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Abstract

Organisms cannot live without food resource as their energy supply, in all prob-
ability. The different strategies that they use to forage or to increase their survival
rates may result in diverse interactions between or among organisms, amongst which
predation as one of fundamental relations exists broadly in nature. This thesis is
associated with exploring dynamics of classical solution to two classes of predator-
prey models with spatial diffusion and preytaxis effect: direct preytaxis and indirect
preytaxis. The preytaxis here refers to that predators have an apparent tendency to
move towards the region of higher density of prey. The main difference of being direct
or indirect case lies in that predators search for prey directly, or perceive mainly the
signals released by prey through which predators may likely find the prey eventually.

In more detail, our results include three parts as below: Firstly, for the direct
preytaxis model with no diffusion of prey (i.e., a parabolic-ODE system), we study
local-in-time existence and uniqueness of its classical solution by using Banach’s
fixed-point theory in a suitable Sobolev space as the spatial domain {2 C R"(n > 1).
Also, we derive its global existence by obtaining uniform-in-time boundedness of its
solution in norm L. (2), when spatial dimension n = 2.

On the other hand, inspired by vanishing viscosity method we explore convergence
relationship between the strong solution of a related fully parabolic PDE system and
the aforementioned parabolic-ODE system in 2 C R?, when the diffusion coefficient
e (> 0) of prey density tends to zero. Here the main tools used include analytic semi-
group techniques, Aubin-Lions compactness lemma, trace interpolation inequalities,

L, theory and Schauder’s estimate of linear parabolic equations, etc.
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Finally, for the indirect preytaxis model with density-dependent preytaxis we in-
vestigate global-in-time existence, uniqueness and uniform-in-time boundedness of its
classical solution in 2 C R™(n > 1), by a combination of Amann’s theory for quasi-
linear parabolic systems, analytical semigroup techniques and Moser’s iteration. In
addition, via Lyapunov’s function techniques and limit property of dynamical sys-
tems we acquire that the classical solution may converge in norm L. (), as time
t — 400, to its prey-only state and coexistence state under suitable conditions.
The numerical simulations we perform indicate that some density-dependent prey-
taxis and predators’ diffusion may either flatten the spatial one-dimensional patterns
which exist in non-density-dependent case, or break the spatial two-dimensional dis-
tribution similarity which occurs in non-density-dependent case between predators

and chemoattractants (released by prey).
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List of Notations

Basic Notations

Here we invoke some notations introduced in [1, Appendix A].

Q (resp. Q)

Q- (resp. Q)

N

Dkf

Function Spaces

A bounded open (resp. closed) domain in n-dimensional
Euclidian space R"™ for integer 0 < n € N.

A bounded open domain € x (0,7) (resp. a bounded
closed domain 2 x [0, 7]) for 0 < 7 < 4o00. In particu-
lar, we let @ := Q x (0, 400).

The outer normal unit vector to the boundary 02 of
Q.

The usual gradient operator, i.e., V := (aizl? 8%2, e %

as v = (1, T9, -+ ,x,) € Q CR"™

The usual divergence operator, i.e., V- :=>"" | %, as

€T = (*r17x27"' 7In) € 0 C R™.

The usual Laplace operator, ie., A = >, 88—;2, as

x = (21,29, ,x,) € QCR™

The k-times derivative of function f(z) for & € N. In
. ar alelf .

more detail, we let DS f = BT 0T o and |a] =

a1 +as+- -+, for a multiindex o = (a1, g, -+, ay)

with oy € N. Then D*f(z) = {D®f(z) : |a|] = k}, and
ID*f(@)| = (X apmk ]Dg‘f|2)1/2. In particular, D?f de-
onotes the Hessian matrix of f, and we use Df =V f
without any confusion.

The transpose of a vector a.

Below we list several function spaces, with their definitions given in [1, Appendix

A, [2, sec.2] or [3, chap.I].

Ly(Q) and Ly, (Q7)

The usual Lebesgue spaces for 1 < p < 400 are defined
on ) and @, respectively.

X1v



2

(@)

= (X))

Wn(Q,)

CQm—l—a,m—i—% (QT)

A standard Sobolev space defined on 2 for 1 < p < 400
and m € N, contains the functions whose k-times weak
derivatives belong to L,(2) for all 0 < k < m,k € N.

A standard m-times Hélder space is defined on (2 for
z €, o€ (0,1) and m € N, and composed of the
functions whose k-times classical derivatives are Holder
continuous with index «, for all 0 < k <m, k € N.

A standard m-times Lipschitz space consists of the func-
tions which have k-times (0 < k < m, k,m € N)
derivatives being Lipschitz continuous in a metric space

X.

A standard t-anisotropic Sobolev space defined on Q)
for (z,t) € Q, = Q2 x (0,7), 1 <p < 400 and m € N,
denotes a set of functions v(x,t) in L,(Q,) such that
the weak derivatives D"Dlv € L,(Q,) for r + 21 <
2m, [, r € N.

An usual t-anisotropic Holder space defined on (), for
(x,t) € Qr = Q2% (0,7), € (0,1) and m € N, includes
the functions v(z,t) whose classical derivatives D" Dlv
(for r + 20 < 2m, [, r € N) are Hélder continuous in
spatial variable = for index « and in time variable ¢ for

index g, respectively.
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Chapter 1

Introduction

Qualitative and quantitative studies and predictions on evolutionary state of
species are undoubtedly important to safeguard the balance and biodiversity of
ecosystems. To capture this state, it is significant to describe the interactions be-
tween and among organisms which may affect the species’ survival and reproduction
positively, neutrally, or negatively. As classified by ecologists, there are five major
types of the interactions inlcuding predation, competition, mutualism, commensalism
and amensalism.

As one of the principal themes in ecology, predator-prey relationship exists ex-
tensively [4], ranging from macroorganism like lions and gazelles, lynx and snowshoe
hare, birds and insects, etc., to microorganism like bacterial predator-prey coevolu-
tion [5, 6]. Pioneering works that model the dynamical evolution of predator-prey
relation have been made by A. J. Lotka [7], V. Volterra (cf. [8]), A. N. Kolmogorov
[9, Chp-1T] and [10], G. F. Gauze [11, 12], M. C. Rosenzweig and R. H. MacArthur
[13], et al, where they proposed or improved the classical predator-prey models by
giving a system of Ordinary Differential Equations (ODEs). These models are es-
tablished usually under three basic theoretical assumptions (cf. [14, Chp.1.1]): (a)
abundance: a large number of individuals; (b) uniformity: individuals of the same
population are identical in all dynamical aspects; (c) ergodicity: the movement of
individuals as a whole population can be treated as a ergodic system. In particular,

the (c) implies that each individual “perceives” the same ambient environment due

1



to fast movement and independence from each other, and thus probabilities of the
collision or interaction for two individuals are proportional to the production of their
densities, i.e., follow ‘mass action’ type rules. In addition, there is no description
on heterogeneous spatial movement of predators and prey in their models. However,
spatiotemporal heterogeneity or aggregation is one of essential features of biodiver-
sity of ecosystems (cf. [15, 16]), and to reveal the mechanism behind entails the
consideration of their spatial movement. In this way, when considering the spatial
diffusion of predators and prey, P. Kareiva and G. Odell [17] introduced a system of
parabolic Partial Differential Equations (PDEs). A. Stevens and H. G. Othmer [18§]
came up with a coupled form of PDE-ODEs in which the spatial diffusion of prey is
ignorable.

More generally, when spatial movement of organisms is involved, different types
of species may display distinguishing biological features of movement in response to
various living environment. In field observations there exist preytaxis for insects [17],
chemotaxis for monad [19, 20, 21, 22], nutrient taxis for bacteria [23], hypotaxis for
cell migration [24], phototaxis or phototropism for plant organs [25], etc. We remark
that the term “A-tazis” above emphasizes that the movement tendency of a kind of
objects (e.g., organisms or some chemicals) is influenced remarkably by another type
of objects, condition or substance closely related to “A”. For instance, the preytaxis
means the predators’” movement is highly affected by the prey, chemotaxis means
the organisms’ movement is largely determined by the chemicals released by the
organisms themselves, hypotaxis implies cell migration is directed by its peripheral
adhesions, etc.

In this thesis, we shall restrict our attention to some predator-prey systems with
spatial diffusion and preytaxis effect. Note that the term preytaxis in the literature
may refer to two sides: the attraction or repulsion, of predators along prey density
gradients. We tend to the former, that is, we adopt throughout this thesis that

predators are inclined to move towards the region of higher density of prey. Moreover,



we need to distinguish that: the usual diffusion effect occurring in a region mainly
emphasizes the same species from its higher density to its lower density, but the
movement tendency between two different species, i.e. predators and prey, happens

due to preytaxis effect.

1.1 A Fundamental Equation

To well understand the preytaxis models introduced later, we first turn to a
continuity equation (cf. [26, Chap.1.1]). In general, for some physical quantity 2
diffusible or conductible in a media Q C R™(n > 1), we denote its density by ¢(z,t)
for spatial variable z € €2 and time ¢ € R. Postulate that there are only two ways to

change the amount of 2 in a region:

(1) the amount of 2 in a region raises if additional 2 flows inwards through the

surface of the region, and drops when it flows outwards;

(2) the amount of 2 in a region increases if new 2 is generated inside the region,

and decreases as the 2 is destroyed inside the region.

Then for any subdomain U C 2 with boundary surface OU, one may derive

d

— [ q(z,t)dz = —/ J-v dS+/ o(x,t)dz. (1.1)
dt Jy ou U

Here dS is the unit measure of U, J is the flux density of the quantity <2 which
measures the amount of substance that flows through a unit area during a unit time,
v is the outer normal vector to OU, and p is the generation of quantity 2 per unit
volume in U per unit time (i.e., generation rate). The negative sign in (1.1) shows
that the density flows into U through the boundary oU.

Together with divergence theorem implying |, ord -V dS = fU V - Jdz, then by

9q

5: are continuous in their

the arbitrary U C €2 and by assuming that ¢, 0,V - J and



variables, the integral equation (1.1) changes into the following continuity equation

9
8_Z:_v-J+g, reQCR (n>1), teR, (1.2)

where V- is usual divergence operator. This equation as o = 0 may be the simplest
model capable of generating aggregation phenomenon.

For the generation o in (1.2), one may note that ¢ > 0 suggests the sustained
creation of 2 and thus it is called source term; ¢ < 0 implies the persistent vanish-
ment of 2, thus sink term; o = 0 means that the quantity 2 cannot be created or
destroyed, hence in this case the equation (1.2) exactly expresses conservation law.
For the flux density J in (1.2), one may invoke either Fick’s law in chemical reaction
process, Fourier’s law in heat conduction, Darcy’s law in porous-medium, or Ohm’s

law in the field of electrical networks, where the flux can be expressed by
J=-DVq

for some constant D > 0. The zero-flux boundary condition on (1.2) refers usually
to

J- 7|y, =0 (1.3)

which means the change of quantity 2 described by (1.2) in  is isolated from its
ambient environment (i.e., R™\Q2). Finally, it is easy to see that if (1.2) coupled with

(1.3) obeys the conservation law, i.e., o = 0, then

/QQ($7t)dI:/Qq(x,to)dx

which is obtained by integrating (1.2) with respect to z € Q and setting initial data
q(z,tp). This means the physical quantity 2 of density ¢ will not change over time,
due to no inflow and outflow (zero-flux boundary condition) as well as no creation
and destruction (o = 0).

Below we shall introduce general preytaxis models and the one we considered
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respectively.

1.2 General Models with Direct Preytaxis

Suppose that in a region the movement of predators and prey under consideration
can be viewed as a sort of diffusion. Thus with the above observation on (1.2) and
(1.3) at hand, finding the flux density J and generation rate o is an essential step
to derive the desired diffusion equations. To be specific, the classical predator-prey
model with preytaxis effect on population level can be traced back to P. Kareiva and

G. Odell [17], which generically takes the form

{ u =V - (d(w)Vu — ux(u,w)Vw) + P(u,w),
(1.4)

wy = eAw + G(u, w).

Here u = u(x,t) and w = w(x, t) represent population density of predators and prey
at position z € Q@ C R"(n > 1) and time ¢ € R, respectively, d(w) in diffusion
term V - (d(w)Vu) depicts the predators’ diffusive motility, x(u,w) in the preytaxis
term —V (ux(u, w)Vw) measures sensitivity of the preytaxis per unit strength of the
gradient Vw. The negative sign in the preytaxis term means that the direction of
predator’s movement driven by preytaxis is opposite to its spatial random diffusion,
that is, the movement of predators dominated by preytaxis may helpfully form the
aggregation of predators, in contrast with its spatial diffusion. The € > 0 accounts
for diffusion rate of the prey species. Interspecific and intraspecific interactions of
the predators and prey, for instance, their death, birth, emigration, immigration,

etc., may be characterized by P(u,w) and G(u,w), respectively,
P(u,w) = yuF(u,w) — h(u), G(u,w) =wf(w) — g(u,w). (1.5)

More precisely, yuF (u,w) (resp. wf(w)) may characterize birth or arrival (immi-
gration) of the predators (resp. of the prey), h(u) (resp. g(u,w)) refers to death

or departure (emigration) of the predators (resp. of the prey). Thus one may take



g(u,w) = uF(u,w) if the death or departures of prey is predominantly caused by
predation, and we shall adopt this statement in what follows.

The flux density of u and w read —(d(w)Vu—ux(u, w)Vw) and —eVw, severally.
The predator u and prey w governed by (1.4) inhabit in the domain Q. By an
assumption that they cannot come across the boundary of €2, then it is reasonable

to require zero-flux boundary condition in (1.4), that is,

(d(w)Vu — uy(u, w)Vw) - ﬁ‘aQ =0, eVuw - ﬁ‘ag =0,
in terms of (1.1)—(1.3), or more stronger one, i.e. zero-Neumann boundary
Vu-17|aQ:0, Vw-ﬁ‘aﬂ:().

Some popular assumptions and expressions on d(w), x(u, w), f(w), h(u) and F'(u, w)

can be summarized as follow. One may suppose that
d(w) <0 and x(u,w) = x(w) = —d'(w),

so V- (d(w)Vu — x(w)uVw) = A(d(w)u) and then d'(w) < 0 may indicate that
predators will slacken their diffusion when perceiving prey signals. This is called
“density-suppressed” effect and more detailed discussions can be found in [27, 28,
29, 30, 31] and the references therein. The per capita growth rate of prey population

in absence of predators is denoted by f(w) which satisfies
f(0) >0 and f'(w) <0,

and thus allows logistic growth (growth with a threshold as a result of finite food

resources), that is,

wf(w) = rw(l — %) r, Ko >0, (1.6)

where K represents the carrying capacity (threshold) of the environment and r is
speed of growth rate. To describe Allee’s effect which states the positive density

dependence, or the positive correlation between population density and individual
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fitness, there is

wf(w) = rw(l — %) (% — 1), 0 <a< K, (Bistable or Allee effect).  (1.7)
0

As summarized in [32], the death rate of predators may be linear or quadratic ex-

pression as

h(u) = Qu, h(u) = Ou + lu?, 0, 1>0.

There are numerous types of functional response function F'(u,w) which represent
the conversion from intake of prey to new predators, such as Beddington-DeAngelis

type (cf. [33, 34, 35])

blw

F =
(U7 w) 1 —f- bgw + bgu7

b17 b27 b3 > 07

ratio dependent form (cf. [36])

w

F(u,w) = ——

and prey dependent F'(u,w) = F(w). In the last case F'(w) is often assumed to fulfill
F(0)=0 and F'(w) >0,
and thus incorporates:

F(w) =w (Holling type I or Lotka-Volterra type),

F(w) = c:LUw’ ¢ >0 (Holling type II),

wk

= o ¢>0, k>1 (Holling type III),

Fw)=c(l—e™), ¢>0, k>1 (Ivlev type).

Note that (1.4) is similar to the systems that may describe chemotaxis [19, 37],



nutrient taxis [23], the random walking problem with persistence of direction and
external bias for particles [38], etc. In the setting of preytaxis, system (1.4) has been
investigated substantially based on diverse assumptions on d(w), x(u,w), P(u,w)
and G(u,w) in applications. We shall review some typical, not exhausted, results
according to hypotheses on x(u,w). Firstly, if the preytaxis sensitivity x(u,w) =
X is a constant sufficient small, Wu et al. [32] proved that the unique classical
solution exists and is bounded globally in time in Q@ C R™(n > 1) for a large class
of F,h and f. Without this smallness on y, Jin and Wang [39] derived the global
boundedness and stability of classical solution in  C R? regarding Rosenzweig—
MacArthur (F of Holling IT and f of logistic type) growth terms. Li [40] showed
that a unique globally-bounded classical solution for F' of Lotka-Volterra type and
[ of logistic form in Q@ C R™(n = 2,3). Cai et al.[41, 42] established the global-in-
time existence and boundedness of classical solutions in 2 C R"(n > 1) and studied
its stationary problem as n = 1, for ratio-dependent F' and logistic f. Secondly,
one may suppose x(u,w) = x(u) with a truncation imposed in response to biological
threshold behaviors, for example, there exists a maximal density of the predators due
to volume-filling effect or prevention of overcrowding [43]. Under this assumption,
Ainseba et al. [44] showed the existence and uniqueness of weak solution; Tao [45]
derived the existence of global-in-time classical solutions in 2 C R*(1 < n < 3);
He and Zheng [46] further obtained the global-in-time boundedness of the classical
solutions; The existence of non-constant steady states was studied in [47, 48] via
bifurcation theory and index degree theory. Thirdly, the truncation on y(u,w) is
not required as y(u,w) = x(w), provided that the L., boundedness is essentially
determined by the w-equation itself. For instance, the growth rate of w, i.e., f(w),
is logistic type which may imply that ||w(-, )| 1 (o) is bounded uniformly in ¢. With
this observation and for 0 < y(w) € C?*([0,+c0)), Jin and Wang [49] showed the
global existence of bounded classical solution in € C R2.

On the other hand, if diffusion strength of prey w is so weak that the diffusion



effect can be negligible, that is, one may formally suppose € = 0, then (1.4) reduces

to the following parabolic-ODE system

{ u =V - (d(w)Vu — ux(u, w)Vw) + P(u, w),
wy = G(u,w),

coupled usually with no-flux boundary condition only on u

(d(w)Vu — ux(u, w)Vw) 0.

"7‘09:

Such a kind of model has been proposed by Stevens and Othmer [18] to account
for biological systems where a control species diffuses in response to a non-diffusible
signal that may modify the local environment for succeeding passages. For example,
myxobacteria travels typically in swarms via gliding and gathers by intercellular
molecular signals of negligible diffusion.

The existent results on (1.9) are not as many as that on (1.4), partly because the
theories of fully parabolic models may be no longer suitable even for its local-in-time
wellposedness, let alone the global wellposedness or uniform-in-time boundedness.
Here we review several the most related results. When d(w) = d is a positive
constant, in the context of chemotaxis, Friedman and Tello [50] has studied the
classical solution and its stability of (1.9) in Q@ C R™*(n > 1), when P =0, x(u,w) =
x(w) € CYR) and G(u,w) = p(u,w)o(u,w) satisfies ¢!, > 0, yu¢), + ¢, < 0
and x,¢ > 0. If y(w) and ¢(u,w) are two positive constants, Negreanu and Tello
[51] considered the stationary states and bifurcations under zero-Neumann boundary
condition when P, ¢ € C*(R?), xu¢!, + ¢/, > 0 and P.¢.,, — P. ¢! > 0. They proved
global-in-time existence and uniqueness of the classical solution when yu¢,, + ¢!, =0
and P = 0. Suppose that P = 0, x(u,w)Vw = xVI'(w) > 0, I' € C*R), and
G € C%*(R?). Then Chen et al. [52] derived that the local existence of unique solution
(weak solution) in L,(0,T; W, (€2)) with p > max{2,n} for both (1.4) and (1.9) in

Q C R™"(n > 1). They showed that the weak solution of (1.4) can converge to that of



(1.9) in a sense when T is small. The local-in-time existence, stability, and blowup
results for models similar to (1.9) can be seen [53, 54, 55] and the references therein.
In a setting of hypotaxis, Walker [24] considered a system including (1.9) as a part

and studied the existence of unique global classical solution.

1.3 Models of Direct Preytaxis under Considera-
tion

As reviewed above, there are lots of hypotheses on d(w), x(u,w), F(u,w), h(u)
and f(w) in (1.4) and (1.5). For clarity, we shall in both Chapter 2 and Chapter 3
suppose for (1.4) and (1.5) that g(u,w) = uF(u,w),

w
w(ww)=x, dw)=d, Flu,w)=w, ) =ulb+u), fw)=r(1-=)
0

with x,d, k,r,v, Ko > 0 and [ > 0. By introducing two nondimensional variables

letting

and removing the “~” in the resulting system for brevity of notations, one may see
that (1.4) under zero-flux boundary condition changes into

(

u = Au— V- (xuVw) + yuw — u(l + lu), in Q,

wy = eAw — uw + rw(l — w), in Q,
(1.10)
(Vu—Xqu)-ﬁ‘m:O, 5Vw-ﬁ‘m:0, t>0,

| w(z,0) =u(z), w(z,0)=wy(), x € €,
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where @ := 2 x (0,400), the open bounded domain 2 C R"(n > 1) with boundary
0, e, x,7,r >0 and [ > 0. Corresponding to (1.9) we therefore have the following
parabolic-ODE system:

(uy = Au—V - (xuVw) + yuw — u(l + lu), in Q,
wy = —uw + rw(l —w), in Q,
(1.11)
(Vu—xqu)-ﬁ‘m:O, t >0,
k U,([L‘,O) = Uo(l'), w(as,O) = @U()(l’), r €,

where prey w has no diffusion, like a kind of plant or signaling molecules of insignif-
icant diffusion.

The classical solution of (1.10), as above-mentioned, has been established by Li
[40] under zero-Neumann boundary for n = 2,3. To the best of our knowledge, it
remains unknown whether the classical solution of (1.11) exists locally or globally
in time. If it does, may the classical or strong solution of (1.10) strictly converge to
that of (1.11) in a sense, as ¢ — 07

We shall answer these two questions as 2 C R? in Chapter 2 and Chapter 3,

respectively. Throughout Chapter 2 and Chapter 3 our basic assumptions are:

[ uo(x), wo(z) € C*P(Q)  for some 3 € (0,1), IQ € C*,

up(z) > (#)0, wo(xz) >0 forall z e, 112)
1.12
(VU,O — XUOVU)()) :

We note that for (1.10) the ¢ in eVw - ﬁlaﬂ = 0 may be removed as € > 0 by the
linearity of trace operator, but is essentially needed when we take ¢ — 0 in the
boundary condition (cf. Chapter 3)

To make the boundary conditions standard, we shall introduce a reversible con-

tinuous transformation

a(z,t) = u(x, t)e @, ie., wu=aeX".

11



Substituting it into (1.10) gives rise to

ay = — xaw; + e XV - (eX*Va) + yaw — a(1 + laeX?)

(1.13)
= — xaw; + xVw - Va + Aa + yaw — a(1 + laeX?),
and
wy = eAw — aweX” + rw(l — w), (1.14)
where a and w satisfy zero-Neumann boundary condition, i. e., for ¢ > 0,
Vuw - ﬁ}ag =0, Va- 17‘8Q = e X (Vu — xyuVuw) - 17‘8Q =0, (1.15)

in the light of (Vu — yuVw) - ’7|asz =0, e X* > (, and the definition of trace.
Similarly, we shall state the general systems of indirect preytaxis and the one we

consider, severally.

1.4 Generic Models of Indirect Preytaxis

Different from the aforementioned direct search for prey, some predators might
start with perceiving chemical signals released by prey, for instance smell of blood
or pheromone (trace pheromone, aggregation pheromone, etc.), and then hunt for
the prey by tracking such signals, the process of which is called an indirect preytaxis
in this case. Similar to a role of direct preytaxis in promoting the heterogeneity of
ecosystems, strong indirect preytaxis may also cause spatial heterogeneity (cf. [56])
without considering predator’s reproduction, mortality, and random diffusion of the

prey. Later Tyutyunov et al. [16] proposed another more general model which reads

u =V - (d(v)Vu — x(v)uVv) + yuF (w) — bu,
vy = dyAv + fw — ov, (1.16)
w;, = dyAw +wf(w) — uF(w),

12



where u = u(t,z) and w = w(t,z) represent population density of predators and
prey at position z € @ C R"(n > 1) and time ¢t € (0, +00) severally; v = v(t, z)
is concentration of chemicals released by prey which are secreted at a constant rate
£ > 0, decay in a fixed rate ¢ > 0, and diffuse with a constant diffusivity d, > 0.
The (—d(v)Vu+ux(v)Vwo) is called the predators’ flux density, d(v) is the predators’
random-motility function, and wy(v)Vv means that predators move towards the
increasing gradient of the chemical density at an average speed of x(v)Vov with x(v)
measuring indirect preytaxis sensitivity per unit strength of the gradient Vv. In this
way the advection term —V - (ux(v)Vwv) is viewed as indirect preytaxis effect of
predators.

System (1.16) is usually coupled with zero-Neumann boundary condition
Vu-z?‘ag =0, Vou- ﬁ|6Q =0, Vw- ﬁ‘{m =0,
which in this case is equivalent to zero-flux boundary condition
(d(v)Vu — x(v)uVv) - J‘BQ =0, d,Vv- ﬁlaﬂ =0, d,Vw- J}BQ =0,

in the sense of trace, since as supposed above d(v), d,, d,, do not change their signs.

System (1.16) may cover some reaction-diffusion systems used to describe the
dynamics amongst the bacterial cell density, concentration of acyl-homoserine lac-
tone, and nutrient density (cf. [27]). In addition, if x(v) = 0 and d, and d,, are
density-dependent as well, then (1.16) can be used to describe the interactions among
uninfected cells, free viruses produced by infected cells, and infected cells (cf. [57]).
In this thesis we will understand it in the view of indirect predator-prey relationship.
Firstly, when y(v) and d(v) are supposed to be constants and @ C R!, Tyutyunov
et al.[16] studied pattern formation condition on stationary states of (1.16) with
zero-Neumann boundary condition. Their numerical analysis illustrated that non-
trivial homogeneous stationary state of the model becomes unstable with respect

to small perturbation caused by increasing preytaxis strength; Zuo and Song [58]
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obtained some interesting dynamical behaviors including stability and double-Hopf
bifurcation results; Secondly, if x(v) and d(v) are constants and Q@ C R*(n > 1),
Yoon and Ahn [59] derived the unique global-in-time classical solution to the system
(1.16) with functional response functions involving Beddington-DeAngelis type, and
showed asymptotic stability of both prey-only and coexistence steady states. They
found that preytaxis is an essential factor in generating patterns. Thirdly, when
d(v) is a positive constant but x(v) is density dependent, Wang and Wang [60] in-
vestigated global existence and boundedness of the unique classical solution as well
as the asymptotic stabilities of nonnegative and spatial homogeneous equilibria as

QCR"(n>1).

1.5 Models of Indirect Preytaxis under Consider-
ation

In view of the above review a question arises: what will happen when x(v) and
d(v) are both density-dependent? Relevant results remain unknown before we solve
this problem, to the best of our knowledge. This inspires us to study the global-in-
time existence, uniqueness and large time behavior of the unique classical solution

to

[y =V - (d(v)Vu — ux(v)Vv) + yuF(w) — fu — (u?, t>0, z€Q;

vy = d,Av + fw — ov, t>0, ze
wy = dyAw + wf(w) — uF(w), t>0, x el (1.17)
Vu-n=0,Vo-n=0, Vw-n =0, t>0, x e

u(0,2) = ug(x), v(0,2) =vo(x), w(0,z)=wo(x), =€,

where Q@ C R"(n > 1) is a bounded domain with smooth boundary Jf2, 1l is the unit

outer normal vector towards 0€2, £ > 0, and d,,, v, # > 0.
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1.6 Outline of the Thesis

The organization of this thesis is below: We shall in Chapter 2 study the global-
in-time existence and uniqueness of classical solution to the model (1.11) (cf. Theo-
rem 2.1). Considering that (1.11) is a parabolic-ODE system, we start with establish-
ing the local-in-time existence and uniqueness of strong solution and then improve
the regularity in subsection 2.2.1 in order to make it a local classical solution. Based
on some a prior estimates in subsection 2.2.2, we shall in subsection 2.2.3 obtain
the global-in-time existence, uniqueness, and uniform-in-time boundedness, when
Qc R

We consider in Chapter 3 the limit of the strong solution of (1.10) when the
diffusion coefficient € of prey tends to zero (cf. Theorem 3.1). More precisely, in sec-
tion 3.2 we first prepare some estimates of the classical solution to (1.10) and then the
verify that this classical solution is strong solution by giving corresponding Wg’l(QT)
estimates. The main difficulties in this part lie in deriving the upper boundedness of
component v in norm L., (€2) such that this estimate remains bounded as ¢ — 0. With
these preparations at hand, we shall in section 3.3 prove that the strong solutions of
(1.10) may converge as £ — 0 to the strong solution of (1.11), by using Aubin-Lions
compactness lemma and trace interpolation inequalities in subsection 3.3.1. Then
in subsection 3.3.2 we intend to prove that this strong solution of (1.11) fulfills the
classical regularity and uniqueness, thus being the unique classical solution of (1.11).

The two chapters above-mentioned pertain to direct preytaxis models (1.10) and
(1.11). For the indirect preytaxis model (1.17), we shall in Chapter 4 explore global-
in-time existence and uniqueness, by obtaining the uniform-in-time boundedness of
the solution in section 4.2. Upon finding suitable Lyapunov’s functions in section 4.3,
we are to investigate the global asymptotic stability for the prey-only state and coex-
istence state, by using limit properties of dynamical systems. In addition, we will in
section 4.4 derive their linear instability criteria and present some patterns of spatial

one-dimensional case in subsection 4.4.2 and two-dimensional case in subsection 4.4.3.
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We clarify that the results of Chapter 4 have been published as our paper in [61].
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Chapter 2

Global Well-Posedness on
Parabolic-ODE System with

Direct Preytaxis

2.1 Models and Main Results

As stated in subsection 1.3, we shall in this chapter consider the global-in-time

existence and uniqueness of classical solution to the parabolic-ODE system (1.11),

that is,
([ uy = Au— V- (xuVw) + yuw — u(l + lu), in Q,
wy = —uw + rw(l —w), in Q,
(2.1)
(Vu—xqu)-ﬁ‘m:O, t >0,
[ w(z,0) =up(z), w(x,0)=wo(x), x €,
under the condition (1.12), that is,
uo(z), wo(z) € C**4(Q)  for some B € (0,1), 00 € C**F,
up(z) > (#)0, wo(z) >0 forall z e (2.2)

(Vug — xupVwy) - 17|8Q =0,

where @ = Q2 x (0, +00) and Q C R™"(n > 1) is a bounded open domain. Note that
here we need only 992 € C?*# instead of 9 € C* in (1.12).
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For the above problem our main result reads as below:

Theorem 2.1. Let Q C R"(n > 1) be a bounded open domain and (2.2) hold. Then

for any given T' > O there exists a local-in-time positive and unique classical solution

(u,w) of (2.1) fulfilling
(u,w)(z,t) € (C(ﬁ x [0,T)) N C*H(Q x [O,TO)))2

for some 0 < Ty < min{1, T} which depends on the upper bound of ||(uo, wo)||c1 @) -
In particular when n = 2, the local classical solution is global in time (i.e. Ty =T,

and satisfies

lw( Dl o) + luC Dlleiey <G, 1€ (0,T),

where the constant C' is independent of T, and K := max{1, |wo||r.. ()}

2.2 Proof of Theorem 2.1

Motivated by [2], we are in this section to prove the Theorem 2.1, that is, when
[ > xK or x > 0 is small enough, the unique classical solution of (2.1) exists globally
in time.

Let Q7 := Q x [0,T] for any fixed 0 < T < +oc. Upon the transformation
implemented in (1.13)—(1.15), system (2.1) becomes

(a; = —xaw,; + xVw - Va + Aa + yaw — a(1 + laeX?), in Qr,
wy = —aweX” + rw(l — w), in Qr,
(2.3)
Va-7,, =0, te (0,T),
| a(z,0) = ap(z) > (#)0, w(z,0) =wy(z) >0, z € (.

Note that by the transformation the existence and uniqueness of the classical solution

of (2.3) implies that of (2.1). So we next shall focus only on (2.3).
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2.2.1 Local Existence and Uniqueness of the Classical Solu-
tion to (2.3)

We start with consideration of its strong solution in the following lemma:

Lemma 2.1 (Local existence and uniqueness). Assume (2.2) and Q C R™ (n > 1).

Then system (2.3) possesses a strong solution, i.e.,
(a,'lU) € W;J(QTo) X Cl’l(QTo)a

forn+2 < p < 400, provided that 0 < Ty < 1 s sufficient small and depends only
on

R > 2+ 2 aoller@) + 2llwoller -

Moreover, .
a>0, 0<w<max {1, ”UJQHLOO(Q)} in Q.

Proof. Below we shall use Banach’s fixed-point theorem to show the local existence
of strong solution to (2.3). Taking 0 < T < 1, we introduce a Banach space X with

respect to function (a,w) which is endowed with norm
(@, w)llx = llallcro@r + lwllero@Gy

and introduce a closed subspace of X by
Xgr ::{(a,w) € X : a(z,0) = ap(z), w(z,0) = we(x),

Va-i|,, =0, Vag - 7],y = 0, [[(a,w)]x < R}.

For any given (a,w) € Xg, to system (2.3) we shall derive a corresponding function
pair
(a,w) = F(a,w),

from
wy =w{ —aeX +r(l—w)}, inQr
w(x,0) = wo(x), x €
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and

(G, — Aa— xVwo - Va+a{l — (xyw — )aex”}
={y—mx(l —w)}aw, inQr

(2.5)
Va-7,, =0, t € (0,T)

a(z,0) = ag(x), xz €

by showing that .# is a contraction mapping from Xp into itself.
Indeed, it is easy to see that (2.4) is a linear ODE of w and thus its unique

solution reads

w(z,t) = wo(x)eft;5 m@s)ds > 0 with  hy := —aeX” + (1 —w) € CY(Qr),
by (a,w) € C*(Qr). Taking spatial gradient from both sides may yield

¢
Vw = Vwoef(;5 ha(z,s)ds wo(x)efot hl(m’s)ds/ Vhi(z, s)ds.
0

Thereby one may derive from the expression of w that

U Al _
1@l ci@r) <lwolle, - ¢ " lerv@n,

obtain from (2.4) that
0tlleor Sllle@r) - 1Mllc@r)
and infer from the expression of Vw that
IV@llo@e <IVwllg e @0 +Jlugllog, - ™ e @ - TYhllcrog,):

Thus for sufficient small 0 < T' < 1, we may conlude that

l@llcro@r =l@llo@rn + IVolle@n
Tk 5
<e l 1||cl,0(QT){HVUJQHC(§) + HwOHC’(ﬁ)(l + THhHCLO(QT))} (2 6)

<2[[Vwollo@) + 2llwoll @)

<R
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in view of (a,w) € Xg.

The (2.6), combined with known functions
ho i=1— (xw —Dae*” € C*°(Qr) and hy:= {y—rx(l —w)}aw € C*°(Qr)
due to (a,w) € Xg, indicates that (2.5) is a linear parabolic equation of a, i. e.,

a; — Aa — xVw - Va+ hya = hg, in Qr,
Va-i|,, =0, te(0,7),
a(x,0) = ap(x), x € .

Then L,-theory of linear parabolic equations immediately implies that (2.5) possesses

a unique strong solution a which satisfies
lallwz1g, < CO{ IRl @n) + laollwze }

for any 1 < p < +oo, where C(T) remains bounded for any finite 7" > 0. Now

applying a Sobolev’s embedding
W (Qr) < C*% (Qr) (2.7)

With0<a§2—”7f2<+oo(i.e."T”<p<+oo)mayshow

||d||cl+)\,1+>‘ < O(napy QT) ||a||W5’l(QT)’ (28)

"7 (Qr)
with A € (0,1) and n + 2 < p < +00. These estimates combined with
allcro@ry =llalle@r) +11Vallo@r)

<[la — aollc(@y) + ll@ollc@m + IVa = Vaollc@ar) + IVaollo@r

FESU
<T"= lall 152 5, + laoller @y

JESUNE
<T= all prir 252 5, )+ laoller @y
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will indicate

_ 12
lalleroar) <T Cn,p, QrICT) {2 l1,0r) + laollwzion} + laollcs
<2+ 2aoller 29)

<R
for T' > 0 sufficiently small. So we have proved the mapping
9:XR—>XR. (210)

Below we shall show that such a % is contractive on Xg. Suppose (ai,w;) =
F(ar,wy) and (a9, wy) = F(ag, wy) with (ay,w), (az, ws) € Xg. Then we may
compute that

(W — wq)y = hy(wy — wWa) + hs, with (W — wg)(z,0) =0
where
hy := —a1X"* +r —rw; and hs:= wg{azexm — a1eX + r(wy — wl)}.
It follows that

t
(ﬂ)l — wg)(fb, t) = / h5<1’, S)efs h4(a:,7')d7'd8
0

and
V(w; — wy)(x,t) = /t V.hs(x, s)efst halem)dr g
0
t ¢
+ /0 hs(z, s)efst h“(””)dT/S Viha(z, 7)dT ds.
Note that
15l c:@r)

:||U_}2{<(12 — CL1>€Xw2 + al(exwz — exwl) + T(wg — wl)}HC(QT)
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<N @slle@r e le@n - llar — azllo@y) + (] + )X 2l og,) - llwn = wellep }

<l @2l ll(lar] + 7+ Dl o™X ?le@n {|lay — asllowgyy + lwr — wallo@p )

Vhs
:Vu_)Q{agexq“”2 — a1eX + r(wy — wl)} + u_)g{VaQeX“’? — Va,eX"
+ xa2eX*Vwy — xa1eX"*Vwy + 1V (wy — wl)}
=Vws{azeX"? — a1eX" + r(wy — wy) } + 02 {eX"*V(az — a1) + (X2 — ")V,

+ xVweeX¥?(ag — aq) + xVwaaq (X2 — X)) 4+ ya1eX'V(wy — wy) + rV (wy — wl)},

IVhsllc@r)

<[Vl ognll(ar] + 7+ Dllagne™ ™ 2@ {|lay — aslle@y + llwn — wallogr }
+ H@|!c<QT>{6XHw2HC@T) V(a2 = a1)lcgr) + X1 Vw2 || oo llar — azllo@r
+[|Var + xVwaas [l ogped™ 2@ lwy — wology

I+ X0 gy |V (w1 = w)legn |

and HV}MHC(QT) :H — Valexwl — Xalexwl le — TVU}lHC(C_QT)

<eXlvilewr) . IVaillc@gp + I+ xa1e¥ | car) - Vw1l ogp)-
These immediately shows that
w1 — Wal|c10(gy
=1 — Wallc(gp + V(01 — W2) |l (g
(2.11)
Tk ~

<TellMlle@r) . {Ihsllc@r + IVhsllc@ry + 1hsllo@r - 1Pallc@n }
<Ter(R){|lar — azllcrogy) + lwr — wallcroge

when 7" > 0 is sufficient small.
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On the other hand, we see that

( (C_ll — dg)t — A(C_ll — C_lg) - XV’U_Jl . V<C_L1 — C_LQ)

+ho(ay — az) = hg, in Qr,

(2.12)
V(ay — as) - 7],, = 0, te (0,7),
| (a1 — @2)(,0) =0, z €,
where
he := — xV(w; — ws) - Vag — aZ{(le — Da; Xt — (yws — l)aZeX“’?}

+ {’Y - TX(l - wl)}alwl - {’Y - Tx(l — wg)}ang.

Thanks to (2.6) and (2.9), we may consider (2.12) as a linear parabolic equation of
(@y — az). Note that
(xwy — D)a; X"t — (xws — l)ageX™?

=(xw1Xt — 1eX*?) (a1 — ag) + xaeX (w1 — ws) + (xaswy — lag) (Xt — X*?)

and
{’Y —rx(1 - wl)}a1w1 - {’y —rx(l— wg)}agwg
={(v = rx)w1 + rxwi } (a1 — az) + { (v — rx)as + rxai(wi + wy) } (wi — ws).
Then for sufficient small T > 0, we have
16|20 <XIVazlo@y - IV(01 = w2) |1, @)
+ |as(xwi et = 1eX) | o(gy) - [lar — a2l @r)

)| oo lwr = wallz, @

+ x||@zaeXt + |xagwy — la1|eX(
+ |y = rx)wr + rxwill o - llar — a2ll,@r)
+ [[(v = rx)az + rxai(wi + wa)llc@p - w1 — wallz,@r)

<ca(R){llar — azllcro(gyy + lwr — wallcro@p }-
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Applying L,-theory of linear parabolic equations to (2.12) may yield that
lar — @ally21 g <CT){ 6]l Lo }

<C(T)ea(R){llar — azllcrogy + lwr — wallcrogyy }-

Similar to the derivation of (2.8), again using the Sobolev embedding leads us to

Hal - aQ”CH)"%(QT) §C(n,p, QT) ”al - ELQHWI?*I(QT)

<C(n,p,Qr)C(T)ca(R){|lar — azllcroGgy) + lwr — wallcrogy }-

So we may derive from (a; — as)(z,0) = 0 for x € ) that

a1 — Gzl|crogy) =[1(@1 — a@2)(x,t) — (a1 — a2)(x, 0)[|c1o(0.

14+

<T@ - @)@ )~ (@ - @)@ 0 p o (213)

142
<I Cs(R){Hal — azllgr0(g,) + llwr — w2||CI’O(QT)}'

Consequently, by taking 7" > 0 to be small enough such that

Tei(R)+T % ¢5(R) < 1,
then (2.11) and (2.13) collectively imply that .%# in (2.10) is a contraction mapping,
which means that (2.3) has a unique strong solution in Xg.
The positivity of a can be obtained by applying comparison principle of linear
parabolic to a-equation in (2.3) after treating Vw,w as known functions and using

the regularity of a. Finally, from (2.4) we infer that

1
(wo(x)~t —1)e "t + 1

wy <rw(l—w) = w(xt) < < max {1, [Jwoll ooy} = K

upon a comparison principle of ODE. This completes the proof. O
We may improve the regularity of such a strong solution to (2.3) as below.

Lemma 2.2 (Regularity). The solution derived in Lemma 2.1 possesses the following
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reqularity:
(a,w) € C*4H5(Qr) x C* 12 (Qr),  a€(0,1),

for any 0 < T < Ty, where the domain Q@ C R"(n > 1) is bounded and fulfills that
any x,y € ) can be connected by finitely many line segments, e.g., €1 to be convex or

00 is sufficient reqular, like 02 € C*+e,
Proof. We may reformulate the a-equation in (2.3) as

a; — Aa — xVw-Va+a=h;, inQr,
Va-7,,=0, t € (0,7), (2.14)

a(z,0) = ap(x) > 0, x €,

with k7 := {y — rx(1 — w) }aw + (xw — l)a®eX*. For any 0 < T < Tp, Lemma 2.1

and Sobolev embedding (2.7) may lead us to that
[wlleri@r) < cal(R),

andfor)\zl—”szE(O,l) (i.e.n+2<p<+00),

lellgrinis g,y < €002 Qr) llallz gr

Therefore we have for each fixed ¢ € [0, 7] that the embedding holds:
w e CHQ) — C*Q), ac(01),

when (2 satisfies that any x,y € {2 can be connected by finitely many line segments.

We also have for any fixed x € €2 that
w e CH([0,T]) — C=([0, T]),

as [0,T] is a convex domain. These combined with w € CY1(Qr) imply w €

C*%(Qr), by its definition. Then h; € C*%(Qr) since the multiplication of any
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two elements in a Holder space remains in this Hélder space and e € C*2(Qy) if
z € C%2(Qr). Then to (2.14) which may be treated as a linear parabolic equation

of a, an application of Schauder estimate gives that

lallgerants g,y < C{IP7llges @) + 0l c2ranvg g9}

On the other hand, the w-equation in (2.3) is

wy = —aweX’ + rw(l —w), in Qr,
(2.15)

w(zx,0) = w(z) > 0, x € (L

=3

Then we arrive at w, € C*2(Qr) and
(axlw)t :hgaxiw‘{’hg, 2: 1’2’... ’n’

which means

¢
Op,w(z,t) = 0y, w(x,0) elo he(@.m)dr 4 / ho(z, s)efs hs(zm)dT 4o CO"%(QT)
0

where

o

hg := —xaweX” — aeX’ +r — 2rw € C*2(Qr), hg := —weX¥0,.a € Ca’%(QT).

So w € CYH*H5(Qr) and hg, hg € CHH2(Qr), due to a € C****3(Qr). More-

over, we have

t
Qiﬂjw(:x, t) zﬁiixjw(:v, 0) efo hs(@m)dr o oo hs(@m)drg (4 0) / Oy, hs(z,7)dT
0

t t t
+/ &Ejhg(%s)efs he(@,7)dr +/ hg(:v,s)efs hs(“)dT/ Oy, hg(,7)dT ds
0 s

0

fori,7 =1,2,--- ,n, which means

w e C**1*3(Qr),
in virtue of hg, 0y, hs, hy, Ox,hg € C*'*%(Qr). This completes our proof. n
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The following is the extendability condition on the classical solution of (2.3).

Lemma 2.3 (Extension condition). The local classical solution obtained in Lemma 2.1

and Lemma 2.2 exists int € (0,T) for any given T > 0, provided that
lall Loot@r) + 1wllzac(@r) < C(T) < +o0. (2.16)

To prove this criteria, we need some a prior estimates to be given in the following

subsection.
2.2.2 Some A Prior Estimates
Throughout this subsection, we always assume that (2.3) has a classical solution
(a,w) € C*(Qr) x C*(Qr)  for T >T,. (2.17)

Moreover, considering the similar structure between the u-equation in (2.1) (i.e.
(3.3)) and (3.2), the detailed derivations of the estimates needed in this subsection

will be omitted sometimes if they are similar to the corresponding ones in Section 3.2.
Lemma 2.4. Under the assumption (2.17), we then derive

la(, Ol + o Ol < Co - for t€(0,T),
where Cy := 2y(r + 1)|Q K/ min{1,~} for v > 0.

Proof. We refer readers to the proof of Lemma 3.2, by |la(-,¢)|z, ) < [Ju(-,t)| L.

due to a = ue ™" and u,w > 0. O
Lemma 2.5. Under the assumption (2.17), we may obtain that
laC Ol <C,  te(0,T)
where the constant C' is independent of T.
Proof. We start with the calculation of ||a(-,t)||z,) for 2 < p < +o0c. Indeed, one
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may compute for p > 2 that

d

e a——

Q

+p/exwap+pl/e2xwap+l
Q Q

=(p— 1)X/ eXarw +r(p — 1)></
Q

Q

eXaPw + p(p — 1) / eX¥aP~?|Val?
0

eXv aPuw? —|—pfy/ aPeXw.
Q

When | > v K, we see

pl/BQXwap-i-l > (p_1>X/€2xwap+1w7
Q Q

which means

d -1
— exwap—l—/exwap%—]M/exwap_2|Va|2 gpco/exwap (2.18)
dt Jq 0 2 Q Q

by 0 < w < K with ¢y := ryK? +vK.
When [ < xK, we note that

d
at /o

r——

eXVaP?|Val* < péo/
0

eXa? + (p— 1)¢ / a’tt (2.19)
0

0
with &, := yKe?XX . Using generalized Gagaliardo-Nirenberg interpolation inequality
(n =2) [62, Lemma A.5] may lead us to

2(p+1)

p 2ot
Q) + C||a2 ||L%p(Q) + 077

[SliS]

‘1 » 2(p+1) » 2(p+1) 2 » » 2
=L, < Vet g el ()

kST

_npllalnalls,
2

Q) P 1
IVaz|7,@ + Cllallf;q) + Cy

and thus

-1 -1
o-ne [at <2 [ owap 4o, < BEZD [ oo gap o,
Q Q Q

where we take 7 = 29 and set & = (p — 1)51{C|]a|\ﬁ(1m +Cy}.

p?llalnallL, o)
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Therefore, either in this case or in (2.18) we always have for p > 2 that

d —1
— | eXa? + / eXal + ) / eXvaP | Va|* < p(¢y+ 1) / eXaP + ¢,.
dt Jq 0 2 Q 0

Meanwhile, an application of Gagliardo-Nirenberg interpolation inequality (n = 2)

and Young’s inequality with a parameter n > 0 may yield that

P P p2(1-6 P
||Q|V£p(g) =|la> ||%2(Q) < O2{HVCL2 ||%02(Q)||a2 ||L(2(Q)) + |la® ||ig(9)}
P p

<c2{P0 [ =29a + (1 4 o 1) |2

with 0§ = 7%, which means

2
p(co+1)/exwap gp(coﬂ)exK(ﬂ{]%/ap—2|va|2+(1+n1—p)||a||g1(
Q Q

—1
Sp—(p )/exwap_2|Va|2 + ¢3
4 Q

- ___p=1
where we take n = PO (145
have

d

— [ eXa’ + | ea? <& + e

which implies

/apS/exwap§52+63+/exw0aop, 2 <p<—+oo.
Q Q Q

o

7 and &3 = p(Co + 1)exXKC2(1 + nl_p)HaHil(Q). So we

(2.20)

In view of (2.19) and (2.18), one may obtain an inequality similar to (3.27) by

using Gagliardo-Nirenberg interpolation inequality (cf. the part between (3.24) and

(3.27)). Then the rest is to conduct Moser’s iteration which proceeds as the proof

of Lemma 3.8 (i.e., similar to the part after (3.27)). Together with (2.20), one may

finally obtain that |la(-,t)|...(e) is upper bounded by some constant C' which is

independent of ¢t and T. Thus we complete this proof.
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Lemma 2.6. Under assumption (2.17) and Q C R?, we may derive that

tAUVM»ﬂF+¢Aw@ﬂF)SCXT% amilﬂ K!AdanSCXT)

for any t € (0,T).

Proof. We refer readers to a similar discussion made in the proof of Lemma 3.10,

and note that we here have no boundary condition Vw - v ‘ oo = U, but an inequality

similar to (3.34) still holds. O

Lemma 2.6 enables us to derive || Vw||,q) for p > 2 by using Gagliardo-Nirenberg

interpolation inequality as
p=2 2
IVwlir,@ < C{lAwll g llwl; o)+ o}

Then, the same as proving Lemma 2.2, one may obtain the following estimate.

Lemma 2.7. Under assumption (2.17), the solution satisfies
@ w)lgaroreg ) < CT) € (0.1),

for any finite T > Ty, where the domain Q C R? is bounded and fulfills that any
x,y € 2 can be connected by finitely many line segments, e.g., ) to be convex or

o0 € C2.

We are now in a position to prove Theorem 2.1 by verifying the extendability
condition given in Lemma 2.3 which illustrates that the global-in-time existence of

the unique classical solution to (2.3) and thus (2.1).

2.2.3 Proof of Theorem 2.1

By adopting the idea in [2, Theorem 5.3], we may prove the extendability given

in Lemma 2.3 as below.
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Proof. One may argue the Lemma 2.3 by a contradiction. Suppose that the unique
local classical solution (a,w) of (2.3) exists only in (0, 7] for some 0 < T' < +o00.

Then we may consider (a,w)(z,T — 7) as a new initial value of (2.3) for any
0 <7 < T. It follows from Lemma 2.1 and Lemma 2.2 that there exists a 0 <
Ty < 1 which depends only on the upper bound of ||(a,w)(-,T — 7)1 (@), instead
of 7, such that the system (2.3) has a unique local classical solution which exists in
(T —7,T—7+1Tp). Note that (a,w)(z, T —7) indeed can be treated as a “ point 7 of
(a,w)(x,t) and thus Lemma 2.7 implies that the upper bound of ||(a, w)(-, T—7)||c1 (e
depends only upon T. So T is dependent only on T (i.e., Ty = To(T)) between T
and T.

The above procedure remains true for any 0 < 7 < 7. Thereby, one may infer
that

T—T+T0>T

as long as 7 < Tp which can be achieved since Tj does not depend on 7. The unique-
ness of solution (a,w) to (2.3) means that the solution starting from (a,w)(z, T —7)
and ending up with (a,w)(z, T — 7 + Tp), is only a section of the solution (a,w) of
(2.3), so

T—171 + TO S T
This is a contradiction. O

Proof of Theorem 2.1: Lemma 2.1 and Lemma 2.2 show that the local-in-time
unique classical solution of (2.3), thus of (2.1), exists in Q@ C R"(n > 1). Lemma 2.3
shows that such a local solution exists globally in time for n = 2, provided that
[ > xK or x > 0 is small as required in Lemma 2.5. Finally the L, () estimate is

a consequence of Lemma 2.1 and Lemma 2.5. ]
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Chapter 3

Vanishing Viscosity Limit on a
Fully Parabolic System with
Direct Preytaxis

The term wanishing viscosity limit orginates from wvanishing viscosity method.
This method may be traced back to M. G. Crandall and P.-L. Lions [63] in 1983 to
obtain the wiscosity solutions (Lipschitz continuous solutions, i.e., W) of Dirichlet
problem for Hamilton—Jacobi equation F(z,u,Vu) = 0 during dealing with the
uniqueness of its solution. For clarity in our case, here we review and slightly extend
the basic idea of vanishing viscosity method as follow: There is a nonlinear parabolic

PDE

ou

a:}"(x,t,u,Vu), reQCR"(n>1), t>0, (3.1)
subjecting to some suitable initial and boundary conditions, where real-valued func-
tion F is continuous but may not be linear in all its arguments, and Vu represents
the gradient of unknown function u = u(z,t). To qualitatively find the solution of

(3.1) in a suitable Sobolev space, one may approximate by solutions {u.}.cgr of the

following PDE

0
8_?=6Au+F(x,t,u,Du), r€QCR(n=1), t>0, €R
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and take the limit of {u.}.cr in a sense, as ¢ — 0. The essential part lies in that
some estimates for {u.}.cg which do not collapse and blow up as ¢ — 0, will allow
to pass the limit

Ue — U, in some sense.

Then one may solve the original problem (3.1) if the limit u itself satisfies the equa-

tion, required regularity, and the boundary condition (if appropriate).

3.1 Models and Main Results

As stated in subsection 1.3, we shall in this chapter to consider that the strong

solution of

;

u = Au—V - (xuVw) + yuw — u(l +lu), in @,
wy = eAw — uw + rw(l — w), in Q,

(Vu—xuVuw) - 7],,=0, eVw-7|,,=0, t>0,

| w(z,0) =uo(z), w(z,0)=wy(x), x € ),

will converge, as ¢ — 0, to the strong solution of following parabolic-ODE system

[ uy = Au— V- (xuVw) + yuw — u(l + lu), in Q,
wy = —uw + rw(l — w), in Q,
(3.3)
(Vu—xqu)-ﬁ‘m:O, t>0,
[ w(@,0) =up(z), w(x,0)=wo(x), x €,

where Q := Q x (0, +00), the open bounded domain Q C R? with boundary 0%,

g, X,7,r > 0and [ > 0. Throughout this chapter, our hypotheses are

ug(z), wo(z) € C?**P(Q) for some B € (0,1), 9N € C=,
up(z) > (#)0, wo(z) >0 forall z e (3.4)
(Vug — xuoVuwyp) - 17‘8Q =0 (and Vuwy - 17‘8Q =0,e€(0,1)in (3.2)).
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For this problem our main results read as below:

Theorem 3.1. Let  C R? be a bounded open domain and (3.4) hold. For an

arbitrarily given T € (0,+00), one may derive:

(a) For anye >0 and p € (2,400), both the system (3.2) and (3.3) have a unique

strong solution denoted by (ue,w.) and (u,w), respectively, which satisfy
2
(e, w)(z,t)  and  (u,w)(z,t) € (W;J(Q x (o,T))) .

(b) For 2 < p,q < oo, the strong solutions have following convergence relation:

ue —u in Ly(0,T;W,(Q) and w. —w in  Le(0,T; W, (Q)).
(c) System (3.3) has a unique classical solution (u,w) fulfilling
_ _ 2
(u, w)(z, 1) € (C(Q % 0,7]) N C2! (11 % [O,T])) .

We remark that compared with the local weak solution derived in Theorem 1.1,
1.3, and 1.4 of [52], roughly speaking, our Theorem 2.1 and 3.1 can be viewed partially
as counterparts in the framework of classical solutions for 2 C R?. In contrast with

[64], we remove the initial boundary condition Vg - 7| oq = 0 assumed in the system

(3.3), which seems more appropriate for the w-equation as an ODE.

3.2 Global-in-Time Existence of the Classical and
Strong Solution to (3.2)

For Q) C R? the global-in-time existence of the unique classical solution to system
(3.2) given in [40, Theorem 1.1], is obtained actually under zero-Neumann boundary
condition, 2 C R? being convex, ¢ = 1, and [ = 0. This is not sufficient to clarify the
dependence on ¢ in the course of its proof. In addition, the ideas that appeared in
40, 32, 37, 23] in obtaining ||u||1,)(2 < p < +00), may not be directly applicable
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in our case, since the relevant estimates may either tend to infinity or give rise to
x — 0, while ¢ — 0. More importantly, these connected estimates in particular when
e — 0, will play a pivotal role in the proof of Theorem 3.1 in section 3.3. Thus we
shall in this section derive the necessary estimates by proving again the following
proposition. Based on this, we shall explore that the u-component in (3.2) satisfies

|u(-, )| L) < C(T) < +00 as € — 0, that is, Lemma 3.9 in section 3.2.3.

Proposition 3.1. Assume that Q C R? is a bounded open domain and (3.4) holds.

Then for any given T,e > 0, system (3.2) possesses a global-in-time unique solution

(ww)(z.t) € (O x [0.7)) NC* (T x (0,T))>2.

3.2.1 Local Existence

In regard to zero-flux boundary condition, the Amann [65, 66] may yield the fol-
lowing local existence and uniqueness. Alternatively, this can be proved by jointly us-
ing Banach’s fixed-point theory, semigroup techniques and L,, theory and Schauder’s
theory of linear parabolic equations. We refer readers to an analogous proof given in

(67, Theorem 3.1] and omit its details here for brevity.

Lemma 3.1 (Local existence and uniqueness). Let  C R? be an open bounded

domain with smooth boundary 0. If ug,wy € C%(Q), then there evists Thpax €
(0, +00] depending on uy and wy such that the problem (3.2) for each € > 0 has a

unique classical solution on [0, Tax) which fulfills
(u, w)(z,t) € C(Q X [0, Tiax)) N C>H(Q x (0, Tinax))- (3.5)

If (ug, wy) satisfies 0-order compatibility, i.e., (Vug — xuoVwy) - ﬁ‘aﬂ =0 and Vwy -

’7|aQ = 0, then the local solution (u,w) is global-in-time, provided that

im0 + (0} < +oo.
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Remark 3.1. For (u,w) obtained in Lemma 3.1, if ug, wy > 0(# 0) additionally,
then u(z,t), w(z,t) >0 for (x,t) € Q x [0, Tpax). Furthermore,

u(z,t) >0, 0<w(xrt)<max{l,|wor o} =K, (x,t) € Q x (0, Trax)
for each € > 0.

Indeed, one may infer the positivity of u by applying on any [0, 7] C [0, Tyax) the
comparison principle of linear parabolic equations to
a; = Aa + xVw - Va+ a{yw — xywy — (1 + laeX™)}, in Qr,
Va-7],, =0, in (0,7,

a(z,0) = up(x)e X0 > 0(£ 0) in €,

since w, Vw, wy, and a here can be treated as known functions with the regularity
(3.5). A similar discussion will lead to the positivity of w.
Moreover, one may derive the upper bound of w by applying comparison principle
of a single linear parabolic equation to
wy —eAw = —uw +rw(l —w) < rw(l —w), in Q x (0, Tiax)
Vw7, =0, in (0, Thnax),

w(z,0) = wy(x), in €,

since the system composed by the rightmost growth term and coupled with the same
initial boundary-value condition, has a upper solution solving the following ODE of

Bernoulli type

w(0) = [Jwo|| Lo () > 0,
where
~ ~ 1
W = w(t) = < max {1, [[woll . }-

(wy ' (z) — Vet +1 ~
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3.2.2 L. Estimate of Solution to (3.2)

Due to Remark 3.1 and the extendability condition given in Lemma 3.1, it suffices

to obtain the L., estimate of u. We start with the following L;(£2) estimate.

Lemma 3.2. Assume that (u,w) is the classical solution to (3.2). Then one may

acquire that

0< ||u(7t)|lL1(Q) + ||w(7t)||L1(Q) < 007 le (OaTmax)

with Co == 2{1+~(r + 1)|QK + |luo|l £, () + VI|wol £, (@) }/ min{1,~7} for v > 0.

Proof. For any 0 < T < T ,,x We may compute that

d
G L+ [ = [ o —w) —ut w0} + [ )

<(r+ 1)/w

Q

according to (3.2) and u,w > 0. Then from 0 < w < K in Remark 3.1 it follows

that
v'(t)+yt) <y(r+ QK with y(t) = /Q{u(x,t) +yw(z,t)} dx

which concludes this proof by solving the above differential inequality in ¢ € (0,7).
[

The next is to find some information on w, like [, u* (u > 2) for our purpose

later. Instead of directly calculating %% ng that will yield a right-hand integral
fQ uVu-Vw to control with difficulty at present, we thereby shall compute % fQ ulnu

where fQ Vu-Vw appears but may be cancelled during computing % fQ %, which

is the purpose of the following two lemmas.

Lemma 3.3. Assume that (u,w) is the classical solution of (3.2). Then we have for
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[ >0 that

WMQ
— ulnu—I— ulnu—|— u ln(u—l—l <x Vu Vw + C,

and for | =0 that

2
ulnu+/u1nu+/ ]V | <X/Vu Vw+'yK/ulnu+Cl,
Q

where the constant Cy depends only upon v,l, K, and Cy from Lemma 3.2.

dt

Proof. Considering the positivity stated in Remark 3.1, one may multiply the u-
equation of (3.2) by (1 + Inw) and integrate the resulting equation with respect to

x € (), to obtain that

d |Vul?
— [ ulnu+ | ulnu+
dt Q Q Q u

zx/Vu-Vw+fy/uw(1+lnu)—/(u+lu2+lu21nu),
0 0 Q

which completes the proof of the case [ =0 by 0 < w < K. When [ > 0,

d |Vu|?
— | ulnu+ [ ulnu+ —
dt Q Q Q u

Sx/Vu-Vw+7K/(u+ulnu)—/(u+lu2+lu21nu)
Q Q Q
SX/VU-Vw+/{7Kulnu—lu2—lu21nu}+7K/u
Q Q Q
I .
&/vwvw_ﬁ/ﬁ%M“+D+C+7KWMﬂn
Q Q

Note that the last inequality above is obtained by [62, Lemma 3.1] when [ > 0. More

precisely, a continuous function ¢ : [0, +00) — R, is defined by

az? +bzlnz —cz?Inz + X\22In(z + 1), z>0;

w@%={07 . (3.6)
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with ¢ > 0, A < ¢ and a,b € R, and then it satisfies

©(2)
22lnz

— A—c<0, as z— +4oo.

So there exists a zy € (0, +00) making ¢(z) < 0 on (zp,+00). Then it follows that

as z > 0,

A

az? +bzlnz —cz?lnz < —A222In(z+ 1)+ C, with ¢(z )<r[61a>}<| o(z)| =:C.

This completes the proof. n

To counteract the x fQ Vu - Vw, we give the following integral inequality.

Lemma 3.4. Assume (u,w) is the classical solution to (3.2) in Qr. One may acquire

that

\V4 2
Al +3r/|Vw|2 /w|D21nw\2
dt Q w

.t 2
Mol Ol [ 198y [ 590
250 Q w

for any constant 69 > 0 to be small enough and independent of .

Proof. Observe that

d [ |Vw|? |Vw|? 2Vw - Vw,
() ==+ ,

2

w w w

and fgw%& = QfQVhlw -Vuw; = —QwitAlnw = —QfQ (% — Ww“;‘Z)wt. To-

gether with the w-equation of (3.2) we have

d |Vw|2 / |Vw|2 / Aw  |Vwl|?
dt o\ w w?
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2
= |un2)| {5Aw—uw+rw(1—w)}—2/ %{sAw—uw—i—rw(l— w)}
Q

2 Awl?
= |Vw| /|V —u)—r/\Vw|2—25/—| il
Q Q w
—2/(r—u)Aw+2r/wAw
Q

2 2 2
=¢ |Vw| / [Aw] / |Vw| 3r/ ]Vw|2—2/Vu-Vw.
Q Q Q

Concerning the first two terms in the last equality, one may acquire in light of

Lemma A.3 that
]Vw|2 2/ |Aw|? /]D2w|2 \Vw]4 1/ 1 9|Vuw/|?
—_ +_ —_ -
3 Q w 3 agw 81/

which gives

2 2
ol g [ 120
Q

q w? w

- 45/ [Awl* 25/ | D?w|? N 25/ |Vwl|* N 5/ 1 9|Vuw]?

Here [, |qu1§\4 can be bounded by [, w|D?Inw|* due to Lemma A.3, but a further

control of [, w|D?Inwl|? needs to relate [, w|D?*Inw|? to the rest terms in the above

equality. That is,

’D2 11’1'LU|2 :E Z(wxﬂj)2 + E Z(wxz)Z (wxj)Q - @ Z Wy z; We; W
ij=1 i=1 j=1 ij=1
_|D*w]*  |Vw|* 2Vw- (D*w - Vw)
o w? + wt w3
_|D*w?  |Vw|' Vw-V([Vuwl?)
o w? + wt w3 ’

41



and then we may show through integration by parts that

D2wl? 4 1
/w|D21nw|2:/ﬂ+/ |Vt§’ +/V(—> -V(|[Vwl]?)
Q Q w o w Q w

| D>w|? [Vwl* !Vw\2 [Vwl*
Q W Q w Q w Q w
/\172w|2 /|le2 /\Vw|4
- + ;. ~W— 3
Qo w Q w o w

This gives
IVwI2 /|Aw|2
w — 2¢
:‘4_6/ S 25/“402 wf? + 2= 'V‘”'2Aw+f/ LoVl
3 Q w 3 Q 3 Q ’U)2 3 aQ'UJ 81/
2 Aw|? 2 10 2
:—<5/ |Vw] —25/' i >——€/w|D21nw|2+§/ — WT‘
3 Q w2 Q w 3 Q 3 aQw 8V
which indicates
V 2 A 1 2
9 0 poqw OV

Substituting this equality into % fQ % yields immediately that

d [ |Vuw]?
dt Q w

2 Awl? 2
€/|Vu2;| w — 2/‘ w +/\Vw[ /|Vw|2—2/Vu Vw
o W Q w Q w
1 2 2
:—25/w|D21nw|2+5/ 1 9V /|Vw] (r —u)
sqw OV Q w

/|Vw|2—2/Vu Vuw.

We may finally combine [, - 8'3;”' with [, w|D?Inw[?. Applying Lemma A 4,
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Lemma 2.2 of [68] (or cf. (3.13)) and Young’s inequality with small constant 6 > 0,

one has

10 2
6/ — |VEU| < 2ke / |VU}|2—2/’£6/ ]w?VInw|2
o0 W 3V o0 W

_ 1 1 1
<20 (| DAV Inw)l| ey + 03V Mwllpye)) - w3 Vw0

1 2 1,1
<265 (1D T )y + 03V inwley) + 55l0dV il o
=~ 1 2 1 2 1 1 2
§2H6C<§/|D(w2V1nw)| +§/|w2Vlnw| —i——/\uﬂVInw[)
Q Q 20 Jq
:2/156_‘(5/\D(wéVlnw)\z—i-Z/%C_*(é—i-i)/ w2V Inwl|?
Q 20" Jo
— 1 1 1 — 1 1
:2/€505/Q|§w_2Vw-Vlnw+w2D(Vlnw)|2+2/<:50(6+Zs)/g|w2V1nw|2
_ 1 4
<4/<;505/ (4|Vw] + w2 D(VInw)| )—1—2550(5—1— /]w2Vlnw|2

w3
</€€C5/ [V

<keCo[(2+ v/n)? + 4] / w|D* Inw|? + 2keC(§ + %)
Q

- - 1 |Vwl|?
D?*1 242 — —_—
/Qw\ nw|® + /@50((5—1—25)/{2 ”

[Vw]®

where C' is a constant independent of ¢ and the last inequality is obtained by
Lemma A.3. Moreover, again using Young’s inequality and Lemma A.3, there exists

a dg > 0 such that

w

|Vw|2 \Vw]Q wh < 50/ \Vw|4

Q wz 2(50

Q 200
Then one may complete this proof by taking the é > 0 to be small enough such that
KCO[(2 +v/n)? +4] <1,
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fixing such a ¢, and then by taking above g > 0 to be small which fulfills

52(2—1-\/_)2 2kC (6 + 215)

l\DIr—t

A combination of Lemma 3.3 and Lemma 3.4 yields the following results.

Corollary 3.1. If the estimates in Lemma 3.3 and Lemma 3.4 hold, then we may

acquire that

/u(-,t)lnu(-,t), g/w <cqet,  te(0,7), (3.7)

w(-,t)

T 2
0 Q u 4

for anyn > 1, where we set ¢y := XCO+C'1—|—7"|Q| o =142+ (uo lnuo—i—"lvw()' ),

and ¢y := co +rey (when I =0 we replace all v by r+vK ). Moreover, we have that
T
/ / u? < (3T 4 (20)*Ci(cr + 2))e'™, (3.9)
o Ja

where we set c3 := co(2C)*C whenn =1,2,1>0 or c3 := yKCy/l whenn > 1,1 >

0. Here the constant C' is from Gagliardo-Nirenberg interpolation inequality.

Proof. When [ > 0, Lemma 3.3 and Lemma 3.4 jointly indicate that

2
4 ulnu+/ulnu+/ |Vu| /u In(u+ 1)

d 2 3
20 TR [igup e X [wpprip 310)
0o w 2 Jo 4 Ja

2dt

Vw|?
S%/Q%(T—U)+C’z,

where Cy = M +C; < XCO + C7 by Lemma 3.2. Then it follows from
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zInz > —1 for z € Ry and positivity of (u, w) that
d Vwl|? Vwl|?
— (ulnu—i—zﬂ) gr/ <u1nu+z| w| )—r/ulnu+6’2

2

Vv
gr/ (ulnu+z| w| )—|—c0,
Q 2 w

which implies (3.7). In conjunction with (3.7), the inequality (3.10) also indicates

by zlnz > —e~!(z € Ry) that

d Vuw|? Vul|?

Integrating it from both sides with respect to ¢ in (0,7") may conclude (3.8). When
[ =0, in a similar way it suffices to replace r in (3.7) and (3.8) by r + 7K.

Finally, an application of Ggaliardo-Nirenberg interpolation gives that

4(1—6
130 = IVl ] @) @O (IVVllE o IVl ey + 1Vl @)
<O 'Co{IVVullty @) + 1}

with § = % € (0,1) as n = 1,2. Then using (3.8) as well as Lemma 3.2 may yield

(3.9) when n = 1,2 and [ = 0. This is also true if [ > 0. Alternatively, if [ > 0 one

may see for any n > 1 that

d
— u+/u(1+lu):/”yuw§7KC’o.
dt Jq Q Q

Integrating this inequality with respect to ¢t € (0,7") may give (3.9) as well. O

Note that below we shall no longer distinguish between the constant C' of Gagliardo-
Nirenberg interpolation inequality and its certain powers or multiples, for simplicity.

We are in a position to estimate [, [Vw[P(p > 2) as usual, and will display the de-

pendence on ¢ during the derivations. Directly one may estimate fQ |Vw|? in order

to obtain [ [ |Awl?.
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Lemma 3.5. Suppose Q@ C R"(n > 1). Let (u,w) be the local classical solution of
(3.2) in (0,T) C (0, Twax). Then one may have

r 4c
/Q|Vw(-,t)|2+a/0 /Q|Aw(-,t)|2§ IVl o + (5 + KT + 1))

Proof. By $|Vuw| = % and zero-flux boundary condition on w we compute that

d
—/ \Vw|2+2fr/ |Vw]2—|—25/ \Aw|2+2/u]Vw\2+4r/w]Vw|2
dt Jq 0 0 0 0
:47“/ \Vw|2—2/qu-Vw
0 Q
2 2
§27“/w]Vw\2+27"/ Vol —I—KQ/ﬂ—i—/u\Vw]Q,
Q Q w Q U Q

where the last inequality is obtained by applying Young’s inequality to the two right-

hand terms of the equality to obtain that

/|Vw|2—4 /\Vw[ Vw|Vuw| <2r/| /w|Vw|2

and that by 0 <w < K

4K2 |Vu?
u

[Vl ’7 2
wVu - Vw < 2K—— \/_ Vw u|Vwl|®.

By setting n = 2, we may derive that

d
d_/ |Vw|2+2r/|Vw|2—|-25/ |Aw\2+/u|Vw|2+2r/w|Vw|2
tJo Q 0 Q Q

2 2
= Vol / [V
Q W o U

which means

d 2 2
—/ |Vw|2—|—27"/ \Vw|2+25/ |Awl? §27’/m—1—[(2/ﬂ (3.11)
dt Jq Q 0 Q w o Uu
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and thus

t 2 t 2
/|Vw|2 Se—?rt/ |Vw0|2—|—27’/ / |V’LU| +K2/ / ’vu’
Q Q 0o Jo W 0o Ja U

4
Se_QTt/ |VU)0|2+%GN—FKQ(CQt—I—Cl)GTt
Q

by (3.7) and (3.8). More generally, integrating (3.11) in ¢t € (0,7") and using (3.7)
and (3.8) again may conclude that

T T
/|Vw|2+27“/ /|Vw|2+25/ /|Aw|2
Q 0o Jao 0o Jo
T 2 T 2
v v
Q o Jo W o Jao U
2 4ey 2 t
< | |[Vwo|* + 74—[( (cot + 1) |e
Q

This completes the proof. O]

For any ¢ > 2, we have the following estimate.

Lemma 3.6. Suppose that (u,w) is the classical solution of (3.2) in Qr for any
0 < T < Thax. Then one may have that

/ Vool / Vul"(V|Vul / V|"2| D2l
th
< [ v S+ [u)

where q¢ € (2,+00),\ € (1,+00) and C(T,q) is independent of € provided that € is

bounded from above.

Proof. By %|Vw| = % and zero-flux boundary condition we compute

/|Vw|q—/ Vw|"?Vw - Vw, = /V-(|Vw|q_2Vw)wt
th Q0
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— /Q V- ([Vw|*Vw){eAw — uw + rw(l — w) }

=— 5/ V- (|Vw|**Vw)Aw — / V- ([Vw|"?*Vu){ — uw + rw(l — w)}
Q Q
=:I+1I

For I, we observe that

I:—S/V~(|Vw|q2Vw)Aw
Q
:—a(q—Q)/(|Vw\q_3AwVw)~V\Vw| —5/ Vw92 Awl|?
0 0
:ZIA+IB.

We keep I unchanged. Herein using integration by parts and Vw - 17| oo = U, one

may obtain

Iy=—¢(qg—2) /(|Vw|q_3AwVw) - VIVuwl|
Q
=e(q—2) / V- (|Vw|T? AwVw)|Vw| — (g — 2)/ (|Vw|? 3 Aw|Vw|)Vw - 7
Q o0

:e(q—2)((J—3)/Q\Vw|q3(AwVw)-V|Vw\+€(q—2)/Q]Vw\qQ(VAw-Vw)

fe(g—2) / V|| Aw]?
Q

that is, for ¢ > 2

—5(q—2)/(]Vw|q3AwVw)~V|Vw[ :g/ |Vw\q2(VAw~Vw)+e/ V|2 Awl.
Q Q Q

Then applying A|Vw|? = 2VAw - Vw + 2| D?*w|? and again integration by parts to
the first right-hand term above may yield that

6/ Vw|??(VAw - Vw)
Q
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:i/|Vw|q_2A|Vw|2—e/|Vw|q_2|D2w|2
2 Q Q
:—E/V|Vw|q_2-V|Vw\2+£/ |Vw|q_2V|Vw|2-ﬁ—e/ |Vw|?™2| D*w|?
2 Q 2 o0 Q
(g—2) /|Vw|q (V| V)2 / V|2V Vw2 - ﬁ—g/\ijq 2 D22,

It follows that for ¢ > 2,
Ia e(q—2) /|Vw|q 2(V|Vwl)? / Vw12V |Vwl|? - ﬁ—s/ |Vw|?™2| D*wl?
—i—a/ |Vw|? 2| Awl?,
Q
which implies for ¢ > 2 that

I=—¢(qg—2) /|Vw|q 2(V|Vwl)? / |Vw|?2V|Vw]|? - 17—5/|Vw|q 2| D*w|?.

In regard to I1, letting h(u, w) := —uw+rw(1l —w) and using Young’s inequality

with parameter 224 (§ > 0), one may calculate that

—— [V (Tupve)h < [ Vol (@ - /9 Vull + [Au]) b
Q Q
)
=y |Vw|q-2h2+4— / Vulr2((g — 2)|9 |Vl + A’
Q ng Jo

<20 [ vuprn - 2 v wval? + 3 [ 9l ot
Q

where we have used |Au|* < n|D?u|?®. Hence combined with I and I7, letting § = ¢

will yield

2 [t 222 [ gup vl + 5 [ vl

g@/ |vw|q—2h2+f/ V|2V [Vl - 7
€ Ja 2 Jago
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S@/ |Vw|(q_2)A+ﬁ/hf—Al+m/ |Vwl|? (3.12)
€ Ja € Ja o0

by Lemma A.4 and via Young’s inequality with index A\ and {25 for any 1 < A < oo.

Below we shall deal with the last two terms in (3.12).
For the ke [, [Vw|? in (3.12), using interpolation-trace inequality in [68, Lemma

2.2], one may find that

— 1 1_l
IVwllL,@0) <CIVIVO[l|L,@) + [Vwll@) [Vl g, 1<g<oo, (3.13)

where C' depends on 2 and ¢. Then using Young’s inequality with parameter n > 0
and with index ¢ and qqu may yield that

q
ke / V)t = kel [ Vool 2, )
o0

~ g q 21——
<keC? (VY2 a@) + V0] [ 1ye) ™" 7|l Ve ||L2

A g g 2 =~ __1 g
<keCn(IV VW] |y + IIV0l? | La)” + 5l |||Vl 2|2, 0,

= q = _ 1 q
<2kC?n|| V| Vw2 17, + £eC% (20 + 0~ 1) [[Vw|? |17,

-2
SM/ |Vw|q2(V|Vw|)2—|—£c4/ |Vwl|,
4 Q 0

2né2q2

1
~2.2\ g—1 = 17
=== and ¢g 1= 1+K02<22€2q ) = 14+kC% 1" a2

where we take n = - 02 5 < 2;-;0

will be bounded uniformly as g € (2 + ¢g, +00) for any fixed 1o > 0.

For [, K371 in (3.12), one may generally compute that for any 1 < o < o0,

M e 2T uw+rw(l+w))
€ Ja

with ¢5 := 2 - max {(2K)?, (2rK(1 + K))°|Q|} as a result of 0 < w < K.
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Then we may update (3.12) by taking o =

and 1 < A < 400 that
th/Iv

/ Vul"(V|Vul / V|| D

§E/ |Vw|(q_2)’\+€c4/ |Vw|q+c—5(1+/uﬁ).
S ) Q € Q

We proceed to decompose ¢y [, [Vw|? in (3.14). Indeed, when 4 < ¢ < +00 one

(3.14)

may use generalized Gagliardo-Nirenberg interpolation inequality in Lemma A.2 to
show that

q
/Q IVt =Vl |2,

<C|IVIVw|? | @) IIVw]? HL o) + Cll[Vuw|? HL
q __6
<Cnl|VIVw|2|[7, + Cn~ = + DI|[Vw|2[|7, @

9 a1
with 0 = 42
I

NS
3 |-

€ (0,1) as long as 2 < ¢ < 400, where we have used Young’s
inequality with parameter > 0 and with index } and —1. It follows from n = 2qq2_cfc
that

5c4/ v < 4=2) /|waq 2(V|Vuwl)? + e[ Vall2 (3.15)
with ¢g := 040(7]*% +1) and

9 _ n(g—2)
6 4 -

On the other hand, when 1 < ¢ < 4, using the Gagliardo-Nirenberg interpolation

inequality in Lemma A.1 and Young’s inequality with parameter § > 0 and with
index 3 and 5 to show that

q
/ IVl = Ve 22,
Q
2(1—
<CIVIVw# 2 o - IIVwlEH o) + CllIVw| 33,

o1



B

<CS|VIVw|2|[Z @ + CE ™7 + DI[[Vwl2 |1, @),

with 8 = . Thus taking 6 =

/ Vol < -2 / Vw2Vl + el Volt2 o (3.16)

5
with ¢7 := ¢,C(6” ™5 + 1) and % =1

For any 0 < T' < Tyax one may further control the |[Vw|[7, o in (3.15) and the

H]Vw\%Hil(Q) in (3.16). Indeed, it follows from (3.7) that

s}

4
IVwl|T, <& as 4<g<+4oo, and [[[Vuw]|2 ||%1(Q) <c¢? as q=4,
where cg := 2Kcie™ /x. Using Holder’s inequality and again (3.7) may yield that
1900 = ([ 1Vl?)" <1005 ([ 19uP)’ < araim® 1<q<a

Thereupon, substituting (3.15) and (3.16) into (3.14) may lead us to

/ Vol / Vol (V|Vu])? / V|| D
th
Sﬂ/ |Vw|(‘12”+c—9(1+/ufkl)

€ Ja € Q

. q 4—q
where either cg := e?cscd +c5 as ¢ > 4 or ¢ := e2cy - max{cd, (14 )| } +c5 as

€ (1,4)]. O

(3.17)

Remark 3.2. In addition, setting A(q—2) < 2 in (3.17) and combining g > 2 therein
will yield 2 < q < 2+ % for1 < A < oo. Then a joint use of Holder’s inequality and
(3.7) gives that

A(g—2) 1- 2\ E RIS e
A A (0 B B
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when (g —2) < 2, and the upper bound is still valid as \(q — 2) = 2. We thus have

d / C10 / N
— qu§—<1—l— uAﬂ),
dt Q| | e QO

Ag—2) 2Aa=2)
(q2 5

with ci9 := nq|Q*~ Cg + cg. This inequality immediately shows
/ Vuwlr < 22, (3.18)
Q £

where 2 < g <4—2 foro > 2 and ¢11 == cmeT (1+fQu").

[

After these preparations, we next may derive ||u||;_ (o) through [la(-,?)||L. (o) in

the following two lemmas.

Lemma 3.7. Assume that (a,w) is a local classical solution of (1.13)- (1.15) in

t € (0, Tmax). Then one may have for p > 2 that

d —1

— [ eXa’ 4+ r(p— 1)X/ eXaPw + ZM/ eXal~?|Val?

+p/ exwap—i-pl/ exwgptl (3.19)
Q Q

§€p261/ap|Vw]2+p52/ap“+p63/ap
Q Q Q

where ¢, 1= eXKX2(1+§), Gy = xKe*XX and ¢35 := ryK?eXX 4-veXK K. Furthermore,

assume that for some o € (2, +00)

/ ' fw<e (3.20)

where ¢ may depend on T € (0, Timax) and other parameters of the system (3.2) but

remains bounded as € — 0. Then we have for Q C R? that

/Q 0 (2, 1) < (p)ecP) (3.21)
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where the constant ¢(p) is independent of € > 0.

Proof. For any p > 2 and (1.13)- (1.15), we may compute that

d

— [ exwgp
dt J,,

:X/ eX aPw; + p/ ea" ! = xaw, + e XV - (X"Va) + yaw — a(1 + laeX”)}
Q Q

aPeXw — p/ aleX’ (1 + laeX")
Q

=—(p— 1)X/ XV aPw, —|—p/ a?~ 'V - (eX“Va) —i—p’}//
Q Q

Q

=—(p- 1)x/ X al{eAw — aeXw + rw(1l — w)} +p/ 1Y - (Y a)
@ Q
—i—pv/ a’eXw —P/ afeX’(1 + laeX?)
Q 9)

eXaP'Va - Vuw + (p — 1))(/ e aP Ty

Q Q

=ex’(p— 1) / eXa?|Vwl? + exp(p — 1)/
Q

—r(p— 1)X/ eXaPw(l —w) —p(p—1) / exwap_Q\Va\Q
Q Q

-l—p’y/apex“’w—p/ aPeX" —pl/eQ"“’apJrl
Q Q Q

that is,

eX¥al~?|Val? +p/
Q

eXa” +r(p - 1)x/

E—
Q

eXW P —I—pl/ e2xw ptl
Q Q

dt Jo

=ex’(p— 1) / eXaP|Vw|* + exp(p — 1) / eXaP'Va - Vuw + (p — 1)X/Qe2xwap+1w
Q Q

+7r(p— 1)X/exwapw2+p7/apexww.
Q Q

An application of Young’s inequality leads us to

_ 1 _ 1 2
expl(p — 1) /Q eV v < W01 /Q exvar2|vaf? M= D) /Q X [V

Combined with 0 < w < K, therefore, the integral inequality (3.19) is obtained.
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Furthermore, since assumption (3.20) indicates the estimate (3.18), then by (3.19)
a joint application of Holder’s inequality and Gagliardo-Nirenberg inequality means

that
v’y / P Vul? <ep'a Vel o llaf I, @

2(1—-6
<ep’e1 (202 (|Vwl} o) (Va7 ||a2|r< o) + lla® HL2 )

with 6 = pﬁ;fg €(0,1)as 1 <n < 5 and 7" = -5 for 7 € (1,+00). Then taking

27" = ¢ in (3.18) which means 7 > 2 + —=;, and using Young’s inequality with one

parameter 1 > 0 will result in

_ _ P __0
o | @IVl < (Ve e + 1l o + Nl o)
(3.22)
plp—1) - _ 6
L [ VAl et ol o + el )

1

with &, := £76,(20)2¢g’ and n = 25+

2p3ey”
Similarly, applying Gagliardo-Nirenberg interpolation inequality (n = 2) given in
(62, Lemma A.5] may yield that

_ p+1 = g %
pez | " =peallall g, @
P

2(p+1) 2 2(p+1)

r P
<pc5((5||Va2HL ©) " a2 1H2( 2)”,; 2(9) +O||a2HL2(Q +C5)

=pcs(3]|Va2 |1, lalnall, @) + Clally: g, + Cs)

-1
S @ 1va + pes(Clallfy, + o)
Q

— p—1 i
where we take § = P E i el which makes sense by ||aInal|z, ) < [Julnul|L, ).

%)



Consequently, we may derive from (3.19) that

d
— €X“’a”+p/ eXa? < p*cg +p53/a” < p°Go +p63/ eXa?
dt Jq Q Q Q

where g 1= ¢4(1 159 lallz, @+ llallz, )—i—c5 (C’||oz||erl ,+C5). Solving this inequality

may conclude that
/ap < / eXal < epc?’t(p + [leX*ag]| L, )
Thus we complete the proof. O

Remark 3.3. We need some illustrations on the sufficient condition (3.20) as follow:

(i) Without condition (3.20), it is not difficult to derive

M(T
D 2o o)

lu(-, ) o) <

3

for some constants M(T) and M(T) independent of ¢ > 0, which is enough
to obtain the |u(-,t)||L..) for any fized ¢ > 0. Based on this, we shall in

Lemma 3.9 prove that ||u(-,t)||r.. ) remains bounded uniformly in € > 0.

(ii) Condition (3.20) can be relazed to allow

//u<_

for some p <1 — = and o > 2, where constant ¢ remains bounded as € — 0.

(iii) Also, condition (3.20) can be replaced by

[ullza) < €

where constant ¢ remains bounded as € — 0.
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Proof. For (i), one may compute that

2dt/u ‘/“{A“—XV (uVw) + yuw — u(l + lu)}

/|Vu!2+x/uVu Vw+’y/uw / (14 lu).
1 2 X2 »: 2

<—= | |Vul*+ = |IVw|* +vK u - u —1
2 Jg 2

Applying Holder’s inequality and Gagliardo-Nirenberg interpolation inequality
(n = 2) may yield that

2

X 2 2 X 2 2
S [ avul < Xl Vel 0
Q

<2*C* (V]| ooy el i) + ez, ) IVl L)
Applying Young’s inequality gives that

2¢°C? | Vull o el o IVl L) < IIVUIIL2 )+ 4Ol L IVelL @

This means

2

X 1
2/9 2|Vw|2 Z”VUHLQ +4X4C4HV@UHL4 HUHLQ +2X2CQHUHL1Q)HVWHL4(9)7

thus

1d

1
el + ) + 719010 + Ul

§{7K+4X4C4”VU’HL4 }||U||L2 +2X202HUHL1 ||vw||%4(ﬂ)
Thereupon, we may find that
d
Tl <2{vE + IVl @ vl zuw

+4PCullZ, o) IVwlZ, @
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Solving this integral inequality shows that
lu(, )20
2 [f (YE+4ACH |Vl o)} 2 2200, 112 g 4
<e*h L) {JuC 000 + 2 C oy [ (L 90 0) )
0

- M(T) @

e e

£

where M(T) = 2(vKT + (4C) (xK)3(coT + c1)e'™), M(T) = ||U('70)H%2(Q) +

QXCQHUH%I(Q) (XT + 43(coT + 1) K3e™™), and we have used

' ' ’ ! B3 (esT + ¢r)e'T
/ / |Vw|4 S K3/ / ’vg‘ S K3(2 + \/5)2/ /U)|D2 1nw|2 S (CQ + Cl)e
0 Q 0 Q 0 Q

w XE

by Lemma A.3 and estimate (3.8), or by Lemma 3.5 and Gagliardo-Nirenberg inter-
polation inequality.

For (ii), when it is used in (3.22) and later in (3.23), one may require the power
of € to be nonnegative in order to take ¢ — 0, that is, by the expression of ¢ in

(3.23) with the ¢y defined in (3.18), one have

1 —

1 2
Rl >0, with 7= and 2+ < T < 00,
T’ T — o—2

sop<l1-— %
For (iii), one may use Gagliardo-Nirenberg interpolation inequality (n = 2) to

show that
ull7y) = IVullf o) < CHIVVUlT o IVl + [Vullf 0 )

and thus by the estimate (3.8) one may see that

T T 2
i < O VUl L ool < COlul2, e {(caTen)e ™+l e}
0 o = Ly(Q) o Jo L (Q) = Ly() 2(Q)

u

which satisfies the condition (3.20).
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O

Lemma 3.8. For Q C R? and ¢ € (0,1), under assumption (3.20) one may derive
la(-, )] L) < max {1, Co(T)}, t€(0,7) C (0, Trax)-

Note that Co(T) is additionally increasing in 1/e if Remark 3.3 (i) is satisfied, and
depend on max{1,e} if Remark 3.3 (ii) or (iii) holds.

Proof. We proceed to compute the right-hand terms in (3.19). Firstly, we note that
the only difference amongst using assumption (3.20), Remark 3.3 (i), (ii), and (iii)
lies in the obtained coefficients in dealing with ep®c;y [, a?|Vwl|?.

Indeed, if assumption (3.20) holds, then a joint application of Hélder’s inequality
and Gagliardo-Nrienberg interpolation inequality yield that

ere, / | Vul? <epa Vel ollafE,
_ p P 2(1—6 P
<ep?aC?| Vol o) (IVa2 |2 o)l 1) + la 3, o)

where §# =1 — o= € (0,1) and 7/ = - for 7 € (1, +00). Taking 27" = ¢, by (3.18)

and Young’s inequality with parameter n > 0, we know that

_ D P ,2(1—6 D
ep’e / a”|Vwl? <pPera (| Vad |2 ol o) + la |3, o)

(3.23)
P __0_ P
<p*era(nllVaz |17, + (7" + Dllaz]|7, o))
1
where cjp := 1+ C’zeiélcﬁ. Setting n = 2;[;3;(:112 leads us to that
—1
ep?e, / ap’vw‘2 < 2% / apf2yva’2 +p4Tcl3”agH%1(Q) (3.24)
Q Q

with c3 := ((4c12)* '+ 1)epp and 7> 2 + 2.
The above computations remain almost unchanged if Remark 3.3 (ii) or (iii) holds

alternatively, that is, ¢;o depends on max{1,¢} instead of 1/e. On the other hand,
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when Remark 3.3 (i) holds, the coefficient ¢15 and thus ¢;3 may be increasing in 1/¢.
This difference does not occur in the rest right-hand terms of (3.19). Consequently,
we below shall no longer distinguish the assumption (3.20), Remark 3.3 (i), (ii), and
(ii).

Secondly, by applying Gagliardo-Nirenberg interpolation inequality and Young’s

inequality with parameter 6 > 0 and with index =& and , we have

+2
1 2(p+1)
/Qap =lla 2”L2<p+1) )

2(p+1)6 2(P+1)(1 6) 2(p+1)

<eu(IVatli,i lafll,e) — +la%ll, i)

+2 2(p+1)
—(?14(||VCL2\|L2 a2, @) + ||a2HL1(Q))

» pt2 2(p+1)
§614<5||Va2||1:2 +07 - 2||a2|| —|—||a ||L1(Q))

(pt1)
where 0 = 2{%3) € (0,1) and ¢y = (1 +C)* > C™5 with p > 2. Then taking
0=

zp’z?iM will yield that

—1 _p+2
p@/azﬂrl S%/a‘vﬂvaﬁ—i‘p@cmw = +1)(Ha2HL1 +1)
0 Q

(3.25)
— 1 2p_ 2p 2p
S% / apf2yva’2 + cf5_2 ,p1+p,2 (HG%HLI(Q) + 1)p—2
Q
with ¢15 := 4¢5c14+1, in light of 2(p+1 - I%-pp—Q < —p2 and ;’%; = ]%-%f < I%.
Thirdly, similar to the derivation of (3.24), we know that
_ _ D p p
per | @ <paC (1908 Lot s + 1 )
_ b _ D
<peaC(pIVat Iy + (149 (A + 0 l)?)  (3:26)

1 p
S%/ a"2Val* + 6 - p* (1 + [|a ||, (@)
Q
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with p = 2;2’(_:% and ¢y 1= 2c5C%(1 + 4¢3C?).
Then in conjunction with (3.24)—(3.26), we may derive from (3.19) and eX* > 1

that

4 WP 4 / eXW P

2p_ 2p » ap
<(p*ers +cfs” T ey p?) (Hag ey +1)72 (3.27)

_2p
<ci7-pt- (HCL%HZI(ZQ) +1)

where ¢17 := 2% 3 max{ci3, s, c16} and p := max{47, 7} with 7 > 24 -2 in view

of -5 <3 for p > 3. Immediately it follows that
p

2p
/apg/exwapécls-HaoHi o TP -ar (1+ sup (/ag)p_2>
Q Q * te(0,7) N Ja

with ag = upe X0 and c¢;g := |[Q] - eX*ollioc@ Now we let pp = 3-2%, 0y = pipf2, and

M, ::max{l, sup /apk}, k=0,1,2,---.
Q

te(0,T)

Therefore, we have for k£ > 1 that

M, < Cl8||a0‘|§io(§2) + cio Pl MJ*, (3.28)

with Cl9 ‘= 2017.
Now if there exist infinitely many k& > 1 such that phcioM*, < clgHaole’;(Q),

then

L 1
(/ aPk>Pk < Mkpk < (2618)i“a0”Lw(Q), k> 1,
Q

which means ||a(-,t)||r.. ) < ||aol|r. (@) for any ¢ € (0,T), by letting k — 4o0.

On the contrary, there is a set I of finite many integers such that

pﬁclgM,gfl < ClBHG’OHi’;(Q) for k € I,
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thus
kel,

My < 215l aollt ) < 2¢1s Iilg}({HGOHﬁO(Q)} =N,

Meanwhile, we have p!'cig M *, > cigllag||P* as long as k € I and k > 1, then
k k—1 Loo(Q)

My < plp - (2c19) - M%) < MR for all k> 1,

with some ¢ > 1 fulfilling * > max{N* 3#-(2c19)- (2*)¥} > 1 for all k > 0. A simple

induction shows that

M, Sbk(Mk_ﬂm“ < ftk=T)ox (Mj_o)K0k1 < ...
koo
<M (DI ) -Mgiko 7 ke>1

Noting that for all £ > 0, o > 0111 > 1 and o = pip_’“2 =2(1+ Zﬁ) <2+ %, thus

one may obtain that

k k
HUi < H 2(1 + %) _ gk—j+1, 2 In (1+§) < ok—j+1,30; o < k=it
i=j =j

and
2k+1 E4

k+1 4 -
2 e k j—1 k
; - 270

J=2 27 . ) Pk
ko—1

. k
MM <ot

that is, by letting k — +o0,

4 2e4
la( )@ <07 - MEZY, £ €(0,T).

Then together with (3.21) and the definition of M} we may complete this proof. [

Proof of Proposition 3.1: Since Remark 3.3 (i) holds for any finite ¢ > 0,

then Lemma 3.8 implies
(3.29)

||a<7t)||Loo(Q) < C(l/&,T), te (OaT) C (OaTmaX)

where the constant C(1/e,T) is increasing in 1/e and T'. Alternatively, Remark 3.3
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(i) and Remark A.1 jointly show that

||Vw(at)||Lp(Q) < "€ o for JURS [1,+OO)7 te (OaT) - (OaTmax>

and for some constant C(7') > 0 which increases in 7" and depends on max{1,¢c}.
This certainly supports the derivation of (3.24) in the proof of Lemma 3.8 with
corresponding cjo and c¢;3 increasing in 1/ in such a case. Hence we have (3.29) as
well.

Thus the local unique classical solution of (3.2) claimed in Lemma 3.1 exists

globally in time, for any given € > 0. This completes the proof. O

3.2.3 The Strong Solution of (3.2)

We first prove a critical lemma which enables us to remove the dependence on

1/¢ in the upper bound of ||a(-, )|/ (o), based on Remark 3.3 ().
Lemma 3.9. For system (3.2) and any given 0 < T' < 400, there ezists a finite
M = M(T) > 0 such that

[uC Ol aci@ry < M(T), € (0,T)

where M (T) remains bounded as € — 0.

Proof. By Remark 3.3 (i), Remark A.1, Lemma 3.7 and Lemma 3.8, for 0 < w < K

and the given T', € > 0, one may derive from the derivation of (3.29) that
Hu('?t)HLoo(QT) < 0(1/67T) < 400,

where the constant C(1/e,T) — +oo as € — 0. Obviously, this upper bound is
rather rough. So we shall below prove that there may be no 1/¢ included in this
upper bound, as € — 0.

Let b € (0,1/2). A nonempty measurable set

Q= {(:p,t) e Qx(0,7):u(x,t)>b- ||U<'7t)||Loo(QT)} CQr=Qx(0,T)

63



satisfies Qp, C Qp, as 0 < by < by < 1/2, and its measure is defined by |Q,| < |Qr| =
T|Q|. Then by (3.9) we know that

(esT + (2C)'Ci(er +2))e™ > /OT /Q w2 /Qb v ) (3.30)

>[ Q|0 lu(-, )17 (o)

In addition, for each € > 0 one may have

U Q= Qr,
b€ (0,1/2)

where Q, # Qr for all b € (0,1/2) due to u > 0 in Qr and v > 0 in Q x [0,7)
(cf. Remark 3.1). In general, if there is a by € (0, 1) such that Q, = Qr for b € (0, b
(i.e. u has a positive lower bound), one may replace all the intervals (0, 1/2) by (bo, k)
with 0 < by < Kk < 1.

Now for any fixed T', we have |Qr| fixed. If ||u(-,t)||L..(Qr) — +00 ase — 0, then
letting € — 0 in (3.30) gives that

|Qs| — 0, for each b € (0,1/2),

and thus

|QT|:‘ U Qb‘—>0, ase — 0,

be(0,1/2)

which is a contradiction. Then there exists some constant M (7)) > 0 bounded as
€ — 0, such that

|l Lo @ry < M(T), for any € > 0.
This completes the proof. O
Lemma 3.9 means that for any given 0 < 7" < +00, one may find

[ Dl Loc) < Sup)IIU(wt)IILoo(mSC(T) and la(-; )| L) < C(T), (3.31)

te(0,T
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where C(T) is increasing in 7" and can be independent of € € (0,1).
With this result at hand, we may estimate uniformly in € the second order deriva-

tives of a and w as below.

Lemma 3.10. Let Q C R2. We may derive that

/Q (IVa(, O + [Aw(.6)P) < OT),  and / / A1) < C(T)

for any t € (0,T) C (0, Trax), where C(T) is increasing in T and independent of .

Proof. Invoking a; = —xa{eAw — aeX’w + rw(l — w)} + xVw - Va + Aa + yaw —

a(l + laeX™) and using zero-flux boundary condition on a, we may calculate that

i f,ver= |
—— Val*= | Va-Va,=— | Aaa
th Q| | Q ¢ 0 ¢

=— / Aaf{ — xa{eAw — ae¥w + rw(l — w)} + xVw - Va + Aa + yaw — a(1 + laeX”) }
Q

= / Aa{xa*eXw — ryaw(l — w) + yaw — a(1 + laeX™”)}
Q

—/\Aa\z—l—xe/aAaAw—X/Aan-Va
Q Q Q

SC(T)/|Aa|—/ |Aa|2+xs/aAaAw—X/Aan-Va
0 Q 0 0

with || — xa?eX“w + ryaw(l — w) + yaw — a(l + laeX® < C(T).

P

Furthermore, by Young’s inequality with parameter n > 0 one may derive that

2(T)|Q 1 1
cr) [1ad < S L L L jaaz <o+ ¢ [ 1aak, g =1,
Q 2 2n Ja 8 Jo

1
xe+1) [ adodw < 21+ Dallaw)? [ |Auf +5 [ 180, 5= 41+ 2)laleeio

1
—X/Aan-Va§ 2X2/|Vw-Va\2+—/]Aa\2, n=4x,
0 0 8 Ja
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2 1
2X2/ |Vw - Val? SXQU/ |Vw]4—|—X—/ \Va\4§éo/ ]Aw\Q—i——/ |Aal® + ¢
9 Q n Ja Q 8 Ja

with n = 8x*(20)[all}__ ), o = mx*(20)*K?, &1 = gllall o) +mx*(2C) K*, where

sl

we have applied Gagliardo-Nirenberg interpolation inequality (n = 2) to [, [Vw|*
and [, |Val*, that is,

/Q\VA\“ = IVAI[7,0) < QOY{IAAIL o) | A o) + 1417 o) }- (3.32)

Combining these estimates may yield that

2dt/ Val* + /\Aa|2<02/|Aw12+63 (3.33)

with & := ¢+ 2(x(1 + €)|lal|l . (@))? and & = é + 2C3(T)|Q.

Below we proceed to estimate fQ |Awl|?. Indeed, by Vw - ﬁ}aﬂ = 0, we have

d
AwVw -V = / Awi(Vw V)=— [ Aw(Vw-V)-— / (Vw - ﬁ)&Aw =0,
o9

0 oo At dt Jan
and thus by $|Aw| = |A TawAwy and wy = eAw— aeX*w+rw(1—w), one may compute
that

/]A /AwAwt:—/VAquwt—i-/ AwVw; - U
th Q Q 0

— / VAw - {eVAw — e“wVa — xaeX"wVw — aeX"Vw + rVw — 2rwVw) }
Q
=— 5/ |VAw|* + / AwV - { — e“wVa — xae*"wVw — aeX’Vuw + rVw — 2ruVw) }
Q Q

=— 5/ |VAw|* + / Aw{ = 2(xw + 1)eX*Vw - Va — (xw + 2)xaeX”|Vw|* — 2r|Vw|?
0 Q
— (xae*"w + aeX” + 2rw)Aw + rAw — eX“wla}.

A joint use of 0 < w < K and Young’s inequality with parameter n > 0 will produce
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that

—Q/Aw(xw+1)eXwVw-Va§é4/ |Aw[2+2/ \Vw]4+@/ Val*
Q Q 21 Ja 2 Ja

with ¢4 := (YK + 1)eX*. Then using (3.32) may yield that

. ) A
@/ [Val* < _/ |[Aal® 65, and 2/ [Vwl[* < é6/ |Aw|* + ¢
2 Q 8 Q 27} Q Q

where we take n = G5 = %||a||%oo(m, Co = 26—;*7(20)41(2, and ¢7 =

1
1&@0V allZ_ g

%(20)4K4. Another application of (3.32) yields that

—/ ((xw + 2)xaeX” + 2r) |[Vw]*Aw < ég/ |Awl|? + é
Q 0

with ¢ := £(14(20)*K?) and & := £(2C)*K*, and ¢ := 2r+ x(x K +2)eX[|a| 1 (0)-

Similarly,

1
—/exwwAwAaS —/ |Aa|2+élo/ | Aw|?
Q 8 Ja Q

with 610 = 2<€XKK)2.

Thereupon, substituting these estimates into % fQ |Aw|? will lead us to

1d
2dt

. 1 .
SCH/ |Aw|2+1/ |Aa|® + é15
Q Q

with 611 = 64 + 66 + ég + 610 +r and 612 = 65 + 67 + ég. In conjunction with (333),

/ |Aw|? + 5/ IV Aw|* + /(Xaexww + aeX” + 2rw)|Awl?
0 0 0
(3.34)

we thus may infer that

1d 1

14 (19ap + |awp) + & / Adf? < (6 + é) / (IVaf + |Awl) + (& + é1a).
2dt J, 1/, 0

This implies for any ¢ € (0,7") that
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T
/(|va(.,t)|2+mw(.,t)|2) <éis, and thus / /]Aa(~,t)|2§él4
Q 0 Q

with é13 1= e?(@te)T Gtz 4 [0 (1Vag|24|Awp|?) } and é14 := 2 [,(|Vao|*+]Awo|?)+

Ca+C11

2T(613(62 +¢11) + 63+ 612). This completes the proof. O
Corollary 3.2. Let Q C R?. Then we have
T
Jtab+ [ ] Qup+180p) < 0@, foranyte ©.7),
Q o Ja

where C(T) is independent of €.
Proof. By u = aeX*, we know that Vu = eX”Va + yeX¥aVw and

Au = X Aa + 2xeXVa - Vw + Y2 eX“a| Vw|* + yeXYaAw.

In light of Lemma 3.1, Lemma 3.8, and Lemma 3.9, one may deduce from system

(3.2) that

/Q u,|? < 3/Q <|Au|2 +2x2(|Vu - Vo> + v?|Aw|?) 4+ (yuw + u + lu2)2>,
where
3/Q|AU|2 < 1262XK/Q <|Aa|2+2X2|Vw|4+2X2|Va|4+X4||a||%m(Q)|Vw|4+X2||a||%w(Q)|Aw|2>
and
63" [ 1V Tl < 67 {26 [ [Valt 4 2601 1 ¢l o) [ [Vl ).

Thereupon, we derive that

/|Ut’2 Sélg,/ \Aa\Q—i—éw/ \Aw[2+617/ |Va|4—|—618/ ‘V?U’4+619
Q Q Q Q Q

where &5 1= 125, ¢, := 182> |al|] _ ), C17 := 36x%e™K, &1g 1= 12x %> (3 +
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~ 2 .-
2°Nlall? ), and éig := 3Qe (K + 1+ e |lall @) llall? ). In addition,

applying (3.32) yields

617/Q|Va\4 < 517(20)4HGH%W(Q)/Q|AG|2+517(20)4HGH%00(Q)

and

bis / V|t < é10(20) K2 / Aw]? + 615(2C) K
Q Q

It follows that

/’Ut|2 S@o/ |Aa|2+621/ |Aw|? + 99 (3.35)
Q Q Q

with 620 = 615 + 617<20>4||CL“%®(Q), 621 = 616 + 618(20)4[{2, and 622 = élg +

17(2C) lall7 o) + €15(2C)*K*. Likewise, one may derive that
/qu? gaz3/ |Aa|2+ég4/ Awp + b5 (3.36)
Q Q Q

with ég3 1= 4 (14 2% (2C)Y|all]_ (o)), Cos := 4e>* ([lall]_ o) + 2+ X*llall7 o))
LRO)K?), and das 1= 8 (2 al ) + 42K (2 4+ P all?_ ) (2CK).

Moreover,

/ lw|? < / leAw — aweX” + rw(l —w)]* < (1 + 252)/ |Aw|? + ¢y (3.37)
0 0 Q

with ¢ := 2K (||al| . e + 7+ rK)z.
Consequently, we may complete this proof by integrating (3.35), (3.36), and (3.37)
with respect to ¢ € (0,7), then by making use of Lemma 3.10. O

Remark 3.4. Some illustrations are needed here:

(i) Estimate (3.31), Lemma 3.10, and Corollary 3.2 are used to discuss, as e — 0,

the convergence of the strong solution from (3.2) to (3.3) in section 3.3.

(i1) As a simple consequence, the following estimate (3.38) implies that the classical

69



solution of (3.2), for each fized € > 0, is a strong solution. However, it is hard

to ensure that the ¢(T') in (3.38) remains bounded as € — 0.

Lemma 3.11. Assume that (a,w) is the global-in-time classical solution of (1.13)—

(1.15). Then under assumption (3.4) and for each fized € > 0, one may have

[wllyzig < e(T),  2<p<+oo, (3.38)

and for any € € (0,1),
IV Dlliy < CO). 1€ OLT), flalyzngry < OT). 2<p < 400, (330

where two C(T) in (3.39) remain bounded for finite values of T and are independent
of .

Proof. Note that for any ¢ > 0 fixed and any given 0 < T" < 400, the w fulfills

wy — eAw = —aweX” 4+ rw(l —w), in Qr,
Vw -7y, =0, Vg - 7, =0, te(0,7),
w(x,0) = wo(x) > 0, x €,

which, combined with L,-theory of linear parabolic equations, shows that
[wllyz1 0,y < (D {llwollwz@) + 1| — aweX” +rw(l — w)|lz,@r }

where ¢(T') is bounded for any finite values of 7' but we may not ensure the bound-
edness as € — 0.

On the other hand, by semigroup theory (cf. the proof of Lemma A.5) the solution
w fulfills

¢
w(z,t) = e =Ry () +/ e~ =908 g, 5)ds,
0

where g(w,t)(z) = —a(z, t)weX” + (r + 1)w — rw? is locally Lipschitz continuous in
w and locally Hélder continuous in ¢, i.e., [[g(w,t) — g(v, s)[lw2) < C(g){|t — s|? +
|w — v|lwz@} for some B € (0,1) and w,v € D(1 —eA), and the constant C(g)
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remains bounded as ¢ — 0. This is not difficult to obtain if we can show the local
Hoélder’s continuity in ¢ (note 0 < w < K in this case). Indeed, for any ¢ > 0, one

may compute the Holder constant for a as

t) — 0
caoie s lalet) —a(z.0)

< 5 sup {Jla(1) iy + ol )
>~ —3 Sup a5 V) || Loo (92 A0 || Loo (92
veeqr |t =07 ; ) “

ty te(0,T)

for some ty € (0,7] by regularity (3.5), and < a >; remains bounded as ¢ — 0 by
(3.31).
Thus by Remark A.1, one may obtain

IVw(-, )]l Loy < C(T)

due to the boundedness of |lwol|c2) supposed in (3.4) and of || — aweX* + rw(1l —

W)|| £ (), Wwhere C'(T') is dependent of € as € € (0,1).

Taking derivative from both sides with respect to ¢ shows that

t
wy = — (1 — eA)e =Ry () — /0(1—5A) (t=9)1=e8) g (1, 5)ds + g(w, t)
t
— (1 —eA)e =Ry () — /(1—8A) (t=9)1=28) (), 5)ds
0
t
+ / (1= eA)e= =908 g (4 1)ds 4 e~H0=8) g (4 1)
0
(1 —6A) —t(1— aA) ( )—i—e_t(l_aA)g(w,t)
t
+/ (1 —eA)e t=9)1==8) {g w,t) — g(w, s) }ds.
0

and thus for p € (1, +00) there exists some 0 < § < Re(o(1 —€A)) such that

el 2, <L = eA)e™ =Dyl @) + lle™ D g(w, )] 1,

t
+/0 (1 — eA)e” === ig(w, t) — g(w, )| 1, @ds
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t
SC{t*le*&HonLP(Q) + efétHg(wj)HLp(Q) + C(g)/ (t — 8)571675@,5)015}
0
< + 00,

for any € € (0,1).
This combined with Lemma 3.10, means that w;, Vw € L,(Qr) for any finite
p > 2. Together with a,w € Lo (Qr) and thus g € L,(Qr), we may apply L,-theory

of linear parabolic equations to

a; — Aa — xVw - Va = —yaw; + yaw — a(1l + laeX™), in Qr,
Va-7,,=0, t e (0,7),

a(z,0) = ap(x) > 0, x €,
to acquire

HaHng,l(QT) < C(T){HCZOHWZ?(Q) + || = xaw; + yaw — a(l + lan“’)HLP(QT)},

where ¢(T') is bounded for any finite values of T
Together with the L. (£2) boundedness of a given in (3.31) and 0 < w < K, one

may complete this proof.

3.3 Convergence of (3.2) to the System (3.3)

In section 3.2 we have proved, for any fixed ¢ > 0, that the unique classical
solution to (3.2) exits globally in time. Denote by (u.,w.) the classical solution of
(3.2), thus a strong solution of (3.2) due to Lemma 3.11. In this section we shall

check the convergence of (u.,w.), as € — 0.

3.3.1 Passing to the Limit as ¢ — 0

For any given 0 < T' < 400, any (z,t) € Qr = 2 x (0,7) and any £ > 0, one

may derive from Lemma 3.9 that:
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e by Lemma 3.7, and Lemma 3.8, we know u., w. € Lo.(Qr) and

sup |[|(ue, we) (- )| 2oe (@) < C(T);
te(0,17]

e by Lemma 3.10, Corollary 3.2, and Lemma 3.11, we see u., w. € W22’1(QT) and
H(Uaywa)ylwg’l(QT) < C(T), ”VU)EHLoo(QT) < C(T),

where C(T) is independent of .

Below we still denoted by {u.}.~o and {w.}.~o their corresponding subsequences
as we desire, for brevity of notations. Then it is readily to see that there exists
only one pair of (u,w) € W3 (Qr) x Wy (Qr) (here (u, w) may not be the classical
solution of (3.3)) such that

u. —u in Wiyt(Qr), w.—w in W' Qr), ase—0, (3.40)
by the weak compactness of a reflexive Banach space, and

(s )l gy < minf{|(ue, we)llyz1 g, < C(T) (3.41)

by boundedness of a weakly converging sequence. Furthermore, there exist

Ue = u  in Leo(Qr) and w, > w in Leo(Qr), (3.42)

by Loo(Qr) = (Ll(QT))* in the sense of isometric isomorphism and *-weak compact-

ness of normed linear space Lo (Q7). One may infer
(2t 20) oy < i (1, 02) . ) < C(T) (3.43)
from the boundedness of a *-weak convergent sequence in Lo, (Qr).

Lemma 3.12. One may derive that the above (u,w) satisfies

uy = Au — xV - (uVw) + yuw — u(l + lu), a.e. (x,t) € Qr,
1 —w), a.e. (x,t) € Qr,

(Vu — xuVw) - v = 0, a.e., (x,t) € 002 x (0,T).

Wy = —UW + rw
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Proof. We shall first prove that for any ¢ € Lo(Q7) that

/ (we — Au+ xV - (uVw) — yuw + u(l + lu))¢ =0

(3.44)
/ (w; + uw — rw(l — w))¢ =0,

T

by taking ¢ — 0 in

/ (uat — Aue + XV - (u.Vw,) — yuwe + u (1 + lua))qb =0,
Qr
(3.45)
/ (wst — eAw, + u.w. — rw.(1 — wE))¢ =0.

This can be divided into the following four parts:

(i) Indeed, (3.40) allows us to collect that

/ugtw wo, | Auo— [ Aug,
T Qr Qr Qr

and
/ Wer — Wy, / eAw.¢ — 0.
T Qr T

(ii) Thanks to (3.42), one may readily get that

/u5¢—> u¢ and /w€¢—> wao,
T Qr T Qr

for any ¢ € Lo(Qr) C L1(Qr) for 0 < T' < o0.

(iii) By Lemma 3.10, Corollary 3.2, and Lemma 3.11, we see that for p € [2, +00),
u. € Ly(0,T;W3(Q)), we € Loo(0, T; WZ(Q)) and ey, wey € La(0,T; Ly (2)). In
addition, we know the compact Sobolev embeddings (cf. [69, Thm. 6.3]) that
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for n =2

W3(Q) == W, (Q), 1<g<oo (3.46)

and that for ¢ >n € N,

WHQ) —— L,(Q), 1<p<+oo. (3.47)

q

Then we invoke Aubin-Lions lemma [70, 71, 72] (e.g. [70, Thm. 5 and Corol.4,

in Sect.8]) to infer that for 2 < p < 400 and 2 =n < ¢ < o0,

Us — u in Lp(O,T;W;(Q)) and w.— w in LOO(O,T;W;(Q)). (3.48)

Hence by (3.43) and Holder’s inequality, we have for € — 0 that

J—

T

<o iom /Q e — ullg] + llalloon) / e — wllg]
T

Qr
<Nwellrwi@r) - ue = ullLa@r - 11l 22(@r)

+ ullw@r « lw: = wllLo@r) - 921
S{HwaHLoo(QT) ue — U||L2(0,T;W41(Q))

+ T2l L) - llwe — wlipoo.mwi ) HOY 1 Lo(or)

— 0,

and similarly
/ |(u2 = u?)@| < [Jue = vl Lo@r) - Jte + Ul o (@r) - 10Nl L2(@r) = O,
T
as well as

/ (w2 — w?)| < |lwe — wllLy@0 - Jwe + wllLe @) - 0] La@r) = O-

T
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In addition, we may deduce that

/ (Vu.Vw, — Vi - V)| g/ \Vus—VuHVweHd—i—/ IV, — Vul |Vl |6
Qr

T T

where by Hoélder’s inequality one has

/ Vue = V||V 9] <[|Vue = VL@ - Vel Loi@r) - [19] Lo @)

T
ue = ull 0wy - IVWel Lo @) - 18] Lot |21

—0

and similarly

/ V. — Vol [Vul |6] < [[(Veor — Vo) Vel Laom 6] Laon

T
< sup |w. — w||W41(Q) : ||u||L2(O,T;W41(Q)) : H¢||L2(QT)
te(0,T)
—0,

by the uniform (in € > 0) upper bound of ||Vwe| 1. (@r) and |[w[| g, 75w @)-

(iv) The last one is to prove that

/ U Awe — uAwao, as € — 0. (3.49)
Qr Qr

In fact, by v.Aw. — uAw = u.Aw. — uvAw. + uAw. — uAw then we have

/ (vAw, — uAw)p — 0

T

in view of u¢ € La(Q7) by u € Loo(Q7), and of weak compactness of a sequence

in W5 (Qr). In addition, we have

/ (e — u)Awe] <[]l 1acan (e — 1) Aw]|y(an)

T
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<lola@r) sup lue — ullc(e) - |AwellLo(@r)
te(0,7)
<16l a@m llue (- ) = ula, Hllwac) - wellyz1 0,y — O

We remark that ¢ € [0,7] exists since the uniform (in ¢ > 0) boundedness of
lul| Lo @py and |Juc||L.. (o) given in (3.42) will make sense |lu. — ul|L_ (o) and
(3.39) will indicate the continuity in ¢. Then the Sobolev embedding (cf. [69,
IT of Thm. 6.3] makes sense the last inequality above. Finally a joint use of
(3.40) (where Qr can be replaced by [0, 7] x Q) and compact embedding (3.46)
will show that this estimate tends to zero. Therefore, we may arrive at (3.49),
i e.,

/ (ueAw, — uAw, )¢ — 0.

T

Together (i)-(iv), we thus can take ¢ — 0 in (3.45) to obtain (3.44). Due to the

arbitrary ¢ € Lo(Qr), one may readily conclude that (u,w) in (3.40) satisfies

u = Au — xV - (uVw) + yuw — u(1 + lu), a.e. (x,t) € Qr (3.50)
3.50
wy = —uw + rw(l —w), a.e. (x,t) € Qr.
We are next to verify that this (u,w) fulfills the zero-flux boundary, i.e.,
(Vu — xuVw) - v =0, a.e., (z,t) € 0Q x (0,7T) (3.51)

by showing

T
/ / |(Vu — xuVw) - ] = 0.
o Joa

As a matter of fact, an application of (Vu. — yu-Vw,) - 17| 50 = 0 may yield that
[(Vu = xuVw) - |1, 00

:H<VU - Xuvw) U= (VUE - Xungg) ’ IjHL1(BQ)

1
<092 [|Vu — Vuel||£,00) + X||ue Ve — uVw| 1, a0)-
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Here we invoke a trace-interpolation inequality (cf. [64, Lemma 2.5] for n = 2), that
is,
0 1-0 : )
IVA|lL,00) < CHAng(Q) : HAHLP(Q) with 6 = 111

q
for ¢ > 1 and p > 0. Therefore, by Holder’s inequality with index % and 3 one may

calculate that
T T 4 2
2 2 3 3
190 = Fuclony <€ [ =l - = el

g s 5 (3.53
([ lu=ulige) - ([ = wlhe)’ @9

1 4 2

as € — 0, in light of (3.48) and u.,u € W7 (Qr).
In addition, it is easy to see that
|ueVw: — uVw||L, o0
<[(ue — ) Vel 00) + [[u(Vwe = Vw) |1, 00

<Jue — ul|Ly00) - | Vwe|lLyo0) + Ul Loo0) - [[Vwe — Vwl|z,00)

Then an application of [68, Lemma 2.2] will yield that

1 1
el aony < Cllulldg oy - lullZ, o

and

1 1
||us - UHLQ(@Q) S CHua — UH;VQI(Q) ’ ||U6 - UHEQ(Q)

2 1
Again making use of (3.52) shows that ||Vw.||1,e0) < C||w5||3V22(Q) : ||w5||z4(9) and

2 1
IVwe = Vwl[Ly00) < Cllwe = wlljs g - l[we = wlf, )

78



Thereupon, by Hélder’s inequality and (3.48) we immediately arrive at
T T , 1 T , 1
/0 e = ull oo - (Ve Laon) < (/0 ||Vwe||L2(aQ)> (/0 e _“||L2(afz)>
T 4 2 1 T L
SO(/O ||w5||5v22(9) ’ llwa||22<m> </0 s — u||W21(Q) JJue — U||L2(Q)>
1 1 1

T 1 T 1 T 1
<[ hedfize)” ([ Toelue)” ([ o= ulfiyo)

1
2 z

T
2 1 1
<Ol g (0l UT) ([ e =l l2) =0

and similarly

T 1 1

T 1 T 1
2 2
| Wlsaon - 190 = Vollaony < ([ Hliiom)” ([ 190 = Vool o)

T 1 T 4 2 i
SC(/ [ullwa) - ||U||L2(Q)> (/ [we — wHSVQ(Q) we - w||24(9)>
0 0 2

1 1

4 1 T 3 T 1 T 1
<o( [ Mligon)” ([ M) ([ o= wlfizan) ([ e = wlio)

1 1 (T 3 1
<200l g (lili@nlT) ([ ol + Nl (Tlwe = 0l rauz0)’

[N

1 1 2
<ACull 2 g, (1l zaci@n) [UT) el g (Tllwe = wlif o rwi o) =0

as € — 0, by means of (3.48).
We thus have

T

T
/ (Vi — xuVw) - V]|, 00) < / |Vu — xuVw||L, o0 =0,
0 0

which means (Vu — yuVw) - ﬁ‘an = 0 for almost everywhere (z,t) € 092 x (0,T).
This proves (3.51).
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On the other hand, replacing u. — u in (3.53) by w. — w will lead us to
T
/0 |IVw, — VwH%ﬂaQ) —0, as €—0

which combined with Vw, = 0, instantly indicates Vw - 7 = 0 for almost

’V|aQ

everywhere (z,t) € 92 x (0, 7). Thus we have

T T
| 1Vl om < [ 1V = Tl o >0, as =0

which means

eVw, -7 — 0, ae. (z,t) €002 x(0,7T).

A combination of (3.50) and (3.51) may complete this proof. O

3.3.2 Proof of Theorem 3.1

By L,-theory and Schauder theory of linear parabolic equations, one may derive

the following regularity result.

Lemma 3.13. For any given T > 0, the (u, w) which is defined by (3.40) and satisfies

the system in Lemma 3.12, is a strong solution to (3.3), that is,
N W)z gn < CT),  for  pe (2,+).
Furthermore, the strong solution (u,w) is a classical solution of (3.3) fulfilling
u, w € C*OF3(Qy), for some « € (0,1),
where Qr = Q x [0, T].

Proof. We first prove that (u,w) is a strong solution of (3.3). Indeed, in light of the

transformation given in (1.13)—(1.15), we can convert the u-component in (3.3) into

80



the following a-component

—Aa+a=g(zt), (z,t) €Qr,
Va-7],, =0, te(0,T), (3.54)
a(z,0) = ap(x), z € (.
with ag(z) := e ™X*0@)yy(z) and

g(z,t) =xVw - Va + yaw + ya’eXw — ryaw(l — w) — la*eX™.

We first have Vayg - 17|aQ = 0 owning to (Vug — xVwy) -7

V|aQ = 0 assumed in (3.4).

Furthermore, in order to make use of L, theory of linear parabolic equations which

concludes that

HaHWg’l(QT) < (M) {llgllz,@r + ||a0||W§(Q)}; 2 <p+ o0,

we need to estimate

T
191, 00y <1(T)+x [ V-Vl

with ¢, (T) = |Qr|l|xa*ew — rxaw(l —w) — la*eX*” + vawll’im@ﬂ < +oo by (3.43).
Indeed, we use Young’s inequality with index ¢ and 7 for 1 < ¢ < +o00 and with a

parameter 17 > 0, to calculate that
1
IVw - Vall} o) = /Q |Vw - Val? < 77/Q Va|? 4 n~ a1 /Q |Vaw|i-T

where an application of Gagliardo-Nirenberg interpolation inequality produces

0 19
IVall2. o < CPA, - lalZ oD + 2Cal 1. )

11
with § = 21 LS

P

(0,1) as long as p > 2. Letting pgf = p will yield ¢ = 2 and thus

0= % Then we see that

n/g)\Va\z”Sn(ﬁlCQHGHLm WAL, ) +n2C el L) ™
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and

T T
[ 19w Vel ) <ixT@Clallw)” + i alua) [ 180l

X T 2
+—/|wmw
nJo Lap()

In conjunction with these inequalities, we therefore have

a1 0,y <21, 0y + ol o)
<2¢(T) (er(T) + T Q0] 1o()” + a0l o
(A el Pl g, + SIT0IE, o))

1
2P 1e(T) (A0 [al Lo ()P

and then taking n = may produce that

lallf 21 . §2p+1c(T)( (T) +1x(2Cal Lo (@) + llaoll}, o) + ||Vw||L2p(QT )

:2CQ(T) + CB( )vaHsz (Qr)

with ex(T) := 2716(T) (ex(T) ol ) +T (a2 ) andl ex(T) 1= (x241e(T))
(4CF]|all ()"~ Then one may have [|[Vuw||L,,@r) < T supeqor) wllwy @ < 400
by (3.48), and thus

lallwzi g < C(T) < 400,  2<p < +o0. (3.55)

On the other hand, w-equation in (3.3) satisfies

wy = —aeXw — rw(l — w), in Qr,
w(zx,0) = wy(x), in Q,

which has a unique solution and thus

lwellzi@r) < T(llallza@e b= w1 @) + rllwllza@ @ + lwl.@)-
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Taking derivatives from both sides may yield that

t
YV, = hWw +§ or Vw(z,t) = Vawg(z)eh i@sds 4 / Gz, 7Yl hedsdr  (3.56)

0

with h == —yaeX"w — aeX” +r — 2rw € L(Qr) by (3.43), and § = —weX*Va €
L,(Qr) by (3.55), for p > 2, which gives

IVwl|L,@n < C(T), for2<p< 4oo.
Furthermore, taking divergence from both sides of (3.56) will give us that
Aw(z,t) =V - (Vw(z,t))

¢
= Jo hi@,s)ds JE h(z,s)ds
Awg(x)elo + Vwy(z)elo /0 Vh(z,s)ds (357

t t ¢
+/ Vi(x, 7)el hesdsgr +/ gz, m)elr h(r’s)ds/ Vh(z, s)ds dr
0 0 T

where Vh € L,(Qr) and thus V§ € L,(Qr) for p > 2 by (3.55), which concludes
|Awlz, @ < C(T), for2<p< +oo.
Therefore, we have

“wHWE’l(QT) <C(T), for2<p<+oo.

This combined with (3.55) illustrates that (a,w), thus (u, w) obtained in Lemma 3.12,
is a strong solution.

Next we show that the strong solution (a,w) is classical solution by applying
Schauder theory to this a-component and by directly estimating w. Note that «
as follow may be different from line to line but we shall not change this notation
for brevity, based on a fact that two Holder spaces differing only in Hélder indices
« € (0,1) are equivalent to each other.

In fact, using the Sobolev’s embedding W2 (Q7) < C*2(Qr) for 0 < v < 2 — ;1;
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and p > 2, may lead us to a,w € C**2* (Qr) for some o € (0,1), when the above
p > 4.

This immediately implies yVw € C*% (Qr) and g—xVw-Va = yaw+ ya?eX“w—
ryaw(l — w) — la?eX” € C*2(Qr). Consequently, together with 9Q € C?T® and
ag € C**(Q) assumed in (3.4), an application of Schauder theory to (3.54) enables
us to infer that a € C?+**2(Qy) for some a € (0,1).

Since a, w € C* 5 (Qr), we may derive w, € C*% (Qr) due to wy; = —aeX"w+

rw(1—w). Furthermore, (3.57) may indicates that Aw € C*2(Qr) by a € C?+1%2 (Qy)

and w, Vw € C*%(Qr). Thus we have w € C*T*42(Qy). O

Remark 3.5. From the (3.56), one may derive that

t
Vaw - 7 = elo h@s)ds Vuwy(x) - v+ / el7 hl@s)ds g(z,7)-vdr
0

with ¢ = —weX*Va, which combined with Va - 17|6Q =0 and wy,a € C*H2(Qr),
shows that

Vu - | oq =0
if Vwg - 17‘8Q = 0 is additionally assumed for (3.3).
Lemma 3.14 (Uniqueness). The classical solution derived in Lemma 3.13 is unique.

Proof. We first note that the Remark 3.1 holds for the classical solution (u,w) to
(3.3) after a similar discussion, where w-equation is an ODE in this case.
Assume that there exist two classical solutions of (3.3) in Qr = Q x (0,7 (for

any 0 < T' < 00), denoted by (uy,w;) and (ug, wy), respectively. Letting u := uy — ug
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and w := w; — we, we observe that (u,w) should fulfill that
(uy = Au— XV - (u1 Vwy — usVwy)

+'}/('LL11U1 — ’LLQ?UQ) —Uu— lu(ul + UQ), n QT

wy = —(ugwy — ugws) + rw — rw(w; + ws), in Qr (3.58)
(Vu; — xu;Vwy) - 7|, =0, i=1,2, in (0,7)
[ u(z,0) =0, w(z,0)=0, in Q.

Then the uniqueness holds by showing v = 0 and w = 0 through an inequality
') <cf(t) with ¢>0 and f(t)>0, for te]0,7).

Since upon a comparison of ODE it gives 0 < f(¢) < f(0)e® which means f(t) =0
for t € (0,7) as f(0) = 0.
Indeed, multiplying the u-equation here by v and using integration by parts one

may infer that

1
_i/u2+/u2+l/(u1+uﬂu2+/|Vu|2
2dt Jg Q Q Q

:X/ Vu - (u1Vw1 — UQVUJQ) +/
Q

(u; — ug) (V(u1 —ug) — x(u1Vwy — UQVw2)> U
a0

+ ’Y/(Ul — us) (uywy — ugws)
Q
zx/ Vu - (uyVw + uVws) + 'y/ u(ugw + uws)
Q Q

]Vu|2 2
<X[Jut] L) Q( 3 + BIVw]?) + x Q\uVu-Vw2|

ww ooy [ o
Q

@ /

Q

where we have used ||u||; ) < [|uillLo@) by the nonnegativity of w;i = 1,2,

and Young’s inequality with parameter § > 0. Making use of Holder’s inequality,

Gagliardo-Nirenberg interpolation inequality and of Young’s inequality with param-
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eter n,0 > 0, one may proceed to calculate that
[ 09 D] < XVl Vel o

1 1
<XCOVwal o VUl o) (VU 7,0y 12l 7,0y + 1l 2202)
(3.59)

3 1
XC[|Vwel| Ly ([IVull, o) 1ull7, ) + [Vull L@ llull o)

1 1
XCNVwalnon (14 ) IVullye + (5 + )lelEie )

1
8xC supseo, 1 [ VwallL, ()

Now taking 8 = 8x/||lu1||r..) and n =6 = which makes sense

due to (3.56) or w; € C*1(Qr), one may show that

2dt/u +/u H/ u e+ g /Wu|2

(3.60)
sl [ Vol +a [ o+ aluli [ o
Q Q Q
with & := y([[u1 ]| @) + Wl w@) + XCsupg gy [Vl i) (55 + 5)-
In addition, multiplying the w-equation in (3.58) by w may lead us to
/w +/u1w +r/ (w; + wo)w?* = /w2uw+r/w2
2dt 5
(3.61)

sl [ 0+ (4 sl [
Q Q

Taking gradient V from both sides of the w-equation in (3.58) and multiplying the

resulting equation by Vw illustrate that

Vuwl* + / Vw2—|—'r’/w+w Vwl|?
st 1Vl + [Vl [ o+ ulval

:—/qul-Vw—/wQVu-Vw—/qug-Vw—i-r/\Vw]Q
0 0 0 0
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- r/ wVw - (Vw; + Vws)
Q
S/ lwVu, - Vw| + ”w2||LOO(Q)/ |Vu - V| +/ [uVws - Vw| + r/ |Vw|?
Q Q Q Q
+ 'r/ lwVw - (Vw, + Vws)|.
Q

Similar to (3.59), we may obtain that

/ lwVu, - Vw| < 2C sup ||V, / (|Vw]* + w?),

0 (0,7) 0

r/ lwVw - (Vwy + Vws)| < 2rC sup | Vwy + Vwa|| 1) - / (|Vw]* + w?),
0 (0,7) 0

1
Juzloior [ (V0 Vol < ¢ [ 1Vl + 2wl o) [ V0l
Q Q Q
and
1 1
/Q|va2 V| < O[[Vws | Lyoy [Vl o (VW o 1wl 2,0y + 1wl za@)

<C?||Vwal[7, o) VWl L) + 2Vl o llwliza@ + 2w,

<(C? sup [[Vanl?, 0 +2) / Vol + 4 / w?
(0,7) Q Q

Thus we have

2dt/ |Vw|? + /ul\Vw]2+r/(w1+w2)\Vw|2

/|Vw|2+02/w + - /|Vu|2

with ¢; = M+2||w2||L ytr+ 2+ C? sup g 7 ||Vw2||L ¢y == M + 4, and

= 20'sup(o 7 [|Vur || Ly ) + 27Csupg 7y [[Vwr + Vws|| @) which is finite by the
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regularity a,w € C%*(Qr). This inequality combined with (3.60) and (3.61), may
indicate that

1d
T (v + w® + |Vwl|?) Ség/(u2+w2+|Vw|2)
t Jo Q

where ¢ = max { o+ [|ws @) E+8Null?_ ay Catvlluall L) +r+lwal L@ }-

Then we may complete this proof by letting
£(t) = /(u2 + 0 + |[Vo)(z, £) dz
Q

which is a continuous function in t € [0,7") owning to the solution (u, w) being contin-
uous to its initial value, and thus f(0) = [, (u(x,0)* +w(z,0)* +|Vw(z,0)|*)dz =0
as a result of (3.58). O

Proof of Theorem 3.1: Lemma 3.13 implies that the solution (u,w) obtained
in Lemma 3.12 is a strong solution of (3.3), which combined with Lemma 3.11 proves
Theorem 3.1 (a). Consequently, the convergence given in (3.48) occurs between the
strong solution of (3.2) and that of (3.3), which proves Theorem 3.1 (b). In addition,
Lemma 3.13 shows that the strong solution of (3.3) is the classical solution of (3.3).
This alone with the uniqueness derived in Lemma 3.14 proves the Theorem 3.1 (c).

So we complete the proof. O
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Chapter 4

Global Dynamics on Fully
Parabolic System with
Density-Dependent Indirect
Preytaxis

4.1 Models and Main results

In Chapter 2 and Chapter 3 we have studied the global-in-time existence and
uniqueness of classical solution to direct preytaxis models (1.10) and (1.11). We
shall in this chapter consider the global-in-time existence and large time behaviors

of the unique classical solution to indirect preytaxis model (1.17), that is,

((u =V - (d(v)Vu — ux(v)Vv) + yuF (w) — u — (u?, t>0, z € Q;

vy = dpyAv + fw — o, t>0, x el
wy = dyAw + wf(w) — uF(w), t>0, v el (4.1)
Vu-n=0,Vvo-n=0, Vw-n =0, t>0, xe o

L u(0,2) =up(z), v(0,2) =uwvy(z), w(0,2)=mw(x), z¢€Q,

where Q@ C R"(n > 1) is a bounded domain with smooth boundary 052, i is the unit
outer normal vector towards 0€2, £ > 0, and d,,, 7y, 0 > 0.

Before specifying our main results, several notations need to be explained. Let X

89



be a metric space. We denote by C™ 1~ (X) the set of functions with their k-times
(0 < k <m, k,m € N) derivatives being Lipschitz continuous in X. Note that the
k-times derivatives are Lipschitz continuous if (k + 1)-times derivatives are bounded
in X and the boundary of X is regular enough, e.g., Holder space C?T® o € (0, 1).
To ensure the existence of solutions to (1.16) and (4.1), the real-valued functions

d(v), x(v), f(w), and F(w) should satisfy that

(H1) d(v), x(v) € C*"7(]0,400)) and for v € [0,+00), x(v) > 0, d(v) > 0 and
d'(v) < 0;

(H2) f e C'"'([0,+00)) and there exists a constant Ko > 0 such that f(Ky) =0
and f(w) <0 for all w > Ky and f(w) > 0 for w € (0, Ky);

(H3) F(w) € C*17([0, +c0)) and there is a constant Cr > 0 such that 0 < F(w) <

Crlw|. Moreover, F'(w) > 0 for all w € [0, +00).

Thus (H2) allows logistic f(w) and all F'(w) in (1.8) support (H3). The (H1) is more
general than that of [73]'.

Note that our results are applicable to (1.16) since system (4.1) can reduce to
(1.16) when ¢ = 0. We have published these results in our paper [61]. We first derive

the existence of global-in-time classical solution to (4.1) as below:

Theorem 4.1. Let Q@ C R™ (n > 1) be a bounded domain with smooth boundary OS2.
Under the hypotheses (H1)~(H3), if (ug, vo, wo) € C2(Q, R?) with ug, vo, we > 0 (Z 0)
and fulfills 0-order compatibility condition (i.e. Vuo}aﬂ = Vvo‘aﬂ = Vwo‘aQ = 0),
then the system (4.1) has a unique nonnegative (resp. positive) classical solution on

[0,00) (resp. on (0,00)) satisfying

(u,v,w)(t,z) € C’([O, +00) % Q, Rg) N 01’2<(0, +00) x Q, R3>. (4.2)

1 'We remark that [73] is published independently at almost the same time as our paper [61] but
there is no any related information received by us until the publishing of [61].
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Furthermore, there is a constant C > 0 independent of t such that
[wt, o) + [0 llwa @ + o llwe@ < C - forall >0, (4.3)

where 0 < w(t, z) < max { Ko, [|wol|r.o)} for all (t,z) € (0,+00) x Q.

We next investigate the asymptotic behaviors of such a classical solution. Suppose

that (4.1) has a constant steady state denoted by (u., ve, w,), then

yuF (we) = ue(0 + lu,),
P, = ove, (4.4)
We f(we) = uF(we).

If in addition each component of (u,, v., w.) is nonnegative, three possible constant

steady states may be formulated as follow:
e extinction state: if u, = 0 and w, = 0 then (u., v, w.) = (0,0,0);

e exclusion (prey-only) state: if u. = 0 but w. > 0 then w, = Ky and (ue, v¢, w,) =

(07 @7 K0)7

e coexistence state: u,.,w. > 0 thus v, = % >0, u. = %l(uw)c) and vF(w.) =

0 + lu.. Denote by (us, vs, w,) this positive constant solution.

To construct appropriate Lyapunov functions we desire, we have to impose that

(H4) for any w € [0, +00), p(w) := wf(:}”) is continuously differentiable, ¢'(w) < 0

and 0 < p(0) = lim ¢(w) exists.

w—0t+

This is not very stringent and can be achieved if f(w) = r(1 — ) and F(w) is
Holling type I or 1T with 0 < Ky < ¢ given in (1.8).

After these preparations, we can formulate our second result as below.

Theorem 4.2. Suppose that (u,v,w) is a global classical solution to the system (4.1)
fulfilling (H1)-(H4). Let Ky be defined in (H2).
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1) If vF(Ky) < 0, then the prey-only state (0,@,1(0) exists and is globally
asymptotic stable. Furthermore, if vF(Kg) < 0, there are constants ¢y, Co, Ty >

0 such that

oz

lut, Mz + (ot ) = 50 o) + lw(t ) = Kolloww < éee™@f, ¢ > T,

2) If the coezistence steady state (us,v., wy) exists and

x(w)* _ 16d,y0 . , : /
< — F 4.5
By = B wlie F N i ) ()

with Ky from Remark 4.2 and Cy := max { Ko, [|woll )}, then (u., v, w,)
15 globally asymptotic stable. Moreover, there are constants ¢1, ¢, T7 > 0 such

that
u(t, )=t Lo Hv(E, ) =il Lo @ F [0t ) —wil| L) < @e™,  t> T,

Note that there is no vF(Kjy) > 0 (biologically interpreted as “strong predation”)
assumed in 2) of Theorem 4.2 since it has been ensured by the existence of the
coexistence steady state along with (H2) and (H3). In fact, (H2) and (H3) imply
0 < w, < Ky and then vF(Ky) > vF(w.) = 0+ lu, > 0 by F'(w) > 0 in (H3). Also,
(4.5) might be simplified by specific f and F, for example:

Corollary 4.1. If f(w) = r(1 — &) and F(w) = == with 0 < Ky < ¢ then the

Ko ctw

coezistence steady state exits and (4.5) becomes

2 _
i X(v) < 16d,vo(c KO)7
0<v<K> d(v) cKof?u,

with Ky from Remark 4.2. Then the asymptotic stability above-mentioned remains

unchanged.
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4.2 Global Existence of the Classical Solution

We shall apply the celebrated results developed by H. Amann [65, 66] to derive
local and global existence of classical solution to (4.1). The conclusions and proofs

can be applied to (1.16) after slight modifications.

4.2.1 Local Existence

Lemma 4.1 (Local existence and uniqueness). Let  C R™(n > 1) be a bounded
open domain. If (H1)~(H3) hold, (ug, vy, wy) € C*(Q,R3) with ug, vy, wy > 0 (£ 0),
then there exists a Tyax € (0,+00] depending on (ug, vy, wy) such that the system
(4.1) has a unique nonnegative (resp. positive) classical solution on [0, Trax) (resp.

(0, Tmax)) satisfying
(1,0,0)(62) € ([0, Toas) x 0, B) 1 C12((0, Ty) x 0, B, (46)

Proof. Note that we first strengthen the conditions in (H1) — (H3) by replacing the
interval [0,+o00) with R. Finally we will see the obtained results still make sense

without this enhancement. For clarity, we reformulate system (4.1) as

w; =V - (A(W)Vw) + ¥ (w), re, t>0,
Vu-n=0,Vo-n=0,Vw-n=0, z€099, t>0, (4.7)
w(z,0) = wo(z), r €,

where for x € Q and ¢t > 0, w = (u,v,w)” and wg = (ug, v, wp)” € R? (7 denoting

transposition) are two vector-valued functions, Vw = (Vu, Vv, Vw)7,

Alw) - ( d(v) —uég(v) ) L) < 'qu(’cﬁu) —_9u — (u? )
N ’ dw / 5.5 N wf(w) — uF(w) |

It is easy to see that d(v) > 0 for v € R by (H1). Then along with d,,d, > 0,

all ordering principal minor determinants of A(x) are positive, which implies that
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A(x) is positively definite for all x € R3. Thus we know for all ¢t > 0,z € Q,
w; — V- (A(w)Vw) is Petrowskii parabolic (cf. Eq (50) in [74]) and V - (A(w)Vw)
is normally elliptic (cf. p.16 or Theorem 4.4 in [65]) with separated divergence form.
Moreover, V - (A(w)Vw) coupled with the boundary condition in (4.7) is normally
elliptic as well.

By (H1) all elements of A(x) are in C'*'7(R) (functions and their first-order
derivatives being Lipschitz continuous on R). Similarly the regularity conditions in
(H2) and (H3) show every component of ¥(w) is C'™'17(R3). In terms of Theorem
7.3-(ii), Theorem 9.2, and Corollary 9.3 of H. Amann [65], we know that given
wo € W2(€Q,R?) with p > n and p > 2, there exist a T € (0, +00] relating to wo
and 0 < 2¢ < min{2 — n/p, 1} such that (4.1) has a unique (cf. the Corollary 9.3)

maximal classical solution on [0, Tinax) X €2 satisfying
(u,v,w) € B(J',C**(Q,R*))NC*"((0, Trnax), C*(Q,R?))NC((0, Trnax), C(, R?))

for every compact subinterval J' of (0, Tax), where B(X,Y) (resp. C™(X,Y)) de-
notes the set of all bounded mappings (resp. all m-th continuously differentiable
functions) from X to Y, and C"*(X,Y) is the set of all mappings from X to Y
which up to their m-th derivatives are (- Holder continuous on X with ¢ € (0,1) and
m € N. Moreover, if wy € C*(Q2,R?), then by Theorem 1 of [66] we know that the

system (4.7) has a unique maximal classical solution

(1, 0,) € C ([0, Tona), C(Q R®)) NC((0, Tona), C2(Q, R)) N O (0, Tora), C (2, RY))
(4.8)

As a result, (4.8) implies (4.6).
Then we may find this unique local classical solution is nonnegative on [0, Tipax)-

Indeed, we may first rewrite the u-equation in system (4.1) as

uy = d(v)Aut[d (v)Vo—x(v)Vv]-Vu—[x'(v)(Vv-Vo)+x (v) Av]ut+yuF (w) —u—Llu?.
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By the regularity (4.8), v,w in wu-equation can be treated as known functions at
present. Then within any [0,7] C [0, Tinax) one can apply comparison principle of
linear parabolic equations to such a equation coupled with Vu - i = 0 and ug(z) >
0(# 0). Thus we derive u > 0 in [0, Tiax) X Q and u > 0 in (0, Tinax) X Q. Similarly,
one may acquire that v,w > 0 in (0,Tax) X 2, and v,w > 0 in [0, Thax) X .
Therefore, R in (H1) — (H3) as supposed at the very beginning of this proof can be
replaced by [0, 400). This completes the proof. ]

By Theorem 1 of [66], it suffices to verify that ||(u, v, w)(t, )| us@) < C(T) < +o0

for any t € (0,7) C (0,Tmax), p > n and p > 2 as well as some s satisfying

1 < s <min {1 + Il), 2 — %}, in order to extend such a local unique classical solution

to a global one. To make this extendability criteria easier to verify (i.e., to weaken
this H>-topology, the Bessel potential space), we resort to Theorem 5.2 of [66] at the
cost of imposing an extra condition on the initial data. This can be formulated in

the following lemma.

Lemma 4.2. Suppose that (ug, vy, wy) € C*(Q, R3) additionally fulfills 0-order com-
patibility condition (i.e., VUo‘aﬂ = VUO‘BQ = Vwo‘m = 0). Then the above local

classical solution is global if

lim sup {ult, Mo + 10 ) @) + w0t )@} < +oo.

max

4.2.2 L. Estimate on w(t,z),v(t,z) and u(t, z)
Lemma 4.3. Under the conditions in Lemma 4.1, it holds that

0 < w(t,z) < max { Ko, [|wol| ()} for any (t,z) € (0, Tax) X 2,
where Ky is from (H2) and is independent of Tyax-

Proof. One may use comparison principle to prove this result and more details can

be seen in Lemma 2.2 of [39]. O
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Remark 4.1. Under the conditions in Lemma 4.1, if (u,v,w) is a nonnegative clas-

sical solution to system (4.1) on (0, Tinax) X €2, then

[t Mza) + 1t )@ + [0 )@ < C (4.9)

where C'is a positive constant and independent of Tyax.

It is easy to see that the solution to v-equation of system (4.1) can be formally
expressed via heat semigroup theory with zero-Neumann boundary condition. Pre-
cisely, the estimation on v(t, z) follows from Lemma 1 of Kowalczyk and Szymariska

[75] or Lemma A.5 as below.

Lemma 4.4. Assume that Q C R"(n > 1), vo(z) € WL(Q) and
|w(t, M, <C  forall te (0, Thax)

Then for every t € (0, Thax), the classical solution v(t, z) of the v-equation in system

(4.1) satisfies

q<;E, p<n;

n—p’
ot sy <€ when g < toe, p=n;
qg=+o00, p>n.
Here C and C are positive constants and independent of Tiax.

In conjunction with Lemma 4.3 we thus have the following W1 estimate on v(¢, z).

Remark 4.2. There exists a constant Ko > 0 independent of Thyax such that if
vy € WL (), then |[v(t, )|lwy o) < Kz for allt € (0, Thax)-

The next lemma is to show L., estimate on u(t, z).

Lemma 4.5. Let (H1)~(H3) hold. Suppose that (u,v,w) is the solution of sys-

tem (4.1) obtained in Lemma 4.1. Then there exists a positive constant C indepen-

dent of Tyax such that

u(t, )@ < C for allt € (0, Tax)-
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Proof. Here we adopt Moser’s iteration method. Indeed, we assume t € (0,7) C
(0, Thmax) with 0 < T < Tpax. Multiplying the first equation in system (4.1) by

uP~1(p > 1) and integrating the result with respect to z in  may yield

1d
pdt Jo

up~|—(p—1)/d(v)up_2|Vu]2+9/up+€/up+1
Q Q Q
:(p—1)/up_lx(v)Vu-Vv—I—y/upF(w).

Q Q

Lemma 4.1 shows u(t,z),v(t,z),w(t,x) > 0 for all (t,z) € (0,Tmax) X Q. In
addition, Remark 4.2 concludes that ||Vv|| ) < [|v(t,-)||lwy (@ < K2 (independent
of Thax). Thus (H1) implies d(v) > d(K2) =: ¢o and |x(v)| < maxocp<r, x(v) =: c1.
By 0 < F(w) < Crpw in (H3) we then may obtain

1d
- up—l—(p—l)co/up2]Vu|2+9/up+€/up“
pdt Jgq Q Q Q

S(p—l)cl/up_1|Vu||Vv|+C’F7/upw.
Q Q

Applying Cauchy’s inequality to the first right-hand term may lead us to

-1 — 1)
(p—1)er [ uP~ V||Vl Su up_2|Vu|2—|—u uP| V2.
2 2
Q Q €o Q

Hence

1d -1
-— up—l——<p )CO/up_2|Vu|2~|—9/up+€/up+l
pdt Jq 2 Q Q Q

—1)3AK?2
2¢9 Q Q

Below by setting p > 2 and due to u?~2|Vul? = |[uz~'Vu|*> = |]%Vu%|2 = ]%|Vu%|2,

20p — 1 P
E/UMM/|Vu2|2+p9/up+p£/up+1
dt Jq D Q Q Q
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—1DAEK?
Sp—(p Jark,s /Up+pCF01’Y/Up, >0,
Q

2¢9 Q

with Cy = max { Ky, ||wol|r.. }. So it remains to consider: (I) § — CpCiy > 0 and
(II) & — CrCiy < 0. For the case (I), one may have

d 2(p—1 »
— [ WP+ u/ (Vuz? + p(f — CrCy) / u?
dt Jq p Q Q

4.10
(p—1)EK3 o
P 155 /up;
- 2¢ Q
and for the case (II),
d 2(p—1)eo / 22
el up+ . Vuz _|_p9/ uP 411
-1 2K2
Sp(p )i K /up + p(CrCiy +6) / uP. (4.12)
200 Q Q

To conduct Moser’s iteration, we use Gagliardo-Nirenberg interpolation to decompose
the right-hand [;, u” into [, [u?| and [, |Vu?|? so that the latter one can be cancelled
if its coefficient is set appropriately.

Indeed, by Gagliardo-Nirenberg interpolation inequality and Young’s inequality

with parameter n > 0 and with index é and ﬁ one may have

/§2|UIp=|Iu2||i2(g>SC2IIVU2H ollud e + eslluf (I3, o
(4.13)

P 1 ﬁ P P
<enl| Ve 0+ e2() " It I )+ eolluf o

2. € (0,1) as 1 < g < 2. Then associated with (4.10), by taking

Q|

g =s=11n (4.13) we may infer that o = %, o= =15, and

KQ
P DA [ap < B2 [igute g prere,( [ ) iy
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. Therefore,

02(01K2ﬁ)") (c1K2)?

> and ¢y = (63 + (Vaco)" o

where we have taken n = m

we derive

T u”+p(0 C’FC’w)/up<p c4 /|u2|

In regard to (4.11), taking ¢ = s = 1 in (4.13) again will produce that

-1 P p .\ 2
p(C’FC'w—l—H)/upg (p—)co/ |Vu2|2+p"+2c5(/ |u5|> (4.15)
Q p Q Q

(p—Deco

___\ co/CrC
p2e2(CrC1y+0) and ¢; = ( + T O I ) (CrCiy +0).

where we have set n = BV

Hence (4.14) and (4.15) jointly show that
d p\2
—/up+p6’/up§p”+206</ |u5|> (4.16)
dt Q Q Q

To sum up, by letting k := 0 — CrCyy > 0 in case (I) or k := 60 > 0 in case (II),

with cg = ¢4 + c5.

there is a constant ¢; := max{cy, ¢g} which is independent of p, such that

d 2 2
upﬂ?/-@/u” < 0719””(/ Iu§|> < ¢7p™*? sup (/ Iu§|> ., p>2,
dt Q Q tef0,7) \Ja

n (0,7) C (0,Tmax). Notice that the rightmost term above is unrelated to time

variable t. Then solving this inequality with respect to t on (0, T) C (0, Thnax) gives

/up(t,x)dxg/ P )dx—i— p 1 sup /|u2 (t,x) |dx
Q Q t€[0,7)

2P
(]Q|—i— +1) TLJrlma,X{HUOHLOO(Q), sup </ ’“g(t,m)\dx>”} _
Q

t€[0,T)

This indicates

Fp) < (2] + 2 +1)pﬁ F(p/2)

|=

with F(p) := max{||u0||Loo(Q), SUDse0.7) (fQ (t,x dx) } Denoting cg = Q] +
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“ + 1 and setting p = 2i=1,2,3,---, then we have

27L+1 ~

F(2) < (=2 oBkei T E F(1) < o5 20707 (1)

and F(1) = {llwoll Lo (0, SUPcory Jo u(t, ) dz} < {|luollzc), C} where C is from
(4.9) and thus is independent of i, Ty, and T. Finally, letting i — 400 concludes
that for all t € (0,7") C (0, Tinax),

n+1

2
UL, ) || Loo () = C8 - UO || Loo ()9 .
[u(t, )|l < cg 207707 {lu C}

Hence such an estimate holds for all ¢ € (0, Tiax) due to T arbitrarily in (0, Tiax)-

This completes the proof. O
Remark 4.3. By rewriting the third component in system (4.1) as
wy = dpAw —w + R

with R = w+wf(w) —uF (w), then one may apply Lemma 4.4 to this equation after

a rescaling. Since in view of Lemma 4.3 and Lemma 4.5, one may infer that
IR ) Loty < Cllw(t, ) Loei@) + ult, ML) < C - for allt € (0, Tiax),
with constants C,C independent of Thax. It follows that
|w(t,)lwy) <€ forallt € (0, Thax),
if wo(x) € WL (Q) where constant € is independent of Thax.

This remark is useful to prove asymptotic stability in the next section.

4.2.3 Proof of Theorem 4.1

Proof. Lemma 4.1 has shown the existence of local unique classical solution to system
(4.1). The extendability standard of such a classical solution in Lemma 4.2 can be

satisfied by Lemma 4.3, Lemma 4.5, and Remark 4.2. So one can obtain the global
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existence of unique classical solution to system (4.1), and the regularity (4.2). Finally

the estimate (4.3) holds for all £ > 0 by Remark 4.2, Lemma 4.5 and Remark 4.3. [

4.3 Global Asymptotic Stability

In the last section we have proved that system (4.1) possesses a unique global-
in-time classical solution under (H1)-(H3). In this section we concentrate on its
longtime behaviors if (H4) holds in addition. To this end, we introduce the following

two basic lemmas.

Lemma 4.6. If F' fulfills condition (H3), then a function

(2) == /den (4.17)

F(r)
F(r)

(z — k)%

This lemma can be proved by doing Talyor’s expansion of ((z) with respect to
z up to its second order derivative at z = k (((k) = (’(k) = 0). One may refer to
Lemma 4.1 in [39] for more details.

We below summarize limit property of a dynamic system (cf. Chap.4 in [76])
that we will use later. Given a dynamic system (nonlinear semigroup) {S(¢) : ¢ > 0}
on a complete metric space (M, || - ||). Then for a real-valued continuous function
L(x), x € M, we say L(x) is a Lyapunov function of this dynamic system if for all

t>0,xe Mandd €R,

AL(S(P) oo LS +6)) = E(S())

dt §—0t

<0.

For any x € M, I'(x) := {S(t)x : t > 0} denotes the trajectory through x. In

particular, we call x is an equilibrium point of the dynamic system if I'(x) = {x}.
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Lemma 4.7. Let £ :={x € M : dL(iEt)x) = 0}. Denote by Z :={x e & :S(t)x €

E for allt > 0} the largest invariant subset of £. For some xo € M, if the trajectory
['(x0) = {S(t)x¢ : t > 0} is contained in a compact set of M, then there are two

properties for the w-limit set V,,(x0) of I'(xo) (or x¢) as:
(1) Vu(x0) C Z;

(17) S(t)xg — Z ast — oo,

where V,(xg) 1= {klim S(tg)xo € M : It > O,kgrfmtk =+oo} =N {S(t)xo: t > 7}

—400 >0
Additionally if all y € € are equilibria and all elements of £ are isolated from

each other, then V,,(xo) consists of equilibria and contains only one element.

Lemma 4.6 may help us to construct Lyapunov functions we need. Lemma 4.7
indicates that one may apply Lemma 4.7 to corresponding Lyapunov functions, in
order to investigate the global asymptotic stability of the prey—only state (0, @, Ky)
and the coexistence state (uy, v., w,). Indeed, Theorem 4.1 means that system (4.1)
has the unique global-in-time classical solution (u, v, w) € C?(2, R?) which is contin-
uous to its initial value (ug, vo, wo) =: up(z) € C?(Q,R?). This indicates that system
(4.1) can generate a dynamic system on C?(Q, R?), still denoted by {S(¢) : t > 0},
such that S(t)uy := u(t,z;ue(z)) = (u(t,z;up(x)), v(t, z;ve(x)), w(t, z;we(x))) €
C%(Q,R?), and S(0) is an identity, i.e., S(0)ug(x) = ug(x) for any ug(z) € C2(, R?).
Then {S(t)uy : t > 0} is a trajectory through ug(x) which can be contained in a
compact subset of C%(Q2,R?) by (4.3) and one estimation similar to the (46) and
(48) in Theorem 4.1 of [67]. The (0, @, Ko) and (us, vs, w,) can be viewed as two
equilibria of this dynamic system.

In addition, (H2) and (H4) indicate that F’(w) > 0 and —¢'(w) > 0 are contin-
uous on [0, C] for any C' > 0. Thus

in F' in (—¢' 418
in, (“’)Jél[é%]( @' (w)) (4.18)
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exists and is strictly positive.

With these preparations at hand, we below prove 1) of the Theorem 4.2.

4.3.1 Asymptotical Stability of Prey-only Steady State
Lemma 4.8. Let (H1)—(H4) hold and (u,v,w) be a global-in-time classical solution

of system (4.1) obtained in Theorem 4.1. Then the prey—only state (0, @,Kg) is

globally asymptotic stable provided that F(K,) < %. Furthermore, if F(Ky) < %,

there are constants ¢y, ¢o, Ty > 0 such that fort > Ty >0
__&at
lult Mz + ot ) = 252 gy + lw(t, ) = Kollzo) < e 0.

Proof. We may construct a function for ¢ > 0 that

L1(8) =L (u(t), o(t), w(t))

L

where (u, v, w) is the classical solution to system (4.1) and the constant M > 0 is to

be determined after (4.21).

Next we show that £, is a Lyapunov function, i.e., d(ﬁl < 0 for all (u, v, w) solving

system (4.1). Indeed, under the zero-Neumann boundary condition in system (4.1),

ot o o= ) [

1 ) F(w) — F(K,)
7/(WF( w) — Ou — lu )+/Q ) (4.19)

+M/ 5K°

Moreover, for the second right-hand term one may further infer that

/ Fw) — F(Ko)w
Q F(w) '

one has
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_ [ Flw) — F(K) w+wf(w) —uF(w
_/Q F(w) (de + wf(w) F( ))

- dwF<K0>F'<w>LZz”U’)> o fF <w>F—(wP;<Ko>

and from f(Kp) =0 in (H2) we may derive that

F(w) — F(Ko) _ wf(w) _ Ko f(Ko) w) —
L= wm“?é(ﬂw H%)yﬂ) FKo)

=A¢wmwwa—mf

(wf(w) — uk(w))

where p(w) = %(w)) w; is between w and Ky, i = 1,2, in addition to

_ /Q F <w)F_(wF)(K°>uF(w) _ /Q F(Ko)u — /Q Flw)u.
On the other hand, by fw. = ov. and w. = Kj, one may infer that
o f o,
:M/Q (v - @) (dyAv + Bw — ov)
:-Md/V(v V +M/ 5w—0v)
:—Mdv/Q‘V(v— ° Mﬁ/ (w — Ko) — MU/Q(U—@Y

and using the Young’s inequality with ¢ will yield

Mﬂ/ ﬁKO (w — Ky) <Mﬁ/{ 5K0>2+<W_K0)2} (4.20)

o 2e

for any € > 0, M3 > 0.
Then by using the assumption F(Kj) < %, setting 0 < ¢ < 22, and by invoking

104



the estimates from (4.19) and (4.20) one may update (4.19) that

d(ftl :/Q<F(KO 2 u—/Q——d FKO)/QF’(w)LXE‘iS

+ /Q ¢ (w1) F' (wz) (w — Ko)* — Md”/g ‘v<” B %>

g

—MU/Q(U—% +Mﬁ/ (w — Ko)

g

(4.21)
< [ (P = 2)ut [ (w0 P (ws) + j‘j—f)(w - o)

In light of Lemma 4.3 we know 0 < wy, ws < C7 with ] = max {KO, HwOHLm(Q)}.

Hence making use of (4.18) and taking

4o
0<M< —= min F' in (—¢'
< g in (w>wg&gﬂ( ¢'(w))

will conclude that % < 0.

For each t > 0, we let

:/sz%+/sz 5 v—% //KO O)dn::/ﬂ?-[l(u,v,w).

Here Hi(u,v,w) = % + Yv— @)2 + ((w) is a convex function of (u,v,w) in

view of Lemma 4.6 with k = Ky. H1(u,v,w) has no more than one minimum point,

dﬁl(t

so does L£y(t) in the sense of (u,v,w). The equation ==

= 0 thus has at most

one solution in the sense of (u,v,w), which implies that d’cl (®)

= 0 if and only if

(u, v, w) = (0, @, Ky). Then Lemma 4.7 concludes that the solution of (4.1) which
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is bounded will approach (0, @,KO) as t — oo. In other words, (0, @,KO) is
globally asymptotic stable.

We can further ascertain the corresponding convergent rate. Due to F'(Kj) < %,

the first inequality in (4.21), and Lemma 4.6, there exists a constant ¢; > 0 such

that

AL (1)
at

< —61£1<t), for t>0.
Solving this inequality shows
L1(t) < et for ¢>0

where the constant ¢, > 0 depends only on £;(0). Lemma 4.6 also signifies that there

is a 17 > 0 such that

M K F'(K, :
/ / v — b +/ (Ko) (w — Ko)? < e for t>1T)
Q

which means
Hu(tv ')HLl(Q) + Hv(t7 BKO ||L2(Q) + Hw<t7 ) - K0HL2(Q) < czem 2 for t>1T,

%)1/27 (41;(}%0))@2)1/2}'

with ¢3 = 3max {62”}/, (

We next may strengthen this convergence rate. Since (u,v,w) is a classical so-
lution to (4.1), then by (4.3) there exists a constant ¢, > 0 such that |lul/z_ )
Vo], [[Vw]lL. (@) < é when t > Ty > 0. Similar to the estimation of (46) and
(48) in Theorem 4.1 of [67] and by semigroup theory and LP-L? estimate, there exist
¢y > 0and e € (0,1) such that |[w(t,-)[|c2+e@qy, [V, )| c2te) < ¢ for all £ > T7 > 0.
Denote Ty = max{T},T]}. One can apply the Theorem 7.2 or 7.4 in Chap.V of [3] to
the first equation of (4.1) which can be rewritten as u; — d(v)Au + b(t, z,u, Vu) = 0
with

b(t, z,u, Vu) = —[d (v)Vo—x(v)Vo]-Vu+[x (v)(Vo- Vo) +x (v) Av]u—yuF (w) +0u-+Lu?.
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Then there exits another constant, still denoted by ¢4, such that ||Vul[z_ () < ¢é for
all t > Tj.

An application of Gagliardo—Nirenberg interpolation inequality may yield that
for all t > Ty,

_n_ éqt
ull o) < &IVl ;7 g Hul!”“ + |l L)) < éee” T,

BKO et

lo = 522l S e (V0= 222) Hn+29)|| BKOHW o= 52| L)) < e,
oo = ollwioy < (19 (0 — Ko) Il = Kol ey + I = Kollian) < roe™ 75,
n 1 n 2 . )

where 66 = é5(é£+1 é§+1 + 63) Cg = C7(CZJr2 ?T:JFQ + 63), and 610 = ég(CIJr? §L+2 + 63)

Therefore,

s
Lo

lull zaoiey + v =
with ¢11 := ¢g + ¢g + ¢19. This completes the proof. O
4.3.2 Asymptotical Stability of Coexistence Steady State

As is shown in (4.4), the positive coexistence state (u., v., w,) should satisfy

uBw,) = wef(w.) = =—— .

> 0, wy > 0.

We are now in a position to prove part 2) of the Theorem 4.2.

Lemma 4.9. Let (H1) — (H4) hold and (u,v,w) be the global classical solution of
system (4.1) obtained in Theorem 4.1. If the coexistence steady state (U, Vs, w,)

exists and

x(v)* _ 16d,yo /o~
< .
022)1((2 d(U) B BQU* wller}(l)nC& { v ( )} wgren[(l)nCl]{F (wZ)}, (4 22)

with Ky from Remark 4.2 and Cy = max { Ko, |wol|r.0)} and o(w) = then

F(w) ’
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the (u., v, wy) is globally asymptotic stable. Moreover, there are three constants

C1,Co, 17 > 0 such that

lu(t, ) = tll iy + [0t ) = v

_ e
peoey Tt ) —will@) < @7z, £ > T

Proof. We may construct the following function for ¢ > 0 that

Lo(t) :=Lo(u(t), v(t), w(t))

::%/Q(u—u*—u*lnu%)—i—% Q(v—v*)2+/ﬂf:de

where (u, v, w) is the global classical solution of system (4.1) and M > 0 is a constant

to be determined in system (4.25). Similar to Lemma 4.8, we first verify %t(t) <0.

Replacing uy, v¢, wy in the following equality may yield

dLs(t)
dt
= [we= 2w+ [ o= wg+ [T,
v Ja u Q " Q F(w)
1 2
:;/Q('qu(w)—Ou—Eu) ( |
4.23
=2 [ (a0 x0T ) -0 - )

F'(w)
F2(w)

+M/Q<—dv|Vv|2+(v—v*)(6w—av)> —/deF(w*) Vw|?

wf(w)
+ ( — u> F(w) — F(wy)).
For the terms above involving Vu and Vv and for u # 0, one may notice that

=3 (@)Y )Yy oy [ e

y u? u

_ “7 i (%,VU)H(%,VU)T <0
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where 7 refers to transpose and

is positive semi-definite when

2

M > max ux(v)

—_— 4.24
~ 0<v<C 4d,yd(v) (424)

Here 0 < v(t,z) < C; for all t > 0 and all z € Q, owning to Remark 4.2 and the

regularity (4.2) in Theorem 4.1. In terms of u, = —w}{ﬂ; )

/Q (“I;f(z“)) —u) (F(w) - F(w,)) = /Q (%(;‘? - wF’ngw)) = ) (F(w) = F(w,)

one may obtain that

= [ r ) - wp - [ (Fw) - F) - )

Q

where ¢p(w) = u];f(%)’ w; lies between w and w,, i = 1, 2. In light of lu,+60 = vF(w.),
we have

l/(qu(w)—6’u—€u2)—%/(vF(w)—O—ﬁu) = l/(u—u*)(yF(w)—t9—€u)

T Ja T Ja T Ja
! /(u —w) [YF(w) — 0 — lu — (vF(w,) — 0 — lu,))

7 Jo

¢ 2
= [ (u—uw)(F(w) = F(w.)) = = [ (u—u)
Q 7 Ja

Note that (v —v,)(fw —ov) = B(v —v,)(w —w,) — (v —v,)? by v, = B% One can

derive from Young’s inequality that

M/Q(v — v)(Bw — ov)

=—Ma/9(v—v*)2+M5/Q(U—U*)(w—w*)
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< (%—a)/g(v—v,f%—]\g—f (w — w,)?

<Mﬂ

el o 2

for0 < <gor0<e< 2” . Consequently, we know

dift(t) <~ duwk(w.) /Q %IWF + /Q (' (@) F(155) + M—/B) (w — w,)?.

Lemma 4.3 shows 0 < @y, Wy < Cy with €y = max { Ko, ||[wo| 1. }. Thus by (4.18)

we can set

0<M< 2—{1&1&11]{— (0 }mln {F'(@,)}. (4.25)

Then (4.22) implies there exists a M > 0 such that both (4.24) and (4.25) hold,

which means %t(t) < 0.

dﬁz(t)

Next we claim that = 0 will lead to (u,v,w) = (uy, v, w,). In fact,

£2(t):%/ﬂ(u u*—u*mﬁ M/vv* // /’ngvw

and Ha(u, v, w) = %(u—u*—u* In ul)—i— (v—wy) —I—fw F@m)=Fw-) 4 is a nonnegative

F (n)
convex function of (u, v, w) based on Lemma 4.6, the expansion (4.26), and on (4.27)

dLa(t)

%~ = 0 has at most one minimum point in the sense

as below. So the equation

dLs (t)

of (u,v,w). Together with (u,v,w) = (u.,v,, w,) leading to =

= 0, thus we may

dLa(t)

22 = 0 indicates (u,v,w) = (U, Vs, w,), which concludes

infer that the equation
that %t(t) = 0 if and only if (u, v, w) = (uy, vy, w,). Then by Lemma 4.7 the solution
(u,v,w) of system (4.1) which is bounded will converges to (u., vi, w,) as t — oo. In

other words, (u.,v,, w,) is globally asymptotic stable.

We can further acquire its the convergent rate. Indeed, letting x = w, in
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Lemma 4.6 means

) =C(w) + ¢ (w0 = w.) + 5" () w0 — w.)?
Fluw) F() (4.26)
:W(w —w,)* >0,

with @ lying between w and w,. Furthermore, denoting p(u) = u — u, — u, In 2~ and
doing its Taylor expansion at u = u, may show

plu) = ) + /()= ) + 50" (@0 — )P = 2w —w >0, (421)

where @ lies between u and u,. Lemma 4.5 and the regularity (4.2) jointly show that
there exists a Tl > 0such that 0 < 6§ < u < Cy < o0 ast > fl , which means

U

Ux
205 — 2u?

<

55z- Again observing the derivations from (4.23) to (4.25), there is a

constant ¢g > 0 such that

AL, (1)
dt

< —60£2(t), for all ¢ > Tl.

Analogous to the corresponding parts in proving Lemma 4.8, there exist two

constants ¢1,¢y > 0 and 17 > TI > () such that

. e
poey Tt ) —willg@ < éemiz, t> T

lu(t, ) = tal| ooiy + [0, ) = v
]

4.4 Linear Instability and Presentation of Patterns

The previous sections involve that there exists a unique global classical solution
to system (4.1) and it may approach its steady states exponentially under suitable
conditions. However, there is no discussion of instability on its steady states. To

figure this out, we below shall analyse linear instability of these constant steady
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states and then numerically explore the impact of density-dependent d(v) and x(v)

on the patterns.

4.4.1 Linear Instability

Proposition 4.1. Assume that (ue, ve, w.) is the constant steady state of the system
(4.1). Then the (uc,v., w,) is linearly instable if there exists at least one \; in (4.31)
having strictly positive real part (viz. one of (4.32)—(4.34) holds); It is linearly stable

if all the real parts of \; are strictly negative.

Proof. We first linearize the system (4.1) at (uc, v., w.) as

o [ u d(ve) A+ By —ucx(ve)A B, U — Uy

—<v>—< 0 dyA — o 15} )(U—UC)

ot \ w Bs 0 dwA+By ) \ w—w. (4.28)
=:Bw

where W := (u — U, v — Ve, w — W),

Bl = ’YF(U)C) — 0 — 2£UC, B2 = /yuCFllu(wC)7
By := —F(w,), By = f(we) + wef'(we) — ucFy,(we).

In order to obtain the eigenvalues (denoted by {\;}52,) of the linear operator B,

we invoke the following eigenvalue problem:

{ —AP(z) = pd(x), =€ Q,
Vo(z)-1=0, r € 09,

the eigenvalues {yu; }?io of which, without counting the finite multiplicities, can be
formulated as

0:N0<N1<N2<“‘<Mm<“‘-

Then to {1;}32, the corresponding eigenfunctions, denoted by {¢;(x)}52, in L*(£2),

constitute an orthonormal basis of L?(2). Plus %—? = %—:", we thus can formulate a
general solution W to (4.28) (note 2¥ = Bw = Aw) in the form of components (in
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particular spatial parts in L?(Q)) as
U— U = Z uj;(w)edt v—v, = Z vi¢;(2)eM!, w—w, = Z wig;(x)eMt, (4.29)
=0 =0 =0

where u;,v;, w; are constants for all j. Note that if there is a j such that u; = v; =
w; = 0, one may automatically remove the corresponding terms in (4.29). In this

fashion we have

—d(ve)p; + Br o —uex(ve) By
Py = 0 —do; — 0 ; we=Aw,  (4.30)
Bg 0 _dw,uj + B4

which is equivalent to
det (A\;1 — P;) =0, j=0,1,2,...
or the eigenpolynomial
A4 a XY+ ag)\j +as = 0, j=0,1,2,... (4.31)

where I is a 3 x 3 unit matrix and other real-valued coefficients are:

a; = — Trace (P}) = (d(vc) +d, + dw),uj + 0 — By — By,

_dc +B e c)Mj _dv‘_
o HOEE Y L (e 9
0 —dv,uj — 0 0 —dw/Lj + B4

az = — det(P;) = (B1 — d(ve) ;) (0 + dopij)(By — dujty)

— BgBQ(O' + dv,uj) + B3ﬁuCX(UC>Mj'

2 3 j2r C .
Denotep:aQ—‘%,q:&; — U8 4o, ) =€l :_%+\/7§1Wlth1:w/_1,

%2 + g—;. Then by Cardano’s formula for every j one can specify three roots

of (4.31) as:

and = =

A @ i/—_q = \3/11‘ =
j st tVER 5 - VE
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/\(2):_@ 193__01 = 023—_q_ =
J s T HVERP - VE
YR I s SNSRI/
: 3+ 5 +VE+ 5 NG

Consequently, we may identify the linear instability by requiring one of the real parts

of these roots to be strictly positive in the following cases:
e When Z > 0, one may readily see that - & VZ € R and thus )\5-1) is real and

>\§2), )\§.3) are complex numbers. So we require

—A
max {Re()\g-l)), Re(/\§-2)), Re(A§3))} = -9 max {A, T} >0  (4.32)

with A := i’/%q+\/§+\3/%l_\/§;

o When = = 0 then A", A% and A\ are real (by 9 + 0% = —1) and A = \'?.

J

Then we demand

max {Re(/\g-l)), Re(/\§-2)), Re()\f’))} = —% + max {21\0, —AO} >0 (4.33)

with Ag := ¢/ 5%

e When = < 0, )\§1)7 )\f), and )\g?’) are real but different from each other. So we

need

max {)\(-1), AP )\(-3)} > 0. (4.34)

This completes the proof. n

Note that Proposition 4.1 does not concisely show how the density-dependent d(v)
and x(v) directly affect the patterns. So we next resort to numerical simulations with
parameters taken hypothetically. The units of these parameters can be inferred from

pp.252-262 of [17].
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4.4.2 Numerical Simulation in One-Dimensional Case

When motility function d(v) and prey-taxis sensitivity function y(v) are con-
stants, one may find (cf. [16]) that the coexistence state of spatial one-dimensional
model (1.16) (i.e., system (4.1) with ¢ = 0) becomes unstable regarding small pertur-
bation (by increasing prey-taxis coefficient). In this subsection, we shall show that
some density-dependent d(v) and x(v) can stabilize such a stationary state but this
stabilization effect can be weakened by enhancement of conversion rate.

To show this difference, we remain unchanged some parameters and functions
taken in [16], except for d(v), x(v) and conversion rate 7. Specifically, the growth
rate function of prey is O-logistic type

w

f(w)zr(l—(g)(a), r, K>0 0>1,

and the functional response function is Ivlev type
Flw)=c¢1-€e"*"), ¢>1, ¢>0.

Let Q = (0, L) and take other parameters in Table 4.1. Thus we derive from (4.4)
(with ¢ = 0) that (., v., w,) =~ (1.2599,1.3787,0.6267). In addition, we set initial
data as ug(z) = u, + 0.01 - cos(mz),vo(x) = v, + 0.01 - sin(7x), wo(x) = w, + 0.01 -
cos(mx).

Table 4.1: Parameters selection—1.

vy 0 7 d, dyw o 6 K r ¢ © S L
1.2 045 0 0.0001 009 02 044 1 1 1 3 075 1

When d(v) = 0.002533 and x(v) = 1, one can still derive the patterns (cf. (a) in

Figure 4.1) that are analogous to the first row of Figure 7 in [16]. However, if we

replace them by density-dependent forms such as d(v) = ; +eév_1 or 1 Jrlgv, things will

become different.
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Precisely, it is not difficult to see from (a) to (d) in Figure 4.1 that some density-
dependent d(v) and x(v) of exponential or algebraic form may flatten, or we say
stabilize, the pattern bifurcating from the coexistence steady state (., vy, w,) under
small perturbations. However, this effect might be suppressed by increasing conver-
sion rate. For example, after resetting conversion rate v, approximate time-periodic
patterns can appear, like the change from (d) to (e) in Figure 4.1. In addition, by
enhancing v in Figure 1(b), (c¢) (for instance, by letting v = 26), the system may
produce patterns like Figure 1(d) as well.

4.4.3 Numerical Simulation in Two-Dimensional Case

An individual-based modelling method to simulate one population whose individ-
uals undergo density-dependent movement in 2-dimensional spatial domain can be
see in [77]. For two populations spatially in a 2-dimensional disc, i.e., one predator
and one prey considered in the system (4.1) with ¢ > 0, some density-dependent
d(v) and x(v) may help to change the spatial distribution similarity which exists in
non-density-dependent case between predators and signals of prey.

We herein set the growth rate function of prey as

f(w)=r<1—%>, r, Ko >0,

and take the functional response function to be the Holling type II

F(w) = i” . c>0,
C w

together with different values of r and different forms of d(v) and x(v) specified below

Figures 4.2 and 4.3. Without loss of generality, we may adopt initial values as

u0<x>y) :UC+Q($,y>, Uo(l’,y) :UC+Q($,y), wﬂ(xay) :wc+Q(xay)7

where Q(z,y) = cosmx + cosmy, (z,y) € B3(0)-a circle with radius 3 and centre
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Figure 4.1:
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Here (us,v.,w,) = (1.2599,1.3787,0.6267) from (a) to (d) and
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(s, vy, wy) = (1.3502,0.0743,0.0338) in (e).
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at the origin, (u.,v., w.) may equal to (0,0,0), (0, @,KO) or (Uy, Vs, Wy), the last

_ KoB(yr—0)
T o(Kol+ar)

of which exists as yr > 60, u, = w, = Other specific
parameters are given in Table 4.2.

Table 4.2: Parameters selection—II.

y 66 ¢ B o Ky d, d, c
10 1 1 10 12 10 0.1 0.1 1

Figures 4.2 and 4.3 present the spatial distribution of predator, chemicals released
by prey and of prey, in a circular domain at time ¢ = 50 and ¢ = 500. We may observe

that:

(i) non-constant steady states exist since the corresponding patterns have few
changes from time ¢t = 50 to ¢ = 500. Parameter r seems important in producing
more abundant patterns after other parameters are fixed, for example (a) and
(b) in Figure 4.2 and that in Figure 4.3, or (c¢) and (d) in Figure 4.2 and that

in Figure 4.3;

(ii) if d(v) and x(v) are constants, spatial distribution of predators and chemoat-
tractant are very similar; The density-dependent decays of d(v) and x(v) may
lower the similarities, but the extent may be effected by other parameters, like

rin f.

4.4.4 Biological Explanation of the Simulations

System (4.1) describes a spatiotemporal evolution process of an isolated ecosys-
tem within a domain €2, which includes two populations i.e., one predator and one
prey. The most arresting feature in system (4.1) is that the predators may search for
the prey as their food, mainly through chemoattractants released by the prey, since
some factors including natural camouflage, the environment of the prey, range of

visibility of the predators, etc., result in many difficulties for the predators in finding
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Figure 4.2: By numerical simulation, different values of constant steady state
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(Ue, Ve, we) give the analogous resulting graphics.

(8.7778,7.3148,8.7778) for example. Density dependent d(v) and x(v) may change
the patterns of the predator density u and the prey signal density v but have little

effect on that of prey density w.
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(d) Time t:500, X(’U) = ﬁ, d(v) = W’ r=10

Figure 4.3: Here (u,, v, w,) = (9,7.5,9). Compared with Figure 4.2, we only change
the value of r and readily see that the impact of the density-dependent d(v) and x(v)
on patterns of u and v, in particular for v, may be subjected to the value of r. Still
the d(v) and x(v) cannot distinctly affect that of prey density w.
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the prey directly. So the chemoattractants usually have diffused relatively far from
the prey before they are perceived by the predators. Here u(zx,t), v(x,t), and w(z,t)
refer to population density of the predators, concentration of the chemical signals,
and population density of the prey, respectively. The system being isolated means
that there might be negligible quantities of the predators, the prey, and the prey
signals crossing the boundary of €2, compared with overwhelming majorities of them
(the predators, the prey, and the prey signals) within Q. Other organisms living in
) are not taken into consideration in the system (4.1).

Theorem 4.1 states that the system (4.1) has a global-in-time classical solution
which is continuous to its initial value, when (H1)—(H3) are satisfied. As a result, for
given initial densities ug(z), vo(z) and wy(x), one can predict by the unique classical
solution of system (4.1) the density of the predators, the prey signals and the prey,
at any time 0 < ¢t < oo and any spatial position x € 2. The obtained L., bound in
Theorem 4.1 signifies that there is a maximal density for all three of them.

Theorem 4.2 illustrates that in some cases (if (H4) holds), the spatial distribu-
tions of the predators, the prey signals, and the prey in {2 may be approximately
homogeneous as the time goes by. This is, as it should be, a much ideal case, but
at least the large-time behavior of such a solution indicates a trend through which
one can foresee whether this ecosystem can evolve into exclusion state (prey being
extinct in ) or coexistence state over time. So this tendency which can be viewed
as an early warning, makes significantly biological sense to protect the biodiversity
and ecological balance in the domain 2.

For simplicity, in regard to numerical simulations we only list the patterns which
bifurcate from coexistence steady state in Subsections 4.4.2 and 4.4.3 (the case of
exclusion state is similar). In Subsection 4.4.2, (a) of Figure 4.1 recovers the pat-
tern corresponding to the point A in Figure 7 obtained in [16] with d(v) and x(v)
being constants, which is the starting point of our simulations. Then in (b) and

(c) of Figure 4.1, we set y(v) = —d'(v) with d(v) satisfying algebraic decay and
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exponential decay respectively. Finally in Figure 4.1 (d) and (e) we remove the re-
lation x(v) = —d'(v) and take y(v) and d(v) to be algebraic and exponential decay
severally. From this process we see that random motility function d(v) and indi-
rect prey-taxis sensitivity x(v), being density-dependent form, may help the spatial
distribution (of the predators, the prey signals, and the prey) to be approximately
homogeneous. Because one may observe that the spatial distributions of Figure 4.1
(b)—(e) become more even than that of Figuere 4.1 (a), although the approximate
time-periodic pattern may appear when the conversation rate v is increased.

All simulations in Subsection 4.4.2 are spatial 1-dimensional case, which matter
in theory. What will happen in spatial 2-dimensional case makes more realistic sense,
which is the aim of Subsection 4.4.3. Firstly, we see the spatial distribution of high
density for both the prey signals and the prey, either in Figures 4.2 or 4.3, stagger a
little bit each other (instead of being overlap) in position (this point can also be seen
in Figure 4.1 but it is not so distinct). This is consistent with the feature of indirect
prey-taxis that signals of the prey have diffused a distance far from the prey before
they are captured by the predators. Secondly, when y(v) and d(v) are constants
(cf. (a), (b) in Figures 4.2 and 4.3), we find that the spatial distribution of the
predators and of the prey signals are highly similar, since the predators conduct the
signals-based (indirect prey-taxis) foraging strategy to search for the prey. However,
the x(v) and d(v) in density-dependent form (cf. (c), (d) in Figures 4.2 and 4.3) may
lower similarity of spatial distribution between the predators and the prey chemicals.
Finally, increasing the value of r (from f(w)) in Figure 4.2 may yield Figure 4.3 from
which one may infer that some parameters in system (4.1), like r, are important to

produce abundant patterns.
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Chapter 5

Conclusions and Future Works

5.1 Conclusions in Biological Sense

In this thesis, we have studied the existence, uniqueness, and uniform bounded-
ness of the positive classical solution to the direct preytaxis model (1.11) in Chapter
2, which indicates the unique evolutionary state on predators and prey governed by
(1.11), and their densities are upper bounded uniformly in time. In particular, the
uniform-in-time boundedness of densities of predators and prey suggests prevention
of overcrowding, and thus the theoretical controllability of predators and prey (as
pests) [78]. Moreover, we have established in two-dimensional case in Chapter 3
the convergence relation between the strong solution of (1.10) and of (1.11) as the
diffusion coefficient of prey tends to zero. The convergence relation strictly proves
that there exists some spatiotemporal similarity of spatial distributions between the
densities described by (1.10) and by (1.11), when the diffusion rate of prey becomes
much weak.

On the other hand, we have in Chapter 4 explored the existence, uniqueness, uni-
form boundedness, and large-time behaviors of the classical solution to the indirect
preytaxis system (1.17). These results show that for density-dependent preytaxis
sensitivity, the evolutionary state of predators and prey is unique and their densities
are the bounded uniformly in time, when the predators conduct signal-based forag-

ing strategy. The global asymptotic behaviors show that if vF(Ky) < 6, then the
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predators will be extinct over time. If (4.4) has positive constant solution for suitable
growth rate function f, functional response function F' and death rate h, then the
predators and prey may coexist over time. This asymptotical tendency in theory
can be used, as a biological warning or theoretical explorations on properties of the
predator-prey system, to predict the development of biodiversity of ecosystems, when

the predator-prey relation in the field experiment can be depicted by (1.17).

5.2 Future Works

Except for the problems addressed in this thesis, there are some other relevant
questions of interest left open. We below display some of them to pursue in the

future:

(1) For direct preytaxis model (2.1), the local-in-time existence of its classical
solution holds in @ C R"(n > 1) by Theorem 2.1. Also, Theorem 2.1 or
Theorem 3.1-(c) shows that the global-in-time existence holds for n = 2 and

for any constant preytaxis sensitivity xy > 0. Then we may ask:

a) Does the global existence and convergence relation similar to Theorem 3.1-

(b) remain true for any finite n > 2 and for any y > 07

b) May a) be true when the d = d(w) and y = x(u, w) are density-dependent

(non-constant)?

(2) For indirect preytaxis system (4.1), the assumption (H2) supports logistic
growth (1.6) but excludes Allee’s effect (1.7). So what will happen if f is
replaced by (1.7)7

On the other hand, the spatiotemporal aggregation or heterogeneity of species
corresponds in a sense to the stable nonconstant steady states of related evolutionary

systems. So one may wonder:

(3) Does the nonconstant steady state of (4.1) exist? If it exists, can the classical

solution of (4.1) converge to such a nonconstant steady state in a sense?
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(4) Similarly, what about the large time behaviors of the classical solution of (2.1)7
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Appendix A

Auxiliary Inequalities

For clarity and completeness, we shall in this section list out some inequalities
that are frequently invoked in the main content. Firstly, the convexity of the function:
s € R — s? indicates that

n 9 n
AP = (Y tte,) <0, <nlDWP, e, [Aul < VA|D.
i=1 i=1

Moreover, it follows from [79, Prop.3, pp.58-59] or [80, pp.230-235] that there exists

a constant C'(n,p) such that
ID%u] ) < Clnp)| Ay, for 1<p< 4o, (A1)

where u € WPZ(Q) Yand Q is bounded. In particular, when |, =0 or Vu-ﬁ‘m =0,

o0
one may find [|Aull?, o) = [|D?ull7,q, through integration by parts (cf. [1, p.326]).
More generalizations can be seen in [81].

Below is the well-known Gagliardo-Nirenberg interpolation inequality in a bounded

domain (cf. [82] and [83]).

Lemma A.1. Assume that a m-times differentiable function u : Q — R is defined

on a bounded domain  C R"(n > 1) with Lipschitz continuous boundary 0X2. Then

! Note that in the origin inequality u € C§(Q2), here u € W2(Q) since C§°(Q) is dense in W,™(Q2)
when € is bounded and sufficient regular for 1 < p < co,m € N.
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it holds that
[D7ullzy @) < CUD™ullf, o1l oy + l1wlzuco).

where 1 < q,r < oo, L < a <1,

1 g 1 m 11—«
-—==+|-——)a+ ;
p n ron q

s > 0 s arbitrary, and constants C' depend upon the domain ) as well as m,n, etc.

Moreover, one may replace ||D*ul|, ) by ||Aullr, ) in the above inequality due to

(A.1).

Note that by Hélder’s inequality, if 1 < p < ¢ < co and |Q] := [, dz < 400, then

(fo#)) = (o)

Take 0 < s < min{r, ¢}, one may rewrite the right hand of Gagliardo-Nirenberg
interpolation inequality as

1D7ullz, (@) <CID™ullf, o

@l o

<C|ID™ull, o lullz, oy + Cllulliym o)

<Chllullfym ) ||U||Z(aﬂ)

with Cy = C(1 4 |7 r0=0=e)),

Next, we use this lemma to see that ¢ in Lemma A.1 may take values less than 1.
When €2 is replaced by R™(n > 1), one may refer to [84, Lemma 3.2]. When 2 C R"
is an open bounded domain, there is no complete proof in the literature as far as we

know, and thus we supplement it as follow for the sake of completeness.

Lemma A.2. Suppose that 0 < p <r<oc<4ooand0 < pu<1<o < +4oo. Let
w € Ly(Q) N L) and Dy € L,(Q) for any s > 0, and Q C R™ is an open and
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bounded domain with a Lipschitz continuous boundary. Then

1— —
) < all Dol @Il o) + erllellL, o el o
where constants ¢y and c; may depend on o, u,r,n and S, and p,0 € (0,1) satisfy

n n n rd r(l—46
U IR O A=
r o i 1 o

Proof. Suppose 0 € (0,1). By Holder’s inequality with index relation % + @ =1,

we have

L (1-06)r
r T 1-0)r- —Z— g
/Iw\ /!sol s /|90|9 ' (/Iw!( I )
Q
(1 0)r
~([1e)" - (frer)

that is,
Il < llell,@ lelh, 6=

with 4 > rf and o > r(1 — ). Suppose = > 1 and thus £ < 1, which means

g

=

O<pu<r<o<oo.

Below we restrict 0 < p < 1. If taking » = 1 one may get that

(o —1)

= € (0,1).

lellzyey < llellz, @ el i, 8=

By Gagliardo-Nirenberg interpolation inequality with 1 < o < o0,

1 1 1
el < DN @ el + Callele, = (; - —)a T

and together with the last inequality,
<C1||Dyl|? ; ) T+
lellz. ) <CillDlIE, @ (Iel7, @ el @) +Cellelli@
—B)(1—«
<CIDelf, @ ez lelz @ + Callelz.w
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Now we may invoke an elementary function to establish the upper bound of
|¢|| L, from this inequality. Indeed, for any 7 € (0, 1), and a,b being two positive
constants, a function h(z) := az™ —x +b : x € Ry —— R has properties that
h(z) =arz™ ' —=1>0if0 <z < (ar)ﬁ; h'(z) < 0 if (aT)ﬁ < x < 4o00; and
hz) = ax(+= —1) + b — —oo if £ — +o0. So by lim,_,o, h(z) = b > 0 there exists
only one point xq € ((cw)ﬁ, +00) such that h(zo) = 0 and h(z) > 0 if z € (0, z0).

Furthermore, we may give a rough upper bound for this zy. To this end, by

noting that h'(z) = % - 7 — 1 is decreasing in > (m-)ﬁ, one may observe that

there exists a x; > 0 such that h'(z1) = 7 — 1 < 0, which indicates x; = AT >
(aT)ﬁ and h(xz1) = b= lim,_,o, h(z). This observation implies that there is a line:
f(z) =b+ (7 — 1)(z — x1) with slope 7 — 1 which intersects h(x) at (z1,h(z1)) and
fulfills h(x) < f(z), as @ > x;. Then for some zo > (aT)ﬁ fulfilling f(xq) = 0 if
and only if 3 = 21 + ;7. As a result, if h(xg) = 0 for the xo > (a7)T-7 = shall imply
e b

To STy =aT + .

Then by letting 7 = (1 — B)(1 — a), a = C1|Del§ o) lel7 o), and b =

Caolle

Ls(Q); We know that

1
_ 1T—(1—-8)(1—a) CQ
< (c Dol B(1 a))l a-8)(1-a)
HSDHLG(Q) > < 1“ (PHL[,(Q) HSOHLM(Q) + 1 — (1 _ 6)(1 _ Oé)

Therefore, combining all these inequalities may conclude that

lellzo) < lellt, @ lellz o
(©)

s 1-6
< 0 ( C D /51 N\ T-THa-a) )
<Nl @ ((CiIDAIE @ Il e) R v et 12 08
a(1-0) B(l—a)(1—06) +0 02 1—
1-(1- ﬁ)(l a) 1-(1 ﬁ)(l a) 1-(1-8)(1-a)
<c, DA el + (o) Il el
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and

a(l - 6) B(1 - a)(1—6)

1—(1—5)(1_a)+1_(1_6)(1_a)+9:1.

Letting p := 17(0‘(179)

TAi e < (0,1) and substituting the expressions of 4, a, 3 into p

may show that

_E:p(1—ﬁ)—(1—p)ﬁ, forpy<l<oand p<r<o.
T o i

Finally, by Young’s inequality (a’6'~% < fa+(1—60)b with a,b > 0 and any 6 € (0,1))

one may find that

Co B Cy = Cy
<1—(1—ﬂ)(1—a)> 92(1—(1—5)(1_a)) 9'19§1—(1—5)(1—a)+1::60

and similarly
& 1 f(1—91) L
Cp Pt <O 41 = ¢y
This completes the proof. n

Now we introduce another powerful lemma, the proof details of which can be

found in [85, Lemma 3.1 and 3.3].

Lemma A.3. Suppose that h € C?(R). Then for all ¢ € C*(Q) satisfying

gL

N
I
(@]

on 0L C R" 1 (n > 2), we have
2 2 1
h/ QA __ = h A 2 = h D2 2 - h” 4
[ r@rveras=—3 [ w@isok+ 3 [ wonpiel -3 [ w@ive
0 o
_g/mh((b)@_JW(M :

and
Vol
o ¢°

where D*¢ denotes the Hessian of ¢.

<2+ iy / 61D n 6P,
Q
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Note that when n = 1, the first equality actually is [, M'(§)¢2¢me = —3 [, 1" (9) 03,

and when n > 2, one should observe V|Vz|? = 2D?z- V2 for any z € C?(). The fol-
lowing lemma is often used to control outer normal derivatives (cf. [86, Lemma 4.2])

on the boundary.

Lemma A.4. Let Q C R*(n > 1) be a bounded domain and w € C*(Q) fulfill

ow

55 l9q = 0. Then one may have

2
8|V£U| < 2k|Vuwl?, on 0L,
ov

where k = k() > 0 is an upper bound for the curvatures of 0.

The following estimate can be achieved by using the Lemma 1 in [75]. Here we
give its generalization and display the proof details in order to show the dependence

on the diffusion coefficient € in the upper bound of ||UHWq1(Q), for our purpose.

Lemma A.5. For any € > 0, a bounded open domain Q@ C R™(n > 1), suppose

v(z,t) is the classical solution of

Ut — eAv = g(U,t), Q2 x (t07T)7
V- i],, =0, t € (to,T),

where g 1s locally Lipschitz continuous function in v and locally Hélder continuous

int. Then for allt € (ty,T) and any e > 0,

oDz < e{loCoto)lbwgeoy + sup o) + 90Ol ) (A2)
(o,

where the constant ¢ depends on max{1,e}, provided that

q<n"—f;), asp<n,
qg < +o00, asp=mn,

q=-+00, asp>n.
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Moreover, if v(x,tg) € W2(Q) satisfies Vo(x,to) - ﬁ}ag = 0, then (A.2) holds
fort — to provided that we replace [[v(-,to)|[wae) in (A.2), by [[v(-,t0)[lwz) when

q € [1,400), and by v(-, ty) € Wg(Q) for some § > n when q = 400, respectively.

Proof. We follow the ideas of [75, Lemma 1] and [67, Lemma 4.1] that let A := A,
be the sectorial operator in L,(2) (1 < p < 400) which is given by

Av == —cAv for ve D(A):={veW}Q); Vuv- 17‘3Q =0}. (A.3)

Then the p-independent spectra of A (denoted by o(A)), without counting the mul-
tiplications, are

O=Ag <A <ANy<--- <A, <

where A; = e); and J; is the j-th eigenvalue of the problem

—Av =X, x€,
Vo-v=0, xe€&df.

Hence as obtained in [87, Lemma 1, p.15], —A is the infinitesimal generator of the
analytical semigroup (e=!),5o. Moreover, A + 1 is also a sectorial in L,({) with its
domain given by D(A) (cf. [88, p.418] or [76, Theorem 1.3.2, p.19]). Thus —(A + 1)
is the infinitesimal generator of the analytical semigroup of (e=#4+Y),54 and in this
case (A + 1)? exists for 8 € R since o(A + 1) > 1 > 0. Now letting h := v + g(v,t)
one may have the representation of v as

t
U(.T,t) _ e_(t_tO)(A+1)U(x,to) +/ e_(t_T)(A'H)h(l", T)dT = Eo(t) + El(t)

to

for to <t < T, thanks to g(v,t) being locally Lipschitz continuous function in v and
locally Holder continuous in ¢. We shall below deal with Ey(t) and E) (t), respectively.

(1) Estimate of Fy(t) for any t > . Indeed, when ¢ € [1,+00) and § > 1/2, we
have

1 Eo () lw) <cll(A+ 1)Be=(t=to)(A+1) (. to)l Ly
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<cll(A +1)7e O (- o) [ 2,

<cg(t —to) Pe 0w (-, to) |1,

for some 0 < § < Re(c(A + 1)), where we use the boundedness of linear operator

(A+1)Pe A+ and a fact (cf. [76, Theorem 1.6.1]) that for 8 € (0, 1)

WiH(Q), if 8>3
D((A, +1)7) — _ (A.4)
C°(Q), if26-2>62>0.

Moreover, when ¢ = +00, by the embedding (A.4) we know for 23 — > 1 that

1o () lwa@ < cllBo()llen@ <ell(Ap +1)%e 0@ (- t) |1, )
(A.5)
<eg(t —to) e o, t0) | ()

(2) Estimate of Ey(t) when t — to. For any 8 € (1/2,1) we may have

lim ||E0(t)||W;(Q) SC}H{}) (A + 1)Pe (-t (AtD) (. to) £yc) = cll (A + 1)BU<'7t0)“Lq(Q)

t—to

<2eCl[vl- )10y | (A4 + D o) [0k < 26Cal0(-,t0) lwzcen

where Cj is from the interpolation inequality of sectorial operator (cf. [76, Theo-
rem 1.4.4]) and ¢ depends on max{1,e}.
Taking p > n and § € (1/2,1) such that 24 — 5 > 1, then by the first row of

(A.5), we have

lim [| Eo(t)||wz (o) S}Eﬁ cll(A4, + 1)56_(t—t0)(Ap+1)U(.7tO)HLP(Q) = c||(A4, + 1)52,(.’%)“%(0)

t—to

<26C o, 10) e 1A+ Do 1)}, < 26C0(-, ) Iz

where ¢ may depend on max{1,¢e}.

(3) The estimate of E;(t) for t > 5. For 1 < p < ¢ < 400 and any z € L,(2) we
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invoke a fact (cf. [89, Lemma 4.1] or [90, Proposition 3.1]) that

n(l

HeitAZHLq(Q) < C(p,qit 2'r

for t € (0,T], where C(p,q) is from Gagliardo-Nirenberg interpolation inequality.
Moreover, by the fact (cf. [76, Theorem 1.4.3]) that

(A + 1)Pe AT || < Oyt P00, t>0,
for any 5 > 0 and some 0 < dp < Re (0(A + 1)), we may compute that
I(A + )P B (1)) 2,0

t
§/ [(A+ 1) e DAy (2 7)) dT (by Minkoswki’s inequality)
to

t
< / (A + 1)Pe 7AW 2|, o dr
to

¢ S (=) (4 (A.6)
SQﬁCg/(t—T)'Be2(tT)He = D h(z, )| 1y d7

to

<2+ 3G-D0(p, Q)Cﬂ/ (t =) 2T e b, 7)1y o) dT

to

t—to
§2B+5(%_%)C(p,q)05 sup Hh(x,t)HLp(Q)/ PG D e d¢
t€(0,T) 0

for p € (1,¢) and some 0 < 6 < Re(o(A+ 1)), thus -8 — %(i — %) < 0 for any

n € N,. Note that the last integral is essentially a I' function which converges

absolutely when

1—ﬁ—%(%—$)>0 and > 0.

Therefore, by (A.4) if 8 € (1,1) then (A.6) means
121 () [[wa e

<C|(Ag + 1) Er(t) ||,
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> nel 1y _
<C<p7Q>Ban)O,B sup Hh(QT,t)HLp(Q)/ gfﬁff(p q)e rs de
te(0,T) 0

<+ 00

which holds for

On the other hand, when ¢ is large enough, by (A.4) with 23 — % > 1 one may have
by (A.6) that

1E () lwe @) <IErOllr@y < Cl(Ag + 1B () Ly

C(p,q,B8,n)Cs sup ||h(a7,t)||L,,(Q)/ PG D de < 400
te(0,T) 0

as long as

which is satisfied as p > n.
(4) Estimate of F;(t) when t — to. Here either p < n or p > n, the (A.6) implies
that

hm {IIEx(W)lwz ) + [ Ex(®)llwe @ } < 2C(p, ¢, 8,n)Cs sup [|h(z, )]l L, @)

te(0,T)

This completes the proof. O

Remark A.1. This result shows that when p =n = 2 and (u,w) is the local classical
solution of (1.10), if
[u D)l < ¢
then ||h]|L,) = [[w —uw + rw(l —w)| @ < cllullr,@ by 0 < w < K given in
Remark 3.1. Thus one may deriwe that for any t € (0,T) C (0, Tmax),
lw( Ollwie) <6 g€ [l +o0).
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