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Yard Allocation Problem with Time Dimension at

Seaport Terminal

#v q�L: hB�MiB�M

.2T�`iK2Mi Q7 GQ;BbiB+ �M/ J�`BiBK2 aim/B2b

h?2 >QM; EQM; SQHvi2+?MB+ lMBp2`bBiv

Abstract

a2�TQ`ib +QMbiBimi2 i?2 KQbi BKTQ`i�Mi +�`;Q /Bbi`B#miBQM i2`KBM�H BM KQ/2`M HQ;BbiB+bX

�++Q`/BM; iQ bi�iBbiB+b `2H2�b2/ #v i?2 lMBi2/ L�iBQMb BM kyky- i?2 �MMm�H +QMi�BM2`

i?`Qm;?Tmi Q7 SQ`i Q7 aBM;�TQ`2 ?�/ `2�+?2/ M2�`Hv j3 KBHHBQM h1lb BM kyRN- �M/ i?2

MmK#2` F22Tb BM+`2�bBM; v2�` #v v2�`X G�`;2 �bB�M TQ`ib ?�p2 HBKBi2/ H�M/ �M/ v2i- i?2v

TH�v F2v `QH2b �b BMi2`M�iBQM�H K�`BiBK2 ?m#bX >Qr iQ #�H�M+2 p�`BQmb 7�+BHBiB2b iQ biQ`2 �

;`QrBM; MmK#2` Q7 +QMi�BM2`b rBi?BM i?2 HBKBi2/ v�`/ bT�+2\ h?Bb Bb � +?�HH2M;2 7Q` TQ`i

K�M�;2`bX

h?Bb i?2bBb +QMbB/2`b i?2 v�`/ bT�+2 �HHQ+�iBQM T`Q#H2K rBi? � iBK2 /BK2MbBQMX h?2

iBK2 /BK2MbBQM Bb K�BMHv `2~2+i2/ BM irQ �bT2+ibX 6B`bi- pBbBib iQ TQ`ib Q7 /Bz2`2Mi p2bb2Hb

?�p2 /Bz2`2Mi T�ii2`Mb BM i2`Kb Q7 iBK2 T2`BQ/b- r?B+? �//b +QKTH2t +QMbi`�BMib r?2M

�HHQ+�iBM; biQ`�;2 bT�+2b �i /Bz2`2Mi T2`BQ/bX a2+QM/- +QMi�BM2`b i`�MbTQ`i2/ #v i?2 b�K2

p2bb2H �Hr�vb �``Bp2 �i i?2 v�`/ /m`BM; � iBK2 BMi2`p�HX � +QMbB;MK2Mi bi`�i2;v +�M ?2HT

�pQB/ Qp2`H�TTBM; Q7 biQ`�;2 bT�+2 �HHQ+�iBQMbX h?2 biQ`�;2 bT�+2 b?QmH/ �HbQ #2 MQM@

/2+`2�bBM; rBi? iBK2X AM 2bb2M+2- i?2 b2+QM/ v�`/ bT�+2 �HHQ+�iBQM T`Q#H2K rBi? iBK2

/BK2MbBQM Bb � i?`22@/BK2MbBQM�H T�+FBM; T`Q#H2K rBi? B``2;mH�` b?�T2bX h?Bb K�F2b Bi

+?�HH2M;BM; iQ Q#i�BM � ?B;?@[m�HBiv bT�+2 �HHQ+�iBQM b+?2/mH2 rBi? 2tBbiBM; �H;Q`Bi?KbX

"2bB/2b- i?2 +QKTH2tBiv +�mb2/ #v i?2 iBK2 /BK2MbBQM �M/ i?2 b+?2/mHBM; Q7 v�`/ i`m+Fb

i



�`2 +HQb2Hv `2H�i2/ iQ bT�+2 �HHQ+�iBQMX lM`2�bQM�#H2 bT�+2 �HHQ+�iBQM +�M H2�/ iQ i`�{+

+QM;2biBQM BM v�`/ H�M2b �M/ H2�/ iQ BM2{+B2Mi +QMi�BM2` ?�M/HBM; /m2 iQ mM2p2M rQ`F@

HQ�/ /Bbi`B#miBQM- �z2+iBM; i?2 TQ`i QT2`�iBQMb QM i?2 #2`i? bB/2X h?2`27Q`2- v�`/ bT�+2

�HHQ+�iBQM TH�vb � +`BiB+�H `QH2 BM i?2 Qp2`�HH b2�TQ`i b+?2/mH2X

h?Bb i?2bBb �//`2bb2b i?2 v�`/ bT�+2 �HHQ+�iBQM T`Q#H2K rBi? i?2 iBK2 /BK2MbBQM �i

+QMi�BM2` i2`KBM�HbX q2 #mBH/ K�i?2K�iB+�H KQ/2Hb �M/ /2bB;M 2{+B2Mi �H;Q`Bi?Kb #v

+QMbB/2`BM; i`�{+ +QM;2biBQM BM i?2 v�`/ �M/ HQr bT�+2 miBHBx�iBQM BM � v�`/ #HQ+FX h?Bb

i?2bBb �//`2bb2b irQ QTiBKBx�iBQM T`Q#H2Kb `2H2p�Mi iQ i?2 v�`/ bT�+2 �HHQ+�iBQM T`Q#H2K,

�HHQ+�iBQM Q7 +QMi�BM2`b iQ #HQ+Fb �i i?2 v�`/ H2p2H �M/ QTiBKBx�iBQM Q7 ~2tB#H2 biQ`�;2

bT�+2b �HHQ+�iBQM iQ /Bz2`2Mi `2[m2bib �i i?2 #HQ+F H2p2HX h?2 K�BM +QMi`B#miBQMb Q7 i?Bb

i?2bBb �`2 bmKK�`Bx2/ �b 7QHHQrbX

URV u�`/@H2p2H bT�+2 QTiBKBx�iBQMX *QMbB/2`BM; p2bb2Hb rBi? KmHiBTH2 T2`BQ/b- r2 i�F2

i?2 bm#@#HQ+F �b i?2 T`BK�`v biQ`�;2 bT�+2 �HHQ+�iBQM mMBi BM i?Bb bim/vX "Qi? i?2 bm#@

#HQ+F HQ+�iBQM /2+BbBQM �M/ i?2 HQ�/BM; �M/ mMHQ�/BM; iBK2 /2+BbBQMb �`2 +QMbB/2`2/X hQ

�pQB/ i`�{+ +QM;2biBQM BM i?2 v�`/- r2 KBMBKBx2 i?2 QT2`�iBM; +Qbi Q7 v�`/ i`m+Fb �M/ i?2

iQi�H iBK2 /2pB�iBQM #2ir22M i?2 �+im�H QT2`�iBM; iBK2 �M/ i?2 2tT2+i2/ ?�M/HBM; iBK2

Q7 �HH p2bb2HbX q2 T`QTQb2 � i?`22@bi�;2 ?2m`BbiB+ �H;Q`Bi?K #�b2/ QM � +`BiB+�H 2H2K2Mi-

r?B+? +�M 2{+B2MiHv Q#i�BM �M �HHQ+�iBQM b+?2/mH2 i?�i KBMBKBx2b i?2 i`�MbTQ`i�iBQM +Qbi

�M/ iBK2 /2pB�iBQMbX �b � `2bmHi- +QMi�BM2`b 7`QK 2�+? p2bb2H �`2 �HHQ+�i2/ iQ /Bz2`2Mi

#HQ+FbX 1�+? #HQ+F Bb �bbB;M2/ rBi? +QMi�BM2`b 7`QK /Bz2`2Mi p2bb2HbX

UkV "HQ+F@H2p2H bT�+2 QTiBKBx�iBQMX 6QHHQrBM; i?2 �bbB;M�iBQM Q7 +QMi�BM2`b iQ � #HQ+F

�i i?2 v�`/@H2p2H QTiBKBx�iBQM- r2 �BK iQ Q#i�BM � bT�+2@b�pBM; �HHQ+�iBQM b+?2/mH2 7Q` i?Bb

#HQ+FX q2 `2KQp2 i?2 #QmM/�`B2b #2ir22M i?2 }t2/ bm##HQ+Fb �M/ +QMbB/2` � `2+i�M;mH�`

biQ`�;2 bT�+2 rBi? ~2tB#H2 b?�T2b �M/ TQbBiBQMbX am+? ~2tB#H2 `2+i�M;mH�` bT�+2b �`2

�HHQ+�i2/ iQ +QMi�BM2`b �i 2�+? iBK2X AM i?Bb bim/v- � M2r /vM�KB+ b?�T2 �/DmbiK2Mi �M/

TH�+2K2Mi �H;Q`Bi?K Bb T`QTQb2/- r?B+? +�M 2{+B2MiHv Q#i�BM � bQHmiBQM rBi? ?B;? bT�+2

miBHBx�iBQM BM 2�+? #HQ+FX h?2 /2+BbBQM Q7 i?Bb QTiBKBx�iBQM T`Q#H2K `2}M2b i?2 bT�+2

�HHQ+�iBQM �M/ b�p2b �p�BH�#H2 biQ`�;2 bT�+2 7Q` � #HQ+FX

AM bmKK�`v- i?2 �H;Q`Bi?Kb T`QTQb2/ BM i?Bb i?2bBb +�M +QQ`/BM�i2 v�`/ bT�+2 �HHQ@
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CHAPTER 1

INTRODUCTION

RXR "�+F;`QmM/

:HQ#�HBx�iBQM Bb H2�/BM; iQ QTiBK�H �HHQ+�iBQM Q7 `2bQm`+2b ;HQ#�HHv �M/ Bb i?2 KQbi

bB;MB}+�Mi 2+QMQKB+ T?2MQK2MQM BM i?2 kRbi +2Mim`vX AM i?2 KQbi `2+2Mi irQ /2+�/2b-

;HQ#�HBx�iBQM ?�b #22M #QQKBM; /2bTBi2 i?2 ;HQ#�H }M�M+B�H +`BbBb- M�im`�H /Bb�bi2`b- i`�/2

r�`b- �M/ 2TB/2KB+bX PM i?2 QM2 ?�M/- 2p2M i?Qm;? i?2 rQ`H/ 2+QMQKv THmM;2/ #2+�mb2

Q7 i?2 }M�M+B�H +`BbBb BM kyy3- Bi `2im`M2/ iQ Bib T`2pBQmb H2p2H QMHv bBt v2�`b H�i2`X PM i?2

Qi?2` ?�M/- i?2 aBMQ@la i`�/2 7`B+iBQM i?�i #2;�M BM kyR3 �M/ i?2 *PoA.@RN 2TB/2KB+

i?�i #2;�M BM kyky ?�p2 ?Bi ;HQ#�H i`�/2 �+iBpBiB2b iQ bQK2 2ti2MiX >Qr2p2`- *?BM� [mB+FHv

+QMi`QHH2/ i?2 2TB/2KB+ �i ?QK2- ;2iiBM; `B/ Q7 i?2 �/p2`b2 2z2+ib Q7 i?2 2TB/2KB+ 2�`HB2`

i?�M i?2 lMBi2/ ai�i2bX �b � `2bmHi- ;HQ#�H i`�/2 ?�b `2+Qp2`2/ `�TB/HvX AM LQp2K#2` kyky-

i?2 +�`;Qb i?�i la BKTQ`ib 7`QK *?BM� BM+`2�b2/ #v kkW +QKT�`2/ rBi? i?2 b�K2 T2`BQ/

H�bi v2�`- `2�+?BM; �M 2p2` ?B;? H2p2HX 6`QK i?2 �#Qp2 7�+ib- r2 +�M b22 i?�i 2+QMQKB+

;HQ#�HBx�iBQM rBHH `2K�BM � K�BMbi`2�K 2+QMQKB+ i`2M/X :HQ#�HBx�iBQM BKTHB2b KQp2K2Mi

Q7 K�Mv ;QQ/b #2ir22M /Bz2`2Mi +QmMi`B2b �`QmM/ i?2 rQ`H/X AM i?2 KQ/2`M bmTTHv +?�BM-

b2�TQ`ib TH�v � +`m+B�H `QH2 �b /Bbi`B#miBQM ?m#b Q7 +QMi�BM2`bX *QMi�BM2`b �`2 rB/2Hv

mb2/ �b bi�M/�`/ +�``B2`b Q7 ;QQ/bX h?mb- bQK2 H�`;2 TQ`ib M22/ iQ /2�H rBi? � K�bbBp2

MmK#2` Q7 +QMi�BM2`b 2p2`v /�vX 6B;m`2 RXR b?Qrb i?2 bi�iBbiB+b Q7 TQ`i i?`Qm;?Tmi 7`QK

kyR8 iQ kyRN UlMBi2/ L�iBQMb kykyVX �b +�M #2 b22M- i?2 �MMm�H +QMi�BM2` i?`Qm;?Tmi

Q7 aBM;�TQ`2 SQ`i ?�b `2�+?2/ M2�`Hv j3 KBHHBQM hr2Miv@722i 1[mBp�H2Mi lMBib Uh1lbV BM

kyRN- �M/ i?Bb MmK#2` Bb biBHH BM+`2�bBM; v2�` #v v2�`X h?2`27Q`2- Bi Bb 2bb2MiB�H iQ BKT`Qp2

i?2 QT2`�iBQMb Q7 +QMi�BM2`b �i i?2 TQ`i iQ 2M?�M+2 i?2 QT2`�iBQM�H 2{+B2M+v Q7 i?2 2MiB`2

bmTTHv +?�BMX

*QMi�BM2` TQ`i ?�b #22M rB/2Hv +QM+2`M2/ #v T`�+iBiBQM2`b #2+�mb2 Q7 Bib pBi�H `QH2 BM
R



6B;m`2 RXR, h?`Qm;?Tmi Q7 SQ`i Q7 aBM;�TQ`2 7`QK kyR8 iQ kyRN

i?2 bmTTHv +?�BMX lbm�HHv- TQ`i QTiBKBx�iBQM BM+Hm/2b i?2 #2`i?@bB/2 �M/ i?2 v�`/@bB/2

QTiBKBx�iBQM T`Q#H2KbX "2`i?@bB/2 QTiBKBx�iBQM +QKT`Bb2b i?2 #2`i? �HHQ+�iBQM T`Q#H2K

�M/ i?2 [m�v +`�M2 b+?2/mHBM; T`Q#H2KX u�`/@bB/2 QTiBKBx�iBQM BM+Hm/2b v�`/ �HHQ+�iBQM

T`Q#H2K- i`m+F b+?2/mHBM; T`Q#H2K- �M/ v�`/ +`�M2 b+?2/mHBM; T`Q#H2KX AM T�`iB+mH�`-

v�`/ �HHQ+�iBQM Bb i?2 KQbi +`BiB+�H QTiBKBx�iBQM T`Q#H2K QM i?2 v�`/ bB/2- r?B+? Bb +HQb2Hv

`2H�i2/ iQ i?2 i`m+F b+?2/mHBM; T`Q#H2KX

6`QK i?2 T2`bT2+iBp2 Q7 TQ`i QT2`�iBQMb- i?2 #2`i? QTiBKBx�iBQM T`Q#H2K ?�b #22M

`2;�`/2/ �b i?2 +`m+B�H Bbbm2 r?B+? `2bi`B+ib TQ`i /2p2HQTK2MiX >Qr2p2`- rBi? i?2 2K@

THQvK2Mi Q7 ;B�Mi [m�v +`�M2b- BX2X- i?2 irBM 9y@7i [m�v +`�M2b- i?2 #2`i?@bB/2 QT2`�iBQM�H

2{+B2M+v ?�b BKT`Qp2/ +QMbB/2`�#HvX h?mb- i?2 #QiiH2M2+F Q7 TQ`i QTiBKBx�iBQM ?�b KQp2/

iQ i?2 v�`/ bB/2X h?2 v�`/ �HHQ+�iBQM T`Q#H2K Bb iQ �bbB;M v�`/ biQ`�;2 bT�+2b iQ +QMi�BM@

2`b iQ BKT`Qp2 v�`/ biQ`�;2 +�T�+BivX lbm�HHv- r2 +�M BKT`Qp2 i?2 v�`/ biQ`�;2 +�T�+Biv

7`QK irQ �bT2+ibX h?2 }`bi r�v Bb iQ BM+`2�b2 v�`/ +�T�+Biv #v 2tT�M/BM; i?2 v�`/ #v

�+[mB`BM; KQ`2 H�M/X h?2 b2+QM/ r�v Bb iQ BKT`Qp2 bT�+2 miBHBx�iBQM r?BH2 K�BMi�BMBM;

i?2 +m``2Mi v�`/ bT�+2X >Qr2p2`- i?2 +Qbi Q7 2tT�MbBQM Bb ?B;? 7Q` KQbi TQ`ibX GBKBi2/

#v H�M/ `2bQm`+2b- i?2`2 Bb MQ 2ti`� bT�+2 �p�BH�#H2 7Q` 2tT�MbBQMX h?2`27Q`2- BKT`QpBM;

bT�+2 miBHBx�iBQM Bb i?2 ivTB+�H r�v iQ BKT`Qp2 v�`/ biQ`�;2 +�T�+Biv BM T`�+iB+2X

6`QK i?2 T2`bT2+iBp2 Q7 �+�/2KB+ `2b2�`+?- i?2 v�`/ �HHQ+�iBQM T`Q#H2K Bb KQ`2 +QK@

TH2t i?�M i?2 #2`i? �HHQ+�iBQM T`Q#H2K- �M/ Bi ?�b �ii`�+i2/ KQ`2 �ii2MiBQM BM `2+2Mi v2�`bX

k



PM i?2 QM2 ?�M/- r2 +�M i`�Mb7Q`K i?2 #2`i? �HHQ+�iBQM T`Q#H2K BMiQ � irQ@/BK2MbBQM�H

T�+FBM; T`Q#H2K #2+�mb2 Q7 Bib 7�pQ`�#H2 KQ/2HBM; T`QT2`iB2bX J�Mv bim/B2b ?�p2 T`Q@

TQb2/ bQK2 2{+B2Mi bQHmiBQM K2i?Q/b U"m?`F�H 2i �HX- kyRRVX >Qr2p2`- i?2 v�`/ �HHQ+�iBQM

/Q2b MQi ?�p2 bm+? T`QT2`iB2bX AM �//BiBQM- i?2 v�`/ �HHQ+�iBQM /2+BbBQM Bb �i i?2 2M/ Q7

�HH TQ`i QTiBKBx�iBQM /2+BbBQMb �M/ Bb �z2+i2/ #v i?2 T`2+2/BM; QT2`�iBQMb Uw?2M 2i �HX-

kyRRVX h?2b2 irQ `2�bQMb +QKTHB+�i2 i?2 v�`/ �HHQ+�iBQMX PM i?2 Qi?2` ?�M/- �++Q`/BM;

iQ :QQ;H2 a+?QH�` b2�`+?- i?2`2 �`2 �#Qmi R88yy `2H�i2/ bim/B2b QM #2`i? �HHQ+�iBQM �M/

9deyy bim/B2b QM v�`/ bT�+2 �HHQ+�iBQM- +�``B2/ Qmi #2ir22M RNNy �M/ kyky- `2p2�HBM; i?�i

v�`/ QTiBKBx�iBQM Bb KQ`2 +`BiB+�H �M/ +?�HH2M;BM;X

AM�TT`QT`B�i2 �HHQ+�iBQM Q7 v�`/ bT�+2 Q7i2M H2�/b iQ TQ`i +QM;2biBQMX 6Q` 2t�KTH2-

b2p2`2 +QM;2biBQM Q++m``2/ �i i?2 +QMi�BM2` i2`KBM�H Q7 a?�M;?�B SQ`i BM �T`BH kyRdX

*QM;2biBQM MQi QMHv +�mb2/ p2bb2H /2H�vb BM a?�M;?�B SQ`i #mi �HbQ ;2M2`�i2/ ?B;? r�BiBM;

+QbibX "2bB/2b- +QM;2biBQM �i QM2 BKTQ`i�Mi TQ`i +�M H2�/ iQ +QM;2biBQM �i Qi?2` TQ`ib

rQ`H/rB/2 i?`Qm;? i?2 b?BTTBM; bmTTHv +?�BM- BM+`2�bBM; i?2 +Qbi Q7 i?2 bmTTHv +?�BMX Ai

?�b #22M +QKKQM 7Q` bQK2 K�DQ` TQ`ib iQ ?�p2 7`2[m2Mi +QM;2biBQMb BM i?2 T�bi ir2Miv

v2�`bX hrQ FBM/b Q7 7�+iQ`b H2�/ iQ TQ`i +QM;2biBQMX h?2 }`bi 7�+iQ` Bb ?mK�M 7�+iQ`b

+�mb2/ #v bi`BF2b �M/ BM7Q`K�iBQM �bvKK2i`v �KQM; �HH T�`iB2b BM i?2 TQ`iX h?2 b2+QM/

7�+iQ` Bb i?�i bQK2 TQ`ib H�+F b+B2MiB}+ bmTTQ`i 7Q` +QMi�BM2` QT2`�iBQMbX .m`BM; i?2 �+im�H

QT2`�iBQM Q7 i?2 TQ`i- Bib K�M�;2`b +�M `2/m+2 i?2 +QM;2biBQM +�mb2/ #v i?2 }`bi 7�+iQ`

#v b?�`BM; BM7Q`K�iBQM rBi? b?BTTBM; HBM2`b �M/ Qi?2` T�`iB2bX 6Q` i?2 b2+QM/ 7�+iQ`- i?2v

?�p2 iQ rQ`F Qmi i?2 b+?2/mH2 7Q` i?2 +QMi�BM2` QT2`�iBQMb �i �HH bi�;2b Q7 TQ`i T`Q+2bbBM;

i?`Qm;? QT2`�iBQM�H QTiBKBx�iBQMX aBM+2 i?2 v�`/ �HHQ+�iBQM T`Q#H2K Bb +`m+B�H- r2 i�F2

+QM;2biBQM BMiQ �++QmMi BM i?Bb i?2bBb iQ K�F2 /2+BbBQMb KQ`2 BM HBM2 rBi? `2�HBivX

AM �//BiBQM- i?2 v�`/ �HHQ+�iBQM T`Q#H2K Bb +HQb2Hv `2H�i2/ iQ v�`/ i`m+F b+?2/mHBM;ě

i`m+Fb i`�MbTQ`i +QMi�BM2`b #2ir22M i?2 v�`/ �M/ i?2 #2`i? 7Q` HQ�/BM; �M/ mMHQ�/BM;

Tm`TQb2bX q?2M +QMi�BM2`b BM irQ �/D�+2Mi bm##HQ+Fb �`2 HQ�/2/ Q` mMHQ�/2/ bBKmHi�M2@

QmbHv- i?2`2 +�M #2 i`�{+ +QM;2biBQM BM H�M2b rBi?BM i?2 v�`/ Uw?2M 2i �HX- kyReVX u�`/

+QM;2biBQM H2�/b iQ HQ�/BM; �M/ mMHQ�/BM; i�FBM; KQ`2 iBK2 i?�M i?2 p2bb2HǶb 2tT2+i2/

?�M/HBM; iBK2X �b � `2bmHi- � HQM;2` r�BiBM; iBK2 7Q` i?2 p2bb2H Bb BM2pBi�#H2X lbm�HHv-

j



b2p2`2 v�`/ +QM;2biBQM �HbQ H2�/b iQ TQ`i +QM;2biBQM �M/ +�M +�mb2 mM2tT2+i2/ +Qbib iQ

i?2 TQ`i- p2bb2Hb- i`m+Fb- �M/ Qi?2` T�`iB2bX h?2`27Q`2- i?2 BMi2`�+iBQM #2ir22M v�`/ bT�+2

�HHQ+�iBQM �M/ i`m+F b+?2/mHBM; DQBMiHv �z2+ib i?2 i`�{+ +QM;2biBQM BM i?2 v�`/X

hBK2 Bb �MQi?2` 7�+iQ` ?B;?Hv `2H2p�Mi iQ i?2 v�`/ �HHQ+�iBQM T`Q#H2KX 6B`bi- p2bb2Hb

7`QK i?2 b�K2 b?BT HBM2` mbm�HHv pBbBi i?2 TQ`i rBi?BM � }t2/ T2`BQ/- �M/ i?2 T2`BQ/b

Q7 /Bz2`2Mi b?BT HBM2`b �`2 Q7i2M /Bz2`2Mi Uw?2M 2i �HX- kyReVX .Bz2`2Mi biQ`�;2 bT�+2b

M22/ iQ #2 �HHQ+�i2/ iQ /Bz2`2Mi p2bb2HbX 1p2M 7Q` p2bb2Hb 7`QK i?2 b�K2 b?BT HBM2`- i?2

�+im�H MmK#2` Q7 HQ�/2/ +QMi�BM2`b �``BpBM; �i i?2 TQ`i K�v #2 /Bz2`2Mi BM 2�+? T2`BQ/X

h?2`27Q`2- r2 M22/ iQ �bbB;M /Bz2`2Mi v�`/ bT�+2b 7Q` i?2KX "2+�mb2 Q7 i?2 KmHiB@T2`BQ/B+

T`QT2`iB2b Q7 p2bb2Hb �`BbBM; BM i?2 iBK2 /BK2MbBQM- v�`/ �HHQ+�iBQM #2+QK2b KQ`2 +QKTH2tX

a2+QM/- +QMbB/2`BM; i?2 �+im�H �``Bp�H Q7 i?2 +QMi�BM2`b- r2 Q7i2M M22/ iQ `2bQHp2 +?�M;2b BM

biQ`�;2 bT�+2b �HHQ+�iBQM �7i2` +QMi�BM2`b �``Bp2X �++Q`/BM; iQ i?2 +QMbB;MK2Mi bi`�i2;v-

+QMi�BM2`b b?BTT2/ iQ i?2 b�K2 /2biBM�iBQM �`2 biQ`2/ BM i?2 +QMiBMmQmb v�`/ biQ`�;2

bT�+2X *QMi�BM2`b iQ /Bz2`2Mi /2biBM�iBQMb +�MMQi b?�`2 i?2 b�K2 biQ`�;2 bT�+2X AM

T`�+iB+2- 2�+? #�i+? Q7 +QMi�BM2`b /2biBM2/ 7Q` i?2 b�K2 /2biBM�iBQM +QK2b 7`QK b2p2`�H

bQm`+2b- �M/ 2�+? +QMi�BM2` 7`QK 2�+? bQm`+2 �``Bp2b �i �M BM/2T2M/2Mi iBK2X h?2`27Q`2-

7Q` � #�i+? Q7 +QMi�BM2`b b?BTT2/ iQ i?2 b�K2 /2biBM�iBQM- i?2 biQ`�;2 bT�+2b `2[mB`2/

�i /Bz2`2Mi iBK2b �`2 /Bz2`2MiX JQ`2Qp2`- i?2 biQ`�;2 bT�+2 Q7 i?2b2 +QMi�BM2`b `2K�BMb

MQM@/2+`2�bBM; Qp2` iBK2 #27Q`2 i?2v �`2 KQp2/ �r�v U*?2M 2i �HX- kyykVX *QMbB/2`BM;

i?2 �#Qp2 irQ `2�bQMb- r2 +�M b�v i?�i i?2 v�`/ �HHQ+�iBQM T`Q#H2K Bb +HQb2Hv `2H�i2/ iQ

iBK2X

hQ bmK mT- `B;?i �HHQ+�iBQM Q7 v�`/ bT�+2 ?2HTb BKT`Qp2 i?2 2{+B2M+v Q7 i?2 TQ`iX AM

Q`/2` iQ bQHp2 i?2 v�`/ �HHQ+�iBQM T`Q#H2K- r2 M22/ iQ +QMbB/2` i?2 b+?2/mHBM; Q7 i`m+Fb

�M/ i?2 iBK2 /BK2MbBQMX "�b2/ QM i?2 irQ 7�+iQ`b- i?Bb i?2bBb T`QTQb2b � r�v iQ QTiBKBx2

biQ`�;2 bT�+2 �HHQ+�iBQM BM i?2 v�`/X

9



RXk _2b2�`+? hQTB+b �M/ P#D2+iBp2b

h?2 T`BK�`v `2b2�`+? 7`�K2rQ`F Q7 i?Bb i?2bBb Bb /2TB+i2/ BM 6B;m`2 RXkX 6B`bi- irQ

`2b2�`+? T`Q#H2Kb �`2 2ti`�+i2/ �M/ �`iB+mH�i2/ Qmi Q7 i?2 T`�+iB+�H v�`/ T`Q#H2Kb �M/

i?2 `2H2p�Mi HBi2`�im`2X h?2M- r2 BMp2biB;�i2 i?2 irQ T`Q#H2Kb 7Q` TH�MMBM; 7Q` �HHQ+�iBQMb

�i i?2 v�`/- b?B7iBM; 7`QK H�`;2 iQ bK�HH mMBib �M/ 7`QK i?2 }t2/ bm##HQ+F iQ i?2 ~2tB#H2

`2+i�M;H2X AM i?2 }`bi iQTB+- r2 i�F2 i?2 r?QH2 v�`/ �b i?2 TH�MMBM; bT�+2X q2 �bbB;M

bm##HQ+Fb iQ p2bb2Hb rBi? KmHiBTH2 T2`BQ/bX q2 i`v iQ �pQB/ i`�{+ +QM;2biBQM #v /2+BbBQMb

QM bm##HQ+F HQ+�iBQMb �M/ ?�M/HBM; iBK2X h?2M r2 i�F2 QM2 #HQ+F �b i?2 TH�MMBM; bT�+2X

lMHBF2 i?2 }t2/ bm##HQ+F mMBi BM i?2 }`bi iQTB+- r2 �/QTi � ~2tB#H2 `2+i�M;mH�` biQ`�;2

bT�+2 �b i?2 #�bB+ bT�+2 �HHQ+�iBQM mMBiX 6Q` 2�+? `2b2�`+? iQTB+- i?Bb i?2bBb +QMbB/2`b

i?2 BM~m2M+2 Q7 iBK2 QM bT�+2 �HHQ+�iBQMX h?2 `2H�iBQMb?BT #2ir22M i?2 irQ iQTB+b �`2

/BbTH�v2/ BM 6B;m`2 RXjX h?2 /2i�BHb Q7 i?2 irQ iQTB+b �`2 �b 7QHHQrbX

URV AM i?2 }`bi iQTB+- r2 i�F2 i?2 r?QH2 v�`/ �b i?2 TH�MMBM; bT�+2X h?2 T`BK�`v

bT�+2 �HHQ+�iBQM mMBi Bb � }t2/ bm##HQ+FX q2 bim/v i?2 bm##HQ+F �HHQ+�iBQM T`Q#H2K

7Q` i`�Mbb?BTK2Mi p2bb2HbX 1�+? p2bb2H ?�b KmHiBTH2 2[m�H T2`BQ/b- �M/ /Bz2`2Mi p2bb2Hb

pBbBi i?2 TQ`i BM /Bz2`2Mi T2`BQ/bX *QMi�BM2`b �`2 i`�Mb72``2/ #2ir22M /Bz2`2Mi p2bb2HbX

.m`BM; i?2 i`�Mbb?BTK2Mi T`Q+2bb- +QMi�BM2`b �`2 i2KTQ`�`BHv biQ`2/ BM b2p2`�H bm##HQ+FbX

aT2+B}+�HHv- i?2 /2+BbBQMb iQ �bbB;M +QMi�BM2`b �`2 #�b2/ QM i?2 HQ+�iBQM �M/ i?2 ?�M/HBM;

iBK2X h?2 �BK Bb iQ `2/m+2 i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb �M/ i?2 iQi�H iBK2 bT2Mi

#v p2bb2Hb 7Q` HQ�/BM; �M/ mMHQ�/BM; /m`BM; � ;Bp2M TH�MMBM; ?Q`BxQMX

UkV AM i?2 b2+QM/ iQTB+- r2 +QMbB/2` i?2 bT�+2 QTiBKBx�iBQM T`Q#H2K BM � #HQ+FX h?2

TH�MMBM; bT�+2 Bb � #HQ+F- �M/ i?2 T`BK�`v bT�+2 �HHQ+�iBQM mMBi Bb i?2 �/Dmbi�#H2 `2+i@

�M;mH�` bT�+2X h?Bb �/Dmbi�#H2 `2+i�M;H2 `2H�t2b i?2 }t2/ #QmM/�`v Q7 i?2 bm##HQ+F �M/

Bb KQ`2 ~2tB#H2 i?�M }t2/ bm##HQ+FX h?Bb K2�Mb H2M;i? �M/ rB/i? Q7 i?2 bT�+2 �`2 �/@

Dmbi�#H2 �++Q`/BM; iQ i?2 �+im�H MmK#2` Q7 +QMi�BM2`bX qBi? i?2 �``Bp�H Q7 +QMi�BM2`b-

biQ`�;2 bT�+2 7Q` i?2 +QMi�BM2`b F22Tb BM+`2�bBM;X h?mb- i?2 ~2tB#H2 biQ`�;2 bT�+2 p�`B2b

rBi? iBK2- r?B+? +QKTH2i2b i?2 T`Q#H2KX hQ BKT`Qp2 i?2 bT�+2 miBHBx�iBQM Q7 � bBM;H2

bm##HQ+F- r2 #mBH/ � K�i?2K�iB+�H KQ/2H �M/ /2bB;M 2{+B2Mi �H;Q`Bi?Kb iQ ?�M/H2 i?Bb
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T`Q#H2KX

h?2 7QHHQrBM; �`2 i?2 /B{+mHiB2b �//`2bb2/ r?2M }M/BM; bQHmiBQMb,

URV *QMbi`m+iBQM Q7 i?2 /2+BbBQMb �M/ +QMbi`�BMib Q7 �pQB/BM; i`�{+ +QM;2biBQM BM i?2

v�`/X AM i?2 }`bi iQTB+- r2 �BK iQ KBMBKBx2 i?2 i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb �M/ i?2

im`M�`QmM/ iBK2 Q7 i?2 p2bb2HbX h?2b2 irQ Q#D2+iBp2b �`2 `2H2p�Mi iQ v�`/ +QM;2biBQMX �

b?Q`i2` `Qmi2 H2M;i? BM/B+�i2b � KQ`2 +QM+2Mi`�i2/ bm##HQ+F �bbB;MK2Mi M2�` i?2 #2`i?

bB/2X am+? �M �bbB;MK2Mi Bb KQ`2 HBF2Hv iQ +�mb2 +QM;2biBQM BM i?2 HQ+�H v�`/ �`2�X *QM@

p2`b2Hv- i`�{+ +QM;2biBQM +�M T`QHQM; p2bb2HbǶ ?�M/HBM; iBK2X h?2`27Q`2- Bi Bb +?�HH2M;BM;

iQ +QMbi`m+i T`QT2` /2+BbBQMb iQ �pQB/ v�`/ +QM;2biBQM r?BH2 �+?B2pBM; i?2 irQ Q#D2+iBp2b

Q7 i?Bb iQTB+X

UkV *QMbi`m+iBQM Q7 i?2 ~2tB#H2 `2+i�M;mH�` biQ`�;2 bT�+2 �M/ i?2 +Q``2bTQM/BM; bQHm@

iBQM K2i?Q/ /2bB;MX q2 �/QTi i?2 ~2tB#H2 `2+i�M;mH�` biQ`�;2 bT�+2 rBi? p�`B�#H2 H2M;i?

�M/ rB/i? �b i?2 T`BK�`v bT�+2 �HHQ+�iBQM mMBi BM i?2 b2+QM/ iQTB+X *QKT�`2/ rBi?

i?2 }t2/ bm##HQ+F mb2/ BM i?2 }`bi iQTB+- i?2 `2+i�M;mH�` biQ`�;2 bT�+2 Bb KQ`2 ~2tB#H2X

>Qr2p2`- bm+? ~2tB#BHBiv 2MH�`;2b i?2 b+�H2 Q7 i?2 T`Q#H2K- K�FBM; Bi /B{+mHi iQ bQHp2X

h?2`27Q`2- Bi Bb +?�HH2M;BM; iQ /2}M2 i?2 ~2tB#H2 biQ`�;2 bT�+2 �M/ /2bB;M �M 2{+B2Mi

�H;Q`Bi?K iQ bQHp2 Bi 2{+B2MiHvX

RXj GBi2`�im`2 _2pB2r

h?Bb b2+iBQM bmKK�`Bx2b i?2 `2H2p�Mi HBi2`�im`2 QM i?2 +QMi�BM2` �HHQ+�iBQM T`Q#H2K

�i � b2�TQ`i v�`/X h?Bb b2+iBQM BM+Hm/2b i?`22 bm#b2+iBQMb, am#b2+iBQM RXjXR bmKK�`Bx2b

i?2 `2H�i2/ `2b2�`+? QM �HHQ+�iBM; �HH +QMi�BM2` biQ`�;2 bT�+2 BM i?2 r?QH2 v�`/X am#b2+@

iBQM RXjXk bmKK�`Bx2b i?2 `2H�i2/ `2b2�`+? QM i?2 �HHQ+�iBQM Q7 +QMi�BM2` biQ`�;2 bT�+2 BM

� bBM;H2 #HQ+F Q7 i?2 v�`/X 6BM�HHv- am#b2+iBQM RXjXj bmKK�`Bx2b i?2 `2b2�`+? QM i?2 v�`/

7�+BHBiv b+?2/mHBM; T`Q#H2Kb `2H�i2/ iQ +QMi�BM2` �HHQ+�iBQMX

d



RXjXR aiQ`�;2 bT�+2 �HHQ+�iBQM BM i?2 r?QH2 v�`/

h?2 biQ`�;2 bT�+2 �HHQ+�iBQM T`Q#H2K mbm�HHv +QMbB/2`b irQ bT�iB�H `�M;2b, i?2 v�`/

�M/ � bBM;H2 #HQ+FX h?Bb b2+iBQM `2pB2rb 2ti�Mi `2b2�`+? +Qp2`BM; i?2 v�`/X h?2 `2H�i2/

`2b2�`+? ?�b �/QTi2/ /Bz2`2Mi biQ`�;2 bT�+2b �b i?2 T`BK�`v bT�+2 �HHQ+�iBQM mMBib- BM@

+Hm/BM; bm##HQ+F- #�v +Hmbi2`- �M/ ~2tB#H2 bm##HQ+FX

am##HQ+F Bb i?2 KQbi TQTmH�` bT�+2 �HHQ+�iBQM mMBi U>�M 2i �HX- kyy3V BM 2tBbiBM;

bim/B2bX "v 2[m�HHv /BpB/BM; �M 2MiB`2 #HQ+F BMiQ b2p2`�H }t2/ bBx2 biQ`�;2 mMBib- r2 ;2i

i?2 bm##HQ+FX � bm##HQ+F +QMi�BMb b2p2`�H �/D�+2Mi #�vbX >�M 2i �HX Ukyy3V bim/B2/ bT�+2

�HHQ+�iBQM 7Q` i`�Mbb?BTK2Mi +QMi�BM2`b rBi? i?2 bm##HQ+F �b i?2 #�bB+ mMBiX hQ #�H�M+2 i?2

i`�{+ ~Qrb BM i?2 v�`/- i?2v /2i2`KBM2/ i?2 rQ`FHQ�/ �HHQ+�i2/ iQ 2�+? bm##HQ+FX w?2M

2i �HX UkyRRV bim/B2/ i?2 DQBMi �HHQ+�iBQM Q7 v�`/ �M/ #2`i? rBi? i?2 bm##HQ+F �b i?2 #�bB+

mMBiX q�M; 2i �HX UkyR3V bim/B2/ i?2 BMi2;`�i2/ QTiBKBx�iBQM KQ/2H Q7 #2`i? �HHQ+�iBQM-

[m�v +`�M2 b+?2/mHBM;- �M/ v�`/ biQ`�;2 bT�+2 �HHQ+�iBQMX h?2v T`QTQb2/ � ?2m`BbiB+

�H;Q`Bi?K #�b2/ QM +QHmKM ;2M2`�iBQM iQ bQHp2 i?2 T`Q#H2KX aBM+2 � bm##HQ+F `2T`2b2Mib

� +QMiBMmQmb �M/ }t2/ biQ`�;2 �`2�- Bi r�b ivTB+�HHv +QK#BM2/ rBi? i?2 +QMbB;MK2Mi

bi`�i2;v U*�`HQ 2i �HX- kyR9c >2 2i �HX- kykyc CB�M; 2i �HX- kyR9- kyRk#c um 2i �HX- kyRdVX

�++Q`/BM; iQ i?2 +QMbB;MK2Mi bi`�i2;v- +QMi�BM2`b K2�Mi 7Q` i?2 b�K2 /2biBM�iBQM �`2

biQ`2/ BM +QMiBMmQmb biQ`�;2 bT�+2X

AM `2+2Mi v2�`b- `2b2�`+?2`b ?�p2 T�B/ �ii2MiBQM iQ i?2 BKT`Qp2K2Mi Q7 v�`/ 2{+B2M+vX

h?2b2 bim/B2b BM+Hm/2 /2bB;MBM; KQ`2 2{+B2Mi bT�+2 �HHQ+�iBQM mMBib �M/ #�H�M+BM; i?2

rQ`FHQ�/ Q7 KmHiBTH2 7�+BHBiB2b BM i?2 v�`/X

URV 6H2tB#H2 v�`/ bT�+2 �HHQ+�iBQM mMBib, S�`F 2i �HX UkyRRV /2bB;M2/ � /vM�KB+ �/@

DmbiK2Mi �H;Q`Bi?K #�b2/ QM �M QMHBM2 +QMi�BM2` bi�+FBM; bi`�i2;vX *QKTmi�iBQM�H 2t@

T2`BK2Mib ?�p2 b?QrM i?�i `2�H@iBK2 KQMBiQ`BM; �M/ �/DmbiBM; i?2 biQ`�;2 bT�+2 ?�b �

MQiB+2�#H2 2z2+i QM BKT`QpBM; i?2 bT�+2 miBHBx�iBQM `�i2 Q7 i?2 v�`/X w?2M 2i �HX UkyRRV

�M/ w?2M UkyR9V bim/B2/ i?2 Qp2`�HH biQ`�;2 bT�+2 �HHQ+�iBQM Q7 i?2 v�`/ mM/2` mM+2`i�BM

+QM/BiBQMbX h?2v TQBMi2/ Qmi i?�i ~2tB#H2 bm##HQ+Fb +�M #2ii2` �/�Ti iQ i?2 mM+2`i�BMiv

i?�M }t2/ bm##HQ+Fb Q7 i?2 b�K2 bBx2X h?2 `2b2�`+? b?Qr2/ i?�i �Hi?Qm;? i?2 bBx2@}t2/
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bm##HQ+F +QmH/ K�F2 Bi 2�bB2` iQ bQHp2 i?2 T`Q#H2K- Bi Bb �HbQ M2+2bb�`v iQ /2bB;M KQ`2

~2tB#H2 biQ`�;2 mMBib iQ BKT`Qp2 bT�+2 2{+B2M+v 7m`i?2`X

6H2tB#H2 bm##HQ+F �b T`BK�`v biQ`�;2 mMBi, CB�M; 2i �HX UkyRk�V +QMbB/2`2/ � bT�+2

�HHQ+�iBQM bi`�i2;v BM r?B+? +QMi�BM2`b 7`QK irQ biQ`�;2 `2[mB`2K2Mib b?�`2 i?2 bT�+2 BM

i?2 QM2 bm##HQ+FX h?2B` MmK2`B+�H 2tT2`BK2Mib b?Qr2/ i?�i i?2 b?�`2/ bm##HQ+F bi`�i2;v

+QmH/ �++QKKQ/�i2 KQ`2 +QMi�BM2`b i?�M i?2 }t2/ bm##HQ+F bi`�i2;vX CB�M; 2i �HX UkyRk#V

T`QTQb2/ � M2r bm##HQ+F b?�`BM; bi`�i2;v �M/ /2bB;M2/ �M �H;Q`Bi?K iQ /2i2`KBM2 i?2

b?�`2/ biQ`�;2 bT�+2X h?2 2tT2`BK2Mi�H `2bmHib b?Qr2/ i?�i i?2 biQ`�;2 2{+B2M+v Q7

i?2 �/D�+2Mi bm##HQ+F +QmH/ #2 BKT`Qp2/ +QKT�`2/ rBi? i?2 }t2/ bm##HQ+FX h�M �M/ >2

UkyReV bim/B2/ i?2 bT�+2 �HHQ+�iBQM mM/2` i?2 b?�`2/ bm##HQ+F bi`�i2;v �M/ i?2 v�`/ +`�M2

b+?2/mHBM; T`Q#H2K mM/2` i?2 b?�`2/ v�`/ +`�M2 bi`�i2;vX h?2v 7QmM/ � #�H�M+2 #2ir22M

i?2 v�`/ bT�+2 miBHBx�iBQM �M/ i?2 +Qbi Q7 QT2`�iBM; i?2 v�`/ +`�M2bX h?2 MmK2`B+�H

2tT2`BK2Mib Q7 S2i2`BM; 2i �HX UkyReV b?Qr2/ i?�i i?2 v�`/ 2{+B2M+v Q7 i?2 bm##HQ+F �b

i?2 T`BK�`v biQ`�;2 mMBi r�b MQi ?B;?X h�M 2i �HX UkyRdV 7m`i?2` bim/B2/ i?2 /2+BbBQM@

K�FBM; T`Q#H2K Q7 ~2tB#H2 bm##HQ+F #�b2/ QM i?2 �#Qp2 `2b2�`+?X AM i?2B` bim/v- � ~2tB#H2

bm##HQ+F `2T`2b2Mi2/ � +QMiBMmQmb biQ`�;2 �`2� +QKTQb2/ Q7 QM2 Q` KQ`2 #�vbX "2+�mb2

i?2 bBx2 Q7 2�+? bm##HQ+F BM i?2 b�K2 #HQ+F r�b /Bz2`2Mi- i?2v �HbQ /2i2`KBM2/ i?2 MmK#2`

Q7 v�`/ +`�M2b b2`pBM; /Bz2`2Mi bm##HQ+Fb iQ 2Mbm`2 QT2`�iBQM�H 2{+B2M+vX >2 �M/ h�M

UkyR3V bim/B2/ i?2 �HHQ+�iBQM T`Q#H2K Q7 i?2 ~2tB#H2 bm##HQ+F Q7 i?2 v�`/ r?2M i?2 MmK#2`

Q7 +QMi�BM2`b iQ #2 biQ`2/ r�b mM+2`i�BMX

"�v +Hmbi2` �b T`BK�`v biQ`�;2 mMBi, L; 2i �HX UkyRyV bim/B2/ i?2 HQ+�iBQM �M/ MmK#2`

Q7 #�v +Hmbi2`b �HHQ+�i2/ iQ /Bz2`2Mi p2bb2Hb- FMQrBM; i?�i p2bb2Hb pBbBi TQ`ib T2`BQ/B+�HHvX

h?2v #�H�M+2/ i?2 rQ`FHQ�/ Q7 i?2 v�`/ �i /Bz2`2Mi iBK2b #v /2+B/BM; i?2 p�`B�#H2 bm#@

#HQ+FbX h�Q �M/ G22 UkyR8V bim/B2/ i?2 v�`/ �HHQ+�iBQM T`Q#H2K Q7 i`�Mbb?BTK2Mi p2bb2HbX

h?2v iQQF �/D�+2Mi Q` Qi?2`rBb2 #�vb BM i?2 b�K2 #HQ+F �b � #�v +Hmbi2`X 1�+? #�v

+Hmbi2` /2i2`KBM2/ i?2 bT2+B}+ �HHQ+�iBQM Q7 /Bz2`2Mi +QMi�BM2`b BM /Bz2`2Mi v�`/ #HQ+FbX

h?2v #mBHi � JAS KQ/2H �M/ T`QTQb2/ � i?`22@bi�;2 ?2m`BbiB+ �H;Q`Bi?K iQ bQHp2 i?2 T`Q#@

H2KX >m 2i �HX UkyRNV bim/B2/ i?2 +QMi�BM2` biQ`�;2 bT�+2 �HHQ+�iBQM �M/ i`m+F b+?2/mHBM;

T`Q#H2K �i i?2 QT2`�iBQM�H H2p2H rBi? i?2 #�v +Hmbi2` �b i?2 T`BK�`v biQ`�;2 mMBiX h?2v
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KBMBKBx2/ i?2 i`�p2HBM; /Bbi�M+2 Q7 i?2 i`m+Fb �M/ i?2 iBK2 `2[mB`2/ 7Q` b2`pBM; �HH +QM@

i�BM2`bX

AM bmKK�`v- bBx2@}t2/ biQ`�;2 �HHQ+�iBQM mMBib- bm+? �b bm##HQ+F- #�v +Hmbi2`- Q` +QK@

#BM�iBQM Q7 }t2/ biQ`�;2 bT�+2b- +�M `2/m+2 i?2 /B{+mHiv Q7 bQHpBM; i?2 biQ`�;2 bT�+2 �H@

HQ+�iBQM T`Q#H2K r?BH2 �pQB/BM; `2b?m|BM;X >Qr2p2`- }t2/ #�bB+ biQ`�;2 mMBib BM2pBi�#Hv

`2bmHi BM r�bi2 Q7 biQ`�;2 bT�+2 BM i?2 v�`/ �M/ +Qbib +�mb2/ #v b+?2/mHBM; Q7 `2H�i2/

7�+BHBiB2bX h?2`27Q`2- #v mbBM; i?2 ~2tB#H2 biQ`�;2 bT�+2 �b i?2 T`BK�`v biQ`�;2 bT�+2 mMBi-

r2 +�M BKT`Qp2 i?2 v�`/ bT�+2 miBHBx�iBQM �M/ `2/m+2 i?2 +Qbi Q7 QT2`�iBQMb BM i?2 v�`/X

UkV qQ`FHQ�/ #�H�M+2 Q7 KmHiBTH2 7�+BHBiB2b BM i?2 v�`/X L; 2i �HX UkyRyV bim/B2/ i?2

HQ+�iBQMb �M/ MmK#2` Q7 #�v +Hmbi2`b �HHQ+�i2/ iQ p2bb2Hb r?BH2 +QMbB/2`BM; p2bb2HbǶ iBK2

T2`BQ/bX h?2v /2i2`KBM2/ i?2 ~2tB#H2 bm##HQ+Fb i?�i +QmH/ ?2HT #�H�M+2 i?2 rQ`FHQ�/ Q7

i?2 v�`/ BM /Bz2`2Mi T2`BQ/bX qQM 2i �HX UkyRRV iQQF i?2 #HQ+F �b i?2 T`BK�`v biQ`�;2 bT�+2

mMBi �M/ +QMbB/2`2/ i?2 #�H�M+2 Q7 i?2 #HQ+F +�T�+Biv- i?2 v�`/ +`�M2 rQ`FHQ�/- �M/ i?2

i`m+F rQ`FHQ�/ BM i?2 T`Q+2bb Q7 +QMi�BM2` bT�+2 �HHQ+�iBQMX "�xx�xB 2i �HX UkyyNVc a?�`B7

�M/ >mvM? UkyRjV bim/B2/ i?2 T`Q#H2K Q7 #�H�M+BM; i?2 HQ�/ #2ir22M /Bz2`2Mi #HQ+Fb pB�

biQ`�;2 bT�+2 �HHQ+�iBQM BM i?2 v�`/X GB �M/ uBT UkyRjV BMp2biB;�i2/ i?2 2z2+ib Q7 /Bz2`2Mi

biQ`�;2 bi`�i2;B2b QM i?2 v�`/Ƕb Qp2`�HH rQ`FHQ�/ #�H�M+2 �M/ +QMi�BM2` ?�M/HBM; ~m2M+v

#�b2/ QM 2tTQ`i +QMi�BM2`bX h?2v Tmi 7Q`r�`/ � irQ@bi�;2 �H;Q`Bi?K �M/ i?2 MmK2`B+�H

2tT2`BK2Mib b?Qr2/ i?�i i?2 +`Qbb@#HQ+F �HHQ+�iBQM bi`�i2;v +QmH/ BKT`Qp2 v�`/ 2{+B2M+vX

um �M/ ZB UkyRjV bim/B2/ irQ biQ`�;2 bi`�i2;B2b 7Q` BKTQ`i +QMi�BM2`b �i �M �miQK�i2/

TQ`iX LmK2`B+�H 2tT2`BK2Mib b?Qr2/ i?�i i?2 bi`�i2;v Q7 `2b2`pBM; biQ`�;2 bT�+2 `2bmHib

BM � ?B;?2` r�BiBM; iBK2 i?�M `2b?m|BM;X J�`iBM �H+�H/2 2i �HX UkyR8V 7Q`2+�bi2/ i?2

+QMi�BM2` biQ`�;2 +�T�+Biv Q7 i?2 v�`/ BM � T2`BQ/X "2bB/2b- i?2v Tmi 7Q`r�`/ i?2 #2bi

bT�+2 miBHBx�iBQM Q7 i?2 v�`/ rBi? i?2 T`2/B+iBQM Q7 i`�{+ +QM;2biBQM- r?B+? H�B/ i?2

;`QmM/rQ`F 7Q` i?2 bm#b2[m2Mi bT�+2 �HHQ+�iBQM Q7 i?2 v�`/X w?2M UkyReV bim/B2/ i?2

DQBMi bT�+2 �HHQ+�iBQM Q7 �HH #HQ+Fb rBi? bm##HQ+F �b i?2 T`BK�`v biQ`�;2 mMBi +QMbB/2`BM;

i`�{+ +QM;2biBQMX GBm 2i �HX UkyReV bim/B2/ � KmHiB@Q#D2+iBp2 T`Q#H2K Q7 bT�+2 �HHQ+�iBQM

7Q` 2tTQ`i +QMi�BM2`b mM/2` mM+2`i�BMivX am##HQ+F r�b i?2 #�bB+ biQ`�;2 �HHQ+�iBQM mMBi BM

i?Bb bim/vX h?2v KBMBKBx2/ i?2 QT2`�iBM; +Qbi Q7 i?2 v�`/ r?BH2 K�tBKBxBM; i?2 bvbi2KǶb
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`Q#mbiM2bbX � irQ@bi�;2 ?2m`BbiB+ �TT`Q�+? r�b /2bB;M2/ iQ bQHp2 i?2 T`Q#H2KX

PTiBKBx�iBQM Q7 #2`i?@bB/2 T`Q#H2Kb Bb +HQb2Hv `2H�i2/ iQ i?2 /2+BbBQMb Q7 i?2 v�`/@bB/2

QTiBKBx�iBQM T`Q#H2KbX "2bB/2b- i?2 v�`/ Bb � +`BiB+�H `2bQm`+2 `2H2p�Mi iQ Qi?2` `2bQm`+2b

�i � TQ`iX h?2`27Q`2- i?2 v�`/ bT�+2 �HHQ+�iBQM Bb mbm�HHv QTiBKBx2/ rBi? i?2 b+?2/mHBM; Q7

Qi?2` `2bQm`+2bX _Q#2M2F 2i �HX UkyR9V /2bB;M2/ � #`�M+? �M/ T`B+2 �H;Q`Bi?K iQ bQHp2 i?2

DQBMi QTiBKBx�iBQM T`Q#H2K Q7 v�`/ bT�+2b �M/ #2`i? HQ+�iBQMbX CBM 2i �HX UkyR8V bim/B2/

i?2 BMi2;`�i2/ QTiBKBx�iBQM T`Q#H2K Q7 #2`i? �HHQ+�iBQM �M/ v�`/ bm##HQ+F �HHQ+�iBQM �M/

/2bB;M2/ � ?2m`BbiB+ �H;Q`Bi?K #�b2/ QM +QHmKM ;2M2`�iBQM iQ bQHp2 i?2 T`Q#H2KX GmQ

2i �HX UkyReV bim/B2/ i?2 QTiBKBx�iBQM Q7 biQ`�;2 bT�+2 �HHQ+�iBQM �M/ �:o b+?2/mHBM;

�i �M �miQK�i2/ TQ`iX GBm UkykyV bim/B2/ i?2 KmHiB@Q#D2+iBp2 QTiBKBx�iBQM T`Q#H2K Q7

#HQ+F �HHQ+�iBQM �M/ #2`i? �HHQ+�iBQM BM i?2 v�`/X h?2v KBMBKBx2/ i?2 /2pB�iBQM #2ir22M

p2bb2HbǶ �+im�H ?�M/HBM; iBK2 �M/ i?2 2tT2+i2/ ?�M/HBM; iBK2- �M/ i?2 iQi�H i`�MbTQ`i�iBQM

/Bbi�M+2 Q7 �HH +QMi�BM2`bX J� 2i �HX UkyRdV bim/B2/ #2`i? �M/ v�`/ �HHQ+�iBQM rBi? � KmHiB@

b2;K2Mi B``2;mH�` #2`i?X CB�M; �M/ CBM UkyRdV bim/B2/ bT�+2 �HHQ+�iBQM 7Q` i`�Mbb?BTK2Mi

+QMi�BM2`b �M/ i?2 b+?2/mHBM; Q7 v�`/ +`�M2 b2`pBM; /Bz2`2Mi bm##HQ+FbX h?2v /2bB;M2/ �

#`�M+? �M/ T`B+2 �H;Q`Bi?K iQ bQHp2 i?2 T`Q#H2KX w?Qm 2i �HX UkyR3V bim/B2/ biQ`�;2 bT�+2

�HHQ+�iBQM BM � M2r ?v#`B/ ;`B/ bi`m+im`2X

RXjXk aiQ`�;2 bT�+2 �HHQ+�iBQM BM QM2 #HQ+F

�7i2` /2i2`KBMBM; i?2 Q`B;BM�H bQm`+2b Q7 +QMi�BM2`b TH�+2/ BM 2�+? #HQ+F- i?2 QTiB@

KBx�iBQM T`Q#H2K BM i?2 #HQ+F Bb iQ /2i2`KBM2 i?2 bT2+B}+ HQ+�iBQM Q7 i?2 +QMi�BM2`b BM

i?2 #HQ+FX

Ai Bb rQ`i? K2MiBQMBM; i?�i i?2 j.u�Sh �//`2bb2/ BM i?Bb i?2bBb ?�b bQK2 bBKBH�`BiB2b

rBi? i?2 r2HH@FMQrM #BM T�+FBM; T`Q#H2K- i?Qm;? i?2`2 �`2 Q#pBQmb /Bz2`2M+2bX h?2 i?`22@

/BK2MbBQM�H #BM T�+FBM; T`Q#H2K Uj."SSV UJ�`i2HHQ 2i �HX- kyyyc aBHp� 2i �HX- kyRNV +�M

#2 `2;�`/2/ �b � bT2+B�H +�b2 Q7 i?2 j.u�Sh- r?2`2 i?2 b?�T2 Q7 i?2 �`2� 7Q` b�iBb7vBM;

i?2 bT�+2 `2[mB`2K2Mib Bb ;Bp2M- �M/ i?2 `2[mB`2K2Mi Q7 MQM@/2+`2�b2 Q7 bT�+2 Qp2` iBK2 Bb

`2H�t2/X q?BH2 i?2 j.u�Sh /2�Hb rBi? +QMi�BM2` �HHQ+�iBQM #�b2/ QM �/Dmbi�#H2 biQ`�;2
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bT�+2 b?�T2b UBi2KbV- BM � ;2M2`�H j. T�+FBM;- iQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?2 b?�T2b

Q7 i?2 Bi2Kb �`2 MQi �/Dmbi�#H2X PM i?2 Qi?2` ?�M/- #Qi? i?2 j."SS �M/ j.u�Sh ?�p2

i?2 Q#D2+iBp2 Q7 }M/BM; � +QKT�+i H�vQmi Q7 Bi2KbX h?2 B/2�b 7Q` bQHpBM; i?2 j."SS +�M

#2 mb2/ 7Q` bQHpBM; i?2 j.u�Sh iQQ- bm+? �b i?2 2ti`2K2 TQBMi K2i?Q/ Uqm 2i �HX- kyRyV

�M/ i?2 bFvHBM2 K2i?Q/ Uq2B 2i �HX- kyRRVX >Qr2p2`- #2+�mb2 j.u�Sh BM+Q`TQ`�i2b �

iBK2 /BK2MbBQM i?�i K�F2b i?2 Bi2K b?�T2b B``2;mH�` �M/ �/Dmbi�#H2- i?Bb bT2+B�H T`QT2`iv

K�F2b Bi BKTQbbB#H2 iQ �TTHv K2i?Q/b mb2/ BM j."SS /B`2+iHv iQ j.u�ShX h?2`27Q`2- Bi

Bb M2+2bb�`v iQ /2bB;M � M2r bQHmiBQM �TT`Q�+? iQ +QT2 rBi? i?Bb bT2+B�H T`QT2`iv Q7 i?2

j.u�ShX h?2 irQ@/BK2MbBQM�H #BM T�+FBM; T`Q#H2K Uk."SSV Bb �MQi?2` bT2+B�H +�b2 rBi?

QM2 /BK2MbBQM MQi +QMbB/2`2/X J�Mv �H;Q`Bi?Kb ?�p2 #22M /2bB;M2/ 7Q` i?2 k."SS- #mi

i?2v +�MMQi #2 /B`2+iHv �TTHB2/ iQ bQHp2 i?2 j.u�Sh- K�BMHv /m2 iQ i?2 +?�M;2�#H2 �M/

MQM@/2+`2�bBM; bT�+2 `2[mB`2K2MiX JQ`2Qp2`- � ;2M2`�HBx2/ +�b2 Q7 k."SS Bb +�HH2/ i?2

S�+FBM; �/Dmbi�#H2 _2+i�M;H2 US�_V T`Q#H2K Q` S�+FBM; S`Q#H2Kb rBi? aQ7i _2+i�M;H2b

US_a_V- BM r?B+? i?2 H2M;i? �M/ rB/i? Q7 2�+? `2+i�M;H2 +�M #2 +?�M;2/ #�b2/ QM +2`i�BM

`2b?�TBM; `mH2b UA#�`�FB �M/ L�F�Km`�- kyyec CB �M/ C2M;- RNNyVX �M 2t�+i �H;Q`Bi?K �M/

� ?v#`B/ Q7 HQ+�H b2�`+? �M/ K�i?2K�iB+�H T`Q;`�KKBM; K2i?Q/b ?�p2 #22M /2p2HQT2/

QMHv 7Q` bK�HH k. BMbi�M+2bX q2 }M/ Bi ?�`/ iQ �/�Ti i?2K iQ i?2 j. +�b2- 2bT2+B�HHv iQ

� ivTB+�H j.u�Sh BMbi�M+2 +QMi�BMBM; ?mM/`2/b Q` i?Qmb�M/b Q7 +QMi�BM2`bX

*?2M 2i �HX UkyykV bim/B2/ � v�`/ �HHQ+�iBQM T`Q#H2K rBi? iBK2 +QMbi`�BMib Uk.u�ShV

i?�i KBMBKBx2b i?2 miBHBx2/ v�`/ H2M;i?X 1�+? `2[m2bi BM i?2 k.u�Sh +QMi�BMb irQ

/BK2MbBQMb- H2M;i? �M/ iBK2X aBKBH�` iQ i?2 j.u�Sh- k.u�Sh �HbQ `2[mB`2b i?2 v�`/

H2M;i? MQi iQ /2+`2�b2 rBi? iBK2 �M/ i?2`2 b?QmH/ #2 MQ Qp2`H�T BM v�`/ H2M;i? Q7 /Bz2`2Mi

`2[m2bibX a2p2`�H K2i�?2m`BbiB+b- bm+? �b bBKmH�i2/ �MM2�HBM; Ua�V- i�#m b2�`+? UhaV-

b[m2�Fv r?22H QTiBKBx�iBQM UaqPV �M/ ;2M2iB+ �H;Q`Bi?K U:�V- �`2 T`QpB/2/ iQ Q#i�BM

� M2�`@QTiBK�H bQHmiBQMX GBK �M/ sm UkyyeV BKT`Qp2/ i?2 bQHmiBQMb Q7 i?2 k.u�Sh #v

/2bB;MBM; �M 2z2+iBp2 +`BiB+�H b?�FBM; M2B;?#Q`?QQ/ b2�`+? U*aLaV �H;Q`Bi?K i?�i TB+Fb

�M/ +?�M;2b i?2 Q`/2` Q7 � +`BiB+�H `2[m2bi BM i?2 b2[m2M+2X 6m 2i �HX UkyydV 2ti2M/2/ i?2

k.u�Sh iQ i?2 j.u�Sh- r?B+? +QMbB/2`b #Qi? i?2 H2M;i? �M/ i?2 rB/i? Q7 i?2 v�`/ �b

r2HH �b � iBK2 /BK2MbBQMX h?2v �`;m2/ i?�i +QMbB/2`BM; b[m�`2@b?�T2/ biQ`�;2 bT�+2b 7Q`
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+QMi�BM2`b Bb 2z2+iBp2 �M/ � #QiiQK@H27i bi`�i2;v Bb �/QTi2/ iQ �HHQ+�i2 bT�+2b iQ `2[m2bibX

>Qr2p2`- biQ`�;2 bT�+2b ;2M2`�i2/ #v i?2 #QiiQK@H27i bi`�i2;v �`2 MQi �Hr�vb +QKT�+i �b

i?2v Q7i2M H2�/ iQ bT�`b2 mMmb2/ bT�+2 i?�i +�M ?�`/Hv #2 mb2/ 7Q` Qi?2` `2[m2bibX h?2

b[m�`2@b?�T2/ biQ`�;2 bT�+2 Bb �HbQ �M BMimBiBp2 �M/ bBKTHB}2/ �bbmKTiBQM i?�i ?�b �M

Q#pBQmb HBKBi�iBQM QM bT�+2 miBHBx�iBQM BM T`�+iB+2X

RXjXj 6�+BHBiB2b b+?2/mHBM; `2H�i2/ iQ v�`/ biQ`�;2 bT�+2 �HHQ+�@
iBQM

AM i?2 biQ`�;2 bT�+2 �HHQ+�iBQM T`Q#H2K- � K�DQ`Biv Q7 2tBbiBM; HBi2`�im`2 ?�b +QMbB/2`2/

b+?2/mHBM; Q7 v�`/ 7�+BHBiB2bX h?2 v�`/ 7�+BHBiB2b K�BMHv BM+Hm/2 i?2 v�`/ i`m+Fb �M/ i?2

v�`/ +`�M2X L2ti- r2 BMi`Q/m+2 `2b2�`+?2b `2H�i2/ iQ i?2b2 7�+BHBiB2bX

URV a+?2/mHBM; Q7 i`m+Fb, h?2 2tBbiBM; `2b2�`+? ?�b BMp2biB;�i2/ i?2 b+?2/mHBM; T`Q#H2K

Q7 v�`/ i`m+Fb �i i?2 QT2`�iBQM�H H2p2HX �i i?2 QT2`�iBQM�H H2p2H- i?2v �BK2/ iQ KBMBKBx2

i?2 K�F2bT�M Q7 �HH biQ`�;2 `2[m2bibX >Qr2p2`- /m2 iQ i?2 Kmim�H BM~m2M+2 Q7 b+?2/mHBM;

Q7 p�`BQmb v�`/ 7�+BHBiB2b- i?2 b+?2/mHBM; Q7 i?2 v�`/ i`m+Fb r�b Q7i2M QTiBKBx2/ DQBMiHv

rBi? Bib T`2@b2[m2M+2 Q` 7QHHQr@mT 7�+BHBiB2b Q` Bib b2`pB+2 T`QpB/2`X

CQBMi QTiBKBx�iBQM Q7 i`m+Fb miBHBx�iBQM �M/ v�`/ bT�+2, w?�M; 2i �HX UkyyjV bim/B2/

i?2 bT�+2 �HHQ+�iBQM T`Q#H2K Q7 i?2 v�`/ �M/ T`QTQb2/ � irQ@bi�;2 K2i?Q/X AM i?2 }`bi

bi�;2- rQ`FHQ�/b Q7 /Bz2`2Mi #HQ+Fb r2`2 #�H�M+2/X AM i?2 b2+QM/ bi�;2- i?2v /2i2`KBM2/

i?2 MmK#2` Q7 +QMi�BM2`b �HHQ+�i2/ iQ 2�+? #HQ+F 7`QK /Bz2`2Mi p2bb2HbX h?Bb bim/v �BK2/

iQ KBMBKBx2 i?2 iQi�H i`�MbTQ`i�iBQM /Bbi�M+2 Q7 �HH +QMi�BM2`b #2ir22M i?2 p2bb2Hb �M/

i?2 v�`/X *�Q 2i �HX Ukyy3V bim/B2/ +QMi�BM2` bT�+2 �HHQ+�iBQM BM i?2 v�`/ �M/ i`m+F

b+?2/mHBM; �i i?2 QT2`�iBQM�H H2p2HX h?2v KBMBKBx2/ i?2 iQi�H r�BiBM; iBK2 Q7 p2bb2HbX

G22 2i �HX UkyyNV bim/B2/ BMi2;`�i2/ QTiBKBx�iBQM Q7 i?2 v�`/ bT�+2 �M/ v�`/ i`m+Fb 7`QK

i?2 QT2`�iBQM�H H2p2HX h?2v KBMBKBx2/ i?2 iQi�H /2H�v iBK2 Q7 p2bb2Hb �M/ i?2 QT2`�iBM;

iBK2 Q7 i`m+FbX LBm 2i �HX UkyReV bim/B2/ i?2 DQBMi QTiBKBx�iBQM Q7 biQ`�;2 bT�+2 �M/

i`m+FbX h?2v �BK2/ iQ KBMBKBx2 i?2 K�F2bT�M Q7 �HH i�bFb �M/ /2bB;M2/ � T�`iB+H2 br�`K

QTiBKBx�iBQM USaPV �H;Q`Bi?K �M/ � #�+i2`B�H +QHQMv QTiBKBx�iBQM U"*PV �H;Q`Bi?K iQ
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bQHp2 i?2 T`Q#H2KX q�M; 2i �HX UkyRdV bim/B2/ i?2 DQBMi QTiBKBx�iBQM T`Q#H2K Q7 bm##HQ+F

�HHQ+�iBQM �M/ i`m+F �HHQ+�iBQM �M/ /2bB;M2/ i?`22 �H;Q`Bi?Kb #�b2/ QM � i`22@#�b2/ b2�`+?

iQ bQHp2 i?2 T`Q#H2KX >m 2i �HX UkyRNV bim/B2/ i?2 +QMi�BM2` biQ`�;2 bT�+2 �HHQ+�iBQM �M/

i`m+F b+?2/mHBM; T`Q#H2K �i i?2 QT2`�iBQM�H H2p2H rBi? i?2 #�v +Hmbi2` �b i?2 T`BK�`v

biQ`�;2 mMBiX h?2v KBMBKBx2/ i?2 i`�p2HBM; /Bbi�M+2 Q7 i?2 i`m+Fb �M/ KBMBKBx2/ i?2

iBK2 +QMbmK2/ 7Q` b2`pBM; �HH +QMi�BM2`bX w?Qm 2i �HX Ukyky�V bim/B2/ i?2 DQBMi b+?2/mHBM;

T`Q#H2K Q7 v�`/ +`�M2b �M/ i`m+FbǶ biQT@TQBMi TQbBiBQMb BM i?2 #HQ+FX h?2v KBMBKBx2/

i?2 K�F2bT�M Q7 i?2 v�`/ +`�M2b 7Q` b2`pBM; �HH +QMi�BM2`bX h?2v T`QTQb2/ � irQ@bi�;2

?2m`BbiB+ iQ bQHp2 i?2 T`Q#H2KX

CQBMi QTiBKBx�iBQM Q7 i`m+Fb �M/ v�`/ +`�M2b, *�Q 2i �HX UkyRyV bim/B2/ i?2 T`Q#H2K Q7

DQBMi QTiBKBx�iBQM Q7 i`m+Fb �M/ v�`/ +`�M2b �i i?2 QT2`�iBQM�H H2p2HX h?2v KBMBKBx2/ i?2

K�F2bT�M Q7 �HH `2[mB`2K2Mib �M/ mb2/ i?2 "2M/2`bǶ /2+QKTQbBiBQM iQ bQHp2 i?2 T`Q#H2KX

*?2M 2i �HX UkyRjV bim/B2/ i?2 DQBMi QTiBKBx�iBQM Q7 v�`/ +`�M2b �M/ i`m+FbX .Bz2`2Mi

p2bb2Hb +QmH/ miBHBx2 i?2 b�K2 i`m+F iQ `2/m+2 i?2 MQ@HQ�/BM; `Qmi2 /Bbi�M+2 Q7 i?Bb i`m+F

BM i?Bb T`Q#H2KX h?2v /2i2`KBM2/ i?2 i`m+FǶb T�i? iQ b2`p2 /Bz2`2Mi p2bb2Hb �M/ T`QTQb2/

� i?`22@bi�;2 ?2m`BbiB+ �H;Q`Bi?K iQ bQHp2 i?2 T`Q#H2KX

CQBMi QTiBKBx�iBQM Q7 i?2 i`m+Fb �M/ [m�v +`�M2b, h�M; 2i �HX UkyR9V bim/B2/ DQBMi

QTiBKBx�iBQM Q7 i?2 i`m+F T�i? �M/ [m�v +`�M2 7`QK i?2 QT2`�iBQM�H T2`bT2+iBp2X "�b2/

QM i?2 1m`QT2�M v�`/ H�vQmi- E�p2b?;�` �M/ >mvM? UkyR8V bim/B2/ i?2 T`Q#H2K Q7 DQBMi

QTiBKBx�iBQM Q7 i`m+Fb �M/ [m�v +`�M2b �i i?2 QT2`�iBQM�H H2p2H iQ KBMBKBx2 i?2 iBK2

M22/2/ 7Q` ?�M/HBM; Q7 �HH +QMi�BM2`bX

CQBMi QTiBKBx�iBQM Q7 i`m+Fb- v�`/ +`�M2b- �M/ [m�v +`�M2b, >2 2i �HX UkyR8V bim/B2/

i?2 T`Q#H2K Q7 DQBMi b+?2/mHBM; QTiBKBx�iBQM Q7 v�`/ +`�M2b- [m�v +`�M2b- �M/ i`m+Fb �i i?2

QT2`�iBQM�H H2p2HX h?2v �BK2/ iQ KBMBKBx2 /2H�vb Q7 �HH `2[m2bib �M/ v�`/ 7�+BHBiB2bǶ 2M2`;v

+QMbmKTiBQMX h?2v mb2/ � ;2M2iB+ �H;Q`Bi?K U:�V �M/ T�`iB+H2 br�`K QTiBKBx�iBQM

USaPV iQ bQHp2 i?2 T`Q#H2KX u�M; 2i �HX UkyR3V bim/B2/ i?2 QTiBKBx�iBQM Q7 DQBMi b+?2/mHBM;

Q7 �miQK�i2/ TQ`i [m�v +`�M2b- v�`/ +`�M2b- �M/ �:ob �i i?2 QT2`�iBQM�H H2p2HX h?2v

KBMBKBx2/ i?2 +QKTH2iBQM iBK2 Q7 �HH i�bFb #v /2i2`KBMBM; i?2 `Qmi2b Q7 i?2 �:obX
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CQBMi QTiBKBx�iBQM Q7 i`m+Fb �M/ ?mK�M `2bQm`+2b, h�/mK�/x2 2i �HX UkyRNV bim/B2/ i?2

b+?2/mHBM; T`Q#H2K Q7 i`m+Fb �i i?2 QT2`�iBQM�H H2p2H #v /2+B/BM; i?2 MmK#2` Q7 rQ`F2`bX

hQ bmK mT- �Hi?Qm;? b2p2`�H 7�+iQ`b �z2+i i?2 b+?2/mHBM; Q7 v�`/ i`m+Fb- i?2 `2H�iBQM@

b?BT #2ir22M v�`/ bT�+2 �HHQ+�iBQM �M/ v�`/ i`m+F b+?2/mHBM; Bb i?2 +HQb2biX �++Q`/BM;Hv-

Km+? `2b2�`+? ?�b #22M �`QmM/ i?Bb iQTB+X

UkV u�`/ +`�M2bX �b i?2 v�`/ +`�M2b �`2 � b+�`+2 `2bQm`+2 BM i?2 v�`/- /Bz2`2Mi #HQ+Fb

?�p2 iQ b?�`2 i?2 v�`/ +`�M2b iQ +QKTH2i2 i?2 +QMi�BM2` QT2`�iBQM rBi?BM � bT2+B}2/ iBK2

UL;- kyy8VX "2bB/2b- 7Q` 2�+? v�`/ +`�M2- r2 M22/ iQ TH�M � b2[m2M+2 Q7 #HQ+Fb iQ #2

b2`p2/ iQ ;m�`�Mi22 i?2 b?Q`i2bi K�F2bT�M Q7 �HH +QMi�BM2`b UGB 2i �HX- kyyNVX L2ti- r2

bmKK�`Bx2 i?2 HBi2`�im`2 +QMbB/2`BM; i?2 7QHHQrBM; irQ �bT2+ib, i?2 b+?2/mHBM; T`Q#H2K

Q7 b?�`BM; v�`/ +`�M2b #2ir22M /Bz2`2Mi #HQ+Fb BM i?2 v�`/ �M/ i?2 b2[m2M+BM; Q7 bT�+2b

iQ #2 b2`p2/ #v v�`/ +`�M2bX

a+?2/mHBM; Q7 b?�`2/ v�`/ +`�M2b BM i?2 v�`/, w?�M; 2i �HX UkyykV bim/B2/ i?2 b+?2/mH@

BM; T`Q#H2K Q7 +`�M2b BM i?2 v�`/X "v /2+B/BM; i?2 rQ`FBM; iBK2 Q7 2�+? v�`/ +`�M2 �M/

Bib `Qmi2 �+`Qbb /Bz2`2Mi #HQ+Fb- i?2v BKT`Qp2/ i?2 2{+B2M+v Q7 i?2 b?�`2/ mb2 Q7 v�`/

+`�M2bX w?�M; 2i �HX UkyykV bim/B2/ i?2 /vM�KB+ miBHBx�iBQM Q7 +`�M2b BM i?2 v�`/X h?2v

KBMBKBx2/ i?2 /2H�v2/ rQ`FHQ�/ #v /2i2`KBMBM; i?2 KQpBM; iBK2b �M/ T�i?b Q7 i?2 +`�M2b

�+`Qbb /Bz2`2Mi #HQ+FbX L; Ukyy8V bim/B2/ i?2 b?�`BM; Q7 bBM;H2@`�BH v�`/ +`�M2b BM irQ

�/D�+2Mi #HQ+FbX h?2v QTiBKBx2/ i?2 b+?2/mHBM; Q7 v�`/ +`�M2b #v +QMbB/2`BM; i?2 +QM@

~B+ib +�mb2/ #v i?2 KQp2K2Mi Q7 v�`/ +`�M2b BM /Bz2`2Mi #HQ+FbX :mQ �M/ >m�M; UkyRkV

QTiBKBx2/ KmHiBTH2 v�`/ +`�M2b BM KmHiBTH2 #HQ+Fb #�b2/ QM i?2 1m`QT2�M v�`/ H�vQmiX

6Q` 2�+? #HQ+F- i?2v +QMbB/2`2/ i?2 b�72 /Bbi�M+2 #2ir22M irQ +`�M2bX h?2v KBMBKBx2/

i?2 iQi�H r�BiBM; iBK2 Q7 �HH +`�M2bX a?�`B7 2i �HX UkyRkV mb2/ �M �;2Mi@#�b2/ �TT`Q�+?

`2;�`/BM; i?2 v�`/ +`�M2 �M/ i?2 #HQ+F �b /Bz2`2Mi �;2Mib iQ bQHp2 i?2 v�`/ +`�M2 b+?2/mH@

BM; T`Q#H2K �i /Bz2`2Mi #HQ+F BMi2`p�HbX h?2v KBMBKBx2/ i?2 MmK#2` Q7 mM}MBb?2/ rQ`FbX

CBM 2i �HX UkyReV bim/B2/ i?2 biQ`�;2 bT�+2 �HHQ+�iBQM T`Q#H2K- BM r?B+? i?2 bm##HQ+F r�b

i?2 #�bB+ mMBi BM i?2 v�`/X h?2v Tmi 7Q`r�`/ }p2 /Bz2`2Mi �bbB;MK2Mib Q7 i?2 v�`/ +`�M2b

�M/ b+?2/mH2/ �HH +`�M2b iQ KBMBKBx2 i?2B` QT2`�iBM; +QbibX CBM 2i �HX UkyReV +QMbB/2`2/

i?�i � v�`/ b2+iBQM +QMi�BMb 7Qm` #HQ+Fb �M/ KmHiBTH2 v�`/ +`�M2b- �M/ i?2 KBMBKmK
R8



bT�+2 �HHQ+�iBQM mMBi r�b � bm##HQ+FX h?2B` bim/v KBMBKBx2/ i?2 iQi�H KQpBM; +Qbi Q7 �HH

v�`/ +`�M2b #2ir22M 2�+? #HQ+F #v b+?2/mHBM; biQ`�;2 bT�+2 �M/ v�`/ +`�M2bX *?m 2i �HX

UkyRNV bim/B2/ i?2 b+?2/mHBM; T`Q#H2K Q7 i?`22 b?�`2/ v�`/ +`�M2b BM i?2 b�K2 `�BH BM irQ

�/D�+2Mi #HQ+FbX

u�`/ +`�M2 b+?2/mHBM; BM QM2 #HQ+F, �++Q`/BM; iQ i?2 MmK#2` Q7 v�`/ +`�M2b- /BbT�i+?@

BM; Q7 +`�M2b BM QM2 #HQ+F +�M #2 /BpB/2/ BMiQ i?`22 ivT2bX U�V aBM;H2 v�`/ +`�M2, QMHv

QM2 v�`/ +`�M2 b2`p2b i?2 #HQ+Fc U#V hrBM v�`/ +`�M2b, irQ v�`/ +`�M2b b2`p2 i?2 #HQ+Fc

U+V JmHiBTH2 v�`/ +`�M2b, �i H2�bi i?`22 v�`/ +`�M2b b2`p2 i?2 #HQ+FX

aBM;H2 v�`/ +`�M2, G22 �M/ EBK UkyRyV bm#/BpB/2/ i?2 QT2`�iBQM Q7 i?2 v�`/ +`�M2 BMiQ

7Qm` /Bz2`2Mi ivT2bX "�b2/ QM i?2 QT2`�iBQM�H +v+H2 iBK2 Q7 i?2 v�`/ +`�M2- i?2v bim/B2/

i?2 Qzb2i Q7 i?2 #�bB+ +v+H2 iBK2 Q7 i?2 7Qm` /Bz2`2Mi QT2`�iBQMb �M/ +QKT�`2/ i?2 iBK2

KQ/2b Q7 /Bz2`2Mi QT2`�iBQMbX :mQ 2i �HX UkyRRV bim/B2/ i?2 b+?2/mHBM; Q7 � v�`/ +`�M2 BM

� #HQ+FX lM/2` i?2 +QM/BiBQM i?�i i?2 �``Bp�H iBK2 Q7 �HH i`m+Fb pBbBiBM; i?2 #HQ+F +�M #2

T`2/B+i2/- i?2v KBMBKBx2/ i?2 r�BiBM; iBK2 Q7 �HH i`m+Fb BM i?2 v�`/ #v /2i2`KBMBM; i`m+FbǶ

HQ+�iBQMb �M/ i?2 b2[m2M+2 7Q` b2`pB+BM; Q7 2�+? i`m+FX h?2v T`QTQb2/ �M � �H;Q`Bi?K iQ

bQHp2 i?2 T`Q#H2KX *?�M; 2i �HX UkyRRV T`QTQb2/ � /vM�KB+ `QHHBM; iBK2@/QK�BM bi`�i2;v

7Q` b+?2/mH2 QTiBKBx�iBQM /2+BbBQM Q7 i?2 v�`/ +`�M2 BM i?2 #HQ+FX :?�`2?;QxHB 2i �HX UkyR9V

bim/B2/ i?2 T�i? b+?2/mHBM; T`Q#H2K Q7 QM2 v�`/ +`�M2 BM � #HQ+F iQ /2�H rBi? KmHiBTH2

`2[mB`2K2Mib Q7 biQ`�;2 �M/ rBi?/`�r�H Q7 +QMi�BM2`bX h?2v KBMBKBx2/ i?2 iQi�H KQpBM;

iBK2 Q7 i?2 v�`/ +`�M2b 7Q` +QKTH2iBM; �HH `2[mB`2K2MibX :�HH2 2i �HX UkyR3V bim/B2/ i?2

b+?2/mHBM; T`Q#H2K Q7 � v�`/ +`�M2 BM � #HQ+FX h?2v +QMbB/2`2/ i?2 biQ`�;2- rBi?/`�r�H-

�M/ `2b?m|BM; QT2`�iBQMb bBKmHi�M2QmbHv #�b2/ QM i?2 �bB�M irQ@bB/2 i`m+F biQT H�vQmiX

:?�`2?;QxHB 2i �HX UkyRNV b2[m2M+2/ �HH i?2 TB+FmT �M/ biQ`�;2 QT2`�iBQMb Q7 i?2 bBM;H2

v�`/ +`�M2 BM � 1m`QT2�M H�vQmi v�`/ #HQ+FX AM i?2B` bim/v- i?2 iQi�H i`�p2HBM; iBK2 Q7

i?2 v�`/ +`�M2b r�b KBMBKBx2/X

hrBM v�`/ +`�M2b, GB 2i �HX UkyyNV bim/B2/ i?2 b+?2/mHBM; Q7 irQ v�`/ +`�M2b BM � #HQ+FX

h?2v +QMbB/2`2/ i?`22 T`BK�`v 7�+iQ`b, i?2 BMi2`72`2M+2 #2ir22M KQp2K2Mi Q7 /Bz2`2Mi

v�`/ +`�M2b- b�72 QT2`�iBM; /Bbi�M+2 #2ir22M i?2 v�`/ +`�M2b- �M/ b+?2/mHBM; Q7 2�+? v�`/

+`�M2Ƕb biQ`�;2 �M/ rBi?/`�r�H QT2`�iBQMbX oBb �M/ *�`HQ UkyRyV bim/B2/ QM2 H�`;2 �M/
Re



QM2 bK�HH v�`/ +`�M2 #�b2/ QM i?2 1m`QT2�M v�`/ H�vQmiX h?2 irQ v�`/ +`�M2b +�M +`Qbb

2�+? Qi?2` QM /Bz2`2Mi `�BHbX :?�`2?;QxHB 2i �HX UkyR8V +QMbB/2`2/ � #HQ+F BM i?2 1m`QT2�M

v�`/ H�vQmi- BM r?B+? irQ v�`/ +`�M2b i?�i +�MMQi +`Qbb 2�+? Qi?2` K�BMi�BM2/ � b�72

/Bbi�M+2 /m`BM; i?2B` QT2`�iBQMbX h?2v /2i2`KBM2/ i?2 QT2`�iBQMb b2[m2M+2 Q7 �HH b2`pB+2

`2[mB`2K2Mib BM i?2 #HQ+F iQ KBMBKBx2 i?2 K�F2bT�MX h?2v /2bB;M2/ �M �/�TiBp2 H�`;2

M2B;?#Q`?QQ/ b2�`+? �H;Q`Bi?K U�GLaV iQ bQHp2 i?2 T`Q#H2KX >m 2i �HX UkyReV bim/B2/

i?2 b+?2/mHBM; T`Q#H2K Q7 i?2 irQ v�`/ +`�M2b BM � #HQ+F �i a?�M;?�B u�M;b?�M SQ`iX

h?2v +QMbB/2`2/ i?2 b�72 /Bbi�M+2 #2ir22M i?2 irQ +`�M2b iQ �pQB/ BMi2`72`2M+2 rBi? 2�+?

Qi?2`X h?2v KBMBKBx2/ i?2 +QKTH2iBQM iBK2 7Q` ?�M/HBM; �HH +QMi�BM2`bX aT22` �M/ 6Bb+?2`

UkyRdV +QKT�`2/ 7Qm` /Bz2`2Mi +QM};m`�iBQMb Q7 i?2 #HQ+F �M/ v�`/ +`�M2bX LQbb�+F 2i �HX

UkyR3V bim/B2/ i?2 b+?2/mHBM; Q7 irQ BKT�bb�#H2 v�`/ +`�M2b BM � v�`/ #�b2/ QM i?2

1m`QT2�M H�vQmi Q7 i?2 v�`/X h?2v �HHQ+�i2/ 2�+? v�`/ +`�M2 iQ p�`BQmb `2[mB`2K2Mib �M/

/2i2`KBM2/ i?2 Q`/2` BM r?B+? 2�+? v�`/ +`�M2 T`Q+2bb2b i?2b2 `2[mB`2K2MibX h?2v �BK2/

iQ KBMBKBx2 i?2 +QKTH2iBQM iBK2 Q7 i?2 `2[mB`2/ QT2`�iBQMX h?2v mb2/ � #`�M+? �M/ +mi

�H;Q`Bi?K �M/ "2M/2`Ƕb /2+QKTQbBiBQM K2i?Q/X E`2bb 2i �HX UkyRNV bim/B2/ i?2 b+?2/mHBM;

T`Q#H2K Q7 irQ v�`/ +`�M2b BM � #HQ+F mM/2` i?2 1m`QT2�M v�`/ H�vQmiX h?2 irQ v�`/

+`�M2b r2`2 QM i?2 b�K2 `�BHX h?2B` bim/v �BK2/ iQ KBMBKBx2 i?2 #2`i?@bB/2 T`Q+2bbBM;

iBK2 Q7 +QMi�BM2`bX

JmHiBTH2 v�`/ +`�M2b, qm 2i �HX UkyR8V +QMbB/2`2/ b2p2`�H v�`/ +`�M2b BM � #HQ+FX

h?2b2 v�`/ +`�M2b +QmH/ MQi +`Qbb 2�+? Qi?2` �M/ ?�/ iQ K�BMi�BM � b�72 /Bbi�M+2X h?Bb

r�b � KmHiB@Q#D2+iBp2 T`Q#H2K �i i?2 QT2`�iBQM�H H2p2HX h?2 Q#D2+iBp2 r�b iQ KBMBKBx2

i?2 iQi�H /2pB�iBQM iBK2 �M/ i?2 iQi�H /2H�v Q7 v�`/ +`�M2bX h?2v bQHp2/ i?Bb T`Q#H2K

#v i`�Mb7Q`KBM; i?2 KmHiB@Q#D2+iBp2 T`Q#H2K BMiQ � bBM;H2@Q#D2+iBp2 T`Q#H2KX w?2M 2i �HX

UkyR3V bim/B2/ i?2 v�`/ +`�M2 b+?2/mHBM; T`Q#H2K Q7 � M2r TQ`i H�vQmi rBi? � KmHiB@H�v2`

7`�K2 [m�v +`�M2X *?2M 2i �HX UkykyV bim/B2/ i?2 DQBMi b+?2/mHBM; T`Q#H2K Q7 KmHiB@v�`/

+`�M2b �M/ KmHiBTH2 �:ob BM � H�`;2@b+�H2 �miQK�iB+ TQ`iX
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CHAPTER 2

INTEGRATED OPTIMIZATION OF YARD

SPACE ALLOCATION AND LOADING AND

UNLOADING TIME ALLOCATION FOR

TRANSSHIPMENT VESSELS

h?Bb +?�Ti2` 7Q+mb2b QM v�`/ bT�+2 �HHQ+�iBQM �M/ ?�M/HBM; iBK2 �bbB;MK2Mi 7Q` i`�Mb@

b?BTK2Mi p2bb2Hb �i � b2�TQ`i v�`/X aT2+B}+�HHv- r2 �pQB/ i?2 i`�{+ +QM;2biBQM +�mb2/ #v

+QMi�BM2` i`m+Fb BM i?2 v�`/ #v +QMbB/2`BM; #Qi? i?2 HQ+�iBQM /2+BbBQM �M/ i?2 mMHQ�/BM;

�M/ HQ�/BM; iBK2 /2+BbBQM Q7 2�+? bm##HQ+FX �HbQ- r2 ;m�`�Mi22 i?�i 2�+? i`�Mbb?BTK2Mi

p2bb2H Bb �#H2 iQ +QKTH2i2 HQ�/BM; �M/ mMHQ�/BM; BM iBK2 �M/ /Q2b MQi ;2i /2H�v2/ 7Q` Bib

bm#b2[m2Mi pQv�;2X hQ 2{+B2MiHv i�+FH2 i?Bb T`Q#H2K- r2 #mBH/ b2p2`�H KBt2/@BMi2;2` T`Q@

;`�KKBM; KQ/2Hb �M/ T`QTQb2 � +`BiB+�H 2H2K2Mi@#�b2/ i?`22@bi�;2 �bbB;MK2Mi ?2m`BbiB+

�H;Q`Bi?KX

kXR AMi`Q/m+iBQM

1{+B2Mi �HHQ+�iBQM Q7 biQ`�;2 bT�+2 7Q` i`�Mbb?BTK2Mi +QMi�BM2`b TH�vb � +`m+B�H `QH2

BM b+?2/mHBM; v�`/ bT�+2b �M/ p2bb2HbX o2bb2Hb 7`QK i?2 b�K2 HBM2` pBbBiBM; i?2 TQ`i mbm@

�HHv ?�p2 i?2 b�K2 +v+H2 iBK2b- r?BH2 p2bb2Hb 7`QK /Bz2`2Mi HBM2`b ?�p2 � ?2i2`Q;2M2Qmb

T2`BQ/B+�H T�ii2`M Q7 �``Bp�H �M/ /2T�`im`2X AM i?Bb bim/v- r2 +QMbB/2` i?2 KmHiB@T2`BQ/

v�`/ bT�+2 �HHQ+�iBQM T`Q#H2K 7Q` p2bb2Hb 7`QK /Bz2`2Mi b?BT HBM2`b- BM r?B+? +v+H2 iBK2b Q7

/Bz2`2Mi p2bb2Hb Qp2`H�TX am+? ?2i2`Q;2M2Qmb �M/ T2`BQ/B+�H M�im`2 BM i?2 iBK2 /BK2MbBQM

Q7 p�`BQmb p2bb2Hb 7m`i?2` +QKTHB+�i2b i?Bb T`Q#H2KX

Jm+? `2b2�`+? 2zQ`ib ?�p2 #22M K�/2 7Q` 2t�KBMBM; QTiBKBx�iBQM T`Q#H2Kb `2;�`/BM;

i?2 v�`/ �M/ K�Mv ?�p2 7Q+mb2/ QM biQ`�;2 bT�+2 �HHQ+�iBQM- #mi 72r ?�p2 +QMbB/2`2/ i?2

HQ�/BM; iBK2 /2+BbBQM �M/ i?2M mMHQ�/BM; iBK2 /2+BbBQM 7Q` 2�+? biQ`�;2 bT�+2X w?2M 2i �HX
RN



UkyRRV bim/B2/ i?2 BMi2;`�i2/ QTiBKBx�iBQM Q7 �HHQ+�iBM; #2`i? TQbBiBQMb- [m�v +`�M2b- �M/

v�`/ bT�+2b 7Q` p2bb2Hb rBi? �M B/2MiB+�H T2`BQ/X h?2B` Q#D2+iBp2 r�b iQ KBMBKBx2 i?2

iQi�H `Qmi2 H2M;i? Q7 i`m+Fb �M/ i?2 iBK2 /2pB�iBQM Q7 �HH p2bb2HbX h?2v mb2/ �M 2biBK�i2/

�p2`�;2 /Bbi�M+2 iQ bBKTHB7v i?2 �+im�H /Bbi�M+2 #2ir22M 2�+? #2`i? TQbBiBQM �M/ 2�+?

`2b2`p2/ v�`/ bT�+2X qBi? bm+? � bBKTHB}+�iBQM- i?2v �pQB/2/ +QMbB/2`BM; i?2 /2i�BH2/

HQ�/BM; `Qmi2 �M/ mMHQ�/BM; `Qmi2 7Q` 2�+? +QMi�BM2` i`m+FX �HbQ- i?2v +QMbB/2`2/ QMHv i?2

+QM;2biBQMb BM ?Q`BxQMi�H v�`/ H�M2b BM i?2B` KQ/2HX w?2M 2i �HX UkyReV QTiBKBx2/ i?2 iQi�H

i`�p2HBM; /Bbi�M+2 Q7 HQ�/2/ +QMi�BM2` i`m+Fb #v �HHQ+�iBM; T`QT2` biQ`�;2 bT�+2b 7Q` i`�Mb@

b?BTK2Mi p2bb2Hb rBi? KmHiBTH2 T2`BQ/bX am##HQ+F Bb i?2 T`BK�`v bT�+2 �HHQ+�iBQM mMBiX

h?2v KBMBKBx2/ i?2 iQi�H `Qmi2 H2M;i? UHQ�/BM;fmMHQ�/BM;V Q7 �HH i`�Mbb?BTT2/ +QMi�BM2`b

7Q` �HH �``BpBM; p2bb2Hb /m`BM; i?2 r?QH2 TH�MMBM; ?Q`BxQMX h?2v +QMbB/2`2/ i?2 �+im�H

`Qmi2 H2M;i? #2ir22M � #2`i? TQbBiBQM �M/ � bm##HQ+FX "Qi? i?2 i`�{+ +QM;2biBQMb BM

?Q`BxQMi�H v�`/ H�M2b �M/ p2`iB+�H v�`/ H�M2b r2`2 i�F2M BMiQ +QMbB/2`�iBQMX hrQ /2+BbBQMb

r2`2 K�/2, HQ+�iBQMb Q7 i?2 `2b2`p2/ bm##HQ+Fb 7Q` 2�+? �``BpBM; p2bb2H �M/ i?2 MmK#2` Q7

i`�Mbb?BTT2/ +QMi�BM2`b �HHQ+�i2/ iQ 2�+? `2b2`p2/ bm##HQ+F Q7 i?2 �``BpBM; p2bb2HX h?2v

T`QTQb2/ � HQ+�H #`�M+?@#�b2/ K2i?Q/ iQ �bbB;M i?2 HQ+�iBQMb �M/ mb2/ i?2 *SG1s bQHp2`

iQ +QKTmi2 +QMi�BM2` MmK#2`bX

"�b2/ QM i?2 rQ`F Q7 w?2M 2i �HX UkyReV- i?Bb bim/v +QMbB/2`b i?2 KmHiB@T2`BQ/ biQ`�;2

bT�+2 QTiBKBx�iBQM T`Q#H2K Q7 i`�Mbb?BTK2Mi p2bb2HbX :Bp2M i?2 #2`i? HQ+�iBQM �M/ i?2

MmK#2` Q7 `2b2`p2/ bm##HQ+Fb 7Q` 2�+? p2bb2H- r2 BMi2M/ iQ /2i2`KBM2 i?2 HQ+�iBQMb �M/

i?2 `2H2p�Mi HQ�/BM; iBK2 �M/ mMHQ�/BM; iBK2 Q7 i?2 `2b2`p2/ bm##HQ+FbX q2 mb2 i?2 b�K2

#B@Q#D2+iBp2 �b i?�i BM w?2M 2i �HX UkyRRVX q2 �BK iQ K�BMi�BM bKQQi? i`�{+ Q7 +QMi�BM2`

i`m+Fb BM i?2 v�`/ H�M2b Qp2` i?2 2MiB`2 TH�MMBM; ?Q`BxQM- bm+? i?�i i?2 iQi�H i`�p2HBM; +Qbi

Q7 i`m+Fb Bb KBMBKBx2/- �M/ 2�+? p2bb2H Bb QT2`�i2/ BM iBK2X h?Bb bim/v BMi2M/b iQ �pQB/

i`�{+ +QM;2biBQM BM #Qi? i?2 ?Q`BxQMi�H �M/ p2`iB+�H v�`/ H�M2bX .Bz2`2Mi 7`QK i?2 `Qm;?

+QMbB/2`�iBQM Q7 #Qi? i`�{+ ~Qr Q7 i?2 p2`iB+�H H�M2 �b � r?QH2 BM w?2M 2i �HX UkyReV- r2

/BbiBM;mBb? i?2 mMHQ�/BM; i`�{+ �M/ HQ�/BM; i`�{+ �b irQ /Bz2`2Mi ~QrbX AM i?Bb bim/v-

#Qi? i?2 HQ+�iBQM �M/ ?�M/HBM; iBK2 �`2 /2+BbBQMb +Q``2H�i2/ iQ i`�{+ +QM;2biBQM- r?BH2

QMHv i?2 HQ+�iBQM Bb i�F2M �b � /2+BbBQM �M/ i?2 mMHQ�/BM; iBK2 �M/ HQ�/BM; iBK2 �`2

ky



T�`�K2i2`b BM w?2M 2i �HX UkyReVX AM �//BiBQM- r2 +QMbB/2` KQ`2 QM i?2 HQ+�iBQM /2+BbBQMbX

h?�i Bb- 2t+2Ti 7Q` i?2 HQ+�iBQMb Q7 `2b2`p2/ bm##HQ+Fb 7Q` �M �``BpBM; p2bb2H b�K2 �b BM

w?2M 2i �HX UkyReV- i?Bb bim/v �HbQ /2i2`KBM2b i?2 HQ+�iBQMb Q7 bm##HQ+Fb 7Q` i?2 bQm`+2

p2bb2Hb Q7 i?Bb �``BpBM; p2bb2HX

AM i?Bb bim/v- i?2 TH�MMBM; iBK2 Bb �bbmK2/ iQ #2 � KBMBKmK +QKKQM HQM; T2`BQ/

7Q` p2bb2Hb rBi? /Bz2`2Mi T2`BQ/bX �++Q`/BM;Hv- i?2 +QKTH2tBiv Q7 i?2 T`Q#H2K BM+`2�b2b

bB;MB}+�MiHv +QKT�`2/ rBi? i?2 +�b2 Q7 QM2 T2`BQ/- �M/ i?2 /B{+mHiv Q7 bQHpBM; i?Bb T`Q#@

H2K BM+`2�b2b 2tTQM2MiB�HHvX h?2`27Q`2- i?2 �H;Q`Bi?Kb T`QTQb2/ 7Q` bQHpBM; QM2 T2`BQ/

BM w?2M 2i �HX UkyRRV +�MMQi ?�M/H2 i?Bb KmHiB@T2`BQ/ T`Q#H2KX "2bB/2b- i?2 HQ+�H #`�M+?

K2i?Q/ i?�i +QMbB/2`b QMHv i?2 HQ+�iBQM /2+BbBQMb BM w?2M 2i �HX UkyReV �`2 MQi �/�TiBp2

iQ ?�M/H2 i?2 irQ Kmim�HHv `2H�i2/ /2+BbBQMb BM i?Bb bim/vX Ai Bb 2bb2MiB�H iQ /2bB;M � M2r

�M/ 2{+B2Mi bQHmiBQM K2i?Q/ 7Q` i?Bb T`Q#H2KX

kXk S`Q#H2K .2b+`BTiBQM

q2 +QMbB/2` i?2 /2+BbBQMb 7Q` i`�Mbb?BTK2Mi p2bb2Hb �i � b2�TQ`i v�`/- r?B+? +QKT`Bb2b

biQ`�;2 bT�+2 �HHQ+�iBQM �M/ ?�M/HBM; iBK2 �bbB;MK2MiX �i i?2 TQ`i- i`�Mbb?BTK2Mi Q7

+QMi�BM2`b #2ir22M /Bz2`2Mi p2bb2Hb `272`b iQ i`�Mb72``BM; � #�i+? Q7 +QMi�BM2`b 7`QK �

bQm`+2 p2bb2H iQ � /2biBM�iBQM p2bb2HX aBM+2 i?2 �``Bp�H iBK2b Q7 i?2 bQm`+2 �M/ /2biBM�iBQM

p2bb2Hb �`2 /Bz2`2Mi- �M/ Bi i�F2b � HQM; iBK2 iQ HQ�/ �M/ mMHQ�/ MmK2`Qmb +QMi�BM2`b-

i?2 i`�Mbb?BTK2Mi +QMi�BM2`b �`2 ?�M/H2/ �++Q`/BM; iQ i?2 7QHHQrBM; T`Q+2bb, URV aQm`+2

p2bb2H �``Bp2bX UkV h?2 i`�Mbb?BTK2Mi +QMi�BM2`b �`2 mMHQ�/2/ 7`QK i?2 bQm`+2 p2bb2H �M/

i`�MbTQ`i2/ iQ b2p2`�H bm##HQ+Fb BM i?2 v�`/X UjV .2biBM�iBQM p2bb2H �``Bp2bX U9V h?2

i`�Mbb?BTK2Mi +QMi�BM2`b biQ`2/ BM i?2 �#Qp2 bm##HQ+Fb �`2 i`�MbTQ`i2/ 7`QK i?2 v�`/

iQ i?2 /2biBM�iBQM p2bb2H- r?B+? +QKTH2i2b i?2 i`�Mbb?BTK2Mi T`Q+2bb #2ir22M i?2 irQ

p2bb2HbX

kR



kXkXR u�`/

�b i?2 v�`/ Bb QM BMb?Q`2 H�M/- +QMi�BM2`b i`�Mbb?BTT2/ #2ir22M i?2 v�`/ �M/ i?2

p2bb2Hb �`2 i`�MbTQ`i2/ #v +QMi�BM2` i`m+F U*hVX *H�bbB}2/ #v /Bz2`2Mi mb2b- i?2 v�`/

�`2� +�M #2 /BpB/2/ BMiQ irQ T�`ibX PM2 Bb i?2 biQ`�;2 �`2� 7Q` +QMi�BM2`b- r?B+? BM+Hm/2b

KmHiBTH2 #HQ+FbX h?2 Qi?2` Bb i?2 �BbH2 �`2� 7Q` i`m+F KQp2K2MiX h?2 irQ T�`ib �`2

/2b+`B#2/ #2HQr BM /2i�BHX

JBMBKmK biQ`�;2 mMBi, bm##HQ+F

AM i?2 2tBbiBM; HBi2`�im`2- i?2 +QM+2Ti ǳu�`/ h2KTH�i2Ǵ Bb rB/2Hv mb2/ iQ bTHBi biQ`�;2

bT�+2 BM i?2 v�`/X :2M2`�HHv- i?2 v�`/ Bb /BpB/2/ BMiQ K�Mv �`2�@}t2/ bT�+2b M�K2/

ǳam##HQ+FbǴX 1�+? bm##HQ+F Bb i?2 #�bB+ biQ`�;2 mMBi r?2M �HHQ+�iBM; v�`/ bT�+2 iQ p2bb2HbX

�HH +QMi�BM2`b BM � bm##HQ+F �`2 iQ #2 i`�Mb72``2/ iQ i?2 b�K2 /2biBM�iBQM p2bb2H- r?B+? Bb

i?2 `2[mB`2K2Mi Q7 i?2 ǳ*QMbB;MK2Mi bi`�i2;vǴX Ai Bb +QKKQM i?�i i?2 v�`/ /BpB/2/ BMiQ

bm##HQ+Fb 7QHHQrb i?2 +QMbB;MK2Mi bi`�i2;vX *QMbB;MK2Mi bi`�i2;v Bb � +QMi�BM2` biQ`�;2

K2i?Q/ rBi? i?2 7QHHQrBM; �/p�Mi�;2b, 6B`bi- b?BT HBM2`b mbm�HHv ?�p2 i?2B` T`272``2/

biQ`�;2 bT�+2 BM i?2 v�`/- r?B+? +�M #2 H�#2H2/ BM �/p�M+2 #v � b2i Q7 bm##HQ+FbX a2+QM/-

2�+? bm##HQ+F QMHv BM+Hm/2b +QMi�BM2`b iQ i?2 b�K2 /2biBM�iBQM p2bb2H- r?B+? +�M `2/m+2

i?2 MmK#2` Q7 +QMi�BM2` `2b?m|2b BM � bm##HQ+FX J2�Mr?BH2- i?2 rQ`FHQ�/ Q7 v�`/ +`�M2b

+�M #2 `2/m+2/- r?B+? K2�Mb b�pBM; Q7 i?2 +Qbi Q7 r�BiBM; iBK2 �M/ 2M2`;v +QMbmKTiBQMX

lbm�HHv- i?2`2 Bb � H�`;2 MmK#2` Q7 i`�Mbb?BTK2Mi +QMi�BM2`b- r?B+? `2[mB`2 KQ`2 i?�M

QM2 bm##HQ+F 7Q` biQ`�;2X 6Q` bm##HQ+Fb �HHQ+�i2/ iQ i?2 b�K2 /2biBM�iBQM p2bb2H- HQ+�iBQMb

BM i?2 v�`/ /Q MQi M22/ iQ #2 �/D�+2MiX h?�i Bb- i?2 �HHQ+�i2/ bm##HQ+Fb +�M #2 BM �Mv

T`272``2/ bT�+2 Q7 i?Bb p2bb2H rBi?BM i?2 v�`/X q?2M i?2`2 �`2 ?B;?@7`2[m2M+v QT2`�iBQMb

Q7 HQ�/BM; �M/ mMHQ�/BM; Q7 � p2bb2H- /Bb+`2i2 �HHQ+�iBQM Q7 Bib `2b2`p2/ bm##HQ+Fb +�M

/BbT2`b2 i?2 rQ`FHQ�/ Q7 v�`/ +`�M2b rBi?BM HQ+�H �`2�bX �++Q`/BM;Hv- i?2 i`�{+ ~Qrb Q7

v�`/ i`m+Fb �`2 /BbT2`b2/- r?B+? `2/m+2b i?2 TQi2MiB�H 7Q` +QM;2biBQM BM i?2 v�`/X

u�`/ i`�{+

AM i?2 v�`/- i`�{+ H�M2b +�M #2 /BpB/2/ BMiQ ?Q`BxQMi�H H�M2b �M/ p2`iB+�H H�M2bX

kk



>Q`BxQM H�M2b �`2 i?Qb2 T�`�HH2H iQ i?2 /B`2+iBQM Q7 i?2 #2`i?X h?2 KQbi +QKKQM

?Q`BxQMi�H H�M2b �`2 HQ+�i2/ #2ir22M irQ bm##HQ+FbX .m2 iQ i?2 HBKBi2/ bT�+2 #2ir22M

bm##HQ+Fb- i?2 MmK#2` Q7 i`m+Fb bBKmHi�M2QmbHv T�bbBM; � ?Q`BxQMi�H H�M2 Bb �HbQ HBKBi2/X

hvTB+�HHv- QMHv QM2 +QMi�BM2` i`m+F Bb �HHQr2/ i?2 ;Q i?`Qm;? bB/2 #v bB/2 �i i?2 b�K2

iBK2X "2bB/2b- iQ �pQB/ +QM~B+ib Q7 i?2 KQp2K2Mi Q7 i`m+Fb- Bi Bb biBTmH�i2/ i?�i i`m+Fb

+�M QMHv KQp2 BM i?2 b�K2 /B`2+iBQM BM 2�+? ?Q`BxQMi�H H�M2X �b b?QrM BM 6B;m`2 kXR-

i?2 ;`22M �``Qrb b?Qr i?2 /B`2+iBQM Q7 i`�{+ ~Qr #2ir22M irQ bm##HQ+FbX AM �//BiBQM-

i?2`2 Bb � FBM/ Q7 T�`iB+mH�` ?Q`BxQMi�H H�M2 #2ir22M i?2 #2`i? �M/ i?2 v�`/X "2+�mb2 i?2

bT�+2 �HQM; i?2 #2`i? bB/2 Bb KQ`2 �#mM/�Mi i?�M i?�i #2ir22M bm##HQ+Fb �M/ i?2 i`�{+

Bb KQ`2 +QKTH2t M2�` i?2 #2`i?- i?Bb ?Q`BxQMi�H H�M2 ?�b i`�{+ ~Qrb BM #Qi? /B`2+iBQMbX

h?2 v2HHQr �``Qr BM 6B;m`2 kXR b?Qrb i?Bb FBM/ Q7 T�`iB+mH�` ?Q`BxQMi�H H�M2X

6B;m`2 kXR, .B`2+iBQMb Q7 i`�{+ H�M2b

o2`iB+�H H�M2b �`2 i?Qb2 T2`T2M/B+mH�` iQ i?2 #2`i?Ƕb /B`2+iBQMX h?2 ivTB+�H p2`iB+�H

H�M2b �`2 HQ+�i2/ #2ir22M i?2 b?Q`i 2/;2b Q7 irQ �/D�+2Mi bm##HQ+FbX "2+�mb2 v�`/ +`�M2b

BM 2�+? bm##HQ+F /Q MQi Q++mTv i?2 bT�+2 Q7 i?2 p2`iB+�H H�M2b �M/ p2`iB+�H H�M2b M22/ iQ

HQ�/ i?2 #B@/B`2+iBQM�H i`�{+ ~Qrb #2ir22M i?2 #2`i? �M/ i?2 v�`/- p2`iB+�H H�M2b �`2 KQ`2

2tT�MbBp2 i?�M ?Q`BxQMi�H H�M2bX h?mb- 2�+? p2`iB+�H H�M2 +QKT`Bb2b � HQ�/BM; /B`2+iBQM

H�M2 �M/ �M mMHQ�/BM; /B`2+iBQM H�M2X �HbQ- i?2 H�M2 BM 2�+? /B`2+iBQM +�M �++QKKQ/�i2

KmHiBTH2 i`�{+ ~Qrb bBKmHi�M2QmbHvX �b b?QrM BM 6B;m`2 kXR- BM 2�+? p2`iB+�H +?�MM2H-

i?2 `2/ �``Qr b?Qrb i?2 /B`2+iBQM Q7 i`�{+ ~Qr 7`QK i?2 #2`i? iQ i?2 v�`/- �M/ i?2 #Hm2

�``Qr b?Qrb i?2 /B`2+iBQM Q7 i`�{+ ~Qr 7`QK i?2 v�`/ iQ i?2 #2`i?X

kj



AM i?Bb +?�Ti2`- ǳi`�{+ ~QrǴ Bb /2}M2/ �b i?2 +B`+mBi Q7 � i`m+F i`�p2HBM; 7`QK � bi�`iBM;

TQBMi i?`Qm;? � /Bbi�M+2 �M/ i?2M #�+F iQ i?2 bi�`iBM; TQBMiX AM /2i�BH- 2�+? i`�{+ ~Qr

+�M +QMi�BM b2p2`�H i`m+Fb r?B+? b?�`2 i?2 b�K2 bi�`iBM; TQBMi �M/ `Qmi2X J2�Mr?BH2-

/Bz2`2Mi i`m+Fb BM i?2 b�K2 i`�{+ ~Qr +�M i`�p2H QMHv BM i?2 7`QMi �M/ #�+F b2[m2M+2 BM

i?2 H�M2X AM i?Bb T`Q#H2K- r2 /22K i?�i /Bz2`2Mi bi�`iBM; TQBMib H2�/ iQ /Bz2`2Mi i`�{+

~QrbX "2bB/2b- 2�+? i`�{+ ~Qr Q++mTB2b � i`�p2HBM; TQbBiBQM BM i?2 H�M2X h?2`27Q`2-

i?2 ǳK�tBKmK MmK#2` Q7 i`�{+ ~Qrb Q7 � H�M2Ǵ Bb /2}M2/ �b i?2 K�tBKmK MmK#2` Q7

i`m+Fb �HHQr2/ iQ i`�p2H bB/2 #v bB/2 bBKmHi�M2QmbHv BM i?2 H�M2X 6Q` � ?Q`BxQMi�H H�M2- Bib

K�tBKmK MmK#2` Q7 i`�{+ ~Qrb Bb RX 6Q` � p2`iB+�H H�M2- r2 /2}M2 umax
bk �b Bib K�tBKmK

MmK#2` Q7 i`�{+ ~Qrb 7`QK i?2 #2`i? iQ i?2 v�`/- �M/ umax
kb �b i?2 K�tBKmK MmK#2` Q7

i`�{+ ~Qrb 7`QK i?2 v�`/ iQ i?2 #2`i?X

kXkXk o2bb2H

o2bb2HǶb T2`BQ/

o2bb2Hb 7`QK i?2 b�K2 b?BT HBM2` mbm�HHv pBbBi i?2 TQ`i rBi?BM � }t2/ T2`BQ/- r?BH2

p2bb2Hb Q7 /Bz2`2Mi b?BT HBM2`b pBbBi i?2 TQ`i /m`BM; /Bz2`2Mi T2`BQ/bX 6Q` i?2 +QMp2MB2M+2

Q7 /2b+`BTiBQM BM i?2 `2bi Q7 i?Bb +?�Ti2`- r2 i`2�i � p2bb2H �b � b?BT HBM2`- bBM+2 p2bb2Hb 7`QK

i?2 b�K2 HBM2`b ?�p2 i?2 b�K2 T2`BQ/X lbm�HHv- p2bb2Hb pBbBi i?2 TQ`i 2p2`v r22F- i2M /�vb-

Q` irQ r22Fb- Q7 r?B+? QM2 r22F Bb i?2 KQbi +QKKQM T2`BQ/X AM i?Bb +?�Ti2`- r2 b2T�`�i2

i?2 2MiB`2 TH�MMBM; ?Q`BxQM BMiQ � b2`B2b Q7 2[m�H iBK2 mMBibX h?2M- i?2 T2`BQ/ Q7 2�+?

p2bb2H Bb +QKTQb2/ Q7 � b2i Q7 iBK2 mMBibX �++Q`/BM;Hv- /Bz2`2Mi T2`BQ/b Q7 i?2 b�K2 p2bb2H

+QMi�BM i?2 b�K2 MmK#2` Q7 iBK2 mMBibX .Bz2`2Mi p2bb2Hb mbm�HHv ?�p2 /Bz2`2Mi T2`BQ/bX

h?mb- i?2 MmK#2` Q7 iBK2 mMBib Q7 i?2 T2`BQ/b Q7 /Bz2`2Mi p2bb2Hb �`2 �HbQ /Bz2`2MiX

6Q` bBKTH2 BHHmbi`�iBQM BM i?Bb b2+iBQM- r2 mb2 V iQ /2MQi2 � p2bb2H- P iQ /2MQi2 �

T2`BQ/X "2bB/2b- i?2B` +QK#BM�iBQM- BX2X- T�B` V −P `2T`2b2Mib p2bb2H V �i Bib T2`BQ/ pX �b

b?QrM BM 6B;m`2 kXk- i?2`2 �`2 i?`22 p2bb2Hb- V 1- V 2- �M/ V 3- /m`BM; i?2 2MiB`2 TH�MMBM;

?Q`BxQMX h?2B` T2`BQ/b �`2 9 /�vb- 8 /�vb- �M/ Ry /�vb `2bT2+iBp2HvX AM i?Bb 2t�KTH2- 2�+?

iBK2 mMBi 2[m�Hb QM2 /�vX h?mb- i?2 T2`BQ/b Q7 V 1- V 2- �M/ V 3 +QMi�BM 9- 8- �M/ Ry iBK2

k9



mMBib `2bT2+iBp2HvX

6B;m`2 kXk, AHHmbi`�iBQMb Q7 i?2 �HHQ+�iBQM Q7 bm##HQ+Fb BM � T2`BQ/

h?2`2 �`2 i?`22 +QM/BiBQMb 7Q` �bbB;MBM; bm##HQ+Fb iQ p2bb2Hb BM 2�+? T2`BQ/X URV q?2M

� bm##HQ+F Bb �bbB;M2/ iQ p2bb2H V �i T2`BQ/ p- i?Bb bm##HQ+F `2K�BMb mM+?�M;2/ �i 2p2`v

iBK2 mMBi BM T2`BQ/ pX UkV 6Q` � p2bb2H- i?2 �bbB;MK2Mi Q7 bm##HQ+Fb p�`B2b �++Q`/BM; iQ

/Bz2`2Mi T2`BQ/bX h?2 `2�bQM Bb i?�i i?2 MmK#2`b Q7 i`�Mbb?BTK2Mi +QMi�BM2`b �i /Bz2`2Mi

T2`BQ/b �`2 /Bz2`2MiX "2bB/2b- TH�Mb Q7 Qi?2` p2bb2Hb +�M �z2+i i?2 +m``2Mi p2bb2HX UjV 6Q`

� ;Bp2M iBK2 mMBi- i?2 �bbB;M2/ bm##HQ+Fb 7Q` /Bz2`2Mi p2bb2Hb �i i?2 b�K2 iBK2 b?QmH/ MQi

+QM~B+iX �b b?QrM BM 6B;m`2 kXk- T2`BQ/ P1 Q7 p2bb2H V 1 +QMi�BMb iBK2 mMBib k iQ eX 6Qm`

bm##HQ+Fb �`2 `2b2`p2/ 7Q` V 1− P1X h?2b2 7Qm` bm##HQ+Fb �`2 �bbB;M2/ iQ V 1− P1 7`QK

iBK2 k mMiBH iBK2 eX o2bb2H V 2 +QMi�BMb irQ T2`BQ/b P1 �M/ P2X h?2 MmK#2` Q7 bm##HQ+Fb

`2b2`p2/ 7Q` P1 �M/ P2 Bb /Bz2`2Mi- BX2X- k �M/ j- `2bT2+iBp2HvX �HbQ- i?2 HQ+�iBQMb Q7 i?2

bm##HQ+Fb 7Q` SR �M/ Sk �`2 /Bz2`2MiX hBK2 mMBi 3 +Q``2bTQM/b iQ i?`22 p2bb2HbǶ T2`BQ/b-

M�K2Hv- V 1− P2- V 2− P2- �M/ V 3− P1X �b +�M #2 b22M 7`QK 6B;m`2 kXk- i?2v �`2 MQi

�bbB;M2/ i?2 b�K2 bm##HQ+FX

.2+BbBQMb Q7 p2bb2Hb

.m2 iQ i?2 HBKBi�iBQM Q7 biQ`�;2 bT�+2 BM � p2bb2H- r?2M p2bb2H i �``Bp2b- mMHQ�/BM; Q7

+QMi�BM2`b b?QmH/ T`2+2/2 HQ�/BM; Q7 +QMi�BM2`bX h?2 i`�Mbb?BTK2Mi +QMi�BM2`b BM p2bb2H i
k8



�`2 }`bi mMHQ�/2/ iQ i?2 v�`/ #27Q`2 +QMi�BM2`b BM i?2 v�`/ �`2 HQ�/2/ QMiQ p2bb2H iX h?2M-

p2bb2H i H2�p2b i?2 TQ`i �7i2` �HH +QMi�BM2`b i`�Mbb?BTT2/ iQ Bi �`2 HQ�/2/X hQ /2b+`B#2 i?2

/2+BbBQMb Q7 p2bb2H i- r2 }`bi /2}M2 i?`22 T�`�K2i2` b2ib �b 7QHHQrbX URV V D
ip `2T`2b2Mib i?2

b2i Q7 /2biBM�iBQM p2bb2Hb Q7 p2bb2H iX 6Q` p2bb2H i �i T2`BQ/ p- i?2 i`�Mbb?BTK2Mi +QMi�BM2`b

�`2 i`�MbTQ`i2/ iQ p2bb2Hb BM b2i V D
ip X UkV V S

ip `2T`2b2Mib i?2 b2i Q7 bQm`+2 p2bb2Hb Q7 p2bb2H iX

6Q` p2bb2H i �i T2`BQ/ p- �HH Bib i`�Mbb?BTK2Mi +QMi�BM2`b +QK2 7`QK p2bb2Hb BM b2i V S
ip X UjV

Kip `2T`2b2Mib i?2 bm##HQ+Fb `2b2`p2/ 7Q` +QMi�BM2`b mMHQ�/2/ iQ p2bb2H iX AM Qi?2` rQ`/b-

bm##HQ+Fb Q7 b2i Kip biQ`2 i?2 +QMi�BM2`b 7Q` p2bb2Hb BM b2i V S
ip X h?2 MmK#2` Q7 bm##HQ+Fb

BM b2i Kip Bb � FMQrM T�`�K2i2`- /2MQi2/ #v nipX "27Q`2 i?2 �``Bp�H Q7 p2bb2H i �i T2`BQ/

p- i?2 b?BT HBM2` BM7Q`Kb i?2 TQ`i K�M�;2` Q7 i?2 MmK#2` nipX 6Q` 2t�KTH2- BM 6B;m`2 kXj-

p2bb2H V 3 �M/ T2`BQ/ pR +QKT`Bb2 T�B` V 3−P1X >2`2- V 3 Bb p2bb2H i �b K2MiBQM2/ �#Qp2-

�M/ SR Bb T2`BQ/ pX �b b?QrM BM 6B;m`2 kXj- p2bb2H V 3 − P1 �``Bp2b �i t = 7X h?2M- Bib

/2biBM�iBQM p2bb2Hb �`2 BM b2i V D
V 3−P1 = {V 1−P2, V 2−P2}X aBKBH�`Hv- i?2 bQm`+2 p2bb2Hb

Q7 T�B` V 3− P1 �`2 BM b2i V S
V 3−P1 = {V 1− P1, V 2− P1}X :Bp2M i?�i n3,1 = 5- i?2M b2i

K3,1 Bb +QKTQb2/ Q7 i?2 }p2 �bbB;M2/ bm##HQ+Fb �b b?QrM BM i?2 };m`2X

6B;m`2 kXj, AHHmbi`�iBQMb Q7 i?2 /2+BbBQMb Q7 � p2bb2H

6Q` p2bb2H i �i T2`BQ/ p- i?2 TQ`i K�M�;2` ?�b iQ K�F2 i?2 7QHHQrBM; 7Qm` ivT2b Q7

ke



/2+BbBQMbX

hvT2 R /2+BbBQM, i?2 HQ+�iBQM Q7 2�+? bm##HQ+F k Uk ∈ KipVX

hvT2 k /2+BbBQM, i?2 HQ+�iBQM Q7 2�+? bm##HQ+F k Uk ∈ KipV +Q``2bTQM/BM; iQ 2�+?

bQm`+2 p2bb2H j Uj ∈ V S
ip VX

hvT2 j /2+BbBQM, i?2 mMHQ�/BM; iBK2 7Q` bQm`+2 p2bb2H j Uj ∈ V S
ip V iQ mMHQ�/ +QMi�BM2`b

iQ bm##HQ+F k Uk ∈ KipVX

hvT2 9 /2+BbBQM, i?2 HQ�/BM; iBK2 7Q` p2bb2H i iQ HQ�/ +QMi�BM2`b 7`QK 2�+? bm##HQ+F k

Uk ∈ KipVX

hQ BHHmbi`�i2 i?2b2 /2+BbBQMb- H2i mb i�F2 i?2 p2bb2H@T2`BQ/ T�B` V 3− P1 BM 6B;m`2 kXj

�b �M 2t�KTH2X AM 6B;m`2 kXj- i?2 /Qii2/ HBM2b `2T`2b2Mi i?2 mMHQ�/BM; /2+BbBQMb- r?BH2

i?2 bQHB/ HBM2b `2T`2b2Mi i?2 HQ�/BM; /2+BbBQMbX Ai Bb FMQrM BM �/p�M+2 i?�i n3,1 = 5X

h?2`27Q`2- r2 �`2 `2[mB`2/ iQ /2i2`KBM2 i?2 HQ+�iBQMb Q7 }p2 bm##HQ+Fb UK�`F2/ BM /�`F BM

i?2 };m`2V 7`QK i?2 T`272``2/ biQ`�;2 �`2� Q7 V 3− P1- r?B+? Bb i?2 ivT2 R /2+BbBQMX h?2

}p2 bm##HQ+Fb biQ`2 +QMi�BM2`b 7`QK bQm`+2 p2bb2Hb V 1−P1 �M/ V 2−P1X h?mb- i?2b2 }p2

bm##HQ+Fb �HbQ M22/ iQ #2 �bbB;M2/ iQ V 1−P1 �M/ V 2−P1- r?B+? Bb i?2 ivT2 k /2+BbBQMX

�b b?QrM BM 6B;m`2 kXj- V 1−P1 mMHQ�/b iQ i?2 irQ bm##HQ+Fb K�`F2/ #v i?2 #Hm2 /Qii2/

HBM2b- �M/ V 2 − P1 mMHQ�/b iQ i?2 i?`22 bm##HQ+Fb K�`F2/ #v i?2 v2HHQr /Qii2/ HBM2bX

qBi? i?2 �#Qp2 irQ ivT2b Q7 /2+BbBQMb- r2 +�M K�F2 /2+BbBQMb +Q``2bTQM/BM; iQ HQ+�iBQMbX

L2ti- r2 +QMbB/2` i?2 ?�M/HBM; iBK2 UHQ�/BM; iBK2 �M/ mMHQ�/BM; iBK2V /2+BbBQMb Q7 i?2

}p2 bm##HQ+FbX �b b?QrM BM 6B;m`2 kXj- i?2 mMHQ�/BM; iBK2 Q7 V 1−P1 Bb t = 5 �b K�`F2/

#v i?2 #Hm2 /Qii2/ HBM2- �M/ i?2 mMHQ�/BM; iBK2 Q7 V 2 − P1 Bb t = 4 �b K�`F2/ #v i?2

v2HHQr /Qii2/ HBM2- r?B+? Bb i?2 ivT2 j /2+BbBQMX 6BM�HHv- i?2 HQ�/BM; iBK2 /2+BbBQMb M22/ iQ

/2i2`KBM2 i?2 iBK2 `2[mB`2/ 7Q` HQ�/BM; +QMi�BM2`b 7`QK i?2 }p2 bm##HQ+Fb iQ V 3−P1X AM

6B;m`2 kXj- i?2 HQ�/BM; iBK2b Q7 irQ BHHmbi`�iBp2 bm##HQ+Fb K�`F2/ #v i?2 #Hm2 �M/ v2HHQr

bQHB/ HBM2b �`2 t = 11 �M/ t = 10X

kd



kXkXj P#D2+iBp2

GQ+�iBQM Q7 2�+? bm##HQ+F M22/b iQ #2 /2i2`KBM2/ 7Q` Bib HQ�/BM; �M/ mMHQ�/BM; T`Q+2bb

`2H�i2/ iQ 2�+? p2bb2HX J2�Mr?BH2- i?2 HQ�/BM; iBK2 �M/ mMHQ�/BM; iBK2 Q7 2�+? bm##HQ+F

�`2 �HbQ iQ #2 /2i2`KBM2/X AM i?Bb +?�Ti2`- i?2 MmK#2` Q7 `2[mB`2/ bm##HQ+Fb 7Q` #Qi? i?2

HQ�/BM; �M/ mMHQ�/BM; T`Q+2bb �`2 T�`�K2i2`bX �HbQ- i?2 #2`i? TQbBiBQM �M/ i?2 HQ+�iBQMb

Q7 i?2 [m�v +`�M2b ?�M/HBM; 2�+? p2bb2H �`2 FMQrMX qBi? i?2 /2+BbBQMb Q7 biQ`�;2 HQ+�iBQMb

�M/ ?�M/HBM; iBK2- r2 �BK iQ KBMBKBx2 i?2 i`�p2HBM; /Bbi�M+2 Q7 �HH i`m+Fb r?BH2 �pQB/BM;

i`�{+ +QM;2biBQM BM i?2 v�`/X "2bB/2b- i?2 iQi�H iBK2 /2pB�iBQM Q7 ?�M/HBM; iBK2 Q7 �HH

p2bb2Hb Qp2` i?2 2MiB`2 TH�MMBM; ?Q`BxQM Bb �HbQ iQ #2 KBMBKBx2/X

6B`bi- r2 +QMbB/2` i?2 }`bi T�`i Q7 i?2 Q#D2+iBp2- i?�i Bb- iQ KBMBKBx2 i?2 iQi�H i`�p2H@

BM; /Bbi�M+2 Q7 i`m+FbX AM i?2 i`�Mbb?BTK2Mi T`Q+2bb- QM2 #�i+? Q7 +QMi�BM2`b BMpQHp2b irQ

QT2`�iBQMb, mMHQ�/BM; QT2`�iBQM 7`QK i?2 p2bb2H iQ Bib biQ`�;2 bm##HQ+F �M/ i?2 HQ�/BM;

QT2`�iBQM 7`QK i?2 bm##HQ+F iQ Bib /2biBM�iBQM p2bb2HX h?2`27Q`2- i?2 i`�p2HBM; /Bbi�M+2 Q7

v�`/ i`m+Fb BM+Hm/2b #Qi? i?2 mMHQ�/BM; /Bbi�M+2 �M/ i?2 HQ�/BM; /Bbi�M+2X AM 6B;m`2 kX9-

i?2 ;`22M@+QHQ`2/ +B`+H2 `2T`2b2Mib � +QKTH2i2 mMHQ�/BM; `Qmi2- r?2`2 i?2 bQHB/ HBM2 `2T@

`2b2Mib i?�i i?2 i`m+Fb �`2 ;QBM; iQ #2 HQ�/2/ �M/ i?2 /Qii2/ HBM2 `2T`2b2Mib i?�i i?2

i`m+Fb �`2 #2BM; mMHQ�/2/X aBKBH�`Hv- i?2 `2/@+QHQ`2/ +B`+H2 `2T`2b2Mib � +QKTH2i2 HQ�/BM;

`Qmi2X .m`BM; i?2 i`�Mbb?BTK2Mi T`Q+2bb- #Qi? i?2 HQ�/BM; �M/ i?2 mMHQ�/BM; T`Q+2bb

+Q``2bTQM/ iQ i`�Mb72``BM; � H�`;2 MmK#2` Q7 +QMi�BM2`bX S`BK�`BHv- r2 �bbmK2 b2p2`�H

i`m+Fb b2`p2 i?2 mMHQ�/BM; �M/ HQ�/BM; /2K�M/ #2ir22M � p2bb2H �M/ � bm##HQ+F- 2Mbm`BM;

i?�i i?2 mMHQ�/BM; Q` HQ�/BM; T`Q+2bb +�M #2 +QKTH2i2 BM � b?Q`i iBK2X �++Q`/BM;Hv- i?2

r�BiBM; iBK2 Q7 i?2 p2bb2Hb Bb `2/m+2/X h?2`27Q`2- r2 �bbmK2 i?�i 2�+? i`m+F +�M QMHv

b2`p2 QM2 p2bb2H rBi?BM QM2 +B`+mBi `Qmi2 BM i?Bb T`Q#H2KX "2bB/2b- r2 +QMbB/2` i?2 i`m+F

i?�i +�M +�``v QMHv QM2 +QMi�BM2` �i � iBK2X h?mb- i?2 /Qii2/ /Bbi�M+2 i?�i i?2 i`m+F

i`�p2Hb rBi?Qmi +�``vBM; � +QMi�BM2` Bb 2bb2MiB�H iQ b2`p2 � +QKTH2i2 mMHQ�/BM;fHQ�/BM;

`Qmi2X "�b2/ QM i?2 �#Qp2 `2�bQMb- r2 mb2 i?2 H2M;i? Q7 � +B`+mBi `Qmi2 �b i?2 /Bbi�M+2 Q7

mMHQ�/BM;fHQ�/BM; #2ir22M � p2bb2H �M/ � bm##HQ+FX

h?2M- r2 +QMbB/2` i?2 b2+QM/ T�`i Q7 i?2 Q#D2+iBp2- i?�i Bb- iQ KBMBKBx2 i?2 iQi�H iBK2

k3



6B;m`2 kX9, AHHmbi`�iBQMb Q7 i?2 mMHQ�/BM; `Qmi2 �M/ HQ�/BM; `Qmi2

bT2Mi #v �HH p2bb2Hb Qp2` i?2 2MiB`2 TH�MMBM; ?Q`BxQMX 6Q` p2bb2H i BM T2`BQ/ p- r2 mb2

MQi�iBQM tF,startip iQ `2T`2b2Mi Bib �``Bp�H iBK2- r?B+? Bb � FMQrM T�`�K2i2`X �b b?QrM BM

6B;m`2 kX8- p2bb2H V 3 �``Bp2b �i t = 7 BM i?2 }`bi T2`BQ/- i?�i Bb- tF,start3,1 = 7X "2bB/2b- 2�+?

p2bb2H Bb 2tT2+i2/ iQ #2 ?�M/H2/ rBi?BM � ;Bp2M iBK2 BMi2`p�H- M�K2Hv- i?2 72�bB#H2 iBK2

BMi2`p�HX A7 � p2bb2H +�M +QKTH2i2 i?2 mMHQ�/BM; �M/ HQ�/BM; T`Q+2bb rBi?BM Bib 72�bB#H2 iBK2

BMi2`p�H- Bi rBHH i`�p2H �++Q`/BM; iQ Bib TH�M BM i?2 7QHHQrBM; pQv�;2X Pi?2`rBb2- i?Bb p2bb2H

M22/b iQ bT22/ mT- bHQr /QrM- Q` r�Bi MQi iQ BM~m2M+2 Bib b+?2/mH2b �i /Bz2`2Mi TQ`ibX 6Q`

p2bb2H i BM T2`BQ/ p- r2 /2}M2 Bib 2tT2+i2/ iBK2 BMi2`p�H �b [αstart
ip , βend

ip ]- �M/ Bib 72�bB#H2

iBK2 BMi2`p�H �b [tF,startip , tF,endip ]X �b b?QrM BM 6B;m`2 kX8- i?2 2tT2+i2/ iBK2 BMi2`p�H Bb

[8, 11] �M/ i?2 72�bB#H2 iBK2 BMi2`p�H Bb [7, 12]X h?2 mMHQ�/BM; �M/ HQ�/BM; QT2`�iBQMb Q7 i?2

i`�Mbb?BTK2Mi +QMi�BM2`b /Q MQi M22/ iQ #2 +QKTH2i2/ rBi?BM i?2 2tT2+i2/ iBK2 BMi2`p�H

#mi M22/ iQ #2 rBi?BM i?2 72�bB#H2 iBK2 BMi2`p�HX Ai Bb �++2Ti�#H2 iQ ?�M/H2 +QMi�BM2`b �i

iBK2 mMBib #2vQM/ i?2 2tT2+i2/ iBK2 BMi2`p�HX h?2 ?�M/HBM; iBK2 /2pB�iBQM Bb i?2 T2`BQ/

Q7 iBK2 #v r?B+? i?2 �+im�H iBK2 2t+22/b i?2 2tT2+i2/ iBK2 BMi2`p�HX >Qr2p2`- QT2`�iBQMb

/m`BM; i?2 iBK2 /2pB�iBQM H2�/ iQ 2ti`� +QbibX h?2`27Q`2- r2 BMi2M/ iQ KBMBKBx2 i?2 iQi�H

iBK2 /2pB�iBQM Q7 �HH p2bb2Hb /m`BM; i?2 TH�MMBM; ?Q`BxQMX

kN



6B;m`2 kX8, AHHmbi`�iBQMb Q7 i?2 ?�M/HBM; iBK2 Q7 � p2bb2H

kXkX9 *QMbi`�BMib QM bm##HQ+F �bbB;MK2Mi

AM i?Bb T`Q#H2K- i?2`2 �`2 i?`22 ivT2b Q7 +QMbi`�BMib QM i?2 �bbB;MK2Mi Q7 bm##HQ+FbX

h?�i Bb- i?2 p2bb2H@`2H�i2/ +QMbi`�BMib- i?2 b�K2@#HQ+F +QMbi`�BMib- �M/ i?2 �/D�+2Mi@H�M2

+QMbi`�BMibX L2ti- r2 BMi`Q/m+2 i?2b2 +QMbi`�BMib QM2 #v QM2X

o2bb2H@`2H�i2/ bm##HQ+F �HHQ+�iBQM +QMbi`�BMib

6B`bi- Bi Bb M2+2bb�`v iQ 2Mbm`2 i?�i i?2`2 Bb MQ +QM~B+iX h?�i Bb- 2�+? bm##HQ+F +�M

QMHv #2 �bbB;M2/ iQ QM2 p2bb2H /m`BM; � iBK2 mMBiX

a2+QM/- �b /2b+`B#2/ BM am#b2+iBQM kXkXk- i?2 �bbB;M2/ bm##HQ+F iQ p2bb2H i b?QmH/

`2K�BM mM+?�M;2/ �i 2p2`v iBK2 mMBi t Q7 T2`BQ/ pX

h?B`/- 7Q` p2bb2H i �i T2`BQ/ p- i?2 �bbB;M2/ bm##HQ+Fb b?QmH/ #2 b2H2+i2/ 7`QK i?2

T`272``2/ v�`/ �`2�X G2i MQi�iBQM Ki /2MQi2 i?2 b2i Q7 T`272``2/ bm##HQ+Fb Q7 p2bb2H iX

h?�i Bb- 2�+? �bbB;M2/ bm##HQ+F k Q7 p2bb2H i b�iBb}2b k ∈ KiX

6Qm`i?- p2bb2H i �i T2`BQ/ p b?QmH/ #2 �bbB;M2/ � ;Bp2M MmK#2` Q7 nip bm##HQ+FbX >2`2-

nip Bb � FMQrM T�`�K2i2`X

*QMbi`�BMib QM bm##HQ+Fb BM i?2 b�K2 #HQ+F

jy



h?2 HQ�/BM; Q7 � p2bb2H Bb mbm�HHv +�``B2/ Qmi BM � b?Q`i iBK2X h?2`27Q`2- i?2`2 �`2

7`2[m2Mi +QMi�BM2` QT2`�iBQMb M2�` i?2 �bbB;M2/ bm##HQ+FbX h?2b2 QT2`�iBQMb BM+Hm/2 i?2

`2i`B2p�H Q7 +QMi�BM2`b #v v�`/ +`�M2b �M/ i`�MbTQ`i�iBQM Q7 +QMi�BM2`b #v v�`/ i`m+FbX

A7 irQ bm##HQ+Fb BM i?2 b�K2 #HQ+F �`2 �bbB;M2/ iQ i?2 b�K2 p2bb2H i- i?2 irQ i`�{+

~Qrb BM i?2 ?Q`BxQMi�H H�M2 Q7 i?Bb #HQ+F K�v H2�/ iQ i`�{+ +QM;2biBQMX *QM~B+i R BM

6B;m`2 kXe b?Qrb i?Bb FBM/ Q7 +QM;2biBQMX "2bB/2b- 2�+? #HQ+F Bb mbm�HHv 2[mBTT2/ rBi?

irQ v�`/ +`�M2bX 1�+? bm##HQ+F Bb b2`p2/ #v QMHv QM2 v�`/ +`�M2X A7 irQ bm##HQ+Fb BM

i?2 b�K2 #HQ+F �`2 �bbB;M2/ iQ p2bb2H i bBKmHi�M2QmbHv- i?2 v�`/ +`�M2b rBHH #2 p2`v #mbv

HQ�/BM; +QMi�BM2`b iQ p2bb2H iX A7 � bm##HQ+F BM i?Bb #HQ+F Bb �bbB;M2/ iQ �MQi?2` p2bb2H

j- �M/ p2bb2H j ?�b HQ�/BM; Q` mMHQ�/BM; `2[mB`2K2Mib r?2M p2bb2H i Bb HQ�/BM;- MQ +`�M2

Bb �p�BH�#H2 7Q` p2bb2H jX h?mb- i?2 QT2`�iBQM iBK2 Q7 p2bb2H j +�M #2 �z2+i2/ #v i?2

�bbB;MK2Mi Q7 p2bb2H iX "�b2/ QM i?2 �#Qp2 irQ `2�bQMb- 2�+? p2bb2H +�M #2 �bbB;M2/ rBi?

�i i?2 KQbi QM2 bm##HQ+F 7`QK i?2 b�K2 #HQ+FX

6B;m`2 kXe, hrQ ivT2b Q7 +QM~B+ib BM i?2 ?Q`BxQMi�H H�M2

*QMbi`�BMib QM bm##HQ+Fb M2�` b�K2 ?Q`BxQMi�H H�M2

h?Bb T`Q#H2KǶb T`BK�`v biQ`�;2 �HHQ+�iBQM mMBi Bb i?2 bm##HQ+F- BM r?B+? k9y +QMi�BM2`b

+�M #2 biQ`2/X h?2`27Q`2- iQ K�F2 bm`2 2�+? p2bb2H H2�p2b i?2 TQ`i QM iBK2- r2 M22/ iQ

+QKTH2i2 i?2 HQ�/BM; QT2`�iBQM BM � b?Q`i iBK2X J2�Mr?BH2- i?2 mMHQ�/BM; QT2`�iBQM-

r?B+? Bb �?2�/ Q7 i?2 HQ�/BM; QT2`�iBQM- �HbQ M22/b iQ #2 +QKTH2i2/ [mB+FHvX h?2 ?2�pv

rQ`FHQ�/ /m`BM; i?2 mMHQ�/BM; Q` HQ�/BM; T`Q+2bb +�mb2b �M BM+`2�b2 BM MmK#2` Q7 i`m+Fb

M2�` i?2 `2H�i2/ bm##HQ+FbX �b K2MiBQM2/ BM am#b2+iBQM kXkXR- i?2 ?Q`BxQMi�H H�M2 #2ir22M

jR



irQ #HQ+Fb �HHQrb MQ KQ`2 i?�M QM2 i`�{+ ~Qr �i � iBK2X h?mb- B7 irQ bm##HQ+Fb �HQM;

i?2 b�K2 ?Q`BxQMi�H H�M2 �`2 HQ�/BM; Q` mMHQ�/BM; bBKmHi�M2QmbHv- i?2`2 rBHH #2 i`�{+

+QM;2biBQM BM i?Bb H�M2X *QM~B+i k BM 6B;m`2 kXe b?Qrb bm+? +QM;2biBQMX h`m+Fb ?�p2 iQ

r�Bi iQ �pQB/ +QM~B+i BM i?2 ?Q`BxQMi�H H�M2X h?2`27Q`2- 7Q` p2bb2HbǶ QT2`�iBQM�H 2{+B2M+v-

bm##HQ+Fb 7`QK irQ #HQ+Fb b?�`BM; i?2 b�K2 ?Q`BxQMi�H H�M2 +�MMQi #2 �bbB;M2/ iQ � p2bb2H

bBKmHi�M2QmbHvX

kXkX8 *QMbi`�BMib QM ?�M/HBM; iBK2 �bbB;MK2Mi

6Q` p2bb2H i �i T2`BQ/ p- Bib ?�M/HBM; iBK2 BM+Hm/2b irQ T�`ibX URV i?2 iBK2 i?�i p2bb2H

i i�F2b iQ mMHQ�/ +QMi�BM2`b iQ 2�+? �bbB;M2/ bm##HQ+Fc UkV i?2 HQ�/BM; iBK2 i?�i p2bb2H i

i�F2b iQ HQ�/ +QMi�BM2`b 7`QK 2�+? �bbB;M2/ bm##HQ+FX h?2 �bbB;MK2Mi Q7 mMHQ�/BM; iBK2

�M/ HQ�/BM; iBK2 b?QmH/ b�iBb7v i?2 7QHHQrBM; +QMbi`�BMibX

6B`bi- i?2 mMHQ�/BM; iBK2 �M/ HQ�/BM; iBK2 Q7 p2bb2H i b?QmH/ MQi #2 2�`HB2` i?�M i?2

�``Bp�H Q7 p2bb2H iX �b b?QrM BM 6B;m`2 kX8- p2bb2H V 3Ƕb mMHQ�/BM; iBK2 BMi2`p�H Bb [7, 8]-

�M/ Bib HQ�/BM; iBK2 BMi2`p�H Bb [9, 12]- #Qi? Q7 r?B+? �`2 rBi?BM Bib 72�bB#H2 iBK2 BMi2`p�H

[7, 12]X "2bB/2b- #Qi? Q7 i?2K �`2 MQi 2�`HB2` i?�M i?2 �``Bp�H iBK2 t = 7X

a2+QM/- /m2 iQ i?2 biQr�;2 b+?2K2 Q7 p2bb2H i- Bib mMHQ�/BM; iBK2 b?QmH/ #2 �?2�/ Q7

Bib HQ�/BM; iBK2X �b b?QrM BM 6B;m`2 kX8- p2bb2H V 3Ƕb mMHQ�/BM; iBK2 BMi2`p�H Bb [7, 8]- �M/

Bib HQ�/BM; iBK2 BMi2`p�H Bb [9, 12]X P#pBQmbHv- Bib H�i2bi mMHQ�/BM; iBK2 t = 8 Bb �?2�/ Q7

Bib 2�`HB2bi HQ�/BM; iBK2 t = 9X

h?B`/- r?2M +QMi�BM2`b �`2 i`�Mbb?BTT2/ 7`QK p2bb2H j iQ p2bb2H i pB� bm##HQ+F k- i?2

mMHQ�/BM; iBK2 7`QK p2bb2H j iQ bm##HQ+F k b?QmH/ #2 �?2�/ Q7 i?2 HQ�/BM; iBK2 7`QK bm#@

#HQ+F k iQ p2bb2H iX AM i?Bb T`Q#H2K- i?2 HQ�/BM; bi�`i iBK2 Q7 p2bb2H i Bb � /2+BbBQM p�`B�#H2-

M�K2Hv τL,startip - r?B+? 2[m�Hb iQ i?2 KBMBKmK HQ�/BM; iBK2 Q7 �HH +QMi�BM2`b �bbB;M2/ iQ

i?2 bm##HQ+FX 6Q` 2t�KTH2- �b b?QrM BM 6B;m`2 kX8- i?2 HQ�/BM; bi�`i iBK2 Q7 p2bb2H V 3 �i

T2`BQ/ P1 Bb i?2 iBK2 mMBi K�`F2/ #v i?2 ;`22M@+QHQ`2/ �``Qr- BX2X- τL,start3,1 = 9X �++Q`/@

BM;Hv- i?2 mMHQ�/BM; iBK2 BMi2`p�H 7Q` p2bb2H j iQ i`�Mbb?BT iQ p2bb2H i Bb [tF,start3,1 , τL,start3,1 −1]-

i?�i Bb [4, 8]X

jk



kXkXe *QMbi`�BMib QM i?2 K�tBKmK i`�{+ ~Qr

AM am#b2+iBQM kXkX9- i`�{+ +QM;2biBQM BM i?2 ?Q`BxQMi�H H�M2 Bb +QMbi`�BM2/ #v i?2

bm##HQ+F �bbB;MK2Mi +QMbi`�BMibX >Qr2p2`- r2 M22/ �//BiBQM�H +QMbi`�BMib iQ +QMi`QH

i`�{+ +QM;2biBQM BM i?2 p2`iB+�H H�M2X aBM+2 i?2 K�tBKmK i`�{+ ~Qr 2tBbib BM #Qi?

UmMHQ�/BM; �M/ HQ�/BM;V /B`2+iBQMb Q7 � p2`iB+�H H�M2- i?2 MmK#2` Q7 i`�{+ ~Qrb T�bbBM;

� H�M2 7`QK 2Bi?2` /B`2+iBQM +�MMQi 2t+22/ Bib K�tBKmK i`�{+ ~QrX

1p2M B7 i?2 bm##HQ+F �bbB;MK2Mi +QMbi`�BMib BM am#b2+iBQM kXkX9 �`2 b�iBb}2/- i`�{+

~Qrb BM i?2 p2`iB+�H H�M2b K�v biBHH 2t+22/ i?2 K�tBKmK MmK#2`- r?B+? `2bmHib BM i`�{+

+QM;2biBQMX h?Bb +QM;2biBQM +Q``2bTQM/b iQ i?`22 ivT2b Q7 /2+BbBQMb BM i?2 v�`/X 6B`bi-

B7 i?2 bm##HQ+Fb mbBM; i?2 b�K2 p2`iB+�H H�M2 �`2 �HHQ+�i2/ bBKmHi�M2QmbHv- +QM;2biBQM

Q++m`b BM i?Bb p2`iB+�H H�M2X a2+QM/- ;Bp2M i?�i i?2 HQ+�iBQMb Q7 i?2 �bbB;M2/ bm##HQ+Fb

�`2 #�H�M+2/- i?2 bBKmHi�M2Qmb HQ�/BM; �M/ mMHQ�/BM; Q7 bQK2 bm##HQ+Fb rBHH biBHH H2�/ iQ

i`�{+ +QM;2biBQMX h?B`/- B7 #Qi? i?2 �bbB;M�iBQM Q7 i?2 HQ+�iBQMb �M/ i?2 ?�M/HBM; iBK2b

Q7 bm##HQ+Fb �`2 MQi #�H�M+2/- +QM;2biBQM rBHH ?�TT2MX h?2`27Q`2- r2 M22/ iQ /2+B/2 #Qi?

i?2 HQ+�iBQM �M/ i?2 ?�M/HBM; iBK2 Q7 2�+? �bbB;M2/ bm##HQ+F iQ HBKBi i?2 i`�{+ ~Qr BM

i?2 p2`iB+�H H�M2X AM i?Bb r�v- i`�{+ +QM;2biBQM +�M #2 �pQB/2/X q2 �// bm+? i`�{+ ~Qr

+QMbi`�BMib QM #Qi? i?2 HQ�/BM; �M/ mMHQ�/BM; /B`2+iBQM Q7 2�+? p2`iB+�H BM i?Bb T`Q#H2KX

kXkXd *QMbi`�BMib QM +QMi�BM2`b /Bbi`B#miBQM

"27Q`2 BMi`Q/m+BM; i?2 /2+BbBQMb �M/ +QMbi`�BMib- r2 }`bi /2}M2 i?2 7QHHQrBM; MQi�iBQMbX

LQi�iBQMb Q7 T�`�K2i2`b, URV Ki Bb i?2 b2i Q7 T`272``2/ bm##HQ+Fb Q7 p2bb2H iX UkV nip Bb

i?2 MmK#2` Q7 bm##HQ+Fb `2[mB`2/ iQ #2 `2b2`p2/ 7Q` p2bb2H i BM T2`BQ/ pX UjV njip Bb MmK#2`

Q7 bm##HQ+Fb `2b2`p2/ 7Q` p2bb2H j r?B+? Bb i?2 bQm`+2 p2bb2H Q7 p2bb2H i BM T2`BQ/ pX U9V qjip

Bb i?2 MmK#2` Q7 i`�Mbb?BTK2Mi +QMi�BM2`b 7`QK p2bb2H j iQ p2bb2H i BM T2`BQ/ pX LQi�iBQMb

Q7 /2+BbBQMb, URV Kip Bb i?2 b2i Q7 �bbB;M2/ bm##HQ+Fb 7Q` p2bb2H i BM T2`BQ/ pX P#pBQmbHv-

r2 ?�p2 Kip ⊂ Ki �M/ |Kip|= nipX UkV Kjip Bb i?2 b2i Q7 �bbB;M2/ bm##HQ+Fb 7Q` i?2 bQm`+2

p2bb2H j Q7 p2bb2H i BM T2`BQ/ pX P#pBQmbHv- r2 ?�p2 Kjip ⊂ Kip �M/ |Kjip|= njipX UjV zjikp

Bb i?2 MmK#2` Q7 +QMi�BM2`b i`�Mbb?BTT2/ 7`QK p2bb2H j iQ p2bb2H i pB� bm##HQ+F kX

jj



zjikp M22/b iQ K22i 7Qm` +QMbi`�BMib, URV 7Q` p2bb2H i BM T2`BQ/ p- +QMi�BM2`b i`�Mbb?BTT2/

7`QK bQm`+2 p2bb2H j iQ p2bb2H i +�M #2 biQ`2/ QMHv �i i?2 bm##HQ+Fb �bbB;M2/ iQ p2bb2H

iX AM Qi?2` rQ`/b- B7 � bm##HQ+F Bb MQi �bbB;M2/ iQ p2bb2H i- Bi +�MMQi #2 mb2/ iQ biQ`2

+QMi�BM2`b 7`QK bQm`+2 p2bb2H jX h?�i Bb- B7 k /∈ Kip- zjikp = 0X UkV q?2M qjip +QMi�BM2`b

�`2 i`�Mbb?BTT2/ 7`QK bQm`+2 p2bb2H j iQ p2bb2H i BM T2`BQ/ p- i?2 MmK#2` Q7 +QMi�BM2`b

�HHQ+�i2/ iQ 2�+? �bbB;M2/ bm##HQ+F k Uk ∈ KjipV +�MMQi 2t+22/ i?2 iQi�H i`�Mbb?BTK2Mi

pQHmK2- i?�i Bb- zjikp ≤ qjipX A7 bm##HQ+F k Bb �bbB;M2/ iQ p2bb2H i #mi MQi �bbB;M2/ iQ

bQm`+2 p2bb2H j- MQ +QMi�BM2`b 7`QK p2bb2H j rBHH #2 biQ`2/ BM bm##HQ+F kX h?�i Bb- B7

k ∈ Kip �M/ k /∈ Kjip- zjikp = 0X UjV *QMi�BM2`b i`�Mbb?BTT2/ 7`QK p2bb2H j iQ p2bb2H i BM

T2`BQ/ p b?QmH/ #2 �HH biQ`2/ BM Bib bm##HQ+FbX h?�i Bb-
∑

k∈Kjip
zjikp = njipX U9V am##HQ+Fb

�bbB;M2/ iQ bQm`+2 p2bb2H j +�MMQi biQ`2 +QMi�BM2`b 7`QK Qi?2` bQm`+2 p2bb2Hb Q7 p2bb2H i-

BX2X- ∩j∈V S
ip
Kjip = ∅X

kXj J�i?2K�iB+�H 6Q`KmH�iBQM

AM i?Bb b2+iBQM- r2 #mBH/ � KBt2/@BMi2;2` T`Q;`�KKBM; UJASV KQ/2H 7Q` i?Bb T`Q#H2KX

�b K2MiBQM2/ BM i?2 T`Q#H2K /2b+`BTiBQM- i?`22 /2+BbBQMb M22/ iQ #2 i�F2MX URV GQ+�iBQMb

Q7 i?2 �bbB;M2/ bm##HQ+FbX UkV LmK#2` Q7 +QMi�BM2`b �HHQ+�i2/ iQ 2�+? �bbB;M2/ bm##HQ+FX

UjV lMHQ�/BM; �M/ HQ�/BM; iBK2 Q7 +QMi�BM2`b BM 2�+? bm##HQ+F �bbB;M2/ iQ 2�+? p2bb2HX h?Bb

T`Q#H2K �BKb iQ KBMBKBx2 i?2 i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb i`�MbTQ`iBM; �HH i`�Mbb?BTK2Mi

+QMi�BM2`b rBi?BM i?2 TH�MMBM; ?Q`BxQM i?`Qm;? i?2 �#Qp2 /2+BbBQMbX J2�Mr?BH2- i?Bb

T`Q#H2K �BKb iQ KBMBKBx2 i?2 iQi�H iBK2 /2pB�iBQM #2ir22M i?2 �+im�H ?�M/HBM; iBK2 �M/

i?2 2tT2+i2/ ?�M/HBM; iBK2 Q7 �HH p2bb2HbX

kXjXR LQi�iBQMb

h?Bb b2+iBQM b?Qrb �HH K�i?2K�iB+�H MQi�iBQMb mb2/ BM i?2 T`Q#H2K /2b+`BTiBQM �M/

i?2 K�i?2K�iB+�H KQ/2HX 6B`bi- r2 HBbi i?2 /2b+`BTiBQMb Q7 bQK2 MQi�iBQMbX

AM/B+2b,

i, j, p2bb2Hc
j9



p, T2`BQ/c

t, iBK2 mMBic

k, bm##HQ+Fc

u, p2`iB+�H H�M2X

a2ib,

V , b2i Q7 �HH p2bb2Hbc

K, b2i Q7 �HH bm##HQ+Fbc

T , b2i Q7 �HH iBK2 mMBib BM TH�MMBM; ?Q`BxQMc

U , b2i Q7 �HH p2`iB+�H H�M2bX

S�`�K2i2`b,

Ki, b2i Q7 i?2 T`272``2/ bm##HQ+Fb Q7 p2bb2H ic

Ti, b2i Q7 �HH T2`BQ/b Q7 p2bb2H ic

|Ti|, i?2 MmK#2` Q7 T2`BQ/b Q7 p2bb2H ic

Tip, b2i Q7 iBK2 mMBib Q7 p2bb2H i BM T2`BQ/ pc

|Tip|, i?2 MmK#2` Q7 iBK2 mMBib Q7 p2bb2H i BM T2`BQ/ pc

V S
ip , b2i Q7 bQm`+2 p2bb2Hb Q7 p2bb2H i BM T2`BQ/ pc

V D
ip , b2i Q7 /2biBM�iBQM p2bb2Hb Q7 p2bb2H i BM T2`BQ/ pc

nip, i?2 MmK#2` Q7 bm##HQ+Fb `2b2`p2/ 7Q` p2bb2H i BM T2`BQ/ pc

njip, 7Q` p2bb2H i BM T2`BQ/ p- i?2 MmK#2` Q7 bm##HQ+Fb `2b2`p2/ 7Q` Bib bQm`+2 p2bb2H jc

qjip, i?2 MmK#2` Q7 +QMi�BM2`b i`�Mb72``2/ 7`QK bQm`+2 p2bb2H j iQ p2bb2H i BM T2`BQ/ pc

Nb, b2i Q7 bm##HQ+Fb BM #HQ+F bc

Nb, b2i Q7 Nb BM i?2 v�`/c

Nh, b2i Q7 M2B;?#Q`BM; bm##HQ+Fb �HQM; ?Q`BxQMi�H H�M2 hc

Nh, b2i Q7 Nh BM i?2 v�`/c

πipku, 2[m�Hb R r?2M i?2 `Qmi2 #2ir22M p2bb2H i BM T2`BQ/ p �M/ bm##HQ+F k T�bb2b H�M2 uc

wU
u , i?2 K�tBKmK MmK#2` Q7 mMHQ�/BM; i`�{+ ~Qrb Q7 p2`iB+�H H�M2 uc

wL
u , i?2 K�tBKmK MmK#2` Q7 HQ�/BM; i`�{+ ~Qrb Q7 p2`iB+�H H�M2 uc

Ck, i?2 +�T�+Biv Q7 � bm##HQ+Fc

M , � p2`v H�`;2 TQbBiBp2 BMi2;2`c

j8



dUipk, i?2 mMHQ�/BM; `Qmi2 H2M;i? 7`QK p2bb2H i iQ bm##HQ+F k BM T2`BQ/ pc

dLipk, i?2 HQ�/BM; `Qmi2 H2M;i? 7`QK bm##HQ+F k iQ p2bb2H i BM T2`BQ/ pc

η1, i?2 +Q2{+B2Mi Q7 i`�p2HBM; `Qmi2 BM i?2 Q#D2+iBp2c

η2, i?2 +Q2{+B2Mi Q7 iBK2 /2pB�iBQM BM i?2 Q#D2+iBp2X

.2+BbBQM p�`B�#H2b,

xtki, b2i iQ QM2 B7 bm##HQ+F k Bb �bbB;M2/ iQ p2bb2H i �i iBK2 mMBi t- �M/ x2`Q Qi?2`rBb2c

x̄pki, b2i iQ QM2 B7 bm##HQ+F k Bb �bbB;M2/ iQ p2bb2H i BM T2`BQ/ p- �M/ x2`Q Qi?2`rBb2c

ȳpkij, b2i iQ QM2 B7 bm##HQ+F k Bb �bbB;M2/ iQ bQm`+2 p2bb2H j Q7 p2bb2H i BM T2`BQ/ p- �M/

x2`Q Qi?2`rBb2c

zijkp, i?2 MmK#2` Q7 +QMi�BM2` i`�Mb72``2/ 7`QK p2bb2H i iQ p2bb2H j pB� bm##HQ+F k BM T2`BQ/

pc

λU
ijkt, b2i iQ QM2 B7 +QMi�BM2`b i`�Mb72``2/ 7`QK p2bb2H i iQ p2bb2H j pB� bm##HQ+F k �`2 HQ�/BM;

�i iBK2 mMBi tc

δLit, b2i iQ QM2 B7 p2bb2H i �`2 HQ�/BM; �i iBK2 mMBi tc

τL,startip , i?2 HQ�/BM; bi�`i iBK2 Q7 p2bb2H i BM T2`BQ/ pc

τ startip , i?2 mMHQ�/BM; bi�`i iBK2 Q7 p2bb2H i BM T2`BQ/ pc

τ endip , i?2 HQ�/BM; 2M/ iBK2 Q7 p2bb2H i BM T2`BQ/ pX

kXjXk JAS KQ/2Hb

AM i?Bb b2+iBQM- r2 2bi�#HBb? � KBt2/@BMi2;2` T`Q;`�KKBM; UJASV KQ/2H 7Q` i?2 T`Q#@

H2K- #�b2/ QM i?2 Q`/2` Q7 i?2 Q#D2+iBp2 7mM+iBQM- bm##HQ+F �HHQ+�iBQM +QMbi`�BMib- +QM@

i�BM2` �HHQ+�iBQM +QMbi`�BMib- �M/ HQ�/BM; �M/ mMHQ�/BM; iBK2 +QMbi`�BMibX �i i?2 2M/ Q7

i?Bb b2+iBQM- r2 ;2i i?2 +QKTH2i2 JAS KQ/2H �M/ /2+QKTQb2 Bi BMiQ irQ bm#@KQ/2HbX

q2 +QMbB/2` �M BMi2;`�i2/ /2+BbBQM KQ/2H Q7 bm##HQ+F HQ+�iBQM �bbB;M�iBQM HQ�/BM; �M/

mMHQ�/BM; iBK2 �HHQ+�iBQM BM i?2 v�`/ BM i?Bb T`Q#H2KX h?2 Q#D2+iBp2 BM+Hm/2b irQ T�`ib,

URV KBMBKBxBM; i?2 iQi�H HQ�/BM; �M/ mMHQ�/BM; /Bbi�M+2 Q7 +QMi�BM2`bc UkV KBMBKBxBM;

i?2 iBK2 /2pB�iBQM #2ir22M i?2 �+im�H HQ�/BM; �M/ mMHQ�/BM; iBK2 �M/ i?2 2tT2+i2/

im`M�`QmM/ iBK2 Q7 2�+? p2bb2HX AM Q`/2` iQ Q#i�BM i?2 }`bi T�`i Q7 i?2 Q#D2+iBp2 7mM+iBQM-

je



i?�i Bb- i?2 iQi�H /Bbi�M+2 objroute +Qp2`2/ #v i`m+Fb- r2 K�F2 i?2 7QHHQrBM; �M�HvbBbX

P#D2+iBp2, i`�p2HBM; /Bbi�M+2

h?2 iQi�H i`�p2HBM; /Bbi�M+2 Bb `2H�i2/ iQ irQ 7�+iQ`bX PM2 7�+iQ` Bb i?2 �+im�H H2M;i?

Q7 2�+? HQ�/BM; �M/ mMHQ�/BM; `Qmi2 #2ir22M bm##HQ+F k �M/ p2bb2H iX h?2 Qi?2` 7�+iQ`

Bb i?2 MmK#2` Q7 iBK2b i?�i 2�+? i`m+F T�bb2b i?`Qm;? 2�+? `Qmi2X 6Q` i?2 }`bi 7�+iQ`-

r?2M i?2 HQ+�iBQM Q7 p2bb2H i �M/ i?2 HQ+�iBQM Q7 bm##HQ+F k Bb }t2/- i?2 H2M;i? Q7 HQ�/BM;

Q` mMHQ�/BM; `Qmi2 #2ir22M i?2 irQ TQbBiBQMb Bb � FMQrM T�`�K2i2`X G2i MQi�iBQM dLipk

/2MQi2 i?2 H2M;i? Q7 HQ�/BM; `Qmi2 7`QK bm##HQ+F k iQ p2bb2H i- �M/ MQi�iBQM dUipk /2MQi2

i?2 H2M;i? Q7 mMHQ�/BM; `Qmi2 7`QK p2bb2H i iQ bm##HQ+F kX 6Q` i?2 b2+QM/ 7�+iQ`- �b

K2MiBQM2/ BM am#b2+iBQM kXkXj- 2�+? i`m+F +�M +�``v QMHv QM2 +QMi�BM2` �i � iBK2X aQ i?2

MmK#2` Q7 iBK2b � i`m+F i`�MbTQ`ib +QMi�BM2`b i?`Qm;? � `Qmi2 2[m�Hb iQ i?2 MmK#2` Q7

+QMi�BM2`b i`�MbTQ`i2/ i?`Qm;? i?Bb `Qmi2X AM 7�+i- i?Bb MmK#2` Bb i?2 MmK#2` Q7 +QMi�BM2`b

�HHQ+�i2/ iQ bm##HQ+F k- r?B+? Bb i?2 /2+BbBQM p�`B�#H2 zjikpX o�`B�#H2 zjikp M22/b iQ b�iBb7v

i?2 +QM/BiBQM i?�i
∑

k∈Kip
zjikp = qjipX h?Bb +QM/BiBQM K2�Mb i?�i i?2 bmK Q7 +QMi�BM2`b

�HHQ+�i2/ iQ 2�+? bm##HQ+F 2[m�Hb iQ i?2 iQi�H MmK#2` Q7 i`�Mb72``2/ +QMi�BM2`bX �++Q`/BM;

iQ i?2 �#Qp2 /2}MBiBQM- i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7 �HH i`�Mbb?BTK2Mi +QMi�BM2`b /m`BM;

i?2 2MiB`2 TH�MMBM; ?Q`BxQM +�M #2 +�H+mH�i2/ #v i?2 7QHHQrBM; 7Q`KmH�,

∑

i∈V

∑

p∈Ti

∑

k∈Ki




∑

j∈V S
ip

dUjpkzjipk + dLipk
∑

j∈V S
ip

zjipk



 , UkXRV

r?2`2 V S
ip Bb i?2 b2i Q7 bQm`+2 p2bb2Hb Q7 p2bb2H i BM T2`BQ/ pX Ki Bb i?2 b2i Q7 T`272``2/

bm##HQ+Fb Q7 p2bb2H iX Ti Bb i?2 b2i Q7 �HH T2`BQ/b Q7 p2bb2H iX V Bb i?2 b2i Q7 �HH p2bb2Hb BM

i?2 TH�MMBM; ?Q`BxQMX

P#D2+iBp2, iBK2 /2pB�iBQM

h?2 b2+QM/ T�`i Q7 i?2 Q#D2+iBp2 7mM+iBQM- i?�i Bb- i?2 iQi�H iBK2 /2pB�iBQM objtime

#2ir22M i?2 �+im�H ?�M/HBM; iBK2 �M/ i?2 2tT2+i2/ ?�M/HBM; iBK2 Q7 �HH p2bb2Hb /m`BM; i?2

TH�MMBM; ?Q`BxQM- +�M #2 +�H+mH�i2/ #v i?2 7QHHQrBM; 7Q`KmH�,

jd



objtime =
∑

i∈V

[(
αstart
ip − τ startip

)+
+
(
τ endip − βend

ip

)+]
, UkXkV

r?2`2
(
αstart
ip − τ startip

)+
= max{αstart

ip − τ startip , 0} BM/B+�i2b i?2 iBK2 /2pB�iBQM #2ir22M i?2

bi�`i iBK2 Q7 i?2 mMHQ�/BM; QT2`�iBQM �M/ i?2 2tT2+i2/ bi�`i iBK2 Q7 p2bb2H i BM T2`BQ/ pX
(
τ endip − βend

ip

)+
= max{τ endip − βend

ip , 0} BM/B+�i2b i?2 iBK2 /2pB�iBQM #2ir22M i?2 2M/ iBK2

Q7 i?2 HQ�/BM; QT2`�iBQM �M/ i?2 2tT2+i2/ 2M/ iBK2 Q7 p2bb2H i BM T2`BQ/ pX

*QMbi`�BMib QM bm##HQ+F �HHQ+�iBQM

h?2 +QMbi`�BMib `2H�i2/ iQ bm##HQ+F �HHQ+�iBQM �`2 /2b+`B#2/ #2HQr,

∑

i∈V

xtki ≤ 1, ∀k ∈ K, t ∈ T, UkXjV

∑

k∈Ki

x̃pki = nip, ∀i ∈ V, p ∈ Ti, UkX9V

∑

t∈Tip

xtki = |Tip| x̃pki, i ∈ V, p ∈ Ti, k ∈ Ki, UkX8V

∑

k∈Ki

ỹpkij = njip, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, UkXeV

ỹpkij ≤ x̃pki, ∀i ∈ V, j ∈ V S
ip , k ∈ K, p ∈ Ti, UkXdV

*QMbi`�BMib UkXjV 2Mbm`2 i?�i 2�+? bm##HQ+F +�M #2 �HHQ+�i2/ iQ QMHv QM2 p2bb2H �i �

iBK2X *QMbi`�BMib UkX9V 2Mbm`2 i?�i i?2 nip bm##HQ+Fb �bbB;M2/ iQ p2bb2H i �i T2`BQ/ p �`2

b2H2+i2/ 7`QK i?2 bm##HQ+Fb T`272``2/ #v p2bb2H iX *QMbi`�BMib UkX8V 2Mbm`2 i?�i BM T2`BQ/

p- B7 bm##HQ+F k Bb �bbB;M2/ iQ p2bb2H i- i?2M �i 2�+? iBK2 mMBi Q7 T2`BQ/ p- bm##HQ+F k Bb

�bbB;M2/ iQ p2bb2H iX *QMbi`�BMib UkXeV 2Mbm`2 i?�i BM T2`BQ/ p Q7 p2bb2H i- njip bm##HQ+Fb

`2b2`p2/ 7Q` p2bb2H i �`2 �HHQ+�i2/ iQ biQ`2 +QMi�BM2`b 7`QK bQm`+2 p2bb2H jX *QMbi`�BMib UkXeV

2Mbm`2 i?�i BM T2`BQ/ p- mMHQ�/BM; Q7 +QMi�BM2`b BM bm##HQ+F k 7`QK i?2 bQm`+2 p2bb2H j Q7

p2bb2H i Bb K2�MBM;7mH QMHv B7 bm##HQ+F k Bb �bbB;M2/ iQ p2bb2H i BM i?�i T2`BQ/X

*QMbi`�BMib QM +QMi�BM2` MmK#2` �HHQ+�iBQM

h?2 7QHHQrBM; �`2 i?2 +QMbi`�BMib `2H�i2/ iQ i?2 MmK#2` Q7 +QMi�BM2`b �HHQ+�i2/ iQ 2�+?

bm##HQ+F,
j3



∑

k∈Ki

zijkp = njip, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, UkX3V

zjikp ≤ ỹpkijM, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, k ∈ Ki, UkXNV

∑

j∈V L
i

zjikp ≤ Ck, ∀k ∈ K, i ∈ V, p ∈ Ti, UkXRyV

*QMbi`�BMib UkX3V `2T`2b2Mi i?�i BM i?2 T2`BQ/ p Q7 p2bb2H i- i?2 iQi�H MmK#2` Q7 +QM@

i�BM2`b i`�Mb72``2/ iQ p2bb2H i 7`QK bQm`+2 p2bb2H j Uj ∈ V S
ip V Bb i?2 bmK Q7 i?2 MmK#2` Q7

+QMi�BM2`b mMHQ�/2/ iQ 2�+? bm##HQ+F 7`QK p2bb2H jX *QMbi`�BMib UkX3V 2Mbm`2 i?�i �HH i`�Mb@

b?BTK2Mi +QMi�BM2`b 7`QK p2bb2H j iQ p2bb2H i �`2 biQ`2/ BM bm##HQ+FbX *QMbi`�BMib UkXNV

2Mbm`2 i?�i �HHQ+�iBQM Q7 +QMi�BM2`b iQ � bm##HQ+F Bb K2�MBM;7mH QMHv r?2M i?2 bm##HQ+F

Bb �bbB;M2/X *QMbi`�BMib UkXRyV 2Mbm`2 i?�i i?2 iQi�H MmK#2` Q7 +QMi�BM2`b biQ`2/ BM 2�+?

bm##HQ+F BM T2`BQ/ p #2 rBi?BM i?2 +�T�+Biv Q7 i?2 bm##HQ+FX

*QMbi`�BMib QM ?�M/HBM; iBK2 �bbB;MK2Mi

h?2 7QHHQrBM; +QMbi`�BMib �`2 `2H�i2/ iQ i?2 2tT2+i2/ HQ�/BM; iBK2 �M/ mMHQ�/BM; iBK2

�i 2�+? bm##HQ+F,

λU
jikt ≤ ỹpkij, ∀t ∈ Tip, k ∈ Ki, i ∈ V, j ∈ V S

ip , UkXRRV

λU
jiktt ≥ tF,startip , ∀i ∈ V, j ∈ V S

ip , t ∈ Tip, k ∈ Ki, UkXRkV

λU
jiktt ≤ τL,startjp , ∀j ∈ V S

ip , i ∈ V, t ∈ Tjp, k ∈ Ki, UkXRjV

λU
jiktt ≤ τL,startip , ∀i ∈ V, j ∈ V S

ip , t ∈ Tip, k ∈ Ki, UkXR9V

δLitt ≤ tF,endip , ∀i ∈ V, t ∈ Tip, p ∈ Ti, UkXR8V

τL,startip = min
t∈Tip

{δLitt}, ∀i ∈ V, p ∈ Ti, UkXReV

τ startip ≤ λU
ijktt, ∀i ∈ V, j ∈ V S

ip , t ∈ Tip, k ∈ Ki, UkXRdV

τ endip ≥ δUit t, ∀i ∈ V, t ∈ Tip, UkXR3V

*QMbi`�BMib UkXRRV ;m�`�Mi22 i?�i i?2 mMHQ�/BM; iBK2 Q7 bm##HQ+F k 2tBbib QMHv r?2M

bm##HQ+F k Bb �bbB;M2/ iQ bQm`+2 p2bb2H j Q7 p2bb2H i BM T2`BQ/ pX *QMbi`�BMib UkXRkV 2M@
jN



bm`2 i?�i p2bb2H j mMHQ�/b +QMi�BM2`b iQ 2�+? bm##HQ+F k �i � iBK2 H�i2` i?�M Bib 2�`HB2bi

72�bB#H2 mMHQ�/BM; iBK2X *QMbi`�BMib UkXRjV 2Mbm`2 i?�i i?2 mMHQ�/BM; iBK2 Q7 p2bb2H j

#2 H�i2` i?�M Bib �``Bp�H iBK2X *QMbi`�BMib UkXR9V 2Mbm`2 i?�i bQm`+2 p2bb2H j mMHQ�/b iQ

bm##HQ+F k #27Q`2 p2bb2H i HQ�/b +QMi�BM2`b 7`QK bm##HQ+F kX *QMbi`�BMib UkXR8V 2Mbm`2

i?�i p2bb2H i HQ�/b +QMi�BM2`b 7`QK 2�+? bm##HQ+F 2�`HB2` i?�M Bib H�i2bi 72�bB#H2 HQ�/BM;

iBK2X *QMbi`�BMib UkXReV 2Mbm`2 i?�i i?2 HQ�/BM; bi�`i iBK2 Q7 p2bb2H i Bb 2[m�H iQ i?2

KBMBKmK HQ�/BM; iBK2 Q7 2�+? bm##HQ+FX *QMbi`�BMib UkXRdV 2Mbm`2 i?2 �+im�H ?�M/HBM;

bi�`i iBK2 Q7 p2bb2H i BM T2`BQ/ pX *QMbi`�BMib UkXR3V 2Mbm`2 i?2 �+im�H ?�M/HBM; 2M/ iBK2

Q7 p2bb2H i BM T2`BQ/ pX

*QMbi`�BMib QM i`�{+ +QM;2biBQM

6QHHQrBM; �`2 +QMbi`�BMib iQ �pQB/ i`�{+ +QM;2biBQM BM i?2 v�`/X

∑

i∈V

∑

k∈Nb



δLitxtki +
∑

j∈V L
i

λU
jiktxtki



 ≤ 1, ∀t ∈ T,Nb ∈ Nb, UkXRNV

∑

i∈V

∑

k∈Nh



δLitxtki +
∑

j∈V L
i

λU
jiktxtki



 ≤ 1, ∀t ∈ T,Nh ∈ Nh, UkXkyV

∑

i∈V

∑

k∈Ki

δLitxtkiπiku ≤ wL
u , ∀t ∈ T, u ∈ U, UkXkRV

∑

i∈V

∑

k∈Ki

∑

j∈V L
i

λU
jiktxtkiπiku ≤ wU

u , ∀t ∈ T, u ∈ U, UkXkkV

*QMbi`�BMib UkXRNV 2Mbm`2 i?�i �i i?2 KQbi QM2 bm##HQ+F +�M HQ�/ Q` mMHQ�/ BM i?2 b�K2

#HQ+F /m`BM; � iBK2 mMBiX *QMbi`�BMib UkXkyV 2Mbm`2 i?�i bm##HQ+Fb BM �/D�+2Mi #HQ+Fb b?�`@

BM; i?2 b�K2 ?Q`BxQMi�H H�M2 +�MMQi HQ�/ Q` mMHQ�/ �i i?2 b�K2 iBK2X *QMbi`�BMib UkXkRV

HBKBi i?2 HQ�/BM; i`�{+ ~Qrb T�bbBM; 2�+? H�M2 bBKmHi�M2QmbHvX *QMbi`�BMib UkXkkV HBKBi

i?2 mMHQ�/BM; i`�{+ ~Qrb T�bbBM; 2�+? H�M2 bBKmHi�M2QmbHvX

hQ bmK mT- i?2 +QKTH2i2 JAS KQ/2H UJRV Bb r`Bii2M �b 7QHHQrbX
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(JR) min η1
∑

i∈V

∑

p∈Ti

∑

k∈Ki




∑

j∈V S
ip

dUjpkzjipk + dLipk
∑

j∈V S
ip

zjipk





+ η2
∑

i∈V

[(
αstart
ip − τ startip

)+
+
(
τ endip − βend

ip

)+]
, UkXkjV

bXiX *QMbi`�BMib UkXjV− UkXkkV, UkXk9V

xtki ∈ {0, 1}, ∀i ∈ V, t ∈ T, k ∈ Ki, UkXk8V

x̃pki ∈ {0, 1}, ∀i ∈ V, p ∈ Ti, k ∈ Ki, UkXkeV

ỹpkij ∈ {0, 1}, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, k ∈ Ki, UkXkdV

zjikp ≥ 0, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, k ∈ Ki, UkXk3V

λU
jikt ∈ {0, 1}, ∀i ∈ V, j ∈ V S

ip , t ∈ Tip, k ∈ Ki, UkXkNV

δLit ∈ {0, 1}, ∀i ∈ V, t ∈ Tip, UkXjyV

τL,startip ≥ 0, ∀i ∈ V, p ∈ Ti, t ∈ Tip, UkXjRV

τ startip ∈ {1, . . . , T}, ∀i ∈ V, p ∈ Ti, UkXjkV

τ endip ∈ {1, . . . , T}, ∀i ∈ V, p ∈ Ti, UkXjjV

AM KQ/2H JR- +QMbi`�BMib UkXjV@UkXRyV �`2 QMHv `2H�i2/ iQ i?2 i`�p2HBM; /Bbi�M+2 objroute

BM i?2 Q#D2+iBp2X h?2v +Q``2bTQM/ iQ i?2 bm##HQ+F �HHQ+�iBQM +QMbi`�BMib �M/ i?2 +QMi�BM2`

�HHQ+�iBQM +QMbi`�BMibX AM T�`iB+mH�`- r2 ;2i i?2 7QHHQrBM; KQ/2H rBi? objroute �b Bib Q#D2+@

iBp2- M�K2Hv- KQ/2H JkX

(Jk) objroute

bXiX *QMbi`�BMib UkXjV− UkXRyV, UkXRNV− UkXkkV, UkXk8V− UkXk3V UkXj9V

"2bB/2b- BM KQ/2H JR- +QMbi`�BMib UkXRRV@UkXR3V �`2 `2H�i2/ QMHv iQ HQ�/BM; �M/ mMHQ�/@

BM; iBK2 �HHQ+�iBQMX h?2b2 /2+BbBQMb �z2+i QMHv i?2 objtime i2`K BM i?2 Q#D2+iBp2 7mM+iBQMX

*QMbi`�BMib UkXRNV@UkXkkV Q7 KQ/2H JR ;m�`�Mi22 i?�i i`�{+ +QM;2biBQMb �`2 �pQB/2/c i?2v

�`2 �z2+i2/ #v #Qi? i?2 HQ�/BM; �M/ mMHQ�/BM; iBK2 /2+BbBQM �M/ i?2 bm##HQ+F �HHQ+�iBQM

9R



/2+BbBQMX Ai Bb MQi2/ 7`QK i?2 +QMbi`�BMi UkXRRV i?�i i?2 /2+BbBQM QM i?2 HQ�/BM; �M/ mM@

HQ�/BM; iBK2 Q7 p2bb2Hb Bb K�/2 #�b2/ QM i?2 /2+BbBQM Q7 i?2 bm##HQ+F �HHQ+�iBQMX h?mb-

r?2M i?2 /2+BbBQMb Q7 bm##HQ+F HQ+�iBQMb �`2 ;Bp2M- i`�{+ +QM;2biBQM +�M #2 �pQB/2/ #v

+QMbi`�BMib UkXRNV@UkXkkV- BX2X- i?2 HQ�/BM; �M/ mMHQ�/BM; iBK2 �HHQ+�iBQM /2+BbBQMbX h?2M-

�MQi?2` bm#@KQ/2H Jj Bb /2}M2/ �b 7QHHQrbX

(Jj) objtime

bXiX *QMbi`�BMib UkXRRV− UkXkkV, UkXkNV− UkXjjV UkXj8V

AM KQ/2H Jj- p�Hm2b `2H�i2/ iQ i?2 bm##HQ+F /2+BbBQMb b?QrM BM *QMbi`�BMib UkXk8V@

UkXk3V �`2 T�`�K2i2`bX

kX9 aQHmiBQM J2i?Q/

q2 /2}M2 7Qm` MQi�iBQMb iQ b?Qr i?2 7Qm` b2ib Q7 /2+BbBQM p�`B�#H2bX h?�i Bb- AK

BM/B+�i2b i?2 b2i Q7 /2+BbBQMb Q7 HQ+�iBQMbX AN BM/B+�i2b i?2 b2i Q7 /2+BbBQMb Q7 +QMi�BM2`

MmK#2`bX AU BM/B+�i2b i?2 b2i Q7 /2+BbBQMb 7Q` mMHQ�/BM; iBK2X AL BM/B+�i2b i?2 b2i

Q7 /2+BbBQMb Q7 HQ�/BM; iBK2X AM i?2 `2bi Q7 i?Bb b2+iBQM- r2 mb2 i?2b2 7Qm` MQi�iBQMb iQ

`2T`2b2Mi i?2 `2H2p�Mi /2+BbBQMbX AM KQ/2H JR- /2+BbBQMb AK - AU �M/ AL �`2 BMi2;2`

p�`B�#H2bX AM �//BiBQM- i?2 7Qm` /2+BbBQMb �`2 `2H�i2/ iQ 2�+? Qi?2`X h?2`27Q`2- i?2 b+�H2

Q7 i?2 T`Q#H2K BM+`2�b2b `�TB/Hv r?2M i?2 TH�MMBM; ?Q`BxQM #2+QK2b HQM;2`X �++Q`/BM;Hv-

Bi Bb ?�`/ 7Q` i?2 2tBbiBM; +QKK2`+B�H bQHp2`b iQ +�H+mH�i2 � 72�bB#H2 bQHmiBQMX "2bB/2b-

T2`BQ/b Q7 /Bz2`2Mi p2bb2Hb b?�`2 bQK2 +QKKQM iBK2 mMBib rBi?Qmi � ;2M2`�H T�ii2`MX

h?2`27Q`2- �HHQ+�iBQMb 7Q` /Bz2`2Mi p2bb2Hb +�MMQi #2 /BpB/2/ BMiQ b2p2`�H BM/2T2M/2Mi

bm#@T`Q#H2Kb `2;�`/BM; 2�+? p2bb2HX h?mb- i?Bb T`Q#H2K +�MMQi #2 i�+FH2/ #v i?2 +QHmKM

;2M2`�iBQM K2i?Q/ 7Q` H�`;2@b+�H2 T`Q#H2KbX "�b2/ QM i?2 �#Qp2 `2�bQMb- r2 /2bB;M �

+`BiB+�H 2H2K2Mi@#�b2/ i?`22@bi�;2 �bbB;MK2Mi U*1ha�V �H;Q`Bi?K iQ bQHp2 i?Bb T`Q#H2KX

6B`bi- r2 T`2b2Mi irQ T`QTQbBiBQMb #27Q`2 BMi`Q/m+BM; i?2 *1ha� �H;Q`Bi?KX

S`QTQbBiBQM R U72�bB#BHBiv +QM/BiBQMV "v bQHpBM; KQ/2H Jk- r2 Q#i�BM i?2 +QK@
9k



#BM�iBQM Q7 72�bB#H2 bQHmiBQMb Q7 bm##HQ+F HQ+�iBQM �M/ i?2 MmK#2` Q7 +QMi�BM2`b- BX2X-

UAK ,ANVX :Bp2M i?2 �#Qp2 p�Hm2b Q7 UAK ,ANV �b T�`�K2i2`b- r2 +�M bQHp2 KQ/2H Jj

�M/ ;2i Bib 72�bB#H2 bQHmiBQMb UAU ,ALVX h?2M- i?2 +QK#BM�iBQM Q7 i?2 bQHmiBQMb Q7 KQ/2H

Jk �M/ KQ/2H Jj UAK ,AN ,AU ,ALV +QMbiBimi2b � 72�bB#H2 bQHmiBQM Q7 KQ/2H JRX

S`QTQbBiBQM k UQTiBK�HBiv +QM/BiBQMV :Bp2M QM2 72�bB#H2 bQHmiBQM UAK ,ANV Q7

KQ/2H Jk- r2 +�M Q#i�BM i?2 QTiBK�H bQHmiBQM Q7 Jj mM/2` JkǶb bQHmiBQM #v b2�`+?BM; �HH

72�bB#H2 p�Hm2b Q7 UAU ,ALVX h?2M- #v i`�p2`bBM; �HH 72�bB#H2 p�Hm2b Q7 Jk- r2 +�M Q#i�BM

i?2 bQHmiBQM UAK ,AN ,AU ,ALV rBi? i?2 KBMBKmK Q#D2+iBp2 p�Hm2- r?B+? Bb i?2 QTiBK�H

bQHmiBQM Q7 KQ/2H JRX

kX9XR 6`�K2rQ`F Q7 � i?`22@bi�;2 ?2m`BbiB+ �H;Q`Bi?K

Ai Bb FMQrM 7`QK S`QTQbBiBQM R i?�i i?2 72�bB#H2 bQHmiBQM Q7 KQ/2H JR +�M #2 +QM@

bi`m+i2/ #v bQHpBM; bm#@KQ/2H Jk �M/ bm#@KQ/2H JjX �++Q`/BM; iQ S`QTQbBiBQM k- �b

HQM; �b bm#@KQ/2H Jk �M/ bm#@KQ/2H Jj +�M i?Q`Qm;?Hv b2�`+? �HH 72�bB#H2 bQHmiBQMb- i?2

QTiBK�H bQHmiBQM Q7 i?2 Q`B;BM�H KQ/2H JR +�M #2 Q#i�BM2/X >Qr2p2`- #2+�mb2 Jk �M/

Jj ?�p2 iQ i`�p2`b2 K�Mv iBK2b �M/ M22/ iQ #2 bQHp2/ 2{+B2MiHv BM 2�+? i`�p2`b�H- Bi

Bb BKTQbbB#H2 iQ i`�p2`b2 �HH 72�bB#H2 bQHmiBQMb i?Q`Qm;?HvX 6Q` i?Bb `2�bQM- r2 /2bB;M �M

Bi2`�iBp2 �H;Q`Bi?K #�b2/ QM +QMbi`m+iBp2 bQHmiBQMbX h?Bb �H;Q`Bi?K bQHp2b Jk �M/ Jj

2{+B2MiHv �i /Bz2`2Mi bi�;2bX h?2 7`�K2rQ`F Q7 i?Bb �H;Q`Bi?K Bb b?QrM BM �H;Q`Bi?K RX

AM �H;Q`Bi?K R- GBM2b R@9 b?Qr i?2 ;2M2`�iBQM Q7 i?2 BMBiB�H 72�bB#H2 bQHmiBQMX �b +�M

#2 b22M 7`QK i?2 �H;Q`Bi?K- i?2 F2v iQ i?2 BMBiB�H bQHmiBQM Bb iQ ;2M2`�i2 � 72�bB#H2 AK X AM

Q`/2` iQ Q#i�BM i?2 BMBiB�H AK - r2 QMHv +QMbB/2` i?2 +QMbi`�BMib `2H�i2/ iQ i?2 �HHQ+�iBQM Q7

bm##HQ+F HQ+�iBQMb BM KQ/2H Jk- i?�i Bb- +QMbi`�BMib UkXjV@UkXdV �M/ UkXRNV@UkXkyVX �i i?Bb

bi�;2- i`�{+ +QM;2biBQM +QMbi`�BMib �`2 MQi +QMbB/2`2/ bBM+2 i?2 HQ�/BM; �M/ mMHQ�/BM;

iBK2 /2+BbBQMb �`2 mMFMQrM �i i?2 BMBiB�H bi�;2X

h?2 BMBiB�H AK Bb ;2M2`�i2/ r?BH2 HBKBiBM; i`�{+ +QM;2biBQM BM i?2 v�`/X q2 mb2 i?2

7QHHQrBM; 7Qm` 2KTB`B+�H `mH2b iQ ;2M2`�i2 i?2 BMBiB�H AK X URV �HH bm##HQ+Fb BM i?2 v�`/ �`2

bQ`i2/ �++Q`/BM; iQ i?2 7`2[m2M+B2b T`272``2/ #v i?2 p2bb2HbX h?2M- r2 �bbB;M 2�+? bm##HQ+F

9j



�H;Q`Bi?K R :2M2`�H 7`�K2rQ`F Q7 i?2 *1ha� �H;Q`Bi?K
AMTmi, �HH T�`�K2i2`b �M/ /�i� b2ib
PmiTmi, � M2�`@QTiBK�H 72�bB#H2 bQHmiBQM

R, :2M2`�i2 �M BMBiB�H bm##HQ+F HQ+�iBQMb �bbB;MK2Mi AK 7Q` bm#@KQ/2H Jk
k, "�b2/ QM AK - ;2M2`�i2 i?2 +QMi�BM2` MmK#2` �bbB;MK2Mi AN -

�M/ Q#i�BM i?2 BMBiB�H i`�p2HBM; /Bbi�M+2 objroute

j, 6Q` bm#@KQ/2H Jj- }t i?2 p�Hm2b Q7 p�`B�#H2b +Q``2bTQM/BM; iQ AK

9, aQHp2 bm#@KQ/2H Jj �M/ Q#i�BM � 72�bB#H2 bQHmiBQM Q7 (AU ,AL)

�M/ i?2 Q#D2+iBp2 p�Hm2 Q7 objtime

8, 6Bt i?2 p�Hm2 Q7 i?2 `2H2p�Mi p�`B�#H2b BM bm#T`Q#H2K Jk iQ i?2 p�Hm2 Q7
i?2 bQHmiBQM (AU ,AL) Q7 Jj

e, JQ/B7v i?2 +m``2Mi bm##HQ+F �HHQ+�iBQM �bbB;MK2Mi AK

d, "�b2/ QM i?2 KQ/B}2/ AK - +QKTmi2 � M2r +QMi�BM2` MmK#2` �bbB;MK2Mi
AN �M/ Q#i�BM i?2 Q#D2+iBp2 p�Hm2 objroute

3, 6Bt i?2 p�`B�#H2 p�Hm2 Q7 AK BM bm#@KQ/2H Jj iQ i?2 p�Hm2 Q7
AK +QKTmi2/ 7`QK Jk

N, aQHp2 Jj- Q#i�BM bQHmiBQM (AU ,AL) �M/ Q#D2+iBp2 objtime

Ry, lT/�i2 i?2 QTiBK�H bQHmiBQM
RR, _2T2�i bi2Tb 8@Ry mMiBH i?2 biQTTBM; +`Bi2`B� Bb b�iBb}2/
Rk, _2im`M bQHmiBQM AK ,AN ,AU ,AL �M/ Q#D2+iBp2 objroute + objtime

iQ � p2bb2H BM 7`2[m2M+v@BM+`2�bBM; Q`/2`X UkV A7 irQ p2bb2Hb T`272` i?2 b�K2 bm##HQ+F- i?2

bm##HQ+F Bb �bbB;M2/ iQ i?2 p2bb2H `2[mB`BM; i?2 KQbi bm##HQ+FbX UjV q?2M irQ p2bb2Hb

`2[mB`2 �M 2[m�H MmK#2` Q7 bm##HQ+Fb- i?2 bm##HQ+F Bb �bbB;M2/ iQ i?2 p2bb2H i?�i T`272`b

i?2 H2�bi bm##HQ+FbX U9V q?2M i?2 �#Qp2 i?`22 `mH2b +�MMQi bQHp2 i?2 �HHQ+�iBQM Q7 �

bm##HQ+F- r2 �bbB;M i?Bb bm##HQ+F iQ � `�M/QK p2bb2HX

AM �H;Q`Bi?K R- GBM2b 8@d bQHp2 KQ/2H JkX GBM2 8 b2ib i?2 p�Hm2b Q7 T�`�K2i2`b BM

KQ/2H JkX GBM2 e +?�M;2b i?2 p�Hm2b Q7 AK - r?B+? Bb i?2 F2v bi2T Q7 i?Bb �H;Q`Bi?K �M/

Bb BKTH2K2Mi2/ i?`Qm;? � p�`B�#H2 M2B;?#Q`?QQ/ b2�`+? T`Q+2/m`2X q2 BMi`Q/m+2 i?Bb

T`Q+2/m`2 BM am#b2+iBQM kX9XkX GBM2 d +QKTmi2b i?2 p�Hm2 Q7 AN - r?B+? Bb /B`2+iHv bQHp2/

#v i?2 bQHp2` *SG1sX

AM �H;Q`Bi?K R- GBM2b 3@N bQHp2 KQ/2H JjX GBM2 3 Bb i?2 b2iiBM; Q7 T�`�K2i2` p�Hm2b

#27Q`2 bQHpBM; KQ/2H JjX GBM2 N +�H+mH�i2b i?2 mMHQ�/BM; iBK2 AU �M/ i?2 HQ�/BM; iBK2

AL- 2tTH�BM2/ BM /2i�BH BM am#b2+iBQM kX9XdX
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AM �H;Q`Bi?K R- GBM2 Ry mT/�i2b i?2 QTiBK�H bQHmiBQM r?2M � M2r 72�bB#H2 bQHmiBQM Bb

Q#i�BM2/ �7i2` 2�+? Bi2`�iBQMX GBM2 RR b?Qrb i?2 biQTTBM; +`Bi2`B�X h?`22 +QM/BiBQMb �`2

�/QTi2/ iQ biQT i?2 �H;Q`Bi?KX URV h?2 iQi�H MmK#2` Q7 Bi2`�iBQMb Q7 KQ/2H Jk `2�+?2b

RyyyX UkV h?2 iQi�H `mMMBM; iBK2 Q7 i?2 �H;Q`Bi?K 2t+22/b R3yy b2+QM/bX UjV h?2 MmK#2`

Q7 Bi2`�iBQMb rBi?Qmi BKT`Qp2K2Mi `2�+?2b eyyX

�b b?QrM BM i?2 7`�K2rQ`F- i?2 F2v iQ bQHpBM; i?Bb T`Q#H2K Bb }M/BM; 72�bB#H2 bQHmiBQMb

iQ Jk �M/ JjX L2ti- r2 /2bB;M �H;Q`Bi?Kb 7Q` Jk �M/ Jj- `2bT2+iBp2HvX

kX9Xk aQHmiBQM T`Q+2/m`2 7Q` i?2 HQ+�iBQM �bbB;MK2Mi AK

AM i?Bb b2+iBQM- r2 mb2 � p�`B�#H2 M2B;?#Q`?QQ/ b2�`+? UoLaV �H;Q`Bi?K iQ ;2M2`�i2

� bm##HQ+F �HHQ+�iBQM b+?2K2 AK X 1�+? M2B;?#Q`?QQ/ Bb ;2M2`�i2/ #�b2/ QM i?2 +`BiB+�H

2H2K2Mi- /2b+`B#2/ BM am#b2+iBQM kX9XjX h?2 #�bB+ B/2� Q7 oLa Bb bi`�i2;B+�HHv +?�M;BM;

i?2 M2B;?#Q`?QQ/b 7Q` i?2 HQ+�H b2�`+? T`Q+2/m`2X hrQ ivT2b Q7 QT2`�iQ`b- BX2X- i?2 M2B;?@

#Q`?QQ/ QT2`�iQ`b �M/ i?2 b?�FBM; QT2`�iQ`b- �`2 /2}M2/X h?2b2 QT2`�iQ`b �`2 mb2/ 7Q`

+?�M;BM; i?2 M2B;?#Q`?QQ/bX ai�`iBM; 7`QK �M BMBiB�H bQHmiBQM- i?2 oLa ;2M2`�i2b i?2

}`bi M2B;?#Q`?QQ/ mbBM; i?2 b?�FBM; QT2`�iQ` �M/ `�M/QKHv b2H2+ib � bQHmiBQM 7`QK i?Bb

M2B;?#Q`?QQ/X L2ti- � p�`B�#H2 M2B;?#Q`?QQ/ HQ+�H b2�`+? Bb +�``B2/ Qmi rBi? T`2@/2}M2/

M2B;?#Q`?QQ/ QT2`�iQ`b #�b2/ QM i?Bb b2H2+i2/ bQHmiBQMX .m`BM; i?Bb T`Q+2/m`2- �M Bi@

2`�iBp2 BKT`Qp2K2Mi �H;Q`Bi?K Bb `2T2�i2/ #2ir22M /Bz2`2Mi M2B;?#Q`?QQ/b mMiBH � M2r

BM+mK#2Mi bQHmiBQM Bb Q#i�BM2/X A7 � M2r BM+mK#2Mi bQHmiBQM Bb 7QmM/ BM i?Bb M2B;?#Q`@

?QQ/- i?2 T`Q+2/m`2 `2`mMb rBi? i?Bb M2r bQHmiBQM 7`QK i?2 }`bi M2B;?#Q`?QQ/ QT2`�iQ`X

Pi?2`rBb2- i?2 T`Q+2/m`2 KQp2b iQ i?2 M2ti M2B;?#Q`?QQ/ QT2`�iQ`X A7 MQ #2ii2` bQHm@

iBQM Bb 7QmM/ rBi? �HH M2B;?#Q`?QQ/ QT2`�iQ`b- r2 b?�F2 i?2 +m``2Mi bQHmiBQM rBi? i?2 M2ti

b?�FBM; QT2`�iQ` �M/ `�M/QKHv b2H2+i � bQHmiBQM 7`QK i?Bb M2B;?#Q`?QQ/ �b i?2 BM+mK#2Mi

bQHmiBQMX h?2M i?2 oLa T`Q+2/m`2 +QMiBMm2b 7QHHQrBM; i?2 �#Qp2 bi2TbX

�H;Q`Bi?K k b?Qrb i?2 #�bB+ bi2Tb Q7 i?2 oLa �H;Q`Bi?KX AM i?Bb �H;Q`Bi?K- Ns UNs =

{s1, . . . , smax}V /2MQi2b i?2 b2i Q7 b?�FBM; QT2`�iQ`bX No UNo = {o1, . . . , omax}V /2MQi2b i?2

b2i Q7 M2B;?#Q`?QQ/ QT2`�iQ`bX AM 2�+? Bi2`�iBQM Q7 oLa- � 72�bB#H2 �HHQ+�iBQM UAK ,ANV
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�H;Q`Bi?K k h?2 oLa �H;Q`Bi?K 7Q` ;2M2`�iBM; AK

AMTmi, i?2 BMBiB�H bm##HQ+F HQ+�iBQM �bbB;MK2Mi (AK)0

PmiTmi, � M2r bm##HQ+F HQ+�iBQM �bbB;MK2Mi (AK)∗

R, AM+mK#2Mi �bbB;MK2Mi (AK)0

k, PTiBK�H �bbB;MK2Mi (AK)∗

j, 7Q` 2�+? b?�FBM; QT2`�iQ` Ns /Q
9, AK = shake(AK , Ns)

8, 7Q` 2�+? M2B;?#Q`?QQ/ QT2`�iQ` Noi UNo1 → NomaxV /Q
e, HQ+�H QTiBK�H bQHmiBQM (AK)N ← GQ+�Ha2�`+?(AK , Noi)

d, B7 (AK)N ≤ AK i?2M
3, AK = (AK)N

N, Noi = No1

Ry, B7 AK ≤ (AK)∗ i?2M
RR, (AK)∗ = AK

Rk, 2M/ B7
Rj, 2M/ B7
R9, 2M/ 7Q`
R8, 2M/ 7Q`
Re, `2im`M (AK)∗

Bb /2i2`KBM2/- r?2`2 AN Bb /B`2+iHv +QKTmi2/ #v *SG1s �7i2` i?2 AK Bb /2i2`KBM2/X

h?2`27Q`2- BM i?2 oLa T`Q+2/m`2- r2 QMHv M22/ iQ Bi2`�i2 Qp2` i?2 bm##HQ+F bQHmiBQM

AK X AM i?2 `2K�BM/2` Q7 i?Bb b2+iBQM- mMH2bb Qi?2`rBb2 bT2+B}2/- i?2 �HHQ+�iBQM b+?2K2

K2MiBQM2/ `272`b iQ bQHmiBQM AK X

GBM2 e BM �H;Q`Bi?K k BM/B+�i2b i?�i � HQ+�H b2�`+? Bb T2`7Q`K2/ QM i?2 #�bBb Q7 �

;Bp2M M2B;?#Q`?QQ/ QT2`�iQ`- �M/ i?2 HQ+�HHv QTiBK�H bQHmiBQM Bb `2im`M2/X .m`BM; i?2

HQ+�H b2�`+?- 7Q` 2�+? M2B;?#Q`?QQ/ bQHmiBQM AK - i?2 �H;Q`Bi?K +�H+mH�i2b Bib BMi2;`�i2/

bQHmiBQM AK ,AN ,AU ,AL �M/ Bib Q#D2+iBp2 p�Hm2X h?2 Q#D2+iBp2 p�Hm2 Bb i�F2M �b i?2

+m``2Mi bQHmiBQM p�Hm2 �M/ Bb mb2/ iQ /2i2`KBM2 i?2 M2ti M2B;?#Q`?QQ/X

"Qi? i?2 M2B;?#Q`?QQ/ QT2`�iQ`b �M/ i?2 b?�FBM; QT2`�iQ`b �`2 /2bB;M2/ #�b2/ QM i?2

+`BiB+�H 2H2K2MiX h?2`27Q`2- BM i?2 7QHHQrBM; bm#b2+iBQM- r2 BMi`Q/m+2 i?2 +`BiB+�H 2H2K2Mi

#27Q`2 BMi`Q/m+BM; i?2 irQ QT2`�iQ`bX
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kX9Xj h?2 +`BiB+�H 2H2K2Mi

h?2 2H2K2Mi BM i?2 �H;Q`Bi?K `2T`2b2Mib i?2 �bbB;M�iBQM Q7 bm##HQ+F HQ+�iBQMb 7Q` p2bb2H

i BM T2`BQ/ p- /2MQi2/ #v AK
ip X P#pBQmbHv- 2�+? 2H2K2Mi +Q``2bTQM/b iQ � p2bb2H@T2`BQ/ T�B`X

h?2`27Q`2- i?Bb T`Q#H2K +QMi�BMb � b2i Q7 p2bb2H@T2`BQ/ T�B`bX h?2M- i?Bb T`Q#H2K +�M �HbQ

#2 pB2r2/ �b #2BM; +QKTQb2/ Q7 � b2i Q7 2H2K2MibX "�b2/ QM i?2 �#Qp2 /2}MBiBQM Q7 i?2

2H2K2Mi- i?2 +`BiB+�H 2H2K2Mi Bb /2}M2/ BM i?2 7QHHQrBM; T�`�;`�T?bX

�++Q`/BM; iQ i?2 +QMbi`�BMib QM AK BM am#b2+iBQM kXkX9- i?2 �bbB;M�iBQM AK
ip 7Q` QM2

p2bb2H@T2`BQ/ +�M �z2+i i?2 �bbB;M�iBQMb Q7 Qi?2` p2bb2Hb �M/ Qi?2` T2`BQ/bX h?2`27Q`2- i?2

+?�M;2 Q7 QM2 2H2K2Mi AK
ip BKT�+ib Qi?2` 2H2K2Mib Q7 AK X >Qr2p2`- /m2 iQ i?2 BM~m2M+2

Q7 p�`BQmb T`272``2/ bm##HQ+Fb- #2`i?BM; HQ+�iBQMb- �M/ ?�M/HBM; iBK2b- i?2 BKT�+i Q7

KQ/B7vBM; 2�+? 2H2K2Mi Bb /Bz2`2MiX

AM � HQ+�H b2�`+? T`Q+2/m`2 Q7 i?2 oLa- r2 +�M ;2M2`�i2 i?2 M2B;?#Q`?QQ/ Q7 i?2

�bbB;M2/ #v BKTQbBM; � M2B;?#Q`?QQ/ QT2`�iQ` QM �M 2H2K2MiX hQ K�F2 i?2 HQ+�H b2�`+?

T`Q+2/m`2 2{+B2Mi- r2 ?QT2 iQ b2�`+? 7Q` i?2 KQbi T`QKBbBM; M2B;?#Q`?QQ/X aBM+2 /BbiBM+i

2H2K2Mib `2bmHi BM /Bz2`2Mi M2B;?#Q`?QQ/b- r2 QMHv M22/ iQ }M/ Qmi i?2 2H2K2Mi H2�/BM;

iQ i?2 KQbi T`QKBbBM; M2B;?#Q`?QQ/X 6Q` �bbB;MK2Mi AK - r2 /2}M2 i?2 ǳ+`BiB+�H 2H2K2MiǴ

�b i?2 2H2K2Mi r?B+? BKT`Qp2b i?2 Q#D2+iBp2 KQbi r?2M � /Bbim`#�M+2 Bb BKTQb2/ QM BiX

AM Q`/2` iQ /2i2`KBM2 i?2 +`BiB+�H 2H2K2Mi BM AK - r2 /2p2HQT � irQ@bi�;2 2H2K2Mi

b+Q`BM; K2i?Q/ BM i?2 oLa T`Q+2/m`2X AM i?2 }`bi bi�;2- r2 ;`�/2 �HH p2bb2Hb �M/ b2H2+i

i?2 p2bb2H rBi? i?2 ?B;?2bi b+Q`2 �b i?2 +`BiB+�H p2bb2HX AM i?2 b2+QM/ bi�;2- r2 ;`�/2 �HH

T2`BQ/b 7Q` i?2 +`BiB+�H p2bb2H �M/ b2H2+i i?2 T2`BQ/ rBi? i?2 ?B;?2bi b+Q`2X h?2M- r2 Q#i�BM

i?2 +`BiB+�H 2H2K2Mi r?B+? Bb +QK#BM2/ rBi? i?2 b2H2+i2/ p2bb2H �M/ Bib b2H2+i2/ T2`BQ/X

h?2 7Q`KmH�b 7Q` 2p�Hm�iBM; i?2 b+Q`2b BM i?2 irQ bi�;2b �`2 BMi`Q/m+2/ �b 7QHHQrbX G2i

Dip =
∑

k∈Ki




∑

j∈V S
ip

dUjpkzjipk + dLipk
∑

j∈V S
ip

zjipk



 UkXjeV

/2MQi2 i?2 i`�p2HBM; /Bbi�M+2 Q7 p2bb2H i BM T2`BQ/ p 7Q` �bbB;MK2Mi AK X AM Qi?2` rQ`/b-

Dip Bb i?2 H2M;i? +Q``2bTQM/BM; iQ 2H2K2Mi AK
ip X
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AM i?2 }`bi bi�;2- r2 �BK iQ b2H2+i i?2 p2bb2H +Q``2bTQM/BM; iQ i?2 +`BiB+�H 2H2K2Mi-

i?�i Bb- i?2 p2bb2H i?�i K�F2b i?2 ;`2�i2bi +QMi`B#miBQM iQ i?2 i`�p2HBM; /Bbi�M+2X "2+�mb2

i?2 MmK#2` Q7 +QMi�BM2`b i`�Mb72``2/ 7`QK /Bz2`2Mi p2bb2Hb Bb /Bz2`2Mi- r2 +�MMQi B/2MiB7v

r?2i?2` i?2 i`�p2HBM; /Bbi�M+2 Q7 2�+? 2H2K2Mi Bb K�BMHv +�mb2/ #v i?2 �bbB;M�iBQM TH�M

Q` i?2 MmK#2` Q7 +QMi�BM2`bX hQ }M/ Qmi i?2 +`BiB+�H p2bb2H Q7 �M �bbB;MK2Mi AK - r2

+�H+mH�i2 i?2 �p2`�;2 /Bbi�M+2 d̄i Q7 2�+? i`�Mbb?BTT2/ +QMi�BM2` 7Q` 2�+? p2bb2H iX h?2

7Q`KmH� 7Q` +QKTmiBM; d̄i Bb b?QrM BM 1[m�iBQM UkXjdVX

d̄i =

∑
p∈Ti

Dip∑
p∈Ti

∑
j∈V S

ip
qjip

UkXjdV

h?2M- r2 +�M ;2i i?2 p2bb2H i∗ +Q``2bTQM/BM; iQ i?2 +`BiB+�H 2H2K2Mi- r?B+? Bb i?2 p2bb2H

rBi? i?2 ?B;?2bi d̄i b+Q`2- i?�i Bb-

i∗ = argmax
i∈V

d̄i UkXj3V

AM i?2 b2+QM/ bi�;2- 7Q` i?2 �bbB;MK2Mi AK
ip Q7 p2bb2H i BM T2`BQ/ p- r2 }`bi /2}M2

Bib +QM~B+i /2;`22 cipX aBM+2 2�+? p2bb2H ?�b Bib T`272``2/ bm##HQ+Fb- �M/ i?2 T`272``2/

bm##HQ+Fb Q7 /Bz2`2Mi p2bb2Hb K�v Qp2`H�T- � +2`i�BM bm##HQ+F +�M #2 T`272``2/ #v KmH@

iBTH2 p2bb2HbX A7 bm+? � +QKKQMHv T`272``2/ bm##HQ+F Bb �bbB;M2/ iQ QM2 p2bb2H- �p�BH�#H2

bm##HQ+Fb 7Q` Qi?2` p2bb2Hb rBHH #2 `2/m+2/X h?2`27Q`2- bm+? FBM/ Q7 bm##HQ+Fb +�M +�mb2

KQ`2 +QM~B+ib BM �M �bbB;MK2Mi +QKT�`2/ rBi? Qi?2` bm##HQ+FbX 6Q` i?2b2 `2�bQMb- 7Q`

2�+? bm##HQ+F k BM �bbB;MK2Mi AK
ip - r2 +QKTmi2 Bib +QM~B+i /2;`22 cipk rBi? i?2 7QHHQrBM;

7Q`KmH�,

cipk =





0, k /∈ AK

ip ,

|Mk|, k ∈ AK
ip , k ∈ ∩Ki∈Mk

Ki

UkXjNV

r?2`2 i?2 b2i Mk Bb � b2i +QKT`BbBM; � b2i Q7 T`272``2/ bm##HQ+Fb Q7 p2bb2Hb i?�i T`272`

bm##HQ+F kX Ai +�M #2 b22M 7`QK 1[m�iBQM UkXjNV i?�i r?2M bm##HQ+F k Bb MQi BM AK
ip - i?2
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+QM~B+i /2;`22 Q7 bm##HQ+F k Bb yX q?2M bm##HQ+F k Bb T`272``2/ #v p2bb2H i- i?2 +QM~B+i

/2;`22 Q7 bm##HQ+F k Bb 2[m�H iQ i?2 MmK#2` Q7 p2bb2Hb T`272``BM; bm##HQ+F k- BX2X- |Mk|X

h?2M- r2 +�M +QKTmi2 i?2 +QM~B+i /2;`22 Q7 �bbB;MK2Mi AK
ip - M�K2Hv cip- r?B+? Bb i?2

bmK Q7 cipk Q7 �HH bm##HQ+Fb BM AK
ip �b b?QrM BM 1[m�iBQM UkX9yVX

cip =
∑

k∈AK

cipk UkX9yV

LQr- 7Q` i?2 +`BiB+�H p2bb2H i∗- r2 +�M 2p�Hm�i2 i?2 b+Q`2 Q7 Bib T2`BQ/ p Up ∈ Ti∗V rBi?

1[m�iBQM UkX9RVX h?2 T2`BQ/ rBi? i?2 ?B;?2bi b+Q`2 Bb +?Qb2M �b i?2 T2`BQ/ +Q``2bTQM/BM;

iQ i?2 +`BiB+�H 2H2K2Mi- BX2X- p∗ = argmaxp∈Ti c (i
∗, p)X

c (i∗, p) =
Dip∑

j∈V S
ip
qjip
× cip∑

j∈V S
ip
qjip

UkX9RV

aQ 7�`- �7i2` b+Q`BM; �i i?2 irQ bi�;2b- r2 Q#i�BM � p2bb2H@T2`BQ/ T�B` Ui∗, p∗V r?B+?

+Q``2bTQM/b iQ i?2 +`BiB+�H 2H2K2Mi �++Q`/BM; iQ i?2 +`BiB+�H 2H2K2Mi Q7 �bbB;MK2Mi AK Bb

AK
i∗,p∗ X

kX9X9 PT2`�iQ`b 7Q` AK

h?2 M2B;?#Q`?QQ/ QT2`�iQ`b

AM i?2 �H;Q`Bi?K- r2 /2}M2 i?`22 M2B;?#Q`?QQ/ QT2`�iQ`b No1 - No2 �M/ No3 - i?�i Bb-

omax = 3X AM i?2 T`Q+2bb Q7 oLa- i?2b2 M2B;?#Q`?QQ/ QT2`�iQ`b �`2 +�HH2/ BM i?2 Q`/2` Q7

No1 - No2 �M/ No3 X "�b2/ QM i?2 +`BiB+�H 2H2K2Mi- r2 /2}M2 No1 - No2 �M/ No3 rBi? i?2

7QHHQrBM; `mH2bX

URV _mH2b Q7 M2B;?#Q`?QQ/ QT2`�iQ`No1 , 6Q` p2bb2H i∗ BM T2`BQ/ p∗ `2;�`/BM; i?2 +`BiB+�H

2H2K2Mi AK
i∗p∗ - r2 QMHv +?�M;2 i?2 /2+BbBQMb Q7 i?2 bm##HQ+F HQ+�iBQMb Q7 Bib bQm`+2 p2bb2Hb

r?BH2 F22TBM; i?2 �bbB;MK2Mi Q7 i?2 +`BiB+�H 2H2K2Mi AK
i∗,p∗ mM+?�M;2/X 6Q` irQ bQm`+2

p2bb2Hb j1 �M/ j2 Q7 p2bb2H i∗ BM T2`BQ/ p∗- QT2`�iQ` No1 `�M/QKHv +?QQb2b � bm##HQ+F 7`QK

9N



2�+? bQm`+2 p2bb2H �M/ 2t+?�M;2b i?2KX h?�i Bb- BM KQ/2H Jk- r2 K�BMi�BM i?2 p�Hm2b Q7

i?2 /2+BbBQM p�`B�#H2b x̃p∗ki∗ - �M/ +?�M;2 i?2 p�Hm2b Q7 i?2 /2+BbBQM p�`B�#H2b ỹp∗ki∗jX

UkV _mH2b Q7 M2B;?#Q`?QQ/ QT2`�iQ` No2 , 6B`bi- r2 `�M/QKHv b2H2+i �M �bbB;M2/ bm#@

#HQ+F k1 7`QK i?2 +`BiB+�H 2H2K2Mi AK
i∗,p∗ X h?2M- 7Q` p2bb2H i∗ BM T2`BQ/ p∗- r2 b2H2+i �MQi?2`

bm##HQ+F k2 7`QK Bib T`272``2/ b2i Ki∗ X am##HQ+F k2 +�MMQi #2 �bbB;M2/ iQ �Mv p2bb2H BM

AK X 6BM�HHv- r2 `2TH�+2 �HH �bbB;MK2Mib Q7 bm##HQ+F k1 rBi? bm##HQ+F k2 BM i?2 AK X h?�i

Bb- BM KQ/2H Jk- QT2`�iQ` No2 +?�M;2b i?2 p�Hm2b Q7 i?2 /2+BbBQM p�`B�#H2b x̃p∗k1i∗ 7`QK R

iQ y �M/ i?2 p�Hm2b Q7 p�`B�#H2b x̃p∗k2i∗ 7`QK y iQ RX J2�Mr?BH2- Bi +?�M;2b i?2 p�Hm2b Q7

p�`B�#H2b ỹp∗k1i∗j 7`QK R iQ y �M/ i?2 p�Hm2 Q7 p�`B�#H2b ỹp∗k2i∗j 7`QK y iQ RX

UjV _mH2b Q7 M2B;?#Q`?QQ/ QT2`�iQ` No3 , 6B`bi- r2 `�M/QKHv b2H2+i �M �bbB;M2/ bm#@

#HQ+F k1 7`QK i?2 +`BiB+�H 2H2K2Mi AK
i∗,p∗ X h?2M- r2 `�M/QKHv b2H2+i �MQi?2` bm##HQ+F k2

7`QK 2H2K2Mi Ajp′ - r?2`2 p2bb2H jǶb T2`BQ/ p′ Qp2`H�Tb rBi? p2bb2H i∗Ƕb T2`BQ/ p∗X "2bB/2b-

bm##HQ+F k2 Kmbi �HbQ #2 BM i?2 T`272``2/ b2i Ki∗ Q7 p2bb2H i∗- BX2X- k2 ∈ Ki∗ ∩KjX 6BM�HHv-

r2 `2TH�+2 �HH �bbB;MK2Mib Q7 bm##HQ+F k1 rBi? bm##HQ+F k2 BM i?2 AK X h?�i Bb- BM KQ/2H

Jk- QT2`�iQ` No2 +?�M;2b i?2 p�Hm2b Q7 i?2 /2+BbBQM p�`B�#H2b x̃p∗k1i∗ 7`QK R iQ y �M/ i?2

p�Hm2b Q7 p�`B�#H2b x̃p∗k2i∗ 7`QK y iQ RX J2�Mr?BH2- Bi +?�M;2b i?2 p�Hm2b Q7 p�`B�#H2b x̃p′k2j

7`QK R iQ y �M/ i?2 p�Hm2 Q7 p�`B�#H2b x̃p′k2j 7`QK y iQ RX

h?2 b?�FBM; QT2`�iQ`

q?2M i?2 i?`22 M2B;?#Q`?QQ/ QT2`�iQ`b +�MMQi BKT`Qp2 i?2 �bbB;MK2Mi #v �M Bi2`�iBQM

Q7 i?2 oLa- r2 K�F2 � bK�HH T2`im`#�iBQM iQ �bbB;MK2MiAK i?`Qm;? i?2 b?�FBM; QT2`�iQ`

Ns1 X h?2 QT2`�iBQMb Q7 Ns1 �`2 �b 7QHHQrbX 6B`bi- r2 b2H2+i � `�M/QK 2H2K2Mi AK
ip 7`QK

�bbB;MK2Mi AK X h?2M- r2 b2H2+i � bm##HQ+F k1 r?B+? Bb �bbB;M2/ BM AK
ip �M/ � T`272``2/

bm##HQ+F k2 r?B+? Bb MQi �bbB;M2/ BM AK
ip X h?�i Bb- k1 ∈ AK

ip - k2 /∈ AK
ip �M/ k2 ∈ KiX

6BM�HHv- r2 br�T i?2 �bbB;MK2Mi /2+BbBQMb Q7 k1 �M/ k2 BM AK X

kX9X8 62�bB#H2 �/DmbiK2Mi Q7 �bbB;MK2Mi AK

� 72�bB#H2 �bbB;MK2Mi AK K�v #2+QK2 BM72�bB#H2 �7i2` i?2 QT2`�iBQM Q7 � M2B;?#Q`?QQ/

QT2`�iQ` Q` � b?�FBM; QT2`�iQ`X q2 /2MQi2 i?Bb BM72�bB#H2 �bbB;MK2Mi �b (AK)′X AM i?Bb
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bm#b2+iBQM- r2 /2bB;M � 72�bB#H2 �/DmbiK2Mi �H;Q`Bi?K iQ +QMp2`i (AK)′ BMiQ � 72�bB#H2

�bbB;MK2Mi #v }tBM; Bib pBQH�i2/ +QMbi`�BMibX h?2 72�bB#H2 �/DmbiK2Mi �H;Q`Bi?K Bb BMpQF2/

K�Mv iBK2b /m`BM; i?2 oLa T`Q+2/m`2X

q2 QMHv M22/ iQ }t i?2 +QMbi`�BMib +Q``2bTQM/BM; iQ i?2 �bbB;MK2Mi Q7 AK X �b

/Bb+mbb2/ BM KQ/2H 7Q`KmH�iBQM- i?2v �`2 URV +QMbi`�BMib `2H�i2/ iQ bm##HQ+F HQ+�iBQMb-

i?�i Bb- *QMbi`�BMib UkXjV@UkXdVc �M/ +QMbi`�BMib `2H�i2/ iQ i`�{+ +QM;2biBQM BM ?Q`BxQMi�H

H�M2b- M�K2Hv *QMbi`�BMib UkXRNV �M/ UkXkyVX �H;Q`Bi?K j b?Qrb i?2 bi2Tb Q7 i?2 72�bB#H2

�/DmbiK2Mi �H;Q`Bi?KX Aib iBK2 +QKTH2tBiv Bb O(n)- r?2`2 n Bb i?2 iQi�H MmK#2` Q7 T�B`b

Q7 p2bb2H@T2`BQ/ BM i?2 TH�MMBM; ?Q`BxQMX

�H;Q`Bi?K j h?2 72�bB#H2 �/DmbiK2Mi �H;Q`Bi?K Q7 �bbB;MK2Mi AK

AMTmi, �M BM72�bB#H2 �bbB;MK2Mi AK

PmiTmi, � 72�bB#H2 �bbB;MK2Mi (AK)′

R, 7Q` 2�+? p2bb2H@T2`BQ/ T�B` (i, p) /Q
k, K̄ip /2MQi2b i?2 b2i Q7 bm##HQ+Fb i?�i +�MMQi #2 �bbB;M2/ iQ (i, p)

j, B7 i = 1, p = 1 i?2M
9, K̄ip = ∅
8, 2Hb2
e, K̄ip = {k : k ∈ (j, p′), p ∩ p′ ,= ∅}
d, 2M/ B7
3, 7Q` 2�+? bm##HQ+F k ∈ AK

ip /Q
N, B7 k ∈ K̄ip i?2M

Ry, `2KQp2 k 7`QK AK
ip

b2H2+i � M2r bm##HQ+F k′(k′ ∈ Ki, k′ /∈ K̄ip) �M/ �// Bi iQ AK
ip

RR, 2M/ B7
Rk, 2M/ 7Q`
Rj, 7Q` 2�+? ?Q`BxQMi�H H�M2 rBi? +QM;2biBQM /Q
R9, `2KQp2 i?2 bm##HQ+Fb pBQH�iBM; *QMbi`�BMib UkXRNV@UkXkyV 7`QK AK

ip

b2H2+i M2r bm##HQ+Fb 7`QK Ki �M/ �// i?2K iQ AK
ip

mMiBH *QMbi`�BMib UkXRNV@UkXkyV �`2 b�iBb}2/
R8, 2M/ 7Q`
Re, 2M/ 7Q`
Rd, `2im`M (AK)′

�H;Q`Bi?K j i`�p2`b2b �HH 2H2K2Mib AK
ip Ui ∈ V, p ∈ TiVX AM GBM2 3@Rk- r2 mT/�i2

i?2 bm##HQ+F �bbB;MK2Mi Q7 �M 2H2K2Mi �++Q`/BM; iQ i?2 �bbB;MK2Mib Q7 Bib T`2+2/BM;
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2H2K2MibX AM GBM2b Rj@Re- r2 �/Dmbi i?2 irQ ivT2b Q7 bm##HQ+F �HHQ+�iBQM +QMbi`�BMib M2�`

i?2 ?Q`BxQMi�H H�M2b iQ ;m�`�Mi22 i?2B` 72�bB#BHBivX h?`Qm;? �H;Q`Bi?K j- r2 +�M i`�Mb72`

(AK)′ iQ � 72�bB#H2 �bbB;MK2Mi �7i2` i?2 QT2`�iBQM Q7 �M QT2`�iQ`X

kX9Xe aQHmiBQM iQ +QMi�BM2` MmK#2` �bbB;MK2Mi

PM+2 i?2 bm##HQ+F �HHQ+�iBQM b+?2K2 AK Bb Q#i�BM2/- i?2 bQHmiBQM iQ +QMi�BM2` MmK#2`

�bbB;MK2Mi +�M #2 Q#i�BM2/ #v bQHpBM; i?2 7QHHQrBM; KQ/2H J9X

(J9) min
∑

i∈V

∑

p∈Ti

∑

k∈Ki




∑

j∈V S
ip

dUjpkzjipk + dLipk
∑

j∈V S
ip

zjipk



, UkX9kV

bXiX
∑

k∈Ki

zijkp = njip, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, UkX9jV

zjikp ≤ ỹpkijM, ∀i ∈ V, j ∈ V S
ip , p ∈ Ti, k ∈ Ki, UkX99V

∑

j∈V L
i

zjikp ≤ Ck, ∀k ∈ K, i ∈ V, p ∈ Ti, UkX98V

h?2 p�Hm2 Q7 bm##HQ+F /2+BbBQMb ỹpkij �`2 FMQrM 7`QK �bbB;MK2Mi AK �M/ �`2 T�`�K@

2i2`b BM KQ/2H J9X h?2 QMHv p�`B�#H2 zjikp Bb � +QMiBMmQmb p�Hm2X h?2`27Q`2- KQ/2H J9 Bb

� HBM2�` T`Q;`�KKBM; KQ/2H �M/ +�M #2 bQHp2/ #v � +QKK2`+B�H bQHp2`X �7i2` bQHpBM; J9-

r2 +�M Q#i�BM i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb- r?B+? Bb i?2 }`bi T�`i Q7 i?2 Q#D2+iBp2

Q7 i?Bb T`Q#H2KX

kX9Xd aQHmiBQM iQ ?�M/HBM; iBK2 �bbB;MK2Mi

�7i2` i?2 bQHmiBQM iQ �bbB;MK2Mi AK Bb Q#i�BM2/- i?2 p�Hm2b `2H�i2/ iQ bm##HQ+F HQ+�@

iBQMb BM KQ/2H Jj �`2 FMQrMX h?2`27Q`2- i?2 QMHv /2+BbBQM BM KQ/2H Jj Bb i?2 p�`B�#H2

`2H�i2/ iQ ?�M/HBM; iBK2X AM �H;Q`Bi?K 9- r2 /2bB;M � ?2m`BbiB+ K2i?Q/ iQ /2+B/2 i?2

HQ�/BM; �M/ mMHQ�/BM; iBK2 #�b2/ QM i?2 bm##HQ+F �HHQ+�iBQM Q`/2`X
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�H;Q`Bi?K 9 >�M/HBM; iBK2 �HHQ+�iBQM �H;Q`Bi?K
AMTmi, HQ+�iBQM �bbB;MK2Mi AK

PmiTmi, ?�M/HBM; iBK2 �bbB;MK2Mi AU ,AL

R, 7Q` 2�+? p2bb2H@T2`BQ/ T�B` (i, p) /Q
k, ;2i i?2 72�bB#H2 mMHQ�/BM; iBK2 BMi2`p�H [tu1 , tu2 ]
j, ;2i i?2 b2[m2M+2 seq Q7 bm##HQ+Fb 7Q` (i, p)
9, 7Q` 2�+? bm##HQ+F k BM b2[m2M+2 seq /Q
8, /2i2`KBM2 i?2 2�`HB2bi 72�bB#H2 mMHQ�/BM; iBK2 t

e, B7 t ∈ [tu1 , t
u
2 ] i?2M

d, b2i t �b i?2 mMHQ�/BM; iBK2 Q7 bm##HQ+F k

3, 2Hb2
N, b?�F2 seq �M/ ;2i � M2r b2[m2M+2 seq′- H2i seq = seq′

Ry, `2b2i �HH i?2 �bbB;M2/ mMHQ�/BM; iBK2
RR, 2M/ B7
Rk, 2M/ 7Q`
Rj, 2M/ 7Q`
R9, 7Q` 2�+? p2bb2H@T2`BQ/ T�B` (i, p) /Q
R8, mT/�i2 i?2 72�bB#H2 HQ�/BM; iBK2 [tl1, t

l
2] Q7 (i, p)

Re, 2M/ 7Q`
Rd, 7Q` 2�+? p2bb2H@T2`BQ/ T�B` (i, p) /Q
R3, ;2i i?2 72�bB#H2 HQ�/BM; iBK2 BMi2`p�H [tl1, tl2]
RN, ;2i i?2 b2[m2M+2 seq Q7 bm##HQ+Fb 7Q` (i, p)
ky, 7Q` 2�+? bm##HQ+F k BM b2[m2M+2 seq /Q
kR, /2i2`KBM2 i?2 2�`HB2bi 72�bB#H2 mMHQ�/BM; iBK2 t

kk, B7 t ∈ [tl1, t
l
2] i?2M

kj, b2i t �b i?2 HQ�/BM; iBK2 Q7 bm##HQ+F k

k9, 2Hb2
k8, b?�F2 seq �M/ ;2i � M2r b2[m2M+2 seq′- H2i seq = seq′

ke, `2b2i �HH i?2 �bbB;M2/ HQ�/BM; iBK2
kd, 2M/ B7
k3, 2M/ 7Q`
kN, 2M/ 7Q`
jy, 7Q` 2�+? p2bb2H@T2`BQ/ T�B` (i, p) /Q
jR, +QKTmi2 i?2 iBK2 /2pB�iBQM Q7 (i, p)
jk, mT/�i2 i?2 iQi�H iBK2 /2pB�iBQM Q7 �HH p2bb2Hb
jj, 2M/ 7Q`
j9, `2im`M iQi�H iBK2 /2pB�iBQM- �bbB;MK2Mi AU ,AL
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kX8 *QKTmi�iBQM�H 1tT2`BK2Mib

q2 i2bi i?2 T`QTQb2/ *1ha� �H;Q`Bi?K QM �`iB}+B�HHv ;2M2`�i2/ bBKmH�iBQM /�i�X h?Bb

b2+iBQM BM+Hm/2b 7Qm` T�`ib, URV i?2 ;2M2`�iBQM Q7 i2bi /�i�c UkV i?2 i2bi Q7 i?2 2z2+iBp2M2bb

Q7 *1ha� �H;Q`Bi?K QM /�i� b2ib Q7 /Bz2`2Mi bBx2bc UjV i?2 i2bi Q7 i?2 2z2+iBp2M2bb Q7 i?2

HQ�/BM; �M/ mMHQ�/BM; iBK2 /2+BbBQMbc U9V i?2 +QKT�`BbQM #2ir22M /Bz2`2Mi `Qmi2 H2M;i?b

QM i?2 bQHmiBQMX

kX8XR .�i� ;2M2`�iBQM

AM i?Bb bm#b2+iBQM- r2 /2b+`B#2 i?2 T�`�K2i2` b2iiBM; �M/ i2bi /�i� ;2M2`�iBQM BM Qm`

+QKTmi�iBQM�H 2tT2`BK2MibX

6B`bi- r2 BMi`Q/m+2 i?2 b2iiBM; Q7 i?2 v�`/ T�`�K2i2`bX AM i?Bb T`Q#H2K- r2 QMHv

+QMbB/2` i?2 ir2Miv@722i 2[mBp�H2Mi mMBi Uh1lV �M/ mb2 h1l �b i?2 #�bB+ �HHQ+�iBQM mMBi

BM � #HQ+FX � #HQ+F ?�b ky h1lb BM H2M;i?- e h1lb BM rB/i?- �M/ 8 h1lb BM ?2B;?iX

1�+? #HQ+F +�M #2 /BpB/2/ 2[m�HHv BMiQ }p2 bm##HQ+FbX h?2 H2M;i?- rB/i?- �M/ ?2B;?i Q7 �

bm##HQ+F +QMi�BM 9 h1lb- e h1lb- �M/ 8 h1lb- `2bT2+iBp2HvX h?�i Bb- 2�+? bm##HQ+F +�M

biQ`2 mT iQ Rky +QMi�BM2`bX h?2 #2`i? TQbBiBQM Q7 2�+? p2bb2H �i 2�+? T2`BQ/ Bb `�M/QKHv

;2M2`�i2/ rBi?BM i?2 72�bB#H2 `�M;2 Q7 i?2 #2`i?X h?2 b?Q`i2bi p2`iB+�H /Bbi�M+2 7`QK i?2

#2`i? iQ i?2 v�`/ Bb b2i iQ 8y K2i2`bX h?2 K�tBKmK i`�{+ ~Qr Q7 � ?Q`BxQMi�H H�M2 Bb

b2i iQ RX h?2 K�tBKmK i`�{+ ~Qr BM QM2 /B`2+iBQM Q7 � p2`iB+�H H�M2 Bb b2i iQ RX h?�i Bb-

wU
u = 1 �M/ wL

u = 1X h?2 H�vQmi Q7 i?2 v�`/ Bb b?QrM BM 6B;m`2 kXdX

L2ti- r2 BMi`Q/m+2 i?2 T�`�K2i2`b `2H2p�Mi iQ i?2 p2bb2HbX h?2 TH�MMBM; ?Q`BxQM BM

+QKTmi�iBQM�H 2tT2`BK2Mib Bb b2i iQ dy /�vb- BM+Hm/BM; i?`22 T2`BQ/b- BX2X- i?2 d /�vb

T2`BQ/- i?2 Ry /�vb T2`BQ/- �M/ i?2 R9 /�vb T2`BQ/X 6Q` �HH i?2 p2bb2Hb- i?2 T`QTQ`iBQM

Q7 p2bb2Hb rBi? i?2 �#Qp2 i?`22 T2`BQ/b Bb eyW- kyW �M/ kyW- `2bT2+iBp2HvX q2 b2i 3

?Qm`b �b � iBK2 mMBiX h?mb- 2�+? /�v +QMi�BMb i?`22 iBK2 mMBib- �M/ i?2 2MiB`2 TH�MMBM;

?Q`BxQM +QMi�BMb kRy iBK2 mMBibX 6Q` 2�+? p2bb2H- i?2 bi�`i iBK2 mMBi Q7 Bib }`bi T2`BQ/

Bb `�M/QKHv ;2M2`�i2/ �M/ Bb ;m�`�Mi22/ iQ #2 rBi?BM i?2 `�M;2 Q7 i?2 }`bi T2`BQ/X h?2

�``Bp�H iBK2 Q7 2�+? p2bb2H BM 2�+? T2`BQ/ Bb `�M/QKHv ;2M2`�i2/ �++Q`/BM; iQ i?2 T2`BQ/
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6B;m`2 kXd, u�`/ H�vQmi �M/ i?2 `2H2p�Mi /�i�

`�M;2X h?2 T`272``2/ bm##HQ+F b2i Ki 7Q` p2bb2H i Bb �HbQ `�M/QKHv ;2M2`�i2/X 6Q` p2bb2H

i BM T2`BQ/ p- i?2 MmK#2` nip Q7 bm##HQ+Fb iQ #2 `2b2`p2/ Bb ;2M2`�i2/ `�M/QKHv rBi? �M

�p2`�;2 MmK#2` Q7 8 bm##HQ+FbX 6Q` p2bb2H i BM T2`BQ/ p- r2 b2H2+i p2bb2Hb BMiQ Bib bQm`+2

p2bb2H b2i V S
ip �M/ Bib /2biBM�iBQM p2bb2H b2i V D

ip bm+? i?�i 2�+? b2i +QMi�BMb R iQ j p2bb2Hb

mMB7Q`KHvX 6Q` � bQm`+2 p2bb2H j ∈ V S
ip Q7 p2bb2H i BM T2`BQ/ p- r2 `�M/QKHv ;2M2`�i2 i?2

MmK#2` Q7 i`�Mbb?BTK2Mi +QMi�BM2`b qjip- bm+? i?�i qjip /Q2b MQi 2t+22/ i?2 iQi�H +�T�+Biv

Q7 i?2 nip `2b2`p2/ bm##HQ+FbX "2bB/2b- i?2 �p2`�;2 MmK#2` Q7 i`�Mbb?BTK2Mi +QMi�BM2`b

#2ir22M irQ p2bb2Hb b?QmH/ #2 #2ir22M [500, 800]X "�b2/ QM i?2 i`�Mbb?BTK2Mi +QMi�BM2`b

MmK#2` qjip- r2 ;2M2`�i2 i?2 MmK#2` Q7 bm##HQ+Fb njip i?�i b?QmH/ #2 `2b2`p2/ iQ p2bb2H

j b�iBb7vBM; i?�i �HH i?2 qjip +QMi�BM2`b +�M #2 biQ`2/ �M/
∑

j∈V S
ip
njip = nipX �++Q`/BM; iQ

i?2 MmK#2` Q7 p2bb2Hb �M/ i?2 MmK#2` Q7 #HQ+Fb- r2 ;2M2`�i2/ i2M ;`QmTb Q7 i2bi BMbi�M+2b-

:R@:RyX h?2 T�`�K2i2`b Q7 i?2 i2M ;`QmTb �`2 HBbi2/ BM h�#H2 kXRX 6Q` 2�+? /�i� ;`QmT-

r2 `�M/QKHv ;2M2`�i2 i?`22 i2bi BMbi�M+2bX

h�#H2 kXR, S�`�K2i2`b Q7 /�i� b2ib

A. :R :k :j :9 :8 :e :d :3 :N :Ry

o2bb2Hb 8 Ry R8 ky k8 jy j8 9y 98 8y
am##HQ+Fb 9y ey 3y Ryy Rky R9y Rey R3y kyy kky
"HQ+Fb 3 Rk Re ky k9 k3 jk je 9y 99

>Q`BxQMi�H #HQ+Fb k j 9 8 e d 3 N Ry RR
o2`iB+�H #HQ+Fb 9 9 9 9 9 9 9 9 9 9
"2`i? G2M;i? jjy 93y ejy d3y Njy Ry3y Rkjy Rj3y R8jy Re3y

88



q?2M i?2 T�`�K2i2`b Q7 i?2 v�`/ �M/ i?2 p2bb2Hb �`2 ;2M2`�i2/- i?2 mMHQ�/BM; `Qmi2

H2M;i? dUipk �M/ i?2 HQ�/BM; `Qmi2 H2M;i? dLipk #2ir22M bm##HQ+F k �M/ p2bb2H i +�M �HbQ #2

+�H+mH�i2/X h?2 +Q2{+B2Mib η1 �M/ η2 BM i?2 Q#D2+iBp2 7mM+iBQM �`2 b2i iQ p�Hm2b 1× 10−5

�M/ 1× 10−1 `2bT2+iBp2HvX

kX8Xk h2bi Q7 i?2 2z2+iBp2M2bb Q7 i?2 +`BiB+�H 2H2K2Mi

h?2 +Q`2 Q7 i?2 *1ha� �H;Q`Bi?K T`QTQb2/ BM i?Bb +?�Ti2` Bb i?2 +`BiB+�H 2H2K2MiX

AM Q`/2` iQ i2bi r?2i?2` i?2 HQ+�H b2�`+? #�b2/ QM i?2 +`BiB+�H 2H2K2Mi ?�b �M Q#pBQmb

�/p�Mi�;2 Qp2` i?2 HQ+�H b2�`+? #�b2/ QM `�M/QK 2H2K2Mib- r2 /2bB;M �M 2tT2`BK2Mi

7Q` +QKT�`BM; i?2 irQ K2i?Q/bX AM i?Bb 2tT2`BK2Mi- i?2 `�M/QK 2H2K2Mi@#�b2/ i?`22@

bi�;2 �bbB;MK2Mi U_1ha�V +QKT�`BbQM �H;Q`Bi?K Bb /2bB;M2/ #v `2TH�+BM; i?2 +`BiB+�H

2H2K2Mi BM *1ha� rBi? � `�M/QK 2H2K2Mi r?BH2 F22TBM; Qi?2` QT2`�iBQMb mM+?�M;2/X

h?�i Bb- r2 QMHv KQ/B7v i?2 K2i?Q/ Q7 bQHpBM; �bbB;MK2Mi AK �M/ F22T i?2 K2i?Q/ Q7

bQHpBM; �bbB;MK2Mi AN - AU �M/ AL �b /2b+`B#2/ BM i?2 *1ha� �H;Q`Bi?KX q2 i2bi i?2

irQ �H;Q`Bi?Kb QM i?2 }p2 bK�HH@b+�H2 /�i� ;`QmTb :R@:8- �M/ i?2 `2bmHib �`2 HBbi2/ BM

h�#H2 kXkX

�b +�M #2 b22M 7`QK h�#H2 kXk- 7Q` bK�HH@b+�H2 i2bi /�i� :R@:8- i?2 *1ha� �H;Q`Bi?K

#�b2/ QM i?2 +`BiB+�H 2H2K2Mi +�M ;2i #2ii2` Q#D2+iBp2 7mM+iBQM p�Hm2b i?�M i?2 _1ha�

�H;Q`Bi?K #�b2/ QM `�M/QK 2H2K2Mib BM � ;Bp2M iBK2- rBi? �M �p2`�;2 BKT`Qp2K2Mi ǳ:�TǴ

U= (z2 − z1)/z1V Q7 9XjWX >Qr2p2`- 7Q` BMbi�M+2 8nk- `2bmHib Q7 i?2 irQ �H;Q`Bi?Kb �`2

2[m�H iQ jRX "2bB/2b- BM i2`Kb Q7 i?2 +QKTmi�iBQM�H iBK2 `2[mB`2/ 7Q` Q#i�BMBM; i?2

Q#D2+iBp2 p�Hm2b- i?2 *1ha� �H;Q`Bi?K i�F2b bHB;?iHv HQM;2` i?�M i?2 _1ha� K2i?Q/X

hQ bmK mT- Qm` T`QTQb2/ *1ha� �H;Q`Bi?K Bb 2z2+iBp2 7Q` /2`BpBM; ?B;?@[m�HBiv bQHmiBQMb

QM bK�HH@b+�H2 /�i�X

L2ti- r2 +QKT�`2 i?2 `2bmHib Q7 i?2 irQ �H;Q`Bi?Kb QM i?2 H�bi }p2 H�`;2 /�i� ;`QmTb

:e@:RyX h?2 `2bmHib �`2 HBbi2/ BM h�#H2 kXjX h?2 `2bmHib Q7 h�#H2 kXj b?Qr i?�i i?2

bQHmiBQMb Q#i�BM2/ #v *1ha� �`2 BKT`Qp2/ +QKT�`2/ rBi? i?2 bQHmiBQMb Q#i�BM2/ #v

_1ha� QM i?2 H�`;2@b+�H2 /�i�X h?2 �p2`�;2 BKT`Qp2K2Mi ǳ:�TǴ Q7 �HH i?2 H�`;2 BMbi�M+2b

8e



h�#H2 kXk, *QKT�`BbQM `2bmHib #2ir22M *1ha� �M/ _1ha� QM bK�HH BMbi�M+2b

AMbi�M+2 *1ha� _1ha�

:`QmT B/ z1 hBK2UbV z2 hBK2UbV :�TUWV

:R
8nR 98 d3N 9d 9dd 9X3
8nk jR Rded jR 9Rd yXy
8nj j3 ek3 jN e83 jXN

:k
RynR Ryk edd Ryd Rj9e 8X8
Rynk Ryy 8yd Ryd 8ky eX3
Rynj Nk Rk88 Ne d3d 9X9

:j
R8nR R3j R98N RNy NNe 9Xk
R8nk Re3 je3 R3R Rk9e dXd
R8nj Rey RRy3 Rek 8kd RXj

:9
kynR kjd Re33 k89 ddd eXN
kynk k9R jeR k99 dkN RX9
kynj k89 RRje kee RkNk 9Xd

:8
k8nR jk3 R93j jj9 Rkkd kXy
k8nk jjR 89d j9y j8j kXd
k8nj jke Rdk9 j8R Rkk9 dXd

�p;X Rde Ryjj R3j 3j3 9Xj

8d



Bb dXjW- r?B+? Bb H�`;2` i?�M i?2 BKT`Qp2K2Mi U9XjWV Q7 bK�HH@b+�H2 /�i�X h?Bb T2`+2Mi�;2

BKT`Qp2K2Mi b?Qrb i?�i i?2 *1ha� �H;Q`Bi?K #�b2/ QM i?2 +`BiB+�H 2H2K2Mi ?�b Q#pBQmb

�/p�Mi�;2b BM i?2 +�b2 Q7 H�`;2@b+�H2 /�i�X h?2 `2�bQM Bb i?�i 7Q` H�`;2@b+�H2 /�i�- i?2

MmK#2` Q7 2H2K2Mib BM 2�+? BMbi�M+2 BM+`2�b2b /`�K�iB+�HHvX Ai #2+QK2b KQ`2 /B{+mHi iQ

}M/ � ?B;?@[m�HBiv bQHmiBQM i?`Qm;? � `�M/QK 2H2K2MiX J2�Mr?BH2- i?2 +`BiB+�H 2H2K2Mi

F22Tb i?2 b2�`+?BM; M2B;?#Q`?QQ/ BM � T`QKBbBM; b+QT2X AM �//BiBQM- #v +QKT�`BM; i?2

+QKTmi�iBQM�H iBK2 Q7 i?2 irQ �H;Q`Bi?Kb QM H�`;2@b+�H2 BMbi�M+2b- r2 +�M b22 i?�i i?2

�p2`�;2 iBK2 Q7 Q#i�BMBM; i?2 Q#D2+iBp2 p�Hm2 Q7 *1ha� Bb bHB;?iHv ?B;?2` i?�M i?�i Q7

_1ha�X AM +QKT�`BbQM- i?2 iBK2 Q7 i?2 irQ �H;Q`Bi?Kb Bb bBKBH�` BM bQK2 BMbi�M+2b-

bm+? �b jynk-98nk-8ynR-8ynkX h?2 +QKTmi�iBQM�H iBK2 Q7 i?2 *1ha� �H;Q`Bi?K Bb

�++2Ti�#H2 7Q` Q#i�BMBM; � 72�bB#H2 bQHmiBQMX AM �//BiBQM- rBi? i?2 BM+`2�b2 Q7 /�i� bBx2-

i?2 /Bb�/p�Mi�;2 Q7 +QKTmi�iBQM�H iBK2 Q7 *1ha� ;`�/m�HHv /2+`2�b2bX

h�#H2 kXj, *QKT�`BbQM `2bmHib #2ir22M *1ha� �M/ _1ha� QM H�`;2 BMbi�M+2b

AMbi�M+2 *1ha� _1ha�

:`QmT B/ 41 hBK2UbV z2 hBK2UbV :�TUWV

:e
jynR 9y3 3k8 9j9 R9jy eXj
jynk 9k3 d38 9eR eRd dXd
jynj 9j8 Rd89 99k d8y RX8

:d
j8nR 8RN RjjN 8ey 8d9 dXd
j8nk 8k8 R83k 8jj 3Rk RX9
j8nj 88y Ndy 8Ne eNe 3X9

:3
9ynR d3N Rekd 3jd dj3 eXR
9ynk dek RR83 39k djR RyXe
9ynj dNj R3ey 388 Reek dXN

:N
98nR dyR Rkej deN Rjee NXd
98nk d9d R9dk ded d3y kXd
98nj dRe Rj93 d3N Ne8 RyXR

:Ry
8ynR Ndy R9k3 Rydj R9N8 RyXe
8ynk RR8k RyjR Rk8N RyN8 NXj
8ynj RRe8 Rd8R Rke3 d9y 3X3

�p;X dRR Rj9e dee Nej dXj
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kX8Xj 1z2+ib Q7 /Bz2`2Mi �bbB;MK2Mi bi`�i2;B2b

h?2 KQ/2Hb �M/ �H;Q`Bi?Kb T`QTQb2/ BM i?Bb +?�Ti2` b2`p2 i?2 BMi2;`�i2/ /2+BbBQMb QM

bm##HQ+Fb �M/ ?�M/HBM; iBK2 �bbB;MK2Mi /2+BbBQMbX Pm` T`QTQb2/ *1ha� Bb � +QKT`2@

?2MbBp2 �H;Q`Bi?KX AM i?2 /2+BbBQM@K�FBM; T`Q+2bb- *1ha� Bi2`�iBp2Hv b2�`+?2b 7Q` i?2

irQ ivT2b Q7 /2+BbBQMb r?BH2 i�FBM; �HH p2bb2Hb �M/ �HH T2`BQ/b BMiQ +QMbB/2`�iBQM �i i?2

b�K2 iBK2X AM T`�+iB+2- ǳ6B`bi *QK2 6B`bi a2`p2Ǵ U6*6aV Bb � +QKKQMHv mb2/ /2+BbBQM

bi`�i2;vX �++Q`/BM; iQ i?2 6*6a bi`�i2;v- r2 +�M Q#i�BM � bQHmiBQM #v /2i2`KBMBM; i?2

�bbB;MK2Mi 7Q` �HH 2H2K2Mib �++Q`/BM; iQ i?2 iBK2 Q`/2`X hQ p2`B7v i?2 2z2+iBp2M2bb Q7

i?2 +QKT`2?2MbBp2 /2+BbBQM@K�FBM; bi`�i2;v Q7 i?2 *1ha� �H;Q`Bi?K +QKT�`2/ rBi? i?2

6*6a bi`�i2;v@#�b2/ �H;Q`Bi?K- r2 +QKT�`2 i?2 irQ bi`�i2;B2b #�b2/ QM i?2 i2bi /�i�

;`QmTb :9@:dX h?2 2tT2`BK2Mi�H `2bmHib �`2 HBbi2/ BM h�#H2 kX9X

6`QK i?2 H�bi +QHmKM ǳ:�TǴ U(z2−z1)/z1V BM h�#H2 kX9 r2 +�M b22 i?�i i?2 BKT`Qp2K2Mi

T2`+2Mi�;2 Q7 i?2 +QKT`2?2MbBp2 �HHQ+�iBQM bi`�i2;v BM *1ha� +QKT�`2/ rBi? 6*6a

bi`�i2;v p�`B2b 7`QK R8XjW iQ jRXjWX h?Bb `2bmHi BM/B+�i2b i?�i i?2 +QKT`2?2MbBp2 bi`�i2;v

QmiT2`7Q`Kb i?2 6*6a bi`�i2;vX �Hi?Qm;? i?2 +QKTmi�iBQM�H iBK2 Q7 *1ha� Bb bHB;?iHv

HQM;2` i?�M i?�i Q7 6*6a- i?Bb +QKTmi�iBQM�H iBK2 Bb �++2Ti�#H2 7Q` Q#i�BMBM; � 72�bB#H2

bQHmiBQMX h?2 6*6a bi`�i2;v i�F2b [mBi2 � b?Q`i iBK2 #2+�mb2 Bi QMHv M22/b iQ HQQT

�HH i?2 p2bb2Hb QM+2 BM +?`QMQHQ;B+�H Q`/2` 7Q` /2i2`KBMBM; i?2 �HHQ+�iBQM b+?2K2X h?2

+QKT`2?2MbBp2 bi`�i2;v BM *1ha� +�M b�p2 �#Qmi kjXeW Q7 i?2 Q#D2+iBp2 p�Hm2 +QKT�`2/

iQ i?2 6*6a bi`�i2;vX h?Bb bB/2 2z2+i K22ib i?2 `2[mB`2K2Mib Q7 2M2`;v b�pBM; �M/

2KBbbBQM `2/m+iBQM �M/ T`QpB/2b KQ`2 `2�bQM�#H2 �``�M;2K2Mib 7Q` p2bb2HbX

kX8X9 h?2 2z2+i Q7 ?�M/HBM; iBK2 /2+BbBQMb QM iQi�H /Bbi�M+2

AM i?Bb +?�Ti2`- r2 /2+B/2 2�+? p2bb2HǶb mMHQ�/BM; iBK2 �M/ HQ�/BM; iBK2- r?BH2 i?2

?�M/HBM; iBK2b �`2 Q7i2M i�F2M �b T�`�K2i2`b BM Qi?2` `2H�i2/ bim/B2bX hQ i2bi r?2i?2`

i?2 ?�M/HBM; iBK2 /2+BbBQM +�M BKT`Qp2 i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb- r2 b2i mT

i?2 7QHHQrBM; +QKT�`�iBp2 2tT2`BK2MiX

AM i?Bb 2tT2`BK2Mi- irQ +�b2b �`2 +QKT�`2/, QM2 rBi? i?2 ?�M/HBM; iBK2 /2+BbBQM �M/

8N



h�#H2 kX9, *QKT�`BbQM `2bmHib #2ir22M *1ha� �M/ 6*6a bi`�i2;B2b

AMbi�M+2 *1ha� 6*6a

:`QmT B/ z1 hBK2UbV z2 hBK2UbV :�TUWV

:9
kynR kjd Re33 kNj I8 kjX8
kynk k9R jeR kNR I8 kyX3
kynj k89 RRje kNj I8 R8Xj

:8
k8nR jk3 R93j 9ke I8 jyXy
k8nk jjR 89d 9yk I8 kRX9
k8nj jke Rdk9 9RR I8 k8XN

:e
jynR 9y3 3k8 8ye I8 k9Xy
jynk 9k3 d38 8ek I8 jRXj
jynj 9j8 Rd89 8RR I8 RdX8

:d
j8nR 8RN RjjN e9y I8 kjXj
j8nk 8k8 R83k e8N I8 k8X9
j8nj 88y Ndy e38 I8 k9Xe

�p;X j3k RR3j 9dj I8 kjXe

i?2 Qi?2` rBi?Qmi i?2 ?�M/HBM; iBK2 /2+BbBQMX 6Q` i?2 T`Q#H2K rBi? i?2 ?�M/HBM; iBK2

/2+BbBQM- BX2X- KQ/2H JR- r2 }M/ Bib bQHmiBQM mbBM; i?2 *1ha� �H;Q`Bi?KX q2 mb2 i?2 7mHH

Q#D2+iBp2 p�Hm2 Q7 JR 7Q` 2�+? Bi2`�iBQM #mi `2TQ`i QMHv i?2 p�Hm2 Q7 i?2 iQi�H i`�p2HBM;

/Bbi�M+2 objroute �b i?2 `2bmHib Q7 i?Bb 2tT2`BK2MiX 6Q` i?2 T`Q#H2K rBi?Qmi i?2 ?�M/HBM;

iBK2 /2+BbBQM- r2 bQHp2 Bi �++Q`/BM; iQ i?2 7QHHQrBM; bi2TbX 6B`bi- r2 `�M/QKHv ;2M2`�i2

i?2 mMHQ�/BM; iBK2 �M/ HQ�/BM; iBK2 Q7 2�+? `2b2`p2/ bm##HQ+F 7Q` 2�+? p2bb2H@T2`BQ/ T�B`X

a2+QM/- r2 b2i i?2 `2H2p�Mi p�Hm2b Q7 HQ�/BM; �M/ mMHQ�/BM; iBK2 p�`B�#H2b BM KQ/2H Jk

iQ i?2 iBK2 ;2M2`�i2/ BM i?2 }`bi bi2TX 6BM�HHv- r2 bQHp2 KQ/2H Jk rBi? i?2 *1ha�

�H;Q`Bi?K �M/ Q#i�BM �bbB;MK2Mi AK - �bbB;MK2Mi AN - �M/ i?2 iQi�H i`�p2HBM; /Bbi�M+2

objrouteX 6Q` H�`;2@b+�H2 /�i� ;`QmTb :3@:Ry- r2 +QKT�`2 i?2 irQ +�b2bX h?2 2tT2`BK2Mi�H

`2bmHib �`2 HBbi2/ BM h�#H2 kX8X

Ai +�M #2 b22M 7`QK h�#H2 kX8 i?�i i?2 Q#D2+iBp2 p�Hm2 obj1route rBi? HQ�/BM; �M/ mM@

HQ�/BM; iBK2 /2+BbBQM Bb bK�HH2` i?�M i?2 Q#D2+iBp2 p�Hm2 obj2route rBi?Qmi HQ�/BM; �M/

mMHQ�/BM; iBK2 /2+BbBQM r?B+? b?Qrb �M �p2`�;2 ReX3W `2/m+iBQM Q7 i?2 iQi�H i`�p2HBM;

/Bbi�M+2X h?Bb BM/B+�i2b i?�i i?2 ?�M/HBM; iBK2 /2+BbBQM +�M �z2+i i?2 bm##HQ+F �HHQ+�iBQM

ey



/2+BbBQMX h?Bb }M/BM; Bb `2�bQM�#H2 #2+�mb2 i?2 �HHQ+�iBQM Q7 i?2 bm##HQ+F +�M #2 K�/2

KQ`2 ~2tB#H2 #v �/DmbiBM; i?2 HQ�/BM; �M/ mMHQ�/BM; iBK2X h?2 bm##HQ+Fb M2�` i?2 #2`i?

�`2 KQ`2 HBF2Hv iQ #2 �HHQ+�i2/ bQ i?�i i`�{+ +QM;2biBQMb +�M #2 �pQB/2/X 6Q` i?2 +�b2

rBi?Qmi i?2 ?�M/HBM; iBK2 /2+BbBQM- i`�{+ +QM;2biBQM +�M QMHv #2 HBKBi2/ #v �HHQ+�iBM;

bm##HQ+Fb �i i?2 7�`i?2` biQ`�;2 HQ+�iBQMb- `2bmHiBM; BM HQM;2` i`�p2HBM; /Bbi�M+2b Q7 i`m+FbX

6`QK i?2 +QKTmi�iBQM�H iBK2 BM h�#H2 kX8- r2 MQi2 i?�i r?2M i?2`2 Bb � ?�M/HBM; iBK2

/2+BbBQM- i?2 *1ha� �H;Q`Bi?K +Qbib KQ`2 iBK2 iQ �HHQ+�i2 i?2 HQ�/BM; �M/ mMHQ�/BM;

iBK2- r?B+? Bb KQ`2 iBK2@+QMbmKBM; i?�M i?2 +�b2 rBi?Qmi i?2 iBK2 /2+BbBQMX

h�#H2 kX8, *QKT�`BbQM `2bmHib #2ir22M +�b2b rBi? �M/ rBi?Qmi ?�M/HBM; iBK2 �bbB;MK2Mi

AMbi�M+2 hAK2 /2+BbBQMUJRV LQ iBK2 /2+BbBQMUJkV

:`QmT B/ z1 hBK2UbV z2 hBK2UbV :�TUWV

:3
9ynR 83eReNd8 Rekd eeej8yjj 39R RjXd
9ynk eRNy8edk RR83 dke3jy9e 3RN RdX9
9ynj eRd9N38d R3ey dkj9NkNd dkd RdXk

:N
98nR eNNeekj3 Rkej 3yk83kj9 N8y R9Xd
98nk dj38kNe3 R9dk 39ekN3dd Ry99 R9Xe
98nj dR9N8d3e Rj93 3kj9y3e8 d3y R8Xk

:Ry
8ynR d3NdyNeN R9k3 N8N8dddk Ry8k kRX8
8ynk 3y8yjkyd RyjR NkRNNjkj e9e R9X8
8ynj dd89R833 Rd8R N9eeRd8N 8d8 kkXR

�p;X dy8RR9dj R9j3 3k9Rk3yR 3ke ReX3

kX8X8 1z2+ib Q7 /Bz2`2Mi `Qmi2 H2M;i? bi`�i2;B2b

AM i?2 `2H�i2/ bim/B2b i?�i KBMBKBx2 i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb- w?2M 2i �HX

UkyRRV mb2b i?2 �p2`�;2 /Bbi�M+2 #2ir22M i?2 KB//H2 #2`i? TQbBiBQM �M/ �HH bm##HQ+FbX

h?�i Bb- BM KQ/2H JR- i?2v b2i dUipk = d̄bk �M/ dLipk = d̄bkX hQ i2bi r?2i?2` /Bz2`2Mi `Qmi2

H2M;i? +�H+mH�iBQM bi`�i2;B2b BKT�+i i?2 bQHmiBQM- r2 +QKT�`2 irQ `Qmi2 H2M;i? +�H+mH�iBQM

bi`�i2;B2b #�b2/ QM i2bi /�i� ;`QmTb :R@:RyX h?2 irQ bi`�i2;B2b �`2 �b 7QHHQrbX URV

ai`�i2;v QM2 mb2b i?2 �+im�H `Qmi2 H2M;i? #2ir22M #2`i? b �M/ bm##HQ+F k- i?�i Bb- i?2

bi`�i2;v mb2/ BM i?Bb T`Q#H2KX UkV ai`�i2;v k mb2b i?2 �p2`�;2 `Qmi2 H2M;i? d̄bk mb2/ BM

eR



w?2M 2i �HX UkyReVX h?�i Bb- dUipk = dLipk = d̄
bk

= (
∑

k∈K db̄k)/|K|- r?2`2 d̄bk Bb i?2 /Bbi�M+2

#2ir22M i?2 KB//H2 #2`i? TQbBiBQM b̄ �M/ � bm##HQ+F kX h?2 2tT2`BK2Mi�H `2bmHib �`2 HBbi2/

BM h�#H2 kXeX

h�#H2 kXe, *QKT�`BbQM `2bmHib 7Q` /Bz2`2Mi `Qmi2 H2M;i? bi`�i2;B2b

;`QmT B/ route1 route2 `�iBQ ;`QmT B/ route1 route2 `�iBQ

:R
8nR 98kRyNeX33 RyyNNkk9 kXk

:e
jynR 9ydN33NR edR3dk93 RXe

8nk jy8e9NRXe 3RjNeyy kXd jynk 9k3RNdNR dyky9yjk RXe
8nj jded3NkXjk N9kNeNe kX8 jynj 9j8kk83y dye3ee8k RXe

:k
RynR RyRd9jkeXd kyjddR39 kXy

:d
j8nR 8R33Ne89 38j8ydky RXe

Rynk Ryyjd9R3Xk RNj9e8ey RXN j8nk 8kjdNke8 38kje93y RXe
Rynj NkR3y88X39 RNjN9dky kXR j8nj 89dy3RkR 3e3RNy9y RXe

:j
R8nR R3k83dky jRN3d3dk RX3

:3
9ynR 83eReNd8 Nd8jR89y RXd

R8nk Redd39jRXk kN8Rk993 RX3 9ynk eRNy8edk RXyk1Yy3 RXe
R8nj R8NNd938Xd k38RkyNe RX3 9ynj eRd9N38d RXy81Yy3 RXd

:9
kynR kjdjk3jjX8 9yNNd33y RXd

:N
98nR eNNeekj3 RXR31Yy3 RXd

kynk k9yy3y39Xk 9RN8kjk3 RXd 98nk dj38kNe3 RXkk1Yy3 RXe
kynj k89yy98eXd 9j83d98e RXd 98nj dR9N8d3e RXR31Yy3 RXd

:8
k8nR jkde8NyyXe 88Rjd33y RXd

:Ry
8ynR d3NdyNeN RXj91Yy3 RXd

k8nk jjy39RjeX9 88yN3R8k RXd 8ynk 3y8yjkyd RXjN1Yy3 RXd
k8nj jk933NReXk 8jkR8e8e RXe 8ynj dd89R833 RXj31Yy3 RX3

�p;X RX3
ai/2pXT yXj

AM h�#H2 kXe- *QHmKM ǳrouteRǴ `2T`2b2Mib i?2 Q#D2+iBp2 p�Hm2 Q7 i?2 �+im�H i`�p2HBM;

/Bbi�M+2 Q7 i`m+Fb +�H+mH�i2/ mbBM; bi`�i2;v QM2X *QHmKM ǳroute2Ǵ `2T`2b2Mib i?2 Q#D2+@

iBp2 p�Hm2 Q7 i?2 �TT`QtBK�i2 i`�p2HBM; /Bbi�M+2 Q7 i`m+Fb +�H+mH�i2/ mbBM; bi`�i2;v irQX

*QHmKM ǳ;�TWǴ `2T`2b2Mib i?2 /Bz2`2M+2 BM T2`+2Mi�;2 #2ir22M route1 �M/ route2 �M/

Bb +QKTmi2/ �b gap = (route2 − route1)/route1 × 100%X �b +�M #2 b22M 7`QK *QHmKM

ǳ;�TWǴ- i?2 i`�p2HBM; /Bbi�M+2 +QKTmi2/ rBi? i?2 �p2`�;2 `Qmi2 H2M;i? Bb H�`;2` i?�M

i?�i +QKTmi2/ rBi? i?2 �+im�H /Bbi�M+2X h?2 �p2`�;2 p�Hm2 Q7 ǳ;�TWǴ Bb RX3WX "2bB/2b-

i?2 bi�M/�`/ /2pB�iBQM Q7 p�Hm2b Q7 ǳ;�TWǴ Bb yXj- r?B+? BM/B+�i2b i?�i r?2M r2 mb2 i?2

�p2`�;2 `Qmi2 H2M;i? iQ 2biBK�i2 i?2 �+im�H `Qmi2 H2M;i?- i?2 `2bmHib �`2 HBF2Hv iQ BM+`2�b2

BM � `2H�iBp2Hv +QMbBbi2Mi T`QTQ`iBQMX
ek



kXe amKK�`v

AM i?Bb +?�Ti2`- r2 7Q+mb QM v�`/ bT�+2 �HHQ+�iBQM �M/ ?�M/HBM; iBK2 �bbB;MK2Mi 7Q`

i`�Mbb?BTK2Mi p2bb2Hb �i � b2�TQ`i v�`/X o2bb2Hb 7`QK /Bz2`2Mi HBM2`b ?�p2 � ?2i2`Q;2M2Qmb

T2`BQ/B+�H T�ii2`M Q7 �``Bp�H �M/ /2T�`im`2X h?2 T`Q#H2K Bb ?2i2`Q;2M2Qmb �M/ T2`BQ/B+�H

BM M�im`2 BM i?2 iBK2 /BK2MbBQM- r?B+? �BKb iQ KBMBKBx2 i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7

v�`/ i`m+Fb �M/ i?2 iQi�H iBK2 /2pB�iBQM Q7 �HH p2bb2HbX h?2 T`BK�`v bT�+2 �HHQ+�iBQM mMBi Bb

� bBx2@}t2/ bm##HQ+FX hQ �pQB/ i`�{+ +QM;2biBQM BM i?2 v�`/- irQ BKTQ`i�Mi /2+BbBQMb �`2

iQ #2 K�/2- BX2X i?2 �HHQ+�iBQM Q7 bm##HQ+F HQ+�iBQMb �M/ i?2 �bbB;MK2Mi Q7 mMHQ�/BM; �M/

HQ�/BM; iBK2 Q7 2�+? bm##HQ+FX 1�+? i`�Mbb?BTK2Mi p2bb2H M22/b iQ mMHQ�/ iQ bm##HQ+Fb

`2b2`p2/ 7Q` Bi �M/ HQ�/ +QMi�BM2`b 7`QK bm##HQ+Fb `2b2`p2/ 7Q` Bib bQm`+2 p2bb2HbX h?2`27Q`2-

r?2M /2+B/BM; i?2 bm##HQ+F HQ+�iBQM- Bi Bb M2+2bb�`v iQ /2i2`KBM2 #Qi? i?2 HQ+�iBQMb Q7

`2b2`p2/ bm##HQ+Fb 7Q` i?2 mMHQ�/BM; +QMi�BM2`b �M/ i?2 HQ�/BM; +QMi�BM2`bX J2�Mr?BH2-

� b2+QM/ /2+BbBQM QM i?2 mMHQ�/BM; �M/ HQ�/BM; iBK2 7Q` 2�+? bm##HQ+F Bb �HbQ K�/2 iQ

BKT`Qp2 ~2tB#BHBiv BM i?2 �HHQ+�iBQM Q7 bm##HQ+F HQ+�iBQMbX

q2 T`QTQb2 � +QKT`2?2MbBp2 JAS KQ/2H r?B+? /2i2`KBM2b #Qi? i?2 HQ+�iBQM- mMHQ�/@

BM; iBK2 �M/ HQ�/BM; iBK2 Q7 2�+? bm##HQ+F 7Q` #Qi? i?2 mMHQ�/BM; �M/ HQ�/BM; T`Q+2bb Q7 �

i`�Mbb?BTK2Mi p2bb2HX aBM+2 i?2 irQ /2+BbBQMb �`2 Kmim�HHv `2H�i2/ BM i?2 iBK2 /BK2MbBQM-

i?2 JAS KQ/2H +�MMQi #2 /2+QKTQb2/ BMiQ BM/2T2M/2Mi bm#@T`Q#H2KbX h?2 JAS KQ/2H

+�MMQi #2 bQHp2/ #v i?2 +QKK2`+B�H bQHp2` Q` i?2 +QHmKM ;2M2`�iBQM K2i?Q/X "2bB/2b-

i?2 7Qm` `2H�i2/ /2+BbBQMb BM+`2�b2 i?2 K�;MBim/2 Q7 i?2 MmK#2` Q7 p�`B�#H2b Q7 i?2 KQ/2HX

h?mb- r2 /2bB;M � ?2m`BbiB+ K2i?Q/ iQ bQHp2 BiX 6B`bi- r2 /BpB/2 i?2 JAS KQ/2H BMiQ

irQ bm#@KQ/2HbX "�b2/ QM i?2 bQHmiBQMb Q7 i?2 irQ bm#@KQ/2Hb- r2 T`QTQb2 � i?`22@bi�;2

?2m`BbiB+ K2i?Q/ #�b2/ QM i?2 bQ@+�HH2/ +`BiB+�H 2H2K2Mi- i?�i Bb- i?2 *1ha� �H;Q`Bi?KX

h?2 MmK2`B+�H `2bmHib p2`B7v i?2 2z2+iBp2M2bb Q7 i?2 *1ha� �H;Q`Bi?KX J2�Mr?BH2- #v

+QKT�`BM; /Bz2`2Mi bT�+2 �HHQ+�iBQM K2i?Q/b- r2 +�M b22 i?�i i?2 BMi2;`�i2/ �HHQ+�iBQM

K2i?Q/ T`QTQb2/ BM i?Bb +?�Ti2` +�M Q#i�BM � bQHmiBQM rBi? � #2ii2` Q#D2+iBp2 p�Hm2X AM

�//BiBQM- r2 p2`B7v i?2 2z2+ib Q7 HQ�/BM; �M/ mMHQ�/BM; iBK2 /2+BbBQMb �M/ i?2 `Qmi2 H2M;i?

bi`�i2;B2b QM i?2 iQi�H i`�p2HBM; /Bbi�M+2 Q7 v�`/ i`m+FbX

ej
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CHAPTER 3

A NEW DYNAMIC SHAPE ADJUSTMENT AND

PLACEMENT ALGORITHM FOR 3D YARD

ALLOCATION PROBLEM WITH TIME

DIMENSION

jXR AMi`Q/m+iBQM

*QMi�BM2` i2`KBM�Hb �`2 H�`;2 �M/ +`BiB+�H +QKTQM2Mib Q7 +QKTH2t HQ;BbiB+ M2irQ`Fb

�M/ �`2 +QMbB/2`2/ �b bi`�i2;B+ �bb2ibX lbm�HHv- 2tTQ`i +QMi�BM2`b �``Bp2 �i � +QMi�BM2`

i2`KBM�H i?`Qm;? b2p2`�H KQ/2b Q7 i`�MbTQ`i�iBQM- bm+? �b i`m+Fb �M/ #�`;2bX *QMi�BM2`b

�`2 /`QTT2/ Qz �i i?2b2 i2`KBM�Hb �M/ �`2 biQ`2/ 7Q` � #`B27 T2`BQ/ Q7 iBK2X �7i2` i?Bb

T2`BQ/- i?2 +QMi�BM2`b �`2 i�F2M 7`QK i?2 bi�+F #v +`�M2b �M/ HQ�/2/ QMiQ b?BTb 7Q`

/2HBp2`vX h?Bb H2�/b iQ i?2 r2HH@FMQrM v�`/ �HHQ+�iBQM T`Q#H2K Uu�SV 7�+2/ #v i2`KBM�H

QT2`�iQ`b U6m 2i �HX- kyydc CBM 2i �HX- kyRec w?2M 2i �HX- kyReVX Pp2` i?2 T�bi 72r /2+�/2b-

i2+?MQHQ;v ?�b 7�+BHBi�i2/ �miQK�iBQM Q7 +QMi�BM2` ?�M/HBM; �i i2`KBM�Hb rBi? i�+iB+�H@

H2p2H +QQ`/BM�iBQM BM `2bT2+i Q7 �HHQ+�iBQM Q7 i2`KBM�H v�`/ #HQ+Fb- �bbB;MK2Mi Q7 [m�v

+`�M2 DQ#b �M/ `Qmi2b 7Q` i?2 �:ob U�miQK�i2/ ;mB/2/ p2?B+H2bV i?�i i`�p2H #2ir22M i?2

[m�v bB/2b �M/ i?2 v�`/ #HQ+FbX J2�Mr?BH2- M2r /2+BbBQM bmTTQ`i bvbi2Kb ?�p2 �HbQ ?2HT2/

HQr2`@H2p2H QT2`�iBQMb i?�i /2i2`KBM2 r?2i?2` �M/ ?Qr +QMi�BM2`b b?QmH/ #2 biQ`2/ rBi?BM

� bT2+B}+ v�`/ #HQ+F rBi? HBKBi2/ bT�+2X

h?Bb bim/v 7Q+mb2b QM v�`/ bT�+2 �HHQ+�iBQM 7Q` 2tTQ`i +QMi�BM2`bX q2 bim/v i?2

j. v�`/ �HHQ+�iBQM T`Q#H2K rBi? iBK2 /BK2MbBQM Uj.u�ShV- r?B+? r�b }`bi BMi`Q/m+2/

BM 6m 2i �HX UkyydVX h?2 j.u�Sh Bb /2}M2/ 7Q` � v�`/ #HQ+F- bBKTHv `272``2/ iQ �b �

v�`/ BM i?2 `2bi Q7 i?Bb bim/v- b2`p2/ #v � 72r [m�v +`�M2b �M/ Bb �bbmK2/ iQ #2 2KTiv

�i i?2 bi�`i Q7 i?2 TH�MMBM; ?Q`BxQMX � `2[m2bi Bb /2}M2/ �b i?2 `2[mB`2K2Mi 7`QK b2p2`�H

#�i+?2b Q7 +QMi�BM2`b iQ #2 i`�MbTQ`i2/ iQ i?2 b�K2 /2biBM�iBQMX 1�+? `2[m2bi ?�b �
e8



biQ`�;2 iBK2 `2[mB`2K2Mi �M/ M22/b � +2`i�BM b2i Q7 v�`/ bT�+2X *QMi�BM2`b Q7 i?2 b�K2

`2[m2bi �`2 mbm�HHv biQ`2/ �/D�+2Mi iQ 2�+? Qi?2`- �M/ i?2`27Q`2 +QMi�BM2`b BM 2�+? `2[m2bi

Q++mTv � T�`iB+mH�` `2+i�M;mH�` biQ`�;2 bT�+2X h?Bb `2+i�M;mH�` biQ`�;2 bT�+2 Bb MQi

T`2/2i2`KBM2/ �M/ Bb /2+B/2/ QM �``Bp�H Q7 i?2 +QMi�BM2`b Q7 /Bz2`2Mi #�i+?2b �i /Bz2`2Mi

�``Bp�H iBK2bX 6`QK � iBK2 T2`bT2+iBp2- i?2 �`2� Q7 i?Bb `2+i�M;mH�` biQ`�;2 bT�+2 b?QmH/

#2 MQM@/2+`2�bBM;- BX2X- /m`BM; i?2 �``Bp�H Q7 +QMi�BM2` #�i+?2b- i?2 �`2� Q7 i?2 `2+i�M;mH�`

biQ`�;2 bT�+2 2Bi?2` BM+`2�b2b Q` `2K�BMb mM+?�M;2/ �b iBK2 T`Q;`2bb2b mMiBH �HH +QMi�BM2`b

BM i?2 T�`iB+mH�` `2[m2bi �`2 HQ�/2/ 7Q` /2HBp2`v iQ i?2 b�K2 /2biBM�iBQMX �b �M 2t�KTH2-

6B;m`2 jXR� b?Qrb � biQ`�;2 bQHmiBQM iQ QM2 p�HB/ `2[m2bi i?�i bT�Mb 7`QK iBK2 TQBMi k

iQ eX Ai +�M #2 b22M i?�i i?2 `2+i�M;mH�` biQ`�;2 bT�+2 BM+`2�b2b 7`QK iBK2 TQBMi k iQ 8

#2+�mb2 KQ`2 +QMi�BM2`b iQ #2 i�F2M iQ i?2 b�K2 /2biBM�iBQM �``Bp2 /m`BM; i?Bb T2`BQ/X

6`QK iBK2 TQBMi 8 iQ e- i?2 biQ`�;2 bT�+2 `2K�BMb mM+?�M;2/X h?Bb Bb TQbbB#H2 #2+�mb2

M2rHv �``Bp2/ +QMi�BM2`b +�M miBHBx2 i?2 mMmb2/ bT�+2 BM i?2 biQ`�;2 bQHmiBQM mT iQ iBK2

TQBMi 8X Ai Bb �HbQ 2�bv iQ b22 i?�i i?2 `2+i�M;mH�` biQ`�;2 bT�+2b Q7 /Bz2`2Mi `2[m2bib

b?QmH/ #2 MQM@Qp2`H�TTBM;X 6Q` 2t�KTH2- 6B;m`2 jXR# b?Qrb � 72�bB#H2 biQ`�;2 bQHmiBQM iQ

i?`22 `2[m2bib r?2`2 i?2`2 Bb MQ biQ`�;2 bT�+2 Qp2`H�TX hQ QTiBKBx2 bT�+2 miBHBx�iBQM- i?2

Q#D2+iBp2 Q7 i?2 j.u�Sh Bb iQ KBMBKBx2 i?2 H�`;2bi biQ`�;2 bT�+2 2p2` mb2/ i?`Qm;?Qmi

i?2 TH�MMBM; ?Q`BxQMX

AM i?Bb rQ`F- r2 +QMbB/2` � KQ`2 ;2M2`�H `2+i�M;mH�` biQ`�;2 bT�+2 BM i?2 j.u�ShX

lMHBF2 6m 2i �HX UkyydV- r2 `2H�t i?2 b[m�`2 b?�T2 `2bi`B+iBQM QM biQ`�;2 bT�+2b- �HHQrBM;

`2+i�M;mH�` b?�T2b rBi? �/Dmbi�#H2 H2M;i?b �M/ rB/i?bX h?2 B/2� Bb i?�i `2+i�M;mH�` biQ`@

�;2 b?�T2b rBi? �/Dmbi�#H2 H2M;i?b �M/ rB/i?b Qz2` Km+? H�`;2` ~2tB#BHBiv r?2M }iiBM;

i?2K BMiQ M�``Qr bT�+2b- +QKT�`2/ iQ b[m�`2b- i?mb ?�pBM; ;`2�i TQi2MiB�H iQ ;2M2`�i2

KQ`2 2{+B2Mi v�`/ �HHQ+�iBQM bQHmiBQMbX q2 T`Qp2 i?�i rBi? i?2 b[m�`2 `2bi`B+iBQM `2@

H�t2/- i?2 T`Q#H2K Bb biBHH LS@*QKTH2i2X q2 T`2b2Mi � M2r BMi2;2` HBM2�` T`Q;`�KKBM;

7Q`KmH�iBQM- �M/ i?2M T`QTQb2 �M 2z2+iBp2 �TT`Q�+? #�b2/ QM i?2 bBKmH�i2/ �MM2�HBM;

�H;Q`Bi?K �M/ � /vM�KB+ b?�T2 �/DmbiK2Mi TH�+2K2Mi T`Q+2/m`2 Ua�@.a�SV i?�i T�+Fb

`2+i�M;mH�` biQ`�;2 bT�+2b BMiQ i?2 v�`/ iQ KBMBKBx2 i?2 H�`;2bi Q++mTB2/ �`2� Qp2` i?2

TH�MMBM; ?Q`BxQMX Pm` a�@.a�S +QMbBbib Q7 irQ bi�;2bX AM i?2 }`bi bi�;2- b2[m2M+2b Q7

ee



U�V � p�HB/ `2[m2bi

U#V h?`22 p�HB/ `2[m2bib

6B;m`2 jXR, 1t�KTH2b Q7 i?2 i?`22@/BK2MbBQM�H `2[m2bib

�HH `2[m2bib �`2 ;2M2`�i2/ #v a�X AM i?2 b2+QM/ bi�;2- ;Bp2M � T�`iB+mH�` b2[m2M+2- i?2

biQ`�;2 bT�+2 bQHmiBQM Bb +QKTmi2/ mbBM; � /vM�KB+ T`Q;`�KKBM; U.SV T`Q+2/m`2X "2@

+�mb2- i?2 .S T`Q+2/m`2 Bb iQ #2 7`2[m2MiHv BMpQF2/- iQ 7m`i?2` BKT`Qp2 +QKTmi�iBQM�H
ed



2{+B2M+v- r2 �HbQ /2p2HQT bQK2 bT22/@mT i2+?MB[m2b 2HBKBM�iBM; biQ`�;2 bT�+2b i?�i �`2

mMHBF2Hv iQ #2 BM+Hm/2/ BM �M QTiBK�H bQHmiBQM #27Q`2 i?2v �`2 2p�Hm�i2/ #v .SX 1ti2MbBp2

+QKTmi�iBQM�H 2tT2`BK2Mib b?Qr i?�i a�@.a�S Bb �#H2 iQ Q#i�BM QTiBK�H bQHmiBQMb 7Q`

bK�HH@b+�H2 BMbi�M+2b- �M/ i?2 bQHmiBQMb 7Q` H�`;2@b+�H2 BMbi�M+2b �`2 Q7 Km+? ?B;?2` [m�HBiv

i?�M i?2 "QiiQK@G27i ?2m`BbiB+ mb2/ BM 6m 2i �HX UkyydVX

h?2 `2K�BM/2` Q7 i?Bb bim/v Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+iBQM jXk- r2 T`2b2Mi i?2

T`Q#H2K BM ;`2�i2` /2i�BH �M/ 7Q`KmH�i2 i?2 T`Q#H2K �b �M BMi2;2` HBM2�` T`Q;`�KKBM;

KQ/2HX AM a2+iBQM jXj- i?2 ;2M2`�H 7`�K2rQ`F Q7 i?2 a�@.a�S Bb /2b+`B#2/- 7QHHQr2/ #v

/2i�BHb Q7 Bib KQbi +`BiB+�H +QKTQM2Mi- i?2 .a�S- BM a2+iBQM jX9X 1tT2`BK2Mib �M/ +QK@

Tmi�iBQM�H `2bmHib �`2 /Bb+mbb2/ BM a2+iBQM jX8- �M/ +QM+HmbBQMb �`2 /`�rM BM a2+iBQM jXeX

jXk S`Q#H2K .2b+`BTiBQM �M/ 6Q`KmH�iBQM 7Q` i?2 j.u�Sh

jXkXR S`Q#H2K /2b+`BTiBQM

hQ /2b+`B#2 i?2 j.u�Sh- H2i mb +QMbB/2` � `2+i�M;mH�` i2`KBM�H v�`/ i?�i +QMbBbib Q7

W × L `2+i�M;mH�` bHQib- r?2`2 W �M/ L `2T`2b2Mi i?2 MmK#2` Q7 bHQib +QMi�BM2/ #v i?2

rB/i? �M/ H2M;i? Q7 i?2 v�`/- `2bT2+iBp2HvX AM 2�+? bHQi- Bi Bb TQbbB#H2 iQ bi�+F �i KQbi H

bi�M/�`/ +QMi�BM2`bX 6Q` 2�b2 Q7 /2b+`BTiBQM- i?2 `2+i�M;mH�` v�`/ �`2� +�M #2 `2T`2b2Mi2/

#v i?2 �`2� (0, 0,W, L)- rBi? +QQ`/BM�i2b (0, 0) BM/B+�iBM; i?2 H27i@#QiiQK +Q`M2` TQBMi �M/

i?2 +QQ`/BM�i2b (W,L) BM/B+�iBM; i?2 `B;?i@iQT +Q`M2` TQBMiX

h?2 +QMbB/2`2/ iBK2 ?Q`BxQM T Bb +QKTQb2/ Q7 � b2`B2b Q7 2p2MHv /Bbi`B#mi2/ /Bb+`2i2

iBK2 TQBMib T = {1, 2, . . . , |T |}X h?2 �``Bp�H �M/ /2T�`im`2 Q7 +QMi�BM2`b Q++m` �i � ;Bp2M

iBK2 TQBMiX AM +�b2 i?2`2 �`2 #Qi? �``Bp�H �M/ /2T�`im`2 /m`BM; i?2 b�K2 iBK2 mMBi- r2

�bbmK2 i?�i /2T�`im`2 +QMi�BM2`b �`2 ?�M/H2/ }`bi �M/ i?2M i?2 �``Bp�H +QMi�BM2`bX

jXkXRXR _2[m2bi

q2 �`2 ;Bp2M � b2i Q7 Q +QMi�BM2`b r?Qb2 �``Bp�Hb �M/ /2T�`im`2b ?�TT2M rBi?BM

iBK2 TQBMib BM T X *QMi�BM2`b 7Q` i?2 b�K2 /2biBM�iBQM �`2 +QHH2+i2/ BM � ;`QmT r?B+?

e3



r2 +�HH �b � `2[m2biX LQi2 i?�i 2�+? +QMi�BM2` Bb BM+Hm/2/ BM 2t�+iHv QM2 `2[m2bi- �M/

+QMi�BM2`b #2HQM;BM; iQ � `2[m2bi H2�p2 i?2 v�`/ �`2� �i i?2 b�K2 /2T�`im`2 iBK2X G2i

R = {1, 2, . . . , N} UN = |R|V /2MQi2 i?2 b2i Q7 `2[m2bib- r?2`2 `2[m2bi r ∈ R +QMbBbib

Q7 nr +QMi�BM2`b U
∑

r∈R nr = QV- �M/ i?2 /2T�`im`2 iBK2 Q7 2�+? +QMi�BM2` BMpQHp2/ Bb

/2MQi2/ #v tr ∈ T X q2 �bbmK2 i?�i i?2 HQ�/BM; T`Q+2bb Q7 +QMi�BM2`b BM � `2[m2bi +�M #2

+QKTH2i2/ BM � b?Q`i T2`BQ/- �M/ i?2 bT�+2 Q++mTB2/ #v `2[m2bi r +�M #2 `2H2�b2/ 7mHHv

QMHv �7i2` Bib /2T�`im`2 iBK2 trX h?2 �``Bp�H iBK2 Q7 `2[m2bi r U/2MQi2/ #v arV Bb /2}M2/

�b i?2 2�`HB2bi �``Bp�H iBK2 �KQM; �HH �``BpBM; +QMi�BM2`b BM `2[m2biX h?mb- r2 +�M /2}M2

Tr = {ar, ar + 1, . . . , tr} � bm#b2i Q7 T - iQ `2T`2b2Mi i?2 /Bb+`2iBx2/ iBK2 TQBMib Q++mTB2/

#v `2[m2bi rX nr,t Bb /2}M2/ �b i?2 iQi�H MmK#2` Q7 �``Bp2/ +QMi�BM2`b BM `2[m2bi r #v iBK2

tX h?2 biQ`�;2 bT�+2 `2[mB`2/ #v `2[m2bi r �i iBK2 TQBMi t +�M #2 /2i2`KBM2/ #v nr,tX tr Bb

� FMQrM BMTmi /�i� r?B+? +�M #2 Q#i�BM2/ 7`QK i?2 QmiTmi #v A`Bb 2i �HX UkyR3VX "2+�mb2

+QMi�BM2`b K�v �``Bp2 �i �Mv iBK2 TQBMi t ∈ Tr �M/ �`2 biQ`2/ BM i?2 v�`/ mT iQ i?2 /2HBp2`v

iBK2 Q7 i?2 `2[m2bi- nr,t Kmbi #2 MQM@/2+`2�bBM;- BX2X- nr,ar ≤ nr,ar+1 ≤ . . . ≤ nr,tr = nrX

6 10 10 10 20 25 28 28 28𝒏𝒓,𝒕:

1 |T|

Planning Horizon T

Request 𝒓

𝒂𝒓 𝒕𝒓

Storage time of request 𝑟: 𝑻𝒓

3 7 11Time 𝑡

...4 5 6 8 9 10

6B;m`2 jXk, AHHmbi`�iBQM Q7 � `2[m2bi

6B;m`2 jXk b?Qrb �M 2t�KTH2 Q7 ?�M/HBM; Q7 � ;Bp2M `2[m2bi r rBi?BM TH�MMBM; ?Q`BxQM

T X *QMi�BM2`b BM i?Bb `2[m2bi r �`2 biQ`2/ BM i?2 v�`/ 7`QK iBK2 TQBMi j Uar = 3V iQ iBK2

TQBMi RR Utr = 11VX AM i?2 #2;BMMBM;- e +QMi�BM2`b �``Bp2 �i iBK2 TQBMi j 7QHHQr2/ #v 9 KQ`2

+QMi�BM2`b �i iBK2 TQBMi 9X LQ +QMi�BM2` �``Bp2b #2ir22M iBK2 TQBMib 8 �M/ eX �i iBK2

TQBMib d- 3 �M/ N- Ry- 8 �M/ j +QMi�BM2`b �``Bp2 �i i?2 v�`/ `2bT2+iBp2HvX h?2 �++mKmH�i2/

MmK#2` Q7 �``Bp2/ +QMi�BM2`b nr,t 7`QK iBK2 TQBMi j iQ RR Bb /2TB+i2/ BM 6B;m`2 jXkX q2

+�M b22 i?�i- `2[m2bi r ?�b � iQi�H Q7 k3 �``Bp2/ +QMi�BM2`b Unr = 28V �M/ �HH Q7 i?2K �`2

eN



`2H2�b2/ iQ;2i?2` �i iBK2 TQBMi RRX

jXkXRXk 62�bB#H2 biQ`�;2 bT�+2

:Bp2M � `2[m2bi r ∈ R- r2 M22/ iQ /2i2`KBM2 � `2+i�M;mH�` bT�+2 rBi?BM i?2 v�`/

�`2� iQ biQ`2 i?2 +QMi�BM2`b Q7 `2[m2bi r- +Qp2`BM; �HH iBK2 TQBMib BM TrX q2 /2MQi2 sr,t =

(x−
r,t, y

−
r,t, x

+
r,t, y

+
r,t) �b i?2 `2+i�M;mH�` biQ`�;2 bT�+2 �i iBK2 t ∈ Tr- r?2`2 (x−

r,t, y
−
r,t) �M/

(x+
r,t, y

+
r,t) �`2 +QQ`/BM�i2b Q7 i?2 H27i@#QiiQK �M/ i?2 `B;?i@iQT +Q`M2` TQBMib- `2bT2+iBp2HvX

�i iBK2 t- i?2 biQ`�;2 bT�+2 sr,t Bb 72�bB#H2 r?2M i?2 7QHHQrBM; 7Qm` +QM/BiBQMb �`2 b�iBb}2/X

URV h?2 `2+i�M;mH�` biQ`�;2 bT�+2 sr,t Bb 7mHHv +QMi�BM2/ BM v�`/ �`2�- BX2X- 0 ≤ x−
r,t <

x+
r,t ≤ W �M/ 0 ≤ y−r,t < y+r,t ≤ L Kmbi #2 b�iBb}2/ bBKmHi�M2QmbHvc

UkV h?2 �`2� Q++mTB2/ #v biQ`�;2 bT�+2 sr,t ?�b 2MQm;? bHQib 7Q` `2[m2bi r �++mKmH�i2/

�i iBK2 TQBMi tX h?Bb `2[mB`2K2Mi +�M #2 2tT`2bb2/ #v nr,t ≤ H(x+
r,t − x−

r,t)(y
+
r,t − y−r,t)-

r?2`2 H Bb i?2 K�tBKmK MmK#2` Q7 +QMi�BM2`b i?�i +�M #2 bi�+F2/ 7Q` 2�+? mMBi bHQiX

UjV .m2 iQ `2bi`�BMib BKTQb2/ QM v�`/ +`�M2b- i?2 rB/i? Ux+
r,t − x−

r,tV �M/ i?2 H2M;i?

Uy+r,t − y−r,tV Q7 � biQ`�;2 bT�+2 M22/ iQ #2 #QmM/2/ #v T`2b+`B#2/ `�M;2b [w,w] �M/ [l, l]-

BX2X- w ≤ x+
r,t − x−

r,t ≤ w �M/ l ≤ y+r,t − y−r,t ≤ lX

U9V hQ `2bi`B+i i?2 b?�T2 Q7 i?2 `2+i�M;mH�` biQ`�;2 bT�+2- i?2 /Bz2`2M+2 #2ir22M H2M;i?

lr,t(= y+r,t−y−r,t) �M/ rB/i? wr,t(= x+
r,t−x−

r,t) Q7 � 72�bB#H2 biQ`�;2 bT�+2 sr,t b?QmH/ #2 rBi?BM

� T`2/2i2`KBM2/ `�M;2 d- BX2X- |lr,t − wr,t|≤ dX Ai i?2M b?QmH/ #2 MQi2/ i?�i i?2 b[m�`2

biQ`�;2 bT�+2 +�b2 T`2b2Mi2/ BM 6m 2i �HX UkyydV +Q``2bTQM/b iQ i?2 +�b2 r?2M d = 0- BX2X-

|lr,t − wr,t|≤ 0- Q` lr,t = wr,tX

�b b?QrM BM 6B;m`2 jXR�- i?2`2 Bb � `2[m2bi r 7`QK iBK2 TQBMi k iQ e- �M/ �i 2�+?

iBK2 TQBMi- i?2`2 Bb � +Q``2bTQM/BM; i?`22@/BK2MbBQM�H 72�bB#H2 biQ`�;2 bT�+2X h?2 v�`/

�`2� Bb �bbmK2/ iQ #2 Uy-y-e-eV �M/ i?2 ?2B;?i HBKBi Bb e mMBib- BX2X- L = 6- W = 6 �M/

H = 6X �i iBK2 TQBMi j- r2 �bbmK2 i?2`2 �`2 RR �``BpBM; +QMi�BM2`b Unr,3 = 11VX h?2M- �

72�bB#H2 biQ`�;2 bT�+2 �i iBK2 TQBMi j Bb /`�rM �b Uk-k-j-jV- `�M;BM; 7`QK i?2 H27i@#QiiQK

TQBMi Uk-kV iQ i?2 `B;?i@iQT TQBMi Uj-jVX h?Bb biQ`�;2 bT�+2 Bb 7mHHv +QMi�BM2/ BM i?2 v�`/

�M/ Bb H�`;2 2MQm;? iQ �++QKKQ/�i2 Rk Ul×w× h4U9@kV×Uj@kV×eV +QMi�BM2`b �i � iBK2X

dy



6BM�HHv- i?2 �bbmK2/ H2M;i? �M/ rB/i? `2bi`B+iBQMb- [w,w] = [1, 6] �M/ [l, l] = [1, 6]- �`2

�HbQ b�iBb}2/ bBM+2 i?2 biQ`�;2 bT�+2 ?�b � H2M;i? Q7 k mMBib �M/ � rB/i? Q7 R mMBiX

"2+�mb2 i?2`2 2tBbi /Bz2`2Mi biQ`�;2 �``�M;2K2Mib 7Q` i?2 nr,t +QMi�BM2`b �i 2�+? iBK2

t- r2 mb2 Sr,t iQ /2MQi2 i?2 b2i Q7 �HH 72�bB#H2 biQ`�;2 bT�+2b 7Q` `2[m2bi r �i iBK2 tX lbBM;

�M �TT`Q�+? bBKBH�` iQ "m?`F�H 2i �HX UkyRRV �M/ A`Bb 2i �HX UkyR8V- r2 bBKTHv ;2M2`�i2 Sr,t

7Q` �HH `2[m2bib �i /Bz2`2Mi iBK2 TQBMib � T`BQ`BX

jXkXRXj *QMbi`�BMib �M/ Q#D2+iBp2

G2i s = {s1, . . . , sN} /2MQi2 � biQ`�;2 bQHmiBQM p2+iQ` iQ �HH `2[m2bib- r?2`2 sr =

{sr,ar , . . . , sr,tr} Usr,t ∈ Sr,t, r ∈ R, t ∈ TrV Bb i?2 biQ`�;2 bQHmiBQM iQ `2[m2bi rX q2 �BK iQ

Q#i�BM � 72�bB#H2 biQ`�;2 bQHmiBQM p2+iQ` s #v �HHQ+�iBM; 2t�+iHv QM2 72�bB#H2 biQ`�;2 bT�+2

sr,t 7Q` 2�+? `2[m2bi r �M/ iBK2 TQBMi t- bm+? i?�i i?2 7QHHQrBM; +QMbi`�BMib �`2 b�iBb}2/,

URVLQM@/2+`2�bBM; +QMbi`�BMibX �b /Bb+mbb2/ 2�`HB2`- 7Q` 2�+? `2[m2bi r- i?2 `2+i�M;mH�`

bT�+2b /2p2HQT2/ 7`QK iBK2 ar iQ tr Kmbi 2tT�M/ +QMiBMmQmbHv iQ +Qp2` i?2 �``BpBM;

+QMi�BM2`bX h?mb- ;Bp2M `2[m2bi r ∈ R �M/ ;Bp2M 2�+? irQ +QMb2+miBp2 iBK2 TQBMib t, t+1 ∈

Tr- i?2 irQ 72�bB#H2 biQ`�;2 bT�+2b- sr,t �M/ sr,t+1- Kmbi b�iBb7v x−
r,t ≥ x−

r,t+1- x+
r,t ≤ x+

r,t+1-

y−r,t ≥ y−r,t+1- �M/ y+r,t ≤ y+r,t+1- bBKmHi�M2QmbHvc

UkVLQM@Qp2`H�TTBM; +QMbi`�BMibX h?2b2 +QMbi`�BMib biBTmH�i2 i?�i i?2 72�bB#H2 biQ`�;2

bT�+2b Q7 irQ /Bz2`2Mi `2[m2bib +�MMQi b?�`2 �Mv �`2� BM i?2 v�`/ �i �Mv iBK2 TQBMib BM

T X J�i?2K�iB+�HHv- ;Bp2M iBK2 t ∈ T - irQ `2[m2bib r �M/ r′ bm+? i?�i t ∈ Tr ∩ Tr′ - i?2

72�bB#H2 biQ`�;2 bT�+2b- sr,t �M/ sr′,t- Kmbi b�iBb7v �i H2�bi QM2 Q7 i?2 7QHHQrBM;, UBV `2[m2bi

r′ Bb +QKTH2i2Hv QM i?2 H27i bB/2 Q7 `2[m2bi r- BX2X- x−
r′,t ≥ x+

r,tc UBBV `2[m2bi r′ Bb +QKTH2i2Hv

QM i?2 `B;?i bB/2 Q7 `2[m2bi r- BX2X- x+
r′,t ≤ x−

r,tc UBBBV `2[m2bi r′ Bb +QKTH2i2Hv �#Qp2 `2[m2bi

r- BX2X- y−r′,t ≥ y+r,tc �M/ UBpV `2[m2bi r′ Bb +QKTH2i2Hv mM/2` `2[m2bi r- BX2X- y+r′,t ≤ y−r,tX

AM 6B;m`2 jXR#- i?2 biQ`�;2 bQHmiBQM iQ i?2 i?`22 `2[m2bib Bb 72�bB#H2X 6Q` 2�+? `2[m2bi-

Bib 72�bB#H2 biQ`�;2 bT�+2b BM+`2�b2 Q` F22T mM+?�M;2/- r?B+? Bb BM �++Q`/ rBi? i?2 MQM@

/2+`2�bBM; +QMbi`�BMibX h?2 72�bB#H2 biQ`�;2 bT�+2b /Q MQi Qp2`H�T �i 2�+? iBK2 TQBMiX

h?2 j.u�Sh Bb i?2M /2b+`B#2/ �b 7QHHQrbX :Bp2M i?2 BM+QKBM; +QMi�BM2`b ;`QmT2/

dR



U�V 62�bB#H2 bQHmiBQM U#V 62�bB#H2 �`2�
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U+V k. pB2rb Q7 6B;m`2 jXj�

U/V PTiBK�H bQHmiBQM U2V PTiBK�H �`2�
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1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

U7V k. pB2rb Q7 6B;m`2 jXj/

6B;m`2 jXj, AHHmbi`�iBQM Q7 biQ`�;2 bT�+2 bQHmiBQMb iQ i?`22 `2[m2bib

dk



#v /Bz2`2Mi `2[m2bib BM R- i?2 �``Bp�H �M/ /2T�`im`2 iBK2 TQBMib ar, tr ∈ Tr 7Q` 2�+?

`2[m2bi r ∈ R- �M/ i?2 b2ib Sr,t Ur ∈ R, t ∈ TrV Q7 72�bB#H2 biQ`�;2 bT�+2b- i?2 T`Q#@

H2K �BKb iQ b2H2+i � b2`B2b Q7 72�bB#H2 biQ`�;2 bT�+2b sr,t Ur ∈ R, t ∈ TrV- bm+? i?�i i?2

/2i2`KBM2/ biQ`�;2 bQHmiBQM p2+iQ` s = {(s1,a1 , . . . , s1,t1), . . . , (sN,aN , . . . , sN,tN )} b�iBb}2b

#Qi? i?2 MQM@/2+`2�bBM; +QMbi`�BMib �M/ i?2 MQM@Qp2`H�TTBM; +QMbi`�BMibX Pm` Q#D2+iBp2-

r?B+? 7QHHQrb i?2 /2}MBiBQM Q7 Q#D2+iBp2 BM 6m 2i �HX UkyydV- Bb iQ KBMBKBx2 i?2 �`2� Q7 i?2

KBMBKmK `2+i�M;mH�` +Qp2` sC bQ �b iQ K�tBKBx2 i?2 miBHBiv Q7 v�`/ bT�+2X h?Bb KBMBKmK

`2+i�M;mH�` +Qp2` sC +�M #2 `2T`2b2Mi2/ #v (x−
C , y

−
C , x

+
C , y

+
C )- r?2`2 x−

C = minr∈R,t∈Tr x
−
r,t-

y−C = minr∈R,t∈Tr y
−
r,t- x+

C = maxr∈R,t∈Tr x
+
r,t- �M/ y+C = maxr∈R,t∈Tr y

+
r,tX

6B;m`2 jXj� BHHmbi`�i2b � 72�bB#H2 biQ`�;2 bQHmiBQM 7Q` i?2 i?`22 `2[m2bibX 6B;m`2 jXj#

b?Qrb i?2 `2+i�M;mH�` +Qp2` �bbQ+B�i2/ rBi? i?2 biQ`�;2 bQHmiBQM rBi? �M �`2� Q7 93

UrBi?4e- H2M;i?43VX Ai +�M #2 Q#b2`p2/ i?�i i?Bb `2+i�M;mH�` +Qp2` Bb MQi QTiBK�HX Ai

b?QmH/ �HbQ #2 MQi2/ i?�i BM j.u�Sh- +QMi�BM2`b �`2 MQi `2[mB`2/ iQ #2 TBH2/ �HQM; i?2

#HQ+F bB/2 #2+�mb2 Bi Bb ?�`/ iQ K�BMi�BM bm+? � `2[mB`2K2Mi r?2M `2[m2bib F22T �``BpBM;

�M/ ;2iiBM; `2H2�b2/ /m`BM; i?2 r?QH2 TH�MMBM; ?Q`BxQMX AM 6B;m`2 jXj/- i?2 QTiBK�H biQ`@

�;2 bQHmiBQM iQ i?2 i?`22 `2[m2bib Bb b?QrMX h?2 �`2� Q7 i?2 QTiBK�H `2+i�M;mH�` +Qp2`

U6B;m`2 jXj2V Bb `2/m+2/ iQ R3 UrB/i?4j- H2M;i?4eVX

jXkXk 6Q`KmH�iBQM

q2 MQr 7Q`KmH�i2 i?2 j.u�Sh �b �M BMi2;2` HBM2�` T`Q;`�KKBM; KQ/2H �b 7QHHQrbX

jXkXkXR LQi�iBQMb

AM/B+2b,

r, `2[m2bi- r ∈ Rc

t, iBK2 TQBMi- t ∈ T c

p, TQbBiBQM BM i?2 v�`/- p ∈ P c

s, `2+i�M;mH�` biQ`�;2 bT�+2- s := sr,t ∈ Sr,tX AM i?2 7QHHQrBM; T�bb�;2- r2 mb2 s iQ

`2T`2b2Mi � biQ`�;2 bQHmiBQM sr,t �b �7Q`2K2MiBQM2/X

dj



a2ib,

R, b2i Q7 `2[m2bib- R = {1, 2, . . . , N}c

T , b2i Q7 iBK2 TQBMib Q7 i?2 TH�MMBM; ?Q`BxQM- T = {1, 2, . . . , |T |}c

Tr, b2i Q7 iBK2 TQBMib Q7 `2[m2bi r- Tr = {ar, ar + 1 . . . , tr}- r ∈ Rc

P , b2i Q7 �HH TQbBiBQMb BM i?2 v�`/- P = {(xp, yp) : xp ∈ {1, 2, . . . ,W}, yp ∈ {1, 2, . . . , L}}c

Sr,t, b2i Q7 +�M/B/�i2 biQ`�;2 bQHmiBQMb 7Q` `2[m2bi r �i iBK2 TQBMi t- Sr,t = {sr,t} = {s}-

r ∈ R- t ∈ Trc

Rt, b2i Q7 `2[m2bib i?�i `2[mB`2b biQ`�;2 bT�+2 �i iBK2 TQBMi t- Rt = {r|r ∈ R, t ∈ Tr}-

Rt ⊂ R- t ∈ T X

S�`�K2i2`b,

xp, x@+QQ`/BM�i2 Q7 TQbBiBQM pc

yp, y@+QQ`/BM�i2 Q7 TQbBiBQM pc

θp,s, 2[m�Hb QM2 B7 TQbBiBQM p Bb BM `2+i�M;mH�` biQ`�;2 bT�+2 sc Qi?2`rBb2- 2[m�Hb x2`Q-

p ∈ P - s ∈ Sr,tX

.2+BbBQM p�`B�#H2b,

πp ∈ {0, 1}, b2i iQ QM2 B7 TQbBiBQM p Bb i?2 TQBMi �i i?2 `B;?i@iQT +Q`M2` Q7 `2+i�M;mH�`

+Qp2` sC - �M/ x2`Q Qi?2`rBb2- p ∈ P X sC = (x−
C , y

−
C , x

+
C , y

+
C ) Bb i?2 KBMBKmK `2+i�M;mH�`

+Qp2` �b /2}M2/ BM am#b2+iBQM jXkXRXjX

λr,t,s ∈ {0, 1}, b2i iQ QM2 B7 i?2 `2+i�M;mH�` biQ`�;2 bT�+2 b2H2+i2/ 7Q` `2[m2bi r �i iBK2 t

Bb s- �M/ x2`Q Qi?2`rBb2- r ∈ R- t ∈ Tr- s ∈ Sr,tX

>2`2- P Bb i?2 b2i Q7 TQbBiBQMb BM i?2 v�`/X "2+�mb2 i?2 v�`/ Bib2H7 Bb � irQ@/BK2MbBQM�H

`2+i�M;mH�` �`2� 7`QK H27i@#QiiQK TQBMi (0, 0) iQ `B;?i@iQT TQBMi (W,L) U6B;m`2 jX9�V-

+QMbB/2`BM; i?2 mMBi +QMi�BM2` bBx2- +QQ`/BM�i2b 7Q` �HH Q++mTB2/ `2+i�M;mH�` �`2�b +�M

#2 /2}M2/ �b BMi2;2`bX 6m`i?2`KQ`2- r2 mb2 i?2 `B;?i@iQT +Q`M2` TQBMi Q7 � `2+i�M;mH�`

�`2� iQ BM/B+�i2 Bib TQbBiBQM BM i?2 v�`/ U6B;m`2 jX9#VX h?mb- b2i P Bb /2MQi2/ �b P =

{(xp, yp) : xp ∈ {1, 2, . . . ,W}, yp ∈ {1, 2, . . . , L}}X Ai Bb Q#pBQmb i?�i i?2 `B;?i@iQT +Q`M2`

TQBMi (x+
s , y

+
s ) Q7 �Mv 72�bB#H2 biQ`�;2 bT�+2 s #2HQM;b iQ b2i P X

Rt Bb i?2 b2i Q7 `2[m2bib i?�i �`2 biQ`2/ BM i?2 v�`/ �i iBK2 TQBMi t- BX2X- Rt = {r :

d9



r ∈ R, ar ≤ t ≤ tr}X >2M+2- Rt Bb � bm#b2i Q7 i?2 Qp2`�HH `2[m2bi b2i R- BX2X- Rt ⊂ RX

θp,s Bb �M BM/B+�iQ` r?B+? 2[m�Hb R r?2M TQbBiBQM p Bb +Qp2`2/ #v biQ`�;2 bT�+2 sX _2+�HH

i?�i s = (x−
s , y

−
s , x

+
s , y

+
s )X h?2 p�Hm2 Q7 θp,s +�M #2 Q#i�BM2/ 7`QK +QQ`/BM�i2b p = (xp, yp)

�M/ +QQ`/BM�i2b Q7 i?2 H27i@#QiiQK �M/ `B;?i@iQT +Q`M2` TQBMib (x−
s , y

−
s )- (x+

s , y
+
s ) Q7 s �b

7QHHQrb,

θp,s =





1 B7 x−

s < xp ≤ x+
s , y

−
s < yp ≤ y+s ,

0 Qi?2`rBb2X

Time

Length 

Width
0

𝑡
𝑊

𝐿

U�V
0

Width

Length

𝑊𝑊

position

𝐿𝐿

U#V

6B;m`2 jX9, AHHmbi`�iBQM Q7 TQbBiBQMb

jXkXkXk J�i?2K�iB+�H KQ/2H

h?2 Q#D2+iBp2 Q7 i?2 j.u�Sh Bb iQ KBMBKBx2 i?2 �`2� Q7 i?2 `2+i�M;mH�` +Qp2` sC 7Q` �HH

`2[m2bib R BM iBK2 ?Q`BxQM T X �b /2}M2/- i?2 `2+i�M;mH�` +Qp2` Bb sC = (x−
C , y

−
C , x

+
C , y

+
C )-

�M/ i?2 TQBMib �i i?2 H27i@#QiiQK �M/ i?2 `B;?i@iQT +Q`M2`b Q7 sC �`2 p− = (x−
C , y

−
C )

�M/ p = (x+
C , y

+
C ) `2bT2+iBp2HvX LQiBM; i?�i i?2 H27i@#QiiQK TQBMi p− Bb }t2/ iQ (0, 0) #v

KBMBKBx�iBQM- r2 i?2M +�M 7Q`KmH�i2 i?2 Q#D2+iBp2 rBi? QMHv i?2 `B;?i@iQT TQBMi p Up ∈ P V

�b 7QHHQrb,

min
∑

p∈P

xpypπp. UjXRV

P#D2+iBp2 UjXRV KBMBKBx2b i?2 v�`/ bT�+2 2p2` mb2/ #v �HH `2[m2bib /m`BM; i?2 r?QH2

TH�MMBM; ?Q`BxQMX

1�+? `2[m2bi ?�b iQ b�iBb7v i?2 MQM@/2+`2�bBM; +QMbi`�BMi- i?�i Bb Bib `2+i�M;mH�` biQ`@

�;2 bT�+2 BM+`2�b2b Q` F22Tb mM+?�M;2/ rBi? iBK2X *QMbB/2`BM; irQ +QMb2+miBp2 iBK2
d8



TQBMib t �M/ t+1 Q7 `2[m2bi r Ur ∈ R, t ∈ {1, . . . , tr− 1}, t+1 ∈ {2, . . . , tr}V- r2 ?�p2 irQ

+QMb2+miBp2 `2+i�M;mH�` bT�+2b s �M/ s′X h?2 2[m�iBQM
∑

s∈Sr,t
λr,t,s = 1 Ur ∈ R, t ∈ TrV

;m�`�Mi22b i?�i QM2 72�bB#H2 biQ`�;2 bT�+2 Bb 2t�+iHv �bbB;M2/ iQ � `2[m2bi �i � iBK2 TQBMiX

hQ 2Mbm`2 i?�i i?2 biQ`�;2 bT�+2 s �bbB;M2/ iQ `2[m2bi r �i iBK2 t Bb Q++mTB2/ mMiBH /2@

T�`im`2 iBK2 tr- i?2 biQ`�;2 bT�+2 s′ �i iBK2 t+ 1 b?QmH/ #2 H�`;2` Q` �i H2�bi 2[m�H iQ sX

h?�i Bb- i?2 H27i 2/;2 Q7 s′ b?QmH/ #2 H27i iQ i?�i Q7 s- i?2 `B;?i 2/;2 Q7 s b?QmH/ #2 `B;?i

iQ i?�i Q7 s- i?2 #QiiQK 2/;2 Q7 s′ b?QmH/ #2 HQr2` i?�M i?�i Q7 s- �M/ i?2 iQT 2/;2 Q7

s′ b?QmH/ #2 ?B;?2` i?�M i?�i Q7 sX aQ i?2 MQM@/2+`2�bBM; +QMbi`�BMib �`2 7Q`KmH�i2/ �b

7QHHQrb,

∑

s∈Sr,t

λr,t,s = 1, r ∈ R, t ∈ Tr, UjXkV

∑

s′∈Sr,t+1

x−
s′λr,t+1,s′ ≤

∑

s∈Sr,t

x−
s λr,t,s, r ∈ R, t ∈ Tr \ {tr}, UjXjV

∑

s′∈Sr,t+1

y−s′λr,t+1,s′ ≤
∑

s∈Sr,t

y−s λr,t,s, r ∈ R, t ∈ Tr \ {tr}, UjX9V

∑

s′∈Sr,t+1

x+
s′λr,t+1,s′ ≥

∑

s∈Sr,t

x+
s λr,t,s, r ∈ R, t ∈ Tr \ {tr}, UjX8V

∑

s′∈Sr,t+1

y+s′λr,t+1,s′ ≥
∑

s∈Sr,t

y+s λr,t,s, r ∈ R, t ∈ Tr \ {tr}, UjXeV

*QMbi`�BMib UjXkV 2Mbm`2 i?�i QM2 biQ`�;2 bT�+2 Bb �bbB;M2/ iQ � `2[m2bi �i � iBK2X

*QMbi`�BMib UjXjV@UjXeV �`2 i?2 MQM@/2+`2�bBM; +QMbi`�BMib 2Mbm`BM; i?�i i?2 biQ`�;2 bT�+2

7Q` 2�+? `2[m2bi 2Bi?2` BM+`2�b2b Q` `2K�BMb mM+?�M;2/ /m`BM; Bib biQ`�;2 iBK2 BMi2`p�HX

*QMbi`�BMib UjXdV �`2 i?2 MQM@Qp2`H�TTBM; +QMbi`�BMib 2Mbm`BM; i?�i �i � ;Bp2M iBK2-

2�+? biQ`�;2 bT�+2 +�M #2 mb2/ #v �i KQbi QM2 `2[m2biX �++Q`/BM; iQ i?2 MQM@Qp2`H�TTBM;

+QMbi`�BMi- �i iBK2 TQBMi t- �Mv irQ /Bz2`2Mi `2[m2bib r �M/ r′ Ur, r′ ∈ RtV +�MMQi Q++mTv

i?2 b�K2 bT�+2 bBKmHi�M2QmbHvX h?mb- i?2 b2ib Q7 TQbBiBQMb Q7 i?2B` biQ`�;2 bT�+2b sr,t �M/

sr′,t b?QmH/ #2 /BbDQBMiX h?�i Bb- �i iBK2 TQBMi t- 7Q` �Mv TQbBiBQM p ∈ P - Bi Kmbi b�iBb7v

2Bi?2` Q7 i?2 7QHHQrBM; irQ +QM/BiBQMb, RV p Bb +Qp2`2/ #v sr,t Q` sr′,t- #mi MQi #Qi?c kV p Bb

M2Bi?2` +Qp2`2/ #v sr,t MQ` sr′,tX h?2M i?2 MQM@Qp2`H�TTBM; +QMbi`�BMib �`2 7Q`KmH�i2/ �b
de



7QHHQrb,

∑

r∈Rt

∑

s∈Sr,t:θp,s=1

λr,t,s ≤ 1, t ∈ T, p ∈ P, UjXdV

r?2`2 i?2 H27i@bB/2 2tT`2bbBQM `2T`2b2Mib i?2 iQi�H MmK#2` Q7 iBK2b i?�i TQBMi p Bb +Qp2`2/

#v �HH `2+i�M;mH�` biQ`�;2 bT�+2b �i iBK2 t i?�i +Qp2` TQBMi pX

x+
s λr,t,s ≤

∑

p∈P

xpπp, r ∈ R, t ∈ Tr, s ∈ Sr,t, UjX3V

y+s λr,t,s ≤
∑

p∈P

ypπp, r ∈ R, t ∈ Tr, s ∈ Sr,t, UjXNV

∑

p∈P

ypπp ≤ L, UjXRyV

∑

p∈P

xpπp ≤ W, UjXRRV

∑

p∈P

πp = 1, UjXRkV

*QMbi`�BMib UjX3V �M/ UjXNV 2Mbm`2 i?�i i?2 `2+i�M;mH�` +Qp2` sC Bb p�HB/ iQ +Qp2` i?2

biQ`�;2 bT�+2b Q7 �HH `2[m2bib /m`BM; i?2 r?QH2 TH�MMBM; ?Q`BxQMX *QMbi`�BMib UjXRyV@UjXRRV

;m�`�Mi22 i?�i �HH `2[m2bib �`2 biQ`2/ rBi?BM i?2 v�`/ �`2�X *QMbi`�BMi UjXRkV /2i2`KBM2b

i?2 bBx2 Q7 i?2 `2+i�M;mH�` +Qp2` sC X h?2 H27i@#QiiQK +Q`M2` TQBMi Q7 `2+i�M;mH�` +Qp2` sC

Bb `2bi`B+i2/ iQ TQBMi (0, 0) #v *QMbi`�BMib UjX3V@UjXNV �M/ P#D2+iBp2 UjXRVX

λr,t,s ∈ {0, 1}, r ∈ R, t ∈ Tr, s ∈ Sr,t, UjXRjV

πp ∈ {0, 1}, p ∈ P, UjXR9V

*QMbi`�BMib UjXRjV@UjXR9V /2}M2 BMi2;`�H /2+BbBQM p�`B�#H2bX �b � `2bmHi- r2 Q#i�BM �

K�i?2K�iB+�H KQ/2HM1 rBi? Q#D2+iBp2 UjXRV �M/ +QMbi`�BMib UjXjV@UjXR9V 7Q` i?2 j.u�ShX

�b K2MiBQM2/ BM am#b2+iBQM jXkXRXk- Bi Bb 2�bv iQ b22 i?�i i?2 b[m�`2/ biQ`�;2 bT�+2

+�b2 T`2b2Mi2/ BM 6m 2i �HX UkyydV- r?B+? Bb bi`QM;Hv LS@?�`/- Bb � bT2+B�H +�b2 Q7 i?2

j.u�ShX h?2`27Q`2- i?2 j.u�Sh Bb bi`QM;Hv LS@?�`/X
dd



jXj aQHpBM; i?2 j.u�Sh #v aBKmH�i2/ �MM2�HBM;

AM i?Bb b2+iBQM- r2 T`2b2Mi � bBKmH�i2/ �MM2�HBM; Ua�V@#�b2/ ?2m`BbiB+ bQHmiBQM �T@

T`Q�+? 7Q` i?2 j.u�ShX h?2 K�BM +QKTQM2Mi Q7 i?Bb bQHmiBQM �TT`Q�+? Bb � /vM�KB+

T`Q;`�KKBM; �H;Q`Bi?K #�b2/ QM i?2 /vM�KB+ b?�T2 �/DmbiK2Mi TH�+2K2Mi U.a�SV T`Q@

+2/m`2X .a�S /2i2`KBM2b i?2 QTiBK�H biQ`�;2 bT�+2b 7Q` �``BpBM; +QMi�BM2`b 7`QK � b2i

Q7 72�bB#H2 biQ`�;2 bT�+2bX

�++Q`/BM; iQ i?2 KQ/2H T`2b2Mi2/ BM a2+iBQM jXk- i?2 j.u�Sh +QMbBbib Q7 irQ /2+BbBQMb,

URV i?2 biQ`�;2 b?�T2@`2H�i2/ /2+BbBQM- �M/ UkV i?2 biQ`�;2 TQbBiBQM@`2H�i2/ /2+BbBQM 7Q`

2�+? `2[m2bi �i 2�+? biQ`�;2 iBK2 TQBMiX "Qi? /2+BbBQMb �`2 `2T`2b2Mi2/ #v i?2 #BM�`v

p�`B�#H2b λr,t,s- Ur ∈ R, t ∈ Tr, s ∈ Sr,tVX Pi?2` /2+BbBQM p�`B�#H2b πp Up ∈ P V `2;�`/BM; i?2

Q#D2+iBp2 p�Hm2 �`2 /2T2M/2Mi QM λr,t,sX AM Qm` ?2m`BbiB+ bQHmiBQM �TT`Q�+?- /2+BbBQM λr,t,s

Bb /2i2`KBM2/ #v /2+B/BM; � 72�bB#H2 biQ`�;2 bT�+2 sr,t ∈ Sr,t 7Q` 2�+? `2[m2bi r �i iBK2

TQBMi tX q2 T`2b2Mi 2�+? 72�bB#H2 bQHmiBQM iQ Qm` j.u�Sh #v � biQ`�;2 bQHmiBQM p2+iQ`

s = {s1, . . . , sN} r?2`2 sr = {sr,ar , . . . , sr,tr} Ur ∈ R, sr,t ∈ Sr,t, t ∈ TrV Bb +QKTQb2/ Q7 i?2

/2+B/2/ 72�bB#H2 biQ`�;2 bT�+2b �b /2}M2/ BM a2+iBQM jXkXRX

jXjXR S`2T`Q+2bbBM;, ;2M2`�iBM; b2i Sr,t

q2 }`bi BMi`Q/m+2 i?2 T`2T`Q+2bbBM; bi2T r?B+? +QMp2`ib i?2 �++mKmH�i2/ MmK#2` Q7

�``Bp2/ +QMi�BM2`b nr,t Ur ∈ R, t ∈ TrV BMiQ � b2i Q7 72�bB#H2 biQ`�;2 bT�+2b Sr,t 7Q` 2�+?

`2[m2bi r �M/ iBK2 TQBMi tX h?2b2 72�bB#H2 biQ`�;2 bT�+2b BM b2i Sr,t �`2 iQ #2 /B`2+iHv mb2/

BM i?2 bQHmiBQM �TT`Q�+?X q2 /2}M2 T�`�K2i2` Ωmin
r,t �b i?2 KBMBKmK v�`/ �`2� M22/2/

iQ biQ`2 nr,t +QMi�BM2`b 7Q` `2[m2bi r �i iBK2 t- r?B+? Bb +QKTmi2/ �b Ωmin
r,t = -nr,t/H.X

�++Q`/BM;Hv- i?2 b2i Q7 72�bB#H2 biQ`�;2 bT�+2b Sr,t +�M #2 ;2M2`�i2/ #v �M 2MmK2`�iBQM

T`Q+2/m`2- r?B+? 2MmK2`�i2b �HH 72�bB#H2 biQ`�;2 bT�+2b iQ b�iBb7v i?2 7QHHQrBM; i?`22

+QM/BiBQMb, URV 2�+? 72�bB#H2 biQ`�;2 bT�+2 sr,t b?QmH/ MQi 2t+22/ i?2 v�`/ HBKBibc UkV i?2

�`2� Q7 � biQ`�;2 bT�+2 sr,t b?QmH/ #2 MQ H2bb i?�M Ωmin
r,t c �M/ UjV 2�+? sr,t ∈ Sr,t b?QmH/ MQi

#2 /QKBM�i2/ #v �Mv Qi?2` biQ`�;2 bT�+2 BM b2i Sr,tX
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�H;Q`Bi?K 8 6`�K2rQ`F Q7 a�@.a�S
S`Q+2/m`2, a�@.a�SUnr,t, R,W,LV

R, S`2T`Q+2bbBM;, +QMp2`i nr,t iQ b2i Sr,t Ur ∈ R, t ∈ TrVc
k, :2M2`�i2 �M BMBiB�H b2[m2M+2 p0 Q7 i?2 N `2[m2bibc
j, s0,Ω0 ← .a�S(p0, R,W,L)c
9, G2i p, p∗ ← p0- Ω,Ω∗ ← Ω0 �M/ s, s∗ ← s0c
8, :2M2`�i2 BMBiB�H i2KT2`�im`2 τ0 = α× Ωc
e, G2i τ = τ0c
d, r?BH2 τ ≥ 0.001 /Q
3, �// τ iQ i2KT2`�i2 b+?2/mH2 T c
N, τ = β × τ c

Ry, 2M/ r?BH2
RR, 7Q` 2�+? i2KT2`�im`2 τ BM T /Q
Rk, G2i K = Kmax, I = 0c
Rj, r?BH2 K > 0 /Q
R9, *�HH � irQ@br�T QT2`�iQ` iQ ;2M2`�i2 p′ 7`QK pc
R8, s′,Ω′ ← .a�S(p′, R,W,L)c
Re, B7 Ω′ < Ω∗ i?2M
Rd, I = 0

R3, 2Hb2
RN, I = I + 1

ky, 2M/ B7
kR, B7 I ≥ Imax i?2M
kk, #`2�Fc
kj, 2M/ B7
k9, B7 Ω′ < Ω i?2M
k8, p← p′- Ω← Ω′ �M/ s← s′c
ke, B7 Ω < Ω∗ i?2M
kd, p∗ ← p- Ω∗ ← Ω �M/ s∗ ← sc
k3, 2M/ B7
kN, 2Hb2
jy, B7 random[0, 1] < exp[(Ω− Ω′)/τ ] i?2M
jR, p← p′- Ω← Ω′ �M/ s← s′c
jk, 2M/ B7
jj, 2M/ B7
j9, 2M/ r?BH2
j8, 2M/ 7Q`
je, `2im`M s∗,Ω∗
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jXjXk :2M2`�H 7`�K2rQ`F Q7 a�@.a�S

h?2 bBKmH�i2/ �MM2�HBM; #�b2/ /vM�KB+ b?�T2 �/DmbiK2Mi TH�+2K2Mi �H;Q`Bi?K- M�K2Hv

a�@.a�S- Bb T`2b2Mi2/ BM �H;Q`Bi?K 8X Ai Bi2`�iBp2Hv 2tTHQ`2b �M/ �/Dmbib b2[m2M+2b Q7

`2[m2bib rBi?BM i?2 a� 7`�K2rQ`FX h?2 b2[m2M+2 Q7 `2[m2bib Bb i?2 b2[m2M+2 7Q` �HHQ+�iBM;

v�`/ bT�+2X 6Q` 2�+? b2[m2M+2 Q7 `2[m2bib 2tTHQ`2/- Bi �TTHB2b i?2 /vM�KB+ b?�T2 �/Dmbi@

K2Mi TH�+2K2Mi �H;Q`Bi?K U.a�SV iQ /2i2`KBM2 i?2 72�bB#H2 biQ`�;2 bQHmiBQMb sr Ur ∈ RV

7Q` 2p2`v bBM;H2 `2[m2bi- QM2 #v QM2X 6Q` 2�+? 2tTHQ`2/ b2[m2M+2 p Q7 `2[m2bib- � 72�bB#H2

biQ`�;2 bQHmiBQM p2+iQ` s = {s1, . . . , sN} �M/ Bib `2H2p�Mi Q#D2+iBp2 p�Hm2 a �`2 +QKTmi2/

#v i?2 .a�S �H;Q`Bi?KX .2i�BHb Q7 i?2 .a�S �`2 /2b+`B#2/ BM a2+iBQM jX9X h?2 `2bmHib

Q#i�BM2/ #v .a�S �`2 miBHBx2/ #v i?2 bBKmH�i2/ �MM2�HBM; 7Q` 7m`i?2` 2tTHQ`�iBQM Q7 M2r

b2[m2M+2b Q7 `2[m2bibX

q2 ;2M2`�i2 �M BMBiB�H b2[m2M+2 p0 Q7 `2[m2bib #v i?2 7QHHQrBM; irQ `mH2b, URV :2M2`�i2

i?2 b2[m2M+2 BM /2+`2�bBM; Q`/2` BM i2`Kb Q7 i?2 MmK#2` Q7 +QMi�BM2`b bBM+2 `2[m2bi rBi?

KQ`2 +QMi�BM2`b mbm�HHv i�F2b KQ`2 biQ`�;2 bT�+2c UkV 6Q` irQ Q` KQ`2 `2[m2bib rBi? i?2

b�K2 MmK#2` Q7 +QMi�BM2`b- i?2 b2[m2M+2 Bb ;2M2`�i2/ BM BM+`2�bBM; Q`/2` Q7 i?2 bBx2 Q7 b2i

Sr,tX h?2 BMimBiBQM #2?BM/ i?2 `mH2b Bb i?�i `2[m2bib rBi? bK�HH2` bBx2b �`2 +QMbB/2`2/ �b

?�pBM; H2bb ~2tB#BHBiv BM /2i2`KBMBM; i?2 `2[mB`2/ biQ`�;2 bT�+2X >2M+2- i?2v �`2 TH�+2/

BM i?2 7`QMi Q7 i?2 b2[m2M+2 pX

AM a�@.a�S- r2 �/QTi � a�@#�b2/ 7`�K2rQ`F iQ Bi2`�iBp2Hv �/Dmbi i?2 b2[m2M+2 Q7

`2[m2bibX h?2 BMBiB�H i2KT2`�im`2 Bb b2i iQ i?2 T`Q/m+i Q7 T�`�K2i2` α U4yXj3kV �M/

i?2 Q#D2+iBp2 p�Hm2 Q7 i?2 BMBiB�H b2[m2M+2 Q7 `2[m2bibX 1�+? 7QHHQrBM; i2KT2`�im`2 Bb b2i

iQ i?2 +m``2Mi i2KT2`�im`2 p�Hm2 KmHiBTHB2/ #v � /2+�vBM; T�`�K2i2` β U4yXeR3VX h?2

�MM2�HBM; T`Q+2bb biQTb r?2M i?2 i2KT2`�im`2 /`QTb #2HQr yXyyRX 6Q` 2�+? i2KT2`�im`2

τ - r2 �TTHv � `�M/QK irQ@br�T QT2`�iQ` iQ b2[m2M+2 p iQ ;2i � M2B;?#Q` p′X h?2 biQ`�;2

bQHmiBQM p2+iQ` Q7 p′ Bb �++2Ti2/ r?2M Bib Q#D2+iBp2 Ω′ QmiT2`7Q`Kb i?2 Q#D2+iBp2 Ω Q7

+m``2Mi b2[m2M+2 p UΩ′ < ΩVX q?2M p′ Bb MQi #2ii2` i?�M p UΩ′ ≥ ΩV- Bi Bb biBHH iQ

#2 �++2Ti2/ rBi? � T`Q#�#BHBiv exp[(Ω − Ω′)/τ ]X �i 2�+? i2KT2`�im`2- i?2 MmK#2` Q7

Bi2`�iBQMb Bb HBKBi2/ iQ Kmax U48yyV iBK2bX hQ #�H�M+2 b2�`+? 2{+B2M+v �M/ bQHmiBQM
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[m�HBiv- i?Bb b2�`+?BM; T`Q+2bb Bb i2`KBM�i2/ B7 i?2 Q#D2+iBp2 p�Hm2 ?�b MQ BKT`Qp2K2Mi

�7i2` Imax U49yyV +QMb2+miBp2 Bi2`�iBQMbX

jX9 .2i�BH2/ .2bB;M Q7 .a�S

jX9XR J�BM B/2�

:Bp2M � b2[m2M+2 Q7 `2[m2bib p = {p1, p2, . . . , pN}- .a�S /2i2`KBM2b biQ`�;2 bQHmiBQMb

{s1, s2, . . . , sN} 7Q` `2[m2bib QM2 #v QM2- r?2`2 si Bb i?2 biQ`�;2 bQHmiBQM iQ `2[m2bi r

Ur = piV �M/ Bb +QKTQb2/ Q7 � b2`B2b Q7 biQ`�;2 bT�+2 /2+BbBQMb �i 2�+? Q7 Bib ?�M/HBM; iBK2

TQBMi t- BX2X- si = {sr,t : r = pi, ar ≤ t ≤ tr}X

�b b?QrM BM �H;Q`Bi?K e- .a�S bQHp2b i?2 N `2[m2bib b2[m2MiB�HHv #v mbBM; N Bi2`�@

iBQMb 7QHHQrBM; b2[m2M+2 pX 1�+? Bi2`�iBQM /2i2`KBM2b i?2 biQ`�;2 bQHmiBQM 7Q` � `2[m2bi #v

KBMBKBxBM; i?2 v�`/ �`2� mb2/ mT iQ i?Bb `2[m2biX AM 2�+? Bi2`�iBQM i- i?2 �H;Q`Bi?K i�F2b

i?2 biQ`�;2 bQHmiBQMb s1, . . . , si−1 Q7 Bib T`2+2/BM; `2[m2bib �b BMTmi- �M/ i?2M ;2M2`�i2b

i?2 biQ`�;2 bQHmiBQM si 7Q` `2[m2bi piX hQ K�F2 i?2 �H;Q`Bi?K +QMbBbi2Mi- r2 mb2 � /mKKv

bQHmiBQM s0 iQ `2T`2b2Mi i?2 2KTiv v�`/ #27Q`2 `2[m2bi p1 Bb �bbB;M2/X �7i2` bQHpBM; i?2

ii? Bi2`�iBQM- i?2 Q#i�BM2/ biQ`�;2 bQHmiBQM si Q7 `2[m2bi pi Bb b�p2/ #27Q`2 T`Q+22/BM; iQ

i?2 M2ti Bi2`�iBQM- �M/ i?2 �p�BH�#H2 v�`/ bT�+2b �i 2�+? iBK2 TQBMi �`2 mT/�i2/ UGBM2

RkVX �i 2�+? iBK2 t- r2 mb2 � W × L #BM�`v K�i`Bt iQ BM/B+�i2/ irQ@/BK2MbBQM�H v�`/

bi�imbX 1�+? 2H2K2Mi Q7 i?2 #BM�`v K�i`Bt `2T`2b2Mib � +QMi�BM2` bT�+2 mMBi- r?B+? Bb b2i

iQ R B7 i?2 bT�+2 Bb Q++mTB2/ �i iBK2 t �M/ b2i iQ y Qi?2`rBb2X AM .a�S- QM+2 i?2 biQ`�;2

bT�+2b si 7Q` i?2 ii? `2[m2bi BM b2[m2M+2 p Bb /2i2`KBM2/- i?2 v�`/ bT�+2 bi�imb BM i?2M

mT/�i2/ #v b2iiBM; �HH i?2 bT�+2 mMBib Q7 si iQ RX

AM i?2 ii? Bi2`�iBQM- biQ`�;2 bQHmiBQM si Bb /2/m+2/ #v b2H2+iBM; � 72�bB#H2 biQ`�;2

bQHmiBQM r?B+? H2�/b iQ i?2 KBMBKmK `2+i�M;mH�` v�`/ �`2� ai mb2/ #v `2[m2bib p1, . . . , piX

h?2 �`2� ai Bb +QKTmi2/ �b Li×Wi- r?2`2 Li �M/ Wi �`2 i?2 v�`/ H2M;i? �M/ v�`/ rB/i?

2p2` `2�+?2/ #v i?2b2 `2[m2bibX q2 mb2 � i?`22@bi2T T`Q+2/m`2 iQ ;2M2`�i2 siX 6B`bi- i?2

mb2/ rB/i? Wi Bb �`iB}+B�HHv }t2/ iQ � 72�bB#H2 p�Hm2 w BM `�M;2 [Wi−1,W ]- r?2`2 Wi−1 Bb

i?2 v�`/ rB/i? `2�+?2/ #v `2[m2bib p1, . . . , pi−1 �M/ W Bb i?2 v�`/ rB/i? #QmM/�`vX h?2
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�H;Q`Bi?K e :2M2`�iBM; biQ`�;2 bQHmiBQMb #v .a�S ;Bp2M b2[m2M+2 p
S`Q+2/m`2, .a�SUp,R,W,LV

R, L0 = 0,W0 = 1

k, s0, 2KTiv v�`/
j, 7Q` i← 1 iQ N /Q
9, 7Q` w ← W iQ Wi−1 /Q
8, Li(w), si(w)← aQHp2_2[m2biUi, p, R, w, Li−1, {s0, . . . , si−1}V
e, Ωi(w) = Li(w)× w

d, 2M/ 7Q`
3, Ωi = min

Wi−1≤w≤W
Ωi(w)

N, Wi = arg min
Wi−1≤w≤W

Ωi(w)

Ry, Li = Li(Wi)

RR, si = si(Wi)

Rk, lT/�i2u�`/ai�imb
Rj, 2M/ 7Q`
R9, s = {s1, . . . , sN}- Ω = ΩN

R8, `2im`M s,Ω

p�Hm2 w Bb `2p2`b2Hv HQQT2/ 7`QK W iQ Wi−1 bm+? i?�i v�`/ bT�+2 Bb �bbB;M2/ �++Q`/BM;

iQ rB/i? #27Q`2 �++Q`/BM; iQ H2M;i? UGBM2 9VX a2+QM/- ;Bp2M i?�i Wi Bb }t2/ iQ p�Hm2 w-

i?2 v�`/ H2M;i? Li(w) 2p2` `2�+?2/ #v `2[m2bib p1, . . . , pi Bb bQHp2/ #v i?2 SolveRequest

T`Q+2/m`2 #�b2/ QM /vM�KB+ T`Q;`�KKBM;X �i i?2 b�K2 iBK2- i?2 biQ`�;2 bQHmiBQM si(w) Bb

Q#i�BM2/ UGBM2 8VX h?2 �`2� mb2/ #v s1, . . . , si−1, si(w) Bb +QKTmi2/ �b Ωi(w) = Li(w)×w

UGBM2 eVX 6BM�HHv- ai- Wi- Li �M/ biQ`�;2 bQHmiBQM si 7Q` `2[m2bi pi �`2 /2`Bp2/ �++Q`/BM;

iQ i?2 w p�Hm2 i?�i H2�/b iQ i?2 KBMBKmK �`2� �b Wi- BX2X- Wi = argminWi−1≤w≤W Ωi(w)

UGBM2 3�RRVX �7i2` N Bi2`�iBQMb- i?2 biQ`�;2 bQHmiBQMb {s1, s2, . . . , sN} �M/ v�`/ �`2� mb2/

Ω UΩ = ΩNV 7QHHQrBM; b2[m2M+2 p +�M #2 Q#i�BM2/ UGBM2 R9VX

jX9Xk *QKTmiBM; i?2 KBMBKmK mb2/ H2M;i?

�b K2MiBQM2/ BM GBM2 8 Q7 �H;Q`Bi?K e- i?2 SolveRequest T`Q+2/m`2 +QKTmi2b i?2

v�`/ H2M;i? Li(w) 2p2` `2�+?2/ #v `2[m2bib p1, . . . , pi r?2M biQ`�;2 bQHmiBQMb Q7 `2[m2bib

p1, . . . , pi−1 �`2 }t2/ iQ s1, . . . , si−1 �M/ i?2 v�`/ rB/i? Wi `2�+?2/ #v `2[m2bib p1, . . . , pi

Bb }t2/ iQ wX AM i?Bb bm#b2+iBQM- r2 T`2b2Mi /2i�BHb Q7 i?2 /vM�KB+ T`Q;`�KKBM; U.SV
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T`Q+2/m`2 BM i?2 SolveRequest- BHHmbi`�iBM; ?Qr i?2 biQ`�;2 bQHmiBQM si(w) 7Q` `2[m2bi r

Ur = piV Bb /2i2`KBM2/ U�H;Q`Bi?K dVX

�H;Q`Bi?K d :2M2`�iBM; bQHmiBQM si iQ i?2 ii? `2[m2bi
S`Q+2/m`2, aQHp2_2[m2biUi, p, R, w, Li−1, {s0, . . . , si−1}V

R, :2i BM7Q`K�iBQM Q7 `2[m2bi r, ar, tr, Sr,t

k, 7Q` bi�;2 k = |Tr| iQ 1 /Q
j, 7Q` /2+BbBQM s ∈ Sk /Q
9, *QKTmiBM; bi�i2 p�Hm2 h(k, s)

8, 2M/ 7Q`
e, 2M/ 7Q`
d, Li(w) = min

∀s∈S1

h(1, s)

3, si(w) = {s∗1, . . . , s∗|Tr|}← argmin
s∈S1

h(1, s)

N, `2im`M Li(w), si(w)

.2}MBiBQM Q7 bi�;2X aBM+2 `2[m2bi r +Qp2`b |Tr| U|Tr|= tr − ar + 1V iBK2 TQBMib- r2

/2}M2 |Tr|+1 bi�;2b BM i?2 /vM�KB+ T`Q;`�KKBM;- i?�i Bb- 7`QK bi�;2 0 iQ bi�;2 |Tr|X

q?BH2 bi�;2 1 iQ bi�;2 |Tr| +Q``2bTQM/ iQ iBK2 TQBMi ar iQ tr- bi�;2 0 Bb � /mKKv bi�;2

`2T`2b2MiBM; � iBK2 TQBMi i?�i Bb �7i2` i?2 H�bi `2[m2bi Bb b+?2/mH2/ �M/ #27Q`2 i?2 +m``2Mi

`2[m2bi i?�i Bb iQ #2 b+?2/mH2/X

.2}MBiBQM Q7 /2+BbBQMX �i 2�+? bi�;2- � biQ`�;2 bT�+2 M22/b iQ #2 /2i2`KBM2/X h?2

/2+BbBQM s �i bi�;2 k- /2}M2/ �b � 72�bB#H2 biQ`�;2 bT�+2 sr,k+ar−1 Ur = piV- /2i2`KBM2b i?2

biQ`�;2 bT�+2 �bbB;M2/ iQ i?2 `2[m2bi �i bi�;2 kX �++Q`/BM;Hv- i?2 b2i Q7 /2+BbBQMb Sk �i

bi�;2 k Bb i?2 b2i Q7 �HH biQ`�;2 bT�+2b Sr,t �i iBK2 t- BX2X- Sk = Sr,k+ar−1X

.2}MBiBQM Q7 bi�i2X 6Q` `2[m2bi pi- � bi�i2 (k, s) Bb /2}M2/ �b i�FBM; /2+BbBQM s �i

bi�;2 kX q2 /2}M2 i?2 bi�i2 p�Hm2 h(k, s) �b i?2 KBMBKmK v�`/ H2M;i? iQ b�iBb7v i?2 bT�+2

`2[mB`2K2Mi Q7 `2[m2bi pi 7Q` iBK2 TQBMib k + ar − 1, . . . , tr 7Q` bi�i2 (k, s)X

AM i?2 .S- i?2 bi�i2 p�Hm2b �`2 +QKTmi2/ #�+Fr�`/ 7`QK bi�;2 |Tr| iQ bi�;2 RX �i i?2

#2;BMMBM; Q7 bi�;2 k- �HH i?2 bi�i2b �i bi�;2b k+1, . . . , |Tr| �`2 FMQrMX AM Q`/2` iQ Q#i�BM

bi�i2 p�Hm2b h(k, s) 7Q` 2�+? bi�i2 �i bi�;2 k- r2 +QMbB/2` i?2 bi�i2 i`�MbBiBQM 7`QK bi�i2b

(k+1, s) Us ∈ Sk+1V iQ bi�i2 (k, s)X aQ- i?2 +QKTmi�iBQM Q7 i?2 bi�i2 p�Hm2 h(k, s) Bb #�b2/

QM i?2 7QHHQrBM; +�b2b,
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*�b2 R, ai�i2 p�Hm2 h(0, s) �i i?2 /mKKv bi�;2 0X h?2 /2+BbBQM b2i Q7 /mKKv

bi�;2 0 Bb 2KTiv- �M/ i?2 bi�i2 p�Hm2 �i bi�;2 0 Bb 2[m�H iQ i?2 KBMBKmK mb2/ v�`/ H2M;i?

�7i2` `2[m2bib p1, . . . , pi−1 �`2 b+?2/mH2/- i?�i Bb h(0, s) = Li−1X L0 Bb bBKTHv b2i �b x2`Q

7Q` +QMp2MB2M+2X

*�b2 k, ai�i2 p�Hm2 h(k, s) Q7 BM72�bB#H2 /2+BbBQMb �i bi�;2 k Uk ≥ 1VX AM

i?2 T`2T`Q+2bbBM; bi�;2 Q7 i?2 ?2m`BbiB+ K2i?Q/- i?2 biQ`�;2 bT�+2 +�M/B/�i2b b2i Sr,t Bb

;2M2`�i2/ rBi?Qmi +?2+FBM; Bib 72�bB#BHBivX >2M+2- /2+BbBQMb BM b2i Sk K�v pBQH�i2 i?2

MQM@Qp2`H�TTBM; +QMbi`�BMib Q` i?2 MQM@/2+`2�bBM; +QMbi`�BMibX hQ Qp2`+QK2 i?Bb Bbbm2- �

irQ@bi2T T`2T`Q+2bbBM; T`Q+2/m`2 Bb �TTHB2/ #27Q`2 i?2v �`2 mb2/ iQ +QKTmi2 h(k, s)X

• ai2T R, q2 }`bi +QMbB/2` i?2 MQM@Qp2`H�TTBM; +QMbi`�BMibX A7 i?2 biQ`�;2 bT�+2

+Q``2bTQM/BM; iQ /2+BbBQM s Qp2`H�Tb rBi? i?2 b+?2/mH2/ v�`/ bT�+2 �i i?�i iBK2

TQBMi- h(k, s) Bb i?2M b2i iQ � p2`v H�`;2 TQbBiBp2 BMi2;2` M X

• ai2T k, q2 M2ti +QMbB/2` i?2 MQM@/2+`2�bBM; +QMbi`�BMibX 6B`bi- i?2 /2+BbBQMb �i

bi�;2 |Tr| �HH b�iBb7v i?2 MQM@/2+`2�bBM; +QMbi`�BMibX L2ti- 7Q` /2+BbBQM s �i bi�;2

|Tr|−1- B7 i?2`2 2tBbib � /2+BbBQM s′ �i bi�;2 |Tr| bm+? i?�i i?2 biQ`�;2 bT�+2 Q7 s′

+Qp2`b i?2 biQ`�;2 bT�+2 Q7 s- /2+BbBQM s Bb i?2M � 72�bB#H2 /2+BbBQM �i bi�;2 |Tr|−1X

q2 /2}M2 b2i S|Tr|(s)- M�K2Hv i?2 +Qp2` b2i Q7 /2+BbBQM s- �b i?2 b2i Q7 �HH /2+BbBQMb

�i bi�;2 |Tr| i?�i +Qp2` /2+BbBQM s �i bi�;2 |Tr|−1X Ai Bb 2�bv iQ b22 i?�i S|Tr|(s)

Bb � bm#b2i Q7 i?2 /2+BbBQM b2i S|Tr|X :2M2`�HHv- 7Q` � /2+BbBQM s �i bi�;2 k Uk =

1, . . . , |Tr|−1V- Bib +Qp2` b2i Bb Sk+1(s) USk+1(s) ⊂ Sk+1VX A7 Sk+1(s) Bb 2KTiv- /2+BbBQM

s Bb BM72�bB#H2 �M/ i?2 p�Hm2 h(k, s) Bb b2i iQ � p2`v H�`;2 TQbBiBp2 BMi2;2` M X

AM *�b2 j �M/ *�b2 9- +QKTmi�iBQM Q7 h(k, s) QMHv BMpQHp2b 72�bB#H2 /2+BbBQMb- r?B+? Bb

�HbQ T`Q+2bb2/ #�+Fr�`/ 7`QK bi�;2 |Tr| iQ bi�;2 1X

*�b2 j, ai�i2 p�Hm2 h(|Tr|, s) Q7 72�bB#H2 /2+BbBQMb �i bi�;2 |Tr|X �i bi�;2 |Tr|- i?2

bi�i2 p�Hm2 h(|Tr|, s) Q7 +?QQbBM; /2+BbBQM s i�F2b i?2 ;`2�i2` p�Hm2 Q7 h(0, s) �M/ y+r,t- i?�i

Bb h(|Tr|, s) = max{Li−1, y
+
r,t}X h(0, s) Bb 2[m�H iQ Li−1 �b /2}M2/ BM *�b2 RX y+r,t Bb i?2 v�`/

H2M;i? +Q``2bTQM/BM; iQ i?2 72�bB#H2 biQ`�;2 bT�+2 r?2M /2+BbBQM s = (x−
r,t, y

−
r,t, x

+
r,t, y

+
r,t)X
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*�b2 9, ai�i2 p�Hm2 h(k, s) Q7 72�bB#H2 /2+BbBQMb �i bi�;2 k Uk < |Tr|VX �b

/2}M2/ BM *�b2 k- � 72�bB#H2 /2+BbBQM s �i bi�;2 k ?�b � +Qp2` b2i Sk+1(s) �i bi�;2 k + 1X

6`QK /2+BbBQM s′ Us′ ∈ Sk+1(s)V �i bi�;2 k + 1 iQ /2+BbBQM s �i bi�;2 k- i?2 mb2/ v�`/

H2M;i? #v s Bb 2[m�H iQ h(k+1, s) /m2 iQ i?2 MQM@/2+`2�bBM; +QMbi`�BMibX h(k, s) i�F2b i?2

KBMBKmK p�Hm2 �KQM; �HH i`�MbBiBQMb 7`QK s′ iQ sX h?2`27Q`2- 7`QK �HH 72�bB#H2 /2+BbBQMb

�i bi�;2 k + 1 iQ /2+BbBQM s �i bi�;2 k- Bi 7QHHQrb i?�i h(k, s) = mins′∈Sk+1(s) h(k + 1, s′)-

�M/ i?2 b2H2+i2/ /2+BbBQM s∗k+1 �i bi�;2 k + 1 2[m�Hb arg min
s′∈Sk+1(s)

h(k + 1, s′)X

"�b2/ QM i?2 �#Qp2 7Qm` +�b2b- MQiBM; i?�i i?2 72�bB#H2 biQ`�;2 bT�+2 s Bb /2}M2/ �b

(x−
r,t, y

−
r,t, x

+
r,t, y

+
r,t)- i?2 `2+m``2Mi 2[m�iBQM iQ /2i2`KBM2 i?2 p�Hm2 Q7 h(k, s) Bb �b 7QHHQrb,

h(k, s) =






Li−1, B7 k = 0,

M, B7 Qp2`H�T Q` /2+`2�bBM;,
max{Li−1, y

+
r,t}, B7 k = |Tr|,

min
s′∈Sk+1(s)

h(k + 1, s′), B7 k = 1, . . . , |Tr|−1,

�7i2` Q#i�BMBM; �HH bi�i2 p�Hm2b Q7 h(1, s) Us ∈ S1V �i bi�;2 1- r2 b2i i?2 KBMBKmK Q7

i?2K �b i?2 }M�H Q#D2+iBp2 p�Hm2 Li(w) 7Q` � ;Bp2M v�`/ rB/i? w UGBM2 d BM �H;Q`Bi?K dVX

h?2 biQ`�;2 bQHmiBQM si(w) = {s∗1, . . . , s∗|Tr|} Bb i?2M /2`Bp2/ i?`Qm;? #�+Fi`�+FBM; Q7 bi�i2b

7`QK bi�;2 1 iQ bi�;2 |Tr| UGBM2 3VX

jX9Xj aT22/@mT i2+?MB[m2b

AM i?2 �7Q`2K2MiBQM2/ .S- r2 +QKTmi2 |Sk| bi�i2b �i 2�+? bi�;2 k U1 ≤ k ≤ |Tr|VX

_2+�HH i?�i b2i Sk 2[m�Hb i?2 biQ`�;2 bT�+2 b2i Sr,t Ut = ar + k − 1VX h?mb- iQ ;2i

i?2 KBMBKmK mb2/ v�`/ H2M;i? Li(w) r?2M Wi Bb }t2/ iQ w- .S ?�b iQ +QKTmi2 i?2

bi�i2 p�Hm2b 7Q`
∑|Tr|

k=1|Sk|=
∑ar

t=tr
|Sr,t| iBK2bX a2i Sr,t +QMi�BMb � ?m;2 MmK#2` Q7 72�bB#H2

biQ`�;2 bT�+2b 7Q` i?2 +m``2Mi `2[m2bi �i iBK2 TQBMi t 7QHHQrBM; i?2 T`2T`Q+2bbBM; T`Q+2/m`2

/Bb+mbb2/ BM a2+iBQM jXjX >Qr2p2`- Bi Bb 2�bv iQ b22 i?�i bQK2 72�bB#H2 biQ`�;2 bT�+2b sr,t �`2

MQi ;QQ/ 2MQm;? iQ ;2M2`�i2 � bK�HH v�`/ H2M;i?- bQ i?2 .S T`Q+2/m`2 +�M #2 �++2H2`�i2/

bBKTHv #v B;MQ`BM; bm+? biQ`�;2 bT�+2bX �b �M 2t�KTH2- BM 6B;m`2 jX8- biQ`�;2 bT�+2b R
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�M/ k b?QmH/ #2 B;MQ`2/ /m2 iQ i?2B` BM2{+B2M+v r?BH2 biQ`�;2 bT�+2b j �M/ 9 b?QmH/ #2

`2i�BM2/X

q2 i?2M +QKTmi2 �M 2biBK�i2/ p�Hm2 L̄ 7Q` Li(w) iQ ?2HT /2i2`KBM2 r?2i?2` � 72�bB#H2

biQ`�;2 bT�+2 b?QmH/ #2 2p�Hm�i2/ Q` B;MQ`2/X A7 i?Bb 2biBK�i2/ p�Hm2 L̄ < Li(w)- i?2 .S

T`Q+2/m`2 rQmH/ #2 � r�bi2 Q7 iBK2 b2�`+?BM; i?2 `2/m+2/ b2i rBi?Qmi }M/BM; �Mv 72�bB#H2

bQHmiBQMX A7 L̄ Bb Km+? H�`;2` i?�M Li(w)- i?2 `2/m+2/ b2i rQmH/ biBHH TQbbB#Hv #2 iQQ H�`;2X

h?2`27Q`2- r2 �BK iQ b2i L̄ iQ � p�Hm2 H�`;2` i?�M Li(w) #v �M �TT`QT`B�i2 �KQmMiX h?2

7QHHQrBM; i?`22 bi2Tb �`2 i?2M i�F2MX

𝐿𝐿𝑖𝑖 𝑤𝑤
1

3
4

2

U�V

ത𝐿𝑖−1

𝑓𝑚𝑎𝑥 Ω𝑟,𝑟𝑡
𝑚𝑖𝑛

ത𝑳

U#V

ത𝐿𝑖−1

ത𝑳

𝑓𝑚𝑎𝑥 Ω𝑟,𝑟𝑡
𝑚𝑖𝑛

U+V

6B;m`2 jX8, AHHmbi`�iBQM Q7 i?2 bT22/@mT T`Q+2bb

URV *?2+F i?2 �p�BH�#H2 v�`/ bT�+2b �++Q`/BM; iQ i?2 KBMBKmK H2M;i? L̄i−1 7Q` i?2

T`2+2/BM; `2[m2bib �i iBK2 TQBMi trX q2 QMHv +QMbB/2` �p�BH�#H2 v�`/ bT�+2b �i tr #2+�mb2

i?2 KBMBKmK v�`/ H2M;i? �i �Mv Qi?2` iBK2 TQBMi t Uar ≤ t ≤ tr − 1V Bb #QmM/2/ #v i?�i

�i iBK2 TQBMi tr /m2 iQ i?2 MQM@/2+`2�bBM; +QMbi`�BMibX u�`/ H2M;i? L̄ +QmH/ #2 `2�+?2/

#v � T�`iB+mH�` 72�bB#H2 biQ`�;2 bT�+2 BM b2i Sr,tr X

UkV A7 i?2 bT2+B�H 72�bB#H2 biQ`�;2 bT�+2 s UrB/i?4R- H2M;i?4Ωmin
r,tr V +�M #2 �bbB;M2/ iQ

i?2 K�tBKmK �p�BH�#H2 v�`/ bT�+2 fmax UΩmin
r,tr ≤ fmaxV- v�`/ H2M;i? rQmH/ MQi +?�M;2-

BX2X- L̄ = L̄i−1 �b BHHmbi`�i2/ #v 6B;m`2 jX8#X Pi?2`rBb2- L̄ Bb b2i iQ � KBMBKmK TQbbB#H2

p�Hm2 bm+? i?�i s +�M #2 TH�+2/ BMiQ i?2 �p�BH�#H2 v�`/ bT�+2 U6B;m`2 jX8+VX

UjV _mM i?2 .S rBi? i?2 `2/m+2/ biQ`�;2 bT�+2bX A7 MQ 72�bB#H2 bQHmiBQM Bb 7QmM/-

BM+`2�b2 L̄ #v 1- mMiBH � 72�bB#H2 bQHmiBQM Bb Q#i�BM2/X
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jX8 *QKTmi�iBQM�H 1tT2`BK2Mib �M/ _2bmHib

AM i?Bb b2+iBQM- r2 }`bi /Bb+mbb i2bi BMbi�M+2 ;2M2`�iBQMX h?2M- � bBKTH2 HQr2` #QmM/

UG"V iQ i?2 Q#D2+iBp2 p�Hm2 7Q` 2�+? i2bi BMbi�M+2 Bb BMi`Q/m+2/X L2ti- r2 +QKT�`2 i?2

T2`7Q`K�M+2 Q7 Qm` bQHmiBQM �TT`Q�+? rBi? i?2 bBKmH�i2/ �MM2�HBM; #�b2/ #QiiQK@H27i Ua�@

"GV �H;Q`Bi?K mb2/ BM 6m 2i �HX UkyydV QM #Qi? bK�HH- K2/BmK �M/ H�`;2@b+�H2 BMbi�M+2bX

6BM�HHv- Qm` bQHmiBQMb �`2 +QKT�`2/ rBi? i?2 QTiBK�H bQHmiBQMb Q#i�BM2/ #v � ;2M2`�H

QTiBKBx�iBQM bQHp2`- A"J AGP: *SG1s- 7Q` bK�HH@b+�H2 BMbi�M+2bX �HH 2tT2`BK2Mib �`2

BKTH2K2Mi2/ BM C�p� �M/ �`2 +QM/m+i2/ QM � *2MiPa GBMmt rQ`Fbi�iBQM 2[mBTT2/ rBi?

Re:" K2KQ`v �M/ AMi2H S2MiBmK T`Q+2bbQ` `mMMBM; �i jX8 :>xX h?2 `2TQ`i2/ +QKTmi�@

iBQM�H iBK2b Q7 a�@.a�S BM+Hm/2 i?2 T`Q+2bbBM; iBK2 Q7 ;2M2`�iBM; b2i Sr,tX q2 mb2 A"J

AGP: *SG1s RkXeXR 7Q` bQHpBM; i?2 AGS KQ/2HbX

jX8XR h2bi /�i� ;2M2`�iBQM

1B;?i BMbi�M+2b r2`2 /2p2HQT2/ �M/ i2bi2/ BM 6m 2i �HX UkyydV- #mi i?2v �`2 MQ HQM;2`

�p�BH�#H2X 6QHHQrBM; i?2 /2b+`BTiBQM BM 6m 2i �HX UkyydV �M/ i�FBM; M2r T`�+iB+�H /�i�

USQ`i Q7 >QM; EQM; BM 6B;m`2b kyRN 1/BiBQMV BMiQ +QMbB/2`�iBQM- r2 ;2M2`�i2 Rj ;`QmTb

Q7 M2r i2bi BMbi�M+2b- :R�:Rj- �M/ 2�+? ;`QmT +QMbBbib Q7 }p2 i2bi BMbi�M+2bX h?2b2

BMbi�M+2b �`2 �HH ;2M2`�i2/ BM � v�`/ #HQ+F rBi? }t2/ rB/i? UW = 6V- H2M;i? UL = 15VX

h?2 K�tBKmK bi�+F ?2B;?i H Bb b2i iQ 8X

h?2 TH�MMBM; ?Q`BxQM +QMbB/2`2/ Bb b2i �b b2p2M /�vbX 1�+? /�v +QMbBbib Q7 k9 iBK2

TQBMib 7Q` QM2 ?Qm` 2�+?X AM iQi�H- i?2`2 �`2 Re3 iBK2 TQBMib 7Q` i?2 TH�MMBM; ?Q`BxQMX

h?2 MmK#2` Q7 `2[m2bib `�M;2b 7`QK 8 iQ e8 `2[m2bib �KQM; AMbi�M+2 :`QmTb :R iQ :RjX

� `2[m2bi r Bb `�M/QKHv ;2M2`�i2/ �b 7QHHQrb, URV h?2 H2M;i? Q7 biQ`�;2 iBK2 BMi2`p�H

[ar, tr] mMB7Q`KHv `�M;2b 7`QK 9 iQ ky iBK2 TQBMibX UkV h?2 �``Bp�H iBK2 BMi2`p�H #2ir22M

irQ +QMb2+miBp2 `2[m2bib 7QHHQrb � SQBbbQM /Bbi`B#miBQM rBi? K2�M 2[m�H iQ 9X q2 �bbmK2

i?�i i?2 �``Bp�H iBK2 Q7 i?2 }`bi `2[m2bi a1 Bb R- �M/ i?2M Q#i�BM i?2 �``Bp�H iBK2 TQBMib ar

Q7 �HH `2[m2bibX UjV h?2 /2T�`im`2 iBK2 tr Q7 � `2[m2bi +�MMQi 2t+22/ Re3 Ui?2 K�tBKmK

TH�MMBM; ?Q`BxQMVX U9V h?2 iQi�H MmK#2` Q7 +QMi�BM2`b nr,t #v iBK2 t Bb ;2M2`�i2/ �++Q`/BM;
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iQ
∑

b∈Br:abr≤t

∑
t′∈[abr,t] n

b,t′
r r?2`2 i?2 bBx2 Q7 b2i Br Bb mMB7Q`KHv ;2M2`�i2/ 7`QK R iQ 9X AM

Q`/2` iQ bBKmH�i2 `2�H +�b2b- 2�+? 2H2K2Mi b ∈ Br `2T`2b2Mib � #�i+? Q7 +QMi�BM2`b �``BpBM;

7`QK i?2 b�K2 Q`B;BM- �M/ +QMi�BM2`b 7`QK i?2 b�K2 #�i+? b �`2 mMHQ�/2/ BMiQ i?2 v�`/

rBi?BM � iBK2 BMi2`p�H [abr, tbr]- r?2`2 abr �M/ tbr �`2 i?2 iBK2 TQBMib r?2M #�i+? b bi�`ib �M/

}MBb?2b mMHQ�/BM;X q2 /2}M2 ar = minb∈Br a
b
r �M/ tr = maxb∈Br t

b
rX �i 2�+? iBK2 TQBMi

t ∈ [abr, t
b
r]- i?2`2 �`2 nb,t

r �``BpBM; +QMi�BM2`b �M/ nt
r =

∑
b∈Br

nb,t
r X h?2 p�Hm2 Q7 abr- tbr

�M/ nb,t
r �`2 ;2M2`�i2/ �b 7QHHQrb, U�V h?2 H2M;i? Q7 BMi2`p�H [abr, tbr] Bb ;2M2`�i2/ mMB7Q`KHv

7`QK R iQ i?2 K�tBKmK 72�bB#H2 H2M;i? Utr − abrV 7Q` #�i+? bX U#V h?2 �``Bp�H iBK2 TQBMib

abr #2ir22M irQ +QMb2+miBp2 #�i+?2b 7QHHQr SQBbbQM /Bbi`B#miBQM rBi? � K2�M 2[m�H iQ 9

iBK2 mMBibX U+V �i 2�+? iBK2 TQBMi t rBi? �M �``Bp�H- i?2 MmK#2` Q7 �``BpBM; +QMi�BM2`b

nb,t
r 7QHHQrb �M 2tTQM2MiB�H /Bbi`B#miBQM rBi? � K2�M 2[m�H iQ 8 mMBibX "27Q`2 ;2M2`�iBM;

/�i�- r2 /2}M2 � K2i`B+- HQ�/ BMi2MbBiv ULIV- iQ b?Qr i?2 +QKTH2tBiv Q7 � BMbi�M+2X LI

Bb /2}M2/ �b LI =
∑

r∈R

∑
i∈r di

L×W×H×T r?2`2 di Bb i?2 biQ`�;2 /m`�iBQM Q7 +QMi�BM2` i Q7 `2[m2bi

rX 6Q` 2�+? BMbi�M+2 ;`QmT- r2 ;2M2`�i2 }p2 BMbi�M+2b rBi? � /Bz2`2Mi iQi�H MmK#2` Q7

+QMi�BM2`b �M/ /Bz2`2Mi HQ�/ BMi2MbBivX

h�#H2 jXR, h2bi BMbi�M+2 ;`QmTb

a+�H2 :`QmT N Q Uh1lbV LI T

bK�HH

:R 8 Ryy 9yy RW@9W Re3
:k Ry 9yy@3yy 9W@RyW Re3
:j R8 dyy@Rjyy 3W@R8W Re3
:9 ky Nyy@R8yy NW@RNW Re3
:8 k8 RRyy@R3yy RRW@kyW Re3

K2/BmK
:e jy Reyy@k3yy RNW@jjW Re3
:d j8 kyyy@k8yy kyW@j8W Re3
:3 9y kkyy@kNyy kkW@jeW Re3
:N 98 kdyy@jRyy jyW@j9W Re3

H�`;2
:Ry 8y kNyy@jjyy jyW@9yW Re3
:RR 88 j9yy@jNyy j3W@9jW Re3
:Rk ey j9yy@jNyy jeW@9eW Re3
:Rj e8 jeyy@9jyy jNW@9NW Re3

�b b?QrM BM h�#H2 jXR- r2 ?�p2 ;2M2`�i2/ i?B`i22M BMbi�M+2 ;`QmTb U:R�:RjV- +H�bbB}2/

BMiQ bK�HH- K2/BmK �M/ H�`;2@b+�H2 ;`QmTb #�b2/ QM i?2 MmK#2` Q7 `2[m2bib UNV- i?2

MmK#2` Q7 +QMi�BM2`b UQV �M/ HQ�/ BMi2MbBiv ULIVX h?2 H�bi *QHmKM ǳTǴ BM h�#H2 jXR

/2MQi2b i?2 H2M;i? Q7 i?2 TH�MMBM; ?Q`BxQM +QMbB/2`2/X � bK�HH@b+�H2 BMbi�M+2 ?�b H2bb
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i?�M R3yy +QMi�BM2`b 7`QK mT iQ k8 `2[m2bibX � K2/BmK@b+�H2 BMbi�M+2 ?�b �`QmM/ Reyy@

jRyy +QMi�BM2`b 7`QK jy@98 `2[m2bib- r?BH2 � H�`;2@b+�H2 BMbi�M+2 ?�b �`QmM/ kNyy@9jyy

+QMi�BM2`b 7`QK 8y@e8 `2[m2bibX

jX8Xk GQr2` #QmM/

aBM+2 i?2 T`Q#H2K Q#D2+iBp2 Bb iQ }M/ i?2 KBMBK�H �`2� Q7 i?2 `2+i�M;mH�` +Qp2` sC Q7

�HH `2[m2bib /m`BM; i?2 TH�MMBM; ?Q`BxQM T - � bBKTH2 v2i BMimBiBp2 G" +�M #2 /2p2HQT2/X

h?2 #�bB+ B/2� Q7 i?2 HQr2` #QmM/ Bb iQ `2H�t i?2 MQM@/2+`2�bBM; +QMbi`�BMib BM i?2 KQ/2H-

i?mb �HHQrBM; +QMi�BM2`b BM � `2[m2bi iQ #2 TH�+2/ 7`22Hv BM i?2 v�`/ �+`Qbb iBK2X qBi?

i?Bb `2H�t�iBQM- +QMi�BM2`b BM /Bz2`2Mi `2[m2bib �`2 iQ #2 TH�+2/ +HQb2Hv �/D�+2Mi iQ 2�+?

Qi?2` /m`BM; 2�+? iBK2 mMBi- �M/ i?2 Qp2`�HH Q++mTB2/ biQ`�;2 bT�+2 #2+QK2b 2ti`2K2Hv

+QKT�+iX h?mb- i?Bb G" Bb +�H+mH�i2/ �b i?2 K�tBKmK bmK Q7 KBMBK�H biQ`�;2 bT�+2

Q++mTB2/ #v `2[m2bib �i 2�+? iBK2 �KQM; �HH iBK2 TQBMib /m`BM; i?2 TH�MMBM; ?Q`BxQM,

LB = max
0≤t≤|T |

min
s∈Sr,t

∑

r∈Rt

Ωr,t,

r?2`2 Rt Bb i?2 b2i Q7 `2[m2bib i?�i `2[mB`2 biQ`�;2 bT�+2 �i iBK2 TQBMi t �b /2}M2/ BM

a2+iBQM jXkXk �M/ Ωr,t Bb i?2 �`2� Q7 biQ`�;2 bT�+2 `2[mB`2/ #v `2[m2bi r �i iBK2 TQBMi t �b

/2}M2/ BM am#b2+iBQM jXjXRX

jX8Xj *QKT�`BbQM #2ir22M a�@.a�S �M/ a�@"G

1tT2`BK2Mib �`2 +QM/m+i2/ QM bK�HH- K2/BmK �M/ H�`;2 BMbi�M+2b mbBM; #Qi? a�@

.a�S �M/ bBKmH�i2/ �MM2�HBM; #�b2/ #QiiQK@H27i Ua�@"GV U6m 2i �HX- kyydVX h?2 p�Hm2b

Q7 BMBiB�H v�`/ H2M;i?b 7Q` i?2 irQ �H;Q`Bi?Kb �`2 b2i #�b2/ QM /Bz2`2Mi bi`�i2;B2bX u�`/

H2M;i? BM i?2 "G �H;Q`Bi?K Bb b2i iQ � TQbBiBp2 BMi2;2` i?�i Bb H�`;2 2MQm;? iQ �++QKKQ/�i2

i?2 +QMi�BM2`b `2[mB`2/ iQ #2 biQ`2/ BM i?2 v�`/X Ai Bb �HbQ 7QmM/ i?�i i?2 p�Hm2 Q7 v�`/

H2M;i? ?�b HBiiH2 BM~m2M+2 QM i?2 +QKTmi�iBQM�H iBK2 `2[mB`2/ 7Q` "G �H;Q`Bi?KX 6Q` i?2

.a�S �H;Q`Bi?K- i?2 p�Hm2 Q7 v�`/ H2M;i? Bb /vM�KB+�HHv b2i �M/ mT/�i2/ 7Q` 2�+? `2[m2bi

7QHHQrBM; bi`�i2;B2b BMi`Q/m+2/ BM a2+iBQM jX9XjX h?2 +QKTmi�iBQM�H iBK2 BM+Hm/2b i?2 iBK2

iQ ;2M2`�i2 i?2 b2i Sr,t Ur ∈ R, t ∈ TrVX
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h�#H2 jXk, *QKT�`BbQM #2ir22M a�@"G �M/ a�@.a�S �H;Q`Bi?Kb 7Q` bK�HH@b+�H2 BMbi�M+2b

AMbi�M+2b a�@"G a�@.a�S
:`QmT A. LI G" z1 hBK2 UbV Ai2`�iBQMb z2 hBK2 UbV Ai2`�iBQMb :�TW AKTW

:R

8nR RXkW Ry Rk yX8 dkyy Ry keXj dkyj yXyW kyXyW
8nk kXRW Rk R3 yXj dNj8 Rk yXR dkR9 yXyW 8yXyW
8nj jX8W Re k9 yXj Re398 R3 RNdX3 R8jR9 RkX8W jdX8W
8n9 jXjW R3 jy yXj Re3d8 R3 yX9 R8j9R yXyW eeXdW
8n8 kX3W k9 je yXj k3RR9 ke kyNXk kj9k3 3XjW 9RXdW
�p;X 9XkW 9jXkW

:k

RynR 9XRW k9 je yX9 j9ek3 ke k8kXd jR93y 3XjW 9RXdW
Rynk eXjW jy 9k yX9 j9Nek jy RkXy jRd39 yXyW 9yXyW
Rynj eXkW je 93 yX9 9jdek jN 8jeXd jNd39 3XjW k8XyW
Ryn9 3XeW 9k ey yX9 8dN9R 99 ee3XR 93k39 9X3W j3XRW
Ryn8 NX3W 93 dk yX8 ekNyk 8k eyyX9 8dR39 3XjW 9RXdW
�p;X eXyW jdXjW

:j

R8nR dXeW jy 93 yX9 dRdkN jy jjkXd e8ky3 yXyW eyXyW
R8nk RkX3W je 9k yX8 dkke8 je j9XR e8eN8 yXyW ReXdW
R8nj RRXRW 9k ey yX8 d3yRy 98 8d3X8 d9kN8 dXRW j8XdW
R8n9 RjX9W 93 ey yX8 NR8R8 89 83jX8 3jRN8 RkX8W RkX8W
R8n8 R9XkW 89 d3 yX8 RyRjy8 8e NdRX9 NkyN8 jXdW 9yXdW
�p;X 9XdW jjXRW

:9

kynR R3XRW jy 9k yX8 Ry8y9j jy RdeX8 Njd33 yXyW 9yXyW
kynk ReXyW je 93 yX8 RRyN3k jN N93XN Rykk33 3XjW k8XyW
kynj NXyW 9k ey yXe RRNyN9 99 RRjRX9 RRy333 9X3W j3XRW
kyn9 RkXeW 93 ee yXe RjkRRj 8y dkjXj RRNdde 9XkW jjXjW
kyn8 R8XdW 89 d3 yXe R898yd 8e NkNXe Rk3d98 jXdW 9yXdW
�p;X 9XkW j8X9W

:8

k8nR RRX8W jy 93 yXe R8jkee jj NjyX3 Rje398 RyXyW 8yXyW
k8nk RRXeW je 89 yXe R8d3yR jN dN8X9 R989jN 3XjW 9RXdW
k8nj RdXdW 9k 89 yXe R8ekRd 9k kX9 R9898j yXyW k3XeW
k8n9 R3XkW 93 dk yXe ReNdj3 8k RRRRX8 R8j333 3XjW 9RXdW
k8n8 kyX8W 89 39 yX3 Rejj9R ey RjjyXk Rek3y9 RRXRW 99X9W
�p;X dXeW 9RXjW

Ny



h�#H2 jXk +QKT�`2b a�@.a�S �M/ a�@"G QM i?2 bK�HH@b+�H2 BMbi�M+2 ;`QmTbX q2

+�M b22 i?�i a�@.a�S bB;MB}+�MiHv QmiT2`7Q`Kb a�@"GX a�@.a�S Q#i�BMb ?B;?@[m�HBiv

bQHmiBQMb r?Qb2 p�Hm2b �`2 QMHv �#Qmi 8W ?B;?2` i?�M i?2 HQr2` #QmM/bX h?2 �p2`�;2b Q7

ǳ:�TWǴ U4Uz2@G"VfG"V �`2 9XkW- eXyW- 9XdW- 9XkW �M/ dXeW 7Q` :R iQ :8 `2bT2+iBp2HvX

a�@.a�S �HbQ QmiT2`7Q`Kb a�@"G #v 9jXkW- jdXjW- jjXRW- j8X9W �M/ 9RXjW 7Q` :R iQ

:8 `2bT2+iBp2Hv �b b?QrM #v ǳAKTWǴ U4Uz1@z2VfG"VX *QHmKM ǳhBK2 UbVǴ �M/ ǳAi2`�iBQMbǴ

BM h�#H2 k ;Bp2 i?2 iQi�H *Sl `mMiBK2 �M/ i?2 MmK#2` Q7 �+im�H Bi2`�iBQMb 2t2+mi2/ BM

i?2 bBKmH�i2/ �MM2�HBM; T`Q+2/m`2 Q7 #Qi? �H;Q`Bi?KbX Ai +�M #2 Q#b2`p2/ i?�i a�@"G

T2`7Q`Kb +QMbB/2`�#Hv 7�bi2` i?�M a�@.a�S BM i2`Kb Q7 *Sl `mMiBK2X h?Bb Bb `2�bQM�#H2

#2+�mb2 a�@"G �/QTib � bBKTH2 ;`22/v bi`�i2;v r?2M �HHQ+�iBM; bT�+2 iQ `2[m2bib Q7 +QM@

i�BM2`b r?BH2 a�@.a�S 2KTHQvb � KQ`2 iBK2@+QMbmKBM; /vM�KB+ T`Q;`�KKBM; K2i?Q/X

h?2 TH�MMBM; iBK2 ?Q`BxQM Bb mbm�HHv b2i iQ �i H2�bi � r22F- bQ i?2 +QKTmi�iBQM�H iBK2

Q7 ?�H7 �M ?Qm` Bb �++2Ti�#H2X 6`QK *QHmKM ǳAi2`�iBQMbǴ- r2 +�M b22 i?�i i?2 MmK#2` Q7

Bi2`�iBQMb i?�i a� ?�b 2tTHQ`2/ BM #Qi? �H;Q`Bi?Kb �`2 +QKT�`�#H2X "2bB/2b- Bi +�M b22M

i?�i bQK2 bQHmiBQMb #v a�@.a�S 2[m�H iQ i?2 G"b BM h�#H2 jXkX h?Bb BKTHB2b i?�i i?2`2

Bb ;`2�i2` +?�M+2 7Q` BMbi�M+2b rBi? HQr HQ�/ BMi2MbBiv LI iQ `2�+? QTiBK�H bQHmiBQMbX h?2

`2�bQMb �`2 7`QK irQ �bT2+ibX 6B`bi- i?2 HQr2` #QmM/ Bb +�H+mH�i2/ #�b2/ QM i?2 `2H�t�iBQM

Q7 i?2 MQM@/2+`2�bBM; +QMbi`�BMib- bQ � bQHmiBQM bBKTHv �/QTib i?2 KQbi +QKT�+i r�v 7Q`

TH�+2K2Mi Q7 +QMi�BM2`b 7`QK /Bz2`2Mi `2[m2bib BM/2T2M/2MiHv �i 2�+? iBK2 TQBMiX a2+QM/-

7Q` bK�HH@b+�H2 BMbi�M+2b BM h�#H2 jXk- r?2M i?2 ǳGQ�/ AMi2MbBivǴ Bb HQr- i?2 v�`/ bT�+2

#2+QK2b bm{+B2MiHv H�`;2 �M/ ?2M+2 i?2 `2[m2bib +�M #2 2�bBHv TH�+2/ BM i?2 KQbi +QKT�+i

r�v r?2M i?2 biQ`�;2 bT�+2 Bb �HHQ+�i2/X �b � `2bmHi- 7Q` i?2 bK�HH@b+�H2 BMbi�M+2b rBi?

HQr ǳGQ�/ AMi2MbBivǴ- Q#D2+iBp2 p�Hm2b Q7 i?2 72�bB#H2 bQHmiBQMb �`2 KQ`2 HBF2Hv iQ #2 2[m�H

iQ i?2 HQr2` #QmM/bX

h�#H2 jXj BHHmbi`�i2b i?2 +QKT�`BbQM #2ir22M a�@.a�S �M/ a�@"G QM i?2 K2/BmK@

b+�H2 BMbi�M+2 ;`QmTb U:e�:NVX h?2 �p2`�;2 p�Hm2b Q7 ǳAKTWǴ Q7 i?2 7Qm` ;`QmTb �`2

kNX9W- jRXdW- 9RXRW- �M/ jRXdW `2bT2+iBp2HvX h?2 �p2`�;2 Q7 ǳ:�TWǴ Bb �`QmM/ RyW

7Q` K2/BmK@b+�H2 BMbi�M+2b- r?B+? BM/B+�i2b i?�i i?2 `2bmHib Q7 a�@.a�S �`2 +HQb2 iQ i?2

2biBK�i2/ HQr2` #QmM/bX

NR



h�#H2 jXj, *QKT�`BbQM #2ir22M a�@"G �M/ a�@.a�S �H;Q`Bi?Kb 7Q` K2/BmK@b+�H2 BM@
bi�M+2b

AMbi�M+2b a�@"G a�@.a�S
:`QmT A. LI G" z1 hBK2 UbV Ai2`�iBQMb z2 hBK2 UbV Ai2`�iBQMb :�TW AKTW

:e

jynR RNX3W je 93 yXd R3jd9k jN R883Xy RdRk9R 3XjW k8XyW
jynk RNXkW 9k ey yX3 RN8dj3 93 Rk3eXR RdNd9R R9XjW k3XeW
jynj RNXdW 93 ee yX3 RNk9R9 8y Ny3XN R33e9R 9XkW jjXjW
jyn9 kRX3W 89 ee yX3 k9y8R9 8e R98yX3 RNdR9j jXdW R3X8W
jyn8 jjXkW ey Ny RXy kkjyye e8 R3yyXk ky8NR8 3XjW 9RXdW
�p;X dX3W kNX9W

:d

j8nR kyXeW 9y ey yX3 k9883y 9k RdyRXj kR9jj8 8XyW 98XyW
j8nk kRXdW 93 ee yXN k89e9y 8k R3yyXy kkk3yd 3XjW kNXkW
j8nj k9XNW 89 dk RXy ke8N3d ey NN3Xe kjRdej RRXRW kkXkW
j8n9 kdX9W ey 39 RXR kd8yjj e8 R3yyXR k9yej3 3XjW jRXdW
j8n8 jjXRW ee Ny RXR k39N9e dy RdR3Xd k9Ndjy eXRW jyXjW
�p;X dX3W jRXdW

:3

9ynR kRX3W je 89 RXy kNeNN3 jN RkR8XR k83kek 3XjW 9RXdW
9ynk jyXNW 9k dk RXy jy99ee 99 R3yyXk ke8jj9 9X3W eeXdW
9ynj k9XkW 93 dk yXN jR9yek 8k Re3yXR kdjNj9 3XjW 9RXdW
9yn9 j8XkW 89 d3 RXk jk9d8j e8 Rd9NXR k3k39d kyX9W k9XRW
9yn8 k9XeW ey 39 RXy jj9RkR e8 R9eNXd kNR39e 3XjW jRXdW
�p;X RyXyW 9RXRW

:N

98nR jyXyW 9k 89 RXk j99j83 93 ReeRXd jyy89e R9XjW R9XjW
98nk jRXjW 93 dk RXk j8jy9y 8k R3yyXR jy3Nye 3XjW 9RXdW
98nj jjX3W 89 39 RX9 je9e9N ey RdNkXj jRddjy RRXRW 99X9W
98n9 jRXeW ey Ny RXj jdjj8y ee R89jX9 jkeeey RyXyW 9yXyW
98n8 kNXNW ee 39 RXk j3jy9d dk RjReXd jj8dyd NXRW R3XkW
�p;X RyXeW jRXdW

h�#H2 jX9 b?Qrb +QKT�`BbQM #2ir22M a�@.a�S �M/ a�@"G QM i?2 H�`;2@b+�H2 ;`QmTb

U:Ry�:RjVX Ai +�M #2 Q#b2`p2/ i?�i �HH i?2 ir2Miv bQHmiBQM p�Hm2b #v a�@.a�S U*QHmKM

kV �`2 rBi?BM i?2 T`2b2i v�`/ �`2� HBKBi UW × L = 90V r?BH2 bBt Q7 ir2Miv bQHmiBQMb #v

a�@"G 2t+22/ i?Bb HBKBi Q7 NyX h?Bb bm;;2bib i?�i a�@.a�S +�M +QT2 rBi? i?2 bBim�iBQM

r2HH r?2M ?B;? mb�;2 Q7 v�`/ bT�+2 Bb 2tT2+i2/X 6`QK *QHmKM ǳ:�TWǴ- Bi +�M #2 7QmM/

i?�i a�@.a�S Q#i�BMb ?B;?@[m�HBiv bQHmiBQMb r?Qb2 p�Hm2b �`2 QMHv �#Qmi R8W ?B;?2`

i?�M i?2 HQr2` #QmM/bX h?2 �p2`�;2b Q7 ǳ:�TWǴ �`2 RRXdW- R8X8W- RRX3W- �M/ R9XyW 7Q`

:Ry iQ :Rj `2bT2+iBp2HvX *QHmKM ǳAKTWǴ b?Qrb i?�i a�@.a�S QmiT2`7Q`Kb a�@"G #v

k3XeW- kdXdW- jkXeW �M/ jRXdW `2bT2+iBp2HvX AM ;2M2`�H- a�@.a�S Bb +�T�#H2 Q7 }M/BM;

?B;?@[m�HBiv biQ`�;2 bQHmiBQMb r?2M 7�+BM; � H�`;2 MmK#2` Q7 `2[m2bib BMpQHpBM; � H�`;2

MmK#2` Q7 +QMi�BM2`b /m`BM; i?2 TH�MMBM; ?Q`BxQMX

Nk



h�#H2 jX9, *QKT�`BbQM #2ir22M a�@"G �M/ a�@.a�S �H;Q`Bi?Kb 7Q` H�`;2@b+�H2 BMbi�M+2b

AMbi�M+2b a�@"G a�@.a�S
:`QmT A. LI G" z1 hBK2 UbV Ai2`�iBQMb z2 hBK2 UbV Ai2`�iBQMb :�TW AKTW

:Ry

8ynR j8XdW 93 ee RX9 jNj38d ey R3yyXy j9k933 k8XyW RkX8W
8ynk kNXNW 89 d3 RXj 9yjkRk 8e RddNXN j8Rj3N jXdW 9yXdW
8ynj j9XNW ey Ny RX9 9Rj9N9 dy R89yXd jeyeek ReXdW jjXjW
8yn9 j3XjW ee Ny RXe 9kk888 dk R3yyXR je3ykN NXRW kdXjW
8yn8 jNXRW dk Ne† RX8 9jkyyN d8 R8ydXy jddj93 9XkW kNXkW
�p;X RRXdW k3XeW

:RR

88nR j3XRW 93 dk RXe 9jN9jd ey R3yyXR j3j8k3 k8XyW k8XyW
88nk 9kX8W 89 39 RXe 99d8Rj e8 R3yyXk jNR8eN kyX9W j8XkW
88nj j3XyW ey 39 RX8 98Nded ee R3yyXR 9yyeRy RyXyW jyXyW
88n9 9yX9W ee Ne† RXd 9e38RR d8 R88jXN 9yNNkR RjXeW jRX3W
88n8 9kX8W dk Ny RXe 9dNjkd d3 Re9RXR 9kyy33 3XjW ReXdW
�p;X R8X8W kdXdW

:Rk

eynR jeXkW 93 ee RX8 9Nk33R 89 Rj3jXk 9k38Nd RkX8W k8XyW
eynk 9kXdW 89 Ny RX3 8ykkdk ee Rd3NXd 9jddRd kkXkW 99X9W
eynj jNXRW ey Ny RXe 8RR93k ee R3yyXk 99eRjy RyXyW 9yXyW
eyn9 9yX8W ee d3 RX3 8kyNRN dy R3yyXk 98jdyy eXRW RkXRW
eyn8 98XkW dk Ry3† RX3 8jykRN d3 R3yyXy 9ejRjk 3XjW 9RXdW
�p;X RRX3W jkXeW

:Rj

e8nR jNXjW 88 dk RXd 8jNjRN ee R3yyXk 9dydyk kyXyW RyXNW
e8nk 9NXyW ey 39 RX3 893dd8 dy ReddXy 93yRdk ReXdW kjXjW
e8nj 98X3W ee Ryk† RXN 883yRd dk R3yyXR 93ekR3 NXRW 98X8W
e8n9 j3X3W dk Ryk† RXN 8ed9Rd 39 R3yyXR 9Ne983 ReXdW k8XyW
e8n8 9RX8W d3 Rke† kXy 8dee3d 39 R3yyXy 8y89R8 dXdW 8jX3W
�p;X R9XyW jRXdW

LQi2, P#D2+iBp2 p�Hm2 K�`F2/ #v † 2t+22/b K�tBKmK v�`/ �`2� UNyV �M/ Bb BM72�bB#H2X

jX8X9 *QKT�`BbQM rBi? QTiBK�H bQHmiBQMb QM bK�HH@b+�H2 BMbi�M+2b

AM i?Bb bm#b2+iBQM- r2 +QM/m+i �//BiBQM�H +QKTmi�iBQM�H 2tT2`BK2Mib iQ p2`B7v i?2

2z2+iBp2M2bb Q7 Qm` �TT`Q�+?X a�@.a�S Bb #2M+?K�`F2/ QM bK�HH@b+�H2 BMbi�M+2b U:R�:8V

bQHp�#H2 iQ QTiBK�HBiv #�b2/ QM � `2/m+2/ AGS KQ/2H UJkVX h?2 `2/m+2/ AGS KQ/2H UJkV

Bb /2p2HQT2/ #�b2/ QM i?2 Q`B;BM�H AGS KQ/2H /Bb+mbb2/ BM a2+iBQM jXkXk �M/ bQHmiBQMb

Q#i�BM2/ BM am#b2+iBQM jX8Xjc r2 BM+Q`TQ`�i2 irQ �//BiBQM�H +QMbi`�BMib,

πp = 0, B7 xpyp < G" Q` xpyp > l", ∀p ∈ P, UjXR8V

λr,t,s = 0, B7 x+
s y

+
s > l", ∀s ∈ Sr,t, ∀r ∈ R, ∀t ∈ Tr, UjXReV

r?2`2 G" Bb i?2 2biBK�i2/ HQr2` #QmM/ Ua2+iBQM jX8XkV �M/ l" Bb i?2 72�bB#H2 bQHmiBQM-

�HbQ �M mTT2` #QmM/- Q#i�BM2/ #v a�@.a�SX �b r2 }M/ Qmi- i?2 bQHmiBQM bT�+2 BM Jk

?�b #22M ;`2�iHv `2/m+2/ �7i2` BMi`Q/m+iBQM Q7 HQr2` �M/ mTT2` #QmM/b- i?mb K�FBM; i?2

KQ/2H bQHp�#H2 #v *SG1s- i?Qm;? Bi K�v i�F2 KQ`2 i?�M k9 ?Qm`b iQ ;2i i?2 QTiBK�H

bQHmiBQM 7Q` � bBM;H2 BMbi�M+2X

AM h�#H2 jX8- *QHmKM ǳ*SG1s UJkVǴ b?Qrb i?2 QTiBK�H Q#D2+iBp2 p�Hm2b bQHp2/ #v
Nj



*SG1sX *QHmKM ǳa�@.a�SǴ b?Qrb i?2 Q#D2+iBp2 p�Hm2b #v a�@.a�S rBi?BM jy KBMmi2bX

*QHmKM ǳ.BzWǴ U4(z2−z1)/z1V b?Qrb i?2 ;�T #2ir22M i?2 bQHmiBQMb #v a�@.a�S iQ i?2

bQHmiBQMb #v i?2 ;2M2`�H QTiBKBx�iBQM bQHp2` *SG1sX

6`QK h�#H2 jX8- r2 Q#b2`p2 i?�i a�@.a�S }M/b i?2 QTiBK�H bQHmiBQM BM kj Qmi Q7

k8 BMbi�M+2bX 6Q` BMbi�M+2 kyn8- i?2 `2bmHi Q7 a�@.a�S Bb QMHv bHB;?iHv rQ`b2 i?�M i?2

bQHp2/ QTiBKmK #v R mMBi URX3kWV BM v�`/ H2M;i?- �b b?QrM BM *QHmKM ǳ.BzWǴX q?BH2

i?2 +QKTmiBM; iBK2b 7Q` i?2 �H`2�/v `2/m+2/ AGS KQ/2H UJkV �`2 p2`v HQM;- `2[mB`BM; mT

iQ � 72r /�vb mbBM; *SG1s- r?BH2 a�@.a�S i�F2b H2bb i?�M � 72r KBMmi2bX 6Q` BMbi�M+2

k8n8 r?2`2 *SG1s /Q2b MQi `2�+? QTiBK�H- i?2 Q#D2+iBp2 p�Hm2 Q7 a�@.a�S Bb 2[m�H

iQ i?�i Q7 i?2 72�bB#H2 bQHmiBQM Q#i�BM2/ #v Jk rBi? Km+? b?Q`i2` +QKTmi�iBQM�H iBK2X

h?2 Qp2`�HH `2bmHib Q7 i?2 2tT2`BK2Mib �`2 2M+Qm`�;BM;- bBM+2 ?B;?@[m�HBiv bQHmiBQMb +�M

#2 ;2M2`�i2/ rBi?BM � b?Q`i T2`BQ/ Q7 iBK2 #v a�@.a�SX

h�#H2 jX8, *QKT�`BbQM #2ir22M bQHmiBQMb #v a�@.a�S �M/ *SG1s

*SG1s UJkV a�@.a�S
:`QmT A. G" z1 hBK2 UbV z2 hBK2 UbV .BzW

:R

8nR Ry Ry yXde Ry yXk8 yXyyW
8nk Rk Rk yX9j Rk yXkj yXyyW
8nj Re R3 RX8y R3 yXNj yXyyW
8n9 R3 R3 RXyj R3 yXNR yXyyW
8n8 k9 ke RkXNk ke yXk9 yXyyW

:k

RynR k9 ke 38Xy3 ke jXRj yXyyW
Rynk jy jy RRX3N jy 9Xky yXyyW
Rynj je jN eRXN3 jN yXy3 yXyyW
Ryn9 9k 99 9j3X9d 99 RXkd yXyyW
Ryn8 93 8k dejX93 8k 3X8k yXyyW

:j
R8nR jy jy j3Xy3 jy yXdR yXyyW
R8nk je je 99Xkj je RjXe8 yXyyW
R8nj 9k 98 R9NXd3 98 kX99 yXyyW
R8n9 93 8k dRNXNR 8k NjXe3 yXyyW
R8n8 89 8e 8NNXyN 8e jkXjN yXyyW

:9
kynR jy jy ekXRe jy 89XR9 yXyyW
kynk je jN 8N9XR8 jN kyX83 yXyyW
kynj 9k 99 RNddXyR 99 jd3XNR yXyyW
kyn9 93 8y j9eNRX8k 8y deXkk yXyyW
kyn8 89 88 kjdyXed 8e R3yXyd RX3kW

:8

k8nR jy jj ek3X9y jj yXR9 yXyyW
k8nk je jN jdRX9N jN dNXRR yXyyW
k8nj 9k 9k Ry9Xdd 9k RRXk9 yXyyW
k8n9 93 8k R9ejRXdy 8k j9Xke yXyyW
k8n8 89 ey 3e9yyXyy ey Re3Xkj yXyyW

N9



jX8X8 a2MbBiBpBiv �M�HvbBb

AM i?Bb bm#b2+iBQM- r2 +QM/m+i � b2i Q7 b2MbBiBpBiv �M�HvbBbX q2 }`bi i2bi i?2 2z2+i Q7

+QMi�BM2` [m�MiBiv T2` `2[m2bi QM biQ`�;2 bQHmiBQMbX q2 b2H2+i i?`22 BMbi�M+2b 7`QK i?2

bK�HH- K2/BmK �M/ H�`;2@b+�H2 /�i�- Ryn9- jynk- 8ynkX 6Q` 2�+? BMbi�M+2- r2 BM+`2�b2 i?2

MmK#2` Q7 +QMi�BM2`b #v 8W iQ 8yW �M/ F22T i?2 biQ`�;2 iBK2 Q7 i?2 +QMi�BM2`b mM+?�M;2/-

`2bmHiBM; BM Ry M2r BMbi�M+2b �b � ;`QmTX q2 i?2M �TTHv i?2 a�@.a�S �H;Q`Bi?K QM i?2b2

i?`22 BMbi�M+2 ;`QmTbX h?2 `2bmHib �`2 HBbi2/ BM h�#H2 jXe �b 7QHHQrbX

h�#H2 jXe, _2bmHib QM ǳ+QMi�BM2` MmK#2` T2` `2[m2biǴ 7�+iQ`

A. T2` z .2Hi� A. T2` z .2Hi� A. T2` z .2Hi�
Ryn9 yW 99 y jynk yW 93 y 8ynk yW 8e y

Ryn9n8 8W 8R d jynkn8 8W 88 d 8ynkn8 8W dy R9
Ryn9nRy RyW 8R d jynknRy RyW 88 d 8ynknRy RyW dy R9
Ryn9nR8 R8W 89 Ry jynknR8 R8W ey Rk 8ynknR8 R8W dk Re
Ryn9nky kyW 88 RR jynknky kyW ey Rk 8ynknky kyW d8 RN
Ryn9nk8 k8W ey Re jynknk8 k8W ey Rk 8ynknk8 k8W d3 kk
Ryn9njy jyW ey Re jynknjy jyW e8 Rd 8ynknjy jyW 39 k3
Ryn9nj8 j8W ej RN jynknj8 j8W dy kk 8ynknj8 j8W 39 k3
Ryn9n9y 9yW ej RN jynkn9y 9yW dy kk 8ynkn9y 9yW Ny j9
Ryn9n98 98W ee kk jynkn98 98W dy kk 8ynkn98 98W Ny j9
Ryn9n8y 8yW ee kk jynkn8y 8yW dy kk 8ynkn8y 8yW Ny j9
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6B;m`2 jXe, AHHmbi`�iBQM Q7 `2bmHib r?2M +QMi�BM2` MmK#2` BM+`2�b2b

AM h�#H2 jXe- *QHmKM ǳA.Ǵ- *QHmKM ǳT2`Ǵ �M/ *QHmKM ǳzǴ `2T`2b2Mib i?2 +�b2 M�K2-

BM+`2�b2 BM i?2 MmK#2` Q7 +QMi�BM2`b �M/ i?2 Q#D2+iBp2 7mM+iBQM p�Hm2- `2bT2+iBp2HvX *QH@

mKM ǳ.2Hi�Ǵ `2T`2b2Mib i?2 BM+`2�b2 Q7 Q#D2+iBp2 p�Hm2 �b +QKT�`2/ rBi? i?2 Q`B;BM�H

N8



Q#D2+iBp2 p�Hm2X 6`QK h�#H2 k- r2 +�M b22 i?�i BM ;2M2`�H i?2 KQ`2 +QMi�BM2`b � `2[m2bi

M22/b iQ T`Q+2bb- i?2 KQ`2 bT�+2 `2[mB`2/ Ub22 6B;m`2 jXeV- #mi 7Q` bQK2 BMbi�M+2b bm+?

�b Ryn9n98 iQ Ryn9n8y- i?2 Qp2`�HH bT�+2 `2[mB`2/ /Q2b MQi +?�M;2X h?2 `2�bQM 7Q` i?2

H�ii2` +�b2- �b r2 }M/ Qmi- Bb i?�i i?2`2 Bb Km+? mMmb2/ bT�+2 BM i?2 Q`B;BM�H bQHmiBQM /m2

iQ �M mM2p2M /Bbi`B#miBQM Q7 +QMi�BM2`b BM i?2 `2[m2bib- �M/ i?mb rBi? i?2 BM+`2�b2 BM i?2

MmK#2` Q7 +QMi�BM2`b T2` `2[m2bi- i?2 mMmb2/ bT�+2 Bb Q++mTB2/ }`bi �M/ i?2 Q#D2+iBp2

p�Hm2 /Q2b MQi +?�M;2X

q2 i?2M i2bi i?2 2z2+i Q7 v�`/ H2M;i? QM i?2 bQHmiBQMbX h?2 +m``2Mi v�`/ ?�b � H2M;i?

Q7 ky mMBib- �M/ r2 `2/m+2 i?Bb v�`/ H2M;i? �M/ F22T Qi?2` T�`�K2i2`b mM+?�M;2/X q2

b2H2+i i?`22 BMbi�M+2b- bK�HH- K2/BmK �M/ H�`;2@b+�H2 7`QK /�i�- BX2X- Ryn9- jynk- 8ynk-

�M/ /2+`2�b2 i?2 v�`/ H2M;i? #v QM2 mMBi 2�+? iBK2 7`QK ky iQ Ry- `2bmHiBM; BM � ;`QmT Q7

Ry M2r BMbi�M+2b 7Q` 2�+? b2H2+i2/ BMbi�M+2X q2 �TTHv a�@.a�S QM i?2b2 M2r BMbi�M+2

;`QmTb �M/ T`2b2Mi i?2 `2bmHib BM h�#H2 jXdX

h�#H2 jXd, _2bmHib QM ǳv�`/ H2M;i?Ǵ 7�+iQ`

A. L z A. L z A. L z

Ryn9

ky 99

jynk

ky 93

8ynk

ky 8e
RN 99 RN 93 RN 8e
R3 99 R3 93 R3 8e
Rd 99 Rd 93 Rd 8e
Re 99 Re 93 Re ey
R8 99 R8 93 R8 ey
R9 99 R9 93 R9 ey
Rj 99 Rj 93 Rj ey
Rk 99 Rk 93 Rk ey
RR 99 RR 93 RR ey
Ry 98 Ry 93 Ry ey

AM h�#H2 jXd- *QHmKM ǳA.Ǵ- *QHmKM ǳLǴ �M/ *QHmKM ǳzǴ `2T`2b2Mib i?2 +�b2 M�K2-

i?2 v�`/ H2M;i? �M/ i?2 Q#D2+iBp2 7mM+iBQM p�Hm2- `2bT2+iBp2HvX 6`QK h�#H2 jXd- r2 Q#b2`p2

i?�i 7Q` bK�HH �M/ K2/BmK@b+�H2 BMbi�M+2b URyn9 �M/ jynkV- i?2 bQHmiBQM `2K�BMb �HKQbi

i?2 b�K2 �b i?2 v�`/ H2M;i? /2+`2�b2bX 6Q` H�`;2@b+�H2 BMbi�M+2b U8ynkV- i?2 bQHmiBQM bi�`ib

iQ +?�M;2 r?2M i?2 v�`/ H2M;i? /2+`2�b2b #v � bB;MB}+�Mi p�Hm2 UBM i?Bb +�b2 /2+`2�b2/ #v

9 mMBib iQ ReV- �b b?QrM BM 6B;m`2 jXdX h?2 `2�bQM 7Q` i?Bb Bb i?�i i?2`2 Bb � H�`;2 [m�MiBiv

Q7 +QMi�BM2`b �M/ i?2`2 Bb � bB;MB}+�Mi /2+`2�b2 BM i?2 v�`/ H2M;i?- i?2 ~2tB#BHBiv BM

TH�+BM; +QMi�BM2`b BM �HH i?2 `2[m2bib BM i?2 �p�BH�#H2 v�`/ bT�+2 �HbQ /2+`2�b2b bB;MB}+�MiHvX

Ne
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6B;m`2 jXd, AHHmbi`�iBQM Q7 `2bmHib r?2M v�`/ H2M;i? BM+`2�b2b

h?2`27Q`2- i?2 Q#D2+iBp2 p�Hm2b Q#i�BM2/ #v i?2 T`QTQb2/ a�@.a�S �H;Q`Bi?K #2+QK2

H�`;2`X

6BM�HHv- r2 i2bi i?2 2z2+i Q7 i?2 /Bz2`2M+2 d BM H2M;i? �M/ rB/i? Q7 i?2 biQ`�;2 bT�+2

QM i?2 bQHmiBQMbX q2 i�F2 � bK�HH@b+�H2 BMbi�M+2 Ryn9 �M/ +?�M;2 i?2 p�Hm2 Q7 d 7`QK y

iQ R8X a�@.a�S Bb i?2M �TTHB2/ iQ i?Bb ;`QmT Q7 Re BMbi�M+2bX h?2 `2bmHib �`2 T`2b2Mi2/

BM h�#H2 jX3X

h�#H2 jX3, _2bmHib QM ǳbiQ`�;2 bT�+2 b?�T2Ǵ 7�+iQ`

A. d z d z d z d z

Ryn9
y ey 9 98 3 99 Rk 99
R 93 8 99 N 99 Rj 99
k 93 e 99 Ry 99 R9 99
j 98 d 99 RR 99 R8 99

AM h�#H2 jX3- *QHmKM ǳA.Ǵ- *QHmKM ǳdǴ �M/ *QHmKM ǳzǴ `2T`2b2Mib i?2 +�b2 M�K2-

i?2 p�Hm2 Q7 i?2 /Bz2`2M+2 / �M/ i?2 Q#D2+iBp2 7mM+iBQM p�Hm2- `2bT2+iBp2HvX �b r2 Q#b2`p2

7`QK i?2 i�#H2- 7Q` i?2 b[m�`2 biQ`�;2 bT�+2 Ud = 0V- Qm` `2bmHib �`2 +QMbBbi2Mi rBi? 6m

2i �HX UkyydVX �b i?2 d@p�Hm2 BM+`2�b2b- i?2 Q#D2+iBp2 p�Hm2 /2+`2�b2b BMBiB�HHv �M/ i?2M

`2K�BMb mM+?�M;2/X h?Bb BKTHB2b i?�i a�@.a�S �H;Q`Bi?Kb �`2 ;QQ/ �i }M/BM; 2{+B2Mi

biQ`�;2 bQHmiBQMb r?2M i?2`2 Bb KQ`2 ~2tB#BHBiv UH�`;2` d@p�Hm2bV BM i?2 b?�T2 Q7 biQ`�;2

bT�+2X >Qr2p2`- r?2M i?2 d@p�Hm2 2t+22/b � +2`i�BM HBKBi- i?2 �/p�Mi�;2 Q7 i?Bb ~2tB#BHBiv

�TT2�`b H2bb bB;MB}+�Mi U6B;m`2 jX3VX
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Difference between length and width

6B;m`2 jX3, AHHmbi`�iBQM Q7 i?2 2z2+i Q7 d@p�Hm2

jX8Xe AKT`Qp2K2Mi QM bT�+2 miBHBx�iBQM #v a�@.a�S

hQ +QKT�`2 i?2 mMmb2/ bT�+2 BM bQHmiBQMb Q7 a�@.a�S �M/ a�@"G- r2 /2}M2 ratiounused

iQ BM/B+�i2 i?2 T`QTQ`iBQM Q7 mMmb2/ bT�`b2 biQ`�;2 bT�+2b BM � bQHmiBQM s- �b 7QHHQrb,

ratiounused = 1− areas
zs × |Ts|

,

r?2`2 areas Bb i?2 iQi�H biQ`�;2 bT�+2 mb2/ BM bQHmiBQM sX zs Bb i?2 Q#D2+iBp2 p�Hm2 Q7

bQHmiBQM s- BX2X- i?2 �`2� Q7 i?2 `2+i�M;mH�` +Qp2` BM bQHmiBQM sX |Ts| Bb i?2 H2M;i? Q7 iBK2

7Q` r?B+? +QMi�BM2`b �`2 biQ`2/ BM i?2 v�`/ /m`BM; i?2 TH�MMBM; ?Q`BxQMX *QKTmi�iBQM�H

2tT2`BK2Mib �`2 +QM/m+i2/ 7Q` #Qi? a�@.a�S �M/ a�@"G QM BMbi�M+2 ;`QmTb rBi? bBx2

R8- j8 �M/ 88 UbK�HH- K2/BmK �M/ H�`;2@b+�H2 BMbi�M+2bVX h?2 `2bmHib �`2 `2TQ`i2/ BM i?2

7QHHQrBM; h�#H2 jXNX

�b b?QrM #v i?2 H�bi +QHmKM BM h�#H2 jXN- i?2 mMmb2/ bT�+2 `�iBQ ratiounused ?�b #22M

BKT`Qp2/ bB;MB}+�MiHv #v a�@.a�S +QKT�`2/ rBi? a�@"GX 6Q` bK�HH@b+�H2 BMbi�M+2b-

i?2 BKT`Qp2K2Mi Q7 ratiounused Bb #2ir22M kW �M/ RjWX 6Q` K2/BmK@b+�H2 BMbi�M+2b-

i?2 BKT`Qp2K2Mi Q7 ratiounused Bb #2ir22M 8W �M/ RyWX 6Q` H�`;2@b+�H2 BMbi�M+2b- i?2

BKT`Qp2K2Mi Q7 ratiounused Bb #2ir22M kW �M/ RyWX q2 �`2 i?2M �#H2 iQ +QM+Hm/2 i?�i

a�@.a�S +�M ;2M2`�i2 KQ`2 2{+B2Mi v�`/ �HHQ+�iBQM bQHmiBQMb rBi? H2bb mMmb2/ bT�+2

+QKT�`2/ rBi? a�@"GX

N3



h�#H2 jXN, _2bmHib Q7 mMmb2/ bT�+2 `�iBQ QM bK�HH- K2/BmK �M/ H�`;2@b+�H2 /�i�

a�@"G a�@.a�S
A. Ts z areatotal ratiounusedUWV z areatotal ratiounusedUWV AKTUWV

R8nR ed 93 3dy djW jy 3yR eyW RjW
R8nk N8 9k R98e e9W je R9yy 8NW 9W
R8nj N3 ey R8dj djW 98 R9d3 eeW dW
R8n9 8d ey R8kd 88W 89 R99N 8jW kW
R8n8 eN d3 Rdyk e3W 8e R8N3 8NW RyW
j8nR R8y ey kedk dyW 9k k8ye eyW RyW
j8nk R8e ee kd9k djW 8k k88N e3W 8W
j8nj RRd dk k3d3 eeW ey kdj9 eRW 8W
j8n9 Rjj 39 j8d9 e3W e8 jkN8 ekW eW
j8n8 R9N Ny j3kj dRW dy je89 e8W dW
88nR Re8 dk 98eN ekW ey 99R3 88W eW
88nk Rek 39 8RN8 ekW e8 8y8d 8kW RyW
88nj R8d 39 9yy9 dyW ee j3j8 ejW dW
88n9 Rek Ne 9dN9 eNW dy 9ekR 8NW RyW
88n8 Re8 Ny 9338 edW d3 98yd e8W kW

jX8Xd LQM@2KTiv v�`/

hQ i2bi i?2 2z2+iBp2M2bb Q7 i?2 a�@.a�S �H;Q`Bi?K BM bQHpBM; i?2b2 +�b2b rBi? BMBiB�HHv

MQM@2KTiv v�`/b- r2 b2H2+i i?`22 BMbi�M+2 ;`QmTb :9- :3- :Rk UbBx24ky- 9y- eyV 7`QK

bK�HH@b+�H2 iQ K2/BmK@b+�H2 �M/ H�`;2@b+�H2 BMbi�M+2bX 6Q` 2�+? BMbi�M+2- r2 `�M/QKHv

;2M2`�i2 � MQM@2KTiv BMBiB�H v�`/ bi�imb- i?�i Bb- bQK2 `2[m2bib �`2 BM i?2 KB//H2 Q7

#2BM; T`Q+2bb2/ BM i?2 v�`/ �i i?2 #2;BMMBM; Q7 i?2 TH�MMBM; iBK2 ?Q`BxQM- �M/ i?2`27Q`2

bQK2 TQ`iBQM Q7 v�`/ bT�+2 ?�b �H`2�/v #22M Q++mTB2/X �HH i?2b2 BMbi�M+2b �`2 bQHp2/ #v

a�@.a�SX _2bmHib �`2 b?QrM BM h�#H2 jXRyX

h�#H2 jXRy, *QKT�`BbQM `2bmHib QM BMBiB�H v�`/ bi�imb

A. zE zNE .2Hi� A. zE zNE .2Hi� A. zE zNE .2Hi�
kynR jy jy y 9ynR jN 9y R eynR 89 89 y
kynk jN jN y 9ynk 99 98 R eynk ee ee y
kynj 99 9e k 9ynj 8k 8k y eynj ee ee y
kyn9 8y 89 9 9yn9 e8 e8 y eyn9 dy dy y
kyn8 8e ey 9 9yn8 e8 e8 y eyn8 d3 3y k

AM h�#H2 jXRy- zE �M/ zNE `2T`2b2Mi i?2 Q#D2+iBp2 7mM+iBQM p�Hm2 Q#i�BM2/ 7`QK i?2

BMBiB�HHv 2KTiv BMbi�M+2b �M/ i?2 BMBiB�HHv MQM@2KTiv BMbi�M+2bX .2Hi� Bb /2}M2/ �b zNE−

zEX h?2 `2bmHib b?Qr i?�i 2p2M B7 i?2 v�`/ Bb BMBiB�HHv MQM@2KTiv- Qm` T`QTQb2/ �H;Q`Bi?K

+�M biBHH Q#i�BM p2`v +QKT2iBiBp2 `2bmHib BM i2`Kb Q7 v�`/ mb�;2 i?�i /Q MQi /Bz2` p2`v
NN



Km+? 7`QK i?2 BMBiB�H 2KTiv BMbi�M+2bX

jX8X3 1z2+ib QM HQ�/ BMi2MbBiv

AM i?Bb bm#b2+iBQM- r2 +QM/m+i 2tT2`BK2Mib iQ �M�Hvx2 ?Qr i?2 a�@.a�S �H;Q`Bi?K

Bb �z2+i2/ #v i?2 HQ�/ BMi2MbBiv ULIV Q7 �M BMbi�M+2X AM Q`/2` iQ }M/ i?2 i?`2b?QH/ LI

p�Hm2 i?�i a�@.a�S +�MMQi }M/ � 72�bB#H2 bQHmiBQM- r2 ;`�/m�HHv BM+`2�b2 LI 7Q` � 72r

BMbi�M+2b- BX2X- eRnR e8n8 7`QK i?2 H�`;2bi /�i� b2i :Rj BM h�#H2 jXRR �M/ ;2M2`�i2 }p2

M2r /�i� b2ibX q2 i?2M �TTHv i?2 a�@.a�S �H;Q`Bi?K QM �HH BMbi�M+2bX

AM h�#H2 jXRR- *QHmKM ǳLIǴ �M/ *QHmKM ǳzǴ `2T`2b2Mi i?2 ǳGQ�/ AMi2MbBivǴ �M/ i?2

Q#D2+iBp2 p�Hm2bX Ai +�M #2 b22M i?�i 7Q` i?2 e8nR BMbi�M+2- r?2M LI BM+`2�b2b iQ 88XydW-

i?2 a�@.a�S �H;Q`Bi?K +�MMQi Q#i�BM � 72�bB#H2 bQHmiBQMX aBKBH�`Hv- i?2 i?`2b?QH/ LI

p�Hm2b 7Q` BMbi�M+2b e8nk- e8nj- e8n9 �M/ e8n8 �`2 7QmM/ iQ #2 8dXjRW- 8dXkjW- 89X9dW-

�M/ 8dXNNW `2bT2+iBp2HvX h?2`27Q`2- Bi Bb Q#b2`p2/ 7`QK i?2 2tT2`BK2Mib i?�i i?2 a�@

.a�S �H;Q`Bi?K Bb mMHBF2Hv iQ }M/ � 72�bB#H2 bQHmiBQM 7Q` BMbi�M+2b BM i?2 H�`;2bi /�i� b2i

:Rj r?2M i?2 HQ�/ BMi2MbBiv Bb �#Qp2 88WX

h�#H2 jXRR, _2bmHib Q7 i?`2b?QH/ LI p�Hm2b #�b2/ QM BMbi�M+2 ;`QmT :Rj UbBx24e8V

e8nR e8nk e8nj e8n9 e8n8
LI z LI z LI z LI z LI z

8yXk3W 39 88X39W 33 88Xj9W Ny 9eXeeW 33 9NXdjW Ny
8kXRkW 33 8eXjjW Ny 8dXkjW Nk 89X9dW Ryy 8dXNNW Ryy
88XydW Nk 8eX3kW 3d 83X3jW Ny ekXk3W RRk eeXkeW RRy
8dXd3W Ne 8dXjRW Ne eyXd3W Ryk dyXRyW Rk3 d9X8kW RR8
83X9kW Ne 8dX3yW Ne e9XRkW Ryk ddXNRW R99 3kXd3W Rjk

jXe amKK�`v

AM i?Bb +?�Ti2`- r2 bim/v i?2 j. v�`/ �HHQ+�iBQM T`Q#H2K rBi? iBK2 /BK2MbBQM Uj.u�ShV

�i i?2 QT2`�iBQM�H H2p2HX *QMi�BM2`b BM 2�+? `2[m2bi �`2 bi�+F2/ BM i?2 v�`/ 7QHHQrBM; i?2

+QMbB;MK2Mi bi`�i2;vX q2 �BK iQ KBMBKBx2 i?2 �`2� Q7 � `2+i�M;mH�` v�`/ bT�+2 2p2`

Q++mTB2/ #v �HH `2[m2bib rBi?BM i?2 TH�MMBM; ?Q`BxQM r?BH2 b�iBb7vBM; MQM@/2+`2�bBM; +QM@

bi`�BMib �M/ i?2 MQM@Qp2`H�TTBM; `2[mB`2K2MibX �M BMi2;2` HBM2�` T`Q;`�KKBM; KQ/2H Bb
Ryy



7Q`KmH�i2/ 7Q` i?2 T`Q#H2K- #mi Bi +�MMQi #2 bQHp2/ /B`2+iHv 2bT2+B�HHv 7Q` K2/BmK@b+�H2

�M/ H�`;2@b+�H2 BMbi�M+2b /m2 iQ LS@?�`/M2bb Q7 i?2 j.u�ShX

q2 T`QTQb2 � a�@.a�S �H;Q`Bi?K i?�i /vM�KB+�HHv �/Dmbib i?2 b?�T2 Q7 i?2 bi�+F

Q7 +QMi�BM2`b 7Q` 2�+? `2[m2bi �i 2�+? iBK2 TQBMiX hQ #�H�M+2 i?2 b2�`+? iBK2 Q7 i?2

.a�S �H;Q`Bi?K �M/ i?2 bQHmiBQM [m�HBiv- � +mbiQKBx2/ BMBiB�H v�`/ H2M;i? bi`�i2;v Bb

T`QTQb2/ 7Q` 2�+? `2[m2bi #�b2/ QM #Qi? i?2 BM7Q`K�iBQM Q7 i?2 `2[m2bi BM T`Q+2bb �M/

i?2 BMbi�Mi H�vQmi BM7Q`K�iBQM Q7 i?2 v�`/X Pm` rQ`F ?�b Bib K2`Bi BM T`�+iB+2 #2+�mb2

+QKTmi�iBQM�H 2tT2`BK2Mib b?Qr i?�i i?2 a�@.a�S �H;Q`Bi?K QmiT2`7Q`Kb i?2 �H;Q`Bi?K

T`QTQb2/ #v 6m 2i �HX UkyydV #v kdXdW iQ jkXeW 7Q` H�`;2@b+�H2 ;`QmTb #�b2/ QM �p2`�;2

p�Hm2b- r?B+? K2�Mb K�`F2/ 2+QMQKB+ BKTHB+�iBQMb 7Q` TQ`ibX "2bB/2b- i?2 a�@.a�S

Q#i�BMb QTiBK�H bQHmiBQMb rBi?BM � b?Q`i iBK2 +QKT�`2/ rBi? i?2 ;2M2`�H QTiBKBx�iBQM

bQHp2` *SG1sX h?2`27Q`2- i?2 T`QTQb2/ a�@.a�S �H;Q`Bi?K Bb 2z2+iBp2 7Q` bQHpBM; i?2

j.u�ShX

RyR



Ryk



CHAPTER 4

CONCLUSIONS AND FUTURE RESEARCH

9XR *QM+HmbBQMb

h?Bb i?2bBb bim/B2b irQ QTiBKBx�iBQM T`Q#H2Kb 7Q` v�`/ bT�+2 �HHQ+�iBQM i?�i +QMbB/2`

i?2 iBK2 /BK2MbBQMX h?2 }`bi T`Q#H2K �BKb iQ QTiBKBx2 iQi�H i`�p2HBM; /Bbi�M+2 �M/ iBK2

/2pB�iBQM #v i�FBM; BMiQ �++QmMi i?2 HQ+�iBQM �M/ ?�M/HBM; iBK2 Q7 2�+? bm##HQ+F `2b2`p2/

7Q` � i`�Mbb?BTK2Mi p2bb2HX h?2 b2+QM/ T`Q#H2K �BKb iQ BKT`Qp2 i?2 bT�+2 miBHBx�iBQM Q7

� bBM;H2 #HQ+F #v ~2tB#H2 �HHQ+�iBQM Q7 i?2 biQ`�;2 bT�+2 7Q` 2�+? `2[m2biX
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+`�M2 �bbB;MK2Mi T`Q#H2K, a2i T�`iBiBQMBM; KQ/2Hb �M/ +QKTmi�iBQM�H `2bmHibX h`�Mb@

TQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b �M/ h`�MbTQ`i�iBQM _2pB2r 3R- d8ĜNdX

CB- CX- C2M;- JX- RNNyX "BM@T�+FBM; �/Dmbi�#H2 `2+i�M;H2b �M/ �TTHB+�iBQMb iQ i�bF b+?2/mH@

BM; QM T�`iBiBQM�#H2 T�`�HH2H +QKTmi2`b- BM, S`Q+22/BM;b Q7 i?2 a2+QM/ A111 avKTQbBmK

QM S�`�HH2H �M/ .Bbi`B#mi2/ S`Q+2bbBM; RNNy- A111X TTX jRkĜjR8X

CB�M;- sX- *?2r- 1XSX- G22- GX>X- h�M- EX*X- kyRk�X 6H2tB#H2 bT�+2@b?�`BM; bi`�i2;v 7Q`

biQ`�;2 v�`/ K�M�;2K2Mi BM � i`�Mbb?BTK2Mi ?m# TQ`iX P_ aT2+i`mK j8- 9RdĜ9jNX

RyN



CB�M;- sX- *?2r- 1XSX- G22- GX>X- h�M- EX*X- kyR9X a?Q`i@i2`K bT�+2 �HHQ+�iBQM 7Q` biQ`�;2

v�`/ K�M�;2K2Mi BM � i`�Mbb?BTK2Mi ?m# TQ`iX P_ aT2+i`mK je- 3dNĜNyRX

CB�M;- sX- G22- GX>X- *?2r- 1XSX- >�M- uX- h�M- EX*X- kyRk#X � +QMi�BM2` v�`/ biQ`�;2

bi`�i2;v 7Q` BKT`QpBM; H�M/ miBHBx�iBQM �M/ QT2`�iBQM 2{+B2M+v BM � i`�Mbb?BTK2Mi ?m#

TQ`iX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? kkR- e9ĜdjX

CB�M;- sXCX- CBM- CX:X- kyRdX � #`�M+?@�M/@T`B+2 K2i?Q/ 7Q` BMi2;`�i2/ v�`/ +`�M2 /2THQv@

K2Mi �M/ +QMi�BM2` �HHQ+�iBQM BM i`�Mbb?BTK2Mi v�`/bX h`�MbTQ`i�iBQM _2b2�`+? S�`i

", J2i?Q/QHQ;B+�H N3- ekĜd8X

CBM- CX:X- G22- .X>X- *�Q- CXsX- kyReX aiQ`�;2 v�`/ K�M�;2K2Mi BM K�`BiBK2 +QMi�BM2`

i2`KBM�HbX h`�MbTQ`i�iBQM a+B2M+2 8y- RjyyĜRjRjX

CBM- CX:X- G22- .X>X- >m- >X- kyR8X h�+iB+�H #2`i? �M/ v�`/ i2KTH�i2 /2bB;M �i +QM@

i�BM2` i`�Mbb?BTK2Mi i2`KBM�Hb, � +QHmKM ;2M2`�iBQM #�b2/ �TT`Q�+?X h`�MbTQ`i�iBQM

_2b2�`+? S�`i 1, GQ;BbiB+b �M/ h`�MbTQ`i�iBQM _2pB2r dj- Re3ĜR39X

E�p2b?;�`- LX- >mvM?- LX- kyR8X AMi2;`�i2/ [m�v +`�M2 �M/ v�`/ i`m+F b+?2/mHBM; 7Q`

mMHQ�/BM; BM#QmM/ +QMi�BM2`bX AMi2`M�iBQM�H CQm`M�H Q7 S`Q/m+iBQM 1+QMQKB+b R8N-

Re3ĜRddX

E`2bb- .X- .Q`Mb2B72`- CX- C�2?M- 6X- kyRNX �M 2t�+i bQHmiBQM �TT`Q�+? 7Q` b+?2/mHBM;

+QQT2`�iBp2 ;�Mi`v +`�M2bX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? kdj- 3kĜRyRX

G22- "XEX- EBK- EX>X- kyRyX *QKT�`BbQM �M/ 2p�Hm�iBQM Q7 p�`BQmb +v+H2@iBK2 KQ/2Hb 7Q`

v�`/ +`�M2b BM +QMi�BM2` i2`KBM�HbX AMi2`M�iBQM�H CQm`M�H Q7 S`Q/m+iBQM 1+QMQKB+b Rke-

j8yĜjeyX

G22- .X>X- *�Q- CXsX- a?B- ZX- *?2M- CX>X- kyyNX � ?2m`BbiB+ �H;Q`Bi?K 7Q` v�`/ i`m+F

b+?2/mHBM; �M/ biQ`�;2 �HHQ+�iBQM T`Q#H2KbX h`�MbTQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b

�M/ h`�MbTQ`i�iBQM _2pB2r 98- 3RyĜ3kyX

GB- JXEX- uBT- hXGX- kyRjX CQBMi TH�MMBM; 7Q` v�`/ biQ`�;2 bT�+2 �M/ ?QK2 #2`i?b BM

+QMi�BM2` i2`KBM�HbX AMi2`M�iBQM�H CQm`M�H Q7 S`Q/m+iBQM _2b2�`+? 8R- jR9jĜjR88X
RRy



GB- qX- qm- uX- S2i2`BM;- JX1X>X- :Q?- JX- aQmx�- _X/X- kyyNX .Bb+`2i2 iBK2 KQ/2H

�M/ �H;Q`Bi?Kb 7Q` +QMi�BM2` v�`/ +`�M2 b+?2/mHBM;X 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H

_2b2�`+? RN3- Re8ĜRdkX

GBK- �X- sm- wX- kyyeX � +`BiB+�H@b?�FBM; M2B;?#Q`?QQ/ b2�`+? 7Q` i?2 v�`/ �HHQ+�iBQM

T`Q#H2KX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? Rd9- Rk9dĜRk8NX

GBm- *X- kykyX Ai2`�iBp2 ?2m`BbiB+ 7Q` bBKmHi�M2Qmb �HHQ+�iBQMb Q7 #2`i?b- [m�v +`�M2b-

�M/ v�`/b mM/2` T`�+iB+�H bBim�iBQMbX h`�MbTQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b �M/

h`�MbTQ`i�iBQM _2pB2r Rjj- RyR3R9X

GBm- *X- w?�M;- *X- w?2M;- GX- kyReX � #B@Q#D2+iBp2 KQ/2H 7Q` `Q#mbi v�`/ �HHQ+�iBQM

b+?2/mHBM; 7Q` Qmi#QmM/ +QMi�BM2`bX 1M;BM22`BM; PTiBKBx�iBQM 9N- RRjĜRj8X

GmQ- CX- qm- uX- J2M/2b- �X"X- kyReX JQ/2HHBM; Q7 BMi2;`�i2/ p2?B+H2 b+?2/mHBM; �M/

+QMi�BM2` biQ`�;2 T`Q#H2Kb BM mMHQ�/BM; T`Q+2bb �i �M �miQK�i2/ +QMi�BM2` i2`KBM�HX

*QKTmi2`b AM/mbi`B�H 1M;BM22`BM; N9- jkĜ99X

J�- >XGX- *?mM;- aX>X- *?�M- >XEX- *mB- GX- kyRdX �M BMi2;`�i2/ KQ/2H 7Q` #2`i? �M/

v�`/ TH�MMBM; BM +QMi�BM2` i2`KBM�Hb rBi? KmHiB@+QMiBMmQmb #2`i? H�vQmiX �MM�Hb Q7

PT2`�iBQMb _2b2�`+? kdj- 9yNĜ9jRX

J�`i2HHQ- aX- SBbBM;2`- .X- oB;Q- .X- kyyyX h?2 i?`22@/BK2MbBQM�H #BM T�+FBM; T`Q#H2KX

PT2`�iBQMb _2b2�`+? 93- k8eĜkedX

J�`iBM �H+�H/2- 1X- EBK- EX>X- J�`+?�M- aXaX- kyR8X PTiBK�H bT�+2 7Q` biQ`�;2 v�`/ +QM@

bB/2`BM; v�`/ BMp2MiQ`v 7Q`2+�bib �M/ i2`KBM�H T2`7Q`K�M+2X h`�MbTQ`i�iBQM _2b2�`+?

S�`i 1, GQ;BbiB+b �M/ h`�MbTQ`i�iBQM _2pB2r 3k- RyRĜRk3X

Jm`�i�- >X- 6mDBvQb?B- EX- L�F�i�F2- aX- E�DBi�MB- uX- RNNeX oHbB KQ/mH2 TH�+2K2Mi #�b2/

QM `2+i�M;H2@T�+FBM; #v i?2 b2[m2M+2@T�B`X A111 h`�Mb�+iBQMb QM *QKTmi2`@�B/2/

.2bB;M Q7 AMi2;`�i2/ *B`+mBib �M/ avbi2Kb R8- R8R3ĜR8k9X

L;- qX- J�F- EX- GB- JX- kyRyX u�`/ TH�MMBM; 7Q` p2bb2H b2`pB+2b rBi? � +v+HB+�H +�HHBM;

T�ii2`MX 1M;BM22`BM; PTiBKBx�iBQM 9k- RyjNĜRy89X
RRR



L;- qX*X- kyy8X *`�M2 b+?2/mHBM; BM +QMi�BM2` v�`/b rBi? BMi2`@+`�M2 BMi2`72`2M+2X 1m@

`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? Re9- e9Ĝd3X

LBm- "X- sB2- hX- h�M- GX- "B- uX- q�M;- wX- kyReX ar�`K BMi2HHB;2M+2 �H;Q`Bi?Kb 7Q` v�`/

i`m+F b+?2/mHBM; �M/ biQ`�;2 �HHQ+�iBQM T`Q#H2KbX L2m`Q+QKTmiBM; R33- k39ĜkNjX

LQbb�+F- CX- "`BbFQ`M- .X- S2b+?- 1X- kyR3X *QMi�BM2` /BbT�i+?BM; �M/ +QM~B+i@7`22 v�`/

+`�M2 `QmiBM; BM �M �miQK�i2/ +QMi�BM2` i2`KBM�HX h`�MbTQ`i�iBQM a+B2M+2 8k- Ry8NĜ

RydeX

S�`F- hX- *?Q2- _X- >mM EBK- uX- _v2H _vm- EX- kyRRX .vM�KB+ �/DmbiK2Mi Q7 +QMi�BM2`

bi�+FBM; TQHB+v BM �M �miQK�i2/ +QMi�BM2` i2`KBM�HX AMi2`M�iBQM�H CQm`M�H Q7 S`Q/m+iBQM

1+QMQKB+b Rjj- j38ĜjNkX

S2i2`BM;- JX1X>X- qm- uX- GB- qX- :Q?- JX- /2 aQmx�- _X- Jm`iv- EX:X- kyReX _2�H@iBK2

+QMi�BM2` biQ`�;2 HQ+�iBQM �bbB;MK2Mi �i � b2�TQ`i +QMi�BM2` i`�Mbb?BTK2Mi i2`KBM�H,

/BbT2`bBQM H2p2Hb- v�`/ i2KTH�i2b- �M/ b2MbBiBpBiv �M�Hvb2bX 6H2tB#H2 a2`pB+2b �M/ J�M@

m7�+im`BM; CQm`M�H kN- jeNĜ9ykX

_Q#2M2F- hX- lK�M;- LX- "B2`H�B`2- JX- _QTF2- aX- kyR9X � #`�M+?@�M/@T`B+2 �H;Q`Bi?K

iQ bQHp2 i?2 BMi2;`�i2/ #2`i? �HHQ+�iBQM �M/ v�`/ �bbB;MK2Mi T`Q#H2K BM #mHF TQ`ibX

1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? kj8- jNNĜ9RRX

a?�`B7- PX- >mvM?- LX- kyRjX aiQ`�;2 bT�+2 �HHQ+�iBQM �i K�`BM2 +QMi�BM2` i2`KBM�Hb mbBM;

�Mi@#�b2/ +QMi`QHX 1tT2`i avbi2Kb rBi? �TTHB+�iBQMb 9y- kjkjĜkjjyX

a?�`B7- PX- >mvM?- LX- *?Qr/?m`v- JX- oB/�H- CXJX- kyRkX �M �;2Mi@#�b2/ bQHmiBQM

7`�K2rQ`F 7Q` BMi2`@#HQ+F v�`/ +`�M2 b+?2/mHBM; T`Q#H2KbX AMi2`M�iBQM�H CQm`M�H Q7

h`�MbTQ`i�iBQM a+B2M+2 �M/ h2+?MQHQ;v R- RyNĜRjyX

aBHp�- 1X6X- q�mi2`b- hX- 2i �HX- kyRNX 1t�+i K2i?Q/b 7Q` i?`22@/BK2MbBQM�H +miiBM; �M/

T�+FBM;, � +QKT�`�iBp2 bim/v +QM+2`MBM; bBM;H2 +QMi�BM2` T`Q#H2KbX *QKTmi2`b �

PT2`�iBQMb _2b2�`+? RyN- RkĜkdX

RRk



aT22`- lX- 6Bb+?2`- EX- kyRdX a+?2/mHBM; Q7 /Bz2`2Mi �miQK�i2/ v�`/ +`�M2 bvbi2Kb �i

+QMi�BM2` i2`KBM�HbX h`�MbTQ`i�iBQM a+B2M+2 8R- jy8Ĝjk9X

h�/mK�/x2- :X- "Qvb2M- LX- 1K/2- aX- q2B/BM;2`- 6X- kyRNX AMi2;`�i2/ i`m+F �M/ rQ`F@

7Q`+2 b+?2/mHBM; iQ �++2H2`�i2 i?2 mMHQ�/BM; Q7 i`m+FbX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H

_2b2�`+? kd3- j9jĜjekX

h�M- *X- >2- CX- q�M;- uX- kyRdX aiQ`�;2 v�`/ K�M�;2K2Mi #�b2/ QM ~2tB#H2 v�`/ i2KTH�i2

BM +QMi�BM2` i2`KBM�HX �/p�M+2/ 1M;BM22`BM; AM7Q`K�iB+b j9- RyRĜRRjX

h�M- *XJX- >2- CXGX- kyReX AMi2;`�i2/ v�`/ bT�+2 �HHQ+�iBQM �M/ v�`/ +`�M2 /2THQvK2Mi

T`Q#H2K BM `2bQm`+2@HBKBi2/ +QMi�BM2` i2`KBM�HbX a+B2MiB}+ S`Q;`�KKBM; kyRe- RĜRkX

h�M;- GX- w?�Q- CX- GBm- CX- kyR9X JQ/2HBM; �M/ bQHmiBQM Q7 i?2 DQBMi [m�v +`�M2 �M/ i`m+F

b+?2/mHBM; T`Q#H2KX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? kje- Nd3ĜNNyX

h�Q- uX- G22- *XuX- kyR8X CQBMi TH�MMBM; Q7 #2`i? �M/ v�`/ �HHQ+�iBQM BM i`�Mbb?BTK2Mi i2`@

KBM�Hb mbBM; KmHiB@+Hmbi2` bi�+FBM; bi`�i2;vX h`�MbTQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b

�M/ h`�MbTQ`i�iBQM _2pB2r 3j- j9Ĝ8yX

oBb- AX6X�X- *�`HQ- >XCX- kyRyX a2[m2M+BM; irQ +QQT2`�iBM; �miQK�i2/ bi�+FBM; +`�M2b BM

� +QMi�BM2` i2`KBM�HX h`�MbTQ`i�iBQM a+B2M+2 99- ReNĜR3kX

q�M;- EX- w?2M- GX- q�M;- aX- G�TQ`i2- :X- kyR3X *QHmKM ;2M2`�iBQM 7Q` i?2 BMi2;`�i2/

#2`i? �HHQ+�iBQM- [m�v +`�M2 �bbB;MK2Mi- �M/ v�`/ �bbB;MK2Mi T`Q#H2KX h`�MbTQ`i�iBQM

a+B2M+2 8k- 3RkĜ3j9X

q�M;- uX- CB�M;- sX- G22- GX>X- *?2r- 1XSX- h�M- EX*X- kyRdX h`22 #�b2/ b2�`+?BM; �T@

T`Q�+?2b 7Q` BMi2;`�i2/ p2?B+H2 /BbT�i+?BM; �M/ +QMi�BM2` �HHQ+�iBQM BM � i`�Mbb?BTK2Mi

?m#X 1tT2`i avbi2Kb rBi? �TTHB+�iBQMb d9- RjNĜR8yX

q2B- GX- PQM- qX*X- w?m- qX- GBK- �X- kyRRX � bFvHBM2 ?2m`BbiB+ 7Q` i?2 k/ `2+i�M;mH�`

T�+FBM; �M/ bi`BT T�+FBM; T`Q#H2KbX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? kR8-

jjdĜj9eX

RRj



qQM- aX>X- w?�M;- sX- EBK- EX>X- kyRRX qQ`FHQ�/@#�b2/ v�`/@TH�MMBM; bvbi2K BM +QM@

i�BM2` i2`KBM�HbX CQm`M�H Q7 AMi2HHB;2Mi J�Mm7�+im`BM; kj- kRNjĜkkyeX

qm- uX- GB- qX- :Q?- JX- /2 aQmx�- _X- kyRyX h?`22@/BK2MbBQM�H #BM T�+FBM; T`Q#H2K

rBi? p�`B�#H2 #BM ?2B;?iX 1m`QT2�M DQm`M�H Q7 QT2`�iBQM�H `2b2�`+? kyk- j9dĜj88X

qm- uX- GB- qX- S2i2`BM;- JX1X>X- :Q?- JX- aQmx�- _X/X- kyR8X a+?2/mHBM; KmHiBTH2 v�`/

+`�M2b rBi? +`�M2 BMi2`72`2M+2 �M/ b�72iv /Bbi�M+2 `2[mB`2K2MiX h`�MbTQ`i�iBQM a+B2M+2

9N- NNyĜRyy8X

u�M;- uX- w?QM;- JX- .2bbQmFv- uX- SQbiQH�+?2- PX- kyR3X �M BMi2;`�i2/ b+?2/mHBM;

K2i?Q/ 7Q` �;p `QmiBM; BM �miQK�i2/ +QMi�BM2` i2`KBM�HbX *QKTmi2`b AM/mbi`B�H 1M@

;BM22`BM; Rke- 93kĜ9NjX

um- >X- :2- uX1X- *?2M- CX- GmQ- GX- GBm- .X- h�M- *X- kyRdX AM+Q`TQ`�iBM; +QMi�BM2` HQ+�@

iBQM /BbT2`bBQM BMiQ 2p�Hm�iBM; ;+` T2`7Q`K�M+2 �i � i`�Mb?BTK2Mi i2`KBM�HX J�`BiBK2

SQHB+v J�M�;2K2Mi 98- ddyĜd3eX

um- JX- ZB- sX- kyRjX aiQ`�;2 bT�+2 �HHQ+�iBQM KQ/2Hb 7Q` BM#QmM/ +QMi�BM2`b BM �M

�miQK�iB+ +QMi�BM2` i2`KBM�HX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+? kke- jkĜ98X

w?�M;- *X- GBm- CX- q�M- uXrX- Jm`iv- EX:X- GBMM- _XCX- kyyjX aiQ`�;2 bT�+2 �HHQ+�iBQM BM

+QMi�BM2` i2`KBM�HbX h`�MbTQ`i�iBQM _2b2�`+? S�`i ", J2i?Q/QHQ;B+�H jd- 33jĜNyjX

w?�M;- *XZX- q�M- uXqX- GBm- CXuX- GBMM- _XCX- kyykX .vM�KB+ +`�M2 /2THQvK2Mi BM

+QMi�BM2` biQ`�;2 v�`/bX h`�MbTQ`i�iBQM _2b2�`+? S�`i "@J2i?Q/QHQ;B+�H je- 8jdĜ888X

w?2M- GX- kyR9X *QMi�BM2` v�`/ i2KTH�i2 TH�MMBM; mM/2` mM+2`i�BM K�`BiBK2 K�`F2iX

h`�MbTQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b �M/ h`�MbTQ`i�iBQM _2pB2r eN- RNNĜkRdX

w?2M- GX- kyReX JQ/2HBM; Q7 v�`/ +QM;2biBQM �M/ QTiBKBx�iBQM Q7 v�`/ i2KTH�i2 BM +QM@

i�BM2` TQ`ibX h`�MbTQ`i�iBQM _2b2�`+? S�`i ", J2i?Q/QHQ;B+�H Ny- 3jĜRy9X

w?2M- GX- *?2r- 1XSX- G22- GX>X- kyRRX �M BMi2;`�i2/ KQ/2H 7Q` #2`i? i2KTH�i2 �M/ v�`/

i2KTH�i2 TH�MMBM; BM i`�Mbb?BTK2Mi ?m#bX h`�MbTQ`i�iBQM a+B2M+2 98- 93jĜ8y9X

RR9



w?2M- GX- >m- >X- q�M;- qX- a?B- sX- J�- *X- kyR3X *`�M2b b+?2/mHBM; BM 7`�K2 #`B/;2b

#�b2/ �miQK�i2/ +QMi�BM2` i2`KBM�HbX h`�MbTQ`i�iBQM _2b2�`+? S�`i *, 1K2`;BM; h2+?@

MQHQ;B2b Nd- jeNĜj39X

w?2M- GX- sm- wX- q�M;- EX- .BM;- uX- kyReX JmHiB@T2`BQ/ v�`/ i2KTH�i2 TH�MMBM; BM

+QMi�BM2` i2`KBM�HbX h`�MbTQ`i�iBQM _2b2�`+? S�`i ", J2i?Q/QHQ;B+�H Nj- dyyĜdRNX

w?Qm- *X- *?2r- 1XSX- G22- GX>X- kyR3X AM7Q`K�iBQM@#�b2/ �HHQ+�iBQM bi`�i2;v 7Q` ;`B/@

#�b2/ i`�Mbb?BTK2Mi �miQK�i2/ +QMi�BM2` i2`KBM�HX h`�MbTQ`i�iBQM a+B2M+2 8k- dydĜ

dkRX

w?Qm- *X- G22- "XEX- GB- >X- kyky�X AMi2;`�i2/ QTiBKBx�iBQM QM v�`/ +`�M2 b+?2/mHBM; �M/

p2?B+H2 TQbBiBQMBM; �i +QMi�BM2` v�`/bX h`�MbTQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b �M/

h`�MbTQ`i�iBQM _2pB2r Rj3X

w?Qm- *X- q�M;- qX- GB- >X- kyky#X *QMi�BM2` `2b?m|BM; +QMbB/2`2/ bT�+2 �HHQ+�iBQM

T`Q#H2K BM +QMi�BM2` i2`KBM�HbX h`�MbTQ`i�iBQM _2b2�`+? S�`i 1, GQ;BbiB+b �M/ h`�Mb@

TQ`i�iBQM _2pB2r Rje- RyR3eNX
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APPENDIX A

NP-HARD PROOF OF THE 3DYAPT IN

CHAPTER 3

h?2 LS@?�`/M2bb Q7 j.u�Sh Bb T`Qp2/ #v `2/m+BM; Bi 7`QK i?2 r2HH@FMQrM LS@?�`/

"BM S�+FBM; S`Q#H2K U"SSVX h?2 /2+BbBQM p2`bBQM Q7 "SS +�M #2 /2b+`B#2/ �b 7QHHQrb,

G2i R #2 � b2i Q7 n `2+i�M;H2b R1, R2, . . . , Rn rBi? }t2/ Q`B2Mi�iBQMb- r?Qb2 H2M;i?b �M/

rB/i?b �`2 }t2/ BMi2;2`b- BX2X- Ri = (li, wi)- li, wi �`2 BMi2;2`bX � T�+FBM; Q7 R Bb i?2 MQM@

Qp2`H�TTBM; Q`i?Q;QM�H TH�+2K2Mi Q7 i?2b2 `2+i�M;H2b BMiQ � `2+i�M;mH�` b?22i B rBi? ;Bp2M

H2M;i? L �M/ rB/i? W X h?2 Q#D2+iBp2 Q7 i?Bb /2+BbBQM p2`bBQM "SS Bb iQ /2+B/2 r?2i?2`

R +�M #2 T�+F2/ BMiQ i?2 ;Bp2M b?22i BX Jm`�i� 2i �HX URNNeV T`Qp2/ i?Bb /2+BbBQM p2`bBQM

"SS iQ #2 LS@?�`/X

q2 +�M `2/m+2 i?2 "SS iQ i?2 j.u�ShX� bT2+B�H +�b2 Q7 i?2 j.u�Sh Bb /2bB;M2/

�b 7QHHQrb, �HH `2[m2bib �``Bp2 �i i?2 b�K2 iBK2 �M/ H2�p2 �i i?2 b�K2 /2T�`im`2 iBK2X

1�+? `2[m2bi Q++mTB2b i?2 v�`/ bT�+2 7Q` QMHv QM2 iBK2 mMBiX �++Q`/BM;Hv- i?2 iQi�H

H2M;i? Q7 i?2 TH�MMBM; ?Q`BxQM Bb 2[m�H iQ QM2 iBK2 mMBiX h?mb- i?2 iBK2 /BK2MbBQM Q7 i?2

T`Q#H2K +�M #2 B;MQ`2/ BM i?Bb bT2+B�H +�b2X �HbQ- i?2 MQM@/2+`2�bBM; +QMbi`�BMi +�M #2

`2/m+2/ rBi?Qmi i?2 iBK2 /BK2MbBQMX q2 QMHv +QMbB/2` i?2 MQM@Qp2`H�TTBM; �M/ i?2 v�`/

#QmM/�`v +QMbi`�BMib BM i?Bb bT2+B�H +�b2X 6Q` 2�+? `2[m2bi Ri �i iBK2 t- Bi ?�b � bi�+F St
i

r?B+? Bb +Q``2bTQM/BM; iQ � T`QD2+i2/ �`2� At
i �7i2` `2/m+BM; i?2 ?2B;?i /BK2MbBQM- BX2X-

lti × wt
i ≥ At

i- lti, wt
i Bb i?2 H2M;i? �M/ rB/i? Q7 bi�+F St

i X AM i?Bb T`Q#H2K- i?2 b?�T2 Q7

� bi�+F +�M #2 KQ/B}2/- i?�i Bb- 7Q` 2�+? bi�+F St
i �M/ Bib +Q``2bTQM/BM; T`QD2+i2/ �`2�

At
i- i?2 H2M;i? �M/ rB/i? Q7 i?2 bi�+F Bb +?�M;2�#H2- BX2X- lti ≤ lti ≤ lti- wt

i ≤ wt
i ≤ wt

i X AM

i?Bb bT2+B�H +�b2- i?2 HQr2` #QmM/ �M/ mTT2` #QmM/ �`2 b2i 2[m�H 7Q` 2�+? lti �M/ wt
i - BX2X-

lti = lti = lti- wt
i = wt

i = wt
i - r?B+? BM/B+�i2b i?�i i?2 b?�T2 Q7 bi�+Fb Bb }t2/ 7Q` 2�+?

`2[m2biX h?mb- i?2 Q#D2+iBp2 Q7 i?Bb bT2+B�H +�b2 Bb iQ }M/ i?2 KBMBKmK `2+i�M;mH�` bT�+2

i?�i +�M +Qp2` �HH i?2 `2[m2bibX :Bp2M � bT2+B}2/ �`2� a- r2 +�M Q#i�BM � `2+i�M;mH�`
RRd



bT�+2 Sa rBi? rB/i? Wa �M/ H2M;i? La BM i?2 2M+HQb2/ v�`/X h?2 rB/i? �M/ H2M;i? �`2

BM `�M;2 Wa ≤ Wa ≤ Wa �M/ La ≤ La ≤ La bm+? i?�i Wa × La = aX Ai 7QHHQrb i?�i i?2

bT2+B�H +�b2 Q7 i?2 T`Q#H2K `2�+?2b i?2 KBMBKmK �`2� 2p2` mb2/ #v �HH `2[m2bib B7 �M/ QMHv

B7 i?2 "SS ?�b � 72�bB#H2 T�+FBM;- �M/ i?2`27Q`2 i?Bb T�`iB+mH�` +�b2 Bb LS@?�`/X >2M+2-

i?2 j.u�Sh BM i?Bb T�T2` r?B+? +QMbB/2`b /Bz2`2Mi �``Bp�H �M/ /2T�`im`2 iBK2b- � HQM;2`

TH�MMBM; ?Q`BxQM �M/ ~2tB#H2 b?�T2b Q7 +QMi�BM2` bi�+Fb Bb �HbQ LS@?�`/X
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