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ABSTRACT 
 

 

Vibration-based structural damage detection involves the acquisition of vibration data, 

extraction of damage-sensitive features, and identification of novelty. These procedures 

intrinsically contain uncertainties arising from the measurement noise, varying 

environmental and operational conditions, and modeling errors. Probabilistic machine 

learning (ML) techniques have the ability of autonomous feature extraction and model 

optimization from uncertain data, thus stand out as the natural approach for vibration-

based damage detection. This thesis attempts to develop advanced techniques for 

structural damage identification based on probabilistic ML techniques and Bayesian 

inference. 

 

The vibration-based damage detection methods have two branches, data-based and 

inverse model-based. The Bayesian theorem can be introduced to both kinds of methods 

by incorporating the engineering knowledge or researcherôs belief about the unseen 

model parameters as the prior information for the damage detection.  

 

The Bayesian theorem is first introduced to the data-driven data normalization 

techniques for automatic model optimization. A linear sparse Bayesian factor analysis 

(FA) method is developed to discriminate the environmental effects on structural 

dynamic features from damage. The automatic relevance determination (ARD) prior is 

defined on the factor loading matrix to determine the number of underlying 

environmental factors automatically. The method is applied to two laboratory-tested 

examples (a reinforced concrete slab and a steel frame) under changing environmental 

conditions for damage detection. Later, an improved method on the basis of the 

probabilistic kernelized model is developed to remove nonlinear environmental effects. 

The unknown kernel parameters and the latent variables are estimated automatically in 

the Bayesian probabilistic framework. The method is finally applied to the benchmark 

Z24 bridge for damage detection. 
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Next, the sparse Bayesian learning (SBL) technique is introduced to the finite element 

(FE) model updating-based damage identification. An SBL technique is developed using 

the normalized damage sensitive modal parameters. The ARD prior is defined on the 

damage index to induce sparsity to the results. Due to the nonlinear relationship 

between the damage index and modal parameter, the evidence involves a complex 

integral that cannot be calculated directly. The Laplace approximation method and the 

combination of variational Bayesian inference (VBI) and delayed rejection adaptative 

Metropolis (DRAM) algorithm are developed to circumvent the intractable evidence. 

Both methods are applied to the laboratory-tested steel frame for damage detection. The 

comparison indicates that the analytical Laplace approximation technique is markedly 

efficient for low-dimensional problems as no sampling is required. The VBI-DRAM 

algorithm is substantially efficient in dealing with high-dimensional problems. 

 

The last contribution of the thesis is to develop a cutting-edge domain adaptation (DA) 

technique for structural damage detection that can transfer knowledge from the 

numerical FE model to the experimental structure and from one structure to the other 

with different sizes, in which re-collecting the labeled damage data from the new 

structure is not required. A re-weighting mechanism is introduced to deal with 

inconsistent label spaces between the labeled source domain and unlabeled target 

domain, given that structural damage scenarios may be different. The numerical and 

experimental studies demonstrate the effectiveness of the proposed method. The 

comparison analysis indicates the superiority of the method, as compared with the 

models without DA or without the re-weighting mechanism. 
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CHAPTER 1   
 

INTRODUCTION  
 

 

 

1.1 Damage Detection Methods 

 

Civil structures are subjected to extreme natural or man-made hazards during the service 

life, such as earthquakes, typhoons, fires, and collisions. Small damages can accumulate 

incrementally with the material fatigue or corrosion, deteriorate rapidly in the case of 

critical fracture, and jeopardize the entire structure. Therefore, the damage should be 

detected as early as possible to prevent the catastrophic collapse of the structures that 

cause life losses and economic and social impacts.  

 

Vibration-based structural damage detection methods are developed on the premise that 

structural vibration properties (such as frequencies and mode shapes) are functions of 

structural physical properties (e.g. mass, stiffness, damping and boundary condition). 

Therefore, monitoring the variations of the vibration quantities makes it possible to 

detect the changes in the physical properties, that is, the damage. The process typically 

involves the long-term monitoring of structures for data acquisition, feature extraction, 

and novelty detection. Some damage identification methods are based on the structural 

finite element (FE) model updating, which is a process to minimize the discrepancy 

between the model predictions and measured vibration data in either time-domain or 

frequency-domain. This kind of approach is referred to as the model-based approach, 

which is a typical inverse problem. By contrast, the data-based approach gets rid of 

physics-based modeling. The relationship between the uncovered features and damage 

state of the structure is learned by the data analysis models. The model parameters, 

outputs or the model prediction errors then become the damage index.  



 

 2 

Both kinds of approaches have their pros and cons. The data-driven approaches are 

efficient whereas require a large amount of data to cover the range of variations. The 

model-based approaches could attain the damage localization and quantification in the 

element level, while heavily depend on an accurate FE model, which inevitably involves 

modeling errors (e.g. boundary conditions, joints, and materials). In general, almost all 

vibration-based damage detection approaches intrinsically involve uncertainties, which 

arise from the measurement noise, varying environmental and operational factors, and 

modeling errors.  

 

1.2 Probabilistic Machine Learning  

 

Machine learning (ML) refers to the data analysis methods that imitate the way that 

human learns. The goal of ML is to develop models or algorithms to learn from data for 

underlying feature extraction, automatic pattern recognition and then use the uncovered 

patterns for classification, prediction or other tasks of decision making (Jordan and 

Mitchell, 2015). Unlike traditional data analysis methods that need to pre-select models 

and model parameters, ML automates analytical model building and optimization. For 

example, the nonlinear problem can be estimated by the kernel function in the 

reproducing kernel Hilbert space without defining a specific mapping function 

explicitly. 

 

ML has been a mainstay of data-driven damage detection methods in past decades 

through establishing non-parametric (e.g. clustering, k-nearest neighbor, and support 

vector machine) or parametric models (e.g. perceptron and neural network) for data 

analysis (Farrar and Worden, 2012). Most ML methods can be divided into two types 

according to whether the labels of damage data are available or not, namely, supervised 

or unsupervised learning. In the supervised learning, when the label is real-valued, the 

regression model is established and optimized to fit the relationship between the input 

data and label; and when the label is categorical, the data are classified for damage 

pattern recognition (Murphy, 2012). In the unsupervised learning, the training data are 

unlabeled. The goal is to recognize and classify the data according to the pre-defined 
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metric (e.g. similarity of the underlying features or reconstruction error of the 

measurement data). A small number of studies fall between supervised and 

unsupervised methods, which are semi-supervised with a small portion of labeled data 

only. It is noteworthy that the scope of using ML for damage detection is not limited to 

the data-driven methods, but also can be physics-based (Farrar and Worden, 2012). 

Particularly, if the FE model has been updated and validated, the data-driven method 

can also be improved by exploiting information from the physical models, such as the 

physics-guided ML methods. Specifically, the updated FE model could simulate labeled 

damage data to guide the training of deep learning (DL) models for damage 

identification. 

 

The Bayesian theorem that interprets the uncertainties quantitively can be introduced to 

the ML models for data mining. The ML model incorporating the probability theory is 

referred to as probabilistic ML, rather than Bayesian ML, considering that the Bayesian 

theorem strictly corresponds to the MAP estimate while some probabilistic methods, 

such as the maximum likelihood estimate, do not strictly contain the prior information 

(Murphy, 2012). The incorporation of the Bayesian theorem could add prior knowledge 

to the data probability distribution, to encode researcherôs belief about the unseen model 

parameters. For example, the Bayesian theorem can be introduced to regression and 

classification tasks for desired model optimization. One representative is the 

development from support vector machine (SVM) to relevance vector machine (RVM) 

(Tipping, 2001). The DL can also be interpreted in a probabilistic manner, such as the 

variational autoencoder and Bayesian neural network that consider all possible values of 

parameters rather than a point estimate (Kendall and Gal, 2017).  

 

As vibration-based damage detection intrinsically contains uncertainties, the 

probabilistic ML approaches stand out as the natural approach. The probabilistic theory 

can be introduced to the existing non-probabilistic ML-based damage detection 

methods. There are several aspects worthy of attention and development: 
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(1) Some ML techniques are not originally proposed for the engineering problem, thus 

need to be adjusted or improved by incorporating the engineering knowledge as the 

prior information for the damage detection. For example, for most engineering 

systems, there are only a few relevant factors that account for the variations of a 

collection of observations. Besides, in the preliminary failure stage, the damage 

occurs in limited locations (elements). The sparse Bayesian learning (SBL) can be 

introduced for automatic model optimization. 

(2) Most unsupervised methods are limited to the first level of damage detection, that is, 

the presence of damage. The supervised damage detection methods could attain 

damage localization and quantification while face the challenge of lacking labeled 

damage data from practical structures. The structural FE model can be built to 

generate labeled damage data under all possible damage scenarios (DSs). However, 

the FE model cannot perfectly predict the structural behavior even has been updated. 

Instead of expecting to build an error-free FE model, a more feasible idea is to 

explore the similarity between the labeled data from the FE model and unlabeled 

data from the real structure, and then extract the invariant damage-sensitive features 

shared by the two datasets. 

(3) Civil structures always have different materials, geometries, and topologies and are 

under varying environmental conditions. The data-driven DL techniques need to be 

re-trained by re-collecting labeled data when the environmental conditions or 

structural properties change. The methods that can facilitate the knowledge transfer 

between different but similar structures are worth studying. 

 

1.3 Research Objectives 

 

This study aims to develop advanced techniques for structural damage detection based 

on probabilistic ML techniques and Bayesian inference. The research objectives are: 

1) To develop probabilistic ML-based data normalization techniques for damage 

detection by incorporating the Bayesian framework: 

¶ Develop a sparse Bayesian latent variable method to detect the underlying 
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environmental factors automatically; 

¶ Develop an improved probabilistic kernelized method to remove nonlinear 

environmental effects with model parameters optimized automatically; 

2) To develop an SBL method for structural damage identification based on the model 

updating: 

¶ Develop an analytical Laplace approximation-based method to circumvent the 

intractable integration due to the nonlinear relationship between the damage 

index and modal parameters; 

¶ Develop a method applicable to all kinds of probability distributions (standard 

and nonstandard) by combing variational Bayesian inference (VBI) and delayed 

rejection adaptative Metropolis (DRAM) sampling together; 

3) To develop an unsupervised data-driven DL technique for structural damage 

identification that could transfer the knowledge between structures with 

discrepancies:  

¶ Attain knowledge transfer from the FE model to an experimental structure 

allowing the existence of modeling errors; 

¶ Attain knowledge transfer from one structure to the other with different sizes. 

 

1.4 Thesis Organization 

 

The thesis is organized into eight chapters, as illustrated in Figure 1.1. Chapter 1 

introduces the background and objectives of the thesis in general. Chapter 2 conducts a 

literature review of vibration-based damage detection methods. Moreover, the 

limitations and challenges of existing studies are issued. The rest five chapters introduce 

the newly developed methods. 

 

In Chapter 3, a sparse Bayesian factor analysis (FA) technique is developed to assess 

the structural state under unknown and changing environmental conditions. The 



 

 6 

automatic relevance determination (ARD) prior is defined on the factor loading matrix 

to determine the number of environmental factors automatically.  

 

The environmental influence may be nonlinear due to the non-uniform sensitivities of 

different materials to the environmental variations. Therefore, an improved method 

based on the probabilistic kernelized model is developed In Chapter 4, to eliminate the 

nonlinear environmental effects. The Gaussian kernel is employed to deal with the 

nonlinearity.  

 

An SBL method is developed in Chapter 5 for structural damage identification based on 

the Laplace approximation technique. The item to be integrated into the evidence is 

assumed to be a Gaussian distribution. The posterior PDFs of the variable and hyper-

parameters associated with the uncertainties are then derived in a closed-form. 

 

Chapter 6 further improves the Bayesian method for damage detection by integrating 

the VBI and DRAM algorithms. A full Bayesian analysis of the posterior PDFs is 

conducted. The merit of the VBI-DRAM method is that it is not limited to the Gaussian 

distribution but is applicable to all kinds of distributions. 

 

In Chapter 7, a re-weighted adversarial domain adaptation (RADA) method is 

developed to transfer knowledge between structures for damage detection using time 

series responses. The novelty of the method is that it considers the label space 

inconsistency. Consequently, it can transfer the knowledge learned from an FE model to 

an experimental structure and from one structure to the other with different sizes. 

 

Chapter 8 concludes the thesis and discusses the future work. 
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CHAPTER 2   
 

LITERATURE REVIEW  
 

 

 

2.1 Introduction 

 

The vibration-based structural damage detection methods can be classified into data-

based (or non-model-based) and model-based methods (Doebling et al., 1998; Farrar 

and Worden, 2012). The former relies on the data processing and comparison of 

dynamic features in the intact state and the counterpart to be predicted without 

establishing structural physical models. The latter requires to build an FE model of the 

structure, and then update and predict model parameters by minimizing the discrepancy 

between the model-predicted and monitored structural vibration properties. 

 

The prerequisite of the data-based methods is that damage induces variations in 

structural vibration properties; thus anomaly can be detected by comparing the vibration 

properties over time (Doebling et al., 1996, 1998). However, normal environmental and 

operational variations (EOVs) may also produce changes in the structural dynamic 

features. If the environmental and operational effects are not considered appropriately, 

the damage may be masked, leading to a false structural condition assessment result. 

Therefore, removing environmental and operational effects on the extracted features 

before they are applied to structural damage detection is of high necessity. The process 

to remove the normal environmental and operational effects from the damage-sensitive 

dynamic features is referred to as data normalization (Farrar and Worden, 2012). 

 

In the model-based methods, an objective function is generally established to evaluate 

the discrepancy between the model-predicted and measured properties (Sohn et al., 
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2003). The structural model parameters are identified by minimizing the objective 

function. However, measurement data are generally contaminated with noise, which 

introduces uncertainties in future extraction and damage detection processes. Most of 

the traditional damage detection methods treat the problem as deterministic and neglect 

the uncertainties. During the recent decades, researchers have developed probabilistic 

model updating or damage identification techniques, such as perturbation techniques 

(Xia and Hao, 2003), Monte Carlo simulations (Hjelmstad and Shin, 1997), and 

Bayesian inference methods (Beck and Katafygiotis, 1998; Katafygiotis and Beck, 

1998). 

 

Additionally, the huge amount of data generated in the long-term monitoring stage also 

imposes significant challenges on the efficient, effective and accurate damage detection. 

The era of big data has witnessed the development and progress of artificial intelligence 

technology, paving the way for the implementation of structural health monitoring 

(SHM) utilizing DL techniques, which have powerful ability and high efficiency in 

processing a large amount of data. The DL technique prevails recently with the 

development of a few powerful algorithms such as deep autoencoder, convolutional 

neural network (CNN), recurrent neural network (RNN) and so on (Sun et al., 2020). 

Conducting structural damage detection by adopting state-of-the-art deep learning 

techniques is a research hotspot. 

 

Given the fast development of SHM in the past decades, there have been several 

comprehensive literature reviews in the area (Doebling et al., 1998; Salawu, 1997; Sohn 

et al., 2003; Sun et al., 2020). In this chapter, SHM techniques in three aspects are 

focused on and reviewed, including the data normalization, Bayesian inference, and 

data-driven DL techniques, without exhausting all aspects in this broad topic. 

 

2.2 Data Normalization Techniques  

 

In the following, the environmental and operational factors influencing structural 
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dynamic features are firstly summarized, followed by the data normalization methods, 

which can be classified into regression methods with environmental data and ML-based 

methods without environmental data. 

 

2.2.1 Environmental and Operational factors 

 

2.2.1.1 Environmental Factors 

 

Temperature is a major factor that may affect structural dynamic characteristics. The 

temperatureôs effects arise from several aspects. First, the Youngôs modulus of structural 

materials varies with temperature. Second, structural boundary conditions may be 

affected when the temperature changes. Third, the non-uniformly distributed 

temperature over a large-scale structure may cause an asynchronous change in structural 

physical parameters. Roberts and Pearson (1998) monitored a 9-span, 840 m long 

bridge and found that temperature accounted for a 3%~4% frequency change in a year. 

Farrar et al. (1996) reported that the first modal frequency of the Alamosa Canyon 

bridge varied by nearly 5% during a day caused by temperature variations. Peeters and 

De Roeck (2001) monitored the Z24 bridge for around ten months before it was 

artificially damaged. The results indicated that the first four frequencies varied by 

14%~18% during the monitored period. They also found that the structural stiffness 

increased significantly below 0, which was due to the frozen asphalt layer of the 

bridge deck. The one-year monitoring of the Ting Kau Bridge in Hong Kong (Ni et al. 

2005) revealed that the bridgeôs natural frequencies varied from 0.2% to 1.52% when 

the temperature changed from 2.8 to 53.5 . Xia et al. (2006) periodically monitored 

the vibration properties of a reinforced concrete (RC) slab for around two years. The 

first two modal frequencies were observed to decrease by 0.13% ~ 0.23% when the 

temperature increases one degree, whereas no obvious relationship between mode 

shapes and the temperature was found. Moser and Moaveni (2011) showed that the first 

six natural frequencies of the Dowling Hall Footbridge on the campus of Tufts 

University varied by 4% ~ 8% as the corresponding temperature ranged from 14 to 
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39 . 

 

Humidity is another factor that may lead to variations in the structural vibration 

properties. Several studies reported that the concrete structures absorbed moisture in wet 

weather. As a result, the structural mass increased, and the frequencies were altered. 

Bendat and Piersol (1980) found that the bridgeôs mass increased by 3%~6% as a result 

of the absorption of moisture. Xia et al. (2006) found that the natural frequencies of an 

RC slab was reduced by 0.03% when the environmental humidity increased by 1%. 

Sohn (2007) reported that the mass of the Alamosa Canyon bridge increased by 1.6% 

due to moisture. However, Peeters and De Roeck (2001) reported that no obvious 

relation between humidity and the first four natural frequencies of the Z24 bridge was 

observed.  

 

Additionally, the wind-induced variability in the vibration properties of long-span 

bridges was investigated. In Fujino et al. (2000), natural frequencies of the cable-stayed 

and suspension bridges were observed to decrease with the increase of the wind speed. 

The structural damping may also be altered when wind velocity exceeded a certain level 

(Fujino et al. 2000). Mahmoud et al. (2001) monitored the Hakucho Suspension Bridge 

and found that the amplitude of the structural vertical response was nearly a quadratic 

function of the wind speed. Besides, the wind speed mainly influenced the low natural 

frequencies of the bridge. Nagayama et al. (2005) studied the relationship between wind 

speed and structural vibration properties of a full-scale suspension bridge. They 

observed that the frequencies decreased with the increase of root mean square 

accelerations. Siringoringo and Fujino (2008) reported that the natural frequencies of a 

suspension bridge decreased as the wind velocities increased while the damping ratios 

increased. Martins et al. (2014) investigated the influence of wind and temperature 

variations on structural modal properties and responses by monitoring the Braga 

stadium suspension roof for eight months. The results indicated that the wind in 

particular directions led to a sag reduction and further resulted in the reduction of the 

cable tension and structural frequencies. 

 



 

13 

 

2.2.1.2 Operational Factors 

 

Operational variabilities such as loadings and boundary conditions also affect structural 

dynamic responses. Alampalli (2000) showed that the freezing of accumulated moisture 

at the boundary support increased the stiffness of embedded girders and caused an 

increase in the natural frequencies of a steel girder bridge. In the long-term monitoring 

of the Z24 bridge (Peeters et al., 2001), a piecewise linear relationship between 

temperature and natural frequencies was observed. This phenomenon was attributed to 

the asphalt layer, which significantly increased the stiffness of the structural boundary 

condition on cold days.  

 

The influence of traffic loading on the structural responses has also been investigated. 

Zhang et al. (2002) conducted 24 h vibration monitoring on a cable-stayed bridge under 

a relative steady wind and temperature environment. The results indicated that the 

natural frequencies exhibited nearly 1% change due to the traffic variability. The 

damping ratios increased significantly when the deck vibration exceeded a certain level. 

Kim et al. (2001) investigated the effect of vehicle loads on the vibration properties of 

three bridges with varied scales. The traffic-induced vibration tests were conducted 

individually. It was concluded that the effect of traffic loads on the structural dynamic 

characteristics depended on the relative magnitude of the traffic loads compared with 

the structural mass. The frequency varied by 5.4% for the short-span bridge, while no 

obvious variations were observed for the middle- and long-span bridges. 

 

All these studies indicated that the influence of the environmental and operational 

variations on the structural dynamic characteristics should not be neglected. Instead of 

directly adopting the modal parameters for damage detection, data normalization 

methods should be employed to consider or eliminate the effects of the ambient 

variations. 
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2.2.2 Regression Methods with EOV Data 

 

When the EOV data are available, the regression model is built to explore the 

relationship between the structural dynamic characteristics and EOV data, particularly 

the temperature. The models can be generally divided into linear and nonlinear ones. 

 

2.2.2.1 Linear Regression Models 

 

Most studies assume that structural natural frequencies vary with temperature linearly 

and establish a linear regression model to describe their relationship. 

 

Sohn et al. (1999) proposed a linear adaptive filter to describe the frequency changes of 

the Alamosa Canyon bridge caused by temperature variations. The regression model 

was optimized by minimizing the mean square error between the model-predicted and 

measured frequencies. The well-trained regression model was then utilized to 

discriminate the temperature effect from structural damage and other environmental 

factors. As mentioned by the authors, a perfect match of the predicted and measured 

frequencies was not available due to the incompleteness of the model and the 

measurement noises. In this connection, a confidence interval was defined to account 

for the existence of uncertainties. For a new temperature profile, the defined confidence 

interval served as the reference to judge the change in the frequencies was caused by 

temperature variations or damage. 

 

Peeters et al. (2001) used a dynamic linear Auto-Regressive and eXogeneous (ARX) 

model to explain the variations in frequencies of the Z24 Bridge due to changing 

temperature. The advantage of the dynamic ARX model over static regression models 

was that the input and output at previous time instants were taken into consideration to 

decide the current output. A confidence interval was estimated for damage prediction. 

When a new identified modal parameter lay outside the confidence interval, the bridge 
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was deemed to be damaged. A comparative study showed that a single-output ARX 

model outperformed multiple static linear regression models. 

 

Xia et al. (2006) developed a linear regression model to express the relationship 

between the natural frequencies of an RC slab and temperature and humidity. The 

results implied that the linear model could simulate the correlation between the 

frequency and temperature very well. A quantitative analysis indicated that the variation 

of the modal properties was primarily attributed to the variation of materialsô elastic 

modulus. 

 

Bao et al. (2012) proposed a Bayesian-based technique for damage detection of a 

laboratory tested frame. A linear relation between the frequencies and temperature was 

assumed. The temperature effect on structural frequencies was then eliminated. The 

proposed method was applied to a two-story steel frame under changing temperature 

conditions for damage identification. Hou et al. (2020) later improved the Bayesian 

method in Bao et al. (2012) by incorporating the sparsity information into the regression 

model for damage detection. 

 

2.2.2.2 Nonlinear Regression Models 

 

In practice, the environmental effect on structural dynamic characteristics may be 

nonlinear. Specifically, different materials in the structures have non-uniform 

sensitivities to the environmental variations. The bridgeôs boundary conditions may also 

change due to the expansion and contraction of joints, leading to a nonlinear effect. In 

this case, the linear model may be unable to reveal their relation accurately, and 

nonlinear models need to be explored. 

 

Moaveni and Behmanesh (2012) compared four models in describing the relationship 

between natural frequencies and temperature of the Dowling Hall Footbridge, including 
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a linear regression model, an ARX model, a bilinear model, and a fourth-order 

polynomial model. The fourth-order static polynomial model was finally chosen. Two 

sets of natural frequencies, before and after removing the temperature effects using the 

developed model, were used for FE model updating. The results indicated that the 

variations of parameters in the model updating were reduced, and the probability of 

false identification decreased after the environmental effect decreased. 

 

Ding and Li (2011) proposed an n-order polynomial equation to model the correlation 

between the daily varying frequency of the Runyang Suspension Bridge and 

temperature. The order n increased from 1 to 10, and the sixth-order polynomial model 

with the least error was selected. The 40-day measured temperature data were then input 

to the regression model to predict the frequency variations. The result indicated that the 

proposed model could estimate the correlation between the structural frequency and 

temperature. 

 

However, as mentioned by many researchers (Yan et al., 2015a, b; Hsu and Loh, 2010), 

several issues exist in the regression methods. The main limitation is that the model 

efficiency heavily relies on the accurate measurement of the environmental and 

operational factors. In contrast, ML-based data normalization methods do not need the 

EOV data. 

 

2.2.3 ML-based Methods without EOV Data 

 

When EOV data are not available, ML-based methods are developed to eliminate the 

environmental effects using structural dynamic responses only. The corresponding 

environmental factors are considered as embedded variables and not required to be 

measured. These ML-based methods can be further divided into linear and nonlinear 

dimensionality reduction models, black-box models, and others. 
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2.2.3.1 Linear Dimensionality Reduction Models 

 

Principal component analysis (PCA) is a linear data dimensionality reduction technique 

and has been extensively employed in SHM. The latent dimensionality of the 

measurement data is determined in advance. Through projecting the measurement data 

onto the principal components, the influences from different sources are decoupled, and 

then the ambient impacts can be eliminated. Yan et al. (2005a) employed the PCA to 

discriminate the influence of environmental variations from that of damage. The 

damage detection was conducted based on the novelty analysis. Debarshi et al. (2019) 

applied the PCA for damage detection in a continuous beam structure under 

environmental and operational variations. The results indicated that PCA could detect 

the discontinuities in the measurement data at the onset of damage. 

 

FA is another linear model that searches for the latent variables and explains the 

correlation between the variables and measurement data. Kullaa (2011) employed the 

FA to remove the environmental and operational effects on structural dynamic 

characteristics. The FA model was constructed using the measurement data from an 

undamaged structure. The structural health condition was determined according to the 

reconstructed data from the FA model and the original measurements. The effectiveness 

of the proposed method was verified by its application to a wooden bridge in the 

laboratory. Deraemaeker and Worden (2018) further compared the PCA and FA 

models. The results confirmed the ability of these two methods to filter out 

environmental influences. 

 

Independent component analysis (ICA), also named the blind source separation, 

decomposes the given data into a linear combination of statistically independent latent 

variables using the observations only. Several researchers (Zang et al., 2004; Yang et 

al., 2014) applied the ICA for structural system identification and damage detection and 

verified its robustness for feature extraction and pattern recognition.  
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Singular value decomposition (SVD) is also a linear decomposition method that has 

been extensively used for dimensionality reduction. Ruotolo and Surace (1999) 

employed SVD to detect structural damage under environmental variation. A structure 

was treated as damaged when the number of singular values exceeded a threshold. Liu 

et al. (2015) developed a novel damage-sensitive feature extraction using SVD. The 

changes produced by the damage could be separated from those caused by EOVs. 

 

2.2.3.2 Nonlinear Dimensionality Reduction Models 

 

When the ambient influences are nonlinear during a long-term monitoring period, the 

kernel PCA can be adopted, in which the latent dimensions are projected to reproduce 

the kernel Hilbert space. The kernel PCA has the advantage that defining a specific 

nonlinear relationship is unnecessary and the calculation is simplified by using the 

kernel function. 

 

Oh et al. (2009) employed the kernel PCA as a data normalization technique to remove 

the environmental effects on measurement data. Data collected from the normal 

conditions served as the baseline data. A Gaussian kernel PCA was applied to the 

baseline data to calculate the principal eigenvectors. The discrepancy between the most 

recent measured modal parameters and the reconstructed counterparts based on the 

kernel PCA was calculated and quantified by a novelty index. A threshold value was set 

as a reference to judge the data was normal or not. The application to the Yeongjong 

Grand Bridge in Korean indicated that the proposed KPCA method was able to detect 

the abnormality using the output data only. Reynders et al. (2014) proposed an 

improved kernel PCA to build the relationship between changing environmental factors 

and structural frequencies. The optimal parameters in the kernel function were 

determined automatically. The proposed method was applied to a three-span concrete 

bridge which was monitored for one year and damaged in the end. The proposed kernel 

PCA was able to detect the onset of damage accurately, whereas the linear PCA could 

not. 
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In addition to the kernel PCA, Yan et al. (2005b) used the local PCA models for local 

regions in the data space. The nonlinear problem was tackled in the way of a piecewise 

linearization. Kullaa (2014) employed the mixture of FA models, which allows different 

local linear factor models for different regions in the data space, to compensate for the 

nonlinear effects between the natural frequencies of the Z24 bridge and temperature. 

 

2.2.3.3 Black-box Models 

 

All techniques above share one common feature, that is, the models are established in an 

interpretable manner. By contrast, the auto-associative neural network (AANN) deals 

with the problem in a black-box and separates the environmental influences by training 

the NN automatically. 

 

Sohn et al. (2001, 2007) adopted the AANN, which actually is equivalent to nonlinear 

PCA in a black-box form, to reveal the correlation between the measured structural 

modal parameters and unmeasured latent variables. The AANN network was composed 

of three hidden layers, namely, the mapping, the bottleneck and de-mapping layers. The 

number of neurons in the bottleneck layer represented the latent dimensionality of the 

measurement data. The discrepancy between the AANN-predicted data and measured 

data was calculated. A threshold value was determined as a reference to evaluate the 

structural health condition. The proposed method was verified through the application 

to a computer hard disk. 

 

Hsu and Loh (2010) also used AANN to extract the underlying environmental factors 

and detect structural stiffness reduction. The effectiveness of the proposed method was 

verified through the application to a synthetic bridge model under varying ambient 

conditions, including temperature, humidity, loading and support condition. The results 

showed that AANN was able to accurately identify the structural stiffness reduction. 
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2.2.3.4 Other models 

 

Gaussian mixture model (GMM) is a linear mixture of multiple Gaussian components, 

aiming at simulating a complex distribution rather than a single Gaussian. It has been 

widely used in data mining, pattern recognition, machine learning and statistical 

analysis. Kullaa (2014) used the GMM to eliminate the environmental effects from 

measurement data. The GMM was based on the mixture of multiple linear models, each 

corresponding to a local region in the input space. The data labels were regarded as 

latent variables in the GMM model, and the expectation-maximization (EM) algorithm 

was employed to identify the mixture model. The proposed method was validated using 

the measured natural frequencies of the Z24 Bridge under varying temperatures. 

 

SVM can be used to learn relationships in data in a supervised manner. Ni et al. (2005) 

used SVM to model the correlation between structural frequencies of the Ting Kau 

cable-stayed bridge and temperature. In their study, the measurement data were divided 

into two groups, one for training the SVM model, and the other for model validation. 

The results indicated that such a strategy was able to tackle the problem of over-fitting. 

The well-trained SVM exhibited more superior generalization than the conventional 

method. 

 

2.3 Bayesian Inference Techniques 

 

Uncertainties exist in the vibration-based damage detection process, including 

measurement noises, methodology errors, and modeling errors. Most traditional damage 

identification techniques adopt a deterministic approach and ignore the uncertainties. 

Besides, the FE model updating for damage identification is usually an ill -posed inverse 

problem. A small perturbation of the measurement data will lead to a significant 

variation in the damage identification result. To address this challenge, researchers have 

incorporated the regularization technique in the objective function of model updating. 
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However, the regularization parameter needs to be selected in advance. Since the 1990s, 

the Bayesian theorem has been developed for structural system identification and 

damage detection. In comparison with the traditional deterministic approach, the 

Bayesian theorem treats the discrepancy between the model-predicted modal properties 

and measurement data in a probabilistic manner. Besides, all unknown hyper-parameters 

can be optimized automatically.  

 

In the Bayesian inference methods, one needs to derive the posterior probability density 

function (PDF) and calculate the most probable value (MPV) by maximizing the 

posterior function, which is equivalent to minimizing the objection function in the 

deterministic methods. The challenging issue is to calculate the high-dimensional 

integral. A few techniques have been developed to circumvent the problem. These 

techniques include the Laplace approximation technique, expectation-maximization 

(EM) technique, VBI, hierarchical model, Markov chain Monte Carlo (MCMC) 

estimation, and so on. In the following, the application of Bayesian inference for 

structural damage detection and techniques will be reviewed according to the techniques 

employed. 

 

2.3.1 Laplace Approximation 

 

The Laplace approximation is an analytical technique that directly solves the 

computationally prohibited integral in the Bayesian equation. The PDF to be integrated 

is approximated as a Gaussian distribution, which is centered at the MPV with the 

covariance matrix equal the inverse Hessian matrix. In contrast to the numerical 

methodologies, the Laplace approximation results in the analytical solution and 

possesses a unique solution. It has been utilized to develop asymptotic expansions of 

posterior interests and expectations, especially in the Bayesian framework. 
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Beck and Katafygiotis (1998) are pioneers to apply the Laplace approximation to the 

Bayesian model updating for structural system identification using modal parameters. 

The denominator in the proposed Bayesian equation, termed as the evidence, contains a 

complex nonlinear and high-dimensional integral and thus is intractable. To solve this 

problem, systems were classified into globally identifiable, locally identifiable, and 

unidentifiable cases based on the measurements (Beck and Katafygiotis, 1998; 

Katafygiotis and Beck, 1998; Katafygiotis et al., 1998). For the globally identifiable 

system, the posterior PDF is highly peaked and thus can be approximated as a Gaussian 

distribution (Beck and Katafygiotis, 1998; Katafygiotis and Beck, 1998). Finding the 

MPV of the variables is equivalent to calculating the mean of the posterior Gaussian 

distribution. For the locally identifiable systems, the PDF is derived as a weighted 

combination of Gaussian distributions centered at the isolated optimal modes 

(Katafygiotis et al., 1998). 

 

The globally identifiable, locally identifiable, and unidentifiable systems defined above 

have laid a foundation for later studies. For example, Yuen et al. (2006) utilized the 

Laplace approximation technique to approximate the posterior PDF in model updating 

using incomplete modal data without mode matching. Huang et al. (2015, 2017) 

combined the Laplace approximation technique and the hierarchical model to estimate 

the full posterior PDF. Yang et al. (2019) utilized the Laplace approximation to evaluate 

the uncertainties of the posterior PDF in an autoregressive model for system 

identification. Ni et al. (2016) proposed a fast Bayesian method for modal identification 

using free vibration data, in which the posterior uncertainties are evaluated based on the 

Laplace approximation. 

 

2.3.2 EM Algorithm  

 

The EM algorithm can be utilized to solve the posterior PDF in the Bayesian framework 

with latent variables. The algorithm consists of iterative E and M steps. In the E step, 

the expectation of the complete-data likelihood function with respect to the latent 

variable is calculated. Then in the M step, the expectation is maximized to calculate the 
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MPVs of variables. Through the iterative E and M steps, the variables converge to the 

definite values.  

 

Ching and Beck (2004) proposed a two-step Bayesian approach for probabilistic 

structural model updating using incomplete measurement data. Given that the problem 

belongs to the non-concave and non-linear optimization problem, the EM algorithm was 

employed to convert the problem into two coupled concave quadratic optimization 

problems. The effectiveness and robustness of the proposed method were verified using 

the IASC-ASCE Phase II Simulation Benchmark data. The results indicated that the EM 

algorithm was more robust than the nonlinear optimization algorithm in searching for 

the MPV of the stiffness parameter. Hou et al. (2019) proposed an SBL framework for 

structural damage detection, in which the damage index was contained in the Bayesian 

equation as the latent variable. The EM algorithm was utilized to calculate the latent 

damage index via an iterative process. 

 

2.3.3 Variational Inference 

 

VBI provides an approximation solution to the intractable posterior PDF of variables in 

the Bayesian probabilistic framework. It proposes a tractable PDF to approximate the 

intractable target PDF by minimizing the KullbackïLeibler (KL) divergence (Bishop, 

2006) between the proposed and target PDFs. The mean field theory (Parisi, 1988) is 

generally utilized to factorize the proposed PDF and independently derive the posterior 

PDFs of each individual unknown. In combination with the EM algorithm, the variables 

and parameters in the VBI model can be computed in an iterative approach. 

 

Zhou et al. (2007) developed a structural damage classification method based on the 

hidden Markov model, where the VBI was employed to determine the model 

parameters. They pointed out that the VBI was capable to automatically select a model 

with appropriate complexity and alleviate the overfitting in the traditional maximum 
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likelihood method. Fujimote et al. (2011) developed a state-space model for system 

identification based on the VBI, which was applicable to a wide category of systems. 

Baldacchino et al. (2016) developed a mixture of expert models trained by VBI for 

systems exhibiting nonlinear properties. Li and Der Kiureghian (2017) employed the 

VBI to approximate the evidence in the Bayesian operational modal analysis. The 

effectiveness and superiority were demonstrated through application to the One Rincon 

Hill Tower in San Francisco, USA. 

 

2.3.4 Hierarchical Models 

 

The hierarchical Bayesian model (HBM) expands the intractable posterior PDF as a 

series of coupled hierarchical linear PDFs. The technique simplifies the calculation and 

results in the posterior PDF analytically tractable posterior PDFs. The HBM contains a 

multi-level structure, in which the parameter in the prior PDF relies on other introduced 

parameters. These parameters are named the hyper-parameters and are assumed to 

follow designated distributions. 

 

There have been many applications of HBM in system identification and damage 

detection. For example, Sedehi et al. (2019) developed a hierarchical Bayesian 

operational modal analysis for system identification using vibration data. Nagel and 

Sudret (2016) have developed a hierarchical model using noise-free vibration data. 

Huang et al. (2015, 2017) applied the HBM to structural damage detection and extended 

the complex nonlinear problem as the product of a series of coupled hierarchical linear 

PDFs. Behmanesh et al. (2015) applied the HBM to model updating, predicted the 

uncertainties of the parameters, and then extended this model for structural damage 

identification. Sedehi et al. (2019) compared the performance of the hierarchical 

Bayesian probabilistic framework with the non-hierarchical counterpart. The results 

indicated that the HBM is superior for its reliability and robustness in calculating 

uncertainty bounds. 
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2.3.5 MCMC Estimation 

 

For the unidentifiable problem, no matter how complicated the PDF is, if the 

probabilistic expression proportional to the target PDF is available, the MCMC 

simulation can generate samples following the target PDF and obtain the corresponding 

statistical characteristics. However, the basic MCMC technique is extraordinarily time-

consuming for models containing a large number of parameters or involving partial 

differential equations. In recent decades, the basic MCMC algorithm has been 

developed and improved to promote computational efficiency, including the 

Metropolis-Hastings (MH) algorithm, Gibbs sampling, transitional MCMC, delayed 

rejection (DR) technique, importance sampling, and so on. 

 

The MH algorithm is from the MCMC and applies to high-dimensional problems. In the 

algorithm, the proposal distribution and the stopping criterion for sampling are two key 

factors that will largely affect the accuracy of the uncertainty evaluation, whereas they 

are uneasy to ascertain. Yuen et al. (2004) developed an adaptive MCMC simulation 

based on the MH algorithm for structural damage detection. The numerical integration 

was solved in conjunction with the adaptive MCMC to identify the important regions of 

the updated PDF. Lam et al. (2015) developed an enhanced MH algorithm for Bayesian 

model updating, in which the stopping criterion for sampling was adjusted 

automatically according to the important region in the posterior PDF. 

 

Gibbs sampling is a popular MCMC technique with a straightforward idea. It carries out 

sampling by sweeping through the conditional PDF of each variable and keeping the 

rest variables fixed. Ching et al. (2006) employed the Gibbs sampling for the 

unidentifiable problem in the Bayesian model updating. The uncertain parameters were 

classified into three groups, so that the numerical sampling can be directly carried out 

on any group conditional on the rest. Huang et al. (2017) applied the Gibbs sampling to 

generate samples following the posterior PDFs of unknowns in the hierarchical 

Bayesian model and then calculated the statistics from the generated samples. Li et al. 

https://www.thesaurus.com/browse/extraordinarily
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(2018) employed the Gibbs sampling to calculate the posterior PDF of a Bayesian 

equation using operational modal analysis for system identification. 

 

The transitional MCMC has been developed for the cases when the proposed 

distribution is difficult to ascertain, and successive intermediate PDFs are used to 

gradually approach the target PDF. Muto and Beck (2008) employed the transitional 

MCMC approach to tackle the unidentifiable problem in Bayesian application. Ching 

and Chen (2007) developed a Bayesian model updating using the transitional MCMC 

approach, in which a series of intermediate PDFs were used to approach the target 

posterior PDF step by step, and the direct sampling on the posterior PDF was then 

avoided. 

 

Importance sampling simulation is a popular variance reduction technique that can be 

utilized to compute the failure probability of structures. Au and Beck (2003) 

investigated the applicability of the importance sampling to high-dimensional problems 

and recommended that the importance sampling could be utilized when the covariance 

matrix associated with each design point did not deviate obviously from the identity 

matrix. Au (2004) developed a probabilistic approach for failure analysis based on the 

importance sampling simulation, based on which the generated samples were used to 

compute the structural reliability. 

 

Given that the acceptance ratio in the sampling process is usually low in high 

dimensional models, the delayed rejection (DR) technique was proposed to improve the 

efficiency. In recent years, the DRAM algorithm, as a combination of adaptive MH 

algorithm and DR, has been widely used. For example, Zhang et al. (2013) utili zed the 

DRAM algorithm for a Bayesian model updating. With this technique, the responses 

were quantitatively predicted, and the corresponding confidence interval was obtained. 

Wan and Ren (2016) demonstrated that the accuracy of the DRMA algorithm for model 

updating outperforms the Laplaceôs approximation when the posterior PDF is non-

normal shaped. The validity of the DRAM algorithm to large-scale structures was also 

verified. 
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2.3.6 Others 

 

In addition to the aforementioned techniques, other representative techniques are also 

employed in the Bayesian methods such as particle swarm optimization and Gaussian 

Process (GP). 

 

Chen et al. (2017) defined a multi-sample objective function for structural damage 

detection based on the Bayesian theorem. The particle swarm optimization algorithm 

and an improved Nelder-Mead method were combined to optimize the objective 

function. The particle swarm optimization technique is a straightforward and efficient 

convergence algorithm and is prevalent in solving optimization problems. The proposed 

method was applied to the ASCE 4-storey benchmark frame. 

 

Wan and Ni (2018) adopted GP with a Gaussian prior and Gaussian likelihood for 

structural response prediction. A moving window was proposed to reduce the size of the 

input data and further result in a reduced-order GP model. The GP model allows 

uncertainty evaluation and is not restricted to a definite algebraic structure. The 

effectiveness of the proposed approach was demonstrated using the measurement data 

of the Canton Tower. 

 

2.4 Data-driven DL Techniques 

 

DL techniques have a powerful capability to learn from and make predictions on a huge 

amount of data (LeCun et al., 2015). In recent years, DL techniques have been 

extensively explored for SHM and structural damage detection. According to the input 

of the DL models, these studies can be classified into data-driven and visual-based 

methods (Sun et al., 2020). The former category is the major concern in this study, 
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although the latter has also been extensively explored. We reviewed the data-driven DL 

studies from two aspects, supervised and unsupervised learning, according to whether 

the labels of the training dataset are available or not.  

 

2.4.1 Supervised Learning 

 

Supervised learning refers to the task of learning a model that maps inputs to outputs 

using labeled datasets. The labels act as a ñteacherò instructing the model what output is 

related to the specific input value. Each sample in the training dataset is a pair 

consisting of the input and the desired output that are both known. In terms of the 

architectures employed, existing supervised DL studies can be classified into CNN-

based, RNN-based, deep autoencoder-based, and deep multilayer perceptron (MLP)-

based. 

 

2.4.1.1 CNN Architectures 

 

CNN, as the state-of-the-art deep learning technique, has been a research hotspot since 

the AlexNet was proposed in 2012 (Krizhevsky et al., 2012). CNN consists of multiple 

convolutional layers, pooling layers (also named sub-sampling layer), fully-connected 

layers, and a decision-making layer (classification or regression) (Krizhevsky et al., 

2012). The feature of the convolutional layer is local receptive field and weight sharing. 

The pooling layer, as a sub-sampling layer, plays the role to lower the spatial size of the 

feature map and improve the computation efficiency (Krizhevsky et al., 2012). The max 

and average pooling operations are the most frequently used ones. After multiple 

convolution-pooling operations, the fully-connected layer connects all previous feature 

maps and refines the features extracted by the convolutional layers. The dropout 

technique is usually employed to avoid over-fitting in this process. The final layer of 

CNN, namely, the softmax classifier, is implemented for classification. 
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CNN has the following advantages (LeCun et al., 2015; Goodfellow and Bengio, 2016). 

First, the number of parameters in CNN is significantly reduced with the strategy of 

weight sharing and local receptive field, making the CNN much easier to be trained and 

less likely to suffer from over-fi tting. Second, CNN can extract features from the real-

time measurement data without knowing the excitations and without data pre-

processing and post-processing. Besides, CNN is efficient and suitable for real-time 

online applications. 

 

According to the input data type, the CNN studies on structural damage detection can be 

further divided into time domain (i.e., accelerations, strain), frequency domain (i.e., fast 

Fourier transform data, transmissibility function, modal parameters), and time-

frequency domain. 

 

(1) Time domain data 

 

Abdeljaber et al. (2017) developed an adaptive one dimensional (1D) CNN for damage 

detection of the Qatar University grandstand simulator using the raw accelerometer 

data. The damage was simulated experimentally by loosening the bolt in the joints. Each 

CNN was responsible for one individual joint in the structure. The proposed CNN was 

composed of an input layer, two hidden CNN layers consisting of the convolutional and 

sub-sampling layers, two fully-connected layers, and one output layer for decision 

making. The results demonstrated the effectiveness of the proposed 1D CNN for 

damage detection. Later, the same grandstand simulator was studied by Avci et al. 

(2018) with wireless sensors for real-time damage detection using the 1D CNN. Each 

CNN was assigned to each wireless sensor in the network and processed the local data 

only. The study processed the vibration data in three directions and identified the most 

distinctive damaged direction. Zhang et al. (2019) applied the 1D CNN to a short steel 

girder bridge for state identification using the raw vibration data. The results showed 

that CNN with a simple architecture was very sensitive to tiny mass and stiffness 

changes. 
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Training CNNs for structural damage detection requires a huge amount of training data 

of multiple DSs. However, sufficient data in all damage cases are difficult to be 

acquired especially for large-scale structures. In this regard, Abdeljaber et al. (2018) 

developed an enhanced 1D CNN, which requires only two measurement sets 

corresponding to the undamaged and the fully damaged cases for training. The results 

indicated that the well-trained CNN was able to detect all nine separate DSs accurately. 

 

The above studies regard damage detection as the classification task, where the cross-

entropy function is used as the loss function. The regression analysis using the mean 

square error function has also been explored. Lin et al. (2017) proposed a damage 

identification approach based on a customized 1D CNN. In addition to the common 

layers including the convolutional, pooling, fully-connected and softmax layers, the 

batch normalization layer as a regularization technique was also inserted into the CNN 

before the nonlinear activation stage in a few convolutional layers. For the damage 

location task, the cross entropy was used as the objective function. Whereas for the 

damage severity quantification, the error function was a mean square error regression 

equation that measures the difference between the true and predicted labels. The 

numerical FE model of a simply supported Euler-Bernoulli beam was utilized as an 

example. The proposed CNN was verified to have the robustness to noise and excellent 

performance of damage localization and quantification. Wu et al. (2019) also employed 

CNN for the regression task to predict dynamic responses of a linear single-degree-of-

freedom system, a nonlinear single-degree-of-freedom system, and a 3-story multi-

degree-of-freedom steel frame. A comparison study showed that CNN was more robust 

to noise-contaminated data and more suitable for the response prediction than the MLP.  

 

In addition to the acceleration responses, strain data have also been used as the input. 

For example, Gulgec et al. (2019) used the normalized strain data as the input of CNN 

for damage detection and localization. The ABAQUS software was employed to 

simulate the damage state and generate training data. The detection task was a 

classification problem, while the localization was treated as a regression problem. For 

simplicity and efficiency, both tasks utilized the identical layers in the former 
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architecture of CNN. The results verified the high accuracy, high efficiency and 

robustness of the proposed CNN model for damage diagnosis and localization. 

 

In the 1D CNN, the measurement data should be concatenated and processed into 1D 

data, which will inevitably increase the length of the input. In this regard, 2D raw data-

based CNN has been developed for SHM. This was inspired by the fact that multiple 

raw responses are generally measured by multiple sensors in practice. Khodabandehlou 

et al. (2019) developed a 2D deep CNN for structural condition assessment with a 

limited number of acceleration data. Each time-series response was transformed to a 

122¦70 matrix as the input of CNN. Results showed that both damage location and 

severity were accurately predicted using the well-trained network.  

 

(2) Frequency domain data 

 

In some studies, the raw time series data are transformed into frequency-domain 

features for preliminary feature extraction. A few representative methods are reviewed 

as follows.  

 

Yu et al. (2019) developed a deep CNN-based method to assess and localize damages of 

a numerical building with several isolators designed underneath. The time domain 

signals were transformed into frequency domain features, which were compressed to a 

2D matrix (5¦2832) as the input of a 2D CNN. The output was a vector consisting of 

each floorôs health condition. The proposed CNN consisted of ten layers, including an 

input layer, three convolutional and subsampling layers, two fully connected layers, and 

an output layer. The network was trained in a supervised manner. The limitation was 

that only numerical investigations were conducted in this study. 

 

Liu and Zhang (2019) utilized the short time Fourier transformation to transform the 

measurement data to image format, which is compatible with the visual-based CNN 
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model. The input data were two dimensional, one was corresponding to the time 

coordinate, and the other was frequency, whose magnitude was represented by varying 

color shades. Transfer learning was also employed in this study to simplify the design 

and training of the CNN model. 

 

Cofre-Martel et al. (2019) proposed a novel deep CNN model for damage detection and 

quantification using the image of structural transmissibility functions. The 

transmissibility function is the ratio of the output to input in the frequency domain. Its 

peak, deep and magnitude are all related to the structural health state. In the study, the 

input of CNN contained the values of the logarithmic magnitude of the transmissibility 

function and was contaminated with additional noise. The CNN was trained for damage 

quantification, which was a regression task. 

 

(3) Time-frequency domain data 

 

Some researchers combined the raw time domain data and its transformation in the 

frequency domain as the input.  

 

Tang et al. (2019) split the raw response data into sections and used the data in both 

time and frequency domains to form the dual-channel image as the input of CNN for 

anomaly detection. The whole data set was manually labeled as the training data for 

supervised learning. Oh et al. (2019) developed a CNN model for wind-induced 

response estimation using three types of data together as the input, including the time 

domain responses at the top floor, frequency domain displacement response, and 

frequency domain wind speed. Wang et al. (2021) processed the vibration data using the 

Hilbert-Huang transform and then used the time-frequency graphs as the input of the 

proposed CNN model for damage detection. The proposed method had a better 

performance as compared with the traditional artificial neural network (ANN) and SVM 

models. 
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2.4.1.2 RNN Architectures 

 

The RNN is a kind of ANN where connections between nodes form a temporal 

sequence. The difference between RNNs and other DL techniques is that the input 

comes from two sources: the current input data and previously perceived data. In other 

words, an RNN takes individual input data at a time, and the output is combined with 

the next input together to produce another output. Such a topology structure allows the 

RNN to relate the current state to historical states and thus makes it suitable for dynamic 

systems.  

 

Seker et al. (2003) verified the capability of the RNN for condition monitoring and 

diagnosis in nuclear power plants and rotating machineries. The study illustrated that 

RNN was a powerful network for real time applications to grasp the systemôs dynamic 

change. Graf et al. (2010) proposed to employ the RNN for structural response 

prediction. The RNN model trained by time-series measurement data enabled the fuzzy 

data processed in a temporary sequence, which had a high degree of flexibility and 

generality due to its independence on structural materials and components. A textile 

reinforced concrete plate was employed to verify the effectiveness of the proposed RNN 

in response prediction. 

 

Zhao et al. (2020) developed a strain data-driven model for structural state evaluation 

based on deep learning and clustering techniques. The long-short term memory 

network, as a special RNN to alleviate gradient disappearance problems, was employed 

to classify the non-stationary and stationary vehicle-induced strain. The model was 

trained by the adaptive moment estimation optimizer. The results indicated that the test 

accuracy of the classification was over 99%. The proposed RNN can be utilized as an 

indicator for the bridge inspection, truck-weight-limit and reinforcement work. 

 

Perez-Ramirez et al. (2019) developed a nonlinear ARX based RNN model for 

predicting dynamic responses of buildings. The methodology integrated three concepts: 
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the empirical mode decomposition for signal processing, mutual information index to 

determine the number of neurons, and Bayesian algorithm for uncertainties evaluation. 

The model was applied to a scaled high-rise residential building and five-story steel 

frame. The results showed that the proposed methodology was able to predict structural 

responses despite the materialôs mechanical properties. The required training data was 

also reduced attributed to the Bayesian regularization.  

 

2.4.1.3 Deep Autoencoder Architectures 

 

The traditional autoencoder is unsupervised, which consists of two network 

components, namely, the encoder and decoder. The encoder maps the original input data 

to feature space by reducing the dimensionality of the input data to preserve the 

important information, and the decoder reconstructs the data based on the features. In 

recent years, researchers in SHM employed the autoencoder for supervised learning. 

The decoder was trained to learn the relationship between the features and the stiffness 

reduction parameters of the structure. The deep auto-encoder has more layers and is 

powerful for the feature extraction of complex problems, as compared with the 

traditional auto-encoders.  

 

Pathirage et al. (2018) used the deep auto-encoder for modal based structural damage 

detection. The modal parameters were used as the input of the framework and the 

element stiffness reduction as the output. Two hidden layers were designed for 

dimensionality reduction with 100 neurons each. The hyperbolic tangent and linear 

activation functions were employed in the pre-training stage. Afterwards, the hyperbolic 

tangent function was adopted in the hidden layers. The robustness and effectiveness of 

the proposed algorithm for damage detection were demonstrated through the numerical 

and experimental examples.  

 

Wang et al. (2018) developed a novel parallel deep autoencoder framework for damage 

detection using a multi-scale dataset. The modal parameters as the input were separately 
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processed for dimensionality reduction and then combined for relationship learning. It 

was demonstrated that the proposed framework was able to learn the relationship 

between the structural modal parameters and stiffness. 

 

2.4.1.4 Deep MLP Architectures 

 

Deep MLP is a type of ANN with multiple hidden layers between the input and output 

layers, which enables it to learn high-level features of the input.  

 

Several researchers directly utilized structural raw responses as the input of deep MLP. 

For example, Arangio and Beck et al. (2012) developed a two-step Bayesian multilayer 

perceptron network for damage identification and quantification of a long suspension 

bridge. In the first step, different networks were trained for structural response 

approximation. Damage location and severity were identified in the second step. The 

Bayesian model selection and ARD model improved the performance of the proposed 

neural network.  

 

Raw data responses can also be directly transformed into the image format as the input 

of the deep MLP. For example, Bao et al. (2019) transformed structural acceleration 

response data into image vectors and fed them into the autoencoder deep MLP as the 

training data for damage detection. Three network layouts, including the parallel, fusion 

and multi-group layouts, were proposed. The proposed method considerably reduced 

false alarms induced by anomalies in the SHM system. 

 

2.4.2 Unsupervised Learning 

 

In practice, labeled damage data are difficult to obtain as the structural condition is 

unknown in advance. Therefore, supervised learning is challenging in this case. In 
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contrast, unsupervised learning needs input data only and does not need the 

corresponding output; that is, the datasets are unlabeled. Unsupervised learning 

techniques discover hidden patterns in the dataset, cluster the dataset into groups 

according to similarities, or represent the dataset in a compressed format. Due to the 

lack of supervision, most unsupervised learning methods are limited to the first level of 

damage detection, that is, novelty detection or detecting the damage existence. For the 

second and third levels of damage detection tasks (damage localization and 

quantification), transfer learning-based unsupervised methods have been developed. 

These two types of unsupervised damage detection studies are reviewed in the 

following sections. 

 

2.4.2.1 Novelty Detection 

 

The novelty detection methods aim to discriminate the abnormal or unusual 

observations from the normal data in an unsupervised manner. The models are 

estimated using the normal data, and then the consistency of new observations with the 

estimated model is checked. An inconsistency that exceeds the threshold indicates the 

abnormality, that is, the emergence of damage. Different unsupervised deep 

architectures, such as the deep restricted Boltzmann machine (DRBM), deep belief 

network (DBN), and deep autoencoder, have been developed to detect the existence of 

damage.  

 

The DRBM is a network composed of symmetrically connected stochastic binary units. 

No within-layer connection exists in DRBM. The network is trained layer by layer, and 

then finetuned through the back propagation (Salakhutdinov and Hinton, 2009). Rafiei 

and Adeli (2018) developed an unsupervised DRBM-based method for the condition 

assessment of the entire structural and substructure systems. The DRBM was composed 

of an encoder and decoder for feature extraction. Structural responses in the time 

domain under ambient excitations were transformed into the frequency domain by the 

fast Fourier transform and then used as the input of the DRBM. The damage index was 

defined on the reconstruction error of the network. The effectiveness of the proposed 
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method was validated using the vibration data of a 1:20 scaled 38-story residential 

concrete high-rise building in Hong Kong.  

 

The  DBN is a multi-layered probabilistic generative model constructed by multiple 

RBMs (Salakhutdinov and Hinton, 2009). Different from the DBRM, the DBN does not 

incorporate top-down feedback. Each RBM is trained to predict the probabilities of each 

variable in the present layer from the pre-determined layer. Through stacking such 

models, the network can probabilistically reconstruct the input data without supervision 

(Salakhutdinov and Hinton, 2009). Pan et al. (2018) developed a Bayesian DBN for 

damage detection of a four-story frame. Comparative studies revealed that the deep 

networks achieved more accurate damage diagnostics than traditional shallow learning 

techniques.  

 

The deep autoencoder has also been extensively explored for unsupervised damage 

detection. Ni et al. (2020) developed a deep convolutional autoencoder for anomaly 

detection through data compression and reconstruction. The effectiveness of the 

proposed method was verified using the one-month acceleration data of a long-span 

bridge in China. Shang et al. (2021) proposed a deep denoising autoencoder for damage 

detection using the cross-correlation functions of acceleration data as the input. The 

exponentially weighted moving average control charts were employed to determine the 

threshold for anomaly detection. The proposed method was applied to an experimental 

continuous beam under changing temperature conditions for damage detection.  

 

2.4.2.2 Transfer Learning-based Methods 

 

To mitigate the dependency on labeled data, transfer learning has been developed for 

learning from an unlabeled or few-labeled target domain with the help of a source 

domain where abundant labeled data are available (Pan and Yang, 2009). As a 

subcategory of transfer learning, unsupervised domain adaptation (DA) aims to handle 
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the data distribution divergence between source and target domains, so that the 

knowledge learned from the labeled source domain could be intelligently applied to the 

unlabeled target domain (Pan et al., 2010; Ganin and Lempitsky, 2015). DA seeks to 

extract domain-invariant and target-discriminate features shared by both domains. In the 

last few years, DA has achieved considerable progress in computer vision tasks, such as 

digit recognition and semantic segmentation (Zou et al., 2018; Wang and Deng, 2018). 

DA methods have also been developed for structural damage detection, which can be 

classified into the following two categories. 

 

The first category is the moment matching method, which aims to minimize the 

distribution divergence between the source and target domains in the reproducing kernel 

Hilbert space. For example, Garden et al. (2020) studied the knowledge transfer 

between different structures by developing the transfer component analysis and joint 

DA-based methods, where the maximum mean discrepancy (MMD) distance was 

utilized as the criterion. The method belongs to the shallow model that has difficulties in 

feature extraction and adaptation from raw measurement data. Lin et al. (2021) further 

developed an MMD-based deep DA network for damage localization by using structural 

dynamic responses as the input. The source domain consisted of labeled damage data 

generated from a numerical FE model, and the target data to be classified were the real-

word experimental data. The domain-invariant damage sensitive features were extracted 

by minimizing the MMD distance between the distributions of both domains. The 

results indicated that the damage of the experimental beam could be accurately localized 

without pre-collecting labeled damage data of the beam. 

 

The second category adopts the deep adversarial DA network. The basic deep 

adversarial network consists of a feature generator (extractor), classifier and domain 

discriminator (Ganin et al., 2016). The feature extractor and domain discriminator are 

trained in an adversarial manner. Thus, features extracted by the generator are shared by 

both domains and cannot be recognized by the domain discriminator. Xu and Noh 

(2021) developed a physics-informed domain adversarial network for knowledge 

transfer between structures with different stories for damage detection and 
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quantification. The network was trained to extract damage-sensitive features that were 

robust to different structures without any labeled data. A weight parameter was designed 

in the loss function of DA based on the physical similarities of the building to improve 

the positive transfer. The proposed method achieved 90.13% and 84.46% accuracy for 

damage detection and quantification tasks on numerical structures with different stories, 

respectively, and 100% damage detection accuracy and 69.93% damage quantification 

accuracy when transferring from numerical to experimental structures. 

 

2.5 Summary and Challenges 

 

The data normalization, Bayesian inference and DL techniques for structural damage 

detection have been reviewed. In summary, the data normalization techniques 

(including the regression model, PCA, FA and other machine learning techniques) build 

effective models to remove the environmental and operational effects on structural 

vibration properties, and then evaluate the damage condition by comparing the damage-

sensitive features before and after damage. The model updating-based Bayesian 

methods build a probabilistic framework that considers the uncertainties and evaluates 

the unknown parameters automatically. The data-driven DL techniques use structural 

dynamic responses as the input for supervised or unsupervised damage-sensitive feature 

extraction. 

 

Although these techniques have achieved considerable progress, there are several 

challenges to be addressed: 

(1) In the existing dimensionality reduction-based data normalization techniques, the 

latent dimensionality in the feature space is usually selected by the trial-and-error 

methods or according to engineersô experience, which is tedious and time 

consuming in processing high-dimensional data. For example, the kernel PCA 

involves the data projection to a high-dimensional feature space. 

(2) Structural damage usually occurs at limited locations only, particularly in the initial 
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stage. The l1 regularization technique can be introduced to the model updating for 

sparse damage detection. However, the optimal regularization parameter needs to be 

decided in advance manually. The Bayesian method could optimize unknown 

parameters automatically. The sparsity can be incorporated into the Bayesian 

equation for damage detection. However, an analytical posterior PDF is not 

available due to the computationally prohibited integration in the evidence, which is 

resulted from the high-dimension and the nonlinear relationship between the 

measured modal data and structural parameters. 

(3) Most DL-based damage detection methods face the challenge of lack of labeled 

damage data in practical structures, as the damage state is unreversible and the 

structural condition is unknown in advance. Some researchers built the FE model of 

a real structure to generate labeled damage data, which could consider all possible 

DSs for network training. However, the FE model may suffer from modeling errors. 

The discrepancy between the FE model and real structure may lead to performance 

degradation when the DL model trained on the basis of the FE model is applied to 

the real structure. Besides, the well-trained model performs well only in the specific 

structure that the training data arise from. The performance of the model drops 

significantly when it is applied to another structure. Labeled data should be re-

collected to re-train a DL model for a different structure, which is often expensive 

and infeasible in practice. Although the unsupervised DA-based methods have been 

developed, they are limited to the case where the source and target data have the 

identical label space, which is not realistic as structures may have different DSs. 

 

This study will address the above difficulties and carry out studies in the following 

chapters. 
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CHAPTER 3   
 

SPARSE BAYESIAN FACTOR ANALYSIS  FOR 

STRUCTURAL DAMAGE DETECTION UNDER  

UNKNOWN ENVIRONMENTAL CONDITIONS  
 

 

 

3.1 Introduction  

 

The dimensionality reduction techniques are a main branch of data normalization 

methods without measuring the environment data, as summarized in Section 2.1. 

However, most methods suffer from the limitation that the number of latent dimensions 

to be retained is typically selected according to engineersô experiences or by a trial-and-

error manner, which is tedious and time-consuming, especially for high-dimensional 

problems. The FA provides a multi-variate statistical model to interpret the variation of 

observations in terms of latent variables. In the present FA-based studies on damage 

detection (Kullaa, 2011; Deraemaeker et al., 2018), a diagonal covariance matrix is 

adopted for the error vector in the FA model, which means that each dimension in the 

observations is treated uncorrelated and independent. This assumption is questionable 

when structural vibration modes are used, given that different modes are extracted from 

the same set of time series responses, and thus the observed modal data should be 

correlated. Besides, the number of latent factors was also determined on the basis of the 

researchersô experience in their studies. 

 

In practice, most physical systems have only a few relevant items that account for the 

variations. The underlying environmental factors that influence structural vibration 

properties are also deemed to be limited. In this chapter, a novel sparse Bayesian FA 

method is developed for structural damage detection method under unknown 

environmental conditions. The study contains two novelties: 1) A full rather than a 
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diagonal covariance matrix is adopted, and 2) The sparsity is introduced to the Bayesian 

FA model such that the number of underlying factors can be determined automatically. 

 

3.2 FA in Sparse Bayesian Framework 

 

FA was developed on the basis of the assumption that, for a collection of observations, 

there are a set of latent variables that can describe the variabilities of the observations. 

The latent variables are named factors. Denote the observations as Ἆ

ἎȟἎȟȢȢȢȟἎ ᶰᴙ , the basic FA model is expressed as (Bishop, 2006; 

Bartholomew et al., 2011) 

Ἆ ὂ  ὲ ρȟςȟȣȟὔ  (3.1) 

where  is the factor loading matrix with the dimension of ὔ ὓ; ὂ  is an ὓ-

dimensional vector whose entries consist of ὓ independent variables with the standard 

Gaussian prior ︣ ὂ▪ȿȟἓ;  is the global mean of all vectors in D; and  is an ὔ -

dimensional error vector that accounts for the uncertainties and model prediction errors. 

A Gaussian prior function ︣ ▪ȿȟ  is adopted for . The conventional FA model 

restricts the matrix ᶰᴙ  to be diagonal, which is equivalent to modeling the 

elements in Ἆ  as uncorrelated and independent. 

 

In this study, Ἆ comprises the evolution of structural natural frequencies under changing 

environmental conditions. As different dynamic models in Ἆ ὲ ρȟςȟȢȢȢȟὔ  are 

correlated and dependent, the covariance matrix  is treated as a full matrix instead of a 

diagonal matrix. In Eq. (3.1), only Ἆ are available while the remaining variables and 

parameters are all unknown and need to be evaluated. Calculating ὂ, ,  and  from 

Ἆ  is a classical inverse problem from the data space to the latent feature space. To this 

end, the Bayesian theorem that is an inverse probability function is employed.  
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The overall Bayesian equation to calculate the latent variable ὂ ὂȟὂȟȣȟὂ ᶰ

ᴙ  is expressed as (Bishop, 2006) 

ὴὂȿἎȟ ὧ ὴἎȿὂȟὴὂ (3.2) 

where ὴὂȿἎȟ  is the posterior PDF of the latent variable ὂ given the observations D 

and parameters ἥȟȟ ; ὴἎȿὂȟ  is the observed-data likelihood function; ὴὂ 

is the prior PDF of ὂ; and ὧ ὴ᷿ἎȿὂȟὴὂὨὂ ὴἎȿ  is the evidence that serves 

normalization. Note that in Eq. (3.2), the actual observations are substituted for Ἆ, 

whereas Eq. (3.1) defines a probabilistic FA model that the observations should be. 

 

The overall Bayesian equation of the posterior PDF of the parameters  is expressed as  

ὴ ȿἎȟὂ ὧ ὴἎȟὂȿὴ  (3.3) 

where ὴἎȟὂȿ  is the complete-data likelihood function; ὴ  is the prior of ; and 

ὧ ὴ᷿Ἆȟὂȿὴ Ὠ ὴἎȟὂ is the evidence. All items in Eqs. (3.2) and (3.3) are 

given as follows. 

 

3.2.1 Prior PDF 

 

Parameters ȟȟ  are assumed to be independent. Therefore, ὴ  is expressed 

as ὴ ὴ ὴ ὴ .  is defined as an ὔ ὓ matrix, where ὓ denotes the 

dimension size of each latent variable and is unknown. In this study, ὓ represents the 

number of environmental factors that significantly influence observations Ἆ. In 

traditional methods, ὓ is usually determined according to engineersô experiences in 

advance. In this study, a specific ARD prior (Bishop, 1999) is adopted for ἥ for 

automatic model selection, enabling the automatic determination of ὓ through an 

optimization process. An independent standard Gaussian distribution is defined over 

each column of  as follows: 
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ὴ ȿ♪
‌

ς“
Ὡὼὴ

ρ

ς
‌Ἷ Ἷ  (3.4) 

where the factor loading Ἷ  is the ith (i=1, é, ὓ) column of , ♪ ‌ȟ‌ȟȣȟ‌  

and ‌ is the hyper-parameter, which governs the precision of Ἷ . ὓ is initially  set to 

ὔ , making  an ὔ ὔ  matrix. In the optimization process, some items in ♪ will 

tend to infinity , forcing the corresponding columns in  to zero. Accordingly, ὓ will 

be optimized to a value denoting the number of underlying factors that significantly 

influence Ἆ. For simplicity, non-informative priors are adopted for  and . In Eq. 

(3.2), a standard Gaussian distribution is adopted as the prior ὴὂ, that is, 

ὴὂ ὴὂ
ρ

ς“
Ὡὼὴ

ὂ ὂ

ς
 (3.5) 

and ὴὂȟ ὴὂὴ , where ὂ and  are chosen to be independent a priori. 

 

3.2.2 Observed-data Likelihood Function 

 

According to Eq. (3.1), the statistics, including the mean and covariance of the 

likelihood function, are given by 

Ἆȿȟὂ ὂ ὂ  (3.6) 

#ÏÖἎȿȟὂ Ἆ ὂ Ἆ ὂ  (3.7) 

Thus ὴἎȿȟὂ  follows the Gaussian distribution ﬞ Ἆȿ ὂ ȟ . Given that 

(ὲ ρȟςȟȣȟὔ) are mutually independent, the observed-data likelihood function is 

expressed as 

ὴἎȿȟὂ ὴἎȿȟὂ  

ρ

ς“
ȿȿ Ὡὼὴ

ρ

ς
Ἆ ὂ Ἆ ὂ  

(3.8) 
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where ȿȿ denotes the determinant of . 

 

3.2.3 Complete-data Likelihood Function 

 

For each observation Ἆ  there is a latent variable ὂ. Ἆȟὂ is named the complete-data 

set. In corresponding, ὴἎȟὂȿ  is termed the complete-data likelihood function. 

ὴἎȟὂȿ  is a joint distribution that is a product of the observed-data likelihood function 

ὴἎȿȟὂ and the prior PDF ὴὂ (Bishop, 2006), derived as  

ὴἎȟὂȿ ὴἎȿȟὂὴὂ (3.9) 

Substituting Eqs. (3.5) and (3.8) into Eq. (3.9), one has 

ὴἎȟὂȿ
ρ

ς“
ȿȿ  

                 Ὡὼὴ
ρ

ς
Ἆ ὂ Ἆ ὂ

ὂ ὂ

ς
 

(3.10) 

 

3.2.4 Posterior PDF 

 

Based on Eq. (3.2), the posterior PDF of the latent variable ὂ conditional on parameters 

 is derived as 

ὴὂȿἎȟ ὧ ὴἎȿȟὂὴὂ ὧ ὴἎȟὂȿ  

ᶿ Ὡὼὴ
ρ

ς
Ἆ ὂ Ἆ ὂ

ὂ ὂ

ς
 

ᶿ Ὡὼὴὂ Ἆ
ρ

ς
ὂ ἓ ὂ  

(3.11) 
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which is found to be quadratic in terms of ὂ  and follows a standard Gaussian 

distribution as  

ὴὂȿἎȟ ﬞ ὂȿὂȟἍὂ ᶿ Ὡὼὴ
ρ

ς
ὂ ὂ Ἅὂ ὂ ὂ  

ᶿ Ὡὼὴὂ Ἅὂ ὂ
ρ

ς
ὂ Ἅὂ ὂ  

(3.12) 

By comparing Eq. (3.11) and (3.12), the posterior mean and covariance matrix of ὂ are 

seen to be  

ὂ Ἅὂ Ἆ ᶰᴙ  (3.13) 

Ἅὂ ἓ ᶰᴙ  (3.14) 

The posterior covariance matrix Ἅὂ in Eq. (3.14) is observed to be independent of Ἆ , 

whereas the posterior mean ὂ is related to Ἆ . For a Gaussian distribution, the MAP 

estimate is equal to the mean. Therefore, the MAP estimate of ὂ, denoted as ὂ, is 

given by  

ὂ ὂὂȿἎȟ ὂ (3.15) 

The posterior second moment of ὂ is then computed as  

ὂὂὂ ȿἎȟ Ἅὂ ὂὂ (3.16) 

 

By substituting Eqs. (3.4) and (3.10) into Eq. (3.3), the posterior PDF of parameters 

ȟȟ  conditional on ὂ and ♪ is derived as 

ὴ ȿἎȟὂȟ♪ ὧ ὴἎȟὂȿὴ ȿ♪ 

ᶿȿȿ Ὡὼὴ
ρ

ς
Ἆ ὂ Ἆ ὂ

ὂ ὂ

ς
 

    Ὡὼὴ
ρ

ς
‌Ἷ Ἷ  

(3.17) 
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where the hyper-parameter vector ♪ ‌ȟ‌ȟȣȟ‌  is unknown and needs to be 

estimated. Different from the latent variable ὂ whose posterior statistics can be directly 

obtained from Eq. (3.11), Eq. (3.16) is quite complicated, and the MAP estimate of 

ȟȟ  cannot be directly identified. The intractable posterior PDF is a major 

challenge in applying the Bayesian theorem to the high-dimensional or nonlinear 

problems. As summarized in Section 2.3.2, the EM algorithm is a general technique 

applicable to the Bayesian models with latent variables. In this connection, the EM 

algorithm is utilized in this chapter. 

 

3.3 EM Algorithm  

 

The EM algorithm consists of two steps, namely, the E step and M step. For the 

maximum likelihood estimate, the E step calculates the expectation of the logarithm of 

the complete-data likelihood function with respect to the latent variable, and then the M 

step maximizes this expectation. The algorithm starts by initializing the parameters, and 

then proceeds with the iterative E and M steps before the convergence is achieved. For 

the MAP estimate in this study, the M step maximizes the sum of the expectation and 

the prior (Bishop, 2006). The procedures are detailed as follows. It is noteworthy that 

the expectation with respect to ὂ is the posterior one throughout this chapter.  

 

In the E step, the expectation of the logarithm of Eq. (3.10) with respect to ὂ is 

calculated as 

ὂὰὲὴἎȟὂȿ  

 
ὓ ὔ ὔ

ς
ÌÎ
ρ

ς“

ὔ

ς
ÌÎȿȿ 

  ὂ

ρ

ς
Ἆ ὂ Ἆ ὂ

ὂ ὂ

ς
 

(3.18) 
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ὓ ὔ ὔ

ς
ÌÎ
ρ

ςʌ

.

ς
ÌÎȿȿ

ρ

ς
Ἆἶ

ἢ Ἆἶ  

Ἆ ὂὂ
ρ

ς ὂὂ ὂ
ρ

ς ὂὂ ὂ  

 

The sum of Eqs. (3.18) and (3.4) is calculated as  

ὐ ὂÌÎὴἎȟὂȿ ÌÎὴ ȿ♪ 

ὓ ὔ ὔ

ς
ÌÎ
ρ

ς“

ὔ

ς
ÌÎȿȿ

ρ

ς
Ἆ Ἆ  

   Ἆ ὂὂ
ρ

ς ὂὂ ὂ  

   
ρ

ς ὂὂ ὂ
ὔ ὓ

ς
ÌÎ
‌

ς“

ρ

ς
‌Ἷ Ἷ  

(3.19) 

 

The M step maximizes Eq. (3.19) with respect to  by keeping ♪ fixed. Setting the 

derivative of Eq. (3.19) with respect to ,  and  separately to zero, we have  

‬ὐ

‬
Ἆ ὂὂ ὂὂὂ diag‌ π (3.20) 

‬ὐ

‬

ρ

ς
Ἆ Ἆ  

                Ἆ ὂὂ
ρ

ς
ἥ ὂὂὂ π 

(3.21) 

‬ὐ

‬
Ἆ ὂὂ π (3.22) 

 

According to Eq. (3.21) and (3.22), the MAP values of  and  can be calculated in the 

closed-form and expressed as 
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ρ

ὔ
Ἆ Ἆ ςἎ ὂὂ

ὂὂὂ  

(3.23) 

ρ

ὔ
Ἆ  (3.24) 

where Eq. (3.24) is derived by substituting Eq. (3.14) into (3.22). ὂὂ  and ὂὂὂ  

in Eqs. (3.23) and (3.24) are the posterior estimates, which are calculated in Eq. (3.15) 

and (3.16). However, the analytical solution of  cannot be directly obtained from Eq. 

(20). In this regard, Eq. (20) is transformed into the form of the Sylvester equation as 

Ἃ Ἄ Ἅ (3.25) 

where Ἃ , Ἄ ÄÉÁÇ‌ В ὂὂὂ  and Ἅ В Ἆ

ὂὂ В ὂὂὂ . The MAP value  is then calculated using the 

Sylvester function in MATLAB.  

 

The Hessian matrix, which is the negative second derivative of ὐ  with respect to , 

should be positive definite to ensure that the solution in Eqs. (3.23)ï(3.25) is a local 

maximum instead of a minimum or a saddle point. As defined, ᶰᴙ , ᶰ

ᴙ  and ᶰᴙ . Therefore, the Hessian matrix ἒᶰ

ᴙ Ͻ Ͻ Ͻ Ͻ . The high dimension of the Hessian matrix 

prohibits the explicit form. In this study, the Symbolic Math Toolbox in MATLAB is 

used to calculate the analytical expression of each entry in the Hessian matrix. In the 

subsequent experimental examples, the numerical solutions of ,  and  computed in 

each iteration are substituted into these entries in ἒ, based on which the positive 

definiteness is examined by calculating all eigenvalues. 

 

A non-informative prior is adopted for hyper-parameter ♪, thus the MAP value of ♪ is 

given by 



 

 50 

♪ ὥὶὫάὥὼ 
♪

ὴ♪ȿἎȟȟ ὥὶὫάὥὼ 
♪

ὴἎȿȟȟ♪

ὥὶὫάὥὼ
♪

ὴἎȿ ȟȟ ὴ ȿ♪Ὠ  
(3.26) 

However, it is difficult to obtain the closed-form solution of the integral. The Laplace 

approximation is then utilized. The item inside the integral is assumed to follow the 

Gaussian distribution, then the integral is computed. Assuming that the distribution 

ὴἎȿ ȟȟ  has a unique peak at , the asymptotic solution of the integral is then 

obtained as  

ÌÎὴἎȿȟȟ♪ ÌÎὴἎȿ ȟȟ ÌÎὴ ȿ♪
ὔ

ς
ÌÎς“

ρ

ς
ÌÎȿἜȿ (3.27) 

where  is the MAP value of  computed from Eq. (25), and Ἔ is the Hessian matrix 

expressed as 

Ἔ ᶯɳ ÌÎὴἎȿ ȟȟ ὴ ȿ♪  (3.28) 

According to Eq. (3.27), setting the derivative of ÌÎὴἎȿȟȟ♪ with respect to ♪ to 

zero, the analytical solution of ♪ is derived as 

‌
ὔ

Ἷ Ἷ Ἔ
 (3.29) 

In the Bayesian PCA, Bishop proposed to treat all parameters as well-determined, Eq. 

(3.29) is thus further simplified as 

‌
ὔ

Ἷ Ἷ
 (3.30) 

 

All solutions of ὂ , ,  and ♪ in Eqs. (3.15), (3.23)ï(3.25) and (3.30) are mutually 

coupled and thus should be computed in an iterative way. The EM algorithm starts by 

initializing  and  and calculating , and then proceeds with computing the posterior 

statistics of ὂ in Eqs. (3.15) and (3.16), followed by updating ,  and ♪ using Eqs. 

(23)ï(3.25) and (3.30). The iteration is stopped until the convergence is achieved, for 

example, Ⱦ Ὕέὰ (e.g. Ὕέὰ1Ĭ105 . The number of 
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underlying factors is first assumed to equal the original dimensionality ὔ  and  is 

thus initialized as an ὔ ὔ  matrix. As the optimization proceeds, some of ‌ will 

approach infinity, forcing the corresponding column Ἷ  in  to zero. To ensure a 

unique solution of the Sylvester equation in Eq. (3.25), the zero column Ἷ  is removed 

in the iterative process.  converges to an ὔ ὓ matrix, where ὓ equals the number 

of latent factors. In this manner, the underlying environmental factors that are 

significantly related to the variations of structural dynamic modes are identified 

automatically.  

 

The proposed damage detection method based on the sparse Bayesian factor analysis is 

summarized as follows: 

1. Extract structural vibration properties from the measurement data under changing 

environmental conditions as the entire dataset Ἆ and divide the entire dataset as the 

training and test data;  

2. Set ὓ ὔ  first, initialize parameters  and , and calculate the mean  of 

the training data according to Eq. (3.24); 

3. Use the training data to estimate the unknown variables and parameters iteratively. 

At the jth iteration: 

(1) Set M to be the number of nonzero columns in Ȣ Update  as an 

ὔ ὓ matrix by removing the zero columns Ἷ ; 

(2) Given ,  and : 

Update ὂὂ  and ὂὂὂ  according to Eqs. (3.15) and (3.16); 

Update ♪  using Eq. (3.30); 

(3) Update  and  according to Eqs. (3.23) and (3.25), respectively; 

4. Let Ὦ Ὦ ρ, repeat Step 3 until the convergence is achieved, that is, 

Ⱦ Ὕέὰ (e.g. Ὕέὰ1Ĭ105 . 

5. Given the estimated ,  and , calculate ὂ of the entire dataset Ἆ according to 
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Eq. (3.15), and then re-generate the dataset using Ἆǋ ὂ . 

6. Compute the Euclidean norm of the error vector ᴁἭᴁ2 ᴁἎ Ἆǋᴁ2 as the damage 

indicator for structural condition assessment.   

 

The proposed method has the following advantages. First, the number of environmental 

factors that significantly affect structural dynamic responses could be determined 

automatically without measuring the environmental data. Second, the EM algorithm can 

be implemented in an online form, that is, each data sample Ἆ  can be processed and 

then discarded before the following data comes in.  

 

3.4 Case Studies 

 

The proposed method is applied to two experimental structures under varying 

environmental conditions, one is an RC slab (Xia et al., 2006), and the other is a two-

story steel frame (Bao et al., 2012). 

 

3.4.1 The RC Slab 

 

The entire RC slab measures 6400 mm  800 mm  100 mm with two equal spans of 

3000 mm and 200 mm overhang at each end, as shown in Figure 3.1. The structure was 

monitored for almost two years, from June 2003 to March 2005. A set of hammer tests 

were conducted on the slab, and the acceleration responses were recorded by 12 

accelerometers with a sampling frequency of 500 Hz. The positions of accelerometers 

are depicted in Figure 3.2. The modal parameters of the slab were extracted using the 

Rational Fraction Polynomial method (Formenti and Richardson, 2002). The air 

temperature and humidity were also recorded using a thermohygrometer.  
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Figure 3.1 RC slab 

        

Figure 3.2 Sensor layout on the RC slab 

 

A total of 136 sets of modal properties were collected over the monitoring period. 

Although the environmental data are available, they are assumed to be unknown and not 

used in this study. The variations of the first four frequencies are used as the dataset Ἆ, 

which are plotted in Figure 3.3. It is noteworthy that the fourth frequency of Nos. 39~51 

data fail to be identified in the hammer test. Thus the first 100 sets of frequencies except 

the lost data are set to the training data, based on which the unknown parameters are 

estimated.  and  are initialized, and the mean of the training data is computed first. 

In this study, the ὔ ὔ  entries in  are randomly generated from the uniform 

distribution in the interval (0, 1).  is the covariance matrix related to the model 

prediction error.  is initialized as a semi-positive definite matrix by assuming that the 

coefficient of variation of each natural frequency is 1% and the correlation coefficient 

between modes is 0.5. The convergence criterion is set to Ⱦ

1Ĭ10
5
 in this study. 



 

 54 

 

Figure 3.3 Variations of the first four frequencies (blue dots: training data in the 

undamaged state (N=100); green circles: test data) 

 

 and  are shown in Table 3.1. The EM algorithm took fifteen iteration steps 

before the convergence criterion is satisfied. The variations of the latent variable and 

parameters are listed in Table 3.1. ,  and  estimated in each step are substituted 

into the analytical expression of each entry in the Hessian matrix, which is calculated by 

the Symbolic Math Toolbox in MATLAB. The Hessian matrix keeps positive definite in 

each step, that is, all eigenvalues are positive, implying that the solutions of parameters 

correspond to a local maximum of ὐ  in Eq. (3.19). As the iteration progresses, two 

entries in ὂ become zero. The remaining two nonzero entries in ὂ indicate that two 

latent factors account for the variations of structural frequencies. This result is 

consistent with the finding in Xia et al. (2006), where the correlation analysis between 

structural frequencies and environmental factors were conducted, and two factors, the 

humidity and temperature, were found to have a strong correlation with the slabôs 

frequencies. This example indicates that the proposed sparse Bayesian FA method can 

identify the number of environmental factors that significantly affect the structural 

vibration properties without measuring the environmental factors. This is promising in 

practical applications since the latent variables are usually unknown.  
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Table 3.1 Variation of the unknown variable and parameters in the iteration process 

I teration 

No. 
♪  ὂ ὓ  

0    4  

1    4  

8    3  

15    2  

Note: The number of training data N equals 100 in this RC slab example. In corresponding, there are 

100 components in ὂ ὂȟὂȟȣȟὂ ᶰᴙ . Only the first component ὂ is listed here due 

to the space limit. All 100 variable ὂȟὂȟȣȟὂ  are initialized to four-dimensional vectors 

and are optimized to two-dimensional vectors upon convergence.  

 

Upon convergence,  converges to a full matrix where each diagonal entry represents 

the variance of the prediction errors of each dimension, and the off-diagonal entries 

reveal the correlations between different dimensions. Specifically, the correlation 

coefficient between the dimensions i and j can be computed as ”  (i, j =1, 2, 

3, and 4). With the estimated ρυ and ρυ, the MAP values of the latent variables 

corresponding to the entire dataset are calculated using Eq. (15), and then the dataset Ἆǋ 

are re-generated according to Eq. (1). The Euclidean norm of the error vector is then 

calculated as the damage indicator, that is, ᴁἭᴁ2 ᴁἎ Ἆǋᴁ2. The damage indicators 

of the entire dataset are then plotted in Figure 3.4. The values of the damage indicators 

of the test data are comparable with those of the training data, reflecting that the RC 
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slab is in a health condition. This result is consistent with the reality as no damage was 

introduced to the slab during the monitoring period.  

 

Figure 3.4 Damage indicator in the RC slab example 

 

3.4.2 The Steel Frame 

 

The two-story steel frame in Bao et al. (2012) shown in Figure 3.5 is utilized to 

demonstrate the effectiveness of the proposed method for damage detection. The frame 

is 0.5 m wide and 1.0 m high with two equal stories. The youngôs modulus of the 

material is 2.0 × 1011 N/m2, and the mass density is 7.67 × 103 kg/m3. The cross-

sections of the column and beam are 50.0 × 4.4 mm2 and 50.0 × 8.8 mm2, respectively. 

 

The frame in the health condition was exposed to sunlight from morning to afternoon. 

The hammer test was conducted on the frame five times every 20 minutes. Fourteen 

accelerometers were installed on the frame to record acceleration responses with a 

sampling frequency of 2,048 Hz. The detailed sensor locations are depicted in Figure 

3.6. The modal parameters were extracted using the Rational Fraction Polynomial 

method. The temperature was simultaneously measured by eight thermocouples (T1-T8) 
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shown in Figure 3.6. A total of 140 sets of modal data were collected throughout the 

day. 

 

 

Figure 3.5 Experimental steel frame 

 

 

Figure 3.6 Sensor layout and damage location of the steel frame 
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The damage was then introduced to the steel frame. A saw cut with a length of 20 mm 

and a width of 4.4 mm was designed at the left column of the first story, as shown in 

Figure 3.6. The depth of the cut sequentially increased to 5, 10 and 15 mm, resulting in 

three DSs. In each DS, the frame was exposed to sunlight in one day. The hammer test 

was conducted on the frame in each DS, similar to that in the health condition. 140 sets 

of modal data were obtained in each DS.  

 

The frequency variations in DS0ïDS3 under varying environmental conditions are 

plotted in Figure 3.7. The averages of 140 sets of frequencies of the steel frame in 

undamaged and damaged states are listed in Table 3.2. The intact condition is denoted 

as DS0. DS1 resulted in an average frequency reduction of 0.26%, and DS2 and DS3 

led to 0.64% and 0.79% frequency change on average, respectively. The entire dataset 

Ἆ includes 560 sets of the first six frequencies, of which the first 140 sets in health 

condition are used as the training data for parameters estimation, and the rest 420 sets 

are the testing data. The temperature variations were also recorded in this example as 

plotted in Figure 3.8, but they are assumed to be unknown, and only the frequencies are 

used. 

 

Figure 3.7 Variations of structural first six frequencies (blue circles: DS0; red 

pentagrams: DS1; carmine triangles: DS2; and green squares: DS3) 
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Figure 3.8 Temperature variations in each DS (Hou et al., 2020) 

 

Table 3.2 Average of frequencies in undamaged and damaged states (unit: Hz) 

Mode DS0 DS1 DS2 DS3 

1 6.20 6.19( 0.19) 6.17( 0.43) 6.19( 0.13) 

2 17.57 17.49( 0.49) 17.48( 0.52) 17.45( 0.72) 

3 61.07 60.97( 0.17) 60.83( 0.39) 60.74( 0.55) 

4 77.01 76.97( 0.05) 76.65( 0.47) 76.32( 0.89) 

5 80.83 80.73( 0.13) 80.16( 0.83) 80.05( 0.97) 

6 98.09 97.58( 0.52) 96.91( 1.20) 96.66( 1.46) 

Average (%) ( 0.26) ( 0.64) ( 0.79)             

Note: Values in the parentheses are the frequency change ratios (%) after damage relative to the 

undamaged state. 

 

The proposed method is then applied. The parameters 0 and 0  are similarly 

initialized as described in Section 3.5.1. The method took nine iteration steps before 

convergence. The variations of the latent variable and parameters are listed in Table 3.3. 

Their values in each step are also substituted into the Hessian matrix for the positive 

definiteness examination. In the optimization process, some entries in ♪ get larger and 

approach to infinity, enforcing the corresponding columns in  to zero. Upon 

convergence, five columns in  become zero, and only one column remains nonzero, 

representing that only one environmental factor is strongly related to the frequency 

variations.  
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Table 3.3 Variations of the latent variable and parameters in the steel frame example 

No. ♪  ὂ ὓ  

0  
 

 6 
 

1 
   

6 
 

5 
   

3 
 

9 
   1 

 

 

The estimated parameters are then used to calculate the latent variables corresponding to 

the entire dataset, and then re-generate the dataset. The damage indicators are then 

calculated based on the error vector and plotted in Figure 3.9. The damage-induced 

deviations in the damage indicators can be observed from the figure. When the damage 

severity is slight (i.e. DS1), the deviation is relatively small but still noticeable. When 

the damage gets severe (i.e. DS2 and DS3), the deviation gets larger significantly. A 

normal distribution test on the reconstruction errors of each DS is conducted. The chi-

squared goodness-of-fit test method (Press et al., 1992) is used. The 140 points in each 

DS are ranked and divided into 15 nonoverlapped groups (Press et al., 1992). Figure 

3.10 shows the probability histogram in each DS. The test results are shown in Table 

3.4 when the level of significance ‌ πȢπυ. Note that the group with observed numbers 

less than 5 is merged with others, thereby the critical bounds are different for each DS. 
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Table 4 shows that the chi-square statistic is less than the critical bound, indicating that 

the normal distribution hypothesis is accepted. Based on the Gaussian distribution, the 

threshold can be calculated at a significance level of ‌ πȢπυ. The threshold is 0.89 as 

shown in Figure 3.9. The probabilities of three DSs in the damaged state can be then 

calculated. Specifically, the probability of DS1 being damaged is around 50%, and the 

probabilities of DS2 and DS3 being damaged are larger than 95%. 

 

Figure 3.9 Damage indicator in each DS 

 

 

  

(a) DS0 (b) DS1 

Threshold 
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(c) DS2 (d) DS3 

Figure 3.10 Chi-square goodness-of-fit test for four DSs 

 

Table 3.4 Results of goodness-of-fit test for normality (Ŭ = 0.05) 

DS No. DS0 DS1 DS2 DS3 

Chi-square value 6.21 7.84 3.29 3.36 

Critical bound 18.31 19.68 18.31 16.92 

 

Structural higher frequency modes are generally difficult to measure in practice. In this 

connection, we further investigate the performance of the proposed method when higher 

modes are not available. Only the first five frequencies are used as the dataset. The 

proposed method is then applied, and the calculated damage indicators are plotted in 

Figure 3.11. As the figure turns out, the damage indicators in DS1 have no noticeable 

deviation compared with those in DS0 when the sixth mode is removed. This result 

reflects that the sixth mode is more sensitive to the minor damage.  

 

When only the first five modes are used for analysis, a false-negative damage diagnosis 

happens, that is, DS1 is falsely assessed as undamaged. In this situation, the 

measurement data in DS1 may be falsely used as the training data. To investigate the 

performance of the proposed method when the damage data are falsely used for model 

training, the first five frequencies in DS0 and DS1 are both used as the training data. 

The estimated parameters and damage indicators are shown in Table 3.5 and Figure 
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3.12. The nonzero columns in  converge to one after 11 iterations, and the number of 

factors is also one. Significant deviations of the damage indicators are observed in the 

test data. The result implies that although the minor damage was falsely recognized as 

undamaged and incorporated into the training data, the proposed method can still detect 

damage correctly at the later stage as the damage gets severe. The results verify the 

effectiveness of the proposed method for structural damage detection under varying 

temperature conditions. 

 

Figure 3.11 Damage indicator using the first five frequencies as the dataset 

 

Figure 3.12 Damage indicator using both DS0 & DS1 as training data 
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Table 3.5 Variations of variables and parameters using DS0 & DS1 as training data 

No. ♪  ὂ ὓ  

0    5  

11    1  

 

3.5 Summary 

 

A sparse Bayesian FA-based method is developed in this chapter for structural damage 

detection under changing environmental conditions without knowing the environment 

data. By adopting the ARD prior in the SBL framework, the number of underlying 

environment factors is automatically identified. The uncertainties are evaluated upon 

convergence. The residual error matrix is then calculated as the damage indicator 

according to the generative FA model.  

 

The proposed method is applied to two experimental examples under varying 

environmental conditions. The RC slab example demonstrates that the sparse Bayesian 

FA-based method can automatically identify the number of environmental factors that 

influence the structural vibration properties, without measuring the corresponding 

varying factors. The steel frame example verifies that the method can successfully 

detect the existence of damage under varying environmental conditions. 
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CHAPTER 4   
 

STRUCTURAL DAMAGE DETECTION CONSIDERING 

NONLINEA R ENVIRONMENT EFFECTS BY 

PROBABILISTIC KERNEL IZED METHOD  
 

 

 

4.1 Introduction  

 

The Bayesian FA proposed in Chapter 3 is a linear model, which is limited to the cases 

where the environmental influence is linear or weakly nonlinear. In some applications, 

nonlinearities may arise since the multiple materials in bridges may have varied 

temperature-sensitive mechanical properties (Peeters and De Roeck, 2001). The 

bridgeôs boundary conditions may also change due to the expansion and contraction of 

joints, leading to nonlinear correlations (Peeters et al., 2001). For the nonlinear 

applications, the kernel PCA has been developed, which maps the measurement data 

onto a high-dimensional feature space wherein a hyperplane could separate samples (Oh 

et al., 2019; Reynders et al., 2014). The dimension reduction is then performed on the 

high-dimensional feature space. However, the non-probabilistic kernel PCA suffers 

from limitations. First, the covariance matrix needs to be computed as an intermediate 

variable, followed by the eigenvalue decomposition. Second, the optimal kernel 

parameters need to be determined in advance, which requires high computational costs 

for high-dimensional problems, given that the kernel PCA involves the data projection 

to a high-dimensional space. 

 

This chapter develops an improved probabilistic kernelized model to eliminate the 

nonlinear environmental influence. The Gaussian kernel is employed to introduce 

nonlinearity. The unknown kernel parameters and the latent variables are estimated 

automatically in the Bayesian probabilistic framework. The proposed method is applied 
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to the benchmark Z24 bridge for damage detection. Comparisons between the proposed 

method and non-probabilistic kernel PCA are presented. 

 

4.2 Background of Z24 bridge 

 

The Z24 bridge is an example wherein the environment factor has a nonlinear effect on 

the vibration properties. It provides the rare long-term monitoring data of a full-scale 

bridge under the undamaged and realistic damaged states. The dataset of the bridge has 

served as the benchmark in numerous studies, including vibration-based system 

identification (Peeters and De Roeck, 2001), damage detection (Kullaa, 2003), and data 

normalization to remove environmental effects on structural vibration properties 

(Peeters et al., 2001; Kullaa, 2011). 

 

4.2.1 Description of the Bridge 

 

The Z24 bridge is a post-tensioned concrete box-girder bridge consisting of a 30 m long 

main span and two 14 m side spans, as depicted in Figure 4.1. The bridge is located in 

Switzerland and was monitored from 11 November 1997 to 11 September 1998 (Peeters 

and De Roeck, 2001). A total of 49 sensors were installed on the bridge to record the 

variations of environmental conditions, including the temperature, wind, humidity, etc. 

Another 16 accelerometers were installed to record acceleration responses. In the later 

monitoring period, progressive damages were artificially introduced to the bridge in a 

controlled manner. The first damage was introduced by lowing the pier on 10 August 

1998, followed by several other sequential DSs, including foundation inclination, 

concrete spalling, anchor head failure, and tendon rupture. More specific information 

about the experiment can be found in Peeters and De Roeck (2001). 
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Figure 4.1 Side view of the Z24 bridge (unit: meter) (Peeters and De Roeck, 2001) 

 

The bridgeôs responses under the ambient excitations were recorded, and the stochastic 

subspace identification method was used to extract the modal parameters (Peeters and 

De Roeck, 2001). 5624 sets of the first four frequencies were obtained during the entire 

304 monitoring days. The variations of the first four frequencies of the bridge and the 

temperature over time are plotted in Figure 4.2. The first damage was artificially 

introduced around day 266, which corresponds to No. 4789 data. The relation between 

the temperature and natural frequencies is plotted in Figure 4.3. 

 

(a) Variation of frequencies  

(Blue dots: data in the health state; red dots: data in the damaged state) 
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(b) Variation of the temperature  

Figure 4.2 Frequency and temperature variations over time 

  

(a) First frequency (b) Second frequency 

  

(c) Third frequency (d) Fourth frequency 

Figure 4.3 The relation between the frequency and temperature  
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Figure 4.3 reflects that the natural frequencies have a nonlinear relation with the 

temperature. The nonlinearity is attributed to the asphalt layer on the bridgeôs surface, 

which froze on cold days (lower than 0 oC) and significantly increased the stiffness of 

the structure (Peeters and De Roeck, 2001).  

 

4.2.2 The Application of the L inear Model 

 

The linear Bayesian FA method proposed in Chapter 3 is first applied to the Z24 bridge 

for damage detection. As mentioned, the first 4788 data points are in the health state, 

and the rest 836 are in the damaged state. To investigate the influence of training data, 

the first 3000 data points are set as the training data, which accounts around 50% of the 

entire data set, and the rest 1788 data points in the health state and 836 data points in the 

damaged state are set as the validation data and test data, respectively, as shown in 

Figure 4.4. 

 

Figure 4.4 Dataset division  

(blue dots: training data; green dots: validation data; red dots: test data) 

 

The parameters in the Bayesian FA model are initialized as follows: M is set to the 



 

 70 

dimension of the original measurement data, that is ὓ ὔ τ; The factor loading 

matrix 0 is randomly initialized from the uniform distribution ‘πȟρ;  is similarly 

initialized as described in Chapter 3, that is, the entries are initialized by assuming that 

the coefficient of variation of each natural frequency is 1% and the correlation 

coefficient between modes is 0.5; and the convergence criterion is set to 

Ⱦ 1Ĭ10
5
. 

 

The EM algorithm is applied, and the convergence is achieved after 23 iterations. The 

variations of the parameters are listed in Table 4.1. Upon convergence, two columns in 

 are penalized to zero, and the rest two keep nonzero.  

 

Table 4.1 Variation of the unknown variable and parameters in the iteration process 

I teration 

No. 
♪  ὓ  

0   4  

10   4  

23   2  

 

With the estimated  and , the latent variables ὂ corresponding to the training data, 

validation data and test data are estimated. The measurement data are then regenerated 

from the trained Bayesian FA model. The squared prediction error (SPE) statistic is then 

defined as 

30% ▄ ▄ (4.1) 
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where ▄ denotes the regeneration error, which is the discrepancy between the model 

predictions and measurement data. The SPE statistic can be used as the index for 

novelty detection. Denoting the mean and variance of the SPEs of training data as ά 

and ὺ, the SPE statistic can be well approximated by a weighted … distribution (Box, 

1954a, b; Nomikos and MacGregor, 1995), and the confidence limit is 

30% ὫϽ…ȟ (4.2) 

where Ὣ ὺȾςά; Ὤ ςά Ⱦὺ; and …Ὤȟ‌
ς is the critical value of the … distribution with 

Ὤ degree of freedom at a significance level of ‌. The control limit is a threshold to 

judge whether the process is under the normal condition. The SPE statistic and the 

corresponding threshold with ‌ 0.01 are calculated and plotted in Figure 4.5. 

 

Figure 4.5 SPE statistic of Bayesian FA 

 

As Figure 4.5 turns out, the SPEs of the test data in the damaged condition (red points) 

are not significantly larger than those of the training data and validation data, making it 

difficult to timely detect the damage. An abnormality occurs in the health data around 

days 80~90, where the SPEs are comparable with those in the damaged state. As 

mentioned previously, the temperature in these days went below zero and exerted a 

bilinear influence on the structural frequencies. The nonlinear relation cannot be well 

explained by the linear Bayesian FA. As a result, a false-positive damage indication 
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occurs when the temperature goes below zero, although the structure remains intact. In 

addition, the SPEs of the validation data also exceed the threshold. The reason is that 

the training data (the first 3000 data points) only cover part of the environmental 

variations. The temperature of the validation data goes beyond the range of the training 

data, as shown in Figure 4.2(b), resulting in the increased SPEs in the validation data. 

Consequently, the linear Bayesian FA cannot timely and correctly detect the damage in 

the Z24 bridge example. 

 

4.3 Nonlinear Environmental Model 

 

This section studies the nonlinear environmental effects using the probabilistic 

kernelized model. First, the nonlinear probabilistic PCA, also named the Gaussian 

process latent variable model (GPLVM) (Lawrence, 2005), is discussed. We will then 

explain how the damage can be detected. Finally, the proposed method is compared 

with the non-probabilistic kernelized model. 

 

4.3.1 GPLVM  

 

GPLVM provides a nonlinear probabilistic interpretation of standard PCA by 

employing the Gaussian process. The model between the data sample and latent variable 

is defined as (Lawrence, 2005) 

Ἆ █ὂ  (4.3) 

where █ is the nonlinear mapping function; and ὂ and  are the same as the definition 

of the Bayesian FA model in Eq. (3.1). Different from the Bayesian FA, GPLVM 

marginalizes the parameters and optimizes with respect to the latent variable. 

Specifically, the prior is defined over , and the likelihood function is marginalized 

with respect to . For simplicity, a Gaussian prior conjugate to the likelihood function 

is adopted as ὴ Б ﬞ ◌ȿȟἓ, where ◌  is the ith row of . Then the 

marginalization with respect to  is 
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ὴἎȟȡȿὂȟ‍ ὴἎȟȡȿἿȟ‍ȟὂὴ◌ Ὠ◌ ﬞ Ἆȟȡȿȟὂὂ ‍ ἓ (4.4) 

where Ἆȟȡ represents the dth row of D ɴᴙ . In corresponding, the objective 

function of the likelihood function in the logarithm form is obtained as 

ὒ
ὔ ὔ

ς
ÌÎς“

Ὀ

ς
ÌÎȿȿ

ρ

ς
ÔÒ ἎἎ  (4.5) 

where ὂὂ ‍ ἓ is the covariance matrix or kernel function. The kernel function 

here is defined on the latent variable z. By replacing the inner product  with nonlinear 

kernel functions, GPLVM achieves the nonlinear projection. The advantage of the 

kernel function is that the nonlinear mapping function is not required to be known 

explicitly, thereby efficiently reducing the complexity of searching for the high-

dimensional feature space. According to the Mercerôs theorem, the kernel function must 

be continuous and symmetric, and the corresponding kernel matrix must be positive 

semi-definite. The representative kernel functions include the polynomial, sigmoid and 

radial basis function (RBF) kernel. For example, the RBF kernel is adopted as 

Ὧὂȟὂ — ÅØÐ
‎

ς
ὂ ὂ ὂ ὂ — — ‏  (4.6) 

where —  is the process variance and influences the scale of the output functions; ‎ is 

the inverse width parameter; —  corresponds to the prior variance; —  is the white 

noise term; and ‏  is the Kronecker delta function. 

 

After the kernel function has been selected, the next step of GPLVM is to optimize the 

latent variables ὂ and parameters of the kernel functions, including ‎, — , —  and 

— . The likelihood of the latent variables and parameters are estimated by setting the 

gradient of the log-likelihood in Eq. (4.6) to zero. In particular, the gradient with respect 

to ὂ is computed through the chain rule as 

‬ὒ

‬ὂ

‬ὒ

‬

‬

‬ὂ
π (4.7) 
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where ἎἎ ὔ ; and 
ὂ
 can be directly obtained from Eq. (4.6). 

However, it is not easy to solve Eq. (4.7) as the log-likelihood L has a highly nonlinear 

relationship with the latent variable and kernel parameters. To solve this problem, the 

scaled conjugate gradient approach (Lawrence, 2005) is utilized for the gradient-based 

optimization. Another problem is the computational complexity of GPLVM, which 

makes it inefficient in dealing with a large number of data samples. Lawrence et al. 

(2003) developed the informative vector machine as a sparsification mechanism to 

improve the computational efficiency. The active set, denoted as Ἆ , is sequentially 

selected from the overall training dataset and then used to optimize the kernel 

parameters and latent variables. The informative vector machine reduces the dominant 

computational cost to  ὨϽὔ , where d is the number of data in the active set (d < N). 

 

With the parameters of the kernel function and the latent variables of the active data set 

optimized, the latent variables ὂ  of the new measured data samples Ἆ , including 

the inactive subset of the training data and the test data, are obtained from the scaled 

conjugate gradient optimization. Then the likelihood of Ἆᶻ  generated from ὂ  can 

be calculated using the GP (Lawrence, 2005): 

ὴἎᶻ ȿὂ ﬞ Ἆᶻ ȿⱧ ȟ ἓ (4.8) 

where Ⱨ Ἆ ὂȟὂ ,  is the kernel matrix calculated from the latent 

variables of the active set, ὂȟὂ  is a column vector with elements of kernels 

between each sample in the active set and the new data sample; and 

ὂ ȟὂ ὂȟὂ ὂȟὂ , ὂ ȟὂ  is the value of the kernel 

function between ὂ  and itself. As the likelihood of Ἆᶻ  follows the Gaussian 

distribution, whose mean is the most probable value, Ⱨ  in Eq. (4.8) can be used as 

the prediction result, that is, Ἆᶻ Ⱨ . 

 

GPLVM also has a Bayesian interpretation that could automatically determine the latent 

dimensions by using the ARD prior. An ARD prior is defined on the kernel function of 

the latent variable z 



 

75 

 

Ὧ ὂȟὂ „  ÅØÐ
ρ

ς

ᾀȟ ᾀȟ

ὰ
 (4.9) 

where ρὰϳ  is a weight parameter. Similar to the Bayesian factor analysis, some items 

of ρὰϳ  will approach zero and automatically penalize the surplus dimensions, thereby 

realize the dimensionality selection. A full Bayesian analysis is conducted to avoid the 

risk of overfitting, which implements an Ockhamôs Razor in the model selection process 

by integrating out all irrelevant variables. Then the posterior PDF of predictions 

ὴἎᶻ ﬞ Ἆᶻ ȿⱧ ȟ♅  is derived using the variational inference. More 

detailed are presented in Lawrence (2005). 

 

The reconstruction errors of both inactive training data and test data are then calculated 

as 

▄ Ἆ Ἆᶻ  (4.10) 

where Ἆ  is the measurement data, and Ἆᶻ  is the prediction result of GPLVM. The 

SPE statistic is defined as 

30% ▄ ▄ Ἆ Ⱨ Ἆ Ⱨ  (4.11) 

where  should be replaced by ♅  when the Bayesian GPLVM is adopted. As the 

nonlinear projection is involved in this process, the kernel density estimation (KDE) 

(Silverman, 2018) is applied here to compute the threshold of the SPE statistic. 

 

4.3.2 Damage Detection Results 

 

Parameters of the kernel functions need to be initialized first. The RBF kernel in Eq. 

(4.6) is employed. As suggested in Lawrence (2005), — , ‎, —  and —  are 

initialized as — ‎ ρ and — — ÅØÐ ρ . The active set d in the 
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informative vector machine algorithm is set to Ὠ 400 in this example. The latent 

dimension M is set to ὓ ὔ 4 in the beginning. 

 

Using the Bayesian GPLVM (Damianou et al., 2011), two of four parameters ρȾὰ (j=1, 

2, 3, 4) are automatically optimized to zero. The rest two nonzero parameters indicate 

that the latent dimension of the latent space is 2. M is then set to 2 in GPLVM, and 

kernel parameters are optimized iteratively using the the scaled conjugate gradient 

approach. Parameters of the kernel function are optimized as — 1.5905, ‎

1.9598, — 0.1360 and — 1.1487Ĭ10
4
 when the first 3000 data are set as 

the training data. With the estimated parameters, the measurement data are regenerated 

using the Gaussian process in Eq. (4.8). The SPE statistic is then calculated according to 

Eq. (4.11), and the corresponding threshold with ‌ 0.01 is computed and plotted in 

Figure 4.6. 

 

Figure 4.6 SPE statistic of GPLVM  

 

As Figure 4.6 turns out, the SPEs of the damaged data are obviously larger than those of 

the health data, and the phenomenon of false-positive damage identification is 

eliminated by using GPLVM. In addition, the validation data are correctly identified to 

be in the health state, indicating that the proposed method performs well even when the 

training data have not covered the temperature variation. The entire process, including 

the automatic dimensionality determination, parameter optimization and SPE statistic 
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computation, takes around 8 minutes only in a personal desktop computer with Intel 

Core I7-8700 CPU and 20 GB RAM. Consequently, the damage detection method 

based on GPLVM is efficient, accurate and robust.  

 

4.3.3 Comparison with Non-probabilistic Kernelized Model 

 

A non-probabilistic kernel PCA is also studied for comparison. The data vectors Ἆ  are 

mapped onto a high-dimensional feature space wherein a hyperplane could separate 

samples, and then eigenvalue decomposition is performed on the feature space. The 

non-probabilistic kernelized model is expressed as 

Ἆ ὂ  (4.12) 

where  is a nonlinear function that maps the measurement data onto a high-

dimensional feature space ꞈ; and , ὂ and  are the same as the definition in Eq. 

(3.1). The eigenvalue decomposition is performed on the covariance matrix, which is 

the dot product of Ἆ . 

 

The inner product Ἆ Ἆ  is directly defined in the reproducing kernel Hilbert 

space by the kernel function ἎἎ ȟἎ . The Gaussian kernel function, which 

involves an infinite-dimensional feature space using merely a unique parameter, is 

adopted here and defined as  

ἎἎ ȟἎ ÅØÐ
ρ

ς„
Ἆ Ἆ Ἆ Ἆ  (4.13) 

where ἎἎ ȟἎ  is the element in the mth row and the nth column of the kernel 

matrix Ἆ; and „  is the variance parameter controling the bandwidth of Ἆ. Notably, 

the kernel function in Eq. (4.13) is defined on the measurement data Ἆ rather than on 

the latent variable ὂ in Eq. (4.6). 
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After determining the kernel function, the eigenvalue decomposition is conducted on 

the decentralized kernel matrix Ἆ with the entries ἎἎ ȟἎ  as 

ἎἎ ȟἎ ἎἎ ȟἎ
ρ

ὲ ἎἎ ȟἎ

ρ

ὲ ἎἎȟἎ
ρ

ὲ ἎἎȟἎ

ȟ

 

(4.14) 

The eigenvectors ○ ὰ ρȟȣȟὓ  corresponding to the first M eigenvalues ‗ὰ

ρȟȣȟὓ  of ἎἎ ȟἎ  are retained for dimensionality reduction. The principal 

component ◄ is then obtained by projecting Ἆ  onto the eigenvector ○ 

◄ ộ○ȟ ἎỚ ‌ ἎἎȟἎ  (4.15) 

where ‌ is the ith element of the vector ♪, which is the normalized eigenvector ○ and 

satisfies that ᴁ♪ᴁ ρȾ‗. 

 

Since the explicit form of Ἆ  is not defined, it is not clear how to re-project back to 

the measurement data space. Therefore, the SPE statistic is defined in the reproducing 

kernel Hilbert space as (Lee et al., 2004) 

30% Ἆ ◄○ Ͻ Ἆ ◄○ ◄ ◄ (4.16) 

where ὲ is the number of nonzero eigenvalues of the decentralized kernel matrix Ἆ in 

Eq. (4.14). However, the SPE statistic may not strictly follow the standard … 

distribution due to the nonlinear projection. The KDE is employed to compute the 

threshold of the SPE statistic. Assume that the SPE statistic follows the unknown PDF 

ὴὼ: 
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ὴὼ
ρ

Ὤὒ
•
ὼ 30%

Ὤ
 (4.17) 

where Ὤ is the kernel width and •Ͻ denotes the selected kernel function. The Gaussian 

kernel function •ώ
Ѝ

 is generally used. The control limit 30% is then computed 

by  

ὴὼὨὼ ρ ‌ (4.18) 

where ‌ is the significance level. 

 

The parameter „  of the kernel function needs to be determined. Widjaja et al. (2012) 

proposed two different criteria for the optimal value selection of „ , namely, the 

entropy criterion and the eigenvalue criterion. Here the second one is employed. The 

range of „  is set to be from „Ⱦ100 to ρππϽ„  (Widjaja et al., 2012), where „

ὔ ϽÍÅÁÎÖÁÒἎ . The optimal value of „  can be estimated by maximizing the 

difference between the first eigenvalue and the sum of the remaining eigenvalues of the 

kernel matrix (Widjaja et al., 2012). ὔ 3000 in this example. Therefore, the 

eigenvalue decomposition is conducted on the 3000Ĭ3000 kernel matrix Ἆ. In 

corresponding, a total of 3000 eigenvalues and eigenvectors will be generated. The 

optimal value of „  is found by trial-and-error and is determined to be „ 0.58 here. 

The number of retained principal subspaces (eigenvectors) preserves the 95% variance, 

leading to a value ὓ 1φ. The SPE statistic is then calculated according to Eq. (4.16). 

The corresponding threshold at the significance level ‌ 0.01 is computed by the KDE 

(Silverman, 2018). The result is plotted in Figure 4.7. 
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Figure 4.7 SPE statistic of kernel PCA  

 

In Figure 4.7, the SPEs of the health data in cold days are much smaller than those in 

the damage state, and the false-positive damage identification is eliminated. However, 

when the temperature variations exceed the range of those in the training data, the SPEs 

increase and the validation data is falsely identified to be in the damaged state. Besides, 

the kernel PCA is at the expense of increased computational cost. The selection of the 

optimal value of „  is conducted by trial-and-error, which is time-consuming. The 

entire process, including the selection of the optimal kernel parameters, eigenvalue 

decomposition of the covariance matrix in the reproducing kernel Hilbert space, 

selection of dimension to be retained and SPE statistic computation, takes 135 minutes 

approximately in the same computer, which is around 17 times of that using GPLVM. 

 

4.3.4 Summary of Models 

 

The models of the Bayesian FA, kernel PCA and GPLVM can be unified as 

Ἆ █ὂ  (4.19) 

The model corresponds to the linear Bayesian FA when both  and █ are linear 

functions, that is, Ἆ Ἆ  and █ὂ ὂ; it becomes kernel PCA when  
























































































































































































