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Abstract

This thesis is devoted to theoretical and numerical analysis of inverse problems of fractional differential
equations, which have drawn much attention over the past decades due to the maybe "mild” ill-
posedness of fractional derivatives.

In recent years, some numerical algorithms and mathematical analysis are provided and tested.
However, in most of these works, only some convergence results and semidiscrete numerical analysis
are analyzed. Then our aim is to give a thorough numerical analysis of inverse problems, where
numerical estimates are provided including noise level, regularization and discretization parameters.
The numerical estimates provide a balancing way to choose regularization and discretization parameter
from the noise level. Therefore, we could use a relevant coarser grid to obtain some optimal convergent
results.

After a background and preliminary introduction in Chapter [l|and Chapter [2] firstly in Chapter
we focus on the backward subdiffusion problem, with the application of quasi-boundary regularization
method, piecewise-linear finite element method and convolution quadrature, we show a total error es-
timate based on smoothing properties of (discrete) solution operators, and nonstandard error estimate
for the direct problem in terms of problem data regularity. Next in Chapter [4] when the backward
subdffision model includes a time-dependent coefficient, we use a perturbation argument of freezing
the diffusion coefficients. Similarly, we apply a quasi-boundary value method and a fully discrete
method consisting of finite element method in space and backward Euler convolution quadrature in
time. An a priori error estimate is established. Based on the motivation in subdiffusion we extend our
idea to fractional-wave equation in Chapter [5| where we want to simultaneously determine two initial
conditions based on two different observations. After a new proposed quasi-boundary value method
and a classical fully discrete method in space and time, a conditional a priori error estimate is shown.
On the other hand, we focus on the inverse potential problem in Chapter [6] to recover potential in a
fractional differential equation, with the severely ill posed nature, we construct a monotone operator
one of whose fixed points is the unknown potential. The uniqueness of the identification is theoretically
verified. Moreover, we show a conditional stability in Hilbert spaces under some suitable conditions
on the problem data. Next, a completely discrete scheme is developed by using Galerkin finite method
in space and finite difference method in time. A discrete fixed point iteration is constructed and
a thorough numerical analysis is given. Lastly in Chapter [7] we summarize our work and mention
possible future research topics.

In each chapter, various numerical experiments are provided to support our obtained numerical

error estimates. By a balancing choice of parameters, we would obtain an optimal convergence rates,

v



which is strongly supported by our numerical experiments.
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CHAPTER 1.
INTRODUCTION

In this chapter, we will introduce anomalous diffusion and mathematical foundations on non-integer
order calculus in section [I.1] The development of inverse problems for systems with non-integer order,

would be presented in section This dissertation’s contributions and organizational structure, are

then described in section [[.3l

1.1 Introduction to anomalous diffusion

In 1855, Adolf Fick introduced Fick’s first law of diffusion, which describes how the diffusive flux
travels from areas of high concentration to areas of low concentration.(see Figure[1.1f')) The magnitude
of the flux is proportional to the concentration gradient. Applying this law to mass concentration

leads to the classical diffusion equation, which characterizes the evolution of concentration over time:
Owu(z,t) — DAu(x,t) =0,

where u represents the concentration of substances and D is the diffusion coefficient.

00._0

0880 o o
Oooo O —_—
698 o © o

o°o © _

high concentration » | low concentration

Figure 1.1: Figure of diffusion

Moreover, in 1905, Einstein [14] derived the classical diffusion equation from a microscopic level,
assuming a Brownian motion of the concentration movement and applying a stochastic process. The
probability density function of the particle then follows the classical diffusion equation in the macro-
scopic level.

In recent decades, many experiments and studies have reported that the diffusion observed in
complex systems no longer follows Brownian motion, but rather Lévy processes. This type of diffusion
is known as anomalous diffusion, and its main characteristic is that the mean square displacement

of particles varies superlinearly (superdiffusion) or sublinearly (subdiffusion) with time. Applying

!The figure is from https://quizlet.com/gb/519036925/diffusion-scaling-up-biology-gcse-91-flash-cards/



anomalous diffusion models provides a better fit to experimental data observed in many significant
practical applications. Specifically, subdiffusion models are often used to describe media with highly
heterogeneous aquifers [2, 29, 22] and fractal geometry [85]. For example in figure [1.2| the subdiffusive
motion is showed in RNA molecules in the cell, and we could see that the mean square displacement
is proportional to the fractional power(a = 0.7) of time. While superdiffusion models, also known
as diffusion-wave models, are frequently used to describe the propagation of mechanical waves in
viscoelastic media [74, [75]. Interested readers can refer to [80), BRIl [109] for a long list of applications

of fractional models in biology and physics.

05 —=
(a) ol f
* =1 (in vitro)

3 = a=0.7 {in vivg)

Iogm 1 (sec)

Figure 1.2: Subdiffusive motion of RNA molecules in the cell. Figure is from [22], Fig2(a)]

In this thesis, we will only consider the anomalous diffusion in time. The anomalous diffusion can

be represented by an equation of the form:
Ofu= D(—A)u

where 0f represents a fractional derivative related to time and « is the order. We can say that
a € (0,1) represents the subdiffusion model, « = 1 represents the classical diffusion model, and
a € (1,2) belongs to the diffusion-wave model.

From a mathematical point of view, fractional-order derivatives, and more generally, non-integer
calculus, can be traced back to Leibniz’s notes in 1695. The development of the theory of arbitrary
order derivatives and integrals originated from Leibniz and evolved over three hundred years in the
pure theoretical field of mathematics, primarily through the work of Liouville, Griinwald, Letnikov,
and Riemann, among others. The advantage of fractional derivatives is that they provide an excellent
explanation for the memory and hereditary properties of varying quantities in complex environments.
There is a large amount of mathematical background literature about fractional order calculus [87,

60, 57, [38].



1.2 Introduction to inverse problems

1.2.1 Inverse problems: derivation and applications

Assume that a direct problem is well-posed in the meaning of mathematical physics, that is, if we
completely know a ”physical device”, then we could describe this device with a classical mathematical
model including the existence, uniqueness and stability of a solution state of the model. The inverse
problems come from a trivial question that, given some measurement data of this device, could we
find one of the parameters describing this device.

The inverse problem exists very long in our daily life. In science, a historical example may come
from the discovery of Neptune from the perturbed trajectory of Uranus from Adams and Le Verrier.
However, the thorough study of inverse problems may initiate from 20th century to give a compre-
hensive understanding of practical problems. For example, the medical imaging [32] [79] is to seek the
hidden structure under skin and bones without any penetration and damage to our body. The method
of weather prediction [105] uses the identification and prediction to help better industry manufacture.
Oil detection [33], [7] is based on the inverse problem of diffusion in porous media. The extensive prac-
tical applications of inverse problems happens in gravimetry, computer vision, geophysics, machine

learning, etc.

1.2.2 Inverse problem in differential equations

Due to various kinds of inverse problems, there are many mathematical models describing them. The
difficulties of solving these models including differential equations mainly come from the ill-posedness

in the Hadamard sense [25]. Given the abstract equation
Az =y,

the well-posedness of the equation is to require A has a continuous inverse A~!, in other words, the
solution z must enhance the uniqueness, stability and existence. If one of them violates, we call this
equation "ill-posed” (in the sense of Hadamard).

It is very essential to seek the uniqueness in inverse problem which makes much sense in practical
applications. However, the existence condition would not be necessary, for even if there is no existence,
we could find an ”approximate” unique solution. The stability would imply the level of ill-posedness
of inverse problems, but it is very challenging to obtain. The importance of stability is to derived
from the noise from data measured and computed from reality. We introduce interesting readers to
some literatures like [34] 25| 12, [84], 28], [36], 02l 90, [35], 97, 94] [15].

The noisy observation data in inverse problems are unavoidable, without any preprocessing we may



arrive results at opposite parts. The most popular processing dealing with noisy data is regularization,
the main idea is to find the solution into another correct class [34, section 2.2], guaranteeing the
uniqueness and ”conditional stability”. It is very essential in numerical methods for inverse problems
to obtain stability. Tikhonov in 1943 firstly promotes this observation in his work, initiating the
theory of stable recovery of linear or nonlinear ill-posed problems. The general idea is to add an extra

penalty term to find minimizers of the functional [94], i.e.
v > Az — 4P| + allz — o]

where a, called regularization parameter, states the level of penalty and xg includes a priori informa-
tion about solutions. Tikhonov regularization has been investigated extensively in linear and nonlinear

ill-posed problems. By additional assumptions on operator A and initial setting for solutions, we would
1

9, corresponding to the noisy data y°. Even some convergence rates

arrive a stability of minimizer x
have been showed upon some more conditions on operators and solution. To solve Tikhonov regu-
larization method in nonlinear ill-posed problems, we always use iterative methods in optimization
which guarantee the convergence of iterative solutions and are easy to program on electrical device.
We recommend the following literatures of regularization and inverse problems [36], 94 [52] 95| [15].
For linear ill-posed problems, there are many direct regularization methods. For example, the
backward parabolic problems could use truncation regularization, quasi reversibility, pseudo-parabolic,

etc. [31]. The computerized tomography (cf., e.g., [84]) is also a linear problem, including the Radon

transform which is basis of CT scan.

1.2.3 Inverse problems consist of anomalous diffusion in time

Following the rising interest in anomalous diffusion, it is trivial to study the inverse problem from
anomalous diffusions. The inverse problems for classical diffusion could consist of recover diffusion
and potential coefficients, initial condition, source term, boundary conditions and domain geometry.
Not only the inverse problems for anomalous diffusion inherits these parameters, but the recovery of
non-integer order (fractional order) is more important. The second interest is to compare the impact
of new physics on the behavior of inverse problems with classical results.

The last aspect plays a more important role in our practical point, since it could infer the more or
less reconstruction of quantities of interest. Here we briefly introduce some inverse problems related

to anomalous diffusion which we use in the following chapters.



Backward diffusion Firstly let @ € R? (d > 1) be a bounded and convex domain with smooth
boundary 052, and consider the following backward subdiffusion equation
ofu—Au=f in Qx(0,7),
u=20 on 002 x (0,7), (1.1)
u(0) = ug in Q
where 0 < o < 1 and A is the Laplace operator in space. Here 0f'u(t) denotes the Caputo fractional
derivative introduced in Section 2.1l
Inverse problems for fractional diffusion have attracted much interest, and there has already been
a vast literature; see e.g., review papers [48], 66, 67, [70] and references therein. Firstly we aim at
the classical backward problem: determining the function u(z,t) with (z,t) € Q x [0,T) from a
terminal observation u(z,T) = g(x).

The smoothing property

crlluollpz) < lu(T)|l2() < calluollr2(o) (1.2)
given by [89, Theorem 2.1] contrasts sharply with the classical parabolic counterpart (o = 1), whose
solution is infinitely differentiable in space for all ¢ > 0. Thus, the backward problem of subdiffusion
is far “less” ill-posed than that of normal diffusion. The existence, uniqueness and stability of the
time-fractional backward problem were analyzed by Sakamoto and Yamamoto in [89]. This work
motivates many subsequent developments of regularized algorithms. In [69], Liu and Yamamoto
proposed a numerical method based on the quasi-reversibility method, and analyze the approximation
error (in terms of noise level) under a priori smoothness assumption on ug. Then a total variation
regularization method was proposed and studied by Wang and Liu in [102]. In [I00], Wang and
Wei developed and analyzed an iteration method to regularize the backward problem. The quasi-
boundary value method for solving the fractional backward problem was firstly studied in [I0§] for
a one-dimensional subdiffusion model, and then extended in [103] to the general case by modifying
the regularization term. See also [27] for a novel Holder type estimate of the quasi-boundary value
methods.

To solve the regularized system, people applied different numerical approaches, e.g., finite element
method, finite different method, etc. Then some discretization error will be introduced into the system.
Therefore, it is necessary to establish an estimate to balance discretization parameter, regularization
parameter and noise level.

As Section [1.2] points out, we need to regularize the ill-posed problem. For the backward prob-
lem, there are many popular regularization methods such as quasi-reversibility [63], pseudo-parabolic
method [I§] and quasi-boundary value method [31]. In this thesis we apply quasi-boundary value

method at time boundary ¢ = T', which is



However, when the operator —A in be more general, i.e. be time dependent operator A(t) :

HE(Q) N H%(Q) — L*(Q) defined by

A(t)p ==V - (a(z,t) Vo) (1.3)
satisfying Elliptic conditions, the PDE of becomes

ofu+ Alt)u=f in Qx (0,7,
u=0 on dQx (0,T), (1.4)

u(0) = ug in
the analysis of backward subdiffusion used in Chapter [3]may be not directly applicable for subdiffusion
models with time dependent coefficients since it heavily relies on the asymptotic behaviors of Mittag-
LefHler functions. Unfortunately, this strategy is Moreover, for fractional model, the analysis is much
more challenging since many useful mathematical tools, including product rule and chain rule, are not
directly applicable.

For time-dependent elliptic operators or nonlinear problems, energy arguments [99] or perturbation
arguments [58] can be used to show existence and uniqueness of the solution. However, more refined
stability estimates, needed for numerical analysis of nonsmooth problem data, often have to be derived
separately. Mustapha [83] analyzed the spatially semidiscrete Galerkin FEM approximation of problem
using a novel energy argument, and established optimal-order convergence rates for both smooth
and nonsmooth initial data. See also [76], [77, [78] for time-fractional advection diffusion equation. In
[45], a perturbation argument of freezing the diffusion coefficients was proposed to analyze the PDE
and its numerical treatment. The argument was then modified and adapted to the error analysis
of high-order discretization scheme in [46]. However, the analysis for the uniqueness and stability of
backward problem is still missing in the literature. We also refer interested readers to [30, [6] for the
inverse source problem with time-dependent coefficients, where the uniqueness was proved using some
nonstandard energy argument.

After dealing cases for subdiffusion model, i.e. 0 < « < 1, there are cases related to fractional
wave case of 1 < a < 2. We consider

Ofu—Au=f in Qx (0,7,
u=0 on 80 x (0,T), (1.5)

u(0) =a, Jwu(0) =0 inQ.
It is interesting to investigate the backward problem for the diffusion-wave model : we want to
simultaneously determine the initial data u(z,0) and w(x,0) with z € Q (and hence the function

u(z,t) for all (x,t) € Q x (0,7)) from two terminal observations
u(z,Th) = g1(x), wu(z,T3) = go(x) forall z € Q, (1.6)
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where T7,T5 € (0,7] and T < Tb.

The study on the backward problem for the diffusion-wave model remains fairly scarce. In [104]
Wei and Zhang studied the backward problem to recover a single initial condition u(0) or u:(0)
(with the other one known) from the single terminal data w(7"). Floridia and Yamamoto analyzed
the simultaneous recovery of two initial data from two terminal observations u(7") and w;(7"), and
established a Lipschitz stability in [20]. In the setting of current paper, we consider two observations
u(T1) and u(T3), which are practical in many empirical experiments. As far as we know, there is no
rigorous analysis of the discretized (numerical) scheme for solving the backward problem where some
regularization error and discretization error(s) will be introduced into the system. Then there arises
a natural question: is it possible to derive an a priori error estimate, showing the way to balance

discretization error, regularization parameter and the noise.

Inverse potential problems Here we consider the following initial-boundary value problem for the

diffusion model with a € (0, 1]:

O u(z,t) — Au(x, t) + q(x)u(z, t)

f(z), (x,t) € Qx(0,T],

£
—~
K
=

Il

b(x), (z,t) € x(0,T], (1.7)
u(z,0) =v(z), x€Q,

The notation Of*u denotes the conventional first-order derivative when o = 1, and the Djrbashian-
Caputo fractional derivative in time ¢ for o € (0, 1).

For the inverse potential problem, we study the following inverse potential problem for the
(sub)diffusion model : setting appropriate problem data v, f, b and measuring the final time data

g(x) := u(x, T;q"), then we aim to recover the unknown potential term ¢f(z) € L>°(Q) such that
u(z, Tiq") = g(z) inQ.

This inverse potential problem arises in many practical applications, where ¢' represents the radiativity
coefficient in heat conduction [106] and perfusion coefficient in Pennes’ bio-heat equation in human
physiology [86].

The theoretical analysis of inverse potential problem in diffusion equation from final time observa-
tional data has a long history, see e.g, [34 9] 10, 8, 59] and the references therein. In [34] Isakov showed
the uniqueness and (conditional) existence of the inverse potential problem for parabolic equations, by
developing a unique continuation principle and a constructive fixed point iteration. A similar strat-
egy was then adopted in [I13] by Zhang and Zhou for a one-dimensional time-fractional subdiffusion
model. Using the spectrum perturbation argument ([I13, Lemma 2.2] and [88]) they proved that the

fixed point iteration is a contraction, from which the uniqueness and existence followed immediately.



Choulli and Yamamoto proved a generic well-posedness result in a Holder space [9], and then proved
a conditional stability result in a Hilbert space setting [10] for sufficiently small 7. By using refined
properties of two-parameter Mittag-Leffler functions, e.g., complete monotonicity and asymptotics, a
similar result was proved in [50] for the case that o € (0,1). Kaltenbacher and Rundell [53] proved
the invertibility of the linearized map (of the direct problem) from the space L?(2) to H?(2) under
the condition up > 0 in 2 and ¢ € L*°(f2) using a Paley-Wiener type result and a type of strong
maximum principle. In [55], they studied the recovery of several parameters simultaneously from
overposed data consisting of u(7"). Chen et al. [§] considered the observational data in [Tp, 73] x Q
for the parabolic equation, and proved conditional stability of the inverse problem in negative Sobolev
spaces. Most recently, Jin et al. [47] used the same observational data and showed a weighted L2
stability which leads to a Holder type stability in the standard L? norm under a positivity condition.
We also refer interested readers to [56] [82] [54] and references therein for the inverse potential problem
for (sub)diffusion models from different types of observational data.

The ill-posed nature of inverse potential problems usually poses big challenges to construct accurate
and stable numerical approximations. Regularization, especially Tikhonov regularization, is designed
to overcome the ill-posed nature [16], 106}, 13, 107]. In practical computation, one still needs to discretize
the continuous regularized formulation and hence introduces the discretization error. See [106] for the
convergence of the discrete approximations in the parabolic case. However, the convergence rates of
discrete approximations are generally very challenging to obtain, due to the strong non-convexity of
the regularized functional, which itself stems from the high degree nonlinearity of the parameter-to-
state map. So far there have been only very few error bounds on discrete approximations, even though
an optimal a priori estimate provides a useful guideline to choose suitable discretization parameters
according to the noise level. See [47] for an L? estimate under a positivity condition, where the
observational data is required to be known in [T'— o, T x Q2 for some positive parameter . Moreover, in
case that a € (0, 1), due to the presence of the nonlocal fractional differential operator, the subdiffusion
model differs considerably from the normal diffusion problem. For example, many powerful tools,
e.g. energy argument and product rule, are not directly applicable, and the solution has only limited
spatial and temporal regularity, even for smooth problem data. Both of them often result in additional
difficulties to the mathematical and numerical analysis for both direct and inverse problems. See a
related inverse conductivity problem in [101] and [51] respectively for normal diffusion and subdiffusion

model, where the error estimate requires the observational data in (0,77 x Q.



1.3 Contributions and organizations of the thesis

In this thesis, we provide mathematical and numerical analysis for approximately solving the backward
problem and inverse potential problem of time anomalous diffusion equation. The analysis cover back-
ward subdiffusion with time dependent or independent coefficients, backward diffuion-wave problem
with two unknown initial conditions and inverse potential problem. The error estimates from nu-
merical algorithms are very useful to choose discretization parameters and regularization parameters
according to the noise level.

In Chapter [2 we provide some necessary preliminaries needed for the analysis of fractional partial
differential equations. Firstly we list some fractional calculus including integral and derivative. The
Mittag-Leffler functions which play an essential role in fractional PDEs, is clearly introduced, and
its asymptotic behavior is given in Lemma [2.1] The solution representations are also given based
on the spectral expansion and Mittag-Leffler functions. Some numerical methods including finite
element methods and convolution quadrature are illustrated. All these preliminaries form basis for
the following mathematical analysis and numerical algorithms

In Chapter [3| we provide a complete numerical analysis to the backward subdiffusion problem of
fractional order a € (0,1). After using quasi-boundary value method to regularize the problem, we
propose a fully discrete scheme by applying finite element method (FEM) in space and convolution
quadrature (CQ) in time. The analysis relies heavily on smoothing properties of (discrete) solution
operators directly from Mittag-Leffler functions and nonstandard error estimate for the direct problem.

In the past, the backward diffusion problem for a standard parabolic equation, i.e., @ = 1, is
intensively studied. Due to the strong smoothing properties of solution operators E(t) = exp(—At),
the backward stability is at most log type. However, the limited smoothing properties of solution
operator from subdiffusion would infer the far ”less” ill-posedness of the backward stability.

Specifically, if the observation data is noisy in level § > 0 in L? sense. Given the regularization
parameter v > 0, the space and time discretization h and 7. Firstly for smooth data, there holds
(Theorem [3.3| (1))

N v+ (R 47+ 0)min(y 6, + 1t n > 1,
105, = w(ta) |l 20y <
v+ A4+ T1 40y, n = 0.
As for nonsmooth data we could have a convergence at n = 0 and even a convergence rate for n > 1.
And this is the first work providing rigorous error analysis of numerical methods for solving the
time-fractional backward problem.

In Chapter [4] we study the backward subdiffusion problem with time dependent coefficients, i.e.

the spatial differential operator A = A(t). Since the method of Mittag-Leffler function could not



be used, we apply a perturbation argument [44] 45] and show some smoothing properties of solution
operators. The quasi boundary regularization method is applied, then after some numerical designs
we establish a thorough error analysis.

The main contribution of this chapter is firstly to develop a conditional stability in Sobolev spaces
(Cf. Theorems and . Next we apply piecewise linear FEM in space and CQ-BE in time, then

the complete error analysis is given for smooth (Theorem [4.7))
H[}g - U0HL2(Q) < C(Vg + oy 2y 4 | logT|(h27_1 4 1))’

and for nonsmooth data in L?(Q), we also show a convergence following ¢ — 0.

In Chapter 5| we introduce simultaneous recovery of two initial conditions from backward diffusion-
wave problem. Firstly the existence, uniqueness and Lipschitz stability are established. Moreover, we
apply regularized quasi-boundary value method and piecewise linear FEM in space and CQ-BE in time.
Then we could derive a comprehensive numerical analysis to the simultaneous recovery problem.

The simultaneous recovery is to recover initial state up = a and velocity dyu(0) = b from differ-
ent time 77, T5 In particular, using the asymptotic behavior of Mittag-Leffler functions, we show a
two-sided Lipschitz stability (Theorem under some conditions on 77 and T, (depending on the
spectrum of —A). In the second part, total analyzed numerical schemes are promoted and imply the

main results in Theorem (Theorem of
1a@ , — allzec) + 100+ — bllzegq) < c(v2 + 7+ (W2 +8)771),
if a,b € HY(Q) with ¢ € (0,2], and for n > 1
103 = ultn)ll ey < efymin(y=0=8, 6078 4 (7= 4 2 4 6) min(y L, 1,7

And for L? constraints we also could obtain a convergence.

In Chapter [6] we move our focus to inverse potential problem, i.e. to recover a spatially dependent
potential in a (sub)diffusion equation from overposed final time data. We construct a monotone oper-
ator one of whose fixed points is the unknown potential. We verify the uniqueness of the identification
via the operator monotonicity and a fixed point argument. Based on an extra proved stability, we
propose a completely discrete scheme by using FEM in space and finite difference method in time and
a fixed point iteration is applied to reconstruct the potential.

Motivated by [113] for a one-dimensional time-fractional subdiffusion model, we apply a totally
different idea for high dimensional cases of inverse potential problem. To recover the potential q firstly
we construct an operator K and show its monotonicity, which is used to prove that there at most one
fixed point (Theorem . Besides under some conditions for final time 7', we show a Lipschitz-type
stability in Hilbert spaces (Theorem [6.3). Based on this stability, we apply a fully discrete scheme
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by Galerkin finite element method with conforming piecewise bilinear finite elements in space and
backward Euler method in time for a = 1, and BE-CQ for a € (0,1). Under some clear numerical
analysis we obtain a priori error estimate for any parameter ¢ € (0, min(1,2 — %)) (Theorem [6.5))
g (0 o
lg" = "l z2(0) < 1—cT—(1—€)a<h2+h+T) §c(h2+h+7'
if (7~ < co < 1 for some constant cg.
Finally, we summarize the main results in the thesis and try to discuss possible future work in

Chapter [7l In each chapter various numerical experiments are provided to support theoretical results.
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CHAPTER 2.

Preliminary

In this Chapter, some preliminaries are introduced related to the fractional differential equations.
Firstly, in Sections[2.1]and [2.2] the basis of fractional calculus is presented followed by the corresponding
Mittag-Leffler functions arising from fractional ODEs. Next, in Section [2.3] and [2.4] the representation
of solution in fractional PDEs are given from Mittag-Lefller functions and semigroup approaches, also
some smoothing properties of solution operators are given. And finally in Section we introduce

some numerical algorithms considering the fractional PDEs, including discretization in space and time.

2.1 Fractional calculus

In this section we would briefly introduce some basis definitions of fractional calculus. Let D = (a,b),
extending Cauchy iterative integral formula for integers to fractions, the left-sided Riemann-Liouville’s

fractional integer of order 3 > 0 based at t = a, for any u € L'(D), is defined as ([38, Definition 2.1])

()0 = 55 [ (=5 u(s)as (2.1)

and the right-sided Riemann-Liouville fractional integral with order § > 0 at ¢t = b is defined by
B _ 1 ’ B-1
(e u)(t) = F(B)/t (s —t)" "u(s)ds
here I'(f) stands for the Gamma function. And if 8 = k € N, we would arrive the regular k-fold
integral of u.
Moreover, based on this fractional integral we could obtain the fractional derivative. The left-sided

and right-sided Riemann-Liouville fractional derivative are defined as

(6% dn (e
WD u(t) = dTn(aIt ), (2.2)
dn
fDule) = (<1 (),

where the fractional order n — 1 < a < n for any n € N. However, the existence of the fractional
derivative is guaranteed by u € L'(D) and u has n-th continuous derivative for ¢t > a.
Moreover, the derivative could take inside the integral, after which we could obtain the Djrbashian-

Caputo fractional derivate, i.e., [38, Definition 2.3]

eDfu(t) = (o u™)(8), (2.3)

EDu(t) = (—1)" (dfu™) (1),

12



in left and right-hand sense and here u(™ means the n — th derivative of u. The existence of such
fractional derivatives is guaranteed by v € L'(D) and u € AC™(D), where AC(D) denotes the
absolutely continuous function on D [38, Appendix 1].

It is very important to state the relation between Riemann-Liouville and Caputo fractional deriva-

tives [57, p. 91]:
u® (a
(SDEu)(t) = (D) Z (o ) (= o) (2.4)

In this thesis we apply left-sided Djrbashian-Caputo derivative 0§ := OCDtO‘ (2.3) and Riemann-
Liouville as #9¢ :=E D in our differential equation models from a = 0 due to its better explanation
to physical technology ([87, p. 78-79], [60, p. 10-11]).

Some properties of fractional derivatives are well-studied recently(e.g. [38, 87]). For examples, if

u € LY(D) with (2" u)(t) and (2 "u)(a) = 0 then [38, Theorem 2.13]
DRt =wu, ae. in D.

Also, the Caputo fractional derivatives can commute under some conditions see more detail in [38,
Proposition 2.3]. However, the chain rule and product rule may fail which bring obstacles in applying
some classical powerful tools like energy arguments.

The Laplace transforms for fractional derivatives are well-known(e.g. [38 87, 60]). Applying the

Laplace transform to Caputo derivative we would obtain([38, Lemma 2.9]):

n—1

LIFD U] (2) = z%a(z) = > z*F1u®)(0)

k=0

where n — 1 < o < n and 4 means the Laplace transform of .

2.2 Mittag-Leffler functions

In this section, we would introduce the Mittag-Leffler functions, which is a basis for fractional differ-

ential equations.

2.2.1 Basic definitions and properties of Mittag-Leffler functions

The two parameter Mittag-Leffler function is defined as ([87, equation (1.56)])
0 k

z
EO(,B(Z) = kz_o m, o > 0, /6 > 07 Vz € C. (25)

The connection between Mittag-Leffler function and some well-known functions is given in various

materials ([87), 60]). For example,

Ei1(z) =€, E271(22) = cosh(z), E272(22) =

13



The Mittag-Leffler function E, 5(2) is a generalization of the familiar exponential function e* appearing
in normal diffusion. The next lemma provides the upper and lower bounds of Mittag-Leffler functions.

See [87, Theorem 1.4], [38, Theorem 3.2] for detailed proof.

Lemma 2.1. If0 < a < 2, B is an arbitrary complex number and p is an arbitrary real number such
that

T )
5 <K< min{7, Ta},

then there exists a constant C only dependent on «, 3, i such that

|Eop(2)] <

, < |arg(z)| < .
T S aee)

Moreover, for large z, there holds the following asymptotic behaviors

1 1 1 1 1
Bo1=———-+0(=) and Bqg = —————

T T -a)z + 0(217), Vz = oo. (2.6)

The function E, g(—At*) decays only polynomially like = as t — oo (cf. Lemma [2.1]), which
contrasts sharply with the exponential decay for e * appearing in normal diffusion.
Note that the Mittag-Lefller functions appear in some fractional ordinary differential equations

([38, Proposition 4.5]), simply let w(t) = Eq 1(—At*) be the solution to the initial value problem
Ofw(t) + Aw(t) =0, with w(0)=1.

By means of Laplace transform, it can be written as

1
W(#t) = Bt (—M%) = / e (50 4 )1 ds 2.7)
FG,o‘

27
with integration over a contour I'y, in the complex plane C (oriented counterclockwise), defined by
Tgo={2€C:|z| =6 |argz| <OU{z € C:z=pet? p>0}. (2.8)

Throughout, we fix § € (5, 7) so that 2% € X9 C Xg := {0 # 2z € C: arg(z) < 0}, for all z € Xy.
Computing the value of Mittag-Leffler functions is well-studied in [91], they give a detailed algo-

rithm to numerically approximate generalized Mittag-Leffler functions.

2.3 Fractional subdiffusion model

In this section, we introduce the representation of the solution to the subdiffusion problem:
ofu—Au=f in Qx (0,7,
u=0 on 09 x (0,7T), (2.9)
u(0) = ug in Q

14



Here 0 < a < 1, this model coincides with classical diffusion with e = 1. And solution regularities of
the subdiffusion model may differ with classical models.
To begin with, we introduce some notation. For ¢ > 0, we denote by H 2(€2) the Hilbert space

induced by the norm:
101300y = DN, 05)?
j=1

with {A;}52; and {;}32; being respectively the eigenvalues and the L?(2)-orthonormal eigenfunctions
of the negative Laplacian —A on the domain  with a homogeneous Dirichlet boundary condition.
Then {;}32, forms orthonormal basis in L?(€2). Further, HU”HO(Q) = |lvllr2) = (v,v)'/? is the norm
in L?(£2). Besides, it is easy to verify that HvHHl(Q) = [|[Voll12(q) is equivalent to the norm in Hj(€2)
and ||’UHH2(Q) = [[Av|z2(q) is equivalent to the norm in H%(Q) N H(Q) [93, Section 3.1]. By the

complex interpolation method [96], this implies
HQ(Q) = (L2(Q)7H(%(Q) N H2(Q))[%]a Vite [OaT]7 Vye [Oa 1]7
Then the solution of the forward problem ([2.9) could be written as [40]

u(t) = F(t)up + /0 E(t—s)f(s)ds (2.10)

where the solution operators are defined as

o0 o0

Ft)x =Y Baa(=Mt") (. 95)e; and  E(t)x =Y t* " Eaa(=Mt") (X, ¢5)¢;- (2.11)
=1 =1

Next, we state a few regularity results. The proof of these results can be found in, e.g., [5, 89, [45]
Lemma 2.2. Let u(t) be defined in (2.10). Then the following statements hold.

(i) If up € HI(Q) with s € [0,2] and f = 0, then u(t) is the solution to problem (2.9), and u(t)

satisfies

m (s=pl
10wt gy < et 2 o]l o

with 0 < p—q < 2 and any integer m > 0.
(i) Ifup =0 and f € LP(0,T; L?()) with 1 < p < oo, then there holds
ll oo 712 (02)) T 1107 ull o0, 22(0)) < el flleo,m02(0))-

Moreover, if f € LP(0,T; L*(Q)) with 1/a < p < oo, then u(t) is the solution to problem (2.9)
such that u € C([0,T]; L*()).
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2.4 Fractional diffusion-wave model

In this section we consider the following initial-boundary value problem of diffusion-wave equation
with o € (1,2)
Ofu—Au=f, inQx(0,7T],
u=0, on0Q, (2.12)
u(0) = a, Owu(0) =>b, in 2,
where T > 0 is a fixed final time, f € L>(0,T;L?*(Q2)) and a,b € L?*(Q) are given source term and

initial data, respectively.

Then the solution of the diffusion-wave problem (2.12)) could be written as
a t _ t
u(t) = F@) |*] + / Bt — 5)f(s)ds = F(t)a + F(t)b + / Et—s)f(s)ds  (213)
b 0 0
where the solution operators F(t), E(t) are the same in (2.11]), the new operator F(t) is defined by
F(t)p = tEq2(—At") (v, 0;)9;, (2.14)
j=1

for any v € L?(Q). By Laplace Transform, we have the following integral representations of the

solution operators:

1 1

F(t) = — zt joa—1 a_Afld Ft - 2zt =2 a_Afld
0= g [ - B =5 [ et - )
e o (2.15)
B(t) = / e (2% — Ay,
21 To,o

Here T’y , denotes the integral contour in ({2.8).
The important bounds in Lemma |2.1] are directly translated into the limited smoothing property
in both space and time for the solution operators F(t), F(t) and E(t). Next, we state a few regularity

results. See more details in [5, 411 [38], [89].
Lemma 2.3. Let u(t) be defined in (2.12)). Then the following statements hold.

(i) If a,b € HI(Q) with q € [0,2] and f = 0, then u(t) is the solution to problem [2.12), and u(t)

satisfies for any integer m > 0 and g <p <2+¢q
Hét(m)u(t)HHp(m <c (t_m_a(p_q)/QHGHHq(Q) + tl—m—a(P—Q)/QHbHHq(Q)) )

(i) Ifa =b=0 and f € LP(0,T; L*()) with 1/a < p < oo, then u(t) is the solution to problem
[2.12) such that u € C([0,T); L*(Q)) and

ull oo, 12 (00)) T 108wl Lo o, 1,22 (0)) < ellfllLro0,702(0))-
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2.5 Numerics

In this section, we shall briefly introduce the existing results of some discretization methods we use
in the following inverse problem, including finite element method(FEM) in space and backward Euler

convolution quadrature(BE-CQ) in time.

2.5.1 Triangular finite element method in space

Now we describe the spatial discretization by finite element method. For h € (0, hg], we denote by
Tr. = {K;} a triangulation of Q = Int(UK;) into mutually disjoint open face-to-face simplices Kj.
Assume that all boundary vertices of €2, locate on 0§2. We also assume that {73} is globally quasi-
uniform, i.e., |K;| > ch?® with a given ¢ > 0. Let X} be the finite dimensional space of continuous

piecewise linear functions associated with 7}, that vanish outside €y, i.e.
Xp={xeCONH): x|k € P(K), VK €Tp}. (2.16)

We need the L2(Q) projection Py, : L%(Q) — X}, and Ritz projection Ry, : H'(Q) — X, respectively,
defined by (recall that (-,-) denotes the L?(2) inner product)

(Pup,x)  =(W,x) VY xeXpvel?Q),

(VRy, Vx) =(V$,Vx) ¥ x € Xy € H'(Q)
The following approximation properties of Rj, and P}, are well known [93] Chapter 1]:
1Phtp — ¥llr2i) + BIV(Pat — V)l 12) < ch|[$llpay Vo € HUQ),q=1,2,  (2.17)
1Bnt = ¥ll 20y + BIV(BRY = )l 2@) < ch¢llgay Vo € HUQ),g=1,2.  (2.18)

Upon introducing the discrete Laplacian Ap: X, — X}, defined by
_(Ah¢>X) = (va VX)7 VWX € Xh-

2.5.2 Backward Euler convolution quadrature

Here we briefly introduce the concept of convolution quadratures proposed in [71], 43]. Applying the

Laplace transform to Riemann-Liouville type fractional derivative in (2.2)) with 0 < a < 1, we obtain

(LRGP e()(2) = 2% (L) (2),

where L stands for the Laplace transform where Lu = fooo e~ *%u(s)ds. Suppose a = 1, there are many

stable linear multistep methods to approximate z with the characteristic polynomial d,(¢), including

backward differentiation formula(BDF), trapezoidal rule, Runge-Kutta methods (see more details in
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[26]). The most popular one is backward differentiation formula of order k¥ (BDF-k), k = 1,2,--- 6,

where the characteristic polynomial is given

(2.19)

\IM—‘
]~
\»—l

<.

7j=1
In this thesis, we would only use the BDF-1 method with ,(¢) = (1 —()/7, where we call it backward

Euler convolution quadrature (BE-CQ), to approximate z with the power series expansion
1 (o]
=D b,
j=0
Therefore, we could approximate the Riemann-Liouville fractional derivative as (with ¢; = ¢(t;))
Rat 90 Z bj Pn— j - 8

Then using the relation between Riemann-Liouville and Caputo fractional derivative (2.4)) to approx-

imate Caputo type:
O p(tn) = 0F (p(tn) — ¢(0)) = "0 ((tn) — ¢(0)) = 07 ((tn) — (0)).
The next lemma gives elementary properties of the kernel §.(e™*") [43] Lemma B.1].

Lemma 2.4. For any 0 € (w/2,7), there exists §' € (n/2,7) and positive constants c,cy,ca which is

independent of T such that for all z € I'y

c1lz] <16-(e777)] < ealz], 0-(e7*T) € Xy

[6:(e77T) — 2] erlz’, [8r(e7FT)Y = 2% < erlafHe

For 1 < a < 2, the convolution quadrature could be extended into diffusion-wave case similarly,

which is deeply studied in Section
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CHAPTER 3.

Numerical Analysis of Backward Subdiffusion Problems

We consider @ C R? (d > 1) be a bounded and convex domain with smooth boundary 92, and
consider the following subdiffusion equation
Oofu—Au=f in Qx (0,7,
u=0  on 80 x (0,T), (3.1)
u(0) = ug in
where T > 0 is a fixed terminal time, f € L®(0,T; L?(Q2)) and ug € L?(Q2) are given source term and
initial data, respectively, and A is the Laplace operator in space.

In this chapter want to determine the function u(z,t) with (z,t) € Q x [0,7) from a terminal

observation

u(z, T) = g(x), for all x € Q.

Specifically, we assume that the observation data ¢° is noisy such that

lg® — 9llr2@) < 6.
To regularize the ill-posed problem, we apply the quasi-boundary value method [27, [108] and consider
ofu’ — AW =f.  in Qx(0,T),
@ =0 on 90 x (0,T), (3.2)
v (0) + @ (T) = g5  in Q,

where v > 0 denotes the regularization parameter. In [I08], Yang and Liu considered the homogeneous
problem (f = 0). It was proved that the regularized problem ([3.2)) has a unique solution, and if
ug € L?(S2), then for all ¢ € [0, T] there holds

J
(@0 — u)(t)|r2() — 0, as 7,0 =0 and 5 — 0. (3.3)
Moreover, if ug € Dom(A) = H2(Q) N H (), there holds

1@ —uw) (&) lleqorzz@) < v '+,

where the constant ¢ depends only on ug, g, g5, but is independent of § and . By choosing v = O(\/S)
a priori, one obtains an approximation with accuracy O(\/g) The result contrasts sharply with that
for normal diffusion, and the proof relies on the linear-decay property of the Mittag-Leffler function

Ea71(—$).
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The rest of this Chapter is organized as follows. In Section 3.1}, we provide some preliminary results
about the regularization at the continuous level, which will be intensively used in error estimation.
Then in Section and Section we describe and analyze spatially semi-discrete scheme and
fully discrete scheme, respectively. Finally, in Section [3.4], we present illustrative numerical examples
to illustrate the theoretical analysis. Throughout, the notation ¢ denotes a generic constant, which
may change at each occurrence, but it is always independent of the noise level §, the regularization

parameter -, the mesh size h and time step size 7 etc.

3.1 Regularization algorithm

3.1.1 Reformulation of original problem

In this chapter, we shall study an equivalent reformulation of the original backward subdiffusion
problem (2.9). We let w(t) = u(t) — f(f E(t—s)f(s)ds, then w satisfies the subdiffusion problem ([2.9))

with trivial source term, and the terminal data is

T
w(T) = u(T) — /0 E(T — ) f(s) ds.

Meanwhile, in case that f € LP(0,T; L?(f2)) with 1/a < p < oo, then by Lemma we have w(0) =
u(0) = up. Then without loss of generality, we only consider the following backward subdiffusion
problem with trivial source data:
Ofu—Au=0 in Qx (0,7,
u=20 on 02 x (0,7), (3.4)

u(T)=g in Q.

u(t) = F(t)u(0) = F(t)(F(T)™"g). (3.5)

Inspired by the estimate in [108], we defined an axillary function @(t), which satisfies the regularized
problem (without noise):
ofu(t) — Au(t) =0, in Qx (0,7,
=0 on 9Qx (0,T), (3.6)
ya(0) + a(T) = g, in Q.
Here v denotes the regularization parameter. The appearance of regularization term essentially im-

proves the regularity of the backward problem.
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Analogue to , the function % can be represented by
a(t) = F(t)a(0) = F(t)(vI + F(T)) g = F(t)(vI + F(T)) ™ (F(T)uo), (3.7)

where I denotes the identity operator.

The next lemma provides an estimate of the operator F(t)(vI + F (T))fl.

Lemma 3.1. Let F(t) be operator defined in (2.11)), then
-1 C 1,
IP) (V] + F(T)) " 0ll oy < emin(y ™t ol oy ¥ a2 0,
where the generic constant ¢ may depend on T, but is always independent of v and t.

Proof. From Lemma we have E, 1(—z) > 0 for any z > 0, then

-1 12 _ S Ea,l(*)‘jta)
I () (VI + F(T)) 0l 0y = ; [7 + Ea 1 (—=AT%)

2
2
A?(U, SOJ') :
By applying the fact that 0 < E, 1(—2) < 1 with z > 0, we arrive at

—1 _
IEO G+ FD) o0y <7 1ol

On the other hand, we apply Lemma again to obtain for any ¢ € (0, 7]

Eq1(=At%) < Baa(=Xt") 1+T(1—a)(\,T%)
Y+ Eq1(=\Te) = Bar(=AT%) = 14T(1+a) 71 (A1)
and hence
IE @) (3T + F(T) ™ ll oy < et [0l oy
This completes the proof of the lemma. O

Using this lemma, we can derive the following estimate of u(t) — u(t) with ¢ € [0,T).
Lemma 3.2. Let u and u be solutions to problems and , respectively. Then there holds
(0) = w20y < Vol gy ¥ a € 0,2,
Meanwhile, for any t € (0,T), there holds

() — u®llz@ < vt Dol gy ¥ a € 10,2,

where the generic constant ¢ may depends on T, but is always independent of v and t.
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Proof. By (3.5)) and (3.7) we obtain

@(0) — u(0) = —(yI + F(T)) ™ 'yuo.

Now applying (2.11]) and positivity of E, 1(z) with z <0, we derive that for any ¢ € [0, 2],

1(0) — w(0)[|72() = II(vL + F(T)) " yuol 2o
o) )

- Z <v + Emlv(—)\jTa))Z(uD’ 2

Z o (’U,O,QDJ).
. N[ Ea AT)\M

The property of Mittag-Leffler functions in Lemma implies that

q q . q
! < DENTS
M| Ea1(=A\T*)|a A

and hence
1(0) — u(O) 22y < ¥l .
Now we turn to the second estimate, which follows from the representation
- -1
a(t) —u(t) = —F(t)(vI + F(T)) " ~uo.
Here we apply the definition of the solution operator and obtain
la(t) = u(t)3e(qy = IIF(t)(ﬂ+F(T))_17uolliz(m
YEa (=A%) >2 2
UuQ, ©;
; (wEal o1y (o)

2
—A;t®
2Z<Aq/2 . ) ) A (g, )

AT)

Then Lemma P.1] leads to the estimate

o o 1—q/2
Ea,l(_>\jt ) < C(1+)‘jT ) < )\j < et (1-gq/2)a

< <ecr - <
AP Eo 1 (-0 To) AP (L apte) T LA

and therefore there holds

() — w220y < Yt D ug||%,, -
() ()

This completes the proof of the lemma.

If ug € L2(Q) = H°(Q), the preceding lemma does not imply a convergence rate. However, one

can still show the convergence in case of nonsmooth data.
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Corollary 3.1. Assume that ug € L?(Q2). Let u and @ be solutions to problems (3.4) and (3.6)),

respectively. Then there holds that

lim [3(0) — u(0) | () = 0.
¥—0

Proof. In case that ug € L?(2), we know that i, u € C([0,T]; L?(€2)). Then for any small €, we choose

top small enough such that
[a(to) — @(0)|2(q) + [lu(to) — w(0)|l2(0) < €/2.
Then by Lemma we may find 7 small enough such that
[@(to) — u(to)llL2(q) < €/2 for all v < 0.
By triangle inequality , we obtain that for any v < g
[%(0) — w(0)]|2(q) < €

Therefore, %(0) converges to u(0) in L?-sense, as v — 0. O

3.2 Spatial semidiscrete method by finite element method

In this section, we shall propose and analyze a spatially semidiscrete scheme for solving the backward
subdiffusion problem (3.4)). Even though the semidiscrete scheme is not directly implementable and
rarely used in practical computation, it is important for understanding the role of the regularity of

problem data and also for the analysis of fully discrete schemes.

3.2.1 Semidiscrete scheme for solving direct problem.

Now we let the triangulation 7y, piecewise-linear finite element space X3, L? projection P, Ritz
projection Rp and the discrete Laplacian Ay defined in Section [2.5)

The semidiscrete Galerkin FEM for problem (2.9)) is: find u(t) € Xp such that

(8?Uh,X)+(VUh,VX):(f,X), vXe)(ha T2t>07

(3.8)
up(0) = Phuyg.
Let fr, = Pnf, we may write the spatially semidiscrete problem (3.8]) as
8?uh(t) — Ahuh(t) = fh(t) fort >0 with uh(O) = Pyuy,. (39)

Now we give a representation of the solution of (3.9) using the eigenvalues and eigenfunctions {A?}szl

and {gogl}jK:l of the discrete Laplacian —Aj. Here we introduce the discrete analogue of ([2.11f) for
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t>0:

K
Fr(t)x =Y Eana(=MNt*)(x, ¢l)e] and Ex(t)x =Y 1 ' Eaal(=M't)(x, el (3.10)
j=1 j=1

Then the solution uy(t) of the semidiscrete problem (3.9) can be expressed by:

un(t) = Fi(t)un(0) + /O "Bt — 5 fa(s) ds. (3.11)

The discrete solution operator Ej(t) satisfies the following smoothing property. See [40, Lemma

3.2] for proof.

Lemma 3.3. We have Ey(t) and ¢ € Xy. Then we have for all t > 0 and q € [0, 1]
IALEL (£)9]] 12 () < et D[] 20

3.2.2 Semidiscrete scheme for solving backward problem.

In this part, we consider the semidiscrete solution @ (t) € X}, such that

O, (t) — Anig(t) =0, Vit € (0,7

(3.12)
i, (0) + @) (T) = Prgs.
Then the function ﬂz can be written as
iy (t) = Fy ()@ (0) = Fy(t)(y + Fu(T)) "' Prgs. (3.13)

Meanwhile, we shall use an axillary function ay(t), which is the semidiscrete solution to (3.6)), i.e.,

satisfying
8?’1]}1('5) - Ahah(t) =0, Vte (OvT]
(3.14)
YtR(0) + an(T) = Prg,
Similarly, we have the representation
in(t) = Fu(t)ian(0) = Fiu(t)(vI + Fu(T)) " Pag. (3.15)

Analogue to Lemma we have the following estimate of the operator FJ,(t)(yI + Fy,(T))~!. Note

that the error is independent of the mesh size h.

Lemma 3.4. Let Fj,(t) be operator defined in (3.10)), then there holds that
-1 .1 ,—a
1Fu(t) (VI + Fn(T)) " vl 120y < emin(y ™, ™) |vll2) Vv € Xn,

where the constant ¢ may depend on T, but is always independent of h, v and t.
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This Lemma together with (3.13) and (3.15]) immediately leads to the following estimate of @ (t) —

n(t).

Corollary 3.2. Let @¢ and iy, be the solution to the semidiscrete problems ([3.12) and (3.14)), respec-

tively. Then, there holds that
15 — @) (1) 20y < cdmin(y™",e™) ¥ ¢ € [0,T],
where the generic constant ¢ is independent of v, §, h and t.

Next, we shall derive a bound of 4y — .

Lemma 3.5. Assume that ug € H2(Q). Let @ be the solution to the reqularized backward subdiffusion
problem , and uy be the solution to the corresponding semidiscrete problem . Then there
holds

i — @)l 2@y < ch2min(y ™t uoll gz ¥ ¢ € 0,7,

where ¢ might depend on T, but is always independent of h, v and t.
Proof. We split @y, (t) — a(t) into two components such that
up(t) —u(t) = (an(t) — Rpa(t)) + (Rau(t) — a(t)) =: C(¢) + p(t),
By the approximation property of the Ritz projection in , we have
10(8) |20y < 2O o < b ol e (3.16)

where the last inequality follows from (3.7) and Lemma (with ¢t =T).

Now we turn to the bound of { = 4 — Rpu, where @y, and Ryu satisfy
Yun(0) + an(T) = Pog  and  yRpu(0) + Rpa(T) = Rag,
respectively. By noting the fact A, Ry = P,A, we have
07 C(t) = AnC(t) = =g p(t)  with  ~¢(0) 4+ ((T) = (Pr — Rn)g- (3.17)

Then we arrive at
T
((T) = Fu(T)((0) - /0 E(T — 5)Po0% p(s)ds.

We add v((0) at both sides of the equation and use (3.17) to derive that

T
Pag — Rug = (vI + Fu(T))C(0) /0 En(T — 5)Phd2pls)ds,
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and therefore
. T
C(t) = Fy(t)(vI + Fu(T)) - [(Ph — Ry)g + /0 En(T - S)Phagp(s)ds}

¢
—/ En(t — s)Prosp(s)ds
0

=0+ 1y + Is.

The properties (2.17) and (2.18)), and Lemma |3.4]lead to the estimate that

|1l < emin(y ™%, £)]|(Py — Ra)gllzz(y < chmin(y %, ) lgll 20

< ch? min(’y_l,t_a)HuOHH?(Q)'

The last inequality is the direct result of the solution regularity in Lemma Similarly, we apply
Lemmas and and stability of L? projection P, to arrive at

T
2]l 2 (0) < Cmin(vlﬂt“)/O (T = )02 p(5)ll 12y ds.

Then ([2.18) and the solution regularity in Lemma immediately imply that
T
ol < eh®minGy 4, 0%) [T = )2 025 g s
0

T
< ch? min(’yl,to‘)/o (T —s)*1s™® dSHU()HHz(Q)

< ch?*min(y71, t*“)HuoHHQ(Q).
Similar argument also leads to a bound of the term I3:
2 [T 1
Bl < o [ (7= 9 10505 g
T
< Ch2/0 (T —s)*ts™ ds|luo| 2 (q) < Ch2”“0”H2(Q)’

As a result, we arrive at the desired estimate. O

Then, Lemmas[3.2)and [3.5 and Corollary [3.2] together lead to the following theorem which providing

an error estimate of the numerical solution @9, in case of smooth initial data, i.e., ug € D(A) = H?(Q).

Theorem 3.1. Assume that ug € H*(Q). Let u be the solution to the problem (3.4) and u 5 be the
solution to the (regularized) semidiscrete problem (3.12)). Then there holds

135,(8) = u(®)ll 20y < e(y + (h* + &) min(y !, 7)) ¥Vt €[0,T],

where ¢ might depend on T and ug, but is always independent of h, v, § and t.
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Remark 3.1. The error estimate in Theorem (3. 1| is useful, since it specifies the scale to balance the

discretization error, reqularization parameter and noise level. For example, if we decide the a priori

choice of parameters: h = O(v/d) and v = O(\/6), then there holds
|7, (0) — uol|p2(0) < Vs,
On the other hand, for any t > 0, we have
15,(8) = w(t)]| L2 () < 5t

by the a priori choice of parameters: h = O(\/8) andy = O(3). This is the first study of the discretized
problem, and the result is consistent with the estimate in the continuous level, see e.g. [108, Theorem
3.4]. The analysis relies heavily on the nonstandard error estimate for the direct problem in terms of

problem data regularity [{0].
Next, we shall consider the worse case that ug € L%(Q).

Lemma 3.6. Assume that ug € L?(S2). Let @ be the solution to the regularized backward subdiffusion
problem (3.6)), and uy be the solution to the corresponding semidiscrete problem (3.14)). Then there
holds for all t € [0,T] and ¢, = max(1,|Inhl)

[~ 002 < ey min(y™ =26 | 2.
where the constant ¢ might depend on T, but is always independent of h, v and t.
Proof. By using the L2-projection Py, we split 4y,(t) — @(t) into two components:
up(t) = u(t) = (un(t) = Ppu(t)) + (Pra(t) — a(t)) =: ¢(t) + p(t),
By the approximation property of the L?-projection in , we have
10(8) |20y < eh2®)l o < by luoll ey

where the last inequality follows from the solution representation , Lemma and Lemma
such that

l@0)l gy < v IE@uoll jagay < v T ol 20, (3.18)
Now we turn to the bound of ( = @y — Pyt, where @y, and Pyu satisfy
Yiup(0) +up(T) = Pog  and  yPpu(0) + Pa(T) = Phy,
respectively. By noting the fact Ap Ry, = PrA, we have
ORC(H) — ARC(t) = An(Py— Ri)(t) with 1¢(0) +C(T) = 0. (3.19)
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Then we arrive at .

((T) = FA(T)C(0) + /0 (T — 5)An(Py — Ri)i(s)ds.
We add 7¢(0) at both sides of the equation and derive that

0 =G+ BT [ BT = )80~ R,
and hence
C(0) = Fae)c(0)+ [ Bt = 5)A(P — Ruils)ds
= —Fu(t)(vI + Fh(T))_l /OT En(T — 8)Ap(Py, — Ry)u(s)ds
+ /Ot Ep(t — s)Ap(Pn — Rp)u(s)ds

=11 + Is.

Similarly, we apply Lemmas and to arrive at

Il 20 < emin(y=,¢7%) (T — 8)* A5 (Py — Rp)(s)]| 2 ds

< emin(y ! )R (T = )Y (P — Ra)ia(s)|p2(0)ds

where we apply the inverse estimate for FEM functions in the second inequality. The approximation

properties (2.18]) and (2.17) lead to

T
11l L20) < Cmin(’v_lvt_a)h%%/ (T — ) Ha(s) g2y s,

0
and then the regularity estimate of w in (3.18]) implies that
1Nl r2) < ey tmin(y~h 7 k272 [1(T = 5)2 1T~ ds]fug | p2(q)
< ey min(y )R uo 2 (o)
Similar argument also leads to a bound of the term Is:
1Ll 2 < ch® € uol| p2(q)-

Then the desired assertion follows immediately by choosing € = 1/¢},. O

Then, Lemmas [3.2] and [3.6 and Corollary [3.2] together lead to the following error estimate, in case

of nonsmooth initial data.

Theorem 3.2. Assume that ug € Hq(Q) with q € [0,2]. Let u be the solution to the problem (3.4) and
ul be the solution to the (regularized) semidiscrete problem (3.12). Then there holds for all t € [0,T]
and ¢, = max(1,|Inh|)

15 (8) — u(®)|| 20 < c<min(7q/27,ytf(1fq/2)a) n (,y*(lfq/Z)h%lll*Q/Z + ) min(,yfl,tfa))
where the constant ¢ depends on T and ug, but is always independent of h, v, § and t.
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Remark 3.2. In case that ug € L?*(), the above estimate does not imply a convergence rate of ﬂi(O).
However, we can still show the convergence, provided suitable scales of parameters. The proof is a
direct result of Corollaries and[3.4, and Lemma 3.6,

Let u be the solution to the problem and 172 be the solution to the semidiscrete problem .

Then there holds
1/2

5
5 (0) — w(0)||p2(q) — 0, as v — 0, o 0 and Th — 0.

3.3 Fully discrete solution and error estimate

3.3.1 Fully discrete scheme and solution operators.

From Section we apply backward Euler convolution quadrature(BE-CQ) here for 0 < v < 1. The
fully discrete scheme for problem ([2.9)) reads: find U,, € X}, such that

0-(Up —Up) — AU, = P, f(tn), n=1,2,...,N, (3.20)
with the initial condition Uy = Pyug € X},.
By means of discrete Laplace transform, the fully discrete solution U,, € X}, is given by

Up=Fp Uy+7Y Ep *Puf(ti), n=12,...,N, (3.21)
k=1

where the fully discrete operators F}'_ and E}' _ are respectively defined by (see e.g., [43])

1
oo b / et g, (e )OS, (7)™ — Ap) L dz, (3.22)
' 27i ;.
1
Ep = — A (8,-(e7)* — Ap) " Ldz, (3.23)
' 27 ry

with 6;(§) = (1 —§)/7 and the contour I'y | := {2 € 'y, : [S(2)| < 7/7} (oriented with an increasing
imaginary part).
The fully discrete solution operators have been fully understood in [43], by using the expression

(3.22) and (3.23)), resolvent estimate and properties of the kernel §-(e7*7) in Lemma With the

spectral decomposition, we can write
K
j=1

where Ff(/\?) is the solution to the discrete initial value problem
O-[FI(A\}) = FP+ M EP (M) =0, with FP(\!) = 1.

From (3.22), we know that FT”()\?) could be written as

n 1 z —zT\a— —2T\« —
F! ()\?) = 27U/F e*ng (e ) (5, (e7T) —i—)\?) Ldz. (3.25)

-
0,0
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Lemma 3.7. Let F*(\) be defined as in (3.25)). Then for A > 0, there holds
* —— n L .2
|Ea,1(—At) (V)] < " W) (3.26)

Meanwhile, there holds
A Eaa(=M2) — FI(N)| < erte™! (3.27)

where ¢ is a generic number independent of A, t and T.

Proof. Tt has been proved in [39] that
|Ea1(=M2) — F'(A)| < en” .
Therefore, it suffices to show that
|Eaa(=M3) — FFA)| < ed7M,

From (3.25)) and (2.7, we know

‘Ea,l(_)\?ta) Fn()\h)| }1/ eztnza—1(2a+)\)_1dz}
2 F97U\F79—,o'
+ 1/ eztn [za—l(za + )\)—1 o 57(6—27)04—1(67_( —zr)a + )\ ] dz‘
27 .
- II + 12

First of all, we shall establish a bound of Iy, which follows from the direct calculation:

o
I < C/ ’€Zt"“z’a_l‘za+)\’_l \dz] < CA_l/ ep(cos@)tnpa—ldp
To,o\I'p /T sin6
00 )
< c)\_lt;a/ e Ppldp < c)\_lt,:o‘n_l/ e~ Ppdp < X7t on L
cn cn

Next we turn to I. By lemma we have for all z € '

Zafl B 5T(efz7)a71
24+ XN O (e FT)a 4 A
_ za—t(ST(€ZT§al(st(—ie_zT) _ Z) (Zozfl _ 5T(€fz7')a71))\
(2% + N (0, (=) 1+ \) ‘ + ) (2% + \) (6, (=) + \)

<erA7Hz|e.

Therefore, with o = ¢, the term I can be bounded as

L < m—l/ et 2] |dz]
7,
[

< CT)\l(/ e Pl p® dp + UHO‘/ dz/J)
o —0

< CT)\_lt;a_l < c)\_lt;an_l.
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Next, we turn to the estimate (3.27)), which can be derived from the expressions:

A
Ea MY =1 - 2 2tn ,—1( Afld
71( TL) 27T1 Fo,a e z (Z + ) Z?
A
Fria) =1—- — e (M) N, (e7FT)Y + N) T dz,
2mi Iy

with n > 1. Then we arrive at

T

AT Ean(=Mt) — FF (V)]

1
S‘m/g eztn [Z—l(za +)\)—1 o 67_(6—2'7—)—1(57_(6—27—)04 +>\)—1] dZ}
1
<|5= / ey (2 + N) N dz| = 11 + 1D
211 Feﬂ\rgry

By Lemma we have for all z € I']
‘Z—l(za + )\)—1 . (57—(6_ZT>_1((57—(6_ZT)Q + )\)—1‘ S CT‘Z’_Q,
and therefore with the setting o = ¢, we have the bound for n > 1

0
I < CT/ letn] 2|~ |dz| < CT</ e~ Pinp=dp + Ul_a/ d¢> <erto L,
Iy 0

0,0 g -

o0

Similarly, to bound Ils, we apply Lemma [2.4] to derive that for n > 1

oo

I < C/ |€ztn||z|—a—1 ]dz| < C/ 6p(cos@)tn,o—oz—ldp
l—‘gyg\l_‘gyo T

/Tsinf

oo o
< ctﬁ/ e~ Ppdp < ctgn_l/ e~ Pp~%p < ct®n~ < ertd L,
c 0

mn
Both the estimates together with the fact that E, 1(0) = FY(A\) = 1 lead to the desired result. O

The above lemma and Lemma 2.1] lead to the following corollary.

Corollary 3.3. For any 1 <n < N, F}'_(\) is positive, and there exist positive constants cg, c1 such

that

(&) h
< F*(AY) <
1+ Mg — () <

Then the next corollary follows immediately.

Corollary 3.4. Let Fy' _(X) be defined as (3.25), then there holds
n N -1 . 1 ,—a
|Fh,~r()‘) (’Y + Fh,T(A)) ’ < len(’Y >tn )7

where the generic constant ¢ may depend on T, but is always independent of v, A\, T, n and h.
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Proof. By Corollary we know that 0 < F'(\) < ¢1, we arrive at
-1 _
B )+ F )Y < ey

On the other hand, we apply Corollary again to obtain

Fp (N - R (A (14 A7)
SRR CY I ARV 1+ At

IN

< CTt;a.

This completes the proof of the corollary. O

3.3.2 Fully discrete scheme for backward problem and error estimate.

Now we shall propose a fully discrete scheme for solving the backward subdiffusion problem. Here we
apply the semidiscrete scheme and the convolution quadrature generated by backward Euler scheme.

Then the fully discrete scheme reads: find 0;2 € Xp,n=1,2,..., N, such that

O-(U —US) —AU2 =0, ¥Yn=1,2,...,N.
3 3 (3.28)
YU + URe = Pags.
Then the solution could be written as
70 n 77é n N \—1 - F';L()\?) hy, h
Uy = Fp U = FfL (v] + Fy) ' Pags = Y ———2——(Phgs, ¢} ) (3:29)
’ ’ ’ — ~ 4+ FN(A?)
j=1 T J
Similarly, we shall use the auxiliary solution U,, satisfying
0-(Up —Uo) — AU, =0, ¥Yn=12,...,N.
- - (3.30)
Yo + UN = Phrg.
Then Un could be written as
. n N -1 OEO)) o h
Upn=Fy (W +F,.)" Phg = Z ﬁ(&g, %’)‘Pj- (3.31)

The same as Corollary we may show the following estimate of 173 —U,.

Lemma 3.8. Let U’ and U, be solutions to (3.28) and ([3.30)), respectively. Then there holds that

T8 — 0n“L2(Q) < cSmin(y~t,Y), forall0 <n <N
where the generic constant ¢ is independent of v, 6, 7, n and h.

Proof. From Corollary we have (Vv € X},)

K

17 (v + B (D) ol =

2
Fr(=X}) o
’ )] (v,97)" < emin(y ™, 1) 0]l 120
j=1

N(_\h
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Therefore for all 0 <n < N
U5 = Unllz2) < emin(y ™, £,%)llg — ¢°|| < edmin(y~", £,).
O
Lemma 3.9. Let U, and up(t) be solutions to and , respectively. Then there holds that
180 — ()12 < (7™~ o]l a0y + H21~ ol 2y
where the generic constant c¢ is independent of v, §, 7, n and h.

Proof. By (3.15]), we know the semidiscrete function @y (t) can be represented as

K

ip(0) = (VI + Fu(T)) ' Prg =Y _
j=1

h
v+ Ea,1(—)\?To‘) J

This combined with (3.31) results in the splitting

Uo — ux(0) = <(’y[ + F,ﬁYT)*l(Ph — Rp)g+ (vI + Fn(T)) " (Ry — Ph)g>
(O + )™ = (1 + (1)) Bag

=1+ Is.

Using the approximation property of P, and Rj, Lemma Corollary and the regularity result
in Lemma we have an estimate of the term Iy:

1111 r20) < ch®y ol 2(q)-

To bound the term Is, we note that

2
2 _ K 1 1 h\2
”IQHLQ(Q) - Zj:l [’H‘F#V()\?) - ,Y+Ea’l(_>\;}Ta):| (Rhga(Pj)

Ea1(=APT)—FN (AR (Ah) =12
[Ea1( v ) ( J)]( J) (A?)Q(Rhg,¢?)2

_ K
= 21 | Gt EF O (77 Bt (A7)

Then we apply Lemma [3.7 to obtain

12172y < e (A)*T9(Rng. ¢5)%. (3.32)

|
=i

1 2
B TN
For ¢ = 0, we use Lemma [2.] to deduce that
1all72i) < er®y* TiniAD2(Bag, ¢)? = em?v 4| AnRaglF2 )
Using fact that P,A = Ap Ry, and applying Lemma [2.2] we obtain
12072y = em®y IPAlF2 ) = ey 12917210y < ey T luo] L2(q)-
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Next we turn to the case that ¢ = 2. The estimate (3.32) and Lemma imply that

1211726 <ery 2yl 1’W (N (Rng, ¢))?

< er?y 2 Y (M (Rug, )2 = er2y72|| A2 Rpgl 12
Now we use the fact that P,A = Ap Ry and triangle’s inequality to derive

1A7 Rigllr2@) = AL PaAG 12(0)

(3.33)
< AR(Pr — Rp)Agllr2 ) + [ARRRAG|| L2 (0)-
The second term in (3.33)) can be bounded by
1ARRLAY 12(0) = [ PaA? gl 120 (3.3

= 1A%l 2(0) = 19l ey < T Iluoll 2,
(@)

while the first term in 1) can be bounded by using the standard inverse inequality and the ap-

proximation properties (2.17]) and - as

|AR(Py — Ra)Agll 2y < ch™?|[(Py — Rp)Agll 2o
(3.35)
< cllAgllrz(0) < T Juoll g2(q-

This leads to the desired estimate with ¢ = 2. Finally, the estimate for ¢ € (0, 2) follows immediately

from interpolation. O
Using the similar argument, one can also derive an estimate of U,, — @i (¢ n) for n > 1.
Lemma 3.10. Let U, and i, (t) be solutions to and , respectively. Then there holds that
180 — @t 2@y < e(v~ YD (rt™ + rmin(y ™ 1) ol oy

+ h?min(y~ 1, t;a)HHOHL%Q))

where the generic constant c¢ is independent of v, 6, T, n and h.

Proof. First of all, we split U, — up,(tn) into two terms

Uo — an(0) = (F;?,T(w + FN)"HPy — Rp)g + Fi(tn) (I + Fu(T)) " (R — Ph)g>
+(F’ZT(71 +Fp) T = Fultn) (0] + Fh(T))_1>Rhg

=1+ I.

The approximation property of P, and Rp, Lemma [2.2] Lemma [3.4] and Corollary [3.4] lead to an
estimate of the term Ii:

11| 2(0) < eh® min(y ™!, £,%) |Juo]| 2o
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Next, we turn to the I, which can be split into three components:

K n(\h hya
Fr Far(—Ab2) 12
b7z = T - I (Rug, o)
12720 Z[ry_i_F‘lj_v()\h) 7+Ea,1(_)\?TQ)} (Bng, #7)

AFPO) = B (-]
: Z G O+ BN

2
(A1) (Bng. ¢})*

S EY DA = Baa (=N~
+c Z\ ry+FN()\h))(v—kEa,l(j—)\?Taj)

*(AM)2(Bag, oh)?
K EP A [(Ba 1 (—AMT) — EN (AR (A1)

le‘ o+ FN(Ah»w + Eaa (NT?)

= Z IQ,kz-
k=1

The estimates of Io; and Iy follows directly from the proof of Lemma [3.9} i.e.,

(M2 (Ryg, ol

Ia+ 12 < CTZtgza_2’Y_(2_q)||U0Hm(g)-

Now it remains to bound I5. Here we apply Lemma [3.7 and Corollary [3.4] and obtain

K

1
I3 < cr?T?e- 2rnln{*y 2 St 2“}2‘

h\2 h\2
v BTy | B )

Then the estimates (3.32)—(3.35) imply

[273 S CT277(27(1) min{7727 trzza}HuOHff]q(Q)'
This completes the proof of the lemma. O

Then Lemmas together with Theorem [3.2] and Corollary [3.1] result in the main theorem

of this section.

Theorem 3.3. Let u be the solution to the backward subdiffusion problem (3.4), and 173 be the solution
to the (regularized) fully discrete scheme ([3.28)). Then we have the following error estimate:

(a) In case that ug € H*(Y), there holds
- v+ (R + 7+ 0)min(y ;%) + 1t n > 1,
107 = u(tn)lr2(e) < €
v+ +7+8)y, n=0.
(b) In case that ug € L*(Q), there holds for n > 1

10— ulta) 2oy < e(7ta® + (647 (B2 + 7)) min(y ™%, £,%) 4+ ot ).

Meanwhile, for n =0, there holds
1

1

he?

h 50 and2—>0.
v

~ 1)
HUg - U(O)HLQ(Q) — 07 as vy — 07 ; — 07
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Remark 3.3. For the intermediate case that ug € Hq(Q), q € (0,2), the error estimate follows from
Lemma [3-8{3.10, Theorem[3.3, and the real interpolation. In particular, for n =0, we have

108 — ()2 < e+ 077 4472020207 1 7).

Then one may obtain the optimal convergence rate 0(5#2) by the a priori choices:

S

1_
v = 0(572), he; — 0(%2) and T = O(67+2).

Meanwhile, for n > 1, there holds the estimate

HUfL _ u(tn)HL2(Q) < C<min(7q/2’,yt;(1—q/2)a) + <fy*(1*q/2)(h2€,1l_q/2 )+ 5) min(fyfl,t;a)

ﬂ—(l—q/mﬁg—l) ,

i O(8'=%) and 7 = O(6%7%), leads to the

Sl

Asymptotically, the a priori choice, that v = O(6), he

optimal convergence rate O(6).

Remark 3.4. Theorem[3.3 and Remark[3.3 indicates the correct way to scale noise level 8, regulariza-
tion parameter v, and mesh sizes h and T, with different types of problem data. The novel argument
uses the smoothing properties of fully discrete solution operators, and the nonstandard error estimate

for the direct problem [13, [15].

3.4 Numerical results

In this section, we shall illustrate the theoretical results by presenting some 1-D and 2-D examples.
Throughout, we consider the observation data
gs =u(T) +edsupu(x,T),
€
¢ is generated following the standard Gaussian distribution and § denotes the (relative) noise level.
Throughout this section, we fix T' = 1.

We consider the one-dimensional subdiffusion problem in the unit interval Q = (0,1). We use the
standard piecewise linear FEM with uniform mesh size h = 1/(K + 1) for the space discretization, and
the BE-CQ method with uniform step size 7 = T//N for the time discretization. Although the fully
discrete solution can be efficiently computed by using conjugate gradient method, in 1-D example we
apply the following direct method by spectral decomposition to avoid any iteration error.

For the uniform mesh size h = 1/(K + 1), the eigenpairs of —Ay, has the closed form:

b 6 1 — cos(jmh)

h .. .o
= —-—" "< H(x;) = V2 i), 4,73=12-.-- K. .
I h%22+ cos(jmh)’ #3(4) Vasin(jmai), i (3.36)
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The semidiscrete solution of the forward problem can be computed by using the solution representation
involving the Mittag-Leffler function , which could be evaluated by the algorithm developed
n [91]. We compute the observation data u(T") and reference solution w(t) with ¢t € [0,7) by using
the semidiscrete scheme with a very fine mesh size, i.e., h = 1/2000.

For each example, we measure the accuracy of the approximation uh( ) and U % by the normalized
error ||u(t) — @ (¢ M2/ llw®)]l L2y and |lu(tn) — U,;SLHLQ(Q)/”U(tn)”L2(Q). The normalization enables

us to observe the behaviour of the error with respect to o and ¢.

Example (a): Smooth initial data. We start with the smooth initial condition
up(x) = z(1 — ) € H3(Q) = H*(Q) N HY(Q),

and source term f = 0. We compute the solution of the (regularized) semidiscrete scheme ({3.12)) by

K a 1 )\hta)

)(gg,wﬁ-‘)so?, (3.37)

where the eigenpairs (/\?,go?), for j =1,...,K — 1, are given by (3.36)). In Figure we plot the
error of numerical solution (3.37)), with different fractional order v and at different time. By Theorem
and Remark we compute the @3 (0) with h = /5, v = V/§ for a given §; and compute the @ (¢)
for t > 0 with h = /0, v = § for a given 6. Numerical experiments show an empirical convergence

rate of O(v/d) for t = 0, and O(6) for t > 0. This coincides with our theoretical result (Theorem [3.1)).

—-t=0,a=0.25
t=0,a=0.5
—6-t=0,0=0.75
~-t=0.1,0=0.25
t=0.5,a=0.25
_|1=0.9,a=0.25
—=1=0.1,a=0.5
1=0.5,0=0.5
—=-1=0.9,0=0.5
—+-1t=0.1,0=0.75
t=0.5,a=0.75
4™1=0.9,0=0.75

u(t) | z2)/l|w(t) 2@

(Il (1)

Figure 3.1: Plot of |[u(t) — @ (¢ M2/ lu@)]| 2@ with h =~ = V6 for t = 0;
and h =6, v =6 for t, > 0.

In Figure we plot the error of numerical reconstruction by the fully scheme ([3.28)), with different

« and at different time. In our experiments, we compute fully discrete solution U,if by

K n(yh

) Fr (D)
U5:§ — T (Pugs, o) oh
n j:17+F7ZV(A§L)( h9gs 90])(70]
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Then Theorem (i) implies for ug € H?(Q)

. v+ (WP 47+ 8)min(y T t,%) + 7t n > 1
1T = u(ta)l 2o < ¢

4 (R + 714+ 0)y7H, n = 0.
Fort =0, we let h = v = V6 and 7 = 8, and then we observe that the empirical convergence rate
is O(V/6). Meanwhile, for ¢t > 0, and we let h = \/7 = V/§ = /7. The empirical convergence rate is
O(6). These observation agrees well with our theoretical results in Theorem (1).

--n=0,a=0.25
n=0,a=0.5

--n=0,a=0.75

|-e-t,=0.1,0=0.25

t.=0.5,0=0.25
~1,=0.9,0=0.25
=-1,=0.1,0=0.5
n
t,=0.50=05
-1 =0.9,0=0.5
-t =0.1,0=0.75
t =0.5,0=0.75
—+1,=0.9,0=0.75

107" F

@)/ lutn)l 2

104 5 1073

Figure 3.2: Plot of |Ju(t,) — 03(tn)||L2(Q)/HU(tn)HL2(Q) with h =6, 7 =46
and v =0 for t,, =0; and h =6, 7 =06, v =0 for t,, > 0.

Example (b): Nonsmooth initial data. Now we test numerical experiments with a step initial

condition:

Since ug is discontinuous and piecewise smooth, it is easy to see that ug € H %76(9) for any € € (0, 1].

According to Theorem we have the error estimate of the semidiscrete solution at ¢ = 0:
139, (8) — ult)ll 2y < e(v92 + h20," P4~ 3=92) £ 5471 with wg € HI(Q).

This implies that the convergence rate may deteriorate when the initial data gets worse. This is fully
supported by empirical results showed in Table where we present the L2-error of the semidiscrete
solution at ¢ = 0. In the computation, we let h = 0(5%) and v = 0(5%) in order to balance to noise
level, regularization parameter and the discretization error. Then the empirical convergence rate is
09 %), which is consistent with the theoretical results.

Meanwhile, for a fixed ¢t > 0, we have the error estimate (cf. Theorem
(1) — u(t)| 2y < c(yt99/? 44~ 0-02Dp20, 792 4 5y,
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This implies the almost optimal scaling h = O(§ %) and v = O(9), and the resulting optimal conver-
gence rate O(d). This is supported by the numerical results shown in Table

For the numerical reconstruction by the fully discrete scheme (3.28)), we recall the result in Remark
To compute Ug, we let v = 0(6%), h = 0(5%) and 7 = 0(5%), for a given §. Then our theory
indicates a convergence rate of O(¢ %), which agrees well with the numerical results in Table @ On
the other hand, to compute U;j for a fixed ¢, > 0 and § > 0, we let h = (52, T= 0(6%) and v = O(9).
Then the empirical convergence rate is close to O(¢), which fully supports our theoretical estimates

in Table B4

Table 3.1: Example (b): error of @ (0), with § = 1/M, h=~ = 55.

o\M | 40 80 160 320 | Rate(d)
0.25 | 4.68c-1 4.07e-1 3.48¢-1 2.95¢-1 | 0.22(0.20)
05 |5.07e-1 4.46e-1 3.84e-1 3.27e-1 | 0.21(0.20)
0.75 | 5.70e-1 5.18¢-1 4.59¢-1  3.98¢-1 | 0.17(0.20)

Table 3.2: Example (b): error of @ (t) at different ¢ with § = 1/M, h = 53, v =4/5.

a | \M | 40 80 160 320 | Rate(d)
0.1 | 7.91e-3 4.34e-3 2.30e-3 1.20e-3 | 0.91(1.00)
05| 0.5 | 3.51e-3 1.93e-3 1.02¢-3 5.33e-4 | 0.91(1.00)
0.9 |24le3 1.33¢-3 7.13e4 3.73e-4 | 0.90(1.00)

Table 3.3: Example (b): error of UJ, with § = 1/M, h =y = (5%, T

a\M | 40 80 160 320 | Rate(d)
0.25 | 4.70e-1 4.07e-1 3.48e-1 2.96e-1 | 0.22(0.20)
0.5 | 5.08¢-1 4.47e-1 3.85e-1 3.28e-1 | 0.21(0.20)
0.75 | 5.70e-1 5.17e-1  4.59e-1 3.98e-1 | 0.17(0.20)
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Table 3.4: Example(b): error of US, with § = 1/M, h = 5%, T = 52, and v =9/5.

a | t,\M | 40 80 160 320 | Rate(6)

0.1 |6.76e-3 3.82e-3 2.06e-3 1.08e-3 | 0.88(1.00)
05| 0.5 | 3.46e-3 1.90e-3 1.0le-3 5.24e-4 | 0.91(1.00)
0.9 | 2.55e-3 1.40e-3 7.47e-4 3.89e-4 | 0.90(1.00)

Example (c): 2D problem. Now we consider a two-dimensional problem in a unit square domain

Q = (0,1)2. We choose the smooth initial condition
uo(,y) = 2(1 - 2)y(1 —y) € H* (),

and zero source term f = 0. In the computation, we divided 2 into regular right triangles with
K equal subintervals of length h = 1/K on each side of the domain. Here, we apply the conjugate
gradient method to numerically solve the discrete system, instead of the direct approach by the spectral
decomposition in Example (a) and (b).

For t = 0, we let h = v = v/§ = \/7, and we observe that the convergence rate is O(v/9), see Table
Moreover, In Table we test the convergence rate for ¢ = T'/2. By letting h = /7 = Vo = /T,
the experiments show that the convergence rate is O(d). All empirical results agree well with our

theoretical finding in Theorem !

Table 3.5: Example(c): error of Ug, with § = 1/M, h = /3, 7 =6, and v = V.

a\M 800 1600 3200 6400 Rate(d)

0.25 | 1.27e-2 9.57e-3 6.61e-3  3.96e-3 | 0.56(0.50)
0.5 | 1.57e-2 1.27e-2  9.53e-3  6.57e-3 | 0.42(0.50)
0.75 | 2.28e-3 1.96e-3 1.57e-3 1.11e-3 | 0.34(0.50)

Table 3.6: Example(c): error of f]g, with t, =T/2, 6 =1/M, h=+/5, 7 =0, and v = 0.

a\M 800 1600 3200 6400 Rate(d)

0.25 | 5.09e-5 2.59e-5 1.3le-5 6.59e-6 | 0.98(1.00)
0.5 | 6.00e-5 3.08e-5 1.56e-5 7.90e-6 | 0.98(1.00)
0.75 | 7.06e-5 3.7le-5 1.89e-5 9.55e-6 | 0.96(1.00)

1Chapteris reprinted with permission from ”Numerical analysis of backward subdiffusion problems”, Zhengqi Zhang

and Zhi Zhou, 2020, Inverse Problems 36 105006. The contribution of candidate mainly focus on the proof and coding.

40



CHAPTER 4.

STABILITY AND NUMERICAL ANALYSIS OF BACKWARD
SUBDIFFUSION WITH TIME-DEPENDENT COEFFICIENTS

In this chapter, let Q ¢ R? (d = 1,2,3) be a convex polyhedral domain with boundary 92, we are
interested in the fractional evolution model with time-dependent coefficient:
o u(z,t) + V- (a(z,t)Vu) = f(z,t), in Qx (0,77,
u(xz,t) =0, on 09, (4.1)
u(z,0) = up(z), in Q,
where T > 0 is a fixed final time, f € L>(0,T;L?*(Q)) and ug € L?*(2) are given source term and

initial data, respectively. a(z,t) € R¥? is a symmetric matrix-valued diffusion coefficient such that

for constants ¢cg > 1 and ¢; > 0

M€ < ala,t)E - € < colel?, VEERY, V(z,t) e QxRY,  (4.2)

|Oca(z, t)| + |Vga(z,t)| + |Vi0ia(x, t)| < ¢, V(x,t) € Qx RT. (4.3)

Here - and |- | denote the standard Euclidean inner product and norm, respectively, and RT = [0, c0).
In this Chapter We focus on backward problem for the subdiffusion model (4.1)): to recover the initial

data ug(z) with € Q from terminal observation
u(z,T) = g(z), forall x € Q.

In practice, the observational data often involves random noise. Here we denote the empirical obser-

vation by gs and assume it is noisy with a level § > 0 in the sense that

lgs = gllz2() = 0. (4.4)

The rest of this Chapter is organized as follows. In section we provide some preliminary results
about solution regularity, smoothing properties of solution operators and derive conditional stability
of the inverse problem. In section we discuss the regularization scheme by quasi-boundary value
method. In section we propose and analyze a fully discrete scheme for solving the backward
problem. Finally, in section |4.4] we present some numerical examples to illustrate and complete the
theoretical analysis.

Here we introduce some notations used throughout the paper. Under conditions 7, the
abstract time-dependent elliptic operator A(t) : H}(2) N H?(2) — L?(Q) is defined by

A(t)p = =V - (a(z,t)V9)
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with the domain Dom(A(t)) = H}(Q) N H?(Q) for all ¢t € [0,7]. By the complex interpolation method
[96], this implies

Dom(A(t)") = H*(Q) = (L*(Q), Hy(Q) N H*(Q)),;, VYt e€[0,T], Vye0,1],

Equivalently, it relates to the definition via spectral introduced in Section Let {(Aj,¢j)}j—; be
the eigenpairs of A(t.) for a fixed ¢, € [0, T] with multiplicity counted and {¢;}32; be an orthonormal
basis in L2(£2). Then the Hilbert space HY () can be equivalently defined as

HY(Q) = {v € LX) : > N (v,95)* < oo}.
j=1
For € [0,2] we also denote by H () the dual space of H7(Q). Then the norm of H~7(Q) satisfies

[0l ~ AWM 0l 20y Vo€ H(Q), Vi€ [0,T].

4.1 Stability of the backward subdiffusion in Sobolev spaces

First we recall basic properties of the subdiffusion model with a time-independent diffusion coefficient,

i.e., a(z,t,) for some t, > 0. Accordingly, consider the problem
Ofu(t) + A(ty)u(t) = f(t) Vte (0,7], with u(0)= up. (4.5)
By means of Laplace transform, the solution u(¢) can be represented by [44], Section 4]

u(t) = F(t;te)uo + /0 E(t — s;t) f(s)ds, (4.6)

where the solution operators F'(t;t,) and E(t;t.) are defined by

1

F(tte) = i

1
/ 01 (0 4 A(L)) "L dz, and E(t:it) = —— / (x4 A(L)) N dz (A7)
FG,K) 27T1 Fg,n
with integration over a contour I'y ,, C C (oriented with an increasing imaginary part):
Tgp={2€C:|z|=r,]argz| <OIU{z€C: 2z =pet? p>x}.

Throughout, we fix 6 € (3, m) so that 2% € Xo9 C X := {0 # 2z € C: arg(z) < 0}, for all z € Xg.
The next lemma gives smoothing properties and asymptotics of F(¢;t,) and E(t;t.). The proof

follows from the resolvent estimate[4, Example 3.7.5 and Theorem 3.7.11]:
I(z+A)7Y < c¢(]z\_1,/\_1) Vz e Xy, YVoe (0,m), (4.8)

where || - || denotes the operator norm from L?(2) to L*(92), and A denotes the smallest eigenvalue
of —A with homogeneous Dirichlet boundary condition. The proof of (i) and (ii) were given in [38|

Theorems 6.4 and 3.2], and (iii) were proved by Sakamoto and Yamamoto in [89, Theorem 4.1].
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Lemma 4.1. Let F(t;t.) and E(t;t.) be the solution operators defined in (4.7) for any t. > 0 Then

they satisfy the following properties for allt > 0
(i) At F(tt)vll 2y + 1~ C R AL)E B L)l 2iq) < bt (|vll 2y with k= 1,2;
(i) [[F(t;t)vllrz) + I B vl p2i0) < emin(L, e vl r2(q);
(i) [|F(t 1)~ oll 20y < e(1 +2)[[0]l g2y for all v € H*(Q).
The constants in all above estimates are uniform in t, but they are only dependent of t. and T.

Next, we turn to the subdiffusion with a time-dependent coefficient. The overall proof strategy is
to employ a perturbation argument [45], and then to properly resolve the singularity. Specifically, for

any fixed t, € (0,7], we rewrite problem (4.1]) into

O ult) + A(te)u(t) = (At) — A@®)u(t) + f(t), Vvt e (0,T],

(4.9)

u(0) = wo.

By , the solution wu(t) of is given by
u(t) = F(t;t)uo + /0 E(t —s;t0)(f(s) + (A(te) — A(s))u(s))ds. (4.10)

The following perturbation estimate will be used extensively. See similar results in [45, Corollary

3.1].
Lemma 4.2. Under conditions (4.2)—(4.3), there holds that
1(A() = A(s))vll oy < emin(L, [t = s)|vll gos2(qy, P € [-2,0].

Proof. The condition (4.3) implies the case that p = 0. The case p = —2 has been proved in [45]

Corollary 3.1]. Then the intermediate case follows from the interpolation [37, Section 2.5]. O]

Next, we state a few regularity results. The proof of these results can be found in, e.g., [5, 89, 45].
Theorem 4.1. Let u(t) be the solution to (4.1)). Then the following statements hold.

(i) If up € HI(Q) with s € [0,2] and f = 0, then there holds

(s=p)o

108 ()| gy < et 2 o]l o

with 0 <p—q <2 and m =0,1. The constant c in the estimate depends on T and c.
(i) Ifup =0 and f € LP(0,T; L?()) with 1 < p < oo, then there holds

ull oo, 12 (00)) T 1108wl oo, 1,22 (0)) < ellfllLro0,7L2(0))-

Moreover, if f € LP(0,T; L*(Q)) with 1/a < p < oo, then u(t) is the solution to problem (&.1))
such that u € C([0,T); L*(Q)). The constant c in the estimate depends on T and c.
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The next lemma provides an a priori estimate similar to Theorem (i). Note that the generic

constant in the new estimate is independent of T

Lemma 4.3. Suppose that ug € L?(2) and f = 0. Let u(t) be the solution to the subdiffusion problem

. Under conditions 7, there holds
u(®)ll 20 < emin(, 6= uoll 2y and |u(®)lgzq) < et uoll iz for all t>0  (4.11)
Meanwhile, for any e € (0,1/a— 1) and t > 0, there holds that
)l 2y < et~ 09 ol e, (4.12)
All the positive constants ¢ in above estimates are independent of t and T.

Proof. We define an operator A = —cgA. Then by condition the operator A(t) — A is self-adjoint
and positive semidefinite for all t > 0. Then we rewrite the equation (4.1)) as

O u(t) + Au(t) = (A — A(t))u(t) for all ¢ e (0,00).
Taking inner product with u(t) on the above equation and integrating by parts, we obtain
(Ofu(t), u(t)) + COHVu(t)HQLQ(Q) = ((co — a(-, 1)) Vu(t), Vu(t)) <0 forall t e (0,00).

Using the facts that (9fu(t), u(t)) > |lu(t)|lr20)0fF |u(®)]| L2 [38, Lemma 6.1(iii)] and Poincaré in-

equality we arrive at
O [lu(t)ll L2(0) + cllu(®)[|2@) <0 for all ¢ € (0,00),

for some constant ¢ uniform in ¢. Then the comparison principle for fractional ODEs [61l, Theorem

2.3] leads to

[u(®)llz2 () < Ea,1(=ct®)[luoll < [[uoll L2(0)-

c
14 cte
This immediately leads to the desired claim (4.11)).

Next, we apply the relation (4.10), Lemmas and (with p = 2) to obtain for any ¢, € (0,7

Tx
) g2y < I (Eai bl oy + / JA()E(E — s8] [(A(t) — A(s))u(s)| 2 ds
tx
< et o 2o + /0 ()l 2y s

Then the Gronwall’s inequality implies for any ¢t > 0

)l 2y < et ol 2.
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Meanwhile, Lemma [4.2| leads to the estimate for 5 = (1 + ¢)a with € € (0,1/a — 1)
sy < IF sty + [ T NAGY B — sit )1 — At A ()] 20y s
< et uol| 2 + /0 (b —5) 7157 ds < ety 179
for any t, > 0. This completes the proof of . O

Using the superposition principle, we consider the homogeneous source condition, i.e., f = 0,
without loss of generality. Then the corresponding backward subdiffusion problem reads: find u(0)

such that
Hu+Alt)u=0 Vte (0,7] with w(T)=g¢g  in Q. (4.13)

The next theorem provides a stability estimate for the backward problem of (4.13) when T is

sufficiently small.

Theorem 4.2. Suppose that ug € L?(2) and f = 0. Let u(t) be the solution to ([4.1)). Under conditions
(4.2)—(4.3), there exists a positive constant Ty such that for any T < Ty there holds

[uoll2(0) < (1 +T)[|u(T) | 2 (e,
where the constant ¢ depends on Ty and T'.
Proof. We rearrange the terms in relation with ¢, = T to obtain
wo = F(T;T)~! [u(T) - /O ' E(T — s;T)(A(T) — A(s))u(s)ds] (4.14)
Taking L?(Q) norm on both sides of the above relation, we apply Lemma (iii) to obtain
Juolley < €1+ T) (Tl gy + | CA@ET - s T IAT) — A))uls)] 20 ds).
According to Lemmas with p = 0 and (i) we arrive at
[uollz2(0) < c(1 + Ta)(Hu(T)HFﬂ(Q) + /OT lu($)l g2 ds)-
Then this together with the estimate implies
o2y < c(1+T7) (HU(T)”m(m + /OT e“s™® d5||u0HL2(Q))
< o1+ T) (JalT) |2y + T o | 20 )
Let be the constant that
c(1+T§)e Ty < % Ty < 1. (4.15)
Then for any T < Ty
ol 2 < 1+ TV (T 2 0.
This completes the proof of the lemma. O

45



Next, we derive a stability estimate for a large T'. To this end, we need the following assumption.
Assumption 4.3. There exists constants ca > 0 and k > 0 such that
|0;Vza(x,t)] + |Ora(z, t)] < cot™ V(x,t) € Q x (0,00).

Under the condition, we have the following perturbation estimate. The proof is similar to that of

Lemma The proof is provided in Appendix A for completeness.
Lemma 4.4. Under Conditions - and Assumption there holds for all t,s > 1
I(AG) ~ Aol o < cmin (1L min(t, ) "t = s) ol ez Y P E (20
The next theorem provides a stability result in case of sufficiently large T.

Theorem 4.4. Suppose that ug € L*(Q) and f = 0. Let conditions (4.2)-({.3) and Assumption
be valid. Let u(t) be the solution to the subdiffusion problem (4.1). Then there exists positive Ty > 1
such that for any T > Ty there holds

l[uoll L2y < e(X +T)[u(T) | 120,
where the constant ¢ depends on T1 and T.

Proof. Using (4.14) and taking L? norm on both sides, we apply again Lemma (iii) to obtain

T
ol 2oy < e1+ T) (Tl ey + | /0 A(T)E(T—S;T)(A(T)—A(S))U(S)ds‘Lz(Q))

Applying Lemma [4.4] with p = —2, we have for sufficiently small € > 0
(I = () A(3))ol] 2y < emin(t, $)~" 0+t — 512059 o] 1o g
This together with Lemma (i) and the a priori estimate (4.12f), imply
IA(T)E(T — s;T)(A(T) — A(s))u(s) 2 (0
< AT’ E(T — ;)| |(I = A(T) " A(s))u(s) | 2y
< TN — o) 7 [lu(s) || 120
< CT—na(l—l—e)(T - S)—H—ea S—(l—e)aHu(O)||L2(Q)

for all s € [T'/2,T]. Then we arrive at

T
A(T)E(T — 5, T) (A(T) — A(s))u(s) ds‘

A [

H T/2 L2()

Meanwhile, we apply Lemmas [£.2] and [.1] again to derive
|A(T)?E(T — s;T)|| || — A(T) L A(s)|| < e(T — s)"17* for all s (0,7/2).
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This together with the estimate (4.11]) leads to

T/2
/0 IAT) B(T — ;)| |1 = AT) " A(s) || |uls)ll 2« ds
T/2
<c /0 (T — )7~ 1-9 dsf|u(0) |2y < T~ (0| -
To sum up, we arrive at the estimate
luoll 2@y < et + T) (Tl o gy + (L + T (T HI=ek2e L =@ | g

Then choosing a sufficiently small e, there exists T7 > 1 sufficiently large such that

_ (29— 1
(1 + Tl )(T Ka(l4€)—at2ea + T1 (2 e)a) _ 5 (4.16)
and hence for any T' > 77, there holds the desired stability estimate. O

In Sections [4.2] and we shall discuss respectively the regularization and a fully discrete scheme
with rigorous numerical analysis. The stability estimate in Theorems [4.2] and [4.4] provides a key tool

in the coming numerical analysis. Therefore, from now on, we suppose the following assumption are

valid.
Assumption 4.5. Suppose Conditions (4.2)—(4.3)) and one of the following conditions are valid.
(i) T < Ty, where Ty be a sufficiently small constant;

(ii) Assumption holds and T > T where T1 be a sufficiently large constant.

4.2 Regularization and convergence analysis

In practice, the observational data often suffers from noise, i.e., (4.4). In this section, we study a
simple regularization scheme by using the quasi boundary value method. Let u‘fy (t) € H'(Q) be the

regularizing solution such that
Oful(t) + A(t)ul(t) =0 Vte (0,7] with yud(0)+u(T) =g° (4.17)

where v denotes a positive regularization parameter. To derive an error estimate for ug(O) —u(0), we

introduce an auxiliary function u.(t) € H'(Q) satisfying
Ofuy(t) + A(t)uy(t) =0 Yt € (0,T] with ~u,(0) +uy(T) = g. (4.18)
Then using the solution representation

w,(T) = F(T; T)u, (0 / E(T — 5 T)(A(T) — A(s))u, (s) ds
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we have the relation
i (0) + F(T: T (0 / BT — s T)(A(T) — A(s))u. (s) ds = g.
Therefore, we derive
uy(0) = (yI + F(T;T)) / BE(T — s;T)(A(T) — A(s ))uw(s)ds}. (4.19)
Similarly, we have
w(0) = (vI + F(T;T))~ g _/ E(T — s;T)(A(T) — A(s)) g(s)ds] (4.20)

We begin with the following lemma on solution operator with fixed-time operator A(T). These

estimates have been proved in [112, Lemma 3.3] by means of spectral decomposition.
Lemma 4.5. Let 0 < p < q <2+ p. Then there holds the estimates for any v € (0, 1]

|V + F(T3T) oy < e +T) 2 5052 o] g, and
|F(T:T) (3T + F(T5T) | < e

All the constants are independent of p, q, T and ~.
Also, we need the following regularity of the regularized solution.

Lemma 4.6. Let uy(t) be the solution to (4.18). Suppose Conditions (4.2)-(4.3) and one of the

following conditions are valid.
(i) T < Ty, where Ty be a sufficiently small constant;
(ii) Assumption holds and T > Ty where T be a sufficiently large constant.

Then there holds for any p € [0, 2],

_p
[ty (O) | o2y < ¥ 2 [luoll 22
where the constant ¢ depends on Ty and T7.

Proof. By means of the representation (4.19)), Theorem and Lemma

oy )l 2gey = || (T + P 7)) /zz—sTA@>Awmmmm

L2(Q)

< c(1+T)gl ooy + IF(T:T) /0 E(T = s T)(A(T) = A(s))uq (s)ds| 2o
T
< crlfuoll 2oy + [[F(T; T)l/o E(T — s T)(A(T) — A(s))uy(s)ds]| 2()-
Then the desired result with p = 0 follows immediately from the proof of Theorems [4.2] and [£.4]
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Next, we turn to the case that p = 2. Similarly, we apply the representation (4.19) and Lemma
[4.5] again to obtain

e (O 72

< amer + mam) (o~ [ BE - ST - AW )|

L2(Q)
< v gl gz + /O IR T AT BT — 5 TYAT) — Ay (5) 20y
< ey Huol| 2 () + (1 + 1) /OT IA(T)? (T — s T)(A(T) — A(s))uy (5)]| 12 (@) ds.
Using Lemma and Poincare inequality, we have
g (D)l 2y < et Ny (0]l oy and Ny (Ol gy < ety (0]l 72, (4.21)

with any small parameter ¢ > 0 and ¢ > 0, and all the positive constants ¢ in above estimates are
independent of ¢ and T. Next, we repeat the argument in Theorems [4.2] and Now Lemmas
and (with p = 0) imply that

”Uv(o)pr(m
1 r 2
< ey T luollp2(q) + (1 +T7) /0 [A(T)"E(T — s; T)(A(T) — A(s))uy (s) || L2()ds
. T
< ey T ug | 20y + (1 + T9) /0 (T — )7 ()] 2 ds
. T
< oy 1T fug| 20y + (1 + T9) /0 (T — )75~ |, (0) | 2y -
We combine this and (4.21)) to arrive at
et (O g2y < €3 T~ o 20y + (1 + TV 2T (0)]] 20y
Then by choosing small Ty such that c(1 + T§) Ty **eo < 3, we arrive at
i3 O)l ey < 7T uoll 2y for all T € (0, )
Next we consider the case that T is sufficiently large, and we let Assumption be valid. Then we
apply Lemma [£.4] with p = 0 to arrive at
1(A(t) = A(s))oll 2y < emin(t, s) =+ — 52 o] 1, o
for sufficiently small e. This together with Lemma and the estimate (4.21) lead to
IA(T)*E(T — s; T)(A(T) — A(s))us(5) ]l 20
< JAT)?E(T — s T)|| [ (A(T) — A(s))uy(5) [ 220
< CT—H(X(1+E) (T _ S)—H—ea ||u7(5)||H2(Q)

S CT—HQ(1+E) (T — S)_l—‘,-ﬂ)é S_(l_E)aHu’Y(O) HHQ(Q)
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for all s € [T'/2,T]. Then we arrive at

T
/T [A(TYE(T = 5 T) (A(T) = A(5))tt(3)]] 2 s < T 0FIE2 o (0) .

/2
Meanwhile, we apply Lemmas [£.2] and [.1] again to derive

|A(T)?E(T — s;T)(A(t) — A(s))v|| < (T — 8)_1_°‘||v||H2(Q) for all s € (0,7/2].

This together with the estimate leads to
T/2 )
/0 AT E(T — s; T)(A(T) — A(s)) s (5)|| 2 s
T/ 1 1 2
<e /O (T — )7 2579 s, (0)] 2 gy < T2 ()] 20y

To sum up, we arrive at the estimate

sy (0) () < v ' T uoll 20y + e(L + T (T~ UFImaR20 L P29y 12

Then choosing a sufficiently small e, there exists 71 > 1 sufficiently large such that

— €)— € —(2—e¢ 1
(1 + T&) () Fere otz | pr(Zdey 5 (4.22)
and hence for any T' > 77, there holds the desired stability estimate for p = 2. O

The following lemma is about the estimate of the regularization with the backward solution.

Lemma 4.7. Let v and u., be the solutions to the backward problem (4.13)) and regularized problem
(4.18), respectively. Suppose Assumption is valid. Then if ug € HY(Q) with q € (0, 2] there holds

1, (0) — (0) L 2(y < e ol ey
where the constant ¢ depends on Ty and T1. Moreover, for uy € LQ(Q), there holds
Tim [, (0) — u(0) 20 = O
Proof. We let e := uy, — u, it would satisfy
ofe+ A(t)e =0, ~e(0) + e(T) = —~yuy,
which further implies
e(0) = (71 + F(T;T))"" [ — qu(0) — /OT BE(T — s;T)(A(T) — A(s))e(s) ds| , (4.23)
Lemma [£.5] implies its estimate that
Je(O)lz2(0) < 7 ol gy + 107 + FT:7) " "B — s TYAT) - A(s))e(s)ds]l 2oy

T
< ev8 luol jragqy + IF(TT) / B(T — s T)(A(T) — A(s))els)dsl| 20,
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Then the desired result follows immediately from the proof of theorems [£.2] and .4}
Next, we consider the case that ug € L*(Q2). For an arbitrary @ig € H?(Q), let i(t) and i (t) be

the functions respectively satisfying
ofu(t) + A(t)u(t) =0 Vt € (0,7] with @(0) = ay,
and
Ofty(t) + A(t)uy(t) =0 YVt € (0,T] with ~a,(0) + @y (T) = a(T).
We have proved that
iy (0) — @(0)l 2y < elioll o
Meanwhile, using the argument in theorems [4.2) and [£.4] we have
[14(0) — uy ()| 22(0) < clluo — ol 2y < ce.
As a result, we apply triangle inequality to obtain
[ur (0) = wollL20) < lluo = Gollz2(0) + [[uy(0) = @y (0)l[L2(0) + [I65(0) — tiollz2()
< clluo — tollz2(0) + elltoll 2y -

Let € be an arbitrarily small number. Using the density of H2(Q) in L2(9), we choose i such that
clluo — tol[z2(q) < 5. Moreover, let y9 be the constant that c'yoHﬁOHHQ(Q) < §. Therefore, for all

¥ < 70, we have [Juy(0) — u(0)[|2(q) < €. Then the proof is complete. O

Then we are ready to state our main theorem to show the error for the regularizing solution ui(()).

Theorem 4.6. Let u and uisy be the solutions to the backward problem (4.13) and reqularized problem
(4.17), respectively. Suppose Assumption is valid. Then if ||u0|\Hq(Q) < ¢ with q € (0,2] there holds

43(0) = w(0) | 20y < e (577" +2).
Moreover, for ug € L*(Q), there holds
1)
[u2(0) — w(0)||p2(q) = 0 as &, ¥ =0 and — — 0.

v

Proof. To show the error estimate, we consider the splitting
() = ult) = (W (1) = uy (1)) + (uy (1) — u(t)) = 9(t) + o(t).
Using the solution representation and , we have
19(0) | 20y < 13T + F(T:1) " g = 92 @)

T
6T+ PET)™ [ B = sTYAD) = A0 dsl 20

o1



Using Lemma, , we derive
T
1900l 20y < v llg = ¢°llr2() + I F(T5T) /0 E(T — s;T)(A(T) — A(s))0(s) ds| 12 (0
T
<ey '+ |F(T; ) / E(T = s;T)(A(T) — A(s))0(s) ds[ 2()-
0

Applying the argument in theorems [4.2] and we conclude that [|9(0)|z2(q) < cy~18. This estimate
and Lemma [£.7] lead to the desired result. O

4.3 Fully discretization scheme and error analysis

In this section, we shall propose and analyze a completely discrete scheme for solving the backward
problem. To begin with, we study the semidiscrete scheme using the finite element methods. The

semidiscrete solution plays an important role in the analysis of completely discrete scheme.

4.3.1 Semidiscrete scheme for solving the problem

To begin with, we study the semidiscrete scheme using the finite element methods studied in Section
where we define the piece-linear finite element space Xj,, the L2(Q) projection P,.
The semidiscrete standard Galerkin FEM of problem (4.1)) reads: find u;, € X}, such that

(O upn(t), x) + (a(, t)Vup(t),Vx) = (f(,t),x), Vx € Xp, t € (0,T], with up(0) = Pyug. (4.24)
We also need a time-dependent discrete elliptic operator A (t) : X, — X, by
(Ah(t)vh7X) = (a(‘vt)vvhva)a VUh,X € Xh~

With conditions (4.2)-(4.3)), Ay (t) is bounded and invertible on X}, and problem (4.24]) can be written
as

Ofup, + Apup, = Prf, Vt € (0,T], up(0) = Prug. (4.25)
Besides, we have the following perturbation result, which has been proved in [45, Remark 3.1].
Lemma 4.8. Under condition —, there holds
17 = An(t)™ An(3))onl 20y < cmin(L, £ — s))l|onll 2 oy
Next, we introduce a time-dependent Ritz projection operator Ry (t) : Hi(Q) — Xp:
(a(-,t)VRA()p, V) = (a(- 1)V, VX), VYo € Hy(Q), x € Xp. (4.26)
It is well-known that the Ritz projection satisfies the following approximation property [73, p.99]:
IRn(®)v — vllz2(y + BIV (R0 = )l 200y < hlllol ey, Yo € HUQ), q=1,2.  (427)
Next, with Assumption [£.3] we have an updated version of the discrete perturbation estimate.
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Lemma 4.9. With conditions - and Assumption we have for all vy, € Xy,
I(Z — An(8)"" An(s))vnllr2() < emin(l, min(t, s) ™[t — s onllz20), Vs > 1.
Proof. Let wy, = Ap(t)"*Ap(s)vn. Then we have Ay (t)wy, = Ap(s)vy, and hence
(a(-,t)Vwn, Vxn) = (al(,5)Von, Vxn), Vxn € Xp.
This further implies the relation
(a(-,0)V(vn —wn), Vxn) = ((a(- 1) — al-,5))Vor, Vxa), Vx € X
Let ¢ be the weak solution to the following elliptic problem:
(a( )V, Vx) = ((a(-,t) = al-, 5))Vun, VX), Vx € H'(Q).
Then Lax-Milgram lemma and Assumption [4.3]implies the following a priori estimate
16116 < ll(@-8) = a(ey5)) Vol 2y < cmin(l,min(t, s) ¢ — sDllonl i1 -

Using the fact that wy, — vy, = Rp(t)¢, the approximation property (4.27), and the inverse inequality,

we derive

lewn — v — éll 12y < chlloll sy < chmin(L, min(t, s) [t = s|)llonll 1

< emin(1, min(t, s)""|t — s|)||vnl r2(q)-
According triangle inequality we have
lwn — vnllz2(0) < emin(1, min(t, )"t — s|)||vallL2() + (|9l L2(0)-

Next, we apply the duality argument to derive a bound for [|¢[|12(q). Let £ € H2(Q) be the function
such that A(t)§ = ¢. Then

1911720y = 1(al-, )V, VE)| = [((al-t) — a(-,5))Von, VE)]
< |(vn, (a (1) = a(, $)) AO| + |(vn, V(al-,t) = al-,5)) - VE)|
< cmin(1, min(t, s) ™"t = s|)|onll 2 €] 72

< cmin(1,min(t, 5) %[t — ) [vn | 220 18] 20
This completes the proof of the lemma. O

Next we derive some semidiscrete solution representation analogue to (4.10), that is given any

t. € (0,T],
up(t) = Fp(t; ts)up(0) + /Ot En(t — s;t)(Puf(s) + (Ap(te) — An(s))un(s))ds (4.28)
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where the solution operators Fy(t;t,) and Ep(t;ts) can be written as

1
27

1
/ e 207 (2% + Ap(t) "t dz, and En(t;t.) = / ™ (2% + Ap(ty)tdz.
Fg’,{ FG,H

Fi(t:t,) = j
h(t:ts) 2mi
(4.29)

For any fixed t., the discrete operators F},(t;t.) and Ej(t;t.) satisfy the following smoothing property,
whose proof is identical to that of Lemma

Lemma 4.10. Let Fy(t;t.) and En(t;t.) be the discrete solution operators defined in (4.29) for any
t. €10, T)]. Then they satisfy the following properties for allt > 0 and v, € X},

(i) [ An(te) Fn(t; t)vnll 2 () + 1 CP Ay () En(t; te)onll p2i) < et lonllr2(), with k =1,2;
(i) [1F% (s t)vnll 2y + I Bt te)onll 2 (@) < emin(l,t)||vall£2(0);
(i) [ Fn(t: £2) ol gy < (1 + £9) [ An(t)onll 2oy,
The constants in all above estimates are uniform in t, but they are only dependent of t. and T.
Analogue to Lemma we have the following result.

Lemma 4.11. Let Fy(t;t.) be the discrete solution operator defined in (4.29). For all 0 < t < T,

t. € (0,T] and v, € X}, we have
1y + F(TT)) " tonll < v Hlonll 2y and |[F(Ts T) (VI + Fu(T5T)) ™ onll 20y < ellvnllzz (),
where the constant ¢ is independent of t, v and h.

The following Lemma provides an error estimate for the semidiscrete error of the direct problem,

see [45, Theorem 3.2] for a detailed proof.

Lemma 4.12. Let u and uy be the solutions to ([{.1)) and ([4.24) respectively. If ug € L? and f =0,
then there holds that

I — w) ()| 200y < ol 2y for all ¢ € (0,7],
where the constant ¢ is independent of t and h.

After proposing many results about solving direct problem, we shall propose a semidiscrete scheme
for solving the backward problem.

We apply the regularized semidiscrete scheme: find u, p(t) € X}, such that
O uy p(t) + Ap(t)uyp(t) =0, 0<t < T, Yty b (t) + Uy (T) = Prg. (4.30)
Then analogue to we have
uyn(0) = (I + Fp(T; 7)) ! [Phg - /OT En(T = s;T)(An(T) — An(s))uyn(s)ds| . (4.31)
Next we shall derive a preliminary estimate for the proof of the semidiscrete error w. j — .
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Lemma 4.13. Let u,(t) be the solution to the backward regularized problem (4.30). Then fix any
t« € (0,T] there holds that
tx
|| Bn(ts = sit.) An(s)(Ri(s) = Pa)uy(s)ds| 2y < ch®max{t;®, 6,7} us (0)] 2
0

The constant c is independent of t and t,.
Proof. Let ¢y, be the solution to the following semidiscrete problem
O on(t) + An(t)en(t) =0, ©n(0) = Pruy(0).
Lemma implies that
1o = uy) ()l 2(0) < ch®t|uy (0)l] 2(c)-
Then we consider the splitting
(ion = ) (t) = (91 — Py ) () + (P, — w,)(8) = Cu(t) + p(0).
The approximation property and the regularity estimate in Theorem give that
o) 20 < eh®[lus ()]l g2y < ch®t |y (0) ] £2(0)-
Then by triangle’s inequality, we obtain
SO 2@ < oMz + 11(en = uy) Ol 2 < ch?t*|uy (0)]] 2 (0)- (4.32)
Meanwhile, notice that
7 Cu(t) + Ap(t)Cn(t) = An(t)(Rn(t) — Pr)uy(t), T >2t>0,  ¢(0)=0.
Then for any t, € (0,7, Cu(ts) could be written as

t t

1) = | Bt = 550 Au() (Ra(s) = Puuiy (s)ds + | Bt = 5512) (An(0) = An(s)) ().

We apply Lemmas and and the estimate (4.32)) to derive
t
I [ Bt = 004006 Bi(3) = P (515l 120

t
< ISh @)l z20) + C/o 161(5) [ 20y ds < e(t2* + 872 ||uy (0)]] 120y

< ch? max{t;“, ti_a}Huv(O)HLz(Q)'

Next, we state a key lemma providing an estimate for the discretization error w. , — ..
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Lemma 4.14. Let uy(t), uyp(t) be the solutions to problem (4.18)) and (4.30)) respectively. Suppose
Assumption [{.5 is valid. Then there holds

1,(0) = uy (0)]] < ch®y ™ uoll L2 (0
where the constant ¢ is independent on v, h and t.

Proof. We use the splitting
(= 1)(0) = (i — Patiy)(0) + (Phtty — )(0) i= G4(0) + p(0).
From the approximation property and Lemma we obtain
POl z20) < eh®[luy (0)l oy < ch®y~ ol r2(oy-
Now we turn to the bound of (3 (t). Using the fact Ay (t)Ry,(t)v = P, A(t)v, we observe that
97 Cn(t) + An(t)Cn(t) = Ap(t)(Ru(t) — Pr)uy(t) for t € (0,T], with y¢u(0) + Gu(T) =0. (4.33)
For any t, € (0,7], we have the solution representation from that
(1) = Fult: 0600+ [ Bt = 551)40(6) Ra(s) — P 5) s
b [ Bt = ()~ An)G(s) s
Then with ¢t = t, = T we apply v(,(0) + (1 (T) = 0 to derive
T
G0) = (T + FUTST) ™ [ BT = 5T (A4n(3) (P = Ras)u (5)ds
L+ B [ B s T~ A6 ds.
Now we apply Lemmas and to obtain

1€ (0) || 202

T
<! [T = 5TV AN (P~ Bas))un (9] 20yl

0
T
+ || Fn(T5T) 7! /0 En(T — s;T)(An(T) — An(s))C(s)dsl|L2(q)
T
< erh®yHuy (0)]| 2 () + (1 +T%) /0 [AR(T; T)ER(T — 55 T)(Ap(T) — An(5))Cn(s) |l 2()ds.
Next, we split (;(s) into homogeneous part and inhomogeneous part. Let (;(t) := (1(t) + (2(t) where

G + A1) =0 for t€ (0,T), with 1(0) = G4(0),

02 Calt) + An(t)Ca(t) = An(t)(Ru(t) — Po)us(t) for ¢ € (0,T], with Co(0) = 0.

o6



First of all, we fixed t, € (0,7] and apply the solution representation in (4.28) and Lemmas
and [4:8] and hence derive

o < [ 1Bt = ) An(5) Bi(s) = P 5 s
b [ IEG = st () A )G )
< et W Ol + [ 166 ey
Then Gronwall’s inequality leads to
G201z < et (O) | ey, (434)

For (;(t), we apply the similar argument in Lemma to obtain

1G] 22
< emin(1,¢7%)||Cr(0)[| L2, and

[ART) ()]l 22() < cet™1Ch(0)]L2(q) for all > 0.
All the positive constants ¢ in above estimates are independent of ¢ and T'. As a result, we have
1€ (O) || £2(0) < ch®y Huy (0) | 22 ()
2 T
+) e(l+ T“)/ [AR(T; T)ER(T — 5 T)(An(T) — An(s))Ci(s)ds|| L2 (o)
i=1 0
< ch®yHuy(0)] 20
T
+c(1+T7) / [AW(T)En(T — 5 T)(An(T) — An(s))C1(8)l 2(e)ds.
0
Applying the argument in theorems [4.2) and [£.4] we conclude that

16 (0] £2(0) < eh*y M uy(0) | r2(q)-

This completes the proof of the lemma. O

4.3.2 Fully discrete scheme and error analysis

To begin with, we apply the backward Euler convolution quadrature in Section With ¢; = ¢(t;)

we have
n

08 (tn) ~ 0 (p(t) — 9(0)) = — 3 bypns.
j=0

The fully discrete scheme for problem (4.25)) reads: find U}’ € X}, such that
OOUP 4 Ap(tn) U = Puf(ty), m=1,2,...,N, with UP = Pyu, (4.35)
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By means of Laplace transform and perturbation argument, with 1 < n, < N, the fully discrete

solution U™ can be written as [45], [111]

Up = F (n)UR + 7> Ep Fn)Pof(te) + 7Y Ep F(n.) (An(tn,) — An(te))UE (4.36)
k=1 k=1

with n =1,2,---, N. Here the fully discrete operators F}’ (n.) and Ej (n.) are defined by

Ffl(n) = 21-1/ e TS, () (B, (¢ + An(ta,)) " dz,
’ 1 T
4.37
EP _ L ztn ) —2T A 1 d ( )
h,T(n*) - 27Tl - € ( T( ) + h( TL*)) 2,

with 0-(£) = (1 — §)/7 and the contour I'j | := {z € 'y, : [S(2)| < m/7} where § € (7/2, ) is close
to m/2. (oriented with an increasing imaginary part).

The next lemma provides some approximation properties of solution operators F, ;L"‘T(n*) and E}?T(n*)
See [110, Lemma 4.2] and [41l, Theorem 3.5] for the proof of the first estimate, and [45, Lemma 4.5]

for the second estimate.

Lemma 4.15. For the operator F] and E} defined in (4.37), we have

Mww%mmmfﬂwmmm < ert; e,
tk

H ABE”* Ny) — Ag(tm)Eh(tm — s;tn*))dSH < er(tn, —tn + 7')_(2_(1_6)0‘)
te—1

for any B € [0,1].

Note that the solution operators F}'_(n.) and E}' _(n.) satisfy the following smoothing properties,
whose proof is identical to that of Lemma

Lemma 4.16. Let F] (n;n) and Ef(n;n) be the operators defined in (4.37). Then they satisfy the

following properties for any n > 1 and vy, € Xy,
(1) AR EL (ne)onllpgy + @D ARERER (n)vnll o) < et lonllrz@y, k=12
(i) (157 (na)onll 2y + ta 1B, - () vnll 2y < emin(l, 6,%)||vall 2 (o)
(iif) 157, (n) "t onll 2oy < e(1+63)[[An(t)onll 2o

Next we introduce some a priori estimate for the discrete solution U}’ in (4.36]), analogue to Lemma

for the continuous problem. We provide the proof in Appendix B for completeness.
b

Lemma 4.17. Let U]’ be the solution to (4.35), then we have the following a priori estimate (f =0)
1UR 22 () < emin(L, 6, *)|URl| 2y and | An(T)UR| 120y < ce 2 |UR |2y for n > 1.
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Moreover, for any € € (0,1/a — 1), there holds
IAR(DYUR | 2y < ety TONUR 12 for all n > 1.
All the constants in above estimates are independent of h, n, N, 7 and T.

Now we introduce the fully discrete scheme for solving the backward problem: find Uh € Xy, for

n=1,..., N such that
a 11n,0 n,o . 0,0 N,§
0:Up 0+ Ap(tn)U, 7, =0 forall 1 <n <N, with YU, + U, 7" = Pygs. (4.38)

Then U ,:l ’fj can be written as

N
Upd = (7 + FY(N) 7 [Pags = 730 BpH(N)(AR(T) = An(t)URS . (4.39)
k=1

The following lemma provides a useful estimate of the discrete operator (I +F,{YT(N )~ see a detailed

proof in [112) Lemma 4.4].

Lemma 4.18. Let F] (n;n.) and EJ (n;n.) be the operators defined in (4.37). Then there holds
I(vI + Ff (N5 N)) " tonll2(0) < v Hlonllz) and | B (N3 N) (3] + F(N:N)) " top 20y < €
where ¢ is uniform in T, h, T and .

To show the error between U,]L\j f and ug, we introduce an auxiliary function U,T: 4 € X}, such that
UL+ An(tn)U ., = Puf(tn) forall 1<n<N, with U} = usn(0), (4.40)
Then we have the following error estimate for the direct problem, according to [45, Theorem 4.1].
Lemma 4.19. Let uy(t) and [_],?ﬂ be the solution to and with f =0, then we have
4R (0) (TR = wyn(ta))ll 2 () < erlog(n + 1) max(t,*~*, t,%) |y, 1 (0)]| 220
Proof. Let e, = Uf?;y — Uy p(tn). First of all, we recall [45, Theorem 4.1] that
lenll 2@y < ety Hlog(n + 1) [Juy 4 (0)]] 220 (4.41)

We then use the solution representation (4.36|) to obtain
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Then by means of (4.28]), we have for fixed ¢,,

An(tn.)en. = An(tn,) (Fj7(ne) = Fa(tn; tn.))uy,n(0)

7Y At ) B () (An(ta,) — An(t)UF

=1
tns
Ap(tn) En(tn, — sitn,) (An(tn.) — An(s))uq n(s) ds
0
.- ny—k Tk _
+ 7Y An(tn ) Ep (n2) (An(tn.) — An(te) (U, = uyn(te)) = T+ I + Is.
=1

Lemma [4.15 immediately implies the bound for I;:

12 < CTtE*lfa”Uv,h(O)HL%Qy

A slight modification of [45, Lemma 4.4] leads to a bound for I5. In particular, we observe

Tx

Iy =Y [T At ) B () (An(tn,) = An(ts)

k=1
tr _
— [ At ) Bntn, = 53t )(An(ta) = An(s)ds| OF,

te—1

+ z_: /t:1 Ap(tn,) En(tn, — sitn,) (An(tn,) — An(s)) dseg

Tox

+ Z/ ' Ah<tn*)Eh(tn* -5 tn*)(Ah(tn*) - Ah(s))(u%h(tk) - u%h(s)> ds
k=1"tk—1

=11+ 1o+ Io3,

For I5 1, by means of Lemma with 8 =1, and (i) with the solution representation (4.36}),

we arrive at

Tox

[ € D | An(tn ) By (n) (L = An(ti) An(tn) ™)
k=1

12,1

tr _
—/ An(tn.) Bn(tn, — sitn) (I = An(s) An(tn.) ™" )ds ||| | An(ta )UKl 20
tp—1

< TPty =tk +7) 7 Ny n(0)l 20
k=1

< erlog(ns + 1)t, “[Juqy 1 (0) [ 22
For I5 2 we apply Lemmas (i) with k£ = 2, Lemma and a priori estimate (4.41)) to derive
1220l r20) < et @ M log(ny + 1) ||ty 2 (0) || £2(0)-

Last, for the error term I3, we denote

tk
Qr = Ap(tn ) Enp(tn, — sitn, ) (An(tn.) = An(s)) (uy,n(tr) — uy,n(s))-

tk—1
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For k = 1, we apply Lemmas and to derive the bound
1@l L20) < | /OT An(tn) En(tn., — st0. ) (An(tn.) — Ap(8))uy (1) ds| 20
+ | /OT Ap(tn) En(tn, — sitn.) (An(tn,) — An(s))uqyn(s) dsll r2(q)
< C/OT(tm — 8)7ds|uy 4 (0)]| o) < Tty [y (0)] 220

Meanwhile, for k& > 2, there holds that

t ty
Q= [ At ) Erlta, = 500) (1)~ 44(9) [ (€€ s
th—1 s
The discrete analogue to Theorem U.1(i) (see detail proof in [45, Theorem 2.3(i)]), u/ ,(t) can be
bounded by
1y (Dl 2 () < ety w(0) ] 22(0)- (4.42)

Then by Lemmas and regularity estimate (4.42)) there holds

th tg
1Qkllr2(0) < 0/ [An(tn. ) En(tn. — 5 tn, ) (An(tn,) — An(s))|l / £ ds|luy w(0) |2y

te—1

tr tr 1
<e / (tn. — )7 / £1d€ dsllus 1 (0) | 12
tk—l S

tg
or / (tn. — )~ dsl|uy 1 (0) | 20

th—1

IN

Summing those terms from k = 2 to k = n,, we obtain
tns .
Z:IIQkIIL2 < 7|[uq,n (0 )”LQ(Q)/ (tn, —s)"%s™ds
< ety Hog(ny + 1)[|uy,n(0) | 12(0)
As a result, we arrive at
121l 120) < ety M og(n + 1)y 1 (0)[| L2(q)
Finally, Lemmas and the estimate (4.41)) imply that
113]| 2 < CTZ AR (tn, 2B ) | IT = An(te) An(tn) "l el 2o
< CTZ ne = te) " llexllzz
<ecr Z ne — te) "ty log(k + 1)[|ws,n(0) ] 2(q)
< erlog(ns + 1)t, “[Juqy n(0) | L2(0)-

This completes the proof of the lemma. O
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Next, we introduce an auxiliary function
O:Up, + Ap(tn)UR, =0 forall 1<n <N, with Uy + U, = Pug. (4.43)

Then U, f?w can be written as
Uhy = (T + BY(N) ™ Pag = 7 Z FYHIN)(A(T) = An(te)UE, | (4.44)

Then the next lemma provides an estimate for U }?’g -U }?’7.

Lemma 4.20. Let U}Z’j and Uy} be the solution to problems (4.38) and (4.43) respectively. Suppose
Assumption [[.5 is valid. Then there holds

U0 = UR N2y < edyY,
where the constant c is independent on v, h, 7 and t.
Proof. Let e, = ,7: ’j -U ,? - Then e,, satisfies the relation that
Oren + Ap(tn)en, =0 forall 1 <n <N, with veg+ey = Py(gs — 9) (4.45)
Using representations (4.39) and ( we obtain
eo = (71 + F-(N))~ [Ph 95— 9) — TZEN “(N)(AR(T) — Ap(ti))en
Now we apply Lemmas and to obtain

N
leoll 2y < edy ™! + |15 (N; N) ' Y0 ER(N — ks N)(AR(T) — An(ti))exl| (o)
k=1
N

< by +e(1+T) Y 1T AR(T)BR(N — ti; N)(An(T) — An(te))erll 20
k=1

Then the desired results follows immediately from the a priori estimate in Lemma and the same

argument in theorems [£.2] and [£.4] O
Time discretization would give the following fully error estimate.

Lemma 4.21. Let uyp(t) and Uy, be the solutions to (4.30) and (4.43) respectively. Suppose As-
sumption [{.5] is valid. Then there holds

[0 (0) = U |l < erllog 7| (h*y ™" + 1) [[uol| L2(q).

where the constant c is independent on v, h and t.
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Proof. Let U fl‘ﬁ be the solution to (4.40) and e, = U ,’;ﬁ -U ,’f,,y, which satisfies the following equation
Oren + Ap(tn)e, =0 forall 1<n <N, with yeg+ey = U;L\;Y —uyp(T) =: Q. (4.46)

Then we apply the representation of fully discrete scheme to derive
N
eo = (YT + B ()7 @ = 2 rEYTH(N)(AR(T) = An(te))ew . (4.47)
k=1
Lemmas and give that

leollzzcey < |[ BN 7@ - SRRV — ks N)(AW(T) - An(t))e] |

1 L2(2)

N

< erl| An(T)Qll 20y + (1 + T Y T AT EY TF(N)(AR(T) — An(tr))erl r20)-
=1

This combined with Lemma leads to
N

leoll r2() < er|log 7llluy w(0) |20y + (1 + TV D TART) B (N)(AR(T) — An(te))ellr2(0)-
=1

Then by applying the a priori estimate in Lemma and the same argument in Theorems and

(4.4 we derive

leollz2() < ert|log ||ty (0)] L2 (q)-

Finally, the Lemmas and leads to the desired result. O]

Now we are ready to state the main theorem showing the error of the numerical reconstruction

from noisy data. The proof is a direct result of Lemma [£.7] [£.14] [£.20] and [£.21]

Theorem 4.7. Let U,?’f{ be the numerical reconstructed initial data using the fully discrete scheme
(4.38)), and ug be the exact initial data. Suppose Assumption is valid. Then if ||u0|]Hq(Q) < c with
q € (0,2] there holds

U2~ ol < (7 + 6771+ k3 4 rllog (2! + 1))

Moreover, for ug € L?(S), there holds

) 2
HU}?Zj_U(O)‘|L2(Q)_>O as 0,7v,h,7 — 0, ;—)0 and 7—>0.

The a priori error estimate in Theorem [1.7] gives a useful guideline to choose the regularization
parameter v and the discretization parameters h and 7 according to the noise level §. In particular,

if ug € H1(Q), by choosing
2 1 _q_
v ~da+2, h~02 and 7|logT|~ Ja+z,
we obtain the optimal approximation error
0,0 _a_
Uy — u(0)[[2(0) < cd¥2.

63



4.4 Numerical Experiments

Now we test several two dimensional examples with Q = (0,1)? in order to illustrate our theoretical
results. Throughout the section, we apply the standard Galerkin piecewise linear FEM with uniform
mesh size h = 1/(M + 1) for the space discretization, and the backward Euler convolution quadrature
method with uniform mesh size 7 = T//N for time discretization. We solve the direct problem to
obtain the exact observation data by using fine meshes, i.e. h =1/100, 7 = T//500. Then we compute
the noisy observational data by

g5 = u(T) +edsupu(z,T)
z€eQ

where ¢ is generated from standard Gaussian distribution and ¢ denotes the related noisy level.

We begin with the following time-dependent diffusion coefficient:

ysin((1+1¢)%5) +2 —0.1
ai(z,y,t) =
—0.1 sin(rx)(t 4 1.2) 708 + 2

satisfying conditions (4.2))-(4.3) and Assumption We solve the linear system (4.38) by using the

conjugate gradient method.

Example 5.1. Smooth initial data We begin with a smooth initial data:
ug = sin(2nz) sin(2my) € H(Q).

According to Theorem we compute U}?ﬁ with v ~ v/¢ and h, 7 ~ v/3, and expect a convergence
of order O(v/§). Numerical results presented in Figure fully support the theoretical result. On
the other hand, our numerical results indicate that the recovery is stable for all 7', might be neither
very large nor very small. This interesting phenomenon warrants further investigation in the future.

In Figure we present profiles of solutions and errors with different noise level.

10°  [5=7=10 Pt 10° 10° | =710 Pt
T=1 e T=1 e
11| (7)o" —o-T=01] 0@ -7
1071 101 M
102 102
10 103 102 10 10 102
(a) a =0.25. (b) @ =0.5. (¢) a =0.75.

Figure 4.1: Plot of error: a1(z,t) and smooth initial data; h = /3, 7log(N +1) = V/§/7, v = v/5/350.
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(a) 0 =1le—2. (b) 6 = 5e — 3. (¢) 6 =2.5e — 3.

Figure 4.2: Profiles of Top left: Exact initial data ug. Recover with aj(x,t), « = 0.5, T = 1. The

remaining three columns are profiles of numerical reconstructions U, ,?’g and theirs errors, with h = v/,

T =1/0/5, v = V/§/350.

Example 5.2. Nonsmooth initial data. In this example we consider the following nonsmooth initial

condition

1, if0.5<z<1,
ug =

0, otherwise
Note that ug € Hz (Q) for any € € (0,1). Then Theorem |4.7|indicate that the optimal convergence
rate is almost O(6%2) provided that v = O(6%%), h = O(v/d) and 7 = O(6%2). This is fully supported
by the numerical results presented in Figure [£.3] In Figure [£.4) we plot the profiles of solutions and

errors, which also confirm that the numerical recovery is reliable.

100 [ |[—9—T1=10

—O—T=1

—0—T=0.1 P
0(602) - -

10°

107 107 107
10 10 102 10 103 102 104 10 102

(a) a =0.25. (b) & =0.5. (¢) a =0.75.

Figure 4.3: Plot of error: a1 (z,t) and smooth initial data; h = v/§, 7 = §°2/20, v = §°%/200.

65



(c) 0 =2.5e — 3.

Figure 4.4: Top left: Exact initial data ug. Recover with a;(x,t), @« = 0.5, T'= 1. The remaining three
columns are profiles of numerical reconstructions U}?’g and theirs errors, with h = /9, 7 = §°2 /20,

v = 69%/200.

100,

1072 ‘ ‘

10" 107 102

Figure 4.5: Plot of error: as(z,t) and smooth initial data; T = 10, with h = V4, 7 = §°%/5,
v = 6%%/350 for a = 0.25,0.5 and v = 6% /150 for o = 0.75.

Example 5.3. Diffusion coefficient violating Assumption [4.3l We also test the following diffusion

coefficient
e % cos(t) + 2 (15— (t+1)7%%)/10

(15— (t+1)792)/10  cos(wy)sin(t) + 2
Note that ag satisfies conditions (4.2) and (4.3)), but Assumption is not fulfilled.

as(z,y,t) =

Numerical experiments show that the numerical reconstruction via the fully discrete scheme (4.38))
still converges under proper parameter choices. For example, we test the smooth initial data ug =
sin(27x) sin(27y) and large terminal time 7' = 10. We choose 7, h, 7 ~ /8, and observe a convergence
rate around O(V/§), see cf. Figure We will continue to consider the general case in our future

studies.
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Appendix

Appendix A. Proof of Lemma (4.4

For p = 0, Conditions (4.2) and (4.3)) and Assumption [4.3|imply
p )

I(A(#) = A(s))vllzz(e) < e(IV(a(t) = a(s) o) + lalt) = als)lz(@)) 0]l 720y

< cmin(1, min(t, s)~*[t — s])||v]| g2(q)-

For p = —2, from using the duality argument, we have
A(t) — A(s))v, v, (A(t) — A(s
A — Aol gy = sup (AO=AG0E) (040~ Al
peiz) 12l eiz@) 12l
- [0l L2 [I(A() — Als)) el 12(0)
 eH2(Q) 1l g2

< cmin(1,min(t, s) "t —s]) sup |lv]|r2(q)
PeH?(Q)

This completes the proof of the lemma.

Appendix B. Proof of Lemma [4.1
Recalling the fact that [51, Lemma 3.3]

_ 1~
Upro, U > 5aTyU;;y?.

Therefore, like Lemma 1.3 we define an operator A = —coAp,. Condition [£.2] gives that the operator
Ap(t) — Ay, is self-adjoint and positive semidefinite for all n > 1. Rewrite the equation (4.35) as

O- (U — UY) + AUy, = (A, — Ap(t))U forall 1 <n < N.
Taking inner product with U;* on the above equation and by definition of —Aj, and Ap(t), we obtain
(0 (U = U, UM + coHVU,?HiQ(Q) = ((co — a(-,1))VU;,VU}) <0 forall 1<n<N.
Using the above inequality and Poincaré inequality we arrive at

O-(1UR 22 () = 10N z2(0) + el UR Nl 220y
< 0| (10 | ey = NURN £2(0)) (1 + NURN 2200 /NUR | 22(62)) | + €llUR 120

<0 forall n>1,

for a constant ¢ uniform in ¢,. Then the comparison principle for discrete fractional ODEs [65] leads

to
c

1+ cto

U 20 < FR()NUR 22y < 1UR L2 (0
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where the definition of F"(c) can be found in [IT1), [1T12]. This immediately leads to the desired result.
Next by solution representation (4.36)) we have

[AR(En. ) UR N 22

< N An () R () URll 2oy + 71 Y Anltn ) ER L (0 (1 = Ap(te) An(tn) ™) An(ta)Ub 120
k=1

< ety | URN 2o + Z 7 An(tn ) ER 7 F (na) (T = An(tk) An(tn,) " HIEAR () UR | 220,
=1

lemma [£.16] and show that
AR () UR 1200y < et 10 r2g) + Y el An(tn) Ukl 12 ()
k=1

the discrete version of Gronwall’s inequality [93] Lemma 10.5] gives that
AL (tn U | 2200y < cexpletn)t, ULl 120y

here ¢ is uniform in n, 7 and ¢,.
Meanwhile, in the other hand |7 — A(t,) " A(s)|| < c|t«—s|? for any B € [0,1]. Thenif 8 = (1+¢€)a

with € € (0,1/a — 1) we can derive that!

[ An(tn)UR (| L2(0)

< N An(tn ) E (0 UR 20y + 71 Y At ) E (0 (1 = Ap(te) An(tn) ™) An(ta)Ub 120
k=1

< ety U 2@ + Y T AR (tn ) B () (= An(tn,) ™ An(8)) I IUR | 220
k=1

n
< ety U2y + o7 Y (b — ti) " UR L2
k=1

IN

tn
cty “NU 2 () + C/o (tn, — 8) s ™2ds|| U | 20 < ety N UR || 220 -

!Chapter [4|is reprinted with permission from ”Stability and numerical analysis of backward problem for subdiffusion
with time-dependent coefficients”, Zhengqi Zhang and Zhi Zhou, 2023, Inverse Problems 39 034001. The candidate
mainly works on the research methodology discussion, the proof details and the coding and data collection in numerical

experiments.
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CHAPTER 5.

Backward Diffusion-Wave Problem: Stability and Numerical
Analysis

In this Chapter Let Q C R? (d = 1,2,3) be a convex polygonal domain with boundary 9Q. We

consider the following initial-boundary value problem of diffusion-wave equation with a € (1,2)

Ofu—Au=f, inQx(0,7T],
u=0, on 09, (5.1)

u(0) =a, Owu(0) =0, in

where T > 0 is a fixed final time, f € L>(0,T;L*(Q)) and a,b € L*(Q) are given source term and
initial data, respectively.

As Section for the backward diffusion-wave problem, we want to simultaneously determine the
initial data u(x,0) and u:(z,0) with z € Q (and hence the function u(z,t) for all (z,t) € Q x (0,7))

from two terminal observations
u(z,Th) = g1(x), wu(z,T3) = go(x) forall z € Q, (5.2)

where 11,75 € (0,7] and Th < Ts.

The rest of this chapter is organized as follows. In section we provide some preliminary results
about solution representation, asymptotic behaviors of Mittag-Leffler functions, and regularization for
the continuous problem. Then in sections [5.2] and we propose and analyze spatially semi-discrete
scheme and space-time fully discrete scheme, respectively. Finally, in section we present some
numerical examples to illustrate and complete the theoretical analysis.

The notation ¢ denotes a generic constant, which may change at each occurrence, but it is always
independent of the noise level d§, the regularization parameter ~y, the mesh size h and time step 7 etc.

By using Lemma if u(t) is the solution to the diffusion-wave equation, the function w(t) =
u(t) — fg E(t — s)f(s)ds satisfies the diffusion-wave equation (2.12)) with the trivial source term.

Therefore, without loss of generality, throughout the paper we consider the homogeneous problem

Ofu — Au =0, in Q x (0,7,
u=0, on 09, (5.3)

u(0) = a, du(0) =b, in Q.
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5.1 Stability and regularization for the backward diffuion-wave problems

5.1.1 Stability of the backward diffusion-wave problems

In this part, we intend to examine the well-posedness of the backward problem diffusion-wave problem

forO<Ty <Tp <T

Ofu — Au = 0, in Q x (0,7,
u=0, on 0, (5.4)
uw(Th) = g1, w(Tz) = g2, in Q.

Using the solution representation (2.13)), we have the following relation

g1 a F(Tl) F(Tl) a
= G(T1,T>) = _
g2 b F(I) F(T3)] |b
(5.5)
B i Ear(=NTT) TiEax(=NTT) | |(a,95)9;
i=1 | Bap (A1) TaEaa(=AT3) | | (b,05)e;
In order to represent the inverse of the operator G(T1,7T3), we define the function
(1, To; Aj) = ToEa 1 (=M 17) Ea2(= A1) — TiEa i (=AT5) Ea 2 (= ATT). (5.6)

Then G(T1,T»)~! is well-defined, provided that ¢(T1,Th;\j) # 0 for all j = 1,2,..., and a direct

computation leads to the relation

=G(T,T»)™" 9
b g2
(5.7)
) ToEqo(—\T) —T1Eyo(—\T o)
= Zw(T:L?TQ;Aj)_l 2 ,2( J+2 ) 1 ,2( YESI ) (91 gpj)spj
J=1 _Ea,l(_/\jT2a) Ea,l(_)\]Tla) (92’()0])80]

The next lemma clarifies the conditions for (17, T5; A;) # 0 for all j =1,2,.. ..
Lemma 5.1. Let A > 0 and (11, Ta; ) be the function defined in (5.6). Then there exists a constant
M(X) such that for all Ty > Ty > M(X), then

< C(T2 — Tl) 1
T T(1-a)l(2—a) N2TPTY

Y(T1,To; N) <0,
where the constant c is independent of A, T1 and T.

Proof. By means of the asymptotic property of Mittag-Leffler functions in (2.6)), we have

1 1 1
Ty, Ty: \) = (T — T O ——r— for Ty, T (5.8
¥(T, T30 = (T - 1) <F(1—a)F(2—a) NToTg <A4T12aT22a>)’ or Ty, Tp = 00. (5.8)
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For A > 0 and T3 > 11 > 0, we know the leading term F(l—a)lF(Z—a) /\QTlaTa < 0, and hence the
12
asymptotic behavior (5.8) implies the existence of M (\) such that for all T > T1 > M(\)

T, T 1
Ty, Ty A 0.
VILTEN S SR = T2 — o) NTTg <

This completes the proof of the lemma. O
Combining Lemmas [2.1] and we have the following stability estimate.

Theorem 5.1. Let A1 be the smallest eigenvalue of —A with homogeneous Dirichlet boundary condi-
tion, and M (A1) be the constant defined in Lemma . Suppose that To > Ty > M(\1). Then for any
g1, 92 € Hz(Q), there exists a,b € L?(Q) such that the solution u to (5.3) satisfies

u(Ty) =91 and u(Tz) = go.
Meanwhile, there holds the following two-sided Lipschitz stability
Cl(”QIHHQ(Q) + ”92HH2(Q)> < llallzzo) + bl r2) < C2<H91HH2(Q) + H92HH2(Q)>- (5.9)

Proof. By Lemma and the asymptotic estimate (5.8, we have for all To > T7 > M (A1) and A > Ay

C(TQ — Tl) 1
(1 —)0(2 — a) N2TATS

[(T1, Tos A)| > ‘ > 0, (5.10)

where the constant c is independent of A;, 71 and T5. This together with ([5.7)) indicates the existence
and uniqueness of initial data a and b.

Next we turn to the stability estimate. Noting that the first inequality has been confirmed by
Lemma so it suffices to verify the second one. The estimate ([5.10) and the relation (5.7]) imply

) (91,9))° (92, %5)°
b i )
lalZz @) + 1blE2(0) < 77— TlQZ SV IERN S oF

C
< m(llgl\lm(m + ngHgg(m)-

Remark 5.1. Note that in the stability estimate (5.9)) the constant co is proportional to (Ty — Ty) ™!
This is reasonable since one cannot recover two initial data w(0) and dyu(0) from a single observation
u(T). Throughout our numerical analysis, we shall assume that Ty > T > M (A1) and To—T1 > ¢o > 0.
5.1.2 Regularization and convergence analysis
From now on, we shall assume that our observation is noisy with noise level 4, i.e.,
6 0
lg1 — 912y = llg2 — 92l 2 (@) = 6. (5.11)
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Note that both ¢¢ and g3 are nonsmooth. In order to regularize the mildly ill-posed problem, we apply
the quasi-boundary value method [27, [108]: find @’ (t) satisfies

ot — A’ =0, inQx (0,7,
@ = 0, on 01,
(5.12)
—yi(0) + @ (Ty) = ¢}, inQ,
10,i° (0) + @ (Ty) = g3, in ©,
where the constant v > 0 denotes the regularization parameter. Recalling the definition of the operator

G(Th,T5) in (5.5)), the solution to the regularized problem ((5.12)) could be written as

5 ~
g a(0)
(1; =(Z+6(N,T2)) |
92 0 (0)
o i =Y+ Eai(=NT7)  TiEa2(=XNTT) (@(0), ¢j);
j=1 Ea,l(_)‘jTQa) v+ T2Ea,2(_)‘jT2a) (815716(0)7 (Pj)SOj

where Z denotes the matrix of operators

-1 0
7= (5.13)
0 I
where I is the identity operator.
Now we define an auxiliary function
G(T1, To; Aj) = (11, Tos Aj) = 7 +A[Bai (—NTT) = ToBaa(=AT5)]). (5.14)

Lemma [2.I] implies that there exists a constant zg > 0 such that for z > 2,

1 1 1 1
<——-<0 d FEuo(—2)> ———>0.
“I'l-a)z an a2(=2) 2 '2—a)z ”

Without loss of generality, we assume that
M()\l)a > ZQ/)\l. (5.15)

Then with T, > T7 > M (A1),

G(Ty, Ty \j) < —c<)\j_2 +aa + ny) <0, (5.16)

where c is only dependent on 77, T5 and «.

Then based the discussion in Theorem we would have uniqueness for the regularized backward

problem (/5.12]).
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Lemma 5.2. Let Ay be the smallest eigenvalue of —A with homogeneous Dirichlet boundary condition,
and M(\1) be the constant satisfying (5.15). Suppose that Ty > Ty > M(\1). Then for any g3, 95 €
L%(Q), there exists u(0) € L*(Q) and 8;u’(0) € L*(Q) such that the solution @° to (5.12) satisfies

—y@’(0) + @ (Th) = g,

101’ (0) + @ (T2) = g5
Proof. From solution representation ([5.7)) there holds the relation

ats 1
) = (VI +G(Th,T»))" 9

5.17
315115(0) gg ( )

~ NV TRE(-NTS)  —TiEao(—NTE) | (92, 95)¢;
O(T1, Ty Aj) oo . o (15 e
j=1 —Ea,l(_Aijy) —’Y+Ea,1(_)‘jT1a) (Qza@j)%‘

And from (5.15) if T > T3 > M (A1), (5.16) shows that (vZ + G(T'1,T1)) is invertible therefore the

o0

uniqueness is followed. O

Meanwhile, with F(t) = [F(t) F(t)], we know

9

i’ (t) = F(t)(vI + G(T1, T2)) ™" (5.18)

9
Now we intend to establish estimates for u(0) — @°(0), dyu(0) — 8;a°(0) and wu(t) — @9(t). To this

end, we need the following auxiliary function

- 1 |9 _ a
a(t) = F(t)(vI +G(T1, T2)) ™ = F(t) (v +G(T1,T2)) " 'G(T1, T) )| (5.19)
92
which is the solution to the following quasi boundary value problem:
ofu—Au=0, inQx (0,77,
=0, on0f,
(5.20)
—"y’LNL(O) + a(Tl) =91, in Qu
yOu(0) + u(Ty) = g2, in Q.
The next lemma provides an estimate for the operator F(t)(vZ + G(T1,T2)) .

Lemma 5.3. Let M (A1) be the constant defined in Lemma and suppose that To > Th > M()\1).
Let F(t) and (YI+G(T1,Ty)) " be defined in (2.13) and (5.17), then for all0 <t < T, v,w € HI(Q),

for any 0 < p < q <2+ p, we have

d\* — v — . — P—9q —a pP=9q
(5) FOOT+6(1, 1) < et~ min(y~ 30, 7 03D (o]l gy + 1l ragey)-
w .
HP(Q)
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Meanwhile, we have

v p—q
(I + G )" < e (ol ey + Nl o)

w .
HP(Q)

Proof. Firstly, for 0 <t < T, we let

((t) = F(t) (v + G(T1, Tp)) "

oo
Z (T1, T; A Eo1(=Ajt%)  tEq2(—At%)
7=1

Y+ ToEap(—NT8)  —TiEaa(=NT) | | (v.9))e;
Eoi1(=NT5) =+ Eanx(=NTY) | | (w, 05)e;

By means of Lemmas we arrive at
c
[1Bas (A tBaz(=At)| < 75 [1 1) (5.21)
Similarly, by Lemma and the estimate ([5.16))

vV + ToBo2(—=NT5)| | = T1Ea2(—=\TT)|
| = Eap (=NTS)| =7+ Eap (=NTT)]

Combining (5.21)) and (5.22) we obtain

0 (T, To; Aj)| 7t

. 1 1
< A (5.22)
1+ ’7/\j 1 1

P—q 2
A
)2 2 N2
N0 e | mamra | e+ we)?)

_ N2
< c(min(fy_(”%),t_“(l"‘%))) Ag((v, ©i)? + (w,9)?).
As a result, we conclude that

P—gq

p—qg 200
1C(1) gy < o min(y =029, t—a“ﬁ))) (099" (.7)")

Jj=
— (‘min(y~ (5%, o1+ 250))) (u By + 103y

Now we turn to the second estimate. Noting that

¢ |V
13 w

o | +ThE, (—\; T T\ By o(—\T v, )0
- Zw(ThTz;)\j)_l 7 Lo (ZATE) 1Ea2(=A T (v, 05)0; 7
=1 | —Bai(-NTS) =7+ Ean(=NTH)] | (w,0))¢;
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the estimate ([5.22)) leads to

P q

e}

<1 + 1€ Z(HM) (0,00 + (w, %)

< ey @D (ol2, 00 + 0l )

This completes the proof of the lemma. O

Using the similar argument, we have the following estimates for higher regularity estimate for @(0)

and 0;@(0), which will be intensively used in the next section.

Corollary 5.1. Let M (A1) be the constant defined in Lemma and suppose that To > Ty > M (A1).
Let 4 be the solution to(5.20). Then there holds

@(0)| 70y + 10680} | ragey < 7™ (llall 2y + 18] 22 )-

Proof. Recalling the representation (5.19)), we apply the similar argument in the proof of Lemma

to derive )
X ((0), ¢,)? A !
qj ~ j 2 =¢ (1+’y)\-j)(1+)\'T0‘) <(a’¢j)2+(b’ (Pj>2)
X (D (0), 25) D)+ AT 1
2
A9/ 1
< J 2 2
<e (1 ﬂAj) (@) + 0.0)?) |
—q 2 2 1
<cy ((a,%) + (b, 9)) )
Then the desired result follows immediately. O

Lemma with p = ¢ = 0 immediately leads to the estimate for #® — 4.

Corollary 5.2. Let M (A1) be the constant defined in Lemma and suppose that Ty > Ty > M ().
Let @’ and @ be solutions to (5.12)) and (5.20), respectively. Then for any a,b € L*(Q) we have

@ — a)(t)||p2( < ¢dmin(y Lt forall te (0,T
Q)

and

(@ — @) (0)]| 2y + 10:(@° — @) (0) | L2y < ey
According to Lemma [5.3| we can derive the following estimate of u(t) — u(t) with ¢ € [0, T7.

Lemma 5.4. Let M(\1) be the constant defined in Lemma and suppose that Ty > Th > M(\1).
Let u(t) and a(t) be the solutions of problems (5.3|) and (5.20)), respectively.
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(i) For a,be HI(Q) with q € [0,2], we have

(% — w) (0)| z2() + 196 — u) (0) L2y < e
and for all t € (0,7

(@ = w)(®)]| 20y < eymin(y =72 ¢~ (=30,

(i3) In case that a,b € L*(), we have for any small s € (0,1]

tim (11— ) (0)|2(0) + 0 — u) (O)] -+ (0 ) = 0.

v—0
Proof. Recalling the definition of the operator G(T7,7T3) in (5.5)), we have the representation

e :
ZI

]@g+gaan»1gaan>b

I (t — u)(0)
= (VI +G(T1,T2) HG(T1,T2) — (VI + G(T}, T»)))

a
= (VI +G(T1,Tr)"'T L] :
From lemma, for p = 0, we have
(% = @) (0) | z2(2) + 190(T — ) (0) z2(2) < ev2 (el oy + 18]l roe)-

Similarly, we have the following representation to (@ — u)(t):

a

b

(@ —u)(t) = F(t)(V T+ G(T1,T2)) " 'G(T1, T2) — F(t)

b
-1 a
= Ft)VIT+G(T1, 1) L o
We apply Lemma with p = 0 again to obtain

(@ = w) ()| 20y < eymin(y~(72) ¢ (75,

Now we show the estimate (ii) for ¢ = 0. In case that a,b € L?(9), we know that @,u € C([0,T]; L?(2)).

Then for any small €, we choose tg small enough such that
[a(to) — @(0)]|2(q) + llulto) — w(0)||L2(0) < €/2.
Then by the estimate in (i), we may find vy small enough such that

[a(to) — u(to)l|z2) < €/2  for all v < .
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By triangle inequality, we obtain that for any v < g

[2(0) = u(0)l|r2(@) < e

Therefore, @(0) converges to u(0) in L?-sense, as v — 0. Finally, the convergence of 9;%(0) in H~*

follows from (i) and a shift argument. O
Combining Corollary and Lemma [5.4] we obtain the following convergence result.

Theorem 5.2. Let M (A1) be the constant defined in Lemma and suppose that Ty > Ty > M (A1).
Let u(t) and @°(t) be the solutions of problems (5.3)) and (5.12)), respectively.

(i) For a,be HY(Q) with q € [0,2], we have
1@ = )02 + 19 = W) (O0)llz2(@) < e(# +077")
and for all t € (0,7
1@ — w)(t) 2@y < e(ymin(y~0=9, 00D 4 smin(y, 7).
(ii) In case that a,b € L*(Q), we have for any small s € (0,1]

_ _ b
(@ = w) () 20 + 106:(@° = w) ()| fr-s(y = 0 for 8,7 =0, 5 0.

Remark 5.2. To approzimate u(t) witht > 0, Theorem indicates an optimal reqularized parameter
v ~ &, and the error is of the order O(§) which is independent of the smoothness of initial data.
Meanwhile, for t =0, the choice v ~ 6(1%2 leads to the optimal approximation O((Sq%) ifa,b e Hq(Q)
with q € (0, 2].

5.2 Spatially semidiscrete scheme and error analysis

In this section, we shall propose and analyze a spatially semidiscrete scheme for solving the backward
diffusion wave problem. The semidiscrete scheme would give an insight view to understand the role

of the regularity of problem data and plays an important role in the analysis of fully discrete scheme.

5.2.1 Semidiscrete scheme for solving direct problem

We would also use the piecewise linear finite element methods for space discretization. And we
introduce the space discretization parameter h, the finite element space X},, the L? projection P, and

the Ritz projection Ry in Section [2.5
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Then the semidiscrete standard Galerkin FEM for problem ([5.3)) reads: find up(t) € X}, such that

(8?“4”)() + (VUh,VX) = (f?X)7 VX € Xh7 T=>t> 07

(5.23)
up(0) = Ppa, Owup(0) = Ppb.
By introducing the discrete Laplacian —Ay : X — X}, such that
(_Ahga X) = (vfa VX), v£7 X € Xha
spatially semidiscrete problem ([5.23)) could be written as
ofup, — Apup, = fr, T >t >0,
(5.24)

up(0) = Pra, Owup(0) = Ppb.

Let {)\j P h1J 51 be eigenpairs of —Aj, with M < A\b < ...\ By the Courant minimax principle and
the fact that X, C H}(2), we know

)\’11 — min M — min M > min w =\ (5.25)

drEXp H¢h”L2(Q PnEXn ”¢h||%2(g) ¢€H01 H¢||%2Q

Analogue to (2.13)), the solution to the semidiscrete problem ([5.24)) could be written as

Pha
unlt) = Fi(t) / En(t — 5)Py fu(s) ds
(5.26)
:[Fh Fh} /Eht_Sthh()
Pyb
where the solution operators F(t), F(t) and E(t) are respectively defined by
J ~ J

Fr(t)on =Y Eax (=Nt (on, @)l Fr(t)on =Y tEa (=Nt (n, ¢},

o 7= (5.27)
En(tyon = _t* " Eo o= N (0, @)}

j=1

for any vy € Xp. By Laplace Transform, we have the following integral representations of the solution

operators:
1 _ 1
Fu(t) = / 010 A e Fu(t) = o [ o200 — Ay s,
271 Ty 271 Tyo
i ’ (5.28)
Ep(t) = — (2% — Ap) Lz,
0= g [ G A

The discrete solution operator Ej(t) satisfies the following smoothing property. See the proof for the

case o € (0,1) in [40, Lemma 3.2] and the proof for the diffusion wave-model is the same exactly.
Lemma 5.5. Let Ey(t) be the operator defined in (5.27). Then we have for allt > 0 and q € [0, 1]
[(=An) En(t)vnlr2) < ct1—0o- lehHLz ( Jforall vy € Xp.
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The following Lemma provides an error estimate of the semidiscrete approximation ([5.24]) with
trivial source f = 0. See [41l, Theorem 3.2] for detailed proof.

Lemma 5.6. Let u and uy, are the solutions to (5.3) and (5.24)), respectively, with a,b € HQ(Q) and

f =0. Then there holds that

It =) (D)l 2 < ek~ (llal o0 + el ) -

5.2.2 Semidiscrete scheme for solving backward problem
In order to solve the inverse problem, we apply the following regularized semidiscrete scheme: find
il (t) € Xj, such that
ol — Apid =0, T >t >0,
—yiiy(0) + @, (T1) = Pagi, (5.29)
10413,(0) + @y (Tz) = Prgs.
We define the operator G (11,T%) as

Fn(Th)  Fy(Th)

Gn(Th, T») = _ (5.30)
Fp(Tz)  Fu(T3)
Then from (5.26|) the solutions can be represented as
@9 (0) Png? Pug’
il(g = (VI_F gh(ThTQ))il (ls and ﬁi(t) = fh(t)('yz + gh(TlvTQ))il (15 ’ (531)
8tuh(0) Pyg5 Ppg5

where the operator Z is given by (5.13)). Meanwhile, we shall introduce an auxiliary function a(t), a

semidiscrete solution satisfying
ofup — Apap =0, T >t >0,
—7up(0) + @n(T1) = Pro, (5.32)
YO (0) + ap(T2) = Prgo.

Then we would write the solutions as
Prg1

O (74 gum ) and ap(t) = Fa(t) (VL + Gn(T1, T2)) ™ - (5:33)
Oriin(0) Fhga Fho2

Prg1

The next lemma confirms the invertibility of the operator vZ + G, (T, Tb).

Lemma 5.7. Let M()\1) be the constant defined in Lemma and suppose that To > T1 > M(\1).
Then the operator v + Gy (T, T5) is invertible. Meanwhile, there holds for all vy, wp, € Xp,

1| v 1
Fu(t)(VT + Gp(T1, T2)) ! < cmin(y ¢ )(HUh”LQ(Q) + Hwh||L2(Q)>
]z )
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Meanwhile, we have

_ Uh _
(VI + Gn(T3, T2)) ! < v (lonllzzqe) + llwnllzzo))

Chl L2

Proof. By (5.10) and the fact ((5.25)), we obtain for any 1 < j < J

C(T2 — Tl) 1
I'(1—a)l(2 - a) (A)2TPTy

[ (Ty, To; A7)| > >0, (5.34)

where the constant c¢ is independent of /\?, T} and T. Then by the assumption (5.15) we have

(T, To; AY) = (T1, To; ) = 7 + Y[Eat (A TY) — ToEaa(— N/ T5Y)] (5.35)
< (N2 49 47) <0 '

and hence the operator vZ + G, (11, T») is invertible. Finally, the desired two stability estimates follow
by the same argument in the proof of Lemma [5.3| with p = ¢ = 0. O

This lemma together with the representations (5.31)) and ([5.33]) implies the following estimate

Corollary 5.3. Suppose that M (A1) is the constant defined in Lemma [5.1, and To > Ty > M(X\1).
Let @) (t) and @ (t) be the solutions of problems (5.29) and (5.32)). Then there holds for all0 <t <T

~6 ~
— 0 1
(| (g, — @in)( )HL?(Q) < 057_1 ,

(@), — n)(t) || 12() < cdmin(y~ ', ¢7%)  and o
10¢ (a5, — @r)(0)| L2(02) 1

where ¢ is independent on 9§, v, h and t.

Next, we aim to derive a bound for the discretization error @, — @. To this end, we need the

following preliminary estimate.

Lemma 5.8. Suppose that M()\1) is the constant defined in Lemma[5.1, and To > Ty > M(X1). Let
@ be the solution to the backward regularization problem (5.20). Then there holds for 0 < q < 2

|(Bs = An(P — Ra)B)(0) 220y < e (100 | o 0 + H1H0) | 00 )

Proof. Let wy, be the solution to the semidiscrete problem

ofwp, — Apwp, =0, T >t >0,

(5.36)
w(0) = Pyii(0), 9wy (0) = Py (0).
Then Lemma implies the estimate
I (wn = @)(0)] < eh2=CD2(a@(0)]| o gy + OO ooy ) (5.37)
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Meanwhile, we apply the following splitting
(wn — ) (t) = (wn — Pytt)(t) + (Pht — a)(t) =: ((t) + p()-

From the approximation of L? projection (2.17) and the regularity estimate in Lemma we arrive

at
Pl L2 < eh®(|a(t)]] g2y < ch2t_°‘(2_q)/2<||ﬂ(0)|! fraay + 1052 (0)]| Hq(m). (5.38)
Moreover, we observe that the function ((t) satisfies
97 C(t) = ApC(t) = Ap(Pr — Rp)u(t), T2t >0,
¢(0) =0, 9,¢(0) = 0.
Then indicates the representation ((t) = (Ep*Ap (P, — Rp)u)(t). Then the desired result follows

immediately from (5.37)), (5.38)) and the triangle inequality. O

Then we are ready to state a key lemma providing an estimate for the discretization error iy — .

Lemma 5.9. Assume that a,b € L*(Q). Let @ be the solution to the regularized problem (5.20) and
up, be the solution to the corresponding semidiscrete problem (5.32)), then there holds for all0 <t <T

I — @) (#)l| 2@y < eh? min(y ™, t7) (Jlall 2 + 1Bl 20y
and
I, = @) (O)l| 2y + 193 (@ — D)(O)l| g2y < >y~ (llallz + bll 2o )

where both ¢ are independent on v, h and t.

Proof. First of all, for ¢t € (0,T], we use the splitting
(an —u)(t) = (up — Pru)(t) + (Pht — a)(t) =: ¢(t) + p(t).
From the approximation property of the L2-projection in ([2.17), we arrive at
o)l < R oy < ch?min (v, t2) (91l 2 + 9212
< ch?min (v, t7) (llall r2(q) + 16l r2(0))
where the second inequality follows from (5.19) and Lemma (with p = ¢ = 2), and the last

inequality follows from the regularity estimate in Lemma [2.3

Now we turn to the term { = @, — P,@ which satisfies the error equation
Of'C — Ap¢ = Ap(P, — Rp)u(t), T >t>0,
—¢(0) +¢(T1) =0, (5.39)

70:¢(0) + ¢(T2) = 0.
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From solution representation we have

= Gn(T1,T>)

(B * Ap (P — Rhm)m)]

¢(0) N
2:¢(0) (En x Ap(Pn — Rp)u)(13)

Then we add (—v¢(0),79:¢(0))T at both sides and derive

¢(0) N
9,¢(0)

This immediately implies a representation to ¢(¢):

(Eh * Ah(Ph — Rh)ﬂ)(Tl)
(Ep * Ap(Pn — Rp)u)(T2)

{8] = (VI + Gn(T1,12)) (5.40)

¢(0)
9:¢(0)

¢(t) = Falt)

] + (Eh * Ah(Ph — Rh)ﬂ)(t)

(En * Ap(Py — Rp)u)(T1)
(En x Ap(Pp — Rp)u)(T2)

= —fh(t)('yI + gh(T1, Tg))il + (Eh * Ah(Ph — Rh)ﬂ)(t)

=t I1(t) + I2(t).
Then Lemmas and lead to the estimate for all ¢ € (0, 7]
()] L20) < Cmin(fl,tﬂ)(\l(Eh * Ap(Pr = Bp)a)(T)| 20 + [[(En x Ap(Ph — Rh)ﬂ)(Tz)lle(m)
< ch?min(y ™, 1) ([|4(0) [ 12(q) + [10:2(0) ] 12 (0)-
Recalling Corollary with ¢ = 0, we derive for all ¢t € (0,7
11 ()|l 22(q) < ch® min(y ™", ¢ %) (lall 20 + 10l z20)-

Similarly, using Lemma [5.8) with ¢ = 2 and Corollary [5.1] with ¢ = 2, we bound the term I by

1)l 2 () < eh®(1G(0)] g2y + 106@(0) g2 () < eh®y ™ (llall L2 () + 18]l 22(0)
for all t € (0,T]. Meanwhile, using Lemma with ¢ = 0 and Corollary with ¢ = 0, we have
1)l 2 () < ch®t([a(0)]|2 + 10:a(0)]|2) < ch®t=*([lall L2(0) + [Ibl| L2())-

Therefore, we conclude that

(= ) )20y < W minGy~ ) (Jallz2 + [bl2(e) )-
Similarly, for ¢ = 0, the relation (5.40]) implies

(Eh * Ah(Ph — Rh)ﬂ)(Tl)

¢(0) 1
=— (VI + Gn(T1,T3))
[ ] (Eh * Ah(Ph — Rh)’l])(TQ)

9,¢(0)
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Then we apply Lemmas (with p = 0 and ¢ = 0), (with ¢ = 0) and Corollary (with ¢ = 0)

to derive
1[CO) I 22y + 10:€(0) || 2
<ey (HEh * Ap(Py — Rp)a(Th) | 20 + | En * An(Pr — Ra)a(T2)| 12(0))
< ch®y ! ([(0)]| 20y + 19:3(0) | 20 )
< ey (llal 2oy + Ibll2@) )-
This completes the proof of the lemma. O

Then Lemma Corollary [5.3] and Lemma [5.9 would lead to the following error estimate.

Theorem 5.3. Assume that a,b € Hq(Q), q € [0,2]. Let u be the solution to the problem (5.3|) and
ai be the solution to the regularized semidiscrete problem (5.29)), then there holds

1, — w) (1)l z2(ey < efymin(y~ 08, = 0=D) 4 (42 4 ) min(y L, 7)), Ve e (0,7),
and

(@, — u)(0) | r2() + 110:(, — u)(0)]| 2y < C[’Y% +y7 (R + 5)}

where ¢ depends on T, Ty, a and b, but is always independent of h, v, 6 and t.

Remark 5.3. For a,b € H9(Q) and t > tg, then Theorem provides an estimate

(@, = w)(t)ll2 (@) < (v + (h* +6)).

With a priori choice of parameter v ~ & and h ~ /8, we obtain the optimal convergence rate ||(ﬂ‘,5l —
2
u)(t)|| 2y < 6. Fort =0, according to Theorem we choose ¥ ~ 823 and h ~ \/§ to obtain the

best convergence rate

(@), — w)(0)|[ 2y + 10y (@), — u)(0)|| 2y < ed?a.

In case that ¢ = 0, we can also show the convergence, provided a suitable choice of parameters.

According to Lemma Corollary and Theorem there holds for any s € (0,1]

_ _ 5 h?
(@, = w)(0)ll2() + 10:(@h = w) (Ol frs(y = 0, @s 6,7,h =0, o 0 and = 0.

5.3 Fully discrete scheme and error analysis

Now we intend to propose a fully discrete scheme for approximately solving the backward diffusion-

wave problem, and derive a priori error estimate in terms of data regularity.
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5.3.1 Fully discrete scheme for the direct problem

To begin with, we introduce the fully discrete scheme for the direct problem. We divide the time
interval [0, 7] into a uniform grid, with ¢, = n7, n =0,..., N, and 7 = T/N being the time step size.

In case that ¢(0) = 0 and ¢'(0) = 0, we approximate the Riemann-Liouville fractional derivative

I
= 11(2_0[)(%2/0 (t— )" %p(s)ds

by the backward Euler convolution quadrature (with ¢; = ¢(t;)) [71, 43]:

TLop(t)

RLA2 o (t,) ~ ijcpn _j = 0%y,  with ijgj =
The fully discrete scheme for problem (2.12)) reads: find U,, € X}, such that
0r(Up — Pra — t, Ppb) — AU, = Pof(t,), n=1,2,...,N, (5.41)

with the initial condition Uy = Pra € X},. Here we use the relation between Riemann-Liouville and

Caputo fractional derivatives with a € (1,2) [57, p. 91]:
O%u(ty) = 0% (u(ty) — a — th) = Lo (u(t,) — a — tb) ~ 0% (u(t,) — a — tb).

By means of discrete Laplace transform, the fully discrete solution U, is given by

Pha n
Un=Fp, +7> ErFPaf(t)
Prb k=1
(5.42)
n n Pha n—k
= |:Fh,‘r Fh,T:| + TZE th tk
Ppb k=1
with n = 1,2,..., N, where the fully discrete operators F}'_, F[L‘T and K} are respectively defined
by (see e.g., [43])
1
F;Z’LT — / eztnefZ‘réT(efzr)afl(5T(€fz7')a _ Ah)fl dZ,
' 27 Jpr
1 _ e _ _
FIZT _ 277“ FT ztne 2767_(6 z )a 2(57(6 ZT)OL 7Ah) le, (543)

1
Er = ztn _ —zTVa A -1
b= [ e - A

with 0-(§) = (1 — §)/7 and the contour I'y , := {2 € Iy, : [S(2)| < m/7} where 6 € (7/2,7) is close
to m/2. (oriented with an increasing imaginary part). The next lemma gives elementary properties of

the kernel d,(e *7). The detailed proof has been given in [43, Lemma B.1].
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Lemma 5.10. For a fized §' € (w/2,7/a), there exists 6 € (n/2,m) and positive constants ¢, cy, ca

(independent of T) such that for all z € 1%

c1lz] <16-(e777)| < ealz], 0-(e77T) € Xy
|6-(e7%T) — 2| < etz 16, (e72T)* — 22| < etz

In case that f = 0, with the spectral decomposition, we can write

J
Un = FitoPaa+ B Pib = > [FE O (a, )l + FE O (b)) (5.44)
j=1

where FT”()\?) and Ff(A;l) are the solutions to the discrete initial value problems
O [FPAN) = 1]+ M EP(A) =0, with FP(M)) =1

and
O [FIAN) — o] + NEEP(Ay =0, with FP(\)) =0
respectively. From ([5.43)), we write Ff()\?) and FT"()\?) as

n 1 z —2T —2T\Ox— —2T\« -
FT@?):m/FT etne 5 (e ) (B (e ) + A T de
0,0

7 (5.45)
n 1 z —ZT —ZT\ox— —ZT\« —
B =55 / e TE () R0, () + X)) T

-
0,0

Next we derive some useful properties of FT"()\?) and Ff(A?),

Lemma 5.11. Let F*(\) and F™()\) be defined as in (5.45). Then for A > 0, there holds for 1 <n <

N,
| Ear (—M2) — FP(N)| + 5 tn Baa(— M) — F2 (V)] < en”! (5.46)
) n T n ) T — 1+)\t%
Meanwhile, there holds
AL (\anl(—)\tg) — FP(N)| + 5 tn Eaa(—M2) — Ff(A)]) < erte 1, (5.47)

Here ¢ is the generic positive constant independent of A, t and 7.

Proof. The estimate for Eq 1(—At%) — F(\) follows from the same argument in the proof of [I11]
Lemma 4.2]. Then it suffices to establish a bound for t,, E,2(—=At%) — F7()), we recall representations

(2.15) and (5.45) and derive

[tnEa2(=Aty) — FF ()| <

1
/ eZtha_2(Za+)\)_1dZ
274, FG,U\F;U

+ 212/ eztn(za—Q(za + )\)—1 _ 6—2767_(e—zr)a—Q(dT(e_Z—r)a + A)_l)dz
T r

=11 + I,
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With o = ¢}, the bound for I; follows from the direct computation

(3] p(cosO)ty ,a—2
nef et e <o [ gy
nga\Fg’U x/(7Tsin@) P

[e.e]
< ctn/ e Pp2dp < ctyn!
C

1)

and

0o 6p(cos@)tnpoc 2 00
I < c/ fdp <ct ()\ta)l/ e P> 2dp
/(7T sin @) cn
0o
< ctn(Atg)—ln—l/ e~ Pp*Ldp < ct, (M) In L,
cn
en~?!
(14+Xt%)

Next we turn to the term I5. According to Lemma we have for all z € I'y

As a result, we obtain I; < tn.

Za72 B efzréT(esz)ch < za72 (57(6727)0572 ‘(1 _ 6727)57(6727)0‘72
224X S(eFT) O+ N | T2+ A Ge(emT)e + dr(e7*T)* + A
B i i e (U4 G ‘”)2 — 2% (2272 = 3 (e*T)*2)A ’
- (2% 4+ A) (0 (e Tya 4 A) (2% + N)(0-(e=27)> + \)
ey 2
2>
|za + Al

Therefore, with o = .-}, the term I can be bounded as

0

tn . > Oty a—1 -1

I, <ecr /T le” |]za .y |dz| < eTA™ (/ eP OBt Y dp + o edq/J) < er(AtS)
0,0 o -

and

00 0
I, < CT/ le?tn ||| 7Y dz| < CT(/ e”cosgp_ld,o—l—/ dy) < cr.
7 1 —0

0,0

Then (j5.46) follows immediately.

For the second estimate, we note that

boflea(Mn) =t 2% etz 2(z% + A) Tz,
Ty
A
Fr'\) =t, — — 2y, =2T§_(o=2T) =2 5 (e~ -l
¥ 2mi Jrr € ( ) (0 (e7FT)Y + N) " dz

with n > 1. Then we use the spliiting

_ 1
At Eaa (M) — FPOV < |5 [ et
27TZ FO,U\FEJ
i 2l AT —2T\—2 —2T\« -1
+ 15— e 222 + N = e T8 (e7F) T2 (6, (e + N) " Hdz
2mi Jpr
=11 + Is.
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According to Lemma we have for all z € Tj

Il S C/ |€ztn‘|z|—a—2|dz| S C/ epcosﬁtnp—a—2dp
1"9’(,\1"79'76r /(7 sin @)
00 00
< ct%+1/ efcppfandp < cthrlnS/ efcppfaJrldp < Ct?{iZTS.
cn 0
And also we have
’Z_Q(Za + )\)—1 _ e—ZTé‘T(e—ZT)—Q((ST(e—ZT)Oé + )\)—1| < CT|Z|_a_1,

and therefore with o = ¢,;!, we have the bound for n > 1

00 0
I, < CT/ le?tn||2| 7> dz| < er </ e Pty 4 U_O‘/ dzb) < etty.
ry o —0

0,0

This completes the proof of (5.47)). O

Then Lemmas and lead to the following asymptotic behaviors of F™()\) and F*()\).

Corollary 5.4. Let F™()\) and F™()\) be defined as in (5.45)). Then there exists 19 > 0 such that for
all 7€ (0,70), A> A1 and t,, > M (A1)
—coA M Y < FMA) < —a N MY and GoATHLTY < BN < el
with positive constants cqy, c1, ¢y, ¢1 independent of X\, t and T.
Now we define two integers Ny and Ns such that Ni7 = T7 and No7 = Tb, and define
Fad Fid EN(XE) BN

) GT(TlaTQ;A?) =

Gn-(T1,T) = - -
FY: RN FY(A) EN2 ()

(5.48)

Then according to (5.44)), we have the representation

UN J (CL, @h)goh
= 0n, (T, Ty) :ZGT Tl,T2, 2 i
Un, Ppb J=1 (b, @j)SOj

Z ENY(ALY) ENv(A)
=1 [FN(\) EN ()
The next lemma provides the invertibility of vZ + G, - (11, T5).

Lemma 5.12. Let M (A1) be the constant defined in Lemmal[5.1, and suppose that To > Ty > M (\q).
Then the operator vZ + Gy, (11, T5) is invertible, and there holds for vy, wy, € X},

1| —a
|70z + G ™ | | < eminty ) (ol + el
wp,
and
_1 | n 1
|6z + 61, 12)) W1H®<w (ol 20y + lonl )
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Proof. Let (T, Ty; )\?) be the determinant of G, (171, Ts; )\?) We define

Ortpr (Tu, To; ) = b (T, To; ) — 42 + 4[FNE — B2,
Then from Lemma [5.11] and Corollary [5.4] we have for A > \;

|V (T1, Tos A) — (11, To; M|

<HEM ) = Eag (=N EN2 (V)| + | Eap (=AY (FN2 () — TaBap(—AT5))|

(T B (- NTE) = F2 ) EY2 ()] [T3 B o (CATE) (o (~XTS) — ()] < 05—
142
Combining (5.10)) with the fact )\? > AP > A1 by (5.25) we have
c
Pr (T, Ty A < ————— <0,
7T (TR
This together with the Corollary leads to
Brr (T4, T A)| = e ()72 4+ 9(X) 7 +42) >0, (5.49)

where ¢ is only dependent on T, 75 and a. Therefore, the operator 7Z + Gy, (11, T5) is invertible.

Finally, the desired stability estimates follows by an argument similar to the proof of Lemma [5.3| with

p = q = 0 and Corollary =

5.3.2 Fully discrete scheme for the inverse problem

Now, we propose a fully discrete scheme for solving the backward diffusion-wave problem. Given g(lS

and gg, we look for EL?M, 5277 and 172 € Xy withn =1,2,..., N such that
57'(0'127&2,7'725”62,7')7Ah0'2:0’ vn:1727"')N7
—vdy, . + UN, = Pagl, (5.50)
Vs + UN, = Phos

with Ug = &2;. Then by Lemma the problem (5.50) is uniquely solvable, and Ug could be

represented as

i n ai T n 1 ]Dhg(lS
Un = Fhyr | T hr (YL + Gn (11, 1)) 5 (5.51)
h,T Ph92
while d% , and l;‘;L - could be written as

~5 5
ayp, - _ Phg
7?’ = (VI + Gnr(T1, 1))~ (15 (5.52)
bh T Ph92
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Similarly, we could define auxiliary functions ay -, l~)h77 and U, € X}, with n = 1,2,..., N such

that

Or(Up — apr —tabns) — AU, =0, Yn=1,2,...,N,
—ap, +Un, = Pugi, (5.53)
Yon» + Un, = Prgo

with Uy = ap,r- Then the function Ug could be represented as

= h,r n 1 | Pt
Un=Fp,|. = Fi (VT + Gpr (T1, T2)) (5.54)
bh,r Prgs
while ay , and i?h,r could be written as
Ah,r 1 | Pron
T = (T Gne (T, T2)) : (5.55)
bh,T Phgg

Then Lemma immediately implies following estimates for aj, , — &2’7, Bhﬂ. — 5‘277 and U,, — Ug

Lemma 5.13. Let M (A1) be the constant defined in Lemma and suppose that To > Ty > M(\1).
Let &27T, l;‘,sw and U,,{ be solutions to (5.50), and ay, -, l;;m and U,, be solutions to (5.53). Then there
holds

1Un = Ul r20) < edmin(y~, t,%) (lall z2(q) + 10l 2 ()
and

lan: — a1l 2 () + I1bnr — B -z < v (lallnzi) + 1Bl r2(0))-
Next, we aim to compare two auxiliary problems, i.e. (5.53)) and (5.32)).

Lemma 5.14. Let M (A1) be the constant defined in Lemma and suppose Ty > Ty > M(\1).
Let ap, , Eh,T and U, be the solutions to (5.53), and ay(t) be the solution to the semidiscrete problem
(5.32)). Then there holds

lanr — @n(0)l L2(0) + th,f — Ortip (0] 2y < c(r+ hQ’Y*l) (HGHB(Q) + HbHL2(Q))

and

U, — tp(tn) |l 22(0) < c(rta™t + h?) min(’flatﬁa)(”aHm(Q) + bl 12()) -

Proof. Using representations (5.55)) and ((5.33), we derive

89



ap,r — up(0)

bh» — Oii(0)
-1 _Phgl —1 | P
= (1T + G- (T1, T2)) — (1T +Gu(11,T))
| Phg2 Prga
—1 _<Ph — Rh)gl —1 (Rh — Ph)gl
= (71 + G- (Th, TQ)) + (vI + Gn(T1, T2)>
| (P — Rn)g2 (R — Pn)g2
-1 -1 | Rpg1

+ (G001 = G0 (0. 1)) (VT +-Gue (0 T) - (T +Gu(TLT) |
hg2

:Il+IQ+I3.

Using Lemmas and we can obtain an estimate for I; and Is:

1l o) + I2llz20) < by llgill gogay + 1921l g2 (0y)

< ch™y ™ ([lallL2 o) + 10l 2 () "

where in the last inequality we use the regularity estimate in Lemma [2.3] Then for the term I3, we

apply Lemma [5.11] and Corollary [5.4] again to derive

) 4 (Rng1, ) + (Rnga, ¢})? 1
123117 2 Z

Opbr (1, To; N))20p (T, To; A))2(NITR)ONT |4

1

IN

J
er? Z ( Rhg1, ¢; ) + (Rngo, @?)2>
7j=1

Noting that ARy, = P, A, then we apply Lemma [2.3] to obtain

[ArRRg1(L2(0) + [[ARRRG2 22(0) = 1PaAG1] L2(0) + [[PrAG2] 22(0)
< (lAg1llz2(e) + [1Ag2l L2 (0)) (5.56)
< c(llallz2(q) + 10l 2())-

In conclusion, we obtain

|0ean,r — @n(0)2(62) + [|9ebn,r — Qe (0) | r2(0) < e(r + h*y ™) (llall () + 1] £2(0y)-
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Next, from ([5.31) and (5.54) we derive the splitting that

at Un - {Lh (tn)

-1 | P g 1| P g
=7 (T +Ga M) | P - At (VT4 G ) |
h9g2 402
-1 | (P, — Rn)g 1 (R = Py
= <fﬁ7(71+gh,T(TlaT2)> " e +fh(tn)(71+gh(T1,T2)> (Rn — Pr)g )
(Ph - Rh)QQ (Rh _ Ph)gz

R -1 |R
h _]:h(tn)('VZ“‘gh(Tl,TQ)) "l >

1
+ ( hor (71 + Gn,r (T, Tz))
Rpg2

Rpg2
=11 + 5.

To bound the first term I, we apply approximation properties of P, and Rj, Lemmas and

and the argument to obtain

1220 < ch®min(y ™' 6, ) (1 ARR 1 I £2(0) + | AnRRg2l| 12(0)
< ch?min(y, 1;°) (g1l g2 + 92l 2 )
< ch?*min(y ", £, ) (llall L2y + 16l 22(0))-
where in the last inequality we use the regularity estimate in Lemma [2.3] For the other term I, we

split it into three parts

-1 -1 |R
I =(Fy = Fult)I(VT +Gur(T1,T)) - (VT4 Gu(T, 1)) |

Rpg2

-1 -1 | Rhg1
T (Gn(T3, T) = G (T2, T2)) (VT + G (T1,T2)) (9T + Ga(T1, T2) )

Rpg0
-1 |Rpg1

-1
+00r (T T = Fult) (0T + G (T T)) - (1T + (T T) |
hg2

3
= Z 1271'.
i=1

Then we intend to establish bounds for those terms one by one. For the term I3, we apply the

spectral decomposition to obtain
J
Iy =307 [(FPO) — Ban(-Xi5)) F2O) — taBas(~N)
j=1

N2 (\h N1 (\h
’Y+F72()‘j) _FTl(Aj)

O (Ty, To; )~ . N
_F’T'Q()\j) _'7+Frl(/\j)

Y+ ToBan(=NT5)  ~TiEaa(=ATP) | | (Rag1, ¢})¢]

O (T, Toy; N1
W 1) CBat(—N'TS) =yt Bat(—NTO) | | (Raga @)
0571( j 2) ’Y+ 0471( ' 1) ( hg2390j)soj
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Using Corollary and the estimate (5.49)), we obtain

+ ENz2 () — FNi(\h , 11 11
Iy + E2(AD] | = F(A)) < cAj Scminw_l?)\?)

|07 (T1, To; @) ! <
’ \—FMA?» |—v+FTN1<A§l>| L7411 11

The first estimate in Lemma and the estimates and - imply

)\h

J 2
||12,1”%2(Q) < 072757_12 Z <1+;\hta> ((Rhgb 80?)2 + (Rngo, 90?)2)

7

< ;23" (A2 ((Rigr, ©0)2 + (Ruga, 1)?),
j=1

= c¢2tn2(||Ath91HLz + ||Ath92H%2(Q))

< e’ (lall 2 + 10l 220

while the second estimate in Lemma [5.11] indicates

11211200 < er?222 22 A2 ((Rugr, €)% + (Ruga, ¢1)?)
7j=1

< ety 2 (Jlall @) + 10ll20))-

Combining these two estimates we arrive at
11211l 2() < ertn min(y ™, ,%) (lall L2) + 16l 22())-
The estimates for Ip 2 and I 3 follows analogously. O

Then we combine Lemmas and to obtain the following error estimate for the
fully discrete scheme ([5.50)).

Theorem 5.4. Let M (A1) be the constant defined in Lemma and suppose that Ty > T1 > M ().
Let a‘f”, bfm and 0;3 be the solutions to (5.50), and u be the exact solution to the problem (5.3)). If
a,b € HI(Q) with q € [0,2], then there holds

1~ — all 2y + 18, — bllz2ey < e(v? +7+ (B +6)77")

and

103 = ultn)ll ey < efymin(y=0=8, 678 4 (7= 4 2 4 6) min(y L, 1)

Moreover, if a,b € L*(), then for any s € (0,1]
-5 =5 ) h
||ah,‘r - a||L2(Q) + ||bh,7' - bHH_S(Q) — 0, as v, 7 — 0, ; — 0, ; — 0.

In the estimate, the constant ¢ may depend on 11, To, T, a and b, but is always independent of T, h,

v, 0 and t.
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5.4 Numerical results

In this section, we illustrate our theoretical results by presenting some one- and two-dimensional
examples. Throughout, we consider the observation data

gs =u(T)+edsupu(z,T) and g5 =u(T)+edsupu(z,T),
e €

¢ is generated following the standard Gaussian distribution and § denotes the (relative) noise level.
Throughout this section, we fix 71 = 1 and To = 1.2.

To examine a priori estimates in Sections [5.2] and we begin with a one-dimensional diffusion-
wave model in the unit interval Q = (0,1). We use the standard piecewise linear FEM with
uniform mesh size h = 1/(J + 1) for the space discretization, and the backward Euler convolution
quadrature method with uniform step size 7 = T'/N for the time discretization.

To solve the discrete system , we apply the following direct method by spectral decomposition.
For the uniform mesh size h = 1/(J+1), we let z; = ih for alli = 0,1,..., J+ 1. Then the eigenvalues
and eigenfunctions of —A;, have the closed form:

= ;m P () = V2sin(jrzs), iyj=1,2,---,J (5.57)
We compute the observation data w(77), u(T3) and reference solution u(t) by using the semidiscrete
scheme with a very fine mesh size, i.e., h = 1/2000.
For each example, we measure the errors of semidiscrete scheme
S 139,(0) — all 2y 110438 (0) = bll 20
’ lallz2(o) 16/l z2(0)

)

s(t) = (1) — u(t) | 2y /(D)2 for some &> 0,
and the errors of fully discrete scheme

Hdi,f - aHL?(Q) ||52,T - b||L2(Q)
lallr2() 10l 2

Cini,f = )

& = 10— u(ta) | 2/ u(ta) | 2y for some n > 1.

The normalization enables us to observe the behavior of the error with respect to o and t.

Example (a): smooth initial data. We start with the smooth initial condition
a(z) = —sin(rz), b(x) ==z(1 —z) € HX(Q) = H*(Q) N H(Q),
and source term f = 0. We compute the solution of the regularized semidiscrete scheme (|5.31)),

~0 0 P, 1) P, 1
4 (0) = (VL + Gn(T1, Tp)) 7t " and @ (t) = Fn(t) (T + Gn(Ty, To)) ™ " (5.58)

9, (0) Pngs P93
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by using the formulae

a,(0) | _ ZJ:&W(ﬂ Ty )1 v+ ToBan(-NT§)  —TiEao(=MTr) | [(Pagl, ©})eh
- b b) j )
s (0)| = —Ea1(-MTS) =y + Eai(—NTP) | | (Prugd, )

J
) = (T, Ty M)~ [Eml(—)\?ta) tEa,g(—Ag?ta)]

v+ TaEap(—NT§)  —TiEap(=MNTe) | |(Pagl, ©))eh
—Ba1(MITS) =+ Eaa(=NITP) | | (Prgs, €1
where ()\?, gp?), for j = 1,---,J are given by (5.57)). To accurately evaluate the Mittag-Leffler func-

tions, we employ the numerical algorithm developed in [91].

10°¢ 10 ¢
—©O—a=1.25
—¥—a=1.50
102}
1073 ¢
10 ¢
‘ ‘ 10° : :
10 ) 103 10 5 1073
(a) €ini,s- (b) es(t) with t = 0.5.

Figure 5.1: Example (a): plot of semidiscrete errors. Left: error for approximating initial data, where
h =46, and v = \/5/12, V0,4/8/2 for ae = 1.25,1.5,1.75 respectively. Right: error for approximating
solution u(t) at t = 0.5, where h = v/§ and v = v/§/5,v/9/5,/§/2 for a = 1.25,1.5,1.75 respectively.

By Theorem we compute @ (0) and 0,a (0) by choosing the parameters v ~ v/§ and h ~ V/§
for a given §, and expect a convergence of order O(v/8). For t > 0, we compute ag(t) by choosing
the parameters h ~ v/8, v ~ § for a given §, and expect a convergence of order O(6). In Figure
we plot the errors of semidiscrete solutions with different fractional order «. Our numerical
experiments fully support our theoretical results in Theorem It is interesting to observe that the
error in case of o = 1.5 is bigger when reconstructing the initial condition, while the error for a = 1.5
becomes smaller when we compute the solution at time level ¢ > 0.

Similarly, we compute the numerical solutions to the fully discrete scheme ({5.50))

=0 5 5
a P - P
~:’T = (VZ+Gn~(T1, T2)) ! hg; and Uy = Fjl (YI+Gnr (T, T2)) ™! hg; for all Vn > 1.
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We compute them by using the formulae

5 J N N 6 A h\, Ah
| S O (11, s Xy | th: o R | (P @))e)
- T 3 » N )

aby | = —EF: B |(Pagd, @)l
J IV IV 6 h\ ~h
DU — ST T [ e 1|7 B2 B2 (Prgt, ©5)e;
tUn = E 1/}7( 1, 27}‘]') Fh,‘r Fh,r No N1 5 . h\, h
=1 Fh,r -7+ Fhﬁ (Prgs, %’)‘Pj

Then Theorem implies that for a,b € H?(Q)
laf, - — all 2oy + 1) = bll2(@) < e(v+7+ (B +8)77),

and

16, U2 — u(tn)llr2) <e(y+7+ h* +6), for a fixed t, > 0.

Therefore, with a given noise level §, to recover the initial data a and b, we choose parameters h ~ v/,
7 ~ /6 and v ~ /8, while to approximate solution u(t,) with some t, > 0, we let h ~ /8, 7 ~ &,
v ~ &. According to Theorem we expect that the convergence rate for the error e, s is O(\/g)
while the error €7 converges to zero as 0(0) for any fixed t,, > 0. They are fully supported by numerical

results plotted in Figure [5.2

—O—a=1.25

10° | | ——a=150 /*
@=1.75

102 ;

10 5 102 10 ) 1073

(a) €ini,f- (b) ey with ¢, = 0.5.

Figure 5.2: Example (a): fully discrete errors. Left: error for approximating initial data, where
h =0, 7 =1+/6/2and v = v/§/10, V/§/10, v/5/15 for a = 1.25,1.5,1.75 respectively, Right: error
for approximating solution u(t,) at t, = 0.5, where h = /6, 7 = 106 and v = 6, §/2, §/2 for

a = 1.25,1.5,1.75 respectively.

Example (b): non-smooth initial data. Next, we turn to the case of nonsmooth data and expect

to examine the influence of weak regularity of problem data. Consider
0, 0<x<0.5 1, 0<z<0.5
a(r) = , b(z) =
1, 0.5 <z <1. 0,05<z<1
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0.8 [|—-©—a=1.25 —O—a=1.25
07! —¥— =150

0.6

05¢

04|

03

0% 3§ 103 10% 4 103
() €ini,s- (b) es(t) with t = 0.5.
Figure 5.3: Example (b): semidiscrete errors. Left: error for reconstructing initial data, where h = v/§

and v = §%5/15,6%/°/15,6%5/8 for a = 1.25,1.5,1.75 respectively. Right: error for approximately
solving u(t) at t = 0.5, where h = /8 and v = §/10,8/5,/5 for a = 1.25,1.5,1.75 respectively

—O—a=1.25
—¥—a=1.50
a=1.75

100}

(a) €ini,f- (b) ey with ¢, = 0.5.

Figure 5.4: Example (b): fully discrete errors. Left: error for reconstructing initial data, where
h =6, 7= 6Y5/20 and v = 6%/5/2,6%5/15,6%/5/2 for o = 1.25,1.5,1.75 respectively. Right:
error for approximately solving u(t,) at t, = 0.5, where h = /5, 7 = 105, v = §/10,6,6/2 for

a = 1.25,1.5,1.75 respectively.
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and source term f = 0. It is well-known that a,b € H %75(9) for any e € (0, 1]. According to Theorem

the error of the semidiscrete discrete solution satisfies

|, — allr2(q) + |0yiif, — bllr2() < C(’Y% + (B* + 8y,

(@), — u)(#)||2() < c(y+h*+6), for agiven t> 0.

Therefore, for given §, to numerically reconstruct the initial data a and b, we let h = /3, and v ~ §%/°
and expect that the error converges to zero as 0(5%), while to approximate u(t) for some ¢ > 0, we
let h ~ /6 and v ~ § and expect a convergence of order 0(0). The theoretical results agree well with
the numerical results in Figure 5.3

In Figure we plot errors of the numerical reconstruction by fully discrete scheme . Ac-
cording to Theorem we have the error estimate that (with ¢ = § —¢)

Hag,f —alp2) + Hbz; = b2 < C(’Y% + 74 (R4 08y,

16,U2 — u(tn)llr2) <e(y+7+ h% +6), for any fixed t, > 0.

Therefore, we choose parameters h ~ V3, 7 ~ 6/5 and v ~ §%° for the numerical reconstruction
of initial data, while we let b ~ v/§, 7 ~ 6 and v ~ § for approximately solving the solution wu(t,)
for some ¢, > 0. The empirical convergence results show that e,y ~ 5% and e? ~ ¢, which are
consistent with our theoretical findings. Finally, in figure [5.5] we provide the profiles of solutions to
semidiscrete and fully discrete schemes with different noise levels, which show clearly the convergence

of the discrete approximation as the noise level § decreases.

Example (c): 2D examples. Finally, we test a two dimensional diffusion-wave model in © = (0, 1)?

with smooth initial conditions:
a(z,y) = sin(2ma) sin(2ry),  b(z,y) = 41 — 2)y(1 —y) € H*(Q) = H*(Q) N Hy (D),

and source term f = 0. The reference solution is computed with h = 1/150, 7 = 1/1000. Noting that
the fully discrete system is not symmetric, we apply the biconjugate gradient stabilized method [98].

In Figure and we plot profiles of (numerical) reconstruction of initial data a, b and approx-
imation errors, with different noise level ¢ as well as different parameters -, h, 7 chosen according to
0. The empirical observations are in excellent agreement with theoretical results, e.g., convergence as

the noise level § decreases to zero.!

!Chapter [5] is reprinted with permission from ”Backward Diffusion-Wave Problem: Stability, Regularization, and
Approximation”, Zhengqi Zhang and Zhi Zhou, 2022, STAM Journal on Scientific Computing Vol. 44 Iss. 5. The
candidate mainly works on the research idea and Methodology, the proof details, the coding and data collection in

numerical experiments.
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o u0) 00, u(0)
— §=4% =
1% - -
— §=0.25% =0.
05 / .

-0.5
0

(c) @9 (t) with ¢ = 0.5

0.01

-0 u(0)

~e

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(d) aj , (e) )., (f) US, with t,, = 0.5

Figure 5.5: Example(b): profiles of semidiscrete and fully discrete solutions with @ = 1.5 for § =
4%,1%,0.25%. Up row: h = +/6/10, v = §*/5/5 for both (a) and (b); h = v/§/10, v = §/5 for (c).
Down row : h = /6/10, 7 = 61/5/10, v = §*/5/15 for both (d) and (e); h = V/§/10, 7 = 6, v = §/10
for (f).

(a) d =1le—2. (b) 0 = 5e — 3. (c) 0 =2.5e — 3.

Figure 5.6: Example(c): Top left: Exact initial data a. The remaining three columns are profiles of

numerical reconstructions a‘fm and theirs errors, with A = Ve /4, T = N /20, v = N /4000.
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05 /// 1
0.5
0
Y 0 X

(a) § =1le—2. (b) 6 = 5e — 3. (c) 6 =2.5e — 3.

Figure 5.7: Example(c): Top left: Exact initial data b. The remaining three columns are profiles of

numerical reconstructions b‘fm and their errors, with h = v/§/4, 7 = v/§/20, v = v/5/4000.
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CHAPTER 6.

Inverse Potential In Diffusion Equations from terminal Observation

In this chapter we consider an inverse potential problem for the diffusion model with a space-dependent
potential and its rigorous numerical analysis. Let Q C R? (d = 1,2, 3) be a convex polyhedral domain
with a boundary 02. Fixing T > 0 as the final time, we consider the following initial-boundary value

problem for the diffusion model with « € (0, 1]:

Ofu(x,t) — Au(z, t) + q(x)u(z, t) = f(x), (z,t) € Qx (0,T],
u(z,t) = b(x), (z,t) € O x (0,7, (6.1)
u(z,0) =v(z), x€Q,

where v denotes the initial condition, b and f are space-dependent boundary data and source term,
respectively. The function g refers to the radiativity or reaction coefficient or potential in the standard
parabolic case (o« = 1), dependent of the specific applications. Throughout, we assume that the
potential ¢ is space-dependent.

The notation Jf*u denotes the conventional first-order derivative when oo = 1, and the Djrbashian-
Caputo fractional derivative in time ¢ for a € (0,1) defined in (2.3).

We study the following inverse potential problem for the (sub)diffusion model : setting
appropriate problem data v, f,b and measuring the final time data g(x) := u(z, T} qT), then we aim to

recover the unknown potential term ¢f(z) € L>(Q) such that
u(z, T, qT) =g(z) in Q.

Here we denote the solution corresponding to the potential ¢ by wu(z,t;q). We also consider the

numerical reconstruction from a noisy data
g5(z) = w(x,T;q") + £(x) in Q,

and & denotes the measurement noise. The accuracy of the observational data g5 is measured by the
noise level |gs — || c@ = 6. This inverse potential problem arises in many practical applications,
where ¢ represents the radiativity coefficient in heat conduction [106] and perfusion coefficient in
Pennes’ bio-heat equation in human physiology [86].

In the following, we construct an operator K from the PDE as follows:

f(x) = 0fu(z, T;¢) + Ag(x)
g9(x) '

Ky(x) =
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From the observational data g(z) := u(x, T;q), we see that the exact potential ¢! is one of the fixed
points of K. We show the monotonicity of K and use it to construct a decreasing sequence converging
to one fixed point. With this monotone sequence, we prove that there is at most one fixed point,
which immediately leads to the uniqueness result of the inverse problem (Theorem [6.2]). Besides, this
argument also deduces a simple reconstruction algorithm. Noting that such the operator K has been
considered in [34] [IT3], but the argument is substantially different. For instance, in [34], the proof
of uniqueness relied on a unique continuation result of the solution u, while the proof in [113] used
some inverse spectral estimates, which are only valid in the one-dimensional case (cf. [I13, Lemma
2.2]). In this work, our analysis mainly relies on the monotonicity of the operator K, which works for
convex polyhedral domains in higher dimensions. This novel argument also provides the feasibility of
applying the approach in other PDE models. Moreover, under some conditions on problem data, we

show a Lipschitz-type stability in Hilbert spaces (Theorem [6.3)

a1 — a2llr2) < Cllu(Tsq1) — w(Ts q2)||l g2y, forall g1,¢2 € Q.

The proof relies heavily on the smoothing properties and asymptotics of solution operators. This
conditional stability plays an essential role in the numerical analysis of our reconstruction algorithm
with fully discretization in space and time.

The rest of the Chapter is organized as follows. In Section we provide some preliminary
results and show the uniqueness of the inverse potential problem by constructing a monotone fixed
point iteration. Then in Section [6.2, we prove a conditional stability of the inverse problem in Hilbert
spaces by using the smoothing properties and asymptotics of solution operators. The numerical
reconstruction with fully discretization is developed and analyzed in Section [6.3] where we show
the linear convergence of the iterative algorithm and establish a priori error estimates (in terms of
discretization parameters and noise level) for the reconstructed potential. Finally, in Section we
present illustrative one- and two-dimensional numerical results to complement the analysis.

Now we conclude with some useful notations. For any k > 0 and p > 1, the space WFP(Q)
denotes the standard Sobolev spaces of the kth order, and we write H*(Q2) when p = 2. The notation
(-,+) denotes the L?(2) inner product. We use the Bochner spaces W*P?(0,T; B) etc., with B being
a Banach space. Throughout, the notations ¢ and C', with or without a subscript, denote generic
constants which may change at each occurrence, but they are always independent of space mesh size

h, time step size 7 and noise level J.
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6.1 Unique identification by the monotone iteration

The aim of this section is to investigate the uniqueness of the inverse potential problem. Our approach
is to propose a monotone operator which generates a pointwise decreasing sequence converging to the
exact potential.

To begin with, we collect some preliminary setting for the controllable conditions v, b, f, and the

(unknown) exact potential ¢'. Throughout, we assume that the exact potential
¢' € QNC@Q) with the set Q:={1h € L®(Q):0 < < M;}. (6.2)

Now we recall the maximum principle for the diffusion model (6.1)). See [2I] for the normal
diffusion, [72] and [38] Section 6.5] for the subdiffusion.

Lemma 6.1. Let ¢ € QN C(Q), f € L=(0,T;L*Q)), v € L*(Q) and b = 0. Assume that v and f
are non-negative functions. Then the solution u to equation (6.1)) satisfies u >0 a.e. in Q x (0,T).

Next, we present the solution representation of the initial-boundary value problem (6.1]). For the
simplicity of notations, we let I be the identity operator and A(q) be the realization of —A + ¢I with
the homogeneous Dirichlet boundary condition, where the domain is Dom(A(q)) = {¢ € H}(Q) :
A(q) € L2(Q)} = HHQ) N H2(Q). If ¢ € Q, for any v € H}(Q) N H?(Q2), the full elliptic regularity
implies (see e.g. [64, Lemma 2.1] and [23, Theorems 3.3 and 3.4])

allYllaz) < NA@YI 2 + 1Yl 2@ < c2ll¥ll a2 (6.3)

with constants ¢; and ¢y independent of q.

Let D(q) be the Dirichlet map by ¢ = D(q)y with ¢ satisfying
—Ap+qp=0 inQ and ¢ =1 in IN.
In particular, for any g € O, there exists a constant ¢ independent of ¢ such that

1D(@)¢ ]l 2y < Cl10| for all ¢ € H?(09). (6.4)

3 (09)
This is a direct result of the regularity of the Dirichlet operator D(0) [62, (1.2.2)] and a simple shift

argument.

Then the solution u of problem (6.1)) could be represented by [62] eq. (2.2)]

uwszw%A@AEwwmmw+AE®®ﬁs

= F(t;q)v+ (I — F(t;q))D(q)b+ (I — F(t;q))A(q) " f,
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where the operators F'(t;q) and E(t;q) are defined by [38, eq. (6.25) and (6.26)]

1 1
Pltig) = 5= [ @7 ) s and Bt =5 [ G0 A@) s (66)
0,k 0,k

27 27

respectively. Here I'y ,, denotes the integral contour in the complex plane C oriented counterclockwise,
defined by I'g . = {z € C: |2| = K, |arg 2| < 0}U{z € C: z = k™ p > k}, with k > 0 and 0 € (5, 7).
Throughout, we fix § € (5, 7) so that 2* € ¥n9 C g := {0 # z € C : arg(z) < 6}, for all z € Xy,
Note that E(t;q) = —A(q)%F(t; q), and in case that o = 1 there holds F(¢;q) = E(t; q).

The next lemma gives smoothing properties and asymptotics of F(¢;¢q) and E(t;q). The proof

follows from the resolvent estimate (for any ¢ € Q) [4, Example 3.7.5 and Theorem 3.7.11]:
1(z + A(@) M < co(2I7HA™Y) Yz e Xy, VO € (0,7), (6.7)

where || - || denotes the operator norm from L?(Q) to L?*(2), and A denotes the smallest eigenvalue
of —A with homogeneous Dirichlet boundary condition. In case that ¢ € O, the constant ¢y can be

chosen independent of g. The full proof of the following lemma has been given in [38, Theorems 6.4

and 3.2].

Lemma 6.2. Let A be the smallest eigenvalue of —A with homogeneous boundary condition. Let
F(t;q) and E(t;q) be the solution operators defined in with potential coefficient ¢ € Q. Then

they satisfy the following properties:
(i) 1A F(t @[l L2 () + ' A@) Et; @)vl 2 ) < et *|vlle), Y€ (0,T];
(i) 1F(5 )0l 20 + 1N B(E: @)l 2gq) < emin(1, A1) Joll 2y, Vi€ (0,7,
where the constants are independent of q and t.
Throughout the paper, we also need the following assumption on the problem data.

Assumption 6.1. Let the initial data v, the boundary data b and the source term f satisfy the

following conditions:
(i) v € H*(Q), v > My > 0 in Q, v(z) = b(x) for all x € 0Q;
(i) b€ H?(0Q), b > My > 0 in 95;

(i) f € WLP(Q) C C(Q) (with p > max(d,2)), f >0 and f+ Av — Myv >0 in Q.

Under Assumption [6.1) we have the following results about the solution regularity and behaviors

for the direct problem ([6.1)).

Lemma 6.3. Let ¢ € Q and Assumption [6.1] be valid. Let u(t) be the solution to problem (6.1)) with

potential q. Then The following statements are valid.
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(i) w € C([0,T); H*(R)), 05u € C((0,T); H*(SY)), and there exists a constant C' independent of q
such that ||UHC(§><[0,T}) <C.

Moreover, if g € C(2) N Q, then
(ii) Ofu(z,t) >0, u(z,t) > My for all (z,t) € Q x (0,T];
(iii) Au(z,t) € C(Q), f(z) + Au(z,t) > q(z)Ms for allt >0 and x € Q.

Proof. By the smoothing property in Lemma [6.2] we observe that

A(Q)[F(t;q)v — F(t:q)D(@)b — F(t;a)Al) ™ ] € L*(Q).

Then the elliptic regularity (see [64, Lemma 2.1] and [23, Theorems 3.3 and 3.4]) implies that F'(t; q)v—
F(t;q)D(q)b — F(t;q)A(q)~'f € H?*(Q). Besides, we observe that D(q)b and A(q)~!'f belong to
H?(Q) (see e.g. [1, Proposition 2.12] and [I7, Theorem B.54]). These together with imply that
u € C([0,T]; H?(Q2)). Finally, we define an auxiliary function ¢(z,t) satisfying
R o(x,t) — Ad(x,t) = f(z), (x,1) € 2x (0,7,

o(z,t) =b(x), (z,t) €N x(0,T], (6.8)

¢(z,0) =v(z), x€.
With Assumption and the maximal L regularity (see e.g. [64, Lemma 2.1] for parabolic equation

and [38, Theorem 6.11] for fractional evolution equations), we know that
¢ € WP(0,T; L*(Q)) N LP(0, T; H*(Q)) for any p € (1,00).

Then by means of the Sobolev embedding and the interpolation between W<%P(0,T;L*(Q)) and
LP(0,T; H*(Q)) with p > 4/a (see e.g., [3, Theorem 5.2]), we have ¢ € C([0,T] x Q). As a re-
sult, the comparison principle, i.e. Lemma implies ||ullco.11xa) < [9llcorxay < €5 where the
constant C' is independent of potential q.

Next, we let w = 9f*u, which is the solution to the following initial-boundary value problem

ofw(z,t) — Aw(x,t) + q(z)w(z,t) =0, (z,t) € Q x (0,7,

w(z,t) =0, (z,t) € 8Q x (0, T], (6.9)
w(z,0) = f(z) + Av(z) — q(z)v(z), =€

Noting that w(z,0) € L?(Q2) by Assumption then we apply Lemma [6.2] to arrive that
Alqyw(t) = A(@F(tq)[f + Av - qu] € L*(9).

Then the elliptic regularity implies 9fu(t) = w(t) € H*(Q) N H(Q) for ¢t > 0. Then we complete the

proof of (i).
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Next, we let ¢ € C(Q)NQ. Recalling Assumption (i) and (iii), we have f(z)+Av(x)—q(z)v(z) >
0 a.e. in £2. This and Lemma indicate the Ofu(x,t) > 0 for all (z,t) € Q x (0,T]. This further

implies for all t > 0 and z € Q

a—1

u(z,t) = u(x,0) —I—/O (t_r()

) 0du(x,s)ds > u(x,0) > My

Then we complete the proof of (ii).
Finally, the facts that u(t),0%u(t),f € C(Q) and ¢ € C(Q) lead to Au(t) € C(2). By the

non-negativity of 0fu(z,t) we conclude that for any ¢ > 0,
f(z) + Au(z, t) = 0fu(z, t) + q(x)u(z, t) > q(x)u(x, t) > q(z)My in Q. (6.10)
This completes the proof of (iii). O
From now on, we use the notation u(q) to denote the solution to (6.1)) with the potential ¢q. Let

q" € C()NQ be the exact potential to be reconstructed. Under Assumption according to Lemma
the (exact) observation g(x) = u(x,T;q") satisfies

geC(Y), AgeC(), f(x)+Ag(x)>0, and g(xr) > My > 0 for all x € Q. (6.11)

To show the uniqueness of the potential, we define an operator

f(z) = 0fu(z, T;q) + Ag(x)

Kq(zx) = for q € Q. 6.12
(=) o (612)
Under Assumption Lemma implies that the exact potential ¢! belongs to C(Q2) NS, where
f(z) + Ag(x)
S = L®(Q):0<yp < ——— 21,
{werL=@:o<y< 9@ }

Next, we intend to show that the inverse potential problem is equivalent to find a fixed point of

the operator K in the set D(K). This is given by the following lemma.

Lemma 6.4. Let Assumption be valid and the data g satisfy the a priori estimate (6.11). The
operator K is defined by (6.12)). Then we have the following equivalence.

(i) If " € QN C(Q) satisfies u(x,T;q") = g(x), then ¢ is a fived point of K in S.
(ii) If ¢* € S is a fized point of K, then ¢* € C(Q) and ¢* satisfies u(x,T;q*) = g(z).

Proof. Tt is obvious that u(z, T;¢') = g(x) implies that ¢ is the fixed point of K. Then the relation
and the fact that 0fu(z,t;¢") > 0 (by Lemma yield that ¢f € S.

Then it suffices to show the reversed conclusion. We assume that ¢* € S is one fixed point of the
operator K. According to the a priori estimate , we have g, Ag, f € C(Q) and g > Ms. This
together with the fact that 02u(T;¢*) € C(Q) in Lemma (1) indicates

q* _ f(l') B 6?“(27(2)7 q*) + Ag($) c C(ﬁ) nas.




Moreover, we note that
f(@) = 0fu(z, T q") = ¢ (w)g(x) — Ag(x) = —Au(z,T;q") + ¢"(x)u(z, T; ¢").
Therefore, w = u(z,T; q¢*) — g(z) satisfies the elliptic system

—Aw(z) + ¢" (z)w(x) =0, x€Q,
w(z) =0, z €.

Then the comparison principle of elliptic equation implies w = 0. Hence, u(z,T;q*) = g(z), which

implies that ¢* generates the terminal measurement g(x). O

Due to the equivalence given by Lemma and the fact that ¢f € C(Q) N Q, we aim to verify that
the fixed point of K is unique in §. To this end, we intend to show that K generates a decreasing
sequence in S from an a priori chosen starting value. Then the uniqueness of the fixed point follows

immediately.

Lemma 6.5 (Monotonicity). Let Assumption be valid and the data g satisfy the a priori estimate
(6.11)). The operator K is defined by (6.12)). Then K is a monotone operator, i.e., Kq < Kqo for

any q1,q2 € C(Q) NS with g1 < g2 in Q.

Proof. First of all, we recall Lemma which implies that 0fu(z,t;g2) > 0 in (0,7] x €. Then for
w(t) = 0fu(t; 1) — Oftu(t; g2), and note that w satisfies
(8ta —A+ QI(x))w(xat) = (Q2 - ql)(??U(.T,t; q2)> (x7t) € x (OvT]a
w(z,t) =0, (x,t) € 90 x (0,7,
UJ(HZ',O) = (qQ - QI)U(x)v r €.

Since (g2 — q1)v(x) and (g2 — q1)05u(x,t;q2) > 0, using Lemma [6.1] to the above system yields that
w(z,t) = Ofu(z, t;q1) — Ofu(z,t;q2) >0 ae. in Q.

Note that w(T) € C(Q2) according to Lemma (i), and hence w(T) > 0 in Q. From the definition of

K in (6.12) and the fact that g(z) > M2 > 0 in Q by (6.11), we have
O u(z, T, q2) — O u(x, T; 1)

Kqgp — Kg =
g(x)

<0 in Q.

This completes the proof of the lemma. O

Then the monotonicity of K immediately implies the following lemma.

Lemma 6.6. Let Assumption be valid and the data g satisfy the a priori estimate (6.11f). The
operator K is defined by (6.12). If q1,q0 € C(Q) NS are both fived points of K and q1 < qa, then

q1 = q2-
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Proof. Let w(z,t) = u(z,t;q1) — u(z,t; q2) € H?(Q), then w satisfies

Of = A+ q(x)w(x,t) = (g2 — q)u(z, t;q2), (z,t) € Qx (0,T],
w(z,t) =0, (z,t) € 00 x (0,T], (6.13)

w(z,0) =0, x €.

From Lemma (i), we have u(x,t;g2) > My > 0 in Q x [0, T], which leads to the non-negativity of
the source (g2 — q1)u(z, t; g2). This yields that w(z,t) > 0 in Q x [0, T]. From the proof of Lemma
we have 0 (u(x, t;q1) — u(z, t;q2)) = 0fw(x,t) > 0. The relation

t — s a—1
w(t) = w(0) +/0 (tr)

@ Ogw(s) dt

together with the observations
w(T) = u(T;q1) — w(T;q2) =0, w(0) =0 and JFw(t) >0

immediately yields that dfw(t) = 0 a.e. in (0,7"), and hence w(t) = 0 for all ¢ € [0,7]. This and the
equation (6.13)) imply that (g2 —q1)u(z,t;g2) = 0 in Q x [0, T]. This together with the strict positivity
of u(z,t;q2) in Q x [0, 7] leads to ¢1 = go. O

The above results motivate us to define the iteration:

f(z) + Ag(x)

@ cC(Q)NS and ¢,=Kgq, 1 for neNT. (6.14)
g(x

qo(x) =

Note that the initial guess qg is set to be the upper bound of the set S. Next, we shall state the

main theorem in this section which shows that the fixed point of K must be the limit of the sequence

{gn}5% generated by (6.14) and hence it is unique.

Theorem 6.2. Suppose that v, f, b satisfy Assumption and the ezact potential ¢ belongs to C(Q)N
Q. Then the sequence {g,}5° generated by (6.14)) is included in C(Q) NS and converges decreasingly

to qf. Moreover, the fized point of the operator K in S is unique.

Proof. Since ¢' € C(Q)NQ, we conclude that the data g satisfy the a priori estimate (6.11)). According
to Lemma (i), we know that 0%u(T; g,—1) € C(R2) and hence ¢, € C(9).
From the proof of Lemma we obtain that 9%u(T;qp) > 0 in Q. This further implies

f(x) - Opu(e. Tean) + Agla) _ f@) + Agle) _ o
o(@) ST ol

o =Kqo =
Meanwhile, we know that ¢ € S and so ¢f < gg. This and Lemma result in

0<q¢' =Kq¢' <Kqg=aq.
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As a result, we obtain 0 < ¢' < ¢; < ¢. Using Lemma again, we have K¢' < K¢; < K¢, namely

¢" < ¢2 < ¢1. Continuing this argument, we can conclude that

0<q¢" <+ <1< < < qo

Now we have proved that the sequence {g,}22 is decreasing. It is bounded by ¢" from below and ¢
from above. Therefore, this sequence is included in C(2) N S.
Next, we show that the sequence {g,}°°, converges to ¢f. Note that the sequence {g,}2, is

decreasing, and it has a lower bound, therefore this sequence converges pointwise, and we denote the

oo
n=01

limit by ¢* € S. Moreover, there holds ¢' < ¢* since ¢' is a lower bound of {g,} and ¢f < ¢* < qo

indicates that ¢* € S. Then ¢* is one fixed point of the operator K in S, and we apply Lemma 6.4
(ii) to conclude that ¢* € C(Q) N'S. Meanwhile, Lemma (i) implies that ¢' € C(Q) is also a fixed
point of K in §. Therefore, we apply Lemma and hence conclude that ¢t = ¢*. ]

6.2 Conditional stability

The aim of this section is to establish a stability of the inverse potential problem. Note that [113]
provides a conditional stability in a Hilbert space setting for one dimensional diffusion problem by
applying a spectrum perturbation argument (cf. [I13, Lemma 2.2] and [88]), which is not applicable in
high dimensional cases. We refer interested readers to [9] [10, 50] for some conditional stability results
for sufficiently small T

Let us begin with the following a priori estimate for dfu(t; q).
Lemma 6.7. Let g € Q and u(q) be the solution to problem . Then we have the estimate
105 u(t; @) || s () < cmin(t 52 t7%)  for all s € [0,2],
where c is independent of ¢ and t.
Proof. According to , we have the representation
O u(t; q) = F(t;q)(Av —qu + f) € HX Q)N HY(Q) for all ¢ > 0. (6.15)
Then applying Lemma [6.2] we obtain
105 u(t: Dl 2y < IF(5:0)(Av — qu+ )2y < emin(Lt=) (lell iz + £ 1220y ).
Next, by applying the norm equivalence in and the estimate in Lemma we derive
107 u(t; )| g2y < C(HF(t; Q)(Av — qu + )|l 2 + [AQ F(t;¢)(Av — qv + f)|| 120))
< c(min(1, ™) Av — qu + fllr2) + et | Av — qu + fll12()
< et (ol + 12 )-
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These together with interpolation between L?(2) and H?(Q) N HE(Q) immediately lead to the desired

result. O

For different potentials ¢1, g2 € Q, we denote the solution to (6.1)) with potential ¢; by u(g;). Then
the following lemma provides an important a priori estimate which (and whose discrete analogue)

plays a crucial role in our error analysis.

Lemma 6.8. Let Assumption be valid and q1,q2 € Q. Then for any t > ty and any positive

parameter € < min(1,2 — %) there holds

107 (u(ar) = u(g2)) ()] 12() < emax(t™®, ¢~ a1 — gall 20
where the constant c¢ is independent of q1, qo and t.
Proof. Let ¢(x,t) = 02 (u(q1) — u(q2))(t). Then we note that ¢(z,t) € H}(Q) satisfies

OF = A+ q(x)o(z,t) = (g2 — q1)07u(x, t;q2) for (x,t) € Q x (0,T] (6.16)
with the initial condition ¢(0) = (g2 — g1)v. We apply the solution representation to derive
610) = Flt:)0(0) + [ Blssan)az - a0ofute — ) .
Taking L? norm on the above relation, Lemma and Assumption lead to for any € € (0,1)
o)l 20) = IF(t @)l 1(g2 — qu)vllr2(0) + /Ot 1E(s; qu)|l[(g2 — q1)0F u(t — 7 g2)[| 12() ds
t
< el =l (£ + [ 570t = 5 ) e )

1+ea/2

Here we use the estimate that ||E(s;q1)| < es™ which is a direct result of the second assertion of

Lemma[6.2] and the interpolation. Then according to Lemma and the Sobolev embedding theorem,

we obtain for r > % and d =1,2,3,

t
6020 < ellaz = aalzzgoy (£ + [ 5710t = 53210 d5)
Ot
< cllr = allze (£ + [ 50 ult — 53 0) ey )
Ot
< cllgs — a1l 2oy (17 + /0 STl (g — )T/ ds)

S CHQQ - q1HL2(Q) (tia + t€0¢/2fro¢/2).

Finally, the choice that r = 2 — ¢ leads to the estimate that

o)l 2() < ellaz — arll 2y (7 + 70 79) < emax(t™, 7079 g1 - g2l 20
This completes the proof of the lemma. O
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Next, we state the main theorem of this section, which shows the conditional stability of the inverse

potential problem.

Theorem 6.3. Let Assumption [6.1] be valid, q1,q2 € Q, and u(t;q;) be the solution to (6.1) with the
potential q;. Then there exists Ty > 0 such that for any T > Ty there holds

lar — a2l z2(0) < Cllu(Ts q1) — u(T; 2) | m2(0)
where the constant C' is independent of q1, qo and T.

Proof. Recalling that, for ¢ = 1,2, ¢; could be written as
=T qi) + AuT gi)
' u(T; q;) '
Then we split g — g2 into three parts:
u(T;q2) —u(Tiqr) | (T q1)07 (T g2) — w(T' g2) 0 u(Ts q1)
u(T; q1)u(T'; g2) u(T; q1)u(T'; g2)
u(T; g2) Au(T's q1) — u(T q1) Au(T'; g2)
u(T; q1)u(T'; g2) '
Using Assumption [6.1] we conclude that u; > My > 0 and hence
H w(T; g2) — uw(T; Q1)‘
w(T; q1)u(T’ g2)

Besides, we use the fact that [|u;(T)||p(q) and [|0fui(T)| L (q) are bounded uniformly in ¢ (Lemma

an—q@=1f

/1= ()
L@ < THU(Ta 72) —w(T;q1)ll 2 ()

6.3) and Lemma [6.8| to derive for any e close to 0,

H u(T; 1)o7 u(T; g2) — (T g2) 0 u(T5 q1) ’
u(T5q1)u(T; q2)

< C(HU(T; q1) |l @) 108 (w(T; q2) — w(T; q1)) | 22(0) + 197 u(T; q1) || Loo () |u(T5 q1) — u(T Q2)”L2(Q)>

< e(max(T, 7079 gy — gall ey + (T3 1) = w73 )2y )

L2(Q)

Similarly, we apply the fact that ||u;(T)[/z ) and [[Au;(T)|p~(q) are bounded uniformly in g;
(Lemma [6.3)) to arrive at

H w(T;5q2) Au(T; 1) — u(T; 1) Au(T; g2) ‘
u(T; q1)u(T; g2)

< C(IIU(T; q) || e (@) 1A (u(T; q2) — u(T5 1))l 2 ) + 1AWT5 q1) || oo () 1w (T q1) — (T QQ)||L2(Q)>

< C(HA(U(T% q1) — u(T5 )l 22 + lu(T5q1) — u(T; CJ2)HL2(Q))-

As a result, we arrive at

L*(Q)

lar = a2l 20y < elu(Tsa1) = wl(T5 q2)ll 2 () + 2 max(T~* T~ g1 = g2l 120

Then for Ty such that ¢ max(7}, °, T()_(l_e)a) < ¢3 for some constant ¢z € (0,1), and T' > Tp, we have

C1
lar — a2l z2(0) < _Csl\U(T; q1) — u(T; q2) | 52 ()
This completes the proof of the lemma. O
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6.3 Completely discrete scheme

In this section, we shall develop a fully discrete scheme for solving the inverse potential problem. To
this end, we shall introduce the time stepping method using convolution quadrature in the first part,
then discuss the spatial discretization using finite element method. A reconstruction algorithm will be
presented to recover the potential from the noisy observational data. Finally, we establish an a priori

error bound showing the way to choose the (space/time) mesh sizes according to the noise level.

6.3.1 Time stepping scheme for solving the direct problem

The literature on the numerical approximation for the nonlocal-in-time subdiffusion equation
is vast, see e.g., [42] for an overview of existing schemes. Here we apply the convolution quadrature
to discretize the fractional derivative on uniform grids studied in Section Let {t, = nT})_,
be a uniform partition of the time interval [0,7], with a time step size 7 = T/N. The convolution
quadrature (CQ) was first proposed by Lubich [71] for discretizing Volterra integral equations. This
approach provides a systematic framework to construct high-order numerical methods to discretize
fractional derivatives, and has been the foundation of many early works. The time stepping scheme

for problem (6.1)) reads: given u°(q) = v, find u"(q) € H'(Q) such that vo(u"(q)) = b and
0%u™(q) — Au"(q) + qu™(q) = f with n=1,2,...,N, (6.17)

In particular, when o = 1, the operator 0 reduces to the standard backward difference quotient:
Ol = w%"n_l, and the scheme reduces to the standard backward Euler scheme.
Using the superposition principle, the time stepping solution in could be written in the
operational form as (|49, equation (2.5)] and [111l equations (4.3)-(4.4)])
n
u"(q) = Fr(n;q)(v — D(q)b) + D(@)b+ 7Y _ Er(j;q)f
j=1 (6.18)
= F:(n;q)(v — D(q)b) + D(q)b + (I — Fr(n;9))A(q) ™" f.

Here the time discrete operators F(n;q) and E.(n;q) are defined by the discrete inverse Laplace

transform .
Frlnsa) = 5 [ e 8 (e 6 e )" + Al) ! d
) e (6.19)
Bomi) = 5 [ ene 6 () 4 Al)  d
2mi r;.,

with 0-(§) = (1 — &)/7 and the contour I'y = {2z € Ty, : [I(2)| < 7/7} where § € (7/2,7) is close
to /2 (oriented with an increasing imaginary part).

For any ¢ € Q, Lemma and resolvent estimate of elliptic operator (6.7]) immediately lead to
16, (e*)* + A@)) | < Cmin(|z"2|, A7Y), ¥z €Dy, Vo e (0,m), (6.20)
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for a constant C' independent of q. Next we give some useful properties of Fr(n;q) and E;(n;q).
The first lemma provides an estimate for F(n;q) — F(t,;q). It has been proved in the earlier work

[111, Lemma 4.2, eq. (4.7)], so we omit its proof here.

Lemma 6.9. Let F.(n;q) and E;(n;q) be defined as in , and X\ be the smallest eigenvalue of
—A with homogeneous Dirichlet boundary condition. Then for q € Q, there holds
1(Fr(ns @) = Fltn; )0l 20y < en~ min(L, A5 [0l 2y for all n > 1,
and
1A(@) (Fr(n59) = F(tn; @)l o) < en” ', ol 2y for all n>1,

where the constants are independent of ¢, T and t,.

The next lemma provides some smoothing and asymptotic properties of operators F;(t;q) and
E-(t;q). This is a discrete analogue to Lemma The proof follows from the solution representation

(6.18)-(6.19), Lemmal[2.4] the resolvent estimate ([6.20)), and the same argument of the proof of Lemma
in [38, Theorem 6.4 and 3.2].

Lemma 6.10. Let F;(n;q) and E-(n;q) be defined as (6.19)), and A be the smallest eigenvalue of —A

with homogeneous boundary condition. Then for g € Q, there holds

1A(@) Fr (05 )0l 20 + 1| A(@) Br (15 9)vl| 120y < ety 0]l 20
and
1E-(n; )0l r20) + tn “l1E- (05 @)l r2(0) < emin(1, A7, ) vl 2y, n > 1.

Here c is the generic constant independent of T, t, and q.
Proof. The asymptotics of A(q)F-(n;q) could be derived directly from Lemmas E 2| and .

[ A(q) Fr(n; q)vll2(0) < [[A(Q)(Fr(ns q) = F(tn; 0))vllz20) + [A(@) F(tn; )vllr20)

< e(n 1 + 1)ty ol ey < et 2oy,

Similarly, for F;(n;q), we apply Lemmas |6.2] n and [6.9 - again to derive

[1E-(n; @)vl[2(0) < |(Fr(nsq) — Ftn; @)vllzz) + [1F(En; @)vllz2o)

<ec(n™' 4 1) min(1, A" L= 2 vl 2y < emin(1, A7 L= O‘)HUHL2(Q
Next, we turn to the estimate of A(q)E-(n;q). Using the representation (|6 , resolvent estimate

(6.20) and Lemma we derive
1A(Q) Er(n; @)vl 12(0) < C/T e [le™* 7| Alg) (6 (e7*7)* + A() ™ oll L2 2]

F9,o’

<o [ 11z + 15T + Al) ol e ) 4

0,0

00 6
< cljvllz2q) /FT le*7]|dz| < cflvll 2o </ ec”t”dﬁca/edw) < col|v 2

0,0
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Then we let 0 = t,,;! to derive the desired estimate for A(q)E,(n;q).
The estimate for E,(n;q) could be derived using similar argument. By letting o = ¢!, we apply

the resolvent estimate ([6.20) and Lemma to deduce

1B (n; q)vl 20) < C/T | [1(0-(e7*7)* + A(q)) "0l 2o d2|

0,0

< cllzzey [ le | minlel = A7

FQ,U

< cljol 20y min(r3 ', A" 7).

Then we complete the proof of Lemma [6.10 O

Next, we are ready to show some a priori estimate of the time stepping solution.

Lemma 6.11. Let Assumptz’on be valid and q € Q. Then the solution u™(q) to the time stepping

scheme (6.17)) satisfies
[u™ (@)L < ¢ forall n=1,2,...,N.

Moreover, there holds for all s € [0, 2],
||5$‘u"(q)HHs(Q) < cmin(t;sa/z,t;a) for n=1,2,..., N.
Here the generic constants are independent of T, t,, and q.
Proof. Using the solution representation and triangle inequality we arrive at
lu™ (@)l r2() < I1Fr(n50) (v — D(a)b) + D(@)b + (I — Fr(n;0)Ala) ™" fll 2o
< ||Fx(n:9) (v = D()b) || 20 + 1D(@)bll 20 + (I — Fr(n:.0)) Ala) ™" fll r2(0)-
We use the norm equivalence and Lemma to obtain
1+ (n:0) (0 — D@12y < e(I1F (n: 0) Aa) (0~ D{@)D) |y + | F=(m: ) (v — D(@)b) 1))
< c(1 @)@ ~ D@2y + v~ Dla)blzz(ey)
<cllv = D(@)bllg2q) < C(HUHH2(Q) + HD(Q)bHL%Q))‘

Then the estimate (6.4) implies

17 (3 @) (v = D(@))[ 20 < clllvllzze) + 110l 45 50)-

This combined with Sobolev embedding theorem yields [|u"(q)||z (@) < ¢ where the constant c is

independent of 7, t,, and gq.

Next, we let w™(q) = 0%u"(q). By a simple computation, we obtain that w"(q) € H}(£2) and
%w™(q) + A(Q)w™(q) =0 forall 1<n<N and w'(q) = f+ Av— qu. (6.21)
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Then the solution representation (6.18)) leads to

g
P
e

I

Q

®
<

"(q) = Fr(n;q)(f + Av — qu). (6.22)

Applying Lemma [6.10] and the condition ¢ € Q, we obtain

Hégun(Q)HLQ(Q) = [|1F-(n; @) (f + Av — qv) | 12(q) < Cmin(l,tfo‘)(HU”m(Q) + Hf”LQ(Q))-

Next, the norm equivalence (6.3) and Lemma yield

1070 (@) r2() < (1070 (@) |20 + 1A u" (@) L20)) < ctn (vl a2i) + [1fllz2(@)-

Here c is independent of 7, ¢, and ¢q. The case that s € (0,1) follows immediately by interpolation.

This completes the proof of the lemma. O
Finally, we shall provide a useful a priori error estimate for 0%u™(q) — 0fu(tn; q).

Lemma 6.12. Let Assumption be valid and g € Q. Let u™(q) and u(t; q) be the solutions to (6.17))
and (6.1]), respectively. Then there holds

080" (q) — O u(tn; @)l r2(q) < crt, !
with the constant independent of q, 7 and n.

Proof. Combining (6.15]) with (6.21]), we obtain

IFu"(q) — Ofu(tn; @) = (Fr(n;q) — F(tn; @))(Av — qu + f).

Then we apply Lemma [6.9] with s = 0 and note that g € Q to derive

102" (q) — O ultn; @)l L2() < CTtﬁa%(HUHm(Q) + Hf||L2(Q)>-

This completes the proof of the lemma. O

6.3.2 Fully discrete scheme

In this section, we shall discuss the completely discrete scheme to solve the inverse potential problem.
We use the convolution quadrature for the time discretization and use Galerkin finite element method
for the space discretization. To begin with, we introduce some settings for the finite element methods.

To illustrate the main idea, we consider the square region ) = (a,b)d CRY withl <d<3
and the discussion could be extended to general convex polyhedral domain. For all : = 1,...,d, we
denote by a = zp < z1 < --- < xpr = b a partition of the interval [a,b] with a uniform mesh size

h=x;—x;_1 = (b—a)/M foralli=1,..., M. Then domain Q is now separated into M9 subrectangles
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by all grid points (zj,,...,2;,), with 0 < j; < M and i = 1,...,d. We denote this partition by 7y,
and note that h is the mesh size of the partition 7j,.

Then we apply the tensor-product Lagrange finite elements on the partition 7,. Let @)1 be the
space of polynomials in the variables x1,..., x4, with real coefficients and of degree at most one in

each variable, i.e.,

@ = { D o) agt with cgp, g, € R}'
0<B1,82,...,84<1

The H'-conforming tensor-product finite element space, denoted by X}, is defined as
Xp={ve HY(Q) :v|g € Q for all K € T;}. (6.23)
Besides, we define
X) =Xy nH}Q) = {ve HJ(Q) : v € Q; for all K € Ty,}. (6.24)

We let Z), denote the Lagrange interpolation operator associated with the finite element space Xp.

It satisfies the following error estimates for s = 1,2 and 1 < p < oo with sp > d [17, Theorem 1.103]:
v = Zpollpro) + hllv — Znvllwie) < ch®l|vllwsp@), Vv e WP(Q). (6.25)

Similarly, we let I}‘? denote the Lagrange interpolation operator on the boundary.
We define the orthogonal La-projection Py, : L2(€2) — X7 and the Ritz projection Ry (q) : H}(Q2) —
X,? by
(Putt, xn) = (¥, Xn), Vx € Xj,

(VRu(q)¥, Vxn) = (Vi,Vixa) + (¢, xa),  Vx € Xp.

It is well-known that the operators P, and Rp(q) (with ¢ € Q) have the following approximation
property, cf. [93, Lemma 1.1] or [I7, Theorems 3.16 and 3.18], for s € [1, 2],

1Pat) = Yl r2(0) + 1R (@)Y — ¥ll 2y < ch®([$]l ), Vb € H(Q) N Hy (). (6.26)

Noting that g € Q, the constant c¢ is independent of q.
Let 7o be the trace operator [I7, Section B.3.5], and the set X7 = {yo(xs) : xn € X1}. Now we

introduce a discrete operator Dp(q) : X,‘? — X}, such that wy, = Dy(q)by, for by, € X,? satisfies
(Vwn, Vxu) + (qup, xp) =0 for all y;, € X)), and 7o(wp) = bp.
Then for any ¢ € Q and b € H2(9), there holds the estimate [I7, Lemma 3.28]

1D(@)b — Di(0) I3l 12(62) < eh®[Ib] 2 o)- (6.27)
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To discretize the problem (6.1]), we consider the weak formulation to find u(t) € H'(Q) such that
for all p € H}(2) and ¢ > 0,

(O u(t), o) + (Vu(t), Vo) + (qu(t), ) = (f,¢), with u(-,t)=>b in 9Q and u(0) = v.

Then the fully discrete scheme for (6.1 reads: find ul(q) € X, for ¢t > 0 such that vo(u?(q)) = Z7b
on 99 and for all ¢, € X and n=1,2,..., N,

(02 ui (@), on) + (Vui(a), Veon) + (qui(@), on) = (fyon)  with uj(q) = Zyv. (6.28)

For ¢ € Q we define the discrete operator Ay (q) : X)) — X} such that

(An(Q)én> xn) = (V& Vxu) + (g€n, xn)  for all &, xn € X

Then by splitting the fully discrete solution to (6.28) as u?(q) = ¢%(q) + Dx(q)ZPb, we observe that
©1(q) € X} satisfies
07 ¢n(a) + An()en(q) = Pof  fort >0,

with ¢©9(q) = Zyv — Dp(q)Z2b. In particular, we define Ap = —A(0). Then analogue to (6.18), the
fully discrete solution in (6.28]) could be written in the operational form

up(q) = F(n; q) (Znv — Da(Q)Z0) + Du(Q)Zb + 7> EX(j; q) Puf
j=1 (6.29)

= F!'(n;q) (Znv — Dp(@)Zb) + Di(9)Zib + (I — F''(n59)) An(q) " Puf,

where the fully discrete operators F(n;q) and E"(n;q) are defined as

1
Fh n q . e#tn —275 —ZT)Oé—l(é‘T( _ZT)Oé—i_Ah( )) 1dz,

F
“ (6.30)

" omi
1 727 —ZT\Ox
BHs0) = g [, €O A s

Let A be the smallest eigenvalue of —A with the homogeneous Dirichlet boundary condition, and
An(q) be the smallest eigenvalue of discrete operator Aj(q). Recalling that the finite element space
X,? is conforming in H{(Q) and ¢ € Q, the Courant minimax principle implies the relation that
0 <A< An(0) < Ap(g). Then we have the resolvent estimate for the (discrete) elliptic operator Ap(q):
with fixed ¢ € (0, )

1(67(e7*T)* + Ap(@) M| < Cmin(|2" An(@) ™) < Cmin(]z7%|, A7), Vz € Xy,
for a constant C' independent of ¢ and h. This immediately indicates the following result for the fully

discrete scheme ((6.28]), similar to Lemmas and
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Lemma 6.13. Let F'(n;q) and E!(n;q) be the operators defined in (6.30). Let \ be the smallest
eigenvalue of —A with homogeneous boundary condition. Then for any q € Q and vy, € X}?, there

holds forn > 1,

AR (@) EF (0 @)vnll 2 () + tn 1 AR@ET (05 )vnll 2 (@) < ety llonll 20

1EF (05 9)oll 2 () + tn B (05 @)onl| 2 () < emin(L, A7, ) ol L20)-
Here c is the generic constant independent of T, t, and q.

Next, we recall the following useful inverse inequality of finite element functions (see e.g., [17,

Corollary 1.141]).

Lemma 6.14. Let X;, and X} be the finite dimensional spaces defined in (6.23) and (6.24)) respectively.

Then we have the inverse estimates

1 1
[Pnllir (o) < et [PnllLa) forall 1<q<p<oo and ¢ € Xp,

1Anenll L2y +h IVl < Ch 2 onll 12y for all ¢n € X},

Next, we intend to derive an a priori estimate for 9%u}(q) — d%u"(q).

Lemma 6.15. Let Assumption be valid and q € Q. Let u™(q) and uj(q) be the solutions to (6.17))
and (6.28)), respectively. Then there holds for any € € (0,1),

102 (up (q) — u™ (@)l L2y < b “max(t,*, t,179).
Here the constants are independent of ¢, 7 and n.

Proof. First of all, we recall that w"(q) = 0%u"(q) € H}(), and it satisfies (6.21). Meanwhile,
Assumption (6.4) implies that the fully discrete approximation wy(q) = 2uy(q) € X satisfies

i (q) + An(@)wi(a) =0, n>1, with wi(q) = Phf — An(q)(Tno — Dh(@Z0h).  (6:31)
To derive an estimate for wjy'(¢q) — w"(q), we apply the splitting
wh () —w"(q) = (wh(q) — Paw”(q)) + (Paw"(q) — w"(q)) =: 0} + p".
Then the bound of p™ can be derived from and Lemma as
1" L2y < ch?|02u™ ()| 2y < ch®t,
Next we turn to derive an estimate for 6} € X,(L), which satisfies

205, + An(9)0;, = An(q)(Ru(q) — Pu)w"(q) forall n=1,2,...,N,
0y = An(q)Rn(q)(v — D(q)b) — An(q)(Znv — Dr(q)Z}b),
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where we use the fact that Ap(q)Rp(q)y = P,A(q)y for ¢ € H?(Q) N HL(). By the representation
(6.29) we have

O = F(n;@)0n(0) + 7Y EX(j59) An(a)(Ra(q) — Pr)w" ™ (q) = T+ I1. (6.32)
j=1

From Assumption we have v — D(q)b € H?(Q2) N HZ(Q). Then (6.25), (6.26)), (6.27) and Lemma
[6.13] imply
120 < ety ® |1 Ra(q) (v — D(q)b) — (Znv — Du(@)Z5b) || 120
< Ctﬁa<||(Rh(Q) —I)(v = D(@))[| L2y + lv — Znv|l 120y + 1D (q)b — Dh(Q)If?me(Q))
< cht;% (ol + 1Bl 2oy )

Now we turn to the estimate for the term I1. By Lemma we have

AR () B (1 q)vnl 2 () < et ol p2(a)-

Meanwhile, the second inverse inequality in Lemma [6.14] implies

1AR(@)*vnllz2 () < ch™**|vall2(q)-
The fact ¢ € Q implies that the constant c¢ is independent of q. Then we apply the above estimates
combined with Lemma for s = 2 — ¢, and obtain

1] r20) < TZ 12 (53 0) An(@)' 21| An(q)*(Ri(q) — Pu)w™ 7 (q) ]| 120
j=1

< er Y 67 (Ri(q) — Pu)w™ 1 (g) ) gy~
7j=1

n
< e 3t u I )| v

j=1
n
< ch?er Y0 T b2 o o2y ackea
j=1
This completes the proof of the lemma. O

The next result provides an a priori estimate for 0%u?(q1) — 0%u?(g2), which plays a key role in

the stability analysis for the numerical solution of the inverse potential problem.

Lemma 6.16. Suppose that Assumption is valid and q1,q2 € Q. For i = 1,2, let uj(q;) be the
solution to the fully discrete scheme (6.28)), with potential q;, respectively. Then there holds for any

positive parameter € < min(1,2 — g),

105 (upi (1) = uii(g2) | L2y < cmax(t,®, 6,079 a1 — g2l 20y,
where the constant c is independent of h, T, q1, q2 and t,,.

118



Proof. We let 07 = 02(u?l(q1) — u}(g2)). Note that 07 € X? and it satisfies
0205 + An(a)05 = Pul(e2 — 01)87uf(g2)] with 6 = Py[(g2 — q1)Zyv].
Now we apply the stability of L?-projection P, to obtain

10r.(0)[| 22y < [l(q2 — @1)Znvllz2(0) < lla2 — a1ll2(@)l|Znv |l Lo o) (6.33)

< g2 — a1l L2 IVl oo () -
Meanwhile, using the stability of P}, and the inverse inequality in Lemma [6.14] we arrive at
1Pul(q2 — q1)07u™ (g2)]ll 12 ()
< cllaz — a1l z2 () 107 4" (g2) | o= ()
< cllgz — a1l r2(0) (102 (uh(g2) — Znu™(g2) || Lo () + 12005 " (q2)]] oo (02))
430/ n n qo, n

< clle2 — a1l 2 (o) (h 2107 (up (g2) — Tnu"(g2) L2 () + 1107w (qZ)HLOO(Q)) :

Then we apply the Sobolev embedding theorem to derive that for € < min(1,2 — %),
1Pal(g2 — q1)057u™ (g2)] 20
_d a0/ n n o, n

< clla — arll 20y (A28 (whlaz) — T (a2) 2oy + 1920 (@)l o) ) -

This together with Lemma leads to
o o, n . —dy 30/, n - n —(1—€¢/2)x
[Pal(g2 — q1)07u" (g2)]ll 220y < cllg2 — a1l z2(q) <h 2107 (up (g2) — Znu"(92)) | 22(0) + tn > :
Then using Lemmas and we obtain for € < min(1,2 — %),
—dy 30/, n n
h™2 (|07 (up (q2) — Znu"(42) | L2 (0)
—d o (,,n n o n n
< 178 (1102 (uha2) = u™ (@)l 20 + 1102 (T (@2) — u" (02| 20 )
< 5 (107D 9 ()| oy ) < ehPET 7D

As a result, we conclude that for e < min(1,2 — %),

1P (a2 — )20 (a2)] 2y < et =@z = anll 2oy (6.34)

Now, using the representation (6.29)), we derive
n
. a 1—9
O = Fl'(n;q)0h + 7> EMNjiq) Pallaz — 01)0%up ™ (g2)).
j=1

Then Lemma indicates that for any € < min(1,2 — %),

1671 20y < 1L (030100 (O0) 20y + 7 Y I1BE (5 1) Pal(ge — )05y ™ 7 (a2)]ll 2

j=1
n
< ety [0z +7 5 TPl — )02 (@) 2.
j=1
This combined with (6.33) and (6.34) leads to the desired result. O
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6.3.3 The inverse potential problem: numerical reconstruction and error estimate

In this part, we shall design a robust completely discrete scheme for the recovery of the potential.

Throughout this section, we need the following assumption.

Assumption 6.4. We assume that the exact potential q' and noisy observational data gs satisfy the

ollowing conditions:
f 9
(i) ¢t € C(Q) N QN WLP(Q) with some p > max(d,2) and q'|aq is a priori known;
(ii) gs(x) € C(Q) is noisy and it satisfies gs > Ma, vo(gs) = Y0(g9) = b and ||gs — Ilec@ =9

Remark 6.1. According to the a priori estimate (6.11)), the exact data g > Ms with an a priori known
positive constant My. Therefore, it is reasonable to assume that the noisy data gs > My. Otherwise,

we may revise the observational data by
gs(z) = max(gs(z), M2), for all = € Q.
Here g5 € C(Q) implies gs € C(2). Moreover, we have
195 — QHC(Q) < llgs — QHC(Q) = 0.
Then we may use the function gs as the observational data in our computation, where gs > My > 0.

Based on Assumption and Assumption (i), we have f,¢" € WP(Q) for some p > max(d, 2).
Moreover, Lemma indicates that ofu(T,q"),w(T;q") € H2(Q) ¢ WP(Q) C L>(Q) with p €

(max(d,2),6). Therefore, we conclude that for some p € (max(d, 2),6)
Ag(x) = Au(T;q") = —f + 07u(T,¢") + ¢'u(T3 ¢") € WH(Q). (6.35)
Besides, Assumption [6.4] (i) and (ii) imply

Y0(Ag) = v0(q9 — f) = ()b —70(f),

which is a priori known. Note that Ags might not be well-defined in L?(€2). Therefore, we need a

numerical approximation to the unknown function Ag. Now we define a function ¢, € X} such that

o) = I (0(@)b — 10(f)) and (¥, ¢n) = —(VIngs, Vop) for all ¢ € Xj. (6.36)

Then we have ¢, ~ Ag provided that h = O(d %) This is given by the following lemma.

Lemma 6.17. Suppose that Assumptions[6.1] and[6.4) are valid. Let o, € X}, be the function defined
in (6.36). Then there holds

1)
lbn — Agllz2) < C(ﬁ + h),

where the constant ¢ is independent of h and 0.
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Proof. To derive the estimate, we define the auxiliary function 1[);1 € X}, such that

Yo(¥n) = I (10(q)b — 10(f)) and (¢, ¢n) = —(VZIxg, V) for all ¢, € Xj.

Then we consider the split
U — Ag = (¥ — ¥n) + (Un — TuAg) + (ZpAg — Ag).

According to the definition of ¢y, and v, we know ¢ — 1, € X 2. Then the inverse inequality in

Lemma [6.14] implies

n — Bl = sup Lo ¥ndn) o (Vng = Ings), Vén)
onex?  onllrz) g exo 6nll 220

< ch™?||Thg — Tngsllr2) < c6h™2.

Meanwhile, using the fact that Ag € WP(Q) for some p € (max(2,d),6) by (6.35)), the approximation

property of Z, in ((6.25]) implies
1ZhAg — Agll20) < 1ZhAg — Aglle) < chllAgllwirq)-

Finally, according to the definition of ¥y, we know ¢y, — I, Ag € X}OL, and hence

. b — ITnAg, bh — Ag, o) + (Ag — ThAg,
i — TnAgllay = sup (Yn — ThAg, én) _ sup (Yn — Ag, ¢n) + (Ag — TnAg, ¢p)
onex?  1onllrz) SreX? Pnllz2()
$reX? énllz2(0)

+ ch||Agllwria(o)-

Then the superconvergence [68, Theorem 4.1]

(V(9 = Zng), Vn) < ch®|lgll sl onll ()

together with the inverse inequality in Lemma leads to

chllonll L2

by — Tp A\ ch?
o — L, g||L2(Q) < sup M
snex? onllz ()

+ch <
onex?  lonllrzo)

+ ch < ch.

This completes the proof of the lemma. O

Now we define the operator Kj, - : @ — Q such that

_ f(x) — 92wy (w;q) + yn(2)
Knra(@) = Poary p ). (6.37)
where the function P j7,) : R — R denotes a truncation function defined by
Py, (@) := max(min(My, a), 0). (6.38)

The next lemma shows a contraction property of the operator Kj, ..
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Lemma 6.18. Let q1,q2 € Q. Then there holds for any positive € < min(1,2 — %),

[1EKnra1 — Knrazllz2) < cmax(T~%, T~ 179%) g — g2/l L2 ()-
Proof. By the definition (6.37) and the property that [Py az,1(a) — Poas,)(b)| < [a — b|, there holds

07 (uy (w5.92) — uy (23.91)) | _ |07 (uy (25 02) — u (w5.01)))|
gs(x) - Ms — 9§ ’

|(Kh,‘rq1 - Kh,Tq2)(x)’ <

where the second inequality follows from the facts that g(z) = wu(z,T) > M, (Lemma and
l9 = 95llc@@m) = 9. Then Lemma yields for any positive € < min(1,2 — 4),

|Knra1 — Knra2llr20) < 02 (up (g2) — up' (@) 120
< cmax(T_O‘,T_(l_E)a)Hm — Q2HL2(Q)-

This completes the proof of the lemma. O

Now we are ready to present the main theorem of this section.

Theorem 6.5. Suppose that Assumptions and [6.4) are valid. Let Kp, - be the operator defined in
(16.37). Then with sufficiently large T, for any qo € O, the iteration

In+1 = Kn rn, YV n=0,1,..., (6.39)
linearly converges to a unique fized point ¢* € L*(Q2) of Kp,» with 0 < ¢* < My s.t.

7" = ani1llzz) < T U9 q* = qull2y  for n>0.

Moreover, there holds

i 5
la* = a2y < e 55 +h+7).

where ¢' is the exact potential and the constant ¢ is independent of 7, h and 4.

Proof. Choosing an arbitrary initial guess qg € Q, the contraction mapping theorem and Lemma |6.18
(with sufficiently large terminal time 7") imply that the iteration generates a Cauchy sequence
{gn}5%, in L*(Q) sense. Therefore, the sequence {g,} converges to a fixed point of K, , as n — oo,
denoted by ¢* € L?(2). Then the use of the box restriction Py, ary) indicates 0 < ¢* < Mj.

Next, we show the error estimate between ¢* and ¢'. Since ¢' € Q, it holds that

)f —fu(Tiq") + Ag  f —2uy(¢*) + wh}

lg" = a2y < |

g gs L2()
- Hf —u(T;q") +Ag [ —dpu(Tsq) + Ag‘
B g 9s L2(Q)
JpATet . _ Ao, N (%
+Hf OfuTiq)+Ag _ f @uh(QH@bh’ Il
9s 95 L2(Q)
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Due to the fact that f(z), ofu(z,t;q"), Ag € L?(Q), it is straightforward to see that the first term
satisfies I < ¢d. So it suffices to establish a bound for /1. First, we observe that for any positive

€ < min(1,2 - 9),

105 u(Ts q") = 2up (420
< 10 u(T; q") — 82u™ (a2 () + 1076 (q') — 02wy (4" | 20y + 107w (a") — B2y (a7) |20

< o(h? + 777079 4 7070 gf — 7|2,

where for the last inequality we apply Lemmas [6.12] [6.15] and [6.16] This combined with Lemma [6.18

implies that with T" away from 0 there holds
<l 4n T~ 1= gf — ¢*
<c ﬁ—i_ +7)+c llg —qHLQ(Q)_
Then we arrive at

* J —(1—€) *
lg" = "2y < o1 (75 +h+7) + T g7l 1200).

)

Therefore, there exists a constant Ty sufficiently large such that CQTO_(l_6 % < ¢g with some constant

¢o € (0,1) and for any T > Tj there holds

lg" — ¢* |l r2() < 1?(:0(;2+h+7> < c(%+h+7>.

This completes the proof of the theorem. O
Remark 6.2. The error estimate in Theorem [06.5] provides useful guidelines to choose discretization

parameters h and T according to the a priori known noise level §. For example, the choice T,h = 0(5%)

leads to the best convergence rate 0(5%). This is fully supported by our numerical results in Section

6

6.4 Numerical experiments

In this section, we present some two-dimensional numerical results to illustrate the theoretical results.

The noisy data gs is generated by
9s5(zi) = u(wy, T) + 0C(x4),

where ( follows the standard uniform distribution in [—1,1], and z; are grid points of a fine partition
of Q. Then to compute the numerical reconstruction ¢*, we follow the idea in Section [6.3| and design
the iterative algorithm [I] All the computations are carried out on a personal desktop with MATLAB
2021.
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Algorithm 1: An iterative algorithm for finding fixed point ¢* from g;

Data: Order «, terminal time T', source term f, initial condition v, boundary data b, noisy
observation g5, upper bound constant M, discretization parameter h and 7;

Result: Approximate potential g*.
Compute ¥y, by (6.36); set go = Pro,ar] [

2 while ¢F > tol=1071° do

[+
gs

[uny

},k:Oandeozl;

3 Compute uj(qx), the fully discrete solution to (6.28]) with potential gy;
4 Update the potential by
f = 02uy (qr) + ¢n7.

Te+1 = Knrqx = Po,an) { 9s ’

5 Compute error

et = lgk+1 — %HL?(Q);

6 k< k+1;

7 end

0]

q* < qi;

output: The approximated potential ¢*.

We present numerical experiments for a two-dimensional problem with the domain (z,y) € 2 =
(0,3)? and the problem data

z(3 —x)

f(x7y):107 b(ﬁ?,y): 4

+1, v(z,y) =x(3—x) <i + y(?)lgy)) + 1. (6.40)

Note that those problem data satisfy Assumption We test the following three (exact) potentials:

(1) Smooth potential:

qJ{ = 3 — cos(mx) cos(my).

(2) Piecewise smooth potential: qg is a pyramid-shape function, i.e.
q%(x,y) =34+ 15x (=1 *p(x —jy— k), (z,y) €l j+1] x[kk+1], jk=0,12,

where for any (z,y) € [0, 1] x [0, 1],
(

2y, >y, and x+y>1, and y < 0.5,

2z, z<y, and x4+y <1, and x < 0.5,
Y(z,y) =
21—-y), z<y, and z+y>1, and y > 0.5,

2l—-z), x>y, and x4+y>1, and = >0.5.
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3) Discontinuous potential: qJr is a step function where
3
(@, y) =3+ (1), (z,y) € 5+ 1] x [k, k+1], 4, k=0,1,2

We plot the profiles of these potential functions in Figure Note that q{ and q; satisfy Assumption
(6.4) (i), while ¢ € H27¢(Q) for any € € (0,1/2).

0 o

(a) Smooth potential ¢} (b) Piecewise smooth potential ¢} (¢) Discontinuous potential ¢}

Figure 6.1: Profiles of three exact potentials.

As we discussed in Section [6.3] we use the standard piecewise bilinear FEM with uniform mesh
size h for the space discretization, and apply the backward Euler (convolution quadrature) method
with uniform step size 7 for the time discretization. Since the closed form of the exact solution is
unavailable, we compute the exact observational data g(z) = u(T;q") =~ ud (¢") by the fully discrete
scheme with fine meshes, i.e. h = 1072 and 7 = 1073.

For the a priori known noise level 0, we choose the discretization parameters h,7 ~ 813, and

examine the relative error
eq = lld" — a*ll 2/l | 220 (6.41)

where ¢ is the exact potential and ¢* is the numerical reconstruction by Algorithm Theorem
indicates that Algorithm [I| produces a sequence {g;} linearly converging to a fixed point ¢*, and
the error satisfies ¢, = 0(51/ 3). In Figure we present the profiles of exact potentials and
reconstructed potentials under different §, with terminal time 7 = 1, & = 0.5 and h,7 ~ §'/3,
Meanwhile, we also plot profiles of absolute error in the second row of each figure. We observe that
the numerical reconstructions are close to the exact potentials in all cases.

Next, we test the rate of convergence of numerical reconstruction. In Figure we plot the
relative error e, defined by versus ¢, with different . The numerical results show that for the
qI and qg, the convergence rate is 0(51/ 3), which agrees well with our theory in Theoremm However,
if the potential is discontinuous (and hence fails to satisfy Assumption (i)), the convergence rate
is clearly less than order 1/3 (cf. Figure (c)). This illustrates the necessity of the Assumption on

the smoothness of exact potential. Meanwhile, the experiments indicate that the error is robust with
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Figure 6.2: Top left: Exact potential qI. The other three columns are profiles of numerical reconstruc-

tions ¢* and corresponding pointwise error e = |¢* — q$|7 withT =1, a =05, h=9 5 and 7 = 63 /15.

Figure 6.3: Top left: Exact potential q;. The other three columns are profiles of numerical reconstruc-

tions ¢* and corresponding pointwise error e = |¢* — q$|, with T =1, a=0.5, h = 55 and 7 = 6%/15.
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Figure 6.4: Top left: Exact potential q;;. The other three columns are profiles of numerical reconstruc-

tions ¢* and corresponding pointwise error e = |¢* — q§|, with T =1, «=0.5, h = 5% and 7 = 6%/15.

respect to the order o. Moreover, we also test the sharpness of error estimate in Theorem i.e.,
g™ — q'[[L2@@) < C(ﬁ +h+7>-

We let § = 0 and examine that the discretization error is O(h+ 7). This is supported by the numerical
results presented in Figure and In Figure we fix 7 = T'/1000 and test the convergence
of space discretization. The empirical convergence rate is of order O(h) for potentials qJ{ and q;. For
qg the empirical convergence rate is of order around O(h%). This is due to the nonsmoothness of the
discontinuous potential. In Figure [6.7, we present the convergence rate for time discretization with
fixed h = 3/200. We observe that the empirical rate of convergence is of order O(r) for all three cases.
To test the term 6/h? in the error estimate, we let 7 = v/6/15 and h = v/§. Then Figure shows

that the error e, hardly decays as § — 0, it illustrates the sharpness of the term §/ h? in the error

estimate.
015 [Cg- 4= —0-a=
S o8 0152 0% 0
01 -9 -a=075 x}»g::9 -9 -a=075 ,'E'S
17 [- % -a=1.00 ’;’,x /,» 0.4 2% a=100 ,»ﬁ:’—?ng"
;?3/ ﬁ,;/,/ B
,g:” i =7,
0.05 e el
~:,§”' k) 0.05 ‘:;Bf;r I
LSt L .
10° 10 10° 5 102 10° 5 102
(a) Smooth potential qir (b) Piecewise smooth potential q; (c) Discontinuous potential qg

Figure 6.5: Relative error e, versus noise level §, where T'=1, h = 6%, T =05 /15.

Next, we consider the continuous and piecewise smooth potential q; and test the convergence of

the numerical reconstruction with different terminal time 7. We report the reconstruction error (6.41))
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Figure 6.6: Relative error e, versus h, where 6 =0, T'=1, 7 = T'/1000.

(a) Smooth potential: qJ{
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Figure 6.7: Relative error e, versus 7, where 6 =0, T'= 1, h = 3/200.
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Figure 6.8: Relative error e, with 7' =1 and ¢ = qg, h=+0and 7 = \/3/15.
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versus noise level §, where we set h = 63 and T = 63 x T/15. For T = 0.1 and T = 5, we clearly
observe the convergence rate O(¢ %), cf. Figure (a) and (b). However, in case that T is very small,
i.e. T = 107", our numerical results show that Algorithm (with tolerance 6 = 10~%) does not provide
a good reconstruction ¢* with a = 0.5, 0.75 and 1, which might be due to the loss of the stability for
small T, cf. Figure (c). Interestingly, when T" = 1077, we still observe the convergence of order
0(6%) for a = 0.25. This might be due to the faster decay of dfu(t) for small o when ¢ is close to
zero. The exact reason still awaits further theoretical investigation. Moreover, in Figure (b) and
(c) we plot the numerical reconstructions for = 10~7 and T' = 1 respectively, where we set a = 0.75,
§=10"3, h = 0.1 and 7 = T/150, here we let tol = 10~8. The numerical results show that Algorithm
produces an excellent reconstruction for 7' = 1, while the numerical reconstruction is inaccurate
when 7' is small. This observation shows the necessity of the assumption in Theorems [6.3] and [6.5] that

the terminal time 7" should be sufficiently large.
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Figure 6.9: Relative error e, versus noise level § with q;, where h = 5%, T=TXx 6%/ 15 and o =

0.25,0.5,0.75, 1.
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Figure 6.10: Profiles of numerical reconstruction. (a): exact potential qg; (b): T = 1077, 2470

iterations and ||¢?4™0 — q2469||L2(Q) <1078; (c): T =1, 9 iterations and ||¢° — qu”LZ(Q) <1078

Finally, we test the convergence of the iteration produced by Algorithm |1}, with different o and 7.
In the experiments, we use the problem data (6.40) and the exact potential ¢f = q;. Meanwhile, we
fix § =107% h = 0.1, 7 = T/150 and gy = 3 — z(3 — 2)y(3 — y)/3. We let g; be the numerical solution
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Figure 6.11: Convergence histories of Algorithm |1f with different 7" and o, where § = 1075, h = 0.03,
T = T/500.

obtained by k-th iteration in Algorithm [I} and compute the error at each iteration:
ex = |lqx — qTHLQ(Q) for all k> 0.

In Figure (a) and (b), we report the convergence histories for 7' = 0.1 and T = 2 with different
a. We clearly observe that the iteration converges linearly, and the convergence factor decreases as
T becomes larger. Besides, the convergence appears to be robust to the order of time derivative.
Moreover, in Figure (c), we fix a = 0.5 and test the convergence behavior for both large T" and
small T. Our experiments show that for small T, e.g. T = 1077, the iteration does not converge to a

reasonable approximation to the exact potential.l

!Chapter |§| is reprinted with permission from ”Identification of Potential in Diffusion Equations from Terminal Ob-
servation: Analysis and Discrete Approximation”, Zhengqi Zhang Zhidong Zhang and Zhi Zhou, 2022, STAM Journal on
Numerical Analysis Vol. 60 Iss. 5. The candidate mainly works on the Methodology, the proof details, the coding and

data collection in numerical experiments.
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CHAPTER 7.

Conclusion and future works

This thesis has provided a complete and rigorous analysis of various inverse problems related to
time-fractional differential equations, including backward diffusion of subdiffusion problem with time-
dependent and time-independent coefficients, backward diffusion-wave problem and inverse potential
problem.

Chapter focus on the backward diffusion problems of time-fractional models. In Chapter [3]
the classical finite element method and backward Euler convolution quadrature are applied to numer-
ically approximate the time-fractional models. A quasi-boundary regularization method is used and,
we give a thorough numerical analysis to the backward subdiffusion problem with time-independent
coefficients. In Chapter 4] while the spatial diffusion coefficient is dependent on time, the spectral
method may fail, then we provide a perturbation argument in the analysis of backward diffusion.
Similarly, the discretization and regularization methods are applied. Then we extend our ideas to
the backward diffusion-wave problem in Chapter [5] to simultaneously determine two initial conditions
from two different observations. A novel quasi boundary value method is applied to this problem and,
we provide a complete analysis.

Chapter [6] considers the inverse potential problem arising in diffusion models. To overcome the
non-convergence approximation for Laplacian of observation, we apply a bilinear finite element method
and obtain a numerical convergence.

In the following, we list several perspectives of our future research:

1. In Chapter ] we show the backward subdiffusion problem with time dependent coefficients.
However, we must assume the coefficient satisfies some assumption [£.3] Our theoretical
results are strongly dependent on the behavior of the coefficient, which decays to a constant at
long time. However, for the high frequency coefficient, i.e., assumption [£.3] fail, the backward
stability still holds from numerical experiments. We hope to derive theoretical backward stability

for this case.

2. In Chapter [6] we give a fully numerical analysis for the inverse potential problem. However, the
observation is assumed to be continuous in assumption[6.4]since we haven’t applied regularization
in this problem. Therefore, it is still our future work to find appropriate regularization methods
for example smooth extension([113, [I1]). Then we could assume the observation in L? sense,

and we hope to derive some error estimates based on regularization.
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3. Recently, there is a rapid arising interests in machine learning. Also, learning operator in inverse
problems by Neural Networks is a popular topic these years, see [24, [19]. We hope to extend

their ideas to the inverse potential problem of time(space)-fractional PDEs.
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