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Abstract

Since it was proposed in 1960, the mixture theory has been widely utilized to

decouple the interactions between constituents in both homogeneous and hetero

geneous mixtures in a macroscopic scale.

In this thesis, a modified mixture theory framework is developed to analyze the

phase change problems of phase change materials (PCMs) and their composites.

Mixture theory based mathematical models are established for onedimensional

pure PCMs and PCM/metal foam composites, and twodimensional melting of

pure PCMs. Volume change due to the density variation during the phase change

of PCMs is considered. For the onedimensional model, the local thermal non

equilibrium effect is considered, and the velocity correlated to the density change

during paraffin melting is introduced. A new constituential heat flux term is pre

sented to explain the heat supply from different constituents, and a new interpre

tation for internal energy supply term is introduced. The governing equations are

numerically solved by using a finite difference method. Temperature field, mushy
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zone evolution, and velocity profile at the boundary are predicted. Experiments

are conducted to validate the numerical analysis. It is shown that the numerical

results obtained by the mixture theory model have a satisfying agreement with the

real situation. For the twodimensional model, we propose that the three regions

can be modeled individually and then coupled using an enthalpy method. Like the

onedimensional mixture model, in the twodimensional model we assume that the

velocity field in the mushy zone is solely dependent on the density variation and

the flow in the liquid region can not penetrate the boundary of the mushy zone.

We also revise the energy equation to a more general form for different mixture

structures. Both local thermal equilibrium and local thermal nonequilibrium situ

ations are considered. The different mixture structures are considered by propos

ing an effective volumetric fraction for each constituent of the mixture. A new

expression for the effective thermal conductivity is provided for mixtures with

local thermal equilibrium model, while for the local thermal nonequilibrium situ

ations, a new energy equation set is given together with our interpretations of heat

flux terms and local thermal interaction terms. Moreover, it is shown that the ex

pression of the effective thermal conductivity under the local thermal equilibrium

conditions can be obtained by assuming the temperatures of the constituents are

the same in the local thermal nonequilibriummodel. By comparing the numerical

results, it is shown that themixturemodel can provide satisfying predictions for the

real situations for different types of mixture structures and for both local thermal
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equilibrium and local thermal nonequilibrium. With this revised heat equation,

the scope of the previously proposed mixture theory framework is extended. On

one hand, it can be used to predict the heat transfer behavior of multiconstituent

materials with different structures including soil, tissues, nanoparticleembedded

materials, etc.; on the other hand, it can also be used to develop optimized struc

tures for heat transfer enhancement.



Publications arising from the thesis

Journal papers

Jiao, Kai, Lin Lu, Tao Wen, and Qiuwang Wang (2022c). “A modified mixture

theory for onedimensional melting of pure PCM and PCM/metal foam com

posite: Numerical analysis and experiment validation”. In: International Jour

nal of Heat and Mass Transfer 186, p. 122461.

Jiao, Kai, Lin Lu, Tao Wen, and Qiuwang Wang (2022e). “Development of mix

ture theory based heat conduction equations for different mixture structures”.

Manuscript submitted for publication.

Jiao, Kai, Lin Lu, Tao Wen, and Qiuwang Wang (2022a). “A 2D mixture theory

model for paraffin/copper foammelting in a cavity”. UnpublishedManuscript.

Jiao, Kai, Lin Lu, Tao Wen, and Qiuwang Wang (2022b). “A comprehensive re

view of approximations of momentum equation for mixtures”. Unpublished

Manuscript.

iv



v

Jiao, Kai, Lin Lu, Tao Wen, and Qiuwang Wang (2022d). “A novel natural con

vection model for paraffin melting in a cavity considering volume change”.

Unpublished Manuscript.

Wen, Tao, Jielin Luo, Kai Jiao, and Lin Lu (2022). “Pool boiling heat transfer

enhancement of aqueous solution with quaternary ammonium cationic surfac

tants on copper surface”. In: International Journal of Heat and Mass Transfer

190, p. 122761.

Wen, Tao, Guangya Zhu, Kai Jiao, and Lin Lu (2021). “Experimental study on

the thermal and flow characteristics of ZnO/water nanofluid in minichannels

integrated with GAoptimized ANN prediction and CFD simulation”. In: In

ternational Journal of Heat and Mass Transfer 178, p. 121617.



Acknowledgements

First and foremost, I would like to give a deep and sincere gratitude to my chief su

pervisor, Prof. Lin Lu for her continuous guidance and invaluable support through

out my Ph.D. study. Her infectious enthusiasm in both research and life helps me

to steel myself to finish my research.

I am extremely thankful to my two cosupervisors. I would like to express my

gratitude to Prof. QiuwangWang who guided me to this research topic and offered

invaluable vision in my research field. I am also grateful to Dr. Tao Wen for his

generous help with my experiments and to my daily life.

Very special thanks to all the members of the Renewable Energy Research

Group. Thanks to Prof. Hongxing Yang and Prof. Sunliang Cao for their priceless

instructions in my confirmation. Thanks to my office members in ZN824 for the

happy and memorable time we have been through together.

Further, I acknowledge the generous financial support from the NSFC/RGC

Joint Research Scheme sponsored by the Research Grants Council of Hong Kong

vi



vii

and the National Natural Science Foundation of China.

Finally, I would like to thank my family for their unconditional and unequivo

cal love of the highest order.



Contents

1 Introduction 1

1.1 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . 6

2 Literature Review 10

2.1 PCMs for Thermal Energy Storage . . . . . . . . . . . . . . . . . 11

2.1.1 Requirements for PCM Characteristics . . . . . . . . . . 11

2.1.2 Classification of PCMs . . . . . . . . . . . . . . . . . . . 12

2.2 Heat Transfer Enhancement Methods . . . . . . . . . . . . . . . . 16

2.2.1 Encapsulation . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.2 Adding Additives with High Thermal Conductivity . . . . 20

2.2.3 Employing Multiple PCMs . . . . . . . . . . . . . . . . . 22

2.2.4 Using Ultrasonic Technology . . . . . . . . . . . . . . . 23

2.3 Research Gaps . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3.1 Difficulties of PCMs in Practical Applications . . . . . . 24

viii



CONTENTS ix

2.3.2 Difficulties inMathematicalModeling andNumerical Cal

culation . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Research Objectives and Methodologies . . . . . . . . . . . . . . 27

3 A Mixture Theory for PCMs 30

3.1 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 Balance Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2.1 Balance of Mass . . . . . . . . . . . . . . . . . . . . . . 34

3.2.2 Balance of Momentum . . . . . . . . . . . . . . . . . . . 36

3.2.3 Balance of Energy . . . . . . . . . . . . . . . . . . . . . 38

3.2.4 Entropy Inequality . . . . . . . . . . . . . . . . . . . . . 43

3.3 Jump Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.4 Approxiamation of Momentum Equation . . . . . . . . . . . . . . 50

4 A Mixture Model for PCMs and PCM Composites 56

4.1 Onedimensional Melting . . . . . . . . . . . . . . . . . . . . . . 57

4.1.1 Problem Description . . . . . . . . . . . . . . . . . . . . 57

4.1.2 Governing Equations . . . . . . . . . . . . . . . . . . . . 59

4.1.3 Experiment Method . . . . . . . . . . . . . . . . . . . . 68

4.1.3.1 PCM and Metal Foam Materials . . . . . . . . 68

4.1.3.2 Experiment Apparatus and Procedures . . . . . 72

4.1.4 Numerical Method . . . . . . . . . . . . . . . . . . . . . 73



CONTENTS x

4.1.5 Model Validation . . . . . . . . . . . . . . . . . . . . . . 76

4.1.5.1 The Influence of Liquid Velocity . . . . . . . . 77

4.1.5.2 Local Thermal Nonequilibrium . . . . . . . . . 80

4.1.5.3 Evolution of the Mushy Zone . . . . . . . . . . 82

4.1.5.4 Error Analysis . . . . . . . . . . . . . . . . . . 84

4.2 A Mixture Model for TwoDimensional PCM Melting . . . . . . 87

5 Modification of the Energy Equation 94

5.1 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.1.1 Balance of Energy in the Mixture Theory . . . . . . . . . 95

5.1.2 Structures of a Mixture . . . . . . . . . . . . . . . . . . . 98

5.1.3 Numerical Result of Temperature Profiles . . . . . . . . . 100

5.1.4 Modified Heat Transfer Equation . . . . . . . . . . . . . 103

5.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . 115

6 Conclusion and Future Work 144

6.1 Summary of Current Work . . . . . . . . . . . . . . . . . . . . . 144

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

References 151

Appendices 169

Appendix I: Optimized Time Steps and Grid Sizes . . . . . . . . . . . 169



CONTENTS xi

Appendix II: Finite Difference Equation at Interfaces . . . . . . . . . . 171



List of Figures

2.1 Research methodology of the thesis . . . . . . . . . . . . . . . . 29

3.1 Motion of a continuous body . . . . . . . . . . . . . . . . . . . . 33

4.1 Onedimensional PCM and PCM/metal foam melting. . . . . . . . 59

4.2 DSC curve of OP42E paraffin. (Sample size: 8.00 mg; heating

rate: 1.5 ◦C/min.) . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.3 Schematic of the experimental setup. . . . . . . . . . . . . . . . . 73

4.4 Relationship between residual and number of grids. (Time: 600 s;

∆t: 4 s) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.5 Relationship between residual and number of time steps in 600 s.

(∆x: 5×10−4 m) . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.6 Temperature profile of pure paraffin melting. . . . . . . . . . . . 77

4.7 Temperature profile of paraffin/nickel foam composite melting. . . 78

4.8 Temperature profile of paraffin/copper foam composite melting. . 78

xii



LIST OF FIGURES xiii

4.9 Velocity of liquid paraffin at the top boundary by numerical cal

culation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.10 Experimental data and numerical results of T1 of pure paraffin

melting. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.11 Experimental data and numerical results of T1 of paraffin/nickel

foam composite melting. . . . . . . . . . . . . . . . . . . . . . . 81

4.12 Experimental data and numerical results of T1 of paraffin/copper

foam composite melting. . . . . . . . . . . . . . . . . . . . . . . 81

4.13 Difference between Tm and T . . . . . . . . . . . . . . . . . . . . 83

4.14 Evolution of φl along x for pure paraffin melting. . . . . . . . . . 84

4.15 Evolution of φl along x for paraffin/nickel foam composite melting. 84

4.16 Evolution of φl along x for paraffin/copper foam composite melting. 85

4.17 Pattern of the melting of paraffin at t=30min . . . . . . . . . . . . 90

4.18 Volumetric fraction of liquid paraffin at t=30min . . . . . . . . . 91

4.19 Stream function of paraffin at t=30min . . . . . . . . . . . . . . . 92

5.1 4 different structures of a 2constituent mixture. The volumetric

fraction of the minor constituent (bronze in color) is 0.2. . . . . . 100

5.2 Schematic of a 2 dimensional heat conduction problem in a square

cavity. The yellow squares represents the heat transfer units in

Figure 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100



LIST OF FIGURES xiv

5.3 The cavity with Type 1 units when m = 4. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 104

5.4 The cavity with Type 1 units when m = 8. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 105

5.5 The cavity with Type 1 units whenm = 16. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 106

5.6 The cavity with Type 1 units whenm = 32. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 107

5.7 The cavity with Type 2 units when m = 4. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 108

5.8 The cavity with Type 2 units when m = 8. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 121

5.9 The cavity with Type 2 units whenm = 16. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 122

5.10 The cavity with Type 2 units whenm = 32. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 123

5.11 The cavity with Type 3 units when m = 4. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 124

5.12 The cavity with Type 3 units when m = 8. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 125



LIST OF FIGURES xv

5.13 The cavity with Type 3 units whenm = 16. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 126

5.14 The cavity with Type 3 units whenm = 32. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 127

5.15 The cavity with Type 4 units when m = 4. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 128

5.16 The cavity with Type 4 units when m = 8. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 129

5.17 The cavity with Type 4 units whenm = 16. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 130

5.18 The cavity with Type 4 units whenm = 32. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 131

5.19 The cavity with Type 1 units when m = 4. (a) Mixture structure.

(b) The temperature distribution at t = 1000s. . . . . . . . . . . . 132

5.20 A lump in Type3 mixture (m = 4). (a) Heat flux field and tem

perature field of the lump. (b) The area to estimate the effective

volumetric fraction. . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.21 Rate of heat transfer through the left boundary of the cavity for

Type1 mixtures in the first 1000 s. . . . . . . . . . . . . . . . . . 134

5.22 Rate of heat transfer through the left boundary of the cavity for

Type2 mixtures in the first 1000 s. . . . . . . . . . . . . . . . . . 134



LIST OF FIGURES xvi

5.23 Rate of heat transfer through the left boundary of the cavity for

Type3 mixtures in the first 1000 s. . . . . . . . . . . . . . . . . . 135

5.24 Rate of heat transfer through the left boundary of the cavity for

Type4 mixtures in the first 1000 s. . . . . . . . . . . . . . . . . . 135

5.25 Temperatures of nickel and paraffin at t=1000 s for Type1 mix

tures whenm = 4. . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.26 Temperatures of nickel and paraffin at t=1000 s for Type1 mix

tures whenm = 8. . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.27 Temperatures of nickel and paraffin at t=1000 s for Type1 mix

tures whenm = 16. . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.28 Temperatures of nickel and paraffin at t=1000 s for Type1 mix

tures whenm = 32. . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.29 Temperatures of nickel and paraffin at t=1000 s for Type2 mix

tures whenm = 4. . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.30 Temperatures of nickel and paraffin at t=1000 s for Type2 mix

tures whenm = 8. . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.31 Temperatures of nickel and paraffin at t=1000 s for Type2 mix

tures whenm = 16. . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.32 Temperatures of nickel and paraffin at t=1000 s for Type2 mix

tures whenm = 32. . . . . . . . . . . . . . . . . . . . . . . . . . 139



LIST OF FIGURES xvii

5.33 Temperatures of nickel and paraffin at t=1000 s for Type3 mix

tures whenm = 4. . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.34 Temperatures of nickel and paraffin at t=1000 s for Type3 mix

tures whenm = 8. . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.35 Temperatures of nickel and paraffin at t=1000 s for Type3 mix

tures whenm = 16. . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.36 Temperatures of nickel and paraffin at t=1000 s for Type3 mix

tures whenm = 32. . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.37 Temperatures of nickel and paraffin at t=1000 s for Type4 mix

tures whenm = 4. . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.38 Temperatures of nickel and paraffin at t=1000 s for Type4 mix

tures whenm = 8. . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.39 Temperatures of nickel and paraffin at t=1000 s for Type4 mix

tures whenm = 16. . . . . . . . . . . . . . . . . . . . . . . . . . 143

5.40 Temperatures of nickel and paraffin at t=1000 s for Type4 mix

tures whenm = 32. . . . . . . . . . . . . . . . . . . . . . . . . . 143



List of Tables

2.1 Name and physical properties of some PCM candidates. . . . . . . 13

4.1 Thermophysical properties of OP42E paraffin. . . . . . . . . . . . 71

4.2 Properties related to the metal foams. . . . . . . . . . . . . . . . . 71

5.1 Values of the effective volumetric fractions. α: the minor con

stituent. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

xviii





Nomenclature

ρ́α True density of constituent α (kg/m3)

∆t Time step (s)

∆x Grid size (m)

ρ̂α Mass supply to constituent α (kg/m3)·s)

ε̂α Energy supply to constituent α from other constituents (W/m3)

γα External energy supply to constituent α (J/s)

q Heat flux vector of the mixture (W/m2)

qα Constituential heat flux vector (W/m2)

T Stress tensor of the mixture (N/m2)

Tα Constituential stress tensor (N/m2)

xx



NOMENCLATURE xxi

uα Diffusion velocity of constituent α (m/s)

vα Velocity of constituent α (m/s)

ρ Density of the mixture α (kg/m3)

ρα Apparent density of constituent α (kg/m3)

Nu Nusselt number

Re Reynolds number

ε Internal energy density of the mixture (J/kg)

εα Internal energy density of constituent α (J/kg)

εI Inner part of internal energy density of the mixture (J/kg)

φα Volumetric fraction of constituent α

φα
e Effective volumetric fraction of constituent α

A Area of the interface of the constituents (m2)

aPm Specific surface area (1/m)

df Fiber diameter of metal foam (m)

dP True density of constituent α (kg/m3)

h Local heat transfer coefficient W/(m3·K)



NOMENCLATURE xxii

k Thermal conductivity (W/(m·K))

kα Thermal conductivity of constituent α (W/(m·K))

T Temperature/Temperature of the mixture (K)

t Time (s)

Tα Temperature of constituent α (K)

Cp Specific heat (J/(kg·K))

Cpα Specific heat (J/(kg·K))

Subscripts

b Boundary

hm Harmonic mean

i (i = 1, 2, 3) Indices of coordinates

l, j Grid number

m Mean

wm Weighted mean

Superscripts

α, β constituent α and β



NOMENCLATURE xxiii

l Liquid

m Metal foam

n Time layer

ni Nickel

pa Paraffin

s Solid



Chapter 1

Introduction

The development of modern society requires an increasing amount of energy,

which leads to booming levels of greenhouse gas emissions. In 2016, global green

house gas emissions reached 31.2 per cent above the 1990 level, with an average

annual increase of 0.9 per cent since 2010 (Change 2019). This results in a notice

able global temperature increase and serious climate change problems in recent

years. Such that nowadays it is more urgent than ever to find and develop new

technologies for effective use of energy. In building, over 50 per cent of building

energy consumption is for cooling and heating purposes, which is mostly origi

nated from fossil fuels burning. Although there exists several replaceable energy

sources such as solar energy and industrial waste heat, they are not widely used in

practice due to the gap between supply and demand. Therefore, research on latent

thermal energy storage (LTES) systems, which correct the gap between demand

1
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and supply, is becoming more and more popular.

As a modal energy storage medium, organic phase change materials (PCMs)

such as paraffin wax and fatty acid have been studied for many years for their

high latent heat and wide range of adjustable melting temperatures. However,

the intrinsic problems of PCMs, such as low thermal consuctivities, greatly expel

them from practical usage. In order to solve this problem, many experimental

studies have been using extra additives with high thermal conductivity to promote

the heat transfer of PCMs, including metal foams (Fiedler et al. 2008; Dukhan and

Bodke 2010), nanoparticles (Zeng et al. 2007; AlJethelah et al. 2018), and carbon

materials (B.r. Li et al. 2019; Kumaresan et al. 2012). Although some of the

endeavors have acquired noticeable improvements to the heat transfer performance

of PCMs, the extra additives also introduce more complexity into mathematical

model development and numerical calculation. In view of the difficulties in the

mathematical modeling of PCMs and PCM composites, in this thesis, we focus on

the development of a new mixture model that is able to interpret the interactions

between liquid PCM, solid PCM, and extra additives.

Usually, three physical models and their associated numerical approaches are

widely used to analyze PCMs and their composites: molecular dynamics (MD)

simulation, latticeBoltzmann method (LBM), and continuum approach. MD is a

molecular scale method based on Newton’s equations of motion. Since thermody

namical processes are analyzed in molecularscale, MD simulation is suitable for
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numerically computing thermophysical properties of pure PCMs and PCM com

posites (M. Zhang et al. 2020). However, for macroscopic problems of large di

mension, the computational cost of MD is expensive and unpleasant (Erastova

2012). LBM is a mesoscale method usually used for solving phase change prob

lems involving a complex geometry such as metal foams (Chen et al. 2014). Both

MD simulation and LBMare able to investigate the thermalmechanism of PCMs/PCM

composites in a microscopic view, but many models of them are not validated

against enough macroscopic experimental results (R. Huang and H. Wu 2015).

Continuum physics on the other hand is a statistical physics assuming materials

are continuous. Although it would lose accuracy for microscopic problems for

the fact that real materials are composed of discrete particles, numerical methods

based on continuum physics are computational friendly and have good agreements

with experimental results for macroscopic phase change problems. Nevertheless,

classical continuum physics is limited in dealing with problems involving multi

ple constituents since physical properties are not the same for different constituent,

for example the PCM/metal foam composite. Also, the local thermal equilibrium

may vanish due to the property differences. To overcome the drawbacks of classi

cal continuum mechanics in dealing with phase change problems, the continuum

mixture theory was introduced by Bennon and Incropera (1987). The mixture the

ory is a branch of continuum physics and it was firstly presented by Truesdell

and Toupin (1960). Different from the classical continuum physics which treats a
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mixture as a continuous body or several continuous parts connected by jump con

ditions, the mixture theory decouples the mixture by constructing balance equa

tions for individual constituents and studies the interactions between them. Over

the years the mixture theory idea has been employed to solve a bunch of phase

change problems of PCMs and their composites (Mesalhy et al. 2005; Xia et al.

2016; Frusteri et al. 2006; Esapour et al. 2018). Nevertheless, one can find that

the expressions for heat transfer terms can vary in different studies. For example,

though both were analyzing PCM melting in a foam structure, Hu et al. (2019)

and Li et al. (2012) were using two different ways to describe the energy conser

vation. This is because the mixture theory is merely a general framework, which

needs to be deconstructed and simplified in terms of assumptions proposed by dif

ferent researchers. As a result, the precise interpretation of mixture theory needs

to be further investigated. Another problem in existing studies is that the veloc

ity generated due to the density difference between solid PCM and liquid PCM is

rarely discussed. This velocity vanishes mainly because of two reasons: first, the

densities of solid PCM and liquid PCM are assumed to be equal for simplicity;

second, the velocity is just ignored because its scale is little. However, the veloc

ity driven by density change plays an interesting role in the heat transfer of PCMs

and its influence on the phase change process can be various (Hassab et al. 2017;

Sparrow and Broadbent 1982; Faden, KönigHaagen, Franquet, et al. 2021).

Generally, there are two approaches to obtain the temperature profile of a mix
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ture with energy variations. The first is to assume that there is local thermal equi

librium for the constituents in a mixture so that one only need to estimate an effec

tive thermal conductivity ke based on the volumetric fraction and thermal conduc

tivity of each constituent. Usually, the value of ke is between the harmonic mean

and the weighted mean of the thermal conductivities of all the constituents (Bart

1994; Carson et al. 2005; Donald A Nield, Bejan, et al. 2006). Sadly, a general ex

pression of effective thermal conductivity ke for different mixture structures is yet

to be developed, and in order to obtain a relatively reliable ke, researchers need to

choose different expressions in terms of the structure of the mixture. For example,

Abidi et al. (2021) used a Maxwell model to estimate the effective thermal con

ductivity of calcium chloride hexahydrate incorporated with nanoparticles. Nield

(1991) proposed that ke can be well estimated by a weighted geometric mean for

a 2constituent mixture while the difference between the thermal conductivities of

the two materials is not huge. Another approach to predict the temperatures of a

mixture is to consider the local thermal nonequilibrium effect. In this case, en

ergy balance equations should be calculated respectively for each constituent. Fol

lowing the classical equation given by Bories (1987), for a static twoconstituent

mixture (α and β), if there is no internal heat supply, the energy equation set is
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given by

φαρ́αCpα
∂Tα

∂t
= φα∇ · (kα∇Tα) + h(T β − Tα)

φβ ρ́βCpβ
∂T β

∂t
= φβ∇ · (kβ∇T β) + h(Tα − T β)

(1.1)

Eq. (1.1) implies that the rate of change of the thermal energy of an individual

constituent equals the heat conduction from the surrounding same constituent plus

the heat from local thermal interaction with the other constituent. However, this

expression somehow violates the concept of the mixture theory. One of the key

assumptions in the mixture theory is that a spatial point is simultaneously occupied

by all constituents (Atkin and Craine 1976), such that constituent α should also

receive the heat conduction from β. Moreover, the local heat transfer coefficient

h is usually determined empirically or experimentally. This indirect manner could

affect the credibility of this approach to some extent (Donald A Nield, Bejan, et al.

2006). Further, the coefficient h in most studies is highly correlated with the local

Nusselt number, and a theoretical expression of h for pure conduction problems is

yet to be developed.

1.1 Organization of the Thesis

The thesis is composed of 6 chapters including the current introduction chapter.

Chapter 2 gives an overview of the PCMs as well as their characteristics. Dif
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ferent heat transfer enhancement methods regarding the low thermal conductivi

ties of PCMs are briefly introduced. Research gaps are discussed to highlight the

problems that we want to solve in this thesis, and the research methods are briefly

introduced.

Chapter 3 presents the mixture theory framework that consists of three parts:

balance laws, entropy inequality, and jump conditions. Local forms of these equa

tions and inequality for the whole mixture are also given. The approximations

of the momentum equations are introduced in this chapter , including the Darcy’s

equation, the Brinkman’s equation and their variations. It is proposed that the

Darcy’s equation is not rigorous to describe the flow model in the mushy zone

where mass interactions exist from the view of the mixture theory. We should

notice that though the mixture theory framework is presented from the aspect of

PCMs, in this chapter no extra assumptions are made such that the equations and

inequality are also valid for other mixtures.

In Chapter 4, we build the mathematical model for onedimensional melting of

pure PCM and PCM composites. Each source term for an individual constituent

is fully considered. A new expression for heat flux terms is defined including heat

conduction terms between different constituents that have not been presented be

fore. A new expression for the internal energy supply terms is also given. By

analyzing the governing equations, it is suggested that the nonlinearity of one

dimensional melting problems only comes from the phase change itself, and the
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addition of metal foam does not introduce extra complexity. Three different prob

lems: pure PCM melting, PCM melting in a copper foam, and PCM melting in

a nickel foam, are numerically solved using a finite difference method based on

the modified mixture theory model. The PCM used in this thesis is paraffin wax

with three phase change processes. Considering the densities of liquid paraffin

and solid paraffin are different, the velocity profile is obtained by the balance of

mass. It is shown that this velocity, which is rarely considered by researchers, has

a noticeable influence on the precise prediction of temperature profile. The ab

sence of local thermal equilibrium is considered in this model. The result shows

that the temperature difference between metal foam and paraffin is trivial except

near the heating side at the beginning of the melting process. Experiments are

designed to validate the numerical results. It is shown that the numerical calcula

tion based on the modified mixture theory model well predicts the phase change

process by comparing the temperature profile. Based on the findings in the one

dimension problem, we also give the mixture model for the twodimensional pure

paraffin melting with a new proposed flow model that avoids the usage of Darcy’s

equation in the mushy zone where mass interactions exist.

In Chapter 5, we propose a new heat conduction model base on the energy

equations of the mixture theory, which is valid for both local thermal equilibrium

and local thermal nonequilibrium situations. Mixture structures are considered

in the model by introducing the effective volumetric fraction which is defined as
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the volumetric fraction that is continuous along the heat flow direction. For the

local thermal equilibrium situations, we give a new expression for the effective

thermal conductivity of the mixture. For the local thermal nonequilibrium situ

ations, revised definitions of heat flux terms and local thermal interactions terms

are proposed to illustrate the heat transfers between each constituent. Four mixture

structures are evaluated in this research, which can serve as analogies to different

materials such as porous materials and nanoparticleembedded materials, and the

related heat transfer problems are solved by two methods: 1. using the classical

heat equation and analyzing every constituent individually, which represents the

real situations; 2. treating the mixture as a whole and applying our revised mixture

model. By comparing the numerical results by the two methods, it is shown that

the mixture theory can provide satisfying predictions to the real situations for both

local thermal equilibrium and local thermal nonequilibrium situations even if the

mixture structures do not strictly follow the assumptions of the mixture theory.

Finally, the thesis is concluded in Chapter 6 and the recommendations for fu

ture work are also given.



Chapter 2

Literature Review

According to the medium of heat storage, there are three types of TES systems:

latent heat, sensible heat and reversible thermochemical reaction. Among all the

traditional and advanced techniques, TES systems using phase change materials is

a promising way due to their high energy density and the isothermal nature of the

storage process. However, PCMs usually suffer some drawbacks such as leakage

problems and low thermal conductivities, which greatly restricts their practical

applications in real situations. In this chapter, we give an overview of the types

of PCMs and their characteristics. Different heat transfer enhancement methods

regarding the low thermal conductivities of PCMs are briefly introduced.

10
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2.1 PCMs for Thermal Energy Storage

For thermal energy storage (TES) systems with PCMS, phase change is involved

during the heat absorption and release processes, and thus latent heat storage sys

tems usually possess a higher energy density than that of sensible ones. Moreover,

PCMs hold a stable temperature range during phase change, such that latent heat

storage has incomparable advantages as a thermal energy storage method (Tian

and Zhao 2011). It is not hard to find out that the capacity of the TES systems

is based on the chosen materials, therefore the study of PCMs is a key issue for

energy storage.

2.1.1 Requirements for PCM Characteristics

One has to make sure the TES system has a high energy capacity, and more im

portantly, the system is steady and sustainable. Abhat (1983) indicates that a TES

system should as least possess three following features: (1) a heat storage sub

stance that undergoes a solidtoliquid phase transition within the desired operat

ing temperature range and wherein the bulk of the heat added is stored as the latent

heat of fusion; (2) a containment for the storage substance; (3) a heat exchanging

surface for transferring heat from the heat source to the heat storage substance and

from the latter to the heat sink, e.g. from the solar collector to the heat storage

substance to the load loop. As a result, although there are numerous phase change
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materials, few can be used in TES systems. Atul Sharma et al. (2009) listed the

requirements of material properties for PCMs that can be used for energy stor

age: suitable phasetransition temperature; high latent heat of transition; good heat

transfer; favorable phase equilibrium; high density; small volume change during

phase change; low vapor pressure; no supercooling; sufficient crystallization rate;

longterm chemical stability; compatibility with materials of construction; no tox

icity; no fire hazard; abundant, available, and cost effective. However, no material

can meet all these requirements. However, all PCMs have one to several defects,

such as supercooling, phase separation, leakage problems, and low thermal con

ductivity. The details of different types of PCMs are introduced in the following

section.

2.1.2 Classification of PCMs

There are different criteria to classify PCMs. For example, according to the state

of PCMs before and after phase change, they can be classified into solid–solid

PCMs, solid–liquid PCMs, solid–gas PCMs and liquid–gas PCMs. In this litera

ture review, PCMs are classified based on their chemical nature (Lin et al. 2018):

organic phase change materials, inorganic phase change materials, and eutectic

phase change materials. Table 2.1 shows several potential candidates for PCMs

that can be used in TES systems along with their melting temperature Tm and latent
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heat L.

Table 2.1: Name and physical properties of some PCM candidates.

PCM Tm (◦C) L (kJ/kg)
KF·4H2O (Khudhair and Farid 2004) 18.5  19 231
CaCl2 · 6H2O (Khudhair and Farid 2004) 29.7 171
Butyl stearate (Khudhair and Farid 2004) 18  23 140
Dodecanol (Khudhair and Farid 2004) 17.5  23.3 9.9151
Propyl palmitate (Khudhair and Farid 2004) 16  19 186
Dimethylsulfoxide (Zalba et al. 2003) 16.5 85.7
Paraffin C18 (Zalba et al. 2003) 28 244
Parffin wax C14 (Zalba et al. 2003) 64 173.6
Erythritol C14 (Zalba et al. 2003) 118 339.8
Propyl palmiate C14 (Zalba et al. 2003) 10 186
Capric acid (Farid et al. 2004) 32 152.7
Caprylic acid (Farid et al. 2004) 16 148.5
Naphthalene (Farid et al. 2004) 80 147.7

Organic PCM can be further divided into paraffins and nonparaffins. Pure

Paraffin is also known as alkane, which has a general chemical formula CnH2n+2.

The melting point of the alkanes increases with the increasing number of carbon

atoms, which is indicated in Table 1. The wide range of melting point of paraffins

makes them promising candidates for TES systems for different purposes. The

solid paraffins usually have two allotropic modifications that are different in their

physical properties and the crystal structure (Abhat 1983). The primary modifi

cation exists at higher temperature whereas the secondary modification exists at

lower temperature. Onemodification can transfer to the other and the process is re

versible. Paraffins as heat storage materials exhibit many advantages such as high

heat of fusion, negligible supercooling, low vapor pressure in the melt, chemically
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inert and stable, self nucleating, no phase segregation and commercial availability

at reasonable cost. Nonparaffins are a large group of materials and they have very

different properties, but most of them are fatty acids or fattyacidlike materials.

Although the cost is higher compared with paraffins, fatty acids have the advan

tages that paraffins process but the melting point is relatively lower. Therefore

they are mostly used in low temperature TES systems. Also, the liquid fatty acids

usually have a high surface tension, which makes the liquids retained in the pores

of host materials and avoids leakage issues(Sarı and Karaipekli 2009). All organic

PCMs have a common drawback: they all have low heat conductivities. Therefore

some thermal conductivity enhancement methods should be applied before prac

tical usage. It is worth mentioning that the risk of fire hazard has to be considered

when using organic PCMs. Sittisart and Farid (2004) investigated the addition of

fire retardants for this issue.

Inorganic PCM can be divided into salt hydrates and metallics, where the for

mer is of most interest. Telkes (1952) first investigated salt hydrates as a phase

change material back in the 1950s. Salt hydrate is an ionic compound in which a

number of water molecules are attracted by the ions and therefore enclosed within

its crystal lattice (Onder and Sarier 2015). Salt hydrates have a prospective future

due to their high energy storage density and low cost. Moreover, they are usu

ally inflammable and inodorous compared with organic PCMs. However, there

are three main disadvantages: (1) some salt hydrates melt incongruently, which
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means that they melt to a saturated aqueous phase and a solid phase that is gen

erally a lower hydrate of the same salt. Because of density differences, the solid

phase tends to build up at the bottom of the container. Thus salt hydrates are

chemically unstable since this transferring is irreversible (Abhat 1983). (2) Salt

hydrates have a tendency to supercool, which prevents the release of the stored

latent heat. However, some researchers utilize this property as an opportunity for

longterm storage of thermal energy while the supercooled liquid is kept at am

bient temperature (Bjørnar Sandnes 2003; Sandnes and Rekstad 2006). (3) They

are very corrosive to many metals that are always used for heat transfer enhance

ment, which limits the performance of the whole system (Noël et al. 2016). In

order to overcome these drawbacks, encapsulation is an ideal solution. Although

salt hydrates are difficult to encapsulate due to their hydrophilicity and tendency

to alter their water content (Graham et al. 2016), there are studies that investigated

the encapsulation of salt hydrates (J. Huang et al. 2013; Rabin et al. 1995).

All of the aforementioned PCMs share a crucial disadvantage: their thermal

conductivities are very low that it highly affects their heat transfer performance.

Therefore metallics are being developed as a media to store thermal energy in

recent years. Metallics includes low melting metals and metal eutectics. Due

to high thermal conductivity, no heat transfer enhancement method is required,

which grants metallics the highest overall energy density. Compared with salt

hydrates, metallics are more economical and stable (J. Yagi and Akiyama 1995).
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Therefore metallics are innovative and prospective materials for hightemperature

TES systems. On the other hand, metallics generally have containment problems

and associated safety issues, and their liquid phase is highly corrosive to metal

materials (Copus et al. 2019). Similar to salt hydrates, encapsulation is an ideal

option to correct these disadvantages. However, two obstacles are to be overcome

for encapsulation, chemical corrosion and phase change expansion (Fukahori et al.

2016).

An eutectic is a minimum melting composition of two or more components

(they can be either organic or inorganic), each of which melts and freezes con

gruently. During crystallization, a mixture of the component crystals is formed

(Rathod and Banerjee 2013). The idea of eutectics is to tailor PCMs with specific

physical properties by using different materials. For instance, two kinds of fatty

acids can be mixed together in order to decrease the phase change temperature.

According to the components used, eutectic can be utilized in many areas such

as building and high temperature thermal energy storage (Wang and Meng 2010;

B.r. Li et al. 2019; Sarı 2003).

2.2 Heat Transfer Enhancement Methods

Although metallics possess a high thermal conductivity, most of the applications

of PCMs such as industrial waste heat recovery, comfort application in building,
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electric peakshaving, solar building power systems and temperature control sys

tems are under a temperature condition lower than 500 ·C (Lin et al. 2018). As a

result, organic PCMs and salt hydrates are still the most frequent materials used

in TES systems. Since the thermal conductivity of these materials is very dis

appointing, enhancement of heat transfer of PCMs is becoming a popular topic.

There are two methods to improve the performance of PCMs in heat storage (T.

Li et al. 2014): (1)enlarging heat exchange area by refining the structure of heat

exchangers or encapsulation; (2)enhancing thermal conductivity by adding fillers

or forcing convection of liquid phase. The purpose of this section is to review the

heat transfer enhancement methods that are commonly used.

2.2.1 Encapsulation

Formost applications, PCMsmust be encapsulated for several considerations (Lane

1983; Tomohiro Akiyama and J.I. Yagi 2000). First, most PCMs undergo a stable

form to mobile form change from discharged state to charged state. Therefore they

have to be encapsulated in a container to maintain the structural stability of TES

systems. Second, some PCMs are encapsulated to protect them from the outside

environment, which is especially significant for chemical unstable or corrosive

materials. Third, encapsulation usually provides a larger contact surface for heat

exchange purposes. Last, encapsulated materials are much more portable for han
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dling and shipment.

Three representative encapsulationmethods are tankheat exchangers, macroen

capsulation and microencapsulation. Tankheat exchangers for PCMs are similar

to other existing tanks used in thermal industry. They are costeffective and have a

large capacity. In order to enhance the heat transfer rate, many researchers are fo

cusing on developing novel structures to enlarge the contact surface. Mahdi et al.

(2018) studied a novel fin configuration in triplextube storage. The result showed

that this new structure enhances natrual convection and enlarges the heat transfer

surface. Compared with conventional fin configuration and pure PCM dispersed

with Al2O3 nanoparticles, the melting time was shortened by 14 and 2.2 times re

spectively. Lu et al. (2018) proposed a water storage tank structure containing 2

types of PCMs that can be used in solar hot water systems. The results indicated

that the phase change heat storage tank containing two different melting points

PCMs can shorten the heat storage time to a certain extent.

Macroencapsulation includes a certain amount of PCM in a discrete unit. The

volume of PCM per unit may range from a few grams to pounds (Lane 1983). The

flexible size and portable character make macroencapsulation the most common

type of PCM encapsulation. The encapsulation materials can be plastic or metal.

If the capsule is rigid enough, the encapsulation can also add mechanical stabil

ity to a system. For example, in buildings, PCM encapsulated in wallboards or

bricks is often used for passive temperature management. Vicente et al. (2014)
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tested the performance of macrocapsulated PCM in horizontally hollowed clay

brick. The PCM macrocapsules increased the heat storage capacity of the tested

wall specimens. The result shows a maximum 80 percent high thermal fluctuation

reduction compared with bricks without PCM. If good heat transfer is important

to the system, the better option is to chose containers with metal walls, which also

provide a higher mechanical stability. It is however necessary to select a suit

able metal which is not corroded by the PCM. This selection should also consider

the metal properties and potential restrictions for shaping and welding may exist

(Mehling and Cabeza 2008). Cui et al. (2017) developed a PCMmacroencapsula

tion method using hollow steel balls(HSB). This PCMHSB composite has a high

thermal conductivity and avoids leakage problems. By applying it to the build

ing, the results showed that the room temperature was reduced by a range of 36

percent.

Microencapsulation is the encapsulation of solid or liquid particles of 1 µm

to 1000 µm diameter with a solid shell. Restricted by the size, heat transfer in

side microencapsulation is dominated by heat conduction, which decreases the

heat transfer rate (Regin et al. 2008). On the other hand, the small encapsula

tion renders a larger contact surface to volume ratio so that the overall heat trans

fer is increased. Cycling stability is also increased since phase separation is re

stricted to microscopic distances. Moreover, it is easy to integrate microcapsules

with other materials (Mehling and Cabeza 2008). However, the high cost deters
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the massive application of microencapsulation. Although there are studies inves

tigating more economical methods of microencapsulation for commercialization

(Hawlader et al. 2003), it is promising and affordable for space technology to some

extent (Rathore and Shukla 2019).

2.2.2 Adding Additives with High Thermal Conductivity

Besides enlarging heat exchange area by encapsulation, enhancing thermal con

ductivity is another method to improve the performance of PCMs. The most used

technique is to add additives with high thermal conductivity. The potential ad

ditives include porous graphite matrix, porous metallic matrix, metallic particles,

microencapsulated materials, carbon fibers, carbon nanotubes, et al.

Porous matrices are popular additives and a lot of studies have been conducted.

Despite the disadvantage of reducing thermal capacity, porous matrices exhibit

reliable performance. Among all porous matrices, metallic porous foams may

be the most promising material because they are chemically stable against most

organic PCMs and much cheaper than graphene. Fiedler et al. (2008) conducted

an experiment to test the performance of different types of foam additives. The

results showed that copper foams increase the heat conductivity by 80 percent

and give a better performance compared with other metals. It is noticeable that

the bigger fraction of metal(lower porosity) renders a higher heat conductivity.
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However, low porosity does not grant better performance since natural convection

within the liquid PCM plays a big role in the overall heat transfer. The existence

of additives restricts the natural convection and slows down the rapid temperature

change of the liquid PCM. Therefore the porosity should be selected carefully to

achieve the maximum performance.

Nanoadditives are another sort of filler to enhance the heat conductivity of

PCM. There are three types of nanoadditives:organic nanomaterials, Inorganic

nanomaterials, andHybrid nanomaterials (HAlKayiem et al. 2013). Among these

nanomaterials, organic nanomaterials are commonly used as nanoadditives to im

prove the performance of heat transfer. Organic nanomaterials include fullerenes,

carbon nanotubes (CNT), singlewalled carbon nanotubes (SWCNT),multiwalled

carbon nanotubes (MWCNT), graphite and nanofibers. Most of them are carbon

based nanomaterials. S Shaikh et al. (2008) explored the enhancement of heat

conduction of different carbonbased materials. A 13 percent heat conduction

enhancement was observed for paraffin with 1 percent single wall carbon nan

otubes. Like porous matrices, nanoadditives also constrain natural convection.

Li et al. (2014) conducted experiments and tested MWCNT, graphite, graphene

with stearic acid. A higher thermal conductivity is observed for all nanoadditives.

They also found that the phase change enthalpy decreases. Moreover, the effect of

natural convection decreases. Under this combination effect, the results indicated

that for MWCNT and graphene, charging time is decreased and discharging time
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is increased when the mass ratio is less than 5 percent, but for graphite it is always

increasing. However, this feature is not always a disadvantage. Zou et al. (2018)

tested the performance of graphene and carbon nanotubes as additives for PCM.

The results showed that the grapheneMWCNT composite with a ratio of 3/7 has

the highest thermal conductivity. Moreover, they addressed that the holdback in

natural convection restrains a rapid temperature rise in liquid PCM which is good

for the thermal management system used for lithiumion power battery.

2.2.3 Employing Multiple PCMs

Employing multiple PCMs is a special method to enhance heat transfer and has

been reported as an attractive technique. The idea is to pack more than one PCMs

of different melting temperatures. The heat transfer rate of the heat storage system

during charging (melting) and discharging (solidification) is mainly driven by the

difference between the temperature of the outer environment(mostly fluid flow or

air) and the melting point of PCM. For a single PCM, this temperature difference

would obviously decrease in the flow direction, which decreases heat transfer rate

and causes poor performance of the system. However, if multiple PCMs of dif

ferent melting temperatures are packed in the unit in the decreasing order of their

melting points, then nearly a constant temperature difference can be maintained

during the melting process, even though the temperature decreases in the flow di
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rection. This leads to almost a constant heat flux to the PCM. During discharging,

if the flow direction is reversed, then the PCMs remain in the increasing order of

their melting points. As a, nearly constant heat flux but from the PCM to outer

flow is possible (Jegadheeswaran and Pohekar 2009).

2.2.4 Using Ultrasonic Technology

The ultrasoundinfluenced heat transfer was initially studied in the 1960s, however

the application of that is still underdevelopment nowadays. It is assured that the

ultrasound with a frequency between 20 and about 100 kHz improves the perfor

mance of heat transfer in liquid. This is because ultrasound can disrupt a fluid bulk

to create cavitation or acoustic streaming, two phenomena with powerful macro

scopic effects for heat transfer enhancement (Legay et al. 2011). The experiment

conducted by Y.K. Oh et al. (2002) showed that ultrasonic vibrations accelerated

the melting process of paraffins as much as 2.5 times compared with its natural

process.

The combination of ultrasound and nanoadditives for heat transfer enhance

ment is rarely studied. The idea of this combination is to make the nanoadditives

resonant by applying an ultrasonic wave whose frequency matches the natural fre

quency of the additives. This application is promising since carbon nanotubes are

well studied as resonators (Gibson et al. 2007).
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2.3 Research Gaps

2.3.1 Difficulties of PCMs in Practical Applications

There exist two major obstacles preventing the PCMs in their practical applica

tions in TES systems. First, the thermal conductivities of PCMs that are suitable

for applications for thermal energy storage or temperature regulation are disap

pointing. For example, the thermal conductivities of paraffin wax in our study is

around 0.18 to 0.25 W/(m·K). Although the low conductivity could be an advan

tage for some special usages like temperature control, generally PCMs are mostly

integrated with thermal energy storage systems where a high thermal conductiv

ity is expected. As a result, using additives is one of the popular techniques to

improve the heat transfer performance of PCMs. As aforementioned, metal ma

trices are shown to possess better performance than other carbon materials, but

their cost is relatively high. Therefore, for big thermal energy storage systems,

carbon materials are preferred. Nevertheless, the application of carbon materials

has two drawbacks: (1) the thermal conductivity of PCM/carbonmaterial com

posites is still nonideal for practical usage;(2) because of the poor dispersion and

density difference, carbon materials in liquid PCMs often have a separation prob

lem. Consequently, thermal conductivity enhancement materials and techniques

for PCMs should be further investigated. Second, the densities of PCMs can suffer

a notable change during their phase change processes. Ukrainczyk et al. (2010) ex
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perimentally studied thermophysical properties of five different PCMs (paraffin),

indicating a noticeable density change during their phase change process. And

this deviation between densities of solid and liquid PCMs could lead to leakage

problems.

2.3.2 Difficulties inMathematicalModeling andNumerical Cal

culation

Numerical studies are always required to analyze the phase change problems of

pure PCMs and their composites. Three numerical approaches and their asso

ciated physical models are widely used: molecular dynamics (MD) simulation,

latticeBoltzmann method (LBM), and continuum approach. MD is a molecu

lar scale method based on Newton’s equations of motion. Since thermodynamical

processes are analyzed on a molecularscale, MD simulation is suitable for numer

ically computing thermophysical properties of pure PCMs and PCM composites

(M. Zhang et al. 2020). However, for macroscopic problems of large dimensions,

the computational cost of MD is expensive and unpleasant (Erastova 2012). LBM

is a mesoscale method usually used for solving phase change problems involving

complex geometry such as metal foams (Chen et al. 2014). Both MD simulation

and LBM are able to investigate the thermal mechanism of PCMs/PCM compos

ites in a microscopic view, but many models of them are not validated against
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enough macroscopic experimental results (R. Huang and H. Wu 2015). Contin

uum physics on the other hand is a statistical physics assuming materials are con

tinuous. Although it would lose accuracy for microscopic problems for the fact

that real materials are composed of discrete particles, numerical methods based

on continuum physics are computational friendly and have good agreements with

experimental results for macroscopic phase change problems. Nevertheless, clas

sical continuum physics is limited in dealing with problems involving multiple

constituents since physical properties are not always continuous across the inter

face of two constituents, for example, the mush region existed in the phase change

process of paraffin where solid phase and liquid phase coexist, and PCM/nano

particle composites. To overcome this drawback, mixture approaches are intro

duced by researchers for phase change problems, which allows studying interac

tion of multiple constituents and making local thermal nonequilibrium assump

tions (P. Zhang et al. 2015; Srivatsa et al. 2014). These studies model phase change

problems of PCM or PCM composites as Stephan problems in a porous medium

which was proposed by Voller (1985) base on the Darcy’s equation. However, this

kind of formulation has its own restrictions. First, the incompressible assumption

on PCMs generates errors in describing multipleconstituent phase change prob

lems that have a varying porosity, for example the heat transfer in mushy zone

of some PCMs. Researchers always use an averaging density (W. Li et al. 2012)

to assure the incompressibility or just make physically nonrigorous assumptions
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(Faden, KönigHaagen, and Brüggemann 2019). However, the density variation

of the PCMs could play an important role in the precise prediction of the phase

change problems. For one dimensional problems, the density variation between

the solid PCM and liquid PCM could evoke a velocity that can serve as a negative

feedback for the whole heat transfer process. And for twodimensional problems

the velocity driven by the density variation between the solid PCM and the liquid

PCM can serve an important role, while is shown in Chpter 4. Second, the formu

lation cannot cover the influence from deformations and motions of constituents,

and nonDarcian effects (Verma and Dewan 2017). Therefore, using averaging or

effective physical properties is still the choice for many phase change problems in

volving deformable or movable additives like carbon nanotubes and nanoparticles

(Bennon and Incropera 1988; Alshaer et al. 2015; B. Li and Zhai 2017; Mahdavi

et al. 2018). Third, the Darcy’s equation is derived based on a assumption of no

mass interaction, however this is not true for melting PCMs, and as a result the

basic form of the Darcy’s equation is not rigid for the phase change problems of

PCMs

2.4 Research Objectives and Methodologies

In this research, we would like to focus on the mathematical modeling of PCMs

and PCM composites in their phase change processes based on a mixture theory
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framework. The detailed objectives are listed below:

(a) To give a comprehensive review of the mixture theory, and the limitations

of the mixture theory in the phase change problems should also be pointed out.

(a) To develop a general mixture theory based framework to model the phase

change problems of PCMs and PCM composites, and give our definitions to each

terms.

(d) To develop a more rational mixture model for the phase change problems

of PCM and PCM composites melting in a cavity.

(c) To experimentally test the melting of pure PCMs and PCM/metal foam

composites and compare the experimental data with the numerical results by the

mixture model in order to validate the rightness of our proposed mathematical

models.

The research methods are described in Figure 2.1.
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Figure 2.1: Research methodology of the thesis



Chapter 3

A Mixture Theory for PCMs

Since it was proposed by Truesdell and Toupin (1960) in 1960, the mixture theory

has been widely utilized to decouple the interactions between constituents in both

homogeneous and heterogeneous mixtures in a macroscopic scale. Generally, the

mixture theory framework consists of three parts: balance laws of mass, momen

tum, and energy; entropy inequality, which exerts restrictions to the balance laws;

jump conditions that handle singular surfaces where continuity disappears. How

ever, the mixture theory is just a general regime for a mixture such that one need

to interpret the equations based on the specific problems. One of the important as

sumptions for the mixture theory is that several constituents occupy a same spatial

potsition at the sametime. However, in real life 2 entities can never overlap. This

reflects that the mixture theory framework is a macroscopic method and can not

deal with the microscopic structure of a mixture. Also, some terms in the mixture

30
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theory,like the thermal interaction coefficient, are based on a series of assumptions

and highly dependent on empirical relations. Moreover, because the some defini

tions of terms in the mixture theory can be ambiguous, the terms can be defined

differently in different studies. For example, the stress tensor of the mixture is

given by

T = TI −
∑
α

ραuα ⊗ uα (3.1)

in the studies of Truesdell and Toupin (1960), Bowen (1980), and Liu (2014).

While Green and Naghdi (1969), and Rajagopal (Rajagopal 2007) use a different

expression for the same quatity that

T = TI (3.2)

As a result, it is important to show the mixture theory with consistent definitions

for each terms. In this research, we follow the basic definitions given by Truesdell

and Toupin (1960). For the balance laws and entropy inequality, we apply the

expressions given by Bowen (1980). Further, jump conditions given by Eringen

and Ingram (1965) is adopted in order to describe the boundary conditions.
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3.1 Kinematics

We here consider an arbitrary deformable continuous body B in a Euclidean space

shown in Figure 3.1. According to continuum physics, an arbitrary material point

in the reference configurationΩ0 is defined by a position vectorX. The position of

X in the current configuration Ω is denoted by x. The motion of X to x is defined

by using a pointtopoint mappingχ, where x = χ(X, t). For conventional contin

uum theory, it is required that the mappingχ is a onetoone relationship. Namely

the spatial position x is occupied by a specific material point that is subjected to

χ. However, for mixture theory, an arbitrary point x may consist all constituents,

and the motion of constituent α is given by χα(Xα, t), where Xα is the position of

constituent α in the reference configuration. The velocity of the mixture and the

velocity of a single constituent is defined by

v =
∂χ

∂t
, vα =

∂χα

∂t
(3.3)

Since each constituent α has there ownmotion, every constituent should have their

own deformation tensor Fα that

Fα =
∂χα

∂Xα
(3.4)
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which results in a constituential effective stress tensor Tα. Moreover, the material

derivative of a physical property f can either follow the motion of the mixture or

the motion of constituent α, which indicates

Df

Dt
=
∂f

∂t
+∇f · v (3.5)

Dαf

Dt
=
∂f

∂t
+∇f · vα (3.6)

Figure 3.1: Motion of a continuous body B.
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3.2 Balance Laws

3.2.1 Balance of Mass

According to aforementioned considerations, the local form of the balance of mass

for the mixture using a Euclidean description is given by (Ray M Bowen 1976)

Dρ

Dt
+ ρ∇ · v = 0 (3.7)

and the local form of the balance of mass for constituent α is

Dαρα

Dt
+ ρα∇ · vα = ρ̂α (3.8)

where ρα is the bulk density of α and ρ̂α stands for the mass supply rate to α

from other constituents. The relation between mixture density ρ and constituential

density ρα yields

ρ =
∑
α

ρα (3.9)

The mixture velocity v is defined by

v =
1

ρ

∑
α

ραvα (3.10)
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According to the definitions for mixture theory by Truesdell and ToupinTruesdell

and Toupin 1960, Eq. (3.7) should be equal to the summation of Eq. (3.8), which

indicates

∑
α

ρ̂α = 0 (3.11)

For phase change problems of PCMs, many numerical studies use a continuity

equation ∇ · v = 0 for the mixture. However, this results in an invariant density

while phase changing or no phase transition between constituents. For example,

in the mush region of melting paraffin that is a mixture composed by solid paraffin

s and liquid paraffin l, ρ̂s is the mass transition rate from liquid paraffin to solid

paraffin while ρ̂l represents the mass transition rate from solid paraffin to liquid

paraffin where ρ̂l = −ρ̂s ̸= 0. If the aforementioned continuity equation is ap

plied, according to Eq. (3.7)Eq. (3.11) it can be derived that the true density of

solid paraffin ρ́s equals that of liquid paraffin ρ́l, which would cause errors for most

PCMs suffer a noteworthy density variation during their phase change process. It

is important to mention that, which is different from classical continuum physics,

the assumption∇·v = 0 does not imply an incompressibility for mixtures. Bowen

(1980) stated that the mixture is incompressible as long as the true density of each

constituent is a constant, though the mixture density ρ might vary.
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3.2.2 Balance of Momentum

The angular momentum is always balanced by using some definitions and the

demonstration of this conclusion is shown by Jiao (2017).The local form of bal

ance of linear momentum for the mixture and constituent α are defined by (Ray M

Bowen 1976)

ρ
Dv
Dt

−∇ · T− ρb = 0 (3.12)

ρα
Dαvα

Dt
−∇ · Tα − ραbα − p̂α = 0 (3.13)

where T is the stress tensor; b is the external body force vector; Tα is the Cauchy

stress tensor of α; bα is the body force vector for α; p̂α is the momentum supply

to α from all the other constituents. Again, the compatibility between Eq. (3.12)

and Eq. (3.13) requires that

T = TI +
∑
α

ραuα ⊗ uα (3.14)

and

∑
α

(p̂α + ρ̂αvα) = 0 (3.15)
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where uα is called the diffusion velocity of α which is defined by

uα = vα − v (3.16)

and TI is the inner part of the stress tensor given by

TI =
∑
α

Tα (3.17)

TI is also symmetric in accordance with Eq. (3.14). Whereas the constituential

stress tensor Tα is unnecessarily symmetric due to local interactions. The expres

sion of body force vector b in terms of bα is given by

b =
1

ρ

∑
α

ραbα (3.18)

For phase change problems, the most common body force source is gravity, which

is evenly exerted on each constituent. As a result, for many problems it is reason

able to assume a uniform body force vector that bα = b.
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3.2.3 Balance of Energy

The balance of energy for the mixture and constituent α are given by (Ray M

Bowen 1976)

ρ
Dε

Dt
− T : ∇v+∇ · q− ργ = 0 (3.19)

ρα
Dαεα

Dt
− Tα : ∇vα +∇ · qα − ραγα − ε̂α = 0 (3.20)

where ε is the mixture internal energy density; q is the heat flux vector; γ is the

heat supply term; εα is the internal energy density of constituent α; qα is the con

stituential heat flux vector; γα is the heat supply to constituent α from external

sources; and ε̂α is the energy supply to constituent α from other constituents. The

internal energy of the mixture is given by

ε = εI +
1

ρ

∑
α

1

2
ραuα · uα (3.21)

and the heat flux and external heat supply are defined by (Ray M Bowen 1976)

q = qI +
1

2

∑
α

ρα(uα · uα)uα (3.22)
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γ =
1

ρ

∑
α

ραγα (3.23)

where εI and qI are the inner part of internal energy density and heat flux respec

tively that are defined by (Ray M Bowen 1976)

εI =
1

ρ

∑
α

ραεα (3.24)

qI =
∑
α

[qα − (Tα)T · uα + ραεαuα] (3.25)

Mixture theory requires that Eq. (3.19) can be obtained by taking summation of

Eq. (3.20) over all constituents. By using definitions in Eq. (3.21)(3.25), it is

suggested that

∑
α

(ε̂α + p̄α · uα + ρ̂α(εα +
1

2
ραuα · uα)) = 0 (3.26)

The abovementioned definitions have to be consistent with the balance of energy.

Namely, if we substitute (3.21)(3.25) into the local form of the balance of energy

of the mixture described by Eq. (3.19), it can be expanded to the form for indi

vidual constituents given in Eq. (3.20). Therefore that the diffusion velocity must

yield ∑
α

ραuα = 0 (3.27)
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Here, in particular, for the cases that the body force is uniform, namely

bα = b (3.28)

we may develop another way of describing the balance of energy. With the aid of

(3.27), Eq. (3.19) may be written as

ρ
Dε

Dt
= T : ∇v−∇ · q+ ργ + b ·

∑
α

ραuα (3.29)

It is noticed from (3.27) that the last term on the right of Eq. (3.29) is zero. Next, if

the body force is uniform, which is reasonable since the body force acting on most

mixtures that we consider is gravity only, we may move b in the right hand side of

Eq. (3.29) inside the summation. Therefore Eq. (3.29) can be further written as

ρ
Dε

Dt
= T : ∇v−∇ · q+ ργ +

∑
α

ραuα · bα (3.30)

The left side of Eq. (3.30) can be expanded using (3.21),

ρ
Dε

Dt
= ρ

DεI
Dt

+
∑
α

[
ραuα · D

αuα

Dt
−∇ · [(1

2
ραuα · uα)uα] + 1

2
ρ̂αuα · uα

]
(3.31)
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and the first term inside the parenthesis of (3.31) can be expressed as

∑
α

ραuα · D
αuα

Dt
=

∑
α

ρα[uα · aα −∇v : (uα ⊗ uα)] (3.32)

Then Eq. (3.30) is expanded to

ρ
DεI
Dt

+
∑
α

[
ραuαaα −∇v : (uα ⊗ uα)−∇ · [(1

2
ραuα · uα)uα] + 1

2
ρ̂αuα · uα

]

= (TI −
∑
α

ραuα ⊗ uα) : ∇v−∇ · [qI +
1

2
ραuα · uα)uα]

+
∑
α

ραuα · bα + ργ (3.33)

For convenience, let us define a vector k, where

k =
∑
α

(qα + ραεαuα) (3.34)

and accordingly we have

TI : ∇v =
∑
α

Tα : ∇vα +
∑
α

uα · ∇ · Tα −∇ · k+∇ · qI (3.35)
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Now by substituting Eq. (3.35) into (3.33), with the aid of the balance of linear

momentum, we have

ρ
DεI
Dt

=
∑
α

Tα : ∇vα −∇ · k+ ργ −
∑
α

uα · p̂α − 1

2

∑
α

ρ̂αuα · uα (3.36)

It is noticed that for a solidliquid phase change problem without energy supply, if

the mixture velocity is assumed to be incompressible, Eq. (3.19) is reduced to

ρ
Dε

Dt
+∇ · q = 0 (3.37)

Furthermore, if the mechanical part is not taken into account, for pure PCM with

a constant specific heat capacity CP , the internal energy density is written as

ε = CPT + φL (3.38)

where T is the averaging temperature of the mixture; φ is the volume fraction of

liquid phase; L is the latent heat of the PCM. Eq. (3.37) together with Eq. (3.38)

is usually used to avoid modeling the moving interface for phase change problems

which is known as the enthalpy method.
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3.2.4 Entropy Inequality

Instead of formulating equations for individual constituents, the entropy inequal

ity is postulated for the whole mixture to avoid unexpected constrains (Bedford

and Drumheller 1983). Obtained by Bowen and Wiese (1969), the local form of

entropy inequality is expressed as

ρ
Dη

Dt
+
∑
α

∇ · h
α

Tα
−
∑
α

ραγα

Tα
⩾ 0 (3.39)

whereTα is the temperature of constituentα, η is the entropy density of themixture

which is defined by

η =
1

ρ

∑
α

ραηα (3.40)

where ηα is the entropy density of constituent α, and hα is a flux vector given by

hα = qα + Tαραηαuα (3.41)

where η is the entropy density of the mixture defined by

η =
1

ρ

∑
α

ραηα (3.42)
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and ηα is the entropy density for constituent α. Using (3.42), Eq. (3.39) may be

expanded to

∑
α

[ρα
Dαηα

Dt
+∇ · (h

α

θα
− ραηαuα)− ραγα

θα
+ ρ̂αηα] ⩾ 0 (3.43)

Next, with the aid of the local form of the balance of energy given in Eq. (3.20),

the term ραγα is replaced in (3.43). Therefore Eq. (3.43) becomes

∑
α

[
ρα
Dαηα

Dt
+

1

θα
∇ · hα − hα · ∇θα

(θα)2
−∇ · (ραηαuα)

− 1

θα
[ρα

Dαεα

Dt
− Tα : ∇vα +∇ · qα − ε̂α] + ρ̂αηα

]
⩾ 0 (3.44)

By introducing a new scalar êα which is defined by

êα = ε̂α + uα · p̂α + ρ̂α(εα +
1

2
uα · uα) (3.45)

Eq. (3.44) is written as

∑
α

1

θα
[ρα(θα

Dαηα

Dt
− Dαεα

Dt
) + Tα : ∇vα − hα · ∇θα

θα
+∇ · (hα − qα)

− θα∇ · (ραηαuα)− ρ̂α(εα − θαηα +
1

2
uα · uα) + êα − uα · p̂α] ⩾ 0

(3.46)



CHAPTER 3. A MIXTURE THEORY FOR PCMS 45

At this point, the definition of the flux vector hα is given by

hα = qα + θαραηαuα (3.47)

By substituting (3.47) into the general form of the entropy inequality for individual

constituents is obtained, which is rewritten as

∫
Vα

∂

∂t
(ρη) dv ⩾ −

∫
∂Vα

∑
α

ραηαvα · n da

−
∫
∂Vα

∑
α

qα

θα
· n da+

∫
Vα

∑
α

ραγα

θα
dv (3.48)

Moreover, inequality (3.46) may be written as

∑
α

1

θα
[ρα(θα

Dαηα

Dt
− Dαηα

Dt
) + Tα : ∇vα−

1

θα
(qα · ∇θα) + êα − uα · p̂α − ρ̂α(εα − θαηα +

1

2
uα · uα)] ⩾ 0 (3.49)

For mixtures subjected to a uniform temperature, we may obtain an alternative

form of the inequality. To this end, we introduce the Helmholtz free energy which

is defined by

ψα = εα − ηαθα (3.50)
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and the material derivative of ψ following the motion of constituent α is

Dαψα

Dt
=
Dαεα

Dt
− ηα

Dαθα

Dt
− θα

Dαηα

Dt
(3.51)

By substituting (3.51) back into Eq. (3.49), with the understanding that θα = θ,

we obtain

∑
α

[−ρα(D
αψα

Dt
+ ηα

Dαθ

Dt
)

+ Tα : ∇vα − 1

θ
(qα · ∇θ) + êα − uα · p̂α − ρ̂α(ψα +

1

2
uα · uα)] ⩾ 0

(3.52)

Moreover, if the mixture is subjected to a uniform body force, it can be shown that

∑
α

êα = 0 (3.53)

Therefore the entropy inequality is further reduced to

∑
α

[−ρα(D
αψα

Dt
+ ηα

Dαθ

Dt
) + Tα : ∇vα − 1

θ
(qα · ∇θ)

− uα · p̂α − ρ̂α(ψα +
1

2
uα · uα)] ⩾ 0 (3.54)
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3.3 Jump Conditions

In real situations, the mixture can not always continuous, and as a result, physical

properties can suffer a jump where discontinuity appears. We should state that

the discontinuities are not referring to the property differences between the local

constituents, but the macroscopic jumps like the interface between two mixtures.

Most PCMs and PCM composites can be regarded as continuous mixture because

they are homogeneous or heterogeneous. However, if there is a suddenly change

in the structures of PCMs and PCM composites, we should expect some properties

could suffer jumps including temperature, velocity, pressure, density, etc. More

over, we do not consider the gap and overlap of constituents in this mixture theory

framework, which indicates that the motion of the mixture is always continuous.

In this thesis, the jump conditions are not used for calculation because the PCMs

and PCM composites we study are assumed to be continuous, yet we would like to

show the expressions of the jumps conditions because it is a significant part of the

mixture theory and would be essential for our studying the discontinuities in PCMs

in the future. We follow the definitions given by Casey (2011) , who claimed that a

jump can be considered as an infinitesimally narrow material region that is called

a singular surface. For an arbitrary field property Φ, its jump across a singular
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surface Γ is given by (Casey 2011)

[[Φ]] · n = (Φ+ − Φ−) · n (3.55)

where Φ+ and Φ− are the two onesided limits of property Φ at Γ, and n is a unit

normal on Γ that point into + side.

The local form of jump of mass for the mixture is given by

[[ρuΓ]] · n = 0 (3.56)

where uΓ is the diffusion velocity relative to the singular surface for the mixture

defined by the difference between mixture velocity v and velocity of the singular

surface vΓ

uΓ = v− vΓ (3.57)

The jump of mass for constituent α is given by

[[ραuαΓ]] · n = ρ̄α (3.58)

where uαΓ is the diffusion velocity relative to the singular surface for α, and ρ̄α is
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the mass supply rate to α from other constituents on Γ that follows

∑
α

ρ̄α = 0 (3.59)

The jump of linear momentum for the mixture is given by

[[ρv⊗ uΓ − T]] · n = 0 (3.60)

and the jump of linear momentum for constituent α is expresses as

[[ραvα ⊗ uαΓ − Tα]] · n = s̄α (3.61)

with the momentum supply rate term s̄α defined by

s̄α = ρ̄αvα + p̄α (3.62)

where the first term on the right hand side stands for the momentum supply on Γ by

mass supply, and the second term indicates the momentum supply from chemical

reaction or phase change.

The jump conditions of energy are given by

[[ρ(ε+
1

2
v · v)uΓ − TT · v+ q]] · n = 0 (3.63)
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[[ρα(εα +
1

2
vα · vα)uαΓ − (Tα)T · vα + qα]] · n = w̄α (3.64)

where w̄α is the rate of energy supply on the singular surface Γ defined by

w̄α = ρ̄α(εα +
1

2
vα · vα) + p̄α · vα + ε̄α (3.65)

Eq. (3.65) suggests that the energy supply rate to α on Γ consists of three com

ponents. The first part is the energy carried by the mass supply involving internal

energy and kinetic energy, the second part is from the momentum supply on the

singular surface, and the third part is the energy transfer rate from contact.

As stated previously, the entropy inequality can not be postulated for individual

constituents. Likewise, the jump of entropy should be presented the the mixture.

With the relation
∑

α(hα/Tα) = h/T , the local for of the jump of entropy is given

by

[[ρηuΓ +
h
T
]] · n ⩾ 0 (3.66)

3.4 Approxiamation of Momentum Equation

Although we have the balance laws for the mixture, they can not be directly solved

for the number of unknowns is greater than the number of equations, and as a result
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we need some constitutive relations or approximations to constrain the balance

laws. It is noticed that in the mushy zone generated in the phase change processes

of PCMs is of a porous structure, andmost heat transfer enhancementmaterials like

metal foams and carbon materials can be regarded as porous materials. Intuitively

we can use Darcy’s equation to approximate the momentum equation1. Now let us

consider a binary mixture consists of a solid constituent s and a liquid constituent

l. For porous media, the inertia force is usually neglected (Ray M Bowen 1980,

Qiao et al. 2018), and if we ignore the viscous stress for liquid components that

Tl = −pI (3.67)

and say the body force is uniform, Eq. 3.13 for the liquid fraction becomes

−∇p+ ρ́lφlb+ pl = 0 (3.68)

Though we have ignored the viscosity effect of the liquid, the drag from the solid

can not be ignored and should be included in the term pl. According to the exper
1Darcy’s equation is also referred to as the Darcy’s law, which initially was an empirical relation

founded byDarcy (1856). Yet Rajagopal (2007) suggested that this relation should not be conferred
as a ”law” because it is just an approximation of the momentum equation. In this research, we apply
this proposition and use ”Darcy’s equation” refer to this approximation.
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iment studies it was found that

pl = −α(vl − vs) (3.69)

where the negative symbol indicated that the direction of the drag is opposite to

that of velocity. Here we say the body force solely comes from gravity that

b =


0

0

−g

 (3.70)

Such that we have

vl =
1

α
(−∇p+ ρ́lφlb) (3.71)

which is the Darcy’s equation. Rewire the drag coefficient α in terms of intrinsic

permeability K and viscosity µ that

α =
µ

K
(3.72)

The above derivation process is consistent with Freeze (1979) andRajagopal (1995).

However the above derivation is not pure theoretical because an empirical relation
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Eq. 3.69 is used from which the resulted restrictions are not clear. In view of this,

we may apply the entropy inequality to the momentum equation and obtain the

same equation as Eq. 3.71 to find out the assumptions we need to make. Consider

a mixture consists of multiple incompressible liquids and multiple incompressible

elastic solids. If the mixture is of local thermal equilibrium that Tα = T and ac

celeration of liquid constituents is ignored, Bowen (1980) showed that Eq. (3.39)

requires the balance of momentum for any liquid constituent l to be

φlvl = −Kl

µl
· (∇P l − ρ́lbl) (3.73)

which is the general form of the Darcy’s equation, where Kl is the permeability

tensor of l, µl is the viscosity of l, and P l is called the pore pressure for con

stituent l. The same equation wasw obtained by Liu (2014) by using Lagrange

multipliers. In obtaining Eq. (3.73), the following assumption’s are made: (1)

inertia of the fluid constituents is ignored; (2) The solid constituents are rigid; (3)

deformations are isothermal and there is no local temperature difference between

different constituents; (4) constituents are incompressible and there is no mass

exchange between constituents; (5) the drags only exist between solid and liquid

constituents. Although the Darcy’s equation has been applied by some studies

(Voller et al. 1985) to describe the fluid flow in the porous structures of PCMs

and PCM composites, some aforementioned assumptions do not follow the real
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situations from the aspect of the mixture theory. First, inside the mushy zone

there is mass exchange between solid PCMs and liquid PCMs; second, if the ther

mal conductivities between extra additives and PCMs vary significantly, which is

quite common, there would be local thermal nonequilibrium; third, deformation

could exist for some solid constituents like solid PCMs and carbon materials; last,

sometimes the acceleration of the fluid constituents can not be ignored. In order

to overcome these restrictions, on one hand, we can revise the Darcy’s equation to

a more general form. If we now consider the liquid constituents are Newtonian,

Eq. (3.73) can be revised to the

φlvl = −Kl

µl
· (∇P l − ρ́lbl) +

Kl

φl
· ∇(∇ · vl) (3.74)

which is equivalent to the Brinkman’s equation. Regarding this topic, Rajagopal

(2007) gave the expression of the revised Darcy’s equation for the unsteady vis

cous flow through a rigid solid, and Preziosi and Farina (2002) derived the Darcy’s

equation for the mixtures with mass interactions between constituents. On the

other hand, we can avoid using the Darcy’s equation by using different mathe

matical models. The most complicated region for the phase change problems of

PCMs and PCM composites is the mushy zone where the solid PCM, liquid PCM,

and additives coexist. Recall that the purpose of using Darcy’s equation is to find

the approximate form of the momentum equation to obtain the velocity field. In
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this case, if we can use the mass equation together with some other constitutive

relations to find the velocity field, the momentum equation is not needed. This

idea is applied in this research to find the velocity field inside the mushy zone and

the details are shown in the following chapter.



Chapter 4

A Mixture Model for PCMs and

PCM Composites

In this chapter, we build the mathematical model for onedimensional melting of

pure PCM and PCM composites based on the general mixture theory shown in the

previous chapter. Each source term for an individual constituent is fully consid

ered. A new expression for heat flux terms is defined including heat conduction

terms between different constituents that have not been presented before. A new

expression for the internal energy supply terms is also given. By analyzing the

governing equations, it is suggested that the nonlinearity of onedimensional melt

ing problems only comes from the phase change itself, and the addition of metal

foam does not introduce extra complexity. Three different problems: pure PCM

melting, PCM melting in a copper foam, and PCM melting in a nickel foam, are

56
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numerically solved using a finite difference method based on the modified mix

ture theory model. The PCM used in this study is paraffin wax with three phase

change processes. Considering the densities of liquid paraffin and solid paraffin

are different, the velocity profile is obtained by the balance of mass. It is shown

that this velocity, which is rarely considered by researchers, has a noticeable influ

ence on the precise prediction of temperature profile. The absence of local thermal

equilibrium is considered in this model. The result shows that the temperature dif

ference between metal foam and paraffin is trivial except near the heating side at

the beginning of the melting process. Experiments are designed to validate the nu

merical results. It is shown that the numerical calculation based on the modified

mixture theory model well predicts the phase change process by comparing the

temperature profile.

4.1 Onedimensional Melting

4.1.1 Problem Description

The onedimensional melting of PCM and PCM/metal foam composite is shown

in Figure 4.1. A constant temperature Tb, which is higher than the melting point of

the PCM, is exerted on the top boundary. Thus, the effect of buoyancy difference

on the direction of fluid velocity can be ignored so that the melting is assured to be
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onedimensional all time. This type of one dimensional problem is usually seen

in PVT systems, which is filled with PCMs and heated from top. By building

the model, we can model the onedimensional heat transferring and predict the

leakage problem. The rest of three boundaries are insulated. Accordingly, the

melting direction should be from the top boundary to the bottom, and the melting

direction is chosen to be the positive direction of the coordinate. Conventionally,

the melting region can be divided into three regions: the liquid region, the mushy

zone, and the solid region. Since the density of solid PCM is usually higher than its

liquid state (Ukrainczyk et al. 2010), a negative velocity u should exist in both the

mushy zone and the liquid region. In view of the consistency, here the liquid PCM

is allowed to pass through the top boundary freely as a heat loss. If the densities of

liquid PCM and solid PCM are assumed to be constant, the velocity in the liquid

region is fully developed and should also be constant. The mushy zone is the

place where the melting taking place, inside which the liquid phase and the solid

phase coexist. Yang et al. (X. Yang et al. 2019) experimentally investigated the

microscopic morphology of the mushy zone, indicating the liquid fraction along

the melting direction is changing nonlinearly. Hence the velocity inside the mushy

zone should be correlated to x. It should be noticed that PCMs like paraffin wax

are usually chemically mixtures instead of pure substances, which would result

in more than one phase change process. This phenomenon has been observed for

different types of PCMs (Sun et al. 2016; W. Wu et al. 2015; S. Yang et al. 2014).
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As a result, the possible solidsolid phase change inside the solid region should be

considered.

Figure 4.1: Onedimensional PCM and PCM/metal foam melting.

4.1.2 Governing Equations

For one dimensional melting problems shown in Figure 4.1, it is assumed that the

motion of liquid PCM is driven by the phase change only, and there is no pressure

change, viscous dissipation, or momentum supply. Moreover, because the heating

side is at the top boundary, the body force can be ignored. Thus, the momentum

is automatically balanced, and we only need mass equation and energy equation

to model the problem. The local form of the balance of mass for constituent α

using a Euclidean description is given by Eq. (3.8). By using Eq.(3.6), Eq.(3.8) is
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expanded to

∂ρα

∂t
+ vα∇ρα + ρα∇ · vα = ρ̂α (4.1)

where the apparent density ρα is

ρα = φαρ́α (4.2)

φα is the volumetric fraction of constituent α, and ρ́α is the true density of α. In

the melting problems, for convenience, properties of the liquid PCM, solid PCM,

and metal foam are superscripted with l, s, andm, respectively. Next, we assume

that the true density of solid PCM ρ́s does not change along with the solidsolid

phase change. Moreover, it is assumed that the solids are rigid, which implies that

us = 0 and um = 0. Based on the above assumptions and notations, the balance

of mass Eq. (4.1) for the melting problem shown in Figure 4.1 can be rewritten

into

ρ́l
∂φl

∂t
+ ρ́l

∂

∂x
(φlul) = ρ̂l (4.3)

ρ́s
∂(1− φl − φm)

∂t
= ρ̂s (4.4)
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The mass equation for the metal foam vanishes because the metal is not involved

in any physical or chemical changing so that its mass is always balanced. For pure

PCM melting, φm is just 0. By using Eq. (3.11) and Eq. (4.4) in Eq. (4.3), the

velocity of the liquid is obtained as

ul = − ρ́s

φl + σ
(
1

ρ́l
− 1

ρ́s
)

∫ x=H

x

∂φl

∂t
dx (4.5)

where σ is a small number to avoid 0 divisor.

Recall the balance of energy for constituent α that

ρα
Dαεα

Dt
− Tα : ∇vα +∇ · qα − ραγα − ε̂α = 0 (4.6)

where εα is the internal energy density of constituent α; qα is the constituential

heat flux vector; γα is the heat supply to constituent α from external sources; and

ε̂α is the energy supply to constituent α from other constituents. In this one di

mensional phase change problem, the fluid flow is solely driven by the density

difference between liquid PCM and solid PCM, and the scale of the velocity is

quiet small. Moreover, usually the viscosity of liquid PCM is not significant (for

paraffin OP42E, µ=5.52×10−3 Pa·s). As a result, we assume the viscous dissi

pation is negligible and ignore the viscosity term Tα : ∇vα. Since there is no

chemical reaction or other heat sources, the heat source term ραγα is also ignored.
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The equations of energy Eq. (4.6) for each constituent are reduced to

φlρ́l(
∂εl

∂t
+ ul

∂εl

∂x
) = −∂q

l

∂x
+ ε̂l (4.7)

φsρ́s
∂εs

∂t
= −∂q

s

∂x
+ ε̂s (4.8)

φmρ́m
∂εm

∂t
= −∂q

m

∂x
+ ε̂m (4.9)

Because of the phase transition, φl and φs should be dependent on both position

and time. Thus Eqs. (4.7) and (4.8) should be nonlinear, whereas Eq. (4.9) is

linear since φm is constant. Furthermore, if another solid additive is added into the

system, we just need to include a linear energy equation with the form of Eq. (4.9),

hence the nonlinearity of onedimensional melting of PCM totally comes from the

phase change process itself and the addition of additives does not increase the

order of the system. Eqs. (4.3), (4.4), and (4.7)  (4.9) are the governing equations

for the melting problems of PCM and PCM/metal foam composite. Nevertheless,

problems can not be solved merely by those equations because some terms like

the heat flux are in a general form and therefore we need to interpret them in terms

of known quantities and field properties. Here we give our interpretation for the

undefined terms and the relationship between some filed properties.
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Constituential Heat Flux

In themixture theory, it is assumed that a spatial point contains every constituentRay

M Bowen 1976. Assuming x is an arbitrary spatial point in a continuous body

that consists of a binary mixture (constituent α and constituent β), then α and β

can coexist at x (Xα and Xβ). In this study, we assumed that the temperatures of

solid PCM and liquid PCM are the same, which means that there is no local heat

transfer between Xα and Xβ . However, Xα and Xβ are subjected to heat transfers

from its surrounding αs and βs. For example, Xα(x) would lose or gain heat from

surrounding mixtures  both Xα(x + ∆r) and Xβ(x + ∆r), where ∆r → 0. As

a result, the liquid PCM should revive heat flux from nearby liquid PCM, solid

PCM, and metal foam. In this study, the temperature difference between solid

PCM and liquid PCM is ignored. The reason is that if we assume a different tem

perature between liquid paraffin and solid paraffin, by solving the model proposed

by this study, the temperature difference |T s − T l| would have an order of 10−2K

at most, which is considered to be negligible. Accordingly, the constituential heat

flux vector for liquid PCM is given by

ql = −φl

[
φlkl

∂T

∂x
+ φskls

∂T

∂x
+ φmklm lim

h→0

Tm(x+ h, t)− T (x, t)

h

]
(4.10)
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where T is the temperature of the PCM and kαβ (kls and klm in Eq. (4.10) ) is the

effective thermal conductivity between constituent α and β defined by

2

kαβ
=

1

kα
+

1

kβ
(4.11)

For pure PCMmelting, the term related to metal foam vanishes by makingφm = 0

in Eq. (4.10). Inside the liquid region, we would have φs = 0. Similarity, qs and

qm in Eq. (4.8) and Eq. (4.9) are defined by

qs = −φs

[
φsks

∂T

∂x
+ φlkls

∂T

∂x
+ φmksm lim

h→0

Tm(x+ h, t)− T (x, t)

h

]
(4.12)

qm = −φm

[
φmkm

∂Tm

∂x
+ φlklm lim

r→0

T (x+ r, t)− Tm(x, t)

r

+φsksm lim
r→0

T (x+ r, t)− Tm(x, t)

r

]
(4.13)

Local Energy Supply

For the energy source terms ε̂m , here we use the expression given by Costa (1992)

that

ε̂m = h(T − Tm) (4.14)
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where h is a heat transfer coefficient related to local solid structure and local liquid

velocity. Here we use the expression given by Dixon and Cresswell (1979):

h = aPmh
∗ (4.15)

where aPm is the specific surface area. According to Calmidi andMahajan (2000),

the specific surface area for metal foam is

aPm =
3πdf

dp
2 (4.16)

where df is the diameter of the fibre and dp is pore size of the metal foam. Param

eter h∗ in Eq. (4.15) is given by

h∗ =
NuPmk

ls

dP
(4.17)

Since local thermal nonequilibrium assumption is made, the local heat transfer

coefficient h should not be reduced to 0 even for points where liquid velocity is

zero. Following Wakao and Kaguei (1982), the Nusselt number from PCM to

metal foam is given by

NuPm = 2 + 1.1Pr
1
3Re0.6p (4.18)
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where Pr is the local Prandtl number and Re is the Reynolds number based on dp.

Such that the heat transfer coefficient would not vanish for pure solid region

However, the expression Eq. (4.14) is not suitable for ε̂s and ε̂l because a

phase change process is involved between liquid PCM and solid PCM. Based on

the expression given by Bowen (1980), if we ignore the momentum supply and

kinetic energy from diffusion velocity, the local energy supply terms should follow

the correlation:

ε̂l + ε̂s + ε̂m + ρ̂sεs + ρ̂lεl = 0 (4.19)

Since we have assumed the temperatures of liquid PCM and solid PCM are the

same, there should be no heat supply from temperature difference, i.e., |T s − T l|.

Moreover, it is assumed that the heat supply from metal foam to liquid PCM and

solid PCM is allocated linearly in associate with φs and φl. By substituting Eqs.

(4.3)(4.4) and Eq. (4.14) into Eq. (4.19), we have

ε̂l = ρ́s
∂φl

∂t
εs − φl

φs + φl
ε̂m (4.20)

ε̂s = −ρ́s∂φ
l

∂t
εl − φs

φs + φl
ε̂m (4.21)

It should be highlighted that for pure PCM melting, ε̂m = 0 in Eqs. (4.20) and

(4.21).
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Relations of Field Properties

Considering the PCM could experience both solidsolid and solidliquid phase

transitions, by denoting the latent heat of the two processes with Lss and Lsl, ig

noring the work done by the PCM, the relationship between internal energy εα and

the local temperature for liquid PCM, solid PCM and metal foam should be

εl = CplT + Lss + Lsl (4.22)

εs = CpsT + φs1−s2Lss (4.23)

εm = CpmTm (4.24)

where Cpα is the specific heat of constituent α, and φs1−s2 is the proportion of

s2 to the whole PCM during the solidsolid phase change from s1 to s2. With

Eqs. (4.22)(4.24), the temperature profile can be obtained by knowing the current

internal energy densities. However, in the mushy zone, the temperature T should

be evaluated by εs and εl together. We define the internal energy density of the

PCM as

εpa = (φlρ́lεl + φsρ́sεs)/(φlρ́l + φsρ́s) (4.25)
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and if Cpl and Cps are assumed to be equal to an average value Cppa, we have

εpa = CppaT +
φsφs1−s2 + φl

φl + φs
Lss +

φl

φl + φs
Lsl (4.26)

4.1.3 Experiment Method

4.1.3.1 PCM and Metal Foam Materials

The PCM used in this study is a paraffin wax OP42E provided by Ruhr Tech Com

pany, Hangzhou, China. The melting point of the paraffin is around 40◦C by a

preliminary test. Hence the latent heat and melting range of the paraffin were

measured from 0 ◦C to 90 ◦C by using a differential scanning calorimeter (DSC,

Mettler Toledo DSC3). Figure 4.2 shows the DSC curve of the paraffin with an

empty line subtracted. The sample size for the DSC test is 8.00 mg and the heating

rate is 1.5 ◦C/min. It is noticed that there exist three peaks. The first two peaks are

ascribed to solidsolid phase transitions, and the third peak represents the solid

liquid phase change. Since the experiments was conducted under the room tem

perature T∞ (24 ◦C  26 ◦C), the first peak is ignored in the following calculations.

By assuming the specific heat capacity of the paraffin is linearly dependent on the

temperature, the baseline is interpolated by lining the beginning of DSC curve to

its end. Here, the extrapolated onset peak temperatures Te1 and Te2 are supposed

to be the starting point for phase transitions, which are intersections of the baseline
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and the tangents of the left side of the peaks. Tins are initial temperatures of each

peak, which are determined by intersecting the DSC curve with a tangent parallel

to the baseline. We assume that the finial temperature of the second peak coin

cide with Ti3, and assume the final temperatures of each peaks are the end point of

phase transitions. The range of the solidsolid phase change (the second peak) is

Te1 to Ti3, and the melting range is Te2 to Tf . The latent heat of the two peaks, Lss

and Lsl are evaluated by integrating the grey area in Figure.4.2 from T∞ to Ti3,

and from Ti3 to Tf , respectively. Accordingly, φs1−s2 in Eq. (4.25) is defined by

φs1−s2 =


0 εpa < εpaTe1

εpaTe1
−εpa

εpaTe1
−εpaTi3

εpaTe1
≤ εpa < εpaTi3

1 εpaTi3
≤ εpa

(4.27)

and the liquid fraction φl is

φl =



0 εpa < εpaTe2

ρ́s(εpaTe2
−εpa)(1−φm)

εpa(ρ́l−ρ́s)−ρ́lεpaTf
+ρ́sεpaTe2

εpaTe2
≤ εpa < εpaTf

1− φm εpaTf
≤ εpa

(4.28)

The thermophysical properties of the paraffin are given in Table 4.1. The heat

capacity of the paraffin is measured by using sapphire method (Mettler Toledo



CHAPTER 4. A MIXTURE MODEL FOR PCMS AND PCM COMPOSITES 70

Figure 4.2: DSC curve of OP42E paraffin. (Sample size: 8.00 mg; heating rate:
1.5 ◦C/min.)

DSC3); solid and liquid densities of the paraffin are measured at 25◦C and 80◦C

using a electronic densimeter (DH300, DAHO); the thermal conductivity of solid

paraffin and that of liquid paraffin are tested at 25◦C and 80◦C by hot wire method

using a thermal conductivity meter (TC3000E, XIATECH).

In the PCM/metal foam composite experiment, two metal foams are used in

this experiment: a 100mm× 100mm× 10mmnickel foamwith 96% porosity and

a a 100 mm × 100mm × 10 mm copper foam with 97% porosity. The properties

related to the metal foams are shown in Table 5.1.
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Table 4.1: Thermophysical properties of OP42E paraffin.

Properties Value Unit
Average heat capacity 2701 J/(kg·K)
Thermal conductivity of solid paraffin 0.26 W/(m·K)
Thermal conductivity of liquid paraffin 0.18 W/(m·K)
Specific latent heat of solidsolid phase change 12538 J/kg
Specific latent heat of solidliquid phase change 176333 J/kg
True density of solid paraffin 913 kg/m3

True density of liquid paraffin 784 kg/m3

Onset temperature of the solidsolid phase change 26.1 ◦C
Final temperature of the solidsolid phase change 31.6 ◦C
Onset temperature of the solidliquid phase change 37.1 ◦C
Final temperature of the solidliquid phase change 43.8 ◦C

Table 4.2: Properties related to the metal foams.

Properties Copper foam Nickel foam Unit
Specific heat capacity 385 440 J/(kg·K)
Thermal conductivity 401.0 90.7 W/(m·K)
True density 8960 8902 kg/m3

Porosity 97% 96% N/A
Pore size 6.38 4.00 mm
Fibre diameter 0.72 0.52 mm



CHAPTER 4. A MIXTURE MODEL FOR PCMS AND PCM COMPOSITES 72

4.1.3.2 Experiment Apparatus and Procedures

Figure 4.3 shows the experimental setup for the 1dimensional melting problem.

A 100 mm × 100 mm × 10 mm acrylic cavity was made to contain the PCM and

PCM/ metal foam composites. Expanded polystyrene foam with a thickness of

30 mm was used for insulation materials, of which the thermal conductivity was

tested to be 0.037 W/(m·K). The top of the cavity is covered with a copper plate.

Two rows of 0.9 mm holes were drilled on the plate as shown in Figure 4.3 with an

interval of 5mm. The purpose of the holes was to let the fluid driven by themelting

pass through the top boundary while keeping the velocity direction undisturbed. A

water block connected to a hot water tank was attached on top of the copper plate

to provide a constant temperature boundary of 70 ◦C. Five Ttype thermocouples

were placed with an interval of 20 mm as shown in Figure 4.3 to measure the

temperature profile at the boundary (Tb), x=20 mm (T1), x=40 mm (T2), x=60

mm (T3), and x=80 mm (T4), respectively, based on the coordinate in Figure 4.1.

Before experiment test, the thermocouples were connected to the data logger, and

temperatures of each measuring points were confirmed to match the current room

temperature. The temperature of the water in the water block was also confirmed

to reach the setting temperature before attaching it to the copper plate, and silicone

grease was used to eliminate the thermal resistance of air between the water block

and the copper plate. Three groups of experiment were conducted: melting of pure
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paraffin, melting of paraffin/nickel foam, andmelting of paraffin/copper foam, and

the temperature profiles were recorded in a duration of 2 hours.

Figure 4.3: Schematic of the experimental setup.

4.1.4 Numerical Method

In this study, governing equations Eqs. (4.3), (4.4), and (4.7)  (4.9) were numeri

cally solved using GNU Octave by finite difference method. An enthalpy method

is used to avoid modeling of the moving boundary. Since Eqs. (4.7) and (4.8)

are nonlinear, we froze the values of φαs at every time step to linearize the prob

lem following the method given by Zikanov (Zikanov 2019). The idea is: making

internal energy implicit in time and making volumetric fraction explicit in time.

By doing this, at every time step, φαs and the quantities related to φαs including



CHAPTER 4. A MIXTURE MODEL FOR PCMS AND PCM COMPOSITES 74

ul and ∂φl/∂t are constants. The values of εαs are iterated using GaussSeidel

method until they meet the convergence criteria:

R =
1

N

[
N∑
i

(εpa,n+1,I+1
i − εpa,n+1,I

i )2

] 1
2

< 10−5 (4.29)

where N is the number of grids; n is the current time step; I is the iteration times.

The temperature filed should also be updated using Eqs. (4.22)  (4.25) in every

iteration. After the values of εαs at time n+1 converged, φs1−s2, ul, φl and φs are

updated using Eqs. (4.5), (4.27) and (4.28), and the updated values were frozen

and used for iterations at the next time step.

The optimized grid size ∆x and time step ∆t were determined by doing a

grid sensitivity analysis based on the pure paraffin melting problem. First, the

optimum grid size was found with a fixed time step. Then the optimum time step

was determined with the optimum grid size found previously. Here the residual is

defined by the L2 norm of the temperature field between each refinement:

Residual =

[
N∑
i

(TRef
i − TRef+1

i )2

] 1
2

(4.30)

Figure 4.4 shows that the residual does not change significantly where the number

of grids is over 160. As a result, ∆x is determined as 5×10−4 m, and the value

is used for the sensitivity analysis of ∆t. Figure 4.5 indicates that the residual is
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almost a constant when ∆t is shorter than 6 s. In the numerical calculations, ∆t

is selected to be 1 s. A small time step is chosen here because the energy supply

terms ε̂αs are source terms for the energy equations, and the utilization of a small

∆t could ease their stiffness, which could lead the iterations to divergence.

Figure 4.4: Relationship between residual and number of grids. (Time: 600 s;∆t:
4 s)

Figure 4.5: Relationship between residual and number of time steps in 600 s. (∆x:
5×10−4 m)
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4.1.5 Model Validation

Comparison of Numerical Results and Experimental Data

The temperature profiles of paraffin temperature T that recorded in the exper

iments are compared to the numerical results to validate the modified mixture

theory model.For pure paraffin melting, analytical solution given by Weber and

Riemann (1919) is also introduced to validate the mixture theory model using in

dividual density, individual thermal conductivity, and an averaging melting tem

perature 40.25◦C. Figure 4.6 shows the temperatures of pure paraffin at each mea

suring points shown in Figure 4.3. At x = 20 mm, the numerical results shows

a better match to the experiment data than the analytical solution, whereas at the

other three positions, the temperature profiles obtained by analytical method and

numerical method are very close. The maximum difference between experimental

data and numerical results is 1.73 ◦C that occurs at x = 20mm at t = 1202 s. The

average difference between experimental data and numerical results is 0.58 ◦C,

and the average relative deviation is 1.84% ((T − Texperiment)/Texperiment, based

on Celsius degree). Whereas for analytical results, the average relative deviation

from the experimental data is 2.33%. For the paraffin/nickel foam composite melt

ing, Figure 4.7 shows that the maximum difference between experimental data and

numerical results is 2.36 ◦C that occurs at x = 20 mm at t = 414 s. The average

difference from T1  T4 is 0.75 ◦C and the average relative deviation is 2.32%. Fig
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ure 4.8 shows the temperature profile of paraffin/copper foam composite melting,

and the maximum difference is 2.83 ◦C that occurs at x = 20 mm at t = 6814 s.

The average difference from T1  T4 is 1.01 ◦C and the average relative deviation is

2.83%. The comparison shows that the numerical results have a satisfying agree

ment with the experimental data, indicating the mixture theory model is suitable

for solving onedimensional pure PCM and PCM/metal foam composite phase

change problems. Consequently, the validated model is used for further analysis

in the following studies.

Figure 4.6: Temperature profile of pure paraffin melting.

4.1.5.1 The Influence of Liquid Velocity

Figure 4.9 shows the liquid velocity at x = 0 obtained by numerical calculation.

The oscillations come from themixed explicitimplicit numerical method, which is

to linearize the problem. The velocity at every time step is frozen until the iteration
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Figure 4.7: Temperature profile of paraffin/nickel foam composite melting.

Figure 4.8: Temperature profile of paraffin/copper foam composite melting.

converges, and then the velocity is updated according to the converged internal

energy densities. As a result, as moved to the next time step, the numerical liquid

velocity sharply changes. A decreasing trend is observed for all the three melting

problems. This tendency is because, initially a 70 ◦C temperature is exerted on

the top boundary, where the heat flux injected into the paraffin is expected to the
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highest. As the mushy zone moves to a deeper position of the cavity, the heat

flux that the solid paraffin receives decreases because the temperature distribution

inside the mushy zone is stable, and as a result the melting rate represented by the

liquid velocity is becoming steady.

Figure 4.9: Velocity of liquid paraffin at the top boundary by numerical calcula
tion.

Overall, ul|x=0 for the paraffin/copper foam composite is the highest, and that

is the lowest for the pure paraffin. This result is as expected as the thermal conduc

tivity of copper is higher than nickel while the conductivity of nickel is still much

higher than pure paraffin. The average ul|x=0 after 2000 s for paraffin/copper

foam, paraffin/nickel foam, and pure paraffin are 7.89×10−7 m/s, 5.67×10−7 m/s,

and 4.67×10−7 m/s, respectively. Although the scale of the velocity is very small,

those velocities are important in predicting the phase change processes. Figure

4.10, Figure 4.11, and Figure 4.12 show the temperatures of T1 by the experiment,
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by the original numerical results, and by the numerical results ignoring ul through

out the computation, respectively. It is suggested that the numerical results without

considering ul gradually lose their credibility as the paraffin transfers from solid

state to liquid state. The reasons can be ascribed to the following two aspects:

(1) ul describes the fluid flow out of top boundary that restrain the heat transfer

from boundary; (2) ul brings the liquid paraffin from low temperature area to high

temperature area.

Figure 4.10: Experimental data and numerical results of T1 of pure paraffin melt
ing.

4.1.5.2 Local Thermal Nonequilibrium

Figure 4.13 shows the difference between Tm and T of paraffin/metal foam com

posite melting at x = 0 to 10 mm during the first 200 s. It is indicated that the

local thermal nonequilibrium only exists around the heating side in the first few
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Figure 4.11: Experimental data and numerical results of T1 of paraffin/nickel foam
composite melting.

Figure 4.12: Experimental data and numerical results of T1 of paraffin/copper
foam composite melting.

minutes. The maximum temperature difference |T − Tm| is observed at x = 0 at

t = 1 s for both paraffin/nickel foam and paraffin/copper foam. The maximum

temperature difference between paraffin and nickel is 12.41 ◦C, and the maximum

temperature difference between paraffin and copper is 20.12 ◦C. However, as time
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marches, the maximum temperature difference at a particular time step deviates

from the top boundary. For example, for paraffin/copper foam the maximum dif

ferences between Tm and T at t = 10 s, t = 20 s, t = 40 s, and t = 100 s are

located at x = 1.5 mm, x = 2 mm, x = 2.5 mm, and x = 3 mm, respectively.

The reason for this phenomenon is that: T and Tm both approaches the bound

ary temperature Tboundary around x = 0 so that the difference between T and Tm

gradually decreases, but the thermal energy previously stored in the metal has not

completely dispersed into the surrounding paraffin since the thermal conductivity

of paraffin is much lower than that of metal materials. With the heat flux at the

boundary becoming stable, the temperature difference between metal and paraf

fin gradually vanishes. The maximum |T − Tm| decreases to an order of 10−1 as

t > 194 s for paraffin/nickel foam, and the maximum |T − Tm| decreases to an

order of 10−1 as t > 505 s for paraffin/copper foam.

4.1.5.3 Evolution of the Mushy Zone

Figures 4.14, 4.15, and 4.16 show the evolution of φl along x in 7200 s. It is

suggested that the thickness of mushy zone is increasing with time. If the mushy

zone is defined by the areawhere 0 < φl < 1−φm, the thickness of themushy zone

at 7200s for pure paraffin melting is 9.5 mm; for paraffin/nickel foam composite,

the thickness is 12.0 mm; for paraffin/copper foam composite, the thickness is 16.5

mm. It is also observed directly from Figures 4.14  4.16 that the metal foams
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(a) Praffin/nickel foam

(b) Praffin/copper foam

Figure 4.13: Difference between Tm and T .

increase the melting speed of paraffin. The thicknesses of the liquid region at

7200s of pure paraffinmelting, paraffin/nickel foammelting, paraffin/copper foam

melting are 19 mm, 23 mm, and 32.5 mm, respectively. The melting rates for pure

paraffin, paraffin/nickel foam, paraffin/copper foam are 10.84 kg/(m2·h), 13.24

kg/(m2·h), and 18.60 kg/(m2·h), respectively.
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Figure 4.14: Evolution of φl along x for pure paraffin melting.

Figure 4.15: Evolution of φl along x for paraffin/nickel foam composite melting.

4.1.5.4 Error Analysis

The errors in this study consist of three parts: (1) the error from the mixture theory

model; (2) the error from experiment equipment and measurement; (3) the error

from numerical calculation.

The first type of error mainly comes from the assumptions made for the math
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Figure 4.16: Evolution of φl along x for paraffin/copper foam composite melting.

ematical model. For example, the kinetic energy of velocity, of which the en

ergy comes from the phase change, is ignored. Also, the specific heat capacity of

paraffin is assumed to be a constant, whereas it is increasing with temperature as

suggested by the baseline in Figure 4.2. As a result, the numerical prediction of

temperatures should be lower than the real value at low temperature, and greater

than the real value at high temperature, which is indicated in Figures 4.6  4.8.

Also, the mixture theory has its intrinsic inaccuracy. On one hand, the mixture

theory is still based on the classical continuum mechanics that assumes the mate

rials are continuous while real materials are composed of discrete particles. One

the other hand, the constituents can not be so well mixed that two constituents

occupy the same spatial position as we proposed in the mixture theory.

The second type of error is partially from the inaccuracy of experiment equip

ment itself. For example, the error of Ttype thermocouples is ±0.1 ◦C. The error
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from the DSC analysis also a big contribution in this study. As shown in Table 4.1,

the thermal conductivity of paraffin is very small, which could cause a thermal lag

in doing the DSC test. Although we used a small sample size, the smearing of the

DSC curve is inevitable (McNaughton et al. 2003). Furthermore, in the study the

temperature range of phase changes is determined by intersecting the baseline with

the tangent of peaks, which is consistent with the method used by many other stud

ies (W. Li et al. 2012; Rao and G. Zhang 2011; W. Wu et al. 2015). However, in

fact the the melting point of paraffin can not be found accurately (Jin et al. 2014).

Finally, as shown in Figure 4.2, the DSC curve does not go back to the baseline

near the finial temperature Ti3 of the second peak, implying that the second peak

and the third peak is possible merged into each other. However, in this study we

assumed the the two peaks are separate.

The third types of error include the intrinsic error of the finite differencemethod

with an order of O(∆t,∆x), and the errors from the linearization method used in

the numerical calculation. In this study, we have done a grid sensitivity test to re

duce the numerical errors. However, the numerical method we used in this study

still cause a discontinuity of properties related to φl as shown in Figure 4.9.
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4.2 AMixtureModel for TwoDimensional PCMMelt

ing

For the twodimensional melting of PCMs, the effect of nature convection need

to be considered. Thus we need to model the flow inside the porous structures.

As discussed in Section 2.4, Darcy’s equation as well as its extended forms is

not theoretically rigorous to model the liquid flow in a porous structure with mass

interactions. In this section, we propose a novel fluid model for the melting of pure

PCMs that circumvents the usage of Darcy’s equation. In Section 3.1.2, it is shown

that the velocity field of the liquid fraction of PCM can be determined solely by

using the balance of mass because the density variation is the exclusive source to

drive the flow. Following the same idea, we may assume the fluid field inside the

mushy zone can be determined by using the mass equation for two reasons: first,

the velocity of the natural convection driven flow in the liquid region is small;

second, the mushy zone is of a porous structure for which the inertia is usually

neglected. As a result, the flow in the liquid region would not penetrate the mushy

zone such that the flow in the mushy zone is irrelevant to the liquid in the liquid

region. Following this idea, we can model the melting PCM for 3 different regions

separately and couple the three equation sets using the enthalpy method. The basic

assumptions for our twodimensional model are: (1) the properties of the PCM are

constants and assumed to be the same for liquid PCM and solid PCM except for
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density; (2) there is no local thermal nonequilibrium throughout the phase change

process; (3) the liquid is Newtonian; (4) the solid PCM is rigid and not moving;

(5) the volume expansion is only considered in the mushy zone. The equation set

for the solid region is

ρs
∂ε

∂t
= k∇2T (4.31)

The equation set for the liquid region is

∂ul

∂x
+
∂vl

∂y
= 0 (4.32)

ρl(
∂ul

∂t
+ ul

∂ul

∂x
+ vl

∂ul

∂y
) = −∂P

∂x
+ µ(

∂2ul

∂x2
+
∂2ul

∂y2
) (4.33)

ρl(
∂vl

∂t
+ ul

∂vl

∂x
+ vl

∂vl

∂y
) = −∂P

∂y
+ µ(

∂2vl

∂x2
+
∂2vl

∂y2
) + β́ρlg(T − Tf ) (4.34)

ρl(
∂ε

∂t
+ ul

∂ε

∂x
+ vl

∂ε

∂v
) = k∇2T (4.35)

where β́ is the volumetric thermal expansion coefficient, and Tf is the offset tem

perature of the solidliquid phase change indicating the right boundary temperature
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of the liquid region. The equation set for the mushy zone is

(ρ́s − ρ́l)
∂φl

∂t
= ul

∂φl

∂x
+ vl

∂φl

∂y
(4.36)

vl

|vl|
=

∇T
|∇T |

(4.37)

ρ(
∂ε

∂t
+ u

∂ε

∂x
+ v

∂ε

∂v
) = k∇2T (4.38)

where u and v are the velocities of the mixture. The relation between volumetric

fraction and internal energy density is consistent with Eq. (4.27) and Eq. (4.28).

Figure 4.17 shows the pattern of melting of paraffin with a boundary temperature

70 ◦C at t =3 0min. Figure 4.18 shows the volumetric fraction of liquid paraffin at

t=30min with boundary temperature 70 ◦C at t = 30 min. By comparing the two

figures, it is shown that the twodimensional mixture model provides a satisfying

result to predict the real situation. Figure 4.19 shows the stream function of the

paraffin t = 30 min. It is shown that the liquid paraffin is circulating inside the

liquid region and does not penetrate into the mushy zone.

Still this model is for pure PCM melting, and one can add another rigid solid

constituent in the model for PCM composites for local thermal equilibrium situa
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Figure 4.17: Pattern of the melting of paraffin at t=30min
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Figure 4.18: Volumetric fraction of liquid paraffin at t=30min
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Figure 4.19: Stream function of paraffin at t=30min
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tions and the addition of a stable solid does not increase the order of the problem.

However, for local thermal nonequilibrium situations, one should be careful be

cause one still need to model the flow in the liquid region using Darcy’s equation

and its extended forms while that for local thermal nonequilibrium situations is

yet to be developed.



Chapter 5

Modification of the Energy Equation

In Chapter 2, we show the model for pure PCMs and PCM composites. How

ever, there are some unignorable problems regarding the energy equations in the

mixture theory based model: first, the numerical data seemingly overestimate the

heat transfer performance of paraffin/metal foam composites; second, only local

thermal nonequilibrium situation is considered in the model.However sometimes

a local thermal equilibrium is preferred for saving the numerical resources; 3. the

model does not consider the influence of specif structures of the mixture.

In this chapter, we propose a new heat conduction model based on the energy

equations of the mixture theory, which is valid for both local thermal equilibrium

and local thermal nonequilibrium situations. Mixture structures are considered

in the model by introducing the effective volumetric fraction which is defined as

the volumetric fraction that is continuous along the heat flow direction. For the

94
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local thermal equilibrium situations, we give a new expression for the effective

thermal conductivity of the mixture. For the local thermal nonequilibrium situ

ations, revised definitions of heat flux terms and local thermal interactions terms

are proposed to illustrate the heat transfers between each constituent. Four mixture

structures are evaluated in this research, which can serve as analogies to different

materials such as porous materials and nanoparticleembedded materials, and the

related heat transfer problems are solved by two methods: 1. using the classical

heat equation and analyzing every constituent individually, which represents the

real situations; 2. treating the mixture as a whole and applying our revised mixture

model. By comparing the numerical results by the two methods, it is shown that

the mixture theory can provide satisfying predictions to the real situations for both

local thermal equilibrium and local thermal nonequilibrium 2 situations, even if

the mixture structures do not strictly follow the assumptions of the mixture theory.

5.1 Method

5.1.1 Balance of Energy in the Mixture Theory

For a static mixture, the constituential velocity of constituents are 0, and as a result

the stress term can be ignored. Further, if there is no other heat source like radiation
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or chemical reaction, the constituential energy equation Eq. (5.14) is reduced to

ρα
∂εα

∂t
= −∇ · qα + ε̂α (5.1)

Specifically, for a 2constituent mixture (α and β), since a spatial point consists

of α and β at the same time, constituent α should receive thermal energy by heat

conduction from both surrounding α and β, and the amount of energy from the two

sources should be related to the volumetric fraction of each constituent. If we use

the same expression in Eq. (4.14) for the thermal interaction term, and rewrite the

apparent density to the product of true density and volumetric fraction, Eq. (5.1)

becomes

φαρ́α
∂εα

∂t
= φα∇ · (φαkα∇Tα + φβkm lim

r→0

T β(xi + r, t)− Tα(xi, t)

r
ei

+ h(T β − Tα) (5.2)

φβ ρ́β
∂εβ

∂t
= φβ∇ · (φαkm lim

r→0

Tα(xi + r, t)− T β(xi, t)

r
ei + φβkβ∇T β

+ h(Tα − T β) (5.3)

where xi is the index notation of the Cartesian coordinate and ei is the according

unit vector, which follows the summation rule; km is the average thermal conduc
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tivity defined by

km =
kα + kβ

2
(5.4)

Eq. (5.2) and Eq. (5.3) suggest that for the heat conduction of constituent α with

a volumetric fraction φα, it is receiving thermal energy from the heat conduction

between α and α with a proportion φαφα (if there is no mass exchange between α

and β), the heat conduction between α and β with a proportion φαφβ , and the local

thermal interaction between α and β. If a mixture is wellmixed which means that

the heat transfer coefficient h becomes sufficiently large, the local temperature

difference |T β − Tα| is trivial and it is reasonable to assume Tα = T β = T . By

adding up Eq. (5.2) and Eq. (5.3), for a saturated mixture without mass exchange

thatφα+φβ = 1, by assuming the true densities of the 2 constituents are constants,

we get

ρ
∂εI
∂t

= ∇ · [(φαkα + φβkβ)∇T ] (5.5)

where ρ is the density of the mixture given by and εI is the inner part of the internal

energy density given by

εI =
1

ρ
(ραεα + ρβεβ) (5.6)
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For a static mixture, the kinetic energy from the diffusion velocity can be ignored,

such that εI is identical to the internal energy density of the whole mixture ε. Eq.

(5.5) indicates that the effective heat transfer coefficient for a mixture with local

thermal equilibrium is exactly the weighted mean of the thermal conductivities of

the 2 constituents, and this conclusion can be extended to a mixture containing

more than 2 constituents. However, one can find this conclusion does not match

the results reported by many studies especially for nanomaterials (Ren et al. 2005;

Naghdbishi et al. 2020; Choi and Eastman 1995; Sheikholeslami et al. 2019). This

is because though Eqs. (5.2), (5.3) and (5.5) are derived by assuming both two con

stituents are always continuous, however, although nanoparticleembedded mix

tures can be homogeneous with local thermal equilibrium, the nanoparticles are

discrete instead of continuous. Therefore Eq. (5.2) and Eq. (5.3) are not appli

cable and as a result Eq. (5.5) is not suitable for describing heat conduction of a

mixture involving discontinuous constituents. Hence, Eqs. (5.2) and (5.3) need to

be modified based on the structure of the mixture so that they can be more practi

cable.

5.1.2 Structures of a Mixture

Carson et al. (2005) suggested that the structures of porous materials can be di

vided into internal porosity materials and external porosity materials based on
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which constituent the major heat flow is passing through. Following this idea,

4 types of heat transfer unit are defined to represent the different structures of

mixtures as shown in Figure 5.1. Each unit is a square shape consists of 2 con

stituents and the volume ratio is 2:8. Suppose the side length of the square is

a nondimensional value 1, for Type 1 and Type 2 units, the breadth of the minor

constituents is expected to be 0.2; for Type 3 unit, the width of the beam of the cross

is chosen to be 0.1, and a lump is made in the center to assure the volumetric frac

tion of the minor constituent is exactly 0.2; for Type 4 unit, the minor constituent

is of a square form and the side length is
√
5/5. These mixture structures may

represent some actual mixtures. For example, Type 3 unit may represent the unit

structure of metalfoamembedded materials, and Type 4 unit may represent the

unit structure of nanoparticleembedded materials. Now consider a 2dimensional

heat conduction problem shown in Figure 5.2, a constant temperature is exerted on

the left boundary of a 0.1 m×0.1 m cavity, while the other 3 boundaries are insu

lated. The cavity is filled with one type of the heat transfer units shown in Figure

5.1. The number of heat transfer units along x1 direction is m, and therefore the

total number of the units in the cavity is m2. By prescribing the unit type and m,

the overall structure in the cavity can be determined and therefore the evolution of

the temperature filed can be easily obtained by a finite difference method.
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Figure 5.1: 4 different structures of a 2constituent mixture. The volumetric frac
tion of the minor constituent (bronze in color) is 0.2.

Figure 5.2: Schematic of a 2 dimensional heat conduction problem in a square
cavity. The yellow squares represents the heat transfer units in Figure 5.1

.

5.1.3 Numerical Result of Temperature Profiles

Before solving the heat conduction problem, the 2 constituents should first be spec

ified. Here, we assume the major constituent is OP42E paraffin and the minor
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constituent is nickel. The boundary temperature is chosen to be 50◦C. It should

be noticed that paraffin could also suffer phase change processes, however this

physical phenomenon is irrelevant to the purpose of this section, and as a result,

the latent heat of the phase changes is ignored such that the internal energy den

sities of each constituent is the product of its specific heat and temperature. The

thermophysical properties of the 2 materials are given in Table 4.1 and 5.1. By

assuming the properties of the 2 constituents are constants, the 2dimensional heat

conduction equation and its according finite difference equation in explicit form

is given by

ρ́Cp
∂T

∂t
= k(

∂2T

∂x12
+
∂2T

∂x22
) (5.7)

ρ́Cp
T n+1
l,j − T n

l,j

∆t
= k(

T n
l+1,j − 2T n

l,j + T n
l−1,j

∆x1
2 +

T n
l,j+1 − 2T n

l,j + T n
l,j−1

∆x2
2 ) (5.8)

where n is the time layer, ∆t is the time step, ∆x1 and ∆x2 are grid sizes, and

i and j are grid number along x1 and x2 direction. In this stage, heat conduc

tion problems of the 4 structures shown in Figure 5.1 with m=4, 8, 16, 32 are

numerically solved with a uniform initial temperature Tinitial = 0◦C. For con

venience, the gird sizes in x1 direction and x2 direction are set to be the same

that ∆x = ∆x1 = ∆x2. Additionally, since the thermal conductivity difference

between paraffin and nickel is considerable (kni/kpa = 349), it would lead to

an abundant waste of computation resources if a uniform time step ∆t is used.
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Therefore, we utilize different time step for nickel and paraffin in Eq. (5.8) that

∆tpa = 200∆tni (5.9)

Grid sensitivity tests are conducted for each problem separately to ensure the cred

ibility of the numerical results. The optimized grid sizes and time steps are shown

in the appendix. Figures 5.165.19 show the temperature distributions of the cav

ity filled by Type 14 heat transfer units at 1000s, respectively. It is suggested that

although all the cavities possess 20% nickel, their temperature profiles are dissim

ilar. The effective thermal conductivities of the four units from high to low are

Type 1, Type 3, Type 4, and Type 2. As expected, it is shown that the cavities

filled with continuous units Type 1 and Type 3 exhibit a much higher heat transfer

efficiency than those filled with discontinuous units Type 2 and Type 4. Never

theless, it is noticed that the difference between the heat transfer performances

between Type 1 and Type 3 is still significant especially with a big m by com

paring the temperature profiles Figure 5.6 and Figure 5.14. This is because, as

m increases, the temperature distribution along x2 direction is homogenizing and

the twodimensional problems are reducing to onedimensional problems, and as

a result the heat transfer enhancement effect of the nickel in x2 direction becomes

negligible. Therefore, the volumetric fraction in the right hand side of Eq. (5.2)

and Eq. (5.3) should first be equivalized before applying to a certain mixture struc
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ture.

5.1.4 Modified Heat Transfer Equation

Local thermal equilibrium

As suggested by Figures 5.165.19, the heatedfromside heat conduction prob

lems are losing their twodimensionality as the number of heat transfer units in

creases, which implies that the local temperature difference between the major

and minor constituents would become inconsequential. It can be imagined that if

the number of units is sufficiently large, the temperatures of the two constituents

would coincide at the same position. Therefore, the key point for the local ther

mal equilibrium problems is to determine the effective thermal conductivities for

different structured mixtures. For convenience, from now on we use ”Type1 mix

ture” to represent the mixture formed by Type 1 units, etc. For Type1 mixtures

involving 2 constituents, each constituent is always continuous along the direction

along the heat flux which fulfils the assumption for deriving Eq. (5.5), and thus

the effective thermal conductivity should equal the weighted mean given by

kwm = φαkα + φβkβ (5.10)
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Figure 5.3: The cavity with Type 1 units when m = 4. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.4: The cavity with Type 1 units when m = 8. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.5: The cavity with Type 1 units whenm = 16. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.6: The cavity with Type 1 units whenm = 32. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.7: The cavity with Type 2 units when m = 4. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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For Type2mixtures, the heat transfer problems can be simplified to onedimensional

heat flow traveling through two types of thermal resistances, for which the effec

tive thermal conductivity is the harmonic mean that

1

khm
=
φα

kα
+
φβ

kβ
(5.11)

Figures 5.115.14 show that the heat transfer performance of Type3 mixtures is in

the middle between Type1 mixtures and Type2 mixtures. As indicated in section

5.1.2, the heat transfer rate of Type3 mixtures is mainly dominated by the 10%

minor constituent while the contribution from the rest of the 10% is little. If we

decouple the cross of the Type 3 unit according to the orientations of the minor

constituent, it is a combination of the part of minor constituent that is parallel to

the heat flow direction and the rest is discontinuous along the heat flow direction.

If we further extend this conclusion, the effective heat transfer coefficient for any

saturated mixture is given by

ke,i = φα
e,ik

α + (1− φα
e,i − φβ

e,i)
2 kαkβ

(φα − φα
e,i)k

β + (φβ − φβ
e,i)k

α
+ φβ

e,ik
β

(5.12)

where φα
e,i is the volumetric fraction of the continuous part of constituent α in xi

direction, and from now on we would call this quantity the effective volumetric
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fraction for convenience. The is in Eq. (5.12) arises because the mixtures may

not be isotropic and the heat flows can travel in different directions, and therefore

the effective thermal conductivity should be evaluated in different directions if

needed. It is noticed that Eq. (5.12) is a general form to estimate the effective ther

mal conductivity of a twoconstituent mixture. For example, for Type1 mixtures,

both minor constituent and major constituent are continuous along the heat flow

direction and their effective volumetric fractions are identical to their actual volu

metric fractions. By substituting ϕα
e = ϕα and ϕβ

e = ϕβ into Eq. (5.12), it would

reduce to Eq. (5.10) such that ke = kwm. For Type2 mixtures, none of the two

constituents are continuous along the heat flow direction, and thus ϕα
e = ϕβ

e = 0.

Accordingly, Eq. (5.12) is reduced to Eq.(5.12) that ke = khm. For Type3 mix

tures, the effective volumetric fraction of the minor constituent is not simply 0.1

because the lump in the center of the cross needd to be considered (Bhattacharya et

al. 2002). Figure 5.20(a) shows the heat flux field as well as the temperature field

of a lump in Type3 mixture when m=4. It is suggested that when the heat flow

comes into the lump, some heat deviates from the mainstream of the heat flow. If

we only consider the heat transfers inside the cross, this part of deviant heat can be

further divided into two parts: the part of heat flowing into the discontinuous part

of the minor constituent, and the part of heat hitting the right sides of the lump and

flowing back to the mainstream. As a result, the latter part of heat should be con

sidered while estimating the effective volumetric fraction of the minor constituent.
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Table 5.1: Values of the effective volumetric fractions. α: the minor constituent.

Mixture Type ϕα
e ϕβ

e

1 0.2 0.8
2 0 0
3 1.084 0
4 0 0.553

Figure 5.20(b) shows the area to estimate the effective volumetric fraction of the

minor constituent where point B is the midpoint of side AC, which is an approxi

mately guess according to the heat flux field shown in Figure 5.20(a). For Type4

mixtures, the major constituent is continuous while the minor constituent is dis

crete along the direction of the heat flow. The values of the effective volumetric

fractions for each type of mixture are given in Table 5.1.

Local thermal nonequilibrium

Sometimes the internal heat transfer coefficient h of mixtures is not large enough

to eliminate the local temperature differences. As shown by Figures 5.165.19, the

temperature differences between the two constituents are much more evident with

a small m number, and therefore the local thermal nonequilibrium effect needs

to be considered. On the other hand, Eq. (5.2) and Eq. (5.3) is not suitable to be

directly used for two reasons: first, two particles of the two constituents can never

occupy the same spatial position in real situations, and even if the mixture is so

well mixed that we can ignore the spatial deviation between the two constituents,
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such degree of mixing would result in a very large h so much so that it is mean

ingless to deal with the local thermal nonequilibrium; second, as suggested by

the different structures in Figure 5.1, the constituents may not be always contin

uous along the heat flow direction, such that using km to predict the heat transfer

between the two constituents would misinterpret the thermal interactions between

the two constituents especially when their thermal conductivities are notably dif

ferent. Hence, we use the same idea in deriving the effective thermal conductivity

in Eq. (5.12) and divide the constituents into continuous and discontinuous parts,

and Eq. (5.2) and Eq. (5.3) can be revised to

φαρ́α
∂εα

∂t
= ∇ · [kαφα

e ◦ ∇Tα + (φαJ3,1 −φα
e ) ◦ khm ◦ ∇Tα] + h(T β − Tα)

(5.13)

φβ ρ́β
∂εβ

∂t
= ∇ ·

[
kβφβ

e ◦ ∇T β + (φβJ3,1 −φβ
e ) ◦ khm ◦ ∇T β

]
+ h(Tα − T β)

(5.14)

where J3,1 is a 3 × 1 allones vector; ◦ is the operator representing Hadamard

product; φα
e is the effective volumetric fraction vector of constituent α defined by

φα
e = φα

e,iei (5.15)
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and themeaning ofφα
e,i here is consistent with that in Eq. (5.12); khm is the thermal

conductivity vector that interprets the heat conduction between the discontinuous

part of a constituent α and its surrounding constituents, and the subscript hm in

dicates that these thermal conductivities are evaluated by harmonic means given

by

khm = khm,iei (5.16)

khm,i =
(1− φα

e,i − φβ
e,i)k

αkβ

(φα − φα
e,i)k

β + (φβ − φβ
e,i)k

α
(5.17)

Unlike Eq. (5.2) and Eq. (5.3), in Eq. (5.13) and Eq. (5.14) we use a term with

khm to explain the energy transfer rate to the discontinuous part of the constituent

from its surrounding environment. Here the temperature gradient∇Tα can not be

replaced by the temperature gradient across the two constituents because the effect

of constituent β is already included in khm, and if doing so the temperature would

be overestimated. Eq. (5.13) and Eq. (5.14) are written in threedimensional to

emphasize that the effective volumetric fraction of a constituent should be evalu

ated from different directions. For the specific problem described in Figure 5.2,

Eq (5.13) and Eq. (5.14) are reduced to be onedimensional because the heat is

only exerted on one side of the cavity.

The next step is to determine the expression for the local heat transfer coeffi

cient h. For convenience, we define the concept ”local” as an infinitesimal mate
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rial region inside which the local thermal interaction can be interpreted as the heat

conduction between 2 lumped systems, and the local heat transfer coefficient is

given by

h =
2A2kαkβ

φβV 2(kα + kβ)
(5.18)

where V is the volume of the mixture, A is the total contact area between the 2

constituents, and β here is the constituent with the smaller thermal conductivity.

It should be noticed that the meaning of the local heat transfer coefficient h in Eqs.

(5.13) and (5.14) is different from that in Eq. (3.3). Nevertheless, if we assume

the structure of the mixture is homogeneous and both constituents are always con

tinuous along the heat flow direction, i.e., φα = φα
e and φβ = φβ

e , Eqs. (5.13)

and (5.14) is reduced to Eq. (3.3). Moreover, Eq. (5.12) can be obtained by as

suming Tα = T β in Eqs. (5.13) and (5.14). Yet we should state that Eqs. (5.13)

and (5.14) are not applicable to mixtures involving mass interactions between con

stituents such as phase change processes and chemical reactions, in which case one

needs to consider the energy transfer through mass transfer between constituents.



CHAPTER 5. MODIFICATION OF THE ENERGY EQUATION 115

5.2 Results and Discussion

In this section, we compare the numerical results for the heat transfer problems de

scribed in Figure 5.2 obtained by the two methods: one is the direct method used

in Section 5.1.2, and the other is the modified mixture theory based heat energy

equations proposed in Section 5.1.4. Therefore, the modified mixture theory based

energy equations can be validated. The time steps and grid sizes used in the nu

merical calculation are obtained by grid sensitivity tests. Also, it can be found out

the scope of the mixture theory framework and to what extent a mixture’s structure

is suitable for using the modified energy equations.

Local thermal equilibrium

For the heat transfer problems with local thermal equilibrium assumption, for each

type of mixture the effective thermal conductivity is evaluated using Eq. (5.12),

and by substituting it to Eq. (5.8), the heat transfer problems can be solved by

an explicit finite difference method. Since there exists temperature deviations be

tween the two constituents as shown by Figures 5.165.19 while Tα is identical

to T β for the local thermal equilibrium assumption, the temperature profiles can

not be directly compared. As a result, the rate of heat transfer through the left

boundary of the cavity is used to evaluate the results. Figures 5.215.24 show the

rate of heat transfer on the boundary of the cavity in the first 1000s with respect to
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different mixture types.

For Type1 mixtures, the total thermal energy that injects into the cavity over

1000s for unit number m =4, 8, 16, 32 is 980.55 kJ, 1066.39 kJ, 1087.50 kJ,

and 1090.78 kJ, respectively, while the thermal energy calculated by using the

effective thermal conductivity ke is 1096.01 kJ. It is suggested that the thermal

energy calculated by ke has a good match with the real situations whenm is large.

By comparing the amount of heat transfer at each time step obtained by using ke

with that of the Type1 mixture with m = 32, the average deviation is 19.84 J

and the relative deviation is 1.15%. For Type2 mixtures, the total thermal energy

that injects into the cavity over 1000s for unit number m =4, 8, 16, 32 is 146.12

kJ, 158.52, 161.16, and 161.66 kJ, respectively. The thermal energy calculated

by using the effective thermal conductivity ke is 163.27 kJ. By comparing the

amount of heat transfer at each time step obtained by using ke with that of the

Type1 mixture with m = 32, the average deviation between the amount of heat

transfer at each time step obtained by using ke and that of the Type1 mixture with

m = 32 is 3.36J and the relative deviation is 1.66%. For Type3 mixtures, the

total thermal energy that injects into the cavity over 1000s for unit numberm =4,

8, 16, 32 is 848.97 kJ, 879.65 kJ 883.59 kJ, and 886.90 kJ, respectively. The

thermal energy calculated by using the effective thermal conductivity ke is 871.51

kJ. By comparing the amount of heat transfer at each time step obtained by using

ke with that of the Type1 mixture with m = 32, the average deviation between
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the amount of heat transfer at each time step obtained by using ke and that of the

Type1 mixture with m = 32 is 24.19 J and the relative deviation is 2.40%. For

Type4 mixtures, the total thermal energy that injects into the cavity over 1000s

for unit number m =4, 8, 16, 32 is 137.09 kJ, 152.81 kJ, 184.81 kJ, and 185.80

kJ, respectively. The thermal energy calculated by using the effective thermal

conductivity ke is 188.85 kJ. By comparing the amount of heat transfer at each

time step obtained by using ke with that of the Type1 mixture with m = 32, the

average deviation between the amount of heat transfer at each time step obtained

by using ke and that of the Type1 mixture withm = 32 is 3.21 J and the relative

deviation is 1.66%.

The comparison shows that as the total unit number increases, i.e.,m increases,

the differences between the results by using the effective thermal conductivity

shown in Eq. (5.12) and the real situations are decreasing. On one hand, Eq.

(5.12) is testified as a valid expression for the effective thermal conductivity for

different mixture structures. On the other hand, it is suggested that the effect of

local thermal nonequilibrium is weakened whenm grows, and it is reasonable to

predict that the deviation between the temperatures of the two constituents would

become negligible whenm is sufficiently large.
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Local thermal nonequilibrium

Figures 5.255.40 show the average temperature profiles of nickel and paraffin

along x1 direction together with the numerical results calculated by Eqs. (5.13)

and (5.14), where the subscript LTNE indicates the numerical results obtained

by the local thermal nonequilibrium model. For the paraffin part in Type1 mix

tures, the average deviations between the mixture theory based results and the real

situations form =4, 8, 16, 32 are 2.55 ◦C, 0.76 ◦C, 0.25 ◦C, and 0.13 ◦C, respec

tively; while the average deviations for the nickel part are 0.09 ◦C, 0.19 ◦C, 0.12

◦C, and 0.01 ◦C, respectively. It is shown that for Type1 mixtures, the results

calculated by the local thermal nonequilibrium assumption is satisfactory even if

the structures of the mixtures with a small m number do not strictly follow the

assumption of mixture theory that all constituents coexist at the same spatial posi

tion. Specifically, Figures 5.255.28 indicate that for the nickel part the results by

the mixture theory is very close to the situation. This is because the thermal con

ductivity of nickel is much higher than that of paraffin and thus the temperature

profiles of nickel is almost onedimensional, which coincides the mixture theory

heat transfer equations. Moreover, for the paraffin part there are notable devia

tions between the mixture theory results and the real situation when m is small,

which is because the mean temperatures are used to compare the results while the

temperature gradient along x2 direction inside paraffin is not negligible in real situ
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ations. For Type2 mixtures, Figures 5.295.32 show that the temperature profiles

of nickel and paraffin by using mixture theory almost coincide with each other.

The reason is that although both paraffin and nickel are discontinuous along the

heat flow direction, the energy equations Eqs. (5.13) and (5.14) are always con

tinuous which can not show the discontinuity of the structures. Still, the mixture

theory results are getting close to real situations asm increases. For Type3 mix

tures, the average deviations for the nickel part are 0.65 ◦C, 0.26 ◦C, 0.19 ◦C, and

0.02 ◦C, respectively. Here we only compare the temperatures of nickel because

the paraffin is discontinuous. For Type4 mixtures, the average deviations for the

paraffin part are 0.96 ◦C, 0.61 ◦C, 0.44 ◦C, and 0.42 ◦C, respectively. The com

parisons show that the mixture theory based energy equations can well predict the

temperature variations for each constituent even though the mixture is not well

mixed. However, it is determined by the nature of the Eqs. (5.13) and (5.14) that

the temperature profiles calculated by the equations are continuous and smooth,

and thus the discontinuities in the mixtures can not be expressed.

According to the results, the heat transfer performance of a structure is depen

dent on the contact area and the volumetric fraction of the highthermalconductivity

material that is parallel to the heat flow direction. However, as the contact area

increases, the heat transfer performance is constrained by the effective volumetric

fraction. So for designing the heat transfer structures for thermal energy storage

systems, the priority of the effective volumetric fraction is the highest to obtain
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the optimized heat transfer performance.
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Figure 5.8: The cavity with Type 2 units when m = 8. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.9: The cavity with Type 2 units whenm = 16. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.10: The cavity with Type 2 units when m = 32. (a) Mixture structure.
(b) The temperature distribution at t = 1000s.
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Figure 5.11: The cavity with Type 3 units whenm = 4. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.



CHAPTER 5. MODIFICATION OF THE ENERGY EQUATION 125

Figure 5.12: The cavity with Type 3 units whenm = 8. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.13: The cavity with Type 3 units when m = 16. (a) Mixture structure.
(b) The temperature distribution at t = 1000s.
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Figure 5.14: The cavity with Type 3 units when m = 32. (a) Mixture structure.
(b) The temperature distribution at t = 1000s.
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Figure 5.15: The cavity with Type 4 units whenm = 4. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.16: The cavity with Type 4 units whenm = 8. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.17: The cavity with Type 4 units when m = 16. (a) Mixture structure.
(b) The temperature distribution at t = 1000s.
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Figure 5.18: The cavity with Type 4 units when m = 32. (a) Mixture structure.
(b) The temperature distribution at t = 1000s.
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Figure 5.19: The cavity with Type 1 units whenm = 4. (a) Mixture structure. (b)
The temperature distribution at t = 1000s.
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Figure 5.20: A lump in Type3 mixture (m = 4). (a) Heat flux field and tempera
ture field of the lump. (b) The area to estimate the effective volumetric fraction.
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Figure 5.21: Rate of heat transfer through the left boundary of the cavity for Type1
mixtures in the first 1000 s.

Figure 5.22: Rate of heat transfer through the left boundary of the cavity for Type2
mixtures in the first 1000 s.
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Figure 5.23: Rate of heat transfer through the left boundary of the cavity for Type3
mixtures in the first 1000 s.

Figure 5.24: Rate of heat transfer through the left boundary of the cavity for Type4
mixtures in the first 1000 s.
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Figure 5.25: Temperatures of nickel and paraffin at t=1000 s for Type1 mixtures
whenm = 4.

Figure 5.26: Temperatures of nickel and paraffin at t=1000 s for Type1 mixtures
whenm = 8.
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Figure 5.27: Temperatures of nickel and paraffin at t=1000 s for Type1 mixtures
whenm = 16.

Figure 5.28: Temperatures of nickel and paraffin at t=1000 s for Type1 mixtures
whenm = 32.
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Figure 5.29: Temperatures of nickel and paraffin at t=1000 s for Type2 mixtures
whenm = 4.

Figure 5.30: Temperatures of nickel and paraffin at t=1000 s for Type2 mixtures
whenm = 8.
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Figure 5.31: Temperatures of nickel and paraffin at t=1000 s for Type2 mixtures
whenm = 16.

Figure 5.32: Temperatures of nickel and paraffin at t=1000 s for Type2 mixtures
whenm = 32.
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Figure 5.33: Temperatures of nickel and paraffin at t=1000 s for Type3 mixtures
whenm = 4.

Figure 5.34: Temperatures of nickel and paraffin at t=1000 s for Type3 mixtures
whenm = 8.
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Figure 5.35: Temperatures of nickel and paraffin at t=1000 s for Type3 mixtures
whenm = 16.

Figure 5.36: Temperatures of nickel and paraffin at t=1000 s for Type3 mixtures
whenm = 32.
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Figure 5.37: Temperatures of nickel and paraffin at t=1000 s for Type4 mixtures
whenm = 4.

Figure 5.38: Temperatures of nickel and paraffin at t=1000 s for Type4 mixtures
whenm = 8.
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Figure 5.39: Temperatures of nickel and paraffin at t=1000 s for Type4 mixtures
whenm = 16.

Figure 5.40: Temperatures of nickel and paraffin at t=1000 s for Type4 mixtures
whenm = 32.



Chapter 6

Conclusion and Future Work

6.1 Summary of Current Work

This research develops a mixture theory model for solving phase change problems

of pure PCM and PCM/metal foam composite. For the onedimensional melting,

we give the expression of the liquid velocity driven by the density difference be

tween solid PCM and liquid PCM, which is rarely considered in the present stud

ies. A new interpretation of heat flux terms and internal energy supply terms of

each constituent is also presented in this study. Three problems  pure paraffin

melting, paraffin/nickel foam composite melting, and paraffin/copper foam com

posite melting are solved for the onedimensional problem. The mathematical

model regarding each problem is numerically solved by using a finite difference

method. Experiments are conducted to validate the theory by comparing the ex

144
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perimental data to the numerical results. The comparison shows that the mixture

theory model is suitable for solving onedimensional melting of pure PCM and

PCM/metal foam composite. The greatest difference between experimental data

and numerical results is 2.83 ◦C observed in the melting of paraffin/copper foam

at x = 20mm at t = 6814s. The importance of the liquid velocity in the model is

discussed. Although the scale of ul is very small, the ignorance of that could lead

to a noticeable deviation from the real situation as paraffin transfers from solid to

liquid. This deviation is because the model ignoring velocity fails to describe the

heat loss through the heating side. However, this conclusion can not be extended

to higher order problems. For twodimensional melting problems, Faden et al.

(2021) showed that the density change during PCM melting has little influence

on the shape of the melting front. Moreover, for small Stefan numbers, the ef

fect of density change can be neglected. The local thermal nonequilibrium effect

is discussed for the paraffin/nickel foam and paraffin/copper foam. The numeri

cal results show that the difference between the paraffin temperature T and metal

temperature Tm is apparent only near the top boundary in the first few minutes.

Furthermore, the evolution of the mushy zone is analyzed. It is shown that the ad

dition of metal increases the melting speed. The error sources are also discussed

in the last section. Generally, this onedimensional mixture model can also be

used for other heat transfer problems involving multiple constituents. However,

the solid constituents must be assumed to be rigid, i.e. the solids are not subjected
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to any deformation or motion.

For the twodimensional problem, we give a mixture theory based mathemat

ical model for the phase change problem for pure PCMs. We propose that a melt

ing PCM can be separately modeled for three regions: the liquid region, the solid

region and the mushy zone. Like the onedimensional mixture model, in the two

dimensional model we assume that the velocity field in the mushy zone is solely

dependent on the density variation and the flow in the liquid region can not pen

etrate the boundary of the mushy zone. Thus we can circumvent the problems

while using the Darcy’s equation, of which the limitations are discussed in Sec

tion 2.4. Moreover, if there is local thermal equilibrium, we can simply add an

other rigid solid constituent to represent the extra additive, and as indicated in

the onedimensional model the addition of nonreactive solids does not increase

the order of the governing equation. However, we have not extended the model

for 2dimensional problems involving local thermal nonequilibrium because the

Darcy’s equation loses its credibility for phase change problems involving local

temperature differences in themixture theory framework (Liu 2016; RayMBowen

1980). Thus, a revised Darcy’s equation needs to be further investigated for 2

dimensional problems.

We also revise the energy equation in themixture theory framework for solving

heat conduction problems inside a mixture. For the local thermal equilibrium we

give a new expression for the effective thermal conductivity, and for the local non
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equilibrium assumption a new energy equation set is proposed together with our

definitions of heat flux terms and local heat transfer coefficient. Numerical evalua

tions are conducted for 4 different types of mixture structures and each structure is

solved by both direct method which represents the real situation, and the proposed

mixture theory method. By comparing the numerical results, it is suggested that

the mixture theory can provide satisfying predictions for the real situations of dif

ferent mixture structures. If the mixture is well mixed, the boundary heat flow can

be evaluated by using the local thermal equilibrium assumption. While if the mix

ture is not so well mixture, the mixture theory can still provide results with small

deviations with the real situations for the constituents with large thermal conduc

tivities by using the local thermal nonequilibrium model. Moreover, the mixture

method is numerically friendly because the mixture structures are considered by

calculating effective values. However, we should point out the restrictions. First,

the constituents are assumed to be static, and as a result, the convective heat trans

fer and kinematic energy are not considered. If one or more of the constituents are

moving, except for adding the convective terms on the left hand side of Eqs. (5.13)

and (5.14), the local heat transfer coefficient in Eq. (5.18) need to be revised by

considering the motion of the constituents. Second, we assume there is no mass

interaction between the constituents, and one to revise the local thermal interaction

terms in Eqs. (5.13) and (5.14) and take volumetric fractions as variables if mass

interactions between constituents exist. Third, the revised energy equation can not
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express the discontinuities of the mixture structures, and thus there would be no

table errors while predicting the thermal behaviour of discontinuous constituents

when the local heat transfer coefficient h is not large enough.

6.2 Future Work

In the previous study, we have revised the current mixture theory in three aspects:

First, the density change during the phase change process of PCMs is considered

by introducing a bulk fluid velocity associated with the density variation; sec

ond, the heat flux term and local energy interaction term are interpreted; third,

the energy equation is revised for both local thermal equilibrium and local thermal

nonequilibrium situations, which makes this mixture theory framework more rea

sonable. Nevertheless, there are still some unsolved problems in the current frame

work. It is suggested that Darcy’s equation would lose its credibility for problems

involving local thermal nonequilibrium. As a result, a mixture theory model for

PCM composites involving local thermal nonequilibrium is to be developed in the

future by deriving a revised Darcy’s equation, whic requires the usage of the prin

ciple of material frame indifference and the entropy inequality. Also, the solids

in the current mixture theory model are assumed to be rigid and not moving, and

hence the framework is not applicable to PCM/nanoparticle materials for which

the solid is moving along with the liquid. In the future, we will develop a more
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general mixture model for PCM composites considering the motion and deforma

tion of the solid constituents. Last, currently we only consider the thermophysical

behaviors of PCM and PCM composites while the material behaviors are ignored.

In the future we will also study the material properties of the PCMs and investi

gate phenomenon like cavity formation during the solidification of PCMs. Cur

rently the model is restricted in onedimensional problems and twodimensional

problems. In the future, we would work on a threedimensional model for phase

change problems, which is expected to cover the lowerdimensional problems.

The future plan for experimental studies would be studying the phase change

process of PCM with deformable additives, and nanoparticles. The purpose of

the experiments is to validate the mixture theory approach involving deformation

and motion of the solid constituents. Except for the experiments for the purpose of

validation, wewould alsowork on the development of an optimizedmetal structure

to enhance the heat transfer of PCMs. There are three major problems for the metal

foam for the enhancement of heat transfer: first, in Chapter 4 we have shown that

the heat transfer performance is mainly dominated by effective volumetric fraction

instead of real volumetric fraction, and as a result a part of the metal foam is trivial;

second, the metal foam is of a porous structure that would slow down the natural

convection of the liquid PCM and hence weaken the heat transfer performance;

third, the price of highporosity metal foams is expensive compared with some

carbon materials like graphite. As a result, we want to develop a novel metal
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structure for which the direction of metal fibers is made parallel to the heat flux

direction tomaximize the effect of themetal. Moreover, for themetal foam and our

proposed metal structure with the same heat transfer performance, the latter should

possess a higher porosity because the unnecessary part of metal is not included in

this stricture such that the natural convection is less affected. Last, the price of

the new structure is supposed to be more costfriendly. On one hand, the required

amount of metal is less than that of the metal foam for the same heat transfer

performance. On the other hand, for the new structure we do not require it is of a

porous structure so that the preparation techniques should be much easier.
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Appendices

Appendix I: Optimized time steps and grid sizes

The optimized time steps and grid sizes obtained by grid sensitivity tests for section

5.1.3 are shown in the following table. In the numerical calculation, for the two

constituents: nickel and paraffin, we use different time steps while the grid sizes

are the same. The table shows the time steps that used for the paraffin, and the

time steps for nickel can be obtained by dividing the time steps shown in the table

by 200.
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Table: Optimized time steps and grid sizes for section 5.1.3.

Mixture type m ∆x (m) ∆t (s)

Type1

4 6.25e4 7.81e1
8 3.13e4 1.95e1
16 1.56e4 4.88e2
32 7.81e5 1.22e2

Type2

4 6.25e4 7.81e1
8 3.13e4 1.95e1
16 1.56e4 4.88e2
32 7.81e5 1.22e2

Type3

4 3.13e4 1.95e1
8 1.56e4 4.88e2
16 7.81e5 1.22e2
32 3.91e5 3.10e3

Type3

4 6.99e4 9.76e1
8 3.49e4 2.44e1
16 1.75e4 6.10e2
32 8.73e5 1.53e2
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Appendix II: Finite Difference Equation at Interfaces

There are two types interfaces between 2 materials in our numerical calculation as

shown in the following two figures. The finite difference equation for the straight

interface is
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where the numbers 1 and 2 represent the two materials, and i, j are the grid num

bers. For the insulated boundary involving the interfaces between the two mate

rials, fictitious points are to be established and then the above two equations can

still be applicable.

Figure: Straight interface between two materials.
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Figure: Corner interface between two materials.
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