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Abstract

Machine learning has achieved enormous successes in many different application
areas of data mining in the last twenty years. Regression is a big branch of learning
problems. This thesis investigates several topics in regression learning problems from
the perspective of learning theory and asymptotic theory.

First, we study a pairwise regularized least squares learning algorithm using the
Kronecker product kernels. This pairwise learning model covers both score-based
ranking problems and non-linear metric learning problems. A rank-independent non-
asymptotic convergence rate of the obtained pairwise learning algorithm is derived.
The pairwise learning algorithm achieves the minimax optimal learning rate, which is
also derived in this thesis.

Second, we propose an empirical feature-based sparse approximation algorithm for
privacy consideration. Instead of using sensitive private data, empirical features are
computed with published unlabeled data (without privacy issues). Summary statistics
instead of raw data are used to protect private information. This semi-supervised
learning algorithm achieves both sparsity and approximation accuracy.

Third, we study the asymptotic theory of a modified Poisson estimator for discrete
grouped and right-censored (GRC) count data. Asymptotic theoretical properties are
derived under milder conditions on the information matrix of observations and results
apply to both stochastic and fixed regressors. Results in this thesis improve existing

results on modified Poisson estimators for GRC counts, where stochastic regressors

Vil



with strictly positive definite Fisher information matrices are studied, significantly.
The big data performance of this estimator is investigated with data on drug use in

America.
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Chapter 1

Introduction to Learning Theory

With a rapid development of computing hardware in the past decades, plentiful
information can be obtained from massive data through automatic machine learning
algorithms. As a result, data science, including image recognition, artificial intelligence,
and sensitive data protection, becomes an indispensable part in modern society.
Learning theory aims to provide a theoretical analysis of machine learning algorithms
and to refine the learning efficiency of existing algorithms based on mathematical

theory. An introduction to learning theory is given in this chapter.

1.1 Learning Problems

Consider an input space X and an output space ). Here, X is a compact metric
space and Y is a subset of R. The product space X x Y is equipped with a probability
distribution p. p can be decomposed as a conditional distribution p(y|z) on ) and a
marginal distribution py on X'. Let £ : R xR — R, be a loss function. One objective
of machine learning is to recover the target function flf : X — Y that minimizes the
risk

Ef) = /X ) o).

Specifically, a machine learning algorithm finds a function f? : X — Y auto-

matically from a class of functions F (hypothesis class), according to a sample

1



D = {(x;,y:)}Y, C X x Y drawn independently from p, to approximate fpg :

1.1.1 Least Squares Regression

One of the most fundamental problems in machine learning is the least squares

regression problem with the least squares loss
U f(@),y) = (y — f(2))*
The corresponding risk

E(f) = /X (v S oty

is minimized by the regression function taking the form

fo(x) = /y ydp(y|z).

In general, £(f,), also known as the Bayes risk, is not 0. For example, if y = f,(z) +e,
where the noise € has zero-mean Gaussian distribution with variance o > 0 and is
independent of x, then £(f,) = o > 0. The excess risk £(f) — £(f,) is widely used
as a measurement of the accuracy of a machine learning algorithm. For least squares

problems, it is not difficult to verify that

EF) = EUL) = If = fol,

where || - ||, is the L2 norm on the space of all square-integrable functions on X" with

respect to py.

1.1.2 Classification

Consider a binary classification problem with Y = {£1}. In classification problems,

a frequently studied loss is the 0-1 loss

lo-1(f(2),y) = 1(f(x) #v),



where 1 is the indicator function. Then corresponding risk of the 0-1 loss is the
mis-classification error R(f) = p(y # f(x)). The minimizer of R(f) is the Bayes

classifier

ply=—1lz),
>p(y=1z).

Since 0-1 loss is non-convex and is intractable in practice, one may consider convex

surrogate loss functions for 0-1 loss [10,86], such as the hinge loss

EHinge = maX{O, 1- yf(x)}

For hinge loss, there holds

R(sgn(f)) = RUL) </ Eange () = En (f2) (1.1)

for any measurable f : X — R, where sgn is the sign function. (1.1) implies that
the convergence of the excess risk of f with respect to the hinge loss leads to the
convergence of the excess risk of sgn(f) with respect to the 0-1 loss. (1.1) is a special
case of the comparison theorem [10,20,86]. Another widely used loss in classification

is the logistic loss

1
og 2

glogistic(ya f(ﬁﬁ)) = 1 log(l + exp(—yf(x))).

Logistic loss is a special case of the cross-entropy loss for multi-class classification

problems (for example, [29]).

1.1.3 Pairwise Learning

Pairwise learning aims to learn a bivariate function F': X x X — ), that represents
the relationship between two points x,u € X'. Pairwise learning problems include,
for example, ranking [3,23,27,30], similarity and metric learning [16,19,52,83], and
AUC maximization [84,89].



Scoring-based Ranking

Let x, 2’ € X, and let s and s’ be the score of x and 2/, correspondingly. x is preferred
over ' if s > s'. The target function f, : X — ) is known as the scoring function.
One may consider minimizing the probability of ranking mistake (also known as the

ranking risk)

prob | (257 () = fta) <.

Similarity Learning

Similarity learning aims to learn the similarity between two points z,2’ € X C R?.
In bilinear similarity learning, the target function takes the form z* M,z" with M,
being a d x d symmetric positive semi-definite matrix. We will generalize the bilinear

similarity learning to the non-linear case in Chapter 2.

1.2 Kernel-based Least Squares Regression

Kernel methods [25,76,79], including kernel-based support vector machine [13,24]
and regularized least squares (e.g. [67]) draws much attention in the past two decades.
Kernel-based learning algorithms are an important part of this dissertation. We give
an introduction to kernel methods for least squares regression and reproducing kernel

Hilbert spaces (RKHS) in this section.

1.2.1 Reproducing Kernel Hilbert Spaces

Consider a continuous symmetric positive semi-definite kernel (also known as a Mercer

kernel) K : X x X — R, that is

K(z,u) = K(u,x), forallz,ue X



and

Z cic; K (uj,uy) >0, for all {u;}ir, C X {c:}2; CR,meN.

i,j=1

Let K, : X — R be a function defined by K, (u) = K(x,u) for any x,u € X. The

inner product (-,-), is defined such that

(K., K,) = K(z,u), foranyz,uecX.

The corresponding reproducing kernel Hilbert space is given by

Hy = Span{K,,z € X'},

where the completion is taken with respect to the norm || - || x induced by (-, ), . For

any f € Hp, there holds the reproducing property

f(ili’) = <faK:Jc>K'

2 . . .
Denote L, (X) the space of all the square integrable functions with respect to

px equipped with the LIQ)X norm, and introduce the integral operator

Lg: L) (X) = L (X)

fH/)(f(a:)depX(a:). (1.2)

L is a compact, symmetric, positive semi-definite, and Hilbert-Schmidt operator [67].
Moreover, we have Hyx = L}(/Q(LF%X(X )) as shown in [25]. Thus, we can write the
eigensystem of Lx as {(\;, ¢;)}52,. Here the non-negative eigenvalues \;s are arranged

in non-increasing order and the eigenfunctions ¢.s are normalized in LgX(X ). There

holds the following Mercer’s expansion [54],

K(z,u) = Z Xidi(x) i (u), for all x,u € X. (1.3)
i=1

The convergence of the series of functions in (1.3) is absolute and uniform.
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1.2.2 Empirical Risk Minimization

Recall the (population) risk &(f) = [4, ., €(f(2), y)dp(z,y). In practice, the distribu-

tion p is unknown and one may consider minimizing the empirical risk
1N
D - — . .
gf (f) - N z_l:g(f(xl)7yl)'

In kernel-based learning schemes, a regularization functional 2 : Hx — R is frequently

adopted to prevent overfitting. A regularized learning algorithm has the form

[, = arg Jnin {EP (N + 20},

where A > 0 is a tuning parameter.
If Q(f) = g(|| f]|) with some strictly increasing function ¢ : [0, +00) — R, then
the famous representer theorem [79] says that ff)\ belongs to the finite-dimensional

space spanned by {K,,}Y .
1.2.3 Kernel-based Regularized Least Squares

Consider the regularized least squares learning algorithm

1 N
= arg min {N z(f(:ri) — )’ + A||f||f<} : (1.4)

Thanks to the representer theorem, f{ is in the class of functions taking the form
SV 6K, with coefficient vector ¢ = (c1,---,en)’ € RN, Write x = {a;}Y,

and y = (y1,- -+ ,yn)" € RY. Denote Ky = (K (z;,z;)) € R¥*Y the Gram matrix.

Substitute
N
f=Y aK, (1.5)
i=1
into (1.4) and we obtain
N



where ¢ = (cP .-+ ch)T is solution to the quadratic programming
1 2
in < — || Kxc — A" Kxcp. 1.6
min {N | yllz + } (1.6)

The first order condition of (1.6) implies that ¢” = (NAI + K,)~'y. Here I is the
identity matrix (or identity operator) whose dimension could be inferred from the
context.

The regularized least squares algorithm (1.4) with a penalty term A|| f||% is also
known as the kernel ridge regression (KRR). The convergence of f{ to the regression
function f, has been studied in literature [25,60,66,67,70] for a long time and the
convergence rate reaches the minimax optimal rate as shown in [17,69]. In Chapter 2,
we establish the learning theory of a novel regularized least squares learning algorithm
for pairwise learning with a ridge-type penalty term based on the so-called Kronecker
product kernels.

Define an empirical integral operator L% by

LY - Hx — Hk

1 N

Sy LIk, (L7)

Let {\¥}°, be the eigenvalues of L% arranged in non-increasing order and let
{#¥}2, be the associated eigenfunctions of L% normalized in Hy. ¢X’s are called
the empirical features. Note that the rank (defined by the dimension of the image)
of L% is at most N and the top-N empirical features {¢X}~, can be computed

through the eigendecomposition of Ky [38]. One may consider the hypothesis space
{sz\il ¥ c e RN} [35,38,91-93]. The coefficients of the output function can be

obtained by solving



which is an empirical feature-based least squares learning algorithm. Here P :
[0,+00) — R is a penalty function. The convergence of the output function of the
empirical feature-based learning are studied in literature [35,38] with /; penalty or a
general folded concave penalty.

Note that the sequence {¢X}5°, of empirical features is decided by the input part
x of data and is not related with the output y. In Chapter 3, we introduce a semi-
supervised learning algorithm with empirical features {¢}'}3°, generated by another
unlabeled data set u = {u;} from py. Convergence analysis of this semi-supervised

learning algorithm is given in Chapter 3.

1.2.4 Neural Networks and Random Feature Kernels

In recent years, the research of data science develops rapidly due to the fast develop-
ment of computing equipment and deep learning (e.g. [46]). Deep neural networks,
which generate the hypothesis space used in deep learning, are nonlinear with respect
to the parameters to be trained in learning algorithms, which is different from the
kernel regime where functions in the hypothesis space are linear with respect to the
trainable parameters (for example, in (1.5), f is linear with respect to c).

The linearization of neural networks with respect to the parameters around a given
point (e.g. around the initialization in the stochastic gradient descent algorithm [21])
is related to learning with a random feature kernel [6,63] called the neural tangent
kernel [43]. Kernel ridge regression based on random feature kernels is studied in [64].
It will be interesting to extend our theory in Chapter 2 and Chapter 3 to the random
feature kernel setting. However, since the theory based on the random feature kernels

is not our focus in this thesis, we will not expand the discussion here.



1.3 Generalized Linear Models and Maximum Like-
lihood Estimation

In Chapter 4, we study the asymptotic theory of maximum likelihood estimators for
grouped and right-censored count data. In this section, we give an introduction to
classical generalized linear models (GLM) and maximum likelihood estimation. The
content of this section can be found in many textbooks, for example, [47,53].

To be consistent with common notations in statistics, let (X,Y) € X x Y be a
random variable. The sample points {(z;,y;)}, are i.i.d. copies of (X,Y). Let X be
a subset of R? with d € N. In generalized linear models, the conditional distribution
of Y given X is assumed to be in the exponential family, that is, the conditional

density p(y|z) of Y given X has the form

pylz) = c(y) exp (0(z)y — b(0(x)))

with ¢(y) > 0. Here § € © C R, where © is a parameter space, ¢ is a parameter
depending on X and b: R — R is a known function of . Assume that © is a natural
parameter space with non-empty interior where all derivatives of b(6) exist for 6 in
the interior of ©. There holds

¥ (0(x)) = E[Y|X = a].

Assume further that E[Y|X = x] = u(8%z), where § € R? is a parameter and
i R — R is known as the mean function. p~! is called the link function. Then, we

have

0(x) = ()" (u(B"2)).

When (V)™' =y~ and = 37z, u~! is named as the natural link function.

Define the likelihood function for the GLM by
N
Ly (8) = [ [ p(wil).
i=1

9



The maximum likelihood estimator B n is the maximizer of Ly (f) over a parameter
space of . Since logarithmic function is strictly increasing, one can maximize the

log-likelihood function

In(8) = log(Ly(%) = >_ logp(ile)

to obtain BN. The asymptotic theory of BN has been established in literature
(e.g. [31,47,75]) for a long time.

10



Chapter 2

Pairwise Learning with Kronecker
Kernel Ridge Regression

Pairwise learning, including ranking and similarity learning, has been widely used
in many fields. Kronecker kernel ridge regression (KKRR) is a pairwise learning
algorithm based on the so-called Kronecker product pairwise kernels. To our best
knowledge, the theoretical analysis of KKRR is rare in literature. In this chapter,
properties of the Kronecker product kernels and the capacity of the corresponding
reproducing kernel Hilbert spaces are studied. Based on a sharp bound on the effective
dimension of the Kronecker product integral operators, we establish an upper bound
on the error of KKRR. The minimax lower bound for Kronecker product kernel based
learning algorithms is investigated. The convergence rate of the output function of

KKRR matches the lower bound and is optimal in the sense of minimax.

2.1 Pairwise Learning and Kronecker Kernel Ridge
Regression

Consider a probability space (X? x ), p), where p is a joint probability distribution
that can be decomposed as dp(x,u,y) = dp(y|(x,u))dpx(x)dpx(u) with p(y|(z,u))
being a conditional distribution on Y given (z,u) € X2, and pxy being the marginal

distribution on X. Here we assume that py is a continuous distribution such that

11



pxlr = u] = 0, for any z,u € X. In pairwise learning, the sample usually has
the form z = {(2, z;,4i;)}1;=1 € X% x Y, where the input part {z;}}L, C & is
drawn independently from py and the output y;; is drawn from p(y|(z;, z;)), for each
i,j =1,---,N. Moreover, (z;,x;,v;;) is independent with (z, z¢,ys) for distinct
positive integers i, j, s, . In what follows, let Y = (y;;) nxn be the output matrix.
The objective of pairwise regression is to recover a target function F,(x,u) that
measures the relationship between two points x and u in X', through the observations

z. In regression problems, the target function is the regression function defined by

a€R

F,(,u) = argmin /y (v — adp(y|(z, u)) = /y ydp(yl(z. ). (21)

This model is quite ubiquitous in regression problems. For example, (2.1) holds
true in the case y = F,(z,u) + € with noise € satistying E[e|(z,u)] = 0. And the
corresponding outputs can be written as y;; = F,(z;, x;) + €; with E [e;;|(z;, z;)] =

0,4,j=1,2--- N.

2.1.1 Kronecker Kernel Ridge Regression

Kernel ridge regression (KRR) is a powerful tool for learning a univariate target

function f,(z). For a given Mercer’s kernel

K: X xX—R, (z,u) — K(x,u),

let (Hk, (-, -) ) be the corresponding reproducing kernel Hilbert space (RKHS), and
let || - ||k be the norm induced by (-,-), . In this chapter, we always assume that X

is compact. As a result,

K:=supy/K(z,x) < oc.
TEX

Recall the notation K, = K(z,-) and the reproducing property

(f, Ky)pe = f(z), forall feHg.

12



Based on the training set {(z;, )}, the kernel ridge regression is defined by (1.4).
Let Ay > Ay > ... > \; > ... be the eigenvalues of the integral operator Ly defined
by (1.2) and let ¢; be the eigenfunction of Ly associated with A;. In this chapter,
{#:}2, is selected to be the orthonormal basis of H-.

In pairwise learning, the target function is bivariate. As a straightforward gener-
alization of the univariate case, we consider finding a function from a function class

F consists of bivariate functions of the form

F(z,u) =Y Fyoi(r)é;(u) with Y F < oo (2.2)

i,j=1 i,j=1

Define Hx ® Hx as the completion of the space

{F . R| F(x,u) = Zfi(x)gi(u),fi,gi € Hx,m € N}

i=1

completed with respected to the inner product such that

<F, F> = i z”: <fi, f]>K (915 95) k¢

i=1 j=1

for any two given functions F(z,u) = 3. fi(z)gi(u) and F(z,u) = > fi(@)g;(u).
F equipped with the inner product

(F.G)r =Y _ F;Gy, VF,GEF

ij=1

is the same as Hx ® Hy according to [5]. Moreover, according to the properties of
the product between two reproducing kernels [5], Hx @ Hx is an RKHS (K, (-,) ,)
spanned by a positive semi-definite pairwise kernel on X? x X2,

H((z,u), (o', u) = K(x,2")K (u,u). (2.3)

Similarly, we denote J#(, ) (', u") = J ((x,u), (¢’,u’)) and there holds

F(z,u) = <F,Ji/(x7u)>%, forall F € Hy and z,u € X.

13



Motivated by (1.4), the Kronecker kernel ridge regression (KKRR) is a pairwise

learning algorithm defined by

N

z : 1 2 2

FY = arg Ffeﬂﬁn% {m E 1 (F(@i, ;) —yij)” + A ||F||1/} : (2.4)
27‘7:

If we let My be the set of all N x N matrices and let || - || be the Frobenius

norm on My induced by the Frobenius inner product (A, B)p := > 7" _, aibi;, VA =

(aij)Nxn, B = (bij)nxn € My, then thanks to the representer theorem [79], one can

obtain
N

FY = Z é;\t‘%f(l's’xt)? (2.5)

s,t=1

where ¢, is the (s, t)-th element of C* € My such that

N

1 2
A - 2 1/2 1 7o1/2
C* = arg min {ﬁ | KxCKx — Y7 + )| Ky *)CKY/ HF} (2.6)
with Ky = (K(mi,xj))f.vj:l being the kernel matrix. To see the existence of the
solution of (2.6), we introduce a symmetric (with respect to the Frobenius inner
product) positive semi-definite operator

%(ZMN%MN

A K AK,.

By letting the gradient of (2.6) with respect to the Frobenius inner product vanish,
there holds

1

C* = (A + N2MI) Y, (2.7)

with I being the identity operator whose domain depends on the content. For two
matrices A = (a;j)nxn, B = (bij)nxn € My, define the Kronecker product between

A and B as
anB ... aiyB
A® B = :
ayiB ... aynB

14



If we let vec(A) := (a1, -+ ,an1, 12, ,aN2, A1N, -+ ,ayn) L be the vector of A €

My, then we have

vec(HxA) = vec( Ky AKy) = (Kx ® Ky) vec(A)

thanks to the symmetry of K, and the properties of Kronecker product (Lemma
4.3.1, [41]).
In classical KRR, based on the universality of the kernel function K [68], there is

a regularity assumption on the target function that f, € Ly (L2 (X)) for some 7 > 0.

Specifically, for » > 1/2, this assumption is equivalent to f, € L;(_l/ 2(7—[ k) since for

any f,g € L?)X(X), there holds L}(ﬂf € Hg, L%zg € Hi and

1/2 1/2
(frghis, = (L. L)

When K is a universal kernel, the universality of £ has already been ensured in
literature, see, for example, [71,72,78]. Thus in this chapter, with the help of the

pairwise integral operator

Ly Hy —Hxy,

Fos [ Fla,u)Hydpx(@)dpa(u), (2.8)

XxX

we modify the regularity assumption on the pairwise target function to be

F,=1",(G,), forsomeG,¢€ Hy and r>0. (2.9)

When r =0, (2.9) is reduced to F}, € H . The assumption (2.9) will be discussed in
Section 2.2.

In many applications, the training set is z’ = {(z;, w;, )}, C X? x Y drawn
independently from p(x,u,7’), instead of z. Based on z’, the KKRR is defined as

n

2 . 1 N2 2
EY = are {ﬁ;(F(xwuﬁ Yi) +)\||F||)g} (2.10)
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According to the widely used average of “sums-of-i.i.d.” blocks technique in U-
statistics [23], later on, we will see that the convergence rate of 7 is dominated by
that of F,\Z/ with n = [%J Ui = Tpyy and Y = Yj ntq. Since n has the same order of N,
this technique can reduce the analysis of z with correlated data points to analyzing

the i.i.d. sample z’ without spoiling the learning rate.

2.1.2 Related Works

Pairwise learning covers several machine learning problems including ranking [3,23,30],
similarity and metric learning [16,19,52]. In existing literature, the case considered
most frequently for ranking is scoring-based ranking [2,23,30] via a univariate scoring
function f,. Kernel methods for pairwise learning are studied in literature [22,85].
In Section 2.2, we will see that both ranking and bilinear similarity learning can be
formulated as learning problems with target functions belonging to H .

Kernel ridge regression is a classical learning algorithm that has been widely studied
in literature [17,25,67,69]. Pairwise-kernel-based learning algorithms are used in
chemistry [48], bio-informatics [77] and other subjects related to data science. Pairwise
learning via KKRR has also been established in the past several years [9, 58, 71].
However, to our best knowledge, comparing with its extensive application, results
on the properties of the Kronecker product kernels and the corresponding Kronecker
product integral operators are rare in existing literature. These properties, especially
the effective dimension of the integral operator [87], plays a notably significant role in
deriving the minimax rate of classical KRR [17]. As a result, the theoretical guarantee
of KKRR is scarce.

To reduce the high computational cost in classical KRR, a distributed learning
scheme of kernel ridge regression has been introduced and analyzed by [49,88]. There
are some other techniques to reduce the computation cost of KRR such as carrying

out randomized sketches to kernel matrices [82]. We believe that both distributed
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learning methods and randomized sketches can be applied to KKRR for computational
efficiency.

Waegeman et al. [78] introduces the symmetric part of J¢,

A5 ((w,w), (o' u') = % A ((w,u), (2, @) + 2 ((u, x), (', )], (2.11)

and the skew-symmetric part of J¢,

A (@, u), (2, 0)) = % A (2, u), (¢, u') = 2 ((u, ), (2, )], (2.12)

that can be applied to similarity learning and ranking with symmetric and skew-
symmetric target function, respectively. Pahikkala et al. [58] prove that the output
function of KKRR based on .# is equivalent to that based on #° (J#5%) when the
outputs of the observations are symmetric (skew-symmetric).

In this chapter, we study some further properties of J#", % and #>° based on
the theory of RKHS and the pairwise integral operators. Furthermore, we reveal
that £ -based pairwise learning is a generalization of two specific ubiquitous pairwise
learning problems, the scoring-based ranking and bilinear similarity learning, in theory
with the help of centered reproducing kernels [37,80] and linear kernels. In the view
of learning theory, we derive both an upper bound for the error of KKRR and a
minimax lower bound for % -based learning algorithms. The upper bound and the
lower bound match each other which means that the rate of KKRR established in
this chapter is minimax optimal. To our best knowledge, prior to his work, there is

no learning theory estimate about .#-based pairwise regression problems.

2.1.3 Structure of this Chapter

In Section 2.2, properties of the Kronecker product kernels and the KKRR learning
scheme are introduced. The convergence results of KKRR and the minimax lower
bound of learning algorithms based on %" are established in Section 2.3. For the sake

of completeness, the proof is provided in Section 2.4-Section 2.7.
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2.2 Properties and Applications of Kronecker Prod-
uct Kernels

In this section, some properties of ", especially the eigenvalues and eigenvectors of
L, are studied. Moreover, we show in this section that .#-based pairwise learning

is a generalization of two existing models in ranking and similarity learning.

2.2.1 Properties of Kronecker Product Pairwise Kernels

For the Kronecker product pairwise kernel %", it’s obvious that

sup  ( ((z,u), (z,u)"* = sup /K (z,2)K (u,u) = K>

(z,u)€eX? z,ueX

and

sup (H((x,u), (a:,u)))l/2 = k2.

t%/a:u =
[ Hesalle = e

(z,u)e

Thus, for any F' € H 4, there holds

1Pl = sup |F(z,u)l < sup | Afww |, [1Flle = w2 Fllx

(z,u)EeX? (z,u)€X?

Moreover, since py is a probability measure, we have

ILaFlle < sup (Kl 11y < 5 1F]L

T,u)e

and

1L lop < &%, (2.13)

where || - ||op is the spectral norm of an operator.
Recall the symmetric part .#° and the skew-symmetric part .#>5 of .# defined
in (2.11) and (2.12). Note that

1
H S ((z,u), (2/,0)) = 1 ( Ay = Huw)s Harary = K ar)) 4
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and

1
(@), (@) = 7 (Ko + Ky, Harat) + K -

It is not difficult to verify that both J#® and .#5 are Mercer’s kernels on X x X.
According to the properties of the sum of reproducing kernels [5], H» = H_ys ©H yss.
We list some properties of 7, ¢S, and J# 55 in the following Proposition that will

be proved in Section 2.5.

Proposition 2.1. Let {(\;, ;) }32, be the eigensystem of Ly normalized in Hy and
define @;;(x,u) = ¢;(x)p;(u). Then the following properties of H# hold.

(a) {®i;}55— is the orthonormal basis of H.x .

(b) Mercer’s expansion of A is given by

H((z,u), (o' u)) = Z iz, u) Py (', u'), (2.14)

ij=1
where the convergence is absolute and uniform on X x X.

(¢) ®;; and ®j; are the eigenvectors of Ly associated with the eigenvalue A\, .

Thus Ly is positive semi-definite with Tr(L_y) = Tr*(Lg) < oo.

(d) The subspace H ys of Hy consists of all symmetric functions in H_y with the

orthonormal basis {\%(@Zj + ®ji)} U{®;12,.

1<J
(e) The subspace H yss of Hy consists of all skew-symmetric functions in H

with the orthonormal basis {\%((I)ij — q)ji)}

1<j

(f) \/Ai (i + @) and \/Li (®;; — Dj;) are the eigenvectors of Lys and L yss, re-
spectively, associated with the eigenvalue \jX\;. Thus, L s and Lss are the
constraints of Ly on H s and H yss, respectively.
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Remark. According to Proposition 2.1, L, is a positive semi-definite operator
from H » to H » since \;A; > 0,4,7 = 1,2,---. Moreover, for any function F' € H 4,
we can represent
o0 oo
. 2
F =Y F;®;, with F; = (F,®;) ,, and [|[F|% = ) F;
i,j=1 i,j=1

Furthermore, for any given continuous function f of L, ®;; is the eigenvector of

f(L) corresponding to the eigenvalue f(A;A;). Thus the regularity assumption (2.9)

becomes

F,= Z )\T)\TG CIDU, for some G, = Z G, . Qi € Hy.

i,j=1 i,j=1

Pij

Note that L} (H) is a subspace of Hy and L (Hg) @ Ly (Hk) is well-defined. It is

obvious that the following proposition holds.

Proposition 2.2. L} (Hx)QLY (Hik) is a subspace of L, (H ), where the completion

1s taken with respect to the RKHS inner product.

Isometry between H , and HS(Hg). We call an operator L from Hy to Hg
a Hilbert-Schmidt operator if S2°°, || Léi||% < co. The Hilbert space HS(Hk) is the

space of all Hilbert-Schmidt operators on Hx equipped with the inner product

(L1, La)usae) = O (Lndi, Lagi) o, VL1, Ly € HS(H).
=1

If we define the rank-1 operator f ® g from Hx to Hx by (f®@g)h = (g9,h) [,
for any f,g,h € Hg, then {¢; ® ¢;}75_; is the orthonormal basis of HS(Hy). In
fact, it is easy to verify that for any L € HS(Hk), L = > 75, Lijoi ® ¢; with
Lij = (i, Loj) e = (L, @ (bj)HS(HK)' Thus the map ®;; — ¢, ® ¢;,4,5 =1,2,---

defined through the base vectors is obviously an isometry between H  and HS(Hx).
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Connections between L, and L. Consider the operator Lx®Ly defined by

Note that
Lx®Lk (¢ @ ¢5) = L (¢ @ ¢j)Lic = (L) @ (Ldj) = NiXjdi @ ¢;.

So {(NiAj, i @ ¢;) 155, is the eigensystem of Lx®Lg. In other words, if we regard
H» and HS(H ) as the same space, then we can rewrite Ly = Lx®Lg.
In classical KRR, the error between the output function and the target function

is usually measured by the L2  mnorm
1/2
HfHLf,X = (/ f(x)deX(x)> , forall f e LiX(X).
x

Moreover, it’s well-known [25,26] that

Li'f

1l = ] (K for all f e L2 (X). (2.15)

In this chapter, the learning efficiency of FZ and F? is measured by the L%

x Xpx

norm || - ||, defined by

\|F||i = / F(z,u)?dpx(x)dpx(u), for any F € H . (2.16)
XxX

Proposition 2.3. For F' € H y, there holds

171, = |

1/2
LY FHJ (2.17)
Proposition 2.3 will be proved in Section 2.5.

2.2.2 Applications of Kronecker Product Pairwise Kernels

The target function belonging to H_» can cover and generalize several models in
AUC-based ranking and similarity learning. In this chapter, we only study the least
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squares loss for regression. In fact, for pairwise SVM classifier based on the hinge
loss, one can easily obtain the bound of its generalization error (e.g. [16]) by a general

Rademacher complexity argument since the pairwise kernel is bounded.
Bipartite ranking

In bipartite ranking, the target function F), is used to compare two items z;, x; € X

Precisely, if F,(z;,z;) > 0, then we say that x; is preferred over z;.

Bipartite ranking via scoring functions. As a special case of bipartite ranking,
the target of scoring-based ranking is to recover a scoring function f, via the sample
{(z;,s;)}Y, with s; being the score of z; such that s; > s; if z; is preferred over z;.

Consider the scores s; and s; pairwisely, and we reformulate the scoring-based
ranking as y;; = s; — s; and Fj(z,u) = f,(x) — f,(u). Then the bipartite ranking
problem can be studied under the framework of pairwise learning [85]. For f, € Hp,

there holds f,(z) = > =, f,:¢:(x). In this setting,

u) = prz(¢l($) prz ¢z ¢z( ) ( )) (2'18)

with 1(z) = 1 for any x € X. To make sure that F), is still in H 4, the constant
function 1 should be the eigenfunction of Lg, which is not always the case. For this

reason, [37] introduced a centered reproducing kernel

K(z,u) := K(z,u) / K(z,u)dpx(x / K(z,u)dpx(u) + . K(z,u)dpx(z)dpx(u).

In practice, K can be approximated by

1 — 1 — 1 &
K(a:,u)—K(a:,u)—NZK T;, T) _NZ (j,u N2 ZK(zl,xj)
=1 7j=1 3,7=1

‘H  is perpendicular to constant functions in the sense of Lf)X inner product, that
is, for any f € Hg, [, f(x)dpx(z) = 0. Note that K'(z,u) = 1 is a reproducing
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kernel with (Hg1, (-, ) 1) = (R, ), where - is the product between two real numbers.
Consider a new kernel function K (z,u) = K (z,u) + K'(z,u). Then Hp = Hz ®R

and ¢¢ = 1 is the eigenfunction of Lz with respect to the eigenvalue Ao = 1. In fact,

Li(1)= /X[_(x + Ldpx(x) =041 =1.

Let ¢; be the eigenfunction of Ly associated with the i-th eigenvalue \; of L. We

have

/ ¢i(z) K, (2)dpx(x) = Lgdi + 0 = Xig;.

As a consequence, ¢; is the eigenfunction of L 7 Wwith respect to \;. Then we replace

(2.18) with

Fe = (10 = [ san@)) - (50 - [ Hdet)

= Z Fou (@i(2)po(w) — do()i(u)) , (2.19)

which is a function in H zss with 2 ((x,u), (¢/,v)) = K (z,2") K (u, u').

For bipartite ranking, we can assume that the target function has the form

=SS B (Bi@)05(0) — i(u)s(2)

=1 j<t

- ZZ p’Lj CI)JZ(I7U>> S Hl/ssa

=1 j7<1t
which is a generalization of the scoring-based ranking (2.19).
Similarity learning

The target function of bilinear similarity learning [19,52] is the similarity function

F,(z,u) = " Myu,Vz,u € X =R, (2.20)
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with M, being a d x d symmetric positive semi-definite matrix.
We are now going to show that (2.20) can be formulated under the framework of

Tu, whose corresponding RKHS is

H_» with respect to the linear kernel KX(x,u) =z
isometric to R? equipped with the Euclidean inner product (z,u), := 27u. Precisely,
for any f € Hyr, there is one and only one y; € R? such that f(z) = yjfx = (Y5, ),

Moreover, for the integral operator Lgrz,

Lyr f(u) :/ y]:fx:cTude(x) = (Mys)"u, where M = / vt dpy(z).
x X

As a consequence, {(\;, yd,i)}f:l is the eigensystem of M and {yg, }_; is the orthonor-
mal basis of RY, where {()\;, qbz-)}f:l is the eigensystem of Lyr. Since M, is symmetric,

by letting Mpij = yi]\/[py% = ?/Z;J Myyg, = ijz., we can rewrite M, as

T T T
M Z Pz]y¢zy¢; Z Pij (y¢iy¢j + y¢jy¢i> Z piiYdiYep, -

2,j=1 1<J

Thus (2.20) is equivalent to

Z P'ij y¢zy¢ u= Z Pzg U’)

i,7=1 i,j=1

=" My, (6i(2)d5(u) + 65(w)pi(w) + Z M, 64(2)i(u) € Hops.

1<jg

By replacing the linear kernel with general universal kernels, we can generalize

the bilinear similarity learning model to non-linear models.

2.2.3 Properties of KKRR

To study the solution of (2.4), like the classical KRR, we introduce the sampling
operator Sx : Hyy — My, SxF = (F(x;,2;)) vy for all F' € H . Then its adjoint

is ST My — Hy,STA = SN i H(z,2,): VA = (aij)nxn € My. Moreover,

2,j=1
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define the empirical integral operator from H , to H_» by

NQSIS F*NQZFxZ,xJ (wi,z;), for any F' € H .
ij=1
It is obvious that L%, is symmetric. To see the positive semi-definiteness, we introduce
two operators, L : Hx — Hi, [ — % Zf\il f(z;)K,,, which is positive semi-definite
according to the theory of classical KRR, and LX®L% : HS(H) — HS(Hk), B —
LY, BLY,. We donte \¥,i =1,2,--- , the eigenvalues of L} arranged in non-increasing
order. Then, like the relations between L and L, it is not difficult to verify that

L%, = L}®L¥ by regarding HS(Hy) and H  as a same space and XX\ > 0,4,j =

1,2,---, are eigenvalues of L%,. As a result, L%, + AI is invertible and we can write
Fy= (L% + M)~ ms,{y (2.21)

For (2.10) based on 2’ = {(x;, u;, y.) }1,, similarly, if we denote x" = {(x;, u;)}1, Y’ =
(v}, -, y.)", and introduce the sampling operator Sy : H_» — R"™ such that S F =
(F(2s,u;)))iy, then SLe=>"" ¢; #{(z,u;), Ve € R and

’ ’ -1 1
FY = (L5 + A1) STV, (2.22)
n

where L% F = L 5™ | F(x;,u;)#{y, 4, is & symmetric positive semi-definite operator

since % is a Mercer’s kernel.

2.3 Convergence Results

We state the main convergence theorems in this section. Since the convergence rate
depends on a quantity known as the effective dimension of L, the bounds of this
quantity and some corresponding convergence results are studied. In the end of this
section, the minimax rate for .#-based pairwise regression is provided. Since both

the minimax rate and the final error bounds are determined by the eigenvalues of L,
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according to Proposition 2.1, we study only the learning theory of J#-based KKRR

and one can easily generalize the results to KKRR based on .#> and .# 5.

2.3.1 Main Theorems

In classical learning theory, the capacity of Hy is usually measured by the effective

dimension of Lg defined by

i
A+

Nic(A) = Tr (Li (L + A1)7Y) = i

As an analogy, we introduce the effective dimension of L 5 as

AN (2.23)

As we can see in the following two theorems, N (\) is essential in the final error
bounds.

We first state the convergence of F' f'.

Theorem 2.1. Assume |y'| < M. Under the regularity assumption (2.9) with
0 <r < 1/2, there holds

2
} < (AM (@ + A + 1) + AT 2) : (2.24)
P

E HF—F
|: A P \/X A

where A, » = ﬁ + 4/ %, and C" is a constant independent of n or X that will be

specified in the proof.
For the output function F¥, we have the following error bound.

Theorem 2.2. Assume |y| < M. Under the regularity assumption (2.9) with 0 <
r <1/2, for N >4, there holds

AZ
E [||F; - Fp||p} <C (AMA (Aff + % + 1) + x+1/2> , (2.25)
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where Ay ) = Niﬂ + 4/ N’K,(A), and C' is a constant independent of N or X\ that will

be specified in the proof.

2.3.2 Capacity Dependent Error Analysis

From the definition of Ay ()\), we see that N and N has the relationship
Na(N) = i N iNK 2
ij=1 )\J + (A/AZ) i=1 )\Z ‘

Moreover, there holds

) - Y A AN
G ()= () (25) = St =

1,j=1

It is well understood that NV (X) is closely related to the decay of {\;}5°;. For Ny (A),
we have similar results. The accurate bounds of A, () can be obtained if we assume

that the eigenvalues decay polynomially or exponentially.
Proposition 2.4. There hold the following estimates of Ny (M).

(i) (Upper Bound.) If we assume \; < Doi™'/2 4 =1,2,--- | for some Dy < 00

and 0 < sy < 1, then there is a constant Cy < oo such that

Nw(A) < Cod*2log(1/)), for 0 < A <e ' (2.26)

1 ower Bound. we assume A; > D= /% 0 = 1,2,---, for D1 > 0 an
i) (L Bound.) 1 A Dyi~s g 1,2 D 0 and

0 < s1 < 1, then there is a constant Dy > 0 such that

Ny (N) = DoA™ log(1/N), for 0 < A < 1. (2.27)

Remark. The bound of ANy ()) is sharp when s; = s = s, that is, the upper bound

of eigenvalues matches the lower bound.
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Remark. In some literature [49], there is another assumption on Ny (\) that

Nx(X) < CoA~* for some Cy < 0o and s > 0. (2.28)

When s = 1, this assumption is trivial since Ly is of trace class. According to [17],
if (2.26) holds for s, = s, then there is a constant Cy < co such that (2.28) holds.
Thus, the upper bound (2.26) of Ny (\) is equivalent to that of N ()) subject to
the log(1/A) factor. On the other hand, the following proposition tells us that the

polynomial upper bound of A; can be derived from (2.28).

Proposition 2.5. Suppose that there are constants 0 < Cy < oo and s > 0 such that

- . —1/s
Ni(N) < CoA™® for any 0 < XA < \1. Then there holds \; < (ﬁ) for each i.

Corollary 2.1. Assume |y|, [y/| < M. Assume that \; < Dyi™'/%,i=1,2,---, with
0< Dy <o0and0<s<1. Under the regularity assumption (2.9) with 0 <r < 1/2,

we have the following error bounds.

(i) For N > max{4,e* "1} by taking A = (N/log N)*2r+11+57 we have
r+1/2

” . N T 2r41+s
E|FF-Fl,<C (m) | (2.20)

where C* is a universal constant that will be specified in the proof.

(ii) Formn > ¥ +1%75 by taking A = (n/logn) 7+, we have

r+1/2

~3rrits
gc*/( n ) | (2.30)
P

logn

EHFA _F,

where C*' is a universal constant that will be specified in the proof.

Remark. The convergence rate of KKRR given in Corollary 2.1 matches the
.. _r+1/2 . . ) r+1/2
minimax rate n~ 2-+1+s for classical KRR [17] up to a logarithmic factor log2+1+s n.
This is reasonable since we now learn a function equivalent to an operator, whose
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rank can be infinity, in a more complicated space HS(H ). From the minimax lower
bound to be derived later, we shall see that this logarithmic factor is intrinsic and

cannot be eliminated.
Proposition 2.6. There hold the following estimates of Ny (X).

(i) (Upper Bound.) Assume \; < Dy exp (—toi),i =1,2,--- , with some constants
0< lA)g < 0o and ty > 0. Then there is a constant C’O < 400 such that

Ny (N) < Colog?(1/X), for0 < A <e™t. (2.31)

(i) (Lower Bound.) Assume X\; > Dyexp (—t14),i = 1,2,--- , with some positive

constants El and t; < 4o0o. Then, for 0 < A <1 and
A < min {f)f, D? exp(—8t1)} :

there holds
Nyr(3) > Dolog?(1/A) (2.32)

with a universal constant lA)O > 0.

Remark. For the above scenarios where the eigenvalues {\;} decay exponentially,
the bound derived in Proposition 2.6 is still sharp. It is easy to verify that Nx(\) =
O(log(1/X)). Thus, the bound of NV (A) is greater than that of N ()) due to the

log(1/A) term that will tends to infinity as A tends to 0.

Corollary 2.2. Assume |y|, |y'| < M. Under the regularity assumption (2.9) with
0 <r < 1/2 and the assumption \; < D, exp (—tqi) i = 1,2, -+, with some constants
0< Dy < oo and ty > 0, we have the following error bounds.

(i) If we take A = N7, then for N > 4, there holds

E [||F; - Fpup} < D*N~2log N, (2.33)

where D* is a universal constant that will be specified in the proof.
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(11) If we take N = n~t, then for n > 3, there holds

’ [HFE’ - £ } < Dn~logn, (2.34)

where D*' is a universal constant that will be specified in the proof.

Remark. The rate \; = O(exp(—ti?)) of decay for some ¢ > 0, also known as the
Gaussian-type decay, has been considered in some existing works of kernel ridge
regression [28,88]. For this Gaussian-type decay, we have N (A) = O(log"?(1/)))
and N (\) = O(log(1/X)). Since the technical proof (with the help of the polar
coordinate system) is similar to the case where eigenvalues decay exponentially, we

omit the details and the corresponding corollary here for conciseness.

2.3.3 Minimax Lower Bound for .7 -based Pairwise Regres-
sion

To our best knowledge, there is no result on the minimax rate of pairwise learning via
the Kronecker product kernels. Thus to evaluate the rate derived in (2.30), motivated
by [17,35], in what follows, we study the minimax rate for # -based pairwise learning.
The minimax rate is derived under the training set z’ = {(x;, u;, y})}*, and is given
over all distributions in the following two classes.

Let P(s1,s9,7) be the set of Borel probability measures on X? x ) such that:

L dp(z,u,y') = dpx(x)dpx(u)dp(y'|(z, u)),

2. |y'| £ M almost surely,

3. F,=1L",(G,) for some G, € H with ||G,||» < R, where R > 0 is a constant.
4. Dyi~'s < \; < Dyi~V#%2 for each i with universal constants Dy > 0, Dy < 00

and 0 < s1, 89 < 1.
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Let P(t1,t2,7) be another class of Borel probability measures satisfying the first three
conditions in the definition of P(sy, s2,7) and the condition that D, exp(—tyi) < \; <

D, exp(—tqi) for each ¢ with Dy >0,Dy < o0oand 0 < ty,ty < +00 .

Theorem 2.3. Let I, € H_ be the output of any learning algorithm according to

the observations z' = {(x;, w;, y)}1—y. Then, for 0 < 6 < 1,we have

lim inf sup P | Fy — F,|? > 17' <n)_sléafmlogm n
Z/N 7 Z/ —_— - —_ 6 —_— S ™ S —
n—oo Fz/ p€'P(511527"') p Plilp 4 (S 5
>1-6 (2.35)
and
lim inf P 1Ey — |2 > 7 3 N G (2.36)
im inf  sup ot 2 — > Ts >1—0, :
n—oo F, pEP(t1,t2,r) P Pllp n/5

where 5,75 are constants independent of n (but they may depend on 0 ).

Remark. Comparing with the minimax rate given in (2.35) and (2.36), the rates

derived in (2.30) and (2.34) are optimal when s; = 9 = s.

2.4 Proofs of Convergence Results

The results given in section 2.3 are proved in this section. We state some technical
lemmas in this section for the proof of the main theorems and provide a detailed

proof of these lemmas in Section 2.7.

2.4.1 Statement of Technical Lemmas

The sample-free analogy of (2.4),

Fy i= arg min {IF =R+ NP3} (2.37)
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has been widely used in learning theory. Equation (2.17) implies that
Fyx=(Ly4+X)""LyF, (2.38)

We use the following decompositions,
F{—F,=(F{ —F\)+(F\—F,), (2.39)

F? —F = (FA - FA> 4 (Fy—F)). (2.40)

The error analysis of FZ — Fy and F{ — F) is based on the so-called first and second
order decomposition of the difference between the inverse of two operators proposed

by [49].

Lemma 2.1. Let A and B be two invertible operators on a Banach space. We have

A'-B'=B Y B-AA'=AYB-A)B". (2.41)
Moreover,
A'-B'=B Y B-AB'+B Y (B-AA(B-AB" (2.42)
To bound F! f' — F), we need the help of the following three quantities. Define

Qz’,)\ =

Y

, —1
‘(L% )2 (L;; + M) (Ly + )2

op

)
op

P = (B 4 A0 (L~ 1)

1
Syn = H(L% + A (ESE,Y’ — L,Z/Fp> H :
H

where || - ||op is the operator norm. We provide their estimates in the following Lemma.

Lemma 2.2. Assume |y'| < M. For any 6 > 0, one has

ES; \ < Cosr Al 5, (2.43)
EPy \ < Copr Al 5, and (2.44)
Aur | A '
EQ , < Cyo ( \/XA + TA + 1) , (2.45)

where Cy s, Copr and Cy o are universal constants to be specified in the proof.
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Similarly, we introduce

Oy = H(L,g FAD)Y2 (L% AD T (L + MDY

)
op

, and
op

Por = H(L% CADTV2 (L — 1)

)

Sux = H(L% + )2 (
H

kY - L;gF)

for the error analysis of F¥ — F).

Lemma 2.3. Assume that |y| < M. Then there are constants Cgo,Cp,Cs such that

2 .A
EQ?, < (g | =22 +2, (2.46)
: ) /\
EP;, < CpA% ., and (2.47)
ES;, < CsAx (2.48)

The proofs of Lemma 2.2 and Lemma 2.3 are given in Section 2.7.

2.4.2 Proofs of the Upper Bounds
For the error bound of F — F,, motivated by [66], we have the following estimate.

Proposition 2.7. If (2.9) holds for 0 <r < 1/2, then
1ES = Fyll, < 1Glle A2, (2.49)

Proof. By (2.38) and (2.9), we have

F - Z Pzg - Z(Ai)\j)TGpijq)ij’
4,j=1 i,j=1

(i)t
Fy=(Ly+MN)"'Ly Z b ®ii = > ﬁc:pm%,
iy=1 """

2,7=1

and

—~ NN AP



Thus

M)A
-3 (B,
A+ AP

= )\A 1427 A 1-2r
= )\2T+1 A A )\2T+1 2

IBs = B = |2 (1~ F,

O
The next proposition is the analysis of F§ — F).
Proposition 2.8. There holds
E [HFf - FAM < CAnn (% + @ + 1) : (2.50)

where C is a constant that will be specified in the proof.

Proof. By (2.21) and (2.38), we have

FZ — F\ =(L%, + X))~ ms,{y (Ly + X))~ LyF,

:<< X 4+ M)~ NQS,{Y (}—F)\I)_ILJ/FP)

+ (L% + M) Ly Fy— (Ly + X)Ly F) = Ti+ T (2.51)

<1 and
op

For Ty, since HL}%//2 (L +M)~?

1Pl = I Pl = |[L5 (L + AD T (L + MDY F|
< H(L% + M)WFH
V4

we obtain

Il < |[(Er + 20275

< H(L% FADY2 (L% + A (L + MDY

(L +M)~? ( — STy — LXF)H
N H

op

= QZ,ASZ,/\'
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By (2.46), (2.48) and the Cauchy-Schwarz inequality, there holds

A2
EQz,)\Sz,)\ < (EQ;AESZQ’A)U? < \V (CQ + Q)CsAN’A (% + % + 1) ,

where the last inequality comes from the elementary inequality va + b < v/a + Vb,

for all a,b > 0. In conclusion,

A A2
E|ITill, < v/(Ca + 2)Cs Ay ( by 2 1) | (2.59)

For 75, by the first order decomposition (2.41), we have

ITall, < | (Lo +AD T | = |[(Loe +ADY2 (0% +AD ™ = (Lo + D7) L F |,
< | +ADY (B +AD T (L = L) (Lo + M) LBy |
= |2 +ADY2 (@ +AD T Lo +ADY? (Lo + AT (L = L) (Lo + M) LBy |
< QP ||(Lr + AT LBy = QuaPan B (2.53)

As a result of (2.46) and (2.47), we obtain

[— A A3
]EQZ,)\'PZ’)\ < EQi,)\EPZ%)\ </ (CQ + 2>C79./4N7)\ (% + i\V’A + 1) . (254)

Moreover, it holds

1By = (Lo =AD" L By, < |[(Lo + A0 Log|| o 1MLy < IFL -
(2.55)

Due to (2.53), (2.54) and (2.55), we obtain
Avy A
E|Tel, < I1F]L, v(Co + 2)CrAxa (% T A 1) O (2s6)

Combining (2.51), (2.52) and (2.56) together, we conclude

_ A 2
EHF/\Z—FAHpSCANJ\(\;\%)\_‘_ i\v,x+1>,

where C' = ||F, ||, \/(Co +2)Cp + /(Co + 2)Cs. O
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Proof of Theorem 2.2. Since

X = Full, < [1FX = Exll, + [[Fx = Bl

the proof of (2.25) is a direct corollary of Proposition 2.7 and Proposition 2.8 with
C=CH+||G,llx O

Proposition 2.9. There holds

E MFA _ FAHJ < ' A (“A\l/”? + Ai“ + 1) , (2.57)

with some universal constant C' to be specified in the proof.

Proof. This proof parallels the proof of Proposition 2.8. First,

HFfl_Fp

S Qz’,)\Sz’,)\ + Qz’,)\Pz’)\ ||F)\||L;g . (258)
p

By (2.43) and (2.45) with 6 = 2, we have

A2
EQZ/,)\SZ/,)\ S \lEQZ/,AESZ%,)\ S \/ C2,Q/CQ7S/ATL,)\ (% + ;7>\ + 1) . (259)

Furthermore, thanks to (2.44) and (2.45), there holds

[ re— Ay | A
EQu 2\Puy < I[‘«:Q§,7AIP_<‘177Z2,7A <\ Co.0Cypr Ay (T; + )\’A + 1) ) (2.60)

By substituting (2.59), (2.60) and (2.55) into (2.58), we conclude (2.57) with C" =
\/027@0273/ + \/0219102,7)/ ||Fp||%, . O]

Proof of Theorem 2.1. By Proposition 2.7 and Proposition 2.9, we obtain

HF/\Z,_Fp

< |/ - Bl +1m-Fl,
p p

1 An,)\ Ai,)\ T+1/2
S(C“‘HGp”%) A W—FT—Fl + A .
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Proof of Corollary 2.1. From the selection of )\, it’s obvious that

2r+1+s
Ava () G )
NS 2r+1+s

Note that log N > 1 and log? N > log N. From (2.25),

A < ( L + 1) N—%logﬁﬁ/ﬁ N,

r+1/2

ri1/
E[FY — FpHp < CSNfﬁllfs logzr+its N

with C, = C((1/Co/(s+ 1)+ 1) +1).
The proof of (2.30) parallels that of (2.29) by replacing C' with C’. Here, C*' =
C'((v/Co/(s+1)+1)>+1).

The proof of Corollary 2.2 is similar to that of corollary 2.1 and is omitted.

2.4.3 Proofs of the Minimax Lower Bounds

Proof of Theorem 2.3. For F' = L",G with G € H» and ||G||.» < R, we define the
corresponding probability measure pg by

B+ F(z,u)
2B

B — F(x,u)

dop(y') + 5B

dpr(z,u,y’) = do_p(y') | dp(z)dp(u)

with B = 4xk¥ 2R and ddp being the Dirac measure massing at B, where p is a
probability measure on X such that Dyi~'/s1 < )\, < D,i~ /%2 for each i. Hence
pr € P(s1,82,r) with |[¢/| < B and F being the target function.

Let s, be the cardinality of the set S, = {(4,7) : v < ij < 27} for a given
integer v > 0. According to Varshamov-Gilbert’s Lemma (c.f., Lemma 4.7, [51]), for
any integer s, > 8, there is © = {wp, w1, ..., w,, } C {0,1}*7* with wESt) being the
(s,t)-th component of w; for s,t =1,2,---,2v, such that
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L. wo = (0)2yx2v;

2. wESt) =0 for (s,t) ¢ Sy and i =1,2,---m;

2
. . st st
2. For i # j, lwi —w;ll3 = 2 < <oy (wz( ) _ w]( )) > s,/4;
3. logm > s.,/8.

We construct a function

G; = Z wESt)Rs;UQ(I)St,

Y<st<2y

which is obviously in H _» with

||G2’|i{ _ Z <w§8t))25,;1R2 < R2.

v<st<2vy

Define F; = L', G;. Then pp, € P(s1,s2,7). By the reproducing property, there holds

B
| Eilloe < &% | L7y Gill o < "R < T
Let &, be a random variable drawn from the uniform distribution on {1,2,--- m}.

According to a standard argument through Fano’s Lemma, see, for example, [73], it

holds

1
inf  sup Py n{||FZ'—F 1% > —min||Fi—F~||2}
F, PEP(81,82,T) P Pie 4 i#j e

_ Ex/[Lx (Y5 6m)] + log 2
logm

>1

Y

where [x/(Y”;&,,) is the mutual information between Y’ and &, conditioned on X".

Let

Drc, (prlor,) = /X - {wbg (1 | Bl - Fj<x,u>>

2B B+ Fj(z,u)

2B B— Fy(, ) ) } dp(x)dp(u)
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be the the KL-divergence between pr, and pg,. Since ||Fillo, || Fjllcc < B/4, there

holds
FZ'('I’U)_FJ'('I’U)
<2/3<1
‘ Bt R |-
and
‘Fi(x’“)_ﬂ<x’“)'<2/3<1.

B — Fj(z,u)

By the elementary inequality log(1 + ) < t for ¢ > —1, we obtain

Fi(z,u) — Fj(z,u) [ B+ Fi(z,u B —Fj(x,u
Du (prlor) < [ D0 _Dled fEH B0 B2 B 4 )

XXX
= 15122 IF; — F5112.
Note that
% | F; — FJ”/Q) 1;;152 Z AZrHL\ 2+ <w§5t) B w](.St)>2 - %7_231

'y<st<2'y

It holds that

Lo (Y1) = ZDKL ( ||—Z( )") < # > D ((pr)" 1 (or,)")

Jj=1 i,j=1
2(2r+2
= ) < —2( ) ijg;rl
i) — 15/@2(4T+2)
i#£]
Note that
2y v—1 47
sy =D 129/ = Y Ly = 1)/i] > ylog —.
i=1 i=1

We introduce constants a > 0 and 71 > 0 and take v > 7y (n/ 5)2”312“2 /log®%. Then

1 4y
logm > s,/8 > g'yloge—2
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and

/.
]IX’(Y agm) )
logm  —
for 71 and n large enough, 0 < < 1, and o = 27‘+812+52'

By taking 7 to be the smallest integer greater than or equal to 71 (n/J) 77t /log® %,

we obtain

2
|F;, — FJ”?} _ Z R2%s —1>\27~+1)\2r+1 ( (st) wj(;t))

<st<2vy
> B2 (2D3y) 0 s — w3

R? _2r41 ___so(@r41) 2r+1 M,
gy 0 2 7(n/8) eI log
<2D1) st 8

>

for some constants 7.

In conclustion,

. 9 1 so(2r+1) sg(2r41) so2r+1) 1
lIlf Sup ]P)z,an ||F F || > 7—5 s1(2r+1)+s1s9 n T s1(2r+1)+s1sg log s1(2r+1+s9) —
Fat peP(s1,50,r) 4 0

>1—9—log2/logm.
This completes the proof of (2.35) by noting that m — oo as n — 0.
To prove (2.36), consider the set R, = {(i,7) : 11 < i+ Jj < ¥} with cardinality

., where 7 and 7, are two integers to be specified later. Note that for (i,7) € R,

there holds e 1172 < Aidj < e 27 We can obtain (2.36) by the similar argument as

1 V2 1 n—1
= (5%-%) - (oo -157)

205(1 g—log

a result of

n
= 2C5log2log ——
26) Cslog2log V26
by taking v, = [m(log % —2loglog %) and y; = Ltz 5T T) (log 2 —log (cslog )]),

for some constants Cs and cs. O
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2.5 Proofs of Propositions in Section 2.2

In this section, we prove the properties of Kronecker product pairwise kernels stated

in section 2.2.

Proof of Proposition 2.1. According to [5], ®;; € H » and

(Dij, Pst) = (Dir Bs) e (s P1) i = O((ig)(s.0))

where § is the Kronecker delta function. This proves the orthonormality of {®;;}75_;.

Moreover, by Mercer’s Theorem [54] and the definition of %", we obtain

H (o 0), (&) = K (2! K ) = (Z qﬁi(x)qz-(x')) (Z ¢j<u>¢j<u'>)
= 3 (6:@)0,() (@) () = 3 Py, )@ ),

ij=1

where the third equality is a result of the absolute and uniform convergence of

Soo2, di(z)di(2') thanks to Mercer’s Theorem. We have finished the proof of (a) and
(b).

Item (¢) is obtained by noting that
Lot'l) = [ 0)65(0K o) K (! px (o)
~ [ 6ia)K(@a')dpx(o /qs] K (u, ') dpie (u)
x
= LK¢Z($/>LK¢](UI) = )\i>\jq)ij(x/; 'LL/>.

Now we prove item (d), (e) and (f). Note that

O (z,u) = di(2)d;(u) = ¢j(u)di(x) = ©ji(u, ).
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We obtain that

S
’%/a:,u) -

1 1 o oo
3 (Hlow) + Huw)) = 3 Z Z Dij(w, u) (Pij + Pji)
i=1 j—=1

Z (z,u) (D + Pjy) + <I>“ (,u)Py;
i<j 1

1=

and that ji/(iu) is symmetric. As a consequence, {\%(@Zj + Q)ji)}z‘q U{®;;}2, is the

orthonormal basis of H ,s spanned by ‘%/(Su) and any F' € H s is symmetric. On the

other hand, for any F = 7" ®,; € Hy such that F(z,u) = F(u,z),z,u € X,

’L]].

it holds

2F (z,u) = (F(2,u) + F(u,z)) = Y Fyj (Pi;(,u) + Pji(x,u)) € Hys.

4,j=1

Since @;;(z,u) = @j;(u, x), item (f) is a result of

1
Lys (Bij — ji) = 5/){ N (Pij (2, u) — i@, u)) Houydpx(x)dpa(u)

B %/XXX (®ij (@, u) — Pji(x, u)) Huz)dpx(z)dpr(u)

1
= 5 (Lo (Pij = Bji) = Lo (ji = i) = Aidi(Pig — ).

The proof of the properties of #55 is done in the same way. n

Proof of Proposition 2.3. Recall that

— Z Fij®(z,u) = Z Fijoi(x)d;(u)

1,j=1 4,j=1
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Thus

1717 =/ (Z Fijgi(x U> dpx(x)dpa(u)

2,7=1

/@ oo()dpie(z /cbj ) (u)dp (1)

'L]st 1

Z t ¢z:¢s> <¢j>¢t>L%X

2,7,8,t=1

By (2.15) and the orthogonality of {¢;}:2, and {®;;}%_,, there holds

i,j=1

Z FijFy <¢i7¢S>L§X <¢j’¢t>L3X

1,7,8,t=1

2

io: Aidj Eij @i

2,j=1

= S ANE G651k =

1,j=1

S )

H

2
1/2
Ly FH%

-

2.6 Proofs of the bounds on N ()\)

In this section, we derive the upper and lower bounds of NV, ()\) given in section 2.3.2.

Proof of Proposition 2.4.

Proof of the upper bound. Without loss of generality, we assume Dy = 1 and \; < i~1/%2.

Otherwise, it can be scaled into A without affecting the degree of \. Since t%\ is

increasing with respect to ¢ on [0, 400), by letting ps = 1/s3 > 1, we get

o0 o0

N = ZAA S Z

1 T /\Zp2jp2 = QNK(/\) + 7?]

(2.61)
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We bound 7 by the decomposition

dx

zz RO

)\1/1’2155)

=3 AT /oo L gt < a1 /Oo = /OO @t
i—2 A/p2j ]_ + th - 1 xr /P2y 1 + tpz

A~1/p2 [e'S)
=\~ / L / W g
1 T Jal/p2g 1+ tp2

Note that

A~ 1/p2 00
1 dt
/ — / dx
1 T AL/P2g 1 —+ tpP2

with CU 1=

= [, iz dr < oo, and that

/OO 1 /OO dt
A—1/p2 T Al/p2 g 1 -+ th

We have

T <A~V [C’Ullog
A~ 1/pe [OU log(A

Since A < et implies log(1/\) >

1 /s
To =33 1y < G g1/,

=2 j=2

with Cy = max {CU,I/p27 ﬁ

(2.62) into (2.61).

o0 1
< </ dt
o 1+t

1/172
A Py

1/pz) +

/OO 1 /OO dt
+ - dz | .
A—1/p2 T Jal/p2gy 1 —+ tp2

A~ 1/p2

% = Cy1 log(A1/P2)

)]

/ / A 1+1/p2 ()\ 1p )—p2+1
dr = ———= (N7 /P2 .
A—1/p2 L JAal/p2gy tpz p2 - 1)

A~ 1+1/p2 (}\l/m)_pzﬂ}

1, we obtain

} . The proof of (2.26) is finished by substituting

Proof of the lower bound. Since \; > Dyi~P* for p; = 1/s; and Dy > 0, we get

= A
N =2 55335 2
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1
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Since

o0

d

Z 1+ ()\/D2 Jiprgpr Z/ )\/D2 Upijg)p v

_ZAl/pl—l/ L
A/l)2)1/p1 1 —F tP1

> \"lm / 1 / L dtdz,
1 T Joypping LI

there holds

] [ 1
Ny(A) > 1 Vm / - dtdzx
T Joypprimg LA

A~ 1/p1 1
> \"Um / - dtdx
1 Toypynag L+

-1/p;

> \"Um / / dtdz
2/p1 1+t

—: O AP log(ATY/P),

Thus we obtain (2.27) with Dy = C/p;.

Proof of Proposition 2.5. Since

it holds

by taking A = A;. Note that -

- > 1/2 for any j <. Thus

l\')l@



Proof of Proposition 2.6.
Proof of the upper bound. Without loss of generality, we assume Dy = 1. Then

Ai < exp(—tai) and we have

, < (2
N ) lz 1+ )\exp ta(i + 7)) / / + (A exp( t2($+y))dydm (2:63)

Since A < e~! and log(1/A) > 1 > 0, we decompose the integral in (2.63) as

1
. dsdx

o0 o0 1 o0 o0
dydx =
/0 /0 1+ exp(ta(z + 1)) Y /0 /bgmee

log(1/X)
dsd / / - dsdz.
log(l/)‘) log )\+t2:E

/ ’ /
log )\+t2x

Note that
/k’g%/ . / dsdz / e /0 dsdz /k’g%/ . / dsdz
log Atox I+es log A\ tox 1+e8 1+ es
log(1/X) log(l/k)
: dsd
/ ’ / dsdr + / / o
log A+tax
log*} N log(1/A) _ 3log?(1/\)
2 ty Ay
and

/OO /OO
% log)\—l-tle

We obtain Ny (\) < Slog” (1)),

2t

Proof of the lower bound. For \; > Dy exp(—t14) and A = X\/D?, there holds

1
If
+ (A/D2) exp(t, (i + 7)) 1+ ,\etl(x+y

1 e °° dsdx 1
sdsda: < / / — = —.
+e log%m log Aptoz € to
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Since A < D2 exp(—8t;) < D? exp(—2t;) and % log(1/X) — 1 > 1, we obtain

L .
0o o0 1 = log(1/A\)—1 /0 1
/ / _— > /tl / Sdsdac
1 J1 14 detr@ty) 1 log Atti(z41) L €
%log(l/j\)—l 0 1
> —dsdx
1 log A+t (z+1) 2

—1 1lo2 ! —2lo L + 2t

Note that i log?(1/X) > 2log(1/X) for A < 1312 exp(—8ty). There holds

Nr(2) > 8% log?(1/3).

Since 1 log(1/)) +log(D?) > 0 for A < D{, we obtain

- 1 1
log?(1/)\) > log? —.
og(/)_m1 0g”

1
8ty

2.7 Proofs of Technical Lemmas

Lemma 2.2 and Lemma 2.3 are proved in this section.

2.7.1 Proof of Lemma 2.2

The proof of Lemma 2.2 is based on the following lemmas. The first one is Pinelis’

concentration inequality [59].

Lemma 2.4. For a random variable £ on (Z, p) with values in a separable Hilbert
space (H, || - ||) satisfying ||£]| < M < oo almost surely, and a random sample {z;}5_,

independently drawn according to p, there holds with confidence 1 — 9,

- 2M108g(2/5) N \/QE(Iléllz) log(2/9) (2.64)

S .

S

S k() —E4)

=1
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The next Lemma is about the application of N (\).
Lemma 2.5. Let {z] = (x;,u;,y})}1, be a sequence of i.i.d. copies of 2’ = (x,u,y’) €

(X2 x Y, p). Then, the following statements hold true.

2
(@) B || (L + M) Ao || = Nor V).

(b) For any bounded measurable real-valued function g and 4(2') = g(2') Kz u),

with confidence at least 1 — ¢, it holds

(Lo + A1) ( ng E[&]) H < 2||glloo(K* + 1)Apr log(2/9).
H

(2.65)
Proof. Note that
Jf/( u) = Z q)ij<x7u)q)ij7
ij=1
and
_ = Dy, u)
I A\ Y2 _ S AN Rt
( w + ) <%/(:c,u) Z (/\i)\’+)\)1/2 J
2,5=1 J
Then
J. ®j(z, u)*dpx(v)dpx(u)
EH (L ADV2 xu XXX
x + M) ) ; M A
1/2 2
AN Y PPN
Z)\)\ + A Z A T 2y - M)
2,j=1 J 3,0=1 J
The proof of (2.65) is a direct application of Lemma 2.4 by noting that
2
_ — Jllochk
R N L I
op VA
Bl (L + Al < IIRE | (L 4 A0 o [, = NoEAG )
]
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Based on the lemmas above, we derive the probabilistic bounds for quantities

defined above in Lemma 2.2.

Lemma 2.6. Assume that |y'| < M. Then for 0 < § < 1, each of the following bound
holds with confidence 1 — 9.

Sz’,)\ S CS/An,)\ 10g<2/(5>, (266)
Pz’,)\ S C’P/An,)\ 10g<2/(5), (267)
An A A?L A 2
U < ! 2 — .
Qi < Cor (222 + 522 ) log?2/6) 41 (268

with CS/ = 2M(I<L2 + 1), Cp/ = 2(:‘14 + Ii2) and CQ! = Cp/ + 02/.

Proof. We first bound S, . Note that

Ey H{y ) — / / Y dply/ |z, w)dpa (@) dpa (u) = / Fy(z, u)dpx(2)dpx(u) = Ly F,
X2 JYy X2

and

n

1 1
Ly + M) =STY' — LyF,) = Ly +AD"* 2 (WK wsmr) — Lir)-
Apply (2.65) to Sy \ with g(z') = v/, and we obtain (2.66) as a result of ||g|le =
supy ey Iy < M.
Now we bound P, . Apply Lemma 2.5 to {p(2') = F (2, u) # (s for any F € Hp,
and there holds

i o0 (s 20r)] -

(L + A1) (% S er() - E&(z')) H

=1

<2||F (k* + 1)A, xlog(2/6) < 262 || F|| 4 (K* + 1)A,xlog(2/6),

where the last inequality follows || F||s < 2| F||%. This implies (2.67) according to

the definition of the operator norm.
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To derive the bound of Q, y, we use the following decomposition

, -1
Qi < H(Lf +AD)? {(fo FAI) = (L + )\I)l} (L +AD)"

op

= Quo+ 1 (2.69)

op

+ H (L + M) (Ly + )7 (L + M)

Note that

’ -1 ’
H (25 +a1) (Lr - 1%)

- H (Lo =) (L5 + M)_l

op op

as a result of the symmetry of (L? + A )71 and Ly — L?. By applying the second

order decomposition (2.42) to (L%, + )\[)71 — (Ly + X", we have

Quo < H(L% T )2 (L% _ L_’;;> (Ly +\)~/2

op

’ ’ -1 / _
+ H(Lf L) (L% - L;}) (ng Y, (Lf - L}) (Ly +A\)~V?

op
< Pan Pa (2.70)
TV A '
We obtain (2.68) by substituting (2.67) and (2.70) into (2.69). O

We use the following Lemma to derive expected error bounds from the probabilistic

error bounds.

Lemma 2.7. Let € be a positive random variable. If there are constants a > 0,b >
0,7 > 0 such that for any 0 < § < 1, with confidence at least 1 — 0, there holds
¢ < a(log)", then for any 6 > 0 we have E[¢?] < a’bI'(76 + 1).

Lemma 2.7 is a standard result, of which the proof can be found, e.g., in [39].

Proof of Lemma 2.2. The proofs of (2.43) and (2.44) are direct applications of Lemma
2.7 to (2.66) and (2.67), respectively, with Cyp s = 2C% (0 + 1), Cppr = 2C%,T(6 +1).
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By noting that log(2/0) > 1, (2.68) becomes

Ay As Ay A 2
Qz’,/\ S CQ/ ( \/;)\/\ + T’)\) 10g2(2/(5) +1 S maX{C'Q/, ]_} (T/’\)‘ + /\»)‘ + 1) 10g2 5

(2.45) follows Lemma 2.7 with Cy o = 2 (max{Cy, 1})0 ['(260 4+ 1). O

2.7.2 Proof of Lemma 2.3

Average of sums of i.i.d. blocks. Consider a sequence of real numbers {a;; }

i,5=1"
We have
[N/2]
( — 2 N/2 Zaz] Z Z Qr(3),m(|N/2]+4i)s (271>
iF£] welly =1

where Ty is the set of all the permutations of {1,2,..., N}. In fact, it is easy to see
that each a;; with 7 # j, has been added (N — 2)!| N/2| times on the right-hand side
of (2.71). Equation (2.71) is widely used in U-statistics and is known as the average
of sums of i.i.d. blocks technique [23] since it can simplify the analysis of dependent
random variables to the independent case as shown in the following lemma.

Lemma 2.8 is a variant of (Lemma A.1, [23]) for random variables taking values

in a Hilbert space.

Lemma 2.8. Consider a sequence of random variables {&;; }ZJ 1 taking values in a
Hilbert space (H, || - ), such that for any distinct positive integers i, 7, s,t, &; and
&g are independent and identically distributed. Then for any convexr nondecreasing

function v : R — R, there holds

-

Z#J

|N/2)
> < N/QJ Z & vyalsil| | - (2.72)

Proof. Tt is straightforward to generalize (2.71) to sequences in a Hilbert space by

doing inner product with each element in that space due to the linearity of inner
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products. Thus, we have

LN/2]
Zgzj = N' Z N/2 Z fTrz (| N/2|+7) -
Z#J melly
Then it holds
[N/2]

H _ 1 Zg’u N' Z I_N/2 Z gﬂ' (3),w(|N/2]+1)

z;éj mwelln
1 [N/2]
< N' EZH V2] Z Er (i) (IN/2]+0)
nelly

Since 1 is convex and nondecreasing, (2.72) is proved by Jensen’s inequality and the

i.i.d. assumption on &;;, & for distinct positive integers ¢, 7, s, . O

Proof of Lemma 2.3. We first bound S, . Note that

N N
1 1 1
T _ E _ E _ E
N2 SX Y N2 yl]‘%/@?zﬁj) - N2 y“‘%/(%,@z) + N2 7& yl]’jif(xz’zj) .
i,j=1 i=1 1#£]

Thus
1 N
Sox < |[(Ly + A) I/QFZ YiiH s, L/F)|
=1 H
1
(Lo + M) oo N7 (43 H i) — L F
N(N _ 1) ; ( 7 ) P) »
= S)\,l + 8,\’2, (2.73)

as a result of 1/N? < 1/(N(N —1)). Since |yu| < M , H'%/(x“)”;gf < k? and

ILx|l,p < K*, we obtain

MK? 4 K| F||
NV

SA,l < < (.]\4/’62 + /-€4||Fp||;g/) AN7,\. (274)
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For S, 2, by Lemma 2.8 and (2.43), there holds

n

_12 1
(L)ﬂ’ + AI) 12 E Z (yg‘jg/(xuuz) - L%Fﬂ)

=1

]ESiQ S ]E - ESZ2’,)\ S CQ’S/AEZ7>\,

H
(2.75)

thanks to the monotonicity and convexity of 22 for x > 0, where n = | N/2|, yi = yi n1i
and u; = z,4;. Note that for n = | N/2| and N > 4,
Apx < 4AN .

Thus (2.75) becomes
ES3, < 16Ch,sr A (2.76)

By choosing Cs = 2(16Cy s/ + (M r?* + /<a4HFp|L;g)2), according to (2.74), (2.76) and
(2.73), we obtain

Now we bound P, . Consider the decomposition

N
_ 1
Pur < (Ly + M) 12 N2 ~ (<"‘%/(J»‘i7wi)>,%/ ‘%/(l’i,xi) - LJ{)
i= op
/ ~1/2 1 , 7.
| T ST % (s Hon)) , Hlona) = L)
op

=:Pr1+Pra. (2.77)

For P, 1, similarly to (2.13), we have
H <'7 ‘)g(wiyxi)%g/ <%/(33i7$i)

< gt

— )

op

and

(2.78)



To bound Py, by applying (2.72) again, there holds
EP{, <EP, \ < Cop AL, < 16Copr AR . (2.79)

By (2.77), (2.78) and (2.79), we get
EPZ, < 2(EPY, +PLy) < CpAl, (2.80)

with C'p = 3202773/ + 8/{8.

To bound Q, », we do the decomposition

Qi < ||(Lor + AD'? (L% + AN = (Lo + A1) (L + A1)

op

n H(L,g FADY2 (L + D™ (L + MDY

= Q,0+1. (2.81)

op
Use the second order decomposition (2.42) and we obtain

Q,0 < H(L% S ATV (L — L%) (Ly + M) 72

op

+ H(LJ/ H ATV (L — L) (D% + A7 (L — L) (Lo + M) 72

op

2
< PﬁA + P;’A. (2.82)
By (2.81) and (2.82), we have
EQ?, <2EQ2, +2 < 4 <E7;Z2’A + Eff“) +2. (2.83)
By Lemma 2.8, (2.77) and (2.78),
EP, < 8 (EPy; +EPy,) < %ﬁ:ﬁ +8EP,
< (12850 4+ 41 x 8Cypr) Ay, = CupAn.y. (2.84)
Substitute (2.47) and (2.84) into (2.83), and we obtain (2.46) with
Cgo = 4max{Cp,Cyp}.
[
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Chapter 3

Sparse Semi-supervised Learning
with Summary Statistics

Many kernel-based machine learning algorithms need the availability of input data
during the training process while the data may be unavailable in many circumstances
due to privacy issues. However, there are usually unlabeled data published without
privacy issues from the same distribution as the input of the private data [90].
The learning process with both labeled (a.k.a. supervised) and ublabeled (a.k.a.
unsupervised) data, is often called semi-supervised learning [11,18,36]. Based on the
unlabeled data and the summary statistics (a statistic generated with the labeled
data with the hope to reduce the leak of sensitive data), a novel algorithm for linear
models has been proposed [50,90] and been extended to the kernel-based learning
scheme with empirical features [61]. In this chapter, we propose a semi-supervised
learning algorithm that achieves both sparsity and approximation accuracy based on

the summary statistics and empirical features.

3.1 Summary Statistics

Let X be an input space and ) = R be the output space. Here X x ) is equipped
with a Borel probability measure p that can be decomposed as a marginal measure

px on X and a conditional measure p(-|z) at x € X on ). Recall the target function
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[, to be recovered in least-squares regression

f,(x) = /y ydp(ylz),z € X.

Given a Mercer kernel K : X x X — R, let (Hk, (-,-)) be the corresponding
reproducing kernel Hilbert space (RKHS). Assume that k? := sup,cy K(z,2) <
+oo and |y| < M < +oo. Recall the integral operator defined by (1.2) and the
notation K,(u) = K(z,u),z,u € X. Let {(\;, ¢;)},~, be the eigensystem of Ly
orthonormalized in H . Based on the input observations x = {z;}!" |, we can define

the empirical integral operator with respect to x as

L};(:/HK—)/HK,

1 m
fr E;f(mmi.

Since L% is positive semi-definite with rank at most m [38], we can write its eigensys-
tem orthonormalized in Hy as {(AF, @) oy With AF > AF > - > XX > 0= X%, =
-+ . Note that L% depends only on x. With unlabeled data u = {u;};_, C X, we can
define similarly L% the empirical integral operator with respect to u and write the
corresponding eigensystem {(Af', o) }0, with AT > A > .- > AL > 0=\, =--- .

Recently, a novel estimator was introduced in linear regression for privacy con-
sideration. Consider a linear model Y = X + € and its least squares estimator

B = (XTX)_1 XTY'. Since the access to the coefficient matrix X may be impossible
. -1
due to privacy issues, [50,90] define a new estimator 3/ = <XTX> XTY. Here

X is from openly accessible and unlabeled data. To obtain B’ , one need only the
summary statistics X7Y and the covariance matrix X7X. Thus, the direct exposure
of private information in X is avoided. [61] generalized the summary statistics to

the non-parametric case. Based on the empirical features, the summary statistic is
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defined by d"# = (d}"*, - -+ ,d™*) with

1 m
d?z = <¢;l7 E ZyjK1j> 1 <i<n. (3.1)
K

3.2 Algorithm

In [38], an empirical feature-based learning algorithm based on ¢; regularization
was proposed that produce output function with both sparsity and approximation

accuracy. In particular, the output function is

with ¢Z = (cz cz )T € R™ defined by

FTRERNC
1 m m 2
¢ =argmin ¢ 03 ((Z chs;‘) (2:) - y) 7 el
i=1 \ \j=1
Here ||-||, is the £, norm of a vector, i.c., |[c|l, = S27", |e;| for any ¢ = (c1, -+, em)” €

R™. [38] reveals that ¢ has a closed form representation as

)

if 2|d?| < yor Xf=0
Z = sx(dfF—~/2) ifd?>~/2and \F >0,

75t z

L@ +7/2) ifd? < —v/2 and ¥ > 0,

with
m Yi ) m 4 Yittag L=m
=1 J=1 K

Note that d;"* defined in (3.1) can be obtained by replacing ¢ with ¢} in the
definition of d¥. According to the idea of summary statistics and ¢; regularized

empirical feature-based learning, we propose a new learning algorithm as

n

£y =Y nion

=1
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with ¢%% = (¢, -, %)

defined by

if 2| <y or At =0
- (di" —~/2), if d;" > /2 and A} > 0,
% (A +~/2), it d" <—v/2and A} > 0.

:l"‘ =

>

'

u,z
771

In the following of this chapter, we simply drop the superscripts u and z and rewrite

uz u,z — Juz — W2
d=d% =cy, di=d;7, and ¢, ; = ¢

3.3 Main Results

Theorem 3.1. Letp € {1,2,--- ,n} and assume that f, = L (g,) with some r >0

and g, € Hi. For any 0 < 6 < 1/3, if we choose

5> 2 g LA+ Cr, (

N f)log 5

where Ck , is a constant given in [38], then there is a universal constant C' < oo,

which will be specified in the proof, such that

1=p+1

1/2
indr— = max{2r 1 1 1 2 \/%7
uz <C |\ Amln{r 1,0} Al {2r,2} log =
Hf'y fPHK— p1 T Ap Z ( +)\p \/ﬁ+ /m, 0g5+ Ap

with confidence 1 — 3.

Theorem 3.2. Assume that f, = L (g,) for some r >0 and g, € Hx and assume

that the eigenvalues satisfy

Dyim* < \; < Dgi™*2, for any i € N,
with 0 < ag < oy < oo. We have
(i) If r > 1 with 5= < as < ay < as(1 +71) — 3, then, by taking

_ ol+42r 1, — g2t
v =2 9ol D3m0 212l + Cle

F W) og'"” 5.
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there holds

ag(1+471) 2001 +1

+n 2<a1+ra2)> 4(ag+raz) log

fu,z _ f S (

” Y PHK \/— \/—
where C1 is a universal constant to be specified in the proof.

(it) If0 <1 <1and & < s <oy <ao(l—r)— 3, then, by taking

_ ol+2r pl, —go2tl
v=2 9ol i D57 n 22ren) + O,

7 \/_) og'” 5.

there holds

wz __ L L *2&2<E;>) 4(26!}:(1)
||f7 prKSC'z \/ﬁ+m+n afray 2+re1) Jog't

where Cy is a universal constant to be specified in the proof.

When a; = ay = a, one takes n = [m®] with s > 0 to see that the best choice of
sis s =1, i.e., m = n. In this case, the convergence rate matches the rate of [38]
and is slower than the most up-to-date work on empirical features [35]. Bridging
the gap between our semi-supervised learning case and [35] is not trivial since the
analysis of [35] depends heavily on the orthogonality of ¢ restricted on x, which is

not satisfied when ¢} is restricted on x.

3.4 Proof

3.4.1 Technical Lemmas

Lemma 3.1. For 0 < 0 < 1/3, there holds
- 2

> (= A (fpn 8095)" < G (% . %) o2

i=1

with confidence 1 — 35. Here C3 = 4 (8Mk + 4x? ||prK)2 is a constant independent
of 0,n,m, or .
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Proof. Note that

A Tor 00 = (L for 07 i -

We obtain
1 m
=1 K
and
u u 2 u u u
Z(di_)‘z‘ <fpa¢z‘>K) :Z<EzyjKﬂfj_LKfpa¢i> < EZ%‘K%—LKJCP
i=1 i=1 j=1 K j=1 K

2

+ L fo — Licfollze + 113 fo — Lic foll %
K

1m
<4 — K, — L%
<a{ |, - i

According to Lemma 2 and Lemma 3 of [38], for each 0 < § < 1, each of the following

inequality holds with confidence 1 — §.

8Mﬁlog§

N

1 m
—N kK, - I
m Yjha, Ko

K

X X X 4R% | fol 5 log 2
L% fo — L foll e < 1L — Ligllop 1 foll o < 1 Lx — Licllgs 1 foll ¢ < \p/ﬁK 2,

452 || foll i log §

O

Lemma 3.2. Assume that f, = Ly (g,) for some r > 0 and g, € Hx. For any

pef{l,2,---,n} and 0 <6 < 3, if we choose

2
logl—i-'r

7227 gl A+ i, -

1 1
(% i ﬁ)
then

Cyi =0, foranyi=p+1,--- n,
with confidence 1 — 34.
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Proof. According to Lemma 3.1, we see that

1 2
20 < 20| 62)] + 2 = AU 0] < 208 | 08h] + 2Ca (= ) o .

&v
ﬂ

Thanks to Lemma 5 of [38], there holds
2A [ (fo 080 ] < 2 (X 19l I1Lx — Ll + 27 9ol (AF)'™)

4k?log 2

NG

< 2X1 (19l + 25 [l gllc (A (3:2)

By the proof of Theorem 5 of [38],

4k?1oghtT 2
)T < 27 (N L — LES) < 27 (A;w . _g> |

NLD
In conclusion,

Jn

1 L2
2] < 2 gy A+ Gy b ) oS <

Elly

with C , = 4r% (2A] + 21727) [|g, || - + 2C5. O

3.4.2 Proof of Main Results

Proof of Theorem 3.1. Let S = {1 <i<p:A'>\,/2} for p € {1,2,--- ,n}. Due
to equation (3.2), we have

2A [ {fr 81 | < 220 1190l ILxe = Liellgs + 247 llgoll e (M)

4k*log 2 i

T +1lgpllx A

< 2X7 [l9oll
and 2|d;| < v, for any ¢ € N\S. Thus ¢,; = 0 for any ¢ € N\S. Decompose

waul_fpui(: Z <fp’¢:l>§(+2(<fpv¢:l>[( C'yz) - A1‘+‘A2

1€N\S €S
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Similarly as the proof of Theorem 4 of [38], we get

1/2
) + | Lg — L |lus

VA <Cop | Apyr + Amm{?" 1,0} < Z Amax{% 2}

i=p+1

1/2
i - max{2r lo 2
< Crp (462 1) | Ay X010 (Z A ’2}) YR

i=p+1

with some constants ¢, , that is specified in [38].

For Ay, we have

4
Do =" ((for )5 — C10) szﬁ ({fre %) e — 1))
eSS P

€S
1 1Y log*2 py?
02 - il ) v
K (n * m) A2 * 402

P

< SIS @] <s

<2
P =1 1<i<p,2|d;| <y

We complete the proof by taking C' = 2v/2 (Cs + 1) + C,. ,(4x2 + 1). O

Proof of Theorem 3.2. Let p = [n?] for some 0 < 3 < 1 to be decided later. Thus

n® < p < 2nf and

1 1 2 201 1
N ( ) log = 5 < Dijn~o2fr 4 D (n*fralﬁ + m’l/Qno‘lﬁ) log 5

M/ A/

For r > 1, there holds

oo 1/2
. DJ B(2rag—1)
)\mm{r—l,O} )\Enax{QrQ} < 2 s
P i:pZH V2rog — 1

By the selection of ~, we have
V2py / 142 1 1 1 L 2
= - <K 2 2 +2r AT O - - L l 4r &
>\p — D ||g,0||K p+ K,p>\p \/m—f‘ \/ﬁ og 6
12 8 (prp—eesr | 27 (—t4aup -1 B
S2(2 HgPHK_‘_CK,p) 2 | Don~ P + — D <n 2T 4T en™ )
1
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We obtain the upper bound by taking § = 2(a141ra2r) with

a1

2
Ga=c KDS + E) (22" Nlgpllc + Crep) +1) +

Dy
vV 20(27” -1

For 0 < r < 1, it holds

1-2a9

o 1/2 r—1,_—aj(r—1)
\min{r—1,0} Z \max{2r.2} <Dy Dop™
' i=p+1 l a V2a; — 1

D™Dy s205420,0-n)41)
< 2 ) 3.3
= VRa, 1. (33)
We get the upper bound by taking p = [n%%iml)-‘ and
2041 l)T‘le)2
=C|(D5+ =) (202" C 1) + ———
Cy |:( o+ Dl)( ( ||gp||K+ KvP>+ )+m
n
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Chapter 4

Modified Poisson Estimators for
Grouped and Right-censored

Counts

Grouped and right-censored (GRC) count data are widely adopted to study some
sensitive topics or to collect information from less cognitive respondents in many
research fields, such as psychology, sociology, and criminology. However, theoretical
analysis of GRC counts is involved due to the co-existence of grouping schemes and
right-censoring schemes. Recently, a modified Poisson regression model has been
proposed to analyze GRC count data under the framework of maximum likelihood
estimation. In this chapter, we study the asymptotic properties of the maximum
likelihood estimators of GRC counts that can cover the modified Poisson estimator.
Existing results on modified Poisson estimators for GRC counts are only applicable
to stochastic regressors with strictly positive definite Fisher information matrices.
Results in this chapter are derived under a milder condition that the information
matrix of observations is divergent, which can cover the results for the stochastic case
in the almost sure sense. Real data simulations are provided to investigate drug use

in America.
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4.1 Grouped and Right-censored Count Data

Grouped and right-censored (GRC) counts, as the name suggests, combine both
grouped counts, where observations are groups (for example, “1-2 times”) instead
of separate categories (“once” and “twice”), and right-censored counts, where the
upper-end category is from a constant (or a bounded random variable, [57]) to infinity,
such as “40 or more times”. In many research fields, such as psychology [1] and
sociology [4,7]), GRC counts are widely used to study some sensitive topics (e.g.,
marijuana use among adolescents [8], Monitoring the Future study among U.S. high
school seniors [44]), or to collect information from less cognitive populations [12].

In statistics, studies on right-censored counts have long been established [14,15,65]
and implemented [62]. Most of these articles focus on Poisson and zero-inflated Poisson
(ZIP) regression models [40,45]. Sometimes random effects are considered in ZIP
regression [55,56]. In parametric regression, the maximum likelihood estimator (MLE)
is one of the most efficient estimators. The MLE for generalized linear models (GLM)
and its asymptotic theory have been established in statistics for a long time [31,47,74].
The maximum likelihood estimation of right-censored data has also been investigated
recently [57].

Methodologically, analyzing GRC count data is more complicated than the right-
censored data due to the existence of grouping schemes in right-censored data. Even
though grouped and right-censored counts are adopted in survey research for a long
time, statistical methods to analyze GRC count data just started recently from [33],
where they proposed a Poisson-multinomial mixture approach. A three-step M
algorithm was introduced to find the optimal grouping scheme that maximizes the
objective function of the Fisher information [32]. Based on MLE, the modified Poisson
estimator for GRC counts has been derived recently under a general framework that

can cover the Poisson and ZIP models for GRC count data [34].
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In this chapter, the asymptotic properties, counting asymptotic existence, (weak
and strong) consistency, and asymptotic normality, of MLE of GRC counts are studied
under assumptions on the information matrix of the first n observations F,, that will
be defined later. Precisely, we require that o,;,F,, — +00 as n tends to infinity. Here
Omin 18 the minimal eigenvalue of a matrix. In some recent work on ZIP regression for
right-censored data without grouping schemes [57], they proved the weak consistency
of MLE of right-censored data under the assumption that {n/ommF,} - is a bounded
sequence, which is equivalent to that the limit matrix of F,,/n as n — 400 is strictly
positive definite. Comparing with [57], our results are applicable to the more involved
GRC data under the condition that o, F,, — +00 without further assumptions on
the divergence rate of o, F,,. For stochastic regressors, the asymptotic properties of
MLE of GRC count data were proved under some conditions such that the Fisher
information exists and is strictly positive definite [34]. In this case, by the strong law
of large numbers, the Fisher information matrix is the (almost sure) limit of F,,/n as
n — +o00. The results in the strong sense of this chapter (Theorem 4.2) is applicable
to both fixed and stochastic regressors. Thus our assumption is weaker than [34]
and the asymptotic results for stochastic regressors are given in Corollary 4.3 in this
chapter.

The rest of this chapter is organized as follows. In Section 4.2, the maximum
likelihood estimators for GRC counts are introduced. Section 4.3 investigates the
main results on the asymptotic theory of MLE for GRC counts. Proofs of asymptotic
results are provided in Section 4.4. Numerically, the large sample performance of
modified Poisson estimators with real data from the MTF (Monitoring the Future)

project [44] is studied in Section 4.5.
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4.2 Maximum Likelihood Estimators of Grouped
and Right-censored Counts

We start from a general framework. Let Y be a discrete random variable from a
distribution with the probability mass function Prob(Y = k) = 0(k, &),k =1,2,--- |
parameterized by € = (&,---,&.)7 € R",r € N. Each component &,1 < s < 7,
is related to a linear combination of x5 = (x50, - ,xsvds)T € R%*! with dy, € N

through a homeomorphic link function g, : R — R, i.e., & = g;* (6;‘FXS) . Here each

Ty is a covariate and s = (Bso," - ,0sa,) € RET!is a vector of parameters to

be estimated. When z,0 = 1, 5, is known as an intercept term. For simplicity,

let 8= (B7,---,80)" € BCc R and x = (xF,--- . x)" € X C R? with d =
dy + ---+d, + r. Assume tacitly that the parameter space 28 of 3 is convex with
non-empty interior. Denote = C R" the parameter space of £ € R", that is, = =
{€=¢B,x) eR : & =g.'(BIx,),1<s<r,BeB,xeX}.

The general framework above can cover two specific models that are ubiquitous
in statistics: the Poisson model (r = 1) and the zero-inflated Poisson (ZIP) model

(r = 2). For the Poisson regression model with a Poisson parameter p > 0, where the

probability mass function is

k
Ll
Op(k,pu) =e “H,k20,1,2,~--, (4.1)

the natural link function for p is the log link gjo,(1t) = log p with gl_oé (t) = e'. The
Poisson distribution possesses the equi-dispersion property, that is, the mean and
the variance of the Poisson distribution are equal. However, it has been observed
that sometimes the equi-dispersion assumption is violated and one proposed the
ZIP model [40,45]. For the zero-inflated Poisson model with a Bernoulli parameter

0 < p <1 and a Poisson parameter p > 0, the probability mass function is

Oz1p (k, (M’p)T) _ { p+ (1 —ple* k=0,

(1_p)6_#l;§_]g€7 k:1727

(4.2)
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For the Poisson parameter p of ZIP models, one can still use gios as a link function.
For the Bernoulli parameter p, one may select, for example, the logit link giogit(p) =
log (25 ) with gioh (1) = (1+¢7) "

For GRC counts, a grouping scheme G with M & N groups is defined through
partitioning N by fixed integers 0 = {1 < ly < --- < lpy41 = +00 with the k’th group
given by Group, = {m € N, I, <m < l;41},1 < k < M. In this chapter, we consider
the case M < +o0, i.e., the number of groups is finite, which is general in practice.
Consider a random variable Yy, that is the group in which Y lies, taking values in
{1,2,--- ,M}. Yg is obviously from a multinomial distribution with the probability

mass function

ley1—1
Prob (Yg = k) = 09 (k, &) = i 0(5,6),1<k< M.
=l

Let {(x*,Y$)}y € X x{1,2,--- ,M},n €N, be a sample drawn from a distribu-
tion with respect to the parameter 8*, that is, Prob (Y3 = k) = 69(k, & = £(8%,x")).
Here {Ygi}?:l is a sequence of independent random variables. In most cases of this
chapter, let the regressors x*,i = 1,2,--- ,n, be fixed and expectations are taken over
Ygi € {1,2,--- ,M}. As shown in Corollary 4.3, our results in the strong sense can
be extended to stochastic regressors by considering the conditional expectation as
conditioned on {x'};" ; and the law of total probability.

In parametric regression, the aim is to estimate the true parameter 3* by generating
an estimator 3, from the sample {(x",Yg)}iL,. In this chapter, we consider the
maximum likelihood estimator of GRC counts, i.e., Bn is the maximizer of the

log-likelihood function

0n(B) = Z log 09(Ys, €' = €(B,x")). (4.3)

Assume that the true parameter 8* is contained in the interior of 5. For simplicity,
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in the following of this chapter, we just write 8 and & without specifying the
corresponding parameter spaces B and Z=.

Let ||-]| be the Frobenius norm of a matrix and the Euclidean norm of a vector,
respectively. The operator norm of a matrix is written as [|-[|,,- Eg (E¢) denotes the
expectation of a random variable with respect to the parameter 38 (§). Varg is the
variance of a random variable with respect to 3. oumin (0max) denotes the minimal
(maximal) eigenvalue of a matrix. 0 and I are the zero matrix and the identity matrix
whose dimension can be verified from contexts, correspondingly. —4 and —, mean

convergence in distribution and in probability, respectively.

4.3 Asymptotic Theory

Recall the log-likelihood function ¢,,(8) of GRC counts defined by (4.3). Let s,(3) €
R? and H,(3) € R™ be the gradient and the Hessian matrix of £,(3) with respect

to respectively. Since our error analysis is based on Taylor’s expansion
)

n AﬁTH;(B)A@

(a(B) = (a(B") = AB"su(B7) (4.4)

where AB = B8—3* and 3 is a point between 8 and 3*, we need some assumptions on
s,(8) and on the Fisher information of the first n observations F,,(3) := —Eg [H,,(3)]
for 3 in a neighborhood around 3*.

The structure of F,,(3) for GRC counts is complicated. Let X' = Diag{x},--- ,x%.},

which is a d x r block diagonal matrix, and

U(B,x) := Diag {U;(3,x),U(B,x),--- ,U.(B,x)} € R™"

with U,(8,x) = (") (BTx,),s = 1,2,---,r. Simply rewrite U*(8) = U(B,x").
Straightforward but tedious calculations show that s,(8) = >_/_; X'U'(B)sy; (£')

with

7 0E,

9 1 69 (Y, g))T
851 ’862 g g7 *

0 0
sy, (&) = (—logQQ(Yg,ﬁ) —logﬁg(Yg,E),--
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Moreover, we have

H,(8) = Y [-X'U'(B)l(&) (X'U'(8))" + R'(8)] . (4.5)

Here, for a given random variable Yg € {1,2,--- , M}, Iy, € R"™" is defined by

2

- 0E,0¢;

(]IYQ(E))St = log@g(Yg,f), s,t=1,2,---,r,
and R'(8) = X'W(8)Sy,(£') (X7)" with

W(3) = Diag { (6")" (87x0). -+ (9)" (BT | € B

and

SYg (E) = Diag (% log 0g<YQa£)> e 0 log Qg(Yg’£)> e R™*T.

. o
Note that ]E€ [% log Qg(Yg,ﬁ)} = aigs jj\il 99(376) = ai,gsl = 0 and Eﬁ[sn(/gﬂ = 0.

We obtain Eg[R*(3)] = 0 and

F.(8) = Z X'U(B)I9() (XU(B))" = Eg [sa(B)sn(8)"], (4.6)

where 19(€) = E¢ [Iy, (€)] = (I gt(é))rxr is the Fisher information of Yg with respect

to & and the last equality is because

2

agsagt

log 09(Y5.€) - 1o 69(Y5, €) |

0
log 9g<Yg>€>:| = E€ |: agt

1206~ 5 |- "

When 3 = 3*, we simply drop the parameter 3* and rewrite s, (3%), F,.(8%), H,.(3"),
U{(B*),Eg-, Varg- as s, F,, H,, U E, Var, accordingly.
Theorem 4.1. Let X be a compact set. Assume that, for any s =1,2,--- ,r,

(i) g7t is C* with (g7") > 0.
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(ii) 69 (Yg, &) is C? with respect to & such that 19(€) is strictly positive definite
everywhere.
(i1i) ominF, — +00, as n — +oo.

Then, there is a sequence {Bn +20 of random variables such that, as n — +00,
(i) P [Sn(,én) = 0} — 1 (asymptotic existence),
(i1) B —, B* (weak consistency),
(i11) Fl/? [Bn — ﬁ*] —q4 N(0,1) (asymptotic normality).

The assumption (i) of Theorem 4.1, which implies that the inverse function of
the link function is strictly increasing, is fulfilled by most link functions used in

practice. Specifically, for Poisson and ZIP models, it is obvious that (ggé)/ (t) =

e! > 0 and (gfoéit)/ (t) = ﬁ > 0. The assumption (7) of Theorem 4.1 is satisfied

when M > 2 for the Poisson model and M > 3 for the ZIP case, according to [32].

The assumption that F,, is strictly positive definite for n € N large enough with

OminFn — +00,n — 400, (4.7)
is common in literature [31].
We now give another insight on the assumption (4.7). For any u = (ulT, R uf)T €
R?, denote 0° = (u]xi,--- ,u;:FXi)T € R". Then

n

u'Fu=Y (&) UT9(E)Ua

=1
>3 i [UT9(E)U] 3 (%)’
i=1 s=1

> (i o (U0 0¥ €0 000 2]} ) 03 ()

xeX
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By the eigenvalue perturbation theory (Corollary 6.3.8, [42]), oymin and opax are
(Lipschitz) continuous on the Hermitian matrix space. Thus, under assumptions (7)
and (ii) of Theorem 4.1, (mingex {omm [U(B*,x)19(€(8%,x))U(B*,x)] }) is bounded

away from 0, when X is compact. And (4.7) is implied by

Tmin (Z X, (XZS)T> — 400,n — +o00, forany s =1,2,--- 7. (4.8)
i=1

Corollary 4.1. Let X be compact and assume (4.8). If assumptions (i) and (ii) of

Theorem 4.1 hold, then there is a sequence {Bn 20 of random wvariables such that

there hold all conclusions of Theorem 4.1.

To state the strong consistency, for any given € > 0, we define a ball B.(3*) =

{B:B-B<e}.
Theorem 4.2. Let X be a compact set. Assume that
(i) For anys=1,2,--- 7, g7' is C* with (¢;)" > 0.

(ii) 69 (Yg, &) is C? with respect to & such that 19(€) is strictly positive definite

everywhere.
(i1i) ominFn — +00, as n — +00.

(iv) There exist € > 0 and a fized number ng € N such that for any n > ny and

B € B(B*), ominFn(B) > comaxFn with a universal constant ¢ > 0.

Then, there exist a sequence {B,}°2, of random variables and a random number

ng € N such that
(i) Plsn(B,) =0, for alln > gl = 1 (asymptotic existence),

(i1) B, — B, a.s., asn — +00 (strong consistency),
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(111) FL/? [Bn — B*] —4 N(0,1), as n — +oo (asymptotic normality).

Corollary 4.2. Let X' be a compact set. Assume that for any s € {1,2,--- ,r}, there
hold (4.8) and

Omin (i Xz (XZ)T) > 60max <i XZ (XZ)T> s fOT’ alln > ny, (49)

i=1

with a fized number ny € N and a universal constant ¢ > 0. If, in addition, assumptions
(i) and (ii) of Theorem 4.2 are satisfied, then there exist a sequence {B,}°2, of random

variables and a random number ng € N such that all conclusions of Theorem 4.2 hold.

In Corollary 4.2, equation (4.9) says that the sequence {k,}>>, of condition
numbers of 7 X (X)) ie.,
n i T
Omax [Zi:lX (XY) ]

K 1= ,

Fin [ X1y X (X))

is bounded uniformly for n € N. By the definition of X*, (4.9) is equivalent to

. = i (oiT ~ . i (oiT
56{?7121?. 7} {amin (Z s (XS) ) } 2 cse{?}g.)f ) {ama" (Z Xs (Xs) ) } : (4‘10)

i=1 i=1

For stochastic regressors, consider F,(8) = Eg [-H,(8) [{x'}._,] and F,, =
F,.(3*), which is the same as the fixed design case. Thanks to the strong law of
large numbers, (4.8) and (4.10) are implied by that Ex [x,x]] exists and is strictly
positive definite for each 1 < s < r, which is a condition required by [34]. Here the
expectation is taken with respect to the marginal distribution of x,,s =1,2,--- | r.
Moreover, for stochastic regressors with a strictly positive definite Fisher information
matrix F := EF; with the expectation taken over x! € X, from the proof of Corollary

3 of [31], one can obtain the following corollary easily according to Theorem 4.2.
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Corollary 4.3. Let X be a compact set. If assumptions (i) and (ii) of Theorem
4.2 are fulfilled and the Fisher information F exists and is strictly positive definite,

then there are a sequence {3,}:2, of random variables and a random number iy €

N such that conclusions (i) and (ii) of Theorem 4.2 hold with \/n (,én - ﬁ*) —d

N(O,F1), as n — +oo.

In Corollary 4.3, the strict positive definiteness of F is implied by the strict positive

definiteness of E [x,x’] and 19(£), as pointed out by [34].

4.4 Proofs of Asymptotic Properties

For GRC count data, the Hessian matrix H, (8) and the information matrix F,,(3),
as shown in (4.5) and (4.6), become much more involved, comparing with classical
analysis on the generalized linear models. The technical difficulties in analyzing GRC
counts are caused by the discrepancy between F, (3) and —H,(3). Most of the
auxiliary results in sections 4.4.1 and 4.4.2 are motivated by [31], but the technical

details are different.

4.4.1 Some Properties of the Information Matrix

We first derive some properties of F,,, which play important roles in the sequel
proofs. Since F,, is positive semi-definite, one can decompose it as F,, = F./2FI?

(for example, through the Cholesky decomposition or through the eigendecomposition

and taking the square root of each eigenvalue), where FZ/ 2 = (F,l/ 2>T. To prove
the next proposition, we introduce the Loewner partial order “>=” and “<” between
Hermitian matrices, that is, for two Hermitian matrices A and B, A = B (A < B) if
A — B is positive (negative) semi-definite. For properties of Loewner’s partial order,
one may refer to Chapter 7.7 of [42]. Let Tr(A) be the trace of a matrix A. We
summarize some properties of F,, in the following proposition.
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Proposition 4.1. Let X be compact. Under assumptions (i) and (ii) of Theorem

4.1, there is a constant C < +oo such that

ZTr [(Xi)TFngi] < C, forn large enough. (4.11)
i=1

If we further assume (iii) of Theorem 4.1, then

Tr [(X")T F;lxn] =0 (4.12)
and
max Tr | (X')"F,'X'| = 0, (4.13)
1<i<n

as n — +0o0.
Proof. Denote X,, = 31 X¥ (X%)" = 0 € R¥% Then we have 327, Tr [(Xi)T F,;'X'| =

T [F.'X,] = Tr [F;l/QXnF,;T/ 2] . Rewrite
F, =Y XUTE) (XU) =Y Xc@,x) (X))
=1 =1

with C(3,x) = U(8,x)I9(&(8,x))U(B, x). Since (¢;) (B x,) > 0, for each s =
1,2,--- 7, which implies that U(8*,x) is of full rank, and I9(¢) is strictly positive
definite everywhere, we have C(8*,x) is strictly positive definite, for any x € X.
Since o, 18 continuous on the Hermitian matrix space, we obtain that there is a

constant C' < 4+oo such that

d
mi}I{l {ominC(B",x)} > d/C > 0 and C(3",x) = EI’ for any x € X
xXE

Thus F, = £¢X,, and

d
I=F,'?F,F;7? = EFgl/anF;Tﬂ. (4.14)

We get (4.11) by taking trace to both sides of (4.14). Since F,, = (ominF,) I and
F!'< (0mnF,) 'L

(4.12) and (4.13) are proved by the compactness of X and equation (4.7). O
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4.4.2 Some Lemmas

We list some lemmas that will be used in the proofs of asymptotic results. For

simplicity, denote V,,(8) = —F, Y2y, (B)F, T2 and introduce a neighborhood around

B by NL(0) = {8+ |[Fi* (8- 8]

§6},foranyn:1,2,~-,and6>0.

Lemma 4.1. Assume (4.7) and assume that, for any 6 > 0,
P [omin Vi(B) > c1, for all B € N,,(8)] = 1, as n — +o0, (4.15)

with some constants ¢y > 0 independent of o, then there is a sequence {Bn} of

estimators such that conclusions (i) and (ii) of Theorem 4.1 hold.

The proof of Lemma 4.1 follows mainly the proof of Theorem 1 of [31] by noting
that (4.15) is equivalent to
P[-H,(8) — oiF, is positive semi-definite for all 8 € N, (d)] — 1,

as n — +00, which is equivalent to the condition (C*) in Section 4 of [31].

The next lemma is the asymptotic normality of F,, Y ’s,..

Lemma 4.2. Let X be compact. If assumptions (i), (ii), and (iii) of Theorem 4.1
hold, then Fy,"'*s, —4 N'(0,1).

Proof. Note that Es, = 0 and E F;l/zsnng;T/Q] — F VPR, FT = 1Tt suf
fices to check the Lindeberg-Feller condition (cf. Proposition 2.27, [74]) for v,; :=
Fo'/*XUsyy (1), ie., to prove gu(6) = Sy B [[vail* Ljwugsa] = 0, asn —

+o00, for any § > 0. If we denote Z,; = Fp, /?XiUt, then

n ' 9 i
90(0) < D2 1Zuill2, B | [svs(en)| 1 2
; P ¢ {syé-(sm >62/zm-||§p]
12 i
< max  E HS (&) 1 Z,; 2. 4.16
1<i<n Yg (6 ) |: Syé(ﬁi) 2>52/zmzp:| ; || ||op> ( )
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According to (4.11) and the boundedness of U(3*,x) with respect to x € X, there

is a constant C' < 400 such that

i HZm-Hip < (maxHU 8", x) > (Z Tr [ Xl 1X’}> <C,
i=1

for all n € N. According to (4.13),

1/2~7i * 2
s 12, < s |22, e 08 0, | 0
and C,, = —L—— — 400, as n — +oo. Since X is compact and g, is

maxlgignllzmllip
homeomorphic, £€(8*,x) lies in a compact subset of R” for x running over X and
sy, (£(B*,x)) is bounded with respect to 1 < Yy < M and x € X'. Thus, for any

0 > 0, there is a fixed number n, such that for any n > n.,

1<i<n

.12
max P [HsYé- @)\ > 5@] <P [Yge g s @ )" > 620n] =0.

As a result,

2
2

e
max E HSYé(ﬁ*)

1

Syg'i (&i)

>52/||Zm||c2,p}

< max ( E Hs (€D 1 — 0,
1<i<n YQ( ) [ Sygi(ﬁi) 2>520n}
as n — +0o0.
In conclusion, the right-hand-side of (4.16) tends to 0 as n — +o0. O
Lemma 4.3. Assume that, for any d > 0,
max HV (B) —1I|| =, 0, as n — +oo. (4.17)

BENL (S

Then, under assumptions (i), (it), and (iii) of Theorem 4.1, there hold all conclusions

of Theorem 4.1.
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Proof. 1t's easy to verify that (4.15) is implied by (4.17). Thus Lemma 4.1 holds.
The proof of the asymptotic normality follows mainly Theorem 3 of [31], according

to Lemma 4.2. N

The next lemma will be used in the proof of Theorem 4.2.

Lemma 4.4. Assume (4.7) and assume that there exist € > 0 and a random number

ny € N such that for any n > ng,

Omin [—Hn(8)] > co0maxFn, B € B(8"), almost surely, (4.18)

with a universal constant co > 0. Then there exist a random number ng and a sequence

{B,}22, of estimators such that conclusions (i) and (ii) of Theorem 4.2 hold.

The proof of Lemma 4.4 follows mainly the proof of Theorem 2 in [31] since (4.18)

is equivalent to the condition <S>{ /2> in Section 4 of [31].

4.4.3 Proofs of Theorems and Corollaries

Proof of Theorem 4.1. It suffices to check (4.17) in Lemma 4.3. We decompose V ,(3)

ELPH(B)F, T = 3 TE{XE Ol (8) - Oy (8% + Cy(8)| (X7
- [RI(B) - R'(B") + R(B)] } F, 7"

with Cy, (8,x) = U(8,x)Iy,(£(8,x))U(B, x) and Ci,gi(ﬁ) = Cy,(B,x"). Then we
have

Vn(ﬁ) —I= Frjl/Q [_Hn<16) - Fn] F;T/z = An(ﬁ) + Bn + Cn(ﬁ) + Dnu
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where

= ; A" |Gy (8) - CLy (8| (A
By = Z A" [, (8) - (8" x)| (AT
B) = 2_: 12 (RI(87) - R'(8)) F, "2
= Z A" (WH(B)Sy,(6) - WHB)Sy, (€)) (™)
- —iFFL”QRZK F, 2= ZA’”WZ Sy (€l (A"

with A" = F,'/*X? and C(8,x) = U(8,x)19(&(8,x))U(83,x) = Eg [Cy,(8,%)] .
By (4.11),

=¢ [522’{ C}.(8) — Cy,(8") ] .

For any § > 0 and B € N, (9),
1ABI2 < |[FZ2A8|" /(mnFn) < 62/ (0minFn) = 0,1 = o0,
with AB = 38 — 3*. Note that

Ci,é (B) — C;gi (B9 <

max
1<i<n

Yge{le.l.’.l?}\}/([}’xex HCYQ (,B,X) - CYg (ﬁ*7X)H =: Cmax(ﬁ)'
(4.19)

By the continuity of Iy,, g, ', and (971, and the compactness of X, C™(3) is
continuous with respect to 8. Let 855 = arg maxgen;, 5y C™**(8) € Ny(0). We have
s — B* for any 0 > 0 as n — 400 and
max || A,(8)|| < C™¥( gé) — C"™(3*) =0, as n — 400, for any § > 0.

BEN.(5)
(4.20)
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To bound B, since E[B,] = 0, it suffices to show that E [(Bn)gt} — 0, n = +o00,
for any 1 < s,¢ < d, which implies B,, =, 0 as n — 400, thanks to Chebyshev’s
inequality. Since

5. 55 ey om0 )

i=1 k=1

and E [C’Y (B*) — C(ﬁ*,x")} = 0, We obtain
n 2
- E (ZZA [cgﬂ 3) C(ﬁ*,xi)]lk A;;;’)
=1 =1 k=1

T T

S ol CREELEEIN)

< ¢ (s {127} (1), o

=1

where K = maXxGX,YgE{l,Q,---,M} {(Z;:l Z};:l ‘ [CYg (16*7)() - C(ﬁ*7x)] }lk‘)z} < +oo,
due to the continuity of Cy,(3,x) and C(8,x) with respect to x and the com-
pactness of X'. According to (4.11) and (4.13), the right-hand-side of (4.21) tends to

0 and B,, =, 0, as n — +00.

Thanks to the continuity of (¢;')" and %fg’é), s=1,2,---,r, the proof of

S

maxgen, s) ||Cn(B)]| — 0 is similar to the proof of (4.20) and the proof of D,, —, 0 is

similar to the proof of B,, —, 0. ]

Proof of Theorem 4.2. The proof of the asymptotic normality follows mainly [31].
Now we are going to check (4.18) in Lemma 4.4. Rewrite —H,,(8) = F,.(3) + E.(3),

where

n

E.(8) = >_{X'U'(B) [Ly(€) - 1°(€)] (X'U'(B)" ~R'(B)}

=1
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If we denote o' = 0 ppaxF, then we have o, [—H, (8)] /o2™ > 0minFn(B)/ol® —
1En(B)lop /on®. According to the assumption (i), owinF,(8)/0* is bounded
below by ¢ for n > ng. It’s enough to show that ||E,(8)|,, /o™ can be arbitrarily
small for n large enough and B € B.(3*) with sufficiently small ¢ > 0. Recall the

matrices Ci,gl- (B) and C(3,x) in the proof of Theorem 4.1. Decompose E,(8) =

A(B)+ B, +C,(8) +D.,(B) + &, where

ZXZ[Z )~ G (8] (x1)"
ZX[ 8% C(ﬁ*,xi)] (xi)"

sz c(8,x)] (x)",

D,(8) =) [Ri(8") -R(@)],
=1
&, =—> RI(B).

=1

For any A € R,

ATF A =D ATXIC(8,x7) (X)) A

> <mi}1{1 {ammC(ﬁ*,x)}) ATXA = ATX A,
PSS

where X,, = 327, X#(X?)" and ¢ > 0 is a constant. Thus

o = g F = max ATF A > doman X, (4.22)
=1

For any & > 0, there is € > 0 small enough such that for any B € B.(3*) and X € R?
with ||[A|| =1,

W < ( max _ {[|Cy;(8,%) - Oy, w*,x)!!op}) (“mj;i(”]) =,

1<Yg<MxeX
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where the last equality comes from the boundedness of 010X, /00 due to (4.22)
and the continuity of Cy,(8,x) with respect to 3. Thus

max — )\T / A max - 5/.
Bl (o = e NALB)A] fo <

max
BeB(B

Now we are going to bound B, by the strong law of large numbers. For any

X € R? with |[A]| = 1, there is a constant C” < +o00 such that

il gl
.
< (e, {0t - co})
» (ll%na || ) (il!é’ﬂ?)

n
<y faf
i=1

<> [a'E [HCf (87— O x)
=1

with &' = (X')" X, where the last inequality comes from the fact that Cy, (8%, %),
C(B*,x), and a" are all bounded above since Yj is finitely supported and X is compact.

Recall that X, = Y7 X* (X)), Thanks to (4.22), we have

S [P o = (WX o < T el <y
=1

O—max

By the strong law of large numbers (cf., Lemma 2, [81]), ATB, /o™ — (0 almost
surely, as n — 4o00. Since B, is symmetric, we get that each entry of B] /ol
converges to 0 as n — +oo through suitable choices of A. Thus, as n — +o0,
1B, 1lop /o5 — 0 almost surely.

Similarly, one can obtain that for any ¢’ > 0, there is ¢ > 0 small enough

such that maxgep, (3

n(Blop /0™ < 0, maxges, (a7

n(B)lgp /o™ < &', and
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1€ lop /on™ — 0, as. ;n — +oo. By taking §' > 0 small enough, we obtain
that there exist a constant ¢; > 0 and ¢ > 0 such that o, [-H,(8)] /or®> >

¢y, for any B € B.(B*) and sufficiently large n. O

Proof of Corollary 4.2. 1t’s enough to prove that the assumption (iv) of Theorem 4.2
is satisfied under (4.9). In fact, since (g;')" > 0 and 19(€) is strictly positive definite

everywhere, by the continuity of g;! and 19(€), there exists € > 0 such that

Cmin = min  opin [U(B,X)Hg(é(,@,x))U(ﬁ,x)] > 0,

BEBE(/@*)vxEX

and

Cmax = MAX  omax |U(B,x)I9(€(8,x))U(B,x)] < 00

BEB(B*) xEX
Thus, for any 8 € B.(3*) and n > nq,

TuinFo(B) = min {3TF,(B)A}

ATx=1

> Cmin XI:Il:lji‘nl {Z )\TXl }(Z } = CrminOmin (Z X¢ X’L )

i=1
' _ Cmin€ T [N i (xiy?
)< (£ 07)1}

Zcminco_max

CminC

lenc
> max {)\ F )\} = OmaxFEn.-
Crmax ATA=1 Cmax
We finish the proof by noting that % > 0. n

4.5 Real Data Simulations

We experiment with the survey data concerning the marijuana use in America with
sample size n = 8478 from the project MTF (Monitoring the Future) [44]. The code
bases on an R package “GRCRegression” from [34]. Each response is the monthly
frequency of marijuana use of a respondent. The number of covariates considered here
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Table 4.1: Poisson Regression Estimates

Estimate 95% Confidence Interval

0
Intercept -0.581 %4 (—0.668, —0.494)
Gradel0 13875 (1.318, 1.455)
Gradel?2 1,986+ (1.916, 2.056)
Male 0.433%%* (0.391,0.475)
Black 0.037 (—0.021, 0.095)
Intact Family L0.780%* (—0.824, —0.737)
Parental Education -0.395%#* (—0.440, —0.350)
Metropolitan Areas 0.134%%* (0.082,0.186)
McFadden’s Adj R?: 0.121

AIC: 52000

BIC: 52060

Note: *** p < 0.001, ** p < 0.01, * p < 0.05.

is 8, including: Intercept, grade (Grade 10 and Grade 12), male (versus female),
black (versus non-African American), Intact family (versus single- or no-parent
family), parental education (one of parents has completed college education or
not), metropolitan areas (the location of the school of a respondent is metropolitan
or not). We adopt the grouping scheme [never, 1-2 times, 3-5 times, 6-9 times, 10-19
times, 20-39 times, 40+ times] according to the optimal design theory of grouping
schemes [32].

For the Poisson regression model, we use the log link function gy, to estimate the
Poisson parameter > 0. The estimates are given in Table 4.1. For the ZIP model,
we use giog for the Poisson parameter > 0 and the logit link function g for the
Bernoulli parameter 0 < p < 1. The results are provided in Table 4.2.

From both Poisson and ZIP models, we can draw conclusions that the monthly
marijuana use frequencies of students, from a junior grade, or from intact family,
or with college-educated parents, are lower than the frequencies of their opposite
parts, significantly, which are consistent with [34], where they studied the lifetime

frequencies. The results also show that females use marijuana less frequently than
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Table 4.2: Zero-inflated Poisson Regression Estimates

Estimate 95% Confidence Interval

0
Intercept 2.108%** (2.019,2.198)
GradelO 0.456%#* (0.388,0.524)
Gradel2 0.732%%* (0.661, 0.802)
Male 0,187 (0.142,0.231)
Black -0.055- (—0.117, 0.006)
Intact Family -0.325%** (—0.372, —0.279)
Parental Education -0.111%8* (—0.159, —0.064)
Metropolitan Areas -0.080** (—0.136, —0.024)
p

Intercept 9.411%%* (2.161, 2.661)
Gradel0 J1.042%% (—1.215, —0.870)
Gradel2 14505 (—1.641, —1.260)
Male -0.296%*** (—0.426, —0.165)
Black -0.121 (—0.308,0.065)
Intact Family 0,580+ (0.437,0.723)
Parental Education 0.428%%* (0.283,0.574)
Metropolitan Areas -0.260** (—0.429, —0.091)
McFadden’s Adj R?: 0.061

AIC: 19950

BIC: 20070

Note: *** p < 0.001, ¥ p < 0.01, * p < 0.05, - p < 0.1.

males. According to the Poisson model, students from metropolitan areas are more
likely to use marijuana which conflicts with the corresponding conclusion from the
ZIP model. Another conclusion contrasting to the study of lifetime frequencies is that
estimates of “black”, from both Poisson and ZIP models, are insignificant (versus the
null hypothesis), while [34] shows that black students are less likely to use marijuana
significantly. As shown by the Akaike information criterion (AIC) and the Bayesian
information criterion (BIC), the ZIP model fits better than the Poisson model, which

is also in line with [34].
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Chapter 5

Conclusions

The thesis investigates several topics in regression learning, including topics in both
non-parametric estimation (such as kernel-based learning) and parametric estimation
(such as maximum likelihood estimation).

In Chapter 2, the properties of the Kronecker product kernels are investigated.
The analysis on the capacity of the reproducing kernel Hilbert spaces corresponding
to the Kronecker product kernels is sharp. Based on the Kronecker product kernels,
we study a pairwise learning algorithm called Kronecker kernel ridge regression. Both
the upper bound and the minimax lower bound of the error of this pairwise learning
algorithm are given. The convergence rate of the pairwise learning algorithm is
minimax optimal.

In Chapter 3, we propose a sparse empirical feature-based semi-supervised learning
algorithm. Sensitive information from the private data is avoided thanks to the
summary statistics generated by the raw data the empirical features generated by
published unlabeled data. This semi-supervised learning algorithm is a generalization
of the linear model with summary statistics to the non-parametric case. This sparse
learning algorithm achieves a fast convergence rate.

In Chapter 4, we established the asymptotic theory of the maximum likelihood

estimators for grouped and right-censored count data. Grouped and right-censored
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count data have been widely used in survey research. Yet the statistical analysis of
grouped and right-censored counts is rare in literature. Recently, a novel modified
Poisson estimator based on the maximum likelihood estimation has been proposed
and proved to have a methodological advantage comparing with classical models on
GRC regression. We derive the asymptotic properties of the maximum likelihood
estimators of grouped and right-censored counts with divergent information matrices
of the first n observations, which is a weaker condition than existing results. The
empirical performance of these estimators is investigated with data on marijuana
use in America. As further topics on GRC count data, one may study models with

random effects.
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