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Abstract 

Abstract of thesis entitled:  Characteristics of Side-branch Array Aeroacoustics and 

Its Application in Low Mach Number Flow Duct Noise Control 

Submitted by:   Yu Ho Man 

For the degree of:  Doctor of Philosophy 

at The Hong Kong Polytechnic University in MAY, 2021. 

The objective of this study is to investigate the noise attenuation devices consisted of 

multiple quarter-wavelength resonator. This study is threefold. The first objective is to 

understand the acoustic behaviour under no-flow condition. The second part is to 

comprehend the behaviour of the resonator if the sidebranch only occupy a portion of 

the spanwise duct width. This provides a new direction on improving the attenuation 

performance by installing other kinds of sound attenuation device. The third part of 

the study is about the array performance under slow flow. It aims to find out a solution 

for reducing aerodynamic deterioration to the array performance. The study is carried 

out by using theoretical model, FEM simulation and experiment. There are two 

sidebranch length variations adopted throughout this study. They are Linear Length 

Variation (LLV) and Linear Frequency Variation (LFV). 

An array of multiple quarter-wavelength resonator is flush mounted on an infinitely 

long rectangular duct for the examination. The resonance frequencies of sidebranches 

forming the array is compared to the resonance frequencies obtained from the 11-

sidebranch array. They cannot perfectly align due to the fluid loading interactions 

between sidebranches. A more complex design is done by flush mounting the second 

array on the opposite side wall of the existing array, which can be hanged either in the 
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same or reversed orientation. Their performances are different. The normal 

arrangement is able to improve the sound attenuation power and the effective range, 

when compared to the single array. The reversed arrangement can give severe coupling 

effect at certain frequencies, resulting in zero transmission loss.  

The combinations of half spanwidth arrays are tested by using the finite-element 

method. The base case is the basic full spanwidth array. There are dipole-like and 

quadrupole-like radiations emitted into the main duct from the sidebranches, because 

of the interactions between the coupled arrays. For the case involving two sidebranch 

arrays of different tube length hanged side-by-side on one duct wall, the spectral 

uniformity of sound transmission loss is enhanced. The whole system can be further 

enhanced by installing one more set of arrays on the opposite duct wall. The separation 

wall between the sub-arrays of one of the coupled sidebranch arrays can be removed 

for further improvement. However, the low frequency performance of the array is 

worsened if one of the coupled array is reversely installed. There are also trials on 

replacing one half spanwidth array with an expansion chamber. The result shows that 

such arrangement can shift the effective span to lower frequency range, while the 

attenuation performance in higher frequency range is weakened. This attempt 

introduces the potential of integrating other sound attenuating devices for further 

development. 

The 11-sidebranch array is tested with flow applied. The first examination is for the 

relationship between the incident pressure level and the TL performance under flow 

condition. The attenuation power of the array is less influenced by the flow when the 

incident sound pressure level is high. This result is related to the strength of acoustic 

pressure in the sidebranches. Therefore, a relatively simple 2-tube model is solved 

theoretically for a better understanding of the acoustic interaction between 
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sidebranches. The orientation of the array is found to be important to the acoustic 

pressure distribution in the array system. This finding is validated by the experiment. 

The reversely installed array has stronger resilience to the aerodynamic disturbance.  
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Chapter 1. Introduction 

1.1 Background 

"Noise" is defined as the unwanted sound received by human beings. It is annoying and 

may affect us both physically and psychologically. Thus, it is crucial to tackle noise 

pollution. Noise can be created anywhere and transmitted through various methods. 

People nowadays spend most of their time indoor, either for working or leisure.  

Reducing interior building noise becomes an essential task for engineers. In modern 

commercial buildings, centralized air conditioning and ventilation systems are 

fundamental parts for building operation. These systems are comprised of air handling 

units, fans and extensive ductwork. The air indoor is conditioned through these systems 

to maintain good indoor air and thermal quality. Powerful air handlers are used to 

overcome the large static pressure drop throughout ductwork, while loud noise is 

produced as a by-product. 

Meanwhile, ducts are also effective media for noise propagation. As a result, the indoor 

acoustical environment is adversely affected. Scientists and engineers have investigated 

and adopted various kinds of abatement and control methods to solve this problem. 

There are some acoustical devices attached to the duct as solutions. In general, these 

measures are divided into the active and passive control devices. 

1.2 Literature review 

1.2.1 Active control method 

One of the physical characteristics of the wave is interference. A wave can be perfectly 

cancelled out by another wave which is identical to it, but with a 180-degree phase 

difference. The theory of active noise control (ANC) system is to make use of this 
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phenomenon by producing a new signal through real-time monitoring and digital signal 

processing (Lueg, 1936). A basic ANC system consists of a reference microphone at 

the noise source, a cancelling loudspeaker and an error microphone at the sound field 

where abatement control is required. An active muffler designed for automotive exhaust 

ducts was designed by Kim et al. (1998). It was able to achieve good performance, but 

the system requires several microphones. The cost of this system is high for both the 

equipment and expertise involved in the maintenance. The system designed by Gerhold 

(1997) for fan-generated tonal noise control experienced the same problem.  

A modern ANC solution is to integrate both the advantages of active and passive noise 

control methods. Kostek and Franchek (2000) attempted to attenuate multi-tonal noise 

in ducts with an active feedback system with adaptive-passive control. The strategy is 

to tune the air piston of a Helmholtz resonator with a feedback controller, so that the 

control system attenuates the dominant tonal noise within the duct.  

1.2.2 Passive noise control 

Passive noise control is an approach to attenuate sound by the use of sound absorption, 

mufflers or resonators. This method is usually an optimum solution at higher 

frequencies. It can be further categorized into dissipative and reactive methods based 

on their abatement mechanisms.  

Dissipative noise control is to convert sound energy into heat by using fibrous or porous 

materials (Allard and Atalla, 2009). Viscous damping occurs because of the friction 

between the air and the fibres of porous materials during air oscillations (Morse and 

Ingard, 1968). The sound absorption efficiency depends on the intrinsic acoustic 

properties of the material. It can either be independent or dependent on the incident 

angle of the plane wave. This behaviour is divided into two categories: locally reacting 
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and bulk reacting (Mangiarotty, 1970). Locally reacting liners permit only plane waves 

to propagate in narrow cells of its back cavity. The surface impedance is independent 

of the angle of incidence. They usually consist of partitioned porous layers, small plate 

absorbers and honeycomb absorbers. Their absorption bandwidths are relatively narrow 

for single layer. In contrast, bulk reacting material allows higher-order acoustic modes 

to propagate in any directions. The extended back chamber filled with porous materials 

is a good example of such material. (Attenborough et al., 2007). 

Duct lining has received vast attention in the past. Cummings and Chang (1988) studied 

the performance of a bulk-reacting porous acoustic absorbent in the presence of flow. 

A finite element formulation under the environment of a flow duct with porous material 

was done by Peat and Rathi (1995). Traditionally, dissipative noise control is a good 

choice for high-frequency attenuation, but relatively weak for lower frequencies for the 

prevailing materials usually adopted in the industry. The absorptivities for porous 

absorbers increase with increasing material thickness. The low frequency absorption 

can be raised by mounting the porous absorbers away from the wall [Kinsler et al 

(1962)]. Therefore, the duct linear for dissipating low frequency is usually thick and 

bulky.    

Apart from the limit in tackling lower frequency noise, there are two significant 

drawbacks of dissipative duct silencers. The first one is the significant air static pressure 

head loss in the ductwork. Larger ventilation fans are required to overcome it, and these 

fans result in higher noise intensity to be attenuated. Therefore, more silencers are 

needed for noise attenuation. It falls into a vicious cycle, and the whole system becomes 

unnecessarily bulky. Second, porous and fibrous materials are of low durability. Tiny 

pores of porous materials will eventually be clogged up by dust and impurities soon 

after putting into service. The absorptive characteristics can only be maintained by 
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periodic cleaning. Fibrous materials are always light and fluffy. They will deteriorate, 

and the fibres will go into the flow and then the indoor environment. The risk of having 

respiratory and skin diseases is increased after long exposure of such airborne 

particulates. Yet, these types of hygiene risks can be overcome by continuous 

researches in the material science. 

Perforated panels are commonly used in studios and theatres. They have long been used 

before a scientific analysis was done by Bolt (1947). He investigated the acoustical 

behaviour of perforated panels for absorptive materials. Their applications are limited 

to the protective layers of conventional porous materials. Micro-perforated panel (MPP) 

absorbers were invented thirty years later by Maa (1975, 1987, and 1998). MPP is a 

panel having an array of short narrow tubes in sub-millimetre size. The separations 

between those tubes are large when comparing to the scale of their diameters. A typical 

MPP absorber consists of an MPP with a backing cavity. Studies on the performance 

of absorbers having more than one MPP have been carried out (Zhang and Gu, 1998; 

Lee and Kwon, 2004). They have found that the absorption band can be shifted to lower 

frequency range, due to the increase in the acoustic resistance and decrease in the 

acoustic reactance. Apart from having multiple layers of MPP to alter the character of 

absorbers, the noise-induced vibration on the panel also plays an important role. In an 

experiment conducted by Lee and Swenson (1992), the self-resonance panel has 

induced an unexpected additional sound absorption peak in the lower frequency range. 

An analytical model was developed to study the acoustic coupling due to the flexural 

vibration of the perforated panel by Takahashi and Tanaka (2002). MPP has 

successfully drawn attention of the market as an alternative design option to the 

conventional sound absorptive material in the duct lining and dissipative silencers (Wu, 

1997; Hillereau et al., 2005). 
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Reactive control method makes use of the sound reflection by impedance 

discontinuities to achieve noise mitigation. There are a few kinds of basic designs in 

this portfolio. 

Expansion chambers have been extensively used in duct noise control, ranging from 

exhaust systems of combustion engines to ventilation systems of skyscrapers. This is 

because of their relatively simple structure and desirable broadband attenuation. A 

typical expansion chamber gives dome-like behaviour of transmission loss (TL) curve 

below the first cut-on frequency of the duct in which the chamber is installed. Sound is 

reflected at the first and second junctions between the duct and the chamber due to the 

sudden change in cross-sectional area, which leads to impedance changes. The reflected 

sounds superimpose, and the performance of the expansion chamber depends on the 

phase difference between these sounds. The maximum TL is reached when the length 

of the chamber is equal to a quarter of the wavelength or its odd multiples. A passband 

is formed when its length is half the wavelength or its multiples. There are two major 

drawbacks in utilizing expansion chambers. The first one is the existence of passband. 

The second one is the significant head loss by the discontinuity of the ductwork section. 

Many efforts have been made by scientists over the past few decades to tackle these 

problems. One of the methods is to change the geometry of the chamber as suggested 

by Peat (1991), Selamet and Ji (1998) and Chan and Judah (1998). Another common 

way is to link up multiple chambers with different characteristics or tweak the internal 

partitions, including Huang (2006), Lee and Kim (2009) and Yu and Cheng (2015). 

Helmholtz resonator is another typical reactive control widely used device. A large 

amount of air particles inside the cavity gives the spring stiffness, and the air in the neck 

connecting the cavity and the main duct provides the mass. It forms a spring-mass 

vibration system. By these parameters, the resonance frequency can be determined. The 
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air in the neck oscillates severely when the incident wave attains the resonance 

frequency. At this particular frequency, the cavity stiffness is balanced by the air inertia 

at the neck, with the minor role of friction played in the oscillation dynamics. When the 

frequency of the incident wave falls out of the resonance frequency, the magnitude of 

the impedance escalates sharply. This means that the device will not respond to those 

sound, leading to a very narrow operation band. Similar to the expansion chamber, the 

dimensions and geometries of the resonators can alter their performance. Selamet and 

Lee (2003) proposed extending the neck into the resonator cavity, reducing the 

resonance frequency. Tang (2005) has improved the sound absorption capacity of 

resonators by introducing tapered necks. Seo and Kim (2005) have jointed arrays of 

resonators for lower and wider operation bandwidth. Apart from varying basic features 

of resonators, cooperation with other existing noise control method is also an area to 

explore. Absorptive materials are placed inside the resonators of Selamet et al. (2005). 

Park (2013) introduced micro-perforated panel absorbers backed by resonators. 

However, there is one significant problem in actual use. The wall-mounted resonator is 

a source of aerodynamic noise. Shear layers are formed between the neck mouth and 

the grazing flow of the main duct. There can be vortices rolling up in the shear layers. 

The resonator is excited and a tonal noise at the resonance frequency is induced. This 

can result in poor transmission loss, even creating an amplified noise. 

The Herschel-Quincke (HQ) tube is a kind of resonator that consists of one or more 

bypass waveguides. As there are path differences between the sound propagating 

through the main duct and waveguides, it results in phase differences between sound 

travelling via different pathways. The principle of the HQ tube is to adopt this 

phenomenon to achieve sound attenuation. The first idea was proposed by Herschel 

(1833) and further validated experimentally by Quincke (1866). Stewart (1928) has 



7 

 

pointed out that the sound attenuation is achieved not just purely by the destructive 

interference, but some other factors. Throughout decades of works, Selamet et al. (1994) 

and Selamet and Easwaran (1997) suggested analytical expressions for the transmission 

loss and resonance behaviour for the configuration having one or more bypass conduit 

respectively. The major application of HQ tubes is for vehicle engine and turbofan 

engine noise reduction. The idea of using the HQ tube in the ventilation duct noise 

control is less popular than other kinds of reactive silencers. In 2009, Huang (2009) had 

proposed a flute-like silencer combining the HQ tube, drum-like silencer and helium 

charged cavity for the low-frequency duct noise control. This device can perform very 

well in controlling low-frequency noise, but it is too complex to put into commercial 

use. 

The quarter-wave resonator is a pipe with one end opened and the other end closed. It 

can also be called as sidebranch resonator when it is attached to a flow duct. The sound 

goes into the sidebranch through the open end and is reflected at the closed end. Field 

and Fricke (1998) has demonstrated the attenuation mechanism in terms of acoustic 

impedance. When the reactance part of the impedance at the open-end is zero, the 

corresponding impedance of the resonator goes to a minimum. Fundamental mode 

resonance occurs when the wavelength is a quarter of the tube length. The attenuating 

frequency can be altered by changing the length of the tube. Koopman and Neise (1980 

and 1982) have tested an adaptive sidebranch to attenuate the blade noise from a 

centrifugal fan, achieving 29dB attenuation at the blade passage frequency. The general 

acoustic properties are further evaluated by Tang et al. (2003, 2004 and 2008) to 

examine the sound attenuation characteristics of different combinations of sidebranches, 

including single branch considered as T-junction of the main duct and slanted side 
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branch. Multiple sidebranch array resonator (Tang, 2012) is proposed for broadband 

noise control by using the coupling effect of the tubes and the expansion chamber effect. 

1.2.3 Flow cavity interactions 

In the previous researches conducted by Tang (2012), the narrow sidebranch array with 

different definite lengths in the ventilation ducts is proved to have broadband acoustic 

attenuation effects in the no-flow state by using the method of finite-element. The 

transmission loss of the device under flow-condition is tested (Tang et al., 2014) to 

examine the performance of the sidebranch array in actual use. The performance of the 

array has dropped significantly in the presence of a duct flow. Solving the flow-induced 

acoustical feature of the sidebranch resonator is very important to practical applications. 

The problem has been studied extensively. For example, East (1966) showed that 

discrete frequencies could be produced through the low Mach number flow oscillations 

along sidebranches. He has also proposed that the aerodynamic noise is induced by the 

shear layer "edge tone" effect, amplified by the cavity as a resonator. Bilanin and Covert 

(1973) suggested the idea of coupling between external stream and internal wave modes 

by the flow at the trailing edge. Nelson et al. (1981) examined the velocity and pressure 

field in the cavity by using a probe microphone. A two-component Laser-Doppler 

Velocimeter (L.D.V.) was used for the flow visualization for understanding the vortex 

shedding process. Rockwell (1983) described the mechanism of the noise radiation 

caused by oscillations of impinging shear layers. He showed the sequence for the 

oscillations to be self-sustaining. The series starts when the shear layer vortex impinge 

on the downstream edge, bounding a pressure wave back to the upstream. This 

disturbance initiates the velocity fluctuations within the shear layer. This facilitates the 

growth and the formation of new vortex. Therefore, the self-excitation oscillation 

mechanism is built. The flow visualization done at the mouth of a resonant sidebranch 
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by Ziada (1994) reveals the presence of vortex shedding at different conditions. 

Radavich and Selamet (2001) have tested the flow-acoustic coupling effect in the closed 

side branches. Graf and Ziada (2010) have introduced a model by investigating the 

sidebranch characteristic in the presence of a turbulent flow in the main duct. Their 

results exemplify important experimental observations of flow excited sidebranch 

resonances: including the occurrence of the lock-in phenomenon, the excitation of 

resonance by the single and double vortex modes of the shear layer, and nonlinear 

saturation at large pulsation amplitude due to vortex damping. To reduce the self-

sustained oscillations, Tonon et al. (2011) have proposed an analytical model for the 

length-detuning method. It is said to be effective for the cross configuration of double 

sidebranch systems, but the effectiveness for multiple sidebranch cases is doubtful. 

Gikadi et al. (2014) have done the numerical computation on the turbulent shear layer. 

They have found that the effect of Reynolds stresses should be included for predicting 

the vortex growth. Omitting it could result in overestimation of the growth. 

1.3 Objectives 

As discussed in the above literature review, the major challenges of the practical duct 

noise control are the broadband and low-frequency noise, and the aerodynamic noise 

induced by the mean flow within the ductwork system. Among all the methods 

mentioned above, the multiple sidebranch silencer is a relatively compact and simple 

solution. Its structure allows itself to have an adaptive character on targeted frequencies 

by changing the lengths of sidebranches. It behaves similarly to the Helmholtz resonator 

at the resonance frequency, but with simpler structure. The resonance frequencies can 

readily be approximated using the branch length. It is easy to couple up to achieve board 

band noise reduction. Under the no-flow condition, it gives a promising acoustic 

performance. However, the flow-induced noise production at the mouth of the 
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sidebranches has deteriorated the overall performance when the flow velocity is above 

a threshold. A shear layer is created by the grazing flow at the upstream edge of the 

resonator mouth because of the flow separation. This shear layer excites the 

sidebranches and produces tonal noises at frequencies close or equal to the sidebranch 

resonance frequencies. However, it is still unclear on the air movement in each 

sidebranch when a flow is applied. 

In this study, the major target is to develop a compact broadband low-pressure loss 

silencing device for general low Mach number flow duct applications. The first part of 

the study is to understand the branch behaviour under no-flow condition. The second 

part is to understand the behaviour of the array if the sidebranches only occupy a portion 

of the spanwise duct width. This step may be able to strengthen the attenuation 

performance by installing more devices. The third part of the study is the array 

performance under subsonic duct flows. It aims to find out a solution on reducing the 

impact of duct flow on the sound attenuation. 

1.4 Outline 

This thesis consists of six chapters. The structure of this thesis is arranged as follows: 

Chapter 2 introduces the methodology in details. It includes the theoretical models 

adopted for calculation, the numerical simulation environment and the experiment 

setups. 

Chapter 3 examines the acoustic properties of sidebranch mufflers. The first section 

considers the single-branch and 11-sidebranch model, which contains complex 

coupling interactions among all sidebranches. The second section is to introduce one 

more array on the opposite side of the existing array. It is to investigate the sound 
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transmission loss across a duct section installed with coupled sidebranch arrays under 

no-flow condition. 

Chapter 4 is to study the enhancement of the array by reducing the current array span 

width and introduce one more device next to it. More arrays and combinations are also 

studied when there are arrays mounted on the opposite duct wall. A three-dimensional 

FEM environment is adopted for illustrating the pressure contours within the system 

more clearly. 

Chapter 5 examines the sound attenuation in the presence of a subsonic flow in the duct 

system. The orientation of the array plays an essential role in easing the impact on the 

performance of the array. The orientation of the array can essentially affect the 

resilience of the array to the aerodynamic influence. It is studied through theoretical 

modelling and experimental validation. Pressure transducers are also used to obtain the 

acoustic pressure profile within each sidebranch for detail examination. 

Chapter 6 concludes this thesis and provides suggestions for future studies. The findings 

of this work are summarized. The recommendations on the direction for future works 

are provided. 
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Chapter 2. Methodology 

2.1 Introduction 

In this chapter, methodologies adopted in investigating the performance of the 

sidebranch arrays are described. This project is conducted by both finite-element 

computation and experiment. The sidebranch array silencer would be created in a finite-

element computation environment for simulation test. This part of the study can be done 

relatively quickly by using an acoustic numerical procedure such as COMSOL or by 

the finite-element solver of MATLAB after the correct form of air damping is 

determined. It should be noted that COMSOL has built-in data for air viscosity and 

damping already. The experimental data obtained with the prototype array is used for 

validating the numerical simulation. The analytical approach will produce a quicker 

insight into the energy distribution among the various duct modes in the sound 

transmission process.  The propagation of higher acoustic duct modes across the array 

section, their reflections and transmissions will be studied.  

Computer
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Figure 2.1.1. The illustration of the experimental set up 
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There are two major stages in the experiment. The first stage is to test the performance 

of several important settings found in the abovementioned parts of the proposed study. 

A test rig consists of a fan, converging and flow straightening section, wall-mounted 

loudspeaker, a test section with an anechoic termination is created for the experiment 

in the laboratory. Microphones are attached on the duct wall at different positions and 

the data are recorded instantaneously by a multichannel data logger. The results will be 

compared with the COMSOL simulations. The second stage of the present study is 

focused on the experimental investigation of the narrow sidebranch array sound 

transmission loss in the presence of a subsonic duct flow.  A maximum uniform flow 

velocity of about 20 m/s, which is comparable to those in practical ventilation ductwork, 

is carried out in all the experimental test cases.  The flow facility, the ducting, acoustic 

excitation and the anechoic duct termination is used.  The Reynolds number based on 

duct width will be around 2104 maximum. Finally, some methods, which are expected 

to be able to enhance the array’s performance in the presence of the duct flow, will be 

explored. 

There are three common indicators to present the performance of a noise control device. 

The first one is the noise reduction (NR). It is defined as the sound pressure level 

difference between two arbitrarily selected points, that one can be placed at the 

upstream and the other at the downstream. However, a standing wave is formed inside 

the duct. Therefore, the NR varies along with the transverse location of the microphone. 

Insertion loss (IL) is another index, which is to compare the acoustic power with and 

without the noise control device. It has the drawback of being influenced by the 

impedance of the installation environment. The third index is the transmission loss (TL). 

It is defined as the ratio between the sound power intensity between the incident sound 

power and the transmitted sound into an anechoic termination. It is independent of the 
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downstream condition and the source impedance. Thus, it is a convenient index to 

compare the performance of different noise control devices. 

 

 
Figure 2.1.2. Schematics of the experimental setup and cross-section of sidebranch muffler. All 

dimensions in mm. 

In the present study, the main duct has the dimension of 150mm x 173mm (a x b). The 

muffler consisted of 11 sidebranches of different lengths but the same width, w, of 15 

mm (0.1a).  The thickness of the wall between adjacent sidebranches, δ, was 1.5 mm 

(0.01a). The lengths of th𝑒 longest and shortest sidebranch in the array, l1 and l11, were 

150 mm and 75 mm respectively. 

There are two sidebranch length arrangements suggested by Tang (2012). One is in the 

form of a “Linear Length Variation” (LLV) such that the length of the ith sidebranch, 

li, is  

𝑙𝑖 = 𝑙1 − 0.1(𝑖 − 1)(𝑙1 − 𝑙11)  Eq.  2.1.1 
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The other one is established based on an approximately linear variation of fundamental 

resonance frequency of the sidebranch (LFV): 

1

𝑙𝑖
=

1

𝑙1
+ 0.1(𝑖 − 1) (

1

𝑙11
−

1

𝑙1
)  Eq.  2.1.2 

2.2 Theoretical approach  

The numerical model, initially developed by Tang (2012), treats the mouths of the 

narrow sidebranches as wall surface impedances. There are a few assumptions made 

before the derivation. First, the uniform and planar sinusoidal velocity air movement is 

assumed at the mouth of each sidebranches. Second, the viscous damping action along 

the branch is ignored from the consideration. 

 
Figure 2.2.1. Schematics and nomenclature adopted in the present study  

Let P(x,y) be the sound pressure, which is created by a single tube, at any point (x,y) 

along the infinitely long 2-D duct. It is expressed as: 

y 

x 
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𝑃(𝑥, 𝑦) =
𝜌𝑐0

2𝑎
∑(2 − 𝛿0𝑚)
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𝑚=0

(−1)𝑚𝑐𝑚𝑉𝑖

× cos (
𝑚𝜋𝑦

𝑎
)∫ [𝐻(𝑥 − 𝑥′)𝑒−𝑗𝑘(𝑥−𝑥′)/𝑐𝑚

𝐿𝑖+
𝑤
2

𝐿𝑖−
𝑤
2

+ 𝐻(𝑥′ − 𝑥)𝑒𝑗𝑘(𝑥−𝑥′)/𝑐𝑚  ] 𝑑𝑥′ 

Eq. 2.2.1 

 

where ρ is the ambient air density; δ and H denote the kronecker delta function and the 

Heaviside step function respectively; k is the wavenumber, that k=ω/co, while co is the 

ambient sound speed; cm is the modal wave speed for m ≥ 1, which can be expressed 

with the normalization by co as: 

𝑐𝑚 = ||
𝑘

√𝑘2 − (
𝑚𝜋
𝑎 )

2
|| 

Eq. 2.2.2 

 

The P(x,y) can be further developed by integration: 

𝑃(𝑥, 𝑦) =
𝜌𝑉𝑖𝑐0

𝑘𝑎
[sin (

𝑘𝑤

2
) 𝑒−𝑗𝑘|𝑥−𝐿𝑖|

− 2𝑗 ∑(−1)𝑚𝑐𝑚
2

∞

𝑚=1

× cos (
𝑚𝜋𝑦

𝑎
) sinh (

𝑘𝑤

2𝑐𝑚
) 𝑒−(𝑘/𝑐𝑚)|𝑥−𝐿𝑖|] 

Eq. 2.2.3 

 

by letting 𝑃(𝑥, 𝑦) = 𝑉𝑖𝐸(𝑥, 𝑦|𝐿𝑖, 𝑎) , the above equation can be simplified into: 
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𝐸(𝑥, 𝑦|𝐿𝑖, 𝑎) =
𝜌𝑐0

𝑘𝑎
[sin (
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Eq. 2.2.4 

 

For the fluid loading in terms of average pressure acting on a single air piston at the 

mouth of a sidebranch tube, it can be expressed as �̅� = 𝑉𝑖𝐹 ,where 

𝐹 =
𝜌𝑐0

𝑗𝑘𝑎
[1 − 𝑒−

𝑗𝑘𝑤
2

sin (
𝑘𝑤
2 )

𝑘𝑤
2

]

+ 2𝑗
𝜌𝑉𝑖𝑐0

𝑘𝑎
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2

∞

𝑚=1
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𝑗𝑘𝑤
2

sin (
𝑘𝑤
2𝑐𝑚

)

𝑘𝑤
2𝑐𝑚

] 

Eq. 2.2.5 

 

F is identical for all the sidebranch tubes and its magnitude is small if w/a is small. The 

first parts of E and F show the contributions of the plane waves while the second parts 

those of the evanescent waves for m ≥ 1. By considering the interaction from the main 

duct, the local single tube and the fluid loading outside the region, the average air 

pressure at the mouth of the ith sidebranch tube is: 

1

𝑤
∫

[
 
 
 
 

𝐼𝑒−𝑗𝑘𝑥 + ∑𝑉𝑗𝐸(𝑥, 𝑎|𝐿𝑗 , 𝑎)

𝑛

𝑗=1
𝑗≠𝑖 ]

 
 
 
 

𝑑𝑥 + 𝑉𝑖𝐹 = 𝑍𝑖𝑉𝑖

𝐿𝑖+𝑤/2

𝐿𝑖−𝑤/2

 

Eq. 2.2.6 

 

where I is the amplitude of the incident plane wave from upstream of the main duct, 

and Zi the acoustic impedance at the mouth of the ith sidebranch tube:  𝑍𝑖 =

𝑗𝜌𝑐𝑜 cot(𝑘𝑙𝑖). Figure 2.2.2 shows the respective terms for the acoustic pressures in Eq. 

2.2.6. The tube L4 is used as the demonstration.  𝐼𝑒−𝑗𝑘𝑥 is the incident acoustic pressure; 
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∑ 𝑉𝑗𝐸(𝑥, 𝑎|𝐿𝑗 ,  𝑎)𝑛
𝑗=1
𝑗≠𝑖

 is the branch mouth acoustic pressure by the fluid loading from 

other branch mouths; 𝑉𝑖𝐹: branch mouth acoustic pressure by its own fluid loading, and 

𝑍𝑖𝑉𝑖 : The average acoustic pressure at the branch mouth. 

 
Figure 2.2.2. Schematic drawing for the acoustic pressure acting on L4. 

Also, 
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Eq. 2.2.7 

 

which means that the impact on the ith tube by the jth tube is the same as that on the jth 

tube by the ith tube. 

And Vi can be obtained by solving the n simultaneous equations: 



19 

 

(

𝛼11 ⋯ 𝛼1𝑛

⋮ ⋱ ⋮
𝛼𝑛1 ⋯ 𝛼𝑛𝑛

)(
𝑉1

⋮
𝑉𝑛

) = (

𝐽1
⋮
𝐽𝑛

) 

Eq. 2.2.8 

 

where  

𝐽𝑖 =
1

𝑤
∫ 𝐼𝑒−𝑗𝑘𝑥

𝐿𝑖+𝑤/2

𝐿𝑖−𝑤/2

𝑑𝑥 =
sin (

𝑘𝑤
2 )

𝑘𝑤/2
𝑒−𝑗𝑘𝐿𝑖 

Eq. 2.2.9 

 

and 

𝛼𝑖𝑗 = {
−

1

𝑤
∫ 𝐸(𝑥, 𝑎|𝐿𝑖, 𝑎)𝑑𝑥

𝐿𝑖+𝑤/2

𝐿𝑖−𝑤/2
𝑓𝑜𝑟 𝑖 ≠ 𝑗

𝑍𝑖 − 𝐹 𝑓𝑜𝑟 𝑖 = 𝑗
  

Eq. 2.2.10 

 

The overall sound field far downstream of the sidebranch array is: 

𝑝𝑥→∞ = (𝐼 +
𝜌𝑐0

𝑘𝑎
sin (

𝑘𝑤

2
)∑𝑉𝑖𝑒

𝑗𝑘𝐿𝑖

𝑛

𝑖=1

)𝑒−𝑗𝑘𝑥 
Eq. 2.2.11 

 

which implies that TL = 20 × log10 |
𝐼

p𝑥→∞
| 

2.3 Simulation method 

The finite-element solver implemented in COMSOL (2015) is used in the present study 

to solve, in the frequency domain, the wave equation: 

022 =+ pkp    Eq.  2.3.1 

where p is the sound pressure and k the wavenumber. The longitudinal span of the main 

computational domain is set to be −8a  x  8a. The plane x/a = 0 represents the entrance 

of the sidebranch array section. A unit longitudinal plane wave is injected into this 

domain at x = −5a. The boundary condition at this inlet position is set according to the 

second-order boundary radiation condition of Givoli and Neta (2004). It gives a 
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vanishing reflection coefficient for normally incident waves. Under the present setting, 

this boundary condition is actually the same as that adopted in the previous studies of 

the authors (for instance, Tang (2012)). A perfectly matched layer is specified at x > 8a. 

The corresponding scaling factor and the curvature parameter are both set equal to unity. 

The ‘polynomial’ coordinate stretching is adopted. The length of this layer is one-fifth 

that of the main computational domain in order to ensure that there is no significant 

reflection at the end of the main computational domain. As all higher duct modes can 

only exist in the form of evanescent waves in the present frequency range of interest, 

they should have largely decayed, and thus are insignificant, at the two extreme ends 

of the main computational domain. All other surfaces are set as acoustically hard.  

Air is the medium for sound propagation in the present study. As in Nelson et al. (1987) 

and Lau and Tang (2000), the computational domain is set slightly absorptive to sound. 

An attenuation coefficient of 0.02 Np/m is adopted in this study, regardless of the sound 

frequency. This minimal absorption helps numerical convergence and avoids 

unrealistically small meshes, especially at high frequencies. It only results in an 

approximately 0.16 dB transmission loss when the sidebranch array section is replaced 

by a straight duct section over the whole frequency range of interest. This loss is 

insignificant when compared to those resulting from the arrays presented in Chapter 4. 

Without this absorption, the present setting reproduces the results of Tang (2012) at 

frequencies before the cut-on of the first higher duct mode. 

2.4 Measurement method 

2.4.1 Theory 

There are numerous methods to obtain complex sound amplitude with ducts. At first, 

only one microphone is employed to travel along the duct to resolve the reflection 
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coefficient and the normal acoustic impedance (Lippert 1953). However, the whole 

measurement process is time-consuming and errors occur easily due to lack of accuracy 

of the local maxima positon. The two-microphone method is proposed by Chung and 

Blaser (1980a, 1980b) with further development. As there are two microphones 

involved, the phase and the main difference between these microphones should be 

corrected. The first approach is to carry out a careful calibration for the microphones. 

It requires the exposure of the two microphones to the same sound field. A relative 

transfer function is obtained for future measurement correction. However, this phase 

calibration is not an easy task, especially when there are lots of adapters for building up 

the whole system. Thus the second method is preferable in the present study. It is the 

sensor-switching technique for automatic system calibration. Both gain and phase 

responses are cancelled out by taking a pair of measurements, where the sensors are 

switched in position in one of the measurements. Although it requires one more set of 

measurement to the first method, it does not require a sophisticated calibration 

procedure. The result is more promising as the auto-calibration is made in each 

switching.  

In the present study, the plane wave assumption is applied as only the frequencies below 

the first cut-on higher mode frequency is of interest. There are 4 points on the duct 

selected for data collection in order to resolve the TL for the noise control element. 

Thus four complex pressure signals, 𝑃𝑖 can be obtained. 

𝑃1 = 𝑃(𝑥1)𝐽1𝑒
𝑗𝜑1 = (𝐼𝑢𝑒−𝑗𝑘𝑥1 + 𝑅𝑢𝑒𝑗𝑘𝑥1)𝑒𝑗𝜔𝑡𝐽1𝑒

𝑗𝜑1 Eq. 2.4.1 

𝑃2 = 𝑃(𝑥1 + 𝛥𝑥)𝐽2𝑒
𝑗𝜑2 = (𝐼𝑢𝑒−𝑗𝑘(𝑥1+𝛥𝑥) + 𝑅𝑢𝑒𝑗𝑘(𝑥1+𝛥𝑥))𝑒𝑗𝜔𝑡𝐽2𝑒

𝑗𝜑2 Eq. 2.4.2 

𝑃3 = 𝑃(𝑥3)𝐽3𝑒
𝑗𝜑3(𝐼𝑑𝑒−𝑗𝑘𝑥3 + 𝑅𝑑𝑒𝑗𝑘𝑥3)𝑒𝑗𝜔𝑡𝐽3𝑒

𝑗𝜑3 Eq. 2.4.3 

𝑃4 = 𝑃(𝑥3 + 𝛥𝑥)𝐽4𝑒
𝑗𝜑4 = (𝐼𝑑𝑒−𝑗𝑘(𝑥3+𝛥𝑥) + 𝑅𝑑𝑒𝑗𝑘(𝑥3+𝛥𝑥))𝑒𝑗𝜔𝑡𝐽4𝑒

𝑗𝜑4 Eq. 2.4.4 
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where I and R represent the complex magnitudes for forward waves and backward 

waves in the duct respectively. Subscripts u and d denote upstream and downstream 

locations respectively. 𝐽𝑖  and  𝜑𝑖  are the gains and phase responses for the respective 

microphones. By swapping the microphones located in the upstream (M1, M2) and 

downstream (M3, M4),  𝑃𝑖
′can be obtained as follows:  

𝑃1
′ = 𝑃(𝑥1 + 𝛥𝑥)𝐽1𝑒

𝑗𝜑1 = (𝐼𝑢𝑒−𝑗𝑘(𝑥1+𝛥𝑥) + 𝑅𝑢𝑒𝑗𝑘(𝑥1+𝛥𝑥))𝑒𝑗(𝜔𝑡+𝜗)𝐽1𝑒
𝑗𝜑1 Eq. 2.4.5 

𝑃2
′ = 𝑃(𝑥1)𝐽2𝑒

𝑗𝜑2 = (𝐼𝑢𝑒−𝑗𝑥1 + 𝑅𝑢𝑒𝑗𝑥1)𝑒𝑗(𝜔𝑡+𝜗)𝐽2𝑒
𝑗𝜑2 Eq. 2.4.6 

𝑃3
′ = 𝑃(𝑥3 + 𝛥𝑥)𝐽3𝑒

𝑗𝜑3 = (𝐼𝑑𝑒−𝑗𝑘(𝑥3+𝛥𝑥) + 𝑅𝑑𝑒𝑗𝑘(𝑥3+𝛥𝑥))𝑒𝑗(𝜔𝑡+𝜗)𝐽3𝑒
𝑗𝜑3 Eq. 2.4.7 

𝑃4
′ = 𝑃(𝑥3)𝐽4𝑒

𝑗𝜑4 = (𝐼𝑑𝑒−𝑗𝑘𝑥3 + 𝑅𝑑𝑒𝑗𝑘𝑥3)𝑒𝑗(𝜔𝑡+𝜗)𝐽4𝑒
𝑗𝜑4 Eq. 2.4.8 

𝜗 is a constant phase shift between signals in equation set: Eq. 2.4.1 to Eq.2.4.4, and 

Eq. 2.4.5 to Eq.2.4.8. The complex reflection coefficients can be expressed by 

rearranging terms in the above equations: 

𝑅𝑢

𝐼𝑢
= −(

√𝐾21
′ 𝐾12 − 𝑒−𝑗𝑘∆𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘∆𝑥

) 𝑒−2𝑗𝑘𝑥1 
Eq. 2.4.9 

 

𝑅𝑑

𝐼𝑑
= −(

√𝐾43
′ 𝐾34 − 𝑒−𝑗𝑘∆𝑥

√𝐾43
′ 𝐾34 − 𝑒𝑗𝑘∆𝑥

) 𝑒−2𝑗𝑘𝑥3 
Eq. 2.4.10 

Where 𝐾𝑖𝑗 means the complex transfer function  

i.e.:  𝐾12 =
𝑃2

𝑃1
 , 𝐾21

′ =
𝑃1

′

𝑃2
′ , 𝐾34 =

𝑃4

𝑃3
 , 𝐾43

′ =
𝑃3

′

𝑃4
′ 

Therefore,  

𝑃1 = 𝐼𝑢𝑒−𝑗𝑘𝑥1 (1 −
√𝐾21

′ 𝐾12 − 𝑒−𝑗𝑘∆𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘∆𝑥

) 𝐽1 
Eq. 2.4.11 
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𝑃3 = 𝐼𝑑𝑒−𝑗𝑘𝑥3 (1 −
√𝐾43

′ 𝐾34 − 𝑒−𝑗𝑘∆𝑥

√𝐾43
′ 𝐾34 − 𝑒𝑗𝑘∆𝑥

) 𝐽3 
Eq. 2.4.12 

 

So the sound transmission coefficient for the main duct can be obtained by taking the 

ratio of  

𝐼𝑑
𝐼𝑢

=

𝑒𝑗𝑘(𝑥3−𝑥1)𝐽1 (1 −
√𝐾43

′ 𝐾34 − 𝑒−𝑗𝑘∆𝑥

√𝐾43
′ 𝐾34 − 𝑒𝑗𝑘∆𝑥

)

𝐾31𝐽3 (1 −
√𝐾21

′ 𝐾12 − 𝑒−𝑗𝑘∆𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘∆𝑥

)

 

Eq. 2.4.13 

And the sound transmission loss can be presented as: 

𝑇𝐿 = 20log10 |
𝐼𝑢
𝐼𝑑

| = 20 log10 |
|
𝐾31𝐽3 (1 −

√𝐾21
′ 𝐾12 − 𝑒−𝑗𝑘∆𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘∆𝑥

)

𝐽1 (1 −
√𝐾43

′ 𝐾34 − 𝑒−𝑗𝑘∆𝑥

√𝐾43
′ 𝐾34 − 𝑒𝑗𝑘∆𝑥

)
|
|
 

Eq. 2.4.14 

That 𝐾31 is the transfer function between M1 and M3, the ratio of 𝐽1 and 𝐽3  can be 

obtained thought the standard microphone calibration. The experimental setup in this 

study followed the previous study conducted by Tang (2012). 

2.4.2 Equipment and instrument 

The details of the test rig are described in the introduction, and thus they are not 

repeated here. The cross-section of the test section is 173 mm by 150 mm. The first cut-

off frequency is found to be 991Hz and sound waves becomes non-planar beyond this 

limit. Thus, only data below 900Hz is included in this study. The main duct model is 

made of 20mm-thick Perspex to avoid wall vibrations induced by the sound wave and 

high flow condition. The sidebranch is made by aluminium plates and assembled by 

screws. It is wrapped by a layer of metal foil to prevent air and sound leakage from 

gaps. Both “Linear Length Variation” (LLV) and “Linear Frequency Variation” (LFV) 

can be achieved by this model with fine adjustment.  
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Figure 2.4.1. The 11-sidebranch array 

In order to obtain the TL properly, all the reflected sound from the end of the 

downstream should be eliminated. Installing an anechoic termination at the end of the 

duct is a proper approach. There have been various designs proposed based on the ISO 

5136. An ideal anechoic termination gives a clear acoustic loading that it is independent 

of frequency and the same as the characteristic wave impedance. The design proposed 

by Neise et al (1994) is adopted in the present study. It has the pressure reflection 

coefficient decayed monotonically with frequency in the plane wave frequency range, 

which means it is a well-designed anechoic termination. The anechoic termination is 

made of fibreglass with the density of 48kg/m3 and supported by galvanized steel sheets. 

The sound power reflection coefficient due to this termination is less than 0.001 at 

frequencies above 200Hz. 

A loudspeaker (OPEL AP 6510C8 10W-80W) is amplified up to 120dB to provide 

incident wave for the experiment. With this high sound intensity, the background noise 

is negligible and this gives enough energy to excite the acoustic reactions within the 

sidebranches. White noise is generated by a signal generator (NTI) in this experiment. 

The Brüel & Kjær type 3506D PULSE system is used for data logging. The sensors 

connected are microphones (Brüel & Kjær type 4935 ¼”) and miniature pressure 

transducers (Endevco 8507c-2). Microphones are flush-mounted on the duct walls on 
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the top of each sidebranches for measuring the acoustic pressure. They are calibrated 

by the Brüel & Kjær type 4231 calibrator to obtain the correct sound level adjustment. 

The pressure transducers are inserted into the test rig to examine the pressure 

fluctuations induced by flow and sound in a separated measurement.  It is conditioned 

by Amplifier Model 136. The Turbulent Flow Instrumentation Seris-100 cobra probe 

is used to have real-time flow velocity monitoring during the experiment. One point to 

notice is that the insertion of cobra probe would induce turbulence afterwards. Thus, it 

must be removed from the duct before carrying out the acoustic measurement first and 

then re-inserted to aid the flow velocity adjustment. A HD402T3 pressure gauge is used 

for measuring the static pressure differences between the upstream and the downstream 

of the muffler.  

Figure 2.4.2. shows the apparatus as mentioned above.  

 
(a)  

(b) 

 

 
(c) 

 
(d) 

 
(e) 

 

 
(f) 
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(g) 

 

 
(h) 

 

 
(i) 

 

 
(j) 

 

 

Figure 2.4.2. (a) Calibrator, (b) Microphones, (c) Brüel & Kjær type 3506D PULSE system, (d) 

Loudspeaker, (e) HD402T3 pressure gauge, (f) Miniature pressure transducer and the amplifier, 

(g) Cobra probe, (h) Fan assembly with straightener and silencer, (i) Anechoic termination, 

(j) NTI signal generator 
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Chapter 3. Acoustic properties of the 

sidebranch muffler without flow 

3.1 Introduction 

In this chapter, the acoustic properties of the sidebranch mufflers is examined in terms 

of transmission loss and the resonance frequency range. The complexity of the muffler 

increases throughout the whole chapter. It begins with the single-sidebranch, followed 

by a single mounted 11-sidebranch array, and the double mounted 11-sidebranch array 

in the last section. All cases are done by using 2-dimensional FEM simulation. 

3.2 Transmission loss caused by sidebranches 

In this section, the fundamental behaviour of the sidebranch response is studied by FEM. 

Both the single-sidebranch and the 11-sidebranch array conditions are considered. 

There are two length variations of sidebranches, which are the “Linear Length Variation” 

(LLV) and the “Linear Frequency Variation” (LFV). 

 (a)  
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(b)  
Figure 3.2.1. TLs of single-sidebranch condition from (a) LLV; (b) LFV 

Figure 3.2.1(a) and (b) illustrate the TL from the FEM calculation in both LLV and 

LFV setups, that only the single-sidebranch condition is considered. The TL responses 

for each sidebranch are high in magnitude within a narrow bandwidth, which are the 

typical response of a reactive narrow sidebranch. Figure 3.2.2 shows the TLs of the 11-

sidebranch arrays with LLV and LFV arrangements. There are multiple TL peaks and 

valleys in both TL curves. The sound attenuation power of the 11-sidebranch array can 

not be simply regarded as the sum the attenuation power of individual sidebranches, 

there are more factors contributing to the TL performance of the array. 

 
Figure 3.2.2 TLs of the 11-sidebranch arrays with LLV and LFV arrangement. 
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Table 3.2.1 shows the fundamental resonance frequencies obtained from the single-

sidebranch and the 11-sidebranch array with LLV and LFV arrangements. The fluid 

loading effect occurs when there is more than one sidebranch in the system. This is 

shown in the Eq. 2.2.6 in the previous chapter. This may alter the effective length of 

the sidebranch. Therefore, it is reasonable when the resonance frequencies obtained 

from the 11-sidebranch array differ from the single-sidebranch condition. The shorter 

sidebranches (B8 - B11) are altered more in both LFV and LLV arrangements. Their 

resonance frequencies increase when they are placed in the 11-sidebranch array. 

  LLV arrangement LFV arrangement 

   ki,resa/  ki,resa/ 

Sidebranch i li/a 
Single-

sidebranch 

11-

sidebranch 

array 

li/a 
Single-

sidebranch 

11-

sidebranch 

array 

B1 1 1.0000 0.4592 0.4653 1.0000 0.4592 0.4601 

B2 2 0.9500 0.4811 0.4776 0.9093 0.5007 0.5064 

B3 3 0.9000 0.5051 0.5073 0.8333 0.5414 0.5449 

B4 4 0.8500 0.5318 0.5335 0.7693 0.5808 0.5799 

B5 5 0.8000 0.5611 0.5633 0.7140 0.6193 0.6140 

B6 6 0.7500 0.5935 0.5956 0.6667 0.6564 0.6525 

B7 7 0.7000 0.6302 0.6341 0.6253 0.6923 0.6945 

B8 8 0.6500 0.6709 0.6787 0.5880 0.7277 0.7399 

B9 9 0.6000 0.7163 0.7321 0.5530 0.7614 0.788 

B10 10 0.5500 0.7671 0.7977 0.5267 0.7924 0.8414 

B11 11 0.5000 0.8226 0.8860 0.5000 0.8226 0.9017 

Table 3.2.1. Lengths of sidebranches and their fundamental resonance frequencies obtained 

from the single-sidebranch and the 11-sidebranch array with LLV and LFV arrangements. 

Figure 3.2.3 shows the TL response of the arrays without partition walls between 

sidebranches. The array has become an expansion like structure, but without the typical 

ripple like expansion chamber response, which has periodical TL peaks and troughs 

along the spectrum. Instead, it behaves like a sidebranch resonator, with the TL peak at 

the ka = 0.6165π for LLV, and ka = 0.6448π for LFV. The higher resonance frequency 

for the LFV setup is due to the smaller internal volume of it. 
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Figure 3.2.3. TLs of the 11-sidebranch arrays with LLV and LFV arrangement without wall 

separations 

3.3 Transmission loss with coupled sidebranch arrays  

The arrangement of the double flush-mounted array is investigated in this section. The 

arrangements are presented in Figure 3.3.1. Coupling effect plays an essential role in 

the attenuation mechanism in the present array resonator. Hence the interaction of the 

sidebranches and arrays can be found. The frequency concerned is up to the first 

eigenfrequency of the duct. 

(a)   (b)  
Figure 3.3.1. The arrangement of the double flush-mounted array: (a) normal-arrangement; (b) 

reversed-arrangement. 
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The comparison of the sound transmission loss (TL) between different double mounting 

setups is illustrated in Figure 3.3.2. All the arrays presented here are in LLV setup. The 

base case is the single flush-mounted array. 

 
Figure 3.3.2. The TLs of single flush-mounted array (base case); double flush-mounted array 

in normal-arrangement; double flush-mounted array in reversed-arrangement. 

3.3.1 Normal-arrangement 

For the normal-arrangement, it is reasonable to see that the attenuation power becomes 

stronger, with the wider active bandwidth.  An attenuation of 3dB is often regarded as 

the just noticeable difference. A reference line determining the effective attenuation 

bandwidth and the frequency is set at this boundary. The base case has the bandwidth 

of 0.2231π starting from ka = 0.4268π. The normal-arrangement has the bandwidth of 

0.5012π starting from ka = 0.4417π. One point to notice that the TL of the base case 

from ka = 0.4268π to 0.4741π is higher than that of normal-arrangement. The higher 

frequency band attenuation effect is more obviously enhanced than the lower one when 

the overall performance of the normal-arrangement is considered. It is interesting to see 

that the frequency response has shifted to the higher side.  

As observed in Figure 3.3.2, the first peak of the normal-arrangement appears at ka = 

0.4793π, which is 0.014π higher than the base case. The peak separations are in the 
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same pattern as the base case, which raise with increasing in the frequency. The levels 

of the TL valleys are the other important factor affecting the array performance. In the 

base case, the levels of valleys are descending with an increase in frequency. 

Figure 3.3.3(a), (c) and (e) present the magnitude, the real part and the imaginary part 

of the acoustic pressure at ka = 0.4793π, where the first TL peak locates; Figure 3.3.3(b), 

(d) and (f) present the magnitude, the real part and the imaginary part of the acoustic 

pressure at ka = 0.4872π, where the first TL valley locates. Both flush-mounted arrays 

have identical acoustic pressures at these two frequencies. For the performance of the 

array, there is still 17dB attenuation power at the first TL valley. Therefore, there is 

almost no sound propagated downstream.  

 

(a)  

 

(b)  
  

 

(c)  

 

(d)  
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(e)  

 

(f)  
 

Figure 3.3.3. Double flush-mounted array in Normal-arrangement: Acoustic pressure 

magnitude at (a) ka = 0.4793π, (b) ka = 0.4872π; Real part of acoustic pressure at (c) ka = 

0.4793π, (d) ka = 0.4872π; Imaginary part of acoustic pressure at (e) ka = 0.4793π, (f) ka = 

0.4872π; 

3.3.2 Reversed-arrangement 

For the reversed-arrangement, the pattern of the TL curve is very different from the 

normal-arrangement. It has an effective band starting from ka = 0.4970π to 0.837π. For 

the frequency below ka = 0.6π, apart from the outstanding attenuation at ka = 0.4164π, 

the performance is very poor. The TL curve has strong fluctuation in this range. The 

magnitude, the real part and the imaginary part of the acoustic pressure are shown in 

Figure 3.3.4(a), (c) and (e). There is no obvious sound wave propagated downstream. 

Figure 3.3.4(b) shows the magnitude of acoustic pressure in the array at ka = 0.4663π, 

where the transmission loss at this frequency is zero. The magnitudes are nearly 

uniform. Figure 3.3.4(d) and (f) present the real part and the imaginary part of the 

acoustic pressure at ka = 0.4663π. They imply that the pressure at both arrays are out-

of-phase, as the real part of the pressure are opposite in magnitude while the imaginary 

part is the same. The resonance created in the arrays can completely cancel out each 

other at this frequency. The acoustic pressure of the incoming plane wave is maintained, 

no sound is attenuated at this frequency.  
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(a)  

 

(b)  
  

 

(c)  

 

(d)  
 

 

(e)  

 

(f)  
 

Figure 3.3.4. Double flush-mounted array in reversed-arrangement: Acoustic pressure 

magnitude at (a) ka = 0.4164π, (b) ka = 0.4663π; Real part of acoustic pressure at (c) ka = 

0.4164π, (d) ka = 0.4663π; Imaginary part of acoustic pressure at (e) ka = 0.4164π, (f) ka = 

0.4663π;  

3.3.3 Comparison between normal- and reversed-arrangement 

The normal- and reversed-arrangement behave very differently in terms of TL response. 

However, both of them have TL peaks at ka = 0.6192π with similar attenuation power 

(Figure 3.3.2). The respective acoustic pressures are shown in Figure 3.3.5 for further 

illustration. In the normal-arrangement, the acoustic pressure distribution is more even 

than that of the reversed-arrangement. Also, the maximum pressure magnitude is 

smaller. In the reversed-arrangement, the array flush mounted normally has similar 
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pressure distribution to the arrays in the normal-arrangement. Meanwhile, the array 

flushed mounted reversely do the major contribution to the sound attenuation. This can 

be observed from the real and the imaginary part of it in Figure 3.3.5(d) and (f). The 

acoustic pressures in B5, B6 and B7 are the strongest among all the sidebranches in this 

arrangement. 

 

(a)  

 

(b)  
  

 

(c)  

 

(d)  
 

 

(e)  

 

(f)  
 

Figure 3.3.5. At ka = 0.6192π, the magnitude of the acoustic pressure at in the (a) normal-

arrangement, (b) reversed-arrangement; the real part of the acoustic pressure at in the (c) 

normal-arrangement, (d) reversed-arrangement; the imaginary part of the acoustic pressure at 

in the (e) normal-arrangement, (f) reversed-arrangement 

Two more frequencies are selected for the comparison between these two arrangements. 

Figure 3.3.6(a) – (f) show the magnitudes, real and imaginary parts of the normal- and 
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reversed-arrangement respectively at ka = 0.4968π, that a TL peak of the normal-

arrangement and a TL valley of the reversed-arrangement locate at this frequency. In 

the normal-arrangement, only B1 to B4 in both arrays contribute to the sound 

attenuation. In the reversed-arrangement, all branches are involved. Branches of the 

reversely mounted array have stronger acoustic pressures then the normally mounted 

one. Pressures in these arrays are out-of-phase and it leads to the cancellation effect as 

described previously in part 3.3.2. Figure 3.3.7(a) – (f) show the magnitudes, real and 

imaginary parts of the normal- and reversed-arrangement respectively at ka = 0.4968π. 

The reversely mounted array reacts more readily than the normally mounted one in the 

reversed-arrangement. They are also much stronger then the pressures in the normal-

arrangement. Therefore, a TL valley of the normal-arrangement and a TL peak of the 

reversed-arrangement locate at this frequency 

 

(a)  

 

(b)  
  

 

(c)  

 

(d)  
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(e)  

 

(f)  
 

Figure 3.3.6. At ka = 0.4968π, the magnitude of the acoustic pressure at in the (a) normal-

arrangement, (b) reversed-arrangement; the real part of the acoustic pressure at in the (c) 

normal-arrangement, (d) reversed-arrangement; the imaginary part of the acoustic pressure at 

in the (e) normal-arrangement, (f) reversed-arrangement 

 

(a)  

 

(b)  
  

 

(c)  

 

(d)  
 

 

(e)  

 

(f)  
 

Figure 3.3.7. At ka = 0.6000π, the magnitude of the acoustic pressure at in the (a) normal-

arrangement, (b) reversed-arrangement; the real part of the acoustic pressure at in the (c) 

normal-arrangement, (d) reversed-arrangement; the imaginary part of the acoustic pressure at 

in the (e) normal-arrangement, (f) reversed-arrangement 
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3.4 Conclusion 

This first section of this chapter studies the muffler performance under single-

sidebranch and 11-sidebranch consideration. The LLV and LFV sequences are used for 

the ruling the length variations of sidebranches. For all sidebranches, the resonance 

frequencies obtained from the 11-sidebranch consideration cannot perfectly aligned 

with the respective resonance frequencies from the single-sidebranch consideration. 

The deviation increases with the shorter sidebranches. The fluid loading interactions 

between sidebranches are responsible for this phenomenon.  

The sound transmissions across the duct section with double flush-mounted LLV array 

is studied in the second section. Arrays are flush mounted in either normal- or the 

reversed-arrangement. The single flush-mounted array is adopted as the base case for 

comparison. There are significant differences between these two arrangements.  

The normal-arrangement improves the sound attenuation power and range when 

compared to the base case. The effective range also shifts to higher frequency.  The 

sidebranches having the same length are having the same pressure at the same 

frequency. In the reversed-arrangement, the effective attenuation range also shifts to 

higher frequency. The TL curve has strong fluctuation. The resonator has no attenuation 

power at ka = 0.4663π. The acoustic pressures in both arrays are out-of-phase while 

having identical magnitude. Therefore, the attenuation power is cancelled out. However, 

this coupling effect also contributes to a TL peak at the lower frequency range that both 

the base case and normal-arrangement are unable to attain. The differences of these two 

arrangements are illustrated again by the acoustic pressure obtained at ka = 0.6192π, 

that both arrangements give similar attenuation power at this frequency. 



39 

 

Through this study, it is shown that the arrangement of the array plays an important role 

in shaping the performance of a complex sidebranch resonator, which involves multiple 

arrays flush-mounted on different sides of the duct.  
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Chapter 4. Enhancement of the sidebranch 

array 

4.1 Introduction 

In this chapter, the performance of the coupled arrays with half of the duct width are 

focused. By reducing the width of the sidebranches, more arrays with different settings 

can be included to achieve enhancement. All the cases are done by using 3-dimensional 

FEM simulation.  

4.2 Low frequency interactions between coupled narrow 

sidebranch arrays 

In this section, the possibility of improving array acoustical performances by 

introducing more sidebranches of different resonance frequencies on one side of a duct 

section is investigated. The corresponding sidebranch interactions are also examined. 

It is hoped that this study can reveal the optimum low frequency performances one can 

expect of sidebranch arrays. The sound attenuation magnitudes, the working 

bandwidths and the continuity of the TL spectra are chosen to be the performance 

indicators. 

4.2.1 Array configurations 

Figure 4.2.1 illustrates the schematics of an array of 11 sidebranches installed flushed 

with one of the walls of a rectangular duct having a cross-section dimension of a by b 

(b > a) and the nomenclatures of this study. The ratio b/a is set equal to π/e (where e is 

the natural number) in order to avoid the degenerated duct modes. There are two ways 

to introduce more sidebranches without increasing the overall array length. The first 
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one is to reduce the sidebranch width w to accommodate more sidebranches in the 

longitudinal direction. However, w (= 0.1a) is already small and it is found from a 

preliminary study with air damping ignored that too small a sidebranch width w will 

result in very spurious TL spectra with undesirably low TL troughs between the TL 

peaks. In the presence of air damping, the magnitude of the mouth impedance is 

expected to increase as w decreases such that the sidebranchs will be acoustically harder, 

resulting in poor sound attenuation performance. The second approach is to reduce the 

sidebranch span s such that more sidebranch arrays of the same overall length can be 

added side-by-side with each other. Again, s cannot be too small, but there is room for 

its reduction. This approach is adopted in the present study. The thicknesses of the walls 

separating two coupling arrays and that separating two adjacent sidebranches are both 

fixed at 0.1w. 

 
Figure 4.2.1. Schematics of the basic sidebranch array setup and nomenclatures. 

For simplicity, the linear sidebranch length variation model of Tang (2012) is adopted 

in the present study. The length of the ith sidebranch in the array, li, is  

𝑙𝑖 = 𝑙𝑚𝑎𝑥 −
𝑖 − 1

𝑛 − 1
(𝑙𝑚𝑎𝑥 − 𝑙𝑚𝑖𝑛) 

Eq. 4.2.1 

where n = 11, while lmax and lmin are the lengths of the longest and shortest sidebranches.  
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Figure 4.2.2 Effects of sidebranch spanwise width on the TL 

Figure 4.2.2 shows the effect of s on the TL across a single sidebranch array with lmax 

and lmin equal 1.025a and 0.525a respectively in the undamped condition. As s is 

reduced, the TL spectra become more spurious with more discrete sharp TL peaks. The 

benefit of bandwidth widening by sidebranch interactions is gradually lost. The 

magnitudes of the TL peaks become stronger while those of the troughs go lower as s 

decreases. The TL peak frequencies are also closer to the fundamental quarter-

wavelength tube resonance frequencies when s is small. Though a smaller s would mean 

the possibility of incorporating more sidebranch arrays of different length series in the 

silencing assembly, this will also increase the complexity of the device. It is believed 

that s = 0.5b is a legitimate choice. 

The two sidebranch arrays in this study are hereinafter referred as Arrays A and B. The 

lengths of the sidebranches in Array A follow those presented in Eq. 4.2.1: 

𝑙𝑖,𝐴 = 𝑎 − 0.05𝑎(𝑖 − 1) Eq. 4.2.2 

while those in Array B are  
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𝑙𝑖,𝐵 = 1.025𝑎 − 0.05𝑎(𝑖 − 1) Eq. 4.2.3 

where the suffices A and B denote quantities related to Arrays A and B respectively in 

the rest of this paper. Though the lengths of the sidebranches in the two arrays are 

similar, the TL peak frequencies associated with Array B are close to those of the TL 

troughs of Array A and vice versa.  A more broadband performance of the coupled 

arrays is thus anticipated.  

 

 
Figure 4.2.3 Sidebranch array configurations adopted in this study. 

The results of Tang (2012) indicate that the TL across the focussed duct section can be 

increased by coupling an identical array on the opposite side of the duct. There are two 
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arrays and thus there are several possible configurations of coupled array assembly. 

Figure 4.2.3 summarizes the basic test cases in this study. The suffix ‘rev’ represents 

the cases where the position order of the sidebranch tubes in the lower array is reversed. 

There are also cases where the separating walls between the two side-by-side arrays are 

removed. The notation of “|” is removed from the corresponding case codes. The 

present study is mainly focussed at frequencies below that of the first asymmetric eigen-

mode of the duct, that is, kb <  or ka < 0.86. A design formed by one Array A and 

one Array B is hereinafter referred to as a coupled array. The Array A and Array B with 

𝑠 = 0.5𝑏 are called sub-arrays in the foregoing discussions. They are the basic elements 

that make up the other coupled array designs. 

4.2.2 Numerical Method 

Unstructured tetrahedral and triangular meshes are adopted in this study. There are also 

triangular meshes on surfaces, edge elements along edges and vertex elements at 

corners. The maximum mesh size is kept less than 1/6 of the shortest wavelength 

included. For the tetrahedral meshes, the curvature factor is fixed at 0.2 for all the 

meshes, while the average growth rate and the average mesh quality index are 1.74 and 

0.73 respectively. The variations of the latter two indices across meshes are very small. 

For the triangular meshes, the average mesh quality index is approximately 0.92. Table 

4.2.1. summarizes the information of the numerical meshes adopted in this study. 

Though the minimum mesh quality indices are small, the number of meshes having 

such a small quality index is in fact very limited.  

Mesh Type Mesh Data Array Design 

[A], [B] [A|B], 

[AB] 

[A]

[A]
, 
[A] 

        

[A] 
rev

, 

[B]

[B]
, 
[B] 

        

[B] 
rev

, 

 

[A|B]

[A|B]
, 
[A|B]

[B|A]
, 

[A|B] 
        

[A|B] 
rev

,  

[A|B] 
        

[B|A] 
rev

, 

 

[A|B]

[A B]
, 
[A|B]

[B A]
, 

[A|B] 
        

[A B] 
rev

,  

[A|B] 
        

[B A] 
rev

, 

 

[A B]

[A B]
, 
[A B]

[B A]
, 

[A B] 
        

[A B] 
rev

,  

[A B] 
        

[B A] 
rev

, 

 

Tetrahedral Number of elements 312344 – 

312519 

321334 – 

324600 

612624 – 

625116 

633296 – 

636639 

636663 – 

637621 

636299 – 

638714 

 Minimum element 

quality 

0.0715 – 

0.0987 

0.0788 – 

0.0825 

0.0641 – 

0.0968 

0.0714 – 

0.1042 

0.1111 – 

0.1138 

0.0881 – 

0.1081 
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 Average element 

quality 

0.7268 – 

0.7277 

0.7272 – 

0.7275 

0.7265 – 

0.7299 

0.7282 – 

0.7285 

0.7277 – 

0.7282 

0.7264 – 

0.7268 

 Maximum growth 

rate 

3.762 – 3.908 3.661 – 4.093 3.883 – 4.970 3.858 – 4.393 3.848 – 4.174 3.925 – 4.220 

 Average growth 

rate 

1.742 – 1.745 1.741 – 1.746 1.739 – 1.744 1.738 – 1.741 1.740 – 1.743 1.744 – 1.745 

Triangular Number of elements 44550 – 

44590 

46724 – 

47458 

74692 – 

87122 

90740 – 91236 91693 – 91819 92780 – 

92900 

 Minimum element 

quality 

0.2671 – 

0.2744 

0.2640 – 

0.2724 

0.2610 – 

0.2744 

0.4068 – 

0.4127 

0.2724 – 

0.2726 

0.2724 

 Average element 

quality 

0.9206 – 

0.9216 

0.9197 – 

0.9228 

0.9158 – 

0.9234 

0.9233 – 

0.9235 

0.9228 – 

0.9231 

0.9212 – 

0.9220 

Edge Number of elements 3377 – 3387 4065 – 4151 6313 – 6513 8091 – 8114 7981 – 7982 7868 – 7870 

Vertex Number of elements 100 166 – 188 188 364 342 320 

Table 4.2.1. Details of the meshes adopted in the present study 

Figure 4.2.4 illustrates the quality index distributions of the 
[A B] 

       

[A B] 
rev mesh with a bin-

width of 0.01. One can observe that over 90% of the tetrahedral meshes are with a mesh 

quality index higher than 0.5. The probability distributions are very much negatively 

skewed. The quality index distributions for all the other meshes used in this study are 

very similar to those shown in Figure 4.2.4 and thus they are not presented. A further 

reduction of the mesh size does not result in any meaningful changes in the numerical 

results. 

 

Figure 4.2.4. Quality index distributions of the 
[A B]        

[A B]rev  mesh. Tetrahedral mesh : ⎯⎯⎯ : 

cumulative; ⎯  ⎯ : probability distribution; Triangular mesh : − − − − : cumulative; ⎯  ⎯ : 

probability distribution. 
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4.2.3 Standalone coupled array 

 
Figure 4.2.5. Sound transmission loss across [A|B] and [A B].  

As the effective frequency range of Arrays A and B is 0.4 < ka < 0.8 (Figure 4.2.2), 

the foregoing discussions will be focused in this frequency range. Figure 4.2.5 

illustrates the frequency variations of the TLs of [A|B] and [A|B]. Those of [A] and [B] 

are also presented for the sake of easy comparison. Though the results in Figure 4.2.2 

suggest that the acoustical performance of the array is reduced when its span s decreases, 

the side-by-side arrangement of [A] and [B] of s = 0.5b (wall thickness between arrays 

included) does not cause the kind of performance deterioration shown in Figure 4.2.2. 

In fact, the characteristics of the frequency variation of TL of [A B] are very similar to 

those of [A] or [B]. The sound transmission loss mechanisms are very similar to those 

of [A] or [B] which have been discussed in Tang (2012). Thus, they are not discussed 

here. However, one should note that the overall performance of [A B] is slightly better 

than those of [A] and [B] on average. [A B] gives more TL peaks than [A], [B] and 

[A B] within the frequency range of interest. There is also higher chance that [A|B] can 

provide satisfactory noise reduction than the other three designs. 
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A strong peak is observed at ka ~ 0.4644. This frequency is very close to that of the 

first TL peak of [A] and that of the second TL peak of [B]. Figure 4.2.6(a) illustrates 

the iso-surfaces of the sound pressure (real part) within the duct section installed with 

[A|B] at ka = 0.4644. The concerted resonance at the entrance of the [A] and [B] sub-

arrays that make up [A|B] results in such a strong transmission loss of [A|B]. The TL 

peaks of [A|B] for ka > 0.48 are mainly due to the concerted strong pressure 

fluctuations in the two sub-arrays or the coupled resonance between adjacent tubes in 

one of the sub-arrays. The latter is more pronounced at higher frequencies. Some 

examples of these phenomena are given in Figure 4.2.6 (b) and (c). 

[A|B] has a problem at ka = 0.4426 where an abrupt and sharp TL dip is observed. 

The wall between the two sub-arrays that make up [A|B] gives rise to a discontinuity 

midway along the duct span. The acoustical behaviours inside the sidebranches of the 

two arrays can thus be different under the same excitation. One can observe from Figure 

4.2.6(d) that the strong longitudinal pressure fluctuations inside the first two 

sidebranches of the two sub-arrays are out-of-phase such that these two arrays result in 

a dipole radiation and thus a weak cancelling wave downstream inside the main duct 

downstream. The corresponding TL is therefore weak. The TL troughs found at higher 

frequencies are due to the actions of three/four nearby sidebranches in general, giving 

out dipole radiation along the length and span of the duct, which is somewhat like an 

asymmetric quadrupole radiation. Typical examples of such sidebranch coupling are 

given in Figure 4.2.6(e) and (f). 
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Figure 4.2.6. Iso-surfaces of sound pressures inside [A|B] at some TL peak and trough 

frequencies. Peaks: (a) ka = 0.4644; (b) ka = 0.5230; (c) ka = 0.6017. Troughs: (d) ka = 

0.4487; (e) ka = 0.5309; (f) ka = 0.5746. 

(a) (d) 

(b) 

(c) 

(e) 

(f) 

Coupled 

resonance in 

one sub-array 

Concerted 

strong pressure 

fluctuations in 

two sub-arrays 

Anti-phase 

resonance in 

two sub-arrays 

Asymmetric 

quadrupole 

radiation 
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4.2.4 Coupled arrays on opposite duct walls 

(a)  

(b)  

Figure 4.2.7. Sound transmission loss across coupled sidebranch arrays. (a) 
[A|B]

[A|B]
 family; (b) 

[A|B]

[B|A]
 family.  

For the cases of two coupled arrays installed on opposite duct walls, there are four ways 

the sidebranch array coupling can be done as shown in Figure 4.2.3. Figure 4.2.7 

illustrates the TLs of 
[A|B]

[A|B]
 and 

[A|B]

[B|A]
 with and without the middle sidebranch walls. The 

data of the full span 
[A]

[A]
 and 

[B]

[B]
 are also presented for the sake of easy comparison. In 

general, the coupling of sidebranch arrays on opposite duct walls increases the TLs at 

frequencies below the first spanwise eigenmode frequency of the duct (kb = ). The 
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performances of 
[A|B]

[A|B]
 and 

[A|B]

[B|A]
 for kb <  are very similar, though there is a very small 

shift in the frequencies of TL peaks. 

The performances of 
[A|B]

[A|B]
 and its derivatives, especially that of 

[A B]

[A B]
, at kb ~  are in 

general worse than those of the 
[A|B]

[B|A]
 family. It is because of the stronger forcing of the 

first spanwise higher acoustic mode by the 
[A|B]

[A|B]
 family. The [A|B] and [B|A] tend to 

excite this higher spanwise mode in an out-of-phase manner and thus the much weaker 

spanwise mode excitation of the 
[A|B]

[B|A]
family. The higher acoustic modes are left to 

further investigations. Unless otherwise stated, the foregoing analysis will be focused 

on the 
[A|B]

[B|A]
 family. 

The overall performances in term of sound power transmission loss of the three setups 

of the 
[A|B]

[B|A]
 family are very similar. As expected 

[A|B]

[B|A]
 and 

[A|B]

[B A]
 give more TL peaks. The 

former results in sharp and strong TL peaks, but it also gives rise to deeper TL toughs. 

The TL of the latter can be maintained at relatively high level within the frequency 

range of interest. The designs 
[A B]

[B A]
 and 

[A|B]

[B|A]
 are less preferable as there are many 

occasions that they result in TL toughs lower than those of 
[A|B]

[B A]
. The performance of 

[A B]

[B A]
 is similar to those of 

[A]

[A]
 and 

[B]

[B]
. The introduction of sub-arrays has improved the 

acoustical performance of the sidebranch array in terms of sound power transmission 

uniformity and the magnitude of the sound transmission loss across the frequency range 

of interest. 

The strong TL dip of [A|B] at ka = 0.4426 (Figure 4.2.5) is again observed in these 

coupled cases but at a different frequency. Figure 4.2.8(a) shows the sound pressure 
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iso-surfaces of 
[A|B]

[B|A]
 at similar dip frequency. A quadrupole-like radiation is resulted 

because of the out-of-phase resonances of the [A] and [B] sub-arrays. Since quadrupole 

radiation is weak, the cancelling plane wave so generated should be weak and thus the 

appearance of this TL dip. The TL peak at ka = 0.4452 preceding this dip is due to the 

cancelling wave resulted from the relatively in-phase monopole radiations from the [A] 

sub-arrays as shown in Figure 4.2.8(b). The sound pressures inside the other branches 

are very weak. 

Figure 4.2.8(c) illustrates the sound pressure iso-surfaces of 
[A|B]

[B A]
at the corresponding 

dip frequency. For this asymmetric 
[A|B]

[B A]
 design, the frequency responses of the upper 

and lower arrays are very different. At the dip frequency, there is no resonance in the 

lower array and the sound pressure within its first sidebranch is relatively uniform. The 

wave interactions in the upper array are very similar to that of [A|B] (c.f. Figure 

4.2.5(a)). However, the action of the velocity oscillation at the mouths of the first 

several sidebranches of the lower array can still produce a cancelling wave downstream 

even the dipole-like radiation of the upper array fails to do so. The relatively uniform 

sound pressure inside the lower array at low frequency tends to smooth out the 

irregularity observed in the 
[A|B]

[B|A]
 case discussed in the previous paragraph. This is also 

the main reason why the TLs of 
[A|B]

[B A]
 can be maintained at relatively higher level than 

the other two designs in general. This will be discussed further later. 
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Figure 4.2.8. Sound pressure iso-surfaces in 
[A|B]

[B|A]
 and 

[A|B]

[B A]
 near the first relatively prominent 

TL dips. (a) 
[A|B]

[B|A]
, ka = 0.4478; (b) 

[A|B]

[B|A]
, ka = 0.4452; (c) 

[A|B]

[B A]
 , ka = 0.4434. 

The TL peaks are also resulted from the concerted resonances inside the sidebranches 

of the tow coupled arrays. For the 
[A|B]

[B|A]
 design, the peaks are similar in magnitudes in 

(a) 

(b) 

(c) 

Strong quadrupole 

radiation resulted 

from all sub-arrays 

Monopole radiation 

from [A] sub-array 

Dipole radiation from 

upper coupled array 
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general. The relatively higher peaks are due to the strong acoustical activities within 

two consecutive sidebranches of the [A] sub-arrays as shown in Figure 4.2.9(a). In order 

to better illustrate the sound fields inside the sidebranches, the sound pressure iso-

surfaces viewed from the two opposite sides of the main duct are presented in each sub-

figure of Figure 4.2.9. Under this condition, the resonance takes place inside the third 

and the fourth sidebranches of the [A] sub-array and the in-phase interaction takes place 

in the sidebranches of the [A] sub-array at the opposite corner of the duct cross-section. 

The acoustical activities in the [B] sub-arrays are insignificant. The relatively lower 

peaks are the results of the interaction between nearby sidebranches of the [A] and [B] 

sub-arrays as shown in Figure 4.2.9(b), resulting in quadruple-like cancelling field as 

discussed before in Figure 4.2.8(a). The cancelling wave is expected to be weaker than 

that shown in Figure 4.2.9(a), and thus a relatively lower TL. In this case, the main 

resonance takes place within one sidebranch of the [B] sub-array. It is found that the 

TL troughs between the abovementioned TL peaks are associated with a situation where 

there are strong acoustical activities in three consecutive sidebranches of either the [A] 

or the [B] sub-arrays. Typical examples are shown in Figure 4.2.9(c) and (d). 

 

(a) 

Strong pressure 

fluctuations in only 

[A] sub-arrays 
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Figure 4.2.9. Typical sound pressure iso-surfaces in 
[A|B]

[B|A]
 at frequencies of TL peaks for kb/ < 

1 and ka > 0.5. (a) ka = 0.5466; (b) ka = 0.5055; (c) ka = 0.5265; (d) ka = 0.5405. 

For the 
[A|B]

[B A]
 design, the magnitudes of adjacent TL peaks are very different. However, 

the wave interactions which are associated with the alternatively higher and lower TL 

peaks are similar to those observed in the 
[A|B]

[B|A]
 case as shown in Figure 4.2.10. One 

major difference is that the sound pressure spanwise variation within the lower [B A] 

array is very small. This relatively uniform sound pressure helps maintain the TL at 

relatively higher level than those in the other designs of the family. The wave 

(c) 

(d) 

(b) 

Interaction between 

nearby sidebranches 

of [A] and [B] sub-

arrys 

Strong acoustic 

activities in 3 

consecutive 

sidebranches of [B] 

sub-array 

Strong acoustic 

activities in 3 

consecutive 

sidebranches of [A] 

sub-array 
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interactions for the 
[A|B]

[A|B]
 cases with and without partition walls are very similar to those 

of their 
[A|B]

[B|A]
 counterparts for ka <  and thus are not presented. 

 

 

 

 

Figure 4.2.10. Sound pressure iso-surfaces in 
[A|B]

[B A]
at some TL peak frequencies. (a) ka = 

0.5633; (b) ka = 0.5685; (c) ka = 0.5764. 

(b) 

 

(a) 

(c) 
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4.2.5 Coupled arrays with opposite sidebranch 

(a)  

(b)  

Figure 4.2.11. Sound transmission loss across coupled arrays with reversed sidebranch 

order arrangement. (a) 
[A B] 

        

[B A] rev, 
[A|B] 

        

[B A] rev and 
[A|B] 

        

[B|A] rev; (b) 
[A B] 

        

[A B] rev, 
[A|B] 

        

[A B] rev and 
[A|B] 

        

[A|B] rev.  

The arrangement sequence of the sidebranches in the two arrays has significant impacts 

on the TL. Figure 4.2.11(a) illustrates the TLs of the abovementioned coupled arrays 

with the sidebranch arrangement orders of the lower arrays are reversed (that is, 
[A|B] 

        

[B|A] rev
 

and its derivatives). First, the asymmetric sidebranch arrangement tends to excite the 

first odd acoustic mode across the duct width and thus the performances of the coupled 

arrays are bad as ka/ approaching unity. The corresponding results of the 
[A|B] 

        

[A|B] rev 
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family, except those of 
[A|B] 

        

[A|B] rev, are nearly the same as those of their counterparts in the 

[A|B] 
        

[B|A] rev
family (Figure 4.2.11(b)). 

The reversed sidebranch order lowers significantly the low frequency performances of 

all the coupled arrays, except at around ka ~ 0.42, where the strong TL peaks are 

independent of sidebranch resonance characteristics. The corresponding sound fields in 

[A|B] 
        

[B|A] rev  at ka = 0.4128 viewed from the two opposite sides of the main duct are 

illustrated in Figure 4.2.12(a). The abrupt and large change in acoustic impedance at 

the two ends of this duct section gives rise to strong sound pressure fluctuations inside 

the longest sidebranches of each sub-array. The vigorous air movements at their mouths 

create strong forward and backward travelling waves. The length of the 11-tube 

sidebranch array, L11, is 1.2a and the first frequency of high sound transmission loss as 

estimated using the expansion chamber TL formula is kL11 = 0.5  ka = 5/12  

0.4167. This strong TL peak is thus due to some sort of longitudinal resonance across 

the length of the coupled array duct section in a way similar to that inside a regular 

expansion chamber. The TL dip at around ka ~ 0.46 is due to acoustic resonance along 

the longest sidebranches. One can also observe the small TL peak and dip in between 

the strong TL peak and dip. The corresponding mechanisms have been discussed before 

in section 4.2.4 and thus are not repeated here. 

For the designs 
[A|B] 

        

[B|A] rev and 
[A|B] 

        

[A|B] rev for ka > 0.54 (which is slightly higher than the 

fundamental resonance frequency of the longest sidebranch in [A]), the TL troughs are 

in general associated with strong acoustical pressure inside one sidebranch of one sub-

array together with strong out-of-phase pressures inside two adjacent consecutive 

sidebranches of the other array. An example is illustrated in Figure 4.2.12(b). The TL 
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peaks are found when much stronger sound pressure is excited in one of the sub-arrays 

than in the others (for instance, Figure 4.2.12(c)). One can observe that the sound 

pressures within the upper array, whose longest sidebranches are facing the incident 

sound, are relatively weak throughout the process. This is probably due to the smaller 

reflection at the leading edge of the lower array because of the smaller wall impedance 

change experienced by the sound when it propagates across this edge than the 

corresponding one of the upper array. The sound pressure fluctuations near to the lower 

array are stronger and thus the stronger excitation to its sidebranches.  

For 0.42 < ka < 0.54, the abovementioned expansion chamber effect and the low 

resonance frequencies of the longer sidebranches of the [A] and [B] sub-arrays tend to 

maintain strong pressure fluctuations inside the first several sidebranches of the upper 

array. However, unlike the un-reversed cases, the strong acoustical activities of the 

upper and lower arrays are more often out-of-phase and do not occur on the same axial 

plan (c.f. Figure 4.2.8(a) and Figure 4.2.12(d)). It is conjectured that the expansion 

chamber effect has limited the TL across the duct section installed with the sidebranch 

arrays. These out-of-phase pressure fluctuations, which take place within three to four 

sidebranches of each sub-array, tend to reduce the magnitude of the cancelling wave 

and further lower down the TL. Such kind of cancelling pressure fluctuations is not 

found in the coupled arrays with at least one side wall between the [A] and [B] sub-

array removed. The low frequency performances of 
[A|B] 

        

[B|A] rev
 (and also 

[A|B] 
        

[A|B] rev
) is thus 

the worst in this design family.  

It should be noted that the coupled arrays with reversed sidebranch order arrangement 

is not preferable compared to their un-reversed counterparts as they can only offer better 

TL within a relatively narrow bandwidth. 
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Figure 4.2.12. Examples of sound pressure iso-surfaces within 
[A|B] 

        

[B|A] rev . (a) ka = 0.4128; (b) 

ka = 0.5746; (c) ka = 0.5808; (d) ka = 0.5134. 

4.2.6 Summary 

The wave interactions that result in the sound transmission losses across coupled 

sidebranch arrays in an infinitely long rectangular duct are investigated numerically 

(a) 

(c) 

(d) 

(b) 
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using the finite-element-method in this study. Two sidebranch arrays with different 

branch length series are considered in this study. For each array, the sidebranch lengths 

vary linearly with distance from its leading edge. These two length series are so chosen 

that there is no overlapping of sidebranch resonance frequencies. Each sidebranch array 

consists of eleven narrow sidebranches as in the previous chapters and its width is half 

the spanwise width of the duct. The cases where the array widths equal the spanwise 

width of the duct are also presented for comparison purposes. The present study is 

focussed at frequencies below the first higher duct mode cut-off frequency. The 

spanwise width of the duct is longer than its vertical width.  As the configuration in the 

present study is three-dimensional, several types of wave interactions have not been 

reported in previous chapters. 

For the case of a side-by-side coupled array on one single duct wall, the sound 

transmission loss peaks come basically from either the concerted strong pressure 

fluctuations in the two coupled arrays or the resonance between adjacent sidebranches 

in one of these arrays. The latter is more pronounced at higher frequencies. The sound 

transmission loss toughs are usually the result of the joint action of three to four adjacent 

sidebranches, forming some sort of asymmetric quadrupole cancelling wave fields. The 

performance of the coupled array is somewhat similar to those of the individual arrays 

making up the coupled array if the separating walls between the arrays are removed. 

For the cases with two coupled arrays mounted on opposite duct walls and with the 

longest sidebranch of each sub-array facing the incoming incident planar sound wave, 

the spectral variations of the sound transmission losses across the coupled arrays are 

basically not affected much by the locations of the sub-arrays before the cut-on of the 

first higher duct mode. Stronger and more uniform sound transmission losses across the 

frequency range of interest than the single coupled array are observed. The combined 
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in-phase action of the two coupled arrays results in stronger sound cancelling capacity. 

However, the asymmetric quadrupole sound field is generated when the velocity 

oscillations in the two coupled arrays are out-of-phase, resulting in relatively lower 

sound transmission loss. The performance of this array system can be improved by 

removing the sub-array separating wall of one of the coupled arrays as the 

abovementioned out-of-phase velocity oscillations is less likely to occur because of the 

then very different frequency characteristics of the two coupled arrays. 

The low frequency performance of the two coupled arrays is significantly reduced when 

the sidebranch arrangement order of one of the coupled arrays is reversed. It appears 

that the array section behaves like an expansion chamber at low frequencies. The array 

systems with the sub-array separating walls intact are the worst designs. The out-of-

phase oscillations inside the two coupled arrays, which take place at different axial 

positions within the array section, tend to weaken further the corresponding sound 

transmission losses. At higher frequencies, the coupled array with its longest sidebranch 

facing the incoming sound is much less responsive acoustically than the other array.  

4.3 Further modification of narrow sidebranch array for duct 

noise control 

In this section, all the acoustic attenuation devices are half the spanwise width of the 

duct. In the first part, the tested cases involve only the combinations of the array. An 

expansion chamber is introduced for more combinations of the configuation in the 

second part. (Figure 4.3.1). The letters “A”, “N” and “E” refer to “Arrays A” as defined 

in Eq. 4.2.2, “No devices” and “Expansion chamber” respectively. The height of the 

expansion chamber is the same as the lmax of the Array A. It has the identical length of 

the Array A. 
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Configuration 

   

 

 

Case Code 
[A|N] 

 

[A|N]  
  

[A|N] 
 

[N|A]  
  

[N|A|N] 
 

[N|A|N]  
  [A|E] 

Configuration 

   

Case Code 
[A|N] 

 

[E|N]  
  

[A|N] 
 

[N|E]  
  

[N|A|N] 
 

[N|E|N]  
  

Figure 4.3.1. Sidebranch array configurations adopted in this study. 

4.3.1 Coupling between arrays 

 
Figure 4.3.2. Sound transmission loss across coupled sidebranch arrays with arrays only.  

The performance of different arrangements involving only sidebranch arrays is shown 

in Figure 4.3.2. The sound transmission loss is adopted to compare their performance. 
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By observing the shape of curve along the spectrum, their natures are similar but the 

performances are different.  The first peak of sound attenuation is around ka = 0.4688π. 

The TL peak separations increase when the frequency raises. 
[A|N] 

 

[N|A]  
 and 

[A|N] 
 

[A|N]  
 keep closer 

to 
[N|A|N] 

 

[N|A|N]  
. The TL peaks of 

[A|N] 
 

[N|A]  
 and 

[A|N] 
 

[A|N]  
 fall in the TL troughs of 

[N|A|N] 
 

[N|A|N]  
 after ka = 

0.6595π. Figure 4.3.2 shows that 
[A|N] 

 

[A|N]  
 performs the best at lower frequency while 

[N|A|N] 
 

[N|A|N]  
 is the worst. Meanwhile, 

[N|A|N] 
 

[N|A|N]  
 has its TL troughs dwindled less than the others 

across the whole spectrum. Since the natures of all three setups are similar, the working 

mechanisms of them are not significantly different to give TL peaks and troughs within 

a narrow frequency band. The sound pressure distribution for one setup is representable 

for the others. Therefore, Figure 4.3.3 shows the sound pressure iso-surfaces of 
[N|A|N] 

 

[N|A|N]  
  

at ka = 0.4688π and 0.4872π, which is the frequencies of the TL peak and trough of this 

arrangement respectively. In Figure 4.3.3(a), it shows that the three longest 

sidebranches coupling in phase has provided the greatest sound attenuation power. 

Figure 4.3.3(b), the sound fluctuations inside the longest branches are out-of-phase with 

those in the others, which leads to low sound transmission loss.  

(a)  (b)  

Figure 4.3.3. Iso-surfaces of sound pressures inside 
[N|A|N] 

 

[N|A|N]  
. (a) ka = 0.4732π; (b) ka = 0.4872π; 
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4.3.2 Coupling between arrays and expansion chamber 

 
Figure 4.3.4. The TL of the expansion chamber [E] with half-duct width 

Figure 4.3.4 shows the TL of the expansion chamber [E]. The TL curve is not the typical 

ripple like expansion chamber response, which has periodical TL peaks and troughs 

along the spectrum. Instead, it behaves like a sidebranch resonator, with the TL peak at 

the ka = 0.4506π. 

 
Figure 4.3.5. Sound transmission loss across coupled sidebranch arrays with the expansion 

chamber.  

The comparison of sound transmission loss of the cases involving arrays and an 

expansion chamber is shown in Figure 4.3.5. The [A|E] arrangement behaves obviously 
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different from the other three cases. It has a very effective attenuation range from ka = 

0.41π to 0.48π, that all other cases have TL troughs in this range. 
[N|A] 

 

[E|N]  
 and 

[N|A] 
 

[N|E]  
 

perform very similarly with each other. This phenomenon can also be observed in the 

cases of 
[N|A] 

 

[A|N]  
 and 

[N|A] 
 

[N|A]  
 as discussed above. Comparing [AE] to the other arrangements, 

it has a superior performance from ka = 0.41π to 0.48π, while all the other TL troughs 

are deeper than the others. Thus in this section, [AE] works the best at low frequency 

range, while 
[N|A|N] 

 

[N|E|N]  
 is more balanced in the whole frequency range. 

Figure 4.3.6 illustrates the sound pressures inside the setup in [AE] and 
[N|A|N] 

 

[N|E|N]  
  

arrangement. ka = 0.4286π is the frequency of a TL peak of [AE] but a TL trough of 

[N|A|N] 
 

[N|E|N]  
, while the case at ka = 0.4732π is vice versa. Figure 4.3.6(a) and (c) show the 

interactions between the expansion chamber and the first three sidebranches. There are 

dipole radiations in both setups. The [AE] is able to stop the sound propagating to 

downstream while 
[N|A|N] 

 

[N|E|N]  
 cannot. The dipole radiation in the opposite arrangement of 

[N|A|N] 
 

[N|E|N]  
 weakens the attenuation power of both devices, leading to a weak cancelling 

wave downstream inside the main duct downstream. At ka = 0.4732π as shown in 

Figure 4.3.6(b) and (d), the expansion chambers in both setups do not react with the 

first sidebranch of the Array A. In [AE], the expansion chamber next to it has provided 

a channel for the sound to bypass it, creating a TL trough at this frequency. When the 

expansion is flush mounted on the opposite side of the Array A, which is the 
[N|A|N] 

 

[N|E|N]  
, 

there is a still higher proportion of sound reflected back by the Array A alone. 
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(a)  (b)  

(c)  (d)  

Figure 4.3.6. Iso-surfaces of sound pressures inside [AE] and 
[N|A|N] 

 

[N|E|N]  
. (a) [AE], ka = 0.4286π; 

(b) [AE], ka = 0.4732π; (c) 
[N|A|N] 

 

[N|E|N]  
, ka = 0.4286π; (d) [NAN][NEN], ka = 0.4732π. 

Figure 4.3.7(a) shows the sound pressure inside the setup in [AE] of the TL peak at ka 

= 0.5265π, while Figure 4.3.7(b) shows the sound pressures its TL trough ka = 0.5379π. 

In both TL peak and trough, the sound pressures in the expansion chamber are lower 

than the Array A, which indicates that the expansion chamber involves less influence 

the incident sound. The Array A dominants the acoustic attenuation performances of 

the setup [AE] in higher frequency range. Meanwhile, in all setups, all the TL peaks 

and troughs have similar trend when ka > 0.48π. Therefore, their characteristics are 

contributed by Array A. Hence, the sound pressures inside each setups at their TL peaks 

and troughs are not repletely shown. 



67 

 

(a)  (b)  
Figure 4.3.7. Iso-surfaces of sound pressures inside [AE] (a) ka = 0.5265π; (b) [AE], ka = 

0.5379π; 

4.3.3 Summary 

The wave interactions which occur in sidebranch arrays and expansion chamber are 

investigated numerically in an infinitely long rectangular duct. In the first part of this 

section, two identical half-duct-width arrays are flushed mounted on the opposite duct 

wall symmetrically and asymmetrically along the center line on of the duct with three 

arrangements. The arrangement having the greatest sound attenuation power at lower 

frequency will have deeper TL troughs at high frequency range. Other arrangements 

are more balanced for the whole frequency range.  

In the second part of this section, an expansion chamber has substituted one array in the 

first part. There is one more case in this study, which is to mount the expansion chamber 

next to the array on the same duct wall. This special case has a performance different 

from those of the other arrangements. It gives a very strong sound attenuation from ka 

= 0.41π to 0.48π, which is not seen in the other cases. The iso-surfaces of sound 

pressures inside the set-ups are captured to illustrate the corresponding wave 

development. The Array A can couple with the expansion chamber within a range of 

narrow band. The position of the expansion chamber essentially affects the TL 

performance of the setup within this frequency range. This is due to the dipole radiation, 

which may either enhance or weaken the attenuation power of the whole setup. The 
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influence of the expansion chamber fades out with the increase of the frequency. The 

Array A gives the acoustic characteristic of the setup at this range. 

4.4 Conclusion 

There are various array arrangements studied throughout the whole chapter. In general, 

more sound transmission loss peaks can be found when the arrays are coupled together, 

with the existence of the partition walls between sub-arrays. When the separating walls 

between sub-arrays are all removed, it behaves like the ordinary single array. In the 

cases for the arrays hanging on the opposite duct walls, it is possible to generate the 

asymmetric quadrupole sound field, leading to a poor performance on the sound 

transmission loss. It can be improved by removing the partition walls between the two 

sub-arrays. When one coupled array is reversed, the performance of the whole system 

is greatly reduced. The array systems with the sub-array separating walls intact are the 

worst designs. The out-of-phase oscillations inside the two coupled arrays, which take 

place at different axial positions within the array section, tend to weaken further the 

corresponding sound transmission losses.  

The consequence of altering the horizontal position of array is studied. Two identical 

half-duct-width arrays are flushed mounted on the opposite duct wall symmetrically 

and asymmetrically along the centre line on of the duct with three arrangements. When 

the arrangement has the sound attenuation power at lower frequency strengthened, there 

are deeper TL troughs at the higher frequency range. Other arrangements can have a 

more balanced improvement for the whole frequency band. The sound attenuation 

power of the system can either be enhanced or weakened by substituting an array by an 

expansion chamber. It is based on the position of the expansion chamber. 
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Chapter 5. Sidebranch array in slow flow 

5.1 Introduction 

In previous chapters, the sound transmission loss (TL) across the duct section installed 

with the sidebranch array without flow are examined in details numerically. However, 

this device is beyond practical use before its performance in the presence of a duct flow 

is known. Thus, experiments with a mean flow applied to the model are carried out. 

The mean flow speed, U, inside the duct is varied among 0 m/s, 4 m/s, 10 m/s and 16 

m/s. The operation frequency range of the array is chosen from ka = 0.2π to the first cut-

off frequency of the duct (ka = 0.8659π in this setup). Thus, only plane wave condition is 

considered in the present study.  

 
Figure 5.1.1. Schematics of the experimental setup and cross-section of sidebranch muffler. All 

dimensions in mm. 
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Figure 5.1.2. illustrate the static pressure drop from sidebranch array and the straight 

duct. The measurement point was taken between the upstream and the downstream of 

the sidebranch array. The magnitude of the static pressure drop increases about 25% 

when the array in flush mounted. However, the actual pressure differences is about 10 

Pa. 

 
Figure 5.1.2. Comparison of the static pressure drop from sidebranch array and the straight duct.  

The four-microphone method is adopted for measuring the TL. Two pairs of microphones 

are placed in the upstream and downstream of the test section respectively. They are flushly 

mounted on the duct wall to reduce the flow fluctuation to the minimum. The two 

microphones in each pair are spaced 80 mm apart, which can measure frequencies up to 

2.1kHz. The sidebranch array is flush-mounted on the main duct. The orientation of the 

array is considered to be in the “Normal-arrangement”, when the longest sidebranch is 

placed at the upstream position. The schematic setup is presented in Figure 5.1.1. All 

signals are recorded by a Brüel & Kjær PULSE system with a sampling rate of 16384 

samples per second per channel.  Each measurement lasts for 30s. 

There are two types of sidebranch length arrangements adopted in the present study. They 

are “Linear Length Variation” (LLV) and “Linear Frequency Variation” (LFV). Their 
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mathematical expressions have been introduced in the chapter 2. Table 5.1.1. gives the 

length of each sidebranch and the corresponding fundamental resonance frequency ki,res 

obtained by experiment using the present duct and with other sidebranch mouths rigidly 

closed.  

  LFV muffler LLV muffler 

Sidebranches i li/a ki,resa/ li/a ki,resa/ 

B1 1 1.0000 0.4609 1.0000 0.4609 

B2 2 0.9093 0.5020 0.9500 0.4810 

B3 3 0.8333 0.5431 0.9000 0.5073 

B4 4 0.7693 0.5825 0.8500 0.5318 

B5 5 0.7140 0.6201 0.8000 0.5633 

B6 6 0.6667 0.6595 0.7500 0.5956 

B7 7 0.6253 0.6953 0.7000 0.6324 

B8 8 0.5880 0.7294 0.6500 0.6735 

B9 9 0.5530 0.7636 0.6000 0.7190 

B10 10 0.5267 0.7942 0.5500 0.7697 

B11 11 0.5000 0.8257 0.5000 0.8257 

Table 5.1.1. Lengths of sidebranches and their fundamental resonance frequencies. 

Figure 5.1.3 compares the normalized sound power transmission coefficient, τ, obtained 

from the experiment and the FEM solution in both LFV and LLV setups. Since the 

FEM solution always shows stronger sound attenuation at the resonance, adopting a 

normalized coefficient can give more details in the comparison. The resonance 

frequencies from the experimental result cannot completely match the FEM prediction 

in both setups. The FEM tends to predict lower resonance frequencies. The FEM may 

not be able to fully replicate the complex fluid loading interactions between 

sidebranches. The complex 11-sidebranch system magnifies the differences. One can 

notice that the τ has slight fluctuation at 0.3 < ka < 0.4 in both LFV and LLV setups. 

They are the attenuation given by other part of the experimental setup. However, its 

magnitude is not comparable to the major contribution from the array, and it is out of 

the interested frequency range. This phenomenon is not discussed in details.  
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Figure 5.1.3. Comparison between sound power transmission coefficient, τ, obtained from the 

experiment and the FEM solution. (a) LFV; (b) LLV 

5.2 The effect of incident sound pressure level on the 

performance 

In this section, the effect of incident sound pressure level on the response of the array 

is studied. Only the frequency below the first cut-on duct frequency is considered. First, 

the excitation level of the speaker is evaluated. The four-microphone method is adopted 

for the current measurement as presented in chapter 2. Eq. 5.2.1 shows the relationship 

between the acoustic pressure at microphone 1 position and the incident acoustic 

pressure, which has been presented as Eq. 2.4.11 in the chapter 2.  

𝑃1 = 𝐼𝑢𝑒−𝑗𝑘𝑥1 (1 −
√𝐾21

′ 𝐾12 − 𝑒−𝑗𝑘∆𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘∆𝑥

) 𝐽1 
Eq. 5.2.1 

𝐼𝑢 =
𝑃1𝑒

𝑗𝑘𝑥1

(1 −
√𝐾21

′ 𝐾12 − 𝑒−𝑗𝑘∆𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘∆𝑥

) 𝐽1

 
Eq. 5.2.2 

(a) 

(b) 

τ 
τ 
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SPL = 10 log (
|𝐼𝑢𝑟𝑚𝑠

|
2

|𝑃𝑟𝑒𝑓|
2 ) 

Eq. 5.2.3 

where 𝐽1  is the gain of the microphone 1; 𝑥1  is the microphone position from the 

speaker; ∆𝑥 is the microphone separation between Mic 1 and Mic 2; 𝐾𝑖𝑗  means the 

complex transfer function between two acoustic pressures measured in by microphones 

i and j, i.e.: 𝐾𝑖𝑗 =
𝑃𝑗

𝑃𝑖
; ′ presents the quantity associated with the swapped microphone 

measurement; Iu is the amplitude of the incident sound pressure level over the active 

bandwidth of the mufflers in decibel. 𝑃𝑟𝑒𝑓 is the reference sound pressure in air. There 

are two artificial acoustic excitation levels adopted. By using Eq. 5.2.3, the incident 

sound pressure levels are found to be 103dB and 109dB respectively within the 

frequency range ka = 0.5247 for ka = 0.8476. The incident sound pressure level 

emitted from the centrifugal fan is 87dB for delivering the mean flow with speed of 

16m/s. Both the artificial acoustic excitation and the noise from the fan are the white 

noise within the abovementioned frequency range.  
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5.2.1 Analysis on the transmission loss 

 

 
Figure 5.2.1. The TL of LFV with lower incident sound pressure level applied. Iu =103dB 

Figure 5.2.1 depicts the TL of the LFV setup with the use of lower incident sound 

pressure level of Iu =103dB. Under the no flow condition, 6 observable TL peaks at ka 

= 0.4933, 0.5510, 0.5930, 0.6367, 0.6752 and 0.7242 are found. The separation 

between adjacent peaks are about 0.44. There are five dips in between the peaks, 

which are found at ka = 0.5300, 0.5703, 0.6175, 0.6647 and 0.7032. Again, the 

separation between adjacent dips are about 0.44. This meets the expectation of the 

“linear-frequency-variation”. By comparing the no-flow condition with the U = 4 m/s 

case, one finds that there is about 1dB decrement of the TL at the peak of 0.4933 and 

0.5510. For the rest of the frequencies, there are no significant differences found. This 

means that the sidebranch array can still function well even with the existence of a slow-

moving stream. When the flow speed is increased to 10 m/s, there are observable TL 

drops within a few frequency ranges. The TL curves are chunkier and the overall 

attenuation performance is reduced. The most significant TL drop is at ka = 0.5318, 

where the TL is reduced to approximately -11dB. This implies that the array is 

generating noise at this frequency range. When the flow speed is increased to 16 m/s, 
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the array generates sound in multiple frequency ranges. For the range around ka = 

0.5318, it has produced up to 30dB of noise. The TL curve also becomes rougher. TL 

peaks and dips found in the no-flow case are now unrecognisable. By considering back 

to the 10 m/s case, the TL peaks and dips could still be roughly identified. It means that 

for the flow speed beyond 10 m/s, the performance of the array deteriorates drastically.  

 

 
Figure 5.2.2. The TL of LLV with lower incident sound pressure level applied. Iu =103dB 

The TL of the LLV muffler under the incident sound pressure level of Iu =103dB is 

plotted in Figure 5.2.2. There are eight observable TL peaks in the no-flow condition. 

They are located at ka = 0.4863, 0.5020, 0.5668, 0.6017, 0.6350, 0.6682, 

0.7032 and 0.7469. The peak at ka = 0.5020 with the magnitude of 26.3dB is the 

most prominent. Seven TL dips are lying in between TL peaks. They are at ka = 0.4915, 

0.5475, 0.5825, 0.6192, 0.6542, 0.6857 and 0.7259. The separation between 

adjacent peak or dip increases towards the higher frequency range. There are changes 

of the TL at the peaks at ka = 0.4863 and ka = 0.5020 after comparing the no-flow 

case to the U = 4 m/s case. First, the TL around the peak at ka = 0.4863 has decreased 

by about 3dB. Then, the second peak has shifted to ka = 0.5073 with about 2dB 
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increment in the TL. There are no major changes at other frequencies. When the flow 

speed is increased to 10 m/s, the performance around the first peak deteriorates greater 

and the corresponding TL is down to around 16dB. The second peak remains 

unchanged as in the U = 4 m/s case. For the frequency around ka = 0.5318, the TL 

drops to -3.8dB (the worst extent). There are no other significant differences found 

when comparing this U = 10 m/s case to the U = 4 m/s case, except stronger chunkiness. 

When the flow speed is finally increased to 16 m/s, the whole TL curve becomes even 

chunkier. There are multiple TL dips below 0dB. The dip at the frequency range around 

ka = 0.5318 is the most severe, which is down to -20dB. This finding is similar to 

the U = 16 m/s case in the LFV setting. 

Based on the above experimental results, it is found that the performance of the array 

can be affected by the mean flow. Once the flow speed is raised to U = 10 m/s, the 

performance of the array deteriorates drastically. One explanation can be made for this 

observation.  

A shear layer is formed at the mouths of sidebranches when flow is applied. It 

undergoes a self-sustained aeroacoustic oscillation driven by the acoustic resonances 

along the closed branches [Tonon et al (2011)]. However, one should note that the 

sidebranches in the present study are excited simultaneously by an artificial acoustical 

excitation as well as the shear layers at their mouths. The interaction between these 

intervening forces should play a crucial role in shaping the overall aeroacoustical 

responses. As there are two forces affecting the sound transmission loss across the 

present muffler, their relative strength is therefore of great importance in the present 

study. Thus in the following part, a higher excitation level of 109 dB is adopted for 

further analysis. 
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Figure 5.2.3. The TL of LFV with higher incident sound pressure level. Iu =109dB 

The TL of the LFV setup under the higher incident sound pressure level of Iu =109dB 

is illustrated in Figure 5.2.3. There are no observable changes in the performance in the 

no-flow case due to the change in the artificial excitation level. This phenomenon is 

also applicable for the U = 4 m/s case. For the case of U =10 m/s, the TL dip at ka = 

0.5318 falls to -3dB and this is the only one dip below 0dB. For the rest of the TL, 

there are also deteriorations and choppiness. However, they are less significant to that 

in the lower noise level case. This phenomenon is more obvious when the flow is 

increased to 16 m/s. There are only three TL dips below 0dB, which are at ka = 0.5318, 

0.6262, and 0.67. The array can still attenuate at least 5dB noise from ka ~ 0.44 to 

0.7 except at these three sharp drops. However, for the lower-level case, there are at 

least seven dips in this range (Figure 5.2.2.). 
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Figure 5.2.4. The TL of LLV with higher incident sound pressure level: Iu =109dB 

Figure 5.2.4 depicts the TL of the LLV setup with the use of a higher incident sound 

pressure level of Iu =109dB. There are no observable changes in the performance in the 

no-flow case, whether higher-level or lower-level noise input is applied. This 

phenomenon is also applicable to the U = 4 m/s case. The U = 10 m/s case is examined 

as follows. The second TL peak from the no-flow case (ka = 0.5) has an increment of 

4.5dB without significant frequency shift. There are sharp drops at ka = 0.5318 in both 

cases regardless of the artificial excitation level. The TL falls to -3.8dB in the lower 

noise level case, while it still maintains above 7.3dB in the current case. Furthermore, 

there is no TL dip below 0dB. These are not seen in the previous case. When the flow 

speed is raised to 16 m/s, TL starts to dip below 0dB. The majority of the dips appears 

between ka ~ 0.50 and 0.54. There are also some fluctuations below 0.4 and a few 

dips with negative TL values. Their magnitudes and the number of dips are far lower 

than those of the Iu = 103 dB case.  

5.2.2 Detailed measurement inside each sidebranch 

When U is kept constant, the shear rates at the mouths of the sidebranches are more-or-

less unchanged and so do the velocity fluctuations created by the shear flows. The 
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stronger Iu results in stronger resonant acoustic velocities near to the mouth of the 

sidebranches and thus the effect of the flow excitation becomes less significant. The 

acoustic pressure fluctuation within each sidebranch is also stronger under a higher Iu. 

A lower TL reduction at higher Iu is thus very reasonable. 

In order to confirm the above intuition, a detailed measurement inside each sidebranch 

is carried out. In this part, the pressure fluctuation is investigated by inserting a pressure 

transducer into each sidebranch. Each tube is segregated into several sections with an 

increment of 10mm from its mouth. The signal obtained from the pressure transducer, 

PA, is correlated with the incident wave from the upstream of the main duct, to form a 

complex transfer function 𝐾𝐼𝐴 =
𝑃𝐴

𝐼𝑢
. The procedure is described as followed.  

𝑃𝐴 = 𝐴𝑒𝑗𝜑𝐴 Eq. 5.2.4 

𝑃1 = 𝐼𝑢𝑒−𝑗𝑘𝑥1 (1 −
√𝐾21

′ 𝐾12 − 𝑒−𝑗𝑘𝛥𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘𝛥𝑥

) 𝐽1 
Eq. 5.2.5 

where 𝑃𝐴 is the signal obtained from the pressure transducer and 𝐴 is the magnitude of 

it. Eq. 5.2.5 is identical to Eq. 5.2.1, which denotes the acoustic pressure obtained from 

microphone 1 position. 𝐾𝑖𝑗 means the complex transfer function. 

i.e.: 𝐾𝐼𝐴 =
𝑃𝐴

𝐼𝑢
 , 𝐾1𝐴 =

𝑃𝐴

𝑃1
 

Therefore, the complex transfer function 𝐾𝐼𝐴 can be obtained from Eq. 5.2.4 and Eq. 

5.2.5 

𝐾𝐼𝐴 =
𝑃𝐴

𝐼𝑢
= 𝐾1𝐴𝑒−𝑗(𝜑𝐴+𝑘𝑥1) (1 −

√𝐾21
′ 𝐾12 − 𝑒−𝑗𝑘𝛥𝑥

√𝐾21
′ 𝐾12 − 𝑒𝑗𝑘𝛥𝑥

) 𝐽1 
Eq. 5.2.6 

The phase 𝜑𝐴 and the position of M1 (xM1) are unknown constants, but they will not 

affect the foregoing discussions as far as KIA is the concern. The incident sound Iu 
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presented in the foregoing analysis is the total sound intensity level over the active 

bandwidth of the mufflers. 

The spatial variations of the KIA spectra within the active sidebranches (B1 to B8) 

responsible for the strong broadband TL of the LFV muffler in the ‘no flow’ case at Iu 

= 103 dB (lower level) are presented in Figure 5.2.5. There are low and high pressure 

regions inside the sidebranches. The stronger pressure regions are found at the rigid 

ends of the sidebranches, which is a typical resonance pattern. It is noticed that the TL 

peaks (Figure 5.2.1) are usually associated with some relatively strong sound events 

within different sidebranch combinations. The first TL peak at ka ~ 0.49 is associated 

with the coupled resonance between sidebranches B1 and B2. Sidebranches B3 to B5 

should be responsible for the second TL peak at ka ~ 0.55. The third TL peak is found 

at ka ~ 0.60, which is related to the relatively stronger acoustical activities inside 

sidebranches B5 to B7 and the last TL peak at ka ~ 0.64, should come from the coupled 

resonance of sidebranches B7, B8 and B9. One can also notice from Figure 5.2.5 that 

there are strong pressures at ka ~ 0.68 inside many sidebranches. However, the 

corresponding TL is not high and thus these pressures are not further discussed until a 

flow is introduced into the duct. 

 

 
(a) 

 
(b) 

 
(c) 
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(f) 
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(i) 

 
(j) 

 
(k) 

 

 
Figure 5.2.5 KIA spectra within major active sidebranches of the 11-sidebanch LFV muffler. 

U = 0 m/s, Iu = 103 dB. (a) B1; (b) B2; (c) B3; (d) B4; (e) B5; (f) B6; (g) B7; (h) B8; (i) B9; (j) 

B10; (k) B11. 

The corresponding results at Iu = 109 dB are presented in Figure 5.2.6. They are nearly 

the same as those presented in Figure 5.2.5. One should note that this implies the 

acoustic pressure fluctuations inside the sidebranches at this excitation level are also 

stronger than those at Iu = 103 dB in general. Owing to the tube-like structure of the 

sidebranch, a weak acoustic pressure fluctuation near the mouth of a resonating 

sidebranch shown in Figure 5.2.5 implies a strong velocity fluctuation there. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

 
(j) 

 
(k) 

 

 
Figure 5.2.6.KIA spectra within major active sidebranches of the 11-sidebanch LFV muffler. 

U = 0 m/s, Iu = 109 dB. (a) B1; (b) B2; (c) B3; (d) B4; (e) B5; (f) B6; (g) B7; (h) B8; (i) B9; (j) 

B10; (k) B11. 

(a)  (b)  
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(c)  (d)  

 
Figure 5.2.7.KIA spectra within B3 of the 11-sidebanch LFV muffler. U = 0 m/s, (a) Iu = 103 

dB, (b) Iu = 109 dB; U=4 m/s with (c) Iu = 103 dB, (d) Iu = 109 dB 

The first set of comparison is the LFV below U = 10 m/s. Figure 5.2.7 presents the B3 

under four conditions. They are the no-flow case and U = 4 m/s case, with either lower 

or higher incident sound pressures. The dependency of the noise level can be found by 

comparing the Figure 5.2.7(a) to (b) and Figure 5.2.7(c) to (d). There are no significant 

differences observed from these two comparisons. The influence of the flow can be 

found by comparing Figure 5.2.7(a) to (c), and Figure 5.2.7(b) to (d). Figure 5.2.7(a) 

and (c) are used to examine the influence of flow. There are no frequency shifts in this 

region. However, the lower-intensity regions move toward the tube-end. Meanwhile, 

the higher-intensity regions located at the tube end also diminish in size. In general, this 

comparison shows that the sound pressure magnitude within the tube is weakened when 

a flow is applied.   

 
(a) 

 
(b) 

 
(c) 
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(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

 
(j) 

 
(k) 

 

 
Figure 5.2.8 Effects of flow on the KIA spectra within major active sidebranches of the 11-

sidebanch LFVmuffler. U = 16 m/s, Iu = 103 dB.(a) B1; (b) B2; (c) B3; (d) B4; (e) B5; (f) B6; 

(g) B7; (h) B8; (i) B9; (j) B10; (k) B11. 

In order to understand how the flow modifies the pressures inside the sidebranches and 

how these modifications have affected the TL, the results at U = 16 m/s are used as an 

illustration because the flow-induced noise in this case should be very strong and the 

effects can be more obviously seen (Figure 5.2.1). The corresponding KIA spectra 

are given in Figure 5.2.8. One can notice that the introduction of the flow gives rise to 

a strong resonance within the muffler at ka ~ 0.55, and the worstly affected 

sidebranches are B3 to B6. This flow-induced resonance is responsible for the strong 

TL dips between ka ~ 0.53 to 0.55 (Figure 5.2.1). The KIA spectra have also 

become more discrete and thus some of the acoustical couplings between sidebranches 

at U = 0 m/s are seriously disturbed. Strong TL dips can also be found at ka ~ 0.44, 
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0.49, 0.62 and 0.68 at U = 16 m/s. Most of these dips are associated with sidebranch 

pressures of lower magnitudes than those of the ‘no flow’ case. A clear example of such 

dip is that at ka ~ 0.68 when one compares Figure 5.2.8(c), (g) and (h) with Figure 

5.2.5(c), (g) and (h) respectively. One should bear in mind that the present shear layers 

are under the moderation of the artificial acoustic excitation and thus are phased locked 

with the latter. The above observation is thus independent of the position of the sound 

source relative to the muffler. 

(a)  (b)  

(c)  (d)  

 
Figure 5.2.9 Combined effects of flow and increased artificial excitation on the KIA spectra 

of the 11-sidebranch LFV muffler. U = 16 m/s, Iu = 109 dB. (a) B2; (b) B4; (c) B6; (d) B8. 

Figure 5.2.9 shows some typicalKIA spectral distributions at Iu = 109 dB with U kept 

at 16 m/s. In general, the KIA spectra resemble those at U = 0 m/s, though a strong 

flow-induced sound is still observed at ka ~ 0.55 and some sound cancellation at ka ~ 

0.68. However, it is observed that the magnitude of such flow-induced sound is 

slightly reduced under a stronger I. The original acoustical couplings between 

sidebranches at U = 0 m/s are less disturbed by the flow in the present case of stronger 



86 

 

sidebranch internal acoustic pressures than in the case of weaker I (Figure 5.2.8). Thus, 

the corresponding TL spectrum is closer to that of the ‘no flow’ case (Figure 5.2.3). 

Figure 5.2.5 to Figure 5.2.9 confirms that stronger pressure fluctuations within the 

sidebranches can help the LFV muffler resist the influence of aerodynamic excitation. 

This can improve its performance in the presence of a duct flow.  

 Lower incident sound pressure level Higher incident sound pressure level 

B1 

(a)  (b)  

B2 

(c)  (d)  

B3 

(e)  (f)  

B4 

(g)  (h)  
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B5 

(i)  (j)  

B6 

(k)  (l)  

B7 

(m)  (n)  

B8 

(o)  (p)  

B9 

(q)  (r)  
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B10 

(s)  (t)  

B11 

(u)  (v)  

 
Figure 5.2.10. Effects of flow on the KIA spectra within major active sidebranches of the 11-

sidebranch LLV muffler. U = 10 m/s, Iu = 103 dB. (a) B1; (c) B2; (e) B3; (g) B4; (i) B5; (k) 

B6; (m) B7; (o) B8; (q) B9; (s) B10; (u) B11; U = 10 m/s, Iu = 109 dB. (b) B1; (d) B2; (f) B3; 

(h) B4; (j) B5; (l) B6; (n) B7; (p) B8; (r) B9; (t) B10; (v) B11 

Similar phenomena are observed in the case of the LLV muffler. The spectral 

distribution for all sidebranches, with both incident excitation level, are shown in Figure 

5.2.10. All figures from the left column are obtained with lower incident excitation 

level, while figures on the right are with the higher level. This figure set shows the 

influence of the incident sound level on each tube when the flow speed reaches U = 10 

m/s. The first observation is the jitters of contours. The contours in the figures with 

lower-incident sound level are rough. This is more obvious in the tube-mouth region. 

The second observation is made at the ka = 0.5318. The previous subsection (5.2.2) 

demonstrates that noise is generated and emitted in this frequency range. Figures here 

can show some signs of it. There are high-intensity spots in the middle of the tubes. 

One point to note is that the array can better resist flow influence when a higher incident 

sound level is applied. 
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5.2.3 Summary 

This section is to consider the acoustics pressure response of the array under different 

levels of incident excitation level. In the no-flow condition, there are no much 

differences in the TL response in either high or low level of incident sound level in both 

LLV and LFV. However, their performances differ a lot when a flow is applied. The 

multiple sidebranch array can resist the influence of the flow when the incident pressure 

level is greater. It is because the louder noise can build a stronger acoustic pressure 

profile within each tube. This observation gives a hint on improving the current array 

design. The aim is to create a strong-enough acoustic pressure profile to withstand the 

flow influence even under low incident noise level. Therefore, we need to have a better 

understanding of the working mechanism of the array by analysing the mathematical 

model. 

5.3 Theoretical calculation 

Based on the experimental results presented in section 5.2, the acoustic pressure within 

the array is essential for analysis. Referring to chapter 2, the acoustic velocity at each 

tube-mouth can be found correspondingly. 

𝑃(𝑥, 𝑦) =
𝜌𝑉𝑖𝑐0

𝑘𝑎
[sin (

𝑘𝑤

2
) 𝑒−𝑗𝑘|𝑥−𝐿𝑖|

− 2𝑗 ∑(−1)𝑚𝒄𝒎
2

∞

𝑚=1

× cos (
𝑚𝜋𝑦

𝑎
) sinh (

𝑘𝑤

2|𝑐𝑚|
) 𝑒−(𝑘/𝑐𝑚)|𝑥−𝐿𝑖|] 

Eq. 5.3.1 

Eq. 5.3.1 is identical to the Eq. 2.2.3, as presented in chapter 2. It is used to describe 

the acoustic field within the main duct. 𝑉𝑖 is the duct-mouth acoustic velocity, which 

can be deducted directly from Eq. 5.3.1, together with the impedance of each tube and 
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the incident wave intensity. However, the tube-end acoustic pressure is the factor 

affecting tube resonance (See chapter 2). Thus, it is necessary to clarify the relationship 

between the tube-mouth acoustic velocity and the tube-end acoustic pressure first.  

𝑃 = 𝐼e𝑖(−𝑘𝑦+𝜔𝑡) + 𝑅e𝑖(−𝑘𝑦+𝜔𝑡)  Eq. 5.3.2 

𝑉 = −
1

𝜌𝑐
(𝐼e𝑖(−𝑘𝑦+𝜔𝑡) − 𝑅e𝑖(𝑘𝑦+𝜔𝑡)) 

 Eq. 5.3.3 

𝜕𝑉

𝜕𝑡
= −

1

𝜌

𝜕𝑃

𝜕𝑦
 

 Eq. 5.3.4 

The tube mouth impedance is found as described in Eq. 5.3.5 to 5.3.7. 

𝑉|𝑦=0 = −
1

𝜌𝑐
(𝐼 − 𝑅) 

Eq. 5.3.5 

𝑃|𝑦=0 = (𝐼 + 𝑅) Eq. 5.3.6 

𝑍 =
𝑃

𝑉
= −𝜌𝑐

(𝐼 + 𝑅)

(𝐼 − 𝑅)
= −𝑗𝜌𝑐 cot(𝑘𝑙𝑖) 

Eq. 5.3.7 

The last step is to eliminate I and R and find the 
𝑃|𝑦=𝑙𝑖

𝑉0|𝑦=0
 

𝑃

𝑉|𝑦=0
=

𝐼 (e−𝑖𝑘𝑦 + e𝑖𝑘𝑦 (
𝑗 cot(𝑘𝑙𝑖) − 1
𝑗 cot(𝑘𝑙𝑖) + 1

))

−
𝐼
𝜌𝑐 (1 − (

𝑗 cot(𝑘𝑙𝑖) − 1
𝑗 cot(𝑘𝑙𝑖) + 1

))

 

Eq. 5.3.8 

 

𝑃|𝑦=𝑙𝑖

𝑉|𝑦=0
= −𝜌𝑐 𝑗 (

cos(2𝑘𝑙𝑖)

sin(𝑘𝑙𝑖)
) 

Eq. 5.3.9 

 

The relationship between the tube-mouth acoustic velocity and the tube-end acoustic 

pressure is a constant, depending on the frequency and its own tube length. This 

relationship facilitates the analysis, as the duct-mouth acoustic velocity is the direct 

solution from the calculation as demonstrated below. 
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5.3.1 2-tube model 

It is impossible to solve the system, which involves 11 tubes as it can cause up to a 

thousand pages to derive and present the exact answer. Thus, in this demonstration, the 

system adopted involves only two tubes.  

Let suffices 1 and 2 denote hereinafter quantity associated with the first and second 

sidebranch respectively and following the above experimental setup, l1 > l2 and we set 

l1 = a and l2 = 0.95a. B1, the sidebranch with the length of l1, is placed at the upstream 

while B2, the sidebranch with the length of l2, at the downstream. Tubes placed in this 

order are in the normal-arrangement. Without loss of generality, x/a = 0 represents the 

axial location of the centreline of the first sidebranch. Denoting the ambient speed of 

sound by 𝑐0, the acoustical velocities V at the mouths of the sidebranches for the ‘no 

duct flow’ case can be obtained by solving the following equation. 

(
𝛼1 𝛽
𝛽 𝛼2

) (
𝑉1

𝑉2
) = (

𝐽1
𝐽2

)  
Eq. 5.3.10 

where the sidebranch mouth excitation by the propagating plane wave of magnitude I 

is 

𝐽𝑖 = 𝐼
sin(𝜃)

𝜃
𝑒−𝑗𝑘(𝑖−1)|𝑤+𝛿|  Eq. 5.3.11 

𝛽 = −
𝜌𝑐0

𝑘𝑎
[
sin2(𝜃)

𝜃
𝑒−𝑗𝑘|𝑤+𝛿| + 2𝑗 ∑ 𝑐𝑚

2 sinh2(𝜙𝑚)

𝜙𝑚
𝑒

−𝑘|𝑤+𝛿|

𝑐𝑚∞
𝑚=1 ]  

 

𝛽 = −
𝜌𝑐0

𝑘𝑎
[
sin2(𝜃)

𝜃
𝑒−𝑗𝑘|𝑤+𝛿| + 2𝑗𝐷𝑏]  

 Eq. 5.3.12 

𝛼𝑖 = 𝑗𝜌𝑐0 cot(𝑘𝑙𝑖) + 𝑗
𝜌𝑐0

𝑘𝑎
{[1 − 𝑒−𝑗𝜃 sin(𝜃)

𝜃
] − 2∑ 𝑐𝑚

2 [1 −∞
𝑚=1

𝑒−𝜙𝑚
sinh(𝜙𝑚)

𝜙𝑚
]}  

 

𝛼𝑖 = 𝑗𝜌𝑐0 cot(𝑘𝑙𝑖) + 𝑗
𝜌𝑐0

𝑘𝑎
{[1 − 𝑒−𝑗𝜃 sin(𝜃)

𝜃
] − 2𝐷𝑎}  Eq. 5.3.13 

where:  
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𝑐𝑚 = |
𝑘

√𝑘2−(𝑚𝜋 𝑎⁄ )2
|  

Eq. 5.3.14 

𝐷𝑎 = ∑ 𝒄𝒎
2 [1 − 𝑒−𝜙𝑚

sinh𝜙𝑚

𝜙𝑚
]

∞

𝑚=1

 
Eq. 5.3.15 

𝐷𝑏 = ∑ 𝒄𝒎
2

∞

𝑚=1

[
sinh2 𝜙𝑚

𝜙𝑚
𝑒

−𝑘|𝑤+𝛿|
𝑐𝑚 ] 

Eq. 5.3.16 

𝜃 =
𝑘𝑤

2
 

Eq. 5.3.17 

𝜙𝑚 =
𝑘𝑤

2𝑐𝑚
 

Eq. 5.3.18 

One obtains 

𝑉1 =
𝛼2𝐽1−𝛽𝐽2

𝛼1𝛼2−𝛽2  and 𝑉2 =
𝛼1𝐽2−𝛽𝐽1

𝛼1𝛼2−𝛽2   Eq. 5.3.19 

For the sake of easy presentation in the foregoing analysis, the denominator in Eq. 

5.3.19, which is the same for both V1 and V2, will be denoted by G. The second term on 

the right-hand-side of Eq. 5.3.13, which is the fluid loading and is the same for the two 

sidebranches, will be represented by F. One should note that , which represents the 

mutual induction between the sidebranches, is also the same for the two sidebranches. 

The magnitudes of V1 and V2 are the foci. It can be shown that 

|𝑉1| = |
𝐼

𝜌𝑐0

sin(𝜃)

𝜃
| |

(𝐹−𝛽𝑒−𝑗𝑘|𝑤+𝛿|) (𝜌𝑐0)⁄ +𝑗 cot(𝑘𝑙2)

𝐺
|  

 

|𝑉2| = |
𝐼

𝜌𝑐0

sin(𝜃)

𝜃
| |

(𝐹−𝛽𝑒𝑗𝑘|𝑤+𝛿|) (𝜌𝑐0)⁄ +𝑗 cot(𝑘𝑙1)

𝐺
|  

Eq. 5.3.20 

In the calculations of G and F, 2000 modes are included in summation series. 
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Figure 5.3.1. Spectral variation of the denominator (G) of the 2-sidebranch muffler 

Both of the acoustical velocities share the same denominator, which can be defined as 

(G):  

𝐺 = −[(
sin2(𝜃)

𝜃
𝑒−𝑗𝑘|𝑤+𝛿| + 2𝑗𝐷𝑏)

2

+ (
sin(𝜃)

𝜃
𝑒−𝑗𝜃 + (2𝐷𝑎 − 1))

2

+

(1 + 𝑘𝑎 cot(𝑘𝑙1))(1 + 𝑘𝑎 cot(𝑘𝑙2)) − (2𝐷𝑎 +

sin(𝜃)

𝜃
𝑒−𝑗𝜃) (𝑘𝑎(cot(𝑘𝑙1) + cot(𝑘𝑙2)) − 1)] /[𝑘𝑎]2  

Eq. 5.3.21 

The active bandwidth of this two-sidebranch muffler is defined mainly by G whose 

magnitude varies substantially over the frequency range of interest. G is in general 

small for 0.44 < ka < 0.50 and is the smallest at ka ~ 0.49 (Figure 5.3.1). The latter 

represents the resonance frequency the coupled system formed by the sidebranches and 

the main duct.  

The magnitudes of the acoustical velocities are the highest around this frequency as 

shown in Figure 5.3.2. There are two TL peaks; one at ka/ ~ 0.49 and the other at ka ~ 

0.45 (Figure 5.3.2). The former is that due to the abovementioned resonance effect. 

The latter takes place around the frequency where Im(G) vanishes. The relatively higher 
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acoustical velocities there should be the result of the numerators in, Eq. 5.3.19 and thus 

those in the second terms of the right-hand-side of Eq. 5.3.20. 

 

 
Figure 5.3.2 Spectral variations of TL and branch mouth velocity magnitudes of the 2-

sidebranch muffler. 

 (a)  
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(b)  
Figure 5.3.3 (a) Spectral variations of the components in the numerators of Eq. 6 within the 

strong TL frequency range of the 2-sidebranch muffler; (b) Magnitudes of the numerators 

before and after swapping the impedance terms.  

Figure 5.3.3(a) shows the spectral variations of the various components that make up 

the numerators within the frequency range of significant TL. One can notice from 

Figure 5.3.3(a) that the sidebranch impedances jcot(kl) are counteracting the imaginary 

parts of (F − ejk(w+))/c0 throughout the concerned frequency range. An obvious 

method to increase the mouth velocity magnitude of the second sidebranch in this 

frequency range is to have (F − ejk(w+))/c0 interacted with jcot(kl2) instead of jcot(kl1). 

The situation of the first sidebranch is less straight-forward. In principle, the numerator 

magnitude may increase if (F − e−jk(w+))/c0 is counteracted by a less positive 

impedance term within the frequency range in which the sum of (F − e−jk(w+))/c0 and 

the impedance term has a negative imaginary part. An obvious choice to achieve this is 

to replace the impedance term jcot(kl2) by jcot(kl1) in Eq. 5.3.20 for V1, though it works 

only for a narrow bandwidth. 

Figure 5.3.3(b) illustrates the magnitudes of the numerators in Eq. 5.3.20 under the 

abovementioned combinations between fluid loading, mutual induction and sidebranch 

impedance. As discussed above, the magnitude of the velocity at the mouth of second 

sidebranch over nearly the entire active bandwidth (0.44 < ka < 0.50) is increased by 
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replacing jcot(kl1) by jcot(kl2) in Eq. 5.3.20. There is a reduction in the velocity 

magnitude at the mouth of the first sidebranch for ka < 0.485. However, since |G| is 

very small as ka → 0.49, the increase in corresponding velocity magnitude is very 

strong at ka > 0.485. Outside the active frequency range of the muffler, the magnitude 

of G increases quickly. The mouth velocities are then weak and eventually become 

insignificant.  

Figure 5.3.4 illustrates the increase in the overall kinetic energy of air at the sidebranch 

mouths after swapping the impedance terms in Eq. 5.3.20. One can also notice from the 

same equation that the swapping of impedance terms is equivalent to reversing the order 

of the sidebranches. i.e. 

|𝑉1𝑅| = |
𝐼

𝜌𝑐0

sin(𝑘𝑤 2⁄ )

𝑘𝑤 2⁄
| |

(𝐹−𝛽𝑒𝑗𝑘(𝑤+𝛿)) (𝜌𝑐0)⁄ +𝑗 cot(𝑘𝑙2)

𝐺
|  

 

|𝑉2𝑅| = |
𝐼

𝜌𝑐0

sin(𝑘𝑤 2⁄ )

𝑘𝑤 2⁄
| |

(𝐹−𝛽𝑒−𝑗𝑘(𝑤+𝛿)) (𝜌𝑐0)⁄ +𝑗 cot(𝑘𝑙1)

𝐺
|  

Eq. 5.3.22 

where the suffix “R” denotes the reversed-arrangement. 

 
Figure 5.3.4 Overall kinetic energy of air at the mouths of the 2-sidebranch mufflers 

before and after swapping impedance. 

Figure 5.3.5 compares the duct-mouth acoustic velocities of the two tubes under the 

normal and reversed-arrangements. It is noticed that, for all tubes, the magnitudes of 
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velocity obtained from the reversed-arrangement are greater within their resonance 

frequency range.  

 
Figure 5.3.5 Branch mouth velocity magnitudes of the 2-sidebranch muffler in both 

normal and reversed-arrangement 

The TL across the muffler section can be approximated according to Tang (2012) :  

𝑇𝐿 = −20log10 |1 +
𝜌𝑐0

𝑘𝑎
sin (

𝑘𝑤

2
)∑

𝑉𝑖

𝐼
𝑒𝑗𝑘(𝑖−1)(𝑤+𝛿)2

𝑖=1 |   

 
= −20log10 |1 +

2𝜌𝑐0

𝑘𝑎

sin2(
𝑘𝑤

2
)

𝑘𝑤
(
2𝐹−2𝛽 cos[𝑘(𝑤+𝛿)]+𝑗𝜌𝑐0 ∑ cot(𝑘𝑙𝑖)

2
𝑚=1

𝐺
)|  

Eq. 5.3.23 

which is independent of the sidebranch order in the 2-sidebranch muffler for the ‘no 

flow’ case, though the sidebranch order does affect the acoustic pressure and particle 

velocities within the sidebranches as shown in Figure 5.3.3(b).  

5.3.2 3-tube model 

The theoretical solution for the array involving two tubes is fully solved. The above 

treatment is now repeated using a 3-sidebranch LLV muffler for validating the 

consistency of the result obtained from the calculation above. Here shows the respective 

tube-mouth acoustic velocity in both normal and reversed-arrangement.  One can write :  

For normal-arrangement 
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(

𝛼1 𝛽𝑎 𝛽𝑏

𝛽𝑎 𝛼2 𝛽𝑎

𝛽𝑏 𝛽𝑎 𝛼3

)(
𝑉1𝑁

𝑉2𝑁

𝑉3𝑁

) = (
𝐽1
𝐽2
𝐽3

)  

Eq. 5.3.24 

𝑉1𝑁 =
𝐽1(𝛽𝑎

2−𝛼2𝛼3)+𝐽2(𝛼3𝛽𝑎−𝛽𝑎𝛽𝑏)+𝐽3(𝛼2𝛽𝑏−𝛽𝑎
2)

𝛼1𝛽𝑎
2+𝛼3𝛽𝑎

2+𝛼2𝛽𝑏
2−2𝛽𝑎

2𝛽𝑏−𝛼1𝛼2𝛼3
  

 

𝑉2𝑁 =
𝐽1(𝛼3𝛽𝑎−𝛽𝑎𝛽𝑏)+𝐽2(𝛽𝑎

2−𝛼1𝛼3)+𝐽3(𝛼1𝛽𝑎−𝛽𝑎𝛽𝑏)

𝛼1𝛽𝑎
2+𝛼3𝛽𝑎

2+𝛼2𝛽𝑏
2−2𝛽𝑎

2𝛽𝑏−𝛼1𝛼2𝛼3
  

 

𝑉3𝑁 =
𝐽1(𝛼2𝛽𝑏−𝛽𝑎

2)+𝐽2(𝛼1𝛽𝑎−𝛽𝑎𝛽𝑏)+𝐽3(𝛽𝑎
2−𝛼1𝛼2)

𝛼1𝛽𝑎
2+𝛼3𝛽𝑎

2+𝛼2𝛽𝑏
2−2𝛽𝑎

2𝛽𝑏−𝛼1𝛼2𝛼3
  

Eq. 5.3.25 

For reversed-arrangement 

(

𝛼3 𝛽𝑎 𝛽𝑏

𝛽𝑎 𝛼2 𝛽𝑎

𝛽𝑏 𝛽𝑎 𝛼1

)(
𝑉3𝑅

𝑉2𝑅

𝑉1𝑅

) = (
𝐽1
𝐽2
𝐽3

)  

Eq. 5.3.26 

𝑉1𝑅 =
𝐽1(𝛼2𝛽𝑏−𝛽𝑎

2)+𝐽2(𝛼3𝛽𝑎−𝛽𝑎𝛽𝑏)+𝐽3(𝛽𝑎
2−𝛼2𝛼3)

𝛼1𝛽𝑎
2+𝛼3𝛽𝑎

2+𝛼2𝛽𝑏
2−2𝛽𝑎

2𝛽𝑏−𝛼1𝛼2𝛼3
  

 

𝑉2𝑅 =
𝐽1(𝛼1𝛽𝑎−𝛽𝑎𝛽𝑏)+𝐽2(𝛽𝑎

2−𝛼1𝛼3)+𝐽3(𝛼3𝛽𝑎−𝛽𝑎𝛽𝑏)

𝛼1𝛽𝑎
2+𝛼3𝛽𝑎

2+𝛼2𝛽𝑏
2−2𝛽𝑎

2𝛽𝑏−𝛼1𝛼2𝛼3
  

 

𝑉3𝑅 =
𝐽1(𝛽𝑎

2−𝛼1𝛼2)+𝐽2(𝛼1𝛽𝑎−𝛽𝑎𝛽𝑏)+𝐽3(𝛼2𝛽𝑏−𝛽𝑎
2)

𝛼1𝛽𝑎
2+𝛼3𝛽𝑎

2+𝛼2𝛽𝑏
2−2𝛽𝑎

2𝛽𝑏−𝛼1𝛼2𝛼3
  

Eq. 5.3.27 

Where  

𝛽𝑎 = −
𝜌𝑐0

𝑘𝑎
[
sin2(𝜃)

𝜃
𝑒−𝑗𝑘|𝑤+𝛿| + 2𝑗 ∑ 𝑐𝑚

2 sinh2(𝜙𝑚)

𝜙𝑚
𝑒

−𝑘|𝑤+𝛿|

𝑐𝑚∞
𝑚=1 ]   

Eq. 5.3.28 

𝛽𝑏 = −
𝜌𝑐0

𝑘𝑎
[
sin2(𝜃)

𝜃
𝑒−𝑗2𝑘|𝑤+𝛿| + 2𝑗 ∑ 𝑐𝑚

2 sinh2(𝜙𝑚)

𝜙𝑚
𝑒

−2(
𝑘|𝑤+𝛿|

𝑐𝑚
)∞

𝑚=1 ]  
Eq. 5.3.29 

𝛼𝑖 = 𝑗𝜌𝑐0 𝑐𝑜𝑡(𝑘𝑙𝑖) + 𝑗
𝜌𝑐0

𝑘𝑎
{[1 − 𝑒−𝑗𝜃 𝑠𝑖𝑛(𝜃)

𝜃
] − 2∑ 𝑐𝑚

2 [1 −∞
𝑚=1

𝑒−𝜙𝑚
𝑠𝑖𝑛ℎ(𝜙𝑚)

𝜙𝑚
]}  

Eq. 5.3.30 
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Figure 5.3.6 The TL of the 3-tube theoretical model 

It is too complicated to perform the term-by-term comparison for the solutions derived 

from a system involving three tubes. The B1 and B2 are the same as those of the 

previous 2-tube system. The length of the newly added B3 tube is l3 = 0.9a. Figure 5.3.6 

plots the TL of the array system consisting of 3 tubes. The three TL peaks are identical 

for the normal and the reversed-arrangement.  

Figure 5.3.7 compares the duct-mouth acoustic velocities of the three tubes under the 

normal and reversed-arrangements. It is noticed that, for all tubes, the magnitudes of 

velocity obtained from the reversed-arrangement are greater within their resonance 

frequency range. Figure 5.3.8 illustrates the increase in the overall kinetic energy of air 

at the sidebranch as done in the 2-tube system. All the findings here agree with the 

observations found in the 2-tube case. It can also show that the array with more tubes 

will still follow the trend of the simple system. It is reasonable to project that the 

performance of an 11-tube system will be similar.  
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Figure 5.3.7 Branch mouth velocity magnitudes of the 3-sidebranch muffler in both 

normal and reversed-arrangement 

 
Figure 5.3.8 Overall kinetic energy of air at the mouths of the 3-sidebranch mufflers 

before and after swapping impedance 

5.3.3 Summary 

An analytical solution is used for investigating the working mechanism of the multiple 

sidebranch array. A 2-tube model is adopted first for detailed investigation because of 

simplicity. The duct-mouth acoustic velocities are used as the index to examine the 

result. It is found that they can be altered by reversing the position of the branches, 

while the resultant TL performance remains unchanged. Furthermore, the acoustic 
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velocities obtained from the reversed-arrangement are always higher in magnitude in 

the respective resonance frequency range. This is the result of placing the tubes with 

greater impedance magnitude at the upstream position. A 3-tube model is adopted later 

on for crosschecking the result. The corresponding result agrees with the finding from 

the 2-tube model. 

5.4 The effect of Normal and Reversed-arrangement 

In this section, the effect of the orientation on the array performance is tested by using 

an 11-tube array. The experiment procedure is the same as that of the section 5.2 of this 

chapter. Two different incident sound pressure levels are also applied in this experiment. 

Therefore, it can gather the data of the array with three different independent variables: 

the tube length variation sequence (LLV and LFV), the incident sound pressure level 

and the orientation of the array (the normal and the reversed-arrangement). The 

abbreviated suffixes “-N” and “-R” are denoted for the normal-arrangement and the 

reversed-arrangement respectively. 
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5.4.1 Analysis on the transmission loss 

 
Figure 5.4.1. The TL curves for both LFV and LLV setup in both normal and reversed-

arrangement, with either Iu=109dB or Iu=103dB 

Figure 5.4.1 plots eight TL curves deduced from eight different cases. They are 

obtained by altering the three independent variables, as mentioned in the introduction. 

The incident sound pressure level does not affect the performance of the array, as 

discussed in section 5.2. For the LFV, there are differences in the attenuation powers in 

several frequencies. The reversed-arrangement performs better at ka = 0.4933 and ka 

= 0.5510 by 1dB, while it is worse at ka = 0.6367. and ka = 0.7242 by about 1.5dB. 

The whole spectrum has no significant shift in frequency. For the LLV setup, the results 

of the normal and the reversed-arrangement match each other very well, in both 

attenuation power and the frequency characteristics. 
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(a)  

(b)  
Figure 5.4.2. The TL with either Iu=109dB or Iu=103dB, with the mean flow of U = 10 m/s or 

16 m/s in (a) LFV-N, (b) LFV-R 

As observed from the previous part, the TL performance only become susceptible when 

the flow exceeds U = 10 m/s. Therefore, only the cases of 10 m/s and 16 m/s under both 

incident sound pressure levels are used in the foregoing comparison. Figure 5.4.2(a) is 

the LFV setup in the normal-arrangement. For U = 10 m/s, there is an observable drop 

between ka = 0.6210 and ka = 0.6385 in the low-level case. The curve also fluctuates 

more in the Iu = 103 dB case. Apart from these two points, there are no other significant 

differences in the TL response between the Iu = 103 dB case and Iu = 109 dB one. The 

influence has become more obvious when the mean flow is increased to 16 m/s. There 

are five major dips in the Iu = 109 dB case, which are located at ka = 0.4837, ka = 
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0.5327, ka = 0.5764, ka = 0.6306 and ka = 0.6708. Two more small fluctuations are 

observed before the active band. The performance of the Iu = 103 dB case deteriorates 

faster than that of the Iu = 109 dB case. There are multiple significant dips among the 

whole spectrum. They appear in the same frequency bands as in the Iu = 103 dB case, 

but are of a smaller scale.  

Figure 5.4.2(b) presents the LFV setup in the reversed-arrangement. When U = 10 m/s, 

there is no significant difference in the TL performance, except at ka = 0.6306. There 

is a TL dip found here when Iu =103dB is applied. The TL dip here performs 3dB worse 

than the case Iu =109dB. When the flow speed is increased to U = 16 m/s, the TL 

performance got worse for both cases with Iu =103dB and Iu =109dB applied. There are 

nine TL dips formed in the case with lower incident excitation. They are located at ka 

= 0.2615, ka = 0.3490, ka = 0.4837, ka = 0.5327, ka = 0.5764, ka = 0.6306, ka 

= 0.6708, ka = 0.7181 and ka = 0.7618. The first five dips drop below 0dB, meaning 

that there are sound amplifications at these frequencies. In the case with higher incident 

excitation, there are four TL dips in total. They are located at ka = 0.5309, ka = 

0.5764, ka = 0.6306 and ka = 0.6708, which are also found in the previous case 

with lower incident excitation level. However, all dips found do not drop below 0dB. 

The whole TL spectrum is maintained at positive level.  
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Figure 5.4.3. The TL Iu=103dB, with the mean flow of U = 16 m/s in LFV-N and LFV-R 

The LFV-N and LFV-R setup are compared by using the case of Iu=103dB, U = 16m/s 

in Figure 5.4.3. This is the case that all TL dips are clearly shown. The locations of all 

TL dips match each other in both cases, but they are more negative in magnitude in the 

LFV-N case.  

(a)  
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(b)  
Figure 5.4.4. The TL under High-Level and Low-Level incident noise pressure, with the mean 

flow of 10 m/s or 16 m/s, in (a) LLV-N, (b) LLV-R 

The LLV setup is also used for the comparison in this part. The performance between 

the normal and the reversed-arrangements are shown in Figure 5.4.4(a) and (b) for 

comparison. It is interesting to see that the sound attenuation effect from ka = 0.5073 

to ka = 0.5248 is enhanced by increasing the incident excitation level in the normal-

arrangement under the presence of a mean flow of 10 m/s, than that of the reversed one. 

However, the situation deteriorates rapidly when the flow climbs up to 16 m/s. There 

are multiple dips formed among the whole spectrum, the one at ka = 0.5335 is the 

most significant, and the corresponding TL can go down to -20dB when the noise level 

is low. The situation does not get better when the incident excitation level is raised. For 

the reversed-arrangement, it is found that the system can still maintain a positive sound 

attenuation effect in most of the spectrum even under the mean flow of 16 m/s in the Iu 

= 103 dB case. Its performance is overall steadier. This shows that the strong air 

pressure under the reversed sidebranch arrangement has helped lowering down the 

effect of flow induced pressure fluctuations which are detrimental to the acoustical 

performance of the muffler.  
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5.4.2 Detailed measurement inside each sidebranch 

In this subsection, the spectral variations of the KIA from each sidebranch are 

examined using the same technique as in subsection 5.2.2. The major active 

sidebranches B1 to B8 are selected for a more detailed examination. These branches 

determine to the major active bandwidth of the muffler. The first step is to compare the 

spectral variations within these tubes in both the normal and reversed-arrangement. 

Figure 5.4.5(a) to (l) present cases with a lower level of incident sound pressure under 

the no-flow condition. The left column of the figure shows the results obtained with the 

normal-arrangement, while the right column those with the reversed one. The respective 

spectral variations of acoustic pressure in each tube are not similar under different 

arrangement. The B2 is taken as an example first. In Figure 5.4.5(a), there is a long 

low-intensity region that extends from the mouth to the end of the tube at ka ~0.59π. 

There are two more low-intensity regions in the middle of the tube from ka ~0.65π to 

0.80π. The only higher-intensity region appears at the tube-end position in between ka 

~0.40π and ~0.48π. On the contrary, there is one big region with higher intensity from 

ka ~0.40π to 0.61π in the reversed-arrangement, as shown in Figure 5.4.5(b). There is 

one lower-intensity region that extends from the mouth to the end of the tube at ka 

~0.53π. The rest of the lower-intensity regions agglomerate after ka ~0.68π. Similar 

observations can be seen by comparing other figures between the normal and reversed-

arrangements. The high-intensity zones found in the tubes in the reversed-arrangement 

have a higher intensity and move more towards the tube-mouth. The low-pressure zones 

are less dispersed. 
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 Normal-arrangement Reversed-arrangement 

B2 

(a)  (b)  

B4 

(c)  (d)  

B6 

(e)  (f)  

B8 

(g)  (h)  

 
Figure 5.4.5. Effects of flow on the KIA spectra within major active sidebranches of the 11-

sidebranch LFV muffler. U = 0 m/s, Iu = 109 dB, Normal-arrangement (a) B2; (c) B4; (e) B6; 

(g) B8; U = 0 m/s, Iu = 109 dB, Reversed-arrangement (b) B2; (d) B4; (f) B6; (h) B8; 

To end this subsection, the results of the case with U = 16 m/s are illustrated in Figure 

5.4.6. It aims to show the relationship between the sound pressure level magnitude and 

the resilience ability in the presence of duct flow. The most concerning frequency is ka 

= 0.5335π as there is a suspected noise generation from the array when the flow is 
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applied. In the normal-arrangement, the magnitude of the KIA spectra in all the tubes 

within this frequency range is relatively low in no-flow condition.  

For the reversed-arrangement, there is already the high-pressure zone at ka ~0.53π. 

There is less influence to the integrity of this region when the flow is applied. The 

stronger acoustic pressures inside the sidebranches after reversing the order of the 

sidebranches improves the resilience of the muffler to aerodynamic disturbance. The 

TL reduction is thus less than that under the normal-arrangement. 

 Normal-arrangement Reversed-arrangement 

B2 

(a)  (b)  

B4 

(c)  (d)  

B6 

(e)  (f)  
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B8 

(g)  (h)  

 
Figure 5.4.6. Effects of flow on the KIA spectra within major active sidebranches of the 11-

sidebranch LFV muffler. U = 16 m/s, Iu = 109 dB, Normal-arrangement (a) B2; (c) B4; (e) B6; 

(g) B8; U = 16 m/s, Iu = 109 dB, Reversed-arrangement (b) B2; (d) B4; (f) B6; (h) B8; 

5.4.3 Summary 

In this section, the effect of reversing the array is tested through experiment. The array 

with 11 sidebranches are flush-mounted to the duct with the mean flow speed ranged 

from no-flow to 16 m/s. The reversed-arrangement is found more resilient to the 

influence of the flow in both LFV and LLV. The TL performance from the reversed 

array is better than the normal one. The results of the measurement show that the 

acoustic pressure distribution within the sidebranches and the magnitude under the two 

sidebranch arrangements are very different. The reversed-arrangement can build up 

greater and more concentrated pressure in every tube. This is the crucial factor for the 

array to sustain against the influence of the duct flow. 

5.5 Conclusion 

In this chapter, the TL across a duct muffler formed by eleven closely packed narrow 

sidebranches arranged in the form of an array is investigated experimentally in the 

present study. The effects of a low Mach number duct flow on the acoustical 

performance of the muffler are also examined. A passive method to improve the 

resilience of this type of muffler against aerodynamic disturbance is also developed 

theoretically and validated by experiments. 
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First of all, the influence of incident pressure level towards the array. It is found that 

there are not significant differences in the TL performance under the no flow condition 

between the two incident pressure levels. However, the TL performance starts to 

deteriorate when a grazing duct flow is applied. Meanwhile, the array performs better 

when a higher incident pressure noise level is applied. There is a stronger acoustic 

pressure profile built within each tube. 

A stronger acoustic velocity at the mouth of a sidebranch implies stronger acoustic 

pressure fluctuations within the sidebranch. A theoretical analysis is then carried out in 

order to understand how the fluid loading, branch impedance, and mutual induction 

between sidebranhces are affecting the mouth air velocity. A relatively simple 2-tube 

model is adopted for illustration, as it is amenable to analytical solution. The duct-

mouth acoustic velocities are used to indicate the performance of the array. By 

reversing the position of the branches, the magnitudes of the velocities of each tube 

raise in the respective resonance frequency range. Meanwhile, the resultant TL 

performances are unaffected. A 3-tube model is also examined. The corresponding 

result agrees with the findings from the 2-tube model. 

The influence of the array orientation on the TL performance in the presence of a duct 

flow is then examined experimentally. The performance of the array deteriorates when 

the mean flow exceeds 10 m/s. The reversed-arrangement can better resist the 

deterioration than the normal-arrangement. The visualized spatial variations of the 

KIA spectra is used to analyse the situation inside each tube. All tubes behave 

differently when the array is turned into the reversed-arrangement. The corresponding 

sound pressure magnitudes within the tubes are found to be higher.  
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Chapter 6. Conclusions  

6.1 Summary 

In this thesis, the characteristics of sidebranch array aeroacoustics and its application in 

low Mach number flow duct noise control are studied. The theoretical analysis, finite-

element method (FEM) simulation and the experiments are carried out in the 

investigation. The results obtained by these three approaches are cross-compared for a 

comprehensive study. 

The active frequency band of the array is investigated by the FEM simulation. There 

are two tube length variations in the present study: Linear Length Variation (LLV), and 

Linear Frequency Variation (LFV). The single-branch consideration is examined first, 

followed by the 11-sidebranch array consideration. The TL peaks obtained from both 

considerations cannot align perfectly. This is due to the fluid loading interactions 

between the sidebranches in the 11-sidebranch array. 

A more complex system is studied followed by. The second 11-sidebranch array is flush 

mounted on the opposite duct wall. It is flush mounted either normally or reversely. 

These two arrangements are significantly different in their performances. For the 

normal-arrangement, the attenuation power and the effective range is better than the 

single flush mounted array. The spectral pressure magnitudes and phases of the tubes 

are identical to respective tubes with the same length in the opposite array. For the 

reversed-arrangement, the two arrays act as one coupling component. There is a special 

point at the reversed-arrangement, which is at ka = 0.4663π, where the transmission 

loss vanishes. The acoustic pressures in both arrays are out-of-phase while having 

identical magnitude. Therefore, the sound waves created in both arrays are more likely 

to cancel out each other at this frequency. The magnitude of the transmitted acoustic 
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pressure is identical to the incident pressure magnitude. However, this coupling effect 

also contributes to a high TL peak at ka = 0.4164π. The normal-arrangement has no 

attenuation at this frequency range. Therefore, the arrangement of the array plays an 

important role in shaping the performance of a complex sidebranch resonator, which 

involves multiple arrays flush-mounted on different sides of the duct.  

The corresponding transmission losses achieved by narrow coupled sidebranch arrays 

with half of the duct width are examined. The interactions between the coupled 

sidebranch arrays result in both dipole-like and quadrupole-like radiations into the main 

duct. The coupling of two sidebranch arrays with different sidebranch length series 

side-by-side can improve the performance in term of spectral uniformity of sound 

transmission loss, when it is compared with the cases where only one array covers the 

whole spanwise width of the duct. The installation of two coupled arrays on opposite 

sides of the duct cross-section improves the magnitudes of the sound transmission loss 

in general. The performance of the coupled array system can be further enhanced by 

removing the internal separating wall of one coupled sidebranch arrays. Reversing the 

sidebranch arrangement of only one coupled array is also found to worsen the low-

frequency performance of the array system. 

The following up study is to install arrays either symmetrically or asymmetrically along 

the centre line of the main duct. The arrangement having the greatest sound attenuation 

power at lower frequency will have deeper TL troughs at high frequency range. Other 

arrangements are more balanced for the whole frequency range. An expansion chamber 

is introduced to substitute one array. It is placed either alongside or in the opposite 

sidewall of the array. Such arrangement can shift the effective span to lower frequency, 

while sacrificing the attenuation performance at higher frequencies. This result shows 
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the potential of enhanced duct noise attenuation by coupling various kinds of silencers 

with sidebranch array. 

The performance of the array is investigated experimentally in the chapter 5. The 

implication of the incident acoustic pressure level is studied first. The two artificial 

acoustic excitation levels have 6dB difference. The TL performances under the two 

different incident sound levels under no flow condition are identical. Both TL 

performances deteriorates when flow is applied, while the one with higher incident 

sound level can withstand better. 

A 2-tube case is considered analytically in order to understand the working mechanism 

of the multiple sidebranch array. The tube mouth velocity is solved and the respective 

equations are shown. The tube mouth velocities change when the positions of the 

branches are reversed. Meanwhile, the resultant TL performances are unaffected. Since 

the relationship between the tube-mouth acoustic velocity and the tube-end acoustic 

pressure is a constant, depending on the frequency and its own tube length. By 

comparing the tube mouth acoustic velocity, the reversed arrangement is found to have 

the stronger acoustic pressure accumulated in the array tube end. The 2-tube case is 

done also using the FEM simulation and it validates the analytical deductions. A 3-tube 

model is also examined. The corresponding result agrees with the findings from the 2-

tube model. 

The influence of the array orientation on the TL performance in the presence of duct 

flow is examined. The sound transmission loss declines with increasing flow speed. 

The performance of the array deteriorates greater and more obviously when the flow 

speed exceeds U = 10m/s. However, there are no shifts for the low- and high-pressure 

regions. The performance of the normal arrangement deteriorates faster than the 
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reversed arrangement when a higher flow speed is applied. An inspection to the acoustic 

pressure contour of each tube in the array is done by using a pressure transducer. The 

reversed-arrangement can build up greater and more concentrated acoustic pressure in 

every sidebranch. This phenomenon improves the resilience ability of the muffler to the 

aerodynamic disturbance.  

6.2 Future Works 

The dimensions of the sidebranch array essentially affect its attenuation performance. 

They include the duct width, sidebranch separations, and the sidebranch length 

variation. The sidebranch arrays adopted in the present study are still in the preliminary 

stage that those dimensions are not yet optimized. The heuristic evolutionary approach 

can be employed for the determination of the optimal parameters. The goal of the 

optimization is to improve the sound attenuation performance and to widen the effective 

bandwidth.  

Few configurations suggested for improving the sidebranch array performance have 

been tested in the FEM under no flow condition. They include the double flush-

mounted array, the half spanwidth array and coupling array with other sound 

attenuation devices. These three suggestions show the potential for deriving more 

configurations with their combinations. They will be studied by the FEM first, followed 

by experiments for validation. Their performance under flow influence can also be 

examined. 

The presence of flow can deteriorate the performance of the sidebranch array. This is 

proved in the experiment in the chapter 5. However, the theoretical model of 

aeroacoustic interaction on the sidebranch array is not covered in the present study. The 

lack of understanding about the flow induced acoustic hinders the improvement and the 
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optimization of the sidebranch array. Since the goal here is to reduce the flow influence 

to the TL performance of the array, the direct numerical simulation can be adopted the 

aeroacoustic analysis. The numerical sidebranch models presented in the present study 

will be used in the implementation. The flow visualization can be implemented on the 

actual test rig. All these measures are to gather data for building a physical explanation 

for the effect of mean flow interactions on the sidebranch array. 
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