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ABSTRACT

Steel members with nonsymmetric cross-sections are widely used in modern steel
structures because of their fast construction and structural efficiency. The
disadvantage in fabricating nonsymmetric cross-sections is no longer as significant
because most steel members can be formed and/or robotically welded, thereby
enabling arbitrary shapes to be made easily and economically. Innovative structural
forms and section shapes are gradually proposed and employed in modern steel

structures.

The direct adoption of traditional design methods may be inappropriate because
their design formulae are basically derived for regular sections with symmetrical
shapes. Therefore, lacking a suitable design method could cause certain obstacles
when developing an innovative structural system using nonsymmetric cross-sections
with higher structural efficiency in modern steel structures. In view of such a need,
this research develops an innovative structural design method, namely the second-
order direct analysis, to tackle the problem of designing steel frames using

nonsymmetric cross-sections.

This thesis proposed a new numerical analysis framework for modern steel
frames with nonsymmetric cross-sections using the Line Finite-Element Method
(LEM), which is the most practical and widely used method in practice. A refined line
element and an improved Gaussian line element for members with nonsymmetric thin-
walled sections are introduced. The element formulations are derived based on the

nonsymmetrical section assumption, where the Wagner effects and the
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noncoincidence of the shear center and centroid of the nonsymmetric sections are
directly considered, and therefore, the lateral-torsional and flexural-torsional of
nonsymmetric section members can be captured robustly. Further, a novel line element
for members with nonsymmetric thick-walled sections is proposed, where the non-
negligible shear deformation in thick-walled members is considered by incorporating

the shear deformation in the element stiffness matrices.

More parameters inherent to nonsymmetric sections are required for the analysis,
where the Warping and Wagener effects are more critical and need to be reflected
through additional coefficients. Therefore, five additional section properties are
required, including the coordinates of the shear center and the Wagner coefficients.
Two cross-section analysis methods, namely the Coordinate Method and the 2D
Finite-Element method, are introduced for the calculation of the section properties of

nonsymmetric thin- and thick-walled sections.

The successful structural design of steel structures requires a realistic assessment
of a structural system's ultimate strength capacity under extreme loading conditions,
such as super-typhoon and seismic attacks, to ensure structural safety without collapse.
As such, this research proposes a second-order inelastic analysis method for the
nonsymmetric members. The concentrated plasticity (CP) model is integrated into the
LFEM, and the modified tangent modulus (MTM) approach originally proposed by
Ziemian and McGuire (2002) is adopted to represent partial material yielding.
Moreover, this research proposes a numerical analysis method for the nonsymmetric
members under fire conditions. A novel line element formulation based on the co-
rotational (CR) method is developed. The proposed CR line element formulation can

conveniently consider the material degradation and the thermal expansion. A refined
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Newton-Raphson-typed numerical procedure for the analysis at elevated temperatures

Is proposed and elaborated.

A series of verification examples are given to verify the accuracy of the proposed
cross-section analysis methods, the line element formulations, and the inelastic
analysis method. Results from literatures, experiments, and sophisticated Finite

Element Analysis have been used as the benchmark answers.

The distinct feature of this research is the development of a second-order direct
analysis framework for the steel frames with nonsymmetric cross-sections, integrating
the techniques such as robust cross-section analysis methods, LFEM with several line
element formulations included, and inelastic analysis method. The research work in
the thesis is expected to lead to a significant improvement in the design of more
economical and safer structures, enhancement of construction efficiency, and

reduction of manpower demands.

Keywords: Second-order direct analysis; Steel frames; Nonsymmetric cross-sections;

Warping; Wagner effects; Inelastic analysis; Fire.
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CHAPTER 1.

INTRODUCTION

Robotic welding machines and building information modelling (BIM) are
extensively utilized in modern steel constructions, eliminating the constraints of
fabricating nonsymmetrical sections. Innovative structural forms and section shapes are
gradually proposed and employed in modern structures. One of the dominant features
among such structures is their section shapes are nonsymmetrical, usually for

improving material-usage efficiency.

The traditional design methods are inappropriate for the design of nonsymmetric
members because their design formulae are basically derived based on the double-
symmetrical section assumption, which causes the ignorance of noncoincidence
between the centroid and shear center as well as the Wagner's effects. Hence, there is
an urgent need to develop a numerical analysis method that meets the analysis

requirements for the design of modern steel structures made of nonsymmetric sections.

In view of such a need, this research develops a second-order direct analysis
framework for the steel frames with nonsymmetric cross-sections, where robust cross-
section analysis methods, a Line Finite-Element Method (LFEM) with several line

element formulations included, and an inelastic analysis method is given.

This chapter gives the review of the research background, the research objectives,

and the outlines of the thesis.
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1.1 Background

Steel members with nonsymmetric cross-sections are more commonly employed
in modern structures because they can significantly ease erection difficulties and costs,
improving construction efficiency. Automatic welding machines and BIM techniques
are extensively used in modern steel constructions, eliminating the constraints and
reducing the cost of fabricating nonsymmetric sections. Innovative structural forms and
nonsymmetric sections, such as those shown in Figure 1.1 and Figure 1.2 (b), are
proposed and employed in modern structures, particularly in modular integrated
construction (MiC). One of the dominant features among these structures is that their
sectional shapes are usually nonsymmetric to improve material usage as members are

commonly under different load intensities in various directions.

In recent years, new prefabricated steel structural systems, such as modular
integrated construction (MiC) with light steel frames, have become popular worldwide
and locally for constructing modern structures in congested cities, such as Shanghai and
Shenzhen. Due to their many advantages, including high quality, fast construction, less
on-site labor and reduced construction waste, these systems are promoted locally as an
essential implementation of “Construction 2.0” and as substitutions for traditional RC
structures. Most of the system is fabricated in factory before delivery to the construction
site, where automatic welding machines or robots are extensively used to quickly
fabricate complex sectional shapes for members. Steel members with nonsymmetric
cross-sections are commonly employed in these light structural systems because they
can significantly ease erection difficulties and improve construction efficiency (Figure

1.1).
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Figure 1.1 Nonsymmetric members in modern steel constructions.
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(a) Symmetric sections
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(b) Nonsymmetric sections

Figure 1.2 Typical symmetric and nonsymmetric sections

However, the direct adoption of traditional design methods is inappropriate for
nonsymmetric members because their design formulae are basically derived for regular
sections with symmetrical shapes. Generally, when the cross-section is honsymmetric,
the effect of misalignment for the centroid and the shear center must be considered
(Figure 1.2). In current engineering practice, for simplicity, the design practice mainly
focuses on traditional steel columns with regular section shapes and commonly adopts
a doubly symmetrical section assumption when deriving the element formulations. This
causes ignorance regarding the non-coincidence between the centroid and the shear
center and the Wagner effects. Hence, there is an urgent need to develop a numerical
analysis method that meets the analysis requirements for the design of modern steel

structures made of nonsymmetric sections.
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Nowadays, engineers commonly use the traditional design method based on the
first-order linear analysis associated with the empirical assumption for designing steel
members on the basis of experimental tests. However, this method is not suitable for
designing members with nonsymmetric cross-sections because it lacks sufficient test
results to generate the empirical design equations. Nevertheless, sticking to this method
is unnecessary due to modern design methods using the second-order direct analysis
available in AISC (2016), Eurocode-3 (2005) and Hong Kong steel codes (2011), which
relies less on tests and more on refined numerical analysis. The structural design
executed by second-order direct analysis simulates the members buckling and the
material yielding under design loads to examine structural safety by direct computer
simulation. This design method is applicable to the new structural forms with
nonsymmetric sections once the members’ behaviors are modelled via numerical

algorithms.

In general, structural design relies on the robustness of the analysis method to
assess the ultimate strength behavior of structural systems. The second-order analysis
method is a modern stability design approach for steel structures that commonly use
Line Finite-Element Method (LFEM). The second-order analysis should be nonlinear
to consider initial imperfections in the global frame and at the local member levels and
to detect the system's buckling and members' instability. It also requires the analysis
method to accurately simulate structural behaviors, where the robustness of the line

elements is essential.

This thesis proposed a new numerical analysis framework for modern steel frames
with nonsymmetric cross-sections using the LFEM, which is the most practical and

widely used method in practice. The second-order direct analysis method is a modern
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stability design approach for steel structures that commonly use LFEM. The second-
order direct analysis belongs to one of the nonlinear analysis methods with
consideration of initial imperfections in the global frame and at the local member levels
to detect the system's buckling and members' instability. It also requires the analysis
method to simulate structural behaviors accurately; therefore, the line elements'
robustness is essential. The novelty of this research project lies in the development of
new mathematical models for steel members with nonsymmetric sections, which has

not been conducted previously.

In this thesis, a refined line element for members with nonsymmetric thin-walled
sections and cross-section analysis methods for determining pertinent section properties
are proposed. The element formulations are derived based on the nonsymmetrical
section assumption, where the Wagner effects and the noncoincidence of the shear
center and centroid of the nonsymmetric sections are directly considered, and therefore,
the lateral-torsional and flexural-torsional of nonsymmetric section members can be
captured robustly. Furthermore, a novel line element for members with nonsymmetric
thick-walled sections is proposed, where the non-negligible shear deformation in thick-
walled members is considered by incorporating the shear deformation in the element

stiffness matrices.

More parameters inherent to nonsymmetric sections are required for the analysis,
where the Warping and Wagener effects are more critical and need to be reflected
through additional coefficients. Therefore, five additional section properties are
required, including the coordinates of the shear center and the Wagner coefficients. For
sections of relatively simple shapes, such as mono-symmetric-I, T-, and L-shapes, the

mathematical expressions of the Wagner coefficients can be generated, but such
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expressions are complicated and perhaps impossible to be generated for nonsymmetric
sections with more complex shapes. The Wagner coefficients are rarely used due to the
complexity of calculating their values, which could thereby lead to inaccurate results
and cannot capture the real structural behavior. This project proposes robust cross-
section analysis algorithms, where a Coordinate Method (CM) is introduced for the
thin-walled sections, and a 2D Finite Element (FE) method is given for the thick-walled
sections. The additional section properties for the nonsymmetric sections and the shear

coefficients of nonsymmetric thick-walled sections can be calculated accordingly.

The successful structural design of steel structures requires a realistic assessment
of a structural system's ultimate strength capacity under extreme loading conditions,
such as super-typhoon and seismic attacks, to ensure structural safety without collapse.
As such, this research proposes a second-order inelastic analysis method for the
nonsymmetric members. The concentrated plasticity (CP) model is integrated into the
LFEM, and the modified tangent modulus (MTM) approach originally proposed by
Ziemian and McGuire (2002) is adopted to represent partial material yielding. Besides,
a yield surface describing the full yield capacity of a nonsymmetric section is given to
evaluate the full-yield condition, and the gradients to the yield surfaces are calculated

and used to control the plastic flow.

Nonsymmetrical section members are usually fabricated from thin steel sheets,
which makes them sensitive to fires. The high temperature will rapidly deteriorate the
strength and stiffness of structural steel. The passive fire protection (PFP) method,
using heat resisting (HR) coatings, is commonly adopted, but it is very expensive. When
adopting the simulation-based design method to investigate the actual structural

behavior under fires for identifying the critical regions and avoiding spraying HR
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coatings in unimportant regions, the cost for PFP can be dramatically reduced.
Therefore, this research proposes a numerical analysis method for the nonsymmetric
members under fire conditions. A novel line element formulation based on the co-
rotational (CR) method is developed. The proposed CR line element formulation can
conveniently consider the material degradation and the thermal expansion. A refined
Newton-Raphson-typed numerical procedure for the analysis at elevated temperatures

is proposed and elaborated.

This thesis proposed a second-order analysis framework for modern steel frames
with nonsymmetric cross-sections. Two cross-section analysis methods are firstly
introduced to calculate the section properties of the nonsymmetric thin-walled and
thick-walled sections. A refined line element and an improved Gaussian line element
for members with nonsymmetric thin-walled sections are given. Then, a novel line
element for members with nonsymmetric thick-walled sections is proposed. At last, the
analysis methods of the modern steel frames with nonsymmetric cross-sections under

some extreme scenarios, such as fire and plasticity, are introduced.

1.2 Objectives

The main objective of this thesis is to propose a second-order analysis framework
for the modern steel frames with nonsymmetric cross-sections. Since the robustness of
the line elements is essential for the simulation of structural behaviors, several refined
line elements for nonsymmetric members in different analysis cases are given. The
element formulations are derived based on the nonsymmetrical section assumption,
where the Wagner effects and the noncoincidence of the shear center and centroid of

the nonsymmetric sections are directly considered. Besides, robust cross-section
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analysis methods are introduced to calculate the section properties of the nonsymmetric

sections.

Second-order Direct Analysis for
Design of Modern Steel Structures with
Nonsymmetric Cross-sections

Cross-section Analysis Methods Second-order Elastic Analysis
(Chapter 3) Section (Chapter 4&5)
properties
. . . Euler-Bernoulli line element for members
Coordinate Method for thin-walled sections  |[------- »

with nonsymmetric thin-walled sections

2D Finite-Element Method for thick-walled sections |------- »| Timoshenko line element for members
with nonsymmetric thick-walled sections

1
I Section
! properties Plastic hinge
\J
Second-order Elastic Analysis under Fire Second-order Inelastic Analysis
(Chapter 7) (Chapter 6)
Line element formulation based on the co-rotational Concentrated plasticity (CP) model with
(CR) method the modified tangent modulus (MTM)
approach implemented

Figure 1.3 Research roadmap

The research roadmap of this thesis is given in Figure 1.3 and the research

objectives are summarized below.

» To propose a second-order analysis framework for the steel frames with
nonsymmetric cross-sections. The framework consists of several line elements for the
analysis of nonsymmetric members in different cases and robust cross-section analysis

methods.
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» Todevelop line elements for the most common nonsymmetric sections, the thin-
walled nonsymmetric sections. The element formulations will be derived based on the
nonsymmetrical section assumption, where the Wagner effects and the noncoincidence

of the shear center and centroid of the nonsymmetric sections are directly considered.

» Todevelop an improved Timoshenko line element for the second-order analysis
of nonsymmetric thick-walled members. As the shear deformation will be non-
negligible in nonsymmetric thick-walled members, the line element considering such

effect should be given.

» To propose cross-section analysis methods for the nonsymmetric sections. Five
additional section properties are needed to consider the effects of nonsymmetric
sections, including the coordinates of the shear center (zs and ys) and the Wagner
coefficients (fy, f; and ). Besides, the shear coefficients of the nonsymmetric sections

are required for the second-order analysis of nonsymmetric thick-walled members.

» To integrate the concentrated plasticity (CP) model into the line element
formulation for the inelastic analysis of nonsymmetric members. A yield surface,
describing the full yield capacity of a section resisting axial force and major-axis
bending and/or minor-axis bending, is also given. Such yield surfaces will be used to
evaluate the full-yield condition, and the gradients to the yield surfaces will be

calculated and used to control the plastic flow.

» To propose analysis methods for the nonsymmetric members under some
extreme scenarios like fire, where the material degradation and the thermal expansion

will be considered.

10
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1.3 Outline of the Thesis

This thesis consists of eight chapters, and the layout is presented as follows.

Chapter 1 gives the background of this research, where an urgent need to develop
a numerical analysis method that meets the analysis requirements for the design of
modern steel frames with nonsymmetric cross-sections is revealed. The research

objectives and the outline of the thesis are also given in this chapter.

Chapter 2 gives a detailed review of previous research on the second-order analysis
of nonsymmetric members. Firstly, the development of the LFEM, the most practical
and widely used method in practice, is introduced. Then, a detailed review of studies

about nonsymmetric members is given,

Chapter 3 proposes the cross-section analysis methods, where a Coordinate
Method (CM) is introduced for the thin-walled sections, and a 2D Finite Element (FE)
method is given for the thick-walled sections. Five additional section properties for the
nonsymmetric sections, including the coordinates of the shear center (zs and ys) and the
Wagner coefficients (y, £z, and fS.), and the shear coefficients of nonsymmetric thick-

walled sections can be generated accordingly.

Chapter 4 presents a refined line element for members with nonsymmetric thin-
walled sections and an improved Gaussian line element for the large-deflection analysis
of steel members with nonsymmetric sections subjected to torsion. The element
formulations are derived based on the nonsymmetrical section assumption, where the
Wagner effects and the noncoincidence of the shear center and centroid of the
nonsymmetric sections are directly considered, and therefore, the lateral-torsional and

flexural-torsional of nonsymmetric section members can be captured robustly.

11
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Chapter 5 proposes an improved Timoshenko line element for the second-order
analysis of nonsymmetric thick-walled members. The non-negligible shear deformation
in nonsymmetric thick-walled members is considered by incorporating the shear

deformation in the element stiffness matrices.

Chapter 6 gives a second-order inelastic analysis method for the nonsymmetric
members. The concentrated plasticity (CP) model is integrated into the line element
formulation given in Chapter 4, and the modified tangent modulus (MTM) approach is
adopted to represent partial material yielding. A yield surface, describing the full yield
capacity of a nonsymmetric section, is given to evaluate the full-yield condition, and

the gradients to the yield surfaces are calculated and used to control the plastic flow.

Chapter 7 proposes an analysis method for the nonsymmetric members under fire
conditions. A novel line element formulation based on the co-rotational (CR) method
is given. The proposed CR line element formulation can conveniently consider the
material degradation and the thermal expansion. A Newton-Raphson-typed numerical

procedure for the analysis at elevated temperatures is proposed and elaborated.

Chapter 8 presents the summary and conclusion of this thesis. The significance of

this research is given along with the recommendations for future works.

12
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CHAPTER 2.

LITERATURE REVIEW

2.1 Introduction

This chapter gives a review of the studies of steel frames with nonsymmetric cross-
sections. The development of one of the most efficient and effective second-order
analysis methods, the Line Finite-Element Method, is introduced along with a
comprehensive review of the studies of nonsymmetric members, including the cross-
section analysis of nonsymmetric sections, investigations of nonsymmetric thin-walled
and thick-walled members, and inelastic and fire resistance analysis of nonsymmetric

members.

2.2 Line Finite-Element Method

Modern structural design methods (e.g. the direct analysis method in AISC 2016
and the second-order design approach in Eurocode 3) require performing the nonlinear
analysis of explicitly simulating the members’ buckling behaviors. Against such a
requirement, the following numerical solutions are proposed for analyzing
nonsymmetric members: they are the Sophisticated Finite-Element Method (Schafer
and Pekoz 1998; Yu and Schafer 2007; Tang, Liu, and Chan 2018), the Finite-Strip
method (Schafer 2002; Adény and Schafer 2014; Bian et al. 2016), the Generalized
Beam Theory (Shakourzadeh et al. 1995; Gongalves et al. 2010; Martins et al. 2018)

and the Line Finite-Element Method(Chan and Cho 2008; Du et al. 2017).

13
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The Sophisticated Finite Element method (SFEM) adopts a large number of shell
or solid elements for constructing an analysis model, and it is considered the most
accurate solution; however, it requires enormous computational expense, making this
method mainly used in research work for individual members or simple structures.
Finite-Strip method (FSM) solves spatial problems through planar analysis by using
line finite strips, which is efficient in studying the distortional and local buckling modes
of individual members; however, it is unable to investigate global frame structural
behaviors. Generalized Beam Theory (GBT) introduces SFEM to consider complex
buckling modes and derives curve-fitting equations to compute effective stiffness for
use in the Line Finite-Element Method (LFEM). This aims for practical applications in
large-scale structures but is sometimes inapplicable when the SFEM results for the
specific section shape are unavailable. LFEM employs line elements to simulate
members’ global behaviors in nonlinear analysis, and it is the most popular and efficient
approach for engineering applications. However, the elements used in LFEM are mostly
derived from the doubly symmetrical section assumption that will cause errors when
used for member with nonsymmetric cross-section. In current engineering practice,
LFEM is extensively used and is considered one of the most efficient and effective
solutions in terms of computational efficiency and programming convenience (Park,
Kim, and Kim 2019). The accuracy of LFEM relies on the robustness of the basic line
element that is capable of simulating members’ behaviors under design loads (Ding and

Zhang 2019).

LFEM is the most practical and widely used method in practice. The second-order
analysis method is a modern stability design approach for steel structures that
commonly use LFEM. The second-order analysis should be nonlinear to consider initial

imperfections in the global frame and at the local member levels and to detect the

14
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system’s buckling and members’ instability (El Masri and Lui 2019). It also requires
the analysis method to accurately simulate structural behaviors, where the robustness
of the line elements is essential. For this requirement, several line-elements are derived,
including the Hermite cubic element, the stability function element, the flexibility-
based element, the mixed field element, the high-order shape function element, and the

warping line element and so on.

Features of these elements can be summarized as follows. First derived by Connor
et al. (1968) and then improved by Bathe and Bolourchi (1979) and Chan and
Kitipornchai (1987), the Hermite cubic element is the simplest line element, in which
the third-order displacement shape function is assumed. However, So and Chan (1991)
noticed a significant error when the axial force is large, the P-d effect cannot be
modelled in the cubic element with one element is used to model a member. White and
Hajjar (1991) reported that at least three Hermite cubic elements are required to model
a structural member, particularly when the member is subjected to high axial force. To
tackle these drawbacks, researchers including Chen and Lui (1987), Liew et al. (1999),
Chan and Gu (2000) and Feng and Wu (2020) used the stability functions to account
for the effect of axial forces on member stiffness. The stiffness matrix is directly derived
from the exact integration of the total potential energy equation making these elements
show unique superiority for geometric nonlinear analysis in terms of computational
efficiency and accuracy. Likewise, Izzuddin and Lloyd Smith (1996) and Neuenhofer
and Filippou (1997) proposed the flexibility-based (also known as forced-based)
element, which was refined recently by Zhang and Tien (2020). This element usually
adopts a numerical integration to form a flexibility matrix, which leads to more
complicated numerical procedures, and hence, more computational effort. For a more

accurate analysis, the element condensation method is used to form the compound or
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mixed-field element derived by Zienkiewicz et al. (2005) and Bathe (2007), where
several Hermite beam-column elements are combined into a compound element.
However, the behavior of the inner critical section cannot be reflected in an inelastic
analysis. Thus, Liu et al. (2014b) and Bai et al. (2020) established a higher-order
element adopting the fourth- or fifth-order polynomial displacement functions. This can
make the practical design more convenient since the capability to model per member
with one element is highly improved. Therefore, the warping line element, provided by
Shakourzadeh et al. (1995), Kim et al. (1996) and Liu et al. (2018), which permits
nonuniform torsion along the member length, is essential for analysing steel members

with nonsymmetric cross-sections.

2.3 Members with Nonsymmetric Cross-sections

The behaviors of the members with nonsymmetric cross-sections are complex.
Some of them are weak in resisting torsion and minor axis bending. As a result, they
might be susceptible to buckling in a lateral-torsional mode under bending, in a
flexural-torsional mode under compression, or in a coupled mode under eccentric axial
load. Experimental studies have shown that the buckling modes of members with
nonsymmetric cross-sections are more complicated than those of typical section
members. Furthermore, the prominent geometrical feature of nonsymmetric cross-
section is that the shear center and the centroid do not coincide, which can lead to the
Wagner effects that further causes additional twisting when a member is subjected to a
positive cross-sectional force. This weakness can result in torsional deformation when

the member is under loading, thus significantly reducing load capacity.

Generally, when the cross-section is nonsymmetric, the effect of misalignment for
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the centroid and the shear center must be considered. In current engineering practice,
for simplicity, the design practice mainly focuses on traditional steel columns with
regular section shapes and commonly adopts a doubly symmetrical section assumption
when deriving the element formulations. This causes ignorance regarding the non-
coincidence between the centroid and the shear center and the Wagner effects. Hence,
there is an urgent need to develop a numerical analysis method that meets the analysis

requirements for the design of modern steel structures made of nonsymmetric sections.

2.3.1 Cross-section analysis

An accurate calculation of the cross-section properties, especially for the key
parameters related to nonsymmetric sections, such as the location of the shear center
(zs and ys) and the Wagner coefficients (By, Bz and Bs) (Chen and Atsuta 2007), is
essential for the LFEM. For the simple shapes of thin-walled sections, such as mono-
symmetric-I, T-, and L-shapes, the analytical expressions of the Wagner coefficients
can be easily derived and are given by Ziemian (2010). These expressions, however,
tend to be very complicated and are usually difficult to apply in practical design
methods. Although cold-formed sections with irregular, nonsymmetric and complex
shapes are commonly adopted in light load-bearing structural systems, such as light
gauge facade framing and non-load bearing roof systems, their Wagner coefficients are
in most circumstances nearly impossible to represent with closed-form mathematical

expressions.

In the past decades, a 2D FE method has been proposed for the cross-section
analysis of arbitrary sections. For instance, investigations on utilizing FE simulation in

solving the Sanit-Venant torsion problem have been presented by early researchers such

17
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as Herrmann (1965), Krahula and Lauterbach (1969). Calculation of shear deformation
coefficients using 2D elements has been investigated by Mason et al. (1968), Schramm
et al. (1994), and Gruttmann and Wagner (2001). Those works show that the 2D FE

method is a reliable approach for the cross-sectional analysis.

TLL

|
LU

Figure 2.1 Examples of nonsymmetric thin-walled sections

2.3.2 Nonsymmetric thin-walled members

Thin-walled sections, such as those shown in Figure 2.1, are extensively used in
metal structures because of their material efficiency and ease in manufacturing, with
the latter often promoting the utilization of nonsymmetric sections. Members with these
sections are usually weak in resisting torsion and minor-axis bending. As a result, they
are susceptible to buckling in a lateral-torsional mode under bending, in a flexural-

torsional mode under compression, or in a coupled mode under eccentric axial load.

18
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Theoretical solutions for calculating the buckling strengths of the slender thin-
walled members with the idealized boundary conditions were studied extensively by
the 1950s and1960s (Bleich 1952; Salvadori 1956; Timoshenko and Gere 1961; Vlasov
1962). Based on these analytical methods, some design codes and guidelines, such as
BS 5950-5 (1998), adopted empirical equations for determining the buckling strength
of cold-formed members with open-sections. However, in more modern codes, such as
AISC (2016), Hong Kong steel codes (2011), and Eurocode 3 (2005), the simulation-
based design approach is adopted whereby the structural responses of members can be
directly simulated for confirming the buckling strength under design loads. Therefore,
a reliable numerical method, which accurately reflects member behavior within the

analysis, is essential for a successful design.

Research on the stability of thin-walled beam members was initiated when the
linear theory of non-uniform torsion for elastic beams was proposed by Vlasov in 1962.
This topic has received continuous attention over the past 56 years and has been studied
by several researchers who have been employing beam-column element theories. Such
investigators include Bradford and his associates (Bradford and Ronagh 1997; Bradford
1986; Bradford and Cuk 1988; Bradford and Hancock 1984), Kitipornchai and Trahair
(1972; 1975), Yang and his associates (Yang and McGuire 1986; Yang 1987),
Rasmussen and his research team (Zhang et al. 2015; Rasmussen et al. 2016), and
several others (Saleeb et al. 1992; Teh and Clarke 1998; Kim and Kim 2000; McGuire
et al. 2000). These researchers have assumed the section to be doubly symmetric, and
the effects caused by the shear center and the centroid not being coincidental are not
included their element formulations. As reported by Mohri et al. (2003), the buckling

strength of a slender beam with a mono-symmetric I-shape section can be dramatically

19



Chapter 2. Literature review

over-estimated (by as much as a factor of two) when conventional symmetric warping

elements are used.

More recently, some researchers, such as Chan and Kitipornchai (1987),
Shakourzadeh et al. (1995), Kim et al. (1996), Hsiao and Lin (2000), Pi and Bradford
(2001), Saade et al. (2004) and Machado (2008), have formulated beam-column
elements with a warping degree of freedom (DOF) for the members with general thin-
walled sections. These elements, however, were developed assuming the load is only
applied at the shear center, which are inconsistent with the conventional elements that

adopt the centroid as the origin for the element’s local axes.

2.3.3 Nonsymmetric thick-walled members

Steel members with nonsymmetric cross-sections are more commonly employed
in innovative modern structures. However, current frame analysis approaches for the
members with nonsymmetric cross-sections are mainly based on thin-walled
assumptions (Yang and McGuire 1986; Chan and Kitipornchai 1987; Proki¢ 1993;
Hsiao and Lin 2000; Saadéet al. 2004), where the transverse shear deformations are
neglected, leading to over-estimate the member stiffness of the thick-walled members.
Existing approaches for the simulation of the nonsymmetric thick-walled members
generally involve shell or solid elements, which are limited to single members due to

high computational costs.
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Figure 2.2 Structural behaviors of thin- and thick-walled members
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Structural behaviors of steel members with different section wall thicknesses are
quite different. Generally, thin-walled members are more susceptible to local buckling,
torsion, and warping effects (Figure 2.2 (a)). The transverse shear deformation is often
neglected since it is usually relatively small. Comparatively, thick-walled members
may have more obvious shear deformation, especially when subjected to transverse

loads (Figure 2.2 (b)), and this shear deformation shall be considered in the analysis.

One of the most common ways to capture the shear deformation is by
implementing the Timoshenko beam theory into the element formulation (Davis et al.
1972; Kim and Kim 2005; Arboleda-Monsalve et al. 2008; Mur m et al. 2014). Friedman
and Kosmatka (1993) developed a two-node Timoshenko beam element for the
transverse displacements and rotational problems using cubic and quadratic Lagrangian
polynomials for interpolation. Caillerie et al. (2015) developed a Timoshenko straight
beam element with internal degrees of freedom for solving nonlinear material problems.
Edem (2006) derived a beam-column element in which bending and shear rotation
shape functions are interdependent by considering nonsymmetric flexural modes.
Recently, Abdelrahman et al. (2022) proposed a Timoshenko beam-column element for
steel members with the tapered | section, where warping effects are considered. Those
research works have validated the reliability of the Timoshenko beam theory. But those
elements are mainly based on a symmetric-section assumption where the nonsymmetric

section effects will be ignored.

2.3.4 Inelastic analysis of nonsymmetric members
The successful structural design for steel structures requires a realistic assessment

of the ultimate strength capacity of a structure under extreme loading conditions, such
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as super-typhoon and seismic events, to ensure structural safety. As such, nonlinear
analysis method, which include geometric (second-order) and material (inelastic)
nonlinear effects, is crucial and has been extensively studied over the past 65 years
(Driscoll 1965; Porter and Powell 1971; King et al. 1992; Ziemian et al. 1992; Chen
and Chan 1995; Liew et al. 2000; Thai and Kim 2011; Liu et al. 2014b). The research
presented herein mostly adopts the concentrated plasticity (plastic hinge) analysis
method for inelastic simulation, aiming for practical application via efficient
computational procedures. The modified tangent modulus (MTM) approach, proposed
by Ziemian and McGuire (2002), is an implementation of plastic hinge analysis
methods that have been used widely for nearly two decades, thereby establishing its
robustness and effectiveness. This method has been used in designing systems of steel

members with symmetric section shapes.

In concentrated plasticity analysis method, a yield surface, describing the full yield
capacity of a section resisting axial force and major-axis bending and/or minor-axis
bending, is required. For steel sections with symmetric shapes, a governing equation
proposed by McGuire et al. (2000) is commonly used (Figure 2.3) but has long been
recognized as unsuitable for nonsymmetric sections (Figure 2.4). This research
proposed a rigorous cross-section analysis method to generate the yield surfaces of the

nonsymmetric sections, the detailed derivation of which is given in Chapter 6.
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Figure 2.3 The yield surface of a symmetric section (Chen et al. 2021)
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Figure 2.4 The yield surface of a nonsymmetric section (Chen et al. 2021)

2.3.5 Nonsymmetric members under fire

Steel structures are sensitive to fires and elevated temperatures because the thermal
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effects will rapidly deteriorate the strength and stiffness of steel material (Wang and
Moore 1995; C. K. and Chan 2004; Wang et al. 2013). Fire safety engineering is
required to examine the behaviors of steel members under fire conditions. The related
design approaches can be categorized into two types, such as the prescriptive (De et al.
2014; Qureshi et al. 2020) and the performance-based approaches (Liew et al. 2002;
Parkinson et al. 2009; Dwaikat and Kodur 2011), where the former is an element-based
approach using experimental results from standard fire tests. At the same time, the latter
is a system-based approach that relies on sophisticated analysis of checking global and
local stabilities of structures. Adopting the performance-based design method is
attractive because it could reduce or eliminate the usage of expensive fire-resistant
coating materials. However, the practicability of this design method relies on the
robustness of the analysis method, which should be able to predict the nonlinear

behaviors of steel structures at elevated temperatures and under fire conditions.

The members with nonsymmetric cross-sections are susceptible to lateral-torsional
or flexural-torsional buckling due to the offset between the shear center and the centroid
in the cross-section (Liu, Gao, and Ziemian 2019a; Chen et al. 2021). Regarding fire
conditions, the steel members may exhibit a temperature gradient. Under this
circumstance, the twisting may be induced if its cross-section is honsymmetric (see
Figure 2.5), which may lead to lateral-torsional buckling. The buckling behaviors of
these steel members are usually complex, making their buckling design difficult,

especially at elevated temperatures.
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Figure 2.5 Schematic behaviors of cantilever beams in fire

To investigate the structural behaviors of the steel member with nonsymmetric
cross-sections in fire, several experimental investigations and numerical simulations
using Finite Elements (FE) were conducted. For example, Wang and his colleagues
(2002; 2003; 2003a; 2003b) studied the structural behaviors of cold-formed thin-walled
steel channels under non-uniform temperatures, where more than 50 short channel
columns were tested and studied to develop the design methods. Kim et al. (2015)
investigated the buckling behavior of cold-formed steel channel-section beams at
elevated temperatures using a two-dimensional FE heat transfer analysis and found that
the buckling modes of the beam with temperature variation in its section are quite
different from that of the beam with a uniform temperature in its section. Recently,
Lam et al. (2013; 2014; 2015; 2016) conducted experiments and numerical analysis of
cold-formed steel members in the fire, where the beams with lipped C, compound C,
Sigma, and compound Sigma sections were studied and noticed that the lateral-torsional

buckling is the primary failure mode. These investigations provided some basic
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understanding of the buckling behaviors of steel members with nonsymmetric sections
at elevated temperatures. However, they are too complicated and time-consuming to
conduct physical tests and numerical FE simulations. A more convenient analysis
method, namely the Line Fine-Element method, is preferred and suitable for extensive

studies and practical designs.

Several line elements have been proposed in the literature for the nonlinear
analysis of steel members at elevated temperatures. For example, Li and Jiang (Li and
Jiang 1999) derived a line element considering the temperature variation across the
cross-section. lu and Chan (2005) developed a beam-column element formulation to
simulate the large deflection and inelastic behavior of steel members in fire. Huang and
Tan (2007) proposed an element formulation with the warping degree of freedom (DOF)
to study the responses of a steel frame at elevated temperatures. However, these element
formulations are mostly proposed for the conventional steel members with symmetric

sections, which are inapplicable for the use of nonsymmetric sections.
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CHAPTER 3.

CROSS-SECTION ANALYSIS METHODS

3.1 Introduction

This chapter introduces the cross-section analysis methods for nonsymmetric
sections, where a Coordinate Method (CM) is introduced for the thin-walled sections
and a 2D Finite Element (FE) method is given for the thick-walled sections. Five
additional section properties for the nonsymmetric sections, including the coordinates
of the shear center (zs and ys) and the Wagner coefficients (fy, £ and f.), and the shear

coefficients of nonsymmetric thick-walled sections can be generated accordingly.

3.2 Coordinate Method (CM) for Thin-walled Sections

In a conventional beam-column element that includes warping, there are five cross-
section properties that are required for a three-dimensional analysis, including the
cross-sectional area A, second moments of area ly and I, about the y- and z- axes,
torsional constant J, and warping constant l,. For most common sections, these
properties can be easily calculated using closed-form equations that are readily
available. To consider the effects of non-symmetric sections, five additional section
properties are needed, including the coordinates of the shear center (zs and ys) and the
Wagner coefficients (8y, f; and B) (Chen and Atsuta 2007). For thin-walled sections
of relatively simple shapes, such as mono-symmetric-l1, T-, and L-shapes, the
mathematical expressions of the Wagner coefficients can be generated (Ziemian 2010),

but such expressions are complicated and perhaps difficult to use in routine practice.
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For the more complex shapes, the use of Wagner coefficients is often avoided due to
the complexity of calculating their values, which could thereby result in significant
errors when computing structural behavior. To resolve such difficulties, a generalized
computational approach for providing these properties for arbitrary thin-walled sections

was developed.

3.2.1 Section modelling

An open-section can be modelled via a series of points and segments as indicated
in Figure 3.1, which will be classified as either Chain-Type or Tree-Type. Each segment
is a line element constructed by two points with the plate thickness t. A global
coordinate system, namely the Z-O-Y axis, is initially established for describing the
positions of points; and a local axis with the origin as the centroid (i.e., z-0-y axis) is
determined for computing the related section parameters. The coordinates of the

centroid of the section can then be computed by,

7 = Yis) Liti(ZALi + Zp;)/2 (3.1)
v, = s Liti(iu + Yri)/2 (3.2)

where ns is the total number of segments; the subscripts L and r denote the start and end
points of the i segment, respectively; L; is the length of the i segment; and A is the

total cross-section area, which is given by,

A= "Lt (3.3)
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Figure 3.1 Modeling an open section via points and segments
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The coordinates (zi, yi,) of the i point in the z-0-y axis are given by,
zi =172;—Z (3.4)

yi=Y, =Y, (3.5)

3.2.2 Warping ordinate
The warping ordinate w.i and ws; of the it point can be calculated by referring to

the centroid and the shear center, respectively, and are thereby given as,
wor = woj + [¥; (2 — ) — z/(vi — ¥5)] (3.6)

wsi = wsj +[(zs = )i —¥1) = (s = ) (2 = 7)] (3.7)

where the subscript j represents the previous point in the Chain-Type section and also
represents the upper level point in a Tree-Type section; and zs and ys are the coordinates

of the shear center and can be calculated by,

Vs = (Izlwz - Iyzlwy)/(lylz - Iyzz) (3.8)
Zs = (Iylwy - IyZIwZ)/(IyIz - Iyzz) (3.9)
where,
ns (3.10)
Yii + Yri\? 1
I, = f)’sz = Z( = > Rl) A; +E(yLi — Yri)?4;
A e
=1
ng 311)
70\ 2 1 (
L, = szdA = z (ZLL ZRl) A + — (21 — zg)* A
. £\ 2 12
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ns
Zyi + Zp; o Voo
Iy, = fysz = Z( - Rl) (J’u : ym) A
4 i=1
(3.12)
ns
Zp t+ ZRi) (yu + le-)
+Z ( 2 2 Ai
=1
< A (3.13)
oz = fzwodA N Z & [@o1i(221i + Zri) + Wori (21 + 22pi)]
4 i=1
ng A
Iwy = fy(»()odA = ZEL [woLi(ZyLi + le') + wORi(yLi + Zle)] (314)
A i=1

in which wo is the warping ordinate that is illustrated in Figure 3.2; and y, z are point

coordinates with reference to the centroid.

.
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Figure 3.2 The coordinates and the warping ordinate at a point

The normalized warping ordinate wn is determined as following,
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A A

ng
1 1
Wy = _f wsdA — ws = Z_Z((‘)Lsi + (‘)Rsi) A — wg (3-15)
i=1

With these equations, the coordinate and the warping ordinate of an arbitrary point

on the cross section are obtained (as illustrated in Figure 3.2) and will now be used for

calculating the Wagner coefficients.

3.2.3 Wagner coefficients

With the availability of the coordinates and warping ordinate for the segment end

points, the three Wagner coefficients can be calculated from the following equations.

1
,By = _f (Z3 + Z_’yz)dA — 2z,
L J4
1 <
= Z Ai[2y1vri(2 + 2gi) + y1° (Bzy + zgy)] (3.16)
121, L
i=
1 <
+ 121‘2 Ailyri®(zyi + 32zg;) + 3(zy; + zgi) (212 + 2zri?)] — 224
Yiz1
1 3 2
B =1 | 0 +yz*")dA = 2y;
zJa
1 <
= z Ai[22,,2p;(ypi + Yro) + 20* By + Yri)] (3.47)
121, £
i=

1
121,

ng
> Ailze® G + 3980 + 3001 + Ve O + o] - 294
i=1
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1
Bow = _fwn(yz +2%)dA
I, ),

ns
1
= FZ AilwyiByy® + 2yLYri + Yri® +321% + 2212g; + 2gi°)] (3.18)
“i=1

ng
1

+ 121 Z Ailwri (Vi + 2y1Yri + 3Yri° + 21 + 22,25 + 32p;%)]
@i

Finally, the warping constant I, can be computed from,

ns
2
I, = f wp2dA = ZAL- Iwmwm CL 5 tni) (3.19)
A i=1

3.2.4 Verification examples

Knowing that the location of the shear center (ys and zs) and the Wagner
coefficients (B, Sz, and f.) are essential for an accurate analysis of a system that
contains non-symmetric sections, four such sections are studied, with their dimensions
given in Figure 3.4. Given that the mono-symmetric-I section is symmetric about the
y-axis (Figure 3.3), the Wagner coefficients fy and f. are zero. The closed-form

equation for calculating the Wagner coefficient £, is derived by Ziemian (2010) and

given below.
B == — x2 + x3)/1. — 25 (3.20)
where,
bf6‘3 ’ be3 2 "3 3 2 ) 301
X1 = 12 (do )tfc + _4_tfc + bfc(do) tre +§bfc(d0) te (3.21)
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Figure 3.3 Dimensions of the mono-symmetric-1 section
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Figure 3.4 Four sections for the verification of CM method

The properties for the other sections are obtained from version 15.0 of the AISC
2016 database. Using these properties as a basis, the values computed by the section
definition module based on the proposed algorithm presented earlier, are then verified.
Sections were constructed via a series of points and segments working from the mid-

points of the through-thicknesses.
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Although limited to one mono-symmetric-1 section, the comparison presented in
Table 3.1 tends to confirm the accuracy of the proposed computational algorithm in
defining properties for an open-section. In practice, the properties of common shapes
such as T-, L-, and C-sections are usually obtained from the section tables in design
codes, such as AISC (2016), but the Wagner coefficients are often not provided. Herein,
three sections selected from the AISC shapes database, including WT500x277,
L152x102x15.9, and C150x19.3, are studied, where the common section properties
apart from the Wagner coefficients are compared in Table 3.2 with the values calculated
by the proposed computational algorithm. Any small differences are assumed to be
attributed to the AISC database accounting for fillets and/or rounded edges. Of course,
the generalized computational algorithm presented in this chapter can be used for
generating the Wagner coefficients for non-symmetric sections, which may be further

incorporated into current section tables with codes.

Table 3.1 Section properties of the mono-symmetric-I section

Parameter Closed-form Solution Present Study Differences

A 4.462x103 m? 4.462x10° m? 0

ly 3.394x10°% m* 3.394x10°%m* 0

I; 6.171x10° m* 6.170x10° m* 0

J 1.264x107" m* 1.264x107" m* 0

lw 2.799x108 md 2.799x108 mb 0

Ye 8.745x102m 8.627x102m -1.3%
Zc 0 0 0
By - 0 -
p: -2.052 x10 ' m -2.077 x10t m 1.2%
P - 0 -
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Table 3.2 Section properties of the WT, L, and C sections

Section B - WT500x277

Parameter Section Table Present Study Differences
A 3.53x102 m? 3.57x102 m? 1.0%
ly 8.03x10*m* 8.11x10“m* 1.0%
I; 2.95x10*m* 2.98x10*m* 1.1%
J 2.40x10°m* 2.35x10°m* -2.2%
Iw 1.50x10°" m6 1.51x107" m° 0.7%
Ye 9.99x102m 9.87x102m -1.3%
Zc 0 0 0
By - 0 -
B -- -3.47x10m --
Pw - 0 --
Section C - L152x102x15.9
Parameter Section Table Present Study Differences
A 3.780x10°3 m? 3.786x10° m? 0.2%
ly 3.11x10°%m* 3.15x10°%m* 1.3%
I; 8.74x10°%m* 8.69x10°%m* -0.6%
J 3.23x10"m* 3.19x10"m* -1.2%
lw 4.27x100 mé 4.27x100 md -0.1%
Ye 1.825x102m 1.883x102m 3.2%
Zc 4.365x102m 4.266x102m -2.3%
By - 1.071x10 m -
p: -- 6.515x102 m --
Pw -- 0 --
Section D - C150x19.3
Parameter Section Table Present Study Differences
A 2.46x10° m? 2.45x107° m? -0.4%
ly 7.20x10°m* 7.14x10°m* -0.8%
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I, 4.37x107" m* 4.39x107" m* 0.5%
J 9.86x10%m* 9.75x10%m* -1.1%
Iw 1.93x10°m® 1.92x10°m® -0.5%
Ye 0 0

Zc -2.275x102m -2.284x102m 0.4%
B . -1.799x10" m -
p: - 0 -
P -- 0 --

3.3 2D FE Method for Thick-walled Sections

3.3.1 Section modelling

An 2D FE-based cross-section analysis algorithm is employed to calculate section
properties for nonsymmetric thick-walled sections. Instead of modelling the cross-
section with the centerline as in the CM method, this research adopted a new cross-
section modelling method using the outline. This method not only is applicable to
arbitrary sections but also can take the wall thickness into considerations. A modelling
example of a complex section is provided in Figure 3.5 (a), where the vertices of the

cross-section P; are firstly described with coordinates and then connected by outlines

Li.
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As shown in Figure 3.5 (a), the outlines are defined as:
Li=P —>P,>P;>P,..Pg > Py—> Py, > P,
Ly = Pyy = P13 = P13 = Py = Py
Lz = Py5 = Pyg = P17 = P1g = Pis

Note that the outlines can be classified as the ones for solids and holes. In this
example, L1 describes a continuous solid outline where FE mesh will be generated
within the enclosed region; L» and Lz describe continuous hole outlines where FE mesh

will be deleted within the enclosed region, as shown in Figure 3.5 (b).

Node 1
(V:;la Zf,l)

Node 3

Node 2 (Jf’i,3= Zi3

L‘r’;,z: 2:,2) 1

Y

8]

Element i

Figure 3.6 Constant strain triangle (CST) element

An iso-parametric constant strain triangle (CST) element is employed to generate

2D-meshes of cross-sections. The CST element is a simple and efficient triangular finite
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element for the cross-section analysis. Besides, the element has a high adaptability to
mesh sections with arbitrary shapes. As shown in Figure 3.6, besides the global
coordinate system y-0-z, a local coordinate system #-0-¢ will established to derive the
element formulations. Note that the nodes for each element will be listed following

anticlockwise sequences.

3.3.2 Shape functions and Jacobian matrix of the CST element
The CST element is a simple first-order element. The shape function N and

Jacobian matrix J of this element are defined as:

Nm®& = ¢ 1-n-=4] (3.24)
[0z 0y] [9N]

_[9n on|_|om| e ei_[F2TZ Y17V

J =4z 6y|_|6N [z H—[zi—zi y;—yi] (3.25)
o o¢l Lol

where the superscript e denotes column vectors containing element nodal global

coordinates, for example, ¥ = (y1, V2, ¥3) .

3.3.3 Basic geometric properties

The calculation of area A, global coordinate of centroid yc and zc, and moment of
inertia Iy, I; and ly; in this study is based on geometric approaches. Since the cross-
section will be meshed into a series of CST elements, those basic geometric properties

can by calculated by,
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NE n
1
A=YA% = Ezz Yij+1Zij — yi,jzi,j+1) (3.26)
=1 =1
NE n
A y 1
Ve = -= —AZ Z Vij + Yijr1) VijerZij = YijZije1) (3:27)
=1 =1
NE n
ZAe 1
Z, = = _Az Z zjj + Zi,j+1)(yi,j+1zi,j - Yi,jzi,j+1) (3.28)
1 NE n
I, =YI¢ = EZ Z(.Vi,j+1zi,j = ¥iZij1) (28 + 20j2i 01 + 2241) (3.29)
i=1 j=1
1 NE n
I, =3I = EZ Z(yi,j+lzi,j - yi,jZi,j+1)(yi2,j +VijVij+1 T yi2,j+1) (3.30)
i=1 j=1
NE n
Ie _2422(}71]4.12” yl]Zl]+1)
i=1 j= (331)

X [}’i,j+1Zi,j + YijZij+1 +2(yi,jzi,j + yi,j+1Zi,j+1)]

where n = 3 is the number of nodes in each element. Note that in the triangular element,

Yn+1 = Y1 and Zn+1 = Z1.

3.3.4 Torsion and warping properties
To get the torsion and warping properties of a cross-section, a classic Saint-Venant
torsion problem should be considered, in which the principle of virtual work gives:

6W = SWint - SWext = f

gbedV — me(Sde =0
4 L

(3.32)
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where my is the torque per length uniformly distributed along the entire member length

L, @ is the twist angle of the member. This can be expressed in a strain from as:

J‘ 66+6666 66(6(» )
y ox 0z %) ox oz
+[(a“’ )659+6965 69( + ]dV f §0dx = 0
dy ) ox dx dy “|ox z MrOZax (3.33)

where w is the warping ordinate function and the 66 term can be separated as:
f ;959 f (aw)z N (6(»)2 L0 0w
o ax ) |[[\ay 9z ay Yoz

ow w
+<Z6__y6 +y2+zz) dA—ijSde
Y L (3.34)

in which, the first part of the 60 term can be simplified with the Green’s theorem and

harmonic function:

f <6w)2 N (6(»)2 N Jw Jw A
4 |\0y 0z z dy Y 0z

=$0[(G5 +o)n + (5 -)nla
—T@ NGy )y TG, 7Y% (35)
Where ny an n; are the module of vector components along y and z-axis. The vector

is outward normal to the outline s of the cross section. Based on the surface condition,

this part equals to zero. The following part of 66 term can be simplified to J, it leads to:

JLG—é‘H—dxj [ Z——ya—+y + z?2 ]dA—fme(Sde (3.36)

45



Chapter 3. Cross-section anslysis

—fdﬁﬁG de 60d —f59<d0d9 >d
), dx S x4 me *= . \dx S~ M)

This part also equals to zero based on the governing equation for torsional motion

along the longitudinal x-axis. Hence the rest o term would be:

fG<ae)2(aa 6w+66 aw+a5 aa )dV
dx/) \dy “’ay az“’az dy wz 0z @y

—Gf d“ Zs 6 a“’) (65 9 5 )]dA 0
= X w aZ aZ wy a wZ =

(3.37)

This gives that:

f[(66 6w+66 (’)w) ((’)6 66 )]dA—O (3.38)
9y Yoy T92°%0z) T \5:.°%Y T 5,097

By solving this equation, the warping ordinate function  (y, z) can be solved. The
above equation can be written in the FE formulation. For each CST element it can be

approximated written as:
flfl_g‘g er[(ONTON  ONTON)
o Jo @ dy dy 0z 0z @

ONT ONT\]1
— | Ny® — Nz° Edetl]ldn dé =0

0z dy (3.39)
It gives that:
Jljl‘f aNTaN_l_aNTaN .
o)y oy ay "oz az)?
(N eIV N e—aNT>lld t|J]dndé = 0
Y oz ay |2 7 (3.40)
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The element stiffness matrix K®and load vector P, are formulated as:

Ke_flfl‘f ONTON ONTONNL, 00 341
A dy dy 0z 0z )2 etl/ldn ds '
114 ONT ONT\ 1
e _— e___ _ e_____ |— 3.42
P¢, ) (Ny P Nz 3y )Zdetljldr] dé (3.42)

The Gaussian quadrature method is adopted to solve the numerical integrations
above and improve computational efficiency. Seven Gauss points are introduced on the

CST element as per introduced by Bathe (Bathe 2006), and the above equations can be

written as:
o 1IN [IN®0 DT 0N §) | ON i 80" ON (i, 1)

K _E;l o e - ldetl]l (3.43)
. 1 $ eaN(ni,Ei)T eaN(m,fi)T

Py, —Eizlz [N(ni;fi))’ T—N(m,fi)z Tl det]/] (3.44)

Where n = 7 is the number of Gauss points and W; is the weight of each Gauss

points.

The total stiffness matrix K and load vector Py for warping ordinate function can

therefore be formed with elemental matrices:

NE (3.45)
K = Z K¢

NE (3.46)
Pu= P
Kw=P, (3.47)
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where NE is the number of CST elements. Nodal values of warping ordinate function
as a column vector can be obtained by solving this equation. Note that a boundary
condition shall be applied first by fixing the warping DOF of an arbitrary node. The

location of shear center, ys and zs, is then calculated:

NE
1 1 1 1-¢ 1
y, = —.fzwdA = _Zf f Nz°Nw® = det|J|dn d§

(3.48)
n
1 ~—NE
- ﬁz Z WiN(;, §:)z°N(;, §) w®det|]|
Y i=1
1 1NE 1 1-¢ 1
Iz 14 I, 0o Jo 2
(3.49)

NE n

1
- FZ z WiN(;, §)y*N(;, §) w®det|]|
==

where Iy and I, are moments of inertia. The warping ordinate function @ can be

standardized to ws:

1
wszw——fwdA+zsy—ysz
A,

NE
1 1 1-¢ 1
1 NE <&
Y ZWiN(m,Ei)wedeﬂ” 4,y — V2
i=1

The calculation of torsional constant J, warping constant Iw and Wagner

coefficients fy, Sz, S are given as:
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=[5
:f:J:J: f[—oos(Nz —zg) + (Nz° —Zs)]

) - 0= w)?|as

[ang(Ny —¥,) = (Ny* =) ” det||dnd¢ (3.51)

1 NE
zz ZWL

i=1

[aN(nL fl [N(Ui’fi)ze _ Zs] + [N(Th‘ fl-)Ze - ZS]ZI

B [aN ,¢,) dety|

S ws NG, £ )" =y, + NG )y =3,

NE 1 1.¢ 1
I, = wadA = Zf f (Nw®)? =det|J|dn d&
A 0o Jo 2

(3.52)
1 NE n
=5 Y WiNG, E)w* et
i=1
1
= — 2
y—nyAZ + zy“dA — 2z
1 < [ 1
— e)3 e —e\21_ _
Iy ]0 ]0 [(Nz°)® + Nz¢(Ny®) ]ZdetI]Idn dé — 2z (3.53)
1 NE n
= fz Wi[[N(n;,¢)Z°]3 + N(n;, £)Z8[N(n;, &) Y% )% ]det|J| — 2z
=
1
B: = A y3 + yz2dA — 2y (3.54)
zJA
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1 NE 1 ,1-¢ 1
= [ Ty Ny ey deian d - 2,
I, o Jo 2

NE n

1
= ﬁz Z WilIN(m;, ED¥E1? + Ny, EDYE [N (n;, €)Z¢]?]1det|] | — 2y
S

B = %Lw(yz +2%)dA
1 NE 1 1-¢ 1
= Ez fo fo Nw?[(Ny®)? + (Nz°)?] Edetll |dn d§ (3.55)

NE n

1
= 72 Z WiN (1, §)®[[N(m, §)Y°)? + [N(n;, €)Z2°]] det]J |
® ==

3.3.5 Shear coefficients
Assuming a beam subjected to a non-uniform bending moment M, and a shear

force Vy. The longitudinal normal stress can be calculated by:

_ LMy — I,,M,z

Oy = LI 1% (3.56)
With zero body force, the equation of equilibrium gives:
do, N OTyy N 0Ty, —0
dx ady 0z (3.57)
Submitting equation(3.57) into equation (3.56) leads to:
aTxy n 0Ty, _ Vy(IyZZ - Iyy)
ay 0z L, — I3, (3.58)
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For uniform isotropic materials, the kinetical strain-displacement equations can be

expressed in Hooke’s stress-strain relationship as:

0%0, 1+vd (01, 01y, 0Ty, 359
dxdy v 0z\ 0z dy  Ox (3:59)
0%0, 14+v d (01, 01y 0Ty, 360
0xdz v ody\ dy 0z  Ox (3.60)

Assuming no torsion, 7y, equals zero. Submitting equation (3.56) into

equations(3.59) and (3.60) leads to:

0 <arxy arxz> B Wi,
ay\ oz dy ] A +v(1,—1Z%) (3.61)
9 <61xz arxy> _ v I,
dz\ dy 0z A+ (11, —1%,) (3.62)

The shear function @ (y, z) can be employed to describe zxy and z:

L1, — 1%, [0® z? —y?\]
ylz vz
== I I 3.63
fxy 2Vy(1+v)_(')y+v<yzyz+y 2 ) (3.63)
IL,—12, [0® z% — y? ]
ylz = lyz
_ | _ 3.64
faz 2V3,(1+v)_az+v<yz 2 yyz)_ (364)

Submitting equations (3.63) and (3.64) into equation (3.58), the partial derivative

gives the governing equation:

’® 92
57 o7 = 2(I,z — Lyy) (3.65)

Since the beam is free of surface forces, the stress normal to the boundary curve

shall be zero:
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TayNy + Tz, =0 (3.66)

Where ny and n; are components of outward unit vector normal to the surface along

y and z directions. Submitting equations (3.63) and (3.64) into equation (3.66) leads to:

0P z? —y? 0P z? —y?
E—H} Iyzyz+1yT ny + E%—v Isz— yyz||n, =0

(3.67)

Utilizing the Galerkin’s method, with an appropriate trial function f, a weak form

can be established as:

°®d 0@
fAf 3y2 +a7—2(1yzz—1yy) dA

22 — y? 2% — y?
+ j f [V <Iyyz -1, T) n, —v <Iyzyz + 1, 5 )ny
S

oP oP
- ( + —nz)l ds=0

ay " oz (3.68)

Using the Green’s first identity for the first integral part and the divergence
theorem for the second integral part, the equation can be transformed into:

[G+ )G +a) oz —1)

(3.69)

of z%2 — y? of z% — y?
-V l@ <Iyyz — Isz + 37 Ly,yz + 1, > dA=0

The above equation can be written in the elemental formulation:

[ (o oo, -
o Jo dy dy 0z 0z
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v [ON GN] I,[(Nz°)?> — (Ny®)?] + 2Ny°Nz°l,,
2loy 0z1|-I,,[(Nz°)* — (Ny®)?] + 2Ny°Nz°l,

1
+2(1 + V)N (I,Ny® — ,,Nz° )| 5 detlJldndg = 0
It gives that:
f fl $[/oNT aN ONT ON
(I)e
dy ay 9z 9z

v [ON 6N] y[(Nz?)? — (Ny©)?] + 2Ny°Nz°l,,
2lay oz I,,[(Nz°)? — (Ny®)?] + 2Ny°Nz¢l,

(3.71)

1
+2(1 + v)NT(I,Ny® — IyZNze)]] 5 detlJldndg = 0

From above, the element stiffness matrix K®and load vector Py are formulated as:

1-¢ aNTaN ONT ON
f f detuldndf

ay ay 9z 9z
(3.72)
Z aN(m, §)TON(;, &) aN(m,fl)T aN(m.sﬂ)
~2 dy 0z
= [viaN aN71[ I,[(Nz®)? — (Ny®)?] + 2Ny°Nz°l,,
j j l ay (')ZH I,,[(Nz)? — (Nye)2]+2NyeNzerl
1
+2(1 + v)NT(I,Ny® — I,,,Nz°)] Edetl]ldnd{
(3.73)

z[ [6N(m,si) aN(m,El)]
—24102

l LIIN(n;,§02°1% — [N, §)y°1%] + 2N (03, §)Y°N (n;, §)2°1,,
=1 [[N(;,§)2°1* — IN(n3, §D)¥°1%] + 2N (3, §) ¥ N (n1, §)2°1,
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+2(1 +V)NT[I,N(n;, €)y® — L, N(n;, fi)ze]] det|J|

Therefore, the calculation of shear coefficients ky can be obtained by solving the

equation between the total stiffness matrix K and total load vector Py and gives as,

AZ
where,
A=201+v)(Iyl; — 1Z;) (3.75)

(@f wa_ﬂ \
Ky:fA 10y | _Vor|{|0y] h/dA

|

oN 1 ON
zﬁflfl_f ('[_yq)e]' —KhT\\ /'[Eq)e]'—zh\ldetllld dg
A laN"’eJ 2 \laN"’eJ 2 /2 1
\l7 )\
(3.76)
Ve NS 1
_1 oy Y hn €
=3 Zw waney | ~7RO0E
0z
aN(m;fi)cDe
Oy Y h.
o) |2 |4
0z
_ T (52 _ 52\ _ 55
h(n;, &) = (2" =3") = 2lyay (3.77)

—Iy;(Z% = 5*) + 2135z
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_ —I5[[N(;, €)Z°)* — [N, §)¥°1%] — 215:N (0, &)Y N(n;, §)Z°
—I3z[[N(;, $)Z°1% — [N(m;, €)YC1?] + 2I;N (0, &)Y N (n;, ) Z°

Similarly, shear coefficients k; can be generated by,

AZ
— 3.78
ke = e (3.78)
[a‘l’ oy
_ 63’} _ Vo or [E} _
K, L a_lP > d < a_lP > d|dA
laz 62J

_ 1 1—E/ay‘l’ v T\ % v 1
= 22 2d)<t‘2’§‘vﬂ R

(3.79)

:'lpeJ

IN(m;, &) we
ot } — = d(, &) | detl]

IN(;, §;) we
dz

I;;(Z% — y2) + 21,yZ
d(n, &) = [,Zf (;2 ) yf))_ , Iyz_;z_]
(3.80)
_ llyz-[[N(m; §)z°)% — [N(;, €)Y°1?] + 21N (n;, €)Y N(n;, €,)Z°
I[[N(;, §)z°]? — [N(m;, §)Y°1%] = 215:N(n;, €)Y N (n;, §,)Z°

where ¥ is the corresponding shear function.
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3.3.6 Verification examples

To validate the accuracy of the proposed cross-section analysis method, two
examples are presented in this section, where the section properties from the proposed
method are compared with those from other algorithms. Parameters involved in the
verification consist of geometric properties (cross-section area A, the moment of inertia
Iy and I;), torsional properties (torsional constant J, warping constant I, shear center
coordinate yc and zc, Wagner coefficients S, pw and ), and shear properties (shear

coefficient along y- and z-axis ky, k).

Example 1: Geometric and torsional properties

The geometric and torsional properties of four typical sections are calculated. The
section width and depth of each section are given in Figure 3.7. Three different wall
thicknesses, 10mm, 15mm, and 20mm, are adopted. Results generated by the proposed
CST element are compared with the benchmark results obtained from SkyCiv Section
Builder (2017), a commercial software for the cross-section analyses based on the 2D
Finite Element method, and the differences are plotted in Figure 3.8. Besides, the
section properties from the CM method given in Section 3.2 are also given for
comparison. Detailed section properties are given in Table 1-Table 4 and the
differences between the calculation results and the benchmark results are given in

Figure 3.8.
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Figure 3.7 Verification examples of geometric and torsional properties
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Table 3.3 Geometric and torsional properties — Section A (Unit: mm)

Section A - Monosymmetric | Section

SkyCiv CM Method Present Study
t=10 t=15 t=20 t=10 t=15 t=20 t=10 t=15 t=20
A 3.30%103 4.80%10° 6.20%10° 3.30%103 4.80%10° 6.20%103 3.30%103 4.80%103 6.20%10°
Iy | 9.53x10° 1.45x108 1.98x10° 9.53x10° 1.45x108 1.98x10° 9.53x10° 1.45x10° 1.98x10°
I 1.77x107 2.44x107 2.99x107 1.77x107 2.44x107 2.99x107 1.77x107 2.44>107 2.99x107
J 1.11x10° 3.65x10° 8.44x10° 1.13x10° 3.60x10° 8.27x10° 1.13x10° 3.7110° 8.54x10°
Iw 3.43%10° 5.00%10° 6.47%10° 3.34x10° 4.76x10° 6.02x10° 3.43%10° 5.00%10° 6.48%10°
Ve 5.81x10? 5.45x10? 5.07x10? 5.86x10* 5.56x10* 5.25x10? 5.81x10* 5.46x10* 5.08x10?
Zc 0 0 0 0 0 0 0 0 0
Py 0 0 0 0 0 0 0 0 0
Pw -1.34x10? -1.25x10? -1.18%10? -1.35%10° -1.28x10? -1.21x10? -1.33%10° -1.25%10? -1.18x%10?
Po - - - 0 0 0 0 0 0
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Table 3.4 Geometric and torsional properties — Section B (Unit: mm)

Section B - L Section

SkyCiv CM Method Present Study
t=10 t=15 t=20 t=10 t=15 t=20 t=10 t=15 t=20
A 3.40%103 5.02x10° 6.6010° 3.40x10° 5.03x10° 6.6010° 3.4010° 5.03x103 6.60x10°
Iy 6.9410° 9.93x%106 1.27x107 6.93%10° 9.93x%106 1.26107 6.94 %106 9.93x%10° 1.27x107
I, 1.41107 2.04x107 2.62x10’ 1.41x107 2.04x107 2.61x107 1.41x107 2.04x107 2.65%10’
J 1.14x10° 3.69%10° 8.5610° 1.13x10° 3.77x10° 8.80%10° 1.13x10° 3.72x10° 8.61x10°
lw | 2.89x108 9.27x108 2.07x10° 2.91x108 9.40%108 2.13%10° 2.89%108 9.26108 2.07%10°
ye | -5.55%10? -5.43%10? -5.29%10? -5.58%10? -5.49%10? -5.40%10* -5.55%10? -5.43%10? -5.29%10?
zc | -3.09%10! -3.02%10* -2.95x10! -3.1010! -3.04x10! -2.99x10! -3.0910! -3.0210! -2.95x10!
B 2.30%102 2.23%10? 2.16%10? 2.31x10? 2.26%10? 2.22x10? 2.30%10? 2.23%10? 2.16x10?
Pu | 8.20x101 8.10x10! 7.95%10! 8.24x10" 8.17>10! 8.09x10" 8.20x10! 8.10x10" 7.95%10!
Po - - - -2.17x101 -2.18x10t  -2.19x101  -2.73x10  -2.73x10?  -2.69x10"
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Table 3.5 Geometric and torsional properties — Section C (Unit: mm)

Section C - Lipped C Section

SkyCiv CM Method Present Study
t=10 t=15 t=20 t=10 t=15 t=20 t=10 t=15 t=20
A 5.20%10° 7.58%10° 9.80%103 5.20%10° 7.58%10° 9.80%103 5.20%103 7.58%103 9.80%103
ly 1.46>10’ 2.00x10’ 2.45x10’ 1.45x10’ 1.99x10’ 2.42x107 1.46>10’ 2.00x10’ 2.45x107
I; 3.38x10’ 4.70%10’ 5.81x10’ 3.38x10’ 4.68x10’ 5.75x10’ 3.38x10° 4.70%107 5.81x10’
J 1.73x10° 5.6610° 1.30106 1.73x10° 5.68x10° 1.31106 1.75%10° 5.72x10° 1.31x106
lw 1.17>10" 1.52>10™ 1.76>10™ 1.16>10% 1.50>10% 1.72>101 1.17>10" 1.52>10™ 1.76>10™
Ve -2.42x10! -2.10x10! -1.77x10! -2.44x10" -2.14x10* -1.83x10! -2.42x10! -2.10%10! -1.77x10*
Zc -1.17x10? -1.13x10? -1.09x10? -1.18x10? -1.15x10? -1.11x10? -1.17x10? -1.14x10? -1.09x10?
P 2.96102 2.86102 2.75%102 2.97%10? 2.89%102 2.80102 2.96%10? 2.86102 2.75%10?
Pu 2.29x10* 2.09x10? 1.86x10* 2.34x101 2.22x10* 2.10x10? 2.29x10! 2.09x10? 1.86x10*
Po - - - 7.33%1072 7.83x1072 8.37x1072 7.041072 7.13%1072 7.03x1072

60



Chapter 3. Cross-section anslysis

Table 3.6 Geometric and torsional properties — Section D (Unit: mm)

Section D — Box Girder

SkyCiv CM Method Present Study

t=10 t=15 t=20 t=10 t=15 t=20 t=10 t=15 t=20
A 7.74x10° 1.13%10* 1.47x10* 7.96%10° 1.18x10* 1.56x10* 7.74x10° 1.13x10* 1.47x10*
ly 2.17x107 3.07x10’ 3.88x10’ 2.21x107 3.17x10’ 4.05x10’ 2.17x107 3.07x10’ 3.88x10’
1, 4.62x10' 6.43x10" 7.94x107 4.81x10" 6.81x10" 8.57x10’ 4.62x10" 6.43x10’ 7.94x10°
J 2.11x107 2.85x10’ 3.44x10' 2.0010’ 2.62x10" 3.04x10’ 2.12x107 2.87x107 3.45x10’
|, | 9:84XI01  655xI10M  502<10" 62410 9.96x10  139x10" 591100  8.94x10°  1.20<10"
Y -7.54x101 -1.13x10° -1.54x10° -8.31x10* -1.21x10° -1.54x10° -7.56x101 -1.15x10° -1.57x10°
Zc 0 0 0 0 0 0 0 0 0
By 0 0 0 0 0 0 0 0 0
Pu 6.97x10° 7.19%10° 7.54x10° 8.08%10° 8.83x%10° 9.95x%10° 6.95%10° 7.24%10° 7.59%10°
Bo - - - 0 0 0 0 0 0
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From Figure 3.8, it can be observed that with the increment of the wall thickness,
the differences between the results from the CM method and the benchmark results are
increasing with the maximum differences equals to 31.9%. This is because the CM
method is based on the thin-walled assumption, which is not suitable for calculating the
section properties of thick-walled sections. The differences between the results from
the proposed CST elements and the benchmark results are relatively small (ho more
than 2%) for all the wall thicknesses. It can be concluded that the proposed cross-section
analysis algorism can calculate the section geometric and torsional properties
accurately.

Example 2: Shear coefficients

This example is intended to validate the accuracy of the shear coefficients
calculation. As shown in Figure 3.9, four types of cross-sections, rectangular sections
with different height-to-width ratios, a T section, a Crane rail section and a bridge cross-
section, reported by Gruttmann and Wanger (2001), are studied. Shear coefficients with
different Poisson’s ratios are calculated using the proposed CST element and compared

with those given by Gruttmann and Wanger (2001).

Table 3.7 - Table 3.10shows that the Poisson’s ratios have little influence on the
shear coefficients of sections with large height-to-width ratios. It is also clear that all
the results agree well with the benchmark, where differences do not exceed 0.1%,
showing that the proposed cross-section analysis algorism can get the shear coefficients

accurately.
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Figure 3.9 Verification examples of shear deformation coefficients
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Table 3.7 Shear coefficients of Section a

Section A - Rectangular Section

Parameter ky
Poisson’s ratios (\;A;g;rzl?r(‘;og?? Present Study  Differences
h/b =2 0.8333 0.8336 0.04%
~ h/b=1 0.8333 0.8336 0.04%
v=0 hb=05 0.8333 0.8334 0.01%
h/b = 0.25 0.8333 0.8334 0.01%
h/b=2 0.8331 0.8331 0.00%
h/b=1 0.8295 0.8295 0.00%
v=0.25
h/b=0.5 0.7961 0.7961 0.00%
h/b =0.25 0.6308 0.6308 0.00%
h/b =2 0.8325 0.8325 0.00%
h/b=1 0.8228 0.8227 0.01%
v=0 hib=05 0.7375 0.7375 0.00%
h/b = 0.25 0.4404 0.4404 0.00%
Table 3.8 Shear coefficients of Section b
Poisson’s Gruttmann _
ratios and Wagner  Present Study  Differences
(2001)
v=0 0.6767 0.6773 0.09%
Ky v=0.25 0.6753 0.6758 0.07%
v=05 0.6727 0.6733 0.09%
v=0 0.7395 0.7399 0.05%
k; v=0.25 0.7355 0.7362 0.10%
v=05 0.7294 0.7297 0.04%
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Table 3.9 Shear coefficients of Section ¢

Poisson’ Gruttmann
(;gtsi(())s S and Wagner  Present Study  Differences
(2001)
Ky y=0 0.4474 0.4488 0.31%
v=0.3 0.4468 0.4481 0.29%
ke v=0 0.6845 0.687 0.37%
v=0.3 0.6836 0.686 0.35%
Table 3.10 Shear coefficients of Section d
Poisson’s Gruttmann
ratios and Wagner  Present Study  Differences
(2001)
Ky y=0 0.2312 0.2314 0.09%
v=0.2 0.2311 0.2313 0.09%
ke y=0 0.5993 0.5994 0.02%
v=0.2 0.5993 0.5994 0.02%
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CHAPTER 4.

ELASTIC ANALYSIS OF STEEL MEMBERS

WITH THIN-WALLED SECTIONS

4.1 Introduction

This chapter presents the LFEM for the steel frames with nonsymmetric thin-
walled sections. A refined line element for members with nonsymmetric thin-walled
sections and an improved Gaussian line element for the large-deflection analysis of

steel members with nonsymmetric sections subjected to torsion is given.

Thin-walled sections, such as those shown in Figure 4.1, are extensively used
in metal structures because of their material efficiency and ease in manufacturing,
with the latter often promoting the utilization of non-symmetric sections. Members
with these sections are usually weak in resisting torsion and minor axis bending. As
a result, they are susceptible to buckling in a lateral-torsional mode under bending,
in a flexural-torsional mode under compression, or in a coupled mode under
eccentric axial load. The behavior of these non-symmetric sections is more complex
because its shear center does not coincide with its centroid. As a preferred design
method for handling such sections, simulation-based design approaches come to the
forefront — approaches in which more factors known to influence system stability
are modelled directly within the analysis, and thereby require that a smaller number
of prescriptive equations be employed in the design process. The key to such
approaches, however, is a robust, efficient, and reliable computational analysis

method that accurately models member and system behavior. To this end, a refined
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warping element for the bifurcation and large-deflection analysis of beam-columns

with arbitrary thin-walled open-sections is presented in this section.

Figure 4.1 Examples of non-symmetric thin-walled sections

In summary, this chapter provides a detailed derivation of the element stiffness
formulations for thin-walled members with nonsymmetric cross-sections. The
kinematic motion is based on the UL formulation and is discussed, and several

examples are given that demonstrate the accuracy of the results.
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4.2 Refined Line Element for Wanger Effect Based on Euler-Bernoulli
Beam Theory

4.2.1 Element reference axes

An additional warping degree of freedom (DOF) is included in the proposed
three-dimensional line-element formulation. As a result, there are seven DOFs at
each node of an element end, and therefore, the total number of DOFs for the element
is fourteen (see Figure 4.2(a)). There are two reference local axes per element, one
located at the centroid and the other at the shear center. In order to simplify the
formulations, the rotations, translations, and warping deformations due to moments,
shears, and bi-moments are defined relative to the shear center axis, while the nodal
displacements in the direction of the element length are specified with reference to
the centroid axis. This assumption is also used by other researchers, such as Chan

and Kitipornchai (1987).

Therefore, the vector of the DOFs for an element (see Figure 4.2 (a)) are given

as,

e
Il

[We vi wy Oxy1 Oy O Op1 Uy v Wy Oy 0y, 0, Opy]
4.1)

where u, v, and w are the displacements along the x-, y-, and z-axes, respectively; 6,
Oy, and @, are the rotations about the x-, y-, and z-axes; and 6 is the warping

deformation.
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(a) Local element forces
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Centroid Axis

Shear Centre Axis

(b) Local DOFs

Figure 4.2 Deformations and forces in the element local axes
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The forces and moments corresponding to these DOFs are given as,
F =
[Fer Fy1 Fzu Myy My, My My Fip Fyp Fzz Myp My, Mz Mg
4.2)

in which Fy, Fy, and F; are the forces along the x-, y-, and z-axes, respectively; My,

My, and M; are the moments about the x-, y-, and z-axes; and M, is the bi-moment.

4.2.2 Shape functions
The following interpolating polynomials, as defined in terms of the adopted

shape functions, are used to describe the deformations along the element length,

x x
uy(x) = (1 - Z) u, + Zuz (4.3)
3x?  2x3 3x? 2x3
v =V \ T ) e\ -
(4.4)
2x% X3 x% x3
Fo\r =t ) O\ T T
3x?  2x3 3x?  2x3
wo(¥) = w2 | o =5 |t wi({ 1=+ T
(4.5)
2x%  x3 x? x3
O\ tE) S T
2x% X3 x% x3
0(x) = X—T-l-L—z 0,1 + _T+L_2 052
(4.6)

3x2  2x3 3x2  2x3
T\ ) et T T )
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in which 6(x) is the torsional rotation or twist along the element length showing the
influence of member warping on member rotation; this shape function to describe
the torsional rotation is a well-established equation that has been used by researchers
like Seaburg and Carter (1996), and McGuire et al. (2000). u(x) is the axial
displacement along the x-axis; v(x) and w(x) are the lateral displacements along y-

and z-axes, respectively; and.

4.2.3 Strain and stress descriptions

As shown in Figure 4.3 (a), the primary reference local-axis system is
established with the origin at the centroid. The shear center is then defined at the
coordinates (zs, ys), as illustrated in Figure 4.3(b). Displacements u, v, w at an

arbitrary point on the section can be written as

0vo(x) _ dwo(x) _  26(x)

= - 4.7
u(x’yl Z) uo(x) y ax ax le ax ( )
U(x! Y, Z) = UO(X') - (Z - ZS)H('X) (48)
w(x,y,z) = wo(x) + (v — y5)6(x) (4.9)

where wn is the normalized unit warping constant.
The pertinent portion of the Green-Lagrange strain tensor is,
du; 171 dy; av; ow;
— oL N 220 o Z (2282 4 (222 o (222 4.10
b = bt el = GO 45| G2+ G2+ G (410
110u; 0dv;1 1f[0u;0u; OJv;dv; Jw;dw;
L N i i i i i i i i
_ == | 2 411
Exy = Byt &y =3 0y+0x *3 %% 6y+6x 6y+6x ay] (411)
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1 aui aWi 1 aui aui av av an' aWi

— L N o |t Ty 2R _—— 4.12
Exz = Exz T Exz oz + 0x +2 Ox 0z ax az Ox 0z ( )

In which &x is the normal strain; exy and ex; are the strains in x-y and x-z planes,
respectively; and the superscripts - and N denote the linear and nonlinear parts.

By substituting equations (4.7) -(4.9) into equations (4.10) to (4.12), the Green-

Lagrange strain tensor is given as,

G A P C 7/

x 2 2 n 2 (4-13)
OX OX OX OX
v L)) [ owp(x) (9009
8XX~2K ox j +( o j] 2[(y ) +(22) J( ox j (4.12)
0000 (0 90(0) v (x) |
*(y=v.) ox  OX (2-2) ox  OX
L1 dm, |06
sxy—i—(z— 5) ;H af(x) (4.15)
v 1auy(x) v, (x) 1| ow, (x) ae(x)
oy T o ox 2{ ™ +HY-Y)— = }9( ) (4.16)
oL 00(X)
b _2{()/ s } X (4.17)
v Lou () owp(x) 11ove(x) 69( )
& ® 2 X ox 2|: ox (Z j|0() (418)
And, the shear strains are given as,
_ _ dw,100(x)
Yoy = 28y = [—(z —Zg) — 3y | ax (4.19)
dw, 100
Yxz = 2&xz = [(y - ys) - a(‘; agcx) (4.20)

where, yxy and yy, are the shear strains in x-y and x-z planes, respectively.
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Figure 4.3 Local coordinate systems
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Noting that the Poisson effect (contraction in the directions transverse to the
direction of normal strain) is purposely neglected for simplicity, which is done for
almost all line-element formulations, the constitutive relationship is expressed by

Hooke’s law and given by,

Oxx = E€yy (4.21)
Ty = GVyxy (4.22)
Tz = GVxz (4-23)

in which E is Young’s modulus; and, G is the shear modulus.

The stresses on the section along the element length can be represented in terms

of the nodal forces and moments, and are given as,

O-x X

(4.24)
2+ (1-7) —Mﬂ%]%+ M (1-5) = w3 2 4, 2

Tey = Vy/A = —(My + My3) /AL (4.25)
Tay = Vo /A = (My, + My,) /AL (4.26)
where P is the axial force along the x-axis; My1 and My, are the bending moments
about the y-axis at the element ends; M1 and My, are the corresponding bending

moments about the z-axis; Vy and V; are the shear forces along the y- and z-axes,

respectively; and My is the bi-moment.
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4.2.4 Total potential energy
The element stiffness matrix can be derived from the second variation of the

total potential energy, which is given as,

I=U-V (4.27)
in which U is the strain energy stored by the element; and V is the work done by the

external forces.

The strain energy U is expressed as,

U= %fv(aTs) dv = %fv(sTDs) dv (4.28)

where D is the constitutive matrix with relates the stresses and the strains in

equations (21) to (23), and is written as,

E 0 0
D=060] (4.29)
0 0 G

As indicated earlier, the Green-Lagrange strain tensor is represented in linear

and nonlinear parts, and given as,

e=¢g +e&y (4.30)
After substituting equation (4.30) into equation (4.28) and neglecting high-

order terms, the strain energy U can be expressed as,

1
U= Ej (g,"Deg; + 207 ey) dv (4.31)
v

By substituting equations (4.13) to (4.26) into equation (4.31), the total strain

energy becomes,
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uo(x> 9%v 00 92wy (1)
f [ +EI, ( ) +E1y<%> ]dx
1 L 1 926(x) 2 c 20(x) 2 p
+§f0 +E‘°<W) * f(a—> x
J‘ [ avo(x) awo(x)> ]
dx
ox
J. J. [(y —y:)? + (z — z5)? ]dA(a%(x)> dx

L Towe(x) 1 ove(x) (1 00(x)
+f0P[ Fp Lz(y—ys)dA— F LZ(Z—ZS)dAl F dx

My, (* x\ (1 v, (0)\°  [aw(0)\°
+70(1‘z)f,,zzdf‘[( 9x )*( ox )]d"

Myy (b7 xy (1 , L (9800
v (1—Z)L§[z(y—ys) +2(z - 2)2dA( 52 dx
My, (* X 00 (x) owy(x)
+T i (1—Z)fz()’ ys)dA— ——
My, (* x 00 (x) 0vy(x)
_T i (1—2) Lz(z—zs)dA e o dx

f ] " [(avo(x)> (awo(x)> ] i
yzj ] [z(y — ¥.)? + z(z — z,)?]dA <6965Cx)> dx

My, (tx 26 (x) dwy(x)
_Tfo ZLz(y—ys)dA o
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Hf foL(l_%) fA yas [(a"gi@)Z N <av?£x)>2] N

= _ 90(0)\?
' Izlfo (1_E)Lf[y(y_ys)z+Y(Z—zs)2]dA< ag)) dx

le L X ae(x) aWO(x)
+ 1, fo (1_Z)Ly(y_y5)d‘4 = a—xdx

le L X a@(x)avo(x)
T fo (1—Z)LY(Z—zs)dA o "

22] f <6v0(x)> N <6W+(x)>2] N
X
= _ a0 2
— 1, _[0 %Lz[y(y_ys)z +y(Z—Zs)2]dA< aix)) i

MzZ Lx aH(x) awo(x)
T fozfAy(y—ys)dA = dx

0x
69(x) 0vy(x) Ovo(x)
0x x
'Vy‘ Ouy(x) avy(x)  [dw,(x) 20 (x)
+fV_Z__ ox  ox +l ox Ty lg(x)”d”
V[ due(x) dw(x) [av(x) 69(x)
+jVZ_ ox ox _Iax — -z o(x )”

f f A <6vo(x)> (aWO(X)>]dx
20 (x)
ff [w(y = ¥6)* + w(z — z)* ]dA< ox ) dx

Mb L aH(X) awo(x)
+E-fo Lw(y_yS)dA Ox de

M, (* 09 (x) 0
__bf f‘”(z—zs)dA ) o)
fo o Ja ox  Ox
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(4.32)

By noting that several terms in equation (4.32), such as IA ydA L\ zdA IAa)dA

_[A yzdA _[A yowdA and IA zZwdA, are zero, and by further neglecting additional high-

order terms, the potential strain equation U can be simplified to,
2 2
o( ) 0 (x) 9?wo (x)
J. [ EIZ(W +E1y axz dx
+1fL RO 2+G 26(x)\’ .
2), | ¢\ ox? I\ "ox x
1t [rove)\  [aw ()] 1t (06(x0))°
+ELP< Ox ) + Ox dx+§L Pr —ax dx

1 (L [ owy(x) 0V, (x)] 90 (x)
+Ef P 2ys Ox —ZZS Ox _ Ox dx

dx

27 ox

—xae(x) lavo(x) 1 06(x)

L x 00(x) avo(x) 20 (x)
_jo Myl 7ox | ox ﬁy ox ldx
L —x69(x) awo(x) 20 (x)
+j0 nT +2 ™ dx
fL

M
Mz2 7

x 00 (x) [Owy(x) + GH(x)] p
2L ox 0x 2 x

[V} (9 ) amg);x) _ augix) av;)(cx)ﬂ dx

[l 2 2ot

69(x))

j Mb,Bw dx
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(4.33)

where A is the cross-section area; ly and I, are the second moment of areas about the

y- and z-axes; |, =jAa)n2dA is the warping section constant; J is the torsional

rigidity; /i, /i, and ., are the Wagner coefficients, and 1> =(1,+1,)/A.

4.2.5 Linear and geometric stiffness matrices
The linear and nonlinear stiffness matrices are obtained from the second

variation of the total potential energy IT given in equation (27), which results in

2

520 =
(SULSUJ

6ui5uj = (kL + kG + kU)Au - Af =0
(4.34)

(i,j =1-14)
where Au is the vector of the incremental nodal displacements; Af is the vector of
the incremental nodal forces; k. and ke are well established linear and geometric
stiffness matrices given by McGuire et al.(2000) for an element with a doubly-
symmetric cross section; and, ku is an additional geometric stiffness matrix (given
in below) that accounts for the effects caused by the section being non-symmetric.
For a doubly symmetrical shape, the additional geometric stiffness term ky would

reduce to a null matrix.
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o o0 0 o 0 o0 o0 o o0 0 0 0
0 0k, 0 0 k, O Ky 0 Ky 14
0 k, 0 0 &, 0 0 0 «k, O 0 Kk
Kio Kis Kig Ky 0 Ko Ko Ko Kip Ko Ky
0 0 x, 0 0 0 «x, O 0 ki
0 k, 0 0 0 K, Ke 14
[%]: > ke 0 kg kg Ky Ky K ko
0 0 0 O 0
Y 0 0 K, Kg 10
O kluO,ll kluo,14
M ! k1u1,11 k1ul,12 k1u1,13 k1u1,14
0 0 Kk,
0 k1u3,14
i o |
(4.35)
in which,

v My, (10z5 — 6B,) N M, (10z + 6B,) N M, (—10y, + 68,)
10L 10L 10L

MZZ(_loys - 632) + 6Mbﬁw

10L 5L
u — _ MylL'By + MyzLﬁy + My, LB, _ Mj,LpB, + 2M,LB,,
7,7 10 30 0 T =

My1 (=107 = 6fy) | Mya(=107 +6By) | M1 (10y: + 68,)
10L 10L 10L

u —
k11,11 -

Mzz(loys - 6.82) 6Mbﬁw
10L 5L

MylL,By + MyZL.By + leLﬁz MZZLﬁZ + ZMbLﬁw

u —_ —
Kia1a = 30 10 30 10 15

3My1,8y _ 3Myzﬁy _ 3M21,Bz + 3M22.Bz 6Mb.3w
5L 5L 5L 5L 5L

u —
k4,11 -
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u _ LMyLBy _ LMyZﬁy _ LMZlBZ + LMZZ:BZ _ LMb.Bw

74T 60 60 60 60 30
Py
k}}l,s = k}f,12 = k%lo = k¥0,14 = - 105
. = My2By  Mzf; 4 MbBe
47 10 10 10
Py

u _—_Lu — LLu — u -
k3,7 - k3,14- - k5,11 - k11,12 - 10

Myl.By + leﬁz + Mbﬁw

k¥.,=—
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u u u u PZS
6,11 — k7,9 = k9,14 = k11,13 = E
u — _ Myzﬁy + Mzzﬁz _ Mbﬁw
7,11 10 10 10
u _ Mylﬁy leﬁz Mbﬁw
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w 1w _ LPys
514 — K712 = —30
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2
u_ — ku = ——VLP
5,7 12,14 15 Vs

37 = k%3,14 = - 15 LPz

6Py,

kslf,n = k}f,m = _—SLS
LPz
kg,14 = klﬁs = —305

6Pz

Ko =51

4.2.6 Element tangent stiffness matrix

With the exception of the axial displacement, all DOFs in the element
formulation are defined with reference to the shear center axis, and hence, will need
to be transformed to reference the centroidal axis. To achieve this, the element

tangent stiffness can be computed as,

where the transformation matrix T is introduced per McGuire et al. (2000) and

written as,
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1 0 000000 O O0O0O0TOO
0 000000 O 0 O0O0OHO
0 100000 0 0 O0O0O0O
0 -z y 10000 0 00000
0 0 0010000 000000
0 0 0001000 000000
c_|o0 000010 0 00000 -
0 0 000001 0 00000 '
0 0 000000 1 0 0000
0 0 000000 O 10000
0 0 000000 -z y, 1000
0 0 000000 00100
0 0 0000000 0 0010
0 0 000000 000 1]

in which zs and ys are the coordinates of the shear center, as shown in Figure 4.3 (a).

4.3 Improved Gaussian Line Element for Members under Large Torsion

Above section proposed an element formulation derived based on the
nonsymmetrical section assumption, where the Wagner effects and the
noncoincidence of the shear center and centroid of the nonsymmetric sections are
directly considered. An improved Gaussian line element will be given in this section
for the large-deflection analysis of steel members with nonsymmetric sections

subjected to torsion.

In recent years, a few researchers consider the Wagner effects, resulting from
the offset between the shear center and the centroid, in the beam-column element
formulation based on the nonsymmetric section assumption. For example, Mohri and
his associates (Bourihane et al. 2016; Elkaimbillah et al. 2021) have conducted the

nonlinear and stability analyses of open-section beams under different loading
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conditions by a refined beam-column element. Alsafadie et al. (2010) propose a
corotational mixed finite element formulation for the beams with generic cross-
section. Rasmussen and his colleagues (Hancock and Rasmussen 2016, 2020)
develop an advanced beam-column element with seven degrees of freedoms (DOFs)

at each element node, allowing a misalignment of the shear center and the centroid.

Though recent research has made a significant contribution to simulate such
complex behaviors of members with nonsymmetric sections, these beam-column
elements still have some problems when the member is loaded under large torsion.
When the member is under torsion, the inclined angle between the cross-section axes
and the element local axes is varied along the element length due to the twisting,
causing difficulty in summating the cross-section stiffness to form the element
stiffness matrix. The conventional warping line (CWL) element assumes the inclined
angle between the cross-section and the element local axes is constant along the
element length, as seen in Figure 4.4, and that requires a certain number of CWL

elements to simulate one structural member under torsion.
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Figure 4.4 Illustrations of the simulations using different elements

For improving the numerical efficiency by using less element for a member,
this section proposes a new element, namely Gaussian line element (GLE), which
includes a twisting angle (8) along the member length in the element formulation.
The Gaussian-Quadrature method is introduced to summate the varied cross-section
properties caused by twisting to form the element stiffness matrix. The proposed
GLE element can describe the element deformations with large twisting along the

member length more accurately, as shown in Figure 4.4.

In this section, the element formulation with derivations for the GLE element

are given with details. The Gaussian-Quadrature method is elaborated, and the
numerical implementation is illustrated. Finally, a series of benchmark examples are

provided for demonstrating the accuracy and efficiency of the proposed method.
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4.3.1 Element reference axes

Similarly, two additional warping degrees of freedom (one at each end), will be
included in the proposed beam-column formulation to consider the warping
behaviors of nonsymmetric members. Accordingly, a 14-DOF beam-column
element is proposed, and the deformations and forces in the element local axis are

shown in Figure 4.5.

It should be noted that, since the proposed element is twisted along the element
length, the actual centroid axis will be a spiral line. A cross-centroid axis, which is
a straight line connecting the section centroids at element ends, is defined for the
element local axis. To simplify the formulations, only the nodal displacements along
the element length are specified with reference to the cross-centroid axis, while other

DOFs are defined relative to the shear center axis (Figure 4.5).

.- Element local axis

Shear center axis

Shear center”

Figure 4.5 Illustrations of the deformations and forces in the element local axes
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Deformations along the element can be described by utilizing detailed shape
functions for the displacements and twist rotation, which are available in the
literature (e.g. McGuire, et al. 2000). Since the twisting deformations along the
element length (x) are supposed to be calculated at each internal gauss point along
the element, the third-order polynomial displacement function is adopted and given
for easy reference as follows,

2x?%  x3 x? x3
H(X)Z x_T+L_2 6b1+ —T+L—2 sz

3x%  2x3 3x%  2x3
)t T )

in which 6(x) is the element twisting angle along the element length x, 6,,.and

(4.38)

0, are the warping at the element starting and ending points, and 6,, and 6,., are

the corresponding twisting angle.

Figure 4.6 Gauss points along the element length
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4.3.2 Total potential energy function

The total potential energy function of a beam-column element can be written as,
n=u-v (4.39)

where, IT is the total potential energy, V' is the work done by the external forces, and
U is the strain energy stored by the element, which was previously formulated above

and is given as follows,
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e e
M, f - X 66(x) [2 8, 66(x)] e — LL%% E y 69(x)] dx
(4.40)

where, uy(x), vo(x), and wy(x), describe the axial displacement along the
longitudinal x-axis and the lateral deflections with respect to the element’s local y-
and z-axes, respectively; E is Young’s modulus and G is the shear modulus; I, and
J are, respectively, the warping constant and torsion rigidity; P, M,,, and M, denote

the generalized nodal axial force and bending moments about the element’s local y-

and z-axes, respectively; and M,, represents the bi-moment. While, yg, Zsg, L0, 1,9,
Bye: Bzo, and B, are section properties along the element after the twisting, which

are supposed to be calculated at different Gauss points along the element length

(Figure 4.6), and r? can be calculated by, r? = w +y% +z%.

4.3.3 Gaussian-Quadrature method

When the element twists, section properties such as the coordinates of the shear
center with respect to the centroid (ys¢ and zgg) might be not constant along the
element length, thereby making the explicit expression of Equation (4.40) very
complicated. Thus, Gaussian quadrature method is adopted to summate the varied
cross-section properties. Several internal Gauss points, as shown in Figure 4.6, are
introduced, where n is the number of Gauss points. The section properties at each
point will be calculated to integrate the energy function. The location of each point

is determined by the Gaussian quadrature method, and the section twisting angle of
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each point can be generated according to the shape interpolation functions (equation
(4.38)). Accordingly, the strain energy stored by the element can be simplified as

given below.
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Lv x;00(x;) 1 69(xl)
2 H z2 L a 2 291

i=1
(4.41)
where, H; is the weight factor of the i®" Gauss point determined by the Gaussian

quadrature method; x; is the coordinate of the i** Gauss point as shown in Figure

4.6; and n is the number of Gauss points.

‘_ - - -
7 < ] Shear center
Zow Voi 7/ (Zsei Vs
ir

(z, y)

Figure 4.7 An illustration of the section rotation at a general Gauss point

4.3.4 Section properties for each Gauss point
To consider the non-coincidence between the centroid and the shear center for

the nonsymmetric section as well as the Wagner effects more accurately, the section
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properties including the coordinates of the shear center and Wagner coefficients at
each Gauss point should be calculated. As given in the shape interpolation functions
in Equation (4.38), the element twisting angle is a function of the location x along
the element length. For a general Gauss point located at the element length of x;, the
section rotation is shown in Figure 4.7, and the updated coordinates (zsg, ys9) Of any

point (z, y) of the section can be calculated by,
Voi = y cos[0(x;)] + zsin[6(x;)] (4.42)
Zg; = z cos[0(x;)] — y sin[6(x;)] (4.43)

and the section properties at the i*" Gauss point can be generated by

Ysoi = Ys cos[0(x)] + z, sin[6 (x)] (4.44)

Zsgi = Zs cos[0(x;)] — y, sin[0(x;)] (4.45)

Lyg; = f z5; dA (4.46)
A

Lo = ] Vg; dA (4.47)
A

Byoi = iL(zgi + 2g;Y5;)dA — 2z, (4.48)

Bzoi = Iiel fA (yai + veizd;)dA — 2ysp; (4.49)

(4.50)

1
Bwoi = I—fwn (vé: + z5;)dA
w JA

By substituting equations (4.42) and (4.43) to (4.44) -(4.50), it gives.
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L+, I,—1 451
Lygi = 24 > 242 > Z cos[26(x;)] + 1), sin[20 (x;)] (4.51)

L+1, I,—1, .
Lg; =2 5~ 4 > cos[20(x;))] — I, sin(ZH(xi)) (452)
a,, cos[260(x;)] — a, sin[26(x;)] (4.53)
.Byei = — 2Z49;
Iyei
a, cos[26(x;)] + ay, sin[26(x;)] (4.54)
Bzoi = ] — 22y,
z0i
Bwoi = Bw (4.55)

where, a, = (B, + 2z,)1,, and a, = (B, + 2ys)1,.

4.3.5 Tangent stiffness matrix
According to the minimal total potential energy principle, the linear and
geometric stiffness matrices can be formulated by the second variation of

Equation(4.39),

2

5u18u]

621-[: 6ul6u]:(kLQEL‘Fkg"‘kUc)Eu)Au—Af:O

(4.56)

(i,j =1-14)

where © indicates the Hadamard product, k is the additional geometric stiffness
matrix which accounts for the effects caused by the section being non-symmetric
given above; &; and & are the modification matrices for k; and ky, respectively.

They are generated by employing 5 Gauss points and given below.
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where, Wgj =

5
Yi=1%ilai

Ig

—H 1 1 1 1 1 1 1 1 1 1 1 1 :

SNH H_y H H_y SNN H_y H_y ISNH H_y H H SNW H_

wy; 1 —wy, 1 1 1 1 —wy; 1 —wy3 1 1,

1 1 1 1 1 1 1 1 1 1 1

Wy 1 1 1 1 Wy, 1 wys 1 1!

Wy 11 —wy, 1 1 1 W5 H_

[£,] = S. 1 1 1 1 1 1 1 1,
L 1 1 1 1 1 1 1
Y Wy 1 1 1 —w,z 1t

Su\H 1 SV\N 1 H“

M. 1 1 1 1,

Wye 1 1,

r @ 1,

1

m ; : - - - - - - -
; for example, w,, = E ; and a,; are the coefficients for the modification matrix &, given in Table 4.1,
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Table 4.1 Coefficients in modification matrix &,

Gauss point ID i 1 2 3 4 5
Xi 0.046910L 0.230765L 0.5L 0.769235L 0.953090L
Hi 0.23692689 0.47862867 0.56888889 0.47862867 0.23692689
0Ll 0.29183333 0.2081673 0 0.2081673 0.2918333
02 0.18448419 0.0793034 0 0.3370307 0.3991825
03 0.39918247 0.3370307 0 0.0793034 0.1844842
0l4i 0.08746668 0.0226586 0.0711109 0.4092486 0.4095143
asi 0.37851663 0.1925929 -0.1422217 0.1925929 0.3785166
a6 0.40951369 0.4092484 0.0711108 0.0226587 0.0874669

Note: L is the length of the element.
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Table 4.2 Coefficients in modification matrix &

Gauss point ID i 1 2 3 4 5

Xi 0.046910L 0.230765L 0.5L 0.769235L 0.953090L

Hi 0.23692689 0.47862867 0.56888889 0.47862867 0.23692689
X1i 0.00710404 0.2262292 0.5333333 0.2262292 0.007104
Xoi 0.02771685 0.769185 1.066665 -0.60331 -0.260255
X3i -0.260255 -0.60331 1.066665 0.769185 0.0277169
X4i 0.0067587 0.163452 0.1333335 0.1005574 0.5958975
Xsi 0.2538495 0.512817 -0.533334 0.512817 0.2538495
Xoi 0.5958975 0.1005574 0.1333335 0.163452 0.0067587
X7i 0.0006665 0.1044117 0.5333333 0.3480467 0.0135416
Xsi 0.01354158 0.3480467 0.5333333 0.1044117 0.0006665
Xoi 0.0013002 0.1775005 0.533335 -0.464088 -0.2480465
X10i 0.02641665 0.59168 0.533335 -0.1392235 -0.0122086
Xi1i -0.0122086 -0.1392235 0.533335 0.59168 0.0264167
X12i 0.2480465 0.464088 -0.53334 -0.1775 -0.0013
X13i 0.00042273 0.050292 0.088889 0.1031365 0.75726
X14i 0.02576653 0.5029316 0.2666668 0.0928205 0.1118146
Xisi 0.11181456 0.0928205 0.2666668 0.5029316 0.0257665
Xi6i 0.75726 0.1031365 0.088889 0.050292 0.0004227

Note: L is the length of the element.
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in which,
Po1 —X1iZsi
U _ _ _ =1 i4si
52,4 - Eé],ll - _Eg,‘) - Eé{ll -
Zg
NS XaiZsi
U _ U _ U _ U _ 4&i=1 2i4si
52,7 - 54-,6 - 66,11 - _67,9 -
Zg
Po1 X3iZsi
U U _ U U _ 4i=1 i4si
52,14- - 64,13 - _59,14 - _Ell,l3 -
Zg
2 X1iYsi
U _ U _ U _ U _ =1 1St
63,4 - _63,11 - _54,10 - 5;10,11 -
Vs
? X2iYsi
U _ U _ U _ U _ =1 1St
53,7 - _54,5 - 55,11 - _57,10 -
Vs
N5 stV
U _ U _ _zU _ U _ 4i=1 X3iVsi
53,14 - 54,12 - 510,14- - 511,12 -
Vs
25 —, 25 v 25 —v Y
U _ 4&i=1 X4iYsi U _ U _ i=1 Xs5iYsi U _ =1 X6iYsi
55,7 - 55,14 - 57,12 - ’512,14- -
Vs Vs Vs
5 5 5
U _ Zi=1"X4iZsi U _ U D=1 XsiZsi v _ Zi=1"XeiZsi
8;6,7 - 56,14- - 57,13 - 513,14- -
Zg Zg Zs

Uu _ U0 _ U _ U
5;4-,4- - 5;4-,11 - 57,14- - 511,11

_ !i5=1 X7i(_ﬁyi + .Bzi) + Ziszl XBi(.Byi - ﬁzi) + 2.8(»

2B,
EU U = Eic1 xoi(—Byi + Bai) + Xizi x10i(Byi = Bai) + B
w7 7 ﬁy - Bz + ﬁw
gV, =gV, = Yi1 X1 (Byi = Bai) + X1 —X12i(=Byi + Bai) + B
4,14 11,14 —ﬁy +ﬁz +ﬁw
e = i tisi(Z2Byi + 2Pud) + B (B = ) + 20
e _.By + .Bz + Z.Bw
v = Ye1 Xa5i(2Byi = 2Bzi) + Xi=1 X16i(—Byi + Bzi) + 2Be
vt .By - .Bz + Z.Bw

where, yy; are the coefficients for the modification matrix &, given in Table 4.2,
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Similarly, because the nodal displacements along the element length (u; and uz
in Figure 4.5) are determined with reference to the cross-centroid axis, while other
DOFs are defined relative to the shear center axis, a transformation matrix I' should

be introduced for the element tangent stiffness.

kE=I"(kL®EL+kG+kUOEU)rT (457)

where, I' is given as,

1 00000 O 0 0000

0 00000 O 0 0000

0 0 1 00000 O 0 0000

0 2, Y0 10000 0O 0 000 O

0 0 0 01000 0O 0 0000

0 0 0 00100 0O 0 0000
|00 000010 0 0 0000 -

0 0 0 00001 O 0 0000

0 0 0 00000 1 0 0000

0 0 0 00000 O 1 0000

0 0 0 00000 -z, y,, 1 000

0 0 0 00000 O 0 0100

0 0 0 00000 O 0 0010

0 0 0 00000 O O 00O 1]

in which, z;¢ and y,q are the coordinates of the shear centers, and the subscripts 1

and 2 denote the element starting and ending points, respectively.

4.4 Modified Updated Lagrangian Approach
The system global stiffness matrix needs to be assembled via the summation of
the element stiffness matrix. The transformation matrix L, per McGuire et al. (2000),

is used to transform the element’s local axes to a single global system before the
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assembly, which is updated during analysis at each load increment. Given that the
transformation matrix I is utilised for transforming all DOFs to reference the

centroidal axis, the global tangent stiffness matrix is expressed as
NELEM

K, = Z Lkg LT (4.59)
i=1

where K4 is the total global stiffness matrix, and NELEM is the total number of

elements constructing the whole model. Afterwards, the node displacements are
calculated, and the node coordinates as well as the element length are updated. As a

sequence of the above, the element incremental force can be computed as

AR, = Z kp/u (4.60)

where kg is the element tangent stiffness matrix, and Au is the element’s end

displacement. Then, the total element’s end forces are updated by

103



Chapter 4. Elastic analysis of steel members with thin-walled sections

Set Incremental Forces as Unbalance Forces

Calculate Element Stiffness Matrix

k;.kg and kg based on
Nodal Displacements and Element Forces

Form Stiffhess Matrix

kE = kL + kG + kU
NELEM

K, = Z Lkg LT
i=1

!

Calculate Incremental Nodal Displacements
Element Forces and Element Deformations

Calculate Unbalance Forces

N

Unbalance Forces
< Tolerance

\LY

Next Load Step

(a) Traditional UL approach
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Set Incremental Forces as Unbalance Forces

Calculate Element Stiffness Matrix
k; .k and ky based on
Nodal Displacements and Element Forces

Calculate the Section Properties at Each
Gaussian Point Based on
Element Total Deformations

Update the Modification Matrix §; and &y

Form Stiffhess Matrix

kE=kLO€L+kG+kU
NELEM

Kg - Z LkEi LT
i=1

!

Calculate Incremental Nodal Displacements
Element Forces and Element Deformations

Calculate Unbalance Forces

N

Unbalance Forces
< Tolerance

J/Y

Next Load Step

(b) Modified UL approach

Figure 4.8 The traditional UL and the proposed modified approaches
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In this research, the traditional UL approach is adopted of the line element
proposed in Section 4.2 and a modified UL method is proposed for the GLE element
given in Section 4.3. Besides, an incremental-iterative analysis using Newton-
Raphson method is used for tracing the large deflections of the beam-column
element. In the traditional UL approach, the equilibrium conditions of each
incremental step are based on the previous configuration during the analysis
procedure. In each step, the stiffness matrix is updated based on the nodal
displacements and element forces generated in the last step (Figure 4.8 a). Herein,
when adopting the Gaussian quadrature method, the element deformations (twisting)
are also taken into consideration to capture the large-deflection behavior of the
elements (Figure 4.8 b). A comparison between the traditional UL approach and that

presented in the current study is reflected in Figure 4.8.

4.5 Verification Examples

Two groups of examples are introduced to verify the accuracy and efficiency of
the proposed refined warping line element and improved Gaussian line element.
Lateral torsional buckling analyses of beams and large deflection analyses of
members in different loading conditions are conducted. But one thing that should be
noted is that this chapter focused on the new elements and the behaviors on the
element level; more examples of the application of the proposed method for the

space frames are given in Chapter 6.

4.5.1 Verification of the refined line element

Example 1: Lateral-torsional buckling of a beam subjected to uniform bending
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This example is intended to provide results of lateral-torsional buckling (LTB)
analyses of a series of simply-supported beams with a mono-symmetric-I section.
Warping is assumed continuous along the length of the member and unrestrained
(free) at its ends. The section dimensions are given in Figure 3.4 (a), and the section
properties are taken from Table 3.1. Six beams with different lengths, including 2.0m,
3.0m, 4.0m, 5.0m, 6.0m, and 7.0m, under positive and negative bending moments
are studied as shown Figure 4.9. The Young’s and shear modulus are 210 GPa and
80.77 GPa, respectively. The closed-form solutions for computing the LTB bending

moments are provided by Galambos (2016), and given by,

(4.62)

n?EL, | B B> [, GJI?
mt =" 2y )Pz <_Z) o
Tz )2 +\/ 2) L, +E1yn2

_ mEL| B, BN [l GJL2
Me="T )72 7 (7) +IE+E1ynzl

Bifurcation analyses of this beam using 2 and 4 elements to model the member

(4.63)

are conducted, and the buckling moments are compared with those calculated by the
closed-form solutions. Results are given in Table 4.3 and Table 4.4 for the applied
positive and negative bending moments, respectively. It is observed that the
proposed element formulations can accurately predict the buckling strengths of this
mono-symmetric-1 section beam, where the error of using four elements to model
the member is less than 0.1%. It is also encouraging to see percent errors within 0.75%

when using only two elements.
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M- (, M m ‘3
- % / Lateral deflection _A_
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I~ l

Shear Center

Geometric /'
Centroid

Length

(@) Under positive bending moment

M- M- M }
Lo E ) ) (A /Lateral deflection _A_

O
O

Centroid

-
v

Length

(b) Under negative bending moment

Figure 4.9 Simply-supported beams with mono-symmetric-I sections

Table 4.3 Buckling strengths under positive bending moment

Theoretical Present Study
Length Solution 2 Elements Difference 4 Elements Difference
(m)
Moment Moment Moment
(KNm) (KNm) (KNm)

2.0 459.8 463.0 0.71% 460.0 0.057%
3.0 221.2 2227 0.66% 221.3 0.053%
4.0 136.0 136.9 0.62% 136.1 0.050%
5.0 95.40 95.96 0.59% 95.44 0.047%
6.0 72.46 72.87 0.56% 72.49 0.044%
7.0 58.01 58.32 0.54% 58.04 0.042%
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Table 4.4 Buckling strengths under negative bending moment

Theoretical Present Study
Le&rr;]g)th Solution 2 Elements Difference 4 Elements Difference
Moment Moment Moment
(kNm) (kNm) (kNm)
2.0 94.52 94.97 0.48% 94.53 0.018%
3.0 58.85 59.07 0.38% 58.86 0.015%
4.0 44.71 44.86 0.38% 44.72 0.014%
5.0 36.96 37.07 0.30% 36.96 0.014%
6.0 31.88 31.97 0.29% 31.88 0.015%
7.0 28.19 28.28 0.29% 28.198 0.016%

Example 2: Lateral torsional buckling of a beam subjected to a concentrated force
at mid-span

Three-dimensional analyses of the slender mono-symmetric-1-beam given in
the previous example are conducted, in which a concentrated force P is applied at
the mid-span of the beam. Two load directions are considered as shown in Figure
4.10, including downward (positive) and upward (negative). In both cases, the load
is applied at the centroid of the section and is assumed to always remain vertical.
The beam is modelled by ten of the proposed elements within the analyses. An out-
of-plane initial imperfection, represented by a sine curve with an amplitude of

L/1000, is included.

Plots of both the in-plane and out-of-plane deflections at the mid-span are
provided in Figure 4.11 and Figure 4.12 for the downward and upward cases,
respectively. Results generated by large-deflection warping-beam and shell element
analyses from ADINA (Bathe 1999) are provided for comparison and validation.

When the applied load is small, the results by all three methods are nearly identical.
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When compared to the most accurate shell-element results at larger loads, however,
the proposed element tends to produce more accurate predictions in buckling and
post-buckling deformations than those given by the warping beam elements in
ADINA. These comparisons are only intended to illustrate the accuracy and
feasibility of using the proposed element in studying the behavior of slender
members comprised of thin-walled sections. They are not intended to provide precise

benchmark values and percent errors.

Concentrated Load P
(Downward — Positive;
Upward - Negative)

1

g ®
[sX¢]

>

Y

A

Length

(a) Concentrated point load applied at the mid-span

I — O

Shear Centl'ewtﬂ l or 1
Geometric /'

Centroid P P
L T ]

(b) Loads on the geometric centroid

Figure 4.10 The mono-symmetric-I-beam under a concentrated load
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Figure 4.11 Comparison results of the mon-symmetric I-beam (Downward)
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Figure 4.12 Comparison results of the non-symmetric I-beam (Upward)
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Example 3: Large deflection analysis of a cantilevered beam

To validate the accuracy of the proposed method further in tracing the large-
deflection behavior of slender, thin-walled members, a cantilevered beam
constructed from a channel section is presented (Figure 4.13). The beam length is
9m with one end fully restrained (all 7 DOFs) and the other end free. Warping is
assumed to be continuous along the length of the member, fixed at the supported end,
and free at the other end. The material properties are E = 210 GPa and G = 80.77
GPa. A concentrated point load is applied at the centroid of the free end of the
cantilevered beam. The beam is modelled by 20 of the proposed elements. The
section properties, including the Wagner coefficients, are calculated by the above
method and are given in Table 4.5. For comparison, analysis results employing the
warping beam and shell elements within ADINA are provided. Based on load-
displacement plots provided in Figure 4.14, the accuracy of the proposed element is

further established.
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Figure 4.13 The cantilever column with channel section
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Table 4.5 Section properties of the channel section

ly Iz J Iw
m? m* m* m* m®
5.88x10°3 5.64 x10°° 8.06 x10° 3.32 x10’ 7.89 x10°®
ye Zc By p: Pw
m m m m
0 -0.0607 0.315 0 0

4.5.2 Verification of the improved GLE element

To validate the accuracy and efficiency of the proposed GLE element, three
groups of steel members with symmetric, monosymmetric, and nonsymmetric
sections are studied. The Young's modulus and Poisson’s ratio are 210 GPa and 0.3,
respectively. An incremental-iterative scheme, utilizing Newton’s method, is
adopted for the analysis models. Consequently, results from the CWL element
proposed by Liu et al. (2018) and those based on the proposed GLE element are
given for comparison. The results obtained from the CWL element with 32 elements
to model one member are considered representative solutions. Furthermore, the
fourth example demonstrates the application of the proposed GLE element for frame
analysis; accordingly, the large deflection effect at the structure level is successfully

captured.

Example 1: Member with Symmetric Section

In the first example, a cantilever beam with symmetric I-section is studied. The
depth is 200 mm, and the width 100 mm. The flange thickness and web thickness
are 10 mm and 5 mm, respectively. The member length is 8 m, and the detailed

boundary and loading conditions are shown in Figure 4.15. The analysis results

115



Chapter 4. Elastic analysis of steel members with thin-walled sections

generated by the CWL element using four, eight and 32 elements are generated for
comparisons. Herein, results obtained from 32 CWL elements are provided as
benchmark solutions, and consequently, Table 4.6 summarises the maximum

displacements obtained from the CWL elements and proposed GLE elements.
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Figure 4.15 Load-displacement curves for member with symmetric | section

From Figure 4.15 and Table 4.6, it is clearly seen that when the torsion moment
issmall (T/M = 0.1), both the CWL element and proposed GLE element can predict
the member’s behavior accurately using eight elements. Nevertheless, with the
torsion moment increase, the proposed GLE element provides more accurate and
closer results to 32 CWL elements. Even the results of four GLE elements are more
reliable than those of eight CWL elements. In a word, adopting the proposed GLE
element with only four elements to model the member can precisely capture both the
small and large-deflection behavior of symmetric-section members. These
comparisons indicate the robustness and accuracy of the proposed method in

analysing a steel beam with combinations of bending moments and torsions.
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Table 4.6 Results summary for the member with symmetric | section

Maximum Uz displacement (mm)

32 Elements 4 Elements 8 Elements
T CWL CWL GLE CWL GLE
Diff. Diff. Diff. Diff.
0.1 -248.0 -270.3 9.0% -259.3 4.6% -256.4 3.4% -254.6 2.71%
0.2 -245.8 -301.2 22.5% -254.4 3.5% -266.1 8.2% -252.6 2.1%
0.3 -154.6 -194.5 25.8% -160.4 3.7% -167.7 8.4% -159.1 2.9%
0.4 -112.5 -140.7 25.1% -117.4 4.4% -121.3 7.9% -115.8 2.9%

Note: T is the torsion moment, and M is the applied bending moment.
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Example 2: Member with Mono-Symmetric Section

Two monosymmetric sections (channel and monosymmetric I-section) are
studied under the loading conditions shown in Figure 4.16 and Figure 4.17. The
channel section has a width of 100 mm and a depth of 300 mm, and the thicknesses
of its flange and web are 16 mm and 10 mm, respectively. The widths of the
monosymmetric I-section flanges are 150 mm and 75 mm,; the depth of the I-section
is 300 mm, and the flange thickness and web thickness are 10 mm and 5 mm,
respectively. For the I-section beam, negative bending moments are adopted at the
two ends, while a concentrated point load is applied at the free end of the cantilever

channel section beam.

40 g
[ ] 1 Fy
i I
35 a l
i | 1
] | I g |
30 : I 1 L L = 8000 mm U“ﬁ
- » 1 al |
— 25 F Vgl 100 mm
E | (I { [—
= VI
@ 20 | \i1 % = 10 mm
E B [ ] \ §
< 15 F ‘-.‘ > 16 mm
_ ~tans e
10 | --=--GLE Element (4 Elements) b

= = =GLE Element (8 Elements)
--2--CWL Element (4 Elements)
— — =CWL Element (8 Elements)
—— CWL Element (32 Elements)

0
-1600 -1400 -1200 -1000 -800 -600 -400 -200 0

Lateral Displacement (mm)

@T/Fy=0

120



Chapter 4.

Force (kN)

Force (kN)

Elastic analysis of steel members with thin-walled sections
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Figure 4.16 Load-displacement curves for the member with channel section

As a sequel, a torsion moment is imposed with different twisting levels
(T/Fy =0,0.1m,0.2m,and 0.4 m for the cantilever beam and T/M =
0.1 and 0.3 for the simply supported beam), where Fy is the applied vertical load
and M is the applied bending moment. Consequently, the free-end and mid-span
lateral displacement of the cantilever and simply supported beams are, respectively,
plotted in Figure 4.16 and Figure 4.17. The maximum displacements from different

methods are presented in Table 4.7.
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Figure 4.17 Load-displacement curves for the member with mono-I section
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As illustrated in the load versus deflections curves, the kinematics of large
deflections of members with monosymmetric sections are further assessed. The
results show that the GLE elements' response is theoretically more accurate than the
CWL for large twisting problems. Due to the section's mono-symmetry, the
differences between results from four or eight CWL elements versus 32 CWL
elements are sizeable mainly when the torsion applied on the beam is large.
Nevertheless, results from GLE elements are in line with those from 32 CWL
elements under both small and large twisting. Even the results of four GLE elements
are more accurate than those of eight CWL elements, and this further confirms the

accuracy and efficiency of the proposed GLE element.
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Table 4.7 Results summary for the member with channel section

Maximum Uz displacement (mm)

32 Elements 4 Elements 8 Elements
T/IM

CWL element CWL element GLE element CWL element GLE element

(Benchmark) Diff. Diff. Diff. Diff.
0.1 -900.2 -1337.4 48.6% -986.9 9.6% -1055.2 17.2% -943.9 4.9%
0.2 -1095.8 -1669.4 52.3% -1179.6 7.6% -1275.8 16.4% -1124.7 2.6%
0.3 -988.0 -1430.6 44.8% -1050.1 6.3% -1132.1 14.6% -1013.1 2.5%
0.4 -812.1 -1203.1 48.1% -841.2 3.6% -938.6 15.6% -826.6 1.8%

Note: Fy is the applied shear force.
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Example 3: Member with Nonsymmetric Section

This example is conducted further to examine the large-deflection behavior of
members with nonsymmetric sections. Such members usually experience apparent
warping, and the member twisting shows a noticeable influence on its behavior. The
overall depth and width of the cross-section are 200 mm and 100 mm, and the flange
thickness and web thickness are 10mm and 5mm, as shown in Figure 4.18. Once
again, both simply supported beam and cantilever beam are studied, and the analysis

results are plotted in Figure 4.18 and Figure 4.19 for the comparisons.
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Figure 4.18 Load-displacement curves for member with nonsymmetric section

From Figure 4.18 and Table 4.8, it is noted that when increasing the member
twisting, the proposed GLE elements provide more accurate and closer results
compared to the CWL elements. Results from four GLE elements are nearly identical
(less than 1%) with those from 32 CWL elements under both small and large twisting.
Moreover, the cantilever beam is subjected to bi-axial bending and torsion, thereby
assessing the proposed element for more severe configurations. Herein, two vertical
and horizontal concentrated forces together with the torsion are applied at the free
end (Figure 4.19). Overall, four GLE elements provided comparable results and
closely followed the trends from 32 CWL elements. As a result, the accuracy and
persuasiveness of the proposed element are further established. It is believed that the
proposed element can precisely and efficiently capture the second-order twist effects,
thereby be used in a structural analysis of systems with nonsymmetric section

members.
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Table 4.8 Results summary for the member with nonsymmetric section

Maximum Uz displacement (mm)

32 Elements 4 Elements 8 Elements
T/IM

CWL element CWL element GLE element CWL element GLE element

(Benchmark) Diff. Diff. Diff. Diff.
0.1 115.4 121.5 5.3% 1145 -0.7% 117.9 2.2% 116.2 0.7%
0.2 66.3 70.7 6.6% 66.2 -0.1% 68.1 2.7% 67.0 1.1%
0.3 48.3 51.6 6.9% 48.2 -0.2% 49.6 2.8% 48.8 1.0%
0.4 38.8 415 6.9% 38.7 -0.4% 39.9 2.7% 39.2 1.0%
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Figure 4.19 Load-displacement curves for a member with nonsymmetric section
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Example 4: Second-order analysis of a space frame.

This example is to conduct a second-order elastic analysis for an L-shaped
frame, where the geometry and applied loads are plotted in Figure 4.20. The overall
depth and width of the column’s cross-section are 300 mm and 200 mm, and the
flange thickness and web thickness are 15mm and 10mm, while the corresponding
dimensions of the horizontal beam are, respectively, 200, 100, 10, and 5mm. The
proposed GLE, utilizing 4 elements to model the column, is adopted for the frame
analysis and the results are plotted in Figure 4.20. Results from 32 B310S beam-
element given by Chen et al. (2021) are introduced for comparison purposes. The
lateral displacements in the Z-direction of the free-end node from the two models
are plotted. This comparison, in which a large deflection level is achieved (U, = 2300
mm) further validates the feasibility of the proposed element for large deflection

analysis of steel frames, where the twisting behavior is significant.
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Figure 4.20 Load-displacement curves of the L-shaped frame
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CHAPTER 5.

ELASTIC ANALYSIS OF STEEL MEMBERS

WITH THICK-WALLED SECTIONS

5.1 Introduction

Chapter 4 proposed the LFEM for the steel frames with nonsymmetric thin-walled
sections, where a line element with 14 DOFs and an improved Gaussian line element
for the large-deflection analysis is given. Those line element formulations are based on
Euler-Bernoulli beam theory, where the transverse shear deformations are neglected,
leading to over-estimate the member stiffness of the thick-walled members. Existing
approaches for the simulation of the nonsymmetric thick-walled members generally
involve shell or solid elements, which are limited to single members due to high
computational costs. This chapter proposes an improved Timoshenko line element
(TLE) for the second-order analysis of nonsymmetric thick-walled members. The non-
negligible shear deformation in nonsymmetric thick-walled members is considered by

incorporating the shear deformation in the element stiffness matrices.

5.2 Line Element Based on Timoshenko Beam Theory

5.2.1 Element reference axes
The warping DOF is included in the proposed TLE element formulation. So, there
are seven DOFs at each element node, and therefore, fourteen DOFs for an element (see

Figure 4.2 (a)).
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Therefore, the vector of the DOFs at one element end are given as,
A=[x; 6; 6p] (5.1)

where i=1,2,3, x; =Uu, x, =V, and x; =w are the translational DOFs, 6, =0x, 6, =6\,
and 8; =6 are the rotational DOFs, and 6 is the warping DOF. As shown in Figure

4.2 (b), the corresponding forces at one element end are:

F=[F M; My] (5.2)

5.2.2 Shape interpolation functions and shear deformations
In the TLE element, the lateral displacements along the element are composed of

bending and shear deformations:

€;(x) = €;p(x) + €;5(x) (5.3)

in which, i=2,3, the subscripts b denotes the bending deformations, and the subscripts
s denotes the shear deformations. Similarly, the rotational deformations along the

element can be described by,

de; .
EdiX) = O;p(x) + 0;5(x) (4

Based on the equilibrium condition, the relationship between the bending moments

and the shear forces are:

dM; (5.5)
ax )
2n. .
where M; = EI; (a ae;gx)) is the bending moments , V;(x) = %ﬁm is the shear

J

forces, i1=2,3, and j=3,2. k, = k,, and k3 = k, are the section shear coefficients.
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By substituting the Hermit interpolation function for the lateral deformations into

equation (5.5), the bending deformations can be calculated by,

b;L?
0;p(x) = ¢y + 2cyx + ( 2 12 >03 (5.6)

where, i=2,3 and b; = 12E1;k;/GAL?. is the shear deformation factor

According to the boundary conditions, the element shape function along the

element length can be described by interpolated polynomials as follows,

(%) = (1 =y + {uy (:7)
ei(x) = (1= b;j¢n — 3¢n* + 2¢n*)xiy + (b;{jm + 3{m* — 2{;n®)xs
((2+b) n-— (4+b) v +€,n> (5.8)
(b + @)L g L8,
O, (x) = (n = 20% + n*)LOpy + (—1% + 1*)LOpy + (1 — 31* + 21°)0,y
(5.9)

+(3772 - 2n3)9x2

Where i=2,3,j=3,2,1 = x/Land {; = 1/(1+ by).

5.2.3 Strain descriptions and total potential energy function
Having the element shape function, the displacement field of the TLE element can

be generated by:
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de,(x1) _ 0e3(xy) _ 06, (x;)

X, (x: —
B 1(x1) ~ €1(x1) — X3 9%, X3 %, " ax,
X = |X,(x)| = (5.10)

X3 (xz) €2 (xl) - (X3 - Zs)ex(xl)

€3(x1) + (xz — ¥5)0,(x1)
where z; and y; are the coordinates of the shear center.
The Green-Lagrange strain tensor can be calculated by,
1/0X; 0X; 0X,0Xy

This research adopts the minimal total potential energy principle to get the element

stiffness matrix. The total potential energy function is expressed as,

n=u-v (5.12)
where V is the external work; and U is the strain energy stored by the element, which
can be expressed as,

1 1
U= —]aTs dv = —JeTDs dv (5.13)
2y 2y

in which, D is the constitutive matrix relating the stresses and strains by Hooke’s law

and is written as,

E 0 O
D=|0 G O (5.14)
0 0 G

By substituting equations (5.7) - (5.10) into equation (5.13), replacing some stress
tensor with the express of nodal forces and ignoring the high-order terms, the potential

strain equation can be written as,
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2 2 2
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+§_f0 ( 8x>+< 6x>_x+§_l; r< 6x> *

1 (L [ 0de3(x) 0e,(x)]96(x)
+§LP2yS x5 ox | ox

dx

f Mbﬁw ae (x))

GA| 2 dex(x) 2( )
+k_y -(HZ(X)) + <T> — 20 ( ) ]

_ 2 (5.15)
GA 2 [(de;(x) dez(x)
o (6,(0) +< 6;;‘) — 20, (x) ngx ]dx

L—x00,(x) 662(x)+1 20, (x) q
L 0x 0x 277 ox x

M
y x00,(x)|0e,(x) 1 20, (x)

= +
2L ox ox 2

+
L ox ox 277

x00,(0) [9es() | 1, 96,0
2217 ox 0x 2% ox x

+f0L
_fOL
f Lox @ e 1, 00:0],,
f
o[ u

des(x)  0€1(x) 0ex(x)
0 (x) ax  ox 0x )dx

dex(x) | 0€i(x) de3(x)
_fo Z(Qx() ax | ox  ox )dx

where P is the axial force, 72 = [, + I,]/A.
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5.2.4 Tangent stiffness matrix
The element stiffness matrices of the TLE element can be generated by the second

variation of the total potential energy II,

sor = 20 _ (95 0K 04 o s = Konu—Af =0
du 0w, 0% =y, T aq auy ) O1i0Y = KeAu— A =
(5.16)
(i,j =1-14)
The tangent stiffness matrix can be written as,
kE = kLsa + kG + kU (517)

in which kg is the element tangent stiffness matrix; k¢ and ky is the well-established
geometric stiffness matrix given above; and k;; and «a is the linear stiffness matrix and

transformation matrix given below.

1 0o o 0 O O O 1 O 0 0O 0 0 0
a;, 0 0 O a 0 O a O O 0 a O
a 0 a 0 0 0 0 a 0 a 0 O
1 0 0 1 0 O O 1 O 0 1
a 0 0 0 0 a 0 a 0 0
a;, 0 0 a 0 O O a, O
_ 1 0 0 0 1 0 0 1
*= s. 1 0 0 0 0o o of ©1®
Y a, 0 0 0 a O
M. ay, 0 a 0 O
1 0 0 1
a, 0 0
a, O
1.
where, a, = Ly+1,+(1,—1;) cos 2¢+21y, sin 2¢ and @, = Ly+1,—(I,~1,) cos 2¢p—21y, sin 2¢.

21y, 2l
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where,
El 2
@, = —2AG (5.20)
ky
El
o, =t 4 (5.21)
k,
121, (5.22)
7T P+ 12wyl
12E1, (5.23)
9y = —2—
L3 + 12w,L
x; = 60EI, (5.24)
K, = GJ L2 (5.25)

5.3 Verification Examples

Example 1: Simply supported beams

Simply supported beams with different cross-section will be analyzed with
proposed method. Detailed loading and boundary conditions of the beams are given in
Figure 5.1. This is a classic example been widely studied. The deflection along the
beams can be calculated by the theoretical solutions given by Gere and Timoshenko

(Gere and Timoshenko 1991),

) = €0 () + ()_VL3x 3 4x2 N Vx 26
CyVE) = Oyt Eys i) = 4BEIL 17 ) * 2GAk, (26)
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Figure 5.1 The deflection along the beams

The beams modeled with 10 TLE elements each are analyzed to get the member
deflections at each element nodes. The cross-sections given in Figure 3.7 with 20mm
wall thicknesses are adopted, and the results are plotted in Figure 5.1. The member
deflection predicted by the proposed TLE elements are inline with those from the
theoretical solutions for the beams with Section A and D. However, large differences
can be observed from the results of the beams with Section B and C. This is because
Section B and C are nonsymmetric sections. The theoretical solutions given by Gere
and Timoshenko (Gere and Timoshenko 1991) is based on the symmetric-section

assumption, which is no longer applicable for members with nonsymmetric sections.
Example 2: Fix-pin Column

As shown in Figure 5.2, a fix-pin steel column firstly studied by Tang et al. (Tang

et al. 2019) is analyzed with proposed TLE element. The cross-section is a circular
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hollow section with dimensions given in Figure 5.2, and the shear coefficients of the
section generated by the proposed CST elements is 0.4996, which is very close to the
theoretical value, 0.5. The Young's modulus and Poisson's ratio of the material are taken
as 200000MPa and 0.3. The second-order analysis of the column under different load
combinations are conducted, where a compression force P = m2EI/L? is applied with

the end moments M = mP.

120
110 p
100 H
= 904 | 4000mm |
E 1 I: :l
= 80-
g 1
g 70
[ i 3. 8nmun
é_é A F
=, 60
[ 50 } 355 46num |
40
. — — - Timoshenko element proposed by Tang et al. (2019)
30 1 Euler—Bernoulli element proposed by Liu et al. (2019)
—u&— Present study
20 o E—— g R

T — T I N
0 5 10 15 20 25 30 35 40

Moment Factor, m

Figure 5.2 Load versus displacement curves for the member under compression

The relationship between the column axial displacement and the moment factor m
is given in Figure 5.2, where the results from the Timoshenko element for symmetric

sections proposed by Tang et al. (Tang et al. 2019) are given as the benchmark. The
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results from the Euler-Bernoulli element for nonsymmetric sections proposed by Liu er
al. (Liu et al. 2019b) are also given for comparation. From Figure 5.2, it can be seen
that large differences can be observed when the shear deformation has been ignored
(Euler-Bernoulli element). While, the differences between the results from present
study and those from Tang et al. (Tang et al. 2019) are relatively small showing the

accuracy of the proposed method.

Example 3: Cantilever beams

In this example, the second-order analysis of a series of cantilever beams with
different cross sections are investigated by the proposed method and the shell finite-
element (FE) analysis method. The FE models are established based on the software
ANSYS version 14.0 (Ansys 2011) using the SHELL93 element. SHELL93 is an 8-
node structural finite element that has six degrees of freedom at each node: translations
in the nodal x, y, and z directions and rotations about the nodal x, y, and z-axes. Shear
deflections are included in this element, and the element has plasticity, stress stiffening,

large deflection, and large strain capabilities.

Based on the mesh sensitivity studies, the maximum element size of about 20 mm
is adopted, and the length-to-width ratio of the shell element is constrained to be not
greater than 2. The material modelling is assumed to be linear elastic. The material
Young's modulus and Poisson's ratio are taken as 210000MPa and 0.3. Four different
cross sections, namely, the | section, channel section, lipped channel section, and
nonsymmetric box section, are adopted. The section properties and shear coefficients
of those sections are listed in Table 5.1. The results from the sophisticated shell FE
models are provided in Figure 5.3-Figure 5.6 and taken as the benchmark solutions.

The loading conditions, member length, and the dimensions of the cross sections for
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each case are also given in the figures. The results generated by the conventional
Timoshenko element based on symmetric sections assumptions and the Euler-Bernoulli
element for members with nonsymmetric sections proposed by Liu er al. (Liu et al.

2019b) are also given for comparison.

From those results, the Euler-Bernoulli element is not suitable for the analysis of
those thick beams under shear loading. Large differences can be observed when
analyzing the members with nonsymmetric open sections with conventional
Timoshenko symmetric elements (Figure 5.4a, Figure 5.5a), showing the importance of
the present study. However, the conventional Timoshenko symmetric element can
relatively accurately predict the members' behaviors with nonsymmetric close sections
(Figure 5.6). This is because members with close sections have a large resistance to
torsion, making the torsion-related Wagner effects of the nonsymmetric section non-
significant. The differences between results from the proposed line element and those
from the FE model are small in all the cases given above, showing the accuracy of the
proposed Timoshenko line element for members with symmetric or nonsymmetric
sections. One thing should be mentioned is that the computation time required for using
the FE method is 5-8 minutes, while the computation time required for using the
proposed line element is about 10 seconds, showing the efficiency of the proposed

method.
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Table 5.1 Section properties and shear coefficients of the sections

Section I section channel section lipped channel section nonsymmetric box section
A 5.446>10° mm? 1.920>10* mm? 2.040>10* mm? 1.144>10° mm?
ly 7.136>10° mm* 7.305%10" mm?* 8.857>10" mm* 4.550>10° mm*
I; 5.931<10" mm* 2.541>108 mm* 2.767>108 mm* 6.458>10° mm?*
J 2.186>10° mm* 5.779%10° mm* 6.233%10° mm* 4.346>10° mm*
lw 9.948>10* mm® 9.607>10* mm® 1.188>10'2 mm® 4.765>10" mm®
Ye 0 0 -1.024>10' mm 8.176>10' mm
Zc 0 -1.248>10°mm -1.388x10°mm 2.639%10' mm
By 0 3.619x102mm 3.794x102mm -1.604>102mm
B 0 0 2.835x10' mm -1.662>102mm

Bo 0 0 7.108%<102mm -3.227<10"  mm
Ky 3.250%10* 3.462x10? 3.167x10? 4.956x101
k, 5.764x10" 4.392x101 4.322x101 3.102x10"
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CHAPTER 6.

INELASTIC ANALYSIS

6.1 Introduction

An inelastic analysis method for the steel frames with nonsymmetric sections is
proposed in this chapter. The concentrated plasticity (CP) model is integrated into the
line element formulation given in Chapter 4, and the modified tangent modulus (MTM)
approach is adopted to represent partial material yielding, which may be accentuated
by the residual stresses. A yield surface, describing the full yield capacity of a section

resisting axial force and major-axis bending and/or minor-axis bending, is also given.

The successful structural design for steel structures requires a realistic assessment
of the ultimate strength capacity of a structure under extreme loading conditions, such
as super-typhoon and seismic events, to ensure structural safety. As such, nonlinear
analysis method, which include geometric (second-order) and material (inelastic)
nonlinear effects, is crucial and has been extensively studied over the past 65 years
(Driscoll 1965; Porter and Powell 1971; King et al. 1992; Ziemian et al. 1992; Chen
and Chan 1995; Liew et al. 2000; Thai and Kim 2011; Liu et al. 2014b). The research
presented herein mostly adopts the concentrated plasticity (plastic hinge) analysis
method for inelastic simulation, aiming for practical application via efficient
computational procedures. The modified tangent modulus (MTM) approach, proposed
by Ziemian and McGuire (2002), is an implementation of plastic hinge analysis

methods that have been used widely for nearly two decades, thereby establishing its
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robustness and effectiveness. This method has been used in designing systems of steel
members with symmetric section shapes and is now expanded in the present study to

promote its application for systems of nonsymmetric steel section members.

When analyzing steel members with nonsymmetric sections, another dominant
consideration is using line-elements for frame analysis that can simulate the offset
between the shear center and the centroid of the cross-section. The line-element

formulation given in Chapter 4 is employed in this research.

In this chapter, the concentrated plasticity (CP) model is integrated into the element
tangent stiffness matrix, and the MTM approach is adopted to represent partial material
yielding, which may be accentuated by the residual stresses. A yield surface, describing
the full yield capacity of a section resisting axial force and major-axis bending and/or
minor-axis bending, will be required. A matrix describing the gradients at all points on

the yield surface will be used to control the plastic flow.

This chapter first presents the assumptions of this research and a brief formulation
of the line-element employed for modeling nonsymmetric section. After providing the
approach to implement the CP-MTM approach, a divergence-free cross-section
analysis algorithm using the fiber section model is proposed to evaluate the full-yield

criterion. Finally, the inelastic response and validation are elaborated.

6.2 Assumptions
The following assumptions are made: (1) material remains elastic in the element;
however, the deformation due to material yielding is concentrated at potential plastic

hinges at the element ends; (2) Plane sections remain plane after deformation; (3) the
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applied loads are conservative; (4) shear strain is not included, but warping deformation
is considered; (5) strain within the element is small, whereas the element deformation
can be moderately large via the Updated-Lagrangian formulation used; (6) local
buckling and distortional buckling are not considered; and (7) the material's constitutive

model for steel is taken as linearly elastic-perfectly plastic.

6.3 Line Element Formulation

The line-element formulation given in Chapter 4 is employed in this chapter. When
analyzing steel members with nonsymmetric sections, the dominant features using line-
elements for frame analysis include: (1) the Wagner effects; and (2) the noncoincidence
of the shear center and centroid of a nonsymmetric section should be considered. This
element can capture the nonlinear and buckling behaviors of members with
nonsymmetric sections, evidenced by the extensive validations. This chapter extends
its application for the geometric and material nonlinear analysis by integrating the CP

model into the element tangent stiffness matrix.
As introduced in Chapter 4, the element stiffness matrix kg can be calculated by,
kg = T(k; + k¢ + ky)TT (6.1)

where k; has been well established and documented by McGuire et al. (2000); k¢ and
ky are geometric stiffness matrices for symmetric and nonsymmetric sections,

respectively; T are the transformation matrices.
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6.4 Modified Tangent Modulus (MTM) Method

This research extends the application of the line-element formulation given above
by integrating the CP model into the element tangent stiffness matrix. The zero-length
plastic hinges at the element ends will be used to account for the material nonlinearity.
In addition, the MTM approach, which is a straightforward extension of the CP model,

is adopted to represent partial material yielding of the cross-section.

Figure 6.1 Concentrated plasticity (CP) model

6.4.1 Concentrated plasticity (CP) model

The CP model is adopted to consider the material nonlinearity in this research. The
total plastic flexural deformation is represented by a zero-length hinge located at one
or both ends of the element. The illustration of a CP model with elastic-perfectly-plastic

material constitutive is shown in Figure 6.1. Using the CP model can avoid complicated
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and tedious stress resultant formulation, which is more effective and acceptable when

performing the inelastic analysis for massive practical structures.

6.4.2 Implementation

The MTM approach is a straightforward extension of the CP method, which has
been used widely for nearly two decades. This research adopts the MTM method to
represent partial material yielding, which may be accentuated by the residual stresses.
In the MTM method, a reduction factor 7 is given for reducing the element tangent

stiffness, which is expressed as,

1.0

(1+2p)(1-p—a,m, —a,mZ) (6.2)

Etm =TE Witht = min{

in which, p = |P/P/|, m, = |My/Mpy|, and m, = |MZ/MpZ|. ayand a, are the
empirical factors and the values, 0.65 and 1.0, given by Ziemian and McGuire (2002),

are adopted.

The factor 7 is related to the p, my, and m; values. The corresponding relationships

between 7 and those values in some general cases are shown in Figure 6.2.
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Figure 6.2 Plots of the t factor.
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The stiffness along the element can be generated by,
E(x) =[(1—x/L)a+ bx/L]E (6.3)
where, a and b are the reduction factors given by,
a=Em1/E;b=E,/E (6.4)

in which, E;,, ; and E,,, , are the reduced material Young's modulus at the element

ends, and the element tangent stiffness matrix given in Equation (6.1) can be rewritten

as.
kE = T(pet @ kL + k(; + ku)TT (65)

where & represents the Hadamard product, p,, is the reduction matrix, which can be

calculated by,
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6.5 Full-yield Criterion Using a Yield Surface

The plastic hinge will eventually form at the ends of the member with the
increment of applied forces. This research adopts the full-yield criterion using a yield
surface that describes the full yield capacity of a section resisting axial force and major-

axis moment and minor-axis moment.

6.5.1 Full-yield criterion

The basic concepts of the full-yield criterion using yield surface are: (1) sections
with force points lie within the yield surface are elastic; (2) sections for which the force
points on the yield surface are fully plastic; and (3) points outside the yield surface are
not admissible because the material's constitutive model for steel is assumed to be
linearly elastic-perfectly plastic. This research proposed a numerical method to estimate
whether a force point, like N [P, My, M;], is located inside the yield surface or not. As
shown in Figure 6.3, there is a spatial yield surface with the origin point O. When a
section internal forces are P, My, and Mz, which can be denoted as point N, there will
be an intersection point, N1 [P1, My1, Mz1], between the extended line of OP and the
yield surface, as shown in Figure 6.3. One thing should be noted is that the bi-moments,
My, are not considered in the yield surface. This is because the bi-moments are self-
equilibrating actions, like the residual stress, they will have no influence on the yield

surface.
The corresponding loading ratio L, will be calculated by,
L,=d/d, (6.7)

where d and d1 are the norm of the vector [P, My, M;] and [P1, My1, Mz1], respectively.
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Figure 6.3 A spatial yield surface

When L, < 1.0 indicates that the point N is located inside the yield surface and
the related section is elastic. When L, = 1.0, the point N is on the yield surface, and
the corresponding section will be regarded as fully plastic. And if L, > 1.0, the point
N is outside the yield surface, which is not admissible, a correction of the resisting

forces will be conducted.

A spatial yield surface (Figure 6.3), describing the ultimate strength capacity of a
section for the axial force and major-axis moment and minor-axis moment, is required
and essential for the yield criterion. For the sections with doubly symmetric section
shapes, the yield surface can be easily calculated with the equations given by AISC

(2016) or McGuire et al. (2000), where the yield surfaces are also symmetric in shape.
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Nevertheless, the yield surfaces are nonsymmetric for nonsymmetric sections, which
cannot be generated by the conventional equations. Apart from deriving the curve-fitted
equations, a rigorous analysis method to calculate the yield surfaces for any section

shapes is developed based on the work introduced by Liu et al. (2012).

6.5.2 Cross-section modelling

A cross-section modelling approach has been proposed for the calculation of the
yield surfaces. The cross-section will be modelled by nodes and segments, as shown in
Figure 6.4, where the segments are the centerline of the section plate, and the nodes are
the starting, ending, and intersection of the segments. Each segment is defined by two
nodes and a thickness, and the initial coordinates of the nodes are given based on a

global Z-O-Y coordinate system.

inmEnnun|
o

iEmEnn |
iEmEn |
inmnnn s

i
e
O
NN NN NN NN AR

z 0 7 0
Section Line-segment model Fibre model

Figure 6.4 Cross-section modelling
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The coordinate of the cross-section centroid and some other basic section
properties like I, and I, can be computed using the cross-section analysis method
given above. Then, as shown in Figure 6.4, the segments of the section will be further
meshed into small fibers. Each fiber is described by the coordinates of its centroid (yi,

Zi), referring to z-0-y system, and the fiber area (Ai).

6.5.3 Yield surface generation

As shown in Figure 6.5, the strain is linearly distributed in the cross-section
according to the Euler-Bernoulli hypothesis. The stress at each fiber can be determined
based on the strain level. By referring to the y-z axis system, the overall section capacity

can be calculated by the equations as follows to get one data point of the yield surface.

nf
P = Z O-i(gi)Ai (6.8)
i=1
nf
My = — Z O-i(gi)AiZi (6.9)
i=1
nf
M, = Z i () Ay (6.10)
i=1

where P, My and M; are the section ultimate axial and bending capacities, respectively,
ne is the total number of fibers, yi and zi are the coordinates, and o; represents the i
fiber's stress generated from constitutive models, and ¢; is i fiber's strain, which can

be calculated by,
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& =&, — (6.11)

in which, g, is the strain of the topmost fiber, which equals to the material ultimate
strain, d,, is the location of the neutral axis (Figure 6.5), and d; is the location of the i

fiber, whose value will be negative if the i" fiber is on the other side of the neutral axis.

0z, 4)

Centroid

Figure 6.5 Strain and stress over the cross-section

The complete yield surface of any sections can be generated by changing the axial
load P, from the minimum axial strength (tension capacity) to the maximum axial
strength (compression capacity) and rotating the inclined angle between the neutral axis

and the section axis 8,, (Figure 6.5) from 0 to 2 at each axial load P,. Ata certain angle
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6,,, the strain of the topmost fiber will be assumed to be the ultimate strain &, then the

location of the neutral axis d,, will be calculated using the Quasi-Newton algorithm.

dk _ dk
le;'i — P} (P, — P}) (6.12)

di*t =df +

where d¥*1 is the location of the current neutral axis; dj is the location of neutral axis
with the axial force P larger than P,; and d¥ is the location of neutral axis with the
axial force P¥ smaller than P,. Detailed iteration procedure can be found in reference
paper given by Chen et al. (2017). Once the location of the updated neutral axis is
determined, one data point of the yield surface can be generated with Equation (6.8).
The analysis flowchart for the generation of the complete yield surface is elaborated in
Figure 6.6. The calculation procedure will give a series of data points, which will form

a complete yield surface, as shown in Figure 6.6.
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Input primary parameters

Mesh the section into fibers

Calculate the minimum and maximum axial
capacity Py, i, Pnax0f the section

SetP, =

P min

Setf, =0

Initialize the deepness of neutral axis, d,,

Compute P, M,,, and M,,

Increase
7]

n

End

Figure 6.6 A flowchart to generate the complete yield surface

Increase
P,
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6.6 Post Yielding Behavior

According to the assumption, the plastic deformation will be only concentrated on
the end of an element in the CP model. Once the internal member forces point has
reached the yield surface, the member may either remain plastic with the force point
moving along the yield surface or unload elastically with the force point moving into
the yield surface. In this research, the gradient matrix describing the gradients to the

yield surface will be calculated to control the plastic flow.
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Figure 6.7 Correction of force point outside the yield surface
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6.6.1 Correction of force point outside the yield surface

When the loading ratio L, from Equation (6.7) is larger than 1.0, it indicates that
the force point lies outside the failure surface, which is not admissible. As shown in
Figure 6.7, at the i"" load step, the element end forces are assumed as Ni [Pi, Myi, Mzi].
This force point is inside the yield surface, which shows that there is no plastic
deformation. While in the next load increment, the force point is increased to Ni+1 [Pi+1,
Myi+1, Mzi+1], which is outside the yield surface. There are millions of paths to bring
this force point back onto the yield surface. In this research, the path connecting N; and
N;41 is chosen and the new equilibrium force point will be N;,’, as shown in Figure

6.7. The coordinate of the N;,,’ will be taken as the new resisting forces.

6.6.2 The plastic reduction matrix
The incremental displacement at a plastic hinge can be divided into two parts: the

elastic and a plastic displacement:
dA =dA, +dA, (6.13)

As shown in Figure 6.8, since the increment of plastic deformation must be normal
to the yield surface, the plastic deformation d4,, can be acquired by the gradients to the

yield surface:

dApl == A]_Gl (614)
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_ aq) -
ap,
o

G, = o, (6.15)
o

EY

where @& represents the function of the entire yield surface obtained by the proposed

method and G is the gradient to it; and A1 is the magnitude of the plastic deformation.

Since both ends of the element have the possibility of plastification, the element’s

plastic deformation can be expressed as:

l l [0 Gz ] GA (6.16)

in which, G is a matrix and a vital component of the derivation of the plastic reduction
matrix. The matrix G contains nonzero elements only when the element ends in the
plasticized situation. The primary purpose of this matrix is to reduce axial and rotational

resistance.

The linearly elastic-perfectly plastic constitutive model is adopted for steel.
Therefore, all the force points located on the yield surface will remain plastic, with the
force points moving along the yield surface. Consequently, any incremental of the force

vector at those points must follow the elastic relationship:
dF = k.dA, (6.17)

in which dA4, is the incremental elastic deformation.
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Figure 6.8 Plastic deformation

When the plastic deformation has been accessed by Equation (6.15), the plastic

deformation and the incremental force vectors will be orthometric and the following

expression can be attained:

dA,dF = AG"dF = 0 (6.18)

Since 4 is arbitrary, the above expression can be simplified as,

GTdF =0 (6.19)

Using Equations (6.7), (6.15), (6.16), and (6.18), and solving for 4, the solution

can be got:
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A=[6"k,G]"1G k. dA (6.20)

Similarly, using Equations (6.7), (6.15), (6.16), and (6.19) and solving for dF

results in
dF = [k, + k,,]dA (6.21)
in which, k,, is the element plastic reduction matrix, which can be generated by,

k,, = —k,G[GTk,G] 16"k, (6.22)

6.6.3 Gradients to the yield surface

For tracing the plastic deformations, the gradients to the yield surface need to be
calculated. The yield surface generated by the proposed numerical method consists of
a series of discrete data points, as shown in Figure 6.9. This yield surface is too
complicated to be described with curve-fitted equations. Therefore, a numerical method
that is reasonable and practical for computing the gradients to the discrete point on the

yield surface has been proposed.

The gradient on a data point of the yield surface will be calculated by,

nq + n, + ns + ny (623)

d'(N) =
( ) |n1+n2+n3+n4|

in which, nq, n,, nj, and n, are the normal vectors of the areas around the data point
(Figure 6.9). The gradients to each data point on the yield surface will be calculated

with the above equation and used to control the plastic flow.
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Figure 6.9 Yield surface and the gradient on it

6.7 Numerical Procedure

In present study, an incremental stiffness method based on the Updated-
Lagrangian (UL) approach is employed to account for the influence of large deflections
on the distribution of internal forces. The UL method is efficient and robust, especially

when the element formulation involves large deformations.

6.7.1 Global stiffness matrix and element resistant forces
In the proposed incremental stiffness method, the global stiffness matrix will be

assembled by,

NE
Kp = Z [k, + kT (6.24)
m=1
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where k, is the element tangent stiffness matrix generated by Equation (6.5), k,, is the
element plastic reduction matrix calculated by Equation (6.22), NE represents the total

number of elements, and I is the transformation matrix given by McGuire et al. (2000).

With the element global stiffness matrix, the element incremental forces can be

calculated by,
ARL = K;'Aul (6.25)

where the superscript i denotes the ith incremental step, Au! is the element incremental
displacement without rigid body movement. And, then the element total forces can be

updated by,

Rl = R! + AR} (6.26)

6.7.2 Analysis procedure

The flowchart of the numerical analysis procedure for the proposed geometric and
material nonlinear analysis is given in Figure 6.10. Firstly, the basic information,
including the geometries of the analytical model and cross-section dimension, material
parameters, boundary conditions, and the like, are inputted into the program. Then, the
section properties, yield surface, and gradients to the yield surface are calculated. Later,
the second-order elastic analysis is conducted to get the initial element forces. The
reduction factor T for Young's modulus E is determined by the MTM method, following
which the updated element stiffness and element forces can be obtained. The element
end forces will be checked at each step. If the force point is not located inside the yield
surface, it indicates that a plastic hinge is formed in the element ends, and the element

plastic reduction matrix will be included in the element stiffness matrix. In this research,
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a nonlinear solution named Predictor-Corrector is adopted to trace the load-
displacement path. This solution has been widely employed by serval researchers, such

as Ziemian et al. (2021) and Yang et al. (2019), and it is a reliable numerical method.

INPUT
Geometries: Cross-section; Analytical model
Analysis: Material parameters; Strain-stress
relationship; Boundary and load info.

INITIALLIZATION )
Calculate the section yield surface and the GET ]j:LEME‘\T FPRCES AND
corresponding gradient on it »| COMPUIE LOADING RATIO FOR
¢ EVERY ELEMENT
L. =d/d,
ELASTIC STAGE *
Element local stiffness:
kE = T(kL + kG + kU)TT YGS
Element global stiffness:
NE
Kg = Z Ik, I
m=1 No
> ¢ PLASTIC STAGE
Calculated element plastic reduction matrix
MTM METHOD ky, = —k.G[GTk.G]"1G"k,
Calculate reduction factor 7. and obtain the UPDATE STIFFNESS MATRIC

Element local stiffness:

reduction matric [p,,] for every element r
ke =T(pe: O Ky + kg + ky)T

* Element global stiffness:
NE
UPDATE STIFFNESS MATRIC Kg= Z Ik +k, I
Element local stiffness: —

kg =T(pe: © ky + kg + k)T

Element global stiffness: - *
NE o
Kg= Z 'k, r NONLINEAR SOLUTION
m=1 PROCEDURE
NONLINEAR SOLUTION *
PROCEDURE Yes
Next step
No

Figure 6.10 Flowchart of numerical analysis procedure
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6.8 Verification Examples

Two groups of verification examples are provided to validate the accuracy of the
yield surface generation method and the proposed CP-MTM analysis method. In the
first example, two sets of cross-sections, doubly symmetric sections and non-symmetric
sections, are studied. The yield surfaces generated by the proposed rigorous cross-
section analysis method are validated via the analytical solutions and the well-
developed computational method. Then the geometric and material nonlinear analyses
for steel members with I-section, Channel section, and non-symmetric cross-section

under different boundary and loading conditions are conducted.

6.8.1 Verification of the yield surfaces generation

Example 1: Symmetric sections

This example verifies the accuracy of the yield surface generation for symmetrical
cross-sections, including a wide flange I-section, a double web section, and a circular
hollow section. The dimensions of the cross-sections are given in Figure 6.11. Those
cross-sections were studied by Chen and Atsuta (1972). They provided accurate results
of the My vs M, curve under different axial force levels. Same My vs M; curves are
calculated and provided in Figure 6.12. The load values were normalized to obtain a
more general cross-sectional load relationship. Since the sections are doubly symmetric
and the full My vs M; curve will also be doubly symmetric, only one-quarter of the

resulting curves are given.
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Figure 6.11 Doubly symmetric sections (Unit: mm)
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Exact Solution by Chen and Atsuta (1972)
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Figure 6.12 Comparison results for the doubly symmetric sections

The solid lines plotted in Figure 6.12 are the close-formed solutions provided by
Chen and Atsuta (1972), and the dotted points depict the results from the proposed

approach. The results agree with each other well, verifying the validity of the yield

surface generation for symmetrical cross-section.

Example 2: Nonsymmetric sections

This example is given to verify the reliability of the proposed yield surface
generation method for nonsymmetric sections. Four nonsymmetric sections (Figure
6.13), including an angle section, a T-section, a nonsymmetric lipped channel section,
and a highly irregular section, are studied. The P-My, P-Mz, P-Mv, P-Mw, My—Mz, and

Mv—Mw curves (v-w is the section principal axis) generated from the proposed yield
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surface generation algorithm are compared with those given by the advanced cross-
sectional analysis method invented by Liu et al. (2012). Results from the calculation
methods recommended by AISC (2016) and McGuire et al. (2000) are also plotted in

Figure 6.14 to Figure 6.17.
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Figure 6.13 Nonsymmetric sections (Unit: mm)
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From Figure 6.14, the results from the proposed algorithm are in line with those
from the advanced cross-sectional analysis method given by Liu et al. (2012). While
the calculation methods recommended by AISC (2016) and McGuire et al. (2000) are
no longer suitable for the yield surface generation of nonsymmetric sections. The yield
surfaces predicted by the calculation method recommended by AISC (2016) are linear,
and most of the yield surfaces are inside the yield surfaces obtained by Liu et al. (2012),
which means they are safe and conservative. Some figures (Figure 6.16 a, Figure 6.17
a) show that the section capacities predicted by the equation given by McGuire et al.
(2000) are overestimated. This example shows the accuracy of the proposed yield
surface generation algorithm for nonsymmetric sections and proves that the traditional
yield surface calculation methods, such as those equations given by AISC (2016) and

McGuire et al. (2000), are not suitable for nonsymmetric sections.

6.8.2 Nonlinear analysis of steel members

The geometric and material nonlinear analysis for a series of members is conducted
to verify the reliability of the proposed CP-MTM analysis method. Members with I-
section, Channel section, and nonsymmetric sections under different boundary and
loading conditions are investigated. Results from the proposed method and those from

other researchers are provided.

Example 1: I-section beam under bending

A simply supported beam under pure bending has been studied in this example.
The beam was initially investigated by Rinchen et al. (2020). The member cross-section
and relevant dimensions, the applied forces, and the boundary conditions are given in

Figure 6.18. The boundary conditions at both ends are symmetric. The warping
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deformations at each end are free, and an additional axial restrain has been employed
at the midspan of the beam. The beam has a length of 4.0m, and the material Young's
modulus and Poisson's ratio are taken as 200000MPa and 0.3. The material yield stress
is 300MPa. The member's initial imperfection has been added by applying a small

torque, +970Nmm, about the central axis at the midspan of the beam.

The numerical analysis model is built with ten line-elements. There is no residual
stress included in this example, and the steel hardening process after firstly reaching
yielded is also not considered. The moment-rotation response curves generated by the
proposed method and shell elements model proposed by Rinchen et al. (2020) are given
in Figure 6.18. The results from Rinchen et al. (2020) are taken as benchmarks. Results
from the second-order elastic analysis introduced by Liu et al. (2019) and those from
the conventional approach using the yield surface given by McGuiore et al. are also
provided for comparison. From Figure 6.18, large differences will occur when the
second-order elastic analysis is adopted. Meanwhile, a slight increase of end moments
will cause significant rotation at the end of the curves, indicating that the beam has
formed a plastic hinge. The results generated by inelastic analyses are in line with each

other, showing the accuracy of the proposed CP-MTM analysis method.
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Figure 6.18 Post-buckling behavior of the beam.

Example 2: I-section beam under shear

To further test the accuracy of the proposed method, a fixed-ended beam with I-
section is studied. The dimensions of the I-section and the boundary and loading
conditions of the beam are given in Figure 6.19. The beam length is 2743.2 mm, and
the Young’s modulus and Poisson’s ratio of the material are 200,000MPa and 0.3. The
material yield strength is 248MPa, and the material hardening stress is ignored. This
example was formerly studied by Thai and Kim (2011), in which the finite element
method and line-element with fiber section model are employed. This research created

a line-element model, where the beam is modelled with eight elements.
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The load-displacement curves generated by the present study, the conventional
approach (using the yield surface given by McGuire et al. (2000)), and Thai and Kim
(2011) are plotted in Figure 6.19. The results given by the sophisticated finite element
model built by Thai and Kim (2011) are regarded as the benchmark. The comparison
of ultimate load factors is listed in Table 6.1. The ultimate load factor calculated by the
proposed method has rarely differenced from the benchmark. It is clear Figure 6.19 that
the proposed method can get a reliable result. Only slight differences are observed at
the elastoplastic stage, which can be eliminated by adjusting the empirical factors
a,and «,, in the MTM method. Therefore, the proposed method has good accuracy and

is applicable for practical applications.

Table 6.1 Comparison of the predicted ultimate load factor of the beam.

Methods Ultimate load factor Difference (%)

Thai and Kim (2011)

9.079 -
(Shell element)
Thai and Kim (2011)
_ 9.003 -0.84
(Line-element)
Present 8.932 -1.62
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Figure 6.19 Load-deflection curve of fixed-ended beam.

Example 3: Lipped channel section member under bending

In this example, a 4.0m long member with channel cross-section under major axis
bending is investigated. The dimensions of the cross-section, and the applied forces and
the boundary conditions of the member are given in Figure 6.20. A torque of +400Nmm
is applied at the mid-span of the member as the initial imperfection. The material
Young’s modulus and Poisson’s ratio are 200,000MPa and 0.3. The material yield

strength is 500MPa.
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Figure 6.20 Post-buckling behavior of the channel member.

This example is firstly studied by Rinchen et al. (2020). The moment-rotation
response curves from the shell element model proposed by Rinchen et al. (2020) are
given in Figure 6.20 as benchmarks. Results from the second-order elastic analysis
introduced by Liu et al. (2019) and those from the conventional approach (using the
yield surface given by McGuire et al. (2000)) are also provided for comparison. From
Figure 6.20, the second-order elastic analysis introduced by Liu et al. (2019) can predict
the elastic and buckling behavior of the member, but large differences will occur when
the member enters the elastoplastic stage. Besides, the conventional approach, which is
based on the doubly symmetric section assumption, is no longer suitable for the

nonlinear analysis of steel members with nonsymmetric sections.
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To further validate the reliability of the proposed method, a nonsymmetric lipped

channel section member is investigated. The analytical model is the same as the former

example, and the cross-section dimensions are shown in Figure 6.21. The material yield

stress is 300MPa, and the initial imperfection is implemented at the mid-span by

applying a small twist displacement (+0.007 radians) in this case.

The moment-rotation response curves from the shell element model proposed by

Rinchen et al. (2020) are given in Figure 6.21 as benchmarks. The results have further

validated that the conventional approach is no longer suitable for the nonlinear analysis

of steel members with nonsymmetric sections. They also show that the proposed

method can predict the elastoplastic behaviors of nonsymmetric cross-section members

accurately.
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Figure 6.21 Post-buckling behavior of the nonsymmetric member.
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Example 4: Angle section column under compression

In this example, four columns with unequal-leg angles, which were investigated
by Dinis et al. (2015) and Liu et al. (2019), have been studied. The material of the
columns is steel with ASTM A36 — Grade50, and the Young's modulus and Poisson's
ratio are adopted as 205.2Gpa and 0.3. The basic information about the measurement
of cross-section dimensions and member lengths can be found in reference literature
(Dinis et al. 2015). As shown in Figure 6.22, one end of the column is fixed with all
degrees of freedoms restrained, and the other end of the column is free in the axial
direction with the axial loads applied at the centroid. The initial imperfections and the

section properties given by Liu et al. (2019) are adopted. Those columns are simulated

with ten line-elements each, to capture the nonlinear behaviors.
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Figure 6.22 Load-deflections of the columns

From Figure 6.22, discrepancies between the predictions by the proposed method
and the experimental results can be observed. There might be several reasons that
caused the discrepancies. The first reason might be the strengthening of the steel
materials. In the numerical simulation, the elastic-perfectly-plastic but in the
experiment, there might be material strength. This could explain why the ultimate load
from the experiment a little bit is higher than the numerical prediction. The second
reason might be the end conditions of the experiment. In the numerical simulation, the
end conditions of the members are perfectly rigid. But in the real experiment, there
might be semi-rigid at the member ends. This could explain why the stiffness given by

the experiment is smaller than the numerical simulation.
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6.8.3 Nonlinear analysis of planar frames

In this section, groups of application cases for the analysis of planar frames are
provided to verify the accuracy and practicability of the proposed method. A portal
frame proposed by Thai and Kim (2011), a two-story frame extensively investigated by
several researchers, such as Ziemian and McGuire (2002), Du et al. (2017), and a six-

story frame firstly studied by Vogel (1985), are analyzed using the proposed method.

Example 1: Portal frame with a solid rectangular section

This example aims to validate the accuracy of the proposed method for the portal
frame. A portal frame with a solid rectangular section has been studied by several
researchers to test their theory for elastic-plastic analysis. For instance, Thai and Kim
(2011) have conducted the plastic-zone analysis using the line-element with fiber
models. The geometry of the portal frame is illustrated in Figure 6.23, where the overall
breadth and depth are 10.0m. The cross-section shape of all members in this frame is a
solid rectangle with 0.4 m width and 0.2m depth. The corresponding section properties
are given in Table 6.2. A pair of gravity load P and a horizontal force H is applied at
the top of the frame, whose values are 300kN. The material Young’s modulus,

Poisson’s ratio, and yield strength are 19613MPa, 0.3, and 98MPa, respectively.

Table 6.2 Section properties of the solid rectangle

A (m?) ly (m*) I, (m?) J(m?) lo (M°) ye (M)
8.000 x10Z | 1,067 x10°  2.666 x10°  1.067 x10° 1422 x10° 0
ze (M) By (m) f2 (m) o zy (M) 2 (M)
0 0 0 0 8.000 x10°  4.000 X103
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The frame members are modeled with four elements each. Results from the FE
model and beam-column element proposed by Thai and Kim (2011) and the proposed
method are provided for comparison. The predicted ultimate load factors are listed in
Table 6.3, and the equilibrium paths of the monitor point are plotted in Figure 6.23.
From Table 6.3, it can be seen that the ultimate load factor predicted by the proposed
method is close to the benchmark (results from the FE model by Thai and Kim). In
Figure 6.23, those curves are kept in great consistency with each other in the entire
loading process, demonstrating that the method in this study is accurate for the second-

order inelastic analysis of the portal frame.
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Table 6.3 Comparison of ultimate load factor of portal frame.

Method Ultimate load factor Difference (%)
FE model by Thai and Kim
(2011) 0.826 -

(20 elements per member)

Line-element by
Thai and Kim (2011) 0.825 -0.12

(1 element per member)

Present study
0.818 -0.97

(4 elements per member)
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Figure 6.23 Load-deflection curve of portal frame.
Example 2: Portal frame with a lipped channel section

To further validate the accuracy of the proposed method for frames with

nonsymmetric sections, a portal frame composed of lipped channel sections has been
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investigated. This example shares the basic information, such as the frame geometric,
the loading conditions, and the boundary conditions, with the former example. But in
this example, the material yield strength and Young’s modulus are 355MPa and
206000MPa, respectively. The dimensions of the lipped channel section are given in

Figure 6.25, and the section properties of the section are listed in Table 6.4.

Table 6.4 Section properties of the lipped channel section

A (m?) ly (m*) I (m?) J(m*)
2.220 x10? 1.064 x10 2.782 x10 6.660 x10°°
lo (M°) Ye (M) Ze (M) py (m)
2.375 x10° 0 1.656 x107! -3.921 x10?
fz (M) Po zy (M) 2z (M)

0 0 1.380 x10° 2.323x10°

To validate the accuracy of the present study, the sophisticated FE model is
established using the Solid185 element in ANSYS version 14.0 (Ansys 2011), as shown
in Figure 6.24. The FE model is composed of more than 15000 elements with the
orientation of the beam and column accurately depicted. The material constitutive
relationships are assumed elastic-perfectly-plastic with no hardened stress. Load-
deflection curves of the monitor point generated by the FE model and proposed method
are plotted in Figure 6.25. A similar tendency of the whole load-deflection cure can be
obtained. Only a slight discrepancy can be found at the elastoplastic stage, which may
be caused by the empirical factors a,and a,, in the MTM method. But the method in
this paper is much more efficient, with only 12 elements used. Therefore, the proposed

method can be conveniently used for the design of steel frames.
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(@) Finite element model

(b) The stress contour

Figure 6.24 Sophisticated Finite element model
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Figure 6.25 Load-deflection curve of nonsymmetric portal frame.

Example 3: Two-story Ziemian frame

In this example, a two-story frame, namely the Ziemian frame, is studied. It is a
classical benchmark example extensively investigated by several researchers, such as
Ziemian (2002) and Du et al. (2017). The basic geometry and loading conditions of this
frame are given in Figure 6.26. All members' orientations are consistent with Ziemian's
model, in which beams are orientated in major axis bending, and columns are orientated
in minor axis bending. The material Young's modulus of the steel is taken as 205Gpa,
and Poisson's ratio is 0.3. The yield strength is 345MPa. One thing that should be
mentioned is that Ziemian has conducted a series of parametric studies for this frame,
and the selected frame covered more types of common I-section and likely had more

obvious material nonlinearities.
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Applied Load Raio

Results obtained by Ziemian using the plastic-zone and plastic hinge method and
those from the present study are plotted in Figure 6.26. There are only slight differences
between the result from the proposed method and comparison consequences showing

that the present study has a good performance in capturing the elastic-plastic behavior
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Figure 6.26 Response curves for Ziemian frame.

of steel frames composed by commonly used sections.

Example 4: Six-story Vogel frame

To further test the accuracy of the proposed method, VVogel's six-story planar frame
made of a series of members with European calibration sections is studied. Distributed

gravity loads are applied on the beams, and concentrated horizontal forces are applied
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at the top of each floor. Detailed geometric and boundary conditions are given in Figure
6.27. In this frame, there is global out-of-plumb straightness ¢ equals 1/300. The
material for all members is steel. The Young's modulus and Poisson's ratio are 205 Gap
and 0.3, respectively, and the yield strength is 235MPa. This frame was firstly studied
by Vogel (1985) using the plastic zone method to trace the load-deflection path in 1985.
Subsequently, Liu et al. (2014b) investigated this frame with an Arbitrarily-located-
plastic-hinge (ALH) element. In the ALH element, the plastic hinge can locate
everywhere, not merely at the mid-span. In this paper, the Vogel frame is modeled with
four elements per member to investigate its geometrical and material nonlinear

behaviors. The comparison results are plotted in Figure 6.27.
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Figure 6.27 Load deflection behavior of six-story frame
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As shown in Figure 6.27, all members stay in an elastic situation in the first stage.
The load-deflection curves obtained by Vogel (1985), Liu et al. (2014), and the
proposed method are kept consistent with each other. However, the ultimate load
factors obtained by Vogel and Liu et al. are 1.112 and 1.152, respectively, while the
corresponding load factor by the proposed method is 1.004. Nonetheless, around 10%
discrepancy is formed between different methods, but a more conservative and more
likely safer consequence could get for complex practical structural calculation process.

Also, the proposed method is more efficient than the plastic zone method.

6.8.4 Nonlinear analysis of spatial frames

In this section, two spatial frames are investigated to verify the accuracy and
practicability of the proposed method. A two-story space frame first analyzed by
Argyris (1982) and then studied by De Souza (2000) and Thai and Kim (2011) is
modeled with four elements per member. Then, a twenty-story space frame with 460

members and 210 joints studied by Liew et al. (2000) and Liu et al. (2014a) is analyzed.

Example 1: Two story spatial frame

The two-story space frame, as shown in Figure 6.28, was first analyzed by Argyris
(1982) and then studied by De Souza (2000) using the force-based element with fiber
model. Recently, a similar investigation was conducted by Thai and Kim (2011), where
the refined plastic hinge method is used. The Young’s Modulus, Poisson’s ratio, and
yield stress for the steel are 19613MPa, 0.3, and 98MPa, respectively. The frame
geometric information and the load locations are depicted in Figure 6.28. The spatial

frame is modeled with four elements per member.
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Table 6.5 Ultimate load of two-story space frame.

Method Ultimate load (kN) Difference
De Souza (2000) 128.05 --
Thai and Kim (2011) 128.50 0.35%
Proposed 128.00 -0.04%
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Figure 6.28 Load deflection behavior of two-story space frame

Table 6.5 gives the ultimate load predicted by De Souza (2000), Thai and Kim
(2011), and the proposed method, where De Souza’s result from the force-based
element with fiber model is taken as the benchmark. It is clear from the table that the
proposed method can get an accurate result. Besides, the horizontal displacement of the

monitor point has been traced, and the load-deflection curves accessed by different
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methods are plotted in Figure 6.28. From the comparison, the three curves also agree

well with each other, which proves that the proposed method has excellent accuracy.
Example 2: Twenty story spatial frame

In this example, a twenty-story space frame first studied by Liew et al. (2000) and
then investigated by Liu et al. (2014a) is modeled and analyzed in. This spatial steel
frame with 460 members and 210 joints has a structural size closer to a practical one.
The geometry and the section assignments of the frame are illustrated in Figure 6.29.
The steel of the twenty-story frame is A50 steel with yield stress equal to 344.8 MPa.
The gravity load on all the floors is 4.8 kN/m2, and concentrated joint loads are applied
to the top of the columns. A wind load of 0.96 kN/m2 is applied to the beam-column

joints. All members are modeled by one element per member in the present analysis.

1.1 I I I I I I I I I I J
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0.9 1 =+=-Liuetal.(2013) =
7 —m— Liew et al.(2000)
087 o, -
- —_ i-‘—_‘_ -
— 0.7 1 WSX31 EE _
g + B
3 0.6 W10X60 EE |
. 4 =+ A
.= . N E
8 0.5 WIZX87 Eg ﬁ -
/ T == H
— 0.4 WI12X106 E-;:_ "’:; |
J 3+ = b
W14X132 EE W
0.3 1 B =
E WI4X145 =
+ =0A
0.2 WI4X159 _I.?‘_ —
| + I
WI4X176 =
0.1 4] ‘ _
0.0 B I ! I ! I I ! 1 I

' I ' I ' I ' I ' ' !
00 01 02 03 04 05 06 07 08 09 10 I.1
Displacement (m)

Figure 6.29 Twenty-story space frame

209



Chapter 6. Inelastic analysis

The results generated from the present study and those given by Liew et al. (2000)
and Liu et al. (2014a) are plotted in Figure 6.29 for comparison. The curves in the figure
are identical in the elastic range, while the differences are also small in the partial yield

stage, which shows the accuracy of the proposed method.
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CHAPTER 7.

SECOND-ORDER ELASTIC ANALYSIS UNDER

FIRE

7.1 Introduction

In this chapter, the analysis methods of the steel frames with nonsymmetric cross-
sections under fire condition are introduced. Steel structures are sensitive to fires and
elevated temperatures because the thermal effects will rapidly deteriorate the strength
and stiffness of steel material (Wang and Moore 1995; C. K. and Chan 2004; Wang et
al. 2013). Fire safety engineering is required to examine the behaviors of steel members
under fire conditions. The related design approaches (Eurocode-3 2005 and Hong Kong
steel codes 2011) can be categorized into two types, such as the prescriptive (De Sanctis
et al. 2014; Qureshi et al. 2020) and the performance-based approaches (Liew et al.
2002; Parkinson et al. 2009; Dwaikat and Kodur 2011), where the former is an element-
based approach using experimental results from standard fire tests. At the same time,
the latter is a system-based approach that relies on sophisticated analysis of checking
global and local stabilities of structures. Adopting the performance-based design
method is attractive because it could reduce or eliminate the usage of expensive fire-
resistant coating materials. However, the practicability of this design method relies on
the robustness of the analysis method, which should be able to predict the nonlinear

behaviors of steel structures at elevated temperatures and under fire conditions.

211



Chapter 7. Second-order elastic analysis under fire

With the advancement in manufacturing techniques, robotic welding machines and
advanced cold-forming processes are gradually used in modern steel constructions,
eliminating the constraints of fabricating nonsymmetric sections. Innovative structural
forms with nonsymmetric sections are recently proposed. Unlike in the past old days
when robotic welding was unavailable, steel members can be tailored made to suit
architectural requirements and structural efficiency. Nevertheless, the members with
nonsymmetric sections may be susceptible to lateral-torsional or flexural-torsional
buckling due to the offset between the shear center and the centroid in the cross-section
(Liu et al. 2019a; Chen et al. 2021). Regarding fire conditions, the steel members may
exhibit a temperature gradient. Under this circumstance, the twisting may be induced if
its cross-section is nonsymmetric (see Figure 2.5), which may lead to lateral-torsional
buckling. The buckling behaviors of these steel members are usually complex, making

their buckling design difficult, especially at elevated temperatures.

To investigate the structural behaviors of the steel member with nonsymmetric
sections in fire, several experimental investigations and numerical simulations using
Finite Elements (FE) were conducted. For example, Wang and his colleagues (2002;
2003; 2003a; 2003b) studied the structural behaviors of cold-formed thin-walled steel
channels under non-uniform temperatures, where more than 50 short channel columns
were tested and studied to develop the design methods. Kim et al. (2015) investigated
the buckling behavior of cold-formed steel channel-section beams at elevated
temperatures using a two-dimensional FE heat transfer analysis and found that the
buckling modes of the beam with temperature variation in its section are quite different
from that of the beam with a uniform temperature in its section. Recently, Lain et al.
(2013; 2014; 2015; 2016) conducted experiments and numerical analysis of cold-

formed steel members in the fire, where the beams with lipped C, compound C, Sigma,
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and compound Sigma sections were studied and noticed that the lateral-torsional
buckling is the primary failure mode. These investigations provided some basic
understanding of the buckling behaviors of steel members with nonsymmetric sections
at elevated temperatures. However, they are too complicated and time-consuming to
conduct physical tests and numerical FE simulations. A more convenient analysis
method, namely the beam-column analysis method, is preferred and suitable for

extensive studies and practical designs.

Several beam-column elements have been proposed in the literature for the
nonlinear analysis of steel members at elevated temperatures. For example, Li and Jiang
(1999) derived a beam-column element considering the temperature variation across
the cross-section. lu and Chan (2005) developed a beam-column element formulation
to simulate the large deflection and inelastic behavior of steel members in fire. Huang
and Tan (2007) proposed an element formulation with the warping degree of freedom
(DOF) to study the responses of a steel frame at elevated temperatures. However, these
element formulations are mostly proposed for the conventional steel members with

symmetric sections, which are inapplicable for the use of nonsymmetric sections.

Recently, refined beam-column element formulations for members with
nonsymmetric sections have been proposed by Liu and his colleagues (Gao et al. 2021;
Liu et al. 2018). Both the warping DOF and Wagner effects are included in these
element formulations, which are based on the updated-Lagrangian (UL) method to
establish the equilibrium conditions based on the previously known deformed status.
However, this element is unsuitable for analyzing steel members exposed to fires
because the material stiffness degradation could destroy the previous equilibrium

conditions. The total-Lagrangian (TL) method, in which the equilibrium conditions are
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established based on the originally undeformed statuses, can be used for studying steel
members in fire (Xia et al. 2012; Jiang et al. 2014). But the TL method requires starting-
over computation at every temperature increment, which is time-consuming and
inapplicable for practical analyses. To this, a new beam-column element formulation
using the co-rotational (CR) method for nonsymmetric section members is proposed,
which could be an effective and efficient solution for the analysis problems of steel
members in fire. In the CR method, the location of the element axis is continuously
updated during the analysis, but the element resistances are computed by referring to
the original undeformed configuration. As a result, the proposed CR beam-column
element formulation can conveniently consider the material degradation and the
thermal expansion when the temperature rises. The new equilibrium conditions can be

determined without repeating the loading procedure as it in the TL method.

This chapter proposed a new CR beam-column element formulation for the steel
member with nonsymmetric sections at elevated temperatures. The element formulation
has been derived based on the nonsymmetric section assumption, explicitly modeling
the offsets between the shear center and the centroid. The warping degree of freedom
(DOF) is included. In this case, the lateral-torsional and flexural-torsional buckling of
the nonsymmetric section members can be determined directly. The detailed derivation
procedure of the element formulation is given, and a refined Newton-Raphson-typed
numerical method for the analysis at elevated temperatures is also proposed and
elaborated. Finally, several examples are provided for verifying the accuracy and

examining the robustness of the proposed method.
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7.2 Assumptions

In this chapter, the following assumptions are adopted: (1) the material is elastic
and homogeneous; (2) shear strain is not included, but warping deformation is
considered; (3) the loads applied on elements are conservative; and (4) the strain is
assumed to be small, but the deflections and displacements might be large; (5) the
section local and cross-section distortional buckling is not considered; and (6) the
temperature distribution in the member cross-section is the combination of a uniform

distribution and a temperature gradient, as shown in Figure 7.1 (b).

7.3 Co-rotational (CR) Formulation

The element axis is chosen as the reference framework in the CR method, the
location of the element axis is continuously updated during the analysis, and the
element resistances are computed by referring to the original undeformed configuration.
As aresult, the CR beam-column element formulation can directly calculate the element

resisting forces using the total element deformations.

7.3.1 Element local reference axes and shape functions
There are eight degrees of freedom (DOFs) for an element at the local axes as

shown in Figure 7.1 (a) and given as,

T
u= [e Yy1 V21 Op1 Ve Vy2 V22 9b2] (7.1)

where, u is the element basic deformational vector, referring to the shear center axis

after removing the rigid body movement; e is the axial deformation, y,, y, and y, are
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the rotations about the element axis; and 8,, is the warping deformation. The subscript

1 and 2 stand for the element start and end nodes, respectively.

Local axis (8DOFs per element) ¢ "0 oo

(a) Element local degrees of freedom

Hot yt
| xy.2)
Cold Tyy,=TO0+AT
+( +y0)py
. P, / +(z + 20)p,
= - 9
Centroid‘/_ Yo
(TO+AT) P,
Temperature gradient

(b) Temperature distribution

Figure 7.1 Element local DOF and temperature distribution in the cross-section
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The corresponding nodal force vector is,
F = [P Myl M1 Mp1 My Myz M, sz] (7.2)

The polynomial interpolations are used for describing the deformations along the

element length, and the following shape functions are adopted,
f=Bu" (7.3)

in which, f is the shape functions, giving as follows,

F=£0) £, L6 fox®)] (7.4)

where, f,(x) is the axial displacement along the x-axis; f,,(x) and f,(x) are the lateral
displacements along y- and z-axes, respectively; and fy, (x) is the torsional rotation

along the element length. B is the shape function matrix which can be written as,

By, 0 0 O O O 0 O
o 0o B, 0 0 0 By 0
B = 0O B, 0 0 O B 0 O (7.5)
0 0 0 B, B, 0 0 B,
where,
x 7.6)
B, == (
1T
2x?  x3 7.7
B,=x——+=
L L2
x? xB (7.8)
B, = —— 4+ —
3 7
3x%  2x3 (7.9)
ST

in which, L is the length of the element and x is the distance along the element length.
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7.3.2 Strain definitions

The total strain of steel at elevated temperatures can be divided into two parts: the

force-related strain &, and the thermal-related strain .
E=¢g,t+é&r

(7.10)

The displacements w,, u,, and u, at any place of the element, like the point (x, y,

z) given in Figure 7.1 (b), can be calculated using the shape functions,

9 af, 9fox
0 (6,2) = ) = 0+ 30) 2D (42 L2, P gy
uy(xJ Y Z) = fy(x) - ngx(X) (712)
uz(x, Y Z) = fz(x) + yf@x(x) (713)

where, y, and z, are the coordinates of the centroid as shown in Figure 7.1 (b), and o,

is the normalized unit warping constant.

The total strain & can be calculated by,

6ux 1 [(aux> 4 (auy>2 N <au2>2]
0x 2 ox 0x Ox
£ Fi;] _|t (E)ux auy> <6ux du, Ou,du, du, auz) (7.14)
Exz 2 Ox dy Ox dy  Ox 0y
1 (’)ux ou, 0u, 0w, du, Ou,du,
E( ) <6x dz Ox 0z  Ox 62)

Figure 7.1 (b) shows the nonsymmetric section with the thermal gradient. In which,

TO is the room temperature, AT is the average temperature increment at the centroid,

py and p, are the temperature gradients along the y and z axes, respectively. Figure 7.1,

the thermal-related strain of a fiber on the cross-section can be express as,
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a[AT + py (v + yo) + p2(z + 2o)]
£ = 0 (7.15)

0

where, a is thermal expansion coefficient.

7.3.3 Total potential energy
The equilibrium equation can be constructed according to the total potential energy

function given by,
n=u-Vv (7.16)

in which, IT is the total potential energy function, U is the strain energy; and V = FAu

is the work done by the external forces.

The strain energy U can be given by,

U= ]sTadV = j(sa + e)TadV = jsaTadV + fsTTadV
v v v v (7.47)

=UO'+UT

where, U, is the force-related potential energy, and Uy is the thermal-related potential

energy.

The elasticity matrix for describing the relations between the stress and the strain
at the evaluated temperature can be expressed as,
E(T) 0 0

p=|0 GMm 0 (7.18)
0 0 G(T)
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where, E(T) and G(T) indicate the material Young’s and shear moduli with respect to

the specified temperature T.

The force-related strain energy U, can be integrated as,
Uy, = f g, odV ~ f (e,TDep + 20T ey) dV (7.19)
14 14

where, g; and &y are the first-order and second-order parts of the strain tensor given in
Chapter 4, and o is the stress tensor which can be expressed in terms of the nodal forces

and given as,

Oxx
o= |Txy
Txz

i (13) M (1) a2
—(Mz; + M,,) /AL |
(My; + M,;)/AL ]

Il
R —
| o

(7.20)

where, A is the cross-section area; ly and I, are the second moment of areas about the y-

and z-axes; I, is the warping section constant.

By substituting equations (7.11)-(7.14), (7.18), and (7.20) into equation (7.19) and

ignoring some high-order terms, the strain energy U, becomes,

1t fe (%) L 9%f,(0\*
U(,zzfo E(T)A< x ) dx +2f0 E(T)IZ< aiz )]dx
1t 92£,(0)\ 1t [raf,0\  (0f,()
3o () oo (2502 (252
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1t 0fox
4 3] o5 e

1t af, (x) 01, (] 0fox () | Lo (0far(0))
+§f0 P[—Zyo—ax + 220 = l Ix +2f0 Pr2<—ax >d

E(T)L, (3 fex(x))

d 2

1t for(0)\? o Lo x0fe (00500 1 0fex(0)]
__f Mbﬁ“’( ox )dx+f M "oz ox T2 Tox

f xafgx(x) af,(x) lﬁ afex(x)
ox ox 277 ox

- — X 0fgx (%)
o[t

af, (x) 0fx(x) p
L ox 0x

0x 2 '82

X 0fgx(x) [0fz(%) af@x(x)
f Moz ox dx +2ﬁz 0x

(7.21)

where, J is the torsional rigidity; Sy, Sz, and ., are the Wagner coefficients; and 2 =

(Iy + IZ) /A. The thermal-related strain energy can be calculated as,
Ur = fsTTadV = fsTTDst (7.22)
14 14

When substituting equations (7.11)-(7.15), and (7.18) into equation (7.22) and

ignoring some high-order term, the thermal-related energy U; can be expressed as,
1 3fox ()

= 2 2

> (o® + 20%) < I dx

L K af,(x) afy (x)) afex(X)
Yo -

ox %o 0x ox

L

Ur ~ E(T)aATAJ
0

+E(T)adTA f
0
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of.x) 1{(3f,(0)\* [(f,(0)\°
ox +§<< ox > +< dx ))]dx

fox (X))

L

+E(T)aATA J.

0

+= E(T)aAT(I +1)f (

LI (0fox O\ 02£,(x)  (0fox(®)) (3£, ()]
+E(T)Izpyfo _y°< ox )‘ e +< ox >< ox )_dx

dx

L (0fox () 02f,(x)  (0fex(0)) [(0f, (0]
+E(T)Iypzj0 _ZO< dx >_ dx2 _< dx )( gx)

(7.23)

7.3.4 Secant relations
According to the minimum potential energy principle, the secant relations can be

obtained by the first variation of the potential energy function as,

on=0, % _, 7.24
_Oul aq du; (7.24)

where u; stands for the element DOFs given in (7.1), and i=1-8.

The equations for the calculation of element nodal forces given in equation (7.2)

can be get by submitting equations (7.17), (7.21), (7.23) in to equation (7.24),

P=F; +Pr (7.25)
My, = Mgy + Mry, (7.26)
M,y =My, + Mg,y (7.27)
Mp1=Mgp1 + Mrp, (7.28)
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My = Mgy + Mry

Myz = Moyz + MTyZ
M,, = Mgy, + Mry,,

Mp,; = Mgpy + Mrp;

(7.29)

(7.30)

(7.31)

(7.32)

where, the subscripts ¢ denotes the force-related element nodal forces generated from

equation (7.21), and the subscripts T denotes the thermal-related element nodal forces

generated from equation (7.23).

The force-related element nodal forces can be calculated by the following

equations.
E(T)A
= (1A (7.33)
L
4E(T)Iy 2E(T)Iy 2LP LP
oyl = I I Vy2 Eyyl - %Vyz
3LM,, — LM,, LM, M, + 2M,, 2LPy,
_ — 0 7.34
+ 30 30 b2 10 I* 7 T15 ont (7:34)
LPy, Py,
0
30 2t 7
4E(T)Iz 2E(T)Iz 2LP LP
ozl — 1, 1, Yz2 + 15 Vz1 — %)/22
3LM,, — LM LM M,, + 2M 2LPz
y1 y2 y1 y1 V2 0 7.35
+ 30 30 2t g Vxt g O (7:35)
LPZO 9 PZO
30 P2 10
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G(T)] 4 6E(T)le _ I4E(T)IW N 2G(T)JL

Moy = _l 10 L2 L 15 b1

2E(T)Iw  G(T)JL 3LM,, — LM,, 3LM,, — LM,,

LM,, LM,, 2LPr? LPr? pPr? 2LPy,

T30 Y2t 39 Yt 5 O T 3g O T e T s

Yy1
(7.36)

+ ZLPZ() n LPyo _ LPz, _ .Bwa + ﬁzMyZ - ﬁyMZZ

1
+%(4BwLMb — 3B,LMy; + B,LM,; + 3B, LM,y — ByLM,;)0y,

1
+ @ (_Z,BwLMb + BZLMyl - ﬁzLMyZ - ByLle + ByLMZZ)ebZ

ax

_[12E(DIw  6G(T)) G(T)] 6E(T)Iw
_l ER-Y) l"_lm T

l (Op1 + Op2)

le + ZMZZ + Pyo PZO My1 + 2My2 —_ PZO
+< 10 )”yl 10 ”22( 10 )y“

Zle + MZZ 2My1 + Myz PT‘Z 6PT2

10 Vy2 10 Y22 — (Op1 + ebz)ﬁ + = Ix

(7.37)

4 %y , _,Ba)LMb - ﬁzLMyZ + ,ByLMzz Hb
10 ™Y 10L 1
_.Ba)LMb + .BZLMyl - ﬁyLle

+ 10L Op2

6.8wa + 3,82(_My1 + Myz) + 3,By(jwzl - Mzz)

2E(T)Iy 4E(T)Iy LP 2LP LM,

oy2 = ¥n T Yv2 T3 + o5 V2 + wgm (7.38)
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Lle - 3LM22 Zle + MZZ LPyO ZLPyO Pyo

ZE(T)IZ 4E(T)]Z LP 2LP LMyz
0z2 — 7 Y21+ I Yz2 — %Vzl + 1_5)/22 + T

(7.39)
LM,, — 3LM 2M,, + M LPz 2LPz Pz
y1 Y2 y1 y2 0 0 0
+ O — - Op1 + —— Oy — —
30 b2 10 *" 730 T Tqs 2T Mx

G(T 6E(T)I 2E(T)I G(T)JL
Mobzz_l (10)]+ (Lz) Wl)’x"'l (L)W_ (33] b1

4E(T)Iw  2G(T)JL LM,, LM,,
T B

LM,, — 3LM,, LM,; — 3LM,), LPr? 2LPr?

Pr? N LPy, LPz, 2LPy, N 2LPz, (7.40)

1
+ @ (_zlngMb + BZLMyl - ﬁzLMyZ - ﬁyLle + ﬁyLMzz)gbl

1
+35 (4BuLMy — BoLMy: + 3B, LMy, + By LMy — 3y LMy2) 00,

ﬂwa - ,BzMyl + ﬁyle

The thermal-related element nodal forces can be generated by:
Pry = —E(T)adATA (7.41)

aE(T)(1,p, + ATAy,) 2aATE(T)AL
10 Ve ™ 15

Mry, = _aE(T)IypZ +
(7.42)

aATE(T)AL aE(T)(2L,Lp, + 24TALy,)
30 12T 15

Ob1
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aE(T)(~I,Lpy, — ATALy,)

aE(T)(31,p, + 34TAz,) 2aATE(T)AL
30 )/x - 15 )/Zl

M7,y = _aE(T)Izpy -

aATE(T)AL aE(T)(21,Lp, + 24TALz,) o

30 Vz2 + 15 b1 (7.43)

aE(T)(—1,Lp, — ATALz,)
+ 30 Op2

aE(T)(I,Lp, + ATALy,) aE(T)(I,Lp, — ATALz,)

Mrp, =

aE(T)(—21,Lp, — 24T ALy,) aE(T)(2L,Lp, + 24TALz,)
15 J/yl + 15 )/Z1

N aE(T)[ATL, + 1z(AT + 2pyy,) + 21,p,20 + ATA(¥e? + 242)]
Yx
10

(7.44)
. aE (T)(—4l,Lp,y, — 2ATALyy? — 41, Lp,zq — 2ATALz,%)
15 b1l

aE(T)(—24TL,L — 24T1,L) aE(T)(ATL,L + ATI,L)
+ 15 + 30

aE(T)(21,Lpyyo + ATALyy? + 21,Lp,z, + ATALz,?)
+ 30 Op2

aE(T)(I,Lpy + ATALy,) aE(T)(—1,Lp, — ATALz,)

N aE(T)(I,Lp, + ATALYy,) N aE(T)(I,Lp, + ATALz,)

7.45
10L Vy2 10L Vz2 (7.45)

N aE(T)[AT (I, + I,)L + 21,Lpy,yo + 21, Lp,zy + ATAL(y4? + 24°)]
10L b1
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aE(T)[AT (I, + I,)L + 21,Lpy,yo + 21, Lp,zy + ATAL(v4? + 242)]
* 10L 92

N aE(T)[—-64T(I, + I,) — 121,p,yo — 121,,p,2o — 64TA(yo? + z,2)]
12
5L

aE(T)(I,p, — ATAy,) 2aATE(T)AL

MTyZ = aE(T)Iypz + 10 Yx 15 Yy2
aATE(T)AL aE(T)(=2I,Lp, — 2ATAL
( ) )/y1+ ( )( z py yO) 9b2 (746)
30 15
aE(T)(I,Lp, + ATALy,)
+ b1
30
aE(T)(—1,p, — ATAz,) 2aATE(T)AL
My, = aE(T)Izpy + R Yx — Yz2
10 15
aATE(T)AL aE(T)(21,Lp, + 2ATALz
( ) Yo + ( )( y Pz 0) 9b2 (747)
30 15
aE(T)(—1,Lp, — ATALz,)
+ 30 Op1
(—=1,Lp, — ATALy,) (I,Lp, + ATALz,
Mrpy = 2aE(T) - Vy2 t y )Yzz
15 15
aE(T)(I,Lp, + ATALy,) aE(T)(—1I,Lp, — ATALz,)
aE(T)(—41,L — 2ATALy,? — 41, Lp,z, — 2ATALzy>
| EM(=4Lpyy, 13;0 yLo2o 0 )6,b2 (7.48)

aE(T)(—24TIL,L — 24TI,L) aE(T)(ATIL,L + ATI,L)
+ 15 + 30

N aE(T)(21,Lp,yo + ATALyo? + 21,Lp,zo + ATALzy?)
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N aE(T)[ATL, + 1z(AT + 2pyy,) + 21,p,20 + ATA(¥e? + 242)]
Yx
10

7.3.5 Tangent stiffness and transformation matrices
The element stiffness matrices can be generated by the second variation of the

potential energy,

52 = 00 s s = (2 OR 04N o~ kAu—
 ou; Oy wioty = ou;  0q Ou; wOu; = kghu = Af
(7.49)

(i,j =1-8)

Therefore, the element tangent stiffness can be determined and written in terms of

four parts,
E(T)
kE = E kL + kG + kU + kT (750)

0

where, E(T) and E, are the material Young’s modulus at the evaluated temperature and
the room temperature; k; and kg are linear stiffness matrices and geometric stiffness
matrices; ky is the additional geometric stiffness matrix for the element with

nonsymmetric section; and kg is the thermal-related geometric stiffness given below.
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in which,
kT4,4
aL|—4ATE(T)(I, + 1,) — 8E(T)1,pyyo — 8E(T)L,p,zo — 4E(T)AAT (v4? + z42)]
B 30
kT4,5
_a[ATE(T)(I, + 1) + 2E(T)1,p,yo + 2E(T)1,p,zo + E(T)AAT (yo? + 2o%)]
B 10
kT4,8
_aL[ATE(T)(I, + 1) + 2E(T)1,pyyo + 2E(T)1,p,2 + E(T)AAT (y,* + 25°)]
30

kT5,5
_a[=124TE(T)(I, + I,) — 24E(T)1,pyyo — 24E(T)1,py 2o — 12E(T)AAT (yo* + 2zy?)]
B 10L
kT5,8
_a[ATE(T)(I, + I,) + 2E(T)1,pyyo + 2E(T)1,p,2o + E(T)AAT (yo* + 25?)]
B 10L
kT8,8
_ aL[-4ATE(T)(I, + I,) — 8E(T)1p,yo — 8E(T)1,p,zo — 4E(T)AAT (yo* + 2y?)]
a 30

a[—4E(T)I,Lp, — 4E(T)AATLy,]
kT2,4 = 30

a|E(T)I,p, — E(T)AATy,]
sz,s = 10

aE(T)(I,Lp, + AATLy,)
T2,8 = 30

aE(T)(4L,Lp, + 4AATLz,)
kr34 = 30

aE(T)(—1L,p, — AATz,)
kT3,5 = 10

aE(T)(—1,Lp, — AATLz,)
T3,8 — 30
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4aE(T)(I,Lp, + AATLy,)
kT6,8 = 30

aE(T)(I,Lp, + AATLy,)
T4,6 — 30

aE(T)(~I,p, — AATz,)
kra7 = 10L

aE(T)(I,p, + AATy,)
krs.e 10L

aE(T)(—1,p, — AATz,)
krs7 = 10L

4aE(T)(I,Lp, + AATLz,)
T7,8 = 30

A transformation matric is adopted to transform the element local independent
eight DOFs (Figure 7.1 (a)) to the 14 DOFs in the element coordinate. This
transformation matric is generate based on the relations between end moments and

shear forces and given by Liu et al. (2014a),
F,=TF (7.52)
The element nodal force in global axis can be generated by,
F,=L"F, (7.53)

where, L is the matrix that transfers the DOFs from the element local to global axis

given by Chan and Chui (2009).
The element stiffness matrix in global axis then can be calculated by,
ky = L"(TkgT" + N)L (7.54)

in which, k is the element stiffness matrices in global axis, k. is the element stiffness

matrices in local coordinates, and N is the matrix for the consideration of rigid body
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movement given by Liu et al. (2014a). The global stiffness matrices then can be

assembled by,
NELE

K. = Z ky: (7.55)
i=1

in which, NELE stands for the total number of the elements.

7.4 Numerical Procedure

A Newton—Raphson-typed incremental-iterative procedure introduced as per lu
and Chan (2004; 2005) is adopted for the structural analysis at elevated temperatures.
The CR description will be used to determine the equilibrium conditions. Detailed

analysis procedures are briefly described as follows.
Establishment of equilibrium condition at room temperature TO:

Step 1.: Assemble the global stiffness matrices K4 using equations (7.50), (7.54), and

(7.55).

Step 2.: Calculate the global incremental displacement using the global stiffness

matrices and the unbalanced force vector,
. . . —1
Aqu,TO = AF;,TOKL,TO (756)

where, AF is the unbalanced force vector, AU, is the global incremental

displacement vector, the subscripts TO denotes the room temperature, and i

stands for the ith iterations.

Step 3.: Update the total displacement,
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Ufg,TO = quT10 + AU;,TO (7.57)

Step 4.: Extract the incremental element displacement Aufq‘TO from the global

incremental displacement Aqu,TO, then transform it into the element local

incremental displacement

Aub o = LT Aul 7 (7.58)
Step 5.: Update the total element displacement in the local axis,

ucia,TO = uie,_TIO + Auie,TO (7.59)

Step 6.. Extract the total element deformation u’, by removing the rigid body
movement from the element total displacement u’ o, and calculate the
element local reaction force r%, using the secant relations given in equation

(7.25)-(7.48).

Step 7.: Assemble the total reaction force vector,

NELE
R, = Z L7 (Tri) (7.60)
i=1

Step 8.: Calculate the new unbalanced force by,
Apinglo = F,— R, (7.61)
where, F, is the applied load vector.

Step 9.: Repeat Steps 1. - 8. until equilibrium measured by norms is achieved. To this
end, in order to obtain an accurate analysis for both forces and displacements,
the convergence criteria are checked using the unbalanced forces and

displacements as,
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T T
AU, AU, < Tol xU,"U, (7.62)
AF,"AF, <Tol X F,"F, (7.63)
in which, Tol is the convergence tolerance.

When the temperature starts to elevate:

Step 10.: Get the total element deformation ur;_; by removing the rigid body
movement from the total element displacement u, r;_;, and calculate the new
element local reaction force r; using the secant relations given in equation

(7.25)-(7.48). Tj stands for the jth temperature step.

Step 11.: Assemble the new total reaction force vector by,

: NELE : 7.64
Ry; = Z ) L' (Try;) (769

Step 12.: Calculate the new unbalanced force by,
AFS L =F,—RY; (7.65)

Step 13.: Repeat Steps 1. - 9. until the equilibrium is achieved, and then go to Step 10.

to increase the temperature to the next temperature step.

The incremental procedure will be repeated till the target temperature is achieved

or the structure becomes unstable.

7.5 Verification Examples
To validate the accuracy and the efficiency of the proposed method, five sets of

examples, which are: columns with L section, beams with mono-symmetric I-section,
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cantilever beams with channel section, beams with nonsymmetric section, and star
frames with T section, are studied. The Young’s and shear moduli for steel at room
temperature are adopted as 210 GPa and 80.77 GPa, respectively. The reduction factors
for the Young’s modulus with respect to the temperature provided by Eurocode 3 (2005)

are adopted (Figure 7.2).
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09 — ~
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Figure 7.2 The reduction factors for the Young’s modulus

Example 1: Thermal buckling analysis of columns with L section

In this example, the buckling behaviors of a series of columns due to thermal
expansion are computed by the analytical solutions, and the corresponding results will

be used as benchmarks for validating the proposed method. Ziemian (2010) has
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provided the closed-formed solution for the calculation of buckling strength for

columns with L sections as given by,

PC?}(T‘Z _yg _Zg) - Pc%’[(Py + PZ + Pr)rz - szg - Png]

(7.66)
+P.,.r*(P,P, + P.P, + B,B.) — (B,P,B1?) =0
where,
m?El
_ 4
P, = E (7.67)
m2El,
P=—7 (7.68)
GJ] + n?El,/L?
P. 4 w/ (7.69)

e+ 22+ (L, +1,)/A
The axial force caused by the thermal expansion in an axial restrained column
(Figure 7.3) can be calculated by,

Pr = ] (T — To)aE(T)dA (7.70)
A

in which T is the room temperature, T is the temperature of the columns. The analytical
solution to compute the critical buckling temperatures of a column under thermal

expansion can be generated by,

Pr =P, (7.71)
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Figure 7.3 Section dimensions and member boundary conditions

Table 7.1 Critical buckling temperatures of the columns with L section

slsnecliitri:gss Theoretical Present Study Differences

Ay (°C) (°C)

50 933.9 924.2 -1.0%
60 426.2 421.8 -1.0%
70 248.5 246.1 -0.9%
80 166.2 164.7 -0.9%
90 121.5 120.5 -0.8%
100 94.6 93.8 -0.8%

A series of columns with L section are investigated. The detailed section
dimensions and member boundary conditions are given in Figure 7.3. All the columns
are warping-continuous along the length of the member. The nonlinear buckling
analysis for those columns is conducted, and the temperature-displacement cures for
the middle points of the columns are given in Figure 7.4. The theoretical buckling
temperatures of the columns calculated with equation (7.70) and those generated by the

proposed method are given in Table 7.1 for comparison. It is clearly seen that the
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proposed method can predict the buckling behaviors of simply supported columns at

elevated temperatures accurately regardless of the relative slenderness.
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Figure 7.4 Temperature-displacement cures for the middle points of the columns

Example 2: Thermal buckling analysis of beams with mono-symmetric I-section

This example gives results of the thermal buckling analysis of beams in different
temperature gradients. The cross-section of those beams is the mono-symmetric I-
section. As shown in Figure 7.5, the width of the I-section flanges are 0.15 m and 0.075
m, the depth of the I-section is 0.3 m, and the flange thickness and web thickness are
0.0107 m and 0.0071 m, respectively. The boundary conditions of the beams are also

given in Figure 7.5.
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5x = 8y = 6z=1 Oy = 6z =1
Ox =0z =1 Ox =0z =1 . .
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A i

|
0.075m

r

»

Figure 7.5 Section dimensions and boundary conditions

A series of beams with different lengths are studied to investigate the influence of
the temperature gradients. The buckling behaviors of all the beams under positive and
negative temperature gradients are studied. Based on the closed-formed solution given
by Galambos (2016), the critical lateral-torsional buckling moment for those beams can

be calculated by,

(7.72)

P EML ) B, (B [lw , G(D]L2
M =—7— i?j(?) +[§+Wl

The thermal-induced moment caused by the temperature gradients in a rotation

restrained beam as shown in Figure 7.6 can be calculated by,

My = fapy E(T)y*dA = ap,E(T)I, (7.73)
A

where, p,, = % and T; and Tyare temperatures at the top and bottom of the cross-

section, respectively; H is the depth of the cross-section. The analytical solution to
compute the critical buckling temperatures of the beams under temperature gradients

can be generated by,
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My = M,, (7.74)

Table 7.2 Critical buckling temperatures of the beams (under negative temperature
gradient)

Present Study (Elements with
L Theoretical Present Study Doubly-symmetric-section
Assumption)
(m) (°C) (°C)  Differences (°C) Differences

2 182.4 180.9 -0.81% 402.2 120.6%
3 113.6 112.8 -0.66% 220.1 93.9%
4 86.3 85.8 -0.55% 150.5 74.4%
5 71.3 71.1 -0.29% 114.6 60.7%
6 61.5 61.4 -0.20% 92.7 50.8%
7 54.4 54.3 -0.18% 78.0 43.4%

Table 7.3 Critical buckling Temperatures of the beams (under positive temperature
gradient)

Present Study (Elements with
L Theoretical Present Study Doubly-symmetric-section
Assumption)
(m) (°C) (°C)  Differences (°C) Differences

2 887.1 857.7 -3.32% 402.2 -54.7%
3 426.8 414.0 -2.99% 220.1 -48.4%
4 262.5 255.6 -2.61% 150.5 -42.7%
5 184.1 180.0 -2.21% 114.6 -37.8%
6 139.8 137.1 -1.94% 92.7 -33.7%
7 111.9 110.1 -1.63% 78.0 -30.3%
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Figure 7.6 Temperature-displacement cures for the middle points of the beams
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Results from the theoretical solution and ten proposed CR beam-column elements
are given in Table 7.2 and Table 7.3, and Figure 7.6. Results generated by ten
conventional beam-column elements with doubly-symmetric-section assumption are
also presented, where the coordinates of the shear center and the Wagner coefficients
will be taken as zero in the element formulations given above. It is clearly seen that the
proposed method can predict the lateral-torsional buckling behaviors of the beam in

fire, and the doubly-symmetric-section assumption can cause significant differences.

Example 3: Large deflection analysis of a cantilever beam with channel section

A cantilever beam with a channel section is studied in this example. This example
was proposed and tested at ambient temperature by Battini (2002) and Gruttmann et al.
(2000; 1998). Then, Possidente et al. (2020) investigated the structural behaviors of this
beam at elevated temperatures. Detailed boundary and loading conditions are given in
Figure 7.7. The width of the channel section flanges is 0.1 m, the depth of the section
is 0.3 m, and the flange thickness and web thickness are 0.016 m and 0.01 m,

respectively.

A constant load P=3KkN is applied at the bottom of the section web, which is not in
line with the shear center, causing a twisting moment at the end of the beam. Results
from Possidente et al. (2020) generated from shell elements with 2101 nodes and ten
proposed CR beam-column elements with eleven nodes are given in Figure 7.7 for
comparison. Results generated by ten conventional beam-column elements with
doubly-symmetric-section assumption are also presented. From Figure 7.7, it is clear

that ten proposed beam-column elements are capable of predicting the nonlinear
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behaviors of members at elevated temperatures, and if the doubly-symmetric-section

assumption is adopted for the nonsymmetric section, large differences will be observed.
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Figure 7.7 Temperature-displacement cures for the cantilever beam
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Example 4: Nonlinear analysis of steel beams with nonsymmetric section

A FE model is established to further validate the accuracy of the proposed
numerical method. The FE Analysis software version 14.0 (Ansys 2011) is employed
for the simulation. A simply supported beam is meshed using a coupled-field element
— SOLID226, which has twenty nodes and can be used for Structural-Thermal coupling
analysis. The FE model and detailed boundary conditions are given in Figure 7.8. The
cross-section dimensions are given in Figure 7.9, and the temperature around the beam
is assumed to be uniform. After a series of mesh sensitivity studies, a maximum size of

0.01 m is adopted. The FE model is composed of 52345 SOLID226 elements.

(a) FE model with 52345 solid elements

(b) Model with 10 proposed CR elements

Figure 7.8 Model for the nonlinear analysis of the nonsymmetric steel beams
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Figure 7.9 Temperature-displacement cures of the nonsymmetric steel beams

Results from the sophisticated FE model, ten proposed CR beam-column elements,
and ten conventional beam-column elements with doubly-symmetric-section
assumption are given in Figure 7.9 for comparison. The temperature-displacement
curve generated from the FE model is taken as the benchmark. From Figure 7.9, large
differences can be observed between the results from the conventional beam-column
elements and those from the FE model, showing the necessity of the proposed method.
While the temperature-displacement curves from the proposed method and the FE
model are kept in line with each other in the entire heating process, demonstrating that
the proposed method is accurate for the nonlinear analysis of steel members with

nonsymmetric sections at elevated temperatures.

Example 5: Nonlinear analysis of a star frame with T section
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In this example, a star frame is studied. The boundary and loading conditions of
the star frame are given in Figure 7.10. The frame is under a constant load P=3kN and
has six pin supports with thermal expansion restrained. The span and height of the frame
are 8m and 0.4m, respectively. There are six beams with a T shape section in the star
frame. The width and depth of the T section are 0.1 m, and the flange thickness and

web thickness are 0.011 m.
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Figure 7.10 Temperature-displacement at the middle span of the star frame

The temperature-displacement cures of the star frame under three different thermal
conditions, uniformly elevated temperatures, elevated temperatures with a 5%
temperature gradient, and elevated temperatures with a 10% temperature gradient, are
given in Figure 7.10. The results show that the applied load is relatively small, with
only 0.004m initial displacement. However, with the temperature rise, a more

significant displacement will occur. Since the deterioration rate of the material Young’s
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modulus will change dramatically at 700°C, there is a kink on the temperature-
displacement cure when the temperature reaches 700°C. It is also worth noting that only
a slight temperature gradient (5%) can significantly reduce the structural capacity as
expected since the softened material reduces stiffness considerably. Further, analysis

without consideration of temperature gradient is insufficiently accurate.
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CHAPTER 8.

CONCLUSIONS AND RECOMMENDATIONS

8.1 Conclusions

In this thesis, a second-order analysis framework for modern steel frames with

nonsymmetric cross-sections is proposed. Cross-section analysis methods are given to

calculate the section properties of nonsymmetric thin- and thick-walled sections.

Besides, an LFEM with several line element formulations and an inelastic analysis

method is developed.

The main findings and contributions of this research are summarized as follows:

1)

2)

Comprehensive cross-section analysis methods are proposed to calculate the
section properties of nonsymmetric sections. A Coordinate Method (CM) is
introduced for the thin-walled sections, while a 2D Finite Element (FE) method
is given for the thick-walled sections. Five special section properties for the
nonsymmetric sections, including the coordinates of the shear center (zs and
ys) and the Wagner coefficients (By, Bz, and Bw), and the shear coefficients of
nonsymmetric thick-walled sections can be generated accordingly.

The LFEM for the second-order analysis of members with nonsymmetric
cross-sections is further developed. A refined line element and an improved
line element are proposed for members with nonsymmetric thin-walled
sections. The element formulations are derived based on the nonsymmetrical

section assumption. The Wagner effects and the noncoincidence of the shear

248



Chapter 8. Conclusions and recommendations

3)

4)

5)

center and centroid of the nonsymmetric sections are directly considered, and
therefore, the lateral-torsional and flexural-torsional of nonsymmetric section
members can be captured robustly.

An improved Timoshenko line element for the second-order analysis of
nonsymmetric thick-walled members is derived. The non-negligible shear
deformation in nonsymmetric thick-walled members is considered by
incorporating the shear deformation in the element stiffness matrices.

An inelastic analysis method for the members with nonsymmetric cross-
sections is proposed, where the concentrated plasticity (CP) model is integrated
into the line element formulation, and the modified tangent modulus (MTM)
approach is adopted to represent partial material yielding. A vyield surface,
describing the full yield capacity of a nonsymmetric section, is given to
evaluate the full-yield condition, and the gradients to the yield surfaces are
calculated and used to control the plastic flow.

An analysis method for the members with nonsymmetric sections under fire
conditions is introduced. A novel line element formulation based on the co-
rotational (CR) method is developed. The proposed CR line element can
conveniently consider the material degradation and the thermal expansion. A
Newton-Raphson-typed numerical procedure for the analysis at elevated

temperatures is proposed and elaborated.

8.2 Recommendations for Future Work

This thesis proposes a second-order analysis framework for the modern steel

frames with nonsymmetric cross-sections, including cross-section analysis methods,
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line elements allowing for warping effects, shear deformation, and material yielding. A

second-order elastic analysis method for the nonsymmetric members under fire

conditions is also proposed. Some studies, however, are needed to be conducted in the

future.

a)

b)

d)

To extend the framework for dynamic analysis. Structural dynamic analysis is
essential for the design of steel structures in some extreme scenarios, such as
earthquakes. The behaviors of steel frames with nonsymmetric cross-sections
need to be further investigated.

To incorporate plastic analysis into the second-order analysis method for the
nonsymmetric members under fire conditions. Steel structures subjected to fire
typically undergo plastic deformations. The consideration of the material
nonlinearity is important for steel structures subjected to fire.

To consider the effects of semi-rigid joints. In this research, all member
connections are assumed pinned or rigid. However, the member connections
are neither rigid nor pinned in the practical structures, and therefore, the effects
of semi-rigid joints should be considered.

To consider the member local buckling. Local buckling is a failure mode
commonly observed in thin-walled steel structural members. The such effect
should be considered in further research.

To consider the distortion of the cross-section. In this research, the cross-
section shape of a member is assumed to be sustained when exposed to loads
and deformations, which may be inconsistent with the actual structural
behaviors. The distortion of the cross-section should be considered in further

studies.

250



Chapter 8. Conclusions and recommendations

f) To extend the framework for the nonsymmetric built-up members. The built-
up cold-formed steel members with bolted interconnections are more
commonly used in modern structures. The structural behaviors of such

members need to be further investigated.
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