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Abstract

The continuous time optimal consumption and investment problem with path-dependent
reference has been extensively investigated by incorporating various model general-
izations in the past half-century. On the other hand, optimal life insurance under
utility maximization has become a mainstream research topic among academics and
practitioners. Different problem formulations and characterizations of consumption
behavior pose exciting challenges and opportunities for stochastic control and analy-
sis, coupled with new modelling and computing implementation. The thesis consists

of three parts solving different important stochastic control problems, to interpret
and guide the consumption, investment, and life insurance premium in the market,
either theoretically or computationally.

Part I focuses on an optimal consumption problem for a loss-averse agent with
reference to the past consumption maximum. To account for loss aversion on rel-
ative consumption, an S-shaped utility is adopted that measures the difference be-
tween the nonnegative consumption rate and a fraction of the historical spending
peak. We consider the concave envelope of the realization utility with respect to
consumption, allowing us to focus on an auxiliary HJB equation on the strength of
the concavification principle and dynamic programming arguments. By applying the
dual transform and smooth-fit conditions, the auxiliary HJB variational inequality
is solved in closed-form piecewisely, and some thresholds of the wealth variable are

obtained. The optimal consumption and investment control of the original problem
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can be derived analytically in piecewise feedback form. Rigorous verification proofs
on optimality and concavification principle are provided. Some numerical sensitivity
analyses and financial implications are also presented.

Part II focuses on a life-cycle optimal portfolio-consumption problem when the
consumption performance is measured by a shortfall aversion preference under an
additional drawdown constraint on the consumption rate. Meanwhile, the agent also
dynamically chooses her life insurance premium to maximize the expected bequest
at death time. By using dynamic programming arguments and the dual transform,
we solve the HJB variational inequality explicitly in a piecewise form across different
regions and derive some thresholds of the wealth variable for the piecewise optimal
feedback controls. Taking advantage of our analytical results, we are able to numeri-
cally illustrate some quantitative impacts on optimal consumption and life insurance
by model parameters and discuss their financial implications.

Part III focuses on an optimal consumption and life insurance problem under
habit formation preference when the return and volatility of the stock price dynam-
ics are unknown. An offline reinforcement learning algorithm is proposed based on a
policy improvement result and the evaluation of the policy by minimizing the mar-
tingale loss. We illustrate by some simulated examples that the algorithm provides
satisfactory performance after combing it with the estimation of volatility. In real
data analysis, it is also shown that the proposed algorithm outperforms the conven-

tional least square estimation method on the unknown return and volatility.

Key words: Life insurance, loss aversion, optimal consumption, shortfall aversion,

path-dependent consumption, piecewise feedback control, reinforcement learning
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Chapter 1

Introduction

1.1 Introduction

Optimal consumption-investment via utility maximization has been one of the fun-
damental research topics in mathematical finance. In the seminal works of Merton
(1969, 1975), the feedback optimal investment and consumption strategy was first
derived by resorting to dynamic programming arguments and the solution of the as-
sociated HJB equation. Since then, abundant influential results and methodologies
have been rapidly developed to accommodate more general financial market models,
trading constraints and other factors in decision making. For instance, Merton’s
problem has been extended with income (Zeldes (1989), Wang (2009)), assets follow-
ing diffusion process (Cox and Huang (1989)), stochastic differential utility (Schroder
and Skiadas (1999)), transaction costs (Liu (2004)), and drawdown constraints on
wealth (Elie and Touzi (2008)).

Some empirical studies have argued that the observed consumption is usually ex-
tremely smooth (Campbell and Deaton (1989)), which cannot be reconciled by the
optimal solution of some time-separable utility maximization problems. To partially
explain the smooth consumption behavior, it has been suggested in the literature to
take into account the past consumption decision in the measurement of the utility

function. By considering the relative consumption with respect to a reference that



depends on past consumption, striking changes in consumption can essentially be
ruled out from the optimal solution. Time nonseparable preferences have gained
popularity in modelling consumption performance thanks to their capability to ex-
plain the observed consumption smoothness and equity premium puzzle. In the
literature, there are two major types of time nonseparable preferences involving the
information of the past consumption path.

The first type is the so-called habit formation preference, in which utility is gen-
erated by the difference between the consumption rate and the weighted integral of
past consumption control. Habit formation preference has been widely studied for
both discrete-time problems (Abel (1990)) and continuous-time problems (Constan-
tinides (1990), Detemple and Zapatero (1992)). Along this direction, some recent
developments can be found in Englezos and Karatzas (2009), Yang and Yu (2022)
and references therein. One notable advantage of the habit formation preference is
its linear dependence on consumption, which enables one to consider the difference
between the consumption rate and habit formation as an auxiliary control in a fic-
titious market model so that the path-dependence can be hidden. This insightful
transform, first observed in Schroder and Skiadas (2002), significantly reduces the
complexity of the problem. The martingale and duality approach can be applied
by considering the adjusted martingale measure density process essentially based on
Fubini’s theorem; see Detemple and Karatzas (2003) and Yu (2015, 2017). See also
Angoshtari et al. (2022), where habit formation is formulated as a control constraint.

The second type of preference chooses the past consumption maximum as the
reference level. Indeed, a large expenditure might signal the turning point of one’s
standard of living and is usually a decision after careful thought and consideration.
Such historical high spending moments are consequent on adequate wealth accumu-
lation and often give rise to some long-term subsequent consumption decisions such
as maintenance, repairs and upgrade. To take into account the impacts of the past
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consumption maximum, some previous studies focus on the Merton optimal con-
sumption problem incorporated with the ratcheting constraint (Dybvig (1995)) and
drawdown constraint (Arun (2012), Angoshtari et al. (2019)). Meanwhile, it is also
of great importance to understand the consumption behavior when the past spend-
ing maximum appears inside the utility. Recently, Deng et al. (2022) adopted the
formulation from the habit formation preference where the utility is defined on the
difference between the consumption rate and a proportion of the historical consump-
tion maximum. One key feature in Deng et al. (2022) is their allowance of the agent
to strategically consume below the reference level due to the use of exponential utility.
We also note some fruitful studies on the impact of the past consumption maximum
when a ratcheting or a drawdown control constraint was considered under the stan-
dard time separable utility on consumption; for example, see Jeon and Park (2021),
Jeon and Oh (2022). Although the running maximum term complicates the objective
functional, the optimal consumption problems can be approached successfully under
the umbrella of dynamic programming. Nevertheless, from the behavioral finance
perspective, one shortcoming in these works is their incapability to distinguish an
agent’s different feelings on the same-sized overperformance and falling behind by
consumption. In other words, the psychological loss aversion on relative consumption
cannot be reflected in these problems.

Prospect theory utility (Tversky and Kahneman (1992), Kahneman and Tversky
(2013)) has been actively applied in behavioral finance dominantly on terminal wealth
optimization, see among Berkelaar et al. (2004), Jin and Yu Zhou (2008), He and
Zhou (2011, 2014), He and Yang (2019), He and Strub (2022) and references therein.
In contrast with neoclassical expected utility theory with classical smooth utility
function, prospect theory suggests that the attitudes of utility gains and losses defined
are different. Only a handful of papers can be found to encode that the agent may

hurt more when consumption falls below a reference, especially when the reference
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level is endogenously generated by past decisions. Recently, Curatola (2015, 2017)
studied a utility maximization problem on consumption for a loss averse agent under
an S-shaped utility when the reference is chosen as a specific integral of the past
consumption process. Later, van Bilsen et al. (2020) considered a similar problem
under a two-part utility when the reference process is defined as the conventional
consumption habit formation process. By imposing some artificial lower bounds
on consumption control, the martingale and duality approach together with the
concavification principle can be employed. Inspired by prospect theory, Guasoni et al.
(2020) posited a shortfall aversion preference that reflects the higher utility loss of
spending cuts from a reference than the utility gain from similar spending increases.
Liang et al. (2022) generalized the preference in Deng et al. (2022) such that the
risk aversion differs when the consumption falls below the reference process and an
additional drawdown constraint was enforced. However, to the best of our knowledge,
none of the literature utilizes past spending maximum to portray reference levels of
loss aversion.

Since the seminal work of Yaari (1965), utility-based life-cycle models have be-
come attractive among academics in quantifying the impact of bequest motives, risk
aversion, and social security on the decision to purchase life insurance. Richard
(1975) proposed the optimal dynamic life insurance problem by combining the port-
folio and consumption control under a given distribution of a bounded death time.
Pliska and Ye (2007) further studied a similar optimal life insurance and consump-
tion problem for an income earner when the lifetime random variable is unbounded.
Later, Ye (2007) extended the model in Pliska and Ye (2007) by considering the dy-
namic portfolio in a risky asset. Huang and Milevsky (2008) solved a portfolio choice
problem that includes mortality-contingent claims and labor income under general
hyperbolic absolute risk aversion (HARA) utilities. Duarte et al. (2011) extended Ye
(2007) to allow for multiple risky assets. Ekeland et al. (2012) focused on the port-
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folio management problem for an investor with finite time horizon who is allowed to
consume and take out life insurance. Recently, Wei et al. (2020) solved the problem
when a couple aims to optimize their consumption, portfolio and life-insurance pre-
mium strategies by maximizing the family objective until retirement. Some studies
on optimal life insurance in the context of consumption habit-formation can also be
found, for example, in Ben-Arab et al. (1996) and Boyle et al. (2022). Only sporadic
optimal consumption behavior and life insurance has been studied, and none of the
literature considers optimal life insurance with consumption behavior characterized
by past spending maximum.

Traditional model-based studies in mathematical finance provide comprehensive
theoretical results to illustrate the agent’s economic behavior, however, the model-
based assumption may not be satisfied most of the time. In practice, before mak-
ing decisions based on beliefs about future market performance characterized by
a parametric stochastic differential equation, one needs to determine the view by
observation and experience (Markowitz (1952)). Some machine learning method-
s have been studied and applied to estimate the market model, for instance, the
maximum-likelihood method. However, although the maximum-likelihood method
provides almost surely estimation for diffusion coefficients on a time interval (Doob
(1953), Genon-Catalot and Jacod (1994)), it is generally too ambitious to expect an
effective estimator for translation parameters. Therefore, some more direct methods
are expected to overcome the potential error generated by traditional estimation for
the market. Reinforcement learning (RL) is currently one of the most active research
direction in machine learning. In the RL algorithm, the agent does not pre-specify a
known model but, instead, gradually learns the best (or near-best) strategies through
trial and error on the basis of existing data (offline) or future data (online). The
discrete-time RL technique has been studied and explored to solve large-scale prob-

lems during these decades. Recently, RL in continuous-time has become attractive to
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researchers. Wang et al. (2020) proposed a continuous-time framework of reinforce-
ment learning. The continuous-time framework was extended for the mean-variance
portfolio selection problem (Wang and Zhou (2020)) and for corresponding RL tech-
niques: policy evaluation (Jia and Zhou (2022a)), policy gradient (Jia and Zhou
(2022b)), and g-learning algorithm (Jia and Zhou (2022c)). Some other scope of RL
in continuous-time linear quadratic problems can also be found, for instance, see Li
et al. (2022). However, to the best of our knowledge, none of the literatures has
focused on the RL technique to obtain optimal consumption and life insurance.

The thesis composes three parts to solve several important optimal consumption
investment problems with life insurance under different consumption path prefer-
ences. In particular, part I and part II focus on consumption behavior inspired
by prospect theory, and use similar techniques to address challenges posed by past
spending maximum and nonlinear differential equations. The third part focuses on
the problem of data-driven consumer behavior with reference to habit formation by
proposing a reinforcement learning algorithm.

Part 1 focuses on a loss-averse consumer, who invests in a complete market. Our
primary scientific interest is to examine the optimal consumption behavior and in-
vestment with two-part utility in prospect theory. We solve the optimal consumption
behavior and investment choice semi-analytically with the reference level generated
by the past consumption peak. In the literature, there are rich works studying opti-
mal consumption and investment for a loss-averse individual, in which the reference
level is given by the exponentially weighted past consumption. However, no relat-
ed works have considered the reference level given by the past spending maximum,
which is inspired by the peak-end rule. Therefore a direct solution to optimal con-
sumption behavior and investment choice is important for individuals who feel great
pain when remembering happy times in misery.

Part II focuses on a shortfall-averse consumer who invests in the market and
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purchases life insurance simultaneously. A drawdown constraint on consumption is
considered to highlight both the individual’s psychologistic and substantial needs.
Our contribution lies in solving the life-cycle optimal portfolio-consumption problem
explicitly when the preference is measured by a shortfall aversion preference under
an additional drawdown constraint on the consumption rate, and the expected be-
quest at the death time. There are many existing studies on dynamic consumption,
investment, and life insurance control but path-dependent consumption behavior is
sporadically discussed. Therefore, an explicit result for optimal consumption behav-
ior, investment choice and life insurance purchase is needed for related self-financing
individuals.

Part III is motivated by the reality that one cannot have all the knowledge of the
market. We focus on a consumer investing in the market and purchasing life insur-
ance under conventional habit formation preference. Her consumption exceeds the
reference level treated as standard of living, which is characterized by a backward-
looking updating rule used in the habit formation literature since Constantinides
(1990). Without enough knowledge of the market, the scientific problem is to com-
pute the optimal consumption, investment and life insurance purchase based on
previous market data. Our contribution lies in constructing a reinforcement learning
algorithm to solve the control problem without knowledge of the risky asset in the
market. Practical strategies and detailed computation procedures to obtain the as-
sociated optimal consumption behavior, investment and life insurance purchase seem

necessary for the individual.

1.2 Organization of the thesis

The remainder of the thesis is organized as follows.

Chapter 2 summarizes the notations used and important lemmas cited and market



models used in the thesis.

Chapter 3 investigates the optimal consumption behavior of a loss-averse agen-
t who feels differently when the consumption is overperforming and falling below
a proportion to the past spending maximum. We obtain the optimal portfolio-
consumption semi-analytically by dynamic programming arguments and prove the
verification theorem.

Chapter 4 works with the shortfall-aversion preference incorporated with the
bequest provided by life insurance. We derive the optimal consumption, investment
and life insurance purchase explicitly by dynamic programming arguments and prove
the verification theorem.

Chapter 5 develops a reinforcement learning algorithm for optimal consumption
behavior, investment and life insurance under habit formation by proposing a rein-
forcement learning algorithm. A martingale loss is minimized to evaluate the policy,
and the policy is improved by combining a policy improvement theorem and existing
robust statistical estimation. We establish the convergence of the policy improvement
algorithm.

Chapter 6 concludes and discusses potential future works.

Appendix A shows all the proofs.

Chapters 3, 4, and 5 are based on manuscripts Li et al. (2021), Li et al. (2023b),
and Li et al. (2023a), respectively. Chapter 3 is under review, Chapter 4 is published,

and Chapter 5 is prepared to be submitted.



Chapter 2

Preliminary

In this chapter, we first give a brief introduction to the fundamental mathemati-
cal concepts, list some necessary results that are used throughout the thesis, and
introduce the market model through the thesis.

In the thesis, we use the following notation:

2.1 Probability

We first recall the definition of o-field and probability space.

Definition 1. Let a set Q be nonempty, and let F < 2% (2 is the set of all subsets

in ), called a class, be nonempty. We call F a o-field if

(Q e F;

A,Be F= B\Ae F,;
3

AeFi=12- =

\ K3

A,L'E.F.

1

o0

Definition 2. Let Q) be a nonempty set and F a o-field on Q). Then (Q, F) is called

a measurable space. A point w €  is called a sample. A map P : F — [0,1] is called



a probability measure on (2, F) if

Are F A Aj=2,0,5=1,2, ,z‘;éj,:»IP’(OA,-) =i]P>(AZ-).
; =1

i=1

The triple (2, F,P) is called a probability space. Any A € F is called an event, and
P(A) represents the probability of event A. A set/event A € F is called a P-null
set/event if P(A) = 0. A probability space (2, F,P) is said to be complete if for any
P-null set A € F, one has B € F whenever B  A.

Definition 3. Let (2, F) and (¥, F') be two measurable spaces and X : Q — Q' be
a map. The map X is said to be F/F'-measurable or simply measurable if f~(F') =
F. We then call X an F/F'-random variable, or simply a random variable if there

would be no confusion.

Definition 4. Next, let (Q, F,P) be a probability space, (', F') a measurable space,
and X : Q — Q' a random variable. Then X induces a probability measure Px on

(Q, F') as follows:
Px(A):=Po X HA)=P(XeA), VA e F.

We call Px the distribution of the random variable X. Let us define Borel set B(S2)
as the smallest o-field containing all open sets of Q, then if (', F') = (R™, B(R™)),

Px can be uniquely determined by the following function:
F(z)=F(z1, - ,zp) =PlweQ: X;(w) <z, 1 <i<m).
We call F(x) the distribution function of X. Suppose the following integral exists:
fQX(w)dIP’(w) = f xdF(z) := E[X],

then we say that X has the mean E[X].

10



2.2 Stochastic Processes

Definition 5. Let Z be a nonempty index set and (2, F,P) a probability space. A
family {X;,t € I} of random wvariables from (2, F,P) to R™ is called a stochastic

process. For any w € €, the map t — X (t,w) is called a sample path.

In what follows, we let Z = [0,00). We shall interchangeably use {X;,t €
T}, X., Xy, or even X to denote a stochastic process.
Next, for a given measurable space (£, F), we introduce a monotone family of

sub-o-fields F; < F, t € [0,0). Here, by monotonicity we mean
ft1CE27 O<t1<t2

Such a family is called a filtration. Set F;, := (| Fs for any ¢ € [0,00), and F;_ :=

s>t

U Fs for any ¢t € [0,00). If oy = Fi (resp. Fio = Fi), we say that {Fi}io

s<t

right (resp. left) continuous. Denoted by F = {F;}i=0, we call (Q,F,F) a filtered

—e

S

measurable space and (2, F,F, P) a filtered probability space.

Definition 6. We say that (2, F,F,P) satisfies the usual condition if (2, F,P) is

complete, Fo contains all the P-null sets in F, and F is right continuous.

Definition 7. Let (2, F,F) be a filtered measurable space and X; a process taking

values in a metric space (U,d).

e The process X, is said to be measurable if the map (t,w) — X;(w) is (B[0, 0) x
F)/B(U)-measurable.

e The process X; is said to be F-adapted if for all t € [0, 00), the map w — X;(w)
is Fi/B(U)-measurable.

e The process X; is F-progressively measurable if for all t € [0,00), the map
(s,w) — Xs(w) is B[0,00) x F/B(U)-measurable.
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Let us finally recall the extremely important stochastic process, called Brownian

motion.

Definition 8. Let (Q,F,F,P) be a filtered probability space. An F-adapted R™-
valued process X. is called an m-dimensional F-Brownian motion over [0, 0) if for
all 0 < s <t, X; — X, 1s independent of Fs and is normally distributed with mean 0

and covariance (t — s)I.

Throughout the thesis, we only consider one-dimensional Brownian motion, that
is, m = 1. The underlying uncertainty is generated by a fixed filtered complete
probability space (2, F,F,P) and F = (F);>0 satisfies the usual conditions. W is an
F-adapted Brownian motion. We finally recall some propositions to one-dimensional

Brownian motion, which are used later in the thesis.

Lemma 2.1 (Lemma A.5 of Guasoni et al. (2020)). Let (W,);=0 be a standard Brow-

nian motion under the probability measure P, and denote by W7 = sup W its
0<s<t

running maximum. Then, for any constants a,b, k with 2a +b # 0, k = 0,

T B e S L CRUICE Y

2 2 k
I exp{(2a+b)k~l—%T}<I>(—a T——),

2a + b VT
and hence
) @2 ifa+b>0, 2a+b>0,
lim — log E[e™ WL e ] = 2 2, ifa<0, 2a+b<0,
0, ifa +b<0,a >0,

where ®(+) is the standard normal distribution function.

Corollary 2.1 (Corollary A.7 of Guasoni et al. (2020)). Let VVt(O = Wi + (t, where
W s a standard Brownian motion under probability measure P, and (Wt(o)* 15 the

12



running mazximum of Wt@). Then for any constants a,b, k with 2a + b + 2k # 0,

k = 0, the following expectation under P is:

aB<C>+b(B(O)*

—2(a+b+oexp{(a+b)<a+b+2oT}<b((a+b+§)f—i)

S 2a+b+2( 2 VT
2 2 k
+ —2a(—flj—+o2§ exp{(Za—i—b—i—ZC)k + —a(a—;— OT}@(— (a+ OVT — \/_T>

Corollary 2.2 (Equation (9.1) of Rogers and Williams (2000)). Let W = Wi+ Ct

be a Brownian motion with drift, and the first hitting time Hy := 2itn(f){VVt(C) = b} for
>
b> 0. Then for any v >0, §:=1/C?+ 2v — (, it follows that

E[e "] = exp{-bp}.

2.3 Past Consumption Path and Market Models

2.3.1 Past Spending Maximum and Habit Formation

Given a consumption path (¢;)¢o-

The past spending maximum H, := max {h, sup,, ¢} denotes the past spending
maximum, and Hy = h > 0 is the initial reference level.

The habit formation Z; is defined as

¢
Zy=e (z + f ne(sscsds) t =0, (2.3.1)
0

which is equivalently governed by the differential form:

dZt = (T]Ct — (SZt)dt, t > 0,
(2.3.2)
Z() = Zz.

where z is the initial habit formation, n and § are the discount factors.
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2.3.2 Market Models

Let (2, F,F,P) be a filtered probability space and F = (F;);>o satisfies the usual
conditions. The financial market model consists of one riskless asset and one risky
asset. The riskless asset price follows dB; = rBdt, where r > 0 is the interest rate.
The risky asset price is governed by the following stochastic differential equation
(SDE)

dS; = Sipdt + SiodWy, t =0,

where W is an F-adapted Brownian motion, u € R, and o > 0 stand for the drift and

volatility. It is assumed that p > r and the sharp ratio is denoted by x := £ > 0.

g

Let (m;)i=0 be the amount of wealth that the agent allocates in the risky asset,
and let (¢;)i=o represent the consumption rate. Similar to Lee (2021), we assume
that the life insurance contracts cover mortality risk and are actuarially fair. It is
assumed that the individual’s death time 7 has an exponential distribution with the
parameter A > 0. Denote by p; and L; the instantaneous life insurance premium rate
paid by the individual and insurance benefit paid by the insurer, respectively. We
have that p, = AL, and the bequest b; received by the individual’s heir is given by
by =X;+ L = X; + %. Thus, the wealth process satisfies

dX; = (rXy + m(p —1r) — ¢ — py) dt + modW,
(2.3.3)
=((r+MX; +m(p—r)—c — Aoy dt + modW;, t=0,
with the initial wealth Xy = x. A control variable p; is transformed to the bequest
b;, which is assumed to be F-adapted.

The control triple (¢, 7, b) is said to be admissible if ¢ is F-predictable and non-
negative, 7 is F-progressively measurable, and (¢, 7, b) satisfies the integrability con-
dition SSO (c; + 72 + by)dt < o0 a.s. and the no bankruptcy condition X; > 0 a.s. for

t=>0.
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Remark. The optimal premium p; is not required to be positive. The wage earner is
allowed to purchase a special term pension annuity, and she can receive the premium
pe from the insurance company at time t. However, the wage earner should pay p; to
the company if she dies at time t. This situation s related to the reverse mortgage.

Interested readers may refer to Pirvu and Zhang (2012) for more discussion.

In Chapter 3, we consider the optimal consumption and investment without life

insurance, that is, A\ = 0. Then the self-financing wealth process (X;);>o satisfies
dX; = (rXy +m(p—r) —c)dt + modW,, t =0,

with the initial wealth Xy = x > 0. The control pair (c¢,7) is then said to be
admissible if ¢ is F-predictable and non-negative, 7 is F-progressively measurable,
and (c,m) satisfies the integrability condition §; (¢; + 77)dt < oo a.s. and the no
bankruptcy condition X; > 0 a.s. for ¢ > 0. The admissible set is denoted by
A(x, h)

In Chapter 4, we adopt the consumption drawdown constraint ¢, > vH; where
v € (0,1), and H; stands for the past spending maximum defined in Section 2.3.1.
Similar to the proof of Corollary 1 of Arun (2012), to ensure that the consumption
drawdown constraint ¢; > v H; is sustainable for all ¢ > 0, the necessary condition

is X; > Zf;\ a.s. for all t = 0. Therefore, from this point onwards, we shall only

consider the feasible domain (z,h) € [0, +0) x [0, +0) such that x > T’jr—hA for the
admissible set A(z, h).

In Chapter 5, the risky asset price is governed by the SDE
dS; = S{(p+ r)dt + cdW,}, t=0, (2.3.4)

where > 0 and o > 0 stand for the unknown excess rate of returns and volatility.
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As a result, the self-financing wealth process satisfies

dXt = (TXt + umy — ¢ — pt) dt + WtUth
(2.3.5)
= ((T + )\)Xt + pmy — ¢ — )\bt) dt + WtUth, t = 0,

with the initial wealth Xy = = > 0. In addition, we adopt a habit formation

preference in Chapter 5, therefore, the admissible set is denoted by A(z, 2).
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Chapter 3

Optimal consumption with loss
aversion and reference to past
spending maximum

This chapter studies an optimal consumption problem for a loss-averse agent with
reference to the past consumption maximum. To account for loss aversion on relative
consumption, an S-shaped utility is adopted that measures the difference between
the nonnegative consumption rate and a fraction of the historical spending peak. We
consider the concave envelope of the utility with respect to consumption, allowing us
to focus on an auxiliary Hamilton-Jacobi-Bellman (HJB) equation on the strength of
the concavification principle and dynamic programming arguments. By applying the
dual transform and smooth-fit conditions, the auxiliary HJB equation is solved in
closed-form piecewisely and some thresholds of the wealth variable are obtained. The
optimal consumption and investment control can be derived in piecewise feedback
form. Rigorous verification proofs on optimality and concavification principle are
provided. Some numerical sensitivity analyses and financial implications are also

presented.
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3.1 Model Setup and Problem Formulation
3.1.1 Preference

It is assumed in the present paper that the agent is loss averse on relative consumption
in the sense that the agent feels more pain when the consumption is falling below
the reference than the same-sized gain. The reference level is chosen as a fraction of
the consumption running maximum process AH;, where A € (0, 1) depicts the degree
towards the reference. The utility maximization problem is defined by

Q0
u(z,h) = sup E [J e U (c; — )\Ht)dt] : (3.1.1)
(m,c)eA(x) 0

where U(x) is described by the conventional two-part power utility (see Kahneman
and Tversky (2013)) that

xﬁl

if x >0,

if z <0.

Here, £ > 0 stands for the loss aversion degree, and it is assumed in the present
paper that 0 < 1,82 < 1, which represent the risk aversion parameters over the
gain domain x > 0 and the loss domain =z < 0, respectively. The utility is an S-
shaped function on R. The parameter A\ € (0,1) reflects the degree of adherence
towards the reference level H, which now affects the expected utility directly. p > 0
is the subjective discount rate to guarantee the convergence of the value function.
Two main challenges in solving (3.1.1) are the path-dependence of (H;)¢>o on the
control (¢;)i=o and the nonconcavity of the S-shaped utility U(-). As a remedy, we
propose to consider the concave envelope of the realization utility on consumption by
first assuming the validity of the concavification principle (see, for example, Reichlin
(2013) and Dong and Zheng (2020)). Later, we plan to characterize the optimal
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control under the concave envelope function and then verify that the optimal con-
trol also attains the value function in the original problem, i.e., the concavification
principle indeed holds. Specifically, for each fixed h, let us consider U(c, k) as the
concave envelope of U(c— Ah) with respect to the variable ¢ € [0, h] on a constrained

domain. That is, for each fixed h > 0, let U (-, h) be the smallest concave function

on [0, h] such that U(c, k) = Ul(c, h) holds for all ¢ € [0, h].

3.1.2 Concave envelope of the realization utility

To emphasize the concave envelope only with respect to ¢ € [0, h] while keeping the

variable h fixed, let us consider an equivalent bivariate function
U*(c,h) :=U(c— Ah),

on the domain {(c,h) € R? : ¢ € [0,h]}. Define Ui (c,h) := 6_11(0 — Ah)Pt and

(¢, h) and Uj'(c, h) := aUc;

Us(c,h) = —IB%()\h—c)ﬁ2 and denote U (c, h) := ‘3Uc1* L

5 (¢, h).
Note that Uj'(c,h) — +00 as ¢ — (Ah);. As Uj'(c,h) — +o0 when ¢ — (\h)_, we
have two different subcases:

Subcase (i): If Uj(h, h)+Ujs (0, h)—hU;'(h, h) > 0, there exists a unique solution

z(h) € (Ah, h) to the equation
Ui (z(h),h) + U0, h) — 2(h)U (2(h), h) = 0. (3.1.2)

That is, z(h) is the tangent point of the straight line at (0, —U5 (0, h)) to the curve
Ui(e,h) for ¢ = Ah. Note that z(h) does not admit an explicit expression in this
subcase.

Subcase (ii): If Uf(h, h) + U3 (0,h) — hU}'(h,h) < 0, we simply let z(h) = h.
The concave envelope of U*(¢, h) on [0, h] corresponds to the straight line through
two points (0, U5 (0,h)) and (h, U (h, h)).
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Remark. The condition of Subcase (ii) is fulfilled if and only if h and model

parameters satisfy one of the following three conditions that

(S1) Ba>pr=1—A, and h < (B2(1_>\);111;;é51+>\_1))52i51,
1

(S2) fr=1—X, B1> P, and h > (BQ(l_A);l;;B(fl“‘l))62761,

(S3) Bo=fr=1—A 1< TN gy >,

Similar to Dong and Zheng (2020), we can define the concave envelope of U*(c, h)

for c € [0, h] by

U¥(2(h),h)=UF(0,h .
- Us(0,h) + BEl )’2(2) 2 (Oh) if 0 < e < z(h),
Ue,h) =4 2 . (3.1.3)
Us(e, h), if z(h) <c<h.
Concave envelope Concave envelope
0.6 T 4
Loss aversion utility Loss aversion utility
05F|——— concave envelope 357 [——— concave envelope
0.4 8
25
g 03 g
2 02 ]
= e £ 15 s
Z o1 ’ E £ 7
0 //‘/ “ q o0s /// |
0a2f 1 -0.54;//
-0.3 - -1 :
0 z2(h) h 0 2(h)=h

Consumption ¢ Consumption ¢

Figure 3.1: Concave envelopes when 0 < 8 < 1: (left panel) subcase (i) when z(h) # h;
(right panel) subcase (ii) when z(h) = h.

Figure 1 illustrates two subcases of the concave envelope of the S-shaped utility
Ule,h). We stress that the function U(c, h) is implicit in h, as z(h) is an implicit

function in general. To simplify the future presentation, let us also define
w(h) := z(h) — Ah. (3.1.4)

Hence, if z(h) = h, then w(h) = (1 — A)h, i.e., z(h) = Ah + w(h).
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3.1.3 Equivalent problem

We now consider the auxiliary stochastic control problem

Q0
a(x,h) = sup E lf e”tU(ct,Ht)dt] : (3.1.5)
(m,c)eA(z) 0

The equivalence between problems (3.1.1) and (3.1.5) is given in the next proposition.
Its proof is deferred to Section A.1.4 after we first establish the verification proof on

optimality:.

Proposition 3.1 (Concavification Principle). Two problems (3.1.1) and (3.1.5) ad-
mits the same optimal control (7w}, cf) so that two value functions coincide, i.e.,

u(z, h) = a(x, h) for any (x,h) e Ry x R,.
Proof. The proof is given in Appendix A.1.4. O]

For problem (3.1.5), we can derive the auxiliary HJB equation that

(3.1.6)

sup [—pﬂ + i, (re + w(p — 1) — ¢) + s0*n?i,, + U(c, h)] = 0,
ce[0,h],meR

0
for x = 0 and h > 0. The free boundary condition u,(x,h) = 0 shall be specified
later. Our goal is to find the optimal feedback control ¢*(x, h) and 7*(z, h). If a(x,-)
is C? in z, the first order condition gives the optimal portfolio in feedback form by

(2, h) = —£5F B This implies that HJB equation (3.1.6) can be simplified to

02 AUpy

K2 02

sup [U(c, h) — c&x] —pli+rzi,———— =0, and 4, <0, Yr =>0,h>0. (3.1.7)
ce[0,h] 2 Ugy

3.2 Derivation of the Solution

For ease of presentation and technical convenience, we only consider the case where
p = r > 0 in the present paper. Computations in general cases that p # r and

21



r = 0 can be conducted similarly. However, some additional sufficient assumptions
on model parameters are needed to facilitate the proofs of the verification theorem.
Given the implicit concave envelope in (3.1.3), we can still solve the HJB equation
in the analytical form. In particular, we plan to characterize some thresholds (de-
pending on h) for wealth level x such that the auxiliary value function, the optimal
portfolio and consumption can be expressed analytically in each region.

Let us first introduce the boundary curves y;(h) = ya(h) > ys(h) by

k()\h)ﬁ2 N w(h)A
Baz(h) Brz(h) ’

yi(h) =

y2(h) := min (yl(h), (1- )\)h)ﬁl—l)’ (3.2.8)

ys(h) = (1= N hA,

where z(h) and w(h) are defined in Section 3.1.2. Here, y;(h) and y2(h) are deriva-
tives of the concave envelope U (c,h) at ¢ = 0 and ¢ = h respectively, which are used to
simplify the expression of sup e ) [U(c, h) —ciip] when the maximum occurs at ¢ = 0
and ¢ = h. We also use y3(h) to describe the free boundary curve 4, = 0. Note that if
w(h) # (1= A)h, we have yy (h) > ya(h) = (L=A)h)" 71 > (1= N)PRH ™ = ys(h) as
0 < A < 1by (3.1.2); on the other hand, if w(h) = (1—A)h, we have z(h) = h, yielding

B2 w1 w(h)® _ _
that y1(h) = y2(h) = kﬂ(:\:()h; + 6@}3 > ﬁf% - %(1 CN)BRAT S (1 - NPT =

y3(h) as 0 < 31 < 1.

Similar to Deng et al. (2022), we can heuristically decompose the domain into
several regions based on the first order condition of ¢ and express the HJB equation
(3.1.7) piecewisely. However, the concave envelope of the S-shaped utility complicates
the computations here, in which the previous y;(h) in (3.2.8), ¢ = 1,2, 3, serve as the
boundaries of these regions. We can then separate the following regions:

Region I: on the set Ry = {(x,h) € R2 : @, (x,h) > y1 ()}, U(c, h) —cil,, is decreasing
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in ¢, implying that ¢* = 0 and the HJB equation (3.1.7) becomes

k P . . K22 .
— ﬁTO\h) 2=l + T, — Y 0, and @, < 0. (3.2.9)
2 Uz

Region IT: on the set Ry = {(x,h) € R2 : yo(h) < y(z, h) < y1(h)}, Ulc, h) — cil, is

1
~B1—1

increasing on [0, z(h)] and concave on [z(h), h], implying that ¢* = Nh4a." " = z(h)
and the HJB equation (3.1.7) becomes
2,&2

1- B 24
ﬁ—ﬂlﬂg’fl_ — Mty — ra + rat, — K~ £ =0, and u, < 0. (3.2.10)
1 Ugy

Region III: on the set Rg = {(z,h) € Ry x Ry : dy(x, h) < ya(h)}, Ulc) — ciiy is
increasing in ¢ on [0, k], implying that ¢* = h. To distinguish whether the optimal
consumption ¢ updates the past maximum process H; in this region, one can heuris-

tically substitute 2 = ¢ in (3.1.7) and apply the first order condition to U(c, ¢) — cil,

_1

5
with respect to ¢ and derive the auxiliary singular control é(z) := @,* " (1 — )\)_5131.

We then need to split Region I1I further into three subsets:

Region III-(i): on the set Dy = {(z,h) € Ry x Ry : y3(h) < @, < ya2(h)}, it is easy
to see a contradiction that é¢(z) < h, and therefore the optimal consumption ¢} does
not equal ¢, and we should follow the previous feedback form ¢*(x,h) = h, in which

h is a previously attained maximum level. The HJB equation is written by

1 P 5 5 5 /12122 5
6—((1 — ANh)™ — hily, — i + rat, — T 0, and 4 < 0. (3.2.11)
1 Uz

Region III-(ii): on the set Dy := {(x,h) € Ry x Ry : @,(x,h) = y3(h)}, we obtain

_1 81
¢(z) = h and the feedback optimal consumption is ¢*(z,h) = @z' " (1 —A) 71 = h.

This corresponds to the singular control ¢ that creates a new peak for the whole
path that Hf > H} for any s < t. We then impose the free boundary condition

tp(x, h) = 0 in this region, and the HJB equation follows the same PDE in (3.2.11).
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Region III-(ii1): on the set D3 := {(z,h) € Ry x Ry : d,.(z,h) < ys3(h)}, we obtain

1
¢(z) > h. The optimal consumption is again a singular control ¢*(x) = @," ' (1 —

8
)\)_ﬁlll > h, pulls the associated H;* upward to the new value u, (X}, Ht*)ﬁ(l -

B1

A)" =T in which @(z, h) is the solution of the HJB equation on set D,. This suggests
that for any given initial value (x, h) in set D3, the feedback control ¢*(z, h) pushes

(x,h) to point (x,h) on the boundary set Ds.

In summary, it is sufficient to consider the effective domain defined by

C:={(x,h) e Ry xRy : @,(x,h) = ys(h)}
(3.2.12)
leuRgupluDgcRi,

and (x,h) € D3 can only occur at the initial time ¢ = 0.

Therefore, the HJB equation (3.1.7) can be written as

2~2
—rU + ret, — R~ux = —V(ug, h), and @y, <0,
2y (3.2.13)
up, = Oa if Uy = y3(h)7
where
L), it g > 1 (h),
B .
V(g.h) = { =B=Lgm T —dhg, i ya(h) < g < (D),
5 (L= X)R)% —hq, if ys(h) < q < ya(h).

To solve the above equation, some boundary conditions are also needed. First,
to guarantee the global regularity of the solution, we need to impose smooth-fit
conditions along two free boundaries that @,(x,h) = y1(h) and U,(z,h) = yao(h).
Next, if we start with 0 initial wealth, to avoid bankruptcy, the optimal investment
and the consumption rate should be 0 at all times. Therefore, we have that

lim —?x(m’ h)
x—0 Ugx (I’ h) x—0

+00 k, k’
=0 and lim(x,h) = f ——(Ah)P2emtdt = ———(\h)™2.
0 B2 752

(3.2.14)
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On the other hand, when the initial wealth tends to infinity, one can consume as
much as possible, leading to an infinitely large consumption rate. In addition, a small
variation in initial wealth only leads to a negligible change in the value function. It
follows that

lim d(x,h) =+ and lim .(x,h) =0. (3.2.15)

r——+00 r—+00

We also note that, as the initial value z is large enough, we have (z,h) € Dy and
1 B

thus ¢*(z) = Ug(z,h)F1(1 — A)_Til. Intuitively, our problem is similar to the

Merton problem (Merton (1969)) along the free boundary D, in which the optimal

consumption is asymptotically proportional to the wealth. Therefore, we expect that

i, (v, h) T

lm @M (3.2.16)
r—+00 €T

(x,h)EDQ

for some constant c,, > 0. This condition is verified later in Corollary 3.2.

To tackle the nonlinear HJB equation (3.2.13), we employ the dual transform only
with respect to the variable x and treat the variable h as a parameter; see similar dual
transform arguments in Deng et al. (2022) and Bo et al. (2021). That is, we consider
v(y, h) = sup,soi{t(z,h) — 2y}, y = ys(h). For a given (x,h) € C, let us define
the variable y = ,(z, k), and it holds that u(x,h) = v(y, h) + zy. We can further
deduce that x = —v,(y, h), @(z, h) = v(y, h) — yv,(y, h), and Uy, (x, h) = —m.

The nonlinear ODE (3.2.13) can be linearized to

/{2

?y%yy —rv=—=V(y,h), (3.2.17)

and the free boundary condition is transformed to y = y3(h). As h can be regarded

as a parameter, we can study the above equation as an ODE problem of the variable

y. Based on the dual transform, the boundary conditions (3.2.15) can be written as
lin(l)vy(y, h) = —o0, and lil%(v(y,h) —yvy(y, h)) = +o0. (3.2.18)
y— y—
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The boundary condition (3.2.16) becomes

_1
B1—1

li = — 3.2.19
ylgtl) vy (y, h) Ceos ( )

along the boundary curve yz(h) = (1 — X\)?*h#*~1. The boundary condition (3.2.14)

is equivalent to

k
Yy (y, h) — 0 and v(y,h) —yv,(y, h) — —71—52()\11)’32 as vy(y,h) — 0. (3.2.20)

The dual transform holds that v,(y,h) = —z, and one can derive that @ (x,h) =
up(y, h) + (vy(y, h) + :v)di’i—(hh) = vp(y,h). The free boundary condition (3.2.13) is
translated to

up(y,h) =0 for y = ys(h). (3.2.21)

Although the dual ODE problem looks similar to the one in Deng et al. (2022),
we emphasize that the boundary curves y;(h) and yo(h) are implicit functions of h
that contains the implicit function z(h). As a result, it becomes more complicated
to apply smooth-fit conditions to derive the solution analytically and to prove the
verification theorem. It is inevitable that all coefficient functions (in terms of k) in
the solution involve z(h). In particular, the following assumption on model parame-
ters is needed, which is used to show that the obtained solution v(y, h) is convex in

y and in the verification proof of the optimal control.

Assumption (A1) §; < —2,j = 1,2, where r; > 1 and 7, < 0 are two roots to

the equation n? —n — % = 0.

Note that 3; < —2 implies that v; = % > 1o, 118+ 1re = (7, —12)(8;—1) <0,

for j =1,2.
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Proposition 3.2. Let Assumption (A1) hold. Under boundary conditions (3.2.18),
(3.2.19), (3.2.20), the free boundary condition (3.2.21), and the smooth-fit conditions
with respect to y alongy = y1(h) andy = ya2(h), ODE (3.2.17) in{y e R : y = y3(h)}

admits the unique solution that

CQ(h)yTQ - %(Ah)ﬂ2> ny > yl(h)7
U(y, h) = C3(h)yr1 + C4(h)yr2 + KQ'YI('YI—?%I)('YI—T‘Q)Z/YI o );"_hy7 Zf y2(h) < Yy < Z/1(h),
Cs(h)y™ + Co(h)y™ + 5 (1= N)h)™ = Ly, if ys(h) <y < ya(h),
(3.2.22)
where vy, = ,Blﬁil < 0, w(h) is defined in (3.1.4), 1 > 1 and ro < 0 are given

in Assumption (A1), yi1(h),y2(h) and ys(h) are given in (3.2.8), and functions
C;i(h), i =2,...,6, are defined by

L yi(h)™" (kri 5, P " .
Co(h) == Cy(h) + p—— ( 5 (AR)72 + Py p— 7,2>y1(h) + Ah le(h)>,

Cy(h) = % (%(/\h)ﬂ2 + ﬁyl(h)” n )\hrlyl(h)),

Culh) = Cult) + 2L (B0 )% () (1= Araa() ),
Cu(h) = ) + 2L (2240 g — D (1= Araga) ),
Cio(h) = L T 2 )R g ()50 g (3.2.23)
Proof. The proof is given in Appendix A.1.1. 0

Remark. Note that all C;(h), i =2,...,6, are implicit functions of h. In particular,
Co(h), Cy(h) and Cg(h) are written in the integral form. Cs(h) and C5(h) are written
in terms of implicit functions y1(h) and ya(h). Some technical efforts are needed to

handle these semi-analytical functions in later verification proof.
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Theorem 3.1 (Verification Theorem). Let (x,h) € C, he R and 0 < X\ < 1, where
x = 0 stands for the initial wealth, h = 0 is the initial reference level, and C is the

effective domain (3.2.12). Let Assumption (A1) hold. For (y,h) € {(y,h) € R% :

y = ys(h)}, let us define the feedback functions that

07 ny > yl(h’)7
1
Ah 4+ yBi-1, ' h) <y <wy(h),
¢y, h) = Yo ’L_f ya(h) <y < wyi(h) (3.2.24)
h, if ys(h) <y < wa(h),
1 __A .
yﬁl_l (1 - )\) ﬂl_l? ny = y3(h)7
and
—-T
w(y,h) = Elyy, (v, )
pr ZCa(h)y™t, iy > wh),
= LMyt + B0 (h)y™= " + %y“’l, if yo(h) <y < wyi(h),
2C5(h)y™ ! + 2Cs(h)y™ ", if ys(h) <y < ya(h).
(3.2.25)

RQ
We consider the process Y, := y*e" M,, where M, := e~ "+ =We s the discounted
rate state price density process, and y* = y*(x, h) is the unique solution to the budget

constraint E[§; ' (Yi(y), H (y)) Mydt] = = with

) = v supe (0000 H100) = v (12077 (v, () 77 ).

s<t s<t

The value function u(x, h) can be attained by employing the optimal consumption and
portfolio strategies in the feedback form that cf = cf(Y*, H}) and 7f = =" (Y*, H})
for all t =0, where Y* := Y,(y*) and H} = Hf(y*).

Proof. The proof is given in Appendix A.1.2. O]

Remark. Note that the optimal consumption ¢ has a jump when Y,* = y1(H}) and
cf > NH] whenever c¢f > 0. Meanwhile, we note that the running maximum process
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HY still has continuous paths for t > 0. Indeed, from the feedback form, c;_ jumps
only when cj_ < H} and we also have that c; < H} after the jump, i.e., the jump

never increases H;'. Therefore, both X and H; still have continuous paths.

By the dual representation, we have that = = g(-,h) := —v,(-, h). Define f(-, h)
as the inverse of g(-,h), then @(x,h) = vo (f(x,h),h) + xf(x,h). Note that the
function f should have a piecewise form across different regions. The invertibility of

the map = — g(z, h) is guaranteed by the next lemma.

Lemma 3.1. Let Assumption (A1) hold. The function v(y,h) is convez in all
regions so that the inverse Legendre transform @(x,h) = inf,>y m[v(y, h) + xy] is

well defined. Moreover, it implies that the feedback optimal portfolio 7*(y, h) > 0.

Proof. The proof is given in Appendix A.1.5. O

Thanks to Lemma 3.1, we can apply the inverse Legendre transform to the solu-
tion v(y, h) in (3.2.22). Similar to Section 3.1 in Deng et al. (2022), we can derive

the following three boundary curves Z,em0(h), Tager(h), and Ziays(h):

:Uzero(h) =l (h)m_lCQ(h’)rZ?

2

Tager (R) := —Ca(h)r1yz(h) 1 — Ca(h)raya(h)> 7" — K2 (71— 1) (7 —12)

Travs (h) 1= =Cs5()riys(R)" ™" = Co(h)rays(h)™> " + 2,

(3.2.26)
and it holds that the feedback function of the optimal consumption satisfies: (i
c*(z,h) = 0 when 0 < & < Zyero(h); (i) 0 < ¢*(z,h) < h when Z,e0(h) < z <
Taggr(h); (iii) c*(z,h) = h when Tage(h) < T < Tjavs(h). In particular, the condition
uz(x,h) = y3(h) in the effective domain can be explicitly expressed as 2 < Zjays(h).

Moreover, the following inverse function is well defined:

h(z) i= (21avs) " (2), 2 = 0. (3.2.27)
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Along the boundary x = zp,s(h), the feedback form of the optimal consumption
] -

in (3.2.30) is presented by c¢*(z,h) = (1 — )\)_Wilf(:v,h(a:))_ﬁ. Using the dual

relationship and Proposition 3.2, the function f can be implicitly determined as

follows:

(i) If * < Zyer0(h), Lemma 3.1 implies that v, (y, h) is strictly increasing in y and

f(x,h) = fi(z, h) can be uniquely determined by

1 = —Co(h)ro(fi(x, b)) 1.

(ii) If Zpero(h) < & < Taggr(h), Lemma 3.1 implies that v, (y, h) is strictly increasing

in y and f(x,h) = fo(x, h) can be uniquely determined by

x = — Cy(h)ri(faz, )"~ = Cy(h)ra(fola, b))

9 1 AR (3.2.28)
- £2(1n — 1) (n —r2) (e, ) i o

(ili) If zager(h) < & < Xpays(h), Lemma 3.1 implies that v, (y, h) is strictly increasing

in y and f(x,h) = f3(x, h) can be uniquely determined by
ri—1 ro—1 h
xTr = —05(h)7’1(f3($, h)) - Cﬁ(h)?”g(fg(l’, h)) + ; (3229)

Corollary 3.1. For (z,h)eC, 0 <A <1, f; <1 and By < 1, under Assumption

(A1), let us define the piecewise function

where fo(x, h) and f3(x,h) are defined in (3.2.28) and (3.2.29), respectively.
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The value function @(x,h) in (3.1.5) can be written by

(OB (F ) — o AR 4 2 f (B, i 0 < ()
Coh)( (. )" + Clh) ()"
= (o, b))

*#%wl Y —12)
—~7ﬂ%m+xﬂ%m,
C(h)(f(, )™ + Co(h)(f(, b))

| (- O = () + o f ),

a(z, h) = <

Zf xaggr(hf) <r< $lavs(h)7

where the free boundaries Tyero(h), Tager(h), and Tiays(h) are given explicitly in (3.2.26).
The feedback optimal consumption and portfolio can be expressed in terms of primal

variables (x,h) that

0, if © < Tyero(h),
M+ (f (o, h) AT, f Taerol(h) < 7 < Tagee(B),

o (f(z, b)) o) <2 < dag D),
ha Zf xaggr(h) <T< xlavs(h')7

(1= N) 75 f(w, h(@) BT, if & = (b)),

where h(z) is given in (3.2.27), and

™ (z, h)
(<1 N TQ)QT, me < xzero(h);
p—r %03@)]0”_1(957 h) + %q(h)fm_l(% h)
- o2 ) 2(’71 — 1) -1 ifxzero<h) ST < xaggr(h),
* mQ(% - 7"1)(71 - rz)f (a:, h))’
(25 (h) £ (w, h) + BCa(B) F2 M, h),  if Tagge(h) < @ < Traal(h).

(3.2.31)

Moreover, for any initial value X5, Hf = (x,h) € C, the stochastic differential
equation

dX; = rXjdt + 7 (pp — r)dt + 7*ocdW; — c*dt, (3.2.32)

31



has a unique strong solution given the optimal feedback control (c*,7*) as above.

Proof. The proof is given in Appendix A.1.3. O

3.3 Properties of Optimal Controls

First, compared with the main results in the standard Merton’s problem with pow-
er utility (see Merton (1969)), our optimal feedback controls 7*(x, h) and c¢*(x,h)
are fundamentally different, which are expressed as the piecewise implicit nonlinear
functions of both variables x and h. In particular, our optimal consumption pro-
cess exhibits jumps when the wealth level crosses the threshold %,e0(h). The more
complicated solution structure is rooted in the path-dependent reference process H,
inside the utility and the S-shaped utility accounting for loss aversion.

Moreover, based on Corollary (3.1), we can show some asymptotic results on
the optimal consumption-wealth ratio ¢;/X; and the optimal portfolio-wealth ratio

7} /X[, whose proof is given in Appendix A.1.6.

Corollary 3.2. As x < xj4(h), the asymptotic behavior of large wealth x — +0 is

lim & (ajl(ws<h Jh)

_ Ll, lim 7T (mlava’(h)vh)
h—+c0 :Elavs(h

h—+0 xlavs(h)

(
equivalent to limy,_, o T14ps(h) = +00. We then have that
)
= L27
)

for some constants Ly and Ls. In addition, as X — 0, two limits Ly and Ly coincide
with the asymptotic results in the infinite-horizon Merton’s problem (Merton (1969))
with power utility U*(x) = éxﬁl. As a result, the boundary conditions (3.2.16) and

(3.2.19) hold valid in our problem.
Proof. The proof is given in Appendix A.1.6. O

Remark. As the wealth level becomes sufficiently large, both the optimal consumption

and the optimal portfolio amount are asymptotically proportional to the wealth level
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that ¢ ~ L1 X} and 7f ~ Lo X[, in a similar fashion to the asymptotic results in
the standard Merton’s problem with the power utility. Howewver, it is important to
note that our asymptotic limits differ significantly from those in Merton’s problem,
which now sensitively depends on the reference degree parameter A\ and risk aversion
parameters 31, Bo, k from the S-shaped utility. One can see that, even when the agent’s
wealth level is very high, the impacts from the reference level \H; and the loss aversion
preference do fade out in our model because the large consumption rate cf also lifts up
the reference N\H;* to a new high level. Only in the extreme case when the reference
degree X — 0, i.e., there is no reference process, our asymptotic results coincide with

those in the standard Merton’s problem under power utility.

Next, we can characterize the average fraction of time that the agent expects to

stay in each region.
Corollary 3.3. The following properties hold:

1. The long-run fraction of time that the agent stays in the region {T,ge(H;) <

X < 2avs(H])} equals the value of hl—igloc zf%

2. The long-run fraction of time that the agent stays in the region {0 < X} <

Tpero(H[)} equals the value of 1 — hlirfw Z‘I’Ezg

3. Starting from (z,h) € {(z,h) : € (Tyero(h), Travs(h)]}, let us consider the first
hitting time of zero consumption that T, := inf{t = 0, Xy = T,e0(Hy)}. We

have that
log f(z, h)

K2

E[Tsero] = C1(h) f(x, h)? + Ca(R) +

Y
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where C1(h) and Co(h) satisfy:

Ty (R (h)? + Ta(h) + 18 _

C(h)ys(h)? + Ty(h) = 0.

4. Starting from (x,h) € {(x,h) : T € [Tyer0(h), X1avs(h))}, let us define the first
hitting time to update the historical consumption mazimum Tiays = inf{t > 0 :

X; = Tias(Hy)}. We have that

x, h)hi=h
E[Tlavs] = %log (%) .

Proof. The proof is given in Appendix A.1.7. O]

3.3.1 Boundary Curves

We next present some numerical examples of the thresholds and the optimal feedback
functions and discuss some financial implications.

We first plot in Figure 3.2 the boundary curves Z,eqo(h), Tager(h) and Ziays(h)
as functions of h, separating the regions for different feedback forms of the optimal
consumption. First, compared with Figure 1 in Deng et al. (2022), it is interesting
to note that we need to take into account four different cases in total depending
on whether two boundary curves ,e;0(h) and Zage (k) coincide or not. To be more
precise, we know by definition that %,e0(h) = Zager(h) if and only if y1(h) = yo(h),
where y;(h) and yo(h) are given in (3.2.8). In view of Remark 3.1.2, y1(h) = ya(h) in
three different scenarios. The upper left panel in Figure 3.2 corresponds to the case
that two boundaries Z,ero(h) and T,g(h) are completely separated for all A > 0,
i.e., y1(h) > ya(h) for h > 0 (with parameters r = p = 0.05, p = 0.1, o = 0.25,
B1=0.2, By =0.3, k=15, A = 0.5); the upper right panel in Figure 3.2 corresponds
to the case that two boundaries Z,e0(h) = ZTager(h) When the reference level is low

34



Boundary curves Boundary curves

25 25 T
Zyero(h)
Tager (R)
Tlays (R
20} X . . al 20 Tlavs(h) N . )
A) AT S (@, h(w)) AT ¢ = 1= f(x,h(z) AT
\ ' =h_~
L ]
15 o 15
— 7 —
= e < ct=h
X e X
//
1071 //,/ | 10 A< <h
S A< <h A
- —
5 // 5 ////
- - - -
_ =0
// _ =0 ¢
= : . . . 0 . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
h h
Boundary curves Boundary curves
25 T T 25 T T
Tyero(h) Tyero(h)
—— Tager(h) Tager(h)
20} Zlavs(h) 20 Tlavs(h)
¢ = (1= ) W f(a () 7T
) ~
Sa ¢ = (1= N H (o b)) T
151 1 15
—_ ¢ =h — \
=) £
x x
10t 1 10 o h
A< <h
5 - 1 5
:////////////////// =0 =0
ol—". 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
h h

Figure 3.2: Four cases of boundary curves caused by different parameters

that h < h* for some critical point h* > 0 (with parameters r = p = 0.05, u = 0.1,
o =025 01 =02 6 =03, k=15 A= 0.92); the lower left panel in Figure 3.2
corresponds to the case that two boundaries Z,e;0(h) = Zager () wWhen the reference
level is high that h > h* for some h* > 0 (with parameters r = p = 0.05, u = 0.1,
o=0.25 01 =02 6=0.1,k=15 X=0.973); and the lower right panel in Figure
3.2 corresponds to the case that Z,eo(h) = Tage(h) for all h > 0 (with parameters
r=p=005 =01 0=02503 =02 8 =02 k=15 X = 0.95).

Second, Figure 3.2 illustrates again that the positive optimal consumption can

35



never fall below the reference level, i.e., we must have ¢*(z,h) > A if ¢*(x,h) > 0
so that there exists a jump when the wealth process X/ crosses the boundary curve
Tgero(H;'). In particular, for some value of h such that Z,eo(h) = Zage(h) hold,
the optimal consumption may jump from 0 to the current maximum level H;" = h
immediately, indicating that the agent consumes at the historical maximum level A if
the agent starts to consume. This differs substantially from the continuous optimal
consumption process derived in Deng et al. (2022). The jump of consumption is
caused by the risk-loving attitude over the loss domain in the S-shaped utility, which
corresponds to the linear piece of the concave envelope. In this wealth region, the
agent prefers to stop the current consumption if it cannot surpass the reference level.
Therefore, our result under the S-shaped utility can depict the extreme behavior of
some agents who cannot endure any positive consumption plan below the current
reference. We emphasize that, all the boundary curves in Figure 2 are generally
nonlinear functions of h, featuring the necessity of two dimensional state processes
of X; and H; in our control problem. Only in the extreme case when (5, = (5, the
boundary curves can be expressed in a linear manner, and the dimension reduction

can be conducted.

Remark. When risk aversion parameters satisfy 5y = [, our problem has homo-
geneous property that u(z,h) = hPa(x/h,1), and it is sufficient to consider the
function 4(w) := u(w, 1) to reduce the dimension. In this case, the boundary curves

degenerate to boundary points for the new state variable w = x/h.

3.3.2 Sensitivity Analysis

We now fix the model parameters to r = 0.05, p = 0.05, u = 0.1, ¢ = 0.25,
B1 = 0.2, By = 0.3, k = 1.5, and reference level h = 1. We numerically illustrate
the sensitivity with respect to the reference degree A € (0,1). Let us choose A\ €

{0.1,0.3,0.5,0.7,0.9}. The value function, the optimal feedback consumption, and
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the optimal feedback portfolio together with marked boundaries @,ero, Tager aNd Ziays
are plotted in Figure 3.3. From all panels, one can observe that the boundary curve
Tgero(1; A) is increasing in A, while boundary curves Zage(1; ) and Zjas(1; ) are
both decreasing in A\. On the one hand, one can explain that when the agent has
a higher reference with a larger A and the current wealth is low, it is more likely
that the optimal consumption falls below the reference, leading to zero consumption.
Therefore, the threshold for positive consumption becomes larger for a larger A\. On
the other hand, when the wealth is sufficiently large, larger reference degree A results
in more aggressive consumption (see the middle panel), and it is more likely that the
agent lowers the threshold to consume at the global maximum level even by reducing
the portfolio amount. Moreover, when A increases, we can also observe that \H;
actually increases faster than the consumption ¢ during the life cycle, which leads
to a drop of ¢f — AH} and a decline in the value function from the left panel. From
the right panel, when wealth decreases to the region < Z,o0(1;A), the optimal
consumption stays at 0 due to the linear piece of the concave envelope, but the
optimal portfolio is increasing in x with a large slope. This can be interpreted by the
fact that the agent needs to invest very aggressively to pull the wealth level back to
the threshold x,e0(1; A) driven by the strong desire for positive consumption under
the loss aversion preference. When wealth starts to surpass the threshold @,e0(1; M),
the agent chooses the positive consumption above the reference level A\h, and we
can see from the right panel that the agent strategically withdraws some wealth
from the risky asset account to support the high consumption plan. In addition, the
higher reference degree A is, the more drastic the decrease in portfolio with respect
to . When wealth tends to be further larger, both the optimal consumption and
optimal portfolio become increasing in x. By comparison from the right panel, when
wealth is very large, the optimal portfolio is decreasing in the reference degree A,
which is consistent with the fact that the agent needs more cash to support the more
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aggoressive consumption as A increases.

Value Function Optimal C i Optimal Portfolio

<&

o

Sasain

5 10 15 20 25 30 0 5 10 15 20 30 0 5 10 15 20 25 30
Wealth x Wealth x Wealth x

Figure 3.3: Sensitivity analysis on the reference degree .

Finally, we numerically illustrate the sensitivity with respect to the expected
return p of the risky asset. Let us fix the model parameters such that » = 0.05,
p =005 A=05 0=025 p =02 B, =03, k=15 h =1 and consider
w1 € {0.06,0.08,0.1,0.12,0.14}. The value function and the optimal feedback control-
s together with marked boundaries are plotted in Figure 3.4. First, from the left
panel, one can observe that the value function increases in p, which matches with
the intuition that better market performance guarantees higher wealth and a larger
consumption plan. From all panels, it is also interesting to observe that both bound-
aries Tyero(1; pt) and Tage (15 1) are decreasing in 1, while the boundary @jays(1; ) is
increasing in p. On the one hand, the higher return from the financial market secures
better wealth growth, leading to lower thresholds for the agent to start positive con-
sumption and consumption at the historical peak level. On the other hand, a higher
return rate p also motivates the agent to invest more in the risky asset, as one can
see that the optimal portfolio is increasing in p from the right panel. As a result,
the agent does not blindly lower the threshold z..(1; 1) to create the new global
consumption peak as it becomes more beneficial in the long run to invest more cash
into the risky asset when z is sufficiently large. Therefore, the threshold xjas(1; 1)
is actually increased with an increased parameter . One can also observe that for
Tgero(1; 1) < & < Tpays(1; 1), as the expected return g increases, the agent gradually
shifts from the willingness of high consumption plan by sacrificing the portfolio to
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the more aggressive investment behavior to accumulate the larger wealth. Combin-
ing Figure 3.3 and Figure 3.4, we also note that the optimal portfolio 7*(x, 1; A, p) is
decreasing in A but increasing in u when x is large, suggesting that some agents with
a large reference degree \ are only motivated to invest more wealth in the financial
market when the expected return is excessively high. This is consistent with and may
partially help to explain the equity premium puzzle (see Mehra and Prescott (1985))
that the market premium needs to be very high to attract some agents (possibly
those agents with the large reference degree if they adopt our proposed preference

on consumption performance) to actively invest in the risky asset.

Value Function Optimal C i Optimal Portfolio

0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Wealth x Wealth x Wealth x

Figure 3.4: Sensitivity analysis on the expected return p.
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Chapter 4

Optimal consumption and life

insurance under shortfall aversion
and a drawdown constraint

In this chapter, we adopt the shortfall aversion preference proposed in Guasoni et al.
(2020) together with dynamic life insurance control, and enforce an additional draw-
down constraint on the consumption rate as a subsistence consumption requirement.
The objective function of the control problem also involves the expected bequest
from life insurance, which renders the dimension reduction in Guasoni et al. (2020)
not applicable in our problem. Instead, we encounter a two-dimensional HJB equa-
tion. Similar to Deng et al. (2022), taking the wealth level and reference level as
two state variables, we can derive the value function and optimal strategies in ana-
lytical form by solving the associated HJB equation with some boundary conditions.
The HJB equation can be expressed in a piecewise form based on the decomposition
of the state domain such that the feedback optimal consumption: (1) equals the
drawdown constraint rate, (2) lies between the drawdown constraint and the past
spending maximum, and (3) attains the past consumption peak. By using the dual
transform and some smooth-fit conditions, the HJB equation is linearized to a pa-
rameterized ODE, which can be solved in closed-form. The desired feedback form

of optimal consumption, investment and insurance strategies can be obtained by the
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inverse transform. Contrary to Guasoni et al. (2020), our boundary curves for the
wealth variable to distinguish different optimal feedback controls are all nonlinear
functions due to the additional life insurance control. Our analytical results allow
us to numerically illustrate how the model parameters affect the optimal decision on
consumption and life insurance. By comparing with some existing results without
shortfall aversion, we can also illustrate how the reference of past spending maximum
motivates the insurance purchase. Some interesting financial implications induced by
the shortfall aversion preference and the drawdown constraint are discussed therein.

The remainder of this chapter is organized as follows. Section 4.1 introduces
the market model with mortality risk and the stochastic control problem under the
shortfall aversion preference. Section 4.2 gives some heuristic arguments to solve the
HJB equation and presents theS main results on the optimal feedback consumption,
portfolio and life insurance controls. Section 4.3 presents several numerical examples

to illustrate some sensitivity analysis results and their financial implications.

4.1 Model Setup and Problem Formulation

4.1.1 Shortfall Aversion Preference and Control Problem

It is assumed in the present paper that the agent is shortfall averse on relative
consumption in the sense that utility losses of spending cuts from a reference. The
reference process is chosen as the running maximum consumption process H; :=
max {h, sup,c, cs}, and Hy = h > 0 is the initial reference level. We adopt the
shortfall aversion preference proposed in Guasoni et al. (2020) on consumption and

consider the expected utility on bequest at the time of death. The objective function
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of the control problem is defined by

E |:Jv €_th(Ct, Ht)dt + e—pTv(bT)]
0

(4.1.1)

0

0
=E U e~ PN (¢, Hy)dt + )\J

e(’)“)tV(bt)dt] :
0 0

where U(c, h) is the so-called shortfall aversion preference that satisfies

L&), ifvh<c<h,

1
U(Q h) = {711 n

- (=)™, ife=h,

with 0 < 71 < 1, and V(b) is a standard constant relative risk aversion (CRRA)

utility that
b2
Vb)) =K—, 0<yn <1, K>0,
Y2
and K stands for the bequest motive level. According to Figure 4.1, the utility
function U(c, h) has a kink at ¢ = h.

Utility function

U(c,h)

0

0 vh h
Consumption ¢

Figure 4.1: Utility U(c, h) for a consumption rate ¢, with reference point h

The agent aims to maximize the expected utility under a shortfall aversion pref-
erence subject to a drawdown constraint on consumption control that
Q0

0
max h)E lf e~ TV (¢, Hy)dt + /\f

—(p+A)t
e V(by)dt] . 4.1.2
(e,m,b)eA( 0 0 ( t) :| ( )
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For ease of presentation, it is assumed that the discount factor p equals the risk-free

rate r.

4.2 Main Results

4.2.1 The HJB Equation

For problem (4.1.2), we can derive the auxiliary HJB equation on the feasible domain

{(z,h) € [0,420) x [0,0) : 2 > &} using some heuristic arguments that

sup l—(r+/\)u+u$((r+)\)x+7r(,u—r)—c—/\b)
ce[vh,h],meR,b=0

1 4.2.3
+§<727T2um + Ule, h) + )\V(b)] =0, ( )
uh<x7 h) < 07
for x > 7fjr—h)\ and h = 0. The free boundary condition wuy(z,h) = 0 shall be spec-

ified later. Our goal is to find the optimal feedback control ¢*(z, h), 7*(x, h), and

b*(x,h). If u(x,-) is C* in z, the first order condition gives the optimal portfolio and

1

optimal bequest in feedback form that 7*(z,h) = —£5" = and b*(z, h) = (L)t

respectively. The HJB equation (4.2.3) can be simplified to

2,2

_ 1-— 2
sup [U(e,h) —cuz] — (r+ Nu+ (r + XN)zu, — AK R N AL 0,
ce[vh,h) 2 2 Ugy
vh
<0, Vo> .
h * r+ A
(4.2.4)

4.2.2 Some Heuristic Results

We aim to solve the HJB equation in analytical form. In particular, we plan to char-

acterize some thresholds (depending on h) for wealth level = such that the auxiliary
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value function, the optimal portfolio and consumption can be expressed analytically
in each region.

Similar to Deng et al. (2022) and Li et al. (2021), we can heuristically decompose
the domain based on the first order condition with respect to ¢ and express the HJB
equation (4.2.4) piecewisely. In particular, we have the following disjoint regions:

Region I: on the set Ry = {(z,h) e RE : & = H uy > v A1} U e, h)—

cu, is decreasing in ¢ on [vh, h], implying that ¢* = vh.

Region IT: on the set Ry = {(x,h) e R2 : o > 2 pU-om—1 g, < pm-tpl-em=1}

r+A’?

1
—1

U(c, h) — cu, attains its maximum in [vh, h], implying that ¢* = h%ugl
Region, III: on the set Ry = {(z,h) € R: : 2 > 2wy, < h==1} U(c, h)—

is increasing in ¢ on [vh, h], implying that ¢* = h. To distinguish whether the optimal

consumption c¢; updates the past maximum process H; in this region, we need to

split Region III into three subregions:

Region III-(i): on the set Dy = {(z,h) e Ry x Ry 1 2 > 2 (1 — a)hI=om—1 <

u, < hU=7M=11 " we have a contradiction that é(z) = (%)W < h, and
therefore ¢} is not a singular control. We still need to follow the previous feedback
form c¢*(xz,h) = h, in which A is a previously attained maximum level. The corre-
sponding running maximum process remains flat at the instant time. In this region,

we only know that up(z, h) < 0 as we have dH; = 0.
Region III-(ii): on the set Dy := {(z,h) € Ry x Ry : 2 > 2L o, = (1 —

r+A?

&)h(l—a)vl—1}7 we obtain ¢é(z) = (UI(z h))u D — = h and the feedback optimal

-«
1
consumption c*(x,h) = (%xah)) (d-m—-1 = This corresponds to the singular control

1
(%(XZ"_H?‘))W is

cf that creates a new peak for the whole path and H; = ¢} = -

strictly increasing at the instant time so that H;" > H} for any s < ¢ and we must

require the following free boundary condition that wuy(x, h) = 0. In this region, it is
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noted that ¢*(x,h) = h, therefore, the HJB equation follows the same PDE with in
Region I but together with the new free boundary condition.
Region I1I-(iii): on the set D3 := {(z,h) € Ry xR, : ugy(x, h) < (1—a)ht-m—11

ug (z,h)

I T
- ) (U-o)m-1 > h. This indicates that the initial reference level

we obtain ¢(z) = (
h is below the feedback control ¢(x), and the optimal consumption is again a singular
control ¢*(x) > h, which creates a new consumption peak. As the running maximum
process H} is updated immediately by c;, the feedback optimal consumption pulls
the associated H;" upward from its original value to the new value in the direction
of h and X} remains the same, in which u(x, h) is the solution of the HJB equation
on set D,. This suggests that for any given initial value (x, k) in set D3, the feedback
control ¢*(z, h) pushes (, k) to jump immediately to the point (z, k) on the boundary
uz(xgl)

~ 1
set D, for the given level of x, where h = (1—) (=edy=1,

Therefore, it is sufficient to consider the effective domain defined by

h
C:= {(x, h)eR, xRy :x > Jug(z,h) = (1 — a)h(la)“l}

14
r+A (4.2.5)
=RiURsuD; UDy = R

The only possibility for (x,h) € Ds occurs at the initial time ¢ = 0. If (X, H)
starts from C, then the controlled process (X}, H;) always stays inside region C and
either reflects at the boundary or moves along boundary Dy after visiting boundary
Dy. On the other hand, if the process (X, Hf) starts from the value (x,h) inside
region Ds, the optimal control enforces an instant jump (and the only jump) of the
process H from Hy_ = h to Hy = h on boundary Dy and both processes X; and H,
become continuous processes diffusing inside the effective domain C afterwards for

t<O0.
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Therefore, the HJB equation (4.2.4) can be written as

2,2 3
—(r+XNu+ (r+ Nzu, — E _ —V(ug, h), and up, <0,
2 Uae (4.2.6)

up =0, if u, = (1 — a)h(l_o‘)"’l_l,

where we define

AK 7T %q% + %h(l_o‘)“ —vhq, if ¢ > v tpmm-L
V(g h) i=  AK BT 122035 4 Lapaisngmon i plmemel < g <yt pieemet,

MK BT 25 Lpormn g if (1 - a)A09m! < g < 0oL,

(4.2.7)

To solve the equation, some boundary conditions are needed. First, to guaran-
tee the desired global regularity of the solution, we need to impose the smooth-
fit condition along two free boundaries such that u,(z, h) = v 1A0=91=1 and
ug(z,h) = h1=¥n=1  Next, note that if we start with initial wealth z = 2 to
confront the risk of bankruptcy, the optimal investment 7*(z) = —&5" = should
always be 0. The wealth level never changes as there is no trading strategy, the
consumption rate should also be ¢; = vh, and the optimal bequest should also be 0
all the time. Therefore, we can conclude that

v h +00 1 h 71 Y1
lim U@, 0 and lim wu(x,h) = f e (22 g = Y pl-em,
o Uzr (2, h) w 2h 0 v1 \ h® (r+ M)

T+ T+

(4.2.8)
On the other hand, when the initial wealth tends to infinity, one can consume as
much as possible, which leads to an infinitely large consumption rate and bequest.
A small variation in initial wealth only leads to a negligible change in the value
function. In addition, the optimal consumption rate should be proportional to the

wealth level in region D,. It follows that

lim w,(z,h) =0, and lim — =Cy, (4.2.9)

T—+00 z—+00, (z,h)eD2 T
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where Cy, > 0 is a constant. See Corollary 4.1 for the verification of the last boundary
condition .

To tackle the nonlinear HJB equation (4.2.6), we employ the dual transform
only with respect to the variable x and treat the variable h as a parameter; see
similar dual transform arguments in Bo et al. (2021), Deng et al. (2022) and Li et al.
(2021). That is, we consider v(y, h) := supxz%{u(x, h)—xy}, y = (1—a)h=om=1,
For a given (z,h) € C, let us define the variable y = wu,(x,h) and it holds that

u(z, h) = v(y,h) + vy. We can further deduce that

1
x=—v,(y,h), u(z,h) =v(y,h) —yv,(y, h) and uz,(r,h) = —————.
(), ) = () = gy () and () = —
The nonlinear equation (4.2.6) can be reduced to
K: ~
Y Uy~ (r+ANv=-V(y,h), (4.2.10)

where V(-,-) is defined in (4.2.7), and the free boundary condition is transformed
to the point y = (1 — &)h(l_o‘m_l. As h can be regarded as a parameter, we can
study the above equation as the ODE problem of the variable y. Based on the dual
transform, the boundary conditions (4.2.9) can be written as

. . h
;g)r(l)vy(y, h) = —o0, and }}Lngom = —Cy, (4.2.11)

on free boundary y = (1 —a)h=7~1 The boundary condition (4.2.8) is equivalent

to
h) — 0 and h) — BV paeem B
Yuyy(y,h) — 0 and v(y, h) —yv,(y,h) — (r + M as vy(y,h) — —
(4.2.12)

The dual transform holds that v,(y,h) = —z, and one can derive that u(x,h) =
up(y, h)+(vy(y, h) —I—x)di’i—(hh) = vp(y, h). The free boundary condition (4.2.6) is written
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op(y,h) =0 as y = (1 —a)pt-m-1 (4.2.13)

In particular, to facilitate some mathematical arguments, we need to impose the
following technical assumption on model parameters. This assumption is needed in
deriving the explicit form of coefficient functions C;(h), i = 1,...,6, in Proposition
4.1 below. It is also needed in the proof of Lemma 4.1 when we verify that the ob-
tained solution v(y, k) is convex in the variable y and in the proof of the verification

theorem on optimality.

Assumption (A1) 2 < (1 —a)y < —:—f # 71, where r;1 > 1 and ry < 0 are two

solutions to the equation n? —n — % = 0.

Proposition 4.1. Under Assumption (A1), boundary conditions (4.2.11), (4.2.12),
the free boundary condition (4.2.13), and the smooth-fit conditions with respect to y

at free boundary points y = v AU gnd ¢y = K==l the ODE (4.2.10) in

the domain {y e R : y = (1—a)h1=M=1} admits the unique solution given explicitly

by
2AK 1Pz
Ca(h)y™ + — y”
K2 P2(P2 — 11) (B2 — T2) if y > vn-ipl-em-1
N (1_ ) I/h ’
+ ———h\ T - v,
(r+XM)m r+ A s
2AK P2
Calhly™ + O™ + ey =)
v(y, h) = ohabs 2(P2 1){P2 2 if pl-—a)m—-1 < y < V’n—lh(l—a)'yl—l’
B1
+ )
W2B1(BL — 1) (B1 — r2)” s
2AK P2
Cs(h)y™ + Ce(h)y™ + — y™”
K 52(/82 - rl)(52 - TZ) Zf (1 _ a)h(l—a)’yl—l <y< h(l—a)’n—l
1 )
= p(l=a)m
\ +(7“+/\)’}/1h 7’+)\y7

(4.2.14)
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where ) = 1=, By = 2=, and functions Cy(h),Cs(h),---,Cs(h) are given by

71 Y2—17

1 -5 _
Co(h) = Cy(h) + pyrimtrzpri(l a)'u-i-rz,
() “h) (r+ ) (1 —712) (B —12)

1—5 _
Ca(h) = T2Y1+T1 h’I”Q(l a)y1+r
s(h) (r+A)(r1 —7r2) (B _7'1>V ’

= pr—1 ri(l—a)yi+r2
G = G N ) ’

— _ 1 -0 r2(l—a)y1+m1
B o S [T L

(1 — 05)7’1—7"2(1 — 51)(7“2(1 — Oé)')/l + Tl) (1 o Vr271+r1)h7“1(1—04)’71+7"2

Cs(h) =
) = ) B - (- )+ 1)
(4.2.15)
where 11 > 1 and 5 < 0 are two roots to the quadratic equation n> —n — % =0.
Proof. The proof is given in Appendix A.2.1. O]

Theorem 4.1 (Verification Theorem). Let (z,h) € C, he R and 0 < A < 1, where
x = 0 stands for the initial wealth, h = 0 is the initial reference level, and C stands
for the effective domain (4.2.5). For (y,h) € {(y,h) e R2 1 y > (1 — a)hl-9m-1}

let us define the feedback functions that

vh, if y > vy tpd-em=1,
ay] 1
hﬁugrlj if pA-e)m—1 < y < V'Yl_lh(l—a)%—l’
CT(ZLh) = . (1—a)y—1 (1—a)yi-1 (4.2.16)
h; Zf(]_—a)h @)Y1 <y<h a)v1 :
I T
(ﬁ) (1—a)w1—1’ ny — (1 o Ck)h(l_a)%_l’
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W=
i (y,h) = (v h)

2(7:2->\) 02(h)yr2—1 + %yﬁz—l’ ny > V'yl—lh(l—a)'yl—l’
2(r+ A _ 2(r + A o
(T’iz )C’g(h)yrl 1 4 (761{2)04(h)y 2—1
IAKP2(By — 1)

B2—1 e (l—a)y1—1 Yy1—1p(1—a)y1—1
nr ] TR’ RO <y <O,
T2 N 2(B1 — 1)hom yﬁl*l,

k2(B1 —1r1)(B1 — 12)
2(r + A _ 2(r+ A o
( = )05(h)y7‘1 1 + ( — )Cﬁ(h)y 2—1 ' 1 1 1 1
WE(5 - 1) o i (1= )=t <y < -,
k2(P2 —11)(B2 — 7“2)y ’
(4.2.17)
and
! 1
Y2—
b (y, h) = (%) . (4.2.18)
f@2
We consider the process Yy(y) := yeU*NM,, where M, = e~ We s the

discounted rate state price density process, and y* = y*(x, h) is the unique solution

to the budget constraint E[§; (c'(Yi(y), Hl (y)) + No' (Yily), H] (v))) M,dt] = x, where

Sgt Sgt

Hi(y) :=h v supc (Ya(y), H(y) = h v <ian5(y)/(1 - a)> T

is the optimal reference process corresponding to any fived y > 0. The value function
u(x, h) can be attained by employing the optimal consumption and portfolio strategies
in the feedback form that ¢t = c'(Y;*, HY) and 7f = ' (Y*, H¥) for all t = 0, where
Y o= Yi(y*) and Hy = Hi(y").

The process H} is strictly increasing if and only if Y;* = (1 — oz)Hg"(lfa)'yrl. If

we have y*(x,h) < (1 — a)hI=9M=1 at the initial time, the optimal consumption

creates a new peak and brings Hi_ = h jumping immediately to a higher level Hf =
1
(%) ==t gych that t = 0 becomes the only jump time of H}.
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Proof. The proof is given in Appendix A.2.2. O

Using the dual relationship between u and v, we have the optimal x = g(-, h) :=
—vy(+,h). Define f(-,h) as the inverse of g(-,h), then u(z,h) = v(f(x,h),h) +
xf(x,h). Note that v has different expressions in the regions ¢ = 0, 0 < ¢ < h and
¢ = h, and the function f should also have piecewise across these regions. By the
definition of g, the invertibility of the map x — g(x, h) is guaranteed by the following

lemma.

Lemma 4.1. Under Assumption (A1), the value function v(y,h) in (4.2.14) is
convetz in all regions so that the inverse Legendre transform u(x, h) = infy > (1_qyp-an-1
[v(y, h) + zy]| is well defined. Moreover, it implies that the feedback optimal portfolio
™y, h) > 0 all the time.

Proof. See Appendix A.2.3. m

4.2.3 Optimal Feedback Controls

The main result in this subsection is based on Assumption (A1). Thanks to Lemma
4.1, we can apply the inverse Legendre transform to the solution v(y, h) in (4.2.14).

Similar to Section 3.1 in Deng et al. (2022), we can characterize the following four
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boundary curves pound(h), Ziow(R), Tager(h), and zius(h):

vh
r+ A

JJ‘bound(h) =

1—- Bz—1)(m—1
C KRGO ey, VD

ow(h) := —Co(h —ri(m=1p—ri((l-—a)n—-1)
Tiow (h) 2(R)rav k2(Ba —71)(B2 — 12) T+

Taggr (h) = _03(h)hhfr2((1*a)'yrl) _ 04(;1)7,2}1*7”1((1*04)7171)

1-B2
_ 2K 7 h(ﬁ2—1)((1—(¥)"/1—1) _ 2 h7
K2(B2 —11)(B2 — 72) K2(Br — 1) (L — 12)

Tiavs(h) = —Cs(h)ri(1 — a)rl—lh—rz((l—a)’n—l) — Co(h)ra(1 — a)rz—lh—n((l—a)’n—l)

_ 2 )2 KR, e P
K2(B2 — 1) (B2 — 12) rtA

(4.2.19)
and it holds that the feedback function of the optimal consumption satisfies: (i
c*(z,h) = vh when Tpoumd(h) < & < Tiow(h); (i) vh < ¢*(z,h) < h when Zjoy(h) <
T < Tage(h); (iil) ¢*(x,h) = h when Tuee(h) < © < Ziays(h). In particular, the
condition wu,(x,h) = (1 — a)h=®n~1 in the effective domain C in (4.2.5) now can
be explicitly expressed as x < Tjays(h).

We also define functions fi(z, h), fo(x, h) and f3(x,h) to be the respective solu-

tions to three equations that

QAK1 B2 £y (2, h)P2~1 N vh
k2B —r1)(Be—12)  THN

z = —Cy(h)ri(fa(x, )~ = Ca(h)ra(fala, k)=

z = —Cy(h)ra(fi(z, b))t — if Zhound(h) < T < Ziow (h),

I\NK 152 h)P2—1 QBB h)Ai—1
_ A fa(z, h) _ fa(@,h) if Z)ow(h) <z < faggr(h)a

K2(Bg —11)(B2 —1r2)  KEH(B1 —11)(B1—12)’

v = =Cs(h)ri(f3(x, h)" ™" = Co(h)ra(f3(x, h)™> "

RN C)
kK2(B2—r1) (B2 —12) TN

if Zager(h) < & < Zjavs(h).

(4.2.20)
The following proposition shows the semi-analytical form for the value function,
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optimal consumption, and optimal portfolio.

Theorem 4.2. For (z,h) € {(z,h) € R2 : & = Zpoma(h)}, 0 <v <1, 1,72 > 0, the

value function u(zx, h) in (4.1.1) can be expressed in a piecewise form that

u(z, h) =
QN 152
Co(h) fr(x, h)" )
AR e By — ) (B =) M if Thound (1) < @ < @iow (h),
b e
(r+ M7 A Y ONK LB
. . B2
C3(h)f2($,};)hcw—f C4(h)f2($,h) + K252(ﬁ2 _7,1)(52 _Tz)f2(1'7h) ifﬂow(h’) <z< xaggr(h),
T B1
* K2B1(Br — 1) (Br — TQ)fQ( " 2A\K1-5
. . B2
05(h)f31(:1:, h)™ + Cs(h) f3(z,h)™ + K2PBy(Ba — 1) (B2 — 72) fa(@,h) if Tagar(h) < T < Tyays(h),
I N ¢ e L
+ (r+)\),}/1h v )\fS(x7h)a

(4.2.21)
where the boundaries Tpound(h), Tiow (), Tager(h), and Tias(h) are given in (4.2.19).
Moreover, the feedback optimal consumption and portfolio can also be given in terms

of primal variables (z,h) accordingly:

Vh, Zf :Ubound(h T < $10W<h)
avy 1 .
c*({]j h) _ hi—1 f2($, h) ST Zf $10W<h) <z xaggr( ), (4 9 22)
’ h, if Taggr(h) < @ < Tiavs(h), B

7 1
(BAD) G5 if & = g (B),
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where h(z) := x;;} (), the optimal portfolio

7 (z, h)
2 Oy (h) a2+ SO (2 n)B i apeuna (B) < 2 < o (B),
+ A 2(r + A
(TH ey fote, by + 22 0y e, by
IAKP2(By — 1)
Jh) f Tiow (D) < & < Taggr(h
S T S o) 2 sl
= o2 n 1 ,h 51717
K2 (B1 —r1)(B1 — Tz)fQ(:C )
2(r + A 2(r + A _
I O e
INK 1Bz (,82 _ 1) f (x h)ﬁQ—l Zf xaggr(h) <z < xlavs(h)a
K2(B2 —11)(Ba —12) "
(4.2.23)
and the optimal bequest
- 171
<f1(]9?h)> ’ ) Zf Lhound ST < xlow(h)7
1
* T v2-1 .
b (. h) = { <%> i o <0 < Tag(h), (4.2.24)
v 171
k <%> i Cage < @ < Tas(h).

Moreover, for any initial value (X§, Hf) = (xz,h) € C, the stochastic differential

equation
dX; = (r+ N X/dt + 7 (u—r)dt — c*dt — \bjdt + 7*cdW,, (4.2.25)
has a unique strong solution under the optimal feedback control (c*,m*).

Proof. The proof of Theorem 4.2 is trivial under the results of Theorem 4.1 and the
inverse Legendre transform. Moreover, the existence and uniqueness of the strong
solution to SDE (4.2.25) follows the same argument in the proof of Proposition 5.1
of Deng et al. (2022). O
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Based on Theorem 4.2, we can derive some asymptotic results of the optimal
consumption-wealth ratio ¢f/X; and the invest fraction 7;/X;* when the wealth is
sufficiently large. As wealth x — 400, the running maximum h updates to h =
z;.! (z) and tends to infinity. Therefore, from the constraint that © < x1.,s(h), the
asymptotic properties of optimal controls as x — 400 should be restrained along the

boundary curve & = ,5(h) as h — +0o0.

Corollary 4.1. Two limits lim F@avs (W) o d iy T Eiavs (),2)

5 - exist and are both
h—+00 xlavs( ) h—+0o0 xlavs( )

positive. Meanwhile, the asymptotic behavior of the optimal bequest hlim W;"“‘V—S((Z)W
—+00 avs

also exists, and is positive if and only if vo = (1 — a)y.
Proof. See Appendix A.2.4. O

Remark. Contrary to Guasoni et al. (2020), all boundary curves Zipy(h), Tager(h)
and Xiays(h) in the present paper are all nonlinear functions of h, because the expected
bequest and the optimal life insurance control are considered in our problem. If
A = 0 such that there is no life insurance control, the boundary curves become linear
functions of the reference variable h, and the results are similar to those in Guasoni

et al. (2020).

Remark. Under optimal control (c¢*,7*,b*), the wealth process X satisfies the con-

*
vH;

straint that X > -=%

if the initial condition X = x > % is satisfied. Indeed, let

Zr = X[ — l;fi If ZF = 0 at some t = 0, the optimal feedback controls satisfy that

¢, =vH}, nf =0, and bf = 0, indicating that ZF = 0 and ¢ = vH} for all s > t.

%
vH]

5 once this level is hit.

That is, the optimal wealth X stays at the level

Remark. As wealth x tends to the lower bound %, the optimal bequest b* — 0,

and thus the optimal premium p* = \(b* — ) < 0. If the parameters satisfy x*(33 —

1) = 2r, the optimal premium shall always be negative. If the parameters satisfy
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k2(B2 — 1) < 2r, the optimal premium would be positive if x > x*, where x* satisfies

f(z*, h) < B=em=1 gnd

N
r+ A

k2(B3 —1)—2r

#2(B2 — 1) (B2 — ra) KP271 F(@* )27 = —r Cs(h) f(2*, h)  =roCo(h) f (*, h)> " +

4.3 Numerical Illustrations

In this section, we numerically illustrate some quantitative properties of the feedback
functions of optimal consumption, investment, and life insurance premium policy es-
tablished in Theorem 4.2. Let us choose the following values of the model parameters:
r=0.05 p=0.10=025 p=0.05 A=0.03v=02 v =05 7%=01 a=0.7,
K =5, and reference level h = 1. In the following figures, we only change the value
of one parameter (while keeping other parameters fixed) to show some sensitivity

results with respect to that parameter.

4.3.1 Boundary Curves

The left panel of Figure 4.2 shows that three boundary curves Ziw(h), Tage(h),
and Z),s(h) are increasing nonlinear functions of h. The graphs are consistent with
the intuition that if the past reference level is higher, the investor would expect
larger wealth thresholds to trigger the change of consumption from the low constraint
¢ = vh to ¢ > vh, and from ¢ < h to the historical maximum ¢ = h, respectively.
From the middle panel, the higher mortality probability motivates the agent to reduce
all thresholds and consume more aggressively before the death occurs. It can be seen
from the right panel of Figure 4.2 that Zioy, Tager and 1,y are all decreasing in the
shortfall aversion parameter «, indicating that the more shortfall averse the agent is,
the more eager the agent is to consume at the historical maximum level by lowering

the corresponding thresholds.
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Figure 4.2: Boundary curves Thound, Zlow, Tager and Tlays With respect to the reference
variable h (left), the force of mortality A (middle), and the shortfall aversion parameter «
(right), respectively.

4.3.2 Sensitivity Analysis

Figures 4.3 to 4.5 show the sensitivity results of optimal controls on the force of
mortality A, the shortfall aversion a and the bequest motive K, respectively. From
Figure 4.3, when the wealth level z is sufficiently large, the higher force of mortality
motivates the larger optimal consumption and higher optimal insurance premium
but results in the lower portfolio allocation in the risky asset. These observations
can be explained by the real life situation that the agent spends more cash from
the financial market to consume more and purchase more life insurance in view
of the higher probability of death. It is interesting to see from Figure 4.4 that a
larger shortfall aversion parameter « (i.e., the stronger desire to consume at the
historical peak level), leads to a larger optimal insurance premium, which is similar
to the observation made in Ben-Arab et al. (1996) that higher consumption habits
would increase the demand for life insurance. It is also consistent with two real
life observations: (i) the agent who develops a higher standard of living due to a
larger o would purchase more life insurance, possibly to ensure that the left family
members can afford the high living standard after the death of the agent; (i7) when
the agent has sufficient wealth, purchasing more life insurance can also be an effective

instrument to reduce some spared cash and smooth out the consumption path so that
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the reference level does not increase significantly. From Figure 4.5, it is natural to see
that the higher bequest motive K yields higher demand for life insurance and lower
portfolio allocation. We stress that a higher bequest goal also lowers all consumption
thresholds and increases the consumption level. This can be explained by the real
life observation that the agent who cares more about life insurance protection is more
likely to develop a higher standard of living and consume more aggressively due to

a higher reference level.
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Figure 4.3: Optimal consumption, portfolio and insurance premium for various forces of
mortality.
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Figure 4.4: Optimal consumption, portfolio and insurance premium for various shortfall
aversion.

Figure 4.6 shows the sensitivity results of optimal controls on the drawdown con-
straint parameter v. When the wealth level is sufficient such that the drawdown
constraint on the consumption rate can be supported, the larger parameter v in-
creases all thresholds for the consumption plan and leads to a higher past spending

maximum when the wealth level is large. Due to the higher minimum consumption
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Figure 4.5: Optimal consumption, portfolio and insurance premium for various bequest
motives.

rate at the drawdown constraint level and higher consumption when the wealth level
is large, it is reasonable to observe that the larger parameter v reduces the incentives

of portfolio allocation and life insurance when wealth is sufficient.
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Figure 4.6: Optimal consumption, portfolio and insurance premium for various drawdown
constraint parameters.

Figures 4.7 and 4.8 present the simulated paths of the optimal wealth, the optimal
consumption, the optimal portfolio, and the optimal life insurance premium in ten
years in three different models: 1) our proposed model with life insurance, reference
to past spending maximum and drawdown constraint (our model), 2) the shortfall
aversion model in Guasoni et al. (2020), and 3) the standard optimal consumption
and life insurance model. If we do not consider life insurance and drawdown con-
straints, that is, A = 0 and v = 0, our model is equivalent to Guasoni’s model
(Guasoni). Moreover, a nonhabit individual would not be affected by the consump-

tion path in her model and can be characterized by our model if shortfall aversion
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a = 0 (non-habit). We set the initial wealth to be Xy = 3.5. One can observe
that the optimal wealth sample path in the nonhabit model dominates the other two
counterparts, and the optimal wealth path in our model grows slowest due to the
life insurance purchase and the consumption reference. For the same reasoning, the
portfolio allocation in our model is also the least. Regarding the optimal consump-
tion paths, the simulated path in our model is smoother than the other two paths,
and the overall consumption level is also highest due to the drawdown constraint. Fi-
nally, comparing the demand for life insurance between our model and the nonhabit
model, our life insurance premium path becomes much smoother, indicating that the
reference to past consumption not only leads to stable consumption behavior, but

also helps to smooth out the optimal premium plan.
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Figure 4.7: Wealth and consumption processes (Xo = 3.5).

4.4 Conclusion

In this chapter, we study the optimal life insurance problem together with dynamic
portfolio and consumption plans in a new framework under the shortfall aversion
preference and a drawdown constraint on consumption. For the infinite horizon s-
tochastic control problem, we can find the classical solution to the associated HJB
equation in piecewise form and characterize the optimal feedback controls explic-
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Figure 4.8: Portfolio and life insurance premium processes (Xo = 3.5).

itly across different regions. Thanks to our analytical results, we can numerically
illustrate the sensitivity results of the optimal strategies on model parameters and
conclude with some interesting financial implications.

Several directions of future research can be considered. For example, one may
consider the problem in the market model with regime switching, and discuss some
quantitative changes in optimal strategies in bull and bear regime states. It is also
appealing to study the more challenging problem over a finite horizon, in which the
analytical characterization of the value function is not promising and all boundary
curves to distinguish different optimal feedback controls are time-dependent. Some

new techniques are needed to tackle the parabolic PDE problem.
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Chapter 5

On the Policy Improvement
Algorithm for Optimal
Consumption and Life Insurance
with Habit Formation

In this chapter, we propose a reinforcement learning method to choose the optimal
relative consumption, portfolio and life insurance purchasing under habit formation
preference. In particular, the risky asset in the market is unknown. The preference
measures both the difference between consumption and living standard and expect-
ed bequest at the time of death. Any given policy is evaluated by minimizing the
martingale loss rather than the classical temporal difference (TD) error. With some
necessary estimation for some market coefficient, the policy is updated by our pro-
posed policy improvement theorem (PIT). Our proposed algorithm and results are
applied to obtain the optimal portfolio, consumption, and life insurance purchase in
the real market.

The remainder of this chapter is organized as follows. Section 5.1 introduces the
market model, habit formation, mortality risk, and the stochastic control problem.
Section 5.2 proposes the reinforcement learning algorithm based on the solution to

the classical stochastic control problem. Simulation studies are conducted to assess
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the performance of our proposed algorithm in Section 5.3. In section 5.4, we further
apply our algorithm to consume, invest and purchase life insurance from July 2021

to June 2022 based on the market in the previous 12 months.

5.1 Problem Formulation

The value function is defined by

J(z,z;¢,m b) = E® U e P°U(cs — Zs)ds + Ke’”U(bT)dS]
0
(5.1.1)

— 7o U: e~V (U (e, — Zy) + AKU(bs))ds] ,

where p > 0 is the discount factor, U(x) := %:ﬂ is the constant relative risk aversion

(CRRA) utility function where parameter v < 1, and K > 0 stands for the bequest

motive level. Our problem is to find a control triple (¢*, 7*,0*) € A(x, z) such that

J(x,z;c* 7% 0%) = sup  J(z,z;¢,m,b) = u(x, 2),
(e,mb)eA(x,z)

where u(z, z) is called the value function of our problem.

To ensure that under the optimal policy, the expected utility of consumption flow
grows at a rate that is lower than the time preference, then the problem is well-posed,
we need the following conditions:

L
0 <n<r+A+d, p+A—y(r+1)— w) o < 1.

(5.1.2)

5.2 Algorithm Design

In this section, we propose an algorithm to obtain the optimal value function, the

optimal feedback consumption and investment strategies with unknown g and o in
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the stock price dynamics (2.3.4). To be more specific, we first refer to the classical
optimal consumption-investment problem with life insurance if we have knowledge of
all the parameters in the model, then propose a policy improvement theorem (PIT)
inspired by the solution to the classical problem, and evaluate the policy by mini-
mizing the martingale loss. In practice, the policy is improved by the combination

of PIT and the estimation of some model parameters.

5.2.1 Optimality of the classical problem

In this section, we refer to the solution to the classical optimal consumption and life

insurance problem with habit formation.

Theorem 5.1. The optimal value function of problem (5.1.1) is given by

u(z, z) = T <a: - 2)7, (5.2.3)

(d+mn)y

where d :=r + X+ 6 —n and h is defined as

~

v (e (55) ) (i) (o)

(5.2.4)

Moreover, the optimal feedback control triple is

z

)

7z, 2) = ﬁ (x - 2) (5.2.5)

The associated optimal wealth and habit formation processes under (c*,7*) are the
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unique solution of the SDE

dX] = (r X+ 7fpu— ¢ — A} )dt + 7w} odW,,
(5.2.6)
Az} = (ncy —o0Z7)dt, t =0,

with initial pair (X§, Z5) = (x, 2) satisfying v = 3.

Proof. The proof is similar to the proof of Theorem 1 in Constantinides (1990), so

we omit it here. OJ

5.2.2 A policy improvement theorem

In this section, we provide a policy improvement theorem that guarantees that the
iterated value functions are nondecreasing, and ultimately converge to the optimal
value function. Jacka and Mijatovi (2017) proved the policy improvement theorem
for continuous-time stochastic control problems. However, for the completeness of

this paper, we still show the proof in this section.

Theorem 5.2 (Policy Improvement Theorem). Let ¢ = ¢(-,-), m = 7(-,-) and b =
b(-,-) be a triple of arbitrarily given admissible feedback control policies. Suppose

that the corresponding value function u®™(-,-) € C*'({(x,z) : @ > 2}) satisfies

us™(x,2) < 0, for any x = 3. Suppose further that the feedback policy triplet

Tx d

(&,7,b) defined by

c,m,b c,mb\ T-1
~ c,m,b c,m,b ﬁ ~ _ Uy T o Uy’ 7
far3) = 2 (15 =), ) = - e - ()
(5.2.7)
1s admissible. Then
ué’ﬁ’i’(x, 2) = u™(x,2), = cfl >0 (5.2.8)
Proof. See Appendix A.3.1. m
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The optimal feedback control (5.2.5) in Theorem 5.1 suggests that a candidate

z

initial feedback policy triple may take the form cy(z,2) = z + a4 (J? — d), mo(z,2) =
as (:r - g), and by = as ([E - g) Therefore, such a choice leads to the convergence of
both the value functions and the policies in a finite number of iterations theoretically

if r, A, 0,17 are known and thus d is known.

z

Theorem 5.3. Consider the initial control triple co(x, z) = z +ay (ac — d), mo(z,2) =
az(z—2), withai,az > 0, and by = az(x—2). Denote by {(ca(z, 2), (2, 2), ba(2, 2)),
v =% >0,n>1} the sequence of feedback triples by the policy improvement scheme
(5.2.7), and {u™" x> 2 > 0,n = 1} is the sequence of the corresponding value

functions. Then

lim c,(z, z) = c*(x,2), lim m,(z,z2) =7%(x,2), lm b,(z,z)=>b"(z,z), (5.2.9)
n—0o0 n—0o0 n—0o0

and

lim u ™t (z, 2) = u(z, 2), (5.2.10)

n—aoo
for any x = % >0, where (c*, 7*,b*) is the optimal policy triplet in (5.2.5) and u is

the value function (5.2.3).

Proof. See Appendix A.3.2. n

5.2.3 TD error and martingale loss for policy evaluation

For policy evaluation to learn the value function u“™® under any arbitrarily given
admissible feedback policy pair (¢, 7), we first review the temporal difference (TD)
methods, and show that mean square TD error (MSTDE) is not applicable for our
problem. We then extend the martingale loss proposed by Jia and Zhou (2022a) in

finite horizon for our infinite horizon problem.
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By Bellman’s consistency, we have

s 1
€7Ptu677r,b(x, Z) =E" lepsucﬂr,b(Xs, Zs) + J e PV ((Cv — Zv)’ydv + )\KbZ) d'l]] , §=1t,
t g

(5.2.11)

for x = £ > 0. Rearranging this equation and dividing both sides by s — ¢, we obtain

E]—} [ep(st)uc,ﬂ',b(XS’ Zs) _ uC,ﬂ'yb(Xt’ Zt) N 1 J'S
t

1
. . e—P@—t)((cfzv)vduHKbg)dv] = 0.
s — s —

v

Let s — t on the left-hand side, then we obtain the TD error

, 1 AK
€ = —pus™(Xy, Zy) + 0™ (X, Zy) + §<Ct —Z)" + sza (5.2.12)

c,m,b __cm,b
where 1™ (X,, Z;) = = (X”At’z”ﬁt) uwBT(X0 %) i the total derivative and At is the

discretization step for the learning algorithm. The objective of the policy evaluation
is to minimize the sum square of the TD error ¢;. Denote by J? and (c?, 7%, b?) the
value function and policy, respectively with 8 and ¢ being the vector of weights to

be learned. The objective function is defined as

1 [ o0
R(0,¢) = E L e”t|et|2dt]
1 [ (™ : 1 MK 2
— 51@ J e — pJ? (X, Z,) + T (X, Z4) + ;(cf — 7)) + 7(bf)7 dt],
| JO

where (¢?, %) = {c], 7}, bf,t = 0} is generated from (¢, 7%, b?) in an implementable
algorithm.

To make the minimization process applicable, one needs to discretize an infinite
time horizon into small equal-length intervals [¢;,¢; 1] for i = 0,1,---, with ¢, = 0.
Then a set of samples D = {(z;,2;) : i =0,1,---} are collected in the following way.
The initial sample is (g, z9) for i = 0. Then at each time ¢;, i = 0,--- , [, one applies
(¢, m{) to be the consumption and investment in the risky asset, and then observe
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the wealth z;,, at the next time instant ¢;,;. Therefore, the discretization version

of the infinite horizon mean square TD error is defined as

Je(XtiH? Zti+1) - Je(Xtm Zti)
tiy1 — t;

MSTDEAt = [26 pti ( pJ Xt Ztl) +

1 AK 2
+ ;(CZ — Zti)7 + T(bi)v) At:|
(5.2.13)

Denote by My = e Pu""" (Xy, Z;) + Sé e*pS%((Cf — Z,)7 + AK (b%)7)ds, then

i efpti ( _ puc“’ﬂr‘?’,b“’ (Xt Zt ) + ucwﬂrv (XtiJrl? th‘+1) - uc%",w%" (Xtm Zti)
i—0 v tiv1 — 1t

2
+=((cf = Z,)" + )\KbZi)) At

1
gl

1 o0
:Kt Z e*Pti ( _ puc‘PJr%D (Xti, Ztl)At + uc%",rr*P (Xti+1, ZtiJrl) o uc*P,ﬂ'LP (Xt“ Ztl)
=0

t1+1 2
+ J 1((&; — Z)" 4+ AKb?)ds + O(At)Z)
t; ’y

< Yoo = S (uSTT (X Z4),s

which is the quadratic variation and thus nonzero. Thus, the minimizer of M ST DFEa (6, )
cannot provide a good approximation of the value function.

Because the minimizer of MSTDE minimizes the quadratic variation of the mar-
tingale M,”, we aim to apply the martingale loss proposed in Jia and Zhou (2022a)

to approximate the value function. According to the martingale condition that
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M, = E[M;|F;] for all s > ¢, we aim to minimize the following martingale loss
1
ML(0) =5 | M?(8) = MZ(6)3

e MEGRHORY
0

0 2
%E[Z( i J(X,,, 7 Z ¢ Pta— A—th)7+)\Kb§j)) At]

i=0 j=i+1
=ML (0),

(5.2.14)
as s — o0, where t; is a mesh grid in time. Loss function M La (6) does not rely on the
knowledge of i1 and o in the system, it is implementable in the algorithm. Moreover,
the time horizon we observe cannot be infinite, but we can select a truncated time

T that is sufficiently large.

5.2.4 The habit formation algorithms

In this section, we present an algorithm to solve (5.1.1). The algorithm consists of
two procedures: policy evaluation and policy improvement. Policy is evaluated by
minimizing the martingale loss, and is improved by PIT. By virtue of Theorem 5.1
and Theorem 5.3, we focus on the optimal policy triplet taking the form c(x,z) =
z+ p1(z — 2) and w(z, 2) = pa(x — 2), b(z, 2) = ps3(z — 2), and denoted by ¢ =
(1, P2, ©3)" the parameters to be learned.

For policy evaluation, as suggested by the theoretical optimal value function

(5.2.3) in Theorem 5.2.3, we consider the parameterized J%, where 6 > 0, by

S\ 7
JO(x,2) = 0(90 — 8) : (5.2.15)
We can minimize M La;(0) using the gradient descent algorithms to devise the up-
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dating rules for #. Precisely ,we compute

OMLn(0) o _y, S |
g "o\ e ) = e = 2+ ARG ) A
. e_Pti a‘je <Xti_’ Zt")
o0 ’
(5.2.16)

where aﬁa(;,z) = ‘]e(g’z) due to the form J%(z,z) = 0(z — 2)".

From the policy improvement updating scheme (5.2.7), it follows that the optimal

1
consumption c¢(z,z) = z + (%jn)) "1(z — %) and the optimal bequest b(z, z) =

1 1 1
(9%) 71 (z — 2), indicating that ¢; = (W) T and @3 = (9%)”*1. Parameter
may not change by the policy improvement theorem 5.2, however, by the expression

vy = W, a basic idea is to make some estimation for i or o and then update

w9 while updating ¢ and 6. Statistical estimation is the first choice to estimate pu
and o by the trajectories D. However, although the classical estimator o is accurate,
the estimator for p may have large variance and is thus not robust, therefore, we
aim to update @9 under 1,6, and estimation for o. To be more specific, for wealth,
consumption and investment trajectories {Xy, }i_q, {cf oo, {7 }\_, and {b7}._, with

t; =T > 0, we can first estimate o2 by

~2
U‘Z v v

=1 (XtiJrl — (1 + TAt)th — CEAt — AbflAt 1 lizzl th+1 - (1 + TAt)th - CgAt - AbrjAt)2
l ¢ ’

i=0 T, j=0 T
(5.2.17)
and define
L 2(1— )52 2 d \71
P S Y — (1= MK [ — 1—
i ~d p+A—(r+A) A s (d+n)(1—=7)¢e1 ),
(5.2.18)

by virtue of (5.2.4). Then ¢, can be updated by ¢y = m Based on the

discussion above, we propose algorithm 1 to obtain the optimal 0, ¢, @9, and @3,
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and thus the corresponding value function and optimal policy triplet.

Algorithm 1 Algorithm based on PIT

Inputs: Initial wealth and habit formation (g, zp), horizon T, discretization At,
learning rate 7y, and number of episodes n.
Required program: an wealth and reference simulator (2/,2) =
Environmenta(t; x, z; ¢, 7, b) that takes current time-wealth and action (¢, m,b) as
inputs and generates wealth and reference (2/, 2") at time t + At.
Learning procedure:
Initialize 6, ¢
forie {l,--- ,n} do
Obtain two local state trajectories {(Xy,, Z,),7 = 0,1,-- - , 1} by running system
(2.3.5) with parameter triplet ¢ = (¢1, 2, ©3)
Update 6 (policy evaluation) using (5.2.16) by

Update ¢, and @3 (policy improvement) by

0(d + 1)\ ™ 6y\ 7
901<—(—W<d 77)) , and @3*(%)

Estimate 6 and determine /i* using (5.2.17) and (5.2.18) respectively
Update ¢y (policy improvement) by

end for

5.3 Simulation Studies

In this section, we use a simulated example to illustrate the feasibility and advan-
tages of our proposed learning algorithm. We compare the performance of our habit
formation algorithm (HF) with the conventional least square method (LS). Recall
that in the classical LS method, the estimators for @ and o can be plugged into
(5.2.5) and then the corresponding policy is obtained.

We generate 100 datasets from model (2.3.4). This is repeated by the following
combinations of p and o from the sets u € {0.05,0.1,0.15} and o € {0.2,0.25,0.3}.
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© o 0 ©1 P2 ©3
HF algorithm 0.3868(0.0007) 4.0087(0.1342) 3.3997(2.8084) 26.7565(0.8957)
LS method | 0.05 0.2 | 0.4166(0.0056) 3.5593(0.5317) 5.6471(6.5414) 23.7573(3.5500)
Theoretical 0.3841 4.0617 2.5 27.1100
HF algorithm 0.3865(0.0007) 4.0166(0.1420) 2.6397(2.2169) 26.8095(0.9475)
LS method | 0.05 0.25 | 0.4144(0.0051) 3.5818(0.5074) 4.2800(5.0979) 23.9071(3.3865)
Theoretical 0.3837 4.0708 1.6 27.1713
HF algorithm 0.3865(0.0007) 4.0146(0.1319) 2.1897(1.8494)  26.7959(0.8805)
LS method | 0.05 0.3 | 0.4131(0.0048) 3.5961(0.4915) 3.4376(4.1725) 24.0024(3.2804)
Theoretical 0.3834 4.0758 1.1111 27.2046
HF algorithm 0.3876(0.0009)  3.9950(0.1697) 3.8156(2.9471) 26.6651(1.1328)
LS method | 0.1 0.2 | 0.4233(0.0053) 3.4544(0.5898) 7.0726(7.0602) 23.0571(3.9367)
Theoretical 0.3878 3.9851 5 26.5992
HF algorithm 0.3877(0.0009)  3.9928(0.1619) 3.0072(2.4254) 26.6505(1.0807)
LS method | 0.1 0.25 | 0.4250(0.0083) 3.4845(0.6088) 5.2825(5.6165) 23.2575(4.0629)
Theoretical 0.3860 4.0219 3.2 26.8444
HF algorithm 0.3867(0.0009) 4.0141(0.1851) 2.3446(1.9179) 26.7929(1.2352)
LS method | 0.1 0.3 | 0.4208(0.0069) 3.5192(0.5738) 4.1081(4.5445) 23.4893(3.8300)
Theoretical 0.3851 4.0418 2.2222 26.9776
HF algorithm 0.3882(0.0009) 3.9825(0.1815) 4.2310(2.9906) 26.5819(1.2111)
LS method | 0.15 0.2 | 0.4405(0.0084) 3.2912(0.7314) 8.9684(7.6968) 21.9676(4.8821)
Theoretical 0.3941 3.8576 7.5 25.7479
HF algorithm 0.3880(0.0008) 3.9864(0.1512) 3.1194(2.3816) 26.6075(1.0090)
LS method | 0.15 0.25 | 0.4292(0.0063) 3.3938(0.6449) 6.4216(5.8667) 22.6521(4.3046)
Theoretical 0.3900 3.9402 4.8 26.2996
HF algorithm 0.3876(0.0009) 3.9950(0.1697) 2.5437(1.9647) 26.6651(1.1328)
LS method | 0.15 0.3 | 0.4233(0.0053) 3.4544(0.5898) 4.7151(4.7068) 23.0571(3.9367)
Theoretical 0.3878 3.9851 3.3333 26.5992

Table 5.1: Learned/Estimated value function parameters and policies (standard er-
rors in brackets) in 100 simulations by habit-formation algorithm and LS method
with initial wealth and living standard pair (x¢, z9) = (1,0.02).

We choose

A=0.02 p=5, r=0.0063 n=02 5 =03, v=0.5

We generate prices of the risky asset by taking 7' = 1 and At =

2;—2 with daily

rebalancing in horizon [0, 7] for the training set and testing set, respectively. We

consider the habit formation problem with initial wealth ¢y = 1 and living standard

zo = 0.02, and thus

20
r+A+d—n

~ 0.188 < x(. Across all the simulations in this section,

the learning rate is fixed as a = 0.02. Moreover, in some iterated steps using PIT,

(2 may be computed as negative, and we simply let i = 0 in this step.
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Table 5.3 summarizes the simulation results for the habit-formation method and
LS method, under market scenarios different combinations of u’s and ¢’s. In each
scenario, the value function parameter 6 learned by our proposed algorithm is nearer
to the true value than that given by the classical LS method and is more robust with
lower standard errors. The HF algorithm also proposes optimal consumption and life
insurance premium nearer to the true value and lower standard deviation than the LS
method. In most scenarios, the HF algorithm also provides a better investment policy
with a lower standard deviation. As the expected return p increases or volatility o

decreases, the theoretical value function becomes slightly larger.

5.4 Real Data Analysis

In this section, we apply the habit-formation algorithm to a real dataset. We also
compare the HF algorithm with the policy based on the LS method.

All data used can be freely downloaded from Kenneth French’s website http://
mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html. The
riskless asset is set to be the treasury bill, and the risky asset is set to be the value-
weighted CRSP firms incorporated in the US and listed on the NYSE, AMEX, or
NASDAQ that have a CRSP share code of 10 or 11 at the beginning of day ¢, good
shares and price data at the beginning of ¢, and good return data for ¢. The train
dataset consists of the daily risk-free and excess return rates from July 1, 2020 to
June 30, 2021, and the test dataset consists of the return rates from July 1, 2021
to June 30, 2022. To have a better idea about what the data are like, we plot the
observations from July 2020 to June 2022, of the value-weighted stock index and
treasury bill in Figure 5.1.

We compare the HF algorithm and LS method to consume and invest from July

2021 to June 2022. The risk-free rate is estimated as » = 0.0063 using both the

74


http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html

Treasury bill price (scaled) Stock index (scaled)

scaled price
scaled price
13
L

1.0000 1.0002 1.0004 1.0006 1.0008 1.0010 1.0012
I

T T T T T T
2020 2021 2022 2020 2021 2022

Year Year

Figure 5.1: Scaled prices of the treasury bill and stock index from July 2020 to June
2022

train and test data, and we simply treat it as a constant in our numerical study.
The mortality risk is selected as A = 0.02, and the model parameters are selected as
p=05 n1n=02 0=0.23, and v = 0.5. The learned and estimated optimal policy is
trained from July 2020 to June 2021. For each year, we trade on each trading day,
which is approximately 252 trading days per year. At the beginning of the year, we
assume we have an initial balance of $100 and a living standard of $2. Although
this initial choice is arbitrary due to the homogeneous property of our problem, it is
a useful way of comparing the performance during the course of a year. Similar to

section 5.3, time discretization is also selected to be At = ﬁ, and the time horizon
in our study is 7" = 1.

The wealth and living standard trajectories under optimal policies obtained by
the HF algorithm and the LS method are plotted in Figure 5.2. The wealth process
obtained by the HF algorithm fluctuates less than that obtained by the LS method
and has a higher ending than that obtained by the LS method. Moreover, the
living standard obtained by the HF algorithm dominates that obtained using the LS

method. The consumption investment and premium processes are plotted in Figure

5.3. The optimal consumption, investment, and premium processes all decreased near
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0 after the end of 2021, which may due to the fact that the stock index increases in
the training year, and decreases in the testing year. Moreover, the consumption and
premium processes obtained by the HF algorithm almost dominate those generated
by the LS method respectively. The utility obtained by the HF algorithm is 3.8166,
which is larger than that obtained by the LS method (3.0377). Although both
approaches are too optimistic about the bull market from July 2020 to June 2021 to
resist the impact of the bear market from July 2021 to June 2022 on wealth, the HF

algorithm still provides higher utility on consumption and bequest.

Wealth Living Standard

150

100

Wealth

Living Standard
5
L

50
I

— HF algorithm
° ~ --- LS methods

T T T T
2021 2022 2021 2022

Ye Year

Figure 5.2: Wealth and living standard trajectories from July 2021 to June 2022

Figure 5.3: Consumption, investment and premium processes from July 2021 to June
2022
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Chapter 6

Concluding Remarks

The thesis focuses on three problems related to optimal consumption, investment,
and life insurance purchase decisions from the perspective of behavioral finance. The
three problems are formulated via utility maximization, in which utility depends
on the agents’ consumption path. Inspired by prospect theory, the past spending
maximum was first considered to be the reference level by the loss aversion agent in
Chapter 3. Then, the past spending maximum was applied by a shortfall aversion
agent, who also consumes life insurance in her life cycle in Chapter 4. Dynamic pro-
gramming and the dual transform technique play important roles in addressing both
problems. Finally, the classical exponentially weighted average consumption path
was considered to be the living standard, and the agent also purchases life insurance
during her life without knowing model-based knowledge to the market in Chapter 5.
We proposed an actor-critic algorithm under the framework of reinforcement learn-
ing, where the value function is learned by minimizing the martingale loss, and a
specific policy improvement result.

In Chapter 3, the consumption is limited to be nonnegative, which cannot guar-
antee the living standard to survive. Therefore, we may further add some constraints
on consumption to ensure that the agent can enjoy her living standard. In Chapter

4, the agent is allowed to purchase life insurance from the market, and the drawdown

7



constraint is considered to guarantee the agent’s living standard. Both chapters de-
rive the optimal consumption and portfolio for a self-financed agent in the complete
market, whose assumptions may not be satisfied in the real world. Therefore, some
more realistic extensions can be considered in the future, for instance, similar prob-
lems with income, assets following the diffusion process, transaction costs, and bor-
rowing constraints. Moreover, data-driven problems with past spending maximum
are also attractive. All these open problems deserve more future efforts separate-
ly. In Chapter 5, we tried to obtain the optimal consumption, portfolio, and life
insurance purchase without any model-based knowledge of the market. We need to
point out that our algorithm is not direct, because our algorithm has to estimate the
market parameters in each iteration and then update the parameters in the value
function and policy. Some direct reinforcement learning algorithms can be developed
and designed in this framework without any estimation for the model parameters,
for example, the continuous time reinforcement learning algorithms in Wang and
Zhou (2020), Jia and Zhou (2022a), Jia and Zhou (2022b), and Jia and Zhou (2022c)
may also be applied to formulate and solve problems in more comprehensive market

settings under consumption habit formation preferences.
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Appendix A

Proofs

We then show all the proofs of the thesis.

A.1 Proofs for Chapter 3
A.1.1 Proof of Proposition 3.2

It is straightforward to see that the linear ODE (3.2.17) admits the general solution

Ci(h)y™ + Co(h)y™ — %(/\h)ﬁ% if y > y1(h),
o(y.h) = { Calhy™ + Cohy™ + et — 2y, i wa(h) < < s (h),
Cs(h)y™ + Cs(h)y™ + 5 ((1 = A)h)* — by, if y3(h) <y < y2(h),
where C4(+), -, Cg(-) are functions of h to be determined.

The free boundary condition v,(y,h) — 0 in (3.2.20) implies that y — +o0.
Together with the free boundary conditions in (3.2.20) and the formula of v(y, h)
in the region y = yi(h), we deduce that Cy(h) = 0. To determine the remaining

parameters, we consider the smooth-fit conditions with respect to the variable y
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along y = y;(h) and y = ys(h) that

— Cs(h)y(h)"™ + (Ca(h) — Ca(h))yr(h)"

2 Ah

k Ry (n —r)(n - rz)yl(h)m — 5,

__v B2
7Tﬁ2(/\h) +

— r1C3(h)y1(h)" ™1 + 15 (Co(h) — Cu(h))yr ()

2 Ah
- Ryt —
e

(C3(h) — C5(h))y2(h)™ + (Ca(h) — Cs(h))ya(h)"™

2 (1= Mh
K2y —r)(n — 7’2)y2(h) r

(A.1.1)

_ 1
5

r1(Cs(h) — C5(h))y2(h)" 1 + ro(Cy(h) — Ce(h))ya(h)="

(1= 2h)* —

y2(h),

o 2 (-t =8

K21 —11) (7 —12) r

The equations in (A.1.1) can be treated as linear equations for Cs(h), Ca(h) — Cy(h),

and Cs(h) — Cs(h) and Cy(h) — Cg(h). By solving the system of equations, we can

obtain
o~ B (5 i)
Cs(h) — Cu(h) = ry(;(lhz 7«22) (’“’;(Ah)ﬁ o (;1172 g+ Ahrgyl(h)>,
Ca(h) — Co(h) = L2 (22 g+ T — (1= A (h)).
Ca(h) = ol = 22 (1= = — Dy )4 (1= () ).

Therefore, Cy(h) to Cs(h) can be expressed by (3.2.23). To solve Cy(h), Cy(h) and
Cs(h), we shall find Cg(h) first, and Cy(h) and Cy(h) can then be determined.

Indeed, as h — +o0, we obtain y — 0 in the region ys3(h) < y < yo(h), and
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the boundary condition (3.2.19) leads to lim

Jim oty = O, where C s a posi-
—+00 )

tive constant. Along the free boundary, we have v,(ys(h),h) = r1Cs(h)ys(h)™ ! +
roCo(R)ys(h)™2~" + 2. It follows from lim ——"— > 0 that v,(ys(h),h) = O(h)

h—+00 vy (y3(h),h)
as h — +oo. Therefore, we can deduce that Cg(h) = O(Cs(h)h1—72)(B1=1)) 4
O(R131=D+1) " By Lemma A.1 and the definition y3(h) = (1 — A\)#h#~1 it fol-

lows that

Co(h) = O(C5(h)h—E1=1) L O(pr A=D1y

_O( pri=r2)(Bi—1)+r2f1+r1+(f2— 51))+O( plri=r2)(B1— 1)+T251+T1)+O(hT151+7‘2)
_ O(hr162+r2) + O(hr151+r2),

as h — 400, where the last equation holds because

min(ry 51 + 72,7182 + 12) < 111 + 12 + (B2 — f1) < max(r1 81 + ro, 1102 + 12).

From Assumption (A1), it follows that lim Cg(h) = 0. Therefore, we can write

h—+00

Cs(h Sh Cf(s)ds. We then apply the free boundary condition (3.2.21) at y3(h) =
(1-— A)ﬁlhﬁl—l that

!/ r ! ) 1 1 1— 1
Ci(h)ys(h)™ + Cg(h)ys(h)™ + ;(1 — ARt — ;%(h) =0,

which implies the desired result of Cg(h) in (3.2.23).

A.1.2 Proof of Theorem 3.1 (Verification Theorem)

The proof of the verification theorem boils down to show that the solution of the
auxiliary HJB equation (3.1.6) coincides with the value function, i.e. there exists
(7*,c*) € A(z) such that @(z, h) = E[{ e e U (¢, HF)dt]. For any admissible strat-
egy (m,c) € A(z), we have E[{ ¢,M;dt] < z by the supermartingale property and
the standard budget constraint argument, see Karatzas et al. (1991).
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Let (A, h) be regarded as parameters, the dual transform of U with respect to ¢
in the constrained domain that V(g, h) := sup.o[U(c, ) — cq] defined in (3.2.17).
Moreover, V' can be attained by the construction of the feedback optimal control
cf(y, h) in (3.2.24).

In what follows, we distinguish the two reference processes, namely H; := h v
sup,, ¢s and H{ (y) := h v sup,, ¢/ (Ya(y), HI(y)) that correspond to the reference
process under an arbitrary consumption process ¢; and under the optimal consump-
tion process ¢/ with an arbitrary y > 0. Note that the global optimal reference
process shall be defined later by H; := HZ(y*) with y* > 0 to be determined. Let
us now further introduce

Hyy) = hv ((1 _ A)—ﬁfll@nm(y))afl), (A.1.2)

s<t

where Y;(y) = ye™ M, is the discounted martingale measure density process.
For any admissible controls (7, c¢) € A(x), recall the reference process H, = h v

SUp,<; Cs, and for all y > 0, we see that

EU)OO e U (e, Ht)dt] -E LOO e (U ¢y, Hy) — Yt(y)ct)dt] + yE[ LOO ct]\/[tdt]
<E| [ v, mlwy] + e
~ | [ it it | + o
= v(y, h) +yz,
(A.1.3)

the third equation holds because of Lemma A.3, and the last equation is verified
by Lemma A.2. In addition, Lemma A.4 guarantees equality with the choice of
¢ = (YV(y*), H (y*)), in which y* satisfies that E[§; ¢ (Ya(y*), Hg(y*))Mtdt] =z
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for a given x € R, and h > 0. In conclusion, we have

0
sup E[f e U (¢4, Ht)dt] = inf(v(y, h) + yx) = u(z, h).
(m,c)EA(x) 0 y>0

Then we prove some auxiliary results that have been used above. We first need

some asymptotic results on the coefficients in Proposition 3.2.

Lemma A.1. Based on the semi-analytical forms in Proposition (3.2), we have that

h52w —r2(B1—1) ) + O(w<h)T151+T2) + O(w(h)('m*?"z)(ﬁl*l))’

w T251+T1+ Ba— ) + O( (h)7“2/31+1”1)7

||
S O O

Y

=0

Y

(
(w(
(hT151+7‘2+ B2— B1)) (hT151+7“2)
(hr2/31+7“1+ (B2— )) (hr2,31+7”1)
( )

-0 pribitre+(B2— 61)) (hT151+r2

Y

where o = %, and w(h) is defined in (3.1.4). Moreover, the function w(h) satisfies

w(h) = O(h), w(h)~! = O(h"Y)+O(h™ A1), h = O(w(h))+O(w(h) A1), A=Y = Ow(h) ).

Proof. In what follows, C' denotes a positive constant, whose value may change from
line to line. We first discuss the asymptotic results of y;(h) and ya(h). It is easy to
see that (1 — X)) h5~1 = yz(h) < yo(h) < ((1 = A)h)?~1 and thus yo(h) = O(h771),
ya(h
v
w(h)? =t and yi(h) > y3(h) = (1 — N)PRP~L = (1 — N)w(h)# L. Therefore, we have
yi(h) = O(w(h)?~1) and y1(h) ™" = O(w(h)'"™).

To obtain the asymptotic properties of Cy(h) to Cg(h), we need to derive the

)7t = O(h'=P1). Moreover, if yi(h) > ya(h), we have y;(h) = w(h)?~L; if
h) = y»(h), indicating that w(h) = (1—\)h, thus we have y;(h) < ((1—=M\)h)71 =

asymptotic property of w(h). If y;(h) > y2(h), equation (3.1.2) indicates that

1—51 M)Bl ﬁ B2p,B2—P1 _ (M)/Bll:
5 < ., +62)\ h M=, 0, (A.1.4)
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where 0 < 51 <1,0< 83 <1,0< A <1and h > 0. We shall obtain the asymptotic
property of w in two cases: [5; < s and [5; > (. In the sequel of the proof below, let
C' > 0 be a generic positive constant independent of (z, ), which may be different

from line to line. If 51 < [, as h — +o0, the second term of equation (A.1.4) goes

Bo—1
to infinity, yielding (@)51*1 — Ch?=%1 - ( and thus w > C’hﬁ; as h — 0, the

second term goes to 0, yielding (%)51 — C(@)ﬁl_1 — 0 and thus w(h) > Ch. If

By—1
f1 > (2, we can similarly obtain that w(h) = Ch and w(h) > Ch#i=1 as h goes to
infinity and 0 respectively. Together with the fact that w(h) < (1 — \)h, we deduce
that

h = O(w(h)) + O(w(h)®1), and h~* = O(w(h)™).

yi(h) = w(h)? ™! > ya(h) = (1=N)h)" 7", theny; (h) = (Bi—1)w(h)” *w'(h) =
O(w(h)~2w'(h)), and y4(h) = O(K72). If y1(h) = ya(h) = %A'@hﬁ?_l + (1 -
NARA=L then w(h) = (1 — A\)h, w'(h) = 1 — A, and thus y(h) = %Aﬂ2h52_2 +
S (1=NR = O(h i (h)) = O(h~ w(h)™ 1) = O(w(h)™~*w'(h)), and yy(h) =
O(21) = O(h#~2). In summary, we have y(h) = O(w(h)?~>w'(h)) and y4(h) =
O(h#72).

We further discuss the asymptotic property of w'(h). If w(h) = (1 — A)h, it is
obvious that w'(h) =1 — A = O(1). Otherwise, we have

A w(h)P = — k(Ah)P21
161 w(h)BiL + Mhw(h)Pr—2"

w'(h)

Since Ahw(h)~! > %()\h)ﬂ2 > k(Ah)?2, we can derive that w'(h) > 0, w'(h) < C,
w'(h) = O(1), and hw'(h) = O(w(h)).

Based on the asymptotic property of y; (h) and yo(h), we shall find the asymptotic
results of Cy(h) to Cg(h). Let us begin with C3(h) and Cs(h). It is easy to see that

Cg(h) _ O(w(h)r251+r1+(ﬁ’2*ﬁ1)) + O(w(h)rQﬁlJrrl),
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Note that

= ; @ B2 -7
Calh) = r(ry — 7“2){ B (An)Z () *

= C WPy (h) ™ + CPy () + CPhy (B)™,

e

- - R M h)"2
(’Yl—Tl)’Ylyl( ) " 7‘1y1( ) }

and

r1T2

9
Y1(y —r1)

B
= Clhﬁlyg(h)_” + OZyQ(h)’)q—rl + C’ghyg(h)m,

Calh) = Cs(h) = M( (1 =X +

T(Tl - 7"2) y2<h)71 N (1 B )\)hrly2(h)>

where C! to C? are discriminant constants in each equation. Then by y;(h) =
O(w(h)?1), yi(h)™" = O(w(h)'=7) = O(K'="), yi(h) = O(w(h)*w'(h)),
ya(h) = O(R7Y), ya(h) ™" = O(W'=P1), wh(h) = O(W"72), w(h) = O(h), w'(h) =
O(1) and hw'(h) = O(w(h)), we have
Cy(h) =CTh*= Yy (h) ™" + C2h%y (h) ™y (h) + CPyn(R) 7y (h)
+ Cfyi(h)"™ + hyy (R)™ " yy (R)
:O(hTQ(ﬁ1*1)+(ﬁ2*51)) +O(hr2(f31*1)>’
and
C4(h) — CL(h) =C P Lya(h) ™™ + C2hPrya (b My (h) + CPya(h) 1y (h)
+ C'ys(h)"™ + CPhya(h) " yy(h)
:O(hT2(51—1)+(52—61)) + O(hm(ﬁl_l)),
where C! to C° are discriminant constants, and thus
C’é(h) _ O(hr2(61—1)+(ﬁz—ﬂl)) + O(h"?(ﬂl_l))‘
Recall that

Cé(h) = —(1 _ )\)(mfrz)ﬁlCé(h)h(mfm)(ﬁl*l) — O<hr1(51*1)+(52*51)) + O<hr1(5171)).
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We can obtain the asymptotic property of Cg(h) that

06(h) = —J Cé(h)dh — O(hr151+r2+(,32*51)) + O<hr1ﬁ1+r2>.
h

Finally, it follows that

C4(h) _ O(hrlﬁl+7'2+(ﬁ2*ﬁl)) + O(hT151+r2).

and
Cy(h) = O(hﬁ’*’w(h)_”(ﬂl_l)) + O(w(h)mﬂﬁ-rz) + O(w(h>(72—7‘2)(51—1))7
in view that i = O(w(h)) + O (w(h) % 1). 0

Following similar proofs of Lemma 5.1 and Lemma 5.2 in Deng et al. (2022) and

using asymptotic results in Lemma A.1, we can readily obtain the next two lemmas.

Lemma A.2. For any y > 0 and h = 0, the dual transform v(y,h) of the value

function u(x, h) satisfies

o(y. ) = E[ ) eV (i), Buly))dt |,

where V(-,-) is defined in (3.2.17), and Y;(-) and Hy(-) are defined in (A.1.2).
Lemma A.3. Let V(-,-), Y;, H¥ and H, be the same as in Lemma A.2, then for all
y >0, we have H = Hy(y), t = 0, and hence

o0 Q0 .

| [ v mloe| 2| [ e v, |
0 0
Let us then continue to prove some other auxiliary results.

Lemma A.4. The inequality in (A.1.3) becomes equality with ¢¢ = ¢! (Y,(y*), Hy(y*)),
t =0, with y* = y*(x,h) as the unique solution to

E[f cT(}Q(y*),fIt(y*))Mtdt] — 1. (A.1.5)
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Proof. By the definition of V, it is obvious that for all (7, ¢) € A(x), U(ey, Hy) —
Yi(y)er < V(Yi(y), Hy). Moreover, the inequality becomes an equality with the opti-
mal feedback ¢! (Y;(y), Hf (y)). Thus, it follows that

0

Jme”%0®uH0—Yﬂqut<J‘e”W%E@%HHwﬁﬁ

0 0

To turn (A.1.3) into an equality, the equality of (A.1.5) needs to hold with some

y* > 0 to be determined later, and

U (e, Hy) = Yily)er = V(Yily). H) (A.L6)

also needs to hold. Hence, we choose to employ ¢ (Y;(y), H,(y)) := H,(y)F(y, Yi(y)),

where

_1
B1—-1

Fi(y, 2) o= Ly i ) <oy T <A+ Tin )H{y2<m<y>><z<y1<ﬁt<y>>}'
t(y)

It follows from definition that: (i) If y — 0, then H,(y) — +o0 and F,(y, Yy(y)) >
0, it indicates that E[{” M;c!(Y;(y), Hy(y))dt] — +o0; (i) If y — +o0, then H,(y) —
hy and Fy(y,Y:(y)) — 04, it indicates that ]E[Sgo MtcT(Yt(y),Ht(y))dt] — 04. The
existence of y* can thus be verified if E[{;” M;c!(Y;(y), H,(y))dt] is continuous in y.

Indeed, let ¢*(Y;(y), Hi(y)) = max(c'(Yi(y), \H,(y))), then E[§o” M,c*(Yi(y), Hi(y))dt]

exists and is continuous in y, and

Mfﬁmmmmm@Mﬂﬁmeﬁmwmﬂwun@<mmmmw1

Therefore, IE[SSO M,ct(Yi(y), Hy(y))dt] is also continuous in y. O

Lemma A.5. The following transversality condition holds that for all y > 0,

i £ u(Yely), Fir()| = 0

T—+0
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~ 8 1
Proof. Recall that Hy(y) :==h v ((1 — )\)_ﬁlll(infsgtYs(y))/hl) In this proof, the

results in Lemma A.7 and Lemma A.8 are applied repeatedly, therefore, we omit

the illustrations if there is no ambiguity. In more detail, we use Lemma A.7 with

f = [y = min(fy, B2), and use Lemma A.8 with v = =1, 7., and 61531 since 1 > 0 >

51631 > min(vy,y2) > 79, which can be obtained by some simple computations.

Let us first consider the case ¢ = 0. We first write that

e " Elo(Yr(y), ]:IT(?/))] = E [02(]:]T(y))YT(y)r2 - Ti()\f]T(y))’BQ} (A.1.7)

in which the second term converges to 0 as 7' — +o due to Lemma A.7. For the

first term in (A.1.7), since Yz (y) > y1(Hr(y)) = wr(y)® 1, we have

e TE @(HT(y))(yT(yW] = ¢ TOELAF ()wy ™ Yr(y)™])

+ ¢ "TO(E[wr(y) 2 Yo (y)"?])
+ e_”TO(IE[wC(F’yQ_m)(Bl_l)YT(?/)m])
— TOE[AP () + e TOEY(y)"])

+e T O(E[Yr(y)]),

which vanishes as T' — +o0 due to Lemma A.7 and Lemma A.S8.

A

We then consider the case 0 < ¢p < Hyp(y). In this case, yo(Hr(y)) < Yr(y) <
y1(Hr(y)), and thus

e v(Yr(y), Hr(y)) = e | C5(Hr(y)Yr(y)™ + Ca(Hr(y))Yr(y)™

2 )\ﬁT(fy)
n Yo(y)" —
K2y (m —11)(n —12) r(y) r

(A.1.8)
We consider asymptotic behavior of the above equation term by term as T' — +oo0.

88



The third term in (A.1.8) clearly converges to 0 by Lemma A.7. For the fourth
term in (A.1.8), since Y7 (y) < y1i(Hr(y)) = O(Hr(y)®™ 1) + O(Hp(y)» 1), we have

Ele Yz (y)Hr(y)] = e " O(E[Hr(y)™]) + e " O(E[Hr(y)™]),

which also vanishes as T' — 400 by Lemma A.7.

Let us continue to consider the terms containing Cs(Hy(y)) and Cy(Hr(y)) in

equation (A.1.8). Because of the constraint wr(y) = O(Y}(y)ﬁ) due to Yi(y) <
yi(Hr(y)) < wp(y)?~! which is discussed in the proof of Remark (A.1), we can

deduce that
eﬂﬁkuﬁﬂwxn@»“
= T O(Efuwy (4)" 780y ()1]) + ¢ T O (5) T (Ve (y)))

e TO(E[Y(y) 7)) + e TO(E[Yr(y)"]),

which converges to 0 by Lemma A.S.

In addition, from Y7(y) = (1-\)% Hy(y)®~, it follows that Hy(y) ™! = O(YT(y)ﬁ),

and thus
e TE| Cy(Hr(y)) (Yr(y))™
=e " TO(E[Hr(y)" 7%=y (y)™=]) + e TOE[Hr(y) " (Yr (y)])

—e~TO(E[Yr(y) 7)) + e TO(E[Vr(y)"]),

which vanishes as T — +o0 by Lemma A.8.

Finally, we consider the case ¢; = Hr(y) and write that

e To(Yrly), Hr(y)) = e <C5(FIT(y))YT(y)“ + Co(Hr(y))Yr(y)™

(A.1.9)
1

b (- N - L)),
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In this case, similar to the discussion for (A.1.8), we have wr(y) = O(YT(y)ﬁ).
The last two terms of the right-hand side in equation (A.1.9), similar to the last
two terms of the right-hand side in equation (A.1.8), also converge to 0 as T — +o0.

For the first term in (A.1.9), by Remark A.1, we have
e TG (Hr(y)Yr(y)" = e <O(wT(y)’“26 RS+ O(wr(y)™ ””)) Yo (y)"

=e¢ "0 (YT(y)ﬁle) +e 70 (YT(y)“> ,

which converges to 0 as T" — +00 by Lemma A.8.

For the second term in (A.1.9), by Remark A.1, we have
e Co(Hr(y)Yr(y)™? = e <O(ﬁT(y)”ﬂ””+(52‘B”) + O(ﬂT(y)Tﬁl*”))) Yr(y)"

_ e-rTo(my)ﬂfi) " e-TTo(YT@)“),

which also vanishes as T" — +o by Lemma A.8. Therefore, we obtain the desired

result. O

Lemma A.6. For any T > 0, we have

lim E[e "™ v(Yy, (y), Hr, (¥)) 1i75my ] = 0. (A.1.10)

n—+ao0

Proof. By the definition of 7,,, for all t < 7,,, we have Y;(y) € [%, n], and thus

A

Au(y) < max(h, (1 — \) A0 =8) = O(1) + O(n'5).

Therefore, we have that Y;(y)™ < n™, Yi(y)™? < (2)™ = n~"2. Together with the

fact that r; > 0 > max{y1,v2} = min{y1,72} > r2 by Assumption (A1), we shall

show the order of v(Y;, (y), H,(y)) in cases when i =0,0<c < H. (y), and

C:n = HTn (y)
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Similar to the proof of Lemma A.5, if ¢ = 0, we have that

oY () Ho () = ColH (9) Yo () — — (NEL (1))

= O0(1) + O(n”"P)) + O(n™ ") + O(n™™)

=0(n ).

If0<ct < H. (y), we have that

~

v(Yr, (y), 2., (y) =Cs(H, (9))Ys, ()™ + Ca(H, () Yr, (y)"

2 H
v, (g — M)

K2y —r)(n —7r2) r

+ Y, (y)

= O(1) + O(n®0-D) 1 O(p =) 4 O(nf—%l> L Om™)

=0(n™").

If ¢,, = H, (y), we have that

In conclusion, in all cases, v(Ys, (y), Hy, (y)) = O(n~"2). In addition, similar to the
proof of (A.25) in Guasoni et al. (2020), there exists some constant C' such that
E[1liery] < n7%(1 + y*)e?, for any £ > 1. Putting all the pieces together, we

obtain the desired claim (A.1.10). O

Lemma A.7. For € {1, P2}, we have

lim E[e‘rTﬁT(y)ﬁ} = 0. (A.1.11)

T—+0
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Proof. 1t is obvious that

s<T

~ B18
e-*TE[sz@nﬁl s:e-ﬂﬁE[supxg<y>m@1<1—-A)‘mil}-%e-¢TE[hﬁL

and it is clear that e "TE[h?] = O(e™"T) as T — +o0.

*
lK/ . . lﬁ?
Let us define W, ? - Wi+ %Iit with its running maximum <Wt(2 )) . It follows

that
518
B[ sup Y)W 1 - 0 A
s<T
-0 (E[exp {awf) + b(W}O) ]1{ (W}O) > k}}])
where a = 0, b = —%/{ >0, (= %/{ > (0, and £ = 0. Note that 2a + b + 2¢ >
1

2a + b+ ¢ > 0, thanks to Corollary A.7 in Guasoni et al. (2020), we have that

=l o fari? (1) a0y
—2(a+b+oexp{<a+b)(a+b+2<)T}<I>((a+b+g)f—i)

20 +b+2 2 VT
2 2 k
+%exp{(2a+b+2()k+WT}‘P(—(CH'C)\FT—\/—T);

and therefore

1 *
.1 © (©) P
e e CE L B T B

(a+b)(a+ b+ 2¢) K K2

- 9 _T:?70<70_1)_7’:?(70—7”1)(70—7“2)7
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where vy = % It thus holds that

e_rTEleXp {aW}O + b(W}Q) *1{(W¥))*>k} H
— exp { (% logE{exp {awﬁ + b(W}O) *}1{(%0)*%}] ~ T)T}

=O(GXP {%2(70 —r1)( — T2)T}> :

as T — +0o0. Thanks to Assumption (A1), we have r; > 0 > vy = min(yy,y2) > 2.

It follows that (yo — r1)(70 — r2) < 0 and thus

e )| = 0@ {5 00— e - T} ) + 0,

which tends to 0 as T' — +co. O

Lemma A.8. For any ry <~ <1y, we have

lim E[e’"TYT(y)“’] = 0. (A.1.12)

T—+w0

Proof. In fact, we have that
w2
E[e—rTYT(y)'y] _ e—rTE[(yerT . e—(T+2)T—NWT)V]
— y'Ve_""T]EI:e'V(_éT_HWT)] — O(e(“f—v“l)(v—rz)'“;T>7

which converges to 0 in view that 7y < < r; by Assumption (A1), O

A.1.3 Proof of Corollary 3.1

To conclude the main results in Corollary 3.1, it is sufficient to prove that the SDE
(3.2.32) has a unique strong solution (X, H;") for any initial value (z,h) € C. To
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this end, we can essentially follow the arguments in the proof of Proposition 5.9 in
Deng et al. (2022). However, due to more complicated expressions of Cy(h)-Cs(h)
in (3.2.23) and different feedback functions, we need to prove the following auxiliary

lemmas to conclude Corollary 3.1.

Lemma A.9. The function f is C* within each of the subsets of R% : x < x1(h),
x1(h) < & < x3(h) and x2(h) < x < x3(h), and it is continuous at the boundary of

x = x9(h) and x = x3(h). Moreover, we have that

1
fo(@,h) = g(y, h)
( -1
(— Corara — 1)(f (x, h))w) L o< melh),
( ~ Cy(hyra(r — D)(f (B
- C4(h)7‘2(7‘2 - 1)(f($7 h))r2_2 L Zf xzero(h) <z < xaggr(h)a
= A 2(’71 — 1) Y1—2 -
C K2(y — 1) (1 — 7o) (f(2, ) > ’
< Oy (1 — 1)( (e, B2
-1 Zf xaggr(h) ST < l‘lavs(h)a
~ Co(hyralra — 1)(f (. h>>r2-2) ,
(A.1.13)
and
fh(x7h) = _gh(f(xvh)vh’) fx($ah) (A114)

Proof. The proof is the same as Lemma 5.6 in Deng et al. (2022), so we omit it. [J
Lemma A.10. The function ©* is Lipschitz on C.

Proof. By (3.2.24), (3.2.25) and the inverse transform, we can express ¢* and 7* in
terms of the primal variables as in (3.2.30) and (3.2.31). Combining the expressions
of ¢* and 7* with Proposition 3.2 which implies that the coefficients (C;)a<i<s are

C', Lemma A.9 implies that the C! regularity of f, together with the continuity
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of f at the boundary between the three regions, we can draw the conclusion that
(x,h) — *(z, h) and (x, h) — 7*(z, h) are locally Lipschitz on C.
(i) Boundedness of %.

First using 7* in (3.2.31), we have

on* w—r
%(m’, h) = o?
(1 — 1y, if © < Xyer0(h),
2r r— fa
(Gt - v an
+ %C4(h)(7’2 — 1) ;2_2($, h)% i xzero(h) ST < :Eaggr(h)a <A115>

X9 2(71 - 1)2 y1—2 af2>
i K2(y — 1) —r2) (z.h) or )’

2 0
2O~ 1) ) 2 |
) 2r axafg if xaggr(h> <T< xlavs(h>-
ro—2 YJ2
|+ @G = 1), )5,

Note that the first line is constant and hence bounded. For the second line, by
differentiating (3.2.28) and using the fact that 7 (r; — 1) = ro(rs — 1) = 25, we have

that

2 0 2 0
1=-— K—ZCg(h)fQ(QT, h)r1_2a_f(x7 h) - ;204(h)f2($’ h)TQ_QTf(x’ h)

. 2(71 - 1) T
20— ) — )2

71*2%
ox

(x,h).
Plugging this back to %, we can obtain

) = ﬂ{ (2’”03@) P ) — ) + D e, h)) 19k,

ox o2 K2
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Er(4L 4 (1 —1y)), where

Combined with Lemma A.9, we can obtain 2 (x h) = 5

_ T m=1 o WY (e — 211 —1) .
Ay p Cs(h) f3' (2, h)(r, 2)+—/<52(71—7"1) S (x,h),
2(11 —1)

2\, h ’Yl_l.
20— ) —rg) 2 )

By = — g Col) flir, Y = S Ca(h) fola, B

(A.1.16)
We shall show that A; > 0 and B; < 0, and g—i is bounded. We only need to

discuss the case that y;(h) > ya(h) = ((1 — A)h)?~L, because the second region
reduces to a point for any fixed h if y;(h) = y2(h). Indeed, it is obvious that A; > 0
since C3(h) > 0 according to the proof of Lemma 3.1 and 7; < 0. Moreover, we have

that

A= % (r(rl —12)Cs(h) + %—_1f;ﬂ’1 (z, h)> 5 (x, h)

="

2 r _ A _ L,
B _< e D (1-— )\)(7171)(,8171)y2(h)71 (k)

—1
i ?“@aM) 1, B)

< K, (y1(h)1—r1y2(h)71—1f2(3:, h)n—l + fg(flf, h)n—l)’

where K is a positive constant. For Bj, according to the proof of Lemma 3.1, we

have that
2r N 2(y1 — 1) 3
By = -=C h”l——C h)r2—t — Ryt
1 K2 3( )fQ(x ) 4( )fQ('T’ ) /{2('}/1 _rl)(’Yl _rz)fQ('T’ )

< 2030 e, Y = C ol By

X K,2 3 2\, 2T,

< =Ko (yi(h)! Ty (W) folw, h) T+ fola, )Y,
where K, is some positive constant. Therefore, 0 > % > —( for some positive

constant independent of A, and thus 2= in the second line of (A.1.15) is bounded.

&
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For the third line, by differentiating (3.2.29) and using the fact that r(r; — 1) =
ra(ro—1) = 25, we have that 1 = —2;C5(h) f3(, h)”_z%(:c, h)—2;Cs(h) f3(x, h)”_Q%(x, h).

Putting this back to the third line of (A.1.15), we can obtain %(w, h) = “_r{‘g—i +

(1 —79)}, where

2r(ry —r _
Ay:—ggikamyl@m,

(A.1.17)
B, = _%Cs(h)f:a(x, D %Ce(h)fg(x, h) =,

by combining with the results of Lemma A.9. In fact, by the proof of Lemma 3.1,

we have C5(h) > 0 and Cg(h) > 0, therefore, Ay > 0 and By < 0. Moreover, we have
that

2r 2r 2r
By = = Cs(W) folw, )" = S5 Co(l) falw, )™ < =5 C5(h) fola, ),

and thus 0 > g—z > ry — 11, indicating that % is bounded in the third line.

.. or*
(ii) Boundedness of %
First, using equations (A.1.13) and (A.1.14) and the definition of g(-, h) = —v,(-, h),

we have

Ju(@,h) = —gn(fh) - fo(z,h)

-1
Ch(h)rafi(x, h)21 - ( — %Cg(h)fl (x, h)”?) , if ¥ < @yero(h),

Cy(h)r1 fa(w, h) 1 + Ci(h)ra fo(a, )2~ — 7)"\>
x| — %Cs(h)fz(x, )2 %Cﬁ(h)fz(x, h)r2—2 if Tyero(h) < T < Tagey (h),
- 2(’}/1 — 1) fg(l‘ h)’712> -
K2(y1 —r1)(m —12) ’ ’ 1
(C“h”“ﬁ*wa”1+<%meﬁxwa”1—7>

1 if IEaggV(h) ST < 33'1avs<h)'

o = s = et )

\
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We analyze the derivative % in different regions separately. In the region z <

Tero(R), % = 0, hence it is bounded. In the region Z,e0(h) < 2(h) < Tagev(h), we

also only need to discuss the case that yi(h) > ya(h) = ((1 — A\)h)?~1, and

on* =T 2r ! ri— 2r ro— 6f2
o ﬂ(j%WM%ml+E@Wm—DMLm2E;
T2—2%

2 2
FSCU) fala )* 7+ () (s = 1) falar )2

+ 2(71 - 1)2 7172(:1:’ h)%) )

K2 (0 —11)(m =) oh
By differentiating (3.2.28) and using the fact that ri(r; — 1) = ra(rp — 1) = 24, we
have that

cg(h)% Fola B) 1+ 04(11)2—2(7«2 _ 1)% Fal, B2~

= — Cy(h)ry(ry — 1) fola, b)) — 03(’1)%(7“2 - 1)%&(% h)?

200 - Dlra=1) oy, ey
(o ) —rg) ok 2T 2 = D

f on*

Putting this back to the previous expression of -, we can obtain that

2n =12 —1) 71_1]3%
K2y —r)(n — Tz)fQ( ) f2 dh

on* —r|2r
67; - M02 (lﬁ(h—7‘2)03(h)f2($,h)”_1—

+r1(r = 12)C5(h) fa(, B)" 1+ (12 — 1)%>

= % (Al . %% + 7"1(7“1 — Tg)Cé(h)fg(a?,h)rl_l — %(1 — Tz)),

(A.1.18)

where A, is defined in (A.1.16). In (A.1.18), the third term is a constant. For the
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second term, by the proof of Lemma 3.1, we first have C4(h) > 0, and

1

Cy(h) = W(krz()\h)52 + Ahrlw(h)ﬁl’l)w(h)*n(ﬁlq)
) m(w’l +raB2)yr (h) T + mﬁf (hmﬂ).

In the sequel of the proof below, let K1 > 0 be a generic positive constant independent

of (z,h), which may be different from line to line. Hence, we have that

= )Gy At = (A raadn (0 4 220 )
= <A(7’1 o) () + 511 <h>“‘”)y1<x, hyt

y2(h))1_“>
<K [1+ < K.
1( (yl(h) '
Therefore, the second term is bounded.
For the first term in (A.1.18), by virtue of Ay < C(y1(h)' " ya(h) " fo(x, h) 1+
fa(x, ) 1), it is sufficient to show that fl %j;f Clyr(h) "y (R) L fo(z, h) 1 +

fo(x, h)1~1) for some positive constant C'. Indeed, we have that

1 dfs

A 1
E% _ <C§<h)7’1f2(x7 h)mfl + C&(h)'r2f2(.§lf, h)mfl _ _) X Ea

r

where Bj is defined in (A.1.16). As C}(h)rifo(z,h)™ "' and 2 are bounded, it is
sufficient to show that C(h)ry fo(z, h)™2~! is bounded. As Cf(h) = —CL(h)ys(h)™ "2,

similar to Ky, constant K5 in the following equation may differ from line to line, and
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we have that
|Cy(h)| = [Cy(h) — Cg(h) + Cg(h)]|

(1 —12)(B1 — 1)

— 1=\ (71—7“2)(51—1)h7”1(51—1) —C"(h h)r1T2
(7"2—7”1)(1—51)(71—7“2)( ) Cs(h)ys(h)

_ \thﬁwl-” — (Cyh) — (Cy(R) — CL(h)))ys()

= |K2hr1(/31—1) — C4(h)ys(h)"2|
< thrl(ﬂlil) + C(y1<h)177"1 + yQ(h)lfﬁyl(h)’Yl*m)yz(h)rlfm
< K2 (y2(h)7"1 —+ yQ(h)T1—7’2y1(h)1—r1 + y2(h>2r1—71y1<h)71—7’1)7

where the first inequality holds because y3(h) = (1—\)y2(h). Similar to K7, constant

K3 in the following equation may differ from line to line, and it follows that

|CL(h)ra(falz, b))
=K3|Cy(h)| fa(a, )
<E|Cy(h)|ya ()

<K (y2(R)™ + g2 ()" 2y (R)7 4 ()" Py (h) 77 )y ()

(e (i) () )

which is bounded as y;(h) > ya2(h).

In the region Zuge(h) < 2(h) < Tjays(h), similar computations yield that

oh o2

or* /L—’I‘(A 10f3

— Q'E(}

+r1(ry — ro)CL(h) fa(a, h)" 7 — %(1 — 7’2)),

where As is defined in (A.1.17). For the term ry(ry — ro)CL(h) f3(x, h)" 71, due to
Ci(h) < CL(h), we have that r(ry —r2)C(h) f3(z, )™ < r(ry—re)CL(h) fo(z, ),
which is bounded as f3(x, h) < y2(h) < f2(%, h), where T is chosen such that y»(h) <
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fa(Z, h) < yi1(h). Moreover, for the term A, - %%i,f, similar to the proof in the region
ya(h) < fo(z,h) < yi(h), it is enough to check that C§(h)f3(x, h)2~" is bounded.

Indeed, we can obtain
|Cs(h) fs(x, h)2 71| = |CE(h)ys(h)™ "2 fa(x, )] < C§(h) fa(a, h)™ 7,

which is shown to be bounded. Putting all the pieces together completes the proof.
m

A.1.4 Proof of Proposition 3.1 (Concavification Principle)

To prove this proposition, we claim that under the optimal controls ¢} and 7}, it
holds that U(c¥, H¥) = U(cf —\H) all the time. In fact, for any (z, h) € C, according
to the definition of concave envelop U (z, h) of U*(z, h) in x € [0, h] in (3.1.3), we can
casily see that U(z, h) = U*(z, h) if © € C, := {0} U [2(h), h], where z(h) is defined
in Section 3.1.2. We shall interpret the claim in all the regions of wealth X}.
If X} < Zyero(H), then ¢f = 0 € Cpx, indicating that U(cj, HY) = U(cf — AH}).
If Zpero(H)) < X[ < Tager(H}'), yielding the existence of the solution z(H;) for

equation (3.1.2) with h = H;. Moreover, the optimal consumption satisfies that

z(H) < ¢f = MNH} + (f(X;",Ht*))ﬁll—l < Hj, where f(x,h) is defined in Corollary

3.1. This leads to the fact that ¢ € Cyx and thus U(cf, Hf) = U(cf — AH[).

If Zagge(Hf) < XJ < @iays(H), then ¢f = Hf € Cyx, indicating that U(ct Hy) =
U(cf — A\H}).

Therefore, we have verified that the optimal consumption rate ¢ always leads
to U(c* — AH}) = U(ct, HY). Thus, given the optimal portfolio 7 and ¢ for the
stochastic control problem (3.1.5), based on the fact that U(z,h) = Uz — Ah)

everywhere and corresponding @ > u, we have

0 Q0
(z, h) = E[L e‘”(j(cf,H{")dt] = E[L e U (cf — )\Ht”‘)dt] < u(z, h) < a(x,h),
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that is, & = u, and the optimal portfolio and consumption for (3.1.1) are the same

as (3.1.5).

A.1.5 Proof of Lemma 3.1

We prove v,y(y, h) > 0 in three regions: y > y1(h), y2(h) < y < y1(h), and y3(h) <
y < y2(h), respectively.

(i) In the region y3(h) < y < ya(h), vyy(y,h) = ri(ri — D)Cs5(R)y™ 2 + ro(re —
1)Co(h)y™2.

As ri(ry — 1) = ro(ro — 1) = 25 > 0, we only need to prove that C5(h) > 0 and
Cs(h) > 0. We shall separate the proof into two cases: the case that y;(h) > yo(h)
and that y;(h) = yo(h). I y1(h) = w(h)?~! > yo(h) = ((1—A)h)* 71, we can deduce

that

Cy(h) = % (%(Ah)BQ + ﬁyl(h)“ + )\hrlyl(h)>,
- % (%w(h)ﬁl + Arsw(h)* "+ ﬁw(mﬁl + Ahrlw(h)ﬁl—1>
) -

and

Calh) = Co(h) = 2L (221 P — (1= M)

_ 1 _ roff1+71
- r(ry —re)(1 = B1)(n — 1) ((1=2h) =0

therefore, we have C5(h) = C3(h) — (C3(h) — Cs(h)) > 0.
We next prove that Cj(h) < 0, and hence Cg(h) = —§° Ci(s)ds > 0. It is easy
to see that C4(h) — Ci(h) < 0, and hence Ci(h) > C4(h) > 0, where the second
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inequality follows from

= E s L 1 b rara(6s - D)
G5 = s (= G P - M )~ () (»

1

m(k"m(Ah)BQ + )\thw(h)ﬁl_l)w(h)—Tl(51—1) >0,
1— 72

+

thanks to ()\h) - w(h)ﬁl — Mhaw(h)P =1 < 0 and w'(h) > 0.

Along the free boundary condition (3.2.21), we have C%(h)ys(h)™ +Cg(h)ys(h)™ =
0, therefore, we can deduce that C§(h) = —CL(h)ys(h)™ " < 0.

We then consider the case that y;(h) = ya2(h) = é)\@hﬂrl + 5%(1 —N)fpfiml
((1 — A)h)#~1, in which we have that

h

Cs(h) = yl(h)rz—l (k;?“Q ()\h)ﬁz + _((1 _ )\)h)ﬁﬁ + hT1y1(h)> _

r(ry —1r2) \ Bo B w(h)® >0,

and Cf(h) = % (yl(h)~|—r2hyi(h)> > 0. Thus, it holds that C§(h)= —Ci(h)ys(h)" "<
0, implying that Cg(h) > 0 when y;(h) = y2(h).
(ii)) In the region yo(h) < y < y1(h), we only need to consider the case that
y1(h) = w(h)? =1 > yo(h) = ((1 — A\)h)?~L, otherwise the second-order derivative of
v(y, h) in y is trivial because this region reduces to a point.

Because Cs(h) > 0, Cy(h) > Cy(h) — Cg(h), ri(r1 — 1) = ra(rs — 1) = 25, we can

deduce that

2r _ _ v —1 _
h) = Gy + Culh)y T + -2
vyy (Y, h) ﬁ2< 3(h)y 1(h)y r(%_ﬁ)(%_m))y
2r _ -1 )
R _ T2—71 Y1
=3 ((C4<h) Cﬁ(h))y + 7’('71 _ 7,1)(,}/1 _ 1“2))?/
2r —1
= _ _ (ro=m)(B1—-1) N y1—2
= K2 ((O4<h) Cﬁ(h>>((1 )‘)h) + T(’Yl — 7"1)(’71 — T2)>y )

where the last inequality holds because y > ((1 — M\)h)? 71 v > ry, and Cy(h) —
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Cs(h) < 0. Moreover, we have that

— _ (ra—v1)(B1—1) -1 _ v —1
(Cy(h) — Cs(h))((1 — N)h) + e o e o 0.

Thus, we can deduce that v,,(y, h) > 0.

(iii) In the region y > y1(h), vy, (y, h) = r2(rs — 1)Ca(h)y™ 2. Since ro(ry — 1) =
22 > 0, we only need to prove that Cy(h) > 0. We shall also discuss Cy(h) > 0 for
two cases that y;(h) > ya(h) or y1(h) = y2(h).

If y,(h) > y2(h), indicating that y;(h) = w(h)?1~!, we have %(Ah)ﬁ2 - ﬁ/—llw(h)ﬁ1 -

Mhaw(h)P1=1 = 0. Similar to the proof of C5(h) > 0, we have

Ca(h) > Cy(h) = Cg(h) = (Ca(h) — Cu(h)) + (Ca(h) — Cs(h))

w(h)~2A1=D ( o)

w(h)™ + )\hw(h)ﬁl_l)

r(r1—re) \— T2
1
_ A RE
e = )= B =) 2
(&1 _ v —1 —
> h Y1—r2 + h Y1—r2
s e L LA e, T EC
> ! (h)"7" >0
r(ry — Tg)y2 ’

If y1(h) = ya(h), similar to the proof of Cs(h) > 0, we can obtain that Cy(h) >
Cy(h) = Co(h) = 5ty (R) > 0.

r(ry
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A.1.6 Proof of Corollary 3.2

Proof. We first have that

1 Cg(h)
1 —re—r181 _ . 6
hl_l’Too Oﬁ(h)h ro + 17101 hffoo hri(Bi—1)

- (1 — \\Aulr1r2) 7 5

ro + 11051 (1 /\) hlirfoo hr2(B1—1)
N n Bi(ri—ra) 1: Cr1—raf
- 1A lim Cs(h)h

Y1 — T2 ( ) hi{{loo 5( ) 5

by L’Hopital’s rule. To compute hlim Cs(h)h~m17"281 we need to consider two cases
—+00

that y1(h) > y2(h) and y1(h) = y2(h).

We first consider the case that y;(h) = y2(h) as h — +oo, indicating that §; >

1 — X and 5y < /3y in condition (S2) or (S3), therefore, C5(h) = r(mh_m)yl(h)”, and
thus
lim C5<h)h7r2517r1 _ 1 lim ﬁ)\BQhBZ*Bl + i(l _ )\)51 "
h——+0 r(ry — re) h>+o \ fa b1
1 k 1 "
Y .. 1_w> |
7”(7‘1 _ 7“2) (52 {B2=p1} 61( )

Therefore, we can derive that

lim M = lim h
h—+0o0 Ilavs(h) h—+o xlavs(h)
= lim d

h—+0 —Cs(h)r1(1 — X\)A=DpB=D(m=1) — Cs(h)ry(1 — N)Prr2=DpBr—-1)(r2—1) 4

(1 _ )\)51(7‘1—1),}/1 k . 1 1 ro\ —1
= (1 T EA/B Lig=p1y + E(l -2 r,

3|
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and

T (L1avs(h), h) T (L1avs (h), h) h

lim ————— = i .
hostoo Tlavs () Bt h Tiavs (1)
— )\)Bi(r1-1) —ri—r2f1 _ )\\BAi(r2—1) —ro—r151
o (2 Cs(h)h +(1-\) Co(h)h
p— T h—>+0 Tiays () hoto h
27" (1 — )\)51(7'1*1),)/1 < k 1 >T‘2>—l
= x| 1= — N1, 5, + —(1 =N
p—r ( M= T2 B2 (2=} 61( )
(1= N)A=D ( kg 1 )
N T A
Y1 — T2 Ba {Pe=pr} 51( )

Let us then consider the other case when y;(h) > yo(h). If B2 < 1, the second

term in (A.1.4) converges to 0, and thus @ converges to a constant —Avy;. If

B2 = P1, the second term in (A.1.4) equals a constant, and # becomes a constant
w(1) that is the unique solution to —,y—llw(l)ﬁl + %)\52 — Aw(1)%71 = 0. Otherwise,
if B > 1, the second term in (A.1.4) goes to infinity as h — +o0, indicating that
w(h)

=, converges to 0.

Thus, we always have that

ri+ref1 ro(B1—1)
A w
lim C=(h)h """ 7"201 = j 2 w AR
hstoo s(h) hostoo [r(rl —r9)(y — 1) <h * r(ry —mry) \ h

wSQ(ﬁl_l)(rgwo + Ay — 1))

r(r1 —ra)(y — 1)

)

where wg 1= hlim @ It holds that
—+00
0 - repP1Tr1
lim Cy(h)h 201 — WP (rywe + A1 — 1)) + (71 — 1)(1 — A)r2t
h—>+00 r(ry —ro)(y1 — 1)
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Then we can deduce that

. c* (xlavs(h)a h) . 1
lim ————————————= = lim
h—+0 xlavs<h) h—+00 _(1 — /\),31(7’1—1)%C%(h)h—mﬂl—n + %

<1 (A~ )+ - 0= ) )

and

lim 7T*(£1avs<h)7 h)
h—+0o0 xlavs(h)
__r lim h (1— )\)Bl(n—l)ﬁ
o — 1 h—t0 Tiays(h) Y — T2

' wer Y (rgwg + Ay — 1)) + (11 — (L = N
r(r—r2)(m —11)

2r(1 — \)~"24
p—r

. w62(5171)(7’2w0 + A —71)) + (11— 1)(1 = A)r2orim
(”Yl - 7"1)(’71 —T3)

Y

where

A1, i P < B ST — A
wo = w(l), if By =B,

07 if 62 > 51'
Recall that W*QEI) = 02?117451) and c*:ix) = (71_7}1)21_”)7“ in Merton’s problem. In

our setting, as A\ — 0, it is obvious that #; < 1 — A. On the other hand, similar to
the discussion of the limit of @ as h — +oo, we have that w(1) — 0 as A — 0,

and thus wy — 0 as A — 0 in all three scenarios when y;(h) > yo(h) as h — +o0.
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Therefore, we can deduce that

%
lim lim S\t h) (Ztavs(h), 1)
A—0h—+40 xlavs(h)

. 1 — \)""2b , B -1
=t (1= G 2o (" e A ) = =) )

_n—m)tn—re)
T

)
and

lim lim —— v\t 1) (Ziavs(R), 1)
A—0 h—+0 Llavs (h)

—_ \)T261 —_ )25
A—0 BT (71— r1)(n —12)

(wgz(ﬁl_l)(mwo + A1 —m))

-1 r2(P1-1) A _ _ )\ 2B+
-u%—mu_MWW§) w0 rawn + A =) + (1 = DAL=

(v —7r1)(n —r2)

_2rn -1 2r(m 1) op—r
(1 —7)rirs Hlp—r) o*(1-p)
which completes the proof. O]

A.1.7 Proof of Corollary 3.3

Proof. Let us consider the auxiliary process Y;* := Y;(y*) and H;" defined in Theorem
3.1.

(i) The long-run fraction of time that the agent stays in the region {Z,ge (H;) <
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X < Tavs(H})} can be computed by

o Lel (7
TLHEOO TE , e ()< Xy <t ()} O

N
= 7| [) 1{y3<H;*><n<y*><y2(Hf‘)}dt]
1 B T
B Tl_lgloo T]E | Jo 1{35 Ya(y*)<Ye(y*)<, lim L) inf Y (y*)}dt]
s(h
1 tim 80
h—+ ya(h)

where the last equation holds by the same argument to prove Theorem 5.1 in Guasoni

et al. (2020).

(ii) The long-run fraction of time that the agent stays in the region {0 < X;* <

Thero(H[F)} can be computed by

o1 ("

o1 It
=1- lm ZE J 1{xzem<H;*)<Xt<xlavs<H;k)}dt]

T—+0o0 0

o1t
=1— Tlirfoo TE L 1{y3(H;")éYt(y*)éyl(Ht*)}dt]

- T
=1l TE_J L vim evitr<, tim y“h)'i“fys(y*”dt]

0 o ¥3(h) s<t
h

h=teo yy (h)’

(iii) Let V(y,h) be the solution to the following PDE:

f€2 ~ K/2
7,@2‘/@(% h) - ?
V(yl(h’)a h) = 07 Vh(fg?)(h)a h) = O,
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where Q = {(y,h) € R2 : y3(h) < y < yi(h)}. Tt holds that V(y,h) = C1(h)y* +

Cy(h) + 8% where C;(h) and Cy(h) satisfy

K2

Ca (M (h)” + Talh) + 280 _ ¢

K2

Ci(ys(h)* + Cy(h) = 0.
Applying Ito’s formula to V(Y}(y*), H}), and integrating from 0 to T,e0, We have

that

V(erero (y*>7 H:zero) - V(y*7 HS‘)

ek f Y, (y* )V, (Ya(y™), HE)dW s + f V(Y (y*), HY)dH?.

0 0

Note that V(Y. (y*), HX_ ) = 0, the stochastic integral is square-integrable and

thus a martingale with zero mean, and H;* only increases when V;, (Y, (y*), H*) = 0,

implying §*° Vi (Ya(y*), H*)dH* = 0. Together with the fact that y* = f(z,h), we

can finally deduce that E[7,e] = V(f(z, k), h) = Cy(h)f(x, h)? + Cy(h) + log{vﬂ.

(iv) Before time Tjays, the historical consumption peak H; = h does not increase,

and

{(Vi(y*) <ys(h)} = { — kW, — %275 < —log (%) }

Then, by equation (9.1) in Rogers and Williams (2000), let b = %log (%), c=%,

B =+ +2v — ¢, it follows that for any v > 0: E[e "] = 7%, Then, it holds

that

dE[e™"avs | b 2 y*hi=" 2 f(x, h)ht=5
e Tl % e () S (A )
Bl dv c R ((1 —\)h k208 (1—X1)A
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A.2 Proofs for Chaptper 4
A.2.1 Proof of Proposition 4.1

It is easy to show that the general solution of linear ODE (4.2.10) admits the piecewise

form in each region that

Ci(h)y™ + Cy(h)y™ + % — T:—h/\% if > pm—1pd-e)m-1
v(y,h) = { Cs(h)y™ + Cy(h)y™ + 52B1(512f:f)1(61—r2)yﬂ1’ if h—am=1 < o < pn-1p-an-1,

Cs(h)y™ + Cs(h)y™ + mh“*ah — T%y, if (1 —a)p=on=1 <y < pli-em—1

(A.2.19)

where C4(+), -, Cg(-) are functions of h to be determined.

The free boundary condition v, (y, h) — —% in (4.2.12) implies that y — 4.
Together with the free boundary conditions in (4.2.12) and the formula of v(y, h)
in the region y > v~ thl=m=1 we deduce C;(h) = 0. To determine the left

parameters, we consider the smooth-fit conditions with respect to the variable y at

two free boundary points y = y;(h) = - 1p-am=1 and y = ya(h) = p-ay-1

111



that is,

— C3(R)yi(h)™ + (Cy(h) — Cy(h))yr(h)"™

_ 2h% B1
a 5251(51 - 7“1)(51 - 7”2)y1(h) "

— r1C3(R)y1 (h)" ™1 + 1o (Co(h) — Cu(h))yr ()

vh (vh)?
(r + X)yher’

B 2hoA
- K2(Br — 1) (B — 12)

(Cs(h) = Cs(h))ya(h)™ + (Ca(h) = Ce(h))y2(h)™

yr(h)

r+ A\
(A.2.20)

_ 2h% B1
a 5251(51 - 7“1)(51 - 7“2)y2(h) "

r1(Cs(h) — C5(h))y2(h) 1 + ro(Cy(h) — Co(h))ya(h) "

B 2B 51 h
__"fQ(ﬁl—Tl)(ﬁl—T‘z)m(h) IEDY

Then the equations (A.2.20) are linear equations for Cs(h), Co(h) — Cy(h), and
C3(h) — C5(h) and Cy(h) — Cg(h). By solving the above two systems, we can obtain

_ 1 - Bl T2Y1+Tr1 | —r201
03(h) B (’I“ + )\)(7"1 - TQ)(/BI — 7’1) <Vh) ! h ! ’
1 -5

02(h> - 04(h) =

(Vh>7“1’71 +r2 hriem ,

(r+A)(r1 —r2)(B1 —12)
(A.2.21)

- B 1—5 r2(l—a)y+r
Cg(h) 05(h) - (7, + )\)(Tl — 7”2)(51 - Tl)h 1 ' 7

- B 51 -1 ri(l—a)yi+ra
C4(h> CG(h) - (7’ + )\)(rl — 1”2)(51 - T2)h 1 ' ,

therefore, Cy(h) to Cs(h) can be written by (4.2.14).
To obtain Cy(h),Cy(h) and Cg(h), we aim to find Cg(h) first, and then Cy(h)

and Cy(h) can be determined. Indeed, as h — 400, we obtain y — 0 in the region
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(1 —a)ht=n=1t <y < p1=n=1 and the boundary condition (4.2.11) leads to

h
li =C
hotoo vy (1 — a)A=an—1 by — =

where C' is a negative constant. Along the free boundary, we have

Uy((l—a)h(l_a)“_l?h) = r105(h)((l—a)h(l—a)"h—l)”_l+r206(h)((1—a)h(1_0‘)71_1)rz_1+T i 3
It follows from lim b < 0 that v,((1 — a)h==1 h) = O(h) as

h—+0o0 vy((l_a)h(l—a)'y—l’h)

h — +00. Therefore, we can deduce that
Cs(h) = O(Cs(h)hlr =) (=em=1)y o O(pri(t=enmtrz),
From the asymptotic property of Cs(h) in Lemma A.2.2, it follows that
Cs(h) = O(05(h)h(rrrz)((lfa)vrl)) + O(hn(l—a)yﬁm) _ O(hm(lfa)*mm)?
as h — +o. By Assumption (A1), we have hl—iHloo Cs(h) = 0, and thus we have

Co(h) = —SZO Cg(s)ds.
In addition, to obtain C§(h), we apply the free boundary condition (4.2.13) at

point y = (1 — a)h~71~1 such that

1_70‘]1(1—(1)'“71 _ 1 - O‘h(lfa)"/lfl -0

CL(R) (1 —a)h =M= L CE(h) (1 — )= =1)™ ¢ Y Y

which yields
C(h) = —(1 — @) "2 CL(h) Rl = (=a)n=1)

_ (1 =) "2(1 = By)(r2(l — )y +11) _remi4riy i (1—a)y1—1)
(r + N (r1 — r2)(Br — 1) S T

As a result, we conclude that

_ « / s)ds = (1 - a)Tl—T2(1 - 51)(7’2(1 - OZ)’Yl + 7”1) _ V"'2'Yl+7‘1 ri(1—a)yi1+r2
Colh) == | Chto)s = T e h |
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A.2.2 Proof of Theorem 4.1

Similar to Deng et al. (2022), we need to show that the solution of the HJB equation

(4.2.3) coincides with the value function, i.e. there exists (7*,c*,b*) € A(x) such
that u(x, h) = E[Sgo e"’tu(cf,Ht*)dt]. For any admissible strategy (m,c) € A(z),

similar to the proof of Lemma 1 in Arun (2012), we have

E[ L . )\bt)Mtdt] <=z (A.2.22)

Let h be the fixed parameter, the dual transform of U(c, h) + AV (b) with re-

spect to ¢ and b in the constrained domain that V(q,h) 1= SUDce[uhn] [U(c, h) —
cq| + Asupyso [V (b) — bg| defined in (4.2.7). Moreover, V can be attained by the
construction of the feedback optimal control ¢f(y, k) in (4.2.16).

In what follows, we distinguish the two reference processes, namely H; := h v
SUP,<; Cs and Hi(y) == h v sup,<, ¢ (Ys(y), HI(y)) that correspond to the reference
process under an arbitrary consumption process ¢; and under the optimal consump-
tion process ¢! with an arbitrary y > 0. Note that the global optimal reference
process shall be defined later by H; := HZ(y*) with y* > 0 to be determined. Let
us now further introduce

I:—,t(y) =hv <(1 — oz)f(lfaiﬂfl (ianS(y)) (1";”11), (A.2.23)

s<t

where Y;(y) = ye™ M, is the discounted martingale measure density process.

For any admissible controls (,c) € A(x), recall the reference process H; = h v
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SUp,<; Cs, and for all y > 0, we see that
0¢]

o0
E U e(T“)tU(ct,Ht)dt+)\f

e““ﬁV(bt)dt]
0 0

o0]

:EMOO e~ VYU (¢, Hy) —Y;(y)ct)dt] +)\E[ L e~ HNY Y (by) — Yy (y)by)dt

0

<E| [ i), Bt + oo

0

~ | [ T30, Bl + g

=v(y, h) + yz.
(A.2.24)
The third equation holds because of Lemma A.12, and the last equation is verified
by Lemma A.11. In addition, Lemma A.13 guarantees the inequality, and shows
that it becomes an equality with the choices of ¢ = ¢ (Yi(y*), Hf (y*)) and b =
b1 (Y (y*), Hf (y*)) , in which y* is the solution to the equation E[ §o (c"(Ya(y®), H (y*))+

MO (Y (%), HY (%)) M,dt] = x for a given z > ﬂ. In conclusion, we have

sup E lJ ~ N (¢y, Hy)dt + )\J

(T+A)tv<bt>dt]
(m,c)eA(z) 0 0

1nf( (y,h) +yx) = u(z, h).

y>0
The proof of the theorem is also based on some auxiliary results. We present some

asymptotic results on the coefficients in Proposition 4.1, whose proof is straightfor-

ward and hence omitted.
Remark. Based on the semi-analytical forms in Proposition (4.1), we note that
Cg(h) O(hm (1- a')/1+7'2> Cg( ) O<hr2(1—a)'yl+r1)7 C4(h) _ O(th(l—Q)VH-TQ),

C5(h) _ O(hrz(l—oc)’h-i-m), C()(h) _ O(hrl(l—a)'yl-&-m)’
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as h — +o0, which are used in later proofs.

By following similar proofs of Lemma 5.1 to Lemma 5.3 in Deng et al. (2022)
and using asymptotic results in Remark A.2.2, we can readily obtain the next three

lemmas.
Lemma A.11. For any y > 0 and h > 0, the dual transform v(y, h) of the value

function u(x, h) satisfies

oly, h) = EHOO TV (Yily), () + V(m@))]dt],

where Y;(+) and Hy(-) are defined in (A.2.23).

Lemma A.12. For all y > 0, we have HtT = ]:It(y), t >0, and hence

| [ e v | - 5| [“ervmio. s

0 0
Lemma A.13. The inequality in (A.2.24) becomes equality with ¢ = ' (Y;(y*), ﬁt(y*))

and b¥ = b1 (Yi(y*), Hi(y*)), t = 0, with y* = y*(x, h) as the unique solution to

E[LOO(CT(K(?/*% Hy(y*)) + N (Yi(y*), Hi(y*))) Mydt] = .

Let us continue to prove some other auxiliry results.

Lemma A.14. The following transversality condition holds that for all y > 0,
T—+0

lim E[Q_TTU(YT(y)vﬁT(y))] = 0.

Proof. Let us recall that

s<t

Hily) == h v (<1 _ a>—m<mm<y>)m>,
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Let us first consider the case ¢ = 0. We first write that

AR
K2Ba (B2 — 1) (B2 — 12)

e E[v(Yr(y), Hr(y))] = e "'E [Cz(ffT(y))YT(y)” - Yr(y)?

v _ vHp(y)
T () - Ty,
+ 7(y) oy W)

(A.2.25)
where the last two terms can vanish due to Lemma A.16 and Lemma A.18 respective-
ly, and the last third term can also vanish because of Lemma A.17 and the fact 55 > ry
by Assumption (A1). For the first term in (A.2.25), since Y (y) > Hy(y) -1,

we have
¢ TE| o () (Ve (0)™ | = O™ Cal Fiply)) Fir () =1 )

_ O(e—rTHT<y)r1(1—a)71+r2 HT<y)7"2((l—a)71—l))
= O(e_rTﬁT(y)(l_a)%),

which vanishes as T' — +00 due to Lemma A.16.

We then consider the case 0 < ¢ < Hp(y).

Ele " To(Yr(y), ﬁT(Q))]

—e TR | C3(Hr(y)Yr(y)™ + Co(Hr(y))Yo(y)™ (A.2.26)

INK B2 QﬁT(y)aﬁl

B2 8
" K2 Ba(F2 — 11) (B2 — TQ)YT(y) i K2B1(Br — 1) (Br — T2)YT(y) '

We consider asymptotic behavior of the above equation term by term as T' — +oo0.
Thanks to Assumption (A1), 5y > 7y, and the third term can vanish due to
Lemma A.17. For the fourth term in (A.2.26), since Yy (y) = Hy(y)0~®7~! and

B1 = - < 0, we have
mn—1

E[eirTﬁT(y)aBIYT(Z/)'BI] = O(efrTE[ﬁT(Z/)aﬁﬁﬁl((kam*l)]) = O(efTTE[f{T(Z/)(liam])a
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which also vanishes as 7' — +o0 due to Lemma A.16.
Let us consider the terms containing Cs(Hp(y)) and Cy(Hr(y)) in equation
(A.2.26). Because of the constraint Y;(y) = O(Hrp(y)3=71=1), we can deduce that

e—TTE[Ong(y))(YT(y»“] = O™ T Cy(Fp(y)) Fiy (y)" (= m=D)

( frT}AIT<y)T2(1*a)71+T1 ﬁT(y)m((lfa)vrl))

O
O

e
(e Hy(y) =),

which converges to 0 by Lemma A.16.

~

In addition, since Y7 (y) = Hy(y)~®"~1 and r, < 0, we obtain

e B|Cu(Hr(y)(Yr(y))™ | = O(e™ ™" Cu(Hr (y)) Hr(y)> = 017)

o) (efrT[:[TCg)rl(lfa)'nJrrg [A{T(y)rg((lfoz)’}qfl))
O (efrTﬁT<y)(lfa)'yl ) :

which vanishes as T" — +o0 by Lemma A.16.

Finally, we consider the case Cp = Hy(y) and write that

~

Ele"v(Yr(y), Hr(y))]
=e"TE|Cs(Hr(y))Yr(y)" + Co(Hr(y))Yr(y)™

INK B2

L 5 _ Hr(y)
i ’1252@2 - 7“1)(62 - 7“2)

Y- B2 H (1-a)m
T(y)” + S 7(y)

(A.2.27)
where the last three terms converge to 0 by Lemma A.17 with Assumption (A1),

Lemma A.16, and Lemma A.18, respectively.
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~

For the first term in (A.2.27), since Y7 (y) < Hp(y)~m~1 we have

e "B|Cs(Hr(y))(Yr(y)™ | = O(e " Cs(Hr(y)) Hr(y) (- 1)

o) (efrT[:ITCg)rQ(lfa)'yﬁrn [:[T(y)rl((lfoz)')qfl))
O (e*TT[_A[T<y)(1*Ol)’Yl ) :

which converges to 0 as T' — 400 by Lemma A.16.
For the second term in (A.2.27), by Yr(y) = (1 — a)Hp(y)=*=1 and r, < 0, we

have
e "B Co(Hr(y))(Yr(y))™ | = O™ Co(Hr(y)) Hr(y)> = 017)

_ O(efrT[:[TCg)rl(lfa)'yﬁrrg [:[T(y)rg((lfoz)')qfl))
— O Hr(y)0-o),

which also vanishes as T" — +o0 by Lemma A.16. Therefore, we obtain the desired

result. O

Lemma A.15. For any T > 0, we have

A

lim E[e™ ™ v(Yx, (y), Hr, (¥)1z=ny] = 0,

n—+0oo

where T, is defined by

T, = inf{t = 0|Y;(y) = n,[:[t(y) > ((1 _ Oé)n)_u—‘a;wl—i}'

Proof. By the definition of 7, for all ¢ < 7,,, we have Y,(y) € [%, n], and thus

h < Hy(y) < max(h, ((1- a)n)f(““;ﬂ*l) =0(1) + O(n_ﬂ—a;ﬂ—l).

Therefore, we have Y;(y)™ < n™, Yi(y)" < (l)r2 = n~"2. Then we shall obtain the

order of v(Y, (y), H., (y)) in three cases, in the sense that i =0,0<c < H. (y),
and ¢} = H. (y).
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Similar to the proof of Lemma A.14, if ¢} = 0, we have

AN 1P

B2
K2B2(B2 — 7“1)(52 - 7“2) ¥ (9)

(Ve (y), Hr, (y) = Co(Hy, ()Y, (y)™ +

i A

_ H,,(y)
+ " H_ () VT—"YT

r+ A

(1-a)m (1—a)y1—2

=O0(n") +O0(n ") + O(n~ T=om-T1) + O(nTom-1)

= 0(n™),

—a)y1—2 (ri—r2)(1—a)y1—2r1
—a)n—17 (a=1)m—1

where r* := rnax{ — 1o, —f1, 8 } Here, we have —f3y < —ry

by Assumption (Al). If 0 < ¢ < H, (y), we have

u(Yr (y), 0o, (y) =Cs(H., (9))Ys, ()™ + Ca(Hr, (y))Yr, (y)"

2N 1P

. 2H.., (y)*"
k2 Bo(Be — 11) (B2 — 12)

K2B1(B1 — 1) (B — 12)

Y, (y)* + Y. (y)”

(r1=ro)(1—a)yy —2ry

—O(n 0T )+ 0(n") + O(n~®) + O(n™™)

If ¢, = H. (y), we have

A~

v(Yr, (y), Hy, (y)) = Cs(Hr, () Yz, ()™ + Co(Hy, ()Y, ()"

2)\K1_ﬁ2 1 . }AI (y)
+ Y, Pry __ — H (I—a)yn _ HmlJ)y,
K2B2(B2 — 1) (B2 —12) " ) (r+XNy ™ (v) A (y)
(r1=ra)(l-a)yy —2r; —(1—a)yy (1—a)yq—2

=0(n D1 Y+0(n ")+ O(n_ﬁ“’) + O(n0=2m-1) 4+ O(n0-m-T1)
=0(n"").

Therefore, in all the cases, v(Ys, (y), H., (y)) = O(n™). In addition, similar to the

proof of (A.25) in Guasoni et al. (2020), there exists some constant C' such that

E[1(r,<ry] <n (14 y*)eT,
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for any £ > 1. Putting all the pieces together, the desired claim holds that

A

lim E[e™"™0(Y,, (y), Hr, ())1rsr,y] = 0.

n—+0o0

0

Lemma A.16. For v, that satisfies Assumption (A1), we have

lim E{e—TTﬁT(y)ﬁ“ ] — 0, (A.2.28)

T—+00
where vy = (1 — a).
Proof. Let Bf := 71—1: It is obvious that
1
A (1—a)y (A—a)y
e TR [HT(y)(l_o‘)”] < e_TTE[sup(l - a)_“‘“mllys(y) “—amil] + e "TR[pM]
s<T

= e_’"TE[sup(l —a) Y ()7 ] + e TE[RITOM],

s<T

in which it is clear that e "TE[p1~M] = O(e™"T) as T' — +c0.

,_.

Then we consider the first term e "7 E[sup,.(1—a) % Y,(y)*]. Define Wt 2% —

Wi + %ﬁt, which is also a Brownian motion under the equivalent measure Q, with its

1g
running maximum (I/Vt(2 ))*. It follows that

e TE lHT - 71] < erTElsup(l — a)ﬁikys(wa]

s<T

—T‘TO

E exp{ B7 sup (;%28 + EWS)}]>

s<T

(
_TTO( :exp{—ﬁﬂl sup W }D
(

&=

ol o) o)
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Wherea=0,b=—ﬁf/-€>0,§=%KJ>O, and k = 0. Note that 2a + b + 2¢ >

2a + b+ ¢ > 0, thanks to Corollary A.7 in Guasoni et al. (2020), we have

E[exp {aW}O + b<W}O>*}1{(W¥))*>k}]
_2@+b+(%ﬂp{@+ﬁﬂa+b+2oT}¢Oa+b+ovﬁ__ﬁ)

S 2a+b+2C 2 VT
+%exp {(2@ +b+20)k + MT}@( —(a+OVT - \%)
and thus
JJim % logE[exp {aW:(pO + b(W}O)*%{(Wp)*%}] —r
SOOIV s 1) e = B )8 )

It follows that

e_TTE[eXp {GW}O + b(W}O) *1{(%@)*%}}
— exp { (% log]E{eXp {aw}o + b(W}O) *}1{(%{))*%}] - r)T}
~o( e {6t - r(er - })

as T — +oo. Together with the fact that ry < 8f < r; under Assumption (A1),

we have (8f —r1)(Bf — re) < 0 and thus

| )| = 0(exp {551 - rar —rar} ) + 0l )

_ O<eXp {%z(ﬁi“ — )8y - T”T})’

which tends to 0 as T" — +o0. O
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Lemma A.17. For ry < By < ry, we have
lim EleTTYT(y)ﬁ"] = 0. (A.2.29)
T—+w0
Proof. In fact,
E[erTYT(y)BO] _ erTEl(yerT . e(r+'§)TﬁWT>BQ]
_ y’lye*TTE[eﬁo(*éT*’fWT)]

=0 <6(50—T1)(50—T2)”22T) ’

which converges to 0 in view that ro < By < ry. O

Lemma A.18. For 5} = 'Yl: < 0 with vf := (1 — a)y1, we have

75
lim ElerTFIT(y)YT(y)] = 0. (A.2.30)
T—+0

Proof. In fact,

ElerTﬁT<y>YT(y>] < E[erThYT(y)] + ElerTYT(y) Sup(l _ a)_(lfa;’vlfl Y'S(y) (1—037171 ] ,

s<T

where the first term converges to 0 by Lemma A.17. For the second term,

E |:6_TTYT(y) Sup(]_ — a)_ (1—a§’v1—1 Y;(y) (1—a§71—1:|

s<T

- 0|y s T

s<T

K2 1 K2

_ M _ n

o (e )
() }))

— W

7?—1( !

aW© + b, (W}O>*}1{(W;<>)*>k}])’
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where a1 = —k, by = —7*—’11 >0, ( = %KJ, and k = 0. Note that 2a; + by + 2¢ =
1

111% > 0 and a; + ¢ < 0, thanks to Corollary A.7 in Guasoni et al. (2020), we can

derive

cofefon o 5 by
(122 (20520 )]

where the second term equals O(exp{—rT'}) as a; + 2¢ = 0. For the first term,

(a1+b1)(a1+bl+2g) —T—K—2 ’}/f 1 S
2 T2\ -1 1

=5 (sreet - - 2 = B vt - )

Thanks to Assumption (A1), we have 8 > ry, and therefore %2(6{‘ —r)(Bf—ry) <

0. In summary, we complete the proof.

A.2.3 Proof of Lemma 4.1

We prove vy, (y,h) > 0 the three regions: y > pM—tpll=em=1 pl-om-1 < 4 <
T R0mam=1 s and (1 — a)h(=7=1 <y < RU=9771 ) respectively. To be more
specific, we first analyze vy, (y, h) in the region (1—a)h(1=9771 <y < H(1=97=1 then

the region h(1= =1 <y < p~TR0=M=1 and finally the region y > v~ thI—n-1,

(i) Intheregion (1—a)h==1t <y < RUI=7=L 4 (y h) = r(r;—1)Cs(h)y" 2+

_ 1-8 .
ra(ra = DCa(A)y™ 2 + FEENE50™ 2 Since ri(ry — 1) = rafry — 1) =

% > 0, we only need to prove C5(h) = 0 and
Cs(h) > 0. According to (4.2.22), we can easily deduce that C5(h) > 0 and

Cﬁ(h) > 0.

2040 5 0 and

K2
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(ii) In the region R=¥M~1 < ¢ < pM=tpl=Im=1 hecause ri(ry—1) = ro(ry—1) =

%, we can deduce that

Oyy(y, h) = r1(r1 — 1)C3(R)y™ 2 + ro(ra — 1)Ca(h)y"™> 2

2\Ba — 1)K P2 o 2(81 — DT g
W2(Bs —11)(Ba —12)" K281 — 1) (B —12)”
2(r+ A r1—p1 ro—p1 pr—1 oo 1—
= (T,,vg ><Cs(h)y Bt Cy(h)y™ " + (r+)\)((611 —21)(61 _r2)>yﬂ 2

2A(Bo — DK 5
W26y —r)(B2—12)"

_ roe _1)pes
Let us define ¢(y) := C3(h)y" =" + Cy(h)y™="1 + (H/\gfﬂllig(ﬁt%ﬂ. Because

the last term in the above equation is positive, it is sufficient to verify that
©(y) > 0. We separate the proof into the following steps: (1) showing ¢(y) is
either monotone or first increasing and then decreasing; (2) show ¢(y) > 0 at
two points y = v ThI=¥N =1 and y = pI-n-1

Indeed, the extreme point y' of (y) should satisfy the first order condition
¢'(y") =0, ie.,

Cy(h)(r1 = B)(y") "7+ Cu(h)(ra = Br) (¥t = 0.

We remark that Cs(h) < 0, 1y — 1 > 0, while Cy(h)(r2 — 1) can be negative
or positive. If Cy(h)(rs — B1) < 0, there is no solution for yf, hence p(y) is

monotone. If Cy(h)(ry — B1) > 0, there exists a unique real solution to the

above equation

- (Bmem)

which might fall into the interval [p(1=®) =1 pm=1p(1=)m=1] " Noticing that

C3(h) <0, (ry — p1) >0, and

¢'(y) = C3(h)(r1 — By 71 + Cu(h)(ry — Br)y> 271,
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it follows that when y < 37, ¢'(y) = 0; when y > yf, ¢'(y) < 0. Hence ¢(y)

increases before reaching y', and then decreases after exceeding .

Then we aim to prove o tA1=7-1) > 0 and p(h(1~*7=1) > 0. Indeed, if

y = v =M= e obtain

SD(V%—lh(l—w)vl—l)

_ r1—p1 ro—p1 (51 _ 1>haﬁ1

Gy G R B )

r1—p1 _ re—pB1 (ﬁl — 1)ho¢51

> Cs(h)y + (Cy(h) — Cs(h))y + NG =) =)
_ 1— 51 by /31 -1 hT1’Y1+7"2+aﬁ1

(r+A)(r1 —r2)(b1 — 1) (r+ N)(r1 — 72)(B1 — 73) (vh)rimtr

Bl -1 B
T ING -G )

(Br — Dho? (- 1 1 1

s ( (1= (B —11) (=72 (B —12)  (Br—m)(Br — r2>>

where the last second inequality holds because (61 — 72)(r171 + 72) < 0 and
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0 < v < 1. On the other hand, if y = h(!=*7~! we can obtain

gO(h(lfa)'yrl)

— 1\ peA

> Gty + () = G + i
_ 1- 05 (vh)r2ntn N pr—1 hob

(r+ A)(r1 —12)(Br — 1) hromtrimel = (r 4+ X)(ry — 79) (81 — 72)

Bl -1 o
MCES
S (By — 1)hoBr (_ 1 . 1 . 1
T+ A (r1=m2)(Bi—11)  (ri—r)(Bi—12)  (Br—7r1)(Br—712)

= 0.

(iii) In the region y > (vh)?~th*7, similar to the proof of C5(h) = 0, we can obtain
CQ(h) > Og(h) — CG(h) = 0.

ro— 2A(Ba—1) K18 _
Therefore, vy, (y, h) = ra(rs = 1)Ca(h)y™ 2 + ZEIHE 5y 2 > 0.

A.2.4 Proof of Corollary 4.1

Along the boundary zj,.s(h), we first have C*(;EII:VV((;)) h) xlaj:(h), where Ziays(h) is

defined in (4.2.19):

Tiavs () = —C5(R)ri (1 — o)~ tp2(=em=b _ Cu(h)ry(1 — o)zt (mem=1)

_ 2= )RTKTR 6, ey P
K2(By —71)(B2 — 12) rtA

In addition, we have

Tl(l _ a)—rz (,/r271+r1 _ 1)(1 _ Bl)

. ri—1z—ro((1—a)y1—1) _
CS(h)Tl(l Oé) " ' (T + A)(Tl - 7’2)(51 - 7’1)

h,

1= a) (L= ) (1= B)(rs(1 — ) + 1)

)

ro(1 — )2t pr(=a)m=1) 7a(
Co(h)ra(1 )2 h (r+XN)(ry —ro) (B — 1) (ri(1 — a)y1 + r2)
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and
(B2 = DL —a)n —1) <1,
thanks to Assumption (A1), and the equality holds if and only if v = (1 — a)v;.

Therefore, we have

L () m(l—a) R — (1 - )

h—>+o  h (r+A)(r1 —r2) (61 — 1)

T2(1 — a)_Tz(l — VT271+T1)(]_ — ﬁl)(’l“g(l — 05)71 + Tl)
(r+A)(r1 = 72) (B — 1) (11 (1 — @)y +12)
2)\(1 — 04)62*1[{1*52 L 1
_ ffz(ﬁz — 7”1)(52 — TQ) {ro=(1—a)y} T T-f-—>\

The optimal investment on xj,s(h) is

U (xlavs(h)’ h) = 2(7“,:2_ )\) C5(h>f3(l‘1avs(h), h)rl_l + 2(7./:2_ )\) 06(h)f3($1avs(h)7 h)m_l

" 2)\K1_52 (52 — 1)
K2(Ba —11)(B2 — 12)

_2(r+ )\)/g — )" O (hyh-r2(0=m =D
N 2(r + )\)(1 —a)™"
KR
INKI2(By — 1)(1 — a)!
K2(Ba —11) (B2 — 12)

f3(Travs (R), h)ﬂrl

Cs (h)h—m((l—a)%—l)

(B2 ((1—e)m—1)

Therefore, we conclude

lim M = lim . lim ——
h—+0o0 Tlavs(h) h—+a0 h ot Tiays(h)

which also exists.
The optimal bequest on zp,s(h) is

_1 _1

1 2T
b*(l'lavs(h), h) =K 71 ((1 _ a)hﬂ—a)’n—l) _ ( -
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Therefore, we conclude

1—a)\ 2T h
= 1{72=(1—a)71} T h1_1>51_100 m

is positive if v9 = (1 — a)7v;, and equals 0 otherwise.

A.3 Proofs for Chaptper 5

A.3.1 Proof of Theorem 5.2

Fix (z, 2) satisfying 2 > % > 0. By assumption, the feedback control pair (¢, 7b) is ad-
missible, the open-loop control strategy, (Cs, 7s, bs)s>¢, generated from (¢, 7) with re-
spect to the initial condition (Xf’ﬁ’i), Zf’ﬁ’i)) — (z,z) is admissible. Let {(X&®b Z&%0) ¢ >
t} be the corresponding wealth and habit formation process under (¢, 7, l~)) Applying

It6’s formula, we have

f=atl
~—

—ps, cmb( \ETD 78,
e P (XS Z¢
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Define the stopping times 7, := inf{s > ¢ : { e 2p”7r2(f2(uc’”*b(Xgi“B, fo’ﬁj’))2 > nj,

for n = 1. Then from (A.3.31), we obtain

SATR) “SATh

e—ptuc,ﬂ',b( ) ]E]-'t |: (S/\Tn) c,m, b(Xc b Z&,fr,é) B J‘SATn . < B puc,w,b(Xg,fr,E’ Zg,ﬁ',l;)
t

c,m,b 3

On the other hand, by standard arguments and the assumption that «“™" is smooth,

we have

. , 1 1 AK
—puS™ (2, 2)+uS ™0 (z, 2)- (ra+pm—c—Ab)+us ™ (z, z)~(nc—6z)+27r202u° T (g, 2)+ = (c—2) T+ 5—=b7 =0,
Y Y

for any x > % > 0. It follows that

—puS™(z, 2) + sup {u” “(2,2)- (re + pr’ — —b) +uS™"(z,2) - (nc — 62)
cdeR,m'eR Y eR ¢

(A.3.33)
Note that the maximizer of the Hamiltonian in (A.3.33) is given by the feedback
policy (¢,7,b) in (5.2.7). Therefore, equation (A.3.31) implies that

SATR 1 . 5
efptuc,frb( ) E}—tl p(sATn) C7Tb(X67Tb Xcrrb) J epv_{(5U_Zc,7r,b)'y+)\sz}dvi|’
t

SATp? SAT; v
v

for z > 2 and s > t. Now sending n — o0, we obtain

e s 1 -
e Puc™(z, 2) < B [e_”suc’”’b(Xg”r’b, 7500 4 f e ={(c, - Z;™ ) + )\wa}dv]
t v

v
taking s — 400, we have

W 2) < B [ f e P {(, — ZERh 4 AKBg}dv].
t



A.3.2 Proof of Theorem 5.3

z

For feedback policy pair ¢y(z, 2) = z+ a1 (z — 2), mo(, 2) = as(x — 2) and by(z, 2) =
as (:L‘— é) that is admissible with respect to initial (x, z). It follows from the standard

argument that the corresponding value function u®-™ satisfies the PDE

— pu™(z, 2) + ug™ (x, 2) (re + pmo(w, 2) — o, 2) — Abo(, 2))

1 1 AK
+ ul™(x, z)(nco(x, z) — dz) + 57?30211;‘3;”0 (r,2) + —(co— 2)" + —b) =0,
8 Y

(A.3.34)

with initial condition u(x,bz) = 0 for any = > 0. Solving this equation, we obtain

> Y
uco,ﬂ'oybo = Lo (l’ _ E) ’

where L is some constant related to ay, as and az. By Theorem 5.2, we can obtain

the optimal feedback control triple (¢ (z, 2), T (x, 2), b1 (z, 2))

iz, 2) =z + <W)”ll<x§)7

and we can obtain the associated value function

> Y
uCrTLbL — Ly <:E _ E) ’

for some constant L; > 0. Following this process, we can obtain a sequence {L,,n >
0} as the coefficient of the value function. By Theorem 5.2, the sequence {L,,,n > 0}
is indeed a non-decreasing sequence, and has an upper bound L* by our assumption
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that the solution exists. Because the value function has a limit u™*< the optimal
control triplet (¢, (z, 2), m,(xz, 2), b, (2, 2)) also has the limit (¢ (2, 2), T (2, 2), b (2, 2)).
By the standard argument, the value function u¢=e™obe = [* (:E — 2)7 satisfies the

following PDE

— puceTe b (x,2) + u;"o’”"‘”bw (x,2)(re + pumry(x, 2) — ez, 2))

1 1 AK
+ ule b (1 ) (new (x, 2) — 82) + §7r3002u§°§’”°°’b°° (x,2) + §<COO —z)7 + —bl, =0,
for any x > % > 0 with initial condition u(z,br) = 0 for all z > 0. Moreover, limit

of the optimal control triples

Combining these equations, we have L* = V(bin) =1 and thus ué=m™b=(z z) =

u*(x, 2), (co(m, 2), Mo (2, 2), bp(x, 2)) = (c*(x, 2), 7(x, 2), b*(x, 2)).
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