inverse of number of elements or mesh density. It is therefore observed that the predicted 

normalized load manifests such strong linear dependence on the inverse of number of 

elements. Since the FE models of the axial compression studies in chapters 3 to 5 share 

the identical features in terms of finite element formulation, this trend should also hold as 

long as regular mesh is implemented. 

 

It should also be mentioned that this finding could provide an alternative way in obtaining 

a rather accurate estimation with minimal efforts. Instead of computing a finely meshed 
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model which could secure the required accuracy, it is feasible to compute two relatively 

coarser-meshed models with different mesh density and draw the finite element 

approximation vs mesh density line. The intercept on the vertical axis should be a rational 

and rather accurate estimation to the exact solution to the problem. Since the computation 

cost increases cubically as a function of the number of degrees of freedom, this alternative 

way may save considerable costs for some large-size problems, especially those cannot be 

achieved by normal PCs. In this chapter however, since the FE model sizes are not 

extremely large, the finite element analysis is decided to be performed in the 

straightforward way, that is directly using the results from sufficiently fine models with 

the aforementioned element size of 0.03λECS.  

7.3 DETERMINATION OF LENGTH PARAMETERS AND LINEAR BUCKLING 

LOADS FOR ELLIPTICAL CYLINDRICAL SHELLS 

7.3.1 Linear Elastic Buckling Behavior of CCSs under Torsion 

Based on the work on CCSs (Yamaki, 1984), the length parameter valid for CCSs under 

torsion is also the Batdorf parameter which is a useful dimensionless grouping for the 

buckling problem of CCSs under various simple loading conditions. The torsional 

buckling load is generally normalized as a parameter named ks (Eq. 7.4). 

 

2

2



=s

tLk
D  (7.4) 
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When Z>50, it is found that ks is almost proportional to Z3/4 as shown in Eq. 7.5. 

 
3
4

s sk a Z=    (7.5) 

The parameter as is almost constant when Z > 104. This parameter as for CCSs with various 

geometry under different types of BCs is presented in Figure 7.2 adopted from Yamaki’s 

book (1984) and also determined by Yamaki for long CCSs under different sets of 

boundary conditions as shown in Eq. 7.6, 
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0.925, 1.35 for cases  C1, C2, S1, S2
0.850, 1.20 for cases  C3, C4, S3, S4

s s

s s

a b
a b

= =
 = =

 (7.6) 

For this section, the set of boundary conditions employed at both shell ends is the C1-type. 

The boundary condition effect will be discussed in the following section. 

7.3.2 Development of Length Parameter for the elastic buckling of ECSs under 

Restrained Torsion 

In chapter 6, it was shown that the stress distribution around the circumference of an ECS 

is not uniform, while along the meridian of a sufficiently long ECS, the in-plane shear 

stress distribution can be deemed as uniform. The shear flux term in ks for CCSs is replaced 

with the shear flux (Eq. 7.7) of ECSs under free torsion, which can be deemed as a mean 

value of shear stresses around the circumference for ECSs under restrained torsion. 

 
2ECS

T Tt
ab




= =


 (7.7) 

The load parameter or the normalized load ks,ECS of ECSs finally reduces to, 

 

2

. 32s ECS
TLk

abD
=

  (7.8) 

in which, the critical torque T can be directly obtained from the finite element analysis. 

 

A thorough parametric study is then performed with a / b ranging from 1 to 3.5, a / t 

varying from 33.3 to 400 and L / a spanning from 0.1 to 250. The normalized buckling 

load versus shell length curves are shown in Figure 7.3 for cases with a / b = 1.25 and 3.5 

as an example, and fully documented in Appendix 7.1 for all cases. The log-log 

coordinates are employed in all these figures. Linear relationships can be observed for long 

shells in all cases though the curves do not gather together. 

 

As what has done in Chapter 3 for ECSs under compression, the simple length parameter 

ω (Eq. 7.9) is tested first to replace the shell length as the geometric parameter.  
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This length parameter is physically interpreted as the shell length normalized by the unit 

of a buckling wavelength and related to the Batdorf parameter as its square root after 

dropping the Poisson’s effect term and replacing the radius with the maximum radius of 

curvature of the elliptical cross section in the Batdorf parameter as what has been 

employed in Chapter 3. The results are then plotted against this length parameter and 

exposed in Figure 7.4 for cases with a / b = 1.25 and 3.5 as an example, and fully 

documented in Appendix 7.2 for all cases. 

 

By examining the relationships between ω and the normalized buckling load for cases with 

a fixed aspect ratio, it can be inferred that this parameter works satisfactorily especially 

for ECSs with relatively small ellipticity (a / b < 2). It can also be noticed that with the 

increase in aspect ratio, the curves become more dispersed which implies that the finite 

thickness effect has not yet been well included in this parameter for these cases with large 

ellipticity. For cases of thin-walled shells (a / t >100), all curves in each case agree 

satisfactorily with each other. The author therefore aims to develop a formula of critical 

buckling loads of thin-walled ECSs under torsion. Nevertheless, when comparing results 

from models with different aspect ratios (Figure 7.5), this length parameter fails to lump 

curves together. But strong linear relationships can be observed in cases of thin-walled 

ECSs with sufficiently long shell length and the normalized buckling load does not exceed 

10,000 which facilitates the development of one empirical formula. The knowledge from 

the theory of CCSs tells that when ω2 > 50, the normalized load ks is proportional to ω3/2 

which implies that the slope of the linear line for a / b = 1 in this figure is 1.5. With the 

increase in aspect ratio, it is observed that this slope gradually grows. According to the 

knowledge from the previous chapter on pre-buckling stress state, with the increase in 

ellipticity, the warping effect becomes more pronounced and the shear stress distribution 

around the circumference becomes more non-uniform. The minimum shear stress locates 

at the flattest region which is also the weakest region in terms of buckling resistance. The 
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ellipticity alleviates the shear stresses around the flattest region which eventually becomes 

a positive factor to the torsional buckling resistance.  

 

Finally, by performing regression analysis, an empirical formula (Eq. 7.10) is proposed 

for the normalized critical buckling load (Eq. 7.8) of thin-walled ECSs under restrained 

torsion with C1-type BCs.   
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      (7.10) 

The absolute relative error of this formula is within 8% for thin-walled medium length 

shells (20 < ω < 200). 

 

The accuracy is explicitly presented in Figure 7.6 which shows the relationship between 

the ratio of ks gained from FE studies on thin-walled shells (a / t ≥ 100) over the 

corresponding prediction by Eq. 7.10, ks,prediction and the length parameter ω. It should be 

mentioned that in these figures, the horizontal axis is logarithmic while the vertical axis is 

linear.  

 

The results of Figure 7.7 indicate that the length parameter ω is not satisfactory in grouping 

curves together for short shells as it does for ECSs under axial compression. By examining 

the curves corresponding to short shells in the figure, it can be inferred that for a fixed 

value of ks / ks,prediction, the larger the aspect ratio, the greater the length parameter ω. This 

implies that the effect of aspect ratio has not been fully considered in the parameter ω. A 

modified length parameter ωm (Eq. 7.11) is further developed by introducing a separate 

term of aspect ratio determined using regression analysis.  
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Figure 7.7 is then updated by replacing ω with ωm to Figure 7.8. The curves for short to 

medium length shells is found to reasonably lump together. 
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For long shells, the length parameter Ω (Eq. 7.12) is first tested here as what has been done 

in Chapter 3 for ECSs under axial compression. The results are presented in Figure 7.9 for 

cases with a / b = 1.25 and 3.5 and fully summarized in Appendix 7.3. 

 
W =

L
a

t
b  (7.12) 

According to Figure 7.9, it can be seen that for thin-walled shells with a / t ≥ 100, this 

length parameter can satisfactorily lump all curves of long shells together, though the 

accuracy decreases gradually with the increase in aspect ratio. This parameter can be 

deemed as suitable for thin-walled cases for each case with a fixed aspect ratio. The 

influence of aspect ratio is then examined by fixating the a / t ratio at 400 and plotting all 

curves with various aspect ratios in one single figure (Figure 7.10). 

 

It is obvious that for long shells, this length parameter cannot lump all curves from cases 

with different aspect ratios satisfactorily together which implies that the influence of aspect 

ratio has not been fully considered in this parameter. A further modified length parameter 

Ωm (Eq. 7.13) is therefore devised by the author to better account for the influence of aspect 

ratio. The updated results using this modified length parameter are presented in Figure 

7.11 which show that all curves of long shells now reasonably lump together, especially 

for cases with aspect ratios smaller than 3.5. 

 Ωm = (
a
b
)

0.15
Ω (7.13) 

Formulas of critical torque for short (Eq. 7.14) and long (Eq. 7.15) ECSs under torsion are 

further developed by analyzing the envelope of all results which could be a meaningful 

reference for the development of design-oriented approaches in the future. The results of 

these formulas are plotted in Figure 7.12 and Figure 7.13 along with the FE results to 

provide an intuitive assessment of their performance. 
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in which, 
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7.4 EFFECT OF BOUNDARY CONDITIONS 

This section aims to examine the boundary condition effect on the elastic buckling 

behavior of ECSs under uniform torsion. All eight sets of boundary conditions adopted 

from Yamaki’s book (1984) are employed here as in Chapter 4. The details of the boundary 

conditions for both pre-buckling and buckling analysis in this section can be found in Table 

7.1.  

 

The buckling loads and buckling modes are firstly investigated thoroughly on ECSs with 

a fixed L / a ratio of 3 while the aspect ratio and a / t ratio vary from 1~3.5 and 400 ~ 33.3, 

respectively. The results of buckling loads normalized by the corresponding results of C1 

case can be found in Tables 7.2-7.8 for all the other 7 types of boundary conditions. The 

values of critical buckling loads of C1 case can be found in Table 7.9. The results show 

that C1, C2, S1, and S2 share very similar results for all cases, while for cases with C3, 

C4, S3, and S4 types of BCs, the buckling loads become smaller and smaller with the 

increase in aspect ratio compared with the corresponding results of models with C1-type 

BCs. The largest discrepancy happens in the case with an aspect ratio of 3.5 under S4-type 

BCs where the critical buckling load is as low as about 78% of that in the corresponding 

case under C1-type BCs. The major difference between these two categories is whether 

the axial translation is restrained or not. For C1, C2, S1 and S2, the shells are under 

restrained torsion while for C3, C4, S3 and S4 under free torsion. The results imply that 

the axial constraints play a beneficial role in terms of the buckling performance. It is also 
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observed that the comparison of results from C3 and C4 (Table 7.10) show that they are 

almost identical while that of S3 and S4 (Table 7.11) manifest some obvious difference 

especially when the aspect ratio is relatively large. This difference can achieve up to 7% 

with S3 is always the higher one. This implies that the circumferential restraint matters 

only when both the axial translational and rotational restraints are both released at shell 

ends. 

 

By examining the buckling modes shown in Figure 7.14, it can be inferred that with the 

axial restraints applied, i.e., the restrained torsion condition, the buckling waves are less 

inclined towards the meridian. The number of circumferential buckling waves of each case 

is the same (n = 6) except the case with S4-type BCs (n = 5). 

 

A more complete picture is presented for models with various geometries under each type 

of BCs by mapping out the parameter space (a / b = 1~3.5, a / t = 33.3~400, L / a =0.1~250). 

The results for all BC-types are summarized in Appendices 7.4, 7.5 and 7.6, where the 

normalized load ks / ks,prediction is shown against the length parameter ω as well as the 

modified length parameters ωm and Ωm to examine the performance of these length 

parameters for each case. Figures 7.15~7.17 and Figures 7.18~7.20 show the results of 

ECS models with various aspect ratios (1~3.5) and a fixed a / t ratio of 400 under S1-type 

and S3-type BCs respectively for convenience of discussion. 

 

By comparing the figures employing ω with those with ωm, it is found that for S1-type 

BCs where the axial translational degrees of freedom at both shell ends are restrained, ωm 

performs better in terms of grouping curves (Figure 7.16), while for S3-type BCs where 

the shell ends are free to move meridionally, ω is more suitable (Figure 7.18). These 

findings are also valid for other types of BCs as shown in Appendix 7.4. For cases with 

axial restraints (C1, C2, S1 and S2), ωm is preferable while for cases without axial restraints 

(C3, C4, S3 and S4), ω outperforms ωm. This can be better understood by recalling the 

stress distribution revealled in Chapter 6 for ECSs under restrained torsion. For short ECSs, 

the warping effect has much more significant influence on shear stress distribution over 
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the whole shell, while with the increase in shell length, the effect of boundary conditions 

become almost not sensed in regions far away from the shell ends. The shear stress 

distribution in most regions will be almost uniform which is much closer to that of ECSs 

under free torsion. It therefore can be inferred that the effects of aspect ratio on the 

torsional buckling of short ECSs are distinct between free torsion condition and restrained 

torsion condition. This further leads to the fact that different length parameters should be 

adopted for short ECSs under restrained torsion and those under free torsion. 

 

By examining figures of ks / ks,prediction versus Ωm, it can be inferred that this length 

parameter devised from cases under C1-type BCs works satisfactorily for all the other 

seven types of BCs which implies that the axial restraint imposes trivial influence on long 

shells. As mentioned previously, for long ECSs, the shear stress distribution around the 

circumference in most regions are almost uniform which is much closer to that of ECSs 

under free torsion. This leads to the success in using one single length parameter Ωm to 

capture all the buckling behavior of long ECSs under various sets of BCs. 

 

More detailed comparisons between results from models with different types of BCs whilst 

sharing a fixed a / t ratio of 400 and a fixed a / b ratio of 1.25, 2, or 3.5 are shown in 

Figures 7.21~7.23, respectively. The horizontal axis is chosen as ω, ωm or Ωm in these 

figures to better understand the length effect. For short to medium-length shells under free 

torsion, ω should be used as the length parameter, while for these under restrained torsion, 

ωm is more appropriate. For medium length to long shells, Ωm is the suitable length 

parameter for all types of BCs. 

 

An intuitive comparison between all three figures gives the impression that with the 

increase in aspect ratio, the influence of boundary conditions on the buckling strength of 

short to medium length shells under torsion becomes more and more pronounced, while 

the influence on that of medium length to long shells becomes less remarkable especially 

the influence of S2 and S4 types of BCs. When the shell becomes extremely long, the 

results from all types of BCs coincide with each other. This should be attributed to the 
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almost indistinguishable and uniform shear stress distributions of long ECSs under torsion 

as unveiled in Chapter 6 for free torsion and restrained torsion. Moreover, the general trend 

in each figure reasonably resembles with each other, and the critical loads from restrained 

torsion cases with short to medium shell lengths are always greater than those from the 

corresponding free torsion cases. The largest difference could be up to about 20% for 

medium length shells and up to about 40% for short shells. 

 

Take the case with an aspect ratio of 3.5 as an example for detailed discussion on the effect 

of each type of BCs on the buckling behavior of ECSs under torsion. It is obvious that the 

results of C1 and C2 are indistinguishable and also the results of C3 and C4, which implies 

the circumferential translational degree of freedom at shell ends has trivial influence on 

the torsional buckling of ECSs when the edge rotations are constrained. After releasing the 

edge rotations, the corresponding cases, S1 and S2, S3 and S4 are however not always 

identical. They only resemble when the shell falls into the category of medium length 

shells. The range of medium length shells can be determined with reference to the length 

parameters. For cases with axial constraint, except for the case with S2-type BCs, the lower 

bound is about ωm = 10 and the upper bound is about Ωm = 3. Within this range, results of 

C1, C2 and S1 types of BCs are almost identical, and the critical load can reasonably agree 

with the prediction. For cases without axial restraint (free torsion), except for S4, the lower 

bound is about ω = 20 and the upper bound is about Ωm = 6. The buckling load of cases in 

free torsion is generally more than 10% lower than the corresponding cases subjected to 

restrained torsion. For cases S2 and S4 where both the circumferential translation and the 

edge rotations are relaxed, a transitional stage is obviously observed amid the transition 

from medium length shell to long shell. For S2, the lower bound of the range of medium 

length shells is also around ωm = 10 and the upper bound is Ωm = 3 same as other restrained 

torsion cases. For S4, the lower bound is ω = 10 and the upper bound is about Ωm = 2. 
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7.5 CONCLUSIONS 

This chapter has systematically examined the linear buckling behavior of ECSs under 

torsion. The mesh convergence study revealed that the predicted normalized load 

manifested a strong linear dependence on the inverse of the number of elements which 

provided an alternative way in attaining a rather accurate critical buckling load from FE 

simulation with minimal efforts.  

 

The length effect was then examined on ECSs with C1-type BCs (clamped edges/fixed 

ends). Thorough parametric studies were conducted with a / b from 1 to 3.5, a / t from 33.3 

to 400 and L / a from 0.1 to 250. By plotting the FE predicted buckling loads against the 

length parameter ω in log-log coordinates as what has been done for CCSs, strong linear 

relationships could be observed, and the results from models with an identical aspect ratio 

and various a / t ratios could gather together especially for thin-walled (a / t > 100) ones 

with medium shell length though the curves from models with different aspect ratios had 

slightly different slopes. An empirical formula was then proposed for the critical buckling 

load of thin-walled medium length ECSs under restrained torsion with C1-type BCs. It 

was found that unlike the axial compression case, the ellipticity played a beneficial role in 

resisting torsional load against buckling when the axial translations at shell ends were 

restrained (C1). This could be attributed to the fact that with the increase in ellipticity, the 

warping effect became more pronounced and the shear stress distribution around the 

circumference became more non-uniform. The minimum shear stress located at the flattest 

region which was also the weakest region in terms of buckling resistance kept decreasing 

with the increase in a / b ratio. The ellipticity therefore alleviated the shear stresses around 

the flattest region which eventually became a positive factor to the torsional buckling 

resistance. 

 

By using the predicted buckling load (torque) estimated from the proposed empirical 

formula as the denominator, the critical torques attained from the FE studies were re-

normalized and plotted against four types of length parameters ω, ωm, Ω and Ωm devised 
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to characterize the linear buckling behavior of short, medium length and long ECSs. It was 

found that ωm could satisfactorily capture the buckling behavior of short to medium length 

ECSs under torsion, while Ωm performed quite well for medium length to long ECSs. 

Formulae of critical torque for short, medium length and long ECSs under torsion were 

eventually proposed by regression analysis using the envelope of all the FE results.  

 

The boundary condition effect was finally investigated which covered all the eight types 

of boundary conditions employed in Yamaki’s work (1984). The boundary condition effect 

on buckling loads and buckling modes were firstly investigated thoroughly on ECSs with 

a fixed L / a ratio of 3 while the aspect ratio and a / t ratio varied from 1~3.5 and 400 ~ 

33.3, respectively. The results showed that the buckling load was chiefly dominated by the 

axial restraint. Under free torsion conditions, the buckling load could be reduced to about 

80% of that in the corresponding case under restrained torsion, which was a much more 

remarkable reduction compared with that in CCSs (where it was within 87%). 

 

A rather thorough parametric study was then conducted. The four length parameters were 

plotted against the normalized buckling load for all eight types of BCs. It was found that 

for medium length to long shells, Ωm was the suitable length parameter for all types of BCs. 

For short to medium-length shells under free torsion, ω should be used as the length 

parameter, while for these under restrained torsion, ωm was more appropriate. This 

difference could be explained by recalling the shear stress distributions of short ECSs 

under restrained warping. For such cases, the warping effect had much more significant 

influence on shear stress distribution over the whole shell, while with the increase in shell 

length, the effect of boundary conditions became almost not sensed in regions far away 

from the shell ends. The shear stress distribution in most regions of one sufficiently long 

ECS became almost uniform which was much closer to that of ECSs under free torsion. It 

therefore could be inferred that the effects of aspect ratio on the torsional buckling of short 

ECSs were distinct between free torsion condition and restrained torsion condition which 

further led to the difference in length parameters for short ECSs under restrained torsion 

and those under free torsion. 



385 
 

 

With the increase in aspect ratio, the influence of boundary conditions on the buckling 

strength of short to medium length shells under torsion became more and more pronounced, 

while the influence on that of medium length to long shells became less remarkable 

especially the influence of S2 and S4 types of BCs. When the shell became extremely long, 

the results from all types of BCs coincided with each other. The critical loads from 

restrained torsion cases with short to medium shell lengths were always greater than those 

from the corresponding free torsion cases. The largest difference could be up to about 20% 

for medium length shells and up to about 40% for short shells. The lower and upper 

geometric bounds for medium-length shells under each type of BCs were eventually 

determined based on proper length parameters. 
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Figure 7.1  Critical torsional buckling load versus (a) the number of elements and (b) 

the inverse of the number of elements. The red circle corresponds to the model with an 

element size of 0.03 ECS . 

 
Figure 7.2  Critical torsional buckling stresses represented by the parameter as for 

CCSs under different types of boundary conditions [from Yamaki (1984)] 
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Figure 7.3  Normalized load vs. shell length relations for models with various a / t 

ratios (33.3 ~ 400) and a fixed aspect ratio of 1.25 and 3.5 for each case in log-log 

coordinates 
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Figure 7.4  Normalized load vs. ω relations for models with various a / t ratios and a 

fixed aspect ratio for each case in log-log coordinates 

 
Figure 7.5  Normalized load vs. ω relations for models with various a / b ratios and a 

fixed a / t ratio of 400 in log-log coordinates 
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Figure 7.6  Normalized load of ks / ks,prediction vs. the length parameter ω relations for 

thin shell models with a / t ranging from 100 to 400 and a / b varying from 1 to 3.5 

 

 
Figure 7.7  Normalized load of ks / ks,prediction vs. the length parameter ω relations for 

thin shell models with a / t ranging from 100 to 400 and a / b varying from 1 to 3.5 in 

log-log coordinates 
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Figure 7.8  Normalized load of ks / ks,prediction vs. the length parameter ω relations for 

thin shell models with a / t = 400 and a / b varying from 1 to 3.5  

 

 

 
Figure 7.9  Normalized load ks / ks,prediction vs. Ω relations for models with various a / 

t ratios (33.3 ~ 400) and a fixed aspect ratio (1.25 or 3.5) in each figure 
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Figure 7.10  Normalized load ks / ks,prediction vs. Ω relations for models with a / t = 400 

and various aspect ratios from 1 to 3.5 

 

 
Figure 7.11  Normalized load ks / ks,prediction vs. Ωm relations for models with a / t = 

400 and various aspect ratios from 1 to 3.5 
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Figure 7.12  The normalized load vs. ωm curves from FE simulation along the 

proposed formula Eq. 7.14 (dash line) for short ECSs 

 

 
Figure 7.13  The normalized load vs. Ωm curves from FE simulation along the 

proposed formula Eq. 7.15 (dash line) for long ECSs 

  

The formula Eq. 7.14  

The formula Eq. 7.15  



394 
 

 

 
 

 

 

 
Figure 7.14  Buckling modes for the case study of ECSs under various types of BCs 

 
Figure 7.15  Normalized load ks / ks,prediction vs. ω relations for models with a / t = 400 

and various aspect ratios from 1 to 3.5 under S1-type BCs 
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Figure 7.16  Normalized load ks / ks,prediction vs. ωm relations for models with a / t = 

400 and various aspect ratios from 1 to 3.5 under S1-type BCs 

 
Figure 7.17  Normalized load ks / ks,prediction vs. Ωm relations for models with a / t = 

400 and various aspect ratios from 1 to 3.5 under S1-type BCs 

 
Figure 7.18  Normalized load ks / ks,prediction vs. ω relations for models with a / t = 400 

and various aspect ratios from 1 to 3.5 under S3-type BCs 
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Figure 7.19  Normalized load ks / ks,prediction vs. ωm relations for models with a / t = 

400 and various aspect ratios from 1 to 3.5 under S3-type BCs 

 
Figure 7.20  Normalized load ks / ks,prediction vs. Ωm relations for models with a / t = 

400 and various aspect ratios from 1 to 3.5 under S3-type BCs 
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Figure 7.21  Normalized load ks / ks,prediction vs. ω relations for models with a / t = 400 

and a fixed aspect ratio for each case under eight types of BCs 
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Figure 7.22  Normalized load ks / ks,prediction vs. ωm relations for models with a / t = 

400 and a fixed aspect ratio for each case under eight types of BCs 
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Figure 7.23  Normalized load ks / ks,prediction vs. Ωm relations for models with a / t = 

400 and a fixed aspect ratio for each case under eight types of BCs 

  



400 
 

 

Table 7.1 Eight types of boundary conditions investigated in this chapter  

BC Prebuckling membrane stress state (Static, General) Eigenvalue Extraction 
u v w 'w   

S1 Angle of  twist 1 5 , 0,
0, 0

e radian u at x l
u v w at x

= − = =
= = = =

 
0 0 

0 

Free 

S2 Angle of  twist 1 5 ,
0, 0

e radian at x l
v w at x

= − =
= = =

 
0 Free Free 

S3 Angle of  twist 1 5 , 0,
0, 0

e radian u at x l
u v w at x

= − = =
= = = =

 
Free 0 Free 

S4 Angle of  twist 1 5 ,
0, 0

e radian at x l
v w at x

= − =
= = =

 
Free Free Free 

C1 Angle of  twist 1 5 , ' 0,
' 0, 0

e radian u w at x l
u v w w at x

= − = = =
= = = = =

 
0 0 0 

C2 Angle of  twist 1 5 , ' 0,
' 0, 0

e radian w at x l
v w w at x

= − = =
= = = =

 
0 Free 0 

C3 Angle of  twist 1 5 , ' 0,
' 0, 0

e radian u w at x l
u v w w at x

= − = = =
= = = = =

 
Free 0 0 

C4 Angle of  twist 1 5 , ' 0,
' 0, 0

e radian w at x l
v w w at x

= − = =
= = = =

 
Free Free 0 

 
 

Table 7.2 Normalized results of buckling loads for C2-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 99.359% 99.472% 99.478% 99.457% 99.443% 99.413% 99.396% 
200 99.224% 99.376% 99.346% 99.325% 99.336% 99.247% 99.238% 
100 99.251% 99.071% 99.235% 99.128% 99.223% 98.973% 98.952% 
50 99.385% 98.922% 99.166% 98.799% 99.030% 99.159% 98.708% 

33.3 99.071% 98.718% 98.669% 99.078% 98.196% 98.182% 98.246% 
 

Table 7.3 Normalized results of buckling loads for C3-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 93.370% 90.453% 88.311% 85.849% 84.541% 83.838% 83.376% 
200 93.257% 91.171% 89.235% 86.771% 85.495% 84.786% 84.454% 
100 95.106% 92.059% 90.301% 87.896% 86.666% 85.294% 85.391% 
50 93.598% 93.479% 91.759% 88.661% 88.489% 87.176% 84.122% 

33.3 96.517% 91.734% 91.628% 90.935% 85.616% 86.014% 86.681% 
 

 

Stress Perturbation 
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Table 7.4 Normalized results of buckling loads for C4-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 92.278% 89.631% 87.552% 85.148% 83.857% 83.173% 82.740% 
200 92.276% 90.194% 88.342% 86.004% 84.770% 84.068% 83.725% 
100 93.367% 90.984% 89.213% 87.107% 85.759% 84.481% 84.680% 
50 91.832% 92.365% 90.256% 87.708% 87.809% 85.838% 82.827% 

33.3 95.484% 89.955% 90.423% 89.836% 84.154% 84.702% 85.460% 

 

Table 7.5 Normalized results of buckling loads for S1-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 99.794% 99.815% 99.806% 99.778% 99.755% 99.729% 99.697% 
200 99.711% 99.693% 99.677% 99.641% 99.600% 99.552% 99.497% 
100 99.413% 99.419% 99.448% 99.369% 99.299% 99.223% 99.091% 
50 99.106% 98.943% 99.037% 98.803% 98.678% 98.594% 98.535% 

33.3 98.569% 98.832% 98.426% 98.436% 98.102% 97.642% 97.378% 
 

Table 7.6 Normalized results of buckling loads for S2-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 98.056% 98.317% 98.287% 98.179% 98.068% 97.939% 97.845% 
200 97.267% 97.880% 97.746% 97.591% 97.550% 97.212% 97.113% 
100 97.327% 96.749% 97.161% 96.702% 96.874% 96.071% 95.921% 
50 95.356% 95.876% 96.532% 95.235% 95.754% 96.093% 93.938% 

33.3 95.964% 93.822% 94.618% 95.731% 92.812% 92.876% 93.140% 
 

Table 7.7 Normalized results of buckling loads for S3-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 92.938% 90.108% 87.975% 85.513% 84.193% 83.483% 83.006% 
200 92.770% 90.700% 88.786% 86.328% 85.044% 84.320% 83.966% 
100 94.223% 91.436% 89.673% 87.315% 86.034% 84.628% 84.703% 
50 92.454% 92.624% 90.797% 87.788% 87.653% 85.992% 82.808% 

33.3 95.484% 90.431% 90.523% 90.006% 84.172% 84.459% 85.058% 
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Table 7.8 Normalized results of buckling loads for S4-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 90.007% 87.712% 85.693% 83.284% 81.952% 81.223% 80.734% 
200 89.967% 87.754% 85.947% 83.684% 82.403% 81.605% 81.146% 
100 89.386% 88.064% 86.070% 84.163% 82.578% 81.367% 81.659% 
50 87.321% 88.960% 85.744% 84.095% 83.958% 80.826% 77.950% 

33.3 88.761% 84.869% 86.287% 83.930% 78.825% 79.644% 80.610% 

 

Table 7.9 Critical loads of C1 type BCs: (kNm) 
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 6.489 5.029 3.904 2.546 1.802 1.351 1.056 
200 30.799 24.276 19.028 12.565 8.964 6.758 5.298 
100 144.605 117.354 93.243 62.503 45.028 34.347 26.919 
50 696.447 564.487 458.729 313.400 227.105 175.452 141.645 

33.3 1711.567 1452.738 1161.473 806.728 608.546 456.582 359.160 

 

Table 7.10 Normalized results by those of C3-type BCs for C4-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 98.830% 99.091% 99.141% 99.183% 99.192% 99.206% 99.237% 
200 98.948% 98.929% 99.000% 99.116% 99.153% 99.152% 99.137% 
100 98.172% 98.833% 98.795% 99.102% 98.953% 99.048% 99.167% 
50 98.113% 98.808% 98.363% 98.925% 99.231% 98.465% 98.461% 

33.3 98.930% 98.061% 98.685% 98.791% 98.292% 98.475% 98.591% 
 

Table 7.11 Normalized results by those of S3-type BCs for S4-type BCs  
 a/b 1 1.25 1.5 2 2.5 3 3.5 a/t  
400 96.846% 97.341% 97.406% 97.393% 97.338% 97.293% 97.262% 
200 96.978% 96.752% 96.802% 96.937% 96.894% 96.780% 96.642% 
100 94.866% 96.312% 95.982% 96.390% 95.984% 96.146% 96.407% 
50 94.448% 96.044% 94.435% 95.793% 95.785% 93.992% 94.134% 

33.3 92.959% 93.849% 95.321% 93.250% 93.647% 94.299% 94.770% 
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CHAPTER 8  

CONCLUSIONS 

8.1 INTRODUCTION 

This thesis has presented a thorough fundamental investigation into the elastic stability of 

elliptical cylindrical shells (ECSs) under two types of simple loading conditions, namely, 

axial compression and torsion. A literature review on the existing relevant studies revealed 

that (i) the buckling behavior of axially compressed ECSs has been examined but the 

effects of shell length and boundary conditions have not been systematically explored; (ii) 

the initial post-buckling behavior of axially compressed thin-walled ECSs with linear 

buckling mode-affine imperfections using the Koiter’s initial post-buckling theory and the 

post-buckling behavior of relatively thick-walled ECSs (2a / t = 37.5) under axial 

compression have been investigated but the post-buckling behavior of perfect and 

imperfect thin-walled ECSs has not been systematically examined; (iii) the post-buckling 

behavior and progressive failure behavior of composite ECSs under torsion have been 

studied but the elastic stability problem of isotropic ECSs under torsion has not been 

explored except for only one study dated back to 1939. The studies in this PhD thesis have 

contributed to filling in these knowledge gaps by providing an improved understanding of 

the elastic stability of ECSs under the simple loading cases of axial compression and 

torsion. The major findings are summarized in this chapter in terms of three aspects: (i) 

the elastic buckling behavior of ECSs under axial compression considering the effects of 

shell length and boundary conditions; (ii) the elastic post-buckling behavior of perfect and 

imperfect ECSs under axial compression; (iii) the elastic buckling behavior of ECSs under 
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torsion including the stress distributions of ECSs under torsion at the pre-buckling stage 

and the effects of shell length and boundary conditions on the elastic buckling behavior. 

8.2 ELASTIC BUCKLING OF ELLIPTICAL CYLINDRICAL SHELLS UNDER 

AXIAL COMPRESSION 

8.2.1 Effect of Shell Length 

The study on the elastic buckling of ECSs under axial compression started with the 

investigation of the influence of shell length presented in Chapter 3. With the C1-type BCs 

(clamped ends) assumed, five geometric parameters including ω, Ω, Zm, ZECS
*  and ZECS 

were developed and verified for an accurate representation of the buckling behavior of 

axially compressed ECSs with various geometries. The length parameter ZECS was finally 

suggested to be employed to represent medium length to long ECSs considering its 

excellent accuracy in predicting the onset of global bending buckling for ECSs with an 

aspect ratio greater than 1.5 for which the transition stage no longer presents. The modified 

Batdorf parameter Zm was recommended to represent short to medium length ECSs. A 

formula of the so-called “equivalent radius” of axially compressed ECSs was also 

developed which could be adopted as the radius in the classical formula of the critical 

buckling load of axially compressed CCSs to estimate the critical buckling loads of ECSs. 

A clear full-range picture of the variation of buckling behavior of ECSs from short shells, 

medium length shells, transitional length shells, to long shells was eventually obtained 

with the aid of these two length parameters, Zm and ZECS.  

 

Short shells refer to shells manifesting an increasing normalized elastic critical buckling 

load with a decrease in length. Medium length shells are those with an approximately 

constant normalized elastic critical buckling load irrespective of any length parameters. 

Transitional length shells (or moderately long shells) are featured by a global distortional 

(inextensible) buckling mode with relatively long wavelengths. The normalized elastic 

critical buckling loads for transitional length shells are generally lower than those for 

medium length shells, but the reduction is generally within 15%. This transitional stage 
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was found to disappear when the aspect ratio becomes greater than 1.5. Long shells are 

controlled by the Euler column buckling mode (a global bending mode). The normalized 

elastic critical buckling load for long shells with a global bending mode decreases 

significantly with the increase in shell length based on the formula of Euler’s critical load 

for columns. Formulae for the calculation of the elastic critical buckling stress for short to 

medium length ECSs under the C1-type BCs were eventually proposed using the modified 

Batdorf parameter Zm in a similar format to the suggestions in EN 1993-1-6 (2007) for 

CCSs. 

8.2.2 Effect of Boundary Conditions 

Chapter 4 assessed the effect of boundary conditions on the elastic buckling behavior of 

axially compressed ECSs with various geometries. Eight types of boundary conditions 

adopted from Yamaki’s (1984) work were examined in detail. The effect of pre-buckling 

deformation was explored by comparing results from three different types of pre-buckling 

states. The first two types (membrane stress state and consistent stress state) employed 

linear bifurcation analyses (LBA) while the third type adopted geometric nonlinear 

analyses (GNA) to take the pre-buckling geometric nonlinearity into consideration 

followed by a LBA performed on the deformed configuration to extract the so-called 

nonlinear buckling mode. Detailed case studies and thorough parametric studies were 

conducted, and some chief conclusions can be summarized as follows. 

 

(i) The buckling analyses with membrane pre-buckling stress states and consistent pre-

buckling stress states led to almost identical buckling loads and buckling modes, which 

implies the validation of the membrane pre-buckling stress state assumption for the linear 

bifurcation analysis of medium-length ECSs. 

 

(ii) By comparing the buckling loads and buckling modes from models with different sets 

of BCs, it was found that regardless of the pre-buckling condition adopted for elastic 

buckling analysis, a dramatic reduction (generally 40% to 50%) in the critical buckling 

load arose when an ECS is free from all rotational and tangential translational constraints 



406 
 

at both shell ends (corresponds to cases S2 and S4). This interesting phenomenon was also 

observed in circular cylindrical shells (CCSs) (Yamaki, 1984). For other types of boundary 

conditions, with the consideration of geometric nonlinearity in the pre-buckling stress state, 

the reduction in buckling loads never exceeded 13%, and this load reduction decreased 

with the increase in the aspect ratio. The first buckling modes were always either 

symmetric or anti-symmetric, implying a mode-competing condition (the difference in 

critical loads was within 0.1%) except for cases S2 and S4 where anti-symmetric modes 

were in dominating position (the critical buckling loads of the first symmetric modes were 

about 5% higher). Furthermore, it was found that the buckling waves always localized near 

both shell ends after considering the geometric nonlinear effect except for cases S2 and 

S4. A similar phenomenon had also been previously observed in CCSs (Yamaki, 1984). 

 

(iii) The S2 and S4 types of BCs manifested the most significant influence which led to 

load reduction up to 50% for medium length ECSs. In cases where the circumferential 

translational degrees of freedom were restrained at both shell ends, the edge rotational 

restraint showed the most remarkable effect when shells were sufficiently short while the 

axial translational restrain made the most pronounced effect when shells buckled in 

column bending mode.  

 

(iv) If the axial translations are freed (i.e., S3, S4, C3 and C4 types of BCs), when an ECS 

becomes extremely short, a “shear-type” anti-symmetric buckling mode will emerge 

leading to a dramatic load reduction. This phenomenon was also discovered in CCSs 

(Simmonds and Danielson, 1970). 

 

(v) When the aspect ratio was smaller than or equal to 1.5, the transitional stage was 

characterized by the presence of an inextensible distortional buckling that always existed 

except for the cases with S2-type and S4-type BCs. However, when the aspect ratio was 

greater than 1.5, the transitional stage disappeared in all cases. 
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(vi) For long shells, two more sets of column-type BCs were examined for ECSs with a / 

b ratios of 1.25 and 3.5 respectively for the purpose of presenting a thorough picture of the 

buckling behavior of ECSs under axial compression. It was found that as long as the shell 

end is not free as the E5-type BCs (i.e., all degrees of freedom free at the shell ends), the 

normalized load for medium length shells are still reasonably around unity implying a 

limited influence of these types of BCs on the buckling loads of medium length ECSs. For 

ECSs with an aspect ratio of 1.25, transition stage always existed between the ripple 

buckling stage and the Euler column buckling stage. With the end plate rotation restrained, 

this transition zone narrowed. For the case with an aspect ratio of 3.5, this transition stage 

was not present in all cases. 

8.3 ELASTIC POST-BUCKLING OF ELLIPTICAL CYLINDRICAL SHELLS 

UNDER AXIAL COMPRESSION 

The elastic post-buckling behavior of ECSs under axial compression was systematically 

examined in Chapter 5. Five major aspects were studied: (i) the influence of pre-buckling 

geometric nonlinearity on the elastic critical buckling load , (ii) the post-buckling behavior 

of perfect ECSs under axial compression, (iii) the post-buckling behavior of axially 

compressed ECSs with linear bifurcation mode-affine imperfections, (iv) the post-

buckling behavior of axially compressed ECSs with nonlinear bifurcation mode-affine 

imperfections, and (v) the post-buckling behavior of axially compressed ECSs with weld 

depressions. The investigations of imperfect ECSs comprised the imperfection sensitivity 

analysis and the analysis of stress distributions. The influence of boundary conditions, and 

the influence of shell geometry were also examined in the third section for ECSs with 

linear bifurcation mode-affine imperfections. The conclusions drawn from these studies 

are summarized as follows. 

 

(i) The study of the effect of pre-buckling deformation on critical buckling loads was 

conducted by performing geometric nonlinear analyses (GNA) on ECSs with slight mesh 

perturbations introduced under the C3-type boundary conditions. The results showed that 

for ECSs, the load reduction for medium length-shells was generally within 5%, 
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decreasing with the increase in aspect ratio. After considering the geometric nonlinearity, 

the obtained buckling load could exceed the corresponding LBA result for short shells and 

moderately long shells.  

 

(ii) The study of the post-buckling buckling behavior of perfect ECSs under axial 

compression showed that when the aspect ratio was larger than 2, the post-buckling branch 

manifested an ascending trend and the slope of this ascending branch increased with an 

increase in ellipticity. Moreover, the load reduction after first buckling decreased with an 

increase in aspect ratio. 

 

(iii) For the post-buckling of ECSs with linear bifurcation mode-affine imperfections, if 

the a / b ratio is 1.25, the a / t ratio is 400, the L / a ratio is 5 and the imperfection amplitude 

is within the range of 0.1t to 0.3t, a higher load carrying capacity can be achieved during 

the post-buckling process compared with the first buckling load, a finding that did not 

appear to have been documented before. Previous studies claimed that when the aspect 

ratio was sufficiently large, the post-buckling strength could exceed the buckling load. For 

most cases of ECSs with LB mode-affine imperfections, in fact, it was found that whether 

a higher post-buckling strength can be attained chiefly depends on both the ellipticity and 

the imperfection size. The only exceptions were the cases with a / b = 3.5 studied in this 

work. It was found that irrespective of the imperfection size, the post-buckling strength 

was always higher than the first buckling load. 

 

(iv) From the case studies on ECSs with an a / b ratio of 1.25, an a / t ratio of 400, an L / 

a ratio of 5 and nonlinear bifurcation mode-affine imperfections, the post-buckling 

behavior was however found to be always unstable with a major load drop followed by a 

softening post-buckling path. The post-buckling strength in such cases never exceeded the 

first buckling load. 

 

(v) To reasonably compare the results from models with different forms of imperfections, 

the concept of an “equivalent geometric deviation parameter” δe was introduced, which 
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was defined as the maximum adjacent ‘ridge to valley’ distance along the direction normal 

to the mid-surface. By comparing the results of imperfection sensitivity in terms of the 

critical buckling load from models with different forms of imperfections, it was found that 

when the equivalent geometric deviation parameter δe ≤ 0.25, the LB mode-affine 

imperfections led to the lowest normalized buckling loads among all the three imperfection 

shapes studied. When δe > 0.25, the weld depression induced imperfections resulted in the 

lowest normalized buckling loads. The normalized buckling loads were almost insensitive 

to the change in aspect ratios for the cases with weld depressions.  

 

(vi) The results of the imperfection sensitivity in terms of critical buckling loads for ECSs 

with various geometries and various imperfection shapes were further compared and 

discussed. The results showed that for short and long ECSs with LB mode-affine 

imperfections except for the cases of CCSs with axisymmetric bifurcation mode-affine 

imperfections, the buckling loads were far less sensitive to the sizes of the initial geometric 

imperfection. For medium length ECSs, the curves for ECSs with various geometries 

generally concentrated in fairly narrow bands for both models with LB mode-affine 

imperfections and weld depressions. Among all the investigated cases, the most 

imperfection sensitive one was still the CCSs with axisymmetric bifurcation mode-affine 

imperfections which had long been acknowledged as the most detrimental form for CCSs 

under axial compression. The envelope of lowest normalized buckling loads for medium-

length ECSs excluding CCSs was characterized by two algebraic formulae derived from 

regression analysis.  

 

8.4 ELASTIC BUCKLING OF ELLIPTICAL CYLINDRICAL SHELLS UNDER 

TORSION 

8.4.1 Introduction 

The elastic buckling behavior of ECSs under torsion was investigated starting with a study 

of the pre-buckling stress distributions. The elastic buckling behavior of ECSs under 
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torsion was then examined by considering both the length effect and the boundary 

condition effect. 

8.4.2 Pre-buckling Stress State of Elliptical Cylindrical Shells under Restrained 

Torsion 

The study on the pre-buckling stress distributions of ECSs under restrained torsion showed 

that: 

 

(i) According to the study on the general shapes of normalized stress distributions around 

the circumference, it could be concluded that for thin-walled ECSs (a / t ≥ 200), the shapes 

of stress distribution were similar in shape irrespective of the a / b and a / t ratios, while 

for ECSs with thicker shell walls (a / t < 200), the shapes of warping stress and 

circumferential normal stress were still similar in shape respectively while the shape of 

shear stress distribution changed obviously with the change in a / t ratio. With the increase 

in a / b ratio, the variation of shear stress around the circumference increased. With the 

decrease in a / t ratio, the shapes of shear stress distribution curves became much plumper 

while the magnitudes of variation changed insignificantly when the aspect ratio was fixed, 

especially for cases with an a / b ratio smaller than 3.   

 

(ii) Obvious differences between the theoretical solutions and finite element (FE) results 

in both shear stress and warping stress distributions were observed in all cases. The 

differences were found to mainly stemmed from the assumption of rigid body rotation and 

the assumed warping displacement function in Umansky’s theory (1939). To explicitly 

justify the inappropriateness of these assumptions in Umansky’s theory for the current 

problem, FE models with rigid diaphragms which satisfied the rigid body rotation 

assumption in Umansky’s theory were established. The results were found to be much 

closer to and almost identical to the theoretical predictions especially in regions away from 

shell ends. However, by comparing the distributions of warping stresses around the 

circumference, persisting differences could still be observed in all cases. The crests or 

troughs never coincided between results of FE models with rigid diaphragms and the 
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theoretical predictions. The deviation became more pronounced with the increase in aspect 

ratio. In other words, with the increase of the maximum curvature, the troughs and crests 

(maximum magnitudes of warping stresses) became much closer to the regions with 

maximum curvature (the most curved regions).  

 

(iii) FE models with elastic diaphragms were further examined by varying the elastic 

modulus of membrane from 1e4 times to 1e-6 times of the elastic modulus of the shell. 

The results indicated that for both the thin-walled case with a / t = 400 and the thick-walled 

case with a / t = 20, with the elastic modulus of membrane varying from 1e4 to 1e-6 times 

of the elastic modulus of the shell, the results gradually changed from those of FE models 

with rigid diaphragms to those of FE models without any rigid diaphragms. For the thin-

walled case, a) when the elastic modulus of diaphragms was equal to or above the elastic 

modulus of ECSs, the results were almost identical to those of ECS models with rigid 

diaphragms; b) until the elastic modulus of membranes reduced to 1e-6 times of elastic 

modulus of the shell, the results matched well with those of FE models without diaphragms; 

c) for all the models with elastic modulus of membranes above 0.1% of the elastic modulus 

of the shell, the shear stress distributions at mid-height almost coincided with each other. 

For the thick-walled case, a) the results could not perfectly match those of FE models with 

rigid diaphragms, even for FE models with elastic membranes that had 10,000 times of the 

stiffness of the shell; b) when the elastic modulus of membranes was below 0.1% of the 

elastic modulus of the shell, the results could satisfactorily coincide with results of FE 

models without diaphragms; c) for shear stress distributions at the mid-height, when the 

elastic modulus of membranes was above 10 times of that of ECSs, the results matched 

well with those of FE models with rigid diaphragms. 

 

(iv) Two empirical formulae were proposed to estimate the maximum and minimum shear 

stresses around the circumference at the mid-height cross section for thin-walled ECSs (a 

/ t ≥ 100). 
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8.4.3 Effect of Shell Length 

The elastic buckling behavior of ECSs under torsion was examined by considering both 

the length effect and the boundary condition. In the study of the length effect,  

 

(i) An empirical formula was proposed for the critical buckling torque of thin-walled 

medium length ECSs under torsion with the C1-type BCs imposed. It was found the unlike 

the axial compression case, the ellipticity played a beneficial role in resisting torsional load 

against buckling when the axial translations at shell ends are restrained (C1). This could 

be attributed to the fact that with the increase in ellipticity, the warping effect becomes 

more pronounced and the shear stress distribution around the circumference becomes more 

non-uniform. The minimum shear stress located at the flattest region which was also the 

weakest region in terms of buckling resistance kept decreasing with the increase in a / b 

ratio. The ellipticity therefore alleviated the shear stresses around the flattest region which 

eventually became a positive factor to the torsional buckling resistance. 

 

(ii) Four length parameters ω, ωm, Ω and Ωm were further developed for better grouping 

the full range buckling responses of ECSs with various geometries under torsion. The 

length parameter ωm was proven to be able to satisfactorily capture the buckling behavior 

of short to medium length ECSs under torsion, while the parameter Ωm performed quite 

well for medium to long length ECSs.  

 

(iii) Formulae for the elastic critical buckling torque for short, medium length and long 

ECSs under torsion were proposed based on regression analysis on the envelope of all the 

FE results. 

8.4.4 Effect of Boundary Conditions 

The investigation of the boundary condition effect covered all the eight types of boundary 

conditions employed in Yamaki’s work (1984). Case studies were conducted first on 

medium length ECSs with a fixed L / a ratio of 3 while the aspect ratio a / b and the a / t 
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ratio vary from 1 ~ 3.5 and 400 ~ 33.3, respectively. The results showed that the buckling 

load was chiefly dominated by the axial restraint. Under free torsion conditions, the 

buckling load could be reduced to about 80% of that in the corresponding case under 

restrained torsion, which was a more remarkable reduction compared with that in CCSs 

(where it was within 87%). 

 

A thorough parametric study was then performed. Four length parameters ω, ωm, Ω and 

Ωm were plotted against the normalized elastic critical buckling load for all eight types of 

BCs. It was found that for medium to long length shells, Ωm is the suitable length parameter 

for all types of BCs. For short to medium-length shells under free torsion, ω should be 

used as the length parameter, while for these under restrained torsion, ωm was more 

appropriate. This difference could be explained by recalling the shear stress distributions 

of short ECSs under restrained warping. For such cases, the warping effect had a more 

significant influence on shear stress distribution over the whole shell, while with the 

increase in shell length, the effect of boundary conditions became negligible on regions 

far away from the shell ends. The shear stress distribution in most regions of one 

sufficiently long ECS became almost uniform which was much closer to that of ECSs 

under free torsion. It therefore could be inferred that the effects of aspect ratio on the 

torsional buckling of short ECSs were distinct between free torsion condition and 

restrained torsion condition which further led to the difference in length parameters for 

short ECSs under restrained torsion and those under free torsion. 

 

With an increase in aspect ratio, the influence of boundary conditions on the buckling 

strength of short to medium length shells under torsion became more and more pronounced, 

while the influence on that of medium length to long shells became less remarkable 

especially the influence of S2 and S4 types of BCs. When the shell became extremely long, 

the results from all types of BCs coincided with each other. The critical loads from 

restrained torsion cases with short to medium shell lengths were always greater than those 

from the corresponding free torsion cases. The largest difference could be up to about 20% 

for medium length shells and up to about 40% for short shells. The lower and upper 
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geometric bounds for medium-length shells under each type of BCs were eventually 

determined based on proper length parameters. 

8.5 FUTURE WORK 

This thesis has performed a systematic and thorough fundamental research study and 

gained an in-depth understanding on the buckling and post-buckling of ECSs under axial 

compression. In the post-buckling study, the results from the numerical approaches, the 

dynamic implicit method and the artificial damping method, however, did not agree 

satisfactorily with each other in some cases. More research efforts therefore are still needed 

on the explanation of such difference and the exploration of a more reliable numerical 

approach in tracing the post-buckling path.  

 

The pre-buckling and buckling behavior of ECSs under torsion was examined in detail, 

but the geometric parameters and the formulae of critical buckling loads are not as accurate 

as those in the case of axial compression. Further improvements are desired in the future. 

The post-buckling behavior of ECSs under torsion has not been visited and will be 

systematically investigated as a follow-up topic after this PhD study. 

 

Apart from the axial compression and torsion, fundamental loads such as external pressure, 

uniform bending, and transverse shear have not been systematically investigated for the 

elastic stability of ECSs. Further, the more complicated cases of the elastic stability of 

ECSs under combined loads need future research efforts as well after gaining a good 

understanding of the elastic buckling and post-buckling behavior of ECSs under the 

aforementioned fundamental loads. 

 

This PhD study examined the elastic buckling behavior of ECSs only. Further studies on 

the elastic-plastic behavior of ECSs are also needed in the future which is essentially 

important for the design and application of metal shells. The results from both the elastic 

and elastic-plastic studies could be further fitted into the framework of the Reference 

Resistance Design (RRD) approach proposed by Rotter (2016a,b, 2017) for the 
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development of rational and feasible design rules of metal elliptical cylindrical shells in 

practical applications. 

 

The buckling behavior and post-buckling behavior of ECSs could be highly different from 

those of CCSs, and only limited research efforts have been exerted on this research area 

thus far. Fruitful research outcomes in this field could be expected, where a lot more 

possibilities emerge after generalizing the cylindrical shells from the circular type with a 

fixed aspect ratio of one to the elliptical type with various aspect ratios. 
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APPENDIX 

4.8 APPENDIX 4.1 THE NORMALIZED LOAD VERSUS SHELL LENGTH 

CURVES FOR VARIOUS TYPES OF BCs WITH VARIOUS a / b RATIOS (1.0 ~ 

3.5) AND VARIOUS a / t RATIOS (50 ~ 400) 

A4.1.1 The length parameter Zm vs. normalized load curves for models with various 

a / t ratios and a fixed aspect ratio in each figure 

A4.1.1.1 C2 type BCs 
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A4.1.1.2 C3 type BCs 
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A4.1.1.3 C4 type BCs 
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A4.1.1.4 S1 type BCs 
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A4.1.1.5 S2 type BCs 
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A4.1.1.6 S3 type BCs 
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A4.1.1.7 S4 type BCs 
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A4.1.2 The length parameter Z vs. normalized load curves for models with various a 

/ t ratios and a fixed aspect ratio in each figure 

A4.1.2.1 C2 type BCs 
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A4.1.2.2 C3 type BCs 
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A4.1.2.3 C4 type BCs 
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A4.1.2.4 S1 type BCs 
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A4.1.2.5 S2 type BCs 
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A4.1.2.6 S3 type BCs 
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A4.1.2.7 S4 type BCs 
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A4.1.3 The length parameters Zm and Z vs. normalized load curves for models with 

various a / t ratios (50 ~ 400) and various aspect ratios (1 ~ 3.5) under different types 

of BCs 
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A4.1.4 The length parameters Zm and Z vs. normalized load curves for models with 

various a / t ratios (50 ~ 400) and different types of BCs in each figure with a fixed 

aspect ratio 
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5.10 APPENDIX 5.1 RESULTS OF SECTION 5.2 FOR THE GNA-PREDICTED 

BUCKLING LOADS OF PERFECT ELLIPTICAL CYLINDRICAL SHELLS  

A5.1.1 The GNA-predicted buckling load vs. shell length 
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A5.1.2 The GNA-predicted buckling load vs. length parameters Zm (short to medium 

length shells) and Z (medium length to long shells) 
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A5.1.3 Comparison of the LBA- and GNA-predicted buckling loads for ECSs with 

different lengths 

100 1000 10000 100000
0

1

2

LP
F

L

 a/b=1; a/t=400; LBA
 a/b=1; a/t=400; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1; a/t=100; LBA
 a/b=1; a/t=100; GNA

10 100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1; a/t=50; LBA
 a/b=1; a/t=50; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1.25; a/t=400; LBA
 a/b=1.25; a/t=400; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1.25; a/t=100; LBA
 a/b=1.25; a/t=100; GNA

10 100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1.25; a/t=50; LBA
 a/b=1.25; a/t=50; GNA



461 
 

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1.5; a/t=400; LBA
 a/b=1.5; a/t=400; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1.5; a/t=100; LBA
 a/b=1.5; a/t=100; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=1.5; a/t=50; LBA
 a/b=1.5; a/t=50; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=2; a/t=400; LBA
 a/b=2; a/t=400; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=2; a/t=100; LBA
 a/b=2; a/t=100; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=2; a/t=50; LBA
 a/b=2; a/t=50; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=2.5; a/t=400; LBA
 a/b=2.5; a/t=400; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=2.5; a/t=100; LBA
 a/b=2.5; a/t=100; GNA



462 
 

 

 

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=2.5; a/t=50; LBA
 a/b=2.5; a/t=50; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=3; a/t=400; LBA
 a/b=3; a/t=400; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=3; a/t=100; LBA
 a/b=3; a/t=100; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=3; a/t=50; LBA
 a/b=3; a/t=50; GNA

100 1000 10000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=3.5; a/t=400; LBA
 a/b=3.5; a/t=400; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=3.5; a/t=100; LBA
 a/b=3.5; a/t=100; GNA

100 1000
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

LP
F

L

 a/b=3.5; a/t=50; LBA
 a/b=3.5; a/t=50; GNA



463 
 

5.11 APPENDIX 5.2 RESULTS OF POSTBUCKLING PATHS AND 

DEFORMATION PATTERNS AT DIFFERENT STAGES OF POSTBUCKLING 

FOR ECS MODELS WITH VARIOUS ASPECT RATIO (1.5~5) 
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6.9 APPENDIX 6.1 CLASSIC RESTRAINED TORSION THEORY - UMANSKY’S 

THEORY 

Assumptions: 

A1. The cross sections do not distort in plane during twisting, so every material point in 

the section rotates rigidly (in cross sectional plane) through angle ( ) x  about the center 

of twist; 

A2. Out of cross-sectional plane warping does not vary along the axial direction; 

A3. Since the thickness of the section wall is small, the shear stress distribution along the 

thickness of the section is assumed to be uniform and the shear stress direction is tangent 

to the mid-line. 

A4. The warping function is assumed to take a similar form as in free torsion, 

𝑢(𝑠, 𝑧) − 𝑢0(0, 𝑧) = −𝛽′(𝑥)𝜔(𝑠) 

in which, the twist-rate function 𝜙′(𝑥) is replaced by 𝛽′(𝑥)  which is not intuitively 

related to the rotation angle and should be determined through a complicated derivation. 

The three coordinates shown in the following figure includes a global right-handed 

Cartesian coordinate system (x, y, z), a local right-handed Cartesian coordinate system 

( , ,x r  ), and a curvilinear coordinate s along the mid-line of the cross section starting from 

an arbitrarily chosen point O. 

 

Compatibility: 

 
=


x

u
x

 (1) 

 0
= 



s
s

v
s

 (2) 
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= +
 

svu
s x

 (3) 

Stress-strain relations: 

 11 11 = +s s xQ Q  (4) 

 11 11 = +x s xQ Q  (5) 

 12 = Q  (6) 

in which, 11 122 ,
1 2(1 ) 

= = =
− +
E EQ Q G  

Equilibrium: 

 0  
+ =

 

s

s x
(Not used in the derivation) (7) 

 0 
+ =

 

x

s x  (8) 

Plug Eqs. 4-6 into Eqs. 7 and 8, which gives,  

 11 12 0


 
+ =

 

xQ Q
s x  (9) 

 12 11 0 
+ =

 

xQ Q
s x  (10) 

Assumed displacement fields: 

 𝑢(𝑥, 𝑠) − 𝑢0(𝑥, 0) = −𝛽′(𝑥)𝜔(𝑠) (11) 

 ( ) ( ) =sv s x  (12) 

Starting from A1 and A4,  

 𝑢(𝑥, 𝑠) − 𝑢0(𝑥, 0) = −𝛽′(𝑥)𝜔(𝑠) (11) 

 ( ) ( ) =sv s x  (12) 
 𝜀𝑠 = 0 (13) 

 𝜀𝑥(𝑥, 𝑠) =
𝜕𝑢

𝜕𝑥
= 𝑢0

′ (𝑥, 0) − 𝛽′′𝜔(𝑠) (14) 

Insert Eqs. 13 and 14 into the stress-strain relation Eq. 5, 

 𝜎𝑥(𝑥, 𝑠) = 𝑄11(𝑢0
′ (𝑥, 0) − 𝛽′′𝜔(𝑠)) (15) 

When the principal sectorial coordinate is used, 

 𝜎𝑥(𝑥, 𝑠) = −𝑄11𝛽′′𝜔(𝑠) (16) 

Plug Eq. 16 into the equilibrium Eq. 8 gives, 



471 
 

 
11

( , ) ''' ( )
 


=



x s Q s
s  (17) 

 𝜏(𝑥, 𝑠) = 𝜏0(𝑥) +
𝑄11𝑆𝜔

𝑡
𝛽′′′(𝑥) (18) 

in which, 𝑆𝜔 = ∫ 𝜔𝑡𝑑𝑠
𝑠

0
 , 

0
( ) [ ( ) ] 


= −



s
s s ds

ds
, 

( ) =  s ds  

By imposing the equilibrium in stress resultants, 

( ) ( , ) ( ) = T x x s s dA  (19), 

the shear stress constant 0 ( ) x  can be determined as, 

 𝜏0(𝑥) =
𝑇(𝑥)

𝛺𝑡
−

𝑄11𝛽′′′

𝛺𝑡
∮ 𝑆𝜔(𝑠)𝑑𝜔 (20) 

Finally, the shear stress can be derived as, 

 𝜏(𝑥, 𝑠) =
𝑇(𝑥)

𝛺𝑡
+

𝑄11�̅�𝜔(𝑠)

𝑡
𝛽′′′(𝑥) (21) 

in which, 𝑆�̅� = 𝑆𝜔 −
∮ 𝑆𝜔𝑑𝜔

𝛺
 

Next up, use the kinematic relation Eq. 3 along with the displacement Eq. 12 and the shear 

stress just derived, the warping displacement can be derived as, 

 𝑢 = 𝑢0 +
𝑇

𝛺𝑄12
∫

𝑑𝑠

𝑡

𝑠

0
+

𝑄11𝛽′′′(𝑥)

𝑄12
∫

�̅�𝜔(𝑠)𝑑𝑠

𝑡

𝑠

0
− 𝜙′(𝑥) ∫ 𝜌(𝑠)𝑑𝑠

𝑠

0
 (22) 

By using the condition of continuity (closed cross section), 0( , ) ( )=u l x u x ( = l ds ), it 

can be obtained that, 

 𝑢0 = 𝑢0 +
𝑇

𝛺𝑄12
∫

𝑑𝑠

𝑡

𝑙

0
+

𝑄11𝛽′′′(𝑥)

𝑄12
∫

�̅�𝜔(𝑠)𝑑𝑠

𝑡

𝑙

0
− 𝜙′(𝑥) ∫ 𝜌(𝑠)𝑑𝑠

𝑙

0
 (23) 

which gives, 

 𝐸′𝐽�̅�𝛽′′′(𝑥) − 𝐺𝐽𝑑𝜙′(𝑥) = −𝑇(𝑥) (24) 

in which, 𝐽�̅� = ∮ 𝜔2𝑑𝐴 is called principle sectorial moment of inertia; 𝐽𝑑 =
𝛺2

∮
𝑑𝑠

𝑡

 , is the 

free torsion constant. 

By using the assumed displacement functions for warping displacement and 

circumferential displacement along with the kinematic relation Eq.3, another expression 

for shear stress can be obtained as, 
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 𝜏 = 𝑄12 {𝛽′(𝑥) [
𝐽𝑑

𝛺𝑡
− 𝜌(𝑠)] + 𝜌(𝑠)𝜙′(𝑥)} (25) 

By plugging Eq. 25 into the equilibrium equation of stress resultants Eq.19, 

 𝛽′(𝑥) =
1

µ
[𝜙′(𝑥) −

𝑇(𝑥)

𝐺𝐽𝜌
]  (26) 

By combining Eq. 24 and Eq. 26, the governing equation for this problem can be derived 

as, 

 𝜙′′′′ − 𝑘2𝜙′′ = −
𝑇′(𝑥)𝜇

𝑄11𝐽𝜔
 (27) 

In which, 2

11 


= dGJk

Q J
 𝐽𝜔 = ∮ 𝜔2𝑡𝑑𝑠 , is called principle sectorial moment of inertia. 

2 ( )J s tds =   is the oriented moment of inertia. 1 dJ
J

 = − is the warping coefficient, 

which indicates the warping degree of the cross section. For open sections, J  ≥ dJ , 

  ≈ 1, so the warping is serious in open sections. If  = dJ J , the results will degenerate 

to those of free torsion.  

If the torque T is a constant, the governing equation will become homogeneous. 

 𝜙′′′′ − 𝑘2𝜙′′ = 0 (28) 

The solution is, 

 𝜙(𝑥) = 𝐶1 + 𝐶2𝑥 + 𝐶3𝑠𝑖𝑛ℎ(𝑘𝑥) + 𝐶4𝑐𝑜𝑠ℎ (𝑘𝑥) (29) 

The coefficients iC  (i = 1, 2, 3, 4) can be determined by the boundary conditions. 

The warping displacement, warping stress, and shear stress can be obtained as, 

 
2 3

( )( , )= ( ,0) cosh sinh 



 
− + + 

 d

s Tu x s u x C k kx C k kx
GJ  

(30) 

 
2 211

2 3
( )( , ) ( sinh cosh )




= − +
Q sx s C k kx C k kx

 
(31) 

 
3 311

2 3
( )( , ) ( cosh sinh )


= + +



Q S sTx s C k kx C k kx
t t  

 (32) 

in which, 
( ) ( )

( ) ( )
S s s ds

S s S s 

 


= −



 , 
0

( ) ( )
s

S s s tds =   
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6.10 APPENDIX 6.2 GENERAL SHAPE OF STRESS DISTRIBUTIONS 

General shape of stress distributions around the circumference for ECSs with various 

geometries from FE results. The horizontal axis is the angle   as defined in Figure 6.1 

in Chapter 6. The vertical axes in each figure from top to bottom are the normalized shear 

stress by the maximum shear stress in the cross section, the normalized warping stress by 

the maximum warping stress in the cross section, and the normalized circumferential 

normal stress by the maximum circumferential normal stress in the cross section. 

 

 



474 
 

 

 



475 
 



476 
 



477 
 



478 
 

 

  



479 
 

6.11 APPENDIX 6.3 STRESS DISTRIBUTIONS AROUND CIRCUMFERENCE 

Stress distribution around the circumference at the bottom of the shell: 
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6.12 APPENDIX 6.4 AXIAL DISTRIBUTIONS OF IN-PLANE SHEAR STRESSES 

A6.4.1 Contour of in-plane shear stresses 

 
 
 
 

A6.4.2 Normalized shear stress distribution along the meridian (path 1) 
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A6.4.3 Normalized shear stress distribution along the meridian (path 3) 

Path 3: 
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6.13 APPENDIX 6.5 AXIAL DISTRIBUTION OF CIRCUMFERENTIAL 

NORMAL STRAIN 

A6.5.1 Comparison of contours of circumferential normal strain and warping strain 

Contour of circumferential normal strain: 

 

Contour of warping strain: 
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Contour of circumferential normal stresses: 

 

The contours of circumferential normal strain and warping strain are quite similar.  

This is because circumferential normal stresses are almost zero in most regions. 

Contour of Shear Strain: 

 

 

It can also be observed that both the circumferential normal strain and the warping strain 

are smaller than the shear strain. 

A6.5.2 Axial distributions of circumferential normal strain normalized by the 

maximum warping strain along the meridian which passes the point with maximum 

circumferential normal strain 
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6.14 APPENDIX 6.6 AXIAL DISTRIBUTION OF CIRCUMFERENTIAL 

NORMAL STRESSES 

Distribution of circumferential normal stresses normalized by the maximum magnitudes 

of corresponding shear stresses along the axial path as shown: 
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6.15 APPENDIX 6.7 RESULTS OF SECTION 6.4 FOR THE COMPARISION 

BETWEEN THE THOERETICAL PREDICTIONS AND THE FE RESULTS OF 

MODELS WITH RIGID DIAPHRAGMS 

The results include theoretical predictions from Umansky’s theory, predictions from the 

simplified formulae proposed by Wu (2015), the results of FE models using kinematic 

coupling as rigid diaphragms, and the results of FE models using elastic membranes with 

elastic modulus of 2e18 Pa (which is ten million times of the elastic modulus of the shell) 

as rigid diaphragms. 

A6.7.1 Circumferential Distribution of In-plane Shear Stresses at the Shell Bottom 

 



525 
 



526 
 



527 
 



528 
 



529 
 

 



530 
 

 

 
A6.7.2 Circumferential Distribution of In-Plane Shear Stresses at Shell Mid-Height 

 



531 
 

 

 



532 
 



533 
 



534 
 



535 
 

 



536 
 

 

 

A6.7.3 Axial Distribution of In-Plane Shear Stresses 

6.7.3.1 Along the meridional path at the flattest region 
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6.7.3.2 Along the meridional path at the most curved region 
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A6.7.4 Warping Stress Distribution around the Circumference at the Shell Bottom 
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7.7 APPENDIX 7.1 NORMALIZED LOAD VS. SHELL LENGTH RELATIONS 

FOR MODELS WITH VARIOUS a / t RATIOS (33 ~ 400) AND A FIXED ASPECT 

RATIO FOR EACH CASE IN LOG-LOG COORDINATES 
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7.8 APPENDIX 7.2 NORMALIZED LOAD VS. ω RELATIONS FOR MODELS 

WITH VARIOUS a / t RATIOS (33 ~ 400) AND A FIXED ASPECT RATIO FOR 

EACH CASE IN LOG-LOG COORDINATES 
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7.9 APPENDIX 7.3 NORMALIZED LOAD ,/s s predictionk k  VS. Ω RELATIONS FOR 

MODELS WITH VARIOUS a / t RATIOS (33.3 ~ 400) AND A FIXED ASPECT 

RATIO IN EACH FIGURE 
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7.10 APPENDIX 7.4 NORMALIZED LOAD ks / ks,prediction VS. ω, ωm, and Ωm 

CURVES FOR ECSs WITH VARIOUS a / b RATIOS (1~3.5), A FIXED a / t RATIO 

OF 400 AND A FIXED SET OF BCs IN EACH FIGURE 
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7.11 APPENDIX 7.5 NORMALIZED LOAD VS. ωm CURVES FOR ECSs WITH 

VARIOUS a / t RATIOS (33.3 ~ 400), A FIXED ASPECT RATIO AND A FIXED 

SET OF BCs IN EACH FIGURE 
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7.12 APPENDIX 7.6 NORMALIZED LOAD VS. Ωm CURVES FOR ECSs WITH 

VARIOUS a / t RATIOS (33.3 ~ 400), A FIXED ASPECT RATIO AND A FIXED 

SET OF BCs IN EACH FIGURE 
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