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Abstract 

This thesis is focused on the vibration analysis and the active vibration control of the 

magnetically suspended flywheel (MSFW) rotor system, which has five degrees-of-freedom (DOF) 

with the control of the axial and radial active magnetic bearing (AMB). The main contents of this 

thesis contain five parts as following, 

Firstly, the vibration characteristics of the MSFW rotor are modeled and analyzed, and the 

stiffness characteristics and the damping characteristics are studied. The vibration transmissibility 

of MSFW rotor is affected by the damping coefficient of control system. The natural frequency of 

MSFW rotor is determined by the stiffness coefficient of control system. So, the vibration 

characteristics of MSFW rotor are controllable through tuning damping parameters and stiffness 

parameters of magnetic suspension system. Research contents in this part provide the theoretical 

foundation to the active vibration control of the MSFW rotor in the following parts. 

Moreover, the relationships amongst the vibration characteristics of MSFW rotor, the 

suspension span ratio and the moment of inertia ratio are studied. Based on the phase margin and 

the response magnitude, the vibration response of translational motion is regulated by tuning the 

control parameters. The frequency response of radial rotation is analyzed based on the open-loop 

poles of the rotational control loop. The critical whirling frequency of MSFW rotor is decided by 

the moment of inertia ratio, and the BW motion and the FW motion of MSFW rotor are affected by 

the suspension span ratio. This result provides a new method of analyzing the vibration response 

of MSFW rotor and the design guideline for MSFW rotor.  

In addition, the vibration absorbing ability of axial AMB in MSFW rotor is testified, and the 

axial AMB mounted at the suspension end of MSFW rotor is regard as a dynamic vibration absorber 

(DVA) model. Furthermore, the frequency responses of MSFW rotor considering the DVA model 

are researched. The vibration magnitude of MSFW rotor is suppressed by tuning damping 

parameter and stiffness parameter of axial AMB. Experiments are conducted to testify the 
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effectiveness of axial DVA on tuning the dynamic characteristics of MSFW rotor, and the stiffness 

coefficient is regulated to suppress the dynamic displacement deflections of load rotor and MSFW 

rotor.  The damping coefficient of axial DVA could then be controlled to enhance the stability of 

MSFW rotor. This part of research expands the application range of MSFW rotor on the active 

vibration control. 

Furthermore, for the MSFW system with great equatorial moment of inertia and great self-

weight, the uncertainties about displacement stiffness and current stiffness cause disturbances on 

the stable control of the MSFW rotor. Therefore, robust control is applied to attenuate the influence 

on the MSFW rotor introduced by the uncertainties of current stiffness and displacement stiffness. 

Simulations about axial suspension of MSFW rotor is developed when a transient impulse 

disturbance, a harmonic disturbance and a random disturbance are respectively added on the MSFW 

rotor, and maximum displacement deflection from the balanced position is mitigated by the robust 

control function. Based on experimental results, the maximum displacement deflection from the 

balanced position using the robust control function is smaller than that with the proportional 

integral derivative control. These results indicate that the stability of MSFW system with great 

equatorial moment of inertia and great self-weight could be improved by using the robust control 

function. 

Finally, for the MSFW rotor great equatorial moment of inertia and great self-weight, the 

coupling effect in radial tilting becomes serious with increasing the rotating speed. So, an internal 

model control (IMC) method is designed to enhance the robust performance of MSFW rotor. Then, 

a decoupling control model based on the IMC model is applied to control the translation of the 

MSFW rotor on four DOFs. Simulations and experiments are performed to validate the IMC model 

for enhancing the anti-disturbance ability of MSFW rotor. The decoupling IMC model could 

effectively realize decoupling control in four radial DOFs of MSFW rotor. 

Keywords: magnetically suspended flywheel rotor; vibration analysis; active vibration control; 

dynamic vibration absorber; robust control; rotation and translation; internal mode control. 
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Chapter 1. Introduction 

 

(a) 

 

(b) 

Fig. 1.1. (a) The MSFW for the attitude control of satellite, (b) the control moment gyro for the attitude 

control of satellite. 

 

(a) 

 

(b) 

 

(c) 

Fig. 1.2. (a) The high energy density motor, (b) the magnetically suspended molecular pump, (c) the 

magnetically suspended ISP. 

The rotor is supported by the mechanical bearing in the general rotating machinery. The 

friction between the rotor and the stator is unavoidable, so the lubrication system is needed to 

improve the system lifetime of the general rotating machinery. Moreover, the vibration of the 

rotor in the general rotating machinery is uncontrollable because of the passive support method 

of mechanical bearing.  

(a) (b)(a) (b)

(a) (b)

(c)

(a) (b)

(c)

(a) (b)

(c)
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Therefore, the magnetic suspension technology is developed to suspend the rotor. Because 

it have advantages on longevity, high-efficiency [1, 2], zero friction [3, 4] and lubrication-free 

[5], the magnetic bearing technology had been widely applied to rotating machines. Some 

common examples are the energy storage and attitude control flywheel system in Fig. 1.1(a) for 

realizing the power conversion and the acritude control of satellite [6, 7], the control moment 

gyro (CMG) in Fig. 1.1(b) [8-11] for controlling  attitude of satellite, the high energy density 

motor in Fig. 1.2(a) [12-14], the magnetically suspended molecular pump in Fig. 1.2(b) [15-

20], and the inertial stabilized platform (ISP) in Fig. 1.2(c) [21-23]. In detail, the magnetically 

suspended flywheel (MSFW) is used to stabilize the attitude of satellite because of its benefits 

of micro-vibration and lubrication-free during a very long work cycle [24-27]. The friction 

between the stator and the rotor in rotational machines such as the turbo-molecular pumps [28-

30], the compressors [31-33] and the high-speed motors [34-37] could be eliminated by 

integrating a magnetic suspension system and a high-speed motor, so the working efficiency 

and control precision of the rotational machine could be improved. For the MSFW system, the 

suspension method between the static stator and the rotating rotor is contactless, so the friction 

between the static stator and the rotating rotor could be avoided, and the disturbance forces and 

torques acting on the rotor could be effectively isolated [30, 38, 39]. Moreover, through tuning 

the control current based on the feedback displacement of MSFW rotor at static suspension and 

dynamic rotation states, the active controllability of the magnetic suspension system could 

maintain the position precision of the MSFW rotor when it runs at a high rotational speed [40-

42].  

A thorough study about vibration characteristics of the MSFW rotor is very important to 

realize its position control and to improve the suspension precision of the rotor. A five 

controllable degrees of freedom (DOFs) bearingless motor with a magnetic suspension system 

was designed by Asama et al. [43], and it had the benefits on zero wearing, high rotational speed 

and low maintenance cost. Tang et al. [44] studied the dynamic performances of a MSFW rotor 

in the magnetically suspended control moment gyro (MSCMG) whose rotor is suspended by 

the passive magnetic bearing (PMB) and the active magnetic bearing (AMB), and then the 
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modal shape of the magnetically suspended rotor was affected by the current stiffness and the 

displacement stiffness of the AMB. Ji et al. [45] studied the vibration characteristics of a 

magnetically suspended rigid rotor, and the axial and radial vibration characteristics of the 

magnetically suspended rigid rotor were disturbed by the rotor mass. Ji and Hansen [46] 

researched the vibration characteristics of MSFW rotor at the resonant frequency, and the 

influence of the proportional coefficient and the derivative coefficient on the nonlinear vibration 

were tested. Yang [47] found that the radial vibration of a miniature magnetically levitated 

rotating machine became obviously great when the rotational frequency of the rotating machine 

approaches to the resonant frequency, and then a control model for the electromagnetic actuator 

was proposed to mitigate the resonance oscillation. The mechanical characteristics of a high-

speed MSFW rotor in a MSCMG was investigated in [48], the analysis results indicated that 

the control stability of the high-speed MSFW rotor was affected highly by the mass, the stiffness 

and the shape coefficient of the rotor. Yan et al. [49] applied a magnetic suspension system to 

bearing-less switched reluctance motor, and researched the vibration characteristics, and the 

vibration magnitude of the bearing-less switched reluctance motor with a magnetic suspension 

system was smaller comparing to the ordinary switched reluctance motor.  

Although some research publications about the vibration characteristics of MSFW rotor 

could be found in literature, the relationship between the vibration characteristic and the system 

parameter of MSFW rotor has not been established. Therefore, in this research, the vibration 

characteristics of the MSFW rotor used for a flywheel energy storage system (FESS) are 

analyzed theoretically and tested experimentally. The relationships amongst the control 

coefficients, the system parameters and the vibration characteristics of the MSFW rotor are 

developed theoretically and analyzed experimentally, and the tilting vibration of MSFW rotor 

with different disturbances are also researched.  

In this research, the basic dynamic models of MSFW rotor in translational motion and the 

radial rotation are developed. The dynamic vibration characteristics of the MSFW rotor with 
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different types of disturbances are analyzed. The stiffness characteristics and the damping 

characteristics of the MSFW rotor are researched. 

Many problems of the MSFW rotor system are still needed to be solved when it is running 

at high rotational speed. Especially, more research about the stability analysis method of the 

MSFW rotor are required. Sugimoto and Chiba [50] analyzed the stability of the MSFW rotor 

in a two-axis actively positioned bearing-less motor. They found that the tilting motion of the 

MSFW rotor could cause serious interference to its stability, and the stable suspension of the 

MSFW rotor could be achieved by regulating the integral gain of the control system. Fang et al. 

[50] developed the stability testing method of the nutation and the precession of the MSFW 

rotor using the gain margin and the phase margin of the rotational control loop. They proposed 

a stability criterion which was independent to the rotational frequency of the MSFW rotor. The 

relationship between the stability margins of different whirling motions and the parameters of 

the control system was also investigated. Ren et al. [51] analyzed the influences of the time-

delay on the stable control of the rotational motion for the MSFW rotor with coupling effect. A 

multi-input multi-output (MIMO) system was converted into several single-input single-output 

(SISO) control systems through the variable reconstruction in complex field. The relationship 

between the control stability of the cross-feedback system and the time-delay effect was also 

studied. Tang et al. [19] studied the relationship between the precession frequency of the MSFW 

rotor and the moment of inertia ratio in a MSCMG. They found that the moment of inertia ratio 

of the MSFW rotor was related to the mass and the generalized stiffness. Zheng et al. [52] 

proposed an optimization method of damping compensation for a flexible rotor. They designed 

a phase-shift filter to compensate the phase difference about the bending frequency of the 

flexible rotor suspended by the AMB. Zhang et al. [53] studied the relationship between the 

stiffness and the parameters of MSFW rotor. They found that their modelling method could be 

used to achieve a high stiffness of the MSFW rotor in a compact FESS. Dimond et al. [54] 

quantified the influence of the gyroscopic coupling effect on a magnetically suspended rigid 

rotor, and they used the dimensionless proportional-derivative (PD) control gain, the moment 
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of inertia ratio and a dimensionless speed ratio to evaluate the stability of the rigid flywheel 

rotor with the gyroscopic coupling effect. 

However, the relationship between the structural parameters of magnetic suspension 

system and vibration characteristics of translation and rotation was not studied. The research 

on the vibration analysis method of the MSFW rotor using the distribution of open-loop pole 

and the dynamic response of the rotational loop was not found in literatures. Therefore, the 

relationship between the structural parameters of the MSFW rotor and vibration characteristics 

of translation and rotation is worthy of being researched. The vibration analysis method based 

on the distribution of the open-loop pole and the frequency response of the MSFW rotor are 

developed. It is a new way to analyze the vibration characteristics of the MSFW rotor and 

provides some guidelines to the suspension span of the radial AMB system in the MSFW rotor. 

Moreover, the analysis results validate that the whirling vibrations of the MSFW rotor could be 

avoidable by regulating moment of inertia ratio and suspension span ratio of radial AMB. The 

frequency bandwidth between the backward whirling (BW) and the forward whirling (FW) of 

the MSFW rotor could be regulated by adjusting the moment of inertia ratio and the suspension 

span ratio of the radial AMB, so the different control methods would be utilized to control the 

different whirling vibrations of the MSFW rotor. 

For the rotating machinery of driving other rotational components and loads, the vibration 

disturbance imposing on the load rotor and the motor affects the stability of the motor and load 

rotor system. Therefore, the researches about vibration characteristic and active vibration 

control of the motor and the load is significant to attenuate the disturbance and improve the 

control precision of the rotating machines such as the FESS with great equatorial moment of 

inertia [55, 56] and the high energy density motors [57-61].  

A dynamic vibration absorber (DVA) with the positive stiffness coefficient and the 

negative stiffness coefficient was proposed to mitigate vibration response of the driving motor 

and driven load rotor system in literature [62], and the experimental results indicated that the 
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negative stiffness coefficient of the DVA system could broaden the control frequency of the 

driving motor. The torsional vibration system with the different stiffness excitations were 

investigated, and the vibration performances of the driving motor was evaluated in [63]. The 

results showed that this driving motor is beneficial for enhancing the dynamic performances of 

the motor and load rotor system. An actively controllable DVA using the coil springs and the 

magnetic springs [64] was used to attenuate the vibration displacement response caused by the 

rotor’s unbalance terms. The experiments were conducted to prove that this DVA could 

effectively mitigate the vibration displacement response of the unbalanced rotor model in Fig. 

1.3(a). The high-static low-dynamic stiffness DVA system was used to suppress vibration 

 

(a) 

 

(b) 

 

(c) 

Fig. 1.3. (a) The quasi-zero stiffness vibration isolator, (b) the semi-active DVA model, (c) the 

electromagnetic vibration absorber. 

(a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)
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responses of the rotor model with unbalance mass terms in [65-68], the designed DVA could be 

equivalent to a linear stiffness-damping system. By using two inertia rings, a dual DVA could 

connect the driving end and the driven end of a motor, and then the torsional vibration of the 

motor was suppressed [69]. The results indicated the response magnitude of the transient 

vibration disturbance imposing on the rotating motor was greatly mitigated. The quasi-zero 

stiffness vibration isolator was proposed to suppress the torsional angles of the rotating motor 

shaft, the experimental result showed that this DVA for torsional vibration could effectively 

surpass the linear counterpart of the rotor shaft [70]. Using the viscoelastic material and 

structure, a viscoelastic DVA was designed to suppress the vibration acting on a rotating 

machine [71]. As shown in Fig. 1.3(b), Liu et al. used the magnetorheological elastomer to 

design a semi-active DVA for a propulsion system [72], and the simulation results including 

electromagnetics and thermodynamics presented that the vibration absorbing ability was 

acceptable although this DVA had frequency shift. In Fig. 1.3(c), an electromagnetic transducer 

combing with an electrical circuit system was embedded in an electromagnetic DVA [73, 74], 

the results presented that the proposed electromagnetic DVA could reduce the displacement 

variations of the host mass. An electrorheological DVA was proposed to suppress torsional 

angles caused by the torsional vibration in a rotor system [75]. A magnetic actuator was used to 

measure dynamic characteristics, the optimal control method was further applied to actively 

control the synchronous vibration phenomenon of rotor, and then the magnetic actuator was 

used to a multi-mass rotating machine system to verify the effectiveness [76]. By using a smart 

spring structure with an indirect piezoelectric stack, a semi-active vibration control system with 

tunable stiffness was designed for a rotating machine to mitigate the great amplitude vibration, 

and the experimental results validated that it could reduce the vibration magnitudes of the rotor 

at different operation situations [77]. The damping characteristics of the PMB was researched, 

and then controllable characteristics of the restoring torques were studied in [78]. The 

experimental results displayed that the translational displacement in radial directions could 

increase the restoring torque to control the vibration displacements of the flywheel rotor.  



 

8 

In references [79, 80], the frequency characteristics of a motor and load rotor resonant 

system were investigated, the proportional-integral-derivative (PID) control model using the 

feedback compensation was designed to regulate the rotational speed of the motor, and the 

analysis results showed that the proposed PID control model could actively control the vibration 

response of the motor and load rotor resonant system. For the elastic rotor model with limited 

shaft torque, a proportional integral (PI) control model based on the model predictive control 

(MPC) was proposed to control the torsional angles and displacements. The results indicated 

that the designed PI control model combining the MPC was more useful on mitigating the 

torsional angles and displacements than the PI control model based on the pole-placement 

method. To eliminate the torsional vibration imposing on the permanent magnet synchronous 

motor (PMSM), Lee et al. [81] applied the adaptive notch filter to realize the active vibration 

control of rotating machine, and then the displacement variation was greatly reduced. The 

neural network estimator [82, 83] was used to observe the state variations of the rotor system 

with an elastic joint, so the torsional torques and the rotational speed could be  estimated to 

reduce the torsional vibration imposing on the rotor system.  

In the above-mentioned research, most of the vibration absorbing methods applied to 

rotational machines were passive methods. The DVAs only suppressed vibration of the machine 

at a fixed frequency, and then the frequency bandwidth for active vibration control is quite 

narrow. So, those vibration absorbers become useless when the vibration frequency adding on 

the rotating machine surpasses the efficient frequency range. On the other hand, many methods 

of active vibration control for the rotating machines are concentrated on rotational speed 

governing methods about the driving motor. Those methods are difficult to be implemented in 

practice. Therefore, it will be very useful if an active vibration control method with wide range 

and easy implementation is created to enhance the stability and the operational accuracy of the 

MSFW rotor. 

Therefore, a controllable and tunable AMB system, used as a DVA system, is tried to 

control the vibration responses of the driving MSFW rotor and the driven load rotor. The 

stiffness coefficient of the DVA is tuned to output corresponding forces and torques, and the 
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damping coefficient is regulated to control the vibration response of the driving MSFW rotor 

and the driven load rotor. The dynamic vibration responses of load rotor and MSFW rotor could 

be effectively mitigated, so this DVA based on a controllable and tunable AMB system could 

provide an active vibration suppression method for the high-speed rotating machine with load 

prat. 

 

 

(a) 

 

(b) 

Fig. 1.4. (a) The control system with uncertainty, (b) the H-infinity synthesis. 

For realizing the stable suspension and the position control of the MSFW rotor system, the 

active control of the AMB is the research focus of the MSFW rotor system. In general, based 

on the timely feedback of the rotor displacement, the PID control [84-86] was applied to realize 

the closed-loop control of the AMB, and other control methods such as the sliding-mode control 

(SMC) [87-89], the Kalman filter [90], the adaptive control [91, 92] and the fuzzy control [93-

95] also were proposed for the AMB system in the MSFW rotor. To reduce the influences of 

(b)

(a)

(b)

(a)
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any disturbance torque acting on the MSFW rotor, a series of control methods of the AMB were 

proposed and tested. A compound control model combining a feedback H∞ control model in 

external loop and a disturbance observer (DOB) in inner loop was proposed to mitigate the 

constant disturbance and the harmonic disturbance adding on the MSFW rotor at different 

rotating speeds, and it significantly improved the control performance of the MSFW rotor [96, 

97]. In a AMB-rotor system working at high rotating speed, the μ-synthesis control model [98] 

was applied to reduce the position difference between the reference input displacement and the 

estimated output displacement. The controller could address the tracking problem, and it could 

measure the real-time position of the rotor with the disturbances. A robust stabilization control 

model with two SMC stages was proposed to solve the problem of mismatch errors in a three-

pole AMB-rotor system [99]. Gosiewski and A. Mystkowski [100] proposed a robust control 

model of an radial homopolar AMB for controlling the vibration responses of a rigid rotor. Their 

research consequents verified that the designed control model could improve the robustness by 

controlling the initial/transient responses of right rotor. Lee et al. [101] applied the Takagi-

Sugeno (T-S) fuzzy model to derive the H∞ control of a nonlinear AMB system, and their 

method was more tractable and accessible than the previous methods by eliminating the 

truncation error and the non-convex bilinear matrix inequality. As illustrated in Fig. 1.4(b), 

Balini et al. [102] synthesized a H∞ controller to attenuate the disturbance in a AMB spindle 

rotor. They increased the disturbance attenuation by suppressing the displacement deflection of 

the spindle rotor. Sun et al. [103] designed two H∞ controllers for a horizontal AMB-rotor 

system, and the uncertainties of model parameters ware mitigated. They also tested the limits 

for the allowable range of parameters with μ-synthesis.  

However, the uncertainties about the current stiffness and the displacement stiffness of the 

AMB in the MSFW rotor system had not been analyzed. Especially for the MSFW rotor with 

great equatorial momentum of inertia and great self-weight, the great self-weight MSFW rotor 

would deflect from the nominal initial position, and then the displacement stiffness and the 

current stiffness of the AMB possibly vary from their nominal values. A transient displacement 

deflection of the MSFW rotor would cause the displacement stiffness and the current stiffness 
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departure from the nominal values at the balanced status when the external disturbance is 

imposed on the MSFW rotor. More importantly, the gyroscopic coupling effect of the MSFW 

rotor becomes strong at the high rotating speed, so it possibly generates a disturbance toque 

about the radial axes. Therefore, considering the gyroscopic effect as a kind of external 

disturbance to the rotor’s motion, a robust control model is important to improve the stability 

and the position precision of MSFW rotor regarding the great self-weight, the great equatorial 

moment of inertia and the variation of rotational speed. 

For the coupling effect among different DOFs of the MSFW rotor affecting its control 

precision, an inter model control (IMC) model was proposed for the active control of MSFW 

rotor with great equatorial moment of inertia and great self-weight at different rotational speeds. 

The IMC model has characteristics on affecting the response performance and the robustness 

virtually through the parameter design of filter, so the control stability of the closed-loop system 

is ensured. Moreover, because the model identification is not necessary for the control plant, so 

the robustness of MSFW rotor could be regulated by varying the low-pass filter coefficient of 

the IMC model [104-106]. A control model of regulating rotational speed based on the fuzzy 

adaptive law and an IMC model was proposed to improve the performances on speed-tracking 

and anti-disturbance and to suppress the sensitivity to the input saturation [107]. It could 

automatically tune the control parameters of the rotational speed according to the identified 

inertia. A control strategy using an IMC model and an inverse system method was designed to 

suppress the influence of gyroscopic coupling effect and the gimbal motion in a single-gimbal 

MSCMG [108]. Based on the neural network inverse system model and an IMC model, a 

decoupling control model in four radial DOFs was used to an AMB system to attenuate the 

influence of unmodeled dynamics [109]. The control scheme could be used to adjust the 

tracking performance and disturbance rejection.  

Most of the MSFW rotors in above-mentioned literatures are small or ‘normal’ size. Since 

the system parameters such as the displacement stiffness and the current stiffness of MSFW 

rotor with great self-weight could often deflect from the nominal values, such kind of MSFW 

rotor would be more easily affected by the external disturbances and the parameter uncertainties 
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comparing to the “small” MSFW rotors [23]. There are strong coupling terms in the rotation 

motions of the MSFW rotor around radial axes, and the coupling terms become obvious when 

the rotational speed increases to the rate value. 

Therefore, the IMC and DIMC models about the MSFW rotor with great equatorial 

moment of inertia and great self-weight require more in-depth research for decoupling control 

and improving robustness. Compared to those above-mentioned IMC models used in the 

MSFW rotor, the DIMC model could realize the decoupling control in four radial control DOFs 

of MSFW rotor, and then the robust stability of MSFW rotor with great self-weight and great 

equatorial moment of inertial could be improved when it works at high rotational speed. 

In summary, the analysis about the vibration characteristics of the MSFW rotor is the 

foundation of the whole research. The research on the dynamic characteristics of the MSFW 

rotor due to the variations of the suspension span ratio and the moment of inertia ratio is critical 

to the control of the structural vibration of the MSFW rotor. Moreover, the axial AMB is 

designed as a kind of DVA for realizing the vibration suppression of the MSFW rotor. 

Furthermore, to enhance the control precision of MSFW rotor with great equatorial moment of 

inertia and great self-weight, the robust control function is applied to attenuate the effect of 

disturbance torques acting on the MSFW rotor. Finally, the DIMC model is proposed for the 

MSFW rotor with great equatorial moment of inertia and great self-weight to realize the 

decoupling control on four radial DOFs. 
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Chapter 2. The Vibration Characteristics of MSFW Rotor 

In this chapter, the vibration characteristics of MSFW rotor are analyzed, and the detailed 

relationship between the vibration characteristic and system parameter is established 

theoretically and analyzed experimentally. The analysis result shows that the comprehensive 

damping of MSFW rotor could be regulatable by tuning derivative coefficient. The 

comprehensive stiffness of MSFW rotor could also be controllable by changing proportional 

coefficient such that MSFW rotor could approach to desirable natural frequency. So, the 

vibration transmissibility of MSFW rotor could be suppressed by controlling the damping 

coefficient, and the natural frequency could be controlled to avoid the resonance frequency of 

MSFW rotor. Moreover, the tilting vibrations of MSFW rotor are analyzed when different 

disturbance forces and torques are imposed on it. The titling angle and radial displacement of 

MSFW rotor would increase with the rotating frequency when the harmonic disturbance is 

added on it, but the tilting angle would decrease with the rotating frequency. Therefore, the 

titling torque generated by the radial AMBs could be applied to mitigate the tilting vibration of 

MSFW rotor. 

2.1 The Working Principle of MSFW 

 

Fig. 2.1. The structure of the MSFW system. 
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The mechanical structure and simplified model of the MSFW system are illustrated in Fig. 

2.1. It consists of a magnetic suspension system of MSFW rotor to suspend the rotor, a PMSM 

system to drive the MSFW rotor and a measurement system to detect the dynamic 

displacements of the MSFW rotor. 

Firstly, the suspension system of the MSFW rotor has two parts: a magnetic suspension 

system based on AMB system and a mechanical supporting system based on backup ball 

bearing. The radial AMB could control the motions and positions of MSFW rotor in radial 

direction (along x and y axes). The force difference between the magnetic forces generated by 

the radial AMB at the upper end and the magnetic forces generated by the radial AMB at the 

lower end could be formed into the torque to control the tilting motion of the MSFW rotor about 

the radial axes. The two axial AMBs located at the upper end and the lower end of flywheel 

rotor stably suspend the MSFW rotor at the equilibrium position in axial direction. The 

mechanical supporting system is the back-up bearing at the bottom-end and the top-end of the 

MSFW rotor. Its function is to ensure the stability of the MSFW rotor when the magnetic 

suspension system fails to work or off.  

The PMSM mounted at the upper end of MSFW system is the driving unit of whole MSFW 

system. It could realize the switches among different working modes by accelerating and 

deaccelerating the rotating speed of MSFW rotor about the axial principal axis, and then drives 

the load rotor connecting with the MSFW rotor. So, the acceleration process and the 

deacceleration process of the MSFW rotor are realized by controlling the PMSM. 

The measurement system of MSFW system based on the eddy current displacement 

sensors in radial and axial directions is mounted on the stator of the MSFW system. In detail, 

the radial eddy current displacement sensors at the lower end and the upper end of the stator 

could timely measure the dynamic displacement variations of MSFW rotor deflecting from the 

equilibrium position in radial direction. Furthermore, the displacement difference between the 

radial displacements at the lower end and the upper end is used to calculate the tilting angle of 

the MSFW rotor about the radial axes. Moreover, the axial eddy current displacement sensor at 
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the upper end of the flywheel rotor could detect the displacement variations of the MSFW rotor 

in the axial direction. 

2.2 The Magnetic Force Analysis of MSFW Rotor 

2.2.1 The Magnetic Force of Radial AMB 

 

(a) 

 

(b) 

Fig. 2.2. The mechanical structure and prototype of radial AMB, (a) the three-dimensional structure of 

radial AMB, (b) the prototype of radial AMB. 

 

(a) 

 

(b) 

Fig. 2.3. The magnetic path of the radial AMB, (a) the cross-section drawing of the radial AMB (1--the 

stator, 2--the windings on stator, 3--the magnet rings on stator, 4--the rotor, 5--the magnetic flux of 

winding, 6--the airgap between the stator and the rotor), (b) the equivalent magnetic circuits in four radial 

airgaps of the radial AMB. 

In the MSFW system, the magnetic forces generated by the magnetic suspension system 

control the position and motion of MSFW rotor with five DOFs except the rotational motion 

about the principal axial axis. The radial AMB could control the translation and the rotation of 

MSFW rotor along and about radial axes, respectively. The detailed mechanical structure and 
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prototype of the radial AMB is shown in Fig. 2.2. The winding is fixed on the magnetic pole of 

the stator, and eight independent magnetic poles are paired up into four independent single-pole 

AMBs to control the radial translations of the MSFW rotor along x and y axes. As shown in Fig. 

2.3, in the radial direction, the magnetic fluxes generated by windings of radial AMBs passes 

through the stator, the magnet ring on stator, the airgap between the stator and the rotor. For the 

single magnetic pole in one direction, the equivalent magnet reluctances Rn=1-8 of the stator, the 

airgap and rotor are in series connection. N is the number of turns of winding of the radial AMB. 

In=1-8 are the control currents in the eight windings of the radial AMB, respectively. 

Assuming that there is no coupling effect among the magnet circuits of four radial AMBs, 

the equivalent reluctances of the airgaps in the radial direction are written respectively as 
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where dn=x+,x-,y+,y- are the airgap lengths between the rotor and the stator in radial direction, and 

An=x+,x-,y+,y- is the effective cross-sectional area of the magnetic pole in radial direction. μ0 is the 

vacuum permeability. The magnet flux of four control channels in radial direction could be 

expressed as 
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Based on the Bio-savart law[110], the magnetic forces in radial direction could be derived 

and written as 
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In general, the airgap and the current of the radial AMB are both divided into the control 

term and the bias term, so the current of the radial AMB could be defined as the resultant of the 

control current and bias current as following 

 

1 2 0

5 6 0

3 4 0

7 8 0

y y

y y

x x

x x

I I I i

I I I i

I I I i

I I I i

= = +


= = −


= = +
 = = −

  (2.4) 

where Iy0 and Ix0 are the bias currents of the radial AMB. iy and ix are control currents along y 

and x axis of the radial AMB, respectively. 

Similarly, the displacement along radial direction could be defined as the sum of the bias 

displacement and the control displacement, and there are 
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where dy0 and dx0 are the bias displacements in radial direction, dy and dx are the control 

displacements of the radial AMB om radial direction. 

Finally, the resultant magnetic force of the radial AMB in x and y axes could be written 

respectively as 
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The electromagnetic force coefficient of the radial AMB is defined as 
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Given that the MSFW rotor is located at the balanced position in radial direction with the 

conditions ix= iy=0 and dx= dy=0, so the current stiffness equation and the displacement stiffness 

equation of the radial AMB along x and y axes are written respectively as 
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So, the magnetic forces of the radial AMB along x and y axes could be expressed into  

 
x ix x dx x

y iy y dy y

f k i k d

f k i k d

= +


= +
 (2.9) 

According to Eq.(2.6) and parameters in TABLE. 2.I, the relationship between the radial 

magnetic force and the control current of the radial AMB is illustrated in Fig. 2.4(a). So, the 

radial magnetic force is proportionally linear to the control current of the radial AMB in the 

small vicinity of radial equilibrium position, and the nominal current stiffness kix in radial 

direction is about 620N/A. Fig. 2.4(b) shows that the radial magnetic force is also proportionally 

linear to the control displacement in radial direction in the small vicinity of radial equilibrium 

position, and the nominal displacement stiffness kdx of radial AMB is about -2800N/mm. 

Therefore, the displacement stiffness is the negative value, and the control current could be 
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regulated to counteract the magnetic forces of displacement stiffness to realize the stable 

suspension of the MSFW rotor. 

TABLE. 2.I. The parameter of the radial AMB. 

Parameter Value Unit 

number of turns of winding of radial AMB N=400  

cross-sectional area of the magnetic pole  Ax=4292 mm2 

cross-sectional area of the magnetic pole  Ay=4292 mm2 

bias current of the radial AMB Ix0=1.8 A 

bias current of the radial AMB Iy0=1.8 A 

bias displacement of the radial AMB dx0=1 mm 

bias displacement of the radial AMB dy0=1 mm 

 

(a) 

 

(b) 

Fig. 2.4. The magnetic force of the radial AMB, (a) the relationship between the radial magnetic force 
and the control current of radial AMB, (b) the relationship between the radial magnetic force and the 

control displacement of MSFW rotor. 

2.2.2 The Magnetic Force of Axial AMB 

The axial suspension system located at the upper end and the lower end of the flywheel 

rotor generates the suspension forces to control the stable suspension of MSFW rotor at the 

equilibrium position in axial direction. As shown in Fig. 2.5, the axial AMB consists of the 

stator and the axial winding on the magnetic pole, and the windings of the axial AMB are in 

series connection because it controls the translation of the MSFW rotor on one DOF. The 

equivalent magnet circuit of the axial AMB at the upper end of the flywheel rotor is plotted in 

Fig. 2.6. The equivalent magnet flux in axial direction of axial AMB passes through the stator 
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of the axial AMB, the magnet ring, the airgap, and the flywheel rotor, and then it finally returns 

to another magnetic pole. Let Rn=a1, a2, a3, a4 be the equivalent reluctance of the airgap and the 

magnet ring in the axial direction. Na is turn of windings of the axial AMB, and Iz+ is the control 

current in the windings of the axial AMB at the upper end of the flywheel rotor. 

 

(a) 

 

(b) 

Fig. 2.5. The axial AMB, (a) the three-dimensional model of the axial AMB, (b) the prototype of the axial 

AMB. 

 

Fig. 2.6. The equivalent magnetic circuit at upper end of the axial AMB (1--the flywheel rotor, 2--the 

winding, 3--the stator, 4--the magnet flux). 

Using the equivalent magnet circuit[110], the equivalent reluctance of the airgap in axial 

direction is written as 
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where dz+ is length of the airgap in the upper end of the flywheel rotor, and Az+ is the cross-

sectional area in the upper end of the flywheel rotor. The magnet flux in the airgap of the h 

upper end and the lower end of the flywheel rotor could be expressed as 
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The total magnet flux of the axial AMB at the upper end of the flywheel rotor is  

 z al ar+ = +  (2.12) 

Similarly, the total magnet flux of the axial AMB at the lower end of the flywheel rotor 

could be achieved, so the magnetic forces of the axial AMB in the axial direction could be 

derived and written as following 
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In general, the control current and the control displacement of axial AMB could be divided 

into the control term and the bias term. We could define the control current of the axial AMB 

as  
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where Iz0 is the bias term of the control current in the axial AMB, and iz is the control term of 

the control current in the axial AMB. 

The control displacement in the axial direction could be defined as the sum of the bias 

displacement and the control displacement, and there are 
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where dz0 is the bias displacement in the axial AMB, and dz is the control displacement in the 

axial AMB. 

Finally, the resultant magnetic force of the axial AMB in axial direction could be expressed 

as 
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The electromagnetic coefficient of the axial AMB is  
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When the MSFW rotor is stably suspended at the equilibrium position in axial direction 

with the conditions iz=0 and dz=0, so the current stiffness and the displacement stiffness of the 

axial AMB in axial direction are written respectively as 
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  (2.18) 

The magnetic force in axial direction could be expressed as  

 z iz z dz zf k i k d= +  (2.19) 

According to Eq.(2.18) and the parameters in TABLE. 2.II, the relationship between the 

axial magnetic force and the control current of axial AMB is illustrated in Fig. 2.7(a). It presents 

that the axial magnetic force is proportionally linear to the control current of axial AMB. The 

axial current stiffness kiz is about 500N/A. Fig. 2.7(b) shows that the axial magnetic force is 

proportionally linear to the axial displacement of MSFW rotor in the small vicinity of axial 

equilibrium position. The nominal displacement stiffness of axial AMB in axial direction kdz is 

about -1700N/mm. Consequently, to accomplish the stable suspension of MSFW rotor in axial 

direction, the control current is also tuned to compensate the negative magnetic forces 

introduced by the negative displacement stiffness. 

TABLE. 2.II. The parameter of the axial AMB. 

Parameter Value Unit 

number of turns of winding of radial AMB Na=356  

cross-sectional area of the magnetic pole  Az=1272 mm2 

bias current of the axial AMB Iy0=1.5 A 

bias displacement of the axial AMB dy0=1 mm 
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(a) 

 

(b) 

Fig. 2.7. The magnetic force of the axial AMB, (a) the relationship between the axial magnetic force and 
the axial control current, (b) the relationship between the axial magnetic force and the axial control 

displacement. 

2.3 The Dynamics Modeling of MSFW Rotor 

2.3.1 The Force Analysis of MSFW Rotor 

 

(a) 

 

(b) 

Fig. 2.8. The force analysis acting on the MSFW rotor, (a) the balanced status of MSFW rotor, (b) the 

tilting status of MSFW rotor. 

As shown in Fig. 2.8(a), the pair of radial AMBs at the lower suspension end of the MSFW 

rotor generate magnetic forces, flx+, flx-, fly+ and fly-, to control the radial motions of the MSFW 

rotor at the lower end in radial direction. Another pair of radial AMBs at the upper suspension 
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end of the MSFW rotor generate magnetic forces, fux+, fux-, fuy+ and fuy-, for the radial motions 

control of the MSFW rotor at the upper end in radial direction. Moreover, the resultant magnetic 

force fux-flx of the radial AMBs between the upper end and the lower end controls the tilting of 

the MSFW rotor about y axis. Similarly, the resultant magnetic force, fuy-fly, controls the tilting 

of the MSFW rotor about x axis. The axial magnetic force fz is used to control the axial motion 

and position of the MSFW rotor, the stable suspension at the axial equilibrium position could 

be realized by overcoming gravity. 

When the resultant force of radial magnetic force at the lower end and upper end of the 

MSFW rotor both equal to zero, the equations of motion of the MSFW rotor in radial direction 

are 

 

0

0

0

0
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+ −

+ −

+ −

+ −

− =


− =
 − =

 − =

 (2.20) 

It represents the stable suspension of MSFW rotor at the radial balanced position. 

Moreover, in the axial direction, when the axial magnetic force equals to the gravity of the 

MSFW rotor, there is 

 0zf mg− =  (2.21) 

It represents that the MSFW rotor could be stably suspended at the axial equilibrium 

position. Consequently, the MSFW rotor works at the balanced status when there is no external 

force acting on the MSFW rotor. However, the tilting of the MSFW rotor is easily occurred 

because of the existence of the external disturbance, the self-excited vibration, and the 

gyroscopic coupling effect at a high rotational speed. Therefore, based on rotor’s feedback 

displacement in radial direction, the radial AMBs at upper end and lower end of the MSFW 

rotor would regulate the resultant magnetic force, fuy-fly, to force the MSFW rotor back to the 

balanced suspension status. 
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2.3.2 The Dynamic Equations of MSFW Rotor 

During the developing dynamic equation of MSFW rotor, there are two assumption as 

following,  

(1) There is no mismatch between the geometric center and the center of mass for MSFW 

rotor system in Fig. 2.8, 

(2) The force distance and the sensor distance from are equivalent, so the location 

transformation could be neglected. 

Based on the force analysis of the MSFW rotor as illustrated in Fig. 2.8, the equations of 

translational motion could be written as 

 

x x x

y y y

z z
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+ −

 = −


= −


= −

 (2.22) 

The equations of rotational motion of the MSFW rotor could be written as 
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 (2.23) 

where fx+ and fx- are the respective magnetic forces in the positive direction of x axis and 

negative directions of x axis. fy+ and fy- are the respective magnetic forces in the positive 

direction of x axis and negative directions of y axis. Jx and Jy are the equatorial moment of 

inertia of MSFW rotor. Jz is the polar moment of inertia of MSFW rotor. Ω is the rotational 

speed of the MSFW rotor. α and β are the respective tilting angles of MSFW rotor about x axis 

and y axis, and they had similar dynamic characteristics. According to the mechanical structure 

of MSFW rotor as shown in Fig. 2.1, the relationship between the radial displacement in radial 

direction and the titling angle around radial axis could be expressed into 
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 (2.24) 

where dly is the radial displacement of the MSFW rotor at the lower end along y axis. duy is the 

radial displacement of the MSFW rotor at the upper end along y axis. dlx is the radial 

displacement of the MSFW rotor at lower end along x axis. dux is the radial displacement of the 
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MSFW rotor at upper end along x axis, and l is the span from the mid-point of the radial AMB 

to the mass of center. 

2.4 The Dynamic Characteristics of MSFW Rotor 

2.4.1 The Translational Characteristics of MSFW Rotor 

By designing the negative feedback loop of the dynamic displacement in radial direction, 

the relationship between the dynamic displacement and the control current of MSFW rotor in 

radial direction could be written as 

 ( )x Px x Dx x sx wxi K d K d k k= − +   (2.25) 

where KP is the proportional coefficient for regulating the stiffness of the MSFW rotor, and KD 

is the derivative coefficient for tuning the damping of the MSFW rotor. ks is the sensitivity 

coefficient of eddy current displacement sensor. kw is the amplification parameter of the power 

amplifier. 

Combining Eq.(2.22) and Eq.(2.25), the equations of translational motions in three 

directions could be written as 
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 (2.26) 

Since similar the closed loop control mode based on the negative displacement feedback 

is applied to three DOFs translational motions in of MSFW rotor, the motion control of MSFW 

rotor in x axis is selected as the analysis case in this chapter. To ensure the stability of the 

translational control loop of the MSFW rotor, the equation of the translational motion should 

satisfy 
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The natural translational frequency of MSFW rotor could then be written into 
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 i w s P d
n
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The damping coefficient of the translational motion is 
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The translational vibration transmissibility of MSFW rotor could be expressed into 
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where r=ωt/ωn is defined as the frequency ratio between the translational frequency and the 

natural frequency, and ωt is the vibration frequency of the translational motion. 

2.4.2 The Rotational Characteristics of MSFW Rotor 

From Eq. (2.28), the natural frequency of the MSFW rotor’s translation would increase 

with the proportional coefficient of the control loop. The vibration transmissibility of MSFW 

rotor’s translation could be reduced with the derivative coefficient of the control loop, and the 

vibration transmissibility of MSFW rotor’s translation could be increased by increasing the 

proportional coefficient of the control loop. Moreover, the tilting torque outputted by the radial 

AMBs at upper end and lower end for controlling tilting motion of MSFW rotor could be written 

as 
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 (2.31) 

An analysis about the tilting vibration of the MSFW rotor like the translational vibration 

above can be carried out. It is possible that the tilting torque formed by the AMBs at upper end 

and lower end in radial direction could be applied to control the tilting vibration of MSFW rotor. 

In detail, the response amplitude of the tilting vibration could be suppressed by increasing the 

derivative coefficient of the control system, and it could be improved by the proportional 

coefficient of the control system. Using Eq. (2.23) and Eq. (2.31), the equations of the rotational 

motion of the MSFW rotor could be written as 
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Comparing Eq. (2.32) to Eq. (2.26), the equations of the translational motion are 

uncoupled but the rotational motion equations are coupled. The coupling terms appear in the 

rotational motion equations of the MSFW rotor are the gyroscopic moments, and these 

gyroscopic moments change with the rotating speed of MSFW rotor. 

For the tilting motion of MSFW rotor, the tilting angle of the MSFW rotor x=[α α′ β β′]T 

is defined as the state vector. The torque of the MSFW rotor u=[Tx Ty]
T is defined as The input 

vector, and the tilting angle of the MSFW rotor y=[α β]T is chosen as the output vector. The 

state space equations of rotational motion around two radial axes could be expressed into 
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where the state matrix is 
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and the output matrix is  
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0 0 1 0
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C . 

The transformation matrix of the state space equations could be derived and written into 
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 1 1( )te L s− −= −A
I A  (2.34) 

where I is chosen as the unit matrix, and L-1 is defined as the inverse Laplace transformation 

operator. 

Let the angular momentum is defined as H=JzΩ, and the natural rotational frequency of 

the MSFW rotor is defined as 
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The transformation matrix transformation matrix of the state space equations could be 

written as  
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The angle solution of the state space equations could be solved as following 

 
( )

0
( ) (0) ( )

tt tx t e x e u d  −= + 
A A

B  (2.36) 

Given the titling angle has the zero initial conditions with x(0)=0, and the transient impulse 

torque u(t)=δ(t)[1 1]T is chosen the input vector, and δ(t) is the Dirac delta function. So, the 

angle solution of the state space equations in Eq.(2.36) is 
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The tilting angles of MSFW rotor about radial axes could be obtained as following 
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The above equation implies that tilting angles α and β of MSFW rotor about radial axes 

would change with the natural rotational frequency ωrn of MSFW rotor. 

When a harmonic torque input, u(t)=[Mx0sinωxt My0sinωyt]
T is chosen as the input vector, 

the angle solution of state space equations are solved as 
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The tilting angles of MSFW rotor about radial axes are achieved as following 

 

2
00 0

2 2 2 2

00

2 2 2 2

2
0 0 0

2 2 2 2

0

2 2

( ) cos cos
( ) ( )

cos sin
( ) ( )

( ) cos cos
( ) ( )

cos
( )

yx rn x
x y

x x rn x y rn y

y yx x
rn rn

rn x y rn rn y

y rn y x
y x

y y rn y x rn x

y y x
rn

rn y

MM M
t t t

H H J

MM
t t

H J

M M M
t t t

H H J

M M
t

H


  

     


 

    


  

     

 


 

= − +
− −

+ +
− −

= − +
− −

− −
−

0

2 2
sin

( )

x
rn

x rn rn x

t
J


  















−

 (2.40) 

These angle solutions of state space equations indicate that the tilting angles α and β of 

MSFW rotor would change with the natural rotational frequency ωrn of MSFW rotor and the 

vibration frequencies ωx and ωy of harmonic input torque. 

When a constant torque input, u(t)=[1 1]T, is used as the input vector to the MSFW rotor, 

the angle solution of the state space equation could be solved as following 
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The tilting angles of MSFW rotor could be achieved as following 

 
2 2 2

2 2 2

1
( ) + sin cos

1
( ) + sin cos

x yx x
rn rn

x yy y

rn rn

J JJ J
t t t t

H H H H

J JJ J
t t t t

H H H H

  

  


 = − −




= − −


  (2.42) 

It shows that the tilting angles of the MSFW rotor also change with the natural rotational 

frequency ωrn of MSFW rotor. 
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2.5 Numerical Simulation 

2.5.1 The Control Scheme of MSFW Rotor 

 

Fig. 2.9. The control scheme of the MSFW rotor. 

The whole control diagram of MSFW rotor is shown in Fig. 2.9, and it contains the control 

loop of translational motion and the control loop of rotational motion. The reference 

displacement [dxr dyr]
T in radial direction and the reference angle [αr βr]

T of MSFW rotor are 

used as input signals of the closed loop control system, [dx dy]
T and [α β]T are output signals of 

the closed loop control system. In the control loop of translational motion, the radial 

displacements [dx dy]
T measured by the eddy current displacement sensors are used as feedback 

signals. The control system then generates the control current for the differential control of the 

MSFW rotor in radial and axial directions. In the control loop of the rotational motion around 

the radial axes, the tilting angles of MSFW rotor are the system inputs based on the feedback 

of the radial displacement. The cross-compensation terms using the speed feedback are used to 

mitigate the gyroscopic coupling effect of MSFW rotor. Finally, the simulation and experiment 

are designed, and the simulation has two parts—the translational vibration in radial direction 

and the tilting vibration around radial axes. 
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2.5.2 The Translational Vibration Analysis of MSFW Rotor 

TABLE. 2.III. The simulation parameters of MSFW rotor system. 

Parameter Value Unit 

Polar moment of inertia Jm=0.67 kgm2 

Equatorial moment of inertia Jl=1.24 kgm2 

Mass of MSFW rotor m=150 kg 

Current stiffness of radial AMB kix=520 N/A 

Displacement stiffness of radial AMB kdx=-2800 N/mm 

Current stiffness of axial AMB kiz=500 N/A 

Displacement stiffness of axial AMB kdz=-1700 N/mm 

Span from radial sensor to center of mass l=476 mm 

Amplification coefficient kw=0.2 A/V 

Sensitivity of displacement sensor ks=3.3 V/mm 

 

By using the simulation parameters listed TABLE. 2.III and choosing different control 

parameters, the relationship between the vibration characteristics of the MSFW rotor and the 

proportional coefficient KP is illustrated in Fig. 2.10(a). Given that the derivative coefficient is 

defined as 0.1, the natural frequency of MSFW rotor is 3Hz when the proportional coefficient 

is KP=10. The natural frequency increases to 20Hz when the proportional coefficient is KP=150 

as shown in Fig. 2.10(b), so the natural frequency of MSFW rotor could increase with the 

proportional coefficient of control system. In addition, the relationship between the proportional 

coefficient of control system and the vibration transmissibility of the MSFW rotor is shown in 

Fig. 2.10(c). The vibration transmissibility of MSFW rotor could be increased by the 

proportional coefficient. Therefore, these results show that the natural frequency and the 

vibration transmissibility of MSFW rotor could be controlled by adjusting the proportional 

coefficient of control system. 

Moreover, the relationship between and the derivative coefficient KD of control system and 

the vibration characteristics of MSFW rotor is illustrated in Fig. 2.11(a). The proportional 

coefficient is chosen as 50, when the derivative coefficient KD=0.005, the vibration 

transmissibility of the MSFW rotor is about 22 but it decreases to 1.2 when the derivative 

coefficient KD of control system is increased to 5. The relationship between the derivative 
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coefficient KD of the control system and the natural frequency ωn of MSFW rotor is illustrated 

in Fig. 2.11(b). The natural frequency of MSFW rotor does not change with the derivative 

coefficient of the control system. Consequently, the vibration transmissibility of MSFW rotor 

could be suppressed by tuning the derivative coefficient with no effect to the natural frequency 

of the MSFW rotor. 

 

(a) 

 

(b) 

 

(c) 

Fig. 2.10. (a) The vibration responses of the MSFW rotor with different proportional coefficients, (b) the 

relationship between the proportional coefficient and the natural frequency of MSFW rotor, (c) the 

relationship between the proportional coefficient and the vibration transmissibility of MSFW rotor. 
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(a) 

 

(b) 

 

(c) 

Fig. 2.11. (a) The vibration responses of the MSFW rotor with different derivative coefficients, (b) the 

relationship between the derivative coefficient and the natural frequency of MSFW rotor, (c) the 

relationship between the derivative coefficient and the vibration transmissibility of MSFW rotor. 

Above all, the natural frequency of MSFW rotor could increase with the proportional 

coefficient of the control system, and the vibration transmissibility of MSFW rotor also 

increases with the proportional coefficient of the control system. Moreover, the vibration 

transmissibility of MSFW rotor is suppressed by increasing the derivative coefficient, and the 

natural frequency of MSFW rotor does not vary with variation of the derivative coefficient. 

Therefore, a great proportional coefficient would make the stability of the MSFW rotor declines. 
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Therefore, a design guideline for the vibration control of the MSFW rotor is proposed in 

the following based on these analysis results. Firstly, the wide ranges of the derivative 

coefficient and the proportional coefficient should be defined to ensure stability of MSFW rotor. 

Furthermore, the vibration transmissibility of the MSFW rotor is reduced by increasing the 

derivative coefficient, and the natural frequency of the MSFW rotor is controlled by tuning the 

proportional coefficient to avoid the resonance vibration. Moreover, when the real-time 

operational frequency is far away the natural frequency of MSFW rotor, the vibration 

transmissibility could be suppressed by increasing the derivative coefficient of control system. 

2.5.3 The Tilting Vibration Analysis of MSFW Rotor 

The tilting vibrations of MSFW rotor at different rotational frequencies with the transient 

impulse disturbance are plotted in Fig. 2.12, and the vibration frequency of the titling angle is 

the natural rotational frequency of MSFW rotor. The response magnitude of the tilting angle is 

decreased from 3.1°×10-3 to 0.7°×10-3 when the rotating speed of the MSFW rotor is increased 

from 100Hz to 400Hz. According to the power spectrums of the MSFW rotor’s displacements 

at different rotating speeds as shown in Fig. 2.12(b), the response magnitude of MSFW rotor 

caused by the transient impulse torque decreases with rotational speed of MSFW rotor. 
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(a) 

 

(b) 

Fig. 2.12. The tilting response curves of MSFW rotor when the transient impulse disturbance is added on 

it, (a) the angle response of the MSFW rotor, (b) the power spectrum of the corresponding angle response. 
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(a) 

 

(b) 

Fig. 2.13. The tilting response curves of MSFW rotor when the harmonic disturbance is imposed on it, 

(a) the angle response of the MSFW rotor, (b) the power spectrum of the angle response curve. 

The tilting response of the MSFW rotor with a harmonic disturbance (the frequency is 

100Hz) is plotted in Fig. 2.13, and there are two rotational vibrations with two frequencies 

including and the vibration frequency of harmonic disturbance and the natural rotational 
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frequency of MSFW rotor. According to displacement deflection of MSFW rotor, the response 

magnitude of tilting angle is increased from 5.45°×10-6 in the first figure to 3.45°×10-5 in the 

fourth figure when the rotational frequency of MSFW rotor increases to 400 Hz. As shown in 

the power spectra of tilting vibration in Fig. 2.13 (b), the tilting angles of MSFW rotor has great 

variations at the respective vibration frequency of harmonic disturbance and natural frequency 

of MSFW rotor’s rotational motion. In detail, the resonance vibration happens when the natural 

rotational frequency of MSFW rotor is equal to vibration frequency of harmonic disturbance. 

The tilting response of MSFW rotor with a constant disturbance is plotted in Fig. 2.14. The 

disturbance caused by the constant disturbance always increases with the time, but its final 

amplitude decreases with the rotational speed of the MSFW rotor. When the rotation frequency 

of the MSFW rotor is 100Hz, the final value of titling angel is about 6°×10-5, but it is decreased 

to 1.8°×10-5 when the rotational speed increases to 400Hz. In addition, as shown in the power 

spectra of the MSFW rotor’s displacements at different rotational speeds in Fig. 2.14 (b), the 

tilting angle response of the MSFW rotor has obvious vibration when the rotational frequency 

of MSFW rotor is equal to the natural rotational frequency. 

 

(a) 
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(b) 

Fig. 2.14. The tilting response curves of MSFW rotor when the constant disturbance is imposed on it, (a) 

the angle response of the MSFW rotor, (b) the power spectrum of the angle response curve. 

2.5.4 The Tilting Response of MSFW Rotor with Stiffness and Damping 

 

(a) 
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(b) 

Fig. 2.15. The tilting response curves of MSFW rotor when the transient impulse disturbance is added on 

it, (a) the relationship between the proportional coefficient and the angle response, (b) the relationship 

between the derivative coefficient and the angle response. 

The response curve of tilting angle of the MSFW rotor with a transient impulse disturbance 

is plotted in Fig. 2.15(a) shows that the response magnitude and the settling time of tilting angle 

decreases with increasing proportional coefficient. When proportional coefficient is KP=6.8, the 

tilting angle of the MSFW rotor is about 2.2°×10-4, and the settling time is about 1s. The tilting 

angle of the MSFW rotor decreases to 0.7°×10-4 when the proportional coefficient KP increases 

from 6.8 to 27.2, also the settling time is shortened to 0.1s. The vibration amplitude of the tilting 

angle could be declined by increasing the derivative coefficient as shown in Fig. 2.15(b). When 

the derivative coefficient is KD=9.3, the tilting angle of the MSFW rotor is about 0.7°×10-4, and 

the settling time is about 0.5s. When the derivative coefficient is KD increases to 18.6, the tilting 

angle of the MSFW rotor decreases to 0.4°×10-4, and the settling time is reduced to 0.2s.  

The vibration response curves of tilting angle with adding the harmonic torque disturbance 

are shown in Fig. 2.16. The response magnitude of the tilting angle is suppressed by increasing 

the derivative coefficient and the proportional coefficient of control system. In Fig. 2.16(a), 

when the proportional coefficient KP=6.8, the response magnitude of the tilting angle is about 
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1°×10-4. The tilting angle of the MSFW rotor decreases to 0.3°×10-4 when the proportional 

coefficient KP increases to 27.2. In Fig. 2.16(b), when the derivative coefficient KD=9.3, the 

tilting angle of the MSFW rotor is about 0.8°×10-4. When the proportional coefficient KD is 

increased to 18.6, the tilting angle of the MSFW rotor decreases to 0.3°×10-4. The relationship 

between derivative coefficient and response magnitudes of tilting angle is illustrated in Fig. 

2.17(b). 

Therefore, for the cases of system input with either a transient impulse disturbance or a 

sinusoidal disturbance to the MSFW rotor, the curve of the response magnitude shows that the 

tilting vibration of MSFW rotor could be mitigated through improving the proportional 

coefficient or the derivative coefficient. In the meanwhile, the great proportional coefficient 

could generate the great magnetic torque to suppress the disturbance torque by improve the 

corresponding stiffness of MSFW rotor. The derivative coefficient could reduce the disturbance 

torque by enhancing the damping characteristics of MSFW rotor. 

 

(a) 
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(b) 

Fig. 2.16. The tilting response curves of MSFW rotor when the harmonic disturbance is imposed on it, 

(a) the angle response versus the proportional coefficient, (b) the angle response versus the derivative 

coefficient. 

 

(a) 

 

(b) 

Fig. 2.17. The vibration amplitudes of the MSFW rotor’s tilting angle with different disturbances, (a) the 

angle response versus the proportional coefficient, (b) the angle response versus the derivative coefficient. 

 



 

43 

2.6 Experiment 

2.6.1 The Experimental Setups 

 

Fig. 2.18. The experimental setup of the MSFW rotor. 

TABLE. 2.IV. The instrument used in the experiment. 

Setup Model 

DAQ board NI PCI-9655 

DSP TMS320F28335 

FPGA Altera EPF10K30RC208 

Oscilloscope Keysight 2000 X-Series 

DC power supply Tektronix Keithley T2231A-30-3 

IPC Advantech IPC 610H 

Magnetic suspension system Self-designed 

Signal conditioning module Self-designed 

PWM driving unit Self-designed 

 

The whole MSFW system is shown in Fig. 2.18. It has three sub-systems including a 

mechanical structure system, a real-time measurement system and a high-performance control 

system. The mechanical structure system of MSFW rotor is composed of the axial AMB system, 

the radial AMB system and the flywheel rotor. The vacuum pump could mitigate the wind drag 

when MSFW system rotates at high rotational speed, and the working pressure is less than 3Pa. 
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The vacuum gauge system could timely detect the vacuum situation of MSFW system. For 

MSFW rotor, the 35CrMnSiA is used as the rotor material with 0.3 Poisson ratio, and the elastic 

modulus is 195GPa. The PMSM with four pole pairs is used as the drive unit of MSFW rotor. 

The eddy current displacement sensors installed on the stator of MSFW system could measure 

the displacement variations of MSFW rotor about the equilibrium positions. The displacement 

signals measured by the eddy current displacement sensors are collected by the charge 

amplifiers, and then the National Instrument (NI) data acquisition (DAQ) PCI9655 board could 

collect the displacement signals through the charge amplifier and feed them back into the 

control system. In the meanwhile, the oscilloscope would timely display the dynamic 

displacements of the MSFW rotor. The control system of the MSFW rotor contains the main 

processing unit (MPU), the direct current (DC) power supply system, the oscilloscope, and the 

industrial personal computer (IPC). The MPU has a digital signal processor (DSP) chip and a 

field programmable gate array (FPGA) chip. It processes the control algorithm and outputs the 

control signal based on the feedback displacement of the MSFW rotor. The pulse width 

modulation (PWM) unit could generate the driving currents for the axial and radial AMBs. The 

IPC could timely monitor the operational situations of whole MSFW system such as the radial 

TABLE. 2.V. The parameters of MSFW rotor system. 

Parameter Value Unit 

Polar moment of inertia Jm=0.67 kgm2 

Equatorial moment of inertia Jl=1.24 kgm2 

Mass of MSFW rotor m=150 kg 

Current stiffness of radial AMB kix=520 N/A 

Displacement stiffness of radial AMB kdx=-2800 N/mm 

Current stiffness of axial AMB kiz=500 N/A 

Displacement stiffness of axial AMB kdz=-1700 N/mm 

Span from radial sensor to center of mass l=476 mm 

DC power supply of AMB 2 A 

Bias current of radial AMB 1.5 A 

Bias current of axial AMB 1.8 A 

Power supply of control system 28 V 

Amplification coefficient ka=0.2 A/V 

Sensitivity of displacement sensor ks=3.3 V/mm 
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and axial displacement variations, the vacuum degree, the rotational speed of MSFW rotor and 

the control currents of AMB’s windings. Those series number of instruments used in the 

experiment are listed in TABLE. 2.IV, and the relative parameters of the experiment are listed 

in TABLE. 2.V. 

 

Fig. 2.19. The topology of the control system. 

The topology of the control system of the MSFW rotor is plotted in Fig. 2.19, there are 

two main parts including a power supply system and a MPU system. For the power system in 

the blue box, its functions are to transfer the input voltage into the supply voltages of the MPU 

(FPGA chip and DSP chip), the real-time measurement system and the power amplification unit. 

The power amplification unit could continually output the control current up to 3A, the peak 

current could reach to 6A, and the maximum working voltage is 55V. For the MPU system in 

the red box, it would process the displacement signals through the conditioning unit and the 

rotational speed signal captured by the HALL sensor, and then the programming of the control 

model would be finished. The duty cycles of PWM signal for driving the AMB system would 

be outputted finally. 
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2.6.2 The Control Process of Experimental Setup 

 

Fig. 2.20. The whole control process of the MPU. 

Based on the control system of the MSFW rotor in Fig. 2.19, the control process of the 

MPU system is shown in Fig. 2.20, there are two control chips including the FPGA and the DSP. 

As illustrated in red box, the FPGA could finish some procedures about logic operation such as 

communication with the IPC, capturing the Hall signal and control of the analog to digital (A/D) 

convertor. Furthermore, the FPGA could generate the PWM control signal to drive the metal 

oxide silicon field effect transistor (MOSFET). For the DSP chip as shown in blue box, the DSP 

chip could complete the programming of the MSFW rotor including the PID control, the cross-

feedback compensation, and the feed-forward control. 

The control process of the DSP is shown in Fig. 2.21, the control program would be at the 

waiting state to capture the external interrupt after the initialization. The interruption service 

programming has these sub-programs including the reading sampling value of the A/D 

convertor, the PID control, cross-feedback compensation, the negative current feedback control 

and the PWM modulation. Those sub-programs are executed by the way of series operation.  
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Fig. 2.21. The control process of the DSP. 

 

Fig. 2.22. The control logic of the FPGA. 

For the control process of the FPGA chip as illuminated in Fig. 2.22, it works at the way 

of parallel operation, so the control process is consisted of different logic modules. The logic 

module of the controller area network (CAN) communication is to receive/send data, and the 

logic module of the A/D convertor could implement the communication between the FPGA and 

the A/D convertor. Especially, the logic module of the PWM condition could generate the 
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control signal for the power amplifier to drive the MOSFETs, and then the magnetic forces of 

the AMB system are achieved to suspend the MSFW rotor. 

2.6.3 The Suspension Characteristics of MSFW Rotor 

 

Fig. 2.23. The dynamic displacements of the MSFW rotor during suspension process in radial and axial 

directions 

 

(a) 

 

(b) 

Fig. 2.24. The radial suspension curves of MSFW rotor, (a) the radial displacement curves of MSFW 

rotor, (b) the axis orbit of MSFW rotor. 

The control parameters of radial translational suspension are chosen as KPx=6.8 and 

KDx=6.2, and that of axial radial translational suspension are chosen as KPz=12 and KDz=8.3, the 

translational suspensions of the MSFW rotor along three axes are shown in Fig. 2.23. When the 

radial and axial AMBs are switched on, the translational displacements of the MSFW rotor in 

axial and radial directions are zeroes representing that the MSFW rotor is stably suspended at 

the radial and axial equilibrium points. The stable suspension in radial direction of the MSFW 
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rotor could be also verified by the axis orbit around radial axes as shown in Fig. 2.24. The 

MSFW rotor rotates around the back-up ball bearing when the MSFW rotor is not forced to 

suspend at the equilibrium position in radial direction, its axis orbit of MSFW rotor is the blue 

cycle with radius 0.3mm. The red cycle represents the axis orbit with radius 0.05mm when the 

MSFW rotor is stably suspended at the radial equilibrium point. These experimental results 

indicate that the axial and radial AMBs could force the MSFW rotor to stably suspend at the 

equilibrium position in radial and axial directions, and the active controllability of the MSFW 

rotor is verified. 

The translational response curves of MSFW rotor choosing different derivative 

coefficients and proportional coefficients are shown in Fig. 2.25. The dynamic displacement 

deflecting from the radial equilibrium position is applied to evaluate the dynamic characteristics 

of MSFW rotor. When the proportional coefficient KP=6.8 and the derivative coefficient KD=6.2, 

the displacement deflection of the MSFW rotor from the radial equilibrium position is about 

0.1648mm. When the proportional coefficient of the MSFW rotor increases to 20.4, the 

displacement variation of the MSFW rotor from the radial equilibrium position increases to 

0.31mm. In addition, the displacement deflection from the radial balanced position of MSFW 

rotor increases from 0.2849mm to 0.2365mm when the derivative coefficient of control system 

is increased from 9.3 to 15.5.  

Therefore, the response magnitude of the translational motion of the MSFW rotor 

increases with an increase of the proportional coefficient which represents the system stiffness, 

and it decreases with an increase of the derivative coefficient which represents the system 

damping. The proportional coefficient could increase the vibration response of translational 

motion, and the derivative coefficient could suppress the vibration response of translational 

motion. 



 

50 

 

(a) 

 

(b) 

Fig. 2.25. The translational responses of MSFW rotor with different derivative coefficients and 

proportional coefficients, (a) the relationship between the proportional coefficient and the translational 

displacement, (b) the relationship between the derivative coefficients and the translational displacement. 

2.6.4 The Tilting Characteristics of MSFW Rotor 

In the experiments about tilting vibration around radial axes of the MSFW rotor, the 

dynamic displacement deflection of the MSFW rotor from the radial equilibrium position is 

applied to judge the response magnitude of tilting vibration. A transient impulse disturbance 

and a harmonic disturbance are added on MSFW rotor respectively when rotating speed of 

MSFW rotor is 10000rpm. When a transient impulse disturbance is imposing on MSFW rotor, 

the dynamic displacement deflection of MSFW rotor is shown in Fig. 2.26. The displacement 

deflection of the MSFW rotor from the radial equilibrium point decreases from 0.2338mm to 

0.137mm when the proportional coefficient increases from 6.8 to 20.4. As illuminated in Fig. 

2.26(b), the displacement of the MSFW rotor deflecting from the equilibrium position in radial 

direction is reduced from 0.1809mm to 0.0921mm when the derivative coefficient increases 

from 9.3 to 15.5.  
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As illustrated in Fig. 2.27, when a harmonic disturbance is acting on the MSFW rotor, the 

displacement deflections of the MSFW rotor from the radial equilibrium point resonant at two 

frequencies (the vibration frequency of the imposed harmonic disturbance and the rotational 

frequency of MSFW rotor). The tilting torque formed by the radial AMBs at upper end and 

lower end is used to mitigate the tilting vibration of the MSFW rotor. The dynamic displacement 

variation of the MSFW rotor deflecting from the radial equilibrium position is about 0.1015mm 

when the proportional coefficient KP=6.8. It decreases to 0.0798mm when the proportional 

coefficient is increased to 20.4. Similarly, the displacement variation of the MSFW rotor 

deflecting from the radial equilibrium position is reduced from 0.0898mm to 0.0534mm when 

the derivative coefficient increases from 9.3 to 15.5 as shown in Fig. 2.27(b). Therefore, the 

experimental results of titling response are consistent with the simulation results. The tilting 

torque generated by the radial AMB could effectively suppress the disturbance acting on the 

rotational motion of the MSFW rotor. 

 

(a) 

 

(b) 

Fig. 2.26. The response curves of MSFW rotor for the transient impulse with different derivative 

coefficients and proportional coefficients, (a) the relationship between the displacement and the 

proportional coefficient, (b) the relationship between the displacement and the derivative coefficients. 
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(a) 

 

(b) 

Fig. 2.27. The dynamic response curves of MSFW rotor for harmonic disturbance with different 

proportional coefficients and derivative coefficients, (a) the relationship between the displacement and 

the proportional coefficient, (b) the relationship between the displacement and the derivative coefficients. 

2.7 Summary 

The vibration characteristics of an MSFW rotor are investigated in this chapter. For the 

vibration characteristics of MSFW rotor’s translational motion, the vibration transmissibility of 

MSFW rotor could be suppressed by the derivative coefficient of control system, but it would 

become more serious by increasing the proportional coefficient of control system. In the 

meanwhile, the natural frequency of MSFW rotor is linear to the proportional coefficient of 

control system, so the natural frequency should be set greater than the real-time frequency of 

MSFW rotor by controlling proportional coefficient to avoid the resonance vibration of MSFW 

rotor. If the real-time frequency does not approach to the natural frequency of MSFW rotor, the 

vibration magnitude could be suppressed by the derivative coefficient, but a great value of 

proportional coefficient could cause negative influence to the stability of MSFW rotor.  



 

53 

For the tilting vibration of MSFW rotor with imposing different disturbances are 

investigated. In the case of a transient impulse disturbance acting on the MSFW rotor, the titling 

angle of MSFW rotor would decrease with its rotational frequency. On the other hand, in the 

case of a harmonic disturbance, the titling angle of MSFW rotor would increase with the 

rotational frequency. When the natural rotational frequency is equal to the vibration frequency 

of harmonic disturbance acting on the MSFW rotor, the resonant vibration of the MSFW rotor 

occurs. The simulation results and experimental results prove that the tilting torque formed by 

the radial AMBs at lower end and upper end could mitigate vibration responses of MSFW rotor. 

The tilting angle could be suppressed by proper tuning of the derivative coefficient and the 

proportional coefficient. 
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Chapter 3. The Stability Analysis Method of MSFW 

Rotor 

The vibration characteristics of the MSFW rotor had been analyzed using the state space 

function and its solution is presented in Chapter 2. The research focus is about the translational 

vibration of the MSFW rotor with symmetrical suspension span. The rotational vibration of the 

MSFW rotor with the asymmetrical structure is more worthy of being investigated. 

In Chapter 2, the vibration characteristics of the MSFW rotor are analyzed assuming the 

radial AMBs are located symmetrically to the mass center of the MSFW rotor. However, in the 

real structural design of the radial AMBs and the MSFW rotor, this kind of symmetry about the 

locations of the radial AMBs is not guaranteed. Therefore, the vibration characteristics of the 

MSFW rotor with considerations of the suspension span ratio between the upper and lower 

radial AMBs and the moment of inertia ratio between the equatorial and polar moment of inertia 

are analyzed. In the case of the translational vibration of the MSFW rotor, the gain margin and 

the phase margin of the frequency response spectrum of the translational control loop are used 

as evaluation indices of the stability of the MSFW rotor. The rotational vibration of the MSFW 

rotor is analyzed based on the distribution of the open-loop pole and the frequency response of 

the rotational control loop. The relationships amongst the critical rotational frequency of the 

MSFW rotor, the moment of inertia ratio and the suspension span ratio are investigated, the 

frequency of the back whirling (BW) increases with the moment of inertia ratio and the 

suspension span ratio, but the frequency of the forward whirling (FW) decreases with the 

moment of inertia ratio and the suspension span ratio. Furthermore, based on the response curve 

of the negative frequency and the positive frequency, the stability criterion of the radial rotation 

control based on the dual frequency bode diagram is developed, and the influence of the 

suspension span ratio and the moment of inertia ratio are analyzed. The proposed vibration 

analysis method of the MSFW rotor by considering the suspension span ratio and the moment 

of inertia ratio is a potential method for the analysis of the vibration characteristics of the 

MSFW rotor.  
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3.1 The Unsymmetrical Structure of MSFW Rotor 

3.1.1 The MSFW Rotor with Unsymmetrical Suspension Span 

 

(a) 

 

(b) 

 

(c) 

Fig. 3.1. The different structures of the MSFW rotor with different suspension span ratios, (a) the 

symmetrical structure of the MSFW rotor with llm/lum=1, (b) the unsymmetrical structure of the MSFW 

rotor with llm/lum>1, (c) the unsymmetrical structure of the MSFW rotor with llm/lum<1. 

As illustrated in Fig. 3.1, there are three different structures of the MSFW rotor with 

different suspension ratios of the radial AMB. Fig. 3.1(a) illustrates the symmetrical structure 

of an MSFW rotor. The suspension span from the radial AMB at the lower end to the mass 

center of the MSFW rotor equals to the suspension span from the radial AMB at the upper end 

to the mass center of the MSFW rotor. So, in this kind of structure, the suspension span ratio of 

the radial AMB is llm/lum=1. This kind of MSFW rotor is defined as the symmetrical MSFW 

rotor. However, this kind of the symmetry about the locations of the radial AMB is not 

guaranteed in the practical design, an unsymmetrical MSFW rotor is illustrated in Fig. 3.1(b). 

The suspension span from the radial AMB at lower end to the mass center of the MSFW rotor 

is longer than the suspension span from the radial AMB at the upper end to the mass center of 

the MSFW rotor. In this kind of unsymmetrical MSFW rotor, the suspension span ratio of the 

radial AMB is defined as llm/lum>1. Similarly, there is another situation about the suspension 
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span ratio of the radial AMB llm/lum<1 as shown in Fig. 3.1(c). The suspension span from the 

radial AMB at the lower end to the mass center of the MSFW rotor is smaller than the 

suspension span from the radial AMB at the upper end to the mass center of the MSFW rotor. 

3.1.2 The MSFW Rotor with Unsymmetrical Moment of Inertia 

 

(a) 

 

(b) 

 

(c) 

Fig. 3.2. The structures of the MSFW rotor with different moment of inertia ratios, (a) the nominal 

structure of the MSFW rotor, (b) the structure of the MSFW rotor with Jx/Jy<1, (c) the structure of the 

MSFW rotor with Jx/Jy>1. 

The structures of the MSFW rotor with different ratios between the equatorial moment of 

inertia and the polar moment of inertia are illustrated in Fig. 3.2. The nominal model of the 

MSFW rotor is shown Fig. 3.2(a). When the MSFW rotor is designed as a disc with a great 

moment of inertia in Fig. 3.2(b), and the equatorial moment of inertia is smaller than the polar 

moment of inertia, so the ratio between the equatorial moment of inertia and the polar moment 

of inertia is Jx/Jy<1. Moreover, the MSFW rotor is designed as a spindly rotor in Fig. 3.2(c), 

and the equatorial moment of inertia is greater than the polar moment of inertia, so the ratio 

between the equatorial moment of inertia and the polar moment of inertia is Jx/Jy>1. 
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3.2 The Translational Response Analysis of MSFW Rotor 

As illustrated in Fig. 2.9, the whole control scheme of the MSFW rotor consists of a 

translational control loop and a rotational control loop. In the closed loop control system of 

translational motion, the dynamic displacement variations of MSFW rotor detected by the 

displacement sensors are used as feedback signals. The AMBs generate magnetic forces for the 

translational control of the MSFW rotor in three directions. In the rotational control loop, the 

tilting angles of the MSFW rotor are used as the feedback signals for the closed-loop control. 

A cross-feedback compensation with the rotational speed is applied to suppress the gyroscopic 

coupling effect when MSFW rotor works at a high rotational speed. 

3.2.1 The Modeling of Translational Control Loop 

 

Fig. 3.3. The translational control loop of MSFW rotor based on the negative displacement feedback. 

The closed loop control system of translational motion as illustrated in Fig. 3.3. The 

translational displacement of the MSFW rotor is fed back to the control input. Through tuning 

the damping coefficient and the stiffness coefficient of the AMB system, the control system 

could generate the control currents through synthesizing control input between the reference 

input and the feedback displacement. The closed loop transfer function of translational motion 

could be expressed into 

 ( )
2

e D e P d
T

e D e P d

k K s k K k
G s

ms k K s k K k

+ −
=

+ + −
 (3.1) 

where KP is proportional coefficient for regulating the system stiffness. KD is the derivative 

coefficient for tuning the system damping. ke is the electromagnetic constant of the radial AMB 

as following 

Translation
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 e i w sk k k k=  (3.2) 

where ka is the amplification coefficient of the current amplifier, and ks is the sensitivity of the 

eddy current displacement sensor. 

3.2.2 The Response of Translational Control Loop 

TABLE. 3.I. Parameters of MSFW rotor system for the analysis of critical rotational frequency. 

Parameter Value Unit 

Radial current stiffness kix=520 N/A 

Radial displacement stiffness kdx=-2800 N/mm 

Axial current stiffness kiz=500 N/A 

Axial displacement stiffness kdz=-1700 N/mm 

Nominal moment of inertia about z axis Jz=1.43 kgm2 

Nominal moment of inertial about x axis Jx=6.21 kgm2 

Nominal moment of inertial about y axis Jy=6.21 kgm2 

Nominal distance from center of mass to upper end lum=0.42622 m 

Nominal distance from center of mass to lower end llm=0.28378 m 

Distance from center of mass to radial sensor at upper end lus=0.49222 m 

Distance from center of mass to radial sensor at lower end lls=0.30578 m 

Sensitivity of displacement sensor ks=3.3 V/mm 

Amplification coefficient kw=0.2 A/V 

Rotor mass m=150 kg 

 

The frequency responses of the translational control loop with different values of the 

proportional coefficient KP are plotted in Fig. 3.4(a) using the parameters of the MSFW rotor 

as listed in TABLE. 3.I. The response magnitude of the translational control loop increases with 

the proportional coefficient of translational control loop. On the other hand, the frequency 

responses of the translational control loop with different values of the derivative coefficient KD 

are plotted in Fig. 3.4(b). The response magnitude of translational control loop is reduced with 

the derivative coefficient, so the translational vibration of MSFW rotor could be suppressed by 

tuning the derivative coefficient of translational control loop. 
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(a) 

 

(b) 

Fig. 3.4. The frequency responses of the translational control loop, (a) influence of the proportional 

coefficient of translational control loop, (b) influence of the derivative coefficient of translational control 

loop. 
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The relationship between the phase margin of translational control loop and the 

proportional coefficient KP is plotted in Fig. 3.5(a). The phase margin of the translational control 

loop decreases with the proportional coefficient. It indicates that the stability of the translational 

control loop is weakened by improving the proportional coefficient of translational control loop. 

The relationship between the phase margin of translational control loop and the derivative 

coefficient KD is plotted in Fig. 3.5(b). The phase margin is positively proportional to the 

derivative coefficient, so the stability of the translational control loop could be improved by 

increasing the derivative coefficient of the translational control loop. 

 

(a) 

 

(b) 

Fig. 3.5. The phase margin of the translational control loop, (a) influence of the proportional coefficient, 

(b) influence of the derivative coefficient. 
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3.3 The Rotational Response Analysis of MSFW Rotor 

3.3.1 The Modelling of Rotational Control Loop 

 

Fig. 3.6. The control scheme of the tilting motion of the MSFW rotor. 

The control block diagram of the tilting motion of the MSFW rotor is shown in Fig. 3.6. 

The tilting angle of the MSFW rotor is fed back to the control input, and the tilting torques 

generated by the upper end and lower end radial AMBs control the tilting response of the 

MSFW rotor. The tilting angles about two radial axes are cross fed into the tilting control loop 

to suppress the influence caused by the gyroscopic coupling effect of the MSFW rotor at high 

speed. 

The dynamic equations of the radial tilting about radial axes could be rewritten as 
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where lum is the distance between the radial AMB at upper end and the mass center of the MSFW 

rotor, and llm is the distance between the radial AMB at lower end and the mass center of MSFW 

rotor. The damping coefficient and the stiffness coefficient of radial rotation could be written 

as the form of 
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The tilting angle of the MSFW rotor in the complex form is defined as 

 ( ) ( ) ( )s s s j  = +  (3.5) 

The first equation of Eq.(3.3) is multiplied with the imaginary unit j, the dynamic function 

in complex field could be obtained by adding the result to second equation in Eq.(3.3). Given 

that the moment of inertia Jx=Jy and the rotational moment H=JzΩ, we could write  

 ( ) ( ) ( ) ( ) ( )2
x cJ s s jH s s K s D s s K s     − + = − +    (3.6) 

Therefore, the equations of the radial rotations in Eq.(3.3) including the gyroscopic 

coupling terms and two rotational angles about radial axis could be simplified into a complex 

equation with single variable. Therefore, the stability analysis about radial rotation of MSFW 

rotor is equivalent to analyze a single complex equation with single variable. The characteristic 

function of the radial rotation of the MSFW rotor could be written as 

 ( )2 0x cJ D jH K K  + − + + =   (3.7) 

The equivalent open-loop transfer function of the radial rotational control loop is 

 ( )
2

c
ol

x

D s K
G s

J s jHs K





+
=

− +
 (3.8) 

When stiffness coefficient and damping coefficient of the radial AMB are used to regulate 

control the radial rotations of MSFW rotor, the open-loop transfer function of the radial rotation 

could be expressed as 
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Furthermore, the frequency response functions for the positive frequency and the negative 

frequency could be derived and written as 
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Moreover, the response magnitudes of the open-loop transfer function with the negative 

frequency and the positive frequency could be written as  
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The logarithmic response magnitudes of the open-loop transfer function with the negative 

frequency and the positive frequency could be written as 
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Therefore, the response curves of the MSFW rotor with the negative and positive 

frequencies could plotted, and then the stability criterion of the MSFW rotor could be developed 

according to the dual-frequency bode diagram [50]. 
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3.3.2 The Stability Criterion of Rotational Control Loop 

The classical frequency-based stability criterion for the SISO system only depends on the 

frequency response of the SISO system with the positive frequency, but the system response of 

the negative frequency should be considered for the system response of the complex transfer 

function with an imaginary part. Therefore, an equivalent stability criterion of the SISO system 

including an imaginary part is required to be established for the stability criterion of the SISO 

system with the negative frequency. This stability criterion is defined as dual frequency bode 

diagram analysis method. The stability criterion of the radial rotations of the MSFW rotor is 

used to verify the stability of the SISO system in Eq.(3.8) for both the negative frequency and 

the positive frequency. As illustrated in Fig. 3.7, the detailed steps of the stability criterion for 

the radial rotations are described in the following. 

1, define the crossovers of negative-frequency and positive-frequency response curve. For 

the negative-frequency response curve, the crossover through (2k+1)π from up-side to low-side 

is the positive crossover. For the positive-frequency response curve, the crossover through 

(2k+1)π from low-side to up-side is the positive crossover. 

2, get numbers of the open-loop poles located at the positive real part Q and numbers of 

the closed-loop poles located at the positive real part Z.  

3, specify the crossover frequency (CF) when the gain margin (GM) L(ω)>0 and L(-ω)>0, 

the CF when L(ω)>0 is ωpc, and the CF when L(-ω)>0 is ωnc. 

4, determine numbers of the phase margin (PM) φ(-ω) crossover (2k+1)π within ωnc, and 

numbers of positive crossover (2k+1)π is nn+, numbers of negative crossover (2k+1)π is nn-. 

5, determine numbers of the PM φ(ω) crossover (2k+1)π within ωpc, and numbers of 

positive crossover (2k+1)π is np+, numbers of negative crossover (2k+1)π is np-. 

6, get total numbers of crossover (2k+1)π, total number is n= np++nn-−np−nn-. 

7, If Z=Q−n=0, the response of BW and FW are both stable. 

8, if Z=Q−n≠0, the stability of BW and FW would be judged, respectively. The stability of 

BW is judged by repeating step 2-7 when the frequency is smaller than the separating frequency, 
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and the stability of FW could be judged by repeating step 2-7 when the frequency is higher than 

the separating frequency. 

 

Fig. 3.7. The stability criterion of whirling characteristic of the MSFW rotor. 

3.3.3 The Whirling Vibration of Rotational Control Loop 

When the stiffness coefficient and the damping coefficient of the MSFW rotor are not 

introduced into the cross-feedback compensation of radial rotations, the frequency of the BW 

and the FW in Eq.(3.8) could be derived and written as 
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If the stiffness coefficient and the damping coefficient of the MSFW rotor are applied, the 

frequency of the BW and the FW in Eq.(3.9) could be derived and written as 

Define positive crossover and 
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The relationship between the frequencies of the BW and the FW and the moment of inertia 

ratio is shown in Fig. 3.8. It shows that the frequencies of the FW and the BW increase with the 

rotational frequency of the MSFW rotor. The frequency of the FW increases slowly with the 

rotational frequency of the MSFW rotor when the moment of inertia ratio sets at a great value 

in Fig. 3.8(a), and the frequency of the FW decreases with the moment of inertia ratio. As shown 

in Fig. 3.8(b), the frequency of the BW approaches to zero with the increase of the rotational 

frequency of the MSFW rotor, and it increases slowly with the moment of inertia ratio. 

Therefore, the frequency of the FW decreases with the moment of inertia ratio, and the 

frequency of the BW increases with the moment of inertia ratio. 

 

(a) 

 

(b) 

Fig. 3.8. The whirling frequency of the MSFW rotor versus the moment of inertia ratio, (a) the frequency 

of the FW, (b) the frequency of the BW. 

Fig. 3.9 shows the relationship between the whirling frequency of the MSFW rotor and 

the suspension span ratio of the radial AMB. The initial frequency of the FW increases with the 

suspension span ratio of the radial AMB as shown in Fig. 3.9(a). The increasing rate of the FW 

frequency is constant even when the suspension span ratio of the radial AMB is set at different 

values. The relationship between the frequency of the BW and the suspension span ratio is 

shown in Fig. 3.9(b). The initial value of the BW frequency decreases with the suspension span 
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ratio. The frequency of the BW approaches to zero at high rotational frequency of the MSFW 

rotor.  

 

(a) 

 

(b) 

Fig. 3.9 The whirling frequency of the MSFW rotor versus the suspension span ratio, (a) the frequency 

of the FW, (b) the frequency of the BW. 

When the stiffness coefficient and the damping coefficient of the radial AMB are 

introduced in the cross-feedback compensation of the control loop, and the rotational frequency 

of the MSFW rotor is 200Hz, the relationships among the whirling frequency of the radial 

rotation, the damping coefficient and the stiffness coefficient are analyzed and plotted in Fig. 

3.10. As shown in Fig. 3.10(a), the frequency of FW would be decreased by the stiffness 

coefficient, but it could be increased by the damping coefficient. Furthermore, the frequency of 

BW increases and approaches to zero with the increase of the damping coefficient and the 

stiffness coefficient. 

 

(a) 

 

(b) 

Fig. 3.10. (a) The frequency of whirling versus the stiffness coefficient, (b) the frequency of whirling 

versus the damping coefficient. 

(a) (b)(a) (b)
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Above all, the whirling frequencies of the MSFW rotor are affected by the moment of 

inertia ratio, the suspension span ratio of the radial AMB, the stiffness coefficient and the 

damping coefficient in the cross-feedback compensation of the radial AMB. The frequency of 

the FW is positively proportional to the moment of inertia ratio, the suspension span ratio and 

the damping coefficient in the cross-feedback compensation of the radial AMB. On the other 

hand, the frequency of the BW motion is positively proportional to the moment of inertia ratio 

and decreases with the increase of suspension span ratio in the cross-feedback compensation of 

the radial AMB. 

3.3.4 The Critical Rotational Frequency of Rotational Control Loop 

Using the denominator of Eq.(3.8), the solutions of the open-loop poles are 
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If ( )2 2 24 0x d um lmJ k l l H− + −  , the solutions of the open-loop poles could be written as the 

form of real number as following 
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If ( )2 2 24 0x d um lmJ k l l H− + −  , the solutions of the open-loop poles could be written as the 

form of imaginary number as following 
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If ( )2 2 24 =0x d um lmJ k l l H− + − , the critical rotational frequency about the open-loop poles 

could be solved and written as 
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The suspension span ratio of the radial AMBs is defined as rl=llm/lum, and the moment of 

inertia ratio is rj=Jx/Jz. the critical rotational frequency in Eq.(3.18) could be rewritten as  
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So, the critical rotational frequency of the MSFW rotor depends on the displacement 

stiffness kd of the radial AMB, the moment of inertia ratio rj and the suspension span ratio rl. In 

general, the displacement stiffness of the radial AMB is designed and independent from the 

structural parameters of the MSFW rotor. Therefore, only the moment of inertia ratio rj and 

suspension span ratio rl are considered in the following analysis of the critical rotational 

frequency ωnφ. 

 

(a) 

 

(b) 

Fig. 3.11. (a) The critical rotational frequency versus the suspension span ratio, (b) the critical rotational 

frequency versus the moment of inertia ratio. 

The relationship between the critical rotational frequency and the suspension span ratio is 

illustrated in Fig. 3.11(a). The critical rotational frequency of the MSFW rotor is 139Hz when 

the suspension span ratio is set at 0.5 and the moment of inertia ratio is 1, and it increases to 

267Hz when the suspension span ratio increases to 1.9 with the same value of the moment of 

inertia ratio. It shows that the critical rotational frequency of the MSFW rotor increases with 

the suspension span ratio. As illustrated in Fig. 3.11(b), the critical rotational frequency of the 

MSFW rotor is about 176Hz when the suspension span ratio is 1 and the moment of inertia ratio 
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is 1. The critical rotational frequency increases to 352Hz when the moment of inertia ratio 

increase to 4 with the same value of the suspension span ratio. Therefore, the critical rotational 

frequency of the MSFW rotor is affected by the variation of moment of inertia ratio. 

3.4 The Open-loop Pole Distribution of Rotational Control 

Loop 

3.4.1 The Open-loop Pole versus Moment of Inertia Ratio 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.12. The open-loop pole versus the moment of inertia ratio when the rotational frequency is lower 

than 500Hz, (a) the moment of inertia ratio is 1, (b) the moment of inertia ratio is 2, (c) the moment of 

inertia ratio is 3, (d) the moment of inertia ratio is 4. 

According to the calculation in Eq.(3.15) and Eq.(3.16), the relationship between the 

distribution of the open-loop poles and the moment of inertia ratio is plotted in Fig. 3.12. The 

suspension span of the MSFW rotor is assumed to be a symmetrical structure, so the suspension 

span ratio of the radial AMB is sets at 1. The direction of the arrow in Fig. 3.12 indicates the 

(b)

(c) (d)

(a) (b)

(c) (d)

(a)

(b)

(c) (d)

(a) (b)

(c) (d)

(a)
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increasing direction of the rotational frequency. When the rotational frequency of the MSFW 

rotor is greater than the critical rotational frequency, the open-loop poles bifurcate into the 

increasing part as shown by the red cross and the decreasing part as shown by the blue cross. 

Moreover, the increasing part shown by the red dash line is the frequency locus of the FW, and 

the decreasing part marked by the blue dash line is the frequency locus of the BW motion. 

In Fig. 3.12(a), when the moment of inertia ratio is 1, the furcation of the whirling motion 

occurs at 100Hz. The critical rotational frequency of the MSFW rotor is about 175.89Hz which 

is very close to the furcation frequency. When the moment of inertia ratio increases to 4, the 

critical rotational frequency of the MSFW rotor is about 351.77Hz, but the furcation of the 

whirling motion happens at 43.75Hz. Therefore, the critical rotational frequency of the MSFW 

rotor increases with an increase of moment of inertia ratio but the furcation frequency decreases 

with an increase of the moment of inertia ratio. Moreover, as listed in TABLE. 3.II, the 

frequency of the FW declines with an increase of moment of inertia ratio, and the frequency of 

the BW motion increases with an increase of moment of inertia ratio at a lower rate. Therefore, 

the frequency bandwidth between the BW and the FW motions could be enlarged by increasing 

the moment of inertia ratio. 

TABLE. 3.II. Frequency of the whirling versus the moment of inertia ratio. 

Moment of inertia ratio 

 

1 2 3 4 

Critical rotational frequency (Hz) 175.89 248.74 304.65 351.77 

Furcation frequency (Hz) 100 62.5 54.16 43.75 

Frequency of BW motion (Hz) 16.88 17.88 18.43 19.48 

Frequency of FW (Hz) 458.1 219.9 139.9 99.27 

Bandwidth (Hz) 441.22 202.02 121.47 79.79 
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3.4.2 The Open-loop Pole versus Suspension Span Ratio 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.13. The open-loop pole with the suspension span ratio when the rotational frequency is lower than 

500Hz, (a) the suspension span ratio is 0.5, (b) the suspension span ratio is 1, (c) the suspension span 

ratio is 1.5, (d) the suspension span ratio is 2.  

The relationship between the distribution of the open-loop poles and the suspension span 

ratio of the radial AMBs is plotted in Fig. 3.13. Like Fig. 3.12, the blue star line is the frequency 

locus of the BW motion, and the red circle line is the frequency locus of the FW. When the 

rotational frequency of the MSFW exceeds the critical rotational frequency, the whirling motion 

of the MSFW rotor bifurcates into the FW and the BW motion at the critical rotational frequency. 

As illustrated in Fig. 3.13(a), the critical rotational frequency of the MSFW rotor is about 

296.05Hz when the suspension span ratio is set at 0.5. The furcation of the FW (red line) and 

the BW motion (blue line) starts at 33.1Hz. Moreover, the critical rotational frequency of the 

MSFW rotor increases to 592.09Hz when the suspension span ratio increases to 2 as shown in 

Fig. 3.13(d). The FW and the BW motion do not bifurcate on distribution of the open-loop poles 

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)
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because the rotational frequency of the MSFW rotor is lower than the critical rotational 

frequency. Therefore, the suspension span ratio of the radial AMBs affects the critical rotational 

frequency of the MSFW rotor. Moreover, as listed in TABLE. 3.III, the frequency of the FW 

decreases with an increase of the suspension span ratio, but the frequency of the BW motion 

increases with an increase of the suspension span ratio. So, the frequency bandwidth between 

the BW motion and the FW could be enlarged by increasing the moment of inertia ratio. 

TABLE. 3.III. Frequency of the whirling versus the suspension span ratio. 

Suspension span ratio 

 

0.5 1 1.5 2 

Critical rotational frequency (Hz) 296.05 374.47 477.36 592.09 

Furcation frequency (Hz) 33.1 41.36 null null 

Frequency of BW motion (Hz) 11.42 20.16 null null 

Frequency of FW (Hz) 93.34 84.63 null null 

Bandwidth (Hz) 81.92 64.47 null null 

 

The analysis shows that the whirling vibration of the MSFW rotor could be avoidable by 

increasing the moment of inertia ratio and the suspension span ratio. Moreover, the frequency 

of the FW could be reduced by increasing the moment of inertia ratio and the suspension span 

ratio, and the frequency of the BW motion could be increased by increasing the moment of 

inertia ratio and the suspension span ratio. 
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3.5 Frequency Response of Rotational Control Loop 

3.5.1 The Frequency Response of Rotation versus Moment of Inertia Ratio 

 

(a) 

 

(b) 

(a) (b)

(c) (d)

(a) (b)

(c) (d)
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(c) 

 

(d) 

Fig. 3.14. The frequency response curves of the rotation versus the moment of inertia ratio, (a) the 

suspension span ratio is 0.5, (b) the suspension span ratio is 1, (c) the suspension span ratio is 1.5, (d) the 

suspension span ratio is 2. 

The relationship between the frequency response of the rotational control loop and the 

moment of inertia ratio is illustrated in Fig. 3.14 with the rotational frequency of the MSFW 

rotor at 500Hz. At the beginning, the suspension span ratio is 0.5 and the moment of inertia 

ratio is 1. The frequency response of the radial rotation in Fig. 3.14(a) shows that there are two 

response peaks, the peak amplitude at lower frequency is the response amplitude of the BW 

motion while the peak amplitude at higher frequency is the response amplitude of the FW 

motion. The response frequency of the BW motion is about 9.86Hz, and the response frequency 

of the FW is about 491Hz. The frequency bandwidth between the FW and the BW motion is 

(a) (b)

(c) (d)

(a) (b)

(c) (d)
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therefore about 481.14Hz. When the moment of inertia increases to 4 and the suspension span 

ratio is kept at 0.5, the frequency response of the radial rotation is represented by the green line 

in Fig. 3.14(a). The response frequency of the BW motion is about 10.6Hz, and the response 

frequency of the FW is about 114Hz. Hence the frequency bandwidth between the BW motion 

and the FW is about 103.4Hz. It indicates that the response frequency of the BW motion 

increases slowly with the moment of inertia ratio, but the response frequency of the FW 

decreases sharply with the moment of inertia ratio. 

Fig. 3.14(b) shows that the response frequency of the BW motion is about 18.1Hz and that 

of FW is about 107Hz when the moment of inertia ratio is 4 and the suspension span ratio is 1. 

As shown in Fig. 3.14(c), the response frequency of the FW decreases to 90.1Hz, and the 

response frequency of the BW increases to 18.1Hz when the moment of inertia ratio is 4 and 

the suspension span ratio increases to 1.5. In Fig. 3.14(d), when the moment of inertia ratio is 

4 and the suspension span ratio is 1.5, the furcation of the whirling does not occur because the 

critical rotational frequency of the MSFW rotor is greater than the rotational frequency of the 

MSFW rotor. Thence, the response frequency of the FW increases slowly with the suspension 

span ratio, and the response frequency of the BW also increases with the suspension span ratio. 

Therefore, the frequency bandwidth between the response frequency of the FW and that of the 

BW decreases with the suspension span ratio. 

TABLE. 3.IV. Frequency of whirling versus moment of inertial ratio when suspension span ratio is 0.5. 

Moment of inertia ratio 1 2 3 4 

Critical rotational frequency (Hz) 139.05 196.65 240.84 278.1 

Frequency of BW motion (Hz) 9.86 10.1 10.3 10.6 

Frequency of FW (Hz) 490 240 156 114 

Frequency bandwidth (Hz) 480.14 229.9 145.7 103.4 

TABLE. 3.V. Frequency of whirling versus moment of inertial ratio when suspension span ratio is 1. 

Moment of inertia ratio 1 2 3 4 

Critical rotational frequency (Hz) 175.89 248.74 304.65 351.77 

Frequency of BW motion (Hz) 16 16.6 17.3 18.1 

Frequency of FW (Hz) 484 233 149 107 

Frequency bandwidth (Hz) 468 216.4 131.7 88.9 
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TABLE. 3.VI. Frequency of whirling versus moment of inertial ratio when suspension span ratio is 1.5. 

Moment of inertia ratio 1 2 3 4 

Critical rotational frequency (Hz) 224.1 317.09 388.35 448.43 

Frequency of BW motion (Hz) 26.5 28.4 30.8 34.9 

Frequency of FW (Hz) 473 222 136 90.1 

Frequency bandwidth (Hz) 446.5 193.6 105.2 55.2 

TABLE. 3.VII. Frequency of whirling versus moment of inertial ratio when suspension span ratio is 2. 

Moment of inertia ratio 1 2 3 4 

Critical rotational frequency (Hz) 278.1 351.77 430.83 556.21 

Frequency of BW motion (Hz) 42.2 47.8 61 null 

Frequency of FW (Hz) 458 202 106 null 

Frequency bandwidth (Hz) 415.8 154.2 45 null 

3.5.2 The Frequency Response of Rotation versus Suspension Span Ratio 

Moreover, based on the whirling frequency data in TABLE. 3.IV, TABLE. 3.V, TABLE. 

3.VI and TABLE. 3.VII, the relationship among the response frequency of the BW MOTION, 

the moment of inertia ratio and the suspension span ratio are plotted in Fig. 3.15. It shows that 

the response frequency of the BW motion increases with the suspension span ratio, and the 

response frequency of the BW motion also increases with the suspension span ratio. The 

relationship among the response frequency of the FW motion, the moment of inertia ratio and 

the suspension span ratio are shown in Fig. 3.16. The response frequency of the FW motion 

decreases slowly with the increase of the suspension span ratio, and the response frequency of 

the FW motion decreases quickly with the increase of the moment of inertia ratio. Finally, the 

frequency bandwidth between the response frequency of the BW MOTION and the FW motion 

is plotted in Fig. 3.17. This result indicates that the frequency bandwidth decreases with the 

suspension span ratio and the moment of inertia ratio, so the bifurcation of the BW motion and 

the FW motion would appear easily when the MSFW motion rotor has a small value of the 

suspension span ratio. 
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(a) 

 

(b) 

Fig. 3.15. The response frequency of the BW motion, (a) the response frequency of the BW motion versus 

the suspension span ratio, (b) the response frequency of the BW motion versus the moment of inertia 

ratio. 

 

(a) 

 

(b) 

Fig. 3.16. The response frequency of the FW motion, (a) the response frequency of the FW motion versus 

the suspension span ratio, (b) the response frequency of the FW motion versus the moment of inertia 

ratio. 

 

(a) 

 

(b) 

Fig. 3.17. The frequency bandwidth between the BW motion and the FW motion, (a) the frequency 

bandwidth versus the suspension span ratio, (b) the frequency bandwidth versus the moment of inertia 

ratio. 

(a) (b)(a) (b)

(a) (b)(a) (b)

(a) (b)(a) (b)
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3.6 The Stability Criterion of MSFW Rotor 

3.6.1 The Stability of Rotation versus Moment of Inertia Ratio 

This part is to testify the stability criterion of the whirling with influence of the moment 

of inertia ratio. When the rotational frequency of the MSFW rotor sets at 500Hz and the 

suspension span ratio of the radial AMB sets at 1, the frequency responses of the whirling with 

different moment of inertia ratios are illustrated in Fig. 3.18. For the response curves of the 

whirling of the MSFW rotor in Fig. 3.18 (a), the critical whirling frequency is 111Hz, there are 
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The whirling of the MSFW rotor is not stable.  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.18.The response curves of the whirling with the positive and negative frequency, (a) the suspension 
span ratio is 1 and the moment of inertia ratio is 1, (b) the suspension span ratio is 1 and the moment of 

inertia ratio is 2, (c) the suspension span ratio is 1 and the moment of inertia ratio is 3, (d) the suspension 

span ratio is 1 and the moment of inertia ratio is 4. 
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Furthermore, the separating frequency between the BW motion and the FW motion is 

56Hz, the frequency range lower than the separating frequency is defined as the low-frequency 

range while the frequency range higher than the separating frequency is defined as the high-

frequency range. The stability of the BW motion is judged within the frequency range lower 

than the separating frequency, and the stability of the FW motion is judged within the frequency 

range higher than the separating frequency. In detail, for the frequency range lower than the 

separating frequency, there are 
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The BW motion of the FW motion rotor is stable.  

When the rotational frequency of the MSFW rotor is higher than the separating frequency 

of the BW motion and the FW motion, we have 
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So, the FW motion of the MSFW rotor is not stable.  

When the suspension span ratio increases from 0.5 to 2, the stability status of the whirling 

is same as the case in Fig. 3.18(a). Consequently, the suspension span ratio of the radial AMBs 

at upper end and lower end does not cause serious influence on the stability of whirling of the 

MSFW rotor, but it affects the critical rotational frequency of the MSFW rotor. 

3.6.2 The Stability of Rotation versus Suspension Span Ratio 

This section is to test the stability criterion of the rotational motion of the MSFW rotor 

with the influence of the moment of inertia ratio. The frequency response curves of the radial 

motion with the suspension span ratio increases from 0.5 to 2 are calculated and plotted in Fig. 

3.19. The rotational frequency of the MSFW rotor is assumed to be 500Hz and the moment of 

inertia ratio to be 1. In Fig. 3.19(a), the critical rotational frequency of the MSFW rotor is 236Hz, 

there are 
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The whirling of the MSFW rotor is not stable.  

Moreover, the separating frequency of the BW motion and FW motion is 26Hz. The 

frequency range lower than the 26Hz is defined as the low-frequency range, the frequency range 

higher than the 26Hz is the high-frequency range. When the frequency of the MSFW rotor is 

lower than the separating frequency of the BW motion and the FW motion, we have 
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The BW motion of the MSFW rotor is stable.  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.19. The response curves of the whirling with the positive and negative frequency, (a) the 

suspension span ratio is 0.5 and the moment of inertia ratio is 4, (b) the suspension span ratio is 1 and 

the moment of inertia ratio is 4, (c) the suspension span ratio is 1.5 and the moment of inertia ratio is 4, 

(d) the suspension span ratio is 2 and the moment of inertia ratio is 4. 
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When the rotational frequency of the MSFW rotor is higher than the separating frequency 

of the BW motion and the FW motion, we have  

 

0
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0

Q

n

Z Q n
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= + − − =
 = − 

 (3.25) 

The FW motion of the MSFW rotor is not stable.  

As shown in Fig. 3.19(d), the critical rotational frequency of the MSFW rotor is 690Hz. 

The rotational frequency of the MSFW rotor is lower than the critical rotational frequency. We 

have 
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  (3.26) 

The FW motion and the BW motion of the MSFW rotor are both stable. 

Therefore, for the MSFW rotor, the moment of inertia ratio could affect the stability of 

whirling motion, and the stability of whirling motion increases with the moment of inertia ratio. 

Moreover, the stability of whirling motion could be improved by increasing the suspension span 

ratio, and so the unstable vibration of the FW motion and the BW motion could be avoidable. 

In addition, the unstable high-frequency vibration of the FW motion easily occurs compared 

with the low-frequency vibration of the BW motion. 

3.6.3 The Stability of Rotation versus Rotational Frequency 

With the moment of inertia ratio set at 4 and the suspension span ratio set at 1, the 

frequency responses of the rotational motion at different rotating frequencies are calculated and 

plotted in Fig. 3.20. Because there are no gyroscopic coupling terms when the rotational 

frequency of the MSFW rotor is 0Hz, the response curve of the positive frequency is consistent 

with that of the negative frequency as shown in Fig. 3.20(a). When the rotational frequency of 

the MSFW rotor is not 0Hz, the response curves of the radial rotation for the positive frequency 

and the negative frequency are different as shown in Fig. 3.20(b) to (d). 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.20. The response curves for the positive and negative frequency, (a) the rotational frequency is 0, 

(b) the rotational frequency is 200Hz, (c) the rotational frequency is 500Hz, (d) the rotational frequency 

is 1000Hz. 

Therefore, the stability criterion for the rotational motion could be described as following: 

When the rotating frequency of MSFW rotor is 0Hz in Fig. 3.20(a), we have  
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 (3.27) 

The whirling of the MSFW rotor is stable.  

When the rotational frequency of the MSFW rotor increases to 200Hz in Fig. 3.20(b), we 

have 
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The whirling of the MSFW rotor is still stable.  

When the rotating frequency of MSFW rotor is 500Hz in Fig. 3.20(c), we have 
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  (3.29) 

The whirling of the MSFW rotor n is not stable.  

The separating frequency of BW motion and FW motion is 43.97Hz. The frequency range 

lower than the 43.97Hz is defined as the low-frequency range, and the frequency range higher 

than the 43.97Hz is defined as the high-frequency range. When the frequency of the MSFW 

rotor is lower than the separating frequency of the BW motion and the FW motion, we have  
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  (3.30) 

The BW motion of the MSFW rotor is stable.  

When the rotating frequency of MSFW rotor is higher than the separating frequency, we 

have 
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  (3.31) 

The FW motion of the MSFW rotor is not stable. 

Fig. 3.20(d) shows that the rotational frequency of the MSFW rotor is 1000Hz, the stability 

status of whirling of the MSFW rotor is same as the stability status of the MSFW rotor at 500Hz. 

Therefore, the stability of whirling would be weakened by increasing the rotational speed of the 

MSFW rotor. Specially, the stability of the FW motion is easily affected by the rotational speed 

of the MSFW rotor. 
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3.7 The Experimental Verification 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.21. The dynamic displacements of the MSFW rotor when suspension span ratio is 0.5, (a) dynamic 

displacements along x axis, (b) dynamic displacements along y axis, (c) the PSD of dynamic displacement, 

(d) the axis orbit of the MSFW rotor. 

Based on the experimental setup in Fig. 2.18, when the suspension span ratio sets at 1 and 

the rotational frequency sets is 400Hz, the displacement deflections of the MSFW rotor along 

x and y axis are plotted in  Fig. 3.21. The maximum displacement deflection of the MSFW rotor 

is about 0.027mm, which is greater than the protective gap, so the whirling of the MSFW rotor 

is not stable. Furthermore, the power spectrum density (PSD) of the dynamic displacements 

along x axis is shown in Fig. 3.21(c), the peak amplitude at 106Hz is the vibration amplitude of 

the FW motion, and this result is quietly close to the FW frequency (93.34Hz) in TABLE. 3.III. 

The axis orbit of the MSFW rotor is illustrated in Fig. 3.21(d), the red-line cycle presents the 

protective airgap (0.02mm) of the MSFW rotor, and the blue-line cycle is the real-time axis 

orbit of the MSFW rotor, it shows that the axis orbit of the MSFW rotor had exceeded the 
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protective gap. Therefore, the FW motion of the MSFW rotor is not stable, this result is 

consistent with analysis result in section 3.6.2. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.22. The dynamic displacements of the MSFW rotor when suspension span ratio is 1, (a) dynamic 
displacements along x axis, (b) dynamic displacements along y axis, (c) the PSD of dynamic displacement, 

(d) the axis orbit of the MSFW rotor. 

Furthermore, the suspension span ratio is tuned to 1, the displacement deflections of the 

MSFW rotor are illustrated in Fig. 3.22, and the maximum value of displacement deflection 

from the balanced position is 0.035mm, so the whirling motion of MSFW rotor is not stable. 

The peak frequency of the FW motion is 84Hz in Fig. 3.22(c), which approximately equal to 

the FW frequency (84.63Hz) in TABLE. 3.III. It indicates that the FW motion of the MSFW 

rotor is not stable. Finally, the axis orbit of the MSFW rotor in Fig. 3.22 (d) also verifies that 

the maximum displacement deflection of MSFW rotor had exceeded the protective airgap, so 

the FW motion is not stable. 

Considering the variation of the suspension span ratio, the experiment validates that the 

whirling of the MSFW rotor will be unstable when the rotational frequency exceeds the critical 
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whirling frequency of the MSFW rotor. The unstable vibration of the FW more easily happens 

than the BW motion, and the frequency of the FW motion decreases with the suspension span 

ratio. Moreover, the whirling stability analysis based on the dual frequency bode diagram is 

useful to judge the whirling stability of the MSFW rotor based on experimental results. 

3.8 Summary 

The vibration characteristics of the MSFW rotor are analyzed based on frequency 

responses of the translational and rotational motions. The response magnitude of the translation 

is enlarged by increasing the proportional coefficient of control system, and the phase margin 

of translational motion decreases with the increase of proportional coefficient. The response 

magnitude of MSFW rotor’s translational motion could be reduced with the increase of the 

derivative coefficient, and the phase margin of the translational motion increases with the 

increase of the derivative coefficient. Therefore, the vibration characteristics of the translation 

could be determined by the control parameters, and the vibration response of the translational 

motion could be suppressed by proper tuning of the proportional coefficient and the derivative 

coefficient. 

For the rotational motion of the MSFW rotor, according to the distribution of the open-

loop poles and the frequency response of the rotational control loop, the critical rotational 

frequency of the MSFW rotor increases with the moment of inertia ratio and the suspension 

span ratio. The BW motion and the FW motion will appear only when the rotating frequency 

of the MSFW rotor exceeds the critical rotational frequency. Therefore, the occurrences of the 

BW motion and the FW motion could be avoided if the moment of inertia ratio and the 

suspension span ratio are carefully chosen in the design of the MSFW rotor. Even if the BW 

motion and FW motion are not avoidable, the frequency bandwidth between the BW motion 

and the FW motion could be tuned by slightly adjusting the moment of inertia ratio. Moreover, 

vibration modes of the FW motion and the BW motion could be separated, and then the different 

control methods for different whirling modes could be designed and applied.  
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Moreover, the stability criterion of the whirling of the MSFW rotor are established based 

on the dual frequency bode diagram. The influences of the suspension span ratio and the 

moment of inertia ratio to the stability of the whirling are analyzed. The analysis result indicates 

that the moment of inertia ratio causes significant effect on the stability of the FW motion. A 

high value of the moment of inertia ratio could easily cause the FW motion of the MSFW rotor 

to become unstable. On the other hand, the suspension span ratio does not generate big influence 

on the stability of the FW motion and the BW motion, but it will affect the critical rotational 

frequency of the MSFW rotor and hence affect the stability of the FW motion and the BW 

motion as well. 

Above all, a new analysis method about the vibration characteristics of the MSFW rotor 

is proposed, and this method provides some guidelines to the structural in the MSFW rotor. The 

stability criterion of the MSFW rotor based on the dual frequency bode diagram is an effective 

way to analyze the stability of the MSFW rotor’s whirling vibration. 
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Chapter 4. The Vibration Absorbing Characteristics of 

MSFW Rotor 

Based on the vibration analysis methods of the MSFW rotor in Chapter 2 and Chapter 3, 

the vibration behaviors of the MSFW rotor on the translation and the rotation had been studied. 

Furthermore, the active vibration control of MSFW rotor by adopting the additional DVA and 

control methods should be researched to effectively suppress the vibration response. 

Therefore, the vibration absorbing characteristics of an axial AMB mounted at the 

suspension end of the MSFW rotor is analyzed. This axial AMB could be regarded as a kind of 

DVA. The stiffness characteristic and the damping characteristic of the axial AMB are modeled 

and analyzed. The axial AMB has the active controllability through properly changing the 

damping coefficient and the stiffness coefficient, and then the magnetic forces and the tilting 

torque are generated by the control system to control the radial tilting of MSFW rotor. Moreover, 

the dynamic equations of the MSFW rotor and the load rotor are derived, and their dynamic 

responses are analyzed, the vibration response of the MSFW rotor and the load rotor could be 

controlled through regulating the damping coefficient and the stiffness coefficient of axial AMB. 

Finally, by choosing different stiffness coefficients and damping coefficients, the experiments 

are designed to validate the theoretical analysis by analyzing dynamic displacements of the 

MSFW rotor at different rotating speeds. Consequently, the vibration control ability of the 

MSFW rotor is controllable by tuning the damping coefficient and the stiffness coefficient of 

control system, and the effective range of active vibration control is useful to the whole 

operational frequency of the MSFW rotor. 

4.1 The Structure of MSFW Rotor and Load Rotor System 

The two-mass rotational system of the MSFW rotor and the load rotor is shown in Fig. 4.1. 

The two pairs of radial AMBs could keep the stable suspension of MSFW at the radial 

equilibrium position by tuning the magnetic forces to, one pair of radial AMBs is mounted at 

the A-A end, and another pair of radial AMBs is mounted as the driving end (B-B end). The 
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axial AMB fixed at two ends of flywheel rotor is applied to control the dynamic responses of 

the MSFW rotor and the load rotor. Moreover, the eddy current displacement sensors at right 

end and left end of the MSFW rotor could timely detect the dynamic displacement of the MSFW 

rotor deflecting from the radial and axial equilibrium position. In the meanwhile, the load rotor 

is fixed at the right end of MSFW system, the MSFW rotor and the load rotor are driven by one 

PMSM. 

 

Fig. 4.1. The structure of the MSFW rotor and the load rotor system.  

 

Fig. 4.2. The simplified model of the MSFW rotor and the load rotor system. 

Based on the structure of the MSFW rotor and the load rotor system in Fig. 4.1. The 

coupling shaft connecting the MSFW rotor with the load rotor is modelled as a settled mass-

spring connection, whose damping and stiffness are determined by the coupling shaft 

connecting the MSFW rotor with the load rotor. The AMB in axial and radial directions are 

modelled as three sets of tunable springs and dampers, their stiffness coefficients and damping 

coefficients could be regulated based on the negative displacement feedback of MSFW rotor. 

Comparing to normal two-mass resonant rotor system [111-113], the difference of the two-mass 

rotor system in Fig. 4.2 is that the effective frequency range of the normal two-mass rotor 

Radial AMB in A-A end Axial AMB Motor Radial AMB in B-B end

Radial sensor in A-A endAxial sensor Rotor Radial sensor in B-B end
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system is a constant value, but the effective control frequency of the MSFW rotor and the load 

rotor system could be regulated by tuning the torques and forces of MSFW rotor.  

Furthermore, the simplified model of the MSFW rotor and the load rotor system is shown 

in Fig. 4.2. The moment of inertia of the MSFW rotor is defined as Jm, Jl is defined as the 

moment of inertia of the load rotor. K is expressed as the constant stiffness of the coupling shaft 

connecting the MSFW rotor and the load rotor. Tm is expressed as the driving torque generated 

by the PMSM. C is expressed as the constant damping of the coupling shaft connecting the 

MSFW rotor and the load rotor. θm is expressed as the torsional angle of the MSFW rotor. θl is 

expressed as the torsional angle of the load rotor. 

4.2 The Suspension Model of MSFW Rotor and Load Rotor 

4.2.1 The Magnetic Force of Axial AMB 

 

(a) 

 

(b) 

Fig. 4.3. The structure of the axial AMB, (a) the prototype of the stator and the winding, (b) the simplified 

model of the axial AMB and the MSFW rotor. 

The structure of the axial AMB and the MSFW rotor is illustrated in Fig. 4.3. An airgap 

exists between the stator of the axial AMB and the MSFW rotor. The airgap is separated into 

two parts including the control airgap and the bias airgap in the theoretical modelling and the 

control engineering of axial AMB. The bias airgap is designed to far greater than the 

controllable airgap. Based on the dynamic displacement feedback of MSFW rotor, the windings 

of axial AMB timely tune the magnetic flux to output the magnetic suspension force. The 

magnetic flux generated by the winding of axial AMB would pass through the stator, the airgap 

(a) (b) (c)
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between the rotor and stator, and the rotor, and it finally returns to the magnetic pole on the 

stator of axial AMB. The equivalent magnet path is illustrated in Fig. 4.3(b). 

 

(a) 

 

(b) 

Fig. 4.4. The equivalent model of the axial AMB, (a) the equivalent magnet path of the axial AMB, (b) 

the equivalent force model of the axial AMB. 

The magnet motive force generated by axial AMB could be written as 

 ( )0= vaF N I i +  (4.1) 

where I0 is defined as the bias current of axial AMB’s winding. i is defined as the real-time 

control current of axial AMB’s winding. Nva is defined as the turn number of axial AMB’s 

winding. 

In addition, the equivalent magnet reluctance in the positive airgap could be defined as R+, 

the equivalent magnet reluctance in the negative airgap could be defined as R-. So, the total 

equivalent reluctance of the airgap of axial AMB[114] is written as 
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where d0 is defined as the bias airgap between the MSFW rotor and the stator. d is defined as 

the controllable airgap between the MSFW rotor and the stator. A is the cross-sectional area of 

the airgap between the MSFW rotor and the stator. μ0 is the vacuum permeability.  

Therefore, the magnet flux of the axial AMB is 
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The controllable magnetic force outputted by axial AMB could be regarded as the 

attractive force to actively control vibration response of rotor. Based on the Bio-savart law[115], 

the controllable magnetic force of axial AMB along axial direction is written as 
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The electromagnetic force coefficient of the axial AMB is defined as 
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Given that the rotor of axial AMB is suspended at equilibrium position with the conditions 

the control airgap d=0 and the control current i=0, the equations of displacement stiffness kd 

and current stiffness ki is expressed respectively as 
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 (4.6) 

The resultant magnetic force of axial AMB could be expressed as  

 
i df k i k d= +  (4.7) 

Therefore, the magnetic force of the axial AMB could be regulated by tuning the control 

current based on the displacement feedback. 

4.2.2 The Feedback Control Model of Axial AMB 

 

Fig. 4.5. The feedback control system of the axial AMB. 

The closed loop feedback control scheme of the axial AMB in one DOF is shown in Fig. 

4.5. The axial dynamic displacements deflecting the balanced state could be detected by the 
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eddy current displacement sensors, and then the displacement deflections could be used as the 

feedback terms. Furthermore, the differences between the measured displacements and the 

reference displacements are applied to regulate the damping coefficient and the stiffness 

coefficient of axial AMB. Finally, the closed loop transfer function of the axial AMB control 

system could be written into 

 ( )
2

i w P i w D

i w s D i w s P d

k k k k k k s
G s

ms k k k k s k k k k k

+
=

+ + −
  (4.8) 

The comprehensive stiffness of the axial AMB is 

 
va i w s P d iws P dk k k k k k k k k= − = −  (4.9) 

where ks is the sensitivity of the eddy current displacement sensor, kw is the amplification 

parameter, and kP is defined as the tuning coefficient to regulate the comprehensive stiffness. 

The comprehensive damping of the axial AMB could be written as 

 
a iws Dc k k=  (4.10) 

where kD is defined as the tuning coefficient to regulate comprehensive damping. 

As a result, the dynamic characteristics of the axial AMB could be equivalent to analyze 

the dynamic response of a controllable spring-damper system in Fig. 4.4(b). The comprehensive 

damping of the axial AMB could be regulated by the damping coefficient kD, the comprehensive 

stiffness of the axial AMB could be tuned by the stiffness coefficient kP. 

4.2.3 The Torque Model of Axial AMB 

As illustrated in Fig. 4.6(a), the MSFW rotor tilts about y axis with the tilting angle βt, and 

then the axial AMBs would generate the magnetic forces fty to control the tilting of the MSFW 

rotor about y axis, and the corresponding titling torque is Tty is also useful to control the tilting 

motion . Moreover, the tilting motion of the MSFW rotor about z axis with tilting angle αt is 

shown in Fig. 4.6(b), and then the magnetic force ftz outputted by the axial AMB would force 

the MSFW rotor back to the balanced state, and the equivalent torque Ttz could also control the 

tilting motion of MSFW rotor around z axis. 
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(a) 

 

(b) 

Fig. 4.6. The tilting status of the MSFW rotor, (a) the tilting status of the MSFW rotor about y axis, (b) 

the tilting status of the MSFW rotor about z axis. 

 

(a) 

 

(b) 

Fig. 4.7. The tilting status of the MSFW rotor, (a) the tilting status of the MSFW rotor about y axis, (b) 

the tilting status of the MSFW rotor about z axis. 
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(a) 

 

(b) 

Fig. 4.8. The dynamic displacement variation of the MSFW rotor, (a) the titling status of the MSFW rotor 

about y axis, (b) the tilting status of the MSFW rotor about z axis. 

Moreover, the titling torques generated by the axial AMB about y axis and z axis could be 

written into, respectively, 

 
tz tz a t a t
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T f r k c
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=  =  + 
  (4.11) 

where r is the radius of the axial AMB. 

4.3 The Modeling of MSFW Rotor and Load Rotor System 

4.3.1 The Modeling with Damping and Stiffness Coefficients of Axial AMB 

According to the dynamics model of the MSFW rotor and the load rotor system in Fig. 4.2, 

the dynamic equations of the MSFW rotor and the load rotor could be written respectively as 

 
( ) ( )

( ) ( )

m m m a m a m m l m l

l l m l m l

J T k c K C

J K C

      

    

 = + + − − − −


= − + −

 (4.12) 

Furthermore, the equivalent transfer functions about the MSFW rotor and the load rotor 

could be expressed separately into 
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Moreover, the dimensionless functions of the MSFW rotor and the load rotor in frequency 

domain could be written as  
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where 
a

m

m

K k

J


−
=  is defined as the natural frequency of the coupling shaft connecting the 

axial AMB and the MSFW rotor. l

l

K

J
 =  is defined as the natural frequency of the coupling 

shaft connecting the MSFW rotor and the load rotor. l

l





=  is defined as the ratio between 

the rotational frequency ω and the natural frequency ωl. m

m





=  is defined as the ratio between 

the rotational frequency ω and the natural frequency ωm. 
2

a
m

m m

C c

J




−
=   is defined as the 

damping coefficient of the coupling shaft connecting the axial AMB and the MSFW rotor. 

2
l

l l

C

J



=  is defined as the damping coefficient of the coupling shaft connecting the MSFW 

rotor and the load rotor. l

m

J

J
 =  is defined as the ratio between the moment of inertia of the 

load rotor and the MSFW rotor. 

The simplified expression of the dimensionless frequency response functions in Eq.(4.14) 

could be rewritten into 
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where 

 

( )( ) ( )

( ) ( )

( )

2 2 2 3 2 2 2

3 2 2 2 2

2

3

2

3

1 1 4 1 4

2 1 2 1 4

1

2

2

l l m l m l m m l l

l l m m m l m l l m

l l

l l

l

l l

a v

b v

c

d

e

f

         

         

 

 



 

 = − − − − −

 = − + − −


 = −

 =

 =

 =

 (4.16) 

Based on the dimensionless frequency response functions in Eq.(4.15), the magnitude 

equations of the MSFW rotor and the load rotor could be derived and written as 
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Therefore, the response magnitudes of the MSFW rotor and the load rotor could be used 

as the evaluation index for the stability of the MSFW rotor. 

4.3.2 The Modeling with Stiffness Coefficients of Axial AMB 

When the damping coefficient ca of the coupling shaft connecting the axial AMB and the 

MSFW rotor is not considered and analyzed in the dynamic functions of the MSFW rotor and 

the load rotor system, and then the vibration control model of the axial AMB and the MSFW 

rotor could be equivalent to a mass block fixed at the right end and left end of flywheel rotor. 

So, the dimensionless frequency response functions of the MSFW rotor and the load rotor in 

Eq. (4.14) could be rewritten as 
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where 
2

m

m m

C

J



 =  is defined as the damping coefficient of the coupling shaft connecting the 

axial AMB and the MSFW rotor.  

The damping coefficient of the MSFW rotor increases, and the natural frequency of the 

MSFW rotor would not vary considering the vibration absorbing model of the axial AMB could 

be equivalent to a mass block. So, the simplified models of dimensionless frequency response 

functions are 

 

( )

( )

m

l

c jd
G j

a jb

e jf
G j

a jb





 +
 =  +


 +  =

  +

 (4.19) 

where 
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The magnitude equations of the MSFW rotor and the load rotor are respectively 
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Therefore, the response magnitudes of the MSFW rotor and the load rotor could be 

controlled by regulating the stiffness coefficient of axial AMB. 
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4.3.3 The Modeling with Damping Coefficients of Axial AMB 

When the stiffness coefficient ka of the axial AMB is not analyzed and considered in the 

dynamic model of the MSFW rotor and the load rotor, the vibration absorbing method of the 

axial AMB could be simplified into a pure damper model, and then the dimensionless frequency 

response functions of the MSFW rotor and the load rotor in Eq. (4.14) could be rewritten as 

 

( )
( )

( ) ( )( ) ( ) ( )

( )
( ) ( )( ) ( ) ( )

2 2

2 2 22 2

2

2 2 22 2

1

1 1 2 1 2

1 1 2 1 2

l l

m

l l m m m m l l

l
l

l l m m m m l l

G j
j j

G j
j j

 


        




        

 −
  =
    − − + − +



 =
   − − + − +



 (4.22) 

where m

m

K

J
 =  is defined as the natural frequency of the coupling shaft connecting the axial 

AMB and the MSFW rotor. 
2

a
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m m

C c
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−
 =


 is defined as the damping coefficient of the coupling 

shaft connecting the axial AMB and the MSFW rotor, and m

m





 =


 is defined as the frequency 

ratio between the rotational frequency ω and the natural frequency m .  

When the vibration absorbing model of the axial AMB is equivalent to the pure damper 

system, the natural frequency of the MSFW rotor would increase and the damping coefficient 

would decrease. The simplified models of dimensionless frequency response functions could 

be expressed as  
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where 
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The magnitude equations of the MSFW rotor and the load rotor are  
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So, the response magnitudes of the MSFW rotor and the load rotor could be controlled by 

tuning the damping coefficient of the axial AMB. 

4.3.4 The Modelling without Considering Stiffness and Damping 

Coefficients of Axial AMB 

When the damping coefficient ca and the stiffness coefficient ka of the axial AMB both are 

neglected, the dimensionless frequency response functions of the MSFW rotor and the load 

rotor in Eq.(4.14) could be simplified as 
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where m

m

K

J
 =   is defined as the natural frequency of the coupling shaft connecting the 

MSFW rotor and the axial AMB. 
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m m
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 is defined as the damping coefficient of the 
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coupling shaft connecting the MSFW rotor and the axial AMB, and m

m





 =


 is defined as the 

frequency ratio between the rotational frequency ω and the natural frequency m .  

The simplified models of dimensionless frequency response functions are 
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where 
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The magnitude equations of the MSFW rotor and the load rotor are 
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Therefore, the response magnitudes of the MSFW rotor and the load rotor are determined 

by controlled by the damping coefficient of the coupling shaft connecting the MSFW rotor and 

the axial AMB. 

4.4 The Dynamic Analysis of MSFW Rotor and Load Rotor 

4.4.1 The Dynamic Characteristics of the Load Rotor with Stiffness 

Coefficient and Damping Coefficient of Axial AMB 

According to the dynamic model of the MSFW rotor and load rotor in Eq. (4.14) and 

applying PD control model, the relationship between the dynamic characteristics of the load 
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rotor and the effect of the axial AMB are analyzed. The influence of the axial AMB’s damping 

coefficient on the dynamic characteristics of the load rotor are illustrated in Fig. 4.9(a). When 

the damping coefficient of axial AMB is neglected, the magnitude peak of load rotor would 

occur. Evidently, the response magnitude of load rotor using the damping coefficient of axial 

AMB is smaller than the response magnitude neglecting the damping coefficient of axial AMB. 

Moreover, the relationship between the damping coefficient of axial AMB and the response 

characteristics of load rotor is illustrated in Fig. 4.9(b), the response magnitude of load rotor is 

reduced by controlling damping coefficient of the axial AMB. 

 

(a) 

 

(b) 

Fig. 4.9. The frequency characteristics of the load rotor using different damping coefficients of the axial 

AMB, (a) the response curves of frequency characteristics, (b) the frequency responses with different 

damping coefficients. 
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(a) 

 

(b) 

Fig. 4.10. The frequency characteristics of the load rotor using different stiffness coefficients of the axial 

AMB, (a) the response curves of frequency characteristics, (b) the frequency responses with different 

stiffness coefficients. 

Furthermore, the influence of the axial AMB’s comprehensive stiffness is investigated too. 

The frequency response curves of the load rotor with and without the comprehensive stiffness 

of the axial AMB are plotted in Fig. 4.10(a). The dynamic response of the load rotor is marked 

by the blue line in Fig. 4.10(a) when the comprehensive stiffness of the axial AMB is tuned to 

a negative value. There are two magnitude peaks with different frequencies, and the magnitude 

peak at low frequency is higher than the magnitude peak at high frequency. The dynamic 

response curve of the load rotor is marked by the green line in Fig. 4.10(a) when the 

comprehensive stiffness of the axial AMB is tuned to a positive value, and the results indicate 

that the positive comprehensive stiffness of axial AMB could eliminate the magnitude peak 
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occurring at the low frequency. In addition, the relationship between the comprehensive 

stiffness of axial AMB and the dynamic response of the load rotor is shown in Fig. 4.10(b), and 

the response magnitude of the load rotor is reduced by increasing the comprehensive stiffness 

of axial AMB. Consequent, the comprehensive stiffness of the axial AMB could affect the 

dynamic response of the load rotor too, and the response magnitude of the load rotor is mitigated 

by improving the stiffness coefficient of axial AMB. 

 

Fig. 4.11. The frequency response of the load rotor without the axial AMB. 

Finally, the dynamic response of the load rotor without considering the axial AMB is 

shown in Fig. 4.11, and the response magnitude of the load is greater than the response 

magnitude of the load rotor in Fig. 4.10(a) with considering the comprehensive stiffness of axial 

AMB. So, the comparison results indicate that the damping coefficient and the comprehensive 

stiffness of the axial AMB are both effective to control dynamic characteristics of the load rotor.  
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4.4.2 The Dynamic Response Characteristics of the MSFW Rotor with 

Stiffness and Damping Coefficients of Axial AMB 

 

(a) 

 

(b) 

Fig. 4.12. The frequency responses of the MSFW rotor with different damping coefficients of the axial 

AMB, (a) the comparison of frequency responses, (b) the frequency responses of the MSFW rotor with 

different damping coefficients. 

Moreover, the dynamic response curve of the MSFW rotor is plotted by the red line in Fig. 

4.12(a) when the damping coefficient of the axial AMB is neglected, and the dynamic response 

curve of the MSFW rotor is marked by the blue line in Fig. 4.12(a) when the damping 

coefficient of the axial AMB is analyzed and considered. The response magnitude of the MSFW 

rotor considering the damping coefficient is smaller than that without considering the damping 

coefficient of the axial AMB. The damping coefficient of the axial AMB could cause influence 

on the dynamic characteristics of the MSFW rotor as well. The relationship between the 
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damping coefficient of the axial AMB and the dynamic response of the MSFW rotor is 

illustrated in Fig. 4.12(b). The damping coefficient of the axial AMB could suppress the 

response magnitudes of the MSFW rotor. Therefore, the damping coefficients of the axial AMB 

are also effective to control the dynamic characteristics of the MSFW rotor. 

 

(a) 

 

(b) 

Fig. 4.13. The frequency responses of the MSFW rotor with different stiffness coefficients of the axial 
AMB, (a) the comparison of frequency responses, (b) the frequency responses of the MSFW rotor with 

different stiffness coefficients. 

In Fig. 4.13(a), the dynamic response curve of the MSFW rotor is plotted by the blue line 

when the comprehensive stiffness of the axial AMB is regulated to the negative term. The 

dynamic response curve of the MSFW rotor using positive comprehensive stiffness is plotted 

by the green line. Based on the comparison result, the response magnitude of the MSFW rotor 

using the negative comprehensive stiffness coefficient is greater than the response magnitude 
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of the MSFW rotor using the positive comprehensive stiffness coefficient. The relationship 

between the comprehensive stiffness of the axial AMB and the dynamic response of the MSFW 

rotor is shown in Fig. 4.13(b). The response magnitude of the MSFW rotor is reduced by 

increasing the comprehensive stiffness of axial AMB. So, the positive comprehensive stiffness 

coefficient of the axial AMB could also tune the dynamic characteristics of the MSFW rotor. 

 

Fig. 4.14. The frequency response of the MSFW rotor without the axial AMB. 

The dynamic response curve of the MSFW rotor is shown in Fig. 4.14 when the stiffness 

coefficient and damping coefficient of the axial AMB are both neglected. The response 

magnitude of the MSFW rotor without considering the stiffness coefficient and damping 

coefficient of the axial AMB is greater than that in Fig. 4.12 and Fig. 4.13. It shows that the 

positive stiffness and the damping coefficient of the axial AMB are effective to control the 

dynamic characteristics of the MSFW rotor. 
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4.5 The Experimental Verification of Axial AMB 

4.5.1 The Magnetic Force and Torque 

 

(a) 

 

(b) 

Fig. 4.15. The magnetic force and the torque of the axial AMB, (a) the magnetic force, (b) the torque. 

The relationships amongst the control displacement of rotor, the control current of winding 

and the magnetic force of the axial AMB are shown in Fig. 4.15(a). The magnetic force of the 

axial AMB is inversely linear to the control displacement of rotor, but magnetic force of the 

axial AMB is positively linear to the control current. The current stiffness of the axial AMB is 

about 1750N/A, and the displacement stiffness of the axial AMB is about -550N/mm. The titling 

torques outputted by the axial AMB are plotted in Fig. 4.15(b). The titling torque is linear to 
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the control displacement and the control current within the small vicinity of the equilibrium 

position. The current stiffness of the axial AMB’s tilting torque is about 2.3Nm/A, and the angle 

stiffness of the axial AMB’s tilting torque is about -161.5Nm/rad. Therefore, tilting torques 

generated by the axial AMB are controllable by tuning the control current of the axial AMB 

based on the displacement feedback and the angle feedback of the MSFW rotor. 

4.5.2 The Vibration of MSFW Rotor versus Damping of Axial AMB 

The maximum displacement deflection of the MSFW rotor deviating from the balanced 

position in radial direction is index to evaluate the dynamic characteristics of MSFW rotor, and 

the great the maximum displacement deflection of MSFW rotor means that the MSFW rotor 

has serious vibration response. The dynamic displacements of the MSFW rotor are plotted and 

analyzed in Fig. 4.16 when the axial AMB has different stiffness coefficient and damping 

coefficients. First, the dynamic displacements of the MSFW rotor are analyzed when the axial 

AMB sets at different damping coefficients. The dynamic displacements of the MSFW rotor 

from the radial equilibrium position at different rotating speeds are shown in Fig. 4.17. The 

maximum displacement deflections deviating from the balanced position of MSFW rotor using 

different damping coefficients of axial AMB are shown in TABLE. 4.I. In detail, the maximum 

value of the MSFW rotor’s displacement deflection is 0.0156mm when the damping coefficient 

of the axial AMB sets at 2 and the rotational speed of MSFW rotor is 2000rpm. The maximum 

value of the MSFW rotor’s displacement deflection is reduced to 0.0078mm when the damping 

coefficient is 8 and the rotating speed of MSFW rotor is still 2000rpm. The maximum value of 

the MSFW rotor’s displacement deflection is 0.0161mm when the rotational speed of MSFW 

rotor is increased to 8000rpm and the damping coefficient of axial AMB is 2. When the damping 

coefficient of axial AMB is increased to 8 at 8000rpm, the maximum value of the MSFW rotor’s 

displacement deflection decreases to 0.0135mm. 
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(a) 

 

 (b) 

 

(c) 

 

(d) 

Fig. 4.16. The dynamic displacement variations of the MSFW rotor using different damping parameters, 

(a) the rotational speed is 2000rpm, (b) the rotational speed is 4000rpm, (c) the rotational speed is 

6000rpm, (d) the rotational speed is 8000rpm. 
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Fig. 4.17. The relationship between the maximum displacement deflection of the MSFW rotor and the 

damping coefficient of the axial AMB. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 4.18. The power spectrums of the MSFW rotor with different damping coefficients, (a) the rotational 

speed is 2000rpm, (b) the rotational speed is 4000rpm, (c) the rotational speed is 6000rpm, (d) the 

rotational speed is 8000rpm. 

According to the dynamic displacement deflections of the MSFW rotor deviating from the 

balanced position in radial direction as shown in Fig. 4.16, the power spectrums of the MSFW 

rotor’s dynamic displacement deflections with damping coefficients of the axial AMB and at 

different rotational speeds are plotted in Fig. 4.18. By analyzing the response magnitude of the 
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MSFW rotor at 2000rpm in Fig. 4.18(a), the response amplitude of the MSFW rotor is -108dB 

when the damping coefficient of the axial AMB is 2, and the response magnitude decreases to 

-141dB when the damping coefficient of the axial AMB is increased from 2 to 8. When the 

damping coefficient of the axial AMB sets at 2 and the rotational speed of MSFW rotor is 

accelerated to 8000rpm, the response magnitude of the MSFW rotor is about -73dB as shown 

in Fig. 4.18(d). It decreases to -79dB when the damping coefficient of axial AMB is improved 

to 8. Therefore, maximum value of the MSFW rotor’s displacement deflection deviating from 

the balanced position would increase with the rotational speed of MSFW rotor, but it could be 

suppressed through increasing the axial AMB’s damping coefficient. 

TABLE. 4.I. The dynamic displacement of MSFW rotor using different damping coefficients of axial 

AMB. 

 Maximum displacement deflection (mm) 

Damping 2000(rpm) 4000(rpm) 6000(rpm) 8000(rpm) 

1 0.0160 0.0164 0.0168 0.0169 

2 0.0156 0.0150 0.0162 0.0161 

3 0.0154 0.0144 0.0149 0.0155 

4 0.0152 0.0135 0.0143 0.0152 

5 0.0139 0.0125 0.0139 0.0145 

6 0.0110 0.0112 0.0137 0.0140 

7 0.0103 0.0111 0.0131 0.0138 

8 0.0078 0.0105 0.0126 0.0135 

9 0.0075 0.0103 0.0123 0.0129 

10 0.0073 0.0102 0.0114 0.0113 

 



 

114 

4.5.3 The Vibration of MSFW Rotor versus Stiffness of Axial AMB 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 4.19. The dynamic displacement variations of the MSFW rotor using different stiffness parameters, 

(a) the rotational speed is 2000rpm, (b) the rotational speed is 4000rpm, (c) the rotational speed is 

6000rpm, (d) the rotational speed is 8000rpm. 

The dynamic displacement variations of MSFW rotor with the axial AMB’s different 

stiffness coefficients are recorded and illustrated in Fig. 4.19. The maximum values of MSFW 
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rotor’s displacement deflection deviating from the balanced position are listed in TABLE. 4.II 

illustrated in Fig. 4.21. As illustrated in Fig. 4.19(a), the maximum value of MSFW rotor’s 

displacement deflection is 0.0101mm when the stiffness coefficient of axial AMB is tuned to -

8 and the rotating speed of MSFW rotor sets at 2000rpm. The maximum value of MSFW rotor’s 

displacement deflection is reduced to 0.0049mm when the stiffness coefficient of axial AMB is 

0.6. When the MSFW rotor works at 8000rpm and the stiffness coefficient of axial AMB is -

0.8, the maximum value of MSFW rotor’s displacement deflection deviating from the balanced 

position is 0.0139mm. The maximum value of MSFW rotor’s displacement deflection is 

reduced to 0.0125mm when the axial AMB’s stiffness coefficient is 0.6.  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 4.20. The power spectrums of the MSFW rotor with different stiffness coefficients, (a) the rotational 

speed=2000rpm, (b) the rotational speed=4000rpm, (c) the rotational speed=6000rpm, (d) the rotational 

speed=8000rpm. 

Moreover, the power spectrums of MSFW rotor’s dynamic displacement deflections at 

2000rpm are plotted in Fig. 4.20(a), and the response magnitude of MSFW rotor is about -

113dB when the stiffness coefficient of axial AMB is -0.8, and then it is reduced to -148dB 

when the stiffness coefficient of axial AMB is increased to 0.6. The power spectrums of MSFW 

rotor at 8000rpm with different stiffness coefficients of the axial AMB are shown in Fig. 4.20(d), 
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and the response magnitude of MSFW rotor is about -70dB when the stiffness coefficient of 

axial AMB sets -0.8 and rotational speed is 8000rpm, and it would be reduced to -78dB with 

the stiffness coefficient of axial AMB increasing to 0.6. 

 

Fig. 4.21. The relationship between the maximum displacement deflection of the MSFW rotor and the 

stiffness coefficient of the axial AMB. 

TABLE. 4.II. The dynamic displacement of the MSFW rotor using different stiffness coefficients of the 

axial AMB. 

 Maximum displacement deflection (mm) 

Stiffness 2000(rpm) 4000(rpm) 6000(rpm) 8000(rpm) 

8 0.0047 0.0052 0.0088 0.0124 

0.6 0.0049 0.0052 0.0090 0.0125 

0.4 0.0059 0.0066 0.0093 0.0126 

0.2 0.0067 0.0083 0.0097 0.0127 

0 0.0075 0.0087 0.0100 0.0130 

-0.2 0.0078 0.0098 0.0100 0.0135 

-0.4 0.0084 0.0103 0.0100 0.0136 

 
-0.6 0.0094 0.0104 0.0101 0.0137 

-0.8 0.0101 0.0106 0.0105 0.0139 

-1 0.0103 0.0111 0.0119 0.0141 

 

Based on above experimental results and analysis, the dynamic displacement variations of 

the MSFW rotor presents that the vibration amplitude would increase with its rotational speed. 

In the meanwhile, the vibration response of MSFW rotor could be mitigated by tuning the axial 

AMB’s damping coefficient and stiffness coefficient. The effective control frequency of the 

vibration suppression could be covering all rotating speed of MSFW rotor.  
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4.5.4 The Vibration Response of MSFW Rotor in Acceleration Process 

 

(a) 

 

(b) 

Fig. 4.22. The dynamic displacement deflections of MSFW rotor during the acceleration process, (a) 

without using the axial AMB, (b) with using the axial AMB. 

The displacement deflections of MSFW rotor during the acceleration process form 0rpm 

to 10000rpm are illustrated in Fig. 4.22. The maximum displacement deflection (peak-peak 

value) is the physic term to assess the vibration response of MSFW rotor. When the tilting 

torque of axial AMB is not applied to compensate the disturbance torque of load rotor, the 

dynamic displacement variations deviating from the balanced position of MSFW rotor are 

plotted in Fig. 4.22(a), and the maximum value of dynamic displacement deviating from the 

balanced position is 0.5179mm during the acceleration process from 0rpm to 10000rpm. When 

the titling torque of axial AMB is used to mitigate the influence of disturbance torque acting on 

the load rotor during acceleration process, the maximum value of dynamic displacement 

deviating from the balanced position is reduced to 0.2912mm as shown in Fig. 4.22(b), and then 
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the relative reduction about the displacement deflection is about 43.8%. Therefore, the titling 

torque of axial AMB could be applied to suppress the vibration response of MSFW rotor during 

speed regulating process from the initial speed to the rated speed. 

4.6 Summary 

The axial AMB fixed on the right end and left end of the MSFW rotor is regarded as one 

kind of DVA to control the dynamic characteristics of the MSFW rotor. The active 

controllability of the axial AMB is analyzed using the theoretical models of the magnetic force 

and the tilting torque. The axial AMB’s damping coefficient and comprehensive stiffness could 

be regulated by the closed loop displacement feedback control system of MSFW rotor. The 

damping coefficient and the stiffness coefficient of axial AMB could attenuate the vibration 

response of the MSFW rotor. In the meanwhile, the experimental results indicate that the 

maximum value of MSFW rotor’s displacement variation deflecting from the balanced status 

increases with the rotating speed, also it is reduced with increasing of the damping coefficient 

and the stiffness coefficient of the axial AMB. Therefore, the AMB system could be applied to 

attenuate the vibration magnitudes of the motor with load rotor, so the applicable frequency 

width of vibration control could be enlarged. 
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Chapter 5. The Robust Control for MSFW Rotor 

A DVA is applied to suppress the torsional vibration of MSFW rotor at rotation state. It is 

an additional device to improve the control precision of MSFW rotor. However, this DVA need 

enough space and control system to accomplish the stable control of MSFW rotor, so designing 

the suitable control method is very important to improve the control precision. Especially, the 

external disturbances could easily deflect MSFW rotor from its equilibrium status, and the 

current stiffness and the displacement stiffness of MSFW rotor will vary from their nominal 

values. Therefore, a robust control for MSFW rotor is needed to improve the disturbance 

attenuation and to reduce the influence caused by the uncertain displacement stiffness and 

current stiffness. In the following analysis, the motions of MSFW rotor are separated into 

translation and rotation. Different robust control schemes are designed and applied in the 

motion control of the MSFW rotor. On the one hand, for the translation of MSFW rotor, the H∞ 

control function with a mixed sensitivity model would be proposed to attenuate uncertainties 

of current stiffness and displacement stiffness. For the rotation of MSFW rotor about radial 

directions, the μ-synthesis model is used to reject disturbances due to the variation of the 

rotational speed and the gyroscopic coupling. The numerical simulation is conducted to 

evaluate the anti-disturbance ability of the robust control model with an impulse disturbance, a 

sinusoidal disturbance, and a random disturbance. Finally, the experiment is conducted to 

validate the effectiveness of the proposed robust control model, and the conducted experiments 

show that the proposed robust control model has superior performance on suppressing the 

disturbance than the standard PID control model for the translational motion and the radial 

rotations of MSFW rotor. 

5.1 The Uncertainty Analysis of Magnetic Force 

Based on the magnetic force model of the axial and radial AMB developed in Chapter 2, 

the displacement stiffness kd and the current stiffness ki of the AMB system could be expressed 

as 
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Therefore, the current stiffness and the displacement stiffness are affected by the bias 

airgap d0 and the cross-sectional area A, so uncertain variations about the displacement stiffness 

and the current stiffness would be generated when the cross-sectional area and the bias airgap 

of the AMB vary from their nominal values. Especially, when there are mismatch and the 

assembly error between the MSFW rotor and the stator, the bias airgap will have an obvious 

deviation from the nominal value, and then the abrupt deflections of the current stiffness and 

the displacement stiffness from their respectively theoretical values would occur. 

 

(a) 

 

(b) 

Fig. 5.1. (a) The relationship between the deflection value of the current stiffness and the variation of the 

bias displacement, (b) The relationship between the deflection of the displacement stiffness and the 

variation the bias displacement. 

The relationships among the variation of bias displacement, the variation of displacement 

stiffness, and the variation of current stiffness are shown in Fig. 5.1. For the magnetic 

suspension force generated by the radial AMB, when the nominal bias displacement is defined 

as 1mm and there is no deviation on bias displacement, the theoretical value of displacement 

stiffness in radial direction is -2800N/mm, and the theoretical value of current stiffness in radial 

direction is 620N/A. When the bias displacement of radial AMB varies 0.1mm from the 

balanced position in radial direction, the current stiffness in radial direction is reduced to 

520N/A in Fig. 5.1(a), so the deflection value is 100N/A. The displacement stiffness in radial 
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direction is increased to -1800N/mm in Fig. 5.1(b), and then the deflection value is 1000N/mm. 

In addition, For the magnetic force of axial AMB, when the bias displacement in theory is 

defined as 1.3mm and there is no deviation on bias displacement, the theoretical value of axial 

current stiffness is 470N/A, and the theoretical value of axial displacement stiffness is -

1700N/mm. When the axial bias displacement of axial AMB deflects 0.1mm from the balanced 

position in axial direction, the current stiffness in axial direction is reduced to 410N/A in Fig. 

5.1(a), so the deflection value is 60N/A. The displacement stiffness in axial direction is 

increased to -1350N/mm in Fig. 5.1(b), and then the deflection value is 350N/mm. 

 

(a) 

 

(b) 

Fig. 5.2. The radial magnetic force, (a) the relationship between radial control current and radial magnetic 

force, (b) (a) the relationship between radial control displacement and radial magnetic force. 

 

(a) 

 

(b) 

Fig. 5.3. The axial magnetic force, (a) the relationship between axial control current and axial magnetic 

force, (b) the relationship between axial control displacement and axial magnetic force. 
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For the magnetic force in radial direction, the comparison curve between the nominal 

magnetic force and the real magnetic force is plotted in Fig. 5.2. The real magnetic force is 

presented by red triangle line, and the nominal magnetic force in radial direction is shown by 

blue circle line. The theoretical value of current stiffness is about 620N/A, and the theoretical 

value of displacement stiffness is about -2800N/mm. However, according to the linear fitting 

of the measured magnetic force in Fig. 5.2(b), the actual displacement stiffness is about -

2810N/mm, and the actual current stiffness is about 608N/A. Similarly, the axial magnetic force 

is plotted in Fig. 5.3. The axial nominal current stiffness is 500N/A, and the axial nominal 

displacement stiffness is about -1700N/mm. Moreover, the actual displacement stiffness in axial 

direction is about -1702N/mm, and the actual current stiffness in axial direction is about 

480N/A. Therefore, the actual displacement stiffness is quite close to the nominal displacement 

stiffness, but the current stiffness has obvious difference between the actual value and the 

nominal value. 

5.2 The Control Model Design for MSFW Rotor 

5.2.1 The Control Loop of MSFW Rotor’s Translational Motion 

  

Fig. 5.4. The feedback control loop of translational motion in single DOF. 

Based on the PD control model, the control scheme of the translational motion of the 

MSFW rotor is illustrated in Fig. 5.4. The control model of the translational motion includes 

the damping regulator kD and the stiffness regulator kP. The control voltage for the MAB system 

generated by the stiffness regulator and damping regulator is used to generate the control 

currents by the amplification coefficient kw. The dynamic displacement vibrations of MSFW 

rotor deflecting from the equilibrium position are measured by the eddy current displacement 

sensor, and the sensitivity coefficient of the eddy current displacement sensor is ks. 
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The magnetic force generated by the AMB could be expressed in terms of the displacement 

stiffness and the current stiffness as 

 
x ix x dx xf k i k d= +  (5.2) 

 

Based on the displacement feedback of the MSFW rotor, the control current of the AMB 

could be written into 

 ( )=x P D w s xi k k s k k d+   (5.3) 

The magnetic force in radial direction could be rewritten as 

 ( )x ix P w s dx x ix D a s xf k k k k k d k k k k d= +  +   (5.4) 

And then, the closed loop transfer function of translational motion could be expressed as 

 ( )
2

w s i D w s i P d
t

w s i D w s i P d

k k k k s k k k k k
G s

ms k k k k s k k k k k

+ +
=

+ + +
 (5.5) 

5.2.2 The Control Loop of MSFW Rotor’s Rotational Motion 

 

Fig. 5.5. The feedback control loop of MSFW rotor’s rotational motion in two control DOFs. 

The tilting torques outputted by the radial AMBs at the upper end and the lower end of 

MSFW rotor is used to control the rotational motion of the MSFW rotor. The rotational control 

scheme in two control DOFs of MSFW rotor is shown in Fig. 5.5. The gyroscopic coupling 

terms in two directions are introduced in the rotational motion, and they change with the rotating 

speed of MSFW rotor. Therefore, in the design procedure of the control system, the cross-

feedback control including the rotating speed is utilized to control the gyroscopic coupling 
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terms in the rotational control of MSFW rotor. The nominal transfer function of rotational 

motion is expressed into 

 ( )
( )

( )

2 2

2 2 2

2 2

2 2

i w s P D d
r

x z i w s P D d

k k k k k s l k l
G s

J s jJ s k k k k k s l k l

+ +
=

−  + + +
  (5.6) 

5.3 The Robust Control Scheme of MSFW Rotor 

5.3.1 The Controller Synthesis of Translational Motion 

The controller synthesis for the translational motion of the MSFW rotor is illustrated in 

Fig. 5.6. Gt(s) is the nominal transfer function of the translational motion. Kt(s) is the controller 

function of the translational motion. Wn(s) is defined as the transfer function of the input noise 

and the sensor noise. Wd(s) is defined as the transfer function of the external disturbance. Wp(s) 

is defined as the output weighting function, We(s) is defined as the performance weighting 

function to evaluate the control performance of control model, and Wu(s) is defined as defined 

as input weighting function. 

 

Fig. 5.6. The robust control scheme for the translational motion of the MSFW rotor. 

Base on Eq.(5.5) and Eq. (5.6), the nominal transfer function Gt(s) of the translational 

motion and the nominal transfer function Gr(s) of the rotational motion satisfy the following 

conditions. 
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( )

lim 0
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 (5.7) 

 

Translational 

motion

Controller of 

translational motion
noise

disturbance

displacementcontrol force

refer input

error



 

125 

So, the two closed-loop transfer functions of the translational motion and the rotational 

motion are both bounded input and bounded output response functions. For the control model 

synthesis of translational motion, the sensitivity function could be expressed into 

 ( )
( )

( ) ( ) ( )
1

1

t
t

t t t

e s
S s

r s G s K s
= =

+
  (5.8) 

The penalty sensitivity function is 

 ( )
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( ) ( )1

t t
t

t t t

u s K s
R s

r s G s K s
= =

+
  (5.9) 

The complementary sensitivity function is 

 ( )
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( ) ( )1

t t t
t

t t t

y s G s K s
T s

r s G s K s
= =

+
  (5.10) 

Therefore, a stabilizing control function Kt(s) should be used to guarantee the stability of 

the closed-loop transfer function of translational motion. The enhanced object model of the 

closed-loop transfer function is chosen as 

 

( ) ( )

( ) ( )

( ) ( )
0 min min

e t

t u t

p t

W s S s

P W s R s

W s T s






= =  (5.11) 

To keep the closed-loop stability of MSFW rotor’s translational motion, the enhanced 

object model of the closed-loop transfer function must satisfy the followings  

 0 t tP 


 =  (5.12) 

where γt is chosen as the minimal optimization factor for the translational control system, so the 

robustness of the translational control system would be improved by increasing the value of γt. 

The selections of the performance weighting function We(s), the input weighting function 

Wu(s) and the output weighting function Wp(s) are decided by the minimal optimization factor. 

The performance weighting function We(s) should designed as a low-pass filter to mitigate 

disturbance acting on the translational motion within low frequency range. The input weighting 

function Wu(s) could reduce the order of the whole control system. The output weighting 

function Wp(s) should be chosen as a high-pass filter with the high rising slope. Consequently, 
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the gain of complementary sensitivity function T(s) could be weakened in high frequency range, 

and the gain of sensitivity function S(s) would be weakened in low frequency range. 

5.3.2 The Control Model Synthesis of Rotational Motion 

 

Fig. 5.7. The robust control scheme for the rotational motion of the MSFW rotor. 

Based on the transfer function of the rotational motion in Eq.(5.6), the gyroscopic coupling 

terms existing in the rotational functions of MSFW rotor about radial axes would vary with 

rotating speed about the principal axial axis. Therefore, the gyroscopic coupling term is 

regarded as a variable disturbance besides other disturbance sources. For the rotational motion 

of the MSFW rotor, the gyroscopic coupling effect will be intensified with the increase of the 

rotational speed around the axial principal axis of the MSFW rotor. Moreover, the rotational 

motions of MSFW rotor about radial axes would cause the displacement stiffness and the 

current stiffness of radial AMB vary from their theoretical values. The uncertain current 

stiffness and the displacement stiffness could lead to disturbances on the rotational motions of 

MSFW rotor around radial axes. Therefore, a mixed μ-synthesis is chosen as the control method 

of rotational motion around radial axes, and the μ-synthesis control scheme is illustrated in Fig. 

5.7, where Gr(s) is the transfer function of the rotational motion and Kr(s) is the synthesis 

controller of the rotational motion. 

For the controller synthesis of the rotational motion, the sensitivity function could be 

expressed into 
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The penalty sensitivity function of rotational motion could be 
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The complementary sensitivity function could be 
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Therefore, a stabilizing control function Kr(s) should be found to ensure the stability of 

closed-loop transfer function of the rotational motion around radial axes. The enhanced object 

model of the closed-loop transfer function is chosen as 
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5.4 Numerical Simulation of Robust Control 

5.4.1 The Uncertainty Analysis of Current Stiffness and Displacement 

Stiffness 

5.4.1.1 The Uncertainty Response of Translational Motion 

 

(a) 
(a)

(b)
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(b) 

Fig. 5.8. The response curves of axial translation with uncertain current stiffnesses and displacement 

stiffnesses, (a) the frequency response curves of MSFW rotor’s axial translation with uncertain current 

stiffnesses and displacement stiffnesses, (b) the step response curves of MSFW rotor’s axial translation 

with uncertain current stiffnesses and displacement stiffnesses. 

TABLE. 5.I. The simulation parameters of MSFW rotor system in robust control model. 

Parameter Value Unit 

Polar moment of inertia Jm=0.67 kgm2 

Equatorial moment of inertia Jl=1.24 kgm2 

Mass of MSFW rotor m=150 kg 

Current stiffness of radial AMB kix=520 N/A 

Displacement stiffness of radial AMB kdx=-2800 N/mm 

Current stiffness of axial AMB kiz=500 N/A 

Displacement stiffness of axial AMB kdz=-1700 N/mm 

Distance from radial sensor to center of mass l=476 mm 

Amplification coefficient kw=0.2 A/V 

Sensitivity of displacement sensor ks=3.3 V/mm 

Proportional coefficient in axial translation loop 8.2  

Derivative coefficient in axial translation loop 20.5  

 

Based on the uncertainty analysis about the current stiffness and the displacement stiffness 

in section 5.1, and the system parameters used in simulation are listed in TABLE. 5.I, the 

deviation range of axial displacement stiffness as [-1800N/mm, -1600N/mm], and the changing 

range of axial current stiffness is chosen as [450N/A, 550N/A]. Moreover, comparing to 

translational motion of the MSFW rotor in radial direction, the axial translation is more complex 

because of the existence of self-weight, and the axial translation of MSFW rotor is selected as 

the analysis case in this chapter. With the uncertain current stiffness and displacement stiffness, 

(a)

(b)
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the frequency response and the step response of translational motion are illustrated in Fig. 5.8. 

The response curve of axial translation with the nominal model is plotted by red line, and the 

response curves of axial translation with uncertain models are plotted by blue line. For the step 

response of MSFW rotor in Fig. 5.8(b), there is distinct difference between the response 

magnitude of uncertain model and the response magnitude of theoretical model when the value 

of displacement stiffness and current stiffness departure from their theoretical values. 

5.4.1.2 The Uncertainty Response of Rotational Motion 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 5.9. The response curves of rotational motion at different rotating frequencies with uncertain current 

stiffnesses and displacement stiffnesses, (a) the rotating speed is 50Hz, (b) the rotating speed is 100Hz, 

(c) the rotating speed is 150Hz, (d) the response curves of the nominal rotational motion at different 

rotating speeds. 

The uncertain range of displacement stiffness in radial direction is defined as [-2900N/mm, 

-2700N/mm], and varying range of current stiffness in radial direction is defined as [580N/A, 

660N/A]. The frequency response curves of the MSFW rotor’s rotational motions working at 

different rotating speeds are illustrated in Fig. 5.9. The frequency response curve of MSFW 

rotor’s rotational motion with the nominal model is marked by red line, also the frequency 

response curves of MSFW rotor’s rotational motion with the uncertain models are plotted by 

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)

(a) (b)

(c) (d)
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blue line. The peak magnitude of BW motion occurs at low frequency, and the peak magnitude 

of FW motion happens at high frequency. When the displacement stiffness and the current 

stiffness deflect from the theoretical values, the response magnitude of the rotational motion 

has a distinct variation compared to the frequency response curve of the MSFW rotor with the 

nominal model. Moreover, the frequency response curves of MSFW rotor’s rotational motion 

with theoretical model at different rotating speeds are shown in Fig. 5.9(d). The response 

magnitudes of the rotational motion change with the rotating speed of MSFW rotor. Consequent, 

the uncertainty about the current stiffness and the displacement stiffness also affects response 

curves of the rotational motion. 

 

(a) 

 

(b) 

Fig. 5.10. The displacement deflection and PSD of the rotational motion, (a) the rotational speed is 

4000rpm, (b) the rotational speed is 8000rpm. 

The dynamic displacement deflection deviating from the balanced position of MSFW rotor 

will change with the variation of rotational speed. The maximum value of MSFW rotor’s 

displacement deflections at 4000rpm is about 0.16mm as shown in Fig. 5.10, and the PSD of 

the dynamic displacement deflection at 67Hz (4000rpm) is 0.075. The maximum value of 

MSFW rotor’s displacement deflections is 0.1mm when the rotating speed of MSFW rotor is 
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increased to 8000rpm, and the PSD of the dynamic displacement at 133Hz (8000rmp) is 

decreased to 0.04 while the PSD at the low frequency (6Hz) is increased to 0.03. So, when the 

MSFW rotor works at different rotational speeds, the dynamic displacement deflection, and the 

response magnitude of MSFW rotor would change, so the uncertainties of the current stiffness 

and the displacement stiffness will affect the control precision of the rotational motion. 

5.4.2 The Robust Control Scheme for Translation 

5.4.2.1 The Sensitivity and Performance Functions 

According to the selection principles of the performance function and the sensitivity 

function introduced in section 5.3, the input weighting function of axial translation control is 

chosen as  

 ( )
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W s
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+
=
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 (5.17) 

The output weighting function of the axial translation control is 
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The performance weighting function of the axial translation control is 
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 (5.19) 

The minimal value of the optimization factor is chosen as  γ=0.5, so the H∞ robust control 

function of the MSFW rotor’s axial translation is expressed into 

 ( )
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 (5.20) 

The response curves of the output weighting function, the input weighting function and 

the performance weighting function for the axial translational motion of MSFW rotor are 

illustrated in Fig. 5.11. The response amplitude of the axial sensitivity function Sa(s) is below 

the response amplitude of the input weighting function 1/Wau(s) in Fig. 5.11(a). The response 

amplitude of the axial control function Ra(s) is below the response amplitude of the output 

weight function 1/Way(s) in Fig. 5.11(b). As illustrated in Fig. 5.11(c), the response amplitude 
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of the performance weighting function 1/Wae(s) is greater than the response amplitude of the 

complementary sensitivity function Ta(s). 

 

(a) 

 

(b) 

 

(c) 

Fig. 5.11. The weighting functions of the MSFW rotor’s axial translational control, (a) the response 

curves of the sensitivity function and the input weighting function, (b) the response curves of the control 

function and the output weighting function, (c) the response curves of the complementary sensitivity 

function and the performance weighting function. 
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For the translational control of MSFW rotor in radial direction, the input weighting 

function is  

 ( )
0.1 50
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W s

s

+
=

+
 (5.21) 

The output weighting function of radial translational control is  
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The performance weighting function of the radial translational control is 
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=

+
 (5.23) 

The frequency responses of the weighting functions and the performance function are 

illustrated in Fig. 5.12. The response amplitude of the radial translation’s sensitivity function 

Sr(s) is below the response amplitude of the input weighting function 1/Wru(s) in Fig. 5.12(a). 

The response amplitude of the radial control function Rr(s) is below that of the output weighting 

function 1/Wry(s) in Fig. 5.12(b). As illustrated in Fig. 5.12(c), the response amplitude of 

performance weighting function 1/Wre(s) is greater than that of complementary sensitivity 

function Tr(s). 

 

(a) 



 

134 

 

(b) 

 

(c) 

Fig. 5.12. The weighting functions of the radial translational control, (a) the response curves of the 

sensitivity function and the input weighting function, (b) the response curves of the control function and 

the output weighting function, (c) the response curves of the complementary sensitivity function and the 

performance weighting function. 

The minimal value of the optimization factor γ=0.2. Therefore, the robust control function 

in the radial translational control is designed as 

 ( )
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For the rotational control of the MSFW rotor with the gyroscopic coupling effect, the 

robust function could be designed as 

( )
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 (5.25) 
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The programming and coding about control functions of the translational and rotational 

motions in Eq.(5.20), (5.24) and (5.25) could be accomplished by the high-performance FPGA 

chip and the DSP chip in the MPU. 

5.4.3 The Performance Comparison between Robust Control and PID 

Control 

5.4.3.1 The Control Performances on Translational Motion 

 

(a) 

 

(b) 

Fig. 5.13. The control performance of the axial translation, (a) the frequency response curves of the axial 

translation with PID control model and robust control model, (b) the step response curves of the axial 

translation with PID control model and robust control model. 

In this part, numerical simulations are conducted to compare the control performances of 

the PID control model and the robust control functions applied in the axial translation and the 

radial rotation of MSFW rotor. Firstly, frequency response curves of translational control in 
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axial direction with the PID control model and the robust control function are compared. As 

shown in Fig. 5.13(a), the response magnitude of the robust control function is lower than 

response magnitude of the PID control model, so the robust control function owns better 

dynamic performance on translational control of MSFW rotor in axial direction than the PID 

control model. Moreover, the step response of the axial translational control is shown in Fig. 

5.13(b). The step response curve of the robust control function is more precise than the PID 

control function, and then the robust control function owns higher control accuracy than the 

PID control in the axial suspension control of MSFW rotor. 

When the MSFW rotor is stably suspended at the axial equilibrium point, an impulse 

disturbance is imposed on the MSFW rotor in axial direction. As shown in Fig. 5.14(a), the 

response curve of MSFW rotor with the PID control model is plotted by red line, and the 

response peak of axial displacement is 0.0268mm. Moreover, response curve of MSFW rotor 

with the robust control function is shown by blue line, and response peak of axial displacement 

is 0.0134mm. Therefore, the response amplitude of MSFW rotor with the robust control is quite 

lower than that of the PID control model in axial suspension control of MSFW rotor. In addition, 

the random disturbance is added on the axial suspension process of MSFW rotor as shown in 

Fig. 5.14(b). The RMS (root mean square) value of the dynamic displacement is used as the 

index for evaluating the control performance of MSFW rotor. The RMS value of the MSFW 

rotor with the PID control is about 0.0187mm, and the RMS of the MSFW rotor with the robust 

control is about 0.0067mm. The response curve of axial displacement is illustrated in Fig. 5.14(c) 

when a sinusoidal vibration source is imposed on the suspension process of MSFW rotor in 

axial direction, and the axial displacement of MSFW rotor oscillates with the sinusoidal 

vibration source. The response amplitude of the MSFW rotor with the PID control is about 

0.0101mm, and the response magnitude of the MSFW rotor with the robust control function is 

about 0.0071mm. 
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(a) 

 

(b) 

 

(c) 

Fig. 5.14. The response curves of the MSFW rotor’s axial suspension with the robust control function 

and PID control model when different disturbances are imposed on MSFW rotor, (a) the response curves 

of the MSFW rotor’s axial suspension for the transient impulse disturbance, (b) The response curves of 

the axial suspension for the random disturbance, (c) The response curves of the axial suspension for the 

sinusoidal disturbance. 

Above all, the simulations of the axial suspension of MSFW rotor with transient impulse 

disturbance, random disturbance, sinusoidal disturbances are developed, and simulation results 

indicate that the axial displacement of MSFW rotor would be affected by the disturbances 

(a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)
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imposed on the axial suspension process. Moreover, as listed in TABLE. 5.II, comparing with 

the response magnitudes of the axial displacement of MSFW rotor, the robust control function 

has better ability on attenuating the disturbance force and torque than the PID control model 

for MSFW rotor with the uncertain current stiffness and displacement stiffness. 

TABLE. 5.II. The control performance comparison of dynamic displacements in axial suspension with 

different disturbances. 

 PID Control Robust Control 

Transient impulse disturbance (Peak) 0.0268mm 0.0134mm 

Random disturbance (RMS) 0.0187mm 0.0067mm 

Sinusoidal disturbance (Amplitude) 0.0101mm 0.0071mm 

 
 

5.4.3.2 The Control Performances on Rotational Motion 

 

Fig. 5.15. The frequency response curves of the MSFW rotor’s radial rotation function. 

The simulation about the robust control function used in rotational control of MSFW rotor 

is conducted. The frequency responses of the rotational motion are illustrated in Fig. 5.15. The 

magnitude peak at low frequency is response peak of the BW motion, also the magnitude peak 

at high frequency is the response peak of the FW motion. The BW motion happens at 0.5Hz, 

and the FW motion occurs at 240Hz. For the robust control function, the response magnitude 

of the BW motion is about 148dB, and the response magnitude of the FW motion is about 76dB. 

For the PID control model, the response magnitude of the BW motion is about 294dB, and the 

response magnitude of the FW motion is about 122dB. Consequent, the robust control function 
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applied in the rotational motion of MSFW rotor can effectively suppress frequency responses 

of the BW and FW motions. 

 

(a) 

 

(b) 

 

(c) 

Fig. 5.16. The angle response of the MSFW rotor’s rotation for different disturbances, (a) the impulse 

disturbance, (b) the random disturbance, (c) the sinusoidal disturbance. 

An impulse disturbance, a random disturbance and a sinusoidal disturbance are imposed 

on the rotational motion of MSFW rotor, respectively, and the dynamic deflection of rotational 

angle α is chosen as the stability index of rotational motion. Firstly, an impulse disturbance is 

(a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)
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imposed on rotational motion around radial axes of MSFW rotor, and the dynamic response 

magnitudes of rotational angles are shown in TABLE. 5.III and Fig. 5.16(a). For the PID control 

model used in the rotational motion of MSFW rotor, the peak-peak value of rotational angle 

around radial axis is 0.3099°. The peak-peak value of rotational angle with the robust control 

function is 0.09014°. Moreover, as shown in Fig. 5.16(b), when a random disturbance is acting 

on the rotational motion of MSFW rotor, the RMS value of MSFW rotor’s rotational angle with 

the PID control model is 0.0433°, and the RMS value of MSFW rotor’s rotational angle rotor 

with the robust control is reduced to 0.0089°. A sinusoidal disturbance is applied to the 

rotational motion of MSFW rotor as shown in Fig. 5.16(c). The response magnitude of MSFW 

rotor’s rotational angle with the PID control model is 0.299°. The maximum response 

magnitude of MSFW rotor’s rotational angle with the robust control function is 0.2749°, and 

the steady state value of MSFW rotor’s rotational angle is about 0.1012°. 

Above all, for the axial suspension and the rotational motion of MSFW rotor with 

uncertain displacement stiffness and current stiffness, the obtained simulation results show that 

the robust control function has better ability to reject the influences of disturbance forces and 

torque acting on the MSFW rotor than the PID control. 

TABLE. 5.III. Comparison of control performance for the rotational motion. 

 PID Control Robust Control 

Transient impulse disturbance (Peak) 0.3099° 0.0914° 

Random disturbance (RMS) 0.0433° 0.0089° 

Sinusoidal disturbance (Amplitude) 0.2749° 0.1012° 

5.5 Experimental Verification of Stable Suspension 

5.5.1 The Axial Stable Suspension of MSFW Rotor 

The axial stable suspension is the most critical condition of MSFW rotor, and then the 

high-speed rotation could be realized. This section is about the experimental test for the stable 

suspension performance of the MSFW rotor in axial direction. The MSFW rotor is stably 

suspended at the axial equilibrium position, so the axial displacement deflection of MSFW rotor 
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would be zero. The load rotors with different masses are respectively imposed on coupling shaft 

of MSFW rotor along the axial direction. If the displacement deflection of the MSFW rotor 

occurs, the magnetic force generated by the axial AMB pushes MSFW rotor back to the 

equilibrium position based on the negative displacement feedback of MSFW rotor in axial 

direction. The displacement difference between the maximum value of displacement deflection 

and the minimum value of displacement deflection is used to analyze the dynamic 

characteristics of MSFW rotor with different loads. 

As shown in Fig. 5.17, the response curve of MSFW rotor with the robust control function 

is shown by blue line, and the response curve of MSFW rotor with the PID control model is 

shown by red line. As shown in Fig. 5.17(a), when the load rotor with 20kg is imposed on 

MSFW rotor in axial direction, and the maximum value of the MSFW rotor’s displacement 

deflection with the PID control model is about 0.55mm, and the maximum value of the MSFW 

rotor’s displacement deflection using the robust control function is about 0.38mm. The 

maximum displacement deflection of the MSFW rotor with the PID control model is 0.63mm 

when the load with 40kg is imposed on coupling shaft of MSFW rotor in axial direction, the 

maximum value of the MSFW rotor’s displacement deflection with the robust control function 

is reduced to 0.40mm. When load rotor is imposed on the MSFW rotor increases to 60kg in 

axial direction, the maximum displacement deflection of MSFW rotor with the PID control 

model is about 0.95mm, and that of the robust control function is about 0.53mm.  

TABLE. 5.IV. The control performance comparison of dynamic displacements in axial suspension with 

different loads. 

 PID Control Robust Control Reduction 

Weight of load=20kg 0.556mm 0.38mm 30.9% 

Weight of load=40kg 0.63mm 0.40mm 36.5% 

Weight of load=60kg 

 

0.95mm 0.53mm 44.2% 

 

Therefore, as illustrated in TABLE. 5.IV, the comparison results between the maximum 

displacement deflection of MSFW rotor using the PID control model and maximum value of 

the MSFW rotor’s displacement deflection using the robust control function show that the 
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robust control function are more effectively on reducing the effect of the disturbance imposing 

on the axial suspension process of MSFW rotor than PID control model. 

 

(a) 

 

(b) 

 

(c) 

Fig. 5.17. The suspension curves of MSFW rotor with different loads in axial direction, (a) the suspension 

curve of MSFW rotor with 20kg load, (b) the suspension curve of MSFW rotor with 40kg load, (c) the 

suspension curve of MSFW rotor with 60kg load. 

5.5.2 The Dynamic Suspension Process of MSFW Rotor 

Moreover, the experiment tests of the dynamic suspension process of MSFW rotor with 

different loads are conducted to compare the control performances of the PID control and the 
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robust control. For the suspension curve of the MSFW rotor in axial direction, the suspension 

displacement of the MSFW rotor with the PID control and the robust control are compared, and 

the response peak and the settling time of the axial suspension process are used as the evaluation 

indices of the control performance for the MSFW rotor.  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 5.18. Dynamic suspension processes of the MSFW rotor with different loads in axial direction, (a) 

the weight of load is 20kg, (b) the weight of load is 40kg, (c) the weight of load is 60kg, (d) the details 

of dynamic suspension process. 

As shown in Fig. 5.18(a), when a 20kg load rotor is imposed on MSFW rotor in axial 

direction, the maximum transient response amplitude of MSFW rotor with the PID control 

model is about 0.19mm, and maximum transient response amplitude of MSFW rotor using the 

robust control function is 0.12mm. Moreover, the dynamic suspension process of MSFW rotor 

is shown in Fig. 5.18(b) when the load rotor is increased to 40kg. The transient response 

amplitude of the MSFW rotor with the PID control model is 0.26mm, but transient response 

amplitude of the MSFW rotor with the robust control function is reduced to 0.18mm. The 

dynamic suspension process of MSFW rotor is illustrated in Fig. 5.18(c) when the load rotor is 
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60kg. The transient response amplitude of the PID control model is 0.30mm, and that of the 

robust control function is about 0.26mm. Specifically, the partially details of the dynamic 

suspension process are illustrated in Fig. 5.18(d). The settling time of dynamic suspension in 

axial direction would be increased with the weight of load rotor added on MSFW rotor in axial 

direction. According to the comparison result (as listed in TABLE. 5.V) between the dynamic 

suspension processes of MSFW rotor with the PID control model and the robust control 

function in axial direction, the robust control function is more helpful on improving the 

suspension precision of MSFW rotor than the PID control model. 

TABLE. 5.V. The control performance comparison of dynamic displacements in axial suspension using 

PID control model and robust control function with different loads. 

 PID Control Robust Control Reduction 

Weight of load=20kg 0.19mm 0.12mm 36.8% 

Weight of load=40kg 0.26mm 0.18mm 30.8% 

Weight of load=60kg 

 

0.30mm 0.26mm 13.3% 

5.5.3 The Disturbance Attenuation of Rotational Motion 

Besides comparison result of control performances on translational suspension process of 

MSFW rotor in axial direction, the control performances of the PID control method and the 

robust control function on rotational motion are also analyzed. First, an impulse disturbance is 

adding on the rotational motion of MSFW rotor at different rotational speeds, and the maximum 

displacement deflection of MSFW rotor deviating from balanced position is utilized to evaluate 

the suspension precision of the applied control method. 

As illustrated in Fig. 5.19(a), an impulse disturbance is imposed on the rotational motion 

of MSFW rotor when the rotating speed is 2000rpm. The displacement deflections in radial 

direction of MSFW rotor with the PID control model are plotted by red line, and the radial 

displacement deflections in radial direction of MSFW rotor with the robust control function are 

marked by blue line. The maximum displacement deflection of the MSFW rotor with the PID 

control in radial direction is 0.38mm, and that of the robust control is reduced to 0.24mm. The 

relative reduction is about 36.8%. Furthermore, the radial dynamic displacements of the MSFW 
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rotor adding an impulse disturbance are shown in Fig. 5.19(b) when the rotating speed of 

MSFW rotor is increased to 4000rpm. The maximum value of MSFW rotor’s displacement 

deflection with the PID control model is about 0.97mm, and the maximum value of MSFW 

rotor’s displacement deflection using the robust control function is declined to 0.70mm, so the 

relative decrease is about 27.8%. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 5.19. The radial displacement of MSFW rotor with adding an impulse disturbance at different 

rotational speed, (a) the rotational speed is 2000rpm, (b) the rotational speed is 4000rpm, (c) the rotational 

speed is 6000rpm, (d) the rotational speed is 8000rpm. 

An impulse disturbance is impacted on the rotational motion of MSFW rotor at 6000rpm. 

The dynamic response of MSFW rotor’s radial displacement is shown in Fig. 5.19(c). The 

maximum displacement deflection of MSFW rotor with the PID control model is about 0.67mm, 

and that with the robust control function is reduced to 0.52mm, so the relative reduction on the 

maximum value of MSFW rotor’s displacement deflection is 22.4%. The rotating speed of 

MSFW rotor is increased to the rated speed 8000rpm, the maximum value of MSFW rotor’s 

displacement deflection using PID control model is 0.55mm in radial direction, and the 
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maximum value of MSFW rotor’s displacement deflection using the robust control function is 

about 0.48mm, so the relative decline on the maximum value of MSFW rotor’s displacement 

deflection is about 12.7%. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 5.20. The PSD of the radial displacement of MSFW rotor with adding an impulse-type disturbance, 

(a) the rotational speed is 2000rpm, (b) the rotational speed is 4000rpm, (c) the rotational speed is 

6000rpm, (d) the rotational speed is 8000rpm. 

TABLE. 5.VI. Comparison of the MSFW rotor’s radial displacements with different control models. 

 PID Control Robust Control Reduction 

speed=2000rpm 0.38mm 0.24mm 36.8% 

speed=4000rpm 0.97mm 0.70mm 27.8% 

speed=6000rpm 0.67mm 0.52mm 22.4% 

speed=8000rpm 0.55mm 0.48mm 12.7% 

speed-up process 0.72mm 0.52mm 27.8% 

 

The PSD of MSFW rotor’s displacement in radial direction is shown in Fig. 5.20. As 

shown in Fig. 5.20(a), the PSD of the radial displacement with the PID control model is 0.025 

when the rotating speed of MSFW rotor is 2000rpm, and the PSD of the radial dynamic 
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displacement with the robust control function is attenuated to 0.02. As shown in Fig. 5.20(d), 

the PSD of radial dynamic displacement with the PID control model at 134Hz is 0.047 when 

the rotating speed of MSFW rotor is accelerated to 8000rpm, and the PSD of radial dynamic 

displacement with the robust control function is 0.045. 

According to TABLE. 5.VI, the comparison results between the maximum displacement 

deflection of MSFW rotor in radial direction using the PID control model and the robust control 

function validate that the robust control function is more effectively on attenuating the vibration 

responses caused by the disturbance forces and torque than PID control model for the rotational 

motion of MSFW rotor. 

5.5.4 The Displacement Deflection of MSFW Rotor during Speed 

Regulation Process 

The dynamic displacement variations of MSFW rotor during the speed regulation process 

are shown in Fig. 5.21. The rotating speed of MSFW rotor is accelerated from 0rpm to 7800rpm, 

and the dynamic displacement deflections of MSFW rotor in radial direction are measured. As 

shown in Fig. 5.21, the radial displacement deflection increases with the rotational speed of the 

MSFW rotor, and then it reaches to the constant term when the rotating speed reaches to rated 

rotating speed of MSFW rotor. The maximum value of MSFW rotor’s displacement deflection 

in radial direction with the PID control model is shown in Fig. 5.21(a). The maximum 

displacement deflection of MSFW rotor in radial direction is 0.72mm. For the robust control, 

the maximum displacement deflection of MSFW rotor in radial direction is 0.52mm. As a result, 

the maximum dynamic displacements of MSFW rotor indicate that the robust control model 

could improve the stability of MSFW rotor during the speed-up process. 
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(a) 

 

(b) 

Fig. 5.21. The radial displacement of the MSFW rotor during the speed-up, (a) the radial displacement 

deflections of MSFW rotor using PID control model, (b) the radial displacement deflections of MSFW 

rotor using robust control function. 

5.6 Summary 

The uncertainties about the current stiffness and the displacement stiffness of the AMB 

system in the MSFW rotor are analyzed, and a robust control scheme for different motions of 

MSFW rotor is designed to attenuate disturbances imposing on MSFW rotor. The nominal 

values of the displacement stiffness and the current stiffness would be affected by the initial 

location of MSFW rotor, so the dynamic suspension process of the MSFW rotor could not be 

accurately controlled. Moreover, the external disturbances imposing on MSFW rotor affect the 

theoretical values of displacement stiffness and current stiffness too. Therefore, the robust 

control scheme is proposed to dwindle the disturbance responses of the translational motion 
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and the rotational motion. The simulation result indicated that the robust control function could 

improve the ability on diminishing the disturbance response of MSFW rotor than the PID 

control model when a transient impulse disturbance, a sinusoidal disturbance or a random 

disturbance is imposed on the MSFW rotor, respectively. Finally, the experimental results show 

that the maximum value of MSFW rotor’s displacement deflection with the robust control 

function is smaller than that with the PID control model when the MSFW rotor works at 

different rotational speeds. Thence, the proposed robust control function of MSFW rotor could 

improve the control precision by reducing the effect of the disturbances acting on the MSFW 

rotor.  
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Chapter 6. The Internal Mode Control of MSFW Rotor 

In Chapter 5, the robust control function is designed to improve the anti-disturbance ability 

of MSFW rotor with great weight, but gyroscopic coupling terms among four control channels 

in radial direction still exist which could also affect the control precision of the MSFW rotor. 

Therefore, the decoupling control could be designed to accomplish decoupling control of 

MSFW rotor without affecting the control precision. 

For the MSFW rotor structure with great equatorial moment of inertia and the great self-

weight, the system parameters such as the displacement stiffness and the current stiffness could 

often deflect from their nominal values, so the MSFW rotor with the great equatorial moment 

of inertia and the great self-weight is more sensitive to the parameter variations and the external 

disturbances. Moreover, the coupling terms varying with the rotating speed of MSFW rotor 

exist in the radial rotation of MSFW rotor. Therefore, the IMC and decoupling internal model 

control (DIMC) models are researched to accomplish the decoupling control among four DOFs 

in radial direction and improve the robustness of MSFW rotor with great equatorial moment of 

inertia and the great self-weight. Through applying the IMC model, the robust stability of the 

MSFW rotor with great equatorial moment of inertia and the great self-weigh could be 

improved when it turns at a high rotational speed. Furthermore, the DIMC model could 

accomplish the decoupling control in four radial control channels of the MSFW rotor, so the 

gyroscopic coupling effect in four radial control channels could be mitigated. 
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6.1 The Dynamic Model of MSFW Rotor for IMC 

 

(a)                                            (b) 

Fig. 6.1. (a) the prototype of the MSFW rotor, (b) the force of the MSFW rotor. 

The force analysis of the MSFW rotor is illustrated in Fig. 6.1, based on the dynamic model 

of the MSFW rotor in Eq.(2.22) and Eq.(2.23), the dynamic model of the MSFW rotor for the 

IMC model could be rewritten into 

 

x ux ux lx lx ux lx

y uy uy ly ly uy ly

x ux lx z

y uy ly z

md f f f f f f

md f f f f f f

J f l f l J

J f l f l J

 

 

+ − + −

+ − + −

 = − + − = +


= − + − = +


=  +  + 


=  +  − 

 (6.1) 

The MSFW rotor is located at the balanced status when the resultant force and the tilting 

torque acting on the MSFW rotor are equal to zero. If the resultant force and the tilting torque 

acting on the MSFW rotor are not equal to zero, the MSFW rotor is located at a unbalanced 

state. Considering that the suspension span of the radial AMB at the upper end is same to that 

of the radial AMB at the lower end of MSFW rotor, the translational displacements in radial 

direction and the tilting angles around radial axes of MSFW rotor could be written as 
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Furthermore, the equations of motion of the MSFW rotor could be rewritten as 
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 (6.3) 

The control forces of the MSFW rotor could be derived and written as 
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  (6.4) 

And magnetic forces of the AMB system are 

 

ux ix ux dx ux

lx ix lx dx lx

uy iy uy dy uy

ly iy ly dy ly

f k i k d

f k i k d

f k i k d

f k i k d

= −


= −
 = −

 = −

 (6.5) 

Substituting Eq. (6.5) into Eq. (6.4), and the control currents in the AMB system along 

four control channels of radial direction could be written as 
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There are displacement and force coupling terms existing in four control channels of 

MSFW rotor in radial direction. Along x-axis channel control loop of radial AMB at upper end, 

there are control displacements from other control channels such as dlx, duy and dly except the 

main control displacement dux. Consequent, a decoupling control model is designed to 

accomplish the decoupling control of MSFW rotor in four control channels of radial direction. 

For the tilting motion of MSFW rotor around radial axes, the gyroscopic coupling terms relate 

to the rotating speed will cause an additional coupling to control channels in radial direction. 

Based on Eq. (6.6) and through the Laplace transform, the output displacement of the MSFW 

rotor in frequency-domain could be derived and written as 
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And the control matrix in four control channels could be expressed into 

 
1 ( ) ( )
( )

( ) ( )
p

A s B s
G s

B s A s

−  
=  

− 
 (6.8) 

where 
2 2

0 1 2

2 2
2 0 1

( )
a s a a s

A s
a s a s a

 +
=  

+  

 and 
3 3

3 3

( )
a s a s

B s
a s a s

− 
=  

− 
.  

Furthermore, the control matrix could be separated into a decoupling form as following 

 ( ) ( ) ( )1
pG s D s W s− = +   (6.9) 

where the decoupling term of the control matrix is defined as 
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( ) 0
( )
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, 

and the coupling term of the control matrix is defined as 

0 ( )
( )

( ) 0

B s
W s

B s

 
=  

− 
.  

Therefore, the coupling terms in the dynamic equation of the MSFW rotor could be 

suppressed by designing a compensation matrix to coupling term W(s), and then the decoupling 

model of the MSFW rotor could be obtained. 

6.2 The IMC and DIMC Models of MSFW Rotor 

6.2.1 The IMC Model of MSFW Rotor 

 

Fig. 6.2. The block diagram of the IMC model for the MSFW rotor. 

 

Fig. 6.3. The block diagram of equivalent IMC model for the MSFW rotor. 

The control diagram of the IMC model used in displacement control model of MSFW rotor 

along four control channels in radial direction is shown in Fig. 6.2. y(s) is defined as the output 

displacement of the IMC model. r(s) is chosen as the reference input of the IMC model. d(s) is 

defined as the disturbance input of the IMC model. GIMC(s) presents the IMC control model of 
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MSFW rotor, Gp(s) is the real plant model of the MSFW rotor, and Gm(s) equivalent control 

plant of MSFW rotor. 

The control plant of MSFW rotor could be expressed as following 

 ( ) ( ) ( )m m mG s G s G s+ −=    (6.10) 

where Gm+(s) is the irreversible model of the MSFW rotor, and Gm-(s) is the reversible model 

of the MSFW rotor. 

The low pass filter Gf(s) is defined as 
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2

1
( )

1
fG s

s
=

+
  (6.11) 

Therefore, the IMC model could be expressed as 

 
1( )= ( ) ( )IMC m fG s G s G s−

−   (6.12) 

Moreover, based on the control diagram of the IMC model as shown in Fig. 6.3, the 

equivalent control function could be expressed as 
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6.2.2 The DIMC Model of MSFW Rotor 

 

Fig. 6.4. The block diagram of the DIMC model for the MSFW rotor. 

To control the coupling terms in Eq.(6.6), the control plant model of MSFW rotor could 

be decoupled by introducing an inner feedback matrix as shown in Fig. 6.4, and K(s) is defined 

as the equivalent control model of MSFW rotor. 

The closed loop transfer function of MSFW rotor could be written as 
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By using the decoupling matrix Gp
-1(s) as Eq. (6.8), the dynamic equations of the MSFW 

rotor could be simplified into several decoupling model in different control loops. The 

decoupling control model of MSFW rotor yields 

 
1( ) ( )DG s D s−=   (6.15) 

For the decoupling model of MSFW rotor in radial control channels, the decoupling 

control model in four radial control channels is not necessary, so the inner feedback loop of 

MSFW rotor will be omitted, and the normal control model and standard control model could 

be applied. However, there are coupling terms among four control channels of the MSFW rotor, 

so the inner control loop could be useful to accomplish the decoupling control of MSFW rotor 

among different control channels in radial direction. 

6.2.3 The Tracking Performance and Sensitivity Analysis of IMC Model 

For four control channels of MSFW rotor in radial direction, the transfer function Gry(s) 

from the reference input displacement r(s) to the output displacement y(s) could be expressed 

into 
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The error equation from the reference input displacement r(s) to the output displacement 

y(s) could be expressed into 
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K s G s

= − =
+

 (6.17) 

For the MSFW rotor, if the control plant Gm(s) of MSFW rotor is enough exact to the real 

plant Gp(s), the magnitude of error function could be obtained as following 
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The error function will approach to zero, it means that the reference input could be 

precisely tracked by the IMC model. 

If there is a small deviation Δai of the ith system parameter ai of MSFW rotor’s control 

plant from the ideal value, and then the tracking performance of the control model with the 

parameter uncertainties could be expressed as 
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The sensitivity function of IMC model could be defined as 
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For the IMC model, there is 
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For the DIMC model of the MSFW rotor, there is 
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The sensitivity function of the DIMC model is 
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If Gp(s) is the precise control plant of the MSFW rotor, so we have 
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Differentiating Eq. (6.14) with respect to ai, we have 
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Furthermore, the sensitivity function of the DIMC model could be rewritten as 
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Therefore, the sensitivity functions of the IMC model and the DIMC model could be 

expressed into 
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6.2.4 The Anti-disturbance Performance and Robustness of IMC Model 

For the IMC model used in four control channels of the MSFW rotor, the transfer function 

Gdy(s) from the disturbance input term d(s) to the output displacement term y(s) could expressed 

as 
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When the equivalent control model of the MSFW rotor is exact to the real control plant, 

the magnitude equation of the disturbance transfer function could be written as 
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The robustness is determined by the parameters of the chosen filter. In detail, the response 

magnitude of the disturbance transfer function is amplified by increasing the low-pass filter λ, 



 

159 

and a small value of low-pass filter λ is beneficial to improving the robustness. Moreover, the 

robust performance of IMC model would be diminished with increasing the disturbance 

frequency. 

As illustrated in Fig. 6.4, the disturbance transfer function of the DIMC model is 
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For the exact control plant model of MSFW rotor, the response magnitude of disturbance 

transfer function could be expressed as 

 ( ) 1 ( )DIMC
dy fG s G s= −   (6.32) 

Comparing Eq. (6.32)to Eq. (6.30), the DIMC model has same robust ability as the IMC 

model, the robust ability of MSFW rotor is determined by the parameters of chosen filter. 

6.3 Simulation of IMC and DIMC Model 

6.3.1 The Anti-disturbance Performance of IMC and DIMC Model 

TABLE. 6.I. The simulation parameters of MSFW rotor system in IMC model. 

Parameter Value Unit 

Polar moment of inertia Jx=0.67 kgm2 

Equatorial moment of inertia Jz=1.24 kgm2 

Mass of MSFW rotor m=150 kg 

Current stiffness of radial AMB kix=520 N/A 

Displacement stiffness of radial AMB kdx=-2800 N/mm 

Span from radial sensor to center of mass l=476 mm 

Amplification coefficient kw=0.2 A/V 

Sensitivity of displacement sensor ks=3.3 V/mm 

 

In a MIMO system of the MSFW rotor with parameters in TABLE. 6.I, the singular values 

of the frequency function matrix are the evaluation index for the frequency responses of the 

IMC model and the DIMC model. The singular values of the frequency function matrix could 

be written as 
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 [ ( )] [ ( ) ( )]T
i iG j G j G j    = −   (6.33) 

where δi is the ith eigenvalue of MSFW rotor’s control plant in four radial control channels. 

The relationship between the singular values and frequency responses of the IMC model 

and DIMC model at different rotating frequencies is shown in Fig. 6.5. When the MSFW rotor 

working at a high rotational frequency, the DIMC model has the same sensitivity performance 

as the IMC model in the low-frequency domain. The IMC model has a greater sensitivity peak 

than the DIMC model when the response frequency equals to the natural rotational frequency 

of MSFW rotor, so it indicates that an oscillation will occur at a high rotating frequency. 

Consequent, the DIMC model expresses better ability on mitigating the oscillatory behavior 

when MSFW rotor works at a high rotational frequency. 

 

Fig. 6.5. The comparison about the singular values of the control plant with the IMC model and the 

DIMC model. 

6.3.2 The Tracking Performance and Robustness of IMC and DIMC 

Model 

To analyze the tracking performances of the IMC model and the DIMC model used in the 

MSFW rotor, a step displacement signal with 0.1mm amplitude is chosen as the reference input 

displacement. As shown in Fig. 6.6, the dynamic response curve of MSFW rotor with the DIMC 

model is shown by red line, the dynamic response curve of MSFW rotor with the IMC model 

is shown by blue line. For MSFW rotor using the IMC model, the maximum error between the 
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reference input and the response output is 0.03mm. For the MSFW rotor using DIMC model, 

the maximum error between the reference input and the response output is reduced to 0.02mm, 

but the rising time for the reference input using the DIMC model is higher than the IMC model. 

Moreover, an impulse disturbance is added on MSFW rotor after it is stably located at the radial 

balanced position. For the MSFW rotor using the IMC model and DIMC model, the 

displacement deflection from the balanced position is 0.02mm. Consequently, the excessive 

displacement overshoot in the step response curve could be mitigated using the DIMC model, 

and the settling time to reach the steady state and the rising time would be longer than the IMC 

model. When the low pass filter coefficients of the DIMC model and the IMC model are chosen 

as same values, the response magnitude of the MSFW rotor for the impulse disturbance would 

be the same. 

 

 

Fig. 6.6. The displacement response curves of the MSFW rotor using IMC model and DIMC model. 

When the filter coefficient λ of the low pass filter is chosen as different values, an impulse 

disturbance is added on the MSFW rotor at the balanced position, and then displacement 

response curves of MSFW rotor are shown in Fig. 6.7, respectively. When the filter coefficient 

of the low pass filter λ=10, the displacement response curve of MSFW rotor is presented by 
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magenta line, the displacement error between the output displacement and the reference input 

displacement is 0.025mm, and the settling time approaching to the steady state is 0.86s. the 

filter coefficient of low pass filter λ=0.1, the displacement response curve of MSFW rotor for 

the impulse disturbance is plotted by the blue line, the displacement error between the output 

displacement and the reference input displacement is 0.016mm, and the settling time 

approaching to the steady state is 0.52s. Therefore, the anti-disturbance ability of MSFW rotor 

would be improved with a great filter coefficient of low pass filter λ, and the tracking lag for 

the reference input would be enlarged too. 

 

 

Fig. 6.7. The displacement response curves of MFW rotor using the IMC model when an impulse 

disturbance is added on it. 
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Fig. 6.8. The frequency response curves of disturbance transfer function choosing different values of the 

low-pass filter coefficient λ. 

Moreover, choosing the different filter coefficients of the low pass filter, the frequency 

response curves of the disturbance transfer function are shown in Fig. 6.8. The response 

magnitude of the response curve when the low pass filter coefficient λ=0.1 is greater than the 

response magnitude choosing the low pass filter coefficient λ=1. It shows that the DIMC model 

and the IMC model are both sensitive to the disturbance acting on MSFW rotor although the 

low pass filter coefficient could be regulated, and the great value of low pass filter coefficient 

would reduce the cut-off frequency of disturbance transfer function. Therefore, a great value of 

low pass filter coefficient could diminish the frequency range of the imposed disturbance. 

The simulation result indicates that the MSFW rotor using the DIMC model has good 

performance on mitigating the displacement overshoot and displacement oscillation. Moreover, 

the bigger value of low pass filter coefficient, the higher robustness of the MSFW rotor. 

6.3.3 Comparison Between the IMC Model and the DIMC Model 

The dynamic suspension displacements in four radial control channels of MSFW rotor 

using the IMC model are simulated and shown in Fig. 6.9. The magnetic suspension force of 

the radial AMB at upper end could make the MSFW rotor stably suspend at the equilibrium 

position at t=1s, there are obvious displacement deviations in other three radial control channels. 

Furthermore, an impulse disturbance force is added on stable suspension at upper end of MSFW 
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rotor along x axis at t=3s, the displacement term at the upper end in x axis dux has 0.07mm 

deviating from the equilibrium point, and a displacement deflection about 0.02mm occurs in 

other three control channels of the MSFW rotor. Using the DIMC model to the MSFW rotor, 

the dynamic suspension displacements of the MSFW rotor in four radial control channels are 

shown in Fig. 6.10. The displacement term at the upper end in x axis dux has a deflection of 

0.08mm. At that instant, the displacement term dlx at the lower end in x axis has a deflection 

about 0.03mm, but displacements duy and dly at the upper end and lower end in y axis are kept 

at the balanced status. 

 

Fig. 6.9. The dynamic suspension displacements in four radial DOFs of MSFW rotor using the IMC 

model. 

 

Fig. 6.10. The dynamic suspension displacements in four radial DOFs of MSFW rotor using the DIMC 

model. 
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Fig. 6.11. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 300rpm using 

the IMC model. 

 

Fig. 6.12. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 300rpm using 

the DIMC model. 

When the IMC model is used to the MSFW rotor, the dynamic displacements of MSFW 

rotor are illustrated in Fig. 6.11 when the rotating speed is 300rpm. The displacement amplitude 

of the MSFW rotor is 0.015mm at the balanced state, and the deflection of the displacement 

terms dux and dlx is 0.08mm when an impulse disturbance force is acting on control channel 

along lower end of x axis (displacement term dlx), the deflection term of the displacement terms 

duy and dly is 0.048mm. When the DIMC model is used to the MSFW rotor, the dynamic 

displacements of MSFW rotor are plotted in Fig. 6.12. The displacement terms duy and dly could 
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keep stable when the disturbance is imposed on the control channel at the lower end of x axis, 

but the deflection value of displacement terms dux and dlx increases to 0.08mm. 

Furthermore, when the rotating speed of MSFW is increased to 6000rpm, the dynamic 

displacements in four radial control channels of MSFW rotor using the IMC model are 

illustrated in Fig. 6.13, the steady-state displacement value of MSFW rotor at the balanced state 

is 0.015mm. When an impulse disturbance is added on the control channel at upper end in x 

axis (the displacement term dux), the deflection amplitudes of displacement terms dux and dlx are 

both 0.05mm, and the deflection amplitude of displacement terms duy and dly are both 0.04mm. 

The corresponding displacement defections of MSFW rotor using the DIMC model are 

illustrated in Fig. 6.14. The displacement terms duy and dly remain stable, but the deflection 

amplitude of the displacement terms dux and dlx is 0.06mm. 

Consequently, the DIMC model could reduce the coupling effect among four radial control 

channels when the MSFW rotor works at the dynamic suspension state and the static rotation 

state. Although the displacement deflections of controlled channels are intensified, the 

deflection is still in the range of safety. More importantly, dynamic displacement deflections in 

other uncontrolled channels of MSFW rotor are effectively mitigated. 

 

Fig. 6.13. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 6000rpm using 

the IMC model. 
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Fig. 6.14 The dynamic suspension displacements in four radial DOFs of MSFW rotor at 6000rpm using 

the DIMC model. 

6.4 Experiment of IMC and DIMC Model 

6.4.1 The Sensitivity Analysis of IMC and DIM Models 

 

Fig. 6.15. The dynamic displacements in four radial DOFs of MSFW rotor applying different values of 

low-pass filter coefficient λ. 

The relationships among the bias displacement variation, the current stiffness variation 

and the displacement stiffness variation are shown in Fig. 5.1. When the nominal bias 

displacement of MSFW rotor sets at 1mm in radial direction, the ideal value of the displacement 

stiffness is -2800N/mm in radial direction, and the ideal value of the radial current stiffness is 

620N/A in radial direction. When the bias displacement variation of MSFW rotor is 0.1mm, 
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and the deflection term of displacement stiffness is 1000N/mm, and the deflection term of 

current stiffness is about 100N/A in radial direction. So, the current stiffness and the 

displacement stiffness of the MSFW rotor with great self-weight would be sensitive to the initial 

suspension location which is affected by the great self-weight. 

When an impulse force disturbance with the 10% of MSFW rotor’s self-weight amplitude 

is added on the control channel at the lower end of x axis by adding the disturbance signal of 

control windings, the dynamic displacements in four radial control channels of MSFW rotor 

are shown in Fig. 6.15. When the low pass filter coefficient is chosen as λ=1, the displacement 

deflection for the impulse disturbance is about 0.02mm as shown by the blue line. The 

displacement deflection for the impulse disturbance would be reduced to 0.085mm when low 

pass filter coefficient decreases to 0.001. Therefore, the great value of low pass filter coefficient 

could improve the disturbance rejection, and the sensitivity for disturbance could be suppressed 

by choosing a great value of low pass filter coefficient. 

6.4.2 The Suspension Performance of IMC and DIMC Models 

 

Fig. 6.16. The dynamic suspension traces in in four radial DOFs of MSFW rotor with the IMC model. 
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Fig. 6.17. The dynamic suspension traces in in four radial DOFs of MSFW rotor with the DIMC model. 

When a step displacement signal is selected as the reference displacement input to make 

the MSFW rotor suspends at balanced position, and then an impulse disturbance force is 

imposed on the lower end of the MSFW rotor in x axis. The dynamic displacement variations 

in four radial control channels of MSFW rotor using the IMC model are illustrated in Fig. 6.16. 

The MSFW rotor is forced to be suspended at the equilibrium position in x axis at t=5s, and 

displacement terms dux and dlx equal to zero. The displacement terms duy and dly have a 

deflection with amplitude 0.07mm because of the coupling terms existing in the four radial 

control channels of MSFW rotor. When the impulse disturbance is added on lower end of the 

MSFW rotor in x axis (displacement term dlx) at t=5.5s, the displacement deflection is 0.08mm. 

The corresponding displacement variation of dux is 0.04mm. The displacement term dly at lower 

end of y axis is 0.07mm, and the displacement term duy at upper end of y axis is 0.03mm. The 

dynamic suspension displacements of MSFW rotor using the DIMC model are illustrated in Fig. 

6.17, the displacement term dly at lower end of y axis is 0.06mm at t=4s, and the displacement 

term duy at upper end of y axis is 0.06mm too. The displacement deflection of displacement 

term dlx at the lower end of x axis caused by the impulse disturbance force is 0.07mm while the 

deflection of displacement term dly is 0.05mm. So, the displacement deflection of dly is reduced 

by 28.6% by the DIMC model, also the displacement deflection of duy is reduced by 33.3%. 



 

170 

The dynamic suspension displacements of MSFW rotor using the IMC model when the 

rotating speed is 6000rpm are detected and illustrated in Fig. 6.18. The steady-state amplitude 

of MSFW rotor’s displacement is about 0.025mm. The deflection value of displacement term 

dlx at lower end of x axis is about 0.08mm when an impulse disturbance force is added on the 

lower end of x axis, and the deflection value of displacement term dux at upper end of x axis is 

0.03mm. Moreover, the deflection value of displacement term dly at lower end of y axis is 

0.04mm, and t the deflection value of displacement term duy at upper end of y axis is 0.03mm. 

The dynamic suspension displacements of MSFW rotor when the DIMC model is used are 

shown in Fig. 6.19. The steady-state suspension displacement of MSFW rotor is 0.015mm, the 

deflection value of the displacement term dlx at lower end of x axis is 0.05mm, and the deflection 

value of the displacement term dux at upper end of x axis is 0.03mm. the deflection value of the 

displacement term dly at lower end of y axis is 0.035mm. Therefore, the DIMC model could 

reduce 12.5% displacement deflection of displacement term dly at lower end of y axis and 16.7% 

in displacement deflection of the displacement term duy compared with the IMC model. 

 

Fig. 6.18. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 6000rpm using 

the IMC model. 
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Fig. 6.19. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 6000rpm using 

the DIMC model. 

The dynamic displacement variations of MSFW rotor with the IMC model when the 

rotating speed is 10000rpm are illustrated in Fig. 6.20. The steady-state suspension 

displacement of MSFW rotor is about 0.015mm. The displacement deflection of displacement 

term dlx at the lower end of x axis for impulse disturbance force is 0.09mm when the disturbance 

force is added on the lower end of x axis, and displacement deflection of displacement term dux 

at the upper end of x axis is 0.03mm. The displacement deflection of displacement term dly at 

the lower end of y axis is 0.08mm, and the displacement deflection of displacement term duy at 

the upper end of y axis is 0.03mm. The measured dynamic displacements of MSFW rotor 

utilizing the DIMC model are illustrated in Fig. 6.21, the steady-state amplitude of MSFW rotor 

is 0.01mm. The displacement deflection of displacement term dlx at the lower end of x axis is 

0.07mm when the disturbance force is added on the lower end of x axis, and the displacement 

deflection of displacement term dux at the upper end of x axis is 0.03mm. The displacement 

deflection of displacement term dly at the lower end of y axis is 0.07mm, and the displacement 

deflection of displacement term duy at the upper end of y axis is 0.02mm. So, the DIMC model 

has 12.5% reduction on displacement deflection of the displacement term dly and 33.3% 

reduction in the displacement term duy. 
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Fig. 6.20. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 10000rpm using 

the IMC model. 

 

Fig. 6.21. The dynamic suspension displacements in four radial DOFs of MSFW rotor at 10000rpm using 

the DIMC model. 

The dynamic suspension displacements of MSFW rotor using the DIMC model and the 

IMC model during speed regulation process are illuminated in Fig. 6.22 and Fig. 6.23, 

respectively. The speed curve of MSFW rotor during regulation process from 0rpm to 5000rpm 

is marked by green line. The dynamic displacements of MSFW rotor have obvious deflection 

at the beginning of the acceleration process and the deceleration process. As shown in Fig. 6.22, 

the maximum value of MSFW rotor’s displacement deflection using the IMC model is 0.15mm 

during the speed regulation process, and the maximum value of MSFW rotor’s displacement 

deflection during the deceleration process is 0.18mm. As illustrated in Fig. 6.23, the maximum 
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displacement deflection of MSFW rotor using the DIMC model is 0.08mm during the 

acceleration process, maximum displacement deflection of MSFW rotor is 0.09mm during the 

deceleration process. So, the maximum displacement deflection during the speed regulation 

process is reduced by 50% using the DMIC model of MSFW. 

 

Fig. 6.22. The dynamic displacement deflections of MSFW rotor in radial direction with IMC model 

during speed regulation. 

 

Fig. 6.23. The dynamic displacement deflections of MSFW rotor in radial direction with DIMC model 

during speed regulation. 

Above all, based on the comparison results in TABLE. 6.II and TABLE. 6.III, although the 

simulation results display better control performances on the overshoot, the displacement 
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deflection, the coupling effect and the recovery time, the experimental results show similar 

trends like the simulation results. 

TABLE. 6.II. Comparison of the displacement term dly of the IMC model and the DIMC model. 

State of MSFW rotor IMC model DIMC model Reduction 

suspension process 0.07 0.06 14.3% 

with static disturbance 0.07 0.05 28.6% 

speed is 6000rpm 0.04 0.035 12.5% 

speed is 10000rpm 0.08 0.07 12.5% 

TABLE. 6.III. Comparison of the displacement term duy of the IMC model and the DIMC model. 

State of MSFW rotor IMC model DIMC model Reduction 

suspension process 0.07 0.06 14.3% 

with static disturbance 0.03 0.03 33.3% 

speed is 6000rpm 0.03 0.025 16.7% 

speed is 10000rpm 0.03 0.02 33.3% 

6.5 Summary 

The stability of the MSFW rotor is sensitive to the speed variation and the parameter 

uncertainty especially if the MSFW rotor has strong coupling effect. In the static suspension 

state of MSFW rotor, the robustness of the MSFW rotor is enhanced by regulating the low pass 

filter coefficient of IMC model so that the displacement deflection of the MSFW rotor can be 

reduced. In addition, the DIMC model is successfully applied for the MSFW rotor to 

accomplish the decoupling control in the four radial control channels of the MSFW rotor, and 

the displacement deflection of the MSFW rotor introduced by the coupling effect is attenuated 

by using the DIMC model. In the dynamical rotation state of the MSFW rotor, the dynamic 

displacement deflection of MSFW rotor is effectively controlled by both the DIMC model and 

the IMC model. Therefore, the displacement overshoot on dynamic response of MSFW rotor 

using the IMC model can be reduced. The IMC model is useful to improve the robust ability of 

MSFW rotor with great equatorial moment of inertia and great self-weight, and the coupling 

terms among four radial control channels of MSFW rotor could be suppressed by the DIMC 

model. 
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Chapter 7. Conclusions 

This thesis is focused on the vibration analysis and the active vibration control of the 

MSFW rotor, the main contributions are divided in five parts as follows.  

 

1.  The vibration characteristics of MSFW rotor are clearly analyzed, it is the basic part of the 

research in the whole thesis. 

The dynamic models of the MSFW rotor are established. The AMB system in radial and 

axial directions control motions of the MSFW rotor with five DOFs. The characteristics about 

the stiffness and the damping of the AMB system are analyzed, and they could be regulated 

based on the displacement feedback of the MSFW rotor. Moreover, the natural frequency of the 

MSFW rotor in translation is increased with the stiffness coefficient of control system, and the 

vibration transmissibility is reduced with the damping coefficient of control system. For tilting 

responses of the MSFW rotor when an impulse disturbance force is added on it, the titling angle 

of MSFW rotor would decrease with its rotating speed. For the harmonic disturbance imposed 

on the MSFW rotor, the MSFW rotor’s titling angle around radial axis is increased with the 

increase of the rotational frequency. Finally, the response magnitude of MSFW rotor’s 

translational displacement and tilting angle around radial axis could be attenuated by proper 

tuning of the damping coefficient and the stiffness coefficient of control system. 

 

2.  Based on frequency responses of the translation and the rotation, the dynamic 

characteristics of the MSFW rotor with the effects of structure parameters (suspension span 

ratio of radial AMBs and the moment of inertia ratio) are analyzed. 

The critical rotational frequency of the MSFW rotor increases with the moment of inertia 

ratio and the suspension span ratio. The BW and the FW motions of the MSFW rotor happen 

when the rotational frequency exceeds the critical rotational frequency of the MSFW rotor. A 

proper value of the moment of inertia ratio and the suspension span ratio can avoid the 
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occurrences of the BW and the FW motions. Moreover, the frequency bandwidth between the 

BW and the FW motions can be regulated by slightly tuning the moment of inertia ratio. 

Therefore, the research about the structure parameters provides some guidelines to the structural 

design of the MSFW rotor system, especially to the suspension span of the radial AMBs in the 

MSFW rotor system. 

 

3.  The vibration absorbing ability of the AMB for the rotational machinery is analyzed. It is 

one kind of DVA for the rotational machinery by covering the whole working frequency. 

Based on the frequency response of the MSFW rotor with the effect of the axial AMB, the 

dynamic displacement variations of MSFW rotor and load rotor decrease with increase of the 

damping coefficient and the stiffness coefficient. Therefore, the damping coefficient and the 

stiffness coefficient of the axial AMB could be used to attenuate the vibration responses of the 

MSFW rotor. Furthermore, the experimental results verify that the maximum value of MSFW 

rotor’s displacement deflection from the balanced position increases with the increase of 

rotating frequency, and it could be attenuated by the damping coefficient and the stiffness 

coefficient of the axial AMB. Therefore, the AMB system could be regarded as a DVA to control 

vibration responses of the MSFW system with a load, and the applicable frequency width of 

vibration control could be enlarged in comparison to the passive DVA. 

 

4.  Robust control could enhance the stability of MSFW rotor with great mass and great 

equatorial moment of inertia when uncertainties of current stiffness and displacement 

stiffness of the AMB system exist.  

For the MSFW rotor with heavy self-weight, the uncertain initial location of the MSFW 

rotor easily leads to the uncertainties of current stiffness and displacement stiffness, and 

therefore the suspension process of the MSFW rotor could not be accurately controlled. 

Moreover, the external disturbance also affects the nominal values of the current stiffness and 

the displacement stiffness. The gyroscopic coupling effect of the MSFW rotor with great 
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equatorial moment of inertia varies with the rotating speed, so it is regarded as an external 

disturbance acting on the MSFW rotor. Therefore, a robust control scheme is designed to 

mitigate the disturbance response of the translational motion and the radial rotation of MSFW 

rotor. Both simulation and experiment indicate that the maximum value of the MSFW rotor’s 

displacement using the robust control function is smaller than that with the standard PID control 

model when the MSFW rotor turns at different rotating speeds.  

 

5.  The DIMC could realize the decoupling control in four radial control channels of MSFW 

rotor and improve the robustness when there are disturbances acting on the MSFW rotor.  

The stability of the MSFW rotor is sensitive to the speed variation and the parameter 

uncertainty, especially if the MSFW rotor has strong coupling effect. In the static suspension 

state of the MSFW rotor, the displacement deflection of MSFW rotor is reduced, so the robust 

ability of MSFW rotor could be enhanced by regulating the low pass filter parameter of IMC 

model. The DIMC model using in MSFW rotor could be successfully applied to achieve a 

decoupling control in four radial control channels of MSFW rotor, and the displacement 

deflection of MSFW rotor introduced by the coupling effect is suppressed. In the dynamical 

rotation state of the MSFW rotor, the dynamic displacement of MSFW rotor is effectively 

controlled by both the DIMC model and the IMC model. The IMC model is useful to enhance 

the robust ability of MSFW rotor with great equatorial moment of inertia and great self-weight, 

and the DIMC model can mitigate the coupling terms in four radial control channels. 

 

6.  Comparison between the robust control and the DIMC used in the MSFW rotor.  

Firstly, the control methods used in the MSFW rotor are tried to minimize the displacement 

deflection. Moreover, the different control methods are used for the MSFW rotor to solve the 

different problems. The robust control is used to MSFW rotor with great self-weight because 

the stiffness coefficients are easily affected by the disturbances acting on it. The robust control 

is designed to enhance the anti-disturbance performance. In addition, the DIMC is applied to 
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the MSFW rotor with coupling terms, so the coupling displacement is reduced by realizing the 

decoupling control in four radial channels. 

 

Above all, the vibration analysis of the MSFW rotor establishes the foundation for future 

research about the active vibration control of the MSFW rotor. The vibration response of the 

MSFW for different disturbance sources are developed. The relationship amongst the vibration 

characteristics of the MSFW rotor, the suspension span ratio of the radial AMB and the moment 

of inertia ratio of the MSFW rotor are analyzed, so a design guideline for the MSFW rotor is 

derived based on this analysis result. In addition, the vibration absorbing ability of the axial 

AMB mounted on the MSFW rotor is tested. Both simulation results and experimental results 

show that the stiffness coefficient and the damping coefficient of the AMB could effectively 

attenuate the maximum displacement deflection of the MSFW rotor. A robust control scheme 

is applied to attenuate the influence on the vibration of the MSFW rotor introduced by the 

uncertainties of the current stiffness and the displacement stiffness. The test results prove that 

the maximum value of MSFW rotor’s displacement deflection with external disturbance is 

minimized by the proposed robust control scheme. Finally, the DIMC can realize the decoupling 

control in the four radial control channels of MSFW rotor and improve the robustness when 

there are disturbances acting on the MSFW rotor. 
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Future work 

Even though the successful vibration analysis method and active vibration control method 

of the MSFW rotor are reported in the present work. Many further researches about the vibration 

analysis methods and the active vibration control of MSFW rotor could be done in future. 

Firstly, the structure optimization about the MFSW rotor could reduce the vibration 

response, so it is worthy of being studied in the future. The structural optimization of the rotor 

should be investigated to reduce the vibration response at high rotational speed caused by the 

asymmetrical span of the radial AMB system, and the optimization design about the AMB 

system could mitigate the mismatch and the assembly error.  

Besides, the vibration analysis method of the MSFW rotor based on the rotational speed 

of the MSFW rotor should be developed, especially for the MSFW rotor working at a high 

rotational speed which exceeds its first natural rotational frequency. Since the MSFW rotor will 

have more vibration statuses such as the sup-harmonic vibration and the sub-harmonic vibration. 

Therefore, the vibration analysis of the MSFW rotor introducing the variable rotational speed 

will be a useful research topic to high speed MSFW rotor.  

Moreover, different kinds of active vibration control methods of the MSFW rotor can be 

another research focus. When the MSFW rotor works at a high rotational frequency which 

exceeds its first natural rotational frequency, more complex and sensitive vibration statuses will 

occur, so the suitable active vibration control methods which focus on those vibration statuses 

are very important to improve the stability and control precision of the MSFW rotor. 

Specifically, to minimize the control current of MSFW rotor with great gravity, the optimization 

design of the control methods is worthy of being researched in order to reduce the control cost 

of MSFW rotor. 

In addition, more applications of active vibration control using the electromagnetic 

vibration absorber can be considered in the future work. Considering the electromagnetic 

vibration absorber’s advantages on the active controllability and the wide control frequency 

range, the electromagnetic vibration absorbers with different parameters and different structures 
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can be applied in other fields about active vibration control such as the active vibration control 

for elastic vibration and active vibration control for high-speed train. 

Above all, there are many works about the vibration analysis and active vibration control 

of the MSFW rotor to improve the control performance of the MSFW rotor and to widen the 

application range of the electromagnetic vibration absorber. 
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