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Abstract

The thesis is concerned with the application of mean field game (MFG) and mean
field team (MFT) in the leader-follower (LF) interaction. We first introduce the LF
game and MF'T, separately, which can be treated as two preliminary chapters, then
the LF game combine with MFT and MFG are investigated. More details about the

four topics in this thesis are introduced as follows.

e The first topic studies a mixed linear quadratic (LQ) stochastic LF game with
input constraint, where the model involves two agents with the same hierarchy
in decision making and each agent has two controls which act as a leader
and a follower, respectively. By solving a follower problem, we obtain a Nash
equilibrium. Then a leader problem with constrained controls is tackled and the
optimal controls are presented by projection mappings. Moreover, we consider
the case that the control weights are singular. In this case, a sufficient condition
for the uniform convexity of the cost functional is given and a minimizing
sequence of solutions with non-degenerate control weights is constructed to

investigate the weak convergence of the corresponding personal cost functionals.

e The second topic investigates the robust LQ MFT control under a direct ap-
proach, where a global uncertainty drift is involved for a large number of
weakly-coupled interactive agents. All agents treat the uncertainty as an adver-
sarial agent to obtain a “worst case” disturbance. Using variational analysis,
we first obtain the centralized controls by a set of forward-backward stochastic
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differential equations. Then the decentralized controls are designed by mean

field heuristics. Finally, the proof of asymptotically social optimality is given.

e The third topic combines the LF problem and the MF'T problem, which involves
one leader and a large number of weakly-coupled interactive followers. All
agents cooperate to optimize the social cost functional. Unlike the second
topic, we apply the fixed point approach in this topic to solve the problem
and obtain a set of decentralized social optimality strategies (the asymptotical

Stackelberg equilibrium) through a consistency condition (CC) system.

e The fourth topic is a new game by combing three factors: hierarchical struc-
ture for iterative decision, model uncertainty with asymmetric information, and
weak-coupling in a large population system. In particular, two classes of agents
involved are denoted as leaders and followers, who sequentially make decisions
with a hierarchical structure. As a consequence, the information structures be-
tween different hierarchies become asymmetric due to their iterative positions.
Model uncertainty then arises in their decisions since the lacking of communica-
tion among non-cooperative leaders/followers. Moreover, all agents are framed
within a weakly-coupled large population system with complex interrelations.
Thus, leaders or followers play a Nash game with each other in their own hi-
erarchy, while leaders and followers play a Stackelberg game between the two
hierarchies. Applying the MFG theory, we obtain an asymptotic Stackelberg-
Nash-Cournot equilibrium based on a CC system. The well-posedness of such

consistency is derived by the fixed point analysis under mild conditions.

Keywords: Stackelberg game, weak-coupling, mean field game and team, input

constraint, model uncertainty, forward-backward stochastic differential equation.
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Rn
Rmxn

Sn

a.s.

[0l3

n-dimensional real Euclidean space.

the set of (m x n) real matrices.

the set of all (n x n) symmetric matrices.
the indicator function of the given set A.
the transpose of vector (or matrix) v.

the trace of the square matrix M.

the inverse of matrix M.

M is positive (negative) semi-definite.

M is positive (negative) definite.

the standard Euclidean norm for vector v.
the Frobenius norm for matrix M and |M| = /tr[M MT].

the norm for matrix function M : [0,7] — R such that
IM () = supg<,<r [M(2)].

the standard Euclidean inner product and for matrices

M, N, (M,N) = tr[MT N].
Defined to be.
almost surely

the quadratic form v? Mwv, for given M > 0. It can also

defined as (Mwv,v).
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Chapter 1

Introduction

1.1 The review of the leader-follower (or Stackel-
berg game) problem

The study of equilibrium problems has attracted extensive and consistent research
attentions across the optimization or decision making community because of their
important theoretical values and significant application potentials.

Along this research line, Nash equilibrium (NE) provides one important and
fundamental notion for the solvability. In an NE, each agent is assumed to know the
equilibrium strategies of the other agents and no one can increase its expected payoff
by changing only its own strategy. The related NE problem has been well explored
from a variety of viewpoints and considerable outcomes are thus generated. For
example, see [16, 93, 103, 165, 166] for stochastic NE problem; [87, 141] for robust
NE problem.

On the other hand, the leader-follower (LF) problem, which can be traced back to
the work of von Stackelberg in 1934 (see [173]), provides another theoretical notion
for equilibrium studies. It is a strategic game problem with at least two hierarchies
of players. One hierarchy with a major position is defined as a leader and the other
with a minor position is defined as a follower. The leader moves first, and then

the follower will observe the leaders decision to move sequentially. Meanwhile, the



leaders anticipate the responses of the followers and then intake such responses when
making their decisions. The optimal strategies for the leader and the follower form
a Stackelberg equilibrium.

From the economic aspect, in the LF game, the firm as a leader strives towards
a position of independence and dominates the market when the firm as a follower
favours a position of dependence which is different from the NE that both the two
firms want to be the position of dependence and do not become market dominance.

Form the aspect of structure, the Stackelberg game is hierarchical and sequential
where the leader first announces a strategy as an anticipation and the follower find
out his optimal strategy based on the leader’s anticipation. Then, the leader min-
imizes his cost functional by taking his own optimal strategy as a realization after
anticipating the followers best response. Thus, there is a looking forward and back-
ward processes for the leader. By contrast, the Nash game is simultaneous where
all the players optimize their strategies in single hierarchy at the same time. And
the anticipation and realization of each player in the game are both uniform and
simultaneous in Nash game.

Form the aspect of information structure, to achieve the LF equilibrium, each
leader should know the complete information of all players in system (including
the leaders and the followers) when anticipating the NE response of the followers,
however, each follower is not necessary to know all the information of the leaders
and only needs to know the strategies that the leaders announce and the information
of all the followers. Thus, the information between the leaders and the followers are
asymmetric. To achieve an NE, all players need to know the complete information
and the information between the players are symmetric.

The LF problem can be categorized by the static and dynamic context. The
dynamic context can be further categorized by the deterministic case and stochastic
case. More details will be introduced as follows.
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1.1.1 The review of the static leader-follower problem in
mathematical field

In the static context, the Stackelberg problem is studied without time variable and
the LF equilibrium will not be related to time. Then such problem can be viewed as
a particular bilevel optimization problem (see [30, 38, 188]).

In mathematical field, [154] investigated a deterministic multiple leader-follower
(multi-LF) game and [155] extended the work that the leader anticipates the response
explicitly by the aggregate follower reaction curve and proved the existence and
uniqueness of the equilibrium. If the follower’s response is not unique, then it needs
to find the best respose under the worst choices from the rational response set instead
of the rational response curve [123]. Unlike the deterministic multi-LF games, [66]
studied a stochastic multi-LF game and showed the existence and uniqueness of the
stochastic multiple-leader Stackelberg-Nash-Cournot (SNC) equilibrium under some
assumptions.

The Stackelberg game problem can be transformed to other forms of mathe-
matical optimization problem. For example, a class of multi-LF game that can be
formulated as a generalized NE problem with convexified strategy sets was consid-
ered in [144] and the similar original problem that can be constructed as variational
inequalities was mentioned in [91]. By the special structure of Stackelberg game, the
best response (or responses) of the leader (or leaders) are found by solving an opti-
mization problem with constraints for the best response (or responses) of the follower
(or followers), which leads to a mathematical program with equilibrium constraints
(see [55, 67, 125, 132, 186]).

Sometimes both the leader and follower doubt the model specification, or the
model, in real world, normally contains uncertain parameter. To solve such problems,

[92] used the robust method that supposed the uncertain parameters belong to some



sets and minimized the cost function with respect to the worst-case scenario. Then it
reformulated and solved the problem as a generalized variational inequality problem.
While [66] applied the Bayesian method by assuming the uncertainty in the inverse
demand function following a probability distributions of a random variable, and
then solved it to obtain the stochastic multi-LF SNC equilirum. In [131], since
the ambiguity of the true probability distribution, each player selected the optimal
strategy with respect to the worst distribution rather than the worst scenario to

hedge the risk.

1.1.2 The review of the static leader-follower problem in
economy and management field

In economy and management field, as we mention before, von Stackelberg first put
forward such game structure to model duopoly competition in his book [173]. Af-
ter that, there are a lot of research literature about the LF competition (see [111]).
[124] investigated the Stackelberg equilibrium on monopolistic competition and the
Stackelberg game combined with the theory of price agreement on monopolistic com-
petition was considered in [34]. [77, 139] studied the Stackelberg game model under
the background of duopoly game and the existence and stability of such Stackelberg
equilibrium were shown under some general conditions.

One of the interested points for the economists to the Stackelberg competition is
its advantage and efficiency in economy and management. Stackelberg illustrated the
advantage of moving first in a oligopolistic interaction and [152] made the concept
“first-mover advantage” deeply rooted in people’s mind. [63] showed that all se-
quential move structures are beneficial compared to the simultaneous move Cournot
markets by investigating a class of Stackelberg markets. [110] designed an experi-
mental market to compare the quantity between the Stackelberg and Cournot game.

And it proved that, in any matching scheme, the Stackelberg market yield higher



output, higher consumer rents, and higher welfare levels than Cournot markets and,
thus, higher efficiency.

However, the “first-mover advantage” does not always hold. [8] gave a striking
result that the “first-mover advantage” is eliminated when there is even a slight im-
perfection in the observability of the leader’s choice for the follower. At that moment,
the set of pure strategy (If only one specific strategy can be selected under each given
information in the complete information game, this strategy is a pure strategy. A
mixed strategy is an assignment of a probability to each pure strategy.) NE obtained
for the LF game with imperfect observation, if the follower’s best response was single
valued, coincided exactly with the set of pure strategy NE obtained for the associated
simultaneous move game.

In recent year, the Stackelberg equilibrium has been applied in supply chain such
as product line [68], inventory [149], retail [51], product remanufacturing [151]. In
the financial market, [39, 153, 163] investigated the LF competition in the forward
market and [67] studied the Stackelberg game in the commodity market. Also, the
static LF game has been used in telecommunication industry [66, 170, 192] and
electricity markets [55, 92, 144]. Especially, [55] showed that the largest producer
can gain profits by withholding emission allowances and driving up the emission cost
for rival followers which illustrated the “first-mover advantage” again. This result
is quite important for the national strategy of “carbon neutrality” since, in some
cases, the emission rights are equal to the right to development for the developing

countries.

1.1.3 The review of the dynamic leader-follower problem
(deterministic)

In the dynamic (deterministic) context, the Stackelberg problem is investigated with

time variable. After the Stackelberg model had been put forward, most of the liter-



ature are related to the economy and management in static context.

Until 1970s, the dynamic (deterministic) Stackelberg game in the continuous
time was considered primarily in the work of [50]. It was also the first to treat the
feedback Stackelberg solutions for discrete time games. Then, [158] investigated the
Stackelberg competition in static and dynamic nonzero-sum two-player games and
gave a discussion of the linear-quadratic Stackelberg differential game. And some
properties of the controls that are functions of the state variables of the LF game
in addition to time was discussed in [159]. Another references that consider the
open-loop Stackelberg solutions under discrete-time framework was investigated in
[118] and the feedback Stackelberg solutions in discrete-time dynamic games was
considered in [62]. [16, 127] gave a very comprehensive review about the dynamic
non-cooperative LF game with discrete time and continuous time framework.

The open-loop information structure, where the players are committed to the
strategy based on initial state and no measurement of state is available, is very
important for tackling the LF optimization problem. [50] first studied the open-
loop Stackelberg solution in dynamic games. Some other references [158, 159] that
considered the necessary condition for the existence of an open-loop Stackelberg
solution with two-player games and [160] for the multi-leader and multi-follower
differential game. The necessary conditions of an open-loop Stackelberg solution
and a Hamiltionian system, which was exploited to solve a two point boundary value
problem, of a linear-quadratic Stackelberg games was given in [1]. [80] studied a
new sufficient existence conditions for an open-loop LF equilibrium in terms of the
solvability of a terminal-value problem of two symmetric Riccati differential equations
and a coupled system of Riccati matrix differential equations, and [14] discussed the
mixed Stackelberg open-loop solution in nonzero-sum differential games.

Unlike the open-loop information structure, the closed-loop information structure
can be classified into three types. By [16, 26], if each player can access to current

6



state measurements, then it is called the feedback information structure. If each
player can access to current state measurements and the initial state value, then
it is called the closed-loop memoryless information structure. If each player can
access to current state measurements and adapt his strategy to the evolution of the
system, then it is called the closed-loop information structure. Compare to the open-
loop information structure, the closed-loop information structure is more difficult to
determine the Stackelberg solution in differential games. The main reason is the
expression of the rational reaction set of the follower, the partial derivative of the
leaders control with respect to the state measurement, and some attempts have been
mentioned in [16, 62]. There are two main approaches to investigate the closed-loop
dynamic Stackelberg game problem.

The first approach is the min-min LF strategies with a team-optimal method
which first optimize the leader criterion as a team and then both controls are selected
such that the follower’s control react the leader’s control in a rational reaction set
(see [17, 18]). Especially, [112] studied both the min-max and min-min LF solutions
with closed-loop information structure. Another approach is to define the follower’s
rational reaction set for a given control of the leader and turn the original control
problem to be non-classical problem. [134] used a variational method to solve the
non-classical problem with assuming that is a normal optimization problem, while
[145] emphasized such technique does lead to a solution for all initial states.

Meanwhile, the dynamic (deterministic) LF game has been applied in pricing
and production planning [76], traffic networks [82], time delay problem [187], and
macroeconomics, such as policy making [84]. Since the government and private agent
both doubt a common approximating model and have different preferences in [84], it
defined the LF (or Ramsey plan) equilibrium with robust decision makers in which
the government and private agent have different linear-quadratic worst-case model
and the leader’s current and future control setting was tracked past by a vector of

7



Lagrange multipliers.

1.1.4 The review of the dynamic leader-follower problem
(stochastic)

In the dynamic (stochastic) context, the Stackelberg problem contains a noise or
a stochastic process. The first literature to discuss the equilibrium in stochastic
Stackelberg dynamic games was in [48].

The LF problem with additive noise is that the diffusion term only contains con-
stants and the state and control do not appear in the diffusion term. The literature
that related to the additive noise are given as follows. The LF equilibrium solution
where players have access to noisy (but redundant) state information was considered
in [11]. [12] investigated the linear-quadratic stochastic LF dynamic games with
noisy observation and obtained the feedback Stackelberg solution. The existence of
stochastic incentive problems with nested information and multiple levels of hierar-
chy was discussed in [13]. [156, 157] considered the stochastic Stackelberg differential
game with asymmetric information, overlapping information, and their applications.

Sometimes, the diffusion term can contain state, or control, or both. If only the
state appears in the diffusion term, we called it multiplicative noise. For example,
The maximum principle for the global Stackelberg solution with multiplicative noise
and adapting to closed-loop memoryless information structure was introduced in [26].
An application of such model in manufacturer-retailer cooperative advertising game
was mentioned in [25]. Meanwhile, it can be used to study the real options games in
complete and incomplete markets (see [27]) Note that The closed-loop information
structure in stochastic case need to additionally adapted to the filtration generating
by a Brownian motion. This is the same for the open-loop information structure in
stochastic case comparing with deterministic case.

If the control appears in the diffusion term, we called it controlled diffusion. For



example, the open-loop LF problem with random coefficients and controlled dif-
fusion, was first investigated in [190]. [126] explored the model of linear-quadratic
generalized Stackelberg game with controlled diffusion and proved its unique solvabil-
ity. The linear-quadratic stochastic LF differential games for jump-diffusion systems
with controlled diffusion and random coefficients was discussed in [135] and a mixed
linear quadratic Stackelberg game with input constraint was considered in [183].
These kinds of model have a wide application in financial market [71, 88], insurance
industry [41, 52].

With the development of mean field game theory, the hierarchical structure un-
der a large population system was investigated in [136, 178, 138]. The mean field
Stackelberg game with aggregation of delayed instruction and state control delay
were introduced in [22] and [23], respectively. The open-loop Stackelberg strategy
for mean field type linear-quadratic stochastic differential game was given in [130]
and the open-loop Stackelberg strategy for linear-quadratic stochastic mean field
team problem was discussed in [101]. Also, the mean field stochastic LF game has

been applied in mitigating epidemics, such as COVID-19 [5].

1.1.5 Another classification for the leader-follower problem

A general LF problem may also be classified into four types depending on N and M,

the population of the leaders and followers, respectively.

e Type 1 is the single-leader and single-follower (SL/SF) problem (N = M = 1),
which is the most basic type of LF problem endowed with the simplest but
illustrative structure. For instance, interested readers may refer to [4, 173] for

its static study and [50, 52, 53, 127, 130, 156, 190] for dynamic one.

e Type 2 and Type 3 are the multi-leader and single-follower (ML/SF) problem
(N > 2,M = 1) and the single-leader and multi-follower (SL/MF) problem

9



(M > 2, N = 1), respectively. These two types involve multiple leaders (or
followers). Thus, there arises not only the LF problem between two hierarchi-
cal agents but also the NE problem among the agents within the same hier-
archy. Therefore, the so-called Stackelberg-Nash-Cournot (SNC) equilibrium
is designed where Cournot implies all leaders (or followers) are homogeneous.
Readers may refer to [92] for robust ML /SF game, while [101, 138, 144, 178, 185]
for SL/MF game.

Type 4 is the multi-leader and multi-follower (ML/MF) problem (N > 2, M >
2) (see [66, 126, 160]) which is an extension of ML/SF and SL/MF problems
in Type 2 and Type 3. The followers are non-cooperative and thus compete
in a Nash game parameterized by the strategy profile of leaders. Likewise, all
leaders are also competitive in a Nash game parameterized by the NE responses
from all followers. Moreover, all leaders and followers compete in a Stackelberg
game at an upper level. For more relevant studies, readers may refer to [67]
for stochastic SNC equilibrium in the European gas market; [155] for ML/MF
game in an oligopolistic market; [163] for ML/MF game in a forward market

equilibrium model.

1.2 The review of the weak-coupling, mean field

game (or team), and model uncertainty

1.2.1 The weak-coupling and mean field game (or team)

The main purpose of this thesis is to study the LF problem in the context of a large-

population (or large-scaled) system (N > 2, orM > 2) where all (leaders/followers)

agents are weakly-coupled with more realistic interactions. It is noteworthy that a

large-population system arises often and naturally in various fields such as economics

(32, 73, 121, 180], engineering [103, 115], medicine [19, 120] as well as management
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science [64]. The most salient feature of a large-population system is the existence
of weak-coupling interaction amongst all involved agents. Under the weak-coupling
condition, the individual behaviors from a micro-scale can be negligible, whereas the
overall mass effects of all agents cannot be ignored on a macro-scale. A weak-coupling
system is strongly motivated by a variety of practical applications in reality, and we
defer its more detailed illustrations in Chapter 6.

When N (or M) is sufficiently large in our multi-agent system, the interaction
across all agents becomes rather complex and difficult to be handled. This is related

7

to the so-called “curse of dimensionality,” and more details are deferred in Chapter
6. The mean field game (MFG) theory (see [28, 40, 44, 43, 122]) or mean field
team (MFT) theory (see [101, 105, 147, 176]) provide us a tractable approach to
analyze such problems and compute the associated equilibrium or social optimality.
As the trade-off, some approximated asymptotic equilibrium (or social optimality)
can be designed with a more effective computation load. By this approach, we can
reduce the complexity in computation and obtain an approximated solution via some
consistency condition (CC) matching scheme (see more details deferred in Chapter
5 and 6). In the last decade, the MFG (or MFT) has been well studied in various
research areas such as economics [41, 78, 175], engineering [61, 103, 115], medicine,
and vaccination [81, 109], especially for the recent COVID-19 pandemic [5, 58, 70].
One of the particular applications of the MFG (or MFT) is the linear quadratic mean
field (LQ-MF) game (team) problem, which can model various problems. Readers
may refer to [10, 42, 99, 100, 105, 128, 169, 177, 179] and the reference therein for a
comprehensive review.

Normally, there are two routes to solve the MFG and MFT problems. One is
called the fixed point approach (see [101, 103, 105, 138]), which starts by applying
the mean field approximation and constructing a fixed point problem. Then, the N-

player game degenerates to an optimal control problem. By analyzing the optimal
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response of the representative player, the decentralized strategies can be designed,
which are proved to be asymptotically optimal. Another route is called the direct
approach (see [69, 108, 176, 184]), which starts by solving the N-player game prob-
lem and a Riccati-like equation system formally under a large-population and high
dimensional environment. Then, by letting N goes to infinity after obtaining the
centralized optimal strategies, one can derive the decentralized optimal control laws.
Thus, the difference between the two methods is the timing of using the mean field

heuristics technique.

1.2.2 Model uncertainty

In general, mathematical models only describe and simulate the complicatedly real
world in an approximated approach. Therefore, it is very meaningful to investigate a
model with uncertainty parameters. Recall that there are two main methods to deal
with the model uncertainty: one is the robust method that uses the minimax tech-
nique and considers the worst-case analysis (see [2, 87]); another one is the Bayesian
method for which some subjective probability measure is introduced to average all
possible realizations (see [85, 86] for details). The model uncertainty is also well doc-
umented in control theory literature. For example, in [98, 99, 174, 184], the LQ-MF
control problem with a global uncertainty parameter is considered by researchers.
More details, in [98], the so-called “hard constraint” approach was adopted to over-
come difficulties after using the Lagrange multiplier. The “soft constraint” case (see
[15, 172, 72]) was investigated in [99, 174, 184), which removed the bound of the
disturbance and add a penalty for the disturbance in cost functional. The situation

that a local disturbance appears between each agent was studied in [137, 168].
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1.3 Problem Statement and Main Contributions
of Each Topic in the Thesis

1.3.1 The first topic

In the first topic (Chapter 3) of this thesis, we investigate a mixed LF linear quadratic
(LQ) control problem. Compare to the model in [14] or the classical Stackelberg
differential games that have hierarchies between each player, Chapter 3 studies a
stochastic differential game under the LQ framework with two players and there is
no hierarchy of decision making between these two players. However, the hierarchy
appears inside each player which means two players act as both leaders and follow-
ers. More specifically, the state equation and cost functional for each player contain
two controls. On one hand, from a single player’s aspect, for a given strategy, the
player first chooses one control which acts as a follower, and then according to his
former choice to seek another control which acts as a leader to minimize his own cost
functional. If we consider each player as a system, then the system is very similar
to the LF social optimization problem in that all the players inside the system work
cooperatively and aim to minimize (maximize) the total cost functional (payoff) (see
[101]). On the other hand, the two players play a non-cooperative differential game
and seek the NE. Player 1 and player 2 always pick their own strategies simultane-
ously. In other words, for the mixed LF problem, we need to first solve a follower
problem and look for an open-loop NE between player 1 and player 2. Then, with the
former NE responses, we solve a leader problem and seek another open-loop NE. The
latter optimal strategies and the former optimal strategies constitute the Stackelberg
solution to our original mixed LF problem.

Compare to the previous work [14, 16, 25] that have no control constrained or
mixed structure, our study is the first to investigate the mixed LF LQ differential

game with input constrained and singular control weights. The constrained control
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makes the classical approaches fail to apply (see [54, 97]) and brings some difficulties
to our study here. First, the related forward-backward stochastic differential equa-
tion (FBSDE, see [133, 189]) system is no longer linear which becomes a nonlinear
FBSDE with a projection operator. Second, since the related FBSDE is nonlinear,
we cannot obtain the linear state feedback control by using the standard Riccati
equation method. In our study, we only consider the case that the controls who
act as leaders are constrained in a closed convex set of the whole space. The sit-
uation for constrained controls that act as followers is not investigated here since
their corresponding solutions are non-smooth and the whole system becomes very
difficult to be tackled. The LQ problem with input constraint has been studied from
various aspects. For example, the relative topic under the LQ-MF games context
was investigated in [93, 94]. A class of LQ problems in which the control process is
constrained in a cone was discussed in [29, 97, 129].

Moreover, unlike [93] that the control weights are positive-definite, the weight
coefficients of controls in Chapter 3 are allowed to be singular, which is realistic
and full of challenges. In classical LQ control problems (like [16, 101, 138]), the
control weights are required to be positive-definite or greater than 61 (for some
d > 0 and [ is an identity matrix), such that the problem admits a unique solution
in the deterministic case or additive-noise case (see [93, 101, 138, 191]). Even if
the unconstrained control weights can be negative in the stochastic case, like [130,
164, 165, 166, 181], a sufficiently positive-definite condition (e.g., DT P(t)D > 0,t €
[s,T],s € [0,T) in [191]) will be added. In Chapter 3, the controls have constraints
and the weights are degenerate. For this reason, we cannot use a projection operator
to map the original control value from the whole space to its closed convex subset
or apply the Riccati equation method. Instead, we decouple the states in leader
problem which is a FBSDE system and estimate each part of the system to obtain a
sufficient condition for the uniform convexity of the leader problem with respect to
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the corresponding control.

The contributions of the first topic can be summarized as follows:

e We introduce and analyze a class of mixed stochastic differential LF games
where two players with the same hierarchy play a non-cooperative game and
find an open-loop NE in differently hierarchical Nash games. In our setting, the

controls act as leaders are constrained and the control weights can be singular.

e For the non-singular case, the optimal pair is represented by a projection map-
ping, and a Hamiltonian system is obtained for the stochastic mixed LF games

problem through the FBSDE system with projection operators.

e For the singular case, we discuss the uniform convexity of the cost functionals
whose corresponding states are some fully coupled FBSDE systems and give
out sufficient criteria. The near-optimal control sequence is obtained and the
minimizing sequence method is applied to prove the weak convergence of its

corresponding cost functionals.

1.3.2 The second topic

The second topic (Chapter 4) of the thesis studies the social optimality of the robust
LQ-MF control model with a common uncertain drift by using a direct approach. The
common uncertain term appears in both the state equation and the cost functional
of each agent. Unlike [99] is related to MFG problem, Chapter 4 studies a MFT
problem. Meanwhile, compare with the fixed point approach (like [93, 94, 101, 105,
174]), we use the direct approach method to solve the MEFT problem in Chapter
4 (see Section 1.2.1). For detail, we first perturb all the agents and used duality
procedures to tackle the large-scale problem with high dimensional FBSDE. After
that, the centralized controls explicitly depending on x; and the state average term

N)

™) are obtained first and then the decentralized controls are designed by mean
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field heuristics. In reality, it is almost impossible for one agent to have all the
information of other agents. Therefore, the decentralized controls which are based
on the individual information sets will be used instead of the centralized controls
which are based on the full information set and the information structure of each
agent is different. Unlike [99, 174] that the weight coefficient @) of state in the cost
functional is allowed to be indefinite, the coefficients in Chapter 4 are time-varying,
which means the coefficients can be changed at different times. The time-variant
systems could be applied in many areas such as the earth’s thermodynamic and the
human vocal tract (see [162, 167]).

Compared with the previous works [99, 174], the second topic mainly makes the

following contributions:

e Instead of using the fixed-point method (see [101, 174]), the direct approach
is applied to solve the robust LQ-MF social control problem, where the state

weight () is allowed to be indefinite.

e By the solvability of the low-dimensional Riccati-liked equation system, we
obtain the condition for the uniform convexity of a high-dimensional control

problem.

e Comparing to [174] whose CC system contains five coupled equations, we just
have four coupled Riccati-liked equations, which are much easier to be tackled.
The number of coupled equations can be even reduced to three under a specific
condition. Moreover, in proving asymptotic optimality, we obtain the consis-

tency of mean field approximations without setting an additional assumption.

1.3.3 The third topic

The third topic (Chapter 5) of this thesis investigates the social optimality of the LF

LQ-MF control problem, which can be considered as a combination of the first topic
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and the second topic. However, unlike the previous works [16, 190] and Chapter
3, the model in Chapter 5 contains one leader and N followers. The leader’s state
appears in both the state equation and the cost functional of each follower. It
shows that the dynamics and the cost functionals of the N followers are directly
influenced by the behavior of the leader. Meanwhile, compared to the model in
[107, 138], the followers’ state average term in Chapter 5 appears in all the state
equations and the cost functionals, which implies that the state dynamics and the
cost functionals are highly interactive and coupled, respectively. Different from the
direct approach in previous works [69, 108, 176, 184] and Chapter 4, the third topic
uses the fixed point approach to solve the LF MFT problem which starts by freezing
the state average term and constructing an auxiliary control problem to obtain the
decentralized controls.

Compared with the previous works [99, 105, 138], the third topic mainly makes

the following contributions:

e A social optimum problem is studied for mean field models with hierarchical
structure. Unlike [138] where the leader and the followers play a noncoopera-
tive game and try to minimize their cost functionals, all individuals in Chapter
5 aim to minimize the social cost functional which equals the summation of
all individual cost functionals. Since the cost functional presents individual
performance in the game problems, the order of the magnitude of its pertur-
bation is % which can be ignored (note that the N followers are coupled by
the state average) and the state average may be approximated by a stochastic
process directly (see [99]). However, in Chapter 5, the order of magnitude of
the perturbation cannot be ignored after summing up all the cost functionals,

which makes the problem very complicated. To overcome such difficulties, we

approximate some terms as N goes to infinity and use a duality procedure
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combined with auxiliary equations to transform the variation of the social cost
functional into a standard LQ control form. Then, we construct an auxiliary
control problem and a forward-backward consistency system to help us obtain

the decentralized form of the optimal controls for the NV followers.

The decentralized controls of the LF problem are obtained and the solvability
of a high-dimensional CC system is discussed. Since the leader’s state equation
and cost functional are fully coupled with the followers’ state equations and
cost functionals, it is more difficult to solve the leader’s problem. Except
constructing auxiliary problem by mean field approximation as in the former
part, we need to construct six auxiliary equations and use duality relations to
obtain the decentralized form of the optimal control for the leader. Unlike the
followers” problem, the final CC system of the leader’s problem contains ten
equations which becomes a high-dimensional problem. To solve such equations
directly is very difficult since they are fully coupled and have high-dimensional
characteristics. We transform the CC system to a simple form of linear FBSDE
and discuss the solvability of the FBSDE through the Ricatti equation method
(see [133]).

The decentralized strategies of the LF problem are proved to be asymptotic
Stackelberg equilibrium by perturbation analysis. Different from [105, 107,
138], we, in Chapter 5, discuss the asymptotic Stackelberg equilibrium for the
team problem. First, we need to prove the decentralized strategies for the fol-
lowers have asymptotic social optimality. Since the LF problem contains two
hierarchies, we need to consider both the leader’s and the followers’ cost func-
tionals when using the standard method (see [105]). The asymptotic optimality
is proved by decoupling the above cost functionals with two duality procedures

and some arguments in error estimates. Second, we need to prove the decen-
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tralized strategies for the LF problem are asymptotic Stackelberg equilibrium.
Some error estimates very hard to be given directly since they are fully cou-
pled. We decompose them by applying the Ricatti equation method and then

estimate them in proper order.

1.3.4 The fourth topic

The fourth topic (Chapter 6) of this thesis discusses the application of the MFG
approach in the weakly-coupling and model uncertainty ML/MF problem under a
large-population system (N > 2, M > 2) with an incomplete and asymmetric in-
formation structure. Since all the agents are competitive, they will not share their
information with others. Each leader and follower can only observe their objective
functions, which depend on the strategy average. However, by analyzing the previous
performance of the whole system, the agents can obtain the empirical distribution of
the strategy average and uncertain parameters which can be seen as some common
information in our weakly-coupled LF problem. Based on the common informa-
tion, we apply the mean field method to the weakly-coupled LF model with model
uncertainty and obtain an asymptotic equilibrium.

This topic contains many elements of previous chapters such as the LF equilibrium
(see Chapters 3 and 5), the weakly-coupling with mean field heuristics (see Chapters
4 and 5), the model uncertainty (see Chapter 4), the input constraint (see Chapter 3),
and the non-cooperative game (see Chapter 3). However, the whole study of Chapter
6 is under a static context (like [4, 66, 92, 144]), which is different from the previous
chapters with a dynamic background (see [28, 43, 103, 122, 138]). For this reason,
the general form game, LF game, and corresponding information structure under the
static background are first introduced and then the motivation of weakly-coupling
(see [106, 121, 146, 171]) and model uncertainty (see [2, 20, 21, 85, 86, 92, 141]) are

provided as some explanation in Chapter 6. Meanwhile, it can also be considered
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as some supplement for Chapters 4 and 5 although the LF MFG problem had been
studied under the dynamic context (see [138, 178]).

The main contributions can be sketched as follows

e [t is the first time that the weakly-coupled LF game problem in the large-

population and static optimization setting is introduced.

e The ubiquitous model (parameter) uncertainty is naturally introduced in the
weakly-coupled LF problem in the presence of empirical distribution from the

large-population system.

e The MFG theory is applied to the above static weakly-coupled LF equilibrium
problem, and some approximated decentralized Stackelberg-Nash-Cournot (SNC)

strategy is designed based on a CC system.

e The well-posedness of the CC system is established under mild conditions for

both the general nonlinear and quadratic cases.

e A numerical example is provided to simulate the mean field approximation.

1.4 Organization of the Thesis

In this thesis, we study the MFG and MFT problems with stochastic LF interaction.
The chapters of this thesis are arranged carefully. We first introduce a mixed LF
problem between two players to give out the principle of the Stackelberg game and
then study an MFT control problem under a large-population system to provide
some mean field techniques. After that, an MFT LF problem is investigated which
can be considered as a combination of the previous two topics. Finally, an MFG LF
problem under a static optimization context is given as the MFG topic of this thesis

(since the MFG LF problem under dynamic context had been discussed in [138]).
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All these topics mentioned above are original research articles. The first three topics
have been published in Applied Mathematics & Optimization and ESAIM: Control,
Optimisation and Calculus of Variations, respectively (see [101, 183, 184]) and the
last topics have been finished and will be published soon. The following content is
the organization of each chapter.

In Chapter 2, we present a brief introduction of the LQ stochastic control problem.
Some inequalities which will be used in the following chapters are also given.

Chapter 3 investigates a mixed LF differential games problem, where the model
involves two players with the same hierarchy in decision making and each player has
two controls that act as a leader and a follower, respectively. We first formulate
the mixed LF game problem and discuss the followers” problem by using variational
analysis and obtain an NE with linear state feedback control forms. Then, the
leaders’ problem with constrained control is solved and a Hamiltonian system with
non-degenerated controls weights are obtained. After that, we study the solvability
of the leaders’ problem under singular controls weights and obtain the near-optimal
control sequence of the problem. Finally, two examples are provided.

Chapter 4 studies a robust LQ MFT control problem. The model involves a
global uncertainty drift which is common for a large number of weakly-coupled in-
teractive agents. The robust LQ-MF problem is formulated first, and then the worst
disturbance based on the maximum principle is solved. Moreover, we seek the so-
cially optimal solution under the “worst case” uncertainty and design asymptotically
optimal decentralized controls by handling coupled FBSDEs. Finally, the asymptot-
ically social optimality of decentralized controls is proved and a numerical example
is provided to simulate the efficiency of decentralized control.

Chapter 5 deals with an LQ MFT LF problem, where the model involves one
leader and a large number of weakly-coupled interactive followers. We first solve the
optimal controls for followers based on person-by-person optimality and obtain the
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CC system of the follower’s problem. Then, we seek the socially optimal solution to
the leader’s problem and give the CC system of the leader’s problem. Meanwhile, the
CC system is transformed to a simple form of linear FBSDE, and its well-posedness is
discussed. Finally, the details of proving the asymptotic Stackelberg equilibrium are
given and a numerical example is provided to simulate the efficiency of decentralized
control.

Chapter 6 introduces the ML/MF problem in the context of a large-population
system where all agents are weakly-coupled with more realistic interactions. The
definition of the general Nash game, the ML/MF game, symmetric game, and the
corresponding information structure is introduced first. And then we formulate the
weak-coupling LF problem and the motivation of weakly-coupling and model un-
certainty. After that, a general case and a quadratic case of the weak-coupling LF
problem are represented, respectively. The MFG approach is applied to tackle the
problem in the above two cases and the existence and uniqueness of the fixed point
system (or the CC system) are also discussed. Finally, a numerical example is pro-
vided.

Chapter 7 concludes the whole thesis and plans for future work.
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Chapter 2

Preliminary

In this chapter, we introduce the linear quadratic (LQ) stochastic control model and

present some lemmas which will be used in the following chapters.

2.1 Linear Quadratic Stochastic Control Model

In this thesis, we mainly focus on the LQ framework, therefore we first introduce
the LQ stochastic control model. Let (2, F,P) be a complete probability space (see
[191, Chapter 1]), £ € R™ be the values of the initial state, and W(-) be an one-
dimensional standard Brownian motions. £ and W (-) are defined on (2, F,P), and
Fi = c(W(s),0 < s < t)augmented by all the P-null sets in F. F = {F;}o<i<r is
the natural filtration generated by the Brownian motions. Let 7" > 0 be given. For

any £ € R™, consider the following linear stochastic differential equation (SDE):
da(t) =[A(t)z(t) + B(t)u(t) + f(t)]dt

+ [C(t)x(t) + D(t)u(t) + o(t)]dW(t), te[0,T], (2.1)

where A(+), B(-), f(-), C(-), D(:), o(-) are deterministic matrix-valued functions of

suitable sizes. In addition, the quadratic cost functional is given as

st =8 [ Lol + o0l bt + BTG, 22)
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where Q(-) and R(-) are S"- and S™-valued functions, respectively, and G € S". If

A(),C() € L=(0, T;R™™™), - B(:), D(-) € L>(0, T;R™™™),

f(),0() € L*(0,T;R"),

and u(-) € LZ(0,T;R™), then, for any £ € R™, (2.1) admits a unique strong solution

z(-) € LA(Q; C([0,T];R™)). Moreover, there exists a constant ¢ > 0 such that

E[ sup |a:<t>|2] < cE[|5|2+ / W) + 1FOR T lo@Pd].  (@3)

te[0,7]

The right hand side of (2.2) is well-defined under u(-).

In what follows, if v consists of several sub-vectors vy, -, vy, it is sometimes
written for simplicity as (vy,--- ,vn) or (v],---,v%)" by abusing the matrix forma-
tion.

Next, we introduce a general LQ stochastic control model under a large-population
system (or large-scale system) with N agents. Let & € R"™ are the values of
the initial states and W;(-) are one-dimensional standard Brownian motions, where
i=1,---,N. & and W;(:) are defined on (92, F,P). Unlike the above classic LQ
stochastic control model, here we define o-algebra F} = o(W;(s),0 < s < t), where
1<i<Nand F =0(Wi(s),0<s<t1<i<N). F ={F}o<icr, is the nat-
ural filtration generated by W;(-) and F = {F;}o<i<r. We denote the N agents by
{A;}icz, where Z = {1,--- , N} denotes the index set of the agents. The aggregation
of all agents is denoted by A := {A;};cz. The state process of agent A; is modeled
by the following linear SDE:

dai(t) =[A(t)z(t) + B(t)ui(t) + F(t)x™ (&) + f(1)]dt + [C()i(t)
+ D(t)ui(t) + F(t)a™ (1) + o(t)(1))dWi(t), t€[0,T), (2.4)
7;(0) =&,
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where z™(t) 1= 1 Zfil x;(t), t € [0,T7], is the state average of the agents. A(-),
B()> F<)> f()7 C()7 D(-),

suitable sizes. The cost functional of A; is modeled by

(), F(-), o(-) are deterministic matrix-valued functions of

giu) =58 [ {lae) = P00 = 0y + 1 O i
(2.5)

1 A
+ SEjai(T) — Ta(T) = il

where € = {&, -+ ,&én} and u(-) = {ui(-), - ,un(-)}. I'(:) and n(-) are R"*"- and
R"-valued functions, and I' € R™", 7j € R™. By some mild conditions, (2.4) admits
a unique strong solution with similar estimate as (2.3) and (2.5) is well-defined under
u(+). The details will be given in following chapters and we omit the corresponding

discussion here.

2.2 Some Lemmas

Lemma 2.1 (Gronwall’s Inequality). Suppose the continuously real-valued function

g(t) satisty
0<g(t)<at)+p [ g(s)ds, 0<t<T,

with 8 > 0 and « integrable on [0,T]. Then

t
g(t) < alt) + ﬁ/ a(s)e?=9ds, 0<t<T.
0

Proof The proof is trivial and we omit here. O

Lemma 2.2 (Burkholder-Davis-Gundy Inequality). Let (Q,F,{Fi}o<i<r,P) be a

complete filtered probability space augmented by all P-null sets in F and let W (t) be
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an m-dimensional standard Brownian motion. Let X € L?;ZOC(O, T; R™™), where
LZ°(0, T; R™™) ={z : [0, T] x Q — R™™|2(-) is {F,}o<i<r — adapted and

T
/ lz(t)]dt < 00, P —a.s.}.
0

Then, for any r > 0, there exists a constant C, > 0 such that for any stopping time

C%E{ /0 X(o)Pds} < E{ sup /OtX(s)dW(s) "1 <orf /0 X(9)ds)

Proof See the Theorem 5.4 in Chapter 1 of [191]. O

Lemma 2.3. Let ' is a r-dimensional linear subspace in R™ and r < n with
(v1, -+ ,v.) as basis. Pp(+) : R" — T is a projection operator defined under (-, )y =
(M%~, M%~> , M > 0. Denote V= (v, ,v,), then the projection operators can be
expressed as Pr =V (VTMV) VT M.

Proof First, it is easy to verify that (M %~, M %'> is a well-defined inner product on
R™. By [35, Chapter 5|, there exists a unique projection Pr with respect to (w.r.t.)
[ and (-, ). Then, for any vector v; € T, there exists a vector ; € R™ such that

v, = V0. Thus, for any vector #, € R", Prf, € I' and there exists a vector 63 € R"”

such that
Pl“eg == V(93
Hence,
0y — Prby L VO,.
Therefore,

(02 — Prby, Vo) =0,
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which derives that
VIM(0y —V3) =V M0y — Prby) = 0.

Then, it follows that
Prly = V(VIMV) 'V T M6,

which implies the lemma. O

From now on, we may suppress the notation of time ¢ in Chapter 3, 4, and 5 if

necessary.
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Chapter 3

Mixed Linear Quadratic Stochastic

Differential Leader-Follower Game
with Input Constraint

In this chapter, a mixed leader-follower (LF) differential games problem with input
constraint is introduced. Two players play a Nash game with each other in the
same hierarchy and each player plays an LF game with his two controls which act
as a leader and a follower, respectively. Meanwhile, the controls act as followers
are unconstrained and the controls act as leaders are constrained. In addition, this

chapter discusses the case that the control weights are allowed to be singular.

3.1 Problem Formulation

Suppose that there are two players, 1 and 2, engaged in the game. The system state
is described by the following SDE on [0, T:

dr; =[A'z; + Bju; + Biv; + b']dt + [Cix; + Diu; + Dyv; + oi]dW;
+ [Chai + Flu; + Fyv; + ob]dWs, (3.1)

.Z'Z(O) :£i7 1= 1727
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where A?, Bi, B, b, Ct, D¢, D}, ot C4 Fi, Fi o} are matrix-valued functions of suit-
able sizes and all these coefficients are satisfy following assumption:

(A'(-) € L*(0, T;R™™), Bi(-) € L*(0, T;R™™), By(-) € L*(0, T;R™™),
Ci(-) € L*(0,T;R™™), Di() € L¥(0, T;R™™), Dy(-) € L¥(0, T;R™™),

(A3.1){ | |
O;() € L2(07T;Rnxn)7 Flz() € LOO(OvTa RnXm)’ F2Z<> € Loo(OaTa Rnxm>’

O'(4), o1(+), o5(-) € LE(0,T;R™), i=1,2.

The state equation of each player contains two controls. The controls uy, us act as
leaders and the controls vy, vy act as followers. The set of admissible controls wu; is

defined as follows:
U = {u;|u;(t) € L3(0,T;1)}, i=1,2,

where I' C R™ is a closed convex set. Unlike [25], our controls u;, us are constrained
in a subset of full space R™, which leads to some difficulties for solving the optimal

controls in the following. The set of admissible controls v; is defined as follows:
Vi = {vilvi(t) € L§(0,T;R™)}, i=1,2,

andweletU:Z/ﬁXUg,V:leVg.

The cost functional J; for player ¢ is defined as follows:

1_ (7 1
0 2

5 izg + |v;

(3.2)
— by (D, +2ge w(T) — kiy(T))], =12, j#i,

where parameter k; € [0,1] and Q;, R}, RS, G; are weight matrices. g;, go are random
variables. The coefficients satisfy following assumption:
Qi() € L*(0,T38"), Ry(-) € L=(0,T:8™),
(A3.2) A
Ry(-) € L*>=(0,T;S™), G; € S", g; € L?T(Q;]R”), i=1,2.
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For each player, (3.2) could be essentially considered as a team optimization problem
[89, 101] which is different from game problem [138, 156, 190]. Unlike [166], to avoid
the independence of two players, we add coefficients ki, ko, such that the two players
will concern about others’ performance when they make decisions. We can see that

(3.2) is equivalent to

1 T
§E/o (1= k) + ki — )5, + Jus i‘izi + |v; fzédt
1
+ §E[|(1 — k)2i(T) + ki(2i(T) — 25(T))[&, + 2{gi, (1 — ki)ai(T)

+ ki(2i(T) — (7)) |-

By [73], this is called relative performance concerns. In the finance area, k; deter-
mines the ith player’s preference for absolute wealth versus relative wealth. When k;
is large, the ith player is more concerned with relative wealth than absolute wealth
(see [65, 73]). However, this makes the system very complicated to be tackled since

the players’ states are coupled with each other.

Remark 3.1. Note that we allow the weight coefficients Ry and Rb, i = 1,2, to be
singular. Thus, the classical open-loop solutions (see [166, 190]) cannot be obtained
directly. By [195], we look for the feedback control form, however, the controls uy,
uy are constrained that the FBSDE system cannot be decoupled by using standard
Riccati equation method. For these reasons, handling the problem becomes even more

challenging.

By [191, Section 4], under (A3.1)-(A3.2), for any u; € U;, v; € V;, (4.1) admits a
unique strong solution for z; € L4(Q; C(0,T;R™)). Moreover, there exists a constant
¢ > 0 such that

T . . .
E{ sup |£Bi|2} < CE[l&F +/ (el + Jvil* + 617 + |01 |* + |o3]*)dt |
te[0,T 0
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Meanwhile, for any (uy, ug,v1,v2) € U X V, (3.2) is well defined.

In a mixed LF game, both the followers’” and the leaders’ problems are non-
cooperative differential games between two players with the same hierarchy (see
[14, 25]). Thus, our mixed LF game problem can divide into a follower part and a

leader part:

Problem 3.1. (FP) For any pair (uy,us) € U, given &1,& € R™, player 1 and player
2 seek for an Nash equilibrium, that is a pair (vy,0z), where v;(ui;ug): U — Vi,

1 =1,2, is a mapping, such that
Ji (ul;ﬂl(unU2);uz;@2(ul;uQ)>

= inf J1<ul;v1(u1;uQ);uQ;ﬁa(ul;uQ)>,
v1EV]

Ja (Ul; 01 (w13 ug); ug;v2 (ug; U2)>

= inf J2<U1§771(U1§U2);U2§U2(U1;U2))-
v2EV9

Problem 3.2. (LP) For given &1,& € R"™ and optimal pair (v1,02) € V, player
1 and player 2 correspondingly seek for an Nash equilibrium again, that is a pair

strategy (u1,u2) € U, such that
Ji (ﬂl;i_ﬁ(ﬂl;?72);112;172(7701;172))

= inf J; <U1; 01 (u1; Ug); Ua; Vo (us; ﬂ2)>>
u1 €U

Ja <ﬂ1; 01 (1 Ug); Uso;02(Uy; ﬂQ))

= inf Jy <171; 01 (U5 ug); Ug; Vo (U U2))
ug EU2

For classical Stackelberg differential games problem, like [190], the two hierarchies

of players have their own cost functionals. The procedure of solving these problems is
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first solving the follower’s problem to obtain an optimal control @s(u;), for any fixed
uy, and then solving the leader’s problem to obtain ;. The optimal pair (1, ts (1))
constitutes the Stackelberg equilibrium of the classical Stackelberg differential game
problem. However, in (FP) and (LP), we can see that player 1 and player 2 has
the same hierarchy and make decisions simultaneously. From a horizontal view of
(FP) and (LP), the two players play a non-cooperative game. Both of them will
concern about others’ performance and seek an NE such that no player can benefit
from unilaterally changing its own strategy. More specifically, at the v;, 1 = 1,2,
actions, player 1 and 2 play a Nash game, with the additional information from the
u;, i = 1,2, actions and find a pair (07 (uq; uz), v2(u1;us)) (depending on uy, us) such
that the equations in (FP) hold. Then, at the u;, ¢ = 1,2, actions, player 1 and
2 play a Nash game again and find a pair (4, us) such that the equations in (LP)
hold. The optimal pair (uy,01(@; @2), U, Uo(t1; Us)) constitutes the solution of our
original mixed LF game problem. From a vertical view of the two Nash games, they
play with hierarchies (first obtain (o;,%s), and then obtain (u,@2)) and therefore
constitute a Stackelberg game. According to the above reason, we call this game a

mixed LF game.

3.2 The Follower Part

In this section, we first discuss the open-loop NE for the follower part. Since the
states and cost functionals of player 1 and player 2 are symmetric, in what follows,
we only consider one of them and the situation of another player is similar. For a

given pair (uy,us) € U, we give our first proposition of this section:

Proposition 3.1. Suppose that (A3.1)-(A3.2) hold. Then, (v1,79) € V is an open-
loop NE of (FP) if and only if the following two conditions hold:
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1. The adapted solution (z;, p;, Bi, Vi) to the FBSDE

(dz; =[A'Z; + Blu; + Bv; + b']dt + [Ciz; + Diu; + Div;
+ o3]dW + [C52; + Flu; + F30; + o3)dWa,
dps = — [(A%) Tp; + (C) T B; + (C3) i + Q@i — k)]t (3.3)

+ BidWy + v;:dWs,

L 2(0) =&, piT) =Gi(x(T) — kzj(T)) + g, ©=1,2,
satisfies the following stationary condition:
Ry; + (Bs) "pi+ (D3) ' B + (F3) " = 0. (3.4)

2. The following convexity condition holds:

T
E{/ (Qimi, ;) + <Révi7vi>dt + (szz(T)7$z(T)>} >0, 1=12,
0
where x; is the solution to the following SDE:

dr; = (A'z; + Byv;)dt + (Ciz; + Dyv)dWy + (Caz; + Fyv;)dWh,

Proof By variational analysis (see [166, Theorem 4.1]), the result can be obtained.
Thus, we omit it here. 0

By the stationary condition (3.4) in Proposition 3.1, if R} is invertible, then we

have the optimal controls:
U= —(Ry) 7 ((B3) pi + (Dy) "B+ (Fy) ", i=1,2.

Since the controls vy, v have no constraint, we can consider their linear state feed-
back representations. We set the following nonhomogeneous relationships: p;(t) =
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Pi(t)z;(t) + ¢i(t), t € 0,T], i =1,2. Then, by [190, 191], we have following Riccati
equations:

_ 2

P+ PA + (A)' P+ (Ch) PACL)

m=1

SRR 3.5
+Qi = (By) ' (Ry) ™' By =0, &

P(T)=G;, R,>0, i=12,

\

where P;(-) € C'(0, T;R™*") are matrix-value functions. Here
By = (B)" P+ (Dy) PO+ (B) T PG,
Ry = Ry + (D})" P.Dy+ (F}) ' P.Fj, i=1,2.

Now, we assume (3.5) admits adapted solutions, then we have following backward

stochastic differential equations (BSDEs):

dp; = — [(A) i+ (C)) 10, + (C) "0 + W[ w; + (C}) " Pot
(O Pol — k,Qi; + Bt + 01 dW, + 6idWa, (3.6)

0i(T) = —k;Giz;(T) 4+ ¢g;, 1=1,2,

where the unknown here are 3-tuple (y;,0%,6%) of F-progressively measurable R"-

valued processes and
K= 4 BUR)By = (D) RDi+ (F)PE,
Ci = Cj — Dy(Ry) "' By, C3=Cy— Fj(RY) B,
U, = (Bi)' P, + (D) PC + (F)" P,C, — @] (Ry)'By, i=1,2.
By [164, Page 2285], the solutions of equation (3.5) are said to be strong regular if
Ry =Ri+ (D) PD.L+ (F)TPF >8I, ae te[0,T], i=12,
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for some § > 0. According to the Theorem 4.5 and Corollary 3.4 in [164], for any
fixed wuq, uo, @2 > 01 for some § > 0 is equivalent to vi(-) — J;i(u1,v1(+), ug, U2)
is uniformly convex, when i = 1 (the situation is similar for ¢ = 2). Then, by
the property of uniform convexity, (FP) is uniquely solvable. Thus, for our further
analysis, we give the following assumption:

(A3.3) R, > 01, i=1,2, for some § > 0.

Concerning (A3.3), we have following proposition:

Proposition 3.2. Suppose that (A3.1)-(A3.3) hold. Then (FP) admits the unique

optimal control pair (v1,02) € V of state feedback forms, where

v; = — (RY) 7' [Biz; + ®yu; + (By) Ty + (D) 16}

(3.7)
+(F) 05+ (D) Pioy + () Poy), i=1,2,
and for any & € R, i = 1,2, j # 1, the corresponding optimal costs are
v%@ Ji(wis; vis ug; ;)
1 1 (7 5
:§E<Pi(0)£i7€i> + (i(0), & — ki&j) + §E —[(R3) 2 (Psuy
0
+(By) i+ (Dy) 05 + (F3) 05 + (Dy) " Pioy + (F3) " Poy)|?
(3.8)

+((Ry + (D1)' PiDy + () PiF)ui, wi) + (Pioy, 01) + (B0, 03)

+2((B1) @i + (DY) "0 + () 05+ (D1) ' Poy + (FY) ' Pioy, us)

+ 2k ([(A) T — Lpi + (C1) 705 + (C5) 705 + W us + (O] Py

+ (C)TPay + PO, 7;) + 3k2(Quy, &5) + 2(6%, o) + 2(63, ob)dt.
Proof The proofs of the optimal controls and the optimal costs are similar to the

discussion in Page 313 to 317 of [191, Chapter 6] and theorem 2.3 of [190]. We omit

the them here. OJ
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Remark 3.2. If vy, vy, are constrained, we cannot obtain the linear feedback form of
controls by constructing Riccati equations. Then the problem becomes very difficult to
be tackled and its corresponding solutions are non-smooth. Thus, we do not consider

the constrained case here.

3.3 The Leader Part

After solving (FP), we turn to the leaders part. Note that when the players take
their optimal controls #;(+), i = 1,2, given by (3.7), the leaders problem end up with
the following state equation:
( da; =[A'z; + Blp; + Difi + Fi0i + Biu; + b + DiP,o!

+ FiPol)dt + [Cla; + (D)) ; + Di0: + Dibi + Diug

+ (DyP; + I)oy + Dios]dWi + [Ch: + (F3) "oi + (D) 6}

+ F305 + Fiug + (D}) ot + (E3P, + I)ab]dWe, (3.9)
dpi = = [(A) i + (C1) 601 + (C3) 05+ Wlui + (C}) " Puo

+(C)T Pl — kiQur; + Pt + 0L.dW, + 0y Wy,

(7:(0) =&, @ilT) = —kiGixj(T) + 95, 1=1,2, j#i,

where
Bl — —By(Ry)(BY)T, Dy = —By(R) (DY), Fi = —By(Ry)(F)",
B} = Bj — By(Ry)™'®;, Dy = —Dy(Ry)"(D5)", Dy =—Dy(Ry) " (F3)T,

B — —F(Ry)™(F)", D} = D} - Di(Ry)'0,, Fi = Fi - Fi(R)™a,
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and the cost functional:

Ji(uy; 01 (s ug); ug; Ua(ug; ug))

1 T
2

R+ (Ry) ™' [Bi; + i + (BY) o

) (3.10)
iNT ni iNT pi iNT i T D i

+ (Dy) 0y + (Fy) 05+ (Dy) Pioy + (Fy) Poy)| dt

%
2

1 . . .
+ §E(\9€i(T) — ki (T)|&, + (g5 2i(T) — kizj(T)), i =1,2, j #1,

which are still quadratic forms.
Next, we discuss the open-loop NE for the leaders part. Let us rewrite (3.9) and

(3.10) compactly such that

( dX :[A\X + §3§0 + 5291 + ﬁ292 + Elu + bl]dt

+ [61X + (EQ)TSO + ﬁ391 + ﬁ492 + B1U + o1]dW
-+ [62X + (ﬁQ)T(,O —+ (ﬁ4)T91 -+ 1?392 + F\lu + O'Q]de,
(3.11)
dp = [(A) T+ (C1) 0y + (Co) 0>+ W Tu— QX + bl

+ 01dW; + 0,dWs,

(X(0)=(& &), ¢(T)=-GX(T)+y,
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and

1 r ~ ~a
Ji(u; v(u)) :EE{/O (K11 K| X, X) + (Riu,u) + (RyR; ' [Bo X

+ ®u+ B) o+ D)0y + F) 0y + 03], Ry [BoX + Pu
(3.12)

+ By o+ Dy 0y + Fy 05 + 03])dt

+ (K,GL K] X(T), X(T)) + 2(Ke] g, X(T)>},

1 r ~ S
(i) =] [ (KQuATX,X) + () + (B (B

+ du+ B) o+ DJ O, + F 0 + 03], By ' [BaX + du
(3.13)

—|—B2 ¢+D2T€1 +F2T(92+03]>dt

+ (K,Go i) X(T), X(T)) + 2(Kseg g, X(T)>},
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where
ko VY m_(RON m_(RON 5 _ (B0
1= —k ) 1= 0 0 y A2 — 0 0 y P2 — 0 3522 )
~ (R, 0 (Bl O (D} 0 ([ F o0
RQ — ( 0 E% ) ) B2 — < O B% ) D2 — 0 D% y F2 — 0 F22 )
o[ P 0 _ (Do) Doy (Fy) oy \ e (L
N0 @ ) BTN\ (D) R+ (F) P ) TR\ ke )

= (0 0\ = [0 0 1 0
(0w ) me (o m) e (o) e (1)

Then, we give out the proposition for (LP) with non-degenerate control weights.

Proposition 3.3. Suppose that (A3.1)-(A3.3) and the following inequalities hold:

T ~ . ~ L, AN ~
0
+ B) ¢ + DJ O, + F) 65, R; ' [Bo X + ®éu; + By o + DJ 6, (3.14)
+ F) 0o])dt + <KiGZ-KZ.TXi(T),XZ-(T)>} >0, i=1,2

where dup = (ul 01)T, Suy = (07 ul)T and (Xi, s, 014, 02i) are the solutions to the

following SDE:
+ ﬁg@u + ﬁ492¢ + ﬁléuz]dwl + [C’\QXl + ﬁ;gpl + ﬁl@h
+ Py + Fiouw)dWs,  X,(0) = (07 07)T, (3.15)

+ 01, dWy + 05:dWy,  @i(T) = =GXi(T), i=1,2.
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Then, (uy,us) € U is an open-loop NE of (LP) if and only if the adapted solution

(X, 9,061,085, 6:,Yi, B;,3i) to the FBSDE
(dX =[AX + B3 + Dy, + Fyf + Byii + by)dt + [C1X + (D)%
+ D38y 4 DBy + Dyt 4 01]dWy + [CoX + (F) T
+ (Dy) 70, + Fs0, + Fiii + 09)dWo,  X(0) = (&) &)7,
dp=—[(A)T5+(C)T8, + (Co) bz + ¥ a — QX + byJdt
+ 01dWy + 0,dWs, B(T) = —GX(T) + g,
dY, == [ATY, + O B+ C3 7 — Q"¢ + K,.Q,K X + By Ry 'R}, (3.16)
- RyMY)dt + BidWy + 7idWs,
dp; =[Ad; + (B] Yi + Dof; + Fy3;) + BoRy 'Ry Ry ' Ydt
+[C1¢s + (D, Y; + D3 B; + DiAi) + Do Ry RyRy ' Y)dW,

+ [Cogs + (B Yi + D] B + FJ 7)) + FaRy ' RyR, Y)W,

Yi(T) = KiG K X(T) + Kie; g — GT¢:(T), ¢:(0)=0, i=12,

satisfies the following condition:

(Ri+®"Ry'RLR, " ®@)u+ & Ry 'RLR; ' [ByX + By o + D] 6,
+F2T92+03]+§1TK'+B1TB¢+E%—‘I’¢¢,UZ'—@>20> (3.17)

forallu; €T, a.e. t€0,T], P-a.s, =12,

where u' = (u] @))7, w2 = (@] w))T, = (a] @))7 and T = ByX + ®u + B 5 +

D;gl +F2T§2+0'3.

Proof Using a similar argument in Proposition 3.1, we let (g, 42) € U be the optimal

pair of (LP) and (X, 5,01, 0,, (;51,}/1,31,/7\1) be the adapted solution to (3.16) with
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i = 1. Since U; is convex, for any u; + u; € U and € € [0, 1], we have

uy +eup =e(ug +uy) + (1 —e)uy € Uy

Let X be the perturbed state with following state equation:

dX =[AX + B3y + Doy + Fobs + By (u + eduy) + by]dt
+[C1X + DJ o + D3y + Dby + Dy (i + £6u1) + 0]dW;
+[CoX + F o+ D] 0y + Fs05 + Fy(u + e6uy) + 0o]dWs,

de =—[ATp+Cl0, 4+ CJ 0y + VT (4 + eduy) — QX + by)dt

+ 01dW1 4 OdWs,

| X(0)= (& &), o(T)=-GX(T)+g.
We let X = y—i‘ €X1, @ = @"i‘ EQ1, 91 = @1 + 6911, 92 = 52 -+ 8‘921 and Xl, ©1, 911,
051 are the solutions of (3.15) when ¢ = 1. Then, one can obtain

Jl(?jl + EU7, 171(@1 + EU7, 1_1,2); l_LQ; ’172(174 + EU7, 1_62))

— Ji(t1; 01t Ug); Uo; U2(Un; Usn))

T — N ~ o~ P ~ A~ ~ A~
ZEE{ / (K1Q K[ X 4+ B R;'RIR' Y, X)) + (Rla + "Ry 'RIRS' Y, duy)
0

+ (BoRy'RAR;MY, 1) + (DoRy "RLR; MY, 011) + (FoRy "RLR; 'Y, 0 )dt

2

T
— e
+ (K\GL K] X(T) + Kleng,Xl(T»} + EJE{/ (K\Q\ K| X1, X))
0

+ <§%(5U1, 5U1> + <§%R\Q_1[§2Xl + <I>(5u1 + B;@l + D;Hll + F2T921],
Eﬂ%&+@m+mauﬂ%+@%mm+mﬁﬁi&@wwnﬁ.

On the other hand, we introduce following auxiliary equations

dYy = aydt + BrdWy +51dWs,  Yi(T) = K\G KT X (T) + Kyel g — GT oy (T),

dpy = Yydt + widWy 4+ wydWy,  ¢1(0) = 0,
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where Vi = ()" (u1))7, B = (BT ()N, A = (GDT G, o
((6DT (6D)7)" and

(G =—[ATY, + C7 B+ CJ A — QT + K11 K X + By Ry ' RyR; M),
Y =Agy + [Eg,Tyl + Doy + F\ﬁl] + B2E2_1§éﬁ2_1T;

wi =Cién + (D3 Y1 + D] B + DA + DRy 'Ry R, ',

\wy =Cagpy + [F) Y1 + D By + Fy 1] + BB 'RyR; M
Elﬁl € LA(0,T;R?"). Applying It6 formula to (Y7, X;) and (¢, ¢1), we have
(Vi(T), Xo(T)) — (Y1(0), X1(0))
T AT o R R
ﬂjjm+Am+@@+@%xmu@ﬂ+%&+ﬂ%w>
0

+ (f)gTyl + ﬁ;& + ﬁ4§1,911> + <ﬁ2TY1 + BI@ + F\;%,@m)

+ <§1TY1 + BI@ + ﬁﬁl; duq),

and
T o~
@) (T) = (1(0).21(0) = [ 01 = Aon, i)
+ <w% - 61¢1,911> + (w; - 62¢1,921> — (U, duy) — <QT¢1,X1>-
Hence,

J1(ty + euy; U1(Uy + euq; Ug); Ug; Va(Uy + €uq; Ug))

— Jy(ty; 01 (U Ug); Ug; Ua(Uy; Us))

T
:5]E{ / (Riu+®"Ry'RyR'T + B Y, + D By + A1 — Yoy, (5u1>dt}
0
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2

+ %E{ /0 T<K1Q1K1T X1, X1) + (RYouy, dwr) + (RYR; V[ Ba X + ®uy
+ By g1 + Dy 01y + Fy 01], Ry Y[Bo Xy + ®duy + By 1 + D 61,
+ Fy Ox])dt + (K:GL K| Xq(T), XI(T)>}.
Therefore, under the condition (3.14) for ¢ = 1,
Ji (U5 01 (U U ); Ua; Do (s Us))
STy (U1 + eur; 01(U1 + eug; Ua); Ug; Doty + €ur; Ua)),

for any @, +uy € Uy, € € [0,1] if and only if (3.17) holds for ¢ = 1. Similarly, we

have the result for ¢ = 2. The proposition follows. O

By the discussion in [93], if (R + ®] (RY)'Ry(RL)~'®;) > 0, there exists two

projection mappings Pri(-) : R™ — I'" and Prz(-) : R™ — I, where I' is a closed

m ~ Lo~
convex subset of R™, under the norm | Ri +0T (RY)-1Ri(RY) 1o, such that

i = Pro{—(R} + ®] (RY)'RY(RY)'®,)"}[®] (RY) ' RL(RL) -
(Bizy + (BY) o1 + (DY) T0F + (F) 705 + (DY) Piot + (Fy)T Piod)

+(BY Tyt + (D) B! + FlAT — 0,61},

= Pra{—(R} + @5 (R5) ™" R3(R3) ™' @2) @5 (R5) ™ R3(R3) - o
(Bywa + (B3) 2 + (D3) 07 + (F5) 03 + (D3) Paoi + (F3) " Paor3)
+ (B4 + (DY) 55 + F135 — Do)}
Let a* = (a; 07)" and @?> = (0" @y )", then we obtain the related Hamiltonian
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system:

(dX =[AX + Bsp + Doy + Fofly + By’ + by)dt + [C1X + (Do) 5
+ DBy + Dby + Dyt + o1]dWy + [CoX + (F) 5+ (Dy) 0,
+ Fy0s + B @ + oo)dWa, X (0) = (& &),

dp = — [(A) 5+ (C)) 70, + (Ca) 02 + U a@' — QX + byldt + ,dW;
+ 0dWy, B(T) = —GX(T) + g,

dY; =—[ATY; + CT B+ CJ A3 — QT + K;Q; K, X + B R;'R.-
RyY(BoX + @' + BJ @ + D] 0, + F) 0y + 03)]dt + BidW,
+ 3 dWs,  Yi(T) = K,G: K, X(T) + Kie, g — G ¢:(T),

do; =[A¢; + (BIY; + DafBi + Fo7;) + BoRy 'RLR;  (Bo X + @' + B 3
+ DJO, + F) 0y + o3)ldt + [Ci¢; + (DY + DJ B + D) + Dy
R;'RLR;Y(ByX 4 O + BB+ D) 0y + F) 0y + 03)]dW,

+ [Coti + (FY; + DJ Bi + Fy 7)) + FoRy ' RyRy (B X

+ @' + By @+ Dy 0y + F 0y 4 03)]dW,,  ¢;(0) =0, i=1,2.

In summary, the mixed LF game problem with constrained and non-degenerate con-
trol weights is solved. Next, we give some examples for the explicit expression of the

projection operators Pri, 7 = 1, 2.
3.3.1 Some examples for the projection operators

In general, the projection operator on a convex-closed set does not admit some
explicit representation. In some sense, we can characterize it using the so-called
variational inequality but some numerical algorithm should be invoked for real com-

putation. On the other hand, in case the convex-closed set has more structure, it is
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possible to construct more explicit representation, as addressed below. Before that,

in equation (3.18), we let

~

O (255 055 01; 05 92 B 75 6%)

= — (Ri + ®] (Ry) " Ry(Ry) ™' ®;)~"[®] (Ry) ™' Ry(RY) ™ (B
+ (B) @i + (D3) 107 + (F3) 05 + (Dy) " Poy + (F3)T Pos)
+ (B} i+ (D) B+ FiAL — Wigl], i=1,2.

and 9%, 9%, -+ 9! are the components of ¥°.

Case 1: Convex-closed cone. First, we consider the case when I'?, i = 1,2 are
two convex-closed cones. Recall a set I is said to be a convex-closed cone if it is closed
convex set, and closed under positive scalar operations (namely, 9¥* € I'¥ C R™, then
k9" € T for all k* > 0). This definition may be revised as for all k' > 0. Indeed,
since lim,i_,o 9" = 0 by noting the closeness of I'!, so a closed cone contains the
original point 0 € I'.

In a finite-dimensional space such as R™, a closed convex cone can be char-
acterized by m half-spaces. We may present this point when m = 2: suppose
Pri : R? - T i = 1,2 and T C R? are closed convex cones, then T = {1° €
R?|(ad, 9"y > 0; (ah,9") > 0} for vectors o, b, € R% Then, we can introduce the
normal cones for I'". Recall the normal cone for a set ' (not necessary to be convex

set) at point, say original 0, is:
Np(0) = {p € R™| (p,¥") <0, V" € T},

In particular, suppose 3%, 3% respectively the normal vectors to of,ab with obtuse
i

angle arrangements: that is (a?, 35) < 0, (ab, 81) < 0. Then, the normal cone of

[ takes form: Np:i(0) = {9" € R?{Bi,9%) < 0; (B5,9°) < 0}. In this case, the
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projection operator admits more explicit expressions as:

e Pelt i=1,2,
Pr{v'} = aaa;ﬁ>> e TT = {0 € R?| (o4, 9) > 0; (B},9") >0},
@) i TE= {9 € R (o}, 0) > 0; (B3, 0%) > 0}.

(ah,09)

Case 2: Convex-closed orthant cone. Moreover, we have the following rep-
resentation for more specific orthant cone. Recall a nonnegative (closed, convex)
orthant cone in R™ space: I'" = {¢° = (¢%,--- ,9¢,) € R™[9¥] >0,--- 97 > 0}. Note
that the positive orthant cone (I') = {0 = (¥%,--- ,9! ) € R™|9% > 0,--- , 9" > 0}

is not closed. In this case, we have
PF’{,&Z} = ((1921)—’—’ R (ﬁin)+)a

where (9%)" = max{9i,0}, k=1,2,--- ,m.

Case 3: Subspace. A complete explicit form of projection may be the subspace
which is a very special but still important closed-convex set (note that subspace
constraint is well documented in literature such as [73, 95, 113]). Suppose I'* are
ri-dimensional subspaces in R™, r < m with h!,--- k™ as basis. Introduce H; :=

(h',---,h""), then we have explicit expression (see [9, Chapter 8]):

with H; = H;(HRiH;)"'H R} i =1,2 (see Chapter 2).

Besides, in case with standard orthonormal basis eq,--- ,e,, we have
Pfl{ﬁz} = (617 e 767‘)(61a e 7€T>Tﬁi-

More financial linear constraints in subspace can refer to [73, Section 5].
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3.4 The Solvability of Singular Case

In Section 4, we obtain the open-loop NE for (LP), and the related mixed LF strategy
can be completely determined. A crucial assumption therein is the control weights

are positive-definite that restated as follows:
Ri(t) >0, Ry(t)>0, ae tel0,T], i=1,2. (3.19)

Nevertheless, in reality, there arise various cases in which the control weight might
be indefinite or degenerated (e.g., the mean-variance optimization where control
weight becomes singular [129, 191, 195]). In the case that the control weight is
not invertible, it is impossible to decouple the Hamiltonian system like classical LQ
problems (see [101, 190, 191]). When handling (LP) under this case, the difficulties
mainly arise from two sides: (i) due to the singular control weight, the classical
FBSDE representation of Hamiltonian system via explicit stationary condition is no
longer workable; (ii) due to the input constrained for u;, i = 1,2, it is also impossible
to impose the Riccati equation to have some conditions (like D" PD > 0 in [191]).

We plan to attack this problem by some weak-convergence method to get some
near-optimal control sequence. This provides some tractable solution, although near-
optimality, for real application purposes. It also provides some new insight into the
classical singular LQ control problem.

Unlike [164, 166], the state equation here becomes a fully-coupled FBSDE, thus
the standard completion-square method (see [191, Chapter 6]) via Riccati equation
may not be applicable directly. Meanwhile, the state equation with a fully-coupled
FBSDE has been investigated in [182, 193], their control weights are positive-definite,
thus the convexity of the corresponding cost functional is obvious. However, since R}
and R}, i = 1,2 here are degenerate, we first need to discuss the (uniform) convexity
of the cost functional of (LP). By using a Riccati-type equation to decouple (3.11),

(LP) can be decomposed into a forward problem and a backward problem. Then,
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we can discuss the convexity of the above two problems, respectively. To simplify,
we let g; = 0. Since the states and cost functionals of player 1 and player 2 are
symmetric, we only consider player 1. For player 2, the situation is similar.

First, we rewrite (3.11) as follows:
(X =[AX + Byp + Do)y + Foby + Byiy]dt + [C1X + D] ¢
+ Dsby + Dyby + Dyiig]dWy + [CoX + FJ o + D] 6,
+ Fy0y + Fyi)dWs,  X(0) = (&] €))7, (3.20)

dp = — [ATp+ CT oy + CF 0y + 0T a, — QX]dt + 0:dW,;

+ 0odWa,  o(T) = —GX(T),

where @; = (u{ 07)7 and

- (30) o (3 8) - (5 0)a- (4 2)
Let o = AX + X and
do =AX + A[AX + Bsp + Dy + Fy05 + Byiy]dt + A[C1 X + D] ¢
+ D36y + Dyby + Dyiiy|dW; + A[CoX + F) o + D] 6,
+ Fyfy + Fyig)dWy + A+ 1, dWy + 15d W,
= [ATo+ C O+ CJ 0y + Uty — QX)dt + 6,dW; + bodWs,

where A(-) € C1(0,T;R?*™?") and A(-) € C'(0,T;R?*"). By comparing the diffusion

terms, we have
6, =[A3(Cy + Dy P) + Ay DyAs(Cy + Fy P)IX + (AsDg + Ay DyAyF) )N
+ (AsD + Ay DyASEY )iy + 14,
0, =[Ao(Cy + Fy P) + AyD] Pi(Cy + Dy P)|X + (AyDJ + AyDyAy DI )

+ (AgFl + AQBIPl[)l)’lll + Lo,
48



where

Ay =(I — AD3)'A, Ay = (I —AF;—AD]A;Dy) ",
As =A1 + AT DyAyDJ A
By elementary calculation, one can obtain that A satisfies following process
—dA = H(A\; §3; 61; 62; 1/52; 1/54; F\g)dt, AT) =G, (3.21)
with
'H(fl; E:s; 61; a2; 52; 134; ﬁz)
—AA+ ATA + ABsA — Q + CTAC, + Cj AC, + ADyA5Ch
+ CTAsDJ A + AFyAyCo + CF Aoy A+ ADy D] A + ARy F A
+ AFyAy D] A Cy + CF Ay DyMAsF A + ADo Ay DyA5Co

+ CJ AsD] Ay D] A + ADyAy DyAsF A + AFyAs D] Ay D A

| + /A DACy + CJ A D] A Cy.

If equation (3.21) is solvable, then the FBSDE (3.20) can be decoupled as follows

(

dX =(A1X + CyA + Doty + Foio + Byt )dt + (A X + CoA
+ ngl + 134L2 + Bgﬂl)dwl + (/vng + 03/\ + (134)TL1
+ ﬁsbz + Bytiy)dWa,  X(0) = (& &), (3.22)

d)\ = — {A4)\ —+ (ABQ + 6;)1/1 + (Aﬁg + 6;)@ + B4ﬁ1}dt

+ leW1 + LQdWQ, )\(T) = 0,
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where

( Ay =A + BsA + Dy(As(Cy + DJA) + Ay DyAy(Cy + F A))
+ Fy(Ay(Cy + Fy P) + A,D] P (Cy + Dy P)),
Ay =Cy + (Dy)TA + D3(As(Cy + Dy P) + AyDyAy(Cy + Fy P))
+ Dy(As(Cy + F) P) + AyD] Pi(Cy + D P)),
Ay =Cy + (F5)TA + (Dy)T(A3(Cy + DI P) + Ay DyAs(Co + F) P))
+ F3(Ay(Cy + FY P) + A,D] Py (Cy + D] P)),
Ay =AT + AB; + (ADy + C)(A3D] + Ay DyASF))
+ (AFy + C))(AsD] + AyDyA DY),
Cy =By + Dy(AsDJ + Ay DyASF)) + Fy(AoD] + AyDyA DY),
Cy =(D3)" + D3(AsD] + Ay DyASF) + Dy(AyDJ + AyDyA DY),
Cy =(Fy) T + (Dy)T(AsDJ 4+ Ay DyASE) ) + F5(AsD) + Ay DyA DY),
By =Bi + Do(AsD] + A DyAoFy) + Fy(AoFy + AsD] PDy),
By =Dy + Ds(AsD] + A\ DyAsFy) + Dy(AsFy + Ay DJ PLDy),
By =Fy + (D) T(AsD] + MDA EY) + Fy(AoFy + AoD) PLDy),
By =(ABy + ¥U7) + (ADy + C) ) (AsD{ + A1 DA FY)
+ (AFy + O )(A2Fy + Ay D] P D),
by =by + Do(A301 + Ay DyMsos) + Fo(Asos + AoDJ Proy),
by =01 + Ds(A301 + Ay DyAsos) + Dy(Asos + Ay D) Proy),
by =0 + (D4) T (As01 + A1 Dalscs) + Fy(Aoos + Ay D] Proy),

64 :Abl -+ b2 + (Aﬁz -+ 6;)(/\30’1 -+ Alﬁ4A20'2)

+ (AF\Q + 6;—)(/\20'2 + AQﬁIPlal).
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Next, we give out a very important (sufficient) condition for the uniform convexity

of the cost functional (3.12) in (LP).

Theorem 3.1. Suppose that (A3.1)-(A3.3) hold, (3.21) is solvable. For some d4 >
0,v>0, ¢

1 1 1 1 Li(T+1
54’}/>'2LT+L2+1+(6//+5” 5”>L3T|:L +¥+1:|

Y

where

T 1 1
Ly =exp (2 / (Ad + 5+ 5 53>dt)

T 1 1 1
L= (/0(|A4|+ + g ghdt),

r 1 1. 1.
Ly =(1 + 278} + 278}) exp (/ @A+ ) + (L+ Al + (14 )Pt
0 2 3

and
((5 — 1 " 1
- ~ ~ ~ ~ ) 1 — ~ ~ ~ )
2[(ADy + CY)T(ADy + CY)| 9| P[> max{[|C1 |, [[D2|[*, [ 2"}
y = L P !
= _ — — , 9 = - — — ,
9 max{[|C1[]%, | Da|, || F2[[*} 9max{||Cal?, || Dsl|?, || Dal|*}
0! ! ) !
= = = = ) 2 = = = = = )
9max{[|Cs|2, [ D] |12, | F511?} 2[(AFy + CY ) T(AF,y + CY)]
gy _20Psl+1 /max (G IDo I WD}y 1
9||AJ Ps|? 7 |BJ Ba|’
s 2Bl +1/ maX{IjCBII?, D] |17, | Fs]”}
- 9| A3 Py ’

then cost functional (3.12) is uniformly convex on w.
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Proof The FBSDE (3.22) can be further divided into:

(X, =(A, X\ + Byi)dt + (A Xy + Bytiy)dW, + (A3 X, + Baity)dWs,
dXy =(A1 X5 + Co A + Doty + Forg)dt 4 (A Xy + Co) + Dsiy
+ Do) dWy + (A3 Xy + CsA + (Dy) ey + Fiio)dWs, 23,
A\ = — {A\+ (ADy + C )iy + (AFy + Cf )ig + Byiiy ydt |

+ L1dW1 + LQdWQ,

Xi(0)= (& &), X3(0)=("0")", \T)=0,

and the cost functional (3.12) can be rewritten as
1 ! T T
Jl(ul) :§E <K1Q1K1 (Xl + Xz), (Xl + X2)>dt + <K1G1K1 (Xl
0
X)), 0+ X)) )

1 T 1
>15{ [0 - QKT X0 + (- DEQKT X, X
0

- K G X, Xu(D) +{(1 - DEGUT X(D), X2<T>>},

where € > 0. Then, according to the decoupled system (3.23), we can construct two

auxiliary systems:
(dXy = (A X) + Byiig)dt + (Ay Xy + Byit ) AW, + (A3 X, + Byiiy)dWs,

Xl(o) = (5; 5;)T7

Jf(ul):%E{/O (1= 2 Ky KT Xy, Xt (3.24)

+ (1 — 5)K1G1K1TX1(T),X1(T))},
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and

(dXQ = (Ale + OlA + Bng + F\ng)dt + (A2X2 + éQ)\ + ngl
—+ E4L2)dW1 + (A3X2 + 03/\ + (ﬁ4)—rb1 + ﬁ3b2)dW2,

Xa(0)= (0" 0")", 3.25)

1 ’ 1
J12()\7 b, L2) = §E{/ ((1- E>K1Q1K1TX27X2>dt
0

+((1 - é)KlGlKIXz(T%XQ(T))}-

We first consider the BSDE in (3.23). By the similar argument in [194, Chapter
4], [191, Chapter 7] and using It6 formula,

T T
]E[\)\(t)\z—l—/ |L1\2ds—|—/ ]L2]2ds]
t t

T
:]E/ <2)\, (A4>\ + (ADQ + CI)LI + (AFQ + C;)Lz + B4ﬂ1)>d8
t

1
01

1

<)\, /\> + 51<(Aﬁ2 + GF)T(ABQ + é\;—)bl, L1> + 5—
2

§E/T2|A4|<)\, A+ )

1

+ 52<(Aﬁ2 + 6;)T<Aﬁ2 + a;)LQ, L2> + (5
3

<)\, )\> + (53<B4TB4’111, 111>d5

T 1 1 1, 1, 1, T
<E 2(|A4‘ +5—+6—+5—)|)\| +§‘L1| +§|L2| ds + E |u1\ ds,
t 1 2 3 0

o 1 _ 1 = 1
where 01 = qRBmen aben % = Aamren T aRen * T BIAT

Then

E[|A(t)|2+1/T|L |2ds+1/T|L |2ds]
2/, 2/, ?

(3.26)
r o 11 1., o,
<E 2(|A4]+6—+5—+5—)|)\] ds+E [ |uy|*ds, ¥Vt €]0,T],
t 1 2 3 0
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which, together with Fubini’s theorem, implies that

2 Lo L1 1 2 R
E[IM0)P] g/ 2| Ad + ~ + = + —)EW ds+E/ 1y [2ds.
: 50 0 :

By Gronwall’s inequality, we have
T
E[]A0)P] < LlE/ i 2ds, ¥t e [0,7T), (3.27)
0

where L; = exp (2 fOT(|A4| + % + % + %)dt). Then, letting t = 0 and plugging
(3.27) into (3.26), we have

T T T
E[/ |L1|2dt+/ |L2|2dt} < (2L2+2)E/ |2, (3.28)
0 0

0

where Ly = (2 fOT(|fl4| + % + % + %)let>.

1

Secondly, we discuss the second system (3.25). Let 6] = VST AT PN AEIE

o = N o = — . Applying Ito’s formula and
2 T Smax G B IDaE D2 93 T Smax[CaIE Dy 1By OPPYINS

combining with (3.27) and (3.28), it follows that

1

T 1, 1.
E[X,(1)* < ]E/ [(21A1| t57) + (L+ =)Ao + (1 + 5—,)|A3|2} | Xl
0 1 2 3
+ (142785 + 2785) (|A? + |ea[* + |eo|*)ds

T
X 1 1, 1. -
<E [ (@il + 5+ (14 g)lAa + (14 A Xalds
0 01 05 03
T
+ (14 2765 4 2765) (2L + Ly (T + 1) + 2)E/ i1 |2ds, ¥t €[0,T).
0
Applying Gronwall’s inequality, we have

T
E|X5(t)]> < Ls(2Ly + Ly (T + 1) + Q)E/ |iy|ds, Y te[0,T). (3.29)
0
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where Ls = (1+ 270} + 278,) exp (fOT(zml\ + 5+ (1 2 A2+ (1+ é)]fvlg]?ds).

Let Py € C1(0,T;S*") satisfies the following Lyapunov equation:
: . . . . . . 1
Py+ PyAy + Al Py+ Ay Py Ay + Ay Py A + (1= D) KaQuK[ =0,
1 T
Pg(T) == (1 - g)KlGlKl .
Then, combining (3.27)-(3.29) and using It6’s formula to (P; X5, X5), we have
T s 0)
1 (" . ~ ~ N ~ ~
:iE 2<P3(Cl)\ + D2L1 + FQLQ), X2> + 2<A2 Pg(CQ)\ -+ D3L1 + D4L2)7 X2>
0

+ 2<A;P3<03A + (ﬁ4)TL1 + ﬁgbg), X2> + 2<P3(C’2>\ + ﬁgbl + ﬁ4L2), (OQA
+ ﬁgbl + ﬁ4b2)> + 2<P3(03A + <ﬁ4)TL1 + F\gbg), (ég)\ + (ﬁ4)—rb1 -+ ﬁ3L2)>dt

1 1

1 T 5 ~ ~ 1 .
ZE]E/ —53,|P3|2|C1)\+D2L1+F2L2|2— ( +y+y)|X2|2— (5§/|A2TP3|2
0 2 3

5_/1/
— 2|P3|)|OQ/\ —f‘ ﬁng + E4L2|2 — (5;)/|A;|'P3|2 — 2|P3|)|03A —f- EILI —|— ﬁ3L2|2dt
1 T 1 1
258 [+l + 1) = (G +

1 1 1 Ly(T +1 T
> LT+ Lo+ 1+ (5 + = + ) LsT Lo+ D Ly E/ [in [dt,
2 of 0y 03 2 0

1
+ 5—g)]X2|2dt

(3.30)

1 i 2| Ps||+1/ max{||Cal[?,]| Ds||%,| Da|?}
where ¢ = _ — — = i
1™ 9||P3||2 max{||C1||2,|| D212 || 2|12} 2 9] A7 Ps]2 ’

S — 2||P3H+1/max{|[03||27llDIH?IIFBHQ}
3 9[A4 P52 :

Moreover, since the first system (3.24) is a standard control system, by the dis-
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cussion in [164, Theorem 4.5], there exists a Riccati equation

( 2
T+ 1A + AT+ Y AT TA, + (1 - e)KiQi K, — (B/ I
m=1
3 3
+ 3 BIIA,) T (AJTIA; + AJTIA) (B T1+ Y BITIA,,) =0,
m=2

m=2

I(T) = (1-¢)K\G\K|, AjTA; + AJTIA; > M,

\

for some A > 0 and II() € C*(0, T; R*"*?") is matrix-value functions. Denoting

3
© = (A; A, + AJTIA3) ' (B] T+ Y B IIA,,),

m=2

and applying It6’s formula to (ITX7, X7), it follows that

1 T . y y 2 y
Ji (uy) —§]E/O ((IT+T1A; + AJTI + ZA;HAm + (1 - o) K1Q1 K, X1, X1)

+ 20X, 1y) + (A TIAy + A T As) iy, iy )dt + (T1(0)X1(0), X1(0))
Z%E /T<(A2THA2 + AT (it — ©X1), (@ — ©X1))dt + (T1(0)X1(0), X1 (0)).

Letting AjITAy + AJIIAs > 641, for some 64 > 0. By Lemma 2.3 in [164], we have

T
Tw) 2 60E [ fufd, Ve, (3.31)

0

for some v > 0 (e.g. 8y = L(AJTTA, + AJTIA3)). Then, J}(u;) is uniformly convex.

1
2
Finally, combining (3.30) and (3.31), one can obtain
1 2 1 1
Ji(uy) =J7(uy) + J5 (A 15 02) > S 04y — §L1T + Lo+ 1+ (y
1

1 1 Li(T +1 T
+ = + =) LsT P A ]E/ a1 [Pdt, Vi € Ui,
8y o4 2 0
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is uniformly convex, if

1 1 1
047y > §L1T + Lo+ 14+ (= —)L3T| Ly +

Ly(T+1)
Ty Pl

2

The theorem follows. O

According to above discussion, we study the solvability of (LP) under degenerate
control weight case with the following assumption:

(A3.4) Assume that (3.21) admits unique solution and for some d4 > 0 and v > 0,

1 1 1 1 Li(T +1
oy > LT+ Lo+ 1+ (5 + — + =) LsT L2+—1< )+1 _
2 oy 0y 03 2

If (A3.4) hold, by the property of uniform convexity, (LP) admits a unique equi-
librium pair (a1, uy). However, as we discussed above, it is intractable to characterize
it. Thus, we may rest upon the classical weak-convergence method to have some near-

optimal sequence to approximate it. Then we consider a minimizing sequence for

(LP). Let RY®) = ¢I, for some ¢ > 0, and
i s 0(w)) = 7 (w0 ) 559 (s )

T ~ -
0

(3.32)
ke g,X<T>>}

17
= Ji(us; 0 (wis )5 55,05 (uis 45)) + QE/ wil3 o dt, i =1,2, j #1,
0 1
where
~ L,(¢) ~ 0 0
Bhe _ Ry 0 B2 _ o)
! < o o) ™ 0 Ry
Then, for fixed uy, by equation (3.16), (3.18) and (3.20), we let

a? = Po{ = (BIO) (B Tyl + (D) B+ FIAY - wiol]}.
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Similarly, for fixed u;,
af) = Pro{ — (RYO) (B o + (D) 33 + i — waci] .

Then, by [164, Corollary 4.7] and the uniform convexity of (3.12), for fixed u;, j # 1,

1=1,2, 4 is the unique optimal control of (3.32). Using the minimizing sequence,

)

we have following proposition:

Proposition 3.4. Suppose that (A3.1)-(A3.4) hold. Fori=1,2 and j # 1, az@ is
a minimizing sequence of
w; = Ji (w03 (us Uy); 0y 05 (ug; 4y)),
for some € > 0, i.e.,
lim (a0 (07 ay); 55 05 (075 0)) = i (s 03 (uss 05); 0505 (s ).

e—0 v u; €U;

Moreover, the sequence {ﬂz(»s)}oo admits a weakly convergent subsequence.
Proof By (3.32), for fixed u;, j # 14,1 = 1,2,

o 1 ("
=J;(ui; 0 (wi; wj); wj; 05(ui; ug)) + §]E/0 |u; %(e)dt,

then we have

in£ T (g 03wy 15); 5 05 (s 115)) > in£ Ji(ws; 03 (wi; 4y); w5505 (wis 45)). (3.33)
u; €U, U €U,
On the other hand, since J; is uniformly convex, for any § > 0, there exists ug(s) e U;
such that

Tl 5 (u @) 505 (1)) < in{{ Ji(ui; Ui (wi; 45); w5505 (ug; Uy)) + 6.
w; €U;
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Hence,

u; €EU;

T
5). — 5). - 1 5
sa(“zmw%unumwwﬁnm>+—E/ o
0

2 (2

1 T
mewM4mm»upwwuw»+5+—E/|@“
0

2 dt
T w; €U 2 Rzl’(s)

Since § > 0 is arbitrary, it follows that

lﬂ%u{g/ (s 01 (uss 15); 55 0 (uis 1)) < Jnf (s O (ui; )3 655 0 (w35 Tg))-

(3.34)
Combining (3.33) and (3.34), we have

lim inf T8 (s i (s 15); 1055 05 (us; 1)) = Jnf i 0 (s U5); 85505 (w35 )

Note that ng) is the unique optimal control of (3.32), then one can obtain

1 (E)dt

=IO (@ v(@; ) a5 0500 1) — Jo(@; v (@ w); a5 05 )

0, wy); ;05 (0 ;)

7 )

< inf J( )(uz,v,(uz,u]) U305 (u;ay)) — inf Ji(wg; 0;(ug; y); 44505 (wg; aj)),
u; €U; u; €U;

hence,

())2 _
ll_l;% E/ |U’Z R,i(E)dt—O, Vé > 0.
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Therefore,

lim J;(a2; 0,(0; w)): 45 0;(0; 1))
e—0

2 odt
250 i i i ) 7 Ri’(g) :|

£ 1> 1> 1> 1 T £
—tim [0l (@50, 0y )~ 5B [ [l
0

=lim J@E; 0@ wy); 0505w w;)) = Jnf (s 0 (uis )5 45305 (wis @)

Furthermore, since (A3.4) hold, by the property of uniform convexity, (LP) is
uniquely solvable. Let @; be the optimal control of J;(u;, v;(u;, @;), 4 , v;(wi, 4y )),

we have

TS Sy L
i ) 3 ) + 5B [ (a7t

<JE @ ;0,0 w5); g 050 wy)) < I (g 0 wg); 05 @)

i) i)

S Sy L
=Ji (W v (w33 5); w5 05(Us;45)) + §E/o | }f(s)dt,

ie., {ﬂga)}wg is bounded in the Hilbert space U; and hence admits a weak-convergence

subsequence. O

3.5 Two Examples

We give an example with non-singular control weight and obtain a related Hamilto-

nian system. Then, another example with singular control weight is provided.

3.5.1 Example 1
We now look at a one-dimensional case and assume the following:
A'=0, Bi=1 B.=1, bV =0, &=0 G =2 T=1,
Ci=0, Di=1, Di=1, oi=0, Ri=R,=1, Q;=-2, (3.35)

Ci=0, F/ =0, F;=0, 0,=0, ¢;=0, k=05 1i=12.
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Then, the state equation can be show as follows:

d; = (u; + v)dt + (u; + v)dW,  ,(0)=0, =12,

and the cost functional is

1 1
Ji(ur; v1; ug; vg) =3 { / —2|z; — 0.52; % + |ug|* + ’Ui‘zdt}
0

1
+5E [2|xi(T) - 0.5xj(T)|2} , i=1,2.

The corresponding Riccati equation P;(-) satisfy

2, i=1,2. (3.36)

By computation, the solutions of (3.36) are shown as follows

Pz(t) = (2@21572 _ 1)% —1, or Pz(t) — _(2621&72 N 1)% 1

)

where t € [0, 1]. According to our assumption (3.35), the state for (LP) is

dX =[AX + B3y + Dby + Byu]dt + [C1X + D] ¢ + D3y + Dyu]dW,

dp

— AT+ (C)T0L + O Tu — QX|dt + 6,dW,

(3.37)
X(0)=(0"0")", o)

where

n\ (%) B =D = l-mp 0
To ) 09 ) O 1 )

~ A __ D 0 . ~ R 1 0
Azclz( 16—P1 Py ),B3=D2=D3=< b ),

- 1+ P>

0 —1 A 0 Uy 0 1
=53 ) = gy ) () o= (V)
—1 0 0 lfPQ U2
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and the cost functional is
-~ 1 ' T i Dip-1in
Ji(u;v(u)) :i]E —2(K;K; X, X) + (Rlu,u) + (RyR; "[B2 X
0
+ ®u+ By ¢+ D) 6,], Ry [BoX + du+ By
+ Dy 01])dt + 2({K; K" X (T), X(T)>}, i=1,2,

where

1 ~ = 10)\ 5 P 0
Kl:KZ:(—O.E))’R}:R%:(O ())’BQ:(O1 PQ)’

~ 1 0 ~ ~ 00
R2:B2:<O 1),3%:33:(0 1).

Since R{ = R? =1> 0 and R} = R3 =1 > 0, then let
(P i3 035053 B)) = Pi(Pis + i+ 01) + (1 + P)(yf + B) — P’ — P

there exists two projection maps Pri(+) and Prz(-) such that

e T e e
Ul = —_ Uo = —_— .
PRV Ty +2p20 T T U 14 2n, + 2P2

We let @' = (2] 07)" and @?> = (0" 4y )" and the related Hamiltonian system is
(dX =[AX + Bsp + Dyf, + Byi'|dt + [C1X + D, @ + D38, + Dyii']dWy,
dp = —[(A) 5+ (C)T0; + V&' — QXdt + 0,dW,, B(T) = —GX(T),
dY,=—[AY,+C B, — Q"¢ + K,;Q:K] X + B Ry ' RLR; (B> X + o'

+ BB+ DJ0)|dt + BidWy, Yi(T) = K,G;K; X(T) — G :(T),
d; =[Ad; + (BY; + Dof3i) + BoaRy ' RyR; ' (BoX + @' + By % + D, 0,)]dt

+[Cids + (D3 Y; + Dj B;) + DyRy ' RiR; Y (B, X + @' + B, @

+ DJ0)]dWy, ¢:(0)=0, X(0)=(0"0")", i=1,2
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Suppose that Pr: : R — I, T'" = [a%, b'] C R, for some a’ < V', i = 1,2, and we have

_ (V! A
:Pl{— }: 1v<— )/\bl,
MR T P P2 S T 11 2P, 1 2P?

_ Uy ¥
P {_ }: 2\/<— )/\62.
IR T T o, yope S T 1+ 2P, 1 2P2

If a* =0 and b — 400, then I'¥ = RT. Under this case, _M;?W only take its

positive part and

o =P~ rapram) ~ U TR TR
UV ryep +2P2S T U 142P +2P?

191 . 191
— , if — > 0,
1+ 2P +2P? 1+2P +2P?

0, otherwise.

9 Vo Uy +
@ =Pra{ - S=1{- 3
1+ 2P, + 2P 1+ 2P, + 2P

U £ Uy -
— 1 —
14 2P, + 2P} 14 2P, + 2P%

0,

0, otherwise.
In portfolio selection, letting I' = R* usually presents the constraint for short-selling
prohibition (see [97, 129]).

3.5.2 Example 2

The following example shows the singular case and gives out the criteria for the
uniformly convexity in Theorem 5.1. Consider the following one-dimensional case

and assume the following:
By=1, b'=0, &=0, G=1, T=1,



Then, the state equation can be show as follows:
dr; =[xy — u; + v;]dt + [u; + v]dW,  x;(0) =0, i=1,2,
and the cost functional is
Ji(ug;v1; ug; vg) :%E|xz(1) —0.5z;(1))?, i=1,2.
The corresponding Riccati equation Pi(-) satisfy
P+P =0, P(1)=1 i=1,2, (3.39)
then (3.39) has a unique solution that
P(t)=¢"1, telo,1].
By our assumption (3.38), some corresponding coefficients becomes

(By=(BY)'P=P, Ri=(D) PDi=F, A=0, Cj=-1,
®; = (Dy)'PDi =P, W= (B)"P—®(R)'B)=-2P
By = -Bi(Ry) (BT =P, Dj=-ByRy) Dy =P,

B} = B] — By(Ry)"'®; = -2, D} = —Dj(Ry)"(Di)" = -P",

| Di = Di — DY(R)"\®; =0, i=1,2.

We consider the case that ¢ = 1 (it is similar when ¢ = 2), and the state equation
(3.20) is

dX :[ng + 3291 + Blal]dt,
+[CiX + Dy @ + Dyb]dW, X(0)=(0"0")", (3.40)

dp =—[C]0, + U@ )dt + 6,dW, o(T) = —GX(T),
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where @; = (u{,07)" and

The cost functional is

J1(u; 0(uw)) :% E < ( _(1).5 ) ( _5'5 )TX(T),X(T)>. (3.41)

Meanwhile, considering the Riccati equation

—dA = H(Bs:Cy; Dy; Dg)dt, A(1) = ( 0 05 > :

05 0
with
H(B\g, 61, ﬁg, ﬁg) I:A§3A + 5;]\61 + Aﬁg([ - Aﬁg)ilAé\l
(3.42)
+C] (I —AD3)'ADJ A+ AD,DJ A,
if we let
Al A2 / t—1 2
A:<A2 Ag), N =e"14+ A%
then

~ e NOATNT
(I —AD3)™" =(I+¢€'™'A) 1:e“<A3 A,)

et—l A/ Al
TV - ATAR ( AP N )
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Thus,

t—1 / 1 1 2
NN e AN A A A
(I —AD;)" A “AVEAIAS < A3 A ) ( A2 A3

et—l etflAl A/A2 _ A1A3
(A)2 — ATA3 \ /A2 — ATA® e7IA3 ’

and

R t—1 t—1A1 IA2 __ ALAS3
AU = AD)A = A( dTIAL NA AA)

(A/)2 _ A1A3 A/A2 - A1A3 etflA?)

et—l

(A)2 — ATA3

. 6t71(A1)2 + A’(A2)2 — ALA2A3 AYALAZ — (A1)2A3 4 etm1A2A3
etflAlAZ +A/A2A3 _AI(A3)2 61571(/\3)2 —|—A/(A2)2 _ A1A2A3
Hence, by (3.42), one can obtain that
H(§3;61;ﬁ2;ﬁ3)

1

22t 1t B
=(e e AN - A+ —(A’)Q —AIAG

. et—l(A1)2 + A/(AQ)Z _ A1A2A3 A/AIAQ o (A1)2A3 + et—1A2A3
et—lAlAz +A/A2A3 _Al(A3>2 6t_1(A3)2 +A/(A2)2 o A1A2A3

According to above discussion, we see that in Riccati equation

: (3.43)

(et—l + AQ)Q _ A1A3 7£ 0’
the components A!, A2 and A® are heavily coupled. Therefore, an explicit solution of
(3.43) is difficult to be obtained. We assume that (3.43) is solvable and the FBSDE
(3.40) can be decoupled as follows
dX =(A, X + Cy\ + By )dt + (A X + Co\)dW, X (0) = 0,

A\ = — {A\ + (ADy + C) )iy + Byliy }dt + 1,.dW,  A(1) = 0,
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where

( Ay =BsA + Do(I — AD3) 'A(Cy + D] A),
Ay =C, + (D3)TA + Ds(I — AD3)"*A(C, + D] P),
Ay =ABs + (AD; + C])(I — ADs)"'AD; ,

Ol :§3 + BQ(I — Aﬁg)_lAﬁ;, Bl = Bl,

(Co =(D2)" + Dy(I = ADy)'ADJ,  Bu=ABi+ 1],
Furthermore, it can be divided into:

dXy =(Ai X1 + Biin)dt + A, X1dW,  X1(0) =0,

dXo =(A X5 + CLN)dt + (A Xo + CoN)dW,  X5(0) = 0,

d\ = — {A\ + (ADy + CT)uy + Byt bt + dW,  A(1) =0,

and the criteria for the uniformly convexity of the cost functional (3.41) is: for some

04 >0 and v > 0,

1 . ~
51y >'§L1 + Ly + 1+ (9P| max{[[C1 |2, | D}

2(| P5[| 4+ 1/ max{]|Ca||?, [ Ds||*}

Lo+ Ly +1)

)

where
(L =exp (2 As| +2|(AD, + CT)T(AD, + CF)| + [B] Bul) ),
Ly =2(J 44| +2|(AD; + CT) (ADy + €| + | B] Bl ) L,
3

Ly =(1+ _ ——Yexp (2|A;] + 9max{[|Cy|?, || Ds]*}
max{||Cs2, || Ds]|?} (

+ (1+ 9max{|[ G, | Ds||*}) | Aof?),
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and

. o o 1 1 1\
P3+P3A1+A1TP3+A2TP3A2=07 P3(1):(1_g)<_ )(_ 5) :

3.6 Conclusion

In this chapter, we study a mixed Stackelberg game problem that two players have the
same hierarchy and each of them contains an unconstrained control and a constrained
control. The unconstrained controls act as followers and the constrained controls
act as leaders. We first solve the problem under the case that the control weight
coefficients are non-degenerate and obtain the corresponding NE. Then, we discuss
the problem under the case in which the control weights are singular. Finally, a
minimizing sequence of the solutions is obtained and the weak convergence of the
corresponding cost functionals is proved. For future work, one can extend the results
of this paper and further investigate the limit solutions when the control weights are

singular.
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Chapter 4

Robust Linear Quadratic Mean

Field Social Control: A Direct
Approach

In this chapter, an LQ mean field team (MFT) problem with model uncertainty is
solved by using a direct approach. Unlike the person-by-person optimality, which
will be introduced in the next chapter, all the agents here are perturbed and the
duality procedures are used to tackle the large-scale problem with high-dimensional
FBSDEs. After that, the centralized controls explicitly depending on x; and the

N)

state average (™) are obtained first and then the decentralized controls are designed

by mean field heuristics.

4.1 Problem Formulation

We consider a large-population system with N weakly-coupled agents. By the dis-
cussion in Section 2.1 of Chapter 2, we define o-algebra Gi = F;\/ o{&;}, where
1<i<N,and G, = F\o{&,1 <i < N} G' = {G}o<i<r, where 1 < i < N, and

G = {G: }o<t<r. The state processes of the agent A;, i =1,2,--- , N, is modelled by
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the following linear SDE on a finite time horizon [0, 7:

dz; =[Az; + Bu; + Fa™) + fldt + ocdW;,

7;(0) = &,

(4.1)

where (V) := % ZZ]\LI x; is the state average of the agents. A, B, I, o are determin-

istic matrix-valued functions of suitable sizes. f(-) € L4(0,T;R") is an unknown
disturbance that agents are imposed by the environment. The coefficients appearing

in (4.1) satisfy
(A4.1) A(),F(-),o(-) € L=(0,T;R™™), B(-) € L>(0,T;R"™).

The cost functional of A; is given by

1 T
7w =58 [ {0~ il — 151, e
0 (4.2)

1 - .
+ SE|ei(T) - Pat(T) - 2,

where u = {uy,--+ ,uny}. @, Ry, Ry and G are weight matrices and the coefficients

appearing in (4.2) satisfy

Q() € L=(0,T;S"), Ri(-),Ro(-) € L¥(0,T;8™), T(-) € L=(0, T; R™™),
(A4.2) A
GeS", TLeR™, n()eLg0,T;R"), 7€ Ly (R

All the agents in the system work cooperatively to optimize the social cost functional

Teoelti £ = 3 T (i ). (4.3)

The decentralized control set is defined as follows:

Uf' = {ului(t) € L0, T;R™), 1 < i < N},
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and the decentralized control set of all agents is defined as U" = U] xUF x - - xUE.

For comparison, the centralized control set is given by
U, = {(ul,--- cun)|ug(t) € LE(0, T; R™),1 <4 < N}‘

According to the minimax control problem, we need to consider the possible of worst

case scenario. Thus, the social cost under the worst-case disturbance as

Jewl(u) = sup Joo.(u; f). (4.4)

feur
For further analysis, we introduce the following assumptions.
(A4.3) {z;(0)} are independent with the same expectation. Ez;(0) =&, 1< i < N.
There exists a constant ¢o such that sup, <,y E|z;(0)|* < ¢o, where ¢ is independent
of N. Furthermore, {z;(0)} and W;(t),i =1,2,--- , N are mutually independent.
(A4.4) Ri(-) > 0, Ry(-) >0 and G > 0.

Now, we introduce our robust LQ-MF problem:

Problem 4.1. (P4.1) Seek a set of decentralized control laws @ = {uy,--- ,un} € UF

such that for e > 0,

Teoe(t) —& < inf JL0(u) < Tioo(u).
uellf

For the sake of notation simplicity, we will use ¢ to denote a generic constant in
following discussion. The value of ¢ may be different at different places and it only

depends on the coefficients and initial values.

4.2 The LQ-MF Control Problem for the Distur-
bance

In this section, we seek the worst-case disturbance f. First, we fix u; = @; € Ui =
1,---, N and consider the optimal control problem for the disturbance:
(P4.2) maximize peyr T, (s f).
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Then, (P4.2) can be rewritten as an equivalent problem

(P423) miﬂimizefeufjsfgc(f)a

where
1L (7
Jsoel£) =5 ) _E / { — Jz; = T2™ — i, + rfﬁb}dt
i=1
(4.5)
i .
— 5 S Efa(T) — Tt (T) i,
i=1
Here z; are the solution to corresponding u;, ¢ = 1,2,--- , N. To obtain the worst

disturbance, we need to discuss the convexity of (4.5).

Let x=(z{, -+ ,2) ", u=(u{, - ,ul)", W=(W," -« W), A=diag(4,--- , A),
B=diag(B,--- ,B) and § = diag(o,- - ,0). Then our state equation can be rewrit-
ten as

dx = (Ax + Bu+1® f)dt + cdW(t),
where A = A + +(11" ® F), 1=(1,---,1)". Correspondingly, (P4.2a) can be
rewritten as

T
minfeuf{%E /O (—x"Qx +29x + Nf Ry f)dt — %]E[XT(T)GX(T) - 277X(T)]},

where Q=diag(Q, - - - ,Q)—%IIT@)QF, G=diag(G, - - ,G)—%IIT@)GF, 7 =1®nr
and ) = 1®7, Qr 2 TTQ+QT —TTQT, G ATTG+GI —TTGT, nr = Qn—T"Qn
and 7ip. = G — TTGA.

For our further analysis, we have the following assumption:
(A4.5) The map f +— JE (f) is uniformly convex.

Next, we give a necessary and sufficient condition which is useful in future discussion.
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Proposition 4.1. The following statements are equivalent: (i) (A4.5) holds true.

(ii) The following equation
P+A'P+PA-PI®I)(NR) N(1"®@)P-—Q=0, PT)=-G,

admits a solution in C1(0,T;S™). (iii) The equation

{P+P(A+F) +(A+F)'P—PR;'P - (Q—Qr) =0,
(4.6)
P(T) = -(G = Gy),
admits a solution in C*(0,T;S™).
(iv) det {(0,1)e* (9)} >0, V ¢ € [0,T], holds, where
([ A+F+R)'G —R;!
A= ( Q —(A+F+Ry'G)" )° (4.7)

and Q =GR;'G+ (I -T)TQU -T)+ (A+ F)TG+ G(A + F).

Proof (i) <= (ii) is proved in [164, Theorem 4.5]. By [164, Theorem 4.5], we obtain

(i) <= (iii). Moreover, we construct an auxiliary control problem

dy = ((A+ F)y+g)dt, y(0)=0,
(

720 =3 5{ [ -7+ o Raghar - T )G

where Q = (I —T)TQ( —T) and G = (I —T)TG(I —T). Let p be the adjoint
equation of state y and

dp=—[(A+F)"p—Qyldt, p(T)=-Gy.

By It6 formula to (p,y), we have



Thus, J.E

soc

(g9) = 0 is equivalent to g = —R,'p. Considering system
dy = [(A+ F)y — Ry'pldt, y(0) =0,
) (4.8)
dp = —[(A+ F)'p—Qyldt, p(T)=—Gy,
and letting p = Py + k, one can obtain that
dp = Pydt + P((A+ F)y — Ry 'p)dt + dr = —[(A+ F) p — Qy]dt.
Hence, P and x should be the solution to
P+PA+F)+(A+F)'P—PR;'P-Q=0, P(T)=-G,
F+[(A+F)" — PRk =0, k(T)=0.
For (iv) = (iii) is proved in [133, Theorem 4.3]. On the other hand, we suppose
(iii) holds. By Proposition 5.5 and Theorem 6.1 of [191, Chapter 6], linear forward-

backward ordinary differential equation (4.8) is solvable. Set p = p + éy, then (4.8)

can be rewritten as
dy =[(A+ F + R;'G)y — Ry 'pldt,

dp=[(Q+ (A+F) G+ GA+F)+GR;'G)y — (A+ F + Ry' Q)" pldt,

=¥
7 N
RTINS
N———
Il
—N
=
VR
=<
N——
+
@)
™
——
&
+
—N
>
VR
<
N——
+
Q
=™
——
=
=

where A satisfies (4.7),

c=(5) w=(50) (1)

By [133, Theorem 3.7], it follows that (iii) == (iv). The proposition follows. O
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Example 4.1. Consider Proposition 4.1 with parameters A= B = Ry =1, F = =2,
'=05 Q=4 G=0,T=1. Then, by (4.6) we have

Pt) = —t_% _1, teo 1] (4.9)

P(t) is well defined on [0,1]. And by the local Lipschitz continuity property of (4.6),

(4.9) is unique. Furthermore, one can obtain that
(-1 1 w [1—t —t
A_(1 1)’ e‘( t t+1)’

det{(O,l)eAt((l))}:t+1>0, Vtelo,1],

and

which implies (iii) <= (iv).
According to above discussion, we have following theorem.

Theorem 4.1. Suppose that (A4.1)-(A4.4) hold. Then (P4.2a) has a unique min-
imizer if and only if (A4.5) hold and the following FBSDE admits a unique solution,

(di; = (Ai; + Bu; + Fi™) + f)dt + odW,

N
Qdpi = —[ATp+ Fp™N —(Q — Qr)a™ +nrldt + > BldW;, (4.10)

Jj=1

where pN) = + Zi]ilpi and f = —Ry'p™).
Proof By the variational analysis in [176, Theorem 3.1], the theorem follows. [
) 1

By taking average of (4.10) and letting u'"") = NZi]\il u;, we have following
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equations:

(

B0 (4 P+ s S,

dp™) = —[(A+ F) N — (Q - Q)™ + mrdt + ZZMWJ, (4.11)

11]1

N
1 .
=& BT) = ~(G = GpI™(T) + i
i=1

Now we discuss the feedback form of disturbance in (P4.2a). We make the ansatz
pM(t) = P()a™M(t) + 5(t), t € [0,T], where P(-) € C*(0,T;S") is a matrix-value
function and §(-) € C'(0,T;R™). Combining this equation and (4.11), one can obtain

that

= N
- . P
dp™ =Pi™Mdt + P((A+ F — R;'P)i™) 4+ Ba™) — R;8)dt + ~ > odW; +ds

N N
- 1 4
A BT 45) - (Q Qo)+ 30 g
=1 j=1
(4.12)
Hence, P(-) is a solution of
P+ P(A+F)+(A+ F)'P—PR,'P — (Q —Qr) =0,
) (4.13)
P(T) = —(G = Gy),
and §(-) is the solution of the following BSDE:
1 & Po
ds + [(A+ F) 5+ PBa™) + np]dt + — ZZ (== — BHdw; =0,
Nz N (4.14)

5(T) = g,
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where F = F — Ry'P. Thus, f = —R,; ' (P#®™) 4+ 3). We can easily sce that P in
(4.6) is equal to P here. In what follows, P will be substituted by P.

4.3 Distributed Strategy Design

After applying the worst disturbance f, one can obtain the following optimal control
problem.

(P4.3): Minimize J2(u; f(u)) over {u = (u1,--- ,uy) € U}, where

soc

(dz; = [Az; + Bu; + Fe™) — Ry 's]dt + odW;,

N N
_ 1
ds = —[(A+ F)"s + PBu"™) + nrldt + — ZZ (8] — ==)dW, (4.15)

j=1 =1

(2:(0) =&, s(T) =1y,
and

Ty ZE/ {\xZ—Fx — o +|uiy§1—|P(t);,;<zv>+sy;21}dt
(4.16)

N
1 ~ .
+ 5 D Bla(T) - P (T) -l
=1

To solve (P4.3), we first give out a proposition.

Proposition 4.2. Suppose that (A4.1)-(A4.5) hold. If (P4.3) is uniformly convex

in u, then (P4.3) has a set of optimal controls and the following FBSDE admits a
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set of solutions

(dz; = [Az; + Bu; + Fx™) — Ry's]dt + odWi,  2,(0) = &,

N N
_ 1
— T (N il _ Y ,
ds=—[(A+F) s+ PBu +npdt+N§ E (57 i

7j=1 =1

+ (dWs + Y dW;, k(T) = Gai(T) = Gpa™(T) — i,
J#1

Ldl = [(A+ F)l + Ry* (™) + P2 + s)]dt, 1(0) =0, s(T) =y,

where kN = LSk, and Ryu; + BTk, — BTPl=0,i=1,2,--- ,N.

Proof Let u* = {uj,u}, - ,ui} € U be the unique centralized optimal control
of the N agents and z* = {z7],25,--- , 2%} be their unique corresponding states.
We perturb v* and denote du = u — u*, Su™) = u™) — ()N §x; = 2; — a7,

N N N N .
M = %Zi:l or; = %Zi:l(l‘i —a) = %2121 Ti— N Zl 127 = W) — (z )(N)a

0s = s — s*. Then we have

ddx; = [Adz; + Bou; + Foz'™) — Ry16s]dt,  6x,(0) =0,

N N
_ Ll
_ T o~ _
dss = —[(A+ F)T6s + PBéu + 5 §: : §: 6plAW;,  8s(T) = 0.

The Fréchet differential of the corresponding social cost functional is

1
ST82(6u) = Tise(w) — Tu2(w) + olldult) = Ay + 5o,

where

N T
Ay ::Z]E/O (Q(zr = T(z)™) — ), dz; — Toz™)) 4+ (Ryu, Suy)

—(R7Y(P(x*)M) + 3), (P52 4 8s))dt
2
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+ ) E(G(;(T) = T(@)™(T) = 7), 6wi(T) — Lo ™(T)),
N T

Ay = ZE/O {|(5xi — Toz™|% + 0w}, — |Poz™ + 5s|;;1}dt
=1

N
+ Y Eloxi(T) — Dox™(T)[2.

Note that
N T
SE [ (@i - T)®™ ). 0a )
i=1 0
(4.18)
_ZE/ TTQ(UI — ) (z*)™ — ), 6z;)dt.
and
N T
SR / (RPN 4 5), (Psa™ + 5s))dt
i=1 0
(4.19)
_ ZE / (PTR;{(P(x")™ + 5), 621) — (B3 (P(a*)™ + 5), ds)dt.
Let
dk; = oudt + GldW; + Y W, ki(T) = Ga}(T) — Gp(a™)™M(T) — iy,
j#i
(4.20)
dl = ~dt, +vdWi + Y v;dW;,  1(0) = 0.
JFi
where
—[ATk + FTEW™) 4+ Qur — Qr(a*)™ — np — PR;Y(P(2*)™) + 5)],
N (4.21)
=(A+ F)l+ By' (k™) + P@)™ +5), > v =0
j=1
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By It6 formula,

N N

(4.22)
:ZE/T<aZ+ATki+FTk 5z;) + (BT ki, 0u;) — (Ry k™) §s)d
and
ZEU(T),(SS(T» — E(1(0),45(0)) =0
N (4.23)

N T
Z / — (A + F)l,6s) — (BT Pl, 6u;) + ZUJ,ZW
Consequently by (4.18), (4.19), (4.21), (4.22) and (4.23), we have
N T
A= Z]E/ (Ryu; + B"k; — BT Pl duy;)dt.
0

Thus, A; = 0 is equivalent to Ryuf + B'k; — B'Pl =0, i = 1,2,--- | N. Then,

considering (4.15), (4.20) and (4.21), we have (4.17). The proposition follows. [
It follows from (4.17) that

( N

_ 1
dz"™) = [(A+ F)a®™) + Bu™ — Rys]dt + — Z odW;, ™M)= =6,

dk™) = [=(A+ F)TE™ —(Q — Qr)2™) + nr + PRy (P2™) + s)]dt

N N
1 : A
+ 5 2. 2 ddWy, KY(TD) = (G = Gp)a ™) — i

L i=1 j=1

(4.24)

80



To discuss the state feedback form of the optimal controls we solved in (P4.3), we

consider the following nonhomogeneous relationships:

ki(t) = K (t)zi(t) + L)z () + M0I(E) + (1),

s(t) = M(0)I(t) + L()z™(t) + o(t), (4.25)

=
3
—~

t) = (K(t) + L()z™(t) + M(@)I(t) + p(t), te[0,T],

where K(-), L(-), M (), M(-), L(-) € C*(0,T;R™™) and ¢(-), ¢(-) € C*(0,T;R").
By (4.25), (4.17) and (4.24), we have

dk; =Kx;dt + K[Az; + Bu; + Fx™) — Ry's|dt + KodW; + La™at
+ L[(A+ F)z™ 4+ Bu™ — Ry'sdt + = Z odW;

+ Midt + M((A+ F)l + Ry (™) + Pa™ + 5))dt + dyp (4.26)

— ATk + FTE™) 4 Q(z; = T2™) — ) = TTQ((I — T)z™ —p)

N
— PRy (Pe™) 4 s)dt + ) ¢JdW,

j=1
ds =MIdt + M[(A+ F)l + Ry (k™ + P2®™) + s)]dt

+ LeMdt + L((A+ F)a™ + Bu™ — Ry's)dt + — Z odW; + do

(4.27)
=—[(A+ F)" (Ml + La®™) + ¢) + PBu™) + (I —T)TQn)dt

1 N N
_ ]__
+N;;B

7
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Lo = ¢l g #i, %Zf;la = %Z LN (B - £2). Hence, combining (4.25) and

Comparing the diffusion terms in (4.26), we have the following results: (K—I—%)a =

81



the equation Ryuf + B"k; — BT Pl = 0, we have

ui = =Ry B Kz, + BTLz™ + BT — BT(P — M)i},
(4.28)
()N = R BT(K + L)a™ + BTp — BT(P — M)1}.

Thus, using the same argument from (4.12) to (4.14), it follows that K is a solution
of
K+KA+A'TK —(BTK)'R{'B'"K +Q =0, K(T)=GaG, (4.29)

and L, M, L, M satisfy

(L+ LA+ F)+(A+F) L+ KF+F'K—PR;'(P+ L)+ MR;'(K
+L+P+ L)~ (K+LRy'L— (B"(K+L)"R;*"B"(K + L)
+(B"K)'R'B'K —Qr =0, L(T)=—Gs,

L+LA+F)+(A+F)L—LR'"L+ MR;"(K+L+P+1L)
—(B"(P+L)'R{'BY(K+L)=0, L(T)=0, (4.30)

MAMA+F)+(A+F)"M — (K + L+ P)Ry*M + MRy (M + M)

+(BYK+L)"R*BT(P—-M)=0, M(T)=0,

M+ MA+F)+ (A+ F) M+ MRy (M + M) — LR;' M

+(B"(P+ L)' R'B"(P—-M)=0, M(T)=0,
and @, ¢ satisfy

(dp+(MR* + A+ F) o — (BY(K+ L)' R{'B"p— (K+L+P
- M)R2_l¢ —Tnr = 07
- ) ) (4.31)
dp+ (M —L)R;' + A+ F)"¢— PBR;'BTo+ MRy ' +nr = 0,

Lp(T) = =g, o(T) = Mg
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Remark 4.1. Fquation (4.30) are the non-symmetric Riccati equations (or the
Riccati-like equations). For more details about their property and solvabibility, read-

ers could refer to [79, 108, 116].

If L(:), M(-), M(-) € C*(0,T;S") are the unique solutions in (4.30), we have the

following result:

Proposition 4.3. Suppose that (A4.1)-(A4.5) hold. If L, M, M in (4.30) satisfy
L(-), M(-), M(-) € C*0,T;S"), then L = —M and the original four coupled Riccati-

like equations can be simplified to three coupled equations.

Proof According to equation (4.29), K is symmetric. It follows from taking trans-

pose on M and multiply —1 on both sides in (4.30) that,

M "+ (A+F) (-M)T + (-M)"A+F)+ MRy (K +L+P—-M)"
~M"R;*MT — (BT (P-M")'R'BY(K+L)=0, —M'(T)=0,
Since L, M, M are symmetric, we have L = —M T = —M. Putting this result into

system (4.30), it could be simplified as

L+ LA+F)+(A+F)'"L+KF+F'K — PR;'P — MR;'M
+ MR;Y (K +L+P)+ (K+L+P)R;*M — (B"(K+L))"R{'B" (K
+L)+(B'K)'R'B'K —Qr =0, L(T)=—Gs,
M+MA+F)+(A+F)'"M —(K+L+P—M)R,*M + MR;*M
+ (B (K +L)"R*'B"(P—-M)=0, M(T)=0,
M+ MA+F)+ (A+ F)M+ MR;'M + MRy'\M + MRy M

+(B"(P-M))'R{'B"(P—-M)=0, M(T)=0.

The proposition follows. U
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By a similar argument in [174, Lemma 2.1}, if (A4.1)-(A4.5) hold, there exists
a constant 0 > 0 such that Ry(t) > 0I and Ry(t) > 61, a.e., t € [0,T]. Then, for
Q@ >0, (P4.3) is uniformly convex. However, when @ is indefinite, we have following

result.

Lemma 4.1. (P4.3) has uniform convexity if equations (4.29)-(4.31) has a solution,

respectively.

Proof By [176, Proposition 3.1] and [99, Section 3|, we first let 4; € UL, () €

CY(0,T;R") and consider the system

dy; = Ay; + Bii; + Fy™ — RN (Py™ + §)dt,  4:(0) =0,
dy™) = Ay™) 4 By 4 py(V) R;l(Py(N) + §)dt, y(N)(()) =0,

d(y: = y™) = Aly — y™) + B —a™)at, (g —y™)(0) = 0.

By (4.13), (4.29) and using It6 formula to |y; — y™|% and |y; — y™|%, we have

Elyi(T) — y™(T)Ig = Ely(T) — y™ (1) iy — Elgi(0) = ¥ (0) (o)

T
B [ (KTBRMETE = Q) — y ™)~ )
0

+2(i; — ™), BTK (y; — y™)),

and

—E|y(N) (T)’%;—Gf = E’@/(N) (T)’%J(T) - E’y(N)(O)’?D(O)

T
=E / (PRy'P +Q — Qr)y™,y™) + 2(a™ BT Py™)y —2(3, Ry Py™).
0

By Lemma 2.1 in [174], we know that S_~ EfOT |ly;|2dt < < SV EfOT || dt,
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Zﬁil EfOT |$]2dt < < Zf\;l E fOT |4;|%dt. By Lemma 2.3 in [164] and Proposition 4.1,
N T N
ZE/O (!yi — Ty™1% + |dlr, — [Py + 8’\221)& + ) Elyi(T) = Ty™M(T)[3
i=1 i=1
N T

= ZE/O (Iyz- = Ty + VNG g + I — d™R, + [d™[R, — 1Py
i=1

N
—2($, Ry Py'™)) — !s’li;)dt + D Ely(T) —y™ (DG + [y ()G,
=1
T
0

N
= ZE/ (|u — i + RPUBTK (y; = y ™), + ™) — Ry BPy ™,
i=1

_ |Py(N)|§3TRle+2R2_1 — |8/‘§z2_1)dt
T
0

N
C
>3 [ (1 BB R~ REBE KR, -l )i
=1

N T
2521@/ || 2dt.
i=1 0
The lemma follows. O

For further proofs, we have the following assumption:
(A4.6) Assume that (4.29)-(4.30) admit unique solutions.

Then, by above discussion, we have following theorem.

Theorem 4.2. Suppose that (A4.1)-(A4.6) hold. Then (P4.3) is uniquely solvable

with the optimal control u; in (4.28).

Proof Since (4.29)-(4.31) has a solution, respectively, the system (4.17) is decoupled
and solvable (see the Theorem 3.7 and Theorem 4.3 in [133, Chapter 2|). By Lemma
4.1, (P4.3) has uniform convexity and can achieves an optimal control, where u; =
~R'BT{Kz; + Lz™) + o — (P — M)l}. O
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We use Z, [ to approximate (™) [ in (4.17) and (4.24), respectively.
( — —
di :{[A +F —BR'B"(K + L) — R;'L|i — BRT'B"¢

—1pT o _ —1 a7 A_ —1
+[BR'BT(P — M) — R;*M]i — R; ¢}dt, (432)

dl =[(A+F+R;" (M + M)l + Ry ((K + L+ P+ L)i + ¢ + ¢)]dt

where K, L, L, M, M, ¢ and ¢ are determined by (4.29)-(4.31). Then, according to

Theorem 4.2, one can obtain the decentralized control law for the agent A;

~

U =— R{'BT[KZ; + L& + ¢ — (P — M)|. (4.33)

Meanwhile, we have the decentralized terms k; = K%; + L& + M [+ 0, 5= MIl +
LzMN) 1+¢, and § = Mi+ii+¢. By applying (4.33), we have the following closed-loop

system
4z, :{[A — BR{'B"K]z; + (F — R;*L)z™) — BR{'B"Li — BR;'B ¢
+ BR;'BT(P — M)l — Ry (MI + qb)}dt +odW;, 7;(0) =&
ds = — {(A +F)'5+(B"P)"R{'B"Kz™) + (B"P)"R;*B" Li:

+(B"P)'R{'B"¢o — (B"P)'R{'B"(P — M)l — (I — F)TQn}dt

N
1 Po _ A T
+N;;_N —3)d S(T) =g, 1(0) =0,

| dl =[(A+ F + Ry'M)I + R;*(K + P + L)Z™) + Li + Ml + ¢ + ¢)]dt
(4.34)
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Remark 4.2. We use the direct approach here and first obtain a set of centralized
optimal controls, then the decentralized controls are designed. Note that L, M, M,
L, ¢, ¢ are not coupled with & and it is simpler to solve four Riccati-liked equations
than solving the consistency condition (CC) system in [174] who contains five highly
coupled FBSDFEs. Thus, the fixed-point equation system is not necessary here. In ad-

dition, if L, M, M are symmetric, the original four equations can further degenerate

to three Riccati-liked equations.

Remark 4.3. Note that here the weight Q) is allowed to be indefinite. If Q) is negative
semi-definite, then (4.13) admits a solution necessarily. If Q) is positive semi-definite,
then (4.29) also admits a solution necessarily. However, to ensure that both (4.13)
and (4.29) admit solutions, the selection of ) should reach a compromise and the

magnitude of Q) cannot be too “positive” or “negative”.

4.4 Asymptotic Optimality
Definition 4.1. A set of control laws @ = {iy, Us, - -+ , Uy} € U has robust asymp-

totic social optimality if

1 WO [ — 1. wo _ L
Nk7soc<U> Nulelll/{ch \7soc(u) _O<\/N)7

where UL is a set of centralized information-based control.

Before proving asymptotically social optimality, we need to introduce some esti-

mations first.

Lemma 4.2. Suppose that (A4.1)-(A4.6) hold. Then

1

T T
]E/ |z —:i|2dt+]E/ [l —1)?dt = O(=).
0 0 N
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Proof By (4.34), we have

(

dz ) — {[A — BR'B'K + F — R;'L)z"™Y) — M)l — BR{'B" L&

— BR;'B"o+ BR;'BT(P — RyY (M1 + ¢) }dt + = Z adW;, (4.35)

1 N
N0 = 536

Combining (4.24), (4.34), (4.32) and (4.35), one can obtain

\

7

di = [(A— BR{'B'"K + F — R;'L)i — Ry ' MI)dt + — Zadm,

dl = [(A+ F — R;*M)l + Ry} (K + P + L)i]dt, (4.36)

1 & .
P>

\

where & = zV) -2, [ = [ — L. By the Cauchy-Schwarz inequality and the Burkholder-

Davis-Gundy inequality, we have

N
S 51 o
X(O)+/0 AXdr+/g N;:l ( 0 )dW

s N t
3 o
< 2 —
<cE sup X dr+N2 ElE‘/O ( 0 )

0<s<t Jo

2

E sup [X|? =E sup
0<s<t 0<s<t

2 t 1
dr<cE [ |X]%d (—)
r<c /0| |*dr + O ~ )

where X = (27,17,

4 A—BR'BTK+F —R;'L —Ry'M
- Ry (K+P+1L) A+ F—R'M

and constant c¢ is independent of N. Then, by Gronwall’s inequality, one can obtain
that

1
E sup |X]?=0O(—
Ogé{fl | (N

).
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The lemma follows. [l

Remark 4.4. In [17}], an additional Riccati equation is needed for proving

1
sup E(|z™) — 2” + |5 — §]*) = O(=),
0<t<T N

since (TWN) —2) and (5—8) satisfy an FBSDE system and they need to be decoupled by
using the Riccati equation method. However, in our model, T and [ evolve by forward

SDFEs and we can estimate them directly without setting such an assumption.

Theorem 4.3. Suppose that (A4.1)-(A4.6) hold. The set of decentralized control

laws 4 = {uy, Uy, -+ ,Un} € U given by (4.33) has robust asymptotic social opti-
mality.
Proof Let &; = z; — &, W = u; — @, *™) = ™) — zV) and 5 = s — 5, where

i=1,2,--+-,N. Then by (4.17),

di; = [Ax; + Bu; + Fa®™) — Ry18)|dt,  2;(0) =0,

i . g (4.37)
ds = —[(A+F)Ts = PBUMdt + >3 (=A)dW;, 3(T) =0.
j=1 i=1
By Lemma 5.4 in [101], if (A4.1)-(A4.6) hold, for all u; € UF, i = 1,2,---, N,

we have +J%0(u) < +J%(u) < ¢, where ¢ is independent of N. That implies
E [ |u;?dt < c. Then, by (4.37), we have E [ (|2 + |iu|* + |3[>)dt < c. Next,

considering (4.2) and (4.16), we denote

N

wo 1 g N 2 2 N 2
\7soc(u) :ng/U {l(liz —FI'( )_7]|Q + |U/1‘R1 - |PI( )+S|R2—1 dt

(4.38)
423 Bl (1)~ BatT) — il = (T @) + ) + 1)
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where
. I
Je(i) =§E/O {|x — T+ fuff, — (P20 + é'ial}dt

1 ~
+ SEJ(T) - (T2,

and

ZI —ZE / Qs — Q™ — ne — PR;Y(Pi +5), )

— (PR;YPE™) —2) + (5—3)],45) — (RyY(Pi + 5), 3)
(4.39)
— (Ry'MP@E™Y) = &) + (5= §)], 8) + (Rutiy, )t

+ Y E(GE/(T) — Gra™(T) — i, 24(T)).

=1

We now prove sz\il I; = O(—=). By (4.25), (4.34), (4.37), and the similar techniques

1
\/7
fl"OIn (418) to (423),

ZE</_€1'(T)75(3¢(T)> = ZE/@ —Qz; + Qrz™) +qr — KRy (5 — 3)

+ PRyYP + L)i+ PRy'MI + PR;' ¢ + (KF + FTK)(z™) — &), &;)

— (RyN (K& + Li + Ml + ), 8) + (BT (K&; + Li + Ml + @), 4;)dt,
(4.40)

and

0= _{IT),3(1)) = (1(0),5(0)) = > _E /0 (Ry ki, 3) + (Ry (P + 9), 3) o

— (BTPL ) + (RN (P + L) (@™ — 2) + Ry' M (I — 1), 3).

Combining (4.39)-(4.41) and Lemma 5.1, note that § — § = Ml + L& and Rya; +
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BT[K#; + Li — BT (P — M)l + ¢| = 0, one can obtain

-0
NS VN
Then, we put this into (4.38), the theorem follows. O

4.5 Numerical Examples

We continue to use the parameters in Example 4.1. First, we give the figure of

P(t) = —1,t € [0,1]. Since P(t) in (4.6) is the same as it in (4.13), P(t) =

=
—t_% — 1 could also be solution for (4.13) and its trajectory is shown in Figure 1(a).
Let the population N = 100, Ry = 0.5, c =5, n =1 = 0, [ = 0.5 and the time
interval is [0,5]. Using Matlab computation and by (4.13), (4.29), P and K can be
easily computed. After that, we simulate the BSDEs from (4.30) to (4.31) and obtain
their figures in Figure 1(b)!. Taking the initial values independently from a uniform
distribution U/(—30,60) and by equations (4.36), the curve of &, [ and 3 is described
in Figure 2(a). Denote that e = ]Efo1 |z0N) — 2|2dt, €2 = ]Efo1 I —1|2dt. We let N

increase from 1 to 100 and the curves of £ and &3 are shown in Figure 2(b). It shows

that they are getting close to zero when N is becoming larger and larger.

4.6 Conclusion

In this chapter, we study a class of social optimality for robust LQ-MF problems
with a common uncertain drift. By the robust optimization approach, we obtain a

“worst case” disturbance for all agents. Using variational analysis and decoupling

! By observing figure 1(b), we could find that the curve of L and M is overlapping. In fact, the
situation does not change even though we try many sets of numbers for the parameters. Therefore,
we have a hypothesis that L may be equal to M. If so, the system (4.30) and (4.31) are decoupled
and solved directly, which may be useful in other more complicated models. Unfortunately, we
cannot prove the hypothesis rigorously in mathematics.
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Figure 4.2: (a) is the curves of Z, [ and (b) is the curves of €2, 2 when time interval

is [0, 5].

the FBSDEs with mean field approximation, we construct the decentralized controls,

which are further proved to be an asymptotically social optimum. For further work,

it is interesting to investigate the social optimality for robust LQ-MF problems with

uncertainty in common noise by the direct approach.
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Chapter 5

Social Optima in Leader-Follower
Mean Field Linear Quadratic
Control

After introducing the LF problem and the MFT problem in Chapter 3 and Chapter
4, which can be considered as two preliminary chapters, respectively, we are going to
investigate the social optimality of the LF LQ-MF control problem. The model in this
chapter involves one leader and a large number of weakly-coupled interactive followers
and all the agents (including the leaders and the followers) cooperate to optimize the
social cost. Unlike the previous chapter that using the direct approach, we apply the
person-by-person optimality here and construct two auxiliary control problems (the
fixed point approach). By solving these two auxiliary problems sequentially with
consistent mean field approximations, a set of decentralized control can be obtained
with the help of a consistency condition (CC) system. By some proper conditions,

the asymptotic Stackelberg equilibrium is proved.

5.1 Problem Formulation

Consider a large-population system which contains one leader and N followers.

Since it contains a leader, by the discussion in Section 2.1 of Chapter 2, there are
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N + 1 agents in the system. We define the leader as Ay and let o-algebra G/ =
FiN o{&, &, Wo(s),0 < s < t}, where 0 <i < N, and G; = F; \/ 0{&,0 <i < N}
G' = {G}}o<t<t, where 0 < i < N, and G = {G; }o<i<r- The state processes of the
leader Ay and the follower A;, i = 1,2,--- , N, are modeled by the following linear
SDE on a finite time horizon [0, T'):

dxy = [Aozo + Boug + Coz'™]dt + DodWy,

dr; = [Az; + Bu; + Ca™) + Fagldt + DdW;, (5.1)

29(0) = &, z:(0) =&,

(N)

where z) := & Zf\il x; is the state average of the followers and the coefficients are

satisfy the following assumption:

As1) Ao(+), Co(:), A(+), C(-), F(-) € L=(0, T R™™),
| Bo(), B() € L*(0,T;R™™),  Dy(-), D() € L*(0, T; R™%).

The set of admissible controls for A is defined as follows:
Up = {uoluo(t) € L& (0, T;R™)},
and the set of admissible controls for the follower A; is defined as follows:
U = {u;|u;(t) € L&:(0,T;R™)}, 1<i<N.

These are the decentralized control sets and we let U = Uy x Uy X -+ X Uy. For

comparison, the centralized control set is given by
U, = {(uo,ul, o un)|wi(t) € LA(0, T;R™),0 < i < N}.

Now we introduce the cost functionals of the leader Ay and the follower A;,
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1 < i < N. For the leader, the cost functional is defined as follows:

T
o(uo: ) :E{ / 20 — 0™ — mold, + luo(0)[% | dt
0
+ |2o(T) — ©oz™(T) — 770|200},

where u = (uy, - ,uy) € U.. Qo, Ry and Gy are weight matrices. @y and O
represent the coupling between the leader and the state average term. This implies
that the states of the followers can influence the cost functional of the leader. For

the follower A;, his individual cost functional is defined as follows:

T
T (o w) ZE{ / [|z; — ©2™) — ©120 — 1l + |uil7] dt
’ (5.3)
(T — 02 (T) — Gyo(T) — ﬁ|é},

where ), R and G are weight matrices. (), © and ©; represent the coupling between
the follower A;, the state average term and the leader Ay. This implies that the cost
functional of the follower A; will be affected by the behavior of both the leader and
the other followers. All the individuals in the system, including the leader and the

followers, aim to minimize the social cost functional, which is denoted by

N
TN (uosu) = aNJo(ug;u) + Y Fi(ug;u), a >0, (5.4)

i=1
Similar to [107] and [140], we have a scaling factor aN before Jy(uo; ) such that
Jo(ug; u) and J;(up;u) have the same order of magnitude. Otherwise, if aN = 1,

then the performance of the leader will be insensitive when N becomes larger. Now

we give some assumptions that will be applied in the further analysis.
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(A5.2) The coefficients of (5.2) and (5.3) satisfy

QO()’Q() S LOO<OaT; Sn)? RO()7R() € LOO(O>T;Sm)>
B0(),01(),0() € L=(0, T;R™™),  no(-),n(-) € L*(0, T;R™),

©9,01,0 e R™™ Gy, G €S, 17,7 €R™

(A5.3) 2¢(0) and Wy (+) are mutually independent. {x;(0),1 <i < N} and {W;(-),1 <
i < N} are independent of each other. Ez;(0) = £, 1 < < N. There exists a con-
stant K independent of N such that sup,<;y E|2;(0)]* < K. Furthermore, z(0),
Wo(:) and {x;(0),1 <i < N}, {W;(t),1 <i < N} are independent of each other.
(A5.4) Qo(-) > 0, Ry(-) > 61, Gy > 0 and Q(-) > 0, R(-) > 01, G > 0, for some
6> 0.

Next, we introduce our LF MF'T problem:

Problem 5.1. (P5.1) For any uwy € Uy, to find a mapping M: Uy — U, and a

control ug € Uy such that
T (wo; M(ug)) = inf T (uo; w),
ucele

T (tg; M(tig)) = inf TN (ug; M(uq)).

ug EUp
Note that the M here is a mapping, which is different from the notation M|0, T].
5.2 The LQ-MF Control Problem for the N Fol-

lowers

5.2.1 The person-by-person optimality

Fix uy € Uy. The leader firstly announces his own open-loop strategy. Let u =
{11, Us, - -+ , Uy} be the centralized optimal control of the followers and 7 = {Z1, Zo, -+ ,Zn}

be the corresponding states. Now we perturb u; and fix other @;, where j # i. Then
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we denote du; = u; — u;, 0x; = x; — T;, where u; is the control after perturbing and x;
is its corresponding state. The Fréchet differential 6 7y(du;) = Jo(uo; u) — Jo(uo; u) +
o(|ow;32) and 07;(0uw;) = Ji(uo;u) — Ji(uo; @) + o(|0w;|32), where ¢ = 1,---, N.
Therefore, the variations of the state equations for the leader, the i** follower and

the ;" follower, where j # i, are

d51'0 = (A()(SJ]O + Coéx(N))dt, 51‘0(0) = 0,
ddx; = (Adz; + Bou; + Cox™) 4 Foxg)dt, 6x;(0) =0,

dox; = (Adx; + Cox'™ + Foxo)dt, 6x;(0) =0, j#1i,
and the variations of their corresponding cost functionals are
1 T
5(5;7()((5’&1) :]E{ / <Q0(i’0 — @Oi’(N) — 770), 533'0 — @05$(N)>dt
0

T (Gol#o(T) — OE™(T) — i), d20(T) — Godr™ <T>>},

T
%(Ui((m) ZE{ / (Q(z; — 0zN) — 0,7 — 1), 6; — O3z
0

— 0129(T) — 1), 0z:(T) — ©52"(T) — @15“@”}’

1 T
5073(0us) :]E{ / (Q(z; — 0z —0,7¢ — 1), 6z, — O3z
0

— O16z0)dt + (G(z;(T) — O™N(T) — 6,70(T) — 7)),
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respectively. Consequently, we have the variation of the social cost functional as:

15‘73(2:[)(5“1') = ! [OéN(Sjo((SUi) + Z 0T, (0u;) + 6 F;(duy;)
2 2 o

T
= E{ / OéN<Q0<j0 — @oj(N) — 770), 5ZEO> — OéN(@S—Qo(J_IO — @OQ_T(N) — 7]0), 6$(N)>
0

+(Q(z; — 0z™N) — 0,79 — 1), 62;) — (©7Q(Z; — O™ — 0,9 — 1), 52 ™)

— (0 Q(z; — ©2™) — ©13 — 1), dxo) + (Rit;, dus) + > _(Q(z; — 02N — 0,17
J#

—n),6x;) = Y (07Q(z; — 0z — 017 — n),02™) = > (6] Q(z; — 2
j#i i
- @152’0 - 77), (51‘0>dt + OéN<G0(‘fo<T) - éof(N) (T) - TA](]), (5I0(T>>

— aN(0] Go(To(T) — ©u2™(T) — i), 6a™(T)) + (G(z:(T) — 62™)(T)

N

— 0120(T) — 1), da:(T)) — (87 G(T(T) = ©N(T) — €,70(T) — 1), 6™(T))

>

When N — oo, it follows that

T
_5\75(£ ((SUZ) { / Oé<Q0(.Cf’0 — @oi'(N) — 770), N(SCL’()) — Of(@(—l)—@()(i'o — @Oi’(N)
0

— o), Noz™) +(Q(z; — 02N — 0120 — ), 0x;) + (Rity, Su;) + Z Q(z
J#l
— 0z — 0,7y — 1), Noz,) — Z 0'Q tN) — 0,z — n), Noz™)
3751
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_1 A~
- <N > 0/Q(z; — ™) — 0,30 — n), Nozo)dt + a(Go(Zo(T) — ©ez™(T)
JF#i

— i), Nowo(T)) — a(Of Go(Zo(T) — Qo ™(T) — i), Nox™(T)) + (G(:(T)

J#
Note that Esupyci<r |60/ = O(75), Esupgcicp [62V)|? = O(35) and (07Q(z; —
Oz — 0,3 — 1), 6™y + (0] Q(z; — OZN) — ©17¢ — 1), dx0) + (OTG(%;(T) —
Oz (T)=6120(T) 1), 53™)(T))+(O] G(2:(T) O™ (1) =012 (T)—1), b (T)) =

o(1) (the rigorous proof will be shown in Section 5.5 ). Let

Sxh = lim (Néx),

N—+o00
| | o (5.6)
oot = i (Now) = Jim O 02,), 3 7.

Here Néz, converges to oz such that EfOT |Nbxy — 0xb|? = O(x). Similarly,

. 0x; and Néx; converge to dz' (see Section 5.5 for the detailed proof). Then
j#i 0 J

one can obtain

doxl = (Agdx) + Codx; + Cooal)dt, 5z5(0) = 0,
(5.7)

doxt = (Adz + Cox; 4+ Coxt + Foxb)dt, 627(0) = 0.
When N — oo, by mean field approximation, we use & to approximate ™). Note
that £ will be affected by uy which is given by the leader. Moreover, the influence of

individual follower on & may be negligible. Hence, by straightforward computation,
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we simplified the social cost functional as follows:
Ls 7
55\7506 (5ul)

T
:E{ / (aQoU; — O] QUs, 6xl) + (QT, — 0T QU3 — aB] Q¥4 o)
0

4 (Rits, 0ug) + (QWs — OTQW, — a®] QoWy, 621)dt + (aGoW4(T) (5.8)

— 0] GU(T),6x(T)) + (GUG(T) — OT G4 (T) — O] GoWy(T),

62T (T)) + (GUL(T) — OTGUG(T) — aB) GoU4(T), 5@-(T>>},

where
\Ifl() = f‘o — @off — Mo, \Iﬂz() = .i'i — Oz — @LTO —1n,
Us3(-) :== (I = ©) — 17 — 1,

are related to time ¢, and

N A

Uy(T) == 2o(T) — O (T) — 1o,  WH(T) := &:(T) — OX(T) — ©170(T) — 4,

A

Ue(T) := (I — ©)&(T) — 612(T) — 7,
are related to time 7" which are terminal terms.

Remark 5.1. Note that, unlike the direct approach in Chapter 4 that perturbs all
the agents’ controls, the person-by-person optimality only perturbs the i'® follower’s
control here. For this reason, it will derive three additional processes Noxg, Nox;,
and z#i dx; and two limit process 53:2) and dzt, which makes the problem more
complicated. However, if Cy =0 and C = 0, then all these additional process can be

vanished and the problem will be simplified (see [105, 138]).

It is very important to formulate an auxiliary control problem to obtain the

decentralized optimal control for analyzing the problem of social optimality. Usually,
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an auxiliary control problem is a standard LQ control problem (see [105, 174]).
However, (5.8) contains dz), and dzf, which are the terms we do not want them
appear in the social cost functional. Therefore, we need to use a duality procedure
(see [191, Chapter 3]) to get off the dependence of 5$(£)(5ui) on 0z} and dzf. To

this end, we introduce two auxiliary equations

dkey = —(0QoUy — O] QUs + Fky + A ky)dt + BdW,
dky = —(QU3 — 0T QU3 — aB) Qo + Cy ky + CTky + AT ky)dt 4 BodWy,
ki (T) = aGoUy(T) — O] GU4(T), ky(T) = (I — O")GU(T) — aB] GoU4(T),

and, by It formula (see Proposition 3.3 in Chapter 3 or Proposition 4.2 in Chapter

4), the variation of social cost functional is equivalent to

1 T
56‘75(01\0[) (§U2) = E{ / <QQ_3“ 5272) + (Rﬂl, (S'LLZ> + <—Q<®jf + @1530 + T])
0

~

+ (=G(O#(T) + 61Z(T) + 1) — ©TGU4(T) — B GoW4(T), m(T))}.

5.2.2 Decentralized strategy design for followers

As discussed in the previous subsection, when N is sufficiently large, a stochastic

(N)

process T can be used to approximate z'"). Now, we can introduce the following

auxiliary control problem for the ¢th follower.
Problem 5.2. (P5.2) Minimize Z((ug,.@);ui) over u; € U;, where

Ti(uo ) w) :E{ / \xz-|z+|uir%+2<xl,xi>dt+ra:z-<T>|2G+2<x%x¢<T>>}, (5.11)

101



with
X1 = —Q(Oz + O1%g(ug) + 1) — 0TQY,; — a@ngllll + COTk:l + C' ks,
X2 = —G(O(T) 4 6130 (uo)(T) + 1) — OTGW4(T) — aO) GoWy(T).
Here, To(ug) means Ty is related to ug. ZTo, T, k1 and ky are determined by

(dfo = [Agfo + B()U,(] + Coi’]dt -+ DodW(), .fo(O) = &),
di = [A% + Bi + C& + FZo(uo)ldt, #(0) =&,
dky = —(aQo¥; — O] QU5 + F ky + AJ ky)dt + Brd Wy,

dk‘g = —(Q\Ijg — @TQ\I’?) — Oé@S—QO\Ifl + C(;rkfl + CTkQ + ATkg)dt + 52dW0,

k1(T) = aGoW4(T) — O] GU(T), ky(T) = (I = OT)GUe(T) — aOf GoWu(T),
(5.12)

where & and U are the approzimations of ™) and % Zf\il u;, respectively.

In what follows, we let ©« = M(ug) = {1, s, -- ,un} € U. Note that u here rep-
resents the decentraliezd optimal control, which is different from the same notation

in the beginning of this section.

Proposition 5.1. Assume that (A5.1)-(A5.4) hold. For given ug € Uy, (P5.2) has
a unique optimal control

;= —R 'B'p, (5.13)

where p; 1s an adaptive solution to the following BSDFE
dp; = —(ATpi + QT + x1)dt + CodWo + GdW;, pi(T) = Gi(T) + xo. (5.14)

Proof By variational analysis (see Proposition 3.1 in Chapter 3), the result can be

obtained. 0
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Substituting (5.13) into (5.10) and combining (5.14), we have the following FB-
SDE

dz; = [Az; — BR™'B"p; + Ci + Fxoldt + DdW;,
dp; = —(A"pi + QT + x1)dt + GodWy + (dW;, (5.15)
2i(0) =&, pi(T)=Gay(T) + X2, i=1,2,---,N.

By taking limits, the above FBSDE can be rewritten as:

~

di = [(A+ C)& + Fzy — BR™'B'pldt, 2(0) =¢,

(5.16)
»

—(ATH+ Qi + x1)dt + (odWo, P(T) = GE(T) + X

5.2.3 The consistency condition of the follower problem
Let

(2= (I —O01)QU — O) +aB] QuO, ES := (I —O")G(I — 6) + ad] GOy,
== (I —0"1)QO; +a0]Qy, =5 := (I —O0")GO, + ab] Gy,

{Zs = (I = ©1)Qn — 6§ Quin, =5 = (I - ©7)Gij — a0 Goi,

24 =0, Q01 4 aQ, ¥ := 0] GO, + aG,

| S5 := 0] Qn — aQono, =5 = 01 Gi — aGyip.
Combining (5.12) and (5.16), we can obtain the CC system
(di = [(A+ O)i + Fzg — BR' B ky)dt, £(0) =&,
da_fo = [Aoi’() + Bou() + C()Z%]dt + DodWO, J_I()(O) = &),

dky = —[24T0 — Z9 & + Ag by + F kg + Zs)dt + BrdWy, (5.17)

dky = —[218 — Zo%g + Cy k1 + (A + O) Tky — Zsldt + SodWo,

(k(T) = E§30(T) — (2) "2(T) + ZF, ko(T) = E7(T) — Z570(T) — 5,

where p = ko can be easily verified.
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5.3 The Optimal Control Problem for the Leader

Now, let (P5.2) have a unique solution. Then, for ug € Uy given by the leader, the
followers choose their optimal control « = M(ug) = {uy,us, - ,un} € U, where
@; is shown in (5.13). Now we consider the optimal control of the leader to further
minimize the social cost functional. In the infinite population system, ™) may be
approximated by . Hence, we can construct the following auxiliary optimal control

problem for the leader.
Problem 5.3. (P5.3) Minimize ﬂjﬁ)(uo;a) over uy € Uy, where

dxg = [AQJ?O + Boug + Coii]dt + DodWy, $0(0) = o,
(5.18)

A

N
js((fg)(u(); u) = OéNjo(Uo; u) + Z ji(ug; w).
i—1

(P5.3) is based on (P5.2). Therefore, combining (5.13), (5.3), and (5.4) with mean

field approximations, the cost functionals of the leader Ay and the follower A; are

~

T
Jo(uo; u) :E{/ (QoW1, W) + (Roug, up)dt + (Go Wy, ‘1’4>}7
0

~

T
Ji(uo; ) :]E{/ (QUL VLY + (BT p;, R™'B p)dt + (GL, \pg>},
0

where T, Tg, k1, ko, T;, p; are determined by (5.17) and (5.15).

We let 1y be the optimal strategy of the leader and perturb ug in (5.18), where
dug = ug—1ug. Since To, T, T; and p; are determined by ug, we denote their correspond-
ing perturbations as: 6Zg = To(ug) — Zo(to), 0& = T(ug) — (o), 0Z; = T;(ug) — T; (o)
and 6p; = p;(up)—pi(tp). For sake of notation simplicity, we drop (%) in the following

Zo(ao), x(uo), T;(up) and p;(ug), etc. Then, one can obtain

dd’f‘o = [Aoéfo + Bo5u0 + Coéi']dt, 5@0(0) = O,
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and the variations of corresponding cost functionals
1. T
55«70(5’&0) :E{ / (QoW1,0Z0 — Og0T) + (Roto, dug)dt
0

T (GoWa, 670(T) — éoaw»},

and

N N T

1 . .

3 Y 6Ti(6ug) =) :E{/ (QUE, 67; — 6% — ©,0Z¢) + (R'B p;, B 6p;)dt
i=1 i=1 0

+(GUL,6%,(T) — O6%(T) — é)léizo(T»}.

Here Wy, Ui W, (T), Wi(T), are related to g, and, in what follows, ¥y, Wi Wy,
U, (T), Wi(T), Ue(T) will be related to uy. Then, the variation of the social cost

functional is

T
%5@@(5%) —=aNE / (QoW1,0T0) — (O) QuWy, 0%) + (Rotig, dug)dt
0

N T
Yy /O (QUS,62) — (O QWL 82) — (O] QW 5z0)
=1

+ (BR™'BTp;, dpi)dt + aN(GoW4(T), 6zo(T)) (5.19)
N
— aN(O] GoUy(T ) =D (6] GUL(T),020(T))
=1
N

=) (OTGULT),68(T)) + > (GUL(T),6z:(T)).

=1 7

-

1

Similarly, the variations of those equations in (5.15) and (5.17) are given by
doz; =[AdZ; — BR™'B" 0p; + C& + Fézoldt, 67;(0)=0, i=1,2,--- N,
dop; = — (AT 0p; + Qdx; + [Z) — Q)03 — Z90T9 + Cy dk1 + C T 6ky)dt

+860dWo + 6GdW;,  opi(T) = Gowi(T) + [E7 — Gloa(T) — =50z0(T),
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and
(doz = [(A+ C)oi + Fézg — BR'B'5ky]dt, 02(0) =0,
dok) = —[E40T0 — 2, 02 + A 0ky + F T 0ky)dt + 63,dW,

doky = —[2162 — 29670 + Cy 6k + (A + C) " Sky)dt + 5B2dWo,

(k1 (T) = E§00(T) — (25) 02(T),  ka(T) = E{62(T) — E557(T).

~~

Since (5.19) contains many terms that we do not want them to appear in the social
cost functional, we will use a similar argument in the last section to get off the

dependence of A )((5u0) on those terms. Therefore, we need the following auxiliary

equations
dg; = mdt +nddWy + ngdW;, ¢(0)=0, i=1,2--- N,
dly = sidt + rdWy, 11(0) =0,
dly = sodt + r9dWy, 15(0) = 0.

where

m; = —(BR'B"p; — BR™'B'y; — Ag;),
51 = Coly + Agly — Coqs, s2=(A+C)ly— BR'B'§' + Fl, — Cq,

n, =0, n =0, rn=01ry=0,

N
dj' =adt + BdWo + Y Bid W,

=1
§(T) =a07 GoW4(T) + ©TGUL(T) — (E9) "I(T) + (E7) "l(T) + (B — &) ai(T),
A~ N A
dyfy =Godt + PodWo + Y BYdWV;,
=1

yo(T) =aGoWu(T) — O] GUL(T) — (E§)T1(T) + (E5) (1) + (25) Tai(T),

dy; =c;dt + BodWo + B;dW;,  yi(T) = GUL(T) — Gg;(T),
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(Gp=— (aQoV; — O] QUL + Fly; — T + AJyh — E4 1+ 25 1o + 24 qi),
G =—0a0;Ql; —O0"QUL +CTy; — (A+C)Y g + Cf yi + Zaly
—E - (Z1-Q)Tq,

Loy = — (QVh + ATy — QT%'),

to help us obtain the optimal control of the leader. Here g;, l1, lo, 4, yi, and y;
are used to free 6£(£)(5u0) from the dependence on p;, ki, ko, 02, 0Z¢, and 0Z;,
respectively.

Similarly, by Ito formula and the duality relations, the variation of the social cost

functional can be derived as follows:

1 . T
505 (Guo) = E / (N Rytlo + Z Bo vy ) .
0

=1
Thus, letting %5i(£)(5u0) = 0 is equivlant to
N
aN Rotig + > BJ g = 0.
i=1

Then, we have the centralized form of the optimal control for the leader

i :——R IBTZ b= ul™, (5.20)
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where % relies on N and the following FBSDE
(dyi = _(ATyi —Q g+ Q‘I’é)dt + BodWo + BidW;,  yi(T) = G‘I’E(T) — Gqi(T),
dg; = (BR™'B'y; + Aq; — BR™'B'p;)dt, ¢;(0)=0, i=1,2,--- N,
i’ = (—aO) QoW1 — O QW + CTy; — (A+C) 1§ + Cg ys + Ealy —E[
A N ~
i=1
J(T) = Oy GoWu(T) + O GUL(T) — (Z9)"1/(T) + (EF) "a(T)

dyh = —(aQo¥; — O] QUL+ Fly, — F ' + Agyh — E5 1 + Zg lo + =g q;)dt
N
+ BodWo + Y _ BldW;,
=1

=) ai(T),

—

yo(T) = aGoWy(T) — O] GUL(T) — () "h(T) + (25) (T +

dl; = (Aoll + C()l2 - COQZ)dtv h (0) = 0’

\dly = [Fly + (A+ C)ly — BRT'B'jj' — Cqjldt, 15(0) = 0.

(5.21)
Denote
( 1 N ' 1 N '
* :NI—I}—I&-lOONZy“ ZAI* :NETWN;Z)Z, ys :Nl—ig‘looﬁiz_;yé’
1 & 1w
\ * - Nlililoo Z(]z, lT - NLHEOO N ;ll, l; - NliTOON ;ZQ

Here, using a similar argument of (5.6), we can easily prove that + ZZ Vi N ZZ LU

N i Yo ¥ it s % Lima b and ¢ 3L, Iy converge to y, 7y, 7, [f and 15,
respectively. Thus, combining (5.17) and (5.21), when N — oo, we can obtain the
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CC system for the LF MFT problem

(di = [(A+ C)i + Fiy— BR'Bky]dt, 2(0) =¢,
dZo = [AoTo + Co@ — Bo(aRy) ™ By yildt + DodWy,  o(0) = &,
dk) = —[E4Zo — Zg 2 + Ag k1 + F T ky + Z5)dt + BrdWy,
dky = —[212 — Z9%0 + Cy k1 + (A + C) Ty — Z3]dt + BodWp,
ki(T) = E¢20(T) — (55) "#(T) + 25, kao(T) = E72(T) — E570(T) — =5,
dy* = —(ATy" — QTq" + QWUs)dt + p*dW,, y*(T) = GVs(T) — Gq*(T),
dq¢* = (BR™'B'y* + A¢* — BR™'B"ky)dt, ¢*(0) =0,
dj* = [—a0] Q¥ — OTQUs + CTy* — (A+CO)'9" + Cf yis + Sl — 13
—(E1 - Q) q]dt + By,
J*(T) = aO§ GoW4(T) + ©'GU6(T) — (29) " 15(T) + (E7) "15(T)
+ (57 = G) g (1),
dyy = —(aQoW1 — O] QUs + F'y* — FTi" + Ajys — E4 17 + E5 15 + Z5 ¢")dt
+ BrdW,

u (1) = aGoWy(T) — 0] GWo(T) — (EF)T1(T) + (E§) T15(T) + (E) T"(T),

—~

dl; = (Aol; + Cols — Cog")dt, 15(0) =0,

\dl; = [FI} + (A+C)l; — BR'B'§* — Cq*]dt, 13(0) =0,
(5.22)

and the decentralized optimal control for the leader
wy = —(aRo) "Bl y;. (5.23)

The final CC system is highly coupled with five forward equations and five backward
equations. The existence and uniqueness of (5.22) are very important for obtaining
the optimal control, however, it is very difficult to solve such a high-dimensional
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system. We need to simplify the CC system to an FBSDE using block matrices and

these will be discussed in the next section.

5.4 Well-Posedness of the CC System

Note that in (5.22), the equations of (Z,Zg, k1, k) form a coupled FBSDE and
(v*, g%, u*, ys, 15, 15) form another coupled FBSDE. The two FBSDEs are also fully

coupled with each other. Therefore, we try to look at the above FBSDEs differently.

To this end, we set

z y* 3
To y* &o
X=| ¢ |.Y=[ gy |.XO)=| 0 ],
& k1 0
13 ko 0
G\I/6 - Gq* (T
0O Gy — 0" GV — (E§)1(T) + (EF) ' I5(T) + (E¢ = &) T¢*(T)
Y(T') = aGoWy — O] GV — (E9)T1(T) + (2§) TI5(T) + (E9) "¢*(T)

=fa0(T) — (5)"a(1) + =6
=re(T) — =57 ) —

Then (5.22) is equivalent to

dX = [AX + BY + b|dt + DdW,, X0)= (" ¢ 0 0 0),

dY = [AX + BY + b|dt + DdW,, Y(T) = GX(T) + g,

with
A+C F 0 0 0 0 0
Co Ay O 0 0 0 Dy
A= 0 0O A O 0 , b= 0], D= 0 ,
0 0 —Cy A Co 0 0
0 0 —-C F (A+C0C) 0 0
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0 0 0 0 —BR'BT
0 0 —Bo(@Ro)_lBJ 0 0
B=| BR'BT 0 0 0 —BR'BT |,
0 0 0 0 0
0 —BR'BT 0 0 0
—Q( —9) QO QT 0 0
A 5 -QUI—-0) —5,4+Q0, —(E,-Q)" zZ, -Z]
A = =71 _= =T =T _=T
—2 —4 —2 —4 =2 )
=) —Z 0 0 0
—=Z =, 0 0 0
Qn g —Gn)
) —Z3+Un X B =5 — G
b= _ES ) D= 8 y 9= Eg )
=5 b :_5G
=3 Ba —=3
—AT 0 0 0 0
A cCt —(A+O)" ¢y 0 0
B=| —FT I —A] 0 0 ,
0 0 0 —A] —FT
0 0 0 —-Ccf —(A+O)T
G(I —©) -G, -G 0 0
—E¢ + (1-9) EG—G@l(E?—QF‘—%Eﬁi Gfﬁ
G = —(E%) =¢ (25) —(EDT (E5)
—(Eg)T EEG 0 0 0
= —=5 0 0 0
Let
[ A +BG B - b
"\ A-GA+BG-GBG B-GB /' ~ \b—-Gb )’

D
D—GD

),Y:Y—GX

then (5.24) can be rewritten as:
(7)1

X(0)=(¢" & 0 0 07,
111

X

Y

X

¥ )+6} dt + DdWy,

(5.25)

Y(T') =g.



This is a fully coupled FBSDE. By the Theorem 3.7 in [133, Chapter 2], the FBSDE
(5.25) is solvable for all g € L(2;R°") if and only if the following condition holds:

det {0, [ YV so0, vieo,T). (5.26)
{one (7))

In the case, (5.24) admits an unique solution for any given g € LZ(;R™),

Under the condition (5.26), we may decouple the FBSDE (5.25) by
Y(t) = K()X(t) + s(t), te][0,T],
where K € C*(0,7T;S°) is a solution of the following Ricatti equation

K +K(A + BG) + KBK — (B — GB)K — (A — GA + BG — GBG) = 0,

K(T)=0, tel[0,T],
and k € C1(0, T; R°) satisfies
fi+ (KB — (B—GB))k+Kb— (b—Gb) =0, t € [0,T], &(T)=g. (5.27)

By the Theorem 3.7 and Theorem 4.3 in [133, Chapter 2], if (5.26) hold, then the

Ricatti equation admits a unique solution K(-) with the following representation:

K(t) = — {(O,I)eA(Tt) ( ([) ) ]_1 [(O,I)eA(Tt) ( é ) } te0,7). (5.28)

Example 5.1. Consider the system (5.25) with parameters Ay = 0.1, By = 1,
Co=001,Dy=1, A=005 B=1,C=005 D=1, F=03,0=1, Qy=1,
Ro=10,Go=0,0=01,0,=1,0=09 R=15, G =0, a = 1.02, T = 12,
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1no =n = 0. Then, we have

0.10 0.30 0 0 0 0 0 0 0 —0.0667
0.01 0.10 0 0 0 0 0 —0.0980 O 0
A= 0 0 0.05 0 0 ,B=] 0.0667 0 0 0 -0.0667 |,
0 0 —0.01 0.10 0.01 0 0 0 0 0
0 0 —-0.05 0.30 0.10 0 —0.0667 0 0 0
—-0.81 0.90 0.90 0 0 —0.05 0 0 0 0
. 0.939 —-0.93 —-2.649 1.83 —1.749 . 0.05 -0.10 0.01 0 0
A= 183 —-192 -183 192 -183 |,B=] -030 030 —0.10 0 0
1.83 —1.92 0 0 0 0 0 0 —0.10 —0.30
—-1.749 1.83 0 0 0 0 0 0 —-0.01 -0.10

Hence, according to the simulation through Matlab software, for any t € [0,T], we

obtain

A_<A—GA+IE%G—GIB%G IB%—G]B%)’ det{m’[)e (1)}>0’

(e.qg. fort = 6, det{(O,I)eAt ( ? )} = 12.7053 > 0). By the argument above,

(5.24) is solvable.

For further analysis, we make the following assumption:
(A5.5) The equation (5.25) has a unique solution and the solution (X, Y, D) belongs
to M0, 7.
For the following equation
dz; = [AZ; — BR™'B"p; + C& + Fio|dt + DdW;, 2;(0) =&, i =1,2,--- , N,
dp; = —[A"p; + QZ; + xa]dt + CodWo + (dW, pi(T) = Gi(T) + xa,

(5.29)
where y; and x» are related to iy. We let p; = P%; + ¢, t € [0,T], where P €
C'(0,T;S") is a solution of the following Ricatti equation and ¢ € C'(0,7T;R")
satisfies

P+PA-PBR'B'P+ATP+Q=0, te|0,T], P(T) =G,

¢+ (A" —PBR'BN)¢g+x1 + PCi + PFzy =0, t € [0,T], @(T) = xo.
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Since the Ricatti equation is standard, it has a unique solution. Hence, (5.29) is

uniquely solvable and the solution belongs to M[0, T].

5.5 Asymptotically Social Optimality

In this section, we discuss that if the leader announces ug obtained in (5.23) to the
N followers, then the set of the optimal decentralized controls for the leader and
the followers will constitute an approximated Stackelberg equilibrium. First, for the
open-loop decentralized strategy (ug,u*) in (5.23) and (5.13), we have the realized

decentralized state x; and x}, satisfies

dxj(t) = [Aox(t) — Bo(aRo) ™ By yi(t) + Co(x) M (£)]dt + DodWy(t),
dat(t) = [Azi(t) — BRT'B pi(t) + C(a*) N (t) + Fai(t)]dt + DAW;(t), (5.30)

25(0) = &, 2 0)=¢&, i=12-- N,

where 5, p; satisfy (5.22) and (5.29), respectively. Then, by [16] and [138], we give

the definition of the asymptotic Stackelberg equilibrium.

Definition 5.1. A set of control laws M(ty) € U has asymptotic social optimality
of

1 1
— 7N (- i) — — inf M) (G0 )| = O(——
N\7soc (Uo,M(Uo)) N (120%1121)61/16 t7soc (Uo,u) ( /—N)’

where M is a mapping and M : Uy — U. U. is a set of centralized information-based

control.

Definition 5.2. A set of control laws (uj, u*) € Uy x U, where u* = M(ug), is an
asymptotic Stackelberg equilibrium with respect to T (ug, w) if the following two
properties hold:

1. M(ty) has an asymptotic social optimality under ty.
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2. The following equation is satisfied

1 . . 1. § § 1
N‘Z((fp(uo;/\/l(uo)) - Naérelgc T (g; M (o)) | = O(\/_N)'

We first need to introduce some lemmas before proving the asymptotic Stackel-
berg equilibrium. In what follows, the value of K may be different at different places

and it only depends on the coefficients and initial values.

Lemma 5.1. Assume that (A5.1)-(A5.5) hold. Then

T 1

T T
IE/ (%)) —@\deE/ Ip) —p|2dt+ﬂ<:i/ |zt — To|?dt = O(==).
0 0 0 N

Proof The proof is similar to Lemma 4.2 in Chapter 4. For the detail proof, readers

may refer to [101, Appendix A]. O

Lemma 5.2. Assume that (A5.1)-(A5.5) hold. There exists a constant K, which

is independent of N, such that
T (ug;u) < NK.
Proof See [101, Appendix B]. O

Proposition 5.2. Assume that (A5.1)-(A5.5) hold. For all (ig;u) € U, there

exists a constant K, which is independent of N, such that
aN |l + |u|7: < NK.
Proof The proof is trivial, we omit it here. [l

The following two propositions will give the rigorous proofs for the approximations

in Section 5.2.
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Proposition 5.3. Assume that (A5.1)-(A5.5) hold. Then, for (5.5), Esupy<,<p [0z0]* =

O(35), Esupyeycr |02V = O(5) and (07Q(z; — 02 — 013y — n), 02™)) +

—~
@
=
=
|
D
SN
|
D
8
()
|
=
\'0')
8
<
_|_

O G(z:(T) 07N (T)—0120(T)—1), 6™ (T))+
(O] G(z:(T) — 0MN(T) — 6,70(T) — 1), 620(T)) = o(1).

Proof See [101, Appendix CJ. O

Proposition 5.4. Assume that (A5.1)-(A5.5) hold. Then, Néx;, Ndxy, Noz;

converge to Z#i oz, 5:103, Szt such that

( T T
1 1
]E/O |N5xj—;5:pj|2 :O(m), E/O |N5:E0—(5a:8|220(m),

T
1
]E/ Néz: — ox'|? = O(—).
\ 0 ‘ J ’ (N2)

Proof See [101, Appendix CJ. O
By the lemmas and propositions we discussed above, we give the main result.

Theorem 5.1. Assume that (A5.1)-(A5.5) hold. Then the pair (uj, u*) given in
(5.23) and (5.13) is an asymptotic Stackelberg equilibrium with respect to the social

cost functional.

Proof For (ug; ) € U, let

1
— T8 (g3 M (itg))

1 * * 1 ~ ~ 1 * *
N«ﬁojﬁ)(uom ) — Nsﬂ(ﬁ)(uo%u) = N‘]s(ég)(uo;M(UO)) N

1 1
+ st(o]p(ao;/\/l(ﬂo)) - st(o]p(ﬁo;ﬂ) = A1 + Ay,

where A; = %ﬂ(ﬁ)(us;M(ua)) — %ﬂ(ﬁ)(ao;/\/l(ﬂo)), Ay = % s(ﬁ)(ao;/\/l(ao)) -

%JSX ) (o3 ). Since g is fixed, by following the standard method in [105], we obtain
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|As]? < c(|a0|i2)%. Specifically, we denote &; as the state of the " follower when

its control is M, (), thus Z; is equivalent to Z; in Section 5.2. Let

Then we have

N
TN (g3 1) = N Jo(iio; ) + »  Fi(iio; 1)
=1
N N N
=1 =1 =1

where
T
Jo(tio; M(tip)) = E{ /o |70 = €™ — 10l + [0l
£ [1o(T) — B0 ™ (T) - an}

T
/ |Zo — O[3, dt + |20(T) — Oz (T)|2GO},

0

Hy = E{
T
Ti(tig; M(itg)) = IE{ / |2 — 02N — @120 — n[3) + [M;(0)[1dt
0
T ad(T) — 03 (T) — O,0(T) — n|G}
T A~ A
H; = IET{ / % — 02N — 0133 + || 1dt + |7:(T) — 03 ™N(T) — ©120(T) g}
0
T
IO = E{ / (i’o — (")oji'(N) — ﬁo)TQo([Z'O — @of(N))dt
0
T (00(T) — 0™ (T) — o) Go(G0(T) — Goi™ <T>>},
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T
I = E{ / (2; — 0™ — 0130 — )" Q(z; — O3 — ©,70) + M/ (@) Ritydt
0
+ (3(T) = O3™(T) = O1200(T) — ) " G(3(T) — OF™(T) — 615:0<T>>}-
By straightforward computation

T
O[NIO = E{ / OZN[\I/IQO - (@Ovl)TQo]fo - O[[\I/IQ()@O
0

— (Bpu1) QO@OZ dt + aN[U4(T) Gy — (©oui(T)) "Goldo(T)  (5.31)
— [ (T) GOy — (Oou1(T)) T GyOy] Z ji(T)},

S h- E{ / > ()T~ [(00)TQ + ¥I QO — (1 - ©)v) Q] Y

i=1

— N[ QO, — [(I — ©)uy]" QO] + M, (@) Riydt + Z (Wi(T)) " Gi;(T)

=1

=~ [(Ou(T)TG +s(T)TGO = (I = O)u(T) TGOy 3l

— N[U4(T)" GO, — [(I — O)uy (T)]TGél]:%O(T)}.
(5.32)

where v; = 2 — 2. By (5.22), (5.29) and It6 formula, we obtain following relations:

N{(ki(T), 0(T)) = (aNGo W4, 70(T)) — (NO{ G, 70(T))

T (5.33)
:E/ —<04NQ0\111, 53()> —|— <N@IQ\I/3, f0> — <k’2, NFZZ‘Q) —|— <C(;rk’1, Z fl>dt
0 ._
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Z(pi(T),ii(T»:E/ <@TQ\113,Z;@> sz + (0B QO\Dl,le

i=1 0

N N
(kL Y E) — 0™ — ke, O 7) + Y (i B) + (o™, NFig)dt.
=1 =1

i=1
(5.34)
Meanwhile, by (5.13), we have

-

(M(a), Ri;) + Z(pu Bi;)
- (5.35)

(R(=R™'B"p;) + B p;, ;) = 0.

I
WE
=
<
B
+
oy
=
2
Il
[ =

Combining (5.31)-(5.35), Lemma 5.1 and Lemma 5.2, it follows that

=

N
1
(NI + Zl L) =0(

Moreover, +(aN Hy + SV, H;) > 0. Thus, we have

1 1

1
Ay = N«Z(oj\c[)(ﬁo;/\/l(ﬁo)) - Nﬂﬁ)(%?a) < c(|iio|72)

(5.36)

=

For Ay, we decompose it as follows:

1
Ay = =T (us; M(ug))

1 5 5 1 N .
N — =T (iig; M(tg)) = NJS(OZX)WOQM(UO))

N

1 1 1
FT0 (g™ M(ug™)) + T80 (6™ M(ug™)) = = T0D o M),

Note that u(()N) is the centralized social optimal control in (5.20), thus one can easily

obtain that

1
T s M(ug™)) < T80 (10 M) (5.37)



We know that J& (uo; M(up)) continuously depends on ug. Since M(up) is the

solution of (5.29) which continuously depends on parameters, we have M(ug) is
continuous in uy. Note that Ji’ (uo; M(up)) is a quadratic functional and wuf is

fixed. Let féN) and fEN) be the state of the leader and the ' follower when the

control of the leader is uéN). Denote

do = ul" —ug,  IM(ug) = M(uf") — M(u),

SMi(ug) = Mi(u§™) = Mi(ug), o= 35" —up, & =" —af.

Then we have

T (™ M(u§™)) — T (uf; M(u))

=T (@™ =+ uy; M(udY) — M(ug) + M(ug)) — T (ug; M(ug)|,

and
N

T ™ Mu§™)) = aN[Fo(ug; M(ug)) + Hy + I + > [Tiug; M(ug)) + H] + 1)),
=1

where

T
s 005 =] [l — 00(a)) — il + il
0
T [a(T) — Gola™) (T — n|G}

T
Hy = E{/ | o — @of(m%o + |dig| 7, dt + |o(T') — @of(N)(T)%O},
0
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itz M) = 2] [ a7 06N — 001 il + Ml
T | (T) = O(a")M(T) — Brar(T) — n|G}
T
H = E{ / |; — O™ — ©18|3 + [6M (uo) [dt
0
T 16(T) — 0N (T) - élfomré},
T
I = E{ / (28 — Oo(z*)™ — 1o) T Qo(do — ™) dt
0
T @)(T) — Go(a") N (T) — i) Goldo(T) — Op™ <T>>},
T
/= ]E{ / (zr — O(z")™M) — 025 — )" Q(£; — O™ — O140) + M, (uf) REM(ug)dt
0

(@) - O )N(T) — Oray(T) — i) Gl (T) — 66(T) — émo(T))}-

By the similar arguments in Lemma 5.1 to Lemma 5.2 and |As[* < ¢(]tig]22) . we

obtain

1 1
~Ho+ S Hi A+ ady + ZI’

av

Hence, we have

1 N 1 N *, * 1 —
) (™3 M (g™ 4+ 5 70 (s M) < K () = O

where K is independent of N. By (5.38) and (5.37), it follows that

1
\/_N)’ (5.38)

1 1
e g M) = T80 (s M(ug™)) = O

and

1 1
T g s M(ug™)) = 52 TG0 (o M) < 0,
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respectively. Thus, we have

1 1 1
Ay =T (3 M) = 75T (03 M(to)) < O( ). (5.39)

By Proposition 5.2, there exists K independent of N such that 4|3, < K. Then,

combining (5.36), (5.39), we can obtain:

TR
)+C(IUO|L2)\/—N) < K-0(

1

Al—l—AQSO(\/N

1
VN~
where K is independent of N. The theorem follows. 0
5.6 Numerical Examples

We now give a numerical example for Lemma 5.1. By (5.28) and (5.27), K and &

can be easily computed. Consider Y = KX + x, we can obtain that

dX = [(A + BK)X + Bk + bdt + DdW,, Y =KX + &,

where X = ((2)" (0)" (¢)" (11)" (1)), Y = ((v")" )" (wo)" (k)" (k2)")".
Since p; = PZ; + @, by the following equations below (5.29), we have

dz; = [(A— BR'B"P)z; — BR™'B" ¢ + Ci + FZ|dt + DdW;.

The realized decentralized state z; and (z*)™"), can be derived by (5.30). Combining

them with (5.22), one can obtain

()1 ) oo (o
(o2 )o=(hse-e)

where p = k».
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Figure 5.1: (a) is the trajectories of 2}, i = 1,---,100 and (b) is the curves of €7,
i =1,2,3 when time interval is [0, 12].

We continuously use the parameters in Example 5.1. The population N = 100
and the time interval is [0,12]. By Matlab computation, the trajectories of the
realized state z] are shown in Figure 1(a).

We defined €} = ]Efol2 (%)) — 3|2dt, €2 = ]Ef012 28 — To|?dt, €3 = Ef012 [p™V) —
pl2dt. When N increases from 1 to 100, the curves of €%, 32 and €2 are shown in
Figure 1(b). The X axis indicates N and the Y axis indicates €7,i = 1,2,3. It can

be seen that they are approaching to zero when N is growing larger and larger.
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5.7 Conclusion

This chapter has analyzed a class of LQ MFT control problems. We obtain the
decentralized form of optimal controls for the leader and N followers. By the Riccati
equation method, we discuss the solvability of the FBSDE. Finally, an asymptotic
Stackelberg equilibrium theorem is established. For future work, one can extend the

results of this paper to the hierarchical control with many leaders cases.
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Chapter 6

Stackelberg-Nash-Cournot
Equilibrium with Model
Uncertainty and Weak-coupling: a
Mean Field Consistency Approach

In this chapter, a multi-leader and multi-follower (ML/MF) game equilibrium prob-
lem with a hierarchical structure, model uncertainty, and weak-coupling is intro-
duced. The leaders or followers play a Nash game with each other in their hierarchy;,
while leaders and followers play a Stackelberg game between the two hierarchies. The
information structures between leaders and followers are asymmetric and model un-
certainty appears since the lacking of communication among the agents. Moreover,
all agents are framed under a weakly-coupled large population system with complex
interrelations. According to the mean field game (MFG) theory, it can obtain an
asymptotic Stackelberg-Nash-Cournot (SNC) equilibrium for leaders and followers
based on a CC system.

This chapter can be considered as a supplement for the thesis. It is different from
the previous chapters since it is focusing on discovering the LF MFG under the static
model. Meanwhile, to our best knowledge, this is the first time to investigate the

weakly-coupled LF problem (w-LF') in a static optimization context.
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6.1 General Nash and Stackelberg Game

6.1.1 General Nash game

We recall the multiple-agent game in its general normal form with related notions.

Definition 6.1 (General form of game). A multiple-agent game is a quadruple G
= (A, J, T, ©), where A = {A;}iex denotes the set of agents involved. T is
the agent index set and its cardinality is assumed to be finite with |Z| < 4o0.
J = (%,-Ti--,Jd) denotes the cost functional profile of {A;}icz with J; =
Ji(xix_i;6;) - Ty x Hj#,jel I' x©; CR™ x H#i’jez R"™% x R™ — R the individual
functional of agent A;. x; is the individual strategy (decision) taken by agent A; while
Ty = (T1, -, Tim1, Tig1, -+, 7)) 05 the collective strategies of the other agents. 0;
is the individual parameter of A;. T'; C R™ is the individual admissibility of A;
while I' = [[,.; I'; the admissible set of all strategies. P = (61,---0;--- ,0i7) € © :=
HZ.GI 0, C HiGI R™ denotes the parameter sets amongst all agents while ©; C R™

the individual parameter support for A;.

Remark 6.1. In general, we assume Vi # j € L,J; # J; so that all agents in
Definition 6.1 are completely competitive with fully conflictive costs. Another extreme
case is J; = J; = J for alli,j € I, and in this case, all agents formalize a vector
team optimization (see Chapter 4 and 5). We may denote X = (w1, -+ ,|7) =
(xy;20_) € Ty x H#ivjez I'; = I' to emphasize the particular role of decision x; for

agent A;.

For multiple-agent game problem G, the following solvability notion is meaning-
ful.
Definition 6.2. An NE for a general multiple-agent game is an |Z|-tuple X =
(Zi;T—;) satisfying
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Cournot game (or Cournot duopoly model) is one of the applications of NE.
Cournot model is a kind of non-cooperative game model in which two firms (it could
be generalized to N firms) with identical cost functions compete with homogeneous
products (see [59, 75, 143]). For example, suppose P(z; + x2) be the price function
(or inverse demand function) for the firms and C;(x;) be the cost function of firm A;,
where z; € R is the quantity of product of firm A;. Then the profit is J;(x1;x2) =
P(zy + z)x; — Ci(x;), i = 1,2. To calculate the Cournot equilibrium (the NE), it
should first take the derivative of 7;, « = 1, 2, and set this to zero for maximization
(the firms want to maximize their profits, thus the inequality in Definition 6.2 should

has an opposite direction here):

0J;  OP(x1 + x)
9z, oz, z; + Pz + x2) —

=0.
8!172‘

The best responses of the firm A; is the values of z;, ¢ = 1,2, that satisfy above
equation and the NE is the pair (Z1,Z3). More specifically, if the price function is
linear P(xy + x9) = a — b(x1 + x2) and the cost is quadratic C;(z;) = cx?, where a,

b, ¢ > 0. Without loss of generality, consider A;’s problem, then

0J1  OP(x1+ )
= P —_
8:U1 axl T + (1171 + [L’Q)

801 (ZCl)

=0
(9.1'1

= —bry +a—b(xy +23) —cxy =0.

The best responses of A; and A (by symmetry) are

a
3b+c’

ilzﬂ_ﬁgz

and the profits of A; and Ay under (Z;, Zy) are

a’b

T (T1;%2) = Jo(T1;72) = (%Tc)z
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If the number of firms generalized to N, then by some elementary calculation (see

[155]), the best responses of A;, i =1,--- N, is

a
_i:—7 .:17”'7N7
v (N+1)b+c !
and the profits of A; under (zq,--- ,Zy) is
a’b
i_i;_—i - ) :177N
Ti(Zi;T_5) NI b i P i

Next, some applications of Cournot game or Cournot competition are introduced.

e Cournot model is applied in the international trade problem. In [57], the
industrial policies and optimal trade were obtained for a home market that
was supplied by a foreign firm and a domestic firm. The consumer’s surplus

from the consumption was

S(Py; Pr) = max M(xq;x5) — Pywg — Pray,

Tq,Tf

where x4 (xf) was the quantity of the good produced by the home (foreign)
firm. M was measured in terms of the numeraire. Py(zq4;27) and Pr(zq; )
were the corresponding inverse demand function of the home firm and the
foreign firm, respectively, and

OM (zq4; )
(%d

OM (zq4; )
aiL'f

Pd(xd;wf) = 5 Pf(a:d;a:f) = .

The optimal policy under Cournot competition consisted of a domestic pro-
duction tax and a tariff. It denoted t as a specific tariff on imports and s as a
unit subsidy for the home firm’s output. The national welfare in the domestic
market was equal to the sum of the consumer’s surplus, the home firm’s profits,

and the tariff revenues, less the production subsidies,

W = S(Pd; Pf) + (Pd —Cd—FS)Q}d—Ftl‘f — SZq,
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where ¢4 was the home firm’s marginal costs. If the goods were homogeneous,
then x4 and x ¢ are determined by an NE of the following conjectural variations
model:

Pi(zg;xs) + wa(Py+ Ppy) —ca+s <0,

Pi(xg;xp) + xp(Pr+ Pyl') — ¢y —t <0,

where ¢; was the foreign firm’s marginal costs. v = % (' = gzij) was the

domestic (foreign) firms’ conjectural variations. Under Cournot model, v =

[' = 0. The total differential of the national welfare was:
dW = (Py — cq)dxg + tdry — xpd(Pr — ).
When the inverse demand function was linear as
Py=aq—bgwg — kaxy, Pr=ay— kqrq—bsay,

where all the parameters were positive and byby—k3 > 0, and both the domestic

goods and imports were desirable, then the optimal tariff and subsidy were

_ 1

t :3bdbf [bdbf(af — Cf) — k:dbf(ad - Cd)],

_ 1

S = [(3bdbf - de(ad - Cd) - bdk:d(af — Cf)],
3bgb

In [83], the contracting and information sharing under Cournot competition
was studied. It contained two competing supply chains, each consisting of one
manufacturer and one retailer. The two supply chains were identical except
they had different investment costs. First, the manufacturers considered to
share information. Secondly, for the given the information structure, the man-
ufacturers made contracts to their retailers and the retailers competed under

Cournot model. The linear inverse demand function of retailers was

P=a—x — x9,
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where P was the market clearing price and x1, x5 € R were the selling quanti-

ties. A was a random variable given by

ap ~ with probablity «,

a;  with probablity 1 — «,

where a;, and a; were the high and low demand states, a, > a; > 0. It denoted
the demand state as d = h or [ for all the manufacturers and retailers. The
manufacturers offered contracts (x4, pai), ¢ = 1,2, to retailers, where x4 was
the order quantity and pg was the corresponding payment. The profit function
of retailer 7 was

(Gd — Xdi — Lgj — wdz‘)Idz‘,
where wgy; was the whole price of retailer i, i = 1,2, and the profit of manufac-
turer ¢ was

Wi Tl -

(1) When the information sharing in both supply chains. The best response
function of retailer ¢+ and manufacturer ¢ were

Qg — gy — Wy
2 )

aq — Tgj

Wai(24j) = —

Tai(Tg5; W) =

It denoted 7%} and @S} be the equilibrium selling quantity and wholesale price,

respectively, then

a 2a
—el  —el _ Yd —el _ —el __ d
Tg1 = Tg2 = T Wy = Way = ——

(2) When the information sharing in one supply chains, suppose manufacturer
1 did not know the demand state d and the price was changed as w;. In

anticipation of x4, his expected profit became

wi [aZpy (Tho;wr) + (1 — @) T (295 w1)],
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and the best response function of retailers and manufacturers were

Qg — Tgz — W1
2 )

aq — Tq1 — Wq2
2 )

Zar(Tag;wy) = Zao(Ta1; Waz) =

alan — zp2) + (1 — a)(a; — 1)
2 )

g — Tq1

Wao(Ta1) = 5

W1 (Tho; T12) =

It denoted % and w$? be the equilibrium selling quantity and wholesale price,

respectively, then

( _e aq 8 _e aq 2
Tor =— + g(l —a)(ap — @), Ty = 5 g(l —a)(an — ap),
T} =4 —alay —a;), T = 8 4 3Oz(aLh — )
5 35 T2 5 35 ’
_e 2aq 4 e 2ay 4
wh22 == ? - %(1 - a)(ah - Clz), w122 = ? + £a(ah - az),
2 2(1 —
U_)fz _ aap, + 5( oz)al'
\

(3) When the system had no information sharing, both manufacturers did not
know the demand state and the wholesale price did not related to state d. In

anticipation of z4;, manufacturer i’s expected profit became
wilaZpi(zhg;wi) + (1 — )Ty (w5 w;)],
and the best response function of the retailers and manufacturers were

s 1 — oo
Wi (wp;w15) = alan = o) + (2 )@ xw.

Qq —xdj — W;
9 3

Zgi(Tg;w;) =

It denoted %! and WS} be the equilibrium selling quantity and wholesale price,

respectively, then

3 o a 2 o3 _e3 @ 2
xhgl :xh?é = gd + 1—5(1 - a)(ah - al), $lf = $z23 = gd - —a(ah - az)7

2 2(1 —
e e S L}
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The expect profits of the retailers and manufacturers were J% and JF, where

1=1,2, k =el,e2, e3. Consequently, it obtained that

el e2 e3 e2 e2 e3 el e2
jmzz 71122‘-77711Z ml> rl Zk7m Zk7m Z r2 -

More details about Cournot model combining with Stackelberg game will be intro-

duced in the following sections.

6.1.2 General Stackelberg game

Given NE, we can introduce the LF game in the general multiple-agent context.

Definition 6.3 (LF). A general ML/MF game, is an octuple Gpp := (AF, AF; JE,
JE; L TF, ©F, 0F), where AL .= {AL},c7o is the set of all leaders, where AX
denotes the i™ leader. T = {1,--- , N} is the leader index set. A" := {Al'}icqrr is
the set of all followers. TF = {1,---, MY} is the follower index set, .Af denotes the

3™ follower.

Jb = (JE, -, JE) denotes the cost functional of A¥ with TF =T (xi;x_;y;0F):
T % [Top TF % DF x ©F C R™ x [T, ipere R™ x RES1™ x Rl — R the individ-
ual functional of agent AF. w; is the individual strategy taken by agent AF while
r_; = (z1, i1, Tip1, -+ ,xN) is the decision strategies except that of AF. y;
is the individual strategy taken by agent Af, whiley = (y1,--,y;, -+ ,Yym) 1s the
strategy profile of all followers. OF is the individual parameter of AX. Tt C R™
is the individual admissibility of Af. TT C R™ is the individual admissibility
of Af, while TT = Hj\il Ff the admissible set of all follower strategies. PF =
(OF,---0F - 0%) € ©F =[]V, ©F C [V, RY denotes the parameter sets amongst
all agents while ©F C RY the individual parameter support for AL.

I = (T, -+, Tip) denotes the cost functional of A* with JTF= T (y;; y—j;:%; 07 ) -
T % [Ty TE X TE X OF CR™ X [, pegr R™ x RES1% X RP — R the individual
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functional of agent Af. Yy—;j = (Y1, . Yj—1,Yj+1,- - ,Ym) is the decision strategy

except that of .Af. X = (21, , 24, ,xN) 1S the strateqy profile of all leaders. QJF

15 the individual parameter of Af. rt = sz\il I'F is the admissible set of all leader
: M M ,

strategies. P = (0f,---0] --- ,0y) € ©F .= [[[Z,0F C [[,Z,R? denotes the

parameter sets amongst all agents while @f C RPi the individual parameter support

for Af .

Thus, in what follows, we may use G'pr to represent an ML/MF game. The

solvability notion of the LF game is given in the following.

Definition 6.4 (Stackelberg-Nash equilibrium). A Stackelberg-Nash equilibrium for
Grr, is an (N + M)-tuple (T1,--+ ,Zn;51(+), -+ ,ym (), where the best response

functional y(-) := (51(+), - , g (+)) : TL — T'F satisfies:
T (05(x); -5 (x);%:07) < T (y;(x);5-5(x);%:07), Wy, €], VjeIl, (6.1)
for any given x € T'F, and x := (71, -+ ,Ty) € I'L satisfies

T35 755 (Z0, 820);00) < T (s T,y (00, T2);07), Vo, €Tf, Vie I

(6.2)

Remark 6.2. Noting that y(x) is actually an NE of the follower subgame Gp =
(AP, JE TF, 0F), where J¥ is parameterized by the pre-announced leaders’ strategy
x € 'l Thus, the mapping y(-) : TY — T'F is called the NE best response of
followers. The Stackelberg-Nash equilibrium for Grr can thus be written as (4, - -,

In; 91(X), -+, (X)) to emphasize its dependence on (y1(X), -+, yu(X)).

As we mentioned before, H. Von Stackelberg first put forward Stackelberg game
in his book [173], which was based on the market structure theory. In fact, he
mentioned three cases in his book. The first case was that each of the two duopolies
(firms) was striving for dominating the market and took the position of independence.
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Then, both of them achieved the “independent supply” and obtained the greatest
profit. This situation is referred as the “Bowley duopoly”. The “Bowley duopoly”
possibly becomes market dominance for one of the two duopolies in the end, which
is impossible that two firms will win forever. The second case was that each of the
two duopolies wanted to be the “follower” since that was better for themselves. This
situation is referred as the “Cournot duopoly”. The difference between the two cases
is that each firms in the “Bowley duopoly” is oriented around the change possibilities
of the rival supply and does not note the actual rival supply, whereas each firms in
the “Cournot duopoly” is oriented around the actual rival supply and ignores its
change possibilities. The third case was that one firms strived towards a position of
independence when the other firm favours a position of dependence. In this case, an
equilibrium occurs as everyone orientates his action to what gives him the greatest
profit and no one wants to change the actual price structure. In [173], it was also
referred as “asymmetric duopoly”.

For example, we continuously use the notations in Cournot game. However, unlike
Cournot game, it should first consider the follower’s profit (we suppose it is firm 2
here). To calculate the Stackelberg equilibrium, it should first take the derivative of
Jo, and set this to zero for maximization (the firms want to maximize their profits,

thus the inequality in Definition 6.4 should has an opposite direction here):

8j2 B 8P(:p1 + $2)
Dy D zy + P(xy + x9)

802 (272)

= 0.
81‘2

The best responses of the firm A, is the values of Z5(x1) that satisfy above equation
and it depends on x;. Next, it should consider the leader’s profit. Putting zo(z1)

into J;, taking the derivative of [J;, and set this to zero for maximization:

oC
x1+P(x1+E2)—%:O.
1

&71 . 6P(:U1 +i‘2) ) (997:2(x1)x i 8P(JI1 +f2)
or, 0Ot or, O,
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The best responses of the firm A; is the values of z; that satisfy above equation
and the Stackelberg equilibrium is the pair (Z1,Z5). More specifically, if the price
function is linear P(x; + z2) = a — b(x1 + x2) and the cost is quadratic C;(x;) = ca?,

where a, b, ¢ > 0. Then, for given x,

8J2 8P(x1 + (L‘Q) 802<l’2>
= P — =
ax2 81’2 To + (SCl + .I’Q) aZL’Q 0
:>—b232+a—b($1+l'2)—6$2 =0.
The best responses of A, is
_a—bzx;
2T 2t
Putting zo(z) into Ji,
8.71 8P(:1:1 —+ i’g) 8@2(:61) 8P(x1 -+ fg) _ 801(371)
= . P — =0
6:161 8:?:2 8;1:1 Tt 0(131 Tt ($1 + x2) 6:1:1
ab 2b2
— a — 2bxy — 2b+c+ 2b+cm1 —2cx1 = 0.

The best responses of A; and A, are

_— a(b+ c)
PT2(02 + 3be + )

and the best responses of A, is

a—bxy  a(b®+ 5bc+ 2¢?)
2b+c  2(2b+ ¢)(b% + 3bc + c?)’

fzz

Thus, the Stackelberg equilibrium is the pair

a(b® + 5bc + 2¢?) a(b+c)
2(2b+ ¢)(b®> + 3bc + ¢2) 2(b> + 3bc + ¢2) )
Next, a more complicated example of Stackelberg game involving one leader and

two followers will be given. Similarly, we assume that the market price is determined
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by

P(,CE1+$2+ZE3) :a—b($1+3§2—|—$3),

where P(x; + x9 + x3) is the price of all goods produced in a year, a,b > 0 are
constants, x; € R is the value of quantity or supply of the firm A;, i = 1,2,3. A, is
assigned to the leader and A,, Ajz are assigned to the followers. Note that all these
parameters are one-dimensional.

The selling quantities or supplies from them are assumed to be directly propor-
tional to the Cobb-Douglas production function (see [7]), which only differ a multiple

of unit price. Therefore, their selling quantities or supplies can be given as follows.
i =allCY, i=1,2,3,

where « represents the total factor productivity that is assumed to be a = 1 for
simplicity, L and C represent the labor available and the capital investment, 8 and
represent the output elasticities of labor and capital respectively, which are constants
depending on the technology levels.

The cost functions of leader A; and followers A, and As, which are related to

the labor available and capital invested, are shown as
a(Ci) = ¢;Li+ K, i=1,2,3,

with constants ¢!, ¢?, and the profit functions of the three firms A;, A,, As are given

79 “1
as

Ji =P(x1 + x2 + x3)x; — ¢;(K;)
—LPCa—b(LYCT + LECT + LEC)] — (c'L; + E2Cy), i=1,2,3.
The firms A;, A,, As seek their own optimal investment for capital in this Stack-
elberg game. Therefore, for simplicity, the labor available L;, i = 1, 2, 3, are assumed
to be fixed. Similarly, we can also keep the capital investment fixed and solve the

optimal input for labor instead.
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The leader first announces a strategy. Then, for given C}, we take the partial

derivative of J; to C;, © = 2 or 3, and set this to zero,

0T

2 =
oC; =0

= L}{yC7 a — b(L{CY] + L5CY + LECT)] + C7 (=bL{~C7 ™)} — ¢

For simplicity, we suppose that v = 0.5, then the optimal supplies of the followers

(which can be considered as a Cournot equilibrium) are

4 1 2
o Li(a—bLCE) (L2 + 2¢2)
2= 28 2)2 2728728 ’

3 =

1 2
& Li(a—bLiC2) (L2 + 262)
ALY + 2?2 —2L2° 127

Next, putting Cy and Cj into the leader’s profit function, taking the derivative of

J1, and setting the partial derivative below to zero,

1 1 1 1
On _ _ bL¥ — 2+ Z(aLlf —bLPLECE —bLPLECE) O 2
oC, 2
oC? 007 1
_ Lﬁ Lﬂ 2 Lﬁ 3 2 _
b 1[ 2(001)+ 3(801)]01 07

with

(007 oLy (LY +283)C,”
oC 2 ABLY + 32— L2 LY

0c: oLy (LY +233)C 2
L 0C 2 4(bL§ﬁ + 32— szgﬁLgﬁ‘

By some elementary calculation, it follows that the Stackelberg equilibrium of the

137



capital investments are (C, Cy, C3), where

( 2
0 o CLL{}AQ
P\ M + 2008 (a — 202D (L LY + 2L + 2L )

Cy =a?L3 (L2 + 2c§)2<

2
A Ay + 265 (a — 2L (WL L + LY + 2L
Ao(AiAs + 20LP (a — 201 (bL2P L2 + 2L2° + 212%)) )

As(Ay Az + 26LP (a — 201012 L2 + 2L2° + 212

2
oo sogp e ML L 15 41
- 3 2 2 )
)
\

with
Ay =200 + 262, Ay = (201 + 262 — 0?1 LY,

As =(2bL3° + 222 —v*LI LY.

More details about the Stackelberg game will be introduced in the following sections.

6.1.3 Symmetric game
Next, we present a class of multiple-agent games with a special structure.

Definition 6.5 (Symmetric game). A multiple-agent game G is called symmetric if

for any permutation v : Z — I, it holds that
Ji(@r, -+ xn) = T () Ty (6.3)
with N = |Z].

The symmetric games arise naturally from the models of automated-agent interac-
tions where the agents possess identical circumstances, capabilities and perspectives.
[36] provided a class of symmetric games and investigated the stability of their NE.
[31] analyzed the symmetric equilibrium in repeated games where each stage game is

symmetric. [56] showed that a 2-strategy symmetric game must have a pure-strategy

NE.
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For the asymmetric system with heterogeneous objective functions and parame-
ters (like equation (2.5) and equation (2.6) in [92, Page 899]), when the population
gets large, the computational complexity increases rapidly (see [92, Page 912], the
number of terms in equation (5.5) has O(N x M) order). However, for the symmetric
games, it can be investigated by specific methods according to their particular struc-
tures and the symmetry supports a more compact representation which also brings
a good property for computation (see [56]). Thus, it is interesting to introduce
some symmetric structure in an ML/MF game context where all leaders/followers
may share some identical decision characters. To this end, we may introduce the

following definition.

Definition 6.6 (Symmetric LF game). An ML/MF game G is called symmetric
if (GF1) and (GL1) hold

(GF1) For any given pre-committed leaders’ strategies X, it holds that
F . 0N . 7F . —Y
Ti W53 9-5%07) = Tiyry10) (U7 53 Yy (=) X5 03y 1),
for any permutation v* : IV — IF, where y,r_y = (Ysray s YyF(i-1)s
YyF(it1),m " 7y~/F(N))‘

(GL1) For given followers’ NE best response y(-) (if exists), and any admissible leader

strateqy profile (xy,--- ,xn) € 'L, it holds that
Z-L(xz‘; T3y (T, _5); 07,L) = t7('LyL)—1(i)(‘r’yL(i); IwL(—i)?y(IvL(i)va(—i))5 Q(L’YL)_l(i))’

for any permutation v* : I" — I", where xor_y = (Tyra), s Tyrgo1)s

Lyt (ip1), Ty (N))-
Based on the aforementioned general games with NE and Stackelberg-Nash equi-
librium notions, we are now ready to address the sequential decision structure of the

LF game.
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6.1.4 Sequential optimization

By Definition 6.4, the scheme for searching the Stackelberg-Nash equilibrium of G
problem can be decomposed into the following two optimization sub-problems in an

“sequential” manner.

(LF1): The Followers’ subgame

The crux in this subgame is that the leaders move first by announcing their strategies
and anticipate the possible responses from all followers towards such announcements.
For any pre-committed leaders’ strategy profile x € I'", all the followers {Af'};czr
will face an NE problem, as specified as follows. Actually, the follower .A]F will aim

to solve

minimize  J;" (y;;y-5; %; 65 ),

(LF1) (6.4)

subject to y; € Ff,
where GJF is an individual parameter of agent .Af , and y_; the strategy profile
of all other followers. By Remark 6.2, an M-tuple of followers’ strategy profile
(71(+), -+ ,ym(+)) is the NE response of followers, if (7;(x), -, gu(x)) is an NE of
(LF1) (i.e., satisfies condition (6.1) in Definition 6.4) for ¥x € T'*. Noting herein x,

QJF are exogenous parameters while y_; is NE decision profile for other peers, and y;

is the principal decision variable for Af .

(LF2): The Leaders’ subgame

After solving (LF1), one (not necessary to be unique) NE response y(-), from the
standpoint of followers, can be obtained for each pre-announced and parameterized

x € I'L. Then all leaders {AL},c7r will face an NE problem. We specify the it
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leader’s subgame as follows

minimize jiL(xi; T3y (Ti, ¥-3); 9{4)’
(LF2) (6.5)
subject to x; € T'F,

where 6 is an individual parameter of agent A¥*. Then the NE response x of (LF2)
is the Stackelberg-Nash equilibrium strategy profile of leaders (i.e., satisfies condition
(6.2) in Definition 6.4). Moreover, the Stackelberg-Nash equilibrium strategy profile
of followers can be further determined by (7;(X), - -+, yap(X)). Thus, by Remark 6.2,

the Stackelberg-Nash equilibrium for G can be denoted by (z1, - - -, Zn; J1(X), -+ -,

ym (X)) instead of (Zy,- -, Zn;91(), -+, yna(+))-
6.1.5 Information structure

We have specified the scheme of a general LF game, and it is observed that the
LF game consists of a lower level subgame (LF1) for the followers and an upper
level subgame (LF2) for the leaders. Moreover, (LF1), (LF2) together formalize
an iterative decision pattern. Within it, the involved multiple leaders/followers are
posed in distinctive hierarchies along with complex interactions in lower and upper
levels or between. For further analysis, it becomes necessary to identify the related
information structure. In what follows, we also compare the information structures
affixed to LF- and Nash-game.

We now specify the information structures between NE of Definition 6.2 and
Stackelberg equilibrium of Definition 6.4. We firstly specify the information structure
of NE with Definition 6.2.

Fi=A{0;, T:(-), 1.}, the individual information of agent A;,
F&={P,J(),T}, the complete information of all agents A. (00
By Definition 6.2, it follows that each A; should access the complete information F¢
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in order to obtain an exact NE in game . Next, we specify the information struc-

tures in the LF game, from the leaders’ and the followers’ standpoints respectively.

(FI={x00,7"(). I}, the individual information of follower A,
Fr = {X, PEIF(, FF} , the information of all followers A",
(6.7)
Fl= {QiL, JE(), Tk } , the individual information of leader A¥,
(Fo " ={P",3°(), P, 3%(-),I",T"}, the information of all agents.

From the standpoint of a generic follower, he will compete with other follower peers
to achieve an NE given the pre-committed leader strategy profile x. Thus, in the
followers’ subgame (LF1), to search the exact equilibrium strategies, each follower
.Af , 7 € I7 should access the information F¥. This is because for searching equilib-
rium in (LF1), it is necessary to access the complete information of all other follower
peers (especially, their parameters P = (9f',--- 0%,)). Otherwise, it becomes in-
tractable for the given follower to write down the equilibrium condition and compute
the related NE equilibrium strategy. We remark that all followers are competitive in
(LF1) thus there has no stimulus for them to set some information sharing channel.
Also, the followers do not need to access the leaders information i.e., J*(-), 't and
PE. In fact, the pre-committed strategy x is already a sufficient statistic for all
necessary information needed on the followers’ side. Essentially, this is due to the
iterative decision structure between the leaders and the followers.

The situation becomes rather different from the leaders side. Before announcing
the pre-committed strategy, each leader A¥ should firstly anticipate the possible fol-
lowers’ best responses by solving the followers’ subgame (LF1). Hence, information
FT becomes a must for each AF to configure such anticipation. Otherwise, it is im-
possible for the leaders to quantify the best response. In particular, the parameters
among all followers should be accessible for each leader when computing the best
response functional. Moreover, each leader AL competes with the other leaders to
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achieve an NE. Thus, AF needs to access the complete information F&¥ of the whole
game. Again, all leaders are also non-cooperative thus there has no motivation for
them to share the information via some communication channels.

In conclusion, to achieve the exact Stackelberg-Nash equilibrium (X,y), each
follower .Af needs to access F while each leader AL needs to access FE. Hence,
there exhibits some asymmetric information between the leaders and the followers
when searching the Stackelberg equilibrium. Especially, the leaders should get to
know all the objective functions ij(yj; Y_ji X; Hf) and JX (v oy y;0F),i eIt j e
Z' when calibrating the NE response of followers, whereas it is not necessary for the
followers to get to know JF(z;;x_;;y;0F), i € IV, when specifying his own strategy.
Instead, each follower only needs to know the leader strategy profile x, which suffices
to determine its strategy in the Stackelberg equilibrium. In other words, the pre-
committed x should be a sufficient statistic summarizing all information needed from

the leaders.

6.2 The Weakly-coupled LF Game with Model Un-
certainty

In principle, applying standard optimization results, we can still derive the (exact)
equilibrium for (LF1), (LF2) respectively. Then, the Stackelberg-Nash equilibrium
(x,¥) can thus be designed. However, in presence of a large-population system where
N > 2, M > 2, the aforementioned standard approach fails to work. Moreover,
there arise two significant characteristics when considering LF in a large-population
setting.

(1) (Large scale and curse of dimensionality). The first character is re-
lated to the modeling dimension and computational burden. Unlike the classical LF

games (e.g., [4, 190]), in lieu of some low-dimensional equilibrium system, we have
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to solve a system of equilibrium conditions build on a complex decision mechanism
in the current LF setting. Roughly speaking, the number of equilibrium conditions
in LF is in the same order to |Zt| + |ZF]|, the sum of all agents’ cardinalities. If
|Z%| 4 |Z7| is large enough, the high dimensionality of our LF system brings us con-
siderable flexibility to model various applications. However, it also yields a rather
heavy computational burden. The so-called the “curse of dimensionality” is used to
describe the rapid growth in the difficulty of a problem as the number of the dimen-
sion increases (see [117, 150]). For example, a system with 1000 decision markers
with binary states needs order 2! ~ 103°! computational resources, which is very
difficult to tackle. Therefore, it is desirable and necessary to find out an alternative
approach to circumvent such computational hurdles. Our main concern here is to
treat such large-scale systems by employing a more effective strategy profile with an
acceptable computation load. This is valuable for both theoretical analysis and real
applications.

(2) (Non-cooperation, information segmentation, and model uncertainty)
The second character connects to the modeling accuracy. Actually, it is well docu-
mented that any decision problems should be subject to possible model uncertainty.
In particular, the parameter uncertainty in static optimization. Note that all agents
in Gpr are non-cooperative thus there is no natural channel for the leaders or the
followers to communicate or share their individual information (e.g., individual pa-
rameters 6, 0/ and objective functions J*(-), J(-)). Thus, there arise some infor-
mation segmentation amongst all involved agents to access the complete information
for all population. By segmentation, we mean each agent should know his own indi-
vidual parameter but has no intention to share with other agents. As a consequence,
the complete information set FX¥ is partitioned into multiple segmented subsets for
each agent involved. For a generic agent, his own parameter is totally observable for
himself however becomes some hidden variable for other agents.
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Subsequently, when we assume such hidden variables follow some statistically in-
dependent distributions, then our solution concept should be symmetric or exchange-
able. Keep this in mind, in what follows, we might assume J(-) = -+ = J&(-),
JEC) = -+ = J(), which can be denoted by J% and JI respectively, and
I =...=r% 1F = ... = {,, which can be denoted by I'l and T'!" respec-
tively. Meanwhile, from now on, we let n =ny = --- =ny, m=m; = --- = my
and I} C R", TF C R™, for any i € Z", j € I". We are now ready to formally

introduce the w-LF.

Definition 6.7 (w-LF). A w-LF is a octuple Gy_rr :=(AY, AF; JL, J¥; T'E,
e, of, of), where A .= {AL},crr is the set of all leaders. AL denotes the i™"
leader. T = {1,--- | N} is the leaders’ indices set. AF := {AF},c7r is the set of all
followers. T = {1,--- M} is the followers’ indices set, Af denotes the j follower.

JL = (JE,--- | JE) denotes the cost functional profile of AL with JF=T"(x;;
ey ) TE x TE x TF x ©F C R x R® x R™ x RY — R be the

individual cost functional of leader AF. w; is the individual strategy taken by AF,

N

while ™) = E:Tlx is the strategy average of leaders. y; is the individual strategy
M

taken by follower Af, while y™M) = # i1s the strategy average of followers.

Random variable 1TF is the individual parameter of AX. T C R" is the admissibility
of the leaders. T C R™ is the admissibility of the followers. The parameter support
for the leaders is OF.

I = (JI,--, Ji;) denotes the cost functional profile of A" with T =J" (y;;
yM); g (N). Hf) T X TF xTE x OF CR™ x R™ x R* x R? — R the individual
functional of AY. Random wvariable 11} is the individual parameter of Af. The

parameter support for the followers is ©F.

Two salient features in Definition 6.7: one is the introduction of the strategy

(N)

average terms (also called weak-coupling terms) z™), y™): another one is the for-
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mulation of random variables TT%, Hf that connects to some subjective probability
from the viewpoint of generic agent (leader/follower). We present more justifications

to these characters in the following subsections.

6.2.1 The motivations for weak-coupling

Compared with the general LF problem, a crucial distinction in the w-LF is that

the objective functionals (e.g., profits, utility functions, etc) contain the strategy

(N) (V).

average terms x When analyzing the overall equilibrium, the change of

» Y
an individual strategy of a given agent can be negligible when |Z%| + |ZF] is large
sufficiently, nevertheless, the change of the strategy average terms across all agents
cannot be ignored.

We present some motivations for weak-coupling terms such as V), y™). Virtu-
ally, such weak-coupling structures arise naturally from a variety of practical prob-
lems such as economics, biology, or management science. In [121], a repeated Cournot
oligopoly was considered as the number of firms N in the market grows without
boundary, that is N — co. Here we still use {A;}Y, to denote the N firms for no-

tation consistency. Firms {A;}¥; chose output levels simultaneously and the price

was determined so that all output could be sold. More concretely, x; was the output

of firm A;, x = (z1,- -+ ,xy) was the N-tuple of firms outputs, and
N
2N — > i1 T
N 7

was the output average for all firms.

P = f(Z%/NS)

was the inverse demand function, where the power index s > 0 allowed demand to
increase with the number of firms and all {A;}Y, were weakly-coupled via output

146



average V) when s = 1. The demand increased more (less) quickly than the number

of firms when s > 1 (s < 1). Then, the profit of A; was
N
Ti(wisw) = wif (Y wi/N°) = Oxy),
i=1

where C(z;) was the cost function of A4;. [121] gave out that when s = 1, that was

P = f(zV), for given nontrival sequence of trigger strategy equilibrium exists if and

only if there was a sequence of collusive output vectors (Z1,--- ,Zy) such that
1.
1 ié a(ji*(xu L) = T x) > THwsx_) — T (wie_y)  for all g,
with

j (I‘Z, z) :77,(1-7,7 l)
represented the collusive profit,
j (x'u z) \71( )

represented the Cournot profit and

jid(xi; x_;) = max J;(x;; T_;)

T

represented the optimal deviation profit. z{, i = 1,--- | N were the Cournot
output and z}, 7 = 1,--- , N were the trigger strategy equilibrium, which sat-
isfied

Ji(%5;7) > Ti(xf; %)

ZxZ/N Zx/N

for all N and some K > 0.
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This becomes a special case of our w-LF that only have the leaders or the followers.
The weak-coupling structure has also been well studied in various other literature,

as sketched below.

e In [171], an infinitely repeated Cournot market involving N homogeneous firms
{A}Y, was investigated. Tt was assumed that there has no demand uncer-
tainty. Thus, the market price P conveyed information about the production
decision of each firm by the outputs {z;}~ ;. To represent the relation between
the industry output average

N
L) — D i 3717

N

and the market price, the author used an inverse demand function f satisfying

P = f(x™). Then, the profit of A; was
Ji(wiwi) = wif (e™)) = C(xy),

where C(z;) was the cost function of A;, and all {A4;}¥, were weakly-coupled

via output average (V).

e In [106], an international trade between the firms in home country (which was
set as A) and foreign country (which was set as B) was studied. The number of
firms in A country was N and the number of firms in B country was M. Zfil x;
was denoted as the total output in A country, while Zj\il y; was denoted as
the total output in B country. The price in home country and for foreign

country were related to their corresponding total output in their own country

and defined as

Py = PA(Z z;), Pp= PB(Z Yi);
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and the profit of firm A; or Bj,i=1,--- N, j =1,--- , M was written as

M
Jilwi, Y wi) =wiPa— Clai), Ti(ys ) us) = y5Pe — Clyy),
i=1 Jj=1

where C' was the firm’s cost function. Since opening countries to trade increased

the number of firms as they increased their demand, it was more convenient

and reasonable to express price with the average output V) = % ZZ]\LI x; and
(M) 1

Y = 3/ Zj\il y; when N, M became large enough. Then, under this case,

the price were rewritten as
Py = Pa(z™)),  Pg = Pe(y™),
and the profit of firm A; or B;, i =1,--- N, j=1,--- , M were rewritten as
Jilwi,# ™) =2,Pa = C(x),  Tiy; y™) = y;Ps — Clyy)-

Comparing to the discussion in [121], the international trade between the firms

in home country and foreign country in [106] had a similar result, that was

an jid(xi;x(m) - ji*(xi;l’(N)) .
= , for all 4,
1—ay  JH(x;aW™)) — T(z;2WN))
A MY — 7% (. M)
Apy \73 (y]> Y ) \7] (y]7y ) for all j,

L—ay T (y;y™) = Te(y;;y™0)

with J* represented the collusive profit, J¢ represented the Cournot profit and
J< represented the optimal deviation profit. ay and a,; were the minimum

discount factor.

In [146], a free-rider problem in lobbying game among N firms {A;}Y, was
studied. It assumed that the good was traded internationally with a world
price of 1 and f (Zfil x;) was the function of the height of the tariff, where
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x; represented the lobbying contributions of A; in the industry. Then the
domestic price was given as P = 1 + f(321, #;). The total industry capital

was normalized to 1 making each firm of size % and the profit of A; was

NS 5 () DAY
‘N N '

Thus, the profit of each firm was weakly-coupled with the others via the lob-

bying contributions.

e In [49], a competition between two groups G; and G, in rent-seeking was ana-
lyzed. It supposed that G; had N players denoted by {A!}Y, and G, had M

players denoted by {Af j]\il. x; and y; represented the efforts of each player in

G, and Gy, respectively.

Nz@)
o NxWV) + My(M)’

My(M)

N) _

(M)) N) (M))

co (!

¢zt

were the contest success functions of G; and G, where

M
L) DR SO0 — 2 =1 Yi
N M

were denoted as the effort average of group G; and Gs, respectively. The payoff
functions of A} and A? were given by

L ez, yn)z , eo(a™) g0 7

— Yy,

where Z was the divisible rent generated by a policy implemented by the gov-
ernment. Again, all members’ payoffs were weakly-coupled with the others via

effort average.

By aforementioned examples, we can conclude that weakly-coupled structure is in-
deed widely applied in various scenarios including the repeated Cournot market,
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international trade with tariff, rent-seeking activities, etc. Subsequently, introduc-
tion of weakly-coupled structure enables us to admit more modeling power for real

application.

6.2.2 The motivations for parameter uncertainty

This subsection aims to justify another feature of w-LF: parameter uncertainty.
Note that through the analysis of information structure in Section 6.1.5, each leader
should have complete information FI* about the whole game and each follower
has complete information F* of all the other followers. This is actually a relatively
strong information structure. However, in reality, there is no such strong information
structure. Thus, we usually consider another kind of game model in which some
uncertain data are involved. Such uncertain information structure in the game model
has also attracted great academic attention. There are two routes to tackle the
uncertainty: the Bayesian method and the robust method.

For the Bayesian method, [85, 86] studied a game with an incomplete informa-
tion structure where the agents cannot observe the exact value of some parameters
of the game and gave out the assumptions of uncertain parameters on probability
distributions called the Bayesian hypothesis. Based on such assumptions, the game
can be reformulated as a game with complete information. The reformulated game
is called the Bayesian equivalent of the original game.

On the other hand, the distribution-free models based on the worst-case scenario
have received attention in recent years [2, 87, 141]. Each agent makes a decision
according to the concept of robust optimization (see [20, 21]). Basically, in robust
optimization, uncertain data are assumed to belong to some set called an uncertainty
set, and then a solution is sought by taking into account the worst case in terms of the
objective function value and/or the constraint violation. In an ML/MF game with

parameter uncertainy, if each leader and follower has chosen a strategy pessimistically
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and no agent can obtain more benefits by changing his/her own current strategy
unilaterally (i.e., the other agents hold their current strategies), then the tuple of the
current strategies of all agents is defined as a robust Stackelberg—Nash equilibrium
and the problem of finding such a equilibrium is called a robust ML /MF problem.
A relevant robust equilibrium problem was studied in [92] where an ML /SF prob-
lem with model uncertainty was considered with the help of robust analysis. For any
strategies x given by the leaders, the follower chose its strategy by solving the worst-
case problem: min, J(z,y),y € I'". Moreover, each leader AF i = 1,--- N,
tried to solve the uncertain optimization problem: min,, J*(z;, x_;,y, 0F) using its
own decision variable z; € I'". By defining the worst cost function JL (xi,x_y) =

supg,cp J Ews, x_s,y,0F), the author reformulated the robust ML/SF problem into a

i
standard NE problem: min,, J L(xs,x_y), x; € TF with complete information.

Based on the above discussions, we conclude that it is also meaningful and promis-
ing to incorporate model uncertainty into our LF analysis. In what follows, the infor-
mation structure of G r will include some model uncertainty for each leader/follower
agent in the context of a large-population system. For sake of simplicity, we focus

L gF

i, 0;". The uncertainty arising from

only on the uncertainty of individual parameter

objective function J;*(-), J(-) can be studied similarly.
The Followers’ subgame with model uncertainty

Recall our (LF1) and (LF2) in last section, we can formulate our w-LF problem

as follows:

minimize %F(yj; y M) (N QJF)’
(w-LF1) (6.8)
subject to y; € ',
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and

minimize ¥ (z;; 2™); gD (M) 9L,

(w-LF2) (6.9)
subject to z; € T',

where M) (2M) is the average of best responses from all followers that depends on

£(N)

. Noting all parameters {6/ },czz and {6} };czr here are assumed to be deter-
ministic only. At the moment, we do not introduce any randomness in our models
yet hence (w-LF1), (w-LF2) essentially are deterministic instead of stochastic op-
timizations. Nevertheless, as mentioned before, all agents in G r are competitive,
non-cooperative, and have no strong motivation for information sharing. Therefore,
a generic leader AL, from his informational point, can only observe his individual
parameter 0F. By contrast, all other N + M — 1 parameters from other agents be-
come hidden variables and cannot be observed or accessed. A direct consequence is
the leaders can no longer anticipate the NE response of followers in an exact sense.
Likewise, a generic follower AJF only knows his own parameter Hf and the other
M — 1 parameters are unavailable to him. This is because each follower only needs
to access the information F¥ instead of F{*' that we had mentioned in last section.
This leads to a model uncertainty among agents in a large-population system along
with two hierarchies.

However, we still can study the asymptotic behavior as population M tends to
infinity which is essential to consider a family of games with an increasing number of
followers. Our analysis below will be based upon the observation that the large pop-
ulation limit may be employed to determine the effect of the mass of the population
on any given individual. Specifically, our interest is the case when QJF =1 M,
is adequately randomized in the sense that the population exhibits certain statistical
properties.

In this context, the association of the value, the specific index j plays no essential
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role. What matters is the frequency of Hf occurred in different segments in the
measurable parameter set ©f. Along this way, for any given population M, we

define the empirical distribution on ©%:

7E(0) = % Z Lor(67). (6.10)

Within this setup, we make the following assumption:
(A6.1) There exists a limiting probability distribution 7'(§) on ©F such that

lim £ () = °(0), and / dxF(0) = 1.

By (A6.1), we introduce a sequence of independent and identically distributed (i.i.d.)
random variables Hf generated by the limiting probability distribution 7.

With model uncertainty, the follower parameters P¥ are not available for each
leader AL. However, through analyzing the whole system, AL can obtain the empir-
ical distribution 7 of the uncertain parameters as M — oco. Thus, we consider the
case M — oo and replace 0 with II¥" that is some random variable. For any given
pre-committed leader strategy profile x, the followers’ subgame becomes

minimize ]EJjF(yj;y(M); M. Hf),

(w-LF1)’ (6.11)
subject to y; € e

Consequently, the leaders can estimate the followers’ NE response y(-) by solving

(w-LF1)".
The Leaders’ subgame with model uncertainty
After obtaining the estimation of the NE responses of followers y(-), each leader

competes with the other leaders to achieve an NE. Thus, the individual parameter
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0F of AF is unavailable to the other leaders {A%}.;, and the exact NE is inaccessible
either.
However, we still can study the asymptotic behavior as population N tends to

infinity similarly. For any given population N, we define the empirical distribution

on OF:
1 N
7k (0) = ~ > lec(6)). (6.12)
=1

We also make the following assumption:

(A6.2) There exists a limiting probability distribution 7%(#) on © such that
lim 7% (#) = 7*(#), and / drt () = 1.
N——+oc0 oL

Through analyzing the whole system, the leaders can obtain the limiting empirical
distribution 7% as N — oco. We introduce a sequence of i.i.d. random variables ITF
derived by the limiting probability distribution 7. Thus, when N — oo, #* can be

replaced by ITF and the leaders’ subgame becomes

minimize EJ"(z;; 2™, D) ($(N))§ I7),

(w-LF2)’ (6.13)

subject to z; € T'F.
Remark 6.3. Unlike the classical NE problem, (w-LF2)" here is idiosyncratic from
the perspective of each leader AF. More specifically, for the leader AF, TIF fol-
lows Dirac distribution 69z and I, ... Ik IR, - TR all follow the limiting
distribution w=. AL knows its own individual parameter TIF = 6F exactly and
OF, -+ 08,05, -+ 0% cannot be observed by AF thus become hidden (random)

L across all such ran-

variables. Instead, AF can only calibrate limiting distribution 7
dom variables from a macro-scale, although it is impossible to calibrate their exact
values in a micro-scale. FEquivalently, this distribution can be transformed into the

real distribution of OF ... 0F | HiLH, -+ 0% under subjective probabilistic reasoning.
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The next section will focus on applying the MF'G approach to study the w-LF. In
fact, the mean field analysis is based on some exchangeability characteristic among all
the agents in a large-population system. By de Finetti theorem, any exchangeable
sequence should be conditional independent w.r.t some tail o-algebra. Hence, by
conditional law of large number, the weakly-coupled term, when the population size
is sufficiently large, can be approximated by some limiting process driven by such
tail algebra. In particular, this may be approximated by the conditional expectation

of a generic agent on such tail o-algebra.

6.3 The Weakly-coupled LF Problem with the MFG
Analysis: the General Case

As discussed before, it becomes quite intractable to compute the exact equilibrium of
w-LF because of the “curse of dimensionality.” As an alternative resolution, MFG
theory provides one effective methodology to derive an equilibrium with reduced
computation complexity but in an approximate or asymptotic sense.

We recall that in a large-population system, each agent interacts with others

N) across the whole population. To effectively handle

via the strategy average 2
the associated weak-coupling, MFG will first construct an auxiliary optimization
problem for a generic agent using a mean field heuristic (i.e., fixing the strategy
average (V) by its asymptotic limit 2°). In this way, each agent needs only consider
a low-dimensional off-line optimization parameterized by pre-fixed term 2°. Unlike
exact equilibrium calling for global/complete information, only local information is
required to quantify such approximated equilibrium. Secondly, MFG continues to
employ some fixed point argument to determine the frozen z°. This is also called

the CC system since the realized optimal state/decision should replicate the state-

average limit pre-fixed. Again, only local information (e.g., ¥ and FJF ) is needed
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to achieve such asymptotic/approximated equilibrium (see [104, 138]) in a large-
population system. Often, the asymptotic equilibrium is also called “c-equilibrium”
with more details. Besides, we assume that all leaders and followers are homogeneous
and the agents in the same hierarchy play a Nash-Cournot game. Confining to the
w-LF here, we may introduce the notion of e-Stackelberg-Nash-Cournot (e-SNC)

equilibrium as below.

Definition 6.8 (s-SNC equilibrium). An e-SNC equilibrium of w-LF is a (N +M)-
tuple (Z1, -, Zn; 0 (-)s -+ ym (), wherey(+) : T — T'F satisfies that, for any given

x € I'F,

ET} (;(x); 55 (x);; 11

6.14
< min BF; () 118 +200), wjezt, O
yjel;
Meanwhile, find a X € T satisfies
BT (23239 (,2-0); 117)
(6.15)

< min EZL(SC“f,“}_’(Q?Z,j,Z),HZL) + E(M, N), Vi € IL,

IiEFzL
where e(M),e(M,N) — 0 a.s. as M, N — c0.

To proceed, let us recall some standard notations. We denote vector as v =
(v1,-+ ,vn), w = (wy, - ,wy,) and sometimes abuse the formations of column-
or row-vector. For a differentiable function f(v) : R" — R, g—i : R" —» R de-
notes the partial derivatives of f with respect to (w.r.t.) argument v;, i = 1,--- n.
The gradient of f is denoted by Vf = (Ba—i, e ,;TJ;) : R" — R"™. For a continu-

ously differentiable function f(v,w) = (fi(v,w), -, fm(v,w)) : R"*™ — R™ where

filv,w) : R™™ — R §=1,---,m are the components of f, the Jacobian matrix of
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f w.r.t. w is denoted by

8 .. Of

8f Jwq Qwm,
Ee Do (6.16)

w ofm ... Ofm

owq Owm,

6.3.1 The MFG scheme

In what follows, we apply the MFG approach to search for the approximated equilib-
rium of the w-LF. Recall the index sets Z" = {1,2,--- , M} and I = {1,2,--- , N},
then the w-LF can be formulated as (w-LF1) and (w-LF2):

minimize ij(yj; yM: (N, GJF),

(w-LF1) (6.17)
subject to y; € re,. jezt,

for the followers’ problem and

minimize ¥ (z;; 2™); gD (M) 9L,
(w-LF2) (6.18)
subject to z; € 'Y, i€ TF,

for the leaders’ problem. Recall that ) (z(™) is the average of the best responses
of all followers that depends on (™. The following assumptions are technical.
(A6.3)(Integrability) From the aspect of the i** leader and the j** follower, the sets

of admissible strategies of the other leaders { A% },; yezr and followers {Af,} 1t eTF

satisfy:
v € LNQRY), i #i, i €T",  yy € LR™), j 4], j €I

(A6.4)(Boundness, closeness and convexity) The sets I C R™ and ' C R™ are
non-empty, bounded, closed and convex.
We now proceed to analyze our w-LF. We first treat the sub-problem (w-LF1)

(6.17) from the follower’s perspective. To this end, we construct the following aux-
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iliary problem for generic follower Af , 7 € IF denoted as (w-LFA1):

mlnlmlze JJF(yJ’ y(O,z(N)); Zl'f(N), 9]F)7
(w-LFA1) (6.19)
subject to y; € I cr™, jeIF,

(M) (0,2(M) (

by letting M — oo in (6.17) and freezing y'*") using its limit y it only takes
limits in M and still depends on #®™). Later, we will determine ™) using mean
field reasoning. For further analysis, we give the following assumption:
(A6.5) For any given (™) ¢ R", y©=™) ¢ Rm, JI is strictly convex w.r.t ;.

Since (x1, 29, ,on5) € R™ is pre-fixed, 2(") becomes some endogenous param-

eter. Then, by (A6.4), (A6.5), there exists a minimizer of (6.19) and the minimizer

is unique since JJF is strictly convex. Therefore, the optimal strategy of (6.19) is:

_ »(N)
g, (y @)

. (V) ]
; ,:L“<N),‘9f) = arg min Jf(yj;y(o’ );x(N);ejF)a J € " (6'2())

y;erF
To determine the NE, it is necessary for j* follower to quantify optimal strategies
of other agents. By symmetry, other agents should take parallel strategies alike
{gj/(y(o’x(m),x(N),Qf)}j/#. However, noting all agents are non-cooperative, no one
would like to share their own information (e.g., parameter) with others. In partic-
ular, the j* follower cannot observe the parameters {Qﬁ }irzjjrezr of other agents.
Thus, as mentioned in last section, he cannot quantify the optimal strategies of
others hence fails to compute the relevant exact equilibrium. However, the MFG
approach provides some alternative resolution: instead of searching or estimating
exact parameter for a given specific agent, the j** follower may estimate the empir-
ical distribution across all agents in a micro-scale by 7" under (A6.1). Therefore,
from Af ’s aspect, the parameters {95 }yrzj ez of other followers are unknown and

can be treated as the random variables {Hﬁ }jrzj jrezr. For this reason, the optimizer
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Yy can be reformulated as

Gy (y @™, 2™ T8y = all;ger;l;n T (g y @™ M IE) g g, e IF. (6.21)
i

If we further assume that Jf(-, y(o’xw)), M), Hﬁ) is continuous and Jf;(yj, y(O,:c(N))7 zM) )
is measurable, then by Kuratowski and Ryll-Nardzewski measurable selection theo-
rem (see [3, 114, 161]) and noting IT%, is a random variable, then gjj/(y(o’z(m), x| 17)

is a random variable here. ¢; depends on y(o,x<N>) that is to be determined by a CC
system. Also, ;, §; are un-determined since they depend on ™) and {Hﬁ YirtigreTr

are i.i.d. under (),

Applying the mean-field reasoning, and taking the conditional expectation on y;

under V) in (6.21), we can obtain the CC system of our followers’ problem
=) _ 2
y O = (g (y O, M, 1) 2. (6.22)

Here, the conditional expectation operator E(-|z(¥)) is due to the de Finetti theorem
by noting all {g; (y(o"”(N)),x(N), Hf)}j/gF have the tail-sigma algebra generated by
common term (™) that might be treated as random variables. Also, recall y(O,x<N))
depends on pre-fixed profile V) that is to be determined. In this sense, (6.22)
does not completely characterize y©*"") yet. By (A6.3), §; € L'(Q;R™) and the
expectation of y; is well-defined.

Next, we analyze the leader’s optimization problem (w-LF2) (6.18). With the
followers’ best response (6.20), the leaders continue to design their optimal strategies
in an iterative manner. Because we had frozen y®) by y©*"™) in (w-LFA1) (6.19),
(6.18) can be rewritten as

minimize JF(z;; M) y(o’x(m); 0F),
(6.23)
subject to x; € 'L, e TF,
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(0,2(N))

where y is given by (6.22). Similarly, we construct the following auxiliary

problem for a generic leader AL, i € ZF, denoted as (w-LFA2) :

()

minimize J_Z-L(%; z°; ?/0§ HZ‘L)7
(w-LFA2) (6:24)
subject to x; € 'Y, i€ ",

by letting N — oo in equation (6.23) and freezing =™ by some (deterministic)
quantity 2 using the mean field reasoning. Note that (V) has been frozen by 2° in
(6.24), thus y(o””(m) is replaced by y° by sending N — oo. For further analysis, we
give the following assumption:
(A6.6) For any given 2° € 'Y, JI is strictly convex w.r.t z;.

Under (A6.4), (A6.6), by similar argument as (6.20), there exists a minimizer
of (6.24) that is also unique as JF is strictly convex. Thus, the optimal strategy 7
satisfying:

zi(2°,y°,07) = argmin J} (z;; 2% 4 07), ieI”. (6.25)

;€L

After obtaining his optimal strategy, the i*" leader begins to estimate his peers’ opti-
mal strategy. Noting all leaders are non-cooperative and would no like to share their
own information (parameters), so a generic agent .AiL cannot completely figure out
the others’ strategies because {6% }irzivezr are hidden variables for him. Instead, by
the discussion in last section, he would treat {6/}, seze using the limiting distri-
bution 7l under (A6.2). Therefore, from AL’s aspect, the other leaders’ individual
parameters are unknown and can be treated as the random variables {II/ };/ s yezr.
For this reason, the optimizer Z;; can be recast as

Ty (2,9, 115) = argmin JJ (vy; 2% 0% 115, 7 #4,i' € T, (6.26)

x; ert

Applying the mean field reasoning, and taking the expectation on z; in (6.26), we
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can obtain the CC condition from the leaders’ perspective:
2 = Ez; ([E(), yov Hﬁ% (627>

where 3° inside depends on z°. By (A6.3), x;y € L'(€;R") thus the expectation
operator on Z; is meaningful. Combining with (6.22), we can obtain the CC system

of w-LF:

2 =Bz (2°, 90, 115),

(CC) (6.28)

y° =E(g; (y°, 2%, 115) |2°).
Once the CC system (6.28) is solved, we might design the distributed strategies
gy = gy (y°, 2, 11%) and Ty = Ty (2%, 9%, 1)) for the leaders {Af};czr and followers
{Af }jezr, respectively in the w-LF. Moreover, we can continue to verify that they
form an e-SNC equilibrium. Note that through the whole MFG procedure mentioned

above, each agent can obtain its own MFG strategy without knowing the exact

information of the others’.

6.3.2 Fixed point analysis

The CC system (6.28) plays an essential role to the design decentralized strategy of
w-LF. To this end, we discuss the uniqueness and existence of our CC system (6.28).

To begin with, we introduce two preliminary results and one assumption.

Proposition 6.1 (Brouwer fixed-point theorem). If I' is a non-empty, compact,
conver subset of R™ and f : " — I is a continuous function, then f has a fixed point

vo € I' such that f(vy) = vg.

Proposition 6.2 (Implicit function theorem). Let v = (vy,- -+ ,v,), w = (wy, -+, Wy,)
and f(v,w)=(fi(v,w), -+, fm(v,w)) : R*™™™ — R™ be a continuously differentiable
function. Let (v°,w®) = (09, -+ 02, wl, -+ wd) with f(v°,w®) = 0. If the Jacobian

Y Un?

matriz: %(vo,wo) 18 1nvertible, then there exists an open set U C R™ containing
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“w07” such that there exists a unique continuously differentiable function g such that

g(v") =w?, and f(v,g(v)) =0 for Vv € U.
(A6.7)
(i) jﬁ(%/; 2%y Hf/ ) is twice continuously differentiable w.r.t. z; and 2v.

.o . L _L . . . — L
(ii) For any given x° € T'F, let JI is strictly convex, and there is a 7; € T'F s.t.

TL . 0.,,0.TTL —
V$i/Ji/ (xi’vx Y 7Hi’)‘mi’:@’ =0.

7L
Tl Ji/
i/

Ox;

(ji’a 3;0) 7é

(iii) For any given 2° € I'* and the corresponding z; € 'L, the matrix
0.

Since y" depends on the 2 and 7%, we denote y° as y° (2%, 77) and z; (2°, y°(2°, #"), [1%)
as Ty (2%, 11%). We first study the uniqueness and existence of 2°. To further analysis,
by [96, Section 2], we introduce the following assumptions.
(A6.8) For each 2 € R™, zy(2°,-) € TL, there exists a constant L; > 0 which is
independent of IT% such that (z; (29, 1%) — Zy (29, 115), 29 — 23) < —L;|29 — 9|2, for
any 29,25 € R™.

Based on the assumptions above we have the following result of z°.

Theorem 6.1. Under (A6.1), (A6.2), (A6.7) and (A6.8), the CC system (6.28)

admits at most one solution for x°.

Proof According to (A6.7), there exists a unqiue zy (2%, y°(2%, 7¥), I15) such that

Vo, Ji (@5 2% y° (20, 7F); 115) |5, =z, = 0. By equation (6.27), it follows that
(Ey (27, 107) — By (25, I17) 2 — a3) = (2] — 23,27 — 23) = |2} — 23> > 0.
By (A6.8), for any 20,29 € 'Y C R" (note that 2{ and 2§ are deterministic here),

2] — a8)* =(Bzy (af, 11})) — BEZy (29, 1)), 27 — x3)
=E(zy (29, 11]7) — Zy (29, 11}), 2} — 29) < —Ly]2) — 29]* < 0.
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Then, we have |29 — 23|> = 0. Hence, the uniqueness follows. U

Theorem 6.2. Under (A6.1)-(A6.8), there exists a unique solution satisfying the
CC system (6.28).

Proof For any z € R", we denote T = T'(z) := Ezy(x,11%). First, under (A6.4),
't € R” is non-empty, convex, and compact, then for each 2° € T'l, T(2%) € I'L.
Thus T is a stable mapping on I'l. Second, under (A6.7) and Proposition 6.2,
there exists a unique continuously differentiable function z(2° 11%) € I'* w.r.t. 2°
such that V,, JE (w2040, HiL,)|xi,:ji, = 0. Thus, T is continuous on I'*. Thus, by
Proposition 6.1 and Theorem 6.1, there exists a unique solution for z° such that
1* = Ezy(2°,11f). Since y° = E(2° I1%)|2°) depends on 2°, therefore the existence

and uniqueness of 3° follows. O

In what follows, we present a special case to illustrate how the MFG scheme

works.
6.4 The Weakly-coupled LF Problem: the Quadratic
Functional Case

6.4.1 The procedure of quadratic weakly-coupled LF prob-
lem

This section considers an important and special case of (LF1) and (LF2) in which

the functional takes quadratic-form, more specifically,

T (™ 205 0F) =|Apy; — Afy™ — ALa™ — 62 j eI, 629)
6.29
T (@i a™sy M08 ) =|Apz; — A2 — ATy — 082, i e T,

with AL, € Rm>m AZ ¢ Rmxm A3 ¢ R AL € R™m*n A2 € R A3 ¢

R™>*™m Qp € S™, Qp € S™. Moreover, Z" = {1,2,--- ,M} and Z* = {1,2,--- | N}
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are the agent index sets for the followers and the leaders, respectively. For dimen-
sional consistency, we set n = m = my; = [ = p. We emphasize that quadratic opti-
mization has always been a prototype in optimization theory (e.g., see [33, 60, 92, 148]
for more recent studies) because of its structural tractability and amenable approx-
imation to general nonlinear functional. To be consistent, we denote the related
problem as q-LF which can be further formulated sequentially as (gq-LF1), (g-
LF2):

minimize ij(yj; y(M); x(N); Qf“)’

(q-LF1) (6.30)
subject to y; € R™, j € IF,

for the followers with decision variables {y;};ezr and

minimize  J*(xs; 2; y ™ 0F),

(g-LF2) B (6.31)
subject to z; e T CR", eIk,

for the leaders with decision variables {z;};c7z and I' C R" is a closed convex set.
Moreover, we set the following assumptions on model. For further analysis, we
introduce
(A6.9)(Definiteness) Qp, QL > 0.
(A6.10)(Full rank) A}, A} are of full-rank.
(A6.11)(Invertibility) (AL)TQr(AL — A2) is invertible.

We point out (A6.9) connects to the (strict) convexity, (A6.10), (A6.11) are
related to invertibility. Note that (A6.11) is not redundant because it cannot be

implied from (A6.9), (A6.10). Here is one counter-example:
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following (A6.9), (A6.10), however

10 100 0 0 o 0 0 0
ATk —22) = 0 1 ) [0 10 (0_10): 0 -1 0|,
0 1 001 0 -1 0

which does not have full rank. Thus (A6.11) is not true. Moreover, (A6.11) implies

that AL # A%, otherwise (AL)TQr(AL—A%) = 0. We now proceed to analyze q-LF.

As discussed in the general case, we first deal with the optimization problem (qg-

LF1) (6.30) from the standpoint of followers. To this end, we should introduce the

following auxiliary problem for a generic follower .Af , j € IF, denoted as (q-LFA1):
minimize Jf(yj;y(o’”(N));x(N);Hf)

(a-LFAL) = [Ny — A0~ A g, (632

subject to y; € R™, j € r,

by letting M — oo in (6.30) and freezing y™) using the term y(o’z(m). Note that
y(O’I(N)) will be affected by (™ which is given by the leaders. Moreover, the influence

(0.2 may be negligible.

of an individual follower on y
We examine the convexity of functional (6.32) in (q-LFA1). To this end, we
compute the first-order (gradient vector) and second-order partial derivative (Hessian

matrix) w.r.t. decision variables:

2(V)
(Vo] (59072005 07)

= 2[(AL)TQr (Abg — A0 — AL —00)] (6.3)

(Vi ) (952N 6]) = 2(A1) TQrA

By (A6.9) and (A6.10), (A})"QpAf > 0, thus the functional Jf in (6.32) is strictly

convex w.r.t. y;. In fact, by (A6.9), all spectrum values of )p are positive. Then,
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combining (A6.10) implies that the positivity of all spectrum of (AL)TQrAL. This
also implies the invertibility of (AL)TQrAL.

Recall that (21,79, ,zx) € R™ is pre-fixed so ™) becomes some endogenous
parameter. Thus, (q-LFA1) is a strictly (uniformly) convex optimization to decision
y;, thus the optimal decision exists and should be unique, denoted by y;. In fact, the
uniform convexity implies the coercivity and it is obvious any quadratic functional
including (6.32) is always continuous, thus (6.32) always admits a minimizer in the
full space R™. Moreover, the uniform convexity implies the strict convexity thus
such minimizer, if exists, should be unique.

Also, note that the decision variable y; is in full space, therefore (q-LFAL)
is an optimization problem without constraint. Hence, the optimizer y; can be

characterized sufficiently by zero-gradient condition:

Vi, J] (59025608 = 0

(6.34)
—; = O1(A2y ™) 1 AL ™) 0l je TP,

where ©; = O;(AL, QF) := [(AL)TQrAL| 1 (AL)TQF. After obtaining his optimal
strategy, the j follower begins to estimate his peers’ optimal strategy. Since the
agents are non-cooperative, no one will share their own information with the others
and the j* follower will not know his peer’s personal parameter {05 Virgjrezr ex-
actly. As we mentioned before, he can only estimate {QJF, }irzjjrezr by the limiting
distribution 7" under (A6.1). Therefore, from Af 's aspect, the parameters of other

followers are unknown and can be treated as the random variables {Hfj Yyt greTr-

For this reason, the optimizer y;; can be presented as
gy = O1(ARy O+ Afe M 411, A, e T" (6.35)

We remark that ¢; and g depend on y(O,:c(N>) that is to be determined by the CC sys-
tem. Also, §; and g;» are un-determined since they depend on ™) and {Hf, it grezr
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are i.i.d. under 2z,

Therefore, by applying the mean field reasoning and taking the conditional ex-

pectation on both sides of the expression of 7 under ) in (6.35),

x(N)>

L) _ 2(N)
y(o’ ) :E(yj/!x(N)) — E(@l(A%y(O, ) + Ai’px(N) + Hﬁ)

(6.36)
:@1[\%{1/(0’:5(1\,)) + @1A%I’(N) + @10./,

where « is denoted as the conditional expectations of {Hf,} ji5.teTF under ™). To be
verified soon, y; € L'(Q; R™), thus the above conditional expectation is meaningful.
Note that ™) is fixed but not asymptotic yet since till now, we only apply the
limiting scheme on M — oo instead N. Let ©y = Oy(Ak, A% QF) := [ — A%,

then we have
Oy =I — [(Ap) ' QrAp] T (AR) ' QrAL = O1(Ay — AT).

By (A6.11) and the discussion below equation (6.33), (AL)TQrAL and (AL)TQp(AL—
A%) are invertible, thus O, is invertible. Then, we can obtain the CC system of prob-

lem (q-LFA1)

y O™ — 910, (a + Adz™), (6.37)

and equation (6.35) can be rewritten as
7y = 01 |(A26510, + NALe™ + A20;'0,a + Hf?], j 44, 7 eI (6.38)

Noticing y(o””(m) depends on the pre-fixed strategy profile ), thus it is still un-
determined. We continue to analyze the leader’s optimization problem (q-LF2)

(6.31). Based on the followers’ best responses (6.34) and (6.38), the leaders begin to

make their own optimal decisions. Since we had frozen y@™) by y©=™") in problem
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(q-LFA1)(6.32), (6.31) can be rewritten as

minimize JZ-L(HJZ'; x(N); y(o,xm); glL)

= Az, — A2V — A%y(o’xm)) — 05, (6.39)

subject to z; e T CR", ieIr,

(0,2(N)

where y is given by (6.37). Similarly, we let N — oo in equation (6.39), by the

mean field approximation, (") can be approximated by some deterministic quantity

2%, Subsequently, we obtain the following auxiliary problem of leaders (q-LFA2) :

minimize JF(2;; 2% 9% 0F) == |[Alz; — (A3 + A30,10,A%)2°
(q-LFA?2) — A} O;'01a — 073, (6.40)

subject to x; e T CR", i€ v,

Note that ™) has been frozen by 2° in (6.40), thus y©="") is replaced by y°. We

can compute the sub-gradient and second-order partial derivative of (6.40),
(Vo T (@i a% g% 0F) =2| (M) 7@y (AL — (A3

+A30510,A%)2° — A20510,a — e,f)] , (6.41)

(V2 JE (23 2% 9% 0F) =2(A}) T QAL

Again, by (A6.9) and (A6.10), (A})TQrA} > 0 and the functional JI in (6.40)
is uniformly convex w.r.t. x;. The uniform convexity implies the coercivity thus it
suffices to search the minimizer over a compact level set, even though the convex
closed set T' is not necessary to be bounded (compact). Moreover, the uniform
convexity implies the strict convexity thus such minimizer, if exists, should be unique.

Moreover, for convex optimization, the local minimizer is also a global minimizer.
Thus, the unique optimizer z; can be further characterized by the following sub-
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gradient inequality:
2<(A1L)TQL (A;:@ ~ (A2 + A20;10,A%)2° — A20510a — 95) T — x>
=2((AL)TQuAL (#: — [(AL)TQLAL T (AL T Qu (A} + A1 076143 )a"
—[(AD)TQLAL TN (AL) TQLATO; 'O — [(Ai)TQLAH‘l(Ai)TQL@f),

$i—fi>>0, fOI‘VJIiEF,

(6.42)

1

or equivalently (noticing W := (A})TQpAL > 0, thus U2 = ((AL)TQrAL)? > 0is
well-defined (see Theorem 7.2.6 in [90, Chapter 7])),
2( W3 (21— (A1) QuAL (ML) Qu(AL + A} 050147 )a”
— (AL QLAL T (AL) T QLALO; ' O1a — [(AL) T QLA (6.43)

(Ai)TQLGZL>,\Ij%($Z — Zfz)> > 0, for V z; € L.
Since ¥ > 0, we take the following norm on R™ (see [93, 94, 183] for more details):
|x|?1, = (2, 2)y = v Uy = <\I/%x,\11%x>

Moreover, it is easy to verify that (z,y)y = <\Il%x, \Iféy> is an inner product when
¥ > 0. Note that such positive definite condition cannot be relaxed to ¥ > 0. This
implies that (A6.9), (A6.10) should be necessary. It follows that (6.43) is equivalent

to
7, = P: [@3((/\% +A20;10.A%)2° + A20,10,a + 95)} . deIh,  (6.44)

with ©3 = [(AL)TQLAL]"Y(AL)TQp and Pp(+) : R® — T is the projection operator
under the norm | - |y. Note that for any convex closed set I' C R", the project
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operator Pr(-) is always well-defined (see e.g., Section 1.5.2 of Chapter 1 in [74]
and [93]) for the inner product (x,y)s = <S%$,S%y> for VS > 0. Naturally, this

is also the case with S = W. After obtaining his optimal strategy, the it leader
begins to estimate his peers’ optimal strategy. Since the leaders are non-cooperative
and will not announce their own information, AX cannot obtain the exact value of
his peer’s personal parameter {OiL,}Z-/#’Z»/gL. As we mentioned before, he can only
estimate {67}, yeze by the limiting distribution 7” under (A6.2). Therefore, from
AE’s aspect, the other leaders’ personal parameters are unknown and can be treated
as the random variables {II}};; seze. For this reason, the optimizer z; can be

presented as
Zy = Pr [@3 ((A% +A705101A%)2° + A705 'O + Hf/)} , i #d eIl (6.45)

Moreover, by the mean field reasoning, taking the expectation on both sides of (6.45),

we have
20 = Eiy :JE{PF [@3 ((Ai +A20510,A%)2° + A205'0,a + Hf,)] } (6.46)
Combining with (6.36), we can obtain the CC system of g-LF:

2 == {Pr[0,((4] + ALO;'0,A1)" + A0y 0,0+ TE) ]

(CC) (6.47)

Y’ =0;'0,a + 6;10,A%2°.

For sake of presentation, we denote A := O3(A2+A30,'0,A%) and B := 03A30,'0,
hereafter. Noticing the matrix space R"*"™ and vector space R™ are both of finite
dimension. Thus, it makes no difference for which matrix norm |- |,, to be adopted
in L>°(Q; R™*™) because all these norms are equivalent. Likewise, for S, S > 0, the
associated norms |z|3 = 'Sz and |z|%, = TS’z are equivalent on R™, therefore
Ly(;R™) = L, (2;R"). Hence, we need only simply write L'(;R™) = L§(;R")
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for all S > 0. We remark that in general, L>(Q; R"*") and L'(Q;R™) are not finite

dimensional space. Next, we present some preliminary results.

Proposition 6.3. Let I' be a non-empty closed convex subset in R™. Then, for any
A€ L>®(Q;R™™), be LY(Q;R"), X € L'(;R"), we have Pr(AX +0b) € L'(Q; R"),
where the projection operator Pr(-) : R® — T is defined under inner product (x,y)s =

<S%x, S%y> for any S > 0.

Proof First, we point out the above result is rather general since A, X,b can all

be random matrices and vectors. Second, recall that for any S > 0, (x,y)s =
<S %x, S %y> is an inner product and the Euclidean space R" is a Hilbert space under

the associated norm |z|% = (x,z)s. Hence, the projection operator Pr(A(w)X (w) +
b(w)) : R* — T is well-defined under |z|% for each w € Q. Moreover, Pr(A(-) X (-) +
b(-)) is a random variable because of the continuity property of projection. Third, in
case I' is bounded, Pr(A(-)X (-) 4+ b(-)) is also bounded because of Pr(A(w)X (w) +
b(w)) €T for w € Q. Hence, Pr(AX +b) € L'(2;R"). Last, in case I' is unbounded,
noting that it is non-empty, thus there exists at least z € I" with Pr(2) = 2. By
Theorem 1.5.5 of Chapter 1 in [74], the projection operator is Lipschitz continuous

with Lipschitz constant 1. Thus, for any S > 0,
IPr(AX +b)| < 2|z| + 2E|AX| + E|b| < 0. (6.48)

Hence the result. Recall the definition of L'(€;R™) does not depend on the choice
of specific norm. Thus, the above norms on the right hand side can be understood
to the standard norm with S = I (identity matrix). In addition, the above estimate

still holds true for any other S > 0 such as S = ¥ with modified coefficients. OJ

Remark 6.4. By Proposition 6.3, the expectation definition in the CC system (6.47)
is well-posed by setting A = A, b = Ba + O311%.
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Remark 6.5. Note that the projection operators under different inner products are
different. For example, we let I'y is a r-dimensional subspace in R" and r < n with
(v1,--- ,v.) as basis. P (-) : R" = 'y and P} () : R" — Ty are two projection
operators defined under (-,-)s, = (Slé', 5'1%> and (-, -)s, = <S§-,S§~), respectively, Sy,
Sy > 0. We denote V= (vy,--+ ,v,), then the projection operators can be expressed
as Pl = V(VTSV)"'WTS) and PE = V(VTS,V)"VTS, (see [183, Section 4.1]

or Chapter 2). Suppose that

1 -2 2 00 1 0 0
V=11 0 , Si=1 010 ]>0 S,=01°0]>0,
0 1 0 05 001
we can obtain that
0.7826 0.2174 —0.4348 0.8333 0.1667 —0.3333
P%l = 0.4348 0.5652 0.8696 , P%l = 0.1667 0.8333 0.3333
—0.1739 0.1739 0.6522 —0.3333 0.3333 0.3333

Then, for any vector w = (1 2 3)" € R3, the corresponding projections are

—0.0870 0.1667
PLw= | 41739 |, Pilw=| 28333 |,
2.1304 1.3333

which shows that P%lw =+ P%lw. This implies that, for a wvector, the projection
operators under different norm will lead to different projections. Therefore, in what

follows, we will focus on the projection operator Pr(+) : R™ — T under the norm |- |y.

Proposition 6.4. The projection operator Pp(-) : R® — T under the norm | - |y in

(6.44) is monotonic.

Proof For any u, us € R, we have the two-sided variational inequalities:

(Pr(ug) — Pp(u1), Pr(ur) —ui)w > 0, (Pr(ur) — Pp(uz), Pr(uz) — ug)y > 0,
(6.49)
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where the norm |- |3 = (-,-)g = (U2.,W2.), ¥ > 0 (see Appendix in [93]). Adding

up these two inequalities, we have

0 < (Pg(ug) — Pr(w1), Pr(ur) — ug + w2 — Pr(u2))w

=(Pr(u2) — Pr(u1), uz — w1)w — (Pr(u2) — Pr(w), Pr(uz) — Pr(ui))w. .
Then, it follows that

(Pp(uz) — Pp(ur), us — ur)w > [Pr(us) — Pr(u)[g >0, (6.51)

which means that Py is monotonic. 0

6.4.2 The well-posedness of the CC system

A crux is the well-posedness of the above CC system (6.47) since it plays a central
role in designing the decentralized LF strategy for gq-LF. This may be proceeded
using the fixed point analysis based on Banach contraction mapping. With this,
the existence and uniqueness of parameter pair (z°,¢") can be ensured under some
norm estimates. Here, we prefer to address this issue using a different analysis. To
this end, we may establish the uniqueness and existence separately. We discuss the
uniqueness first by introducing the following assumption:

(A6.12) A+ ATT < 0.

Then, we introduce the following theorem:

Theorem 6.3. Under (A6.9) to (A6.12), the CC system (6.47) admits at most one

solution.

Proof We introduce a mapping: for any = € R", T' = T'(z) := E Py(Az + b) with
b = Ba + 63115, Note that b € L'(;R") due to Proposition 6.3. Then, the CC
system (6.47) can be reformulated as some fixed point relation: = = T'(x). Suppose

that there are two solutions for it, denoted respectively by z1 = T'(x1),xo = T'(x9).
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Then, on the one hand, by Proposition 6.4, we know for any w € (2,

0 <(Pr(Ary +b(w)) = Pr( Az + b)), (Ary +b(w)) = (Arz + ()

\

=(Pr(Aws +b(w)) = Pr(Azs + b(w)), Alzs —22) ) .
On the other hand, by the monotonicity of expectation, we have
0< E<Pf(Ax1 +b) — Pp( Az + b), A(z1 — x2>>w

— <E Pr(Azy +b) — E Pp(Azy +0), A(2; — x2)>\11

= (T(e2) = T(wa), Alwr — 1)) = (1~ 0, Ay — ) )

VA4 ATY

— <:1:1 — Zo, VA(z1 — $2)> = <351 — T2, 5

(21 — 932)> <0,
where the last equality is due to the transpose invariance of quadratic form. Noting

that A = M+TM is symmetric, then we have

UVA+ATU

O:<.CL'1—33'2, 9

(21 = 22) ) = o1 — 2%, (6.52)

Hence the uniqueness of 2° by noting A < 0 due to (A6.12). Since y° = 0,0, +

0,'0,A%.2°, the uniqueness of y° follows. O

Recall that
O3 :[(AlL)TQLAi]_l(AlL)TQL, Oy =1 — A%,

O1 =[(A}) QrAE T (AR) Qr,

we have the following more detailed computation for .4 and AT :

WA =(AL)TQr[A] + A3 (AR Qr(Ak — A3)) (AR)TQrA].
. . (6.53)
AT =83+ 43 (AW Qr(AL - AD)) (AR QrAE] Qe
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Thus, (A6.12) can be rewritten with the original matrices as follows:

(A6.13)
(AT Qu[AF + A% (AR TQr(Ak — A2)) (AR QeAE]
-1 T
+[A2+ AL ((AR)TQr(AE - A3)  (AR)TQRAY] QAL <.

Obviously, (A6.13) is tedious and complicated, thus we introduce the following
interesting and simple cases:

Case 1 A3 = 0, Al = I. In this case, the leaders only care about the peers’
strategies and ignore the followers’, while the followers consider both hierarchies’

strategies. Then, (A6.13) could be simplified as
YA+ AT =Q, A2 + (A3)TQL < 0.

Case 2 A3, = 0, A3 = 0. In this case, the followers only care about the peer’s
strategies and ignore the leaders’, while the leaders ignore the followers’ strategies

and only care about their peers’. Then
WA+ AT =(AL)TQLAT + (A7)TQLAL < 0.

Case 3 A% =0, AL = I. In this case, the followers ignore the peer’s strategies and

only focus on the leaders’ strategies. Then, (A6.13) will be
T T r
TA+ AT =(ALTQ, (Ai + A%A‘}) + (A% + A%A%) QrAL < 0.

It seems that no matter the leaders or the followers ignore another hierarchy’s strate-
gies, the form of WA 4+ AT ¥ will simplify to the form in Case 2.

Next, we establish the existence of parameter pair (z° 4°) in our CC system
(6.47). Before that, we first give an assumption:
(A6.14) T is bounded (compact).

We first present the following existence result.
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Proposition 6.5. Suppose that (A6.1)-(A6.2), (A6.9)-(A6.14) hold. Then the

CC system (6.47) admits at least one solution.

Proof Recall the mapping 7' : R” — R" by T(x) = E Pp(Ax + b) with b =
Ba + ©311%. Then, to verify the existence, it suffices to show the mapping 7" admits
at least one fixed point. We examine the mapping 7T confined on I'. First, under
(A6.14), it is obvious that I' is compact and convex, and for + € I',T(x) € T,
thus T is a stable mapping on I'. Second, T is continuous by noting the Lipschitz
continuity of projection operator, expectation operation, and affine transformation.
Therefore, by the Brouwer fixed-point theorem (see Proposition 6.1), the CC system

(6.47) admits at least one solution x°. Hence the existence for y° follows. 0

Combining Proposition 6.5, we have the following result.

Proposition 6.6. Under (A6.1)-(A6.2) and (A6.9)-(A6.14), the CC system (6.47)

admits a unique solution.

Proof By Proposition 6.5, there exists at least one solution for the CC system
(6.47). Combining this with Theorem 6.3, we know that the solution is unique. The

proposition follows. O

An interesting observation is that (A6.12) is imposed on the definitiveness of the
weight matrix, while (A6.14) is on the compactness of domain constraint. These
two assumptions are in different directions but jointly ensure the well-posedness
(existence, uniqueness) of the CC system (6.47).

Sometimes, (A6.14) seems somewhat restrictive, and we have the following un-
bounded extension.

(A6.15) ATUA < V.

We have the following existence result.
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Proposition 6.7. Suppose that (A6.1)-(A6.2), (A6.9)-(A6.14), and (A6.15) hold.

Then the CC system (6.47) admits at least one solution.

Proof Since I' is unbounded, thus for any 6 > 0, C° := ' N B(0,d) # () where
B(0,6) denotes the ball of R™ centered by the origin with radius 6 > 0. Moreover,
for any § > 0, C? is convex and compact (bounded, closed). We now verify that the
mapping T will be stable for some C° with sufficiently large § > 0. Noting that for
Ax + b in the definition of T, only b is random depending on w € §2. Then, for any
r € C° we have | Az + b(w)|%, < 2(xTATWAx) + 2|b(w)|? for a.s. w € Q. Since I is
non-empty, there exists at least one z € I" such that z = Pp(2). Thus, we have, for

a.s. we:

[Pr(Az + b(w))|w =[Pp(Az + b(w)) — 2 + 2]w
<|Pp(Az + b(w)) — Pr(2)|v + [2]w
<|(Az +b(w)) — z|lw + |2]v < |Az|y + [b(w)|w + 2]2]w.

Then, taking the expectation on both sides:

E|Pp(Az + )]y <|Azly + Elbly + 2|2]e = (2T ATWAz)2 + Elbly + 2|2|9
<|z|y + E[blv + 2|z[v < [z]v.
Hence, T(z) = E Pp(Ax + b) is stable on C° for sufficiently large 6. Then, the

continuous mapping 7 on C° admits at least one solution 2° by the Brouwer fixed-

point theorem, thus the existence for 3/° follows. Hence the result. 0

6.4.3 e-Stackelberg-Nash-Cournot equilibrium

Next, we give the proof of the e-SNC equilibrium (see Definition 6.8) for our strategies
in (6.38) and (6.45). For sake of notation simplicity, we will use K to denote a

generic constant in the following discussion. The value of K may be different at
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different places and it only depends on the coefficients. Before that, we first give two

preliminary results.

Lemma 6.1. Suppose that (A6.1)-(A6.2), (A6.9)-(A6.14), and (A6.15) hold.
Then for given ™) € R”,

7™M — % = 0a.s., as M — oco.

Proof For the pre-fixed #¥) € R" and by equation (6.34) and (6.38), gM) =

M F
3'=1.5"#3 5!

F
01[(A205'0; + DAL e™ + A20;'0ya + % + ZZ=12 '] then we have

M) _ 0 2 o1 5 (N) L A2 ool D S 1)
5 = 37| =101[(ARO; 01 + DAz + A6, @104+M+ M ]

or AP | 0
- @51@1(Q+A%x(N))‘ = ‘@ﬂﬁ + % —a)l.

By equation (6.37), 2N is pre-fixed, there exists a constant K such that |y°]> < K,
thus by equation (6.34), |7;|*> < K and |§™)?> < K (the detailed proof is similar
to [101, Lemma 5.4]), for some K is independent of M. Then, we can obtain that,

there exists a constant K such that E[II|* < K. Since {II} }1, are i.i.d. random

M F
S g, TIE
J'=1,5'#3 4!

variables, by the Kolmogorov’s strong law of large numbers, — « a.s.

under x™) as M — oo , hence |§™) —¢°| — 0 a.s. as M — oo. O

Lemma 6.2. Suppose that (A6.1)-(A6.2), (A6.9)-(A6.14), and (A6.15) hold.
Then

N 2% = 0 a.s., as N — oo.

|z
Proof Recall the fixed point in our CC system (6.47) 2° = E Pp(Ax° + by) with
by = Ba + 63114 and 7y = Pr(Ax° + by), then we have z(V) = %PF(AZEO +b;) +
* 252172.,# Pir(Az° + by) and
17N — 20| = in(AxO +b;) + S i Pr(Az° + by) — 2°|.
N N =1,/ i
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Note that Pp(Az® + b;) is fixed. By the existence and uniqueness of the CC system
(6.47), for some constant K, |2°> < K. Then, by equation (6.44), |7;]> < K and
1ZV |2 < K for some K is independent of N. Thus, there exists a constant K such
that E[Pr(Az°+by)|* < K. Since {Az°+by}}),; ,_, are i.i.d. random variables, by
the similar argument in [94, Lemma 5.2] and the Kolmogorov’s strong law of large

numbers, the result is straightforward. 0

Theorem 6.4. Suppose that (A6.1)-(A6.2), (A6.9)-(A6.14), and (A6.15) hold.
Then the strategies (T1,- -+ , TN, U1, ,Yn) gwen in (6.38) and (6.44) satisfy e-SNC

equilibrium.

Proof By the definition 6.8, we first consider the followers’ subgame. For given

(z1, 79, ,zn) € R™, 20 is pre-fixed and

2

Ay, AL
inf ‘7 (y],y i (N) QF) ‘A}?yj_—]__zyj A%IL‘ )—QJF

Yj ER™ M M vy QF
- - 5y 2 (6.54)
= AR+ 0y) = ARG + T2) - Afat™) — 0
Qr
=T (55 5™ 2™ 07) + Uy + Uy + Us,
where dy; is the variation of y; — y; and
U =2(Qr(Apg; — Mg — Afa™ — 07), Ajdy;),
2 1= 2 - 3 2 Ls 2 5,%
Up=— M(QF(Aij - AF?J AFx 9 ), A 5?JJ> = |Apdy; — A% |QF'
By equation (6.34), we can obtain that
Ur = 2((Ap) " QrAp(01A%y° + 010%™ + ©,0F) — (Ap) TQrATy™
(6.55)

— (AR) " QrAza™ — (ML) Qr] 0y;) = 2((Ak) " QrAT(Y” — §™), y5).
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By the similar discussion in Lemma 6.1, under the pre-fixed z(™) € R, |¢°> < K,
15;1> < K, and |[y™)|? < K for some K is independent of M. Thus, there exists a

constant K independent of M such that

inf T (y;9-5: 208 < TF (g5 g5 2™ 0F) < K. (6.56)

y;ER™ !
Since Us > 0, by (6.54) and (6.55), it follows that

T @952 ™N500) — inf TF (y;9-552W508) < Uy — Vs,

y GR‘"L

By Lemma 6.1 and (6.56), we have U;, U, — 0 a.s. under V) when M — oo.

Denote (M) = —(U; + Us), then

T @5 555 2™ 07) < Jinf T (53952 07) + (M),
J

where e(M) — 0 a.s. as M — oc.
After the followers give out their best response, we consider the leaders’ subgame.

By the similar argument in (6.54),

inf JF (2o g™ 0F) =F5 (22 g0 0F) + Uy + Us + Us + Uy, (6.57)

xleF
where dx; is the variation of x; — Z; and

([_fl :2<QL(A},:L'1 A2 7(N) A%ﬂ(M) — QZL),A}/(SI'Z%

Uy =— —<QL< 13— AN — A M) — 08 AT Sy,
Uy = — —(QL(Asz — A2z A3 gD gy A3 0,(A205'0 + I)ALdx;),
= 1 2 0T; 3 2 ~—1 3 05 o

\U4 :”AL&UZ'_ALW_ALgl(AF@Q @1+I) ”QL

Note that, by the similar argument in (6.55), U; can be written as

Uy =2((A1)TQr(Arz; — (A2 + A305'0,A%)7° — A1 05,'0,a — 0F), 62;)
o (6.58)
2((AL)TQLAL (2 — 2™) + (AL) TQLAL (Y’ — §M), 6s) i= Uiy + Uho.
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By equation (6.43), we have
UH = 2<(A1> QL[ALIz <A2 + A @ 1®1A3) Ai@;l@la - QZL],(SJ]Z> >0

According to the discussion in Lemma 6.2, [2°]> < K, |7;|*> < K, and |z™M]? < K
for some K is independent of V. Thus, there exists a constant K independent of N
such that

inf Jh(z; 77" 08 < TE(7; 20,y 08 < K. (6.59)

Since Uy, Uy > 0, by (6.57) and (6.58), it follows that

‘Z’L(fﬁfw Y 9L) — inf jL(OCuZ’ i3 3¢ )SQZL) < -Up—-U,—Us.

:EZEF

By Lemma 6.1, Lemma 6.2 and (6.59), we have Uyy, Uy, Us — 0 a.s. when M, N —
oc. Denote (M, N) = —(Uyjy + Uy + Us), then

j (Zs; T (V). (M QL)< inf 7, (x,,x_,,yM 9L)+5(M N),

zZGF

where e(M,N) — 0 a.s. as M, N — oo. The theorem follows. O

6.5 Numerical Example

In this section, we give a numerical example. Suppose that there are 500 leaders and
500 followers with AL =3, AZ =1, A3 =2, A} =2, A2 = -2 A% =1, Qp = 2,
Qr = 1. Moreover, " = {1,2,--- 500}, ZF = {1,2,--- ,500}, and for dimensional
consistency, we set n = m = my; = = p = 1. Then the assumptions ??7-??7, 7?7 are
satisfied and the Eq. (6.30), (6.31) can be rewritten as

minimize J/ (y;;y®; 2™;0F) = 2/3y; — y*) — 22 — 912,

(6.60)

subject to y; € R™, je I,

for the followers with decision variables {y;},czr and
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Figure 6.1: (a) is the curve of convergence in Lemma 6.1 and (b) is the curve of convergence
in Lemma 6.2

minimize ¥ (z;; 2™y 08) = 122, + 22 — M) _ gF 2
_ (6.61)
subject to z; e T CR", ieIr,

for the leaders with decision variables {x;};czz. Therefore, by the discussion in
Section 5.1 and 5.2, we can obtain that the CC system (6.47) of g-LF as follows

20 :]E{Pf [0.5 x (—0.5x0+0.5a+nﬁ)”, |
(6.62

y° =0.5a 4 2°.
Now, we consider the case that the leaders’ strategies are unconstrained. Suppose
that the conditional expectations of {II¥ }2Z, under ") is & = 1 and the expectation

of {IT¥}¥, is 0. Then the above system can be rewritten as
=02 4°=07 (6.63)

Next, we simulate the results of our e-SNC equilibrium in Section 6.4.3. We first

defined

(e1=[7"0 =), e =z

es =T (g g™ a™500) — inf T (y5:9-5:2000),
J

eq =T (@2 Wy M 0F) — inf FF (2255, 00),

\ i
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Figure 6.2: (a) is the curve of convergence in the followers’ subgame and (b) is the curve
of convergence in the leaders’ subgame.

where £ represents the process of convergence in Lemma 6.1, while 5 represents the
process of convergence in Lemma 6.2. £3 and &4 are corresponding to the processes
of convergence of our e-SNC equilibrium.

The curves of €1, €5 are shown in Figure 1, and €3, €4 are shown in Figure 2 as M
and N increase from 1 to 500. The X-axis indicates the number of agents M or N,
and the Y-axis indicates €;,7 = 1,2,3,4. It can be seen that they are approaching

zero when M or N is growing larger and larger.

6.6 Conclusion

In this chapter, we study a class of w-LF games with model uncertainty under a
large-population system. The leaders or followers play a Nash game with each other
in their hierarchy and play a Stackelberg game between two hierarchies. Applying
the mean field approximations, we obtain an asymptotic SNC equilibrium of our

problem. Finally, we give out a quadratic case and a numerical simulation.
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Chapter 7

Conclusions and Future work

This chapter concludes the thesis and gives out some possible future works that are

related to the topics in this thesis.

7.1 Conclusions

In this thesis, the problems related to the mean field game and team with leader-
follower interaction are introduced step by step. A mixed leader-follower problem
between two players with input constraints is first studied by using the maximum
principle and the minimizing sequence method. Then a robust mean field team con-
trol problem under a large population system is considered by utilizing the mean field
heuristics. These two chapters introduce the background, fundamentals, and some
techniques of the Stackelberg game and the mean field game (or team) respectively.
After that, the principle of the leader-follower game, the maximum principle, and the
mean field approximation methods are applied to investigate a leader-follower mean
field team problem with one leader and NV followers. A pair of decentralized optimal
control laws are obtained and proved to satisfy the asymptotic Stackelberg equilib-
rium. Meanwhile, a Stackelberg-Nash-Cournot equilibrium between N leaders and
M followers under a static optimization context is introduced as a supplement for the

leader-follower mean field game topic of the thesis. Moreover, some numerical exam-
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ples are provided to simulate the asymptotic result of the mean field approximation

at the end of some chapters.

7.2 Future Work

The Related future works are listed below.

1. Some techniques and results of the mean field leader-follower problem we ob-
tained in this thesis can be applied in the financial market, especially combining

them with the mean-variance model.

2. Limitations and constraints appear commonly in the real world. Thus, it is
more meaningful and practical to study the leader-follower game with not only
the input constraints but also some “hard-constraints”. Also, the related results

may apply to management science or deep learning.

186



Bibliography

1]

[10]

[11]

H. Abou-Kandil and P. Bertrand. Analytical solution for an open-loop Stackel-
berg game. IEEFE Trans. Automat. Contr., AC-30, 1222-1224, 1985.

M. Aghassi and D. Bertsimas. Robust game theory. Math. Program., 107, 231-
273, 2006.

C. D. Aliprantis and K. C. Border. Infinite Dimensional Analysis. Springer,
2006.

R. Amir and I. Grilo. Stackelberg versus Cournot equilibrium. Games Econ.
Behav., 26(1), 1-21, 1999.

A. Aurell, R. Carmona, G. Dayanikli, and M. Lauriere. Optimal incen-
tives to mitigate epidemics: a Stackelberg mean field game approach. arXiv:
2011.03105v2, 2021.

A. Aurell and B. Djehiche. Mean-field type modeling of nonlocal crowd aversion
in pedestrian crowd dynamics. SIAM J. Control Optim., 56(1), 434-455, 2018.

D. Autor, D. Dorn, L. F. Katz, C. Patterson and J. V. Reenen. Concentrating
on the fall of the labor share. Am. Econ. Rev., 107(5), 180-185, 2017.

K. Bagwell. Commitment and observability in games. Games Econ. Behav.,
8(2), 271-280, 1995.

S. Banerjee and A. Roy. Linear Algebra and Matrixz Analysis for Statistics. CRC
Press, 2014.

M. Bardi and F. S. Priuli. Linear-quadratic N-person and mean-field games with
ergodic cost. SIAM J. Control Optim., 52(5), 3022-3052, 2014.

T. Basar. Hierarchical decision making under uncertainty. Dynamic Optimiza-
tion and Mathematical Economics, P. T. Liu, ed., Plenum Press, New York,
205-221, 1979.

187



[12]

[15]

[16]

[17]

[18]

[19]

[20]

T. Bagar. Stochastic stagewise Stackelberg strategies for linear-quadratic sys-
tems. Stochastic Control Theory and Stochastic Differential Systems, M.
Kohlmann and W. Vogel, eds., Springer-Verlag, New York, 264-276, 1979.

T. Basar. Stochastic incentive problems with partial dynamic information and
multiple levels of hierarchy. Fur. J. Polit. Econ., 5, 203-217, 1989.

T. Bagar, A. Bensoussan, and S. P. Sethi. Differential games with mixed lead-
ership: the open-loop solution. Appl. Math. Comput., 217(3), 972-979, 2010.

T. Basar and P. Bernhard. H*-optimal Control and Related Minimax Design
Problems: A Dynamic Game Approach. Springer, 2008.

T. Bagar and G. J. Olsder. Dynamic Noncooperative Game Theory. STAM, 1999.

T. Basar and G. J. Olsder. Team-optimal closed-loop Stackelberg strategies in
hierarchical control problems. Automatica, 16, 409-414, 1980.

T. Basar and H. Selbuz. Closed-loop Stackelberg strategies with applications
in the optimal control of multilevel systems. IEEE Trans. Automat. Contr.,
AC-24, 166-179, 1979.

C. T. Bauch and D. J. D. Earn. Vaccination and the theory of games. P. Natl.
Acad. Sci., 101(36), 13391-13394, 2004.

A. Ben-Tal and A. Nemirovski. Robust convex optimization. Math. Oper. Res.,
23(4), 769-805, 1998.

A. Ben-Tal and A. Nemirovski. Selected topics in robust convex optimization.
Math. Program., 112, 125-158, 2008.

A. Bensoussan, M. H. M. Chau, and S. C. P. Yam. Mean field Stackelberg games:
aggregation of delayed instructions. SIAM J. Control Optim., 53(4), 2237-2266,
2015.

A. Bensoussan, M. H. M. Chau, Y. Lai, and S. C. P. Yam. Linear-quadratic
mean field Stackelberg games with state and control delays. SIAM J. Control
Optim., 55(4), 2748-2781, 2017.

A. Bensoussan, M. H. M. Chau, and S. C. P. Yam. Mean field games with a
dominating player. Appl. Math. Optim., 74, 91-128, 2016.

188



[25]

28]

[29]

[30]

[33]

[34]

[35]

[36]

A. Bensoussan, S. Chen, A. Chutani, S. P. Sethi, C. C. Siu, and S. C. P. Yam.
Feedback Stackelberg-Nash equilibria in mixed leadership games with an appli-
cation to cooperative advertising. SIAM J. Financial Math., 57(5), 3413-3444,
2019.

A. Bensoussan, S. Chen, and S. P. Sethi. The maximum principle for global
solutions of stochastic Stackelberg differential games. SIAM J. Control Optim.,
53(4), 1956-1981, 2015.

A. Bensoussan, J. David Diltz, and S. Hoe. Real options games in complete and
incomplete markets with several decision makers. SIAM J. Financial Math.,
1(1), 666-728, 2010.

A. Bensoussan, J. Frehse, and P. Yam. Mean Field Games and Mean Field Type
Control Theory. Springer, 2013.

A. Bensoussan, K. Wong, S. Yam, and S. Yung. Time-consistent portfolio selec-
tion under short-selling prohibition: from discrete to continuous setting. STAM
J. Financial Math., 5(1), 153-190, 2014.

G. C. Bento, J. X. Cruz Neto, J. O. Lopes, P. A. Soares Jr, and A. Soubeyran.
Generalized proximal distances for bilevel equilibrium problems. SIAM J. Op-
tim. 26(1), 810-830, 2016.

V. Bhaskar. Egalitarianism and efficiency in repeated symmetric games. Games
Econ. Behav., 32(2), 247-262, 2000.

A. L. Bodoh-Creed and B. R. Hickman. College assignment as a large contest.
J. Econ. Theory, 175, 88-126, 2018.

S. Boyd and L. Vandenberghe. Conver Optimization. Cambridge University,
2004.

H. Brems. On the theory of price agreements 1. Q. J. Econ., 65(2), 252-262,
1951.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations.
Springer Science & Business Media, 2010.

M. Bukowski and J. Miekisz. Evolutionary and asymptotic stability in symmetric
multi-player games. Int. J. Game Theory, 33(1), 41-54, 2004.

189



37]

[41]

[42]

[43]

[46]

[47]

M. Burger, M. D. Francesco, P. A. Markowich, and M. T. Wolfram. Mean field
games with nonlinear mobilities in pedestrian dynamics. Discrete Continuous
Dyn. Syst. Ser. B, 19(5), 1311-1333, 2014.

J. Burtscheidt, M. Claus, and S. Dempe. Risk-averse models in bilevel stochastic
linear programming. SIAM J. Optim. 30(1), 377-406, 2020.

D. Cai, A. Agarwal and A. Wierman. On the inefficiency of forward markets in
leaderfollower competition. Oper. Res., 68(1), 35-52, 2020.

P. E. Caines. Mean field games, Encyclopedia of Systems and Control, Ed. T.
Samad and J. Baillieul. Springer-Verlag, 2019.

P. Chan and R. Sircar. Fracking, renewables, and mean field games. SIAM
Review, 59(3), 588-615, 2017.

R. Carmona and F. Delarue. Probabilistic analysis of mean-field games. SIAM
J. Control Optim., 51(4), 2705-2734, 2013.

R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games with
Applications I-1I. Springer, 2018.

R. Carmona, F. Delarue, and D. Lacker. Mean field games with common noise.
Ann. Probab., 44, 3740-3803, 2016.

R. Carmona and P. Wang. Finite state mean field games with major and minor
players. arXiw: 1610.05408., 2016.

R. Carmona and P. Wang. Finite-state contract theory with a principal and a
field of agents. Manage. Sci., 1, 1-19, 2020.

R. Carmona and X. Zhu. A probabilistic approach to mean field games with
major and minor players. Ann. Appl. Probab., 26(3), 1535-1580, 2016.

D. A. Castanon. FEquilibria in Stochastic Dynamic Games of Stackelberg Type,
PhD thesis, M.I.T. Electronics Systems Laboratory, Cambridge, MA, 1976.

G. Cheikbossian. The collective action problem: within-group cooperation and

between-group competition in a repeated rent-seeking game. Games Econ. Be-
hav., 74(1), 68-82, 2012.

C. I. Chen and J. B. Cruz. Stackelberg solution for two-person games with biased
information patterns. IEEE Trans. Automat. Contr., 17(6), 791-798, 1972.

190



[51]

[52]

[58]

[59]

F. Chen, A. Federgruen and Y. S. Zheng. Near-optimal pricing and replenish-
ment strategies for a retail/distribution system. Oper. Res., 49(6), 839-853,
2001.

L. Chen and Y. Shen. On a new paradigm of optimal reinsurance: a stochastic
Stackelberg differential game between an insurer and a reinsurer. ASTIN Bull.,
48(2), 905-960, 2018.

L. Chen and Y. Shen. Stochastic Stackelberg differential reinsurance games un-
der time-inconsistent mean-varinance framework. Insur. Math. Econ., 88, 120-
137, 2019.

X. Chen and X. Zhou. Stochastic linear quadratic control with conic control
constraints on an infinite time horizon. SIAM J. Control. Optim., 43(3), 1120-
1150, 2004.

Y. Chen, B. F. Hobbs, S. Leyffer, T. S. Munson. Leader-follower equilibria for
electric power and NO, allowances markets. Comput. Manag. Sci., 3(4), 307-
330, 2006.

S. F. Cheng, D. M. Reeves, Y. Vorobeychik and M. P. Wellman. Notes on equi-
libria in symmetric games. Proc. 6th International Workshop on Game Theoretic
and Decision Theoretic Agents, T1-78, 2004.

L. K. Cheng. Assisting domestic industries under international oligopoly: the
relevance of the nature of competition to optimal policies. Am. Econ. Reuv.,
78(4), 746-758, 1988.

S. Cho, Mean-field game analysis of SIR model with social distancing.
arXiw:2005.06758, 2020.

S. H. Cho and C. S. Tang. Technical notecapacity allocation under retail com-
petition: uniform and competitive allocations Oper. Res., 62(1), 72-80, 2014.

R. W. Cottle, J. S. Pang and R. E. Stone. The Linear Complementarity Problem,
SIAM, 2009.

R. Couillet, S. M. Perlaza, H. Tembine, and M. Debbah. Electrical vehicles in
the smart grid: a mean field game analysis. IEEE J. Sel. Area. Comm., 30(6),
1086-1096, 2012.

J. B. Cruz. Leader-follower strategies for multilevel systems. IEEE Trans. Au-
tomat. Contr., AC-23, 244-255, 1978.

191



[63]

[64]

[68]

[69]

[70]

A. F. Daughety. Beneficial Concentration. Am. Econ. Rev., 80(5) 1231-1237,
1990.

G. A. Davis and N. L. Nihan. Large population approximations of a general
stochastic traffic assignment model. Oper. Res., 41(1), 169-178, 1993.

P. M. DeMarzo, R. Kaniel, and I. Kremer. Relative wealth concerns and financial
bubbles. Rev. Financ. Stud., 21(1), 19-50, 2008.

V. DeMiguel and H. Xu. A stochastic multiple-leader Stackelberg model: anal-
ysis, computation, and application. Oper. Res., 57(5), 1220-1235, 2009.

D. De Wolf and Y. Smeers. A stochastic version of a Stackelberg-Nash-Cournot
equilibrium model. Manage. Sci., 43(2), 190-197, 1997.

L. Dong, C. Narasimhan and K. Zhu. Product line pricing in a supply chain.
Manage. Sci., 55(10), 1704-1717, 2009.

T. E. Duncan and H. Tembine. Linear-quadratic mean-field-type games: a direct
method. Games, 9(1), 7, 2018.

R. Elie, E. Hubert, and G. Turinici. Contact rate epidemic control of COVID-19:
an equilibrium view. arXiv:2004.08221, 2020.

I. Ekeland, O. Mbodji, and T. A. Pirvu. Time-consistent portfolio management.
IAM J. Financial Math., 3(1), 1-32, 2012.

J. Engwerda. A numerical algorithm to find soft-constrained Nash equilibria in
scalar LQ-games. Int. J. Control, 79(6), 592-603, 2006.

G. Espinosa and N. Touzi. Optimal investment under relative performance con-
cerns. Math. Financ., 25(2), 221-257, 2015.

F. Facchinei and J. S. Pang. Finite-Dimensional Variational Inequalities and
Complementarity Problems. Springer, 2003.

A. Farahat and G. Perakis. A comparison of Bertrand and Cournot profits in
oligopolies with differentiated products. Oper. Res., 59(2), 507-513, 2011.

L. Fan, T. L. Friesz, T. Yao, and X. Chen. Strategic pricing and production plan-
ning using a Stackelberg differential game with unknown demand parameters.
IEEE Trans. Eng. Manag., 60(3), 581-591, 2013.

192



[77]

(78]

[79]

[80]

[81]

[82]

[36]

[87]

[38]

[89]

J. W. Friedman. Reaction functions and the theory of duopoly. Rev. Econ. Stud.,
35(3), 257-272, 1968.

D. Firoozi and P. E. Caines. Mean field game e-Nash equilibria for partially
observed optimal execution problems in finance. Proc. the IEEE 55th Conference
on Decision and Control, 268-275, 2016.

G. Freiling. A survey of nonsymmetric Riccati equations. Linear Algebra Appl.,
351, 243-270, 2002.

G. Freiling, G. Jank, and S. R. Lee. Existence and uniqueness of open-loop
Stackelberg equilibria in linear-quadratic differential games. J. Optim. Theory
Appl., 110, 515-544, 2001.

B. Gaujal, J. Doncel, and N. Gast. Vaccination in a large population: mean
field equilibrium versus social optimum. NETGCOOP 2020-10th International
Conference on Network Games, Control and Optimization, 1-9, 2021.

N. Groot, B. De Schutter, and H. Hellendoorn. Toward system-optimal routing
in traffic networks: a reverse Stackelberg game approach. IEEE Trans. Intell.
Transp. Syst., 16(1), 29-40, 2015.

A. Y. Ha, S. Tong. Contracting and information sharing under supply chain
competition. Manage. Sci., 54(4), 701-715, 2008.

L. P. Hansen and T. J. Sargent. Robust control of forward-looking models. J.
Monet. Econ., 50, 581-604, 2003.

J. C. Harsanyi. Games with incomplete information played by “Bayesian” play-
ers, I-IIT part 1. the basic model. Manage. Sci., 14(3), 159-182, 1967.

J. C. Harsanyi. Games with incomplete information played by “Bayesian” play-
ers part II. Bayesian equilibrium points. Manage. Sci., 14(5), 320-334, 1968.

S. Hayashi, N. Yamashita and M. Fukushima. Robust Nash equilibria and
second-order cone complementarity problems. J. Nonlinear Conver A., 6(2),
1-14, 2005.

N. Hernandez-Santibanez and T. Mastrolia. Contract theory in a VUCA world.
SIAM J. Control. Optim., 57(4), 3072-3100, 2019.

Y. C. Ho and K. C. Chu. Team decision theory and information structures in
optimal control Part I. IEEE Trans. Automat. Contr., 17(1), 15-22, 1972.

193



[90]

[91]

[92]

[93]

[94]

R. A. Horn and C. R. Johnson. Matriz Analysis. Cambridge University, 2013.

M. Hu, M. Fukushima. Variational inequality formulation of a class of multi-
leader-follower games. J. Optim. Theory. Appl., 151(3), 455-473, 2011.

M. Hu and M. Fukushima. Existence, uniqueness, and computation of robust
nash equilibria in a class of multi-leader-follower games. STAM J. Optim., 23(2),
894-916, 2013.

Y. Hu, J. Huang, and X. Li. Linear quadratic mean field game with control
input constraint. ESAIM: COCYV, 24, 901-919, 2018.

Y. Hu, J. Huang, and T. Nie. Linear-quadratic-Gaussian mixed mean-field games
with heterogeneous input constraints. SIAM J. Control. Optim., 54(4), 2835-
2877, 2018.

Y. Hu, P. Imkeller, and M. Miiller. Utility maximization in incomplete markets.
Ann. Appl. Probab., 15(3), 1691-1712, 2005.

Y. Hu and S. Peng. Solution of forward-backward stochastic differential equa-
tions. Probab. Theory Relat. Fields, 103, 273-283, 1995.

Y. Hu and X. Y. Zhou. Constrained stochastic LQ control with random coeffi-
cients, and application to portfolio selection. SIAM J. Control. Optim., 44(2),
444-466, 2005.

J. Huang and M. Huang. Mean field LQG games with model uncertainty. Proc.
52nd IEEFE International Conference on Decision and Control, 3103-3108, 2013.

J. Huang and M. Huang. Robust mean field linear-quadratic-Gaussian games
with unknown L2-disturbance. SIAM J. Control Optim., 55(5), 2811-2840,
2017.

[100] J. Huang and N. Li. Linear quadratic mean-field game for stochastic delayed

systems. IEEE Trans. Automat. Contr., 63(8), 2722-2729, 2018.

[101] J. Huang, B. Wang, and T. Xie. Social optima in leader-follower mean field

linear quadratic control. ESAIM: COCV, 27(S12), 31 pages, 2021.
https://doi.org/10.1051/cocv/2020056.

[102] J. Huang, S. Wang and Z. Wu. Backward-forward linear-quadratic mean-field

games with major and minor agents. Probability, Uncertainty and Quantitative
Risk, 1, 1-27, 2016.

194



[103] M. Huang, P. E. Caines, and R. P. Malhamé. Individual and mass behaviour
in large population stochastic wireless power control problems: centralized and
Nash equilibrium solutions. Proc. 42nd IEEE International Conference on De-
cision and Control, 98-103, 2003.

[104] M. Huang, P. E. Caines and R. P. Malhamé. Large-population cost-coupled
LQG problems with non-uniform agents: individual-mass behavior and decen-
tralized e-Nash equilibria. IEEE Trans. Automat. Contr., 52(9), 1560-1571,
2007

[105] M. Huang, P. E. Caines, and R. P. Malhamé. Social optima in mean-field LQG
control: centralized and decentralized strategies. IEEE Trans. Automat. Contr.,
57(7), 1736-1751, 2012.

[106] J. G. Haubrich and V. E. Lambson. Dynamic collusion in an open economy.
Econ. Lett., 20, 75-78, 1986.

[107] M. Huang and S. L. Nguyen. Linear-quadratic mean field teams with a major
agent. Proc. IEEE 55th Conference on Decision and Control, 6958-6963, 2016.

[108] M. Huang and M. Zhou. Linear-quadratic mean field games: asymptotic solv-
ability and relation to the fixed point approach. IEEE Trans. Automat. Contr.,
65(4), 1397-1412, 2020.

[109] E. Hubert and G. Turinici. Nash-MFG equilibrium in a SIR model with time
dependent newborn vaccination. Ric. di Mat., 67(1), 227-246, 2018.

[110] S. Huck, W. Miiller, and H. Normann. Stackelberg beats Cournot: on collusion
and efficiency in experimental markets. E. J., 111(474), 749-765, 2001.

[111] M. D. Inteilligator. Mathematical Optimization and FEconomic Theory,
Prentice-Hall, Englewood Cliffs, New Jersey, 1971.

[112] M. Jungers, E. Trelat, and H. Abou-Kandil. Min-max and min-min Stackelberg
strategies with closed-loop information structure. J. Dyn. Control Syst. , 17(3),
387-425, 2011.

[113] N. El. Karoui and R. Rouge. Pricing via utility maximization and entropy.
Math. Finance, 10(2), 259-276, 2000.

[114] A. S. Kechris. Classical Descriptive Set Theory. Springer Science & Business
Media, 2012.

195



[115] A. C. Kizilkale and R. P. Malhame. Collective target tracking mean field control
for markovian jump-driven models of electric water heating loads. Proc. 19th
IFAC World Congress, Cape Town, South Africa, 1867-1972, 2014.

[116] D. Kremer and R. Stefan. Non-symmetric Riccati theory and linear quadratic
Nash games. Proc. 15th Internat. Symp. Math. Theory Networks and Systems
(MTNS), Univ, Notre Dame, USA, 2014.

[117] F. Y. Kuo and I. H. Sloan. Lifting the curse of dimensionality. Not. Am. Math.
Soc., 52(11), 1320-1328, 2005.

[118] F. Kydland. Noncooperative and dominant player solutions in discrete dynamic
games. Int. Econ. Rev., 16, 321-335, 1975.

[119] A. Lachapelle and M. T. Wolfram. On a mean field game approach modeling
congestion and aversion in pedestrian crowds. Transport Res. B-meth., 45(10),
1572-1589, 2011.

[120] L. Laguzet and G. Turinici. Individual vaccination as Nash equilibrium in a
SIR model with application to the 2009-2010 influenza A (HIN1) epidemic in
France. Bull. Math. Biol., 77(10), 1955-1984, 2015.

[121] V. E. Lambson. Self-enforcing collusion in large dynamic markets. J. Econ.
Theory, 34(2), 282-291, 1984.

[122] J. Lasry and P. Lions. Mean field games. Jpn. J. Math., 2(1), 229-260, 2007.

[123] G. Leitmann. On generalized Stackelberg strategies. J. Optim. Theory Appl.,
26, 637-643. 1978.

[124] W. Leontief. Stackelberg on monopolistic competition. J. Polit. Econ., 44(4),
554-559, 1936.

[125] S. Leyffer and T. Munson Solving multi-leader-common-follower games. Optim.
Methods Softw., 25(4), 601-623, 2010.

[126] N. Li and Z. Yu. Forward-backward stochastic differential equations and linear-
quadratic generalized Stackelberg games. SIAM J. Control Optim., 56(6), 4148-
4180, 2018.

[127] T. Li and S.Sethi. A review of dynamic Stackelberg game models. Discrete
Continuous Dyn. Syst. Ser. B, 22(1), 125-159, 2017.

196



[128] T. Li and J. Zhang. Asymptotically optimal decentralized control for large
population stochastic multiagent systems. IEEE Trans. Automat. Contr., 53(7),
1643-1660, 2008.

[129] X. Li, X. Y. Zhou, and A. Lim. Dynamic mean-variance portfolio selection with
no-shorting constraints. SIAM J. Control. Optim., 40(5), 1540-1555, 2002.

[130] Y. N. Lin, X. S. Jiang, and W. H. Zhang. An open-loop Stackelberg strategy
for the linear quadratic mean-field stochastic differential game. IEEFE Trans.
Automat. Contr., 64(1), 97-110, 2019.

[131] Y. Liu, H. Xu, S. S. Yang, and J. Zhang. Distributionally robust equilibrium
for continuous games: Nash and Stackelberg models. Fur. J. Oper. Res., 265,
631-643, 2018.

[132] Z. Luo, J. Pang, and D. Ralph. Mathematical programs with equilibrium con-
straints, Cambridge University Press, Cambridge, 1997.

[133] J. Ma and J. Yong. Forward-backward Stochastic Differential Equations and
their Applications, Lecture Notes in Math. Springer-Verlag, 1999.

[134] J. Medanic. Closed-loop Stackelberg strategies in linear-quadratic problems.
IEEE Trans. Automat. Contr., 23, 632-637, 1978.

[135] J. Moon. Linear-quadratic stochastic Stackelberg differential games for jump-
diffusion systems. SIAM J. Control Optim., 59(2), 954-976, 2021.

[136] J. Moon and T. Basar. Discrete-time stochastic Stackelberg dynamic games
with a large number of followers. Proc. 55th IEEE International Conference on
Decision and Control, 3578-3583, 2016.

[137] J. Moon and T. Bagar. Linear quadratic risk-sensitive and robust mean field
games. [EEE Trans. Automat. Contr., 62(3), 1062-1077, 2017.

[138] J. Moon and T. Bagar. Linear quadratic mean field Stackelberg differential
games. Automatica, 97, 200-213, 2018.

[139] T. Negishi and K. Okuguchi. A model of duopoly with Stackelberg equilibrium.
J. Econ., 32, 153-162, 1972.

[140] S. L. Nguyen and M. Huang. Linear-quadratic-Gaussian mixed games with
continuum-parametrized minor players. SIAM J. Control Optim., 50(5), 2907-
2937, 2012.

197



[141] R. Nishimura, S. Hayashi and M. Fukushima. Robust Nash equilibria in n-
person non-cooperative games: uniqueness and reformulation. Pacific J. Optim.,
5(2), 237-259, 2009.

[142] M. Nourian and P. E. Caines. e-Nash mean field game theory for nonlinear
stochastic dynamical systems with major and minor agents. SIAM J. Control
Optim., 51(4), 3302-3331, 2013.

[143] T. R. Palfrey. Uncertainty resolution, private information aggregation and the
Cournot competitive limit. Rev. Econ. Stud., 52(1), 69-83, 1985.

[144] J. S. Pang and M. Fukushima. Quasi-variational inequalities, generalized Nash
equilibria, and multi-leader-follower games. Comput. Manag. Sci., 2(1), 21-56,
2005.

[145] G. P. Papavassilopoulos and J. B. Cruz. Nonclassical control problems and
Stackelberg games. IEEE Trans. Automat. Contr., 24, 155-166, 1979.

[146] P. Pecorino. Is there a free-rider problem in lobbying? endogenous tariffs,
trigger strategies, and the number of firms. Am. Econ. Rev., 88(3), 652-660,
1998.

[147] Z. Qiu, J. Huang and T. Xie. Linear-quadratic-Gaussian mean-field con-
trols of social optima. Math. Control. Relat. Fields, accepted, 2021.
http://dx.doi.org/10.3934 /mcrf.2021047.

[148] R. T. Rockafellar. Conver Analysis. Princeton University, 1972.

[149] A. Roy, S. M. Gilbert and G. Lai. The implications of visibility on the use of
strategic inventory in a supply chain. Manage. Sci., 65(4), 1752-1767, 2019.

[150] J. Rust. Using randomization to break the curse of dimensionality. Economet-
rica, 65(3), 487-516, 1997.

[151] R. C. Savaskan, S. Bhattacharya, L. N. Van Wassenhove. Closed-loop sup-
ply chain models with product remanufacturing. Manage. Sci., 50(2), 239-252,
2004.

[152] T. Schelling. The Strategy of Conflict, Oxford University Press, 1960.

[153] U. V. Shanbhag, G. Infanger and P. W. Glynn. A complementarity framework
for forward contracting under uncertainty. Oper. Res., 59(4), 810-834, 2011.

198



[154] H. D. Sherali, A. L. Soyster and F. H. Murphy. Stackelberg-Nash-Cournot equi-
libria: characterizations and computations. Oper. Res., 31(2), 253-276, 1983.

[155] H. D. Sherali. A multiple leader Stackelberg model and analysis. Oper. Res.,
32(2), 390-404, 1984.

[156] J. Shi, G. Wang, and J. Xiong. Leader-follower stochastic differential game
with asymmetric information and applications. Automatica, 63, 60-73, 2016.

[157] J. Shi, G. Wang and J. Xiong. Stochastic linear quadratic Stackelberg differ-
ential game with overlapping information. ESAIM: COCYV, 26 26-83, 2020.

[158] M. Simaan and J. Cruz. Additional aspects of the Stackelberg strategy in
nonzero-sum games. J. Optim. Theory. Appl., 11(6), 613-626, 1973.

[159] M. Simaan and J. Cruz. On the Stackelberg strategy in nonzero-sum games.
J. Optim. Theory. Appl., 11(5), 533-555, 1973.

[160] M. Simaan and J. Cruz. A Stackelberg solution for games with many players.
IEEE Trans. Automat. Contr., 18(3), 322-324, 1973.

[161] S. M. Srivastava. A Course on Borel Sets. Springer Science & Business Media,
2008.

[162] H. Strube. Time-varying wave digital filters and vocal-tract models. IEEE In-
ternational Conference on Acoustics, Speech, and Signal Processing, 923-926,
1982.

[163] C. L. Su. Analysis on the forward market equilibrium model. Oper. Res. Lett.,
35(1), 74-82, 2007.

[164] J. Sun, X. Li, and J. Yong. Open-loop and closed-loop solvabilities for stochas-
tic linear quadratic optimal control problems. SIAM J. Control Optim., 54(5),
2274-2308, 2016.

[165] J. Sun and J. Yong. Linear quadratic stochastic differential games: open-loop
and closed-loop saddle points. STAM J. Control. Optim., 52(6), 4082-4121,
2014.

[166] J. Sun and J. Yong. Linear quadratic stochastic two-person nonzero-sum differ-
ential games: open-loop and closed-loop Nash equilibria. Stoch. Process. Their
Appl., 129, 381-418, 2019.

199



[167] T. Sung, S. Yoon, and K. Kim. A mathematical model of hourly solar radiation
in varying weather conditions for a dynamic simulation of the solar organic
rankine cycle. Energies, 8(7), 7058-7069, 2015.

[168] H. Tembine, D. Bauso, and T. Bagar. Robust linear quadratic mean-field games
in crowd-seeking social networks. Proc. 52nd IEEFE International Conference on
Decision and Control, 3134-3139, 2013.

[169] H. Tembine, Q. Zhu, and T. Basar. Risk-sensitive mean-field games. IEEE
Trans. Automat. Contr., 59(4), 835-850, 2014.

[170] T. D. Tran and L. B. Le. Resource allocation for multi-tenant network slicing: a
multi-leader multi-follower Stackelberg game approach. IEEE Trans. Veh. Tech-
nol., 69(8), 8886-8899, 2020.

[171] Y. Ushio. Efficiency properties of large dynamic markets. Int. Econ. Rewv.,
30(3), 537-547, 1989.

[172] W. A. Van Den Broek, J. C. Engwerda, and J. M. Schumacher. Robust equi-
libria in indefinite linear-quadratic differential games. J. Optimiz. Theory. App.,
119, 565-595, 2003.

[173] H. Von Stackelberg. Marktform und Gleichgewicht, Springer-Verlag, Berlin,
1934.

[174] B. Wang, J. Huang, and J. Zhang. Social optima in robust mean field LQG
control: from finite to infinite horizon. IEEE Trans. Automat. Contr., 66(4),
1529-1544, 2020.

[175] B. Wang and M. Huang. Mean field production output control with sticky
prices: Nash and social solutions. Automatica, 100, 590-598, 2019.

[176] B. Wang, H. Zhang, and J. Zhang. Mean field linear quadratic control: uniform
stabilization and social optimality. Automatica, 121, 1-14, 2020.

[177] B. Wang and J. Zhang. Mean field games for large population multiagent sys-
tems with Markov jump parameters. SIAM J. Control Optim., 50(4), 2308-2334,
2012.

[178] B. Wang and J. Zhang. Hierarchical mean field games for multiagent systems
with tracking-type costs: distributed e-Stackelberg equilibria. IEEFE Trans. Au-
tomat. Contr., 59(8), 2241-2247, 2014.

200



[179] B. Wang and J. Zhang. Social optima in mean field linear-quadratic-Gaussian
models with Markov jump parameters. SIAM J. Control Optim., 55(1), 429-
456, 2017.

[180] G. Y. Weintraub, C. L. Benkard, and B. V. Roy. Markov perfect industry
dynamics with many firms. Econometrica, 76(6), 1375-1411, 2008.

[181] J. Wen, X. Li, and J. Xiong. Weak closed-loop solvability of stochastic linear
quadratic optimal control problems of Markovian regime switching system. Appl.
Math. Optim., 84, 535-565, 2021. https://doi.org/10.1007/s00245-020-09653-8.

[182] Z. Wu. Forward-backward stochastic differential equations, linear quadratic
stochastic optimal control and nonzero sum differential games. J. Syst. Sci.
Complez., 18(2), 179-192, 2005.

[183] T. Xie, X. Feng, and J. Huang. Mixed linear quadratic stochastic differential
leader-follower game with input constraint. Appl. Math. Optim., 84(S1), 215-
251, 2021. https://doi.org/10.1007/00245-021-09767-7.

[184] T. Xie, B. Wang, and J. Huang. Robust linear quadratic mean field so-
cial control: a direct approach. ESAIM: COCV, 27(20), 19 pages, 2021.
https://doi.org/10.1051/cocv/2021021.

[185] H. Xu. An mpcc approach for stochastic Stackelberg—Nash—Cournot equilib-
rium. Optimization, 54(1), 27-57, 2005.

[186] H. Xu. An implicit programming approach for a class of stochastic mathe-
matical programs with complementarity constraints. STAM J. Optim., 16(3),
670-696, 2006.

[187] J. Xu and H. Zhang. Sufficient and necessary open-loop Stackelberg strategy
for two-player game with time delay. IEEE Trans. Cybern., 46(2), 438-449,
2016.

[188] 1. Yanikoglu and D. Kuhn. Decision rule bounds for two-stage stochastic bilevel
programs. SIAM J. Optim., 28(1), 198-222, 2018.

[189] J. Yong. Linear forward-backward stochastic differential equations. Appl. Math.
Optim., 39, 93-119, 1999.

[190] J. Yong. A leader-follower stochastic linear quadratic differential game. STAM
J. Control Optim., 41(4), 1015-1041, 2002.

201



[191] J. Yong and X. Y. Zhou. Stochastic Controls: Hamiltonian Systems and HJB
FEquations. Springer-Verlag, 1999.

[192] M. Yu and S. H. Hong. A real-time demand-response algorithm for smart grids:
a Stackelberg game approach. IEEE Trans. Smart Grid, 7(2), 879-888, 2016.

[193] Z. Yu. Linear-quadratic optimal control and nonzero-sum differential game of
forward-backward stochastic system. Asian J. Control, 14(1), 173-185, 2012.

[194] J. Zhang. Backward Stochastic Differential Equations: From Linear to Fully
Nonlinear Theory. Springer-Verlag, 2017.

[195] X. Y. Zhou and L. Duan. Continuous-time mean-variance portfolio selection:
a stochastic LQ framework. Appl. Math. Optim., 42(1), 19-33, 2000.

202



	Certificate of Originality
	Abstract
	Acknowledgements
	Notation
	1 Introduction
	1.1 The review of the leader-follower (or Stackelberg game) problem
	1.1.1 The review of the static leader-follower problem in mathematical field
	1.1.2 The review of the static leader-follower problem in economy and management field
	1.1.3 The review of the dynamic leader-follower problem (deterministic)
	1.1.4 The review of the dynamic leader-follower problem (stochastic)
	1.1.5 Another classification for the leader-follower problem

	1.2 The review of the weak-coupling, mean field game (or team), and model uncertainty
	1.2.1 The weak-coupling and mean field game (or team)
	1.2.2 Model uncertainty

	1.3 Problem Statement and Main Contributions of Each Topic in the Thesis
	1.3.1 The first topic
	1.3.2 The second topic
	1.3.3 The third topic
	1.3.4 The fourth topic

	1.4 Organization of the Thesis

	2 Preliminary
	2.1 Linear Quadratic Stochastic Control Model
	2.2 Some Lemmas

	3 Mixed Linear Quadratic Stochastic Differential Leader-Follower Game with Input Constraint
	3.1 Problem Formulation
	3.2 The Follower Part
	3.3 The Leader Part
	3.3.1 Some examples for the projection operators

	3.4 The Solvability of Singular Case
	3.5 Two Examples
	3.5.1 Example 1
	3.5.2 Example 2

	3.6 Conclusion

	4 Robust Linear Quadratic Mean Field Social Control: A Direct Approach
	4.1 Problem Formulation
	4.2 The LQ-MF Control Problem for the Disturbance
	4.3 Distributed Strategy Design
	4.4 Asymptotic Optimality
	4.5 Numerical Examples
	4.6 Conclusion

	5 Social Optima in Leader-Follower Mean Field Linear Quadratic Control
	5.1 Problem Formulation
	5.2 The LQ-MF Control Problem for the N Followers
	5.2.1 The person-by-person optimality
	5.2.2 Decentralized strategy design for followers
	5.2.3 The consistency condition of the follower problem

	5.3 The Optimal Control Problem for the Leader
	5.4 Well-Posedness of the CC System
	5.5 Asymptotically Social Optimality
	5.6 Numerical Examples
	5.7 Conclusion

	6 Stackelberg-Nash-Cournot Equilibrium with Model Uncertainty and Weak-coupling: a Mean Field Consistency Approach
	6.1 General Nash and Stackelberg Game
	6.1.1 General Nash game
	6.1.2 General Stackelberg game
	6.1.3 Symmetric game
	6.1.4 Sequential optimization
	6.1.5 Information structure

	6.2 The Weakly-coupled LF Game with Model Uncertainty
	6.2.1 The motivations for weak-coupling
	6.2.2 The motivations for parameter uncertainty

	6.3 The Weakly-coupled LF Problem with the MFG Analysis: the General Case
	6.3.1 The MFG scheme
	6.3.2 Fixed point analysis

	6.4 The Weakly-coupled LF Problem: the Quadratic Functional Case
	6.4.1 The procedure of quadratic weakly-coupled LF problem
	6.4.2 The well-posedness of the CC system
	6.4.3 -Stackelberg-Nash-Cournot equilibrium

	6.5 Numerical Example
	6.6 Conclusion

	7 Conclusions and Future work
	7.1 Conclusions
	7.2 Future Work

	Bibliography

