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Abstract

The two-stage stochastic variational inequality (SVI) is a powerful modeling paradig-
m for many real applications in the fields of finance, engineering and economics, which
characterizes the first-order optimality condition of the two-stage stochastic program
and models some equilibrium problems under uncertain environments. The research
for two-stage SVI has received much attention during past decades. Numerically, we
solve the sample discretization problem of the two-stage SVI, which is a large-scale
problem due to the large sample size. Many existing deterministic VI solvers fail
to handle such large-scale problems. The well-known progressive hedging algorithm
(PHA) proposed by Rockafellar and Sun is a competitive algorithm for the large-scale
monotone two-stage SVI. However, only a linear convergence rate is established for
the monotone affine SVI. So far, to the best of our knowledge, there are no superlin-
early convergent algorithms being developed for the two-stage SVI. This thesis aims
to develop globally and superlinearly convergent algorithms for the two-stage SVI.
Firstly, a projection semismooth Newton algorithm (PSNA) is proposed, which
is a hybrid algorithm that combines the projection algorithm and the classic semis-
mooth Newton algorithm. At each step of PSNA, the second stage problem is split
into a number of small problems and solved in parallel for a fixed first stage decision
iterate. The projection algorithm and the semismooth Newton algorithm are used
to find a new first stage decision iterate. The global convergence and the superlinear

convergence rate are established under suitable assumptions. Numerical results for
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monotone problems show that PSNA outperforms PHA. Moreover, PSNA is efficient
to solve some nonmonotone problems which PHA fails to solve.

Secondly, a regularized PSNA (rPSNA) is developed to solve a two-stage stochas-
tic linear complementarity problem (SLCP) that describes the global crude oil market
share under the impact of the COVID-19 pandemic. The existence, uniqueness and
robustness of the solution to the model are analyzed. As the regularized parameter
goes to zero, the sequence generated by rPSNA converges to the unique solution
of the single-stage SVI reformulation of the original problem. Numerical results for
randomly generated examples illustrate that rPSNA performs better than PHA in
terms of the number of iterations as well as CPU time. In addition, the two-stage
SLCP model is applied to recover and predict the crude oil market share under the
influence of COVID-19 with related parameters determined by oil data from reliable
sources. This problem is solved by rPSNA efficiently, and the solution obtained is
suitable to explain and rationalize the behavior of main oil-producing countries.

Lastly, rPSNA is further applied to solve two classes of nonmonotone traffic as-
signment problems. One is the stochastic user equilibrium problem in the form
of the two-stage SVI. The second is the stochastic dynamic user equilibrium prob-
lem, which is formulated as a differential linear stochastic complementarity system
(DLSCS) with the discretization problem being a special two-stage SVI. Numerically,

rPSNA is more efficient for solving these problems compared with PHA.
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Chapter 1

Introduction

1.1 Background

Let (2, A, P) be a probability space induced by a random vector &, in which 2 C R?
is the support set of £, A is the Borel sigma algebra of = and P is a probability
measure. Let ) be the space consisting of A-measurable functions from = to R™.
Consider the following two-stage stochastic variational inequalities (SVI) [6]:

—E[G(%,y(f),f)] END(£)7 (1.1)

— F(z,y(£),8) € New (y(€)), for almost every (a.e.) £ € Z, (1.2)
where

o G:R" xR™ x R = R" is a vector-valued map, Lipschitz continuous with re-
spect to (z,y) with Lipschtiz constant Lg(&) for a.e. £ € =, and .A-measureable

and integrable with respect to &;

o F: R" x R™ x R? — R™ is a vector-valued map, continuously differentiable

with respect to (x,y) for a.e. £ € =, and A-measureable with respect to &;

e [E[] is the expected operator over =, D C R" is a nonempty closed convex set
and C(§) € R™ is a polyhedral set for a.e. £ € =, and Np(z) and Neg) (y(§))
are normal cones to the set D at z € R"™ and the set C(§) at y(¢) € R™,

respectively.



According to the definition of the normal cone, (1.1)-(1.2) is equivalent to finding

(x,y(-)) € R® x Y such that the following inequalities are satisfied:
(2" = 2)"E[G(x,y(€), )] 2 0, ¥a' €D,

(v (&) = y(€)" Flx,y(€),€) >0, vy (€) € C(€), for ae. £ € E.

The two-stage SVI (1.1)-(1.2) is the generalization of the single-stage SVI [5,
12]. The random vector £ is introduced to describe the stochastic factors from the
unknown future or uncertain environments. A distinct feature for the two-stage SVI
is that its decision variables are comprised of two types, the here-and-now decision
variable z that does not depend on the realization of the random vector ¢ and the
wait-and-see decision variable y(£) that depends on . A solution (z,y(-)) to the
two-stage SVI is such that the collection of inclusions in (1.1)-(1.2) is satisfied, where
the second stage inclusions (1.2) should hold for a.e. £ € Z. In practice, a here-and-
now decision has to be determined before the observation of the realization of &.
The two-stage SVI is a powerful mathematical model that allows decision-makers to
make a decision here and now by taking into account every possible realization of
&. This illustrates the reliability and robustness of the solution to the two-stage SVI
compared with the single-stage SVI.

Numerically, we solve the discretization problem of (1.1)-(1.2). More specifically,
given a set of samples {&1, ..., &, } of the random vector &, the discrete approximation

problem of (1.1)-(1.2) reads

— > p(&)G(w,y(&), &) € Np(x), (1.3)
— F(x,y(&), &) € Noe)(y(&e), €=1,...,v, (1.4)

where p(§) > 0 for £ =1,...,v and >_,_, p(&) = 1. If the sample set is indepen-

dent and identically distributed (i.i.d.), then (1.3)-(1.4) is called the sample average



approximation (SAA) discretization problem. One can refer to [6, 8, 10] for the con-
vergence analysis of the solution of the SAA discretization problem to that of the
two-stage SVI (1.1)-(1.2). (1.3)-(1.4) is a large-scale deterministic problem due to
the large sample size v. Thus, many deterministic VI solvers encounter difficulties in
handling it, since they are designed to solve small- to medium-scale problems. So, it
is meaningful and necessary to develop specialized algorithms that are globally and
superlinearly convergent for solving the two-stage SVI. However, no such algorithms
are available at present. This thesis is devoted to develop globally and superlinearly

convergent algorithms for this problem.

1.2 Literature review

The two-stage SVI (1.1)-(1.2) is first proposed by Chen, Pong and Wets in [6], which
is the generalization of the single-stage SVI. The two-stage SVI characterizes the
first-order optimality conditions of the two-stage stochastic optimization problems
6, 44] and models some stochastic equilibrium problems in stochastic environments
9, 25, 45, 48]. The two-stage SVI was studied extensively; see [8, 10, 33, 42, 43, 44]
for references. One can refer to [42] for the extension of the two-stage SVI to the
multi-stage SVI.

In the case that G(-,-,§) and F(-,-, &) are both linear with respect to (z,y) for
ae. £ €E, D=RY, and C(§) = R7 forae. £ € =, (1.1)-(1.2) reduces to a two-stage
SLCP as follows:

0 < zlAz+E[B(E)y(€)] +c¢ >0, (1.5)

0 <y(§)LN(&)z+ M(&y(§) +q(&) 20, forae. §€E, (1.6)

where A € R™" ¢ € R", B: R? — R™™, N : RY — R™" M : R? — R™™ and
q: R — R™. (1.5)-(1.6) is the first-order optimality condition for the two-stage

stochastic linear program [6]. In [10], the existence and uniqueness of the solution
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of the two-stage SLCP are studied under the strong monotonicity assumption. In
addition, a new discretization scheme is proposed and a distributionally robust two-
stage SLCP is studied. In [8], the existence and uniqueness of the solution are
established for a two-stage SVI-NCP, in which the first stage problem is an SVI
and the second stage is a stochastic nonlinear complementarity problem (NCP). The
properties of the Lipschitz continuity and monotonicity of the second stage solution
function for any fixed x and & are also discussed. In addition, the expression for the
generalized Jacobian of the second stage solution function is given. The convergence
of the solution of the SAA discretization problem to that of the original problem is
studied, in which the convergence rate is shown to be exponential with respect to
the sample size.

The well-known progressive hedging algorithm (PHA) was first proposed by Rock-
afellar and Wets [41] to solve convex multi-stage stochastic optimization problems.
Recently, it was extended to solve the monotone multi-stage SVI by Rockafellar and
Sun with a finite support set [40]. PHA is a competitive algorithm since it decomposes
the original large-scale problem into a sequence of independent small sample-based
subproblems solved in parallel. Theoretically, PHA is globally convergent for the
monotone SVI. However, only the linear convergence rate is established for the affine
monotone SVI and it is not applicable to nonmonotone problems. Recently, an elicit-
ed PHA was proposed by Zhang, Sun and Xu [48] to solve the elicited monotone (not
necessarily monotone) SVI. However, it is difficult to verify the elicited monotonicity
of the problem, and the convergence rate is still linear. So far, little attention has
been paid to develop a superlinearly convergent algorithm for solving the two-stage
SVI.

In order to design a superlinearly convergent algorithm, the most natural choice
is the Newton-type algorithms. One desirable property is that the local convergence
rate can be superlinear if the problem is semismooth [35]. One issue is that only
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the local convergence can be obtained. To guarantee the global convergence, one
can exploit the line search technique when the starting point is far from the solution,
which is called the damped Newton algorithm. Newton-type algorithms have received
much attention for solving nonsmooth equations, complementarity problems and
variational inequalities; see [7, 15, 24, 31, 35] for details. One may simply apply the
classical damped semismooth Newton algorithms [35, 36] for solving the two-stage
SVI. However, the storage and calculation cost of large-scale Jacobian matrices are
prohibitively high, and the line search is inefficient for large-scale problems. So far,
no specialized Newton-type algorithms are developed for the two-stage SVI.

Next, we review some important applications from the deterministic VI to the
two-stage SVI. The deterministic VI plays an important role in modeling many equi-
librium problems in finance, economic and engineering [17, 19, 20]. As a generaliza-
tion of the deterministic VI, the single-stage SVI is capable of describing equilibrium
problems under uncertain environments; see [5, 18, 21, 23, 26, 38]. The two-stage
SVI as a further generalization of the single-stage SVI, is able to model equilibrium
problems under stochastic environments and involves a dynamic decision process;
see [6, 42]. In [6], a Warlas equilibrium problem under uncertain environments is
formulated as a two-stage SVI, which has a variety of applications in finance, inter-
national commodity trading and species interaction in ecological models. In [25], the
two-stage SVI is used to characterize the first-order optimality condition of a convex
two-stage noncooperative multi-agent quadratic game. In addition, the two-stage
quadratic game model is applied to describe the two-stage stochastic production and
supply planing problem in the oligopolistic crude oil market. Numerical simulations
with historical data from the crude oil market show the efficiency of the model to
recover and predict market shares of the main oil-producing countries over the world.
Recently, the COVID-19 pandemic has brought a significant impact on the global
crude oil market. During the period, the crude oil price and demand are violently
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volatile. However, market shares of main oil-producing countries remained relative
stable despite the influence of COVID-19. This arouses the question if the stable
oil market share can be explained by the results of some kinds of stochastic Nash
equilibrium problems. Most importantly, calculating a solution of some stochastic
game problems leads to solving a large-scale two-stage SVI, which can be difficult to
solve if no superlinear convergence algorithms are developed.

The stochastic Wardrop flow equilibrium in the stochastic traffic assignment is an
important class of applications of the two-stage SVI. One can refer to [6, 12, 19, 37] for
references. The applications of the single-stage SVI for the stochastic Wardrop flow
equilibrium have been studied by Zhang, Chen and Sumalee in [46, 47]. In [12], Chen,
Wets and Zhang proposed an expected residual minimization (ERM) formulation for
a new residual function, which is a two-stage stochastic program that involves the
here-and-now decision variable and the wait-and-see decision variable. This new
model is then applied to describe the stochastic Wardrop flow equilibrium. In [6],
the stochastic traffic assignment problem on the link flow is formulated as a two-stage
SVI, which is further rewritten as a two-stage stochastic program with recourse and
solved by the Douglas-Rachford splitting method [19]. In general, the two-stage SVI
model can produce a more desirable solution than that of the single-stage model.
However, to solve two-stage transportation problems poses a challenge for the well-
known solver PHA since these problems may be nonmonotone and nonlinear.

On the other hand, the differential variational inequality (DVI) [34], which is
comprised of ordinary differential equations (ODEs) and dynamic complementarity
systems, formulates the dynamic Wardrop flow equilibrium that predicts the traffic
states over a short-term time horizon. One can refer to [2, 3, 4, 32, 37] for references.
To deal with stochastic factors, one may introduce a random vector in DVI, which
can model the stochastic dynamic Wardrop flow equilibrium. This thesis also gives
the differential linear stochastic complementarity systems (DLSCS) [29] to model
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the stochastic dynamic Wardrop flow equilibrium. Its discretization problem can
be viewed as a special two-stage SVI in which the first stage problem is a mixed
LCP (mLCP) and the second stage problem is an LCP. Nevertheless, since the dis-
cretization problem is large-scale and nonmonotone, this brings difficulties to many
existing algorithms. Therefore, developing new efficient and superlinear convergence

algorithms is needed.

1.3 Summary of contributions of the thesis

The contributions of the thesis are summarized as follows.

e A globally and superlinearly convergent projection semismooth Newton algo-
rithm (PSNA) is developed to solve the two-stage SVI (1.1)-(1.2) based on
its single-stage SVI reformulation. PSNA has the decomposition feature like
PHA and detours the difficulties of calculating and storing large-scale Jaco-
bian matrices, which enable it to solve large-scale problems. The global con-
vergence and superlinear convergence rate of PSNA are well-established under
suitable assumptions. Numerically, PSNA outperforms PHA for solving mono-

tone problems and it is competitive for some nonmonotone problems.

e A regularized PSNA (rPSNA) is proposed to solve a new two-stage SLCP
model which describes the global crude oil market share problem under the
COVID-19 pandemic. For any fixed first stage variable and realization of a
random variable, the existence and uniqueness of the solution to the second
stage problem are studied. We give an expression for the unique least-norm
solution of the second stage problem, and the robustness of the least-norm
solution is explored. The global convergence of rPSNA is established as the
regularized parameter goes to zero. Numerically, rPSNA is efficient to calculate

a solution of the two-stage SLCP model, and the solution is used to explain
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and forecast the stability of the crude oil market share under the COVID-19

pandemic.

e We further apply rPSNA to solve a nonmonotone stochastic user equilibrium
problem and a nonmonotone stochastic dynamic user equilibrium problem. The
application of rPSNA to the latter problem extends the usage of the algorithm.

Numerically, rPSNA outperforms PHA in solving these problems.

1.4 Organization of the thesis
The thesis is organized as follows.

e In Chapter 1, we introduce the background of the thesis and give a literature

review for the related topics.

e In Chapter 2, we develop PSNA for the two-stage SVI (1.1)-(1.2). The original
two-stage problem is first reformulated as a single-stage SVI by substituting the
second stage Lipschitz solution function into the first stage problem. We then
investigate the solvability, Lipschitz continuity, semismoothness, linear Newton
approximation scheme and monotonicity of the single-stage problem. Based
on the single-stage problem, PSNA is developed. The global convergence and
superlinear convergence rate are established under suitable assumptions. Next,
PSNA is applied to the two-stage semi-linear SVI, which is a special case of
(1.1)-(1.2). In this case, assumptions for guaranteeing the global convergence
and superlinear convergence rate can be verified under suitable conditions.
Numerical experiments are conducted to show the competitiveness of PSNA

compared with PHA.

e In Chapter 3, we propose rPSNA to solve a two-stage SLCP which models

the global crude oil market share problem under the impact of the COVID-19
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pandemic. The existence, uniqueness and robustness of the least-norm solution
of the second stage problem are studied. The global convergence for rPSNA
is established. Numerical results for randomly generated problems show that
rPSNA is more efficient than PHA in terms of the number of iterations and
CPU time. The proposed rPSNA is also applied to calculate a solution of
the model with parameters being determined by real data from the crude oil
market. The solution obtained by the model is used to explain and forecast

the global crude oil market share under the COVID-19 pandemic.

In Chapter 4, rPSNA is applied to solve a nonmonotone stochastic user equilib-
rium problem and a nonmonotone stochastic dynamic user equilibrium prob-
lem. Numerically, rPSNA is promising in solving these nonmonotone problems

compared with PHA.

In Chapter 5, we summarize the main conclusions of the thesis and discuss

some future work.
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Chapter 2

A globally and superlinerly
convergent projection semismooth
Newton algorithm for two-stage
stochastic variational inequalities

In this chapter, we propose PSNA to solve the two-stage SVI (1.1)-(1.2), which
has the global convergence property and superlinear convergence rate under suitable
assumptions.

We assume that (1.1)-(1.2) has the relatively complete recourse [8]; that is, for
any x € D and a.e. £ € =, the second stage problem (1.2) has at least one solution.
Among these solutions, we further assume that there exists a Lipshitz continuous
solution function with respect to = for a.e. £. By substituting the Lipschitz solution
function into the first stage problem (1.1), we obtain a single-stage SVI, in which z
is the only decision variable. Then we propose PSNA based on the single-stage SVI
for solving (1.1)-(1.2), which is a hybrid algorithm that combines the semismooth
Newton algorithm with the projection algorithm [19]. The advantages for using the
single-stage formulation are that PSNA detours the difficulties of handling the large-
scale original problem directly, and the computations of the second stage solution

can be executed in parallel. The solvability, Lipschitz continuity, semimsoothness,
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linear Newton approximation scheme and monotonicity of the single-stage SVI are
analyzed under proper assumptions, which provide the foundation for the develop-
ment of PSNA. The Lipschitz continuity and the monotonicity guarantee that the
projection algorithm is well executed, and the semismoothness and the linear Newton
approximation scheme properties are essential for the semismooth Newton algorith-
m. It is worth noting that if the two-stage SVI (1.1)-(1.2) is monotone, then its
single-stage SVI formulation is monotone, but conversely it is not true. Hence the
conditions for the global convergence of PSNA are weaker than the conditions for

the global convergence of PHA [40].

2.1 A projection semismooth Newton algorithm
(PSNA)

In this section, we first reformulate the two-stage SVI (1.1)-(1.2) into a single-stage
SVI under suitable assumptions. Based on the single-stage formulation, we discuss
its properties and develop PSNA.

Let K : R¥ — R® be a locally Lipschitz continuous function. According to
Rademacher’s Theorem, K is differentiable almost everywhere. Let 2x be the set of
differentiable points of K. The generalized Jacobian of K at z in the sense of Clarke
[16] is defined as follows:

OK(x) :=conv{V € R™* . V= lim V,K(2")},

2 eQ) xt >

where “conv” denotes the convex hull. K is said to be semismooth at x if K is locally

Lipschitz continuous around z and the limit [36]

lim {Vh}
VEdK (atth!),
h!lh, tl0

exists for any h € R*.
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For any given (z,£) € D x Z, let S§(z,&) be the solution set of the second stage
problem (1.2). Thus, we can define a set-valued map S(z,-) : © = ). Then, the
two-stage SVI (1.1)-(1.2) can be reformulated as a single-stage problem finding an
x € D and an integrable selection g(z,-) € S(x,-) which solve

—E[G(z,y(,¢),£)] € Np().
If the second stage problem (1.2) admits a unique solution y(x, &) for any = € D and
a.e. £ € =, then S(x, &) = {y(z,£)} is a singleton.
Assumption 2.1. (i) The two-stage SVI (1.1)-(1.2) is solvable.
(ii) The Lipschitz constant of G(-,-,€) satisfies E[LZ(£)] < oo.
(#ii) (1.1)-(1.2) has the relatively complete recourse. In addition, there exists an
integrable selection y(x,-) € S(x,+) for any x € D, and §(-,&) is Lipschitz continuous

for a.e. & € = which satisfies

19(, &) — 9", | < Lg(@)llx — 2’|, V2" €D,
with B[L(£)] < oo.
Among all the solutions in S(z,¢), the Lipschitz continuous solution function
g(x, &) is important both in studying the solvability of the single-stage problem and

in developing the numerical algorithm under proper conditions. Substituting g(z, ¢)

into (1.1), we can get the single-stage problem

—H(z) € Np(z), (2.1)
where
H(z) = E[G(x,€)] with G(2,8) := G(x,§(2,£),€).
(2.1) can be viewed as a deterministic problem. Denote its solution set by S*. It is

not hard to see that if * € S*, then
(x*,9(x",-)) solves (1.1)— (1.2).

Based on (2.1), we propose PSNA in Subsection 2.1.2.
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2.1.1 Properties analysis

In this subsection, we study the solvability of (2.1), and the Lipschtiz continuity,
semismoothness, linear Newton approximation scheme and monotonicity of H.

The following proposition studies the Lipschitz continuity of H and the solvability
of (2.1).

Proposition 2.1. Under Assumption 2.1, the following assertions hold.
(i) The function H is Lipschitz continuous on D with Lipschitz constant Ly.
(i) If D is bounded, then (2.1) is solvable.

(i11) If S(x,€) is a singleton for any x € D and a.e. £ € =, then (2.1) is solvable.
Proof. (i) By the Lipschitz continuity of G(-,+, ) and g(-, &) for a.e. £ € =, we have

for any z,2' € D
|H (z) — H(2')|| = |[E[G(x, &) — G, Ol
<E[|G(z,9(z,£),§) — G, 9(=", ), O]
<E[Lc(§)Ly(8) + La(©)]llx — 2|

=E[L¢(O]llz - 2.
By Holder’s inequality, from the last inequality we have
Ly = E[Lg(€)] < E[LEO)EIL(€)]2 + E[Lo(€)] < oo.

(ii) Since D is bounded and that H is Lipschitz continuous, from [19, Corollary
2.2.5], we immediately know that (2.1) is solvable.

(iii) S(z, &) being a singleton implies that the second stage problem has a unique
solution for any x € D and a.e. £ € =. The solvability of (1.1)-(1.2) is equivalent to
that of (2.1) in the sense that

z” solves (2.1) & (z*,y(z",-)) is a solution of (1.1)-(1.2).
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Proposition 2.1 states that (2.1) is an equivalent reformulation of (1.1)-(1.2) if
S(x,&) is a singleton for any fixed x and £. In the case that S(x, &) has multiple
elements, if D is bounded, solution to (2.1) is also a solution of the original problem.

Next, we will discuss the semismoothness and the linear Newton approximation
scheme of H (see Definition 2.1).

Let D O D be an open set. Define the set-valued mapping H : D = R™*" as
H(z) := E[0G(x,€)),
with the expectation taken in the sense of Aumann [1] as
E[0G (x,€)] := {E[V (z,£)] : V(x,€) is an integrable selection from 9G (x,€)},

where V(z,€) € 0G(x,€) for a.e. £ € Z and it is integrable with respect to &.

To analyze the properties of H, we make the following technical assumptions.

Assumption 2.2. (i) dG(x,€) is A-measurable with respect to & at any x € D.
(ii) For any x € D, there ezists an open neighborhood such that for any x’ in this
neighborhood, 8G(ZE/,§) is bounded by an integrable function k, : = — R, ; that is,

for any x’ in this neighborhood
IVOIlr < Fa(§), V(£ V(E)) € E xR with V(E) € 0G(2,¢).
The following proposition studies the properties of H.

Proposition 2.2. Under Assumption 2.2, H(x) is nonempty, convex and compact

for any x € D. Moreover, H is outer semicontinuous and closed at any x € D; that

is, if % — x, WF € H(ak) and Wk — W, then W € H(x).

Proof. Since @G‘(x,f) is closed-valued at any x € D for a.e. £ € Z, by Assumption
2.2, it follows directly from Theorems 1, 2 and 4 in [1] that H(x) is nonempty, convex

and compact at any = € D. The last assertion follows from [1, Corollary 5.2]. O
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The following definition of linear Newton approximation scheme is important for

the development of Newton-type algorithms.

Definition 2.1 ([19]). Let K : R® — R® be a locally Lipschitz continuous function.
We say that K admits a linear Newton approzimation at Z, if there is a set-valued
mapping ¥ : R®* = R*** such that ¥ has nonempty compact images, outer semicon-
tinuous at T, and for any h — 0, W € U(Z + h),

K(z+h)— K(z) —Wh = o(||h]]). (2.2)

We also say that ¥ is a linear Newton approximation scheme of K at .

By Definition 2.1, OH is a linear Newton approximation scheme of H if H is
semismooth. However, the calculation of OH is difficult since the explicit form of H
is not available. In some cases, the calculation of #H(x) is practical. So, we turn to
discuss its linear Newton approximation scheme.

To establish that H is a linear Newton approximation scheme of H, the semis-
moothness of é(-,ﬁ) is needed. If G(-,f) is semismooth at x, by the properties
of semismoothness [36], there exists a function A¢ : (0,00) — [0,00), depending
on &, with lim; o Ag(t) = 0, such that for all A # 0 sufficiently small, and all
V(6) € 0G(x + h,€),

|G(z + 1, &) — V(Oh — G(z,8)]
A

< Ae([[Al]). (2.3)

The following technical assumption is needed.

Assumption 2.3. There exists an integrable functiony : = — Ry such that A¢(||h]]) <
v(&) for all sufficiently small ||h]|.

Note that é(, €) =G(,9(+,¢),£). The semismoothness of G(, €) is related to the
semismoothness of the second stage solution function (-, &). To this end, we intro-
duce the Strong Regularity Condition (SRC) proposed by Robinson [39]. Facchinei
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and Pang also thoroughly discussed this property in the monograph [19]. In the case
of the VI with a polyhedral set, the SRC condition is equivalently defined as in [27],
which we will use in the following Assumption 2.4.

Without loss of generality, let

C)={y e R™: A1)y < b1(§), A2(§y = b2(&) },

with Ay : R — RX™ Ay - RY — RE2*™ by 2 R — R and by : R? — R, For
any given x € D and £ € Z, define the critical cone of the pair (C(&), F(z,-,§)) at
§(x,&) € C(&) as follows

Co(§;C(E),F) = {v e R™: F(z,§(x,€),&) v =0, 4, (v <0, Ay (E)v = 0},

where A;(€) is a sub-matrix of A;(€) consisting of rows of A;(€) satisfying A, (¢)y =
by (&) with by (€) being an appropriate sub-vector.

We make the following SRC assumption for the second stage problem.

Assumption 2.4. For a.e. £ € =, the SRC holds at §(x,&) for VI(C(£), F(x,-,§))
for any x € D; that is, for a.e. £ € = and any x € D, the following affine VI admits

a unique solution for each g € R™

0€q+ VyF(z,§(x,8), v+ Ne,gee).m)(v)-

It is clear that Assumption 2.4 holds if F(x,-,§) is strongly monotone on C(¢)
for any x € D and a.e. £ € Z. In the case that C(§) = RY for a.e. { € Z, a sufficient
condition for guaranteeing Assumption 2.4 is that F'(x, -, ) is a uniformly P function
for any « € D and a.e. £ € Z; see [19, Corollary 5.3.20]. If further let F'(-,-,&) be a
linear function as in (1.5), then M (§) being a P-matrix for a.e. £ € = is sufficient;
see [14].

The following proposition establishes the semismoothness of H at x and shows

that H is a linear Newton approximation scheme of H at x.
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Proposition 2.3. Suppose that Assumptions 2.1-2.4 hold, and that G(-,-,§) is semis-
mooth at (z,9(x,§)) for a.e. £ € Z. Then we have the following assertions.
(i) G(-,€) is semismooth at x for a.e. £ € Z and H is semismooth at x.

(i1) H is a linear Newton approzimation scheme of H at x.

Proof. (i) With Assumption 2.4, by [19, Theorem 5.4.6], we know that for a.e. £ € =,
9(-, &) is a piecewise smooth function on D, and hence it is semismooth on D. By
[19, Proposition 7.4.4], the composition of semismooth functions is also semismooth.
Then, we deduce that G(-,€) is semismooth at z for a.e. & € Z.

With Assumption 2.1, H is Lipschitz continuous on D by Proposition 2.1. The
semismoothness of G(-,€) at x implies that G(-,£) is directionally differentiable at
z for a.e. € € 2. In addition, G(-,€) is Lipschitz continuous on D with Lipschitz
constant satisfying E[Ls(§)] < co. Then H is also directionally differentiable at x
by [43, Proposition 2].

Under Assumption 2.2, H has nonempty compact images and is outer semicon-
tinuous on D. For any h — 0, W € H(x + h), let V(&) be an integrable selection
from OG(x + h, €) such that W = E[V(€)]. It follows that
IH(x + h) — Wh— ()

lim

webn 17l
_ i EGEARG = VO = G@ Ol nption 2.2

hao 171

V(€)€dG(2+h,€)

<y EMSErhOV©M-GEol

V(€)€dG (z+h,€)

< Jim E[A¢(|12])] by (23)
—E[lim Ac(|A1)

= by lim Ag(||h]]) = 0 £ .e. =
0, y lim Ac([h]) = 0 for ae. € €
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where the second equality is due to Assumption 2.3 and Lebesgue’s dominated con-
vergence theorem. Due to 0H(z) C H(z), the last inequality implies the semis-
moothness of H at = by [19, Theorem 7.4.3].

(ii) In the proof of (i), we show that

li H h) —Wh—H = o(|lh
oty [ (24 2) =W (@) = o(lIAl]),

which implies that H is a linear approximation scheme of H at x. O]

Next, we discuss the monotonicity of H. We first discuss the monotonicity of

(1.1)-(1.2). Define a mapping 7 : R" x Y — R" x ) as

We say that 7 is monotone on D x C(-) if for any (z,y(-)), (/,y'(-)) € D x C(-)!,

it holds that

(T - Ta ) (520 ) 2o 2.4)
where the scalar product (-, ) is defined as

((z,y(-), (@', /(1)) == x"2" + E[y(§) "y (€)].

(1.1)-(1.2) is said to be monotone if (2.4) is satisfied, while the monotonicity of H is
defined under the Euclidean scalar product.

Let © : R" x R™ x R? — R” x R™ be

ol 0(6).6) = ( Fr ey

7807 a 0N
~— —
N———

We make the following assumptions.

L (z,y(:)) € D x C(:) if (z,y(£)) € D x C(§) for a.e. £ € E.
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Assumption 2.5. (i) For a.e. £ € =, O(-,-, &) is monotone on D x C(§).

(i1) For any x € D and a.e. £ € Z, V, F(x,9(x,€),&)v € span(V, F(x,9(x,£),£))
for any v € C,(y;C(&), F), where span(V F(z,y(x,£),£)) denotes the subspace s-
panned by the columns of V. F(z,y(x,§),§).

Following [10, Proposition 2.1], we can easily show that Assumption 2.5(i) implies
the monotinicity of (1.1)-(1.2). To investigate the convergence of sample average
approximation (SAA) for the two-stage SVI, the authors in [8] assumed the strong
monotonicity of ©(-,-, &) for a.e. £ € =. The strong monotonicity assumption of

O(-, -, &) implies Assumptions 2.4 and 2.5(i). If

F(a,y(€),&) = F(y(£),8) + N(¢)z,

where rank(N(§)) = m, then Assumption 2.5(ii) holds. The following proposition
is an extension of [8, Theorem 3.9] which assumes that © is strongly monotone and

C(¢) =R for ae. £ € =,

Proposition 2.4. Suppose that Assumptions 2.4 and 2.5 hold. Then H is monotone
on D.

Proof. 1t suffices to show that every element of G, (z, &) is positive semidefinite for
any x € D and a.e. £ € =. Under Assumption 2.5(i), for any (x,y(§)) € D x C(§)

and a.e. £ € E, it holds

Va(o,0(€),6) Vil 5(€),6)

where Vx(x,y(é‘),f) S 8xG($7y(£)v5> and Vy(-%',y(f),f) € ayG<£L',y(f),£)
It VyF(z,y(£),§) = 0, by (2.5), we have Vi(z,y(¢),&) = 0, Vo F(z,y(£),§) =0

and V,(z,y(€),€) = 0. Hence every element of G, (x,€) is positive semidefinite. In

the rest of the proof, we consider the case rank(V,F(z,y(§),£)) =r > 0.
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Define a set

Z(x,y(£),8) ={Z e R™ . [ZTV,F(x,y(€),£)Z] is nonsingular with [ = 1,...,7}.
(2.6)

Let
Uz(x,y(€),8) = —Z[Z"V F(2,y(£), ) Z] " ZTV o F (x,y(£),€)

for a Z € Z(x,y(£), ).
For any v € R", let v = Uz(x,y(§),§)u € R™. Then from (2.5), we have

UT(V;(% y(§)v 5) + %('x? y(§)7 g)Uz(ZE, y(f), f))u > 0. Hence

Denote the linearity space of C,(7; C(§), F') by L.(y; C(§), F'), which is defined as
L.(9:C(), F) = Co(9:C(&), F) N =Ca(§; C(8), F).

Let 7 € Qy(.¢) be arbitrary with €. ¢) being the set of differentiable points of §(-, §).
It is obvious that Lz(9;C(),F) C Cz(9;C(£), F). Under Assumption 2.5(ii), it

follows that for any v € Cz(y; C(§), F'), there exists a d € R" such that
Vo F(Z,9(,8),§)d + Vy F(Z,§(Z,8), v = 0,

which implies v = §/(z,&; d) € Lz(y; C (), F) by [27, Theorem 2.2 (3)]. Thus,

Ca(4: C(8), F) = La(; C(8), F) (2.8)

Then, for a.e. { € =, (2.8) holds for any x € €. ¢). Therefore, by [27, Theorem 2.2]

again, the Jacobian V,gj(x, ) at any « € (¢ can be represented as

Voi(x, &) = Uz(z,§(2,€),€), Z € Z(z,§(z,€),8), (2.9)

where Z(z,j(x,€),€) is a set consisting of matrices in R™*! with [ being the dimen-

sion of L,(9; C(€), F), and each element Z € Z(x, (z,£), €) satisfies that Z7Z and
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ZTN  F(z,9(z,€),€)Z are nonsingular and z € L,(g; C(£), F) if and only if 2 = Zv
for some v € R!. It is clear that Z(z,§(z,&),£) C Z(xz, §(z, ), €).

Let B(z) be an open neighborhood of z € D. Since G(-,€) and §(-,£) are Lip-
schitz continuous, thus they are differentiable almost everywhere over B(z). Let
Q@(x,é“) and Qé(m,f) be the sets of differentiable points of (-, &) and G(-,f) over
the neighbourhood B(x), respectively. By the Lipschitz continuity of G(-,-, ), we
know that VG(z,g(x,§), &) exists almost everywhere over (), and we denote this
set by Qa(x,€). Let Q(z, &) = Qy(z,€) N Qs alz, )N Qq(x,€). Tt is clear that

Q(z,€) € Qy(x,8), Ux,8) € Qe(,6), Qx,€) € Qa(a,9),

and the measures of Q;(z,€) \ Q(x, €), Qa(x, &)\ Qz, &) and Qg(z, ) \ Qz, ) over

the neighbourhood B(z) are all zero. Then, it follows that
0:Gi(x,€)

~

=conv{lim Vxé(:i’,f) 1T € Qalr, &)}

T—T

N
il
o
&I
m
>
=
et

=conv{lim V,G(z,9(z,§),&) + V,G(z,9(%,£),£)V,

T—T

—COI]V{IIIHV G(j Q(I 5)75) +VyG(ir,yj(f,{),&)Uz(f,g)(f,f),f) :

T—T

where the third equality is due to (2.9) and the last inclusion is due to Z (x,9(z,§),€)

N

Z(x,9(x,£),€). By (2.7), we know that for a.e. £ € =, all elements in 8x@(x,§) are
positive semidefinite for any € D, which implies the monotonicity of G(, §)on D

for a.e. £ € =. Therefore, we conclude that H is monotone on D. O]

2.1.2 The algorithm and convergence analysis

In this subsection, we propose the projection semismooth Newton algorithm (PSNA)
for the discretization problem (1.3)-(1.4), which combines the semismooth Newton
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algorithm with the projection algorithm. The global convergence and superlinear
convergence rate are established under suitable assumptions.

Note that the discretization problem (1.3)-(1.4) can be viewed as a two-stage
SVI with the finite support set =, = {&1,...,&,}. Thus, all the results established

in Subsection 2.1 hold without Assumptions 2.2 and 2.3. In this case, we have

H(z) =E Zp& (z,&), H(z)=E[DG(, )] Zp&an&)

Define the residual function of (2.1) as

A

Q(z) =z —1lp(x — H(z)). (2.10)

Proposition 1.5.8 in [19] claims that z* solves (2.1) if and only if Q(z*) = 0. The
function Q is also Lipschitz continuous since H is Lipschitz continuous and the
nonexpansiveness of the projection operator. Let Ly denote the Lipschitz constant
of Q
The classic semismooth Newton algorithm (SNA) applying to (2.10) takes the
form [36]
" = gk — VQ(h), (2.11)

where V, € 8Q(z*). Instead of using (2.11), we use a different semismooth Newton
iteration to solve (2.1). We define a linear approximation of H and let the solution

of the corresponding linear VI subproblem
— H(2") — (W* + D) (z — 2%) € Np(z), W e H(zh), (2.12)

be x**! where ¢, > 0 with ¢, — 0 as k — oo is a regularized parameter forcing the
linear VI (2.12) to be strongly monotone provided that W* is positive semidefinite.
(2.12) requires to solve a linear VI at each iteration while (2.11) solves a linear

equation. But (2.12) is more desirable than (2.11) for solving (2.10). The reason is
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that 8@ is difficult to calculate, since it is a composite function of two nonsmooth
functions, the projection function I1p and the implicit nonsmooth function H. On the
other hand, by Proposition 2.3, we use W* € H(z*) in (2.12) to avoid the difficulty
of computing dQ(z*). It seems that H(z*) may still be difficult to calculate. We
consider a special case of (1.1)-(1.2) in the next section in which one particular
element of H(z") is easy to calculate.

Another main issue for Newton-type algorithms is that they are locally convergent
in general. Since H is a nonsmooth and implicit function, the line search technique
frequently used in Newton-type algorithms cannot be directly applied to our problem.
Therefore, we turn to the projection algorithm to globalize the semismooth Newton
iteration (2.12).

Define a projection operator
lpo(z) :=plz — aH(x(z))], with n(z) = Ip[z — aH(z)], (2.13)

where o > 0 is the step size.

Under Assumptions 2.1 and 2.5, choosing 0 < o < ﬁ, by [19, Lemma 12.1.10]

the projection operator fIDya is nonexpansive. Then, a natural fixed-point iteration
is as follows

PR ﬁD,a(fEk)-
It is shown in [19, Theorem 12.1.11] that {x*} generated by the above iteration
globally converges to a fixed point z* of z = II D.o(7) from any starting point z° € R™,
where z* is also a solution of (2.1). However, the convergence rate is linear. To
achieve a superlinear convergence rate, a hybrid algorithm with the semismooth

Newton algorithm (2.12) is proposed in Algorithm 2.1.

Algorithm 2.1. Projection Semismooth Newton Algorithm (PSNA)
Step 0: Choose an initial point z° € R™, n € (0,1), step size 0 < a < i and
initial reqularized parameter e > 0. Set k = 0.
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Step 1: For { =1,...,v, compute a Lipschitz continuous solution §(z*, &) that
solves the second stage problem (1.4).

Step 2: If |Q(z*)|| = 0, stop. Otherwise, calculate a W* € H(z*) and compute

25 that solves

— H(2") — (W* + eI (x — 2¥) € Np(z). (2.14)
IF QM) < n]|Q(z*)]], let 2¥+Y = &1 and go to Step 4. Otherwise, go to Step
3.

Step 3: Let 20 = zF. Compute
Pt = TIp (2", j=0,1,..., (2.15)

until ||Q(x4Y)|| < n||Q ()| is satisfied. Set aF+t = ghitl,

Step 4: Let €1 = min{1,||Q(z*t1)||}. Set k := k +1; go back to Step 1.

Under Assumptions 2.4 and 2.5, any element of #(x) is positive semidefinite for
any x € D. Thus, the subproblem (2.14) is strongly monotone for any €; > 0, which
has a unique solution and is easy to solve. In Step 3, the projection iteration (2.15)

is well-defined and is equivalent to solving a strongly convex program.

Lemma 2.1. Under Assumptions 2.1, 2.4 and 2.5, for any z* with ||Q(z*)|| > 0,
there is a finite integer J(z*) > 0 such that Step 8 of PSNA is terminated in finite
times, 1.e.,

Q) < nllQ(")]|, Vi = J(z*).

Proof. By [19, Theorem 12.1.11], we know that {z*7}> generated by (2.15) con-
verges to a solution of (2.1), without loss of generality denoted by z*. By the

Lipschitz continuity of Q, we have
Q@) = 1Q(") — Q(a")|| < Lg||a* —a].

Then, there exists a finite positive integer J(x*) such that the assertion of the lemma
holds. O
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The following standard assumption has been widely used in establishing the global

convergence of Newton-type algorithms.

Assumption 2.6. There exists a constant 6 > 0 such that the level set
Lo={reD:|Qz)] <4}
18 bounded.

It is clear that if D is bounded, then Ly is bounded. By [19, Corollary 3.6.5(c)],
Assumption 2.6 is satisfied if H is monotone and the solution set of (2.1) is nonempty
and compact. Moreover, if D is a box, then H being a F, function with a bounded

solution set can ensure Assumption 2.6.

Theorem 2.5. Suppose that Assumptions 2.1, 2.4-2.6 hold. Let {x*} be an infinite
sequence generated by PSNA. Then every accumulation point of {x*} is a solution
of (2.1). In particular, if the Newton iteration is performed finite times, then {x*}

converges to a solution of (2.1).

Proof. Let
K= {k = Q@I < nllQ@M)II k > 0}.
If IC is finite, there exists an integer k > 0 such that for all k¥ > k the projection
iteration (2.15) is always executed. By [19, Theorem 12.1.11], it follows that {z*}
converges to a solution of (2.1).
If K is infinite, let X consist of 0 < kg < ky--- . For any k;41,k; € K, it follows

that
1Q(a* )| < Qb h)|| < ... < gl R Q(a),

which implies that lim; .o x;ex HQ(kaf)H = 0. By the construction of the algorithm,

it is easy to see that {z*} € L, for sufficiently large k and lim;_, |[|Q(z%)|| = 0.
Then, by the boundedness of {*} and the continuity of Q, for arbitrary convergent

subsequence of {z*}, we deduce that the limit point is a solution of (2.1). O
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Next, we study the superlinear convergence rate of PSNA.

Theorem 2.6. Suppose that assumptions in Theorem 2.5 hold and x* is an accu-
mulation point of {x*} generated by PSNA. If G(-,-,€) is semismooth at x* for any
€ € E,, D is a polyhedral set, and all W* € H(z*) are positive definite, then {x*}

converges to x* superlinearly.

Proof. By Proposition 2.3, we know that H is semismooth at x* and H is a linear

Newton approximation scheme of H at z*. Let Ky be the subsequence such that

limy o0 ke, T° = .

By Theorem 2.5, z* is a solution of (2.1), or equivalently a
zero of Q.

The positive definiteness of all W* € H(x*) implies that there exists a constant
A > 0 and a neighborhood B(z*) of z* such that for all x € B(z*), all W € H(x)
are positive definite with v"Wv > 1\||v||?, Vv € R™. This implies that H is strongly
monotone around z*, and z* is an isolated zero of Q. Let WE = W* + ¢.1. For
all sufficiently large k € Ko, 2% € B(z*). Thus, the subproblem (2.14) has a unique
solution, denoted by #**!. For all k € Ky sufficiently large, we have z* € B(z*).

Thus, the subproblem (2.14) has a unique solution, denoted by #**1. Since

—H(a") — Wk (@M —2F) e Np(3FY),  —H(z*) € Np(z*),

~k+1

by the definition of normal cone and 2" z* € D, we have

(H(:Ck) + Wi(i’kJrl o Ik))T(LE* o i,kJrl) Z 07 H(LE*)T(:ik+1 . LE*) Z 07
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which implies that
0 < [H(z") + WE (@ —2%) — H(2")]" (2F — 2F)
& 0 < [H(z") — H(z") + WE (@ — 2% + 2 — 2M)]" (2" — 25H)
& (@M —a)WE (@ —2*) < [H(2") — H(z") + WE (2" — )" (2" — 25)
= %AHS%’““ =o' < (|H(2") = H(z") = WH(a" — 2"
e ] |

= [[# = 27| < of]|2* — ™)), (2.16)

where the last inequality is due to (2.2) and €, — 0. Next, we will prove that for all

k sufficiently large,

1QE* ) = o Q"))- (2.17)
By (2.16), we have
125" — &M = [l2* — 2" + o([la* — 27)).

Since H is strongly monotone around x* and is Lipschitz continuous, by [19, Theorem

2.3.3], there exists a positive constant ¢’ > 0 such that
l* — 2| < 11Q(")].
The last two inequalities imply that
|11 — ¥l < Q"I (2.18)

(2.16) also implies that

135 — 2™ < efla® — 2], (2.19)

where € > 0 is arbitrarily small as & — oco. Since H is semismooth at x* and D is

polyhedral, then Q is semismooth at z* and directionally differentiable at x* by [19,
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Theorem 4.1.1]. Since Q is directionally differentiable at x* and Lipschitz continuous,

by [36], we have

Q") — Q(a") — Q'(a"; 2" —a")|| < e} d* — a7,

which means

Q' (275 2% — a")|| < (Lg + &) [ &7 — 27|
By the last three inequalities, we have
QG| <NQ' (275 2% — a™)| + el| 2" — 7|

<(Lg + 2¢)||2* T — ||

<(Ls+ 2¢)e||z* — 2. (2.20)
From (2.18) and (2.19), it follows

lo* — 2| <[|2*F — & + (|25 — 27
<Q(")| + ell=* — 2|

which implies that

(x| (2.21)

2% — 2*|| <

Combining (2.20) with (2.21), it holds that

(Lo +2e)ec .

lQRE* )| < [lelColl;

1—¢

Since ¢ can be arbitrarily small when k£ is sufficiently large, the last inequality implies

(2.17). This means that #**! computed from the Newton iteration (2.14) is always

accepted when z* is sufficiently close to z*. Then, zFt1 = 7**1. Therefore, (2.16)
becomes

l2" = 2| < o([|2* — 2|)),
which means that z* converges to z* superlinearly. O
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Remark 2.1. The assumption that D is a polyhedron in Theorem 2.6 can be extended
to D ={x € R": g(x) <0} where g is twice continuously differentiable and convex
with the constant rank constraint qualification at x*. From [19, Theorem 4.5.2], Q

18 precewise smooth around x* in such case.

2.2 A two-stage semi-linear SVI

In this section, we apply PSNA to solve a two-stage semi-linear SVI, which is a

special case of (1.1)-(1.2) as follows:
— A(z) — E[B(§)y(&)] € Np(x), (2.22)

0 <y(€) LM y(§) + Nz +¢(§) 20,  forallf €E,, (2.23)

where the function A : D D D — R" is is semismooth and Lipschitz continuous
on an open set D with Lipschitz constant Ly, B : R — R™™ M : RY — R™*m,
N :R? — R™" and ¢ : RY — R™.

Under proper assumptions, we show that the Lipschitz continuity, semismooth-
ness, linear Newton approximation scheme and monotonicity properties for the single-
stage problem (2.1) hold, which are important to establish the global convergence
and superlinear convergence rate of PSNA.

Problem (2.22)-(2.23) can be written in a compact form as follows:

— A(z) - ZP@B&W € Np(w), (2.24)
=1
Y1 Ny M,y 0 51 G
O<| : |L] ¢ 0o . 0 |+ =0 (2.25)
yV Nl/ O 0 Ml/ y qy

where v, = y(&), @ = q(&), My = M(&), Be = B(&) and Ny = N(&), { =
1,2,...,v.
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Assumption 2.7. (i) My is a P-matriz for all (; or,
(ii) My is a Z-matriz for all ¢, and (2.25) is feasible for any x € D and & € Z,.

Lemma 2.2. For any fivred x € D and & € Z,, the second stage problem (2.25) has
a unique solution (or a unique least-element solution?) §(x, &) if Assumption 2.7 (i)

(or Assumption 2.7 (ii)) holds, which reads

U(x, &) = =U(x,&)(Nex + qo), (2.26)

with

U(Z’, 6@) = ([ — A(,CE, fg) + A(x, gg)Mg)_lA(.’L', 6@), (227)

where N(z, &) is a diagonal matrix with

Lo if (Meg(w, &) + New + qo)i < (9(, ) )i,
0, otherwise.

A(%f@)ii = {

Moreover, §(-,&) is piecewise affine, strongly semismooth® and globally Lipschitz

continuous on D with Lipschitz constant written as

Ly = ||No|| max{||(Mg)}}|| 2 (My) 55 is nonsingular for J C [m]},

and

—U(Qi,fg)Ng c 8;1)(:6,54) (228)

Proof. When M, is a P-matrix, for any given (x, &) the existence and uniqueness of
y(x, &) are due to [17, Theorem 3.3.7]. When M, is a Z-matrix and the LCP(Nyz +
qe, My) is feasible for all x € D, the existence of the unique least-element solution

follows from [17, Theorem 3.11.6]. The expression (2.26) follows from Lemma 2.1

2 A solution y* of the LCP (g, M) is called the least-element solution if y* < y (componentwise) for
any y € SOL(g, M), and the least-element solution can be computed by solving a linear program
[17].

3 A function K is called strongly semismooth at x if limsupainecoy, |[K'(x + h;h) —
h—0
K'(z;h)||/||h]|? < oo; see [35].
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and Theorem 2.2 in [14]. It is clear that (-, {) is piecewise affine from the expression
(2.26). According to [19, Proposition 7.4.7], every piecewise affine function is strongly
semismooth.

When M, is a P-matrix or a Z-matrix, the Lipschitz continuity property of (-, &)
follows from [14, Corollary 2.1] and [14, Theorem 2.3], respectively.

The generalized Jacobian (2.28) is due to [14, Theorem 3.1]. O

As in the last section, substituting the Lipschitz continuous function g(x, &) into
(2.24), we get the single-stage SVI formulation (2.1), in which

H(z) = A(z) + B,y (2), (2.29)
where

BV = (plBla cee apVBV) S RnXVm’ }A’V(x) - (QT<x7€1)7 s 7gT(x7§V))T e R

with g(z, &) € SOL(Nyz + g, My), ¢ = 1,...,v. Moreover, H is Lipschitz continuous

on D with Lipschitz constant

Ly :=1Ls+0, whereo:= Zy:pg”BgHLg. (2.30)
=1
In addition, the corresponding residual function Q is Lipschitz continuous on D.
Under Assumption 2.7(i), as discussed in Proposition 2.1, (2.29) is an equivalent
formulation to (2.24)-(2.25). Under Assumption 2.7(ii), if D is bounded, then (2.29)
is solvable. Thus, if z* solves (2.29), then (z*, y(z*,&),...,9(x*, &, )) is a solution to
(2.24)-(2.25).

Denote

B A(x) + Beye
O(z,ye, &) = < Nex + Mpye +qe )

To establish the monotonicity of H, we further make the following assumption.
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Assumption 2.8. O(-,-, &) is monotone on D x R™ for { =1,..., v.

The above assumption implies that all generalized Jacobian matrices in 00 (z, y,, &)

are positive semidefinite for any (z,y,) € D x R"; that is,

(VA By

is positive semidefinite for any V4 € A(x). (2.31)
Ny M,

Notice that Assumption 2.8 is a sufficient condition for (2.22)-(2.23) being monotone
in the sense of (2.4). Assumptions 2.7-2.8 together mean that each M, should be a

positive semidefinite P-matrix or a positive semidefinite Z-matrix.
Proposition 2.7. Under Assumptions 2.7-2.8, H is monotone on D.
Proof. 1t follows from Proposition 2.4. We omit the details. O

Remark 2.2. The monotonicity of H does not imply that the original problem (2.24)-
(2.25) is monotone in the sense of (2.4). For example, without Assumption 2.8, the
monotonicity of H can be guaranteed if A is strongly monotone on D such that

(x — 2 (A(z) — A(2")) > ||z —2'||>, VY a,2' €D, (2.32)

where & is defined in (2.30). Note that this assumption does not mean that (2.24)-

(2.25) is monotone.
Let

H(z) = 0A(z) + > pdBj(x,&).
/=1

We can show that, by Proposition 2.3, H is a linear Newton approximation scheme

of H. By Lemma 2.2, one particular element of H(z) can be calculated by
Va—B,U,(x) € H(x), Vi€ dA(x), (2.33)

where U, (z) = (U(z,&)N)T, ... (U(x,&)N,)T)T with U(x, &) defined in (2.27).
Now, we discuss the implementation of PSNA for solving (2.1).
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e Step 1 calculates (2", &) for each subproblem LCP(Nyz* + g, M) in parallel.

e In Step 2, by (2.33), an element of W* € H(2*) can be computed by

Wh=VE =" pBU(* &Ny, VE € DA(Y).
=1

Subproblem (2.14) is strongly monotone and has a unique solution since W* +

€1 is positive definite.

e In Step 3, the projection iteration (2.15) is implementable. Note that the
execution of (2.15) requires the knowledge of H, in which its function value
at 2% can be calculated by solving all the second stage LCP(Nyx + g, M),
¢=1,...,v and letting H(z*) = A(z*) + B,y,(2%). The projection onto D is

equivalent to solving a strongly convex optimization problem.

By the same argument as in Theorems 2.5 and 2.6, we can prove the global
convergence and superlinear convergence rate of PSNA for solving (2.24)-(2.25).
We study the superlinear convergence rate of PSNA for D = [l,u|, where | €

{RU—o0}" and u € {R U oo}" with [ < u. In this case, Q(z) is reduced to
Q(z) = mid(z — I,z — u, H(z)),
where mid is a function such that

The following lemma is useful.

Lemma 2.3. Suppose that all W € H(x) are P-matrices. Then, there exists a
neighborhood of x such that for any T in this neighborhood, all W € H(Z) are P-
matrices. Moreover, there exists a positive constant 3 such that ||[(I—A+AW)7Y| < B

for any diagonal matriz A with diagonal entries on [0, 1].
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Proof. Since all W € H(z) are P-matrices and thus nonsingular, by the same argu-
ment in [36, Proposition 3.1], there exists a neighborhood B(z) of x such that for any
T € B(x), all W € H(Z) are nonsingular and |[W~!| < 8. On the other hand, [22,
Theorem 4.3] claims that W is a P-matrix if and only if I — A + AW is nonsingular
for any diagonal matrix A with A; € [0, 1].

Assume that the conclusion is not true. Then, by the above discussion, there
exists a sequence z¥ — x, W* € H(a*) such that either all W* are nonsingular but
not P-matrices or ||(I — Ay + A W*)7Y| — oo for some Ay. Since H is bounded in a
neighbourhood of z, taking a subsequence if necessary, we assume that limy_,o, W* —
W, where T is not a P-matrix. By the closedness of H at x, it follows that W e H(x),

which is a contradiction. O

The following theorem establishes the superlinear convergence rate of PSNA un-
der weaker assumptions; that is, the positive definiteness for the elements of H(z*)

is relaxed to the P-matrix.

Theorem 2.8. Suppose that Assumptions 2.7(i) and 2.8 hold, the level set Ly is
bounded, and D = [l,u]; or Assumptions 2.7(ii) and 2.8 hold, and D = [l,u] is
a bounded box. Assume that x* is an accumulation point of sequence {x*} gener-
ated by PSNA, and all W* € H(z*) are P-matrices. Then, {z*} converges to x*

superlinearly.

Proof. By Theorem 2.5, there exists a subsequence Ky C K such that

lim 2 = 2* with * being a solution.
k—s00,k€K0

Since all W* € H(x*) are P-matrices, by Lemma 2.3, there exists a neighborhood
of z*, denoted by B(z*), such that for any =z € B(z*), any W € H(x) is a P-matrix.
When k € K is sufficiently large, we have 2% € B(z*). Then, all Wk € H(z*) are
P-matrices. Hence, (2.14) has a unique solution 2**! for any ¢, > 0; that is

—H(2") = WE (@M —a%) € V(@ ), with W) =W* +¢.1,
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which can be rewritten as

Q(ik+1) -— mid (ZIAZ'kH_l o l,[i’k+1 . U,H(J?k) + Wi(ii‘k—i_l _ xk‘)) —0.

Similarly, since x* is a solution, we have

Q(m*) =mid (z* — [, 2" — u, H(z")) = 0.

From [11, Lemma 2.1], there exists a diagonal matrix A, with diagonal entries on

[0, 1] such that
0= Q@) — Qa")
= (I — Ap) (@ — %) + Ag[H (2") + WE (@ — 2%) — H(a")]

= (1 — Ap) (@ — %) + A[H (2%) + WE (@ — 2" + 2% — 2%) — H(z")]. (2.34)

The matrix I —Ag+A,WE is nonsingular since W/ is a P-matrix. When the function

A is semismooth at z*, arranging (2.34), we get
1257 — 2| = (1 = A + MW ) T A [H (2%) — H(2") = W (a* — 27)]|
<= A+ MW T A [ H (27) = H(a") = W (2 = 2)]
<= A+ MW T AN ([ H (27) = H(a") = WH(a" —27)
+exll(@" —a7))
= o([|l2" — ™)), (2.35)

where the the last equality is due to (2.2), Lemma 2.3 and ¢, — 0.

There exists a diagonal matrix Aj, with diagonal entries on [0, 1] such that
Qa") = Q(z*) — Q")

=(I—- Ak)(xk — 2+ Akwei(xk — Tpaq)

= (I — A+ MW ) (i — B,

which implies that

135 = 2| < (1 = A+ AWE) Q)| < BIQE)II-
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[19, Proposition 7.4.6] shows that a piecewise semismooth function is also semis-

mooth. Since H is semismooth at z*, Q(z) = mid(z — I,z — u, H(z)) is also semis-

mooth at z*. By the same argument of Theorem 2.6, we can prove (2.17). This

implies that 27! computed from Newton iteration (2.14) is always accepted when
k

z¥ is sufficiently close to x*; that is ¥t = #**1. Therefore, (2.35) means that z*

converges to x* superlinearly. O]

Corollary 2.1. Let D be a polyhedron. The sequence {x*} generated by PSNA
globally and superlinearly converges to the unique solution of (2.1) if one of the
following conditions holds; that s,

(i) ©(-, -, &) is strongly monotone on D x R™ for any £ € =,;

(ii) (2.32) holds with strict inequality and M, is a P-matriz for any & € Z,;

(#i) (2.32) holds with strict inequality, M, is a Z-matrixz for any & € =, (2.22)-

(2.23) has the relatively complete recourse and D is bounded.

2.3 Numerical results

In this section, we conduct numerical experiments to test the efficiency of PSNA for
the two-stage SVI (2.24)-(2.25), and compare with PHA.
PSNA is terminated if

Res = [|Q(«*)]] < 107°

or

2% — 2| < 107°.

The starting point 2° € R’} is randomly chosen, a = 0.015 and n = 0.9. The

regularized parameter ¢, is set to min{1, ||Q(z*)||}. All codes were implemented in

MATLAB R2016b on a desktop with Intel Core i7-4790 (3.5 GHz) and 32 GB RAM.
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Example 2.1. Monotone two-stage SLCP in [40].*
In this example, the first stage problem is an LCP with A(x) = Az + ¢. Let
s = [3(n+m)/4], and randomly generate positive numbers o; and vectors (al',bF)T €

17

R™™ fori=1,...,s. For { = 1,...,v, randomly create v antisymmetric matrices

O, € Rivtm)x(ntm) = Gey
A Bg 2 a; T T 0 (Ol2>Z )
< N¢ M, ) ;a ( b; ) (ol B0 )+ ( (O21)e (O22)¢
Randomly generate ¢, and qy for £ =1,...,v.

Example 2.2. Nonmonotone two-stage SVI with P-matriz LCP in the second stage.

In this example, the first stage problem is a box affine VI, while the second stage
problem is a P-matriz LCP for any fized x € R™ and . Set A(z) = Ax+c. Generate
AeRY™ U eRY™, ceR” and B, € R"™, N, € R™™, U, € R™™, q, € R™ for
v=1,...,v, with entries uniformly distributed on [—5, 5], where Uy is strictly upper
triangular. Create the diagonal matriz A € R™™ with entries uniformly distributed
on [0,0.3], and v diagonal matrices A, € R™*™ with entries from [5,10]. Following

Harker and Pang [24], we set
A= ATA4 A4 (U -0
The second stage problem is as follows
0 <yl Mpye+ Nef(x) +q >0, £=1,...,v,

with My = Ag+ Uy, fi(x) = sina;.

Example 2.3. Nonmonotone two-stage mixed SLCP with Z-matrixz LCP in the sec-

ond stage.

4 For this example, PSNA is applied to solve the regularized problem in which M, is replaced by
My + I for each ¢ with py, = 1077,
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All parameters are generated in a same way as Example 2.2 except for the settings
of D, My, Ny and qo. The set D = [0,ne,| is an n-dimensional bounded boz. Let
m = 2k be even with k being a positive integer. All entries of k-th row and (k+1)-th
row of N € R™*" are set to 1 and -1, respectively, while all other entries are zero.
M € R™™ s q tridiagonal matriz with -1, 2, -1 on its superdiagonal, main diagonal
and subdiagonal, respectively, except for My, = My = 1. q, = G and @41 = —q with
G uniformly drawn from [—5,5], and other components of q are zero. Generate an
i.i.d. sample {&1,...,&,} of random variable £ € R following uniformly distribution

n [1,5]. Set
My =M, Ny=(&+ )N, ¢o=(&+2)q, £=1,...,1.

It is not hard to verify that the LCP(N,x + qo, M,) is feasible for any z € D
and &, and hence it admits a unique least-element solution. For example, y =

W1 Yr Yt 15 -5 y)” With yp = o0 = yp = 0 and gy = -+ = yor, = [(& +
)0 @i+ (& +2)q]/& is a feasible point of the LCP(Nyx + qo, My).

Example 2.4. Nonmonotone and nonsmooth two-stage semi-linear SVI with P-
matriz LCP in the second stage.
In this case, D = [0, ne,|. All other parameters are the same as that of Example

2.2 except for A(x), which is of the following form:

n—1 n
A1<LL’> = JI% + Z(Iile) — sz + |J,’1 — 1| + 31’1,
=2 =2

AQ(iL‘) = x1(1 — 1'3) + Qf% + |.I'2 — 2’ + 3.1'2,
AZ(.CL’) :‘731(1—.%1,1 —l’i+1)+l‘?+’l’i—i’+3£€i, i:3,...,n—1,
Ap(z) = 21(1 — myo) + 22 + |T0 — 0| + 3y,

Alz) = (A1 (x),. .., Ap(2)T +c.
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The function A is nonsmooth but semismooth at x with x; = i and any element
of JA(x) is positive definite for any € R’}. We generate ¢ € R™ in a way such
that there is a solution z* of 20%, 40%, 60% and 80% components being nonsmooth,
respectively; that is, the corresponding component z; equals 7. The remaining com-
ponents are set to 0 or n on a fifty-fifty basis, respectively.

We compared our algorithm with PHA for solving Example 2.1, which is a mono-
tone problem and also tested in [40]. Parameters of PHA are set as given in [40].
Examples 2.2-2.4 cannot be solved by PHA.

The numerical results for Example 2.1 are reported in Table 2.1 and Figure 2.1, in
which the average performance profiles of algorithms are listed based on the results of
ten randomly generated problems, such as the average number of iterations, average
CPU time, the average solution residual. In Table 2.1, the dimensions of problems
are ranging from 110 to 100050. For PSNA, the Newton iteration (2.14) performed
are also given, denoted as “Iter/N”. One can see that the Newton iteration is always
used for most of the problems. Moreover, for PSNA, the number of iterations barely
changes for different n,m and v, while the CPU time increases linearly when n,m
and v become large. Overall, PSNA computes a more accurate solution with less
number of iterations and CPU time than PHA. Table 2.1 shows that PSNA is faster
than PHA in terms of CPU time. The left figure of Figure 2.1 gives an intuitive
comparison of the two algorithms for different n,m when v increases from 10 to
2000. The right-hand side figure shows the residual history with respect to the
iteration number for different n and m. It is clear that PSNA is more efficient than
PHA in terms of CPU time as well as the number of iterations.

In Table 2.2, numerical results of PSNA for Example 2.2 are presented. We
increase n, m from 10 to 30, v from 100 to 2000 to study the performance of PSNA.
All the problems are successfully solved by PSNA. One can see that the number

of iterations barely changes when v increases and the superlinear convergence rate
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Table 2.1: Comparison of PSNA and PHA for Example 2.1

PSNA PHA
n,m v | Iter Iter/N CPU Res Iter  CPU Res

10 | 730 410  0.05 2.82e-16 | 76.20 0.18 9.24e-06

100 | 4.60 4.60  0.17 5.87e-16 | 140.40 2.89 9.74e-06

10 200 | 4.60 4.60  0.31 1.99e-08 | 171.90 6.72  9.65e-06
500 | 4.60 4.60 0.76 1.15e-07 | 242.10 22.15 9.71e-06

2000 | 5.00 5.00  3.22 1.18e-09 | 225.90 83.38 9.84e-06

10 | 4.00 4.00 0.03 3.60e-16 | 66.00 0.15 9.04e-06

100 | 5.00  5.00 0.29 4.13e-16 | 99.00 2.26 9.93e-06

20 200 | 4.00 4.00 0.48 8.84e-07 | 102.00 4.35 9.85e-06
500 | 4.00 4.00 1.18  3.39e-15 | 106.00 11.14 9.85e-06

2000 | 5.00  5.00  5.56 5.27e-15 | 114.00 46.47 9.63e-06

10 | 4.00 4.00 0.04 4.44e-16 | 38.70 0.18 8.60e-06

100 | 4.50 450  0.57 6.49e-08 | 49.30 2.25 9.08e-06

50 200 | 420 420 097 1.42e-07 | 4770 4.33 8.95e-06
o500 | 440 440 236 1.15e-07 | 70.90 13.96 8.87e-06

2000 | 4.20 420 9.14 1.27e-07 | 58.60 47.36 9.38e-06

is observed. Similar results for Example 2.3 are presented in Table 2.3. Table 2.4
and Figure 2.2 show the results of Example 2.4, in which the influence of nonsmooth
components (NSC) of the solution is explored, where NSC is equals to the percentage
of nonsmooth components A; of function A at x*. It can be seen that the NSC of
the solution does not affect the superlinear convergence rate of PSNA, although it

requires extra projection iterations when NSC is large. These results suggest that

PSNA is promising even for solving some nonmonotone problems.
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Figure 2.1: Comparison of PSNA and PHA for Example 2.1.
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Figure 2.2: Numerical results of PSNA for Example 2.4 with v = 1000.
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Table 2.2: Total iterations, Newton iterations, CPU time/sec for Example 2.2.

Case 1: | =0,u = o0

v

200

1000

2000

20 10

Max
Ave
Min

3.00 3.00 0.16
3.00 3.00 0.13
3.00 3.00 0.16

3.00 3.00 0.25
3.00 3.00 0.24
3.00 3.00 0.25

3.00 3.00 0.50
3.00 3.00 0.50
3.00 3.00 0.50

30 20

Max
Ave
Min

3.00 3.00 0.35
3.00 3.00 0.35
3.00 3.00 0.35

4.00 4.00 0.87
3.10 3.10 0.72
3.00 3.00 0.71

4.00 4.00 1.86
3.10 3.10 1.51
3.00 3.00 1.45

60 50

Max
Ave
Min

5.00 5.00 3.16
4.10 4.10 2.67
4.00 4.00 2.54

4.00 4.00 5.14
4.00 4.00 5.22
4.00 4.00 5.14

4.00 4.00 11.65
4.00 4.00 11.02
4.00 4.00 11.65

Case 2: | = —ne,,u =

nen,

v

500

1000

2000

20 10

Max
Ave
Min

4.00 4.00 0.15
3.70 3.70 0.14
3.00 3.00 0.13

4.00 4.00 0.30
3.50 3.50 0.28
3.00 3.00 0.24

3.00 3.00 0.48
3.00 3.00 0.50
3.00 3.00 0.48

30 20

Max
Ave
Min

5.00 5.00 0.52
4.10 4.10 0.45
4.00 4.00 0.44

4.00 4.00 0.96
4.00 4.00 0.91
4.00 4.00 0.96

4.00 4.00 1.91
3.90 3.90 1.92
3.00 3.00 1.59

60 50

Max
Ave
Min

6.00 6.00 3.85
5.60 5.60 3.71
5.00 5.00 3.36

6.00 6.00 8.21
5.60 5.60 7.48
5.00 5.00 6.74

5.00 5.00 22.43
5.00 5.00 18.15
5.00 5.00 22.43

Case 3: [; = —n,u; = n if 7 is even and [; = 0, u; = oo if 7 is odd

n,m

v

500

1000

2000

20 10

Max
Ave
Min

4.00 4.00 0.24
3.20 3.20 0.19
3.00 3.00 0.16

4.00 4.00 0.37
3.20 3.20 0.40
3.00 3.00 0.37

4.00 4.00 0.81
3.10 3.10 0.70
3.00 3.00 0.61

30 20

Max
Ave
Min

4.00 4.00 0.49
4.00 4.00 0.60
4.00 4.00 0.49

4.00 4.00 1.03
3.80 3.80 1.09
3.00 3.00 1.07

4.00 4.00 2.41
3.40 3.40 2.06
3.00 3.00 1.87

60 50

Max
Ave
Min

5.00 5.00 3.77
5.00 5.00 3.95
5.00 5.00 3.77

5.00 5.00 9.81
4.50 4.50 7.38
4.00 4.00 6.48

5.00 5.00 13.16
4.10 4.10 13.51
4.00 4.00 11.04
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Table 2.3: Numerical results of PSNA for Example 2.3.
PSNA
n,m v  Iter Iter/N CPU/sec Res
100 1.40  1.40 0.32 1.66e-09
20 500 1.30 1.30 1.46 3.38e-09
1000 1.50  1.50 3.24 3.34e-09
2000 1.70  1.70 6.96 4.61e-09
100 1.60  1.60 0.78 3.46e-08
30 500 1.70 1.70 3.79 4.12e-08
1000 1.30  1.30 6.31 1.66e-08
2000 1.50  1.50 12,17 9.25e-09

Table 2.4: Numerical results of PSNA for Example 2.4 with v = 1000.
PSNA

n m NSC Iter TIter/N CPU/sec Res
0.20 7.60 7.60 1.73 8.75e-08

30 20 0.40 10.40 10.40 2.48 2.18e-07
0.60 20.00 7.80 6.61 1.35e-07
0.80 26.70 10.90 8.87 4.46e-07
0.20 810 8.10 4.36 1.05e-09

40 30 0.40 11.50 8.80 7.18 4.93e-08
0.60 18.70  9.70 13.17 3.18e-07
0.80 25.30 10.90 20.00 2.97e-07
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Chapter 3

A regularized PSNA for the global
crude oil market share problem
under the COVID-19 pandemic

In this chapter, a regularized PSNA (rPSNA) is developed to find a solution of a
two-stage stochastic equilibrium problem which models the global crude oil market
share under the COVID-19 pandemic.

We describe the uncertainties in the demand and supply by random variables and
provide two types of production decisions. A prior production decision in the first
stage is independent of the outcome of random events and the supply decision in the
second stage is allowed to depend on the random events in the future. The two-stage
stochastic model is proposed to reflect the real market of time delay between crude
oil production and supply in the COVID-19 pandemic. By utilizing oil market data
in our model, we are able to simulate the actual outputs of oil producers during
the pandemic, indicating their rational ways of maximizing own benefits. Thus, the
relatively stable market share can be explained and anticipated by the result of an

equilibrium reached by all agents competing noncooperatively.
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3.1 Two-stage stochastic quadratic games

We consider an oligopolistic market where J agents compete to supply a homogeneous
product non-cooperatively to the market in the future. Each agent needs to make
a decision on the quantity of production based on the anticipated future market
supply demand relation and other agents’ decisions under an uncertain environment.
The uncertainties are represented by a random variable ¢ : = — R? defined in the
probability space (=, A, P) with a support set = and the space V of measurable
functions from = to R”.

We define the variables and functions for each agent i, 2 =1,...,J:

x; € R, the production quantity;

0; : R — R, the cost function of the production;

v;(§) € R, the supply quantity;

v; : R x Z — R, the cost function for supplying a quantity.

The uncertain market supply is characterized by a stochastic total supply 7(§) =
Z;Izl v;(€) to the market and an inverse demand function p(7(£),€) : R x = — R.
For every realization £ € Z, p(77(£), &) can be regarded as either the spot price in the
future or future price at the current time.

Each agent aims to maximize its profit and make its decisions in both stages.
The first stage is to make optimal decision on production quantity based on the
anticipation of future demand, and the second stage is to make optimal decision on
supply quantity based on the observation in the future.

For each realization of a random variable ¢ and a nonnegative vector x € R,

agent ¢ wants to find an optimal decision v;(£) by solving the following problem

Fi(z,€) == max p(vi(§) + v-i(§), §vi(§) — wi(vi(§), €) (3.1)
st. 0<vy(§) <wx, ae €t

Moreover, agent ¢ has to make an optimal decision before knowing the future events
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by solving

max  E[Fi(z,§)] — 0;(;, i)

’ 3.2
s.t. 0<ux;. (3.2)

Here x_; and v_; are decision variables of the agents other than the agent i. Prob-
lem (3.2) is the first stage, and problem (3.1) is the second stage of the two-stage
stochastic games. We call (z*,v*) € R’ x V an optimal solution of the two-stage s-
tochastic games, if fori = 1,...,J, (xf,vf(§)) is the optimal solution of the two-stage

17 71

optimization problem:

maX ]E[F1<IZ, x*—ﬁ é)] - 91(3727 Zlf:,l)

i 3.3
st. 0<x; (3:3)

and

Filw, 223, €) = max p(vi(§) +v2i(6), §uil€) — wilvil€), §) (3.0
st. 0<v(é) <z, ae €= .

In this chapter, we consider the case where the objective functions in (3.1)-(3.2)

are quadratic concave in the following forms:

Oi(xi, ;) = %Cl:cf + a;x; + 1T Z x;, (3.5)
p(vil8) +v-4(€),€) = &) = 7() 3_ui(®), (3.6)
Pi(ui(6). ) = ZhEWHE) + BilEu(E), 3.7

where ¢; > 0,7v(€) > 0,h;(§) > 0, a;, 7, a(§) and G;(€) are given real numbers.
Expression (3.5) represents the production cost of the oil, which is different from
that in [25]. The quadratic term is used to capture the nonlinear cost of the oil pro-

duction, like those of exploration, oil field construction, etc. It can also be regarded
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as the extra cost when the production quantity undergoes rapid changes, e.g., sud-
den production cut, extra cost due to excessive amount of the production. The first
term in expression (3.7) is also used to represent similar type of super-linear costs
in supply, e.g., oil tube capacity, oil tanker availability, etc. In the supply stage, the
produced oil needs to be refined and transported to the destinations. Since the oil
is produced prior to the trading time, the storage cost can also make an impact of
adjusted price of each agent. In fact, one major reason that caused the WTTI price to
fall below US$ zero per barrel was the lack of storage facilities, not only at Cushing
where the oil is physically transferred but also all over the globe where hundreds of
fully loaded oil tankers being stationary at sea with no destinations to go and even
oil pipes are taken as temporal storage. The third term in expression (3.5) is to
represent the fact that each agent may have chosen different approaches in response
to the strategies of the others. The sign of r; is to show whether agent ¢ decides to
go along with the market or go against it. The ideas and rationale will be explained
in detail in Subsection 3.3.2 when we apply the model to real market data.

In such setting, the function

v;(§)

J
Fiw,€) = max (a(€) = (6) T 0s€)uie) = 3O (©) - A(E)ui(©
st 0< () < :r;]; a.e. £ €2

is continuously differentiable with respect to x; for x; > 0 and

Vxle<x7 é) = Si(£)7

where s;(§) > 0 are Lagrange multipliers for the constraints v;(§) < z;. If x; = 0,
then the optimal solution of the optimization problem (3.4) is v;(§) = 0 for any
¢ € Z, and the subdifferential 0,, F;(z, ) of Fi(z,€) is

{5i(&) (&) = max(0,a(€) — B;(&) — v(&)e"v(€)), Elsi(€)] < rie"w + as}.
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The Karush-Kuhn-Tucker (KKT) conditions of problems (3.1)-(3.2) with the
functions defined in (3.5)-(3.7) derive the following two-stage SLCP

x Az — E[s(§)] +a
0< v((g L] (A2(8) + 7(&“)66%}% +s(6)+n(6) | =0, (3-8)

for a.e. £ € E, where
r=(z1,....x)", a=(a,...,a))", r=(r,....,r;)",
(&) = (i (€),- - vs(§)", s(8) = (51(8), -, 55(8))",
p(&) = (—a(&) + Bi(€), ... —a(§) + B(8))",

A=A +rel, A = diag(cy +71,...,¢c5+ 1),

Ay(§) = diag(ha (&) +7(E), - - ha(§) +7(S)),

and e € R’ is the vector with all components being 1.

We assume that the matrix A is positive definite. Then problems (3.1)-(3.2) with
the functions defined in (3.5)-(3.7) are equivalent to problem (3.8) in the sense that
if (z*,v*(:)) is a solution of problems (3.1)-(3.2), then there is an s*(-) such that
(x*,v*(+), s*(-)) is a solution of (3.8); conversely, if (z*,v*(-), s*(:)) is a solution of
(3.8), then (x*,v*(-)) is a solution of problems (3.1)-(3.2). A sufficient condition for

the matrix A = A; + rel being positive definite is
1
cl+2n>§g\rj+n|, ’L:L,J (39)
JF

Condition (3.9) implies that A; + %(reT + er?) is a symmetric diagonally dominate

matrix with positive diagonal elements and thus a positive definite matrix.
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Let

Ao (&) +y(Eee” 1 2Jx2J
= (MO YO T o

y() = (;’gg) R, q(,€) = (pff)) eRY. (3.10)

Since M (&) is a positive semi-definite matrix, SOL(q(z, £), M (&)) is a convex set [17].
A vector g(z,§) is called a least-norm solution of the LCP(q(x,&), M (§)) if it is the

solution of the optimization problem

min [|y[|* s.t.y € SOL(g(z, &), M(£)).

The following lemma gives the form of the least-norm solution of the LCP(¢(z, ),
M (&)) and shows that it is the unique solution of the LCP(q(z, &), M (§)) when x > 0.

Lemma 3.1. For any x > 0 and £ € =, the LCP(q(z,€), M(&)) has the least-norm
solution §(z, &) = (0(x, ), 8(x, &))" with

(2, €) = Mo (0(2, ) — p(€) — (A2(8) +v(§)ee)0(x, €)), (3.11)
8(2,€) = max(0, —p(€) — (A2(€) +(€)ee)o(x, £)), (3.12)

where g 41(2) is the projection from z to the set [0,x]. Moreover, the least-norm

solution is the unique solution of the LCP(q(z, &), M(&)) if x > 0.

Proof. Tt is easy to see that y(&) = (z,[p(&)])F > 0 and M()y(&) + q(z,€) > 0

that is, (z, |p(€)])" is a feasible solution of the LCP(q(xz,€), M(£)). Hence from the

)
(x,€), M(§)) has at

M(
feasibility and the positive semi-definiteness of M (), the LCP(q
least one solution [17, Theorem 3.1.2].

The LCP(q(x,&), M(€)) is the first-order optimality condition of the strongly

convex quadratic program

min F,(v(€),&) = %v(g)TKAQ(Q +7(&)ee”)v(€) + p(€)Tv(§) (313

s.t. 0 <w() <=
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Because of the strong convexity, the first-order optimality condition is necessary and
sufficient for the unique optimal solution 0(x,&) of the above problem, which is a

fixed point of the fixed point problem

0(,€) = Mo (0(2, &) — p(€) — (Aa(€) + (e )0 (x, €)).
Hence, v(z, &) has the form of (3.11).
By the definition of the projection, we can easily obtain
(p(€) + (A2(&) +(§)ee” )o(x, €));
=0 if (0(z,8) — p(§) — (Ra(€) + (¢
<0 i (0(z,8) = p(&) — (Aa(§) +(¢

>0 otherwise.

N—
)
Q)

S
N~——
>
—
s
m
N—
=
m
—~
=
&
N~—

Hence, the multiplier §(z,€) in (3.12) with 9(z,€) in (3.11) is a solution of the
LCP(q(z,£), M(€)), where for the case ;(z,€) < ; it is from & (z,€) = (p(&) +
(Ao (€)+7(€)eeT)d(x, €))i = 0 and 8;(z, €)(2i—0;(, €)) = 0, and for the case 0;(z, £) =
73, it is from 03(, €) (3:(, €) + (p(€) + (A2(€) +7(E)eeT )i, €));) = 0.

If 4;(x,€) = 2; > 0, §(,€) in (3.12) is uniquely defined. If 0;(z,&) = z; = 0,
then 4,(x,€) = max(0, —(p(€) + (As(€) + ¥(€)eeT)i(2,€)))) = 0. Hence j(z,€) =
(8(x, €), 3(z, €))7 defined in (3.11)-(3.12) is the least-norm solution of the LCP(q(z, €),
M(€)) and the unique solution of LCP(g(x,€), M(€)) if « > 0. We complete the

proof. O

Lemma 3.1 shows that for a fixed vector © > 0, the least-norm solution of the
LCP(q(z, &), M(&)) is uniquely defined by As(€), p(€) and (§). These random data
may have noise in real applications. Now we consider the perturbation bound of the
solution regarding noise in Ay(&), p(§) and ().

Let us consider the following LCP(g, M) with

(A +Feel T (P
M‘( 1 0)’ q_<x'
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From Lemma 3.1, the LCP(g, M) with 2 > 0 has the least-norm solution ¢ =

(@, )T in the following form
=Tt —p— Ay +7ee")u) and = max(0,—p— (Ay + yee")u).
Now we consider the distance [|0(z, &) — al| and ||$(z, &) — £]].

Theorem 3.1. Suppose that v > 0 and let I' > 0 such that I'y(§) > 1. Then the
least-norm solution of the LCP(q(x,&), M (§)) is continuous with respect to As(§),

p(&) and v(€). Moreover, we have the following perturbation error bound
[o(2,&) —all <T([p(€) — Al + [z /l|A2(€) — Aofl + Tl [l [[v(€) =) (3.14)
Proof. We first prove (3.14). Let
w(€) = (M) +7(&)eeh)i(x,€) +p(§) and @ = (Ay +Fee" )u + p.
Then we have
(2, §) = o1 (0(2,€) —w(§)) and = I, (u—w),

which implies

mid(8(z, &), 9(z,€) — 2, w(€)) =0 and mid(a, @ — z,w) = 0,

where “mid” is the componentwise median operator. Following the proof of [11,
Lemma 2.1], there is a diagonal matrix D =diag(ds,...,d;) with 0 < d; < 1 such
that

0=(I—=D)(0(x,&) —u) + D(w(E) — ).

Hence we obtain

(I—-D+D(Aa(€)+7(§)ee™)) ((, €)—a) = —D(p(€)—p+(As(€)— Aot (4(€)—T)ec” ).
(3.15)
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Since Ayo(€) + y(€)eel is symmetric positive definite, by [13, Theorem 2.7], we have

max [|(I — D + D(Ax(§) +7(§)ee’)) DIl = [[(A2(8) +v()ee”)) |l

delo,1]/

< YOI +ee) .

Therefore, using ||(I+ee?) || =1, |lee’|| = J, v(£)" < T and 0 < @ < x, we obtain
(3.14) from (3.15).

Next we show the continuity of the last J-components of the least norm solu-
tion of the LCP(q(z,§), M(£)). Without loss of generality, assume that o = {i €
{1,..., T} 0s(x,&) < x;} # 0. From (3.14), for any 0 < € < min;e, x; — 9;(x, ), there
is § > 0 such that if [| () = pl|+ [ A2(&) — A+ [[7(€) =7l < 4, then [[0(z, §) —al| < e.
This implies for i € o, x; — u; > x; — v;(x,§) — |0(x, &) — u;| > 0. Hence, we have
ti = 8;(z,€) = 0.

For i & o, that is, ;(x, ) = x;, we have

Si(x,€) = —(p(€) + (A2(€) +(€)ee”)0(x, €)); = 0.

If £; = 0, then —(p + (Ag + Feel)u); < 0, otherwise #; = —(p + (Ay + FeeT)u); > 0.

Hence, using (3.14), we have

|5:(x, &) — t;]
< [(p(&) 4+ (A2(&) +v()ee)i(,€))i — (p + (Mg + Fee )u);|
< &) = pll + (A2 +~(E)I)No(x, &) — all + ]| (S (&) — 7| + [[A2(€) — Az)

< (LA (1)1 + (€)DD) U1p€) = pll + 11A2(€) = Aall + 7€) = 1),

where L > max{1, J||z||}. Hence, the solution of the LCP(q(z,§), M(§)) is continu-
ous with respect to As(§), p(€) and y(§). We complete the proof. O
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3.2 A regularized projection semismooth Newton
algorithm (rPSNA)

In this section, we propose rPSNA to solve the SAA discretization problem of (3.8).
Given an i.i.d. sample set =, = {&1,...,&,} of £ with v > 0, the probability for each
realization is 1/v. For simplicity, we set B = (0,1) € R7*27 o(¢) = (p(£),0)T € R?/,

n=J+2Jv and

A —%B 1B a
BT M

M = , ! ) e R, q= Q,l e R",
Bt M, ov

where M, = M(&) and o, = 0(&), ¢ = 1,...,v. Thus, the SAA discretization

problem of (3.8) reads

0<zlMz+q>0, (3.16)

where z = (z,y1,...,y,)T with y, = (v, s¢)7. In such setting, the problem (3.16) is

a deterministic LCP(q, M). We first study its solvability.

Theorem 3.2. The problem (3.16) has at least one solution z* = (xz*,y;,...,y})7,

and has at most one solution with x* > 0.

Proof. Let A =diag(v,1,...,1) € R™" with the first J diagonal elements of A being
v. It is easy to verify that z* is a solution of the LCP(Aq, AM) if and only if z* is a
solution of the LCP(q, M).

Since 2T (AM + (AM)T)z > 0 for any z € R", the matrix AM is positive semi-
definite. Moreover, z = (z, , |p1],...,z,|p,)|)" € R" with z; > max{0, (1 >"7_, |pe|—
a);/c;}, i =1,...,J is a feasible solution of the LCP(Aq, AM). Hence the feasibil-
ity implies that the LCP(Aq, AM) has at least one solution z* [17]. If z* has the

component z* > 0, then by Lemma 3.1, the component (y},...,y}) of z* is uniquely
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dependent on z* > 0. Moreover, we have

1 -
Az*+=% D A Na*)+a=0
v U; e(pe+ ((Ao)e + yeeeT)a”) +a =0,
where D, is a diagonal matrix with diagonal elements being 0 or 1. Since A and
(Ag)g+yeeel are positive definite, 2* is the unique solution of this system of equations.

Hence, the LCP(Aq, AM) has at most one solution with z* > 0. O

By Lemma 3.1, we know that the LCP(q, M) has the relatively complete recourse.
Since M, is only positive semidefinite, the second stage problem may have multiple
solutions for some fixed x and . In such case, we always choose the unique least-norm

solution ¢(x, ). By substituting g(z, £) into the first stage problem, we get

0<xzLlH(z)>0, (3.17)

where H(z) := Az — L3/ | Bij(z,&) + a. Its corresponding residual function is
written as

Q(x) = min(z, Az — % Z By(x,&) + a). (3.18)

(=1

Note that g(x,&) is not guaranteed to be a Lipschitz continuous function as
pointed out in [14], and thus H and Q are not necessarily Lipschitz continuous. To
overcome such difficulties, we propose rPSNA to solve (3.17). Since for each fixed x
and & the second stage problem is only a monotone problem, we add a regularized
term py/ (with pup — 0) to the second stage LCP in (3.8) to force the whole problem

to be strongly monotone. By LCP(q, M#*), we denote the regularized problem with

[, Where
A —lp .. _1p
BT Mﬂk
MHe — ' 1
b v

%)



with

7

MM — A2(§€) + 7(§Z)G€T + el I (=1
V4 -7 ,U’kj 9 )

With the regularized parameter py, for each fixed x and &, the second stage prob-
lem becomes a strongly monotone LCP, and there exists a unique solution g, (x, &)
that is Lipschitz continuous with respect to  for any {. Substituting ¢,, into the

corresponding first stage problem, we can get the single-stage reformulation of the

LCP(q, M#*) as follows:

0<zlH, (z)>0, (3.19)

where

1 o,
H, (z):= Az — - Z By, (z,&) + a.
=1

By Propositions 2.4 and Lemma 2.2, we can show that H,, is strongly monotone and
Lipschitz continuous on R” for each fixed p;, > 0. In addition, the residual function

for (3.19) is also Lipschitz continuous, which reads
; . N
Q#k(LE) = mm(m, AI - ; Z Byuk(x, 5@) + (I).
=1

Therefore, PSNA can be applied to solve (3.19) for each u; > 0.
By [17, Theorem 5.6.2 (b)], we know that

Jim g, (2,€) = §(2,€), forany x>0, £ €5,
—00

Then, we have for any x > 0,

lim H, () = H(x) (3.20)
lim Q. (x) = Q). (3.21)

We formally present rPSNA as follows.
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Algorithm 3.1. Regularized Projection Semismooth Newton Algorithm
(rPSNA)

Step 0: Choose an initial point 2° € R, 7 € (0,1) and initial regularized
parameter o > 0. Set k=0, 2%0 = 20,

Step 1: Calculate z* which solves the reqularized single-stage problem (3.19) with
reqularized parameter puy, by PSNA with starting point z%°. If ||Q(z¥)|| = 0, stop.
Otherwise, go to Step 2.

Step 2: Let juyy = min(||Q(z%)|, 7)pk, 28710 = 2%, Set k := k + 1; go back to
Step 1.

Remark: In Step 1, we use a warm-start strategy when solving the regularized
single-stage problem (3.19). This not only improves the numerical efficiency of the
algorithm but also avoids some computational difficulties that will discuss latter.

The following proposition establishes the strong monotonicity and the solvability

of the single-stage problem (3.17).

Proposition 3.3. The single-stage problem (3.17) is strongly monotone on Ri and

admits a unique solution z*. Then (z*,§(x*, &), ..., 9(x*, &) is a solution of the

LCP(q,M).
Proof. For any fixed p > 0 and &, it holds
(o ) (e ) () 2 Ml bl ¥ ) € B R,
where A, denotes the minimum eigenvalue of (A + AT)/2. Then, by a similar
argument as in [10, Lemma 2.1], we can show that for any fixed puy > 0,
u"[A+ B(I — Ay + Az M*) "Ny B u > Agin||u)?, YV u e R,

where J C [J] with [J] := {1,...,J}, and Ay € R7*/ is a diagonal matrix with
(Ay)j; =1if j € J and (Ay);; = 0 otherwise. By [8, Theorem 3.9], we know that

57



H

.. 18 strongly monotone on RY such that

(2= 2V (Hy(2) = Hyy (1) 2 Aninll — 2, ¥ 2,2 € R,
By (3.20), taking the limit for the above inequality, we get that
(& —a)" (H(x) = H(z") = Ainl2 — 2|,

which implies that H is strongly monotone on R_{. Therefore, (3.17) admits a unique

solution * and (z*, g(x*, &), ..., 45(z*,&)) is a solution of the LCP(q, M). O
The following proposition follows from Lemma 2.2.

Proposition 3.4. For any fized pu > 0, the unique solution of the reqularized second

stage problem LCP(gy, M}') for & reads

Qu(ac,&) - _UM(I7£K)(BT:E + QZ)?

where U, (x,&) = (I — Az, &) + A, &) M)Az, &) with A(z, &) being a diago-
nal matriz satisfying Nii(z,&) = 1 if (MY9,(x,&) + BYx + 00)i < (Ju(x, &) and
Nii(z,&) = 0 otherwise. §,(-, &) is strongly semismooth on R? and globally Lipschitz
continuous with Lipschitz constant Ly, = ||Bllmaxzci||(M{")77]. In addition, we

have
~U,(z,&)B" € 03,(z,&).

From the above proposition, it is not hard to see that the Lipschitz constant of

H, is

1 - _
Ly, = || Al + ;HBH2 ZmaXJg[JHI(Mé‘)JbH.
=1

H, and Qu are strongly semimsooth on R’ by the strong semismoothness of g, (-, &)

for every &. The linear Newton approximation scheme H, : Ri = R7*/ reads

1 o~ -
Hu(z) =A— ;B Zaxyu(x,&;).
=1
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One element of H, at x can be calculated as
1 14
A+=BY U, BT.
+ U ez:; M(xvff)

Actually, by the proof in Proposition 3.3, it is not hard to see that for any x € Ri,
every element in H,,(z) is positive definite. Moreover, since H,, is strongly monotone
on R, by Lemma 9.1.3 and Corollary 9.1.28 in [19], we can deduce that the level

set
Ly ={xe€ Ri : HQN(I)H < ||Q”(xO)H} is bounded for any fixed p > 0.

Then, we have the following convergence theorem about PSNA applying to the reg-
ularized problem (3.19).

Theorem 3.5. For any fixed ;o > 0, PSNA applying to solve the regularized problem

(3.19) is globally convergent and the convergence rate is superlinear.
Proof. It follows from Theorem 2.6. We omit the details. [

The above theorem shows that the Step 1 of rPSNA is always implementable for

any fixed p > 0. Next, we study the global convergence of rPSNA.

Theorem 3.6. The sequence {x*} generated by rPSNA for solving (3.17) globally

converges to the unique solution x*.

Proof. We first show that the sequences {g,, (z",&)} and {g(z"*, &)} are bounded
for each &. By the proof in Lemma 3.1, for any z¥ > 0, the following optimization

problem

H(lglr)l ka(v(§€)7£é)a s.t. 0 < U(ff) < xk’

admits a unique solution which is bounded by the strong convexity of the objective
function. By (3.12), it is known that 3(x*,&,) is bounded. Thus, {g(z* &)} is
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bounded. Since z¥ is the unique solution of (3.19), we have

min(2*, Az* = " Bj,, («%,&) + a) = 0, (3.22)

=1
in which g, (z¥, &) is the unique solution of the LCP(q(z*, &), M}™), i.e.,
0 < G (2%, &) LM G, (2%, &) + q(2F, &) > 0. (3.23)
In addition, §(z*, &) is the unique least-norm solution of LCP(q(x*,&,), My); that is,
0 < g(a*, &) LMeg (", &) + q(a*, &) > 0.
By the last two relations and the positive semi-definiteness of M,, we have
0> (G (2", &) = 92", €0))" (MG, (2, &) — 92, €0)) + pfu (2", &)
> k(G (2, €0) = (2, €0)) G (2, €0),

which implies that

19,0 (2%, €0l < 152", &)1 (3.24)

Thus, {g,, (¥, &)} is also bounded.
Next, we show that the sequence {2*} is bounded. Since x* is the unique solution

of (3.17), we have

min(z*, Az — Z By(x*,&) +a) =0. (3.25)
=1

By [13], it follows from (3.22) and (3.25) that there exists a diagonal matrix Ay with

diagonal entries on [0, 1] such that

v

0= (I—Ap)(z" —2%) + Ay (A(:vk — ") =Y (B, (2", &) — By(z*, @))) ,

(=1

which implies that
Il = 2|l < (1 = A+ A A) ARl DY (B (2%, &) — Bi(a™, &)
=1
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The above relation implies that {*} is bounded since the righthand side is bounded.
Then, for any accumulation point z of {z*}, let K be the subsequence such that

limpex koo o8 = Z. (3.23) is equivalently written as

min(@% (Ikv &)7 Métkguk (xk’ &) + Q(xk7 &)) = 0.

Taking the limit for the above equation in the subsequence K, we have

mln(g(j'a gﬁ)a Mg@j(f, 5@) + Q('i.7 f@)) = 07

where without loss of generality let limyex koo Uy, (2%, &) = (T, &) (taking a sub-

sequence of K if necessary). The last relation and (3.24) imply that

lim guk (ﬂl?k,fe) = g(£7§€) = g<j7££)

ke, k—o0

Thus, by the above relation and taking the limit for (3.22) in I, it yields that

min(z, AT — Y Bj(z,&) +a) =0,
/=1

which implies that Z solves (3.17). Then every accumulation point of {x*} is a
solution of (3.17). Since the single-stage problem (3.17) has a unique solution x*, we

deduce that limy_,. 2" — z*. O

We have to point out that Theorem 3.6 is implementable in theory, but one
may encounter some difficulties in practical numerical computations. Indeed, by
Proposition 3.4, the Lipschitz constant Ly, of Hy, can be arbitrarily large as pu
decreases to zero, which means that the step size of projection iteration (2.15) in
PSNA will approach zero. In practical numerical implementations, the projection
iteration (2.15) in PSNA will stagnate, which is undesirable. Another difficulty is
that the computation of H,, is not well-defined since I — A(z, &) + A(z, &) M, may
tend to singular as p — 0.
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To overcome the difficulties discussed above, we need to assume that (-, &) is
Lipschitz continuous around the unique solution z* of (3.17) for all ¢, which also
implies the Lipschitz continuity of H around z*. Although ¢(-,&,) is not necessarily
Lipschitz continuous on ]R;’r7 it is reasonable to expect that it is Lipschitz continuous
around some points. A sufficient condition to guarantee the local Lipschitz continuity
of §(-,&) around the solution is z* > 0. Then, by Lemma 3.1, we know that the
second stage problem has a unique solution y(z, ) around z*. By [30, Theorem 3.2],
it is known that g(-, &) is also Lipschitz continuous around z*. Denote by B(z*, )
the open neighborhood on which each (-, &) is Lipschitz continuous. Denote the
Lipschitz constant of H around z* by L. Since ¥ — z* by Theorem 3.6 and limy,_,
H,, (z) = H(z) for any € RJ, there exists a finite positive integer K such that for
all k > K, 20, 2% € clB(a*, %5) and H,, is Lipschitz continuous on clB(z*, %5) with

Lipschitz constant L m,, satistying
_ _ 1-
|Lm,, — Lu| < éLHa

which implies that H,,, is Lipschitz continuous on clB(z*, %5) with bounded Lipschitz
constant for all k¥ > K. Then, the projection iteration (2.15) of PSNA will not
stagnate and the computation of H,, does not encounter difficulties over clB(z*, %6)

7j oo

as fi — 0. Indeed, for any k& > K, if we choose oy, = %E;Iik, the sequence {x* 20

generated by the projection iteration (2.15) in PSNA is contained in clB(z*, %6).

More specifically, let 27 € clB(x*, £0). Since
[ (z"9) = a®|| = ||w (™) = 7 (") < [l2™ = 2¥|| + ax L, [ — 2¥)|

with m(z) = Ilgs (v — apHy,(2)), it implies that m(zF7) € cB(z*,16). By [19,
Lemma 12.1.10], it is not hard to see that 2%7* € clB(z*, £6). Note that z* is also

the unique solution of VI(clB(z*, £6), H,, ). By the above discussion, the projection
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iteration (2.15) with starting point 2*° € clB(z*, £6) to solve (3.19) is equivalent to

solving VI(clB(z*, £6), H,, ), which is globally convergent such that

k,j k

lim ™7 = 2".

J—00

As %7 is sufficiently close to z*, the Newton iteration (2.14) is applicable and the

superlinear convergence rate occurs.

3.3 Numerical experiments

In this section, we conduct numerical experiments to test the efficiency of rPSNA.
First, we compare rPSNA with PHA for solving (3.16) with randomly generated
data. Next, we apply rPSNA to solve the crude oil market share problem under the
impact of the COVID-19 pandemic, in which the related parameters of (3.16) are

determined using the real data from reliable sources.

3.3.1 Randomly generated problems

PHA can solve the LCP(q, M), since it is monotone in the sense of (2.4). The details

of PHA for the two-stage SLCP are given as follows.

Algorithm 3.2. Progressive Hedging Algorithm (PHA) [40]

Step 0. Given a point z° € R’ let 20 = 2° € R/ y? € R*/ and w) € R/,
for € =1,...,v, such that 137_ w9 = 0. Set the initial point 2° = (2,49, ..., y°)7.
Choose a step sizet > 0. Set k = 0.

Step 1. For (=1,...,v, find (2},95) that solves the LCP

0 < 2ol Azy — Bys + a+ wf + t(x, — ak) >0,

3.26
0 <y L BTxy+ Myye + 00 + t(ye — y5) > 0. (3.26)

Let zhtt = 15 &F and for € =1,... v, update
k1 mkt+l okl ok kel

_ .k ~k k+1
Ty =T 5 Yy =Yy, Wy *wf_'_t(xf_xz )7
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B =@t T

Step 2. Set k:=k+1; go back to Step 1.

to get point z

We first use randomly generated problems to compare the performance of rPSNA

and PHA. The related parameters of problem (3.16) are generated as follows.
e ¢, a are uniformly drawn from [e;, 5e;| and [e;, 10e;], respectively. r = 0.5e;.

e 7, hy and g, are uniformly distributed on [0, 1], [es, 5es] and [—eqs;, —10es,],

respectively.

For TPSNA, the regularized parameter is set to u, = 5 x 107, the step size for
the projection iteration (2.15) is ay. = 0.05, ¢, = 0 and n = 0.9. The step size ¢ of
PHA is set to t = v/3.J according to the suggestion in [40]. We terminate the two
algorithms when one of the following three criteria is met; that is, the number of

iterations reaches 1000, or ||z* — z"~1|| <1075, or
Res := || min(Mz" + q,z")| < 107°.

We choose J = 5,10, 20, and increase the sample size v from 10 to 2000. The
dimension of the corresponding LCP(q, M) ranges from 105 to 80020. For each J
and v, we randomly generated 10 problems following the descriptions above. PHA
and TPSNA were used to solve these 10 problems. The results reported in Table
3.1 are the average number of iterations, CPU time (seconds), and residuals. Table
3.1 and Figure 3.1 show that rPSNA sucessfully solved the LCP(q, M) for all J and
v efficiently. In addition, for rPSNA, it is observed that the number of iterations
remained almost unchanged when J and v increased, and the CPU time was linearly
increasing as v increased. Although PHA can solve the problems with small J and
v, it failed to solve the problems with large J and v within 1000 iterations. Figure

3.1(b) shows that the convergence rate of PHA was slow when iterates were close to
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Table 3.1: Comparison of rPSNA and PHA

rPSNA PHA

J v, J2v+1) | Iter TIter/N CPU/sec Res Iter ~ CPU/sec Res
10 105 4.80 2.50 0.03 1.83e-08 | 230.90 0.28 9.83e-06
100 1005 4.50 3.00 0.13 6.14e-08 | 273.30 3.18 9.84e-06
5 500 5005 6.20 3.50 0.96 5.36e-07 | 295.40 16.74 9.91e-06
1000 10005 | 5.90  3.40 1.79 1.08e-06 | 311.10 36.56 9.87e-06
2000 20005 | 5.00 3.30 2.75 1.44e-06 | 298.80 71.87 9.85e-06
10 210 5.00  2.50 0.05 2.66e-08 | 377.40 0.54 9.92e-06
100 2010 7.40 3.20 0.48 8.44e-08 | 472.30 6.25 9.95e-06
10~ 500 10010 | 7.50 3.40 2.30 8.95e-07 | 504.10 33.19 9.92¢-06
1000 20010 | 7.50 3.60 4.53 8.76e-07 | 547.00 69.33 9.93e-06
2000 40010 | 7.20 3.30 8.89 1.78e-06 | 534.40 142.99  9.93e-06
10 420 10.90  3.00 0.29 3.56e-08 | 630.00 1.14 9.93e-06
100 4020 10.00  3.00 2.25 1.12e-07 | 696.00 12.41 9.99e-06
20 500 20020 | 9.90  4.00 10.56 2.71e-07 | 1000.00 82.78 1.17e-05
1000 40020 | 11.00  3.10 28.25 1.33e-06 | 995.00 168.98  9.97e-06
2000 80020 | 10.20  3.50 45.59 1.20e-06 | 1000.00  347.06  1.41e-05

the solution. Overall, it is clear that rPSNA is more efficient than PHA in terms of

the number of iterations as well as the CPU time.

3.3.2 Impacts of COVID-19 on oil market share

In this subsection, we use the market data of oil price, demand and market shares

of 14 major oil producers to demonstrate the predicability of the two-stage SLCP

model with adaptive parameters in the cost functions. Moreover, the model and the

simulation results rationalize decisions made by major producers during the COVID-

19 pandemic. The proposed rPSNA is used to calculate a solution of the model.

Modelling the oil market share problem as a two-stage stochastic game

We treat the oligopoly market of oil as a two-stage stochastic game where oil pro-

ducers compete for profit by deciding the optimal production at the first stage of the

game. In particular, we consider 15 clusters of oil producers in the following list as

15 non-cooperative agents in the game.

65



350 102
—G—rPSNA (n,m=5) —O—rPSNA (n,m=5)
300 —4— PHA (n,m=5) —A— PHA (n,m=5)
rPSNA (n,m=10) rPSNA (n,m=10)
—*— PHA (n,m=10) —%—PHA (n,m=10) 7

250 —%—rPSNA (n,m=20) —#— rPSNA (n,m=20)
8 PHA (n,m=20) PHA (n,m=20)
2
2
£ 200 E
%

[0}
S 150t 2
[
>
[
<}
© 100
)
1000
50  ——
Y = - . 108 . . . . . . . . .
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 100 200 300 400 500 600 700 800 900 1000
Sample size Iter

(a) CPU time with increasing sample sizes (b) Residuals for v = 2000
Figure 3.1: Comparison of rPSNA and PHA.

1 Saudi Arabia, 2 Russia, 3 USA, 4 Iraq, 5 China, 6 Canada, 7 United Arab
Emirates (UAE), 8 Iran, 9 Kuwait, 10 Nigeria, 11 Mexico, 12 UK, 13 Venezuela,
14 Indonesia, 15 other.

Note that we treat OPEC+ members as individual agent rather than a cluster of
cooperative producers. This is due to the fact that during oil shocks, clusters have
less restrictive power over its members in deciding production quantities. As been
represented in our model, leading producers with a cluster e.g., OPEC may choose
different strategies over other cluster members.

Producer ¢ makes a decision on its oil production quantity x;, based on its pre-
dicted future characteristics of the oil market at a later time. We suppose that the
trading occurs at the second stage where producer i supplies part if not all of its
produced quantity in the first stage to generate revenue. We assume the spot price
of the trading is uncertain at the time of production decision, and mainly depends
on the demand supply relation at the second stage. To be more precise, supply quan-

tity v;(€) of producer 7 is uncertain as being future event at the time of production
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decision.

In an oligopolistic market, the major suppliers are often considered the price
setters, mainly through their control over market supply quantity. To simulate the
effect of supply on price, we adapt a simple supply demand relation and express the

inverse demand function as:
J
p(7i(€),€) = a(§) = (&) D v;(©),
j=1

where a(§) is the benchmark price and v(§) > 0 represents the negative effect on
price if there is excessive supply of oil with respect to the observed demand at the
second stage.

The benchmark price a(£) can be regarded as the intrinsic value of oil if the
supply and demand matches. In the case when there exists excessive supply in the
market, the price tends to decrease up to a scaling factor v(¢), which can be learned
from the market data. Alternatively, one can simply treat «(&) as the highest price
in data set and the discount in price is due to excessive supply and is proportional to
total supply in the market. Under deterministic setting, the inverse demand function
may be over simplified but it is not the case in our data driven approach. Because
the parameters in our inverse demand function are adaptive to data set, the model is
more than capable of learning the complicated mixture responses of the market. The
important feature is to ensure that the price drops when the oil supply surpasses the
actual demand in the market.

In conventional oil production, producers need to explore oil fields before con-
structing the extraction site. After the oil is extracted, refinement and shipment
require both time and labour not to mention the investment that involves. Yet,
the nature of the oil production has been evolving with the technological advance

which enables, e.g., extraction from oil sands. There exist fundamental differences in
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energy infrastructures between traditional producers and oil sands producers, e.g.,
US, Canada [28], and it is expected to be reflected at the first stage in choosing
production strategies.

Here, we assume that the costs in both stages are quadratic as expressed in (3.5)
and (3.6), where the parameters ¢;, a;, h;(§) and (&) are to be learned from market

data. We also include an extra term (r; Z}]:1 z;)z; in the first stage to represent the

strategic concern of producer ¢ in response to global production quantity ijl xj.
Note that we have no restriction on the sign of r; and if it is positive it represents the
fact that producer 7 is willing to decrease its production when the global production
is high. Typical of such agents are often price setters, since the action would give a
boost to the oil price and may be more profitable despite the production cuts. In
reality, Russia’s refusal to production cuts agreement triggered huge volatility of the
market during the COVID-19 pandemic. To express it with our model, it means
that Russia adapted its value of r; to be negative given the market prediction back
in March 2020. That is to say, Russia made a “squeeze” strategy and decided that
if the price drop caused by over supplying is under control, the maintained market
share is potentially more important for long term profitability.

We will use our numerical results to show that most decisions of producers were
reasonable at the time from the prospective of the producers, since they had different
tolerance levels on low oil prices, and they all attempted the best actions for their

own benefits.

Parameter settings and numerical simulations

The market data used in our study are obtained from the following reliable sources.

(i) Monthly Oil Market Report published by OPEC!.

! https://www.opec.org/opec web/en/publications/338.htm
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This data set provides average daily production quantities of major oil-producing
countries, and the percentages of their production quantities to the total pro-

duction quantities are regarded as their market shares respectively.

(ii) Oil Price Dynamics Report?, weekly by Federal Reserve Bank of New York.

This data set reports the crude oil price fluctuations due to the supply con-
tribution, demand contribution and residual contribution (contribution other

than the supply and demand contributions).
(iii) U.S. Energy Information Administration®, weekly and daily spot price of Brent.

For the model (3.1)-(3.2) with (3.5)-(3.7), parameters in the first stage are taken

as follows:

e ¢;: This parameter represents the quadratic production cost of producer i.
For the traditional producers, this contributes to the cost of exploration, site
building and equipment setting up, etc. For oil sand producers, the financial
cost can also be regarded as non-linear with respect to production quantity.
However, all major producers should have similar scale of values to maintain

profitable. In our simulation of in-sample and out-of-sample, we took
Ccl = Oll/Rl, Cy = 0115/R2, C3 — OO95/R3, C;, = Ol/R“ 1= 4, Cey 15,

¢ =0.11/R., ¢5 =0.115/R), ¢5 = 0.095/R}, ¢; =0.1/R,, i =4,...,15,

respectively, where R; and R; are market shares of producer i in the current
month and previous month for the simulation of 2019, and market shares of

January 2020 and December 2019 for the simulation of 2020. The data of

market shares is given in Tables 3.3-3.4.

2 https://www.newyorkfed.org/research/policy /oil_price_dynamics_report

3 https://www.eia.gov

69



Table 3.2: Values of r for January to July in 2020

2020 Jan | Feb | Mar | Apr May | Jun | Jul
Saudi Arabia 0 0.01 0 -0.022 0 0.02 | 0.01
Russia -0.01| O 0 -0.008 | 0.01 | 0.01 | 0.015
USA -0.01 | 0 |-0.02 | -0.04 0 0 0
Iraq 0 0 0 -0.01 0 0 0.005
China 0 0 0.01 | -0.01 0 0 0
Canada 0 0 |-0.02 | -0.03 0 0 0
UAE 0 0 |-0.02 | -0.05 0 0 0.005
Iran 0 0 |-0.02 | -0.045 0 0 0
Kuwait 0 0 |-0.01 | -0.045 0 0 0
Nigeria 0 0 |-0.01 | -0.08 | -0.06 0 0
Mexico 0 0 0 -0.065 | -0.045 0 0
UK 0 0 -0.1 | -0.16 | -0.08 | -0.08 | -0.05
Venezuela 0 0 -0.1 | -0.23 | -0.13 | -0.03 0
Indonesia 0 0 -0.1 | -0.23 | -0.13 | -0.06 | -0.06
other -0.01 | 0 |0.005 | 0.005 |-0.005 0 0

e a;: This parameter represents the linear production cost of producer i. It is
widely agreed that traditional producers have very low unit cost of oil pro-
duction. As for the oil sand producers, the unit cost is much higher. In our

simulation, we set

Gi:Ci,Z.: 1,2,4,5,7,...,15, a3:603, Cl6:206.

e r;: This parameter represents producer i’s response to the total of production
by all producers. Before the pandemic, it was widely agreed that supply should
be kept in accordance to the demand but little preference was taken till Russia’s
refusal to further production cuts. In our simulations, r; = 0 for all producers

in 2019, and r; were given in Table 3.2 for different producers in 2020.

These are basic production cost parameters restricted by technological advance
and complicated operations, and we do not expect them to change over short periods

of time for all producers. For the purpose of forecasting current year production,
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these parameters are revised monthly taken based on the market share of the month
before.

The stochastic parameters are the risk-adjusted spot price p;(&) = a(&) — 5;(€)
and Ay(&) = diag(hi(§) + v(€)), where a(€) is the benchmark price, v(&) is the
stochastic supply discount, and h;(£) and f;(£) are the supply cost coefficients.

For our experiments, we randomly choose ¢ € [0.05,0.1], and let h;(&) = 5;(§) =
¢ X a; represent 5% to 10% of the unit production cost. The data (ii) gives the crude
oil price fluctuations due to different factors of contributions, namely contributions
of the demand ADemand, supply ASupply and residual AResidual. Then, the price

fluctuation Aprice is expressed as follows:
Aprice = ADemand + ASupply + AResidual.

These contributions ADemand, ASupply and AResidual over certain period of time
are uncertain. We assume that it can be described by random variable ¢ with un-
known distribution, written as d(£), §(¢) and 7(§). For the purpose of numerical
tests, we generate their empirical distributions from historical data and use them as
an approximation to the unknown distributions of contributions. Recall that in our

model the price is given by

p(71(§), ) = (&) = (E)n(E)-

Then, for any realization of a*(&,) of the k-th?* day, it corresponds to

o (&) = ph(1+ d*(&) + (&),

where pf is the known price of the prior day given in the data set (iii), and d*(&)
and 7(&,) are realizations taken from empirical distributions of d(¢) and 7(§), re-
spectively. Then,

PHI* (&), &) = (&) — " (€0)7" (&),

4 The superscript k is used to denote the order in time
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where p*(77%(&), &) is the known price of the k-th day given in the data set (iii) and
i* (&) is the total supply of the k-th day taken from a uniformly distributed interval
between 99% and 101% of the real daily supply given in the data set (i). It follows

that, we can generate a set of data of stochastic supply discount v*(&)

"7 (&), &) — ¥ (&)
(&) ’

V(&) =

where the absolute value | - | ensures that increasement in quantity has a negative
influence on price. We choose the sample size v = 800 of random variable £ for both
in-sample and out-of-sample numerical simulations.

For long-term prediction (yearly market shares prediction), we refer interested
readers to [25] for more details. Here, we focus on short-term prediction, namely the
monthly in-sample and out-of-sample market shares. Table 3.3 and 3.4 give average
of daily market shares of each month for producers from January 2019 to July 2020.
Figures 3.2-3.4 display results for the recovered monthly market shares from January
2019 to July 2020. For each month, the first column is the real market share, while
the second and third columns are the in-sample and out-sample recovered results,
respectively. They show that our two-stage SLCP model recovers and predicts the
short-term real market shares from January 2019 to July 2020 very well. Although
global oil demand has been hit hard by COVID-19 and oil price has fell to historically
low, our results show that a Nash equilibrium for the global oil market share during
the COVID-19 pandemic can be expected.

Of particular interests are what had happened in March and April among Russia,
Saudi Arabia and U.S.A. In particular, the Brent spot price fell from around $70
per barrel to about $50 since the identification of the pandemic and was believed
to decrease further. If no actions of change were taken by the major producers,

what could have happened is that the high-cost producers would be forced to cut
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Table 3.3: Average of daily market shares in each month of 2019

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

Saudi Arabia 10.31 10.22 9.82 9.77 10.00 10.10 10.12 10.34 9.39 10.36 9.91 9.64
Russia 11.54 11.52 11.46 11.45 11.31 11.42 11.38 11.47 11.67 11.29 11.26 11.23
USA 11.95 11.75 11.96 12.27 12.33 12.25 11.98 12.49 12.83 12.74 12.93 12.76
Iraq 4.72 4.61 4.37 4.68 4.75 4.72 4.70 4.73 4.84 4.59 4.58 4.50
China 3.86 3.91 3.88 3.93 3.95 4.04 4.05 3.90 3.94 3.90 3.89 3.85
Canada 4.20 4.19 4.29 4.21 4.18 4.33 4.31 4.30 4.26 4.27 4.39 4.49
UAE 3.09 3.08 3.06 3.09 3.11 3.09 3.11 3.09 3.16 3.09 3.07 3.04
Iran 2.71 2.77 2.80 2.68 2.34 2.29 2.28 2.22 2.24 2.17 2.11 2.11
Kuwait 2.73 2.73 2.73 2.72 2.75 2.68 2.68 2.63 2.73 2.65 2.71 2.71
Nigeria 1.70 1.62 1.66 1.80 1.60 1.65 1.71 1.81 1.86 1.70 1.68 1.64
Mexico 1.63 1.72 1.70 1.70 1.69 1.70 1.69 1.70 1.75 1.66 1.71 1.70
UK 1.08 1.13 1.12 1.13 1.13 0.97 0.91 0.83 0.97 0.93 1.03 1.04
Venezuela 1.04 0.86 0.60 0.66 0.82 0.79 0.76 0.74 0.73 0.70 0.70 0.71
Indonesia 0.77 0.76 0.76 0.71 0.77 0.73 0.75 0.74 0.75 0.74 0.73 0.73
other 38.65 39.15 39.79 39.19 39.27 39.24 39.56 39.03 38.89 39.21 39.29 39.87

Table 3.4: Average of daily market shares in each month from January to July in
2020

Jan Feb Mar Apr May Jun Jul

Saudi Arabia 9.72 9.75 10.23 11.57 9.44 8.75 9.47
Russia 11.26 11.30 11.33 11.42 10.44 10.34 10.10
USA 12.72 12.85 12.76 12.28 11.23 12.63 12.37
Iraq 4.25 4.53 4.54 4.49 4.59 4.30 4.23
China 3.88 3.87 3.92 3.90 4.32 4.58 4.37
Canada 4.36 4.41 4.42 3.74 3.66 4.23 4.34
UAE 2.98 2.99 3.54 3.88 2.72 2.72 2.74
Iran 2.10 2.05 2.01 1.96 2.17 2.26 2.18
Kuwait 2.66 2.66 2.90 3.13 2.42 2.44 2.43
Nigeria 1.61 1.67 1.88 1.75 1.65 1.74 1.68
Mexico 1.72 1.75 1.77 1.75 1.83 1.94 1.87
UK 0.97 0.95 1.02 1.00 1.05 1.20 1.05
Venezuela 0.73 0.75 0.73 0.71 0.76 0.46 0.44
Indonesia 0.73 0.72 0.72 0.72 0.79 0.82 0.79
other 40.32 39.75 38.24 37.68 42.93 41.59 41.95

production because they are more vulnerable in low price environment. On one
hand, if the production cut is significant, the price will boost and the non-limited
producers can be more profitable. On the other hand, if the oil price continues to fall,
the optimal production decision has little to change for the traditional producers with
low unit cost, e.g., Russian and Saudi Arabia. Indeed, with our model of two-stage
stochastic game, the estimated market share given no strategic changes can be seen
in accordance with the description above. It is, given the estimated market share, the
most rational decision for Russia is to refuse the production cut agreement. Saudi
Arabia, who is believed to have the lowest unit production cost, followed the strategy
of Russia immediately by offering price discount and increased its production. For
both countries, the low price environment has little effects in the sense of maintaining

their market shares respectively. The same cannot be said for U.S.A., who has high
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Figure 3.4: Real, in sample and out sample monthly market shares of Jan to July in
2020

cost in unit oil production, and is estimated to loss its market share if not to change
its production strategy, presented by choosing non-zero r in our model. It is most
apparent from Table 3.2, that all the major producers responded in choosing their
strategies to increase production quantities. The reality was counter intuitive at first
glance, but those were in fact all rational decisions and can be forecasted by our

model.
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Chapter 4

Applications of rPSNA to
nonmonotone traffic assignment
problems

In this chapter, we apply rPSNA developed in Chapter 3 to solve two types of non-
monotone traffic assignment problems. The first is the stochastic traffic assignment
which is formulated as a two-stage SVI. The second is the stochastic dynamic traffic
assignment which is formulated as a DLSCS. The discretization problem of the latter
problem can be viewed as a special two-stage SVI in which the first stage problem

is an mLCP and the second stage problem is an LCP.

4.1 Stochastic traffic assignment problems

In this section, we apply the two-stage SVI to formulate the stochastic user equilib-
rium problem with uncertain demands and capacities, which is an important class
of problems in the stochastic traffic assignments The uncertainty for demands and
link capacities can be caused by some unpredictable factors, such as adverse weather,
road accidents and some other road conditions. The random variable £ with a finite
support set =, is used to describe the uncertainty in demands and capacities.

First, we give definitions of notation in the stochastic traffic assignment.
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/\N/'7 P, /l, W: the node set, the path set, the link set and the origin destination

(OD) pair set, respectively.
e Pv: the set of paths joining the OD pair w with P = [J, ¢, P*.

o T € RMXIPl the link-path incidence matrix where T,, = 1 if link a is on path

p; otherwise, T, = 0.

e ' € RWIXIPl: the OD-path incidence matrix where I'yp = 1 if path p connects

OD pair w; otherwise, I',, = 0.
o h,(&): the path travel flow on path p.
o v,(§): the link travel flow on link a, which satisfies v(£) = Th(§).
e u,(&): the minimum travel cost for OD pair w.
e ¢,(&): the link capacity of link a, which is a positive scalar.
o d,(£): the nonnegative demand function for OD pair w.
o R,(h(£),€): the travel cost function through path p.

e 7,(v(£),&): the travel cost function through link a.

See Figure 4.1 for a simple illustration of the above notation. It is easy to see that
N={1,...5L, A={1,...,7", P={p,....pe} withpy =3 57— 6, pp =3 — 1,
p3=4—=6,p,=3—=>T7T—2,ps=3—=>5andps=4— 2 W={1—-4,1— 5}

The link-path and OD-path incidence matrices read

010000
000101
110110
r-{ oo oo oo (L0
000O0T1@O0
1 01000
100100
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Origin

@ Destination

Figure 4.1: A network with 5 nodes, 7 links, 6 paths and 2 OD pairs

The travel demands should be satisfied for any realization of &, which is called

the flow conservation [37]

D hp(§) = du(§) =0, YweW. (4.1)

pEPW

The path travel time function R : RPI x RY — RIPl is

R(h(€),€) = T r(Th(€),€),

where r : R4l x R — RMI is the generalized bureau of public road (GBPR) link

travel time function as follows:

ro(Th(€),€) = 1° (1.0 10.15 (zgg)n) L ac A,

with 2 and n, being given positive numbers. Flows choose paths according to the

famous Wardrop’s principle [37]
0 <h,(§)LR,(h(§),E) —uw(§) >0, YweW and pe P (4.2)

The above complementarity condition implies that travel flows always choose the
optimal path for their trips. Combining (4.1)-(4.2), it should hold that for any
€,
0 < h(§)LR(1(€),6) — T"u() = 0, (4.3)
0 <u(§)LTh(&) —d(&) > 0. (4.4)
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Let
De={h e RPI'| Th —d(¢) = 0,h > 0}.

Thus, Dg is a bounded polyhedral set for any £ € Z,. By [19, Proposition 1.4.8], if
d(&) > 0 for any € € £, (4.3)-(4.4) can be equivalently formulated as an SVI finding
h(€) € De such that

(W — h(€)TR(W(E),€) >0, VI €D, foranyéeg,. (4.5)

Let
D={z e R | Tz —E[d(&)] =0,z >0},
and R : RPl — RIPI
R(z) = E[R(z,§)] = T"E[r(Yz,£)].

To solve (4.5) with a fixed £, one can minimize the following optimization problem

min max{(z — h(¢))"R(z,€) | h(E) € De}, (4.6)

IGDE

which can be written as a two-stage optimization problem

min " R(z, &) + Q(z, &)
s.t. € De, (4.7)
Q(z,€) = max{~h(&)"R(z,€) | h(€) € De}.
By duality of linear programming, the function @ can be expressed by
Q(z, &) = min{s(§)"d(€) | T"s(§) + R(z,€) > 0}.

To calculate a here-and-now solution that does not depend on the realization of &,

we solve the following two-stage stochastic program

min 27 R(z) + E[Q(z, ¢)]
st. x €D, (4.8)
Q(x,€) = min{s(&)"d(€) | TTs(€) + R(x,€) > 0}, for any £ € 5,
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Following [6, Example 2.3], we can obtain the first-order optimality condition of (4.8)

as follows

— (VR(z)"z + R(z) — E[VR(z,£)"\(§)]) € Np(z), (4.9)

- K TOT _OF ) y(e) + < Rc(lf,)g) )} € Ne(y(€)), any £ €5, (4.10)

where the second stage problem is a mixed LCP with C' = RMWI x R'f‘, and y(§) =
(s(€), A(€))T with A(€) being the multiplier of I'T's(€) + R(x,€) > 0.

Remark 4.1. Problem (4.9)-(4.10) has the relatively complete recourse.
It is known that R(x,&) > 0 for any x € D and & € Z,. Let A(&) > 0 with
LA > d(€) and 2(€) = 0. Thus, (2(£),A(€)) is a feasible solution of the following

LCP
0< ( iEg )L( Uy ) ( igg ) + ( Réﬁ% ) >0, (411)
Then, it is solvable by [17, Theorem 3.1.2].

Let (2*(x, &), \*(2,€))T be an arbitrary solution of (4.11) for any fived v € D
and £ € Z,. If there is w' € W such that (TX*(x,&) — d(§))w > 0, by the first
complementarity condition in (4.11), we have z,,(§) = 0. Thus, (R(z,&)—T72()), =
R,(x,&) > 0 for any p € Py . Then, we have A\, =0 for any p € P,y by the second
complementarity condition in (4.11), which implies that (TA(§)—d(§))w = —d(§)w <
0. This is a contradiction. Then (—z*(z, &), \*(x,€))T is a solution of (4.10) for any
fited x € D and £ € =,,.

For any fixed x and &, the problem (4.10) admits a unique least-norm solution
function. By substituting the least-norm solution function of (4.10) into the first
stage problem (4.9), we can get the single-stage SVI formulation of (4.9)-(4.10). We
can find a solution of the original two-stage problem by solving this single-stage

problem, since D is a bounded polyhedral set. By the positive semi-definiteness of
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Figure 4.2: Nguyen and Dupuis network with 13 nodes, 19 links, 25 paths and 4 OD
pairs.

the coefficient matrix of y(¢) in (4.10), we can use rPSNA developed in Chapter 3
to solve this problem efficiently.
Nguyen and Dupuis network [12] is used in our test, which has 13 nodes, 19 links,

25 paths and 4 OD pairs. All parameters for Network 4.2 are set as follows. The
expected demands for OD pairs are E[d()] = [40, 80,60, 45]7 in which d(€) follows
a beta distribution as d(§) ~ d + d x beta(5, 1), where d = [30, 70, 50, 35]7 and d=
(12,12, 12, 12]7. The free-flow travel time for links is ¢y = 0.1x[7,9,9,12,3,9, 5,13, 5,
9,9,10,9,6,9,8,7,14,11]7. The capacity c¢(£) has the following three possible real-
izations with probability p; = 0.5, p2 = p3 = 0.25 and

(&) =10 x [8,3.2,3.2,8,4,3.2,8,2,2,2,4,4,8,6,4,4,1.6,2.3.8]T,

c(&) =10 x [10,4.4,1.4,10,3,4.4,10,2,2,4,7,7,7,7,4,3.5,2.2,4.4, 7]T,

c(&3) =10 x [4,4,2,4,4,4,4,4,4,2,4,4,2,8,8,1,2,4,2]".

We choose n, from 1 to 5, and sample size v = 500 and 2000 to test the efficiency
of rPSNA. Note that PHA fails to solve problem (4.9)-(4.10). The settings for rPSNA

are y = 10712 ¢, = 0, n = 0.9 and the step size for the projection iteration (2.15)
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Table 4.1: Results of rPSNA for (4.9)-(4.10) with Nguyen and Dupuis network.
rPSNA
v n, lter Iter/N CPU Res

12.00  6.00  9.39 6.20e-07
10.00  6.00 821 1.49e-06

1 1.00 1.00  0.20 8.07e-10
2 5.00 5.00  0.68 1.11e-07
500 3 7.00 6.00 1.13 2.48e-07
4 12.00 6.00 2.18 6.19e-07
5 10.00 6.00 1.83 9.99e-07
1 1.00 1.00  0.78 8.03e-10
2 5.00 5.00  2.75 1.03e-07
2000 3 7.00 6.00  5.18 1.28e-07
4
d

is set to a = 0.1,0.1,0.05,0.05,0.05 for n, = 1,2,...,5, respectively. We terminate
the algorithm if the number of iterations reaches 1000, or ||z —z*|] < 107 or the
residual is less than 107>, We reported numerical results of rPSNA for solving (4.9)-
(4.10) in Table 4.1. One can see that rPSNA solved all problems with n, =1,...,5
and v = 500, 2000 efficiently.

4.2 Stochastic dynamic traffic assignment prob-
lems

In this section, we apply rPSNA to solve the stochastic instantaneous dynamic user
equilibrium (S-IDUE), a special problem in the stochastic dynamic traffic assign-
ment, which involves some stochastic factors inevitably [37]. An S-IDUE model that
considers the randomness of travelers’ behavior, a generalization of the deterministic
IDUE, can be found in [37]. Here, we focus on the stochasticity of OD demands and

link capacities. We first give some notation as follows.

° /\7,73,/(,1/\/: the node set, the path set, the link set and the OD pair set,

respectively.
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e P: the set of paths joining OD pair w with P = e P*-

o d"(t,£): the nonnegative time-dependent travel demand profile for OD pair w.
o ¢;;(&): the capacity of link (4, j), which is a positive scalar.

e ¢;;(t): the expected queue length on link (¢, j) at time ¢.

e u};(t): the expected exit-flow rate on link (7, j) of path p at time ¢.

e vi;(t,€): the exit-flow rate on link (i, j) of path p at time ¢.

e g;;(t,€): the inflow rate on link (4, j) of path p at time .

e T?(q,t,£): the instantaneous travel time traversing path p at time t.

e n*(t,€): the minimum travel time for OD pair w at time ¢.

An S-IDUE model is consisted of ODEs and complementarity system. The ODEs
describe the dynamic change of the traffic flow on the network, while the complemen-
tarity condition is used to illustrate the choice of the optimal path and the constraint
of the flow conservation. Here, we use the modified point-queue model for the flow
dynamics with zero free-flow travel time [3]. The zero free-flow travel time means
that traffic flows reach the end of the link and join the queue if any as soon as they
depart from the origin (see [3, 32] for details about the point-queue model). On the
other hand, we use the instantaneous travel time as the path choice criterion, which
is also used in [4]. Our stochastic model can be viewed as a stochastic generalization
of the deterministic model developed in [4]. Another difference is that we build our
model based on the path formulation, while the authors in [4] used the link formula-
tion. Both of the path and link formulations have their own advantages. We choose

the path formulation since the coefficient matrix in the complementarity condition
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is positive semidefinite, which guarantees the existence of the weak solution of the
model in the sense of Carathéodory [29] and the application of rPSNA.

For any p € P, we assume that it passes through nodes ig — iy — -+ — i, with
n, being the number of links for this path, i.e., p = {(0,1), (41,%2), - - - » (fnp—1,%n,)}
with (ix,igy1) being a link connecting nodes k and k + 1. We consider a special

setting that different paths have no overlapped links, i.e.,
prNpy=0,Yp,peP.

The point-queue model to describe the queue dynamics at time ¢ reads

q¢k¢k+1(t) = E[gfkikﬂ(t? f) - Cikik+1(€)]7 k= 0,1,...  p — 1,

where ¢;,;, ,, (t) denotes the derivative of g;,;, ., with respect to ¢ for the link (i, ix41).
The meaning of the above formula is that the difference between the inflow rate and
the exit-flow rate equals the rate of the queue length change. To guarantee the

positiveness of the queue length, we modify it according to [3] as follows

q.ikik+1 (t) = Wigippr (t) + E[gfkikﬂ (t7 f) ~ Cigipgr (5)]7

0 < Wigigyq (t)J-QikikH <t> > 07 (412)

where u;,;, ., (t) is a slack variable. The expected exit-flow rate on link (ig,4x41) of

p€EPis

(4.13)
From (4.12)-(4.13), it is known that v},  (t) = Elci,,, ()] if gy, > 0. The

instantaneous path travel time function 77(q, ¢, &) is the sum of each link’s instanta-

neous travel time over the path, i.e.,

—_

P

TP(q,t,€) = (q“—“(t)) . (4.14)

k=0 Cigiry1 (5)

3
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For S-IDUE, flows should follow a path choice strategy g ; (¢,€) enabling them to

choose a path p with the minimum travel time 7?(q,t,£), i.e.,
0 <gp; (t,§)LT?(q,t,&) —n"(t,§) >0, for any t and a.e. £ € Z.

Moreover, the flow conservation condition should hold,

0 <n“(t¢&)L Z goi (&) —d“(t,§) >0, for any ¢t and a.e. £ € Z.

peEPW

Note that that g} ; (¢,€) is also the path inflow rate of path p since there are no
overlapped links between different paths.
Therefore, we have the following S-IDUE model:

( Qikik+1 (t) = Wigigy (t) + E[gsz‘kH (t7 5) — Cigigyy (5)]7 (ika ik+1) €Ep,pE P? (415&)
0< WUipigrq (t>Lq’ikik+1 (t) > 07 (ilm ik-&-l) €Ep,pc 7), (415b)

0< g2 (L) LT (g 1,6) —°(1,€) 20, pe P weW,ae & €E, (4.15)

0<n (LS g (16 —d"(1,€) 20, peP’weW,ae. &€, (4.15d)

PEPy

| Girinn (0) = qis, >0, for (iy,ixs1) €p, p € P, t €[0,T), (4.15¢)

where T' > 0 is the duration, gj ; (¢,€) is the inflow rate for the first link of path p
(also the path inflow rate for the path p), and the inflow rates for the successor links

are defined as

By the above definition, the expected inflow rate for link (iy, i5+1),1 < k <mn, —11is

= Elci, i, (6)] — wi,_,i, (2).

(4.16)
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To illustrate the model (4.15a)-(4.15¢) clearly, we give the following descriptions

: the queue dynamic,

)
4.15b) : the nonnegative constraint for queue,

4.15d) : the flow conservation constraint,
4.15¢) : the initial condition.

(
(
(4.15¢) : Wardrop’s route choice principle,
(
(

Let the link set A = {ls, ..., llfll}’ the path set P = {p1,....pp|}, the OD pair
set W = {wq,...,wpy}. (4.15a)-(4.15e) can be equivalently written in a compact

form as follows:

(4(t) = u(t) +E[B(g(t,£),n(t.€))" — c(€)], (4.17a)

0 < u(t)Lq(t) >0, (4.17b)
V= ( o ) + < s ) ( o )

N ( T(S)T )q(t) N < _d&o > >0, forae £€Z,  (4.17c)

[ 4(0) = ¢° >0, € [0, 7], (4.17d)
where

B = 1 441> 0 41w

(1) = (s s @5 )" ult) = (g o )

9o(t:€) = (b, (1, €). 917, (1,€) - gigin (1),

n(t,€) = (" (), 0" (£,€), ... ,n“"™(t, ),

d(t,§) = (A" (t,€),d"™(t,§),...,d"™(t,€))",

I' € RWIIPlis the OD-path incidence matrix and Y(&) € RMIXIPl is a matrix defined

as

() = ;' (€) if the link I; € p;
! 0 otherwise.

87



Proposition 4.1. The LCP (4.17b)-(4.17c) is solvable for any fized t, & and q(t) > 0.

Moreover, any solution (go(t,§),7(t,€), u(t))" satisfies > pw Go(t,€) = d*(t,€) for

all w € W; that 1s, the flow conservation condition is satisfied.

Proof. Since the coefficient matrix of (4.17b)-(4.17c) is positive semidefinite, we on-
ly need to show that the feasible region of the LCP is nonempty by [17, Theo-
rem 3.1.2]. Since ¢(t) > 0, we get by complementarity condition u(t) = 0. For
any w € W, by taking Zpepw go(t,&) > d*(t,&) with gh(t,€) > 0 and 7“(¢,§) =
min,epw TP(q(t), t,€), it is easy to verify that (go(t,€),7(t,€), u(t))” is a feasible so-
lution of the LCP (4.17b)-(4.17c¢) for any fixed ¢, £ and ¢(t) > 0, which also implies
its solvability.

To show the last assertion, let (go(, €), 7(t,€), @(t))” be a solution. Suppose that

2 pep 9Pt €) > dv (t,&) > 0 for some w’ € W. Then, there exists a p’ € P*' such
that gg'(t, ¢) > 0 and by the complementarity condition we have 7' (¢,£) = 0. Using
the complementarity condition again we get

n./—1

TP (q(6),.€) = D iies (8)/Ciin 1 (€) = 7 (1,€) > 0,
k=0

which is a contradiction. O

The model (4.17a)-(4.17d) is exactly a DLSCS studied in [29]. If we assume that
the demand profile d(t, £) is Lipschitz continuous with respect to ¢ for a.e. £, and it is
nonegative and uniformly bounded for a.e. £ € Zand any ¢ € [0,T], and ¢(§) > ¢ > 0
for a.e. £ € Z. The boundedness assumption for d(¢, ) is natural, since demands are
always finite in practice. From the above proposition, the solution set of the LCP
(4.17b)-(4.17¢) is nonempty and bounded with go > 0 at t = 0 for a.e. {. Then, by
[29, Theorem 2], there exists Ty > 0 such that the model (4.17a)-(4.17d) admits a
weak solution on [0, Tp] in the sense of Carathéodory.
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Numerically, we solve the discretization problem of (4.17a)-(4.17b). Give an i.i.d.
sample {&1,...,&,} of £, and divide the time interval [0, 7] into K equal subintervals
such that ;.7 —t;, =hforalli=0,... K —1, ie.,

O=tog<t...<tg=1T.

Then, the discretization problem of (4.17a)-(4.17d) reads

(")) e ()

N ( h=q(tio1) — g‘lZLl c(&) ) € Ny (a(t) T u(t) ")), (4.18a)

R

o (g (0 ) ()

N ( T(%)T ) o(ts) + ( _dé,&) ) >0, for £ =1,...,v,(4.18b)

Lq(0)=¢">0, i=1,...,K. (4.18¢)

For each t;, (4.18a)-(4.18c) can be viewed as a special two-stage SVI, where the
first stage problem is an mLCP and the second stage is a monotone LCP for any
fixed ¢(t;) and £. Then, rPSNA can be applied to solve this problem sequentially

fromi=1toi=K.
Next, we give an example to illustrate our model; see the traffic network in Figure

4.3. The original node is the node 1 and the destination is the node 4. The three
paths (p1: 1 —2—4), (p2:1 —4)and (ps: 1 = 3 — 4) do not intersect with each
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Figure 4.3: A network with 4 nodes 5 links, 1 OD pair and 3 paths

other. Then, the formulation for this example is as follows:

_l_
N
=
o =
s
N—
N~
)
~~
N’
|
N
=
—~
~
o
~~
Vv
(a]
S’
=
o
@
722%
m
[

q(0) = ¢, vt € 10,71,

where
g(t,€) = (915, €), g51(1,€), 13 (1, €), 913 (¢, €), g3 (8. €))7,
90(t,€) = (g13(t,€), 913 (¢, €), 913 (1, €))",
u(t) = (ur2(t), uza(t), wra(t), wss(t), usa(t))”,
¢ = (12(t), gaa(t), qua(t), qu3(t), gaa () es = (1 1 1),

c(€) = (c12(8), ca4(€), c1a(€), c13(€), c34(€))T,

(&) 0 0 100000

() 0 0 010000

T(&) = 0 i€ 0 , B=[001000
0 0 c3(8) 000100

0 0 c3(8) 000010



4.2.1 Simulation results

We compare rPSNA developed in Chapter 3 with PHA to solve the discretization
problem (4.18a)-(4.18c) with parameters chosen according to the Network 4.3. The
settings for rPSNA are that pp = 107, ¢, = 0, n = 0.9 and the step size for
the projection iteration (2.15) is set to o = 0.005. The step size for PHA is set
to t = 1. We terminate the algorithms if the number of iterations reaches 1000,
or ||zF*t — 2*|| < 1072, or the residual of the problem (4.18a)-(4.18¢) is less than

1075, The demand profiles, capacities and initial queue lengths for links are given as

follows:
(16 = €D max(0,25 — ot —T/2)?),
T2
&) = A€)(5,10,15,8,4)",
¢ = (8,14,10,10,6)7,
where T = 35 is the duration, ¢ = (£W, ... ¢®)) is a random vector with each

component €@ uniformly distributed on [1,5] and A(€) = diag(\/€D, ..., /€6)).
We chose the division of the time interval IC = 500, 1000 and the sample size v =
10, 100, 1000. For each fixed K and v, we generated 20 problems with randomly chosen
time instant ¢; in [0, 35], and ¢(¢;_;) is uniformly chosen from [1, 10]. The numerical
results were reported in Table 4.2, in which the average number of iterations, CPU
time and residuals for the two algorithms are provided. In addition, the success
rates for the two algorithms for solving these problems are also given. Since (4.18a)-
(4.18c) is not monotone in the sense of (2.4) for each ¢;, both rPSNA and PHA are
not guaranteed to solve it successfully. From Table 4.2, it is clear that rPSNA is

promising for solving these problems compared with PHA.
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Table 4.2: Comparison between rPSNA and PHA for Network 4.3.
rPSNA
K v | Iter TIter/N CPU/sec Res success rate
10 | 2.50 2.25 0.04 1.83e-08 0.80
500 100 | 4.85 4.08 0.57 4.88e-08 0.65
1000 | 7.13  4.75 10.73  2.21e-07 0.80
50 | 1.58 1.58 0.02 1.79e-08 0.60
1000 410 | 4.53  3.93 0.54 5.68e-08 0.75
4010 | 6.25  5.92 6.02 1.88e-07 0.60
PHA
K v Iter  CPU/sec Res success rate
10 | 776.50 3.67 5.19e-06 0.10

500 100 - - - 0.00
1000 - - - 0.00

10 - - - 0.00

1000 100 - - - 0.00
1000 - - - 0.00
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Chapter 5

Conclusions and future work

In this chapter, we summarize the conclusions of the thesis and discuss some possible

future work.

5.1 Conclusions

e In Chapter 2, we have proposed a projection semismooth Newton algorithm
(PSNA) for solving the two-stage SVI, which is based on solving its single-stage
SVI formulation. The Lipschitz continuity, semismoothness, linear Newton
approximation scheme and monotonicity properties of the single-stage SVI are
discussed, which are essential for the development of PSNA. PSNA is a hybrid
algorithm that combines the projection algorithm with the semismooth Newton
algorithm. PSNA has the decomposition property just like PHA, which enables
it to solve large-scale problems efficiently. The global convergence and the
superlinear convergence rate have been established under suitable assumptions.
Preliminary numerical results have illustrated that PSNA outperforms PHA
for solving monotone problems. Moreover, PSNA is efficient for solving some

nonmonotone problems.

e In Chapter 3, we have developed a regularized PSNA (rPSNA) for finding a

solution of a new two-stage stochastic equilibrium model, in which the second
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stage problem is a monotone LCP for any fixed  and . A regularized term
is added to the second stage problem forcing it to be a strongly monotone
LCP for any fixed x and £&. PSNA is applied to solve the regularized model
with the regularized parameter decreasing to zero, which we call rPSNA. We
have proved that the sequence generated by rPSNA converges to the unique
solution of the single-stage problem as the regularized parameter tends to zero.
Numerically, rPSNA outperforms PHA for solving this two-stage stochastic
equilibrium model with randomly generated data. In addition, by determining
the related parameters of the model using the real data from the global crude
oil market, the two-stage stochastic model can be used to describe the global
crude oil market share under the impact of the COVID-19 pandemic. The
proposed rPSNA is efficient in solving this real application problem and the
solution obtained is used to explain and predict the global crude oil market

share even under the influence of the COVID-19 pandemic.

e In Chapter 4, the proposed rPSNA is further applied to solve nonmonotone
problems in the stochastic traffic assignment and stochastic dynamic traffic
assignment. Preliminary numerical results have shown that rPSNA performs

better than PHA for solving these traffic assignment problems.

5.2 Future work

Several possible future research directions for PSNA are as follows.

e For the general two-stage SVI, we assume the strong regularity condition for the
second stage problem, which implies that the second stage problem has a unique
solution for any fixed x and £&. Note that, in the case that the second stage
problem is a Z-matrix LCP for fixed z and &, the second stage problem may
have multiple solutions. We show that the unique least-element solution can
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be substituted into the first stage problem to calculate a single-stage problem
with desirable properties. Then, it is interesting to consider how to choose a
specific solution function when the second stage problem is a general VI and

has multiple solutions for any fixed x and €.

To guarantee the global convergence of PSNA, we use the projection algorith-
m to globalize the semismooth Newton algorithm. The monotonicity of the
single-stage problem plays an important role in the global convergence of the
projection algorithm. It is interesting to consider if the projection algorithm
can be replaced by the line search technique to achieve the global convergence.
The main difficulty lies in the fact that the single-stage problem is an implicit
and nonsmooth function. However, the advantage for using the line search
technique is that the monotonicity assumption for the single-stage problem
is unnecessary, which extends the corresponding algorithm to solve a broader

class of problems.
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