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ABSTRACT 

Localization is essential for almost every civil application, mainly relying on the global 

navigation satellite system (GNSS). Consumer-grade GNSS receivers experience 

different types of interference and noise, resulting in unsatisfactory positioning 

accuracy. Owing to the development of communication technologies, the concept of 

collaborative positioning can be applied to GNSS to effectively reduce positioning 

errors. However, this algorithm is ineffective for urban areas where most applications 

are located, owing to the severe degradation from multipath and non-line-of-sight 

(NLOS) reception errors. 

 This study develops a novel 3D mapping-aided (3DMA) GNSS collaborative 

positioning algorithm effective in urban areas. It complementarily integrates the 3DMA 

GNSS algorithm and the double difference (DD) based estimation to eliminate common 

errors and mitigate distinctive errors simultaneously, thereby providing better relative 

position information to optimize the urban GNSS solutions. 

 In this thesis, the proposed 3DMA GNSS collaborative positioning algorithm is 

developed and analyzed comprehensively. The performance and limitations of 

conventional collaborative positioning algorithms in urban areas were first evaluated. 

Then, a preliminary 3DMA GNSS collaborative positioning algorithm with multipath 

and NLOS exclusion was developed. Next, an improved 3DMA GNSS collaborative 

positioning algorithm, utilizing NLOS receptions as features to aid positioning, was 

developed to be effective in dense urban areas. Subsequently, the practical issues of the 

proposed algorithm were analyzed through realistic simulations, including the 

scalability performance and latency degradation. Finally, two collaborator selection 

strategies for improving the algorithm effectiveness are investigated based on the 

environmental context and occurrence of spatial correlation. 

 Extensive simulations and experiments were conducted to validate the 

performance of the proposed algorithm, which outperformed the conventional 

positioning methods with approximately twice the accuracy. Therefore, the proposed 

3DMA GNSS collaborative positioning algorithm is capable of providing accurate and 

robust positioning solutions for agents in dense urban areas.
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1. INTRODUCTION 

1.1 Motivation 

Developing intelligent transportation, namely smart mobility, is one of the major 

components of building a smart city [1]. Intelligent transportation systems (ITSs) aim 

to provide sufficient assistance or planning to enhance transportation efficiency [2]. 

Location-based services (LBSs) are essential parts to be further developed, enhancing 

the effectiveness of civil activities by knowing users’ positions for either economic or 

public initiative scenarios [3]. Nowadays, the positioning accuracy requirements in 

LBSs is more demanding than ever before and can hardly be achieved via conventional 

solutions, especially in dense urban areas [4]. Owing to the rapid development of 

instrument technologies, the position of road agents can be measured using various 

approaches, such as the inertial navigation system (INS), Wi-Fi, and cellular network. 

Among the different sensors, the global navigation satellite system (GNSS) is the most 

popular for measuring outdoor positions in civil applications. GNSS is the primary 

positioning sensor that provides a direct absolute position solution with economical 

costs for the mass market. Therefore, it is necessary to improve the GNSS positioning 

performance to fulfill the positioning requirements of LBS-related applications. 

 Although the GNSS can achieve centimeter-level positioning accuracy via 

advanced techniques, such as precise-point-positioning (PPP) [5] or real-time kinematic 

(RTK) positioning [6], its performance is sensitive to the operating environment. First, 

a certain delay will be introduced in the GNSS measurement when its signal propagates 

through the atmosphere, known as the tropospheric and ionospheric delays [7]. 

Moreover, satellite orbital error can degrade the GNSS positioning performance [8]. 

These errors can be categorized as common errors shared by the agents in the same area. 

Conventionally, these errors are partially compensated by physical models during 

positioning. In recent years, owing to the development of communication techniques, 

effective and in-time GNSS data transfer between road agents has become possible [9, 

10]. Hence, agents in the same area can actively collaborate to perform a better relative 

positioning with common errors mitigation [11], namely collaborative positioning. The 

GNSS collaborative positioning technique shows over twice the improvement in 

accuracy compared to the stand-alone approach [12]. However, the performance of 

collaborative positioning can be significantly degraded when uncorrelated errors are 
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involved, such as the signal reflection delay, which is highly related to the surrounding 

environment of each agent (GNSS receiver) [13]. Normally, the GNSS signal 

propagates directly to the receiver via a straight route. In urban areas where most ITS 

or LBS applications are located, GNSS signals can also be reflected by building 

surfaces. The reception of both the direct and reflected signals or solely the reflected 

signal could introduce a bias in the corresponding GNSS pseudorange measurement, 

namely the multipath or non-line-of-sight (NLOS) reception [14]. More specifically, 

the multi-signal reception interaction from the multipath effect leads to a bias, which is 

valued between the negative and positive bounds of the multipath noise envelope [15]. 

In contrast, solely receiving the reflected signal from NLOS reception leads to a 

positive bias related to the geometrical delay without bounds. These are the dominant 

GNSS positioning error sources in urban areas. Such positioning errors potentially 

reach tens of meters and cannot be directly compensated by collaborative positioning 

because it is uniquely dependent on the geometries of surrounding buildings and the 

signal reflection route [16], as Figure 1-1 shows. Therefore, it is necessary to mitigate 

these distinctive errors from reflections before applying collaborative positioning to 

guarantee its effectiveness.  

 

 

Figure 1-1 Adjacent agents experience similar errors from the atmosphere in 

open-sky conditions but different reflection error in urban areas. 

 

 Various algorithms have been developed to improve positioning performance 

under multipath effects or NLOS receptions. These algorithms can be grouped into 

three categories [17]: The first category is multipath or NLOS avoidance, which 
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predicts the occurrence of multipath effect or NLOS reception via simulation or data-

based evaluation, planning a path with better GNSS performance and fewer multipath 

and NLOS errors [18, 19]. The second category is multipath or NLOS mitigation, which 

detects the degraded measurements by analyzing signal features and further de-weights 

or isolates faulty measurements, such as the weighted least-squares (LS) positioning 

[20-22] and the measurement consistency check (CC) [23, 24]. The last category is 

NLOS reception utilization, which treats NLOS reception as an additional feature to aid 

GNSS positioning. It is popularly known as 3D mapping-aided (3DMA) GNSS 

techniques, represented by shadow matching (SM) [25] and GNSS ray-tracing (RT) 

[26]. The 3DMA GNSS employs a 3D building model to simulate and predict the NLOS 

receptions (measurement availability or reflection bias), which further assists the 

positioning by exploring its match with the real received measurement. It shows 

promising improvements in positioning accuracy compared to other GNSS positioning 

techniques, especially in dense urban areas [27, 28].  

 Consequently, the 3DMA GNSS techniques can mitigate, or even utilize, the 

reflection interference that significantly affects the effectiveness of collaborative 

positioning in urban areas. The 3DMA GNSS technique utilizing NLOS receptions as 

features can further guarantee a sufficient number of effective measurements, which is 

always insufficient for collaborative positioning in an urban area with a limited sky 

view [29]. On the other hand, extending 3DMA GNSS with collaborative positioning 

can eliminate common errors via the differential measurement matching process. 

Moreover, the simulation in 3DMA GNSS is usually imperfect and contains a certain 

level of noise, which may be similar for agents in the same area. Collaborative 

positioning can also reduce the noise commonly shared by different collaborating 

agents [30]. In addition, a large amount of available information, or connections, 

between different agents can relieve the local optimal issue during the matching process 

of 3DMA GNSS through optimization techniques. As a result, the GNSS collaborative 

positioning and 3DMA GNSS have complementary characteristics, showing great 

potential for achieving outstanding performance after their integration. The integration 

of collaborative positioning and 3DMA GNSS, namely 3DMA GNSS collaborative 

positioning, is anticipated to eliminate the common errors and mitigate the distinctive 

reflection errors for better relative position estimations (as Figure 1-2 shows), which 

enhances the optimization process to achieve accurate and robust positioning for agents 

in urban areas. 
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Figure 1-2 Complementariness of collaborative positioning and 3DMA GNSS to 

eliminate common error and mitigate distinctive error simultaneously. 

 

This study provides the first attempt to extend GNSS collaborative positioning 

for urban areas by complementary integration with the 3DMA GNSS technique. 

Therefore, this study first acknowledges the difficulties and limitations of applying 

GNSS collaborative positioning in urban areas via literature reviews (Chapter 2) and 

experimental analysis (Chapter 3). The author then developed the 3DMA GNSS 

collaborative positioning algorithm with SM to mitigate multipath and NLOS effects 

(Chapter 4). It is extended by employing the 3DMA GNSS RT and factor graph 

optimization (FGO) to utilize the NLOS receptions and improve the robustness 

(Chapter 5). Subsequently, practical issues related to the scalability and communication 

latency during the 3DMA GNSS collaborative positioning were analyzed and discussed 

based on realistic simulations (Chapter 6). Finally, the collaborator selection strategies 

to guarantee the effectiveness of the proposed 3DMA GNSS collaborative positioning 

for practical applications were investigated (Chapter 7).  

1.2 Problem Statements and Objectives 

The main objective of this study is to investigate the benefits and validity of integrating 

collaborative positioning with 3DMA GNSS for positioning in urban areas. Five related 

problems were identified as the key objectives to be achieved in this study.  
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1.2.1 Enhancing GNSS Positioning Performance by Collaborating Agents 

GNSS measurements usually contain common errors that are similar for agents in the 

same area; for example, tropospheric, ionospheric delays, satellite clocks, and orbit bias. 

Conventionally, these errors are compensated via physical models but are usually 

imperfect. Such remaining errors could still degrade many GNSS positioning 

techniques. Moreover, the GNSS measurement also contains a certain level of noise, 

degrading the positioning accuracy, especially for low-cost receivers. This noise 

possibly follows a similar distribution for agents in a similar environment. Therefore, 

this study investigates whether the GNSS positioning performance can be enhanced in 

a collaborative positioning manner to eliminate common errors and reduce 

measurement noise.  

1.2.2 Enhancing GNSS Collaborative Positioning by Multipath or NLOS 

Exclusion 

Although GNSS collaborative positioning can significantly improve relative 

positioning performance by eliminating common errors, it cannot mitigate the 

uncorrelated errors between collaborating agents, such as multipath or NLOS reception, 

distinctively related to the surrounding environment. As a result, GNSS collaborative 

positioning cannot achieve satisfactory performance or even worse than the 

conventional GNSS positioning technique in urban areas. A straightforward approach 

to recover its effectiveness is to detect and isolate the degraded measurements 

beforehand. Hence, this study investigates whether the GNSS collaborative positioning 

performance in urban areas can be improved after detecting and excluding the multipath 

or NLOS degraded measurements, based on the measurement status evaluated from 

measurement consistency or environment information from the 3D building model.  

1.2.3 Enhancing GNSS Collaborative Positioning by NLOS Utilization 

Besides the performance degradation from the distinctive errors, the GNSS 

collaborative positioning also has the issue of insufficient measurement numbers. The 

collaboration between agents is based on GNSS measurements received by both agents. 

The positioning solution will be degraded or even unavailable owing to the limited 

number of shared measurements, especially in urban areas where many satellites are 

blocked by buildings. By excluding faulty measurements with a distinctive error, the 

available measurements for collaborative positioning will be even less. To guarantee a 
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sufficient number of measurements for collaborative positioning in urban areas, it is 

necessary to rectify or use these degraded measurements instead of excluding them. On 

the other hand, 3DMA GNSS is popular for urban GNSS positioning by employing 

interfered measurements as additional features to aid positioning. Therefore, this study 

explores the integration of collaborative positioning and the 3DMA GNSS RT 

technique utilizing NLOS receptions to improve the positioning performance in urban 

areas. A comprehensive algorithm and system for applying 3DMA GNSS-based 

collaborative positioning are also developed in this study. 

1.2.4 Scalability and Latency Requirements for GNSS Collaborative 

Positioning  

In addition to the validity of improving the positioning performance, other issues related 

to the practical application of 3DMA GNSS-based collaborative positioning, especially 

its scalability and the requirement for communication latency. For an open-sky 

environment, more collaborating agents, or a larger collaboration network, have a better 

ability to reduce the noise commonly shared by agents. However, the scalability of 

collaborative positioning may behave differently in urban areas because there are 

additional noises without correlations between agents. However, the communication 

link may still have a certain level of delay when transferring measurements. The delay 

of measurements makes the corresponding agent unable to participate in collaborative 

positioning, reducing the sufficiency and optimization performance of collaborative 

positioning. The investigation of scalability and latency degradation is difficult to 

conduct via real experiments with large numbers of agents and multiple trials. Thus, 

this study needs to first develop a realistic GNSS measurement simulator that 

adequately reflects the GNSS measurement interference in urban areas to evaluate the 

collaborative positioning performance properly. Then, the scalability behavior in urban 

areas and the degradation from different communication latency levels were analyzed 

via the preceding simulator.  

1.2.5 Intelligent Participant Selection for GNSS Collaborative Positioning  

One of the essential issues in the practical application of collaborative positioning is 

the computation load, which is always proportional to the collaborating network size. 

As different agents have different influences on the collaborative positioning, either 

enhancing or degrading the overall performance, it is necessary to select effective 
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agents for collaborative positioning, ensuring a satisfactory performance while 

maintaining an acceptable computation load. Therefore, this study will investigate the 

criteria for an effective agent for collaboration, further used to develop an intelligent 

participant selection strategy to improve the effectiveness of collaborative positioning.  

1.3 Thesis Outline 

The remainder of this thesis is structured as follows: 

 Chapter 2 presents a comprehensive review of GNSS positioning algorithms. 

The requirements for LBS-related applications will first be narrated. Then, various 

advanced GNSS positioning algorithms will be reviewed, followed by an experiment 

to demonstrate the current GNSS performance and limitations in the urban area. Finally, 

different multipath or NLOS mitigation techniques for urban GNSS positioning are 

reviewed, including three levels: receiver/antenna design level, measurement level, and 

3DMA GNSS techniques. 

 Chapter 3 provides a detailed discussion of the performance and limitations of 

conventional GNSS collaborative positioning in urban areas. This chapter first explains 

the fundamentals of GNSS positioning and error sources, especially the reflection 

interferences in urban areas. Then, the GNSS relative positioning based on the double 

difference (DD) for collaborative positioning is introduced. Finally, the performance of 

the conventional GNSS collaborative positioning was assessed through real 

experiments to highlight its limitations. 

 Chapter 4 proposes a novel GNSS-based collaborative positioning algorithm 

that integrates the 3DMA GNSS technique for urban navigation. It employs 3DMA 

GNSS SM to detect and exclude faulty measurements from reflections. The remaining 

healthy measurements are applied with DD-based collaborative positioning, in which 

the solutions are integrated with the SM positioning solution, according to their 

complementary characteristics. Its performance will be assessed through real 

experiments in an urban area and discussed with benefits and limitations.  

 Chapter 5 improves the 3DMA GNSS-based collaborative positioning 

algorithm by extending it with the 3DMA GNSS RT technique and FGO, solving the 

limitations identified in Chapter 4. Instead of excluding interfered measurements, the 

3DMA GNSS RT, in turn, utilizes NLOS receptions to aid positioning, which maintains 

a sufficient number of measurements for positioning. On the other hand, FGO can 
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efficiently make use of all available information from different collaborating agents for 

overall optimization, improving the positioning performance compared to the single-

anchor-based collaborative positioning proposed in Chapter 4. The methodology of 

incorporating RT and FGO for collaborative positioning is interpreted in detail. The 

corresponding performance was evaluated and compared with other methods through 

real experiments in a dense urban area.  

 Chapter 6 discusses two key issues of 3DMA GNSS-based collaborative 

positioning for practical applications, scalability, and latency, via simulation analysis. 

This chapter first develops an urban GNSS simulator considering different types of 

interference for reasonable performance analysis. Then, the positioning performance 

and computation load of the proposed algorithm are evaluated in terms of different 

collaborating network sizes to analyze the scalability. Subsequently, the influence of 

communication latency on positioning accuracy is analyzed using different simulated 

measurement transmission delays during the collaborating positioning process with 

multiple Monte Carlo trials. Finally, this chapter concludes with a summary of the 

results and findings. 

 Chapter 7 explores the performance of the proposed collaborative positioning 

algorithm with agents in different environments and then develops intelligent 

collaborator selection strategies based on the operating context and measurement 

spatial correlation to enhance the effectiveness. One is to select collaborators from 

open-sky environments to ensure the measurement quality of the anchors. The other is 

to select collaborators measuring spatial correlations with the target agent, enabling the 

reflection error to be correlated and canceled during the collaborative positioning. The 

improvements after applying the selection strategies are evaluated and analyzed using 

the Monte Carlo method with a realistic GNSS simulation in Chapter 6.  

 Chapter 8 concludes the thesis and discusses the remaining issues and potential 

future work. 

1.4 Research Contributions 

1.4.1 Publications  

The research topic of this thesis is divided into six phases; the studies in each phase are 

summarized and published as academic articles. The overall flowchart of each phase 

and the corresponding publications are shown in Figure 1-3. 
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Figure 1-3 Overall flowchart and the corresponding publications of this thesis. 

 

1.4.2 Contribution to Research Field 

1. Chapter 4 develops the first GNSS collaborative positioning algorithm 

that integrates the 3DMA GNSS technique applicable to urban areas [31] 

and validates the performance with real experiments. 
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2. Chapter 5 comprehensively develops a 3DMA GNSS-based 

collaborative positioning algorithm and system applicable to the most 

challenging dense urban areas [29].  It incorporates the advanced RT 

technique and the FGO algorithm to maximize performance 

improvement. 

3. A sophisticated GNSS measurement simulator considering different 

interferences in the urban area is developed in Chapter 6, providing a 

comprehensive methodology to simulate realistic urban GNSS 

measurements for positioning performance evaluation [32]. 

4. Issues related to practical 3DMA GNSS-based collaborative positioning 

are thoroughly addressed, including the scalability, communication 

latency, and collaborator selection strategy [33, 34]. The analysis 

provides insights into the practical applications of the proposed 

algorithm.  
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2. BACKGROUND 

Positioning information is essential for various applications (e.g., pedestrian navigation, 

advertisement pushing, and transportation management), and its accuracy is closely 

related to their effectiveness. As applications differ in their requirements and budgets, 

various strategies are necessary to accomplish localization tasks. This chapter first 

introduces the general requirements for LBS-related applications and potential 

technologies to fulfill them. The second part focuses on GNSS positioning algorithms 

for general LBS-related applications. Finally, a comprehensive review of GNSS 

positioning algorithms with multipath or NLOS mitigation to improve the performance 

of LBS-related applications in urban areas is presented. 

2.1 Requirements of LBS-Related Applications 

According to a technical report from the 3rd Generation Partnership Project [4], LBS-

related applications are an essential case that relies on users’ positioning information. 

LBS-related applications include most civil activities [3], such as advertising for 

commercial activities (e.g., restaurants, bars, shops); by intentionally pushing 

advertisements based on users’ location and interests, they have a higher potential to 

find appropriate customers. Another famous LBS-related user case is facility sharing 

[35], such as shared power banks, bikes, or automobiles, allowing users to rent the 

devices dropped off by another user by mobile apps. These applications require reliable 

position information of the user and device to find the nearest available device. Thus, 

LBS-related applications can also contribute to transportation systems. Based on the 

positions of transportation facilities (e.g., buses) and intended users, user flow 

management can be applied to improve the efficiency of transportation services [1]. In 

addition, other applications such as augmented reality also use positioning information.  

These applications are primarily carried out on a personal portable device, for 

example, a smartphone or smartwatch. Most LBS applications have the potential 

requirements of errors below 10 m on positioning and over 80% solution availability to 

ensure effectiveness [4, 36]. Excessive positioning error or lack of availability can 

significantly affect functionality and user experience. For example, users may be misled 

to the wrong location or fail to have the service. Moreover, LBS-related applications 

require low power consumption for portable devices. Owing to the mass market price 
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of smartphones or smartwatches, the hardware for navigation must be low-cost. In 

addition, because the space in a portable device is always limited, advanced navigation 

hardware cannot be applied. As a result, the navigation for LBS applications must 

generally have low costs, require low energy, and be small in size while maintaining 

adequate accuracy.  

 Various approaches have been proposed to provide positioning solutions to 

fulfill the requirements of LBS-related applications. INS has been widely employed for 

decades to track the position, velocity, and orientation of an object. These are obtained 

by integrating the acceleration and angular rate measurements from accelerometers and 

gyroscopes, or inertial measurement units, following Newton’s laws of classical 

mechanics [37]. The performance of INS varies depending on its operating principle 

and device quality, ranging from a marine-grade below 1.8-km drift per day, costing 1 

billion dollars to a 10-dollar consumer-grade with a performance six orders of 

magnitude lower [38]. Owing to the development of the micro-electro-mechanical 

system, the price of INS has significantly decreased in recent years while maintaining 

a certain level of performance, making it widely employed for most positioning 

applications [39]. INS is not affected by interference from the surrounding 

environments for civil applications compared to other sensors. However, the 

performance of a low-cost INS can only be guaranteed in the short term. As INS 

conducts positioning by integration, the corresponding error increases with the 

operation time [38]. The positioning error of a consumer-grade INS could reach 3 km 

after a one-minute operation [40], which is far from the requirement of the above 

location-based applications. Therefore, low-cost INS is always integrated with other 

sensors to guarantee long-term performance.  

 There are various other approaches to localization. As the most popular network 

access protocols available for many sites, Wi-Fi signals can be employed for 

positioning based on the time-of-arrival (ToA), angle of arrival, or received signal 

strength information [41, 42]. Similarly, Bluetooth can also be employed for indoor 

smartphone positioning [43]. Besides, many algorithms have been developed using 

cellular networks for positioning [42, 44]. Unfortunately, these approaches require 

additional maintenance (e.g., facility synchronization, database update) for sufficient 

accuracy or are still under development for general usage.  

 Compared to these sensors, GNSS is the most popular approach for localization 

as it is cost-effective and easily obtains a positioning solution with sufficient accuracy. 
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Owing to the design of GNSS, it is available worldwide using hardware that is small 

enough to be embedded into most portable devices [8]. The GNSS positioning 

performance ranges from the centimeter-level [6, 45] to tens of meters [46], depending 

on the hardware quality and the operating environment. However, it is still the main 

sensor of various localization systems that provide absolute positioning solutions. As 

the key sensor conducts positioning or the initialization of dead reckoning techniques, 

GNSS is necessary for various location-based applications, and its performance needs 

to be guaranteed beforehand. Therefore, this study aims to improve the GNSS 

positioning performance, especially for urban areas with significant degradation. 

2.2 GNSS for General LBS-Related Applications 

The GNSS positioning algorithms for LBS-related applications can be divided into two 

categories: the single-agent approach based on the user’s own device and the 

collaborative positioning approach, which uses communication with other agents. 

2.2.1 Single-Agent GNSS Positioning Algorithm  

The fundamental algorithm for GNSS positioning is to apply a LS estimation based on 

pseudorange multilateration. However, the LS estimation may not be robust against 

outliers [47], which can be deteriorated by interference from satellites. Therefore, the 

GNSS positioning of mass-market products is usually combined with a navigation filter 

to improve robustness, such as the Kalman filter (KF) [38].  

 In addition, the common errors in GNSS pseudorange measurement can still 

reach several meters after model corrections, as the components of the user equivalent 

range error budget [8], and degrade the positioning accuracy. These common errors 

have similar behaviors for receivers in the same area, such as the ionospheric delay of 

the same satellite, because the signal propagates through the same atmospheric area. 

Due to this correlation, the GNSS common errors can be eliminated by applying 

differential correction based on the observations from a reference station at a known 

location, namely differential GNSS (DGNSS) [8].  

 However, GNSS pseudorange measurements designed for positioning always 

incorporate noise, mostly due to thermal noise, limiting it from achieving further 

precision [8]. The RTK algorithm is extended from DGNSS by employing the 

characteristics of the GNSS carrier phase observation, with centimeter-level resolution, 
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to conduct precise localization via optimization [6, 48]. An alternative approach is PPP, 

developed using precise orbit/clock offsets, advanced observation from linear 

combining dual-frequency measurements [49], and the addition of estimation terms to 

mitigate all possible errors and finally achieve centimeter-level precision in an open-

sky area after system convergence [5, 45, 50]. Unfortunately, either of them requires 

the availability of a nearby reference station or several minutes of estimation 

convergence time.  Although the convergence time requirement of PPP has been 

relieved by the recent-developed instantaneous PPP-WAR technique [51], the carrier-

phase-based positioning method still hard to achieve satisfactory performance for low-

cost devices in urban areas due to cycle-slip and multipath [52]. 

2.2.2 GNSS Collaborative Positioning Algorithm  

Owing to the development of communication technologies, many recent studies have 

collaborated with another road agent as the reference station to apply DGNSS when the 

reference station is far away or unavailable. The most popular method is collaborative 

positioning based on the DD, which achieves better inter-agent relative position 

estimation by eliminating common errors [53, 54]. The benefits of DD are evaluated 

compared to the single-point positioning or single-difference approach through 

experiments in a referenced study [55]. The performance of DD-based collaborative 

positioning has also been investigated under ideal/real communication channels [9]. 

The DD limitation is analyzed based on the Cramer-Rao lower bound (CRLB) and 

further extended by a tight integration collaborative positioning algorithm to achieve 

better positioning performance [13]. The performance of collaborative positioning can 

be further enhanced by combining absolute and relative positioning information 

through optimization [12].  

Besides eliminating common errors in relative positioning, the collaboration of 

road agents to conduct positioning has other benefits, which have been studied for over 

a decade. The collaborative positioning can be categorized into a centralized approach 

and a distributed approach [56]. With additional information between agents, the 

collaborative positioning approach can achieve an accuracy that outperforms the single-

agent positioning approach [57].  A maximum likelihood estimation-based 

collaborative positioning method was developed for robotic platforms by employing 

the relative position information from all robots for positioning [58]. The relationship 

between the collaborative positioning accuracy and the network geometry is 
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investigated in [59]. The optimization process during collaborative positioning can be 

degraded due to the nonconvex cost function, which has been studied and relieved by 

[60]. Moreover, a LS collaborative positioning method was developed to solve this 

nonconvexity issue [61]. Besides, the multidimensional scaling is also employed for 

the positioning of the sensor network [62]. Another significant benefit of collaborative 

positioning is the reduction of positioning noise that has a similar distribution between 

collaborating agents. As an intuitive example, if the position estimations of the target 

agent from other collaborating agents follow the same Gaussian distribution, the 

variance of the averaged estimation is scaled down by the size (agent number) of the 

collaborating network [30]. 

The collaboration of road agents can also extend the “range” of perception to 

aid GNSS positioning. Based on the geometrical relationship between collaborating 

agents and satellites, the inter-agent ranging (IAR) technique has been developed to 

relieve the lack of satellites for positioning in a restricted environment [63]. The 

performance of IAR is analyzed using different geometrical configurations [64]. Then, 

the IAR is integrated with GNSS in a tight architecture [65], and its performance is 

analyzed using CRLB and validated by simulations [66]. In addition to the benefits of 

positioning accuracy, collaborative positioning can also help to monitor faults [30] or 

spoofing [67]. 

However, GNSS-based collaborative positioning is not capable of mitigating 

the distinctive error only presented at the target agent, or even worse, being degraded 

dramatically, such as multipath or NLOS receptions in urban areas uniquely depending 

on the surrounding environment [13, 68, 69]. Therefore, it is necessary to mitigate these 

distinctive errors before applying the collaborative positioning algorithm. 

2.2.3 GNSS Positioning Performance in the Urban Area  

The GNSS positioning performance strongly depends on the hardware quality, 

positioning algorithms, operation environment, and the availability of reference station 

data, possibly ranging from centimeter-level precision to positioning faults of tens of 

meters. GNSS can achieve better performance in an open-sky environment compared 

to an urban area with many reflection interferences and signal blockages/attenuations. 

A high-end GNSS device could obtain higher quality measurements for precise 

positioning, whereas a low-cost device always has noisier measurements, possibly due 

to the quality of antenna or oscillator. Different positioning algorithms have their 
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benefits in terms of positioning, mitigating errors. A comprehensive GNSS 

performance assessment covering different receiver grades and different environments 

is conducted using the UrbanNav dataset [46].  The performances of three types of 

receivers in deep urban areas are assessed and shown in Table 2-1 and Figure 2-1, 

including the geodetic-grade receiver Novatel Flexpak 6 with a geodetic-grade antenna 

GPS-703-GGG collecting L1/L2 measurements, consumer-grade receiver ublox M8T 

with a patch antenna collecting L1 measurements, and the low-cost GNSS chip in 

Google Pixel 4 with the embedded antenna collecting L1/ L5 measurements. Here, LS 

denotes the LS multilateration-based positioning method with weights according to the 

measurement status, and RTK fixed denotes the RTK fixed solutions, both of which are 

obtained using RTKLIB [48]. The device solution denotes the position solution output 

from the receiver based on the algorithm developed by their company, for example, the 

NMEA solutions. Note that the NMEA solution may incorporate additional techniques 

like filtering or 3D mapping aiding. 

 

Table 2-1 GNSS performance for different receivers, algorithms, and 

environments 

Receiver Algorithm 
RMS 
Error 
(m) 

Max 
Error 
(m) 

Min 
Error (m) 

Availability 

Novatel 
Flexpak 6 
(Geodetic) 

Least-squares 13.1 400.7 0.1 82.6% 

RTK Fixed 2.9 18.9 0.2 6.6% 

Device Solution 40.8 206.0 0.1 100% 

ublox M8T 
(Consumer) 

Least-squares 13.1 57.3 0.5 42.7% 

RTK Fixed 21.5 149.9 0.2 11.8% 

Device Solution 84.8 329.3 0.2 98.0% 

Google  
Pixel 4 

(Low-cost) 

Least-squares 83.7 429.3 0.6 7.1% 

RTK Fixed 49.6 189.7 1.0 2.6% 

Device Solution 7.2 20.2 0.4 100.0% 
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Figure 2-1 Demonstration of the GNSS positioning performance for different 

scenarios in Whampoa Hong Kong of UrbanNav dataset [46]. 

 

 All three receivers can achieve meter-level positioning accuracy in open-sky 

conditions because reflections do not interfere with most measurements. A higher-

grade receiver has a lower position solution noise because the measurements are more 

stable. Although using the advanced RTK algorithm allows for centimeter-level 

precision, it is only applicable to a certain grade of receivers with sufficient carrier-

phase measurements. However, for urban areas with severe multipath and NLOS 

receptions, many measurements are degraded with enormous delay, resulting in a 

massive positioning error during LS positioning. Such positioning error is always over 

tens of meters, significantly exceeds the positioning accuracy requirements for most 

location-based applications. RTK is significantly degraded by multipath effects or 

NLOS receptions, or even worse, and is unable to obtain valid solutions due to those 

errors on both pseudorange and carrier-phase measurements, leading to a dramatic drop 

in solution availability. From the experiment results, different companies may have 

developed their own algorithms to mitigate interference in urban areas [70], but their 

performance is still unsatisfactory. In summary, the GNSS positioning performance is 

severely degraded by multipath effects and NLOS receptions, regardless of the receiver 

grade. They are the major issues to be solved to ensure that the GNSS fulfills the 

positioning requirements of various location-based applications. 
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2.3 Multipath or NLOS Mitigation Techniques for GNSS in Urban Areas 

The GNSS positioning performance deteriorates in the urban area due to signal 

interferences, specifically, the multipath effect and the NLOS reception related to signal 

reflections from buildings. They introduce an extra bias in the pseudorange 

measurement, leading to a significant positioning error. Note that the multipath effect 

and the NLOS reception have quite different error characteristics. The multipath error 

related to the interaction between direct and reflected signals could be positive or 

negative, while the NLOS error is always positive by solely receiving the reflection 

with an extra delay. Various algorithms have been studied and proposed to mitigate the 

positioning degradation from these effects (usually separately) based on their 

characteristics, including three categories: multipath or NLOS mitigation at the 

receiver/antenna design level, multipath or NLOS mitigation at the measurement level 

(within positioning algorithms), and NLOS utilization by 3DMA GNSS. 

2.3.1 Multipath or NLOS Mitigation in Receiver/Antenna Design Level 

A straightforward approach to mitigate the multipath effect or the NLOS reception is 

to apply a special design to the hardware to resist the reception of reflected signals. By 

employing a GNSS antenna with a choke-ring design, reflection from a low elevation 

angle can be mitigated [71]. Moreover, the GNSS signal is designed to be right-hand 

circularly polarized and is possibly reversed as left-hand circularly polarized (LHCP) 

after reflection [72]. Thus, a dual-polarization antenna is developed to detect multipath 

effects and NLOS receptions by comparing the features from receiving RHCP and 

LHCP signals [73-75]. In addition, based on the propagation geometry of the reflected 

signal, the antenna array using multiple antennas with particular spatial arrangements 

can perform beamforming to mitigate the reception of reflected signals [76, 77]. 

However, these specially designed antennas are still too large for portable devices, 

especially smartphones carried in pockets.  

 Besides, the recently launched GNSS L5 measurements have provided excellent 

multipath mitigation through signal structure design (higher chipping rate) [78, 79]. 

Unfortunately, L5 signals are still unavailable from many satellites and are unable to 

mitigate NLOS reception without a direct signal [80]. 

 An alternative approach to mitigate multipath effects is to employ advanced 

signal-processing algorithms. The multipath error in the pseudorange measurement is 
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bounded by the design of correlators, namely the multipath noise envelope [15]. By 

narrowing the correlator spacing, a tighter multipath noise envelope can be achieved to 

reduce the multipath error [81]. However, the correlator design cannot mitigate the 

NLOS reception case that solely receives one reflected signal. In addition, the GNSS 

receiver vector tracking algorithm, which employs user dynamics to aid signal tracking, 

can be extended to mitigate multipath effects and detect NLOS receptions [82-84]. 

However, incorrect user dynamic estimation may lead to vector tracking algorithm 

failure. 

2.3.2 Multipath or NLOS Mitigation in Measurement Level 

In addition to mitigating the multipath or NLOS effects at the receiver/antenna 

design level, various algorithms have been developed to mitigate them on raw 

measurements from GNSS signal processing before final positioning, especially for 

most GNSS receivers unable to modify their internal signal processing mechanism. 

Measurements with a lower elevation angle or 𝐶 𝑁0⁄  are more likely to be degraded by 

multipath or NLOS receptions, since it indicates the signal is possible attenuated by 

reflections or is under destructive interferences from multipath effects. Thus, a popular 

approach is to de-weight the degraded measurements based on the corresponding 

satellite elevation angles and 𝐶 𝑁0⁄  to reduce the positioning error [20-22]. On the other 

hand, according to the LS estimation mechanism [85], the estimation fitness can be 

evaluated by measurement residuals to check the consistency between measurements 

and the estimation result. Then, outliers with large residuals possibly contain multipath 

or NLOS errors, which can be detected and isolated to recover the positioning accuracy 

together with a verification of the solution quality [23, 24], namely, fault detection and 

exclusion (FDE). Unfortunately, for dense urban areas with multiple outliers and 

limited LOS signals, there may not have enough healthy measurements to demonstrate 

consistency [23], causing the fault detection to fail or even mistakenly exclude healthy 

measurements. Besides, measurements from different bands (L1, L2, or L5) can be 

combined to derive features for multipath detection [86], but this approach cannot 

mitigate NLOS receptions. 

Owing to the recent progress in machine learning algorithms, many studies have 

attempted to predict the multipath effects or NLOS receptions on measurements based 

on the corresponding features (e.g., elevation angles, 𝐶 𝑁0⁄ , or pseudorange residuals) 

by using a machine learning model trained from large data amounts [87, 88]. It is then 
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extended by employing an advanced deep learning architecture, which extracts abstract 

features (may without intuitive implication) inside data [89] to enhance prediction 

accuracy [90, 91]. However, the machine learning model has the limitation of 

generalization, which is the ability of a trained model to adapt to new data, making it 

difficult to maintain the performance of different devices or environments.  

Moreover, for dense urban areas with very limited measurements, those outlier 

exclusion approaches may lead to insufficient measurement numbers for positioning, 

which is still unable to improve the positioning performance.  

 Several studies have employed an additional sensor to integrate with GNSS to 

compensate for its error. A popular method is the GNSS/INS integration [38, 92], which 

mitigates GNSS estimation errors by an adaptive noise covariance or bridges GNSS 

solution outages [93]. With the aid of a camera and attitude information, instant sky-

view blockage can be obtained and used to predict the GNSS measurement status [94, 

95]. Similarly, by integrating LiDAR and attitude information, the visibility of the 

GNSS can be detected according to the surrounding environment [96]. The additional 

inter-agent measurement from UWB can also help to reduce the ambiguity of advanced 

GNSS positioning algorithms in a collaboratively positioning manner [97, 98]. Multi-

sensor fusion is used to obtain the optimal solution among different sensors [46, 99]. 

However, besides the extra expense and installation space, most multi-sensor 

integration techniques rely on GNSS for initialization. Therefore, it is necessary to 

improve the GNSS stand-alone positioning performance in urban areas by developing 

advanced algorithms.  

2.3.3 NLOS Utilization by 3DMA GNSS 

Beyond mitigating the NLOS receptions that degrade the positioning performance, 

many recent studies have attempted to utilize these NLOS receptions as additional 

features to aid positioning based on the 3D building model information, namely the 3D 

mapping-aided (3DMA) GNSS.  

 Owing to the concept of smart cities integrating various geoinformation, 3D 

models of buildings have become available for civil applications. The 3D building 

model is first employed to analyze which building surfaces can introduce multipath 

effects [100]. A GNSS RT technique was developed to model the multipath error in 

measurements based on the precise knowledge of the signal propagation geometry and 

the reflector material [101]. Then, based on the 3D building model, a comprehensive 
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simulator was developed to predict the occurrence of GNSS interference, including 

obstruction, reflection, and diffraction [102]. A straightforward approach to improve 

the accuracy of practical positioning applications, is to exclude NLOS measurements 

predicted by the 3D building models and only use the LOS measurements for estimation 

[103, 104]. In addition to evaluating the satellite availability limitation, GNSS analysis 

with the 3D building model also indicates the localization difficulties in the cross-street 

direction compared to the along-street direction [105]. The SM is then developed to 

solve this issue, conducting positioning by finding the candidate agent position with a 

3D-building-model-based satellite visibility prediction that matches with the actual 

measurement-based satellite visibility evaluation [25, 106], which is extended from the 

concept of fingerprinting [107]. For the conventional positioning method, NLOS 

receptions or signal obstructions cause incorrect measurements or insufficient 

measurements for positioning, degrading the accuracy or even yielding no solutions. 

However, SM utilizes the signal obstruction from the building as a feature to determine 

the agent’s location, which achieves better cross-street positioning compared to 

conventional methods using NLOS degraded pseudoranges. It is further improved with 

better performance on even low-cost devices by employing a probability model to 

estimate the visibility during the matching process [27]. The robustness of SM is also 

improved by incorporating a particle filter [108]. 

 In addition to utilizing the signal obstructions, another method is developed 

utilizing the NLOS receptions to aid positioning, namely the 3DMA GNSS RT 

positioning [28]. It first simulates the GNSS pseudorange measurements, including the 

reflection delay, based on the 3D building model and signal propagation geometry. 

Then, analogous to SM, positioning is conducted by finding the candidate agent 

position with the simulated interfered measurements that most match the received 

measurements. Thus, instead of an outlier, NLOS reception becomes an additional 

knowledge or feature to aid localization. However, 3DMA GNSS RT usually needs to 

trace all valid reflections considering all available building surfaces, which requires an 

enormous computation load for a dense urban area with many buildings. To reduce its 

massive computation load, the RT simulation can be pre-generated as tables for all 

candidate positions, where each contains the reflection delays of all possible satellite 

elevation and azimuth angles (e.g., in 1-degree resolution) for each candidate position 

[109]. An alternative approach is to simplify the NLOS delay modeling by using the 

reflection geometrical properties [110]. Meanwhile, another 3DMA GNSS method, 
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likelihood-based ranging, was developed to conduct positioning by matching the 

pseudorange statistical behaviors of LOS and NLOS measurement with the visibility 

prediction from building models, without simulating reflection delays according to 

propagation geometry [111]. Besides the NLOS reception, the multipath effect could 

be mitigated by matching its error predicted from the 3D building model with the 

correlator output during positioning [112]. Instead of matching the measurement delay, 

the matching the predicted signal strength after attenuation [113] or the predicted 

positioning solution after degradation [114, 115] can also be employed to aid 

positioning. 

 In summary, the advanced GNSS positioning algorithm with NLOS utilization 

has significant potential to improve urban localization but also has limitations. In 

addition to the computation load for real-time simulation and the storage space for the 

pre-generated database, the 3DMA GNSS utilizing NLOS receptions follows a 

deterministic simulation, in which the random noise of the measurements is not 

considered (similar to many conventional methods). This noise and common errors can 

still degrade the matching process and introduce a certain level of positioning error, 

which is likely the reason the 3DMA GNSS has an accuracy of approximately 10 m in 

a complicated dense urban area. Therefore, 3DMA GNSS and collaborative positioning 

complement integration; one mitigates the NLOS errors degrading collaborative 

positioning, while the other eliminates the common error in a relative positioning 

manner and reduces the random noise.   
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3. CONVENTIONAL GNSS COLLABORATIVE POSITIONING 

PERFORMANCE EVALUATION FOR URBAN AREAS 

Although GNSS-based collaborative positioning has significant benefits in eliminating 

common errors during relative positioning and reducing common noise, its 

effectiveness could be significantly degraded by the distinctive error that has no 

correlation between agents, such as severe measurement delay introduced by reflection 

in urban areas [13, 68, 69]. This chapter will first introduce the fundamental GNSS 

positioning algorithm and errors, after which the DD technique, widely used for 

collaborative positioning, is introduced. Then, the performance of conventional GNSS-

based collaborative positioning in urban areas is assessed via real experiments. 

3.1 Fundamentals of GNSS Positioning and Errors  

The GNSS employs the ToA concept to measure the range between satellites and users 

[8]. Based on a sufficient number of ranging measurements from satellites and the 

satellite position from the ephemeris, users’ location can be determined through 

multilateration. This section introduces the fundamental GNSS LS positioning 

algorithm, common errors, multipath errors, and NLOS reception errors in urban areas. 

3.1.1 GNSS Positioning Principle 

The GNSS is designed to avoid synchronization with the receiver but with an unknown 

time bias being solved during positioning. Therefore, the time-bias-included range was 

measured from the satellite, namely the pseudorange. Figure 3-1 illustrates the 

relationship between the true range 𝑟𝑢
𝑖 and pseudorange 𝜌𝑢

𝑖 , where 𝑡𝑖 denotes the clock 

bias between satellite 𝑖 and the system and 𝑡𝑢 denotes the clock bias between user 𝑢 

and the system.  

 

 

Figure 3-1 Relationship between the true range and pseudorange. 
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Considering the different types of signal propagation errors, the pseudorange 

can be elaborated as follows. 

 

𝜌𝑢
𝑖 = 𝑟𝑢

𝑖 + 𝑐(𝑡𝑢 − 𝑡
𝑖) + 𝐼𝑖 + 𝑇𝑖 + 𝜖𝑢

𝑖                (3-1) 

 

where 𝑐  denotes the speed of light and 𝐼𝑖  and 𝑇𝑖  denote the ionospheric and 

tropospheric delays, respectively; 𝜖𝑢
𝑖  denotes other pseudorange errors, including 

multipath effect, NLOS delay, diffraction effect, and tracking noise.  

 Besides the pseudorange measured by the code correlation, the range between 

a satellite and a user can also be obtained from the cumulative cycles of the GNSS 

carrier wave, namely the carrier-phase measurement. With a wavelength of around 0.19 

meters, the carrier-phase measurement can be employed for centimeter-level precise 

positioning. However, the initial cycle count of the carrier is not known, resulting in an 

additional integer ambiguity term that needs to be solved [6]. The integer ambiguity is 

usually solved via an optimization process combined with the pseudorange 

measurements [116]. Unfortunately, the quality of carrier-phase measurement is always 

poor for low-cost receivers due to cycle-slip and multipath [52]. Therefore, the 

proposed algorithm in this study is focused on the pseudorange measurement. 

 With a sufficient number of measurements, the user position can be determined 

through an iterative LS estimation. According to different models, the satellite clock 

bias, ionospheric delay, and tropospheric delay can be mitigated beforehand. Then, 

based on an initial guess of the user position �̂�𝑢, �̂�𝑢, �̂�𝑢  in earth-center earth-fixed 

(ECEF) coordinates and the user clock bias �̂�𝑢, the pseudorange equation can be applied 

with first-order Taylor expansion as follows [117]. 

 

𝜌𝑢
𝑖 = �̂�𝑢

𝑖 −
𝑥𝑖−�̂�𝑢

�̂�𝑢
𝑖 ∆𝑥𝑢 −

𝑦𝑖−�̂�𝑢

�̂�𝑢
𝑖 ∆𝑦𝑢 −

𝑧𝑖−�̂�𝑢

�̂�𝑢
𝑖 ∆𝑧𝑢 + 𝑐∆𝑡𝑢             (3-2) 

 

where ∆𝑥𝑢, ∆𝑦𝑢, ∆𝑧𝑢, and ∆𝑡𝑢 denote the incremental component between the initial 

guess and the truth that (𝑥𝑢, 𝑦𝑢, 𝑧𝑢, 𝑡𝑢) = (�̂�𝑢 + ∆𝑥𝑢, �̂�𝑢 + ∆𝑦𝑢, �̂�𝑢 + ∆𝑧𝑢, �̂�𝑢 + ∆𝑡𝑢). 

�̂�𝑢
𝑖  and �̂�𝑢

𝑖 denote the pseudorange and predicted range from the satellite to the initial 
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guess position, respectively. With multiple satellite measurements, the unknowns in the 

preceding equation can be solved using the LS estimation in a matrix form. 

 

[
∆𝐱
𝑐∆𝑡𝑢

] = (𝐆T𝐆)−1𝐆T∆𝛒                (3-3) 

 

∆𝐱 = [

∆𝑥𝑢
∆𝑦𝑢
∆𝑧𝑢

]           𝐆 =

[
 
 
 
 
𝜂𝑢,𝑥
1 𝜂𝑢,𝑦

1 𝜂𝑢,𝑧
1 1

𝜂𝑢,𝑥
2 𝜂𝑢,𝑦

2 𝜂𝑢,𝑧
2 1

⋮ ⋮ ⋮ ⋮
𝜂𝑢,𝑥
1 𝜂𝑢,𝑦

𝑖 𝜂𝑢,𝑧
𝑖 1]

 
 
 
 

          ∆𝛒 =

[
 
 
 
∆𝜌𝑢

1

∆𝜌𝑢
2

⋮
∆𝜌𝑢

𝑖 ]
 
 
 
       (3-4) 

 

where [∆𝐱, 𝑐∆𝑡𝑢]
T denotes the state vector, consisting of the increment between the 

initial prediction and estimation; 𝐆 denotes the geometry matrix, calculated using the 

unit LOS vector (𝜂𝑢,𝑥
𝑖 , 𝜂𝑢,𝑦

𝑖 , 𝜂𝑢,𝑧
𝑖 ) between the satellites and user in the ECEF frame 

[117]; and ∆𝛒 denotes the vector of the pseudorange difference between measurements 

and predictions, where ∆𝜌𝑢
𝑖 = �̂�𝑢

𝑖 − 𝜌𝑢
𝑖 . The location of the user is obtained by 

iteratively updating the initial predicted state vector with the estimated increments. At 

least four satellite measurements are required for the position estimation.  

3.1.2 GNSS Common Errors 

During GNSS LS positioning, the pseudorange measurement always contains 

inevitable error terms related to the system design. These errors usually behave 

depending on the satellite or receiver, including the satellite clock bias, receiver clock 

bias, ionospheric delay, and tropospheric delay.  

 As Figure 3-1 shows, the satellite clock error 𝛿𝑡𝑖  is introduced by imperfect 

synchronization with the corresponding system time. This error is usually compensated 

by a physical model according to the parameters estimated by the control segment and 

broadcast by the satellite ephemeris [8, 21].  

 

𝛿𝑡𝑖 = 𝑎𝑓0 + 𝑎𝑓1(𝑡 − 𝑡𝑒𝑝ℎ)  + 𝑎𝑓2(𝑡 − 𝑡𝑒𝑝ℎ)
2  +  ∆𝑡𝑟             (3-5) 

 

∆𝑡𝑟 = 𝐹𝑒√𝐴𝑠𝑖𝑛𝐸𝑘               (3-6) 
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where 𝑡  and 𝑡𝑒𝑝ℎ  are the receiver current time and ephemeris reference time, 

respectively; ∆𝑡𝑟 is the correction term owing to the relativity; 𝑎𝑓0, 𝑎𝑓1, and 𝑎𝑓2 are the 

clock bias, clock drift, and frequency drift, respectively; 𝑒 and 𝐴 are the satellite orbital 

eccentricity and orbit semi-major axis, respectively; 𝐸𝑘 is the eccentric anomaly of the 

satellite orbit; and 𝐹 = −4.442807633𝑒−10(𝑠/𝑚1/2) is a constant. 

 Another term embedded in the GNSS pseudorange measurement is the receiver 

clock bias 𝑡𝑢, an unknown in the state vector that is estimated at the time of positioning. 

During the operation, the receiver clock bias is usually unstable with drifts that are 

related to the referencing oscillator of the receiver [118], especially for a low-cost 

GNSS receiver. 

 During operation, the GNSS signal propagates through the ionosphere, a 

dispersive medium located between and 70–1000 km in the Earth’s atmosphere. As a 

typical electromagnetic (E-M) wave, the GNSS signal is interfered with by free 

electrons, resulting in a certain level of delay [8]. The ionospheric delay 𝐼𝑖 depends on 

the density of electrons associated with the parameters of the propagation of the signal 

through the ionosphere. This delay is usually corrected by half using the Klobuchar 

model based on the satellite-receiver geometrical parameters and ionospheric 

parameters [119].  

 On the other hand, the GNSS signal passes through the troposphere before it is 

received. The troposphere is a non-dispersive medium, causing the GNSS signal to be 

delayed according to free-space propagation, or more specifically, the tropospheric 

refraction intensity [8, 38]. The tropospheric delay 𝑇𝑖 can be modeled and corrected by 

the Saastamoinen model based on the satellite elevation angle, receiver ellipsoid height, 

and other physical parameters related to temperature, pressure, and humidity [120]. 

 In general, measurements from different satellites share the same receiver clock 

bias on one receiver, whereas measurements from the same satellite share the same 

satellite clock bias for two different receivers. Moreover, owing to the geometric 

relationship, measurements from one satellite to neighboring receivers in the same site 

also share the same ionospheric and tropospheric delays. Therefore, by applying a 

single or double differencing manipulation to the measurements with respect to 

satellites and receivers, these common errors can be cancelled during relative 

positioning.  
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3.1.3 Multipath Effects and NLOS Receptions 

The GNSS signal is designed to transmit with a frequency in the L-band of ultra-high 

frequency, such as a GPS L1 signal with 1575.42 MHz. Normally, the GNSS signal 

directly propagates from the satellite to the receiver along a straight line, as shown in 

Figure 3-2 (a), namely, the LOS signal. However, such signals can be significantly 

attenuated when they are obstructed by objects such as terrain, walls, windows, and 

especially metal objects [38]. If the attenuated signal is too weak for demodulation, no 

available GNSS measurement can be obtained, resulting in signal obstruction, as Figure 

3-2 (a).  

 

 

Figure 3-2 GNSS signal interferences in urban areas due to (a) building 

obstruction, and (b) building reflection. 

 

 Moreover, when the GNSS signal propagation encounters the surface of another 

medium (or object), part of its energy is reflected, resulting in specular reflection or 

diffuse reflection (scattering), depending on the surface smoothness [38]. Owing to the 

objects in urban areas, such as buildings, the GNSS signal can be scattered by their 

surface and transmitted to the receiver along a deviant path with additional delay, as 

Figure 3-2 (b). When the GNSS signal LOS path is obstructed, but the reflection path 

fulfills the geometric characteristic of being received, the corresponding measurement 

is regarded as NLOS reception (red line in Figure 3-2). NLOS reception usually 

introduces a certain attenuation of the signal carrier-to-noise ratio (𝐶 𝑁0⁄ ) and a positive 

bias (delay) on the pseudorange for GNSS measurement. The magnitude of the delay 

depends on the reflection geometry in terms of the satellite elevation angle, satellite 

azimuth angle, and distance between the receiver and the reflecting surface [121]. 
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 It is also possible that both the LOS signal and the reflected signal are received 

simultaneously, namely the multipath effect (yellow line in Figure 3-2). Unlike solely 

receiving the reflection, the consequence of the multipath effect on GNSS measurement 

depends on the interaction between each received signal. A constructive multipath with 

strengthened 𝐶 𝑁0⁄  and positive pseudorange bias is introduced when two receptions 

are in phase, whereas a destructive multipath with weakened 𝐶 𝑁0⁄  and negative 

pseudorange bias is introduced when two receptions are out-of-phase [38]. The detailed 

error in the pseudorange measurement can be described by the multipath noise envelope, 

as demonstrated by an example with the early minus-late power discriminator [15] in 

Figure 3-3. 

 

 

Figure 3-3 Demonstration of the GPS L1 C/A multipath noise envelope when the 

time spacing between early and late correlator is one chip, and the delayed signal 

has half amplitude attenuation compared to the early signal [32]; ∆𝝉 is the 

distance delay in-between signals. 

 

 Unlike signal obstruction with unavailable measurements, the multipath effect 

or the NLOS reception (solely receiving one reflected signal) introduces faulty 

measurements containing a certain level of delay, possibly tens of meters. By 

employing these degraded measurements together with healthy measurements, a severe 

positioning error could be introduced, possibly exceeding tens of meters, as shown in 

Section 2.2.3. Furthermore, in many cases, both multipath effects and NLOS receptions 

are difficult to distinguish from LOS measurements, especially for the dense urban area 

where most of the measurements are degraded by those effects. Therefore, multipath 

effects and NLOS receptions are the most severe challenge for accurate GNSS 

localization in urban areas. 
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3.2 GNSS-Based Relative Position Estimation for Collaborative Positioning 

The relative position between different agents is essential for connecting agents to 

perform collaborative positioning. The RTK technique has been widely applied to 

achieve precise relative position estimation between the target and reference stations. 

It eliminates the common errors (e.g., atmospheric delay) shared by the target and 

reference stations through a double differential manipulation of the GNSS 

measurements. Adopting this concept from the RTK technique, DD can also be applied 

between two remote agents to eliminate their shared common errors and obtain the 

relative position information between them for collaborative positioning. However, the 

standard DD is sensitive to a distinctive error from multipath effects or NLOS 

receptions. Thus, the standard DD can be extended by CC for collaborative positioning 

in urban areas [16]. 

3.2.1 Standard DD Estimation 

Standard DD-based relative positioning uses double-differential pseudorange 

measurements to apply the LS estimation. According to the pseudorange measurement 

composition in Chapter 3.1.1 (Equation 3-1), the terms with only super-script are the 

satellite-related terms, sharing the same value for a specific satellite to different 

neighboring agents. In contrast, the terms with only subscripts are receiver-related 

terms, which share the same value for different satellites to the same agent. As Figure 

3-4 shows, the single difference observation on the pseudoranges from the same 

satellite 𝑖 to receivers 𝑎 and 𝑏 can be derived as follows: 

 

𝑠𝑎𝑏
𝑖 = 𝜌𝑏

𝑖 − 𝜌𝑎
𝑖 = 𝛈𝑖 ∙ ∆𝐱𝑎𝑏 + 𝑐(𝛿𝑡𝑏 − 𝛿𝑡𝑎) + (휀𝑏

𝑖 − 휀𝑎
𝑖 )             (3-7) 

 

As the relative distance between the collaborating agents is much smaller than 

the distance between satellites and agents, the unit-LOS vector of satellite 𝑖 to both 

agents 𝑎 and 𝑏 can be approximated as the same value, denoted by 𝛈𝑖. Furthermore, 

∆𝐱𝑎𝑏 denotes the relative position vector from agent 𝑎 to agent 𝑏. Hence, by applying 

the single-difference manipulation, a differential observation related to the satellite 

LOS vector and inter-agent position can be derived, eliminating the shared delay terms, 

including the satellite clock bias, ionospheric delay, and tropospheric delay. 
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Figure 3-4 Illustration of pseudorange DD measurements between agents a and 

b. 

 

By selecting a master satellite 𝑚, the differential manipulation of the single 

difference observation from satellite 𝑖 and satellite 𝑚 corresponding to agents 𝑎 and 𝑏, 

namely the DD observation, can be derived as follows: 

 

𝑑𝑎𝑏
𝑖𝑚 = (𝛈𝑚 − 𝛈𝑖) ∙ ∆𝐱𝑎𝑏 + (휀𝑏

𝑚 − 휀𝑎
𝑚) − (휀𝑏

𝑖 − 휀𝑎
𝑖 )             (3-8) 

 

The second differential manipulation eliminates the receiver clock bias term 

shared among satellites. In addition to the unit-LOS vector and relative position, only 

the distinctive errors corresponding to different satellites and different agents remain. 

By selecting a master satellite with a high elevation angle, the distinctive error becomes 

small owing to the geometrical limitation of the reflection, which can be approximated 

as negligible. For the receiver in an open-sky environment, the distinctive error for 

satellite 𝑖 is also small and negligible. Therefore, the DD observation can be expressed 

as 

 

𝑑𝑎𝑏
𝑖𝑚 = (𝛈𝑚 − 𝛈𝑖) ∙ ∆𝒙𝑎𝑏    (3-9) 

 

Analogous to the LS estimation of single-agent positioning, by collecting the 

DD observations from different satellites (from 1 to 𝑖𝑡ℎ satellite other than the master 

satellite), the relative position vector from agent 𝑎 to agent 𝑏 can be estimated through 

the pseudo-inverse during LS estimation, as follows: 
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∆𝐱𝑎𝑏 = (𝚮
T𝚮)−1𝚮T ∙ 𝐝𝑎𝑏    (3-10) 

 

𝚮 =

[
 
 
 
 
𝜂𝑢,𝑥
𝑚 − 𝜂𝑢,𝑥

1 𝜂𝑢,𝑦
𝑚 − 𝜂𝑢,𝑦

1 𝜂𝑢,𝑧
𝑚 − 𝜂𝑢,𝑧

1

𝜂𝑢,𝑥
𝑚 − 𝜂𝑢,𝑥

2 𝜂𝑢,𝑦
𝑚 − 𝜂𝑢,𝑦

2 𝜂𝑢,𝑧
𝑚 − 𝜂𝑢,𝑧

2

⋮ ⋮ ⋮
𝜂𝑢,𝑥
𝑚 − 𝜂𝑢,𝑥

𝑖 𝜂𝑢,𝑦
𝑚 − 𝜂𝑢,𝑦

𝑖 𝜂𝑢,𝑧
𝑚 − 𝜂𝑢,𝑧

𝑖 ]
 
 
 
 

  (3-11) 

 

where 𝚮 is the geometrical matrix consists of the differential unit-LOS vector for 1 to 

𝑖𝑡ℎ satellite on each row. The superscripts T and −1 denote the matrix transpose and 

inverse, respectively, and 𝐝𝑎𝑏 is the vector that incorporates the DD observations from 

different satellites. By applying LS estimation, the relative position between agents in 

the collaborating network can be obtained without degradation from common errors. 

Analogous to DGNSS, the distance between the agents applying DD is better within 1 

km, guaranteeing a similar atmospheric delay to be compensated [8]. However, the 

terms (휀𝑏
𝑖 − 휀𝑎

𝑖 )  remain large and non-negligible owing to the multipath or NLOS 

errors in urban areas, significantly degrading the LS estimation and leading to an 

incorrect solution for ∆𝐱𝑎𝑏. Therefore, it is necessary to mitigate the distinctive error 

terms from multipath effects or NLOS receptions before applying DD-based relative 

positioning. 

3.2.2 DD Estimation with CC 

By incorporating the CC to exclude multipath or NLOS degraded measurements, the 

DD estimation can be improved for collaborative positioning in an urban area. Two CC 

layers are designed according to [16]; one excludes outliers before applying differential 

manipulation, and the other excludes outliers during the relative positioning. The first 

layer CC is applied based on the single-agent LS estimation for absolute positioning 

[24]. After obtaining the position estimation from the LS, the residuals corresponding 

to the pseudorange measurements during the estimation can be calculated by 

 

�̂�𝐿𝑆 = 𝛒 − 𝐆 ∙ 𝐱     (3-12) 

 

where �̂�𝐿𝑆  is the LS residual vector that consists of the residual corresponding to 

different satellites on the rows, and 𝛒 and 𝐱 denote the pseudorange vector and state 

vector during LS positioning (section 3.1.1), respectively. The measurement containing 
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reflection delay is more likely to be inconsistent with the final estimation, resulting in 

a large residual. Then, the consistency between different measurements during the 

estimation can be evaluated by the sum of the square errors 𝑆𝑆𝐸𝐿𝑆 as follows: 

 

𝑆𝑆𝐸𝐿𝑆 = �̂�𝐿𝑆
𝑇 ∙ �̂�𝐿𝑆              (3-13) 

 

Here, the 𝑆𝑆𝐸𝐿𝑆 can be regarded as a test statistic to evaluate the goodness of 

the LS fit [85]. A large 𝑆𝑆𝐸𝐿𝑆  means that the pseudorange measurements are 

inconsistent during positioning, indicating that some of the measurements are outliers 

degraded by interference. If the 𝑆𝑆𝐸𝐿𝑆  with normalization is over the threshold 

designed to have a 99.999% probability of false alarms in the chi-square test [24], the 

corresponding measurements are considered to be inconsistent and require outlier 

exclusion. In this case, each satellite will be regarded as the candidate sole outlier to be 

excluded from the total measurement set, and the 𝑆𝑆𝐸𝐿𝑆  corresponding to the 

measurement subset, excluding the satellite, will be evaluated. Then, the most 

inconsistent measurement is determined and excluded by finding the subset with the 

smallest 𝑆𝑆𝐸𝐿𝑆. By repeating the CC and excluding the most inconsistent measurement 

one by one until the 𝑆𝑆𝐸𝐿𝑆 is below the threshold, most of the outliers can be regarded 

as excluded, and the final position is estimated from the surviving consistent 

measurements. Note that the 𝑆𝑆𝐸𝐿𝑆 could still be larger than the threshold when only 

remains the minimum number of measurements for positioning after the exclusion, 

especially for the dense urban area where most of the measurements are degraded. 

 After the first layer CC, the second layer CC is applied during the relative 

positioning between agents to further exclude the remaining outliers, since a better 

consistency could be demonstrated after canceling the common errors. Note that the 

DD-based relative positioning here employs the surviving measurements that already 

pass the first layer CC.  According to the preceding relative positioning method 

(Equation 3-10), similar to the first layer, the consistency of DD observations during 

the estimation between agents 𝑎 and 𝑏 can be evaluated by 

 

�̂�𝐷𝐷 = 𝐝𝑎𝑏 − 𝐇 ∙ ∆𝐱𝑎𝑏               (3-14) 

 

𝑆𝑆𝐸𝐷𝐷 = �̂�𝐷𝐷
𝑇 ∙ �̂�𝐷𝐷               (3-15) 
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where �̂�𝐷𝐷 is the residual vector corresponding to the DD observations. 𝑆𝑆𝐸𝐷𝐷 is the 

sum of the square residuals, which after normalization can be regarded as an overall 

test statistic representing the goodness of the DD-based LS fit. As in the first layer, after 

evaluating the consistency of each DD observation subset that excludes one observation, 

the outlier to be excluded is determined by finding the subset with the lowest 𝑆𝑆𝐸𝐷𝐷. 

By continually excluding the inconsistent outliers (likely under interference) until the 

test statistic is below the threshold or insufficient measurements remain, the relative 

position between agents is guaranteed to be estimated by the consistent DD observation. 

Then, the relative position information between agents is employed to perform 

collaborative positioning. 

3.3 Performance Assessment 

The positioning performance of the conventional GNSS collaborative positioning 

algorithm in urban areas was evaluated by real experiments, including: 

1) LS: GNSS single-agent LS positioning 

2) CC: GNSS single-agent LS positioning with CC [24] 

3) CP: GNSS collaborative positioning based on DD with CC [16]. 

3.3.1 Experiment Setup 

To assess and validate the performance of collaborative positioning algorithms, two 

experiments were designed in a typical urban area in Hong Kong, as shown in Figure 

3-5. One is a static experiment with four pedestrian agents standing still. The other is a 

dynamic experiment with five pedestrian agents walking from one location to another 

along the directions in Figure 3-5 (right). The surrounding environments of all agents 

are summarized in Table 3-1. The agent with a higher index number is in a denser urban 

environment, likely having more severe multipath or NLOS errors. Each agent carries 

a laptop and a consumer-grade GNSS receiver, ublox EVK-M8T, with a standard patch 

antenna to collect raw GNSS measurements (1 Hz in the RINEX format). The 

constellations of GPS and GLONASS are used during the static experiment, while the 

constellation of GPS and BEIDOU are used during the dynamic experiment. Both 

experiments are collecting L1-band observations. The detailed observation statuses, 

including satellite numbers and signal strength, are demonstrated by skyplots in Figure 
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3-6 and Figure 3-7 for the static experiment and the dynamic experiment, respectively. 

The collected measurements were synchronized according to the GPS time and post-

processed to apply positioning algorithms based on MATLAB and the open-source 

library (GoGPS) [21]. The true positions of different agents are obtained according to 

the nearby landmarks and their pin-point locations on Google Earth (following the 

WGS-84 coordinate system), whereas the dynamic agents walking slowly are assumed 

to have constant speeds to interpolate their true locations during the experiment. From 

experience, the accuracy of this ground truth is approximately 1–2 m, acceptable for 

evaluating the urban GNSS performance, which usually has an error of tens of meters.    

 

 

Figure 3-5 Static (left) and dynamic (right) experiments to assess the 

performance of GNSS collaborative positioning algorithm. 

 

 

Figure 3-6 Skyplots of observations for Agent 1-4 during the static experiment. 

The colorbar indicates the 𝐶 𝑁0⁄  during the experiment. 
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Figure 3-7 Skyplots of observations for Agent 1-5 during the dynamic 

experiment. The colorbar indicates the 𝐶 𝑁0⁄   during the experiment. 

 

 

Table 3-1 Surrounding environment of each agent during experiments 

Static Experiment Dynamic Experiment 

Agent Environment Agent Environment 

1 Nearly open-sky 1 Nearly open-sky 

2 Nearly open-sky 2 Nearly open-sky 

3 
One side close to 

buildings 
3 

One side close to 

buildings 

4 
Between two 

buildings 
4 

Between two 

buildings 

  5 
Narrow street 

between buildings 
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3.3.2 Experiment Results 

The solution from the collaborative positioning with DD and CC during the static 

experiment is shown in Figure 3-8, compared with the LS method and its extension 

with CC. The corresponding positioning root-mean-square errors (RMSEs) are 

summarized in Table 3-2. For Agents 1 and 2 in a nearly open-sky environment, the 

positioning RMSE from LS is below 5 m and can be further improved by CC after 

outlier exclusion. However, the CP performance is worse than that of single-agent 

positioning after collaborating with other agents, especially with the agents in the urban 

area. According to [16], the final position of the target agent is determined by the 

weighted average of its position estimations from each available collaborative agent as 

an anchor (by combining the CC-based LS solution of anchor and the CC-based DD 

relative position between anchor and target). The weighting here is derived from the 

sum-of-square residual (SSR) of measurements during the LS estimation, representing 

the estimation fitness. However, for an agent in an urban area, its measurements could 

have multiple outliers (containing multipath or NLOS errors), coincidently indicating 

better consistency (or lower residual) to the biased estimation compared to the healthy 

measurements. Thus, the healthy measurements may be mistakenly excluded, resulting 

in a larger positioning error but lower SSRs. This is the reason the RMSEs of Agents 3 

and 4 are increased after applying the CC. Consequently, the corresponding faulty 

relative positioning information will be over-trusted during CP and introduce extreme 

positioning errors at some epochs, resulting in an RMSE of 16.4 m even for Agent 1 in 

an open-sky area. Without collaborating with the agents in urban areas (only 

collaborating with Agent 2), the RMSE from CP for Agent 1 can be recovered to 2.7 

m, slightly better than single-agent methods. For the agents in an urban area, because 

many of the measurements still contain multipath or NLOS errors not excluded by CC, 

collaborative positioning with severely biased information cannot improve their 

positioning performance.   
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Figure 3-8 Positioning solution for each agent during the static experiment from 

different algorithms, including: LS) standard LS positioning; CC) LS positioning 

with CC; CP) collaborative positioning based on DD with CC.  

 

Table 3-2 Horizontal positioning RMSE (m) from different algorithms in the 

static experiment 

Agent 1 2 3 4 

LS 3.7 5.0 14.7 30.9 

CC 3.0 1.9 18.0 57.6 

CP 16.4 2.9 30.3 58.6 

 

 The positioning solutions for the dynamic experiment are shown in Figure 3-9, 

and the corresponding RMSEs are summarized in Table 3-3. In general, collaborative 

positioning achieves a performance similar to that of single-agent positioning with CC, 

except for Agent 3. As shown in Figure 3-9, CP of Agent 3 has an extreme error (116.8 

m) at epoch 37, degrading the overall performance. At this epoch, the DD relative 

positioning between Agents 3 and 5 causes a faulty exclusion issue. Only five 

measurements remained after the CC, whereas two of them contained over 30 m of bias, 

possibly due to multipath effects or NLOS receptions. With poor observation geometry 

and severely biased measurements, the relative position estimation between Agent 3 

and Agent 5 has 217.2 m of error, leading to a severely biased positioning solution 
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when applying CP. For the case without incorporating Agent 5 to apply CP, the 

corresponding RMSE of Agent 3 can be improved to 12.8 m.  

 Therefore, the conventional GNSS collaborative positioning is still unable to 

achieve satisfactory accuracy in urban areas because of the distinctive multipath or 

NLOS errors that are unique to the agent’s surrounding environment and cannot be 

sufficiently reduced by standard interference mitigation techniques. 

 

 

Figure 3-9 Positioning solution for each agent during the dynamic experiment 

from different algorithms, including: LS) standard LS positioning; CC) LS 

positioning with CC; CP) collaborative positioning based on DD with CC.  

 

Table 3-3 Horizontal positioning root-mean-square error (meter) from different 

algorithms in the dynamic experiment 

Agent 1 2 3 4 5 

LS 4.3 2.0 14.6 25.3 46.5 

CC 4.4 1.8 14.6 11.7 49.2 

CP 4.3 2.7 19.5 11.1 51.9 

 



39 

 

3.4 Summary 

This chapter introduces the fundamentals of GNSS positioning and its error sources, 

including multipath effects and NLOS receptions, which are the dominant errors in 

urban areas. Then, the DD relative positioning algorithm popularly employed for 

collaborative positioning and its extension with a CC for the urban area are presented. 

The performance of the conventional GNSS-based collaborative positioning algorithm 

for urban areas, incorporating the CC method to mitigate multipath and NLOS 

receptions, was assessed via real experiments. The experimental results show that the 

conventional collaborative positioning approach does not outperform the single-agent 

positioning approach for urban areas. Even worse, in some cases, the collaboration with 

a severely degraded agent could degrade the agents initially with suitable accuracy. 

Conventional collaborative positioning still has errors of tens of meters, which is far 

from satisfactory for civil applications. 

 The primary problem is the severe multipath or NLOS reception error within 

the GNSS pseudorange measurements, distinctively dependent on the surrounding 

environment and the signal propagation geometry. Hence, the collaboration between 

agents using a simple differential approach cannot mitigate this error. Such an error 

does not follow the Gaussian distribution, and thus, the statistical CC method failed. 

Moreover, for a dense urban area with multiple tall buildings, a large ratio of the GNSS 

measurements can be degraded by signal reflections, resulting in multiple outliers. 

These outliers could even be faulty consistent together, making the CC mistakenly 

exclude healthy measurements. As a result, severe interference errors always remain in 

the final positioning and affect the positioning performance. 

 Instead of relying on the error mitigation algorithm designed for general types 

of errors, it is necessary to pay special attention to the multipath effects and NLOS 

receptions that frequently occur in urban areas. The collaborative positioning algorithm 

should be integrated with an advanced multipath effect and NLOS receptions mitigation 

technique to guarantee positioning accuracy in urban areas. 
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4. 3DMA GNSS COLLABORATIVE POSITIONING WITH 

MULTIPATH AND NLOS EXCLUSION  

As the performance assessment in Chapter 3 shows, the conventional GNSS-based 

collaborative positioning algorithm is still insufficient to provide satisfactory 

positioning accuracy in urban areas because of the severe and distinctive multipath or 

NLOS errors. However, it is necessary to mitigate the multipath and NLOS error to an 

acceptable level before applying collaborative positioning. 

 In this chapter, the potential of improving GNSS-based collaborative 

positioning using 3DMA GNSS, an effective NLOS mitigation approach, will be 

explored. Here, the 3D building model is employed for two purposes. First, it is 

employed to apply SM, a widely used 3DMA GNSS algorithm, to obtain the position 

solutions and satellite visibility estimations for NLOS exclusion. Second, the 3D 

building model is employed together with the satellite ephemeris to apply a GNSS 

measurement simulation, further used to predict the status of different agents [18, 100] 

during collaborative positioning. 

 In addition, the integration of the GNSS-based collaborative positioning and 

3DMA GNSS could be complementary. Although SM can perform excellent NLOS 

error mitigation, its positioning solution may contain severe ambiguity in the along-

street direction. On the other hand, the collaborative positioning based on the double-

differenced pseudorange observation is sensitive to the NLOS errors, but it may achieve 

better positioning accuracy in the along-street direction because the satellite geometry 

has a better distribution in the along-street direction. Therefore, a novel positioning 

algorithm with their integration, namely the 3DMA GNSS collaborative positioning 

with SM, is proposed in this chapter to employ their complementary accuracy directions, 

anticipated to outperform conventional methods or the single-agent 3DMA GNSS in 

urban areas.  

4.1 Methodology 

4.1.1 System Architecture 

The system architecture of the proposed 3DMA GNSS collaborative positioning with 

SM is shown in Figure 4-1. Before online application, the database containing the 

necessary information can be pre-generated offline to improve the efficiency of the 
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proposed algorithm. First, according to the digital terrain model, the area that applies 

the proposed algorithm can be grided with a certain resolution. A resolution of 2 meters 

is used in this study, which is sufficient for meter-level positioning. Then, on each grid 

point, the corresponding skymask (sky plot with the building boundaries, as Figure 4-

2) can be generated based on the 3D building model, illustrating that the area in the sky 

is blocked by buildings for applying SM. Note that the skymask can also be applied to 

other applications requiring environment information. Meanwhile, the RT algorithm 

can be applied to simulate the degraded measurements and predict the positioning error 

corresponding to each grid point. In this study, only the NLOS reception error is 

considered during RT. Then, a predicted GNSS NLOS positioning error map (NPEM) 

is generated by combining the predicted errors of all the grid points in the selected area 

and used to classify healthy/degraded agents during collaborative positioning. For each 

agent during on-line operation, its GNSS raw measurements (RINEX-level output) will 

be first applied with the 3DMA GNSS SM [106] for positioning based on the skymask 

database of this area. Besides the absolute positioning solution (score-based weighted 

averaged from SM) for each agent, the satellite visibility can also be estimated 

according to the skymask on this solution. Then, the received signal from an invisible 

satellite is probably an NLOS reception containing a severe delay in the corresponding 

pseudorange measurement. By excluding the NLOS measurements and further 

applying CC, the severe NLOS reception error and the multipath error in the original 

measurements can be mitigated, respectively. The surviving measurements can be 

regarded as healthy measurements to apply with the DD-based relative positioning 

algorithm. Here, similar to the algorithm in Chapter 3, the second layer CC will also be 

applied to further mitigate the outliers among the DD observation [16], obtaining the 

relative position solutions between agents.  

 Subsequently, the absolute positions of all collaborating agents from SM, as 

well as the relative positions between different agents from the pseudorange-based DD 

estimation are collected for collaborative positioning. Positioning information from 

some collaborating agents may contain large uncertainties and are unreliable owing to 

the complex surrounding environment. It is necessary to distinguish and select a reliable 

agent to conduct collaborative positioning to guarantee the final positioning accuracy. 

Thus, the preceding predicted NPEM is used to classify healthy agents as anchors to 

aid the degraded agent via collaborative positioning. By collaborating their absolute 

position information from the SM and relative position information from the DD with 
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outlier exclusions, an improved positioning solution can be achieved for each degraded 

agent. 

 

Figure 4-1 System architecture of the proposed 3DMA GNSS collaborative 

positioning with SM. 

 

4.1.2 Satellite Visibility Estimation by SM 

Conventional LS positioning based on GNSS pseudorange measurements can be 

significantly degraded by the multipath or NLOS reception error with a significant 

additional delay. Instead of using the ranging measurements, 3DMA GNSS SM 

conducts positioning based on the satellite visibility pattern, including signal 

obstructions, to mitigate NLOS reception errors. In the proposed algorithm, SM was 

applied based on [27]. First, it conducts gridding to the area where the collaborating 

agents are located, obtaining several grid points representing the candidate positions for 

agents. This study uses a circular grid-sampling area with a 30-meter radius, centering 

at the least-squares solution. Then, it determines the position of an agent by finding a 

candidate position with simulated satellite visibility that most matches the measured 

satellite visibility in terms of LOS or NLOS. Here, the simulated satellite visibility is 

obtained by comparing the satellite position and the skymask to evaluate whether the 

satellite is being blocked by the buildings for the nth candidate position, as follows: 
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𝑆𝑉𝑛,𝐿𝑂𝑆 = {𝑆𝑉 ∈ 𝑆𝑉
𝑖|𝑒𝑙𝑖 > 𝑒𝑙

𝑛,𝑎𝑧𝑖
𝐵𝐵 }   (4-1) 

 

where 𝑒𝑙𝑖 and 𝑎𝑧𝑖 are the elevation and azimuth angles of the 𝑖𝑡ℎ satellite, respectively; 

𝑒𝑙𝐵𝐵 with subscript 𝑛 and 𝑎𝑧𝑖 denotes the elevation angle of the building boundary on 

the azimuth angle 𝑎𝑧𝑖 in the skymask of the nth candidate. An example of a skymask is 

shown in Figure 4-2. The measured satellite visibility was obtained by evaluating 

whether the signal was a direct LOS signal based on measurement 𝐶 𝑁0⁄ . In this 

algorithm, a heuristic 𝐶 𝑁0⁄  threshold of 40 dB-Hz was employed to classify the 

visibility into LOS (over threshold) and NLOS (below threshold) [106]. The match 

score calculated from the number of satellites with consistent visibility between 

simulation and measurement can be used to describe the possibility of the agent located 

at the corresponding candidate position, as Figure 4-3 shows. Finally, SM estimates the 

agent’s position via the weighted average of all candidate positions according to their 

corresponding matching scores, as follows: 

 

�̂�𝑆𝑀 =
∑ ∑ 𝕊𝑛

𝑖 ∙𝒙𝑛𝑖𝑛

∑ ∑ 𝕊𝑛
𝑖

𝑖𝑛
    (4-2) 

 

where 𝒙𝑛 is the position of the nth candidate, 𝕊𝑛
𝑖  is the matching score of satellite i on 

the nth candidate. 𝕊𝑛
𝑖  equals to one if the satellite has the visibility classification from 

𝐶 𝑁0⁄  consistent to the skymask prediction, otherwise zero. 

 

 

Figure 4-2 Example of the skymask obtained from the 3D building model with 

respect to different candidate positions. The skymask (right) is the sky-plot with 

the building blockage area (grey area) that is projected from the 3D building 

models. 
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Figure 4-3 Demonstration of the match scores corresponding to different 

candidate positions during SM. The color-bar shows the value of match score, 

where a large score indicates the agent has a higher possibility on that candidate 

position. The deep blue area denotes the building. 

 

The threshold-based LOS/NLOS classification, according to the measurement 

𝐶 𝑁0⁄ , is usually unreliable. The reflected signal could sometimes have a signal strength 

with a magnitude similar to that of a direct LOS signal. On the other hand, the 3D 

building model contains fundamental information about sky visibility, which can be 

used to predict the satellite visibility [102, 105]. Therefore, the 3DMA GNSS 

positioning method may have the potential to be extended for the LOS/NLOS 

classification in a dense urban area and aid in other positioning techniques. An intuitive 

approach is to obtain the skymask on the positioning solution from the 3DMA GNSS 

SM and compare it with the satellite position to distinguish between LOS and NLOS 

measurements. Interestingly, in addition to having better accuracy, the SM solution was 

determined by comparing the satellite visibility consistency. Hence, the satellite 

visibility here is more likely the same as in reality; in other words, the skymask may 

reflect the actual environment surrounding the agent. Figure 4-4 shows an example of 

an agent between two parallel rows of buildings. The white, black, and blue markers 

denote the agent’s true location (ground truth), LS solution, and SM solution, 

respectively. Although SM has a significant positioning uncertainty in the along-street 

direction, the reason behind this is that the positioning score is evaluated by sky 

visibility, similar to the along-street direction. Although the SM solution has a 
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significant error in the along-street direction, the satellite visibility on the SM solution 

is still very similar to the truth compared to that on the LS solution. As Figure 4-4 shows, 

the skymasks on ground truth and SM classify satellites 5, 9, 12, and 13 to be NLOS, 

while the skymasks on LS show a completely wrong pattern. Therefore, the skymask 

of the SM solution, which has a better accuracy in the cross-street direction, can be 

employed to adequately exclude NLOS receptions. 

 

 

Figure 4-4 Demonstration of the visibility evaluation of GPS satellites based on 

the 3DMA GNSS SM with skymask. The heatmap shows that the matching 

scores are the same as Figure 4-3. The white, black, and blue markers denote the 

agent’s true location (Ground Truth), LS solution, and SM solution, respectively. 

The right side demonstrates the skymask corresponding to different solutions. 

The green and red markers in sky-plot denote the LOS and NLOS satellite, 

respectively. 

 

Based on the SM estimated solution and its skymask, the LOS satellite 

measurement among all received measurements can be distinguished by comparing 

whether its elevation angle is above the building boundary, using 

 

𝑆𝑉𝐿𝑂𝑆 = {𝑆𝑉 ∈ 𝑆𝑉
𝑖|𝑒𝑙𝑖 > 𝑒𝑙

𝑆𝑀,𝑎𝑧𝑖
𝐵𝐵 }   (4-3) 

 

where the subscript 𝑆𝑀 refers to the skymask on the SM solution. Then, by using only 

the predicted LOS measurements, the NLOS measurements could be excluded during 

DD-based relative positioning, as follows: 
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∆𝐱𝑎𝑏 = (𝚮
T𝚮)−1𝚮T ∙ 𝐝𝑎𝑏,𝐿𝑂𝑆    (4-4) 

 

where 𝐝𝑎𝑏,𝐿𝑂𝑆 is the vector with DD observations from LOS satellites. Consequently, 

the NLOS reception error can be mitigated during relative positioning. 

 

4.1.3 Predicted GNSS NPEM Generation 

The RT simulation realistically simulates the GNSS ranging measurements, including 

the NLOS reception delay [28]. In addition to being used to validate different 

positioning algorithms, it can also be used to indicate the positioning difficulties in a 

specific area to guide positioning. Based on the preceding grids, the GNSS positioning 

estimation for each location can be predicted by: 

 

[
∆𝐱𝑛,𝑝𝑟𝑒𝑑𝑖𝑐𝑡
𝑐∆𝑡𝑢

] = (𝐆T𝐆)−1𝐆T∆𝛒𝑛,𝑅𝑇               (4-5) 

 

where, similar to the GNSS positioning principle in Section 2.2.1, ∆𝐱𝑛,𝑝𝑟𝑒𝑑𝑖𝑐𝑡 is the 

increment of the state vector during the LS estimation for the grid point 𝑛, consisting of 

the 3D position of the agent in the ECEF coordinate and the receiver clock bias; ∆𝛒𝑛,𝑅𝑇 

is the pseudorange difference (analogous to Equation 3-3) derived from the RT 

simulated observations on grid point 𝑛 for iterative LS estimation. Based on an initial 

position, the state vector can be calculated by iteratively adding the increment from the 

LS estimation, finally converging to a certain location, denoted by 𝐱𝑛,𝑝𝑟𝑒𝑑𝑖𝑐𝑡 . The 

positioning error on this grid can then be predicted by: 

 

ℰ𝑛,𝑝𝑟𝑒𝑑𝑖𝑐𝑡 = ‖𝐱𝑛 − 𝐱𝑛,𝑝𝑟𝑒𝑑𝑖𝑐𝑡‖               (4-6) 

 

where 𝐱𝑛 is the true position of the selected grid point, and 𝑛. A predicted NPEM can 

be constructed after predicting the positioning error anticipations of all grid points in 

the selected area, as shown in Figure 4-5. Here, the color shows the predicted GNSS 

positioning error at the corresponding location, which can also be used to represent the 

agent (receiver) operating status or reliability at this location.  
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Figure 4-5 Predicted NPEM based on the GNSS measurements from the RT 

simulation. The color shows the predicted 2D positioning error (in m) due to the 

signal reflection interferences from the surrounding environment. 

 

4.1.4 Anchor-based Collaborative Positioning 

After obtaining the absolute position and relative position estimations for all the 

neighboring agents, they will be collaborated to estimate the final positioning of 

different agents following an anchor-based algorithm, as Figure 4-6 shows. Although 

the preceding 3DMA GNSS algorithm can significantly mitigate NLOS errors, some 

of the agents may still remain at a certain level of positioning error, or even worse, have 

unsatisfactory reflection mitigation performance. Therefore, it is necessary to select an 

agent with reliable performance as an anchor to guarantee the overall collaborative 

positioning performance. In the proposed algorithm, anchor selection is accomplished 

using the predicted NPEM. According to the shadow-matching solution of the agent, 

the corresponding operation status or reliability can be evaluated using the predicted 

NPEM. The average predicted positioning error of the grid points within a range of 10 

m nearby the SM solution of an agent is heuristically used to represent the 

corresponding positioning performance. An agent with a predicted error below 5 m is 

regarded as a healthy agent; otherwise, it is regarded as a degraded agent. One of the 

healthy agents is selected as the anchor and collaborates with each degraded agent. The 

collaboration will not be applied when no healthy agent exists. 
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Figure 4-6 Flowchart of the anchor-based collaborative positioning during the 

proposed algorithm. 

 

Then, two steps are performed to conduct the proposed collaborative 

positioning: (Step 1) anchor-based positioning and (Step 2) complementary integrated 

positioning.  

For Step 1, because neither the LS nor the SM provides a reliable positioning 

solution for the degraded agent, an alternative positioning approach is to rely on 

information from other healthy agents. Based on the absolute positioning of the anchor, 

which is predicted to be reliable, and the preceding relative positioning estimation 

between the anchor and the target agent with multipath and NLOS mitigation, the 

absolute position of the target agent with severe degradation in the urban area can be 

determined by 

 

𝐱𝐷𝐷,𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑 = 𝐱𝑆𝑀,ℎ𝑒𝑎𝑙𝑡ℎ𝑦 + ∆𝐱𝐷𝐷,ℎ𝑒𝑎𝑙𝑡ℎ𝑦−𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑          (4-7) 

 

where 𝐱𝑆𝑀,ℎ𝑒𝑎𝑙𝑡ℎ𝑦  is the absolute positioning solution from SM and 

∆𝐱𝐷𝐷,ℎ𝑒𝑎𝑙𝑡ℎ𝑦−𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑 the preceding relative positioning estimation from the anchor to 

the target degraded agent. Then, the position of the target agent can be obtained, 

mitigating the multipath and NLOS errors. 
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 For Step 2, the position estimation of the target agent from Step 1 will be further 

integrated with the target agent’s own SM solution by applying an average in-between 

as follows: 

 

𝐱𝑆𝑀−𝐶𝑃,𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑 =
1

2
(𝐱𝐷𝐷,𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑 + 𝐱𝑆𝑀,𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑)          (4-8) 

 

Interestingly, this integration of anchor-based estimation and SM estimation is 

complementary, as their uncertainty ellipsoids can be distributed with a very different 

orientation. The complementary characteristic can be illustrated by the example shown 

in Figure 4-7. SM is popular for providing accurate positioning solutions in the cross-

street direction, whereas it has a larger uncertainty in the along-street direction (blue 

markers). On the other hand, the estimation from Step 1 is based on the clear 

pseudorange measurements, which are more likely to have a better distribution in the 

along-street direction, as most of the sky view in the cross-street direction has been 

blocked by buildings. Hence, after excluding the NLOS receptions, Step 1 achieved a 

much better positioning accuracy in the along-street direction compared to the cross-

street direction (red markers). Therefore, the estimations from SM and Step 1 have an 

orthogonal error distribution, ideal for integration. However, the distributions of these 

two solutions may not be orthogonal, which requires additional estimations on the 

orientation that has better accuracy. Therefore, in the proposed algorithm, an equal-

weighted average is applied for integration to evaluate the potential of improving the 

positioning accuracy preliminarily. 

 

 

Figure 4-7 Illustration of the complementary characteristics about the 

orthogonal uncertainty ellipsoids from the SM estimation and the DD-based 

estimation by Step 1. The blue and red colors denote the SM and Step 1 

estimation, respectively. 
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4.2 Performance Assessment  

The proposed collaborative positioning algorithm with 3DMA GNSS SM was validated 

by static and dynamic experiments in an urban area, as introduced in Section 3.3.1.  

4.2.1 SM-based Satellite Visibility Estimation Performance  

NLOS measurements are excluded during the proposed algorithm by the satellite 

visibility estimation on the SM solution and the corresponding skymask. The SM-based 

satellite visibility estimation performance is evaluated to verify its sufficiency on 

NLOS exclusion. The visibility estimation accuracy is calculated by the correct 

classification ratio (including LOS and NLOS) among all received measurements. The 

estimation performances for different agents during the static and dynamic experiments 

are shown in Figure 4-8 and summarized in Table 4-1. For most of the agents, the 

average accuracies are over 0.85. Although the visibility estimation accuracy is slightly 

reduced for the agents in the urban area, the lowest average accuracy from a dense urban 

area is still over 0.77. Note that in a few epochs, the visibility prediction accuracy may 

drop to around 0.2. This is probably due to the multi-modal issue of SM. The weighted-

average SM solution with clusters of matched candidates falls to an unmatched position, 

resulting in an incorrect visibility estimation. A potential solution is to apply a 

candidate-based satellite visibility estimation rather than rely on the SM final solution 

[122]. A detailed discussion can be found in [123]. 
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Figure 4-8 Satellite visibility prediction accuracy based on SM solution during 

(a) static experiment, and (b) dynamic experiment. 

 

Table 4-1 Averaged satellite visibility prediction accuracy  

Agent 1 2 3 4 5 

Static 

Experiment 
0.934 0.966 0.863 0.909 - 

Dynamic 

Experiment 
0.998 0.996 0.873 0.843 0.779 

 

4.2.2 Agent Reliability Prediction during the Static Test  

The positioning reliability of different collaborating agents is predicted to select the 

anchor during the proposed 3DMA GNSS collaborative positioning with SM in the 

static test. The positioning error predicted by the proposed method is compared with 

the standard LS positioning error for different agents in Figure 4-9, according to the 

SM solution on the predicted NPEM from the RT simulation. The corresponding 

averaged errors and classification results are listed in Table 4-2. 
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Figure 4-9 GNSS positioning horizontal error predicted from the NPEM 

compared with the LS estimation from real measurements for Agents 1–4 

corresponding to subplots (1)–(4). 

 

Table 4-2 Averaged positioning horizontal error (m) from LS estimation and the 

predicted NPEM for each agent and the classification result 

Agent 1 2 3 4 

LS (m) 3.4 3.8 14.2 29.1 

NPEM (m) 3.1 2.9 6.6 16.3 

Class Healthy Healthy Degraded Degraded 

 

As the result shows, the error prediction is lower than the actual positioning 

error from the LS method. The RT simulation only considering NLOS error may 

underestimate the overall positioning error possibly degraded by the multipath effect. 

However, this coarse error prediction from NPEM still represents the reliability of 

different agents to some extent during collaborative positioning, which can be 

employed to distinguish healthy agents from degraded agents. According to the error 

threshold of 5 m, Agents 1–2 are classified as healthy agents while Agents 3–4 are 

classified as degraded agents with severe reflection interferences consistent with their 

surrounding environment. Then, Agent 1 is employed as an anchor to aid the 

positioning of other degraded agents during collaborative positioning. 

4.2.3 Positioning Performance of the Static Test  

The performance of the proposed 3DMA GNSS collaborative positioning with SM was 

assessed and compared with the following five methods: 
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1) LS: Standard LS positioning method; 

2) SM: Shadow matching; 

3) CP: Conventional collaborative positioning based on double layers CC (the 

method in Chapter 3); and 

4) SM-CP: The proposed 3DMA GNSS collaborative positioning with SM. 

The positioning performances of different methods for the degraded Agent 4 

during the static experiment are shown in Figure 4-10, including its true location. The 

corresponding epoch-wise positioning errors are illustrated in Figure 4-11. The 

positioning errors in terms of RMSE are summarized in Table 4-3.  

 

 

Figure 4-10 Positioning results for Agent 4 in a dense urban area from LS, SM, 

CP, and SM-CP. 

 

Figure 4-11 Epoch-wise horizontal positioning errors of Agent 4 from LS, SM, 

CP, and SM-CP. 
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Table 4-3 Horizontal positioning RMSE (m) of Agents 2–4 from different 

methods during the static experiment 

Agent 2 3 4 

LS 5.0 14.7 30.9 

SM 5.5 17.4 31.8 

CP 2.9 30.3 58.6 

SM-CP 4.7 14.6 22.1 

 

From the results of Agent 4, the standard LS method has a large bias compared 

to the truth, namely, an RMSE of 30.9 m. In this dense urban area with minimal sky 

visibility, most of the measurements would be degraded by NLOS receptions or 

multipath effects. Therefore, the CC algorithm may fail to detect outliers, or even worse, 

mistakenly detecting LOS measurements as outliers for exclusion, leading to a poor 

positioning performance of CP with 58.6 m an RMSE. By employing visibility 

information rather than the pseudoranges (only for initialization) for positioning, the 

SM avoids positioning degradation due to the NLOS error in the pseudorange 

measurement, improving the cross-street positioning accuracy, as Figure 4-10 shows. 

Note that the matching score in the threshold-based SM algorithm here [106] is less 

sensitive to the variation of 𝐶 𝑁0⁄ , resulting in similar solutions in some periods. 

Although it provides an accurate solution in the cross-street direction, its along-street 

error is still significant and unsatisfactory, introducing an RMSE of over 31.8 m. The 

proposed algorithm employs a skymask from the SM solution to adequately exclude 

the NLOS measurements. The NLOS-excluded measurements are applied with DD-

based relative positioning with a CC to eliminate common errors and mitigate multipath 

errors. Then, by the complementary collaboration of the position information of the 

classified anchor and target agent, the proposed SM-CP achieves the best accuracy with 

an RMSE of 22.1 m. Note that the LOS satellite number could be very limited in a 

dense urban area, resulting in a poor observation geometry for estimation after applying 

the visibility-based NLOS exclusion. By abandoning those poor solutions with the 

horizontal dilution of precision (HDOP) over five, the overall RMSE of SM-CP can be 

improved to 16.2 m with 69.8% solution availability. 

For Agent 2 in a nearly open-sky area, the proposed SM-CP can maintain its 

positioning accuracy, not being degraded when collaborative positioning is not applied. 
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However, the proposed SM-CP is unable to improve positioning accuracy. This is 

probably because the agent is close to a bridge, not included in the 3D building model. 

Thus, the reflected measurements from satellites being blocked by the bridge cannot be 

excluded by 3DMA GNSS and degrade the final positioning performance. 

4.2.4 Positioning Performance of the Dynamic Test  

Another dynamic experiment was conducted in a similar urban environment to validate 

the proposed 3DMA GNSS collaborative positioning algorithm. In this experiment, 

Agents 1 and 2 are classified as healthy agents by the corresponding predicted NPEM, 

with predicted NLOS positioning errors of around 0.1 and 1.2 m, respectively. 

Meanwhile, Agents 3, 4, and 5 are predicted with 34.9-meter, 29.0-meter, and 6.6-meter 

errors, classified as degraded agents to be improved by collaborating with healthy 

agents. Note that Agent 5 is in a narrow street with tall buildings on both sides, where 

a double reflection is more likely than a single reflection to occur according to the 

geometry. Thus, the NPEM only considering single reflections may underestimate its 

positioning error. Here, Agent 1 will be employed as the anchor to collaborate with the 

degraded Agents 3–5 and aid their positioning. The positioning results from different 

methods are shown in Figure 4-12 for the degraded Agents 3–5, and the corresponding 

performances in terms of RMSE are summarized in Table 4-4. The positioning errors 

from the proposed SM-CP are reduced compared to the standard LS method and are 

much smaller than those from SM or CP. Here, CP estimations have enormous errors 

(over 40 meters) in a few epochs, resulting in an RMSE larger than the visualization in 

Figure 4-12. For Agent 5, the proposed SM-CP with complementary integration 

improves the positioning performance to an RMSE of 18.1 m, improving 60% of 

accuracy from conventional LS. Unfortunately, the proposed SM-CP failed to achieve 

satisfactory improvement on Agent 3, probably because of the limitation of 3DMA 

GNSS in modeling the interference from bridges and trees, as Figure 4-13 shows. Note 

that the proposed complementary integration (Equation 4-6) is not effective when either 

the SM or Step 1 estimation has a very different error magnitude. The equal-weighted 

averaging method cannot properly make use of the error distribution or accuracy 

direction of different solutions, resulting in poor integrated positioning accuracy for 

this case. 
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Figure 4-12 Positioning results from the positioning algorithms of LS, SM, CP, 

and SM-CP for: (a) Agent 3 in the middle between buildings; (b) Agent 4 close to 

the building; and (c) Receiver 5 on a narrow street closed to buildings. 

 

 

Figure 4-13 The environment of Agent 3 during the dynamic experiment. 

 

Table 4-4 Horizontal positioning RMSE (m) of Agent 2-5 from different methods 

during the dynamic experiment 

Agent 2 3 4 5 

LS 2.0 14.6 25.3 46.5 

SM 2.3 23.7 18.5 20.6 

CP 2.7 19.5 11.1 51.9 

SM-CP 2.4 14.7 12.0 18.1 

 

4.3 Summary 

In this chapter, a novel 3DMA GNSS collaborative positioning algorithm is proposed 

to improve the positioning performance in a dense urban area. Based on the shadow-
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matching positioning mechanism, the sky visibility of its solution can be employed to 

guide NLOS detection and exclusion. NLOS-excluded measurements with CC were 

used to apply DD-based relative positioning between the collaborating agents. After 

using the predicted positioning status to select reliable agents as the anchor, a 3DMA 

GNSS collaborative positioning method is developed to obtain a better positioning 

solution for the degraded agents in the urban area. Both the static and dynamic real 

experiments show that the proposed algorithm can mitigate NLOS errors during 

positioning and achieve the best performance compared to LS, SM, and CP methods. 

 In dense urban areas, most of the sky view might be blocked by buildings, 

resulting in severe NLOS receptions. By excluding the NLOS measurements, the 

satellite measurement geometry could be severely distorted for multilateration, 

resulting in poor accuracy. On the other hand, the anchor-based method can be severely 

degraded when selecting a poor anchor. It is necessary to employ an optimization 

technique to automatically search for the best solution from all available information to 

improve robustness.  
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5. 3DMA GNSS COLLABORATIVE POSITIONING WITH NLOS 

UTILIZATION  

As mentioned in Chapter 4, by employing the 3D building model information, the 

positioning accuracy can be improved by positioning via additional information (e.g., 

satellite visibility) and mitigating NLOS errors. However, two major issues still exist 

that limit the performance improvement. One is the degradation of satellite geometry 

for positioning. The number of LOS measurements is already limited for a single agent 

in an urban area; it is even more limited to be visible for two agents to apply 

collaborative positioning. Figure 5-1 shows that only two shared satellites (10 and 93) 

are visible for agents A and B for collaborative positioning. Even for a multi-

constellation receiver, only a limited area of sky-view is unobstructed, resulting in a 

significant positioning uncertainty from the poor geometry of LOS satellites. The other 

issue is that the anchor-based positioning method is sensitive to the performance of the 

anchor. If a degraded agent is mistakenly classified as an anchor, the collaborative 

positioning accuracy based on a single anchor will be significantly degraded. Thus, the 

proposed method in Chapter 4 is not robust and unable to make use of redundant 

information from other healthy agents. 

  

 

Figure 5-1 Example of the status of the GNSS measurements (GPS and Beidou) 

being received by different agents in the urban area. The green and red dots in 

the sky-plot denote the LOS and NLOS measurements, respectively. Grey areas 

indicate the sky-view being blocked by buildings. 
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In this chapter, an improved 3DMA GNSS collaborative positioning using 

3DMA GNSS RT and FGO is developed to solve the preceding limitations and obtain 

satisfactory positioning solutions for agents in urban areas. Similar to the hypothesis 

matching process of SM, the 3DMA GNSS RT conducts localization by finding the 

candidate position with the simulated pseudoranges that are most consistent with the 

measured pseudoranges. The measured pseudoranges were directly collected from the 

receiver, whereas the simulated pseudoranges were obtained based on the 3D building 

model and signal propagation geometry, including the modeling of the NLOS error due 

to the reflection delay. The NLOS delay in pseudorange, in turn, becomes an additional 

feature in the matching process, aiding positioning. Therefore, instead of using SM to 

exclude NLOS measurements, the proposed algorithm employs 3DMA GNSS RT to 

utilize the NLOS reception for positioning to relieve the measurement number 

limitation in the urban area.  

On the other hand, among the different optimization methods, FGO has been 

widely applied in the field of autonomous driving systems because of the following 

benefits [124]: 1) using a batch of data considering all historical information to improve 

the robustness while maintaining an acceptable computational load; 2) providing a 

straightforward optimization architecture for collaborative positioning to integrate 

different kinds of information from a large number of agents during estimation. 

Therefore, FGO is suitable for 3DMA GNSS collaborative positioning, which has 

nonlinear issues, time dependency, and computational difficulties for a large 

collaborating network. Instead of using the anchor-based collaborative positioning 

method, the proposed algorithm collects all available absolute and relative position 

information from different agents to apply graph optimization to make full use of the 

redundant information besides the selected anchor and improve the system’s robustness.  

Extended from the preceding algorithm (Chapter 4), a novel 3DMA GNSS 

collaborative positioning integrating 3DMA GNSS RT and DD-based estimation is 

developed based on their complementary characteristics (discussed in Section 1.1 and 

Section 2.3.3), aiming to achieve accurate and robust positioning solutions for the 

agents in urban areas. 
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5.1 Methodology 

5.1.1 System Architecture 

The system architecture of the proposed 3DMA GNSS collaborative positioning with 

RT is shown in Figure 5-2. The overall positioning procedure can be separated into two 

parts: 1) off-line parts that pre-generate and store all necessary information from the 

RT simulation into a central database, and 2) online parts that apply the collaborative 

positioning for different agents based on the database. 

 

 

Figure 5-2 System architecture of the proposed 3DMA GNSS collaborative 

positioning with RT. The blocks in the yellow background are off-line parts that 

can be pre-processed and stored in a central server.  

 

 The main task of the off-line parts is to generate all possible RT simulation 

results to reduce the computational load for real applications. The heavy computational 

load is a major issue that limits the application of 3DMA GNSS RT for practical 

applications in portable devices. The RT algorithm searches for legitimate signal 

propagation paths obeying the law of reflection from all available surfaces in the 3D 

building model. In this study, a 560 m by 420 m searching area with building models 

is considered for RT, covering the TST East in Hong Kong. The searching process 
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requires a large computational load in an area with a number of buildings, which may 

also be approximately described by the number of surfaces in the level-of-detail-1 

(LoD-1). The computational load even becomes massive for 3DMA GNSS 

collaborative positioning, which is proportional to the number of collaborating agents 

applying RT. A practical approach would be applying the proposed collaborative 

positioning algorithm in a centralized server, in which the RT simulation database is 

pre-generated and stored to reduce the computation load. Then, final positioning 

solutions from the server are feedback to different collaborating agents.  

 For the off-line parts, the area applying the proposed collaborative positioning 

algorithm is first gridded with points representing the candidate agent locations based 

on the digital terrain model, similar to the SM griding in Section 4.1.2. Here, the area 

is gridded with a 2-m resolution as Chapter 4. Based on the data storage method in 

[109], the sky view on each grid point can also be divided into a table according to 

elevation angles and azimuth angles, for example, a 90-by-360 table with one-degree 

resolution at 1–90 elevation angles and 1–360 azimuth angles. Then, each cell in the 

table can be used to represent a satellite with the corresponding elevation and azimuth 

angles. Based on the satellite elevation and azimuth angle, together with the 3D building 

model, the RT algorithm can simulate the reflection delay from the surrounding 

environment for this satellite, stored in the corresponding cell of the table. By applying 

RT with different elevation and azimuth angles for a grid point, a table with cells 

containing the delay information of the satellite coming from all directions ca7n be 

obtained, namely the sky-table of reflection. Then, each grid point can apply RT 

multiple times to obtain the corresponding sky-table of reflection, forming a database 

of grids with simulated LOS/NLOS delays (sky-tables of reflection). When an agent 

(or multiple agents) conducts positioning, it only needs to look for RT simulated delays 

in the database according to the elevation and azimuth angles on the received satellites. 

Moreover, this database can also be used to simulate ranges for positioning evaluation 

and generate the predicted NPEM mentioned in Section 4.1.3. 

 On-line parts can also be applied following the centralized architecture, where 

the agents upload their measurements and request the proposed collaborative 

positioning solution from the server. After all the collaborating agents uploaded their 

GNSS raw measurements to the central server, the 3DMA GNSS RT positioning is first 

applied to estimate the absolute position of each agent. The dynamics of the agent can 

also be estimated by the displacement calculated from the Doppler shift measurements. 
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The grids applying the RT positioning and the corresponding delay information will be 

further employed to apply the proposed grid-based 3DMA GNSS relative positioning, 

complementarily integrating the DD method and RT algorithm to mitigate most types 

of errors. Finally, as the online process of Figure 5-2 shows, the absolute position 

information of each agent (red), relative position information between agents (green), 

and inter-epoch dynamic information of each agent (blue) from the current and 

historical epochs are collected as constraints with the reliability based on the predicted 

NPEM and applied with the FGO to obtain the optimal position solution for each 

collaborating agent. The database can be substituted by real-time RT simulation if the 

computation load is permitted. 

 

5.1.2 Absolute Positioning based on 3DMA GNSS RT 

In the proposed 3DMA GNSS collaborative positioning algorithm, 3DMA GNSS RT 

positioning was based on a standard approach in [28]; it determines the agent’s location 

by finding the grid point from all candidates with the simulated pseudorange 

measurement, which is most consistent with the actual received measurement. Here, 

the simulated pseudorange can be obtained from the database with the sky-table of 

reflection pre-generated offline. 

5.1.2.1 Reflected GNSS Measurement/Delay Simulation  

Similar to the hypothesis matching process of SM, RT positioning requires the 

simulated pseudorange measurements at different locations beforehand, including the 

reflection delay being used as the important pattern. The reflection delay in the 

pseudorange can be simulated via the law of reflection and the legitimacy of the signal 

propagation geometry. 

 Normally, the GNSS signal propagates along an LOS line to the receiver of the 

agent. However, in an urban area, the GNSS signal can be reflected and received by the 

receiver with a certain delay if the reflection geometry is legitimate, following the law 

of reflection. As Figure 5-3 shows, according to the law of reflection, a legitimate 

propagation path of a reflected signal has an angle of incidence equal to the angle of 

reflection. For the 3D building model with LoD-1, the building is represented by 

multiple finite planes perpendicular to the ground. Based on the reflection geometry, 

the reflection point can be determined by the intersection between the building plane 
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and line that connects the mirrored receiver location with respect to the building plane, 

as Figure 5-3 shows. If the intersection is outside the building plane, the reflection point 

is not legitimate. The reflection path can be traced from the satellite to the reflection 

point and finally to the receiver. 

 

 

Figure 5-3 Example of the RT simulation to obtain the reflection information. 

 

 With the number of buildings having multiple surfaces, there may be multiple 

legitimate reflection paths from the satellite to the receiver. In the proposed algorithm, 

it is assumed that the reflection path with the shortest total propagation length is 

regarded as the dominating reflection path to represent the NLOS reception. Note that 

the RT simulation in this study only considers a single reflection for NLOS receptions, 

in which the interferences between multiple reflections are not considered. 

 For satellites 𝑖 and receivers 𝑛, the GNSS pseudorange measurement can be 

simulated by three types: solely the signal (LOS), multipath with one direct signal and 

one reflected signal (MP), and only the reflected signal (NLOS). The LOS case 

represents a healthy signal without any delay. For the NLOS case, the pseudorange 

measurement contains an error equal to the reflection path delay in addition to the direct 

propagation path. For the MP case, the error in the pseudorange measurement depends 

on the interaction between signals, requiring additional information about the phase 

difference, strength difference, and correlator design. Note that the modeling of signal 

phase requires precise receiver position at centimeter-level, which is not supported by 

the RT in this study using meter-level grids. Multipath error can be bounded by the 

correlator design and is usually much smaller than the NLOS error with a single 
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reflection. For simplicity, during the 3DMA GNSS positioning or related techniques, 

the multipath delay on the pseudorange will be treated the same as in the LOS case. 

Therefore, different types of GNSS ranging measurements (including multipath and 

NLOS errors) can be simulated based on the signal propagation geometry, as follows: 

 

𝐿𝑛
𝑖 = {

‖𝐱𝑛 − 𝐱
𝑖‖, 𝑖 ∈ 𝐿𝑂𝑆

‖𝐱𝑅𝑃 − 𝐱
𝑖‖ + ‖𝐱𝑛 − 𝐱𝑅𝑃‖, 𝑖 ∈ 𝑁𝐿𝑂𝑆

‖𝐱𝑛 − 𝐱
𝑖‖, 𝑖 ∈ 𝑀𝑃

  (5-1) 

 

where 𝐱𝑖  and 𝐱𝑛  are the position of the 𝑖𝑡ℎ  satellite and the position of the 𝑛𝑡ℎ  grid 

point, respectively; 𝐱𝑅𝑃  denotes the reflection point position. Then, the pseudorange 

error term from NLOS reception can be derived by comparing it with the direct range 

from satellite to agent, as follows: 

 

𝜖�̂�
𝑖 = 𝐿𝑛

𝑖 − 𝑟𝑛
𝑖                 (5-2) 

 

where 𝜖�̂�
𝑖  is the predicted pseudorange error due to the NLOS reception from the 𝑖𝑡ℎ 

satellite to the 𝑛𝑡ℎ grid point. The GNSS reflection error information in this area can be 

simulated for later use by applying the RT simulation to different grid points according 

to the sky-table of reflection. 

5.1.2.2 3DMA GNSS RT Positioning 

Although the reflection delay can be simulated by the RT algorithm, it cannot be 

directly used to correct the degraded measurements to recover the accuracy because the 

agent’s actual location is unknown. A feasible positioning approach, such as SM, is 

used to determine the position using the simulation/measurement matching process. To 

eliminate the influence of receiver clock bias on the matching process, the single-

differenced measurement observation based on a selected master satellite is usually 

used, derived as follows: 

 

�̃�𝑖 = 𝜌𝑖 − 𝜌𝑚     (5-3) 
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where the superscript 𝑚 denotes the index of the master satellite, which is the satellite 

with the highest elevation angle (as Section 3.2.1). In contrast, the single-differenced 

simulation observation from RT can be derived by:  

 

�̂�𝑛
𝑖 = 𝐿𝑛

𝑖 − 𝐿𝑛
𝑚                 (5-4) 

 

Then, the matching score between the measurements and simulations for each 

grid point (candidate agent location), representing the consistency, can be evaluated by  

 

Λ𝑛 = 𝑒
−(∆𝑠𝑛−∆𝑠𝑚𝑖𝑛)/(∆𝑠𝑚𝑎𝑥−∆𝑠𝑚𝑖𝑛)               (5-5) 

 

∆𝑠𝑛 =
∑ |�̂�𝑛

𝑖 −�̃�𝑖|𝑖

𝐼𝑛
                (5-6) 

 

where ∆𝑠𝑛 is the average difference between the single-difference observations from 

the measurement and simulation; ∆𝑠𝑚𝑖𝑛 and ∆𝑠𝑚𝑎𝑥  are the minimum and maximum 

values of ∆𝑠𝑛 among all the considering grid points, respectively, which were used for 

re-scaling; 𝐼𝑛  is the total number of satellites considered for each grid besides the 

master satellite. Here, an exponential function is used to convert the difference into a 

weighting such that the lower difference, the higher weighting. The grid points with the 

top 10% matching score are employed to estimate the agent’s position through a 

weighted averaging approach to mitigate the influence from low score grids, as follows: 

 

�̂�𝑅𝑇 =
∑ Λ𝑛∗∙𝐱𝑛∗𝑛∗

∑ Λ𝑛∗𝑛∗
                (5-7) 

 

where the subscript 𝑛∗ denotes the index of the selected grid points, and 𝐱𝑛∗ denotes 

the position of the selected grid points. Therefore, NLOS receptions become features 

during the matching process, further aiding positioning in urban areas. 

 

5.1.3 Relative Positioning based on 3DMA GNSS RT 

As mentioned in the preceding chapters, the conventional DD-based relative 

positioning cannot mitigate the distinctive multipath or NLOS reception error, leading 
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to enormous errors during collaborative positioning. A promising approach is to 

integrate the DD-based relative positioning with 3DMA GNSS RT to improve the 

positioning performance. Therefore, a novel hypothesis-based 3DMA GNSS 

positioning method, extending from single-difference observation to DD observation, 

is proposed to estimate the relative position between agents. The estimation procedures 

are summarized in Figure 5-4. 

 

 

Figure 5-4 Flowchart of the proposed hypothesis-based 3DMA GNSS relative 

positioning method. 

 

During the estimation, sets of grid points 𝕒 and 𝕓 are selected for agent a and 

agent b, respectively. If a simulated observation of the selected grid (𝑛𝑎 ∈ 𝕒) contains 

NLOS receptions, the corresponding NLOS error correction 𝜖�̂�𝑎
𝑖  is obtained according 

to the RT result (Equation 5-2) from the database. Considering all available 

observations, the NLOS error correction vector is denoted as �̂�𝑛𝑎,𝑁𝐿𝑂𝑆. Note that, the 

NLOS error correction vector from RT is distinctive to each grid point. The corrected 

range observations for this selected grid point can be obtained by 

 

�̂�𝑛𝑎
𝑖 = �̃�𝑎

𝑖 − 𝜖�̂�𝑎,𝑁𝐿𝑂𝑆
𝑖                  (5-8) 

 

where �̃�𝑎
𝑖  is the received pseudorange measurement from satellite 𝑖 to agent 𝑎. A grid 

point closer to the agent’s true position is more likely to obtain an appropriate correction. 
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Then, as Figure 5-5 shows, the relative position between agents is estimated by the DD 

based on the correction corresponding to different grid points, to mitigate the NLOS 

reception error. The DD observation between agents 𝑎 and 𝑏 corrected by the RT result 

from their corresponding grid points 𝑛𝑎 and 𝑛𝑏 can be derived using 

 

𝑑𝑛𝑎𝑛𝑏
𝑖𝑚 = (�̂�𝑛𝑏

𝑚 − �̂�𝑛𝑏
𝑖 ) − (�̂�𝑛𝑎

𝑚 − �̂�𝑛𝑎
𝑖 )                (5-9) 

 

Following the standard DD estimation procedures in Section 3.1.2, the relative 

position can be obtained by   

 

∆�̂�𝑛𝑎𝑛𝑏 = (𝚮
T𝚮)−1𝚮T𝐝𝑛𝑎𝑛𝑏                 (5-10) 

 

where 𝐝𝑛𝑎𝑛𝑏 is the vector that incorporates the NLOS-error-corrected DD observation 

from different satellites. Here, the DD estimation is applied with the consistency check 

(Section 3.2.2) to mitigate the outliers from multipath effects. In the proposed algorithm, 

it is assumed that, if both the selected grid points corresponding to two agents are close 

to their true locations, the preceding relative positioning estimation ∆�̂�𝑛𝑎𝑛𝑏 , with 

appropriate corrections, will be close to the true relative position in-between, also 

consistent with the relative position between the selected grid points. In contrast, if the 

selected grid point from either agent 𝑎 or 𝑏 is far away from the agent’s true location, 

the RT correction of that grid point will be incorrect, leading to a fault relative 

positioning estimation that is less likely consistent with the actual relative position 

between the two selected grid points. This consistency in the relative position can be 

evaluated using an indicator as follows: 

 

𝛿Δ𝐱(𝑛𝑎,𝑛𝑏) = ‖(𝐱𝑛𝑏 − 𝐱𝑛𝑎) − Δ�̂�𝑛𝑎𝑛𝑏‖               (5-11) 

 

If this assumption holds, the weighting indicating how the information from 

each pair of grids matches with the actual observations can be estimated using the DD 

estimation, similar to Equation 5-5, as follows:  

 

Λ(𝑛𝑎,𝑛𝑏) = 𝑒
−[

(𝛿Δ𝐱(𝑛𝑎,𝑛𝑏)
−𝛿Δ𝐱𝑚𝑖𝑛)

(𝛿Δ𝐱𝑚𝑎𝑥−𝛿Δ𝐱𝑚𝑖𝑛)
]

               (5-12) 
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𝛿Δ𝐱𝑚𝑖𝑛 = 𝑚𝑖𝑛
𝑛𝑎∈𝕒,𝑛𝑏∈𝕓

{𝛿Δ𝐱(𝑛𝑎,𝑛𝑏)}    (5-13) 

 

𝛿Δ𝐱𝑚𝑎𝑥 = 𝑚𝑎𝑥
𝑛𝑎∈𝕒,𝑛𝑏∈𝕓

{𝛿Δ𝐱(𝑛𝑎,𝑛𝑏)}                (5-14) 

 

where Λ(𝑛𝑎,𝑛𝑏)  is the matching score of the paired grids 𝑛𝑎  and 𝑛𝑏 . The total set 

containing all pairing combinations of the grid points selected from agents 𝑎 and 𝑏 is 

denoted by: 

 

𝐏𝐚𝐢𝐫 = {(𝑛𝑎, 𝑛𝑏)}, ∀𝑛𝑎 ∈ 𝕒, 𝑛𝑏 ∈ 𝕓                (5-15) 

 

The variables 𝛿Δ𝐱𝑚𝑖𝑛  and 𝛿Δ𝐱𝑚𝑎𝑥  are the minimum and maximum of the 

estimated consistency indicator, respectively, among all pairs; they are employed to 

rescale the consistency indicator when prioritizing pairs based on the matching score. 

The higher matching score (lower variation) of a pair indicates a higher possibility that 

this pair reflects the true relative position between the corresponding agents. Analogous 

to single-agent positioning in Equation 5-7, a weighted averaging method is applied to 

the pairs with the top 1% likelihood to determine the relative position between agents, 

as follows: 

 

Δ�̂�𝑎𝑏 = (∑ Λ𝑝𝑎𝑖𝑟∗ ∙ Δ𝐱𝑝𝑎𝑖𝑟∗𝚸𝐚𝐢𝐫∗ ) ∑ Λ𝑝𝑎𝑖𝑟∗𝚸𝐚𝐢𝐫∗⁄   (5-16) 

 

where the subscript 𝑝𝑎𝑖𝑟∗ is a subset of the total selected top 1% pair sets 𝚸𝐚𝐢𝐫∗. By 

integrating the 3DMA GNSS RT and DD estimation via a likelihood-based approach, 

NLOS receptions can be utilized as features to improve the relative positioning in urban 

areas. 
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Figure 5-5 Example of grid pair selection from two groups of grid points during 

the relative positioning between agents 𝒂 and 𝒃. 

 

5.1.4 Collaborative Positioning using Factor Graph Optimization 

As discussed in Chapter 4, the anchor-based method may not be robust and reliable, 

depending on the correctness of the anchor selection. Therefore, instead of relying 

solely on the anchor, an optimization architecture using all available information is 

employed in the final step of the proposed 3DMA GNSS collaborative positioning 

algorithm. The absolute position estimation for different agents (by 3DMA GNSS RT 

positioning), the relative position estimation between agents (by the proposed relative 

positioning integrating 3DMA GNSS and DD), and the inter-epoch displacement of 

individual agents (by the velocity estimated from Doppler shift measurement) are 

employed as constraints to apply FGO. The optimization is applied to the East–North 

(horizontal) plane of the local coordinate based on the open-source toolbox (gtsam-

toolbox-3.2.0) [125], assuming all the collaborating agents are on the ground. 

5.1.4.1 Factor Graph Construction   

The factor graph for the optimization in the proposed 3DMA GNSS collaborative 

positioning is shown in Figure 5-6. Here, the black nodes represent the absolute 

positions of the collaborating agents that need to be optimized, denoted by 𝐱𝑎,𝑡  for 

agent 𝑎 at epoch 𝑡. The red edge represents the one-side absolute position constraint to 

the individual agent from the 3DMA GNSS RT positioning, denoted by �̂�𝑎,𝑡. The green 

edge represents the two-side position constraint from the proposed relative positioning 

(Equation 5-16) that integrates the RT and DD, denoted by ∆�̂�𝑎𝑏,𝑡 between agents 𝑎 
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and agent 𝑏  at epoch 𝑡 . The blue edge represents the two-side position constraint 

between adjacent epochs (𝑡 and 𝑡 + 1) from the displacement estimated by the Doppler 

shift measurement, Δ�̂�𝑎,𝑡→𝑡+1, derived by 

 

Δ�̂�𝑎,𝑡→𝑡+1 = �̂�𝑎,𝑡 ∙ ∆𝑡                (5-17) 

 

�̂�𝑎,𝑡 = (𝐆
T𝐆)−1𝐆T𝐟𝑎,𝑡               (5-18) 

 

where �̂�𝑎,𝑡 is the velocity of agent 𝑎 estimated by its GNSS Doppler shift measurement 

𝐟𝑎,𝑡  (after satellite clock drift compensation); ∆𝑡  is the interepoch time difference. 

During the operation, new measurements from different agents are used to derive new 

constraints to extend and update the factor graph while maintaining the historical 

constraints. Note that the displacement constraint with over 20 m/s velocity difference 

compared to the displacement constraint from the previous epoch is considered invalid 

and replaced by the previous epoch’s constraint to avoid extreme errors. By considering 

all available constraints through space and time, the final position for each collaborating 

agent can be optimized with a more accurate and robust performance.  

 

 

Figure 5-6 Factor graph for the proposed 3DMA GNSS collaborative positioning 

with RT. Nodes need to be optimized are denoted as black circles. Lines (edges) 

with different colors denote different types of constraints, including 3DMA 

GNSS absolute positioning (red) and relative positioning (green) and inter-epoch 

displacement (blue) estimations. 
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5.1.4.2 Constraint Uncertainty Evaluation 

Among the number of constraints during the FGO, some may not be reliable and 

degrade the optimization performance, especially for the constraints related to the agent 

in a dense urban area. Hence, FGO also considers the reliability of each constraint to 

ensure robustness. In the proposed algorithm, the predicted NPEM (introduced in 

Section 4.1.3) was employed to evaluate the reliabilities of different agents in the urban 

area and their associated constraints. Instead of the binary classification in Section 4.1.3, 

the predicted NPEM was used to quantitatively evaluate the reliability of different 

constraints.  

The predicted NPEM for location 𝐱𝑎 can be represented by 

 

𝑁𝑃𝐸𝑀(𝐱𝑎) = [
ℰ𝐱𝑎
𝑒𝑎𝑠𝑡

ℰ𝐱𝑎
𝑛𝑜𝑟𝑡ℎ]                (5-19) 

 

where ℰ𝐱𝑎
𝑒𝑎𝑠𝑡 and ℰ𝐱𝑎

𝑛𝑜𝑟𝑡ℎ are the LS estimation errors (similar to Equation 4-4) in the East 

and North directions, respectively. Based on the 3DMA GNSS RT positioning result, 

�̂�𝑎, the predicted errors of the grid points adjacent to �̂�𝑎 within a certain range 𝑙 are 

used to evaluate the corresponding reliability. Similar to Section 4.1.4, 𝑙 = 10 m is used 

to deal with location uncertainty, since the true location is unknown. Thus, the predicted 

east (or north) error for the agent 𝑎 can be represented by the mean of the east (or north) 

errors of the grid points nearby �̂�𝑎 within the range 𝑙, using 

 

ℰ�̅�
𝑒𝑎𝑠𝑡 = mean

‖𝐱𝑛𝑎−�̂�𝑎‖≤𝑙
(ℰ𝐱𝑛𝑎

𝑒𝑎𝑠𝑡) 

ℰ�̅�
𝑛𝑜𝑟𝑡ℎ = mean

‖𝐱𝑛𝑎−�̂�𝑎‖≤𝑙
(ℰ𝐱𝑛𝑎

𝑛𝑜𝑟𝑡ℎ)    (5-20) 

 

where 𝐱𝑛𝑎  is the position of a grid point 𝑛𝑎  fulfills ‖𝐱𝑛𝑎 − �̂�𝑎‖ ≤ 𝑙 . Then, the 

uncertainty covariance matrix of the absolute position constraint is approximately 

represented positioning status of the corresponding agent from NPEM, as follows: 

 

𝛀𝐱𝑎
𝑎𝑏𝑠 = [

(ℰ�̅�
𝑒𝑎𝑠𝑡)2 0

0 (ℰ�̅�
𝑛𝑜𝑟𝑡ℎ)2

]               (5-21) 
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For an agent with a large error from NPEM, it is likely to be located in a dense 

urban area with poor GNSS positioning status, and thus the uncertainty covariances of 

the corresponding constraints may need to be larger during the optimization. Similarly, 

the uncertainty covariance matrix of the relative position constraint between agents is 

approximately represented by: 

 

𝛀Δ�̂�𝑎𝑏
𝑟𝑒𝑙 = [

(ℰ�̅�
𝑒𝑎𝑠𝑡)2 + (ℰ�̅�

𝑒𝑎𝑠𝑡)2 0

0 (ℰ�̅�
𝑛𝑜𝑟𝑡ℎ)2 + (ℰ�̅�

𝑛𝑜𝑟𝑡ℎ)
2]   (5-22) 

 

Note that the available satellite number could be very limited in a dense urban 

area, leading to a poor observation geometry and a degraded positioning result (as 

shown in Section 4.2.2), significantly exceeding the uncertainty covariance evaluation. 

Thus, the relative position constraint with a DOP greater than five will be regarded as 

unreliable constraints and excluded during the FGO. For the inter-epoch displacement 

constraint, its uncertainty covariance matrix should be approximately evaluated 

according to the receiver characteristics as follows: 

 

𝛀𝐱𝑎,𝑡→𝑡+1
𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 = [

𝜎𝑎,𝑡→𝑡+1
2 0

0 𝜎𝑎,𝑡→𝑡+1
2 ]               (5-23) 

 

where 𝜎𝑎,𝑡→𝑡+1 denotes the uncertainty of the displacement estimation related to the 

Doppler shift measurement accuracy. Here, the 𝜎𝑎,𝑡→𝑡+1 = 0.2 (meter) is heuristically 

selected for collaborative positioning with pedestrians, assuming the Doppler 

displacement error is normally around 0.2 meters. Then, FGO was conducted based on 

the constraints according to their uncertainties.  

5.1.4.3 Optimization of the Factor Graph  

The objective function for the FGO combines the costs related to all the preceding 

constraints. The cost related to the absolute position constraint for agent 𝑎 within the 

collaboration with 𝑁 agents at epoch 𝑡 is defined as: 

 

𝛆𝑎,𝑡 = 𝐅 ∙ 𝐱𝑎,𝑡 − �̂�𝑎,𝑡                 (5-24) 
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where 𝐅 ∙ 𝐱𝑎,𝑡 denotes the transformation process from the node (state) to the constraint 

domain, 𝐱𝑎,𝑡 is the position of agent 𝑎 that needs to be optimized by FGO, �̂�𝑎,𝑡 is the 

absolute position constraint from Equation 5-7. Here, 𝐅 is the identity matrix because 

the node and constraint are in the same domain. Similarly, the cost related to the relative 

position constraint between agents 𝑎 and agent 𝑏 within the collaboration with 𝑁 agents 

at epoch 𝑡 is defined as 

 

𝛆𝑎𝑏,𝑡 = (𝐅 ∙ 𝐱𝑏,𝑡 − 𝐅 ∙ 𝐱𝑎,𝑡) − Δ�̂�𝑎𝑏,𝑡               (5-25) 

 

where Δ�̂�𝑎𝑏,𝑡 is the relative position constraint from Equation 5-16. Similarly, the cost 

related to the inter-epoch displacement constraint for agent 𝑎 between epochs 𝑡 and 𝑡 +

1 is defined as 

 

𝛆𝑎,𝑡→𝑡+1 = (𝐅 ∙ 𝐱𝑎,𝑡+1 − 𝐅 ∙ 𝐱𝑎,𝑡) − Δ�̂�𝑎,𝑡→𝑡+1              (5-26) 

 

where Δ�̂�𝑎𝑏,𝑡 is the inter-epoch displacement constraint from Equation 5-17. Finally, 

the objective function for the optimization is defined by  

 

𝛘∗ = 𝑎𝑟𝑔 𝑚𝑖𝑛
𝛘

∑ ‖𝛆𝑘‖𝛀𝑘
−1

2
𝑘                 (5-27) 

 

where 𝛘 = [𝐱1,1,⋯ , 𝐱𝑁,1,⋯ , 𝐱1,𝑡,⋯ , 𝐱𝑁,𝑡]
𝑇
 is the vector with the positions of N nodes 

(agents) at different epochs in the graph; 𝛘∗ is the optimized position of those nodes; 

𝛆𝑘 is the cost related to the 𝑘𝑡ℎ constraint, where 휀𝑎,𝑡, 휀𝑎𝑏,𝑡, 휀𝑎,𝑡→𝑡+1 ∈ 휀𝑘; and 𝛀𝑘 is the 

noise covariance matrix corresponding to the constraint (as in Equation 5-21, 5-22, and 

5-23). The final position of each collaborating agent can be determined by employing 

the Levenberg–Marquardt optimization method [125], which combines the gradient 

decent method and the Gauss-Newton method to minimize the sum of squares errors 

[126]. 

5.2 Performance Assessment  

The proposed 3DMA GNSS collaborative positioning with RT was validated by a static 

and dynamic experiment in an urban canyon in Hong Kong, as described in Section 
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3.3.1. The proposed method was validated by comparing it with the following 

approaches: 

1) LS: Standard LS positioning; 

2) RT: 3DMA GNSS RT positioning [28]; 

3) SM-CP: 3DMA GNSS collaborative positioning with SM-based multipath and 

NLOS exclusion (introduced in Chapter 4);  

4) RT-CP: Anchor-based 3DMA GNSS collaborative positioning with NLOS 

utilization; 

5) SM-FGO: SM-CP incorporating FGO with Doppler displacement constraint;  

6) RT-FGO (proposed method): RT-CP incorporating FGO. 

 

5.2.1 Static Experimental Results 

Before applying optimization during the collaborative positioning, the reliability of 

each involving agent was evaluated using the predicted NPEM, as shown in Section 

4.2.1. In general, Agents 1 and 2, with a lower predicted error, are classified as healthy 

agents. The related constraints have lower uncertainty and higher contributions to the 

optimization process. On the contrary, Agents 3 and 4 are classified as degraded agents 

with unreliable constraints during optimization. 

The performance of the proposed relative positioning method between Agents 

1 and 4 was compared with other methods in Figure 5-7. Their corresponding root-

mean-square errors (RMSEs) and maximum errors are summarized in Table 5-1. 

Although the standard DD method can eliminate the common error during relative 

positioning, the distinctive multipath or NLOS errors within the measurements of Agent 

4 cannot be mitigated. Moreover, it is sensitively affected by these errors, resulting in 

an enormous RMSE of over 80 m. Using 3DMA GNSS SM to exclude NLOS 

receptions (Chapter 4), the SM-DD significantly improves the relative positioning 

accuracy by mitigating the multipath and NLOS receptions, resulting in an RMSE of 

20.3 m. However, the exclusion-based method reduces the observation number for 

estimation, leading to poor observation geometry, insufficient for estimation. Therefore, 

the solution availability (with an HDOP below the threshold 5) decreased to 70%. The 

proposed RT-based relative positioning method turns NLOS receptions into useful 

features for positioning, simultaneously mitigating the NLOS errors and maintaining 
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sufficient observation numbers. Thus, it achieves the best accuracy with an RMSE of 

16.3 m and full availability. 

 

 

Figure 5-7 Relative positioning horizontal errors between Agent 1 and 4 from the 

standard DD, DD with NLOS exclusion from SM (SM-DD) (from Chapter 4), 

and proposed grid-based 3DMA GNSS relative positioning (RT-DD) with RT. 

The black cross denotes the epoch when the SM-DD has no available solution 

(SM-DD Invalid). 

 

Table 5-1 Relative positioning performances of different methods in terms of 

horizontal RMSEs, maximum errors, and availability 

Method DD SM-DD RT-DD 

RMSE (m) 84.6 20.3 16.3 

Maximum error (m) 137.4 55.8 40.9 

Availability 100% 70% 100% 

 

The benefit of applying the proposed RT-based relative positioning can be 

illustrated in Figure 5-8 by evaluating the corresponding horizontal DOP (HDOP) 

during estimation, indicating the goodness of the observation geometry. The average 

HDOP of the standard DD method was approximately 0.72, including the faulty 

observations. The SM-DD excludes many NLOS receptions, distorting the HDOP to an 

average of 2.41. Instead of exclusion, the RT-DD utilizes the NLOS receptions as useful 
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observations with features for positioning, maintaining a suitable observation geometry 

with a 1.34 averaged HDOP. It is slightly larger than the HDOP of DD because some 

of the NLOS receptions are still unable to be traced and need to be excluded.  

 

 

Figure 5-8 HDOPs during DD, SM-DD, and RT-DD corresponding to the 

relative positioning between Agent 1 and 4 in Figure 5-7. 

 

 After obtaining the relative position between agents, together with the absolute 

position and inter-epoch displacement information, the proposed 3DMA GNSS 

collaborative positioning algorithm can be applied to estimate the position of each 

involved agent. Its performance on Agent 4, the severely degraded agent in the urban 

area, is compared with the preceding methods in Figure 5-9. Here, the RT-CP estimates 

the agent position based on the absolute position of a healthy anchor and the relative 

position from the anchor to the target agent. The standard LS was significantly degraded 

with an RMSE of 30.9. By applying multipath and NLOS exclusion, the SM-CP 

reduces the RMSE to 16.2 m but with only 70% availability. By extending this anchor-

based approach with RT to utilize NLOS receptions, the RT-CP further reduced the 

RMSE to 7.8 m. The anchor-based method is sensitive to the accuracy of the anchor 

position, which may not always be guaranteed, resulting in an intensive fluctuation of 

RT-CP errors. Then, by incorporating the FGO on the SM-CP, the performance of SM-

FGO is enhanced with better accuracy and robustness compared to SM-CP. Finally, the 

proposed RT-FGO utilizing the NLOS receptions and optimization technique achieves 

the best performance with an RMSE of 7.4, approximately three times smaller than the 

standard LS method. As the positioning results on the map in Figure 5-10, the proposed 

RT-FGO (green) achieves the most accurate and robust solutions among the different 
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algorithms. Note that the proposed RT-FGO solution has a strip-like distribution, 

probably due to the initial positioning bias and its continued reduction by the 

optimization with later observations, as shown by the error distribution of RT-FGO in 

Figure 5-9. 

 

 

Figure 5-9 Positioning errors of Agent 4 from LS, SM-CP, RT-CP, SM-FGO, 

and RT-FGO. 

 

 

Figure 5-10 Absolute positioning solutions of Agent 4 by LS, SM-CP, RT-CP, 

SM-FGO, RT-FGO, and the ground truth. 

 

The positioning performances of the other agents in terms of RMSE and 

maximum error are summarized in Table 5-2. The proposed RT-FGO method achieves 
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the best overall performance, with a 10-m RMSE for different agents, including the 

agent located in the dense urban area. The anchor-based RT-CP without optimization 

improves the accuracy of a few meters in RMSE compared to the standalone 3DMA 

GNSS RT positioning. By further employing FGO, the proposed RT-FGO significantly 

improves positioning accuracy and robustness. For Agent 3, compared to RT-CP, the 

RT-FGO reduces the RMSE from 12.5 to 8.4 m and the maximum error from 25.8 To 

11.7 m. The proposed method searches for the overall optimal solution for all agents 

together. Thus, it may slightly degrade the performance of the healthy agent in the open-

sky area (RT-CP of Agent 1 and 2) when collaborating with degraded agents in the 

urban area having lower measurement quality. For Agent 4, the improvement from RT-

FGO is less significant than RT-CP, probably due to the slowly reducing initial bias 

during the batch optimization with improper constraint uncertainty. A proper constraint 

uncertainty could accelerate the accuracy recovery process, resulting in a better overall 

performance. In summary, the proposed 3DMA GNSS collaborative positioning 

algorithm provides accurate and robust solutions for different agents in urban areas.  

 

Table 5-2 Positioning performances of RMSE (maximum error) for different 

agents during the static experiment (in m) 

Agent No. 1 2 3 4 

LS 3.7 (5.9) 5.0 (15.3) 14.7 (20.9) 30.9 (57.9) 

RT 2.7 (4.3) 3.1 (5.4) 14.9 (33.8) 10.4 (17.9) 

SM-CP 4.2 (10.5) 4.7 (8.8) 14.2 (20.8) 16.2 (27.8) 

RT-CP 2.3 (4.1) 3.5 (5.4) 12.5 (25.8) 7.8 (18.9) 

SM-FGO 2.3 (5.0) 2.6 (5.3) 14.7 (18.7) 12.6 (24.8) 

RT-FGO 2.7 (5.0) 4.1 (5.5) 8.4 (11.7) 7.4 (17.7) 

 

5.2.2 Dynamic Test Results 

In addition to the static test, a dynamic test was conducted to validate the proposed 

algorithm with a changing environment. For the relative positioning between agents, 

the errors corresponding to the different methods are summarized in Table 5-3 with 
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RMSEs and maximum errors. The cumulative distribution functions (CDFs) of the 

relative positioning errors collected from all agents during the entire test are shown in 

Figure 5-11. The standard DD estimation can be severely degraded by the distinctive 

multipath or NLOS errors, resulting in 60% of the estimations containing over 50 m of 

error. The SM-DD recovers the positioning accuracy to below 10 m for 69% of the 

error by excluding the NLOS receptions. Note that Agent 5 is in a dense urban canyon 

with tall buildings on both sides, leading to a very limited sky view for LOS satellites. 

Thus, the exclusion-based method cannot achieve satisfactory improvements with even 

more limited observation numbers, which can be visualized by the part (in the blue line) 

exceeding 50 m in error. By incorporating RT to utilize NLOS receptions and maintain 

a sufficient observation number, these extreme errors can be effectively reduced to 

below 40 m by the proposed RT-DD. In addition to Agent 5 in a harsh environment, 

the RT-DD guarantees the relative position RMS error of all agents within 6 m, 

providing effective constraints for the later optimization process. Although utilizing 

NLOS receptions for positioning, the proposed RT-DD method cannot perfectly model 

all the reflections in the dense urban area. As Table 5-3 shows, the positioning accuracy 

between two degraded agents is worse than between one healthy agent and one 

degraded agent. Therefore, collaborating with a healthy agent may usually achieve a 

better performance. Here, Agent 5 is possibly experiencing double reflections in the 

narrow gap between buildings, which is not considered or modeled by the current 

method, leading to an unsatisfactory performance after applying RT-DD. 

 

 

Figure 5-11 CDFs of the relative positioning horizontal error from all the agents 

during the whole dynamic test corresponding to the standard DD, SM-DD, and 

the proposed RT-DD. 
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Table 5-3 Relative positioning horizontal RMSE (maximum error) in meters 

between agents during the dynamic test 

Between 

Receivers 
R1-R2 R1-R3 R2-R3 R1-R4 R2-R4 R3-R4 R1-R5 R2-R5 R3-R5 R4-R5 

DD 
5.2 

(10.9) 

82.4 

(201.8) 

82.0 

(202.4) 

51.4 

(104.1) 

52.9 

(109.4) 

68.9 

(206.5) 

103.2 

(166.1) 

102.4 

(170.2) 

85.2 

(158.9) 

85.4 

(158.8) 

SM-DD 
4.3 

(9.6) 

8.7 

(45.8) 

8.8 

(52.1) 

7.7 

(36.1) 

6.1 

(18.8) 

6.0 

(17.1) 

29.0 

(120.4) 

21.8 

(67.0) 

20.8 

(29.0) 

48.1 

(131.1) 

RT-DD 
4.3 

(10.1) 

4.5 

(9.7) 

3.1 

(11.1) 

3.6 

(11.0) 

4.0 

(14.3) 

6.0 

(19.3) 

20.2 

(40.1) 

20.9 

(39.4) 

20.8 

(31.8) 

23.7 

(37.9) 

 

The final absolute positioning performance of the proposed RT-FGO method 

compared with other methods is summarized in Table 5-4 with the RMSE and 

maximum error. For Agents 1 and 2, their positioning accuracy will not be degraded by 

RT-FGO after collaborating with other degraded agents. The positioning solutions of 

Agent 3–5 in the urban area are further demonstrated in Figure 5-12 on the map.  

For Agents 3 and 4 in the urban area, the anchor-based RT-CP can already 

achieve significant improvements by using accurate relative positioning information, 

which has an RMSE twice lower than the standard LS and 3 m lower than the RT. 

Compared to the SM-CP with multipath and NLOS exclusion, the RT-CP with NLOS 

utilization achieves much better performance, especially for reducing the maximum 

error. By employing the FGO on all available information (constraints), both the SM-

FGO and the proposed RT-FGO can achieve a more accurate and robust positioning 

performance compared to the anchor-based method without optimization (SM-CP and 

RT-CP) for most agents. For Agent 4, the positioning accuracy is improved by over 3 

m of RMSE after optimization, achieving an estimated trajectory very similar to the 

truth.  

For Agent 3, the RT-FGO result is slightly worse than that RT-CP without 

optimization. This is likely due to the initial solution bias, which is only slowly reduced 

because of the Doppler displacement constraints with lower uncertainties, resulting in 

an overall solution drift in Figure 5-12 (a). For Agent 5 in a harsh environment without 

much accurate relative or absolute positioning constraints, the optimization result is still 

unsatisfactory and similar to the exclusion-based method (SM-CP). Compared to the 

receiver’s own positioning solutions with filtering techniques in NMEA data, the 

proposed RT-FGO outperforms it for most of the environments. In summary, the 
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proposed 3DMA GNSS collaborative positioning algorithm with NLOS utilization and 

FGO is capable of accurately localizing agents in dense urban areas. 

 

 

Figure 5-12 Positioning results of the proposed 3DMA GNSS collaborative 

positioning with FGO (RT-FGO) compared to that of the standard LS method, 

shadow-matching-based collaborative positioning method in Chapter 4 (SM-CP), 

anchor-based collaborative positioning method with RT (RT-CP), and SM-CP 

extended by the FGO (SM-FGO) for Agent 3 (a), Agent 4 (b), and Agent 5 (c) in 

dense urban areas. 

 

Table 5-4 Positioning RMSE (maximum error) in meters of each collaborating 

agents based on different methods   

Receiver No. R1 R2 R3 R4 R5 

LS 
4.3 

(9.3) 

2.0 

(4.0) 

14.6 

(33.7) 

25.3 

(48.1) 

46.5 

(52.3) 

NMEA 
1.2 

(2.1) 

5.4 

(6.6) 

13.5 

(17.7) 

10.6 

(15.4) 

27.6 

(31.7) 

RT 
5.1 

(10.3) 

3.1 

(12.8) 

8.5 

(21.4) 

10.6 

(23.8) 

20.1 

(35.3) 

SM-CP 
4.9 

(9.8) 

2.4 

(4.7) 

14.7 

(33.6) 

12.0 

(27.7) 

18.3 

(66.8) 

RT-CP 
5.4 

(9.5) 

2.5 

(6.4) 

5.3 

(14.7) 

7.6 

(16.3) 

19.3 

(35.1) 

SM-FGO 
5.6 

(11.3) 

1.7 

(3.0) 

7.5 

(12.8) 

3.4 

(5.3) 

25.5 

(50.8) 

RT-FGO 
5.1 

(9.5) 

2.1 

(3.5) 

8.1 

(12.8) 

4.2 

(9.4) 

18.6 

(30.3) 
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5.2.3 Measurement Error Analysis 

The GNSS measurement error analysis is conducted in this section to evaluate the 

benefits of the RT-based collaborative positioning method. The GNSS measurement 

errors can be categorized into common and distinctive errors. The common error 

includes the terms shared between agents (introduced in Section 3.1.2), which can be 

eliminated by DD during relative positioning. The distinctive error is almost dominated 

by the NLOS reception error with a large magnitude in an urban area. Although it can 

be utilized as a feature, or in some sense, be corrected by RT to mitigate its degradation, 

the reflection modeling only considering specular reflection is still imperfect and 

remains at a certain level of error. The CDFs of the evaluated GNSS pseudorange error 

from urban agents during the dynamic test before and after the correction from RT 

modeling are shown in Figure 5-13. Based on [88], the DD observation error is 

evaluated by comparing the actual DD observation between an agent and a reference 

station with the predicted DD observation from an inverse process of LS estimation 

(with the knowledge of their true locations and the satellite positions). Assuming the 

pseudorange error of the master satellite is negligible in DD observations, the 

pseudorange errors of other satellites can be approximately evaluated by the 

corresponding DD observation errors. Note that the evaluated pseudorange error does 

not contain the common error, such as the atmospheric delay or the receiver clock bias. 

From the CDFs, the proposed RT model can effectively reduce the error in a large 

proportion of the measurements. Owing to the double reflections, less than 10% of the 

measurements have an error exceeding 50 m. 

 

 

Figure 5-13 CDFs of the evaluated pseudorange error before and after 

corrections from RT modelling for Agent 3–5 during the dynamic test. 
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In addition to the measurement domain, the RT modeling performance on the 

proposed relative position estimation domain is also evaluated by analyzing the 

matching process (from Equation 5-12). Using the relative positioning between Agents 

3 and 4 as an example, the distribution of the averaged matching score from all grid 

pairs is shown in Figure 5-14, with respect to the relative position error of the 

corresponding grid pair in the West–East and South–North directions, denoted by S-N 

error and W-E error, respectively. This matching score distribution was averaged from 

the matching score distributions corresponding to all the epochs during the test. Note 

that only the areas with data of at least ten epochs for reasonable averaging are shown. 

For example, grid pairs with errors that rarely appear may not actually reflect the 

averaged behavior and be neglected. This plot can visualize the significance of the 

likelihood value for a grid pair with respect to its positioning error.  

 

 

Figure 5-14 Averaged matching score distribution of all grid pairs during the 

proposed RT-DD relative positioning between Agent 3 and 4 in the dynamic test. 

North Error and East Error denote the error between the relative grid position 

and true relative position in the North or East directions. The likelihood value is 

demonstrated with height and color. 

 

According to the averaged matching score distribution, the highest peak is 

located close to the coordinates (0,0), indicating that the matching score is high for the 

grid points with the correct relative position. In contrast, the matching score is lower 

for grid points with the wrong relative position. Even though the RT modeling may be 

imperfect, such a remaining error does not significantly impact the unimodality of the 
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matching score distribution. Therefore, the matching score has a suitable association 

with the correctness of the relative position when selecting a pair of grids. In general, 

based on the matching score with a unimodal distribution, the proposed RT-DD can 

appropriately select the correct grid pairs to perform accurate relative positioning. 

 

 

Figure 5-15 (Left) Large-scale vehicular experiment route covering different 

urban environments. (Right) CDFs of evaluated pseudorange errors before and 

after corrections from RT modelling. 

 

A large-scale vehicular experiment covering different urban environments was 

conducted to further evaluate the generalization of the proposed method in different 

scenarios. The experimental route and CDF analysis results are shown in Figure 5-15. 

During the experiment, 2895 epochs of GNSS measurements (at 1 Hz) were collected 

along the clockwise route going through different kinds of urban environments, for 

example, narrow streets and regular intersections. Here, the true receiver location of the 

error analysis was obtained from the Novatel SPAN-CPT INS/GNSS-RTK integrated 

solution. Similar to the results of the multi-agent dynamic test, the RT model effectively 

corrects most of the NLOS reception errors. It ensures that 80% of the errors are below 

16.3 m, which is 29.7 m before correction. Note that 15% of the errors remain over 20 

m after correction, likely due to mistakenly applying the RT correction on diffracted or 

double-reflected measurements. 

5.2.4 Inter-epoch Displacement Constraint Analysis 

Besides the relative position constraints between agents, the qualities of inter-

epoch displacement constraints from Doppler measurements can also influence the 

optimization performance. Unfortunately, the NLOS reception may also degrade the 
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Doppler measurement, by involving an additional signal propagation direction from the 

signal reflecting point to the agent [127]. Then, the Doppler-based velocity estimation 

from least-squares with outlier may contain errors, resulting in a faulty displacement 

constraint. Hence, the performances of Doppler-based velocity estimation during the 

dynamic experiment are evaluated, as Figure 5-16 shows. Here, interpolate East/North 

denotes the velocity estimated from the interpolated true positions during the 

experiment, which can be regarded as the averaged true velocity between the starting 

and ending locations. The Doppler-based velocity estimation has an overall trend 

similar to the velocity from the interpolated truth, either in the East or North direction. 

For most epochs, the fluctuation is within an acceptable range for a pedestrian. However, 

a few epochs still have apparent errors, such as the large velocity in the wrong direction 

for Agent 5 at epoch 43. It is probably because of the NLOS reception making the 

incoming signal vector different from the LOS vector of the satellite. Such NLOS 

degradation may be mitigated based on the propagation geometry information from 

3DMA GNSS ray-tracing, which is worth further investigation. In summary, the inter-

epoch displacement constraints from Doppler measurements are sufficient to improve 

the optimization process of the proposed method. 
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Figure 5-16 Doppler-based velocity estimations in East and North directions 

compared with the velocity estimations from interpolated true positionings for 

Agent 1-5 during the dynamic experiment. 

 

5.3 Summary 

In this chapter, a 3DMA GNSS RT-based collaborative positioning algorithm with 

NLOS utilization is developed. By the complementary integration of the DD operation 

and RT algorithm, the relative position between collaborating agents can be estimated 

simultaneously with common error elimination and distinctive error mitigation. Besides, 

the absolution position of each agent is also estimation by 3DMA GNSS RT to mitigate 

NLOS errors. By further employing FGO, an accurate and robust positioning estimation 

can be obtained for each collaborating agent according to all available information in 

the space and time domains. The proposed collaborative positioning algorithm (RT-

FGO) is validated by both static and dynamic real experiments, achieving accuracy with 

an RMSE below 10 m for most of the collaborating agents in the urban area, 
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significantly better than the standard LS method or even the positioning method 

embedded in the receiver with sophisticated filtering techniques. 

 In addition to these benefits, the proposed RT-FGO method still has a few 

practical issues. First is the computational load of the RT simulation, which models the 

NLOS delay corresponding to all possible satellite and agent positions. Although this 

computational load can be reduced by pre-generating the delay correction with respect 

to the sky for each location (the sky-table of reflection in Section 5.1.1), the RT 

computation load is still massive, especially when there are many existing buildings 

with numerous surfaces. A computation-effective RT simulation must be considered.  

Second is the computation load of the matching process during the relative 

positioning (Section 5.1.3) of the proposed RT-FGO method. Compared to the single-

agent RT positioning method, its computation load is increased by extending the 

matching process on grid pairs rather than stand-alone grids. Besides, the computational 

load of applying RT-DD relative positioning between different agents increases with 

the number of collaborating agents (collaborating network size) in a squared manner. 

The total number of relative position constraints to be estimated is ∑ (𝑛 − 1)𝑁
𝑛=1 =

𝑁(𝑁−1)

2
. Although the FGO method exploiting sparsity [125] achieves a computation 

load lower than the matching process, its efficiency could still be reduced to be 

impractical when applied to a significantly large network. Simply collaborating with all 

available agents may make the computational load unaffordable. It is necessary to 

explore the scalability of the proposed algorithm to find a reasonable network size to 

maintain the performance without requiring excessive computational load.  

Finally, the proposed method is evaluated by post-processing, assuming an ideal 

communication environment, whereas the real communication condition is always 

imperfect with delays. The latency degradation of the proposed algorithm also needs to 

be analyzed in a later study. 
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6. SCALABILITY AND LATENCY ANALYSIS FOR THE 3DMA 

GNSS COLLABORATIVE POSITIONING 

The proposed 3DMA GNSS collaborative positioning algorithm (in Chapter 5) 

achieves promising performance in improving the positioning accuracy and robustness 

of the agents in urban areas. However, two significant issues remain related to their 

practical applications. One is the scalability of the proposed algorithm, which is the 

ability to maintain sufficient accuracy and efficiency under an increasing collaborative 

network size. It is necessary to explore the performance of a large collaborating network 

rather than collaborating with a few agents. A larger network in an open-sky 

environment is expected to achieve better accuracy as well as a higher computational 

load. The positioning accuracy in terms of network size for the urban area needs to be 

analyzed to determine whether it is consistent with the open-sky environment. Most 

importantly, the trade-off between network size and positioning performance is worth 

investigating, which can be used to determine the network size for better efficiency. 

Another essential issue is the communication latency during collaborative positioning, 

neglected in various studies. Such latency may reduce the measurement (or constraint) 

availability during the collaborative optimization process, leading to a degradation in 

positioning accuracy or robustness.  

 In this chapter, the performance of the proposed 3DMA GNSS collaborative 

positioning algorithm in terms of scalability and communication latency will be 

analyzed for practical applications. First, a GNSS realistic urban multi-agent simulator 

(GNSS RUMS) will be developed to generate the GNSS measurements of multiple 

agents in an urban area for later analysis, which is very difficult to collect by real 

experiments. In addition to the pseudorange measurements with NLOS reception errors, 

the GNSS RUMS employs different models and algorithms to simulate the pseudorange, 

𝐶 𝑁0⁄ , and Doppler shift measurements, including NLOS reception, diffraction, and 

multipath interference, reflecting the true positioning difficulties in urban areas. Then, 

based on the simulated measurements, the scalability of the proposed collaborative 

positioning algorithm will be analyzed by applying the algorithm to networks of 

different sizes and collaborators following the Monte Carlo method. Both the 

positioning accuracy and computation load are collected to evaluate the trade-off and 

algorithm efficiency. In contrast, based on the simulated measurements, the 
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communication latency is simulated for each collaborating agent to control the 

availability of different constraints during the collaborative optimization process. The 

positioning degradation corresponding to different communication latency levels will 

be analyzed using the Monte Carlo method.  

6.1 GNSS RUMS – GNSS Realistic Urban Multi-agent Simulator 

Scalability analysis requires the application of the proposed positioning method on the 

collaborating network with different sizes, presumably over ten agents at the same time, 

which is very difficult to accomplish in real experiments. Therefore, it is essential to 

employ a realistic multi-agent GNSS measurement simulator that can reflect real urban 

positioning difficulties beforehand. As the dominant GNSS measurement errors in 

urban areas are related to buildings, a promising simulation approach is to employ the 

RT algorithm based on the 3D building model to study the behaviors of different 

interferences, including reflections and diffractions. Together with the existing error 

models, a comprehensive GNSS measurement simulator for urban areas is developed 

in this section. More details and explanations can be found in [128]. 

6.1.1 Simulator Architecture 

The overall architecture of the proposed simulator (GNSS RUMS) is shown in Figure 

6-1. First, the trajectories and dynamics of different agents in the urban area are 

generated based on Simulation of Urban MObility (SUMO) [129], a transportation 

simulator developed to model urban mobility considering real traffic conditions. Then, 

the generated agent position 𝐱𝑢 and velocity 𝐯𝑢, together with the satellite position 𝐱𝑠𝑣 

from ephemeris and the building coordinates 𝐗𝐵 (collecting the positions of building 

corners) from the 3D building model are applied with the RT algorithm. Three types of 

satellite signals and the corresponding geometrical parameters are traced based on the 

validity of the signal propagation geometry, including LOS, reflection, and diffraction, 

as Figure 6-2 shows. According to the traced signal type, the measurement of each 

satellite will be categorized into four cases: (1) LOS only, the LOS signal is the sole 

legitimate propagation path to the agent; (2) single diffraction, where the diffraction 

signal is the sole legitimate propagation path; (3) single reflection, the reflection signal 

is the sole legitimate propagation path; and (4) multipath, more than two legitimate 

signal propagation paths are available to the agent. In this study, the simulator only 
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considers a single reflection or diffraction. The GNSS measurements (including range, 

𝐶 𝑁0⁄ , and Doppler shift) corresponding to different cases were simulated based on the 

appropriate models. 

  

 

Figure 6-1 Overall architecture of the proposed GNSS measurement simulator 

GNSS RUMS. 

 

 

Figure 6-2 Legitimate GNSS signal path from RT algorithm, including (a) LOS, 

(b) diffraction, and (c) reflection. 

 

The 𝐶 𝑁0⁄  measurement is simulated by an elevation-angle-based regression 

model according to the satellite’s position for the LOS only case [113]. The 𝐶 𝑁0⁄  of 

direct propagation is incorporated with the uniform geometrical theory of diffraction 

(UTD) model and the GNSS reflectometry (GNSS-R) model for the single diffraction 
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and single reflection cases, respectively. The 𝐶 𝑁0⁄  measurement for the multipath case 

was simulated by the superposition of the E-M fields corresponding to different 

available signals. 

 The range measurement for the LOS only case is the direct distance between 

the satellite and agent. By adding the extra propagation delay of the diffracted and 

reflected signals to the direct range, the ranging measurement corresponding to the 

single diffraction case and the single reflection case can be simulated, respectively. The 

range measurement for the multipath case needs to be simulated based on the multipath 

noise envelope model according to the phase, delay, and strength information of each 

signal, to consider the interaction between signals. 

 The Doppler shift measurement for the LOS only case can be simulated by the 

velocities of the satellite and agent based on the standard Doppler effect model. For 

single diffraction, single reflection, and multipath cases, the Doppler shift is modeled 

based on the Doppler effect model with an intermediate point. 

 Finally, based on the receiver parameters, the simulated measurements from 

deterministic models are combined with the common errors from physical models and 

the measurement noises from different statistical models to make the simulation value 

realistic. The developed GNSS-RUMS employs sophisticated error models to simulate 

the GNSS measurements for multiple agents in an urban area, sufficient to reveal urban 

positioning difficulties for the scalability analysis of collaborative positioning. 

6.1.2 Simulation Methodology 

After obtaining the geometrical parameters related to the interferences, the GNSS 

RUMS simulates the 𝐶/𝑁0 , pseudorange, and Doppler shift measurements 

corresponding to the preceding four different interference cases. Note that for the 

multipath case, multiple legitimate signal paths may exist. For simplicity, this simulator 

only considers the interaction between the two shortest signals with an attenuation of 

less than 20 dB-Hz, which are assumed to be processed earlier by the receiver. Other 

legitimate signals with a larger delay or lower strength may have negligible effects on 

the final measurement. 

6.1.2.1 Carrier-to-noise Ratio (𝑪/𝑵𝟎) Simulation 

The 𝐶/𝑁0 measurement indicates the strength of a signal, which usually represents the 

status of the corresponding measurement. The measurement with a higher 𝐶/𝑁0 is less 
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likely to be degraded by reflections or diffraction, which usually attenuates the signal 

strength. The value of 𝐶/𝑁0 is closely related to the corresponding satellite elevation 

angle [130]. Therefore, it is popular to model the 𝐶/𝑁0 of an unobstructed signal based 

on a regression model, associating the elevation angle and the 𝐶/𝑁0 value from long-

period data collected in an open-sky environment [113], namely the open-sky 𝐶/𝑁0 

model. The regression model employed in this simulator is developed with a 

polynomial form [113] based on experimental data in an open-sky area, as Figure 6-3 

shows, separating the data for modeling by different orbits. Based on the 𝐶/𝑁0 

information of an unobstructed signal and the signal propagation parameters, the 𝐶/𝑁0 

measurement corresponding to different cases is simulated by 

 

𝐶/𝑁0,𝑐𝑎𝑠𝑒 =

{
 
 

 
 

𝐶/𝑁0,𝑑𝑖𝑟𝑒𝑐𝑡, 𝑐𝑎𝑠𝑒 = 𝐿𝑂𝑆

𝐶/𝑁0,𝑑𝑖𝑟𝑒𝑐𝑡 + 20𝑙𝑜𝑔|𝒟𝑈𝑇𝐷| , 𝑐𝑎𝑠𝑒 = 𝑑𝑖𝑓𝑓

𝐶/𝑁0,𝑑𝑖𝑟𝑒𝑐𝑡 + 20𝑙𝑜𝑔 (
𝑠𝐿𝑂𝑆

𝑠𝑅
′
+𝑠𝑅

|ℛ𝐿𝑅|) , 𝑐𝑎𝑠𝑒 = 𝑟𝑒𝑓𝑙

𝐶/𝑁0,𝑑𝑖𝑟𝑒𝑐𝑡 + 20𝑙𝑜𝑔|𝛤𝑚𝑝| , 𝑐𝑎𝑠𝑒 = 𝑚𝑝

             (6-1) 

 

where 𝑐𝑎𝑠𝑒 ∈ {𝐿𝑂𝑆, 𝑑𝑖𝑓𝑓, 𝑟𝑒𝑓𝑙,𝑚𝑝 }  correspond to the cases of LOS only, single 

diffraction, single reflection, and multipath. 𝐶/𝑁0,𝑑𝑖𝑟𝑒𝑐𝑡 is the unobstructed 𝐶/𝑁0 from 

the open-sky regression model. 𝒟𝑈𝑇𝐷  is the diffraction coefficient related to signal 

attenuation, derived from the UTD model based on the signal propagation parameters 

[131]. Similarly, ℛ𝐿𝑅  is the reflection coefficient derived from the GNSS-R model 

based on the signal propagation parameters; 𝑠𝐿𝑂𝑆 is the LOS signal range, while 𝑠𝑅
′

 and 

𝑠𝑅 are the distance from the satellite to the reflection point and the distance from the 

reflection point to the agent, respectively. 𝛤𝑚𝑝  is the coefficient derived from the 

superposition of the E-M fields corresponding to signals 𝑎 and 𝑏, as follows: 

 

𝛤𝑚𝑝 = 𝛤𝑎 + 𝛤𝑏                 (6-2) 

 

𝛤𝑎 𝑜𝑟 𝑏 = {

1        , 𝑎 𝑜𝑟 𝑏 ∈ 𝐿𝑂𝑆
𝒟𝑅𝑅

√𝑠𝐷
𝑒−𝑗𝑘𝜖𝐷 , 𝑎 𝑜𝑟 𝑏 ∈ 𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛

ℛ𝐿𝑅𝑒
−𝑗𝑘𝜖𝑅 , 𝑎 𝑜𝑟 𝑏 ∈ 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛

               (6-3) 
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where 𝒟𝑅𝑅 is the attenuation factor from UTD, including the amplitude variation from 

different angles of diffraction; 1 √𝑠𝐷⁄  is the spreading factor of the diffracted signal, 

representing the amplitude variation along with propagation [132]; 𝜖𝐷  is the extra 

traveling distance of the diffracted signal compared to the unobstructed signal; and 𝜖𝑅 

is the extra distance for the reflected signal. The simulated 𝐶/𝑁0 based on different 

cases will be further combined with the 𝐶/𝑁0 estimation noise term to obtain the final 

𝐶/𝑁0 measurement simulation result, as follows: 

 

𝐶/𝑁0,𝑠𝑖𝑚 = 10 𝑙𝑜𝑔10 (10
𝐶/𝑁0,𝑐𝑎𝑠𝑒

10 + 𝜂𝑐/𝑛0)               (6-4) 

  

where 𝜂𝑐/𝑛0~𝒩(0, 𝜎𝑐/𝑛0
2 )  is a random variable following a normal distribution 

(denoted by 𝒩) with zero bias and the 𝐶/𝑁0 estimation variance 𝜎𝑐/𝑛0
2  derived based 

on different 𝐶/𝑁0 estimation mechanisms [133].  

 

 

Figure 6-3 Open-sky 𝑪/𝑵𝟎 model considering different satellites, including: (a) 

GPS satellites; (b) Beidou GEO satellites; (c) Beidou IGSO satellites; and (d) 

Beidou MEO satellites. The green markers denote the open-sky data for 

regression modelling, collected from a consumer-grade receiver. The black curve 

denotes the open-sky 𝑪/𝑵𝟎 model obtained by 1st order polynomial fitting on the 

𝑪/𝑵𝟎 data. The fitting process is in the unit of Hz, and the model is visualized in 

the unit of dB-Hz. 
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6.1.2.2 Pseudorange Simulation 

GNSS pseudorange measurement is the core observation for multilateration-based 

positioning. The GNSS ranging information is first simulated considering the delays 

introduced by interferences, according to different measurement cases, as follows:  

 

𝑟𝑐𝑎𝑠𝑒 =

{
 
 

 
 

‖𝐱𝑅 − 𝐱𝑆𝑉‖, 𝑐𝑎𝑠𝑒 = 𝐿𝑂𝑆

‖𝐱𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 − 𝐱𝑆𝑉‖ + ‖𝐱𝑅 − 𝐱𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛‖, 𝑐𝑎𝑠𝑒 = 𝑑𝑖𝑓𝑓

‖𝐱𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 − 𝐱𝑆𝑉‖ + ‖𝐱𝑅 − 𝐱𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛‖, 𝑐𝑎𝑠𝑒 = 𝑟𝑒𝑓𝑙

‖𝐱𝑅 − 𝐱𝑆𝑉‖ + 𝜖𝑚𝑝, 𝑐𝑎𝑠𝑒 = 𝑚𝑝

             (6-5) 

 

𝜖𝑚𝑝 = 𝐹𝑚𝑢𝑙𝑡𝑖𝑝𝑎𝑡ℎ 𝑛𝑜𝑖𝑠𝑒 𝑒𝑛𝑣𝑒𝑙𝑜𝑝𝑒(𝛼, 𝛽, ∆𝜏, 𝑑)               (6-6) 

 

where 𝐱𝑑𝑖𝑓𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛  and 𝐱𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛  are the positions of the diffraction and reflection 

points, respectively (shown in Figure 6-2); 𝜖𝑚𝑝 is the final multipath delay after the 

interaction between different signals, estimated by the multipath noise envelope model 

𝐹𝑚𝑢𝑙𝑡𝑖𝑝𝑎𝑡ℎ 𝑛𝑜𝑖𝑠𝑒 𝑒𝑛𝑣𝑒𝑙𝑜𝑝𝑒 (an example is shown in Figure 3-3) [15] according to the signal 

amplitude ratio 𝛼, the carrier phase offset between signals 𝛽, the multipath time delay 

∆𝜏, and the time spacing between early and late correlator 𝑑. 

The ranging information will be combined with common errors (introduced in 

Section 3.1.1) as well as different noises to simulate a realistic pseudorange 

measurement, as follows:  

 

𝜌𝑠𝑖𝑚 = 𝑟𝑐𝑎𝑠𝑒 + 𝑐(𝛿𝑡𝑢 − 𝛿𝑡
𝑖) + 𝐼𝑖 + 𝑇𝑖 + 𝜂𝐷𝐿𝐿 + 𝜂𝑚𝑜𝑑𝑒𝑙𝑠  (6-7) 

 

where the satellite clock bias 𝛿𝑡𝑖 is simulated by the correction model from [134] based 

on the parameters from satellite ephemeris; the ionospheric delay 𝐼𝑖 is simulated by the 

Klobuchar model [119] based on the satellite position, receiver position, receiver time, 

and the ionospheric parameters from the ephemeris; the tropospheric delay 𝑇𝑖  is 

simulated by the Saastamoinen model [120] based on the satellite elevation angle and 

the receiver ellipsoid height; the delay locked loop (DLL) tracking loop error 

𝜂𝐷𝐿𝐿~𝒩(0, 𝜎𝐷𝐿𝐿
2 ) is approximately modeled by a random variable following a normal 
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distribution with the variance 𝜎𝐷𝐿𝐿
2 , which is the 1-sigma DLL noise of C/A code under 

BPSK-R modulation from [135]; 𝜂𝑚𝑜𝑑𝑒𝑙𝑠~𝒩(0, 𝜎𝑚𝑜𝑑𝑒𝑙𝑠
2 ) models other measurement 

noises (e.g., variations of the actual error compared to the deterministic common error 

model) by a random variable, assumed following a normal distribution with 𝜎𝑚𝑜𝑑𝑒𝑙𝑠
2  

based on the 1-sigma value of the GNSS user-equivalent-range-error (UERE) budget 

from [134]. 

6.1.2.3 Doppler Shift Simulation 

The GNSS Doppler shift is the variation in the signal frequency owing to the dynamics 

between the satellite and receiver. Thus, it is usually employed to estimate the velocity 

of an agent. The GNSS Doppler shift measurements can be simulated based on the 

Doppler effect model with knowledge of the satellite/agent dynamics and interference 

parameters, as follows: 

 

∆𝑓𝑐𝑎𝑠𝑒 = {

(𝐯𝑅 ∙ 𝛈𝐿𝑂𝑆 − 𝐯𝑆𝑉 ∙ 𝛈𝐿𝑂𝑆 − 𝑐 ∙ �̇�𝑅) 𝜆⁄ , 𝑐𝑎𝑠𝑒 = 𝐿𝑂𝑆

(𝐯𝑅 ∙ 𝛈𝑖𝑛𝑡𝑒𝑟 − 𝐯𝑆𝑉 ∙ 𝛈𝑖𝑛𝑡𝑒𝑟
′

− 𝑐 ∙ �̇�𝑅) 𝜆⁄ , 𝑐𝑎𝑠𝑒 = 𝑑𝑖𝑓𝑓 𝑜𝑟 𝑟𝑒𝑓𝑙

∆𝑓𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑒𝑑 , 𝑐𝑎𝑠𝑒 = 𝑚𝑝

  (6-8) 

 

where 𝐯𝑅 and 𝐯𝑆𝑉 are the velocities of the agent and satellite, respectively. The variable 

𝛈𝐿𝑂𝑆 is the unit-LOS vector from the agent to the satellite, 𝑐 is the speed of light, �̇�𝑅 is 

the receiver clock drift, and 𝜆 is the carrier wavelength; 𝛈𝑖𝑛𝑡𝑒𝑟 and 𝛈𝑖𝑛𝑡𝑒𝑟
′  are the unit 

vectors from the agent to the intermediate point (diffraction point or reflection point) 

and the unit vector from the intermediate point to the satellite, respectively. In the 

multipath (𝑚𝑝) case, the Doppler shift is assumed to be dominated by the strongest 

signal among LOS, diffraction, and reflection [136], denoted by ∆𝑓𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑒𝑑 ∈

{∆𝑓𝐿𝑂𝑆, ∆𝑓𝑑𝑖𝑓𝑓 , ∆𝑓𝑟𝑒𝑓𝑙}. Then, the final Doppler shift measurement can be simulated by 

adding the noise term as follows: 

 

∆𝑓𝑠𝑖𝑚 = ∆𝑓𝑐𝑎𝑠𝑒 + 𝜂𝐹𝐿𝐿               (6-9) 

 

where the Doppler shift noise 𝜂𝐹𝐿𝐿~𝒩(0, 𝜎𝐹𝐿𝐿
2 ) is approximately modeled by a random 

variable following a normal distribution with the variance 𝜎𝐹𝐿𝐿
2 , which is the 1-sigma 

noise value of a 2nd order frequency-locked loop (FLL) for C/A code under BPSK-R 
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modulation from [135]. Thus, all basic GNSS measurements in the RINEX format were 

simulated for different agents in the urban area for later analysis. 

6.1.3 Simulation Performance Assessment 

The performance of the proposed simulator GNSS RUMS was validated by comparing 

the simulation results with the real collected data for a static test in this section. The 

experimental data were collected by a consumer-grade GNSS receiver ublox EVK-

M8T with the standard patch antenna for one hour in a typical urban environment, 

including the constellation of GPS and Beidou, as shown in Figure 6-4. It is anticipated 

that the GNSS measurements are severely degraded by interference from reflection and 

diffraction. The true location of the agent was obtained from Google Earth based on 

landmarks. Then, the simulation result from GNSS RUMS based on the experimental 

information, 3D building model, and receiver parameters will be compared with the 

collected data for evaluation. 

 

Figure 6-4 Agent location (left) and sky-plot (right) with satellite position (blue 

marker) and building blockages (grey area) during the static validation test. 

 

 Unlike 𝐶/𝑁0, the pseudorange measurement contains a receiver clock bias term, 

which varies for different receivers and cannot be perfectly modeled. As it is unknown 

in the state vector during estimation, the difference here does not affect the simulation 

performance. Therefore, a better approach for validation is to compare the pseudorange 

error from simulation and experiment, labeled via a DD method to eliminate the 

receiver clock bias [88]. Here, the DD method also eliminates the atmospheric delay 

and satellite clock bias, which better evaluates the multipath, NLOS, or diffraction error 

simulation performance. Since the Doppler shift is less affected by the atmospheric 

delay or satellite clock bias, the validation of the Doppler shift simulation was 
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conducted based on its single-differenced observation to eliminate the receiver clock 

drift. The Doppler shift simulation error can be estimated by 

 

휀𝑓
𝑖 = (∆𝑓𝑅

𝑖 − ∆𝑓𝑅
𝑚) − (∆𝑓𝐿𝑂𝑆

𝑖 − ∆𝑓𝐿𝑂𝑆
𝑚 )               (6-10) 

 

where the superscript 𝑚  denotes the index for the master satellite, the subscript 𝑅 

denotes the Doppler shift from the simulation or experiment, while the subscript 𝐿𝑂𝑆 

denotes the true Doppler shift from the simulation without any interference. 

 The simulation/experiment comparison result of satellite B4 is shown in Figure 

6-5; it is probably a healthy measurement without obvious reflection or diffraction, 

appropriately classified into LOS by the proposed simulator. The measurement may 

experience multipath effects with short delays in very few epochs, resulting in a low 

𝐶/𝑁0 while the pseudorange error is not significant. The simulation results are similar 

to the actual measurements in terms of the 𝐶/𝑁0, pseudorange error, and Doppler shift 

error. Owing to the filtering technology in the receiver employing historical information 

to smooth measurement outputs, the actual measurement may fluctuate less than in the 

simulation, but the difference is small with respect to other errors. Note that the 

simulation is applied without heuristic adjustments to the parameters, to maintain a 

clear view of the differences between a theoretical simulation and an actual experiment. 

In general, the proposed method can simulate realistic measurements of GNSS LOS 

signals. 
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Figure 6-5 Comparison between simulation and experimental results on the 

measurements of B4 satellite, including: (a) 𝑪/𝑵𝟎; (b) pseudorange error; (c) 

single-differenced Doppler shift error. The black marker is the real 

measurement, while the red marker is the simulated measurement. The 

background indicates the measurement type from the simulator, green for the 

LOS case. 

 

The simulation/experiment comparison of the measurement from the G20 

satellite, likely experiencing different interferences at different periods, is shown in 

Figure 6-6. Initially, the measurement is classified into the signal reflection case (NLOS 

reception), and simulated with a low 𝐶/𝑁0  and a significant pseudorange delay, 

consistent with the experimental measurements. Later, the measurement status was 

changed to a single diffraction case from the simulator, resulting in an increasing 𝐶/𝑁0 

and a significant drop in the pseudorange error. Subsequently, it is changed to the 

multipath case with LOS and diffracted signals, having a fluctuated 𝐶/𝑁0 and a small 

pseudorange error. During this transition, the experimental data showed behaviors 

consistent with the simulation results. After Epoch 1300, the diffracted signal in the 

multipath effect becomes illegitimate by the simulator, and the measurement is 

classified as LOS. The corresponding simulated measurements are also similar to the 

real data in terms of magnitude, except for the ending part, where the real measurement 
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experienced signal strength attenuation from the interference not detected by the 

simulator. 

 

Figure 6-6 Comparison between simulation and experiment on the 

measurements of G20 satellite, including: (a) 𝑪/𝑵𝟎; (b) pseudorange error; (c) 

single-differenced Doppler shift error. The black marker is the real 

measurement, while the red marker is the simulated measurement. The 

background indicates the measurement type from the simulator, as shown in the 

legend. 

 

 In addition to the validation of each satellite measurement, the consistency 

between the simulation and experiment for positioning was validated and demonstrated 

in Figure 6-7. The detailed positioning errors with respect to the E-W and N-S 

directions during the validation are illustrated in Figure 6-8. The LS positioning result 

from the simulated measurements is consistent with that from real measurements, 

except that the simulation result has less variation. This is probably due to the limitation 

of RT simulation, a deterministic modeling approach that is unable to model the noise 

accurately. In addition, the positioning error from the simulation exhibits a trend very 

similar to that from actual receiver measurements, reflecting the GNSS positioning 

error behavior in the urban area. Comprehensive validation by additional experiments 

and evaluations can be found in [32]. Besides, instead of each individual measurement, 

the analysis of collaborative positioning algorithm is more focused on the improvement 

of positioning solution accuracy from the conventional methods in an urban area, which 
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can be sufficiently modeled by the proposed simulator. In summary, the developed 

simulator GNSS RUMS is capable of simulating GNSS measurements for multi-agents 

in an urban area, reflecting the real positioning difficulties that are sufficient for the 

validation or analysis of advanced positioning algorithms, such as the large-scale 

collaborative positioning algorithm. 

 

 

Figure 6-7 Positioning solution (LS method) from (a) real measurements; (b) 

GNSS RUMS. The 2D positioning RMSEs are shown correspondingly. 

 

 

Figure 6-8 Positioning error (LS method) from real measurements and simulated 

measurements (GNSS RUMS) during the static test. 

6.2 Scalability Analysis 

The collaborative positioning algorithm could have different performances on different 

networks, particularly when the size was different. Instead of the evaluation with only 
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a few agents, in this section, the 3DMA GNSS collaborative positioning algorithm 

proposed in Chapter 5 will be evaluated with different collaborating network sizes to 

analyze the scalability. Thus, the impact of network size on the collaborative 

positioning performance can be investigated, providing a potential direction for further 

improving the effectiveness of the collaborative positioning algorithm. 

6.2.1 Analysis Setup 

Based on the simulator GNSS RUMS developed in Section 6.1, half-minute GNSS 

measurements for 30 agents, including 8 vehicles and 22 pedestrians, in different urban 

environments were simulated for potential collaboration. The trajectories of different 

agents used to evaluate the collaborative positioning performance are shown in Figure 

6-9.  

 

 

Figure 6-9 Simulation setup for different agents (left) and the target agent (right) 

for the scalability analysis. 

 

The scalability analysis procedures are illustrated in Figure 6-10. As the 

positioning performances in different environments vary significantly, it is necessary 

to select a target agent to adequately evaluate the performance of different networks. 

Thus, the target agent is selected as a pedestrian located in a typical urban area with 

severe degradation due to signal interference, as shown in Figure 6-9 (right). Then, the 

collaborators for the target agent are randomly selected from the remaining agents, 

constructing the collaborating network sets with different sizes 𝑁 . Here, 20 Monte 

Carlo trials of collaborator combinations are sampled for each network size from 1 to 

25 agents, where a random combination of collaborators is employed in each Monte 

Carlo trial. Following the Monte Carlo method, each network is applied with the 
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proposed 3DMA GNSS RT-based collaborative positioning algorithm (RT-FGO in 

Chapter 5) to evaluate the performance and computation load. Finally, the averaged 

positioning RMSE and computation load among 20 Monte Carlo trials corresponding 

to different network sizes were collected to analyze the characteristics of positioning 

accuracy or computation load with respect to the network size. The scalability analysis 

is conducted on a desktop with the processor Intel(R) Core(TM) i9-9900K 3.60GHz. 

 

 

Figure 6-10 Scalability analysis procedures for collaborative positioning. 

 

6.2.2 Analysis Result 

The scalability analysis was first applied based on the simulation setup (as Figure 6-9) 

for an open-sky scenario, by removing the 3D building models nearby all the agents 

during simulation (omit any signal reflections or diffractions from buildings) to 

approximate it as an open-sky environment. Note that the same target agent (as Figure 

6-9) is used in this analysis but with the removal of the nearby buildings to simulate an 

open-sky area. The positioning performance of the target agent in an open-sky 

environment from the proposed 3DMA GNSS collaborative positioning algorithm (RT-

FGO) with different network sizes are shown in Figure 6-11. For the open-sky scenario 

without distinctive errors, a larger network for collaborative positioning can always 

reduce noise and achieve better performance. However, the improvement gradually 

decreases when the network size increases. The proposed algorithm performs as 

expected in an open-sky area. 
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Figure 6-11 Positioning RMSE of each Monte Carlo trial and their averaged 

value when applying the proposed method corresponding to different network 

size 𝑵 for the open-sky environment.  

 

Then, the scalability analysis is applied to the simulation setup with 3D 

buildings to consider the interferences in the urban area. The performance of the 

proposed RT-FGO algorithm (from Chapter 5 collaborating all available agents with 

RT via optimization) for different network sizes are compared with other algorithms in 

Figure 6-12, including the single-agent LS positioning, single-agent 3DMA GNSS RT 

positioning, and 3DMA GNSS collaborative positioning with multipath and NLOS 

exclusion (from Chapter 4 collaborating with the anchor having the lowest predicted 

error from NPEM, denoted by SM-CP). The stand-alone LS and RT as the benchmark 

experience an RMSE of approximately 50 m and 20 m, respectively. By extending SM 

with collaborative positioning, SM-CP achieves an accuracy similar to RT. By 

expanding the network size, the accuracy of SM-CP can be further improved. This is 

probably because SM-CP is an anchor-based method, in which a larger network can 

have a higher opportunity to select a better anchor for positioning. Although the overall 

accuracy of the proposed RT-FGO always outperforms other methods, its performance 

with respect to the network size is monotonic. 
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Figure 6-12 Averaged RMSEs for different positioning algorithms corresponding 

to different collaborating network size 𝑵 in an urban area.  

 

The detailed positioning performance of RT-FGO corresponding to each Monte 

Carlo trial is shown in Figure 6-13. For the case of 𝑁 = 1, no available inter-agent 

constraint was used during the optimization process. Without assistance from other 

agents, the positioning RMSE of the target agent is 11.1 m. For the case of 𝑁 = 2, the 

target agent collaborates with only one agent, likely probably a degraded agent. 

Although the average performance is improved, some of the Monte Carlo samples could 

perform worse than single-agent positioning. For a larger network with numerous 

constraints, the optimization process is less dominated by the constraints related to the 

degraded agent.  Hence, consistent with the open-sky scenario, the positioning error 

variance from the proposed method is always reduced for a larger network; in other 

words, the solutions are biased more consistently for a larger network.  
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Figure 6-13 Positioning RMSE of each Monte Carlo trial and their averaged 

value when applying the proposed method corresponding to different network 

size 𝑵 for the urban environment. 

 

However, when the network size 𝑁 is greater than five, the averaged RMSE 

does not continue to be reduced for a larger network but gradually increases. This is 

probably because a larger network can also have a higher chance of involving agents 

with distinctive errors, since most of the agents are in dense urban areas. Collaborative 

positioning is popular for eliminating common errors in relative position estimation and 

reducing noise but is sensitive to distinctive errors. Although the proposed algorithm 

can significantly mitigate these distinctive errors, there may still be a certain amount. 

As a result, when the network is larger than a certain size, the remaining distinctive 

errors from different agents accumulate, becoming the dominant error in the final 

optimization. Then, a larger network may involve more distinctive errors that cannot 

be mitigated, resulting in a worse average positioning performance. It should be noted 

that some Monte Carlo trials (agent combinations) achieve the positioning accuracy 

significantly better than the averaged value. Therefore, such samples (combinations) 

may fulfill special conditions, such as additional correlations between agents, to obtain 

better improvements during collaborative positioning.  

In addition to the scalability analysis of the positioning accuracy, the 

computation loads corresponding to different network sizes when applying the 

proposed algorithm are shown in Figure 6-14. According to the system architecture in 

Figure 5-2, the total computational load of the proposed algorithm can be separated into 

three sectors: RT, the process applying the single-agent 3DMA GNSS RT positioning 
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for absolute position constraints (Section 5.1.2.2); RT-DD, the process applying the 

grid-pair-based 3DMA GNSS relative positioning for relative position constraints 

(Section 5.1.3); and FGO the process applying factor graph optimization with all 

available constraints (Section 5.1.4). Here, the computation load analysis is under the 

architecture with a central server containing all simulated delays (sky-table of 

reflection). According to the results, the total computation load is significantly 

dominated by the relative positioning process (RT-DD). FGO was originally designed 

for the real-time integration of numerous redundant sensors. Its computation load is 

significantly reduced by exploiting sparsity [125] and occupies only a small part of the 

total computation load. The pseudorange matching process on different grids during 

RT always requires a large number of candidate positions (grid points) to test the 

simulation/measurement consistency, introducing a computation load larger than the 

optimization process. Moreover, the RT-DD employs a matching process similar to RT 

but in terms of different pair of grids, further increasing the computation load in a 

squared manner 
𝑁(𝑁−1)

2
 corresponding to the network size 𝑁 . Thus, the total 

computation load of the proposed method is dominated by the relative positioning 

process with the increment of 𝑂(𝑁2) according to the network size 𝑁. As a result, the 

size of the collaborating network should be reduced as much as possible to effectively 

reduce the computational load for practical applications. 

 

 

Figure 6-14 Computation load of the proposed collaborative positioning 

algorithm. The total computation load is separated into three sectors: (RT) 

absolute positioning; (RT-DD) relative positioning; and (FGO) final 

optimization.  
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6.3 Latency Analysis 

In a practical collaborative positioning application, various factors can interfere with 

the communication protocol, introducing a communication delay during the 

measurement transmission, for example, between a collaborating agent and the central 

server. Besides the latency of receiving final solutions, the constraint information 

related to the delayed upload measurement may not be available in the system during 

real-time estimation, resulting in degenerated optimization with incomplete 

information and degradation compared to the expected performance. Therefore, in 

addition to the scalability analysis, the impact of communication latency on the 

proposed collaborative positioning algorithm is evaluated by exploring the 

communication requirements for practical applications.  

6.3.1 Analysis Setup 

The latency degradation effect on the proposed collaborative positioning algorithm is 

investigated based on a similar simulation setup used in the scalability analysis, as 

Figure 6-9 shows. The same target agent in the urban area is employed for analysis, 

together with the other four agents (one vehicle and three pedestrians) to form a network, 

achieving adequate performance during the proposed collaborative positioning. Then, 

a random communication latency following the half-normal distribution with a standard 

deviation 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦  is assigned to each agent at every epoch. The half-normal 

distribution is selected because the communication latency is always positive, 

visualized by an example in Figure 6-15. The value of 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦  represents latency 

severity. This latency controls when the related constraints are available in the 

optimization process, collaborating with information from different agents for 

positioning. All the constraints related to the delayed agent will be unavailable during 

the FGO, reappearing only when the system time exceeds the latency. An example of 

this is shown in Figure 6-16, where Agent 2 (could be either a vehicle or a pedestrian) 

at epoch 𝑡 experiences a latency 𝛿𝑡 when the measurement is shared. All the constraints 

related to Agent 2 are unavailable in the central server for collaborative positioning, 

resulting in a degenerated graph for the final optimization. These constraints remain 

unavailable until the system operation time arrives 𝑡 + ∆𝑡, where ∆𝑡 ≥ 𝛿𝑡. Then, all 

related constraints reappeared in the final optimization. To maintain the node of the 

delayed agent for optimization, its delayed (unavailable) absolute position constraint is 
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temporarily substituted by the absolute position constraint from the last available 

measurements. Similar to the scalability analysis, the proposed positioning algorithm 

is evaluated on the network with the agents under random latencies according to a 

selected 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦 , representing a Monte Carlo trial. By applying the Monte Carlo 

method with 30 trials on each latency level 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦, where 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦 varies from 0 to 30 

s, the relationship between collaborative positioning accuracy and latency severity can 

be analyzed. Here, the upload latency within one second is negligible because the GNSS 

measurement rate is usually 1 Hz. 

 

 

Figure 6-15 Example of the half-normal distribution, compared to the normal 

distribution. 

 

 

Figure 6-16 Illustration of the constraints related to a delayed agent become 

unavailable for the FGO, until the system time is passing over the latency. The 

dotted line denoted the constraint is unavailable during the optimization process. 
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6.3.2 Analysis Result 

The averaged positioning performance in RMSE from the proposed collaborative 

positioning algorithm (RT-FGO) corresponding to different latency severities 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦 

is demonstrated in Figure 6-17, including the performance of each Monte Carlo trial 

and a benchmark performance from the single-agent 3DMA GNSS positioning (RT). 

For the case with perfect communication ( 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦 = 0 ), the proposed RT-FGO 

achieves a performance with an RMSE of 7.9 m. After assigning latencies to different 

agents, the performance of RT-FGO degrades. Its accuracy is dramatically decreased 

when the latency severity transits from 1 s to 2 s, as shown by the steep slope in Figure 

6-17. This is likely because many of the effective constraints are unavailable for 

optimization. Subsequently, the performance continues to degrade when the latency 

severity is higher. When 𝜎𝑙𝑎𝑡𝑒𝑛𝑐𝑦 reaches 30 s, close to the total evaluation time span, 

most of the constraints are unavailable in the system all the time, leading to a poorly 

connected graph with almost no additional information. Thus, the optimization 

performance is poor and close to that of single-agent RT. In general, the performance 

of the proposed algorithm can be severely degraded by only a few seconds of latency. 

The analysis results show that it is necessary to guarantee a healthy communication 

status with a latency below 1 second when applying the collaborative positioning 

algorithm. 

 

 

Figure 6-17 Positioning RMSE of each Monte Carlo trial and their averaged 

value when applying the proposed method corresponding to different latency 

severity 𝝈𝒍𝒂𝒕𝒆𝒏𝒄𝒚 during the latency analysis.  
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6.4 Summary 

In this chapter, a GNSS simulator, GNSS RUMS, is first developed to simulate GNSS 

measurements producing realistic position errors for multiple agents in an urban area 

to adequately evaluate the performances of different collaborative positioning 

algorithms. By employing different models to consider various interferences, the 

simulated measurements from GNSS RUMS can reflect positioning difficulties in 

urban areas.  

Then, based on GNSS RUMS, the scalability of the collaborative positioning 

algorithm proposed in Chapter 5 is analyzed using the Monte Carlo method with 

different network sizes. For the open-sky scenario, a larger network can always achieve 

better accuracy and consistency from collaborative positioning. However, for the urban 

areas , a larger network may not always improve the collaborative positioning accuracy, 

although the solutions are more consistent. Its accuracy can even be degraded when the 

network is larger than a certain size, likely because more distinctive errors are involved 

in collaborative positioning. However, the computation load of the proposed algorithm 

increases in the manner of 𝑂(𝑁2) with respect to network size 𝑁. 

Finally, similar to the scalability analysis, the latency-related degradation of the 

proposed algorithm is analyzed by evaluating its accuracy corresponding to the network 

with different latency severities. The analysis results show that even seconds of 

communication latency can introduce a severe degradation in positioning accuracy. 

In summary, unlike the conventional collaborative positioning algorithm 

applied in the open-sky area, it is essential to select appropriate agents to form an 

effective network for the proposed collaborative positioning in an urban area to involve 

less distinctive errors from different agents and reduce the massive computational load 

due to network size. The analysis results show the potential of developing an intelligent 

collaborator selection strategy to further improve the effectiveness of the proposed 

algorithm. Two prospective approaches are worth investigating. One is to select more 

collaborators located in a better environment, where the measurement quality can be 

guaranteed. Another is to select collaborators with measurement correlations, for 

example, the spatial correlation of reflection delay, which makes the distinctive error 

become correlated and can be mitigated by collaboration. In addition, it is also 
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necessary to ensure a sub-second level of communication latency when applying the 

proposed algorithm to maintain its effectiveness. During a practical application, it 

would be better to select the agent with a healthy communication link to apply 

collaborative positioning. 
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7. INTELLIGENT COLLABORATOR SELECTION STRATEGY 

FOR THE 3DMA GNSS COLLABORATIVE POSITIONING 

Although the 3DMA GNSS RT-based collaborative positioning algorithm with FGO 

(RT-FGO) proposed in Chapter 5 achieves promising improvements in the positioning 

performance of the agents in urban areas, several issues remain to be addressed before 

practical use. From the scalability analysis results in Chapter 6, it is essential to select 

few but sufficient agents for the proposed collaborative positioning to ensure 

effectiveness while maintaining an acceptable computational load for practical 

applications. Therefore, this chapter will investigate the error behavior of the proposed 

algorithm on a network with different agent combinations (e.g., with different 

environments, or the existence of spatial correlation), further employed to develop an 

intelligent collaborator selection strategy to improve its performance.  

7.1 Performance Analysis of Agent Selection Strategy based on Environment 

The GNSS positioning performance is closely related to the operating environment. 

Usually, an urban scenario is harder than an open-sky scenario for agents to achieve 

accurate performance, owing to various interferences from buildings or other obstacles. 

An intuitive approach is to select those agents in an environment context with healthy 

measurements to aid the target agent in the urban area by collaborative positioning. 

Therefore, in this section, the performance of the proposed algorithm on networks with 

agents in different environments (open-sky, urban area, or mixed) will be analyzed to 

evaluate the feasibility of applying the collaborator selection based on each agent’s 

operating environment. The benefits of this collaborator selection strategy were 

investigated. 

7.1.1 Analysis Setup 

Analogous to the analysis in Chapter 6, 26 epochs of GNSS measurements (at a rate of 

1 Hz) for 50 static agents in different urban environments were simulated by GNSS-

RUMS as candidate agents for collaborative positioning. Their locations and the 

corresponding average positioning error from the LS estimation are illustrated in Figure 

7-1. Some randomly sampled agents are located on the water, which could be regarded 

as the agents on empty ground in the open-sky area. The average building elevation 
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angle corresponding to each environment is used to quantify the urbanization level 

[137], derived from 

 

�̅�𝐵𝐵 = ∑ 𝜃𝐵𝐵,𝜓
360
𝜓=1 360⁄     (7-1) 

 

where 𝜃𝐵𝐵,𝑎𝑧 is the elevation angle of the building’s upper edge at azimuth angle 𝜓; 

�̅�𝐵𝐵 represents the severity of the building blockage in the sky view, where �̅�𝐵𝐵 = 90° 

indicates that the entire sky is blocked by buildings. GNSS performance is usually 

related to urbanization level. As Figure 7-1 shows, the agent in an environment with 

lower urbanization (lower �̅�𝐵𝐵) is more likely to obtain better positioning performance 

than the agent in an environment with higher urbanization (higher �̅�𝐵𝐵). During the 

analysis, the average building elevation angle varied from 5° to 73°, covering most of 

the urban scenarios. These candidate agents are categorized into three types based on 

urbanization: (1) open-sky agents, with �̅�𝐵𝐵 < 15°; (2) middle urban agents, with �̅�𝐵𝐵 

between 15° and 48°; and (3) dense urban agents, with �̅�𝐵𝐵 > 48°. The index of each 

agent is sorted according to the average building elevation angle in ascending order, 

where the agent with a lower index is less blocked by the buildings. 

 

 

Figure 7-1 (a) Locations of the candidate agents for the collaborator selection 

strategy evaluation; (b) averaged LS error from the measurement of each agent 

simulated from GNSS RUMS (colored bars), and the corresponding averaged 

building elevation angle (black line) associating with the urbanization level. The 

agent index sequence is sorted by the averaged building elevation angle in 

ascending order. 
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Among these candidate agents, a target agent is selected and applied with the 

Monte Carlo method to collaborate with other agents randomly according to the 

following selection strategies: 

(1) Open-sky CP: Select collaborators from open-sky agents (�̅�𝐵𝐵 < 15°); 

(2) Mixed CP: Select collaborators from all available agents; and 

(3) Dense urban CP: Select collaborators from dense urban agents (�̅�𝐵𝐵 > 48°). 

 

According to the scalability analysis presented in Chapter 6, the collaborating 

network size could also influence the positioning accuracy. Thus, the Monte Carlo 

method is applied to different agents and different network sizes when evaluating each 

selection strategy. The network combination of each Monte Carlo trial will be applied 

with the 3DMA GNSS RT-based collaborative positioning algorithm with FGO (RT-

FGO) proposed in Chapter 5. Here, the optimization process is applied according to the 

true error of the absolute and relative position constraints, aiming to evaluate the 

potential of the agent selection strategy and avoid the disturbance from faulty constraint 

uncertainty information. The constraint true error matrices that approximate the true 

covariance matrices of the absolute and relative position constraints during FGO, 

denoted as 𝛀𝑎,𝑡
∗  and 𝛀𝑎𝑏,𝑡

∗ , are derived as follows: 

 

𝛀𝑎,𝑡
∗ = [

(�̀�𝑎,𝑡
𝐸𝑎𝑠𝑡 − �̂�𝑎,𝑡

𝐸𝑎𝑠𝑡)
2

0

0 (�̀�𝑎,𝑡
𝑁𝑜𝑟𝑡ℎ − �̂�𝑎,𝑡

𝑁𝑜𝑟𝑡ℎ)
2]            (7-2) 

 

𝛀𝑎𝑏,𝑡
∗ = [

(�̀�𝑏,𝑡
𝐸𝑎𝑠𝑡 − �̀�𝑎,𝑡

𝐸𝑎𝑠𝑡 − �̂�𝑎𝑏,𝑡
𝐸𝑎𝑠𝑡)

2
0

0 (�̀�𝑏,𝑡
𝑁𝑜𝑟𝑡ℎ − �̀�𝑎,𝑡

𝑁𝑜𝑟𝑡ℎ − �̂�𝑎𝑏,𝑡
𝑁𝑜𝑟𝑡ℎ)

2] (7-3) 

 

where �̀�𝑎,𝑡
𝐸𝑎𝑠𝑡and �̀�𝑎,𝑡

𝑁𝑜𝑟𝑡ℎare the East and North components of the true position of agents 

𝑎, respectively; �̂�𝑎,𝑡
𝐸𝑎𝑠𝑡 and �̂�𝑎,𝑡

𝑁𝑜𝑟𝑡ℎ are the East and North components of the absolute 

position constraint �̂�𝑎,𝑡 , respectively; and �̂�𝑎𝑏,𝑡
𝐸𝑎𝑠𝑡  and �̂�𝑎𝑏,𝑡

𝑁𝑜𝑟𝑡ℎ  are the East and North 

components of the relative position constraint �̂�𝑎𝑏,𝑡 , respectively. By collecting the 

positioning performance from Monte Carlo trials, the relationship between 

collaborative positioning performances and the collaborator environment (or 

collaborator selection strategies) will be investigated. 
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7.1.2 Collaborative Positioning Performance from Different Agent Selection 

Strategies based on the Urbanization Level 

During the analysis, Agent 33 in a middle urban environment was first selected as the 

target agent to evaluate the collaborative positioning performance when applying 

different agent selection strategies. Its true location and LS positioning performance are 

demonstrated in Figure 7-2, together with the sky view of this location. Here, Agent 33 

is adjacent to the number of tall buildings that possibly reflect the GNSS signals, 

introducing severe errors to the final positioning solutions.  

 

 

Figure 7-2 (a) True location of Agent 33 and its LS positioning results from 

simulation; (b) sky-view on the location of Agent 33, where the grey areas 

indicate the building blockage areas. 

 

The averaged performances (in RMSEs) of Agent 33 after applying the 

proposed collaborative positioning algorithm according to different collaborator 

selection strategies are demonstrated in Figure 7-3, including each Monte Carlo trial. 

Results show that the proposed collaborative positioning algorithm is effective and 

always outperforms the standard LS estimation with an RMSE of 24.8 m (as Figure 7-

2 shows), regardless of the collaborator selection strategy. Among the different 

selection strategies, the overall performance from Open-sky CP (with collaborators in 

an open-sky environment) is more accurate and robust than the others. With more 

collaborators in the urban environment, the Mixed CP and Dense urban CP strategy 

have a positioning error with a higher magnitude and variance. Normally, collaborative 

positioning can effectively reduce random noise using a larger network during 

estimation [30]. The Open-sky CP is more effective in reducing the error due to the 
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network size (steeper slope) compared to the others. Similar to the scalability analysis, 

𝑁 = 1 denotes no collaboration between agents and no relative position constraint 

during the optimization process. The performance of Dense urban CP from a larger 

network is still similar to that without collaboration. This is probably because the 

collaborators in the urban area can hardly provide effective relative position constraints, 

either be degraded by the remaining reflection interferences or become unavailable due 

to insufficient observations. For the highest achievable accuracy, Open-sky CP and 

Middle urban CP are similar, whereas Dense urban CP is noticeably worse. 

 

 

Figure 7-3 Collaborative positioning performances on Agent 33 when applying 

different collaborator selection strategies: Open-sky CP; Mixed CP; and Dense 

urban CP. Black cross denotes each Monte Carlo method trial. 

 

The performances of different collaborator selection strategies are further 

compared on Agent 36, another agent in a dense urban environment. The environmental 

information about Agent 36, as well as the collaborative positioning performances from 

different strategies, are shown in Figure 7-4.  
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Figure 7-4 (a) True location and LS solutions of Agent 36; (b) Sky-view with 

building blockages; (c) collaborative positioning performances from different 

collaborator selection strategies. 

 

Here, Agent 36 is degraded by the severe NLOS receptions from the 

surrounding building, resulting in a large positioning error, which remains significant 

even after applying the single-agent 3DMA GNSS algorithm RT as in Section 5.1.2.2 

(18 m of RMSE for 𝑁 = 1). Consistent with the preceding analysis, Open-sky CP can 

effectively improve positioning accuracy and robustness, especially with a sufficient 

network size. The Dense urban CP achieves less improvement in accuracy compared to 

other strategies. The comparisons of different strategies for all agents are shown in 

Figure 7-5, where Open-sky CP consistently exhibits the best performance. 
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Figure 7-5 Collaborative positioning performance of each agent as the target 

under different collaborator selection strategies. 
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The excellent performance of Open-sky CP is possibly due to the good qualities 

of the absolute position constraints (Figure 5-6) guaranteed by the open-sky agents. 

Figure 7-6 shows the averaged errors of the east and north components of the absolute 

positioning constraints from each candidate agent. Figure 7-7 shows the averaged errors 

of the East and North components of the relative positioning constraints between 

different candidate agents. The absolute position constraints from Agent 1-15 in the 

open-sky environment were much more accurate than those from the agents in the urban 

area. Meanwhile, the relative position constraints associated with open-sky agents are 

no worse than those between urban agents. As a result, Open-sky CP selects agents with 

better absolute position constraints as accurate anchors to aid the positioning of 

degraded agents. Unlike dense urban CP, in which most of the constraints are degraded, 

Open-sky CP ensures the effectiveness of absolute constraints for better optimization 

results. However, if the relative position constraints between the target agent and other 

available collaborators are always severely degraded, such as Agent 41, the Open-sky 

CP strategy is not effective, even though the absolution position constraints besides the 

target agent are reliable. The degradation on the relative position constraint is possibly 

introduced by the distinctive NLOS reception error that remained from imperfect RT 

modeling on Agent 41. In general, selecting the collaborators from an open-sky 

environment can ensure the absolute position constraint quality besides the target agent 

during the optimization process, achieving better performance than without any 

selection. However, its effectiveness could be limited by the relative position constraint 

quality, affecting the association between the anchor and the target agent. 
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Figure 7-6 Averaged errors of the East and North components of the absolute 

positioning constraints (single-agent RT positioning performance) from each 

agent. The color indicates the error level. The y-axes are scaled with the upper 

limit of 30 m. 

 

 

Figure 7-7 Averaged errors of the East and North components of the relative 

positioning constraints between different candidate agents. The color indicates 

the error level. The constraint error between a pair of agents and its inverse pair 

is the same, and they are shown only once. The empty block indicates no 

available relative position constraint due to insufficient measurements. 

7.2 Performance Analysis on Spatially Correlated Agents  

The degradation of collaborative positioning is usually due to a distinctive error, such 

as the NLOS reception error, which cannot be simply compensated by the differential 

approach between agents. However, although this distinctive error is uniquely related 

to the surrounding environment of the agent, it may also be correlated with another 
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agent according to the signal propagation geometry, namely the spatial correlation. By 

selecting the agents with spatial correlations for collaborative positioning, the NLOS 

reception errors could be correlated and naturally mitigated during the differential 

process, thereby improving the positioning performance.  

From the analysis result of Agent 33 (Figure 7-3), some network combinations 

with urban agents could achieve better performances than the network with open-sky 

agents only. A special case, the collaboration between Agents 33 and 32, is illustrated 

in Figure 7-8, in which both agents are in a similar environment with three sides blocked 

by buildings. Here, the reflection geometries of these two agents could be similar, 

resulting in spatially correlated pseudorange errors with a similar magnitude. Thus, the 

originally distinctive error may become a shared error naturally canceled during DD-

based collaborative positioning, achieving a better relative positioning performance. 

Therefore, this section will investigate spatial correlation and verify the preceding 

assumed benefits by evaluating the collaborative positioning performance with the 

collaborators selected from a similar environment. 

 

 

Figure 7-8 An example showing the collaboration between urban agents (Agent 

33 and 32) outperforms that between open-sky agents. 

 

7.2.1 Analysis Setup 

The pseudorange error due to the reflection delay is closely related to the signal 

propagation geometry, particularly the distance and orientation of the reflecting surface 

to the agent [121]. Thus, the spatial correlation of the pseudorange measurement error 

probably occurs between the agents in the same street with the same distance to the 

buildings. To conduct the spatial correlation analysis, the analysis setup in Section 7.1.1 
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is extended with nine additional agents (Agents 51–59) evenly distributed along or 

across the street at 5-m intervals, as Figure 7-9 shows. Similar to the analysis in Section 

7.2, the effectiveness of selecting the spatially correlated agents to conduct 

collaborative positioning is analyzed by comparing the following two collaborator 

selection strategies via the Monte Carlo method: 

(1) Open-sky CP: Select collaborators from open-sky agents (�̅�𝐵𝐵 < 15°); 

(2) Correlated CP: Select collaborators from the agents in the same street 

(among Agents 51–59). 

In addition to analyzing the overall performances from Open-sky CP and 

Correlated CP, a representative case is selected to investigate the behavior of the GNSS 

measurement spatial correlation and validate its advantages to collaborative positioning 

in urban areas. 

 

 

Figure 7-9 Locations of the extended agents in the same street with spatial 

correlation.  

 

7.2.2 Collaborative Positioning Performance and Measurement Behaviors of 

the Spatially Correlated Agents 

During the spatial correlation analysis, Agent 55 was first selected as the target agent 

to evaluate the performance of different strategies, as Agent 55 is in the center with a 

higher opportunity to have a spatial correlation with other agents in the same street. The 

overall positioning accuracy and each Monte Carlo trial for different strategies are 

illustrated in Figure 7-10, including the performances for different network sizes. Here, 

the Monte Carlo method is limited to seven trials because only eight collaborators are 

available on the same street. Results show that the final absolute positioning 

performance from Correlated CP is slightly better than that of Open-sky CP, even if all 
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the collaborators are from an urban environment with intensive interferences. This is 

most likely due to the accurate relative position constraints derived between the 

spatially correlated agents. 

 

 

Figure 7-10 Absolute positioning error of Agent 55 from the collaborative 

positioning based on the selection strategies: (a) Open-sky CP; (b) Correlated 

CP. The best case in Open-sky CP is the collaboration between Agent 9, 2, 10, 3, 

12, and 11. The best case in Correlated CP is the collaboration between Agent 51, 

57, 53, 56, 58, and 54. 

  

Then, the measurements from three representative satellites, G05, B05, and B27, 

were selected to analyze the spatial correlations between Agents 51-55. The 

corresponding pseudorange errors are illustrated in Figure 7-11. The pseudorange 

errors of satellite G05 from Agents 51-55 have a similar magnitude, probably because 

of reflections with similar geometry. Meanwhile, compared to Agents 51-55, the error 

from Agent 56 is slightly different, whereas the errors from Agent 57-59 have 

completely different magnitudes and behaviors. This is probably because of the 

increasing agent-to-building distance from Agents 56 to 59, making the NLOS 

reception become multipath reception (direct signal becomes unobstructed, as the 

markers shown in Figure 7-11), which has a very different error behavior. For satellite 

B05, the pseudorange errors from different agents are all due to NLOS reception. 

However, the magnitudes of the errors are similar only for the agents along the street 

direction (Agent 51-55). This is probably because the reflection geometry varies in the 

cross-street direction, where a larger agent-to-building distance introduces a more 
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severe reflection delay. Finally, for satellite B27 with multipath reception for all agents 

in the street, the pseudorange errors are very different, even for the nearby agents in the 

along-street direction. This is probably because the multipath error behavior relates to 

the signal phase information, which varies sensitively in the centimeter-level scale [15]. 

Note that the multipath effect of Agent 59 is different from others, possibly having a 

reflection signal path different from others. In general, the spatial correlation of NLOS 

reception errors usually occurs on agents distributed along the along-street direction, 

rather than in the cross-street direction. According to the reflection geometry [121], the 

reflection delay is related to the distance between the receiver and the reflecting surface. 

With a similar distance to the reflecting building, the agents distributed along the street 

(parallel to the building surface) are more likely to have a similar reflection geometry 

than those distributed cross the street. On the other hand, the multipath errors do not 

exhibit clear spatial correlations even for the adjacent agents, because they are also 

related to the signal phase information to count the interaction between signals. 

 

 

Figure 7-11 Pseudorange errors of different agents from the satellite G05, B05, 

and B27. The marker denotes the error type, where “x”, “o”, and “none” are 

NLOS reception, multipath, and LOS, respectively. 

 

Finally, the advantages of the pseudorange error spatial correlation for 

collaborative positioning are analyzed based on two sets of collaborations that achieve 

the best accuracy on Open-sky CP and Correlated CP. The relative position constraint 

errors in RMSE during the selected best Open-sky CP case and best Correlated CP case 

are illustrated in Table 7-1 and Table 7-2, respectively. The relative positioning 

constraints from Correlated CP have a comparable accuracy compared to that from 

Open-sky CP, although the measurements are interfered with by reflections. This is 

possibly due to the direct cancelation of the NLOS reception errors when applying the 
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DD manipulation between the spatially correlated agents, which can further enhance 

the effectiveness of the relative position constraint estimation process (Equation 5-11).  

 

Table 7-1 Relative position constraint errors in RMSE (m) during the selected 

best Open-sky CP case 

Index 

Collaborating Agent 

55 9 2 10 3 12 11 

T
a
rg

et
 A

g
en

t 

55  7.0 8.0 8.2 7.8 6.7 7.7 

9   9.5 10.4 6.9 12.8 10.8 

2    6.5 8.6 7.7 8.2 

10     7.7 9.2 9.1 

3      10.9 9.9 

12 Average: 8.7    9.8 

11 Standard deviation: 1.6    

 

 

Table 7-2 Relative position constraint errors in RMSE (m) during the selected 

best Collaborated CP case 

Index 

Collaborating Agent 

55 51 57 53 56 58 54 

T
a
rg

et
 A

g
en

t 

55  8.3 8.9 7.0 8.3 8.3 6.2 

51   10.2 8.5 7.5 5.9 7.3 

57    9.5 10.0 12.5 9.4 

53     8.3 6.5 6.4 

56      8.4 8.5 

58 Average: 8.3    7.9 

54 Standard deviation: 1.5    
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 However, the overall collaborative positioning performance is not only 

determined by the accuracy of the relative position constraint between a particular pair 

of agents, but also by that of the absolute position constraint of the collaborating agent. 

For instance, the relative position constraint between agents a and b may have better 

accuracy and contribution at one epoch but may not be as adequate as the constraint 

between a and c at the next epoch. To evaluate the overall collaborative positioning 

performance, the optimal constraint link is defined here, presenting the best achievable 

relative positioning constraint accuracy at each epoch. For the target agent 𝑎 at epoch 

𝑡  within the network with N agents, the optimal constraint link 𝑏𝑡
∗ → 𝑎  and the 

corresponding cumulative error 휀𝑜𝑐𝑙,𝑡 are obtained by 

 

𝑏𝑡
∗ = 𝑎𝑟𝑔 𝑚𝑖𝑛

𝑏∈{1,⋯,𝑁}
(|휀𝑏,𝑡| + |휀𝑎𝑏,𝑡|)               (7-4) 

 

휀𝑜𝑐𝑙,𝑡 = |휀𝑏𝑡∗,𝑡| + |휀𝑎𝑏𝑡∗,𝑡|               (7-5) 

 

where 휀𝑏,𝑡 is the absolute position constraint error for Agent 𝑏 and 휀𝑎𝑏,𝑡 is the relative 

position constraint error between agents 𝑎 and 𝑏. The optimal constraint link represents 

the best constraint combination for the position estimation of the target agent at one 

epoch. The epoch-wise East and North errors of the optimal constraint link 휀𝑜𝑐𝑙,𝑡 when 

applying the Open-sky CP and Correlated CP are illustrated in Figure 7-12 and 

summarized in Table 7-3 with RMSE. Note that Table 7-3 evaluates the errors from the 

optimal constraints, which are much smaller than the overall constraint errors evaluated 

in Tables 7-1 and 7-2. In many epochs, the optimal constraint link error from a 

Correlated CP is similar to that from an Open-sky CP, improving the optimization 

performance in the urban area to comparable to that in the open-sky area. The RMSE 

of the optimal constraint link from Correlated CP is much lower than that from Open-

sky CP, indicating that Correlated CP has better relative position constraints to enhance 

the effectiveness of the collaborative positioning. In general, by selecting the 

collaborators from a similar environment with spatial correlations, the originally 

distinctive NLOS reception error can be canceled during the relative positioning, 

guaranteeing the relative position constraint quality for better optimization performance. 
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Figure 7-12 Epoch-wise East and North absolute positioning errors based on the 

optimal constraint link (휀𝒐𝒄𝒍,𝒕) during the collaborative positioning with Open-

sky CP or Correlated CP. 

 

Table 7-3 East and North absolute positioning RMSEs based on the optimal 

constraint link during the collaborative positioning with different collaborator 

selection strategies 

Direction East North 

Open-sky CP 1.3 1.7 

Correlated CP 1.2 1.2 

 

7.3 Summary 

This chapter analyzes two collaborator selection strategies for collaborative positioning 

with the target agent in an urban area, according to the environment context (Open-sky 

CP) or the spatial correlation (Correlated CP), following a procedure similar to the 

scalability analysis in Chapter 6. From the analysis results, the agents in the open-sky 

environment can always provide absolution position constraints with better quality for 

collaborative positioning, which can be regarded as reliable anchors. Therefore, 

selecting the open-sky agents to aid the degraded agent in the urban area can achieve 

better collaborative positioning accuracy than without applying any selection. However, 

this collaborator selection strategy can only guarantee the quality of the absolute 
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positioning constraint. This is ineffective for the case in which all the relative position 

constraints are severely degraded by distinctive errors. 

 On the other hand, the agents in a similar urban environment could also have a 

similar signal propagation geometry, including the reflection geometry, resulting in 

similar pseudorange error behavior, namely spatial correlation. By selecting those 

agents for collaborative positioning, the originally distinctive NLOS reception error can 

be canceled naturally during the double differential process. Without these distinctive 

errors, the qualities of the relative position constraints during the optimization can be 

guaranteed. However, such spatial correlation is more likely to occur between agents 

distributed in the longitudinal direction of the street instead of the cross-street direction. 

Moreover, the spatial correlation on multipath is not found between agents, likely 

because the multipath error is also related to the phase information that varies at the 

centimeter level.   

 Although both the collaborator selection strategies Open-sky CP and Correlated 

CP can improve the positioning performance, they can only guarantee the qualities of 

either the absolute position constraints or relative position constraints. It is worth 

developing an advanced selection strategy that integrates the benefits of Open-sky CP 

and Correlated CP, ensuring the qualities of the absolute and relative position 

constraints simultaneously to improve the effectiveness of collaborative positioning 

under all situations. In addition, the spatial correlation is only qualitatively analyzed 

with its occurrence. Thus, it is necessary to quantitatively analyze the characteristics of 

spatial correlation and develop criteria to select the spatially correlated agents that are 

effective for collaborative positioning. Finally, the selection strategy here is analyzed 

based on the true error of each constraint to evaluate its potential, whereas an incorrect 

constraint uncertainty in optimization will degrade the overall performance and cause 

the obtained benefits to vanish. Therefore, investigating a better algorithm for the noise 

covariance matrix estimation of each constraint will be another future work to improve 

collaborative positioning. 
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8. CONCLUSIONS 

This study investigates the GNSS-based collaborative positioning in dense urban areas 

by developing novel 3DMA GNSS collaborative positioning algorithms that mitigate 

NLOS receptions. The proposed algorithm was developed and studied in different 

aspects, from the initial concept to the comprehensive algorithm for practical 

applications. This chapter will provide conclusions of this study, according to the five 

stages of algorithm development: (1) the limitations of conventional collaborative 

positioning algorithms in urban areas; (2) the preliminary integration of collaborative 

positioning and 3DMA GNSS with multipath and NLOS exclusion; (3) refining and 

extending the 3DMA GNSS collaborative positioning algorithm with NLOS utilization 

and optimization process; (4) the analysis of its practical issues related to the scalability 

and communication latency; and (5) the investigation of the collaborator selection 

strategy. Finally, the remaining issues and potential future developments are discussed 

at the end of this chapter. 

8.1 Conclusions of this Research 

8.1.1 GNSS Collaborative Positioning Performance Evaluation for Urban 

Areas  

From the evaluations in Chapter 3, the GNSS DD-based collaborative positioning 

algorithm can improve the positioning accuracy and robustness compared to the 

conventional single-agent least-squares positioning method. However, during the 

relative positioning, it is only effective in dealing with the common errors shared by 

agents, whereas the distinctive error for each agent cannot be mitigated. Unfortunately, 

multipath and NLOS reception errors unique to each agent always occur in urban areas, 

making the conventional DD-based collaborative positioning algorithm ineffective. 

Furthermore, even by extending this algorithm with the consistency check, a popular 

fault detection and exclusion method, the collaborative positioning algorithm can still 

be significantly degraded by erroneously undetected outliers. With the limited 

performance and the risk of degradation, the conventional DD-based GNSS 

collaborative positioning algorithm cannot be applied in urban areas. Therefore, it is 

necessary to employ advanced algorithms that mitigate the distinctive errors during 

collaborative positioning to improve its effectiveness for all civil applications. 
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8.1.2 3DMA GNSS Collaborative Positioning with Multipath and NLOS 

Exclusion 

To recover the effectiveness of collaborative positioning in urban areas, a promising 

approach is to integrate the 3DMA GNSS techniques, famous for mitigating NLOS 

reception errors distinctive to each agent. Therefore, in Chapter 4, a preliminary 3DMA 

GNSS collaborative positioning algorithm is developed, integrating the SM algorithm 

and DD estimation according to their comprehensive characteristics. The SM 

employing the 3D building model is extended for NLOS reception exclusion, 

recovering the effectiveness of double differenced estimations during collaborative 

positioning. Meanwhile, the consistency check is also employed to further exclude the 

multipath effects. Besides, the SM solution and double different estimation are 

complementary on the positioning error ellipsoid, which are more accurate in the cross-

street direction and along-street direction, respectively. By integrating these two 

solutions, accurate positioning solutions can be achieved for agents in urban areas. The 

proposed algorithm is validated by both static and dynamic experiments and shows 

significant improvements compared to the conventional methods. However, the 

algorithm based on multipath and NLOS exclusion could significantly reduce the 

observation number for estimation, which is already limited for collaborative 

positioning in urban areas. Thus, the estimation geometry during collaborative 

positioning can be distorted and cannot achieve satisfactory performance. Moreover, 

this single-anchor-based estimation method relies heavily on the status of the selected 

anchor and lacks robustness. Therefore, it is necessary to improve the 3DMA GNSS 

collaborative positioning algorithm with NLOS utilization and global optimization to 

improve the estimation quality and robustness. 

8.1.3 3DMA GNSS Collaborative Positioning with NLOS Utilization 

The preliminary 3DMA GNSS collaborative positioning algorithm is refined and 

improved by adopting other advanced techniques in Chapter 5. On the one hand, it is 

extended with the 3DMA GNSS ray-tracing algorithm, reducing the degradation from 

NLOS receptions and utilizing them as features and additional observations for 

positioning. The observation limitation can be effectively relieved by incorporating this 

NLOS utilization capability. On the other hand, the proposed algorithm locates agents 

based on the available positioning information, including the historical information, 

from all involving agents employed as constraints through an FGO process instead of 
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relying only on the anchors. As a result, compared to the conventional methods, the 

enhanced 3DMA GNSS collaborative positioning algorithm with NLOS utilization can 

significantly improve the positioning accuracy and robustness of agents even in dense 

urban areas. Its performance is validated by static and dynamic experiments and a 

detailed error analysis. In general, the proposed algorithm can achieve an accuracy 

below 10 meters of errors for most agents in urban areas, fulfilling the requirements of 

many civil applications. However, several issues remain before it is applied in practice, 

such as network size and latency requirement.   

8.1.4 Scalability and Latency Analysis for the 3DMA GNSS Collaborative 

Positioning 

The remaining practical issues related to the proposed 3DMA GNSS collaborative 

positioning algorithm, including scalability and latency degradation, are discussed in 

Chapter 6. A GNSS measurement simulator, GNSS RUMS, was developed to reflect 

the positioning difficulties in the urban area and employed to conduct a reasonable 

analysis of the collaborative positioning algorithm. Based on the simulator, the 

scalability of the proposed algorithm was analyzed by evaluating the positioning 

accuracy and computation load corresponding to different network sizes. Unlike being 

applied in the open-sky area, the collaborative positioning algorithm applied in the 

urban area may not always achieve better accuracy for a larger network, whereas the 

computational load increases in a squared manner by the network size. A larger network 

may involve additional remaining distinctive errors that degrade the collaborative 

positioning performance. Therefore, it is necessary to develop a collaborator selection 

strategy that only selects effective agents for collaborative positioning to ensure 

accuracy and efficiency. For the latency degradation analysis, even a delay of one 

second can degenerate the optimization process, significantly reducing the 

effectiveness of the proposed algorithm. Hence, sub-second-level communication 

latency should be maintained in practice. 

8.1.5 Intelligent Collaborator Selection Strategy for the 3DMA GNSS 

Collaborative Positioning 

To ensure collaborative positioning effectiveness with a smaller network, two 

collaborator selection strategies are investigated in Chapter 7. One is to select the agents 

in an open-sky environment with less multipath or NLOS degraded measurements. 

Then, the open-sky agent can be regarded as a reliable anchor during collaborative 
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positioning with the target agent in an urban area, ensuring the quality of the absolute 

position constraints during the optimization process. The occurrences and behaviors of 

the spatial correlation between different agents in urban areas are investigated in this 

chapter. The NLOS reception error has a stronger correlation between the agents 

distributed in the along-street direction than in the cross-street direction, whereas the 

correlation of the multipath error is not apparent. By selecting the spatially correlated 

agents for collaborative positioning, the original distinctive NLOS errors can be 

naturally correlated and canceled during the DD estimation, ensuring the qualities of 

the relative position constraints during the optimization process. Simulation analysis 

shows that both selection strategies are can improve the effectiveness of the proposed 

collaborative positioning algorithm compared to the performance without any 

collaborator selection. 

8.2 Potential Future Developments 

For general cases in urban areas, the current algorithm achieves meters level accuracy 

(within 10 m RMSE). However, applications related to the intelligent transportation 

system, like traffic monitoring, still require the error to be bounded by 3 m or even less. 

In addition, the proposed 3DMA GNSS RT-based collaborative positioning algorithm 

(developed in Chapter 5) cannot be applied to real-time applications because of its 

massive computation load. Either its accuracy or efficiency needs to be further 

improved to satisfy the civil applications with higher solution precision or energy 

consumption requirements. Therefore, five challenges need to be addressed in the future. 

8.2.1 Sophisticated Modelling for GNSS Multipath and NLOS Receptions 

The 3DMA GNSS collaborative positioning with RT proposed in this study only 

employs a fundamental algorithm to model the signal reflection, which is not 

sophisticated enough to precisely model the signal reflection behavior. Thus, the RT-

based NLOS error correction could still have a certain level of residuals, limiting the 

final positioning accuracy. Moreover, the current 3DMA GNSS RT employed in the 

proposed algorithm does not consider the multipath effect, which frequently occurs in 

the urban area and degrades the measurement. With the signal strength and the delay 

information from an advanced ray-tracing algorithm, the multipath effect may be 

statistically modeled and further mitigated. Therefore, promising future work is to 
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improve the RT modeling on NLOS receptions, or even multipath effects, to apply 

better error mitigation. Owing to the availability of the level-of-detail-2 (LoD-2) 3D 

city model with texture information, the 3DMA GNSS RT simulation can be extended 

to model the signal strength behavior, and further the multipath error behavior. 

Moreover, RT following traditional geometrical optics can also be extended by the 

shooting and bouncing ray (SBR) modeling method, popularly applied by GPU 

computing, to achieve a more precise simulation of multipath and NLOS receptions by 

integrating the physical optics approach. Besides, the multipath effect on the Doppler 

shift measurement is also worth to be investigated, in order to guarantee the qualities 

of Doppler displacement constraints. With more comprehensive and accurate 

information about GNSS interference, the effectiveness of 3DMA GNSS can be 

improved to aid the proposed collaborative positioning. 

8.2.2 Appropriate Reliability Evaluation for Collaborative Positioning 

The performance of FGO could be influenced by the quality of the constraint 

uncertainty evaluation, preventing optimization dominated by unreliable constraints. 

The proposed 3DMA GNSS RT-based collaborative positioning algorithm (developed 

in Chapter 5) relies on a predicted NPEM to evaluate constraint uncertainty. However, 

the current NPEM is only sufficient for classifying degraded agents rather than 

quantifying the uncertainty of different constraints during optimization. Thus, an 

improved NPEM-based method or another more appropriate method must be employed 

for the constraint reliability evaluation. Owing to the development of deep learning 

techniques, some studies have demonstrated the effectiveness of using deep learning to 

predict GNSS measurement status or even error, according to the features from the 

measurements or estimation process [91, 138, 139]. Therefore, the deep learning model 

could also be an alternative approach to predicting the uncertainty of each constraint 

during FGO.  

8.2.3 Advanced Optimization with Non-Gaussian Error 

FGO assumes that the errors follow a Gaussian distribution. Non-Gaussian errors in 

constraints may degrade the optimization performance and lead to incorrect 

optimization solutions. Unfortunately, the GNSS measurement error is non-Gaussian 

and has been modeled by the Gamma distribution in some studies [121]. Thus, the 

constraints related to GNSS measurements during the optimization process of 
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collaborative positioning could also be non-Gaussian. A popular approach to relieve 

the non-Gaussian error issue is the Gaussian mixture model [140], which decomposes 

it as multiple Gaussian-distributed errors to improve the optimization process.  

8.2.4 Realistic GNSS Simulator for Collaborative Positioning Evaluation 

The performance of collaborative positioning algorithms must be evaluated by a large 

network (possibly with hundreds of agents in reality) before practical implementation. 

The scalability evaluation in this study was based on a self-developed GNSS simulator. 

However, this simulator only provides epoch-wise simulation, not considering the 

filtering technique inside GNSS receivers. As a result, the measurements from the 

proposed simulator are not realistic enough to reflect the dynamics of the measurements 

and the real performance of the proposed collaborative positioning algorithm. 

Therefore, it is necessary to consider filtering techniques, such as the extended KF 

(EKF) and PF, during the GNSS simulation for multiple agents and aid the development 

of a collaborative positioning algorithm using realistic simulation data. Besides, the 

proposed simulator also needs to consider the interferences between multipath signals, 

including the weak signals. 

8.2.5 Intelligent Collaborator Selection Strategy 

The proposed collaborative positioning algorithm has a heavy computational load that 

must be reduced for real-time operation. It is necessary to perform effective collaborator 

selection to maintain positioning accuracy and reduce the collaboration network size. 

As the analysis in Chapter 7 shows, during the optimization process, selecting the 

collaborators from an open-sky environment can ensure the qualities of absolute 

position constraints, while selecting the collaborators with spatial correlation can 

improve the qualities of relative position constraints. However, the performance of the 

optimization relies on the qualities of both the absolute and relative position constraints. 

An intelligent collaborator selection strategy is worth investigating in the future, which 

can simultaneously improve the absolute and relative position constraints during 

collaborative positioning.  
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