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ABSTRACT 

There are many geotechnical problems involving large deformation, such as the footing 

installation, cone penetration, post-failure behaviours of landslide, etc. The numerical simulation of 

large deformation in geomechanics is challenging due to the composition of multiple nonlinearities, 

including that from geometry, material, kinetics, and contact. Many advanced numerical methods are 

accordingly developed, including the Arbitrary Lagrangian-Eulerian method (ALE), material point 

method (MPM), particle finite element method (PFEM), to name a few. However, some drawbacks, 

such as the high computational cost due to the variable mapping and high-order interpolation, 

numerical instability in the nodal integration, and overly rigid solution with the low-order interpolation, 

still hinder the further application of these methods. It is always worthwhile to develop numerical 

approaches for geotechnical large deformation analysis with better accuracy, efficiency, and stability. 

This study aims to develop a fully implicit continuum-based numerical approach named stable 

node-based smoothed particle finite element method (SNS-PFEM), which addresses all of the 

aforementioned challenges. The nodes of linear triangular mesh are regarded as the particles which not 

only discretize the whole computational domain but also carry all the essential variables following 

their movement. The Lagrangian mesh evolves with the deformation of the computational domain 

using some re-meshing techniques which could guarantee the quality of the element. The node-based 

strain smoothing method is used to improve the accuracy of the solution. The pure linear interpolation 

is adopted, and all the numerical integration can be easily implemented by the multiplication of 

constants and geometric dimensions, therefore the requirement of using the quadrature points is 

minimized. All the physical variables are directly carried by the nodes and conveyed in the one-to-one 

corresponding manner, avoiding the sophisticated variable mapping in the traditional re-meshing 

process. A number of numerical challenges in this method are successfully overcome, and a code suite 

of SNS-PFEM for the 2-D problem is gradually developed. The main contributions are listed as follows: 
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(1)  A fully implicit solid-phase SNS-PFEM with a novel nodal integration stabilization scheme is 

developed, which is numerically robust and computationally efficient. 

(2)  The hydro-mechanical coupled SNS-PFEM for saturated soil is developed. An element-based 

polynomial pressure projection with nodal integration to stabilize the pore pressure is proposed. 

The coupled SNS-PFEM is efficient with nonlinear soil constitutive models and different drainage 

capacities. 

(3)  The defect of volumetric locking of SNS-PFEM is successfully circumvented with selective 

integration and bubble function techniques. 

(4)  The implicit dynamic approach of SNS-PFEM is developed with the time marching scheme of 

generalized-Ŭ method, which is unconditionally stable with the large time step.  

(5)  The axisymmetric SNS-PFEM for both the single-phase and hydro-mechanical coupled problems 

are proposed. 

(6)  The node-to-segment contact algorithm is incorporated into the coupled SNS-PFEM to simulate 

the soil-structure interaction problems with large deformation. 

(7)  The coupled SNS-PFEM is applied to simulate the test embankments on soft structured clay, 

including the Murro embankment and the embankment at Hong Kong Chek Lap Kok international 

airport. 

Among all the present mesh-based large deformation methods, the SNS-PFEM is unique in that 

it not only shows prominent numerical stability but also avoids variable mapping. The computational 

stability and efficiency are highlighted by comparing the results of SNS-PFEM with other methods, 

including the PFEM and NS-PFEM. Several challenging geotechnical problems are simulated, 

demonstrating the ability of the proposed method in tackling the significant nonlinearity arising from 

large deformation, material, and contact in both static and dynamic analysis with different drainage 

capacities. 

  



 

VI 

 

PUBLICATIONS ARISING FROM THE THESIS  

Journal publications: 

Wang, Z. Y., Jin, Y. F., Yin, Z. Y.,Wang, Y. Z. (2023) A dynamic SNS-PFEM with generalized-Ŭ 

method for hydro-mechanical coupled geotechnical problems. Computers and Geotechnics, 159, 

105466. 

Wang, Z. Y., Jin, Y. F., Yin, Z. Y., Wang, Y. Z. (2022). A novel coupled NS-PFEM with stable nodal 

integration and polynomial pressure projection for geotechnical problems. International Journal 

for Numerical and Analytical Methods in Geomechanics, 46(13), 2535-2560.  

Wang, Z. Y., Jin, Y. F., Yin, Z. Y., Wang, Y. Z. (2022). Overcoming volumetric locking in stable node-

based smoothed particle finite element method with cubic bubble function and selective 

integration. International Journal for Numerical Methods in Engineering, 123(24), 6148-6169.  

Zhang, Q., Wang, Z. Y., Yin, Z. Y., Jin, Y. F. (2022). A novel stabilized NS-FEM formulation for 

anisotropic double porosity media. Computer Methods in Applied Mechanics and Engineering, 

401, 31.   

  



 

VII 

 

ACKNOWLEDGEMENTS 

I would like to thank everyone who has contributed to the accomplishment of this thesis. First, 

the deepest appreciation goes to my PolyU chief supervisor Prof. Zhen-Yu Yin, who provides the 

opportunity of the Ph.D. program and guides me throughout the whole doctorial period. His enthusiasm 

in daily life and rigorous attitude toward academia have shaped me significantly. I am graciously 

indebted to my SUSTech chief supervisor Dr. Yu-Ze Wang. She gives me sufficient funding support 

and research freedom, which are decisive to the smooth accomplishment of this research project. My 

sincere thanks also go to Prof. Yin-Fu Jin. He has devoted much effort to helping me design the 

research route, revise the manuscripts and cultivate a positive attitude toward life.  

It is a surprise that my friend Dr. Qi Zhang joined the Geoinvention group in 2021. After that, we 

rekindled the friendship from the undergraduate period and solved some difficult research problems 

through close cooperation. My sincere thanks also go to my colleagues and roommates in both Hong 

Kong and Shenzhen. They create a fantastic work environment in PolyU and SUSTech, and bring a lot 

of joy to my life in two cities. I sincerely appreciate Dr. Chao Zhou as the Chairman of BoE, Prof. 

Gang Wang and Prof. Qi-Zhi Zhu as the examiners of my thesis. Also, financial support from the 

related funding is gratefully acknowledged. 

Finally, I am eternally grateful to my parents for their encouragement and technical support in my 

twenty-year career as a student. Their endless love fuels my endless pursuit of knowledge. It is really 

not easy for someone like me to complete a ten-year study in engineering. I have tried my best to 

combine my enthusiasm for mathematics with geomechanics, and this thesis is sure to be a milestone 

for me. I would like to cite a poem popular recently to conclude this stage in my life: ñThe entire 

season has turned it into amber. Flowing in blocks, shimmering with lights, behind it are distant 

sceneries.ò 

  



 

VIII 

 

Table of contents 
Chapter 1 Introduction .............................................................................................................. 1 

1.1 Background ...................................................................................................................... 1 

1.2 Review of research status ................................................................................................. 3 

1.2.1 Numerical methods in computational geomechanics ............................................... 3 

1.2.2 The class of particle finite element methods (PFEM) ............................................ 10 

1.3 Research objectives and thesis layout ............................................................................ 15 

Chapter 2 Hydro-mechanical coupled stable node-based smoothed PFEM ........................... 19 

2.1 Introduction .................................................................................................................... 19 

2.2 Solid-phase finite element method ................................................................................. 21 

2.2.1 Governing equations and discretization ................................................................. 21 

2.2.2 Constitutive models ................................................................................................ 24 

2.3 Hydro-mechanical coupled finite element method ........................................................ 26 

2.3.1 Governing equations and discretization ................................................................. 26 

2.3.2 Solution schemes for the nonlinear FEM equations ............................................... 30 

2.4 Node-based strain smoothing technique ........................................................................ 31 

2.5 Subdomain-based nodal integration stabilization .......................................................... 34 

2.6 Polynomial pressure projection (PPP) in nodal integration ........................................... 36 

2.7 Re-meshing strategy ....................................................................................................... 40 

2.8 Numerical examples ....................................................................................................... 43 

2.8.1 Cantilever beam with a parabolic traction .............................................................. 43 

2.8.2 1D Terzaghiôs consolidation ................................................................................... 45 

2.8.3 Mandelôs problem ................................................................................................... 48 

2.8.4 Strip footing consolidation on Mohr-Coulomb soil ............................................... 51 

2.8.5 Foundation on a vertical cut ................................................................................... 57 

2.8.6 Footing penetration in Mohr-Coulomb soil ............................................................ 60 

2.8.7 Footing penetration in modified Cam-Clay soil ..................................................... 63 

2.9 Conclusions .................................................................................................................... 65 

Chapter 3 Locking-free SNS-PFEM for nearly incompressible solids ................................... 67 

3.1 Node-based strain smoothing with stable nodal integration .......................................... 69 

3.2 Volumetric locking of SNS-PFEM ................................................................................ 71 

3.3 Locking-free treatments ................................................................................................. 72 

3.3.1 Bubble function ...................................................................................................... 72 

3.3.2 Selective integration scheme .................................................................................. 75 

3.4 Numerical examples ....................................................................................................... 76 

3.4.1 Infinite plate with a circular hole ............................................................................ 76 

3.4.2 Cookôs membrane ................................................................................................... 81 



 

IX 

 

3.4.3 Stability of slope ..................................................................................................... 84 

3.4.4 Penetration of a rigid footing on Tresca soil........................................................... 88 

3.5 Conclusions .................................................................................................................... 92 

Chapter 4 Implicit coupled dynamic SNS-PFEM with the generalized-Ŭ method ................. 94 

4.1 Introduction .................................................................................................................... 94 

4.2 Governing equations and spatial discretization ............................................................. 96 

4.3 Polynomial pressure projection (PPP) ........................................................................... 99 

4.4 Node-based gradient smoothing and integration stabilization ..................................... 100 

4.5 Temporal integration with the CH generalized-Ŭ method............................................ 101 

4.6 Numerical examples ..................................................................................................... 107 

4.6.1 Free vibration analysis of a shear wall ................................................................. 107 

4.6.2 Deep elastoplastic beam under suddenly applied loading .................................... 109 

4.6.3 Dynamic consolidation of saturated elastic column ............................................. 111 

4.6.4 2D wave propagation ............................................................................................ 114 

4.6.5 Seabed under wave and current loading ............................................................... 119 

4.6.6 Simulation of the Selborne cutting slope .............................................................. 123 

4.6.7 Slope under seismic loading ................................................................................. 129 

4.7 Conclusions .................................................................................................................. 132 

Chapter 5 SNS-PFEM for axisymmetric problems ............................................................... 134 

5.1 Introduction .................................................................................................................. 134 

5.2 Axisymmetric SNS-PFEM........................................................................................... 135 

5.2.1 Axisymmetric FEM for single-phase case............................................................ 135 

5.2.2 Axisymmetric FEM for hydro-mechanical coupled problems ............................. 138 

5.2.3 Axisymmetric stable node-based smoothed formulations .................................... 139 

5.3 Numerical examples ..................................................................................................... 141 

5.3.1 Static and dynamic analysis of hollow cylinder ................................................... 141 

5.3.2 Static analysis of hollow sphere ........................................................................... 144 

5.3.3 1-D Terzaghi consolidation in the cylinder soil .................................................... 146 

5.3.4 Penetration of a circular footing ........................................................................... 148 

5.4 Conclusions .................................................................................................................. 153 

Chapter 6 SNS-PFEM for geotechnical contact problems .................................................... 155 

6.1 Introduction .................................................................................................................. 155 

6.2 Node-to-segment penalty formulations........................................................................ 157 

6.3 Numerical examples ..................................................................................................... 163 

6.3.1 Hertzian contact .................................................................................................... 164 

6.3.2 Mandelô s problem with contact model ................................................................ 167 

6.3.3 Rigid footing on saturated clay ............................................................................. 173 



 

X 

 

6.3.4 Pipeline-soil interaction ........................................................................................ 177 

6.3.5 Wall penetration .................................................................................................... 181 

6.4 Conclusions .................................................................................................................. 185 

Chapter 7 Application of coupled SNS-PFEM to geotechnical practice .............................. 187 

7.1 Introduction .................................................................................................................. 187 

7.2 Adopted constitutive model: ANICREEP .................................................................... 188 

7.2.1 Brief introduction of ANICREEP ......................................................................... 188 

7.2.2 Validation of ANICREEP ..................................................................................... 192 

7.3 Application 1: modelling the Murro embankment test ................................................ 197 

7.3.1 Introduction of Murro embankment ..................................................................... 197 

7.3.2 FEM modelling ..................................................................................................... 198 

7.3.3 Results .................................................................................................................. 200 

7.4 Application 2 : modelling the embankment at Chek Lap Kok international airport ... 205 

7.4.1 Introduction of the test embankment at Chek Lap Kok international airport ....... 205 

7.4.2 FEM modelling ..................................................................................................... 207 

7.4.3 Results .................................................................................................................. 209 

7.5 Conclusions .................................................................................................................. 211 

Chapter 8 Conclusions and perspectives ............................................................................... 212 

8.1 Final conclusions ......................................................................................................... 212 

8.1.1 Hydro-mechanical coupled SNS-PFEM ............................................................... 212 

8.1.2 Locking-free SNS-PFEM for nearly incompressible solids ................................. 213 

8.1.3 Implicit dynamic SNS-PFEM with generalized-Ŭ method ................................... 213 

8.1.4 The axisymmetric SNS-PFEM ............................................................................. 214 

8.1.5 SNS-PFEM for geotechnical contact problems .................................................... 214 

8.1.6 Simulating the embankment tests with ANICREEP ............................................. 215 

8.2 Perspectives.................................................................................................................. 216 

8.2.1 Incorporating the advanced mesh refinement techniques ..................................... 216 

8.2.2 Extending to the 3-D simulation ........................................................................... 216 

8.2.3 Promoting the multi-phase formulations .............................................................. 217 

8.2.4 Including the thermal effect .................................................................................. 217 

References  .............................................................................................................................. 219 

 

  



 

XI 

 

LIST OF FIGURES 

Fig. 1-1 (a) Penetration of strip foundation; (b) pile installation; (c) pipeline movement; (d) landslides

 ......................................................................................................................................................... 3 

Fig. 1-2 Numerical methods in geotechnical engineering ..................................................................... 4 

Fig. 1-3 (a) Eulerian mesh; (b) Lagrangian mesh; (c) support domain in meshfree method ................. 7 

Fig. 1-4 Re-meshing strategy in PFEM ............................................................................................... 12 

Fig. 1-5 Construction of smoothing domain: (a) CS-FEM; (b) NS-FEM and (c) ES-FEM ................ 13 

Fig. 2-1 (a) Newton-Raphson iteration; (b) modified Newton-Raphson iteration ............................... 31 

Fig. 2-2 Schematic of the construction of node-based smoothing domain .......................................... 32 

Fig. 2-3 (a) Circumscribed and inscribed circles of a triangular element; (b) re-connection of particles 

by Delauney triangulation ............................................................................................................. 41 

Fig. 2-4 Geometry of the cantilever beam ........................................................................................... 43 

Fig. 2-5 (a) Distribution of vertical displacement along (x,0); (b) distribution of shear stress along 

(L/2,y); (c) convergence of the displacement error with the element size; (d) convergence of the 

strain energy with the number of nodes ........................................................................................ 43 

Fig. 2-6 1-D Terzaghi consolidation with mesh ................................................................................... 45 

Fig. 2-7 Distribution of normalized pore pressure with normalized depth in the undrained limit (case 

1) with different numerical settings: (a) Ⱡ▼= 0, Ⱡ█= 0; (b) Ⱡ▼= 1, Ⱡ█= 0; (c) Ⱡ▼= 0, Ⱡ█ = 1.47Ĭ10-

4; (d) Ⱡ▼= 1, Ⱡ█ = 1.47Ĭ10-4 .......................................................................................................... 46 

Fig. 2-8 (a) Comparison of SNS-PFEM+PPP with other stabilization methods (Shafee and Khoshghalb, 

2021) (case 1); (b)1-D Terzaghi consolidation with SNS-PFEM (Ⱡ█= 0) in drained condition (case 

2); (c)1-D Terzaghi consolidation with SNS-PFEM+PPP (Ⱡ█ = 1.39Ĭ10-4) in drained condition 

(case 2) .......................................................................................................................................... 47 

Fig. 2-9 Mandelôs problem: (a) normal compression mode; (b) shear force mode ............................. 48 

Fig. 2-10 Evolution of (a) dimensionless pore pressure at point A; (b) dimensionless horizontal 

displacement at point B; (c) dimensionless pore pressure at point C; (d) dimensionless pore 

pressure at point D by different numerical methods ..................................................................... 50 

Fig. 2-11 Evolution of dimensionless pore pressure at point A with different permeabilities ............. 50 

Fig. 2-12 Geometry and mesh of strip footing consolidation: (a) regular mesh; (b) distorted mesh ... 51 

Fig. 2-13 (a) Evolution of dimensionless pore pressure at point A; (b) evolution of dimensionless 

vertical displacement at point A ; (c) distribution of dimensionless horizontal displacement with 

dimensionless depth along the section B with different numerical methods or spatial discretization

 ....................................................................................................................................................... 53 



 

XII 

 

Fig. 2-14 (a) Evolution of dimensionless pore pressure at point A; (b) evolution of dimensionless 

vertical displacement at point A ; (c) distribution of dimensionless horizontal displacement with 

dimensionless depth along the section B of SNS-PFEM with different time growth factors (TGF)

 ....................................................................................................................................................... 53 

Fig. 2-15 Contour of total displacement with (a) NS-PFEM and (b) SNS-PFEM; contour of shear stress 

with (c) NS-PFEM and (d) SNS-PFEM; contour of pore pressure with (e) NS-PFEM and (f) SNS-

PFEM ............................................................................................................................................ 54 

Fig. 2-16 Contour of pore pressure in the undrained incompressible limit using (a) SNS-PFEM without 

PPP; (b) SNS-PFEM with PPP ...................................................................................................... 55 

Fig. 2-17 Comparison of convergence rate and computational time for PFEM and SNS-PFEM ....... 56 

Fig. 2-18 Geometry and mesh of foundation on a vertical cut: (a) geometry with boundary conditions; 

(b) uniform mesh (mesh 1); (c) biased mesh (mesh 2) ................................................................. 57 

Fig. 2-19 Contour of equivalent deviatoric plastic strain with deformed mesh at the end of loading: (a) 

uniform mesh (mesh 1); (b) biased mesh (mesh 2) ....................................................................... 58 

Fig. 2-20 Contour of pore pressure at different instants: (a) t = 100s ; (b) t = 1000s .......................... 59 

Fig. 2-21 Reaction force-vertical displacement curve for the foundation on a vertical cut problem .. 59 

Fig. 2-22 Contour of  (a) pore pressure; (b) equivalent deviatoric plastic strain with SNS-PFEM for 

flexible footing penetration on Mohr-Coulomb soil (y= 1o) ........................................................ 61 

Fig. 2-23 Normalized soil resistance ï centre line displacement for flexible footing penetration on 

Mohr-Coulomb soil: (a) small deformation; (b) large deformation .............................................. 61 

Fig. 2-24 Deformed mesh with (a) initial mesh without re-meshing; (b) updated mesh with Delaunay 

triangulation and alpha-shape method in each analysis step (y= 20o) .......................................... 62 

Fig. 2-25   (a) Deformed configuration with coarse and fine mesh respectively; (b) normalized soil 

resistance ï centre line displacement with coarse, medium and fine mesh respectively. (y= 20o)

 ....................................................................................................................................................... 62 

Fig. 2-26 Contour of  (a) equivalent deviatoric plastic strain; (b) pore pressure; (c) void ratio at the end 

of loading; (d) void ratio after a very long consolidation with MCC soil for large deformation .. 64 

Fig. 2-27 (a) Evolution of pore pressure at point A; (b) evolution of  vertical displacement at point A  

with small deformation .................................................................................................................. 64 

Fig. 2-28 (a) Evolution of pore pressure at point A; (b) evolution of  vertical reaction force with large 

deformation ................................................................................................................................... 65 

Fig. 3-1 Schematic of the construction of node-based smoothing domain with bubble node ............. 70 

Fig. 3-2 (a) 3-node triangular element with a bubble node; (b) image of the cubic bubble function .. 72 



 

XIII 

 

Fig. 3-3 Subdomain with quadrature points and outer unit normal vectors ......................................... 74 

Fig. 3-4 An infinite plate with a circular hole subjected to uniaxial tension ....................................... 76 

Fig. 3-5 Distribution of (a) displacement along the bottom boundary; (b) displacement along the left 

boundary; (c) normal stress along the left boundary ; (d) normal stress along the bottom boundary, 

of the infinite plate with a circular hole subjected to uniaxial tension (u=0.4999999) ............... 77 

Fig. 3-6 Contour of vertical normal stress with different numerical formulations: (a) SNS-PFEM; (b) 

NS-PFEM; (c)Selective SNS-PFEM; (d) bSNS-PFEM; (e) Selective bSNS-PFEM, of the infinite 

plate with a circular hole subjected to uniaxial tension (u=0.4999999) ...................................... 78 

Fig. 3-7 Displacement error norm versus Poissonôs ratio of the infinite plate with a circular hole 

subjected to uniaxial tension ......................................................................................................... 79 

Fig. 3-8 Displacement error of the infinite plate with a circular hole subjected to uniaxial tension (u

=0.4999999) using different node densities .................................................................................. 79 

Fig. 3-9 Cookôs membrane ................................................................................................................... 81 

Fig. 3-10 Contour of horizontal normal stress with different numerical formulations: (a) SNS-PFEM; 

(b) NS-PFEM; (c)Selective SNS-PFEM; (d) bSNS-PFEM; (e) Selective bSNS-PFEM; (f) PFEM-

T6, of the Cookôs membrane ......................................................................................................... 82 

Fig. 3-11 Comparison of the (a) computational time and (b) number of degrees of freedom for different 

locking-free methods with a series of mesh densities ................................................................... 83 

Fig. 3-12 Geometry of slope ................................................................................................................ 84 

Fig. 3-13 Equivalent deviatoric plastic strain of Tresca slope using SNS-PFEM and selective bSNS-

PFEM with different strength reduction factors (SRF) , u=0.499 ............................................... 85 

Fig. 3-14 Equivalent deviatoric plastic strain of Mohr-Coulomb slope using SNS-PFEM and selective 

bSNS-PFEM with different strength reduction factors (SRF), u=0.499 ..................................... 86 

Fig. 3-15 Displacement at upper right tip C of slope versus safety reduction factor (SRF) using SNS-

PFEM and selective bSNS-PFEM with (a) Tresca soil and (b) Mohr-Coulomb soil .................... 87 

Fig. 3-16 Geometry and mesh of strip footing ..................................................................................... 88 

Fig. 3-17 Contour of the horizontal and vertical stress of footing penetration problem (small 

deformation) with SNS-PFEM and Selective bSNS-PFEM, u=0.499 ........................................ 89 

Fig. 3-18 Normalized vertical reaction force versus penetration depth for strip footing under small 

deformation ................................................................................................................................... 89 

Fig. 3-19  Contour of : (a) displacement with SNS-PFEM; (b) displacement with selective bSNS-

PFEM; (c) mean stress with SNS-PFEM ; (d) mean stress with selective bSNS-PFEM; (e) 



 

XIV 

 

equivalent deviatoric plastic strain with SNS-PFEM; (f) equivalent deviatoric plastic strain with 

selective bSNS-PFEM; of footing penetration problem (large deformation), u=0.499 .............. 91 

Fig. 3-20 Normalized vertical reaction force versus penetration depth for strip footing under large 

deformation ................................................................................................................................... 91 

Fig. 4-1 Geometry and mesh of the shear wall with openings ........................................................... 107 

Fig. 4-2 First eight vibration modes of the shear wall with different methods .................................. 109 

Fig. 4-3 Simply supported beam: (a) geometry and boundary conditions; (b) mesh with half geometry; 

(c) suddenly applied load ............................................................................................................ 109 

Fig. 4-4 Vertical displacement history of point A : (a) elastic plane stress; (b) elastoplastic plane stress; 

(c)elastic plane strain; (d) elastoplastic plane strain .................................................................... 110 

Fig. 4-5 1D dynamic consolidation: (a) geometry and boundary conditions; (b) load history .......... 111 

Fig. 4-6 Time histories for: (a) vertical displacement at point A; (b) pore pressure at point B ......... 112 

Fig. 4-7 Evolution of the pore pressure at point B under extremely low permeability with different 

numerical settings: (a) NS-PFEM without PPP; (b) NS-PFEM with PPP; (c) SNS-PFEM without 

PPP; (d) SNS-PFEM with PPP .................................................................................................... 113 

Fig. 4-8 Contour of the pore pressure under extremely low permeability with different numerical 

settings ......................................................................................................................................... 113 

Fig. 4-9 Set-up for the 2D wave propagation in the rectangular domain .......................................... 114 

Fig. 4-10 (a) the motion of point A; (b) the evolution of pore pressure at point B for the elastic case

 ..................................................................................................................................................... 115 

Fig. 4-11 (a) the motion of point A; (b) the evolution of pore pressure at point B with different mesh 

densities and time steps in SNS-PFEM ....................................................................................... 115 

Fig. 4-12 Contour of the pore pressure with deformed configuration (scale factor 300) at different 

scenarios for the elastic case ....................................................................................................... 116 

Fig. 4-13 (a) the motion of point A; (b) the evolution of pore pressure at point B for the elastoplastic 

case .............................................................................................................................................. 117 

Fig. 4-14 Contour of the pore pressure with deformed configuration (scale factor 300) at different 

scenarios for the elastoplastic case .............................................................................................. 117 

Fig. 4-15 Contour of pore pressure for the elastic case with (a) SNS-PFEM and (b) NS-PFEM; contours 

of shear stress for the elastoplastic case with (c) SNS-PFEM and (d) NS-PFEM ...................... 118 

Fig. 4-16  Seabed under wave and current loading ............................................................................ 119 

Fig. 4-17 Time histories of the (a) vertical displacement and (b) pore pressure at the monitoring points 

A and B under the second-order wave loading ........................................................................... 120 



 

XV 

 

Fig. 4-18 Distribution of dynamic pore pressure and wave-induced vertical effective stress at time t = 

20s under the third-order wave loading ....................................................................................... 122 

Fig. 4-19 Contours of liquefaction zones with the third-order wave loading at different scenarios t = 

24s and 26s (the dimension of geometry is 250m * 4m) ............................................................ 122 

Fig. 4-20 Geometry and mesh of the Selborne cutting slope model .................................................. 123 

Fig. 4-21 Evolution of horizontal displacement, deviatoric plastic strain and pore pressure of the 

Selborne cutting slope with SNS-PFEM ..................................................................................... 125 

Fig. 4-22 (a) Comparison of the failure surfaces; (b) comparison of the evolution of pore pressure at 

the monitoring points A, B and C of SNS-PFEM with the experiment data and MPM simulation

 ..................................................................................................................................................... 126 

Fig. 4-23 Evolution of total displacement, velocity and acceleration at the monitoring points A, B and 

C of the Selborne cutting slope ................................................................................................... 128 

Fig. 4-24 Geometry and mesh of the slope with the seismic signal of 1940 EI Centro earthquake .. 129 

Fig. 4-25 (a) Contour of deviatoric plastic strain; (b) contour of pore pressure of the slope under seismic 

loading at different time .............................................................................................................. 130 

Fig. 4-26 Contour of total velocity and acceleration at t = 20 s ( before and after applying the Ŭ-shape 

method ) ....................................................................................................................................... 131 

Fig. 5-1 Cartesian and cylindrical coordinates .................................................................................. 135 

Fig. 5-2 Axisymmetric SNS-PFEM ................................................................................................... 139 

Fig. 5-3 Applying uniform external loading in an axisymmetric element ......................................... 140 

Fig. 5-4  Hollow cylinder subjected to internal load ......................................................................... 141 

Fig. 5-5 (a) Contour of radial displacement; (b) contour of radial stress of hollow cylinder subjected to 

internal load ................................................................................................................................. 141 

Fig. 5-6 (a) Radial displacement; (b) radial stress; (c) circumferential stress of hollow cylinder 

subjected to internal load ............................................................................................................. 142 

Fig. 5-7 Time history of radial displacement on the inner surface: (a) without damping; (b) with 

damping ....................................................................................................................................... 143 

Fig. 5-8 Hollow sphere subjected to internal and external load ........................................................ 144 

Fig. 5-9 (a) Contour of total displacement; (b) contour of circumferential stress of hollow sphere 

subjected to internal and external load ........................................................................................ 144 

Fig. 5-10 (a) Radial displacement; (b) radial stress; (c) circumferential stress of hollow sphere 

subjected to internal and external load ........................................................................................ 145 

Fig. 5-11 1-D Terzaghi consolidation with different geometry and mesh ......................................... 146 



 

XVI 

 

Fig. 5-12 Distribution of normalized pore pressure with normalized depth in 1-D Terzaghi 

consolidation with different geometry and mesh ........................................................................ 147 

Fig. 5-13 Geometry, mesh, and boundary condition of circular footing consolidation ..................... 148 

Fig. 5-14 (a) Evolution of pore pressure at points B, C and D; (b) evolution of vertical displacement at 

point A with the elastic soil ......................................................................................................... 149 

Fig. 5-15 (a) Evolution of pore pressure at points B, C and D; (b) evolution of vertical displacement at 

point A with the Mohr-Coulomb soil .......................................................................................... 149 

Fig. 5-16 Contour of  (a) pore pressure; (b) equivalent deviatoric plastic strain with SNS-PFEM for 

circular footing penetration on Mohr-Coulomb soil ................................................................... 149 

Fig. 5-17 Contour of  total displacement with the (a) SNS-PFEM; (b) NS-PFEM for circular footing 

penetration on elastic soil ............................................................................................................ 150 

Fig. 5-18 Contour of  pore pressure with the (a) SNS-PFEM with PPP; (b) SNS-PFEM without PPP 

for circular footing penetration on elastic soil with permeability k=10-15 m/s ............................ 150 

Fig. 5-19 Deformed mesh with (a) FEM without re-meshing; (b)SNS-PFEM ................................. 151 

Fig. 5-20 Contour of (a) total displacement; (b) radial stress; (c) vertical stress; (d) shear stress; (e) 

pore pressure; (f) equivalent deviatoric plastic strain at the penetration depth of 1m ................ 152 

Fig. 5-21 Normalized soil resistance ï centre line displacement for circular footing penetration on 

Mohr-Coulomb soil ..................................................................................................................... 152 

Fig. 6-1 (a)  Node-to-segment contact between two deformable bodies; (b) the modified Coulombôs 

law of friction .............................................................................................................................. 158 

Fig. 6-2 Deleting unreasonable elements with the Alpha-shape method and contact constrain ........ 161 

Fig. 6-3 Computational flowchart of the coupled SNS-PFEM with contact ..................................... 163 

Fig. 6-4 Hertzian contact: (a) between a half-cylinder and a rigid planar surface; (b) between two 

deformable cylinders ................................................................................................................... 164 

Fig. 6-5  (a) Contact pressure distribution between a half-cylinder and rigid planar surface with SNS-

PFEM and analytical solution; (b) convergence of pressure error norm with mesh refinement . 164 

Fig. 6-6  (a) Contour of the vertical displacement; (b) contour of the vertical stress between a half-

cylinder and rigid planar surface ................................................................................................. 165 

Fig. 6-7 Contact pressure distribution between two deformable cylinders with SNS-PFEM and 

reference solution ........................................................................................................................ 166 

Fig. 6-8  (a) Contour of the vertical displacement; (b) contour of the vertical stress between two 

deformable cylinders ................................................................................................................... 166 

Fig. 6-9 Contour of vertical displacement with NS-PFEM and SNS-PFEM  between two deformable 

cylinders ...................................................................................................................................... 166 



 

XVII 

 

Fig. 6-10 (a) Mandelôs problem with displacement boundary conditions; (b) rigid-flexible contact; (c) 

flexible-flexible contact ............................................................................................................... 167 

Fig. 6-11 (a) Evolution of the pore pressure at the block centre A with different permeabilities; (b) 

evolution of the horizontal displacement on the right edge with different permeabilities .......... 168 

Fig. 6-12 (a) Contour of the pore pressure with polynomial pressure projection; (b) contour of the pore 

pressure without polynomial pressure projection (permeability k = 1E-8 m/s) .......................... 168 

Fig. 6-13 (a) Evolution of the pore pressure at the block centre A with different plate stiffness; (b) 

evolution of the horizontal displacement on the right edge with different plate stiffness; (c) 

evolution of the pore pressure at the block centre A with different frictional coefficients; (d) 

evolution of the horizontal displacement on the right edge with different frictional coefficients

 ..................................................................................................................................................... 170 

Fig. 6-14 Distribution of the horizontal displacement and pore pressure with different frictional 

coefficients .................................................................................................................................. 170 

Fig. 6-15  Geometry and mesh of the rigid footing problem ............................................................. 173 

Fig. 6-16 Contour of the incremental deviatoric plastic strain with different soil rigidity indices: (a) 

diffuse contractive failure mode; (b) shear-localized failure mode............................................. 174 

Fig. 6-17 Normalized soil resistance with the footing penetration depth with different soil rigidity 

indices .......................................................................................................................................... 174 

Fig. 6-18 Contours of the vertical normal stress, pore pressure and equivalent deviatoric plastic strain 

with different permeability .......................................................................................................... 175 

Fig. 6-19 (a) Normalized soil resistance with the footing penetration depth; (b) evolution of the pore 

pressure at point A during the footing construction and soil consolidation ................................ 176 

Fig. 6-20  Comparison of convergence rate and computational time for PFEM-T3, NS-PFEM and SNS-

PFEM .......................................................................................................................................... 177 

Fig. 6-21 Geometry and mesh of the pipeline-seabed interaction problem ....................................... 177 

Fig. 6-22  Contours of pore pressure and incremental deviatoric plastic strain ................................ 179 

Fig. 6-23 Normalized soil resistance with pipeline movement (Ux=D, Uy=D/2) ............................. 179 

Fig. 6-24 Deformed mesh with different frictional coefficients (Ux=2D, Uy=D) ............................ 179 

Fig. 6-25 (a, b) Total displacement of points A, B in the soil with the normalized pipeline movement; 

(c, d) normalized vertical and horizontal soil resistance with the normalized pipeline movement 

(Ux=2D, Uy=D) .......................................................................................................................... 180 

Fig. 6-26 Geometry and mesh of the wall penetration problem ........................................................ 182 



 

XVIII 

 

Fig. 6-27 Contour of (a) horizontal stress; (b) vertical stress; (c) shear stress; (d) deviatoric equivalent 

plastic strain; (e) pore pressure and (f) soil velocity at final 0.2m of the wall penetration problem

 ..................................................................................................................................................... 183 

Fig. 6-28 (a) Pore pressure distribution along the section A-B at the penetration depth of 2.8a;  (b) pore 

pressure distribution along the section AB at the penetration depth of 7a;  (c) tip soil resistance 

with the normalized penetration depth with different permeabilities .......................................... 184 

Fig. 7-1  Principle of ANICREEP model (a) definitions for the model in the pô-q plane; (b) schematic 

plot for one-dimensional compression behaviour ....................................................................... 188 

Fig. 7-2 Modified Katona Algorithm with adaptive substepping procedure ..................................... 192 

Fig. 7-3  (a) Simulation of the oedometer test with different axial strain rate; (b) comparison of the 

numerical and experimental results of a multistaged oedometer test .......................................... 193 

Fig. 7-4  Biaxial shear test of (a) soils with OCR = 1.2; (b) soils with OCR=20 .............................. 193 

Fig. 7-5 Geometry and mesh of strip footing consolidation .............................................................. 194 

Fig. 7-6 (a) Evolution of excess pore pressure at the depth of 3m on the centre line; (b) evolution of 

vertical displacement at the the point A with different secondary compression coefficients ...... 194 

Fig. 7-7 Contour of (a, b) vertical displacement; (c, d) pore pressure; (e, f) equivalent deviatoric plastic 

strain at the end of construction (46.8 days) and after a sufficiently long consolidation (1e6 days)

 ..................................................................................................................................................... 196 

Fig. 7-8 Geometry and mesh of Murro test embankment .................................................................. 199 

Fig. 7-9 Comparison between measured and simulated excess pore pressures in the Murro embankment 

test ............................................................................................................................................... 201 

Fig. 7-10 Comparison between measured and simulated settlements in the Murro embankment test: (a) 

surface settlements from settlement plates S3, S4 and S7; (b) surface settlement distribution; . 202 

Fig. 7-11 Distribution of the horizontal displacements: (a) at the section I1; (b) at the section I2 ... 202 

Fig. 7-12 Comparison of results with FEM (Karstunen and Yin, 2010) and SNS-PFEM: (a) excess pore 

pressures; (b) settlements at different depth along the centre-line from extensometer ............... 204 

Fig. 7-13 Contour of (a, b, c) equivalent deviatoric plastic strain, excess pore pressure and shear stress 

at the end of construction (2 days); (d, e, f) equivalent deviatoric plastic strain, vertical and 

horizontal displacements after a sufficiently long consolidation (50000 days) .......................... 204 

Fig. 7-14 Geometry and loading history of the Hong Kong airport embankment ............................. 206 

Fig. 7-15 Mesh with the positions of piezometers and Sondex anchors ............................................ 207 

Fig. 7-16 Comparison between simulated and measured settlements with Sondex anchors S1-S8 .. 209 

Fig. 7-17 Comparison between measured and simulated pore pressures with piezometers .............. 210 

 



 

XIX 

 

LIST OF TABLES 

Table. 3-1 Factor of safety (FOS) for slope stability analysis ............................................................. 86 

Table. 4-1 Natural frequencies of a shear wall (rad/s) ....................................................................... 108 

Table. 4-2 Model parameters for the seabed under wave and current loading .................................. 121 

Table. 4-3 Properties of the soil constitutive model of the Selborne experiment .............................. 126 

Table. 4-4 Properties of the soil constitutive model of slope under seismic loading ......................... 129 

Table. 7-1 State parameters and constants of ANICREEP model for natural soft clays .................... 190 

Table. 7-2 Model parameters of ANICREEP for validation cases ..................................................... 197 

Table. 7-3 Model parameters of ANICREEP for Murro clay ............................................................ 200 

Table. 7-4 Model parameters of ANICREEP for Hong Kong clay .................................................... 208 



 

1 

 

Chapter 1  Introduction  

1.1 Background 

 Mathematical modelling is one of the most important approaches for design and scientific 

research in the geomechanics. The geotechnical models could be formulated as a group of governing 

mathematical equations in different forms, such as the differential equations with initial and boundary 

conditions, integral equations, optimization problems with or without constraints, etc., and then solved 

to obtain the spatial and temporal responses of the system. The analytical solution can be sought in 

some highly idealized conditions. However, the numerical methods can pose much wider applicability 

in dealing with complex geometry and sophisticated physical process, which are closer to the 

engineering application. 

Benefitting from the exponential improvement of computational power in the past decades, 

hundreds of numerical methods are proposed and widely adopted as standard tools in engineering 

analysis. Compared with laboratory or in-situ tests, the numerical approaches not only save the cost of 

labour or facilities, but are also convenient to present the response in the whole parametric space, 

leading to a comprehensive insight into the mechanism of the solved problem. The finite element 

method (FEM) used to be a dominant numerical method used in the geomechanics. Both the FEM 

methods with infinitesimal strain and finite strain were established to address the small and large 

deformation problems. However, the defect of mesh distortion problem hinders the further  

geotechnical application of traditional FEM when the initial configuration is expected to undergo a 

significant deformation. In fact, many geotechnical problems involve large deformation, although 

sometimes this aspect is highly simplified or omitted due to the limitation of analyzing tools. Here are 

some examples. 

ǒ Foundation capability. The classical solution of the capability of shallow or deeply-embedded 

strip footing is derived based on the perfect elastoplastic soil and limit-equilibrium assumption, that is, 
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deformation of the soil is not an influential factor (Meyerhof, 1951; Prandtl, 1921). However, the 

foundation capability in fact would evolve with the penetration depth because of the redistribution of 

stress in the heavily deformed soil with localized failure band. Large deformation analysis is necessary 

when this post-failure effect is considered (Da Silva et al., 2011; Nazem et al., 2006). 

ǒ Landslides. Traditional slope stability analysis mainly focuses on the initiation behaviors of a 

landslide, i.e., calculating the factor of safety. However, it is also important to predict the run-out 

distance and spatial distribution of the debris. In this process, the soil undergoes a transition from solid-

like to fluid-like characteristics, which leads to significantly large deformation (Zhang et al., 2015). 

Similar considerations can be found in analyzing other geohazards, such as the soil collapse due to the 

internal erosion of the sinkhole (Yang et al., 2019). 

ǒ Soil-structure interaction. Typical problems include pile installation (Monforte et al., 2017), 

anchor penetration (Sabetamal et al., 2016), pipeline movement in the seabed (Yuan et al., 2021), etc. 

During the insertion of a rigid body into the soil, significant variation of strain and stress occurs around 

the contact surface due to the separation of the continuous soil. Besides, the long-term response of the 

soil-structure system is sophisticated due to the consolidation and soil viscosity. Significant 

deformation of the system exists during both the construction and operation stages. 

Laboratory or in-situ experiments can be conducted for geotechnical large deformation analysis, 

but they can only give the responses in limited groups of parameters, unable to exhaust all the common 

and limit conditions efficiently. Therefore, numerical simulation is necessary. On the other hand, 

simulating the large deformation in geomechanics is always challenging due to the composition of 

multiple nonlinearities, including those from the geometry, material, kinetics, and contact. One of the 

core tasks in modern geomechanics is to develop numerical tools for large deformation simulation with 

better performance. The aims include: 1) lowering the computational cost; 2) improving the accuracy 

and robustness of the solution algorithm; 3) reducing unnecessary assumptions and making the 

simulation more realistic; 4) developing the ability of simulating sophisticated physical processes, i.e., 
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multi-field coupling and multi-body contact problems; 5) overcoming some common numerical 

defects, such as the volumetric locking of incompressible materials and spurious modes due to 

numerical instability.  It is always worthwhile to improve the existing methods and develop new 

methods considering the aforementioned objectives. 

 
(a)                                                        (b) 

 
(c)                                                       (d) 

Fig. 1-1 (a) Penetration of strip foundation; (b) pile installation; (c) pipeline movement; (d) landslides 

1.2 Review of research status 

1.2.1 Numerical methods in computational geomechanics 

A number of numerical methods have been developed to simulate the geotechnical problems. 

These methods can be roughly categorized into three groups: discontinuous, continuous, and coupled 

discontinuous-continuous approaches. 



 

4 

 

 

Fig. 1-2 Numerical methods in geotechnical engineering 

The discrete element method (DEM) pioneered by Cundall and Strack (Cundall and Strack, 1979) 

is the representative of discontinuous category. This method was first proposed to model the granular 

materials by using the particles with interaction relationships, and then developed to tackle a wide 

range of geotechnical problems in different scales. The medium is usually modeled as an assembly of 

rigid or deformable particles and blocks. The interaction forces between the distinct particles are 

calculated by the information of relative position and contact models, where the overlap between 

particles is sometimes allowed. The motion of the system is governed by Newtonôs laws, which is 

usually solved by explicit temporal integration. DEM successfully bridges the micro-mechanical 

properties and macro-mechanical behaviors of geomaterials. The DEM framework naturally has the 

potential to simulate large deformation and discontinuous failure problems, since few infinitesimal and 

continuous assumptions are adopted as in traditional continuum-based methods. However, the most 

obvious difficulty in widely using DEM is the burdensome computational cost. In the simulations at 

the engineering scale, millions of particles are required to adequately represent the calculation domain, 

where searching and updating the state variables and relationships between particles in each analysis 

step is extremely time-consuming. Besides, the computational time in the explicit temporal scheme 

must be divided into very small steps to guarantee the numerical stability and accuracy, which limits 

the application of DEM in long-term and low-permeability simulations. With the rapid promotion of 

computational power, the DEM is still successfully used in some geotechnical large deformation and 

Numerical methods

Discontinuous methods 

Continuous methods 

Coupled continuous-

discontinuous methods 

DEM, MD,é

DEM-FEM, DEM-MPM, DEM -CFD,é

Mesh-based methods: FEM, 

S-FEM, UL, ALE, RITSS,é

Meshfree particle methods: 

EFG, RKPM, SPH, PD,é

Mesh-based particle methods: 

MPM, PFEM, S-PFEM,é



 

5 

 

multi-filed coupled simulations, such as bar penetration (Tanaka et al., 2000), large-scale debris 

avalanches (Thompson et al., 2009), and landslides (Li et al., 2012). Numerous open-source and 

commercial software suits for DEM are developed, i.e., 3DEC, UDEC, PFC, and YADE, which further 

promote the engineering and scientific application of DEM. 

The discontinuous deformation analysis (DDA) is proposed by Shi and Goodman (Shi and 

Goodman, 1985; Shi and Goodman, 1989). This method differs from the DEM in two aspects: 1) the 

deformation properties of each distinct block are fully considered, including the translation, rotation, 

and elastic deformation; and 2) the implicit scheme is used, where the iteration is performed in each 

step to guarantee the equilibrium. Therefore, it allows the use of large time step with unconditional 

stability. However, the updating of contact relationship with a significant change of geometry tends to 

bring severe convergence difficulty. The DDA is more suitable to the problems of rock with complex 

discontinuities and small deformation (O'Sullivan, 2011). 

The molecular dynamics (MD) is another discontinuous method which is recently adopted in 

geotechnical engineering (Al-Zaoari et al., 2022; Zhang et al., 2021). Based on the physical rules at 

the atom scale, the MD has been used to investigate the interfacial behaviors between different 

geomaterials, such as the silica-silica and silica-epoxy interfaces (Xu et al., 2023). It only presents the 

atom-scale studies for now, while it still has the potential to be upscaled to support micro-mechanical 

and large-scale simulations. 

The continuous approaches, on the other hand, take the geomaterials as the continuous medium 

rather than an assembly of particles with contact. The measures of deformation and force at each 

material point, i.e., the stain and stress, are defined based on the continuous assumption. The material 

properties relating the stress and strain are assigned by the constitutive models. The governing 

equations are usually formulated based on the fundamental physical rules, including the conservation 

laws of momentum, mass, and energy. Mostly, the governing equations are required to be converted to 

their equivalent weak forms which are expressed as the integration over the whole calculation domain. 
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In the numerical procedures, the variables to be solved are first approximated in space with 

interpolation functions. Then substituting the interpolated variable and discretized boundary conditions 

into the weak form, the ordinary differential or algebraic equations for steady state or time-dependent 

problems, are derived. The continuous and discontinuous approaches can also be coupled to achieve 

multi-scale simulation of sophisticated physical process, such as the coupled CFD-DEM (Zhao and 

Shan, 2013), DEM-FEM (Guo and Zhao, 2014), and MPM-DEM methods (Liang and Zhao, 2019). 

During the past several decades, the continuous approach has long been the dominant numerical 

tool in geomechanics due to the great success achieved by FEM, such as the analysis of limit 

equilibrium, evaluation of slope stability factor, and simulation of the Biotôs consolidation in the 

saturated soil. The FEM is originally applicable only in small deformation ranges, because the stress 

and strain measures are formulated based on infinitesimal deformation assumption, and the discretized 

weak form equations are numerically integrated on the initial configuration. It is more suitable for 

linear elastic problems or failure analysis at the initiation stage. However, capturing the post-failure 

characters with significant soil movement is also essential in accurately modelling the geotechnical 

constructions and hazards. Aiming at large deformation, several types of continuous methods are 

developed as the promotion of FEM including (a) mesh-based methods, such as the arbitrary 

Lagrangian-Eulerian (ALE) method and the re-meshing and interpolation technique with small strain 

(RITSS); (b) meshfree particle methods, such as the smoothed particle hydrodynamics (SPH) and 

element-free Galerkin method (EFG); (c) mesh-based particle methods, such as the material point 

method (MPM) and particle finite element method (PFEM). 

In the large deformation improvements of FEM, two different descriptions of the continuum 

movement lead to distinct numerical frameworks, namely the Eulerian description and Lagrangian 

description (Belytschko et al., 2013). The Eulerian mesh is always fixed and independent of the 

material points regardless of the deformation magnitude, therefore the issue of mesh distortion is 

circumvented. However, it makes the tracking of the historical state of material points very difficult. 
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Besides, a significant relative motion of the continuum to the fixed background grid would incur the 

convective term, which requires special remedies to overcome the related numerical difficulty (Akin 

and Tezduyar, 2004; Donea, 1984). Therefore, the Eulerian description is widely used in computational 

fluid dynamics rather than the solid problems. On the contrary, Lagrangian mesh is deformable, of 

which each point in the meshed configuration is at the one-one corresponding to the material point. 

The total Lagrangian (TL) and updated Lagrangian (UL) approaches introduce the geometrical 

nonlinearity by using the second Piola-Kirchhoff stress and the Green-Lagrange strain based on the 

initial and updated configuration respectively, which supplement nonlinear terms to the equilibrium 

equation. The objective stress rate or the multiplicative decomposition of deformation gradient is also 

implemented in TL and UL methods (Belytschko et al., 2013; Simo, 1992). With the Lagrangian mesh, 

the varying configuration and historical state variables of the constitutive model can be dealt with 

easily. But the numerical illness due to mesh distortion becomes severe. 

 
(a)                                   (b)                                        (c) 

Fig. 1-3 (a) Eulerian mesh; (b) Lagrangian mesh; (c) support domain in meshfree method 

Arbitrary Lagrangian-Eulerian method (ALE) is an attempt to combine both the advantages of 

Lagrangian and Eulerian methods (Belytschko et al., 2013). The basic thought is that the nodes can be 

moved rigorously with the material point or in other manners so that the shape of the mesh keeps 

undistorted. The ALE has been successfully used in some geotechnical large deformation simulations, 

such as the dynamic and large-strain consolidation (Nazem et al., 2008; Sabetamal et al., 2014). But 

the numerical difficulty due to convective term still exists. Re-meshing and interpolation technique 
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with small strain (RITSS) is another Lagrangian approach based on the ALE which can avoid the 

convective term of Eulerian description (Hu and Randolph, 1998). The computational domain at the 

start of each incremental step will be re-meshed according to the updated configuration, where the 

connectivity and the number of nodes and elements could be changed. The state variables, i.e., the 

stress and the historical parameters of the constitutive model, are mapped from the old mesh to the 

new one with designed procedures. This method has been proven reliable in some challenging offshore 

and contact simulations (Chatterjee et al., 2012; Chatterjee et al., 2012; Zhang et al., 2020). The ALE 

and RITSS will lose their efficiency when describing the huge boundary changes, i.e., the separation 

of an intact solid into several parts under significant external load. 

To totally get rid of the numerical problems related to the mesh, a family of meshfree methods is 

proposed (Belytschko et al., 1994; Belytschko et al., 1996; Bui et al., 2011; Chen et al., 2001; Liu, 

2009; Puso et al., 2008). In the meshfree methods, the computational domain is represented by a cloud 

of particles, and the field variables are interpolated by the shape function constructed around each 

particle. The shape function is usually a compact-supported kernel function characterised by a regular 

neighbourhood of each particle. The support domain usually takes the form of a circle (sphere in 3D) 

or polygon (polyhedral in 3D), and the kernel function is constructed by spline functions or the moving 

least square method. 

Smoothed particle hydrodynamics (SPH) is a meshfree method that solves the strong-form 

governing equations directly (Gingold and Monaghan, 1977). On the other hand, the Galerkin-based 

weak form is usually more stable than the strong form, which leads to the element-free Galerkin 

method (EFG) (Belytschko et al., 1994; Belytschko et al., 1996) and reproducing kernel particle 

method (RKPM) (Chen et al., 2001; Puso et al., 2008). All the aforementioned meshfree methods have 

been applied widely in geomechanics, such as the problems of granular column collapse (Chen and 

Qiu, 2012), run-out analysis of landslides (Bui et al., 2011; Huang and Dai, 2014; Wei et al., 2020), 

and failure of the embankment (Bui and Fukagawa, 2013). Whereas there are still some intrinsic 
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drawbacks impeding the performance of meshfree methods. First, the meshfree shape functions often 

lack the Kronecker delta property, i.e., cannot vanish at the boundary, making the enforcing of essential 

boundary conditions difficult (Chen et al., 2017; Liu, 2009). Second, the numerical integration 

becomes more complex than the regular Gaussian rule in FEM. More quadrature points are required 

to obtain sufficient accuracy, dramatically increasing the computational cost. Besides, some common 

numerical defects could be encountered in meshfree methods, such as the tensile instability of SPH 

and spurious zero-energy mode in direct nodal integration of RKPM and EFG, which needs special 

stabilization techniques (Blanc and Pastor, 2013; Chen et al., 2017; Garg and Pant, 2018; Puso and 

Solberg, 2006; Swegle et al., 1995). 

The material point method (MPM) is a combined approach of mesh-based interpolation and 

particle discretization (Harlow, 1964; Sadeghirad et al., 2011). The Eulerian background grid is fixed, 

while the Lagrangian material points are movable and carry all the state variables and external loads.  

At the beginning of an incremental step, the information stored at material points is mapped into the 

background grid. Then the calculation is processed based on the fixed grid until the convergence 

criterion is satisfied. The updated variables are then transferred to material points for the subsequent 

analysis. Geotechnical applications of MPM include the simulations of landslide (Andersen and 

Andersen, 2010; Soga et al., 2016), dam failure (Feng et al., 2021; Zabala and Alonso, 2011), large-

domain wave propagation (Feng et al., 2022), and insertion problems (Ceccato et al., 2016; Woo and 

Salgado, 2018). Recently, the MPM with several layers of material points has been developed to solve 

the coupled failure analysis with multiple phases (Abe et al., 2014; Bandara and Soga, 2015; Feng et 

al., 2021). On the other hand, several defects of MPM could still be listed as follows: 1) The required 

computational cost of MPM is larger than the meshfree particle methods, because the variable mapping 

between the material points and background grid is necessary. Large memory footprint is also needed 

as the grid has to cover the entire region that the bodies occupy (Vinh Phu Nguyen et al., 2023), 

especially in 3-D simulations (Xu et al., 2019). 2) Enforcement of boundary conditions in MPM is 
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difficult, just as in the meshfree methods (Vinh Phu Nguyen et al., 2023). 3) The crossing-cell 

oscillations could happen when the material points move over the grid boundary. This defect can be 

eased by the generalized interpolation techniques (Coombs et al., 2018; Sadeghirad et al., 2011). 

1.2.2 The class of particle finite element methods (PFEM) 

The particle finite element method (PFEM) is a branch of mesh-based particle methods. The start 

point of PFEM is to regard the nodes of FEM as particles that not only discretize the whole 

computational domain but also carry all the essential variables following their movement. The mesh 

is updated in a Lagrangian manner, that is, varying with the deformation of the computational domain.  

It was first proposed by Onate et al. to treat fluid dynamics and fluid-structure interaction problems 

two decades ago (Idelsohn et al., 2004; Idelsohn et al., 2006; Onate et al., 2004), and then promoted to 

the field of solid mechanics (Carbonell et al., 2010; Onate et al., 2014). For solid problems, the concept 

of PFEM is quite similar to the RITSS (Augarde et al., 2021). Different from the MPM or Eulerian 

methods, the PFEM uses only one set of Lagrangian mesh to solve the governing equations. In each 

incremental step, the calculation is conducted just following the standard FEM solution procedure. The 

mesh will be rebuilt between two adjacent steps or at some moment when the preset re-meshing 

criterion is triggered. The variables stored at the nodes or quadrature points should be mapped from 

the old mesh to the new mesh by some variable recovery approaches (Augarde et al., 2021; Jin et al., 

2020; Jin et al., 2021). The mesh quality can be guaranteed by the principle of Delaunay triangulation 

and other mesh refinement strategies (Cremonesi et al., 2020; Onate et al., 2004). 

The main challenges of developing the PFEM lie in the re-meshing process. The typical 

procedures of the re-meshing process together with some common challenges and widely adopted 

solutions are presented as follows. 

(1)  Generate the initial mesh from a cloud of particles. For the triangular mesh, the algorithm of 

Delaunay triangulation is the most popular choice. In 2D conditions, it is optimal because of the 

ñmax-min propertyò, that is, minimizing the maximum radius of an element circumcircle and 
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maximizing the minimum angle among all the elements (Cremonesi et al., 2020). The number of 

skewed elements will thus be reduced to the minimum level. Besides, the Delaunay triangulation 

can be implemented with additional geometrical constraints to enforce the realistic prescribed 

boundaries. The optimal property is preserved in the constrained Delaunay triangulation. 

(2)  Identify the correct computational domain. After automatically generating the triangular mesh 

from a cloud of particles, some oversized unreasonable elements will be inevitably formed near 

the concave or curved parts of the boundary. To recover a more realistic boundary,  the Ŭ-shape 

method is used (Cremonesi et al., 2010; Idelsohn et al., 2004; Zhang et al., 2013). In this approach, 

the radius of the circumcircle of each element 
eR and the characteristic radius of the circumcircle 

cR  are first determined, and then the elemental distortion index = /ae e cR R is calculated. The 

elements of a a>e
 will be deleted, where the ais the threshold. It is obvious that the choice of 

the threshold value Ŭ will influence the result of domain identification. The conclusion from some 

previous studies is that Ŭ should be set slightly greater than 1, i.e., 1.1~1.6 (Franci and Cremonesi, 

2017; Zhang et al., 2013). Besides, for the problems with the ununiform mesh, the Ŭ-shape 

treatment should be implemented in the region of interest which experiences significant 

geometrical variation. 

(3)  Refine and optimize the mesh. After the boundary identification, the obtained mesh can still be of 

bad quality, because the deformed distribution of particles can be weird, i.e., some are too close, 

and others are too distinct. Insertion or removal of nodes is allowed, such as the h-adaptive mesh 

refinement (Cremonesi et al., 2020; Monforte et al., 2019). Some relocation techniques, such as 

volume smoothing (Chang and Kikuchi, 1994) and moving nodes based on the radial basis 

function (Vavourakis et al., 2013), could also be adopted. 

(4)  Map the variables from the old mesh to the new mesh. Variables in FEM are stored at nodes (i.e., 

the displacement and nodal force) or quadrature points (i.e., the stress and historical variables in 

nonlinear constitutive models). When the number and connectivity of nodes are changed, the 
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information should be transferred to the updated set of nodes and quadrature points by some 

mapping rules, such as the inverse distance algorithm (IDA) (Lu and Wong, 2008), unique 

element method (UEM) (Hu and Randolph, 1998), radial basis point interpolation function 

(RBPIF) (Wang and Liu, 2002), and hybrid methods (Jin et al., 2021). 

In the past decade, the PFEM has been successfully applied in a quite wide range of geotechnical 

problems. Zhang Xue et al. integrate the mathematical programming solver with the PFEM strategy to 

simulate a series of geotechnical cases with extremely large deformation, such as the soil flow (Wang 

et al., 2022; Zhang et al., 2013), soil-structure interaction (Sabetamal et al., 2021), cliff recession 

(Meng et al., 2021), etc., where many sophisticated aspects such as the dynamics, hydro-mechanical 

coupling, contact modelling, and strain-softening effect are taken into consideration. Monforte et al. 

develop the G-PFEM with contact algorithm to simulate a series of geotechnical insertion problems, 

including the problems of tubing, pipeline movement, pile installation, pile lift, etc (Carbonell et al., 

2022; Monforte et al., 2017; Monforte et al., 2018; Monforte et al., 2022). The  G-PFEM takes full 

consideration of the geometrical nonlinearity, i.e., the deformation gradient-based constitutive models 

and geometrically nonlinear equilibrium equation. 

 

Fig. 1-4 Re-meshing strategy in PFEM 

PFEM shares the reliable theoretical basis and wide applications of FEM. It is direct in applying 

boundary conditions and numerically stable compared with most of the meshfree methods. It is 

superior to the ALE and RITSS in the ability to track the free surface evolution, such as the separation 

of the domain into two parts (Zhang et al., 2013). However, it also inherits some drawbacks of 

traditional FEM. PFEM with low-order element (e.g., T3 element) tends to give overly stiff solution 

Delaunay

triangulation

FEM 
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and incur volumetric locking when treating nearly incompressible solids (Hughes, 2000; Liu and Trung, 

2016), which requires specific numerical techniques (e.g., B-bar method) to fix. Adopting the higher-

order element can improve its accuracy, but the increased computational cost is unneglectable. In 

traditional FEM, mesh with high-order interpolation can be coarser than the low-order mesh to achieve 

equivalent accuracy. However, in PFEM the mesh density is decisive to the deformation ability of the 

calculated objective, therefore taking high-order elements cannot lower the mesh density. Besides, the 

variable mapping between the quadrature points and nodes are necessary with both low and high-order 

elements in PFEM (Jin et al., 2020; Zhang et al., 2016). 

 
                         (a)                                    (b)                                   (c) 

Fig. 1-5 Construction of smoothing domain: (a) CS-FEM; (b) NS-FEM and (c) ES-FEM 

Recently, the gradient smoothing techniques are developed in PFEM to form the smoothed 

particle finite element method (S-PFEM), aiming to preserve the high computational efficiency of low-

order interpolation in PFEM while overcome its defects. The idea of using both the displacement and 

strain with some smoothing can trace back to the Taylor-Galerkin FEM (Mabssout and Pastor, 2003; 

Zienkiewicz and Taylor, 1989; Zienkiewicz and Taylor, 1991), mixed stabilized FEM (Cervera et al., 

2010a; Cervera et al., 2010b), stabilized conforming nodal integration in meshfree methods (Chen et 

al., 2001; Puso and Solberg, 2006; Puso et al., 2008), and then developed by Liu et al. to a series of 

smoothed finite element methods (S-FEM) (Liu et al., 2009; Liu, 2009; Liu et al., 2007). In this 

approach, the gradient of the shape function is smoothed by taking the weighted average over a 

constructed smoothing domain. Each smoothing domain works with the information propagated from 

all the connected elements, which makes the solution of S-FEM more accurate in the energy norm than 
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FEM (Zeng and Liu, 2018). The calculation of smoothed gradient can be conducted with the existing 

compatible gradient or the contour integration of the shape function (Liu and Trung, 2016). The 

variable transformation with Jacobian matrices could be avoided in some conditions, which makes S-

PFEM work better with heavy mesh distortion (Jiang et al., 2017; Zeng and Liu, 2018). The smoothing 

domain can be constructed on the basis of a cell, node, or edge, which leads to different types of S-

FEM as shown in Fig. 1-5. In the class of PFEM, the edge-based smoothed PFEM (ES-PFEM) (Jin et 

al., 2020; Jin et al., 2020) and node-based smoothed PFEM (NS-PFEM) (Yuan et al., 2019; Zhang et 

al., 2018) have been developed recently. 

NS-PFEM is relatively superior to ES-PFEM concerning the re-meshing procedure, because all 

the physical quantities are stored based on nodes, then the variable mapping between nodes and 

quadrature points is avoided, which used to be a prominent source of accuracy loss in traditional PFEM 

or ES-PFEM (Cremonesi et al., 2020; Jin et al., 2020; Onate et al., 2004). At present, the NS-PFEM is 

the only mesh-based large deformation numerical method that is free of variable mapping. Besides, it 

has been proved that the node-based smoothed FEM gives larger displacement in the force driving 

problems than FEM with linear triangular element, and this softening effect will increase as the number 

of smoothing domains decreases (Liu et al., 2010). Actually, S-PFEMs are famous for their potential 

to reduce - although may not eliminate - the volumetric locking (Li and Liu, 2019; Nguyen-Xuan and 

Liu, 2013). Both the ES-PFEM and NS-PFEM have been introduced into the geomechanics with some 

applications such as the analysis of strip footing installation (Zhang et al., 2018), cone penetration test 

(Yuan et al., 2021), and retrogressive slope failure (Jin et al., 2020; Jin et al., 2020). 

However, the NS-PFEM with direct nodal integration is numerically unstable. It is ñoverly softò, 

which gives softer response than the true solution. This feature also brings spurious numerical 

oscillations. The theoretical investigation has presented the reason, that is, direct nodal integration of 

the smoothed Galerkin weak form could introduce the loss of coercivity in the limit of mesh refinement 

(Chen et al., 2001; Puso et al., 2008). When the number of smoothing domains is much smaller than 
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that of elements, the defect of numerical instability will become severe as in the NS-PFEM (Zeng and 

Liu, 2018). Besides, for the dynamic problems, the eigenvalues of the stiffness matrix will be reduced 

to be lower than that of the mass matrix with NS-PFEM, which is named the spurious non-zero energy 

mode (Puso et al., 2008). This model also leads to obvious deterioration in numerical stability in 

dynamic analysis (Chen et al., 2001; Jin and Yin, 2022; Puso et al., 2008). 

Recently, the strain gradient stabilization technique is proposed to solve the ñoverly softò 

drawback and spurious non-zero energy mode of NS-PFEM, leading to the stable node-based 

smoothed PFEM (SNS-PFEM). It assumes that the strain is linearly distributed in a circle domain 

centred on the node and the stress is evaluated on four quadrature points (Feng et al., 2016; Li and Liu, 

2019; Vo-Minh and Nguyen-Son, 2021; Yang et al., 2019). The SNS-PFEM has been primarily applied 

in solid-phase problems and explicit temporal schemes (Feng et al., 2016; Li and Liu, 2019), including 

geotechnical applications (Jin et al., 2021). One shortcoming of this stabilization scheme is that it 

introduces the quadrature points with extra computational effort. 

1.3 Research objectives and thesis layout 

The NS-PFEM has been developed in geomechanics. However, the applications are mostly 

limited to solid-phase problems and explicit temporal integration schemes. The numerical challenges 

including the hydro-mechanical coupling, numerical instability due to direct nodal integration, and 

strong nonlinearities from multiple aspects (i.e., material, geometrical, contacté)  have not been fully 

addressed. The explicit temporal integration scheme is always conditionally stable requiring a huge 

number of time steps, which will lose its efficiency when analysing long-term and low-permeability 

problems. Therefore, it is worthwhile to further promote the NS-PFEM to address all the 

aforementioned challenges. 

This study aims to develop a novel stable node-based smoothed particle finite element method 

(SNS-PFEM), optimizing the performance of existing NS-PFEM and extending the applications to 

more sophisticated geotechnical practices where the small and large deformation can be handled in a 
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uniform way. The implicit temporal integration is developed to achieve an error-controllable and 

unconditionally stable numerical framework with large time steps. The whole code suite of SNS-PFEM 

is gradually developed based on MATLAB, including the components of pre-processing, solver of 

nonlinear equations, post-processing, re-meshing approaches, etc. Also, the codes of several soil 

constitutive models are implemented. The major objectives of this study are summarised as follows. 

ǒ To develop a fully implicit SNS-PFEM with a gradually enriched code suite for 2-D problems, 

including the plane strain and axisymmetric conditions. 

ǒ To propose a numerically stable and computationally efficient nodal integration technique in 

SNS-PFEM. 

ǒ To develop a hydro-mechanical coupled SNS-PFEM for saturated soil, which is stable with 

different drainage capacities. 

ǒ To overcome the volumetric locking of SNS-PFEM. 

ǒ To develop the implicit dynamic approach in SNS-PFEM. 

ǒ To incorporate the contact algorithm into the SNS-PFEM to simulate soil-water-structure 

interaction problems with large deformation. 

ǒ To apply the SNS-PFEM to simulate some challenging geotechnical problems. 

Based on the objectives, the thesis is organized into 8 chapters as follows. 

In Chapter 1, a general review of numerical approaches in geomechanics is presented. The 

continuum-based methods, especially the class of PFEMs and S-PFEMs, are detailly described. The 

pros and cons of the current NS-PFEM are outlined. 

In Chapter 2, a novel nodal integration stabilization technique, namely subdomain-based 

stabilization, will be developed to construct the stable node-based smoothed particle finite element 

method (SNS-PFEM). Compared with the existing gradient-based stabilization method, the proposed 

approach does not introduce any extra evaluation on quadrature points based on NS-PFEM. A fully 

hydro-mechanical coupled SNS-PFEM of Biotôs consolidation theory is proposed. The defect of pore 
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pressure oscillations with low-order interpolation will be focused on. The polynomial pressure 

projection (PPP) in nodal integration form is formulated and integrated into the coupled SNS-PFEM. 

A series of problems concerning the consolidation in saturated soil are simulated to validate the 

proposed numerical framework, including the drained and undrained, small, and large deformation 

problems. 

In Chapter 3, a locking-free SNS-PFEM is constructed for the total-stress simulation of undrained 

clay with Poisonôs ratio near 0.5. Both the original NS-PFEM and SNS-PFEM are not free of 

volumetric locking when treating the nearly incompressible solids, which is especially severe in the 

SNS-PFEM. In this chapter, the locking-free strategies including the cubic bubble function, selective 

integration schemes, and a hybrid approach are implemented. Several problems concerning the nearly 

incompressible solids are simulated to validate the proposed numerical framework, including detailed 

convergence and efficiency analysis. 

In Chapter 4, a dynamic implicit SNS-PFEM for the hydro-mechanical coupled analysis is 

proposed. The implicit time marching scheme of generalized-Ŭ method to integrate the stabilized 

equations is derived, which is error-controllable and unconditionally stable regardless of time step and 

permeability. The proposed implicit SNS-PFEM is first validated by several benchmark examples, and 

then applied to simulate some advanced geotechnical cases, including the seabed under wave loading, 

the cutting slope experiment, and the slope failure under seismic loading. 

In Chapter 5, an efficient axisymmetric formulation of both the solid-phase and hydro-mechanical 

coupled SNS-PFEM is proposed with some additional simplifying assumptions. The accuracy and 

efficiency of the axisymmetric SNS-PFEM are validated by several numerical examples. 

In Chapter 6, the node-to-segment contact model with a modified Coulombôs frictional law is 

implemented, and the penalty-based contact algorithm is derived within the nonlinear SNS-FEM 

framework. A re-meshing scheme with contact constraint is formed. The proposed contact method is 

first validated by two benchmark examples, and then applied to analyse several soil-structure 
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interaction problems concerning the large deformation, nonlinear soil constitutive models, and 

different drainage capabilities. 

In Chapter 7, the coupled SNS-PFEM is applied to simulate the Murro embankment and the 

embankment at Hong Kong Chek Lap Kok international airport on soft structured clay. The obtained 

simulation results are quite reasonable compared with the measured data. It shows the potential of the 

SNS-PFEM in solving sophisticated geotechnical engineering problems, which could help in 

geotechnical design and construction. 

The conclusions are drawn, and the perspectives are proposed in Chapter 8. 
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Chapter 2  Hydro-mechanical coupled stable node-based smoothed PFEM 

2.1 Introduction 

Hydromechanical coupling has always been a major issue in geotechnical research, because the 

interaction between deformable solid skeleton and pore fluid flow dominates many engineering 

problems, such as long-term consolidation settlement (Karstunen and Yin, 2010), rainfall-induced 

landslides (Leshchinsky et al., 2015), internal erosion (Yang et al., 2019; Yang et al., 2020), 

embankment construction (Zhang et al., 2016). Most such problems prominently exhibit an obvious 

large-deformation feature. Numerical tools based on the FEM have long been developed to simulate 

such coupled geotechnical problems (Karstunen and Yin, 2010; Sloan and Abbo, 1999a; Sloan and 

Abbo, 1999b; Yang et al., 2019; Yang et al., 2020; Zhang et al., 2021; Zhang et al., 2022). The meshfree 

methods could reduce the influence of mesh quality in hydromechanical modelling (Hua, 2011; 

Khoshghalb and Khalili, 2010; Samimi and Pak, 2012; Wei et al., 2016; Wei et al., 2020), but 

introduces more trouble in the implementation of boundary conditions and more computational cost in 

the evaluation of interpolation functions and derivatives (Chen et al., 2017; Zeng and Liu, 2018). The 

smoothed finite element method (S-FEM) based on the gradient smoothing technique is believed to be 

able to introduce some advantages of meshfree methods into the low-order FEM interpolation scheme. 

Descriptions of the development and application of hydromechanical coupled NS-FEM are scant, 

except in some papers adopting similar numerical treatments (Khoshghalb and Shafee, 2021; Shafee 

and Khoshghalb, 2021). However, the skills for pore pressure stabilization and the potential for large 

deformation analysis still require further investigation and improvement in NS-PFEM. 

Direct nodal integration in NS-PFEM tends to incur the numerical instability due to spurious zero-

energy mode (Puso et al., 2008; Wei et al., 2016; Wei et al., 2020). Recently, a stabilization scheme 

based on a locally linear strain assumption was proposed and applied in several mechanical problems 

(Feng et al., 2016; Li and Liu, 2019; Vo-Minh and Nguyen-Son, 2021; Yang et al., 2019), for which 
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circle domains and quadrature points must be identified to allow gradient evaluation. Meanwhile, a 

similar approach of adding more stress points in the subdomains (Puso et al., 2008; Wu et al., 2018) is 

seemingly worth further consideration, because no extra evaluations of subdomain gradient is required 

in the 3-node triangulation interpolation (T3) scheme. 

Nonphysical pore pressure oscillation is another tough issue in hydromechanical coupling 

problems, especially when dealing with the undrained incompressible limit, that is, the conditions of 

low permeability and very short periods (Belytschko et al., 2013; Haga et al., 2012; Zhao and Choo, 

2020; Zhen-Yu Yin, 2020). This is because a discrete inf-sup Ladyzhenskaya-Babuġka-Brezzi (LBB) 

condition does not hold for some interpolation pair of u the solid displacement and p the fluid pressure 

(Brezzi and Bathe, 1990; White and Borja, 2008), especially the equal-order T3 element adopted in 

SNS-PFEM. Many stabilization strategies have been developed such as separate interpolations for 

coupled physical fields (Haga et al., 2012), modifying the pressure equation by the divergence of 

momentum equation (Hafez and Soliman, 1991), finite-incremental calculus formulation (Onate, 2000; 

Preisig and Prevost, 2011), Galerkin least square technique (Wan, 2003), fractional step methods 

(Pastor et al., 2000), enhanced strain formulations (Mira et al., 2003), to name a few. But these are 

either difficult in code modification or depend on sophisticated element construction that is infeasible 

in a mesh-updating framework. The polynomial pressure projection (PPP) technique as a remedy to 

violation of LBB conditions (Wei et al., 2016; White and Borja, 2008; Zhao and Choo, 2020), 

fortunately, offers a convenient approach that can be used in all the common interpolation schemes, 

with only a relatively minor modification needed to the discretized equations. It has been widely 

applied in many similar numerical problems that require pressure stabilization, such as low permeable 

porous medium (Wei et al., 2016), incompressible solid (Jiang et al., 2017) and Stokes flow equation 

(Bochev et al., 2006), and has proven to be highly efficient. Thus, the PPP is worth to be implemented 

in the SNS-PFEM framework to stabilize the possible fluid pressure oscillation. 
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This Chapter is organized as follows. In Sections 2.2ï2.3, both the solid-phase and fully hydro-

mechanical coupled formulations are established, with a detailed description of the governing 

equations in strong and weak forms, spatial discretization based on FEM interpolation, and the implicit 

temporal integration for the time-dependent FEM equations. Sections 2.4ï2.7 introduce the principles 

of the gradient smoothing technique with stabilized nodal integration, the polynomial pressure 

projection method (PPP) and the re-meshing strategy in the particle method. Nodal integration of 

stabilized equations and PPP is derived to closed formulations in detail. Several benchmark tests with 

reference solutions are implemented in Section 2.8, with the correctness and efficiency of the proposed 

SNS-PFEM validated and analysed by comparison with reference solutions. The hydro-mechanical 

coupled large deformation simulation of footing penetration into soft soil is investigated with different 

constitutive models in Section 2.8. The conclusions are drawn in Section 2.9. 

2.2 Solid-phase finite element method 

2.2.1 Governing equations and discretization  

The equilibrium equation for continuous solid is expressed as Eq.(2-1). The linear geometric 

relationship between the strain Ů  and displacement u  is formulated by the symmetrical gradient 

operator Ðs
 in Eq.(2-2). The constitutive equation could be written as a rate-dependent formulation 

as Eq.(2-3). The imposed and natural boundary conditions Gu
and Gt

 are presented in Eq.(2-4), 
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where ů is the Cauchy stress tensor, b the body force, ep the fourth-order algorithm modulus tensor, 

u  the given displacement, and t   the imposed traction force. The dot in the constitutive equation 

represents the derivative of actual or quasi time. 

Noting that when the variation of geometry is significant in one analysis step, the stress updating 

procedure should be conducted considering the spin tensor w  and Jaumann rate to include the 

influence of rigid rotation. The stress in a single computational step is updated as in Eq.(2-5). 
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The above governing PDEs with boundary conditions could be reformulated as an equivalent 

weak form in Eq. (2-6) using the virtual displacement principle and integration by parts. The 

displacement u and its variation du are defined in trial function space 
uS  and test function spaces 

uV , which are stated in Eqs.(2-7)-(2-8) : 

 :d d d
W W G
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where 
1
  denotes the 1-D Hilbert space, d equals 2 or 3 depending on the dimension of the 

calculation domain. 

The interpolated displacement 
h

u  by spatial discretization takes the form of linear combinations 

of nodal shape function basis as in Eq.(2-9): 

 =h
u NU  (2-9)  
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where N is the global shape function matrix, U the array of nodal displacement. The interpolation 

with linear triangulation element (T3) is adopted in this study. For 2-D problems, the matrix N can be 

written as a global form of Eq.(2-10), 

 
1 2

1 2

1 2
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where n is the total number of nodes.   

In a T3 interpolation scheme, the nodal shape function 
IN  of node I could be presented 

analytically as Eqs.(2-11)-(2-12), where 
eA   is the area of the element We

 , 
Ia  , Ib  and Ic   are 

constants for a specific We
  when the three nodes are arranged counter-clockwise as ( , )I Ix y  ,

( , )J Jx y  and ( , )M Mx y . 
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Replacing u and du with h
u  and d h

u  based on Eq.(2-6), the FEM equation in matrix form is 

then formulated as the balance of internal force 
int

F  and external force 
ext

F  in Eqs. (2-13)-(2-15). For 

plane strain and plane stress problems, the compatible B matrix is calculated by displacement gradient 

operator 
dL  as in Eqs.(2-16)-(2-17). 

 =int ext
F F  (2-13) 

 
W

= Wñ
int T dF B ů  (2-14) 

 
G W

= G+ Wñ ñ
t

ext T Td dF N t N b  (2-15) 

 
1 2[ ... ]= =d nB L N B B B  (2-16) 



 

24 

 

 

0 0

0 , 0

è ø è øµ µ
é ù é ù
µ µé ù é ù
é ù é ùµ µ
= =é ù é ù

µ µ
é ù é ù
é ù é ùµ µ µ µ
é ù é ùµ µ µ µê ú ê ú

i

i
d i

i i

N

x x

N

y y

N N

y x y x

L B  (2-17)  

2.2.2 Constitutive models 

The relationship between stress and strain is described by constitutive models, which can be 

briefly categorized into linear elastic and nonlinear models. In geotechnical practice, the soils and 

rocks usually exhibit strong nonlinearity. Hundreds of soil constitutive models have been developed, 

including the considerations of plasticity, rheology, critical state, anisotropy, destructuration, etc 

(Zhen-Yu Yin, 2020). The SNS-PFEM code in this study preserves the classical displacement-driven 

framework of FEM, where the code of the integration of the constitutive model can be written as a 

plug-in with a standard format. This format requires the inputs including the incremental displacement, 

time step, current stress, and current historical state variables. Then the constitutive integration 

calculates the updated stress and state variables. This procedure is implemented by several implicit 

algorithms to guarantee accuracy with large time steps, i.e., return-mapping and cutting-plane 

algorithms, which can be found in several review papers and standard textbooks (Belytschko et al., 

2013; Scalet and Auricchio, 2018; Yin et al., 2019; Zhen-Yu Yin, 2020). This Chapter mainly focuses 

on the development of numerical methods, therefore only several classical geotechnical constitutive 

models are used. Some of them are briefly reviewed here. 

(1) Linear elastic strain-stress matrices for plane stress, plane strain, and axisymmetric problems 

are exhibited in Eqs.(2-18)-(2-19). 
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(2) The Mohr-Coulomb model is presented as in Eq.(2-20), where  f  is the friction angle, y  

the dilatancy angle, and c the cohesion. An efficient implicit integration scheme can be found in 

(Clausen et al., 2006). This model could degenerate to the Tresca model when the friction and dilatancy 

angles are set both equal to 0. 
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(3) The modified Cam-Clay model (MCC) is presented as in Eq.(2-21), where 
0e and e are the 

initial and current void ratio respectively, G the elastic shear modulus, ec  the recompression index, 

pc  the compression index, 
cp  the reconsolidation pressure, andM the slope of the critical state line. 
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2.3 Hydro-mechanical coupled finite element method 

2.3.1 Governing equations and discretization  

The ñu-pò formulation is adopted for the analysis of saturated porous medium, where the relative 

movement between fluid and solid skeleton is neglected. The momentum balance equation of 

deformable soil skeleton together with the effective stress principle is expressed as Eq.(2-22). The fluid 

is incompressible which obeys the linear Darcyôs rule in the porous medium, leading to the mass 

conservation equation by combining Eqs.(2-23) and (2-24). The infinitesimal strain tensor is expressed 

as Eq.(2-25), and the nonlinear constitutive model is written as in Eq.(2-26), 

 ( ' )ÐÖ - + =pů I b 0  (2-22) 
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where 'ůis the effective stress tensor, I the identity tensor, b the body force in the medium, fq  the 

Darcy velocity of fluid flux, gf  the unit weight of fluid, k the hydraulic conductivity tensor, u the 

solid displacement field, p the fluid pressure field, ep  the fourth-order elastoplastic tangential 

moduli.   u and p act as the primary unknowns in the hydromechanical coupling. 

The natural and essential boundary conditions are exhibited in Eq.(2-27) , namely displacement 

boundary Gu
, traction boundary Gt

, fluid pressure boundary Gp, and imposed flow flux boundary 

Gq. The complementary conditions in Eq.(2-28) must be satisfied. 
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As the prerequisite for deriving FEM equations, the equivalent weak forms of aforementioned 

partial differential equations together with the boundary conditions are stated in Eqs.(2-29) and (2-30), 
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where u, p and their variations du and dp are defined in appropriate trial function spaces 
uS , pS

and test function spaces 
uV , pV . 

In this study, the linear three-node triangular (T3) element is used for spatial discretization of both 

the solid displacement u  and the fluid pressurep . The approximate compatible displacement and 

fluid pressure 
h

u  and 
hp  could be obtained by Eqs.(2-31)-(2-34), 
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where U  is the nodal displacement vector, and P  the nodal pore pressure vector. 
uN  and pN   are 

shape function matrices for u and p. 

Substituting interpolated displacement 
h

u   and pore pressure 
hp   with their corresponding 

variations d h
u  and d

hp  into the equivalent weak forms, the coupled FEM equationsða system of 

time-dependent ordinary differential equationsðare derived as Eq.(2-35): 
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where the internal force ( )ints
F U   of solid skeleton is a nonlinear function of U   due to the 

constitutive nonlinearity. Stiffness matrix 
uuK , hydromechanical coupling matrixupK , permeability 

matrixppK  , external force 
ext

F  , and flow flux 
ext

Q   are presented in Eqs.(2-37)-(2-41). 
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[1 1 0]T=m  for plane strain problem, and fk  is the permeability coefficient matrix. Compatible 

gradient matrices 
uB  and pB   are transformed from the shape functions 

uN   and pN   by gradient 

operators. It can be easily derived that 
uB  and pB  are piecewise constants. n is the total number of 

nodes. 
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Finally, the temporal discretization based on a trapezoidal rule (Sloan and Abbo, 1999a; Smith et 

al., 2013) is adopted here. In the single time step from 
nt  to 1+nt , the pore pressure and flow flux are 

assumed to vary linearly, and the values at q+nt   as in Eq.(2-45) are taken to integrate the time-
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dependent mass conservation equation. Considering the residuals at 
1+nt , the algebraic expression of 

hydromechanical coupled problem is stated as Eq.(2-46). Unconditional temporal stability can be 

achieved if the integration parameter takes the value of 0.5 1q< ¢ (Smith et al., 2013; White and 

Borja, 2008). In this study, q is fixed as 2/3. 
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2.3.2 Solution schemes for the nonlinear FEM equations  

In solving nonlinear FEM equation, standard Newton-Raphson (N-R) procedure is usually 

adopted. Taking the quasi-static solid mechanics problem as an example. The modulus D in stiffness 

matrix K  usually takes the value of the current algorithm modulus at every material point. Sometimes 

D could keep constant as the initial elastic modulus 
eD , which leads to the so-called initial stiffness 

method. This method, instead of traditional N-R, is widely adopted in FEM analysis concerning simple 

elastoplastic material, because it saves cost of updating stiffness matrix and seems more robust in 

practice (De Borst et al., 2012; Sloan et al., 2000). A typical N-R or initial stiffness procedure is 

presented in Eqs.(2-47)ï(2-52) for the ith iteration. 
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For the hydro-mechanical coupled analysis, the nonlinear residual equations are also solved with 

the monolithic Newton-Raphson iterative method, where the unknowns of the displacement and pore 

pressure are calculated simultaneously. The incremental solution for the (k+1) th iteration is determined 

as Eq.(2-53). 
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(a)                                                             (b) 

Fig. 2-1 (a) Newton-Raphson iteration; (b) modified Newton-Raphson iteration 

2.4 Node-based strain smoothing technique 

The node-based strain smoothing technique is introduced to improve the performance of FEM 

with low-order element (Liu et al., 2009), which originates from the stabilized conforming nodal 

integration in meshfree methods (Chen et al., 2001). In this approach, the gradient of shape function 

around a node is smoothed by taking the weighted average over a constructed smoothing domain 

intersected with several elements. Each smoothing domain works with the information propagated 

from all the connected elements, which makes NS-FEM more robust with mesh distortion and better 

accuracy in strain energy norm than FEM-T3 (Wang et al., 2022a; Zeng and Liu, 2018).  Comparing 
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with FEM-T3, the advantages of the node-based smoothed FEM (NS-FEM) include insensitivity to 

mesh distortion, more accurate in strain energy norm and ease of volumetric locking. Moreover, it 

could be easily improved to the particle-type method NS-PFEM for large deformation analysis, 

because all quantities of interest are directly stored and updated based on the nodes, and the variable 

mapping from the quadrature points could be avoided. 

 

Fig. 2-2 Schematic of the construction of node-based smoothing domain 

The code of NS-FEM can be constructed based on a FEM-T3 code by several major modifications. 

Although it is more complicated than adding a new element into an existing FEM code, the conversion 

of a traditional FEM code into a NS-FEM code is still relatively simple. The first step is to construct 

the smoothing domain. A node-based smoothing domain Ws

k marked by the node with position kx  is 

composed of several subdomains ,W
s

k q , whose vertexes are the centroid of the element and two 

midpoints of edge, as Fig. 2-2 shows. Then, the gradient smoothing technique is presented based on 

the weighting function (using piecewise constant shown in this study as Eq.(2-54)) and smoothing 

operation in Eq.(2-55). In a specific node-based smoothing domain Ws

k, the strain is assumed to be 

smoothed as a constant by Eq.(2-56). By using the smoothed strain Ů  with constitutive rules, the 

smoothed stress field ů could be calculated. Accordingly, the smoothed gradient matrices ,u IB , ,p IB  
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can then be derived by the smoothing operation from the original compatible gradient matrices ,u IB  , 

,p IB  , as in Eqs. (2-57) and (2-58), where 
s

kA  is the area of smoothing domain Ws

k and ,
s

k qA  is the 

area of subdomain ,W
s

k q. Regarding that all the vertices of these node-based domains are the centroids 

of elements or the midpoints of edges, this procedure is automatic with a given T3 mesh. 
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The smoothed Galerkin weak form with the linearized equation are presented in Eqs.(2-59)-(2-60), 

where the smoothed internal force ( )ints
F U , smoothed hydromechanical coupling matrix upK  and 

smoothed permeability matrix ppK   are obtained by replacing the compatible gradients with the 

smoothed counterparts. The smoothed stiffness matrix uuK  is formulated in the same way. 
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2.5 Subdomain-based nodal integration stabilization  

The stiffness, permeability and coupling matrices could be assembled with direct nodal 

integration (NI), which only use the smoothed gradients of shape functions. However, the singular 

mode intrinsically caused by NI must be focused on owing to the violation of integration constraints 

(Beissel et al., 1996; Randles et al., 1999), which could be clearly caught in many meshfree and S-

FEM simulations (Shafee and Khoshghalb, 2021; Wei et al., 2016) . In the several examples of this 

study, the spurious spatial oscillations could be observed in the contours of displacement, stress, and 

pore pressure when direct nodal integration is applied. Puso and Chen (2008) developed a modified 

stabilised conforming nodal integration (MSCNI) method to correct this error (Puso and Solberg, 2006; 

Puso et al., 2008) and applied it in meshfree hydromechanical analysis (Wei et al., 2016). With MSCNI, 

each integration domain is divided to several subdomains, and each subdomain is assigned with a stress 

stabilization point. The smoothed shape function gradient of stabilization points is calculated based on 

the subdomain to eliminate the integration oscillation. 

For the NS-PFEM, a stabilization technique similar to MSCNI is developed to reach a stabilized 

nodal integration. This technique is named the subdomain-based nodal integration stabilization, and 

the NS-PFEM is improved to the stable NS-PFEM (SNS-PFEM). It uses the difference between the 

smoothed B  and the subdomain-smoothed sub
B   matrix to augment the smoothed stiffness and 

permeability matrices. In the T3 interpolation scheme, the subdomain-smoothed gradient sub
B is just 

equal to the compatible gradient B. The primary difference between the meshfree methods and SNS-

PFEM in coding the stabilization terms is that in a meshfree interpolation scheme, such as the 

reproducing kernel particle or element-free Galerkin method, extra evaluation of smoothed gradient at 

each additional stress point is unavoidable. However, due to the linear shape function and its piecewise 

constant derivatives in NS-PFEM, these counterparts just take the same value as the compatible 

gradient matrices that have been calculated beforehand, therefore no extra evaluations are required. 
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The stabilization technique first introduces some additional terms to formulate the stabilized 

smoothed weak form in Eqs. (2-61)-(2-62), where the Duand Dp are incremental displacement and 

pore pressure respectively at the current calculation step. Then it leads to the modified formulations of 

smoothed stiffness, permeability and coupling matrices in SNS-PFEM as Eqs. (2-63)-(2-65) by 

linearization. The integration stabilization coefficient es
 is fixed as 0.5 by default in all the simulations 

of this study, according to the related papers (Puso et al., 2008; Wei et al., 2016). A brief calibration is 

exhibited in the validation example in Section 2.8.1. This coefficient es
 could be altered to achieve 

better balance between the accuracy and numerical stability if necessary (Puso et al., 2008). =0es
 

signifies a retreat to the NS-PFEM. 
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The integration shown in Eq.(2-65) could be reformulated as the multiplication of a constant B 

matrix with the integration of linear shape function in each subdomain ,W
s

k q, whereas the latter could 

be conducted analytically as in Eq.(2-66), where the relative position of nodes I, J and M are marked 
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as in Fig. 2-2. Thus, all stable nodal integration shown in Eqs.(2-63)-(2-65) can be conducted by the 

weighted sum of subdomain area, which reduces the computational cost due to inner loop on the 

quadrature points in traditional PFEM. 
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2.6 Polynomial pressure projection (PPP) in nodal integration  

There is an inherent numerical defect for hydro-mechanical coupled simulation when low-order 

interpolations are equally adopted for displacement and pressure field. In the undrained limit, i.e., low 

permeability with very short time, non-physical pore pressure oscillations appear if the interpolants 

are not adequately selected or other numerical techniques to alleviate such numerical pathology are 

not employed, as exhibited in many numerical methods including the FEM (White and Borja, 2008), 

RKPM (Wei et al., 2016), and MPM (Zhao and Choo, 2020). A conceptual insight can be obtained by 

considering the four-block structure of the coefficient matrix in Eq.(2-67). In the undrained limit when 

the p-p block approaches zero, solvability and stability of the aforementioned algebraic formulation 

requires some extra necessary conditions (Brezzi and Bathe, 1990; Choo and Borja, 2015). The most 

important one is the discrete inf-sup LBB condition for the interpolation spaces 
h

uS   and hpS   as in 

Eq.(2-68), 
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where 
0C  is a positive constant independent of the features of spatial discretization, i.e., the element 

size. In mixed u-p FEM, specially designed Taylor-Hood element pairs are widely used to meet the 

LBB condition when solving nearly incompressible problems (Preisig and Prevost, 2011). 

Undoubtedly, the equal-order T3 interpolation of u  and p  used in the SNS-PFEM has been 

proved to violate the LBB condition in Eq.(2-68) (Jin et al., 2021). It is necessary to find a stabilization 

scheme which can overcome the spurious pressure oscillation in undrained limit and also preserve the 

accuracy in drained conditions. Bochev et al. discovered that the linear element pair satisfies a weak 

inf-sup condition (Bochev et al., 2006) in Eq.(2-69), where 
1C   and 

2C   are positive constants 

independent of discretization. Here the L2 projection operator Ô that maps the pore pressure field 

into a lower-order polynomial space needs to be identified. The operator is determined as the one that 

minimizes the functional 
2

2

( )W
-Ô

e

h h

L
p p  , where We

  is the element domain of 
h

pS  in T3 

interpolation. Then it could be concluded that the operator Ô  is the element-average projection 

defined in Eq.(2-70). 
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Based on the weak inf-sup condition Eq.(2-69), the idea of polynomial pressure projection (PPP) 

is proposed to compensate the deficiency of LBB condition of interpolation space pair by adding a 

stabilization term into the equivalent weak form, as in Eq.(2-71). Detailed derivations can be found in 

previous studies (Brezzi and Bathe, 1990; Choo and Borja, 2015; Sun et al., 2013). 
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In this study, a stabilization term of PPP is formulated in SNS-PFEM to reach a modified 

variational equation of continuity as in Eq.(2-71) (White and Borja, 2008; Zhang and Borja, 2021). 

Different from the PPP used in RKPM  which is still constructed on the nodal integration, this study 

adopts the element-based formulation, that is, preserving the same PPP term as in FEM-T3. This hybrid 

strategy significantly saves the computational cost because the T-3 based PPP can be calculated by the 

multiplication of a constant matrix with the element area, while the smoothing domain-based PPP 

requires a 3-order Gaussian integration. This strategy, on the other hand, also stands on a solid 

theoretical foundation. As indicated in Eqs.(2-72)-(2-74), the stabilization term is only related to the 

element-based shape function and projection operator of interpolated pressure space, free of using the 

gradients of shape function. Therefore, the smoothing operation is not applied in the sub block S. 

Moreover, an automatic estimation technique of stabilization parameter ef  proposed by Sun et 

al. (Sun et al., 2013) is adopted, which considers the compressibility of fluid and solid grains, and the 

variation of time step and mesh size (Monforte et al., 2019; Sun et al., 2013), as in Eqs.(2-75)-(2-78): 
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where Dt is the current length of time step ,
sK  the bulk modulus of solid grains, fK  the bulk modulus 

of fluid, K and G the bulk and shear modulus of solid skeleton separately, fn  the porosity of solid. 

h  is a characteristic length of spatial discretization, which is evaluated by = s

kh A   for each 

smoothing domain. Here the 
sK  =50 GPa and fK  =2 GPa are fixed as a weak-compressibility 

approximation of the mixture to estimate the stabilization parameter, seeing in Sun et al (Sun et al., 

2013). According to Eq.(2-77), the constrained modulus Mô is very close to K+4G/3 as long as the Ks 

and Kf  are set much larger than the solid skeleton modulus K and G. All the parameters used here are 

either material properties or discretization sizes decided by the numerical model, and no calibration is 

needed. As the time step and permeability grow from extremely low to relatively high levels, the ef  

will decrease to zero gradually. With these formulations, the PPP can preserve both accuracy and 

stability from undrained limit to drained conditions (Choo and Borja, 2015; Zhao and Borja, 2021).  

In solving the stabilized equations of smoothed Galerkin weak form, the modified Newton-

Raphson iterative formulations can be written as Eqs.(2-72)-(2-74). Only a stabilization block S and 

a stabilization residual 
1+n

stab

tH   need to be formulated to modify the iteration format, leaving all the 

remaining procedures unchanged. This is an obvious advantage of PPP, whereby adding only a minor 

plug-in to the original SNS-PFEM code could achieve a prominent stability effect. 

For the consistency of code, the assembly of block S could still be reformulated to a nodal 

integration procedure as shown in Eqs.(2-79)-(2-80). It arises from the fact that the value of S for each 

T3 element is nothing more than a constant matrix scaled by its area.  Therefore , it can be evenly 

distributed to the three subdomains in each element. Now, all the subblocks in Eq.(2-72) are integrated 

without any quadrature points. These analytical formulations not only offer considerable CPU time 
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saving and high accuracy, but also reduce the numerical risk from distorted mesh, since the evaluation 

of Jacobian determinant is avoided. 
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2.7 Re-meshing strategy  

In large deformation analysis, if the initial configuration and mesh are kept constant, the serious 

error will emerge because the small strain assumption no longer holds when there is a large 

displacement and obvious deformation gradient. The traditional re-meshing method based on pure 

displacement increment is always accompanied by mesh entanglement. In PFEM, a novel strategy is 

developed using particle discretization strategy (Carbonell et al., 2010; Jin et al., 2020; Zhang et al., 

2015; Zhang et al., 2016; Zhang et al., 2019). Particles with updated positions are regarded as the cloud 

for domain discretization, whose connectivity is renewed via Delaunay triangulation in each re-

meshing step to reduce the mesh distortion. The alpha shape technique is applied to delete unreasonable 

elements on the boundary (Jin et al., 2020). As long as the mesh has been updated, the subsequent 

calculation in the current step is just the same as regular NS-FEM. Compared with traditional PFEM 

or ES-PFEM, NS-PFEM has the advantage of high accuracy. Since all physical quantities of interest 

are stored at nodes (i.e., displacements, pore pressure) or updated by the node-based smoothing 

domains (i.e., strain, stress, state variables of soil model), variable mapping between the nodes and 

quadrature points is not needed, resulting in the reduction of accuracy loss.  

It should be noted that the SNS-PFEM inherits the philosophy of PFEM in dealing with large 

deformation, that is, using a series of incremental analysis based on infinitesimal strain theory with an 

updated geometry for large deformation. The configuration of the material is updated after each 
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incremental analysis. Because the total variation of geometry has been decomposed into a number of 

small incremental sub steps, the accuracy of linear strain with Cauchy stress and objective rate could 

still be preserved. This idea has long been used in the sequential limit analysis (Kong et al., 2018), and 

then adopted in the RITSS (Hu and Randolph, 1998) and PFEM, where numerous challenging large 

deformation problems such as the granular column collapse were simulated and good agreements 

between the PFEM results and the lab testing data were obtained (Zhang et al., 2020; Zhang et al., 

2016). The whole process of one analysis step in SNS-PFEM includes the following steps: 

  

(a)                                                       (b) 

Fig. 2-3 (a) Circumscribed and inscribed circles of a triangular element; (b) re-connection of particles 

by Delauney triangulation 

(1)  Scatter a cloud of particles into the calculation domain, which can describe the geometrical and 

topological features of the domain well. 

(2)  Generate a FEM mesh with the particles acting as the nodes. The linear triangular element is 

adopted here, as the automatic mesh generation can be easily realized by the Voronoi diagram and 

Delaunay triangulation algorithm (Cremonesi et al., 2020; Onate et al., 2004). 
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(3)  Delete the unreasonable elements on the boundary with alpha-shape method, as shown in Fig. 1-4 . 

The unreasonable elements are either significantly larger than the adjacent elements, or possessing 

a very slender shape which may incur potential numerical illness. The two factors 
1a in and 2a 

are introduced in this study to meet the aforementioned criterions: 
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where 
eR  is the circumradius and er  the inscribed radius of the triangular element separately, as 

shown in Fig. 2-3. 
cR   is the characteristic radius of the circumcircle. The choice of 

1a  is 

problem-dependent and relies on some trial-and-errors, but usually, the reasonable value falls into 

the range of 1.1~1.6 (Franci and Cremonesi, 2017; Zhang et al., 2013). The 
2ais an indicator for 

the element shape, with an optimal value of 2 for the equilateral triangular. A very large  
2a, i.e., 

exceeding 10, indicates that the element is skewed and better to be deleted. 

(4)  Assemble the standard SNS-FEM equation and solve it. In this study, the implicit scheme is 

adopted to solve the discretized algebraic system to achieve better accuracy with large time steps. 

For a nonlinear problem, the iteration algorithms such as Newton-Raphson and modified Newton-

Raphson are adopted, as shown in Fig. 2-1. 

(5)  Update the information carried by the nodes. As the number of nodes keeps constant, the variable 

mapping between the particles and quadrature points is not required. 

(6)  Rebuild the mesh according to the updated position of nodes using the Delaunay triangulation 

algorithm and alpha-shape method. Based on the updated particle cloud, the old connectivity 

between particles is deleted and a new mesh is established with the Delaunay triangulation 

algorithm. This mesh will automatically eliminate the distorted interior elements by reconnection 

since the Delaunay triangulation has some optimal properties in keeping the element quality, as 

introduced in Section 1.2.2. Go back to step (4), until all the analysis steps are finished. 



 

43 

 

2.8 Numerical examples 

2.8.1 Cantilever beam with a parabolic traction  

 
Fig. 2-4 Geometry of the cantilever beam 

   
(a)                                                                        (b) 

 

  
(c)                                                                     (d) 

Fig. 2-5 (a) Distribution of vertical displacement along (x,0); (b) distribution of shear stress along 

(L/2,y); (c) convergence of the displacement error with the element size; (d) convergence of the strain 

energy with the number of nodes 
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The case of elastic cantilever subjected to parabolic traction on the free boundary has long been 

used to validate the correctness of developed numerical methods (Feng et al., 2016; Jin et al., 2021; 

Liu et al., 2009). The analytical solutions of displacement and stress are exhibited in Eqs.(2-82)-(2-83). 

Fig. 2-5 (a) and (b) exhibit the comparison of analytical and numerical results with different 

stabilization coefficients es
 using 85 nodes and 128 elements. It shows that the shear stress of SNS-

PFEM agrees well with the analytical solution except for a little bias at the left edge. As shown in Fig. 

2-5 (a) and (d), the vertical displacement of e¢s
 0.3 is larger and es

> 0.3 is smaller than the accurate 

solution. The strain energy of e¢s
  0.3 is larger and es

> 0.3 is smaller than the accurate solution. It 

demonstrates the overly-soft property of NS-PFEM and the overly-rigid property of PFEM-T3. The 

SNS-PFEM with es
= 1 is overly rigid and close to the PFEM-T3. This problem will have a close-to-

exact solution with SNS-PFEM when es
 takes the value near 0.3. As shown in Fig. 2-5 (d), the strain 

energy of SNS-PFEM with different values of es
 will all converge to the accurate solution as the 

number of nodes increases. This example indicates that the SNS-PFEM with adequate stabilization 

coefficients es
 will be more accurate than both the overly-soft NS-PFEM and overly-rigid PFEM-T3, 

and it will converge to the theoretical solution with any choice of es
. 
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2.8.2 1D Terzaghiôs consolidation 

 

Fig. 2-6 1-D Terzaghi consolidation with mesh 

Terzaghiôs 1-D model of consolidation in saturated elastic soil (Terzaghi et al., 1996) has been a 

primary validation test for most newly developed coupled numerical methods (Shafee and Khoshghalb, 

2021; Smith et al., 2013; Wei et al., 2016; White and Borja, 2008; Zhang et al., 2016; Zhao and Choo, 

2020). In this study, a porous rectangular medium of 1 m drainage height and 0.06m width is taken, 

with the lateral displacement of left and right edge, and both directions of the bottom edge are fixed, 

as shown in Fig. 2-6. Only the top surface is permeable. A uniform mesh with 255 nodes and 402 

elements is used. The elastic parameters are set as Youngôs modulus E=10 MPa, Poissonôs ratio n=0.3. 

The unit weight of fluid is gw =10 kN/m
3. 

A uniform load of P0=10 kPa is applied on the drainage surface instantly at the first time step. 

The dimensionless time is deýned as in Eqs.(2-84). Two different cases 1 and 2 are investigated. For 

case 1 exhibited in Fig. 2-7 and Fig. 2-8 (a), the total period of t= 5s, the time step of Dt= 1s, and the 

permeability of k=10-9 m/s are set to approach the undrained limit which tends to trigger the pressure 

oscillation mode. This parameter setting also agrees with the same example analysed in a recent study 
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(Shafee and Khoshghalb, 2021). For case 2 shown in Fig. 2-8 (b, c), another setting of t= 15s, Dt= 

0.02s, and k=10-4 m/s is adopted which is corresponding to the drained conditions. The value of PPP 

parameter ef  is determined by the Eq.(2-75). 

 
( )( )

( )2

1 1 2
 with ,  

1

n n

g n

+ -
= = =

-
̆v

v v

v w

c t k
T c m

H m E
 (2-84) 

 
(a)                                                                     (b) 

  
(c)                                                                   (d) 

Fig. 2-7 Distribution of normalized pore pressure with normalized depth in the undrained limit (case 1) 

with different numerical settings: (a) Ⱡ▼= 0, Ⱡ█= 0; (b) Ⱡ▼= 1, Ⱡ█= 0; (c) Ⱡ▼= 0, Ⱡ█ = 1.47¦10-4; (d) Ⱡ▼= 1, 

Ⱡ█ = 1.47¦10-4 
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(a) 

 

 

 
(b)                                                              (c) 

Fig. 2-8 (a) Comparison of SNS-PFEM+PPP with other stabilization methods (Shafee and Khoshghalb, 

2021) (case 1); (b)1-D Terzaghi consolidation with SNS-PFEM (Ⱡ█= 0) in drained condition (case 2); 

(c)1-D Terzaghi consolidation with SNS-PFEM+PPP (Ⱡ█ = 1.39¦10-4) in drained condition (case 2) 

As Fig. 2-7 (a) shows, in case 1 if the pressure stabilization coefficient ef
  and integration 

stabilization coefficient es
  both take the value 0, the severe fluid pressure oscillation in the undrained 

limit could be captured. es
 = 1 with ef

 =0 leads to some stabilization as in Fig. 2-7 (b), whereas es
 

= 0 with PPP would produce a much more significant effect in Fig. 2-7 (c). A combination of both 

stabilization remedies taking es
 = 1 and PPP will eliminate this instability and generate a result in good 

agreement with the analytical solution. It can be concluded that PPP solves the problem of spurious 
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pressure oscillations effectively, although nodal integration stabilization could also help somewhat. 

This conclusion can also be supported by a related study (Shafee and Khoshghalb, 2021), in which the 

newly developed I-NSPIM and I-NSRPIM based on only the nodal integration stabilization strategy 

are adopted. As Fig. 2-7(a) shows, their effect is limited, indicating that pure nodal integration 

modification cannot totally stabilize the pore pressure. Fig. 2-8 (b) and (c) present that in case 2, the 

results are reasonable with both ef   =0 and ef   in Eq.(2-75). PPP is unnecessary in the drained 

condition, because the permeability and drainage period are large enough to avoid triggering the 

numerical instability. But it does not introduce any additional error since the stabilization parameter 

can be reduced to a reasonable level (i.e., approaching zero) as the permeability increases. The 

foregoing results demonstrate that the PPP is highly efficient in overcoming the pore pressure 

oscillation in the SNS-PFEM framework, especially in conditions of low permeability and short period, 

with integration stabilization techniques also able to help somewhat. Besides, PPP performs well in 

the drained problems with the automatic stabilization calibration scheme. 

2.8.3 Mandelôs problem 

 
(a)                                                         (b)                

Fig. 2-9 Mandelôs problem: (a) normal compression mode; (b) shear force mode 

As Fig. 2-9 shows, a sandwich-like saturated elastic soil subjected to an instant external load on 

the top is investigated, where the left and right sides are set as drainage boundaries. The classical theory 
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about the MandelïCryer effect states that for the normal compression model in Fig. 2-9 (a), the excess 

pore water pressure at the centre point A will evolve in a nonmonotonic manner, first increasing and 

then decreasing (Mandel, 1953). Later studies revealed that replacing the normal compression with 

shear force could lead to a similar effect (Cheng and Detournay, 1988) but one that is more 

sophisticated which poses a greater challenge to numerical simulation (Shafee and Khoshghalb, 2021). 

Here the SNS-PFEM is implemented in both the normal compression and shear modes, aiming to 

reproduce the Mandel-Cryer effect. A uniform mesh with 845 nodes and 1560 elements is adopted. 

The parameters are the same as in the recent study (Shafee and Khoshghalb, 2021) to ensure a fair 

comparison: Youngôs modulus E=100 MPa, Poissonôs ratio n=0.2, unit weight of fluid gw =10 kN/m
3 , 

permeability k=10-4 m/s, the total period of t= 300 s, time step of Dt= 0.05s. A uniform load of P0=100 

kPa is applied on the top instantly in the first time step vertically or laterally for two modes. The pore 

pressure stabilization is activated. Four watch points A, B, C, D are set as shown in Fig. 2-9 to output 

the variables of interest. Results and comparisons are recorded in Fig. 2-10. The definition of 

dimensionless time for this problem is deýned the same as in Eq.(2-84), where H takes the value of 

half hight h. 

 
(a)                                                                  (b) 
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(c)                                                         (d) 

Fig. 2-10 Evolution of (a) dimensionless pore pressure at point A; (b) dimensionless horizontal 

displacement at point B; (c) dimensionless pore pressure at point C; (d) dimensionless pore pressure at 

point D by different numerical methods 

 
Fig. 2-11 Evolution of dimensionless pore pressure at point A with different permeabilities 

From Fig. 2-10, all the curves of pore pressure and displacement accord well with the analytical 

solutions or reference solutions (Shafee and Khoshghalb, 2021). For the normal compression mode, 

pore pressure at A goes up first, then down, as predicted by Mandel-Cryer effect and seen in Fig. 2-10 

(a) . The horizontal position of the right edge expands instantly then gradually shrinks until drainage 

consolidation is finished, as shown in Fig. 2-10 (b). Pore pressure at points C and D in the shear mode 

evolves similarly, as shown in Fig. 2-10 (c, d), where the reference solution is provided by a FEM 

simulation with very fine mesh (Shafee and Khoshghalb, 2021). SNS-PFEM performance is better 

than that of I-NSPIM and I-NSRPIM in (Shafee and Khoshghalb, 2021) at early stage, as indicated in 
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Fig. 2-10 (c, d). In summary, the proposed SNS-PFEM with PPP reproduces the MandelïCryer effect 

well for both normal compression and shear mode, with its greater accuracy comparable to the recently 

proposed I-NSPIM and I-NSRPIM. Fig. 2-11 presents the results of normal compression mode with 

different permeabilities. The length of dimensionless time is set as the same in different cases for 

comparison. The results shows that the performance of SNS-PFEM with PPP is quite good to exhibit 

the Mandel-Cryer effect clearly even under a very low permeability k=10-9 m/s. 

 

 

 

2.8.4 Strip footing consolidation on Mohr-Coulomb soil 

 

(a)                                                                        (b) 

Fig. 2-12 Geometry and mesh of strip footing consolidation: (a) regular mesh; (b) distorted mesh 

The simulation of long-term consolidation is implemented in MohrïCoulomb soil under a flexible 

footing load to assess the performance of coupled SNS-PFEM with material nonlinearity. A discretized 

half configuration considering the symmetry with load and boundary condition is exhibited in Fig. 

2-12, where the half width of footing is a =3m. A nonuniform mesh of 580 nodes and 1071 elements 

is adopted. A distorted mesh by randomly shifting the position of nodes is also presented, to check the 
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robustness of SNS-PFEM under the biased spatial discretization. The top surface is free-draining 

except the segment under the bottom of footing which is impermeable. The material parameters for 

Mohr-Coulomb (MC) model are listed as follows: Youngôs modulus E=2000 kPa, Poissonôs ratio n=0.3, 

friction angle f=20Ј, dilatancy angle y=20Ј, and cohesion c=10 kPa. The permeability is set to k=10-

5 m/day. The unit weight of fluid is gw =10 kN/m
3. The dimensionless time in this plane strain problem 

is deýned as 
( )( )

v 22 1 1 2w

Ekt
T

ag n n
=

+ -
. P0=100 kPa is uniformly applied during a period of Tv = 0.01 

(t=46.8 days) by 10 steps, with the time growth factor of 1.1 set afterwards. Note that all the parameters 

keep the same as in studies (Ghaffaripour et al., 2017; Manoharan and Dasgupta, 1995; Sabetamal et 

al., 2016) for the convenience of comparison. The results of PFEM with two interpolation schemes 

(i.e., T3 for pore pressure and T6 for displacement; T3 for both displacement and pore pressure) using 

the same mesh in (a) are also presented to compare their efficiency and accuracy. 

  

(a) 
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(b)                                                              (c) 
Fig. 2-13 (a) Evolution of dimensionless pore pressure at point A; (b) evolution of dimensionless vertical 

displacement at point A ; (c) distribution of dimensionless horizontal displacement with dimensionless 

depth along the section B with different numerical methods or spatial discretization 

 
(a) 

 
(b)                                                                       (c) 

Fig. 2-14 (a) Evolution of dimensionless pore pressure at point A; (b) evolution of dimensionless vertical 

displacement at point A ; (c) distribution of dimensionless horizontal displacement with dimensionless 
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depth along the section B of SNS-PFEM with different time growth factors (TGF) 

 
(a)                                                                             (b) 

 
(c)                                                                 (d) 

 
(e)                                                                (f) 

Fig. 2-15 Contour of total displacement with (a) NS-PFEM and (b) SNS-PFEM; contour of shear stress 

with (c) NS-PFEM and (d) SNS-PFEM; contour of pore pressure with (e) NS-PFEM and (f) SNS-PFEM 

The results of SNS-PFEM in Fig. 2-13 and Fig. 2-15 (b, d, f) are obtained with es
  = 1 and 

activated PPP. Evolutions of pore pressure and vertical displacement at centre point A, and the 

distribution of horizontal displacement along section B at the end of consolidation process are 

presented in Fig. 2-13. All the results of PFEM and SNS-PFEM with regular or distorted mesh agree 
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well with the widely adopted benchmark numerical solutions (Ghaffaripour et al., 2017; Manoharan 

and Dasgupta, 1995; Sabetamal et al., 2016). It shows the mesh dependency of SNS-PFEM is not 

prominent. Fig. 2-14 presents the results of SNS-PFEM with different time growth factors (TGF) in 

the consolidation stage, which take the total number of time steps as 393, 106, 49, 36 respectively for 

the same dimensionless time Tv=100. It shows that the accuracy of SNS-PFEM is not influenced by 

the temporal discretization. The integration stabilization coefficient es
  is then reduced from 1 to 

0.0001 corresponding to the NS-PFEM with the regular mesh, leading to the results of Fig. 2-15 (a, c, 

e). The contours of total displacement, shear stress and pore pressure in Fig. 2-15 are captured at the 

end of step 10, when the loading has just finished. These contours are plotted in an extracted window 

near the footing bottom rather than the whole domain to highlight the comparisons. It can be seen that 

removing the integration stabilization technique would produce a sawtooth displacement mode, 

creating some noise in the distribution of stress and pore pressure. Furthermore, it is discovered that 

the solution cannot converge if both es
 and ef  are set to 0. The stabilization of pore pressure and 

nodal integration are necessary in this consolidation problem with material nonlinearity using NS-

PFEM. 

 
(a)                                                                      (b) 

Fig. 2-16 Contour of pore pressure in the undrained incompressible limit using (a) SNS-PFEM without 

PPP; (b) SNS-PFEM with PPP 

To further examine the effectiveness of PPP technique when it is approaching the undrained 

condition, the permeability is reduced to a very low value of k =10-12 m/day, and all the boundaries are 

set to be impermeable. Since the non-physical pressure oscillations is significant under the transient 



 

56 

 

loading (i.e., very short time), only the results of the first time step are plotted to highlight the improved 

performance of SNS-PFEM with PPP. The contour of pore pressure is recorded in Fig. 2-16 (a) without 

PPP and in Fig. 2-16 (b) with PPP. As illustrated, the checkboard pattern can be largely alleviated to a 

reasonable mode when the pressure stabilization is activated. It visually demonstrates how the PPP can 

eliminate the spurious oscillation of pore pressure when the undrained incompressible limit is 

investigated. 

 
(a)                                                                        (b) 

Fig. 2-17 Comparison of convergence rate and computational time for PFEM and SNS-PFEM 

To examine the computational efficiency of SNS-PFEM and PFEM, the consumed CPU time and 

the number of iterations of each step for the simulations in are presented in Fig. 2-17. All simulations 

are conducted using the same computer with i7-10750H CPU @ 2.60GHz , 16.0 GB RAM. In 

traditional FEM, mesh with high-order interpolation can be coarser than the low-order mesh to achieve 

equal accuracy. However, in the PFEM, the mesh density is decisive to the deformation ability of the 

calculated objective, therefore taking high-order elements help little to lower the requirement for the 

number of particles. The number of iterations appears to be a little larger of SNS-PFEM than that of 

PFEM under the same convergence criterion. This may come from the increased bandwidth of 

algebraic equation of node-based smoothing construction, and the requirement of numerical 

stabilization (Puso et al., 2008). Whilst the computational time for SNS-PFEM is less than that of 

PFEM. In this problem with the same mesh in Fig. 2-12 (a), the total number of degrees of freedom 
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(DOF) of PFEM (T3p/T6u), PFEM (T3p/T3u) and SNS-PFEM are 11726, 3990 and 3990 respectively. 

Higher-order interpolation increases the DOFs, and the computational cost rises exponentially as of 

PFEM (T3p/T6u). The reason why SNS-PFEM is more efficient than PFEM (T3p/T3u) can be 

summarised as: (1) the nodal integration of SNS-PFEM in this study is organized in an area-weighed 

approach, avoiding the loop on the quadrature point level; and (2) the cost for variable mapping 

between nodes and quadrature points for PFEM is not needed. Although all the methods generate 

accurate results as in Fig. 2-17 (a) and converge in a similar way as in Fig. 2-17 (b), the computational 

efficiency of SNS-PFEM seems superior to that of traditional PFEMs. 

2.8.5 Foundation on a vertical cut 

 
(a)                                                (b)                                          (c) 

Fig. 2-18 Geometry and mesh of foundation on a vertical cut: (a) geometry with boundary conditions; 

(b) uniform mesh (mesh 1); (c) biased mesh (mesh 2) 

The plane strain problem of foundation on a vertical cut is simulated in this section. The 

foundation of 5 m width is rigid and pressed vertically into the soil, of which the contact with the soil 

surface is cohered perfectly. Geometry and boundary conditions are presented in Fig. 2-18 (a). The 

movement of the bottom edge of soil in both directions, and the horizontal movement of the right edge 

are fixed. The top and left boundaries of soil is assumed to be permeable. The soil is simulated using 

a strain-softening associated Mohr-Coulomb (MC) model (Jin et al., 2020; Soga et al., 2016), with 

Youngôs modulus E=2000 kPa and Poissonôs ratio n=0.3. The friction angle f, dilatancy angle y, and 
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cohesion c are reduced with the accumulated equivalent plastic strain (PEEQ) as in the Eqs.(2-85)-

(2-87): 

 = = ( )
he

f y f f f
-

+ -
p
eq

r p r e  (2-85) 

 = ( )
he-

+ -
p
eq

r p rc c c c e  (2-86) 

 2( : ) / 3e =p p p

eq e e  (2-87) 

where fp  =15£and pc   =25kPa are the peak values of friction angle and cohesion; fr
 = / 5fp  

/ 5=r pc c  are the residual values separately. ep

eq is the equivalent deviatoric plastic strain, with 
p

e  

the plastic deviatoric strain tensor defined in Eq.(2-87). h is the shape factor controlling the strain 

softening rate. In this study, h  takes the value of 3 according to Jin et al. (Jin et al., 2020). The 

permeability is set as k=10-7 m/s. The total vertical displacement U=-0.5m is applied within a period 

of t=10000 s by 20 steps uniformly. Two types of mesh are generated as in Fig. 2-18 (b) and (c) to 

investigate the discretization dependency of localized strain softening problem. The mesh 1 is 

generated automatically with a Delaunay triangulation code, and the mesh 2 is constructed based on a 

25¦25 square lattice. The mesh 2 is biased since the hypotenuse of each element is at an angle of  ˊ/4 

with the horizontal axial. 

 
(a)                                                                   (b) 

Fig. 2-19 Contour of equivalent deviatoric plastic strain with deformed mesh at the end of loading: (a) 

uniform mesh (mesh 1); (b) biased mesh (mesh 2) 
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(a)                                                                   (b) 

Fig. 2-20 Contour of pore pressure at different instants: (a) t = 100s ; (b) t = 1000s 

 

Fig. 2-21 Reaction force-vertical displacement curve for the foundation on a vertical cut problem 

Fig. 2-19 exhibits the distribution of equivalent deviatoric plastic strain at the vertical 

displacement U=-0.5m. A clear shear band is formed in the strain softening soil, indicating the 

localized failure feature.  Previous study revealed that in a traditional FEM with the biased mesh, the 

shear band would be influenced by the orientation of the element (Callari and Armero, 2002), that is, 

the shear band will form along the softening direction by the biased mesh, i.e., ˊ/4 in this study as Fig. 

2-18 (c) shows. However, with SNS-PFEM the shear bands exhibited in Fig. 2-19 are almost the same 

from two meshes. Besides, the magnitude of PEEQ and vertical reaction force-displacement curves 

also agree well between mesh 1 and mesh 2. Fig. 2-20 exhibits the distributions of pore pressure at 

t=100s and 1000s respectively. At the start of the loading, most of the region exhibits the positive pore 

pressure induced by the downward external force, and the plastic deformation has not developed. At 
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the end of the loading, the negative pore pressure clearly forms around the shear band, which may be 

induced by the shear dilation of non-zero y . Fig. 2-21 presents the relationship between vertical 

displacement and vertical reaction force. 3 stages of the curve can be observed as: (1) the reaction 

force increases linearly with the displacement before yielding; (2) the reaction force decreases with 

the displacement when the shear band develops, until the localized failure is formed; (3) the reaction 

force is stable at the level of residual strength, which indicates the movement of a sliding body along 

the failure plane. All the results demonstrate that the proposed coupled SNS-PFEM is able to simulate 

the problem of localized failure correctly with low mesh dependency when the strain-softening 

constitutive model is adopted. 

2.8.6 Footing penetration in Mohr-Coulomb soil 

In this section, a case of undrained strip footing on the associate or non-associate Mohr-Coulomb 

soil presented in (Sloan and Abbo, 1999b) is extended to large deformation conditions by increasing 

the loading. The friction angle is fixed as f=20Ј, while the dilatancy angle y is set between 0Á~ 20Á to 

investigate its influence on the mechanical response.  The geometry is just the same as what is exhibited 

in Section 2.8.4 with a fine mesh of 1947 nodes and 3752 elements.  All the boundaries are 

impermeable. The remaining mechanical and hydraulic parameters are listed as follows: Youngôs 

modulus E=2000 kPa, Poissonôs ratio n=0.3, cohesion c=10 kPa, permeability k=10-3 m/s, and fluid 

weight gw =10 kN/m
3 . The dimensionless loading rate  v/w=D DP c T is set as 150 to keep the same 

with the reference (Sloan and Abbo, 1999b). Fig. 2-22 exhibits the distribution of pore pressure and 

equivalent deviatoric plastic strain at the end of loading. As Fig. 2-23 shows, the curves of soil 

resistance-displacement of SNS-PFEM agree well with the FEM solutions at the small-deformation 

stage. As (Sloan and Abbo, 1999b) have reported, for Biotôs formulation with Mohr-Coulomb soil used 

in this study, the non-zero dilation angle can cause a drop in the excess pore pressure and then increases 

the shearing strength, leading to a hardening effect. It seems that with SNS-PFEM, the hardening effect 
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would get more obvious as the deformation becomes larger. The jump of stiffness due to the re-

connectivity of particles in re-meshing process is believed to cause the fluctuation of resistance-

displacement curve in Fig. 2-23, which is unavoidable in all the PFEM-class methods (Jin et al., 2020; 

Zhang et al., 2013). Some rebalancing or smoothing techniques could be considered, such as the 

Laplacian smoothing technique. However, they lack the physical foundation. The foregoing results 

prove the correctness and stability of the proposed SNS-PFEM framework in large deformation 

simulation. 

 

(a)                                                                   (b) 

Fig. 2-22 Contour of  (a) pore pressure; (b) equivalent deviatoric plastic strain with SNS-PFEM for 

flexible footing penetration on Mohr-Coulomb soil (y= 1o) 

   

(a)                                                       (b) 

Fig. 2-23 Normalized soil resistance ï centre line displacement for flexible footing penetration on Mohr-

Coulomb soil: (a) small deformation; (b) large deformation 
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(a)                                                             (b) 
Fig. 2-24 Deformed mesh with (a) initial mesh without re-meshing; (b) updated mesh with Delaunay 

triangulation and alpha-shape method in each analysis step (y= 20o) 

 

(a)                                                                 (b) 
Fig. 2-25   (a) Deformed configuration with coarse and fine mesh respectively; (b) normalized soil 

resistance ï centre line displacement with coarse, medium and fine mesh respectively. (y= 20o) 

Fig. 2-24 exhibits the comparison of the deformed mesh with two different methods. The first one 

is calculated based on the initial configuration without re-meshing, that is, only applying the nodal 

displacement to obtain the deformed mesh. The second one is obtained by the re-meshing technique 

with Delaunay triangulation and alpha-shape method, just following the standard procedure of SNS-

PFEM. The mesh quality in Fig. 2-24 (b) is much better than that in Fig. 2-24 (a) because most of the 

elements are close to the equilateral triangle and the abnormally slender ones are eliminated by the 

reconnection of particles before each analysis step. Some unreasonable elements near the boundary 
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are also effectively deleted with the alpha-shape criterion. Fig. 2-25 exhibits the deformed 

configurations and normalized soil resistanceïcentre line displacement curves with different mesh 

densities. From Fig. 2-25 (a), the deformed configurations are largely the same for the coarse and fine 

mesh, while the boundary shape obtained by the coarse mesh is not satisfactory because it is just 

composed of a few straight lines and seems erroneous. The deformed boundary with the fine mesh, 

however, is more reasonable due to much better flexibility guaranteed by more discretization particles. 

The force-displacement curves with different mesh densities are in good accordance with each other 

at the stage of small deformation, but the result with coarse mesh undergoes more significant 

oscillations. Obviously, the abrupt change of stiffness in the re-meshing process can be predicted more 

severe with coarser mesh consisted of larger elements. Using the fine mesh in the region with large 

deformation in SNS-PFEM is necessary, which not only contributes to the deformation flexibility of 

the geometry and the accuracy of each analysis step, but also helps in reducing the unphysical abrupt 

jumps of the responses due to the mesh reconnection.   

2.8.7 Footing penetration in modified Cam-Clay soil 

This example still investigates the footing penetration problem with large deformation, where the 

more advanced critical elastoplastic constitutive model named modified Cam-Clay (MCC) is used. In  

MCC, the nonlinear elastic relationship, ellipse yield function in p-q space, associated flow rule, and 

hardening rule with plastic volumetric strain are adopted. Detailed formulations are exhibited in  

Section 2.2.2. The constitutive parameters are taken from (Borja and Lee, 1990) to describe the soft 

clay as follows: initial void ratio  
0e=2.17 , Poissonôs ratio n=0.35, the recompression index

ec =0.054, 

the compression index
pc =0.37,  the reconsolidation pressure

cp = 50 kPa, and the slope of critical 

state line M =1.4. The geometry is just the same as in Section 2.8.4 with a fine mesh of 1947 nodes 

and 3752 elements. The case of small deformation is load-controlled with an external pressure of 
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500kPa, while the case of large deformation is displacement-controlled with the given indentation of 

-3m. 

 
(a)                                                                            (b) 

 
(c)                                                                            (d) 

Fig. 2-26 Contour of  (a) equivalent deviatoric plastic strain; (b) pore pressure; (c) void ratio at the end 

of loading; (d) void ratio after a very long consolidation with MCC soil for large deformation 

 
(a)                                                               (b) 

 Fig. 2-27 (a) Evolution of pore pressure at point A; (b) evolution of  vertical displacement at point A  

with small deformation 



 

65 

 

 
(a)                                                            (b) 

Fig. 2-28 (a) Evolution of pore pressure at point A; (b) evolution of  vertical reaction force with large 

deformation 

Fig. 2-26 exhibits the distribution of equivalent deviatoric plastic strain, pore pressure, and void 

ratio. The punching failure mode can be observed. The high pore pressure concentrates in the region 

beneath the footing. The void ratio is high beneath the footing bottom due to the volumetric expansion 

with high excess pore pressure at the end of construction. After a sufficient consolidation, all the excess 

pore pressure dissipates and the effective mean stress under the footing bottom becomes very high, 

which leads to a lower void ratio than the surroundings. As shown in Fig. 2-27, the obtained evolution 

curves of pore pressure and vertical displacement of SNS-PFEM agree well with the results of 

commercial FEM software COMSOL Multiphysics in small deformation condition. The vertical 

reaction force increases linearly first and then goes into a slower rise in the elastoplastic stage. When 

the penetration reaches 2m, the reaction force will be stable at around 4000kN, as shown in Fig. 2-28 

(b). The result of this section validates the ability of the proposed SNS-PFEM in working with 

sophisticated constitutive models. 

2.9 Conclusions 

A stabilized node-based particle finite element method (SNS-PFEM), together with the 

polynomial pressure projection technique, has been proposed and implemented for hydro-mechanical 

coupled problems. Closed formulations for polynomial pressure projection and stable nodal integration 
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were derived in the node-based smoothed T3 interpolation scheme to boost computational stability and 

efficiency. 

Several benchmark tests were conducted: cantilever beam, 1D Terzaghiôs consolidation, Mandelôs 

problem, strip footing consolidation in MC soil and foundation on a vertical cut. The results of the 

SNS-PFEM agreed well with all previous reference solutions. The ability of PPP to cure spurious 

pressure oscillation under nearly undrained conditions was validated in two cases. The advantages of 

stabilized nodal integration were demonstrated by comparison with simulations using NS-PFEM. The 

computational efficiency of SNS-PFEM was also demonstrated by solving the same problems using 

other coupled PFEMs and comparing the CPU time consumed, which seems obviously superior to that 

of traditional PFEMs. Finally, the large deformation analysis of strip footing penetration into saturated 

soft soil with Mohr-Coulomb and modified Cam-Clay constitutive models were simulated. Reasonable 

results for resistanceïdisplacement curve and failure mode of soil could be observed, showing the 

strength of a re-meshing strategy under conditions of strong geometrical nonlinearity. The proposed 

SNS-PFEM is thus believed to deal with conditions of low to high permeability, short and long periods, 

and small and large deformation uniformly and efficiently. 
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Chapter 3  Locking-free SNS-PFEM for nearly incompressible solids 

 Soft clays are usually considered nearly incompressible under undrained analysis, and their 

behaviours can be approximately simulated using a pure cohesive constitutive model with the 

Poissonôs ratio approaching 0.5. The engineering problems involving nearly incompressible saturated 

clays, such as the bearing capacity of foundation in soft clay, the progressive failure of slope in 

structured soft clay and the pipeline penetrating the soft clay, always show the characteristics of large 

deformation. Therefore, to solve such problems, a reliable locking-free numerical method with the 

ability to simulate large deformation is required. 

The particle finite element method (PFEM) has been widely used for large deformation simulation 

in geotechnical engineering. In engineering practice, the PFEM with low-order elements (e.g., 3-node 

linear triangular element, T3) is advantageous. The numerical implementation is simpler due to the 

same shape functions for all variables. It is also flexible in the adaptive re-mesh process using 

Delaunay triangulation. However, such methods with low-order elements are susceptible to volumetric 

locking when modelling a nearly incompressible solid, which is characterized by an ñoverly-stiffò 

solution with a spurious checkerboard distribution of stress and strain (Belytschko et al., 2013; Coombs 

et al., 2018; deSouzaNeto et al., 2005; Ortiz-Bernardin et al., 2015). This issue especially plagues low-

order PFEMs with multiple quadrature points, since excessive constraints are imposed on the 

deformation of elements, violating the divergence-free condition of interpolated displacement (Hughes, 

2000; Nguyen-Xuan and Liu, 2013; Zhen-Yu Yin, 2020). 

S-PFEMs are famous for their potential to reduce ï although not necessarily eliminate ï 

volumetric locking (Li and Liu, 2019; Nguyen-Xuan and Liu, 2013). NS-PFEM is relatively superior 

to ES-PFEM in the re-meshing procedure and locking-free property. However, NS-PFEM with direct 

nodal integration (NI) has the defects in detecting ñoverly-softò properties (Jiang et al., 2017) and the 

spurious low-energy mode (Chen et al., 2001; Puso et al., 2008). To solve the aforementioned problems 
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of NI, stable nodal integration (SNI) techniques have been proposed and implemented into NS-PFEM 

as in Chapter 2 and (Feng et al., 2016; Li and Liu, 2019), leading to the aforementioned SNS-PFEM. 

SNI relies on adding more evaluation points in subdomains using implicit strain gradients or 

subdomain-smoothed gradients (Feng et al., 2016; Hillman and Chen, 2016; Li and Liu, 2019; Shafee 

and Khoshghalb, 2021; Yang et al., 2019). However, the combination of a low-order element with 

additional quadrature points will likely further weaken the locking-free ability of the continuum-based 

numerical approach (Belytschko et al., 2013; Coombs et al., 2018; deSouzaNeto et al., 2005; Ortiz-

Bernardin et al., 2015). This phenomenon has been fully observed in the examples of this chapter. 

To solve volumetric locking, a variety of techniques have been proposed for traditional FEM, S-

FEM and meshfree methods, including u-p two field mixed formulations (Sussman and Bathe, 1987; 

Zhen-Yu Yin, 2020), the B-bar and F-Bar methods (Belytschko et al., 2013; Bower, 2009; Coombs et 

al., 2018; deSouzaNeto et al., 2005; Moutsanidis et al., 2020; Navas et al., 2018), selective reduced 

integration (Belytschko et al., 2013; Hughes, 2000; T.T.Nguyen et al., 2007), enhanced assumed strain 

element (Cardoso et al., 2008; Simo and Rifai, 1990), mixed variational methods (Simo et al., 1985), 

the bubble function method (Arnold et al., 1984; Lamichhane, 2009; Nguyen-Xuan and Liu, 2013) and 

volume-averaged nodal projection techniques (Ortiz-Bernardin et al., 2015). However, such 

approaches have not been adopted to solve the volumetric locking problem of SNS-PFEM. Therefore, 

the performance of such locking-free methods in SNS-PFEM is worth investigating. 

This chapter aims to propose a locking-free SNS-PFEM for nearly incompressible solids. Section 

3.1 briefly presents the SNS-PFEM formulations for quasi-static solids based on the 3-node triangular 

mesh. Section 3.2 demonstrates the cause of the volumetric locking effect of SNS-PFEM, and also 

presents several novel treatments of volumetric locking for this method, namely, the cubic bubble 

function, selective integration scheme, and hybrid strategy. In Section 3.3, a wide range of examples 

concerning nearly incompressible solids are simulated with the original SNS-PFEM, NS-PFEM, and 
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SNS-PFEM with locking-free treatments. The performance of these formulations in curing volumetric 

locking is thoroughly evaluated. Finally, conclusions are drawn in Section 3.4. 

3.1 Node-based strain smoothing with stable nodal integration 

The FEM equation in matrix form is formulated as the balance of internal force 
int

F  and external 

force 
ext

F  in Eqs. (3-1)-(3-4). Detailed explanations of the variables can be found in Section 2.2. 

 =int ext
F F  (3-1) 

 
W

= Wñ
int T dF B ů  (3-2) 
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In NS-PFEM, the compatible strain Ů and gradient matrix B are converted into their smoothed 

counterparts Ů and B based on the gradient smoothing operator Ð, as exhibited in Sections 2.4-2.5. 

The stiffness matrix assembly and internal force calculation are conducted by nodal integration. The 

subdomain-smoothed matrix sub
B  can be calculated in the same way, just replacing the integration 

domain from the smoothing domain to the subdomain. By applying the divergence theorem, the 

smoothing operator can be transformed into contour integration of shape function along the boundary 

of smoothing domain, as in Eqs.(3-5)-(3-6), 
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where 
xn  and 

yn  are two components of the outer normal unit vector n. 
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Noticing that the boundary of smoothing domain is composed of segmented lines, the Gaussian 

integration of each term of 
IB  could be conducted using the formulation presented in Eq.(3-7), 

 { }, ,

1 1

( ) ( ) ( ) ,   ,
G

= =

G= Íä äñs
k

M G
GP

I a a seg seg I seg i i

seg i

N n d n l N x w a x yx x  (3-7) 

where M is the number of boundary segments and G is the order of Gaussian integration. 2²G  

when the required integrand order is greater than one, i.e., the gradients of cubic bubble function. 

 

Fig. 3-1 Schematic of the construction of node-based smoothing domain with bubble node 

The subdomain-based stabilization method uses the difference between the smoothed B and the 

subdomain-smoothed sub
B  matrix to stabilized the smoothed weak form, as shown in Eq. (3-8). For 

linear triangular element, the subdomain-smoothed sub
B  matrix takes the same value of the compatible 

B matrix, and the integration of Eq.(3-8) can be simply performed by the superposition of 

multiplication of a constant matrix with the area of subdomain. However, for higher-order interpolation, 

they are not equal, and the approach of contour integration of shape function is preferred. 

 
,

, ,

, ,

1

,

,

[ ] ( ) ( )

1
with 

k

s s s
k k k q

s s
k q k q

n
T sub T sub

IJ I J I I q J J q

q

sub

I q Is

k q

d d

d
A

W W W
=

W W

= + - -

= W

äñ ñ

ñ

̆K B DB x B B D B B x

B B

 (3-8) 



 

71 

 

3.2 Volumetric locking of SNS-PFEM 

When simulating incompressible or nearly incompressible solids, the extra physical constraint of 

no volumetric strain must be satisfied. The discretised scheme poses a divergence-free condition to 

interpolated displacement, as shown in Eq. (3-9): 

 0 as 0.5uÐÖ ­ ­h
u  (3-9) 

where u is Poissonôs ratio. 

When low-order elements with full integration are used, this divergence-free condition is difficult 

to conform under a nearly incompressible limit, leading to an overly stiff response with a checkboard 

distribution of stress. This phenomenon is called the ñvolumetric locking effect.ò Intuitive insight can 

be given to the FEM-T3. The gradients of the T3 shape function have some constants determined by 

the geometry of each element, so each evaluation of the constitutive model at a quadrature point 

introduces a linear correlation constraint to the nodal displacements. Consequently, redundant 

constraints will lead to spurious solutions dominated by the elementôs geometry, which is characterised 

by overly small displacement and an unusual stress distribution. According to (Hughes, 2000; Liu and 

Quek, 2013), the ratio r of the unknown degrees of freedom (DOF) over incompressible constraints 

can be used to evaluate the extent of volumetric locking, as shown in Eq. (3-10): 

 =
eq

c

n
r

n
 (3-10) 

where 
eqn  is the total number of unknown nodal displacement equations to be solved, and 

cn  is the 

total number of incompressible constraints. According to Hughes (2012) (Hughes, 2000), r = 2 offers 

the optimal performance in 2-D incompressible problems, which indicates that the number of 

equilibrium equations divided by the number of incompressible conditions equals the dimension of 

space. As r decreases, the tendency towards lock would appear. When r < 1, there are more volumetric 

deformation constraints than displacement degrees of freedom, and severe locking can thus be 

anticipated. 
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In NS-PFEM, each interior node carries 2 unknown displacement components in the 2D problem, 

while each interior or boundary node poses 1 constraint from the evaluation of strain and stress. When 

the mesh is very fine, the number of fixed DOFs from the given boundary conditions can be neglected 

compared to the total number of DOFs, making the ratio r approach the optimal value 2, which makes 

NS-PFEM locking-free. For coarse mesh, the ratio r is smaller than 2 and the locking effect becomes 

prominent, which has been supported by an eigenvalue analysis (Liu and Quek, 2013). 

However, SNS-PFEM recovers the gradient distribution of smoothed strain and introduces 

additional constraints to the deformation of the element. The evaluation of the subdomain-smoothed 

gradient is equal to introducing extra quadrature points in each subdomain, which dramatically 

increases 
cn   and decreases the ratio r to a value lower than 1. Then volumetric locking can be 

anticipated to be much more severe than that of NS-PFEM. In the following sections, this phenomenon 

will be highlighted by several numerical examples. 

3.3 Locking-free treatments  

3.3.1 Bubble function 

          
(a)                                                   (b) 

Fig. 3-2 (a) 3-node triangular element with a bubble node; (b) image of the cubic bubble function  

In this study, several attempts are considered to circumvent the volumetric locking effect of SNS-

PFEM. First, injecting extra flexibility into the interpolated space could achieve some softening effect, 

which may help when the strain smoothing operator is applied in a displacement-driven framework 

(Nguyen-Xuan and Liu, 2013). Here the idea is implemented by equipping each element with an 

B

I

M

J

Bubble node
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internal node at the centroid of the element (Arnold et al., 1984; Lamichhane, 2009; Nguyen-Xuan and 

Liu, 2013), as exhibited in Fig. 3-1 and Fig. 3-2 (a). With this approach, 
eqn  undergoes a massive 

increase, but 
cn  shows no change, enhancing the ratio r in Eq.(3-10) and then lowering the tendency 

toward element locking. The bubble nodes can be automatically located in a T3 mesh so that no extra 

division of the element patch needs to be constructed compared with that of the generalised F-Bar or 

B-Bar techniques (deSouzaNeto et al., 2005; Moutsanidis et al., 2020). 

The shape function of each internal node, called the bubble function, is compactly supported only 

by the single element where the node is located. The cubic bubble function b

BN  marked by the internal 

node B equals the product of three vertex shape functions , , I J MN N N  scaled by a factor of 27, as 

shown in Eq. (3-11), which takes the maximum value 1 at the centroid and the minimum 0 on three 

edges, as illustrated in Fig. 3-2 (b). Unlike the MINI element which requires u-p FEM formulation 

(Arnold et al., 1984), here a pure displacement-based framework is preserved. Only the displacement 

u  is interpolated in the enriched interpolated space, which has been proved effective in ES-FEM 

(Nguyen-Xuan and Liu, 2013). Thus, plugging the bubble function into the original displacement-

driven S-PFEM code is straightforward and without any fundamental modifications. 

 ( ) 27=b

B I J MN N N Nx  (3-11) 

With internal bubble nodes, the whole shape function matrix in Eq. (3-12) can be divided into 

two distinct groups: the linear shape function of vertex nodes 
TriN  and the cubic bubble shape function 

of internal nodes 
BubN . The nodal displacement and smoothed gradient matrix are also grouped in the 

same manner, as shown in Eqs.(3-13)-(3-14). It is worth emphasising that this division is only a 

conceptual expression rather than a record of the real data structure in the codes. It may be more 

computationally efficient to number the degrees of freedom element by element when considering the 

stiffness matrix bandwidth. 
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Fig. 3-3 Subdomain with quadrature points and outer unit normal vectors 

The interpolated trial function space h

uS  and test function space h

uV  enriched by the cubic bubble 

function are exhibited in Eqs. (3-15)-(3-16). The approximated displacement restricted on a single 

element ( )
We

h
u x  is expressed as shown in Eq. (3-17).  The calculation of B and sub

B  is implemented 

with the approach of contour integration of shape function, as shown in Eq.(3-5)-(3-7). Noticing that 

the bubble function vanishes at the element edges, the integration along the PI and QI in Fig. 3-3 is 

unnecessary for the bubble terms. Besides, since the bubble function and coordinates of quadrature 

points can be normalized in an isoperimetric element, this numerical integration can also be normalized 

as the multiplication of outer normal vector, length of the subdomain edge and some constants, which 

can be further derived from the Eq.(3-7). 
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Thus, introducing the bubble nodes into the T3 elements, a variant SNS-PFEM aimed at easing 

the locking with bubble elements is proposed and marked as ñbSNS-PFEMò in this study. 



 

75 

 

3.3.2 Selective integration scheme 

The selective integration scheme which decomposes the modulus tensor and treats the volumetric 

and deviatoric parts separately has been widely adopted in S-FEMs to solve the volumetric locking 

problem when simulating nearly incompressible materials (Li and Liu, 2019; Liu et al., 2009; 

T.T.Nguyen et al., 2007). It is regarded as a simple fix when the locking effect is not extremely severe. 

The elastic modulus 
eD  is often decomposed into the shearing part 

mD  and volumetric part 
lD  as 

formulated in Eq. (3-18), wherem is the shearing modulus / 2(1 )m u= +E   and l  is the Lameôs 

parameter / (1 )(1 2 )l u u u= + -E  . The initial elastic stiffness matrix could also be split into 

volumetric and shearing components, as shown in Eq. (3-19). 
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A selective integration scheme with the decomposition of the elastic modulus in Eq. (3-18) is 

integrated into the stable nodal integration (selective SNI) here. When treating nearly incompressible 

solids, only the shearing part 
mD   is adopted in the stabilisation terms, while the whole D  is still 

preserved in main stiffness integration, as shown in Eq. (3-20). Therefore, the additional constraint on 

volumetric deformation from stabilisation is excluded, while integration stabilisation still plays its role. 

 
,

, ,

1

[ ] ( ) ( )
k

s s s
k k k q

n
T sub T sub

IJ I J I I q J J q

q

d dmW W W
=

= + - -äñ ñK B DB x B B D B B x  (3-20)  

Thus, adopting selective integration, the other locking-free variant SNS-PFEM with selective 

integration is proposed and marked as ñSelective SNS-PFEMò in this study. 

Furthermore, the selective integration scheme can also be used in bSNS-PFEM, producing a 

hybrid locking-free variant of SNS-PFEM called ñSelective bSNS-PFEMò. Three locking-free variants 

of SNS-PFEM will be examined in the following sections. 
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3.4 Numerical examples 

3.4.1 Infinite plate with a circular hole 

 
Fig. 3-4 An infinite plate with a circular hole subjected to uniaxial tension 

To examine the convergence and accuracy of the above numerical formulations in nearly 

incompressible conditions, an infinite elastic plate with a circular hole subjected to uniaxial tension in 

the x-direction is analysed (Liu et al., 2009). A quarter of the geometry with a side length of b=5 m is 

taken due to symmetry, and roller boundary conditions are imposed, as shown in Fig. 3-4. 

The hole radius is a=1 m. The tension on the infinite boundary is 1 N/m. Youngôs modulus E=1 

kPa and a sequence of Poissonôs ratios approaching 0.5 (u from 0.25 to 0.4999999 in this case) are 

adopted. Analytical solutions for displacement and stress are available in Eqs. (3-21)-(3-22), where r 

and q are polar coordinates, and two material parameters can be acquired by m=E/2(1+u) and k=3-4u. 

The traction boundary conditions are then imposed directly from the analytical stress distribution. T3 

mesh with 881 nodes and 1628 elements is then generated. 

 

2 4

2 4

2 4

2 4

2 4

2 4

3 3
1 cos2 cos4 cos4

2 2

1 3
cos2 cos4 cos4

2 2

1 3
sin 2 sin 4 sin 4

2 2

s q q q

s q q q

t q q q

= - + +

= - -

=- + +

ë è ø
î é ùê úî
î è ø
ì é ùê úî
î è ø
î é ùê úí

xx

yy

xy

a a

r r

a a

r r

a a

r r

 (3-21) 

p
x

y

q
r

p

y

x

b

b

r



 

77 

 

 

3

3

3

3

( 1)cos 2 ((1 )cos cos3 ) 2 cos3
8

( 1)sin 2 ((1 )sin sin3 ) 2 sin3
8

k q k q q q
m

k q k q q q
m

= + + + + -

= - + - + -

ë è ø
î é ù
î ê ú
ì

è øî
é ùî ê úí

x

y

a r a a
u

a r r

a r a a
u

a r r

 (3-22) 

To evaluate the accuracy of the numerical results, the L2 displacement error norm Ed is defined as 

in Eq.(3-23): 

 ( )
1/2

( ) ( )
W

= - - Wñ
h T h

dE du u u u  (3-23) 

where 
h

u  is the interpolated displacement, and uis the analytical solution. 

  
(a)                                                              (b) 

  
(c)                                                           (d) 

Fig. 3-5 Distribution of (a) displacement along the bottom boundary; (b) displacement along the left 

boundary; (c) normal stress along the left boundary ; (d) normal stress along the bottom boundary, of 

the infinite plate with a circular hole subjected to uniaxial tension (u=0.4999999) 
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(a)                                                                    (b) 

  
(c)                                                                 (d) 

 
(e) 

Fig. 3-6 Contour of vertical normal stress with different numerical formulations: (a) SNS-PFEM; (b) 

NS-PFEM; (c)Selective SNS-PFEM; (d) bSNS-PFEM; (e) Selective bSNS-PFEM, of the infinite plate 

with a circular hole subjected to uniaxial tension (u=0.4999999) 

Fig. 3-5 presents the displacement and normal stress distribution along the left and bottom edge 

from numerical and analytical approaches. It seems that only the SNS-PFEM and bSNS-PFEM 

generate biased displacement and severely oscillatory stress along boundaries. From the contour of the 

vertical normal stress in Fig. 3-6, the global performance of numerical stability can be observed. The 

SNS-PFEM NS-PFEM

Selective SNS-PFEM bSNS-PFEM

Selective bSNS-PFEM
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result of SNS-PFEM presents a typical checkboard pattern due to volumetric locking, which can be 

slightly eased by the bubble function or selective stable integration, as shown in Fig. 3-6 (c) and (d), 

but not by much. Conversely, NS-PFEM provides a nearly non-locking mode, but the contour is saw-

toothed because of the spurious zero-energy mode of direct nodal integration. A globally smooth 

distribution can be obtained by the hybrid strategy, as shown in Fig. 3-6 (e), which combines the bubble 

function with selective stable integration. 

 
Fig. 3-7 Displacement error norm versus Poissonôs ratio of the infinite plate with a circular hole 

subjected to uniaxial tension 

 
Fig. 3-8 Displacement error of the infinite plate with a circular hole subjected to uniaxial tension (u

=0.4999999) using different node densities 

The curves of displacement error norm versus a sequence of Poissonôs ratios approaching 0.5 

shown in Fig. 3-7 give a more accurate evaluation of their locking-free ability. The error of NS-PFEM 
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almost does not vary with Poissonôs ratio in the incompressible limit, although it is never the lowest 

due to the accuracy loss from NI. The error of SNS-PFEM increases significantly when the Poissonôs 

ratio exceeds 0.49, then tends to be stable from around 0.49999. Adding the bubble function only 

slightly changes the results. The displacement error of selective SNS-PFEM is even lower than that of 

NS-PFEM, but not the lowest. It seems that either the bubble function or selective integration can 

reduce but not eliminate the locking of SNS-PFEM, while the latter is more effective between them. 

For selective bSNS-PFEM, the displacement error is stable at the lowest level from 0.49 to the extreme 

value. The results show that the selective bSNS-PFEM is an effective treatment for nearly 

incompressible solids. It can preserve the stable nodal integration and locking-free features 

simultaneously. Besides, the order of magnitude of displacement error norm of selective bSNS-PFEM 

remains the lowest, between 10-5~10-6 , even when the Poissonôs ratio is 0.25. It means that it could 

also be reliably applied to compressible conditions. But this choice is not recommended considering 

the extra computational cost from the bubble nodes. 

Fig. 3-8 presents the convergence of the displacement error of different numerical formulations 

with the refinement of mesh, where the characteristic size h of discretisation is calculated by taking 

the averaged nodal spacing over all the element edges, and the convergence rate r takes the slope of 

the fitted lines. The performances of five formulations at the incompressible limit are all improved by 

mesh refinement more or less. The errors of SNS-PFEM and bSNS-PFEM are close to each other, and 

the errors of both methods decrease slowly with the convergence rates near 1, even though the mesh 

is sufficiently refined. The values of displacement error norm of NS-PFEM, selective SNS-PFEM and 

selective bSNS-PFEM decrease fast with the convergence rate of more than 2, while the differences 

among them are always preserved. The NS-PFEM may get close to the locking-free mode at a very 

fine mesh with the optimal convergence rate of 2.33 among five methods, but the numerical instability 

due to direct nodal integration still hinders the enhancement of its accuracy. The displacement error  

of the selective bSNS-PFEM keeps the lowest among these formulations, and also it preserves a 



 

81 

 

comparative super convergence rate of 2.13 with the NS-PFEM. Overall, it is difficult to reduce the 

volumetric locking of SNS-PFEM and bSNS-PFEM by merely using more discretisation particles. 

However, refining the mesh can improve the overall performance for NS-PFEM, selective SNS-PFEM 

and selective bSNS-PFEM. 

3.4.2 Cookôs membrane 

 
Fig. 3-9 Cookôs membrane 

  
(a)                                                          (b) 

SNS-PFEM NS-PFEM
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(c)                                                         (d) 

 
(e)                                                                         (f) 

Fig. 3-10 Contour of horizontal normal stress with different numerical formulations: (a) SNS-PFEM; 

(b) NS-PFEM; (c)Selective SNS-PFEM; (d) bSNS-PFEM; (e) Selective bSNS-PFEM; (f) PFEM-T6, of 

the Cookôs membrane 

The Cookôs membrane under bending and shearing is a well-known benchmark test for volumetric 

locking (deSouzaNeto et al., 2005; Moutsanidis et al., 2020; Nguyen-Xuan and Liu, 2013; Ortiz-

Bernardin et al., 2015) since the overly-stiff feature is very prominent in the bending-dominated 

problems. The plane strain geometry and boundary conditions are described in Fig. 3-9, where the left 

edge is clamped and the right edge is subjected to a uniformly distributed shear load with an integrated 

external force of F=1 N. Youngôs modulus E=1 Pa and the Poissonôs ratio is fixed to an extreme value 

u=0.4999999. For all the results in Fig. 3-10, a relatively coarse T3 mesh of 139 nodes and 224 

elements is used. 

Selective SNS-PFEM bSNS-PFEM

Selective bSNS-PFEM
PFEM-T6
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Fig. 3-10 depicts the contour of horizontal normal stress on Cookôs membrane using different 

numerical treatments. A similar pattern to that shown in Fig. 3-6 can be observed. The locking-free 

effect of selective integration scheme is more obvious than that of bubble function, although they are 

both limited. Only the selective bSNS-PFEM can eliminate both the checkboard locking mode of SNS-

PFEM and the spurious oscillatory mode of NS-PFEM to acquire a very smooth solution. 

  

(a)                                                                  (b) 

Fig. 3-11 Comparison of the (a) computational time and (b) number of degrees of freedom for different 

locking-free methods with a series of mesh densities 

To examine the computational efficiency of different numerical treatments for volumetric locking, 

the consumed CPU time and the total number of degrees of freedom (DOFs) of the Cookôs membrane 

with a series of mesh densities are presented in Fig. 3-11. The load is linearly applied in 5 steps, and 

there is 1 iteration per loading step for the elastic problem, which could ensure a fair comparison. All 

simulations are conducted on the same computer with i7-10750H CPU @ 2.60GHz, 16.0 GB RAM. 

The PFEM with 6-node quadratic triangular element (T6-PFEM) is also used as a locking-free 

reference, as shown in Fig. 9(f). Compared with SNS-PFEM, the methods with bubble nodes could 

introduce nearly triple the number of DOFs as Fig. 3-11 (b) shows, thus the computational cost rises 

exponentially. Fig. 3-11 (a) indicates that the difference in CPU time between the SNS-PFEM and 

selective bSNS-PFEM will be magnified as the mesh is refined. On the other hand, because the number 

of elements is much less than the number of element edges for the triangular mesh, the computational 
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efficiency of the selective bSNS-PFEM is superior to that of PFEM-T6 with the same mesh. Given the 

results of Fig. 3-7, Fig. 3-8 and Fig. 3-11, it seems that the selective SNS-PFEM, which doesnôt 

introduce additional DOF, could be regarded as a cheap alternative to the selective bSNS-PFEM when 

the numerical model requires a huge number of DOFs, as long as some anticipated accuracy loss is 

permitted. 

3.4.3 Stability of slope 

 
Fig. 3-12 Geometry of slope 

In this section, slope stability analysis under self-weight is conducted with nearly incompressible 

Tresca and Mohr-Coulomb soil. A sketch of the slope geometry is shown in Fig. 3-12. The Poissonôs 

ratios between 0.48 to 0.499 are often adopted for undrained saturated soils (Kardani et al., 2015; 

Monforte et al., 2017; Nazem et al., 2006; Solowski and Sloan, 2015). In this section, for Tresca soil: 

Youngôs modulus E=40 MPa, Poissonôs ratio u = 0.499, and initialized cohesion 
0c  =25 kPa. For 

Mohr-Coulomb soil: Youngôs modulus E=40 MPa, Poissonôs ratio u= 0.499, initialized cohesion 
0c

=10 kPa, and frictional angle 
0f= 20. The material properties are taken from (Wang et al., 2021; Zhang 

et al., 2018). The horizontal displacement at the left and right edges and both the horizontal and vertical 

displacements at the bottom edge are fixed. The soil weight is applied using 20 uniform load steps. 

The strength reduction factor (SRF) is defined in Eq.(3-24), where 
0f =0 for Tresca soil. A binary 

procedure is applied to search the factor of safety (FOS), which is the critical SRF that makes the total 

number of iterations suddenly increase. Based on the results of previous two elastic examples, only 
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the SNS-PFEM and selective bSNS-PFEM are implemented and compared in the subsequent 

elastoplastic analysis. 
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(a)                                                                             (b) 

  

(c)                                                                             (d) 

  

(e)                                                                             (f) 

Fig. 3-13 Equivalent deviatoric plastic strain of Tresca slope using SNS-PFEM and selective bSNS-

PFEM with different strength reduction factors (SRF) , u=0.499 

 

 

 

SNS-PFEM, SRF=1.5 Selective bSNS-PFEM, SRF=1.5

SNS-PFEM, SRF=1.6 Selective bSNS-PFEM, SRF=1.6

SNS-PFEM, SRF=1.7 Selective bSNS-PFEM, SRF=1.7



 

86 

 

  
(a)                                                                         (b) 

  
(c)                                                                         (d) 

  
(e)                                                                         (f) 

Fig. 3-14 Equivalent deviatoric plastic strain of Mohr-Coulomb slope using SNS-PFEM and selective 

bSNS-PFEM with different strength reduction factors (SRF), u=0.499  

Table. 3-1 Factor of safety (FOS) for slope stability analysis 

FOS SNS-PFEM Selective bSNS-PFEM Bishopôs method 

Mohr-Coulomb 1.42 1.38 1.37 

Tresca 1.61 1.57 1.57 

 

SNS-PFEM, SRF=1.3 Selective bSNS-PFEM, SRF=1.3

SNS-PFEM, SRF=1.4 Selective bSNS-PFEM, SRF=1.4

SNS-PFEM, SRF=1.5 Selective bSNS-PFEM, SRF=1.5
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(a)                                                          (b) 

Fig. 3-15 Displacement at upper right tip C of slope versus safety reduction factor (SRF) using SNS-

PFEM and selective bSNS-PFEM with (a) Tresca soil and (b) Mohr-Coulomb soil  

Fig. 3-13 and Fig. 3-14 present the equivalent deviatoric plastic strain defined as 

2( : ) / 3e =p p p

eq e e  (
p

e is the plastic deviatoric strain tensor) with different SRFs. When the plastic 

zone just starts to form, the distribution of ep

eq by SNS-PFEM is more oscillatory than that of selective 

bSNS-PFEM as in Fig. 3-13 (a, b) and Fig. 3-14 (a, b). In numerical implementation, the FOS takes 

the value of the critical SRF where the number of iterations abruptly rises and the convergence fails in 

the current calculation. When SRF becomes larger, a through slip surface can be obtained with 

selective bSNS-PFEM, indicating that the FOS has been reached. But this surface is far from forming 

with SNS-PFEM at the same value of SRF, as depicted in Fig. 3-13 (c, d) and Fig. 3-14 (c, d). When 

the SRF is large enough, SNS-PFEM could also give an obvious slip surface, although the equivalent 

deviatoric plastic strain is lower than that of selective bSNS-PFEM. The same stability analysis is also 

conducted with Bishopôs method to get reference FOSs. Table. 3-1 shows that for both Tresca and 

Mohr-Coulomb slope, the results from selective bSNS-PFEM agree well with that of Bishopôs method, 

while SNS-PFEM always gives significantly higher predictions. From Fig. 3-15, The selective bSNS-

PFEM always experiences larger displacement than SNS-PFEM since some constraints of volumetric 

deformation have been removed. In the stability analysis of elastoplastic slope, the volumetric locking 

under nearly incompressible conditions will give stiffer solutions and overestimated the safety factor, 

which could bring additional risk in engineering practice. The locking of SNS-PFEM can be largely 






































































































































































































































































































