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Abstract

In this thesis, fundamental properties of a newly introduced tool, projectional coderiva-
tives, are illustrated. Some examples of calculation are also presented. When the
set we refer to is a smooth manifold, the projectional coderivative can be simpli-
fied as a fixed-point expression. Therefore, we extend the generalized Mordukhovich
criterion to such a setting. Moreover, chain rules and sum rules are developed for
projectional coderivatives. Different levels of constraint qualifications are incorpo-
rated to generate upper estimates accordingly and all these upper estimates converge
under the setting of smooth manifolds. By applying the sum rule to parametric sys-
tems, we obtain the upper estimate of the projectional coderivative of the solution
mapping, which is also an implicit mapping, making it possible to analyse the rel-
ative Lipschitz-like property via projectional coderivatives. The difference between
the approach of projectional coderivatives and directional normal cones is illustrated
through an example. Under the framework of parametric systems, we analyse linear
constraint systems, linear complementarity problems and affine variational inequal-
ities. For linear constraint systems with a polyhedral setting, we show that by the
generalized Mordukhovich criterion it enjoys the Lipschitz-like property relative to
its domain automatically. Besides, we derive the corresponding graphical modulus.
For linear complementarity problems with a ()o-matrix, we investigate the sufficient
and necessary condition for the Lipschitz-like property relative to its convex domain.

For affine variational inequality, a generalized critical face condition is obtained to



characterize the Lipschitz-like property relative to a polyhedral convex set under a
constraint qualification. By exploiting the structure of linear constraint systems, we
investigate the Lipschitz-like property of such systems with an explicit set constraint
under full perturbations (including the matrix perturbation) and derive some suffi-
cient and necessary conditions. Some other approaches like outer-subdifferentials and
error bounds are also taken into scope to characterize such property. The criterion

is later applied on a linear portfolio selection optimization problem.
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Chapter 1

Introduction

Real-world applications often involve input data which comes with fluctuations, like
time delay, rapid change of prices, market frictions etc. Stability analysis aims at
determining a verifiable condition, such that for a region of perturbation, the solution
stays stable with an accuracy quantifiable by the size of the perturbation (Rockafel-
lar and Wets [81]). Among various stability properties, the Lipschitz-like property
(also known as the Aubin property) plays a central role and has deep consequences
with error bounds and metric regularity, which are widely adopted in convergence
analysis of iterative algorithms. The Lipschitz-like property arises from the Lips-
chitzian behavior of the set-valued mappings but focuses on localization around the
reference point rather than all points in the domain of the mapping. By virtue of the
Mordukhovich criterion, such property can be captured by coderivatives, along with
describing the graphical modulus with an outer norm of coderivatives. The coderiva-
tive employed here, provides a geometric perspective on local behaviors of the graph
of the set-valued mapping. The calculus rules of coderivatives offer a bridge to apply
the Mordukhovich criterion to analyze the Lipschitz-like property of parametric op-
timization problems like generalized equations, parametric linear constraint systems,
linear complementarity problems and variational inequalities.

However, one stringent assumption of the Lipschitz-like property is that the ref-



erence point lies in the interior of the domain of the set-valued mappings. Such an
implicit assumption can be observed by both the definition of the property and the
local boundedness requirement on coderivatives in Mordukhovich criterion. This as-
sumption could hinder the study of this property when the point of interest lies on the
boundary of the domain, or when one wish to study the property relative to certain
directions only. Thus, the relative Lipschitz-like property comes into play. Although
the Lipschitz-like property has been widely studied, the Lipschitz-like property rel-
ative to a set is greatly understudied. Not until recently, a new tool in variational
analysis, projectional coderivative, has been introduced in Meng et al. [59] and em-
ployed to establish a generalized Mordukhovich criterion to characterize the property
relative to a closed and convex set. This verifiable condition also pins down the asso-
ciated graphical modulus of the set-valued mapping relative to the closed and convex
set with the outer norm of projectional coderivatives.

For this newly acquainted tool, only a few properties and examples are presented
due to its complicated nature. It involves interactions between normal cone of the
set-valued mapping and projection onto the tangent cone of the set in the neighbor-
hood. Thus, natural questions can be raised like, when does the projected normal
cone enjoy outer semicontinuity like normal cone or under what conditions can the
expression be simplified. More importantly, can we obtain calculus rules for projec-
tional coderivatives similar to coderivatives and apply them to parametric systems
to characterize the relative Lipschitz-like property? What kind of constraint qualifi-

cations should be imposed? These questions motivate our work.

1.1 Literature review

The early work on stability analysis can be traced back to Hoffman [35] where the

error bound of linear inequality system under right-hand side perturbation was dis-



cussed. However, the study of stability did not proliferate until recent decades.
Robinson played a leading role in studying the extension of the theorem (see Robin-
son [74]). Later works, Luo and Tseng [58], Azé and Corvellec 3] and Pena et al. [69]
excelled in obtaining the error bound modulus of the linear systems and Van Ngai
et al. [84], Kruger et al. [47, 48] worked on the semi-infinite ones. An outer subdiffer-
ential was used in error bounds: Canovas et al. [14], Eberhard et al. [20], Fabian et al.
[21], Kruger et al. [47], Ioffe [40], Ioffe and Outrata [43], Li et al. [56]. Related works
on stability analysis are also introduced in monographs by Fiacco [24|, Mordukhovich
[66].

In 1984, Aubin [2] originated the definition of ‘pseudo-Lipschitz’ in the format of
inverse function F~'. Such property is later named after the author as the Aubin
property (Rockafellar and Wets [81]), a.k.a. Lipschitz-like property, to capture it as
an extension of Lipschitzian behavior of multifunction (see Mordukhovich [66]).

To characterize the Lipschitz-like property, Mordukhovich criterion was at first
derived directly in Mordukhovich [61] with the estimates for the corresponding graph-
ical modulus represented as the outer norm of the coderivative. The equivalence
between the inverse Lipschitz-like property, openness at a linear rate and metric reg-
ularity is introduced thoroughly later in Mordukhovich [62]. The proof employing
Ekeland variational principle and extremal principle (in Asplund spaces) can also
be found in Mordukhovich [65] and a more direct one utilizing the essential varia-
tional analysis tools in Rockafellar and Wets [81]. The calculus rules of coderivatives
widely adopted were largely initiated in Mordukhovich [63] and introduced in later
monographs by Rockafellar and Wets [81] and Mordukhovich [65] under the assump-
tions of local boundedness and graph-convexity. These rules facilitate analyzing the
Lipschitz-like property of parametric optimization problems. In Mordukhovich [64],
the Lipschitz-like property was analyzed for a parametric system with the sum of two

mappings, where the set-valued one did not involve the decision parameter. Later in
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Levy and Mordukhovich [53], an extended form of the implicit set-valued mapping
was considered, where both mappings involved the decision parameter. The upper
estimate of the coderivative of the solution mapping is guaranteed under some con-
straint qualification and equality is also attainable. Such an estimate not only paves
the way for studying stationary-point set mapping, but also facilitates the work of
Huyen and Yen [38], which made full use of the condition for equality and studied
the Lipschitz-like property and the Robinson metric regularity of a parametric linear

constraint system under full perturbations:
S(Ab) ={z | Az +be K} (1.1.1)

with K being a closed set only. Huyen and Yen [38]| also applied the result to
the solution mappings for linear complementarity problems and affine variational
inequalities. A similar result on smooth function with regularity of the set is also
mentioned in [81, Example 9.51] with graphical modulus obtained. Lee and Yen [50]
employed the upper estimate in Levy and Mordukhovich [53| to analyze the Lipschitz-
like property of the solution of the trust region-subproblem under full perturbations.
For more introduction on parametric optimization problems, see monographs by
Bonnans and Shapiro [6], Dontchev and Rockafellar [19], Ioffe [41] and Klatte and
Kummer [46].

Among parametric systems, both linear and nonlinear systems have attracted a
lot of attention on stability analysis due to its wide application. An example on port-
folio selection using minimax rule can be found in Cai et al. [8] and Meng et al. [60].
Under the Robinson constraint qualification, Borwein |7] and Robinson |75] analyzed
the Lipschitz property of the solution mapping of nonlinear inequality system with
a closed and convex cone. Later in Jongen et al. [44], sufficiency for such stablity is
provided with extended Mangasarian-Fromovitz constraint qualification at infinity.
For linear semi-infinite systems, Goberna and Lopez [31] gave some characterizations
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of the Lipschitz-like continuity. In Canovas et al. [10], complete characterizations of
the Lipschitz-like property of the solution mapping of both linear semi-infinite and
infinite systems were obtained by developing a Mordukhovich criterion in an arbi-
trary Banach space based on coderivative. More recently, Li and Ng [54] used error
bound results for approximate solutions to analyze the Lipschitz-like property of an
abstract inequality system. For other stability results on these types of systems, see
Céanovas et al. [12, 11] for calmness, Cénovas et al. [9] for metric regularity and Li
and Li [55] and Gfrerer and Mordukhovich [26] for Robinson metric regularity.

As Huyen and Yen [38] treated the solution mappings of linear complementar-
ity problems and affine variational inequalities under the framework of (1.1.1), K
becomes a union of polyhedral sets with special structures: graph of a normal cone
mapping of a polyhedral set. In general, calculating the coderivative of this normal
cone mapping requires some effort. Henrion and Outrata [33] considered the normal
cone of finite union of polyhedral cones at the origin. Lee and Yen [50] considered
the coderivative of a normal cone mapping of a Euclidean ball. In Henrion et al. [34],
the coderivative formula was given for normal cone mappings of inequality systems
with different assumptions, like full rank, linear independence constraint qualifica-
tion (LICQ) and Mangasarian-Fromovitz constraint qualification (MFCQ). Gfrerer
and Outrata [28] continued the work with a weaker constraint qualification. Qui
[71] gave some estimates on the coderivative of right-hand side perturbed polyhedral
normal cone mappings.

For a polyhedral normal cone mapping, Dontchev and Rockafellar [18] represented
its coderivative by union of the difference (and its polar) between two critical faces
of the set with a selection rule. In this way, a sufficient and necessary condition for

the Lipschitz-like property of the solution mapping of affine variational inequality



under linear perturbation,
L(g) ={x |0 € q+ Az + Ne(x)}, (1.1.2)

was derived via a reduction lemma, named ‘critical face condition’. In this work,
the system (1.1.2) is closely related to the following one as the affine variational
inequality can be treated as a linearization of 0 € z + f(w,z) + No(x) under a
proper setting

S(z,w)={x|0€ z+ f(w,z) + Ne(x)}. (1.1.3)

Moreover, equivalences between single-valuedness along with Lipschitz continuity and
the Lipschitz-like property, both for L and S also established, when differentiability
and Lipschitz continuity of f are assumed. Earlier work on such equivalence can
also be found in Robinson [77] under strongly regularity condition and Robinson [79]
under coherent orientation condition. See also Ralph [73], Scholtes [82] and loffe [42]
for more related works.

For the case C'in (1.1.2) being a multifunction, the system can be taken as a quasi-
variational inequality. New rules for coderivative calculus for this type of problems
were introduced in Mordukhovich and Outrata [67] and thus efficient conditions for
Lipschitzian stability were derived. Yen [85] considered C' as a polyhedral set with
linear perturbation and established that the solution mapping of nonlinear varia-
tional inequality is Lipschitz continuous and single-valued under the Lipschitz and
strong monotonicity assumptions. Lu and Robinson [57] deducted the determinantal
condition for the existence of a single-valued, Lipschitz continuous, piecewise-affine
solution. For the case that C is a linear constraint system with full perturbations
(both left-hand side and right-hand side), Robinson [76] and Canovas et al. [13] char-
acterized the calmness property for the stationary set mapping in terms of a Slater
condition. Under a positively linear independence assumption, Qui |72] provided a
sufficient condition for the Lipschitz-like property of the solution mapping of a fully
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perturbed affine variational inequality.

For linear complementarity problems, they can be seen as a special type of affine
variational inequality with C' being the nonnegative orthant and therefore share the
results above. Gowda and Pang [32| obtained a sufficient condition for calmness
and existence of the mixed linear complementarity problem by degree theory and
extended the result to the nonlinear one. For more applications of variational in-
equality problems and linear complementarity problems, see monographs by Cottle
et al. [16], Kinderlehrer and Stampacchia [45], Facchinei and Pang [22| and Lee et al.
[51]. More introduction on the solution mappings for variational problems and im-
plicit mappings can also be found in the monograph by Dontchev and Rockafellar
[19].

As mentioned before, the Lipschitz-like property has an implicit prerequisite that
the reference point lies in the interior of the domain. In recent years, the relative
stability has gained much attention, most of which employed the tool directional
limiting coderivatives, introduced in Gfrerer [25] with directional limiting calculus
initiated in Ginchev and Mordukhovich [30]. For directionally Lipschitzian single-
valued mappings and generalized directional derivatives, see Clarke [15]. Gfrerer
and Outrata [27] established sufficient conditions for the calmness and the Lipschitz-
like property of implicit multifunctions by using a directional limiting coderivative
along with graphical derivative. The formula for computing the directional limit-
ing coderivative of the normal-cone map with a polyhedral set was also presented
employing the critical face condition framework in Dontchev and Rockafellar [18].
Further extension of critical face condition to the Lipschitz-like property of solution
mapping to a generalized equation can also be found in Gfrerer and Outrata [29]
under the framework of Mordukhovich and Outrata [67]. In Benko et al. [5], suffi-
cient conditions for the Lipschitz-like property relative to a closed set of the solution

map for a class of parameterized variational systems were derived. These conditions
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require computation of directional limiting coderivatives of the normal-cone mapping
for the so-called critical directions. However, these works only provided sufficiency
for the relative Lipschitz-like property, which could still fail when the reference point
lies on the boundary. In Meng et al. [59], a new tool, the projectional coderivative,
was introduced and both sufficiency and necessity were provided for characterizing
the Lipschitz-like property relative to a closed and convex set. For other stability
properties relative to a set, see Van Ngai and Théra [83], Ioffe [39], Arutyunov and
Izmailov [1] and Bonnans and Shapiro [6] for the relative metric regularity, Mor-
dukhovich and Wang [68] for the restrictive metric regularity and Benko et al. [5] for

the relative isolated calmness.

1.2 Organization of the thesis

In this dissertation, we restrict our scope of stability analysis mainly to the Lipschitz-
like property and the relative Lipschitz-like property. The remaining of the current
chapter introduces the tools widely adopted in variational analysis. Our work begins
in Chapter 2 by introducing some properties of projectional coderivatives, mainly
from the perspective of projection. Some connections between coderivatives and
projectional ones are also stated. More specifically, when we consider a smooth
manifold, the complicated expression of projectional coderivative can be fine-tuned
as a fixed-point one. To take advantage of this structure, we extend the generalized
Mordukhovich criterion from the convex setting to a smooth manifold. Similar to
coderivatives, we obtain the chain rules for projectional coderivatives and establish
an equation for smooth manifolds. Some special cases like when inner or outer layer
of the function is single-valued are also discussed. Subsequently, a few sum rules are
analyzed with different levels of constraint qualifications. The differences are mainly

caused by: 1) the fact that a more stringent constraint qualification corresponds to



a tighter upper estimate, and 2) how we deal with restricting the mappings onto
the set. The first type of differences can be eliminated when the set is a smooth
manifold.

As one useful objective of developing these rules is to analyze the relative Lipschitz-
like property in a broader range, we apply these rules to a parametric system in
Chapter 3. Inspired by Levy and Mordukhovich [53], we consider the parametric
system which involves the sum of a C! single-valued function and a set-valued one.
Both of these two mappings are perturbed by the same parameter. When the sys-
tem involves only one set-valued mapping, i.e., under the general implicit mapping
setting, with a stricter constraint qualification we can represent the upper estimate
of projectional coderivatives of the system by that of the mapping. We also com-
pare our approach for analyzing relative Lipschitz-like property with that in Benko
et al. [5] under the same setting. An example demonstrates that when a set or a
direction involves part of the boundary of the domain, our approach works better
as it characterizes the property in full. We also show that in some particular cases,
constraint qualifications can be bypassed. Later we apply these results to specific
problems with structures. For linear constraint systems under right-hand side per-
turbations, we first update some characterizations on the Lipschitz-like property by
exploiting the structure of its domain. When the set is a union of polyhedrons, we
give an expression of projectional coderivative of the system relative to its domain
and when the set is one polyhedron, we obtain the graphical modulus relative to its
domain. For linear complementarity problems, we consider a particular case where
M is a (Qo-matrix. In this way the domain is convex and we can apply the gen-
eralized Mordukhovich criterion and develop a fixed-point sufficient and necessary
condition for the Lipschitz-like property relative to its domain. The corresponding
graphical modulus is also presented. For affine variational inequalities, to character-
ize the Lipschitz-like property relative to a polyhedral convex set which lies within

9



the domain of the solution mapping, we derive a generalized critical face condition
in light of Dontchev and Rockafellar [18].

In Chapter 4, we take a step back to consider the Lipschitz-like property for the
linear constraint system in Huyen and Yen [38|. We observe that for right-hand side
and full perturbations, the Lipschitz-like property are equivalent and thereby give
the relations of the Lipschitz-like property between different types of perturbations.
Particularly for the linear constraint system (1.1.1) with a closed and convex set K,
we establish the equivalences among the Lipschitz-like property of S, the normal cone
and the tangent cone of its domain and the regularity at the candidate point. As
an extension, we consider a linear constraint system with an explicit set constraint
with full perturbations. Characterizations from perspectives of outer subdifferential
and Robinson stability are also presented. Furthermore, we consider a variational
inequality with linear approximation. With nonsingularity assumption of the matrix
and some continuity assumptions on the approximated function f, we construct the
equivalence between the original system and the linearized one. Lastly we consider a
practical problem: linear portfolio selection. The stability analysis is performed both
on feasible set mappings and the optimal solution mapping and some conditions that

are easy to verify are obtained.

1.3 Preliminaries

In this section, we provide backgrounds on notations, tools and corresponding prop-
erties widely adopted in the study of variational analysis. Most of these can be found
in monographs by Rockafellar and Wets [81] and Mordukhovich [65]. Readers who
are familiar with these notations may safely skip this section.

For a nonempty set C' C R", the interior, the relative interior, the closure, the

boundary, the convex hull and the positive hull of C' are denoted respectively by
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int C, rint C, clC, bdry C, conv C and posC := {0} U {\zx | z € C' and A > 0}. The
orthogonal complement C*, the polar cone C* and the horizon cone C* are defined

respectively by
Ct:={veR"|(v,z) =0, Vo € C},

C*:={veR"|(v,z) <0, Vx € C}, and
C® :={x e R" | Jz € C, N\ \( 0, with \pzp — z}.

The support function o¢ of C' is defined by

oc(x) == sup(v, z).
veC

The indicator function d¢ of C'is defined by

Se(x) = 0 ifz e,
¢ "1 +o0 otherwise.

The distance from x to C' is defined by

d(z,C) = ;E(fij —z||.

The projection mapping proj. is defined by
projo(z) :=={y € C' | |ly — xl| = d(z, C)}.
For a set X C R", we denote the projection of X onto C' by
projo X == {y € C | 3z € X, with ||y — z| = d(z, C)}.

If C = 0, by convention we set that d(z, C') := 400, proj(z) := 0, and proj-X := 0.
Let x € C. We use Te(x) to denote the tangent/contingent cone to C' at z,
i.e. w € Te(x) if there exist sequences ¢, N\, 0 and {wy} C R" with wy — w and

x4+ tywy € C, Vk. It can also be expressed as an outer limit:

C—=x

Te(z) = li:nslép
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The regular/Fréchet normal cone, Nc(x), is the polar cone of T¢(x), defined by

/_
Ne(x) = v eR" | limsup (v, 2’ = z)

C
' —rx
%

<0

" — ]

Here o/ % x means ' — x, 2’ € C, 2’ # x. The (basic/limiting/Mordukhovich)

normal cone to C' at x, No(x), is defined via the outer limit of J/\\TC as

Ne¢(z) = limsup Ne(2') = {v € R" | 3 sequences zy < T, vy = v, vy € Ne(zp), Vk‘} :
m’gx

If C is a convex set,

Ne(z) = No(z) = {v e R* | (v,2' — x) < 0,Va’ € C}.

We say that C' is locally closed at a point € C' if C' N U is closed for some
closed neighborhood U € N (z). C' is said to be regular at x in the sense of Clarke
if it is locally closed at o and Ne(z) = Ne(z). For any x ¢ C, we set by convention
Te(z) =0, Ne(z) =0, Ne(z) = 0.

Let C' C R™ be a nonempty convex set. A face of C' is a convex subset C’ of
C such that every closed line segment in C' with a relative interior point in C’ has
both endpoints in C’. An exposed face of C is the intersection of C' and a non-
trivial supporting hyperplane to C. In other words, F' is an exposed face of C' if
and only if there is some = € R"™ such that F' = argmax, .~ (z,v). See the book
[80] for more details. In this thesis, we also use the notion of semi-closed faces,
which originated from Fang et al. [23] with ‘semi-closed polyhedral. The concept
‘semi-closed polyhedral’ is an extension of polyhedron, defined as the intersection
of finitely many closed or open half-spaces. For semi-closed faces F’, it can be
expressed as the intersection of finitely many closed or open half-spaces and cl F’
must correspond to some closed face F' of C.
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Let f:R® = R := RU {£oo} be an extended real-valued function and let  be
a point with f(Z) finite. The vector v € R™ is a regular/Fréchet subgradient of f at

Z, written v € Of (), if

f(@) = f(7) + (v, 2 = 7) + ol| |z = 7[])-

The vector v € R™ is a (general /basic) subgradient of f at z, written v € 0f(z), if
there exist sequences x;, —  and vy — v with f(zx) — f(Z) and vy € 5f(:vk) The
subdifferential set 0f(Z) is also referred to as limiting/Mordukhovich subdifferential.
The vector v € R™ is a horizon/singular subgradient of f at z, written v € 9% f(z),
if there are sequences xy — = with f(zr) — f(Z), Ax \ 0 and v; € 5f(:ck) such that
ALV — .

The outer limiting subdifferential of f at z introduced in [43] is denoted and

defined as follows:
0~ f(z) == {klirf v | Jag, ER z, Vk: f(xx) > f(Z)and vy € 8f(a:k)}.
— 400

For a set-valued mapping S : R = R™, we denote by
gph S :={(z,u) |u e S(x)} and domS :={x|S(z)#0}
the graph and the domain of S, respectively. S is said to be positively homogeneous
if
0€S5(0) and S(Ax)=AS(x) forall A >0 and z,

or in other words, gph S is a cone. If S is a positively homogeneous mapping, the

outer norm of S is denoted and defined by

|S|* :=sup sup |ul], (1.3.1)
z€B ueS(x)

which is the infimum over all constants x > 0 such that ||u|| < &||z| for all pairs
(x,u) € gph S.

13



Consider a point & € dom S. The outer limit of S at z is defined by

limsup S(z) := {u € R™ | Jxy, — T, Jup, — u with uy, € S(zx)}.

T—T

S is said to be outer semicontinuous at T if

limsup S(z) C S(z).

T—=T

For a sequence of mappings S” : R* == R™, the graphical outer limit, is given via

the graph:
gph(g-limsup,, S”) = limsup, (gph S").
and therefore has (g-limsup, S¥) (z) = U lim sup S”(z").

—
{zV—uz} vmee

(1.3.2)

The (normal) coderivative and the regular/Fréchet coderivative of S at z for any

u € S(T) are respectively the mapping D*S(z | u) : R™ = R" defined by
" € D*S(z | u)(u") <= (2, —u") € Ngpns(T,u),
the mapping B*S(f | w) : R™ = R™ defined by

z* € D*S(z | u)(u") <= (2", —u") € Ngphs(Z, ).

Therefore with outer semicontinuity of normal cone mappings, by (1.3.2),

D*S(z | )= glimsup D*S(z|u)= glimsup D*S(z | w).

gph S gph S

(2,u) = (2,1) (z,u) —— (z,1)
For a set X C R”, we denote by
S(z) ifreX,
ﬁx:{@ it ¢ X
the restricted mapping of S on X. It is clear to see that

gph S|x =gph SN (X xR™) and domS|xy =X NdomS.

14
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Definition 1.3.1 (local boundedness relative to a set,|81, Page 162|). For a mapping
S :R" = R™, a closed set X C R™ and a given point z € X, if for some neighborhood
Ve N(z), S(VNX) is bounded, we say S is locally bounded relative to X at .
Such definition is equivalent to local boundedness of S|x at T, where S|x means the

mapping S restricted to X.

Remark 1.3.2. By definition of local boundedness, if S is locally bounded at Z, then
S is also locally bounded in a certain neighborhood of x. Similarly, if S is locally
bounded relative to X at T, then S is also locally bounded relative to X in a certain

neighborhood of x.

Similar to definition of regularity in [81, Defnition 6.4, here we introduce a local

version:

Definition 1.3.3. For a set C' C R", we say C' is reqular at around z € C (in the
sense of Clarke) if it is locally closed around T and there exists a neighborhood X of

Z, such that for any x € X N C, Ne(z) = Ne(z).

Definition 1.3.4 (Outer semicontinuity relative to a set, [81, Definition 5.4]). A
set-valued mapping S : R™ = R™ is outer semicontinuous (osc) at T relative to X if
x e X and

limsup S(z) = S(z).

X -
r—T

Such definition is equivalent to outer semicontinuity of S|x as

limsup S(x) = limsup S|x(z) = S|x (7).

X - T—T
T

Next we present some definitions and properties on stability of S, most of which

are borrowed from [81].
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Definition 1.3.5 (Lipschitz-like property relative to a set, [81, Definition 9.36]). A
mapping S : R = R™ has the Lipschitz-like property relative to X at T for u, where
ze€ X and u € S(z), if gph S is locally closed at (Z,u) and there are neighborhoods
Ve N(z), WeN(a), and a constant k € Ry such that

SE)NW C S(x) + k||l —x||B Vz,2' € XNV. (1.3.4)
The graphical modulus of S relative to X at x for u is then

lipy S(z |u):=inf { k>0 |3V eN(z),W e N(a), such that

SE)NW C S(x) + k||’ —x||B, Vz,2’ e XNV }.

The property with V' in place of X NV in (1.3.4) is the Lipschitz-like property
along with the graphical modulus lip S(z | @). For the Lipschitz-like property, a

useful test is provided, the Mordukhovich criterion.

Theorem 1.3.6 (Mordukhovich criterion, see [81, Theorem 9.40], |65, Theorem
4.10]). For a mapping S : R™ = R™ with gph S being locally closed at (T,u) € gph S,

S has the Lipschitz-like property at T for u if and only if
D*S(z | u)(0) = {0}, (1.3.5)
or equivalently |D*S(Z | u)|t < oco. In this case lip S(z | u) = |D*S(z | uw)|*.

To characterize the relative Lipschitz-like property, in [59], a new tool, the pro-

jectional coderivative, is introduced.
Definition 1.3.7 (|59, Definition 2.2|). D5S(z | u) : R™ = R™ of S: R* = R™ at
T € X for any u € S() with respect to X is defined as

t* € DS(7 | u)(u) <= (t",—u") €  limsup  projp, () xrm Nephs|x (T, 1)

gph S| .
(mﬂu)—x)(zvu)

(1.3.6)

16



Figure 1.1: An example of projectional coderivatives

N s(%, ) x,11) %/ gph DxS(x|u)
gph S / _, X =domS§S

gph D*S(x|u)

-
V
Ty(®) XR=R. XR

Here we give an example of the calculation on projectional coderivatives.
Given this new tool, a handy test for the Lipschitz-like property relative to a
closed and convex set is developed similarly to the Mordukhovich criterion, and is

named as the generalized Mordukhovich criterion.

Theorem 1.3.8 (generalized Mordukhovich criterion, [59, Theorem 2.4]). Consider
S:R*"=R™" € X CR"and u € S(z). Suppose that gphS is locally closed
at (z,u) and that X is closed and convexr. Then S has the Lipschitz-like property

relative to X at x for u if and only if
D% S(z | u)(0) = {0} (1.3.7)
or equivalently |D%S(z | u)|" < +o00. In this case,
lipyS(Z | u) = |D%S(Z | w)|". (1.3.8)

For a single-valued mapping F': D — R™ where D C R", we say that F'is strictly

continuous at Z relative to X C D if z € X and

F(z')—-F
lipy F() i lim sup ) — £ @]
VEN
Az’
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is finite. F’ is strictly continuous at z if ¥ € int D and

lipF'(z) := limsup 1£(2") — F(z)l]

S T — 4]
x#T

is finite.
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Chapter 2

Projectional Coderivatives and Chain
Rules

The projectional coderivatives initiated by [59] (see Definition 1.3.6), was invented to
capture the Lipschitz-like property of a multifunction relative to a closed and convex
set in full. Such a definition is derived via the sufficient and necessary condition for

the property (see |59, Theorem 2.3|) with existence of k > 0:
[Projry (o) (2°)|| < sllu®l, Va* € D*S|x(z | u)(u”)
for all (z,u) being close enough to (Z, @) in gph S|x. As by definition,

t* € DS(x | u)(u) <= (t",—u") € limsup  projp, (m)xrm Nephs|y (T, 1)

gph S|x _ _
*%

(z,u) Z,0)

the projectional coderivative involves taking limsup of projected normal cones of
points (z,u) tending to (Z,u) in gph S|x. When z € int X, the projectional coderiva-
tive becomes coderivatives naturally. Given the osc of normal cone mappings, we
start to explore under what condition will the projected normal cone be osc as well,
ie.,

imsup  projry (z)xrm Neph S|x (T, 4) = PrOjry (z)xrm Neph 5]y (T, ).

gph S| _ -
(:v,u) —X>(xvu)
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Based on the fact that the tangent cone of a smooth manifold varies from one point
to another continuously, we are able to express the projectional coderivative in a

fixed-point pattern and develop the equation for the chain rules.

2.1 Projectional coderivatives and properties of smooth
manifolds

We first introduce some properties of projection and some natural observations of
projectional coderivatives. Below we present an observation on the connection be-

tween projectional coderivatives and coderivatives.

Lemma 2.1.1. For a set valued-mapping S : R® = R™, and a closed set X C R",

for any (z,w) € gph S|x,

D*S|x(z | w)~*(0) C D%S(z | w)~*(0). (2.1.1)

Proof. For w' € D*S|x(z | @)~'(0), it is equivalent that (0, —w") € Ngpng| (T, ). As
Projry )(0) = 0, we have (0, —w') € projry z)xgm Neph s|x (Z, w). Then by definition

of projectional coderivatives, w’ € D%S(z | w)~1(0). O
Next we introduce some properties of projection onto cones.

Lemma 2.1.2. For any nonempty closed convex cone K C R™ with its polar K* =

K+, where K+ = {v|{v,z2) =0, Vx € K},
proj (v +y) = projx (y), for anyy € R™ and v € K. (2.1.2)

Proof. Let y € R™ and « = projg(y). As K is a nonempty closed and convex set,
[4, Theorem 3.16], it is equivalent that + € K and y — 2 € Ng(z). Then for any
v € K, (y—x,2' —x) <0. For any choice of v € K* = K+ we have (v,2’ — x) = 0.
Therefore (v+y —z,2' —2z) <0 and v+y — 2z € Nx(x). Thus x = projg(v +y).
Then the equation (2.1.2) is proved along with uniqueness of projection. O
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Lemma 2.1.3. For a nonempty closed cone C C R™, for any y € proj-(x), \y €

proj-(Az) for any A > 0.

Proof. As A\ >0,y € C and C is a cone, \y € C. If A =0, 0 € proj-(0). If A > 0,
suppose Ay ¢ projo(Az), i.e., Jw € C such that d(A\z,C) = d(Az,w) < d(Az, \y) =
Ad(z,y). Again as C is a cone we can always find ¢y € C such that w = Ay
Then d(Az,w) = d(Ax, \y') = Md(z,y") > Md(z,C) = Ad(x,y), which contradicts our

assumption. ]

From the expression of (1.3.6) we can see that the calculation of projectional
coderivative also involves neighboring points. When the set we refer to, X, has
special structure, for example, a smooth manifold, such representation can be refined
as a fixed-point expression. Before introducing the exact form, we present some basic
properties of a smooth manifold in the following proposition. In what follows, let
X be a d-dimensional smooth manifold in R™ around the point z € X, in the sense
that X can be represented relative to an open neighborhood O € N (%) as the set
of solutions to F(z) = 0, where F': O — R" ¢ is a smooth (i.e., C') mapping with
VF(z) of full rank n — d. This definition is borrowed from [81, Example 6.8]. For

more thorough details of smooth manifold, see the monograph by Lee [52].

Proposition 2.1.4 (Basic properties of smooth manifolds). Let X € R"™ be a smooth

manifold at T. We have the following basic properties.

(a) X is regular at around . The tangent and normal cones to X at any x being
close enough to x are linear subspaces orthogonally complementary to each

other, namely
Tx(r) ={w e R" | VF(z)w =0} and Nx(z)={VF(x)*y|yec R}
Moreover,

Projyy ) (2*) = [I — VF(z)* (VF(x)VF(z)*)™ VF(z)]z* Va*. (2.1.3)
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(b) For any x being close enough to T in X and x* € R", it holds that

Tx(xx) = Tx(x) and  Projry(y,)(ry) = Projry ) ("),

X
where {xy} and {x;} are two sequences such that xy—x and x}, — z*.

(c) For any e > 0, there exists some 0 > 0 such that

| =g o (=) | =
ly — =] O\ Ny =) || =
holds for all z,y € X NBs(Z) with x # y.

Proof. As F : O — R" is smooth with VF(Z) of full rank n — d, VF(z) is also of
full rank n — d for all  close enough to Z in X. The properties in (a) then follows
readily from [81, Exercise 6.7, Example 6.8]. Therefore the projection onto T'x(z) is
equivalent to projection on the column space of VF(z). Given that VF(x) has full
rank n — d, by [49, Page 365] we have (2.1.3).

For (b), with regularity, Tx (z) = Tx(z) = lim inf , x Tx(2') by [81, Corollary
6.29 (b)]. To prove continuity relative to X, it remains to prove limsup , x _ Tx(z') C

Tx(z). For w € limsup ,x Tx(z'), it is equivalent that there exist sequences

2 Sz oand wy € Tx(zg) = {w e R" | VF(zg)w = 0} such that w, — w. Given
VF(zy) — VF(z) when x, — x and VF(zg)w, = 0, then VF(xp)w, — VF(x)w =
0 when k& — oo, which shows w € Tx(z) and thus Tx(-) is continuous at z relative
to X and always convex-valued. By [81, Example 5.35], we have projr, (,,)(7x) —
PIOjry () (") for zy, X, 2 and x; — ot

It remains to show (c). Suppose by contradiction that there exist some gy > 0

and some sequences Ty, ykﬁm’: with xp # y, such that

| =i o (=)
TR ey
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Without loss of generality, we can assume that g, yx € O with VF(zy) of full rank

n — d for all k, and that there is some w € S such that

Y — Tk

— — W.
1y — 2l

It then follows that

/1 VE(tye + (1 — 7)xy) dr ve = on_ Flye) = Flay) =0 Vk, (2.1.5)

lye —xall g —

where the integral of a matrix is to be understood componentwise. Applying com-

ponentwise the first mean value theorem for definite integrals, we have

/1 VF(ry,+ (1 — 7)zg) dr — VF(Z),

and hence
' Yk — Tk
/ VE(tyr + (1 — 7)zg) dr - —— — VF(Z)w.
0 [
In view of (2.1.5), we have
VFE(z)w = 0.

As VF(zy) is of full row rank, we have

Tx(z) ={w | VF(xp)w = 0},

and hence
Ye — Tk _ proj <yk—$k)
[ AN 7|
— VF(2)" (VF () VF(2)") " VF () o5
1Y — @il
— VF(z) (VF(Z)VF(z2)*)" VF(Z)w = 0,
contradicting to (2.1.4). This completes the proof. ]
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Proposition 2.1.5 (Coderivatives of a set-valued mapping restricted on a smooth
manifold). Consider S : R* =% R™ and u € S(z). Suppose that gph S is locally
closed at (Z,u) and X is a smooth manifold at around T with * € X. The following

properties hold for all (z,u) close enough to (z,u) in gphS|x:

(2) PLojry (ayxim Neph six (2. 1) = Nypn s (2, 1) N (Tx (z) x R™).

(b) Projry (o) xmm Neph six (¥, 1) = Nepn s (@, u) N (Tx (z) x R™).

(¢) DxS(x | u)(u”) = projry oy D*S|x(x [ u)(u) = D*S|x (2 | u)(u)NTx(x), Vur.

Proof. In what follows, let (z,u) be close enough to (Z,u) in gph S|x such that the
properties in Proposition 2.1.4 (a) and (b) holds.

To prove (a), it suffices to show

PLOjr, (g s Naph 515 (25 1) € Noon s (2, u) N (Tx () x R™). (2.1.6)

Let (y*,u*) belong to the left-hand side of (2.1.6). Then there exists some z* such

that y* = projp, ,y(z*) and (z*,u*) € ﬁgphs‘x (z,u). Then by definition we have

lim sup
(o) 22X
(! )£ (w,u

<0. (2.1.7)
(o)

Let 2" := projy, ) (z*). As Nx(z) is a linear subspace, we have +2* € Nx(z). This

implies that

* /
TG ek Y
X ||.I', - JZ”
!/ £z
and hence that
* /_
lim alma) (2.1.8)
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Since x* = y* + z*, it follows from (2.1.7) and (2.1.8) that

<(y*7U*)’ (:B, — x>u/ — U)>

<0
(2" — 2, — )|

— b

lim sup
(! ) 22X ()
(@ ) ()

which amounts to that (y*,u*) € ﬁgphs|x($, w). From the fact that y* € Tx(x), it
then follows that (y*,u*) belongs to the right-hand side of (2.1.6).

To prove (b), it suffices to show

pI’OjTX(x)menghﬂX(%U) C Ngphgix (x,u) N (Tx(x) x R™). (2.1.9)

Let (y*,u*) belong to the left-hand side of (2.1.9). Then there exists z* such that
Y* = Projry () () and (z*,u*) € Ngpns|y(7,u). By definition there are sequences

(2p, ug) 225 (2,u) and (2f,ul) € Ngph 5| (¥k, ug) such that (z,up) — (2%, u*).

In view of (a), we have for all sufficiently large k,

(prOjTX(xk)(ZUZ), UZ) € ngh5|x (xkauk)'

By Proposition 2.1.4 (b), we have projr, (,,)(¥i) — Projry)(**) = y*. Then by
definition we have

(y*vu*> S nghsb{(xvu)‘

From the fact that y* € T'x(z), it then follows that (y*, u*) belongs to the right-hand
side of (2.1.9). Let u* € R™. From (b) and the definition of coderivatives (1.3.3), we

get
DxS(x [ u)(u®) D projpy o D*S|x (2 | u)(u®) = D*S|x ([ u)(w”) N Tx (x).
To show (c), it suffices to show
Dy S(z | u)(u*) C D*S|x(z | w)(u*) NTx(z). (2.1.10)
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Let y* belong to the left-hand side of (2.1.10). Then by definition there are some

(g, ug) LLLEN (x,u) and z; € D*S|x(xy | ug)(uj) such that up — v* and yj =

PIOjry (2, (T1) — ¥*. By (b), we have for all sufficiently large ,

Yr € D*S|x (wp | ug)(uy),

implying that y* € D*S|x(z | u)(u*). As y; € Tx(xx), we get from Proposition 2.1.4
(b) that y* € Tx(x). That is, y* belongs to the right-hand side of (2.1.10). This

completes the proof. O
Next we give a simple example to for geometric interpretation of the properties.

Example 2.1.6. Consider a multifunction S : R?* = R? defined as

st = {107 274

For X =R x {1} CdomS =R? and z = (0,1)", @ = (0,0)", (,u) € gph S|x. By
calculation we have Ngpn | (T | @) = R? x {05}, Tx(Z) =R x {0} and

R?, w* = (0,0)T

Then we can see that

prOjTX(I)XRQnghS|X(j' | u) = PrOij{o}xRQ (R2 X {02})

=R x {03} = Ngpn s (7 [ @) N (Tx (7) x R™)

and
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The coming corollary is a natural observation from Propositions 2.1.4 and 2.1.5.

Corollary 2.1.7. Consider S : R" = R™ andu € S(z). Suppose that gph S is locally
closed at (Z,u), T € X and X is a smooth manifold at around & with X C dom S.
Then the mapping (x,u) = Projr u)xrm Nephs|y (T, u) is outer semicontinuous rela-

tive to gph S|x at (z,u) and

DxS(z|u)= glimsup DxS(x|u)=projy D"S|x(z | u). (2.1.11)
()X (2 )

Proof. By Proposition 2.1.4 (b) and outer semicontinuity of the normal cone mapping

Ngph 5| relative to gph S|x at (z,u), we have

lim sup prOjTX (z)XRMngh S|x (ZC, U) - projTX(f)XRmngh S|x (jja 'LL)
()% (2 )

By definition of projectional coderivative (1.3.6) and the property (c) in Proposition
2.1.5, we have (2.1.11). O

Although the generalized Mordukhovich criterion (Theorem 1.3.8) provides a use-
ful tool to examine the relative Lipschitz-like property, we next show by a smooth
function that the calculation of projectional coderivative may not be as simple as the

coderivatives as the projection of normal cone does not enjoy outer semicontinuity.

Lemma 2.1.8 (Projectional coderivatives of a smooth function). For F': R" — R™

being smooth and single-valued on R™ and a closed set X C R"™, for any & € bdry X,

Dy F(z)(y) = limsup {projp, o (VF(2)"y' +w) | w e Nx(z)}. (2.1.12)

X 2o
r—T,Y =Y
If furthermore X 1s regular at around T,

DY F(Z)(y) = lim sup {projr, @ (VF(z)'y + w) | w € Nx(z)} . (2.1.13)

X
r—T
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In particular when X is a smooth manifold at around T,
DY F(7)(y) = projry (VF(@)y). (2.1.14)

Proof. For smooth mapping F' defined on R", we can always find an open set O O X
such that F' remains smooth on O. In this way, VF|x(z) = VF(x) for any x € X.
Then for any = € X and [81, Example 8.34],

Ngpnr(z, F(z)) = {(VF(2)"y,—y) | y e R}
By expressing F|x = F + dx and [81, Exercise 10.43],

D*F|x(x)(y) = Nx(x) + VF(x)"y, Vy € R™.
That is, for all x € X,

Npn pix (2, F(2)) = {(VF(2)"y + w, —y) | y € R",w € Nx(2)} .

From definition of projectional coderivative (1.3.6),

t € DX F(z)(y)

<= (t,~y) € limsup projp, () xrm Neph 5|5 (7, F (7))

zi(»a’:
> (t, —y) € imsup projpy ,)xgm {(VF(a:)*y' +w, —y) } y ER™, we NX(:B)} )
Therefore we have (2.1.12).

For t € limsup {projTX( y (VE(2)y +w), we Nx(z)}, there exist sequences

X 5ot
T,y —y

T

T BN T, wy € Nx(zg), yp € R™ and ¢ € PIOj 7y () (VF(xp)*yr + wg), such that
ty — t and yp — y. When X is regular at around z, T'x(x) is convex for all x € X

around z. With nonexpansive property of projr, (,, for sufficiently large k£, we have

HPI"OJTX(“) (VF(xr)*y + wy) — t]
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< Hproij(Ik) (VE(z)"y + wg) — Projopy zp) (VE (08) yr + wk)”

<|IVF(z)* (y — yo)ll + ||Projrg uy) (VF (@) yr + wi) — ¢ -

As ||VF(zg)* (y — yr)|| and ||projTX(mk) (VF(xi)*yr + wi) — t|| both tend to 0 when

k — oo, we have projp, () (VF(2x)*y + wg) — t as well. Therefore we have

limsup {projp, o (VF(2)"y +w), w € Nx(z)}

X ot
T 5Ty -y

C limsup {projTX(x) (VF(z)'y +w), w € Nx(z)}.

X -
r—T

Given that the inclusion in reverse is obvious by taking vy := y, we arrive at (2.1.13).
If furthermore X is a smooth manifold, Tx(z) and Nx(z) are linear subspaces
orthogonally complementary to each other for any x € X being sufficiently close to

z (|81, Example 6.8]). By Lemma 2.1.2
Projry (zy (VE(2)"y +w) = projry ) (VF(2)"y), Yw € Nx(x).
Then the fixed-point expression (2.1.14) is obtained via Lemma 2.1.2. O

Example 2.1.9. Consider a smooth, single-valued mapping F : R* — R™. By
Lemma 2.1.8 we can obtain some formulas for the projectional coderivatives of F

with respect to sets having simple structures. In the case of an affine set
X :={x € R" | Bx = b},
where B is an d x n matriz and b € R?, we have for all & € bdry X,
DY F(Z)(y) = projue: s(VF(Z)"y),

where ker B := {x € R" | Bx = 0}. While in the case of a closed half-space

X ={z|(a,z) < S},
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we have for all x € bdry X,

[VF(z2)*y, proji-(VF(@)y)], if (VF(z)'y,a) <0,

DxF(”(y):{ [VF(@)'y. proju. (VE@)W)}, if (T

=
*
=
S
V
o

2.2 Lipschitz-like property relative to a smooth man-
ifold

As in the last section, we derived a fixed-point expression for projectional coderivative
of a mapping relative to a smooth manifold (see Proposition 2.1.5). Considering that
the generalized Mordukhovich criterion in [59] are for closed and convex sets, in this
section, we extend the criterion to the setting of a smooth manifold.

First, we give the sufficient and necessary conditions respectively for S to be
Lipschitz-like relative to a smooth manifold. Recall that the Lipschitz-like property

relative to a set is given in Definition 1.3.5.

Lemma 2.2.1 (Necessity). Consider a mapping S : R" = R™, £ € X C R" where
X is a smooth manifold at around z, u € S(z) and k > 0. If S has the Lipschitz-like

property relative to X at T for u with constant k, then the condition

[Projry (o) ()| < wllul] Vo™ € D*S|x (x| u)(u”)

holds for all (z,u) close enough to (Z,u) in gph S|x.

Proof. As X is a smooth manifold around z, X is locally closed at z. By [59,

Theorem 2.1|, we have

max (2", w) < kl[u*]| Va* € D*S|x(x | u)(u*)
weTx (2)NS

holds for all (z,u) close enough to (z,u) in gph S|x. As T'x(x) is a linear subspace,

we have

j || = W), 0.
Iproiry el = max o (0", 0),0}
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This completes the proof. O

The necessary condition is a direct application of [59, Theorem 2.1|. For the
sufficient condition, some efforts need to be made to change the set from cl pos(X —z)
to T'x(x). We give the proof similar to the one in [59, Theorem 2.2| employing the

property of smooth manifold, Proposition 2.1.4 (c).

Lemma 2.2.2 (Sufficiency). Consider a mapping S : R* = R™, z € X C R" where
X is a smooth manifold at around T, u € S(Z) and & > k > 0. Suppose that gph S

is locally closed at (Z,u). If the condition
[Projre @)l < allw’ll, Vo € D*Slx(z | u)(u) (2.1

holds for all (x,u) close enough to (Z,u) in gph S|x, then S has the Lipschitz-like

property relative to X at T for u with constant K.

Proof. Observing that all the properties involved depend on the nature of gph S in
an arbitrary small neighborhood of (Z, @), without loss of generality, from now on we
assume that gph S is closed in its entirety.

Let 0 < &’ < ££. Then by Proposition 2.1.4 (c), there is some ¢ > 0 such that

the following holds for all 2/, € X N Bs(Z) with 2’ # &:

=

) -
prOJTX(i) <|—~) H S 5/. (222)

|2 — 7 2" — ]

R—Kk—(k+R)E 1
AR(1+¢) '3

Let 0 < € < min { =0 } Suppose by contradiction that S does not

have the Lipschitz-like property relative to X at z for @ with constant &, meaning

that there exist 2/, 2" € B.(Z) N X with 2’ # 2", and v” € S(z") N B.(u) such that

d(u”,S(x")) > g||z" — 2| :== p. (2.2.3)
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Clearly, we have 0 < 8 < 2ke. Define ¢ : R” x R™ — RU {+0o0} by
o(x,u) == ||z — 2| + Ogpn six (@, ).
Clearly, ¢ is Isc (due to closedness of gph S and X) with inf ¢ being finite, and
oz u") <inf o+ g
By equipping the product space R" x R™ with a norm p defined by

pl, u) = Bllz|| + [|ul,

we apply the Ekeland’s variational principle to obtain some (Z,4) € R™ x R™ such

that
p(F — " i) < EERD (2.2.4)
2 K
o(z,a) < (2", u"), (2.2.5)
argmin { oz, u) + ——p(z — F,u—17) b = {(F, )} (2.2.6)
rgmin ¢ p(z, u ﬁ_H%px T,u—u)p ={(z,0)}. 2.

From (2.2.4), it follows that

(Z,a) € gph SN (X x R™) = gph S|x (2.2.7)

and hence that

17 = 2] < =" = 2]

Then by the triangle inequality, we have
[Z=2| < ||[Z=2"|+||l2"=z[| < [|2" 2|+ ||2" 2| < [|2" =z [|+2]|]a"—2[| < 3e. (2.2.8)

From (2.2.4), it follows that

. K+RpB N
la —u"|| < 5~ < f < 2ke
R

32



and hence by the triangle inequality that

o —al < |ja—u"|| + ||u" —al < (25 + 1)e. (2.2.9)
So we have T # 2/, for otherwise we have

d(u”, S(a')) = d(u”,5(2)) < ||[a—u"[| <8,

contradicting to (2.2.3). From (2.2.6) and the generalized version of Fermat’s rule

[81, Theorem 10.1], it follows that
(0,0) S 8(1/1+(5gph5|x)<i',ﬂ), (2.2.10)

where

’ 2 ~ ~
Yi,u) = o — 2+ —— (Blle — 2l + Jlu —al).

Clearly, 1 is convex and Lipschitz continuous and in terms of closed unit balls B; in

R™ and By in R™,

a¢(5z,a):( i-w [ 2 Bl)x 2 B, (2.2.11)

|z —2|| K+EF& K+R

Applying the calculus rule for subgradients of Lipschitzian sums [81, Exercise 10.10],
we deduce from (2.2.10) that

(0, 0) € E)@b(i,ﬁ) + nghs‘x(i',ﬂ).

This, together with (2.2.11), implies the existence of v; € By, v € By and

(x*, —u*) € ngh5|x(f,il) < 1" € D*S|x(z | u)(u") (2.2.12)
such that
. T —1a 23
r = ——T—= — ~ U1,
|z —2'|| k+EF&
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and

2
ut = —Vs.
K+ K

Since z,2" € X NBs.(z) C X NBys(Z) with & # 2/, it follows from (2.2.2) that

lw* —w|| <&

where
N a’/-,_i' . l’l—i' ~
w ;:M and w := pI‘OJTX(i)MGTX(fﬂ)'
Then we have
(2", w) — Kllu*]| = (2%, w") —kllu"|| + (=", w — w")
203 2K
= ]_— N — *’ - :
(o) = ol + (o w = )
2 2 2
2 1_ ﬁ~_ /§}~_(1+ 6~)€I
K+k K+E& K+ K
- 4,‘%6~ B 2/<;~ a4 4/?05~)€/
K+Kk K+E& K+ K
> 0,

where the first inequality follows from the Cauchy-Schwarz inequality, the second

one from the fact that § < 2ke, and the last one from our setting that ¢ <

R—K—(k+R)E
1R(1+¢)

. Therefore, we have

Projr, 7 (") = wezmxz%%mg(:c*,ﬁ)> > (2", w) > klju*||. (2.2.13)

In view of (2.2.7) - (2.2.9), (2.2.12) and (2.2.13) and the fact that € could be any

number such that

, =0

R—k—(k+R)E 1
Ww(I+ey 37

O<&t<min{

we conclude that condition (2.2.1) cannot hold for all (z,u) close enough to (Z, @) in
gph S|x, which forms a contradiction. This completes the proof. O]
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Next we present the characterization of the Lipschitz-like property relative to a
smooth manifold in full. In [17, Proposition 18|, they showed that the condition
(d) in the following theorem provided the sufficiency. We improve this result with
necessity implemented. Recall that the notation |-|* is the outer norm of a set-valued

mapping (see (1.3.1)).

Theorem 2.2.3 (Lipschitz-like property relative to a smooth manifold). Consider
a mapping S : R =Z R™, ¥ € X C R™ where X s a smooth manifold at around Z,
and u € S(Z). Suppose that gph S is locally closed at (z,u). The following properties

are equivalent:

(a) S has the Lipschitz-like property relative to X at T for a.
(b) projry @z D*S|x (7 | u)(0) = {0}
(¢) | Projry @ D*S|x(7 | u) ‘Jr < +o0.
(d) D*S|x(z | u)(0)NTx(x)=0.
(e) D*S|x(z | u)(0) = Nx ().
(f) DxS(z [ u)(0) = {0}.
Furthermore, we have
lipyS( | @) = | projr, @ D*Slx (@ | @) | (2.2.14)

Proof. 1t is clear to see that

D*S|x(z | w)(0) D lA)*S|X(j | w)(0) D B*S(f | u)(0) + Nx(z) D Nx(x), (2.2.15)

and that the mapping projy ) D*S|x(Z | ) is outer semicontinuous and positively

homogeneous. Then the equivalence of (b) and (c) follows immediately from |81,

Proposition 9.23|. The equivalences among (b), (d) and (f) follows readily from
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Proposition 2.1.4 (c). In view of (2.2.15), we get the equivalence of (b) and (e). It
remains to prove the equivalence of (a) and (b).

[(a) = (c)] Assuming (a), we will show (c) by proving the inequality
| projp, @ D*S|x (@ | @) | < lipxS(7 | a). (2.2.16)

Choose any k € (lipyS(z | @), +00). Then S has the Lipschitz-like property relative
to X at z for u with constant . Let (u*,v*) be given arbitrarily such that v* €

projry ;) D*S|x (7 | @)(u*). Then there is some x* € D*S|x( | u)(u*) such that

V" = Projry z) (") (2.2.17)

By the definition of the limiting coderivatives, there are some (zy,ux) — (T, u)
with (g, ur) € gphS|x and z} € D*S|x (x| ug)(uy) such that (xf, —up) —

(z*, —u*). By Lemma 2.2.1, there exists some positive integer &’ such that
1Pr0jy () ()| < Ellukll VE > K. (2.2.18)
Since X is a smooth manifold around z, we have
PTOj 7y (1) (Th) — PTOjpy (z) (7). (2.2.19)
In view of (2.2.17-2.2.19), we have ||[v*|| < k||u*|| and hence
| Projry o D*S|x (7 | @) ‘Jr < K.

Due to k € (lipxS(Z | @), +00) being chosen arbitrarily, we get (2.2.16) immediately.

[(c) = (a)] Assuming (c), we will show (a) by proving the inequality
lipyS(Z | 4) < | projpy o D*S|x (@ | @) |,

from which the equality (2.2.14) follows as the inequality in the other direction has

been proved earlier.
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Suppose by contradiction that |projTX(i)D*S|X(j | @) |+ < lipyxS(z | u). Choose

any k', k" as
K € <| projTX(f)D*S|X(f | ) {Jr, lipS(Z | ﬂ)) , K€ <| projTX(f)D*S|X(f | ) {Jr, /{’) )

Clearly, S fails to have the Lipschitz-like property relative to X at z for u with
constant . By Lemma 2.2.2, there exist some sequences (zy,ur) — (Z,u) with
(g, ur) € gph S|x and some z; € D*S|x (g | ug)(up) such that [|vf|| > &"||ufl], Vk,

where v} := Projr, (,)(7y). By Proposition 2.1.5, we have
vy € D*S|x(xp | ug)(up) N Tx(xy), Vk.

Clearly, we have v;, # 0 for all k. By taking a subsequence if necessary, we assume

that there is some v* € Tx(z) with ||v*|| = 1 such that

*

Uk *

[l

As we have

¥ 1

lopll— w"

by taking a subsequence if necessary again, we assume that there is some u* with

£"||u*]] <1 such that

*
uf — u”.
[[vill

Thus, we have v* € D*S|x(Z | w)(u*) and |[v*|| > &"||u*||. So we have

) . o : ~
PrOjpy oy D*S|x (z | @) |7 = sup sup [Pr0j 7 (2 (27
@*€B  #*eD*S|x (z|a)(@*)

[PrOj 7y (2) (K" ") |

Y

= Al

"
= /{:’
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contradicting to the setting that " € <‘ PrOjry (1 DS x (T | ) }+, m’). This com-

pletes the proof. n

2.3 Chain rules for projectional coderivatives

To broaden the scope of application of the projectional coderivative onto various
systems, one important thing would be developing the corresponding calculus rules
for it, which is also the main goal of the coming two sections. Unlike the chain rule
for coderivatives (see [81, Theorem 10.37|), the one for projectional coderivatives

comes with stricter assumptions as it involves projection.

Theorem 2.3.1 (Projectional coderivative chain rule). Suppose S = Sy o Sy for
mappings S; : R" = RP and Sy : RP = R™. Let X C R"” be a closed set with x € X.
Here S, is outer semicontinuous relative to X and Sy is outer semicontinuous. For

a pair (z,u) € gph S|x = gph(S2 0 S1|x), assume:

(a) the mapping (v,u) — Si|x(x) N Sy (u) is locally bounded at (Z,u), or equiv-
alently, the mapping (z,u) + Si(x) N Sy*(u) is locally bounded relative to
X x R™ at (z,u) (this being true in particular if either Sy is locally bounded
relative to X at T or Sy is locally bounded at @). In this way, Sy o Si|x is

outer semicontinuous (see [81, Proposition 5.52 (b)]).

(b) D*S3(w]@)(0) N D%S1(z]@)1(0) = {0} holds for any @ € Si|x(z) N Sy'(a)

(this being true in particular if So has Lipschitz-like property at w for u).

Then gph S|x s locally closed around (z,u) and

D3.S(z]a) C U D%.Sy(Z|w) o D*Sy(w]a). (2.3.1)

wES | x ()NS5 * (@)
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Besides, if (a) and (b) hold, and Si|x and Sy are graph-convez, then S|x is graph-
convex as well and
Projry D*S1lx (Z|w) o D*Sy(w|u) € Dy S(zlu), Vi € Si|x(z) NSy (w). (2.3.2)
If (a) and (b) hold, and X is a smooth manifold at T,
D S1(Z|w) o D*Sy(w|u) = projp, D™ S1|x (Z|w) o D*Sy(w|u). (2.3.3)

Therefore, when assumptions (a) and (b) hold, Si|x and Sy are graph-convex, and

X is a smooth manifold at T, we obtain an equation:
D% S(z|u) = DS (z|w) o D*Sy(w|u), Vo € Sy|x(z) N Syt (). (2.3.4)

Proof. By (2.1.1), we have that the constraint qualification (b) also indicates the

constraint qualification below:
D*Sy(w|w)(0) N D*Sy|x (z]w)~*(0) = {0}. (2.3.5)

Let C = {(x,w,u)|(x,w) € gphSi|x, (w,u) € gphSe} and G : (z,w,u) — (z,u).
Then gph S|x = G(C). With assumption (a), we can obtain ¢ > 0 such that
G YWN.(z,u)) N C is bounded. Then by Theorem 6.43 on gph S|x at (z,u), we

have that gph S|y is locally closed at (z,u) and

Nypw s (T, 1) C U {(v, —y) ‘ VG(z,w, )" (v, —y) € Nc(g‘c,u‘),fa)}

= U {(?f’—y) ‘ (v,0,—y) € Nc(a:,w,u)}.

weS|x ()NS5 * (@)
Next we try to obtain the expression for N¢(Z,w, u). Let D = gph S1|x X gph Ss.
For F : (z,w,u) — (z,w,w,u), we have C' = F~1(D). Here the definition of F
ensures the component w of (z,w,w,u) in D belongs to S;|x(x) NSy ' (u). Here we

apply |81, Theorem 6.14] on C' = F~!(D). The constraint qualification requires that:

Yq € Np(F(z,w,u)) with — VF(z,w,1)*¢=0=>q =0,
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which is

(917 Q2) € ngh51|x<

(QS7q4) S ngth(w
(q1,92 +q3,q4) =0

r.0)
, ) = 1,42,43,G2 =0
due to the product form of D = gphSi|x x gphSs (see [81, Proposition 6.41]). By

expressing in coderivatives, it becomes
0 € D*Sy|x(z|w)(qs), q3 € D*So(w|u)(0) = ¢35 = 0 for all w € Si|x(z) N Sy (a),

which can be reformulated as in (2.3.5). Then we can have the inclusion:
Ne(z,w,u) C{VF(z,®,u4)"q | q € Np(Z,w,®,u)}

- {(QhQQ +Q37Q4) | ((11792) € ngh51|x(jaw)7 (Q37q4> S ngth(waa)} .

Next we prove that the constraint qualification (2.3.5) also holds for all (z,u) in

gph S|x sufficiently near to (z,@) by contradiction. Suppose there exist sequences

R, (z,a), wy € Silx(zx) NSy (ux) , and wi € D*Sy(wylug)(0) N

(Tk, ur)
D*S|x (@x]wg)~1(0) (which is a cone) such that w} # 0. Without loss of generality
we assume ||w}|| = 1. Note that under assumption (a), wy, — w € S| x (%) NSy *(w).
By outer semicontinuity of normal cone mappings, w; must converge to some w* €
D*Sy(w|w)(0) N D*Sy|x(Z|w)~1(0) with ||w*|| = 1, which contradicts (2.3.5). As the
assumption (a) and (2.3.5) hold for all (x,u) in gph S|x around (Z, u), the inclusion
can be obtained:

Ngph six (z,u) C U {(x*, —u*) ‘ Jw* s.t. ¥ € D*Sy|x(x|w)(w"),

weS|x ()NS5 (u)
w* e D*Sg(w]u)(u*)} (2.3.6)

for all (z,u) in gph S|x around (Z,w). Given the upper estimate of Ny s, (2, )

in (2.3.6), we now proceed to exploring the estimate of projectional coderivative
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D% S(z,u). Let t* € DS(Z|u)(u*), then there are sequences (z, uy) LLLEN (z,u)

and (7}, —uj) € Ngpns|y (Th, ux) such that t; € projry 5, (73), th — t* and ug — u*.
By (2.3.6), Jwy, € Si|x(2x) NSy ' (uy) and wj such that (z}, —w}) € Naph sy [x (Tr, W)
and (wy, —uy) € Ngph s, (Wk, ug).

Given wy, € Si|x(zr) NSy (ug), the outer semicontinuity of S;|x and S;' and
local boundedness of the mapping (x,u) — Si|x(x) N Sy (u) around (z,a), {w}
must converge to some @ € Si|x (%) NSy '(u) (taking a subsequence if necessary).
For (wj, —uj) € Ngph s, (Wi, ux) and outer semicontinuity of (w, u) — Ngpn s, (w, u) at
(w, u), we have either w; — w* or \yw; — w* with A\, \, 0. For the first case we have
w* € D*Sy(wlu)(u*). Given (zj, —wy) € Ngpns,|y (Tr, wi) and t; € projp ) (T5)
with ¢; — ¢*, then ¢ € D% S1(Z|w)(Z). Thus t € D%S1(Z|w) o D*Sy(w|u)(y) with
w e S |x(z)N Syt (u).

For the second case, without loss of generality we can assume ||w*|| = 1. Under
the conic nature, \yw; € D*Sy(wg|ug)(Aguy). Given {uj} is bounded with uj — u*,
then A\yu; — 0 and we have w* € D*Sy(w|u)(0). Similarly we have (Apx}, —Apwy) €
Ngph sy x (Tk, wg). As Tx(x) is a nonempty closed cone for any z € X around z,
Aty € Projpy (M) and Aty — 0. That is, 0 € DS (Z[w)(w*). Thus we
have w* € D*Sy(w|u)(0) N DSy (z|w)~(0) = {0} with ||w*|| = 1, which contradicts
the assumption (b). Therefore the case {\yw;} — w* can be abandoned and the
inclusion (2.3.1) is thus proved.

Note that by definition, projp, ;) D*S|x(Z|u) € D% S(z|u). When gph Si|x and
gph Sy are convex, the inclusion (2.3.6) becomes an equation for every w € Si|x(z)N
Sy '(u) and the union becomes superfluous. Then the inclusion (2.3.2) is obtained
and gph S|x is convex as well. Besides, when X is a smooth manifold around z, by

Proposition 2.1.5, we obtain (2.3.3) and further the equation (2.3.4). O

Based on Theorem 2.3.1 above, similar to [81, Exercise 10.39, Theorem 10.40],
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we give the following two corollaries when one of the mapping in the composition is
a single-valued one. When the outer layer involves a single-valued one, we can apply

Theorem 2.3.1 directly.

Corollary 2.3.2 (Outer composition with a single-valued function). Let X be a
closed set in R™ and S = F oSy for a mapping Sy : R™ = R? being outer semicontin-
uous relative to X and a single-valued function F : RP — R™. Let u € S|x(Z) and
suppose F' is strictly continuous at every w € So(Z). Suppose also that the mapping

(z,u) = So|x(x) N F~Y(u) is locally bounded at (Z,u). Then

D%S(z|a) C U D% So(z|w) o D*F(w).
weSy(Z)NF~1(a)

If in addition So|x is graph-convex, X is a smooth manifold, and F is linear, then
D% S(z|u) = D% So(Z|w) o VF(w)*.
Proof. This result is obtained directly as a special case of Theorem 2.3.1. O

Next we give a simple example for illustration.

Example 2.3.3. Let Sy(z [ Vx|, \/|x} ) =2w, X =R,. Then S|x(z) =
F o Syx(z) = [ 2y/|x|,2 \x] Forz =0 and u =0 € S|x(z) = F o Sy|x(T).

Then we have w € Sp|x(z) N F~'(u) = {0} and

. o JRo 2=0
sto<x|w><z>—{® o
Therefore

R y=0

DSz | 0)(y) = DiSola | @) 0 VE(i)'y = {m o
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However, when the inner layer of the composition involves a single-valued func-
tion, it varies from direct application of Theorem 2.3.1 in that [ is restricted on X
rather than defined on the whole space when we try to derive an equation for the
projectional coderivative. Before that, we illustrate the expression of the coderivative

of F restricted on X.

Lemma 2.3.4. Let X be a closed set in R™ and F' : R™ — R™ be strictly continuous

at T relative to X. Then for all z € R™ we have
D*F|x(%)(2) = 0(zF|x)(2), (2.3.7)

D*F|x(Z)(z) = 0(2F|x)(z). (2.3.8)
Proof. For v € D*F|x(Z)(z), it is equivalent that

(v, =) = (2, Flx(z) = Flx(2)) < o(||(z, Flx(z)) = (z, F|x(2))[]).

As F' is strictly continuous at Z relative to X, we can replace o(||(z, F|x(z)) —

(7, Flx (2))]) with o([|lz — z[}), i.e.,
(2F|x)(x) = (2F|x)(%) + (v, 2 = T) + o(||lz — Z]).

Thus it is equivalent that v € 5(2F |x)(Z). Given that F' is also strictly continuous
at x relative to X for = being sufficiently close to Z, such equation (2.3.7) also holds

for any x € X N O for some O € N(Z). Let v € D*F|x(z)(z), then there exist
sequences Ty X, 7 and v, € E*F\X(xk)(zk) with vy — v, zx — 2. By (2.3.7),

vk € (21 F|x)(2x) € 0(2Flx) () = O[2F|x + (2 — 2)F|x)((x) C O(=Fx)(wx) +
O(zx — 2)F|x]((zx). When k — oo, 9[(zx — 2)F|x](xx) — {0} as zx — 2. Given

F is strictly continuous at = relative to X, zF|x(zx) — 2F|x(Z) when z Xz

Then we have vy — v € 0(2F|x)(Z). For the inclusion in reverse for (2.3.8), let
v € J(2F|x)(Z). Then there exist sequences xy 2%, % and v € 5(2F\X)(xk) such
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that vy — v. Then it is equivalent that z - Z and v, € D*F|x(24)(z) and by

definition of normal cone mappings we have v, — v € D*F|x(Z)(2). O

Theorem 2.3.5 (Inner composition with a single-valued function). Let X be a closed
set in R™, and S = Sy o F for an outer semicontinuous mapping Sy : RP = R™ and

a single-valued mapping F : R™ — RP that is strictly continuous at T relative to X.

Let w € S|x(z). If
D*So(F(z) | @)(0) N DX F(z)~(0) = {0}, (2.3.9)

then

D% S(z | u) C DYF(x)o D*Sy(F(z) | u). (2.3.10)

Still under (2.3.9), suppose that Sy is graphically regular at F(z) for u, and the
function zF|x is reqular at T for all z € rg D*Sy (F(Z) | u), and X is a smooth

manifold in R™. Then S|x is graphically reqular at T for u, and
D S(z | u) = DxF(z) o D*So(F(z) | u). (2.3.11)
Proof. First we prove
D*F|x(z) o D*So(F(z) | u) C D*S|x(z | u). (2.3.12)

Let v € D*F|x(z)(z) and z € D*So(F(z) | 4)(y). By definition we have:

(v, 2 = 7) — (2, Flx(z) - F|x(7))
Iz =7, Flx(z) — Flx(2))]l

lim sup

h S
(o) 221X, (2,2)

(v,2 = 7) = {2, Flx(z) = Flx(7))

= e e k@ - A 231
and
ey 2Pl = Flx(e) — ru—1)
(Fx (@), ) — (Pl (@), )]

(Fk(x»u)%(ﬂ;((*),a)
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(z,w— F|x(7)) — (y,u — @)
“%&Wu@@ | (w,u) — (F|x(z),a)| < 0. (2.3.14)

As F' is strictly continuous at  relative to X, F|x(xz) — F|x(Z) when x X, 7 and

F — Flx(x
s IFL@) = PLx@
P PR

r—T

Therefore by (2.3.13) and (2.3.14) we have:
(v, 0 —7) — (2, F|x(z) — F|x(7))

)
e lz — 2] + u—ul

gph S _
)N, (3,0)

(z,u

= limsup (@J—f%ﬁth@%—ﬂﬂ@XH@—@Fu@y—mﬂ@m)<O
(xu)%(jﬁ) ‘|(x_f7F‘X(:C)_F|X<f>>‘| Hx_i-H "‘HU—EH =
w2 @,
(2.3.15)
and
lim sup (2, Flx(z) — Flx(2)) — (y,u —w)
(Pl (2)0) 2250, (| (2).0) lz = Z[| + [Ju — ]
- lim sup (7, Flx(x) = Fx(7)) = (y,u — @) , [(F]x (z), u) — (Flx(z), 0] <0.
e @0 - @] T e S
Db :

(2.3.16)

Given that x € X and (F|x(z),u) € gphSy is equivalently to (z,u) € gphS|x,
combining (2.3.15) and (2.3.16) we have

(v,x —2) — (y,u — u)

lim sup —
sy o |[(@u) = (7 0]
(J?,U) T(xvu)
¢ ey =) = G Flx(@) - (@)
sohSlx [ = 2| + [Ju — all
(:E,'U,) T)(xvu)
b ey 2 F@) = F@) - )

(x7u)gphj‘X (i‘,ﬂ) ||'I - :Z‘H + ||u - /a”
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which means v € D*S|x(z | @)(y). The inclusion (2.3.10) comes from directly
applying the chain rule for projectional coderivatives, as F'|x(-) is locally bounded

and single-valued at z. For the equation part, note that (2.3.9) also indicates
z € D*So(F(z) | u)(0), 0 € D*F|x(Z)(2)= 0(2F|x)(%) = 2z = 0.
By [81, Theorem 10.37], we have
D*S|x(z |u) C D*F|x(Z) o D*So(F(z) | w). (2.3.17)

With (2.3.12) and (2.3.17), if we assume that gph S is regular at (F(Z),u) and

the function zF'|x is regular at z for all z € rg D*Sy (F(z) | @), we have
D*S|x(z |u) = D*F|x(z) o D*So(F(z) | u)) (2.3.18)
and also that S|y is graphically regular at  for u. Therefore
Projry D F|x (%) 0 D*So(F(Z) | ) = projr, & D" S|x(z | u) € DxS(@ | u).
Besides, when X is a smooth manifold,

D% S(Z|u) = projry 7 D" S|x (Z[w) C projr, D" F|x(T) o D*So(F(Z)|u))
(2.3.19)
= DX F(z) o D*S,(F(z)|u)),
where the two equations come from applying Proposition 2.1.5 to S and F' and the

inclusion comes from (2.3.17). Combining these two inclusions (2.3.18) and (2.3.19),

we can obtain (2.3.11). O

2.4 Sum rules for projectional coderivatives

Next we present four sum rules on projectional coderivatives obtained by different
methods. The differences are mainly caused by restricting X onto different functions:
F(z) = (z,...,x) or S;(x) and accordingly, different levels of constraint qualifications
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are taken into consideration. When restricting /" onto X (Sum rule-1 and Sum rule-
2), we separate X-related expressions from S; and when restricting S; onto X (Sum
rule-3 and Sum rule-4), the calculation is performed on S;|x. Within each type, two
sum rules are given using different methods: via the corollaries we obtain above or
directly via the sum rule of coderivative, [81, Theorem 10.41]. First, we introduce a

sum rule obtained via Corollary 2.3.2 and Corollary 2.3.5.

Theorem 2.4.1 (Sum rule-1). Let S =S; +---+ 5, for S; : R* = R™ being outer
semicontinuous relative to X and let T € domS N X, u € S|x(z). Assume the

following conditions are satisfied:

e (boundedness condition): the mapping

P
(z,u) — {(ul,--- Jup) | up € Silx(x), Yi=1,...,p, z:uZ = u} (2.4.1)
i=1

is locally bounded at (T, ).

e (constraint qualification):

v; € D*Sz<f | UZ)(()), U; € Sl(ﬂ_f), Zzz‘):l U; = U o .
0 € DYF(T) (v, ..., 0p) — v =0fori=1..p
(2.4.2)

holds for (z,u) € gph S|x, where F': R" — R™ is defined as F(x) = (z,...,x).

Then gph S|x is locally closed at (Z,u) and one has

DiS@luyC | DxF@) o] D Si(z|u). (2.4.3)

u; €5;(T) =1
le U; =1

If in addition X is a smooth manifold, the constraint qualification (2.4.2) can be
simplified as

vi € D*Si(% | w;)(0), w; € Si(2), Y0 ui=1u B -
Y v € Nx(z) — v, =0fori=1,...,p (2.4.4)
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and the inclusion becomes a fixed-point expression as

DiS@|u) S |J  projr (Z D*Sz‘(xm)) : (2.4.5)
()

u; €S; (T 1=1

Dofoq ui=u

Moreover, when every S;|x is graph-convez, the union is superfluous and the inclusion

becomes equation.

Proof. First let " = Sy o F' where F(x) = (x,--- ,z) (p copies), So(z1,---,2,) =
S1(z1) x -+ - x Sp(x,). Then by [81, Proposition 6.43, Example 8.34, Exercise 10.43],

we have

D*SO(F(Q_:)‘UD"' >up)(y1>"' 7yp = (H m‘ul > (yb"' 7yp)

P
=TI D Si(@ | wi)(ws)-

i=1

For v = (v1,...,vp) and v’ = (v}, ...,v,) in R™,

DY F(z)(v) = limsup projr, , (O(v'F|x)(x))

X =
5,0 —v

= limsup projp, ) (VEF(z)™v" + Nx(x))
Ii(—}I'U—)U (24.6)

= limsup projp,(, (Zv + Nx(z >

X
T3] =V

Then the constraint qualification (2.3.9): D*So(F(Z) | w1, ,u,)(0,---,0) N
D% F(z)7'(0) = {0} can be written as (2.4.2). Without loss of generality, we can
relax the requirement that Sy being outer semicontinuous to being outer semicon-
tinuous relative to the set X as we restrict our scope only to X here. That is, S; is
outer semicontinuous relative to X for each . Then by applying Corollary 2.3.5 we
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have for any u; € S;(7),

DS (&g, -+ up) CDXF(2) 0 D*So (F(2) [ua, -+, up)

=D%F(Z) o (H D*Si(7 | ul-)) :

(2.4.7)

Secondly we write S = Iy 0 S” with Fy(uy, -+ ,up) = Y -, u;, then

Sx(@) N Fy (u) = {(ul,-“ 2 Up)

p
u; € Silx(x), Yi=1,...,p, Zul :u}_
i=1

Therefore the boundedness assumption can be put as (2.4.1) and we have

DiS@|u) S |J DS (@|u,-- )0 VE(uy, -, up), (2.4.8)
u; €S ()
S ui=a

according to Corollary 2.3.2 with the boundedness condition satisfied. Combining

(2.1.12), (2.4.7) and (2.4.8), we arrive at

Dys@Elay) e U D}F(f)OHD*Si(f\ui)(y)

u; €5;(Z)
b1 Ui=T

p
— U lim sup {projTX(x) (Z v+ w)

- X = X
u, €S (T) T—T,0;—V; i=1

D i—ii
i=1 Wi=U

v; € D*Si(Z | wi)(y),

w e NX(x)}. (2.4.9)

When X is a smooth manifold, by Proposition 2.1.5(c) and Lemma 2.1.8, we have

D\ F(Z)(v) = projr (s (Z Uz‘)

and further the inclusion (2.4.5) and the constraint qualification expressed as in
(2.4.4). With each S;|x being graph-convex (or each \S; being graph-convex together
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with X being convex) the union becomes superfluous and the equation is obtained

as
p
D% S(Z | ) = projry () (Z D*Si(7 | Uz)) :
=1
]

Next we present a sum rule that can be seen as taking an intermediate step as
it is obtained by applying [81, Theorem 10.41| directly and involves the process of

taking limsup.

Theorem 2.4.2 (Sum rule-2). Let S = S; +---+ S, for S; : R* = R™ being
outer semicontinuous relative to X and let T € dom SN X, u € S|x(Z). Assume
the boundedness condition (2.4.1) holds. If the following constraint qualification is
satisfied:

V; € D*Sl(f | UZ)(O), (% € Sl(i'), Z?:l U; = U

OGZ?:lvi_FNX(f) }:>Ui:0f07’1217”‘7p

(2.4.10)
Then gph S|x is locally closed at (Z,u) and one has
P
DxS@lw) e  lmswp | projr (Z D*Si( | u)(y) + Nx<x>> .
(@)X e gy wleSi(a) i=1
y' =y P ui=u
(2.4.11)

When the constraint qualification is strengthened into (2.4.2), the right-hand side of
(2.4.11) is included by that of (2.4.9) (or (2.4.3)).

Proof. Given (2.4.1) and (2.4.10) and that (2.4.10) holds for points (z,u) € gph S|x

around (Z, @) (as similar proof is given in Theorem 2.3.1), by [81, Theorem 6.42 and
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Theorem 10.41|, we have for all (z,u) € gph S|y around (z, @),

v; € D*S;(x | u)(y'),w € NX(m)}

nghslx(x’u) C U { (Zvi+w7_y/>

u,€S;(x) i=1

P ’_
i=1 U =U

and therefore,

limsup  Projry z)xrm Neph s)y (7, 1)
gph S| x

(z,u)————(z,u)

p
C  limsup U PrOj 7y (a) Z vit+w |, —y
gph S|x (I) i=1

(@u)———(z,0) 4i€5

P
i=1U;=U

v; € D*Si(w [ wj)(y'),

w € Nx (:c)}
(2.4.12)
Given the definition of projectional coderivative and the upper estimate (2.4.12) we
have (2.4.11). Combining the expression of D% F(Z)(v) in (2.4.6) and Lemma 2.1.1,
we can see that the constraint qualification (2.4.13) is indicated by (2.4.2).
If a stronger constraint qualification (2.4.2) is given, we next prove the set in

right-hand side of (2.4.12) is included by that of (2.4.9), i.e.,

P
DS |u)(y) € limsup U projrcw (ZD*Si<x|u;><y'>+Nx<x>)
(at,u)w)(i,ﬁ) qu.ESi(m) i=1
y' —y P ul=u

i=1 "

p
- U lim sup {projTX(x) (Z Vi + w)

_ X =7 X
u; €5;(Z) T—T,0{—=V; =1

Zle U;=u

v; € D*Si(Z | u)(y),

w e NX(x)}.

For t € D5S(z | @)(y), there exist sequences (xy, uy) b Sl (z,u), uy € Si(xy)

with Y7 ul, = ug, (Vig, —Yk) € Ngpns, (T, ujy), wgy € Nx(xg) such that yy — y
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and tj, € Projry (D oi—y Vi +wy) — t. As S; are outer semicontinuous relative
to X and the boundedness condition (2.4.1) holds, {uf,} must converge to some
u; € Si(x). Given Y 7 uly = w, — 4, > o u; = 4. For (v, —yx) € Ngpn s, (Tr, uly,),
when {vy,} are all bounded for i« = 1,...,p, then vy — v; € D*S;(Z | u;)(y) and
accordingly ¢ belongs to the right-hand side of (2.4.9). For the case that there
exists at least one j € {1,...,p} such that {v;;} is unbounded, then {\;v;;} must
converge to some v; € D*S;(z | u;)(0) with v; # 0 for A\, \, 0. For i # j, Agvg — 0.
Also, 0 < Melx € DProjry (s (=P Akvik + Agwy). Then v; # 0 contradicts the
constraint qualification (2.4.2) and therefore this case is abandoned and the inclusion

is proved. O

Remark 2.4.3. When X is a smooth manifold at T, the constraint qualification
(2.4.2) turns into (2.4.4), and coincides with (2.4.10) as Nx(z) = —Nx(Z). In this
case, the upper estimate of DYS(Z,u), (2.4.11) is the same as (2.4.5).

Comparing the constraint qualification (2.4.10) with the one in [81, Theorem
10.41], we can see that (2.4.10) also serves as a constraint qualification to express
Ngph s)x via Ngpn g and Nx. Next we present a sum rule where each S; is restricted
onto X. Unlike in Theorem 2.4.1 where we restrict F' onto X, in this sum rule we
restrict each S; onto X and therefore only Corollary 2.3.2 is employed rather than
both Corollaries 2.3.2 and 2.3.5.

Theorem 2.4.4 (Sum rule-3). Let S =Sy +---+ 5, for S; : R* = R™ being outer
semicontinuous relative to X and let © € domS N X, u € S|x(z). Assume the

boundedness condition (2.4.1) is satisfied and the constraint qualification holds:

v € DSilx(F | u)(0), us € S,(), Y ui =17

P =0 }:>vi:0forz':1,...,p.

(2.4.13)
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Then gph S|x is locally closed at (Z,u) and one has

Dy S(z [u)(y) C limsup U projrge (ZD SIxﬂfIU)(%))

(@, /)—>(f a) uieS;(z) i=1

(2.4.14)
If in addition X s a smooth manifold, the inclusion becomes a fixed-point expression

as

P
DyS(z |u) C U PIOj7y (z) (Z D*Si’X(x|Ui)) : (2.4.15)
uiesi‘x(i) i=1

Z?:l U;=u
Moreover, when every S;|x is graph-convez, the union is superfluous and the inclusion

becomes equation.

Proof. First let S" = Sy o F where F(x) = (z,...,x) (p copies), So(z1, -+ ,xp) =

Si(x1) X -+ x Sp(x,). By restricting each .S; onto X, we have
S'x(x) = Solxx-xx (F(T)) = Si|x(w) x -+ x Sp[x(2).

By [81, Proposition 6.41], we have

*Solxscxx (F(Z) | ur, .. up) (y1, -, yp) = (H D*S;|x (7 | ul)> (Y1, Yp)

[]°Silx(@ | w)w)

(2.4.16)
Note that D*F(z)(vy,...,v,) = Yo, v;. Then the constraint qualification in [81,
Theorem 10.40]: D*Sp|xx..xx (F(Z) | u,...,u,)(0,...,0) N D*F(z)~1(0) = {0} can
be written as (2.4.13). Note that this constraint qualification also indicates the

one for any point (z,u),...,u;,) € gph S’[x being sufficiently close to (7, u, ..., u,)
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(similar to the previous proof of Theorem 2.3.1), therefore by [81, Theorem 10.40]

we have

D*S'|x (w |uf, ... u) € D*F(x) 0 D*So|xxxx (F(2) |uf, ... u) (2.4.17)

for any (z,u),...,u,) € gph S’[x being sufficiently close to (Z,us,...,u,). Then by

definition of projectional coderivative and (2.4.17),
DS (T Jury oo yup) (Y1, -5 Yp)

C lim sup PrOjzy 2y D" F(x) © D*Sp|x x..x x (F(m) ‘u’l,...,u;) (y’l,...,y;) .

(2.4.18)

Secondly we write S = I, 0 S” with Fy(u, ..., up) = > u;, then

p
S x(x) Ny H(u) = {(ul, coUpy) | u € Silx(x), Vi=1,...,p, ZuZ = u} .
i=1

Therefore according to Corollary 2.3.2 with the boundedness assumption satisfied,

we have
DS € ) DxS (Zlur, - up) o VE(uy, - ,up)". (2.4.19)
u; €5 (Z)
i=1 Wi=U

Combining (2.4.16), (2.4.18) and (2.4.19), we arrive at

p
DyS@lww < | lim sup Projry (2) (Z D*Silx(z | %)(m’-)) :

e (7 gph /| x =
Z“;GSZ(Z_),(ac,ug ..... ) 2 (Tt ) =1
=1t Y;—ry, i=1,..,p

gph S| _ .. . gph S;| _
For (z,u},...,ul) == (T, u1,...,up,), it is equivalent that (z,u]) —— (Z,u;)
for i = 1,...,p. Besides, u = Y? u. — Y? w;, = %, which means (z,u) €
3 P ) =1 " =1 ) ’
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gph S|x. Therefore we have

P
U lim sup POy (2) (Z D*Sy[x (| “2)(3/2))

u;ESi(f_X ($7U/1 ..... ! )&)(x ul,..., up) =1
2im wi=l yz—>y i=1,...,.p
p
- lim sup U POy (2) (Z D S| x(z | ui)(ﬂi))
gph S| x i=1

(z,u) ——>(z,u) %ESilx ()
y2—>y i=1,...,p Zi:lui:u

and accordingly (2.4.14) holds. Besides, if X is a smooth manifold, by Proposition

2.1.5, we have

DyS@E|a)y) € |J  projrge (ZDS\xw\uz)( ))-

u; €S (i)
Z?:l U; =1

With each S;|x being graph-convex, both the inclusions (2.4.17) and (2.4.19) become

equations respectively and the union in (2.4.15) becomes superfluous and we have

PIOj7y () <ZD Silx (Z | ui)(y )) C DYS(z | u)(y), Yu; € Si(x Zuz—u

]

In next sum rule, a tighter upper estimate is given as we apply directly, [81,

Theorem 10.41].

Theorem 2.4.5 (Sum rule-4). Still under the setting of Theorem 2.4.4, we can also

have

p
DxS(z [u)(y) € limsup U proirge (E D*Si!x(:v!%)(y’)),
gph S| x .
() i=1

(z,u) —(z,a) u/ES
’

b _
y' =y P ul=u

(2.4.20)
where the right-hand side of (2.4.20) is included in that of (2.4.14).
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Proof. By Theorem 10.41, for any (x,u) € gph S|x being close enough to (z,u):

P
Npse(e) € | { (z —y')
weSi(z) i—1

P r_
i=1 U =U

v; € D*Si|x(z | Ug)(y/)}

and therefore

lim sup prOjTX(m)menghS\x<x7 u)
gphS|x

(z,u)————(Z,q)

p
< o U (oo (30) )
=) u.€Si(z =1
(,u) ———(7,1) Zﬁ( )

v; € D*S;|x (x| u;)(y’)} )

-
i=1 W=

By comparing the terms in the right-hand side of (2.4.20) and that of (2.4.14) we
can see that the former is a special case of the latter where each y, is taken as y’ and

therefore included by the latter. O]

As both Theorem 2.4.5 and Theorem 2.4.2 are obtained directly from applying,
[81, Theorem 10.41]|, the difference mainly exists in using different constraint qualifi-
cations. The one in Theorem 2.4.5 carries X in each S;|x in the calculation while the
one in Theorem 2.4.2 separates X from 5;. Besides, the difference between Theorem
2.4.5 and Theorem 2.4.4 comes from using a larger estimate in Corollary 2.3.2 with

the form of projectional coderivatives.
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Chapter 3

Relative Lipschitz-like Property for
Parametric Systems

In this chapter, we consider an extended form of parametric system under the frame-
work of [53]:
S(w) :={zreR"|0e Gw,z)+ M(w,x)} (3.0.1)

where G : R™" — R% is a C! mapping and M : R™" = R? is a multifunction with
a closed graph. We first develop the upper estimates of projectional coderivative of S
under different levels of constraint qualifications accordingly and illustrate how adap-
tive these constraint qualifications can be when applying them to different systems
via some simple examples. As this type of system (3.0.1) also includes the one with
0 € M(w,z), we treat the latter as a special case and compare our result with the
one in [5] for sufficiency on the relative Lipschitz-like property. Structural differences
of these two approaches are demonstrated via an example. When M (w, z) is a mul-
tifunction of z only, i.e., M(w,x) = M (x), this framework can be applied to various
types of problems. For example, when M (x) is a normal cone mapping, then linear
complementarity problems and affine variational inequalities fit in. The discussion
on non-emptiness of S(w) for these cases can be found in monographs [22, 51|. For
the remaining sections, we apply this upper estimate to a wide range of problems

covered by the framework (3.0.1): linear constraint systems, linear complementarity
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problems and affine variational inequalities. For the first two types of problems, we
give exact expression of projectional coderivatives for the solution mappings relative
to their domains with the structure of the union of polyhedral sets and the sufficient
and necessary conditions for their Lipschitz-like property relative to their domain.
For the affine variational inequalities, we consider in general a set within its domain
and obtain an upper estimate of the projectional coderivatives under some constraint

qualification and formulate a generalized critical face condition in view of [18].

3.1 Projectional coderivatives for parametric sys-
tems

First we present the result in [53] on coderivatives of solution maps of (3.0.1). We

slightly tune the statement by switching the position of w and .

Lemma 3.1.1 (|53, Theorem 2.1]). Consider the implicit mapping S : R™ = R"
of the form (3.0.1) with G : R™™ — R4 o C' mapping, and M : R™*" = R? ¢
multifunction with a closed graph. Consider a pair (w,z) € gph S. If the constraint

qualification holds:
(O, 0,) € VG(w,2)*y + D*M (w0, ) |-G(w,Z)) (y) = y = 04 (3.1.1)

then

D*S(wl|z)(r)< | {UER’”

yeRd

(v, =r) € (VG(w,7)'y + D'M ((0,7) | =G(w, 7)) (y)) }

(3.1.2)

The inclusion becomes an equation if one of the following conditions is satisfied:

(a) either M is graphically reqular at (w,z, —G(w,T)), or
(b) M = M(zx) and V,,G(w, x) has full rank. In this case the constraint qualification
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(3.1.1) holds automatically and one has

D*S(w|z)(r)= U {VwG(w,x)*y ‘ —r e (V,G(w,z)'y+ DM (2 | —G(w, 7)) (y)) }

y€ERd

To ease the notations, we omit the dimension m, n and d in the subscripts of the
zero vector 0 whenever it can be obviously derived. Most of the results we obtain for
projectional coderivatives are based on the proposition above with M additionally

restricted on a set W.

Theorem 3.1.2. Consider the implicit mapping S : R™ = R"™ of the form (3.0.1)
with G : R™™ — R? q C' mapping, and M : R = R? a multifunction with closed
graph. Consider a pair (w,z) € gph S|w where W C dom S is a closed set. If the

following constraint qualification holds:
(0,0) € VG(w,z)"y + D*M|wxgrn (0, Z) |—G(w,z)) (y) = y = 0, (3.1.3)

then we have

DyS(@|#) () lmswp | {projTW(w)@) \ (v, —r") €
gph Slyy d
(w,x)—>(w,T) yeR

v (3.1.4)

(VG(w,2)"y + D* Mz (1,2) | ~Glw, 2)) (1)) }

If we strengthen the constraint qualification (3.1.8) to

(0,0) € limsup  projpy, wyxee (VG(w,2)"y" + D" My (w, 2) [=G(w, z)) ()

gph S|y
(w,x

B

7:2)
y' =y

—y=0

(3.1.5)

99



then the limsup in (3.1.4) can be put into the bracket as

Dy, S (w | z)(r) C {t € R™|3y € R* with (t,—r) €

lim sup PIOj 7y, () xR (VG (w,z)*y

h M
(w,2,— G (w,z)) T WXEY, (1 2 G(w,7))

Y=y

D" M ((0.0) | =G0 () |-

(3.1.6)
If in addition, M |wxrr is graphically reqular at (w,z, —G(w,z)) and W is a smooth

manifold at w, then

DS (w | z) (r) :{t € R™|Jy € R? with (t,—r) € PIOj 7y, () xRe <VG(7I}, z)'y

+ DM ((0.2) | <G, ) )
(3.1.7)
Proof. Similar to the proof of Theorem 2.3.1, (3.1.3) also indicates that
(0,0) € VG(w,2)"y + D" M|wxrn ((w,2) |-G (w,2)) (y) =y =0

for any (w,z) € gph S|w sufficiently close to (w, Z). According to [53, Theorem 2.1],

for any pair (w,x) € gph S|w sufficiently near (w, z), we have

Nep sty (w,2) € | (VG (w, 2)*y + D" M|wgn(w, ) | =G(w,2))(y)).  (3.1.8)

yeRd

Therefore we have

imsup  Projp, w)xrn Neph sy (W, T)
)gphSIW (

(w,x ,T)

C  limsup | projr, e (VG(w, )"y + D" Mlwxen (w, ) | =G(w,2))(y))

hS
)gp lw (@

(w,x &) yERY

(3.1.9)
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and accordingly the inclusion (3.1.4) holds.
Now, assume that the constraint qualification (3.1.5) holds. By the definition

of projectional coderivative (1.3.6) and (3.1.9), for t € D}, S(w | Z)(r), there exist

sequences (wy, Tx) 2o Slw, (w, %), yr, € R? and

(Vg, —1%) € VG (Wi, k) Y, + D" M |wxrn ((wr, 1) | —G(wg, 1)) (Y,

such that t; € projTW(wk)(vk) — t and r, — r. Taking a subsequence if necessary,
we have either y, — y € R? or \yyry — y € R? with A\, N\, 0. For the first case,
we directly have that ¢ belongs to the right-hand side of (3.1.6). For the second
case, without loss of generality we assume ||y|| = 1. With the conic structure we
have g (v, —1%) € VG(wg, 2x)*(Myr) + D*M|wwre (Wi, 2x) | =G (wg, 1)) (Aryr)
and accordingly A\itp € )\kprojTW(wk)(vk) — 0, \xrp, — 0, which contradicts the

constraint qualification (3.1.5) with ||y|| = 1. Given that (w,x) b Shw, (w,x) is
equivalent to (w,z, —G(w,x)) 800 Mlwzn, (w,Z,—G(w,z)) and therefore we have
that ¢ also belongs to the set on the right-hand side of (3.1.6).

If furthermore M |y «g~ is graphically regular at (w, z, —G(w, =)), again by Propo-

sition 3.1.1, we have (3.1.8) as an equation at the reference point (w, z) and therefore

Projey, (o) D" Slw (@ | 2)(r)

z{teRm

Jy € R? with (¢, —r) € PIOj 7y, () xRn (VG(w,z)"y
(3.1.10)
+ D" Ml (0,) | ~Glo.2) ()}

C Dy S(w | )(r).

61



Besides, when W is a smooth manifold at w, by Proposition 2.1.5(c) and (3.1.8),
Dy S (@ | %) (r) = projay, (o)D" Slw (w | 7) (r)

g{teRm

Jy € RY with (t, —1) € Projr, (g)wen (VG (W, 7)"y (3.1.11)

DM ((0,7) | ~G(0,3)) () |-

Combining the conditions that M|y «g~ is graphically regular at (w, z, —G(w, Z))
and that W is a smooth manifold at w, (3.1.10) and (3.1.11) turn into equation
(3.1.7). 0

Remark 3.1.3. The constraint qualification (3.1.8) involves only coderivatives of
G(w,x) + M|wxrn(w,x) at the reference point while the stronger constraint qualifi-
cation (3.1.5) involves the projected coderivatives. By Lemma 2.1.1 we can see that
(5.1.5) indicates (3.1.8). When the stronger constraint qualification is satisfied, we
can have a tighter estimate, as RHS of (3.1.6) is included by that of (3.1.4). The
connection between the basic constraint qualification and the stronger one is better

revealed in the Corollary 3.1.5 as it involves M (w, ) only.

Here we use a simple example to illustrate how the stronger constraint quali-
fication can be applied in calculating the projectional coderivatives (3.1.7). Note
that in a later example (Example 3.1.9) we will show how that the basic constraint

qualification can be adopted but the stronger one fails.

Example 3.1.4. For S(w) := {z € R" | Av +w € K} where K C R™ is a closed
set. Let G(w,x) = —Ax —w and M(w,x) = K. For W C dom S we can write

gph M|y xrn = W x R" X K and accordingly for any (w,z,u) € gph M |y «rn,

Nw(w) x {0}, ify € —=Ng(u)
0, ify ¢ —Ng(u)’
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and
VG(w,z)'y = (—y, —A"y). (3.1.13)

00

Letn:m:2,K:RX{O}U{O}XR,A:(O 1

). Then we can also write the

closed form of S as

RQ, w1, = 0,
Slw) = {R x {—wp}, wi 0.

Then dom S = K +rg A = R%. Consider the particular pair (w0,7) € gph S|y where
w = (0,1)", 7 = (0,0)" and a smooth manifold W = R x {1} C domS. Then

Slw(w) with w = (wy,1)" € W becomes

RQ, w1 = O,
Shw(w) = {R x {1}, w #£0.

Then the constraint qualification (3.1.5) becomes the one at the reference pair (w, T)
(as W is a smooth manifold):
(0,0) € projay, (gyxen (VG(@, )"y + D" M|w e (w0, 7) | =G(w, 7)) (y))

= {(Projy, () (v — y), —A*y) | v € Ny (w),y € =Nk (AT +w)} = y =0,

where the equation is a direct result from (3.1.12) and (3.1.13). As —G(w,Z) =
Az +w = (0,1)", K is reqular at —G(w,Z) and

Nk (—G(w,z)) = Nk ((0,1)7) =R x {0}.

Thus M |w«gn is graphically reqular ot (w,z, —G(w,x)). Besides, in view of the fact
that Ty (w) =R x {0} and y € —Ng(Az +w) =R x {0} and by Lemma 2.1.2,

0 = projry, (o) (v — y) = Projp, (@) (—y) = —y =y = 0.
Thus the constraint qualification is satisfied. Applying (3.1.7) , we obtain

R x {0} ifr=(0,0)T,

DiyS(,2)(r) = {y | y € Nic(Aw + &) with Ay =} = {@ ifr # (0,007,

63



Thus, Dj,S(w,7z)((0,0)7) = R x {0} # {(0,0)"}, S does not enjoy the Lipschitz-
like property relative to W at w for & according to Theorem 2.2.3. Also, for w. =

(e,1)" € W with e > 0, choose p > 0 being small enough. Then the inclusion

S(w)NB,(z) =B, C S(w.) + keB =R x {—1} + keB

does not hold unless € > %. Then by definition we can also draw the same conclu-
sion. Below we give the figure of dom S and S|w (), S|w (we).

Figure 3.1: dom S and S|y (w) of Example 3.1.4.

domS=K+rgA=R? 1
W =Rx{1}
Slw (W) = R?
wy (0,0) X
K=RX {0} U {0} X R (0,—1)I S|W(Ws) —Rx {_1}} >0

By observing the right-hand side of the expression (3.1.6), we can see that (¢, —r)
actually belongs to the projectional coderivative of the multifunction G(w,x) +
M (w, z) relative to the set W x R™. Next we present a simpler model by taking
G(w,z) = 0 so that the relation of projectional coderivatives between S and M can
be revealed more clearly. After that, we give a parallel comparison with a related
result in [5], which uses directional coderivatives to characterize the Lipschitz-like

property of S relative to certain directions.

Corollary 3.1.5. For an implicit mapping S : R™ = R" as S(w) = {x | 0 € M(w, )}

where M : R™ x R" = R? is an outer semicontinuous mapping, consider a closed set
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W C dom S and let © € S|y (w), if
(0,0) € D*M|wxrr ((w,z) | 0) (y) =y =0, (3.1.14)

then

Dy, S (w | z)(r) C lim sup U {projTW(w) (v)
(wa) W s i 3) yeRd

v (3.1.15)

(0, 1) € D* Ml ((1,2) | 0 <y>}.

If furthermore
(0,0) € Diyqn M (1, 7) | 0) (y) = y = 0 (3.1.16)

then we have
Dy S(w | z)(r) € {t | 3y such that (t,—r) € Dy g M ((0,2Z) | 0)(y)}. (3.1.17)

When in addition M|wxrn is graphically regular at (w,Z,0) and W is a smooth

manifold at w,
Diy S | 2)(r) = {t|3y .t (t.—7) € Diye M((,7) | 0)(y) }

Proof. This corollary comes from direct application of Theorem 3.1.2 by taking

) gph M|y xrn (

G(w,z) =0. As (w,x) o Slw, (w, Z) is equivalent to (w,z,0 w, T,0),

limsup  projp, (w)xzn D" M|wxen ((w,2) | 0) (¥') € Diyypa M ((0,7) | 0) (y).
gph S
(w,2) 2 (.2

Y=y
Therefore we can rewrite the inclusions in Theorem 3.1.2 as (3.1.15) and (3.1.17)
respectively. O
Observing (3.1.16) and (3.1.17), we can have a sufficient condition for the relative
Lipschitz-like property of S.
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Corollary 3.1.6. For the set-valued mapping S defined as in Corollary 3.1.5 with
(w,z) € gph S|w, where W is a smooth manifold at around w or a closed and convex

set, S has the Lipschitz-like property relative to W at w for T if
(t,0) € Dy g M ((0,7) | 0) (y) =t =0, y = 0.

Proof. This is a simple result from (3.1.16) and (3.1.17) and application of Theorems
1.3.8 and 2.2.3. [

In [5, Theorem 3.5], a sufficient condition is given to examine the Lipschitz-like
property of the parametric system relative to a set. The condition mainly involves
directional limiting coderivatives. Next we illustrate how our upper estimate (3.1.15)
can be applied to verify the property for comparison. Here we put down some
necessary notations and the theorem for reference.

First we introduce the definitions of the directional limiting normal cone and the

directional limiting coderivatives.

Definition 3.1.7 (|30, Definition 2.3]). For a closed set Q@ C R"™ with & €  and
a direction u € R"™, the directional limiting normal cone to Q) in direction v at T is
defined by

No(z; u) := limsup No(Z + tu'), (3.1.18)

t}0, u'—u

while for a set-valued mapping S : R® = R™ hawving locally closed graph around
(w,Z) € gphS and a pair of directions (u,v) € R™ x R™, the set-valued mapping
D*S((w,z); (u,v)) : R™ = R", defined by

D*S((w,z); (u,v))(v%) := {u” € R" [ (u", =v") € Ngpns((@, 7); (u,v))}, Vo* € R™
(3.1.19)
is called the directional limiting coderivative of S in the direction (u,v) at (w,x). See

[5] for more details and some basic properties of these notions.
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Proposition 3.1.8 ([5, Theorem 3.5]). For an implicit mapping S : R™ = R™ as
S(w)={z|0e€ M(w,x)}

where M : R™ x R™ = R? is an outer semicontinuous mapping, consider a closed set

W CR™ and let & € S|w(w), further assume that

(i) for every w € Tw(w) and every sequence ty \, O there exists some v € R"
satisfying
lilzninfd((w—i—tkw,f—i—th,O),gphM) Jte =0 (3.1.20)
—00

(ii) for every nonzero (w,x) € Ty (w) x R™ verifying (w,x,0) € Typnh p(w, Z,0) one

has the implication

(v,0) € D*M ((w, z,0); (w, z,0)) (y) =y = 0. (3.1.21)

Then S has the Lipschitz-like property relative to W at w for .

Next we give an example to illustrate how the upper estimate in Corollary 3.1.5
can be applied in verifying the Lipschitz-like property relative to a set with the basic

constraint qualification (3.1.14).

Example 3.1.9. For S(w) := {x e R" | Ax + w € K} where K C R™ is a closed
set. Then we have M (w,z) = —Ax —w + K. By writing
gph M = {(w,z,u) |u+ Az +w € K}, (3.1.22)

1o o\ ("
gph M|y = (w,:c,u)‘ (I A I) x| eW XK,
u

I 00
we can see that (I AT

) has full rank 2m and (I A I) has full rank m. Thus

we can apply [81, Exercise 6.7] to obtain, for any (w,x,u) € gph M|y xgn,
Neph My sz (W, ,u) ={(v +y, A"y, y) | v € Nw(w),y € Ng(u+ Az +w)},
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Nepn i (w, z,u) ={(y, A"y, y) | y € Nx(u+ Az +w)}.

By definition of coderivatives,

D*M|w g (w,2) | w) (y) = {(=y, —A"y) | =y € N (u+ Az +w)} + Nw(w) x {0}
(3.1.23)

= D"M ((w, z) | u) (y) + Nw(w) x {0}.

Then the constraint qualification (3.1.14), together with the expression (3.1.23) be-
comes

Ng(Az +w) Nker A* N (—Nw (w)) = {0} (3.1.24)

at the reference pair (w,z) € gph S|w.
Next we consider a particular case. Letn =m =2, K =R, x {0} U{0} x R,

0

and A = (0

_11>. For the reference pair w = (0,0)7, = (0,0)" and W =

{(wy,wy) € R? | wy +wy > 0,w; > 0}, we have w € W and W C dom S = K +

rg A = {(wy,ws) € R? | wy + wy > 0}. By some calculation we can see that
Ng(AZ 4+ w) = Ng(0) = (R x {0}) U ({0} x R)UR?, ker A* = R(1,1)"

and

Ny () = Ny (0) = W* = { (w1, ws) € R* | wy —wy < 0,wy <0}

and therefore the constraint qualification (3.1.24) is satisfied. As gph S|w is a union
of polyhedral cones, we have only finite combinations of Nk (Ax + w) and Ny (w).
By (8.1.23), we have for sufficiently small € > 0,

lim sup U prOjTW(w)X]RnD*M|W><R”((w7x) ‘ O)(y)

hs
(w,x)u(w@) y€eRd

= U {(Proimy () (v — 1), —A"y) | v € Niw(w)}
(w,z)€B: (0,Z)Ngph S|w
yE—Ng (Az+w)

:( U ({ (projus (v —v). ~47y) | v € W;}

ye(Rx{0})U({0} xR)URZ
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0 {roiwo =) -4 [vewh) ) U

U ({ (proju, (v — ), =A%) | v e Wy U{(-y,—A"p)}) | ,

ye(Rx{0HU({0}xR)

where Wy = Ry xR, Wy = {(wy,ws) | wy + wy > 0}. Together with (3.1.15) we have

gph Dy S(w | 7) C < U {(A*y, proju, (v —y)) | ve W5}

ye(Rx{0})U({0} xR)UR2

o nmintr-m o<1 )U

U ({(A*y,pro‘]'w1 (v — y)) | v E Wl*} U {(A"y, —y)})
y€(Rx{0HU({0} xR)

(3.1.25)
By the generalized Mordukhovich criterion, it is sufficient to examine the criterion

on each of the subsets in right-hand side of (3.1.25) to obtain D}, S(w | z)(0) = {0}:

1.y € (Rx{0})U({0} x R)UR%) Nnker A* = R, (1, 1)". By calculation we
have Wy = R_(1,1)" and W* = {(wy,ws) | w; —wy < 0,wy < 0}. Then we
can see that —y € Wy NW* and thus

projy, (v —y) =0 forve Wy,

projy (v —y) =0 forve W™

2. y e (R x {0}) U ({0} x R)) Nker A* = {0}.

Therefore we have Dy, S(w, z)(0) = {0} and S has the Lipschitz-like property relative
to W at w for x. However, in this case the stronger constraint qualification does not
hold, which can be verified via
(07 O) € projTW(m)xR"D*M|W><R" <<U_J, j) ’ O) (y)
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={(projy (v —y),—A%y) v e W* y e R x {0} U{0} x RUR? }
C Dy ((0,2) | 0) (y) =y = Ry (1,1)" # {(0,0)T}.
Next we will show how Proposition 3.1.8 fails on examining the property as for
w=(1,-1)T € Tw(w) and x = (0,1)", condition (ii) can’t be satisfied. Given the

conic and polyhedral structure of gph M (see representation(3.1.22)), again by [81,

Ezercise 6.7] we have
(w,2,0) € Typhm (w0, 7,0) = {(w,z,u) | Ar+w+u € Tk (AzZ +w)} = gph M.
By definition of directional limiting normal cone (3.1.18),

Nepna (@, 7,0); (w, z,0))
= M Supyg (wr o u)—s (we.0) nghM ((w,z,0) + t(w', 2’ u))
= M sup .y 2wy (w,e,0) nghM (w', 2’ u)
= Ngphm (w,z,0)
= {(y, A"y, y) |y € Nx(Az + w) = Ng(0) =R x {0} U{0} x RUR? },
where the second equality follows from the conic structure of gph M, the third one
from the definition of the normal cone mappings, and the last one from (5.1.22).
Then we have by definition of directional limiting coderivatives (3.1.19),
(—y,—A"y) € D*M((w, z,0); (w, z,0))(y) with — A%y =20
=y €R(L1)" #{(0,0)'},

suggesting that the Lipschitz-like property of S relative to W at w for T cannot be

obtained via Proposition 3.1.8.

Remark 3.1.10. The reason why the sufficient condition in Proposition 3.1.8 fails in

verifying the property in the above example is structural: the tool, directional limiting
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coderivatives, are intrinsically the coderivatives at the neighboring points in specif-
ically given directions. By Mordukhovich criterion (Theorem 1.5.6), it is required
that the coderivative of S at 0 includes 0 only, which means that the condition (ii) in
Proposition 3.1.8 requires the set W does not involve any points on the boundary of
dom S other than the reference point. On the other hand, projectional coderivatives
come from taking the limsup of projected normal cone and therefore work efficiently

when characterizing the property when on the boundary.

Remark 3.1.11. In Theorem 3.1.2, two different constraint qualifications are men-
tioned. We can see that the basic one (3.1.3) is ensuring the upper estimate in two
ways: (i) restricting S to W; (ii) expressing the normal cone of gph S via those of
gph G and gph M. In Corollary 3.1.5, the stronger constraint qualification (3.1.16)
ensures that Dy, S(w | ) can be expressed via Dy gn M ((w,Z) | 0). Note that in the
proof of Corollary 3.1.5, we used a larger set. The difference between Theorem 3.1.2
and combining application of Corollary 3.1.5 to M'(w, z) = G(w,z) + M (w, z) and
that of the sum rule (Theorem 2.4.5) to G(w,x) + M(w,x) is caused by this larger

upper estimate.

In the next theorem, we give a setting where the constraint qualification (3.1.3)

could be bypassed. It is a result from Lemma 3.1.1.

Theorem 3.1.12. For S defined as in (3.0.1), if M = M(x) and V,G(w,z) has

full rank, then

DinsS(w|z)(r)=limsup U { prodeomS(w)(VwG(w7x)*y) | —r' e
gph S

(w,z)— (@,%) yER?
r'—r

(V.Glw, 2)*y + D*M (x| ~Glw, 2)) () }
2
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Proof. When the set W := dom S, S|y = S. By condition (b) in Lemma 3.1.1, we

have for any (w,x) € gph S,

Ngpns(w,x) = | (VG(w,2)"y + {0} x DM (x| ~G(w,)) (y)) .

y€ER4
Therefore we have
imsup  Projp, (w)xre Neph sl (W, ©) = limsup  projr, () xra Ngphs(w, )
(w,2) P2V, (5 7) (w,a) E5, (5,3)

= limsup | J projp, . wywee (VG(w,2)7y + {0} x D*M(x | —G(w,x))(y))
(w,2) E25, (,7) yeRd

and thus the equation (3.1.26). O

Here the set we refer to, W, becomes the largest possible set dom S. In this case,
S does not carry the set constraint along for calculation and thus the constraint qual-
ification (3.1.3) goes back to the one in Lemma 3.1.1 and is satisfied automatically
with the above setting. In the coming sections, we introduce some models under

specific settings.

3.2 Linear constraint systems

Consider the solution mapping of a linear constraint system S : R™ = R™:
Sb)={zeR"| Az +be K} (3.2.1)

where K is a closed set in R™ and A € R™*". By calculation in [38], for any given

pair (b, ) € gph S,

Ngpns(b, 7) = {(u, A*u)

u € NK(@)} where v = A7 + b. (3.2.2)

Here we denote the column space generated by A (i.e., linear combinations generated

by columns of A) as rg A and the orthogonal complement of rg A (also the null space
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of A*) as ker A*. In [38] a sufficient and necessary condition of Lipschitz-like property

of S at b for 7 is given via Mordukhovich criterion:
ker A* N Nk (v) = {0}. (3.2.3)

Note that this condition can also be applied when both the matrix A and the vector b
undergo perturbations. We know that the Lipschitz-like property suggests implicitly
that the referred point b should lie in the interior of the domain of S. Therefore
the criterion also fails when b falls on the boundary of dom S. Next we focus on the

Lipschitz-like property relative to dom S.

3.2.1 Relative Lipschitz-like property and the graphical mod-
ulus

From expression (3.2.1) we can see that gph S can be taken as a linear transformation
of K. For the domain dom S = K + rg A where rg A = A(R") = {Az | x € R"}.
Given that rg A is a subspace in R™, the domain of S can be interpreted as a set
generated by moving the set K along the subspace rg A. Therefore gph S, dom S
share something common in structure with the set K like convexity and polyhedrality.
In this section we first assume K to be union of polyhedral sets and derive the
expression for projectional coderivatives of S relative to its domain. Later we consider
the case that K is a convex polyhedral set. Under such an assumption we can give
an explicit form of its tangent cone and normal cone.

First we present a result of simply applying Theorem 3.1.12 to S (3.2.1) with K
being a union a polyhedral sets. Under such a setting, the limsup in definition of
projectional coderivative can be substituted by a union as the number of possible

combinations of Ngpp (b, ) and Tgom s(b) are finite.

Corollary 3.2.1. For the set mapping S defined as in (3.2.1) with K being a union
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of polyhedral sets and a pair (b, Z) € gph S, for sufficiently small € > 0,

DiomsS(b | 2)(y) = U { Projr,.. (v (W) | Ju € Ng(Az +b)
(b,x)Egph SNB. (b,7) (324)

s.t.— A'u = y}

Proof. Let G(b,x) = —Ax — b, M(z) = K, we can directly apply Theorem 3.1.12 to
S with

Do are = {0 Sl

and

VG(b,z)"u = (—u, —Au).

In view of the fact that gph S is also a union of polyhedral sets, we have for sufficiently

small € > 0,

D:lomSS (B | f) <y>

= limsup U { projz,. () | (v,—Yy) € (—u, —A*u) ,u € —Ng(Az + b)}

gphS  _

(b,2) 255 (5,2) uekd
y'—y
= U ot o= rune v )

(b,x)Egph SNB. (b,%)
and finally (3.2.4) by tuning the direction of w. ]

From now on we focus on the case where K is a convex polyhedral set. In this
case, dom S is also convex and we can apply the generalized Mordukhovich criterion
(Theorem 1.3.8) to S relative to dom S. Besides, gph S is also convex polyhedral and
S enjoys the Lipschitz continuity on dom S automatically (see [81, Example 9.35]).
Thus S should enjoy the Lipschitz-like property relative to dom S as well and we

next verify it by employing the generalized Mordukhovich criterion.
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Proposition 3.2.2. For the set mapping S defined as in (3.2.1) with K being convez,
we have that dom S = K +1g A is conver as well. For a given pair (b,z) € gph S

and v = AT + b, we have

Tdomg(b) = Cl(TK(l_}) + g A) = TK(@) + rg A, (325)

Ndomg(b) = (TdomS(B))* = NK(Q_J) N ker A*. (326)

Proof. As we know that o € K, b =10 — AZ, dom S = K +1g A, and both rg A and
K are closed and convex sets, by direct application of [81, Exercise 6.44| we obtain

(3.2.5) and (3.2.6). 0

Remark 3.2.3. For b € bdrydom S, there ezists at least one x such that Ax +b €

bdry K, but not vice versa.

Corollary 3.2.4. For the set mapping S defined as in (3.2.1) with K being convex
polyhedral and a pair (b,x) € gph S, S always has the Lipschitz-like property relative

to its domain at b for .
Proof. Here we use the generalized Mordukhovich criterion as dom S' is also convex:
DfiomSS(aj)(O) = {O} (327)

Given the expression of D3 (b | T) as (3.2.4) and the polyhedrality of K, the

criterion is equivalent to checking for all (b, x) 2ph 3, (b, 7), if

A'u=0,u € Nxg(Ar +b) = projp, . (u) =0,
which is equivalent to
u € Ng(Az +b) Nker A* = projp, )(u) =0.
By convexity of Tyoms(b), we have
projz,. . s (¥) =0 <= 1 € Naoms(b) = Nk (Az + b) Nker A™.

Therefore we have the property naturally. O
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Given that the Lipschitz-like property relative to dom S holds automatically, next
we explore the form of the modulus lip,,,¢S. For lipS, by calculation or [81,

Example 9.44] we have

1
max :
ueNK (Az+b)ns || A*ul|

lip S = (3.2.8)

For related results, see |9, Corollary 3.2] and [12, Remark 9]. First we give some

results regarding the calculation of projs, ) (u) with u € Nk (Ax +b).

Lemma 3.2.5. For a given pair (b,z) € gph S and u € Ng(Az + b),

|AA*u|, if b € bdry dom S

o Al = 3.2.9
Ip JTdomS(b)( )l {HUH’ if b € intdom S ( )

where A1 is the pseudo-inverse of A given by

A = (A*A)"YA* if A is tall and thin
B A*(AA*)~Y if A short and fat, or is tall but does not have full column rank,

and when A has neither full row rank nor full column rank, A" is given by AAT =
UU*. Note that in this case U is an orthonormal basis for rg A, generated from the

truncated SVD of A, and therefore is tall and thin with rank(A) columns (and full

column rank).

Proof. For any b € intdom S, Tyoms(b) = R™ and therefore the projection of u
is itself. For any b € bdrydom.S, Ax + b must be lying on the bdry K as well
for bdrydom S = bdry(K + rgA) C bdry K + rg A (see Remark 3.2.3). By |[81,
Exercise 12.22], u can be represented uniquely as u = w+y with w = Projr, ) (u),
Y = Projy,.. < (w) and w L y. As when b € bdrydom S, u € Ng(Azr +b) and
Naom s(b) = Nk (Ax + b) Nker A*. Therefore we have
1Projg,,,, sy (Wl = [l — projy, . s (W)
(3.2.10)
=d(u, Naom 5(b)) = d(u, ker A”) = ||proj 4 (u)|
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Therefore the projection on Ty 5(b) here is equivalent to projection on the column
space of A, where the results can be found in [49, Page 365].
[

For any (b,x) € gphS with v = Az + b € bdry K, we denote the set of all
non-overlapping semi-closed faces F' of K with v € bdry F' as F(v). Accordingly,
the normal cones on each F' are the same and we denote them as Np. Among these
faces, some form the boundary of dom .S, and therefore we use F.(v) to denote such

collection, i.e.,
Fe(v):={F € F(v) | F+rgACbdrydomS}.
Theorem 3.2.6. For any (b,7) € gph S with b € bdrydom S and v = AZ + b, we

have

lipdomss(af) = maX{ max sup M, max sup —Hu” }
FEF(®) uenprs ||A*ul| T FeF@ONF®) uenprs || A*ul|

(3.2.11)

Proof. According to [59, Theorem 2.3|,

_ roi )
lipdomSS(bﬁ) = lim sup sup sup Hp ‘]Tdor:S(b)( )H
(b.2) B2 5, (5. AT uEB uEN Kk (Aa+b) || A*ul|
F(©)

For (b, x) 5, (b,7), it is equivalent for v := Az +b —2> ©v. Besides, as F.(?)
contains all faces that form the set bdry dom S, then for any b € bdry dom .S such
that Az +be F € F.(v) and u € Np,

IProjz,,,, s (Wl = [[projy, a(w)]| = |AATul.

For other semi-closed faces, ie., b € F' € F(v) \ F.(v), b € intdom S and therefore

Projr, . s (w) = u for any u € Np. Therefore we have

. Iprojz,,.. s (W)
1- S b 7) — dom S
Pdom S ( |£L‘) Frggé) Ilr]leag‘( Asi‘lile)s uesj\%f)(v) HA*U H
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[projz,,, sy (W)l
= max max Ssup )
FeF(v) veF yeNpnS HA*UH

and further (3.2.11) with possibilities of F' € F(v) exhausted. O

Remark 3.2.7. When dom S = R", the set Fo(v) =0 and Upc o) Nr = Nk (0). In
this way, the modulus (3.2.11) becomes identical to (3.2.8) as

| N Jul L
| S — _ =lip S.
Paom sS(0[7) = pmax sup o= max e =1

3.2.2 Some examples

Next we give some examples on modulus calculations with K = R’. Note that in

the following examples, for the case ' =R}, u € Np = {0,,}, which is trivial and

thus is omitted here. It is worth mentioning that graphical modulus lipy,, ¢ 5, i.e.,
the largest x in (1.3.4), can be obtained in the interior of the domain (see Example

3.2.8) or on the boundary (see Example 3.2.9).

-2 =3

Example 3.2.8. A = ( 9 3

) , b=0y T =0y domS = {(y1,%2) | v2 > =11}

11
Projyg 4(u) = UU™u = ( 2 2) u with U = (-4, 5)7.

‘F(@) = {{02}7 {O} X Ry, Ryp X {O}’ R?H-}?
Fe(v) = {{02}}.
1. v=1(0,0), u € Ng(v) =R?, Taoms(b) = {(y1,42) | v2 > —w}.

S P e
u€R2 | A*ul| uekR? || A*ul| V26

2. v € {0} X ]R++7 u € NK(U) =R_x {0}7 TdOmS(b) - RQ-

_ [proje (W)l _ ] 1
k= max —————— = max = .
ueR_x{0} || A*ul| ur€R- H <—2> V13
3"
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3. v e Ry x {0},u € Nig(v) = {0} x B_, Tooms(b) = .

I 1 " H % R
ue{0yxR_ || A*ul| uef{0}xR_ ||A*ul|  uzeR- 2 V13
3) "
In all, 1i S(02 | 02) !
n all, 1ipgom = —.
Pdom s 21 V2 \/1—3
—4

1
Example 3.2.9. A= |0 ., b=03, T=0,. domS =R xR, xR
2

0
Proj, 4(u) = A(A*A) A = 0] w=(u,0,us)".
1

O O =
o O O

F(0) = {{0s}, Ryy x {02}, {02} x Ryy, Ryy x {0} x Ry,
{0} x Ry x {0}, R3, x {0}, {0} xR3,, R}, },
Fe(0) = {{0s}, Ry x {02}, {02} x Ryy, Rop x {0} x Ry }.

1. v =03, UENK(’U):R‘E, Tdomg(b) =R xR, xR.
[Projeg a(u) [ (w1, 0,u3) 7] 1

K = maX ———=———— = max
1 n 2
_4 Uy 9 us

wER3 ||A*U|| u€R3
2. vERL, x {0}, u€ Ng(v) = {0} x R, Tyoms(b) =R x R, x R.

- =

ot

S ) I 1
we{0yxR2 || A*ul| us€R_ H (2) 2/2
2 )"

3. ve{0y} xRy ,u€ Ng(v) =R% x {0}, Thoms(d) =R xR, x R.

e MHNQAWM::HMX Juafl 1
V1T

u€R? x{0} ||A*UH u1ER_ H( 1 >
4"
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v ER L x {0} xRy, u € Ng(v) ={0} x R x {0}, Tyoms(b) =R xR, x R.

o HprojrgA(u’)H o
K= max ——— =0.
ue{0}xR_x{0} || A*ul|

Cv e {0} x Ryy x {0}, u € Ni(v) = R_ x {0} x R, Thoms(b) = R,

. T
R 123 F1Ch N (2.0, u3) )| L

ueR_x{0}xR_ || A*ul| u€R_x {0} xR_ 1 2
4 uy + o ) Us

v eRE, x {0}, u € Ng(v) = {02} X R, Tyoms(b) =R

_ [Projes (w)|| lus] 1
K= max -———— 1 — max = .
ue{0}xRr2 || A*ul| uz€R_ 2 2v/2
2) "

0 e {0} xR2, u € Ni(v) = R_ x {05}, Thoms(b) = R?.

[projes (u)]] [ | 1

KR = max — = Inax = —.
weRx(o) A wek- H( : ) !
4) "

1
In all, lipgom 5(03 | 02) = —.
om \/g

3.3 Linear complementarity problems

In this section we consider the linear complementarity problem LCP(q, M):

x>0, Mo +q¢>0, ' (Mx+q)=0 (3.3.1)

where M € R™" q € R" and x € R". For the Lipschitz-like property of the solution

mapping of this problem, see [38]. Here we consider only ¢ is changing, and we denote
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the solution mapping as S(-) : R” = R"™. Thus we have the domain and graph of S

written as follow:
domS ={¢eR" |z >0, Mz +q>0, (x, Mo+ q) =0}, (3.3.2)

gph S ={(¢,z) e R" xR" |2 >0, Mz +¢q >0, (x, Mz +q) =0}. (3.3.3)
Here we introduce some properties of the set gph S and dom S.

3.3.1 Properties of graph and domain

To analyze gph S, we first define a category of index combination Iy, o, I3 C [ :=

{1,...,n} with

(a) LULUI3=1,

(b) NI =0,Yi#j.

Here we use Z to denote the set of all such possible combinations:
T:={(L1,o,;) | hULUIL;=1I I,NnI;=0, Yi#j}, (|Z] =3").

In terms of each combination (I3, I5, I3) € Z, we denote:

(gph5>(h,12,13) = (q,.ﬁC) e R" x R" z; >0 (MZL’—I—C])Z =0 ifie I
;=0 (Mz+4q);=0 ifiel;

(3.3.4)
We call (gph S) (1, 1,,15) & slice of gph S.

Theorem 3.3.1. (gph S)(...) has the following properties:

(a) each index combination is unique, therefore the corresponding (gph S);....y is mu-

tually exclusive (non-overlapping) for different index combinations, that is,

(gph S) (11, 12,15) N (8P S) (11, 13,17) = 0, V(I Iz, 13) # (17, I, I3);

81



(b) gph S is a union of slices (gph S)(..., where the index combination runs through

all elements in T:

gphS = |J (ephS) 1t (3.3.5)

(I1,I2,I3)€T

(c) (gphS) 1, 12.15) is a nonempty convex semi-closed polyhedral cone for all (I, I, I3) €

Z. Here we adopt the definition of cone C as follows:
VeeC = re(C,VAeR,,.

Note: such cone may not contain 0.

Proof. The first two properties and the polyhedrality in the third property can be
observed by checking the definition of gph S, (3.3.3), and gph S with the index com-
bination (3.3.4). For the conic structure and convexity mentioned in the third prop-
erty, V(qi, 1), (q2,22) € (gphS)(1, 1,15), and A, Ao > 0, Ai(qu, 21) + Aa(qe, x2) €
(gph S)(1,,15,15) as elements (Ajz1 + AaZa);, Mi(Mzy + q1)i + o(Mas + g2);, for i €

{1,...,n} remain their status of being 0 or positive. ]

Depending on the combination above, the following proposition gives the interpreta-

tion of the index sets Iy, I, I5.

Proposition 3.3.2 ([16, Proposition 1.4.4]). For any given ¢ € dom S, it can be

expressed as a nonnegative linear combination of columns in E (the unit matriz) and

—M as
q=c"—Mc = Z E.acf — Z M. ic; (3.3.6)
i:¢; >0 i:¢;<0
Here ¢ = max{0,c} and ¢~ = max{0, —c}. Then the corresponding solution under
such expression is x = ¢~ with Mx + q = c¢*. In this case, I = {i | ¢; > 0},

IQZ{Z’CZ<O},[3:{Z‘CZ:O}
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From the proposition above and mutual exclusiveness between slices (gph S),.....), we
can see that for every (¢, z) € gph S, there is a unique index combination (I, I5, I3) €
T such that (¢,z) € (gphS)(, 1,15)- To avoid abuse of notations, accordingly we
specify the unique index combination decided by (g, ) as

Ii(q,z) :={i € Ilz; = 0,(Mz + q); > 0},

Iy(q,x) :={i € Ilz; > 0,(Mx + q); = 0}, (3.3.7)

Is(q, z) :=={i € I|z; = 0, (Mz + q); = 0}.

Thus by the representation above we can see that when (¢, z) is given, for any
pair (¢',2") € (gph S) (1, (g.2),Is(q.2),Is(q,)), the index combination (I1(¢, "), I(¢', '),

I3(¢', ")) remains the same as the one of (¢, x).

Remark 3.3.3. When we put the form of S as S(q) = {x |0e Mz +q+ NR1<I>},

the domain writes dom S = UxeR’; {—Mx — Ngn (x)} Given that

—NRz(SC) = {.’I}/ cR"

zi e Ry, ifz; =0
z, =0, ifx; >0/’

we can have —Ngn (2) = 35, o B¢ with © = ¢~ taken as in (3.3.6).

With the pair (¢,z) € gph S fixed, we may now proceed to the representation
of Ngphs(q,z). To better illustrate the structure of Ngpns(q, z), we introduce a set

defined by index combinations:

(ur,v7) € {0} xR ifiel

iV
W(I1, I, Is) = 4 (u*,0%) € R x R | (uf,07) € R x {0} ifi e (3.3.8)
(uf,v;k)EQ leEIg

where Q0 := (R x {0}) U ({0} x R) UR?. Note that for (¢,z) € gph S,

(u*,v*) € W(li(q,x), Is(q, x), I3(q, x)) < (v, —u") € nghNRT (x,—Mz — q).
(3.3.9)
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By calculation in [37] we have
Ngpns(q, ) = {(u*, M*u* +v%) | (u",v") € W(li(q,x), I2(q,z), I5(¢q,x))} (3.3.10)

From (3.3.10) we can see that the normal cone of gphS at a given pair is decided
by the associated index combination. Given the discussion above that the index
combination remains unchanged for all elements in the slice (gph S) s, 1,,1,), in accor-
dance Ngpn 5(q, z) stays the same for all (¢,2) € (gph )1, 1,15 as well. In this way,

we can use the index combination to recognize the behavior of neighboring points

(q,7) LILEN (¢, z) and the related Ngpn s(g, ). Next theorem shows how we can group

the elements by index combination.

Theorem 3.3.4. For (¢*,z") b § (q,7), there is a subsequence (¢, x*%) such that

the index combination I,(q", x*"), I,(¢¥, x*"), I3(¢", a*) categorized as in (3.3.7)

remain the same for all 7.

Proof. Let sequence (¢*,2*) — (g,Z) in gph S. For each k, (¢*,2*) has a corre-
sponding combination of index set I1(¢*, z%), I(¢*, 2%), I3(¢", 2%). As such combina-
tions of index set is finite, there is a subsequence (¢!, 2*!) such that the corresponding
combination of index sets I1(¢*, 2%, I,(¢", 2*), I3(¢*, 2*!) remains the same. Then

the normal cone Ngyp (¢, 2*) remains the same as well. O

As mentioned in the proof above, there are finite combinations of index sets
around (gq,z). Next we illustrate what those combinations and neighboring slices

are.

Theorem 3.3.5. Given the pair (§,Z) € gph S, we denote the collection of all pos-

sible combinations of index sets as:
2(q,z) ={(, I, I3) €T | I, 2 1(q,7), 2 2 I5(q,7), I3 C I3(q, %)} (3.3.11)

84



The corresponding neighboring slices in gph S are finite as:

(gph S)(11J2J3)? v([b I, [3> € I((j, *T)

Proof. For (q,z) € gphS, specifically it lies on the slice (gph.S) 1, (q.2),1(3.5).15(3,7))-
Consider (¢,x) around (g,z) in gphS. By definition (3.3.7), we can see that for
I(q,x), I5(q, z) there are open constraints (Mz + ¢); > 0 and z; > 0 respectively

and for I3(q, ) there are equations: (Mz + ¢); = 0 and z; = 0. Therefore for any

element (g, z) LILEN (q,7), I(q,z) and Iy(q,x) should include I,(q, Z) and I5(q, T)

as subsets respectively. For equality constraints, it can be tended through open
constraints, either (Mx + ¢); > 0 or &; > 0. Then we have the indices in I3(q, Z)
being distributed into either I1(q, z), I5(q, x) or remained in I3(q,x). Thus I3(q,z) C
I3(q,z). Combining all these finite possible status, we arrive at (3.3.11). With
possible combinations decided, we can accordingly give neighboring slices as stated.

O

With index combination of neighboring slices given, we can see that for a given
pair (g, 7), there are ||Z(q, )| = 31%@®) neighboring slices in gph S (including the
slice where the pair lies on). For example, for (g,z) = (0,0), I1(q,z) = 0, I>(q,z) = 0,
I3(g,z) = I. Then Z(q, ) gives all possible combinations of Iy, Iy, I3: Z(q,z) = Z
and || Z(q,x)|| = ||Z|]| = 3™. The neighboring slices are all slices of gph S.

Other than the index notation we introduced above, there is another set of index
notation using «, which is introduced in [16]. Before introducing dom .S, we first
introduce complementary cones related to complementary matrices of M and the

index notation with «.

Definition 3.3.6 (|16, Definition 1.3.2]). Given M € R™" and o C I ={1,...,n},
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we define a complementary matriz of M, Cp(a) € R™™ as

_M(~,i)7 Zf@ € «Q,

3.3.12
E(.}i), ifi g_ﬁ Q. ( )

CM(Q)(.J) = {
The associated cone, conv pos(Cyr(a)) is called the complementary cone (relative to
M) and conv pos(Cy () stands for the set of all nonnegative linear combinations

of columns of the matriz Cp(«).

For an n x n matrix M, there are 2" complementary cones (convex polyhedral)
and the union of these cones is the domain of S, see (3.3.2). For a = 0, Cp(a) =
E. For a = I, Cpy(a) = —M. Therefore we can see that dom S must contain
convpos(E) = R} (i.e. the nonnegative orthant in R") and convpos(—M), and
moreover is contained in conv pos(E, —M) where LCP(q, M) is feasible [16, Page
18|. Then we have:

dom S = U conv pos Cys(a) (3.3.13)
aCl
and
(conv pos(E) U conv pos(—M)) € dom S C conv pos(E, —M). (3.3.14)

Note that in general, dom S may not be convex and its convex hull is conv pos(E, —M).
Besides, the following notation for the index set « is also widely adopted on describ-

ing gph S |16, Page 646]:

- S ;
(Mx+q); =0,2;, >0 i ea}‘ (3.3.15)

(gph S)a :Z{(q,x)GR B (Mrtq)i>0,0=0 i¢a

In this way, gph S is a union of 2" closed convex polyhedral cones (gphS), with «
running over all subsets of I. Under such representation, for a given index set «,

(gph S), has one-to-one correspondence with conv pos(Cy()) in dom S. That is,

86



for (¢,x) € (gph S)a, ¢ € convpos Cy(a). And in reverse, for ¢ € conv pos Cy(«)
there always exists x such that (¢, x) € (gph ).

The difference between using « and (I, Is, I3) is that for the case (Mz + q); =
0,z; = 0, it is specifically categorized as I3 in the latter combination while in the
former, such i could fall in either a or @ (the complement of « in I) by definition.
However, for such index notation, we can see that Ny, ¢ has different values for
(¢,7) € (gphS), for a given a. More specifically, I C @, I C a.

As the assumption of the generalized Mordukhovich criterion requires the set to
be closed and convex, to employ such criterion on § relative to dom S, it is natural
to ask under what condition dom S' is closed and convex. The following proposition

provides the rationality behind such an assumption.

Proposition 3.3.7 (|16, Proposition 3.2.1|). For an LCP(q, M), the following state-

ments are equivalent:

(a) M is a Qo-matriz.

(b) dom S is convex;

(c) dom S = conv pos(E, —M).

Here Qo-matriz means the type of matrices with LCP(3.3.1) being solvable whenever
feasible.

We can see that when dom S is closed and convex, it is also a convex polyhe-
dral cone in R", generated by the columns of £ and —M, which provides further

simplification to calculate its normal cone and tangent cone.

Theorem 3.3.8. Assume that dom S is closed and convex. For a given combination

of index set (11, Iz, I3), any q with (q,x) € gph S(1, 1,1,) for some x has the following
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properties:

NdomS(Q) :{ w | (w,v> = O,U € (E(',I1)7 _M('JQ)) ) <w7u> S O,U € <E(7H)’ _M(,E)> } ’
(3.3.16)

TdomS(C]) :(Ndoms(q))* = conv pos <E(-,H)’ _M(-,E)’ :f:E(.Jl), :|:M(.712)> . (3317)

Proof. Since dom S is a polyhedral convex cone, so are Tyoms(q) and Ngoms(q). By

(10) in [18],
W € Ngoms(q) <= ¢ € dom S, w € (dom S)*,w L gq.

Here (dom S)* means the polar of domS. As domS = convpos(E,—M), by [81,

Lemma 6.45], we have
(dom S)* = {w | (Erq,w) <0,{(=M.z,w) <0,i=1,...,n}.

Note that (¢,x) € gph S(1, 1,,15), by representation (3.3.6) of ¢, ¢ can be expressed as

a positive linear combination of E.;),7 € I, and —M(. ;),j € I,. Therefore we have

NdomS(q) = (domS) m[q]J_ — {w ’ < (?) w> ? 1 < (7]) w) j 2
©J

<E(.7i),w> =0,1 € Iy, <—M( ),w> =0,75 € ]2} '
From the polar relation between a normal cone and a tangent cone of a convex set,

we can derive:
Tioms(q) = (Naoms(q))” = conv pos <E<~JT>= —M.5): £E¢n), iM(-,12>> :

]

From the theorem above we can see that the tangent cone and the normal cone
stay the same for all (¢, z) on the same slice of gph S as long as the index combination
is fixed. Note that when only ¢ is given, without index combination, the linear
combination in (3.3.6) is not unique.
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3.3.2 Lipschitz-like property relative to domain under con-
vexity

For linear complementarity problems, the constraint qualification (3.1.3) can also be
avoided when the set we refer to is dom.S. The proposition below provides another

application of Theorem 3.1.12.

Proposition 3.3.9. For LCP(3.3.1) and the corresponding solution mapping S, let
(q,%) € gph S. Then

Déois(q ’ E)<y*) = U { pl"OdeomS(q)(u*) | Ju* s.t.

(g,)Egph SNB.(7,%)

(u*, —y* — M*u*) € W (I1(q,x), I2(q, x), I5(q, x)) }
(3.3.18)

for sufficiently small € > 0.

Proof. Note that in Remark 3.3.3 we expressed S as
S(q) = {:L‘ eR"|0€ Mx+q+NRr+rz(x)}.
Thus we can directly apply Theorem 3.1.12 to .S with

D" Ny (| =M = g) (") = {v"

(v*,—u*) € nghNRT (x,—Mz — q) } :

In view of the fact that gph S is also polyhedral, we have for sufficiently small € > 0,

D:lomSS ((j | ‘%) (y*)

= limsup U { prodeomS(q)(u*) ‘ Yy = —M*u* — v,

gph S

(g:0)———(4:7) ur€R™
vy (v*, —u*) € nghNRT (x,—Mx — q)}
- U { prOdeomS(Q) (U*) ’ y* = _M*u* - /U*7

(¢,x)€gph SNB.(g,7)
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(v*, —u*) € nghNRT (x,—Mx — q)}

- U { P, () | ¥* = —M"u’ — v,
(¢:x)€gph SNB:(7,T) . .
(U y U ) € W(Il(q7x)712(q7x)713(q7x))

and finally (3.3.18) by tuning the expression of y*. Here the first equation is obtained
directly from the application of Theorem 3.1.12 and the second from the polyhedrality
of gph S. The third one can be derived via (3.3.9). O

Although the expression of the projectional coderivative involves employing in-
formation of neighboring points, in next theorem we prove that under some specific
setting we can use only the information at the given point to obtain a sufficient and
necessary condition for relative Lipschitz-like property. Before presenting the condi-

tion, we introduce another set defined by index combination similar to W (I, I, I3):

(uf,vf) € {0} xR_ ifiel
W/([l,lg,lg) = (U,*,U*) e R" x R" (U:,U;k) e R_ x {O} ifi el . (3319)
(uf,vf) € R% ifi el

Theorem 3.3.10. For LCP(3.3.1) with M being a Qo-matriz, let T € S(q). The
solution mapping S has the Lipschitz-like property relative to its domain at § for T

of and only iof

V(u', —M"u") €eW(1(q, T), 12(q, T), 13(q, 7))

= (u", —M"u") € W'(11(q,2), 12(¢, 7), I5(¢, 7).

(3.3.20)

Equivalently, that is

V(u', =M u*) € W(IL(q,7), (¢, T), I3(q, 7))
(3.3.21)

. (u, E.y) =0,i€ I(q,z), (v, M.;) =0,j¢€ (g7
<u*7E(,l)> S 072 € [1(Q7 j)? <U*7M(-,j)> Z Oa] € IQ(Q? j)
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Proof. Given Theorem 3.3.7, dom S here is a convex polyhedral cone as M is a Q-
matrix. By applying the criterion D} ¢S(q | )(0) = {0} of relative Lipschitz-like
property, it remains to examine the behavior of Ngpns(q, ) around (g, Z) with first
element projected onto the tangent cones Tyom s(q)-

We begin our proof by showing the equivalence between D} ¢S(q | Z)(0) = {0}
and

V(I1, s, I3) € Z(q, 7), (u*,—M*u*) € W(Iy,I5,I3) = (u*, —M*u*) € W'(I, I, I3).

(3.3.22)

For a given pair (g, z) € gphS, the number of neighboring slices are finite (see
Theorem 3.3.5) and on each slice, Ngph s, Ndoms and Thom s remain the same. First,

given (Iy, I, I3) € Z, we introduce two notations as:

<U),?)> = 0, v E (E(. L)s —M(. ]2))

NI, Do, I3) =4 w ’ ’ , (3.3.23)
<w,u> S O, u E (E(7H)7 _M(,E))

T(I, I, Iy) := conv pos (E(_E), — M 5 £E (1), iM(.,,2)> . (3.3.24)

From expressions (3.3.16) and (3.3.17), we can see that

v(Q) .Z') € (gph S)(h,b,lg) : NdomS(Q) = N([17[2713)7 TdomS(Q) = T([17[27[3)-

Therefore by Proposition 3.3.9 and Theorem 3.3.5 we have

lim sup pI'OdeomS(q)XRmnghS(qv x)

(q.2) 225, (q,7)

= U Projr,. . (gyxim Neph 5(4, @) (3.3.25)

(g:x) € (8Ph S)(1y,15,15)
Iy, I2,1I3) € I(q, Z)

- U {(w*, M*u* +v") | w* = projp, g, 1) ("), (u*,v") € W([l,lg,fg)}
(I1,12,I3)€Z(q,T)

(3.3.26)
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and therefore
D:;omSS(q | i‘)(y*) = U {prOjT([h]Q’]:j)(U*) | Ju* s.t.
(I1,12,I3)€Z(q,%)

(U,*, —y* — M*U*) € W([l,IQ,Ig)}.

In this way, the criterion is equivalent to checking if y* = 0 generates prOjT(11,12,13)(U*) =
0 for every index combination (I1, Iy, I3) € Z(q,%). For projr, 1, ,)(u*) = 0, it
is equivalent that u* € (T'(Iy, I3, I3))* = N(I, I, 1I3) considering the convexity of
T(I1, 15, 13). Thus it becomes:

V(I 1y, I3) € Z(q, %) : (u*, —M*u*) € W(Iy, I, I3) = u* € N(I1, I2, I3).

As (u*, E ;) = uf and (u*, —M(. ;) = —(M*u*); for i =1,...,n , we can see that

(W Ey)=0,i€l, (u,M.;) =0,j€l
(', E.y) <0,i€l, (u,M.y)>0,j€l,

. 3.2
(uf, —(M*u*);) e {0} xR_, i€l (3.3.27)
¢ (uf, —(M*u*);) e R_ x {0}, iely,

(uf, —(M*u*);) € R?, i€ I3
which means that u* € N(Iy, 5, I3) is equivalent to (u*, —M*u*) € W'(Iy, I, I3)

defined as (3.3.19). Then we have proved (3.3.22).

It remains to prove that (3.3.22) can be replaced by (3.3.20). It can be easily
observed that (11(q, z), I2(q, %), I3(q, z)) € Z(q, =) and therefore (3.3.22) = (3.3.20)
naturally. Next we prove (3.3.20) = (3.3.22). For V([3, I1, I3) € Z(q, =), by (3.3.8)

and (3.3.11) we have
W(lL, I, Is) €W (1L(q, %), (7, ), 13(q, T)) -
Therefore when (3.3.20) holds, we have

(u*, —M*u*) € W(Iy, I, I3) = (u*, —M*u*) € W'(I1(q, ), [(q, %), I3(q, T).
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Given I3 C I3(q,7), we have (u},—(M*u*);) € R* for i € I3 naturally. Be-

sides, (u*, —M*u*) € W(Iy, Iy, I3) gives (u}, —(M*u*);) € {0} x R_ for i € I; and

(uf, —(M*u*);) € R_ x {0} for i € I,. As the last condition (3.3.21) can be derived

via (3.3.27), the proof is completed. ]

Remark 3.3.11. When g € intdom S, Ngoms(q) = {0}, the criterion above can be

reduced to
(u*, —M*u*) € W (L1(q,T), I(q, ), I3(7,%)) = u* =0,

which is equivalent to the sufficient and necessary condition for Lipschitz-like property

of S in [38] when ¢ € intdom S.
3.3.3 The graphical modulus

By (3.3.10), for a given pair (¢,Z) € gph S,

lip S(q,7) = sup "l (3.3.28)

(w* o) EW (L (0,2) I (0,8).1s(0.3)) || M¥u* 4+ v* ||

From expression (3.3.28) we can see when M*u*+v* = 0 it is required that u* = 0 as
otherwise lip S becomes infinite, which is equivalent to the criterion of Lipschitz-like

property of S at ¢ for z given by [38|:
(u*, —=M*u*) € W(I1(q, %), I2(q,%), I3(, T)) = u* = 0. (3.3.29)
Here we further simplify the modulus by getting rid of v*.

Theorem 3.3.12. For (¢,z) € gph S defined as in (3.3.3),

lip S(q,z) = sup sup H*u | . (3.3.30)
(I1,12,I3)€Z(q,7) u*€U(I1,I2,I3) M(.JQ)U
_M;,IS)U* N
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where for a vector y, (y)+ means ((y)+); == (v;)+ = max{0,y;} and

uf =0, 1€l
UL, I, I3) = u €eR"|uf €R, i€lyp. (3.3.31)
uf e R, i€l
Proof. The supremum in (3.3.28) is equivalent to first maximizing the fractional in

(3.3.28) relative to v* and then relative to u*. Therefore we begin by minimizing

|M*u* + v*[| element-wisely, i.e., min |[(M*u"); + v;| for each i € I. Note that

k3

(M*u*); = M ,u*. Moreover, we have:

1. i€ L(q,z): (uf,v) € {0}xR. mi%|M(*, pu +ui| = 0 by taking v = — M u”.
U:G ’ )

2. 1€ (g, ) : (uf,vf) € Rx{0}. ml%|M(*l)u* + i = [M{ yut|

3. 1€ 13(q,T) : (uf,vf) € Q.

17 71

Next we define the following index subset of I3 considering the possibilities of

the values of u*,v* and M*u* :

Iyi == {i€3(q2) | (uj,v;) € {0} x R};
Iy == {i€3(q2) | (u,v;) € Rx {0}};
Iz = {ie(q,x)| (u,v) e R2};

Is31 = {2 € Iz | M u" € R+}§

Isg = {i€lyg| M ju" €eR_}.

Similarly it can be divided non-overlappingly as
(a) i € I3; where (u},v}) € {0} x R, same as in i € [;.

(b) i € I3o where (uf,vf) € R x {0}, same as in i € I5.

1) 7
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(c) i € I33 where (u},v}) € R%. Here further dividing is required depending

on the value of M(* i)u*.
i. i € I331: M(*_i)u* € R,. Then m%l |M(*Z)u* + vf| = 0 by taking
’ vieR_ ’

il. ¢ € I339: M(*,’Z.)u* € R_. Then by taking v] = 0,

: M* . * * — M* ) * — _M* . *‘
Ug%g | M pu” + 7| = [M{ ju’| (i) U

Combining these two cases, we can see that for ¢ € I35,

v?é{él_\ Lo + i = (=M yu"),
For the first two cases (a) and (b), they are covered in I; and I, respec-
tively when we consider all possible combinations (11, I, I3) € I(¢,Z) defined
in (3.3.11). To avoid abuse of index notation, we take supremum over all these

combinations.

]

Remark 3.3.13. From the form of graphical modulus (3.8.30) we can also see that

the fized point condition (3.3.20) is equivalent to neighboring point condition (3.3.22).

Next we consider the graphical modulus lipy,,, ¢ S based on the sufficient and

necessary condition (3.3.21). Under the setting that dom S is convex, by (3.3.26) we

can see that

d(u”, Naom (7))

hpdomS(Q? i) = sup - "
(w ) EW (I (@2), 12 (@2) Ts (@) || M + v
(3.3.32)
— d(u*, N(Iy, I, I3))
o sup Sup %ok *
(11,02, 1) €T(0,7) (urwt)eW (I Ia,1) || M*u* 4 v*|]

Next we give further simplifications according to Theorem 3.3.12.
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Corollary 3.3.14. For (q,z) € gph S defined as in (3.3.3),

d(u*, N(Il, [2, 13))

hpdomS(q_a j) = sSup sup . " 5 (3333)
(I1,I2,13)€L(,3) u*€U(I1,Ia,I3) M yu

where U(Iy, I, I3) and N(Iy, 15, I3) are defined as in (3.3.31) and (3.3.23) respec-

tively.
Proof. The step minimizing ||M*u* 4 v*|| relative to v* is already given in Theorem

3.3.12 for calculating lip S above. O

3.4 Affine variational inequalities

Next we mainly focus on the affine variational inequality:
0€q+ Mz + No(x)
where C' is a polyhedral convex set and M € R™"*". The solution mapping writes:
S(q) ={z|0€q+ Mz + Nc(z)}. (3.4.1)
For a closed set @ C dom S, the graph of the multifunction S restricted on @ is
gphS|g =gph SN (Q xR") ={(¢,z) e @ xR" |0 € ¢+ Mx + Ne(z)}. (3.4.2)

From now on, we consider the case where () is a polyhedral set. In this way, we may

express D()S in the form of union rather than limsup.

3.4.1 The upper estimate of the projectional coderivative

Proposition 3.4.1. For AVI(3.4.1) and the corresponding solution mapping S, con-
sider a union of polyhedral sets () C dom S which is also closed. Let (q,Z) € gph S|q.

If the following constraint qualification holds:

Yu* € Ng(q), (M*u*,u*) € Ngphn,, (2, —MZ — q) = u* =0, (3.4.3)
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then

pys@lnwIc {projTQ(q><—u*+w*> w* € Nolg),
(g,x)€gph S|oNB.(q,Z) (3.4_4)

Ju* s.t. (M —y*,u") € Ngpnng (2, —Mx — q)}

for sufficiently small € > 0.
Proof. Apply Theorem 3.1.2 to S. Then the constraint qualification (3.1.3) becomes
(0,0) = (u*, M u™)+(w*, v*) with w* € Ng(q), v* € D*Ne(z | —Mz—q)(u*) = u" =
which is equivalent to

—u* € No(q), —M*u* € D*N¢(Z | —M7 — q)(u*) = u* = 0.

By tuning the direction of u*, we arrive at (3.4.3). And the upper estimate (3.1.4)

can be put as

D5S (gl 7)(y*) € limsup U { Projr, (g (U™ +w”) | ¥ = —M"u" — 07,

gph S

(g:2)——(q.2) u"ER"
Y=y
v* € D*Ng(z | —Mx — q)(u*), w* € NQ(q)}
— U { Projp, (o (" +w") | y* = —M"u" — 0",

(¢,)€gph S|NB:(g,Z)

v € D" No( | —Ma — g)(u*), ' € NQ<q>}

for sufficiently small € > 0. Here the second equation comes from the polyhedrality
of both gph S|g and (). By tuning the expression of y* and direction of v*, we finally
arrive at (3.4.4). O
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Remark 3.4.2. When Q is taken as dom S, we can apply Theorem 3.1.12 instead and
the constraint qualification (3.4.3) can be avoided and the inclusion (3.4.4) becomes

an equation.

Given the upper estimate (3.4.4), we can give a simple sufficient condition for the

Lipschitz-like property of S relative to Q when @ is in further convex.

Corollary 3.4.3. For AVI(3.4.1) and the corresponding solution mapping S, con-
sider a closed set () C dom S that is also convexr polyhedral. Let (g, Z) € gphS|g
with the constraint qualification (3.4.3) being satisfied. If for every (¢, z) € gph S|oN

B.(q,z) with sufficiently small € > 0,
(M*u*,u") € Ngpn o (z, —Mx — q¢) = u* € —Ng(q), (3.4.5)
then S has the Lipschitz-like property relative to Q) at q for .

Proof. When @ is in further convex, we may apply the generalized Mordukhovich
criterion D S(q | 2)(0) = {0}. It becomes sufficient to verify such criterion on the

upper estimate (3.4.4) and

pys@l Do | {projTQ<q><—u*+w*> w € No(q),
(¢,x)€gph S|gNB:(q,Z)

Ju* s.t. (M u*,u*) € Ngpn N (x, —Max — q)}

It is equivalent to examining if projTQ(q)(—u* +w*) = 0 for all (¢,z) € gphS|pN
B.(q, ). As Tg(g) is convex, projy, ) (—u* +w*) = 0 is equivalent to —u* € Ng(q)
when w* € Ng(q) is already given. Thus we arrive at the sufficient condition (3.4.5).

]

In this sufficient condition, we can see that Nyph n, (z, =Mz — @) is used. In the
coming subsection, we further exploit the structure of this normal cone and will give
a more detailed form of the sufficient condition based on the critical face condition
introduced in [18].
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3.4.2 Generalized critical face condition

Before giving the generalized critical face condition, we first introduce some widely

adopted tools in study of polyhedral convex sets.

Lemma 3.4.4 ([80, Corollaries 16.4.2, 19.2.2, 19.3.2]). For two closed polyhedral

convex cones K1, Ky € R", K7, K, K1+ K5 are all polyhedral convex cones. Besides,

Proposition 3.4.5. Let C' be a polyhedral set in R™. For x € C and v € N¢(x)
consider the critical cone defined as K(x,v) = To(z) N [v]t. Then K(x,v) is a

polyhedral convex cone and the polar of it is (K (x,v))* = No(x) + [v].

Proof. As C'is a polyhedral set, No(z) and T¢(x) are polyhedral convex cones and
Ne(z) = (Te(x))*, vice versa. By polar relation of polyhedral convex cones, we can
see that (K (z,v))* = conv((Te(x))* U [v]) = conv(Ne(z) U [v]). Next we will prove
conv(Ne(x) U [v]) = Neo(z) + [v]. It is easy to see that both of these two sets are
cones.

As N¢(z) is a polyhedral convex cone, suppose it is generated by vectors ay, . . . , G,
i.e., No(x) = convpos{ay,...,an}. With v € Ne(x), there are \; >0, i=1,...,m
such that v = ", \ja;. Let w € conv(Ne(z) U [v]). Then there exist \; > 0,7 =
l,...,mand X, ., € R, 7 € [0,1] such that w = 7>"1", Na; + (1 — 7))\, jv. As
Ty i Na; € Ne(z), (1 —7)N,qv € [v], we have w € Ne(z) + [v].

Let w € Ng(x)+[v]. Then there exist u € No(z) and 7 € R such that w = u+7v.
Suppose u = Y, Na; with X} > 0,4 =1,...,m. Let 7/ =" | X, +|7|. By conic

structure of Ng(z) + [v], we have 7~'w € N¢(z) + [v] as well. We can write
NPV T
; = Z ;ai + ;U,
i=1
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which is a convex combination of elements in Ng(x) and [v]. Then the proof is

completed. O

Below is an important result for introducing the face condition, which is given in

[18]. The proof can be found in [19].

Lemma 3.4.6 (|18, Reduction Lemmal). For any (z,v) € gph N, there is a neigh-
borhood U of (0,0) in R™ x R™ such that for (z',v") € U one has

v+ € No(z+2') <= v € Ng(zw)(2'). (3.4.6)

Here the critical cone K(x,v) = To(x) N [v]* with v € Neo(x). In particular,

Tgph N¢ (l’, U) = gph NK(z,v) .

Lemma 3.4.7. From the proof of [18, Theorem 2| we can see that for any pair
(x,v) € gph N,

Nopn v (2,0) = {(Fy — Fo)* x (F1 — F) | Fy € Fy € F(K(z,v))} (3.4.7)

where F(K(x,v)) is the collection of all closed faces of the polyhedral convex cone

K(x,v) in the form of F = K(x,v) N [v*]*, where v* € (K (z,v))".

In [27] they give an expression of directional limiting normal cone of gph N¢ (see

also (3.1.18) for its definition).

Lemma 3.4.8 (|27, Theorem 2.12]). Given (z,v) € gph N¢ and (2',v") € Typn no (2, 0),

ngth ((.Z‘,U); (33/77},)) = lim sup NgPth (($, 1}) + t<i‘7ﬁ))
£\ 0
(&, 8) — (2',v")

= {(F—-FR)'x(Fi—-R)|deFRckCP]", F,FeF(K(zw)}

Considering the conic structure of gph N¢, we have the following result.
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Corollary 3.4.9. For a given pair (z,v) € gph No and (2',v") € Typn N (2, v) suffi-

ciently near to (0,0),
Nepnne (7 + 2,0 4 0') = Nggn e ((2,0); (,0)) (3.4.8)

Proof. As (2/,v") € Typnn,(z,v) is sufficiently near to (0,0) and gph N¢ has conic

structure,

~

Neph Ne (x+2' v+ U/) = limsup  Ngpnne ((z,v) + (33”, U”))

(ZI)N,U”)%(IE/,UI)

= limsup Ny ((z,0) + (7, 0)).
t\0

(2,0)—=(z' ")
]

Then we can give another version of sufficient condition of Lipschitz-like property

relative to the set Q).

Proposition 3.4.10. For (q,Z) € gph S|q defined as (3.4.2) , suppose the constraint
qualification (3.4.3) holds for all (q,z) € gph S| sufficiently near to (q,z). If in

addition for ¢ =q—q, ¥’ =x — I,
V(M u*,u*) € (Fy — Fy)" x (F, — F) = u* € —Ng(q) N [¢]*, (3.4.9)

holds for all closed faces Fy, Fy € F(K(%,v)) with 2’ € F, C F} C [-Ma' — ¢+,
then S has Lipschitz-like property relative to Q) at q for x. Here v = —MZx — q. The

condition becomes necessary when gph N¢ is reqular at (z,0).

Proof. For any (q,z) € gph S| sufficiently near to (¢,z), (¢ — ¢,z — &) = (¢, 2') €
Typh s, (¢, T) is sufficiently near to (0,0). By [81, Theorems 6.42, Exercise 6.7],

TgphS\Q(q_7 ) C (To(q) x R") N Typns(q, @)
= {(d,2) | ¢ €Tp(q), (', —Mz' —¢') € Typnn.(Z,0)}.
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The inclusion becomes an equation when gph N¢ is regular at (z,v). Therefore

¢ € Tp(q) and (o', =Mz’ — ¢') € Typn . (Z,0). By polyhedrality of @,
No(G+4') = No(@) N ld]
By Corollary 3.4.9,

nghNC<(L',—M.I‘ — q) = { (Fl — FQ)* X (Fl — FQ) | x e Fy,CF, C [U/]L,

F, F € F(K(z,0))}

With Ngpn v (2, v) specified in this way, (3.4.9) can be derived. Again, when gph N¢

is regular at (Z,v), the condition becomes necessary. O

By further simplifying the condition, we arrive at the following condition involving

only the reference point.

Theorem 3.4.11. For (q,z) € gph S| defined as (3.4.2), suppose the constraint

qualification holds:
u* € Ng(q), (M*u*,u*) € (Fy — F»)" x (Fy — Fy) = u* =0, (3.4.10)

where Fy, Fy are closed faces with Fy C Fy € F(K(z,v)) and v = —Mx — q. If for
such Fy, F5,

V(M ", u*) € (Fy — Fy)* x (Fy — Fy) = u* € —No(q), (3.4.11)

then S has Lipschitz-like property relative to QQ at q for x. The condition becomes

necessary when gph N is reqular at (Z,0).

Proof. For this statement it remains to show that the constraint qualification and
the sufficient condition holding at the reference point indicates the conditions for any

(g,x) € gph S|g sufficiently near to (g, z). Suppose (3.4.10) and (3.4.11) holds. Let
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q¢', 2" denote ¢ — ¢, v —  respectively. Then (¢',2") € Typns),(q, 7) is sufficiently near

(0,0). For F, F, € K(Z,7) with o/ € F, C Fy, C [-Ma' — ¢]*,
te' e i, CFy, Yt >0
by conic structure of Fy, Fy. Thus we have
(2] C Fy — Fy C [-Ma' — ¢+
Note that ([-Ma' — ¢']*)" = [-Ma' — ¢] and [2/]* = [/]*. Besides, F; — F} is still
a convex polyhedral cone (see Lemma 3.4.4) and by polar relation we have
[—Mz' —¢'| C (F’l — 152>* C [2]*.
Together that is
(M*u*,u*) € (F’l - F2>* X (F’l — F’g) C [2]F x [-Ma' — ¢ .

From M*u* € (Fy — Fy)* C [2/]*, we have (u*, Mz') = (M*u*,z') = 0. From
w ek —F,C [—Ma2' — ¢, (u*, —¢) = (u*, —Mz' — ¢’) = 0. Therefore, u* € [¢']*
and (3.4.9) holds automatically when (3.4.11) is satisfied. Moreover, for u* € Ng(g+
q') = No(q) N [¢']* and the choice of Fy, Fy is also covered in Fy, Fy, the constraint

qualification can be replaced by (3.4.10). [

Consider the polar relation in the expressions (3.4.7) and (3.4.11), we give the

following lemma to further simplify the condition.

Lemma 3.4.12 ([80, Corollary 16.3.2]). Let A be a linear transformation from R"

to R™. For any convex set D in R", one has
(AD)* = (A*)"'D*. (3.4.12)

Next we give another illustration of the generalized criterion:
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Theorem 3.4.13. For (g, =) € gph S|q defined as (3.4.2), assume for all closed faces
Fy, C Fy in F(K(z,v)) (where v = —Mz — q) the constraint qualification holds:

No(q) N (Fy = F2) N (M(Fy — F3))" = {0}. (3.4.13)
If
(Fi— Fy) N (M(F, — F))* € —No(q), (3.4.14)

then S has the Lipschitz-like property relative to () at § for T. The condition becomes

necessary when gph N¢ is reqular at (Z,0).

Proof. For any possible combinations of F} — Fy, with Fy, C Fy € F(K(z,0)), F1, Fy
are both convex cones and so is Iy — Fy. By (3.4.12), M*u* € (Fy — F3)* is equivalent
to u* € (M(F; — F3))*. Then (3.4.13) and (3.4.14) can be derived from (3.4.10) and

(3.4.11) respectively. O
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Chapter 4

Lipschitz-like Property for Linear
Constraint Systems

In this chapter, we go back to the Lipschitz-like property and mainly focus on the

linear constraint system with an explicit set constraint.

4.1 Linear constraint systems

4.1.1 Lipschitz-like property of linear constraint systems

In [38], they considered a linear constraint system under full perturbation:
S(Ab) ={zeR"| Az +be K} (4.1.1)

where K C R™ is a closed set, A € R™*™ and b € R™. Here we present their result

for reference:

Lemma 4.1.1 (|38, Theorem 3.3|). For the mapping S defined in (4.1.1) and (A,b,T) €
gph 5,
D*S ((A,b) | 7) (z*) = { ({(v]Z;)ij},v") | v* € Ng(AZ +b), with 2" = —A*v*} .
(4.1.2)
Here {(vfz;);;} stands for the matriz whose (i,j)-th entry is (viz;). S has the
Lipschitz-like property at (A,b) for & if and only if
ker A* N N (Az +b) = {0}. (4.1.3)
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From the representation of coderivative of S (4.1.2), we can also have the expres-
sions of coderivatives for several similar set mappings with different parameters: one

with right-hand side perturbation and the other with left-hand side perturbation.
S'(b) ={r eR"| Ax + b€ K} (4.1.4)

S"(A)={zr eR" | Az +b€ K}.

Although a full perturbation is considered in [38], we will prove in the next theorem
that from the perspective of the Lipschitz-like property, right-hand side perturbation
is actually equivalent to full perturbation. And both of these two types of pertur-
bation can indicate the Lipschitz-like property of the system under left-hand side
perturbation only. Such result can be obtained both by definition and coderivatives.

We use the latter method in the following proof.

Theorem 4.1.2. For (A,b,%) € gph S and the following statements,
(a) ker A* N Ng(Az +b) = {0}.

(b) S is Lipschitz-like at (A,b) for Z.

(c) S’ is Lipschitz-like at b for 7.

(d) S" is Lipschitz-like at A for 7.

(a) <= (b) <= (c) = (d). If in addition K is reqular at AT +b and T # 0, (d)

—> (a) and all the statements are equivalent.

Proof. The first equivalence (a) <= (b) comes from Lemma 4.1.1 . Similar to the
proof of [38, Theorem 3.3|, let G(A,b,z) = —Az — b and M(x) = K. We can see

that V,G(A, b, z) = —E has full rank m and therefore we can write
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directly according to (4.1.2) and Lemma 3.1.1. Thus the condition (4.1.3) is also
a sufficient and necessary condition for the Lipschitz-like property of S’ at b for Z.
Therefore we have the second equivalence.

Next we fix b = bin G(A, b, ), by calculation in [38], V4G (A, b, z)*v* = {—(vix;)i;}-
For M(z) = K and any v € K,

{0}, ifv* € —Nk(v)

D*M(z | v)(v*) = {@ if 0" ¢~ Ng(o)

Together we have
(VAG(A,b,7),V,G(A,b,7)) v* + D*M(z | Az + b)(v")
={(—{(vjz)i;},—A"") | v € —Ng(Az +b)}
={({(v;7;)i;},Av") | v € Ng(Az +b)}.
Then by Lemma 3.1.1, if the constraint qualification holds:
(0,0) € {({(v;z))ij},A*") | v* € Nx(AT +b)} = v* =0, (4.1.5)

then

D*S"(A | 7)(z*) C {{(v;T;)i;} | v* € Ni(AZ +1D), with 2* = —A*v*}. (4.1.6)

When the condition (4.1.3) holds, the constraint qualification (4.1.5) holds automat-
ically and D*S”(A | z)(0) C {0} as v* = 0 indicates (v;Z;);; = 0, Vi,j. Therefore,
the direction (a) = (d) is completed by the Mordukhovich criterion. When z # 0,
(viZ;);; = 0 for any 4, j is equivalent to v* = 0 and therefore the constraint qualifica-
tion (4.1.5) holds automatically. If in addition K is regular at Az + b, the inclusion
(4.1.6) turns into an equation and by the Mordukhovich criterion, S” is Lipschitz-like

at A for 7 if and only if

A = 0, vt e NK<AZf + b) — (Urjj)i,j = O,V’L,j

Therefore (d) = (a). O
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Given the equivalence on the Lipschitz-like property of the linear constraint sys-
tem under right-hand side perturbation and full perturbation introduced in Theorem
4.1.2, to better analyze the problem we next consider the one with right-hand side
perturbation only, (4.1.4) with A given. We know that the Lipschitz-like property
suggests implicitly that the referred parameter b should lie in the interior of the do-
main of S’. Therefore the criterion fails when b falls on the boundary of dom S’. Next
we give more illustrations of this criterion and further the Lipschitz-like stability of
S under different settings.

In this section we assume K to be a convex set. From Proposition 3.2.2 in the
last chapter, we notice that Ny, g (b) is exactly the set employed in the criterion

Theorem 4.1.2, (a). Then we can formulate the characterizations of Lipschitz-like

property of S’ as follows.

Theorem 4.1.3. For the set mapping S’ defined as in (4.1.4) with K being convex

and a pair (b, %) € gph S’, the followings are equivalent:
(a) S’ is Lipschitz-like at b for Z;
(b) ker A* N Nk (v) = {0};

(€) Naoms'(b) ={0};
(d) Tioms (b) =R™;
(e) 0 €int (TK(@) +rg fl) ;

(f) b€ intdom S’ =int (K +rg A), i.e., b is reqular (see [76, Lemma 3)).

Proof. The first equivalence (a) <= (b) comes from the criterion in [38, Theorem
3.3] and subsequently the characterization (c) from (3.2.6) and (d) from polar rela-

tions between tangent cones and normal cones. (e) is an equivalent description of
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Taom s7(b) = R™ and the last one (f) is equivalent to (c¢) by characterization of interior

points via normal cones. O

Remark 4.1.4. One shall compare the conditions here with [38, Theorem 4.1], where
K is assumed to be a closed convex cone. In their condition (f): rg A+ cone(K —v) =
R™ is a particular expression of condition (d): Tyoms'(b) = R™ here. A similar

statement of (f) is also given in [64, Corollary 4.2] which requires 0 € int dom S” but

K being a multifunction with convex graph.

Remark 4.1.5. In [76] with K being a convex polyhedral cone, Robinson shows that
when the solution set S’(b) is bounded, it has the upper Lipschitz continuity, i.e.,
calmness, involving both left-hand side and right-hand side perturbation. See [76,
Lemma 2, Lemma 3]. Later in [78], Robinson gave the result that any polyhedral

multifunction is locally upper Lipschitzian.

4.1.2 Linear constraint system with a set constraint

Next we consider an extension of (4.1.1): adding a set constraint to the linear con-

straint system: x € X C R". The model becomes:
S(Ab)={re X | Az +be K} (4.1.7)

where K C R™, X € R" are two closed sets, A € R™*"™ and b € R™. Similar to
Lemma 4.1.1, we first give the expression of the coderivative D*S and the sufficient

and necessary condition for the Lipschitz-like property of S.

Theorem 4.1.6. For the solution mapping S of the linear constraint system intro-

duced in (4.1.7) and the triplet (A, b, ) € gph S,

D*S ((A,b) | z) (z*) = { (v}Z))i;,0%) | —2* = A*v" + w,
(4.1.8)
vt e NK(AZE—FZ_)), w* e Nx<1_,’>}
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The mapping S s Lipschitz-like at (/_1, B) for x if and only if
— (A")"'Nx(z) N Nk (Az +b) = {0}. (4.1.9)

K, ifzrxeX

. Then for any (x,v) €
0, ifzé¢X y (@)

Proof. Let G(A,b,x) = —Ax—band M(x) = {

gph M,

Nx(x), if v € —Ng(v),

As V,G(A,b,z) = —F has full rank m we can directly apply Lemma 3.1.1 with case

(b) to obtain the equation for coderivative of S. Note that
VG(A,b,2)* (V) = (—(v]Z;); 5, —v*, —A*v").
Therefore we have
D*S ((A,b) | z) (z*) = { (= (v Z;)iy, —v*) | — 2" = —A*V" + w,
v* € =Nk (AZ +b), w* € Nx(z)}

and accordingly (4.1.8) by changing the direction of v*. By the Mordukhovich cri-
terion, when * = —A*v* — w* = 0, i.e., —A*v* € Nx (%), it is required v* = 0 and
(viZ;);; = 0 for any 4, j. Therefore the sufficient and necessary condition (4.1.9) can

be given. n

For this linear constraint system, we will next show that the Lipschitz-like prop-
erty under right-hand side perturbation is also equivalent to the one under full per-
turbation. Besides, there are other characterizations using different tools. Before
that, we give some results on error bounds.

Let 2 € X,A € R™" b € R"” and © := AT + b € K. Define the following
mapping

g(z, A b) :=d(z,X) +d(Az + b, K). (4.1.10)
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Then we can write (4.1.7) as
S(A,b) = {z € R"| g(z, A,b) = 0}.
Lemma 4.1.7. If the following condition holds
0 & [A*(Ng(v) N'S) + Nx(z) N B U[A*(NK(@) NB) + Nx(z) NS, (4.1.11)
then there exist some constants T > 0,0 > 0 such that
Td(z, S(A,b)) < g(z, A, b)
for all v € Bs(z) and (A,b) € Bs(A,b).
Proof. By (4.1.11), there exist constants § > 0 and 7 > 0 such that
d(0,A*(Ng(v)NS) + Nx(z)NB) > 7 (4.1.12)

and

d(0,A*(Ng(v)NB) + Nx(z)NS) > 7 (4.1.13)

for (A,b) € Bs(A,b) and v = Az + b. Consider the outer subdifferential of g(-, A, b)
(see [43] for reference) for any (A,b) € Bs(A,b),

- 9(%, A b) = hr(n su)p 0.9(z, A, D). (4.1.14)
g(-,Ab

T > T
g(z,A,b)>g(z,A,b)

From [81, Example 8.53, Exercise 10.10] we know that 0°¢g(z, A,b) = 0%d(z, X) =
{0}. Let F(x,A,b) := Az + b and v be the value v = Az + b. Together with [81,
Corollary 10.11],

Oy9(x, A, b) C {z" | " s.t. (2", v") € Og(x, A, b)} C 0,d(F (z, A,b), K)+ 0d(x, X).
(4.1.15)
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Again, as 0°d(v, K) = {0}, we have by [81, Theorem 10.6|,
0,d(F(x, A,b), K) C V. F(x, A, b)*dd(v, K). (4.1.16)

Given g(x, A,b) > g(z, A,b), we have v ¢ K and/or x ¢ X. In this case, by [81,
Example 8.53] it is either

dd(v, K) = Ng(v)NB, dd(z,X) = Nx(z)NS (4.1.17)

or

dd(v, K) = Ng(v) NS, dd(z, X) = Nx(z)NB. (4.1.18)

Note that dd(v, K) = Ng(v) NS, dd(z, X) = Nx(z) NS is already included in both

equations. Combining (4.1.14) - (4.1.18), we arrive at
079(5, A,b) C [A*(Nk(v) N'S) + Nx(z) N B] | J[4* (N (v) N B) + Nx(5) NS

for any (A,b) € Bs(A,b). This combining (4.1.12), (4.1.13) and [43, Theorem 2.1]
((d) = (a)) yields the desired result. O

Lemma 4.1.8. If there exist some constants T > 0,6 > 0 such that
7d(z, S(A,b)) < g(z, A, b) (4.1.19)
for all v € Ns(z) and (A,b) € N5(A,b), then S is Lipschitz-like at (A,b) for z.
Proof. 1t is easy to verify that
l9(z, A;b) = g(z, A V) < ([12]] + O)||A = A'l[ + [|b— V]| (4.1.20)

for all x+ € Ns(%) and (A,b) € Ns(A,b). Suppose that S does not enjoy the
Lipschitz-like property at (A,b) for Z. Then for any x > 0, there exist sequences
(Ag, bi), (A}, b)) — (A, b) and {xx} C S(Ag, by) with 2, — Z such that

d(we, S(AL, b)) > k(|| Ae = ALl + 1o — i l]).
This together with (4.1.19) and (4.1.20) yields a contradiction. O
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To show that the Lipschitz-like property of the linear constraint system (4.1.7)
under full perturbation is equivalent to that under right-hand side perturbation, we

introduce the set-valued mapping similar to (4.1.7) but with A = A fixed.
S'by={zeX|Az+b € K}. (4.1.21)

Theorem 4.1.9. For the set-valued mappings S, S defined in (4.1.7) and (4.1.21)
respectively, and the function g(x, A,b) defined in (4.1.10), let (A,b,z) € gphS.
Then we also have (b, Z) € gph S’ and the following statements are equivalent:

(a) S is Lipschitz-like at (A,b) for 7.
(b) S’ is Lipschitz-like at b for 7.
(c) —(A*)'Nx(z) N Ng(Az +b) = {0}.
(d) 0¢[A*(Ng(0)NS) + Nx(z) NB]J[A*(Ng(0) NB) + Nx(z) NS].
(e) there exist some constants T > 0,6 > 0 such that
7d(z, S(A,b)) < g(z, A, b)
for all x € Bs(z) and (A,b) € Bs(A,b).

Proof. The equivalence between (a) and (c) has already been established in Theorem
4.1.6. The equation of D*S (4.1.8) is obtained via Lemma 3.1.1 with the full rank

property of V,G(A, b, z). Therefore, similar steps can be performed on S’ to obtain

DS (b | z) (z*) = {v*

—z* = A% 4+ w*, v € Ng(Az +b), w* € Nx(2)}.

Then the Mordukhovich criterion on S’ finally turns into (c) and therefore the equiv-
alence between (b) and (c) is established. As (d) = (e) and (e) = (a) have
been proved in previous lemmas, it remains to prove (¢) = (d). Suppose 0 €
[A*(Ng (0)NS) + Nx (Z) NB] J[A*(Nk (9) NB) + Nx (2)NS]. That means there exists

113



v* € Ng(?), w* € Nx(Z) such that A*v* +w* = 0 with either ||v*| = 1, [[w*]| < 1 or
|v*]] < 1,]|w*|| = 1. Both of these two cases contradict (c) and therefore the proof

is completed. O

Remark 4.1.10. The sufficient and necessary condition (c) can also be taken as a
linearized version of [81, Example 9.51] but improved on necessity without regularity

presented.

4.2 Linearization of nonlinear variational inequali-
ties

In this section, we discuss a set-valued mapping rising from the optimality condition
of the problem. Consider the following parametric optimization problem in which

the parameters are z,w, A, b.
min  F(w,z) + 2
x

st.  Ar—beC (4.2.1)

reR"AeR™" beR™ 2z R"

where F : R? x R" — R is differentiable with respect to x with V,F(w,x) = f(w, z)
and C' C R™ is a convex polyhedral set. If the matrix A satisfies the constraint

qualification

Ay =0,y € No(Ax —b) = y =0 (4.2.2)

then the stationary point set-mapping of this problem under perturbation on param-

eters (A, b, z, w) can be expressed as
S(A, b, z,w) = {x ER" [0 € 2+ flw,) + A*Ngm(Az — b)} . (4.2.3)

For the coming content, we analyze how this set-valued mapping can be approxi-

mated when A is a square matrix with full rank and the equivalence in terms of
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the Lipschitz-like property. The main task is to establish the equivalence of the
Lipschitz-like property between (4.2.3) and the set-valued mapping below for a given

point (A, b, z,w,%) € gph S when A is a square matrix with full rank:
L(Abq)={x|0€ g+ Qx+ Nc(Ax —b)} (4.2.4)

where Q = (A7) 1V, £(@,7), § = (A7) "5+ (A7) Lf (@, 7)— (A) IV, (@, 7)7. Here
we introduce another set-valued mapping for the purpose of bridging in the condition

that (A*)~! exists:
S'(A,b,z,w) ={x | 0 € (A*) 12+ (A*) " f(w,x) + No(Az — b)}. (4.2.5)

Before introducing the equivalence, we give some illustrations on the properties of
the inverse of a matrix and f. Throughout this section, we use || - | to denote any

matrix norm that satisfies ||A*|| = ||A|| with A being a square matrix and ||| = 1.

Proposition 4.2.1. Suppose A is a nonsingular square matriz, and A, = A+ AA.
If |A. — A|| < |A7Y|TY, then A is nonsingular.

Proof. A. = A(I+ A 'AA). Given A is nonsingular, A, is nonsingular if and only if
I+ A~1AA is nonsingular. By [36, Observation 1.1.7], this is equivalent to 0 ¢ o (I +
A7'AA), where 0(A) denotes the set of all eigenvalues of the matrix A. The condition
is then passed with equivalence to —1 ¢ o(A'AA) by [36, Observation 1.1.8]. Tt is
known that p(A1AA) < [|[ATTAA| < [JATH]||AA| with p(A) denoting the spectral
radius of A, i.e., the largest absolute value of all possible eigenvalues. |AA| =
|A: — Al < [|[A7Y|7! ensures p(A"'AA) < 1 and therefore A, is nonsingular. O

A
= al A

Lemma 4.2.2. For a nonsingular square matriz A, we denote d :=
Then for any A', A" € B,(A) with a < ||[A7||71 we have the following properties:

(a) [(A) ] <d.
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(b) [I(A™)™" = (A) ]| < ad|| A1},
(c) II(A™)™ = (A™)7H| < d*|| A" — A7.

Proof. The first property comes directly from

< A A
Tl AT A = A T 1 —allATY]
For the second,

I(A™) 7 = (A7) 7Hl = (A7) 7H (AT = A")(A) 7

< AT AT A= Al < ad] A7),
For the third,

||(A/*)—1 o (A//*)—IH — ||(A/*)—1<A//* o Al*)(A//*)—l”

< AT THEIA™ = A% [[(A™)7H < d?lA" = A7),

O
For the coming proof in this section, we continue to use d as
[
d=——7-— 4.2.6
Tl AT 20

Similar to [18], we have the following assumptions on f:

(A) f is differentiable with respect to x with Jacobian matrix V, f(w, z) depending

continuously on (w, z) in a neighborhood of (w, Z);

(B) f is Lipschitz continuous in w uniformly in z around (w, z); that is, there exist
neighborhoods U of  and V' of w and a number [ > 0 such that for all x € U
and wy, wy € V:

[f (wr, ) — f(ws, 2)|| < Ufjwr — wal|. (4.2.7)
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Lemma 4.2.3 ([18, Strict Differentiability Lemma|). Under assumption (A), for
any € > 0, there exist neighborhoods U of T and V' of w such that for all x1,25 € U

and w €V,
1f(w, 1) = fw,29) = Vo f (0, %) (21 = 2)|| < el — | (4.2.8)
Readers are recommended to refer to [18] for the proof.

Let fi(A,w,z) := (A*)" f(w,z). Then we have V,fi(A,w,z) = (A*)" 'V, f(w,x).

Next we will prove that the Strict Differentiability Lemma holds as well with f;:

Proposition 4.2.4. Under assumption (A) for f, for any e’ > 0 there exist neighbor-
hoods U of Z, V of w and W of A, such that for all 1,25 € U and (A,w) € W xV,

1£1(A w, 21) = fi(A w,22) = Vo fi(A, w0, 2) (21 — 22)|| < &fley — 2ol (4.2.9)

Proof. Choose 0 < a < ||A7Y|~! to ensure existence of (A*)~! for all A € B,(A),

and b, t > 0 as in Strict Differentiability Lemma for f(w,z) with w € By(w), 1,25 €

/

Bi(7) and € = 2€_d with d defined as in (4.2.6) and ¢ as in (4.2.8). Without loss of

generality, suppose ¢ < 1. Take

1 g’
a < min{ ———, = = (4.2.10)
{HA‘lﬂ (el A=+ 1)||A‘1H}

where ¢ := ||V, f(w,z)||. First we have

/

1A TH IS (w, 21) = fw, 22) = Vo f (@, 2) (1 — )| < %lel —zof|  (4211)

as ||(A*) 7| < dby Lemma 4.2.2 (a) and || f(w, 71) — f(w, 22) =V, f (10, Z) (x1 —22) || <

ellxy — x2|| by (4.2.8). Besides, by Lemma 4.2.2 (b) and (4.2.10)

a AP oA e

—al||A-Y| C 2||AY| +1—¢
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Combining (4.2.11) and (4.2.12) we can derive
1f1(A w,21) = fi(A,w,25) = Vi fi(A,0,2) (21 — @)
= (A" fw,21) = (A7) f(w, 22) = (A7) 7'V f(@,7) (21 — 22|
< AT (w,210) = f(w, w2) = Vo f (@, 7) (21 — 22|
+ (A = (AT IV f (@, )| |2y — 2o

< &l — 2o
O

Proposition 4.2.5. Under assumptions (A) and (B) of f, fi is Lipschitz continuous
in (A, w) uniformly in x around (w, x), i.e. there exist neighborhoods U of , V of w

and W of A and a number I > 0 such that for all x € U, (A, wy), (A, wy) € WXV,
[ f1(Ar, wi, ) — fi(Ag, wa, x)|| <V ([[AL — Agl| + [Jwr — wal]). (4.2.13)

Proof. Take 0 < a < ||[A7Y|7! and wy,wy € B,(w0),r € By(Z) with 7,¢ > 0 chosen
as in Lipschitz continuity of f illustrated as (4.2.7) with constant [ > 0 and (4.2.8)

satisfied for a certain € > 0. Consider any A;, Ay € B,(A),
111(As, wy, ) — fi(Ag,wa, @)|| = [[(A}) 7 f(wr, @) — (A3) 7" f (wa, )|
<A = (AS) T (we, )]+ 11(AS) T 1 (wr,2) = fw, )| (4.2.14)

Given

w2l < 1 wr2) — f(@,2)] + | f(@,2)]
< b+ | f(@,2) ~ f(2,7) = Vof (@,2)( — DI| + |/ (@.D)] + |Vaf (@D |z 2
< b+ e+ Vol (@ DI+ 1@, )| =1,

we can say that || f(wy, )| is bounded by l;. Besides, ||(A7)~! — (43)7Y| < d?||A4; —
Ayl by Lemma 4.2.2 (c). Then we have:

1AD) ™ = (A5) 7 1 (wr,2)]] < Ld?|| Ay — Ay (4.2.15)
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By (4.2.7) and Lemma 4.2.2 (a), we have that
ICAD) M If (wr, @) = fws, @) < dijwy — wl]. (4.2.16)
Take I’ = max {l;d?, dl} and combine (4.2.14), (4.2.15) and (4.2.16), we can see that
(4.2.13) is proved. O
Theorem 4.2.6. The following are equivalent for the mappings S,S’, L:
(i) S is Lipschitz-like at (A, b, z,W,T);
(ii) S' is Lipschitz-like at (A, b, z,w,7);
(iii) L is Lipschitz-like at (A, b, q,T) with
g = (A") 2+ (A7 (@, ) — (A7) 'V, f(w, 7).
Proof. The equivalence (i) < (ii) can be guaranteed by choosing a neighborhood
of A with radius a < ||[A71||7!, where the existence of (A*)~! of any B € B,(A) is
ensured. To prove (ii) < (iii), we first start with (iii) = (ii).

Let L have the Lipschitz-like property at (A4, b, g, z) with a constant M; that is,
for some r1,79,73 > 0 and t > 0 with r; < a, and for every (A", ¥V, q'), (A", V", q") €
B, (A) x B,,(b) x B,,(7) we have

LA, ) By (3) C L(A", b, ¢") + M(| A" — A" + |6/ 6" + ¢ — "[)B. (4.2.17)

Let ¢/ > 0 be such that Me' < 1 as specified in the Strict Differentiability Lemma.

Choose a > 0, '} > 0 and r; > 0 as radius for x, B, w respectively, with

! < minda, —3 a<min{t E}
! AU+ a2z ) " 4e!
such that Strict Differentiability Lemma and Lipschitz continuity both hold for f;.
Let r{,rh, r4,75 > 0 be such that
, a(l —e'M) , a(l —e'M)
" < / / <
R {7’1’ 6M1+ '+ (r4 + ||2]])d?] } e {”’ 16M [’
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1—eM 1—eM
mﬁmin{E M}, and 75 grnin{rg,E M}

4d’  16Md 4 16MU
I (O , . o ,
Here d = ] 1] and [’ > 0 is the Lipschitz constant for f;. It will be
JE— Cl/ -

demonstrated that Sy has the Lipschitz-like property at (A, b, Z,w, Z) with constant

M

M =
1—¢eM

- max {1,d,I',1+1" + (ry + ||2]))d*} .

Fix (A", 2/, w'), (A", b, 2" w") € B,y(A) x By (B) x By, (2) x By, (), and consider
any ' € S'(A",V, 2, w') NBy/2(Z). Then
0 € (A + (A" (W, 2)) + Ne(A'2 — 1)
= (A" (AW ) — (A) IV f (0, 2)a" + Ax' + Ne(A'x' — b))
= ¢ + Ax’ + No(A'z' = b'),
Then 2’ € L(A",V,¢) for ¢ = (A™)7 12 + (A") " f(w', 2') — (A) "'V, f(w,z)z'. We

can write
(=3 = (A") = () () (W0 = (A7) (@,2) (A1) IV (0,2) ('),

Then

By Strict Differentiability Lemma stated before, ||¢’ — ¢|| < €'||2” — z||. By Lipschitz

continuity of fi,
I(A™) 7 f(w', 7) — (A) 7 f (@, 2)]| < V(A = Al + [|w’ — @])).

Moreover,
[(A™) 7" — (A2 < AT = 2]+ (2] 11(A™) = — (A7
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< d||e' = 2| + dz|| A~ A.
In all, we have
lg" —qll < (@[]l + )| A" = Al +d|2" = 2| + V][’ — @ +€'l|l2" — 2|

rs rs r3 3
—+—+ —+ = <r3

< (2] + 1)) +dry +Urs + a2 < VR

and therefore ¢’ € B, (7). Analogously, for the vector

q// — (A//*>flz// 4 (A//*)71f<w//7x/> o (A*)ilvxf(@,f)l'/,

- (A*)ilvxf(u_}v i‘)(:l}/ - ‘f)

Therefore ¢” € B,,(q) as well.
Let 1 = 2’. By the Lipschitz-like property of L, there exists x5 € L(A”, V", q")

such that
0€ (A™) 1"+ (A™) (", 21) + (A) 'V f (0, %) (zs — 1) + No(A" x5 — V)

and
lzo = || < M(|[A" = A"[| + {|b" = b"|| + llg" = ¢"1]).
As q/ o q// — (A’*)_lz’ _ (A//*>—1Z// + (A’*)_lf(w’,xl) _ (A”*)_lf(w”,:vl),
lg" = "Il < NCA™) M = 2"+ [l 1(A™) ™ = (A™) 7|
HU(IAT = A"+ o = "))

S [(T4+ ||2||>d2 +l/] HA/_A//H +del _ Z”H _'_l/le _w//”‘
Then we have

lwa—a1 ]| < M ([L+1+ (rg + 2] A" = A"[| + |0 = 6"|| + d||2" = 2"[| + V]|’ — "))
(4.2.18)
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By denoting the right-hand side part of (4.2.18) as s, we can have

a(l —e'M)

s <M {201+ 1+ (ra+ |Z])d?]r] + 20 + 2dry + 2U'r5} < 5

Suppose that there exist points zo, x3, ..., 2,1 With
€ (A™)7 2 4 (A™) 7 Fl i) + (A7) f (0, 2) (i — wi) + Ne( Az, — 1)
and
lzi — 24| < (M) 2sfori=2,...,n— 1.
Then for every ¢ we have

«

_ _ : o -
lz; — z|| < [|lz1 — 2] +;ij — x| < §+SJZQ(M6’)J ? < stz S

By setting
qi = (A") 7+ (A™) T (W) — (AT) TV f (0, 3)

— Cj‘i‘ (A//*) 1 // o (A*) (A*)_1f<1f},1_]> + (A"*)_lf(w”,xi)

fori=2,3,...,n—1 we get
lg: — qll < I(A™) 71" = (A) 2] + [(A™) 7 f(w”, 7) — (A) 7 f(@, )
+[(A™) T (w”,@) = (A™) 7 f(w”,2) = (A) 7 Vo f (@, ) (z; — 7))
< (U+d*|z]) [|A" = Al + dll2" — 2| + V[|w” — @] + &'l|l2: — 7|
< (U'+ &)z ) +dry+Urs +a <3,

so that ¢; € B,,(q). As x,—1 € L(A”, V", gn—2) NB,(Z), by the Lipschitz-like property

of L, there exists z,, with

c (A//*) 1 (AN*> f(w”, xn_1> + (A*)_lvxf(ﬂ), j)(xn - fn—1> + NC(AHZEn - b”)
(4.2.19)
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and
|20 — 2pal| < Mllgn—1 — gn-2l
< M|[(A™) 7 f(w" @nay) — (A™) 7 (W 2n—s) — (A) Vo f (0, ) (21 — Zn) |

< ME' |21 — 2| < (Me')"2s.

The induction step is thereby joined. We obtain an infinite Cauchy sequence of
points 1, s, ..., Ty, ... in B,(Z) and therefore converges to some x” € B, (z). Since
(A™)=Lf(w",-) is continuous in B,(Z) and the normal cone map Ng(A”z — b") has

a closed graph, by (4.2.19), 2" € S"(A”,b", 2", w"). Moreover, since

n

n
lzn =2 < Yl =il < 5 (Me)™?
=2

1=2

< (L0 + (a2 A = A" + | =¥

+dll" = 2"+ Ullw’ —w"]).

By passing to the limit, we have

M
2" = a'll < =77 (L4 T+ (ra+ [ZDET A= A" + o = 2]
+dll2 = 2"+ Vlw’ — )

< MU(JJA" = A"+ [0 = 0"+ 112" = 2"+ [lw" = "))

(ili) = (ii) is established.
To prove the implication (ii) = (iii), suppose S’ has the Lipschitz-like prop-

erty at (A,b,z,w,Z) with constant M, i.e., for some ry,79,74,75,¢t > 0, for every

b,
(ALY, 2 w'), (A", b, 2" w") € B, (A) x B,,(b) x B,,(2) x B,,(w),
S/(A/, b/, Z/’wl) N Bt(i‘) C S/(A”, b//, Z”, w//)
+ M([|A" = A" + b = 6" + [|2" = 2" + [Jw’ = w"[[)B.
4.2.20)
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Let ¢’ be such that Me' < 1 and choose o/, r}, i > 0 as radius for z, B, w respectively,
with o/ <, 7] < 7 as specified in the Strict Differentiability Lemma for f;. Here
we denote

w:=max{l, [|A] +ri}, vi=[[(A)7V, f(@, 7).

Let r{,ry,r3,a > 0 be chosen as:

. /
agmln{a,

T4 } 1 < . { / T4 a(l _glM) }
— (¢, "y > MmMins§ry, — — y — — ,
3erut U3(llgll +vllzl) T 12M{L + gl + v(llZ] + a/2)]

e a(l —e'M) < min d T4 a(l — &' M)
Ty > ININ § T2, oM , '3 >~ 1min Su, A Mu .

It will be demonstrated that L has the Lipschitz-like property at (A,b,q,z) with

constant

T max {u, 1+q]| + rs + vo(||z] + a/2)}. (4.2.21)

Here we express the form of 2 = A*¢G— f(w, 2)+V,f(w,z)Z. Fix (A, V,q), (A", b",q") €
IB%TY(/_l) X Bré(g) x B,,(q) and consider 2’ € L(A",b',¢') "B, /2(Z). Then

0 € ¢+Ar+Ng(A2'—V) = ¢+ A2 —(A*) " f(w, 2 )+ (A*) " f(w, 2") + Ne (A2’ —b).

Let 2" := (A™)q'+(A™)(A*) IV, f (0, 7)a'— f(w, 2), then we have 2’ € S'(A", ¥, 2', ).

Moreover,
d == AN - A+ (AT (A) TV f (@, 2)a = Vo f(0,2)T — [f(w,2') — f(w, 7).
For the first part:

|A™q" — Aql| = |A"q — A"q+ A"q— Aql| < 4™ ld —all + | 4™ — A|| llq]|-

For the second part:
[(A™)(A) Vo fw, 2)a" — Vo f(w, 2)z — [f(w,2") = f(w,7)]|
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= || = (AM)[(A™) " f(w,2') — (A") 7 f(@,7) — (A) 7' Vo f(@,7)(a — 7)]
+ (A")A) TV f(@,2)T — (A)(A) 7'V, f(w, 7)1
< " =z A" + (A Ve f(@, 2)z]| [|[A™ — A7).
To sum up,
12 = 2 < [|IA"]] lld" — all + 14" — A*|| llall + €'ll=" — 2] | A™]
+HI(A) Ve f (@, 2)z AT - A
< (1Al +)rs + (gl + [(A) 7'V f (@, 2) )] + € (1Al + r1)e/2

T4 T4 T4
— 4+ — 4+ = <714
g T3t

< urs + ([|gl + vl|z[)r} 4+ ue'e/2 <
Then 2’ € B,,(2). Analogously, for 2" := (A"™)q"+(A")(A*) 'V, f (w0, z)z'— f (w0, 2'),
2" € B,,(2) as well. By (4.2.20), let 21 = 2/, there exists xzo € S'(A”, V", 2" w), i.e.,
0 c (Al/*)—lzl/ + (A//*)_lf(w,xg) + ]\](}(14//I2 o b//)
= "+ (A™) T f (@, 25) = f(@,21)] + (A7) Vo f (@, T)21 + Ne(A"zp = 0"),
and
22 — 21| < M (JJA"= A"|| + ]V = 0" + || = 2"|]) -
As
12" = 2"[ = [[(A™)g" — (A™)g" + (A™ — A™)(A") 'V, f (@, 7)a1)|
<A™ Ml = "1+ A" =A™ lg"[| + (A7) 7' Vo f (@, D) || |A™ — A™]
< (1AN+7) lld" = ¢"[l + [llall + rs +o([|Z]| + a/2)] [JA" = A",
we have
|20 — 21| < M AL+ ||gl| + 75 + (2] + a/2)] A" — A”||
+ [0 =+ (A +rD)lld ="} = s < su.
Here

s < M1+ gl + 73 +v(|Z]| + a/2)] 7 + 215 + 2(||A|| + 7} )rs
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< M@+ gl + vzl + /2] r) + 205 + 2([| Al + 2r))rs

1—e'M
< ME[1+ ]l + v(lzll + a/2)] ) + 2 + dury < 2L

Suppose that there exist points zo, x3, ..., 2,1 with
0€q"+ (A™) (@ 21) = f(@,2i1)] + (A) Vo f (@, 2)zi1 + Ne(A'w; — V)

and

s — wia || < (Me')su

for i =2,3,...,n — 1. Then for every i we have

5 <
1—M€/_a

: « ! o «
i =l < o = 7l + D llog = myea| S 5 453 (M2 < S+
j=2 j=2

By setting z; := (A"™)q" + (A"™)(A") "V, f(w, z)x; — f(w,2;) for i =2,3,...,n—1,

we get
zi—z2=A"q" — Aq+ (A™)(A) Vo f(,2)3; — V, f(0,5)T — [f(0,3;) — f(0,7)]
and therefore

lz: = 2l < 1A™ || llg" — all + 1 4™ = A*|| llqll + &'l — z|| [|IA™]
+[[(A) TV f (@, 2)7] |A™ — A7
< (1Al +rD)rs + (llgll + 11(A) 7 Vo f (@, 2)z])r) + ' (JA] + 7{)a

< wrs + ([l + vl|Z[)ry + ue'er <7y

So z; € B,,(2). Since z,,_1 € S"(A", V", z,_o, W)NB, (), by the Lipschitz-like property
of S’ (4.2.20), there exists z,, € S"(A", V", z,_1, W), i.e.,

= q// + (A”*)_l[f(@,l’n) i f(w,l'n_l)] + (A*>—1vxf(w,f)xn_1 + NC(A’,CCn — b//)
(4.2.22)
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and
[0 — ]l £ Mlzp—1 — zp—2]
= M|[(A™)(A) Vo f(@0, 2)(2p-1 — @n2) = (f(@, 20-1) — (@, 20-2))|
< MIJA"[| [(A™) 7N (f (@, 20m1) = (@, 20-2)) = (A7) TV f(@, ) (201 — 202)

< MENA"|| Nzp1 — @y ol < (MY 2su.
>~ n—1 n—2|| >

The induction step is joined. We obtain an infinite sequence of points x1, xa, ..., Ty, . ..
in B, (7) and therefore converges to some z” € B, (z). As (A"™)~1f(w”,-) is contin-
uous in B, (Z) and the normal cone map N¢ has a closed graph, by (4.2.22), taking

n — oo, we have 2" € L(A”,b",q"). Moreover, since

/ z = Ni—2 SU
|2, — 2'|| < ; 2 — 21 < ;(Me) su<
—MU ~ - ! " / /! / /!
= 1_€,M{[1+||q||+T3+U(HI|| +a/2)]||A = A"+ )Y = 6" +ulld — ")},

with definition of M’ (4.2.21) we can have

|2 = 2’| < MY(|A" = A"[| + ] = "] + ll¢ = "[])-

4.3 Application to a linear portfolio selection

In this section, we consider a linear portfolio selection problems with different set-
tings. For the first model, the conservative strategy requires minimizing the largest
invested risk with some specific constraint on asset allocation like number of invested
stocks and no-shorting circumstance. Some easy-to-hold conditions are obtained to
guarantee the Lipschitz-like property of the feasible set of such a problem. Later we
focus on the stationary set of a portfolio selection problem under minimax rule in
[8]. Sufficient conditions for this stationary point set mapping are also given.
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4.3.1 Examples of normal cones of a set constraint

From the criterion (4.1.9) we can see that to verify the Lipschitz-like property for the
system with a set constraint, it is essential to calculate Nx(Z) when X is given. For
example, when it comes to portfolio selection, we use x to represent the weighting
of selection of stocks. Therefore the summation constraint is a must: »_ .  x; = 1.
Besides, when short-selling is forbidden, a nonnegative constraint is added: xz; >
0, ¢ =1,...,n. Among the universe of stocks we would like to limit the number of
stocks to invest in and therefore a sparsity constraint can be imposed: ||z]|o < p, p <
n. Note that the zero norm ||z||o is defined as the number of nonzero entries of the
vector x. We next give some calculation results on these set constraints.

For an arbitrary = € X, we denote i € I(x) if z; # 0 and k = |I(z)| = ||z||o, the

size of I(x) and also the number of nonzero entries of z. Besides, let [ := {1,...,n}

and I(z) =1\ I(x).

L X={zeR"| " z;—1}

By [81, Example 6.8],
Nx(z) =R(1,...,1)". (4.3.1)

Here R(1,...,1)" stands for {(z,...,2)" | 2 € R}.
2. X={zeR"| > z;=1u1; >0}

In this case, X is an (n — 1)-simplex and therefore convex. Then N (z) =

Nx(f) Let

Xlz{IERn

Zl’j:l}, XQZR:L_
j=1

Then X = X; N Xs. For any & € X,

Nx, () =R(1,...,1)7,
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Ny, () ={2* €R" | (z5,2) =0} = {z* € R" |2} =0 fori € [(2)},

where Ny, (Z) is obtained from [81, Exercise 6.7] and Ny, (Z) is a direct calcu-

lation. As both sets are convex and therefore regular and that

{0}, ifz#0

(=Nx, (%)) N Nx, () = { R (1,...,1)7, ifz=0

where the latter case is forbidden due to z € X, then we can apply [81, Theorem

6.42] and obtain

Nx(i’) = NX1<i') +NX2(£Z') = {.I'* S R"™

8 8
IS

IA I
88

7

Note that when z € rint X, i.e., z; >0 foralli=1,...,n,

Nx(z) = Nx,(z) =R(1,...,1)".

X ={zeRY_z;=1,2;>0,[lzl]lo <p,p<n}.

In this case, X is a intersection of simplex and a set with non-trivial sparsity
constraint. Therefore X is a union of (Z) (p—1)-simplices. Here we discuss the
possible cases depending on the sparsity level k = |I(Z)| = ||z]|o at the given
point Z.

Case (i) : k£ = p. In this case, Z must be an relative interior point of some

(p — 1)-simplex in R™ and X is regular at Z. We denote such simplex as
Cx)=qx R} | z;=0fori ¢ I( sz—l
i€l(Z

Referring to (4.3.2), we have

Nx(Z) = Ne@(z) = {a* e R" | 2} =, Vi,j € I(z) } . (4.3.3)
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Case (ii) : k < p. In this case, Z must lie in the intersection of (Z::) (p—1)-
simplexes in R™. Since we already know that k elements in x should not equal 0
and there are n— k elements left to select p—k nonzero entries. We denote each

neighboring (p — 1)-simplex as C; with ¢ representing a unique selection of the

position where p — k nonzero entries lie, t = 1, ..., (Z:Z) Here we use I1(Cy) to

denote the index set where for x € Cy, x; > 0,7 € I(C;) and z; = 0,7 € I(C}).

As C; is a simplex, by (4.3.2) we have

th(ii‘) = {33* e R"

xt, Vij € I(z) }
xi, Vie I(CO\I(z),7 € I(z) [

. . L. _ X _. .
Given the sparsity constraint in X: ||z|lo < p, as T € ﬂ Cy,x — T is equiva-
t

C
lent to z U%t Z. Thus we have

Nx(z) = limsup N (z) = limsup N (z) (4.3.4)
:E£>£f x—)utct T

U Ce _ _
For x —— Z, when = = 7,

t t
ﬂ{w* cge| T Vijel@) }
t xp <at, Vie I(C)\I(z),] € I(z)
= * n ZE: - IE;, VZ’] _6 ](7)
{x €R xi <af, Viel(z),j€ () 435

The last equation comes from ¢ running through all the possibilities and ac-

cordingly,

J U\ () = I(z).

t

c
When z % Z, they can approach T through relative interior of simplexes in
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dimensions ranging from (k — 1) to (p — 1) and for any x being in the relative

interior of the same simplex, N (z) stays the same as well.

For the (p—1)-simplex, the simplexis Cy, t = 1,..., (Z:]]:) Then for z € rint C},
Nx(z) = Ney(z) = {a* € R" |2} = 2%, i,j € I(Cy)} . (4.3.6)

For the (p — 2)-simplex, the simplex is an intersection of ("_71’+1) (p — 1)-

simplexes. Suppose the related simplixes are Cy, s = 1,..., ("_fﬂ). For

x € rint ([, C5),

:{x*E]R" vy =5, Vi, j €, 1(Cs) }
v; <aj, Vie (U (C)N(NI(C))) g € N I(C) |
Note that in this case, I(z) C (), I(Cs) and

(U I(Cs)> \ <ﬂ I(Cs))) =(1(Cy) € I(%).

S

Therefore we have Ny(z) C Nx(z). Similarly, we can have for r-simplex with
k—1<r <p-—2and x approximates Z via the relative interior of the simplex,
Nx(z) C Nx ().

In conclusion, for the case k < p, combining (4.3.2), (4.3.5) and (4.3.6), we

have




4. X ={z e R} 7_ ;=1 [|z|lo <p,p <n}.

This set differs from the previous one as there is no restriction on x;. When
put in the scenario of portfolio selection, it means shorting is allowed. Once
the non-negative constraint is abandoned, the set X is composed of (;) (p—1)-

dimensional affine subspaces.

Case (i) : k = p. In this case, T must lie in the specific (p — 1)-dimensional

affine subspace

C(z) = {x € R" |sgn(z;) = sgn(z;), fori=1,...,n, Z x; =1 }
icI(z)
only and is not adjacent to any other (p — 1)-dim affine subspaces. Therefore,

we have
NX((E) = NC(E)(E) = j\\fc(g—c)(i‘) = {l’* e R" ‘ <l‘*,l’ - i‘> <0 forall x € C(i’)}

= {x eR" |z} =}, Vi,j € I(z) } (4.3.8)
Case (ii) : k¥ < p. In this case, T lie in the intersection of (Z:,':) (p — 1)-
dimensional affine subspace in R". We denote each neighboring (p — 1)-dim
affine subspace as C; with ¢ representing a unique selection of the position

where p — k nonzero entries lie, t = 1, ..., (Z:Z) Here we use I(C}) to denote

the index set where for z € Cy, ; = 0,7 € I(C}). Given C; is an affine subspace,

for any x € C; = {x € R™ | ZiEI(Ct) r;=1,2;,=0fori ¢ I(Ct)},

Ng,(z) ={z* e R" | (2", 2" — z) <0,Va' € Cy}

={z* eR"| 2} =1}, Vi,j € I(C)) } .

: , . _ X . :
Given the sparsity constraint in X: ||z|lp < p, as T € ﬂ Cy,x — T is equiva-
t
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C
lent to x Ut—; Z. Thus we have

Nx () = limsup Nx (z) = limsup N (). (4.3.9)
xih’c x—>UtCt T

U.Ct  _ _
For + =—— Z, when z = 7,

~

Nx(7) = Nue,(7) = (| Ney (@) = [ Neu(7)

=({z" eR"| ] =2, Vi,j € I(C))} =R(L,...,1)". (4.3.10)
t

The last equation comes from the fact that | J, I(Cy) = {1,...,n}.

For z % Z, they can approach T through affine subspaces in dimensions
ranging from (k — 1) to (p — 1).

For the (p — 1)-dim affine subspace Cy, t = 1,..., (Z:]]:) and x € C; with
[z]lo = p,

Nx(z) = Ney(z) = Ne, () = {a* € R |2} = a7, 4,5 € I(C))} . (4.3.11)

For the (p — 2)-dim affine subspace, it is an intersection of (”_fﬂ) (p—1)-

dim affine subspace. Suppose the related (p — 1)-dim affine subspaces are C,
s=1,....,("""". For z € (N, C,) with ||lzflo=p—1,

~

Nx(z) = Ny, c.(z) = [ New(z) = {x e R"

r; =}, Vi,j € UI(C’S)}
=R(1,...,1)".

Similarly, we can have for r-dim affine subspaces with £k — 1 <r < p—2 and

x approximates  with k < [|z]jp < p — 1 accordingly, Nx(x) = Nx(z). In
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conclusion, for the case k < p, combining (4.3.9), (4.3.10) and (4.3.11) and the
fact that R(1,...,1)T C {z* e R"| 2} = %, i, € I(Cy) } for any ¢, we have
(=)
Nx@) =| |J {ereR|a; =2}, ije1(C)} || JRA,....1)T

t=1

(5-r)
=| U {wer|af=a ijelC)}]|. (4.3.12)

t=1
4.3.2 Stability of feasible sets

Here we consider a conservative strategy of portfolio selection using the minimax risk
measure, which is a variant from the the framework of [8]. We minimize the largest
invested risk ¢;x; on an individual stock when given a desired return level in all, 7.

Note that here we impose the assumption that all assets are risky, i.e., ¢g; > 0.

min y
I7y

s.t. gr; <y,q; >0,Vj=1,..,n,

> rap =T (4.3.13)
j=1
reX

Here z; > 0, j =1,...,n stands for the allocation of investments on the j-th asset,

T}, q; denotes the expected rate of return and expected absolute deviation of the j-th
asset respectively. Therefore 7;x; gives the expected return of the investment on j-th
asset. Therefore any investors who adopt such selection rule can best avoid high risks
in any invested assets. The constraint x € X are mainly some possible restrictions on
the investment, like no-shorting, number of investing stocks, etc. For this model, X
must contain the no-shorting requirements. The individual data in the given model,
risk level g; and return 7;, often subject to perturbation. It is essential to ensure
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the solution is stable under minor perturbations. We can write the feasible set as a

set-valued mapping S(A,b) = {z € Z | Az+b € K} and a given pair (A, b) is

a1 0 0 —1 0
0 q2 0 —1 .
A _ c R(n—i—l)x(n—&-l)’ B _ :
0 0 g —1 2
—F1 —T ~7y 0

and K =R"™ 7 = { (5)

works when given a reference point. We next show that the feasible set mapping S,

reX,ye R}. Next we explain how condition (4.1.9)

with two different set constraints, is Lipschitz-like at (A,b) for (z,7) when some

natural conditions are satisfied.

Theorem 4.3.1. For the portfolio selection problem (4.3.13) with X being one of

the following sets:
1) X = {:c eR™ | x5 =1,1;> 0}

let z = (z,7) € S(A,b). If one of the following conditions is satisfied, S is Lipschitz-
like at (A,b) for z.

(a) D0 | FiZ; > T.

(b) the number of invested stocks is greater than 1, i.e., ||Z|lo > 2 and for the

wnvested stocks, there exists at least two stocks with different returns, i.e.,3i,j €

I(z) and i # j such that 7; # 7, where [(Z) ={i € I | z; # 0}.

Note that condition (b) is easy to be satisfied when the stock pool is big enough.
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Proof. By (4.1.9), S is Lipschitz-like at (A,b) for z if and only if —(A*)"tN,(z) N
NK<A2 + l_)) = {0}, i.e.,

2 € Ng(AZ4 D), —A*2" € Ny(2) = 2* = 0. (4.3.14)
For
@ 0 0 -1 _
0 ¢ 0 -1 o 0
Az +b= Bt 5
0 0 0 —1 T .
> ~7, 0 Y
Q1T1—Y
— G |ekx=r",
qnTn — Y
Do T T

z >0, lfqy'fz I=0 ict A (3 %f Z%l—fﬂfiﬂj:@
2f=0, ifqr,—y< Zzr =0, if Y, -z, +7 <0
(4.3.15)
For
q1 0 O _,Fl Z* 7 * _ *
1%n 1z
~ 0 ¢ -~ 0 - A o '
0 0 e qn _fn Z'n, TTL n+7]i q’n
-1 =1 --- =1 0 “n41 > el Z

since X and R are closed sets, by |81, Proposition 6.41|, we have Nz(2) = Nxxr(Z, )
Nx(Z) x Nr(y) = Nx(z) x {0}. Thus we first have > , zf = 0. Combining
(4.3.15), we have zf = 0 for all ¢ = 1,...,n. When condition (a) holds, we have
zr1 = 0 and (4.3.14) is satisfied. If not, it remains to obtain 2} , = 0 given
(F125i1s s Tnziyy)" € Nx(Z) and 25, > 0 by (4.3.14). By comparing between
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(4.3.2), (4.3.3) and (4.3.7) we can see that for the two choices of X mentioned in the
theorem, we can derive something in common:

TiZpi1 = TiZny1, 1,7 € 1(T).
Then by condition (b) we have 2., = 0 as there exists 7; # 7; for i # j, i,j €
I(z). O

Next we present an example when both condition (a) and (b) fail, S does not

enjoy the Lipschitz-like property at the reference point.

Example 4.3.2. Consider the portfolio selection problem with two stocks:

min y
s.t. 0.1z; <y,
0.5z2 <y,
0.1z1 4 0.1z9 > 0.1 (trivial)

1+ 2o =1,21,29 > 0.

That is, we have the value:

01 0 —1 ) 0
A= 0 05 -1 |eR¥> b= 0
-0.1 —=0.1 0 0.1

with the set constraint X = {x € R?* | 1y + 19 = 1, 21,19 > 0}. For this problem, the

optimal solution is z = (Z,y) = (2,%,75) where z € S(A,b). Both condition (a)
and (b) are not satisfied as 7%y + FoZo =7 = 0.1 and 7 = To.

We will show that S does not enjoy the Lipschitz-like property at the optimal
solution point by the Mordukhovich criterion and by definition. To check by the

Mordukhovich criterion, we have Ny (Az+b) = Ngs (AzZ+b) = Ngs ((0,0,0)7) = R?
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and
) ) 1 —-10 10 5
(A7) (No(2) = ~ () k@) x o =g | 10 -0 1) [ ) em
50 10 5 0
:]R(O,O,l)T.

Then —(A*)~Y (N4 (2)) N Nk (v) = {02} x Ry # {03} and the Mordukhovich criterion

s not satisfied here.
To verify by definition, suppose there exists | > 0,U € N'(A,b),V € N(2), such

that
S(A YNV C S(A L)+ L(||A — Al + ||b' — b||) Bgs, V(A", V), (A,b) € U. (4.3.16)

—1
—1
0

0

0.1
0.5

0

By taking
A=
—01+¢ —0.1

and € > 0 small enough and choosing p > 0 small enough such that B(z,p) C V, let

A=A A=A. and b =b=bin (4.3.16), we should have
S(A,b) NB(z,p) C S(A,b) + [eBge.

However, given
S(Ab) = {(z1,22,y) € Z | 21 <10y, 29 < 2y, 01 + 29 = 1,21, 75 > 0},
S(AE,I_)) ={(x1,20,y) € Z | x1 <10y, w9 <2y, 21 + 29 > 1+ 10e21 }

={(0,Ly) |y =1/2},
). Thus S does not enjoy the Lipschitz-

+pP

)

oot

the inclusion does not hold for any e € (0,
like property at (f_l,l_)) for z, which conforms to what we derived from the Mor-

dukhovich criterion.
138



4.3.3 Stability of a stationary point set

Next we consider a selection model which balances the return and risk by a parameter

A. In [8] a parametric portfolio optimization problem is considered:

z7y

min Ay + (1 —A) <— Z ri$i>
s.t. gr; <y Vi=1,...,n, (4.3.17)

szzl,IZZO,V’ZIL,n

=1

where A\ € (0,1) is an investor’s risk tolerance parameter. Similar to the setting
of (4.3.13), in this problem we are both minimizing the highest risk of each in-
dividual asset and maximizing the expected rate of return of the portfolio. The
balance between these two goals is achieved via the parameter A. In other words,
investors can adjust the strategy according to their preferences between the overall
return(} ;. , r;2;) and the largest individual asset risk (y) by controlling A. For this

model, three assumptions are considered:
(A1) 1 <ryg <o <y,
(A2) no two identical assets exist, i.e., #i # j with r; =7, ¢; = gj,

(A3) all assets are risky, i.e.,, ¢; >0fori=1,...,n.

Lemma 4.3.3 (|8, Theorem 3.1|). With the assumptions (A1-A8) introduced above,

the optimal solution to (4.53.17) is given as
1 1 -
— — € L* 1
P b D  BETN) S - (4.3.18)
ey &

0, i ¢ I\

where T*(\) is the set of assets to be invested decided by the following rule:
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(1) if there exists an integer k € [0,n — 2] such that

7j—1
Tn—i — Tn—j A .
; -~ 1_)\, forj=1,...,k (4.3.19)
k
Tn—i = Tn—k—1 A
> 4.3.2
; Gn—i _1_A7 < ; 0)

then Z*(\) = {n,n—1,... ,n — k}.

(ii) otherwise, Z*(\) = {n,n —1,...,1}.

Next we will show that this optimal solution enjoys stability when the parameters

r;, 1 = 1,...,n undergo perturbations under some assumptions. First we reformulate

the optimization problem (4.3.17) as follows,

min ¢z
st.  Az+beR™x {1} (4.3.21)
where
q1 0 0 —1
0 q2 0 -1
T A—1)r
0 0 g —1 ' A =D ) 0
A= -1 0 0 0 , 2= , C= , b= :
0 -1 0 0 Tn (A=1Dry 0
Y A
0 0 -1 0
1 1 1 0
(4.3.22)
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Let

M1
@ - 0 -1 - 0 1 : G~ T
H . . . Hn :
A* ’y — . . . ’)/1 — . :0
- o - g 0 --- =11 : qnun—n7n+7
-1 -+ =1 0 --- 0 0 : — 3
Tn
T

with

5 € Ngznw 3 (Az4D) = [ [ Na_(qiwi—y)x [ [ Ne_ (—2:)x Ngyy <Z :zc) C R*"xR.
T i=1 i=1 i=1
By >0, i = 0 with p; > 0, we have p; = 0 for ¢ = 1,...,n. As there is at least
one z; > 0 due to the constraint Z?:l x; = 1, the relative v; = 0 and therefore 7 = 0
and v, = 0, for ¢ = 1,...,n. We can naturally obtain p = 0, v = 0, 7 = 0 for
any z being in the feasible set. Considering the set R** x {1} is convex, the optimal

solution set-mapping can be put as
S(c, b) = {z ER™ |0 € ¢+ A" Nganyqry (A2 + b)} . (4.3.23)

To analyze the stability of optimal solution of (4.3.17) subject to changes on r;, it
would be sufficient to study the Lipschitz-like property of the solution mapping .S at
the given pair (¢,b) in (4.3.22) for Z in (4.3.18) . In [8, Appendix A], when Z*()) is
given, the related Lagrangian multiplier (f,7,7) € Ngeny (13 (AZ + b) is unique as

-1
1 T

— (L= X)r — — 1-A — || >0, ieZ*(A

1 Gl DO B (R O €T
€T+ () 1€ (N)

0 P T

(4.3.24)
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0, i€ T*(\)

%’ = 1 Tl . )
—A=Mrt | Y = (1=X) > ==X| =0, i¢I"N
ez & ez (n) &

(4.3.25)

and
—1

P Zl (1_)\)22_)\ , (4.3.26)

vy & ez &

Next we give the upper estimate of Ny, (¢, b, 2).

Proposition 4.3.4. Let (¢,b, 2) be given as in (4.3.18) and (4.3.22) . Then

nghS(Ey [_), 2) - {(—t*’ U*’ A*'U*) (U*’ At*) & nghNR2n AZ + l_), 7_]) } (4327)

><{1]»<

where 7 := (1,7, T) is giwen as in (4.3.24), (4.3.25) and (4.3.26).

Proof. Here we denote K := R*" x {1} and D := F(gph Ni) where F : R*"*! x

R¥+L — R2HL x R™ is defined as F(v,t) = E-0 Y=/ Then we
’ 0 A )\t At )

can rewrite (4.3.23) as

gph S ={(c,b,2) | (Az+b,—c) € D}.

For U € N(Az +b,—¢), F~Y(U) N gph N is either a single-point set or an empty
set and therefore is bounded. Besides, as 7 is unique in —¢ = A*7, by [81, Theorem

6.43|, we have

Np(Az +b,—¢) C {(u*, t*)

E 0 . ok 7=
(0 A) (U,t)GnghNK<AZ+b,T])}

{(U*,t*)

(v*, At*) € Ngpnny (AZ +,7) } (4.3.28)
The inclusion (4.3.28) becomes an equation when gph N is convex at around (Az +
b,7).
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Let G(c, b, 2) := (Az+b, —c). Then we have gph S = G~1(D) and that VG(c, b, 2) =

(0 E A

B 0 O) has full rank 3n + 2. By [81, Exercise 6.7],

ngh5<é7 Bv 2) ZVG<E, B, 2)*ND<A2 + l_), —E)

- {(_t*,’U*,A*U*) | (v*7At*) € NgPhNK(A2+ B’ 77) } :

Remark 4.3.5. If we consider S as a mapping of ¢ only, i.e.,
S(c) = {z cR™ [0cct A*NRan{l}(Az)} ,
we can also obtain the upper estimate

Ngpns(G, 2) C {(—t*,A*v*) ) (v, At") € NephNyon ., (A7, ﬁ)}

via [81, Theorem 6.14] as the constraint qualification

{(U ’At ) € nghNK(A27ﬁ) — (U*,t*) _ O

(—t*, A*0*) =0
holds automatically.

Theorem 4.3.6. The solution to the portfolio optimization problem (4.3.17) enjoys
the Lipschitz-like property at (z,y) for (r1,...,r,) if one of the following conditions

18 satisfied:

(a) Z*(\) = {n,n—1,...,1},

k
(b) Z*(N) ={n,n—1,...,n—k} for k € [0,n — 2] and;%i ;:?kl > 1i>\,
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Proof. The solution to the problem (4.3.17) is Lipschitz-like at the reference point
if S is Lipschitz-like at (¢,b) for z by representation (4.3.23). With upper estimate

(4.3.27), it is sufficient to have
(v*, At*) € Ngph Nyan, ,, (A7 + b,7) .
A*v* =0

where 77 := (1,7, 7) is given as in (4.3.24), (4.3.25) and (4.3.26). Note that

*

qlt; - tn+1

* * * .
Q11 — VUpy1 T Vo . .
. qntn - tn+1

A*U* — . At* — —t*
ok ok ) 1
qnvn v2n U2n+1 .
-2 15 )
=1 "4
7 —t:;
n *
> i1 ]

For (v*, At*) € Ngph N, AZ+b,7), by [81, Proposition 6.41], it is equivalent that

><{1}<

(U:a qzt: - t;_}-l) € nghNR_ (Q'sz - ga ﬁl)a 1= ]-a RN
(U:H-j’ —t;) c nghNIR, (—fj, ’_}/j), ] = 1, Lo, n (4329)
<U>2kn+17 Z?:l t;k) € NgPhN{1} (Z?:l T, 77_)'

We know that gph Ng =R_ x {0} U {0} x R;. Thus for any (uy,us) € gph Ng_,

{0} X R, (ul,u2) e R__ X {O}
Neph vy, (u1,u2) = ¢ R x {0}, (u1,us) € {0} x Ry .
{O}XRURX{O}UR+XR_, (Ul,UQ):(0,0)

(4.3.30)
Besides, for gph Nij3 = {1} xR, nghN{l}(ul, ug) = R x {0} if uy = 1. Together with
(4.3.24)-(4.3.26) and (4.3.30), we can further simplify (4.3.29) as
l.ieZ*\): ¢ =9, p; > 0,7, > 0,7 =0.
(v, qit; —thy 1) € Nepune (0% — 7, 1) = R x {0}. (4.3.31)
(h s, —t;) € Nephve (%3, %) = {0} x R. (4.3.32)
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2.1¢T*N): ¢z, =0<y, 3;=0,7,=0,7 > 0.

(v, qit; — t;klﬂ) € Ngph Ve (¢iTi — ¥, ;) = {0} x R.

R x {0}
* ,—t;k € N __iu_i - 7
(Un—H ) gthR—< Ti, %) {{O}XRURX {0JUR, xR_,

i=1"1

Besides, A*v* = 0 and (v5, 11, ) ;— t;) € Nepnny, (D22 Ti, T) generate

* * 3 .
ini _Un+i+1)2n+1 == O,Z = 1,...,TL
n
* JR—
E v; =0
i=1
n
E * p—
ti _01
i=1

(4.3.33)

if 4, >0
(4.3.34)

(4.3.35)

(4.3.36)

(4.3.37)

Combining (4.3.32), (4.3.33), (4.3.35) and (4.3.36) we can obtain v* = 0. It remains

to verify t* = 0.

When Z*(\) = {1,...,n}, by (4.3.31) and (4.3.37) we directly have t* = 0. When

Z*(A\) = {n,n —1,...,n — k} where the integer k € [0,n — 2] is decided by (4.3.19)

and (4.3.20). By (4.3.25), fori=1,...,n—k — 1,

-1

s=—-nn+ [ 2] [a=n 2 2o

ezroy &

-1

SCEVE I D B ) S R

ez & 1€T*(\)

When condition (b) holds, with assumption (Al), 3 > 7, > -+ > 7§

Therefore we can update (4.3.34) as
(V1o —t7) € Ngpnng (=73, %) = R x {0}, ¢ IT*(\).

Together with (4.3.31) and (4.3.37) we can obtain t* = 0.
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Remark 4.3.7. For both of the conditions (a) and (b), strictly complementarity

between Az +b and (ji,7,T) is achieved.
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Chapter 5

Conclusions and Future Research

5.1 Summary of the thesis

The Lipschitz-like property relative to a set is an important task to study the sta-
bility of parametric systems under perturbations within a certain set as it puts no
assumption on where the reference point lies in. Thanks to the projectional coderiva-
tive and the generalized Mordukhovich criterion developed in Meng et al. [59], we
were able to characterize such a property relative to a closed and convex set.

In this thesis, we focused on introducing more properties of this newly intro-
duced tool, projectional coderivatives, and deriving corresponding calculus rules. By
exploiting the structure of smooth manifolds, we simplified the expression of pro-
jectional coderivatives of any set-valued mapping relative to a smooth manifold to
a fixed-point one and extended the generalized Mordukhovich criterion under such
a setting. For a closed set in general, we introduced the chain rule of this tool for
composition of two set-valued mappings with outer semicontinuity. We also partic-
ularly developed chain rules when any one of these two mappings is single-valued.
Based on these results, sum rules were presented with different types of constraint
qualifications.

Subsequently we considered the parametric system under the framework in Levy

and Mordukhovich [53] and gave the upper estimates of the projectional coderivatives
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under different settings. Several examples were given to illustrate how the upper
estimate can be applied to analyze the stability. The comparison with the other
tool, directional coderivatives, was also carried out. With wide applicability of such
a system, we studied linear constraint systems, linear complementarity problems
and affine variational inequalities. For the first two problems, we gave expression of
projectional coderivatives relative to their domains under polyhedrality and convexity
and derive the corresponding graphical modulus. For the third one, we provided an
upper estimate of the projectional coderivative relative to a polyhedral set within
its domain with a constraint qualification assumed. In particular we developed the
sufficient condition of the relative Lipschitz-like property as a generalized critical face
condition under the framework of Dontchev and Rockafellar [18].

For the Lipschitz-like property, we focused on the linear constraint systems and
showed that the relations between different types of perturbation in terms of the
property. We also extended to result to the linear constraint system with an im-
plicit set constraint and characterized the property using various tools. Besides, we
showed the equivalence on this property between a variational inequality and its
linear approximation under full perturbation. Additionally, we considered a prac-
tical problem, a linear portfolio selection problem with two different models and
drew some easy-to-hold condition for the Lipschitz-like property for the feasible set

mapping and the stationary point set mapping respectively.

5.2 Future work

With results obtained as stated above, we plan to investigate in the following direc-

tions.

1. For chain rules we derived, it requires the set to be a smooth manifold to

obtain the equation. Can we relax this setting and obtain an equation with
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other conditions?

. The calculation of projectional coderivative comes with the representation of
the normal cone, Nypp s|, . To express it in terms of N,ypn s and Nx, a constraint
qualification is almost a must. As Penot [70] showed that the linear estimate
can also replace the constraint qualification, can we use this to simplify the

expression of projectional coderivatives for some specific problems?

. We know that the Lipschitz-like property of S corresponds to the metric reg-
ularity of S™!. For the projectional coderivative defined as in (1.3.6), it is
asymmetrical and can be used to verify the relative Lipschitz-like property
according to the generalized Mordukhovich criterion. Is it possible to make
some modifications on the projectional coderivative and extend the criterion

for other relative stability properties, like relative metric regularity?

. The equivalence on the Lipschitz-like property between the generalized equa-
tion and its linear approximation has been illustrated in Dontchev and Rock-
afellar [19]. As it is relatively more convenient to deal with the linearized

system, can we obtain similar results for the relative Lipschitz-like property?

. In Section 4.3.1 we calculate the normal cone of a simplex with sparsity con-
straint. Is it possible to apply the method to calculating the normal cone of
the solution mapping of linear complementarity problems with sparsity con-

straints?

. For affine variational inequalities, we derived an upper estimate of the projec-
tional coderivative relative to a polyhedral set in the domain of the solution
mapping under a constraint qualification. For a set that is closely tied to the

critical face and the normal cone on the face, can we bypass the constraint
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qualification and give a sufficient condition for the relative Lipschitz-like prop-

erty?
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