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ABSTRACT

Due to environmental effects (e.g., chloride penetration, concrete carbonation) and
extreme hazards (e.g., seismic, hurricane), the performance of reinforced concrete
(RC) would deteriorate, which could significantly affect structural performance and
safety, causing economic losses and even posing considerable challenges to life-cycle
design and maintenance. Traditional life-cycle assessment and management are based
on deterministic or semi-probabilistic approaches and models. Due to the randomness
of material properties and changing environment, the performance of deteriorating RC
structures is highly stochastic so that deterministic and semi-probabilistic methods
may not be appropriate. Thus, it is of great importance to propose a probabilistic
performance evaluation framework for deteriorating RC structures.

Regarding the deterioration model of RC structures, previous studies have
mainly applied simple analytical models to evaluate the performance of RC structures,
lacking effective experimental validation, which may misestimate the life-cycle
performance of RC structures in practical engineering. In this dissertation, a series of
evaluation models associated with their durability performances and mechanical
behaviours are developed and experimentally validated accordingly. Existing studies
proved that chloride-induced reinforcement corrosion is one of the most important
threats to RC structures. Thus, the time-dependent performance of RC structures
under marine atmospheric environment is investigated. To overcome the drawbacks

of constant environment parameters and Fick-law-based chloride diffusion models in



previous studies, a time-dependent environmental model and a two-dimensional
chloride transport model are developed to investigate the changing climate and
convection effect in chloride ingress, and calibrated by the collected in-situ
experimental data. Besides, considering the corrosion non-uniformity and its spatial
effects on RC structures, a series of mechanical analysis models, including analytical,
semi-analytical, and finite element method (FEM) models, are proposed and validated
by experimental results.

Existing studies related to RC structures subject to environmental effects only
focused on their durability and mechanical behaviour, while economic and social
impacts may need to be considered in practical engineering. Therefore, a
performance-based probabilistic analysis method related to the durability of RC
structures is proposed to address the uncertainty of environmental, material, and
external load parameters. Furthermore, the proposed method could successfully assess
the long-term economic and social impacts resulting from structural deterioration. In
addition, a probabilistic analysis framework based on polynomial chaos expansion
(PCE) and FEM modelling is proposed to perform global sensitivity analysis and
time-dependent reliability analysis. Such a framework can effectively reduce the
computational burden of probabilistic analysis in the application of complicated FEM
models.

On the other hand, conventional reliability analysis methods of deteriorating RC

structures focus on statistic moments of the target variables, such as the first-order

II



second-moment method (FOSM) and Monte Carlo simulation (MCS), which have
limitations in terms of computational cost and application areas. This dissertation
proposes a series of probability density function-informed methods (PDFM)
accounting for different application scenarios. Considering the continuous
deterioration and sudden damage of engineering structures during their service life, a
two-step translation method-based PDFM is proposed and illustrated by numerical
cases related to the time-dependent reliability of corroded RC structures. In addition, a
reliability analysis framework based on point evolution kernel density estimation is
proposed, considering maintenance behaviours, including preventive and essential
maintenance actions, and their effects on the reliability analysis of ageing engineering
structures. Furthermore, to improve the accuracy and efficiency of the proposed
reliability analysis method in rare event estimation scenarios, a novel adaptive small
failure probability estimation method is developed from the ideas of polynomial chaos
kriging (PCK), subset simulation (SS), and PDFM. A series of benchmark cases
validate such a novel approach.

Finally, conclusions are summarized, and the future work is highlighted.
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CHAPTER 1 INTRODUCTION

1.1 Background and motivation
Since the invention and application of Portland cement and reinforcement, reinforced
concrete (RC) structure has gained rapid development and large-scale applications,
such as buildings, bridges, and harbours. To date, RC structure has become one of the
most popular structural types in modern society. However, RC structure is not a
perfectly durable and reliable structural type and may experience structural
deterioration over the service life. In other words, the mechanical characteristics and
long-term performance of RC structures may change over time and be affected by the
surrounding environments. The 2017 ASCE infrastructure report card indicated that
56,007 bridges suffered from structural deficiency, and the estimated cost of
rehabilitation was $123 billion in 2016 (American Society of Civil Engineers, 2017).
Furthermore, in 2019, a report from the non-profit Volcker Alliance indicated that the
total maintenance cost of infrastructures in the US exceeds $1 trillion, about 5% of US
Gross Domestic Product (GDP) (Zhao, Fonseca-Sarmiento, & Tan, 2019). Thus, the
consequences brought by structural deterioration are dramatic, impactful, and
noteworthy, which should be well incorporated in the life-cycle design theory of RC
structures.

In general, there are two types of deterioration scenarios for RC structures:
continuous deterioration (Mori & Ellingwood, 1993; L. Wang, Dai, Bian, Ma, &

Zhang, 2019) and sudden damage (Sanchez-Silva, Klutke, and Rosowsky, 2011; Wang,



Zhang, and Li, 2017). Continuous deterioration usually refers to reinforcement
corrosion, which reduces the structural durability, raises the failure probability,
shortens service life, and causes economic losses and social impact. A survey
published by NACE International indicated that the global cost of corrosion is around
2.5 trillion US dollars, corresponding to about 3.4 % of global GDP in 2013 (Koch et
al., 2016). A survey by the US Government Accountability Office revealed that the
cost caused by corrosion was $ 20.6 billion in 2016 (Senate, 2018). The Chinese
government also spent approximately RMB 2.1 trillion, accounting for 3.34 % GDP in
2014, on corrosion-related issues (Baorong & Dongzhu, 2018). Mehta and Monteiro
(2006) pointed out that reinforcement corrosion is the main threat to RC structures
under environmental effects. Thus, it is of great importance to consider the effects of
reinforcement corrosion in the life-cycle design and maintenance of RC structures.
Besides, the ocean covers around 70 % of the earth’s surface, about 2.4 times the land
area. For the RC structures under the marine environment, chloride-induced
reinforcement corrosion is one of the most significant sources in the deterioration
process. Accordingly, the construction of RC structures and infrastructures under the
marine environment still faces a series of emerging challenges. However, due to the
complexity of the corrosion mechanism and lack of compatible and feasible physical
models, there is still a lack of appropriate theories to investigate the deterioration of
RC structures under the marine environment.

On the other hand, sudden damage results from extreme events (e.g., earthquakes

and typhoons), which bring structural loss and endanger structural safety in a short



period. For example, in 1995, the Kobe earthquake cost around $ 133 billion on direct
replacements (Daniell, Wenzel, and Schaefer, 2018). In 1976, the Tangshan
earthquake caused an about $§ 6 billion loss (Daniell et al., 2018). Therefore, apart
from continuous deterioration, sudden damage also needs to be systematically
considered in the life cycle assessment of RC structures. Additionally, most previous
studies focused on modelling a single deterioration scenario (Emilio Bastidas-Arteaga,
2018; Stewart & Al-Harthy, 2008). Also, in the previous studies, different
deterioration mechanisms are assumed to be independent (Bastidas-Arteaga et al.,
2009; Wang and Pham, 2012; Jia, Tabandeh, and Gardoni, 2017). Ignoring the
correlations of multiple deterioration modes may overestimate the safety and the
service life of RC structures. Therefore, there is still a need for a general and robust
method to comprehensively evaluate the time-variant performance of the deteriorating
RC structures under different deterioration scenarios.

Besides, existing design codes and philosophies related to the life cycle
performance of RC structures are based on deterministic or semi-probabilistic
approach, e.g., Eurocode 2 (DS/EN 1992-1-1, 1992), DuraCrete (2000), Standard for
durability assessment of concrete structures (CECS, 2007), etc. However, due to
uncertainties within the structural resistance (e.g., material properties and geometric
characteristics), the occurrence of deterioration scenarios/hazards (e.g., corrosion and
earthquakes), operating conditions, and loading scenarios, the evolution of structural
performance is a stochastic process so that deterministic approaches are inappropriate.

As a result, stochastic process-based deterioration modelling has been widely



employed to perform probabilistic life-cycle performance assessments (Frangopol,
Kallen, and Noortwijk, 2004). For instance, considering the performance deterioration
of RC structures caused by reinforcement corrosion, Li ef al. (2000, 2004) proposed a
probabilistic three-stage prediction model for RC structures, including corrosion
initiation, propagation stage, and residual life stage. However, the three-stage model
cannot wholly reflect the non-linearity and stochasticity involved in the life cycle
assessment of RC structures. Thus, there is a need for a more advanced probabilistic
model concerning the non-linear and physical performance process of deteriorating
RC structures. Besides, concerning sudden damage, stochastic processes are also
employed to model structural deterioration based on independent incremental
assumptions. For instance, Iervolio ef al. (2013) used homogeneous Poisson processes
to reflect the random occurrence of sudden damage. Since both continuous
deterioration and sudden damage might occur under practical scenarios, it is necessary
to propose a probabilistic deterioration model for RC structures under multiple types
of deterioration.

Since the structural deterioration process integrates multiple mechanisms, it will
be challenging to guarantee the credibility and accuracy of models. Thus, experimental
calibration and verification play a significant role in deterioration modelling. To date,
considerable efforts have been made to capture the deterioration characteristics based
on experimental data (Chung, Najm, and Balaguru, 2008; Ma et al., 2013). For
instance, Zhong et al. (2010) proposed a factor describing the stiffness deterioration of

RC structures verified by experimental laboratory data. Ma et al. (2013) employed



experimental tensile tests of corroded RC structures quantifying the changes related to
resistance. Also, some scholars suggested calibrating the specific stochastic process by
time-variant experimental data directly (Arendt, Apley, Chen, Lamb, & Gorsich, 2012;
C. Wang, Li, Zou, & Zhang, 2015). However, these calibrations and verifications were
limited by the specific scenarios and experiments, making it difficult to perform their
models directly to other scenarios. Therefore, it is necessary to implement
experimental data verification for this study.

In addition, condition-based approaches were used in the earlier probabilistic
assessment of life-cycle performance (Denton, 2002; Thompson, Small, Johnson, &
Marshall, 1998). However, it is hard to apply condition-based approaches to identify
external load effects and structural safety. The reliability-based method becomes one
of the most popular methods, and many scholars proposed reliability-based methods to
conduct a comprehensive life cycle assessment of the condition and infrastructure
safety (Tran et al., 2012; C. Wang, Li, & Ellingwood, 2016). For instance, Wang et al.
(2017) proposed a reliability analysis method for simultaneously deteriorating
structures suffering from continuous deterioration and sudden damage. It is
challenging to achieve the desired accuracy of failure probability estimation with
limited computational burden using classical reliability analysis methods. Some
probability density function (PDF) informed methods have been proposed to perform
reliability analysis based on the target PDF estimation in the past decades. For
example, Li and Chen (2009) proposed the probability density evolution method

(PDEM) for reliability analysis by solving the generalized density evolution equation



(GDEE). This method has been applied to structural dynamics analysis (Chen,
Ghanem, and Li, 2009; Li et al., 2012) and life-cycle assessment (J. Li & Gao, 2014).
However, such a thought was not fully testified and widely applied in the life cycle
assessment of RC structures. The existing reliability analysis of deteriorating RC
structures has not been well incorporated with the advanced mechanical models of RC
structures and reliability-based design and maintenance methodologies. Moreover, a
comprehensive and systematic framework for life-cycle assessment and decision
making of RC structures is still missing by considering various aspects in a unified
manner, and more experimental studies should be conducted to verify the numerical
results.

Overall, as illustrated in Figure 1.1, the proposed research aims to develop a
comprehensive life-cycle assessment framework for deteriorating RC structure and to
aid in
1) quantifying the uncertainty of geometric, mechanical, and environmental

parameters and their influences on the performance of RC structures;

2) conducting the probabilistic evaluation and prediction for the residual mechanical
capacity of the RC structures;

3) calculating the time-dependent reliability for the RC structure subject to different
deterioration scenarios; and

4) integrating the proposed deterioration models and reliability analysis method to

assist the life-cycle assessment for practical engineering.
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Figure 1.1 Schematic of the life-cycle assessment framework

1.2 Objectives

This research aims to develop a comprehensive and reliability-based assessment

framework for deteriorating RC structures involving uncertainties associated with the

surrounding environment, geometry, and mechanical parameters. Thus, the main

objectives of this dissertation are to develop:

* A durability evaluation model of RC structures subject to the marine atmospheric
environment;

» Probabilistic analysis models of the residual mechanical capacity of corroded RC
structures;

* Experimental calibration and verification for the deterioration models of RC
structures based on long-term experiments;

* A general and novel reliability analysis framework of corroded RC structures

subject to multi-deterioration scenarios; and



« A complete life cycle assessment framework of RC structures integrating

reliability analysis, deterioration modelling, and maintenance strategies.

1.3 Outline

This report is divided into ten chapters.

Chapter 1 introduces the background of conducting this research, including the aim
and objectives.

Chapter 2 presents the literature review and the research gaps in deterioration
modelling and probabilistic RC structures analysis.

Chapter 3 introduces a two-dimensional chloride transport model of RC structures
under the marine atmospheric environment.

Chapter 4 proposes and compares various mechanical behaviour models of corroded
RC structures.

Chapter 5 illustrates a polynomial chaos expansion (PCE) based probabilistic analysis
framework for corroded RC structures.

Chapter 6 introduces the performance-based durability assessment framework
integrating deterioration and repair analysis, experimental data, and social impact
analysis.

Chapter 7 presents a novel time-dependent reliability method for engineering
structures suffering from continuous deterioration and sudden damage.

Chapter 8 proposes a novel point-evolution kernel density estimation (PKDE) method

considering multi-deterioration scenarios and maintenance actions.



Chapter 9 introduces an adaptive and probability density informed reliability method

for rare events.

Finally, Chapter 10 concludes the potential outcome of the contributions of this

research. Also, the principal work related to the probabilistic analysis framework of

deteriorating RC structures is summarized in Figure 1.2.

Model verification
Experimental data collection and
comparison with numerical results

Reliability Analysis

Structure subject to continuous
deterioration & sudden damage

v

P
PKDE for multi-deterioration scenarios
and maintenance actions
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Application:

Reliability analysis of corroded
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Figure 1.2 Proposed reliability analysis framework incorporating experimental study,
deterioration modelling, and reliability analysis






CHAPTER 2 LITERATURE REVIEW

This chapter aims to review and summary the research progresses associated with the
reliability analysis and life cycle assessment of deteriorating RC structures, then to
summarize the existing research gaps. Besides, existing studies are discussed from
four main aspects: durability assessment, mechanical performance assessment, general
probabilistic analysis, and comprehensive reliability analysis. The former two refer to
experimental studies on performance assessment of RC structures subject to
environmental effects and related deterministic physical models, while the latter two
refer to reliability analysis of RC structures, performance-based assessment, etc. In
addition, the shortcomings and deficiencies in each aspect are pointed out and

improved.

2.1 Durability assessment of RC structures

2.1.1  Transport of corrosive media in concrete

Corrosion phenomena in RC structures usually result from corrosive media migration
such as COg2, chlorine, oxygen, etc. According to the transport mechanism, the
principal transport processes are concentration gradient-induced diffusion (Caré, 2003),
pressure difference-induced migration (Baroghel-Bouny, Mainguy, Lassabatere, &
Coussy, 1999), and electric field-induced migration. In general, there are three types of
transport modes concerning corrosive media: moisture transport, gas transport, and ion

transport. Under the common atmospheric environment, carbonation may occur, and
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carbon dioxide affects the PH value of the concrete pore solution, and its reaction rate
relies on the surrounding environment (Guo, Yuan, and Ou, 2004) and the status of
extern loads (C. Jiang, Gu, Huang, & Zhang, 2018; C. Jiang, Huang, Gu, & Zhang,
2017). In general, under a stable environmental condition, the carbonation depth
versus the square root of exposure time is linear (Papadakis, Vayenas, & Fardis, 1991).
In recent studies, such a relationship is revised to a non-linear function subject to a
time-varying environment and extern loading (C. Jiang, et al., 2018).

On the other hand, under the marine atmospheric environment, chloride ion-
induced corrosion plays a predominant role in the deterioration of RC structures
(Faroz, Pujari, & Ghosh, 2016; Feng, Gong, & Yang, 2014). In general, chloride ion
induces reinforcement corrosion by affecting the passive film on the surface of
reinforcement. The existing study indicated that the reinforcement corrosion would
occur once the chloride content on the surface of reinforcement exceeds a critical
value (U. Angst, Elsener, Larsen, & Vennesland, 2009). Based on the assumption of
saturated concrete, stationary diffusion mechanism, and constant boundary condition,
traditional studies usually apply the one-dimensional (1D) Fick’s law formula (Duprat,
2007; El Hassan, Bressolette, Chateauneuf, & El Tawil, 2010; Mangat & Molloy,

1994)

o ox ox

dC (x,1) i[DC BC(x,t)j @1
where De(m?/s) is the diffusion coefficient of chloride ion; x is the ingress depth; and ¢

is the time parameter. Regarding the time dependency of Dc in Eq. (2.1), Mangat et al.

(1994) developed a time-dependent empirical model of Dc(?), reflecting the cement
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hydration effects.

In practical engineering, concrete is usually under unsaturated conditions. Then,
the adsorption and binding capacity of chloride ions are considered by the Freundlich
(Y. P. Xi & Bazant, 1999) and Langmuir (Chidiact & Long, 1996) isotherm. However,
studies showed that the chloride transport in concrete is dominated by diffusion and
convection mechanisms due to the stochastic atmospheric environment and the
unsaturated condition of concrete (Song, Lee, & Ann, 2008; W. P. Zhang, et al., 2015).
Thus, Fick-law chloride transport models such as Eq. (2.1) are poor at accurately
misestimating the chloride profiles within the concrete and may not be suitable for
predicting corrosion initiation.

In order to reflect the convection effect of chloride transport, moisture transport
should be considered. Moisture transport in concrete affects drying shrinkage, freeze-
thaw damage directly and influences other transmission media and chemical reactions.
Traditional models of moisture transport were based on the diffusion equation of
relative humidity or saturation degree. Thus, the two-phase transport models with the
transmission of vapour water and liquid water were developed (Mounajed & Obeid,
2004). Besides, more complicated scenarios were studied, e.g., wetting and drying
cycle (Y. Wang, et al., 2008) and temperature gradient (Papadakis et al., 1991).

Moreover, it is necessary to consider the two-dimensional (2D) transport of
corrosive media for structural components such as beam and column. Studies indicate
that the probability of corrosion initiation of the corner steel bars is about 100 % times

higher than that of middle steel bars, due to the influences of 2D transport (E.
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Bastidas-Arteaga, et al., 2011; Val & Trapper, 2008). Besides, the 2D chloride model
could provide essential information related to the corrosion evaluation. For instance,
Muthulingam and Rao (2015) investigated the non-uniform corrosion of reinforcement
by employing the 2D chloride transport model. Also, Ishida et al. (2009) performed
the 2D chloride transport model by finite element method (FEM) to investigate the
effect of concrete crack on chloride transport. Therefore, applying the 2D transport
model allows a more flexible and comprehensive assessment of chloride transport and
its effect on structural durability than the 1D transport model, whereas the
conventional 1D transport model may misestimate the effect of chloride intrusion on
the RC structure.

Besides, Angst (2019) found that the evaluation of chloride transport is
significantly influenced by the surrounding environment, such as laboratory and
practical engineering. Furthermore, Flint ez al. (2014) showed that the choice of model
parameters significantly affects the evaluation of chloride transport and associated
uncertainties. Thus, applying the chloride transport model in the durability assessment
of RC structures needs some in-situ monitoring data to calibrate the model and related
parameters. However, existing studies related to chloride ingress were generally based
on numerical models that lack experimental calibration (Emilio. Bastidas-Arteaga, et
al., 2010; Emilio Bastidas-Arteaga, et al., 2013; Val & Trapper, 2008), and only a few
integrated the durability evaluation with experimental data (O’Connor & Kenshel,
2012). Therefore, it is necessary to calibrate the experimental data to reduce

uncertainty and increase confidence in the durability assessment in the future.
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2.1.2  Evaluation of reinforcement corrosion

In terms of structural durability assessment, investigating the corrosion rate and
corrosion degree of reinforcement is significant for assessing the service life of RC
structures. In RC structures, the reinforcement layouts would influence the spatial
distribution of reinforcement corrosion. For instance, Otsuki et al. (2000) found that
the corrosion rate of the stirrup bar is about five times that of the longitudinal bar. Gu
et al. (2017) also revealed that the anode current density of stirrup is about 1.5 times
that of the longitudinal bar through electrochemical experiments of concrete slabs.
Thus, if the spatial distribution of reinforcement is neglected, the degree of
reinforcement corrosion may be misestimated.

On the other hand, reinforcement corrosion in concrete could be divided into
uniform corrosion (micro-cell corrosion) and non-uniform corrosion (macro-cell
corrosion). The former usually refers to the common atmospheric environment, while
the latter is associated with the marine atmospheric environment. Recent studies
demonstrated that both the reactions of anode metal dissolution and cathodic oxygen
reduction coincide on the reinforcement surface due to the existence of galvanic
couplings (Dong, Gu, & Jin, 2018; Gu, et al., 2020). Thus, concerning the durability
evaluation under the marine atmospheric environment, uniform corrosion and non-
uniform corrosion need to be considered.

For uniform corrosion, Bazant (1979) built a prediction model for reinforcement
corrosion rate embedded concrete under the marine atmospheric environment based on

electrochemical theory and chloride ions and oxygen diffusion. However, it is uneasy
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to calibrate the relevant parameters in Bazant’s models, which might limit its
application. Furthermore, many practical models were developed, such as resistivity-
based models (Alonso, Andrade, & Gonzalez, 1988; Liu & Weyers, 1998) and oxygen
diffusion-based models (Raupach, 1996a, 1996b). Besides, Liu and Weyer (1998)
developed an empirical model of corrosion rate concerning the effect of chloride
content, temperature, and time on corrosion rate. Liu and Weyer’s model has been
widely employed in the existing studies associated with the durability and reliability
evaluation of RC structures (D. Chen & Mahadevan, 2008; Flint, Baker, & Billington,
2014; Hajkova, et al., 2018). However, Hornbostel et al. (2015) found that varying
relative humidity might influence the applicability of empirical models, e.g., the
resistivity-based model and the oxygen diffusion-based model. Although empirical
models related to uniform corrosion have been accepted in the performance
assessment of RC structures, the environmental parameters surrounding structures
must be adequately evaluated before such models can be applied.

For non-uniform corrosion, existing studies generally focused on two aspects:
mesoscale and macroscale, where the former is related to the electrochemistry for non-
uniform corrosion mechanism, and the latter refers to the statistical model of non-
uniform corrosion characteristics. Regarding the mesoscale studies of non-uniform
corrosion, Ji et al. (2013) investigated the corrosion rate associated with the non-
uniform corrosion of reinforcement in terms of the electrochemistry test of RC
specimens. Cao and Cheung (2014) evaluated non-uniform corrosion by integrating

the FEM models and experimental verification based on the electrochemistry principle.
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However, mesoscale models are suitable for the mechanism investigation but not
applicable for the long-term durability evaluation due to their high computational
burden. For the macroscale studies of non-uniform corrosion, Stewart (2004) proposed
a pitting factor (i.e., the ratio of the maximum pit depth to the average pit depth) to
model the non-uniform corrosion of reinforcement. Studies showed that the pitting
factor following the extreme type I distribution and its average value increases with a
rising corrosion degree, reinforcement diameter, and statistical analysis length
(Darmawan, 2010; Stewart & Al-Harthy, 2008). Due to the complexity and
randomness of the surrounding steel bars inside the concrete, the one-single pit
assumption is generally against the practical scenarios. Thus, Zhang et al. (2014) and
Gu et al. (2018) suggested applying corrosion non-uniformity factor R (i.e., the ratio
of the average cross-sectional area to the minimum cross-sectional area) to avoid the
assumption of one-single corrosion pit and practical in reliability analysis. Although
factor R is closer to practical non-uniform corrosion of reinforcement, there is a lack
of studies related to the performance assessment of corroded RC structures under the
actual environment and practical engineering, which should be concerned in the future

(Guo, Dong, and Gu, 2020a).

2.2 Mechanical performance of corroded RC structures
2.2.1  Mechanical behaviours of corroded steel bars
To date, existing studies associated with the mechanical behaviours of corroded steel

bars focused on the influences of various factors on their performance. Also, through
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the tensile tests of corroded steel bars, Zhang et al. (2016) presented that a high strain
rate increases the yield and ultimate strength of corroded reinforcement. Besides, the
strain rate decrease with a rising corrosion ratio under impact or explosion loading; the
deformation ability, strength, and fatigue life of corroded reinforcement decreases
significantly with corrosion degree (Apostolopoulos & Papadopoulos, 2007; W. P.
Zhang, et al., 2012). However, evaluating the mechanical properties of corroded steel
bars under common scenarios is the most significant task for the mechanical
performance assessment of RC structures. Therefore, it is necessary to pay attention to
the phenomena caused by reinforcement corrosion, including strength reduction,
ultimate strain reduction, and yield plateau shortening (W. P. Zhang et al., 2012).

Most of the existing studies focused on the relationships of the nominal
mechanical properties of corroded reinforcement versus corrosion degree through
tensile tests of corroded reinforcement (Du, Clark, and Chan, 2005; Zhang, Shang, and
Gu, 2006). Previous studies indicated that the corroded steel bar generally fails at the
minimum cross-sectional area, and its actual strength does not change if the stress at
the ruptured section is taken to calculate the reinforcement strength (Almusallam,
2001; Gu et al., 2018). Thus, in modelling the mechanical behaviour of corroded steel
bars, the minimum residual cross-sectional area and unchanged critical stress need to
be considered.

On the other hand, existing studies showed that the mechanical performance of
corroded steel bars might change from ductile failure to brittle failure, and its yield,

harden, and ultimate strain would decreases (Cairns, et al., 2005; Ou, et al., 2016;
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Stewart, 2009). For instance, Ou et al. (2016) found that the yielding plateau of
corroded steel bars would disappear under 16.7 % corrosion degree. Besides, Cairns ef
al. (2005) noticed that fracture strain declined to the yield strain under a 20%
corrosion degree, adopted by Stewart et al. (2009) as a critical corrosion degree. In
addition, Zhang et al.’s tensile tests (2016) also indicated that the failure mode of
corroded steel bars changes from ductile failure to brittle failure once the corrosion
degree reaches about 20 ~ 30%. Thus, it is necessary to propose a better quantification
indicator to precisely evaluate the failure mode change of corroded steel bars. For
instance, Gu et al. (2018) proposed to apply the corrosion non-uniformity factor R to
quantify the strain change of corroded steel bars and their failure mode, but such an
essential conclusion does not receive a wide scale of applications. Therefore, in the
future, it is still necessary to model the corroded steel bars through factor R and

consider the unchanged critical stresses but reducing strain versus corrosion degree.

2.2.2  Mechanical properties of corroded RC structures

For performance evaluation of corroded RC structures, mechanical models need to be
built and calibrated and then propagate the changes in mechanical and structural
properties to perform reliability or sensitivity analysis. The existing studies related to
the mechanical properties of corroded RC structures can be divided into two aspects:
mathematical modelling and physical modelling. For the mathematical modelling,
considering multiple deterioration mechanisms of corrosion, such as sulfate attack or

chloride attack, Mori and Ellingwood (1993) proposed a continuous and parabolic
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deterioration function. Although Mori and Ellingwood’s model is relatively
straightforward in form and widely used in reliability-related studies (Li, Wang, and
Ellingwood, 2015), it is a deterministic model ignoring the uncertainty within the
deterioration process. With respect to such uncertainty, Ellingwood (2004) proposed a
probabilistic deterioration model concerning cross-sectional area or diameter loss.
Besides, concerning the reinforcement corrosion of RC bridges, Bhattacharya et al.
(2008) developed a stochastic and differential equation-based deterioration model that
depicts the performance of deteriorating structures as a non-increasing process.
However, it is not easy to calibrate Bhattacharya ef al.’s model due to the many
involved parameters. Supposing no calibration by experimental data, the feasibility of
mathematical models would be doubted, which might limit its application scale. Also,
regarding the non-increasing property and auto-correlation within structural
deterioration, the gamma process becomes one of the most famous mathematical tools
(Caballé¢ & Castro, 2017; Iervolino et al.,, 2013; Wen Jin Zhu, Fouladirad, &
Bérenguer, 2015). For instance, Wang et al. (2015, 2017) used the gamma process to
model the continuous deterioration and calibrate the deterioration model through
experimental data. However, extrapolation outside the experimental data range may
lead to bias in performance evaluation (Ellingwood, 2004). Therefore, in order to
overcome the demerits of mathematical models, it is still significant to investigate the
deterioration mechanism and build the physical model for corroded RC structures.
Concerning the physical models of corroded RC beam, existing studies focused

on the corrosion-related deterioration mechanism, such as the bond strength loss
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between steel bars and concrete and the mechanical capacities, including ultimate and
serviceability capacity of RC structures (Val & Chernin, 2009; Yuan & Yu, 1997). For
the former, corrosion products may influence the sliding performance between the
reinforcement and concrete. The bond-slip behaviour between corroded reinforcement
and concrete differs from uncorroded reinforcement (W. P. Zhang & Zhang, 2001).
Under the low corrosion degree, Cabrera’s study (1996) indicated that the bond
strength would increase due to a rising roughness between reinforcement and concrete.
However, with corrosion development, the bond strength loss might significantly
reduce the mechanical capacity of RC structures (Bhargava, ef al., 2007, 2008; Torres-
Acosta, et al., 2007). Besides, a study indicated that the stirrup bars could effectively
slow down bonding behaviour degradation (Hanjari, Coronelli, and Lundgren, 2011).
However, due to the environmental factors and galvanic corrosion, the corrosion of
stirrup bars is generally severer than longitudinal bars, leading to the restraint
reduction of the stirrup bars and further reduction of bond strength (Coronelli, Hanjari,
& Lundgren, 2013). Thus, it is essential to consider the bond strength loss in the
performance analysis of corroded RC structures.

Besides, in order to assess the mechanical capacities of RC structures, different
types of models were proposed, including analytical models (Recupero, Spinella, and
Tondolo, 2018), semi-analytical models (Tu, Dong, & Fang, 2019), and FEM models
(Sether & Sand, 2016). However, it still lacks a comprehensive study comparing the
efficiency and accuracy of different types of models. Also, there is a need to identify

the application scenarios of different models. In addition, concerning the uncertainties
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of geometric and mechanical parameters, the mechanical capacities of RC structures
are stochastic versus corrosion degree. For instance, regarding some significant RC
members (e.g., beam and column), the residual cross-sectional area along the
longitudinal direction of reinforcement performs non-uniformity (W. P. Zhang et al.,
2016), inducing a failure in non-critical cross-sections (Stewart, 2012). Thus, it is of
great importance to consider the spatial effect of reinforcement corrosion on the
structural capacity by employing probabilistic methods.

Nevertheless, existing simulation-based methods would dramatically increase the
computational burden. For instance, Zhang et al. (2019) investigate the spatial
variability of corroded steel bars and their influences on RC structural performance
using FEM and Monte Carlo simulation (MCS). A large scale of simulations would
limit its application scenarios. Therefore, it is essential to build a surrogate model to
reduce the computational cost. For instance, Kioumarsi et al. (2014) applied the
response surface method (RSM) and FEM to investigate the influences of geometry
and mechanical factors on the mechanical capacity of corroded RC beams. However,
Ahmed’s study (2012) showed that the accuracy of RSM was limited and might not be
feasible for probabilistic analysis. Thus, there is a need for more advanced surrogate

models to perform the probabilistic assessment of RC structures in the future.

2.3 General probabilistic analysis of corroded RC structures
2.3.1  Reliability analysis of corroded RC structures

Reliability analysis of corroded RC structures comprehensively assesses their
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condition and safety in their life cycle. To date, many methods, e.g., first-order
second-moment method (FOSM) (Frangopol, Lin, and Estes, 1997), first-passage
method (Bayer & Bucher, 1999), and Monte Carlo simulation (MCS) (El Hassan ef al.,
2010; Stewart & Al-Harthy, 2008; M. Zhang et al., 2019) have been developed.
FOSM and the first-passage method aim to calculate the time-dependent reliability
based on the probabilistic moments of target variables, while MCS focuses on the
computation of time-dependent failure probability. For example, Kaminski (2013)
supposed a time series with Gaussian random coefficients and described a
deteriorating system through high order moments. Besides, MCS is widely used in the
classical reliability calculation method (Darmawan, 2010; Stewart, 2012; Stewart &
Rosowsky, 1998; Stewart & Suo, 2009; W. P. Zhang et al., 2014). This method can
avoid the mathematical issues in solving failure probability and achieve high accuracy
by generating a large sampling size, leading to a considerable burden of numerical
calculation. Thus, many strategies, e.g., the importance sampling method (Au & Beck,
2003; R. E. Melchers, 1989), the mixed efficient global optimization method (Z. Hu &
Du, 2015), and the probability density evolution method (PDEM) (J. Li & Chen, 2004,
2009; J. Li et al., 2012) have been developed to perform the dynamic reliability
analysis of structures to replace the classical MCS and reduce the cost of reliability
computation. However, such a method has not been widely used in the reliability
evaluation of corroded RC beams, and some improvements to PDEM may be needed.
In the past, most of the existing reliability-based studies, except for a few, are

probably dominated by single failure mode associated reliability analysis (C. Q. Li,
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1995). However, studies demonstrated that multiple failure modes might happen
during the service life of corroded RC structures. For instance, the probability of shear
failure may increase versus corrosion, and the failure mode of the RC beam may
change from bending failure to shear failure (Higgins, Farrow, and Turan, 2012). Val
(2007) also noticed such a phenomenon by calculating the failure probability of
corroded RC beams under non-uniform corrosion. In his study, the failure probability
of RC beams increased by 200%, considering non-uniform corrosion. Besides, during
the corrosion development, the failure mode of RC beams might changes from ductile
failure to brittle failure and bond/anchor failure (W. Xi, et al., 2009). Zhang et al.
(2019) studied different failure modes of RC beams, including flexural failure and
bond failure, and their effects on the reliability assessment. Besides, Li and Melchers
(2005) found that the fatigue failure of reinforcement significantly influences the RC
structure. Meanwhile, Bastidas et al. (2009) developed an analytical framework for the
corrosion-fatigue coupled deterioration of RC structures.

Additionally, due to the diversities and complexities of failure modes and
deterioration mechanisms for components in a structural system, only component-level
reliability analysis is insufficient, and system-level reliability analysis should be
conducted. For instance, Stewart et al. (2008) achieved a reliability analysis of a series
system for corroded RC beams considering the spatial effect caused by pitting
corrosion. Tran et al. (2012) evaluated a series system reliability for deteriorating RC
bridges subject to different erosion environments by modelling the random field.

However, although various scenarios were investigated, those studies have not been
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integrated with advanced reliability calculation methods. Thus, increasing complexity
in structural system complexity may reduce computational efficiency. It is still
necessary to integrate the various deterioration mechanisms, different failure modes
with advanced mathematical methods to obtain high efficiency and multi-factorial

involved reliability analysis framework in the future.

2.3.2  Performance-based engineering for corroded RC structures

Previous studies focused on the mechanical behaviours and reliability of engineering
structures in the traditional structural design and maintenance field. Also, as a civil
engineer, the principal task in the design and maintenance of RC structures is to make
the performance of the RC structure meet the requirements of the serviceability limit
state (SLS) and ultimate limit state (ULS) (Vidal, Castel, and Frangois, 2007; Altmann
et al., 2012; Basheer et al., 2016). However, the engineering proprietors may have
extra demands, e.g., financial budget, environment-friendly construction, sustainability,
etc. Therefore, more structural performance indicators should be included in the life-

cycle analysis to balance the requirements from various aspects.

Hazard analysis Structural analysis
IM: intensity EDP: engineering
measure demand param
AIM) G(EDP|IM)
Loss analysis Damage analysis
DV: decision DM: damage
variable measure
G(DV|DM) G(DM|EDP)

Figure 2.1 Flowchart of PBEE analysis
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Performance-based design (PBD), a novel design philosophy, is developed to
satisfy up-to-date demands (Bozorgnia & Bertero, 2004). The first step in PBD is to
quantify the structural performance in various dimensions by different metrics (e.g.,
structural damage and construction cost), and then the next step is to establish the
relationships between different metrics and guide the owners to estimate and make
decisions. PBD could help decision-makers determine the performance goal and help
civil engineers complete the design objectives and requirements (Moehle & Deierlein,
2004). Although earlier PBD focused on the limited engineering scenarios and used
the deterministic or semi-probabilistic methods (Chock, Robertson, & Riggs, 2011),
the recent studies of PBD have shifted to probabilistic strategies concerning the
uncertainties within the life-cycle processes (Allin, 2000). For instance, the Pacific
Earthquake Engineering Research (PEER) Center developed a performance-based
earthquake engineering (PBEE) method considering the uncertainties of seismic
ground motion, structural response, damage, and cost (Allin, 2000; Giinay & Mosalam,
2013; Moechle & Deierlein, 2004).

As illustrated in Figure 2.1, the performance analysis in the framework PBEE is
divided into four stages: hazard analysis, structural analysis, damage analysis, and loss
analysis, where pinch-point variables quantify each stage: Intensity Measure (IM),
Engineering Demand Parameter (EDP), Damage Measure (DM), and Decision
Variable (DV) (Moehle & Deierlein, 2004; Porter, 2003). Given the random

distributions of all pinch-point variables, the output of loss analysis could be computed
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as follows.

Vi (dv)

. . 2.2
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where Gy denotes the conditional complementary cumulative distribution of x under a
given y. Due to the modular property of the PBEE, it is feasible to extend its
application scale to other hazards, e.g., hurricanes (Unnikrishnan, Barbato, Petrini, &
Ciampoli, 2013) and fire (Unnikrishnan et al., 2013), etc. Also, PBEE has been
employed in building codes, designing special structures, and building retrofits
(Hamburger et al., 2004).

On the other hand, some scholars recently proposed using performance-based
engineering to achieve life-cycle design and maintenance for RC structures subject to
environmental effects (Flint, Baker, and Billington, 2014; Guo, Dong, and Gu, 2020a).
For example, Flint et al. (2014) developed a performance-based durability engineering
(PBDE) framework to evaluate the durability of RC structures considering the
uncertainties and relevant costs. Concerning Flint et al.’s study (2014), the application
of PBDE is tentative and concerning the SLS of RC structures and preventive
maintenance but lacks the ULS and corresponding essential maintenance. Thus, Flint’s
PBDE framework still has limitations in the risk and safety assessment for RC
structure.

Current life-cycle assessment and design methods are generally based on
theoretical studies but lack corresponding validation, including experimental data and
numerical studies. Thus, it still needs much work related to the long-term verification

to demonstrate the feasibility of the proposed methods. Nevertheless, inspired by
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performance-based engineering (PBE), the life-cycle design and maintenance of
deteriorating structures could be improved by integrating factors related to the
surrounding conditions, deterioration modes, performance indicators, and inventions
criteria. In the future, different deterioration cases (continuous and discontinuous
deterioration), various maintenance actions, and decision-making for maintenance are
valued to be emphasized. It is also necessary to collect experimental data to verify the

accuracy and feasibility of the adopted deterioration models for practical engineering.

2.4 Comprehensive reliability analysis of deteriorating RC structures

2.4.1  Reliability analysis regarding multi-deterioration and maintenance

Most of the previous studies associated with the reliability of RC structures focused on
corrosion-related deterioration mechanisms. However, both continuous deteriorations,
i.e., reinforcement corrosion and hazard events induced by sudden damage (e.g.,
earthquake and hurricane), might happen and impair the structural reliability within
the life cycle of infrastructures. For the reliability analysis related to sudden damage,
stochastic processes were usually applied (van Noortwijk et al., 2007; Iervolino,
Giorgio, and Chioccarelli, 2013). For instance, Ciampoli and Ellingwood (2002)
recommend modelling the cumulative damage from sudden shocks using the Markov
process. Based on the assumption of independent incremental, Wang et al. (2015;
2017) applied homogeneous poison processes to conduct the reliability analysis with
sudden damage. For more general hazard events modelling, the renewal theory-based

method was proposed. For instance, Rackwitz (2000) utilized a discount function to
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evaluate the life-cycle cost of structures. Although renewal theory is a useful tool to
quantify life-cycle losses, fewer have incorporated different mechanisms, such as
continuous deterioration and sudden damage, together with the time-dependent
reliability analysis. Thus, Sanchez-Silva et al. (2011) employed the renewal process to
perform the life-cycle performance of deteriorating structures subject to different
deterioration mechanisms, i.e., earthquakes and corrosion, and investigated the effects
of damage history on structural performance. However, the combination effects
between deterioration modes were not involved.

Thus, concerning such combination effects between continuous deterioration and
sudden damage, Jia and Gardoni (2018) proposed a general framework for the
deterioration assessment. Nonetheless, Jia and Gardoni’s framework is based on the
state-informed method, supposing constant intervention criteria and only one type of
intervention (e.g., maintenance or replacement) within the service life of RC structures.
Concerning multiple criteria, Yang and Frangopol (2019) applied the renewal process
to evaluate the maintenance cost, failure risk, and resilience loss of civil infrastructure
under continuous deterioration and hazard events. Besides, Jia and Gardoni (2019b,
2019a) performed an optimization design of deteriorating systems using renewal
theory in terms of multi- intervention criteria. Although the renewal theory-based
approaches could reveal the random properties of different deterioration scenarios,
such a method seems to bias stochastic models rather than the physical nature of
deterioration processes and their combination effects. Above all, a more general

approach is needed to incorporate different deterioration scenarios and mechanisms
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and integrate all available information, including experimental data (typically

available at the component or material level) and physical performance models.

2.4.2  Reliability analysis of rare events

For some critical industrial and civil structures (e.g., sea-crossing bridges, large dams,
and nuclear power stations), conservative designs are usually applied, which challenge
assessing the small failure probability, i.e., reliability estimation for rare events.
Considering the small failure probability, existing reliability calculation methods,
including MCS and PDEM, have difficulty balancing accuracy and efficiency. Thus,
some variance reduction techniques, e.g., importance sampling (IS) (R. Melchers,
1990; R. E. Melchers, 1989; Rubinstein & Glynn, 2009) and subset simulation (SS)
(Au & Wang, 2014; Papaioannou, et al., 2015), were proposed to perform the
reliability evaluation of rare events. For IS, sampling is conducted based on a
simulation density rather than the original density function. Thus, the choice of
simulation density is of great importance for the efficiency of IS. For instance, Zhang
and Shields (2018) proposed to select the optimal simulation density based on
Kullback-Leibler measurement. Also, Botev et al. (2007) proposed cross-entropy
methods to find the optimal simulation density for IS. Although IS is much more
efficient than brute MCS in the reliability estimation of rare events, Au and Beck
(2001, 2003) pointed out that IS might not be feasible in high dimensional issues and
proposed SS. For SS, the failure event is sliced into a series of sub-events, and

reliability analysis is performed based on the conditional probability of each sub-event.
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Different from IS, SS is more flexible and efficient in the rare events associated with
high-dimensional inputs. For instance, Papaioannou et al. (2015) proposed to apply
Markov Chain Monte Carlo (MCMC) sampling to improve the efficiency and
accuracy of SS. However, for SS, its main drawback is that each sub-event variance
accumulates, further increasing the estimated variance of the final estimation results.
Therefore, evaluating extreme minor failure probabilities by SS remains challenging
due to the difficulty of selecting suitable computational parameters and obtaining low
variance estimates.

On the other hand, another way of evaluating small failure probabilities is to
build surrogate models such as response surface models (RSM) (Faravelli, 1989;
Kioumarsi et al., 2014), Gaussian kriging models (Kaymaz, 2005), polynomial kriging
models (Schobi, Sudret, and Marelli, 2017). These surrogate models could avoid a
large scale of calls to the original performance function. However, the deviation
between the surrogate model and the original model will influence reliability analysis
results. To improve the accuracy of the surrogate models, Echard et al. (2011)
proposed an adaptive strategy to enrich the training set of a kriging surrogate model to
perform reliability analysis by combing with MCS. With the inspiration of such an
adaptive strategy, many scholars proposed similar methods by integrating with SS (X.
X. Huang, Chen, & Zhu, 2016) and IS (Cadini, Santos, & Zio, 2014). Although
adaptive thoughts have been widely used, such methods might still be limited by
choosing the training sets and candidate samples. The issues related to variance

reduction in the reliability analysis of rare events still need to be solved, and more
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efficient and accurate reliability methods are still needed.

2.5 Research gaps

By reviewing the published literature within the fields of deterioration modelling and

probabilistic analysis for RC structures, there exist the following research gaps:

*  There is still a lack of practical and two-dimensional chloride transport models
concerning the convection effect of chloride ingress and experimental verification.

+  Existing studies associated with corroded steel bars and RC structures did not
consider the effects of corrosion non-uniformity on the mechanical behaviours of
corroded steel bars and RC structures.

*  Most existing global sensitivity analysis and reliability analysis studies are based
on simple analytical models rather than complicated FEM models.

»  There is a lack of performance-based studies integrating experimental studies,
deterioration models, maintenance strategies, and social impact

*  There is a lack of universal reliability analysis methods concerning multi-
deterioration scenarios and various maintenance strategies and a method
combining the thought of adaptive methods and probability density function

informed methods.
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CHAPTER 3 CHLORIDE ION TRANSPORT UNDER MARINE

ATMOSPHERIC ENVIRONMENT

3.1 Introduction
Under the marine atmospheric environment, RC structures suffer from chloride ingress
(Amey, et al., 1998). Such a physical phenomenon significantly affects the life-cycle
design and maintenance philosophy. Studies have been conducted on various aspects
of chloride ingression, such as the physical mechanism of chloride-induced
deterioration (Basheer et al., 2016; Gu et al., 2018; Zhou, et al., 2018) and durability
design method (Akiyama, Frangopol, & Suzuki, 2012; Emilio Bastidas-Arteaga et al.,
2013; Gjerv, 2014). However, due to the complexity of chloride-induced deterioration
mechanism and lack of compatible and feasible physical models, a comprehensive and
systematic durability framework for life-cycle assessment and decision making of RC
structures is still missing by considering various aspects in a unified manner, and more
experimental studies should be conducted to verify the numerical results. Due to the
stochastic properties of the atmospheric environment and the unsaturated concrete
condition, the chloride transport in concrete is dominated by diffusion mechanism and
convection mechanism (Song, Lee, and Ann, 2008; H. F. Zhang et al., 2016). Thus, a
Fick-law-based chloride transport model may misestimate the chloride profiles within
the concrete and may be unsuitable for predicting corrosion initiation.

In this chapter, the convection of chloride transport is observed within the

experimental study and simulated by numerical modelling. Additionally, a two-
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dimensional (2D) chloride transport model should also be considered within the
durability analysis. Furthermore, experimental studies are conducted to verify the
scenarios (e.g., convection mechanism, 2D transport). Section 3.2 introduces the time-
dependent environmental model, which provides the boundary condition of chloride
ingress. Next, Section 3.3 detailly presents the 2D transport model of chloride ion,
moisture, and heat. In Section 3.4, the process of verifying the accuracy of the chloride
transport model by experimental data is illustrated; the numerical calculation results
are shown in terms of the in-situ monitor data. In the end, some conclusions are drawn

in Section 3.5.

3.2 Environmental model

In this chapter, concerning the varying environmental parameters of marine
atmospheric environment, the environmental parameters are assessed in terms of
characteristic values of EC (i.e., ec) and their probability distribution (H. Y. Guo ef al.,
2020a). Within the environmental model, environmental parameters ENV(ec, t), Eq.
(3.1), (e.g., temperature, relative humidity, and chloride content) could be divided into
four parts: seasonal variation ENVsea(t), Eq. (3.2), daily variation ENV aaily(?), Eq. (3.3),
the increasing tendency ENVince(ec, ¢), Eq. (3.4), and zero-mean noise of
environmental value 4. Egs. (3.2) and (3.3) are expressed by Fourier series (i.e.,
combinations of sine and cosine functions), reflecting the periodic phenomenon of
environmental parameters. To account for the global warming effects, the temperature

rising is predicted by a power function Eq. (3.4) whose parameters a(ec) and n(ec) are
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acquired by fitting the measured data (Flint, Baker, et al., 2014).

ENV (ec,t) = ENV,,, (t)+ ENV,y,, (t)+ ENV

incre

(ec,t)+A 3.1)

ENV,, (t)=a,-sin| w,-(t—1,;)/365 +5, |

sea

3.2

+a,-sin| 2w, - (t—1,;)/365 +b, |+bam G-2)
ENVdaﬂy(t)= ay, —ay, cos(w, -t) +b;sin(w, -t) i
_azl'COS(2W11't)_bmsm(zwn't) )
ENV,..(ec,t) :a(ec).[(t—tref)/ 365]n(ec) (3.4)

where ¢ is the time (day); #r is the reference time (day); bam is the baseline average
mean annual value; ai, a2, b1, b2, wi and w2 are the parameters of seasonal variation;
aol, ai, a1, bii, ba1 and wii are the parameters of daily variation; and a(ec) and n(ec)
are the parameters of the increasing tendency of environmental parameters based on
the characteristic exposure condition, which could be calculated by Egs. (3.5) and (3.6)
in terms of a given ec, respectively (Flint, Baker, et al., 2014). Egs. (3.5) and (3.6) are
built based on the data fitting.
a(ec) =5.04x10"ec® —3.57x10ec+6.49x10~ (3.5)
n(ec)=3.59x10"ec+3.33x10™ (3.6)
3.3 2D transport model
3.3.1  Chloride transport
Considering the binding capacity of cement, the total content of chloride Ci, Eq. (3.7),
contains two parts: bound chloride content Cve (kg/m® of concrete) and free chloride
content Cr. (kg/m? of pore solution) (Martin-Pérez, Pantazopoulou, & Thomas, 2001).
Ce =G TG, (3.7)

where we is evaporable water content (m> pore solution/m? concrete).
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In this chapter, the governing equation of chloride transport is expressed as (Val

& Trapper, 2008)

oC . * : .
atfc = dlv(DCVCfc ) + le(CchthRH )

2 2 (3.8)
=D: a_c;fc_,_a_c;fc +DZ i(cﬁ%j_,_i Cfcah
ox dy ox ox ) dy dy

where x and y denote the horizontal and vertical coordinates (m) in cross-section; Arxu
is the relative humidity (RH) in pore solution; and D" and Dn" denote the apparent

diffusion coefficients of chloride and humidity, respectively, which are described with

D = Lerfa D2 OFsest) e Diserfia D) o (0 fs ()
©1+(1/w)(aC, /9C,) T 1+(1/w,)(9C,, /9Cy,)

(3.9)

where Dcref and Dhref are the reference diffusion coefficients of chloride and humidity,
respectively (Saetta, Scotta, & Vitaliani, 1993) and dC,, /dC;, denotes the binding
capacity of cement. Due to the failure of Freundlich isotherm in low Cr (Ababneh,
Benboudjema, & Xi, 2003), Langmuir isotherm (Luping & Nilsson, 1993) is

employed herein

__ G
” 1+ﬂLCfc,

(3.10)
in which o and fi are binding constants; fe1(7), fe2(f), and fe3(h) are the influencing
factors of temperature (K), time (d), and relative humidity on chloride transport given

by Eq. (3.11); and fu(7), fn2(?), and fn3(h) are the influencing factors of temperature,

time, and relative humidity on moisture transport, respectively, as Eq. (3.12).
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U (1 1Y o[t

» (3.11)
_ _(l_hRH)4
f;3(hRH)_|:1 —(l_hc)4i|
U (1 1 [
fhl(T)=exp{§[i—?ﬂ,fhz(te)—0.3+\/:,
(3.12)

l-¢

1+ (= hey) 1 (1= h,))"

ﬁ13(hRH):ao +

where Uc and Un denote the activation energy of the chloride diffusion and moisture
diffusion respectively; Rgas is the gas constant; 7 and 7. are the current and reference
temperature (K), respectively; ¢, tef, and fe are the current, reference, and equivalent
hydration time (d) respectively; /¢ is reference relative humidity (RH) in pore solution;

and oo 1s a parameter representing the ratio of Dh, min t0 Dh, max.

3.3.2  Moisture transport

Regarding the description of moisture ingression, most previous studies focused on the
diffusion mechanism (Saetta, Scotta, and Vitaliani, 1993; Ababneh, Benboudjema, and
Xi, 2003; Meijers et al., 2005; Samson et al., 2005; Zhang et al., 2018). Herein, the
relative humidity #rz and moisture diffusion are used to describe moisture transport as

(Val & Trapper, 2008)

9w, Iy

YT =div(D, grad (hyy,)) (3.13)

where Dh is the humidity diffusion coefficient (m?/s). In 1972, Bazant et al. (1972)

proposed a non-linear empirical model of humidity diffusion coefficient Dn as

l-¢,
1+((1=hg,)/ (1=h))"

D, (hy) = Dy | 0+ (3.14)
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where Dhef 1s the reference Dp, and ao is the ratio of Dhmin to Dhmax (ranging between
0.025 and 0.10); and /. is the reference humidity. Furthermore, Saetta ef al. considered
the influences of temperature 7 (K) and hydration time f. (day) and suggested a model
for humidity diffusion coefficient Dn calculated by (Saetta, Schrefler, & Vitaliani,
1993)
Dy (T8, 5y1) = Dy e S (1) S (0) frs () (3.15)
where Ui denotes the activation energy of the moisture diffusion.
Based on the absorption theory, Brunauer et al. (1969) proposed a three-
parameter Brunauer-Skalny-Border isotherm (BSB model) to predict the moisture
content we. Then, according to the BSB model, Xi et al. (1994) established a three-

parameter model of the adsorption isotherm as

. Ck VP
© (kg ) [14H(C 1) gy |
[1-(/N)]e-1
C-1
N=(2.5+15/)(0.33+2.2wc) N,
v, =(0.068-0.22/1)(0.85+0.45wc) 7,

C=exp(855/T),k, , (3.16)

ct?

where Vet and Net are the factors relating to cement type (for type I cement in ASTM,
Ver=0.9 and Net=1.1 (Y. P. Xi et al., 1994)).

Different from the absorption process or wetting process, the desorption process
or drying process often presents a lagged phenomenon, i.e., Hysteresis Effect (Ishida,
Kishi, & Maekawa, 2014; Z. L. Jiang, et al., 2019). Although scholars proposed
drying and wetting curves based on the micro properties of concrete, they may be

complicated for practical application. Lin ef al. (2010) developed a simplified way of
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changing the moisture diffusivity coefficient during drying and wetting periods. Lin’s
approach focused on the ideal wetting and drying processes, while the scanning
process seems to be more common than the ideal wetting and drying processes in
practical engineering. Besides, according to the RH response test of OPC, Min et al.
(2018) found that the moisture diffusion coefficient is about 3 x 1071 m?/s under the
drying process and 15 x 10'® m?/s under the wetting process.

In this chapter, given the expression of absorption isotherm Eq. (3.16), the Dh et
in Eq. (3.15) is replaced by D™ ref = 3 x 1071% m?/s when & decreases; and the D ref in

Eq. (3.15) is replaced by D™ et = 15 x 107 m?/s when # increases.

3.3.3  Heat transport
For the sake of simplicity, The heat transfer process is also modelled by diffusion

equation as (Emilio. Bastidas-Arteaga et al., 2010)

oT o°T 9°T
=A== 3.17
pccq at [axz + ayzj ( )

where 7 is the current temperature (K) and pe, cq and 4 denote the density, heat

capacity, and thermal conductivity of concrete, respectively.

3.3.4  Numerical achievement of physical equations

The finite difference method is employed to achieve the numerical calculation of
chloride ingress. Differential grids for temperature 7%,;, RH A%, and total chloride
content C%;; are built (i and j denote the i-th in the x-direction and j-th node in the y-

direction, respectively; and k denotes the k-th time step), and their boundary conditions
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are obtained through the environmental model (Egs.(3.1) - (3.4)). According to

Bastidas-Arteaga et al.’s study (2010), the differential calculation consists of three

steps:

1)

2)

3)

solving the heat transfer equation Eq.(3.17);

solving the moisture transfer equation Eq. (3.13) based on the solution of heat
transfer equation; and

solving the chloride transfer equation Eq. (3.8) in terms of the heat transfer
equation’s solutions and moisture transfer equation.

Egs. (3.13) and (3.8) are associated with high non-linearity and challenging to be

solved analytically directly. Thus, the alternating-direction implicit (ADI) finite-

difference method developed by Peaceman and Rachford is employed to solve the 2D

partial differential equations (PDE) such as Egs. (3.8), (3.13) and (3.17) (Carnahan &

Luther, 1969). In terms of a series of the mathematical derivation, the difference

schemes can be written as follows:

12 k * k * 1 k *
(_Elai,]} i-1,j +(1+r1ai,j)fi,j _(Elai,jjﬁﬂ,j

(5 k) K AL Y e (B ok k
_(Eai,j)f;,j—l+(1_r2ai,j+7bi,jjﬁ,j+(5ai,j fi,j+1’

r + n + I +

(—Ezafj) e +(1+r2ai’j)fi’kjl—(Ezaﬁin’kj:l (3.18)
7 R At . 7 .

= (El f,}hm,j +[1 —nay, +7b§jjfi,1 +(El aﬁjjfm,f’

e dt . dt

1 20272 7 2
(dx)” = (dy)

where f*; denotes the value at the coordinate value (i, j) and the k-th time step; akij,

and b¥;; denote the coefficient of diffusion and convection at coordinate (i, j) and the k-
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th time step; d¢ denotes the time-step; and dx and dy denote the mesh grid spacing in
the x-direction and y-direction respectively.

As shown in Eq.(3.18), the strategy of the ADI finite-difference scheme is adding
an extra time-step between two-time nodes. Thus, Eq.(3.18) can be efficiently coded
and solved by the chasing method. Moreover, the ADI scheme is unconditionally
stable and highly accurate. In the first step, it is easy to calculate Eq. (3.17) where a%;
is a constant value A/(pccq) and bFij remained zero in all time-steps. A 3D matrix of
temperature 7%, will be obtained after finishing the calculation of heat transfer. Then,
for the moisture calculation, a%; can be calculated through Eq. (3.19) , but b%;

remained zero.

ko _ Dh,refﬂl(]—;fi )ﬁ12 (te )fiﬁ (hl]fj)
i ow

5

% ht;

(3.19)

Besides, for chloride transport, a*i;, and b%;; can be rewritten as follows

ow,
k= Dc’reffd(T;,kf )fC2 (te )ch (hzkl ) ko_ ot iy
o T (3.20)
1 aCb 1 aCb
1+ — . 1X cl . 1+ & x |
We hi,j aC . C{c,i.j We hi,;,' acfc Cfc-iv.f

where Chtij is free chloride content at coordinate (i, /) and time step .
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Establish a differential grid for temperature 7
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and total chloride content C¥;;
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Set the boundary conditions of 7%, i*; , and C*;; at each time
step k by Egs. (3.1)-(3.6)

. J
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Solve Eq.(3.17) to obtain 7*;; through ADI finite difference

scheme )
\

'

Solve Egs.(3.13)-(3.16) to obtain hki,]- through ADI finite
difference scheme based on 7,

'

-

Solve Egs.(3.7)~(3.12) to obtain C*;; , free chloride content C*, ;

and bound chloride content C¥, ,  through ADI finite difference
scheme based on 7¥;; and /¥,

.

\_ J

Figure 3.1 Flow chart of calculating chloride ingress

3.4 Verification of chloride transport model by experimental studies

3.4.1  Experimental study-based verification

To testify the feasibility of the proposed chloride ingress model, it is necessary to

capture in-situ data of environmental parameters, including RH and temperature and

chloride content profile inside the concrete specimen and perform model verification.

The verification process of the chloride transport model can be divided into three steps:

1) Establish an in-situ experimental field and prepare concrete specimen;

2) Monitor and record the environmental data, i.e., RH and temperature, as well as
chloride profiles inside the concrete specimen;

3) Fit the environmental model using the recorded environmental data and
implement numerical calculations according to the algorithm presented in section
3.3; and

4) Compare the recorded profiles of chloride content with calculation results.
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As shown in Figure 3.2, the experimental field locates in the coastal area. The
real-time local RH and temperature are measured. The cubic specimens of ordinary
concrete with the dimensions of 150 x 150 x 150 mm or 100 x 100 x 100 mm are cast
and cured for 28 days. After curing, the concrete cubic surfaces are sealed by epoxy
resin to achieve 1D or 2D chloride transport. Next, the specimens are transferred for
the exposure test.

The following step is to capture the chloride profiles, which could be used to
compare with numerical results and validate the numerical model’s feasibility. The
chloride profile of concrete requires periodic destructive testing at intervals ranging
from 6 months to 1 year. The concrete cubic is taken for the chloride content test. As
shown in Figure 3.3, given a profiled interval, e.g., 3 mm or 5 mm, the power samples
at different depths of the specimen are collected through a bench drilling machine and
dissolved in a bottle of acid extract liquor for 24 hours. Next, the chloride
concentration in the acid extract liquor is measured by direct potentiometry with an
electrode and measurement device. The recorded potentiometry in the bottles is
converted into the chloride concentration at different depths, which could be used to

draw the scatter plot of chloride content versus ingress depth.

I [ 1
E ': I
Take ¢ i Industrial PC
| % |
_ g U
Lﬁ —/—

High tide P Sensor|
P o~ Exposure test i I Cl H,0. Sensor i RH and Temperature
- ST filed L 0, I | sensor with waterproof
- - .
N Low tide / ‘\\ AN protection /
~ ,/ \_\ ‘// \\ ________________________ .,-’/
(a) Test site lavout (b} Concrete cubic () Monitor system

Figure 3.2 Illustrative figures of the exposure test
Note: Photos come from (H. F. Zhang ef al., 2016)
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Figure 3.3 Illustration of chloride concentration measurement

3.4.2  lllustrative example

As illustrated in Figure 3.4, an in-situ experimental exposure site located on the west
coast of the Yellow Sea is investigated to demonstrate the feasibility and applicability
of the proposed environmental and chloride transport model.

The environmental information is based on the measurement data of the west
coast of the Yellow Sea from 2011 to 2012 by using a temperature and humidity
sensor, DB 170 (Dalian Bei fang M&C Engineering Co., Ltd.,, China) with an
accuracy of +1.8% for RH and +0.3 °C under 25 °C (H. F. Zhang et al., 2016). Then,
by using curve-fitting, the parameters used in Eqgs. (3.1) - (3.6) are obtained as listed in
Table 3.2. Figure 3.5 illustrates the comparisons of fitting surrounding temperature
and relative humidity versus measured data.

The filed experimental data of chloride ingress in the concrete specimen are

collected to verify the adopted chloride transport model (H. F. Zhang et al., 2016). The

44



concrete blocks were taken out regularly to drill the powder and measure the chloride

concentration.

yl)alian

Yantai

Beijing W'

Tianji

Taiyuan

East China
Sea

Hangzhou

Yangize River

(a) Location on the map

(b) Exposure site

Figure 3.4 Actual experimental site

Table 3.1 Related parameters and values

Parameter name  Value Recourse Parameter name  Value Recourse
Deyer(m?s)  6x1072  (H. F. Zhang et al., 2016) mec 0.15  (Y.P.Xietal, 1994)
Dot (m¥s) — 3x10710 (Min et al., 2018) i 11 (Y.P. Xietal, 1994)
D¥href (m?/s)  15x10°10 (Min et al., 2018) ao 0.05 (Y.P. Xietal, 1994)
Trer (K) 296 (Val & Trapper, 2008) Rgas (Jmol'K1) 8314 (Val & Trapper, 2008)
tref (d) 28 (Val & Trapper, 2008) pe (kg/m?) 2401 (H.F. Zhang et al., 2016)
he 0.75 (Y.P. Xietal, 1994)
Table 3.2 Parameters used in the environmental model
Parameters Temperature Humidity cslilli)fraifiz Parameters Temperature Humidity cslllli)fraiflz
ai -12.02 0.13 0.052 wi 6.33 6.84 -
az 1.35 -0.03 - trer (day) 149 149 -
ec 1.1 - - ao 0.1326 -0.0942 -
Qec 0.0317 - - an 2.111 5.866 -
bi 227 5.43 -0.056 b 1.012 -8.576 -
b2 -5.39 -0.29 - wii 0.2333 0.5206 -
Nec 0.7279 - - az 2.188 6.334 -
bam 12.78 0.76 0.099 b2 0.3616 -2.548 -
The chloride profiles after 6, 22, and 34 months are shown in Figure 3.6. As

indicated, the numerical curves after 6 and 22 months are relatively higher than
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experimental curves, but after 34 months, the numerical curve is surpassed by the
experimental one. As illustrated in Figure 3.6, the convection zone does not appear in
chloride content profiles until 34 months. The depth of the actual convection zone
after 34 months is about 13.5 mm, while the depth of the simulated convection zone
after 34 months is about 10.5 mm in Figure 3.6. The difference may arise from several
reasons:

1) lack of precise surface chloride; and

2) lack of other environmental factors, e.g., wind load, rain, snow, etc.

On the other hand, as indicated in Figure 3.6, the depth of the simulated
convection zone after 34 months is about 7.5 mm without convection effect, which is
smaller than 10.5 mm with convection effect. Besides, for the 6-months chloride
profiles, the chloride content with convection is higher than that without convection
under a given ingress depth. For the 22- and 34- months chloride profiles, the chloride
content with convection is lower than that without convection under the ingress depth
less than 13mm. However, under the ingress depth beyond 13 mm, the chloride
content with convection is higher than without convection. Such results show that the
penetration depth of chloride transport and chloride content may be underestimated
without considering the convection effect. Thus, it is necessary to consider the

convection effect in the durability assessment of RC structures.
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Figure 3.5 Comparisons between the numerical model and measured data of
temperature and relative humidity

Furthermore, a rectangle concrete cross-section is supposed to study the
influences of 2D on chloride transport, as shown in Figure 3.7. Besides, the width,
height, and cover thickness of the cross-section are 200 mm, 400 mm, and 25 mm,
respectively, and three steel bars at different location points: middle bar 1, middle bar
2, and corner bar are supposed to investigate their surface chloride contents. For the
sake of simplicity, the shape of steel bars and their effects on chloride ingress are

ignored in this chapter.
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Figure 3.7 Cross-section of RC beam

By employing the environmental model in Section 3.2 and the chloride transport
model in Section 3.3, the environmental parameters and content of free chloride ions
within five years are illustrated in Figure 3.8. As shown in Figure 3.8a, although the
surrounding temperature fluctuates dramatically, the temperature inside the concrete
kept pack with the surrounding temperature.

However, comparing the RH inside and outside the concrete, the RH inside the
concrete looks lower than outside the concrete and exhibits a significant hysteresis.
Also, the amplitude of RH inside the concrete decreases with time. In addition, the RH

on the surface of the three rebars is different from each other, with the lowest RH in
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the middle bar 1, followed by middle bar 2 and corner bar.
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Figure 3.8 Environmental parameters and chloride content on reinforcement surface:
(a) Temperature; (b) Relative humidity; and (c) Total chloride content

Regarding the free chloride content inside and outside the concrete, the free
chloride content on the concrete surface is quite higher than that on the surface of steel
bars. However, the chloride content outside concrete fluctuates periodically, but that
inside the concrete increases gradually with time. Also, the free chloride content of the
two middle bars is the same and lower than that of the corner bar, in which that at the

corner point is 74 % higher than that at the middle 1 point and the middle point 2 after
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five years. Thus, it is essential to involve 2D transport in the durability analysis of RC

structure, and ignoring the 2D transport might underestimate the chloride content and

corrosion risk.

3.5 Conclusions

In this chapter, an environmental and 2D chloride transport model is developed to

evaluate chloride content profile versus ingress depth concerning RC structures under

the marine atmospheric environment. Also, the efficiency and accuracy of the

proposed model are verified by in-situ experimental studies. According to the

numerical simulation and experimental data, the following conclusions can be drawn:

1)

2)

3)

Comparing numerical results with experimental data, the proposed environmental
models could accurately evaluate the environmental parameters, and the chloride
profiles captured by the numerical model agree with those from in-situ
experimental data, which proves the efficiency and accuracy of the proposed
numerical models.

The experimental chloride profiles show significant convective effects of chloride
transport, and the proposed model can reflect the significant convective effects. If
the convective effect is neglected, the simulated convection zone is much shorter
than the experimental convection zone, and the simulated chloride profiles within
the concrete do not exhibit high nonlinearity, which is inconsistent with the actual
experimental data. Therefore, it is crucial to consider the convective effect of
chloride transport during the deterioration analysis.

A 2D numerical simulation of chlorine transport is performed to present the
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environmental parameters and chlorine content at different locations within the
concrete cross-section. The simulation results show that the temperature inside the
concrete is close to the surrounding environment, but the RH inside the concrete
exhibits a significant hysteresis. In addition, the content of free chloride ions on
the surface of the middle bars is the same and much lower than that of the corner
bar. Thus, if the two-dimensional effect is neglected, the chloride content on the
surface of the corner bar may be underestimated. Therefore, it is significant to
consider two-dimensional transport in the durability evaluation of RC structures

subject to chloride ingress.
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CHAPTER 4 MECHANICAL BEHAVIOUR MODELS OF

CORRODED RC STRUCTURE

4.1 Introduction

Failure analysis and performance assessment of corroded RC structures are based on
deterministic and probabilistic approaches. Experiments (Y. Du, Clark, & Chan, 2007;
Ye, Zhang, & Gu, 2018), analytical methods (Recupero et al., 2018), semi-analytical
methods (Tu, Dong, and Fang, 2019), and finite element methods (FEM) (Kallias &
Imran Rafiq, 2010; Sather & Sand, 2016) are typically used in deterministic studies.
For instance, Ye et al. (2018) conducted an experimental failure analysis of 13
corroded RC beams and found that these beams could fail by shear when the corrosion
level of stirrups reaches a critical value. Experiments could provide reliable and
intuitive findings for model validation but are usually time-consuming and costly.
Thus, many scholars proposed analytical models to perform the failure analysis for
corroded RC structures. For instance, Recupero et al. (2018) developed an analytical
model to predict the shear and flexural capacity of corroded RC elements and
validated it with a data set of experimental results.

However, analytical models might deviate significantly from the experimental
results due to the complex failure mechanism of corroded RC structures (i.e.,
corrosion-induced brittle failure of reinforcement and bond strength loss) not being
considered and difficulty in expressing the nonlinear constitutive properties of

corroded reinforcement and concrete (Frangopol et al., 1997). For the former, an
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improved analytical model could be proposed to consider the brittle failure of
reinforcement and bond strength loss (Gu et al., 2018); for the latter, some scholars
proposed semi-analytical methods to assess the capacity of corroded RC structures.
For instance, Tu et al. (2019) applied a non-linear sectional analysis to compute the
moment versus curvature of corroded RC slab. Besides, Zhang et al. (2016b, 2016a)
also proposed a non-linear sectional analysis method for RC structures considering the
corrosion-induced bond strength loss.

On the other hand, owing to the rapid development of computing technology,
FEM has also been applied to simulate and evaluate the structural performance in time
with high accuracy (Liberati, Nogueira, Leonel, & Chateauneuf, 2016). For example,
Kallias ef al. (2010) applied FEM for sensitivity analysis (SA) to investigate the
effects of concrete strength and bond deterioration on the performance of corroded RC
beams. Thus, FEM could be adopted in the performance evaluation and failure
analysis of corroded RC structures.

This chapter presents mechanical models of corroded RC structures, including
analytical, semi-analytical numerical, and FEM models. The different types of models
have different characteristics and applicable scenarios. Taking the corroded RC beam
as one example, section 4.2 of this chapter introduces the geometry modelling of
corroded RC structures. Section 4.3 further introduces analytical models commonly
used in conventional reliability analysis and then proposes improved analytical models.
Next, section 4.4 considers the concrete and reinforcement material ontologies and

proposes the semi-analytical numerical models. Besides, a FEM model is detailly
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presented in section 4.5. In section 4.6, the proposed models are demonstrated by

existing experimental results of existing rusted reinforced concrete beams.

4.2 Geometry model of corroded RC beam

In this chapter, the main object is the simply supported corroded RC beam, as
illustrated in Figure 4.1. For this beam, its length and cover thickness are denoted L
and c, respectively, and the cross-sectional width and height are b and 4, respectively.
Besides, the reinforcement layout of this RC beam is: n/ tension bars, nc compression

bars, and n+1 stirrup bars with nsv vertical stirrup legs and sv stirrup spacing.

n elements
S n+1 stirrup bars .
H n, compression bars
| | | ng, vertical legs  [[* ¥ ¢

| I B B B e nt tension bars “ — *
L1 L 1, N
L
b /1 *b_*

Figure 4.1 Geometry schematic of the RC beam

For the modelling of corroded RC beam, the most significant task is modelling
the corroded steel bars. In conventional studies, the geometry of corroded steel bars is
represented by a cylinder with a reduced diameter. Based on the assumption of
uniform corrosion, the corrosion degree is quantified by an average corrosion degree
nave (Frangopol, Lin, and Estes, 1997). For the RC beam subject to chloride-induced
corrosion, non-uniform and pitting corrosion are common phenomena in practice,
which would induce spatial variability and the local corrosion degree #s (Stewart &

Al-Harthy, 2008). Thus, it is necessary to establish a spatial variability model of non-
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uniform corrosion, accounting for the previously mentioned effects. Characterizing the
spatial variability of corroded rebars is not an easy task. In general, there exist two
types of modelling approaches to consider the spatial variability of corroded rebars:
deterministic and probabilistic modelling. Deterministic modelling is commonly used
in experimental validations (Hanjari, Utgenannt, & Lundgren, 2011; Imperatore,
Leonardi, & Rinaldi, 2012; Sather & Sand, 2016), while probabilistic modelling could
be further used in probabilistic studies such as sensitivity analysis (SA) and reliability

analysis (RA).

4.2.1  Deterministic modelling

To build the geometry model of corroded steel bar, the following methods could be

used:

1) to cut the entire corroded steel bar into several segments along its axis, then to
measure the mass of each segment and finally obtain the distribution of mass loss
ratio along the axis (Yu, ef al., 2015; R. Zhang, Castel, & Francois, 2010);

2) to measure the residual diameter of steel bar along the axis using a Vernier
calliper, then to compute the distribution of diameter loss along the axis (X. H.
Wang, et al., 2011; W. J. Zhu & Francois, 2014); and

3) to employ a three-dimensional light scanner (Kashani, Crewe, & Alexander, 2013;
X. G. Wang, et al., 2013) or X-ray photograph (Lim, Akiyama, Frangopol, &
Jiang, 2017; M. Zhang et al., 2019) to obtain a 2D/3D geometry model of
corroded steel bars directly, then to analyze the distribution of cross-sectional

arcas.
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The first method could reflect the gravimetric loss of steel bars but damages the
specimen. The third method could reveal the complete geometry information of the
steel bar with relatively high accuracy. As illustrated in Figure 4.2, Gu et al. (2018)
applied a 3D scanner to obtain the geometry models of corroded steel bars embedded
in RC slabs subject to chloride salt spray for the establishment of a probabilistic model.
For deterministic modelling, the used measurement devices are relatively expensive,
and advanced numerical methods are required to analyze the output. The second
method is usually a compromise choice to balance measurement accuracy and

experimental cost, convenient for practical engineering.

(a)
Figure 4.2 Illustration of obtaining geometry models of corroded steel bars: (a)
specimen under a neutral salt spray chamber, (b) corroded rebars from broken slabs,
and (c) geometry model scanned by a 3D scanner (adopted from Gu et al. (2018))

Once the spatial geometry of the corroded steel bar is obtained, the spatial
variability of longitudinal (tension and compression) bars would be simplified to a
series of cylinders with different circular cross-sections as the input for the FEM
model. For the n: tension bars and nc compression bars, the first step is to divide each

longitudinal bar into n zones. Then, at the i-zone, the maximum diameter loss of j-th

tension bar, pr, max,;; and k-th compressive bar, pc, max.ix are measured and then used to
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calculate the minimum cross-sectional areas by Eq.(4.1). Thus, the cross-sectional
areas of the cylinders within each zone and longitudinal bar, i.e., cross-sectional area
of tension bars, 4ti; (i=1,2,...,nandj =1, 2, ..., n/) and compression bars, Acix (i =1,
2,...,nand k=1, 2, ..., nc), are represented by their minimum cross-sectional area.
For the n+1 stirrup bars, each stirrup bar is divided into nsv vertical legs. Next, at the /-
th vertical leg, the maximum diameter 10sS psvmax,m at the m-th stirrup bar is also
measured to compute the minimum cross-sectional area Asvmi (m=1,2, ..., n+1,[=1,

2, ..., nsy) by Eq.(4.1).

A4,;= %(Dt() ~ Ptmaxi,j )2 )
Ac,i,k = %(DCO - pc,max,i,k )2 H (4 1)

Ay = Z(sto = Psv,max,m,1 )2
in which Dw, Dco, and Dsvo are the initial diameter of tension bar, compression bar, and
stirrup, respectively. Local corrosion degree #s could also be quantified by the
difference ratio between the original and the minimum cross-sectional area from Eq.
(4.1).
Besides, to evaluate the bond strength between the steel-concrete interface, the
surface area of steel bar Asurf of the corroded steel bar can be computed as
Ay = 78(Dy = ) Ly, 4.2)
where p, Do, and Lvar, denote the diameter loss, initial diameter, and length of steel

bars, respectively.
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4.2.2  Probabilistic modelling
In conventional studies, the corroded geometry could be defined by the pitting factor,
which is the maximum pit depth ratio to the corroded steel bar’s average pit depth
(Gonzélez, et al., 1995). Stewart and Alharthy (2008) developed the probabilistic
pitting factor model by employing the Type-I extreme distribution to conduct
reliability analysis. Besides, Darmawan (2010) improved the pitting factor model by
considering time parameters and corrosion rates. However, the pitting factor-based
probabilistic model assumes a one-single pit. Later, some scholars have made some
improvements in the stochastic modelling of the corroded steel bars. For instance,
Tang et al. (2014) proposed to use a mixed normal distribution to model the cross-
sectional area, but it neglects longitudinal correlations.

On the other hand, considering the complex geometry and random distribution of
pits in the cross-section of corroded steel bars obtained by a 3D scanner (Figure 4.2),
Zhang et al. (2014) and Gu et al. (2018) proposed the corrosion non-uniformity factor,
R, defined as the ratio of the average cross-sectional area to the minimum cross-
sectional area, i.e.,

R=4,/A, =7D;(1-n,.)/A,, (4.3)
where Aay and Amin are the average cross-sectional area and the minimum cross-
sectional area, respectively; #ave 1S the average corrosion ratio of the steel bar, and Do
is the initial diameter of the rebar. Factor R also follows the Type-I extreme
distribution, and distribution parameters u and ¢ could be computed by (Zhang et al.,

2014; Gu et al., 2018; Guo, Dong, and Gu, 2020a)
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1 =3.357, exp(~0.236i,

corr

)+0.1277, +oIn(4, / A,)+1.01 (4.4)

o =0.33717, +0.0006 (4.5)
where icorr (uA/cm?) is the corrosion current density, and 4s (mm?) and 450 (mm?) are
the surface areas of the Lsar and 50 mm length of the steel bar.

A =1L,nD,,A,= 507D, (4.6)

bar

Lvar can be determined by the length of each zone for tension and compression
bars, while for stirrup bars, the Lvar can be determined by the vertical height of the
stirrup leg. The factor R and the minimum cross-sectional area of each zone are
statistically independent of the others. Given the samples of factor R and other

parameters, €.g., icorr and nave, the minimum cross-sectional areas of corroded steel bars

could be computed through Eq. (4.3), and assigned into various zones of steel bars.

4.3 Analytical model of corroded RC beam

4.3.1  Traditional ideal analysis model

For flexural capacity, the analytical model of corroded RC beam is to divide the RC
beam into several zones, as illustrated in Figure 4.1, and then calculate the ultimate
capacity of each zone based on the assumption of the plane cross-section. Supposing
the corroded RC beam is well-anchored and completely bonded, the flexural capacity
of corroded RC beams of the i-th zone at time ¢ M. (f) can be calculated through

Eq.(4.7), without considering the degradation of bond behaviour.

F.(t)
O=F ()| h -2 4.7
Mu,t (t) Fy,l (t) |:h0 2f;b j| ( )

where Fy, (f) denotes the tensile capacity of corroded rebars of the i-th zone at time ¢
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(N); fc denotes the concrete compressive strength (MPa); and b and Ao denotes the
width (mm) and the effective height (mm) of the beam section, respectively.

The flexural capacity of a corroded RC beam relies on the mechanical behaviour
of a corroded steel bar (Gu et al., 2018; Malumbela, Alexander, & Moyo, 2010; Wen
Jun Zhu & Frangois, 2014). Reinforcement corrosion could cause a reduction in the
original cross-sectional area-based nominal yield stress and ultimate tensile stress
(Zhang et al., 2012; Zhang, Chen, and Gu, 2016). Also, corroded rebar often fails in its
minimum cross-section, and its actual strength based on the minimum cross-sectional
area does not degrade (Almusallam, 2001; Palsson & Mirza, 2002). Thus, the strength
of the corroded rebar remains unchanged, and its tensile capacity of the i-th zone Fy, is
affected by the minimum cross-sectional area A::;;, which could be captured from

Section 4.2.
F, ()= [y D A, ;@) (4.8)
j=l

where fyo is the yield strength of uncorroded steel bars.

Besides, the shear capacity of the RC beam relies on the residual capacity of each
stirrup bar. Thus, in terms of the number of stirrup bars m, the RC beam could be
divided into m segments, the shear capacity of the k-th segment consists of two parts:
the contributions of concrete Ve and stirrups Vsk, respectively, where Ve could be

assessed through the classical truss theory (Stewart, 2009; Val, 2007).

Vo, (6)=V.+V,, (4.9)

1.75 F, (Oh,
V. =—""fbh,V A =—2t "~ 4.10
c /l +1f; 0°" s,k ( )

S v
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where f; is the concrete tensile strength; and 4s is the shear-span ratio (Standards, 2010).
In this model, only the vertical parts of stirrups are considered to calculate the shear
resistance of RC beams since the horizontal parts of stirrups cannot transfer force.
Thus, Fa..x(f) can be computed by summing the tensile capacity of nsv stirrup leg at the

k-th segment

Fy (0= fD A, 0 @.11)

4.3.2  Improved analytical model

The above analytical model assumes that the deterioration of the RC beams is
continuous. Two factors can contribute to the discontinuous deterioration of RC beams
during their service life:

1) Brittle failure of the steel bar; and

2) Loss of bond strength between the steel bar and concrete.

4.3.2.1 Brittle failure of steel bar

Taking Fy; as an example, Figure 4.3 compares Fy,; under different assumptions,
where both brittle failures of reinforcement and bond strength loss may bring a sudden
drop with corrosion development. Moreover, due to non-uniform corrosion-induced
spatial effects, M; varies in each segment. Thus, Fy; may drop several times and its
derivative function with respect to 7, i.e. Fy,i , may rounds towards minus infinity in

several instantaneous time instants, as illustrated in Figure 4.3.
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Figure 4.3 Deterioration curve of the tensile capacity of steel bar under different
failure modes
Considering the brittle behaviour of corroded rebar, Stewart et al. (2009)
suggested a perfectly brittle parallel system to calculate the tensile capacity of

corroded steel bars at the i-th zone

Fu=max[(1+1- ), 0)]
(4.12)

= foo- n;élx I:(n +1= ) Apins s (Z)J
where Fy,i;(?) is the tensile capacity of the j-th rebar at the i-th zone, which is ranked in
an ascending order, i.e. ,Fy,;,1(£)< Fy,i2 (f) << Fyin (2).

However, Zhang et al.’s (2012) study presented that the criterion for failure mode
transformation ranges from 20 to 30 %. Besides, Gu et al. (2018) found that the harden
and ultimate strain of corroded steel may not be more minor with a higher corrosion
degree and suggested using factor R as the criterion of failure mode transformation.

According to the previous mechanical test of corroded rebar, when R reaches
[R]er = 1.3, the yield platform would disappear, and brittle failure would dominate (Gu

et al., 2018). Like Eq. (4.12), the tensile capacity of steel bars becomes
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Fy,i(t) = fyO : m.nélx |:l ’ Amin,i,nﬂ—j (t):l : H (R - [R]cr)

n (4.13)
+fy0 ’ |:Z_ Amin,i,j (t)j| : I:l - H (R - [R]Cr )]

where Amin,.i(f) 1s the minimum cross-sectional area of the j-th rebar at the i-th zone,
which is ranked in an ascending order, i.e. , Amin,i,1 ()< Amin,i2 (£) << Amin,in (¢); and

H(x) is the Heaviside function, which equals one if x > 0 but equals 0 if x < 0.

4.3.2.2 Flexural capacity considering bond strength loss

Torres-Acosta ef al. (2007) investigated the mechanism between the flexural capacity
loss and cross-section loss of corroded RC beam. They found that the flexural capacity
was dramatically impaired under the average corrosion degree of 10% because of
reinforcement corrosion and corrosion-induced bond strength loss. Auyeung et al.
(2000) found that 2% corrosion loss can lead to an 80% decline in bond strength. Thus,
corrosion-induced loss of bond strength may significantly impair structural safety.
Although much work has been done relating to corrosion-induced bond strength loss
(Coccia, Imperatore, and Rinaldi, 2016; Blomfors et al., 2018; Soltani, Safiey and
Brennan, 2018; Zhu, Dai, and Poon, 2018), only a few of them took those models of
corrosion-induced bond loss into the flexural strength prediction for corroded RC
beam (H. P. Chen & Nepal, 2018; M. Zhang et al., 2019; X. H. Zhang et al., 2016b).
Thus, a simplified flexural strength model of corroded RC beam considering bond

strength loss is introduced herein.
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The prediction of bond degradation is based on the model proposed by Bhargava
et al. (2007, 2008), i.e., Eq.(4.14). According to Bhargava’s experimental data, the

minimum residual bond strength is supposed 2% of the uncorroded one.

1,7, <1.5%

(4.14)
1.346¢™ """ . >1.5%

Rbond (ns) = {

Assuming the ultimate bond strength 7ui; (Eq. (4.15)) of arbitrary the j-th
corroded steel bar at i-zone is higher than the critical bond failure strength 7w (Eq.
(4.16)), the flexural capacity of the i-th zone M, : can be acquired by Eq. (4.7) directly;
Otherwise, the bond strength loss needs to be considered in the calculation of My, i,

whose computational schematic is presented in Figure 4.4.
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(a) Cross-section (b) Strain distribution (c) Stress distribution
at the i-th zone at the i-th zone at the i-th zone

Figure 4.4 Calculation schematic of the cross-section at the i-th zone considering bond
strength loss

A .
Tu,i,j = TuO ’ Rbond (1 _w] (415)
ASO
D
T, =—fyjl - (4.16)
d

where Tuw = 2.0:(£:)"> which is the bond strength of uncorroded steel bars (CEB-FIP,

1990); /4 1s the development length of bond strength calculated by (Standards, 2010)

o
l, =0, 22D, 4.17
24 7 (4.17)

t
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where as 1s the shape coefficient (0.14 for deformed bar and 0.16 for the plain bar
(Standards, 2010)); ft is the concrete tensile strength.

Once Tu,i; is lower than Tub, anchorage failure occurs due to the insufficient bond
strength, the tensile force Ft,; of the j-th corroded steel bar at the i-th zone is governed
by ultimate bond strength rather than its yielding strength.

F, @®)==D,, OLT, (4.18)
where Ds,ij (¢) is the equivalent diameter of the j-th tension bar at the i-th zone, which

is calculated by

Slj(t)_ _Amjn,i,j(t) (4-19)

The strain compatibility can be considered between unbonded and perfectly
bonded conditions for corroded RC beams (H. P. Chen & Nepal, 2018; X. H. Wang &
Liu, 2010). Supposing the deformation of concrete adjacent to steel bars is caused by
the plastic deformation within the plastic equivalent region (Leq), the strain

compatibility of corroded RC beam can be expressed as

pul

=g, —= (4.20)

where xn, is the neutral axis depth of the i-th zone; & .; and &; denote the average strain

of tension bars (Eq.(4.21)) and maximum compressive strain of concrete at the i-th

zone, as illustrated in Figure 4.4b; and g_ is the empirical interpolation factor

between the scenarios of no and complete loss of bond strength (Eq.(4.22)).

:—ZE A'f (4.21)

t/l st* min,i,j
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where Es is the elastic modulus of corroded steel bars, which remains unchanged but
slightly fluctuates with increasing corrosion degree, according to the Gu’s tensile tests
of corroded steel bars (Gu et al., 2018). Thus, the elastic modulus of corroded steel bar

Eq 1s regarded as a constant value in this section.

1 L.,
=1-|1- T . . ||1-—= 4.22
e ] o] @)

tfuo Jj=1

where Leqi 1s the length of the equivalent plastic zone, which can be calculated by
Eq.(4.23) (H. P. Chen & Nepal, 2018).
Leq’l. = 9.3xn’l. (4.23)
When the anchorage failure occurs before the yielding of steel bar and concrete,
the tensile stress of corroded steel bar can be acquired from Eq. (4.18) , and then xn,
and M; can be obtained by Eqgs. (4.24) and (4.25) directly.

n
2 Fas
J=1

== 4.24
ERry YT (429

M,=F,_(h—0.5A4Y,) (4.25)

where Feexi = aififexn: (a1 and f1 are factors 1 and 0.8 respectively) is the
compressive force of the cross-section.

When steel yielding occurs before anchorage failure (z's,l-> ew and & < &), its
residual yield strength governs the tensile force of corroded steel bar. If both the
tensile reinforcing bar and the concrete crushes before anchorage failure (Z;7l-> ew and
& > &), the strain of the steel bar is governed by the concrete crushing. Using &c = &cu,
z‘s,i can be calculated by Eq.(4.20). According to (Gu, Jin, & Zhou, 2016), & and &cu

are determined as 0.002 and 0.0033, respectively.
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Supposing all corroded steel bars have the same strain, Fti; and Mi can be
computed by Egs. (4.26) and (4.25), respectively.

t”—ES Amm” (4.26)

Due to the unknown of xni, xn; would be assumed continually until Eqs.(4.20),

(4.24) and (4.26) keep equilibrium, where the bisection method could be applied to

solve xni;. Apart from that, considering both the brittle parallel system and the

degradation of bond strength, Z wi; in Eq.(4.20) and Z in Eq. (4.24) also can

J=1 J=1

t,i,j

be computed by Eq.(4.12).

4.4 Semi-analytical numerical model

The analytical models only consider the equilibrium condition in the ultimate state for
corroded RC structures, which can easily be implemented in evaluating the ultimate
capacity and structural reliability. However, it is difficult for these models to consider
deformation compatibility conditions of reinforcement and concrete and investigate
the detailed information during loading. Therefore, in this section, semi-analytical
numerical (SAN) models are proposed to investigate the flexural and shear capacity of

corroded RC beams.

4.4.1  Non-linear sectional analysis based flexural capacity
A non-linear sectional analysis is employed to compute the ultimate bending capacity
of a corroded RC beam. Supposing the reinforcement is well-bonded, the

reinforcement and concrete strains should be linearly distributed with the sectional
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height, with the strain in the reinforcement coinciding with the strain in the concrete
adjacent to the reinforcement. If bond strength loss is considered, the actual
reinforcement strain &s could be expressed as:

£ =&, (4.27)
where ¢cs 1s concrete strain adjacent to reinforcement and € is an empirical ratio
depending on many factors, e.g., the loading type and corrosion degree (X. H. Zhang
et al., 2016a). Based on X. H. Zhang ef al.’s study (2016a), Q could be approximately

evaluated through

Q=0.09+09%+ 8(1 —ii] exp[0.092—°—30775 - o.glJ <1.0and>0.15 (4.28)

0 0 0

where /o is the effective span; /4 is the distance between two-point loads for four-points
loading, which equals zero for three-points loading and equals 5/21 for uniform
loading.

For the constitutive model of concrete, the principal tension stress oci, and the

compressive stress gc2 of concrete could be modelled as follows:

o,=E -¢-H(e, —¢€) (4.29)

o,=/. [2[2_2J_[§_2J2] (4.30)
where E¢ is Young’s modulus of concrete; o is the strain at peak compressive stress of
concrete; and &1 and &2 are the principal tensile and compressive strain, respectively.

On the other hand, as mentioned in Section 4.3.2.1, corroded reinforcement

usually breaks at the minimum cross-sectional area (Cairns et al., 2005; Gu et al.,

2018), and its actual strength remains unchanged. Besides, the corroded steel bar’s
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yield platform disappears, and brittle failure might happen once R exceeds [R]cr = 1.3
(Gu et al., 2018). Also, in terms of the existing tensile tests on corroded steel bars, it is
found that yielding strain gy, ultimate strain €y, and hardening strain en decrease with
factor R:

g, /€, =exp[-0.202-(R/R,~1)],
g,/ €, =exp[—8.46-(R/R,-1)], (4.31)
g,1€, =exp[-12.89-(R/R,-1)]

where &yo, €no, and evwo denotes the yielding strain, ultimate strain, and hardening strain
of uncorroded steel bar, respectively; and Ro is the factor R of the uncorroded steel bar.

Based on the assumption of unchanged strength of corroded steel bars and Eq.
(4.31). The constitutive model of the corroded steel bars could be established, as
illustrated by Figure 4.5.

Then, according to the assumption of plane cross-section, the sectional moment
can be calculated through a bisection method-based iterative algorithm (Gu et al., 2016;
Tu et al., 2019). As shown in Figure 4.6, the cross-section of the i-th zone is divided
into p strips along the bending direction. Given an assumed cross-sectional curvature ¢
and height of neutral axis xn;, the stress distribution of reinforcement and concrete
could be obtained by the non-linear constitutive models of corroded steel bar and
concrete and the equilibrium equations in Figure 4.6. As shown in Figure 4.6d,
concrete stress in the tension zone is ignored once the concrete cracks. By employing
the iterative algorithm, the moment-curvature relationship of an RC beam can be
obtained. According to the strain distribution of concrete and steel bar at the ultimate

state, the failure modes can be determined, i.e., concrete crushing or reinforcement
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breaking. At the same time, both the serviceability and ultimate bending capacity of

M. can be evaluated.

Figure 4.5 Factor R-based constitutive model of corroded steel bar
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Figure 4.6 Stress and strain distribution of the i-th zone cross-section

4.4.2  Modified compression field theory (MCFT)-based shear capacity

The traditional method of calculating shear capacity for a corroded RC beam with
stirrups is based on the 45° angle truss analogy model (Vecchio & Collins, 1988).
However, this method only considered the equilibrium condition in the ultimate state
and ignored the deformation compatibility conditions and concrete properties that may

influence the shear behaviour of RC beams. Thus, a modified compression field theory
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(MCFT) based method is proposed to compute the shear capacity of an RC beam
(Zhang, Ye, and Gu, 2017).
In MCFT, its compressive stress-strain relationship still follows Eq.(4.30) , but its

tensile stress-strain relationship is expressed by Eq. (4.32), as presented in Figure 4.7.

o,=E, ¢ -H, —gl)+Lff[1—H(gc,, -&)] (4.32)
1+4/500¢,

where fi and ecr are the tensile strength and corresponding strain of concrete; and oc1 1s
the correction factor which equals 0.45 for the corroded steel bar and equals 1.0 for the

uncorroded one.
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Figure 4.7 tensile stress-strain relationship of cracked concrete
Figure 4.8 shows the stresses distribution in concrete and a free body for the
relationship between stirrup stress and concrete stress, where an equilibrium equation
can be obtained as follows:

4,0, =(0,sin’ 00, cos’ 6)-b-s

SV R\

(4.33)

v

8){ _82

tan’ @ = JE =E,+E,—E, (4.34)

v €2
where Asv is the cross-sectional area of corroded stirrup bars, osv is the tensile stress of

stirrup bars; ex and &v are the longitudinal strain and transverse strain, respectively; and
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6 denotes the angle between coordinate direction and the principal direction.

According to Mohr’s circle of stresses, an equation between oc1 and oc2 can be derived:

o, =(ta,nt9+cot6?)-£—o;1 (4.35)

Then, substituting Eq. (4.35) into Eq. (4.33) gives:

V =, bl cot 0+2%% jy cot 0 (4.36)
S

v

P —_—— ——
v |_ 4,0,

| i ! 0. |
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Figure 4.8 Equilibrium conditions of stresses in RC beam

As illustrated in Figure 4.9, the tensile stresses of concrete are equal to zero at a
crack (Figure 4.9c) but exceed zero at a section between two cracks (Figure 4.9b). On
the other hand, the tensile stresses of steel bars are higher than their average value at a
crack (Figure 4.9c) but lower than their average value at a section between two cracks
(Figure 4.9b). Thus, the shear strength of a beam may be determined by its ability to
transmit forces across the crack, i.e., local shear stress, vci, which can be calculated

through Eq. (4.37).

02/,

V.=
©0.3+(24w)/(a, +16)

(4.37)

where w is the crack width; ag is the maximum aggregate size.
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Ko,

(b) Stresses distribution between two cracks (c) Local stresses at concrete cracks

Figure 4.9 Average stresses and local stresses at sections

According to the equilibrium conditions shown in Figure 4.9, the maximum

principal tensile stresses of concrete ocimax can be obtained by Eq.(4.38):

O =V tan9+;sf—s(fyv -0, | (4.38)

where fyv is the yield strength of stirrup bars.

In practical engineering, shear stresses vary along with the height of a section
under the effects of bending moment and shear force. For simplified analysis, the
uniform shear stress distribution is supposed in this chapter (Vecchio & Collins, 1988).
More detailed information relating to the computational algorithms refers to Zhang et
al.’s study (2017).

4.5 FEM model of corroded RC beam

While analytical and semi-analytical numerical models can evaluate the mechanical
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capacity of the RC structure, some information, including the distributions of strain,
stress, and crack, is challenging to obtain. Apart from the methods mentioned in
sections 4.3 and 4.4, FEM modelling is a more advanced and comprehensive approach
that considers complicated geometry and mechanical properties. In this section, FEM
modelling is performed using commercial FEM software, DIANA 10.3 (2017), as
shown in Figure 4.10. Other software could also be adopted within the structural

analysis process.

o WED ARG WSS AW MRS WS AEE WO W
59 DRl es mresaw . -]

Figure 4.10 Operation interface of DIANA 10.3

4.5.1 Concrete

The total strain-based crack model is applied for the constitutive concrete model based
on total strain and the modified compression field theory (Vecchio & Collins, 1986).
This model evaluates the stress-strain relationship in the strain vector’s principal
directions, i.e., the coaxial stress-strain concept. In terms of the relationship between
the directions of crack and principal stress, two types of crack models are presented:

1) Fixed crack model, in which the crack direction would not change with the

principal stress once cracking happens.

2) Rotating crack model, in which the crack direction would keep changing with the

75



principal stress.

In the fixed crack model, the shear resistance of the cracks is modelled by the
shear retention factor, reflecting the aggregate interlock effect caused by cracked
concrete. There is no shear stress on the crack plane in the rotating crack model,
simplifying the analysis and receiving an extensive application (Coronelli et al., 2013;
Minelli & Vecchio, 2006; Tahershamsi, 2016). This chapter applies the rotating crack
model.

Tensile and compressive behaviours of concrete are illustrated in Figure 4.11. For
the tensile behaviour of concrete, the stress increases linearly before reaching the
ultimate tensile strength. Then, it drops following a tension softening model developed
by Hordijk (Horidijk, 1991). The compressive stress of concrete increases/decreases

following parabolic curves (Feenstra, 1993), as illustrated in Figure 4.11.

A
fi
Gy/hy
8014 8[14
ch/ hel

4
Notation:
Gy tensile fracture energy; &, ultimate tensile strain;
Gy.: compressive fracture energy; &, ultimate compression strain;
/i ultimate tensile stress; he:  ‘equivalent length’ relating to

element type and element size, etc.

fe: ultimate compression stress; (Feenstra, 1993)

Figure 4.11 Schematic of the constitutive model of concrete

The ultimate tensile and compression strains are computed by the tensile and

compressive fracture energies Gr and Gz (kN/m), respectively. Gz can be calculated
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by a formula proposed by FIB Model Code 2010 (fib special activity group, Taerwe,
& Matthys, 2013)

G, =0.073/>" (4.39)

The compressive fracture energy G is supposed to be about 50 ~ 100 times Gy

(Feenstra, 1993). A reduction factor is proposed to consider the influence of cracking

on the compressive strength (Vecchio & Collins, 1995), and the lower bound of the

reduction factor is assumed as 0.6 in this chapter.

4.5.2  Corroded reinforcement
In general, the corrosion of RC beams affects the geometry and the constitutive model
of the steel bars. In most available studies, the constitutive models of steel bars
supposed that yield and ultimate strengths would reduce with corrosion degree
(Kallias and Imran Rafiq, 2010; Xue, Seki and Song, 2010; Tu, Dong, and Fang, 2019).
However, as discussed in Section 4.4.1, corroded steel bars might fail at the location of
the minimum cross-sectional area, and its actual strength does not change if the stress
at the broken section is taken to measure its strength. Also, the deformation ability of
corroded steel bars decreases significantly with corrosion degree (Apostolopoulos &
Papadopoulos, 2007; W. P. Zhang et al., 2012).

On the other hand, in previous studies related to the FEM analysis of corroded
RC structures, reinforcement is usually modelled by simplified bilinear/ideal
elastoplastic constitutive models, which might not comprehensively reflect the

mechanical properties of corroded reinforcement (Berto, Simioni, & Saetta, 2008;
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Coronelli & Gambarova, 2004; Kallias & Imran Rafiq, 2010). Although Section 4.4.1
proposed a trilinear constitutive model relying on factor R, such a model is not feasible
for the FEM modelling. Combining the existing studies in (Gu et al., 2018; Val, 2007;
W. P. Zhang et al., 2016), a corrosion degree-based trilinear constitutive model of
corroded steel bars is proposed, as shown in Figure 4.12. Given that the elastic
modulus Eso, actual yield strength fyo, and ultimate strength of corroded steel bar f.o
remain unchanged, the hardened strain and ultimate strain decrease with the corrosion
degree. The constitutive relationship of corroded steel bars subject to tension is
described by Egs. (4.40) and (4.41) (Zeng, Gu, Zhang, & Huang, 2010). For

reinforcement, the Von Mises plasticity model is used, assuming isotropic hardening.

&-{-[85}10_&} l_i ’nssns,cr
EsO EsO 77

s,Cr

Sshc = ’ (440)
fyc
gs}’c = E_ > ns > ns,cr
sO
gsuc :exp(_ﬂé‘ns)emo (441)

where 7s.cr 18 the critical corrosion degree (20 ~ 30% (Val, 2007; W. P. Zhang et al.,
2016)); esho and esuo are the harden strain and ultimate strain of non-corroded steel bar;
eshe and esuc are the harden strain and ultimate strain of corroded steel bar; and fs =

2.093 and 2.501 for salt spray induced corrosion and natural corrosion, respectively

(W. P. Zhang et al., 2006).
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Figure 4.12 Corrosion degree-based constitutive models of corroded steel bars.

4.5.3  Bond-slip

As discussed in Section 4.3.2.2, if RC beams are well-anchored and no corrosion
happens, the reinforcement could be supposed to be well embedded inside the concrete.
In FEM modelling of RC beam, bond-slip could be easily considered. The bond-slip
relationship could be assigned to the interface between the steel bar and concrete
directly. Employing the bond-slip model proposed by Kallas and Rafiq (Kallias &

Imran Rafiq, 2010), the bond stress 7 versus slip s could be described as follows

7. (s/1)",0<s<s,
7=1(5=50)/(5:=50) (1= Cpons ) Tonae T Gl Tons S0 S5 <515
(5=5)/(5,=5,) (1= Byna ) T + T §; S5 <8,
7, =257, 50 = L (@i T /T) (4.42)
s, =1 exp[(1/0.3)In(z,,. /7)]+],In(7,/7,,.)

max max

where avond and PBrond denote the factors of the bond model (i.e., abond = 0.7 and Soond =
0.3); lo, I1, and s2 are 0.4 mm, 0.15c0, and 0.35¢o (co is the rib spacing, e.g., 8 mm
(Kallias & Imran Rafig, 2010)), respectively; and Tmax is the maximum bond strength

of concrete beam with deformed rebars. In this chapter, Tmax is evaluated by an
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empirical model (T. El Maaddawy, Soudki, Topper, & Bischoff, 2006):

Tow =k +,7,)[0.55+0.24(c/d,) |/, +0.191- 4, 1, /(s,-d,)  (4.43)
where c is the cover thickness of concrete; db is the diameter of the deformed tension
rebar; Asv 1s the cross-sectional area of stirrup bars; and k1 and k2 are the empirical
factors accounting for the reduced contribution of concrete towards bond strength,
relating to the corrosion current density of steel bar. For the corrosion current density
of 40 uA/cm?, ki and k2 are 1.003 and -0.037 (E. Maaddawy, Soudki, & Topper, 2005),
respectively; For the corrosion current density of 90 uA/cm?, ki and k2 are 1.104 and -

0.024 (E. Maaddawy et al., 2005), respectively.

4.6 Case study

4.6.1  Study case description

In this chapter, 26-year old corroded and uncorroded RC beams are employed to
deterministically verify the proposed mechanical models (Wen Jun Zhu & Frangois,
2014). The corroded RC beam was subject to a salt spray environment (35 g// NaCl
solution) and extern loading for six years. Then it was subject to wetting-drying cycles.
The uncorroded RC beam was under an environment with 50 % relative humidity and
20°C temperature (Wen Jun Zhu & Frangois, 2014). Figure 4.13a shows the schematic
of the RC beam with a dimension of 3000 mm % 150 mm x 280 mm and a cover
thickness of 10 mm. The reinforcement layout is 2¢12 longitudinal bars, 2¢6 hanger
bars, and 14 $6@?220 stirrups. The beam is subject to a concentrated load at its mid-

span. Figure 4.13b shows the FEM model of the RC beam with a mesh size of 15 mm.
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The mechanical parameters of the materials are listed in Table 4.1. Experimental
results show that the ultimate loads of uncorroded and corroded RC beams are 49.2 kN

and 37.6 kN, respectively.
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Figure 4.13 (a) Schematic of RC beam in (Wen Jun Zhu & Frangois, 2014) and (b)
layout of FEM model of RC beam in DIANA (mesh size = 15 mm)

Table 4.1 Parameters of material properties in (Wen Jun Zhu & Francois, 2014)

Concrete Reinforcement
Parameter Value Parameter Value
E. (MPa) 25600 Ey (MPa) 273000
Poisson ratio 0.2 Poisson ratio 0.3
Tensile strength f; (MPa) 1.88 Yield strength f;0 (MPa) 600
Compressive strength f; (MPa) 56 Ultimate strength £, (MPa) 800

Concerning the spatial variability of corroded rebars, the beam is divided into 13
zones through the spacing of stirrups (220 mm), as shown in Figure 4.13.
Reinforcement corrosion is quantified by diameter loss (Wen Jun Zhu & Frangois,
2014), and all values of diameter loss are supposed to be zero for the uncorroded RC
beam. Figure 4.14 summarizes the distribution and maximum values of diameter loss
of longitudinal bars at both sides of the beam and maximum diameter losses of stirrups
at the left and right legs.

Comparing Figure 4.14a with b shows that compression bars surfer more severe
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corrosion than tension bars. W. J. Zhu and Francgois (2014) attributed this phenomenon
to the poor quality of the interface between the compression bars and the concrete
related to the “top-bar” effect. The cross-sectional area of each zone is denoted as the

sum of all minimum cross-sectional areas, €.g., Ar, i, Ac, i, and Asv, m
nl n(.’ nSV
AT,i = 2147,1',_/ 4 Ac,i = zAc,i,k s Aw,m = ZAS‘V,W[,] (444)
j=1 k=1 I=1

where Aiij, Acik and Asvmi refer to Eq. (4.1). Two scenarios are considered regarding
the bond behaviours between steel bars and concrete: ‘perfect bond’ and ‘poor bond’.
The former assumes no slip at the interface between reinforcement and concrete, and

the latter considers the constitutive model of bond-slip given in Section 4.5.3.
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Figure 4.14 Comparison between the distribution of actual and maximum diameter
loss for (a) tensile bars; (b) compressive bars; and (¢) maximum diameter loss of
stirrup bars
Note: prmax,r and p;max,z are the maximum diameter loss of tension bars in the front and back sides;

Pemax.r and pemax s are the maximum diameter loss of compression bars in the front and back sides;
and Psymax, m, £ and Psymax, m,z are the maximum diameter loss of stirrup legs.
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4.6.2  Comparison with experimental data
4.6.2.1 Mechanical capacity of analytical and SAN models

This section employs the analytical and SAN models to calculate the ultimate
capacities of corroded and uncorroded RC beams. For analytical models, the equations
in section 4.3 are applied directly to calculate the bending capacity Mu, (i = 1,2,...,13)
and shear capacity Vum (m = 1,2,...,14) of each zone. Then, the load capacities of M,

and Vum, 1.e., Puu,i and Prum could be computed as follows:

2-M, .
u,i ’SV'i_O'S'SvSO'S'Lnet
s,-i—0.5-s,
By, = o ’
W5 i—0.5-5,>05-L (4.45)
lo_Sv'i+O.5'Sv
PVam:2.I/u,m

u

where /o is the effective span of RC beam.
Then, Pwu and Py could be determined by the minimum values of Py, and Prum.
The computational results of all models are summarized and compared with
experimental results in Table 4.2, where the acronyms are explained as follows:
1) ‘TM’ and °‘IM’ denote the traditional and improved analytical models,
respectively; ‘M’ and ‘V’ denote the bending and shear capacity, respectively;
2) ‘BF’ and ‘BL’ denotes considering brittle failure of corroded steel bars and bond
strength loss, respectively; and
3) ‘fy’ and ‘fu” means computing the capacity based on ‘M’ denotes fy and fu of
reinforcement, respectively.
It could be found in Table 4.2 that the shear capacities of corroded scenarios and

uncorroded scenarios are higher than their bending capacities, indicating that their
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failure modes must be bending failure. Also, computing M. based on fy will
underestimate the ultimate capacity. Besides, the traditional analytical method
provides high accuracy results for the uncorroded RC beam, but for the corroded RC
beam, the improved model considering the brittle failure of reinforcement performs
better. However, considering bond strength loss, the improved model significantly
underestimates the ultimate capacity. Thus, regarding the analytical model, the
improved model considering the brittle failure of reinforcement is feasible and

accurate for the corroded RC beam's ultimate capacity evaluation.

Table 4.2 Results of loading capacity calculated by analytical models

No corrosion Corrosion
Analytical Computation  Experiment Computation ~ Experiment
method al value value Adev al value value Adev
(kN) (kN) (kN) (kN)

TM-M-fy 44.65 9.20% 35.23 6.30%

TM-M-fu 48.58 1.30% 46.68 24.10%

TM-V-fu 168.29 - 99.14 -
IM-M-BF-fy - 49.2 - 27.79 37.6 26.10%
IM-M-BF-fu - - 36.87 1.90%
IM-V-BF-fu - - 95.47 -
IM-M-BL-fu - - 25.02 33.50%

Note: Adev denotes the |1-computational value/experiment value| x 100%
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Figure 4.15 Computational results of different scenarios by SAN methods (a) bending

capacity; and (b) shear capacity
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On the other hand, for SAN models, the analysis is carried out by increasing the
external loads step by step. Meanwhile, at each load level, non-linear calculations in
each zone of the RC beam are conducted to satisfy equilibrium and deformation
compatibility conditions. Figure 4.15 presents the computational results of bending
and shear capacities under different assumptions. In Figure 4.15, ‘no corr’ denotes the
uncorroded RC beam; ‘perfect bond & corr’ denotes the corroded RC beam without
considering bond strength loss, and ‘poor bond & corr’ denotes the corroded RC beam
considering bond strength loss through Eqs.(4.27) and (4.28). As shown in Figure
4.15a, for bending capacity, the maximum cross-sectional curvature ¢ within all zones
is used as the variable on the x-axis, and external load is that of y-axis; while for shear
capacity in Figure 4.15b, the maximum strain of stirrup bar ev within all zones is
applied as the variable on the x-axis. It can be noticed that both the curves of P - ¢ and
P - &y differ from different scenarios. For bending capacity, both the Pmu of
uncorroded RC beam is higher than those of corroded one, while the maximum ¢
significantly increases considering bond strength loss. Thus, reinforcement corrosion
impairs not only the bending capacity but also the stiffness of RC beams. Besides, for
the shear capacity, the Pvy of the uncorroded RC beam is also higher than that of the
corroded one, and bond strength loss reduces Pvu.

The results of all SAN models are summarized in Table 4.3. It also could be
found that the shear capacities of corroded and uncorroded scenarios are higher than
bending capacities. For the uncorroded scenario, the Mu evaluated by the SAN model

is closer to the experimental value than the analytical model. Besides, considering
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bond strength loss or not, the evaluated Mu will be smaller than the corroded
scenario’s experimental result. Although SAN models perform much better than
analytical models for the corroded scenario, the results considering bond strength loss
are better than the analytical model. Thus, considering bond strength loss, the SAN
model is more suitable than the analytical model. Besides, Vu values in Table 4.3 are
much lower than Table 4.2, proving that the MCFT based model provides more
conservative results than the traditional analytical model considering deformation

compatibility conditions.

Table 4.3 Results of loading capacity calculated by different SAN methods

No corrosion Corrosion
SAN Caculation Experiment Caculation Experiment
method result result Adev result result Adev
(kN) (kN) (KN) (kN)
SAN-M 49.8 1.20% 36.2 3.70%
SAN -M-BL - - 352 6.40%
49.2 37.6
SAN -V 144.6 - 74
SAN -V-BL - - 69.6

Note: Adev denotes the |1-computational value/experiment value| X 100%.

4.6.2.2 P-6 curves

Although ultimate capacity can be evaluated accurately by applying appropriate
analytical and SAN models, they can only provide limited information. Thus, FEM
can reveal comprehensive information such as P-d curves and crack patterns on these
beams.

In this section, the calculation results of load P versus the mid-span deflection ¢
are obtained and compared with experimental results, as indicated in Figure 4.16. In
general, it can be observed that the P-0 curves of FEM are consistent with the

experimental ones. The P-J curves are similar at the initial stage but gradually
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different with different corrosion conditions and bond assumptions. Experimental
results show that the slope of the P-o curves of the corroded scenario is lower than that
of the uncorroded scenario in the initial stage before concrete cracking in the tensile
zone, while for the FEM, the former is close to the latter. The reason is that the
corrosion-induced damage on concrete (corrosion-induced cracking and stiffness
reduction) is not considered, and the rigidity of the RC beam is overestimated initially.
After concrete cracking, the slope of the P-0 curves of the FEM becomes lower than
that of the experiment because the concrete stiffness is underestimated after cracking.
However, for corroded RC beams, due to the two factors offsetting each other, the
finite element P-9 curve after concrete cracking is close to the experimental P-o curve.
The above results demonstrate that the proposed FEM model performs better on

corroded RC beams.
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Figure 4.16 P-o curves of FEM and experimental data
(Dotted black line denotes the serviceability limit deflection Ls = beam length / 500)

Furthermore, the effect of the constitutive model of reinforcement on the P-0

curve is illustrated by employing the traditional bilinear constitutive model (only
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elastic and hardening phases) with or without corrosion-induced strain descent. The
initial phase of the P-0 curve from the bilinear constitutive model agrees well with the
other curves, but the critical loads such as Py and Pu are higher, and the ultimate
deformation is lower than in other scenarios. Besides, under the scenario without the
strain descent, Py is higher than in other cases, and the deformation under Py, i.€., du, 18
slightly higher than the experimental result and the ‘poor bond’ scenario. For the
uncorroded RC beam, the effect of the constitutive model of reinforcement on the P-o
curve appears to be insignificant. In contrast, it is more significant for the corroded RC
beam. Therefore, the bilinear constitutive model of reinforcement seems inappropriate,
while the proposed constitutive model yields a P-6 curve closer to the experimental
results.

In the following analysis, Ps is the load for the serviceability limit deflection (Ls =
beam length/500); the yield load Py and deflection dy indicate the inflexion point of the
P-6 curve, and the ultimate load Pu and corresponding deflection Ju relate to the peak
point of the P-6 curve. It is noted in Figure 4.16 that Py, dy, Pu, and du decrease with
corrosion. These values are extracted from P-J curves and listed in Table 4.4. It can be
noticed that P, and Py fit well within experimental and numerical results, but Ps does
not fit well with the experiment for the uncorroded RC beam. Also, for the mid-beam
deflection, it can be noticed that dy and ou have a relatively large deviation, especially
for dy of the uncorroded beam. The potential cause of this difference is that the
employed constitutive model of concrete underestimates the stiffness of the actual

concrete material, further underestimating the rigidity of the RC beam.
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The bond condition could also affect the stress and strain distribution of concrete
and reinforcement and further affect the deflection at the mid-beam span. Concerning
the scenario without corrosion, the values of ‘poor bond’ (e.g., dy, du, Ps, Py, and Pu)
are close to ‘perfect bond’. Thus, it is acceptable to suppose ‘perfect bond’ for the
uncorroded RC beam, although the values of d, of both ‘poor bond’ and ‘perfect bond’
do not fit well with the experiment. However, for the scenario with corrosion, it is
noted that the condition of ‘poor bond’ fits better with the experiment than that of
‘perfect bond’ except for Ps. Thus, it is necessary to consider bond strength loss for the
corroded scenario.

the ‘poor bond’ might cause the underestimation of beam stiffness.

Table 4.4 Comparisons of mechanical information of experimental data and FEM
simulation

Oy(mm) J,(mm) Py(kN) Py(kN) P,(kN)

Case
FEM EXP Adev FEM EXP Adev FEM EXP Adev FEM EXP A4, FEM EXP

Adey

gf‘r’lrobc‘;‘f 11.5 513%  97.8 194%  32.1 17.1% 463 53%  49.6
76 81.9 387 44 49.2
P folf)tcbo‘fr‘d 11.5 513% 102 245% 33 14.7% 47 6.8%  49.6
Poor bond N o o o
% comr 8.4 77% 402 12.0% 26 44% 308 27% 39
78 359 27.2 30 376
P er;f‘:o?f“d 8.4 77% 438 20% 27 07% 32 6.7%  39.2

0.8%

0.8%

3.7%

4.3%

Note: Adev denotes the |1-computational value/experiment value| X 100%; FEM denotes the results from FEM

calculation; EXP denotes the results from experiments.

4.6.2.3 Crack patterns

Figure 4.17 compares RC beams’ crack patterns under Py, i.e., ULS, of experimental
and numerical investigations. For the numerical simulation, cracks are generated only

by loading. Therefore, numerical crack patterns are not reproducing horizontal cracks
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that are mainly due to corrosion (Figure 4.17 ¢ and d). Comparing uncorroded (Figure
4.17 a and b) with corroded (Figure 4.17 ¢ and d) results, it could be noticed that the
crack patterns, including the crack number, location, and spacing, change significantly
due to the reinforcement corrosion. For the uncorroded RC beam, the crack pattern
when ‘perfect bond’ is assumed is symmetric (Figure 4.17 b), but it is asymmetric for
‘poor bond’. This phenomenon may be due to the difference in strain between the
tension bar and the concrete in the tensile zone. Besides, the crack pattern is
asymmetric for the corroded RC beam, but the bond condition does not influence
much the crack pattern, suggesting that non-uniform corrosion has a more significant

effect on the crack development than the poor bond condition.

0
3
I_ = | ()

I_ (b)

Figure 4.17 Comparisons of crack patterns between experiment and simulation results
of different scenarios: (a) poor bond & no corr; (b) perfect bond & no corr; (c) poor
bond & corr; and (d) perfect bond & corr (Ecw1 denotes the principal crack width;
Black lines are experimental results (Wen Jun Zhu & Frangois, 2014), and red lines

are simulation results)
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4.6.2.4 Effect of corrosion degree

To investigate the effects of reinforcement corrosion on the simulation results, three
corrosion scenarios are supposed:

1) original corrosion degree (7s) in Figure 4.14;

2) 1.1 times the corrosion degree (1.17s) for all steel bar zones; and

3) 1.25 times the corrosion degree (1.25#;s) for all steel bars.

Table 4.5 presents the results on the effect of bond condition for the corrosion
mentioned above degrees. It is noted that the bond condition slightly affects Ps, Py, and
oy and does not affect J, and Pu of the uncorroded RC beam, as the bond condition of
the uncorroded RC beam is close to ‘perfect bond’. For the corroded RC beam, the
effect of bond condition on the deflection ¢ (J. and Jy) and load P (P. and Py)
increases with the corrosion degree, while the effect of bond condition on Ps slightly
decreases with corrosion degree. Since it is essential to consider the bond conditions
for the mechanical evaluation of corroded RC beams, the constitutive model of bond-
slip (Egs. (4.42) and (4.43)) would be employed for the sensitivity and reliability
analysis.

To study the failure mode of RC beams, the J values of critical events until
reaching 0., are computed and drawn from the results of FEM simulations, as
illustrated in Figure 4.18. Seven critical failure events, such as concrete crushing,
tension bar yielding, breaking, etc., are investigated and plotted in Figure 4.18,
showing their sequence and corresponding failure modes. In Figure 4.18, J. decreases

rapidly with the corrosion degree, and the chronological order of events varies with the
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corrosion degrees and bond condition. Given no corrosion, tension bar yields first,

then compression bar yields, followed by stirrup yielding, and finally, concrete crushes.

Table 4.5 Comparisons of mechanical information between ‘perfect bond’ and “poor

bond’
Py Jy P, u Pu
Case \(71311\[11;: Adev Y;ﬁ; Adev \(IS\?; Adev Xﬁg? Adev \(71311\[11;: Adev
Perfectbond&no 3345 5 L 47 - 102 - 496 -
corr
Poorbond & nocorr 321  28% 11,5  0.0% 4631 15% 978 41% 496  0.0%
Perfect bond & #s 27.0 - 8.4 - 32 - 43.8 - 39.2 -
Poor bond & 75 260 37% 84  00% 308 3.8% 402 82% 39  0.5%
Perfectbond & 1.1z 26.2 - 9.0 - 30.6 - 382 - 36.4 -
Poorbond & L.1ys 254  3.1% o4 63% 3g 500 277 2;;5 358 1.6%
Perfect bond & 1.257,  24.9 - 9.6 - 28.4 - 39.5 - 322 -
Poorbond & 1257, 242 2.8% 10 107%,9 292 28% 243 3&5 318 12%

Note: Agey denotes the |1- value of ‘Poor bond’/ value of ‘perfect bond’| x 100%

For the corroded RC beam with the original corrosion degree #s, the tension bar
breaks before the concrete crushing, which corresponds with the failure mode reported
in (Wen Jun Zhu & Frangois, 2014). Also, the event of stirrup bar yielding brings
forward; for the 1.25 times of corrosion degree, the event of stirrup bar yielding even
happens earlier than tension bar yielding. Comparing Figure 4.18a with b, for the
original corrosion degree case #s, the stirrup bar breaks after d, under poor bond
conditions but before the tension bar under perfect bond conditions. The probable
cause is the poor bond between the tension bar and concrete, making it easier to
concentrate stress on the tension bar and move its breaking sequence forward.
However, after 1.1ys, stirrup bars are severely corroded, leading to the stirrup bar
breaking before the tension bar under both poor and perfect bond conditions. Thus, the

failure mode of the RC beam might vary from ductile failure to brittle failure and even
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from flexural failure to shear failure with corrosion development. Besides, the bond

condition might influence the failure mode of the corroded RC beam.
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Figure 4.18 Deflection for various critical events

4.6.2.5 Spatial distribution of cracks and stresses
The spatial distributions of concrete crack width and steel bars stress under ultimate
load Pu are investigated in Figure 4.19. Figure 4.19a and b present the distributions of
crack width at the bottom of the beam. Due to the uncorroded RC beam’s extensive
deformation development, its maximum crack width is more significant than that of
the corroded RC beam. In Figure 4.19a and b, it could be noticed that the maximum
crack width is not significantly influenced by the corrosion degree. However, the bond
condition affects the maximum crack width because poor bond results in the
deformation between concrete and longitudinal bar and simultaneously increases the
crack width of concrete. Therefore, ignoring the bond strength loss might
underestimate the crack width evaluation of the RC beam.

On the other hand, Figure 4.19¢ and d show the stress distribution of longitudinal

bars under Pu, in which the stresses of the longitudinal bar within the location from
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1,170 mm to 1,390 mm reach the ultimate stress. This result is expected because of the
significant corrosion of the compressive and tensile bars in this region (Figure 4.14).
Excepting this critical zone, the stress distribution under load Pu slightly decreases

with the corrosion degree.
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Figure 4.19 Comparisons of the spatial distribution of concrete crack widths and
reinforcement stresses under different scenarios of Pu: (a) Crack width distribution at
beam bottom for ‘poor bond’; (b) Crack width distribution at beam bottom for ‘perfect
bond’; (c) stress distribution of longitudinal bars for ‘poor bond’; (d) stress distribution
of longitudinal bars for ‘perfect bond’; (e) stress distribution of stirrup bars under Py
for ‘poor bond’; and (f) stress distribution of stirrup bars under Py for ‘perfect bond’

Besides, Figure 4.19¢ and f present the maximum stress within each stirrup bar
under Pu, in which only the stirrup bar in the mid-span of the corroded RC beam

reaches the ultimate stress. It is noted that the bond condition influences the stress
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distribution of stirrup bars. As corrosion progresses, more stirrup bars approach
ultimate strength. For 1.25#s, the perfect bond concentrates the stress on the stirrup
bars in the mid-span of the beam (m = 6, 7, and 8), but the poor bond distributes the
stress of stirrup bars discretely (m =4, 7, and 8).

Due to the spatial effects of non-uniform corrosion, the cracking pattern and
stress of steel bars are non-uniformly distributed along the RC beam. Corrosion degree
mainly influences the RC beam’s deflection and load capacity, the distribution of
concrete cracks, and steel bars’ stress. The bond condition also affects crack and steel
bar stress distribution and corroded RC beams’ deflection and load capacity. Thus,
realistic modelling of deterioration processes in corroded rebars that considers the
spatial variability of corrosion and the bond strength loss of both longitudinal bars and
stirrups is paramount for comprehensive condition, lifetime assessment, and failure

analysis.

4.7 Conclusions

This section presents the mechanical models of corroded RC structures, including

analytical, SAN, and FEM models. Meanwhile, an experiment of uncorroded and

corroded RC beams from a previous study is employed to dedicate the proposed

models. Thus, the following conclusions could be obtained:

1) Comparing the analytical models with the experimental results, the traditional
analytical model can evaluate the uncorroded RC beam’s ultimate capacity. The

improved analytical model considering the corroded reinforcement’s brittle failure
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2)

3)

effectively evaluates the corroded RC beam’s ultimate capacity. However,
considering the bond strength loss, the proposed analytical model underestimates
the ultimate capacity of corroded RC beams.

Comparing the SAN models with the experimental results, the SAN models also
accurately evaluate uncorroded and corroded RC beams’ ultimate capacities.
Compared to the analytical models, the results of SAN models are closer to the
experimental results in the uncorroded scenario; and SAN models slightly
underestimate the ultimate capacity in the corroded scenario. Besides, the results
of the SAN model, accounting for bond strength loss, are better than those of the
analytical model.

Comparing the FEM simulations with experimental results, it can be concluded
that the proposed FEM-based modelling strategies are feasible and efficient. The
numerical results also indicate that the corrosion degree mainly influences the
deflection, load capacity, distributions of concrete crack and reinforcement stress,
and failure modes of corroded RC structures, consistent with experimental studies.
Also, the bond condition may have little effect on the crack pattern and the
external load of ULS. However, it may affect the deformation of the RC structure,
the mechanical behaviour of SLS, the stress distribution of the steel bar, and the

failure mode.
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CHAPTER 5 POLYNOMIAL CHAOS EXPANSION-BASED

PROBABILISTIC ANALYSIS

5.1 Introduction

Regarding the uncertainties and spatial variability inherent to the surrounding
environmental conditions, deterioration processes, models, and material properties, it
is necessary to conduct a comprehensive failure/performance analysis of corroded RC
structures (Gu et al., 2018; H. Y. Guo et al., 2020a). Therefore, the probabilistic
analysis methods applied to corroded RC structures attracted scholars and engineers
(Guo, Dong, and Gu, 2020b). Many scholars applied analytical models and Monte
Carlo simulation (MCS) to carry out probabilistic analyses (Sarveswaran, Roberts, &
Ward, 2000; Stewart & Al-Harthy, 2008). For instance, Li and Melchers (2005)
utilized a probabilistic analytical model to carry out a SA to determine the critical
parameters for corroded RC beams. Other studies (Stewart, 2004; Stewart & Al-
Harthy, 2008) considered pitting corrosion and performed reliability analysis
concerning the spatial variability of corroded RC beams. However, the models
mentioned above might neglect some critical information, such as the bond behaviour
of corroded reinforcement (M. Zhang et al., 2019), deflection, cracking patterns on RC
beam (Val & Chernin, 2009). Many scholars adopted probabilistic FEM-based
approaches (Emilio Bastidas-Arteaga, 2018; M. Zhang et al., 2019) to address the
above issues. To perform sensitivity and reliability analysis, Bergmeister et al. (2009)

proposed a probabilistic assessment framework based on Latin hypercube sampling

97



and non-linear FEM. Zhang et al. (2019) carried out a reliability estimation of a
corroded RC beam using FEM and X-ray photographs accounting for the spatial
variability of corroded steel bars.

The FEM-based probabilistic analysis could provide reliable and comprehensive
lifetime assessments; however, a realistic prediction might also impose a significant
computational burden due to the complexity of the numerical models, including a set
of non-linear and coupled differential equations, resolutions in space and time, and
many parameters. Thus, surrogate models are useful tools for alleviating
computational costs in FEM-based probabilistic analysis. Among these models,
statistical methods, such as the response surface method (RSM), were intended to
establish a surrogate model for RC beams to reduce the cost of MCS (M. Zhang et al.,
2019) and conduct SA (Kioumarsi, Hendriks, and Geiker, 2014). However, studies
have shown that RSM may not be feasible for analysing global sensitivity due to its
limited accuracy (Ahmed, 2012). Polynomial chaos expansion (PCE) based
probabilistic analysis methods have received extensive attention due to their high
accuracy and efficiency in establishing surrogate models (Emilio Bastidas-Arteaga, El
Soueidy, Amiri, & Nguyen, 2020; Ni, Xia, Li, & Hao, 2019). Besides, PCE-based
methods allow the SA of random variables, i.e., global SA, by integrating total
randomness and variability of input and output variables. However, few studies have
been done in PCE-based probabilistic analysis for corroded RC structures. For
instance, Bastidas-Arteaga et al. (2020) developed a PCE-based probabilistic model

for global SA of RC structures suffering from chloride-induced corrosion. However,
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their studies focused on the initiation period (Serviceability limit state, SLS) rather
than the propagation period (Ultimate limit state, ULS). Thus, it is vital to conduct
comprehensive structural performance analysis, considering both SLS and ULS.

In terms of the proposed FEM model in CHAPTER 4, this chapter proposes a
comprehensive probabilistic analysis framework, including performance assessment,
sensitivity analysis, and reliability analysis of corroded RC structures. In section 5.2,
the basic concepts and algorithms of the proposed framework are introduced. Section
5.3 presents the principles and algorithms of polynomial chaos expansion (PCE).
Meanwhile, section 5.4 and section 5.5 introduce PCE applications in the global
sensitivity analysis (SA) and reliability analysis (RA). Next, Section 5.6 demonstrates

the efficiency of the proposed framework through a series of numerical examples.

5.2 Probabilistic analysis of corroded RC structures

The deterministic analysis could demonstrate the applicability and accuracy of
numerical models by comparing them with experimental data. The information on the
geometry and mechanical parameters of corroded RC beams is mainly derived from
experimental studies on existing structures. However, the probabilistic analysis must
consider the uncertainties arising from different variables such as material strength and
geometrical parameters. In CHAPTER 4, although the deterministic and probabilistic
modelling of corroded RC beam is introduced, it is hard to directly perform
probabilistic analysis, including global SA and RA, because brute Monte Carlo

simulation (MCS) is computationally costly. Thus, a surrogate model-based
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probabilistic analysis method is necessary. In this chapter, PCE is employed to
conduct the surrogate modelling. To achieve this goal, a low discrepancy sequence-
based Monte Carlo simulation (MCS), e.g., Sobol sequences (Radovi¢, Sobol, and
Tichy, 1996), is performed to sample the critical information of the FEM model and

perform the FEM analysis as well as the deterministic analysis in section 4.5.

[ Determine input and output random ]
variables and the sampling number N

Sobol net-based MCS

Sample a series of input variables then
conduct the i-th FEM simulation

Extract the output variables from i-th
FEM simulation

Reorganize all input and output variables
then Establish PCE

Figure 5.1 Establishment processes of PCE

Figure 5.1 describes the methodology used to create the PCE models, in which
the first step is to determine the distributions of random input variables (e.g., material
mechanical parameters, the cross-sectional area of steel bar, whose details are in
Section 4.2) and output variables (e.g., ultimate and serviceability capacity indicators).
Then, N inputs and outputs are generated through MCS and FEM models to build the
PCE model. Once the PCE model is built, global SA and RA could be further carried

out. Besides, different limit states of RC structures, including serviceability limit states
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(SLS) and ultimate limit states (ULS), can be determined, and, more importantly,

potential failure modes can be deduced.

5.3 Surrogate modelling: polynomial chaos expansion

The idea of PCE is to establish a surrogate model I'rcz by expanding the target
response based on the probability space from input variables. All uncertain input
variables x = {xi,..., xn} should be represented by a marginal probability density
function (PDF) (Ghanem & Spanos, 2003; Wiener, 1938). Meanwhile, the system
response g(x) could be approximately replaced by an orthogonal polynomial basis

TPCE (Sudret, 2008)

M-1 M
g(x)=T"" = Z a;'¥, (x)= Apeeo T Z Z Apee 5 () +
=0

i=l jel;

Z Zapce’j‘l’j(x[l,xl.z)+...+ Z Za‘,‘l’j(xil,...,xl.s)+ (5.1)

1<i<i,<M jel, ;) ISi<.<i <M jel,

......

_(N+p,)!

.t Z Ao ;¥ (X, 5, ), M Nip |
pce

JEly iy
where Ii,....m denotes the set of non-zero indices (ii,..., iM); dpce; and ppce are the
coefficient and order of PCE, respectively; and Wj(x) is the product of one-dimensional
polynomials ¢q;. Supposing the random variables within x follow independent standard

normal distributions, Wi(x) in Eq. (5.1) could be written as a multi-dimensional

Hermite polynomial:

¥ (x)= lﬂ[%,, (%)) s 20 (5.2)

Jj=1
where ¢qi(x;) is the one-dimensional Hermite polynomial. The unknown coefficients in

Egs. (5.1) and (5.2) could be determined by the regression approaches (Ahmed, 2012),

101



e.g., Ordinary Least Squares (OLS) and Orthogonal Matching Pursuit (OMP) (Marelli
& Sudret, 2015), etc. The PCE is founded on the regression approaches and a training
set generated by MCS. More detailed information on the algorithm is available
(Ahmed, 2012; Marelli & Sudret, 2015; Soubra & Bastidas-Arteaga, 2014). The
established PCE accuracy could be quantified by R? or the leave-one-out coefficient
(Soubra & Bastidas-Arteaga, 2014). Herein, a test set is used to evaluate the R? of the

proposed PCE:

2

1/Ntes,]§f[r(xf)—rm (x")}
i=l1

Var(T) (5.3)

Var(f‘)=NLZ{F(x")—NL%F(x")T

test 1=l
where Nes: 1s the size of the test set, and I" denotes the system response of MCS. Once

the R? of PCE satisfies a given requirement, the PCE could be further used in SA.

5.4 PCE-based global sensitivity analysis

In this chapter, SA is conducted by estimating the Sobol’ indices Sii.....is, which could
determine the contribution of random input variables (e.g., geometry and mechanical
factors) to the variability of the system response (Kucherenko, Albrecht, & Saltelli,
2015)

S,..=D_,/D (5.4)

el B seensl s

where Ds and Di...is are the total and partial variances of g(x), which can be computed

.....

by Eq. (5.5) and (5.6), respectively.
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D, =Varg(x)]=| , & (x)dx—g; = ZD+ S D+4D, ,  (55)

I<i<j<N

D, .= IK gf ’’’’’ . (xil - )dxf] wedx, 1S4 <. <i SN,s=1L..,N (5.6)
where go is the expected value of g(x) and the integral of each summand gi1..., is equals

ZECros.

goj(dxg,,jj x)dx; —g,

(5.7)
g (5.3 =] [ g(x)dx , ~g,— g (x)-g,(x))
where the notation ~ means the excluded variables and x-i denotes
X, = (X Xy Xy s Xy ) (5.8)
According to Eq.(5.5), there exists
ZS+ DS+ S, v =1 (5.9)

1<i<j<N
where Si is the first-order indices only containing the influence of every single
parameter. To consider the interaction effects of various parameters, total sensitivity
indices S7i could be computed as (Saltelli & Homma, 1996)

STZ- =1-S, (5.10)
in which S-; is the sum of Sii,...is without i. In general, it is challenging to calculate
Sobol’ indices analytically, especially when using complex non-linear deterioration
models such as the described in section 3. Then, MCS could usually be applied to
compute Sobol’ indices with a high computational cost. However, once PCE is set up,
Sobol’ indices could be easily obtained by the PCE coefficients directly(Sudret, 2008).
Based on the definition of Sobol index (Eq. (5.4)), Sii,...,is could be rewritten as

(Ahmed, 2012)
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S, = D = Y GE(Y) (5.11)

-1
PC J=1

where E(-) denotes the expectation of (+). Moreover, S; and S7i could be calculated by

Y OE[ Wy, ] Y aE[¥(x,.x,)]

S, = - M1 ’Sﬂ = sl M1 (5.12)
Sae(v) ()
J= J=

where I'; denotes the set of all indices in the i-th element.

5.5 PCE-based reliability analysis
For reliability analysis, the performance function of RC beams Z(x, f) should be built
considering different limit states or performance requirements. For instance,
considering the ultimate limit state (ULS), the performance function could be written
as

Z(x,0)=P(x,0)=S,(x,5) =T (x,6)=S.(x,1) (5.13)
where x denotes the vector containing a series of random input variables; Pu(x, f) and
Se(x, f) are the ultimate capacity and extern load under given time instant ¢ and x, in
which Pu could be approximately replaced by the proposed PCE model I'"“f. RA
aims to compute the failure probability Prand reliability index f

Py =[  fulx,0dt, ()= @7 (1= P,(1)) (5.14)

Z()<0
where fx(x, f) denotes the joint probability density function of the input random vector
x under time ¢ and @!(-) is the inverse cumulative distribution function (CDF) of

standard normal distribution. In general, Eq. (5.14) is hard to solve with analytical

methods. Therefore, classical reliability calculation methods such as MCS, importance
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sampling, and FORM (Ditlevsen & Madsen, 1996) could be employed. In this chapter,

FORM is applied to compute the time-instant reliability (Estes & Frangopol, 1998).

5.6 Illustrative examples

5.6.1  Problem description

The geometry model and loading mode refer to sections 4.6.1 and 4.6.2, where the
uncertainties of geometry parameters (L, b, 4, and ¢ of the beam, and cross-sectional
area of corroded steel bar) and mechanical parameters (fy, fc, and Es) on the
serviceability and ultimate capacity are investigated. One deterministic FEM analysis
of the RC beam costs around 10 to 15 minutes by using a PC (CPU: Intel® Core™ i5-
8400, 6 Cores; Memory: 16 GB). Thus, MCS, which needs a large scale of

computations, is costly and not feasible.

Table 5.1 Distribution type and values of the parameters

Parameter Distribution Mean Cov
L (mm) Normal 3000 0.01(Lu, Luo, & Conte, 1994)
b (mm) Normal 150 0.01(Lu et al., 1994)
h (mm) Normal 280 0.01(Lu et al., 1994)
¢ (mm) Lognormal 10 0.10(Duprat, 2007)
fy (MPa) Lognormal 600 0.10(Duprat, 2007)
fe (MPa) Normal 42 0.15(Emilio Bastidas-Arteaga et al., 2013)
E; (MPa) Normal 200000 0.02(Darmawan & Stewart, 2007)

Note: all Normal distributions are truncated at 0.

In this subsection, a surrogate model based on PCE is established. The input
variables are given in the following random vector X = [L, b, h, ¢, fy, fe, Es, Asv, At, Ac],
where Asv, At, and Ac are the vectors of minimum cross-sectional areas of stirrup bars

[Asv.1, Asv2, ..., Asvn+1], tension bars [As1, As2,..., Awn], and compression bars [Ac.1,

105



Acp,..., Acnl, respectively.

Probability distributions of geometry and mechanical parameters are listed in
Table 5.1, and those for the cross-sectional area of corroded steel bars are based on the
distribution of factor R introduced in section 4.2.2 (Egs. (4.3) - (4.6)). In this chapter,
all random variables are supposed to be independent.

The main outputs are the external load P and deflection ¢ under different limit
states, including SLS and ULS. In general, the SLS can be expressed through crack
width and deflection. In this case, three levels of SLSs are investigated: SLS1 (crack
width = 0.05 mm (Savija, et al., 2013)), SLS2 (6 = L/500 (DS/EN 1992-1-1, 1992)),
and SLS3 (crack width = 1 mm (Stewart, Wang, and Nguyen, 2011)), and three
corresponding loads are denoted as Ps1, Ps2, and Ps3. For the ULS, the ultimate load Pu
of the P-o0 curve is collected, and the corresponding failure mode can be determined
according to the occurrence order of critical events, i.e., the increasing sequence of o
under critical events. Based on different corrosion current density icorr and average
corrosion degree of steel bars 7ave, 16 scenarios are investigated, as shown in Table 5.2.
For each scenario of icorr and 7ave (Table 5.2), the cross-sectional area distribution is

calculated by Egs. (4.3) and (4.44).

Table 5.2 icorr and 7ave of different cases

NO icorr ' nave NO icorr v ”ave NO iCOl’l’ v navg NO icorr v nave
(uA/cm?) (uA/cm?) (uA/cm?) (uA/cm?)
1 0 5 0 9 0 13 0
2 01 10% | 6 05 10% | 10 1 10% | 14 3 10%
3 30% 7 30% | 11 30% | 15 30%
4 50% | 8 50% | 12 50% | 16 50%
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5.6.2  Comparison between PCE and numerical simulations

For each case in Table 5.2, MCS is performed to create 500 samples; relevant details
such as P-o0 curves, reinforcement stress, and concrete strain in the compression zone
are obtained for further analysis. Taking the icor of 1 #A/cm? and #ave of 10% as one
example, Figure 5.2a compares the simulated P-0 curves with the experimental P-o
curve of corroded RC beam. It can be found that the simulation results are close at the
elastic stage, but their variations increase significantly after the yielding stage. In
addition, Figure 5.2b shows the histogram of ultimate load Py from simulated results,
and the kernel density estimation obtains its probability density curve (Breiman,
Meisel, & Purcell, 1977), as well as the mean, maximum and minimum value of P at
different 0. The experimental Pu, 2.5 % and 97.5 % quantile values of simulated Py,
and their corresponding PDF values are marked in Figure 5.2b. The experimental P is
within the 95 % confidence interval of simulated Py and close to the simulated peak

value.
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@) (b)
Figure 5.2 (a) PDF contour of simulated P-0 curves and experimental P-0 curves; and
(b) Histogram of simulated ultimate load P, and experimental ultimate load P.

Furthermore, 400 numerical samples are used to establish the PCE (training set),
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and the other 100 are collected to test the developed PCE (testing set). As shown in
Figure 5.3, the predicted PCE values of Psi, Ps2, Ps3, and Pu are compared with the
actual values by FEM using icorr = 0.5 uA/cm? as an example. In Figure 5.3, the R? of
the PCEs for Psi and Ps2 range from 0.73 to 0.99, while the R? of the PCEs for P and

P range from 0.84 to 0.96, in which the R* of most scenarios is higher than 0.8.
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Figure 5.3 Comparison between the predictions and actual values under icorr = 0.5
uA/ecm?: (a) Ps1, (b) Ps2, (¢) Ps3, and (d) Pu

On the other hand, regarding the minimum and maximum icorr (0.1 and 3 uA/cm?),
Figure 5.4 compares PCE predictions and actual values by FEM of Ps1 and Pu. Figure
5.4 shows that icorr does not influence Psi and Pu in the case of #ave = 0, but icorr affects
Ps1 and Py with the degree of corrosion. Besides, the R* values of Ps1 and Pu are higher

than 0.73 and are not widely influenced by icorr. The estimated values of R* and the
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ability of the PCE approximations to deal with different corrosion scenarios and limit
state functions demonstrate that this approximation could be used for lifetime

assessment and SA.
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Figure 5.4 Comparison between the predictions and actual values of Ps1 and Pu: (a) Psi,
icor = 0.1 ,uA/crnZ, (b) Psl, fcor=3 ,uA/crnZ, (C) Pu, icor= 0.1 ,uA/crnZ, and (d) Pu, fcorr =3
uA/em?

The random distribution of the target physical variables could be easily obtained
through 10° simulations of MCS with the PCE model. For instance, Figure 5.5 depicts
the PDF of the original simulations and PCE for icorr = 3 £A/cm?. As seen in Figure 5.5,
the PDFs of PCE obtained by the training set fit well with the discrete PDF of 500
simulations. These results are useful for computing the reliability under different limit
states of a corroded beam subject to a given external load and various corrosion

degrees.
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Figure 5.5 Comparison between PDF of actual and PCE values for icor = 3 uA/cm?: (a)
Psi, (b) Py, (C) Ps3, and (d) Py

5.6.3  Failure probability concerning different failure modes
The comprehensive numerical model allows establishing critical events for different
corrosion levels, as illustrated in Figure 4.18. PCE enables surrogate modelling for the
external loads associated with the three failure modes, i.e., stirrup breaking,
longitudinal bar breaking, and concrete crushing. Given the input information, three
loads’ values can be evaluated and compared to determine the failure mode by the
method described in Section 4.6.2.4. Also, by combining with MCS, these surrogate
models can be used to evaluate the probability of occurrence of these three failure
modes Py (stirrup breaking), Py (tension bar breaking), and Py (concrete crushing).
Based on the failure event of each mode, Figure 5.6 illustrates the contribution of
each failure mode for different corrosion scenarios. It is found that the failure mode of
an uncorroded RC beam is dominated by concrete crushing. Besides, the failure mode

of a corroded RC beam varies with the corrosion degree and corrosion rate, which
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could be summarized as follows:

1) For nave = 10%, the failure mode is dominated by tension bar breaking (Pr = 53%
to 72%). Besides, Pn decreases with icorr, Wwhile P increases with icor, and Pr
remains unchanged;

2) For nave = 30 %, the failure mode is still dominated by tension bar breaking (Ppn =
86% to 89 %) is much higher than the scenario of #s = 10%. The values of P, Pp,
and Pp are unchanged with icorr; and

3) For nave = 50 %, Pp is still the largest (Pn = 66% to 82%), but Pn becomes higher
than the scenario of 7ave = 30%. Meanwhile, Pp increases with icorr, While Pn
decreases with icorr and Py changes a few.

In general, for the corroded RC beam, the possible failure mode is tension bar
breaking, which is consistent with the failure mode of experimental results (Wen Jun
Zhu & Francois, 2014). Also, the deterministic analysis in Section 4.6.2.4 proves that
stirrup breaking may happen with corrosion development. Considering the
uncertainties of geometry and mechanical parameters, it can be found that the
probability of stirrup breaking increases with corrosion degree under a low corrosion
rate. In contrast, the probability of stirrup breaking decreases with corrosion degree
under a high corrosion rate. Thus, compared with experimental study and deterministic
analysis, more comprehensive knowledge of failure analysis could be conducted

through the PCE-based probabilistic analysis.
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Figure 5.6 Contribution of failure modes under different icorr and #ave:

5.6.4  Global sensitivity analysis
By performing SA, the total sensitivity factors Sti of all components of vector X are
estimated. With icorr = 3 £A/cm?, the highest five Sti are presented in Table 5.3, which

shows that the relationship between Sti versus #ave differs among different limit states.
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For Psi, the Sti of Ag, A¢, and Ac¢ have the most significant effect, and its order of
importance depends on #ave. At has the larger Sti values when #7ave > 0.1. Geometrical
and strength parameters had minor importance for Psi. For Ps2, the Sti of fc and
geometrical parameters are the largest when #ave = 0 to 0.1, but that of At becomes the
largest when #ave = 0.5. For Ps3, the Sti of Asy, A¢, and A¢ are the most critical ones
when 7ave = 0, while the Sti of fy and At rise significantly when #ave > 0.1. Moreover,
for Py, the Sti of fy 1s the largest when #ave < 0.1, but that of A« exceeds fy and becomes
the largest one when #ave > 0.3. In addition, the Sti of Asv decreases with #ave. Such a
result is consistent with the analysis of Section 5.6.3, where it is found that at a high

corrosion rate, the contribution and failure probability of tension bars increase with

corrosion development.

Table 5.3 Comparisons of Sti for various limit states under icor = 3 #A/cm?

Nave P (crack width = 0.05 mm) Py, (6=L/500)
Parameter 0 A A Agy L fe fe L h Ay E;
Sri 0.495 0482 0.384 0.122 0.064 [ 0263 0.219 0.197 0.135 0.133
Parameter o1 A Agy A fe Es fe L h Aq E;
Sri 0.454 0368 0.317 0.144 0.105 [ 0.266 0.224 0.195 0.144 0.113
Parameter 03 A Agy Ac fe h fe Ay h Agy L
Sti 0.652 021 0.168 0.108 0.067 [ 0336 0.2890 0.154 0.135 0.113
Parameter A Ay A fe h A Aqy A 5 h
Sti 03 0.455 0353 032 0319 0.044 | 0.655 0.317 0223 0.078 0.072
Nave P (crack width = 1 mm) P, (failure)
Parameter 0 A Ay A 5 fe 1y Aqy A Ac h
Sri 0.461 0418 0.259 0.196 0.114 [ 0.817 0.088 0.051 0.050 0.032
Parameter o1 5 A A, Ay L 1y A Ay A h
Sri 0.784 0.111 0.058 0.052 0.035 [ 0.730 0.103 0.085 0.071 0.041
Parameter 03 A f Ac Agy h A 5 Agy Ac h
Sri 0.496 0475 0.052 0.051 0.013 [ 0.503 0.480 0.036 0.035 0.009
Parameter A 5 Aqy A c A 5 A Ay h
Sti 0 0.606 0.367 0.063 0.049 0.01 | 0.617 0.351 0.058 0.057 0.019
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In summary, for this corrosion rate, the remaining steel areas are the main
influencing parameters for the appearance of hairline cracks in the concrete (Ps1). For
reaching a larger crack width (Ps3), the strength parameters also become essential.
Concerning deflection (Ps2), the strength and geometry parameters have a more
significant role. Moreover, for failure (Pu), a combination of strength and remaining
steel areas is critical.

The Sti of Asv, Ac, and At are presented in Figure 5.7 to investigate the spatial
effects of corrosion non-uniformity. Given the icor of 3 £A/cm? and the #ave of 0.5, the
Sti of Asv and Ac under Psi and Ps; are higher than those of Ps3 and Py, while the Sti of
A: under Psi is lower than Ps2, Ps3, and Pu. Also, different from Figure 5.7a and b, the
Sti in Figure 5.7¢ is principally concentrated among Ats, Ate, A7, and Ais. Figure 5.7d
shows that the Sti of A: primarily concentrates on Ats, Ate, At7, and Ats; the Sti of As
under Psi and the #7ave of 0.1 is higher than other limit states. Thus, it could be found
that the tension bar presents the most significant non-stationary spatial effects with
maximum values in the centre of the beam span. This is related to a more significant
presence of open cracks in this central area (Figure 4.17) that could accelerate
corrosion-induced deterioration. Besides, the sensitivity factors increase with the

average corrosion degree.
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Figure 5.7 Comparisons of Sti of Asv, Ac, and At under different scenarios:

(a) Asv, icorr = 3 uA/cm?, ave = 0.5; (b) Ac, icor = 3 uA/cm?, fave = 0.5;

(©) Ay, icorr = 3 uA/cm?, fave = 0.5; and (d) Ay, icorr = 3 uA/em?, fave = 0.1
To consider the effects of icor and #ave on the SA analysis, four scenarios are
selected: (a) icorr = 0.1 uA/em?, nave = 0.1, (b) icorr = 0.1 uA/cm?, fave = 0.5, (¢) icor = 3
uA/em?, nave = 0.1, and (d) icor = 3 uA/cm?, fave = 0.5. The SA analysis results are
listed in Table 5.4. Comparing scenarios (a) with (c), when #ave = 0.1, At and Ac are
the most influencing factors for Psi; fc and L are the most significant factors for Ps;
and for Ps3 and Py, the sensitivities of fy and At become the greatest. It can be noticed
in Table 5.4a and c that the rank of input variables remains unchanged, and the
corresponding values do not change much, indicating that the corrosion rate does not
influence much the Sti of input variables at the low corrosion degree. Thus, the cross-
sectional distribution of steel bars is affected by corrosion current density, corrosion
degree, and limit states. High corrosion current density and corrosion degree can
increase the Sti of the cross-sectional distribution of steel bars. However, for scenarios

(b) and (d), the Sti of input variables are quite different. In scenario (b), the Sti of Asy
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is the top one for Psi and Ps2; the Sti of At and fc are the largest for Ps3 and Pu,
respectively.

Meanwhile, in scenario (d), the Sti of At is much higher than other input variables
for all critical loads. Thus, it can be found that for a small corrosion degree (#7ave=0.1),
a variation of icor does not significantly affect the order of the more influencing
parameters as well as the corresponding Sti values; however, for the most pessimistic
scenario (icor = 0.1 uA/cm?, ave = 0.1), A¢ becomes the more critical parameter. It
demonstrates that rising corrosion rate could increase the contribution of tension bars
at a high corrosion degree, which is consistent with the analysis in Section 5.6.3 that
high corrosion degree and rate increase the probability of tension bar breaking.

Concerning the influences of icorr and #ave on the spatial effect of cross-sectional
areas, Figure 5.8 shows the sensitivity factors of At for Pu under the icorr of 0.1 and 3
uA/cm?. Most sensitivity factors concentrate among Aus, A7, and Ais, like c. As
indicated in Figure 5.8a, when the 7ave is below 0.5, the sensitivity factor of A7 is the
largest, followed by Atc, and Ats, but the sensitivity factor of Ats becomes the largest
when the 7ave reaches 0.5. In Figure 5.8b, the sensitivity factor of Ais is always the
largest. Besides, when the #ave reaches 0.5, comparing Figure 5.8a with b, although
the sensitivity factors of Ate, 47, and Ais are lower, the sensitivity factors within all
At are distributed more uniformly in Figure 5.8a. Thus, it could be noticed that a high
corrosion current density might induce a failure that happened at critical cross-sections,
i.e., close to the mid-span, but a low corrosion current density might cause a failure

that occurred at non-critical cross-sections. In other words, a low corrosion current
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density might induce a higher spatial variation.

Table 5.4 Comparisons of Sti among different corrosion scenarios

Scenario Limit state (2) icor=0.1 uA/cm?, fave = 0.1 (b) icor=0.1 uA/cm?, fave = 0.5
Parameter A¢ Ac fe Asy Es Asv At fe Ac fy
Sri P 0313 0299 0.280 0.275 0.087 | 0.368 0.328 0.307 0.273  0.085
Parameter fe L h At Es Asv Ac At c fy
Sri Pe 0.270 0220 0.189 0.140 0.117 | 0.509 0.417 0.408 0.139 0.092
Parameter Iy A¢ Ac Asv L At Iy Asv Ac L
Sri P 0.766  0.110 0.070 0.062 0.036 | 0.541 0.335 0.210 0.193 0.024
Parameter fy At Asy Ac h fe Iy A¢ Ac Asv
Sri P 0.781 0.108 0.049 0.046 0.035 | 0.306 0.301 0.299 0.122 0.119
Scenario Limit state () icor=3 uA/cm?, fave = 0.1 (d) icorr=3 pA/cm?, fave = 0.5
Parameter At Asv Ac fe E;s Ay Asy Ac fe h
Sri b 0.454 0.368 0.317 0.144 0.105 | 0.455 0.353 0.320 0.319 0.044
Parameter fe L h A Es A Asv Ac Iy h
Sri Pe 0.266 0224 0.195 0.144 0.113 | 0.655 0.317 0.223 0.078 0.072
Parameter Iy At Ac Asy L A¢ Iy Asy Ac c
Sri P 0.784 0.111 0.058 0.052 0.035 | 0.606 0.367 0.063 0.049 0.010
Parameter Iy At Asv Ac h At Iy Ac Asv h
Sri a 0.730  0.103 0.085 0.071 0.041 | 0.617 0.351 0.058 0.057 0.019
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Figure 5.8 Comparisons of Sti of A/ for Pu: (a) icor=0.1 zA/cm? and (b) icorr = 3

5.6.5

uA/em?

Reliability analysis of RC beam under marine atmospheric environment

Regarding the analysis results in Section 5.6.4, PCE could provide the correct

prediction instead of the original FEM model, and the contributions of various input
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variables differ among different corrosion current densities and corrosion degrees
under the investigated scenarios. Furthermore, this section aims to employ PCE to
calculate the time-dependent reliability associated with different limit states of
corroded RC beams under an actual marine atmospheric environment. A 4,500 mm
length of RC beam with a cross-section of 150 mm x 350 mm and cover thickness of
15 mm is supposed to be built in 2010 and located on the west coast of the Yellow sea.
The service life is supposed to be 50 years. Supposing the RC beam is subject to
uniform loads including dead load Gbp, sustained live load GpLr, and transient live load
GrL, and the distribution information refers to “Load code for the design of building
structures” (China National Standards, 2012). The reinforcement layout of this beam is
2416 tension bars, 2912 compression bars, and ¢6@ 250 stirrup bars. The distribution

information of extern load and mechanical parameters is listed in Table 5.5.

Table 5.5 Distribution parameters of load and material variables

Variables Distribution Mean Cov

Gp (kN/m) Normal 1.06Gk 0.07(China National Standards, 2012)

GoL (kN/m) Gumbel 0.3530kLs 0.23(China National Standards, 2012)

GrL (kN/m) Gumbel 0.3920kLs 0.32(China National Standards, 2012)
Es (MPa) Normal 200000 0.02(Darmawan & Stewart, 2007)

D ref (m?/s) Lognormal 3x10'""  0.20(Emilio Bastidas-Arteaga et al., 2020)

Cor (% wt cem) Normal 0.5 0.15(Emilio Bastidas-Arteaga et al., 2020)
fc (MPa) Normal 30 0.15(R. E. Melchers & Beck, 2018)
fy (MPa) Normal 300 0.10(Val & Melchers, 1997)

Note: Gk = 2.5 kN/m and Ok = 2.0 kN/m?(China National Standards, 2012); Ls is the width of slab

upon the beam, 4 m.

In this case, the first-order reliability method (FORM) is employed to compute

the time-instants reliability index £(#). Four limit states are applied: ultimate limit state
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and three serviceability limits states, i.e., 0.05 mm of crack width, beam length/500 of
deflection, and 1 mm of severe crack and corresponding performance function could
be established as
Z(t)=B()~G, -Gy, ~G, (5.15)
where Pi(f) denotes the load capacity at time ¢ under different limit states; Pu(?) is the
ultimate load capacity; and Psi(?), Ps2(¢), and Ps3(¢) denote the load capacity of SLSI,
SLS2, and SLS3. The life-cycle performance assessment of the RC beam is divided
into two parts: durability evaluation and mechanical prediction.
The durability of the RC beam is evaluated based on the durability introduced in
CHAPTER 3. Besides, considering the influences of chloride content, temperature,
and time on corrosion rate icor(f) (#A/cm?), an empirical model of corrosion rate

developed by Liu is used (Liu & Weyers, 1998)

In(1.08i, (£))=7.89+0.7771In(1.69¢,,) — 3006 / T

(5.16)
—0.000116R_+2.24: "% 4+ N(0,0.3312)

where Ccr denotes chloride content on the reinforcement surface (kg/m?); T(K) is the

temperature inside the concrete; Rc (Ohms) is the resistance of cover concrete (e.g.,

25000 Ohms (Flint, Baker, and Billington, 2014)); ¢ (year) is the time since corrosion

initiation; and N(0, 0.3312) is the aleatory component of corrosion rate. According to

Faraday law, the average reinforcement diameter loss Ar (¢) can be computed by Eq.

(5.17) (Val & Melchers, 1997)

Ar(t) = I0.0I 16i,, (t)dt (5.17)
Given the circular cross-section, the average corrosion degree of steel bar can be

calculated by
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n.()=1=[r,—Ar@)] /7 (5.18)

Chloride-induced corrosion generally performs non-uniformity. In this chapter,
the corrosion non-uniformity R factor is applied to consider the steel bar’s longitudinal
non-uniformity corrosion (Gu et al., 2018). The detailed information on factor R refers
to Section 4.2.2.

The marine atmospheric environment of the west coast of the Yellow sea is
employed in section 3.4.1. Also, global warming and its effect on deterioration
modelling are considered, and four types of exposure condition factors ec, 0, 1.5, 2.5,
and 3.5 °C, are presented in this case.

To begin with, exposure condition factor ec is assigned, and then the whole
service life is divided into n¢ parts with A¢ time interval. For each sampling, Cer, Dct’,
fe, fy, and Es are sampled, and the environmental model in section 3.2 could determine
the environmental parameters at different time instants. Next, the distribution of the
cross-sectional area could be computed by Eq.(4.3). Furthermore, the distribution of
residual bending capacity of the RC beam can be computed given the residual cross-
sectional area.

The distribution of cross-sectional area Asv, A:, and Ac at each time instant are
stored with fy, fc, and Es and then partially extracted for FEM analysis and the
establishment of PCE. 999 samples are utilized to build PCEs of Pu, Psi1, Ps2, and Ps3.
Besides, following Case II, PCEs of critical loads under stirrup breaking Pn,
longitudinal bar breaking Pp, and concrete crushing Pp, are built to analyze the

probability of different failure modes. Figure 5.9 presents the comparisons between

120



the prediction values of PCEs and actual values by FEM, which verifies the efficiency

and accuracy of the established PCE:s.
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Figure 5.9 Comparison between the prediction and actual value of load capacity under
different scenarios

The time-dependent reliability index A(f) under different scenarios could be
computed by employing FORM, as illustrated in Figure 5.10. Reliability index f and
the effect of global warming on f differ much from different limit states. In general,
the f of ULS is highest, followed by SLS3, SLS2, and SLS1. Moreover, an increasing
ec causes the lower £ at the same time except for Figure 5.10b. Also, the differences
among S of ec gradually increase versus time. Figure 5.10 shows the £ at the 50th year,
p(50), decreases 0.07 ~ 0.1 when ec increase from 0 to 3.5 °C. However, the
influences of ec on f are non-linear, in which S(50) of ‘ec = 3.5 °C’ is slightly higher
than ‘ec = 2.5 °C’ in Figure 5.10a and d. Also, in Figure 5.10a, the f of ‘ec = 0’ is
even lower than ‘ec = 1.5 °C’ initially but exceeds other scenarios of ec after 40 years.
Thus, the climate scenario has a long-term impact on the RC structure’s reliability

analysis under the marine atmospheric environment.
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Figure 5.10 Reliability results of different limit states: (a) ULS, (b) SLS1, (c) SLS2,
and (d) SLS3

Also, Figure 5.11 compares the probability of different failure modes. It can be
found that the Pn1, Pp, and P vary with time and different ec. Initially, Pp is highest,
followed by Pn and Ps. Then, Pn and Ps decrease with time, but Pn increases with
time and even exceeds P after 11~14 years, which means the principal failure mode
of the RC beam might vary from tension bar breaking to stirrup breaking. Also, the
influence of ec on Pris non-linear. Generally, Pn increases basically with ec, and Pp
decreases with ec, while Py increases with ec initially but decreases with ec after 50
years. Thus, under a realistic environment, changing climate might influence the
failure probabilities of different failure modes like Case 2. In this case, given a time

instant, the stirrup bar’s diameter reduction is the same as the longitudinal bar. Then,

122



the corrosion degree of the stirrup bar is higher than longitudinal bars, which is why

the stirrup breaking dominates the failure mode.
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Figure 5.11 Failure probability of different failure modes

5.7 Conclusions

In this chapter, a probabilistic analysis framework for the corroded RC beams

integrating FEM and PCE is established to perform global SA and RA. On this basis, a

series of numerical cases are undertaken to present the feasibility of the developed

framework, and the following conclusions are drawn:

1) Based on FEM models and MCS, PCE-based surrogate models for different
critical loads in various limit states and scenarios are established. Results
demonstrate that the deviation of PCE is relatively small, and the capacity
distribution of PCE fits well with MCS. Also, probabilistic failure analysis shows
that the concrete crushing dominates the uncorroded RC beam’s failure mode. For
the corroded RC beam, tension bar breaking becomes the principal failure mode.
At low corrosion rates, the probability of stirrup breaking increases with average

corrosion degree and vice versa at high corrosion rates.
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2)

3)

On the other hand, the global SA results indicate that all input variables’
sensitivity factors may vary with average corrosion degree and corrosion current
density. Besides, the spatial variability from non-uniform corrosion is reflected in
the sensitivity factors of the cross-sectional distribution of the tension bars.
Results also show that a high average corrosion degree and corrosion current
density increase the probability of failure at the RC beam's mid-span. The
sensitivity factors concentrate on the mid-span of RC beams and increase with an
average corrosion degree for all limit states.

Reliability analysis is conducted for RC beams under a realistic marine
atmospheric environment. Global warming is considered through exposure
condition factors ec. By employing the proposed chloride transport model and an
empirical corrosion model, the distributions of cross-sectional areas of
longitudinal bars and stirrup bars can be obtained and partially extracted to
establish PCE models. It is feasible to apply the PCE models to conduct FORM-
based reliability calculations. In this chapter, the reliability index at the end of
service life reduces about 0.07 ~ 0.1 when ec rises from 0 to 3.5°C, which might
prove that climate change does have a long-term influence on the reliability of RC
structures. Besides, probabilities of different failure modes demonstrate that

failure modes of RC beam might vary versus time instant and exposure condition.
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CHAPTER 6 PERFORMANCE-BASED DURABILITY

ASSESSMENT INCORPORATING SOCIAL IMPACT

6.1 Introduction
Most traditional durability design philosophies are established based on a deterministic
or semi-probabilistic approach, such as Eurocode 2 (DS/EN 1992-1-1, 1992),
DuraCrete (Duracrete, 2000), and Standard for durability assessment of concrete
structures (CECS) (CECS, 2007). Under the traditional frameworks, the random
properties of the varying climate and structural durability might not be well considered
in the life-cycle design and maintenance process. Additionally, the financial and social
impacts were not well incorporated. Flint e al. (2014) developed a performance-based
durability engineering (PBDE) framework to evaluate the durability of RC structures,
considering the uncertainties and relevant costs. Concerning Flint’s study, the
application of PBDE is tentative and based on a simple case, so that many related
issues remained unsolved. For instance, a simplified 1D chloride transport model was
adopted to evaluate corrosion initiation time without verifying feasibility and accuracy.
Existing studies revealed that the changing climate (e.g., temperature, relative
humidity) might affect the durability of RC structures (E. Bastidas-Arteaga et al., 2011;
Emilio. Bastidas-Arteaga et al., 2010; Emilio Bastidas-Arteaga & Stewart, 2016;
Medeiros-Junior, 2017). With the consideration of global warming, Bastidas-Arteaga
et al. (2010) indicated that the service life of the RC structures under the marine

environment could be reduced by 2% to 18%. Also, global warming could accelerate
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the chloride ingress and then increase corrosion rate (Stewart et al., 2011), where
Stewart et al. (2011) found that corrosion rate may increase by 15% given a 2 °C
increase in temperature. Thus, it is of great importance to involve the changing climate,
especially global warming, in the durability design and maintenance of RC structures.
Though some studies investigate the changing climate on structural durability,
previous studies have not addressed the relevant adverse effects on the durability-
informed long-term financial and social impacts.

In this chapter, the deterioration model described in CHAPTER 3 is employed
and the uncertainties associated with the material properties model. This chapter
proposes a probabilistic PBE framework for the RC structures under the marine
atmospheric environment considering global warming. To begin with, the proposed
PBE framework is introduced in Sections 6.2 and 6.3. Then, in Section 6.4, the
deterioration analysis model is established. A decision tree model is proposed to
determine the repair strategies, and impact analysis is discussed in Section 6.5. In
Section 6.6, the proposed PBE approach is applied to a real-world example by
incorporating the in-situ experiment measurements. Finally, conclusions are drawn in

Section 6.7.

6.2 General framework
This chapter could aid the application of the PBDE within the structural durability-
informed design and management process by incorporating experimental information

to reduce the uncertainty within the PBE. As indicated in Figure 6.1, the PBD analysis
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process can be divided into four stages: exposure analysis, deterioration analysis,
repair analysis, and impact analysis. The outputs of these stages are exposure
conditions (EC), damage measures (DM), repair action timing (fz4), and decision
information (D). Uncertainty in each stage can be quantified by complementary
cumulative distribution function (CCDF) (i.e., the probability of exceeding the pinch-
point variable’s value). Due to the relation between adjacent stages, the CCDF of each
analysis stage depends on the given pinch-point values from the prior stage in terms of
conditional CCDF. The CCDF could be computed analytically or simulated by
sampling methods. Once the probabilistic information of the computational stage is
obtained, the CCDF of final decision information Gpi(di) can be obtained as follows
(Flint, Baker, et al., 2014)

Gy (di) = [[ Gy, (di£0,) |G, e (2, | €0) || dGe (ec) | (6.1)
where Gec is the CCDF of the exposure condition, Gra4ec is the conditional CCDF of
repair combination under the given exposure conditions, and Gpir4 1s the conditional
CCDF of decision information under the given repair combination. The final decision
information of Gpr could be updated easily by changing the Gec, Graec, and Gpijira in

Eq. (6.1).
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Figure 6.1 Computational flowchart of the PBE

6.3 Computational process of PBE

As indicated in Figure 6.1, an appropriate deterioration model should be established
first. In this study, model verification has been done in CHAPTER 3, where the
environmental model in Section 3.2, chloride ingress model in Section 3.3, and
corrosion non-uniformity model in Section 4.2 are adopted to perform the
performance-based durability (PBD) estimation. Subsequently, this chapter focuses on
quantifying the relevant effects on the decision variables through employing the
developed models. To begin with, the exposure information EC (e.g., temperature,
humidity, and surface chloride content) is identified. Within step 2, the damage
measures (DM) (e.g., the chloride content on the reinforcement surface Cci, the
corrosion current density icorr) are analysed. The repair analysis is conducted in step 3,
supposing that periodical inspection is executed. The repair actions are determined

based on the inspection results. Also, the results of deterioration and repair action
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analyses are used for the next round of analysis. The loop would last until the end of
service life, and the probability mass function of repair combinations can be acquired,
as shown in Figure 6.1. Finally, considering the probabilistic performance indices (e.g.,
cost and downtime) under given repair action, the decision information (DI) is
obtained by Eq. (6.1). Uncertainties associated with material properties, model, and
environmental scenarios, as well as the effect and cost of decision actions, are

incorporated within the developed framework.

6.4 Exposure and deterioration analysis

As illustrated in Figure 6.2, the deterioration analysis is a computational modulus
embedded in the PBE framework loop and is associated with several probabilistic
parameters, e.g., heat transfer, moisture transfer, chloride content corrosion rate, radius
reduction, delamination. Within the PBE framework, the environmental model is used
for exposure analysis and identifying boundary conditions in deterioration analysis. To
accurately predict the corrosion initiation period, the 2D transport and convection of
chloride ions are considered and relating detailed information in Chapter 4. Once the
chloride content on concrete cover exceeds critical chloride content Cer (Wt % of
cement, a gauss random variable with a mean value of 0.4% and a standard deviation
(STD) of 0.1% (Emilio Bastidas-Arteaga et al., 2013; Flint, Baker, et al., 2014)),

reinforcement corrosion occurs (Zhou et al., 2018).
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The corrosion rate icorr and radius loss Ar of reinforcement can be evaluated by
the empirical model described in section 5.6.5. Herein, the cracking of concrete cover
happens once the equivalent maximum radius 10ss Armax (i.€., 70 - rmin) exceeds Arer.

The rmin can be computed as follows

n—Ar(@)

(1) =
’/;nm() \/%

in which non-uniformity corrosion factor R refers to Section 4.2.2.

(6.2)

6.5 Repair and impact analysis
The purposes of repair and impact analysis are to provide the application timing of
various repair actions. Supposing that regular inspection and special inspection are

executed every two and ten years, respectively, three repair technologies are provided:
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Cathodic protection (CP) rai, cathodic prevention (CPre) raz, and patch repair ras
(Flint, Baker, et al., 2014). According to the design reference period (50 years) in
GB50068-20001 (GB50068, 2001), the validity period of CP and CPre are assumed as
15 and 17 years, respectively. Meanwhile, two types of decision information (i.e., cost
and downtime associated with the repair actions) are considered. Assuming the
decision information follows Gaussian distribution (N(u", ¢'), 1" denotes the mean and
o* denotes the standard deviation), the initial costs (USD) of CP, CPre and Patch
repair are N(250, 80), N(150,40) and N(100,20) and their downtimes (months) are
N(24,6), N(6,2) and N(4,1), respectively (Flint, Baker, et al., 2014). During the service
period of CP and CPre, both of their ongoing cost (USD/year) are N(5,1).

As illustrated in Figure 6.3, a decision tree model is adopted to determine the
types and timing of repair actions. Repair actions are supposed to be activated when
delamination occurs under regular inspection or special inspection. CP would be
applied for the first repair time, where the concrete cover is replaced and the chloride
ion is cleared. After the validity period of CP, CPre is used to prevent corrosion
initiation. If the residual life is more extensive than ten years but less than 20 years,
patch repair is utilized to clear the chloride on the concrete surface. The distribution
parameters (i.e., mean and STD of an arbitrary repair combination) are calculated as

follows

Hee o = 250H (tml )+ 5t,, + 150H (tmz )+ 5t + 100H (tm} )
lurcfdownt = 2’4H (tra] ) + 6H(tra2 ) + 4H (tra3 )

e cost = \/[8OH(tml V[ 42 +[40H (1, )] +22, +[20H(t, )| (6.3)

s =\[6H )] +[20 )] +[H) ]
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where H(-) denotes the Heaviside function (H(x) = 1 when x > 0; H(x) = 0 when x <=
0) and tra1, tra2 and frq3 denote the function duration (months) of CP, CPre, and Patch
repair, respectively. Finally, given the probability distribution of repair combination,
the final decision information can be easily obtained through the convection method,

i.e., Eq. (6.1).
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Figure 6.3 Decision tree model of repair actions within the service life

6.6 Illustrative example

In this chapter, the environment in Section 3.4.2 is taken to study again. An RC beam
with the ordinary Portland cement of 0.53 water-to-cement ratio, a cross-section of
200 x 400 mm, and a cover thickness of 25 mm. The reinforcement layout of this
beam is 3925, and the analysis length of factor R is determined as 150 mm (W. P.
Zhang et al., 2014). The beam is supposed to be built in 2010. Eight cases are assessed

under various scenarios, as shown in Table 6.1.
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6.6.1  Exposure and deterioration analysis

To conduct the exposure analysis, the characteristic exposure condition (ec) of
temperature is assumed as a random variable following 0.5N(1.80,0.2) +
0.5N(3.00,0.13), and 4 is the zero-mean noise component with 0.475 °C STD (Flint,

Baker, and Billington, 2014).

Table 6.1 Investigated eight cases

Case 1 Case 2 Case 3 Case 4
Repair action Unapplied Unapplied Unapplied Unapplied

Chloride transport 2D 2D 1D 1D
Non-uniform corrosion Yes No Yes No

Case 5 Case 6 Case 7 Case 8

Repair action Applied Applied Applied Applied
Chloride transport 2D 2D 1D 1D
Non-uniform corrosion Yes No Yes No

Figure 6.4 shows the continuous curve and scatter points of CCDF of exposure
condition, where scatter points denote the characteristic exposure condition eci,
eca...ec10. Next, given eci, eca,...,ecio, samples of Cer, Arer, and factor R are generated

by the Sobol quasi-random sequence.
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Figure 6.4 Discretized CCDF of exposure condition

Figure 6.5 presents the PDF contour of chloride content on the surface of the steel
bars for cases 1 and 5. The contour bands in Figure 6.5a and c are fluctuating and

continuous without repair actions, reflecting the variation of environmental parameters.
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Considering the repair actions, the contour bonds in Figure 6.5b and d are dispersedly
distributed. The mean values in Figure 6.5b and d show a fluctuation, which is more
apparent than Figure 6.5a and c. Thus, the proposed chloride transport model can
reflect the effects of changing climate on chloride transport. Using the 2D chloride
transport model and without repair, the mean value of chloride content on the surface
of the corner steel bars is about 1.29 ~ 4.49 times of the middle steel bars.

The mean and STD of chloride content on the steel bar surface of Cases 1, 3, 5,
and 7 are presented in Figure 6.6. The curves in Figure 6.6 show a periodic and robust
fluctuation. As shown in Figure 6.6, the mean and STD of ‘Case 1 corner bar’ are
close to ‘Case 5 corner bar’ from 2010 to 2018, but then the mean values of ‘Case 5
corner bar’ become much more fluctuating but 10 % ~ 46 % lower than ‘Case 1 corner
bar’. Thus, applying repair actions could effectively reduce the mean value of chloride
content on the steel bar surface.

Figure 6.7 shows the mean and STD icorr Of steel bar in Cases 1, 3, 5, and 7. As
indicated, during most of the investigated time interval, mean and STD icorr of the
corner steel bars are less than 0.10 uA/cm? and 0.15 uA/cm?, and only a few ones
exceed 0.16 #A/cm? and 0.21 uA/cm?. Due to the application of repair actions on time,
the mean icorr Of the middle steel bars is much smaller than that of the corner steel bars.
The maximum means of icorr f ‘Case 1 corner bar’ and ‘Case 5 corner bar’ are 0.1525
uA/cm? and 0.0848 uA/cm?, which are twice of the maximum icorr of ‘Case 3 corner &
middle bar’> 0.815 uA/cm? and ‘Case 7 corner & middle bar’ 0.0411 pA/cm?,

respectively. The maximum mean icor of 2D chloride transport is about twice the
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maximum icorr 0f 1D chloride transport.

Furthermore, Figure 6.8 and Figure 6.9 show the mean and STD of the average
loss of reinforcement radius Ar and maximum loss of reinforcement radius Armax of
Cases 1 ~ 8. As indicated in Figure 6.8a, without repair action, the mean Ar of ‘Case 1
corner bar’ is at least 1.447 times higher than the Ar associated with Case 3; and the
mean Ar of ‘Case 1 middle bar’ is about 0.882 ~ 1.381 times of the Ar of Case 3.
Besides, Figure 6.8c shows that the STD Ar of ‘Case 1 corner bar’ is higher than that
of Case 3 before 2049 but surpassed by Case 1 after 2049; and the STD of Ar of ‘Case
1 middle bar’ is about 0.966 ~ 1.358 times of the Ar associated with Case 3. In Figure
6.8b, the mean Ar of ‘Case 5 corner bar’ is at least 1.76 times the mean Ar in Case 7.
Besides, Figure 6.8d shows the STD of Ar of Case 5 and Case 7. Comparing Figure
6.8a with b, repair action could significantly reduce the mean Ar by about 85% for the
corner steel bar and about 99% for the middle steel bar under 2D transport. Meanwhile,
the STD of Ar decreases by about 57% for the corner steel bar and about 68 % for the
middle steel bar.

As indicated in Figure 6.9a, the ratio of the mean of maximum radius loss Armax
under ‘Case 1 corner bar’ to ‘Case 2 corner bar’ varies from 1.239 to 5.162 and the
ratio of the mean Armax under ‘Case 1 middle bar’ to ‘Case 2 middle bar’ varies from
2.236 to 4.823. In Figure 6.9c, the ratio of STD of Armax under ‘Case 1 corner bar’ to
‘Case 2 corner bar’ is larger than 5.308, and the ratio of STD of Armax under ‘Case 1
middle bar’ to ‘Case 2 middle bar’ is larger than 1.725. Thus, corrosion non-

uniformity is a vital factor in deterioration.
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Without repair action, the mean value of Armax associated with ‘Case 1 corner bar’
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is at least 1.619 times larger than Case 3, and the ratio of the mean Armax under ‘Case 1
middle bar’ to Case 3 ranges from 0.886 to 1.702. Also, the STD of Armax of ‘Case 1
corner bar’ is at least 6.3109 times larger than Case 3, and the ratio of the STD of
Armax under ‘Case 1 middle bar’ to Case 3 ranges from 0.986 to 1.047. Given repair
actions, the relevant ratios could also be computed. Repair action could significantly
reduce the mean of Armax by about 85% for corner steel bar and about 99% for middle
steel bar under 2D chloride transport. Meanwhile, the STD of Armax decreases by about

56% for the corner steel bar and about 69% for the middle steel bar.
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Figure 6.8 Comparison of the mean and STD of the average loss of reinforcement
radius Ar under Cases 1~8
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The influences of global warming within 50 years (A750) on the radius loss Ar
and Armax are assessed. Three additional cases of ATso are applied: 0.3°C, 3°C, and

6°C. Eq. (3.4) is replaced by Eq. (6.4) to achieve a AT50 controlled temperature model.
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Figure 6.9 Comparison of the mean and STD of maximum loss of reinforcement
radius Armax under Case 1~8

The analysis results of the mean radius loss are presented in Figure 6.10. AT50 has
an apparent effect on the evolution process of radius loss Ar and Armax. Figure 6.10
shows that the curves of different A750 are closed at the beginning stage. Table 6.2

lists all ratios of the mean and STD of radius loss Ar and Armax under different A7so to
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Case 1 (only the values at 50 are selected to compare). As indicated, the A» and Armax
are approximately linear to ATs0: The mean and STD of radius loss increases by about

2% given one °C increase of AT5o.
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Figure 6.10Comparison of the mean of radius loss Ar and Armax under different A7so

Table 6.2 The ratio of mean and STD of Ar and Armax under different scenarios to Case

1

Bar Type Data Type ATso Ar AFmax Bar Type Data Type ATso Ar AFmax
03 0977 0.978 03 0976 0.978
Mean 3 1.042  1.042 Mean 3 1.040 1.044
6 1.114 1.111 ) 6 1.105 1.114

Corner bar Middle bar
03 1.042 1.018 03 0984 0.989
STD 3 1.055 1.042 STD 3 1.024 1.022
6 1.115 1.093 6 1.098 1.092

6.6.2  Repair and impact analysis

Figure 6.11 compares the probability mass function (PMF) of the convoluted timing of
repair actions under Cases 5 ~ 8. In Cases 5 and 6, ‘CP2020 & CPre2036’
(Combination 2) owns the highest probability of 0.4218 (Case 5) and 0.4472 (Case 6),
followed by ‘CP2030 & Patch2050° (Combination 5) with the probability of 0.2839

(Case 5) and 0.4306 (Case 6). The ‘CP & CPre’ (Combination 1 and 2) and ‘CP &
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Patch’ (Combination 3, 4, and 5) are the most common repair combinations. The
probability of ‘CP & CPre’ is 0.4281 in Case 5 and 0.4472 in Case 6, and the
probability of ‘CP & Patch’ is 0.4515 in Case 5 and 0.4306 in Case 6. Thus, non-
uniform corrosion has few effects on the probability of the repair combinations but
affects their timings. Figure 6.9 shows that Armax of Case 5 might be 4.4 times larger
than Case 6, and concrete cracking happens in Case 5 but does not occur in Case 6.
Case 5 can apply repair actions after regular and special inspection, but Case 6 applies
repair action only after special inspection.

Also, from Cases 5 ~ 8, chloride transport has much more influence on the timing
of repair combination than corrosion non-uniformity. As presented in Figure 6.11,
considering 2D chloride transport, repair action happens during the service life. If only

under 1D chloride transport, ‘No repair’ could result within the 50 years.

Combination Number

1 2 3 4 5 6 7 8 9 10
0.6 T T T 1 T T T T T 1
I Casc 5 I Case 6 [N Case 7 Case 8
05 .
04 .

Prra(tra)
(=)
[o8)
T
1

02 -

Timing of Repair Actions, tg .

Figure 6.11 PMF of repair combinations, e.g., ‘CP2018 CPre2034’ denotes the CP was
activated in 2018 and CPre was activated at 2034

According to the PMF of convoluted timing and impact information of repair
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actions, the distribution of final lifetime decision is obtained by Eq. (6.3), as shown in
Figure 6.12. The curve shapes of Figure 6.12a and b are similar. Gpi1(0) and Gpiz(0) of
Cases 7 and 8 equal 0.69 due to the existence of ‘No Repair’ in Cases 7 and 8, while
Gon(0) and Gor2(0) of Cases 5 and 6 equal 1. Thus, chloride transport mode has a
more significant effect on the CCDF of decision information than corrosion non-
uniformity. Comparing Case 5 with Case 7, the mean values of cost and downtime
associated with Case 5 are 108.92% and 86.15% higher than Case 7. The STDs of cost
and downtime of 2D chloride transport are about 25% and 36% lower than those of 1D

chloride transport.

1 T 1 T
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(a) CCDF of cost (b) CCDF of downtime

Figure 6.12. CCDF of lifetime decision information

6.7 Conclusions

In this chapter, a probabilistic PBE framework for RC structures under the marine
atmospheric environment is proposed incorporating different computational modules.
A comprehensive deterioration analysis model is developed to account for the 2D

chloride transport and non-uniformity of corrosion. The uncertainty associated with
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material properties, model, and environmental scenarios and the effect and cost of

decision actions are incorporated within the developed framework. The following

conclusions are drawn:

1)

2)

3)

Deterioration analysis reveals that the repair action and fluctuated environmental
parameters can affect the deterioration process of RC beams. As indicated, the
repair action could reduce nearly 50% mean values of chloride content on the steel
bar surface and corrosion current density icorr. Further, the mean values of Ar and
maximum radius loss Armax of reinforcement decrease by 85~99% with repair
action, but the STD of Ar and Armax decrease by 56~69% with repair action.
Without repair action, corrosion non-uniformity mainly affects Armar. The 2D
chloride transport could increase the mean chloride content on the steel bar
surface, the mean icorr, mean Ar, and mean Armax. With the consideration of repair
action, corrosion non-uniformity could slightly affect the deterioration process,
and 2D chloride transport can increase the deterioration conditions. The
differences between 2D chloride transport and 1D chloride transport are mitigated
by repair action, which demonstrates the importance of maintenance actions
within the service life of RC structure. Additionally, a sensitivity analysis shows
that an one °C increase during the 50 years could lead to about 2% increase on the
mean and STD of radius loss.

Repair analysis shows that repair action could be activated earlier if corrosion
non-uniformity is considered. Also, 2D chloride transport makes corrosion

detected earlier, and the possibility of repair is much higher than that of using 1D
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4)

chloride transport.

Impact analysis indicates that chloride transport mode dominates the CCDF of
decision information cost and downtime, while they are not much affected by
corrosion non-uniformity. Considering both the 2D chloride transport and non-
uniform corrosion, the mean and STD of cost are 0.34% and 0.04% lower than the
case, which only considers 2D chloride transport. Compared with 1D transport,
2D chloride transport could increase the mean of cost and downtime by about 110 %
and 86 %. In summary, it is feasible to apply the developed PBE framework to
evaluate the durability of RC structures. The proposed approach could aid the

durability-informed design and management of civil infrastructures.
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CHAPTER 7 RELIABILITY OF DETERIORATING
STRUCTURES SUBJECT TO VARIOUS DETERIORATION

MODES

7.1 Introduction

To date, many studies were conducted on developing approaches for reliability
analysis, e.g., first-order second-moment method (FOSM) (Frangopol, Lin, and Estes,
1997), time-series method (Kaminski, 2013), first-passage method (C. Q. Li &
Melchers, 2005), and Monte Carlo simulation (MCS) (M. Zhang et al., 2019). The
former two methods aim to calculate the time-dependent reliability based on the
probabilistic moments of target functions, while the latter two methods focus on the
computation of time-dependent failure probability. For example, Kaminski (2013)
supposed a time series with Gaussian random coefficients and described a
deteriorating system through high order moments. Most of the existing reliability-
based assessment approaches focus on the single failure mode associated with
reliability analysis (C. Q. Li, 1995; Mori & Ellingwood, 1993). Zhang et al. (2019)
studied different failure modes of reinforced concrete (RC) beams, i.e., flexural failure
and bond failure, on the reliability analysis of corroded RC beams. Furthermore,
Bastidas et al. (2009) developed an analytical framework for the coupling corrosion-
fatigue deterioration of RC structures. Additionally, due to the diversities and
complexities of failure modes and deterioration mechanisms for components in a

structural system, only component-level reliability analysis is inadequate, and system-
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level reliability analysis should be conducted. For instance, Stewart and Al-Harthy
(2008) conducted a reliability analysis of a series system for corroded RC beams
considering the spatial effect caused by pitting corrosion. Tran et al. (2012) evaluated
series system reliability for deteriorating RC bridges suffering from different erosion
environments by using random field modelling.

Some of the existing studies focus on specific deterioration scenarios, and even
fewer have incorporated different mechanisms into time-dependent reliability analysis
(Ciampoli & Ellingwood, 2002). Thus, a general approach is still needed to
incorporate different deterioration scenarios and mechanisms. To achieve such a target,
renewal theory-based assessment has recently been employed to assess the life-cycle
performance of deteriorating structures, which could take both continuous
deterioration and sudden events into consideration. For instance, Yang and Frangopol
(2019) proposed a life-cycle assessment approach for civil infrastructure under
continuous deterioration and hazards. Jia and Gardoni (2019a) adopted the renewal
theory to analyse the time-dependent failure probability of an RC bridge subjected to
corrosion and earthquakes. Although the renewal theory-based approach can reveal the
random properties of different deterioration scenarios, such a method focuses on
stochastic models rather than the physical nature of deterioration processes and their
combination effects. For complex scenarios, it is still necessary to use MCS to capture
probabilistic information about target variables, which can be computationally
burdensome (Akiyama, Frangopol, & Ishibashi, 2020). Thus, it is of great significance

to develop a novel and general method for time-dependent reliability analysis.
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In this chapter, a general reliability analysis method is developed for continuous
and discontinuous deterioration based on the PDF-informed method (PDFM). Section
7.2 introduces the theory and numerical strategies of the proposed general reliability
analysis method; the generalized probability density evolution equation (GPDEE) for
the performance function of continuous and discontinuous deterioration would be
derived, and the numerical strategies for solving GPDEE would be provided in Section
7.2. Then, taking a corroded flexural RC beam as an example, Section 7.4.1 proposed
the performance function of continuous and discontinuous deterioration. In Section 7.4,
numerical cases of corroded RC beams are assessed to testify the feasibility of the
proposed method. Meanwhile, the MCS is employed to evaluate the results of PDFM,
and a SA study is also carried out to analyse the effects of various factors such as
corrosion rate, failure mode, and bond strength on the time-dependent reliability of

corroded RC beams.

7.2 General method of reliability analysis

Denoting an arbitrary form of structural performance function G(0,¢), in which @ =
[01, 82, ..., B4]" is a d-elements of the random vector representing all related variables,
the structure would reach a limit state once G(0,¢) is equal to or below zero. The time-
dependent failure probability pr(f) depends on the prior performance history rather
than the instantaneous performance. Thus, pr(f) can be rewritten as (Stewart, 2012;

Stewart & Rosowsky, 1998)

p,()=1-Pr{G(®,7)>0,0< 7 <1} (7.1)
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In the traditional reliability calculation, Eq.(7.1) could be solved through brute
Monte Carlo simulation (MCS) directly. In this chapter, pA¢) would be calculated
through the probability density function (PDF) of performance function Pa(g,t), which
is the principal thought of the PDF-informed method (PDFM). The instantaneous
failure probability p/(¢) can be acquired by

pr(0=1=[, po(g.nde (7.2)
in which Qs is the ‘safe zone’ of G(g,f). Generally, Qs can be denoted as the region
satisfying G(g,t) over zero.

Considering the first-passage problem, the remaining joint PDF p*s(g, f) with an
absorbing boundary condition yielding,

P6(8:1) ;0= 0, (7.3)
needs to be imposed (J. B. Chen & Li, 2005). Thus, the main target is to obtain the

PDF for the performance function.

7.3 Theory and algorithms of PDFM
The theory and corresponding numerical algorithms of PDFM would be discussed

through two scenarios: continuous deterioration and discontinuous deterioration.

7.3.1  PDFM for continuous deterioration
Without any sudden failures and specifying the expression for G(@, f), G(O, t) is
derivable subject to ¢ i.e., G(G),t). Besides, (G(f), ©®) can form an extended

probability-preserved system. Denoting the joint density probability of (G(f), ®) as
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pae(g, 6, t), according to the principle of probability preservation, the probability of
G(0, ¢) within an arbitrary domain in the augmented state-space QxQe, viz. {G(0O, ?)

€ QxQe} remains unchanged varying with time, which follows (J. Li & Chen, 2008,

2009)

D
E{IQZXQO Poo(80, t)dgdg}

D
- E{,[QOXQ@ pG@(g,a,t)|J| dgdﬁ}

(7.4)

Sf [0 gy Peole0]) g g

QoxQg at ag
) Poo(2:0:0) | @, 1) Pael£:0-D1 449 - g

Q,xQg at ag

where J and D{-}/Dt mean the Jacobian matrix and the total derivative, respectively.
Due to the arbitrariness of Qf and Qe, removing its integral sign in Eq.(7.4), the

generalized probability density evolution equation (GPDEE) could be obtained (J. Li

etal., 2012),
Pce(2:0.1) | @) Pee&:0:0 _ (7.5)
ot og
whose boundary condition and analytical solution are read as following,
Poe(8,0,0)=06[g—G(0,0)]pe (0) (7.6)
Poe(8,0,1) = 0[g —G(0,1)]pg (0) (7.7)

where J(*) is the Dirac’s delta function; pe(8) is the joint PDF of ©.
Once the solution of GPDEE pce (g, @, f) is obtained, the PDF of G(0, ¢), i.e.,

pa(g,t), can be calculated by
Po(g.0)=[, Poo(.0.) 0= 8[g-G(@.0)]pe(6) dO (78)

To consider the first-passage problem, the absorbing boundary condition Eq.(7.3)
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needs to be imposed.

To solve Eq.(7.5), the point evolution method is introduced, which divides the
random space into nsel sub-domains (J. Li ef al., 2012). Meanwhile, each sub-domain
can be represented by a given vector Oa = [0a1, 0 a2, ..., 0 ad]’, a=1,2,...,nsl, Viz.
representative point and probability-assigned by pa

P, =Pri@cV =] po(0) d0.a=12...n, (7.9)

where Pe(0) is the joint PDF of a random vector ©; Vs is the Voronoi volume of the a-
th subdomain Q. (Conway & Sloane, 1999).

To choose an appropriate space division and representative points, a generalized

F-discrepancy (GF-discrepancy) Dar based point set strategy is used (Chen, Yang, and

Li, 2016), i.e., minimizing the GF-discrepancy of the point set

Dy, (©) = max sup|F, ,(0)~F, ()] (7.10)
where Fr.q() and Fy(-) are the g-th marginal empirical and actual cumulative
distribution function (CDF) of a d-elements of random vector ®. Given an arbitrary
initial point set by low discrepancy sequence, e.g., number-theoretical method (NTM)

(J. Li & Chen, 2007) or Sobol sequence (Radovi¢ et al., 1996), etc., the point set can

be rearranged through
6, =F" {Z P,-1{0,, < eq,j}+0.5Pj} (7.11)
a=1

where 6,,;, and 6’; are initial and rearranged the g-th parameter in the j-th random

»J
vector 0, respectively; /{-} is an indicator function which means /{-} = 1, if the
condition inside {-} is satisfied. Once the selection of point set is made, integrating the

GPDEE of Eq.(7.5) on an arbitrary subdomain, {2
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J. apGG)(gaaat) d0+J‘ G(@,t) apG@(gaaat) d0
Q, ot Q, og

0 S~ D
zgjg Pao(2:0:0)40+G(®,.0) = [ Poo(g.0.0)d0 (7.12)

_6(0) | mg P&

; ,a=1,2,..,n
ot og

s Mger
where p“c(g, ?) is the integration of pce (g,0,f) on Q. and G(()a,t) is a derived
function of {G(8, f), ® € Q' which is assumed as G(0,.,¢) for simplified
consideration.

For the continuous deterioration model, the finite difference method (FDM) is
employed to solve Eq.(7.12) directly through the total variation diminishing (TVD)
scheme (J. Li & Chen, 2009). Also, the absorbing boundary condition Eq. (7.3) is
imposed to get the residual PDF p““c(g, 1), a=1,2,...,nsel is calculated, the pc(g, 1)

could be got by summing all p“*6(g, 1), Eq.(7.13), and pf(¢) calculated by Eq.(7.2).
pe(g:0)=2 p5 (.0 (7.13)
a=1

7.3.2  PDFM for discontinuous deterioration

For discontinuous deterioration, G(@,t) might be infinity or discontinuous in some
time instants. Considering the structural deterioration with ns times drops and these
time instants b = {bx, k = 1, 2,...,na} and achieving the PDFM for a discontinuous

model, the G(0,¢) is denoted as G(0, ¢, b)
g=G((0,t b) (7.14)

Given ® = 0, Figure 7.1 presents a sample curve of G(®, ¢, b) with a
discontinuous model, where b = [b1,h2]" and its length, ng, is equal to 2. Then, G(@, ¢,

b) can be expressed by a piecewise function as
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G, (0,t,b),t[0,b)
g=G(0,1,b)=1G,(0,1,b),t€[b,,b,) (7.15)
G, (0,t,b),te [D,,+e0)

For na > 2, (0, t, b) can be expressed as
g=G(0,t,b)=g,-[1-H(t-b)]

g 16
+y g, -[1-H(t-b) ] H(t-b_)+g,. H(t-b,) (7.19)

where H(') is the Heaviside function H(x) = 1, x> 0; 0, x < 0; gs, s =1,2,..., na + 1
denotes the curve in different stages, e.g., g1, gna+1 and gs (1< s <ng+1) denote the

G(0.t,b) within [0, b1), [bnd, +0) , and [bs-1 to bs).

A

= = = Mean of continuous deterioration
Mean of discontinuous deterioration (sample 1)
Mean of discontinuous deterioration (sample 2)

PDF

G(8,1,b)

N
I
AW

4

0 b, by Time

Figure 7.1 Schematic of performance function under different deterioration scenarios
given b = [b1, b2]

Then, the derived function of Eq.(7.16) can be written as
G(0.,b)=g,[1-H(t-b)]-g-6(t-h)
+g,-[1-H(t—b,)|-H(t-b)—g, 6(t—b,)-H(t-b,)
+g,-[1-H(t=b,)]-6(t-b)) (7.17)
K {g’s-[lH(tbs)]-H(tbsl)gs-é'(tbg)-H(tb”)}

+g, [1-H(t=b)]-8(t-b,,)

+g, . H({t=b )+g, . -5(z—bnd )

s=3

where g, (s=1,2,...and ns + 1) is the derivative of gs.

Due to the existence of Dirac’s delta function J(-) in Eq.(7.17), its GPDEE may
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not be obtained and calculated directly through the conventional PDFM in section
7.3.1. If the critical time instants are deterministic, such a GPDEE could be easily
established and solved by a piecewise GPDEE (Fan, 2013). However, in general,
critical time instants are random variables, and a piecewise GPDEE is not easily
established, and a new PDFM is in need for discontinuous deterioration.

Because b is the response of G(0,t,b) and © rather than a newly introduced
random vector, the principle of probability preservation still works, and (g,0,b) can
form an extended probability-preserved system. Also, the joint density probability of

(g,0.b) as pces(g,0.t,b) is denoted as

Poon (2,0,1,b)= Pcje (g,t,b 0)']9@ (0)= 5[g—G(0,t,b):|-p® (@) (7.18)

Ifteb= {bl,bz,...,b }, being similar to Eqs.(7.4)-(7.5), the GPDEE of G(0.,t,b)

ng

can be read as

apc@s (g,0,t,b)
ot

g, -[1-H(t=b)]+g, -H(t=b)-[1-H(t-b,)]
g [1-H (=) ] H (t=b,)+ &, 0 H (1=,

'apGGB(g’H’t,b),te b
og

(7.19)

If teb, GPDEE does not exist due to the existence of J(-). Thus, a virtual
performance function 6(0, 1,b) is proposed whose derived function G(6,t,b) denotes

G(0,1,b)
=g -[I—H(t—bl)]+g2 {t-H@-b)] - H(t-b) (7.20)

g [1-H(1=b)] H(t=b_ )+ &, ., H~b,)
s=3

which equals
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G(0,1,6)=G (0,1,6)~{g,-[1-H (t-b,)]-g,) - 5(t-b,)
_’Z{gm '[l_H(t_bs+1):|_gs 'H(t_bs—l)}'a(t_bs)

—[gw g, -H(t—bnd_l)]é(t—bnd)

=G(0,6,8) =2 €. (B)) -2, (b)]-8(1-b,)

s=1

(7.21)

where bs and bs™ are the time instants immediately before and after bs, respectively;
gs(bs) and gs+1(bs") denote G(0,bs,b) and G(0,bs",b), respectively.

Then, G(H, t,b) can be obtained by integrating G (0,1,b)

G(0,1,6)=G(0,.,)~ Y[ g, (b))~ g, (b)) | H(1-b,) (7.22)

s=1

Denoting the joint density probability of (G,0,b) as Piop(&-0,1,b) whose

GPDEE is
op - ,0,t,b 2 ap - ,0,t,b
Poon(&0-L0) _ 5y 1 ) Pion(8.0:1:0) (7.23)
ot o
Accordingly, the analytical solution of Eq.(7.23) can be expressed as
Peoy(&:0:1:0) = 5] 2= G(0,1,b) |- po (0) (7.24)

Based on Egs. (7.18), (7.22) and (7.24), pces(g,6,t,b) can be rewritten as
Eq.(7.25).
pG@B(gagat,b):5|:g—G(0’t,b):|.p@(0)

=5{g—"zd[gm<b:>—gs<b;)]-H(r—bs)—G(ear,b>}-p@(0) (7.25)

s=1

= Pion {g—i[gm(b?)—gs(bi)]-H(t—bs ),B,t,b}

s=1

Being similar to Eq.(7.8), pc(g,f) can be described as
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Po(8:0=[, Poon(g.0.1.b) d0

= jDB Deon {g —i[gﬁl(b:)—gs (b)) ]-H (t—b, ),0,t,b} do (7.26)

s=1

ny

=ID05{g—Z[gm(b§)—gs(bs)]H(t—bs)}p@(e) de

Although the GPDEE for the discontinuous deterioration model cannot be
established directly, the PDF for the discontinuous deterioration model can still be
obtained by solving the GPDEE of a virtual performance function just like a
continuous deterioration model. In other words, solving the GPDEE for G(0, ¢, b) can
be replaced by solving Eq.(7.23), and then Eq.(7.26) becomes the bridge connecting
the actual PDF to a virtual PDF, providing theoretical assurance for following
numerical achievement.

Although a large time step Az could approximately solve the PDF of G(0,¢) under
discontinuous deterioration in FDM, a high-velocity of G(0,?), G(@,t), would limit
the choices of space step Ax due to the Courant—Friedrichs—Lewy (CFL) (Courant,
Friedrichs, & Lewy, 1928) condition. Therefore, solving the GPDEE of discontinuous
deterioration could be replaced by solving the GPDEE of a virtual deterioration model,
which can be named ‘two-step translation method’:

(1) For a given representative point, 84, (@ = 1, 2, ..., nse), the discrete surrogate
model, G(0a, k'At) (k= 0,1,2,...,n:), and its differentiable function, G(ea,k-At)
could be created by Eqs.(7.16) and (7.17), as shown in Figure 7.2a. From k=1 to
n:, each G(ﬁa,k~At) would be compared, and the k-Af would be recorded as the
critical time instant bas = kas'At once G(8,.k-At) exceeds a-G(6,,(k—1)-At)

(a is a custom index and not less than 1.0). All recorded b could be stored in
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vector b, and its length, 74,4, determined by the number of bas (s = 1,2,...,14.nd).

(2) Next, the first translation establishes a virtual and differentiable G(Ha,t,b). For
each bas, the {G(0a, t, b), t > ba,i} would be translated upwards to form G(Ha,t,b) ,
1.e., Eq.(7.27), with a distance Ags, i.e., Eq.(7.28):

G(8,.t,b)=G(8,.t,b)+ Ag, (7.27)

Ag, = (g, (b))~ 2,(b;,))
~ ‘ZG(Ba,ka,s A1,b)-G(

a’

(7.28)
(ko =1)- AL,B) =G (6, (k,, +1)- AL,b)

where bas and bas" are the time instants immediately before and after baus, respectively,
and gs(ba,s) and gs+1(ba,s") denote G(6, bs ,ba) and G(0, bs*,ba), respectively. Steps (1)
and (2) can be repeated many times until no more critical time instants are found. Then,
f’ (f) could be obtained, as presented in Figure 7.2a.

(3) Applying the point evolution method (Section 7.3.1), the GDEE of G(Ba,t,b)

would be solved to obtain p.,.(g,0,¢,b) . Then, the second translation could be
conducted to obtain pces(g, 6, ¢, b). As shown in Figure 7.2b, p. .(g,0,t,b)
would be translated back to pces(g, 6, ¢, b) by Eq.(7.29) and pas(g, ) could be

computed by summarizing all pces(g, @, t, b) under a given 8by Eq.(7.30).

Poos(g,0,1,0)=p:.. [g +> Ag,-H(t-b, ),0,:,1;) (7.29)

s=1

Do (g,t): ID Poon(g,0,t,b) dO = .[D Péos (g+Z:AgS -H(t—bs),ﬂ,t,b] de (7.30)
o o s=1

Based on the proposed method, the non-differentiable deterioration model with
sudden events can be solved, and its principal processes are presented in Figure 7.3.

Additionally, regarding the selection of Az in Eq.(7.28), a small Az could increase the
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accuracy of the computational results but increase the computational burden, whereas
a large Ar may decrease the computational accuracy but increase efficiency. In this

study, the annual reliability index is investigated, and Az is 0.5 years.
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® Translated discrete performance function after b, ,

(a) First translation (b) Second translation
Figure 7.2 Schematic of the “two-step translation method”
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\ l )
( ~
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!

Solve GDEE of G(Ga,t,b) and obtain
2nd Translation | . (g,0,t,b)then obtain pgeg(g, 6, £, b)

by translation
. J

Figure 7.3 Computational flowchart of the “two-step translation method”

The PDFM-informed reliability analysis processes for two types of deterioration
scenarios are illustrated in Figure 7.4, where the steps of establishing the deterioration
model and point selection remain unchanged for each scenario. Regarding continuous
deterioration, PDFM could be implemented through the conventional PDFM. The

“two-step translation method” can be used for discontinuous deterioration by applying
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a translated surrogate model and indirectly obtaining the target PDF. Then, the time-
dependent failure probability could be computed by integrating the residual PDF.

Set up a deterioration system and determine
the performance function G(O, ¢, b)

Selection of ng, representative points <

NO

Derivable deterioration ?

Continuous\deterioration Discontinuous‘ deterioration

Apply “two-step translation method” and
Set up GDEE for G(0,,b) identified the time instants of sudden
eventb,, a=1,2, ..., ny

Apply FDM to solve GDEE and obtain Ist translation: translate Y(¢) = G(0, ¢, b,)
Dae (2,0, 1) to G (04, t, by) with a distance of Ag(?)
. Set up GDEE for
[ .
Integrate all pyp(1,0, t, b) into p(y, 1) G(B4,t by)
Integrate the residual PDF and then obtain Apply FDM to solve GDEE and obtain
PAD pcen(9,6.t,b)
End 2nd translation: translate pzeg (g, 0,t, b)

back to pgen(g,9, 1, b)

Figure.7.4 Time-dependent reliability analysis framework of a deteriorating structure
under different scenarios (The Green and Blue zone denote the processes for
continuous deterioration and discontinuous deterioration, respectively)

7.4 Application examples

7.4.1  Deterioration model of corroded RC beam

The analytical deterioration models described in section 4.3 are employed in this
chapter. Considering the spatial variation analysis of cross-sectional areas of corroded
rebars, the beam is divided into m zones of length J, as shown in Figure 4.1. The
performance function of the whole beam G(0,¢) is the minimum one of all segments

G(®,1)=minG (1), (731)

158



where Gi(0,¢) is the performance function of the i-th zone, which could be expressed
as

G(0,0)=M,,(0,1)-S,,(0,) (7.32)
where @ = [01, 62, ..., 84]" is a d-elements of the random vector representing all
related variables; M.,(0®,f) and S.(®,¢) are the flexural capacity and the load effect of

the i-th zone at time ¢, respectively.

7.4.2  Parameters of RC beam
Consider a simply supported RC beam with a span of 6000 mm, whose depth, width,
and cover thickness of the beam is 500 mm, 200 mm, and 25 mm, respectively. The
beam is also subject to uniform loads of the dead load G and sustained live load Q.
Two single-row layouts of reinforcement are designed: 4 ¢ 10 (4s = 314 mm?) and 2 ¢
14 (4s = 307.8 mm?). All relating distribution parameters of load variables, geometric
variables, and material variables are summarized in Table 7.1.

A model of the relationship between tensile strength f and compressive strength
fc for concrete is used to evaluate f; (Gu et al., 2016)

f,=0.26£" (7.33)

According to Eq.(7.33), ft and fc are supposed to be fully correlated. Thus, given
the distribution of fc, the distribution of f can be obtained by Eq.(7.33). Besides, the
zone length 0 of the RC beam is determined as 500 mm, and the distribution
parameters of factor R are listed in Table 7.2.

Four assumptions of failure mode are considered: the ductile failure of steel bar
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without bond strength loss, ‘N ductile’, i.e., continuous deterioration model, the brittle
failure of steel bar without bond strength loss ‘N brittle’, the ductile failure of steel bar
with bond strength loss ‘Y ductile’ and the brittle failure of steel bar without bond
strength loss ‘Y brittle’. Twelve numerical cases are made to study the influences of

failure mode, corrosion rate, and steel bar diameter on corroded RC beam’s reliability.

Table 7.1 Variables of load, dimensions, and material

Variables Distribution ~ Mean c\(j:;gélizgt
Dead load G (kN/m) Gauss 1.06Gk 0.07
Durable live loads of residential buildings (kN/m?) Gumbel 0.3530k 0.23
Temporary live loads of residential buildings (kN/m?) Gumbel 0.3920k 0.32
fe, Compressive strength of concrete (MPa) Gauss 40 0.20
Eg, Elastic modulus of steel bar (MPa) Gauss 2x10° 0.05
fv, Yield strength of 10 mm diameter steel bar (MPa) Gauss 423 0.10
Jv, Yield strength of 14 mm diameter steel bar (MPa) Gauss 419 0.10
ho, Effective depth of cross-section (mm) Gauss 480 0.02
b, width of cross-section (mm) Gauss 200 0.02

Note: Gx= 2.5 kN/m and Ox= 2.0 kN/m?.

Table 7.2 Distribution parameters of corrosion non-uniformity factor under the o of
500 mm

Do fcort Gumbel distribution parameters
Case (mm) (uA/cm?) P .
1 10 2.3 1.554454+1.01 0.319475+0.0006
2 10 4.5 1.44365+1.01 0.319475+0.0006
3 10 9.1 1.22145n+1.01 0.319475+0.0006
4 10 13 1.1xs+1.01 0.35271+0.0006
5 10 19 0.9673#5s+1.01 0.352755+0.0006
6 14 19 0.6235%,+1.013 0.250875+0.0011

7.4.3  PDF of performance function
Case N1 and Y1 are taken as examples to verify the feasibility of the proposed PDFM

based method in the solution of PDF. According to the numerical strategies of PDFM

160



and the RC beam parameters in Section 7.4.1, 600 representative points are selected to
calculate the remaining joint PDF p“c(g, 7). Figure 7.5 shows the PDF surface p'c(g, 1)
of Case N1 and Y1, which do not contain the negative part due to the absorbing
boundary condition. Also, the PDF surface and contour in Figure 6.5a are much
smoother than those in Figure 7.5b-d. Comparing Figure 7.5a with Figure 7.5b, p“c(g,
t) becomes rough from the 12th to 22nd year, considering the brittle failure of the
corroded steel bar. Also, pc(g, f) becomes much rugged from the 6th to 16th year
considering bond strength loss. Furthermore, comparing Figure 7.5¢ and d, the
ruggedness of p'c(g, f) does not increase considering both brittle failure of corroded

steel bar and bond strength loss.

PDF

PDF

-10
10
5

30 E}E}U\-_\"_m\

)
12 40

(b) “N brittle’

PDF
PDF

S e ' 6 30 DaNm
(c) Y ductile’ (d) “Y brittle’
Figure 7.5 PDF surfaces of Case 1 at given time intervals under different failure
modes

Figure 7.6 compares the mean, standard deviation (STD), and coefficient of
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variation (COV) of G(0,f) calculated by the proposed method, urprm, opprm, and
orprm With those of a 1,000,000 trial of MCS, umcs, omcs, and dmcs. In Figure 7.6, the
1ppFM, apprM, and Jdpprm agree with umcs, omcs, and dmcs, and the relative errors of

MPDFM OPDFM, and JpprM, 1.€., €|, €|s], and e|s| can be calculated by

= s (1) = tyes (D, (7.34)
”/‘Mcs(t)”z

e = ||GPDEM (1) = Oyics (t)||2 (7.35)
lowies O],

_ ||§PDEM (1) = Oyes (t)”z 7.36

€l = [8ucs (D], (730

where ||x|| denotes the Euclidean norm of x.

Results of ¢, e|s|, and ¢|s| are listed in Table 4 where e varies from 0.917% to
1.941%, ejo| varies from 0.826% to 1.272%, and ej5) varies from 2.556% to 6.392%.
Such results of comparison verify the feasibility of the proposed approach in PDF
calculation.

On the other hand, Figure 7.6a shows that the urprm of ‘Case Y1 ductile’ and
‘Case Y1 brittle’ declines rapidly at the ninth year, while the upprm of ‘Case NI
ductile’ and ‘Case N1 brittle’ look much slower. Also, in Figure 7.6¢c, the dpprm of
‘Case Y1 ductile’ and ‘Case Y1 brittle’ increases rapidly at the ninth year. However,
in Figure 7.6b, the orprm of ‘Case Y1 ductile’ and ‘Case Y1 brittle’ even rises 11%
from ninth to the 11-th year and then dropped rapidly. Thus, considering bond strength

loss may increase the uncertainty within the service life of corroded RC beam.

162



(=3
S}

= =10
s R E—
S 10 1 O s
s s
g a
9 k=]
= 102 * * * * A 0 * * * *

0 10 20 30 40 50 0 10 20 30 40 50

Time (year) Time (year)
(a) (b)

— 102
210
) PDFM NI ductile «+-+++-+- MCS N1 ductile
5 PDEM N1 brittle «++===- MCS N1 brittle
s 10° ] PDFM Y1 ductile MCS Y1 ductile
= PDFM Y1 brittle MCS Y1 brittle
2
O . . . .

0 10 20 30 40 50

Time (year)

(©)

Figure 7.6 (a) Mean, (b) STD, and (c) COV of G(O, ¢, b) by using PDFM and MCS
under Case 1

Table 7.3 Relative errors of upprMm, apprM and dpprm

Failure mode N ductile N brittle Y ductile Y brittle
UPDFM 0.984% 0.917% 1.941% 1.912%
OPDFM 1.257% 1.263% 1.272% 0.826%
OPDFM 2.556% 3.016% 5.454% 6.392%

7.4.4  Reliability analysis

The pff) of a corroded RC beam can be calculated by Eq. (7.2). For simplified
consideration, p/f) of ‘N ductile’ is denoted as psn(?), pAt) of ‘N brittle’ is meant as
pr(t), pAt) of °Y ductile’ is denoted as pp(f), pAt) of ‘Y brittle’ is meant as pu(?).
Figure 7.7 presents the p/(¢) of all numerical cases calculated by the proposed method
with 600 presentative points and MCS of 1,000,000 trials under different assumptions,
where Frporm agrees well with Fwmcs, respectively, in all cases. Being similar to

Eqs.(7.34) and (7.35), the relative errors of Fpprm can be estimated by
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Estimated results are summarized in Table 7.4, which shows that pf(t) relative

errors range from 0.29% to 2.71%. Thus, the proposed method has high efficiency and

precision in obtaining PDF and in reliability calculation.
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Figure 7.7 Calculation results of p«(¢) in all cases
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Table 7.4 Relative errors of p/(¢) for all cases
Case No pn(®) pr(?) P (D)
1 1.08% 2.71% 0.53% 0.68%
0.75% 0.40% 0.58% 0.46%
0.44% 0.29% 1.50% 1.44%
0.55% 0.47% 0.44% 0.62%
0.36% 0.38% 0.40% 0.55%
0.82% 0.86% 0.71% 0.78%

AN L AW

7.4.4.1 Influences of failure mode

Figure 7.7 shows that failure mode has an apparent effect on p/¢). For p/(¢) in Figure
7.7, pma(t) has the fastest-changing rate, followed by ps(?), pr(f), and pa(f) have the
lowest changing velocity so that bond strength loss has more influences on the
reliability of corroded RC beam than the brittle failure of the corroded steel bar. All
curves of ‘Y ductile’ and °Y brittle’ in Figure 7.7 experience a three-stage process: ps(f)
increases slowly as ‘N ductile’ and ‘N brittle’, pA7) increases rapidly, and pA?)
increases gradually, in which the differences between ps(f) and pa(f) appear mainly in
the third stage. Also, all curves with ‘N brittle’ experience a two-stage process: p/(¢)
increases as slowly as pn(¢), and p/(t) grows faster than ps (7).

The critical time instants of the velocity change of p/(f) are listed in Table 7.5.
The first drops of ps(¢) and ppu(r) are about 1~3 years earlier than pp(?), but the second
drop of ps(¢) and pa(f) would be 0~3 years later than pp(f). Such differences of critical
time instant decline with the increase of icorr from Case N1/Y'1 to Case N5/Y5.

Compared with the values of pr with different #s and icorr in Table 7.6, it can be
found that pp(r) is 1.16 ~ 2.22 times of pn(?), ps(f) is 1.20 ~ 35.43 times of pn(¢), pa(t)

is 1.22 ~ 36.07 times of ps(?), and ppa(f) is 1.01~ 1.07 times of pu(f). The differences
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among pn(?), pnr(t), pn(t), and pa(f) would decline with the increase of #s. Thus,
considering bond strength loss may dramatically increase the failure probability and

diminish the effect brought by the brittle failure of the steel bar.

Table 7.5 Critical time instants of p/(#) evolution

Case No 1 2 3 4 5 6
Y ductile 1% point (year) 9 4 2 1 0 1
&Y brittle  ond oint (year) 15 8 4 3 2 3
N brittle 12 6 3 2 1 3
Table 7.6 prunder different #s and icorr
fcorr Failure probability The ratio of failure probability
T aew)  py pp P Ps__ pplon  palpn  pelpp palps
23 0.020 0.026  0.681  0.691 1.32 34.59 35.11 1.02
4.6 0.018  0.023  0.631  0.643 1.30 35.43 36.07 1.02
0.1 9.1 0.015 0.019 0431 0445 1.28 29.56 30.55 1.03
13.0 0.013  0.019 0.323 0346 1.41 23.95 25.69 1.07
19.0 0.013  0.022 0221 0232 1.62 16.53 17.35 1.05
2.3 0.257 0.447 0.890 0.926 1.74 3.46 3.60 1.04
4.6 0.228 0.414 0.881 0.919 1.81 3.86 4.02 1.04
0.2 9.1 0.179 0351  0.861  0.904 1.97 4.82 5.07 1.05
13.0 0.158 0345 0.851  0.902 2.18 5.38 5.69 1.06
19.0 0.141 0314 0.836  0.886 2.22 5.93 6.29 1.06
2.3 0812 0941 0975 0.989 1.16 1.20 1.22 1.01
4.6 0.781  0.929 0972  0.987 1.19 1.25 1.27 1.02
0.3 9.1 0.688 0.886 0.962 0.982 1.29 1.40 1.43 1.02
13.0 0.644 0877 0956  0.981 1.36 1.48 1.52 1.03
19.0 0.578  0.835 0947 0976 1.44 1.64 1.69 1.03

7.4.4.2 Influences of corrosion rate

Figure 7.8 compares 52 and f4 under different icorr. In Figure 7.8a, the increasing rates
of pp (t) and ppa (f) versus ¢ both increase with a rising corrosion rate. However, in
Figure 7.8b, the increasing rates of pp (f) and psa (¢) versus #s decrease with a rising
corrosion rate except for ‘pr4 of 19.0 uA/cm?’ initially because 19.0 uA/cm? causes

about 8% of #s within the first year. In other words, under a given corrosion degree and
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the consideration of corrosion non-uniformity, the smaller the corrosion rate, the less

safe the corroded beam is.

7.4.4.3 Influences of rebar diameters

Figure 7.9 shows the pp () and py (f) with different rebar diameters Dso (10 mm or 14
mm) and the same corrosion rate (icorr = 19 uA/cm?). This figure illustrates that py (7)
and py (¢) with small Dso are higher than those with a larger Dso because the slopes of u
and o versus #s of 10 mm diameter rebar are both larger than those of 14 mm diameter
rebar. However, considering bond strength loss, the influences of rebar diameter on ppa
(7) seems to be diminished during the first three years (s ranges about 0 ~ 0.15). Thus,
the p/(#) of 10 mm diameter rebar may be higher than that of 14 mm diameter rebar.
Although such an effect may not be so apparent considering bond strength loss, larger

diameter rebar can increase the reliability and safety of corroded RC beams (Gu et al.,

2018).
---------- 2
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Figure 7.8 (a) pr2 (f) and (b) pa (¢) under different icorr
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Figure 7.9 (a) pr2 (¢) and (b) pa (¢) under different diameters

7.5 Conclusions

This chapter develops a PDFM-based reliability analysis method to calculate the

continuous and discontinuous deteriorating system’s reliability. Corroded RC beam

considering corrosion non-uniformity, brittle failure of corroded steel bar, and the loss
of bond strength between steel bar and concrete is taken as demonstration cases to
testify the feasibility and accuracy of the proposed method comparing with MCS.

Calculation results are analysed to study the influences of various factors on reliability,

and the following conclusions could be obtained:

1) The performance function may suddenly and randomly drop due to applying a
discontinuous deterioration model, which produces difficulty in PDFM, i.e.,
establishing and solving GPDEE. Aiming at this issue, a theoretical and numerical
solution is provided in this section. Calculation results of corroded RC beam with
the consideration of both continuous and discontinuous models showed that the
proposed method could successfully capture the PDF surface of the performance
function, and the deviations of mean and STD were about 0.9% ~ 1.9% under

different assumptions.
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2)

3)

Comparing the 600 presentative points-based PDFM method with 1,000,000 trails
of MCS, the relative errors of failure probability are about 0.29%~ 2.71%. An
entirely low point selection and relative error prove the efficiency and accuracy of
the proposed method.

Sensitivity analysis shows that different failure mode assumptions have an
essential effect on reliability calculation, especially in the low corrosion degree.
With the consideration of bond strength loss, the failure probability may increase
by about 34 times; considering the brittle failure of the steel bar, the failure
probability may grow by only 120%. Also, whether bond strength loss is
considered or not, a lower corrosion rate may cause lower reliability under a given
corrosion level. On the other hand, a large steel bar diameter may bring higher

reliability, but such an effect is limited once bond strength loss is considered.
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CHAPTER 8 POINT-EVOLUTION KERNEL DENSITY

ESTIMATION-BASED RELIABILITY ANALYSIS

8.1 Introduction
Though the reliability analyses of ageing structures have undergone tremendous
developments, most of the existing reliability-related studies do not address
maintenance issues, including preventive and essential maintenance, which might limit
their application in real-world engineering (Stewart and Al-Harthy, 2008; Wang,
Zhang, and Li, 2017; Bastidas-Arteaga, 2018; Wang and Zhang, 2018). In the existing
life-cycle maintenance, condition-based maintenance is a common strategy based on
the deterioration model of a gamma process and an inspection model (Frangopol et al.,
2004). Reliability-based maintenance is more practical than condition-based
maintenance concerning the effects of loading and structural safety. Although some
previous work associated with reliability-based maintenance has been conducted
(Enright & Frangopol, 1999; Kong & Frangopol, 2003; R. Kumar & Gardoni, 2014),
external loads were not well modelled as stochastic processes. Thus, these studies
were still based on specific deterioration models, and there is still a lack of a general
and robust method to comprehensively evaluate the temporal performance of ageing
structures under multiple deteriorations and different maintenance scenarios.

On the other hand, some nonparametric evaluation approaches, such as the kernel
density estimation method (KDEM), are applied to assess the target PDF (Silverman,

1986; Sheather and Jones, 1991; Jia, Taflanidis, and Beck, 2017; Colbrook et al.,
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2020). Existing studies related to KDEM focused on the optimal selection of
bandwidth for KDEM. For instance, Botev et al. (2010) suggested an adaptive
bandwidth selector through the smoothing property of the linear diffusion process.
Besides, Alibrandi and Mosalam (2018) developed a KDEM based on the maximum
entropy principle to estimate the long-tailed distribution from a small number of
samples. However, classical KDEMs are primarily based on the idea of MCS, where
each sample is equally weighted. Thus, the accuracy of classical KDEMs is highly
dependent on the sampling number. In this chapter, the point-evolution method is
applied to reduce the sampling number in KDEM. There have been no studies
focusing on the application of KDEM within the time-dependent reliability analysis by
incorporating the point-evolution method to the best knowledge of the authors.

This chapter develops a point-evolution kernel density estimation (PKDE) based
framework for time-dependent reliability analysis by considering multiple
deterioration mechanisms, the correlation between load effects and deterioration, and
maintenance schemes. The proposed PKDE can improve the computational efficiency
of the reliability analysis. Section 8.2 introduces the proposed framework concepts.
Then, section 8.3 describes the proposed PKDE in detail and compares the three PDF-
informed methods’ algorithms. In section 8.4, the framework’s feasibility and
accuracy are demonstrated using an example. Meanwhile, various maintenance
schemes and their influences on reliability are investigated. Also, the results of the
reliability analysis are compared with other methods. Finally, conclusions are drawn,

and future work is pointed out.
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8.2 Performance function with multiple deteriorations and maintenance action
Over the life of an engineering system, it may undergo multiple deteriorations. To
estimate the stochastic performance of systems, it is necessary to assess their time-
dependent capacity and demand (Kumar, Cline, and Gardoni, 2015; G. F. Jia and
Gardoni, 2018; Jia and Gardoni, 2019b, 2019a). Therefore, this chapter introduces a
performance function involving the capacity and demand of a deteriorating
engineering system under multiple deterioration scenarios. Meanwhile, the effect of
maintenance action on performance action is also discussed, as shown in Figure 8.1.

Given the random total input variables @ = [O1, Oz, ..., Os] (s is the number of
variables), the performance function G(0, ¢) at time ¢ is defined as

G(0,t)=R(0O,,1)—S(0y,1?) (8.1)
where R(Or, f) and S(@s, ¢) are the stochastic processes of instantaneous resistance R
and load effect S, in which @z and @s are the random input variables of R and S,
respectively (® = [Or, Os]). For S(Os, 1), it consists of dead load Si(®s.) and live load
Si(@s, t).

S(05.1)=5,(0 )+S,(0.1) (8.2)
where @ss and Os; are the random input variables of Sz and Sj, respectively (Os = [Os4,
®si]). In previous studies, the dependence between deterioration and the occurrence of
stochastic loads was usually ignored (Ramesh Kumar et al., 2015). In practice,

stochastic loads not only cause demands for the engineering system but may also lead

to shock deterioration (G. F. Jia & Gardoni, 2018).
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Figure 8.1 Framework for modelling the performance function in a life cycle context

Concerning both the progressive deterioration and shock deterioration caused by
external loads, the resistance function R (g, ) is described by a model as
R(®,,1)=R,-D, (@Dp,t)—DS (©,,.1) (8.3)
where Ro is the random initial resistance; Dp (@pp, f) and Ds(®p,, f) are the damages
due to the progressive deterioration and shock deterioration, respectively; and ®p, and
Op; are the random input variables of Dp and Ds, respectively (@r = [Ro, Opp, Obn;]).
For the modelling of Dp (@pp, t), Kumar et al. (2015) proposed to use a
combination of deterministic functions to model progressive deterioration, and Jia and
Gardoni (2018a) suggested a nonhomogeneous state-dependent Markov process model
that considers uncertainties and time-dependent deterioration process. For Ds (@b, f),
the shock characteristics, such as the occurrence rate and intensity, should be modelled.
A stochastic model, such as the Poisson process, either homogeneous or
nonhomogeneous, was usually applied to model the shock occurrence (Kumar, Cline,

and Gardoni, 2015; Jia and Gardoni, 2019a). To ensure the generality of the proposed

174



framework, the forms of progressive and shock deterioration are not identified in
Eq.(8.3). In general, given the performance function, the performance of the
investigated engineering structure can be assessed.

Maintenance actions can improve the performance function. In this chapter, the
relevant maintenance actions are determined through a time-varying performance
indicator, i.e., the time-varying reliability index f (G. Jia, Tabandeh, et al., 2017).
Given the relevant threshold (e.g., fc1 and fc2), the timing for different maintenance
types can be determined. The maintenance time instants of preventive maintenance
and essential maintenance are denoted as #,,; (i =1, 2, ..., np) and te; (i = 1, 2, ..., ne),
respectively, where np and ne are the numbers of preventive maintenance and essential
maintenance.

As an illustration, in Figure 8.2, the solid line, dotted, dashed, and dot-dash lines
denote the f associated with no maintenance, replacement, enhancement, and
preventive maintenance & replacement, respectively. For replacement and
enhancement, f.,1, and z2 are the first and second-time instants when the S reaches the
threshold value fc2, and corresponding essential maintenance can be performed. For
preventive maintenance & replacement, three critical instants #1, #p2, and f1 are
marked, with the first two being the instants when £ reaches the threshold fe1 and the

latter being the instant when /£ approaches fc>.
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Performance indicator No maintenance

e.g., reliability index 8 | ............ Replacement
— — - Enhancement
— . — Preventive maintenance & Replacement

Time (yr)

Figure 8.2 Time-dependent performance indicator (e.g., reliability index) by

considering deterioration and maintenance

The effect of various maintenance actions (i.e., preventative, replacement, and
enhancement) is introduced as follows:

Concerning the changing rate of the performance function after preventive
maintenance, a factor ¢ (<1) is introduced to consider the effect of preventive
maintenance actions on the time-variant structural performance. Given the detailed
information on preventive maintenance action, the value of ¢ can be determined. The

performance function after preventive maintenance could be updated as R (@Ox, ?):

R(©,,0)=R,- D, (0,,t)- D (0,1)
=R,~¢-D,(0,,t)-Ds(0,t?), (8.4)
te(t,,, o) orte(t,t,;1,i=1,2,..,j=12,.., <t

pi Sle
where fn, is the i-th time instant when £ is reduced to fc1; (¢.i, t0) (i = 1, 2,...) is the
time interval between the i-th preventive maintenance and end of service life; and (#,i,
tej] (j =1, 2,....) is the time interval between the i-th preventive maintenance and the j-

th essential maintenance. In this chapter, preventive maintenance is assumed to be

effective until the next essential maintenance. If no essential maintenance is applied,
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preventive maintenance is assumed to be effective until the end of the service life.
Besides, when £ is reduced to fc2 at the time f,; and replacement occurs, the
structural resistance R(®, f) can be updated to the initial value, which can be

expressed as

R*(®R7t) =R(®R’t_te,i)9
te(t

e’

(8.5)
o), 1€ (1, 1ol s 1 =1,2,...

where (i, +o0) (i = 1, 2,...) is the time interval between the i-th essential maintenance
and end of service life; and (%, tei+1] (j = 1, 2,....) denotes the time interval between
the i-th essential maintenance and the (i+1)-th essential maintenance. For enhancement,
as indicated in Figure 8.2, the structural resistance is enhanced and exceeds the initial

value where the increased value is denoted as Ren, and R(@r, £) can be computed as:

R(®;,))=R(O,t—1,,)+R,,

8.6
te,i+1]’i:1,2,... ( )

te(t,;,+),te (t,;,
where Ren 1s the value of performance enhancement (zero for replacement).

On the other hand, denoting external load and shock deterioration at time ¢ as Si¢
and Ds,, a copula function (e.g., Gaussian) can be employed to consider the correlation
between Si: and Ds; at time ¢ with marginal cumulative density functions (CDFs) of
Fsirand Fps,, respectively (Wang, Zhang, and Li, 2017):

By o, (SD5,) =0 7 (F, (S,)).@7 (£, (D) | 8.7)
where Fsiips: 1s the joint CDF of (Siz, Dsy); ®c is the joint CDF of a multivariate
standard normal distribution, and @' is the inverse cumulative distribution function

(CDF) of standard normal distribution.

After modelling the resistance and external load, the failure probability ps(¢) and
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reliability index f(f) at time ¢ can be evaluated. In general, p/(¢) and f(¢) estimation
depend on their definitions. For instance, ignoring the temporal correlation of G(@, )
and supposing that no essential maintenance is applied, pr(¢) can be defined as the
probability that G(O, ¢) is below zero:
pf(t):P(G(G),t)<O) (8.8)
Then, f(¢) can be calculated through pr(7) as (Ditlevsen & Madsen, 1996):
Bn)=07 (1-p, () (8.9)
However, such a definition cannot consider the first passage problem and may
underestimate the failure probability. Thus, a rigorous definition of ps(¢) can be written
as (Lutes & Sarkani, 2004):
pf(t)zP(G(G),T)<O,E|Te [O,t]) (8.10)
In addition, if essential maintenances are applied, the resistance R(@®r, ) would
increase, but the pr (f) and p(¢) calculated by Egs.(8.10) and (8.9) would remain
unchanged. To ensure the reliability returns to or exceed the initial status after the

essential maintenance, pr(¢) should be redefined as:

p,()=P(G(®,7)<0,3re(,,.1]),

8.11
te(t, . t,,,1i=12,.. (®10

8.2.1  PDF informed reliability analysis

The traditional strategy for calculating Pr(¢) of deteriorating engineering structure is
through a large scale of MCS (Tu, Fang, Dong, & Frangopol, 2017), whose principal
merit is that mathematical difficulties could be avoided regardless of the performance

function. However, such a strategy can have a substantial computational burden. Thus,
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in this chapter, the pr(¢) is calculated by the integration of the PDF of performance
function:

p0=] _ po(g.)g (8.12)
in which pa (g, f) 1s the PDF of the performance function.

The main objective of the PDF informed method is to perform the reliability
analysis by capturing the time-dependent PDFs of the performance functions. To
obtain pc (g, ), L1 and Chen (2009) proposed the probability density evolution method
(PDEM), as introduced in CHAPTER 7. Regarding the first-passage problem and the
scenario of no maintenance, an absorbing boundary condition needs to be imposed,
which means that a representative point that comes to the failure zone will not return
to the safety zone. Some probabilistic information of pc (g, ¢) will lose by employing
an absorption boundary due to the failure representation points. The updated pc (g, 1)
can be denoted as the residual PDF, p“c (g, £), and computed using Eq.(8.13).

pe(g.t)={ps(g.t)],co= 0} (8.13)

Then, ps(f) could be solved by integrating p'c (g, ) as Eq.(8.14).

p0=1-[" pi(g.1)de (8.14)

Besides, pr(f) can be calculated by Eq. (8.14) for preventive maintenance, though
a reduced deterioration rate brings the reduction of the changing rate of /(). However,
for essential maintenance, R(@r, f) and the PDF of performance function are updated
when f(7) is reduced to fe2. Regarding the absorbing boundary condition, once a
sample fails, the associated probability never returns to the safety domain (J. Li &

Chen, 2009). Thus, although R(®k, ) can be updated after repair actions, £(¢) does not
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increase and becomes a non-increasing function. Thus, this method cannot be used to

solve the time-dependent reliability by considering the effect of maintenance action.

8.2.2  Equivalent extreme performance function

For the first-passage problem and the maintenance effect, absorbing boundary
condition seems unpractical, and then a more general approach is developed to build
an equivalent extreme performance function g* as indicated in Eq.(8.15) and Figure
8.3.

In Figure 8.3, it can be found that in each interval [0, fe,1), [fe1, e2), and [fe2, +0),
the original performance function g is fluctuating, but g" is a nonincreasing function.
Due to the monotonic nature of g*, there exists no difficulty in solving the first-
passage problem, and time-dependent reliability can be handled similarly to Eq.(8.12).

Thus, Ps(f) can be calculated through the integration of the PDF of g, ps (g',f), via

Eq.(8.16).
g =G (0,n)=min{G(®,7),7e (t,,.1]} 1€ (t, .1, ],i =12,... (8.15)
P)=]. p, (g 1)e (8.16)
b =Gew
g=G"(8.0)
g r \ /
é I‘II \\
2
I
2

Time (year)

Figure 8.3 Schematic diagram of equivalent extreme and original performance
functions
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Besides, Eq.(8.15) can also be applied to the scenarios of no maintenance or
preventive maintenance if f,i is assumed as zero, which indicates that the equivalent
extreme performance function is appropriate for all scenarios. However, the min{-} in
Eq.(8.15) is an abstract function so that pc'(g",f) is not a differentiable function and the
GDEE of g is unavailable. Similar phenomena usually occur in time-dependent
systems, such as the structural resistance suffering from sudden damage and the
performance function subject to the stochastic loading process, making it challenging
to perform PDF informed analysis. Therefore, the current PDEM cannot be widely
used within the life-cycle assessment process. Notably, it may not be appropriate to
apply PDEM in the scenario with equivalent extreme performance function due to the
difficulty of obtaining PDF via GDEE. Therefore, in this chapter, instead of
establishing and solving GDEE as PDEM, the nonparametric density estimation
method would be adopted to evaluate the PDF. More detailed information can be

found in the following section.

8.2.3  Kernel density estimation-based method

The main demerit of PDEM is that a differentiable performance function should be
established. In this chapter, an alternative strategy for capturing PDFs is to apply a
nonparametric density estimation method to evaluate the PDF directly without
capturing the differentiable function. Such a method is called the kernel density
estimation method (KDEM), and the basic idea is to evaluate the target PDF through a

series of samples and kernel density estimators (Silverman, 1986). Regarding the
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target PDF f'(x), its estimation f (x, h) can be written as

j}(x,h)=1/M-ZK(x,xl.,h) (8.17)

i=l
where x; is the i-th sample; M and 4 are the number of samples and the bandwidth; and
K is the kernel function, which could be selected according to the distribution region
and characteristics of samples (U. Alibrandi & Ricciardi, 2008; Rawa, Thomas, &
Sumner, 2011). For instance, if the target distribution is an infinite region, i.e., x € (-0,
+0), K could be the PDF of a Gaussian distribution whose mean is the value of sample

xi and the standard deviation is A

K(x,x,,h)=

2
h\/12_7z exp{—%(x;xij } (8.18)
Moreover, for finite regions, such as x € [a, b], the kernel function could be a beta
distribution; for semi-bounded region, i.e., x € [0, +0), the kernel function could be a
lognormal or gamma distributions. Besides, if % is infinitely close to 0, the kernel

function becomes a Dirac’s delta function d(-), and if M is close to infinity, f (x,h)

becomes infinity and close to f(x).
1 M
K(x,xi,h—>O)=5(x—xi),f(x)=A14imﬂz5(x—xi) (819)
M

Thus, employing the KDEM in time-dependent reliability analysis, the PDF of
the equivalent extreme performance function G* at time ¢, pc (g, ), can be estimated

as
by (g1) =Z$K (¢.G'©.0.h) (8.20)

i=1

However, in most cases, it is not possible to apply a large number of samples due
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to the limitations of experimental conditions and computational burden. A common
problem for KDE is selecting an appropriate bandwidth /4 based on a limited number
of samples. In general, the optimal bandwidth 4 is determined based on the criterion of
mean integrated square error (MISE), which can be decomposed into integrated
squared bias and integrated variance components as
A 2
MISE(%) = Ej( Fxe,h) - f(x)) dx
(8.21)
. 2 .
= (E[ f(x,h)]— f(x)) dx+jVar[ f(x,h)]dx

where ]} (x,/1) denotes the estimator of f{x) for a given A. Since f{(x) is unknown in

Eq.(8.21), it is difficult to obtain the 4 satisfying the minimum of MISE. If the target
distribution is close to a Gaussian distribution, and the kernel is chosen as a Gaussian
kernel, the choice of /4 could be determined according to Silverman’s optimum
bandwidth /4 (Silverman, 1986):

h=36(4/(3m))" (8.22)
where 0 is the sample standard deviation (STD). If the target distribution is far from a
Gaussian distribution, Eq.(8.22) might cause the inaccurate results of KDE. Thus, to
obtain the appropriate bandwidth, Botev et al. (2010) proposed a plug-in bandwidth
selection method based on the Sheather-Jones algorithm. Also, Botev et al. (2010)
have pointed out that the Gaussian kernel is the unique solution to the diffusion partial
differential equation (Botev et al., 2010):

Sk _19

o §¥j}(x’h)’xe 1.h>0 (8.23)

where y = R and initial condition f(x,0)=A(X) is the sum of a series of ¢ function in

Eq.(8.19), which could be approximately measured by the empirical density of data.
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Assuming that f” is a continuous square-integrable function, the square of the optimal
value /4 of Gaussian kernel density estimator is the minimum of the first-order

asymptotic approximation of MISE:

K =(2Nx | f”||2)_0'4 (8.24)
The main issue is to estimate the || f "||2 in Eq.(8.24). Considering the Hf / H2 for
arbitrary integer j > 1 and denoting unknown H [ ’ as ff? 2 , the square of
bandwidth *}Azj can be evaluated as
2/(3+2))

A 1+1/2/721 X2 -1
. +1/ X3X5---x(2j-1) (8.25)

*0j 2
3 N2 ‘ £

A

— 12
in which H /7| needs the estimation of ./,,. Thus, it proves that estimating +h needs

the estimation of a sequence {J}H ok 1} . Denoting the relationship between ,jzj and

A
A

. as k=, (.h,, ). the estimation of +4” can be written as:

6:2 -3
7

*ﬁzg;ﬂl](*ﬁj+l),§=( J ~0.90,/> 0 (8.26)

where y(+) is the composition, which can be expressed by:
P =155 (1 () k21 (8:27)
By employing the fixed-point iteration or the Newtonian method, the estimates of
h can be calculated by solving the non-linear equation Eq.(8.26). Although Botev’s
approach suggests a practical way to obtain the appropriate bandwidth, the accuracy of
such a method still strongly relies on the randomly sampled data. Essentially, it is still
an MCS-based method that requires a large amount of sampling. To overcome this

demerit and increase computational efficiency, the PKDE is proposed in the following
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section.

8.3 Point-evolution kernel density estimation

As mentioned earlier, in PDEM, there is no need to generate as many samples as in
MCS, but instead, there is a need to select representative points by the point-evolution
method. However, for PDEM, the target PDF must be solved by computing the GDEE.
For KDEM, the target PDF can be captured using KDE without solving the GDEE, but
a large amount of sampling is required. Therefore, a new method of point-evolution
kernel density estimation (PKDE) is proposed to combine the ideas and merits of
classical KDE and PDEM to evaluate the target PDF.

The main idea of PKDE is to apply the point-evolution method to select
representative points and then evaluate the PDFs through kernel density estimators.
The point-evolution method’s principal idea is to partition the random space into 7sel
subdomains (J. B. Chen et al., 2009). According to the point-evolution method, the
estimation of target PDF can be expressed as the sum of a series of representative

points with assigned probabilities:
f(x)=2 P, 5(x-x) (8.28)

where Jd(+) is the Dirac’s delta function; and P, is the assigned probability of the i-th
representative point, which is evaluated by the volume of Voronoi cell of the random
space of the i-th representative point (J. B. Chen & Zhang, 2013). In PKDE, ¢ in
Eq.(8.28) is estimated through a kernel density estimator.

Comparing Eq.(8.28) with Eq.(8.17), the difference between KDE and PKDE is
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that 1/M is replaced by the assigned probability Ps,i. Then, the estimation of the target

PDF can be rewritten as follows:

A

f(xh)=

M=

P K(x,x,h) (8.29)

where K(-) is the kernel function that can be selected; and /4 is the bandwidth that can
be evaluated by Botev’s approach. For the Gaussian kernel function, the optimal
estimation of 4 can be obtained by solving Eq.(8.26).

To demonstrate the efficiency and accuracy of the proposed PKDE, two simple
cases are made to evaluate the PDFs of x1 and x2:

x, =6 +6,,x,=6,-H(|6,|-]6,])+6,-(1- H (|6,|-]6])) (8.30)
where 61, 62, and 65 follow N(-2,1), N(1,3), and N(2,3), respectively; and H(‘) is a
Heaviside function which equals one if the value in parentheses is not less than 0,
otherwise equals 0.

An illustrative example is introduced here to demonstrate the feasibility and
efficiency of the proposed method. By employing a Gaussian kernel, the PDFs of xi
and x2 are evaluated through various methods: 10° times sampling from Botev’s
KDEM, 256 times sampling from Silverman’s KDEM, Botev’s KDEM, and the
proposed PKDE. The samples of the former three methods are generated by brute
MCS, but the last one is based on the Sobol sequence (Radovi¢, Sobol, and Tichy,

1996).
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Figure 8.4 Comparison of PDF estimation by using different methods

Comparisons of the estimation results for the two cases are shown in Figure 8.4.
It can be found that, both in Figure 8.4a and b, the PDF from 10° times sampling from
Botev’s KDEM is close to the proposed PKDE but quite different from others. Besides,
subgraphs are plotted in both Figure 8.4a and b to magnify the tail of the negative
portion of the PDFs. The subgraphs in Figure 8.4 show that the proposed PKDE can
provide well-estimated tails of the PDF. Accuracy of the PDF tails is crucial for
reliability analysis as the modelling of PDF tails generally determines the accuracy of
the reliability results. Therefore, the proposed PKDE exhibits significant effects
regardless of whether it is a Gaussian-like or multi-peak distribution. These results
show the feasibility and accuracy of the proposed PKDE.

On the other hand, by applying the proposed PKDE in the time-dependent
reliability analysis, the PDF of the equivalent extreme performance function at time ¢

pa (g, can be estimated as

by (g')=2.P.K(2.G'0.0.h) (8.31)

i=1
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Compared with PDEM, p.. ( g*,t) can be quickly and efficiently obtained by
Eq.(8.31) without the process of FDM and absorbing boundary condition. Therefore,
the proposed PKDE can be flexibly applied in the time-dependent reliability analysis
of ageing structures, especially for the scenarios with different deterioration scenarios
and maintenance actions within the service life.

The main algorithms of the proposed PKDE are briefly summarized and
compared with PDEM and KDEM in Algorithm 8.1. The main inputs of the
algorithms are the name of applied method ‘method’, the number of representative
points or samples nsel, the random variables ® (dimension s), the performance function
G(0, 1), the period [0, Tiwt] and the time interval dz; and the outputs are time-dependent
reliability index f(¢) and failure probability Pr(z). The fundamental difference between
those three methods is capturing the target PDF of the performance function. For
PDEM, the main steps are: generating nsel representative points, calculating the
assigned probability of each representative point, then capturing PDF through FDM.
For KDEM, the main steps are: generating nsel samples, assessing the optimal
bandwidth through Botev’s approach, and then estimating the target PDF through
Eq.(8.20). For the proposed PKDE, the nsel representative points are selected, optimal
bandwidth is also evaluated through Botev’s approach, and then estimating the target
PDF through Eq.(8.29). Once the target PDF is captured, Pr(¢) could be obtained by

integrating the PDF.
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Algorithm 8.1 PDF informed Reliability Analysis including three methods

1:  Switch (method):

2:  Case ‘PDEM’

3: Generate nsel representative points via Sobol Sequences

4: for i=1: nse do

S: for r=1: d¢ : Tt do

6: Solve i-th p'c(g,t) through finite difference

7: Set the absorbing boundary condition p'c(g, )|e<0=0 to obtain pc+(g”, 1)
8: end do

9: end do

10: Sum all pi+(g", £) to obtain pe+(g”, £)

11: Calculate the Pr(¢) through 1 — f0+°° pi (g, t)dg and B(6)=0(1-P((t))

12: Case ‘KDEM’

13: Generate nsel random samples

14: for ~=1: d¢ : Tt do

15: Set initial error variable €0 = 1e3, precision &, initial zo = €, n = 0 and initial guess 4 =0
16: while g0 > € do

17: Set zn+1=Ey(zn)

18: €0=| Zn+1- zn|, and n: = n+1

19: end do

20: Obtain the optimal bandwidth h = \/z,,, and pc’(g",?) through Eq.(8.20)
21: Calculate the Py (¢) through f_ooo pe-(g*, t)dg* and B(6)=D(1-P(1))

22: end do

23: Case ‘PKDE’

24: Generate nsel representive points via Sobol Sequences

25: for i=1: nse do

26: Compute the assigned probability of i-th representative point Pa,i

27: end do

28: for ~=1: d¢ : Tt do

29: Set initial error variable g = 10°, precision &, initial zo = &, n = 0 and initial guess & =0
30: while & > ¢ do

31: Set zn+1=EyA(zn)

32: €0=|Zn+1- Zn|, and n:= n+1

33: end do

34: Obtain the optimal bandwidth h = [z, and pc’(g",?) through Eq.(8.29)
35: Calculate the Py (¢) through f_ooo pe-(g*, t)dg* and B(6)=D(1-P(1))

36: end do

8.4 Illustrative example
This section presents a numerical example to illustrate the feasibility and capability of

the proposed method. Both progressive and sudden damage are considered in the
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resistance model, while the load model is associated with both dead and live loads.
Also, various maintenance schemes and their effects on structural performance are

investigated.

8.4.1  Time-dependent resistance and load effect

To conduct a reliability analysis, the first step is to model the resistance and load effect.
Consider an RC structure subject to dead load Sq, live load S;, progressive deterioration,
and S induced sudden damage with a service life of 40 years. In this case, Sa is
assumed as a lognormal distributed random variable with mean value ws and
coefficient of variation (COV) dqg; and S; is modelled by a stationary Poisson process
with a mean occurrence rate of 4. Denoting the occurrence times of load event within ¢

years as m(t), the probability that & times of load events occur is

(J.Ot /?,dt)k exp (—J.Ot /1dt)

P(m(t)=k)= x

,k=0,1,2,... (8.32)

The intensity of each live load event follows the Gumbel distribution (Wang,
Zhang, and Li, 2017). The mean value and COV are denoted as w and d..

The progressive deterioration is modelled by a function of time and a random
variable of initial capacity for illustrative purposes, while shock deterioration is
represented by the sum of a series of independent random variables. Besides, the
shock deterioration and live load event are assumed to coincide, and then the

resistance function is written as:
m(t)

R(t)=Ry g ()~ D AD,, (8.33)

i=m;+1
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where Ro follows a lognormal distribution with the mean value uro and COV dro;
ADxk, 1s the i-th shock deterioration following the lognormal distribution whose mean
value and COV are usk and dsk; mi is equal to 0, if no essential maintenance is applied,
or the number of sudden damage when essential maintenance is applied; and gdet(?) is
the progressive deterioration function (Mori & Ellingwood, 1993).

g =1-a-t’ (8.34)
where a and b are the shape parameters of gdet(f) in which a is related to the
deterioration rate is related to the deterioration mechanism of corrosion, such as
sulfate attack or chloride attack. Concerning the correlation between ADsk,; and Si; (i-
th live load event), ADsk; and Si; are converted into correlated standard normal
variables U1 and U: through

F;, (S,,)=®(U,),Fp, (Dy,)=®(U,) (8.35)

The correlation coefficient matrix of (Ui, U>) is denoted as P

‘I‘[:{l ’0} (8.36)
p 1

Employing the Cholesky decomposition of Pi, 4i can be obtained as 2 x 2
matrices such that W; = 4; 4;i". Then, based on 4i, (U, U>) is transformed into (V1, V2)
by

V. V)=4"U,U,) (8.37)

Then, ADsk,; and S;,; are obtained through

AD,,=F; (V).S,,=F; (V) (8.38)
The parameters used in the computational process are summarized in Table 8.1.

Also, various maintenance schemes are considered: no maintenance, preventive
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maintenance, and essential maintenance (i.e., replacement only, enhancement only,

and both preventive maintenance & replacement).

Table 8.1 Parameters used in the example

Parameters Values | Parameters Values | Parameters Values | Parameters Values
LRO 1.0 Oro 0.05 a 2x10°¢ b 3
I 0.1 od 0.3 Bel 2.5 P2 2.0
i 0.1 o1 0.3 A 0.1/year Ren 0.2
Hsk 0.02 Osk 0.3 p 0.5

8.4.2  Time-dependent reliability analysis

Based on the methods presented in the “PDF informed Reliability Analysis” section,
999 representative points are selected based on Sobol” sequences (Radovi¢ et al., 1996)
for the PDF informed reliability analysis, whose principal algorithms are in Algorithm
1. All scenarios are coded using MATLAB and run on Intel (R) Core (TM) 17-7700

CPU@3.6 GHz and 20 GB of RAM.

8.4.2.1 Time-dependent reliability without maintenance

Given no maintenance, the PDF of pa(g, f) (Eq.(8.12)) and p'c(g, ¢) (Eq.(8.13)) could
be computed through the PDEM and imposing absorbing boundary condition, and that
of pcx(g”, 1) (Eq.(8.16)) could be calculated by the proposed PKDE and establishing
equivalent extreme performance function. The computation times for solving Eq.
(8.12), Eq.(8.13), Eq.(8.16), and MCS are 199 s, 193 s, 13 s, and 7406 s, respectively,
indicating that PKDE is the most efficient, followed by PDEM, for the scenarios of no
maintenance. Figure 8.5a,b,c, and d show that p*(g, 7) is close to pc(g, ), but the
former does not have a negative part. Besides, comparing Figure 8.5¢ and d with e and
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f, the surface and contour of pc«(g”, ¢) are rougher than p“c(g, 7). It is because the
intensity of S; varies with time, which causes fluctuations in the performance function.
Besides, the equivalent extreme performance function could make the performance

function monotonic and stable.

0 10 20 30 40
Time (year)

(a) (b)

PDF

0 10 20 30 40
Time (vear)

(c) (d)

PDF

Time (year)

(e (H

Figure 8.5 Comparisons of PDF surface and contour in the scenario of no maintenance:
PDF surface of (a) po(g, 1), (b) pa(g, 1), (¢) p'c(g. 1), (d) p"c(g. 1), (€) pex(g”, 1), and (f)
po(g’, 1)
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Furthermore, P(f) is calculated by integrating pa(g, 1), p'a(g, t), and pc(g”, ©),
respectively, which are compared with MCS, as presented in Figure 8.6. As shown, all
pAt) and p(t) of PDEM and PKDE except for pa(g, f) are consistent with those from
MCS. Although pA¢) and S(¢) of pa(g, t) are initially consistent with other results, they
gradually differ significantly from those from pc(g, 1), pa<(g”, f), and MCS.

For instance, pr(40) for pa(g, t) is only 0.060, which is much lower than that of
other methods (0.131); and f(40) for pa(g, t) is 1.554, which is higher than that of
other methods (1.122). Thus, the failure probability of ageing structures might be
underestimated if the first-passage problem is not considered. Also, the pAt) and f(¢)
for both pa(g, f) and pc+(g”, t) are the same as the results calculated using the MCS,
indicating that both the absorption boundary condition and the equivalent limit

performance can handle the first-passage problem.

0.14 3.5

— ——-MCS ; .
0.12} PDEM p (2.1) \
o1t PDEM p_(g.1) }
PKDE p +(g".1) J
\\- 0.08 f 7
Y
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0.04
0.02 f
= . . . | . . .
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Time (year) Time (year)
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Figure 8.6 Comparison of MCS, PDEM, and PKDE: (a)p(¥) and (b) f(¢)

8.4.2.2 Effect of preventive maintenance on time-dependent reliability

Concerning preventive maintenance, the computational times of PDEM, PKDE, and
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MCS are 145 s, 22 s, and 6884 s, respectively, which also suggests the efficiency of
PKDE is the highest. Besides, results show that p“c(g, 7) is different from pc+(g”, ©), as
illustrated in Figure 8.7. By considering maintenance, the PDF of p“a(g, #) changes
abruptly in the 5th year as indicated in Figure 8.7a and b, while there exists no
apparent change between pc+(g”, £) in Figure 8.5¢ and f and Figure 8.7c and d. Despite

that preventive maintenance is applied, the PDF surface of pc(g”, f) still looks smooth.

0 10 20 30 40
Time (year)

(b)

0 10 20 30 40
Time (year)
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Figure 8.7 Comparisons of PDF surface and contour in the scenario by considering
preventive maintenance: PDF surface by (a) p*a(g, ©), (b) p"a(g, ©), (¢) pc+(g”, 1), and (d)
pg’, 1)

Then, pA¢) and B(¢) calculated by p“c(g, 1) and pc+(g”, f) are compared with MCS.
As indicated in Figure 8.8, it can be seen that both p/(f) and A(¢) calculated using p“c(g,

1) and pc+(g", f) agree well with the results from MCS. It shows that the absorption
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boundary condition and the equivalent limit performance can handle the first-passage
problem by considering preventive maintenance. However, in Figure 8.8, the p/(¢)
calculated using pc+(g”, ?) is closer to MCS than p“c(g, f), which shows the accuracy of
PKDE may be higher than that of PDEM. Besides, compared to Figure 8.8a, prafter 40
years decreases 0.0399 from 0.131 to 0.092, and p after 40 years increases by 0.207

from 1.122 to 1.329.
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Figure 8.8 Comparison of MCS, PDEM, and PKDE in the scenario by considering
preventive maintenance: (a) P«¢) and (b) A(¢)

8.4.2.3 Essential maintenance on time-dependent reliability

For the effects of replacement on structural performance, the computational times of
PDEM, PKDE, and MCS are 199 s, 24 s, and 5213 s, respectively, and PKDE is still
the most efficient. Besides, the PDF surface and contour of p“(g, #) with pc«(g”, f) are
compared in Figure 8.9. Due to the involvement of absorbing boundary condition, the
second time of maintenance can not be identified by using PDEM as indicated in
Figure 8.9a and b. Thus, there is only one time (i.e., at the 15" year) maintenance-

induced change as indicated in Figure 8.9a and b, but there are two maintenance-
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induced changes in the 15th and 29th years in Figure 8.9¢ and d by using PKDE. The

PDF of pc+(g”, 1) is associated with some cyclical phenomena.
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Figure 8.9 Comparisons of PDF surface and contour in the scenario by considering
replacement: (a) p"a(g, #), (b) p'a(g, 1), (¢) pa+(g”, 1), and (d) pa<(g”, 1)

Also, Figure 8.10 shows the comparison between the p/(¢) and f(¢) calculated by
pa(g, 1) and pc+(g”, f) with MCS. The pA?) and B(t) of pc«(g*, ) and MCS show
periodically repeat between 0-14 years, 14-29 years, and 29-40 years, but those of
pa(g, ?) is a monotonic function. Also, the p/¢) and B(f) of pc«(g", f) are consistent
with MCS. Thus, PDEM with absorbing boundary conditions is inappropriate in

scenarios with essential maintenance. Besides, p/(f) might be underestimated if the
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absorbing boundary condition is not applied in PDEM, as illustrated in Figure 8.6. The
primary reason is that PDEM relies on the computation of GDEE and relating
boundary conditions. However, unlike PDEM, the proposed PKDE requires only the
performance functions of representative points without extra conditions. Thus, it
proves that PKDE is more practical and flexible in reliability analysis, especially for
essential maintenance scenarios.

Besides, two types of combined maintenance actions: enhancement and
preventive maintenance & replacement, are investigated, where for the former
scenario, PKDE and MCS cost 10 s and 3634 s, respectively; for the latter one, PKDE
and MCS cost 12 s and 1602 s, respectively. Comparing the PDF of enhancement
(Figure 8.11a and b) with that of replacement (Figure 8.9c and d), the PDF after the
15th year upward increases by 0.2. Also, comparing preventive maintenance (Figure
8.11c and d) with PDFs of replacement (Figure 8.9c and d), the first maintenance is
deferred by two years, and the second one is by four years. Thus, it can be indicated
that the effect of essential maintenance on PDF surfaces can be obtained by
establishing equivalent extreme performance.

Moreover, Figure 8.12 shows the pr(¢) and () calculated by pG'(g", ) with MCS
under different scenarios of essential maintenance. Before the 15th year, all the curves
are similar, but after the 15-th year, the results are different for the two essential
maintenance scenarios, where p/(¢) and S(¢) are monotonic functions for replacement,
but periodic between years 16-33 and 33-40 for the other one. Furthermore, the

calculations indicate that the proposed PKDE can accurately compute the reliability
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index and the time instances of maintenance actions.
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Figure 8.10 Comparison of MCS, PDEM, and PKDE in the scenario by considering
preventive maintenance: (a) py(¢) and (b) 5()
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Figure 8.11 Comparisons of PDF surface and contour of pc+(g”, #) in the different
scenarios: (a) PDF surface of enhancement, (b) PDF contour of enhancement, (¢c) PDF
surface of preventive maintenance & replacement, and (d) PDF contour of preventive

maintenance & replacement

199



3.5 |\
10" \ {
3 -
- \‘. | \“\\\>
-~ 2= | \N -~
STl B ez I | s
/ | = = =
/ — - “Sa l
# l =z 2t ==
10°f | ¢
j |! 15
107 ' ' ' 1 : : ‘
0 10 20 30 40 0 10 20 30 40
Time (year) Time (year)
(a) (b)
— — — MCS enhancement MCS preventive maintenance & replacement
————— PKDE p G*(g*,t) enhancement PKDE p G*(g*,t) preventive maintenance & replacement

Figure 8.12 Comparison of MCS, PDEM, and PKDE in the scenarios by considering
enhancement and preventive maintenance & replacement: (a) p/(¢) and (b) 5(7)

8.5 Conclusions

This chapter establishes a general framework for time-dependent reliability analysis by

integrating various deterioration mechanisms, maintenance, and the correlation

between load effects and deterioration. Within the framework, a novel PKDE-based
reliability analysis method is proposed and validated by numerical cases. The
following conclusions are drawn:

1) According to the numerical analysis, the efficiency and accuracy of the proposed
framework are demonstrated by MCS. PDF informed approaches could capture
both progressive and sudden shocks and their effects on performance function and
reliability. Also, the classical PDEM and the proposed PKDE are applied for
reliability analysis in the no maintenance cases. However, for PDEM, the
structural reliability might be highly overestimated without imposing the
absorbing boundary condition.

2) The PDF surface of PKDE is much smoother than PDEM due to the establishment
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3)

of an equivalent extreme performance function; also, both the results of reliability
analysis by PKDE and PDEM agree with MCS for the scenarios with preventive
maintenance. For the scenarios with essential maintenance, the reliability of
PDEM as a function of time is a non-increasing function, unlike MCS and PKDE.
Thus, for the cases considering essential maintenance, PKDE is more appropriate
than PDEM.

Calculation results demonstrate that compared with replacement, enhancement
can effectively reduce maintenance times during the service life. Furthermore,
once the preventive maintenance and replacement are performed, the timing of
maintenance can be postponed. With PKDE, the critical time instants when

maintenances occur can be accurately recognized.
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CHAPTER 9 RELIABILITY ESTIMATION FOR SMALL

FAILURE PROBABILITY

9.1 Introduction
Concerning the scenarios of small-failure probabilities, the classical MCS requires
many samples to reach the desired accuracy in estimating the failure probability,
which may cause a significant computational burden and limit its application. Thus,
some strategies to reduce the computational cost, e.g., importance sampling method
(IS) (R. E. Melchers, 1989), subset simulation (SS) (Au & Beck, 2001), etc., have
been proposed. Although these methods are well established and more efficient than
the classical MCS, they still require high computational cost, especially for complex
performance functions and small-failure probabilities. Therefore, there is still a need
for a reliability analysis method with high precision and low computational cost.
Currently, a popular path for reducing the computational cost of reliability
analysis is to build surrogate models, such as response surface models (Faravelli, 1989;
Kioumarsi et al., 2014), kriging models (Kaymaz, 2005; Z. F. Zhu & Du, 2016),
support vector machine models (Hurtado, 2004), and polynomial chaos kriging (PCK)
models (Schobi, Sudret, and Wiart, 20s15; Schobi, Sudret, and Marelli, 2017). The
main merit of surrogate models is that many calls to the original performance function
can be avoided, reducing the computational cost. The prediction accuracy of a
surrogate model depends on its training set, which in turn affects the reliability

calculation results. Therefore, Echard et al. (2011) proposed a strategy to identify
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updating points and enrich the training set of the Kriging model, which is called the
adaptive Kriging-MCS (AK-MCS) method of reliability analysis. Schobi ef al. (2017)
also applied the PCK model to achieve adaptive MCS to estimate the small-failure
probability. Recently, the idea of adaptive MCS has been developed tremendously.
Some scholars proposed learning functions in adaptive MCS (Meng, Zhang, Li, &
Zhang, 2020; Shi, Lu, He, Zhou, & Chen, 2020), while others worked on reducing the
variation of failure probability and improving the robustness of rare event probability
estimation. For example, Echard et al. (2013) and Cadini et al. (2014) suggested
combining AK-MCS with IS, while Huang et al. (2016) and C. L. Xu et al. (2020)
proposed integrating the AK-MCS with SS. The adaptive MCS method can be
implemented both in the time-invariant and time-variant cases (Hu ef al., 2020; Shi,
Lu, and He, 2020). Although existing adaptive MCS-based methods have been
successfully applied in various applications, they still depend on training sets and
candidate sample collection. Many samples are needed to build a suitable surrogate
model, especially for rare event probability estimation and non-linear complex
scenarios. Therefore, there is still a need for an efficient and general reliability
analysis method.

On the other hand, a probability density function (PDF)-informed method has
been recently developed to reduce the computational cost of reliability analysis. The
PDF-informed method aims to calculate reliability utilizing the PDF of a performance
function. Although existing studies confirmed the excellent performance of KDE in

general reliability analysis, the method has not been validated considering rare events
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with small probabilities. Therefore, it is still necessary to further investigate and
improve the KDE-based method with more cases and scenarios. The purpose of this
chapter is to develop an adaptive estimation method for the small failure probability in
terms of some advanced probabilistic techniques such as PKDE, PCK, and SS. Section
9.2 presents the definition of the small failure probability and the necessary
implementation idea of the proposed method. The proposed method’s main technical
details are described in Section 9.3, where the algorithm of PKDE is reviewed,
followed by a detailed description of complementary strategies such as SS and PCK.
Next, in Section 9.4, four benchmark cases demonstrate the proposed method’s
computational effectiveness, including a simple two-dimensional case, a classical
static rod truss, a time-variant steel beam, and a non-linear random structure.
Meanwhile, the reliability analysis results are compared with other existing methods.

Finally, conclusions are drawn, and directions for future work are indicated.

9.2 Estimation of small failure probability

The small probability or rare event probability is defined as the occurrence probability
with an order not more than 10* (A. Huang & Botev, 2013). Traditional estimation
methods of small failure probability focused on using techniques to precisely calculate
the failure probability, such as IS or SS. Both two methods focus on reducing the
variations involved in the failure probability estimation. The former IS works on
sampling through an importance sampling density (ISD), but the latter SS splits the

failure event into a series of events. The accuracy and efficiency of IS depend on the
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choice of ISD and the dimension of the investigated case (Au & Beck, 2001), while
those of SS relate to the separation level and the number of samples within each subset
(H. S. Li & Cao, 2016).

This chapter aims to present an estimation method for small failure probability
that requires small inputs but maintains high accuracy. Therefore, due to the small
sample size required and the high accuracy in practical applications, the PDF-informed
method is still adopted in this chapter. According to the idea of the PDF-informed
methods, the PDF of performance function needs to be captured. Then, PDF can be
used to integrate the PDF fG(g) of the performance function G within the failure zone
to compute the failure probability py:

pr=], ., fo(gWg=F,(g) ©.1)
where Fa(g) is the cumulative density function (CDF) of the performance function.
Although the PDF-informed method has succeeded in many existing applications,
there still are some demerits in the tail description of PDF/CDF.

Taking the standard Gaussian distribution as an example, its PDF (Figure 9.1a)
and CDF (Figure 9.1b) can be efficiently and accurately described with few samples.
However, it can be observed that the tails of PDF (Figure 9.1¢) and CDF (Figure 9.1d)
are inaccurate on the logarithmic scale. Based on the definition of small probability,
such a phenomenon might misestimate failure probability by the existing PDF-
informed method. Therefore, it is crucial to overcome this shortcoming and improve
the accuracy in PDF and CDF tails by PDF-informed methods. Although the PDF-

informed method does not seem to be suitable for small probability estimation, it can
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be noted that the PDF/CDF results still have a considerable agreement with the actual
results. Therefore, based on the results of PKDE, the idea of using other techniques to

refine the PDF/CDF of its tail is naturally formed.
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g
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Figure 9.1 Schematic PDF and CDF from existing PDF-informed methods
Since the calculation of the failure probability depends directly on the CDF of the
performance function, the main goal is to refine the CDF results. This chapter also
applies the concept of SS to conservatively evaluate the tail of the CDF by
approaching the limit state step by step, where the PKDE results can be used for the
first level of SS. However, traditional SS still requires many samples, and combing
with PKDE does not significantly reduce the computational burden. Therefore, it is
necessary to build surrogate models based on the samples involved in PKDE to avoid

the mass invocations of the original performance function. In this chapter, PCK is
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employed and performed through a MATLAB toolbox UQLab. Also, to improve the
accuracy of probability estimates, a limited number of additional samples are
adaptively selected at each level of the SS by learning functions. Finally, the process
of SS stops once the limit state is reached, and the final CDF could be obtained.
Meanwhile, the failure probability could be computed through Eq.(8.12). Figure 9.2
shows the basic flow of the proposed method for calculating the probability of small

failures, and more details on implementation are presented in the following sections.

Select the initial presentative points

v

(" Perform PKDE to obtain the initial CDF |

as the 1-st level of SS

( + \
Construct a PCK surrogate model by the

initial presentative points

v
Revise the surrogate model by learning |
L function )
e + N

Continue to the next level of SS

Attach the limit
state
YES
Obtain the final CDF and failure
probability

Figure 9.2 Procedures underlying the proposed estimation method of small failure
probability
9.3 Implementation of proposed method
As discussed in Section 9.2, although PKDE can efficiently describe the PDF and
CDF of performance function, it is still deficient in estimating a small failure

probability. Thus, PKDE needs supplemental strategies for refining the tail of CDF

208



based on SS and PCK.

9.3.1  Subset simulation
The primary thought of SS is to split a failure event F = {G < 0} into a series of

intermediate events F; (H. S. Li & Cao, 2016)

F, :{G/’ Sbj}’
FoF,>..0F =F, 9.2)
b>b,>..>b, =0,(j=1 2, ..,m)

where b; is the threshold value of the j-th level of SS. Then, failure probability ps could
be depressed the product of P(F1) and a series of conditional probabilities P(F}|Fj-1)

obtained through the j-th level SS,

m

p,=P(F)=P(F)-[[P(F |F.)j=23,..m (9.3)

=2

where P(F1) is the probability of performance function below bi. Being different from

the traditional SS, P(F1) could be obtained through Fo(+), i.e., integrating the PDF
obtained through the methods described in CHAPTER 8&:

P(F)=Fo(b) =], f;(g)g (9.4)

Besides, P(Fj|Fj-1) in Eq.(9.3) can be estimated through Markov chain Monte

Carlo (MCMC) as follows (Papaioannou et al., 2015):

N .

P(F,|F_ )= I (X{]).j=2,om 9.5)

1
N “

j k=l

in which X/ (k =1,2,....N;j= 2,3,...,m) are samples generated by MCMC and an

implicit conditional PDF ¢(X|Fj-1)

o(x|7) =L XX

,j:2’39""m (9.6)



and Ir; (X¥) in Egs. (9.5) and (9.6) is the indicator function written as:

LG(X])<b,

L (X{)= (9.7)

0,G(X])>b,

Besides, during the implementation of SS, the values of P(F1) and P(Fj|Fj-1) (j = 2,
3, ..., m-1) are generally fixed to a constant value po&[0.1, 0.3] (H. S. Li & Cao,
2016). Given P(F1) of po, b1 could be determined by the inverse function of CDF of G,
F'6(po), and other thresholds of b; are determined by the po quantile of N; response
values of performance function at the j-th level of SS. Besides, all response values at
the j-th level of SS are ordered in ascending order, i.e., G(X/) < G(X})<...< G(X{Vj) ,
and b: can be expressed as G(X'["Nj »,1)» Where ‘[’ means to the round the argument.

Furthermore, pyin Eq.(9.3) can be written as:

m—1 1
=15 FZ L (X7) (9:8)

By using the above algorithm, the probability of failure for rare events can be
calculated, and the empirical CDF of performance can be captured by summarizing the
samples for each level of SS and the initial PDF obtained through PKDE. However, if
the traditional SS is directly employed, each level of SS still needs many samples,

which also brings a substantial computational burden.

9.3.2  Polynomial chaos kriging
To reduce the computational burden, the technique of PCK is employed to set up a
surrogate model for the performance function (Schobi, Sudret, and Wiart, 2015). The

idea of PCK is to model a set of orthogonal polynomials and stochastic processes
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relating to the input variables:

G(X)=G"*X)=) By, (X)+0* Z(X, ) (9.9)

acA

in which ;, (x ) are multivariate orthonormal polynomials y+(X) indexed by a multi-

indices @ = {au,..., anu.}; Ba are the corresponding coefficients; o* and Z(X,w) are the
variances of GP“X(X) stationary Gaussian process of zero-mean and unit variance

described through a correlation function and hyperparameters @, respectively. Besides,
v, (x) I Eq.(9.9) consists of tensor product of univariate orthogonal polynomials.

Ndim

v, (X)=]1v. (x) (9.10)

where woi(xi) is the univariate polynomial of degree a; in the i-th variable. For each
variable X;, i=1,2,...,Ndim, an orthonormal polynomial basis can be written as:

(wiwl)=], v ()i (x) £y, (x)dx =35, (9.11)
where y;' and yi' are two candidate univariate polynomials for the i-th variable; D; is
the support of the distribution of X;; fxi is marginal PDF; o« 1s the Kronecker symbol
(0jx =1 if j=k and d;x = 0 if j#k).

In order to build the PCK model, the main problem is to determine the optimal
polynomial set in the trend and the calibration of the Kriging model, which could be
achieved through the methods of sequential PCK (Schobi, Sudret, and Wiart, 2015)
and optimal PCK (Schobi et al., 2017). In sequential PCK, the optimal polynomial set
is determined by least-angle regression selection (LARS), whereas in optimal PCK,
the PCK model is iteratively computed, and the optimal PCK is selected by
minimizing the leave-one-out (LOO) error. In this chapter, the sequential PCK is

employed for the consideration of computational efficiency.
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9.3.3  PKDE-Adaptive polynomial chaos kriging-based subset simulation

Based on the initial point selection in PKDE and the procedures of PCK in Section
9.3.2, the initial PCK model G*® can be built. Then, by replacing the original
performance function with G*¥, SS can be performed using the algorithm in Section
9.3.1. Since the original performance functions are not invoked extensively, the
computational burden can be significantly reduced.

However, such a PCK model based on the initial point selection cannot guarantee
the computational accuracy of CDF and failure probability. As a result, it is necessary
to update the PCK model by adaptively adding new point selections during the
computation. Combined with PKDE, such a method can be called PKDE-adaptive
polynomial chaos kriging-based subset simulation (PAPS). In this chapter, initial point
sets are regarded as train sets. At each level of SS, update points could be found by a
U learning function U(x), Eq.(9.12), (Echard et al., 2011) and added to the train sets.

|G (%) b,
U(x;f):‘ O_ch(xi;) ’ 9.12)

X €X,i=12,.,N,, j=12,m

where N is the number of samples in the j-th level of SS. If the minimum value of U(x)
is lower than 2, the corresponding point will be picked up, and the actual value of its
performance function will be calculated; otherwise, no update will occur, and the next
level of SS will be executed.

The detailed procedures of PAPS are as follows:

(1) Initialize j = 1 and denote the initial representative point selection as a training set
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for PCK X" :{xf”"”,izl,z,... N } . A set of performance function

i >V dim

G (X”‘”'” ) = {G (x.’”"”,i =1,2,...,N )} could be obtained and used to conduct PKDE

i cos Y gim
to get PDF and CDF Fo(-) (Algorithm 8.1) and build a PCK model G*°X;

(2) By determining the parameter po, b; could be obtained by the inverse function of
CDF of G, F'6(po) as Section 9.3.1 at the j level of SS;

(3) According to X”“", a seed set of points x’ can be determined to satisfy the
condition that for arbitrary Xl e XL G(xl,)<h,s
(4) Based on b, x/, , G and MCMC technique, N; samples
X/ = {x{,i = 1,2,...,Nj} , a set of PCK values
G"* (X)) = {GPCK (x/).i=12,..., Nj} and corresponding standard deviations

o"K (Xf)z{aPCK (x/).i= 1,2,...,Nj} can be generated, while U(x/) are computed

through Eq.(9.12) for each sample x/ in X':

(5) If min [U (xl.f )J >2 , this step could be skipped to step (6). Otherwise,
x] =arg min[U (x,.f)],i =1,2,...,N, should be picked to update the point set
X 7en = x v 5 . Then, G can be updated based on X"*" and G(X"*™). This step

would be repeated until min [U (x/ )] > 2 is satisfied;

(6) In terms of bj, and updated G*¥, X/ is regenerated by MCMC, and PCK values

G"K(X/) are resorted through its ascending order;
(7) Let j=j+1. b; can be obtained by the po quantile of G"¥(X/"), i.e., G"* (X[’];jl o)) -
If 5, <0, P(Fj ] Fj_l) could be estimated by Eq.(9.5); otherwise, P(Fj | F, ) =Dy

(8) According to X!, a new seed set of points x/ , 1s determined to satisfy the

condition that for arbitrary / e x/ , G(x/,,) <b,- Next, repeat steps (4)-(6) to

eeee
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generate a new X/ and update G*°K;

(9) Revise b; by calculating G*“®(X/), and regenerate X; through the revised b;,
updated G*® and x/ . If b; < 0, let m=j, P(FJ \Fj_l) and pr could be calculated by
Egs.(9.5) and (9.8), respectively. Otherwise, go to step (7);
(10) The final CDF of performance function could be obtained based on Fg(:) and the
empirical CDF of all G"*¥(X/).

The above procedures of the proposed small failure probability estimation
method are briefly summarized in Algorithm 9.1.
9.4 Illustrative examples
In this section, four numerical cases are presented to validate the accuracy and
effectiveness of the proposed reliability analysis method. Classical SS and MCS also

would be employed to compare with the proposed method.

9.4.1 Case 1: A simple 2D case
A classical 2D case is applied to illustrate the proposed method. The performance
function can be written as (C. L. Xu et al., 2020):

g=0.5(x-2) -15(x,-5) —g, (9.13)

in which g, is a constant value, and x1 and x2 are two independent standard Gaussian

variables.

To begin with, 18 representative points are selected through Sobol sequences. By
applying the diffusion-based bandwidth selector in Section 8.3, the bandwidth is
chosen as 100.34, and then the PDF and CDF of g can be obtained, as shown in Figure

9.3. The CDF of PKDE matches the CDF of 10 trials of MCS. However, the tails of
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the former are not good enough, as shown in the subplot in Figure 9.3.

Algorithm 9.1 Computation of PAPS

1: Generate ns representative points as initial point set X°

2: Evaluate initial PDF and CDF Fg() by Algorithm 1

3: Build a PCK model G"¥ through initial representative points
4. Determine pp€[0.1, 0.3] and j := 1

5: Letb/_:FGfl(pO)

6: while b; >0

7: ifj>=2

8: Let

9: ifh;<0

10: Calculate P(Fj|F;.1) by Eq.(9.5)

11: else:

12: P(FjFj1) = po

13: end if

14: end if

15: Collect a seed set of points X/, = {G(xsjeed’[) <b, xxjeed’l. eX’  c XH}
16: Generate N; samples X/ by MCMC based on b;, X/ , and G**
17: Compute U (xl:j ) by Eq.(9.12) for each sample

18: while min| U (x/)]<2 do

19: Pick up the xu’p = arg min [U (x,:/ )J Ji=12,...,N,
20: Update point set x ein — x train | X/

21: Rebuild PCK model GPCK based on X

22: Compute U (xij ) by Eq. (9.12) for each sample

23: end do

24: ifj>=2

25: Revise b, = G"* (X{}Vjpo])

26: if b; <0

27: Let m=j

28: Calculate psby Eq.(9.8)

29: end if

30: end if

31: Regenerate N; samples X/ by MCMC based on &;, and GF¥
32: Resort and store G'“*(X/) by an ascending order

33: Letj=j+1

34: end do

35: Calculate the refined CDF in terms of Fg(-) and empirical CDF of all stored G"X(X)
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Figure 9.3 PDF and CDF estimation by PKDE and MCS in Case 1

Next, PAPS is applied to refine the CDF of PKDE. As shown in Figure 9.4, the
initial representative points are used to build the PCK model and are considered as the
samples at the first level of SS.

Based on the PCK model, the second, third, fourth, and fifth levels of SS are
performed, where 2,000 samples are generated from the MCMC and PCK models for
each level of SS except for the first level of SS. In this case, only two points are picked
up by the U-learning function and then updated by the original performance function
at the third and fourth SS levels, respectively. The CDF of each level of SS, except for
the first level SS, is calculated by its empirical CDF approximation. Then, all CDFs
are aggregated to the final CDF of g.

Additionally, Figure 9.5 compares the CDF calculated in Case 1 for all methods,
including PAPS, original SS, and brute MCS. It can be noticed that all CDFs fit well
with each other. However, in the original SS, 10,000 samples (five levels of SS and
2,000 samples for each level) are generated by the original performance function,

while in PAPS, only 20 samples (18 initial representative points and two extra points)
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are generated, and other samples are from PCK model. Besides, Table 9.1 lists the
failure probabilities of all methods. As shown, compared with MCS, 18 samples of
PKDE might overestimate the failure probability, but with the extension of APCK-SS,
only two extra samples bring a good result, which is close to 108 trials MCS and better
than 10,000 trails of SS. Thus, the calculation results of Case 1 can fully display the

accuracy and efficiency of the PAPS method.

Initial points +
2nd-samples by PCK +
3rd-samples by PCK +

4th-samples by PCK
Sth-samples by PCK
Update points

Limit states

> % O+

w
* o

. \ ,
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*

Figure 9.4 Classification of PAPS for Case 1
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Figure 9.5 Comparison of CDF among different methods for Case 1
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Table 9.1 Failure probabilities of different methods for Case 1

Method Sampling number M Failure probability
PKDE 18 0.0593

SS 10000 2.55%10°

PAPS 18+2 2.91x10°

MCS 10® 2.86x107

9.4.2  Case 2: Classical roof truss

As shown in Figure 9.6, a classical roof truss structure is employed to illustrate
reliability analysis results (Meng et al., 2020; Z. F. Zhu & Du, 2016). This roof truss is
assumed to suffer from a uniformly distributed load ¢ (N/m), which could be
transformed into point load P=q//4. The upper and compression rods are concrete

members, and the lower and tie rods are reinforcement.

/12

/12

0.2781 0.2221 0.251 0.251

Figure 9.6 Schematic of roof truss

Concerning the mid-span deflection of this roof truss, the performance function

can be defined as:

2
oo () (22 12)

where d. = 0.04 m is the permissive deflection; / is the span of the roof; Ac and E. are

the cross-sectional area and Young’s modulus of concrete members, respectively; As
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and Es; are the cross-sectional area and Young’s modulus of reinforcement,

respectively. All parameters are listed in Table 9.2.

Table 9.2 Parameters of variables in Case 2

Variable Distribution Mean STD Variable Distribution Mean STD
O (m) - 0.04 - E(N/m*)  Gaussian 10! 6x10°
g (N/m)  Gaussian 2x10* 1.4x10° | A.(m?) Gaussian 0.04  0.0048
[ (m) Gaussian 12 0.12 E.(N/m*)  Gaussian  2x10' 1.2x10°
As (m?) Gaussian ~ 9.82x10* 5.98x107

In this case, 200 initial points are selected through the Sobol sequences. In terms
of diffusion-based methods, PKDE is achieved to calculate the PDF of the
performance function, and the optimal bandwidth is 0.0011. Figure 9.7 compares the
results of PDF and CDF for different methods. It can be noticed that the CDF of
PKDE is quite close to MCS. However, the subplot of Figure 9.7 illustrates that the
differences in the CDF between PKDE and MCS increase as g tends to negative
infinity. Thus, it demonstrates the limitations of PKDE in estimating the PDF of the
performance function, which might underestimate the occurrence probabilities of

different limit states.
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Figure 9.7 PDF and CDF estimation by PKDE and MCS in Case 2
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Furthermore, SS and the proposed PAPS are utilized to calculate the CDF and
failure probability. As shown in Figure 9.8, it can be noticed that all CDFs are similar,
indicating the accuracy of SS methods in CDF estimation of rare events. Besides,
failure probabilities of all methods are summarized in Table 9.3, which presents that
200 samples of PKDE are infeasible in failure probability estimation. However, with
the employment of APCK, SS, and additional 147 samples, its failure probability is
close to 10° trials of MCS and even better than 14000 trials of SS (seven levels of SS
and 2000 samples for each level). These results verify the accuracy and efficiency of

the proposed PAPS method.

-0.005 0 0.005 0.01 0.015 0.02 0.025
g (m)
Figure 9.8 Comparison of CDF among different methods

Table 9.3 Failure probabilities of different methods

Method Sampling number M Failure probability
PKDE 200 1.58x10°12
SS 14000 2.53x107
PAPS 200+147 2.60x107
MCS 10° 2.82x107
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9.4.3  Case 3: Simply supported steel beam with stochastic external force
In this case, a corroded steel beam is assumed to suffer from steel corrosion and a

stochastic external load, as illustrated in Figure 9.9 (Z. Hu & Du, 2015).

P kt
L L2 R 2l
a v
A 7§|27
L o
« ¢ b sl
(a) Corroded steel beam (b) Cross-section

Figure 9.9 Schematic of a corroded steel beam

Supposing the failure occurs when the stress of the beam exceeds the ultimate

strength of the steel fu, the time-variant performance function gw(¢) could be written as:

N=0,/4-(ay—2-k -t)-(b,—2-k, 1)
gv() u ( 0 t ) ( 0 ) (9.15)
~(F(t)-L/4+p,-a,-b,-L* /8)
where ¢ (year) is the time parameter; ao and bo are the initial dimensions of cross-
section (Figure 9.9b); L (m) is beam length (Figure 9.9a); ki (m/year) is the corrosion

rate; pst (N) is the mass density of steel beam; and F(¢) is a stochastic process as

follows:

F(t)= 6500+Z7:§,.[Z7:a” sin(bi/.t+cé./)j (9.16)

i=1 j=1
where & are independent random variables (i = 1,2,..,7); aij, bj and c; (j = 1,2,..,7) are
the coefficients of 7x7 matrices in Eq.(9.17); and the parameters of other variables in

Eqs.(9.15) and (9.16) are listed in Table 9.4.
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(9.17)

Considering the first passage problem, the time-dependent performance function

g(?) 1s written as:

g(t) = min g (7)
7e(0.¢]

Table 9.4 Parameters of variables in Case 2

(9.18)

Variable Distribution = Mean STD | Variable Distribution Mean STD
L (m) - 3 - & Gaussian 0 50

k; (m/year) - 5x10° - & Gaussian 0 98
pst (N) - 7.85x10* - & Gaussian 0 121
o (Pa) Gaussian ~ 2.4x10°  2.4x10’ & Gaussian 0 227
ao (m) Gaussian 0.2 0.01 & Gaussian 0 98
bo (m) Gaussian 0.04 0.004 & Gaussian 0 121

& Gaussian 0 100

Also, eight-time instances from 1 to 35 years (1,5, 15, ...,35 years) are chosen for

222



this case. Besides, 400 initial points are selected by Sobol sequences. By employing
PKDE, the time-dependent optimal bandwidth A(7) is captured, as shown in Figure
9.10a. It can be found that A(¢) gradually decreases versus ¢. Next, the PDF and CDF of
g could be obtained, and p(¢) can be further computed and compared with 10® trials of
MCS. Moreover, Figure 9.10b compares the PDFs and CDFs of different methods at
three typical time instants: 1, 15, 35 years. As in Cases 1 and 2, Figure 9.10b shows
that the CDFs of PKDE are essentially close to brute MCS. However, the subplot in
Figure 9.10b presents that the tails of CDFs are quite different from MCS, especially
for g < 10°. The above results suggest that PKDE may not be feasible in the failure

probability estimation of rate events and supplement modifications are necessary.
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Figure 9.10 (a) A(¢) and prof PKDE and MCS in Case 3; and (b) PDF and CDF
estimation by PKDE and MCS in Case 3

By applying SS and the proposed PAPS method, the CDFs and failure
probabilities p/(f) of different time instants are computed and summarized in Figure

9.11. From =0 to 35 years, pAt) increases by around 77 times. Thus, sampling
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numbers M of SS methods decrease with time except for the first year, as shown in
Table 9.5.

Also, as Figure 9.11a shows, all CDFs of SS and the proposed method are close
to MCS, proving the accuracy of SS methods in CDF estimation of rare time-
dependent events. Also, Figure 9.11b presents the pA¢) of different methods. It
dedicates that PAPS only needs less than 300 extra samples based on PKDE but

captures more accurate failure probabilities than the traditional SS method.
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Figure 9.11 Comparison of CDF and Pramong different methods under different time
instants: (a) CDF; and (b) pr

Table 9.5 Sampling number M of different methods and time instants

{(year) 1 5 10 15 20 25 30 35
PKDE 400

SS 12000 12000 10000 10000 10000 10000 10000 8000
PAPS 400+84 400+272 4004220 400+250 4004217 400+245 4004211 400+195
MCS 108

9.4.4  Case 4: A MDOF random structure subject to seismic excitation
As shown in Figure 9.12a, a 6-story shear frame structure subject to the EI Centro
ground acceleration in N-S direction (Figure 9.12b) is considered in this case. The

mass from bottom to top are denoted as mi, mo,..., and me, and the initial lateral inter-
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story stiffness from bottom to top are ki,k,...,ks, where m; and ki (i=1,2,...,6) are
regarded as independent random variables, as listed in Table 9.6. In order to solve the
seismic response of such a frame structure, the motion equation of a non-linear
structure with multiple degrees of freedom (MDOF) is employed:

Mii +Ci+g(u,u) =—MIii, (9.19)

where M and C are 6x6 matrices of mass and damping, respectively; g is a 6x1 vector

of restoring force; w,u,and ii are 6x1 vectors of displacement, velocity, and

acceleration, respectively.
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Figure 9.12 Shear frame structure model: (a) schematic of the 6-story building
structure; (b) acceleration record of EI Centro in N-S direction; and (c) typical
restoring force versus inter-story drift

Table 9.6 Distribution parameters of different random variables
Variables n my ms3 ma ms me
Distribution Lognormal
mean (x10°kg)  3.50 3.30 3.30 3.00 3.00 2.70
STD (x10%kg) 7.00 6.60 6.60 6.00 6.00 5.40
Variables ki k> k3 ka ks ke
Distribution Lognormal
mean (x10%kN/m) 324 4.71 471 471 471 5.15
STD (x10’kN/m) 6.48 942 942 942 942 10.29

By employing Rayleigh damping, C could be written as:
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C=aM+bK (9.20)

where a = 0.2643 s!, b =0.0071 s (J. Xu, Chen, & Li, 2012) and K are 6x6 matrices
of stiffness. Also, the resilience of each floor is modelled by the Bouc-Wen model (F.
Ma, Zhang, Bockstedte, Foliente, & Paevere, 2004), whose main 13 parameters are set
as asw = 0.01, 4w = 1, nsw = 1, gsw = 0, ppw = 600, wsw = 0.2, dsw,, = 0, zw = 0.5,
¢Bw.,s = 0.95, few = 60, yw = 10, dsw.v = 200, and dswy, = 200 (J. Li & Chen, 2014).

In this case, the main interesting output is the inter-story drift of the first floor u1
whose typical hysteretic curve is illustrated in Figure 9.12¢. To begin with, 500 initial
points are chosen through Sobol sequences. Then, based on the PKDE method, PDFs
of u1 at different time instant, i.e., u1(f), could be captured. Figure 9.13 shows the
obtained PDFs of u1(¢) for a typical period of 5s to 7s. Also, u1(¢) is highly non-linear
and stochastic and varies with time. Besides, Figure 9.14 compares the mean and STD
of u1(¢) between 500 samples of PKDE and 10,000,000 trials of MCS, indicating that

the PKDE has a good performance in evaluating non-linear response.
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Figure 9.13 PKDE results at typical time instants: (a)PDF surface; and (b) optimal
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Figure 9.14 Comparisons of the mean and standard deviation of u1(¢) between PKDE
and MCS
Besides, given the limit drift #4=0.024 m, the performance function g can be
written as:
g=u, - tlel?()a}ic][ul ) (9.21)
where # is the maximum time 53.74s. By applying the PKDE, the PDF and CDF of g
could be drawn, as illustrated in Figure 9.15, which also plots a subgraph to magnify
the tails of two CDFs. It can be found that the CDF of g from PKDE is close to that
from MCS, but the subgraph of Figure 9.15 shows that the tail of the PDF is not
accurate.
Therefore, SS and the proposed PAPS are used to calculate the CDF of g, as
illustrated in Figure 9.16. It can be noted that all CDFs are relatively close to each
other. Furthermore, Table 9.7 summarizes the failure probabilities calculated by all

methods, where the 500 samples of PKDE underestimate the failure probability

estimation. However, the result of PAPS (with 687 extra samples) and 10,000 trials of
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SS (five levels of SS and 2,000 samples for each level) are close to 107 trials of MCS.

The above results demonstrate the accuracy of the proposed method for CDF and

failure probability estimation of the structural non-linear dynamic response with a

little computational cost.
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Figure 9.15 PDF and CDF estimation by PKDE and MCS
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Figure 9.16 Comparison of CDF among different methods

Table 9.7 Failure probabilities of different methods

Method Sampling number M Failure probability
PKDE 500 1.43x1071
SS 10,000 2.75x10°3
PAPS 500+687 2.42x10°3
MCS 107 2.52x10°3
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9.5 Conclusions

This chapter develops an evaluation method of small failure probability that aims at

computing the PDF and CDF of the performance function. Such a method integrates

PKDE, PCK, SS, and the thought of adaptive MCS. The main idea of the proposed

method is to use the CDF and representative points from PKDE as the initial CDF and

initial training set, respectively, and then perform adaptive SS step by step to refine the

CDF of performance. Four different types of instances relating to the small failure

probability estimation of classical and straightforward analytical cases, time-variant

cases, and non-linear seismic response cases are made to testify the proposed. The

following conclusions could be drawn:

1)

2)

The results of four cases show that the existing PKDE may not be appropriate in
PDF and CDF estimation under the scenarios of rare failure events. However,
based on the results of PKDE, the proposed PAPS successfully refines the CDF of
performance function and provides accurate evaluation results compared with
traditional methods, verifying the feasibility and accuracy of the proposed method.
The proposed PAPS requires only a small number of additional samples to refine
the CDF of performance function, but its number relies on the complexity of the
studied case. For the simplest case in this chapter, only two samples are needed to
dramatically improve the computational accuracy, while for the time-variant case,
the number of additional samples depends on the investigated periods; for
dynamic structural cases, the number of additional samples becomes more

extensive due to the complexity of the cases. The proposed method requires much
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fewer samples compared to the classical MCS and SS, which proves the efficiency

of the proposed method.
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CHAPTER 10 CONCLUSIONS AND PERSPECTIVES

10.1 Conclusions

In this dissertation, the durability performance and mechanical behaviour of

deteriorated RC structures are investigated, and practical methods for the probabilistic

analysis of deteriorated RC structures are developed. In this dissertation, experimental
data are collected to validate the proposed durability model and mechanical model of

RC structures. The validated durability and mechanical models are used for the

performance-based life cycle analysis, including sensitivity and social impact analyses.

The PDF-informed method is proposed and improved, accounting for different

deterioration scenarios of RC structures and estimating the accurate small failure

probability. The significant contributions and conclusions of this dissertation are
summarized as follows:

1) An environmental and 2D chloride transport model is developed and calibrated by
experimental studies regarding the RC structures under marine atmospheric
environments. In terms of the numerical analysis results and experimental data,
the proposed numerical model is efficient, and the convection effect brings the
non-linearity of chloride profile and needs to be considered. Besides, 2D transport
causes the chloride content on the surface of corner bars higher than middle
chloride bars, which needs to be concerned in the durability evaluation of RC

structures.
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2)

3)

The improved analytical, semi-numerical, and FEM models could accurately
evaluate the mechanical capacities of RC structures considering the spatial effect
of geometry models of corroded steel bars and bond strength loss and brittle
failure of corroded steel bars. Comparing evaluation results with experimental
data shows that proposed models are feasible and practical. Comparing the
analytical models with the experimental results, the traditional analytical model
can evaluate the uncorroded RC beam’s ultimate capacity. The results also
demonstrate that the corrosion degree affects the deflection, bearing capacity,
concrete crack, and failure modes of corroded RC structures. Besides, the bond
condition may have few effects on the crack pattern, ultimate capacity, and the
failure modes of RC structures.

Based on the FEM model and MCS, a PCE surrogate model concerning different
limit states is developed. The results show that the assessment results of PCE are
in good agreement with the FEM. The probabilistic failure analysis shows that
tension bar breaking dominates the failure mode of corroded RC beams. Under
low corrosion rates, the probability of tension bar breaking increases with the
average corrosion degree and vice versa at high corrosion rates. The global SA
results show that the sensitivity factors of all input variables may vary with the
average corrosion degree and corrosion current density. The results also
demonstrate that the failure probability at the mid-span of RC beams increases
with high average corrosion degree and corrosion current density. The sensitivity

factors are concentrated at the mid-span of RC beams and increases with the
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4)

5)

average corrosion degree increase at all limit states.

For the chloride transport model and empirical corrosion model proposed in this
dissertation, the cross-sectional area distribution of the longitudinal and stirrup
bars can be obtained, and a large number of FEM analyses and PCE models can
be performed. Then, the PCE model is applied to calculate the reliability of RC
structure under the marine atmospheric environment. The results show that the
reliability index decreases by about 0.07 ~ 0.1 when the exposure condition factor
ec increases by 0 ~ 3.5°C, proving that climate change does have long-term
effects on the reliability of RC structures. Besides, the failure mode of RC beams
varies with time instant and exposure conditions.

This dissertation shows that the repair action affects the deterioration process of
RC beams. The repair action reduces the mean value of chloride content and
corrosion current density on the reinforcement surface by nearly 50 %. Also, the
mean values of the mean and maximum radius loss and STD of the reinforcement
are significantly reduced after the maintenance. Also, sensitivity analysis shows
that a 1 °C increase in temperature over 50 years increases the mean radius loss
and STD by 2 %. The maintenance analysis shows that maintenance actions can
be initiated earlier if the corrosion non-uniformity is taken into account. The
impact analysis shows that chloride transport methods dominate the CCDF for
decision information costs and downtime, while they are not significantly
influenced by corrosion non-uniformity. Two-dimensional chloride transport can

result in significantly higher average values of cost and downtime compared to
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6)

7)

one-dimensional transport.

The difficulties from the establishment and solution of GPDEE under the
discontinuous deterioration models are solved by the two-step translation method.
Considering both the continuous and discontinuous deterioration models, the
computational results show that the proposed method can successfully capture the
PDF surface of performance functions. The relative error in the failure probability
is extremely low comparing the PDFM with the MCS. Sensitivity analysis shows
that the assumptions of different failure modes have a critical impact on reliability
calculations, especially at low corrosion levels. Regarding bond strength loss and
brittle failure of corroded steel bars, the failure probability may increase
significantly. On the other hand, larger reinforcement diameters may lead to
higher reliability, but such an effect is limited once bond strength loss is
considered.

PKDE is proposed to consider the effect of maintenance action on structural
reliability. The PDF surface of PKDE is much smoother than PDEM due to
establishing an equivalent ultimate performance function. Also, for the essential
maintenance scenario, the reliability of PDEM as a function of time is a non-
increasing function, unlike that of MCS and PKDE. Therefore, considering
essential maintenance, PKDE is more appropriate than PDEM. The calculations
show that the enhancement can effectively reduce the maintenance time during the
service life compared to the replacement. Once preventive maintenance and

replacement are performed, the maintenance can be postponed. With PKDE, the
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8)

critical time instants at which maintenance occurs can be accurately identified.

Concerning the reliability estimation of rare events, existing PKDE may not be
suitable for PDF and CDF estimation. However, based on the results of PKDE,
the proposed PAPS successfully refines the CDF of the performance function and
provides accurate evaluation results compared with the conventional method,
which verifies the feasibility and accuracy of the proposed method. The efficiency
of the proposed method is demonstrated by the fact that the number of samples
required by the proposed method is much smaller compared to the classical MCS

and SS.

10.2 Recommendations for future work

Limited by the existing research strategies and processes, there are some aspects not

considered in this dissertation. Some recommendations for future work are listed as

follows:

1) The two-dimensional chloride transport model proposed in this dissertation is a

macroscale model. This dissertation has not considered the effects of pore
distribution, pore saturation, coarse aggregate distribution, and cement hydration
reaction on chloride transport within concrete at the mesoscale -scale. However,
the up-to-date chloride-related studies focused on the mesoscale model of chloride
transport model. Therefore, there is a need to supplement the fine-scale chloride
transport study with the validation of real-world examples for the life cycle

performance analysis of RC structures subject to chloride ingress in the future.
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2)

3)

4)

5)

The corrosion non-uniformity model of corroded steel bars is based on the
geometric models of a limited number and length of corroded steel bars. For
large-scale RC members, the applicability of the corrosion nonuniformity model
applied in this dissertation remains to be improved. Therefore, cross-sectional
areas of corroded steel bars of different lengths, diameters, and types are needed
to develop corrosion non-uniformity models under different scenarios in the future.
Regarding the mechanical models of corroded RC beams, this dissertation
proposed a series of analytical, semi-analytical, and two-dimensional FEM models
ignoring the spatial configuration of reinforcement and testified those models
through an experimental study in the laboratory. In the future, there is a need to
propose more refined three-dimensional models to consider more influences
factors such as the longitudinal cracks in the concrete surface and reinforcement
corrosion on the performance of RC components and perform the verification
through real-world examples. Also, other types of RC components such as slab
and column and their combination effects on the performance of RC structures
need to be studied.

More advanced methods can be applied for surrogate modelling to improve
modelling and analysis efficiency, such as machine learning, Bayesian networks,
etc.

In this study, the reliability analysis results are verified through convectional MCS
rather than actual engineering data. In the future, more novel techniques need to

be developed to validate reliability analysis through real-world examples.
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6) This dissertation has not entirely solved the related issues for the time-dependent
small-failure probability analysis of the deteriorating RC structures. Although this
dissertation successfully proposes a small probability analysis method PAPS
integrating the PDF-informed method and adaptive surrogate modelling, this
method can only be analysed for each time point in time-dependent reliability
analysis leading to its limited efficiency. Therefore, in the future, more advanced
surrogate models associated with stochastic processes need to be employed to
improve the efficiency and accuracy of the PAPS for time-dependent small-failure

probability analysis.
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