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Abstract

In this thesis, we study calculus rules of the Kurdyka-Lojasiewicz (KL) exponents
and show how KL exponents are applied in analyzing first-order methods for widely
used optimization problems.

First, we focus on calculus rules that derive the KL exponents of new functions
from functions with known KL exponents. These include deriving the KL exponent
of the inf-projection of a function from that of its original function, the KL exponent
of the sum of a continuous function and the indicator function defined by a set of
constraints from that of its Lagrangian and the KL exponent of a fractional function
from the difference between the numerator and (a suitable scaling of) the denominator.
Using these rules, we derive explicit KL exponents of some concrete optimization
models such as the fractional model in [115,116], the model of minimizing ¢; subject
to logistic/Poisson loss, some semidefinite-programming-representable functions and
some functions with C%-cone reducible structures.

Second, we show how KL exponents are employed in analyzing an existing first-
order method, the sequential convex programming method with monotone line search
(SCPys) in [83] for difference-of-convex (DC) optimization problem with multiple
smooth inequality constraints. By imposing suitable KL assumptions, we analyze
the convergence rate of the sequence generated by SCP;; in both nonconvex and
convex settings. We also discuss how the various conditions required in our analysis

can be verified for minimizing ¢,_5 [123] subject to residual error measured by ¢,

Vil



norm/Lorentzian norm [36].

To further illustrate the applications of KL exponents, finally, we focus on the
minimization of the quotient of ¢; and ¢y (denoted as ¢;/¢5) subject to one possibly
nonsmooth constraint [97]. We show that the sum of ¢, /¢, and the indicator function
of an affine constraint set satisfies the KL property with exponent 1/2; this allows us
to establish linear convergence of the algorithm proposed in [116, Eq. 11] under mild
assumptions. We next extend the ¢; /¢5 model to handle compressed sensing problems
with noise. We establish the solution existence for some of these models under the
spherical section property [114,128], and extend the algorithm in [116, Eq. 11] for
solving these problems. We prove the subsequential convergence of our algorithm under
mild conditions, and establish global convergence of the whole sequence generated
by our algorithm by imposing additional KL and differentiability assumptions on a
specially constructed potential function. Finally, we perform numerical experiments
on robust compressed sensing and basis pursuit denoising with residual error measured
by ¢ norm or Lorentzian norm via solving the corresponding ¢; /¢ models by our
algorithm. Our numerical simulations show that our algorithm is able to recover the

original sparse vectors with reasonable accuracy.
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Chapter 1

Introduction

Many problems in machine learning, signal processing and data analysis involve large-
scale nonsmooth nonconvex optimization problems. These problems are typically
solved using first-order methods, which are noted for their scalability and ease of
implementation. Commonly used first-order methods include the proximal gradient
method and its variants, and splitting methods such as Douglas-Rachford splitting
method and its variants; see the recent expositions [30,92] and references therein for
more detail. In the general nonconvex nonsmooth setting, convergence properties of
the sequences generated by these algorithms are typically analyzed by assuming a
certain potential function to have the so-called Kurdyka-Lojasiewicz (KL) property.
Moreover, when it comes to estimating local convergence rate, the so-called KL
exponent plays a key role; see, for example, [6, Theorem 2|, [54, Theorem 3.4]
and [74, Theorem 3]. We now give a more detailed introduction about the KL
property and KL exponent in Section 1.1. In Sections 1.2 and 1.3, we introduce the

applications of KL properties in the analysis of algorithms for optimization models.

1.1 KL property and KL exponent

The KL property originates from the seminal Lojasiewicz inequality that bounds the

function value deviation of a real-analytic function in terms of its gradient; see [80].



This inequality was extended to the case of C'!' subanalytic functions by Kurdyka in [66]
using the notion of desingularizing function. An important breakthrough was made
in [20,21], where the Lojasiewicz inequality was further generalized to nonsmooth
cases by using tools of modern variational analysis and semialgebraic geometry. This
generalization significantly broadened the applicability of the aforementioned KL
inequality to nonconvex settings, and it allowed us to perform convergence rate
analysis for various important algorithms in nonsmooth optimization and subgradient
dynamical systems.

The KL property! is satisfied by a large class of functions such as proper closed
semi-algebraic functions; see, for example, [7]. Tt has been the main workhorse
for establishing convergence of sequences generated by various first-order methods,
especially in nonconvex settings [6-8,24]. Moreover, when it comes to estimating local
convergence rate, the so-called KL exponent plays a key role; see, for example, [6,
Theorem 2|, [54, Theorem 3.4] and [74, Theorem 3]. Roughly speaking, an exponent
of a € (0, %] of a suitable potential function corresponds to a linear convergence
rate, while an exponent of a € (%, 1) corresponds to a sublinear convergence rate,
see for example [6,54,74]. However, as noted in [85, Page 63, Section 2.1], explicit
estimation of KL exponent for a given function is difficult in general. Nevertheless,
due to its significance in convergence rate analysis, KL exponent computation has
become an important research topic in recent years and some positive results have
been obtained. For instance, we now know the KL exponent of the maximum
of finitely many polynomials [73, Theorem 3.3] and the KL exponent of a class
of quadratic optimization problems with matrix variables satisfying orthogonality
constraints [77]. In addition, it has been shown that the KL exponent is closely

related to several existing and widely-studied error bound concepts such as the Holder

1 See Definition 2.1 for the precise definition.



growth condition and the first-order error bound mentioned in [22,86,110];? see for
example, [22, Theorem 5|, [48, Theorem 3.7], [48, Proposition 3.8], [49, Corollary 3.6]
and [75, Theorem 4.1]. Taking advantage of these connections, we now also know that
convex models that satisfy the second-order growth condition have KL exponent %,
so do models that satisfy the first-order error bound condition together with a mild
assumption on the separation of stationary values; see the recent work [43,75,129] for
concrete examples. This sets the stage for developing calculus rules for KL exponent
in [75] to deduce the KL exponent of a function from functions with known KL
exponents. For example, it was shown in [75, Corollary 3.1] that under mild conditions,
if f; is a KL function with exponent «; € [0,1), 1 < ¢ < m, then the KL exponent
of minj<;<,, fi is given by maxj<;<m ;. This was then used in [75, Section 5.2]
for showing that the least squares loss with smoothly clipped absolute deviation
(SCAD) [53] or minimax concave penalty (MCP) regularization [127] has KL exponent
L

In Chapter 3 of this thesis, we will further explore this line of research and study

three types of calculus of KL exponent:
1. Lagrangian of functions:

e For equality constraints We determine the KL exponent of F'+ dg-10}
from its Lagrangian relaxation, where F' and G are continuously differen-
tiable functions with VG being injective, dg-14¢y is the indicator function

of the set G™1{0} := {z : G(x) = 0} with G~'{0} # 0; see Theorem 3.1.

e For inequality constraints We determine the KL exponent of P;(z) +
dg(y<o(x) from its Lagrangian (see Theorem 3.2) under suitable assump-
tions, where P; is convex continuous, the function g(z) is of the form

(l1(A12), ..., ln(Apx)) with each A; € IR% ™ and [; : IRY — TR being

2 This type of first-order error bound is sometimes called the Luo-Tseng error bound; see [75,126].
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strictly convex, and {z : g(x) < 0} # (. This enables us to deduce that
the function F' corresponding to minimizing ¢; subject to logistic/Poisson

loss is a KL function with exponent % under mild conditions, see Remark

3.2.

2. Fractional functions We establish a calculus rule for deducing the KL expo-
nent of a fractional objective from the difference between the numerator and (a
suitable scaling of) the denominator, see Theorem 3.3. As we can see in Section
5.2, this can be used in deducing the explicit convergence rate of the sequence

generated by the algorithm proposed in [116, Eq. 11].

3. Inf-projection This is a generalization of the operation of taking the minimum
of finitely many functions. Precisely speaking, let X and Y be two finite
dimensional Hilbert spaces and let F' : X x Y — IR U {oo} be a proper
closed function,® we call the function f(z) := inf,cy F(z,y) for z € X an
inf-projection of F'. The name comes from the fact that the strict epigraph
of f, defined as {(z,7) € X xR : f(z) < r}, is equal to the projection
of the strict epigraph of F' onto X x IR. Functions represented in terms of
inf-projections arise naturally in sensitivity analysis as value functions; see,
for example, [25, Chapter 3.2]. Inf-projection also appears when representing
functions as optimal values of linear programming problems, or more generally,
semidefinite programming (SDP) problems; see [58] for SDP-representable
functions. It is known that inf-projection preserves nice properties of F' such as
convexity [100, Proposition 2.22(a)]. In this thesis, we show that, under mild
assumptions, the KL exponent is also preserved under inf-projection. Based on
this result and the ubiquity of inf-projection, we are then able to obtain KL

exponents of various important convex and nonconvex models that were out of

3 We refer the readers to Chapter 2 for relevant definitions.

4



reach in the previous study. These include convex models such as a large class
of SDP-representable functions, and some functions with C?-cone reducible
structures, as well as nonconvex models such as difference-of-convex functions
and Bregman envelopes. These models are discussed in details in Section 3.3.1

with the general strategy for deducing their KL exponents outlined.

1.2 KL property in the convergence analysis of a
sequential convex programming method with

line search (SCP)

Constrained optimization problems naturally arise when one attempts to find a
solution that minimizes a certain objective under some restrictions, see [10,17,31,36,59].
In this section and Chapter 4, we consider the following specific type of difference-of-

convex (DC) constrained optimization problem:

min F(z) = f(z) + Pi(z) — Pa(x) + dg()<0(2), (1.1)

where f : IR" — IR is smooth, P, : IR" — IR and P, : R™ — IR are convex continuous,
the function g(z) = (¢1(x), ..., gm(x)) with each g; : IR" — IR is continuous and
{z: g(x) <0} # 0. In typically applications, the f in (1.1) arises as measures for
data fidelity, g is used for modeling restrictions on the decision variable z, and P, — P,
is a regularizer for inducing desirable structures; see [57, Table 1] for examples of such
regularizers. In our subsequent algorithmic development for (1.1), we also consider

the following additional assumption.
Assumption 1.1. Let f, g and F be as in (1.1).
(i) f:IR™ = 1R has Lipschitz continuous gradient with Lipschitz modulus L.

(i) Each g; has Lipschitz continuous gradient with Lipschitz modulus L,,.



(iii) The function F is level-bounded.

Under Assumption 1.1, the solution set of (1.1) is nonempty and inf F' > —o0.

To design algorithms for solving (1.1) under Assumption 1.1, one common approach
is to resort to the majorization-minimization (MM) procedure: in this procedure, one
iteratively constructs and minimizes a surrogate function that locally majorizes F'; see
23,48,49,51,107] for related models and discussions. For (1.1) under Assumption 1.1,
one natural way to construct surrogate function is to make use of the 2nd-order Taylor’s
expansions of f and g: the resulting algorithms are the moving balls approximation
method (MBA) proposed in [10] (for P, = P, = 0) and its variants [19,23]. In each

iteration, these algorithms approximate the constraint g(z) <0 in (1.1) by

a1y + (Vay),z —y) + %z —y|?
Gz, y,w) = : <0 (1.2)

9n(y) + (Vgm(y), z — y) + “[|z — y||?

for some fixed (y,w): the feasible region of the resulting subproblem is an intersection
of m balls. For the sequence generated by MBA, global convergence to a minimizer
was established in [10] when {f, ¢1,...,9m} are in addition convex and the Slater
condition holds. The linear convergence of the sequence generated by MBA was
also proved in [10] when f in (1.1) is additionally strongly convex. In [23], when
{f,91,--.,9m} are semi-algebraic and P, = P, = 0 in (1.1), the whole sequence
generated by an MBA variant was shown to converge to a critical point and its
convergence rate was also established, under the Mangasarian-Fromovitz constraint
qualification (MFCQ).

When the possibly nonsmooth DC function P, — P, in (1.1) is nonzero (these
nonsmooth functions arise naturally as regularizers in applications such as sparse
recovery [36,57,123]), the aforementioned MBA-type methods such as the multiprox

method in [19] cannot be directly applied to (1.1). Fortunately, under Assumption 1.1,



problem (1.1) has DC objective and DC constraints: indeed, one can write f and
each g; in (1.1) as the difference of two convex functions as follows:

) = ol = (Ll = 7)) and i) = 2ol = (L 4elP - a0))
DC algorithms (DCA) (see, for example, [69,71]) can thus be applied. A variant
that specializes in functional constraints is the sequential convex programming (SCP)
method proposed in [83] 4; see also [96, Remark 5]. When applied to (1.1) under
Assumption 1.1, this method maintains feasibility at each iteration® and each sub-
problem is constrained over an intersection of balls: thus, this method can also
be viewed as a variant of MBA. It was shown that any accumulation point of the
sequence generated by SCP is a stationary point under Slater’s condition. However,
convergence and convergence rate of the whole sequence generated remain unknown.%

For empirical acceleration, a variant of MBA that involves a line search scheme was
proposed in [19], which is called the Multiproximal method with backtracking step sizes
(Multiproxy). When applied to (1.1) under Assumption 1.1, the sequence generated
by Multiprox,; converges to a minimizer when { f, g1, ..., g} are additionally convex,
P, = P, = 0 and the Slater condition holds. However, Multiprox;; uses monotone
initial step sizes, i.e., @ in [19, Eq. (37)] is nondecreasing as the algorithm progresses,
which rules out widely used choices such as the truncated Barzilai-Borwein step
sizes [12,18]. On the other hand, the line search variant of SCP proposed in [83]

can incorporate flexible line search schemes like the truncated Barzilai-Borwein step

4 We would like to point out that the methods proposed in [83] (including SCP and its variant)
were designed to solve more general models than (1.1). In particular, they can deal with problems
with nonsmooth constraints, and allow for nonmonotone line search.

® There are some DCA variants for solving (1.1) under Assumption 1.1 that do not maintain
feasibility throughout. We refer the interested readers to [70,71,76,105,109] for more discussions.

6 We point out that convergence of the whole sequence and the convergence rate generated by
some DCA variants were considered in [5,69] under suitable Kurdyka-Lojasiewicz (KL) assumptions;
however, their problem formulations do not explicitly involve functional constraints as in (1.1).



size and is general enough to be applied to (1.1) under Assumption 1.1 with possibly
nonsmooth P, — P,. In [83], the well-definedness of the proposed algorithm was
established, and it was also shown that any accumulation point of it is a stationary
point under Slater’s condition. However, convergence of the whole sequence generated
and the corresponding convergence rate is still open.

In Chapter 4, we further study the line search variant of the SCP method proposed
in [83] with its line search being monotone, i.e., M in [83, Eq. (22)] being 0. We call
this variant SCPg; see Algorithm 2.1 below. We analyze the convergence properties
of the sequence generated by SCP,, for solving (1.1) under Assumption 1.1. The
main convergence rate analysis of SCPy, is presented in Section 4.1. We derive global

convergence rate of the sequence generated by SCP;, in the following two scenarios:

e [ in (1.1) is possibly nonconvexr with each g; being twice continuously differen-
tiable and P, being Lipschitz continuously differentiable on an open set I' that

contains the set of stationary points of F.

Our analysis is based on the following specially constructed potential function:

F<xava) = f(fL‘) + P1<£L') - PQ(x) + 5@(-)§O(x7va)v (13)

where G is defined as in (1.2). Under MFCQ, we characterize the local con-
vergence rate of the sequence generated by SCP;, according to the Kurdyka-
Lojasiewicz (KL) exponent of F. Note the mapping (z,y) — F(z,y, L) with
P, = P, =0 and L being a constant positive vector (related to the step size)
was used previously in [23] for establishing the convergence of an MBA variant
when P, = P, =0 and {f,¢g1,...,9m} in (1.1) are semi-algebraic. This kind
of potential functions was called “value function” in [94] and was used there
for deducing the global convergence properties of the composite Gauss-Newton
method for composite optimization problems. Our potential function F allows
us to deal with more flexible stepsize rules than those studied in [23,94].

8



e {fig1....,9m} in (1.1) are convex and Py = 0.

This same convex setting was considered in [19, Section 3.2.3]. In this setting, we
impose KL assumptions directly on F in (1.1) (instead of on F)). In particular,
a local linear convergence rate is established when F' is a KL function with
exponent %, under MFCQ. This is different from many existing analysis (see,
for example, [7,23,74,90]), which typically make use of the KL property of a

potential function constructed out of F' instead of F itself.

In Section 4.2, we study a relationship between the KL property of F in (1.3) and
that of Fin (1.1).

In Section 4.3, we discuss some concrete models to which SCP;, can be applied.
Specifically, we consider models of the following form:

min [z, — pllz]

st 0(Az —b) <4, (1.4)

where p € [0,1], A € R™" has full row rank, b € RY, ¢ : IR? — IR, is analytic with
Lipschitz continuous gradient and satisfies £(0) = 0, and ¢ € (0, (—b)). This model
arises in compressed sensing where the measurements b may be corrupted by different
types of noise; see [35]. We focus on two concrete choices of ¢: the square of norm (for
noise following Gaussian distribution) and the Lorentzian norm (for noise following
Cauchy distribution). For these two choices, we provide suitable conditions on the
problem data so that the assumptions in our convergence results are satisfied. Then
we perform numerical tests on solving (1.4) with ¢ being either the square of norm or
the Lorentzian norm via two methods: SCP;; and SCP [83]. We observe that SCP,

appears to converge linearly and is much faster.



1.3 KL property in ¢;/{; minimization

In compressed sensing (CS), a high-dimensional sparse or approximately sparse signal
xo € R™ is compressed (linearly) as Azg for transmission, where A € IR™*" is the
sensing matrix. The CS problem seeks to recover the original signal zy from the
possibly noisy low-dimensional measurement b € IR™. This problem is NP-hard in
general; see [88].

When there is no noise in the transmission, i.e., Ary = b, one can recover x
exactly by minimizing the ¢; norm over A~'{b} if z, is sufficiently sparse and the
matrix A satisfies certain assumptions [34,39]. To empirically enhance the recovery
ability, various nonconvex models like ¢, (0 < p < 1) minimization model [37] and
¢1_» minimization model [81] have been proposed, in which the ¢, quasi-norm and
the difference of ¢; and ¢ norms are minimized over A~'{b}, respectively. Recently,
a new nonconvex model based on minimizing the quotient of the ¢; and ¢, norms was

introduced in [97,122] and further studied in [115,116]:

Vi = min Il st. Ax=b, (1.5)

“ o aer [z

where A € R™*" has full row rank and b € R™\{0}. As discussed in [97], the
above (1 /{5 model has the advantage of being scale-invariant when reconstructing
signals and images with high dynamic range. An efficient algorithm was proposed for
solving (1.5) in [116, Eq. 11] and subsequential convergence was established under
mild assumptions.

In practice, however, there is noise in the measurement, i.e., b = Axq + € for some
noise vector €, and (1.5) is not applicable for (approximately) recovering z,. To deal
with noisy situations, it is customary to relax the equality constraint in (1.5) to an

inequality constraint [33]. In this section and Chapter 5, we consider the following

10



model that minimizes the ¢;/¢5 objective over an inequality constraint:

-zl
vr. = min ——-— s.t. q(z) <0, (1.6)
zeR™ ||zl

where ¢(x) = Py(z) — Py(z) with P, : IR" — IR being continuously differentiable with
globally Lipschitz continuous gradient and P, : IR" — IR being convex continuous,
and we assume that {z : ¢(z) < 0} # 0 and ¢(0) > 0. Our assumptions on ¢ are
general enough to cover commonly used loss functions for modeling noise in various

scenarios:

1. Gaussian noise: When the noise in the measurement follows the Gaussian
distribution, the least squares loss function y — ||y — b||* is typically employed
[33,39]. One may consider the following ¢; /¢; minimization problem:

min (i s.t. | Az — B> — 0* <0, (1.7)

where ¢ > 0, A € IR™" has full row rank and b € IR™ satisfies [|b]| > o.
Problem (1.7) corresponds to (1.6) with ¢(z) = Pi(z) = ||Az — b||*> — 0% and
P2 == 0

2. Cauchy noise: When the noise in the measurement follows the Cauchy
distribution (a heavy-tailed distribution), the Lorentzian norm’ |y|/zr,~ :=
S log (14 v~ 2y?) is used as the loss function [35,36], where v > 0. Note that
the Lorentzian norm is continuously differentiable with Lipschitz continuous
gradient. One may then consider the following ¢; /¢ minimization problem:

el
m A ]|Ax —b —0<0 1.8
:EE]II{}L ||I|| S H xz ||LL2,’Y o=V ( )

T We refer the readers to [36, Equation (12)] for the definition and notation of Lorentzian norm.
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where 0 > 0, A € R™" has full row rank, and b € R™ with ||b]|z,, > 0.
Problem (1.8) corresponds to (1.6) with ¢(x) = Pi(x) = ||Az — b||11,, — 0 and
P, =0.

. Robust compressed sensing: In this scenario, the measurement is corrupted
by both Gaussian noise and electromyographic noise [36,95]: the latter is sparse
and may have large magnitude (outliers). Following [79, Section 5.1.1], one may
make use of the loss function y + dist®(y, S), where S := {z € R™: ||z|lo < 7},
lz]]o is the number of nonzero entries in z and r is an estimate of the number

of outliers. One may then consider the following ¢; /¢ minimization problem:

s.t. dist*(Ax — b, 5) — 0® <0, (1.9)

el
min
zeR™ |||

where 0 > 0, S ={z € R™: ||z|lpo < r} with r >0, A € R™*" has full row

rank and b € IR™ satisfies dist(b, S) > 0. Notice that

dist*(Azx — b, S) — 0* = ||Azx — b||* — 0% — maég{{(lz,Ax —b) —|]2]I*}, (1.10)
N - z€E B

Py (z) > P;(z)

with P; being continuously differentiable with Lipschitz continuous gradient
and P, being convex continuous. So this problem corresponds to (1.6) with P,

and P, as in (1.10) and ¢ = P, — P.

In the literature, algorithms for solving (1.7) with ¢; norm or ¢, quasi-norm in place

of the quotient of the ¢, and ¢ norms have been discussed in [17,40,103], and [125]

discussed an algorithm for solving (1.8) with ¢; norm in place of the quotient of the

/1 and /5 norms. These existing algorithms, however, are not directly applicable for

solving (1.6) due to the fractional objective and the possibly nonsmooth continuous

function ¢ in the constraint.
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In Chapter 5, we further study properties of the ¢;/¢; models (1.5) and (1.6),
and propose an algorithm for solving (1.6). In particular, we first argue that an
optimal solution of (1.5) exists by making connections with the s-spherical section
property [114,128] of ker A: a property which is known to hold with high probability
when 7 is much greater than m for Gaussian matrices. We then revisit the algorithm
proposed in [116, Eq. 11] (see Algorithm 5.1 below) for solving (1.5). Specifically, we

consider the following function

B4R

FE =5

+5A—1{b}(l'), (111)

where A € IR™*" has full row rank and b € IR™\{0}. We show in Section 5.2.1
that I is a Kurdyka-Lojasiewicz (KL) function with exponent % This together with
standard convergence analysis based on KL property [6-8] allows us to deduce local
linear convergence of the sequence {x'} generated by Algorithm 5.1 when {z'} is
bounded. The KL exponent of F' is obtained based on the calculus rule deduced in
Section .

Next, for the model (1.6), we also relate existence of solutions to the s-spherical
section property of ker A when ¢ takes the form in (1.7) and (1.8). We then propose
an algorithm, which we call MBA, /5, (see Algorithm 5.2), for solving (1.6), which can
be seen as an extension of Algorithm 5.1 by incorporating mowving-balls-approrimation
(MBA) techniques. The MBA algorithm was first proposed in [10] for minimizing a
smooth objective function subject to multiple smooth constraints, and was further
studied in [19,23,125] for more general objective functions. However, the existing
convergence results of these algorithms cannot be applied to MBA, /,, because of
the possibly nonsmooth continuous function ¢ and the fractional objective in (1.6).
Our convergence analysis of MBA, /s, relies on a specially constructed potential

function, which involves the indicator function of the lower level set of a proper closed
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function related to ¢ (see (5.22)). We prove that any accumulation point of the
sequence generated by MBAy, /4, is a so-called Clarke critical point (see 5.3 for explicit
definition), under mild assumptions; Clarke criticality reduces to the usual notion of
stationarity when ¢ is regular. Moreover, by imposing additional KL assumptions on
this potential function and assuming P, is twice continuously differentiable, we show
that the sequence generated by MBA, /4, is globally convergent, and the convergence
rate is related to the KL exponent of the potential function. Finally, we perform
numerical experiments to illustrate the performance of our algorithm on solving (1.7),

(1.8) and (1.9).
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Chapter 2

Notation and Preliminaries

In this chapter, we first present the notation and preliminary results used throughout
this thesis in Section 2.1. Sections 2.2, 2.3 and 2.4 give the notation and preliminaries

that are only used in Chapters 3, 4 and 5 respectively.

2.1 Basic notation and preliminaries

Throughout this thesis, we use X and Y to denote two finite dimensional Hilbert
spaces. We use (-,-) to denote the inner product of the underlying Hilbert space and
use || - || to denote the associated norm. We let IR denote the set of real numbers
and N, denote the set of positive integers. The n-dimensional Euclidean space is
denoted by IR", and the nonnegative orthant is denoted by IR'}. For two vectors
x and y € R", we write z > y if x; > y; for all i. The ¢y, norm (the number of
nonzero entries) of z by ||x||o and the ¢; norm of x is denoted by ||z||;. For z € R"
and r > 0, we let B(z,r) denote the closed ball centered at x with radius r, i.e.,
B(z,r)={y: |z -yl <r}

We say that an extended-real-valued function f : IR" — (—o0, o0] is proper if its
domain domf := {x : f(z) < oo} # (. A proper function f is said to be closed if it
is lower semicontinuous. For a proper function f, the regular subdifferential of f at

x € domf is defined by
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5f(x) = {C lim inf f(z) = fz) = {6,z = @) > O}.

Zz—=T,2F#T HZ — .I‘H

The (limiting) subdifferential of f at € domf is defined by

of (z) := {C = AR z,(F — ¢ with ¢* € af(xk) for each k},

where 2% %5 2 means both z* — z and f(a*) — f(x). Moreover, we set Of(z) =
df(x) =0 for z ¢ dom f by convention, and we write domdf := {z : 9f(z) # 0}.
It is known that Oh(zx) = {Vh(x)} if h is continuously differentiable at x [100,
Exercise 8.8(b)]. When f is proper convex, thanks to [83, Proposition 8.12], the
limiting subdifferential and regular subdifferential of f at an x € dom f reduce to

the classical subdifferential, which is given by

Of(x) ={¢: ((,y—x) < f(y) — f(x) for all y}.

The convex conjugate of a proper closed convex function h is defined as

h*(y) = sup {(z,y) — h(z)}.

zeR"
We recall the following relationship concerning convex conjugate and subdifferential
of a proper closed convex function h; see [100, Proposition 11.3]:

y € 0h(z) & x€Ih™(y) & h(x)+h*(y) < (z,y) & hz)+h"(y) = (2,y). (2.1)

For a proper closed convex function f, its asymptotic (or recession) function > is

defined by f°°(d) := liminf; o0 a—sa ! (Zd,); see [9, Theorem 2.5.1]. Finally, for a proper

function f, we say that it is level-bounded if, for each o € IR, the set {x : f(x) < o}
is bounded.

For a locally Lipschitz function h, its Clarke subdifferential at £ € IR" is defined
by

0°h(z) := {U : limsup h(z + tw) — h(x)

r—T,t}0 t
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it holds that Oh(z) C 0°h(Z); see [27, Theorem 5.2.22].
For a nonempty set C, the indicator function d¢ is defined as

R

The normal cone (resp., regular normal cone) of C' at an x € C is defined as
Ne(z) := 80¢(x) (resp., No(x) := 560(95)), and the distance from a point z € R" to
C' is denoted by dist(z, C'). If ® is in addition convex, we define its tangent cone at
x €D by To(x) := [Nao(z)]°.

We next recall the Kurdyka-Lojasiewicz (KL) property and the notion of KL
exponent; see [6-8,66,75,80]. This property has been used extensively in analyzing

convergence of first-order methods; see, for example, [6-8,24,119].

Definition 2.1 (Kurdyka-Lojasiewicz property and exponent). We say that
a proper closed function h : X — IR U {oo} satisfies the Kurdyka-Lojasiewicz (KL)
property at T € dom Oh if there are a € (0, 00|, a neighborhood V' of T and a continuous

concave function ¢ : [0,a) — [0, 00) with ¢(0) = 0 such that
(i) ¢ is continuously differentiable on (0,a) with ¢’ >0 on (0,a);
(ii) For any x € V with h(Z) < h(z) < h(Z) + a, it holds that
¢'(h(x) — h(Z))dist(0, Oh(z)) > 1. (2.2)

If h satisfies the KL property at © € dom Oh and the ¢(s) in (2.2) can be chosen as
¢s'™ for some ¢ >0 and « € [0,1), then we say that h satisfies the KL property at
T with exponent .

A proper closed function h satisfying the KL property at every point in dom Oh is
said to be a KL function, and a proper closed function h satisfying the KL property
with exponent o € [0,1) at every point in dom Oh is said to be a KL function with

exponent .
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KL functions is a broad class of functions which arise naturally in many appli-
cations. For instance, it is known that proper closed semi-algebraic functions are
KL functions with exponent «a € [0, 1); see, for example, [7]. KL property is a key
ingredient in many contemporary convergence analysis for first-order methods, and
the KL exponent plays an important role in identifying local convergence rate; see, for
example, [6, Theorem 2|, [54, Theorem 3.4] and [74, Theorem 3]. In this thesis, we will
study how the KL exponent behaves under inf-projection, and use the rules developed
to compute the KL exponents of various functions and to derive new calculus rules

for KL exponent.

2.2 Notation and preliminaries in Chapter 3

For a linear map A : X — Y, we use A* to denote its adjoint. We also let R™*"
denote the set of all m x n matrices. The (trace) inner product of two matrices A and
B € R™" is defined as (A, B) := tr(A” B), where tr denotes the trace of a square
matrix. The Frobenius norm of a matrix A € IR™*" is denoted by ||A||r, which is
defined as ||A| := \/tr(ATA). Finally, the space of n x n symmetric matrices is
denoted by S§", the cone of n X n positive semidefinite matrices is denoted by S7,
and we write X > 0 (resp., X > 0) to mean X € S7 (resp., X € int S}, where int S}
is the interior of S7).

The closure (resp., interior) of © is denoted by cl® (resp., int ®). For a convex
set € C X, we denote its relative interior by ri €, and use €° to denote its polar, which
is defined as

Ci={zeX: (z,z) <1forall z €}

We use 0p to denote its support function, which is defined as op(2z) := sup,c5(z, 2)
for x € X.

For a mapping © : X — Y that is continuously differentiable on X, we use DO(z)
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to denote the derivative mapping of © at x € X: this is the linear map defined by

[DO(z)]h := lim O(z +th) — O(z)

t—0

for all h € X.

We denote the adjoint of the derivative mapping by VO(z). This latter mapping is
referred to as the gradient mapping of © at x. Then, following [101, Definition 3.1],
we say that a closed set ©® C X is C?-cone reducible at w € D if there exist a closed
convex pointed cone K C Y, p > 0 and a mapping © : X — Y that maps w to 0 and

is twice continuously differentiable in B(w, p) with DO(w) being onto, such that
DN B(w,p) ={w:0(w) € K} N B(w,p).

We say that the set © is C%-cone reducible if, for all w € ©, ® is C%-cone reducible
at w. It is known that convex polyhedral sets, the positive semidefinite cone and
the second-order cone are all C?-cone reducible; see, for example, the discussion
following [101, Definition 3.1]. Finally, following the discussion right after [43,
Definition 6], we say that an extended-real-valued function is C*-cone reducible if its
epigraph is a C?-cone reducible set, where the epigraph of an extended-real-valued
function f : X — [—00, 00| is defined as epi f := {(x,t) €e X x R : f(x) < t}.

For a proper function F': XxY — RU{oc}, following [100, definition 1.16], we say
that F' is level-bounded in y locally uniformly in x if for each £ € X and « € IR there
is a neighborhood V' of Z such that the set {(z,y) € XxY: z €V and F(z,y) < o}
is bounded. When a function F is level-bounded in y locally uniformly in x, its
inf-projection f(z) := inf, F(x,y) has the following properties, which can be found
in [100]. We include the proof here.

Lemma 2.1. Let F : X x Y — IR U {oc} be a proper closed function and define
f(z) := infyey F(z,y) and Y(x) := Argmin, .y F(z,y) for x € X. Suppose F is

level-bounded in y locally uniformly in x. Then the following statements hold:

19



(i) The function f is proper and closed, and the set Y (x) is nonempty and compact

for any x € domOf.

(ii) For any x € dom Of, it holds that

of(x) € |J {€eX : (£0) € 0F(z,y)}. (2.3)

yeY (z)

(iii) For any T € domdf, it holds that

limsup Y (x) CY(Z); (2.4)

dom@foimZ’
(iv) For any € domdf and any v > 0, there exists € > 0 such that

dist(y, Y (7)) <

(CIIAN

whenever y € Y(x) with v € B(z,e) Ndom df and |f(z) — f(Z)| < e.

Proof. Since F is proper, closed and level-bounded in y locally uniformly in x, we
have from [100, Theorem 1.17] that f is proper and closed, and Y'(x) is a nonempty
compact set whenever x € dom df. Applying [100, Theorem 10.13], we conclude that
(2.3) holds for any = € dom 0f.

We now prove (iii) and (iv) respectively. For (iii), fix any z € domdf and

any y* satisfying y* € lim sup Y (x) and recall from [100, Section 5B] that

om df3ztz

limsup Y (z) equals to

om afaxii

{y = PN z, y* — y with y* € Y(2*) and 2* € dom O f for each k:} :

So, there exist z* % with % € dom Of and y* — y* such that y* € Y (2%) for all k.
Then we have
@ PN () N ey (©) o
F(z,y") < hmklan(x YY) = llmklnff(x ) = f(z),
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where (a) is due to the closedness of F', (b) holds because y* € Y (z*), and (c) holds

because z* %> Z. The above relation implies that y* € Y (). This proves (2.4).

Finally, for (iv), fix any z € dom df and any v > 0. Since F' is level-bounded in
y locally uniformly in x, there exist € > 0 and a bounded set D so that whenever
x € B(z,€) Ndomaf, we have {y : F(z,y) < f(z)+ 1} € D. Thus, for any z
satisfying x € B(z,€) Ndomdf and f(z) < f(Z) + 1, we obtain

Y(z) ={y: F(z,y) < f(x)} Sy : Fle,y) < f(Z) +1} € D. (2.5)

Since (2.4) holds, by picking n > 0 so that D C B(0,7n) and following the proof
of [100, Proposition 5.12(a)], we see that for this 7, there exists ¢ € (0, min{¢, 1})

such that
Y(z)=Y(x)ND CY(x)NnB(0,n) CY(z)+ B(0,v/2),

whenever x € B(z,¢) Ndom df and |f(x) — f(Z)| < €, where the first equality follows

from (2.5) and the facts that e < € and € < 1. This further implies that

dist(y, Y (7)) <

v
2
for any y € Y (z) with x € B(Z,e) Ndom df and |f(x) — f(Z)]| <. O

Before ending this section, we present one auxiliary lemma that concerns the
uniformized KL property and will be used in Chapter 3. It is a specialization

of [24, Lemma 6] and explicitly involves the KL exponent.

Lemma 2.2 (Uniformized KL property with exponent). Suppose that h :
X = IR U{oo} is a proper closed function and let Q be a nonempty compact set with
Q C domOh. If h takes a constant value on € and satisfies the KL property at each

point of Q) with exponent «, then there exist €,a,c > 0 such that

dist (0, 0h(z)) > ¢ (h(z) — h(z))"
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for any T € Q and any x satisfying h(z) < h(z) < h(Z) + a and dist(z, Q) < e.

Proof. Replace the ¢;(t) in the proof of [24, Lemma 6] by ¢;t'~ for some ¢; > 0. The

desired conclusion can then be proved analogously as in [24, Lemma 6]. O

The next lemma is a direct consequence of results in [106]; see [106, Theorem 3.3]
and the discussion following [106, Eq. (1.4)] concerning the degree of singularity for

semidefinite feasibility system.

Lemma 2.3 (Error bound for standard SDP problems under strict comple-
mentarity). Let C € 8¢, A: 8% — IR™ be a linear map, b € Range (A) and define
the function G : 8* — IR U {oo} by

G(X) = (C,X) + 0a(X),

where £ = A7H{b} NS¢, Suppose that A7 {b} Nint S{ # 0 and there exists X € £
satisfying 0 € 1i0G(X). Then for any bounded neighborhood ik of X, there exists

¢ > 0 such that for any X € 4N L,

NI

dist (X, Argmin G) < ¢ (G(X) — G(X))

Proof. Observe that

0€1i0G(X) 2 C +1iNe(X) Y € 41 (NA,l{b}(X) + Nog (X))
(2.6)
9 € 4 1i N1 (X) + i Nga (X),

where (a) follows from [100, Exercise 8.8|, (b) follows from [99, Theorem 23.8] and
the assumption A~1{b} Nint S¢ # 0, and (c) follows from [99, Corollary 6.6.2]. Since

Na-143(X) = Range (A*), we deduce further from (2.6) the existence of 7 satisfying

A'g— C €r1iNg (X). (2.7)
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Next, since 0 € dG(X), we have that X € Argmin G and thus
ArgminG = {W: AW =b}N{W : (C,W) =inf G} N ST # 0.

This together with (2.7) implies that the singularity degree of the semidefinite
feasibility system ({W : AW =b}n{W : (C,W) = inf G},S%) is one. Combining
this with [50, Theorem 2.3], we conclude that for any bounded neighborhood i of X,

there exists ¢; > 0 such that for any X € 4N £,

dist (X, Argmin G) < ¢; /dist (X, {W : AW =b} N {W : (C,W) =infG })

N
D=

< e((C,X) ~nf G)F = ¢ (G(X) - G(X))*,

where the second inequality holds for some ¢ > 0 thanks to the Hoffman error bound

[52, Lemma 3.2.3]. This completes the proof. ]

Remark 2.1. In the above lemma, the Slater’s condition A7 {b}Nint 8¢ # 0 together
with the relative interior (ri) condition 0 € 11 0G(X) implies that (2.7) holds. The
condition (2.7) is widely used in the SDP literature and is often referred to as the strict
complementarity condition; see [93, 102, 111] for detailed discussions. In particular,
it is known that if strict complementarity condition (2.7) holds , then the singular
degree of the associated semidefinite feasibility system is one (see [82, Proposition 7]
or the discussion following [106, Eq. (1.4)]).

As we shall see in Section 3.4, this strict complementarity condition is crucial for

deriving a KL exponent of% for some SDP representable functions.

2.3 Notation and preliminaries in Chapter 4

Now we recall the definition of stationary points of (1.1) when g; are smooth.
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Definition 2.2 (Stationary point). Consider (1.1) and assume that each g; is
smooth. We say that an x € R" is a stationary point of (1.1) if there exists A € R}
such that (x,\) satisfies

g(x) <0, Ngi(x) =0 for all i, and 0 € Vf(z) + 0Pi(x) — OP(z) + Z)\ Vyi(z

The following assumption will be used repeatedly in Chapter 4.

Assumption 2.1. Fach g; in (1.1) is smooth and the Mangasarian-Fromovitz con-
straint qualification (MFCQ) holds in the whole domain of F in (1.1), i.e., for every

x satisfying g(x) < 0, there exists d € R"™ such that
(Vgi(x),d) <0 for each i € I(x) :={j: g;(z) =0}

Under Assumptions 1.1 and 2.1, it is routine to show that any local minimizer
of (1.1) is a stationary point in the sense of Definition 2.2. In fact, let Z be a local
minimizer of (1.1). Using [100, Theorem 10.1], we have

0 € OF () %) V(@) + 0P (Z) + 0(—PF2)(Z) + 0g(y<0(Z)

(b)

C V(&) + 0Pi(Z) + 0°(—P2)(Z) + 95,()<0(%) (2.8)

DV (@) + 0P,(7) — 0°Pa(@) + 06,)0(2)

= V[f(Z) + 0P (Z) — OP(Z) + 0dy(y<0(T),
where (a) follows from [100, Exercise 10.10], the inclusion (b) uses [27, Theorem 5.2.22],
where 0°(—P,) is the Clarke subdifferential of —P,, the equality (c) uses [41, Proposi-

tion 2.3.1] and the last equality holds because of the convexity of P, and [25, Theo-

rem 6.2.2]. In addition, we can deduce that

9dg()<0(T) = Ny()<o(Z) = {Z AiVgi(T) 1 A € N_grp (g(f))}

= {Z AVgi(Z): e RY, Nigi(Z) =0fori=1,... ,m} )
i=1

24



where the second equality follows from MFCQ and [100, Theorem 6.14] and the last
equality follows from the definition of normal cone. The above display together with
(2.8) shows that 7 is a stationary point of (1.1). In passing, we would like to point
out that z* is a stationary point of (1.1) in the sense of Definition 2.2 if and only
if there exists £* such that 0 € aﬁ(a;*,g*), where ﬁ(m,é) = f(x)+ Pi(x) — (£, x) +
Py (&) + 64¢)<o(x), with {P;, P>} given in (1.1) and Py being the Fenchel conjugate
of P,. This type of stationary points is widely used in the DC literature; see, for
example, [108,109,119]. Note that there are other concepts of stationarity used in the
literature, such as the Clarke stationarity, d-stationarity and B-stationarity; we refer
to [1,64,91] for more discussions. The notion of stationarity defined in Definition 2.2
is in general weaker than these aforementioned notions.

Before ending this section, we introduce the algorithm we consider here and
in Chapter 4 and present some auxiliary results for our subsequent analysis. The
algorithm, SCP;, proposed in [83], is presented in Algorithm 2.1, where G is defined
as in (1.2). Notice that by rearranging terms of the constraint functions of the

subproblem (2.10), we can see that the constraint there is equivalent to
re()B (g \/Ei) : (2.9)
i=1

2

T ) gi(z"). Thus, when m = 1,

(z) 9
Ly

qu(xt
(L9>i

where 5; 1= 2t — @Vgi(xt) and R; :=

the constraint reduces to a single ball constraint and a simple root-finding scheme
was discussed in [103] for exactly and efficiently solving the subproblem (2.10) with
m =1, P, =0 and P, being the /; norm or the nuclear norm, etc. However, solving
subproblem (2.10) in general requires an iterative solver; see [10, Section 6] for the

case when P, = P, = 0.
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Algorithm 2.1. Sequential convex programming method with mono-
tone line search (SCPy) for (1.1) under Assumption 1.1

Step 0. Choose parameters ¢ >0, 0 < L <L, 7 > 1 and an 2° with g(«2°) < 0.
Sett = 0.

Step 1. Pick any &' € OPy(x').
Step 2. Choose L}’OE[L, L] and LL°€[L, L™ arbitrarily. Set Zf:Lz;;O and Zg:Ltg’O.

Step 3. Compute

T = argmin {(Vf(act) — & r—aty + %Hx —z'* + Pl(a:)}

T

(2.10)

s.t. G(z,z", L,) <0.

Step 3a) If g(z) <0 and
F@) < F(z') — |7 — a2 (2.11)

holds, go to step 4.
Step 3b) If g(z) £ 0, let Eg — ng and go to step 3.
Step 3c) If (2.11) does not hold, let Zf — TZf and go to step 3.

Step 4. If a termination criterion is not met, set L = Zg, L = Zf and 21 =17,
Update t <t + 1 and go to Step 1.

In the next lemma, we discuss the well-definedness of SCP;, and also establish
some inequalities needed in our analysis below. Note that the well-definedness of
SCP,s was already proved in [83, Theorem 3.6] in a more general setting. Here we

include its proof for completeness.

Lemma 2.4. Consider (1.1) and suppose that Assumptions 1.1 and 2.1 hold. Then

the following statements hold:

(i) SCPys is well defined, i.e., the subproblems (2.10) are well defined and there
exists a ko € Ny (independent of t) such that in any iteration t > 0, the inner

loop stops after at most kg iterations.

(i) The sequence {(L%, L)} generated by SCP, is bounded.
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(iii) Foreachi € {1,...,m}, eacht > 0 and each (Zf, Zg), the R; in (2.9) is positive.

(iv) For each t > 0 and each (Zf, Zg), the problem (2.10) has a Lagrange multiplier

X. Let ng = Zf + (A, Zg> and let T be as in (2.10). Then

A (gi(xt) +(Vgi(2"),7 — 2"y + %HE — xt||2> =0 for all 4, (2.12)
and
0€ Vf(xh) =&+ L,(F —a)+0P,(F +Z)\Vgl : (2.13)

where {z'} and {&'} are generated by SCPis. Moreover, if g(z) < 0, then for

any v € IR" we have

F(E) < f@)+ (V) — € omayt 222 la—a [P+ Pula) — Pl

L L o Ly—L; _
+3 X (9:(a") + (Vi ):1:—aﬂ)—%”x—x“g—uﬂx—$t||2.

i=1

(2.14)

Proof. Let an 2z satisfying g(z') < 0 be given for some ¢ > 0. We will first show
that the corresponding subproblems (2.10) are well defined (for any (L Iz Zg)) and
the conclusions of items (iii) and (iv) hold for this ¢. Using these, we will then show
that there exists ko (independent of ¢) so that the inner loop in Step 3 terminates
after ko iterations and returns an z'™! that satisfies g(x'™) < 0. This together with
g(2°%) <0 and an induction argument will show that SCP;, is well defined and that
items (iii) and (iv) hold for all ¢ > 0. Finally, we show that {(L%, L})} is bounded.
Suppose that an 2! satisfying g(z') < 0 is given for some ¢ > 0. Notice that
for any (Ef, Zg), the feasible region of (2.10) is nonempty (it contains z') and the
subproblem is to minimize a strongly convex continuous function over a nonempty
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closed convex set. Thus, T exists and is unique. Now, fix any i € {1,...,m}. Since

g(z") < 0 and (L,); > 0, we have —%gi(xt) > 0 and thus R; > 0. Suppose to

the contrary that R; = 0. Then we have Vg;(z!) = 0 and g;(«!) = 0, contradicting
Assumption 2.1. Thus, we must have R > 0 at the t'™ iteration.

Next, using a similar proof of [10, Proposition 2.1(iii)], we deduce using MFCQ that
the Slater condition holds for (2.10) for this ¢. Therefore, using [99, Corollary 28.2.1,
Theorem 28.3|, for problem (2.10), there exists a Lagrange multiplier N IR’ such

that (2.12) holds at the t'" iteration and 7 is a minimizer of the following function:

L, ) =F () + (V). 2~ a) + Lo — o[ + Pe) — Po(e’)

— <§t, T — xt> + (X, G(z, 2", Ly)).

This together with [100, Theorem 10.1, Exercise 8.8] shows that (2.13) holds at the

th iteration.

In addition, note that z +— L;(x, X) is strongly convex with modulus L 7g- Then

we see that for any z € R",

P+ (VH (), F-at) 4 L F—a |+ @)~ Po(a)— (€, F—a)
= L@ ) < Ll )22 a3
- (2.15)

= FE) (), w2ty o2+ Py(e) - Palat) (€ o—a)

m

FY0 R () + (Talat), =) = 2 o,

i=1

where the first equality makes use of (2.12). On the other hand, since f has Lipschitz

continuous gradient (with modulus Ly), if g(z) < 0, then we have for any x € IR"
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that
F(7) = f(Z) + Pi(z) — P(7)

< @)+ (T, F o)+ LE - ot + Pu(@) — B

_ f(xt)+<Vf(:ct),E—xt>+%|]§—xt|\2+ﬂ('j)—PQ(%)—Lf;LfH&?—xtHQ

(a)

< f(a') +(V[f(a"),T—a") + %H&:’ —z'|]* + P (2)
Y ) S e

< f(a') +(Vf(a'),z — ") + %Hx — &[> + Pi(z) — Po(a") — (&, —a")

LA L o Ly—1Ly _
+ X (i) + (Vaiah),z = a) = =2le = TP = =T - o)
=1

where (a) uses the convexity of P, and the fact that &' € 9P, (z"), while the last

inequality holds due to (2.15). This shows that (2.14) holds at the ¢ iteration.
Now we show that there exists kg (independent of ¢) so that the inner loop

in Step 3 terminates after finitely many iterations at the ¢ iteration and returns

an r't! satisfying g(z™') < 0. To this end, let k; € N, be such that Lv™ >

max{3(c+ Ly), Ly, ..., Ly, }. Then ki does not depend on ¢ and we have

L
Lo - 20 8 and (L) 7M > Leh > L, fori=1,...,m. (2.16)

Lt,o ki T
P 2 2 79

Note that for each ¢, since g; has Lipschitz gradient with Lipschitz modulus L, we

have for any (L,); > 0 that

L, .
Gi(®) < gi(a!) + (Vou(a'), T — 21) + 27 — P

i~ T L i (L )1 ~
= oo I,) + 2o w e
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This together with (2.16) and the update rule of Zg in Step 3b) shows that after at
most k; calls of Step 3b), we have ¢(Z) < 0. Whenever 7 satisfies g(z) < 0, we can

apply (2.14) with x being 2' to conclude that

P 1)+ Alet) - Pala')+ (gl 2l a1 = | 2522 e - 312
< 1)+ Plet) = Pty - DLt g (£ - 22 e
< P [L = ]l -3

where the second inequality holds because \e R" and g(z') < 0; we also used the
fact that L fg = L §F <X, Zg>. Thus, in view of the above two displays, the conditions
in Step 3a) must hold when (Zg)i > L, for all + and Zf > %; according to the
update rules of Zf and Zg, this happens after at most k; calls of Step 3b) and k;
calls of Step 3c). Thus, at iteration ¢, the inner loop stops after at most kg := 2k;
iterations and outputs an z'*! satisfying g(z**!) < 0.

Finally, since g(z°) < 0 to start with, by induction, we know that for any ¢ > 0,
the inner loop stops after at most kg iterations. This together with the fact that
{(L?O, LE9} C [L, L™ implies that {(L%, L!)} is bounded. Therefore, SCPy is well

defined and items (ii), (iii) and (iv) hold. This completes the proof. O

2.4 Notation and preliminaries in Chapter 5

We give the definition of (subdifferential) regularity which will be needed in our
discussion later ; see [100, Definition 6.4] and [100, Definition 7.25].

Definition 2.3. A nonempty closed set C' is regular at x € C' if No(x) = Nc(x), and
a proper closed function h is (subdifferentially) reqular at x € dom h if its epigraph
epih = {(x,t) e R" x R : h(x) <t} is reqular at (z, h(x)).
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According to [100, Example 7.28], continuously differentiable functions are regular
everywhere. Thus, the constraint functions in (1.7) and (1.8) are regular everywhere.
In addition, a nonsmooth regular function particularly relevant to our discussion is
the objective function of (1.5). Indeed, in view of [87, Corollary 1.111(i)], it holds
that:

- I
-l

2l _ 1 gzl
T = 8||x||1 — =2l
(I i

At any z # 0, (2.17)

is regular and 0

We will also need the following auxiliary lemma concerning the subdifferential of a

particular class of functions in our analysis in Section 5.4.

Lemma 2.5. Let ¢ = P, — P, with P, : R" — R being continuously differentiable

and P, : IR" — IR being convex continuous. Then for any x € IR", we have
0°q(z) = VP (x) — 0P (). (2.18)
Proof. Note that for any x € IR", we have
9°q(x) 2 VP (2) + 0°(—P)(z) ¥ VPi(z) — 8°Py(z) € VP, (2) — 9Ps(2),

where (a) follows from Corollary 1 of [41, Proposition 2.3.3], (b) holds because
of [41, Proposition 2.3.1] and (c) follows from [41, Proposition 2.2.7]. O
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Chapter 3

KL Exponents and KL Calculus
Rules

In this chapter, we provide a collection of KL calculus rules and provide some examples

showing how these rules can be applied to obtain explicit KL. exponents.

3.1 KL exponents concerning Lagrangian function
3.1.1 Equality constrained problems

In this section, we consider the following model:

g(x) :== h(x) + dg-1q0y (1), (3.1)

where A : X = IR and G : X — Y be continuously differentiable with G=*{0} # 0

and the linear map VG(z) : Y — X being injective.

Theorem 3.1. Let g be defined as in (3.1). Define the function g, by
g1(z, A) == h(x) + (N, G(2)).

Let & € dom dg. Then the following statements hold:

(i) There exists € > 0 so that for each x € B(Z,¢€), the function A — [|[Vh(x) +

VG (z)A|| has a unique minimizer.
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(ii) If g1 satisfies the KL property at (z,\(Z)) with exponent «, then g satisfies
the KL property at T with exponent o, where \(Z) is the unique minimizer of

A= [|[Vh(Z) + VG(Z)A|.

Proof. We first prove (i). Since VG(Z) is an injective linear map and = — VG(z)
is continuous, there exists an ¢ > 0 so that VG(z) is an injective linear map
whenever © € B(z,¢€). Then statement (i) follows immediately because the function
A+ ||Vh(z) + VG(x)A| is minimized if and only if the quantity ||[Vh(x)+ VG(x))||?
is minimized, and this latter function is a strongly convex function in A whenever
x € B(z,€), thanks to the fact that VG(z) is an injective linear map from Y to X.

We now prove (ii). Let z € B(Z,¢) and A(z) denote the unique minimizer
of A = ||Vh(z) + VG(z)A||. Then A(x) is also the unique minimizer of A\ —
|VR(x) + VG (z)\||>. Using the first-order optimality condition, we see that A(x) has
to satisfy the relation VG (z)* (Vh(x) + VG(z)\(x)) = 0, which gives

Mz) = =(VG(2)'VG(x))  (VG(2)"Vh());

here the inverse exists because VG(z) is injective. Since h and G are continuously
differentiable, we conclude that A is a continuous function on B(Z, €).

Since g¢; satisfies the KL property at (z,A(Z)) with exponent «, there exist
a,v,c > 0 such that whenever (z,\) € B ((Z,\(Z)),v) and ¢1(Z,A\(Z)) < g1(x, A) <
91(Z, A\(Z)) + a, it holds that

Vg1 (z, M| = ¢ (g1(z, A) = g2(2, M(2)))" - (3.2)

Next, using [100, Exercise 8.8], for any = € B(Z, €) N dom dg, we have
dg(x) = Vh(x) + Ng-110y(x) C Vh(z) + {VG(2)X: X € Y},

where the inclusion follows from [100, Corollary 10.50] and the injectivity of VG(x).

This implies that for any =z € B(Z, €) N'dom Jg,
dist (0, 0¢g(z)) > iI/{f IVh(z) + VG(2)A|| = [|[Vh(z) + VG(2)A(z)]], (3.3)
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where the equality follows from the definition of A(z) as the unique minimizer.

On the other hand, we have for any z € dom d¢g and any A that

Vh(z) + VG(I)/\:| _ [Vh(x) + VG(z)A

Voo ) =1 ) 0 ’

(3.4)

where the second equality holds because G(z) = 0 whenever x € dom dg. Combining

(3.4) with (3.3), we then obtain for any = € B(z, ) N dom dg that

dist (0,0g(x)) = |V g1 (z, A(x))]| (3.5)

Now, choose 0 < ¢ < min{e, \/Li} small enough so that when = € B(z, ¢')Ndom Jg,
we have ||A(z) — A(z)]| < ~5; such an ¢ exists thanks to the continuity of A(+). This
implies that (z, A\(x)) € B ((Z, A(Z)), v) whenever z € B(z, €')Ndom dg. Therefore, for
x € B(z,¢)Ndom dg with g(z) < g(z) < ¢9(Z)+a, we have (z, A(x)) € B ((Z,\(T)), V)

and
(7, A7) = g(7) < g(x) = g1 (2, \(x)) < 9(T) + a = g:(T, A(7)) + a.
For these x, combining (3.2) with (3.5), we have

dist (0, g(x)) > ¢ (g1, () — 91(@,A(@)))" = ¢ (gl) — 9(2)°

where the equality holds because G(z) = 0 whenever € dom dg. This completes

the proof. O

Remark 3.1. As we shall see in Section 3.5.3, the above relation can be used in
deducing the explicit KL exponent of the sum of least squares and the indicator

function of a rank constraint.

3.1.2 Inequality constrained problems

In this subsection, we consider the following multiply constrained optimization

problem:

min Py (x) 4 da()<o(), (3.6)

zelR™
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where P; is convex continuous, the function G(z) = (g1(A412), ..., gm(Anx)) with
each A4; € R%*™ and g¢; : R¥ — IR being strictly convex, and {z : G(z) < 0} # 0.
Define

m

F(z) := Pi(x) + d()<0(x)= Pi(x) + Y d4:()<0(Asw). (3.7)

i=1
We will derive rules to deduce the KL exponent of F' in (3.7) from its Lagrangian.
Similar rules were introduced in [75] and [124], which studied the KL exponent of F
in (3.7) respectively when m = 1 and when the constraint set is defined by equality
constraints, under suitable assumptions. Here, we look at (3.7) that involves multiple

inequality constraints.

Theorem 3.2 (KL exponent of (3.7) from its Lagrangian). Let F' be as in (3.7)

and T € Argmin F'. Suppose the following conditions hold:

(i) There exists a Lagrange multiplier A € R for (3.6) and x — Pi(x) + (X, G(z))

is a KL function with exponent o € (0,1).

(ii) The strict complementarity condition holds at (%, \), i.e., for every i satisfying

N\ = 0, it holds that g;(A;z) < 0.
Then F satisfies the KL property with exponent o at .

Proof. Let Fy(x) := Pi(z) + (), G(x)). By the definition of Lagrange multiplier, we
have

F(z) =inf F = P(z) = inf F; < F5(2) < F(2), (3.8)

where the second inequality holds because G(Z) < 0 and A € IR?. On the other hand,
thanks to (ii), it holds that {i : \; > 0} = I(Z). This together with [99, Theorem 28.1]
gives

T € Argmin F' = ﬂ{:v gi(A;x) =0} N ﬂ{:v : gi(A;x) <0} N Arg min F5.

1€I(T) 1ZI1(T)
(3.9)
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Since g; is strictly convex and \; > 0 for i € [ (), we see that A;x is constant over
Arg min F; for each ¢ € I(Z). This together with the fact that ¢;(A;z) = 0 for ¢ € ()
and (3.9) implies that
T € Argmin F = ﬂ {z: g;(A;x) <0} N Argmin F5. (3.10)
i2I(z)
Next, since g;(A;Z) < 0 for each i & I(Z), there exists €y > 0 such that

gz(Azx> < O, Vo € B(.f,Eo), Vi g ](i‘)

This together with (3.10) implies that
z € Argmin F'N B(Z,¢)) = Argmin F5 N B(Z, €). (3.11)

Now, using (i) and [22, Theorem 5(i)] together with the fact that & € Argmin Fy,
we see that there exist @ > 0, ¢ > 0 and 0 < € < ¢y such that

dist(z, Argmin Fy) < ¢(Fy(x) — F5(z2))'™° (3.12)

whenever ||z — Z|| < e and F5(Z) < Fx(x) < F5(Z) + a. Note that for any « satisfying
F(z) < F(z) < F(z) + a, we have g;(A;x) < 0 for each i and

F(z) = F5(7) < F5(z) < F(z) < F(Z) +a = F5(7) + a, (3.13)

where the first and the last equalities follow from (3.8) and the second inequality
holds because ); > 0 and g;(A;z) < 0 for each i = 1,...,m. Therefore, for any
satisfying F'(z) < F(z) < F(z) + a and ||z — Z|| < €, we have

dist(x, Argmin F') < dist(x, Argmin F' N B(Z, €)) @ dist(x, Argmin F5 N B(Z, €))

(b) ¢
< 4 max {dist(z, Arg min F}), dist(x, B(Z, €))} © 4dist(z, Arg min Fy)

< se(Fy(a) - Fy(2)) < de(F(x) — F(2)",

where (a) follows from (3.11), (b) follows from [72, Lemma 4.10], (c) holds because
€ < €, (d) follows from (3.12) and (3.13) and the last inequality holds because of (3.8)
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(so that F(Z) = F(z)), gi(Aiz) <0 for each i and A € RY}. The desired conclusion

now follows immediately from this and [22, Theorem 5(ii)]. O

Now, we give a corollary that deals with (3.6) with m = 1. This result is different
from [75, Theorem 3.5] because, here, it is the constraint function that is a composition

of strictly convex function and a linear map, but not the objective function.

Corollary 3.1. Let F be defined as in (3.7) with m = 1. Suppose the following

conditions hold:

(i) It holds that inf P, < inf F.

(ii) There exists a Lagrange multiplier* X\ > 0 for (3.6) and z +— Pi(z) + Ag1(4,7)

is a KL function with exponent a € (0,1).
Then F is KL function with exponent «.

Proof. Let F5(z) := Pi(z) + Ag1(A17). In view of [75, Lemma 2.1] and the convexity
of F, it suffices to show that F has KL property at every point in {x : 0 €
OF (z)} = Argmin F' with exponent a. Fix any z with 0 € 0F (z). Then one can
see from condition (i) and the definition of Lagrange multiplier that A > 0 and thus
91(A1Z) = 0. Therefore, Assumption (ii) of Theorem 3.2 is satisfied. This together
with (ii) and Theorem 3.2 shows that F' satisfies the KL property at Z with exponent
o. [l

Remark 3.2. When P(-) = || - ||1 in (3.6), we deduce from [75, Corollary 5.1] and
Corollary 3.1 that the KL exponent of F in (3.7) is % ifm=1 and g, takes one of
the following forms with b € R? and § > 0 chosen so that the Slater condition holds

and the origin is not feasible:

1 Following [99, Page 274], we say that \ is a Lagrange multiplier for (3.7) if A > 0 and

inf {Pi(@) + Aga(Ao)} = inf {Pi(2) + b, ()z0(A12)} > —oc.
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(i) (Basis pursuit denoising [32]) g1(z) = 3|z — b||* — 6.

(ii) (Logistic loss [60,65]) g1(z) = > i, log(1 + exp(b;z;)) — & for some b € R

iii) (Poisson loss [56,67,130]) g1(z) = > % (=b;z; + exp(z;)) — 0 for some b € IRY.
=1

3.2 KL exponent of fractional functions

Let f : IR" — IRU{oo} be proper closed and ¢ : IR" — IR be a continuous nonnegative
function that is continuously differentiable on an open set containing dom f. Suppose
that inf f > 0 and inf4om f g > 0. We consider the following fractional programming

problem:

—

min G(x) = (3 (3.14)

Q
—~

In algorithmic developments for solving (3.14) (see, for example, [42,46]), it is

customary to consider functions of the following form

Hy(z) = f(z) = ——=g(z), (3.15)

where u typically carries information from the previous iterate. In the literature,
KL-type assumptions are usually imposed on G or H, for establishing the global
convergence of the sequence generated by first-order methods for solving (3.14); see,
for example, the discussions in [28, Theorem 16] and [29, Theorem 5.5]. Here, we
study a relationship between the KL exponent of G in (3.14) and that of H; in (3.15)

when Z is a stationary point of G.

Theorem 3.3 (KL exponent of fractional functions). Let f : IR" — IR U {oo} be a
proper closed function with inf f > 0 and g : R" — IR be a continuous nonnegative
function that is continuously differentiable on an open set containing dom f with

infgom r g > 0. Assume that one of the following conditions hold:
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(i) f is locally Lipschitz.

(ii) f = h+dp for some continuously differentiable function h and nonempty closed

set D.

(iii) f = h+ dp for some locally Lipschitz function h and nonempty closed set D,

and h and D are reqular at every point in D.

Let & be such that 0 € 0G(Z), where G is defined as in (3.14). Then T € dom 0H;.
If H; defined as in (3.15) satisfies the KL property with exponent 6 € [0,1) at Z, then

so does G.

Proof. 1t is clear that dom H; = dom f = dom G. We first argue that under the

assumptions on f and g, we have for any x € dom G that

OHz(z) = 0f(z) — G(z)Vg(x) and 0G(z) = ﬁ (Of (x) — G(x)Vg(z)). (3.16)

Indeed, in all cases, the first relation in (3.16) follows from [100, Exercise 8.8(c)]. When
f is locally Lipschitz, the second relation in (3.16) follows from [87, Corollary 1.111(i)].
When f = h+dp for some continuously differentiable function h and nonempty closed
set D, the second relation in (3.16) follows by first applying [100, Exercise 8.8(c)] to
G= % + 0p, then applying the usual quotient rule to the differentiable function g,
and subsequently using 0f = Vh + 00p (thanks to [100, Exercise 8.8(c)]). Finally,
when f = h + dp for some locally Lipschitz function h and nonempty closed set D
h

with h and D being regular at every point in D, we have that the function 9 is regular

for all x € D in view of [87, Corollary 1.111(i)]. This together with the regularity of
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D gives
9G(x) = 0 (ﬁ) (z) + 96 (z)

9

_ 9(x)9h(x) — h(z)Vy(z)
g(x)?

_ 9(@)0f(z) — f(x)Vy(z)
g9(x)? ’

where the first and the last equalities follow from [100, Corollary 10.9] and [100,

+ 65D (ZE)

Exercise 8.14], and the second equality follows from [87, Corollary 1.111(i)].

Now, in view of (3.16), we have dom 0H; = dom df = dom dG. In addition, in
all three cases, it holds that dom f = dom df. Indeed, when f is locally Lipschitz,
this claim follows from Exercise 8(c) of [25, Section 6.4]. When f = h + dp as
in (ii), the claim follows from [100, Exercise 8.8(c)|, while for case (iii), we have
dom f = domdf = D in view of [100, Corollary 10.9], [100, Exercise 8.14] and

Exercise 8(c) of [25, Section 6.4]. Consequently, in all three cases, we have
= :=dom G = dom G = dom H; = dom 0H; = dom f = dom 0f,

and Hj is continuous relative to =. In particular, z € dom 0G = dom 0Hj;.
Let U be the open set containing dom f on which ¢ is continuously differentiable.
Since H; satisfies the KL property with exponent 6 at Z and is continuous relative to

=, there exist € > 0 and ¢ > 0 so that B(z,2¢) C U and
dist (0, 0Hz(2)) > c(Hz(z) — Hz(2))? = c(Hz(2))? (3.17)

whenever x € Z, Hz(r) > 0 and [[z—Z|| < e. Let M:= sup,_; <. max{g(z), [Vg(z)||},
which is finite as g is continuously differentiable on U O B(z, 2¢). Using the facts that
6 € [0,1), H; is continuous relative to =, Hz(Z) = 0 and infgem g > 0, we deduce

that there exists € € (0, €) such that

cinfgom ¢ g

Hj 1—9<
)10 < en

whenever ||z — Z|| < € and x € | (3.18)
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where ¢ is given in (3.17).
Now, consider any z € = satisfying ||z — Z|| < ¢ and G(7) < G(z) < G(T) + €.

Then we have from (3.16) that

1 (@ 1
- = — > —
ist(0,06(x)) = o5 inf e = GV = 37 inf €~ Ga)Vo(o)]

2 5 nt e~ GVe)l - 57166 - G@IVa)

2 4= G@e)] - (G) - 6@)

= S0 OHx(a)) — s Ha(a) S (0, 0He) — o ol
< (L)) mflf(@ S S (Ha()’

_ clg(@))” 0 @ clinfu g 0)" 0
= A (G(o) - Gy 2 I (G - Gl

where (a) holds because g(z) < M, (b) follows from the triangle inequality, (c) holds
because ||Vg(z)|| < M and G(z) > G(z), (d) holds because Hz(x) > 0 (thanks
to G(z) > G(z)), (e) then follows from (3.17) and (f) follows from (3.18) and the
fact that Hz(z) > 0. Finally, (g) holds because G(x) > G(z). This completes the

proof. O]

Remark 3.3. As we shall see in Section 5.2, the above fractional rule plays a key
role in deducing the linear convergence of the sequence generated by the algorithm

proposed in [116, FEq. 11] for {1/ly minimization problem.

3.3 KL exponent via inf-projection

In this section, we study how the KL exponent behaves under inf-projection. Specifi-
cally, given a proper closed function F': X X Y — IR U {oo} with known KL exponent,
we would like to deduce the KL exponent of inf,cy F'(-, y) under suitable assumptions.
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Theorem 3.4 (KL exponent via inf-projection). Let FF : X x Y — R U
{oo} be a proper closed function and define f(x) := inf,ey F(z,y) and Y(z) =
Argmin, .y F(z,y) for v € X. Suppose that the function F is level-bounded in y
locally uniformly in x. Let o € [0,1) and T € domdf.2 Suppose in addition the

following conditions hold:
(i) It holds that OF (z,y) # 0 for all y € Y (Z).
(ii) The function F satisfies the KL property with exponent o at every point in
{z} x Y (7).

Then f satisfies the KL property at T with exponent .

Proof. Using the nonemptiness and compactness of Y (Z) given by Lemma 2.1(i), and
the facts that F(z,y) = f(z) on Q := {z} x Y(Z)C dom OF and F satisfies the KL
property with exponent « at every point in €2, we deduce from Lemma 2.2 that there

exist v, a,c > 0 such that

dist (0,0F (x,y)) > ¢ (F(x,y) — f(Z))” (3.19)

for any (x,y) satisfying
f(Z) < F(z,y) < f(Z) +a and dist((x,y), ) < r. (3.20)

By decreasing a if necessary, without loss of generality, we may assume a € (0, 1).

Next, using Lemma 2.1(iv), we see that there exists ¢ € (0, min{v/2,a}) such that

dist(y, Y (z)) <

(CRIN

whenever y € Y (z) with x € B(Z,e) Ndomdf and f(Z) < f(x) < f(Z) + €. Hence,

for any € B(Z,e)Ndom df with f(z) < f(z) < f(Z)+ e and any y € Y (z), we have

dist((z,y),Q) < ||z — || + dist(y, Y (7)) < e + g <,

2 Here, f is a proper closed function, thanks to Lemma 2.1(i).
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where the last inequality follows from the choice of €. The above relation together
with the fact that € < a shows that the relation (3.20) holds for any such x and any

y € Y(x). Thus, using (3.19) we conclude that for any such z and any y € Y (x),

dist (0, 0f (z)) = dist (o, Pf (I)D > inf dist (0,0F(z,y))

0 T yeY(x)

> inf c(F(z,y) — f(2))" = c(f(z) — f(2))*,

T yeY(x)

where the first inequality follows from (2.3) and the last equality follows from the

definition of Y'(x). This completes the proof. O

Theorem 3.4 can be viewed as a generalization of [75, Theorem 3.1], which studies
the KL exponent of the minimum of finitely many proper closed functions with known
KL exponents. Indeed, let f;; 1 <4 < m, be proper closed functions. If we let Y = IR
and define F': X x R — IR U {oo} by

Floy) = {fy(x) ify=1,2,...,m, (3.21)

o0 otherwise,

then it is not hard to see that this F' is a proper closed function, and inf er F(z,y) =
ming <;<, fi(z) for all z € X. Moreover, one can check directly from the definition
that

ofy(z) xR ify=1,2,...,m,

3.22
0 otherwise. ( )

OF(z,y) = {

Thus, we have the following immediate corollary of Theorem 3.4, which is a slight gen-

eralization of [75, Theorem 3.1] by dropping the continuity assumption on minj<;<,, f;.

Corollary 3.2 (KL exponent for minimum of finitely many functions). Let
fi, 1 <@ < m, be proper closed functions, and define f := mini<ij<,, fi. Let T €

dom Of N (;cp(z dom Of;, where I(z) := {i : fi(z) = f(Z)}. Suppose that for each
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i € 1(Z), the function f; satisfies the KL property at T with exponent o; € [0,1).

Then f satisfies the KL property at T with exponent o = max{w; : i € I(Z)}.

Proof. Define F' as in (3.21). Then F is proper and closed, and f(z) = infyer F(z,y).
Moreover, I(z) = Y (x) := Argmin, g F(7,y). It is clear that this F is level-bounded
in y locally uniformly in . Moreover, in view of (3.22) and the assumption that
T € ﬂiel(i) dom Of;, we see that OF(Z,y) # () whenever § € Y(Z). Finally, it is
routine to show that F' satisfies the KL property with exponent «; at (z,7) for
i € I(Z). Thus, F satisfies the KL property with exponent o = max{«; : i € I(Z)}

on {z} x I(z). The desired conclusion now follows from Theorem 3.4. O

The next corollary can be proved similarly as [75, Corollary 3.1] by using Corol-
lary 3.2 in place of [75, Theorem 3.1].

Corollary 3.3. Let f;, 1 <i < m, be proper closed functions with dom f; = dom 9 f;
for all i, and define f := minj<;<,, fi. Suppose that for each i, the function f; is
a KL function with exponent oy € [0,1). Then f is a KL function with exponent

a=max{q; : 1 <i<m}.

Finally, we show in the next corollary that one can relax some conditions of

Theorem 3.4 when F' is in addition convex.

Corollary 3.4 (KL exponent via inf-projections under convexity). Let F :
XxY — RU{oo} be a proper closed convex function and define f(x) := inf ey F(z,y)
and Y (z) := Argmin, oy F'(x,y) for v € X. Suppose there exists u such that f(u) € R

and Y (u) is nonempty and compact. Then the following statements hold:

(i) The function f is proper and closed, and Y (x) is nonempty and compact for

any v € domJf.

(i) It holds that OF (x,y) # 0 for all x € domdf and y € Y (z).
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(iii) If z € domdf, a € [0,1) and the function F satisfies the KL property with
exponent « at every point in {T} X Y (Z), then f satisfies the KL property at T

with exponent «.

Proof. For (i), we first show that F' is level-bounded in y locally uniformly in x.
Suppose to the contrary that there exist 2o € X and § € R so that € := {(z,y) :
x € B(z,1) and F(x,y) < 8} is unbounded. Then there exists {(z*, y*)} C € with
||| — oo. By passing to a subsequence if necessary, we may assume limy, o, Hz_ZH =d
for some d with ||d|| = 1. Since F(2*,y*) < 8 and {z*} C B(xy, 1) is bounded, we

have

k .k
F=(0,d) < liminf L) g B

=0,
k=oo [[(a®, yF)|| T koo [[(aF, Y

where F'* is the asymptotic function of F' and the first inequality follows from [9,
Theorem 2.5.1]. This together with the convexity of F' and [9, Proposition 2.5.2]

shows that
F(z,y+td) < F(x,y) for all £ > 0 and for all (z,y) € dom F.

Since Y (u) # 0 and f(u) € IR, we have {u} x Y(u) C domF. Hence, we can
take v € Y(u) and set x = u and y = 0 in the above display to conclude that
F(u,v +td) < F(u,v) for all t > 0. This further implies that v + td € Y (u) for all
t > 0, which contradicts the compactness of Y (). Thus, for any ¢y € X and € IR,
the set {(z,y) : * € B(xo,1) and F(z,y) < 8} is bounded. Using Lemma 2.1(i), we
see that (i) holds.

Next, we prove (ii). To this end, fix any v € domdf and v € Y (u). Note
that the function f is convex as inf-projection of the convex function F'; see [100,
Proposition 2.22(a)]. Now, for the proper convex function f, we have from the

definition that f*(w) = sup,{{w,z) — f(x)} = sup, ,{{w,z) — F(z,y)} = F*(w,0)
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for any w € X. Taking a w € df(u) and using (2.1), we see further that for any
v e Y(u),
F(u,v) + F*(w,0) = f(u) + f*(w) = (u, w),

where the equality F(u,v) = f(u) holds because v € Y (u). In view of (2.1), the
above relation further implies that (w,0) € OF (u,v). This proves (ii).

Now, suppose in addition that Z € dom df, o € [0, 1) and the function F' satisfies
the KL property with exponent « at every point in {Z} x Y (Z). Recall that we have
shown that F is level-bounded in y locally uniformly in x in the proof of item (i) and
we have {Z} x Y (z) C dom OF from item (ii). The conclusion (iii) now follows by

applying Theorem 3.4. O]

Remark 3.4. In addition to the inf-projection, another closely related operation,
which appears frequently in optimization, would be taking the supremum over a family
of functions. However, we would like to point out that, as opposed to the inf-projection,
the supremum operation may not preserve KL exponents. For example, consider
F :R? = IR defined by F = max{f1, fo} with fi(z) = 2% and fo(x) = (2, +1)?+22-1.
Clearly, f1 and fy are both quadratic and are KL functions with exponent % On the
other hand, it was shown in [63, Page 1617] that F' has an optimal solution at (0,0)
and the KL exponent of F' at (0,0) is % and cannot be % It would be of interest to
see, under what additional conditions, the supremum operation can preserve the KL

exponents. This could be one interesting future research direction.

3.3.1 Optimization models that can be represented as inf-
projections

Inf-projection is ubiquitous in optimization. In this section, we present some commonly
encountered models that can be written as inf-projections. This includes a large

class of semidefinite-programming-representable (SDP-representable) functions, rank
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constrained least squares problems, and Bregman envelopes. These are important
convex and nonconvex models whose explicit KL exponents were out of reach in
previous studies. In Sections 3.4 and 3.5, we will study their KL. exponents based on

their inf-projection representations, Theorem 3.4 and Corollary 3.4.
Convex models that can be written as inf-projections

(i) SDP-representable functions Following [58, Eq. (1.3)], we say that a func-
tion f : R" — IR U {oo}, is semidefinite-programming-representable (SDP-
representable) if its epigraph can be expressed as the feasible region of some
SDP problems, i.e.,

n N
epi f = {(x,t) eR"xIR: JueRY s.t. Aoo—i-Agt—i-Z Aixi—kz Bju; = 0}
- "~ (3.23)
for some {An, Ao, A1,...,Ap, B1,...,By} € 8% d > 1and N > 1. These
functions arise in various applications and include important examples such as
least squares loss functions, ¢; norm, and nuclear norm, etc; see, for example, [16,
Section 4.2] for more discussions. Using the symmetric matrices in (3.23), we
define a linear map A : S¢ — R" V! as

AW) = [(A, W) -+ (Ag, W) (B, W) -+ (By, W) (Ag, W)]" . (3.24)

Then it is routine to show that A* : R"™™ ™! — S? is given by A*(z,u,t) =
Aot + >0 Ay + Z;VZI Bju;j for (z,u,t) € R" x RY x IR. Now, if we define
F(z,u,t) :=t+dp(x,u,t) with © = {(x,u,t): Ay + A" (x,u,t) > 0},

(3.25)
then it holds that f(z) = inf,; F'(z,u,t) for all x € IR". We will show in Theo-
rem 3.5 (using Corollary 3.4) that a proper closed SDP-representable function
has KL property with exponent % at points satisfying suitable assumptions on
the SDP representation of F' in (3.25).
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(ii) Sum of LMI-representable functions We say that a function A : IR" —
IR U {o0}, is LMI-representable (see [58, Eq. (1.1)]) if there exist symmetric

matrices Ao, A;, j =0,...,n, such that

epih = {(m,t) cR"xIR: Ay —l—Zijj + Apt = 0} .
j=1
It is clear that LMI-representable functions form a special class of SDP-
representable functions. Many commonly used functions are LMI-representable
such as the least squares loss function, the ¢y, /5, ., norm functions, the indi-
cator functions of their corresponding norm balls, and the indicator function of

the matrix operator norm ball, etc.

Let f =", f; be the sum of m proper closed LMI-representable functions. In
Theorem 3.6, we show that f has KL property with exponent % at points under
suitable assumptions. Different from Theorem 3.5, which imposes the “strict
complementarity condition” on the corresponding F' in (3.25), Theorem 3.6
directly imposes such kind of condition on the original function f. Explicit
optimization models which can be written as sum of LMI-representable functions
include (non-overlapping) group Lasso and group fused Lasso, and are discussed

in Example 3.1.

(iii) Sum of LMI-representable functions and the nuclear norm In various
applications, the nuclear norm has been used for inducing low rank of solutions;
see, for example, [98] for more discussions. Noticing that the nuclear norm
is a special SDP-representable function, we further consider the sum of LMI-

representable functions and the nuclear norm:

p

FX) =) filX) + X (3.26)

k=1
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where X € R™", || X||. denotes the nuclear norm of X (the sum of all
singular values of X) and each f; : R™" — IR U {oo} is a proper closed

LMI-representable function. Define a function F': "™ — IR U {co} by
¢ 1
F(Z):=) fu(X)+ §(tr(U) +tr(V) + g (2); (3.27)
k=1

here, we partition the matrix variable Z € 8" as follows:

U X
where U € 8™, V € §" and X € R™*". Then one can show that f(X) =
infy v F(Z); see (3.62) below. In Theorem 3.7, we will show that f in (3.26)
satisfies KL property with exponent % at points X such that 0 € ridf(X),

under mild conditions. Explicit optimization models of the form (3.26) are

introduced in Remark 3.7.

(iv) Convex models with C?-cone reducible structure SDP representable func-
tions are all semi-algebraic. As an attempt to go beyond semi-algebraicity,
we analyze functions involving C?-cone reducible structure. Specifically, we

consider the following function f: X — IR U {o0}:

f(@) = U(Az) + (v, 2) + 7(2), (3.29)

where v is a closed gauge® whose polar gauge? is C?-cone reducible, the function
¢ :Y — IR is strongly convex on any compact convex set and has locally
Lipschitz gradient, A : X — Y is a linear map, and v € X.

Notice that f(z) = inf; F(z,t), where

F(z,t) == l(Azx) + (v, z) + t + dp(z, 1), (3.30)

3 A gauge is a nonnegative positively homogeneous convex function that vanishes at the origin.

4 See [55, Proposition 2.1(iii)].

50



with ® = {(z,t) € X xR : y(z) < t}. In Section 3.4.4, we will deduce that f in
(3.29) has KL property with exponent % at points satisfying assumptions involv-
ing relative interior of some subdifferential sets; see Corollary 3.5. Optimization

models in the form of (3.29) are presented in Example 3.2.
Nonconvex optimization models that can be written as inf-projections

(i) Difference-of-convex functions We consider difference-of-convex (DC) func-
tions of the following form:

f(x) = Pi(x) — Py(Ax), (3.31)

where P; : X — IR U {00} is a proper closed convex function, P, : Y — R is a
continuous convex function and A : X — Y is a linear map. These functions
arise in many contemporary applications including compressed sensing; see, for
example, [2,112,119,123] and references therein. In the literature, the following
function is a typically used majorant for designing and analyzing algorithms for
minimizing DC functions. It is obtained from (3.31) by majorizing the concave

function — P; using the Fenchel conjugate Py of P:

F,y) = Pi(z) — (Az,y) + Py (y)- (3.32)

Note that f(z) = inf, F'(z,y) thanks to the definition of Fenchel conjugate
and [99, Theorem 12.2]. In Theorem 3.9, we will deduce the KL exponent of f
in (3.31) from that of F in (3.32).

(ii) Bregman envelope The Bregman envelope of a proper closed function f : X —

IR U {0}, is defined in [15] as follows:

Fo(a) i= inf{f(y) + Boly, )} (339

where ¢ : X — IR is a differentiable convex function and
By(y, ) = ¢(y) — ¢(x) — (Vo(x),y — ) (3.34)
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is the Bregman distance. Note that Fy is an inf-projection by definition. In
Section 3.5.2, we will show that if ¢ satisfies Assumption 3.1 and f is a KL
function with exponent a € (0, 1] and satisfies inf f > —oo, then F}, in (3.33) is
also a KL function with exponent a € (0, 1]. As we shall see in Remark 3.9, the
F4 with ¢ satisfying Assumption 3.1 covers the widely studied Moreau envelope
(see, for example, [100, Section 1G]) and the recently proposed forward-backward

envelope [104].

(iii) Least squares loss function with rank constraint Consider the following

least squares loss function with rank constraint:

1
f(X) = §HAX - b”2 + 5rank(~)§k<X)7 (335)

where X € R"™", A : R™" — IR? is a linear map, b € IR? and k is an
integer between 1 and min{m,n} — 1. The model above is considered in many
applications such as principal components analysis (PCA); see [113] for more

details. Notice that f in (3.35) is an inf-projection in the following form:
1
f(X) = inf {§||AX — b + 85(X, U)}, (3.36)
where

D= {(X,U) e R™" x R™ M=k . gTX =0 and UTU = m—kJs

and I, is the identity matrix of size m — k. In Section 3.5.3, we first establish
an auxiliary KL calculus rule concerning Lagrangian in Theorem 3.1. Then,
using this result together with Theorem 3.4, we give an explicit KL exponent

(dependent on n, m and k) of f in (3.35) in Theorem 3.11.
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3.4 KL exponents via inf-projection for some con-
vex models

3.4.1 Convex models with SDP-representable structure

In this section, we explore the KL exponent of SDP-representable functions introduced
in Section 3.3.1(i). More specifically, we will deduce the KL exponent of a proper
closed function f with its epigraph represented as in (3.23), under suitable conditions
on F'in (3.25). To this end, we collect the u components in © in (3.25) for each fixed

x € dom df and define the following set:

9, ={ueR": (z,u, f(z)) €D}. (3.37)

Roughly speaking, these are extra variables that correspond to the “z-slice” in the
“lifted” SDP representation. As we shall see in the proof of Theorem 3.6, when f is

the sum of LMI-representable functions (which is SDP-representable), one can have

We begin with three auxiliary lemmas. The first one relates the KL exponent of

f, whose epigraph is represented as in (3.23), to that of F' in (3.25).

Lemma 3.1. Let f: R" - R U{oo} be a proper closed SDP-representable function
with its epigraph represented as in (3.23). Then the function F defined in (3.25) is
proper, closed and convex.

Next, suppose in addition that T € domdf, a € [0,1), and that the following

conditions hold:
(i) The set Dz defined as in (3.37) is nonempty and compact.

(ii) The function F defined in (3.25) satisfies the KL property with exponent o at

every point in {T} x Dz x {f(z)}.

Then f satisfies the KL property at & with exponent c.
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Proof. Observe from the definition that

f(x) =inf F(z,u,t).

u,t

First, note that @ =# () because f is proper. Since D is clearly closed and convex, we
conclude that F'is proper, closed and convex. We will now check the conditions in
Corollary 3.4 and apply the corollary to deduce the KL property of f from that of F'.

To this end, by assumption, we see that F’ satisfies the KL property with exponent
aon {7} x Dz x {f(7)} = {7} x Argmin,, F'(Z,u,t) and that Dz is nonempty and
compact. The desired conclusion now follows from a direct application of Corollary 3.4.

This completes the proof. O

The second lemma relates the KL exponent of F' in (3.25) to that of another
SDP-representable function with carefully constructed matrices involved in its repre-

sentation.

Lemma 3.2. Let f be a proper closed function and x € dom f. Suppose that f is
SDP-representable with its epigraph represented as in (3.23), and that there exists
(x®,u®, %) such that Ago+ A*(2°,u®,t°) > 0, where Ago and A are given in (3.23) and
(3.24) respectively. Let F be defined as in (3.25) and Dz be defined as in (3.37).° Let

u € Oz and suppose that 0 € OF (Z,u, f(Z)). Then the following statements hold:

(i) It holds that Ay # 0. Moreover, the set span{Ay,..., A,, By,..., By, Ao} has

an orthogonal basis {ﬁo, o ,ﬁp}, where p > 0 and Ao £ 0, such that
[al .. Ap b1 bN a():| = [ﬁlﬁp a()] U

for some U € RWTV>XCHEND having full row rank and the entries of the (p+1)™
row of U are 0 except for Upi1nint1 = 1; here, a;, b; and @, € RY are the

columnwise vectorization of the matrices A;, B; and Ay, respectively.

® Notice that F is proper and closed thanks to the existence of the Slater point (2%, u®,t*).
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(ii) Define Fy : RP*t — IR U {oo} by

p
Fi(z,t) =t + 0, (2, t) with D, = {(z,t) A+ Aot + > Az, = 0} :
w=1

(3.38)

where p > 0 and {A\(), . ,Ep} is the orthogonal basis constructed in (1).6 Suppose
that U(z,u, f(z)) € domOF, and F satisfies the KL property at U(z,u, f(x))
with exponent a € [0,1), where U is the same as in (1).” Then F satisfies the

KL property at (z,u, f(Z)) with exponent c.

Proof. Since 0 € OF (z,u, f(Z)), we have in view of [100, Exercise 8.8] that
Ontn+1 € (0n,On, 1) + No(Z, w, f(Z)), (3.39)

where ® is defined as in (3.25), and 0 is the zero vector of dimension k. Next, since
do(x,u,t) = [581_1400 o A*|(z,u,t) and we have A*(z®, u®,t*) = —Agy by assumption,
using [99, Theorem 23.9], we deduce that

No (., £ () = 0]85s _agy A | (&1, f(2)) = ANy gy (A* (2,0, f(2)).

This together with (3.39) implies that there exists Y € Nsi_ag, (A*(z,u, f(z))) such

that

(A, Y)=---=(A,Y)=(B,Y)=---=(Bn,Y) =0 but (4y,Y)=—1;
in particular, Ay & span{Ay,..., A,, By,..., By} and hence Aq # 0.

If span{Ay,...,An, By,...,By} = {0}, then A, = B; =0fori=1,...,n and
j=1,...,N. In this case, set Ay = Ay. We see that {A\o} is an orthogonal set and

we have

[a1 anbl bNao] 250[0£+N ].],

6 Note that F; is proper and closed thanks to the existence of the Slater point (z*,u®,t*).

" Here and henceforth, U(z,u, f(z)) is a short-hand notation for the matrix vector product

U[ ; }
e
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where 0,4 is the zero vector of dimension n + N. Thus, the conclusion in (i) holds
in this case.

Otherwise, span {Ay,..., Ay, By,..., By} # {0} and we let {A;,...,A,} be a
maximal linearly independent subset of {A;,..., A,, By,..., By}. Then there exists
M, € RPN with full row rank such that a; ... a, by ... by]=[a; ... a,] My,
where a; € R is the columnwise vectorization of A;. Thus

M, 0}

)1 (3.40)

[a1 anbl bNao]:[E_ll épao]{

Using Gram-Schmidt process followed by a suitable scaling to {Ay, ..., A,, Ay}, there
exists an invertible upper triangle matrix Uy € R®™*PH) with the (Uy)p11,p01 = 1

and an orthogonal basis {A\l, . ,A\p, 121\0} of span{A;, ..., A,, Ay} such that
[511 ép ao] = [ﬁl ﬁp ao} U(),

where @, is the columnwise vectorization of A;. This together with (3.40) shows that

_ _ My 0 ~ ~ -
[al ...a, by ... by ao] =[a; ... a, ag [ OO 1] = [al ... A, ao} U,
My 0O . th
where U := U 0 1 has full row rank and the entries of the (p + 1)™ row of U

are 0 except for U,41n4n41 = 1. This proves (i).

Now, using the definition of Fj in (3.38), we have F(z,u,t) = Fy(U(z,u,t)).
Since U is surjective and the KL exponent of F} is o at U(Z, u, f(Z)), using a similar
argument as in [75, Theorem 3.2], the KL exponent of F' at (z,u, f(Z)) equals a.

This completes the proof. O

Finally, we rewrite Fy in (3.38) suitably as a function on 8¢ that satisfies a
certain “strict complementarity” condition so that Lemma 2.3 can be readily applied

to deducing the KL exponent of F; explicitly.
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Lemma 3.3. Let f be a proper closed function and * € dom f. Suppose in addition
that f is SDP-representable with its epigraph represented as in (3.23). Let F' be
defined as in (3.25), Dz be defined as in (3.37), and u € Dz. Suppose that the

following conditions hold:

(i) (Slater’s condition) There exists (x°,u®,t°) such that Aoy + A*(2°,u®,t%) > 0,

where Ay and A are given in (3.23) and (3.24) respectively.®

(ii) (Strict complementarity) It holds that 0 € riOF (z,u, f(Z)).

Let Fy be defined as in (3.38). Then U(z,u, f(Z)) € dom OF, and Fy satisfies the KL

1

property at U(Z,u, f(Z)) with exponent 5, where U is given in Lemma 3.2(3).

Proof. Define A : 8¢ — RF™! by

AWy = [(A W) (A, W) (Ao )]

where {A\U, o ,Ep} is given by Lemma 3.2(i). Since {Eo, . ,A\p} is orthogonal, we
see that A is surjective and A* : RP* — 87 with A*(z,t) := Aot + P Az is

injective. Also, for any (z,t) € IRP*!, by orthogonality,
[E— — ~ p —~ ~ A~ ~
AL (z,1) = A (Aot + Zszw> = (A2, 1A 32 Ao 22
w=1

Choose a basis {H;, Hs, ..., H,} of ker A and define a linear map H : S¢ — IR’
by?
H(OW) i= [(Hy, W) - (H, W) (3.41)

Define a proper closed function F : S — IR U {oc} by

Fo(X) = || Ao||72(Ag, X) + 00, (X) with Dy := {X € ST : HX =HAp}. (342)

8 Note that this condition implies that both F in (3.25) and F; in (3.38) are proper and closed.

9 In the case when ker A = {0} so that the basis is empty (i.e., 7 = 0), we define H to be the
unique linear map that maps S onto the zero vector space.
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Thanks to the identity (ker A)* = Range (A*) and the fact that HX = HAg if and
only if X — Agy € (ker A)*, we have the following relations concerning D, and the

D, defined in (3.38):

(Z,t) €D = Aoo + A*(Z,t) € @2,
B (3.43)
X € Dy = J unique (z,t) s.t. Ago + A*(2,t) = X, and (z,t) € Dy,

where the second implication also makes use of the injectivity of A*. We then deduce

further that for any (z,t) € IRP*?,

Fy(Ago + A"(2,1)) = [[ Ao[|7* (Ao, Aoo)
= (A (1 4]17240) s (2,) + 02, (Auo + A*(2,1)) (3.44)
=t + bp,(Aoo + A*(2,1)) = Fi(z,t),

where the last equality follows from (3.43).

Next, let U be as in Lemma 3.2(i). Since the entries in the (p + 1) row of U are

0 except for Upy1,ine1 = 1, there exists z € IR? such that'®

Uz, 5 1) = (2, £(2)) (3.45)
Now, define

X = Aoo + A*(z, f(f)) (346)
We claim that 0 € ri 9F,(X). We first show that

0 €ridF(z, f(2)). (3.47)

In fact, using [99, Theorem 23.9] (note that U(z®, u®,t°) € int ©; thanks to assumption

(i) together with the assumption (ii), we have

0 € ridF(z,u, f(z)) =1i [UTOF (U(z,4, f(z)))] = U'tioF, (U(z,a, f(2))),

10 Recall that p > 0. When p = 0, we interpret z as a null vector so that U(Z, 4, f(7)) = f(Z).
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where the second equality follows from [99, Theorem 6.6]. Since U has full row rank
and thus U7 is injective, recalling the definition of z in (3.45), we deduce further that
(3.47) holds. Now, using this and [100, Exercise 8.8|, we have

0erioFi(z, f(z)) = (0,...,0,1) +1i No,(Z, f(T)). (3.48)

p entries
Now, notice that dp,(z,t) = [551_,400 o A*] (z,t) and

Dy > X% = Agg + A* (2%, 1) = Ago + A*(2°,u®, %) = 0 (3.49)
with (2°,t°) = U(z*®,u®,t*), where the inclusion holds thanks to (3.43). Using these
and [99, Theorem 23.9], we see that

ri N, (2, (7)) =110 [5siono ° A*} (2. f(#)) = 1i ANgs (X) = Ari Nga (X),
where the last equality follows from [99, Theorem 6.6]. This together with (3.48)

implies that there exists Y € ri Nga (X) such that
+
(A1, Y)=---= (A, Y)=0and (4, Y) = —1. (3.50)

The second relation in (3.50) gives (A, Y 4| Al 72 A0) = (Ag, Y)+1 = 0. In addition,
in view of the first relation in (3.50) and the orthogonality of {Ao, . .. ,Xp}, we have
(A1, Y + || Aol 72 40) = (A;,Y) + (Ay, || Ao||72A0) = 0 for all i = 1,...,p. Thus, it

holds that ¥ + ”A\OHE2A\O € ker A. Hence, there exists w € IR” such that

1=1

with 7 and H; defined as in (3.41).)! Using (3.51) and the definition of Y, we have

further that

0=Y +|[|Ag|> Ay — > Hiw: € 1i Ngg (X) + [|Ao|| > Ay + Range H*.  (3.52)

=1

11 I the case when ker A = {0} (i.e., r = 0), we have Y + ||21\0||;221\0 = 0. In this case, we interpret
w as a null vector.
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On the other hand, using the definition of F3 in (3.42), we have

11 0F(X) = | Aol A0 +1i909,(X) = | Aollz* Ao +1i (N1 a0y (X) + Nsg (X))
= [| Aol > Ao + i Nyy-1a0003 (X) + 11 Noa (X) = [| Ao|| 5> Ao + Range H* + 1i Ny (X),

where the second equality follows from [99, Theorem 23.8] and (3.49), and the third

equality follows from [99, Corollary 6.6.2]. This together with (3.52) shows
0 € 1i 0F(X). (3.53)

In view of (3.49) and (3.53), we can now apply Lemma 2.3 and deduce that, for a

given compact neighborhood 4 of X, there exists ¢ > 0 such that for any X € 4ND,,

dist (X, Arg min Fy) < ¢ (Fy(X) — Fy(X))? . (3.54)

Thus, fix an € > 0 so that Ay + A*(2,t) € U whenever (z,t) € B((z, (7)), €); such
an € exists thanks to the definitions of z in (3.45) and X in (3.46). Now, consider any
(z,t) satisfying (z,t) € B((z, f(Z)),e) and Fi(Z, f(Z)) < Fi(z,t) < Fi(Z, f(T)) + €.
Then (z,t) € dom Fy, which means Ay + A*(2,t) € D4 according to (3.43). Hence,

using (3.54), we have
(a) _ _
dist 2((z,t), Argmin F}) < [[(2,t) — (%, t9)|]* < 1 HA*(Z,t) — A*(z*,t*)H?

= ¢1||Agg + A*(2,1) — X*||% = eidist 2(Ago + A*(2,t), Arg min F5)

< oy (Fo(A + A (2,1)) — Fo(X)) © ey (Fi(z,t) — Fi(Z, f(2))),

where X* denotes the projection of Agy + A*(2,t) on Argmin Fy and (2*,t*) is the
corresponding element in Arg min F such that X* = Ay +.A*(z*, t*) (the existence of
(2*,t*) follows from (3.43) and (3.44)), (a) holds for some ¢; > 0 because A* is injective,
and (b) follows from (3.44). Combining this with [22, Theorem 5], we conclude that

F) satisfies the KL property with exponent 3 at (z, f(2)) = U(z, @, f(Z)). O

We are now ready to state and prove our main result in this section.
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Theorem 3.5 (KL exponent of SDP-representable functions). Let f be a
proper closed function and T € domdf. Suppose in addition that f is SDP-
representable with its epigraph represented as in (3.23) and that the following condi-

tions hold:

(i) (Slater’s condition) There exists (x°,u®,t*) such that Aoy + A*(z*, u®,t%) > 0,

where Aoy and A are given in (3.23) and (3.24) respectively.
(ii) (Compactness) The set ©; defined as in (3.37) is nonempty and compact.

(iii) (Strict complementarity) It holds that 0 € riOF (Z,u, f(Z)) for all u € D,
where F is defined as in (3.25) and Dz is defined as in (3.37).12

Then f satisfies the KL property at & with exponent %

Remark 3.5. In Theorem 3.5, we require 0 € riOF (z,u, f(z)) for all uw € ©; with
Dz defined as in (3.37). This can be hard to check in practice. In Sections 3.4.2
and 3.4.3, we will impose additional assumptions on f so that this condition can be
replaced by 0 € ridf(z), which is a form of strict complementarity condition imposed

on the original function f (rather than the representation F' in the lifted space).

Proof. In view of Lemma 3.1, it suffices to show that F' satisfies the KL property

with exponent 3 at every point in {z} x ©; x {f(z)}. Fix any @ € D;. From
Lemma 3.3, we know that F} defined as in (3.38) has KL property with exponent % at
U(z,u, f(z)) € dom 0Fy, where U is given in Lemma 3.2(i). Using this together with
Lemma 3.2, we know that F' satisfies the KL property with exponent 3 at (z, 4, f(z)).

This completes the proof. O

12 We note that because of the Slater’s condition, the function F in (3.25) is proper and closed.
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We would like to point out that the third condition in Theorem 3.5 cannot be

replaced by “0 € ridf(Z)” in general. One concrete counter-example is f(z) = x*.

Indeed, for this function, the global minimizer is 0 and we have 0f(0) = {V f(0)} =
{0}, which implies that 0 € ridf(0). Moreover, this function is SDP-representable:

epif =< (z,t)e R" xR :

0
0
1 > 0 for some y
x

o ow =
OO +
< 8 OO

It is easy to check that the first two conditions of Theorem 3.5 are satisfied for
Z = 0. However, it can be directly verified that this f does not have KL property
with exponent % at 0. This concrete example suggests that the third condition in
Theorem 3.5 cannot be replaced by 0 € ridf(Z) in general.

Next, in Sections 3.4.2 and 3.4.3, we will look at special SDP-representable
functions and show that the third condition in Theorem 3.5 can indeed be replaced

by 0 € ridf(x) in those cases.

3.4.2 Sum of LMI-representable functions

In this section, we discuss how the KL exponent of the sum of finitely many proper
closed LMI-representable functions as defined in Section 3.3.1(ii) can be deduced
through Theorem 3.5. Compared with Theorem 3.5, the strict complementarity

condition in this section is now imposed directly on the original function.

Theorem 3.6 (KL exponent of sum of LMI-representable functions). Let
f=>" fi, where each f; : R™ — IRU{oo} is proper and closed. Suppose that each f;
is LMI-representable, i.c., there exist d; > 1 and matrices { Al,, Aj, A%, ... AL} C §%

such that

epi f; = {(m,t) cR" xR : A60+2A§$]’+Aétt0}.

Jj=1
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Suppose in addition that there exist v° € R" and s* € IR™ such that fori=1,... m,
n
Abg+ > Alat + Alst = 0.
j=1

If T € domOf satisfies 0 € ridf(Z), then f satisfies the KL property at T with

1
exponent 3.

Proof. We first derive an SDP representation of epi f. To this end, define

~

D= {(x,s,t): t> Zsi and s; > fi(z), Vi= 1,...,m}.
i=1

Then it holds that (x,s,t) € D if and only if

0 A(l]o + Z?:l Ajll’] + A(l)Sl : t 0
0 ce Al + D25 AT + A sm
(3.55)
Since
(x,t) €epif <— t> Zfz(x) < dse R™s.t. (x,s,1) € @, (3.56)
i=1
we see that f is SDP-representable. Moreover, if we define
F(x,s,t) :=t+d5(x,s,1), (3.57)

then it holds that f(z) = inf,; F(z,s,t) for all x € IR". We next show that f and
the I defined in (3.57) satisfy the conditions required in Theorem 3.5.

First, from the definition of * € IR" and s®* € IR™, we have

t® — Z:’il EH 0 e 0
T R ' »
0 e Al + 2?21 AT'xs + Af'sy,

63



where t* :=>""  s¢ 4+ 1. This together with (3.55) and (3.56) shows that condition
(i) in Theorem 3.5 holds.

Next, note that the set {s : (Z,s, f(Z)) € D} = {(f1(Z), ..., fm(Z))}, which is
clearly nonempty and compact. In view of this and (3.57), we conclude that condition
(ii) in Theorem 3.5 is satisfied.

Finally, we look at the strict complementarity condition, i.e., condition (iii) in

Theorem 3.5. Notice that the definition of z* € IR" implies

* € (") int dom f;. (3.58)

i=1

Write 5 := (f1(Z),-- -, fm(Z)) for notational simplicity. Define

Qfoz{(x,s,t): tzz(si} and €; = {(x,s,t): s; > fi(x)}, YVi=1,...,m.
i=1

Then D = Nieo €;. Moreover, using [99, Theorem 7.6], we have for i = 1,...,m that
1€ =ri{(z,s,t): gi(x,s,t) <0} ={(z,s,t) €ridomg; : g;(z,s,t) <0}

={(x,s,t) eridom f; x R™ x R : g;(x,s,t) <0},

where g;(z,s,t) = fi(x) — s; for each i. This together with (3.58) shows that
Nitori€; # 0. Using this, [99, Theorem 23.8] and the definition of F' in (3.57), we

have
OF (2,5, f(%)) = Onim, 1) + Y Ne,(7, 5, £ (7)), (3.59)
i=0
where 0, is the zero vector of dimension p, and recall that s = (f1(z), -, fi(Z)).

We claim that 0 € ri0F(z, 5, f(Z)). To this end, note first that the assumption
0 €ridf(x) and (3.58) together with [99, Theorem 23.8] imply that z € (), dom Jf;.
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Hence, we have from [99, Theorem 23.7] that for each i = 1,... ,m,

Ne,(z,8, f(z)) = cl [coneDg;(z, 8, f(Z))] = clU (NOfi(2),0;-1, =i, Oy 1—4)

A;>0
(3.60)
where the second equality follows from [100, Proposition 10.5] and cone B denotes

the convex conical hull of 8. Similarly, we also have

Neo(7,5, £(2)) =l | (0n, Ao L, —No) (3.61)

A0>0

where 1, is the m-dimensional vector of all ones. Using (3.59), (3.60) and (3.61), we

have

HOF(Z,5, £(7) 2 (0nim, 1 +inNm5 f(2))

=0
: n—l—ma +Zr1 CIU )\afz z 1 >\7,70m+1 z) +r1 CIU Ona)\O 1m7_/\ )
;>0 A0>0
;) n—l—ma + Z U )‘ Il 8f7, 7, 1 _)‘ia Om—l—l—i) + U (Ona )\0 : 1m7 _)\O>
i=1 X\;>0 Ao>0

where (a) follows from (3.59) and [99, Corollary 6.6.2], (b) follows from (3.60) and
(3.61), and (c) follows from [99, Theorem 6.3] and [99, Corollary 6.8.1]. This together
with 0 € 110f(Z) yields

€ (ridf(z),0m,0) = (0,01, 1) + (ri0f (Z), =11, 0) + (Op, 11, —1)

= (04, 0y, 1) (Znafz m) (Op, L, —1) C1idF (2, 5, f(Z)),

where the second equality follows from [99, Theorem 23.8] and [99, Corollary 6.6.2],
thanks to (3.58). Thus, condition (iii) in Theorem 3.5 is also satisfied. The desired

conclusion now follows from Theorem 3.5. ]
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Example 3.1. Note that {1-norm, {s-norm, convex quadratic functions and indicator
functions of second-order cones are all LMI-representable. Using these, we can infer
from Theorem 3.6 that the following functions f satisfy the KL property with exponent
1 at any T that verifies 0 € ri0f (7):

2

(i) Group Lasso with overlapping blocks of variables:
1 s o
fl@) = 5llAz = b]" + > willzg|,
i=1

where b € R, A e RP", J, C{1,...,n} with J;_, Ji ={1,...,n}, x,, is the
subvector of x indexed by J;, and w; > 0,1 =1,...,s. We emphasize here that

J; N J; can be nonempty when i # j.

(ii) Least squares with products of second-order cone constraints:

1
flz) = §||A$ — b|I* + orpe_, soc, (),

where b € RP, A € RP", © = (x1,...,x,) € [[[_;R™ with z; € R™, i =

1,...,s, and SOC,, is the second-order cone in R™.

(iii) Group fused Lasso [3]:

1 S S
f@) =l Az = bl + > willwall + Y villws, — 2,
i=1 =2

where b € RP, A € RP*™ with n = rs for some r € N, J; is an equi-partition of
{1,...,n} in the sense that \J;._, J; = {1,...,n}, iNnJ; =0 and |J;| = |J;] =r

foriv# g, w;, v; >0,i=1,... s.

3.4.3 Sum of LMI-representable functions and the nuclear
norm
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In this section, we apply Theorem 3.6 and Corollary 3.4 to derive the KL exponent of
the function in (3.26) under suitable assumptions. It is known (see, for example [98])

that the nuclear norm can be expressed as

L. U X m n
HXH*—i%Jr}é{tr(U)—i—tr(V). {XT V} =0, Ues8"VeS } (3.62)

for any X € R™*". This fact plays an important role for our analysis later on, and
shows that the nuclear norm is an SDP representable function. To the best of our
knowledge, it is not known that whether the nuclear norm is LMI representable. Our
analysis is an attempt to generalize our results on the sum of LMI representable
functions (with strict complementarity assumption on the original function) to a large
subclass of SDP representable functions that arises in many important areas such as

matrix completion [98].

Theorem 3.7 (KL exponent of sum of LMI-representable functions and
the nuclear norm). Let f be defined as in (3.26) and let symmetric matrices Af,,

Af Ak i=1,....mand j=1,...,n, be such that

157

epi fr, = {(X,t) : A’go—l—ZZAijiijAlgt - O}.

i=1 j=1

Suppose in addition that there exist X* € R™" and s* € R? such that for k =

1,...,p,

Afg+ D> T AEXS + Afs; - 0.
i=1 j=1

If X € domdf satisfies 0 € 1i0f(X), then f satisfies the KL property at X with

1
exponent 5.

Remark 3.6. Similar to Theorem 3.6, the “ri-condition” here is also imposed on f
itself, while such a condition is imposed on the F in (3.25) in Theorem 3.5.
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Proof. Let F be defined as in (3.27) with the matrix variable Z € S"™™ partitioned

as in (3.28). Then f(X) = infyy F(Z), thanks to (3.62). Let r = rank(X) and

> X, 0

X =[P R [ 0+ 0] Q4 QO]T: P+E+Q£>
be a singular value decomposition of X, where ¥, € IR"*" is a diagonal matrix
whose diagonal entries are the r positive singular values of X, [P, Fy] is orthogonal
with P, € R™" and Py € R™ ™" [Q, Qo] is orthogonal with Q. € IR™" and
Qo € R™ ™) Define!'

7. {P+E+Pf X }
X7 Q434 Q%

Then Z = 0. Now, using [99, Theorem 23.8], the definition of F and [99, Corol-

lary 6.6.2], we have
'(9FZ—1[mA Y :Aerio (X) and Y € 1i Ngnn(Z)
ridF(Z) = AT I + €ri ka an € 1i Ngmn :
(3.63)

Next, since 0 € ridf(X) and the nuclear norm is continuous, we see from [99,

Theorem 23.8] and [99, Corollary 6.6.2] that

0€ridf(X)=rid (Z fk) ) +1i9)| X |- (3.64)

Moreover, recall from [118, Example 2] and [99, Corollary 7.6.1] that

: \ [ m—r n— 7"

ol %1 = {1p Pl [ |1 Q" w e R < 1, 09
where ||W ||z is the operator norm of W, that is, the largest singular value of WW.

Combining (3.64) and (3.65), we conclude that there exist C € rid (>_7_, fx)(X) and

13 When r = 07 we set Z =0c Sm,-&-n.
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Wy with [[Wp]|2 < 1 such that

I, 0

0:C+[P+P0]|:0 WO

} Q1 Qo]" = C + PWoQ¢ + PLQ". (3.66)

On the other hand, using the definition of Z and a direct computation, we have

2%, 0 0 0 .
_ | &P B0 5Py 0 00 0| |mPr o 0 5P
0 Q Q[0 00 0f |50 0 @ 50
>
(3.67)

Note that PTP = PPT= I,,,,, meaning that (3.67) is an eigenvalue decomposition

of Z. Thus, we can compute that

. 7\ e __om+4n =3 L ) 0 0 ST
r1N53rn+n(Z)—r1 [( SrMyn{Zz} } —P[O —intSTJr"T} P
1 1 00 0 07 [BPT #QF

5 \{—§P+ PO 0 T%P-&— 0 _FImT_T §1W0 0 P(’)T OT

7§Q+ 0 Qo —7§Q+ 0 W —5lhr 0 . 0 T 70

0 0 0 -] [LPr —Lot
1=, -C
2 [-CT —I,|’

where the inclusion holds because ||[IWy||2 < 1, and the last equality follows from (3.66)
and a direct computation. This together with (3.63) and the definition of C' implies
that 0 € 1i9F(Z). Moreover, one can see that F is the sum of p + 1 proper closed
LMI-representable functions and the Slater’s condition required in Theorem 3.6 holds.
Thus, we conclude from Theorem 3.6 that F' in (3.27) has KL property at Z with
exponent 3.

Finally, recall that for the F' defined in (3.27), we have

i F(2) = 100 and Avgmin (| &7 3] ) = (PP Qs )

14 When r = 0, this set is {(0,0)} and Z = 0.
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These together with Corollary 3.4 and the fact that the KL exponent of F at Z is %

shows that f satisfies the KL property at X with exponent % n

Remark 3.7. In [129, Proposition 12/, it was shown that if £ : IRP — R is strongly
convex on any compact convex set with locally Lipschitz gradient and A : R™*" — IR?

s a linear map, then the function
f(X) = l(AX) + [| Xl

satisfies the KL property with exponent % at any X that verifies 0 € ridf(X).
In particular, the loss function X +— ((AX) is smooth. The more general case
where the nuclear norm is replaced by a general spectral function was considered
in [48, Theorem 3.12], and a sufficient condition involving the relative interior
of the subdifferential of the conjugate of the spectral function was proposed in
[438, Proposition 3.13], which, in general, is different from the regularity condition
0cridf(X).

On the other hand, using our Theorem 3.7, we can deduce the KL exponent of
functions in the form of (3.26) at points X satisfying the condition 0 € 1idf(X),
but with a different set of conditions on the loss function. For instance, one can
prove using Theorem 3.7 that the following functions f satisfy the KL property with

exponent % at a point X wverifying 0 € ridf(X):

(i) f(X) = 3IIAX = 0l1> + u 32, ; | Xy + v X]|., where p > 0 and v > 0, b € IR?

and A : IR™" — IR is a linear map.

(i) f(X) = [[AX = bl + p >, ; | Xis| + V|| X]|., where p >0 and v >0, b € R” and

A:R™" — IRP is a linear map.

In view of [43, Theorem 3.12], it would be of interest to extend Theorem 3.7 to

cover more general spectral functions. However, since our analysis in this subsection
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1s based on LMI or SDP representability, it is not clear how this can be achieved at

this moment. This would be a potential important future research direction.

Remark 3.8 (Discussion of the relative interior conditions). In Theorems 3.5,
3.6 and 3.7, the conclusions of KL exponent being 1/2 were derived under relative
interior conditions. If these relative interior conditions were dropped, then the
corresponding conclusions could fail, in general. For example, in [129, equation (53)],
the authors provided an ezample of f(X) == fi(X)+| X|. for X € R¥?, where f, is a
convez quadratic function on IR**%, and showed that 0 ¢ 118 f(X) for some X € R**?
and the first-order error bound is not satisfied at X. Recalling [22, Theorem 5]
and [49, Corollary 3.6/, this means that f cannot have a KL exponent of% at X.
We also would like to point out that, when the relative interior condition fails,
one can follow the approach in Section 3.4.1 and the general error bound result for
ill-posed semidefinite programs [50, 106] to derive a KL exponent that depends on the
degree of singularity of a certain semidefinite system in the lifted representation. In

general, this KL exponent will approach 1 quickly as the dimension grows, which can

be of less interest. For simplicity, we do not discuss this in detail.

3.4.4 Convex models with C?-cone reducible structure

In this section, we explore the KL exponent of functions that involve C2-cone reducible
structures. Our first theorem concerns the sum of the support function of a C?-
cone reducible closed convex set and a specially structured smooth convex function.
In the theorem, we will also make use of the so-called bounded linear regularity
condition [13, Definition 5.6]. Recall that {©D;, D5} is said to be boundedly linearly
regular at £ € ®; N D, if for any bounded neighborhood 4 of Z, there exists ¢ > 0

such that

dist (z, D1 N Dy) < c[dist (z,D1) + dist (z,D7)] for all x € L.
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It is known that if ©; and @ are both polyhedral, then {91, ®5} is boundedly linearly
regular at any Z € ©; N Dy; moreover, if D, is polyhedral and ©; Nri Dy # B, then

{D1,9D5} is also boundedly linearly regular at any = € ©; N Ds; see [14, Corollary 3].

Theorem 3.8 (Composite convex models with C?-cone reducible structure).
Let 0 : Y — IR be a function that is strongly convex on any compact convex set and
has locally Lipschitz gradient, A : X — Y be a linear map, and v € X. Consider the
function

h(z) = l(Azx) + (v, z) + 09 (2)

with ® being a nonempty C*-cone reducible closed conver set. Suppose 0 € Oh(ZT).
Then, one has

T € No(—A"VI(AZ) —v).

If we assume in addition that {A~{ Az}, No(—A*VL(AZ)—v)} is boundedly linearly

reqular at T, then h satisfies the KL property at T with exponent %

Proof. Since 0 € 0Oh(z), we see from [100, Exercise 8.8] that
W= —A*VIUAZ) — v € 0oo(T) = 055(7) = (00p) *(Z),

where the last equality follows from [100, Proposition 11.3]. This implies & € ddp(w) =
Np(w).

We now assume in addition the bounded linear regularity condition and prove the
alleged KL property. First, since ® is a C?-cone reducible closed convex set, there
exists p > 0 and a mapping © : X — V which is twice continuously differentiable
on B(w, p) and a closed convex pointed cone K C V such that ©(w) = 0, DO(w) is
onto and ® N B(w, p) = {w : O(w) € K} N B(w, p).

Fix any p € (0, p) so that DO(w) is onto whenever w € B(w, p). Then, we have
from [100, Exercise 10.7] that

No(w) = DO(w)* Nk (O(w)) for all w € B(w, p). (3.68)
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Now, fix any 6 > 0. Take w € ©® N B(w,p) and © € Np(w) N B(Z,6). Then
x = DO(w)*u, for some u, € Nk(O(w)) according to (3.68). For such a u,, one can

observe that
DO(w)*u, € DO(w)* Nk (©(w)) C DO(w) K° = DO(w)* Nk (O(w)) = Np(w),

where K° is the polar of K, the set inclusion follows from the definition of normal
cone and the fact that K is a closed convex cone, the first equality holds because
O(w) = 0 and the last equality follows from (3.68). Thus, for any w € ® N B(w, p)

and z € Np(w) N B(z,0), we have

dist (2, No(w)) < [l — DO(w) s || = [[DO(w) " ug — DO(@) ua|| < Lfte[[w — ],

(3.69)
where L is the Lipschitz continuity modulus of DO over the set B(w, p), which is
finite because © is twice continuously differentiable.

Next, for each z € B(w, p), define the linear map
W(z) = (DO(2)DO(2)*) ' DO(2).

Then W is continuously differentiable on B(w, p) because © is twice continuously
differentiable on B(w, p) with surjective gradient map. Moreover, for any w €
© N B(w,p) and z € Nyp(w) N B(z,9), it follows from the definition of wu, that
W(w)](x) = u,. Let M be the Lipschitz continuity modulus of w — W(w) on
B(w, p), which is finite because W is continuously differentiable on B(w, p). Then

we have for any w € ©® N B(w, p) and x € Np(w) N B(z,J) that

[ue = uz|| = [[W(w)](z) = WV(@)](@)]
< [[W(w)l(z) = W(w)l(@)[| + [V ()] (z) = V()] (z)]]
< Mz|| [lw =l + [V (w)|[[| — ]|

< Mp(||z]| + ||z = z[|) + [W(@)]l[l= — =],
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where the last inequality follows from triangle inequality and the fact that w € B(w, p).
In particular, ||u,|| < |luz|+Mp(||Z|| +0)+ | W(w)||d =: . This together with (3.69)

implies that
Nop(w) N B(z,0) C Np(w) + kL ||w —w||B(0,1) for all w € B(w, p).

This means that the mapping w — Np(w) is calm at w with respect to T; see [47,
Page 182]. Thus, according to [47, Theorem 3H.3|, the mapping x — (Np)~*(z) is
metrically subregular at T with respect to w; see [47, Page 183] for the definition.
Noting also that 0oy = (Np)~! according to [100, Example 11.4], we then deduce
from [4, Theorem 3.3] that there exist ¢’ € (0,9) and ¢y > 0 such that

oo (2) — 09(Z) — (W, x — Z) > codist (z, (Do) (w))?* = codist (x, Np(w))? (3.70)

whenever ||z—Z|| < ¢'. We now follow a similar line of argument used in [129, Theorem

2] and [49, Theorem 4.2] to show the desired conclusion. Observe that
Argminh = {z:0 € 0h(z)}
={z: Az = A7 and — A*VI(Az) —v € (Np) '(2)}
={z: Az = A% and z € Np(—A*VI(AZ) —v)}.

Then it follows that for any bounded convex neighborhood i of z with & C B(z,d’),

there exists ¢; > 0 such that for any z € LI,
dist (z, Argmin h) = dist (2, A" {AZ} N Np(w))
(a)
< aldist (z, A {AT}) + dist (2, No(0))]

. (3.71)
< afey || Az — Az|| + dist (z, No ()]

(c) _1
<a [cl IAZ — Az|| + ;% \/oo(2) — 00(T) — (@, 2 — @] :
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here, (a) holds for some a > 0 because of the bounded linear regularity assumption,
(b) holds for some ¢; > 0 thanks to the Hoffman error bound, and (c) follows from
(3.70). Now, as / is strongly convex on compact convex sets, there exists § > 0 such

that for all z € 4, we have
Bl Az — Az|* < L(Az) — L(AZ) — (A*VI(AZ), 2 — T).

Combining this with (3.71), we have for any z € 4l that

dist (z, Argmin h) < a<01 | Az — Az|| + c;% Voo(2) —oo(Z) — (w0, 2 — :Z'>>

< (e i V/I(AR) (A7)~ (A"VI(AT), D) +cy 7\ oo(2) — 0a(@)— (@, )

Note that v/a + vb < v/2va + b for a,b > 0, and
h(z) = h(z) = ((Az) — L(AT) — (A"VEAT), 2 — T) + 09 (2) — 00(T) — (1, 2 — T).

Thus, there exists ¢ > 0 such that for all z € 4, dist (2, Argminh) < c+/h(z) — h(Z).
Combining this with [22, Theorem 5], we conclude that h satisfies the KL property

at z with exponent 1. O

As a corollary of the preceding theorem, we consider the KL exponent of a class
of gauge regularized optimization problems. Recall that a convex function v : X —
IR U {oc} is called a gauge if it is nonnegative, positively homogeneous, and vanishes at
the origin. It is clear that any norm is a gauge. In the next corollary, we make explicit
use of the gauge structure and replace the relative interior condition in Theorem 3.8
by one involving the so-called polar gauge. Recall from [55, Proposition 2.1(iii)] that
for a gauge 7, its polar can be given by 7v°(z) = sup,{(x, z) : v(z) < 1}; moreover,

polar of norms are their corresponding dual norms.
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Corollary 3.5. Let f be defined as in (3.29). Suppose that 0 € f(z) and v(z) > 0.
Then v°(—A*VU(AzZ) —v) = 1. Suppose in addition that —A*VI(Az) —v € dom 0°

and the following relative interior condition holds:

AH{Az} N (U A(rioy° (—A*VI(Az) — v))) £ (). (3.72)
A>0

Then f satisfies the KL property at T with exponent %

Proof. Since 0 € 0f(z), we see from [100, Exercise 8.8] that

W = —A"VI(AZ) — v € 0(%).

Since we have from [55, Proposition 2.1(iv)] that v* = d¢ with € = {z: 7°(x) < 1},
we conclude from (2.1) that v°(w) < 1 and v(Z) = (Z,w). Since y(z) > 0, we also

have from ~(z) = (Z, w) and [55, Proposition 2.1(iii)] that

< sup{(w, 2) : y(2) <1} =~*(w).

Thus, it holds that v°(w) = 1.
Next, suppose in addition that @ € dom d7° and (3.72) holds. Let F(x,t) be
defined as in (3.30). Observe that

F(z,t) = 0(A(x,t)) + ((v,1), (z,t)) + 00 (x, 1)

where A(z,t) := Az and ©° is the polar of ©, which is given by D° = {(z,1) :
7°(z) +t < 0} according to the proof of [99, Theorem 15.4]. From our assumption,
the set {(z,t) : v°(z) <t} is a C?-cone reducible closed convex set, which implies
that D° is also C?-cone reducible. Now, observe from [99, Theorem 23.7] that for any

(u, s) € dom0v° x IR satisfying 7°(u) + s = 0, we have

Noo(u,s) = cl (U A0 (w), 1)) ’

A>0
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which together with [99, Theorem 6.3] and [99, Corollary 6.8.1] gives

ri Noo(u, s) = U A(rioy°(u), 1).
A>0
Applying this relation with (u, s) = (w0, —y°(w)) = (w, —1) together with the relative

interior condition (3.72) shows that
(A" {AZ} x R) Nri Npo(w, —1) # 0.

In view of this and [14, Corollary 3], we obtain that {(A™{Az} x IR), Np-(w, —1)}
is boundedly linearly regular. It follows from Theorem 3.8 that F' satisfies the KL
property at (Z,7(Z)) with exponent 3. Since f(z) = inf;er F(z,t), we see from

Corollary 3.4 that f satisfies the KL property at & with exponent % m

While checking C%-cone reducibility directly using the definition can be difficult,
a sufficient condition related to standard constraint qualifications was given in [101,
Proposition 3.2].!° Specifically, let K C Y be a C?-cone reducible closed convex set
and G : X — Y be a twice continuously differentiable function. If G(z) € K and G is

nondegenerate at T in the sense that
DG()X + (Tx(G() N [ - Te(G(2)]) = Y. (3.73)

then G71(K) is a C*-cone reducible set. In particular, if gy, ..., g, are C* functions
with {Vg,;(Z) : ¢ € I(Z)} being linearly independent, where I(z) := {i: ¢;(z) = 0},
then the set {x : g;(x) <0,i=1,...,m} is C*?-cone reducible at 7.

We will now present a few concrete examples of functions to which Theorem 3.8
and Corollary 3.5 can be applied, taking advantage of the aforementioned sufficient

condition (3.73) for checking C*?-cone reducibility.

15 The quoted result is for C'-cone reducibility. However, it is apparent from the proof how to
adapt the result for C2-cone reducibility.

7



Example 3.2. Let £ : Y — R be a function that is strongly convex on any compact

convex set and has locally Lipschitz gradient, A : X — Y be a linear map, and v € X.

(i)

(i)

(Entropy-like regularization) Let X = R" and Y = IR™. Denote

> ailog(w) — (O ai)log(d> ai) ifx € R,
p(r) =5 i=1 i=1
00 else,

with the convention that 0log0 = 0. This function is proper closed conver and
arises in the study of maximum entropy optimization [100, Example 11.12]. We

claim that f(x) = ((Azx) + (v, z) + p(z) salisfies the KL property with exponent

1

5 at any stationary point . To see this, recall from [100, Example 11.12] that

p(x) = op(z), where ©® ={zxeR": g(x) <0},

and g(x) =log(d1—, €*). Then we have from Theorem 3.8 that —A*VI(AT) —
v €D. Moreover, for allx € ®, Vg(z) = (2%116%, e Z%I"e%) #0. Thus, in

view of the discussion preceding this example, ® is C*-cone reducible. Finally,

notice that for any v € ®©, the set

No(x) = L Unzo MVa(@)} - i g(a) =0,
{0} if g(x) <0,

is polyhedral, and hence, { A"*{ Az}, No(—A*VI(AT)—v)} is boundedly linearly
reqular [13, Corollary 5.26]. So, Theorem 3.8 implies that f satisfies the KL

property with exponent % at any stationary point x.

(Positive semidefinite cone constraints) Let X = S™ and Y = IR™. Using
the C?-cone reducibility of S, one can see that f(X) = ((AX)+(V, X)+6sn (X)

satisfies the KL property with exponent % at any stationary point X under the
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relative interior condition A~H{ AX} Nri (N,si(—A*Vﬁ(.AX) — V)) £ (0. We

note that this result has also been derived in [44] via a different approach.

(iii) (Schatten p-norm regularization) Let X = 8" and Y = R™. Let p €
[1,2] U {oo} and consider the following optimization model with Schatten p-

norm reqularization:

f(X) =l(AX) +(V.X) +7||X]|, forall X € S",

where || X, = (Z?:1|)\1(X)\p)’% and A\ (X) > A1 (X) > - > M(X) are

eigenvalues of X. The dual norm of || - ||, is the Schatten g-norm with %—Fé =1

Q=

where ¢ € {1} U [2,00]. Let g(A1,..., Ay) = (>i [Nil9) 7. It can be directly
verified that g is convex, symmetric and C*-cone reducible. So, || X ||, = g(A(X))
is also C*-cone reducible [43, Proposition 3.2]. Thus, from Corollary 3.5, f

satisfies the KL property with exponent % at any nonzero stationary point X

under the relative interior condition (3.72) with v(X) = || X]||,-

3.5 KL exponents via inf-projection for some non-
convex models

3.5.1 Difference-of-convex functions

In this section, we study a relationship between the KL exponents of the difference-
of-convex (DC) function f in (3.31) and the auxiliary function F' in (3.32). In [79,
Theorem 4.1], it was shown that if f in (3.31) satisfies the KL property at & € dom 0 f
with exponent % and P, has globally Lipschitz gradient, then F' in (3.32) satisfies
the KL property at (Z, VP,(AZ)) € domdF with exponent 3. Here we study the

converse implication as a corollary to Theorem 3.4.
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Theorem 3.9 (KL exponent of DC functions). Suppose that f and F are defined
in (3.31) and (3.32) respectively. If F'is a KL function with exponent a € [0,1), then

f is a KL function with exponent «.

Proof. Let x € domdf. We will show that f satisfies the KL property at z with
exponent .

Note that we have dom 0f = dom 0P, thanks to [100, Corollary 10.9] and the fact
that continuous convex functions are locally Lipschitz continuous. Hence, we actually
have 7 € dom 0P, .

Now, using [100, Exercise 8.8] and [100, Proposition 10.5], we have for any
£ € OPy(Az) that

OF (z,8) = [%];5(?)_—§§] ) [8]31(33)0_ Aﬂ . (3.74)

where the inclusion follows from the fact that 9Py = OP, * (see [100, Proposition 11.3]).
Since £ € dom 0P, we see further from (3.74) that {z} x 0P2(Az) C domOF.
Then condition (i) of Theorem 3.4 holds because one can show using (2.1) that
Argmin, F((7,y) = 0P,(AZ). On the other hand, the assumption on KL property
of F' shows that condition (ii) of Theorem 3.4 holds. Now, it remains to prove that
F is level-bounded in y locally uniformly in x before we can apply Theorem 3.4 to
establish the desired KL property.

To this end, we will show that for any z* € X and § € IR, the following set is
bounded:

{(zy): llz =2 <1, Fla,y) < B} (3.75)

Suppose to the contrary that the above set is unbounded for some z* and S. Then

there exists a sequence

{@ )} S{y): llo—2™| <1, Fa,y) < B} (3.76)
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with ||*|] — oo. Passing to a subsequence if necessary, we may assume without loss
of generality that z* — 7 for some 7 € B(z*, 1) and that lim % exists. Denote

this latter limit by d. Then ||d|| = 1. Next, using the definition of {(z*,y*)} in (3.76)

and the definition of F', we have for all sufficiently large k that
B> F(z",y*) = Pi(2") — (A2",¢*) + Py (y") = f(2¥) (3.77)

B P(aF) < TS > P;(y")
= > —{ Az*, n , 3.78
AT = Tl IR (3.78)

where the second inequality in (3.77) follows from the definition of Fenchel conjugate.
Then we see in particular from (3.77) and the closedness of f that € dom f = dom P;.
Using this, the closedness of P; and the definition of d, we have upon passing to limit

inferior in (3.78) that

B a4 )<

0> —(Az,d) + liminf
VAT, d) T Il =

—~

Y (AT, d) + Oaomp(d) = — (AT, d) + sup {(z,d)},

rz€dom Po

where (a) follows from [9, Theorem 2.5.1] and (b) follows from [9, Theorem 2.5.4].
Since dom P, = Y, we deduce from the above inequality that d = 0, which contradicts
the fact that ||d|| = 1. Thus, we have shown that (3.75) is bounded for any z* € X
and any ( € IR, which implies that F' is level-bounded in y locally uniformly in .

This completes the proof. O

3.5.2 Bregman envelope

In this section, we discuss the KL exponent of the Bregman envelope (3.33) of a
proper closed function. We consider the following assumption on ¢ in (3.34), which
is general enough for the corresponding (3.33) to include the celebrated Moreau
envelope and the forward-backward envelope introduced in [104] as special cases.

Further comments on this assumption will be given in Remark 3.9 below.
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Assumption 3.1. The function ¢ in (3.34) is twice continuously differentiable and
there exists ay > 0 such that for all v € X,

V2¢(x) — a, L > 0; (3.79)

here I 1is the identity map, and for a linear map A : X — X, A > 0 means it is
positive semidefinite, i.e., A = A* and (h, Ah) >0 for all h € X.

Given a proper closed function f and a function ¢ satisfying Assumption 3.1, we

first analyze the KL property of the following auxiliary function:

F(x,y) = f(y) + By(y, x) (3.80)

with B, defined in (3.34). For this function, applying [100, Proposition 8.8] and [100,

Proposition 10.5], we have the following formula for OF at any = € X and y € dom f,

_ ~V?¢(2)(y — x)
OF@9) = of(y) + Voly) - Vo(w)| (3.81)

This formula will be used repeatedly in our discussion below.

Lemma 3.4. Let f: X — IR U {oc} be a KL function with exponent o € [3,1). Let
F be defined in (3.80) with ¢ satisfying Assumption 3.1. Then F is a KL function

with exponent c.

Proof. Thanks to [75, Lemma 2.1], it suffices to show that I’ satisfies the KL property
at any point (z,y) with 0 € 0F(x,y). Let (z,y) be such that 0 € OF(Z, ). Then in
view of (3.81), we see that 0 € OF(z, i) implies that V2¢(z)(y — Z) = 0. Combining
this with (3.79) we deduce that g = .

Next, since f is a KL function with exponent «, there exist ¢, 7n, e > 0 such that
1. 1 _
_dist=(0,9f(y)) = fly) - f(2) (3.82)

whenever y € B(Z,¢) Ndom df and f(y) < f(Z) 4+ n. Since ¢ is twice continuously
differentiable, by shrinking e further if necessary, we see that there exists b; > a; with
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a; being as in (3.79) such that for any (z,y) € B((Z, %), ¢€), there exists zg € B(Z,¢)

so that

IVo(y)=Vo()|| < billy—=| and (y—z,Vé(y)=Ve(z)) = (y—=, [V d(zo)](y—2)).

To the second relation in the above display, apply Cauchy-Schwartz inequality to the
left hand side and apply (3.79) to the right hand side to obtain |y — z||||Vé(z) —
Vé(y)|| > ail|ly — x||*>. Combining this with the first relation in the above display, we
obtain that

billy — zl| = IVo(y) — V()| = arlly — =] (3.83)

Now, combining (3.81) with [75, Lemma 2.2], we deduce that there exists Cy > 0

such that for (x,y) € B((%,Z),e) with y € domdf,
dist 50,0 (z.9)) 2 Co (IV%0(0)y ~ D) + int 6+ () ~ Vol )
(a) 1 1 1 1
= G (af Iy = ol + ()% int 6+ () ~ Vo))

2 G (af = ol + @bt int el — (bl Vo) - Vol )

1
_ s b~ inf T _an _2llE
(% ly — || + (arbi?) ot mlélle —afnally — |

C £ollel= +lly -
(Lm0 =l
(3.84)

where (a) follows from (3.79) and the fact that <‘Z—11)‘11 < 1, (b) follows from [75,
Lemma 3.1] for some 7; > 0 and 75 € (0,1), (c) follows from the first inequality in
(3.83), and the last inequality holds with C} := Cy min{(1 — 7’]2)@%, m(abyt)a} > 0.

Next, since V¢ is Lipschitz continuous on B(Z,¢/2) with Lipschitz constant b;

in view of (3.83), by shrinking € further, we may assume 2b;e? < 1 and that for any
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(z,y) € B((%, %), €),

b

0 By(y. 1) = 0ly) — o) — (Vo(a),y —2) < Dy — 2]’ < 2(2)* <1, (38

where the first inequality follows from the convexity of ¢. Combining this with (3.84),
we deduce further that for (z,y) € B((Z,%),e) with y € domdf and F(z,y) <

F(z,z) +n,

it H0.08.0)) 2  ( int 1l + (27 Bt ) )

(a) 1
> f a 2« B
>, (&g; lels + (265 ¢<y,x>)

!o< e el + (2 >ztclzB¢<y,m>)

ecaf(

(© @
2 ( nt e+ Bl ) 2 Car) - S@) + Baly.a)

— Gy (Pla,y) — F(z,7)

where (a) holds because 5~ < 1 and By(y,z) < 1, thanks to (3.85), the constant ¢ for
(b) comes from (3.82), (c) holds with Cy := Cyemin{1, (2b;")2a ¢}, (d) follows from
(3.82) because (z,y) € B((Z,Z),€), y € domdf and f(y) < F(z,y) < F(z,z)+n =
f(z) +n, and the last equality holds because f(z) = F(z,z). This completes the

proof. O]

We are now ready to analyze the KL property of the Bregman envelope Fj, in

(3.33).

Theorem 3.10 (KL exponent of Bregman envelope). Let f : X — R U {oco}
be a proper closed function with inf f > —oo. Suppose that ¢ satisfies Assumption
3.1 and that f is a KL function with exponent a € [3,1). Then Fy defined in (3.33)

is a KL function with exponent c.
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Proof. Let F be defined as in (3.80). We will use Theorem 3.4 to deduce the KL
exponent of Fy from that of F'. To this end, we need to check all the conditions
required by Theorem 3.4.

First, we claim that F' is level-bounded in y locally uniformly in x. To prove this,

fix any xg € X and t € R. Define
Usy = A{(2,y) : llz— 20|l <1, F(a,y) < t}.

Thus, it suffices to show that U,, is bounded. To this end, note that ¢ is strongly
convex with modulus a; according to Assumption 3.1. We have from this and the

definition of Bregman distance that for any (z,y) € U,,,
Sl =l < Bofy. ).
Since inf f > —oo by assumption, we deduce further that for any (z,y) € U,,,
inf f + Sl — ylI* < inf f + By(y,2) < J(9) + Bo(y,x) = Fla,y) <t

Since x € B(xg, 1), we deduce from the above inequality that U,, is bounded. Thus,
we have shown that F'is level-bounded in y locally uniformly in x.

Next, using [100, Exercise 8.8], we have for any = € dom0F, and any y €
Argmin, F'(z,y) that

0€9f(y) +VBy(-,)(y),

which implies that 0f(y) # (). This together with (3.81) implies that OF(x,y) # 0
for any such x and y. In particular, condition (i) in Theorem 3.4 is satisfied.

Finally, note that condition (ii) in Theorem 3.4 is also satisfied thanks to
Lemma 3.4. Thus, we deduce from Theorem 3.4 that F, satisfies the KL prop-

erty with exponent o at any € dom 0 Fj. [
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Remark 3.9. The Bregman envelope (3.33) with ¢ satisfying Assumption 3.1 covers

several envelopes studied in the literature.

(i)

When ¢(-) = 55 || - || with some X > 0, the function Fy in (3.33) becomes

Fota) =int {50+ gl = oI} = enf o)

This function is known as the Moreau envelope of f. In [75, Theorem 3.4, it

was proved that if f is a convex KL function with exponent o € (0, %) that is

continuous on dom f, then ey f is a KL function with exponent max {%, 2_a2a}.
Here, without the convexity and continuity assumptions, we can obtain a tighter
estimate on the KL exponent of eyf via Theorem 3.10: if f is a KL function
with exponent o € [%, 1) and inf f > —oo, then exf is a KL function with

exponent c.

If the function f in (3.33) takes the form h+g, where g is a proper closed function,
and h 1s twice continuously differentiable with Lipschitz gradient whose modulus
is less than %, then the function ¢(z) := %Hx“z — h(z) is convex and satisfies
Assumption 3.1. The forward-backward envelope 1., of the function f = h+g
was defined in [104] as follows (see also the discussion in [78, Section 2]):

Yy (x) = irylf{h(y) +9(y) + By(y,x)}.

In [78, Theorem 3.2/, it was shown that if the first-order error bound condition
(or error bound condition in the sense of Luo-Tseng) holds for h + g, with h
being in addition analytic and g being in addition convex, continuous on dom dg,
subanalytic and bounded below, then 1, is a KL function with exponent % Here,
in view of Theorem 3.10, we can deduce the KL exponent of 1., without the

convezity and (sub)analyticity assumptions: if f = h+ g is a KL function with
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exponent o € [%, 1) and inf f > —o0, g is a proper closed function, and h is
twice continuously differentiable with Lipschitz gradient whose modulus is less

than %, then v, is a KL function with exponent o

(iii) The ¢(z) satisfying Assumption 3.1 can also be chosen as ||z ||* + ||z, which

was proposed in [84, Section 2.1].

3.5.3 Least squares loss function with rank constraint

In this section, we compute an explicit KL exponent of the function f in (3.35), which
can be rewritten as an inf-projection as in (3.36). Now, observe further that one can
relax the orthogonality constraint and introduce a penalty function without changing

the optimal value in (3.36), i.e.,

J/

1 1
700 = igt { GIAX =P + 3107 — Ll + 05(0X,0) +5(X,0) . (3:50)

-~

fFX.0)

where

D= {(X,U) e R™" x R™ "% . gTx =0},

B = {(X,U) € R™" x R™" " 0.51,,_ UTU =< 21, 4},

where A < B means the matrix B — A is positive semidefinite. In view of (3.86), as
another application of Theorem 3.4, we will deduce the KL exponent of f via that of
f+ 0.

We now make use of Theorem 3.1 to deduce the KL exponent of f + 5 in (3.86)
at points (X,U) € dom d(f + dg) with UTU = I,,,_. For notational simplicity, we
write

T:=mn+m(m—k)+n(m—k)— 1. (3.87)
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Lemma 3.5. The function fv—i— 05 given in (3.86) satisfies the KL property with

exponent 1 — 4}” at points (X,U) € dom 3(f+ Og) with UTU = I,,_i, where T is

given in (3.87).
Proof. Define the function G : R™*™ x R™ M=k _ RM=k>n by (X, U) = UT X,

one can rewrite f as

1 1
FOXU) = SIAX = b+ SJUTU = L 4lf3 + 85100y (X, U).

Now, for X € R™", U € R™ ™% and A € R™ > define

~ 1 1
fi(X,U,A) = 5||AX —b|]* + 5\|UTU — Lg% + tr(ATUTX).
Note that ﬁ is a polynomial of degree 4 on IR” where 7 is given in (3.87). We deduce
from [45, Theorem 4.2] that f; is a KL function with exponent 1 — e

Next, since (X, U) € dom d(f + dg) with UTU = I,,,_, we see that (X, U) lies in
the interior of B. Thus, we have (X,U) € dom (‘9]?. We will now check the conditions

in Theorem 3.1 for the functions f; and }v(in place of g; and g, respectively) at (X, U).
Notice first that the functions (X,U) — || AX —b||? + 3 [|[UTU — I,,—4||% and G are
continuously differentiable, and G~'{0} is clearly nonempty. We next claim that the
linear map VG(X,U) is injective. To this end, let Y € ker VG(X,U). Then, using
the definition of the derivative mapping of G, for any (H, K) € R™*" x R (m=k),
we have

0= ((H,K),[VG(X,0)|(Y)) = ([DG(X,U)|(H, K),Y)

=({U'H+ K'X,Y)=(H,UY) +(XYT K).
Since H and K are arbitrary, we deduce that

UY =0 and XY7T =0.
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These together with UTU = I,,,_; imply that Y = 0. Thus, we have ker (VG(X,U)) =
{0}, i.e., VG(X,U) is an injective linear map. Now, using Theorem 3.1, we conclude
that fvsatisﬁes the KL property at (X,U) with exponent 1 — ﬁ.

Finally, since (X,U) € int B, one can verify directly from the definition that, at
(X,U), the KL exponent of ]74— g is the same as that of f This completes the

proof. O

Now we are ready to compute the KL exponent of f in (3.35). Interestingly,
the derived KL exponent can be determined explicitly in terms of the number of
rows/columns of the matrix involved and the upper bound constant in the rank

constraint.

Theorem 3.11. The function f given in (3.35) is a KL function with exponent
1 — 15, where T is given in (3.87).

Proof. Notice that f(X) = infy(f + 05)(X,U) and that for any X € dom0f,

Argmin(f + 05)(X,U) = {U : UTX =0 and UTU = I, 1}, (3.88)
U

where f + d5 is given in (3.86). We will check the conditions in Theorem 3.4 and
apply the theorem to deducing the KL exponent of f.

First, the function f—l— 5% is clearly proper and closed. Next, for any fixed X, the
U with (X,U) € D N B satisfies 0.51,,_, < UTU < 21, 4. This shows that f—i— 0%
is bounded in U locally uniformly in X. Furthermore, for any X € dom df and any
U € Argming (f + 05)(X,U), we have using (3.88) and [100, Exercise 8.8] that

O(f +65)(X,U) = (A"(AX = ),0) + N5 (X, U) # 0.

These together with (3.88) and Lemma 3.5 implies that the conditions required by
Theorem 3.4 are satisfied. Applying Theorem 3.4, we conclude that f is a KL function
O

of exponent 1 — ﬁ.
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Chapter 4

KL property in the study of SCP,,

In this chapter, we show how KL property can be applied in the convergence analysis
of the SCP;, method for multiply constrained difference-of-convex model introduced

in Section 1.2.

4.1 Convergence properties of SCP;,

4.1.1 Convergence analysis in nonconvex settings

In this section, we analyze SCP;; when F in (1.1) is possibly nonconvex. We first
prove some basic properties of the sequence generated by SCPs. Item (iii) in the

following theorem was already proved in [83, Theorem 3.7]; we include its proof here.

Theorem 4.1. Consider (1.1) and suppose that Assumptions 1.1 and 2.1 hold. Let

{(=*, L)} be generated by SCPi,. Then the following statements hold:
(i) The sequence {x'} is bounded.

(i) The sequence {F(x**, a*, L!)} is nonincreasing and convergent to some real

number F*, where F is defined as in (1.3). Moreover, for any t > 1, we have

) _ o
F(x"™' 2" L) < F(a! a1 L) — §th+1 —a'|%, (4.1)

(iii) It holds that Jim |zt — || = 0.
—00
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Proof. Let F be defined as in (1.1). Then for any ¢ > 0, we have

t t

Fah) — F(2°) = Z[F(mz-H) —F(a')] < — Z gﬂx”l —z']? <0, (4.2)

=0 =0

where the first inequality follows from (2.11). Since F' is level-bounded by Assump-
tion 1.1(iii), we deduce that {z'} is bounded and the conclusion in item (i) holds.
We now prove (ii). Since for any ¢ > 0, the 2! belongs to dom F and is feasible

for (2.10) with (Ly, Ly) = (L%, L), it holds that

F(z™ 2! L)) = F(2") for ¢t > 0. (4.3)

This together with (2.11) shows that {F(z"*! 2" L)} is nonincreasing and (4.1)

holds for all £ > 1. Also, thanks to (4.3) and Assumption 1.1, we have
irtlf F(z", 2!, L) = irtlf F(z') > inf F > —o0,

implying that {F (2", ', L!)} is bounded from below. Thus, we conclude that the
sequence {F (2!, 2", Lt)} is convergent. We denote this limit by F*.
Finally, we prove (iii). Since {F(z"*! 2", L!)} converges to F*, passing to the

limit as ¢ goes to infinity in (4.2) and invoking (4.3), we have

Z ngi—H _ szz < F(I(]) _ tlim F(xt—i-l’l,t’L;) _ F(xo) —F* < o0
—00
=0
Therefore, item (iii) holds. This completes the proof. O

Next, we show that {\'} with each A’ being a Lagrange multiplier! of (2.10) with
(Ly,Ly) = (L%, L}) is bounded and any cluster point of the sequence {z'} generated
by SCPy is a stationary point of (1.1) in the sense of Definition 2.2. The latter

conclusion was also proved in [83, Theorem 3.7]. We include its proof for completeness.

! The existence of \! follows from Lemma 2.4(iv).
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Theorem 4.2. Consider (1.1) and suppose that Assumptions 1.1 and 2.1 hold. Let
{z'} be the sequence generated by SCPs and \' be a Lagrange multiplier of (2.10)
with (Ly, Ly) = (L%, Ly). Then the sequence {\'} is bounded and any accumulation

point of {x'} is a stationary point of (1.1).
Proof. Suppose to the contrary that {\*} is unbounded and let {\%} be a subsequence

of {\'} such that ||\| 7y 50. Passing to a further subsequence if necessary, we may

.
assume that there exist A* € IR"! and z* such that lim A — \* and lim z% = z*,
j—00 [IA"]] j—o00

where the existence of z* is due to Theorem 4.1(i).

Using (2.13), the definition of Ly, there and the fact (Ly, L,) = (L%, L), we have

nt ::Z N [Vgi(a")+(LL)i(a" —2h)] e =V f(a") — LY(a"" —2')— oP (a") + ¢
=1

Since the functions V f, Py and P, are continuous, and {(z', L%)} is bounded thanks
to Theorem 4.1(i) and Lemma 2.4(ii), we deduce from the above display that {n'} is
bounded. Then, dividing 1% by ||A“|| and letting j — oo, using the continuity of Vg

and Theorem 4.1(iii) together with Lemma 2.4(ii), we deduce further that

Z AVgi(z*) = 0. (4.4)

On the other hand, using (2.12) with (Z, X, Zg) = ("1, X, L!), the continuity of
Vg, for each i, Lemma 2.4(ii) and Theorem 4.1(iii), we see that \!g;(z*) = 0 for all

1 =1,...,m. This further implies that
Af =0 fori & I(x").

The above display and (4.4) imply that

Z A Vgi(x*) = 0.

el (z*)
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Combining this with MFCQ (Assumption 2.1) and recalling that A* € IR, we
conclude that A\f =0 for ¢ € I(x*). Therefore, we have A* = 0, contradicting the fact
that ||A\*]] = 1. Thus, the sequence {\'} is bounded.

For the second conclusion of this theorem, let z be an accumulation point of

{z'} with klim z' = 7. Since {\'} is bounded, passing to a further subsequence if
—00
necessary, we assume without loss of generality that klim A = )\ for some \. Since
—00

the sequence {(L%, L}, \")} is bounded thanks to Lemma 2.4(ii) and the boundedness
of {\'}, using Theorem 4.1(iii), we have that kh_)rrolo (L + (X%, L)) (21 — ') = 0.
Using this fact together with the closedness of 9P, and dP,, the Lipschitz continuity
of Vf and Vg and Theorem 4.1(iii), we have upon passing to the limit as k goes to

infinity in (2.13) with (F,X, Ly, Ly) = (2'+1, M, L% L) and ¢ = t; that

0€ Vf(z)+ 0P (T)— 0P (T) + f: \iVgi(z). (4.5)

On the other hand, using (2.12) with (%, X, Zg) = (¢ A% L) and t = ty,
letting & — oo, we have upon using the continuity of Vg, Theorem 4.1(iii) and

Lemma 2.4(ii) that

Xigi(Z) =0foralli=1,...,m. (4.6)

Finally, since \! > 0 for any ¢ > 0, we have A > 0. Also, since g; is continuous for
each ¢ and g(x') < 0 thanks to Step 3a) of SCPy, we have g(7) < 0. These together

with (4.5) and (4.6) imply that Z is a stationary point of (1.1). O

Lemma 4.1. Consider (1.1) and suppose that Assumptions 1.1 and 2.1 hold. Let
{(2*, L)} be the sequence generated by SCPy, and let Q2 be the set of accumulation
points of the sequence {(z'*', 2*, L)}, Then Q # () and F = F* on Q, where F is
defined as in (1.3) and F* is given in Theorem 4.1(ii).
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Proof. From Theorem 4.1(i) and Lemma 2.4(ii) we know that Q # (. Fix any
(22,42, L) € Q and let {(z%%!, 2% LJ)} be a subsequence that converges with

lim (z+ 2%, Lj) = (2%, ¢, L), Since each Vg; is continuous and %! belongs to
j—)OO

dom F and is feasible for (2.10) with ¢ = ¢; and (Zf, Zg) = (Ljf, L3, we have

g(z?) = lim g(z¥*) <0, G2,y LY = lim G(zh+ 2 L) <0 (4.7)

j‘)OO J—00

and F(z1) = F(ztt 2%, Lg) for all j. Then, using the continuity of F on its

closed domain, we have

F(z%) = lim F(2%™) = lim F(ab*h 2t L) = F*

j—00 Jj—00 ’

where the last equality follows from Theorem 4.1(ii). Thus, we deduce that
F(z® ¢ LY = F(2%) = F*,
where the first equality follows from (4.7). Since (2%, 4 L) € Q is arbitrary, we

conclude that F = F* on €. O

To analyze the global convergence properties of SCPj,, we need a bound on
the subdifferential of F' in (1.3). To this end, we consider the following additional

differentiability assumption on g;.
Assumption 4.1. Each g; in (1.1) is twice continuously differentiable.

Lemma 4.2. Consider (1.1) and suppose that Assumption 4.1 holds. Let (x,y,w) €

R" x IR" x IR™ and assume that Py is continuously differentiable around x. Then

. Vf(x) = Vh(z )+9P1( )+ 220 AilVaiy) + wilz — y)]
OF (z,y,w) 2 Y AV (W) (= y) — wi(e — y)] (4.8)
sl —yl*A
whenever \ € N,]RT(C_?(:U,y,w)), where F and G are defined as in (1.3).
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Proof. We only consider the case where (z,y,w) € domF, since (4.8) holds trivially

otherwise. Using [100, Exercise 8.8, Corollary 10.9, Proposition 10.5], we have

i - Vi(x) = VPy(z) + 0Py (z)\
aF(iL‘7 Y, U}) 2 0 ([L’, Y, ’LU) 2 0 + 06@(~)§0(x7 Y, w)
0

(a) Vf(l') - VPQ(ZE) + aP1<I> .

= 0 + N(‘;(,)SO(I',@/,'LU)
0

w [V/(@) = VE(z)+ 0P (z) Vgi(y) + wi(z — y)

> 0 +ZA V2gi(y)(x —y) —wi(z —y) |,
0 sllz =yl

where (a) uses the convexity of P, and [100, Proposition 8.12], ¢; € IR™ is the i*" stan-
dard basis vector and (b) holds for any \ € N—]RT (G(z,y,w)) = Npr (G2, y, w)),
thanks to [100, Theorem 6.14]. O

We also need the following assumption to derive the desired bound on dF. This
assumption was also used in [119] for analyzing the global convergence property of

the sequence generated by the proximal DCA with extrapolation (pDCA.,).

Assumption 4.2. Each g; in (1.1) is smooth, and the P, in (1.1) is continuously
differentiable on an open set T' that contains all stationary points of (1.1). Moreover,

the function V Py is locally Lipschitz continuous on I'.

Using this assumption and Lemma 4.2, we can prove the following property of

OF.

Lemma 4.3. Consider (1.1) and suppose that Assumptions 1.1, 2.1, 4.1 and 4.2
hold. Let {(x',L})} be the sequence generated by SCPy, and let F be defined as in
(1.3). Then there exist k > 0 and t € Ny such that

dist(0, OF («'*', 2", L)) < w[ja"*" — 2'|| for all ¢ > ¢. (4.9)
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Proof. From Theorem 4.1(i), we know that {z'} is bounded. Thus, denoting the
set of accumulation points of {z'} as §2,, we have that €, is compact and 2, C T
thanks to Theorem 4.2, where I is the open set give in Assumption 4.2. Choose an
€ > 0 so that I'. := {z : dist(z,Q,) < €} CTI' and VP, is Lipschitz continuous with
modulus Lp, on I, which exists thanks to the compactness of (2, and Assumption 4.2.
Moreover, since 2, is compact, from the definition of cluster points, we see that
there exists tg € N, such that dist(z?,€2,) < € whenever t > to. In particular, P is
continuously differentiable around each z' whenever ¢ > t,. In addition, thanks to

Theorem 4.1(iii), we can further choose t >ty + 1 such that for ¢ > ¢, we have

I = 2f* <l = 2 (4.10)

Now, let A be a Lagrange multiplier of (2.10) with (L;, L,) = (L%, L), which
exists thanks to Lemma 2.4(iv). Then it holds that A € N_gn(G(z", 2", L})).
Therefore, using (4.8) with A = A’ for any ¢ > ¢, we have that

Jt
OF (2™, 2t L)2 | XN (V2gi(a') (a"! — a?) — (LE)s(a™h — ) (4.11)
1)at+t — gt[2xt
with J*:= V f(2"1) + 0P (a") = VPy(a™) + 37 M (Vgi(ah) + (LE)i (2 — af)).

For this J?, using (2.13) with 7 = 2™ and recalling the definition of £, we have that

JE SV () — VPy(21) + Z X (Vi) + (LE)i(2™! - 2t))

+ <—Vf(:1:t) — Li(a"™! —a") + VP (') - Z A (Vgi(a') + (LL)i(=" — :L‘t))>

i=1

=Vf(@"") = Vf(@') + VPy(2") — VP (z") — Li(a™ — 2').
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Using this together with Cauchy-Schwarz inequality, for ¢ > ¢, it holds that

HJtHQS3lef(xt“)—Vf(:vt)\|2+HVPz(wt“)—VPQ(xt)HQJrHL'}(xt“—xt)HQ)

(a)
< 3Ll — | + 3L, " — a'|* 4 3(LY) 2" — o (1.12)

= <3L§ +3(L5)? + 3L§32> |2t — 2%,

where (a) makes use of the fact that ¢ > ¢ (so that 2 € T'.) and the Lipschitz
continuity of Vf and VP,.

On the other hand, since {(z', L}, \)} is bounded thanks to Theorem 4.1(i),
Lemma 2.4(ii) and Theorem 4.2, using the continuity of V2g; for each i, there exists

Dy > 0 such that

2

Z (T = o)~ (2 o))

(4.13)
<mz M) IVEgi(a") (2" = af) = (LY)s(2" — 2P < Dafla"" — 2"|I%,
i=1
where the first inequality uses the Cauchy-Schwarz inequality.
Therefore, since {(L%, )} is bounded thanks to Lemma 2.4(ii) and Theorem 4.2,
combining (4.10), (4.11), (4.12) and (4.13), we conclude that there exists x > 0 such
that (4.9) holds. This completes the proof. O

Now, if we suppose in addition that F is a KL function with exponent a € [0, 1),
then using the results above and following the analysis in [6-8,24,79,119], we can
deduce the convergence of the sequence {z'} generated by SCPy, to a stationary point
of (1.1) and estimate its local convergence rate. Specifically, using similar proofs as
in [79,119], we have the following results. The lines of arguments are standard and

we omit its proof for brevity.
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Theorem 4.3 (Convergence rate of SCP;, in nonconvex settings). Consider
(1.1). Suppose that Assumptions 1.1, 2.1, 4.1 and 4.2 hold, and F in (1.3) is a KL
function. Let {(x*,L})} be the sequence generated by SCPi, and let Q2 be the set
of accumulation points of the sequence {(z'*', 2", L!)}. Then {z'} converges to a
stationary point * of (1.1). Moreover, if F satisfies the KL property with exponent
a € [0,1) at every point in 2, then there exists t € Ny such that the following

statements hold:
(i) If a =0, then {z'} converges finitely, i.e., x* = x* for t > t.
(i) If a € (0, 3], then there exist ag € (0,1) and a; > 0 such that

2" — z*|| < ayaly for t > t.
iii) If a € (%,1), then there exists as > 0 such that
2

l1—a
2" — 2% < agt™2e—1 for t >t.
4.1.2 Convergence analysis in convex settings

In this section, we study the convergence properties of SCP;; under the following

convex settings:
Assumption 4.3. Suppose that in (1.1), P, =0 and {f, g1,-..,9m} are convex.

Assumption 4.3 was also considered in [19, Section 3.2.3] for analyzing MBA,
and in [19, Section 4] for its line search variant Multiproxy [19, Eq. (37)]. Here, we
would like to point out that the line search criterion in Multiprox, [19, Eq. (37)]
is different from the criterion (2.11) used in SCP;,. The criterion in Multiprox
relies on a local majorant of the objective function, while (2.11) uses the objective
function directly, and is originated from SpaRSA; see [120, Eq. (22)]. We will establish

global convergence of the whole sequence generated by SCP;, in the above convex
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settings, under suitable assumptions. Unlike the analysis in the previous subsection,
our analysis here is based on KL property of F in (1.1) instead of that of F, and
we will not assume ¢ to be twice continuously differentiable (i.e., we do not require
Assumption 4.1). We start with two auxiliary lemmas. The first lemma is an analogue
of 24, Lemma 6] and follows immediately from an application of [22, Theorem 5] and

standard compactness argument. We omit the proof for brevity.

Lemma 4.4. Let f : R" — (—o00,+00] be a level-bounded proper closed convex
function with A := Argmin f # (). Let f :=inf f. Suppose that f satisfies the KL
property at each point in A with exponent o € [0,1). Then there exist € > 0, ro > 0
and cq > 0 such that

dist(z, A) < co(f(x) = )
for any x € domdf satisfying dist(z, A) < e and f < f(z) < f +ro.
The next lemma is an analogue of Lemma 4.1 for F'in (1.1).

Lemma 4.5. Consider (1.1) and suppose that Assumptions 1.1 and 2.1 hold. Let
{2} be the sequence generated by SCPs for (1.1) and let 2, be the set of accumulation

point of {x'}. Then the following statements hold:

(i) It holds that Q, # 0 and F = F* on €, where F is defined as in (1.1) and F*

is given in Theorem 4.1(ii).
(ii) The sequence {F(x')} is nonincreasing and convergent to F™*.

Proof. We note first from Theorem 4.1(i) that €, # 0. In addition, since z* € dom F
and is feasible for (2.10) (with (t —1, L%, Li™) in place of (t, L;, L,)), we have

F(z') = f(z") + Pi(z") — Py(2") = F(a',2"", L), for all ¢ > 1. (4.14)
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Fix any z* € Q, and let lim 2% = z*. Using the continuity of F on its closed domain
j—oo

and (4.14), we see that

F(z*) = lim f(2%) 4+ Py(2%) = Py(a¥) = lim F(a", 2%~ L") = F7,

Jj—00 j—00

where the last equality makes use of Theorem 4.1(ii). This proves (i). The conclusion
in (ii) now follows immediately upon combining the above display and (4.14) with

Theorem 4.1(ii). This completes the proof. O
Now we present our main result in this subsection.

Theorem 4.4 (Convergence rate of SCP, in convex settings). Consider (1.1)
and suppose that Assumptions 1.1, 2.1 and 4.3 hold. Let {x'} be the sequence generated
by SCPys. Then {z'} converges to a minimizer z* of (1.1). If in addition F in (1.1)

is a KL function with exponent o € [0, 1), then the following statements hold:
(i) If v €0,3], then there exist co >0, Q1 € (0,1) and t € Ny, such that

2" — 2*|| < QY for t > t.
i) If € (1,1), then there exist co > 0 and t € N such that
2
|zt — 2*|| <cot 21 for ¢ > t.

Proof. Let S := Argmin F' for notational simplicity. Note that S # () thanks to
Assumption 1.1. Since P, = 0 and {f,¢g1,...,9m} are convex by Assumption 4.3,
using Theorem 4.2 and [99, Theorem 28.3], we see that

0+Q, CS, (4.15)

where €2, is as in Lemma 4.5. This together with Lemma 4.5 implies that F* = inf F.
Next, let A' be a Lagrange multiplier of (2.10) with (Ly, Ly) = (L}, L), which
exists thanks to Lemma 2.4(iv). Since P, = 0 and g(2*) < 0 for all ¢, for any z € S,

101



using (2.14) with z = z, ¥ = 2!, A=\, Zf = L} and ng =L}, =L+ (N L),

we deduce that

t t

L
F@) < J(@) + (V@) 7 = at) + Pr(@) + =22z — 2t = L2 | — ot

LY — L
+Zx gi(a) + (Vgi(a"), & — o)) = Lo lat " — 2|

(a) Lt L Lt — L
< J(@) + Prl@) + =L — P = 222 — P = 2t

2
) L, Lt (L= LY,
< 1(@) + P@) + L2 — ot = 222t ) 4 S (Rt - Ft)

My

Lt Lt
< f(z)+ P (z) + %Hj _ xtH2 o %Hxﬂrl_ f”Q + —(F(:L’t) . F(:L‘tJrl)),
C

where (a) holds because {f, g1,...,gm} are convex, and A\l > 0 and ¢;(Z) < 0 for all
i, (b) follows from (2.11), and the M; in the last inequality is an upper bound of
{(Ly — L%)+}, which exists thanks to Lemma 2.4(ii). Rearranging terms in the above
inequality and noting F* = inf F' = f(z) + P,(Z) whenever z € S, we have for any
z € S that

F(zt) — F*
Ly,

M
t
chg

_ ItHQ _ %”$t+1 (F(xt) _ F(l‘t+1)) )

—z|* +

Let Lmax be the upper bound of {Lf,} (which exists according to Lemma 2.4(ii) and
Theorem 4.2) and recall that L'}g > L} > L > 0 for all ¢, where L is the one used in

Step 2 of SCP;,. Then we have from the above display that for any = € S,

0 (F(Z‘H—l) _ F*) <

1 1 )
e =t = Sllat =2l +0 (F(a') - F'*).

where 7 := ;—— and 0 := 5. Rearranging terms in the above inequality, we have

(v+0) (F@™) - F7) <

|z —2'|]” = |2 — z||* + 6 (F(a") — F*).  (4.16)

1
2

DN | —

102



The inequality above in particular implies that for any x € .S,

Slat =2l < Lle — o+ 6 (F(a!) — F*) = (3 +6) (F*) — F°)
1 (4.17)
< Sl =2l + (7 +6) (Fla') — F@*)

where the last inequality holds because F™* = inf F' < F(z!). Since {F(z') — F(2'™)}
is nonnegative and summable thanks to Lemma 4.5(ii), using (4.15), (4.17) and [62,
Proposition 1], we conclude that {z'} converges to a minimizer x* of (1.1).

Now, we suppose in addition that F' is a KL function with exponent « € [0, 1).
Let 7' € S satisfy ||z* — z'|| = dist(z?, S). Since z' € S, it holds that —||z'™ — z!||2 <

—dist?*(z!*1, S). Using this and applying (4.16) with Z* in place of T gives

(v +0) (F(a™*) — F*) < %distQ(xt, S) — %distQ(xt“, S)+ 0 (F(a')— F*). (4.18)

For notational simplicity, let

- AN Nt ; st 2.0
By = F(z") — F* + 2(7+9)d18t (z*,S). (4.19)

Using this, rearranging terms and dividing vy 4 6 from both sides of (4.18), we have

Brp1 < L (F(xt) — F*) +

poy dist®(x', ). (4.20)

2(y+0)

Since F' is a proper closed convex level-bounded KL function with exponent

a € [0,1), using Lemma 4.4, there exist 0 < a < 1, ¢ > 0 and 0 < € < 1 such that

dist(z, §)Ta < ¢ (F(x) — F*) (4.21)

for any z € domdF satisfying dist(z,S) < e and F* < F(x) < F* + a.
Clearly, {z'} C domdF = {z : g(x) < 0}. Next, since {z'} is bounded thanks to

Theorem 4.1(i), using (4.15), there exists t; such that
dist(z", S) < dist(z',Q,) < ¢, for t > t;. (4.22)
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On the other hand, using Lemma 4.5(ii), we see that there exists ¢y such that
F* < F(z") < F* +a, for t > t,. (4.23)

We now consider the cases when « € [0, 5] and a € (3, 1) separately.

Case (i) « € [0,3]. Combining (4.21), (4.22) and (4.23), we conclude that for any

t > t3 := max{ty,t2},

dist?(z, S) < dist ™= (2, S) < ¢ (F(z") — F*), (4.24)

where the first inequality holds because ﬁ < 2 and dist(z*,S) < € < 1. Next, let

¢ = 3@_15 € (0,1). Then one can show that

4 (1 —¢)c
10 27+ 6)

=C. (4.25)

Using this and (4.20), we have for all ¢ > ¢3 that

0 t nEd 1_<
ﬁt+1<m(F(gj)_F>+2(,}/+9)

¢
2(y+0)

dist?(2', S) + dist?(z", S)

@) 4 (1-¢Q)ec ty_ ¢ c 201
<<7+6 20 9)(F(:c)—F)+mdlst(m,S)

—
=

(D) C (F(xt) — F* + 2(7 n 0) distz(xt, S>> = C/Bta

where (a) follows from (4.24) and (b) follows from (4.25). Combining the above

inequality with the definition of 5; in (4.19) gives
F(a') — F* < B, <757 1By for t > ts. (4.26)

Then, for t > t3, we have

o =2l < 30 I~ < 3 |2V )

J=t+1 Jj=t+1
ts 2ﬁt3+1 (\/Z)
< e R < 5 Ve e
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where the second inequality follows from (2.11), the third inequality follows from

Lemma 4.5(ii) and the last inequality follows from (4.26). This proves (i).

Case (ii) « € (3,1). Using (4.20) and the definition of £; in (4.19), for any

t > t3 = max{ty, ty}, we have

Bir1 < By — (F(a") — F¥)

7+9

_1

1 ' _ 1 2(1-a) . i
== P - e (g ) (w0 P

where ¢3 = 2 ( ”9) —, (a) follows from (4.21), (4.22), (4.23) and the fact that
e agay ) 20

{2} C domOF = {z : g(z) < 0}, and (b) holds because 0 < F(z!) — F* < a < 1

(thanks to (4.23)) and —) > 1. Since the mapping w +— WIS s convex, for

t > t3, we obtain further that

_1

1 . 2(1—a)
Bir1 < By — czcy (F(xt) — F" + mdlst2<$t, S)>

1
= B —030452(1 * Bt(l —030452(1 ® ),

where ¢y (= 2~ 20w, Since ﬁ -1 = % > 0, using the above inequality

and [26, Lemma 4.1], we have

_2(1-a)

_ 2a—1 2a — 1 2a—1
B < (5t3i(11a) +———csca(t —t3 — 1)) for t > t3. (4.27)
a
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Then, for any ¢t > t3 and ¢’ > 0, we have

||$t . 1‘t+tll|2 < ) (th _ ftHZ + ||ft o xt—&-t’”Z)

—~

a

<2 (fla = 212 + 2 = 2P + 207 +0) (Fat) = Ft)))

N

_ 9 <2dist2(xt, S)+2(y+6) (F(xt) — F(xtth’)))

<2 (2dist?(a!, S) + A(y + 6) (F(a') — F*))

2(1—a)
C) 722(?_1 2a — 1 2a—1

=8(v+6)5 < 8(y+10) (@;H“’) + mc:«ﬂt — 15— 1)) ,

—

where (a) follows from (4.17) and the first equality uses the definition of Z* (i.e., the
projection of z' onto S), (b) follows from Lemma 4.5(ii), (c) uses the definition of
f; and the last inequality follows from (4.27). Letting ¢ — oo and recalling that

' — z*, we see that the conclusion in (ii) holds. This completes the proof. ]

Remark 4.1. From the proof of the above theorem, we can actually deduce that

the sequence {F(z') — F* + codist® (2", S)} (with some suitable cq > 0) is Q-linearly

1

convergent when I is a KL function with exponent o € [0, 3], and is sublinearly

convergent when F is a KL function with exponent o € (3,1); see (4.26) and (4.27).

4.2 KL properties of F and F

In Section 4.1, we deduced the rate of convergence of the sequence {z'} generated by
SCP;, under nonconvex and convex settings by imposing KL assumptions on F in
(1.3) and F in (1.1), respectively; see Theorem 4.3 and Theorem 4.4. Note that the

assumptions in Theorem 4.3 and Theorem 4.4 for (1.1) are different as follows:
e Assumptions 1.1, 2.1, 4.1 and 4.2 are used in Theorem 4.3.

e Assumptions 1.1, 2.1, 4.3 are used in Theorem 4.4.
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Thus, it is interesting to find a relationship between KL exponent of F' and that of F

when all the above assumptions hold. In this regard, we have the following theorem.

Theorem 4.5 (Relation between the KL exponents of F' and F). Let F be
defined as in (1.1) and suppose that Assumptions 1.1, 2.1, 4.1 and 4.3 hold. If F
defined in (1.3) is a KL function with exponent o € [0,1), then F is also a KL

function with exponent .

Proof. Fix any xy € domOdF and wy € R. Using (4.8) and noting that P, = 0

(Assumption 4.3), we have for any = € domdF that

OF (z,2,wy)
Vf(x) +0P(x) + 3" \iVgi(z .
2 0 A € N_grrp(G(x,z,wp))
0
w | (V@) +0P(x) + 500, AiVgila (4.28)
- 0 A € N_grrp(g(2))
0
Vf(x)+ 0P (z) + Nyy<o(x) OF(x)
® A o (7
0 0

where (a) follows from the fact that g(z) = G(x,z,w), (b) follows from Assump-
tion 2.1 and [100, Theorem 6.14], and (c) holds due to [100, Exercise 8.8] and [99, The-
orem 23.8] together with the convexity of P; and g and the continuity of P;. Using
this together with the assumption that xy € domdF, we have (g, z¢, wy) € domdF.
Then, from the KL assumption on F, we see that there exist a > 0, e > 0 and ¢y > 0

such that

dist(0, OF (z,y,w)) > a(F(x,y,w) — F(zg, 70, wp))* (4.29)

whenever 0 < F(m,y,w) — F(xo,xo,wo) < ¢ and ||(z,y, w) — (g, o, wp)|| < €.
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In addition, thanks to the fact that g(r) = G(x,z,w), for any z € domdF
satisfying F(zg) < F(z) < F(x0) + co, we have

F(xg, o, wo) < F(x,x,wo) < F(xq,x0, wo) + Co. (4.30)

On the other hand, for z such that ||x—z| < %e, we have ||(x, z, wo)—(zq, o, wo)|| < €.
Using this and (4.30), for 2 € domdF satisfying ||z — 2o < € and F(z) < F(z) <
F(x¢) + co, we have

(a) _ ® _
dist(0, 0F (x)) > dist(0, OF (z, z,wp)) > a(F(z,x,wy) — F(xg, o, wp))"

9 o(F(z) - F(x0)®,

where (a) follows from (4.28), (b) uses (4.29) and (c) holds thanks to g(z) =

G(z,z,wp). This completes the proof. O

4.3 Applications in compressed sensing

In this section, we consider applications of (1.1) and discuss how the various assump-
tions required in our analysis of SCP;, can be verified. We focus on the problem of
compressed sensing, which attempts to reconstruct sparse signals from possibly noisy
low-dimensional measurements; see [36] for a recent review. We specifically look at
the following model:

min [zl — plf]

431
st. L(Az —b) <6, (4:31)

where p € [0,1], A € R™" has full row rank, b € IR?, £ : R? — IR, is an analytic
function whose gradient is Lipschitz continuous with modulus L, and satisfies £(0) = 0,
and 0 € (0,¢(—b)). The ¢ in (4.31) is typically chosen according to different types
of noise. We will look at two specific choices in Section 4.3.1 and Section 4.3.2,

respectively.
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Problem (4.31) is a special case of (1.1) with f =0, Pi(x) = ||z|1, Pa(z) = p||z||
and g(x) = {(Ax —b) — 6.2 Then the F from (1.1) corresponding to (4.31) is

F(x) = ||z|ly — pllz]| + dea—n<s(®), (4.32)

and the F' from (1.3) corresponding to (4.31) is

F(z,y,w) = [zl — pllzll + dae) <oz, y, w) (4.33)
with
Glr,y,w) = ((Ay = b) + (ATVU(Ay = b),x = g) + Slle —yl? =6 (4.34)
Our next theorem concerns the KL conditions needed in Theorems 4.3 and 4.4.

Theorem 4.6. Let F' and F be defined as in (4.32) and (4.33), respectively, and let

and Y be compact subsets of dom F' and dom F, respectively. Then there exists

(1]

a € [0,1) so that F (resp., F) satisfies the KL property with exponent o at every
point in = (resp., in T ).

Proof. Let ©g :={z: ((Ax —b) <0} and ©; = {(z,y,w) : G(z,y,w) < 0}, where
G is as in (4.34). Since ¢ and G are analytic, we have that Dy and D; are semianalytic;
see [52, Page 596] for the definition.

On the other hand, since = — ||z||; — u||x|| is semialgebraic, it holds that §, :=
{(z,2) : 2= [zl —pll=ll} and §1 := {(z,y,w, 2) : 2z = ||z[ls — pllx[|} are subanalytic

(see [52, Page 597(p2)] for the subanalyticity of §). Therefore,

gph(F) = Fo N (Do x R) and gph(F) =1 N (D1 x R)

are subanalytic, thanks to [52, Page 597(p1)&(p2)]. Also, the functions F' and F have
closed domains and are continuous on their respective domains. Thus, the desired
conclusion follows from [20, Theorem 3.1] and a standard compactness argument as

in the proof of [6, Lemma 1]. O

2 Note that {z : g(z) <0} # 0 because A has full row rank and £(0) = 0 < 4.
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We next focus on two common choices of £ in (4.31): £(-) = 1| - | (for Gaussian
noise [17]) and ¢(-) = || - || 1,4 being the Lorentzian norm (for Cauchy noise [35]) for
some vy > 0. We will discuss how to verify the other assumptions necessary for the

applications of Theorem 4.3 or Theorem 4.4 to (4.31) with these two choices of .

4.3.1 When ((-) =1]| - |
In this case, the model (4.31) becomes

min [zfly — gl

4.35
st LAz —b|* <4, (4.35)

and the corresponding F' in (1.1) becomes:
F(x) = llzlly = pllzll + 640y <o(), (4.36)

with f =0, Pi(z) = ||z, Pa(z) = pl|z|| and g(z) = L||Az —b||* =6 for A, b, 6 and p
as in (4.31). Then, for (4.35), P; and P, are convex continuous, and Assumption 1.1(i)
and (ii) and Assumption 4.1 are satisfied. Moreover, A having full row rank and
6 € (0,3]|b]|*) imply that Slater condition holds for (4.35). Hence, it holds that
{z: g(x) <0} #0, and we also have Assumption 2.1 hold, thanks to [25, Section 3.2,
Exercise 10]. In addition, this P, satisfies Assumption 4.2 since its only possible point
of nondifferentiability (the origin) is not feasible thanks to the fact that § < 1{b||2.
Furthermore, the required KL conditions follow from Theorem 4.6.3 In order to apply

Theorem 4.3 (or Theorem 4.4), we now demonstrate how conditions can be imposed

so that Assumption 1.1(iii) (level-boundedness) is satisfied.
Proposition 4.1. Let F be defined as in (4.36). The following statements hold:

(i) If p €[0,1), then F is level-bounded.

3 Specifically, if © = 0, then F is convex and level-bounded, and the set of stationary points
(minimizers) is compact. We can then deduce from Theorem 4.6 that F' is a KL function with
some exponent « € [0,1). On the other hand, the KL property required in the nonconvex case (see
Theorem 4.3) follows directly from Theorem 4.6.
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(ii) If w =1 and A does not have zero columns, then F is level-bounded.

Proof. Note first that if 0 < p < 1, then x — ||z||; — /||| is level-bounded and hence
(i) holds trivially. We next focus on the case where pu = 1.

Suppose to the contrary that there exists ¢ and {z'} C {z: F(x) < o} such that
|zt|| — oo. By passing to a further subsequence if necessary, we may assume that

there exists d with ||d|| = 1 and hm = d. Since i[|Az" — b||* < § thanks to

oo lI® t||
F(2') < o for each ¢, we have

| Az* — b]*

1
2 [@fF i P

qu2 (4.37)

On the other hand, since F'(z') < o, it holds that

[l — "]

]

0 < 2"l = [l2"| £ 0 =0 < lim = [ld[l, =1 <0.
t—o00

This together with ||d|| = 1 implies that exactly one coordinate of d is nonzero. Since
A does not have zero columns, we obtain that ||Ad|| # 0, which contradicts (4.37).

Thus, the statement in (ii) holds. O

Therefore, if the assumptions in the above proposition hold, one can apply
Theorem 4.3 or Theorem 4.4 to deducing the convergence rate of the sequence
generated by SCP;; when applied to solving (4.35). When p = 0 in (4.35), since

11[b]]?) and A has full row rank, we know from Remark 3.2

we assumed § € (0, 5]

that = — ||z||; + 5%“14(,)_1)”29@) is a KL function with exponent 3. Consequently,
the sequence {z'} generated by SCPy, for (4.35) converges locally linearly. When
p € (0,1], although no explicit KL exponent is known for the corresponding F', we
still observe in our numerical experiments below that the sequence {z'} generated by

SCPy; for (4.35) appears to converge linearly.
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4.3.2 When / is the Lorentzian norm

Recall that, given v > 0, the Lorentzian norm of a vector y € IR? is defined as

1 2
Yi
[llar =D log (1 + ?) .
=1

In this case, the model (4.31) becomes

min [zl — pllz|

(4.38)
s.t. HA.%' — bHLLg,'y S (5,
and the corresponding F' in (1.1) now takes the following form:
F(z) = llzlly = pllzll + 640y <0(), (4.39)

with f =0, Pi(z) = ||z], P(x) = pl|z|| and g(z) = || Az —b|| 11, —d for A, b, § and
p defined as in (4.31). One can show that the mapping 2 — ||2|| 11, — ¢ has Lipschitz
gradient with modulus L, = 722 and is twice continuously differentiable. From these
one can readily see that P, and P, are convex continuous, and Assumption 1.1(i)
and (i) and Assumption 4.1 are satisfied. Also, since A has full row rank and
§ € (0,|16llLLyy), we see that {z : g(z) < 0} # 0. In addition, this P, satisfies
Assumption 4.2 since its only possible point of nondifferentiability is not feasible,
thanks to ¢ € (0, [|b||11,,,). Furthermore, the required KL conditions follow from
Theorem 4.6. In order to apply Theorem 4.3, we show below that Assumption 2.1

holds and impose conditions so that Assumption 1.1(iii) is satisfied.
Proposition 4.2. Let F' be defined as in (4.39). The following statements hold:
(i) The MFCQ holds in the whole feasible set of (4.38).
(i) If uw €0,1), then F is level-bounded.

(iii) If p =1 and A does not have zero columns, then F' is level-bounded.
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Proof. For (i), using the definition of MFCQ), it suffices to show that for every feasible
point x with g(z) = 0, it holds that Vg(z) # 0. Suppose to the contrary that there

exists T such that g(z) = 0 and

A 2(AT — b 2(AT — b r
o (T A YT
Vo (AT -0+ (A5~ b)2
Since A is surjective, we deduce that (%,...,%) = (0. This shows

that A7 — b = 0 and thus g() = ||AZ — b||z1,, — 0 = —d # 0, a contradiction.
Therefore, the MFCQ holds in the whole feasible set of (4.38).

The assertion in (ii) holds trivially. We now prove (iii). Suppose to the contrary
that there exist o and {z'} C {z: F(z) < o} such that ||z|| = oco. By passing to
a further subsequence if necessary, we may assume that there exists d with ||d|| =1

and d = lim ”ﬁ—iH Since ¢(Az' — b) < 0 thanks to F(z') < o for each ¢, and the

t—o0

Lorentzian norm is level-bounded, we see that there exists ¢ such that || Azt —b|| <&

for all ¢. The rest of the proof is then the same as that of Proposition 4.1(ii). ]

Therefore, if the assumptions in the above proposition hold, one can apply
Theorem 4.3 to deducing the convergence rate of the sequence {z'} generated by
SCP;s when applied to solving (4.38). Although no explicit KL exponent is known
for the corresponding F', in our numerical experiments below, we observe empirically

that the sequence {z'} generated by SCP,, for (4.38) appears to converge linearly.

4.3.3 Numerical experiments

In this subsection, we perform numerical experiments to illustrate the convergence
results of SCPy, established in Section 4.1. We apply SCP,, to (4.31) with ¢ being
either 1|/ - ||? (as in (4.35)) or the Lorentzian norm (as in (4.38)). We also consider

the SCP in [83] in our experiments below.
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Algorithms and their parameters We consider the following algorithms:

(i) SCP;s: We solve the corresponding subproblem (2.10) through a root-finding
scheme outlined in Section 4.3.4. Moreover, we let 7 =2, ¢ = 1074, L = 1078,

L = 10%. For t = 0, we choose L;’O =1 and LL° = 1. For t > 1, we choose:

max{lo*,min{ﬁmg% 108}} it (Az, Ag) > 10712,

L?O =L L?O - —8 L t—1 8
max{lO ,mm{Lg /7,10 }} else,

where Az = 2! — 2!7! and Ag = Vg(z!) — Vg(2!1). We initialize SCP;, at ATh

and terminate it when ||z — 2'|| < 1078 max{1, ||z*T!||}.

(ii) SCP: This was proposed in [83]. The subproblem of SCP is solved using a
root-finding scheme outlined in Section 4.3.4. We initialize SCP at Ab and

terminate it when [|z!™! — 2t < 1078 max{1, ||="™||}.

Numerical results All codes are written in Matlab, and the experiments are
performed in Matlab 2019b on a 64-bit PC with an Intel(R) Core(TM) i7-4790 CPU
(3.60GHz) and 32GB of RAM.

For both models (4.35) and (4.38), we consider either ;1 = 0 or 1. In our tests,
we let ¢ = 720¢ and n = 2560¢ with ¢ = 5. We generate an A € R?" with i.i.d
standard Gaussian entries, and then normalize this matrix so that each column of A
has unit norm. Then we choose a subset T of size so = [¢] uniformly at random from
{1,2,...,n} and an sp-sparse vector ., having i.i.d. standard Gaussian entries on
T is generated.

For (4.35), we let b = Azqie + 0.01 - 7 with 7 € IR? being a random vector
with i.i.d. standard Gaussian entries. We then set the § in (4.35) to be 302 with
o = 1.1]/0.01 - |

For (4.38), we let b = Axyig + 0.01 - 7 with 7; ~ Cauchy(0,1), ie., 7; =
tan(m(n; — 1/2)) with n € IR™ being a random vector with i.i.d. entries uniformly
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chosen in [0, 1]. We set the § in (4.38) to be 1.1]|0.017||L, 4 With v = 0.02.

We compare the approximate solution obtained by SCP;, and the original sparse
solution in Figures 4.1 and 4.2 to illustrate the recovery ability of SCP,. In Figures 4.3
and 4.4, we plot [|z' — 2°“*|| (in logarithmic scale) against the number of iterations,
where 2! and 2 are respectively the ¢ iterate and the approximate solution obtained
by the algorithm under study. As we can see, SCP;, always appears to converge
linearly and is also faster than SCP.

Figure 4.1: Recovery results by solving model (4.35) with u = 0 (left) and p =1
(right) via SCP;s. The approximate solution obtained by SCP; is marked by asterisk,
and x4, is marked by circle.

2000 4000 6000 8000 10000 12000 2000 4000 6000 8000 10000 12000

Figure 4.2: Recovery results by solving model (4.38) with u = 0 (left) and p =1
(right) via SCP;s. The approximate solution obtained by SCP; is marked by asterisk,
and x4, is marked by circle.

2000 4000 6000 8000 10000 12000 2000 4000 6000 8000 10000 12000
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Figure 4.3: Plot of ||z* — z°"|| (in log scale) for model (4.35) with u = 0 (left) and
p =1 (right). The number in the parenthesis is the CPU time taken.
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Figure 4.4: Plot of ||z* — z°"|| (in log scale) for model (4.38) with u = 0 (left) and
i =1 (right). The number in the parenthesis is the CPU time taken.
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4.3.4 Exactly solving the subproblem of SCP;, with P, being
the /; norm, P, =0 and m =1

We discuss how the subproblem (2.10) that arises in our numerical tests when SCPq

is applied to (4.31) can be solved efficiently. Our approach is based on a root-

finding strategy for solving the dual, which was also adopted in [103] for solving the

subproblem that arises in the MBA variant there. Comparing with the subproblem

considered in [103], our subproblem has an additional quadratic term, which slightly

complicates the derivation and implementation.

At the t'! iteration, the corresponding subproblem (2.10) that arises when SCPy,
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is applied to (4.31) takes the following form:

min [z]ly + §llz — y|*

st |z —s|* <,

(4.40)

where y, s € R", a > 0 and r > 0.4

Recall that the Lagrangian function for (4.40) is given by

(0%
L(w, 2) = llzlh + S llz = yl* + Adllz = sl* = 7).

Using [99, Corollary 28.2.1, Theorem 28.3], we know that there exists (z*, A*) with

A* > 0 such that x* is optimal for (4.40) and

~ a{
min L(z,\*) = mi + —lz = ylI* + d)- :
min Lz, A") = min 2]l + Zllz = yl° + 6¢)—sj2<r(2)

If A* = 0, then the solution & of min ||y + $ljx —y||* lies in {x : [Jz—s||* < r} and
l.e n

& solves (4.40). Moreover, & is given explicitly as sign(y) o max{|y| — <,0}, where o
denotes the entrywise product, and the sign function, absolute value and maximum
are taken componentwise.

If A* > 0, using [99, Theorem 28.3], we obtain that
0 € d||z*||1 + a(z* —y) +2X*(z* — s) and ||z* — s||*> = - (4.41)

Using the first relation in (4.41), we have

. « 2\*
r = PI‘OXOH_IQ)\* lI-1l1 (a T 2A*y + o+ I\ S> s (442)

where Proxy,(u) := argmin { h(v) + $|lu — v[|*} for a proper closed convex function h.
velR™

Plugging this into the second relation in (4.41), we see that A* can be obtained by

4 The fact that r > 0 follows from Lemma 2.4(iii).
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solving the following one-dimensional nonsmooth equation and the solution x* can

then be recovered via (4.42):

7

Upon the transformation t* =

2
=T.

p « 2% B
I‘OXQ+12>\* ||||1 Q _|_ 2)\*y + Q + 2)\*8 8

o575y the above equation becomes piecewise linear
quadratic and can be solved efficiently by a standard root-finding procedure.
In passing, we note that a solution procedure for the subproblem that arises when

SCP is applied to (4.31) can be derived similarly, where the subproblem takes the

form

min [ally - (¢,2)

st |z —s|* <,

for some &, s € IR" and r > 0. We omit the details for brevity.
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Chapter 5

KL property in ¢;/{5 Minimization

In this chapter, we will focus on the ¢; /¢ minimization problems (1.5) and (1.6), and
show how the KL property and KL exponent are applied to analyze the convergence

properties of the algorithms for solving (1.5) and (1.6) respectively.

5.1 Solution existence of model (1.5)

In this section, we establish the existence of optimal solutions to problem (1.5) under
suitable assumptions. A similar discussion was made in [97, Theorem 2.2], where the
existence of local minimizers was established under the strong null space property
(see [97, Definition 2.1]) of the sensing matrix A. It was indeed shown that any
sufficiently sparse solution of Az = b is a local minimizer for problem (1.5), under
the strong null space property. Here, our discussion focuses on the existence of

globally optimal solutions, and our analysis is based on the spherical section property

(SSP) [114,128].

Definition 5.1 (Spherical section property [114, 128]). Let m, n be two positive
integers such that m < n. Let V be an (n — m)-dimensional subspace of IR" and s be

a positive integer. We say that V' has the s-spherical section property if

f ||v||1Z [m
veV\{0} ||v]] s
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Remark 5.1. According to [128, Theorem 3.1/, if A € R™" (m < n) is a random
matriz with i.i.d. standard Gaussian entries, then its (n — m)-dimensional nullspace
has the s-spherical section property for s = cy(log(n/m) + 1) with probability at least

1 — e ™=m) “where ¢y and ¢, are positive constants independent of m and n.

We now present our analysis. We first characterize the existence of unbounded

minimizing sequences of (1.5): recall that {z'} is called a minimizing sequence of

(1.5) if Ax' = b for all t and lim;_, ., % = v,. Our characterization is related to the

following auxiliary problem, where A is as in (1.5):

d
v ::inf{%: Ad:O,daéO}. (5.1)

Lemma 5.1. Consider (1.5) and (5.1). Then v}, = v} if and only if there ezists a

minimizing sequence of (1.5) that is unbounded.

Proof. We first suppose that there exists an unbounded minimizing sequence {z'}

of (1.5). By passing to a subsequence if necessary, we may assume without loss of

$t
t

o = @ for some 2 with |lz*|| = 1.

generality that ||z'|| — oo and that limy .

Then we have ||z*||; = v, using the definition of minimizing sequence, and

. .. Adt , b
Ar” = fim A (5:2)
One can then see that
*
i< I oy =, < o 53)

Next, fix any x such that Az = b and choose any d # 0 satisfying Ad = 0 (these exist

thanks to v < v}, < 00). Then it holds that

o latsdl,
o+ sd]
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for any s € IR. It follows from the above display that

ES

et sdll _ldlh
v, < lim = .
oo |z +sdf - |d]

Then we have v}, < v} by the arbitrariness of d. This together with (5.3) shows that

We next suppose that v, = v5. Since ¥, < oo (thanks to A~'{b} # ), there

exists a sequence {d*} satisfying Ad* = 0 and d* # 0 such that lim_, 2"l

=T = V).
[EA d

Passing to a further subsequence if necessary, we may assume without loss of generality

that limy_, ggrp = d* for some d* with |d*|| = 1. It then follows that

dk
|a*]]
k

Ad
Ad* = lim —— =0 and |d*|; = hm = ).

H [,

Now, choose any z° such that Az® = b and define 2! = 2° 4 td* for each t = 1,2, ...

Then we have Az’ = b for all t. Moreover ||z*|| — oo as t — oo and

_ * *
=V, =U,.

N
S ]

Thus, {2’} is an unbounded minimizing sequence for (1.5). This completes the

proof. O

We are now ready to present the theorem on solution existence for (1.5).

Theorem 5.1 (Solution existence for (1.5)). Consider (1.5). Suppose that ker A has
the s-spherical section property for some s > 0 and there exists © € IR" such that
|Z]lo < m/s and AT =b. Then the optimal value v’, of (1.5) is attainable, i.e., the

set of optimal solutions of (1.5) is nonempty.

Proof. According to the s-spherical property of ker A and the definition of v/} in (5.1),

we see that v > (/7. It then follows that

||17||1 ©
Vcs = ” |0 < Vd?
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where (a) follows from the definition of v/, and the fact that Az = b, (b) follows from
Cauchy-Schwarz inequality and (c¢) holds by our assumption. Invoking Lemma 5.1
and noting v% < oo, we see that there is a bounded minimizing sequence {z'} for
(1.5). We can then pass to a convergent subsequence {z%} so that lim; ,, 2% = 2*

for some x* satisfying Axz* = b. Since b # 0, this means in particular that z* # 0. We

then have upon using the continuity of % at £* and the definition of minimizing

sequence that
t .

74 *
cs”*

o

lz=[l =ee [l

This shows that x* is an optimal solution of (1.5). This completes the proof. O

5.2 KL exponent of F' in (1.11) and global conver-
gence of Algorithm 5.1

In this section, we discuss the KL exponent of (1.11) and its implication on the
convergence rate of the algorithm proposed in [116, Eq. 11] for solving (1.5). For
ease of reference, this algorithm is presented as Algorithm 5.1 below. It was shown
in [116] that if the sequence {z'} generated by this algorithm is bounded, then any

accumulation point is a stationary point of F'in (1.11).

Algorithm 5.1. The algorithm proposed in [116, Eq. 11] for (1.5)
Step 0. Choose z° with Az° =b and a > 0. Set wy = ||2°]|1/]|2°|| and t = 0.

Step 1. Solve the subproblem

. Wt (0%
U= argmin |z|; — — (z, 2") + = ||z — ||?

s.t. Ax =0b.

xtJr

(5.4)

Step 2. Compute wiyq = |21 /||="™||. Update t <t + 1 and go to Step 1.

Here, we first remark that if the sequence {z'} generated by Algorithm 5.1 is
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bounded, then it converges to a stationary point z* of F in (1.11). The argument is
standard (see [7,8,24]), making use of H1, H2, H3 in [8, Section 2.3]. We include

the proof here.

Proposition 5.1 (Global convergence of Algorithm 5.1). Consider (1.5). Let {z'}
be the sequence generated by Algorithm 5.1 and suppose that {x'} is bounded. Then

{z'} converges to a stationary point of F in (1.11).

Proof. First, according to [116, Lemma 1], the sequence {w;} generated by Algo-

rithm 5.1 enjoys the following sufficient descent property:

S _ @
—w
B P

w |2t — 2. (5.5)

Now, if we let A\ denote a Lagrange multiplier of the subproblem (5.4) at iteration ¢,

one then see from the first-order optimality condition that

t
— ATX ¢ %xt — a2z — 2" € 9|l2" . (5.6)

On the other hand, using (2.17) and noting that x* # 0 for all ¢, we have

Ly, = I e ATN
Lo Eaa DN P

=L ATN [EcaaP t+1 t+1
=) ey © Oy Moo =R,

where the last equality follows from [100, Corollary 10.9], the regularity at x'™ of

% (see (2.17)) and d4-1(-) (see [100, Theorem 6.9]), and the definition of I in

(1.11). Combining (5.6) and the above display, we obtain that

1 (“Itnlxt _ ||It+1||1xt+1) _ @ (xt+1 _ a:t) e aF(Z‘tJrl).

[Eanns (AN | R i [Eaal
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On the other hand, since [|z'|| > inf,ca-14) [ly]| > O for all ¢ (thanks to Az’ = b and

b#0) and {z'} is bounded, we see that there exists Cy > 0 so that

Thus, in view of the above two displays, we conclude that

[ [ i (P

t+1 t
||xtH2x Hl,t+1||2 < COHI' - || for all ¢.

Oo—|—0z

infyc a1y ||yl

dist(0,0F (z"11)) <

|z"t — 2| for all ¢.

Using the boundedness of {z'}, (5.5), the above display and the continuity of F' on
its domain, we see that the conditions H1, H2, H3 in [8, Section 2.3| are satisfied.
Since F' is clearly proper closed semi-algebraic and hence a KL function, we can
then invoke [8, Theorem 2.9] to conclude that {x'} converges to a stationary point of

F. [l

While it is routine to show that the sequence {z'} generated by Algorithm 5.1
is convergent when it is bounded, it is more challenging to deduce the asymptotic
convergence rate: the latter typically requires an estimate of the KL exponent of F'in
(1.11), which was used in the above analysis. In what follows, we will show that the
KL exponent of F'is % To do this, we will first establish a calculus rule for deducing
the KL exponent of a fractional objective from the difference between the numerator
and (a suitable scaling of) the denominator: this is along the line of the calculus rules

for KL exponents developed in [75,79,124], and can be of independent interest.

5.2.1 KL exponent of F' in (1.11)

Before proving our main result concerning the KL exponent of F' in (1.11), we also

need the following simple proposition.

Proposition 5.2. Let p be a proper closed function, and let * € dom p be such that
p(z) > 0. Then the following statements hold.
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(i) We have O(p*)(x) = 2p(z)0p(x) for all x sufficiently close to .

(i) Suppose in addition that T € dom d(p?) and p* satisfies the KL property at T
with exponent 6 € [0,1). Then p satisfies the KL property at T with ezponent
6 €l0,1).

Proof. Since p(z) > 0 and p is closed, there exists € > 0 so that
0<p(zr) < oo
whenever ||z — Z|| < e and € domp. Then we deduce from [89, Lemma 1] that
d(p?)(x) = 2p(x)0p(x) whenever z € domp and ||z — z|| < e. (5.7)

Using (5.7), and invoking the definition of limiting subdifferential and by shrinking

€ if necessary, we deduce that
O(p*)(x) = 2p(x)dp(x) whenever x € domp and ||z — 7| < e. (5.8)

In particular, if Z € dom d(p?), then T € dom Op.
When p? also satisfies the KL property at 7 with exponent 6, by shrinking e

further if necessary, we see that there exists ¢ > 0 so that
dist(0,0(p?)(2)) = c(p*(2) — p*(2))", (5.9)
whenever p*(Z) < p*(z) < p*(Z) +€(2p(Z) +¢€) and ||z — Z|| < e. Thus, for € dom dp

satisfying || — Z|| < € and p(Z) < p(z) < p(Z) + €, we have from (5.8) that

dist(0, Op(z)) = dist(0, 9(p*)(x))

26dis.t((), o(p?)(x))

29(2) = 2@ +

(P(x) — P*(2))" = —————(pl) + p(2))’ (p(x) — (%))’

s A N
2 0 (p(2) 1 ) (p(z) — p(7))”,
where (a) follows from (5.9). This completes the proof. O
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We are now ready to show that the KL exponent of Fin (1.11) is % We remark
that if the set X := {x: 0 € OF(z)} is empty, then this claim holds trivially in view
of [75, Lemma 2.1]. However, in general, one can have X # (). Indeed, according to
Theorem 5.1 and [100, Theorem 10.1], we have X’ # () with high probability when A

is generated in a certain way.
Theorem 5.2. The function F in (1.11) is a KL function with exponent %

Proof. In view of [75, Lemma 2.1], it suffices to look at the KL exponent at a
stationary point & of F. For any Z satisfying 0 € 0F(Z), we have F(z) > 0 since
b # 0. Moreover, we have 0 € 9(F?)(Z) in view of Proposition 5.2(i). Next, note that

the function
1Z|13
|Z]|?

Fy(z) = ||z} - l2]1* + da-1 ey ()

can be written as min,ex{Q,(z) + P,(x)}, where R = {u € R" : u; € {1,—-1} Vi},
and @, are quadratic functions (nonconvex) and P, are polyhedral functions indexed
by o: indeed, for each ¢ € ‘R, one can define P, as the indicator function of

the set {x : Ax = b,0 oz > 0}, where o denotes the Hadamard product, and

Q. (z) == ((o,2))% — H;IEHSL’HQ Then, in view of [75, Corollary 5.2], F} is a KL

function with exponent %. Since the convex function || - ||? is regular everywhere and

1
5
the convex set A~1{b} is regular at every z € A~'{b} (thanks to [100, Theorem 6.9]),

we deduce using Theorem 3.3 that the function

I3

]

T + 5A*1{b}($)

satisfies the KL property at  with exponent % The desired conclusion now follows

from this and Proposition 5.2(ii). O

Equipped with the result above, by following the line of arguments in [6, Theo-
rem 2|, one can conclude further that the sequence {x'} generated by Algorithm 5.1
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converges locally linearly to a stationary point of F' in (1.11) if the sequence is

bounded. The proof is standard and we omit it here for brevity.

Theorem 5.3 (Convergence rate of Algorithm 5.1). Consider (1.5). Let {x'} be the
sequence generated by Algorithm 5.1 and suppose that {z'} is bounded. Then {x'}
converges to a stationary point x* of F in (1.11) and there exist t € Ny, ap € (0,1)

and a1 > 0 such that

2" — 2*|| < aral,  whenever t > t.

5.3 Compressed sensing with noise based on /;//,
minimization

In the previous sections, we have been focusing on the model (1.5), which corresponds

to noiseless compressed sensing problems. In this section and the next, we will be

looking at (1.6). We will discuss conditions for existence of solutions and derive some

first-order optimality conditions for (1.6) in this section. An algorithm for solving

(1.6) will be proposed in the next section and will be shown to generate sequences

that cluster at “critical” points in the sense defined in this section, under suitable

assumptions.

5.3.1 Solution existence

Clearly, if ¢ in (1.6) is in addition level-bounded, then the feasible set is compact
and hence the set of optimal solutions is nonempty. However, in applications such
as (1.7), (1.8) and (1.9), the corresponding ¢ is not level-bounded. Here, we discuss
solution existence for (1.7) and (1.8). Our arguments are along the same line as those

in Section 5.1. We first present a lemma that establishes a relationship between the

problems (1.7), (1.8) and (5.1).
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Lemma 5.2. Consider (5.1) and (1.6) with q given as in (1.7) or (1.8). Then

*

Vs = VS if and only if there exists a minimizing sequence of (1.6) that is unbounded.

The proof of this lemma is almost identical to that of Lemma 5.1. Here we omit
the details and only point out a slight difference concerning the derivation of (5.2).

Take (1.7) as an example and let {2’} be an unbounded minimizing sequence of it

J,’t
[l

with limy; = z* for some x* satisfying ||z*|| = 1. Then one can prove Az* =0

by using the facts that ||Az? — b|| < o for all ¢ and ||z'|] — oo. Similar deductions
can be done for (1.8).

Using Lemma 5.2, we can deduce solution existence based on the SSP of ker A
and the existence of a sparse feasible solution to (1.7) (or (1.8)). The corresponding

arguments are the same as those in Theorem 5.1 and we omit the proof for brevity.

Theorem 5.4 (Solution existence for (1.7) and (1.8)). Consider (1.6) with q given
as in (1.7) or (1.8). Suppose that ker A has the s-spherical section property and there
exists T € R™ such that ||Z||o < m/s and q¢(x) < 0. Then the optimal value of (1.6)

1s attainable.

5.3.2 Optimality conditions

We discuss first-order necessary optimality conditions for local minimizers. Our

analysis is based on the following standard constraint qualifications.

Definition 5.2 (Generalized Mangasarian-Fromovitz constraint qualifications). Con-
sider (1.6). We say that the general Mangasarian-Fromovitz constraint qualifications

(GMFCQ) holds at an x* satisfying q(x*) < 0 if the following statement holds:
o Ifq(xz*) =0, then 0 ¢ 0°q(z*).

The GMFCQ reduces to the standard MFCQ when ¢ is smooth. One can then
see from Sections 5.1 and 5.2 of [125] that the GMFCQ holds at every z feasible for
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(1.7) and (1.8) for all positive o and 7, because A is surjective. We next study the
GMFCQ for (1.9), in which A is also surjective.

Proposition 5.3. The GMFCQ holds in the whole feasible set of (1.9).

Proof. 1t is straightforward to see that the GMFCQ holds for z € {z : ¢(x) < 0}.
Then it remains to consider those = satisfying ¢(z) = 0. Let ¢ be as in (1.9) and

satisfy ¢(Z) = 0. Notice that a £ € Projg(AZ — b) takes the following form:

. {[Ai’—b]j if j eI,
J

1o otherwise,

where I* is an index set corresponding to the r-largest entries (in magnitude). Then

for any £ € Projq(Az —b), we have

(Az —0.€) = ||€]1%,

|4z = bl]2 = €] + | A7 — b— ] (5.10)
= llll® + dist*(Az — b, ) < [l + o*,
where (a) holds because 0 = ¢(z) = dist*(Az — b, S) — 0. Furthermore, since A is

surjective, we can deduce from [100, Example 8.53], [100, Exercise 10.7] and [100,
Theorem 8.49] that

0°q(Z) = conv{2AT(AZ — b —¢) : £ € Projg(Az — b)}.

Now, suppose to the contrary that 0 € 0°¢q(z). Using Carathéodory’s theorem,
we see that there exist A; > 0 and §; € Projg(Az —b), i = 1,--- ,m + 1 such that
ZmH \; =1 and Zfﬁll MNAT(AZ — b — &) = 0. Since A is surjective, we then have

=1

m—+1

> N(AT—b-&) =0.
=1

129



Multiplying both sides of the above equality by (AZ — b)T, we obtain further that

m+1 m+1

0= N(Az —b Az —b—&) = > A[Az — blf> — (Az —b,6)]
1=1 i=1
m+1

()
= D MG+ 0% = &l = o* > 0,
i=1

where (a) follows from (5.10) and the fact that & € Projg(Az — b) for each i, and the

last equality holds because ZZ’:;I A; = 1. This is a contradiction and thus we must

have 0 ¢ 0°q(Z). This completes the proof. O

In the next definition, we consider some notions of criticality. The first one is the

standard notion of stationarity while the second one involves the Clarke subdifferential.
Definition 5.3. Consider (1.6). We say that an & € R" satisfying q¢(z) < 0 is

(i) a stationary point of (1.6) if
00 (5 +d40() (@) (5.11)

(ii) a Clarke critical point of (1.6) if there exists A > 0 such that

I#l 4 Noeg(z) and Aq(z) = 0. (5.12)

Izl

0o

As mentioned above, Definition 5.3(i) is standard and it is known that every local
minimizer of (1.6) is a stationary point; see [100, Theorem 10.1]. We next study some
relationships between these notions of criticality, and show in particular that every

local minimizer is Clarke critical when the GMFCQ holds.

Proposition 5.4 (Stationarity vs Clarke criticality). Consider (1.6) and let T be

such that q(z) < 0. Then the following statements hold.
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(i) If T is a stationary point of (1.6) and the GMFCQ holds at T, then T is a Clarke

critical point.
(ii) If T is a Clarke critical point of (1.6) and q is regular at T, then T is stationary.

Remark 5.2. Since local minimizers of (1.6) are stationary points, we see from
Proposition 5.4 (i) that when the GMFCQ holds in the whole feasible set, local mini-

mizers are also Clarke critical.

Proof. Suppose that T is a stationary point of (1.6) at which the GMFCQ holds.

Then (5.11) holds and we consider two cases.

(5.12)

Case 1: ¢(z) < 0. Since ¢ is continuous, (5.11) implies 0 € 8”@"‘1
holds with A = 0. Thus, # is a Clarke critical point.

Case 2: ¢(z) = 0. Since the GMFCQ holds for (1.6) at Z, we see that 0 ¢ 0°¢(z).
Then we can deduce from (5.11) and [100, Exercise 10.10] that

0e a‘;r ’;\

lq<0](7) & :f’:f + U A0%(
A>0
where (a) follows from [27, Theorem 5.2.22], the first corollary to [41, Theorem 2.4.7]
and the fact that 0 ¢ 9°¢(z). Thus, (5.12) holds with some A > 0 (recall that
q(z) = 0), showing that z is a Clarke critical point. This proves item (i).
We now prove item (ii). Suppose that z is a Clarke critical point and that ¢ is
regular at z. Then there exists A > 0 so that (5.12) holds. We again consider two

cases.

Case 1: A = 0. In this case, we see from (5.12) that 0 € 0”@‘1,

Izl @ slzl — sllzh | o
0e€0 0 co + Nig<0)(Z)
El [El E

(b) ~
ga(‘h ‘h

w0)) @ Co (14 5,00) @
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where (a) follows from (2.17) and [100, Corollary 8.11], (b) holds thanks to [100,
Corollary 10.9], and (c) follows from [100, Theorem 8.6]. Thus, Z is a stationary
point.

Case 2: A > 0. In this case, we have from (5.12) that ¢(7) = 0. Since ¢ is regular at
z, we see from [100, Corollary 8.11] and the discussion right after [100, Theorem 8.49]
that

0q(z) = 0q(7) = °q(7). (5.13)

Now, in view of (5.13), ¢(Z) = 0 and [100, Proposition 10.3], we have

Nig=o/(®) 2 | Aq(@) = | A0°q(a). (5.14)

A>0 A>0

We then deduce that

~ T
-+ Nig<o(2) H L + U AO%q(

Y

0 (yh‘.’hl + 5[q<0](')) (7) 20
where (a) follows from [100, Theorem 8.6] and [100, Corollary 10.9], and (b) follows
from (5.14), (2.17) and [100, Corollary 8.11]. This together with the definition of
Clarke criticality shows that (5.11) holds. This completes the proof. O

5.4 A moving-balls-approximation based algorithm
for solving (1.6)

In this section, we propose and analyze an algorithm for solving (1.6), which is an exten-
sion of Algorithm 5.1 by incorporating mowving-balls-approxzimation (MBA) techniques

[10]. Our algorithm, which we call MBAy, s, , is presented as Algorithm 5.2 below.
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Algorithm 5.2. MBA,, /,: Moving-balls-approximation based algorithm
for (1.6)

Step 0. Choose x° with q(z°) <0, @ > 0 and 0 < lyin < lmax. Set wy = ||2°]]1/]]2z°|]
and t = 0.

Step 1. Choose I € [, lmax] arbitrarily and set l; =19. Choose ' € OPy(z").
(1a) Solve the subproblem

B =argmin el — (et + Sl — )
st. q(z") + (VP (z") - ' o —2") + %Hx —a'* <o.
(5.15)
(1b) If q(z) <0, go to Step 2. Else, update l; < 2l; and go to Step (1a).

Step 2. Set 2! = 7 and compute w1 = |2t/ |2, Set I, :=l,. Update
t < t+1 and go to Step 1.

Unlike previous works [19,23,125] that made use of MBA techniques, our algorithm
deals with a fractional objective and a possibly nonsmooth continuous constraint
function. Thus, the convergence results in [19,23,125] cannot be directly applied
to analyze our algorithm. Indeed, as we shall see later in Section 5.4.2, we need
to introduce a new potential function for our analysis to deal with the possibly
nonsmooth ¢ in the constraint.

We will show that Algorithm 5.2 is well defined later, i.e., for each t € N, the
subproblem (5.15) has a unique solution for every [, and the inner loop in Step 1
terminates finitely. Here, it is worth noting that (5.15) can be efficiently solved using

a root-finding procedure outlined in [125, Appendix A] since (5.15) takes the form of
. o t2 ty2
min Hx|]1+§|]:€—c I st ||z — s < Ry

for some ¢! € R", st € IR"” and R; > 0.
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5.4.1 Convergence analysis

In this subsection, we establish subsequential convergence of MBA,, /,, under suit-
able assumptions. We start with the following auxiliary lemma that concerns well-
definedness and sufficient descent. The proof of the sufficient descent property in
item (iii) below is essentially the same as [116, Lemma 1]. We include it here for

completeness.

Lemma 5.3 (Well-definedness and sufficient descent). Consider (1.6). Then the

following statements hold:

(i) MBAy, je, is well defined, i.e., for each t € Ny, the subproblem (5.15) has a

unique solution for every l; and the inner loop in Step 1 terminates finitely.
(ii) The sequence {l;} is bounded.

(iii) Let {(z",w;)} be the sequence generated by MBAy, ;i,. Then there exists 6 > 0

such that ||z*|| > 0 for every t € Ny, and the sequence {w,} satisfies

@ ¢ t+172
Wt — W1 Z WHZE — X H y te N+. (516)

Proof. Suppose that an z' satisfying ¢(z") < 0 is given for some ¢ € N . Then z* # 0
since ¢(0) > 0. Moreover, for any [, > 0, a' is feasible for (5.15) and the feasible set
is thus nonempty. Since (5.15) minimizes a strongly convex continuous function over
a nonempty closed convex set, it has a unique optimal solution, i.e., T exists.
Let L, be the Lipschitz continuity modulus of VP. Then we have

¢(7) = P(T) — Po(3) < Pi(a') + (VP (2"), T — ') + 2||7 — 2! — Po(@)

o) ) (5.17)
< Pi(a') = Po(a') + (VPi(a') = ¢ T — o) + (|7 — o> < =717 — ' |]?,
where (a) holds because of the convexity of P, and the definition of ¢*, and (b) follows
from the feasibility of 7 for (5.15). Let ky € Ny be such that L, — 2%/, < 0. Then
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by (5.17) and the definition of I; we see that ¢(z) < 0 after at most ky calls of Step
(1b). Moreover, it holds that I, < 2*[,,,. Therefore, if g(z*) < 0, then the inner loop
of Step 1 stops after at most ky iterations and outputs an '™ satisfying ¢(2'™!) <0
(in particular, z*! # 0) with [, < 2¥[,,,.. Since we initialize our algorithm at an z°
satisfying ¢(2°) < 0, the conclusions in items (i) and (ii) now follow from an induction
argument.

Next, we prove item (iii). Since ¢(0) > 0, we see immediately from the continuity
of ¢ that there exists some § > 0 such that ||z|| > 0 whenever g(x) < 0. Thus,
|zt|| > § for all t € A, thanks to q(x*) < 0. Now consider (5.15) with I, = ;. Then
2t is feasible and 2! is optimal. This together with the definition of w; yields

112 gl
th—l—lH || t||2< t+1 t>+ t+1—l't||2 < ||:L‘t||1 | t||2< t > el thQ =0.

Dividing both sides of the above inequality by ||z'™!|| and rearranging terms, we have

[EzanalP N lat — 2|2 < 2l (2t el et
[+ 2l B [ | R (| || ]|
This proves (iii) and completes the proof. ]

We next introduce the following assumption.
Assumption 5.1. The GMFCQ for (1.6) holds at every point in [q¢ < 0].

Recall from Proposition 5.3 and the discussions preceding it that Assumption 5.1
holds for (1.7), (1.8) and (1.9) since A is surjective. We next derive the Karush-Kuhn-
Tucker (KKT) conditions for (5.15) at every iteration ¢ under Assumption 5.1, which

will be used in our subsequent analysis.

Lemma 5.4 (KKT conditions for (5.15)). Consider (1.6) and suppose that Assump-
tion 5.1 holds. Let {z'} be the sequence generated by MBAy, j¢,. Then the following

statements hold:
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(i) The Slater’s condition holds for the constraint of (5.15) at each t € Ny.

(ii) For eacht € Ny, (' € OPy(x') and l; > 0, the subproblem (5.15) has a Lagrange

multiplier \y > 0. Moreover, if T is as in (5.15), then it holds that

At (q(:vt) + (VP (a") = "7 —a") + %Hf — xtH2> =0, (5.18)
0ed|z|, — % + M (VP (2") = ') + (oo + Ml (7 — ). (5.19)

Proof. Notice that we can rewrite the feasible set of (5.15) as B (st, \/E) with
st = ot — %(VPl(a:t) — (Y and Ry = %HVPl(:L’t) — (Y2 - %q(mt), where R, > 0
because q(z') < 0. Suppose to the contrary that R, = 0. Then we have ¢(z') = 0
and VP (z') — ¢* = 0. The latter relation together with (2.18) implies 0 € 9°q(z"),
contradicting the GMFCQ assumption at z*. Thus, we must have R; > 0 and hence
the Slater’s condition holds for (5.15) at the t*" iteration.

Since the Slater’s condition holds for (5.15), we can apply [99, Corollary 28.2.1]
and [99, Theorem 28.3] to conclude that there exists a Lagrange multiplier A; such that

the relation (5.18) holds at the #'* iteration and Z minimizes the following function:

Wt (0%
L) =zl - m(ﬂfﬂft) + 5 lle =2

+ N\ (q(xt) +(VP(z') = "z — ") + %Hx — xt||2) .

This fact together with [100, Exercise 8.8] and [100, Theorem 10.1] implies that (5.19)

holds at the t* iteration. This completes the proof. O

Now we are ready to establish the subsequential convergence of Algorithm 5.2.
In our analysis, we assume that the GMFCQ holds and that the {z'} generated by
MBA, /¢, is bounded. The latter boundedness assumption was also used in [116]

for analyzing the convergence of Algorithm 5.1. We remark that this assumption is
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not too restrictive. Indeed, for the sequence {z'} generated by MBA, /,, in view of
Lemma 5.3(i), we know that ¢(z") < 0 for all ¢. Thus, if ¢ is level-bounded, then {z'} is
bounded. On the other hand, if ¢ is only known to be bounded from below (as in (1.7),
(1.8) and (1.9)) but the corresponding (1.6) is known to have an optimal solution,
then one may replace ¢(x) by the level-bounded function gy () := g(z) + (||z|| — M)%

for a sufficiently large M. As long as M > ||z*|| for some optimal solution z* of (1.6),

replacing ¢ by ¢as in (1.6) will not change the optimal value.

Theorem 5.5 (Subsequential convergence of MBAy, /4, ). Consider (1.6) and suppose
that Assumption 5.1 holds. Let {(zt, (%, 1;)} be the sequence generated by MBAy, /4,
and \; be a Lagrange multiplier of (5.15) with l, = l,. Suppose in addition that {x'}

1s bounded. Then the following statements hold:
(i) limg e ||t — 2t = 0;
(i) The sequences {\;} and {C'} are bounded;

(iii) Let T be an accumulation point of {x'}. Then T is a Clarke critical point of

(1.6). If q is also regular at T, then T is a stationary point.

Proof. Since {x'} is bounded, there exists M > 0 such that ||zf|| < M for all t € Ny.

Using (5.16), we obtain

o0

Yt 12 < Tim <
;2M||l‘ HF < wo hgéglfwt_wo,

which proves item (i).

Now we turn to item (ii). The boundedness of {¢*} follows from the boundedness
of {z'} and [112, Theorem 2.6]. We next prove the boundedness of {\;}. Suppose to
the contrary that {\;} is unbounded. Then there exists a subsequence {\;, } such that

limy_,o Ay, = 00. Passing to a subsequence if necessary, we can find subsequences
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{2} and {)\, } such that limy . 2 = 2* and N\, > 0 for all k£ € N, where the
existence of z* is due to the boundedness of {z'}. According to (5.18) and the

ti+1

definition of z***", we obtain

[,
q(z'*) + (VP (z') — ', ot — ) + % th”l — :ctk||2 =0.

Since {z'} is bounded and V P; is Lipschitz continuous, we then see that {V P (z")}
is bounded. Moreover, {l; } is bounded thanks to Lemma 5.3(ii) and we also know
that {¢'} is bounded. Using these facts, item (i) and the continuity of ¢, we have
upon passing to the limit in the above display that ¢(z*) = 0. Since the GMFCQ
holds for (1.6) at *, we then have 0 ¢ 0°¢(z*).

Let t = ty, Iy = l;,, © = %+ in (5.19), and divide both sides of (5.19) by A, .
Then

1

VPl(xt’“) — Ctk € —)\
t

tr _
8||xtk+1||1 + Wi, L (ltk -+ %) (xtk-i-l _ ;L‘tk).
k

k )‘tk”xtkH -

Thus, there exists a sequence {n*} satisfying n* € 9||z%**!||; and

Lk
I, W, T

- «
P ()
k )‘tk”xtkH § )\tk

tk _ tk -
VPl(x ) C /\t

Note that {n*} is bounded since 9||z|; C [~1,1]" for any = € IR". Moreover, {w;, }
is bounded since ||z|| < [|z|; < /nljz|| for any x € R". Furthermore, we have
the boundedness of {l;,} from Lemma 5.3(ii). Also recall that limy ,., A, = 00
and (" € OPy(z"). Using these together with item (i), we have upon passing to
the limit in the above display and invoking the closedness of P, (see Exercise 8
of [25, Section 4.2]) that VP (z*) € OPy(x*). This together with (2.18) further implies
0 € 0°q(x*), leading to a contradiction. Thus, the sequence {\;} is bounded.

We now turn to item (iii). Suppose Z is an accumulation point of {z'} with

lim; . 2% = & for some convergent subsequence {z%}. Since {\;,;} and {¢'} are
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bounded (thanks to Lemma 5.3(ii) and item (ii)), passing to a further subsequence if

necessary, we may assume without loss of generality that

lim (A, 1y;) = (A1) for some A, [ >0, lim ¢% = ( for some ¢ € OP5(Z); (5.20)

Jj—r00 Jj—oo

here, { € OP»(Z) because of the closedness of 9P, (see Exercise 8 of [25, Section 4.2]).
On the other hand, according to Lemma 5.3(iii), we have ||z']] > § > 0 for all

€ N,. This together with the definition of Z yields ||Z|| # 0. It then follows that

L-[|x
I

continuity of V Py, the closedness of J| - ||1, item (i), (5.20), and passing to the limit

is continuous at z. Thus, we have, upon using this fact, the definition of w;, the

as j — oo in (5.19) with (2, Ay, l;) = (2%, A, ;) and ¢ = t; that

i _ — _ —
0ead|z| — HxH;x +MVP(z)—0).

We then divide both sides of the above inclusion by ||Z|| and obtain

[

[EE

I

T A
Izl

0e —3H 1 — EE

[ (VP(2) = C), (5:21)

(VP(2) =) =

=

where the equality holds due to (2.17). In addition, using (5.18) with (z, A, l;) =

(x5 N\, ly;) and ¢ = ¢;, we have

l,
hm )\t ( tj) 4 <VP1($tj) o Ctj,l‘thrl o xtj> J th s+l thZ — 0_

]—>OO

This together with item (i) and (5.20) shows that Aq¢(Z) = 0. Combining this with
(5.21), ¢ € OPy(7) (see (5.20)), (2.18) and the fact that ¢(z) < 0 (because ¢(z*) <0
for all t) shows that z is a Clarke critical point. Finally, the claim concerning

stationarity follows immediately from Proposition 5.4. This completes the proof. [J
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5.4.2 Global convergence under KL assumption

We now discuss global convergence of the sequence {z'} generated by Algorithm 5.2.
Our analysis follows the line of analysis in [6-8, 19, 23, 125] and is based on the

following auxiliary function:

~ T
By, ¢, w) = H Sty € 0) + Gy (@), (5.22)

with
. Gw) == Puly) + (VPy). o — 0+ BS(O — (Co) + g ol (523)

where P, and P, are as in (1.6), and p > 0 is chosen such that {z : ¢(z) < 0} C
{2 ||z]| > p}. Some comments on F are in place. First, recall that in the potential
function used in [23] for analyzing their MBA variant, the authors replaced Pi(x) by
a quadratic majorant Pi(y) + (VP (y),z —y) + %Hx —y||?, where L, is the Lipschitz
continuity modulus of VP;. In this section, we will also assume P; to be twice
continuously differentiable. Here, as in [125], we further introduce the variable w to
handle the varying /;. Finally, to deal with the possibly nonsmooth —P,, we replaced
—Py(x) by its majorant Py (¢) — ((,x) as in [79].

The next proposition concerns the subdifferential of F and will be used for deriving

global convergence of the sequence generated by MBA, /g, .

Proposition 5.5. Consider (1.6) and assume that Py is twice continuously differen-
tiable. Suppose that Assumption 5.1 holds. Let {(z*, !, 1)} be the sequence generated
by MBAy, js, and suppose that {z'} is bounded. Let F and § be given in (5.22) and

(5.23) respectively. Then the following statements hold:

(i) For anyt € Ny, we have q(z!, 2%, (! 1) < 0.
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(ii) There exist k > 0 and t € N, such that
dist(0, OF (', 2%, ¢t 1)) < k|2 — || for all t > ¢.

Proof. We first observe that

l;
= Pi(a") + (VPi(a"), 2" —af) + P(¢") = (¢, ") + Sl — 2t

2
I,
= Pi(a") + (VP(a") = ¢ 2"t =) + PE(C) = (¢ o'y + Sl = 2P (5 00)
@ Pl(xt) o Pg(xt) + <VP1(It) o Ct,$t+1 . :L‘t> + %th—i—l . thQ

b

= qla) + (VP (a) = 't — ) + 2

|z — 2| <0,

where (a) follows from (2.1) because (' € OP2(z'), and the last inequality holds
because 't is feasible for (5.15) with I, = ;. This proves item (i).

Now, note that Ng_(g(z'*, 2%, ¢t 1)) = {0} if g(at*t 2%, ¢t 1) < 0. Using
this together with [100, Proposition 10.3], we conclude that at any (‘"% 2t ¢t 1)

(regardless of whether g(z'*!, zt, ¢, ;) < 0 or q(z*!, 2%, ¢t,1,) = 0), the relation
N[@SO} (xH_lv xt’ <tv Zt) 2 quN(iftH, xt’ Ct> [75)

holds for any A\ € Ngr_(q(z!*, 2%, %, 1;)). Thus, for any A € Nr_(q(z!, 2%, ¢4 1)),

we have that
Nig<o (a1, 28, ¢t 1) D A9g(attt, ¢, 1))

AV P (') = ¢+ Lz — at)] AV o
@ [AV2RE) T —a) — L@t —at)| w | g [ 6B)
- AP () = At 2 | At — L)
% th—kl o xtH % th+1 o xtH
with
Vt = VP ty _ ot l_ t+1 .t
1 1(']: ) C + t(l’ i z )7 (526)

‘/'215 = V2P1($t)($t+1 _ xt) _ lt(.ilft—H _ Z’t),
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where (a) uses the definition of ¢, [100, Exercise 8.8(c)], [100, Proposition 10.5]
and [100, Proposition 8.12] (so that P (¢t) = OP;(¢')), and (b) uses (2.1) and the
fact that ¢* € OPy(«"). On the other hand, we have from [100, Theorem 8.6] that

8ﬁ(mt+17 xt7 <t7 l_t) ») 5%(%#17 xt, <t7 l_t)

t+1 [Eiaa PSS
el ”(1) PR (5.27)

2 0 + N[(?SO](xt—i_laxt?Ctal_t)a

0

where (a) uses [100, Corollary 10.9], (2.17) and [100, Corollary 8.11], and the facts
that 55W§0}(zt“,xt,§t,l_t) = N[agg] (zt, 2, ¢t 1) and ]v”.HZp(xt“) = {0}.

Let \; > 0 be a Lagrange multiplier of (5.15) with I, = [,, which exists thanks to
Lemma 5.4. In view of the inequality and the last equality in (5.24) and using (5.18)
with (7,1;) = (2!, 1;), we deduce that A\, € Ng_(q(z*™, 2%, ¢, 1;)), which in turn

implies that t“H € Ngr_(q(x*1 2t ¢t 1;)). We can hence let \ = ng\ﬁ in (5.25)

to obtain an element in N[ago} (1, 2, ¢t 1,). Plugging this particular element into

(5.27) yields

+1 Izt ot t
|x*+1|laH:r H1 \56”1\\3 +|Ixt+lllv

|
-~ 7 t+1 V
OF (2" 2" ', 1) 2 | ?L:If(;t”— . ey : (5.28)

2
W [z — |

where V' and VJ are given in (5.26). On the other hand, applying (5.19) with

(7,1,) = (2!, 1;) and recalling that w;, = ||zt||,/||z*||, we obtain

Az |1 > H tH; E AV DY) = CF) = (o + Mly) (2 — 1)

_ =l
IR

(5.29)

)\tvl ( t+1 .It).
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Combining (5.28) and (5.29), we see further that

Ji
O ot Ty s | eV L (5.30)
Y ||zti1||(l’ —a)
2
2||;rt+1|| 2+t — 2|
where
1 2" |1 [EaasalP o
t .__ t t+1 t+1 t
9 = ey (e~ foeaie™) = g™ 2
Next, recall from Lemma 5.3(iii) that
|2+ > 6, for all t € N (5.31)

Using this together with our assumption that {z'} is bounded, we see that there

exists L; > 0 such that

Combining the above three displays, we deduce that

||xt||1 t thﬂ”l L
(e 12"

< Ly||2"t — 2| for all ¢.

172l <

L1 —f-Oé
Tuxt*l — 2. (5.32)

On the other hand, one can see from (5.31), the definition of Vi (see (5.26)), the
boundedness of {)\;,l;} (see Theorem 5.5(ii) and Lemma 5.3(ii)), the continuity of
V2P, and the boundedness of {z'} that there exist Ly > 0 and Lz > 0 such that

At
mmn<_adwwﬂn

< Lgl|z™ — 2. (5.33)

Moreover, we can see from Theorem 5.5(i) that there exists ¢t € A, such that

||:L‘t+1 _ l‘t||2 S ||:L‘t+1 _ l,tH
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whenever ¢ > t. Now we can conclude from (5.30), (5.32), (5.33) and the above

display that there exists x > 0 such that
dist(0,0F (z"*!, 2", ¢, 1)) < k[l — 2|
for all ¢ > t. This completes the proof. m

When the sequence {z'} generated by MBA,, /s, is bounded, one can show that
the set of accumulation points Q of {(2'*1, x%,¢*,1,)} is compact. This together with
Lemma 5.3(iii) and the continuity of F on its domain shows that F is constant on
Q C dom OF. Using this together with Proposition 5.5 and Lemma 5.3(iii), one can
prove the following convergence result by imposing additional KL assumptions on F.
The proof is standard and follows the line of arguments as in [6-8,24,79,119]. We

omit the proof here for brevity.

Theorem 5.6 (Global convergence and convergence rate of MBAy, /). Consider (1.6)
and assume that Py is twice continuously differentiable. Suppose that Assumption 5.1

holds. Let {x'} be the sequence generated by MBA s, and assume that {z'} is
bounded. If F in (5.22) is a KL function, then {z'} converges to a Clarke critical
point x* of (1.6) (x* is stationary if q is in addition regular at x*). Moreover, if F

is a KL function with exponent 0 € [0,1), then the following statements hold:
(i) If @ =0, then {z'} converges finitely.
(i) If 6 € (0, 3], then there exist co >0, Q1 € (0,1) and t € N such that

2" — || < Q) for t > t.
(iii) If 0 € (3,1), then there exist ¢ > 0 and t € Ny such that

b gt — 251
|lx" — a*|| < cot™ 201 for t > t.
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Remark 5.3 (KL property of F corresponding to (1.7), (1.8) and (1.9)). (i) In both

1.7) and (1.8), we have q = Py, being analytic and Py = d¢oy. Hence F becomes
( g analy 5 = 0f0}

ﬁ(%%(yw) = ”‘g‘”l +5A('x7y)C7w> ’U)Zth A = {(x7y7C7w) : Pl(y>+<vpl(y)7x_
y) + 5z — y||> <0, =0,|z|| > p}. Hence, the graph ofﬁ is

el = zllell, Azl =, (=0, }
{(x7y7C7wgz). Pl(y)—i-(VPl(y),x—gD—i—%Hl‘—yHQSO )

which is semianalytic [52, Page 596]. This means that F is subanalytic [52,
Definition 6.6.1]. Moreover, the domain of F is closed and ﬁ’domﬁ is continuous.

Therefore, F satisfies the KL property according to [20, Theorem 5.1].

(ii) For (1.9), first note that Py is a convex piecewise linear-quadratic function
(see, for example, the proof of [79, Theorem 5.1]). Then Py is also piecewise
linear-quadratic function thanks to [100, Theorem 11.14]. Thus, one can see

that q corresponding to (1.9) is semialgebraic and so is the set © = {(z,y,(,w) :

q(z,y,¢,w) < 0}. Therefore F is semialgebraic as the sum of the semialgebraic

functions x — 12 4 Oj=p(x) and de, and is hence a KL function [7].

llzl

Using Theorem 5.6, Remark 5.3, Proposition 5.3 and the discussions preceding
it, and recalling that continuously differentiable functions are regular, we have the

following immediately corollary.

Corollary 5.1 (Global convergence of MBA, s, for problems (1.7), (1.8) and (1.9)).

The following conclusions hold:

1. If we apply MBAy, je, to (1.7) or (1.8), then the sequence generated converges

to a stationary point of the problem if the sequence is bounded.

2. If we apply MBAy, je, to (1.9), then the sequence generated converges to a Clarke

critical point of the problem if the sequence is bounded.
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5.5 Numerical simulations

In this section, we perform numerical experiments on solving random instances of
(1.7), (1.8) and (1.9) by MBA, s;,. All numerical experiments are performed in
MATLAB 2019b on a 64-bit PC with an Intel(R) Core(TM) i7-6700 CPU (3.40GHz)
and 32GB of RAM.

We set lin = 1078, Lyax = 10° and o = 1 in MBAy, p,. We let [§ = 1 and compute,
for each t > 1,

o= max 4 lyin, Min 5”2% |92),lmax}} if <d;,dz) > 10712,

max 9 Iy, min ¢ -5+, lmax}} otherwise,
where df, = o' — 2" and d}, = §' — £ with £ = VP (2") — (*: specifically, ¢* =0
when solving (1.7) and (1.8), while for (1.9), we pick any ¢* € Projg(Az' — b), which
can be obtained by finding the largest r entries of Ax! — b.

We initialize MBAy, 4, at some feasible point Zfe,s and terminate MBA,, /5, when
la* — 27| < tol - max{]|z*]|, 1}; (5.34)
we will specify the choices of xg,s and tol in each of the subsections below.

5.5.1 Robust compressed sensing problems (1.9)

(P+0)Xn with ii.d standard Gaussian entries and

We generate a sensing matrix A € IR
then normalize each column of A. Next, we generate the original signal z;; € IR" as
a k-sparse vector with k£ i.i.d standard Gaussian entries at random (uniformly chosen)
positions. We then generate a vector z, € IR* with i.i.d. standard Gaussian entries,
and set z € IRP™ to be a vector with the first p entries being zero and the last ¢ entries

being 2sign(z,). The vector b in (1.9) is then generated as b = Axyyg — 2 + 0.01¢,

where ¢ € IRP** has i.i.d. standard Gaussian entries. Finally, we set o = 1.2/|0.01¢||
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and 7 = 2. In MBA, /4,, We set Tfeas = ATb,! and tol = 1076 in (5.34).

In our numerical tests, we consider (n,p,k,t) = (2560i, 720i,80i, 10i) with i €
{2,4,6,8,10}. For each i, we generate 20 random instances as described above. The
computational results are shown in Table 5.1. We present the time ¢, for the (reduced)
QR decomposition when generating Zfeas, the CPU times ¢, and tsum,? the recovery

error RecErr = Hﬂ:}i’{“{_‘—‘iziH}, and the Residual = dist?(Azoy — b, S) — 02, averaged

over the 20 random instances, where . is the approximate solution returned by
MBAy, /¢,. We see that x., are approximately recovered in a reasonable period of

time.

Table 5.1: Random tests on robust compressed sensing

) tar tmba(tsum) RecErr  Residual
2 0.5 1.2 (1.7) 3.3e-02 -3e-11

4 31  41(72) 33602 -Be-ll
6
8

98 83 (181) 3.3e02 -9e-l1
24.0 14.3 (384) 3.3e-02  -le-10
10 43.6 21.5(65.3) 3.3e-02 -2e-10

5.5.2 CS problems with Cauchy noise (1.8)

Similar to the previous subsection, we generate the sensing matrix A € IR™*" with
i.i.d standard Gaussian entries and then normalize each column of A. We then
generate the original signal z.i; € IR" as a k-sparse vector with k i.i.d standard
Gaussian entries at random (uniformly chosen) positions. However, we generate b as
b = AZyig +0.01e with g; ~ Cauchy(0,1), i.e., ¢; = tan(w(g; — 1/2)) for some random
vector € € IR™ with i.i.d. entries uniformly chosen in [0, 1]. Finally, we set v = 0.02

and 0 = 1-2”0'015||LL2,7‘

! We compute Ath via the MATLAB commands [Q,R] = qr(A’,0); xfeas = Q*(R’\b).

2 tmba is the run time of MBAy, /¢,, while tg, includes the run time of MBAy, /,, the time for
performing (reduced) QR factorization on AT and the time for computing Q(R~1)7b.
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We compare the ¢; minimization model (which minimizes ¢; norm in place of ¢ /¢,
in (1.8); see [125, Eq. (5.8)] with u = 0) with our ¢, /¢, model. We use SCPy, in [125]
for solving the ¢; minimization model. We use the same parameter settings for SCPq
as in [125, Section 5], except that we terminate SCPy when (5.34) is satisfied with
tol = 107 in Table 5.2. We initialize MBA,, /s, at the approximate solution z,, given
by SCPy, and terminate MBA, /,, when (5.34) is satisfied with tol = 107°.

In our numerical experiments, we consider (n,m,k) = (2560i,720i,80i) with
i €{2,4,6,8,10}. For each i, we generate 20 random instances as described above.
Our computational results are presented in Table 5.2, which are averaged over the

20 random instances. Here we show the CPU time ¢, for performing (reduced) QR

”mout_xorigH
maX{Lllxorig”}

the residual Residual = ||Azqu — b|| 11,y — 0 of both SCPis and MBA, /¢,, where 2oy

decomposition on AT, the CPU time,? the recovery error RecErr = and

is the approximate solution returned by the respective algorithm. We see that the
recovery error is significantly improved by solving the nonconvex model.

Finally, as suggested by one reviewer, we investigate the effect of initialization
on the performance of MBAy, /,. Specifically, we test SCP;; and MBA, /4, on the
same set of instances used in Table 5.2, but terminate SCPy; when (5.34) is satisfied
with tol = 107*. We then initialize MBA,, /s, at the approximate solution returned
by SCPj, and terminate MBA,, ;,, when (5.34) is satisfied with tol = 107°. The
computational results are presented in Table 5.3. Not too surprisingly, we can see
that MBA,, /s, can result in large recovery errors with this initialization, though the
recovery errors may still be small sometimes (see i = 6). Thus, the performance of

MBAy, /¢, is quite sensitive to its initialization.

3 For MBAy, /¢,, the time in parenthesis is the total run time including the time for computing the
initial point Afb for SCP)s and the run times of SCPs and MBAy, /¢,, the time without parenthesis
is the actual run time of MBA, /4, starting from Zfeas = Tscp-
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Table 5.2: Random tests on CS problems with Cauchy noise (tol = 1075 for SCPy,)

CPU RecErr Residual

SCP,  MBA,,, SCP,  MBA,,, SCP. MBA,
2 05 100 06 (11.1) 1.3e0l 65602 2007  -8¢-08
4 30 524  20(57.5) 13e01  6.6e-02 -6e-07  -2e-07
6
8

it

9.4 87.3 4.1 (100.9) 1.3e-01 6.6e-02 -9e-07 -2e-07
23.4  281.6 7.0 (312.1) 1.3e-01 6.5e-02 -le-06 -3e-07
10 424 2855 114 (339.5) 1.3e-01 6.5e-02 -2e-06 -4e-07

Table 5.3: Random tests on CS problems with Cauchy noise (tol = 1073 for SCPy,)

CPU RecErr Residual

SCP,  MBA, SCP,  MBA,,, SCP, MBA,
2 05 3.0 50.8 (54.3)  1.8¢+00 1.6e+00 -3e+01  -6e-05
430 118  457.6 (472.5) 4.3e+00 4.2e4+00 -le+02  -5e-04
6 95 305  49(449)  21e0l  6.6e-02  -9e-01  -2e-07
8 229 377  785(139.2) 9.7e+00  9.6e+00 -6e+01  -9e-03
10 415 719  3164.0 (3277.6) 2.1e+00 1.7e+00 -le+02  -2¢-04

T

5.5.3 Badly scaled CS problems with Gaussian noise (1.7)

In this section, we generate test instances similar to those in [116]. Specifically, we

first generate A = [aq, -+ ,a,] € R™*" with

1 2mwj 1
a; = —— COS = R )
] \/ﬁ F ) j ) 9 9

where w € R™ have i.i.d. entries uniformly chosen in [0, 1]. Next, we generate the

original signal s € IR" using the following MATLAB command:

I = randperm(n); J = I(1:k); xorig = zeros(n,1);

xorig(J) = sign(randn(k,1)).*10." (D*rand(k,1));

We then set b = Axgis + 0.01e, where ¢ € IR™ has i.i.d standard Gaussian entries.
Finally, we set o = 1.2]/0.01¢]].

We compare the ¢; minimization model (which minimizes ¢; norm in place of ¢ /¢s
in (1.7); see [125, Eq. (5.5)] with p = 0) with our ¢, /¢3 model. The ¢; minimization
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model is solved via SPGL1 [17] (version 2.1) using default settings. The initial point
for MBAy, /¢, is generated from the approximate solution e of SPGLI as follows:
Specifically, since z4,e11 may violate the constraint slightly, we set the initial point of

MBAgl /l2 as

| Azgpgi—bll

At + o =A g Ap b > o,
Peas = {!ESpgu otherwise.
We terminate MBAy, /,, when (5.34) is satisfied with tol = 107
In our numerical tests, we set n = 1024, m = 64 and consider k£ € {8,12},
F € {5,15} and D € {2,3}. For each (k, F, D), we generate 20 random instances
as described above. We present the computational results (averaged over the 20
random instances) in Table 5.4. Here we show the CPU time,* the recovery error

RecErr = Jfeutoizl the Residual = || Azgu —b]|2—02 of both SPGL1 and MBA,, /s,

max{1,[|Zorig|}’

where z, is the approximate solution returned by the respective algorithm. We
again observe that the recovery error is significantly improved (on average) by solving
the nonconvex model in most instances, except when (k, F, D) = (12,15, 3). In this
case, we see that the x4, can be highly infeasible and thus the starting point Zfeas
provided to MBAy, /s, may not be a good starting point. This might explain the

relatively poor performance of MBAy, /4, in this case.

4 For MBA,, /¢y, the time in parenthesis is the total run time including the time for computing the
feasible point ATh and the run times of SPGL1 and MBAy, /4,, the time without parenthesis is the
actual run time of MBA,, /,, starting from Tfeas.
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Table 5.4: Random tests on badly scaled CS problems with Gaussian noise

k I D CPU RecErr Residual
SPGL1 MBAy, /¢, SPGL1 MBA, ,, SPGL1 MBA, /4,

8 5 2 0.07 0.13 ( 0.20) 3.2e-02 2.3e-03 -4e-05 -le-13
8 5 3 0.06 0.14 ( 0.20) 3.2¢-03 6.8e-04 -4e-05 -2e-11
8 15 2 0.08 3.92 (1 4.01) 4.7e-01 1.5e-01 -9e-05 -7Te-13
8 15 3 0.11 31.46 ( 31.58) 3.8e-01 5.3e-02 2e-02 -5e-11
12 5 2 0.06 2.26 ( 2.32) 1.4e-01 3.6e-02 -3e-04 -8e-13
12 5 3 0.08 4.05 ( 4.14) 6.0e-02 3.8e-03 le-04 -Te-11
12 15 2 0.09 8.32 ( 8.41) 5.2e-01 2.0e-01 -le-04 -le-12
12 15 3 0.11 403.80 (403.91)  5.2e-01 1.5e4-00 6e-02 -3e-10
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Chapter 6

Conclusion

In this thesis, we develop a collection of KL calculus rules and provide some examples
showing how these rules can be applied to obtain explicit KL exponents. In the
second part, we show how KL property and KL exponent are applied in deducing the
convergence rate of the sequence generated by SCP,. In the last part, we consider
an {1 /ly-based constrained optimization problem.

In the future, we will explore more KL calculus rules as well as the explicit KL
exponents of functions. For example, the explicit KL exponent for

F(SU) = HYTZEHI + 5||.H:1(:E) (6.1)

is still unknown, where Y € IR™*? is a given matrix with full row rank. Minimizing the
above function has applications in dual principal component pursuit and orthogonal
dictionary learning; see [11,38] for more introduction. Next, we plan to study the
convergence properties of first-order algorithms whose convergence properties have not
been fully unraveled. For example, the explicit local convergence rates of the whole
sequences generated by the manifold proximal point algorithm and the alternating
direction method of multipliers studied in [38,121] respectively are still unknown.
We will also investigate efficient methods to solve optimization models in different
applications such as sparse clustering [117], robust subspace recovery (RSR) [68] and

robust low-rank matrix completion [61].
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