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Abstract

Linear preserver problem is an active and popular research topic in matrix theory
and functional analysis. The main goal of linear preserver problems is to characterise
the structure of linear maps on matrix spaces or operator spaces that preserve certain
functions, subsets or relations. Let M, denote the n x n complex matrix space. The
first linear preserver problem proposed by Frobenius in 1896 was to characterise

linear maps ¢ : M,, — M, such that
det(p(A)) = det(A) for all A € M,,.

In recent years, partly due to the development of quantum science, much attention
has been paid to the study of linear maps leaving invariant tensor products or certain
propositions of tensor products.

Fosner et al. characterised linear preservers for Schatten p-norms and Ky Fan k-
norms of tensor products of square matrices. In this thesis, we generalize their results
by characterising the form of linear maps preserving the y-norms or the (p, k)-norms
with 2 < p < oo of tensor products of square matrices. Let m > 2 and nq,...,n,, be
integers larger than or equal to 2. Suppose that || - || is the y-norm or the (p, k)-norm
with 2 < p < co. We show in this thesis that a linear map ¢ : M,,,..n,, = My, .n,,

satisfies

lp(AT @ @A) =A@ ® Al forall A; € M,,,i=1,...,m,
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if and only if there exist unitary matrices U,V € M,,...,, such that
DA @ - RA,) =U(p1(A) @ @u(A)V forall A; € M,,,i=1,...,m,

where ¢; is the identity map or the transposition map A+ AT fori=1,...,m.
We develop some new techniques to show that ¢(E; ® Ej;) and ¢(E,, @ Eg)
are orthogonal for any distinct (i,7) # (r,s), which is a key step in our proof.
Suppose that 7 = (y1,...,7) With 73 > --- > 7% > 0 = 1 = --- = . Our
characterization of linear preservers for y-norms mainly relies on the observation
that if |[E + F||, = ||E|, + ||F|ly, then UEV = Ey @ E; and UFV = F| @ F,
for some unitary matrices U and V with Fy, F} € M, and Es, Fy € M, _,. Some

equalities have been applied to obtain our results on (p, k)-norms.

Keywords: linear preserver problems, matrix space, unitarily invariant norms, -

norms, (p, k)-norms, singular values, tensor products
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List of Notations

LPP Linear preserver problem

AT the transpose of A

A* the conjugate transpose of A

E;; a matrix which the (7, j)-th entry is equal to one and

all the other entries are zeros.

M, the n X n complex matrix space

M the m X n complex matrix space

H, the n X n Hermitian matrix space
GL, the set of n x n nonsingular matrices
/. the set of n X n unitary matrices

I, the identity matrix of size n

A® B the tensor product of A and B

R the set of real numbers

C the set of complex numbers

R* the set of positive real numbers

R” the n-dimensional vector space over R
cr the n-dimensional vector space over C
-y the y-norm

I Nl the (p, k)-norm

| [l the trace norm

T =y T majorizes y

T >u Y x weakly majorizes y

rank(A) the rank of A

det(A) the determinant of A

tr(A) the trace of A
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A1lB A and B are orthogonal

Al®---® AL the tensor product of A; through A

®f:1 A; the tensor product A; @ -+ ® Ay

diag(ay, ..., an) the n xn diagonal matrix with aq, ..., a, as its diagonal
entries
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Chapter 1

Introduction

1.1 Linear preserver problems

Linear preserver problem is an active and popular research topic in matrix theory
and functional analysis. The main goal of linear preserver problems (LPPs) is to
characterise the structure of linear maps on matrix spaces or operator spaces that
preserve certain functions, subsets or relations. Suppose F is a field. Let M, ,(FF)
denote the m x n matrix space over F. For simplicity, we denote by M,,,, the m x n
complex matrix space, and in particular denote by M, the n X n complex matrix
space. Let %,, GL, and H, denote the sets of n X n unitary matrices, nonsingular
matrices and Hermitian matrices, respectively. Denote by C and R the complex
number field and real number field, respectively. In 1897, Frobenius [9] first initiated

linear preserver problem by studying linear maps ¢ : M,, — M, such that
det(p(A)) = det(A) for all A € M,, (1.1)

where det(A) denotes the determinant of A. It was shown that such linear maps

¢ : M,  — M, have the form
p(A) =UAV or ¢(A)=UA"V forall Ac M,, (1.2)

where AT denotes the transpose of A and U,V € GL, satisfy det(UV) = 1. In the
past few decades, much effort has been devoted to this topic and there were many
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great works and results on LPPs. The following are some some typical problems.
(I) Suppose that & is a certain property of matrices. The first type is to deter-

mine the structure of linear maps ¢ leaving the property & invariant, i.e.,
¢(A) satisfies & whenever A satisfies Z.

One example of this type is the rank-one LPP, that is, to characterise linear maps ¢
such that

rank(¢(A)) =1 whenever rank(A) =1, (1.3)

where rank(A) denotes the rank of A. Marcus and Moyls characterised rank-one
linear preservers on M, [30]; Johonson and Pierce [16] characterised nonsingular
rank-one linear preservers on the n x n Hermitian matrix space H,; Chooi and
Lim [3] characterised rank-one preservers on upper triangular matrix space; Li and
Rodman et al. [19] characterised rank-one preservers from M, (F) to M, ,(FF) for
any given field F and integers m, n, p,q. The study of rank-one LPP is an important
topic and many LPPs can be reduced to the characterisation of rank-one preservers.
In fact, the above problem proposed by Frobenius can also be reduced rank-one LPP.
It was shown that if ¢ satisfies (1.1), then it will send rank-one matrices to rank-one
matrices.

(IT) Suppose that S is a subset or a subgroup of a given matrix space. The second

type is to characterise linear maps ¢ such that
AS) € S.

Recall that GL,, and %, denote the sets of n x n nonsingular matrices and n x n
unitary matrices, respectively. Marcus and Purves [28, 31| characterised linear maps
¢ on M,, mapping GL, or %, into itself. It was shown that such linear maps also
have the standard form in (1.2) with U,V € GL,, and U,V € %,, respectively. Let
I,, denote the identity matrix of size n. Cheung and Li [2] extended these results by
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showing that if ¢ : M,, — M,, is a linear map such that ¢(%,) C %y, then m is a
multiple of n and

p(A) =U[(A® L,) & (A" ® I,)]V

for some matrices U,V € %,,. Note that the type (I) and type (II) might overlap.
For example, suppose that S is the set of all rank-one matrices, the problem to
characterise linear maps satisfying ¢(S) C S falls in both type (I) and type (II).
(III) Suppose that f is a given (scalar-valued, vector-valued or set-valued) func-
tion of matrices. Problems of the third category aim at determining the structure of

linear maps ¢ on a matrix space M preserving f i.e.,
f(o(A)) = f(A) forall Ae M. (1.4)

One active topic is the study of linear maps preserving functions of singular values.
For example, let E, be the r-th elementary symmetric function. Then a function f
on M, can be defined as f(A) = E.(s1(A4),...,s,(A4)), where r < min{m,n} and
s1(A),...,s,(A) are the singular values of A in decreasing order. Given a complex
number x € C, we denote by |z| the absolute value of z. Marcus and Gordon [29]
proved that if a linear map ¢ on M, , leaves the above function f invariant, then

one of the following statements holds.
(a) if r < m = n, then ¢ has the form in (1.2) with U € %,,V € %,;

(b) if r < min{m,n} and m # n, then ¢ has the form A — UAV withU € %,,V €
U

(c) if r =m < n, then ¢ has the form A — UAV with |det(U)| =1 and V € %,;
(d) if r = n < m, then ¢ has the form A — UAV with |det(V)| =1 and U € %,;

(e) if r = m = n, then ¢ has the form in (1.2) with |det(UV)| = 1.



Their proof mainly relies on some results on rank-one linear preservers.
(IV) Suppose that ~ is a relation. The fourth type is to find all linear maps ¢
such that
®(A) ~ ¢(B) whenever A ~ B

or

¢(A) ~ ¢(B) if and only if A ~ B.

For example, there are many works targeting on characterising linear maps preserving
similarity. Two matrices A, B € M, are said to be similar if A = SBS~! for some
matrix S € GL,. Hiai [13] characterised linear maps ¢ on M, such that ¢(A) and
¢(B) are similar whenever A and B are similar. Then the result was improved and
extended by Lim, Li and Tsing [14, 25, 34]. Scholars also considerd linear maps ¢

such that ¢(A) and ¢(B) are commutative if A and B are commutative, i.e.,
d(A)p(B) = ¢(B)p(A) whenever AB = BA. (1.5)

Suppose that n > 3 and F = C or R. Then a nonsingular linear map ¢ on M, (F)
satisfies (1.5) if and only if there exist nonsingular matrix S € M, (F), real number

a € R and a linear function f on M, (F) such that
d(A) = aSTAS + f(A)I,

or

#(A) = aS~TATS + f(A)I,

for all A € M, (F); See [24, 35].

1.2 Unitarily invariant norms

For simplicity, we may assume that m < n in this section. Recall that %, denotes

the set of n x n unitary matrices. A norm ||-|| on M,,, is called a unitarily invariant

4



norm if

Al = |UAV|| for all A € My, ., U € %, and V € .

Denote by s1(A) > s3(A) > -+ > s,(A) the singular values of A € M,,,, in

decreasing order. Common examples of unitarily invariant norms include

(i) the spectral norm defined by [|Al|,, = s1(A);

m

(ii) the trace norm defined by || Al = Z si(A);

i=1
(i) the Frobenius norm defined by ||A| s = {tr(AA*)}z.

One important class of unitarily invariant norms is the Ky Fan k-norms. Suppose

that £ is an integer with 1 < k <m. The Ky Fan k-norm of A € M,,,, is defined as

k

1Ay = si(A).

=1

Evidently, the spectral norm and the trace norm are also Ky Fan k-norms with k =1
and k = m, respectively. The following theorem called Fan Dominance Principle is

a beautiful and useful result on Ky Fan norms.

Theorem 1.1. (Fan Dominance Principle [5]) Let A, B € M,. If |Allx < || Bk

for all 1 < k <mn, then ||A|| < ||B|| for any unitarily invariant norm || - ||.

Readers can also see Theorem 4.25 in [39] for the proof of the above theorem.
Grone and Marcus proposed a further generalization of Ky Fan k-norm to the (p, k)-
norm. Suppose that 1 < k& < m is an integer and 1 < p < oo. The (p, k)-norm of

A € M,,,, is defined by

B
3=

[ Al ) = [ZS

=1
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Obviously, the (p, k)-norm reduces to the Ky Fan k-norm when p = 1 and reduces to
the Frobenius norm when p = 2 and k£ = m. Besides, the (p, k)-norm on M,, , with

k = m is also called the Schatten p—norm denoted by ||A||, for A € M,,,, that is,

P
)

1Al =

>S4

which corresponds to the [, norm on R", the n-dimensional vector space over the
real number field R. Clearly, all the above unitarily invariant norms are functions
of singular values of matrices. In fact, one can conclude from the singular value
decomposition that any unitarily invariant norm is a function of singular values of
matrices, but not vice versa. In other words, not all functions of singular values could
be a norm of matrices. So naturally, one may wonder what kind of functions can be
unitarily invariant norms. Von Neumann answered this problem by giving Theorem
1.2. To show this interesting result, we first introduce some related definitions and
notations.

Let IF be a field. The set F™ of n-tuples with entries from FF forms an n-dimensional
vector space over F. In particular, R” and C" denote the vector spaces over the real
number field R and the complex number field C, respectively. Let R* denote the set
of positive real numbers. For z = (z1,...,z,) € C", denote |z| = (|z1],...,|za]). A

norm || - || on C*(R") is called absolute if |||x]|| = ||z for all x € C"(R").

Definition 1.1. A function f : R™ — R is said to be a symmetric Gauge function

of fis an absolute norm on R™ and

f@g, . xy,) = flz1,..., )
for all (xq,...,x,) € R™ and permutation (ji,...,Jn) of (1,...,n).

Let © = (x1,...,2,) € R". One can easily verify that the [, norm, defined by

|z]|oo = max |z, is a symmetric Gauge function. Suppose that |z;,| > --- > |z; |

6



for some permutation (ji,...,7,) of (1,...,n), we define ||, = (|z;|,...,|z;,])-

Denote R | = {(z1,...,2n) | 21 > 29 > --+ > 7, > 0}. A function f on R" | can

be extended to a function fon R™ as
f(x) = f(|lz],) for all z € R™. (1.6)

Theorem 1.2. [39, Theorem 4.23] Let f be a function on R} | and || - || be defined

by
Al = f(s1(A),...,sm(A)) forall A€ My,,.

Then || - || is a unitarily invariant norm on My, if and only if ]7 is a symmetric

Gauge function.

Readers can refer to Chapter 4 of [39] for more results on unitarily invariant
norms and functions of singular values of matrices. Below we focus on the study of
LPPs about unitarily invariant norms. Schur [37] showed that an analytic map ¢ on
M, ,, satisfies

[ lop = |Allop  for all A € My,

if and only if ¢ has the form in (1.2) when m = n, or the form A — UAV when m # n
with U € %, and V' € %,,. Later, Morita [33] and Sugawara [38] reproved this result
based on Morita’s result on rank-one preservers. Suppose that ||-|| is a norm on M, ,,.
The unit sphere in M,,,, with respect to || - || is the set {A : ||A| = 1,A € M,,.}.
Suppose that S is a set, then x € § is said to be an extreme point of S if there do
not exist z1,xo € S and 0 < ¢t < 1 such that z; # x9 and x = txq + (1 —t)xs, in other
words, © = txy+(1—t)xs for some 0 < ¢ < 1 implies that © = x1 = x5. Let & be the set
of all the extreme points of the unit sphere {A : ||A|| =1, A € M,,,,}. One can easily
check that a nonsingular linear map ¢ on M,, ,, that preserves ||- || maps & into itself.
This observation was applied to characterise many norm preservers. For instance,

Russo [36] showed that the set of extreme points of the unit sphere with respect to

7



the trace norm, {A : || A||s, A € M, }, is simply the set of those matrices of rank one
and trace norm one. It follows that a linear map ¢ on M,, preserves the trace norm
only if it preserves rank one, that is, ¢ satisfies (1.3). With this, he characterised
unital linear maps on M,, that preserve the trace norm. Li and Tsing [22] applied
a special property of unit sphere with respect to (p, k)-norms to characterize linear
maps on M, , preserving (p, k)-norms. Let & = {A : [|Al|pr) =1, A € My, } with
(p, k) # (2,m) and 1 < p < oco. It was shown by them that a matrix A € £ is of

rank greater than k& — 1 if and only if there exists B € Z such that B # A and
aA+(1—a)Be P forall0<a<l1.

With this result, they proved that a linear map ¢ on M, ,, preserves (p, k)-norms if
and only if ¢ maps the set of all matrices of rank greater than k£ — 1 into itself. Grone
and Marcus [11] showed that linear maps ¢ on M,, preserving Ky Fan k—norms have
the form in (1.2) with matrices U,V € %,,. And then this result was extended to the
space of rectangular matrices [10]. Suppose that v = (v1,...,7m) € RT . Another

generalization of the Ky Fan k—norm is the y-norm defined by

m

Al =" si(A)y; for all A € M,,,.
i=1
In [21], Li and Tsing proved that there exist linear maps ¢ on M,,, such that
Hgb(A)“W = HAH’AYJ Ae Mm,n for some given v = (’717 s )7771)7 ’/5/ = (’}//\17 s 7’7;71) S RT,i
only if v is a scalar multiple of 4 and in this case there exist matrices U € %, and

V € %, such that

$(A) = LUAV
M

or when m =n

o(4) = LuATy
T
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for all A € M,,,,. Clearly, when m =n and v = 4, ¢ reduces to the form in (1.2).
As we can see, all the above linear preservers on M,, , have the standard form

A= UAV or when m =n A UATV with U € %,, and V € %,. Actually, linear

preservers for any unitarily invariant norm have this structure. Suppose that || - || is

a unitarily invariant norm, then a linear map ¢ : M, , — M,, ,, satisfies
[o(A)[| = [|All  for all A € M,

if and only if ¢ has the form A+ UAV or when m = n A — UATV with matrices
U € YU, and V € %,; See [23]. One might think that corresponding results on
M., »(R) could also be obtained. However, this is not true for the case when m =
n = 4; See [1, 23] for details. Readers can also refer to [1] for an excellent survey of

LLPs on unitarily invariant norms.

1.3 Linear preservers on tensor products

In recent years, partly due to the development of quantum science, much attention
has been paid to the study of linear maps leaving invariant tensor products or certain
propositions of tensor products. Let A = [a;;] € M,,, and B € M, ;. The tensor
product of A and B, denoted by A ® B, is defined as

anB  apB - ayB
anB aypB - ayB

A & B = 2? 2? 2? S an,ﬁt-
amiB amaB - aneB

The tensor product is also called the Kronecker product. Denote by A* the conjugate
transpose of A € M,,. Then A is said to be a Hermitian matrix if A = A*. Recall that
H,, denotes the set of all n x n Hermitian matrices. In quantum science, the state of
an n-physical-state quantum system is represented by a density matrix, which is a
positive semidefinite matrix of trace one in H,,. Let A € H,, and B € H,, be density
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matrices describing two quantum systems. Then A ® B € H,,, is a quantum state

of the composite system. A density matrix C' € H,,, is said to be separable if

k

for some density matrices A; € H,,,B; € H, and real number 0 < p; < 1 with

k
Zpi = 1. In particular, if £ = 1, C' is called a pure separable state. Otherwise,
i=1
C is said to be an inseparable state or an entangled state. Generalizations of these
definitions to multipartitle systems H,, ®---® H,, , with m > 3 are obvious. Clearly,
the set of separable states is the convex hull of the set of pure separable states.
Entangled states have many applications in quantum information and quantum
computation. One significant problem in quantum science is to distinguish separable
states from entangled states efficiently. Unfortunately, it was proved in [12] that this
problem is NP hard. Nevertheless, it is well worth finding transformations which can
simplify a given state so that it is easier to determine whether it is separable or not.
Obviously, such a transformation should not change the separability of a state. This
leads to the study of linear operators preserving the set of separable states. It was
shown in [8] that a linear transformation ¢ on H,,,...,, preserving the set of pure
separable states {A; ® -+ ® Ag | A; € Hy, } or its convex hull if and only if there

exists a permutation (ji,...,Jx) of (1,...,k) such that
P(A1® - @ Ap) = i(A;) @ - @Yy(4y,) forall A € Hy,i=1,... .k,
where 1); has the form
A UAUF or Aws UATU?

with matrices U; € %, and m;, = m; for ¢ = 1,..., k. The evolution of a closed

quantum system is described by a unitary transformation. Moreover, let p;, po be
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the states of a system at time t; and %o, respectively. There exists a unitary matrix
U which only depends on time t; and t, such that p; = UpyU*. Therefore, it is well
worth studying the similarity orbits U(C), defined by U(C) = {UCU* | U € %,}, of
a matrix C' € H,,. Suppose that C;, D; € H,,,, fori =1,... k. Let
S1={Xi® - X, | X, eU(C;),i=1,... k},

Sy ={X\® - ® X, | Xi €UD,), i=1,....k}.

Authors in [18] characterised linear transformations on H,,, ..., satisfying ¢(S;) =
Sy. In [7], authors characterised linear maps ¢ : H,,, — H,,, that preserve the
spectrum or the spectral radius of tensor products A ® B for all A € H,, and
B € H,. Another interesting topic is the study of preservers for rank of tensor
products of matrices. In [26], Lim gave the structure of additive maps between
tensor products of two real vector spaces of Hermitian matrices that preserve the
rank of tensor products of rank-one matrices. Zheng et al. [40] showed that a linear

map ¢ : My, ..m, — My, .om,, satisfying
rank(¢(A; ® --- ® Ag)) =rank(4; ® ---® Ay) forall A; € M,,,,i=1,...,k,
if and only if
P(AL®--- @A) = U (A)® - @Up(Ap))V  forall A; € My,,,i=1,...,k, (1.8)

where U,V € M,,,..n,, are nonsingular matrices and 1); is the identity map or the
transposition map A — AT for i = 1,..., k. Next Lim [27] extended this result to

arbitrary field F by showing that a linear map ¢ : M, ..., (F) — M, ,(F) satisfying
rank(¢(4A; ® --- ® Ag)) =1 for all rank one matrix A; € M, (F), and

k
rank(¢p(A; ®@ -+ ® Ag)) = Hmi for all rank m; marix A; € M, (F)
i=1
also have the structure in (1.8). Hang et al. [15] extended the above result by

characterising linear maps sending tensor products of rank-one complex matrices
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to rank-one matrices. It is worth noting that such preservers might have a more
complicated form. One challenging problem is to characterise linear maps preserving
determinant of tensor products of matrices. The following theorem is one recent

result on this problem obtained by Ding et al. in [4].

Theorem 1.3. Let ¢ : Hy,y — Hpy be a linear map such that ¢(R® S) is a positive

or negative definite matriz for some R € H,,,S € H,. Then ¢ satisfies
det(¢p(A® B)) =det(A® B) forall A€ H,, and B € H, (1.9)
if and only if there exists U € H,,, such that det(UU*) =1 and
d(A® B) =eU(1(A) @ o(B))U*  for all A € H,, and B € H,, (1.10)

where 1; is the identity map or the transposition map A — AT fori=1,2, e =1

when ¢(R ® S) is positive definite, and € = —1 when ¢(R ® S) is negative definite.

The assumption that ¢(R®S) is positive or negative definite is essential. In fact,

one can check that a linear map ¢ : Hy — H,4 defined by

S(A® B) — [BOA AOB} for all A, B € Hy.
satisfies (1.9) but does not have the form in (1.10).

There are many results on linear maps preserving unitarily invariant norms of
matrices (without the tensor structure). Naturally, one may want to extend these
results to tensor products of matrices. For example, authors of [6] considered lin-
ear maps preserving Ky Fan k-norms and Schatten p—norms of tensor products of
matrices.

In this thesis, we extend their results to another two classes of unitarily invariant
norms by giving the structure of linear maps preserving -norms or (p, k)-norms of
tensor products of matrices. Denote by E;; the matrix which the (¢, j)-th entry is
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equal to one and all the other entries are equal to zero, where the size of E;; should
be clear in the context. Let A, B € M,, ,, be two matrices. Then A and B are said to
be orthogonal, denoted by A 1. B, if AB* =0 and A*B = 0. In Chapter 2, we focus
on linear maps preserving ~-norms of tensor products of square matrices. Suppose
that v = (91, -+, Ymn) With 73 > -+ > 7 > 0 = Y341 = - -+ = Yy fOr sSome integer
2 <k <mn. Let A= ¢(E; ® Ejj) and B = ¢(E; ® E) with j # s. We observe
that a linear map ¢ on M,,, such that |[¢(C ® D)|, = ||C ® D||, for all C € M,,
and D € M, should satisfy that

124+ (& + D’ Bll, = | A+ B, + | A + 2’ B,

for all 0 < x < 1 and 0 € [0, 27). With this observation, we develop some techniques

to show that there exist some matrices U,V € %,,,, such that
A=U(A1 @A)V and B=U(B, @ B)V

with Ay, By € M, and A; L B;. Then we use some methods to show that Ay L Bs.
It follows that A 1. B, which is a key step of our proof of the main result in Chapter 2.
In Chapter 3, we apply some equalities about the eigenvalues of positive semidefinite
matrices, which are crucial to our characterisation of linear maps preserving (p, k)-

norms of tensor products of matrices.
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Chapter 2

Linear maps preserving y-norms of
tensor products of matrices

2.1 Introduction

Let m,n > 2 be two integers. Given any nonzero v = (1,72, - - -, Ymn) € R, in

this chapter, we aim at characterising linear maps ¢ : M,,,,, — M,,,, satisfying
|lo(C ® D)||, = ||C® D|, foral Ce M, and D € M,,. (2.1)

Obviously, if 75 = 0, then the y-norm reduces to a scalar multiple of the Ky Fan
1-norm, also called the spectral norm. In [6], Fosner et al. showed that linear maps

¢ on M,,, preserving spectral norms of tensor products of matrices have form
H(C @ D) =U(p1(C) @ po(D))V  for all C € M, and D € M,

where U,V € %,,, and ¢, is the identity map or the transposition map for s = 1, 2.
It follows that if 45=0, then a linear map ¢ satisfying (2.1) also has the above form.
So in the following sections, we only need consider the case when v, > 0. Denote by
I, and 0,, the n x n identity matrix and zero matrix, respectively. Recall that two
matrices A, B € M, are said to be orthogonal, denote by A | B, if A*B = AB* = 0.
It was shown in [20] that A and B are orthogonal if and only if there exist matrices
UV € %, such that UAV = diag(ay,...,a,) and UBV = diag(by,...,b,) with
abj=0fori=1,... n.
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Suppose that || - || is a norm on M,,,. Note that C} ® D; + Cy ® Dy may not
be of the form C ® D with C € M,, and D € M,. So even if a linear map ¢
satisfies that ||p(C ® D)|| = ||C @ D|| for all C € M,,, D € M,, we may not have
6(C1 @ D1+ Co® Ds)|| = [|C1 @ D1+ Cy® Dsl|. Thus, some techniques and methods
applied to characterise linear maps ¢ : M,, — M, preserving a certain norm cannot
be used to characterise linear preservers for norms of tensor products of matrices.
One key step in the characterisation of linear maps ¢ on M,,, preserving Ky Fan k-
norms of tensor products is to show that ¢(E;; ® E};) and ¢(E,, ® Ey,) are orthogonal
for any distinct pairs (4,j) and (r,s); See [6]. Similar methods can also be seen in
the characterisation of linear maps on H,,, preserving the spectrum or the spectral
radius of C' ® D for all C' € H,,, and D € H,; See [6, 7].

However, approaches to complete the key step in these previous literatures do
not work for our problem. So we have to develop some new techniques to solve this
problem. Let A = ¢(E; ® E;;) and B = ¢(E; ® E,) with j # s. Our proof mainly

relies on the observation that
|24+ (@ + 1)* B, = A+ e*B], + A+ 2B,

and

A+ 2e”Bll, =71 + a7

for all § € [0,27) and 0 < = < 1. In Section 2.2, with the above observation, we will
prove in Assertion 2.1 that A and B are orthogonal. Notice that similar equations
also hold for G = ¢(E; ® (E;;+ Ess)) and H = ¢(Ey ® (E;j+ Ess)). Then with this,
we will prove in Assertion 2.2 that G and H are orthogonal, too. The results in the
first two assertions directly imply Assertion 2.3 that ¢(E; ® E;;) and ¢(E,, ® Eg;)
are orthogonal for any distinct (i,5) # (r,s). At last, we will complete the proof of
our main result in Assertion 2.4. In Section 2.3, we will extend the result on bipartite
system to multipartite system.
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2.2 Bipartite system

Theorem 2.1. Let m,n > 2 be integers. For any given v = (y1,...,%mn) € R

with v > 0, a linear map ¢ : My, — M, satisfies
lo(C ® D)|ly = ||C®D|, foralC € M, and D € M,, (2.2)
if and only if there exist matrices U,V € Uy, such that
H(C @ D) =U(p1(C) @ a( D)V for all C € M, and D € M,,
where @, is the identity map or the transposition map X — X1, for s =1,2.

To prove the Theorem, we need the following lemmas.
Lemma 2.1. Let A, B € M,,,,. Then A L B if and only if there exist some matrices
Ue€ U, VeU, Ac M, and B € My, such that

A 0

UAV = {0 0

] and UBVz[OT 0}

0 B
Proof. The sufficiency part is clear and we only need to prove the necessity part.
If A = 0, then there is nothing to prove. Suppose that A is nonzero, then by the

singular value decomposition, we have

UAV = [A O]

0 0

for some matrices U € %,,, V € %, and nonsingular matrix Ae M, with1<r<

min{m, n}. Let UBV be partitioned as

UBV = |:Bll BIQ:|

Ba1 Bay
with By € M, and By € My,—y . We conclude from A 1 B that

(UAV)*(UBV)=VA*BV =0 and (UAV)(UBV)*=UAB*U* =0,
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that is,

A*Byy A*Bp,| ABy, AB3|
{O O]—O and [O 0 = 0.

Since A is nonsigular, it follows that B;; = 0, Bjs = 0 and By = 0. Let B = By,.

Then we have

0, 0
UBV = {O B}'

This completes the the proof. O

Lemma 2.2. Let A, B,C € M,,,,. If (A+B) LC and A L B, then
AL C and B LC.

Proof. Since A 1. B, we apply Lemma 2.1 to conclude that there exist some matrices

Ue, Ve, Ac M, and Be M,y n—r such that

Ao _[o. 0
UAV—[O O} and UBV—{O E}

Then we have

A 0
A+ B)V = .
UA+B) { 0 B}
Let UCV be partitioned as
Cn Chio
Uucv =
{021 022}

with C1; € M, and Cy € M,y . We conclude from (A + B) L C that
(UA+ B)V)(UCV)=V*(A+ B)*CV =0,and

(U(A+ B)YV)UCV) = U(A + B)C*U* = 0,

that is,

ACyy A*Cyy Acy,  Acy
N . =0 d -~ . =0.
{B*C21 B*cgj an [BC’;‘Q BCy,
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This implies that

A*Cy A*Chy

(UAV)(UCV) = [ ; .

} —0 and (UAV)(UCV)* = {Acﬁ AC;l} —0,

0 0

and therefore A*C' = 0 and AC* = 0, that is, A L C. Similarly, we can also conclude
that B L C. O

Lemma 2.3. Let E,F € M,,. Given~y = (Y1,...,Vn) Withy, > 9 > -+ >y > 0=
V41 = -+ = Vp for some integer 2 < k < n. Suppose |E+ F|, = || E|,+ ||F|, and

there exist matrices U,V € U, such that
UE+ F)V =diag (s¢, (E+F),...,s0,(E+F))

for some permutation ({1,0s,...,0,) of (1,2,...,n). Let L = {j : {; < k} and
L={j:; >k} be the index sets, and let a;; and b;; be the (i,7)-th entries of UEV
and UFV | respectively. Then

L Ell, = > ajye, and ||[Flly, = > bijve,,
jeL jeL

2. the (i, 7)-th entries of UEV and UFV are zero for all (i,7) € (Lx L) J(L x L),

and

3. the two k x k submatrices of UEV and UFV obtained the columns and rows
from the index L are positive semidefinite with s1(E), ..., sg(E) and s1(F),. ..,

sk(F) as their eigenvalues, respectively.

Proof. By replacing (U, V) with (PU,V PT) for some permutation P, if necessary,

we may assume that (¢1,...,0,) = (1,...,n), i.e.,

UE+ F)V =diag(si(E+F),....sp(E+F)). (2.3)
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In this case, L = {1,...,k} and L = {k+1,...,n}. Then we aim to show that

k k
1B, = a7 and [[Flly = b
j=1

j=1
and
UEVZEl@EQ and UFV:Fl@FQ,

where Ey, [y € M are positive semidefinite with s (E),...,sx(E) and s1(F),...,
sk(F) as their eigenvalues, respectively.

Notice that

r

Slayl <3 s UEV) =S si(E) forr=1,...,n.
j=1 j=1 j=1

Recall that v; > -+ > 9% > Y21 = 0. Thus,

r k r
ITTIES of (CESAD IT¥] S of PSS o
r=1 j=1 r=1 j=1
(2.4)
k
- Z Sj(E)'VJ
j=1
Furthermore, the equality holds if and only if
(’Vr - 7T+1) Z ’ajj| = (P)/r - 7r+1) Z Sj(E
=1 =1
k k
for r = 1,..., k. In particular, (v, — Yes1 Z laji| = (Ve — Y1 Z s;(E) implies
7j=1 7j=1

k
Z laj;| = ZSj(E>' By the same argument, these observations also hold for F.
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Now by our assumption in (2.3) and the above observations, we have

k k k

|1E+F|, = Zsj(E + F)vy; = Z(aﬂ +bjj)v < Z |ajjlv; + Z 105517
7j=1 7j=1

j=1 j=1

(2.5)

k

< si(E)y —i—Zs]
j=1 =

= IElly + [ Fl,-

The assumption that ||E + F||, = ||E|, + ||F||, implies that the two equalities in
(2.5) both hold. It follows that

k k k k
Il =) si(E)yy = lagly and [[Flly =) s;(F)y = > Ibjh,
Jj=1 Jj=1 Jj=1 j=1
and a;j,b;; > 0 for all j =1...k With the inequality (2.4) and the discussion after
k k k
that, we can further conclude that Z aj; = Z s;(E) and Z bj; = Z F). Then
j=1 j=1 j=1
applying Corollary 3.2 in [17], we have
UEV:El@EQ and UFV:Fl@FQ,
where F, Fy € M, are positive semidefinite with eigenvalues s;(F), ..., sx(E) and
s1(F), ..., sg(F), respectively. ]

Lemma 2.4. Let A € M, be a nonzero matriz and U € U,. Suppose that VW € U,
are matrices such that
A=V(A &0, )W,
where 1 < r <n and Ay € M, s positive definite. Then UA is positive semidefinite
of and only iof
U=W({.eU)V*
for some matrix Ueu,_,.
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Proof. The sufficiency part is obvious, here we only need prove the necessity part.

By replacing (U, A) with (W*UV,V*AW), we may assume that V =W = I, i.e.,
A=A ®0,_,.

We aim to show that U = I, & U for some matrix U € Wy

Let U be partitioned as

Un U
U =
[Um U22‘|

with U11 € Mr and U22 € Mnfr- Then

. U11A1 0
UA = |:U21A1 0:|

is positive semidefinite. It follows that U;; A is positive semidefinite and Uy A1 = 0.
Recall that A; is positive definite. Therefore, Us; A; = 0 implies that Us; = 0. With
the assumption that U is unitary, we have

UnUf, + UUfy UsUs,

I, =U0U"= . wll BN

and therefore U Uy, + UUsy = 1., UsUs, = I,,—, and Uy2Uj, = 0. It follows that
Uio = 0 and Uy and Uy are unitary, i.e., U = Uy @ Uy with unitary matrices
U € M, and Uyy € M, _,. Recall that U;; A; is positive semidefinite and A; is

positive definite. Let P = U1 A;. Then we can conclude that
P2 == P*P = (UllAl)*<U11A1> - ATAl == A%

It follows that P = A;. Hence we can conclude from P = U A, that Uy, = I,.. It

follows that U = I, @ Usyy. Let U= Uss. This completes our proof. O

Proof of Theorem 2.1. With the assumption stated in Theorem 2.1, we can
conclude that there exists an integer 2 < k < mn such that 4 > v > -+ > v >
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0 = Y11 = -+ = Ymn- Since the sufficiency part is clear, we consider only the
necessity part. Suppose the linear map ¢ : M,,, — M,,, satisfies (2.2). We will

prove the necessity part through the following assertions.

Assertion 2.1. For any matrices X € U, andY € U,
NXE; X" QYE;Y") L o(XE;X*Q@YEGY™) whenever j # s. (2.6)
And similarly,
HXE, X" QYE;;Y") Lp(XEuX*®@YE;;Y") whenevert #r.
Also rank(p(XE; X* @ YE;;Y*)) <k fori=1,...,mandj=1,...,n.

Proof. Without loss of generality, we need only prove the claim in (2.6) holds. For
simplicity, we denote (X E; X*®@ YE;;Y*) and (X E; X* ® YE,Y™*) by A and B,

respectively. Let h = rank(A) and zo = min {253};((123))’ +}. We divide the proof into
the following steps.

Step 1. We claim that there exist an integer T" and matrices U, V' € %,,, such that
T T
UAV =P A; and UBV =P B, (2.7)
j=1 j=1

and for each 6 € [0, 27), there exists a nonzero subset J(#) C {1,...,T} satistying

(1&) AJ(@) = @ Aj € M, and BJ(@) = @ Bj € Mk, and
jeJ(6) jeJ(6)

(L.b) s; (24500 + (z0 + 1)e”Byg)) = 55 (24 + (x0 + 1)e”B)  for j=1,... k.

We prove the above claims by showing that for some integer T" and matrices U,V &€
Uy, the direct sum decomposition (2.7) satisfies (1.a) and (1.b). First of all, the

decomposition clearly exists when 7" = 1 with U =V = [, i.e., [11 = A; and
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By = By. If (1.a ) and (1.b) both hold for such A; and By, then Step 1 is correct.

Otherwise, we can consider the following decomposition

T T
UAV =P A; and UBV =B,
j=1 j=1

T
where 7' > 1 is an integer and flj, Ej € M,,; with Z n; = mn. Clearly,
j=1
T ~ ~
UQ2A + (20 + 1) B)V = @5 24; + (w0 + 1)e” B;.
j=1

T
Then for each 6 € [0, 27), there exist ki, ..., kpr with 0 < k; < n; and Z k; = k such

j=1
that the largest k singular values of U(2A4 + (zg + 1)e? B)V, as well as the largest
k singular values of 2A + (z + 1)e? B, come from the largest k; singular values of

24, + (20 + 1)e? B;. That is,

<81(2A1 + (]30 + 1)6i9B1), ey Sk (2141 + (I’o + 1)6i931)7
81(2142 + (IQ + 1)61932), B (21212 + (.Z‘o + 1)€i032),

s1247 + (20 + 1) Br), ..., spp (247 + (20 + 1)&%%)) (2.8)

is equal to

(551 2A + (20 + D)’ B). .., 55, (24 + (o + 1)¢’ B))

for some permutation (ji,...,Jx) of (1,...,k). Here the integers ki, ..., kr depend
on 6. Suppose for some 6 € [0,27), there exists 1 < j < T such that 0 < k; < n;.

Without loss of generality, we may assume j = 1, i.e., 0 < k; < ny. By the singular
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value decomposition, there exist matrices Uj, ‘7] € U,, such that

Uj(24; + (w0 + 1)e” B;)V; =

diag (sl(QAj + (20 + 1)e”By), ... ,8n; (245 + (w0 + 1)ei93j)> :
T T
Let U = (@U]) UandV =V (@1@) Then
j=1 j=1

U(2A + (z + 1)’ B)V =

T
D diag (51(221]- + (20 + 1)e?B)), .. 5 (24, + (20 + 1)ei9§j))

j=1
is an mn x mn diagonal matrix. From (2.8), the first k; x k1 block diagonal submatrix
of U(2A + (2o + 1)e?B)V is
diag <51(21‘~11 + (zo + 1)e’By), .., 51, (241 + (o + 1)€i01§1)>
— diag (sjl (24 + (w0 + 1)e“B), ..., 55, (2A + (wo + 1)62‘93)) . (2.9)
By the assumption in (2.2), we have
[24+ (2 + VB, = | XEiX" Y (2B + (v + DBV, = 291 + (& + L)s,

|A+2e?B|, = | XE: X* @Y (E;; + 2E)Y )|y = 71 + 272, and

JA+ Bl = | XEuX* © Y (Ey + B)Y )l =71+ 7
for all 0 < z < 1. It follows from the above equations that
124+ (2o + 1)e?Bll, = A+ ¢“BI|, + | 4 + zoc?B].. (2.10)

Applying Lemma 2.3 with (E, F) = (A + € B, A + 10¢" B), we can conclude that
the (i, j)-th entries of U(A 4 ¢?B)V and U(A + 20 B)V are zero for all (i,j) €
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{1 Lk x {a+ LoD U R + 1, x {1, ki}), so as UAV and

UBYV . Notice that
T T ~
UAV = @ U;A;V; and UB EB U; B,V

Then we can conclude from the above observation that the (i, j)-th entries of Ulfllffl
and Uy B, V] are zero for all (i, ) € ({1, .. k< {k+1, oo ) U ({k+1, . n b
{1,...,k1}). With the assumption that 0 < k; < n;, we can write

011211‘71 = A1 SY 1212 and UlB1V1 B1 s> Bz

with Al, Bl € M]ﬁ and AQ,BQ € Mn1 ki Let A]+ U A]‘A/J and Bj-f—l = Ujéj j for

7 =2,...,T. Then we can conclude that

T+1 T+1
UAV =P A; and UBV =B,
~- =
With the new unitary matrices U and V, we can re-define nq, . . . ,nri1, and kq, ...,

kr+1 accordingly. If there still exists some 6 € [0, 27) such that 0 < k; < n; for some
1 <j < T+ 1, we can repeat the above argument again so that for some matrices

UV € YU,

T+2 ~ T42 ~
UAV =P A; and UBV =B,

j=1
Since the number of diagonal blocks is at most mn, the above argument can be
repeated for finitely many times only. Therefore, we may conclude that, after finitely
many times, for all 6 € [0,27), either k; =0 or k; = n; for all j = 1,...,T, where
ni,...,np, and ki,... kr are the quantities defined with respect to the diagonal

block decomposition,

T T
UAV =P A; and UBV =B,

=1
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With (2.8), this is equivalent to say, for each § € [0, 27), there exists an index set

J(@) C{1,...,T} such that > n;= > k;=Fand
JjeJ(0) jeJ(6)

S; @ 24, + (20 + 1)e?B; | = s; (2A+ (zo + 1)e”B)  for j=1,....k.
J€J(0)

Now we have completed the proof of Step 1.

Step 2. There exist matrices U,V € %, and an infinite subset © C [0, 27) such
that
UAVZAl@AQ and UBV:Bl@BQ (211)

with Ay, By € M}, and Ay, By € M,,,,_, and for any 6 € ©,
(241 + (20 + 1)e? By) = 5;(2A + (w9 + 1)e®B) forj=1,...,k. (2.12)

From Step 1, A and B have the decomposition (2.7) and satisfy (1.a) and (1.b).
Since [0, 27) is an infinite set and the number of subsets of {1,2,...,T} is finite, we
can conclude that J(6) are the same for infinitely many 6 € [0,27). Denote by ©
and J the set of these infinitely many 6 and the common subset J(f), respectively.

Then we have for any 6 € O,
s; (247 + (v + 1)e”By) = 55 (2A+ (vo + 1)e”B)  for j =1,...,k,

where Ay = @ A; € My, and By = @ B; € M,. By replacing (U, V) with
jed jeJ
(PU,V PT) for some permutation P, if necessary, we may assume that J = {1, ... ,T}

for some 1 < T <T. Let

T T T T
Alz@fij7z42: @ Aj,Blz@Bj and BQZ @ Bj.
Jj=1 j=T+1 J=1 J=T+1
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Then we have UAV = A; ® Ay and UBV = By ® B,y. This completes the proof of

Step 2.

Step 3. The matrices A; and By obtained in Step 2 are orthogonal, and hence there

exist matrices W, W € %, and some integer 0 < r < k such that

~

WAW = diag(ay, ..., a,) ® 04—, and WBW =0, @ diag(b,o1,...,b;) (2.13)

with a; >0for j=1,...,rand b; >0for j=r+1,... k.

If Ay =0 or By =0, then there is nothing to prove. So we may suppose that A;
and B; are both nonzero matrices. For simplicity, we may assume that U =V = [,
in the equation (2.11). Then (2.11) and (2.12) imply that for any 6 € O, there exist

matrices Xy, Yy € %. and X@, }Afg € Uyn—1. sSuch that

X@ (2141 —+ (.CUO -+ 1)61'981)}/9 D X@(QAQ + (QJO -+ 1)67;9B2)Y/9 =

diag(s1(24 + (v + 1)e”B), ..., $mn (24 + (2 + 1) B)). (2.14)
Recall that
124 + (20 + 1) Blly = |A+ €”Bl|, + | A + 20" B .

Applying Lemma 2.3 again with (E, F) = (A+¢“ B, A + 20 B), we conclude from
the above two equations that Xg(A; + ¢ B;)Yy and Xy(A; + z0e? By)Yy are both
positive semidefinite with eigenvalues s1(A + €?B),...,sx(A + ¢?B) and s;(A +
10eB), ..., si(A + 20e? B), respectively. It follows that Y Xy(A; + €?B;) and
Yo Xy(A1 + xoeieBl) are positive semidefinite. For simplicity, we denoted Yy Xy by
Uy. Clearly, Uy is unitary. By now, we have showed that for any # € ©, there exists

a matrix Uy € %, such that

Ug(A; + eiaBl) and  Uy(A; + xoewBl) are both positive semidefinite.  (2.15)
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Thus, UyA; is Hermitian. We claim that UyA; is also positive semidefinite. Oth-
erwise, since UpA; is Hermitian, there exists an eigenvalue A of UyA; such that
A = —s(UyA;) for some nonzero singular value s(UyA;) of UpA;. Let y be a unit

eigenvector corresponding to A, that is, UpA;y = Ay. Then we have
Y UgAry = XA = —s(Up4,y). (2.16)

Furthermore, Uy is unitary implies that s(UyA;) is also a nonzero singular value of A,

therefore, as well as a nonzero singular value of A. It follows that s(UpA;) > sp(A).

sn(4) 1
251(B) 2

Then with the assumption that zo = min { }, we have

Y Ug(Ay + 20e By )y < —s(UgAy) + 2051(B1) < —sp(A) + 295,(B) <0,
contrary to (2.15). Thus, our claim is correct, i.e., UgA; is positive semidefinite. Let
G, W € %, be matrices such that

G AW = Ay @0, , and G*BiV — [B” Bl?} , (2.17)
B21 BQQ

where Bi1, A1 € M, for some 1 < r < k and A;; is positive definite. Applying
Lemma 2.4, we have Uy = W (I, ® X)G* with Xy € %,_,. Recall our assumption
that Bj is nonzero. We claim that B, is nonzero. Otherwise, By = 0, then we have

Ay +€PByy €YBiy

0 _
Ug(Al +e Bl) =W XgeioBgl 0

W,

Recall that Up(A; + € B;) is positive semidefinite and A;; is positive definite. It
follows that Byy = 0, By = 0 and € By = —e? By,. Since this is true for all § € ©
and © is an infinite set, it follows that By; = 0 and therefore By = 0, which is
contrary to our assumption that B; is nonzero. Thus, our claim is correct, that

is, By is nonzero. So by replacing G* and W with (I, & G7)G*, and W (I, & W)
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respectively, for some Gy, W) € %_,, we can further rewrite equations in (2.17) as

Bll BlQ Bl3
G*A1W - A11 ) Ok—r and G*BIW = Bgl BQQ 0 s
Bs; 0 0

where A1 € M, and By € M, are positive definite and By, € M, for some 1 <r <k
and 1 < ¢ < k —r. And we still have Uy = W (I, & Xp)G* with Xy € %;_,. Recall
that Uy(A; + € By) is positive semidefinite. This implies that ¢ Xy(Bay @ Op_,_¢)
is positive semdefinite. Clearly, ¢ Xy is also unitary. We use Lemma 2.4 again to
conclude that € X, = I, ®Yy with Yy € %,_,_¢, or equivalently, Xy = e I,®de~Y}.
Then we have Uy = W (I, @ e I, ® e Yy) G*. 1t follows that
A1 +€”Byy €’Biy €Big
Ug(Ay +¢ePB) =W By, Bos 0o | wr

Yy B3 0 0
is positive semidefinite. Recall that Ay, € M, is positive definite. Therefore, B3, = 0,
Bi3 =0, By = B3, and € By, = e"*B},. Since this is true for all # € © and O is

an infinite set, it follows that Bis, Bo; and Bi; are all zero matrices. Then we have
G*BWV = Or D BQQ D Ok_r_g. (218)

Clearly, it follows that A; and B; are orthogonal. This confirms the Step 3.

Step 4. The matrices A and B are orthogonal and rank(A) < k. Thus, Assertion
2.1 holds.
For simplicity, we may assume that U =V = I, in (2.11) and W = W = I in

(2.13). It follows that for some 0 < r <k,
A = diag(ay,...,a,) ®0k_, ® Ay and B =0, ® diag(b,41,...,bx) ® By (2.19)

with a; >0for j=1,...,7and b; > 0for j =r+1,...,k. Choose a certain ¢, from

©. Denote the singular values of 24 + (¢ + 1)e?® B by 51 > 53 > -+ > 8,,,. Then
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(2.12) implies that
(Sgl, . ,Sgk) = (2@1, co2ap, (o + Dbyyq,y - oo, (z0 + l)bk)
for some permutation (¢1,...,¢) of (1,... k). Let X,Y € Upn_y, such that
X(QAQ + (o + 1)€i90B2)Y = diag(skH, e smn).
Let U=1@e ™, @XandV =1, @ I;_, ®Y. Then we have

U(2A + (w0 + 1) B)V = diag(se,, - - -, St,, Ski1s - - - » Sm)s
U(A -+ €i90B)V = diag(al, vy Qe bT+1, Ce ;bk) D X(AQ -+ eiGOBg)?,
and U(A + 20" B)V = diag(as, . . . , @y, Tobrs1, . . ., Toby) @ X(Ag + xoewOBQ)Y.

We apply Lemma 2.3 with (E, F) = (A + ¢ B, A + z¢¢'® B) to conclude that

r k
|A +e® B, = Zaﬂgj + Z bjve;, and
j=1

Jj=r+1

r k
I|A + xoewOBHw = Z a;jYe; + To Z bive; -
j=1

j=r+1
With the assumption that ¢ : M,,,, — M,,, satisfies (2.2), we have

|A + xewOBH7 = |(XE; X" ®@YE;Y")+ xewo(XEiiX* QY E Y )|, =m + 27

for all 0 < x < 1. The above three equations imply that

T k
|A+ 2B, =y + 27 = Zaﬂgj +x Z bjve, forall0 <z <1. (2.20)
j=1 j=r+1
Notice that ||A|, = [ XE;X* @ YE;;Y*||, =y and v > -+ > 4 > 0 with k& > 2.

Then we conclude from (2.20) that

r k
Y aiv, =y =Al, and > by, =9 (2.21)
j=1

Jj=r+1
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It follows from the right equation in (2.21) that r < k. We claim that A, = 0.

Otherwise, since rank(A4;) < r < k, we must have [|A], > [|Ai], > Zaj’}/gj,
j=1

contrary to (2.21). Therefore, A = A; & 0, and B = B; @ Bs. Since A; and By
are orthogonal, so as A and B. Furthermore, rank(A) = rank(A4;) < r < k. This

completes the proof. n

Assertion 2.2. For any matrices X € U, andY € U,
WXE; X" QY (Ej; + Es)Y") L o(XEu X" QY (Ej; + Es)Y™),
whenever i #t and j # s.

Proof. For simplicity, we denote ¢(XE;X* @ Y(E;; + E)Y*) and (X EyX* ®

Y (Ej;+E)Y*) by G and H, respectively. Let h = rank(G) and ¢y = min{ 235’;((%)), s}

By the assumption in (2.2), we can use a similar argument as used in (2.10) to show
that
12G + (zo + 1) H||, = |G + e H||, + ||G + z0e” H||,

for all # € [0,27). We can use the same argument in Assertion 2.1 to conclude that

there exist matrices U,V € %, such that for some 0 < r < k,

UGV = diag(ay,...,a,) ® 0, ® G

(2.22)
UHV =0, ® diag(b,+1,...,bx) ® Ho
with a; >0for j=1,...,rand b; >0for j =r+1,...,k, and
r k
|G+ woe™ Hlly =D ajm, +30 Y by,
j=1 j=r+1
(2.23)

r k
IG+e™H|ly = a,+ > b,
j=1

j=r+1
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for some 0y € [0,27) and permutation (¢1,...,¢) of (1,..., k). With the assumption
that ¢ : My, — M,,, satisfies (2.2), we have

|G+ 2e®H|ly =y + v +2(y3+v) forall0<ax<1land@c0,2r). (2.24)

It follows from (2.23) and (2.24) that

r

k
Zamj =mn+7% =[G, and Z bjve; = V3 + Ya-

j=1 j=r+1
k
If £ > 3, then Z bjve, = 73+ 74 > 0, and hence r < k. Then we can use the same
j=r+1

argument in Step 4 of Assertion 2.1 to show that Gy = 0, and therefore G L. H. We
now turn to the case when k = 2. In this case, by the result of Assertion 2.1, we have

rank(go(XEiiX* ® YEij*)) =1fori=1,...,mand j=1,...,n. It follows that
lo(XE X" @Y EjY )|y = s1(p(X Eu X* @Y EjY™))m. (2.25)
Besides, by the assumption in (2.2), we have
lo(XEuX* @Y E;Y7) ||y = | XEu X @Y EjY 7|l = . (2.26)

The above equations imply that s;(@(XE;X*®@YE;;Y*)) =1foralli=1,...,m

Then with the result in Assertion 2.1, we have
rank(G) =2 and s$(G) = s2(G) = 1.
The same observations also hold for H. It follows that
aj=1forj=1,...,r and b; € {0,1} for j=r+1,...,2.

However, with the equations in (2.23), b; = 0 for some r +1 < 5 < 2 leads to

r 2
IG +€e?Hlly = amm, + Y b, <m+7e,
j=1 j=r+1
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contrary to (2.2). Thus, b; =1 for j =r+1,...,2. Next we show that G5 and H,
are orthogonal. If G5 = 0, then there is nothing to prove. If G5 # 0, we may assume

that

_ |4 0 _ |Hu Hi
G2_{O 0] and HQ_[Hm H22:|

with Hy; € M, for some 1 < ¢ < 2. Then

Gy + ¢ H, = [Iz + e Hyy eme] .

62‘6’ H21 ez’G HQQ

We claim that Hy; = 0,H13 = 0, Hy; = 0, and hence H = 0 @& Hyy. Otherwise,
s1(Ga+ €% Hy) > 1, and therefore s1(G + ¢ H) > 1 for some 6, € [0,27). It follows
that |G + ™ H|, > v + 79, contrary to (2.2). Thus, our claim is correct, that is,
H =0® Hy. It follows that G L. H. This completes our proof. O

Assertion 2.3. For any matrices X € U, andY € U,
HXE; X" QYE;;Y") Lo(XE, X" ®YEY") whenever (i, j) # (r,s).
Proof. If i =r or j = s, then the result in Assertion 2.1 directly implies that
HXE; X" QYE;;Y") Lo(XE, X" ®@YEY™).
Next, we suppose that i # r and j # s. With Assertion 2.1, we have
HXE; X" QYE;Y") L g(XE; X" QY EY™) (2.27)

and

HXE, X" @YE;Y*) L $(XE,X*QYE,Y"). (2.28)

By Assertion 2.2, we have
HXE; X" QY (Ejj+ Es)Y™) L o(XE, X" Q@Y (Ej; + Es)Y™). (2.29)
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Applying Lemma 2.2, we conclude from (2.27) and (2.29) that
HXE; X" QYE;Y") L (XE,, X" QY (E;; + Eg)Y™). (2.30)

Then we apply Lemma 2.2 again to conclude from (2.28) and (2.30) that

HXE; X" QYE;;Y") Lo(XE, X" ®@YELY").
This completes the proof. n
Assertion 2.4. There exist matrices U and V' in %,,, such that

Hd(C @ D) =U(p1(C)® pa(D))V  for all C € M, and D € M,,

where 4 is the identity map or the transposition map for s = 1,2.
Proof. For any Y € %, by Assertion 2.3,

{p(Ei @ YE;Y*):i=1,...,mand j=1...,n}

is a set of mn orthogonal matrices in M,,,. It follows that all of the matrices in this

set are of rank one. Then there exist matrices Uy, Vy € %,,,,, such that
(B QYEY") =Uy(E; @ Ej)Vy foralli=1,....mandj=1,...,n. (2.31)
Without loss of generality, we may assume that Uy = V; = I, i.e.,
$(E; @ E;)=E;®FE;; foralli=1,...,mandj=1,...,n (2.32)
With (2.31) and (2.32), we have
(1) I = oI @ I,) = Uy (I, @ 1) V355
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It follows that Uy = V4 and Uy commutes with E; ® I, for all ¢« = 1,...,m.

Therefore, we have Uy commuting with Fy1 ® I, + 2F @ I, + -+ + mE,,;, @ I,,,

which implies that Uy = @ U; with U; € %, for all i = 1,...,m. It follows that
i=1

(B QY E;Y*) = E; U, E;;UrF. Now, we have showed that for any Y € %,, there

exists U; € %, depending on ¢ and Y such that
¢(Ezz ® YEij*) == Eii (24 UiEjjUZ-* for ] = 1, Lo, n.

By the linearity of ¢, we conclude from the above equation that for any ¢ =1,...,m,

there is a linear map ; such that
¢(Ey; @ B) = E;; @ ¢(B)  for all B € M,
Let 4 = (71,...,7). Then it is easy to check that
[:(B)lls = 1B © ¢vi(B)|ly = | Eii @ Bl = || Bll5  for all B € M,.

That is, 9; is a linear map on M,, preserving 4-norm. Thus, by Theorem 4 in [21],

1; has form B — W,Bﬁ//i or B — I/VZ-BTW; for some matrices VVZ«,W/Z« € U,. Let

W = @Wz and W = EBT/IZ It follows that for any ¢ =1,...,m,
i=1 i=1

O(Ey @ B) = W(E; @ ¢i(B)W  for all B € M,,

where ¢; is the identity map or the transposition map. Recall that I,,,, = ¢([,, ® I,,).

Thus, we have W =W Applying Assertion 2.3 again, we can repeat the same
argument above to show that for any unitary matrix X € M,, and 1 < i < n, there

exists unitary matrix Wy such that
O(XE; X" ®B)=Wx(E; ® ¢ x(B))Wx forall Be M,, (2.33)
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where ¢; x is the identity map or the transposition map. For simplicity, we may

further assume that W; = I,,,,,, i.e.,
¢(Ey; ® B) = E; @ @1, (B) for all B € M, (2.34)

where ; 1, is the identity map or the transposition map. Next, we use the same
arguments in the last two paragraphs of the proof of Theorem 2.1 in [6] to show that
@; x are the same for all i = 1,...,m and X € %,. With (2.33) and (2.34), we have

for any real symmetric S € M,, and X € %,,,

In®S=0¢(In®S) =Y ¢(XE;X*®S8)=Wx(L,®S)W.

=1

It follows that Wy commutes with I, ® S for all real symmetric S € M,,. This yields

that Wx = Zx ® I,, for some Zx € %,, and hence
O XE; X" ®@B)= (ZxE;Zy)®pix(B) foralli=1,...,m and B € M,,.
Define linear maps try : M,,, — M, and Try : M,,,, — M, as
tri(A® B) = (trA)B and Tri(A® B) =tr1(¢(A® B))

for all A € M,, and B € M,,. The map tr; is also called the partial trace function in

quantum science. Then

where ¢; x is the identity map or the transposition map. Note that Tr; is linear and

therefore continuous and the set
{XE; X" |1<i<m, X €U} ={xz" €M, |z"z=1}

is connected. So, all the maps ¢; x are the same. By replacing ¢ with the map

A® B — ¢(A® BT), if necessary, we may assume that ¢; x is the identity map for
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alli =1,...,m and unitary X € M,,. It follows that
d(A®B)=¢1(A)® B forall A€ M,

where ¢ is a linear map on M,,. Let 7 = (71, ...,7m). It is easy to verify that ¢ is
a linear map on M, preserving v-norm. Hence, ¢; also has the form A — UAV or

A — UATV for some matrices U,V € %,,. This completes our proof. n

2.3 Multipartite system

We now consider the multipartite case.

Theorem 2.2. Given an integer m > 2. Let n; > 2 be integers fori=1,...,m and

N =[] n;. Foranyy = (m,...,7n) € Riv’i with 5 > 0, a linear map ¢ : My — My
i=1

satisfies
lo(A1 @ - @A)y =141 @ - @A, forall A; € M,,,i=1,...,m, (2.35)
if and only if there are unitary matrices U,V € My such that
P(A @ R A, =U(p1(A1) @+ @ 0m(An))V  forall Ay € My, i=1,...,m,
where @; is the identity map or the transposition map A s AT, fori=1,...,m.

Proof. The sufficiency part is clear. To prove the necessity part, we use induction
on m. By Theorem 2.1, we already know that the statement of Theorem 2.2 holds
for m = 2. So, we assume that m > 3 and the result holds for any (m — 1)-partite
system. We need to prove that the same is true for any m-partite system.

With the assumption for v, we can conclude that there exists an integer 2 <
k < N such that v3 > % > -+ > 7% >0 = %41 = -+ = yn. Given any matrices

Xi € U, i =1,...,m, we first claim that

O(X1Eiiy X ® - @ X Fii,, X5) L O(Xa By X ® - @ X By, 5, X)) (2.36)
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for any distinct (i1,...,%,) # (J1,- -, Jm)-
Without loss of generality, we may assume that X; are identity matrices for

1 =1...,m. Then it is sufficient to show that for all s =1,...,m,

s—1 m
¢ (@(Emu + Ejj.) ® B, ® ® E@'uiu>

u=1 u=s+1

s—1 m
Lo (@(Ez‘uz‘u +Ejj.) ® By @ Q) Emm)

u=1 u=s+1

for any i = (i1,...,4y) and j = (J1, ..., Jm) With i, # j,, 1 < u < s. We denote by

As(i,j) and Bs(i,j) the above matrices accordingly. It is easy to check that

1245(,§) + (& + 1)e Bo(i,)ly = 145 (,3) + € Bo(i, )l + 145, §) + e By (i)
(2.37)
foralls=1,...,m,0<xz<1and#f € |0,2n).

Case 1. Suppose that k& > 2m~! For simplicity, denote A, = A,(i,j) and B, =

Bs(i,j). Let h = rank(A4;) and zo = min{;:l(é;s)),%}. With (2.37), we apply the
same argument in the proof of Assertion 2.1 to conclude that there exist matrices

U,V € %y such that for some integer 0 < r < k,

UAV = diag(as,...,a,) ® Op_r ® A, and UB,V =0, ® diag(bys1, . .., by) ® Bs,
(2.38)
with a; >0for j=1,...,rand b; >0for j=r+1,...,k, and

r

k
1As + 0™ Byll, = > " ajve, + 20 Y by,

j=1 j=r+1

r k
1A+ e Bylly = > ayye, + > b,
j=1

j=r+1

for some 6y € [0,27) and permutation (¢y,..., ) of (1,...,k). With the assumption
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that ¢ : My — My satisfies (2.35), we have

2571 28
|As + 2Bs||, = Z% +2x Z v; forall0 < <1.
j=1 j=25=141
25—1
Notice that || A/, = Z 7;. It follows from the above three equations that
j=1
T 251 k 2°
Do =D = lAdy and b= D
j=1 j=1 Jj=r+1 J=25"14+1
Since k > 2™ we have k > 2°7! + 1, that is, ygs-141 > 0, for s = 1,...,m.
k 2
Therefore, Z bive, = Z v; > 0. Then we can use the same argument in
j=r+1 j=25=141

Assertion 2.1 to show that A, = 0, and therefore A, 1 B, for all s = 1,...,m.
Furthermore, by replacing U and V with (I} & U YU and V (I}, & V) for some unitary

matrices U, Ve My _y, the equations in (2.38) can be rewritten as
UAV = diag(a,...,a,) ®0y_, and UBV =0, @ diag(b.41,...,bn).

Case 2. Suppose that k < 2™~ Then there exists an integer 1 < sg < m — 1 such
that 2%0~! < k < 2%, We can use the same argument in the Case I to conclude that

for any i = (i1,...,4,) and j = (j1,. .., Jm) With i, # j,, 1 <u <s,
(2.a) As(i,j) L Bs(i,j) for all s =1,...,5s¢;
(2.b) There exist unitary matrices U, V € My such that

UA,, (1,j)V = diag(as, . ..,a,)®0x_, and UBy,(i,j)V = 0,@diag(b,41, - .., bn),

r k
with || Ay, (i, §) + e By (13)ll, = 3 avve + D b, for some 6y € [0, 27) and
t=1 t=r+1

permutation (¢y,...,¢) of (1,... k).
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Next, we use induction on s to show that for all s = s, ..., m, rank(A,(i,j)) = 2571,
Ay(1,j) L By(i,j) and s (A,(L,j) =1fort=1,...,2%" (2.39)

for all j = (J1,...,Jm), 1 = (i1,...,%y) with ¢, # J,, 1 < u < s. First, we claim

that a; and b; obtained in (2.b) are not larger than one for ¢t = 1,..., N. Otherwise,

we can conclude from (2.a) that the largest singular value of qb( (%) Eum) is larger

u=1
than one for some (i1, ...,%,), and thus qu( X Ewu> H > 7, contrary to (2.35).
u=1 Y

Therefore, our claim is correct. It follows that

| A5 (iy3) + € By, (i j )Ny = Zath + Z beye, < Z”Yt

t=r+1

On the other hand, with (2.35), we have || Ay, (i,j) + € By, (i,j) ||, = Z%, in other

words, the above equality holds. This implies that a; = 1 for t = 1,...,r. Notice

that
250~ 1
145 (i, 3)115 = Z Y. (2.40)
25071
If r < 2571 then we have || A, (1,))], = Z% Z v If v > 2%~ then we have
t=1
9sp0—1
|1 As, (1,0)]l4 = Z% Z 7. Both of them are contrary to (2.35). Thus, we have
t=1

r = 2%~1 By now, we have showed that (2.39) holds for s = s.
Suppose that (2.39) holds for s — 1 with s — 1 > so. With (2.37), we apply the
same argument in Assertion 2.1 again to conclude that there exist unitary matrices

U,V € My such that for some integer 0 < r < k,
UAS(17J)V - diag<a17 cee 70”1“) D Ok—r ) Av

UB,(i,j)V = 0, @ diag(by11,...,by) ® B
40



withay > --->a, >0and b,y > --- > b, >0, and

T

k
HAS(17.]> + eielBs(iaj)HV = Zat’YZt + Z btfyft (241>

t=1 t=r+1

for some 0, € [0,27) and permutation (¢1,...,¢) of (1,...,k). Notice that A,(i,j) =

A,1(1,j) + Bo_1(i,]) for some ] = (Ji,...,Jm); i = (i1,...,im). Thus, with our

assumption, we have
rank(A,(i,j)) = 2°7" and s(A(i,j)) =1fort=1,...,2°°"

The same observation also holds for Bs(i,j). It follows that a; = 1 for t = 1,...r
and by = 1 or 0 for t = r+1,..., k. Then with (2.41), we use the same argument
in last part of the proof of Assertion 2.2 to conclude that AL é, and therefore
As(i,j) L Bs(i,j). By now, we can conclude that (2.39) holds for all s = sg,...,m.
Therefore, As(i,j) L Bs(i,j) for all s = 1...,m. This proves our claim in (2.36).

It follows that for any unitary matrix X, € M, , there exist unitary matrices

Ux, and Vyx,_ such that

m—1
¢ (® Ejj ® XmEjmij;L) =Ux, (Ejjj @ - ® Ej,.;,)Vx,, (2.42)
=1

forall j; = 1,...,n; with 1 <7 < m. For simplicity, we may assume that Uy = V; = I,
ie.,

P(Ejyjy @+ @ Ej4,) = Ejyjy @+ @ Ej (2.43)

It follows that ¢(Iy) = In. Applying a similar argument in Assertion 2.4, one can

conclude from (2.42) and (2.43) that there are unitary matrices W,W € My such

that for any 1 < j; <n; with 1 <i<m — 1,
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i..im_1 1s the identity map or the transposition map. It follows that

o(Iy) = WW. Recall that ¢(In) = Iy and W and W are both unitary matrices.
Thus, we have W = W*. For any unitary matrices X; € M,,, ¢ = 1,...,m — 1,
denote (X1,...,X,1) by X, ie, X = (Xi,...,X,,_1). In particular, let T =
(Lngy-- oy 1

Nm—1

). Following a similar argument as above, one can show that for any
X =(Xq,..., Xpmo1) and 1 < j; < n; with 1 < i < m — 1, there exists a unitary

matrix Wx € My such that

m—1
(@mmx* ) W (®Em®%l ..... Jmlx<B>) Wy ()

for all B € M, , where @j, ;. . x is the identity map or transposition map. For

.....

simplicity, we may further assume that Wy = Iy when X = (I,,,,..., I, _,), i.e., for

any 1 < g, <n;withl<i<m-—1,

~~~~~~~~

Assertion 2.4, one can conclude that there exists some unitary matrix Zx € My, ..., _,

such that

m—1
(B rrson) 5 (B 5o

=1

for all B € M, and 1 < j; < n; with 1 < ¢ < m — 1. Define linear maps

ry: My — M, and Try : My — M, by

tri(A® B) =tr(A)B and Tr;(A® B) =tr1(¢(A® B))
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forall Ae M,,..,,, , and B € M,,,. Then

(®XEJszX* ) = Qi1 ejm1,x (B).

Notice that Try is a linear and therefore continuous. Besides, the set

{@XiEjijiX;k |1 <j; <n;and X; € %, forz':l,...,m—l}

m—1
= {®xle|xZEC" Withx;‘xizlforizl,...,m—l}

=1

is connected. So, all the maps ¢;, _,,x are the same. Denote the common map

-----

by ¢m, which is either the identity map or the transposition map. With the linearity

of ¢, we can conclude that for all B € M,,, and A; € M,,, with 1 <¢<m —1,
P(A1® - ®An1®@B)=¢(A ® @ Ap-1) ® pu(B),

where 1 is a linear map on M., .. Let ¥ = (1,...,Yny-m,,_,)- 1t is easy to check

that
[P(A @ @An )|y =41 ® - ®Ap_1|s forall ;€ M,,,i=1,...,m—1.

Hence, by the induction hypothesis, we conclude that there exist unitary matrices

U , V such that

YA ® @ Ap) = ﬁ(@l(/‘h) ® - ® Pm-1(Am-1))V,

where ¢; is the identity map or the transposition map for i = 1,...,m — 1. Then ¢

has the desired form and the proof is completed. O
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Chapter 3

Linear maps preserving
(p, k)-norms of tensor products of
matrices

3.1 Introduction

In this chapter, we turn to the characterization of linear preservers for (p, k)-
norms of tensor products of matrices. Recall that H, denotes the set of n x n
Hermitian matrices. For A, B € H,,, we denote by A > B, or equivalently B < A,
to mean that A — B is positive semidefinite. In particular, A > 0 means that A is
positive semidefinite. Let 1 < k < min{m,n} be an integer and 1 < p < co. Recall

that the (p, k)-norm of A € M,,,, is defined by

k

[All oy = [Z s;(A)

=1

p

Clearly, the (p, k)-norm reduces to the spectral norm when p = oco. In [22], Li and
Tsing determined the form of linear preservers for (p,k)-norms on M,,,. It was

shown that such linear maps have the form

A—UAV or whenm=n Aw— UATV
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for some matrices U € %, and V € %,. Notice that if & = min{m,n}, then the
(p, k)-norm reduces to the Schatten p-norm. In [6], the authors characterised the
form of linear preservers for Schatten p-norms of tensor products of square matrices.
We will extend this result to (p, k)-norms for 2 < p < oo. Our proof relies on some
equalities, which do not hold for the case when 1 < p < 2. So some other methods
and techniques may be needed to tackle this case.

In the following sections, we first characterise linear preservers on bipartite system
and then use induction on m to characterise corresponding linear preservers on m-
partite system. Suppose that A € M, is a positive semidefinite matrix. We denote
the eigenvalues of A by A\j(A) > A(A) > --- > N\, (A). Rearrange © = (21,...,2,) €
R™ in decreasing order as xp) > -+ > xp). Let o = (21,...,20), y = (y1,---,yn) €

R™. Then z is said to weakly majorize y, denote by x >, v, if

k

k
me > Zym forall k=1,...,n.
i=1

=1

n

Futhermore, if x >, y and Z T, = Z Yi, then x is said to majorize y, denoted by
i=1 i=1

T -y

3.2 Bipartite system

Theorem 3.1. Let m,n,k > 2 be integers with k < mn. Given a real number

2 < p< oo, alinear map ¢ : M,,,, — M,,, satisfies

l$(C ® D)

wk) = |C @ D||pxy for all C € M,, and D € M,, (3.1)
if and only if there exist matrices U,V € Uy Such that
d(C®D)=U(p1(C)® pa(D))V  forall C € M, and D € M,, (3.2)

where @, is the identity map or the transposition map X — X1, for s =1,2.

45



To prove the theorem, we need some preliminary results. Notice that x — 27
(x > 0) is a convex function for any real number 1 < v < co. With this, one can

easily conclude the following lemma.
Lemma 3.1. Let a,b € R. If —a < b < a. then for any real number 1 < v < oo,
(a+0) 4+ (a—b)" > 2a".
We also need the following lemmas from [32, 39
Lemma 3.2. [32, Lemma 2.1] Let A € M, be a positive semidefinite matriz. Then
¥ Az > (% Az)||z)|*Y for allz € C" and 1 < v < .

Lemma 3.3. [39, Lemma 3.7] Let A € H,,. Then

k
Z/\Z-(A) = Joax, tr(U*AU) and Zl/\n_i+1<A) = ,min tr(U*AU),

*U=Iy

where Iy, is the identity matriz of order k and U € M, .

Lemma 3.4. Let C,D € H, such that —C < D < C. Then for any real number

1<y < o0,
k k k
Y AN(C+D)+> N(C-D)=2> N(C).
i=1 i=1 i=1
Proof. Let U € %, such that
UCU* = diag(M(C), A2(C), ..., A\ (C)).

Denote by u; the i-th column of U for i = 1,...,n. Let U = [ug,us ..., ux]. Then

applying Lemma 3.3, we have

> N(C+D)>tx(U(C+D)YU) and Y M(C-D)=>tr(U*(C— D)D).

i=1
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Since —C' < D < C, we have
C+D>0, C—-D2>0,

and

—2"Cx < z*Dx < z*Cx forall x € C".

By Lemma 3.2, we have
u; (C'+ D)'u; > (u;(C + D)u;)” and  u;(C — D)'u; > (u;(C — D)u;)”
for e =1,...,n. Applying Lemma 3.1 with a = u;Cu; and b = u} Du;, we get
(u; (C'+ D)u;)?" + (u; (C — D)u;)” > 2(u;Cu;)? foralli=1,... n.

It follows from the above inequalities that

> N(C+D)+> N(C—-D)=tx(U*(C + D)U) + tx(U*(C — D))

i=1 i=1

k k
=> ui(C+D)u;+ Y _ui(C— D)lu
=1

i=1

k

2 Z(UI(C + D))" + Y (uf(C — D)u;)”

i=1

k k

>2 (ufCus)’ =2 N (C).

i=1 =1

Corollary 3.1. Let 2 < p < oo be a real number and A, B € M,. Then

k
|4+ BIf, 4 + 14 = Bl = 2> A (A"A+ B"B).

=1
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Proof. Notice that
k koo
IA+BI?, =D s'(A+B)=> A ((A"A+ B*B) + (A"B + B*A))
i=1 i=1
and
k koo
4 BI, = ST 0A= B) = SN (A4 + B'B) — (A°B + B*A).
i=1

=1

Let C = A*A+ B*B and D = A*B+ B*A. Then C+ D = (A+ B)*(A+ B) and
C — D = (A— B)*(A — B) are positive semidefinite. Applying Lemma 3.4, we get
(3.3). 0

Lemma 3.5. Let A, B € M, be nonzero matrices and k > 2 be an integer. Given a

real number 0 < p < oo, if

JA+BIP = Al +BI?,,, and ALB,

then rank(A + B) < k.

Proof. With the assumption that A 1 B, we can suppose that the largest & singular
values of A+ B are s1(A),...,s0(A),s1(B),...,Sg—¢(B) for some 0 < ¢ < k. Then

1 k—{ k

1A+ B, 0 =D sP(A) + Y si(B) < Y s(A) + Y si(B). (3.4)
i=1 i=1 i=1 i=1
i k
On the other hand, |A+ B[, .y = [[Al{, 5+ [ Bll, 0 = Z sP(A) —i—Z s?(B). Thus,
i=1 i=1

l k k—¢ k
SSHA) =D SA) and Y SHB) = SUB)



k k
Since A and B are both nonzero, we have Z s?(A) > 0 and Z s?(B) > 0. It follows

=1

that £ >1and k—/¢>1,ie,1</¢<k—1,and

k k
dostA) =0, > s(B)=0
i=0+1 i=k—0+1

This implies that sg;y1(A) = 0 and sg_¢1(B) = 0. Then we can conclude that
rank(A) < ¢ and rank(B) < k — {. Since A L B, this implies that rank(A + B) =
rank(A) +rank(B) </l +k — (= k. O

Lemma 3.6. Let A, B € M, be positive semidefinite matrices and 1 < v < oo be a

real number. Suppose

k k k
Z (A+aB) < Z )+ Z)\Z(QB) forall 0<a<l, (3.5)
i=1 i=1 i=1
and U*AU = diag(A(A), ..., \(A)) for some matriz U € %,.
(a) If \k(A) =0, then A L B.

(b) If M(A) > 0, then U*BU = 04 ® B with B € M, _1_¢, where { is the largest
integer such that A\y(A) = A (A).

Proof. Denote the i-th diagonal entry of U*BU by b;. Then X\;(A) + ab; is the i-th
diagonal entry of U*(A + aB)U. It follows that

(M(A+aB), ..., \(A+ aB)) = (M(A) + aby, ..., \(A) + aby).

Notice that g(z) = 27 (z > 0) is an increasing convex function when 1 < v < oc.

We can apply the Theorem 3.26 in [39] to obtain
()\’{(A -+ OéB), ey )\z(A + OéB)) —w (()\1(A) + Oébl)’y, ceey ()\k(A> -+ Oébk)’y).
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: k
Thus, Z/\Z(A +aB) > Z()‘l(A) + ab;)?. With the assumption in (3.5), we can

i=1 i=1

conclude that

k k k
> Ni(A) +ab)T <> N(A)+ ) N (aB) forall 0<a<l. (3.6)
i=1 i=1 i=1
k k
Let f(a) = Z()\ )+ ab;)? ZXY Z)\Z(QB) be a function on «. Then
i=1 i=1
we have

fla) = f(0)+ f (0)a + o« [ZAW YA)biy| a4+ o(a) (3.7)

when « is sufficiently small. Since A and B are both positive semidefinite, we have

k
Ai(A) > 0 and b; > 0 for all i = 1,...,n. It follows that Z)\;’_I(A)bz-'y > 0. We

i=1
k k

claim that Zkfl(A)bi’y = 0. Otherwise, Z)\Zfl(A)bi’y > 0 leads to f(a) > 0
i=1 i=1

when « > 0 is sufficiently small, which contradicts (3.6). It follows that

For the case A\;(A) = 0, we may assume that ¢ is the largest integer such that
At(A) > 0. Then U*AU = diag(A(A),..., \(A)) @0,y and b; =0 fori = 1,...,t.
Recall that B is positive semidefinite. Thus, U*BU = 0; ¢ B with B € M,_,. It
follows that A 1 B.

For the case Ag(A) > 0, we first have b; = 0 for all ¢ = 1,... k. Since B is
positive semidefinite, it follows that B = 0, & C with C' € M,,_. Recall that ¢ is
the largest integer such that A\g(A) = A\, (A). If £ = 0, then the proof is completed.

If £ >0, then for any i = k + 1,...,k + ¢, replacing the role of \;(A) + aby with
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Ai(A) + ab; in the above argument, we can conclude b; = 0. Thus, we have b; = 0

fori=1,...,k+ (. It follows that B = 0., ® B with B € M,,_j_,. O

Proof of Theorem 3.1. Since the sufficiency part is clear, we consider only the
necessity part. So, suppose the linear map ¢ : M,,,, — M,,,, satisfies (3.1), we will
prove that ¢ has the form in (3.2) through the following 3 steps.

Step 1. For any matrices X € %, and Y € %,,
HXE;X* @ YVE;Y") L §(XEuX* ® Y ELY™)

and rank(¢p(X E; X* @Y (Ej; + Es)Y™)) <k foralli=1,...,m and j # s.
For simplicity, we denote (X E; X* ® Y E;;Y*) and ¢(XE; X* @ YEY*) by T
and S, respectively. We aim to show that 7' L S and rank(7 + S) < k. With the

assumption in (3.1), we have

1T+ @S|, + 11T — 25| 2T, 0y + 20128, 5y forall 0<z<1. (3.8)

P
(pk)

Applying Corollary 3.1 with A =T and B = x5, we get

SIS

k
T+ zS|P, o + 1T = 28|17 ) > 2) N (T*T +2°8°S) forall 0<z<1. (3.9)
=1

k k
Since [|T|[f, ) = Y A (T°T) and [|2S|7, ) = > A2 (2”S*S), Tt follows from (3.8)
=1 =1

and (3.9) that

k k k
D ONNTT +2°57S) <Y NHT*T)+ Y A (2?S°S) forall 0<az<1. (3.10)
=1 =1 =1

Note the above observations also hold if (7, 5) is replaced by (7%, S*), that is

k k k
S ONNTT +2°55%) <Y NHTT*)+ Y A}(2?SS*) forall 0<az<1. (3.11)

i=1 =1 =1
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Let U,V € %y be matrices such that V*TU = diag(si(T), ..., Smn(T)). Then we

have

U*T*TU = diag(s3(T),...,s2,,(T)) and V*TT*V = diag(s}(T),...,s>,,(T)).

mn

We claim that six(7") = 0. Otherwise, sg(7") > 0. Then let ¢ be the largest integer
such that sgy¢(T) = si(T). Since \(T*T) = \(TT*) = s?(T) for all i = 1,...,mn,
we have A\ (TT*) = M\ (T*T') > 0 and ¢ is the largest integer such that A\po(T*7T) =
M (T*T) and Ngo(TT*) = A\(TT*). With (3.10) and (3.11), we can apply Lemma

3.6 twice to obtain
US*SU =0,y C and V*SSV =0, D
with C, D € M,,,,_r—¢. It follows that
V*SU = 040 ® S

with S € M yn—k—¢. Thus, there exists sufficiently small > 0 such that the largest k
singular values of 7'+ x5 are s1(T), ..., si(T). Since [|T[(, ;) = [|Ei ® Ej[(, 1) =

this implies that

k
1T +zS|I? Zs (T +28)=>_ s'(T)=|T|7 4 =1,
=1

which contradicts the fact that
1T+ zS|{, ) = [1Bi @ (Ejj + 2B,y = 1+ 27 forall 0 <z <L

So, our claim is correct, that is, sx(7") = 0. Then we have A\ (T*T) = A\ (T'T™*) = 0.
We can apply Lemma 3.6 twice to obtain 7*7T L S*S and T'T* L SS*. It follows that
T LS. Notice that ||+ S|, ) = IT1[(,x) + I1SI{,4)- Then we can apply Lemma
3.5 to conclude that rank(7 + 5) < k.
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Step 2. For any matrices X € %, and Y € %,
S(XEuX* @Y (B + Bo)Y*) L o(XEuX*® (YEj; + Es)Y*) whenever i # t.

For simplicity, we denote T' = ¢(X E; X* QY (E;;+ Ess)Y™) and S = (X Ey X*®
Y (Ej; + Es)Y™). We aim to show that 7' L S. Applying Corollary 3.1 with A =T

and B = xS, we get
IT + 2|0, ) + IT = 2SIIF, ) > 2ZA% T*T +2°5*S) forall 0 <z < 1. (3.12)

With the assumption in (3.1), we have
() 17 + 281,y + 17— 2SI, 4y = 271, 4y + 2SI, for the case & > 4
(i) T+ =S, 0 + 1T — 2SN, 0 = 20T, 5y + NS,z for the case k = 3;
(i) |7+ @S,z + 1T — 257, 1) = 2|T[[f, 4y for the case k = 2.

So we can conclude that for any integer k£ > 2,

1T + 5USH Gy T IT = xSH < QHT“(pk + 2”‘735”](Dp,k)

(k) =

koo ) (3.13)
=2 N(T'T +22>\5 (225*S).

It follows that

MPT
IO"G

k k
D ONHTT +2°5°8) < Z AZ(2%8%S) forall 0 <z < 1. (3.14)
i=1 i=1

The above observations also hold if (7',.5) is replaced by (7, S*), that is,

k
D ONNTT" +2°857) <

i=1

'U

k
AZ(TT*) Z A2(2258%) forall0 <z <1. (3.15)

||M»
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If sx(T) = 0, then we can use the same argument in Step 1 to conclude that 7*7" L
S*S and TT* L SS*, and hence T' L. S. Next, we consider the case when s;(7) > 0.
Notice that the result in Step 1 implies that rank(7") < k. Thus, there exist some

matrices U,V € %,,, such that
V*TU = diag(s1(T), ..., 51(T)) @ Opn—k-
With (3.14) and (3.15), we can use the same argument in Step 1 to conclude that
VSU =0y & S

with S € My, It follows that 7' L S.
Step 3. With the results in the first two steps, we have for any matrices X € %,
and Y € %,,

S(XEX* @Y E;Y*) L o(XE, X" @ YEGY") for any (i, j) # (r, s).

Then we can use the same argument in Assertion 2.4 of Chapter 2 to conclude that

¢ has the form in (3.2).
3.3 Multipartite system

Theorem 3.2. Givenm > 2. Let n; > 2 be integers fori=1,...,m and N = [] n;.
i=1

Then for any given 2 < p < oo and k > 2, a linear map ¢ : M — My satisfies
P(A1®- - @A)l pr) = [A1®- - - @Apllpry Sfor all Ay € M,,,i=1,...,m, (3.16)
if and only if there exist U,V € Uy such that

(AR R A, =U(p1(A) @+ @ om(An))V  forall Ay € M,.,i=1,...,m,
(3.17)

where @; is the identity map or the transposition map A AT, fori=1,...,m.
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Proof. We use induction on m to prove Theorem 3.2. By Theorem 3.1, Theorem
3.2 obviously holds for m = 2. Thus, we may suppose that m > 3 and Theorem 3.2
holds for any (m — 1)-partite system. Then we aim to show that Theorem 3.2 holds
for any m-partite system.

We first show that for any X; € %,,,, i =1,...,m,

H(X1Eiin X7 @ @ X Eiinn X)) L 0(XEj X7 ® - @ X0 Ej, 5, X)) (3.18)

Imim

for any distinct (i1, ...,%4m) # (J1,---,Jm). Without loss of generality, we need only
prove that (3.18) holds when X; are identity matrices for ¢ = 1...,m. It is sufficient

to show that for all s =1,...,m,

s—1 m
¢ (@(Emu +Ej,5) @ B, © Q) Ez'uiu)

u=1 u=s+1

s—1
1 ¢ (@(E +E;;)QE,;® ® E) (3.19)

u=1 u=s+1

for i = (i1,...,4n) and j = (J1,. .., jm) With i, # j,, 1 < u < s. Denote by A(i,j)
and B;(i,j) the two matrices in (3.19) accordingly. It is easy to check that for all

s=1,....m,
145 (1, J) + 2B (1, )1 ) + 1 As (0 5) = 2Bs ()1, ) < 201 A DI, g 202 Bs (1) 1T, 4

Then apply the same argument in the proof of Theorem 3.1, we have

> (A2 §) A ) + B2 J) Bl )

k

Z g (A:(1,))A J))+ZA§(x2B;(i,j)Bs(i,j)) (3.20)

i=1

%)



and

k
DN (ALDALLD) + BuliD)BIG)
k

(L) A2L) + SN (@By(1,5) B2 (1,1) (3:21)

=1

M\’B

<2l

forall s=1,...,mand i= (i1,...,ip) and j = (j1, ..., jm) With i, # j,, 1 <u < s.
Case 1. Suppose that k& > 2™~1. For simplicity, we denote A, = A,(i,j) and
B, = Bs(i,j). Then

| As + :UBSHZ(?p’k) =251 p P for0<ux <1, (3.22)
where a, = 257! for s =1,...,m —1 and a,, = min{k — 2™"1,2m~1} We claim that

sk(As) = 0 for all s = 1,...,m. Otherwise, sx(As) > 0 for some 1 < s < m. Then
with (3.20) and (3.21), we use the same argument in Step 1 to conclude that there

exists sufficiently small > 0 such that
[ As + xBSHI(Dp,k) = |’A8H€p,k) =271

which is contrary to (3.22). Thus, our claim is right, that is, sg(As) = 0 for s =
1,...,m. Then we can apply Lemma 3.6 to conclude that A;A% 1 B,B! and AZA, L
BB, and therefore A, L B, for all s =1,.

Case 2. Suppose that k < 2™~ 1. Let sy be the integer such that 2°0~! < k < 2%, We

can use the same argument in Case 1 to show that

forall s =1,...,80, 1= (i1,...,%m) and j = (J1,. .., Jm) With i, # ju, 1 <u < s.
Next, we use induction on s to prove that for any s = so+1,...,m,i = (i1,...,0,)
and j = (J1,...,Jm) wWith i, # ju, 1 < u < s. There exist matrices U,V € %y

56



depending on s and (i, j) such that
UAy(1,))V = L1 @ Oy_oes and  Ay(i,j) L By(i,j). (3.24)

First with (3.23), we have Ay (i,j) L Bs,(i,j) and there exist matrices U,V € %y

and integer 0 < r < k such that
UA, (1,j)V = diag(as,...,a,) ®0 and UB(i,j)V =0, ® diag(b.11,...,bn),

where ay > --+ > a, > 0and b4y > --- > by > 0. If a3 > 1, then with (3.23), we

>

have s; (gzﬁ( X EWM)) > 1 for some (i1, . ..,im). It follows that ngﬁ( (%) Em'u> o
u=1 u=1 b,

1, contrary to (3.16). Thus, a; < 1, and similarly b, ., < 1. It follows that
Za + Z (3.25)
j=r+1

Clearly ay > --- > a, > xb.yqy > --- > xbp are the largest k singular values of

A (1)) + 2By, (i,]) for all 0 < z < 3*—. Thus, we have

1450 (i,3) + 2By (1)1, Za +a” Z B forall 0 <z <

j=1 j=r+1 1

On the other hand, with (3.16), we have

Ao (1,3) + @B (1L )17, 4y = 27" + aP(k —2°7") forall 0 <z <1.

r k
It follows from the above two equations that Z al = 250~1 and Z Vi =k~ PACHES
j=1 j=r+1
Therefore, Za + Z = k, in other words, the equality in (3.25) holds, which

j=r+1

implies that a; = 1 for j = 1,...,r. Notice that ||ASO(i,j)||7(’p7k) = 2%~1 Thus,
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r = 2%71 that is, UA, (i,))V = Iyso-1 @ Oy_gs-1. By now, we have showed that
(3.24) holds for sq.
Suppose that (3.24) holds for s — 1 with sy < s < m. Then we will show that this

also holds for s. Notice that A,(i,j) = As_1(1,]) + Bs_1(i,]) for some i = (iy, ..., 0m)

and j = (j’l, o ,jm) with 7, # Ju, 1 < u < s— 1. Then with our assumption, we have
UA,1,))V = Lot ®0y_9e1 and  UB,(1,))V = Oge1 @ Lps-1 @ Oy_os
for some matices U,V € %y. It follows that
UA,(1,j)V = L. ®0.
Then with (3.20) and (3.21), we apply Lemma 3.6 twice to conclude that
UB,(i,j)V = 0 & B

for some B € My_ss. It follows that A,(i,j) L Bi(i,j). Now we have proved that
(3.24) holds for s. Then we can conclude from the above discussion that for any
s=1,...,m,

As(1,)) L Bs(i,j)

for all i = (i1,...,4,) and j = (J1,. .., Jm) With 4, # ju, 1 < u < s, that is, (3.18)
holds. At last we can use the same argument in the last paragraph of the proof of

Theorem 2.2 to conclude that ¢ has the form in (3.17) . This completes our proof. [J

3.4 Rectangular case

We have characterised linear maps preserving (p, k)-norms of tensor products of
square matrices with 2 < p < oo in the above two sections. It is expected that
our main results, Theorem 3.1 and Theorem 3.2, can be extended to the space of
rectangular matrices. In fact, one can use the same argument in Step 1 and Step 2
of the proof of Theorem 3.1 to conclude the following result.
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Lemma 3.7. Let m,n,{,t > 2 be integers. If ¢ : Myp ot — Mppne 15 a linear map

satisfying
(AR B) =U(p1(A) @ po(B))V  for all A€ M,y and B € M4,
then for any unitary matrices X1 € M,,, Xo € My, Y1 € M,, and Yy € M,

¢(X1EZZX2 ® YiE]]}é) 1L Qb(XlEerZ 0%y YiEss)/é) fO’/’ any (Zaj) 7& <T7 8)'
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Chapter 4

Conclusion and future work

In this thesis, we have characterised linear maps preserving y-norms or (p, k)-
norms with 2 < p < oo of tensor products of square matrices. It has been shown

that such linear maps have the form

where U and V' are unitary matrices and v, is either the identity map or the transpose
map for s = 1,...,m. It is expected that our main result on the (p, k)-norm can be
extended to the space of rectangular matrices. However, our techniques used in the
characterization of linear preservers for (p, k)-norms with 2 < p < oo can not be
applied to tackle the case when 1 < p < 2. Notice that the (p, k)-norm and the ~-
norms are both unitarily invariant norms. It is naturally to expect that linear maps
preserving any unitarily invariant norm would have the above form. In the future,

we will devote to the following problems.

e We will try to extend our results to the tensor products space of rectangular
matrices, that is, to characterise linear maps preserving (p, k)-norms or ~y-norms

of tensor products of rectangular matrices.

e We will consider the linear preservers for (p,k)-norms of tensor products of
matrices for 1 < p < 2.
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e Given any unitarily invariant norm || - ||. We will consider linear maps ¢ :
My — My, such that ||¢(A ® B)|| = ||A® B for all A € M, and B € M,,

and its extension to multipartite system.
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