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Abstract

The thesis explores linear quadratic (LQ) mean field (MF) large population

(LP) systems. Three topics are considered:

1. The MF social optima (which is also called MF team (MFT)) problem for

a LP system.

2. The MFT problem for a major-minor LP system.

3. The relation among the MF type control (MFC) problem, the MF game
(MFG) problem and the MFT problem.

In the first topic, the MF approximation method is applied to the social optimal
problem. In this problem, the agents’ states and strategies access the diffusion
terms. In addition, the control weight for the cost functional might be indefi-
nite. Firstly, we consider the convexity of the social cost functional. We derive
some low-dimensional criteria to determine this convexity via algebra analy-
sis. Secondly, under the person-by-person optimality principle, we apply some
stochastic variational techniques and MF approximation to obtain the decen-
tralized auxiliary control. Thirdly, to resolve the solvability of the consistency
condition, which is represented as a MF forward-backward stochastic differen-
tial equations (MF-FBSDEs) system, we apply the decentralizing method to
convert it to a general FBSDEs system. Furthermore, we apply the decoupling
method and obtain a Riccati equation. Lastly, because the agent states access

the diffusion term, we should consider the convergence of the average of a se-
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ries of weakly coupled BSDEs. Through the decoupling method, we obtain two

Lyapunov equations, and their uniform boundness ensure the convergence.

In the second topic, the social optima of the major-minor LP system are con-
sidered. In our model, a considerable number of minor agents are cooperative
to minimize the social cost as the sum of individual costs, while the major
agent and minor agents competitively aim for Nash equilibrium. Moreover, as
in topic one, the agents’ states and strategies access the diffusion terms, and
this brings essential difficulty to the proof of asymptotic optimality. In our
research, we firstly study the decentralized control of the major agent. By
freezing the minor state-average, we obtain the auxiliary control problem for
the major agent. Furthermore, under the person-by-person optimality principle
and applying some MF approximation, we obtain the auxiliary control prob-
lems for the minor agents. The consistency condition is also a MF-FBSDEs
system. The well-posedness of the consistency condition system is obtained by

the discounting method. The related asymptotic optimality is also verified.

In the third topic, we study the relation among the MFC, MFG and MFT
problems. Notably, the individual admissible controls are constrained in a lin-
ear subset. By introducing a new type of Riccati equation, we obtain a uniform
convexity condition which is weaker than the “standard condition” widely used
in previous literature. Also, using this new type of Riccati equation, we ob-
tain the constrained feedback form optimal control and MF strategies for MFC,
MFG and MFT problems respectively. Moreover, through analysing the corre-
sponding Hamiltonian systems of these three problems, it can be concluded that

under some mild conditions, the MF strategies of the MFG and MFT problems
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are equivalent to the optimal control of the MFC problem. Lastly, we also find
that the MF'T strategy obtained via the direct approaching method is identical

to that obtained by the fixed-point approaching method.
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Chapter 1 Introduction

1.1 Background

The purpose of this thesis is to study the mean field (MF) social optima problem
which also known as the MF team (MFT) problem, and the connections among
the MF type control (MFC) problem, the MF game (MFG) problem and the
MFT problem. A common feature shared by these three types of problems is
the existence of considerable interactive agents. Thus, such systems are also

called large population (LP) systems.

1.1.1 LP system

LP systems have been widely applied in various areas, including economics,
biology, engineering, and social science (see, [1} 2, 3]). The most salient feature
of the LP system is the existence of considerable insignificant agents whose
dynamics and cost functionals are interrelated via the state-average or control-
average. Although the effect of an individual agent is negligible, the combined
effects of their statistical behaviors cannot be ignored at the population scale.
Recently, the dynamic decisions of LP systems have attracted more attention

because of the rapid growth of practical models with large-scaled interactions.

However, when the number of agents is sufficiently large, we have to face two
severe problems: (i) Complex coupling features arise with the growth of the
population and it is unrealistic for a given agent to obtain all other agents’
information (centralizing information) to solve this coupling problem. (ii) Be-

cause of the coupling structure, a large population leads to high dimensionality



and is thus subjected to the so-called “curse of dimensionality” (see [4,5]). As a
consequence, the computational complexity increases exponentially in practical

numerical analysis.

Consequently, the MF method has drawn increasing research attention because
it provides an effective scheme to obtain an asymptotically optimal decentralized
controls based on the limited information of individual agents with a much
lower computational burden. In particular, via the MF method, each agent
takes advantage of MF interaction to transform the analysis of the original LP
problem (centralizing and high-dimensional) to an optimization problem of itself
(decentralized and low-dimensional) with responding to aggregation effects of
the other agents. Interested reader are referred to [0, [7] for application of the
MF method in economics, [8, [0, 10] in engineering, [I1), 12] in biology, as well

as [13] 14] in management science and operational research.

1.1.2 MFG problem

The MF method has also been widely applied in games model framework (see
[T, 2 15, [14], 16]). The agents in these aforementioned works are competitive,
and thus we call such models MFG. The derivation of MFG can be traced
back to the parallel works of Lasry and Lions [16] and Huang, Caines, and
Malhamé [14]. Specifically, in [I4] an e-Nash equilibrium is designed via the
Nash certainty equivalence (NCE) approach which is also called the consistency

condition (CC).

In [16], MFG is studied using two limiting coupled partial differential equation
systems which are inspired by physical particle systems. The first one is the

Hamilton-Jacobi-Bellman equation which describes the reaction of agents to



the population aggregation. The second one is the Fokker-Planck-Kolmogorov
equation which describes the behaviors of population aggregations. For more
detailed discussion of MFG, interested readers are referred to [17, [18, [19] for
linear-quadratic-Gaussian (LQG) MFG; [20] for probabilistic analysis in MFG;
[21] for risk-sensitive MFG; [22] for discrete-time MFG; and [23, 24, 25] for
robust MFG.

1.1.3 MFT problem

Apart from noncooperative MFG, cooperative multi-agent decision problems
(social optima) are also a research hotspot due to interest in their theoretical
analysis and real application potentials. In the MFT problems, all agents usually
work cooperatively to minimize a social cost which is generally framed as the

sum of the N individual costs containing MF coupling.

The recent research into MF'T largely follows two routes. One is called the fixed-
point approach. Usually each agent first establishes an auxiliary control problem
through applying the variational method, duality and MF approximations to the
social cost functional. Then by solving the auxiliary control problem, the agent
can obtain an auxiliary optimal control involving some pre-frozen MF terms.
Lastly the agent would determine the MF terms by formalizing a fixed-point
problem and this is why it is called the fixed-point approach. For more details

of the fixed-point approach method, readers are referred to [15], 26, 14, 27].

The other route is called the direct approach, where each agent starts by di-
rectly formally solving the MFT problem as a high dimensional control problem.
Usually, an optimal control equation with feedback form representation would

be obtained via some “Riccati-type” equations which would converge to some



standard Riccati equations. The next step is to derive the limit of optimal
control via the limiting Riccati equations as the population size tends to infin-
ity. For more discussion of the direct approach method, readers are referred to

[28, 29, 30].

Existing MFT studies are tremendously rich and for more comprehensive de-
tails, interested readers may refer to [27] for the centralized and decentralized
controls in a linear-quadratic-Gaussian (LQG) MFT problem where the asymp-
totic optimality of the MF strategies is also illustrated; [31] for the MF social
solution to consensus problems; [32] for social optima of MF LQG control mod-
els with Markov jump parameters; and [33] for an LQG MFT problem involving
a major player.

1.1.4 MFC problem

In the aforementioned MFT problem, each agent has the free will to choose
its own control. On the other hand, if one considers a system of interacting
agents under centralized control, then it would lead to a MFC problem (see
[34, 35, [36]). Such a MFC problem shares a similar form to that proposed in
MFT problem, but the MF term is now uniformly determined by a centralizing
system instead of being affected by the aggregation of the population. The
MFC problem is aimed at assigning a strategy to all agents at once, such that
the resulting population behavior is optimal with respect to the costs imposed
on a central planner. In the MFC problem, the MF term is influenced by the
agent individually, and the problem is thus a control problem. Indeed, the state
equation also contains the probability distribution of the state and thus is called
the McKean—Vlasov SDE, a kind of MF forward stochastic differential equation

(MF-FSDE), which was suggested by Kac [37] in 1956 as a stochastic toy model



for the Vlasov kinetic equation of plasma, and a study of this was initiated by
McKean [38] in 1966.

1.2 Contributions and organization of the thesis

As for the novelty, this thesis mainly considers the MF method in LP systems.

Details can be summarized as follows:

1.2.1 Contributions and organization of chapter 2

In Chapter 2, we consider the social optima problem in a weakly-coupled LP
system with NV individual agents. Our setup has the following features in its

structure.

e All agents are highly interactive and coupled in their dynamics and cost
functionals due to the presence of the state-average (™. In particular,
the individual cost functionals depend on v = {uy, ug, - - - , u,}, the control
profile of all agents owning to such weak-coupling. Thus, all agents frame
a LP system of MF type. Such a system arises in various fields, as seen
in [1], [20], [39], [40], [16] and [41]. Because of such MF structure, the
related dynamic optimization is subject to the curse of dimensionality
and complexity in numerical computation. Consequently, decentralized
controls which are based on the local information set will be used instead
of centralized controls which are based on the full information set. Note
that the decentralized control for multi-agent system are well documented

in literature (see [I1], [14], [26] [42]).

e Unlike the noncooperative game in [43], [44], [45], where agents try to min-
imize their own individual cost functionals, all agents in our model aim

to minimize the social cost functional which is the summation of the cost



functionals of all agents. Thus, the relevant analysis is also very different:
all agents aim to reach the same criteria of social (Pareto) optimality.
They are seeking social optimal points instead of the Nash equilibrium.
Also, in the presence of weakly-coupled interactive agents, some varia-
tional analysis should be applied to the person-by-person optimality to
obtain some necessary condition for such Pareto optimality criteria. Note

that social optima is also well studied in literature, and readers can refer

to [46], [47], [48],[49], [50], [51].

e Based on the state dynamics and cost functional, our work should be
framed as a MF social optima problem with numerous cooperative agents.
Note that such kind of problems have drawn increasing research attention
in recent years, see [27], [52] on LQG social optima with constant noise,
[32] for related analysis in Markov LQG setup, [53] for related analysis in
economic social welfare problem and [52] for robust LQG social optima

with drift uncertainty:.

Note that, in our state dynamics, a generalized setting is considered. The state
process x;(-), control process u;(-) and state-average =™ enter the diffusion
term when C, D, F # 0, while in the recent research of MF social optima
(see [14], [52], [30]), only constant volatility situation is studied. In particular,
when D # 0, the diffusion term is dependent on the control directly, and the re-
lated LQG problem can be referred to as a multiplicative-noise control problem.
The inclusion of the control variable in diffusion is well motivated by various
real applications. One such example comes from the well-known mean-variance

portfolio problem ([54], [55], [56], [57]) where the control process (risky portfo-



lio allocation) naturally enters the dynamics for given wealth process. There is
various literature on the discussion of related LQG problems, and readers can

refer to [58], [59], [60], [61], [62].

Our control-dependent setup is different from [63], [43], [14], [27], [52] in which
D = 0 and only drift is directly control-dependent. Such problems can be
referred as additive-noise LQG control problem, and has already been well in-
vestigated (see [43], [14], [41], [32]). In principle, the additive-noise problem has
no essential distinction to deterministic or constant volatility LQG (see [43],
[27], [52]). Actually, with the help of constant variation method and separable
property for linear system, the state can be represented by linear functional on

state and control separately.

Besides, in this chapter, the weight matrices of the cost functional are indefinite.
Recently, the LQG frameworks with indefinite weight matrices have been stud-
ied extensively in [58] and [59]. This setting has some interesting applications
in mathematical finance (see [62], [57]). However, in recent literature on social
optima (e.g., [27], [52], [30]), only positive semi-definite weight is considered.
Consequently, our research might be the first to formulate a social optima prob-
lem under such generalized setting with realistic significance. However, such

extension also brings some practical difficulties to our research.

Compared with previous works, the difficulties appear in our research are as

follows:

1. In contrast with the conditions in [63], [27], [44], [52], the weight coeffi-

cients in our model can be indefinite, and the convexity of the social cost



functional need to be discussed. Unlike the MFG problem, where each
agent only aims to minimize its own low-dimensional personal cost func-
tional, our social optima problem is essentially a high-dimensional control
problem. Hence, due to the dimensionality, it is very difficult to verify
its convexity directly. However, the convexity is crucial to the problem
solvability (see [58]). In this chapter, we provide some low-dimensional
criteria for the convexity of the social cost functional using some algebraic

techniques.

. In general, for classic MFG problem (see [1], [17], [64]), the auxiliary
control problem can be obtained directly by freezing the state-average as
some deterministic term. However, in searching for the social optima,
this scheme will bring some ineffective strategy, which can not achieve the
asymptotic optimality. Thus, variational techniques are used to distin-
guish the high-order infinitesimals after MF approximation. In particular,
N + 1 additional dual processes need to be introduced to deal with the
cross-terms in the cost functional variation and a new type of auxiliary

control problem is derived.

. The proposed CC system in this chapter is a highly coupled MF forward-
backward stochastic differential equations (MF-FBSDESs) system, instead
of an ordinary differential equations (ODEs) system as in some other gen-
eral cases. Because C, F' # 0, the adjoint terms of the backward equations
enter the drift term. Thus, the dynamics of the MF terms cannot be ob-
tained by taking expectation. It is complicated to investigate its solvability

directly by decoupling method. Thus, by applying decentralizing method,



we transform it to a linear FBSDE system, and study the well-posedness

of the new system.

Unlike some previous works, such as [27], [52], [32], we use the linear
operator method and Fréchet derivative to prove the asymptotic social
optimality. Because C, F, F # 0, the error estimates are very hard to
obtain directly, since some of them are coupled without explicit expression.
To overcome such difficulty, we decouple them via Lyapunov equations and

estimate them in proper order.

The main contributions of this chapter are summarized as follows:

We setup a class of LQG control problem where both the drift and diffusion
terms are dependent on state process, control process and state-average,

as well as propose an approach for obtaining the social optimal solution.

By discussing the weight coefficients, some low-dimensional criteria for
the convexity of the social cost functional, which is a high-dimensional

system, are obtained.

A highly coupled CC system (MF-FBSDE) is transformed to an equivalent
FBSDE by decentralizing transformation. The existence and uniqueness

of the CC system solution is characterized by a Riccati equation.

By using the perturbation method to analyse the Fréchet derivative of cost
functional, the decentralized MF strategies we derived are proved to be

asymptotically optimal. In addition, to prove its asymptotical optimality,



we apply some classical estimates of SDEs, and investigate the optimality

loss.

Chapter 2 is organized as follows: In Section 2.1, we formulate the social op-
timal LQG control problem. In Section 2.2, the convexity of the social cost
functional is discussed. We construct an auxiliary optimal control problem
based on person-by-person optimality and design the decentralized control in
Section 2.3 and Section 2.4 respectively. In Section 2.5, some prior lemmas are
given, and based on them the asymptotic social optimality is proved. A numer-
ical example is provided to simulate the efficiency of decentralized control in

Section 2.6. Section 2.7 conclude this chapter.

1.2.2 Contributions and organization of Chapter |3

In Chapter 3, within the MF modeling, we investigate a new class of stochastic
LQG optimization problems involving a major agent and a large number of
weakly-coupled minor agents. Specifically, the minor agents are cooperative to
minimize the social cost as the sum of individual costs, while the major agent
and minor agents are competitive, aiming for Nash equilibrium in a nonzero-
sum game manner. To the best of our knowledge, this is the first time this
kind of problem is being studied. In MFG problems, the major agent and all
the minor agents are competitive so as to achieve a Nash equilibrium; while in
social optimal problems, all the agents are cooperative to find the social optimal
strategies. Besides the new framework, our study also offers other new features.
For instance, in the state equations of the major agent and minor agents, the

control process enters both the drift and diffusion coefficients.
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Our setup is an extension of the well-studied two-player (non-cooperative) game
in which two agents make competitive decisions based on individual but central-
1zed information. In our setup’s extension: one agent no longer engages in such
centralized decision-making, instead, all its sub-units or branches would apply
distributed information to jointly optimize the original cost (e.g., [65], [66] and
[67]), which is reformulated as some team-cost form now. Thereby, all sub-units
become “minor” agents and formalize a (cooperative) team, while another agent
still applies centralized information, becoming a “major” and non-cooperative

player, from the viewpoint of all “minor” agents described above.

Somewhat similarly, [68] studies the competition between a centralized firm and
a decentralized firm. In this case the centralized firm is treated as a “major”
agent, while all sub-units of decentralized firm are treated as “minor” agents
of a same team. Moreover, in [69] the centralized and decentralized charging

options for electric vehicles are studied.

In our study, the problem is solved in the following way. Firstly, for the major
agent, we freeze the state-average as a process only depending on the major
noise. Thus, the auxiliary control problem for the major agent can be obtained.
By the result in [62], the auxiliary optimal control for the major agent can
be derived, which depends on the frozen MF term. Secondly, for the minor
agents, based on the person-by-person optimality principle, by applying vari-
ational techniques and introducing some MF terms, the original minor social
optimization problem is also converted to an auxiliary LQG control problem
which can be solved using some traditional scheme in [62] as well. Thirdly, to

determine the frozen MF terms, we construct a CC system by some fixed-point

11



analysis. The MF terms can be obtained by solving the CC system, while the
solvability of the CC system can be determined through the discounting method.
Lastly, by using some asymptotic analysis and standard estimation of (SDEs),
we show that the MF strategies really bring us an efficient approximation (i.e.,

the optimal loss tend to 0 when the population N tends to infinity).

Chapter 3 is organized as follows: In Section 3.1, we give the formulation of
the mixed LQG social optima problem. In Section 3.2 and Section 3.3, we use
the MF approximation and person-by-person optimality to find the auxiliary
control problem of the major agent and minor agents, respectively. The CC
system is derived in Section 3.4. Meanwhile, the well-posedness of the CC
system is also established. In Section 3.5, we obtain the asymptotic optimality
of the decentralized strategies. In Section 3.6, a numerical example motivated
by electric charging network model is computed to illustrate the theoretical

results of this chapter.

1.2.3 Contributions and organization of Chapter 4

The main contributions of Chapter 4 can be summarized as follows:

1. We study the MFG, MFT and MFC problem under a unified mathemat-
ical form with input constrained on a linear subspace. By using some
algebraic techniques and modified SMP, we obtain a new type of Hamil-
tonian system which is related to the characterization of the constrained
optimal control and MF strategy. We also obtain a new type of Riccati
equation which is related to the uniform convexity of cost functional and

feedback form representation of the constrained control.

12



To the best of our knowledge, the current study is the first to introduce
such Hamiltonian system and Riccati equation, and with the help of them,
the optimal control and MF strategy can be represented explicitly. In
contrast, in other relevant literature, the designed control can only be
represented implicitly; that is, it will be embedded into an projection
mapping coupled with the dual process (see equation 2.10 in [64], page
905 in [I8] and equation 18 in [70]). Notably, our explicit representation
of the designed control would provide great practical advantage especially

in numerical computation.

. We also study the uniform convexity of the MFC problem on the con-
strained admissible control set. Note that the uniform convexity of a cost
functional on the whole space does imply the same on a linear subspace,
but not the other way around. We futher provide a counter example to
illustrate it. In this sense, some previous works (e.g., [61, 13}, [I]) can be

treated as special cases of the current study.

Through the aforementioned new-type Riccati equation, we obtain the
uniform convexity condition of the MFC problem. Our condition is much
weaker than the so-called “standard assumption” which is widely applied
in other relevant literature (e.g., [61, I3, 1]). Under standard assump-
tion, the weight coefficients in the cost functional should be positive semi-
definite. In contrast, in our condition such coefficients could be indefinite,

and we also provide an example to illustrate this.

. We study the relation of the uniform convexity between the MFC problem

and the related augmented control problem which is mentioned in [61] but

13



has not been discussed. We find that generally, the uniform convexity of
the related augmented control problem implies the same of MFC problem,

but not the other way around.

4. We obtain the relation among the optimal control of MFC problem and
the MF strategies of MFG and MFT problem. Through analyzing the
Hamiltonian system of MFC problem and the CC systems of MFG and
MFT problem, we find that the optimal control of MFC problem is equiv-
alent to the MF strategy of MFT problem. Such result provides a shortcut
for dealing with MF'T problem in practical application. Each agent in the
system could directly calculate its own related MFC problem instead of
deriving an auxiliary control problem (fixed-point approach) or computing

the limit of the centralized optimal control (direct approach).

Moreover, we also find that in certain cases, the optimal control of the
MFC problem is also the MF strategy of the MFG problem. Such result
is consistent to that in [13], which can be treated as a special case of the
current study. Lastly, we compare the MF strategies of MFT problem
derived by fixed-point approach and direct approach and also find that

they are identical. These two routes lead to a same MF strategy.

Chapter 4 is organized as follows: Section 4.1-4.3 discusses MFC, MFG and
MFT problem with input constrained on a linear subspace respectively. Sec-
tion 4.4 analyzes the relation among the optimal control of MFC and the MF

strategies of MFG, MFT problem. Section 4.5 concludes this chapter.
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1.3 Preliminaries and notations

The following basic notations will be used throughout this paper

| - ||: standard Euclidean norm

(-,-): standard Euclidean inner product

Tr(M): the trace of matrix M

||M||: the matrix norm of matrix M, where | M| := /Tr(MTM)

| M ||max: the max-norm of matrix M, which is equal to the maximum

absolute value of all elements

2T transpose of a vector (or matrix) x

S™: the set of symmetric n x n matrices with real elements

|v]|%: for any vector v and symmetric matrix S, ||v]|% := (Sv,v) = vTSv

e M > (>)0: M € S™ is positive (semi)definite

M > 0: for some e >0, M —el >0

® \pax(M): the maximum eigenvalue of matrix M

® \uin(M): the minimum eigenvalue of matrix M
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e vl A: the vector v is vertical to the linear subspace A (i.e., for any vector

v e A, (v,0) =0).

Throughout this paper, we suppose that (Q, F,F,P) is a complete filtered prob-
ability space, and W (-) = (Wy(-),Wi(:), ---, Wn(+)) is a (N + 1)-dimensional
standard Brownian motion defined on it. Let o-algebra F; := o{W;(s),0 < s <
t,0 < i < N}, and F} = o{W;(5),0 < s <t},0<i<N. F:={Ftho
is the natural filtration generated by W (-) augmented by all P-null sets in F,
and F* := {F/};>0 is the natural filtration generated by W;(-) augmented by all
P-null sets in F. Next, for any given Euclidean space H and filtration G, we

introduce the following spaces:

L2(0,T;H) = {z: [0,7] — H| [ «(t)|?dt < oo}

L*>(0,T; H) {x 0,T] — H| ) is bounded and measurable}

C([0,T);H) = { : [0,T] — H| x(-) is continuous}

LE(OQH)={z:Q— H‘ z is G-measurable, E[|£[|* < oo}

LE(0,T;H) = {z : [0,T) x @ — H| z(-) is G-progressively measurable,
lz@)132 = E fy le(®)]*dt < oo}

LA(Q;C(0,T7; = {z : [0,T] x Q = H| z(-) is G-progressively mea-

surable, continuous, Esupte[o’T] lz(8)]|? < oo}

Next, we introduce some inequalities which are commonly used in stochastic

estimation
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Theorem 1.1 (Burkholder-Davis-Gundy inequality). In the complete filtered
probability space (2, F,F,P) defined above, let

L]%’ZOC(O,T;]HI) = {x 20,7 x Q — ]I-]I! x(+) is F-progressively measurable,

T
| e <o P -as).
0

Then for any process x(-) € L%’IOC(O,T; H), and any real number p > 0, there
exists a constant K(r) > 0 (only depends on r) such that for any stopping time
T7

ﬁl@ [/0 H:L‘(s)Hstr <E

sup
0<t<r

/0 Ca(s)

]<K [/ lz(s H2ds}

For more details of Burkholder-Davis-Gundy inequality, please refer to [62,
Chapter 1, Theorem 5.4]. Actually, in this thesis we only need the following

corollary of Burkholder-Davis-Gundy inequality:

Corollary 1.1. In the complete filtered probability space (2, F,F,P) defined
above, for any process x(-) € L2(0,T;H), there exists a constant K(r) > 0

(only depends on r) such that for any time 7 € R,

t
[ a@aw|[ | < xo | [“atsiras).
0

We also introduce the following version of Gronwall’s inequality which may be

E | sup

0<t<r

applied in this thesis.
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Theorem 1.2 (Gronwall’s inequality). Let x(-) be a [0,7] — H contin-

uous function. a(-), b(-) are non-negtive increasing function. If x(t) <

a(t)+b(t) fotx(s)ds, then it holds that

z(t) < a(t)e®*,
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Chapter 2 MF Strategy in Social Optima

2.1 Problem formulation

In this chapter, we consider a weakly-coupled LP system with N agents denoted
by {A;}1<i<n. The state process of the i*h agent A; is modeled by the following

controlled linear SDE on finite time horizon [0, T]: Ajg

;

dzi(t) = (A(t)xs(t) + B(t)u;(t) + F(t)2™ (t))dt

+ (C(H)ai(t) + D()us(t) + F ()™ (t))dWi(t), (2.1)

$z(0) = &o-

where 2N (t) = %Zf\; z;(t) denotes the state-average. A(-), B(+), F(-), C(-),
D(-), F(-) are deterministic matrix-valued functions with appropriate dimen-
sions. In addition, to evaluate the performance of the control laws, we also

introduce the following individual cost functional for A;:
(2.2)

where u(-) = (uq1(+), -+ ,un(+)) and Q(-), R(-) and G(-) are weight matrices. All
agents are cooperative and aim to minimize the social cost functional, which is

denoted as follows:

Tia (€orul)) = D Tiloiu()), (2.3)
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and in this chapter, for the sake of notation simplicity, we may suppress the

time notation “(¢)” and “(-)” if necessary.

Further, based on the information structure, two types of admissible strategy

sets are defined as follows. The centralized admissible strategy set is given by:

T
U= {u!u is adapted to IF, and ]E/ |\u(t)H2dt<oo}.
0

Correspondingly, the decentralized admissible strategy set for the i*" agent is

given by:
' T
U; = {u]u is adapted to {F; V o{zo(s),0 < s < t}}t>0 ,E/ [|ui (2)]|?dt < oo},
= 0
Now, we introduce the following two assumptions

(A2.1) The coefficients of the state equation satisfy the following:

A,C,F,F € L>*(0,T;R™™), B,D e L*(0,T;R™™).

(A2.2) The weighting coefficients in the cost functional satisfy the following:
Q€ L=(0,T;S"), T € L=(0,T;R™™), R € L*(0,T;S™),

n e L*0,T;R"), T e R, G eS", 77 €R".

Under (A2.1), for any given (uy, -+ ,uy) € Ue X - -+ X U,, (2.1]) admits a unique
solution (z1,--- ,zx). Under (A2.2), the cost functional (2.2)) is well-posed. We
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aim to work out the optimal strategy for each agent to minimize our social cost.

Thus we propose the following social optimal problem:
Problem 2.1. Minimize J\% (So;u) over {u = (uy, -+ ,uy)|u; € U.}.

Remark 2.1. Problem can be solved by the method in [58] in a high-
dimensional approach. However, it will face some difficulties in the practi-
cal application. Firstly, an agent can only access its own information (i.e.,
o{F} Uo(xi(s),s < t)}) most of the time and the information of the others
may be unavailable for it in real world (see [71],[72, [73]). Secondly, by the large
population structure, the dynamic optimization will be subjected to the curse of

dimensionality and complexity in numerical analysis in practice.

For these reasons, we aim to work out a so-called decentralized strategy, which
only depends on the agent’s own information. Let us introduce following prob-

lem:

Problem 2.2. Minimize ﬂ(ﬁ)(fo;u) over {u = (uy,-- ,uy)|u; € U;}.

2.2 Convexity

In this section, the convexity of the social cost functional will be studied. The
weight coefficients ), R and G profoundly influence the convexity of the cost
functional. We start with positive semi-definite weight case, which is relatively
simple, and then further consider indefinite weight case. Indefinite weight set-

ting has some interesting mathematical finance background (see [62], [57]). Be-
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fore that, the dynamics of the agent states should be rewritten as follows:

N
dx = (Ax + Bu)dt + Y (Cix + Dju)dW;, x(0) =Z, (2.4)
i=1
where
“E g f by
Ao % A+L £ ,B_<OB o) ,E—(g()) |
; ’ : n m 50 n
EE AL v 00 - B/ (NnxNm) (Nnx1)
1 0 0 0 0 — 0 1 0 0 - 0
Ci=i | £ .. LE0cF . F , Dj=qn [ 0. D0 ,
(2.5)
and the cost functional can be rewritten as follows:
() Lo [ f o r T r
Teor (fo;u):iE x Qx +2S7x + Ni” @Qn + u’ Rudt
0 (2.6)
+x(T)Gx(T) + 283 x(T) + NnTGn},
and the weight coefficients are:
Q+x(ITQr—Qr-r1Q) FITEr-r-r7Q) - FTr’'Er-r-r’Q)
Q- ¥ @TQr—Qr-r7Q) Q+4IrrQr-Qr-r7Q) - Tr7Qr-Qr-r7Q)
LOTQrQrrtQ)  A(ITQr-Qr-r7Q) - @t XrTQr-@r-17Q) ) (.. no

Q- Q o
), x—< ; > ,
) . Q TN/ (Nnx1)
e r'Qn—Qn
L ) , S1=- : :
-G ITQn—Qn/ (Nnx1)
({?% ::: 8) (Ul)
Dol L ,
00 -« R (NnxNn) UN /7 (Nmx1)

(2.7)

[l
°oQ o =Fa)
Qo o Oo
O@ o
N—
T +
2"_' ZlH
7N
- N
R
aia DL
A S O,
|
==
— 2l
Q Qo
Q

o
GZ(: T
00 - G

TGR—Gi
82 = — . ,R
ITGi=Gi /) (Nnx1)
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where Q := (L = I)TQ(' — 1), G := ([ - )"G( —I).

Through and , one can see that Problem is actually an N X n-
dimensional standard control problem. Using the method in [58], the solvability
and the optimal control can be derived. However, usually the population N is
large in practical application. This brings great computational complexity due
to the “curse of dimensional”. Thus, in what follows, some low-dimensional

criteria for the convexity of the cost functional will be studied.

2.2.1 Case 1: For Q, G, R are positive semi-definite

We start with the simplest case that the weighting coefficients are all positive

semi-definite. For the convexity of the cost functional, it follows that

Proposition 2.1. Under (A2.1)-(A2.2) and Q,G,R > 0, u — js(ojg)(éo;u) is
convex with respect tou. Moreover, if R > 0, then u T (&o; 1) is uniformly

conver.

Proof. Under the assumption @,G,R > 0, we know ( ) > 0,
Q- Q
G ... G
:+..: ] 20and R > 0. By the definition of positive semi-definiteness, we

G
can obtain the following two inequalities:

%222 o 1 (Q Q) (%g » 8) 1 (G G)
N v T 4 o =t ) 20,

Thus, Q,G > 0 and the convexity of T would follow. Moreover, if R > 0,

then R > 0 and js(éZ ) is uniformly convex. O



Next, we consider two more general situations.

2.2.2 Case 2: For F=F =0, Q, R and G could be indefi-

nite
In this case, the agent’s state will not be influenced by others (see [27]). The

agents’ state dynamics are decoupled. For the weighting coefficients of cost
functional, we have the following proposition.

Proposition 2.2. Suppose that Q — Q > 0 and G — G > 0, then for any AQ),
AG € S™ such that AQ > Q — Q and AG > G — G, we have Q — Qy > 0 and
G — Gy > 0 where

0

Q-AQ 0 -
0 Q-AQ — 0
. Gy =

Qo = : D :
)0 - Q-AQ

Proof. Consider matrices Q — Qy and G — Gy which are

AQ+x{Q-xQ Q3@ - FQ—3Q
1 A 1 1 A 1 1A 1
Q _ Q2 o NRO-FQR AQR+{QR-xQ - Fe-7C@
- . . . . I
1 A ) 1 1 A ) 1 1.A
O~ -~ @Q AQ+5QR— 7@
AG+EG-EG  LG-+G - Léa-+La
Lag-Lta AG+ié-LtG - LG-La
N N N N N N
G - G2 - . .
Lté-La Lté-La AG+%G—£G

24



IfQ— @ > 0 holds, then for any non-zeros vector (x

any matrix AQ > Q — Q, it holds that

Toooo 28T € RV™1 and
s\ T [AOHVO-w NORQ v §Qx@Q a1

(m> F¥O-§Q  AQTFQ-xQ - Q3@ (ﬂﬁz)
K : K L K
! ¥O-FQ FQ-RQ - AQ+RO-g "’

1
=(2T AQxy + - - + v AQuy) +
1

St an) Q-+ o)
St en) Qe+ +an) 20
=(21 AQxy + - - - + 2y AQx )

N(£U1+--~+$N)T(Q—@)(fﬂ1 + -+ )
> (2] AQz1 + -+ + 2 AQuy) — (21 (Q — Q)my + -+ + 21(Q — Q)aw)
=11 (AQ — (Q — Q))z1 + - + 7N (AQ — (Q — Q))zy > 0.

By similar argument, one can also obtain:

1

1A 1 1A 1
T AGJrﬁfoNG fNGfﬁG
1A 1 1A 1
(mg ) T'TG—NG AG—‘,——G_NG

1A 1
Yol 5
TN 1AL 1A:1 N 1:A 1 N
1e-Llg le-lc . AG+iG-Llc

Thus, Q — Q2 > 0 and G — G > 0 and the proposition is proved.

Consequently, Proposition [2.2] implies

E{ /OT X7 Qx + u’ Rudt + XT(T)GX(T)} > ;E{ /OT X' Qox + u'Rudi + X (T)Gox( )}'

Moreover, by [58], we have the following result:

(2.9)
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Proposition 2.3. u — Jg((fg)(fo;u) is (uniformly) convex if and only if

7 (0;u) > 0 (or > el|ul|2,) where
. 1 T
TN (0;u) = §E{ / x7Qx + u’ Rudt + X(T)TGX(T)},
’ N (2.10)
dx = (Ax +Bu)dt + Y _(Cix + Du)diW;, x(0) = 0.

i=1

Motivated by (22.9)) and Proposition we have the convexity of T as follows:

Proposition 2.4. Under (A2.1)-(A2.2), F=F=0,Q—-Q >0 and G—G > 0;
if there exist some AQ, AG € S"™ such that AQ > @ — Q, AG > G — G and

cost functional u; — J(0;u;) of the following low-dimensional control problem:

~ 1 T
J(0;u;) = 51@{ / 21(Q — AQ)w; + ul Ruydt + ! (T) (G — AG)xi(T)},
0
s.t. dx; = (Az; + Bu;)dt + (Cz; + Duy)dW;,  z;(0) =0,
(2.11)

is (uniformly) convez, then u T (&o;u) is (uniformly) convex.
Proof. If w; ~ J(0;u;) is (uniformly) convex, then by noting that F =
F =0, we have Jo(0;u) = 3,0, J(0;u;) > 0 (or > &Y w2 =

ellul2,, for some € > 0) where

~ 1 T
T (0;u) = §E{ / x"Qox + u"Rudt + X(T)TGZX(T)},
0
N

dx = (Ax+Bu)dt + Y _(Cix +Du)dW;, x(0) =0,

i=1

26



and Qa, G are given by (2.8) for any AQ > Q — Q and AG > G — G. Then by
relation (2.9), it follows that Ji (0;u) > Ji(0;u) > 0 (or > ellul|3,) which
ends the proof by Proposition [2.3] O

To the best of our knowledge, it is complicated to verify the convexity of the
low-dimensional control problem (2.11]) generally. However, by [58], the uniform
convexity of problem (2.11)) is related to the Riccati equation, and then we have

the following corollary.

Corollary 2.1. Under (A2.1)-(A2.2), F=F =0,Q—Q >0 and G — G > 0;
if there exist some AQ, AG € S" such that AQ > @) — Q, AG > G — G and

the following Riccati equation

P+PA+ATP+CTPC+Q—-AQ—(PB+CTPD)(R+D"PD) (BT P+ D" PC) =0,

P(T) = G—AG,
(2.12)

admits a solution P € C([0,T);S") such that R+DT PD > 0, then the low-dimensional
control problem (2.11)) is uniformly convex. Consequently, u — ﬂ(ﬁ) (&o;u) is uni-

formly convez.
Next, we present a numerical example to illustrate Proposition

Example 2.1. We let
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and time interval is [0,1]. Then, Q, R and G are all indefinite, and such
coefficients satisfy Proposition 3.3, since AQ = (%3 ) > Q-Q = (%2 ) >0,

AG = (0030(.)5) ZG—G: (0020(.)4) > 0.

Thus, if the low-dimensional control problem (2.11) is (uniformly) convex, then

) s (uniformly) convex. The related Riccati equation of (2.11)) is (2.12)).

By solving (2.12)), we have the trajectory of the minimum eigenvalue of R +

DTP(t)D:

1.4 T T T T T T T T T

Amin of R+ DTP(t)D
& -

o
o

o
~

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time ¢

o

Thus, by letting A\ = 0.4, we have R+ DTP(t)D > X, and (2.12) admits a
strongly reqular solution. By [58], problem (2.11)) is uniformly convex, and so

18 Jg((f\c])(u).

Note that the convexity of a low-dimensional control problem has been well

studied in [58] and [59]. Thus, we will not further discuss the convexity of

(2.11)) here.

Next, the situation: F, F' # 0 will be studied. In this situation, to deal with the

terminal term, we also assume that G > 0 for discussion simplicity.
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Case 3: For G > 0, F,F%O

When F, F # 0,

[30] where F' # 0 is assumed).

dimensional problem due to the coupling of the state dynamics.

the state of each agent will be influenced by the others (see
It is inaccessible to obtain a decoupled low-

To analyse

o (0 u), we firstly estimate the L? norm of x which is given by (2.10). Ap-

plying It6’s formula to x and taking expectation, one can obtain:

E|lx(t)]* = E/t X" (A+AT+ i CIC)x+x" (2B + zi CID;)u+u” iDZTDiu} ds,
0

- AT+A

i)
=

i=1

8 1 <(F+C)T(F+C)
. . + — : L
CTC N F+CO)T(F4C) -
FT+F>
CFTyFR

0
- . ,
- &mAFT+Fﬂ

1 FT+F
pJ FT+F -

AmM(FT+Fﬂ
+<

N
0)720
DTD

i=1

N

i=1

(F+O)T (F+0) )

(P+C)T (F+C)

FTD .. FTD
o +
FTpD .. FTD

cTD
0

0

i=1

(2.13)
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: N 5 .o
* . T T
0 0 pTe FTD ... FTD
~ cTp o 0
T T
1 (D F - DUF 0 cTp 0
-+ N .
T T 17 ° .
D*F - D°F 0 0 cTp
DTCc o 0 cTp o 0
n 0 DTcC 0 0o cTp 0
pTc 0 0 cTp
DTCCTD 0
DTCCTD 0
. DTCCTD
FFT+CFT+FCT)D - DT(FFT4+CFT+FCT)D
+ = N : . :
DT(FFT+C’FT+FCT)D -~ DT(FFT4+CFT+FCT)D

Moreover, to estimate x, we still need the following result:

Proposition 2.5. Suppose S is a real symmetric matriz, then for any real

vector x, it holds that

)\min(S)H-TH2 < -TTsx < >\maX<S)||'TH2‘

Proof. S € S™ is a real symmetric matrix. There exists an orthogonal matrix P
such that P~1SP = A, where A is diagonal and the diagonal elements are the
eigenvalues A, ..., A, of S. Hence, by letting PTa =y = (y7, - ,yD)T, we
have:

v’ Sx = 2T PAP Ty = \yd + -+ Myt
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This implies that Apin(9)||y]|* < 7Sz < Anax(S)||y||?. Noting the orthogonal-
ity of P, we have |ly||*> = 2T PPTx = ||z]|*> and the result of Proposition

follows. O

Based on (2.13) and Proposition 2.5 the estimation of ||x||2, and the convexity

of TN (&o; 1) can be obtained as follows:

Proposition 2.6. Under (A2.1)-(A2.2), G > 0, F,F # 0 and Q — Q > 0,
if there exist some AQ € S™ such that AQ > Q — Q, Amin(@ — AQ) < 0
and Ke* X (Q — AQ) + tAnin(R) > 0 (or > eI for some ¢ > 0), then

u s J& (&o; 1) is convex (or uniformly conver). K is given by:

K = max { e (AT + A) + s (FT + F)), Ana (CTC + (F + C)T(F + C)), v/ Dune (BT B),

Vs (DT(FET + CET 4 FCT)D) 4 A (DTCCTD), Anax(DTD)}.

Proof. By Proposition and noting that the non-zero eigenvalues of
A A A 0
%( : 5), ( ),Aarethesame,wehave:

A A 0 A

N
x7 <Z C?Ci) X < Amax (CTC + (F+O)T(F + C)) I1x|%,

i=1

xT (AT + A) x < Dinax(AT + A) + Anax (FT + F)] 1%,

2x7Bu = (Bu, x) + (u,B"x) < /(Bu,Bu)(x,x) + \/(u, u)(BTx, BTx)

<2 )\maX(BTB>||u” ][,

N N N
2XT Z ClTDq,u S 2\J )\max < Z D?CZ Z C;FDZ> HuH ”XH

i=1 =1 i=1

< 24/ Muax (DT(FET 4 CFT  FCT)D) + Ao (DTCCT D) Ju] |,

N
u” Y DIDju < Aax (D" D).
=1

31



Thus, the estimation below would follow:

¢ N N N
Eux(t)H?_E/o [XT <A+AT+Z C?Ci)x—l—xT (zB+2 3 C;-FDZ)u—i—uT 3 DfDiu} ds
=1 =1 =1

t
< KE [ [Il+20ul ] + s

t
<2k [ [l +Elul?]ds,
0

where

K = max { (max (AT 4 4) + Ama (FT+F)), Ao (CTC+ (F+C) T (F+C)), v/ Amax (BT B),

VAmax (DT(FET +-CET 4 FCT)D) + Ao (DTCCT D) Ao (DTD) b > 0.

Further, by Gronwall’s inequality, E||x(t)|> < 2Ke?5'E|ju(t)||*>. Noting that

G > 0 and A\pin(Q — AQ) < 0, the estimation of js(jﬁ)(o; u) can be derived as:

1 T
—E{ / x'Qx + u' Rudt + XT(T)GX(T)}
2 Lo

1 T 1
zélE{ / xTQox + uTRudt} > KT 0in(Q = AQ) 0|72 + 5 A (B) [0 72,
0

and Proposition [2.6 can be obtained straightforwardly by Proposition

Moreover, if we further assume that Q < 0, then Q = (I — )TQ(I' — I) < 0.
Thus, it follows that 0 > Q > Q — AQ and condition Amin(@Q — AQ) < 0 will

follow as well. O

Remark 2.2. There is a trade-off among the three uniform convexity condi-

tions presented in Proposition [2.1]2.J]12.6. In Proposition the condition
Q,G,R > 0 is the strongest one but easiest to verify. In Proposition

F =F =0 is assumed and the dynamics of agents’ states should be decoupled,
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while in Proposition the dynamics of agents’ states could be coupled but the
weighting matrices in the cost functional is restricted (i.e., Apin(Q — AQ) < 0

and Ke* )i, (Q — AQ) + t Amin(R) > 0).

Through the discussion above, we have studied the (uniform) convexity of the
social cost functional. For the sake of simplicity, we introduce the following

uniform convexity assumption.
(A2.3) u— ﬂ(ﬁ)(go; u) is uniformly convex.

Under (A2.1)-(A2.3), u — L@(jﬁ)(go;u) is uniformly convex and consequently
Problem [2.1] are unique solvable. In what follows, the problem will be dis-
cussed under the uniform convexity assumption. Next, we will apply variational
method to the cost functional to derive a set of decentralized strategies based
on person-by-person optimality principle.

2.3 Person-by-person optimality

Person-by-person optimality is a critical technique in MF social optima scheme.
It has been applied in many recent social optima literature (e.g., [52], [30],
[32]). Unlike MFG framework, here the auxiliary control problem can not be
derived directly by freezing the state-average directly, since this would bring
some ineffective control laws. Thus, in this section, under the person-by-person

optimality principle, variation method will be used to analyze the MF approxi-

mation.

Consider the optimal centralized strategy @ = (g, ug, -+ ,uy) of the LP sys-
tem. T = (Z1,%q, -+ ,Zn) denotes the associated optimal state. Perturb
u; and keep u_; := (Uy,--- ,Ui—1,Uis1, - ,uyn) fixed. We denote the per-
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turbed strategy as u; + du; and the associated perturbed states are denoted
by (Z1+9dx1, -+ ,Zy +dxy). The perturbation of the cost functional is denoted
by 0J; = T;(&o; uj, u—i) — T; (&5 4j,u—y), for j =1,--- , N. Thus, the dynamic

of the state variation of A; is

ddx; = (Adz; + Bou; + Féx™N)dt + (Céx; + Dou; + Fosx ™) dW;,  62;(0) = 0,
and the dynamics of the other state variations are

déx; = (Adz; + FoxM)dt + (Cox; + Fsx™N)dw;,  6x;(0) =0.  (2.14)
Sum up ([2.14]), and we have:

) . —1 . F .
Ao~ = [A(Sa:(‘“ + FNT(M:(") + 533,»)} dt+> [caxj + (0 + 5:@-)} aw;,

J#
629(0) =0,

(2.15)
where 6279 .= Zj 4 0. By some elementary calculations, one can further
obtain the variation of A; cost functional:

T
0T :JE{ / (Q(z; — TN — ), 6z; — T6x™) + (R, du;)dt
0 (2.16)
+ E(G(#(T) — T#™(T) — 7). 62,(T) — D™ <T>>},
and correspondingly, for j # i:
T
0T :E{ / (Q(z; — Tz — ), 6a; — Tox™Myat
0 (2.17)

+ E(G(z,(T) — Tz"™N(T) — 7), 62;(T) — T6zx™ (T)>}.
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Hence, by combining ([2.16]) and (2.17)), the variation of the social cost satisfies:

ST =0T+ 87,
J#

—£{ [ (@l ~ 12 — ) 6 — 7@z, ~ T2~ 1), 6
+ 3 (Q(z; — Ta™ — ), o) — > (TTQ(z; — Tz™) — ), 52™))
ji ji
(R, Sug)dt + (G(Z(T) — Tz™(T) — 7), 624(T))
— (I"G(zy(T) — Tz™N(T) — i), 62™(T))
+ ) (G(&;(T) = Tz™N(T) — ), 62(T))
i#j

=) (T7G(zy(T) — Tz™(T) - n),éx(N)(T))}.

i#]

We use MF term & to replace ™). Then, we have

T
) o
0T = {/0 (Q(#:~Ti—n),d2;) + Y +(Q(&~Té—n), Now,)
JFi
(;{ZFTQ( “Ti—n), 5z + 627 + (Ras, 6us)dt
J#i

+(G(7:(T)~T%(T) ~7), 0x:(T))
+ Z %<G(jj(T)—Fi’(T)—ﬁ), Néx;(T))
1#]

-3 TG (1)L () =), Ba1) + 520 + 1+

1]
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where

(51 = E{ / T((FTQF — Q)™ — &), Noz™)dt
F((ETQE - QD)™ (T) — #(T)), Now™ <T>>},
., (2.18)
52:1@{/0 CTTQ(F; — TE™ — ). 62 M)at

(FTG(T) — TA(T) — ), 62 <T>>}.

\

For the next step, one can introduce limiting processes ™ and x satisfying:

dx** = (AI** + Fox; + F$**)dt> ™ (O) =0,

dz; = (Ax} + Fox; + Fa™)dt + (Cx} + Fox; + Fx™)dW,, x3(0) =0,

J

(2.19)
to substitute d2(~9 and Ndx;. This implies
T
(N) — z;—T&—n),dx; 1 z;—Ti—n),a;

570 - [ (Q-ra-n.s )+ LT
f(FTQ((IfF)ifn),5xi>f<FTQ(£7Fifn), ) + (R, du;)dt
+(G(@:(T)~T(T) 1), 0:(T Z (T) =), 25(T))

J#l
4
—(FTG(I-D)2(T)—0), 62:(T)) — (LT G((I-D)2(T) ~7), ™ (T)) + Zsz},
(220

36



where

£3 = ]E{ /OT % 3 (Q(z; — T — ), Noz; — ) — Jb;w@(@ —Ti —n),000) — 2*)dt
¥ DTG (T) — DH(T) — 7). Nowy(T) — (T)
J#i
- 3 SUG(a(1) = (1) = 1), 05 (1) = a7(1) .
A
co-nf [ (Bt i) S sea— (176(Ea BT yy) S

(2.21)
e1-€4 are actually o(1) order and the rigorous proof will show in Section [2.5]
Remark 2.3. In previous social optima literature, the limiting processes x**, x
are usually deterministic or even unnecessary. Here, 1s a SDEs system,
and this difficulty comes from F,F,C # 0. If F = C =0 (e.g., [52]), then the
dynamics of =9 and 0x; become

doz; = (Adx; + 00" + =0 D)dt, 6;(0) =0,

N -1

Clearly, 6x; and 5279 are all deterministic and so are x**, ;.

Further, if F = F =0 (e.g., [27]), then 629 and 6x; becomes

dé:vj = A5$]dt + Odﬂ?dej, (SQZ'](O) = O,
dox™ = AsxVdt + ) CowydWy,  620(0) = 0.
J#i

By the homogeneity, dz; = 629 = 0 and no limiting approximation is needed.

It will bring many technical difficulties that the limiting processes are stochastic.
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Mainly, when using dual method in what follows to substitute ™ and x7j, the
processes average will enter the drift term of the dual process, and to substitute
it, the residual between the processes average and processes expectation should

be estimated in Section [2.3.

Observing , the direct variation decomposition of o T gives rise to terms
like (Q(z; —T&—mn),z}), (ITQ(&—Ti—n),z™) containing z**, x} which are
some intermediate variation terms related to the basic variation term dx;, du;
indirectly. This is not what we desire, since this will prevent our construction of
an auxiliary LQG control problem. Thus, it is necessary to apply some duality
procedure (see [74, 52] for similar duality argument) to break the dependence
of 5$(£) on z**, x7, which enable us to reformulate 6];5? being dependent on

basic variation dz; and du; only. As a consequence, some auxiliary problem can

thus be constructed. We introduce the dual processes y{, Yo satistying:

dyl = —[ATy] + CTB] + Q(z; — Ti — n)]dt + pdW,; + > p{ dWy,
§'#j

o 2.2
dy, = —[(A+ F)Tyo + F'Ey] + FTEB] - T7Q(& — T'& — n)]dt, 22

(1) = G(@;(T) =T(T) — 1), y(T) = -TTG((I = D)#(T) — 7).

=E(y{(T),z}(T)) — E(y(0), 273(0))

T
— / (—Q(z; =T —n),z}) + (FTp] + FTyl, o) + (FT B + FTy], 6x;)dt,
0
(2.23)



and

E(-I"G((I = D)&(T) — n), 2™ (T))
—E(ys(T), 2™ (T)) — Elys(0), 2**(0)) (2.24)

T
=K / TTQ(z — T3 —n) — F'Ry] — FTER], 2™) + (FTy,, 6;)dt.
0

Combining (2.20)), (2.23) and ([2.24)), it holds that

T
ST = E/ (QZi, 0x;) + (R, 0u;) — (Q(Ta +n) +TTQ((I =Tz —n)
0
— FTyy — FTER) — FTEy], 62;)dt + (GZi(T), 6z4(T))
—(G(T#(T) +7) + TTG((I = T)&(T) — 7), 625(T)) + Zsz,

(2 25)

where

T N g . N
€5 = E/ <FT (EB{ — #) +F7 (Ey{ — #),M»dt. (2.26)
0

Remark 2.4. Here, we introduce N + 1 dual processes to break away BNAS
from the dependence on x™* and x}. This difficulty is brought by F', F # 0. By
contrast, if F = F =0 (e.g., [27]), then (2.25)) becomes

0T = /0 (Q, ;) + (Rity, du;) — (Q(La + ) + TTQ((I — T)& — n), ;) dt
+(Gy(T), 62,(T)) — (G(T2(T) +17) + TTG((I = T)a(T) — 7), 62:(T)) +e.

Clearly, in this case, no additional dual process is needed to derive the auxiliary

problem.

39



Moreover, due to F,F £ 0, e5 is the residual between the average and the
expectation of y{, 6{. Generally speaking, to obtain the dynamics of adjoint
terms 5{ s 1naccessible. To estimate it, some decoupling method is applied

through two Lyapunov equations in Section |2.5.

Therefore, by using MF term s, 11, Bl to replace s, Ey{, Eﬁ{ respectively, we

can introduce the decentralized auxiliary cost functional variation d.J; as follows:

T
0
—(QTa+n)+TT QI ~T)&—n]—F" i F" 1= F 41, o)t

+(Ga;(T),00;(T))—(G(L&(T)+1)+ I G[(I-D)2(T)—17], by (T)),
(2.27)

and
6
ST =61+ e,
i=1

where

g =E /f(@(:@-—@i), 02;) +{(Qay, dx; —day )+ (R(u; — ;) , du;) + (R, duy — dv;)
+(F" (yo—Go) + (BB = 51) + FT (Byl —33), 62,)
H(FT g+ FT 3+ FT gy — Q(TiA-n) —TTQ[(I—T) & —n), 6z, — o) dt
+(G(z:(T)—ai(T)), 6a5(T)) +(Ga;(T), 6xs(T) —bevi(T))

—(GT(T)+7)+T"G(I-T)2(T)~7), 024(T) —ai(T)).
(2.28)

Similarly to £1-g4, it actually follows that e5, €4 are also o(1) order. Thus if

5J; = 0, we have 675 — 0.
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2.4 Decentralized strategy design

2.4.1 Auxiliary problem

Motivated by equation (2.27)), to achieve .J; = 0, one can introduce the following

auxiliary control problem:

Problem 2.3. Minimize J;(v;) over v; € U;, where

1 T
= 5B [ ol + ol + 2, e + DI + 2 D)

da; = (Aa; + Bu; + F#)dt + (Ca; + Dv; + F2)dW;,  o;(0) = &,
and

0= —Qi +n) = TTQ[(I = )i — n) + F i + FTgy + FT 3y,

¢z = —G(T&(T) +17) = TTG((I = T)&(T) — 7).

This is a standard LQ control problem, where the MF terms Z, s, 71, Bl will
be determined by the CC system in Section [2.4.2H2.4.3] For the solvability of

Problem by referring [62], we have the following result.

Lemma 2.1. Under the (A2.1)-(A2.3), if the following Riccati equation:

P+ PA+ATP+CTPC+Q— (PB+CTPD)(R+ D"PD)Y(B'P + DTPC) =0,

P(T) =G,
(2.29)

admits a strongly regular solution (i.e., P € C([0,T];S™) such that R(t) +

DT()P(t)D(t) > 0 a.e. t € [0,T]), then for any given %, U2, U1, Bl €
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L'(s, T;R™), the auziliary control problem (Problem admits a unique feed-

back form optimal control v; = ©1a; + Oq, where

O, := —(R+ D"PD)"(B*P + DTPC), ©,:=—(R+ D"PD) " (BTp+ D"PF#),
(2.30)

and ¢ is the unique solution of

;

¢+ [AT — (PB+CTPD)(R+ D"PD) BTy

— [(PB+CTPD)(R+ D'PD)™'DT — CT|PF# + PFi + ¢, =0, (2:31)

(1) = go.

\

@; 1s the corresponding optimal auziliary state satisfying:

da; = [(A+ BOy)a; + BO, + Fildt + [(C + DOy)a; + DO, + Fi]dWy,

(2.32)
2.4.2 CC system
Applying the decentralized control law ([2.30]) to A;, let &; be the realized state.

By the limiting approximation, the conditions Ez; = z, Ey{ = 1, Eﬁ{ = Bl
should holds. Then Z; satisfies

d#; = (AZ;+ B(012;405) + FF™)dt 4+ (CF;+D(017; 4+ O4) + F2 ™) dW;,

7;(0) = &o,
(2.33)

and

©,=—(R+D"PD)"(B"P+D'PC), ©;=—(R+D"PD)""(B"p+ D" PFE%,),
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where

(

¢+ [AT — (PB+CTPD)(R+ D"PD)'BT|y
— [(PB+CTPD)(R+ D"PD)'D" — C"|PFE#; + PFEZ;

— Q(PE&; +n) — ITQ[(I — D)E&; — n] + FTgs + FTgy + FTB, = 0,

L¢(T) = —G(TEx,(T) +17) — T G[(I — T)E&(T) — 7).

The dual processes (2.22)) become

( . . . . .,
dyl = —[A"y] + C"B] + Q(&; — TEZ; — n))dt + B1dW; + ) 8] dWy,
§'#j

dys = —[(A+ F)"y + F'By] + F'EB] — T"Q(B#; — TE&; — n)ldt,

(U(T) = G(&,(T) = TE&(T) = 7), 52(T) = ~TG((I ~ DE&(T) - 7).
By taking summation and expectation to (2.33]), we have

di™) = (AF™) 4+ B(©,2™) + ©,) + F&™M)dt

N
1 N . ~ N

dEz; = (AEZ; + B(0,E& + ©y) + FEZ;)dt, Ez;(0) = &.

On the other hand, by basic property of It6 integral, for ¢ # j, we have
E <fg(c*:f:i + D(O1F; + ©,) + FiM)dW;, [1(CF; + D(©17; + O5) + F@<N>)dwj> = 0.

Thus, it follows that

N t 2
1 -
=170

N—+4o00
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This

.f‘i—>

implies that #™) — EZ; when N — oo, and correspondingly we denotes

Z, yl = 1, Y2 — Jo. By letting

I, =A— B(R+D'PD)Y(B"P+ D"PC), T,=F—B(R+D"PD)'DTPF,
II; = -B(R+ D"PD)"'B”,

I, = (PB+CTPD)(R+ D"PD) 'DTPF — CTPF + PF + QU + TTQ(I - T),
I, =C - D(R+D"PD) ' (B"P+ D" PO),

I, = F - DR+ D"PD)'D"PF, 1,=-D(R+ D'PD)'B”,

(2.34)

we have the following CC system

;

Ve

di = (1@ + ILEE 4+ H3)dt + (I} & + IL,EE + [15¢)dB(¢),

dp = (-1 ¢ + ILEz — FTj, — FTEy — FTEB + Qn — I Qn)dt,
dijy = (—Qi + QTEE — AT, — CT By + Qn)dt + BrdB(t),

dijy = [TTQ(I — TEZ — FTEjj, — FTEB, — (A + F)Tg, — TTQn)dt,
#(0) =&, @(T) = —G(PEX(T) +17) — [TG[(I = D)EX(T) — 7],

§1(T) = G(&(T) = TE&(T) — 7)), §(T) = ~TTG((I = D)EZ(T) — 1),
(2.35)

where B(t) is a generic Brownian motion. Due to the symmetry and decen-

tralization, only one generic Brownian motion B(t) is needed to characterize

the C

C system here. Moreover, the MF terms z, 9, 51 can be determined by

j} = Ei’7 gl = Egl? Bl = EBh :&2 = EgQ = g2~

Remark 2.5. This C'C system is a highly coupled MF-FBSDEs system. It is

different to a general CC system (e.g., [17], [63], [43]), since the adjoint terms

(i.e.,

CTpy, FTIEﬂvl) here enter the drift term. In general situation, by taking

expectation on the realized state, an ODEs-type CC system would be obtained.
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However, in our system here, CT 3y, FTEB, can not be determined. Thus, the

dynamics of T, 7, and Bl cannot be obtained directly, and we can only represent

them in an embedded way via (2.35)).
2.4.3 Solvability of CC system
CC system ([2.35)) is a highly coupled MF-FBSDEs system. To study its global

solvability, in what follows, we apply some decentralizing method (see [61]) to

simplify it. We start with rewriting the CC system as follows:

(

dX = (A X + AEX + B)Y) dt + (A1 X + AJEX + BY) dB(t),

{dY = (A2 X + ALEX + BoY + BoEY + CoZ + GoEZ + f) dt + ZdB(t),

X(0)=&, Y(T)=GX(T)+GEX(T)+g,

\

(2.36)
where
( i @ 0\ - &
X::(a),yzz(m),z :(ﬁl), A :(o),
0 Y2 0 0
00\ = My 00 I3 0 0 I, 00 I, 00
Ay :(0100),A1 2(0200),31 2(0300>,A’1 =<oloo>,A’1 =<0200>,
000 000 000 000 000
I, 00 000\ - I, 00
B ::(0500>,A2:: <,Qoo)’,42 :( Qr 00)
000 0 00 -ITQI-Ir)00
—HT 0 FT _ 0 FTO 0 0 0 _ OfﬁTO
By = 0 —aT o ,By:=10 0 0],Cy:= <0—CT0>,C2:: 00 0},
0 0 —(A+P)T 0-FT0 0 0 0 0-FT o
Qn-TTQn _ 000 _ [-GT-TTG(I-T)] 00 rTGn—Gnq
f= Qn ,G::(Goo),G’:: —GD 00 |,g:= —G7j
FTQT] 000 fTGﬁ

-I'TGUI-T) 00
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By taking expectation of ([2.36), one can obtain the following decentralized

system

dEX = [(Ai + A)EX + B,EY] dt, EX(0) = &,
d(X —EX) = [Ai(X — EX) + Bi(Y —EY)]dt

+ [AL(X —EX) + (4} + A)EX + Bi(Y — EY) + BIEY] dB(1),
dEY = [(Ay + A)EX + (By + By)EY + (Cy + Co)EZ + f] dt,

d(Y —EY) = [Ay(X — EX) + By(Y —EY) + Co(Z — EZ)| dt + ZdB(t),

(X —EX)(0) =0, EY(T)=(G+G)EX(T)+g, Y(T)-EY(T)=G(X —EX)(T).
(2.37)

Motivated by ([2.37]), we introduce the following FBSDESs system

;

dX1 = [(Al + Al)Xl + Blyl} dt,
dXy = [A1 Xs + BiYs]dt + [A1 X, + (A} + A)) Xy + BYs + B1Y;] dB(t),
dYy = [(As + A2) X1 + (Ba + Bo)Y; + (Co + C2)EZ + f] dt,

dYs = [AsXo + BoYo + Co(Z — EZ)] dt + ZdB(t),

(2.38)
By comparing ([2.36]) and (2.38]), we have the following result.
Proposition 2.7. If
0
det ((O, (T, 0) ([)> #0, (2.39)

. .. . Ay By
where ® is the transmission matriz w.r.t. (AQ—GA1+(B2—C¥B1)G By—GB, ), then the

MF-FBSDEs system (2.36) is equivalent to the FBSDEs system (12.38]).
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Proof. Suppose that (X,Y,7) is the adapted solution of system . Let
X1 =EX, V] =EY, Xo =X —-EX, Yo =Y —EY, and it is easy to verify that
X1, Y1, Xo, Y; satisfy the system . Conversely, if (X1, Y], X5, Y5) is the
solutions of system , then let X = X7 4+ X5, Y =Y + Y5, and we have

(

dX = (A X + A1 X, + BY)dt + (AL X + A1 X, + BYY) dB(t),
dY = (AyX + Ay Xy + BoY + BoY1 4 CoZ + CHEZ + f) dt + ZdB(t),

X(0) =&, Y(T)=GX(T)+GX\(T)+g.

\

Thus, we just need to verify that X; = E(X; + X3) and Y] = E(Y; + Y5).

Considering the expectation of X, and Y5, it follows that

dEX, = [A\EX, + B|EY,] dt,
d(EY; — GEX,) = [(Ay — GA, + (By — GB)G)EX; + (B, — GB,)(EY, — GEX,)] dt,

EX,(0) =0, (EY; — GEX,)(T) = 0.

Clearly, if

det ((0, ®(T,0) (?)) £0,

then EXy, = EY; = 0. Besides, X; and Y; are deterministic, which implies

X; =E(X; + X,) and Y; = E(Y; + Y2). 0

To study the solvability of (2.38), we firstly rewrite it as following compact

form:

dX = (A, X + BY)dt + (A\X + B/Y)dB(t), X(0) =&,

4V = (X + BoY + CoZ + CoEZ + f)dt + ZdB(1), V(T) = GX +§.
(2.40)
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where X = (31), V = (1), v = (M54 ), Br= (% 5,) A = (wiag a),
Bi = (391 35)1)7 AQ = (AQ—[S_AQ 22)7 B2 = (BZ—J)_B2 592)7 CYQ = (8002)7 52 =
(), 6= (%) T=() &=(5).a=() is a FBSDEs
system and its solvability can be obtained by decoupling method. Through

introducing a Riccati equation, we have the following lemma.
Lemma 2.2. Under the (A2.1)-(A2.2), if the following Riccati equation

— K+ BoK + (Cy + Co)K Ay + (Cy + Co) KB K — KAy — KBy + Ay = 0,

K(T) =G,
(2.41)

admits a unique solution and condition (2.39) holds, then the system (2.40) ad-
mits a unique solution, and equivalently, the CC system (2.35|) admits a unique

solution.

Proof. Let Y = KX + k. By Ito formula, we have

(AoX + Bo(KX + k) + CoZ + CoEZ + f)dt + ZdB(t) = dY
=dK x X + K x dX + dr

=dK x X + (KA X + KBiKX + KBr)dt + (KA, X + KB|KX + KB,r)dB(t) + dk.

Comparing the diffusion term, one can obtain
7 = KA X + KB|KX + KB}k,
which implies

CoEZ = CoKAEX + CLKB,KEX + CoK Bl
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Comparing the drift terms, we obtain

ABX + ByKEX + Boki + (Co + Co) KA{EX + (Cy + Co) KB KEX + (Co + Co)K Bk + f

=KEX + KA\EX + KB,KEX + K Byk + .
(2.42)

By comparing the coefficients of (2.42)), K should be the solution of (2.41]) and

K satisfies

Under (A2.1)-(A2.2), by [59], equation ([2.43]) always admits a unique solution.
Thus, if the Riccati equation (2.41]) admits a unique solution, then the system
(2.40) also admits a unique solution. By the equivalence, the CC system ([2.35|)

admits a unique solution as well. O

The Riccati equation (2.41)) can be rewritten as follows:

K = Ay + ByK — K(Ay + BiK) + (Co + Cy)K(A, + BIK), K(T) =G,
(2.44)

which is not a general symmetric Riccati equation. Thus, it is not always
solvable on [0,7]. However, explicit solutions can still be obtained in some
reduced but non-trivial cases. For example, by [60, Theorem 5.3], we have the

following proposition:

Proposition 2.8. If C'Q+C:'2 =0 (i.e., C = F =0) and the following condition
holds:

{(O,I)\IJ(T, t) (?)] B € LY(0, T;R™™), (2.45)
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then the Riccati equation (2.44) admits a unique solution K which is given by:
0™ I

where V(t, s) is the fundamental matriz w.r.t. <§; g; )

Through the discussion above, we have studied the solvability of the CC system.
Besides the decoupling method, the solvability of a FBSDESs system can still be
studied through many other techniques, like monotone condition (see [75]) and
contraction mapping method (see [76]). However, it is not the main topic we
study in this chapter, and we would not discuss it further. Thus, for the sake

of discussion simplicity, in what follows, we introduce the assumption:
(A2.4) The CC system (2.35)) admit a unique solution (Z, §1, 72, 51).

By Lemma [2.1] we have the following theorem.

Theorem 2.1. Under (A2.1)-(A2.4), if the Riccati equation admits a
strongly regqular solution P € C([0,T];S") such that R(t) + DT (t)P(t)D(t) > 0
a.e. t € [0,T], then Problem admits a feedback form MF decentralized
strategqy u; = ©1%; + O, where

0, := —(R+DTPD) Y (BT P+DTPC), 03 := —(R+DTPD) Y (BT o+ DT PF#),
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and @ s the unique solution of

(

¢+ [AT — (PB+CTPD)(R+ D"PD)'BT)p
— [(PB+CTPD)(R+ D'PD)'DT — CT|PFi + PFi
— Q& +n) —TTQUI = T)& — ]+ (F s+ F'1 + F7B) =0,

L¢(T) = =G(Ti(T) +7) = T"G[(I = T)&(T) — 7).

MF terms x, 1o, U1, Bl are determined by * = KX, 1o = 1, 11 = Egq, Bl =
BBy and (,32, 91, f1) is the solution of CC system (2.35). Z; is realized state

satisfying

di; = (AZ;+ B(012;405) + FF™N))dt 4+ (C2;+D(011; 4+ O04) + F2 M) dW;,
jz(o) - 507
(2.46)

~(N) . 1 N~
where TN = L3 7,

Through the discussion above, the MF decentralized strategy has been charac-
terized in Theorem [2.1] In what follows, the performance of such MF decen-
tralized strategy will be studied. Specifically, the asymptotic optimality will be
proved.

2.5 Asymptotic social optimality

In this section, we will prove that the MF decentralized strategy given by The-
orem is asymptotically optimal. We introduce a new generic approach,
which is different from traditional MFG scheme (e.g., [17], [64], [43]), where
the authors usually used the auxiliary cost functional as a bridge to obtain the
asymptotic optimality. Also, our method is different from some reduced social

optima models (e.g., [27], [52], [30]), where the optimality loss could be calcu-
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lated directly with completing square method. Specifically, in this section we
estimate the social optimality loss by studying the Fréchet differential of the

social cost functional.

Firstly, we distinguish the realized state of original problem and the optimal
state of auxiliary problem. Let @ := (@, - ,%y) be the MF decentralized
strategy given by Theorem [2.1, where u; = ©1%; + ©. The realized decentral-
ized state T; satisfies which depends on the state-average "), while the
optimal auxiliary state a; satisfies which depends on the MF term z, and
the optimal auxiliary control is v; = ©1a; + O5. Correspondingly, the original

cost functional 7; w.r.t the MF decentralized strategy u is

- 1 S _ - . _
iy 1-0 = 38 [ 13— TE ol + [l + ()~ E20(T)
0

and the auxiliary cost functional J; w.r.t the optimal auxiliary control v; is

N T O , _
o) = 584 [ llas = 02—l + e + () = Fa() = gl |
0

Next, we present the definition of asymptotic optimality.

Definition 2.1. A decentralized strategy set u® := (u§,--- ,u%) € Uy X -+ XUy

has asymptotic social optimality if

= inzf TN (u) — TN ()| = e(N), e(N) =0, when N — oo.
ucUe
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2.5.1 Preliminary estimations

To study the asymptotic optimality, we first provide several prior lemmas which
will play a significant role in future analysis. In the discussion below, for the
sake of notation simplicity, we use L to denote a generic constant whose value
may change from line to line and only depend on the coefficients (i.e., A, B, C,

D7F>F7Fa777Q7R7£0)'
Lemma 2.3. Under (A2.1)-(A2.4), there exists some constant L such that

T
sup E sup |62 < L, swp ElgM@I2 <L, E / Jaal|Pdt < L,
0<t<T 0

I<i<N  0<t<T

where U; = O1%; + Os.

Proof. By referring [64, Section 5], we have the first and the second inequality.
Based on the boundness of Z; and ¢, the third inequality could be obtained

easily. The detailed proof is omitted here. O

Next, the estimation of the difference between the MF term z and the realized

state-average (V) is given as follows:

Lemma 2.4. Under (A2.1)-(A2.4), it holds that

1
E sup ||zN) —z|? = O(—)

0<t<T N

Proof. See Appendix [A.1] O
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Based on Lemma [2.4] we have the following estimation:
Lemma 2.5. Under (A2.1)-(A2.4), for some constant L, it holds that

sup E sup ||# —a|* <L, sup E sup ||# —2||* < L.
1SN 0<t<T 1SN 0<t<T

Proof. See Appendix [A.2] O

Moreover, based on Lemmas [2.3] 2.4] we have the following estimation of

the social cost functional.

Lemma 2.6. Under (A2.1)-(A2.4), for some constant L such that

js(é\cf)(ﬂh... ’aN) < NL.

Proof. See Appendix [A.3] O

Since we are studying the asymptotic optimality of w, it is sufficient only to
consider those admissible strategies perform better then u. Specifically, we only

consider those admissible strategies 7 satisfying

T (1) < Toe(@) < NL. (2.47)

For these admissible strategies satisfying ([2.47]), we have the following estima-

tion.

54



Proposition 2.9. Under (A2.1)-(A2.4), for any admissible strategy 4 € U.
satisfying (2.47)), there exists a constant L such that

N T
ZE/ || ]|%dt < NL.
i=1 V0
Proof. By (2.47)), this result can be obtained forthrightly. O

Next, we introduce the last lemma for single agent perturbation. Consider
an admissible strategy (ay, -, U;_1,U;, Uis1, - ,Uy). Note that here all the
agents apply the MF decentralized control law given by Theorem except
A;. Correspondingly the agent state is denoted by (#1,---,Zy). We denote
Su; := 1; — ; and correspondingly x; 1= #; — &;, 1) == % Zjvzl £, 6x) =

()

W) — W) for j =1,-.. , N. Similarly, do; := d&; — &;, where @; is the optimal

auxiliary state (2.32)) and ¢; is the du;-perturbed auxiliary state satisfying
dé; = (Ad; + Bt; + Fz)dt + (Cd; + Dt; + F2)dW;,  d;(0) = &.
The du;-perturbed auxiliary control ¥; = ©1q; + ©4 + du;.

Lemma 2.7. Under (A2.1)-(A2.4), for some constant L and any admissible

strateqy with form (1, - -+, i1, Ui, Uir1, =~ -, Un) Satisfying IEfOT l|%dt < L,
it follows that
1
E sup ||dx; — da; 220(—).
S | I N2
Proof. See Appendix [A.4] O
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2.5.2 Asymptotic optimality

Next, we begin to estimate the optimality loss. Recalling Section [2.2] the orig-
inal LP system (2.1)-(2.2)) can be rewritten as follows:
( 1

T
minimize: 72 (u) = §E{ / x'Qx + 287 x + Nn"Qn + u’ Rudt
0

+x(T)"Gx(T) + 283 x(T) + NnTGn}, (2.48)

N
subject to: dx = (Ax + Bu)dt + Z(Cix + D;u)dWV;, x(0)==Z2,

\ =1

where x, u, Q, Sy, So, R, G, A, B, C, D, = follow (2.5 and (2.7)). For any

given admissible u, the state x can be determined by

x(t) =B(t)Z + d(t) /0 o(s)"'[(B - Z C:D))u(s)]ds + Z ®(t) /0 ®(s)"'DyudWi(s),

dD(t) = AD(t)dt + i C,®(t)dW;, ®(0) = 1.

=1

Define the following operators:

(Lu()() = @(-){ | eertim= epjutas+3 [ <I><s>-1Diudw,»<s>},

Lu() = (Lu())(T), T=E()=@()@'(0)=, I==(TE)(T).

Correspondingly, L* is defined as the adjoint operator of L (see [62]). Given

any admissible u, x can be represented as follows:
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and the cost functional can be rewritten as

T

2T (u) :E{ / x7Qx + 2STx + Nn"Qn + u' Rudt + x(T)" Gx(T)
0
+28;x(T) + NnTGn}

=((L*QL + L*GL + R)u(-),u(-)) + 2(L*(Qr'=Z(-) + Sy)
+ L*(GTZE(-) 4+ Sy),u(-)) + (QI'=(-), TE(-)) + 2(Sy, I'Z(+))
+2(85,TZ(1)) + TN Qn + N7 ' G7

—(Mpu(),ul) + 2(My, () + Mo,
where

M, := L*QL+ L*GL+R, M, :=L*(QI'Z(-) +S;) + L*(GI'Z(-) + Sy),

Mo := {QUE(),'E()) +2(81, TE() +2(Se, TE()) + TNY" Qn + Nif" G,

Note that, M, is a bounded self-adjoint linear operator. Let u = (af,--- ,al)T

»'n

be the decentralized strategy given by Theorem [2.1] Consider a perturbation:

u=1u-+déu. Then

2TM (4 du) = (My(t 4 du), @ + du) + 2(My, @ + du) + M, 219
= 27N (@) 4 2(Mya + My, 6u) + o(u).

soc

Here, (Msu + M, -) is the Fréchet differential of J) on 1. By the linearity,

we also have

N
T @+ ou) = FO (@) + Y (Mot + My, 5u;) + o(Su),

i=1
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where du; := (07,--- 0%, 6ul, 0T, ..., 07)T. Specifically,
OO ow) = T (@) + (Mot + My, 5w +o(dw). (2:50)
For the estimation of Msu + M7, we have the following Lemma.

Lemma 2.8. Under (A2.1)-(A2.4), for the MF decentralized strategy (i, - - -

)

uy) given by Theorem we have

|Mat -+ My | = O

Rl

Proof. See Appendix [A.5] O

Based on the discussion above, we can introduce the following result of the

asymptotic optimality.

Theorem 2.2. Under (A2.1)-(A2.4), the MF decentralized strategy @ given by

Theorem has asymptotic social optimality such that

g0 -a0] - of ).

Proof. By the representation of ([2.48]), x‘éﬁ)(ﬁ) — js(jf)(ﬁ + du) = o(N) is

aimed to prove, for any admissible strategy u + du satisfying condition ([2.47]).
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By (2.49)), the following relation can be obtained

(]

N
0 <5 (8) = Tio) (@ + 6u) = —( (Mot + M, 5uz->> ~ 5 (M5u, u)
=1

N N
Z N 1
S ||M2U—|—M1||2 E ||5111||2 - (M25u, 511)

, , 2
=1 =1

=v/N|[ Myt + M, |2 x O(VN) —

%(Mgéu, ou).
(2.51)

Thus, by Lemma and noting the convexity (i.e., 1(Msdu, du) > 0), we have
T (@) = J40 (@ + su) =O(VN).

Theorem 2.2 follows. O
2.6 A numerical example based on navigation application

In this section, we present a numerical example with navigation application
background. A company decides to deploy a group of robots to explore an
unknown terrain. The population of the robots is N = 1000. The states of the

robots are driven by the linear equations ([2.1)) with the following coefficients:

A

(0.9723 0.9707) B = <0.7310 0.7980) F = (0.2077 0.4383) C = (0.5469 0.9669)
0.7409 0.0118 / » 0.2814 0.6108 / » 0.5265 0.2515 / » 0.3363 0.8207 / »

D = (5383 0:3611) £ = (63091 63017 ) » S0 = (8:8576 )

The exploring time duration can be normalized by T' = 1, and the individual

running cost of each robot is given by ([2.2]) with the following coefficients:

['= (81%6%8 gﬁsfggg) y = (81?%%) , Q= (0'1545 0.10785) , R= (0'66587 0.8%63) )
T = (09583 03982), 7= (08528), G = (% 0. 9a1) -
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Recall (2.2)):

1

T
=58 [l = T~ 4l (D) - P = i

The cost of each robot is based on a tradeoff between moving toward a certain
reference signal: 7, and staying near the average of the members’ states: (V).
The individual cost functions penalize the deviation from the reference signal

and the state average. Thus, we introduce the first part of the cost functional:

1]E /THx-—F:c(N)—'r]||2dt
2 o ey

Moreover, the running cost of the adopted strategy u; should be considered as

well, and we introduce the second part of the cost functional:

1 T )
SB[ luilldt o
0

The company also focuses the terminal states of the robots which are based on
a tradeoff between reaching a certain destination signal: 7, and staying near
the average of the members’ terminal states: £(¥)(T). Thus, we introduce the

third part (terminal part) of the cost functional:
1 B () 112
5B ll2i(T) = LT = all ¢

to penalize the deviation from the destination signal and the terminal state
average. For more similar applications of such quadratic cost functionals, inter-

ested readers are referred to [77, [78]. Note that J; is designed to characterize
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the individual cost of each robot, and the total cost of the whole company is
N
=33,
i=1

The target of the company is to assign a decentralized strategy to each robot
which is much more cost-effective compared with centralized strategy. Actually,
to calculate the centralized strategy, the central server should collect all the real-
time information uploaded by all the robots (e.g., Wi, -+, Wy and xy,--- ,xy).
This brings great computational burden to the central server, and such data

stream also requires much more channels and bandwidths.

Thus, by applying the theoretical results we obtained above, such decentralized
strategy can be derived. Specifically, the feedback coefficients (01, 02) can be
calculated beforehand and stored in each robot. Then each robot can calculate
its individual decentralized strategy offline according to its individual real-time
state: x; with very low computational burden (i.e., u; = O1x;+03). More-
over, it is noteworthy that in this case, the communication between the robots
and the central server is also unnecessary. Each robot can complete such sim-
ple calculation by its individual microcomputer. Then the company can save
the cost of supporting the bandwidth of the channel and the high frequency

communication.

To calculate the decentralized strategy, firstly, by applying Runge-Kutta meth-
ods to (2.41)) and ([2.43]), we can obtain K and k respectively. Then by using the
relation Y = KX +# and Z = KA\ X + KB} KX + K B}k, (2.40) can be solved
and we can determine X, Y, Z. Correspondingly, &, 9, 31 can also be obtained.

By calculating (2.29)), (2.30) and (2.31]), we have P, ¢, ©1, Oy, and then the

61



realized state Z; would follow by ([2.46]). Through the calculation above, we can
obtain the two coordinates of the trajectories of the realized states of the 1000

robots given by Figure 2.1.

IS
A

The first coordinate of the states

The second coordinate of the states

05 1 1 1 1 1
0 0.1 0.2 03 04 0.5 0.6 0.7 08 0.9 1

Time ¢

Figure 2.1: the trajectories of the realized states of the 1000 robots

Moreover, the realized state-average ™) and MF term & are given in Figure

2.2.
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realized state average for N=1000
— — — ~mean field term e

05F ~ ,

1+ realized state average for N=1000 B
— — — ~mean field term
0.9F A
.
e
0.8 7 4
0.7F 7 1
0.6 P S L e T ‘ ‘ ‘ 1

Figure 2.2: the trajectories of realized state-average ") and MF term &

By Figure 2.2, we see that & is approximate to #¥), which is consistent to
our theoretical result in section 2.5. To illustrate such asymptotic approxima-
tion between & and ™) better, we also calculate the change of the value of
E supg<i<r |2 (¢) — 2(¢)||? with the number of the robots N. The trajectory

is given by Figure 2.3 below.

123 () - ()]
o o
(2] oo -

o
~

0.2

0 1 1 1
0 10 20 30 40 50 60 70 80 90 100

The number of the robots N

The value of E sup g<i<r

Figure 2.3: the change of the value of Esupy<;<p |2V (t) — £(t)||? along with N
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We see that the residual Esupy,<r |2 (£)—2(t)|| tends to 0 as the population
of the robots N tends to co. More exactly, the residual Esupg,q |2 (¢) —

2(t)||* can be fitted by the following relation:

0.8316
E sup [|E™M(t) — &(t)[]* = ,
0<t<T N

with SSE = 0.002642 and R? = 0.9972. The fitting performance is given by the
following figure 2.4.

1

0.8 E sup o<er||2™(t) — 2(1)|

0.8316
N

0.6

0.4

0.2

0 10 20 30 40 50 60 70 80 90 100
The number of the robots N

f 0.8316

Figure 2.4: the fitting performance of =5;

In this sense, the result in Lemma [2.4] can be verified in our numerical example.

Next, we aim to verify the result in Proposition [2.8, The corresponding com-

ponents of [(O, nNY(T, t)(?)} ~! are shown in Figure 2.5, respectively.
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Figure 2.5: the trajectories of the components in equation (2.45)), when C, F' # 0

Further, if welet ' = (§9), C = (39), then the components of [(0, I)¥(T,t)(})] -

are shown in Figure 2.6 respectively,

Figure 2.6: the trajectories of the components in equation (2.45)), when C' =
F=0

and we have

{(0, DY(T,t) (?)} B € LY0,T;R™™).
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Then, in this case by the result of Proposition [2.8, we know that the Riccati

equation ([2.44]) admits a unique solution K which is given by the following:
0\~ I

where W(t, s) is the fundamental matrix w.r.t. (f;l By >
2 B2

2.7 Conclusion

In this chapter, we investigate the social optima of a MF LQG control prob-
lem with multiplicative noise. First, we discuss the convexity of the social cost
functional and summarize some conditions for some cases of indefinite weight
coefficients. Then based on person by person optimality and duality procedures,
a set of decentralized strategies is designed by optimizing the social cost func-
tional subject to a MF-FBSDEs system (CC system) in MF approximations.
We study the well-posedness of the MF-FBSDEs system and obtain the con-
ditions for its solvability. Finally, the corresponding decentralized strategies is

proved to has asymptotic social optimality.
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Chapter 3 MF Strategy in Mixed Social Op-
tima

3.1 Problem formulation

In this chapter, we consider a weakly coupled LP system with a major agent Ag
and N individual minor agents denoted by {A; : 1 < < N}. The dynamics of

the N 4 1 agents are given by a system of linear SDEs with MF coupling;:

;

@wyzpwmwmimmww+%@ﬂmmpt

v [Co(t)xo(t) + Do()uo(t) + Fo(t)e™ (t)} AWy (t), (3.1)

10(0) = & € R”,

\

and for 1 <7 < N,

(di(t) = [A(t)i(t) + Btyu(e) + F(0)2™(0)]ar

+ [C(t)xi(t) + D) + FOz™ () + Gt)ao ()| dWi(t),

\LL’Z(O) = é S Rn,
where (M) (t) = L ZZ]L x;(t) is the average state of the minor agents.

Remark 3.1. We remark that the control process and state-average enter both
the drift and diffusion terms. This makes our paper different to standard MFG
(e.g., [52]) or social optima (e.qg., [27)]) literature in which only drift terms are

control-dependent.
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Let u(-) := (up(-),u1(+), -+ ,un(-)) be the set of strategies of all N + 1 agents,

uo(-) = (wa(), -y un () and u() = (uo(), -+ s wica () i (), - un (),

0 <17 < N. The centralized admissible strategy set is given by
T
U. = {u()|u() is adapted to F, and E/ ||u(t)||2dt<oo}.
0

Correspondingly, the feedback decentralized admissible strategy set for the ma-

jor agent is given by

Uy = {uo(-)|u0(-) is adapted to {F, V o{zo(s),0 < s <t}}

T
E/Hm@wﬁ<m}
0

t>0"’

and the feedback decentralized admissible strategy set for the i*" minor agent

is given by

U = {ul()|uz() is adapted to {F} V o{z;(s),0 < s < t}}
EA|m@wa<m}

>0

For simplicity, define

U o:={(ui(:), - yun()|w(:) €Uy, i=1,--- N}
The cost functional for Ay is given by

Jo(uo(+), u—o(-))

. / {(Qol®)(wot) = Ho()a™ (1)), 2o(t) = Ho(®)z (1)) (3.2)

2
+<%@%@”W»P“

68



and the cost functional for A;, 1 <7 < N, is given by

Ti(ui(-), u—i(+))
1

= aE/o QU i(t) — H(1)wo(t) — F (2™ (1),

Remark 3.2. [t is worth pointing out that it brings no essential difficulty to
introduce a terminal cost term in (3.2) and (3.3)). This will only change the
terminal value of the associated Riccati equations. Thus, for simplicity, we only

consider Lagrange type cost functional here.

The aggregate team cost of N minor agents is

TS () = Zﬂ(ui(%u—i(-))- (3.4)

We impose the following general assumptions, which are commonly used in LQG

models, on the coefficients:

(A3.1) Ao(-), Fol-), o), Fal-), A(), F(-),C(), F(-), G() € L®(0, T; ™),
Bo(), Do(), B(-), D(-) € L®(0,T; R™™),

(A32) QO(')) HO(')? Q()? H()? FI() € LOO(Oa T; Sn)? RO(')? R() € Loo(()? T; Sm)

Remark 3.3. Under (A3.1), the system (3.1) and (3.1) admits a unique strong
solution (xo,--- ,xn) € L%, (9;C(0,T;R™)) x --- x L% (Q;C(0,T;R")) for any
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giwen admissible control (ug, -+ ,un) € U X -+ X Ue. Under (A3.2), the cost

functionals (3.2)) and (3.3) are well defined.

Note that while the coefficients are dependent on the time variable t, in this
chapter, the variable (t), (-) will usually be suppressed if no confusion would

occur. We propose the following social optimization problem:

Problem 3.1. Find a strategy set u=(ug, uy, - -, un) where u; € U;, 0 < i <
N, such that
ol i-0) = inf, To(un, -0},
o (3.5)
TN (g, o) = inf TN (iig, u_).
u—_gEU_g

3.2 Stochastic optimal control problem of the major agent

Replacing V) of (3.1]) and (3.2) by 4 which will be determined in Section ,

the limiting major agent’s state is given by:

dZO = (A()ZQ—FB()U()—}—F()@) dt+ (CQZo—i—DQUO—I—ﬁ()i‘) dWO, 20(0) = &), (36)

and correspondingly the limiting cost functional is

1 T
J(](UO) = §E/O [(Qo(ZO—Hoi'),ZO—H0£>+<R()U0,U0> dt. (37)

We define the following auxiliary control problem for major agent:

Problem 3.2. For major agent Ay, minimize Jo(ug) over Uy.
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This is a standard LQ stochastic control problem. For its solvability, one can

introduce the following standard assumption:

(SA) Qv >0,Q>0,Ry>0, R>0.

By [58, pp 2285, Theorem 4.3], we have the following result:

Proposition 3.1. Under (A3.1)-(A3.2) and (SA), the following Riccati equa-

tion:

— (PyBy + CT'PyDy)(Ry + DY PyDy) Y (BL Py + DI PyCy) + Py + Py Ay

+ APy + CTPCy+ Qo =0, PRy(T) =0,
(3.8)

is strongly regularly solvable, and Problem[3.4 admits a feedback optimal control

g =012y+0Oy where

0, =—(Ro+DIPyDy) " (BIPy+ DIP,Cy),

) (3.9)
O, =—(Ro+DgPyDo) (B ¢+ Dj ¢+ D PoFo i),
and ¢ satisfies
(
dop = —{ [AOT — (PyBy + Cj PyDy)(Ro + DgPODo)_lBoT]Cb
+ [CF — (PyBo + CT PoDo) (Ro + DE PoDy) ™' DE ¢
(3.10)

+ [COT —(PyBo+CT PyDo)(Ro+ DL PyDy) ' DI } PyEyi

+ Py Fyi — QOHO.:?:}dt +CdW, (T) = 0.
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The corresponding optimal state is

dzo= (A0+Bo@1)20+3092+F0j:} dt+ {(CO+D0@1)20+D0®2+%:%] dWy(t),
ZQ(O) = &).
(3.11)

3.3 Stochastic optimal control problem for minor agents

In this section, we aim to derive the MF strategy set for the minor agents. The
methodology (e.g., variational analysis and duality method) is similar to that in
Chapter [2] Section 2.3}2.4f However, due to the existence of the major agent, the
corresponding variation function, limit process and dual process of the major
agent should be introduced additionally. Thus, in what follows, we would still

sketch some key steps.

3.3.1 Person-by-person optimality

Let (@y,---,u,) be centralized optimal strategies of the minor agents. We
now perturb u; and keep u_;=(ug, @y, +--, W1, Uir1, -+, Uy) fixed. For
j=1,--- N, 5 # i, denote the perturbation du; = u; — u;, or; = x; — T;,
dr; = x;

differential) of J; w.r.t. du;. Therefore, 6x;, 0x;, dxo and dx_( ;) := Z;.V:L#i ox;

— zj, 6z = L Zjvzl dz;, and 6J; is the first variation (Fréchet

are given by

(

doz; = (Adz;+Bou;+ Fox™)dt+(Cox;+ Dous+ Fox™) +Goxe)dW;,
dsz; = (ASz;+F6x™))dt+(C6x;+ Fox™) +Goae)dW,
630 = (Agbzo+Fo6z™)dt+(Codao+ Fosz™)dWy,

dox_(05) = [Adz_(0.5)+F (N — 1)6a™]dt+Y ~(Cox;+ Foa™) +Gomo)dW;,
J#i

5$Z(0) = 0, (5$j(0) = 0, (511)0(0) = O, (Sﬁ_((),i)(()) =0.
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By some elementary calculations, we can further obtain 9.7; of the cost func-

tional of A; as follows
T A A
M:JE/ (Q(z;— HZW)— HZy), 62— Hox™)— Hoxzo) + (R, du)dt.  (3.12)
0
For j # i, 0J; of the cost functional of A; is given by
T A A
5J; = / (Q(z; — Hz™) — Hzy), 6x; — Hoxo — Héx™)dt. (3.13)
0

We can further obtain 5];9! ), the first variation of the social cost, satisfying

T
STW) = | / [(Q(@- — HiW™) — Hzg), 6a; — Howg — Hoz™)
0

J#i
(3.14)

Replacing zV) in (3.14)) by (z™) — 2) 4 &, we have

T
5"78(01\0[) = E/ |:<Qi'l,(5$l> - <Q(ﬁi+Hj0)+ﬁQ(£—ﬁf—Hfo),(5513'1>
0
—(HQ(i—Hz—Hiy), 62 _(04))— (HQ(2— Hi— Hy), Nox,)

1 . ) ) 4
+N g <Q(f]—Hl’—Hl’0>, N(5$]>+<R’LLZ7 5uz>] dt‘f'; €l
J7 =

where

( T
- / (QF — HOI) (& — 3™), N62™)at,
0

T
gy =—F / (HQH (& — z™)), NHox)dt,
> (3.15)
£3 = E/ (HQ(z — z™)), Néxo)dt,
0

T
€4 = E/ (HQ(z — ™)), Noz™).
0

\
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Introduce the limit processes (zj, 2}, 2**) to replace (Ndxo, Nox;, dx_(04)) by
(Noxo — x5) + x5, (Ndwj — x}) + 2}, (020,45 — %) + ) where

"

ey = (Aol + Fodwi + Fou™ )t + (Coat + Fodai + Foa™ ) dWs, - (0) =0,

dr} = <ij + Fox; + Fa:**)dt + (Cx;—i-ﬁéxi—i-ﬁx**—i—é’xg) dw;, z3(0)=0,

de** = (Ax** + Fox; + Fx**)dt, ™ (0) = 0.
Therefore,

T
0T =E / (Qus, 0w) — QUi+ Hizo) + HQ(i— i~ Hao), 6:)
0
—(HQ(2—Hi—Hiy), ™) —(HQ(2—Hi— Hy), x3)

+— Z T—H7), x5)+ <Ruz,5u2}dt+zgl,

J?él =

where
HQ(i — Hi — HZo), 2™ — dx_(.)dt,
(

o :E/OT<
ey = E/T<

HQ(# — Hi — HZy), xjy — Noxo)dt, (3.17)
"1
g7 = / Z — Hi — Hzy), Néxj — x5)dt.
J#i

Replacing Zg by (Zo — 20) + 20, we have

T
5T — / (Qui,60)~ QU + Heo)+ HQUi— Hit— Ha), )
0

—(HQ(&—H&—Hz),2™)— (HQ(&—Hi—Hz),z5)  (3.18)
10

+%Z¢:< —Hi—Hz),x i+ <Ru“6ul]dt+;€h
VED
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where

(

T
s =B / (QH (20— %) + HQ(z0 — o) + HQH(To — 20),2)dt,
0

T
{ €9 = E/ <HQH(‘%0 - ZO): I8>dt7 (319)

0
T
1
€10 — E/O N Z<QH(ZO — 1_30), l’;>dt
\

J#
Now we introduce the following dual processes of 3?, y{ and ys:

ay} = [HQ(&— Hi—Hzo)— ATy}~ CF 80~ G| T ]| di+ BaWe,  42(T) =0,

dy] = |~ Q(a;— Hi—Hz) = ATy —CT P |dt+-87 aw+ Y s aws, (1) = 0,
) k#j

dys = \HQ(i~Ha~Hz0)~F Byl | 7} |-FTEY |77 -FTE[5]| 7]

to replace the intermediate variation terms xj, x; and z**, respectively. Apply-

ing 1t6’s formula to (y{,x;‘% (ya, 2**) and (y, x}), we have

0 =E(y{(T),z}(T))~E(y(0),25(0)) (3.20)

T ] N . ~ ..
—E / (@~ Fri—Hzo),23)+(FTyl + P, a™)
0
(G )+ (FTyi+ FT 80 ba) |,
0 =E({ya(T), 2" (1)) ~E{y2(0),2™ (0)) (3:21)
T
B [ [(HQU~ 5~ Hzo) - FUEl]| 7
0
— FTR(8 | P~ )~ BT B0, ™ e F Ty, 6) | at,
0 =E(y)(T),z5(1))~E(W(0),5(0)) (3.22)

T A ~, ..
= [ [(QU— i - Hz0)  GTEIBY |71, a3

LY+ E B2+ (R )+ B 87, 6,) | at.
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Adding to (3.18]), we have

T
0TI = / [<Q@i,(5xi>—<Q(ﬁ@+Hzo)+ﬁQ<ge—ﬁ@—Hzo)—FTyz—FTE[y{mWO]
0
" y 12
_ FTE[B) FV0) — FTy0 — FT B0, 62;) + (Rai,auﬂdwzal,

=1

(3.23)
where
(511 — / < ( > oyl — Byl |FY )—i—FT( S B - BJJ|]_—W0]) **>dt,
JF#i J#i
=B G B~ BisIF)
0 i#i
€13 = / < ( Zyl Ely{ fWO]) +FT< Zﬁ” [[3{j\.7:,5wo]>,6:z:i>dt.
\ JF J#i

(3.24)
Therefore, considering the case when N — oo, we introduce the first variation

of the decentralized auxiliary cost functional §.J; as follows:

T
0J; = ]E/ |:_<Q(Hi+HZQ)+HQ(i—Hi'_HZO)_FT?/Q_FTgl_FTﬂl
0

—FOT FT51,§I1> <Q.fl,5$2>+<Rﬂ“(5uz> dt

(3.25)
Remark 3.4. In (3.25)), we ignore €1, --- , €13 and introduce the first variation
of the auziliary cost functional 6J;. Actually, 1,--- ,e13 have some order as
W) — 2, and it is sufficient to conjecture ||[z™) — 3|2, — 0 when N — 00

by considering the weakly coupled structure of our problem. The rigorous proof

will be given in Section[3.5

3.3.2 Decentralized strategy

Motivated by (3.25]), one can introduce the following auxiliary problem:
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Problem 3.3. Minimize J;(u;) over u; € U; where

(

dv; = (Aw; + Bu; + Fi)dt + (C; + Du; + Fii + Gz)dW;, 2;(0) =z,

T () = %]E /0 (Qus, 2:2) —2(S, 22+ (Rug, us)dt,

S=Q(Hi+Hz)+ HQ(i—Hi—Hz)—Flyy— F gy —FT 3 — FL0 — T 0.
(3.26)

\

The MF terms &, 2o, ¥, 91, A1, 42, 82 will be determined by the CC system in
Section From [58], we have the following result:

Proposition 3.2. Under the assumptions (A3.1)-(A3.2) and (SA), the following

Riccati equation

P+PA+ATP+CTPC+Q — (PB+CTPD) (BT P+DTPC) =0, -
3.27

is strongly regularly solvable, and Problem[3.3 admits a feedback optimal control

u; = Mx; + Ay where

A = —(R+D'PD)Y"Y(BTP+ DTPO),

o (3.28)
Ay = —(R+ D'PD)(BY¢ + D"+ D' P(Fi + Gz)),
and (¢,n) satisfies
dp(t) = —{[AT — (PB+CTPD)(R+ DTPD)"' BTy
+ [T — (PB+C"PD)(R+ D"PD)™*D"]p 3.29)
3.29

+[(PB+ CTPD)(R+ DTPD)'DT — CT|P(Fi + Gz)

+ PFi — S}dt 4 pdWo(t),  (T) = 0.



3.4 CC system

Because of the symmetric and decentralized character, we only need a generic

Brownian motion (still denoted by W), which is independent of Wy, to charac-

terize the CC system.

Proposition 3.3. The undetermined quantities in Problem can be
determined by ('@; 20, y?; 5?7 ?)1; Bl; y?)z(E[Z“FtVVO]; 20, Yo, BO; E[gl‘FtWO]y

E[BHFY, ), where (2, 20, §o, Bo, §1, BL, 92) is the solution of the following
MF-FBSDFEs system.:

dzo = [(Ao—BoRy Po) 20— BoRy' BE ¢— BoRy' D¢
+ (Fo— BoRy' D§ PoFo)E[2| F{*)|dt+([(Co— DoRy'Po) 20
—DoRy! BY ¢— DRy DE ¢+ (Fo— DoRy! DE Py Fo)E[2| FY° )| dW,
dz = [(A—BR'P)2—BR DT PGz— BR'BTp— BR D%
+HF—BR'DPF)E[2|F}"°]|dt+[(C—DR'P)=z
+G-DR'D'G)2— DR ' B'¢— DR DT+ (F— DR DT PF)E[2| F}"°])dW,
dijo = [~ HQHzo-+ HQ(I — H)E[:|. ;") — Ao — Cbo — GTEIB |7 [Jdt+ Bod W,
dijy = [QHz— Q2+ QHE[2| F{"°]— ATgy — C"B1]dt + B)dWo + B dWr,
djo = [~HQHz + HQ(I— H)E[z|F}"*] - F'E[j | 7]
—FTR[B3 7]~ (A+ F) o — F§ o — F§ Boldt+Bad Wo,
46 = (A PER'BY )b+ (B~ PRG DY ) (PR3 D~ CF)
x Py FoR 2] F}"° ]+ Po FoR[2| "] — Qo HoE 2| F*° )| dt+(dWo,
dp = —{(A—P"RBY )@+ (CT=P'RD")ij+(PTRD'-CT PG

+(PF+(P"R'D-C")PF)E[2| F)" - S]dt+7d Wy,

ZO(O) = 607 Z(O) = Ea gO(T) =0, gl(T) =0, gQ(T) =0, é(T) =0, QB(T) =0,
(3.30)
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with
P :=B"P+D"PC, Py:=BjPy+D{P,Co

R:=R+D'PD, TRy:= Ry+ DjPyDy.

By letting X = (27,2")", Y = (45,491, 9,90",¢")", Zi=(65, B", B3, ",
ﬁT)T7 Z2:<OT7 BllTa OTa OTa OT)T7 Z = (ZDZ?> and W = (WDTawlT)T> "

takes the following form:

4
AX = [ X + ME[X|F) + ByY +Fi 2] de
+ [COX + CIE(X|F] + DY + P2, vy

+ [CIX + CIE[X| 7] + DY +Fiz]am,

4 (3.31)
dy = [Azx + RE[X|F] + BoY + BoE[Y | F]
4+ CoZy + CoZy + CQJE[ng%]] dt + ZydWo + ZodWh,
| X(0) = (&.€0)", Y(T) = (0", 0",0",0",0M),
where
_ ( Ao—BoRg"Po 0 i _ (0 Fo—BoRyDLPoFy _ (000 -ByRy'BY 0
A= (7BR_1DTPC~¥ AfB’R_l’P> A1 = (o F—BRD'PF ) Bi= (0 00 0 7BRBT> ’

—1 _ —
F,— (000 -BoRyDy 0 FO — (000 -DyRGDE0Y @0 — (0 Fo—DoRy'DhP Fo
000 0 —BoRg'D) 1 000 0 o)1 0 0 ’
0 _ [ Co—DoR:*Py O 1_ ([ _ 0 _ 0 ~1 _ (0 _ 0 _
Ci= ( oo ) Ci = g_propra c—prp ) C1 = (0 FoprotprpE )
0
0

0_ (000 —-DoR;'BY0 1_ (0000 0 1_ /(0000 0
ID)1_(000 0’ %o ’Dl—(oooofanlBT)vFl—(oo OfDR’lDT>’

—HQH 0 —-AL 0 0 0 0
QH -Q 0o —-AT 0 0 0
Ay = —-HQH 0 Bo=| -FF 0o —4a+F" 0 0 |,
- U . 0 0 0 0 B, 0
—(P"RID"-CTYPG+QH—-HQH 0 T o _FT 0 BY
0 HQ(I—H) 0 0 000 0-GT 000
B 0 QH _ 0 0 000 _ 0 0 000
Ay = | oAQu-f) | ,Ba=[0-F000 | Co=(0-Foo00 |,
o i 0 0 000 0 0 000
o il 0-F"000 0 -F 000
2
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A, = [PYRGIDE — ¢\ PoFo— PoFo+QoHy, AY=—F+[P'RID'-CT\PF+HQ+QH-HQH,

By =—Al + PIRG'BY, By =-APRIABY, Ch=—(CY—PIR,'DY), CY=—(CT™-P'RIDY).

Next we use discounting method to study the global solvability of the FBSDESs

system ([3.31]). To start, we first give some results for general nonlinear forward-

backward system:

(

dX@):b(uxijﬂxunf?ﬂAqﬂ,Z@Ddt
+a@Xﬁ%EwﬁﬂﬁmJﬂm2@»ﬂV@, X(0) =z,
4y (1) = — £ (1, X(0), BLX (071, ¥ (0), BY (01 F2], 2(1), ELZ(0)| 7)) i

+Z(MdW (),  Y(T) =0,
(3.32)

where W = (%)), and the coefficients satisfy the following conditions:

(H3.1) There exist p1, p2 € R and positive constants k;, i = 1,--- , 12 such that

forall t,z,z,y,9, 2, Z, a.s.,

L. <b(t7$17f’y72) - b(t7x27j7y7z)7xl - C(:2> S P1||$1 - I2H27

2. [Ib(t, 2, 1,91, 21) — b(t, @, T2, 42, 22) | < Kl T1 — ol + Kallys — el +

k3l|z1 — 2],
3. <f(tax7jay17gv 272) - f(t,$7f7y2,??a275)>y1 - y2> S p?Hyl - y2||27
4. || f(t, 2, 21,9y, 01, 21, 21) — f(t, 22, T2, Y, Yo, 20, Z0)|| < Kallwn — 22| +

s||Zy — Za|| + kel — 92| + krll21 — 22| + ks|21 — 2],
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5. \lo(t,z1, 1, y1,21) — o(t, 22, T, Y2, 20)||* < ki|lzr — xo|* + k3,l|71 —

Toll> + kil — vol® + kisllzr — 22|
(H3.2)

T
E / [10(2.0.0.0.0) [ + [ (2.0.0,0,0)> + [1/(2.0.0,0.0,0,0) ] a < oc.
0

Similar to [64] and [76], we have the following result of solvability of (3.32). For

the readers’ convenience, we give the proof in Appendix [B]

Theorem 3.1. Suppose the assumptions (H3.1) and (H3.2) hold. There exists
a constant 61 > 0 depending on p1,p2, T, k;;i = 1,6,7,8,9,10 such that if k; €
[0,61), i =2,3,4,5,11,12, the FBSDEs system admits a unique adapted
solution (X,Y, Z) € L%(0,T;R") x L%(0, T; R™) x L%(0, T; R™*4). Furthermore,
if 201 + 2py < —2ky — 2ke — 2k2 — 2k3 — k% — k¥,, there exists a constant
dy > 0 depending on py, pa, ki, i = 1,6,7,8,9,10 such that if k; € [0,02), i =
2,3,4,5,11,12, the FBSDEs system admits a unique adapted solution
(X,Y, Z) € L%(0, T;R") x L2(0, T;R™) x L2(0, T; R™%).

Let p} and pj be the largest eigenvalue of 2(A;+AT) and L (By+BY), respectively.
Comparing (3.32]) with (3.31)), we can check that the parameters of (H3.1) can

be chosen as follows:

k= ALl ko= IBall, ks=[Fill, ko= [lAs]l, ks =Asll, ke=]|B:l,
kr = ||Caol| + ICall, ks = |ICall, ko= [IC+ICill, ko =TS +]|Cil,

ki = DY + DAl ke = E7] + I F .
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Now we introduce the following assumption:
(A3.3) 207 +2p5 < —2||Au]| — 2||Ba| — 2[|Cs[|* — 2[|C |1 — [ICY|1* — [ICY|I*.
We have the following result:

Proposition 3.4. Under the assumptions (A3.1)-(A3.3), there exists a constant
03 > 0 depending on pf, ps, ki, i = 1,6,7,8,9,10, such that if k; € [0,03),
1=2,3,4,5,11,12, the FBSDFEs system admits a unique adapted solution
(X,Y,Z) € L2(0, T; R?) x L%(0, T;R™) x L%(0, T; R"*4).

In what follows, we give an example to show how exactly such conditions can

be applied.

k k k k k
Remark 3.5. Fore >0, let py = 2, pp = 2, p3 = "2, p1 = 2, ps = m,

Pe = 2]€§'8‘r257 d= _le_2k6_2k%_2k§_k3_k102_2p>{_2p§_457 pl - ﬁQ - %l7

0= (3 + mrpi) () = G+ EEEN) (B). Ird > 0,6(% + %) <1,

P2 1—k7ps—kspio/ \ p1 e? €

0(%% +k}) <1, Q(i—g + k%) < 1. Then (3.31) admits a unique solution.

Thus, via Proposition .1}, [3.2] 3.4, we can conclude the following procedure to

calculate the MF strategy.

e Under (A3.1)-(A3.3) and (SA), each agent can calculate CC system

(3-30) and obtain (2, 2o, Jo, Bos J1, 51, 2). Then by taking conditional

expectation, the MF terms can be obtained by (&, 29, ¥, 87, 91, B,
yQ):<E[Z|]:tWO]a 20, gOa BOa E[g1|*/—-;fwo]7 E[BHEWO]’ QZ)
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e With (Z, 20, 99, Y, 91, Bl, y2), the agents can solve Riccati equations

" " and BSDEs " " to obtain P07 P7 (b? 2

e With P, P, ¢, p, the agents can obtain (01, 05) and (A1, Ay) by (3.9) and
(3.28) respectively. Then the feedback form MF decentralized strategies
are given by 1y = ©129 + O9, u; = AMZT; + Ay, fori =1, ---, N, where

Zo and Z; are the realized states satisfying

drg= |:(AQ +Bo@1)%0 + ByO, +F0§(N):| dt+ {(Co "‘v‘Do@l)fO +DyO, —l—ﬁof(]v)} dWy,
A = |(A+BADTi+ BAp+ F ™) |di+ [ (C+ DAY )i+ DA+ F™) 4G | W,

(3.33)

Through the discussion above, the MF decentralized strategies have been char-
acterized. For the next part, we will study the performance of the MF strategy.
Specifically, we will prove its asymptotic optimality.

3.5 Asymptotic ¢ optimality

Definition 3.1. A mized strategy set {ui € U;}Y, is called asymptotically e-

optimal if there exists € = ¢(N) > 0, limy 0 (V) = 0 such that

Jo(ug, usy) < inf Jo(ug, uy)+e,

ug EUp
1
(N)(,,e , € : (N)(,,e
— (T (ug, us ) — inf  TX(ub,u_g)) <e
N( soc( 0 0) = soc( 0 )) )
where u®, = {u§,--- ,ui}. In this case, uf,u, achieve an asymptotic e-
equilibrium, and us,--- ,uy achieve an asymptotic e-social optima.

Let u be the MF strategy given in Section [3.4] and the realized decentralized
states (%o, 21, -+ ,Zy) satisfy (3.33) and z™) = L Zfil z;. For the optimal
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controls of the auxiliary problems u = (ug, @, ---, uy), the corresponding

optimal states are:

’

do = [(AO+BO@1):EO+30@2+F0]E[z|ftW°]}dt

+ [ (Cot Dy©1)T0 + Do+ FoE[:1FI™] | W t),
Az = [(A+ BAY @+ BAy+ FE[2| F") | dt

+ [(C+DA1)@+DA2+ﬁE[z\J-}W°]+§fo] AW;(t),

EO(O) = 507 fl<0) = 57 1< < N7

\

where z is the solution of (3.30]). Therefore, the optimal control of Problem
is ug = ©179 + ©4. Before further discussion, we need some estimations. In
the proofs below, we will use K to denote a generic constant whose value may

change from line to line.

Lemma 3.1. [64, Lemma 5.1] Under (A3.1)-(A3.3) and (SA), there ezists a

constant K1 independent of N such that

sup E sup [|7;(1)]* < K.
0<i<N  0<t<T

Lemma 3.2. Under (A3.1)-(A3.3) and (SA), there exists a constant Ky inde-

pendent of N such that

E sup
0<t<T

2
[#09(r) — L1 7M|| < 52
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Proof. 1t is easy to get that

A(FN) — B[ F]) =(A+ BA, + F) (7 — B2/ 7))t

N
1 e NN N~
5 2 [(C+ DAYE + DAy + F3®) + Gy aws.
=1

Therefore,
2
E sup ||z — E[z|F°]
0<s<t
t 2
gKE/ ) _ 5L 7| ds
0
K s & ~ ~ 2
+ 2 E sup / 3 [(C + DA + DAy + F7™ 4 Gfo] aw;||".
N2 o<s<t Il Jg —

Note that Z;, 7o and V) are all continuous, and the coefficients (C' 4+ DA;),
DA, F and G are all bounded. Then the integrand (C+DA;)Z;+DAy+F7™) +
5350 € LZ(0,T;R"). Thus, we can apply Burkholder-Davis-Gundy inequality
(see Corollary and obtain

2
F—E[:| 5"

E sup
0<s<t

t
SKE/
0
t
SKE/
0

Finally, it follows from Gronwall inequality, and Lemma that there exists a

2
ds

7 —E[17)

2 K _[tE _ ~ N A

2 K I
ds—l——<1+ sup E sup |[|z;(t)]| )

F O —E[z| ")
N 0<i<N  0<t<T

constant K5 independent of N such that

E sup

0<t<T

2 K.
7M@)~ ELF]| < 2
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Lemma 3.3. Under (A3.1)-(A3.3) and (SA), there exists a constant K3 inde-

pendent of N such that

Fi(t) — fi(t)H2 < %

sup E sup
0<i<N  0<t<T

Proof. 1t is easy to check that

A7 — 7)) = [(A + BA(F: — 7))+ F(EW —E[szO])] dt

+ [ (C+DA)E=2)+ FEY = E2| 7)) + G(@ — 30) | awi o),
and

(T — 7o) =[ (Ao + Bo®1)(Fo — To) + Fo(ZY) — E[2| 7)) | at
+ [(Co -+ Do©1) (@0 — o) + Fo(E™) — B[ F"]) | dWo 1),
Therefore, it follows from Burkholder-Davis-Gundy inequality that
E sup ||7; — 7|

0<s<t

t
<KE [ [~ P + |5 ~ BA7] 2] s
0
2
+ 2 sup

0<s<t

t t
<CE [ |~ wilPds + CE | [|5) ~ BAZ + T — 2] ds.
0 0

/0 S [(C+DA1)(§Z'—§:1-)+]5(%(N)—E[z|.7-“tW°])+é(§0—fo)] dWi(t)H

86



and

E sup [[Zo(s) — Zo(s)||”
0<s<t

t
<CE [ [0 - a0l + |5 ~ E[L7" ] ds
0

+ 2E sup
0<s<t

t t
gKIE/ \|550—§:0|]2ds+KE/
0

| (o Do —20) + @ — BLAZ D |awi(s)|

B 2
W) —R[z| FM)|| ds

t 2
<K/ E sup ||Fo(r —xo(r)||2ds+KE/ #N) —E[2|F)|| ds.
0

0<r<s

Note that K is a constant and is obviously non-decreasing with time ¢. More-

2 2
over, by HE(N) — E[2|F]|" > 0, we also know KE [ Hi(N) — E[z|F)|| ds

is non-decreasing with time ¢t. Therefore, it follows from Groénwall inequality

(Theorem [1.2) and Lemma [3.2] that

sup E sup ||z;(t) — z;(t)]|* < N
0<i<N 0<t<T

Note that

A(Fo — 20) =| (Ao + Bo®1)(@o — 20) + Fo(3™) — E[2|F"])|at

+ [(Co+ Do©2) (@ — 20) + Fo(@™) — E[\F")) | v,

Similar to the proof of Lemma we have the following result:
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Lemma 3.4. Under (A3.1)-(A3.3) and (SA), there exists a constant K5 inde-

pendent of N such that

E sup ||Zo(t) — 2o(t
s [7(0) = (0 < 5

3.5.1 Major agent

Lemma 3.5. Under (A3.1)-(A3.3) and (SA),

|Folo, ) — Jo(7i0)| = O(—=).

1
VN
Proof. Recall (3.2) and (3.7)), it follows from

Jo (o, U(—oy) — Jo(io)

1" _ (N N
:—E/ {<Qo(il?0 — Hot™), Zo — Hofﬁ(N)>
0

2
- <Qo(if'o — HoE[2|F"), 7 — HOE[Z|‘FtWO]>}dt
1 T
:—E/ <Q0(%0—iO—HO(E(N)—E[z|FtW°])),%o—jO—Ho(f(N)—E[z|ftW°])>dt
2 Jo
T

+E [ (@@ - a0~ H@) ~ BAZ)), a0 — HELAF] )t

0

T
<KE [ (13~ 0l + |5 - ElsI 7)) a
0

T
1 [ [(B17 = )} + I ~ B0

1
=0(5):
VN
where the last equality follows from Lemmas [3.1H3.4] O
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Consider the case when the major agent Ay uses an alternative strategy uy and
the minor agent A; still uses the strategy wu;. The realized states with major

agent’s perturbation are

4 ~
doy= (Aoao—l-BoUo-i-Foa(N)) dt+ <Coao+D0U0+FoOé(N)> dWy,

dOéi = |:<A+BA1)OQ+BA2+FO[(N)] dt+ [(C+DA1)OZZ+DA2+ﬁOZ(N)+é(XU dVVZ,

CY()(O) = &), OCZ(O> = f, 1< < N,

\

(N)

where o\ = % Zfil a;. The decentralized limiting states with major agent’s

perturbation are

(

ddto = [ Aoy + Boto + FE[2|F}"*]|dt + |Coio + Douo + FoE[2| F1] | v,
da; = [(A + BAY)a; + BAy + FE[szO]] dt
+ [(C + DAy)a; + DAy + FE[z|FY°] + @do] dw;,

ao(0) =&,  @0)=¢  1<i<N.

\

Similar to Lemma [3.2] and [3.3] we have

Lemma 3.6. Under (A3.1)-(A3.3) and (SA), there ezists a constant Kg inde-

pendent of N such that

2
E sup H E[z]| F"°]

0<t<T

K
< 6
- N
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Lemma 3.7. Under (A3.1)-(A3.3) and (SA), there exists a constant Ky inde-

pendent of N such that

2
sup E sup
0<i<N  0<t<T

_ Ky
ailt) —alt) | < <L

Thus, we have the following result.

Lemma 3.8. Under (A3.1)-(A3.3) and (SA), we have

Hjo(uo,ﬂ(—o)) - JO(UO)H = 0(—=).

1
VN
Proof.

Jo(uo, u(—oy) — Jo(uo)
1 T
:iE\/O' {<Q0(O[O — H()OZ(N))7 Qg — H()Oé(N)>
— (Qol@o — HoE[:|F{"™]), a0 - HOE[zlﬂWOD}dt
1 T
:§]E/ (Qulao—a0— Ho™ ~E[z| 7)), a0~ a0~ Ho(a™™) ~ [ 7)) )dr
0
T
+E [ (ol — a0~ Hola®™ ~ BlF"), a0 ~ HoEL:| ")
0
T
<KE [ [lao = aol} + [l ~ BAZ] |at
0

T
4K [ [®llao = aal)t + (Ba™ ~ BEAZ): ] d
0
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Theorem 3.2. Under (A3.1)-(A3.3) and (SA), @y is an asymptotically e-

optimal strateqy for the major agent.

Proof. 1t follows from Lemma 3.5 and Lemma [3.§] that

Jo(to, U—0y) < Jo(to) +O(—=) < Jo(uo) +O(—=) < To (w0, t(—0)) +O(—=)-

1
VN

-
-

3.5.2 Minor agent

The proof of the asymptotical e-optimality of the minor agents’” MF strategy
set is similar to that in Chapter 2, and we just sketch some key points in what
follows.

Representation of social cost

Rewrite the LP system (3.1]) and (3.1]) as follows:

N
dx:(AerBu)dtJrE (Cix +Dju)dWv;, x(0) ==z, (3.34)
i=0
where
F| F| F|
Ao WOF ¥O ?0 By 0 0 0
0 A';ﬁ N ¥ 2 0 BO ~ 0 b
Do : : TN : e
. . . . 0 OO . B
T
o _ 1 0 0 0 0 0
R R ¥ D0088:: 8 : :
00 0 0 0892 o - e - -
Co = 0 0 O 0 , Do = ,C,= i+l F. EEicF £,
0 0 0 0 0000 N \§.L o 6 o 0
1 0 0 00 - 0
. . L. &o
B : Lo — 3
D,= 41 |0 0o Do 0|,=2=]|.
: oo T ¢
N+1 N0~ 0 00 - 0
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Similarly, the social cost takes the following form:

TN () :% iE/OT [<Q(xi—Hx0—ﬁx(N)), (xi—on—]:Ix(N))>—|—<Rui, ui>]dt
=1

= EE /OT [(Qx,x> + (Ru, u)|dt,

2
where
Qoo Qo1 Qoz  Qon 000 - 0
Qo Q11 Qi2 - Quin 81&% 8
Q= Q'20 Q‘21 Q‘22 Q?N R = . " :
Qno Qn1 Qe QNN 000 ~ R

and fori=1,--- /N, j # 1,

( ~ ~ ~ ~ ~
Qo =NQ+ H"QH - QH — H'Q, Qo =—-H"QH + QH,

Qu = ~HQH + HQ, Qu=Q+ (A"QH — Qi — H"Q),
1

Qi = (H'QH - QH -~ H'Q).

Next, by the variation of constant formula, we know that the strong solution of

(3.34) admits the following representation:

t N N t
x(t) = (1) Z+(1) /0 ()7 [(B=Y_ CiDyu(s)|ds+y_ (1) /0 B(s) "' Diuls)dW;(s),
i=0 1=0

where

do(t) = AQ(t)dt + Y~ C;@(t)dW;, ®(0) = 1.

Define the following operators
(Lu(-))() ::Q)(-){/O.CID(S)l [(B—ZCiDi)u(s)}ds+Z/O¢>(s)1DiudWi(s)},

Lu() == (Lu(-))(T), TZ(-):=®()d 1 0)Z2, T=Z:= (IE)(T).
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Correspondingly, L* is defined as the adjoint operator of L (seeing [62]). Given

any admissible u, we can express x as follows:

Hence, we can rewrite the cost functional as follows:

2T (u) = IE/OT [(QX, x) + (Ru, u)|dt

= (L"QLu(-),u(-)) + 2(L*QrE(-), u(-)) +(Q

= ((L"QL +R)u(-),u(-)) + 2(L*QTE("), u()) + (QTE(-), I'E())

m
—
Jui
+
=
&
£

= <M211('), U()> + 2<M1, 'Ll()> + Mo.

Note that, M, is a self-adjoint positive semidefinite bounded linear operator.

Asymptotic optimality

In order to prove asymptotic optimality for the minor agents, it suffices to
consider the perturbations u_o € U_o such that 7 (@, u_o) < T (@0, o). It
is easy to check that J& (do,i_o) < KN, where K is a constant independent
of N. Therefore, in what follows, we only consider the perturbations u_y €
U_q satisfying Zj.vzlEfOT |uj|[*dt < KN. Let du; = u; — u;, and consider a

perturbation u = u + (0, 0uy, -+ ,duy) := u + du. We have

2T (W + du) =(M(U + 6u), U + du) + 2(My, T + ou) + M,

N
=27 W) () +2 Z(Mﬂ + My, du;) + (Msdu, du),

soc
i=1



where (Msu + My, 0u;) is the Fréchet differential of TXN) on @ with variation

du;. By Cauchy-Schwarz inequality,

Taoo (@ + 6u) = T o0 ()

N N
1
> Myt + My |2 [|0usi]|2 + = (Madu, 6
> ;II 2l + M| ;Hull + 5 (Mzdu, 6u)
> — || Mol + Mi[|O(N).

Therefore, in order to prove asymptotic optimality for the minor agents, we
only need to show that ||Mayu + M| = o(1). To this end, we introduce another

assumption:

(A3.4) There exists constants Ly, Ly > 0 independent of N such that

2 Ll
dt < — 3.35
<2 (33)

T
1 .
E 1 FW J
/0 HE[yll - sz# Y

and

2 Lo
dt < =2 3.36
<< (3.36)

T
1 g
11 Wi
B[ et - 5 >

Theorem 3.3. Under (A3.1)-(A3.4) and (SA), (ty,--- ,Un) i an asymptoti-

cally e-optimal strategy set for the minor agents

Proof. We have

15

0

=1
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From the optimality of u, we have
T ~
E / [<Qz,-, 51) — (S, 81) + (Riis, 6u;) | dt = 0.
0

Moreover, similar to Chapter 2, we have

10

Z€l+514+615 = O(%)

=1

Therefore,

|05 + M| = O

4

Remark 3.6. Note that

< ij x1|fW°]>

JFi
:[(A + BAy) < Zx] — E[z,|F" ]> + FEN) — FE[EM|FY]| dt
J#i
1 e = i~
+ 5 D2 [(C+ DA + DAz + Fal™) + G| dW;.
J#i

Therefore, it follows from Burkholder-Davis-Gundy inequality and Gronwall in-

equality that

K
< —.
- N

Z% B[z |7

If C =0, applying Ité’s formula to H% Z#i y{—E[yH}"F/O]”Q, it is easy to check
that (3.35) in (A3.4) holds.

E sup

0<s<t
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Remark 3.7. If the states has the following form
o= (A0x0+B0uo+F0:c(N >)dt+ (Cox0+D0uo+ﬁ0x(N >)dWO, 20(0) = &,

and for 1 <i < N,
dz; = (Axi + Bu; + Fa™) 4+ G’x0> dt + DAW;, x:(0) = € € R™,

then assumption (A3.4) is not needed to obtain the asymptotic optimality of the
mainor agents. However, if the state equations of the minor agents take the form
(3.1), we need to suppose the assumption (A3.4) to hold and we will continue to

study this in the future work.

Lastly, by combining Theorem and considering the Definition [3.1], we

have the following result

Theorem 3.4. The MF strategies g, u_o achieve an asymptotic e-equilibrium
between the major agent and the aggregation of minor agents, where g = ©129+
Oy, 4; = MT; + Ay and U_g = (U, -+ ,uyn). Moreover Uy,--- Uy achieve
an asymptotic e-social optima among the aggregation of minor agents. Thus,

(T, u_g) is asymptotically e-optimal.

Proof. By Theorem [3.2] we have

Jo(t, u_g) < inf Jo(ug,i—g) + O

uo €Uy (\/_1N)
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Moreover, by Theorem [3.3] we have

1 1
N (e ) — i (N (7 > < < )
N (*7500 (’LLO, U’—O) u,(l]Iellg,o *7505 (UO, U’—O) = @ \/N
Thus, by Definition Theorem holds straightforwardly. O

3.6 Numerical analysis

This section presents some numerical example to illustrate our theoretical re-
sults. Our example is motivated by an electric charging control problem in
presence of distributed information network. Relevant literature include e.g.,

[79] and [8)].

Consider two competitive charging providers in a power-grid network for given
city. One provider (namely, the major agent in our model) still retains the
traditional charging scheme upon centralized information, whereby its charging
strategy is determined by a central controller. In this case, we do not need to
differentiate all its sub-units on charging nodes since they formalize one decision

entity with consistency actions.

On the other hand, another provider, taking account the well-recognized dis-
tributed datum, prefers to adopt some decentralized charging scheme, where
the strategy is determined by each distributed charging unit on grid-node, only
upon their decentralized information on or around that node. In this case, such
distributed provider is actually formalized into a cooperative team wherein all

its sub-units or nodes acts as the minor agents as in our model.
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Moreover, under some mild conditions on (linear) demand-supply curve, above
competitive problem may be fit into a linear-quadratic setup whenever a
quadratic deviation or tracing criteria is applied, as in [80] and [I3]. Thus, we

cook one example in our theoretical framework.

We now specify such example in details, by randomly generate its coefficients:

— (0.6423 0.2057 — (0.9225 0.3780 — (0.0125 04517\ F — (0.8084 0.4284
Ay = (0.0287 0.7907)7 Fy = (0.6933 0.8048)7 Co = (0.4720 0.1117)7 Fy = (0.7032 0.1955)7

— (0.1023 0.2995 — (0.0377 0.8910 — (0.1641 0.0360 " _ (0.3751 0.6241
A= (0.1027 0.9415 )7 F = (0,2866 0.1003 )7 C = (0.3271 0.8063 )7 F = (0.4491 0.5093 )’

G() = (B383T88). Bo = (4303), Do) = (343403%8), B =
(63407 03386 ), D = (07135 63331), Qo = (%G o.g01), Ho = (% o.5057),
Q = (%" 01925 ), H = ("F% 02057, H = ("0 00854 )> Lo = (0716005594)
R = (033;8504%82) Qo = (0621008%91)7 Q= (0'8501 0.1%25)7 Ry = ( 05594)
R =

(03885 ) 0¢5). Tt is easy to see that such generated coefficients are constants

and surely L* and Lipschitz continuous. Thus, assumption (A3.1)-(A3.2) and
(A1)-(A2) hold.

In the following simulation, we will calculate the feedback form MF strategies
and also the corresponding state trajectories of major and minor agents. The

convergence of the population average will be also simulated.

Firstly, we solve (3.30) by decentralizing method and decoupling method, and

(2, 20, 42, BY, 91, B1, y2) can be obtained. Further, by (3.9) and (3.28)), we can
calculate ©1, Oy, Ay, Ay. Then, the realized states can be obtained by (3.1)) and
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(3.1). The following graphs are the first coordinate of the realized states.

trajectory of minor states Z1,---,Zx trajectory of major state &y

time ¢ time ¢

Then, the corresponding feedback form MF strategies can be obtained as well.

The following graphs are the first coordinate of the MF strategies.

mean-field control of minor agents a1, - -+, Uy mean-field control of major agent

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
time ¢ time ¢

Next, we simulate the convergence of the population state-average #™(t) to
the MF &. Specifically, we will calculate Esupgc,q [|£)(¢) — 2|2, First,
supg<i<7 || (t) — &||* can be calculated directly. Second, for the expecta-

tion, we repeat such process enough times (200 times) and take the average to

simulate it.

< 600 T T T T T T T T T
s | — — — B sup [#(1) — a(t)
0<t<T

| 113.4

= 400 S

z

B

E[“ 200 -
=Y

@Y

m 0 a—" P P — P S S S |

40 50 60 70 80 90 100

Population N



The relation between Esupyc,<q [|2™)(t) — &(t)]?2and N can be fitted by
Esupg<;<r |[#)(t) — 2(1)[* = Y22 with R-square 0.9944. In this sense, E supy<;<r

1™ (t) — 2 ()| = O(5)-

By the simulation above, we can see that the MF strategy is asymptotically

optimal.
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Chapter 4 Relation among MFC, MFG,
MFT Constrained on a Linear Subspace

In this section, we study the relation among MFC, MFG, MFT problem con-
strained on a linear subspace. For a given linear subspace A C R™, we can

introduce the following centralized admissible control set constrained on A:
Ut = {uC)lu() € 2O, T:0)],
and decentralized admissible control set constrained on A:
U = {u;()|u(-) € L3.(0,T;A)}, 1<i<N.

Without loss of generality, we assume dim(A) = m' < m. We let A =
span(vy, - -+, v, ), and the basis vectors vy,--- , v, are linear independent.
Denote V' := (v, ,v,) being the m x m’ corresponding matrix. Then for
any positive definite matrix M, we have the following result which will be used

frequently throughout this chapter.

Lemma 4.1. If A is a linear subspace of R™ spanned by vy, -+ , vy and M is
positive definite matriz, then (M-, -) is a well defined inner product on R™ and
| - [[ar is the corresponding norm. Moreover, VMV > 0 as well. For every

v € R™, there exists a unique v* € A, such that:
I _: /-
[of ="l as = inf [[o' o]
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Moreover, v* is characterized by the property:
v e, (M@ —v'),v—v*) >0, YveA. (4.1)

The above element v* is called the projection of v onto A and is denoted by

P (v'). Moreover, the projection Py can be represented as:
PY =v(VTMV)"'VTM. (4.2)

Proof. Firstly, it can be verified directly that (M-,-) is a well defined inner
product on R™ if M > 0. Moreover, for any vector 0 # z := (z1,--- ,xm/)T €

R™ . it holds that

I T m/
zt (VTMV) T = (Z xivi) M (Z xivi) > 0,
i=1 i=1

/
since vy, - - -, Upy are linear independent and " | x;v; # 0.

Secondly, by Chapter 5 of [81], there exits a unique projection P} w.r.t. the
linear subspace A and inner product (M-, -), which is characterized by (4.1)).

Lastly, we desire to prove the representation of P, The range (image)
of Vis A, and any vector v € A can be written as v = Vb for some b € R™
For any vector ¢ € R™, we have ¢ — Pyc L A. Equivalently, for any b € R™
¢ —Ppc L Vb. Thus, (M(c— Pyc),Vb) = 0 for any (b, c) € R™ x R™. Hence,
VIM(c—VV) = VIM(c — Pyc) = 0 for some &/ € R™. Consequently, i =
(VIMV)"WTMc and Pyc = V' = V(VIMV)='VTMc which completes the

proof. O
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4.1 MFC problem constrained on a linear subspace

We firstly study the LQG MFC problem constrained on a linear subspace (for

short, (MFC-c)). The problem can be represented as follows:

(MFC-c): For given initial value ¢ € R, find a u;(-) € U such that

Ji(&o; wi(+)) = infy, (yeyn Ji&o; ui(-)), where

1 T
Ti(&o; ui(+)) = §E{ / v —T1 By |+ s | Rt + II%(T)—FzEsz'(T)II?;}’
0

(4.3)
dz; = (Az;+ AEx;+ Bu;+ BEu;)dt +(Cx;+ CEx;+ Du;+ DEw; ) dW;,

961(0) = &o-

s.t.

(4.4)

Note that all agents are homogeneous here, and we suppress the subscript ¢ in
case when no confusion occurs hereafter in this section. For the coefficients, we

apply assumptions (A4.1) and (A4.2) as follows:
(A4.1) : A, A, C,C € L>(0,T;R™™), B, B, D, D € L>*(0,T; R™™),
(A4.2) : Q, € L=(0,T;S™"), G € S™", R € L>(0,T;S™™), T}, [y € R™™.

Under (A4.1), for any given u(-) € U*, ([4.3) admits a unique strong solu-
tion x(-) = x(+; &, u(-)) by Proposition 2.6 in [6I]. Furthermore, under (A4.2),

J (&o;u(-)) is well-defined for all u(-) € U*.
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4.1.1 Convexity

In this section, we will introduce some basic conditions ensuring the convexity of
the cost functional, since convexity plays a crucial role in the study of finiteness
and solvability of (MFC-c). Firstly, we introduce the following definitions of

uniform convexity and positive definiteness:

Definition 4.1. For any given admissible control set V C U, cost functional

u(-) =T (&o;ul+)) is said to be uniformly conver on V if

T (0;u(-) = ellu-)[[72 Vu(-) €V,
for some constant € > 0.

Definition 4.2. For any given linear subspace A of R™, a matrix M is said to

be positive (semi-)definite on A if

(Mv,v) > (>)0, Yvel, v#0.

Next, we rewrite the system (4.3))-(4.4) as follows:

s [ {(53) (32 () (80 (2 ()

(4.5)
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where Q = (I—T)"Q(I-T4), G = (I-T3)TG(I-Ty), A= A+ A, B= B+B,
C=C+C,D=D+ D. By letting

system (4.5)) can be rewritten as

J(xg,u(")) :E/O (Qx,x)+(Ru,u) dt+(Gx(T),x(T)), @5)

dx=(Ax+Bu)dt+(Cx+Du)dW, x(0)=xy, u(-)e.

Moreover, we can also denote

and
YA 1D s = {u(.)\u(.) _ (358) sup (+), ug(+) € L2:(0,T; A } {u()|u(-) € L2:(0,T; A)} .

Then triggered by (4.6]), we can also introduce the following related augmented

system:

(%0, u()) =E / (Qx, )+ (Ru, u) di+(Gx(T), x(T)) .

dx=(Ax+Bu)dt+(Cx+Du)dW, x(0)=x, u(-)ecuU™

Here we note that A is also a linear subspace of R*™ satisfying A = span((%l),

e () () (vm )). Correspondingly, we denote V = ('}

v

<o
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Remark 4.1. Although system (or equivalently ) forms a standard-
looking stochastic LQ problem, system (or equivalently ) is not equiv-
alent to since the control has to be of the form (“Ei“) and the collection
of all such processes is V instead of L2(0,T;A), which should be the set of all
admissible controls of . Hence, the above reduction does not lead to a direct
application of standard stochastic L() theory. However, in what follows, we can

still study the relation of the uniform convexity between (4.5) (or equivalently

@D) and (@D,

We introduce the following Riccati equations (RE1) and (RE2) related to system

[E3)+ @A) (or (@E5), (ED) cquivalently):

( Pi+PA+Q+CTPC+ATP,—(P,B+CTP.D)R(BT P+ DT P,C) = 0,
RE1

- Pyt PLA+Q+CT P,C+ AT Py— (PB+CPD)Ry(B P+ DT P C) = 0,
RE2

-~

PQ(T) = G7

where Ry = V(VT(DTP,D+R)V)"'VT and Ry = V(VI(DTP,D+R)V)" VT,
and Riccati equation (REO) related to system (4.7)):

P+PA+A"P+C"PC+Q- (PB+C"PD) R, (B"P+D’PC) =0,
(REO)
P(T)=G,

where Roy=V [VT (R+DTPD) V} “''VT. Then we have the following result.

Lemma 4.2. Let (A4.1)-(A4.2) hold. Among the following statements:
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(i) u(:) = J(&o;ul(-)) is uniformly convex on U™,
(i)’ u(-) = J'(xo;u(+)) is uniformly convex on U™,

(ii) (RE1), (RE2) admit solutions Py(-),P.(-) € C([0,T];S™) such that
DT ()P (t)D(t)+R(t), DT ()P (t)D(t)+R(t) > 0 on A, a.e. t €[0,T],

(i)’ (REO0) admits a solution P(-) € C([0,T];S*") such that R(t DT (t)P(t)D(t) >
0 on A, ae tel0,T],

the following implications hold:

Proof. See Appendix O

In the discussion above, we have studied the uniform convexity on the linear
subspace, and it is actually weaker than that on the whole space. We cook up

the following example to illustrate it.
Example 4.1. Consider a system with form of (4.7) and we let:

(Z01 =01) B = (5% 56%), C = (T05 5h) . D= (703 %%)

(%3 201) R=(2033%) .G =(201%) . V=(5%%),

1
1

A
Q
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and time interval is [0,1]. Then A = span(( 5’ )) and for any vector v €
A, v is with form of (*), a € R. By Lemma [4.2), u(-) — J'(&,u(")) is
uniform conver on UM if (REQ) admits a solution P(-) € C([0,T);S*) such
that R(t)+ DT (t)P(t)D(t) > 0 on A, a.e. t € [0,T] which is equivalent to
VT (R(t)+DT(t)P(t)D(t)) V > 0, a.e. t € [0,T]. By solving (RE0), we have
the following trajectory of V* (R+DTPD) V' (which is actually 1-dimensional
in this case):

0.29

0.285

0.28

0.275

027 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time ¢

trajectory of V(R + D'PD)V

Figure 4.1: the trajectory of V7 (R+DTPD) Vv

It holds that VT (R+D7PD) V > 0.2 and hence u(-) — J'(&, (")) is uniform

convex on U™ . However when we consider the following classic Riccati equation:

P+PA+ATP+C"PC+Q- (PB+C’PD) (R+D”PD) ' (B"P+D"PC) =0,

we have the following trajectories of the eigenvalues of R+DTPD:
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o
o
T

Il

the eigenvalues of R + DTPD
o
T
Il

o
(8}
/

"o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time ¢

Figure 4.2: the trajectories of the eigenvalues of R+D?PD

R+ DTPD is indefinite on the whole time interval [0,1] and hence u(-)

J' (&, u(+)) is not uniform convex on the whole space.

Remark 4.2. Our extension study of the uniform convexity on the linear sub-
space has practical potential in various areas such as finance. The linear sub-
space represents that each manager has access to the whole market except some
fixed firm who has private information. In this case, the unique solvability of
the problem can be guaranteed even if the cost functional is not uniform convex
on the whole space, which is usually assumed in the previous literature. We
only require the uniform convexity on the linear subspace. For more examples

of linear constraints and their economic meaning, interested readers are referred

to [82).
To conclude our results, we introduce the following assumption:

(A4.3) (RE1), (RE2) admit solutions Pi(-), Py(-) € C([0,7];S") such that

DT ()P (t)D(t)+R(t), DT(t)P(t)D(t)+R(t) > 0 on A, ae. t € [0,T] .
Then we can obtain the main result of the convexity of J directly as follows:
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Theorem 4.1. Under (A4.1)-(A4.3), the functional u(-) — J(&o;u(+)) is uni-

formly convex on U™, and hence (MFC-c) admits a unique minimizer on U™,

We have established the relation between the Riccati equations (RE1), (RE2)
and the uniform convexity of the cost functional. The convexity condition given
in Theorem is much weaker than the standard assumption represented as

follows in terms of our notation:
(SA):Q,G>0,R>0.

The (SA) is widely used in other relevant literature, e.g., [13, [61] where the
MFC problem is studied and [64] where the constrained LQG MFG problem
is studied. The following proposition will show the relation between (SA) and

(A4.3) more illustratively.

Proposition 4.1. If (A4.1)-(A4.2) and (SA) are assumed, then (A4.3) holds.
By contrast, if (A4.1)-(A4.2) and (A4.3) are assumed, (SA) does NOT neces-

sarily hold.

Proof. By Theorem 4.1 in [83], under (A4.1)-(A4.2) and (SA), we consider the

following iterative scheme with index o > 0:

0y = [VI(D"K,D+R)V] ™ (VT BTKy+VTDTK\C),
Kos1 i Kop14+Kas1 (A—BVOL)+(A—BVO,) Kup1+(C—DVO,)" K,y (C—DVO,)

+O0IVTRVO,+Q=0, K..(T)=G,

Qa1 = V(DT KauD+R)V] ' (VI B Koy + V' DT KoaC), > 0.
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By (SA) and Lemma we have K1, VI(DT"K,1D+ R)V > 0. Then
limy 0 Ko —> P; and hence (RE1) admits a unique solution P; > 0. Thus,

by R > 0 we have DT P D+R, DTPD+R > 0.
Next, we consider (RE2) which can be rewritten as:

- Pyt Py (A—BRyD"PiC) + (AT —CT P,DR,BY) P, +Q
RE2
— P, (BV) [VT(DTPD+R)V] ™ (VB) B,=0, PyT) =0,

where Q := CT P,C+Q—CT P, DR,DT P,C. Since Q,G > 0, R > 0, then Q, G > 0
and V(DT Py D+R)V > 0. Thus we desire to prove Q > 0. Since P, > 0 and
R > 0, then there exist two unique matrix-value functions P?(t) > 0 and
11
R2(t) > 0 such that PZP2 = P, and Rz2Rz = R. We consider the related
matrix M := (VT(D;1PD15+R>V <DVP>1TP1>. Noting that VT (DTP,D+R)V > 0, by
Schur complement lemma, M > 0 if and only if P, — PL,DR,DTP, > 0. Using
P? and R2, M can be represented as:
1 1 1

M v TP D+R)V (DV)' P, (OV)'P; VTR:\ (PZ(DV) P? .

P DV Py P2 0 RV 0
Thus, P,— P,DR,DTP, > 0 and Q =CTP,C+Q—CT P DR,DTP,C = CT(P, —
P DRyDTP)C+Q > 0, and (A4.3) holds.

Moreover, in Example [C.I] we see that @, R, G are all indefinite, which results
that (SA) fails to hold. However, J is still uniformly convex and (MFC-c) is

uniquely solvable. This ends the proof. O

4.1.2 Optimality condition

In this section, we derive the characterization of the optimal pair of (MFC-c).
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Proposition 4.2. Let (A4.1)-(A4.3) hold. (MFC-c) admits a unique optimal

pair (T,u) on U™. The following Hamiltonian system (H1):

dz = (Az+ AEZ+ Bu+ BEu)dt+ (Cz+CEz+ Du+ DEu)dW,

) dk = — (Qz—(QT1 +I'TQ-T1 QI )Ez+ATk+ ATEk+CT ¢+ CTE() dt+(dW,
H1
z(0) =&, Kk(T)=Gz(T)—(GTy + T3 G-TTGry)EZ(T),

V1 (BTk+B"Ek+D*¢ + DTE¢C+Ru) =0, a.e. t € [0,T], P—a.s.,
(4.8)

admits a unique adapted solution (Z,u, k,() where (Z,u) is the optimal pair of

(MFC-c).

Proof. See Appendix O

Remark 4.3. If we further assume that R > 0, then by Lemma u can be

represented explicitly as follows:

u=—V(V'RV)"'V" (B"k+B"Ek+D"( + D"E(), ae t€[0,T], P—a.s.

Moreover, in what follows we will also introduce another feedback form repre-

sentation of u, and in that case R could be indefinite.

Proposition 4.3. Under (A4.1)-(A4.3), the following closed-loop system.:

"

dz = ([A—BR\(B"Pi+ D" P,0)] (z — Ex)+ [A—BR(B" P,+D" P,C)] Ez)dt
+([C—=DR(B"Pi+D"P,C)] (z — Ez)+ [C—DRo(B" P,+D" P,C)| Ez)dW,

z(0) = &,

\

(4.9)
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admits a unique solution x, and by defining:

i = —Ro(BY P+ DT P,.C)EZ — Ry (BT P+ DT P,C)(z — EX),
k=P (z —Ez)+ P (Ez),

(= [PLIC—PDR(BT P+ D" P,C)] (z — Ez)+ [P,C — P\ DRy(B" P+ D' P,C)] Ex,
(4.10)

the quadruple (z,u,k,() is the unique adapted solution to (H1), and (z,u) is

the unique optimal pair of (MFC-c). Moreover,

1

ulerll/{ff\ T (Losu) = T (§o; 1) = 5 (P2(0)&o, &o) - (4.11)

Proof. It can be verified directly that (z,u,k,() defined by (4.9)-(4.10]) is
the adapted solution of (H1). The uniqueness and optimality of (z,u) follow
by Proposition . Thus, what remains to prove is (4.11). Noting that

(P1(z(0)—Ez(0)), (z(0)—Ez(0))) = (Pi1(é0—%0): (§o—&)) = 0, similar to the
proof of Lemma , we have:

27 (&5 u(+))
T
=E / {((DTP'D+R) [Eu+Ro(BT P,+D" PIC)Ex] ,Eu+Ro(B” P,+DT PiC)Ex) dt
0
T
+E / <(DTP1D+R) [(u—Eu)+Ri(B' P+ D" P,C)(z—Ex)]
0

(u—IEu)+R1(BTP2+DTP10)(:p—IE:c)>dt+<P2(0)§0, €) .

Since (DTP/D+ R), (D"PLD+ R) > 0 on A, then inf,gn J(&;u) =
£ (P2(0)&0, &)- This ends the proof. O

Through the discussion above, we can conclude the following contributions:
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e We consider the MFC problem constrained on a linear subspace. To our

best knowledge, this thesis is the first research to tackle such model.

e We study the relation of the uniform convexity between systems (4.5]) and

(4.7) which is mentioned but has not been discussed in [61].

e We obtain a weaker condition of the uniform convexity of (MFC-c) com-
pared with (SA) which has been widely used in other relevant studies (e.g.,
[13,164), 61]). In our condition, the cost functional weight coefficients could

be indefinite.

e We establish the relation between the optimal pair of (MFC-c) and the
solution of Hamiltonian system (H1). We also derive a feedback form

representation of the optimal control .

In next section we will analyze the MFG problem constrained on a linear sub-
space with similar scheme.

4.2 MFG problem constrained on a linear subspace

In this section we study the LQG MFG problem constrained on a linear subspace

(for short, (MFG-c)). Then the problem can be represented as follows:

(MFG-c): For given initial value &, each agent A; find a control u;(-) € U
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such that J;(&o; ui(-), u—i(+)) = infy,()eur Ji(8o; uil-), 4—4(+)), where

1 T
z@o;m(-),u_i(-)):ﬁ{ | i Tra ) st + ||xi<T>—r2x<N><T>ué}7

0

(4.12)

dz; = (Azi+Az™) + Buj+ Bu™))dt+ (Cx;+Cx™ + Duy+ Du™))dw;,
s.t.
7;(0) = &o.

(4.13)

We call u := (4y,--- ,uy) a centralized Nash equilibrium for (MFG-c). For

comparison, we also present the definition of e-Nash equilibrium.

Definition 4.3. A control set u® := (uf,--- ,uy) € [[,c; U2 is called an e-Nash

equilibrium if

~7i(£0;u?(')vuii('))_u‘(i.?eful\xji(&);ui(');ua_i('))‘ =¢(N), &(N)—0, when N — cc.

Remark 4.4. If ¢ = 0, Definition [/.3 reduces to the usual ezact Nash equilib-

TLUM.

Note that in (MFG-c) each agent chooses its control in centralized admissible
control set U* and this will face some difficulties in the practical application.
Firstly, an agent may be only able to access its own information (i.e., F*) most
of the time, and the information of the others may be unavailable for it in real

world (see [T}, [72, [73]).

Secondly, by the coupling structure, the dynamic optimization will be subjected

to the curse of dimensionality and complexity in numerical analysis in practice
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(see [4, B]). Thus, to some extent, decentralized control would be more practi-

cable in real application than centralized control (see [14 [40)]).

Thus, in what follows, we aim to derive some decentralized control set for
(MFG-c) satisfying some asymptotic optimality (e.g., e-Nash equilibrium) and
with less computational burden in the practical application. Before we begin
further discussion, we should introduce some basic assumption in this section.
We still apply assumptions (A4.1)-(A4.2) to the coefficients. Similar to (MFC-
c), under (A4.1), for any given u := (u1, - ,un) € [[,cr U, admits a
unique strong solution x(-) = x(+; &, u(-)) := (x1(+; &0, u(*)), -+ -, zn(+; &0, u(+))),
and under (A4.2), each J;, i € T is well-defined.

4.2.1 MFG scheme

Next we will apply MFG method to analyze (MFG-c), which would bring us a
decentralized e-Nash equilibrium. Initially, we introduce the classical procedure

of MFG method. Here we just briefly sketch some key points and interested

readers are referred to |20, [I5] for more details.

(MG1) Freeze ™) ™) by some deterministic terms m, w respectively, and

obtain the auxiliary problem:
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(MFG-c)*: For given initial value &y, each agent 4; find a control

i; € UP such that J;(&;u(+)) = infy,, cn Ji(&os ui(*)), where

1 T B _
Ji(&os wi(+)) = §E{ /0 [|; = Lyml| 3+ [ui || Rt + Hxi(T)—Fzm(T)HQa},

(4.14)
dr; = (Az;+ Am+ Bu;+ Bw)dt+ (Cx;+Cm+ Du;+ Dw)dW;,
s.t.
ZUZ(O) = &o.

(4.15)

Here, m, w are undetermined at this moment, thus they should be

treated as some exogenous terms.

(MG2) Solve the auxiliary control (MFG-c)* for each agent, and obtain the
auxiliary optimal control set u(-; &, m(+), w(-)) = (@1 (+; &, m(+), w(+)),
<+, un(+; &, m(-),w(:))) and the corresponding optimal trajectories

X(+5 &0, m(), W () := (Z1(:; &0, (), @(")), -+, (5 &0, (), @(+))).
(MG3) Determine the pre-frozen terms m(-), w(-) by the following CC system:
() = Bi(:&,m(). 0(0). 0() = Ea(:&.m(). @()).  (416)

Then by plugging the determined m(-), w(-) into a(-; &y, m(-),w(-)), we
obtain the MFG strategy set of (MFG-c).

Remark 4.5. Note that in (MFG-c)* we restrict the admissible control in

the decentralized set U, since (MFG-c)* is decoupled, and each agent A;
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only need the decentralized information to minimize the cost functional J; (i.e.,
infy,yeun Ji(6o;wi(v)) = infy, g Ji(€osui(+))). Hence the MFG method could

bring us a decentralized strategy set 1.

Note that all agents are homogeneous in (MFG-c)*, and we suppress the sub-

script ¢ in case when no confusion occurs hereafter in this chapter.

4.2.2 MFG strategy set

Firstly, we start with procedures (MG1)-(MG2) to derive the MFG strategy
set. By observing Riccati equation (RE1), we obtain the following result whose

proof is similar to Proposition [£.2]

Proposition 4.4. Let (A4.1)-(A4.3) hold. (MFG-c)* is uniformly conver and
thus admits a unique optimal pair (&,1) on U™. The following Hamiltonian

system:

di = (Ai+ Am+ Bu+ Bw)dt+(C%+Cm+ Di+ Dw)dW,

) dl = — (AT1+C"¢ + Qi — QI'ym) dt+sdW,
2
2(0) = &, UT) = G&(T)=GTym(T),

VT (BTI+D"s+Ri)=0, ae t€[0,T], P—a.s.

admits a unique adapted solution (Z,1u,l,<) where (,u) is the optimal pair of
(MFG-c)*. Moreover, if R > 0 is assumed, the optimal control can be repre-

sented explicitly as u=—V (VIRV)"'VT(BT1+ D).
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Secondly, we tackle procedure (MG3) by plugging (4.16)) into (H2), and we have

the following CC system:

di = (Ai+ AEi+ Bu+ BEw)dt+(Ci+CEi+ D+ DEw)dW,

dl = — (A"14+C"¢ + Q& — QT1E&) dt +<dW,
(CC-1) 4

#(0) = &, U(T) = G#(T)—GTLEZ(T),

V" (B"1+D"s+Rit) =0.

Although (CC-1) only takes an indirect embedding representation, it is still
rather tractable. Actually, by using the discounting method (see [64] [76]) or
reduction decoupling method (see [60]), the solvability condition of (28) can be
set up. By decentralizing method and decoupling method, which can be found
in [84, 6I], we can even obtain an explicit solution of m and w via Riccati
equation. We introduce the following asymmetric Riccati equations:

(RES) Py+P3 A+ AT P3+CT PC—(P3B+CT PD)R3 (BT P3+DT P,C)+(Q—QT),
RE3

P3(T) = G(I-T5),
(4.17)

where Ry = V(VT(DTPD+R)V)~'VT. Then we have the following result:

Proposition 4.5. Under (A4.1)-(A4.2), if Riccati equations (RE1), (RE3) ad-
mit solutions Py € C([0,T],S"), Py € C([0,T],R"™) such that (DT (t)P(t)D(t)+
R(t)),(DT)P(t)D(t)+ R(t)) > 0 on A, a.e. t € [0,T], then the following
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closed-loop system.:

"

di = [(A—BRy(B"Pi+D"P,C)) (i —E&)+(A—BRs(B" P+ D" P,C)) Ex] dt

+[(C=DRy(B" P+ D" P,C)) (& — Ei)+ (C—DR3(B" Ps+ D" PC)) Ei&| dW,

977(0) = o,

“ (4.18)

admits a solution &, and by defining:

"

i = —Ri (BT P+D"P,0)(—Ei)—Rs(BT Ps+ D' P.C)Ei,

| = P(i—E&)+Ps(E#),

¢ =P (C—DRy(B"P+D"P,C)) (i—Ez)+P, (C—DR3(B" Ps+D"PC)) Ed,
(4.19)

.
the 4-tuple (%,1,l,<) is the adapted solution to (CC-1) and m = Ez, w =
“R4(BT Py+ DT P,C)in.

Proof. This result can be verified directly by plugging (4.19) into (CC-1). [

From the above, we derive an explicit representation of the solution of (CC-1).
As for the uniqueness of (CC-1), we would also prove that (CC-1) is equivalent
(H1) under some conditions in Section 4.4, which would lead to the equivalence
of the MFC control and MFG strategy. Thus, through the discussion above, for

each agent A;, (MFG-c) admits a unique feedback form MFG strategy:

il; = —Rs(BT P+ DT PyC) (#;—Ei;) — Rs(BT Ps4+ D™ PsC)EZ;, (4.20)
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where Z; is the realized state satisfying the following dynamic:

di; = (Az;+AF"™) 4+ B+ Ba™))dt+(Ci;+ C:™N) + Dity+ Da™)dW;
7i(0) = &o,
and j(N) — % ~(N) ZjeIﬁj‘

Lastly, for the performance of MFG strategy set 1 determined by (MG1)-(MG3)

we have the following result whose proof is similar to that in [64, [1§].

Proposition 4.6. Under (A4.1)-(A4.2), if Riccati equations (RE1), (RE3)
admit unique solutions P, € C([0,T],S"), Py € C([0,T],R™) such that
(DT ()P, (t)D(t)+ R(t)), (DT (t)PL(t)D(t)+ R(t)) > 0 on A, a.e. t € [0,7T],
and (CC-1) is uniquely solvable, then the MFG strategy set . determined by
(MG1)-(MG3) (i.e., (£.20)) is an e-Nash equilibrium.

In this section, we establish the relation between the MF strategy of (MFG-c)
and the solution of Hamiltonian system (H2) and CC system (CC-1). In next
section we will analyze the MFT problem constrained on a linear subspace with
similar scheme.

4.3 MFT problem constrained on a linear subspace

In what follows, we study LQG MFT problem constrained on a linear subspace
(for short, (MFT-c)). We denote U* = T]..;U> where A := [],.; A which is

also a linear subspace of RV™ satisfying A = Span((%l), cee (”gl’), cee (1?1),

R ( 0 )) Correspondingly, we denote V := diag(V,---, V). Note that for

V!

the sake of notation simplicity, we still use A, V to represent the augmented
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linear subspace and matrix, whose meanings are different to those in Section

4.1. Then the problem can be represented as follows:

(MFT-c): For given initial value &, find a control set @ = (uy,--- ,uy) € UM

such that J.2) (o;u(-)) = infy(yepn T (&o;u(+)), where

T (Gorul) = 3 Fil&iu(), (4.21)
Ji(&o; ()= (€03 ui(-), u—i(-)) (4.22)

1 T
:§E{/ ||$i—F1$(N)||zg+||Uz‘||?zdt+||$z‘(T)—szﬂ(N)(T)H?;}a (4.23)
0

dr; = (Az;+Az™) 4 Buy+ Bu™))dt + (Cz;+Cz™ + Du;+ Du™)dW;,

132(0) = &o.

s.t.

(4.24)

We call @ = (4y,--- ,uy) a centralized optimal control set for (MFT-c). For
comparison, we also present the definition of e-asymptotically optimal control

set.

Definition 4.4. A control set u® = (u5, -+ ,us) € UL is e-asymptotically

optimal if

T[T G () = it T (Eu()] = (V). (V) >0, when N = x.
u(-)eusr

We also apply assumptions (A4.1)—(A4.2) to the coefficients in (MFT-c). Under

(A4.1), for any given u(-) € U2, (4.24) admits a unique strong solution x(-) =
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x(+; &0, u(r)) = (z1(::, (")), -+, an(;&,u(-))) by Proposition 2.6 in [61].
Furthermore, under (A4.2), each J;, i € Z is well-defined.

4.3.1 Convexity and MF strategy design

The state dynamics (4.24)) and the social cost functional (4.22)) could be rewrit-

ten in a high dimensional form as follows:

N
dx = (Ax + Bu)dt + Y (Cix + Dju)dW;, x(0) =E, (4.25)
i=1
(N) 1 T or T T
T (&osu(r)) = iE x' Qx +u' Rudt + x" (T)Gx(T) ¢, (4.26)
0
where
sk § o 4 sk & - &
W e d o | e %
~ % . AJ;% (NnxNn) % % B+% (NnxNm)
1 0 - 0 .0 1 0 0 - 0
(4.27)
CZ =i % %Jrc % ) DZ =i % %+D % ’
N 0 0 0 (NnxNn) N 0 0 0 (NnxNm)
o z1 uy
=" < ) T < : ) T < > 7
€0/ (Nnx1) TN/ (Nnx1) UN / (Nmx1)

where Q := (I'y — I)TQ(I'y — I) and G := (y — I)TG(I'y — I). For the sake of
notation simplicity, we still use A, B, Q, R, G, x, u to represent the augmented

matrices and vectors, whose meanings are different to those in Section 4.1.
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We have studied the unconstrained MFT problem in Chapter 2. In like manner,
we can obtain the corresponding results of (MFT-c). In what follows, we would
present these results directly and omit the detailed proofs. Firstly, we list the

results of the convexity:

Proposition 4.7. Under (A4.1)-(A4.2), u(-) — \75(5?(50;11(-)) is uniformly

convex on UA if and only if the following Riccati equation:

T
P+ATP+PA+Y CTPC,+Q- (BTPJrZ D;TFPCZ) Ry <BTP+Z DfPCi> =0,
€L €L 1€

P(T)=G,
(4.29)

admits a solution P € C([0,T];RN™) such that R(t)+Y_,.; D} (t)P(t)D;(t) > 0
on A, a.e. t €[0,T), where Ry=V [VT (R+Y,., DFPD,) V] ™' V7.

Proposition 4.8. Assume that (A4.1)~(A4.2) hold and u(-) — Ja (&:u(-))
is uniformly convexr on UX. Then (MFT-c) admits a unique optimal pair (X, Q)

on Ur. Moreover, the Hamiltonian system.:

( N
i=1
dp = — <Qx+ATp—|—Z CZ-TqZ-> dt+)  qdW;, p(T)=Gx(T), (4.30)
i€ 1€l
\% (BTp+Z D?qﬁRu) =0, ae t€l0,T], P-as,
\ i€

admits a unique adapted solution (X,0,p,qs,- - ,qn) where (X, ) is the opti-

mal pair of (MFC-c). In this case, we also call @ centralized optimal control,
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since U accesses the centralized information. Moreover, the optimal cost satisfies

inf T (oiu()) = T (€0:() = (P(0)&, &)

u(-)eup
where P(+) is the solution of (4.29)).

Proposition 4.9. Under (A4.1)-(A4.2), if Q,G > 0 and R > 0, then u(:) —

gl (€o;u()) is uniformly convex on UA.
Proposition 4.10. Under (A4.1)-(A4.2), if A=B=C=D=0,Q—Q >0,
G-G > 0, and there exist some AQ, AG € S" such that AQ > Q—@,

AG > G — G and the following Riccati equation:

1

P+PA+ATP+CTPC+(Q—-AQ)—(PB+CTPD)V [VI(R+D"PD)V]~

x VI(BTP+DTPC)=0, P(T)=(G - AG),
(4.31)

admits a solution P € C([0,T);S"™) such that R(t)+DT(t)P(t)D(t) > 0 on A,

a.e. t €[0,T], then u(:) — A (€o;u(+)) is uniformly conver on UA.

Proposition 4.11. Under (A4.1)-(A4.2), let Q — @ > 0, and G > 0. If
there exists some AQ € S™ such that AQ > Q—@, Amin(@Q — AQ) < 0 and
K T Xpin(Q — AQ) + 2 Amin(R) > eI, then u(-) — T (&o;u(+)) is uniformly
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conver on UA. Constant K is given by:

K = masx { Pnax(A” + 4) + Apax (A7 + D), Ponas (CTC) + A (€7C—CTC)],

vV Amax (BT B) + Anax (BT B— BT B),

\/ Muaax (DTCCTD — DTCCT D) + A (DTCCT D),

s (D7 D) + Apax (D" D=DD)] } = 0.
(4.32)

Secondly, we list the results of the characterization of the MF strategy set.

For agent A;, its auxiliary control problem is given by:

(MFT-c)*: For given initial value &, agent A; find a strategy u; € U® such

that J;(&o; ;) = inf,, cen Ji(&o; i), where

1 T
Ji(Eo;Ui)ZQE{/O ||xi”2Q+2<Sl,xi>+2<527ui>+HuiH%2dt+|mi(T)|2G+2<SSv$i(T)>}a
s.t. dx; = (Axﬁ—Bui—|—flm+Bw)dt—|—(Cwi+Dui+C’m+Dw)dWi, J?Z(O) = &,

where S = (I QI ~TTQ-QI) m+ATEp} +CTEq} + AT p?,

Sy = BTEp} + DTEq} + BTp?, S3 = (I'TGTy—TYG—GTy)m(T),
(4.33)

and (m, w, p;, q}, p*) are the prefrozen MF terms.

Proposition 4.12. Let (A4.1)-(A4.3) hold. (MFT-c)* is uniformly convex

on UP and thus admits a unique optimal pair (¥;, 1;) on U>. The following
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Hamiltonian system :

(H3)

di; = (A%;+ B+ Am+ Bw)dt+ (Ci; + D+ Cm+ Dw)dW;

dp;=(— Q&+ QTym—ATp;—CT q;+TT QI -T)m— A" p?
—CTEq} — ATEp})dt+q;dW;,

2;(0) = o, pi(T) = GZ;i(T) + Ss,

vT (Rﬁi—l—BTpi—{—DTqi—l—BTEpzl+DTIEqi1+BTp2) =0, a.e t€]0,T], P—a.s.,

admits a unique adapted solution (Z;, U;, p;, ;) where (&;, ;) is the optimal pair

of ( MFG-c)*. Moreover, if R > 0 is assumed, the optimal control can be repre-

sented explicitly as 22:—V(VTRV)’lVT(BTpi+DTqi+BTEpil—i—DTEqZ-l-l-BTpQ)-

The prefrozen MF terms (m, w, p;, q, p?) can be determined by the following

CC system:

(CC-2)

(i, — (AZ;+ B+ AE#;+ BEw,)dt+ (C#;+ Di; + CEZ; + DEw; ) dW;,
dpi=[ — QE+(QT1+T] Q-TT QT )EZ;— ATp; —C"¢;— ATp?
—C"Eq — A"Ep; | dt+q;dW;,
dpj =— (Q;+Ap+C"q}) dt+q; dW;,
dp*=—[(ITQI1—T1Q—QI'1)E#;+A"Ep; +C"Eq} + A" p*+ A" p?] dt,
#i(0)=C, pi(T)=GEi(T) + (15 GTy—T5G—GTo)Ea;(T),

pHT)=Gi(T), p*(T)=(TFGTy—T3G—GTy)Eiy(T),

V" (Ri+B"p;+D" ¢+ B Ep;+ D" Eqj+ B"p*) =0.
(4.34)

Similar to (CC-1), (CC-2) is also a fully coupled MF-FBSDE, the exogenous

terms (m,w, pjl-, P2, qjl) are characterized through some embedding representa-

tion. We would prove that (CC-2) is equivalent (H1) under some conditions in
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Section 4.4, which would lead to the equivalence of the MFC control and MFT

strategy.
4.4 The relation among MFC, MFG and MFT

Through the discussion in Section 4.1-4.3, we have characterized the optimal
control and MF strategy of (MFC-c), (MFG-c) and (MFT-c) through the
Hamiltonian system and CC system. In this section, we will analyze their

relation further.

4.4.1 Relation of uniform convexity

Firstly, we study the relation of the uniform convexity. Noting that by Proposi-
tion [4.4] we know that (A4.3) leads to the uniform convexity of both (MFC-c)
and (MFG-c)*. Thus, we mainly focus on the relation between (MFC-c) and

(MFT-c) and we have the following result.
Proposition 4.13.

(i) Under (A4.1)-(A4.2), if Q,G > 0 and R > 0, then (MFC-c) cost func-
tional u;(+) — Ji(o; ui(+)) is uniformly convex on U, and (MFT-c) social

cost functional u(-) — ﬂ(éz)(fo; u(+)) is also uniformly convex on UX.

(ii) Under (A4.1)-(A43), if A=B=C=D=0,Q =Q, G =G, then
ui(+) = Ji(€o;ui(+)) is uniformly convex on UP, and u(-) — \ﬂ(é\c[)(fo;u('))

2

is uniformly convexr on UX.

Proof. For item (i), the result can be obtained directly by Proposition and
Proposition[4.9] For item (ii), by Theorem [4.1] w;(-) — Ji(&o; u;(+)) is uniformly
convex under (A4.1)-(A4.3). Moreover by letting AQ = AG =0, we also have
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0=AQ > Q—Q =0, AG > G —G = 0 and Riccati equation (4.31) is equivalent
to (RE1) in this case. Thus, by Proposition , u(:) — TN (&o;u(+)) is also

uniformly convex. O

4.4.2 Relation of the designed control

Next, we study the relation among the optimal control of (MFC-c) and the
MF strategies of (MFG-c) and (MFT-c). Firstly, we focus on (MFC-c) and
(MFG-c). We recall (H1) and (CC-1):

(

dz = (AZ+ AEZ+ Bu+ BEu)dt+(Cz+CEz+ Du+ DEu)dW,
dk = — (Qz—(QT1 + T'] Q—T{ QI )Ez+ AT k+ ATEk+CT(+CTE() dt+(dW,

7(0) =&, k(T) = Gx(T)—(GT2 + '3 G-T3 GT2)EZ(T),

VT (BTk+B"Ek+D"( + DTEC+Ru)=0, ae. t € [0,T], P - a.s..

di = (Ai+ AEi+ Bu+ BEw)dt+(Ci+CEi+ D+ DEw)dW,

dl = — (AT1+C"< + Qi — QU Ex) dt+<dW,
(CC-1)

#(0) = &, U(T) = G#(T)—GLE#(T),

VT (BTI+D" s+ Ra) =0.

By comparing (CC-1) and (H1), we have the following result:

Lemma 4.3. Under (A4.1)-(A4.3), if A=B=C =D =0 and TTQ-TTQT, =
0 (e.g., I1=Ty=1I orI'y=03=0), then (CC-1) and (H1) are identical.

Proof. The result of Lemma can be obtained directly by comparing the
coefficients of (CC-1) and (H1). O

129



By Lemma[4.3] we can obtain the relation between (MFC-c) and (MFG-c) as

follows:

Theorem 4.2. Let (A4.1)~(A4.3) hold and A = C = B =D = 0, I'TQ -
I'TQr, = 0 (eg, Ty =Ty =1 or 'y =15 =0). Then for each agent A;,

(MFC-c) admits a unique optimal control denoted by uM¥¢ € U*, and (MFG-

c) admits a unique MFG strategy denoted by uMFS € UL, Moreover, in this

MFC

7

case 4 = M,

Proof. Under (A4.1)—(A4.3), by Proposition 4.2 (MFC-c) admits a unique op-
timal control @M which is determined by (H1), and (H1) admits a unique
adapted solution. Then what we desire to prove next is the existence and
uniqueness of the MFG strategy. By Lemma , (CC-1) is also uniquely solv-
able. Thus, the MF terms m and w can be uniquely determined by (CC-1).
Consequently, by Proposition and procedure (MG1)-(MG3), there exists a
unique MFG strategy uM¥“ for A;, which is determined by (H2). Lastly, the
relation aM¥¢ = aMFY follows the equivalence of (CC-1) and (H1). O
Secondly, we focus on (MFC-c) and (MFT-c). By comparing (CC-2) and

(H1), we have the following result:

Lemma 4.4. Under (A4.1)-(A4.2), (CC-2) and (H1) are identical.

Proof. See Appendix O
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By the discussion above, we can conclude the following result of the equivalence
between the MFC optimal control and MF strategy of (MFT-c), whose proof

is similar to Theorem and we omit it.

Theorem 4.3. Under (A4.1)—-(A4.3), for each agent A;, (MFC-c) admits a

unique optimal control denoted by u}¥¢ € U”, and (MFT-c) admits a unique

MF strategy denoted by uM*T € UP. Moreover uMte = gMFT,

By using Theorem we can obtain a feedback form MF strategy of (MFT-c)

by the representation of the (MFC-c) optimal control given in Proposition [4.3]

Corollary 4.1. Under (A4.1)-(A4.3), in (MFT-c) each agent A; has a unique

feedback form MF strategy:

i; = —Ra(B" P+ D" P.C)EZ; — Ri(B" P+ D" P,C) (& — E&;),  (4.39)

where T; is the realized state satisfying the following dynamic:

di; = (Az;+Az"™) 4 B+ Bu™))dt + (Cz;+Ci™ + D+ Da™)dW;

7;(0) = &o.

Lastly, we use the following diagram to conclude the relation among (MFC-c),

(MFG-c) and (MFT-c):
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(MFG-c)* admits

a unique minimizer

(MFG-c) admits
a unique mean

field strategy

2)

(H2) admits a

unique solution

(CC-1) admits a

unique solution

(6)

(A4.3)

®3)

(MFC-c) admits
a unique

minimizer

(H1) admits a

unique solution

(MFT-c)* admits

a unique minimizer

(4)

(H3) admits a

unique solution

(CC-2) admits a

N

unique solution

(
2
3

)
)
)
)

1) Riccati equation (RE1)
Proposition
Theorem [£.1]

(4) Proposition [£.12]

(5) Proposition
(6) Lemma[4.3]
(7) Lemma [4.4]

(MFT-c) admits
a unique mean

field strategy

4.4.3 Relation of fixed-point analysis and direct method

in (MFT-c)

The method we apply in Section 4.3 is so-called fixed-point approach, since

for each single agent an auxiliary control is constructed based on consistent

mean field approximations and formalize a fixed-point problem (CC system) to

determine the MF terms. For more details of such fixed-point approach method,

readers are referred to [15] 26] [14], 27]. Another route to deal with MFT problem

is direct approach method which starts by formally solving the high dimensional

problem directly to obtain a large coupled solution equation system and the next

step is to derive a limit for the solution by taking N — oo. For more discussion

of direct approach method, readers are referred to [28, 29, [30].
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In what follows we briefly sketch some key points of direct approach method, and
compare the MF strategy obtained by direct approach method and fixed-point

approach. Firstly system (4.30]) can be rewritten as follows:

)
dz; = (Az;+ Az 4+ B+ Ba™)dt + (Cz;+ Cax™) + D+ Da™)dw;,
. _ - or A ,

Qui+(Q=QM+ ATp+ ATp™M+ CTgi == qf | di+) _gldW,
) jeT JET
7(0)=&, pi(T) = GE(T)+(G—-G)z™(T),

_ DT .
vt BTp¢+BTp(N)+DTq§+Wqu—l—Rﬂi =0.
\ JET
(4.36)

Then we also have:

p

1 _ _
dz™) = (Az®)+ Ba™)dt+ > (Cz;+Ca ™+ Du;+ Dut™)dw;,

ieT
dt+— Z Z qldW;,

ap™) =— [Qf AT S i S S
zEI JET

€T jEI

iM0)=&, p™M(T) =GEN(T),

VT< p 2 qu—i——Zq]—i—Ru ) 0.

1€ JET
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Remark 4.6. Here if we apply fixed-point approach method by replacing
j ,
(E(N),E(N),p(]v), #) with (Ez;, Eu;, Ep;, Eql), then (4.36) becomes

;

dz; = (AZz;+ AEZ;+ Bu;+ BEu,)dt + (C%;+ CEZ;+ Dii; + DEu; ) dW;,
dpi=— |Qu;+(Q— Q)Ezi+ ATpi+ ATEp; + C" g+ CTEq] | di+glaw;,
7(0)=&, piT) = Giy(T)+(G—G)Ez;(T),

V' (B"p;+B"Ep;+ D" ¢+ D"Eq! + Ru;) =0,

\

(4.37)
which is identical to (H1) and by Lemma [4.4) also identical to (CC-2). Thus, it

also leads to a MF strategy set identical to the one we derived in Section 4.3.

Let p; = Pn@;+Knz™), then by applying It6 formulat to p;, we can obtain the
equations w.r.t Py and K as follows:

. K K
Q+Pn+PyA+ATPy+CT (PN‘F]\][V) C— [C’T (PN‘F]\][V) D—|—PNB:|

K -1 K
x V (VT [DT <PN—|—]\JTV> D+R] V) vT [BTP]\H—DT (PN+AJ[V> C} =0,

Pn(T) =G,

(4.38)
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N . _ _ Knv\

Q-Q+PyA+KN+KNA+ATKNy+ AT Py + AT Ky +-CT <PN+J\]]V) C
_ K Ky

+CT (PN+A§V> C— [CT <PN+N> D+PNB} 1%

—1
x (vT [DT (PN+I]{\§V> D+R} V) vT

X {BTKN+BT (Py+Ky)+DT <P If\f) C+ ~

(o (e 5 ) o) v 7 (o7 (s fjv) pen)v] v

[BT (Py+Ky)+DT <PN+> ] }

— [CT <PN+I§V > D+C” <PN+> PNB+KNB)]

xv[vT <DT <PN+I§\J[V>D+R> ] [BT (Pn+Kn)+DT <PN+[]{\§V> c] =0,

(4.39)

and the optimal control takes the following form:

Ky -1 K
i =—V {vT <DT (PN+W) D+R> V] VT x [BTPN+DT (PN+WN) C] T;
K —1
-V {VT <DT (PN+W) D+R) V] VT

_ Ky K
X {BTKN+BT (Py+Ky)+DT (PN+W> C+DT (PN+WN> C

(o (rer o) v v (o7 (e 5 o) ] v

X [BT (Py+Ky)+D7T <PN+%) C] }:zW)

By following the argument in Theorem 4 of [28], limy_ . Py = P; and
limy o0 (Pv+Ky) = P, and the limiting optimal control can be represented

as follows:

i; = —Ry(BT P+ D' P.C)Ez; — Ry(BT P,+D"P,C)(z; — Ez;),

135



which is identical to (4.35]), the MF strategy designed by fixed-point approach

method. Thus, combined with Remark [4.6], we have the following three routes

to derive the MF strategy set:

auxiliary problem

(MFT-c)*

Hamiltonian
system (H2) and

CC system (H2)*

high dimensional

Hamiltonian system

[30) or (@30)

(3)

limiting Hamiltonian

system ({4.37])

same MF' strategy

high dimensional

Hamiltonian system

[30) or (@30)

(5)

feedback form

optimal control

(4) Remark [4.6]

(1) Variation method and
mean field approximations
(2) Variation method and duality

(3) mean field approximations

(5) Riccati equations (4.38) and (4.39)

(6) Take the limitation as N — oo
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4.5 Concluding remarks

This chapter investigates MFC, MFG and MFT problem constrained on a linear
subspace under a unified mathematical framework involving both the state and
control MF term. Firstly we extend the result in [I3], [61] of MFC problem to
the case constrained on a linear subspace. The relation of the uniform convexity
between the MFC problem and the related augmented control problem has been
studied. Based on some algebraic analysis, a new type of Riccati equation is
introduced and subsequently a uniform convexity condition is introduced which
is weaker than (SA). We also derive the explicit feedback form representations
of the optimal control and MF strategies of MFC, MFG and MFT problem
respectively, while in some relevant literature [64] 18] [70], the designed control
can only be represented in an embedded form coupled with the dual process
through a projection mapping. Lastly, we compare the optimal control and MF
strategy of MFC, MFG and MFT problem, and some equivalent relations have

been found.
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Appendix A: Chapter

A.1 Proof of Lemma 2.4

Proof. By (2.34)), (2.35) and (2.46)), the dynamic of 2™ — & satisfies

N
d(EN) — 2) = (I, + F)(@™) — #)dt + Z [(C + DOy + F)Z; + DOs)dW;,
(z™M) — 2)(0) = 0.

By applying Cauchy-Schwartz inequality, Burkholder-Davis-Gundy’s inequality

and Lemma [2.3] there exist some constant L such that

E sup i (s) — @(s)|
0<s<t

2

2 N

+ —E sup

<2E su
- b N2 <<t

0<s<t

/S(Hl—i—F)( ) _ Z)dr

0

/ [(C + DO, + F)#; + DOyJdW;
0

=1

t
gQ]E/ ||(H1+F)(j(N)_i«)szr—k%]EZ/ “(C+D@1+F)ii+D®2"2dr
i=1 70

—LE/ [ES= ( )

Then, by Gronwall’s inequality,

B sup 15°0) ~ a0l = 0( 5 ).

0<t<T
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A.2 Proof of Lemma [2.5

Proof. By (2.46)) and (2.35]), we have

¢

d(&; — @) ={ [A— B(R+D"PD) ™ (B"P + D"PC)|(7; — &) + F(z"™) — i)}dt

+ [(C + D©y)i; + DO, + Fi™M]dw;,

#:(0) — 2(0) = 0.

By Cauchy-Schwarz inequality, Burkholder-Davis-Gundy’s inequality and

Lemma [2.4] there exist some constant L such that

E sup ||Z(s) — &(s)]|?

0<s<t
S

<4E sup/
0<s<t Jo

+ 2E sup

0<s<t

t 1 t
<L E/ Hi;i—chQdT—i—O() +E/
0 N 0
! 1
<L E/ \|:Ei—32‘||2dr+0<>+L |
0 N

Then, by Gronwall’s inequality, one can obtain

2
+ [|F(E™) = 2)|%dr

[A— B(R+ D"PD)"(B"P+ D"PC)|(&; — &)

2

/ [(C+ DOY)F; + DO, + FzM]dW;
0

- 2
C + DO,)i; + DOy + FiM || dr
(

E sup [|17;(t) — 2(t)[* < L,

0<t<T
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where L is not related to ¢ and the lemma follows. Similarly, by (2.32) and

(2.46)), The dynamic of Z; — a; satisfies

(

d(#; — @) = [(A+ BOy) (i — a;) + F(3W) — @))dt

+ [(C + DOy) (% — &) + F(E™) — &)]dW;,

(@ — a;)(0) = 0.

Applying Burkholder-Davis-Gundy’s inequality, Gronwall’s inequality, and
Lemma [2.4] the result can be obtained. H

A.3 Proof of Lemma 2.6

Proof. By (2.2) and Lemma , , for some constant L we have

N T
2T Gy, -+ i) = ZE{ / |Z; = T +Td = Tz — g, + [|a 7 dt
i=1 0
T |2(T) = T#(T) + F#(T) — D27 —ﬁué}
N T
<Y u{ [ a1+ e = P+ Il + P
i=1 0
T E(T) = H(D) + 12T - (@) + umF}
T
0

gLZN:E/ L+O<%)dt < NL.
=1

A.4 Proof of Lemma [2.7

To prove Lemma 2.7, we need the following lemmas.

Lemma A.l. Under (A2.1)-(A2.4), for some constant L and any admis-
sible control with form (uy, ---, @1, G, Uip1, -+, Un) € U. satisfying
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E [} |42t < L, it holds that

E sup 52 = O ! )

0<t<T N?

Proof of Lemma[A.1l The dynamic of dz™) follows

N
B 1 - 1

(N) — (N) o= = 50, — ) (N) L4 ) .

déx [(A + F)ox™) 4+ N5ul] dt + I g (Cox; + Fox'™"))dW,; + ND(SuZdWZ,

Jj=1

62N (0) = 0.

By Lemma we have Esupo,<r |27 () — 2(¢)||* = O(%). By Burkholder-
Davis-Gundy’s inequality and the boundness of ;, there exist some constant L

such that

E sup [0z (s)]|2 =F sup

0<s<t 0<s<t

s B 1/

(N) ) — ) )
/0 [(A + F)sz™ + N5u,} dr + D/O SuidW;
2

N
1 8 ~

. (N) ,

+N§_1/0(06x]+F6x )dW;

t I N t 1
gLE/O 162 |2dr + FZE/O 2.l + 162 Pdr + 0557
i=1
Applying Gronwall’s inequality, for some constant L, one can obtain
t t s
E sup [[5a;(s)| gLE/ ]|5x(N)H2ds—|—/ LE/ 162 Pdrds
0<s<t 0 0 0
t
§LE/ |62M)12ds,  § # .
0

Thus
¢ 1
E sup [|02V(s)]2 gLE/ |]5w(N)H2ds+O(—),
0

0<s<t N2

153



Again, by Gronwall’s inequality

E sup [5:(0)|” = O ! )

0<t<T N2

Lemma A.2. Under (A2.1)-(A2.4), for some constant L and any admis-
sible control with form (uy, ---, Ui—1, Ui, Uit1, -+, Uy) € U. salisfying

E [ ||d|*dt < L, it follows that

1
sup E sup ||6z;]? :O(—). (A.1)

1<j<N  0<t<T N2

Proof. By the proof of Lemma [A 1] for some constant L, we have
2 ' N2 1
E sup |6z,]% < LE/O |02 ds:0<ﬁ>.

0<s<t

Note that L is independent of j and Proposition holds. O
Based on Lemma [A.T] we can also obtain the following estimation of dz; — da;.

Proof of Lemmal[2.7. The dynamics of dz; — da; follows

d(6x; — da;) = [A(0x; — da;) + Féa™M)dt 4 [C(6x; — das) + Fox™]dW;

(0x; — 0a;)(0) = 0.
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By Lemma we have Esupyc,q [0z (¢)||*> = O(3). Thus, applying
Burkholder-Davis-Gundy’s inequality and Gronwall’s inequality, the lemma fol-

lows. ]

A.5 Proof of Lemma 2.8

Proof. Motivated by ([2.50)), we consider (Mt + M7, du;) for some single-agent
bounded perturbation du; satisfying E fOT |du;]|2dt < L for some constant L.
By the calculation in Section 3, when we only perturb A;, the variation of the

cost functional is

T
«Zs(olg)(ﬁ +ou;) = Js(cfp(ﬁ) + E{ / (Q(z; — rE) — n),6z;) — (L' Q7 — rz® — n), 533(N)>
0
+ ) (QF; = Ta™) — ), dz;) = > (T7Q(F; — T#™) — 1), 62™) + (Ri;, Sus)dt + (G(&:(T)
J#i J#i

—T&™(T) = 1), 6a:(T)) = (TTG(#(T) = TZ™(T) — 1), 628(T)) + > (G(#,(T)
i
= TE™N(T) — ), 62,(T)) = > _(TTG(i(T) — T&™(T) — 1), 62 (T))} + o(6w;).
J#i

Thus, for the Fréchet derivative of A; on 1, we have

(Mot + My, du;) = IE{ /T(Q(ii — T — ), 62;) — (TTQ(F; — TE™N) — p), 62

+) Q5 — Te™ —p), bay) = > (TTQ(#; — TE™) — 1), 62™) + (Rity, du;) dt
J#i j#i

+(G(@(T) = Ta™(T) = 1), 624(T)) — (TTG(7:(T) — Tz™(T) — ), 62(T))

+ > {G@(T) = TE™(T) =), 82,(T)) = Y (PTG (;(T) — Tz™(T) — ), 51:(N)(T)>}-
J#i J#i

(A.2)
Next, we will verify e, -+, 6 = 0o(1), since
6
i=1
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Equation (A.3]) follows by (2.25]), (A.2]) and the optimality of the auxiliary cost
functional. Firstly, we consider e; which is given by (2.18). By Lemma [2.3]
Lemma and for some constant L, we have

€1 :E{/O (rfQr — Q) (™) — &), Noz™M)yat
L ((ETQE — QD)™ (T) — #(T)). Nax“V)(T»}

T T 1 1
< NL4/E ~(N>_A2dt]E/ SeM|2dt + O(—=) =0 —),
<vLyfE [ e —apeae [ a0+ 0( <) = o( )

€2 = E{ /0 ' —(17Q(z; — 172N — ), 62N dt — (TTG(z(T) — T#(T) — 7), 51:(N)(T)>}

-21x0(3) = o(3).

kK

Next, we will estimate 3 which is given by (2.21). We consider §z(~ — x

firstly, where

—i Hk —i Kk F F i
A6z —2) = |(A+ F)(02) — ) — N(S:c(N)}dt + ; [C(szj + N(éx( ) ba;) | AWV,
J7F
629(0) — 2**(0) = 0.

By Lemma [2.4] and Corollary [A.2] for some constant L such that

E sup [0 (s) — 2™ (s)||?
0<s<t
t , 2
SLIE/ {Héx(l) — |+ ||5:1:(N)|2] ds +E sup

0<s<t

Z / [Cox; + 59[; =) 4 5x)]dW;

<LIE/ 1620 — x**||2ds+O<N4>+L]EZ/ 16252 + (|62 |[2ds
J#i

) 1 1 1
_ (=3) _ %2 _ 7 a
_L]E/O 16209 — 2| ds+O<N4)+O(N)+O<N).
Thus,
. 1
E sup [|0z"0(t) — 2™ (t)|* = O(—)
0<t<T
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Secondly, the dynamics of Nox; — x7 is given by

d(Nox; — 27) =[A(Nbz; — o) + P32t — “c)] dt + [C(Naxj — &)+ P02 — 2| dw;,

Néx;(0) — 23(0) = 0.

For some constant L, one can obtain

t
E sup [[Néoz; — 5| :LE/ INoz; — a||* + 102D — 2**||*ds
0

0<s<t

t ) 1
_LE/O | Noa, — a3]%ds + O 5g5).

Hence, by Gronwall’s inequality,

1
E sup ||[Nox; — x* 220(—).
OStET” J ]H N2

For 3, there exist some constants L such that

’ 1 ~ o * 1 T ~ - —1
€3 _E/O N ;(Q(% —T% —n), Nox; — z3) — N ;(F Q(i; — T —n), 6z
Yt o S (G (T) — TRT) - 7). Nowy(T) — 25(1)) — - S (7 G(a(T)

JFi J#i

= T&(T) = 7), 62 (T) — a™(T))

1 T 3 A T
SNZ\/E/ ||Q(ﬂcj—Fm—n)||2dﬂE/ INOx; — x| dt
0 0

JFi

1 r T . 1
+ = E/ rr'Q(z; —I'e — 2dtIE/ dz(=) — x**||2dt + O —=
N \[E | Irre; I [ | |2t +0( =)

J#i

:;Z\/L x 0(%) + \/L x 0(%) :0(\/%).

J#i
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In what follows, we aim prove that ¢4 = o(1). By Lemma and we have

aome [ {rro(Z5 ) S (B i), i)
=2 x O<\/1N> X O(%)

. N J .
For e5, which is given by (2.26)), we need to estimate B3] — %ﬂl and Ey] —
N
# Recall that in Section , (2.22)) can be rewritten as follows:

.

N N
dy, = [-Qk+q— ATy, + > ClZildt + > z,dW;, yi(T)=Gx+g,
j=1 j=1

N
d% = (AX + b)dt + Y (Ci% +hy)dW;, %(0) =Z,
\ =1
where
1 {0 - 0 -0
A0 -~ 0 ' o G0 - 0 Q 0 - 0
) 0 A o | . I 0G - 0| _ 0 Q 0
A= Ci= 4" 10 c - 0 G= ) Q=
0 0 A 0 0 G 0 0 Q
N 0 - 0 0
A+ £+ Bo, £ £
: P ‘A V BO, o i 1
£ A+E4+BO; - £
A= ' ' b= , E= y1= X =
‘ ‘ ‘ BO, & y En
£ r . A+L4Be, !
1 0 --- 0 0 0 --- 0 1 0
: : : : GTi + G7j QTz +Qn Bl
Ci= g | L E Eyctpe, £ E = | Do, |, 8= : cq= : A= |
: : : GTi+Gq QTz +Qn B
N 0 --- 0 0 0 -~ 0 N 0
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Let y1 = Ax + X and the following equations can be derived

( .
7z} = AC;% + Ah;,

N
<A+AA+Q+ATA—ZCJ.TACJ-:O, A(T) =G,

Jj=1

N
A+ A"N—q—> ClAhj+ Ab =0, \(T) =g,

\ J=1

Ann - My ) N J i1—E%q
where A = | : .. : |. Thus, Ey| — == = L(I,--- \])A : :

An1 - Ann Fn—FEZn

Clearly, if there exist some constants L such that sup sup || Z Aki ()| max <
1<i<N 0<t<T k=1

1 . 1
L holds, then by letting F = ( e ) we have
i

ZNNJ{ 2 1 ? ?
j Jj= _ ~ ~
2
1
=L|EGE"N —2)|| =0(=).
2 -2 =o(3)

Thus, next step is to investigate A.

We can verify that Aj; = Ay fori =1,--- | N and A;; = Ay for ¢ # j, where Ay

and A, satisfy

; N—-1)Ay+A 1 -
A1+A1(A+Bel)+<)T2+lF+Q+ATA1—NCTAlF—CTAl(C+D®1)—0,
. N—-1)Ay+A 1 .
A2+A2(A+B®1)+()TQ+1F+ATAQ—ﬁCTAlF =0,

M(T) =G, A(T)=0.
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Hence, Z]kvz1 Agi = Ay + (N — 1)A; and we study the uniform boundness of Ay

and Aj := (N —1)Ay w.r.t N and ¢, where

A*
SF+Q =0,

( . F F~1
A0 (A+B@1+N> +ATAL = CTA(C+ DO+ 5) 5

. N-1 N-1 .
Ay+A; (A+B@1+TF) +ATA = (M F = CTAF) =0,

| A(T) =G, AYT) =0
(A.5)

Firstly, by the linearity, for any given N, A; and A} are solvable on [0, T]. Let L

= SUPOStST{HA(t)Hmam | B#)O1(t) lmax, [|F()||lmax: [|CE)]|maxs D (t)O1()]|max;
(1) lmaxs [|Q(t)|lmax }- Introduce Ay and A% satisfying

A1 +3LAME + LEA, + 3LEME+ LEA, + LE =0, Ay(T) =G,

A+ 2LAE + LEN, + L(ME + EME) =0, AL(T) =0

By the linearity, A; and A} are solvable on [0,T] and surely, bounded. For
any N and t € [0,7], |A; ()] < Ay(2) and |A5(t)] < A3(t). Thus, there exist

some constants L such that sup sup || Z Ai(t)]|max < L holds, and HEyl

1<i<N 0<t<T

Zimi |2 _ (1), Similarly, [E] — S8 H2 o(1) and consequently &5 = o(1).

The estimation of €4, which is given by ([2.28)), follows by Lemma straight-
forwardly and eg = O(%) Thus,

6
1
ou 1,001 ;E ( N)

Using EfOT |du;]|?dt < L and the Cauchy-Schwartz inequality, || Myt + M || =

O(7%)- O
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Appendix B: Chapter

For any given (Y, Z)€L%(0,T;R™) x L2(0, T;R™ @) and 0 < t < T, the

following SDE has a unique solution:

X(t) :x+/ b(s, X (s), E[X (s)|F°], Y (s), Z(s))ds
0 (B.1)

+/OO'(S,X(S),E[X(S)LFK/O],Y(S),Z(S))dW(S).

Therefore, we can introduce a map M : (Y, Z) € L%(0, T; R™)x L2(0, T; R™*(d+1))
X € L%(0,T;R"™) by (B.1)). Moreover, we have the following result:

Lemma B.1. Let X; be the solution of (B.1)) corresponding to (Y;, Z;), i = 1,2

respectively. Then for all p € R and some constant Iy > 0, we have

t
Ee-ﬂtuX(t)n%plE/ | X (s)Pds
. : ) (B.2)
g(k2zl+k$1)1@/ e—PSHY(s)||2ds+<k312+k$2)1E/ |1 2 (s)|2ds,
0 0

and
Ee=r!| X (0)|2 < (ol + 2, IE/ e~ (=)=03 |1 (5) |[2ds
0 (B.3)
T (ks + K2) E/ | Z(s) s,
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where py = p—2p1 —2ky —koly = ksly ' — k2 — k2, and & = &1 — Dy, = XY, Z.

Moreover,
T
E/ e~ X (1) 2t
0
1—e T t .
<[ (hohy + KB / e[V (1) | 2dt (B.4)
P1 0
t
+ (il + B )E [ e Z@o)Fdt]
0
and

T
BRI < (1 ) (s + KR)E [ eV (0]t
0 (B.5)

T
+ (ksly + kfg)E/ e—PtHZ(t)H?dt]
0

Specifically, if py > 0,

T
e EIX(T)|I* < (kel + k‘fl)E/ e [V (1) dt
0

T
T (kyla + K2,)E / | Z(0) Pt
0

Proof. For any p > 0, applying [t6’s formula to e*pt||f((15)||27

B X1 8 [ K s) P
=28 [ ¢ 6) 06, X0 6) B FL Vi) 20
b, Xals), BXa () FM], Va(s), Za(s)))ds
FE [ (ot X005) EX(E. Y105, Z(6)
— (s, Xals), B ()l FM0), Ya(s), Z(s)))ds
<E /Ot e s [(2p1 + 2k + ol '+ kslyt 4 k24 K2 || X ()|

+ (koly + KR Y ()17 + (sl + K,) 1 Z(s)] | ds.
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Similarly, applying Itd’s formula to e 1(=9)=7%|| X (s)|?, we have (B.3). Inte-

. . . 1,e—ﬁ1(t—8) 1—e—P17T
grating from 0 to 7" on both sides of (B.3)) and noting that - <

— ﬁl Y

we have .
]E/ e~ X ()|t
0
1—e T T -
<l + ) B [ ¥ (o) ds
P1 0
1 —e T T .
(ka4 1) g / =21 2(s)||ds.
P1 0
Letting ¢t = T in (B.3]), we have (B.5]). O

For any given X € L%(0,T;R"™), the following BSDE has a unique solution:

Y (1) :/t (s, X (), E[X (s)| "], Y (), E[Y ()| 7],

T

Z(s), B[Z(s)| F7])ds — /t Z(s)dW (s). (B.7)

Thus, we can introduce another map M, : X € L%(0,T;R") — (Y,Z) €
L2(0,T;R™) x L%(0,T; R™(@)) by (B.7). Similarly, we have the following

result:

Lemma B.2. Let (Y;, Z;) be the solution of (B.7)) corresponding to X;,i = 1,2,

respectively. Then for all p € R and some constants l3,ly,l5,lg > 0 such that

T
Ee [V (1)|? + poE / e[V (s) 2ds
t . )
+ (1= kals — ksl)E / | 2(s) | 2ds (B.8)
t

T
<(als + ksla)E / P X (s) | 2ds,
t
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and

T
Ee ?!|Y (t)|)? + (1 — kels — krglﬁ)IE/ e~ Z(s)|*ds
t

T
<(hals + ksla)E / e P05 X () 2ds,
t

(B.9)

where fiy = —p — 2py — 2kg — kalz ' — kslyt — krlgt — kslgt, and & = &y — @y,

®=X,Y,Z. Moreover,

_ p—p2T

T R 1 T %
B[ PVl < (s + R)E[ e
0 2 °

and .
E / e~ 2(1) |2dt
0

(]{?413 + k’5l4)(1 V 67ﬁ2T)
- (]_ — ]{37l5 — k8l6)<1 A e=p2T

T
)E/ e[ X (s)||2ds.
0

Specifically, if po > 0,

kals + ksly
1 — krls — kglg

T T
IE/ P Z()|2dt < IE/ e~ X (s)||ds.
0 0

(B.10)

(B.11)

(B.12)

Proof of Theorem Define M := M, o My, where M, is defined by
(B.1) and M, is defined by (B.7). Thus, M is a mapping from L%(0,T;R™) x
LZ(0, T; R™ (@D into itself. For (U;,V;) € L%(0,T; R™) x L2(0,T; R™*) et

X; = My(U;,V;) and (Y}, Z;) :== M(U;, V;). Therefore,
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T T
B [ e - Yol B [ eIz - 2ol
0 0

[1 — e T N 1V e Pt
- P2 (1 — kyls — k8l6)<1 VAN €_ﬁ2T>

} (als + ksly)

T
XE/ e X1 () — Xo(t)]|2dt
0

1 — e PT 1V e T 1—e T
<[——+ | —
P2 (1 = Erls — kslg)(1 A e=P2T) P1

T
s + sl [(haly + BB [ e Ui 1) - Uao) Pt
0

T
+llala + B [ e Va(0) - Val) ]
0

Choosing suitable p, we get that M is a contraction mapping.

Furthermore, if 2p; + 2py < —2k; — 2kg — 2k% — 2k2 — k2 — k2,, we can choose

peER 0< kil < % and 0 < kglg < % and sufficient large [y, ls, [3, 4 such that

p1 > 0, p2 > 0, 1 — Erls — kglg > 0.

Therefore,

T T
B [ v - VP +E [ 200 -z
0 0

1 1 1
<|— —(kyls + ksl
<[t Tt ) e el

T
X [(k‘zll + k’%l)E/ 6_’Dt||U1(t) — Ug(t)Hth
0

T
+ il + BB [ e PIVi(e) - Va(o)Pde]
0

The proof is complete. O
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Appendix C: Chapter

C.1 Proof of Lemma 4.2

Proof. We divide our proof into three parts:

e the equivalent relation: (i)’ <= (ii)’,

e the inclusion relation: (i)’ = (i); (ii) = (i),

e a counter example: (i) =% (i); (i) =% (i),

We start with part one: (i)’ <= (ii)’, and firstly we consider (i)’ = (i)’

By applying It6 formula to (Px,x) we have:

(Gx(T),x(T)) = / ' <<P+PA+ATP+CTPC> X, x>
+2((B"P+D"PC) x,u)+(D"PDu, u) dt.

Combined with (4.7)), we have:

T

70, u() =E / ((P+PA+ATPLCTPCHQ) x.x)

+((R+D"PD) u,u)+2((B"P+D"PC) x, u) dt.
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By (REO0), it holds that

J'(0,u())=E /OT ((PB+C"PD) R, (B"P+D’PC) x, x)
+((R+D"PD) u,u)+2((PB+C"PD) u,x) dt.
Moreover, we also have:
Ro—Ro (R+D"PD) R

=V [(VT (R+D"PD) V)"'— (V" (R+D"PD) V)"'V" (R+D'PD) V

x (VT (R+D”PD) V)—l}VT

1

V|(R+D"PD) ' (I-V” (R+DPD) V (R+D"PD) )| V7
\%

(VI (R+D"PD) V) '(I-1)] VI =0.
Then we have:
T
J'(0,u(-))=E / ((PB+C"PD) Ry (R+D"PD) R, (B"P+D"PC) x,x)
0
+((R+D"PD) u,u)+2((B"P+D"PC) x, u) dt.

For any given (t,w) € [0,T] x  we have u(t,w) € A C R?™. Then there exists

some vectors v/ € R?™ such that Vv’ = u(t,w). Thus, it follows that

{((PB+C"PD) u,x)=((PB+C"PD) Vv’ x)

(PB+C"PD) V(V' (R+D"PD) V) (V" (R+D"PD) V)v',x)

(
(

(PB+C"PD) Ro (R+D"PD) Vv’ x)=((PB+C"PD) R, (R+D"PD) u,x).
Then we have:

J'(0, u(.)):E/OT {((R+D"PD) [u+R (B"P+D"PC) x| ,u+R, (B’P+D"PC) x) dt.
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Noting that Ry = V [VT (R+D"PD) V]~ V7, then Ry(t)(BT(t)P(t) +
DY (t)P(t)C(t))x(t,w) € A for any given (t,w) € [0,7] x Q. If R(¢)+
DT (t)P(t)D(t) > 0 on A, a.e. t € [0,7T], then by Lemma 2.3 in [58], it holds
that J'(0,u(-)) > ¢||ul|3, for some constant ¢ > 0, and u(:) — J’(0;u(-)) is

uniformly convex on UA.

Secondly we consider (i)’ = (ii)":
This part of the proof is similar to that of Theorem 4.5 in [58]. Here we just

briefly sketch some key points. Consider the following Lyapunov equation:

K+K(A+BVO)+(A+BVO)TK + (C+DVO)TK(C+DVO)+0TVIRVO+Q=0,

K(T)=G,

where O(-) € L*(0, T; R*™*?"). Then we have:

J'(0,VOx +u(:))=E /T ((R+D"KD) u, u)

+2([B"K+D"KC+(R+D"KD) VO] %, u) dt,
for any u(-) € Y. x is the solution of
dx=[(A+BVO)x+Bu] dt+[(C+DVO)x+Bu]dW, %(0)=0.

Noting that (VOx+u)(-) € UA and by the uniform convexity of u(-)
J'(0;u(-)) on UA, it holds that

T
E / ((R+D"KD—¢I)u,u)+2([B'"K+D"KC+ (R+D"KD—¢cI) VO] %,u) dt > 0.
0
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Let ug € A C R?™ and take u=ugl ey with 0 < s < s+h < T. Then by

Lebesgue differentiation theorem, for some constant € > 0, it holds that

((R(t)+D"(t)K(t)D(t)—cl) ug,up) >0, ae. t€[0,T], VYuy € A.

Thus, R(t)+D?(#)K(t)D(t) > 0 on A a.e. t € [0,T]. By Proposition 4.1 in
[58], we also have (K(t)xq,Xq) > €||xol|* for some constant ¢ > 0 and V(¢, %) €
[0, 7] x R?™. Then we consider the following Lyapunov equation sequence with

index o« > 0:

Ko+KiA+AT+CTK,C+Q=0, Ko(T)=G,
Koi1+Kai1(A+BVO,)+(A+BVO,) K, 1+(C+DVO,) K, 1(C+DVO,)
+0IVIRVO,+Q=0, K,1(T)=G,

O.=- [V (R+D'K,D) V] V' (B'K,+D"K,C),

v

Rg=V [V" (R+D"K,D) V]~

\

By noting that R§ = R§ (R+D"K,D) R, we have:

a—00 a—00

( lim K, =P, lim R+D'K,D = R+D’PD, lim R§ = Ry,
a— 00
lim ©,=-[V" (R+D"PD) V] (B"P+D"PC),

a—o0

| R(t)+DT()P(#)D(t) > 0 on A ae. t € [0,T],

and this leads to (ii)’.

For part two, we consider (i)’ = (i) first: Apparently, (“Ei“) e UM for Vu € U,

Then for Yu € U, if (i) holds, it holds that J'(0, (%) > ¢||(“Z9) ;. =

Eu Eu
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ellull7.. Note that system (4.5) is of the form as (4.7). Thus, J(0,u) =
J'0, (“224)) > e|ul|?. and (i) holds.

Eu

Secondly, we consider (ii) = (i): By letting & = 0, the dynamics of z—Ex is

given by:
d(z—Ex)= [A(a:—IE:U)+B(u—Eu)] dt -+ [C(x—Ex)+D(u—Eu)+CEx+DEu] dw,
(x—Ez)(0) = 0.

The dynamics of Ex is given by:

dEx = (AEz+BEu) dt, Ez(0) = 0.

Apply the It6 formula and chain rule to (P (x—Ex), (x—Ez)) and (PEx, Ex),
and we have:
E {||(z—Ea)(T)|%}
T .
:E/ <(P1+P1A+ATP1+CTP10) (x—Ex),(x—Ex)>dt
0
T T
+2E/ ((PB+CTP D) (u—IEu),(:n—]Ex)>dt—|—IE/ ((DTP\D) (u—Eu), (u—Eu)) dt,
0 0
T T T
+E / (CT P\CEx,Ex) dt+E / (DT P\ DEu, Eu) dt+2E / (CT P\ DEu, Ex) dt,
0 0 0

E{|Ex(T)2} = E/OT ((Prt PoA+ AT Py) B B ) dit + 2E /T ((P,B) Eu, Ex) dt.

0
(C.1)
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Plugging (C.1)) into J(0;u(-)) results that

T(O:u(-)) = %E /OT ((B+PA+ATPLCTPIC + Q) (2~ Ex), (x—Ex) ) dr

+ %E /OT <(P2+P2A+ATP2+©+CTP16) Ez, Ex> dt

T T
+IE/ ((PB+CT P D) (uEu),(mEaz)>dt+E/ ((PB+C"P\D) Eu,Ex) dt
0 0

T T
+;E/ ((D"PD+R) (u—Eu),(u—Eu)}dt—l—;E/ {((R+D" P\D)Eu, Eu) dt.
0 0
By (RE1) and (RE2) we have:
27 (05 u(:))
T T
—FE / ((P2B+CT P'D)Ry (BT P+ D" P,C)Ex, Ex) dt+2E / {((PB+C"P\D) Eu, Ex) dt
0 0
T T
+IE/ <(DTP1D+R)IEu,Eu>dt+2E/ {(PB+CT P D) (u—Eu), (z—Ex)) dt
0 0
T
+E / (P B+CTPD)R{(BT P+ D" P,C)(x—Ex), (x—Ex)) dt
0

T
+IE/ (D' PiD+R)(u—Eu), (u—Eu)) dt.
0
Moreover, similar to part (ii)’ = (i)’ , we have:

Ry—Ro(DT PID+R)Ry=R1—R1 (DT PLD+R)R, =0,
{(P,B+CTP\D) Eu,Ex)=((PB+C" P\D) Ro(D" P'D+R)Eu,Ex),

((PLB+C"P\D) (u—Eu), (z—Ez))=((P\B+C" P.D) R{(D" P,D+R)Eu,Ez).
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Combined with (C.2)), it holds that

27 (03 u("))
T
=E / (DT P'D+R) [Eu+Ro(B" P,+D" PIC)Ex] ,Eu+Ro(B" P,+DT PiC)Ex) dt
’ T
+E / <(DTP1D+R) [(u—Eu)+R1(B' P,+D"P,C)(z—Ez)]
0

(u—Eu)+R1(BTP2+DTP10)(x—Ex)>dt.

Next we can put the dynamics of x —Ez, Ex together as follows:

a("o) =@ (e ) a0 (e ) e 66 (T <87 (B |

Then for some constant € > 0 and any (%1 é)z ), where ©1,0, € L*(0,T; R™*"),

by Lemma 2.3 in [58], it holds that

|(u—Eu) 01 (5—Ex) |3-HEu—O1Ea |3, =|

2 B 2
() =(9 &) 20|, ==l

Moreover, we also have:

T T
||(“ﬁ“)H2LQ:E/ (u—Eu, u—Eu) dt+E/ (Eu, Eu) dt
0 0

E/OT (u, u) —2 (u, Eu)+ (Eu, Eu) 4+ (Eu, Eu) dt

T
E/ () dt = [[ulls
0
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Note that

p

Ro(t) [BT (t) Pa(t)+ DT (1) Pi(t)C(t)] Ex(t,w) € A for V(t,w) € [0,T] x Q,
Ri(t) [BT (t)Pa(t)+ D" () PL(t)C(t)] (x—Ex)(t,w) € A for V(t,w) € [0,T] x €,

DT (t)P(t)D(t)+R(t), DT (t)P,(t)D(t)+R(t) > 0on A, ae. t €[0,T].

\

Thus, it follows that J(0;u) > e(||Eul3. + ||u—Eul|3,) = el|lul|3. for some

constant € > 0 and Vu € Y*. This leads to (i).

Y

For part three, we cook up the following example to prove (ii) =g (ii)”

Example C.1. We letn =m =2 and A = R?, A = R*. Thus V = diag(1, 1)

and V = diag(1,1,1,1). Moreover, the coefficients are given as follows:

A= (07 0%%) A= (00 X%) . B=(%509).B= (03 .Cc= (340,

% 063) D= (_0087 _0039)>D - (8161 0(.)6)7R: (—0023 5033) Q= (:gi 78'4)7

and time interval is [0,1]. Then such coefficients satisfy (A4.1)-(A4.2). More-
over

Q=(I-T)TQU ~T1) = (33 %) .

G =(I-Ty)"G(I —T2) = (493 Tuts’) -
Note that all the coefficients here are constants. By [62], if (REL), (RE2) and

(REO) are solvable, then their solutions are all unique. Thus, by solving (RE1),
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(RE2) and (REO) we have the trajectories of all components of Pi(t), Py(t) and

P(t).
0.2
< 0
B
£ 02 /
3
E
s -0.4
-0.6
0 0.5 1

time ¢

0.4 0.4
= = 02
) 02 A k
3 3 S ——
2 Ozfﬂl““\\\\\\\\\\\\ 2 0 ]
& &
“ N /
= £,
g 02 5-&4//{/////”///,///

0.4 0.6

0 0.5 1 0 0.5 1
time ¢ time ¢

Figure C.1: the trajectories of all components of P, P, and P

(RE1), (RE2) and (REO) are all uniquely solvable on [0,1]. Moreover, we also

have the trajectories of the eigenvalues of DT PP D+ R and DT P D+ R.

= 14

T
a

12

D'P
o o o
5 o ® =
T T T T

alues of D' Py ()D + R and
o
0
T

\

o

Figure C.2: the trajectories of the eigenvalues of DT P,D+R and D' P,D+R

Thus, by letting ¢ = 0.04, we have DT P, (t)D+R, DTP,(t)D+R > eI, Vt €

0,1], and (i) holds. However for (RE0), R+D*P(#)D > 0 does not always

hold. Through the following graph, we can see that the minimum eigenvalue of

R+DTP(t)D is always negative on [0,1] and R+DTP(¢)D is indefinite.
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eigenvalues of R+ DTP(t)D

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time ¢
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13

o

Figure C.3: the trajectories of the eigenvalues of R+DTP(¢)D

Thus, through the counter example above, we see that (i) =% (ii)’.

(i) = (i): If (i) = (i)’ holds, then by (ii) = (i) = (i)’ = (ii)’, we have

(ii) == (ii)’ which leads to a contradiction. O

C.2 Proof of Proposition 4.2

Proof. We divide our proof into 3 parts: (i) The optimal pair of (MFC-c) is
the adapted solution of (H1). (ii) The adapted solution of (H1) is the optimal

pair of (MFC-c). (iii) (H1) is unique solvable.

(i) Under (A4.1)-(A4.3), (MFC-c) admits a unique optimal pair (Z,u) by
Theorem [4.1] Then by [85, BG], the following MF-BSDE:

dk = — (QE—(QU1+TTQ—TTQI)Ei+ ATk+ ATEk+CT¢+CTEC) dt+CdW,

k(T) = Gz(T)— (GTy+T3 G-TTGr9)Ez(T),
(C.4)

admits a unique adapted solution (k, ). Thus, we mainly desire to verify:

V' (B'k+B"Ek+D"( + D"EC+Ru) =0, ae. t € [0,T], P—a.s..
(C.5)
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Since A is a linear subspace, for any u € U* then maximum principle reads

as the following form:
(Ru+B"k+B"Ek+D"(+D"E¢,u—1u) =0, ae. t € [0,T], P—a.s.. (C.6)

(C.6) implies that (Ru+B"k+BTEk+DT(+ DTE() L Aae t €
[0,7], P — a.s., which leads to (C.5]).

(ii) Suppose (z,u,k,() is an adapted solution to (H1). For any admissible
control u € U™, denote the differences: Au = u—u € U*, Az = z(&;u) —

z(&o;u) and AT = T (§o;u) — T (&o;w). Then Az satisfies that:

dAx = (AAz+ AEAz+ BAu+ BEAu)dt+(CAz+CEAz+ DAu+ DEAw)dW,

and

T
AJ=E /O (Qz+(T] QT —I'TQ—QI'1)Ez, Ax)+(Ru, Au)
+% (QAz+(I'T QI —I'T Q—QTI'1)EAz, Ax>+% (RAu, Au) dt
+(Gz(T)+(I'; GTos—T3G—GT2)Ex(T), Az(T))

+% (GAZ(T)+(T5 GTy—TE G~ GT2)EA(T), Ax(T)).
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What we desire to prove is AJ > 0 which is equivalent to the optimality
of (z,u). Applying Itd formula to d (k, Ax), it holds that:

T
E(GZ—(GTy +T3G(T)-T3GT9)EZ(T), Az(T)) = E / d (k, Ax)
0
T
=F / (- (Qz—(QT1 +I{Q-TTQI)Ez+ATk+ATEk+CT(+CTE() , Az)
0

+ (k, (AAz+AEAz+ BAu+BEAu)) + ((, (CAz+CEAz+DAu+ DEAu)) dt.

Plugging into to AJ, then we can obtain:

T
AJ=E / (Ru+B"k+B"Ek+D"¢ + D"E(, Au)
0
1 . . 1
+35 (QAz+(I'T QT —I'1 Q—QTI'1)EAz, Ax>—|—§ (RAw, Au) dt

43 (GAR(T) + (T GT,~TEG - GT)EAL(T), Ax(T))

Since VT (BTk+BTEk+D"¢ + DTEC+Ru) =0, ae. t € [0,T], P — a.s.,

then for any vector v € R™ it holds that:
((B"k+B"Ek+D"¢ + D"EC+Ru) ,Vv) =0, ae. t € [0,T], P—a.s.,
and Au € U*. Thus,
T — —
/ E (Ru+B"k+B"Ek+D"( + D"E(, Au) dt = 0.
0

Note that under (A4.1)-(A4.3) J is uniformly convex by Theorem [4.1]
Then by observing the dynamics of Az, we have AJ = J(0; Au) > 0.

(iii) Assume that (Z',4,k’, (") is another adapted solution of (H1). Then by

part (i) of this proof, (Z’,@’) should be the optimal pair of (MFC-c).
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Thus (7/,4') = (z,u), and hence by the unique solvability of (C.4]), it

follows that (z/,d/, k', (") = (z,u, k, () proving this part.

C.3 Proof of Lemma 4.4

Proof. Firstly, we prove (CC-2)==-(H1) part.

Let (Z;, W, pi, ), p*, iy qf ) be the adapted solution of (CC-2). The dynamic of

p? + p} — p; satisfies that:

dp® +p; —pi) = — [AT(P*+p; —pi) +C" (¢} —q))] dt + (¢} — ¢:)dW,, )

(»* +pi — p)(T) = 0.

Under (A4.1)-(A4.2), (C.7) admits a unique solution, and we have p?+p} —p; =
0 and ¢! — ¢; = 0. Thus, we obtain E¢} = Eq;. Next, we have the dynamic of
p? + Ep; satisfying

d(p® + Ep;)=[(IT —DQ(I -T1)Ex;— AT (Ep} +p*) - CTEq; — AT (p* +Ep} ) — CTEq}] dt,

(p* +Ep;)(T) = (I-T3)G(I-T2)Ei;(T),
and the dynamic of Ep; satisfying

dEp; = (1T —1)Q(I~T1)Ei;— A"Ep;— CTEg; — A" (Ep} +p*) —C"Eq}] dt,

Epi(T) = (I-T3)G(I~T5)Ex;(T).
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By taking difference, we have:

d(p* +Ep; — Ep;) = [FAT (p* +Ep; —Ep;) —C" (Eq; —Eq;)] dt,

(p* +Ep; — Ep;)(T) = 0.

By ¢} — ¢; =0, we have:

d(p* + Ep; — Ep;) = A" (p°+Ep; —Ep;)] dt,

(p* +Ep; —Ep)(T) =0,

and p? + Ep} — Ep; = 0. By plugging E¢} = E¢; and p? + Ep} — Ep; = 0 into
(CC-2), we have:

di; = (AZ;+ B+ AEZ; + BEw; )dt+ (Ci;+ Di; +CEa; + DEa; ) dW;,
dp; = [~Q&i+(QU1+T1 QT QI1)EZ; — A" p;—CTq;— ATEp; — CTEq;] dt+¢:dW;,

#(0) =&, pi(T) = Giy(T) + (I3 Gl —T5 G—GIy)Ei;(T),

VT (Riii+B"pi+D" g+ B Ep;+ D Eg;) =0,

\

which is identical to (H1) and (Z;, u;, p;, ¢;) is a solution of (H1).

Secondly, we prove (H1)=—=(CC-2) part.

Under (A4.1)—(A4.2), for any adapted solution (Z, u, k, ¢) of (H1), the following

BSDE admits a unique solution:

dk' = — (Qz+ATK'+CT¢Y) dt+¢taw, €8
C.8
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and thus so does the following backward ordinary differential equation (BODE):

dk* = — [(T] QT —I'1Q—QI'1)Ez+ A"Ek'+ CTEC' + ATK*+ ATK?] dt,

E*(T) = (I'3GTy—T'3G—GT9)Ez(T).
(C.9)

Then by combining (H1), (C.8)) and (C.9)), we have:

(
dz = (Az+ Bu+ AEZ+ BEu)dt+ (CZ+ Du+CEz+ DEu)dW,

dk=—(Qz—(QT1 +I'TQ-T1QI)Ex+A"k+ATEk+CT(+CTE() dt+(dW,
dk'=— (Qz+A"K'+CT (") dt+'aw,

dk*=— [(T] QT —I'1Q—QI'y)Ez+A"EL'+ CTEC' + ATk*+ ATK?] dt,
2(0)=¢&, Kk(T)=Gz(T) + (I'IGTy—T2G—GTy)Ez(T),

EY(T)=Gz(T), Kk (T)=(TIGTy—T3G—GTy)EZ(T),

VT (B"k+B"Ek+D"( + D"E(+ Ru) =0.
(C.10)
Comparing (C.10) with (CC-2), what remains to prove is that k*+Ek' = Ek

and EC!'=E¢. Then we consider the dynamic of k% 4+ k' — k:

d(k*+ k' —k)
=—(AT('+k*—k)+CT (' =)+ AT (Ek' +k* —Ek)+ CT (EC' —EQ)) dt+(¢' —¢)dW,

=— (AT(K' + K~ k) +CT (' = O+ ATE(K' + k% — k) +CTE(C* =) dt+(¢* = ¢)aw,

\ (K> + k' —k)(T) = 0.

(C.11)
Under (A4.1)-(A4.2), the MF-BSDE (|C.11]) admits a unique adapted solution,
and obviously (k*+k'—k, (*—() = (0,0) is an adapted solution of (C.11). Thus,
R2+kt =k, (t=(, K +Ek' = Ek and EC' =E(. Plugging such relations into
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(C.10) and we have:

dz = (Az+ Bu+ AEZ+ BEu)dt+(Cz+ Du+CEz+ DEu)dW,

dk=— (Qz—(QT1+ITQ-TTQI)Ez+ AT k+ AT K>+ ATEE' +CT ¢+ CTECY) dt+Cdw,
dk' = — (Qz+ATE' +CT¢) at+¢tdw,

dk® = — [(ITQI1 —TTQ—QT1)Ez+ATEL' + CTEC + ATk* + ATk at,

z(0) = &, Kk(T)=Gz(T)+ (I'TGry—T3G—GTy)EZ(T),

ENT) = Gz(T), k*(T)= (T3GTy-TTG—GTry)Ez(T),

u=V" (B"k+B"k*+B"Ek'+ D" (+D"EC* + Ru),

which is identical to (CC-2) and (z,u, k, k1, k2,(, (1) is a solution of (CC-2),
where (ki, (1) and ks are the unique solutions of (C.8]) and (C.9)) respectively.

This completes the proof. O
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