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Chapter 1 Introduction

11 Background

Mat he matdiedidd megft he most I mpor tdensti ganp pamdca che
reseahgromectiarei geomediemsadal be formul ated as
mat hemaqgueatanods fferenthfasmshe sdifherential @wo
conditions, si ndptgirmil z &agiua@mn iqomowil teled ¢t aoman g threani
tobttahe spati al and tempdheael amasponsas el ubhe
some hightegnddHoamemzdeal numerdcambs ememhold wi der a
i deal wngh complex geometry and sophisticated
enginappl nhngati on

Benefitting from the exponenti al i mprovemer
hundreds of numer i calwindeatldhpopdtse dat angdaogosedl ar
analggemmawi t h | aboesriattuo rtye sotrs ,i nt hees ont u soanvl egcotslite a p p
| abodaci budrisds,onveni ent heor pmpsteheee whol e par a
| eadd rcap mip r e hi ennssi i gvhet into tkel medhdphedbihmiemit ¢ he
met hod ( FEM) us erdu nmeor ibceal g énmdedhgheocodm @ ¢.lBaor ihc & he FI
met hods witlklktirmafinniatneledfraenti a bel ossthrdadirness t he sn
def ormati on probl ems. However, t he def ect 0 |
geot eclpmpildaclat i on of traditional FEM wheea ¢ d e
significant Ildnenfdomyeta,t eohni cal probl ems ahvblowueg
someti mest hilhsglsl mspiempl i fi ed or @mal y 2idhegruee oadrioes
some exampl es

0 Foundati Odhecapabisli t hdea ptadktigyth & lolmo wife enp ey d e d

strip footing ipserdeercitv esdoabdat semodidwaoest iimchte um assum



def ormdt itchresostoian if mfcMeeg retriha]fPr ah 9 5)1H o wleatZhlre,
f oun dcad p aolninl ivdaetyv oWwveh t he pelmedawsheeoorfedae ptthr i L
stress in the WwWieakhil gc aleif.o elLdaerfdpaes lodial feedi ysmactei sosna r
whenpofhaséfufrect | Dac dSndivdae,dad earh . gt).2a8011.1, 2006

0 LandBrldadieisiopreralstabmhi ipgaseabysnst hesofniati
| and,sl iede calcul ati Hgwe her ,f aiop o it spa deid headkarutty .
di staspatamd ofi stthra bdueebroins. Umddrmhg se ra ctersasn s it
l'i ke 4 okled ua dtwér icaht ilsoesga $ fl faa ggret ldye(Z mamat e g.nal . ,
Si micloamrs iothesaat bae afnoaunpdtheg geohazsaoidls,celulchpas
internal eros(ivangoétrake. sia@ehol e

0 Sotiductur eTyipnitcearla cpgri cl.e ms i(Mocnl fuodret ep i)elte aill
anchor p&abéet amab)reitp aenlloivheem2thites s(éwmare det ), alet c 2
During thearigsdrboodoy iohtvat hat tmamildn sxic@rsisf iaa an
the contdawd tsartflaat desee p & i sadubbbossi tdifeoh @ r s poiis e
sostlruct uries ospyhsitsaim € athe@dnsol addt sl d.dSs igtnyi f i ¢ a
def or md thieo rseyxsitsatnsh o g hc otnhset mumap e oat aage s

Laborat-esrtyuoex@amel nteotntsdst f or geot echni cal | a
but they can only ggdrveugsarea metsaplotsresheasat shteo alibmmi t €
and | i mitefcdandieertdiymee j cal issi nmuel.cBehsisbarey ot her
simul ating thei n ageemedeehfawayneadt i dmgi h@ t he comp
mul tiple nonlinearities, includ,jamg tclOnEea offr dr
core tasks in modern gealmettbdalns cfsoi ssil @uwlgwteiche i @
betpteerrf o rTmaen caei.ms lionwcelrundreg.c olmp ut at i oinnaghaecccowsrt g c y2
andobust hbsas!l uafigponr i t edhyuoiBlgcessary assumgpei on

simul atr eal indodrie Intghgle) a Isii Imutlseotmtlinigst i cat esde,p hiy.sei.c



mu Htiiel d ¢ o mp tbtondgyo ratpadcotb;l5e)ans e r ¢ smimeg mmo o mer i ¢ al
defects, walcihmeasr iodh di amcloimpg esan d | & p uraitdewres athos d
numeri cal. litnsitsaballways mpwpotvawhihlkee e astvien @ p mente

met hooadrss i dkeei agor empatt omed
' '
(a) (b)
—
(c)

(d)
Fiftl(a) Penetration (dff optirdieg( nsuppidd@itioméh) mbaehe hit g

1.2 Review of research status

121 Numer iedc¢ wloobmmput ati onal geomechanics
A number of numer i cal mesti hnoudl dJa¢ regve t eedmi dal
These met hods can imd lorge wguhplsy: cdaidseagdonrtaiemeuds st p | ¢

di scon-t omuioanpsprucsa c hes .



—[ Discontinuous methods]— DEM, MD, ¢

Mesh-based methods: FEM,
SFEM, UL, AL E | RI'T

. . Meshfr rticle meth :
[ Numerical methods]——[ Continuous methods} Elsé Re}fpﬁ)\? |ScPeH F?DOdSé

Mesh-based particle methods
MPM, PFEM, S-PFE M, ¢é

Coupled continuous ]— DEM-FEM, DEM-MPM, DEM-CF D ,| é
discontinuous methods

Fi.#2Numer i cal methods in geotechnical en
The discrete elpmeméemedhloy QGuinddga Il aannddl SStrra
i's the refriesxeontdtnc@bmgowaedi psopoeedteiger anul ar
materi al shpgay twglil mgger acti on ared athemsdepsl oped
range of geotechni calThper onbeldesusmanloilahse [daé f &s seenmb [sy
rigid or paef acldhlzdsdTloe. i nt ersadeettiwere nf drheee di st i n
cal cul atiendd obhbymé&tehleart i ve position and contact m
partiicomestdlmMesiheadat odnt hei sygdwver ned by whieswthon
usually solved byt exhDi&EMcem c desipdog éatl gmebceh ani c a
propertaemeamanimcabf bgkhambhibesDBEMSsf natme vatshkey
petnti al t o si mulaantde dli asrcgoen td enfuoprunsé thinarefnl i unriaetn epsri ont:
contiavuvvwms@traedopt ed as i n thraasde d i nrbotaHeovdeso.g ¢ tit i @
obvious dwifdfeilcyDEubyiinbemr densome complun at hensi mal
t heengi neering scal er emutid eaddnesq uoaf tt eplayr traedporashsachr te
where searchingt atne agprdiealdaditingsntshhel p si rb ed ayedel na maa
step Is extomemd@lewgdieomenptuh @t mendlhe explicit t
must beitdoi wiedreyt dspmsadgg ar antee the numeri cal st a
t he applIDEdtiindb dromfgapedr mebatt mul . &M t bn$ he rapi d p
computati bhel DEMwes, st il | successfully used i
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mu Htiil ed coupled simul at (Teamsa,k as wed,h ddssec gbed@rO @@edn
aval a@bdloempson et and , | (EMODDOE i wéls me r200uls2o wrpeae an
commer ci aslufstosf téwtadl edevel oped, i,aed, YBDEC, whDEPR
promote the engineering and scientific applic:

The discontinuous deformation anal y(Shis & md /
Goodmanshilo98hBd Go)Tdhmasn, meltoh8ad®d t chief fDeErMs i fnr @ wo a
def or mat i eosf peraocphe rdta sfeuil ncyt cholnesckder e d, I ncl udi |
and elastic deformati on; and 2) the implicit
step toe guhaer aengiueielrielf roiavelh.o ws| d rhgge utwierndn totnedp t i o
st abHdwawer, the updati ngasofgncadmdcaaindtg e ed@atl s yynas
brisegrere convergence difficudrtoyh!| éfhgek DDAt h sc on
di scontinuities (@nSlulsimagyudn ,ded®@IrImat i on

The mol ecul(MD)i dgatadmescsont i nwhudushmetshotdy adoy
geotechnicaAlZangrneeZhagg, eD.0aRase®R0®R2M t he ph
t het om 6&hbMD ehas been used ntteriface aal i ggaethavi lbe <
geomat eri al s ,-sisluiccha ®apnodx lyeiid@itdeded @ pkkd n | y2 Op2rBees e nt
atesmal e studhiedehad nDbe, pot enttdo as unp mmédEehalpisc a
anldarsgel e si mul ati ons.

The continupusnappeoathes hand, take the ge
ratheamsbambly witipacoihbbetmeasures of atdetarc me
mat eprojianlt . e., the,ddaifnibmescaddonstt bBe continuous a
properretliastsi ng t he aserassignedsbyaitrhe constit
equations are wusually formulated basedvani bhe
| aws of moment unMo smalsys,, tahned gearveerrgnycqg beguadatniven

their equivalent weak forms which are express:e



|l t he numer i c dhle pvrasricieadol see & vfeidr s t appnosipmactee d
i nterpol agTihoenn fsuunbcsttiioonut i ng the interpolated v
i nto the woeradki nfaorrym, dait fgfedbrgeamattiioapin satre a d yoh espt eant dee not
probl ems, Tdree chertii maudb.us and discontinuous app
mu kstcial e si mul ation of sophi sctoiucp@FeEIEMZhgasi aald
Shan,), 2D-EENGuo and JZh aaon d-D2EOMMme {Lhicadnsgy and). Zhao,

During the pashte sceovnetrianl u cdest magipepdsreceatc t hhe d o mi |
tooh geomechamepceatdusudc oeFEMawhh easdt bg anal
equil i bri um, evaluation of sl ope stabilthg f e
saturatTeEEMer il giapall liognd bpl es mad matdeedge s , because
and strain measures are formulated based on ir
weak for mameeyumetriicmd |y i ntegrated on thefornitd.i
l inear el astic problems orHbwevVvVeargege aeapftaishi sge
characters with significaatcaepatempvmmdall i sg
constructi omMs mand hazatadagne, dseefvoernal types of
devel opbd psBOMOti on d¢f) FimEsdhchcmedhads, such
LagraBgliani an ( ALE)-eme hdhrodd iamtderthel ati on techr
(RI'TSS) ; (pba)r tmecd hef rmeeet h od s, such as the smoot
el enfiernete GCmdtenfdd-G) ; -bayredephrticle met hods, S
met hod ( MPM) and particle finite element met h

| n hlear ge def oremmeesmtie B M,iwog rfdver ent d dea@cmti iprt 4 wWmM
movemeenadi 68 niumetr i cal ,fanmndriblulreldse scarapd i bagr ang
descr Beptliy¢ mschko) efTheal Eul 0il8n mesh is al ways
materi al points regmaadghnietslse wefh etr htes sdueef oorfinamea ohr

Ci rcumv eHotweedv er |, it mahkee st bhecal as k avhegd yofff. i ntautl e



Besides, a significant relative motion dfhet he
convective tersmpecwhil ¢toemedédumnsleat emdr i cal(Akdiinf f i
and TezdWpware,a )Zi®8B4f ohe Eul eri an description i
fluid dynamics rather than t heansone sdh pirso bd esfnos
which each point in tthrwenmeehedrcespogdragi oo
The tot al Lagrangian (TL) and updated Lagran
nonlinearity by -Kisi alghafhfe sterclomagr abmghelatsdear Eirme &
initial and updat e dwltiosndipi pgl uermaetnito nn ornel sipneecatri vted |
equaThenobjective stress rate or the multspl i
i mpl emenntTeld and (BJdl ynted chlold@gS iemo ,9. Wi tIne0dlr3a ngi an

the varying configuratiomnmhceomadthitsat owviecanodel a t

easily. But eshse dwemetra cnmdsh Ildinst orti on becomes
Support domaine e * ¢ ° ¢ ¢
- 1 . e e e e
: ] 4_‘?.——”""—‘.—_—‘»__. : ] L ] L] L ] L ]
\ " 1T R e o ©® & 8 @
b P —— 1 — . . e & & & ° »
r i —4’-_4[: e @ e ® @ @ s .
I HHH - ™ L] . . L] L L ] ')
_l_ : . : L] . . . . ™ . .
— * & ¢ e * e * 9 .
(a) (b) (C)

Fig3(a) Eulerian mesh; (b) Lagrangian mesh; (c¢)
Arbitrary-EllhgriaagABbBy had att erbmptt hteo acdomhmit mg
Lagrangianmant(BEBéeésicak9 elthealb.asi2cOlt3hought i s
moved rigorously with the materi alt lmeeisrht kcere pi
undi sTheltE dhas been ssomesgkoltlegyhmseadal i harge ¢
such as the dytmaaminc cagNdszoél s rdegaet $Salmet am@ 0 § e tBua |

the numeri cal di fficulty Reémees haondjc o mv ec tpioveati e



Wi

Qi

an

t h smal.l straiimg¢tBhapgpBEPacbBd aoonwhibeeh AdE&En avo
nvectofel e¢rcirann (Mesanmd pRamecoTpb, campBt ati onal
art of each i nemeesnmeendt aal c csotredpi nvgi Itlo leheer eu ptdhae
nnectivity aomdeshandumbemeathses tcotad da Ibile.eec. h an
ress and the ohtihsebpostcaiubapaeamepPpeds from t he
W o0 ndee sniigimhe ae d u'rthe ssh ane t theomtne Ipir alvlee I nngomef s he
d contac{Chat mel aerCohmst teelr.j,ee2l0xtgale.t),TmBAAR R 0
d RWITISIS | ose t hediersicenfghbe chegeybwbhepdary change
an i dtiactosséadseirani fpiacamst exter nal | oad.
Taotall yt getnumear iodal tphmeelslhe ma mfeeslhal ir gedeio fnoe t h
opBxrddt schkoBelytaschkdB®d at .@hdam®o&t0;1Ldlu.,, 2
PPu s o et). lanlh.e, nPeOsOh8f r eteb e U thebtdmsanal i s repr esen
particles, and the field varcioabBtescaerd BnNt
rti clhe.peTrfa rcytutsaunaplsalcgpor t edn &kcehraorealct er i sed b
ighbourhood of each particle. ache(cdpelprg88 D d
p o(l ppogloynhe I3 Balnd t he kernel f unfcutnicotnt biressy coorg s t
astmeghbade

Smoot hed particle hydrodynatmhst!| t/(bSsP Hg tori asn ga
verning eq@anigohs dinde MOhwghangt Ik eh&s éd
ak fuwgumaoéssyt abl e than the strong -foee, Gwhec
t hod (BeEEFy@)schk o;Betl yabchk d)%thdd alepr odaebébng ke
t hod (CRKkmMM)et ;Pails.o, e20 @A haktf 02 ®0MEnti oned meshfr
en appl igeedo nveicdhealyi cipnr b | tgmem nod ar coChenm @md
u, ),20adiwt anal ysi(Bueotf allathydasél § ldzersd;WPai et 2@l 4 ,

d f at heembea nkilheint and Fu B agWhwear,e a2s0 1t3her e ar e



drawbacks i mpeding the perfommahébapt meabtfemwo
| actkKer onecker deichanpt otphhadugpdaaty, malgi nd ttheem
boundary condChemnet dlaifd, rx 205e% ond, the numer
beceooan more complex than the regul ar Gauwsqquiiar di
tobtain asauddrnacye,ntdramatical ly iBrecraaesi,ng otmee
numer i cacloudedf enot s umetsehrferde e me thhdoarss i Iseu cihn satsa bt
anglpur i caiserzegy omode i n diorfe RKPMMo chanld miEE#dpsg c a b | «
stabilizat Boémndcemdnti ;afbh,e 12 0elt3 Galr.g, a2n0dl;/Pas o, a2 @
Sol ber;pweg0@6e)t al ., 1995

The materi al p oi axcto mbe tnheoddh a(pNpbMseiesidis e r po |l at i c
particle @HasdmowtSiadi®@GMhomad elthealEu,l ex0ilaln backgr
whil e the Lagrangi an amaayar il alt hpo isr tastxeaavwenran@\ndc
At the beginning of an itroaraahtestrtiad Imapeipnit ¢ heo
background gri d. Then btase dc @lnc u lhat iifdi nx eide gE o alc
critegatointhfeiseudqpdat edt maeanaablfesradeto materi al
anal Geoseclpmpil ¢czlat B MPMceltthde si mull an d $Aimiideen 8 en a
AnderseBopga20é0D), aldam (R&d® ue te; Zaalb.a,l a2 &@2hd ), Aapos o,
domain wave(Fpngpeaetglabbhoeg t?2 00202 (e ob & € ns gWo oa la.n,d 2
Sal gad)oRe c2e0nlt8l y, t he MPM with sever al t aysos ve
the cbhbapledeiamalmuditéAbéeephBErdatdldndedaggee,t
al . |))Onh0O2dhber hadefse e MBPavalltd ¢ { esads f ol Thews:e qlu)i r
comput onal cdatrgefr MPMN ¢ he mbebamee®r pablte crhap
bet weematteheal bpokgtsesunddgdasigar me moriy fad ctop rier
as the grird thhaes etnd i c@v g egi qhi nthh aRkh ut hNeg ub)oedi eest

espedindl3lsyy mu(Xait iednsa?2) , E@ADABcement of boundar:



di fficult, j ust as(Viimh tmhheu mMégshareBhetmeados b B §
osciltadvli dnBappen when the materi al points mo

easedgeynetrta¢i acdonnt€opmbguesSadeghi2rOalgd et al

122 Thel adpar tfiinli & emeetl KaREIEIM)

Thear tfii celildeemeenttl{ dF EMpr an mb sbbafs ed pargTihcd es tneert
point oft PEGEMrdsthe nodest bhabtFEMnlays diagdri etl i
computational dalmat me bes samtsioalchamniav e mbhes Theé
i s updated in a Lagrangian manner, that is, Ve
| wafsi rst proposed by Onate etstalu.cttuanad rmiatalternec
two dag@des sohn;ledeladohn ;Zzdt@d4ad .e), 2a810.8, tZh0hd pr o
t he fsicellidd onf(Eahbonebkl;O0Oeatal e).F@D1HPo2i0d4pr obl em
of PFEM i s quite(Asigmirldaer gtba athleg emERESBrontEul er i
met hodshe PFEM uses only osnod vsee tt heef gloavgertann geigacr
i ncr ementcall csutleapt,i othhei swotgleet aocotdtaddj] 6&EM EDhéti o
mesh wi l |l be rebuilt bet ween two adijrameemti ngt
critiegriiojpgered. The variables stored at the n
the ol d mesh tsoomehrei akelwe meesd Aliggray deepedoad ke é&s &
2020 n et)TaHe ,medid dgqy bar ant eedpbiynci pl e of Del
and mebhbrre$inetftegeinonesi ;Genatae .ed). 2a012.0, 2004

Theain cbafl adreygel opi mn@ nt tameBPRENMgdESes t ypi c
proceafurredaes hp mgadeosgset hemewictommainl aemdg esa dep tye d
sol utiparessaasrte dl | ows .
1)Generate the initipalrtmedhksfrdmratdhaleoud i @ang:

Del aunay triangulationlns2bD§ieomdsbppomal abe

Amaxi n propertyo, t hat i s, minimizing the m

10



max i mi zminngi muhne angl e am@ g nolnle sti h.éhte |ad umm In 210 -
skewed el Eemeestrsedvideddurmol avhel miBean des, t he
can be i mplemented with additt breeaalpigsetsccet be
boundaries. The opti mal property IS preserv.
2)ldenti fycomputatreatl domai n. After aut omat
from a cloud of particles, s bme ewv\fdoadmenderd u
the concawyparottish ec ubrovuendd ar vy . To recoveblsmapner e
met hod (Orse nuosneeds i ;| edte laslo.h,n ;Zekd Bag .e, ). 2aDI0.4,t h210sl 3a p

the radius of the cRaondmthe ctreadidcse axcfhsteh ee nx
R ar e dfeitresrtmi netthe aedeméenala=Ri/IRterciadbocul ate
el emeat>awifl I be del&itsehde, twvhhreersenotlhde |t i s ol

t he t hr eGvhiollld ivnaflluueefn cdeo mahien riedJalmeticfo nccaltu soino n
previous dsbdukd bse sbatsl|lifr-hBFryamgcicaard Che
201Zhang et) aBesi @®s,3 fort htetm@npf ob mesmeasdve t k
treat ment shoul d be i mplemented in the ref;¢
geometrical wvariation.

B3)Refine and opAtfittibeoe ntdlae yme siennt i fi cati on, t he
bagual ity, because the def owenerdd diistedlbuge e
and others laserdroeommaVv alt ioMfctnodes 4Jagdaplth &rwe an,
refi n€Ememobnesi ;Manfadr.t,e 280t20ame , r l0d®auichn ase
vol ume s@hatnlgi naghd Kiakwc hmo,vi h®994 odes based
funciWawomur aki 9, eddwdl.s,0 20el 3adopt ed.

4)Map the vari amdshbh her omWameahl 8&EM ar e sit.cer.ed
t hdei s pl aacnedona@ratt f or cepoionttghedhidea@s,unad histori

nonl i near ¢ onWh ethhruimbeenrdoomdelastfi ovdietsy ar ¢ hehan
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i nformahobubd betordahefepdatded set o fb yn osdoense

mappraojge s ut hienavsdri sd alngaear(iltDfAilu  and  W9Q,n gy n i 2q0ule

el ement me t(thuo da n(dU ERg n)d o Irmaid,i a1l 9 D& si s poi nt

( RBPW&Mhg and ) Liaund 2n0y0OsZd i d me)t bhbd, 2021

| hhpeadeé cddhe, PFEM has beed isruca egsusiftud |wi daep prla
problZeamsg Xue et al . i ntegrate the mat hemati ca
Si mulsetrafepesot echni caxXt rcamelsy wli @ rhg e dseofiolr(Wbahtg w n ,
et al;Zha2@22t), assdifluedtBeSamaeatecamalt ehi &af . yr e 6:
(Meng et ) alet,omy sophisticated aspeméshanicba
coupling, contacsomodel hgnef f asildartMoaitfeaed.¢ ali.n
devel oPFENMewiGt h contact algorithm to simulate
i ncl udprnogb It¢hned | o O , pipeline mpyvlimetCta,rebgpoenled | i res
202Monforte ;Mondlorte2@Momdélor t e2)t BaREENMZ2t0&2KRe s
consideration of the geometr i calasreanlciomeariittuyt,

angleometrically nonlinear equilibrium equatior

Ann -«
QOO0 s
e 5
" TRt
-«

Delaunay Ushape FEM
triangulation method analysis
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Fi $44Remes hs ngat egy in PFEM
PFEMharesl|ltilmadl e thedrwit deabpphkEHBatriecnts i n ap
boundary amddmnamemnasddep ayr endo swi tae s h h g éheo dmes It
supetro otrhe ALE nand @eaRdaTiSBeictkyr ee suyr sacdéd asvsol hei
of t he domai nZhiamntgo ettyvbbolpav ¢201 3 ts ocarles awh adles i

A

traditi.eFmEM wWiEdM dleowel ement (e.g., T3 el ement

y
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and incur volumetric |l ocking shuagrm etsyyl.e &At0iaMg Me a
20L6 which requires spe.cgbiacB membdidgpttioegleixgh g
order el ement can i mprove its accuracy, | hut t
traditional FBOM,deme d mtwirtplo l heitgho norccenr bree £lo atr ®
eqgi vaeacecnur acy .nPH&EWMeeemesih density is decisive
cal cul at gtdnh eorlejddolriemir el er selaeament me sve r dReehseii d eys , t
variabl e mapping betweenarncheegqaeaady &t b0 &0 radnedrn h |

el ememMEEMI n et ;Zahla.n,g 2®)201 . , 2016

(a) (b)

Fi #5Constructi on of s moeFoEM;i n(gb EdvbN&nidnFE(Ed()a )E SCS

Recenhte)yadstmomdt hi ng teewaliopedFBMfeor m t he s
particle fini tPedk EEM)e@amam tn gmd hoih gota negsetreviei icccheek-ncy o
ordert er gl aPtwikdvl e over cdme iitde adaffhdeutsp Ingc dmod mt
strain ssmobbt Biomg@ can tr-&akeblhkiMabEBEBMtulte aTady |Poars
Zi enki ewi cz azZnide nTkaiyd wirc,z 1@PmBdi Xaeydl osrt (€blrWo%elr ad e F |
20LCarvera et wattahi 12I0A€80d conf or mi agmet@hadirs i entt
al . ,;PAB8OBland SPuber@t)@ddd 6t ROV 8devel oped by L
smoothed finiteéeFEMEmantet mdatiugdB2i0W09et )dlIn. ,t h2 G
approach, tthreeh@mpa&difeumtctofon i s smoothed by ta
consdrgmoet hing domai n. Each smoothing domain

all the c¢onnewhicedi heed kb wESHtEdYho r e aicc utr lae eetnfeamy
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FENZeng and)TLhea,c2l0d8l ati on of smoothed gradie
compati ble gradient otrhehheec fnnouamda nT).dge .t i i
var itarbalnes f ovi m&t IJ @ o bcioaun am abiexdnie dseosmmed i, t wdm € h- ma k €
PFEM woertktietrh heavy @dsam gdiesZearlg. i,aconBRIQTH eu ,s RAOALt8h i
domain can be constructed on the basis of a c
FEM as Fhdawn lionssw®wlie PFEMIdpaabred s moot PEE)NPIFIE Me ( E
al . ,;Jk@26t)aanld bha2d0e2d0 s moot hRRRAENWE&E &E M € N;Zahla.n,g 2elt1
al . ,)h20&8beenr aeceretl loy.e d

NSPFEMr elsasupelrgSFEMoncer mieregs hp meayc ebdeucraeu s e a
the physical guantities aweaer isatbdree dmabpapsi endg obne t
guadrature points is avoodede whiabcusadytbobs
OESPFEM@r emonesi ;Jeitn aelt.;Cnla.0,@ 020.A0 | p.r, e S2e0AHE Mt h &
the onbgsemdsharge defmet mathisord reemerfi cBaelrsii @else
has been proved that the ndokesed smoothed FEM givéarger displacement in the force driving
problems than FEMiith linear triangular elemenand this softening effect will increase as the number
of smoothing domains decreagesu et al.,, 2010.Act uaPFEMs Sare f amous for
t o readlutcheough mayt metv el u midnaitaen d aglNiguw yghdri 9a n d
Liu,)2Bb3 hPREhM E=BSFENSdaen introduced into the
applications such as t he (Zehmanlgy seit)s ad 6. n, 8 t2p0elpBe f D ¢
(Yuan et) aland 2@2XTogr@s i ee ;Jsillno peet J.0@Ai01,ur2e0 20

However, he NSPFEMwith direct nodal integratiors numericallyunstable.li s fAover |l vy
which gives softeresponse than the true solutiofhis featurealso bringsspuriousnumerical
oscillations The theoretical investigation has preseritell e r e a sdoinrpeocdtla &t | Ofs g gr ¢
the smoothed Galerkin weak forould introducehe loss of coercivity in the limit of mesh refinement

(Chen et al., 20Q1Puso et al., 2008Whenthe number omodhing domainss muchsmaller than
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that of elementghe defect of numerical instability will become severe as in th® RKEM (Zeng and

Liu, 2018. B e s i fdr é¢he dynamic problems, the eigenvaluethektiffness matrix will be reduced
to be lower than that of the mass matvith NS-PFEM which is named the spurious Rpero energy
mode (Puso et al.,, 2008 This modé also leads to obvious deterioration inumerical stabilityin

dynamic analysi$Chen et al., 20QUin and Yin, 2022Puso et al., 2008

Recently,the s t r aaidni eqirt staebhhisgaperi ®pmoseod ve the Ao
drawback andzesrpouremerssg yiPormoM,e loda dNS g thoastelle
smoot hed PRPHFEBW)ASBS8mes t hat the strain is | 1ine
cent romdt he node and the stress(FesgeedLabtagd2@d
20 IVBMi nh andSoNg,u;y2atngl et ). TaHe -BRBEM 9has been prim
i n gdlapsteo baedsexpl i ci ts(Rempoae@lalsame2nkel unckad?b
geotechnicalli mpet ).O@hti sl R tdtchamsiarbg Isacthatmsieotnh at

i ntr odwgec & @ rpactsunrt Xthr a comput ati onal effort.

13 Reseambg e catnidv eeshesi s | ayout
The -PNFEM has been developed in geomechanics
Il i mt e@edpihdase probl ems and expl & ciTthet empnerralc ail n

i ncl udhydmetcheani cal couplindgue ntuened i cabdai abdack

strong nonlinearities from multiphavaspfellby €I
addressed. The explicit temporal i rne euyerhaitgiep n
number sotfe ptegthmec h  wi | | | ose its-tef i amaeammgavwihleir
prob.Tehresr ef or e, it S wor t mwhRRNE&ENM ot 0a diadlrtielshse r
aforementioned chall enges.

This study ah mssettaoh | ceaavmenldoepspendb oparti cl e finit
( SNPSFEM) , o p thpeewi fza ronfja necxei PIFIEMp dN&8 xt endi ng t he

more sophisticat edh gtelmatacbkchidair gal dpafaon tnhaat @ gann d |
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uni form way.enlphoe ail mplnitceigtr att i on i s-cdretvredlolpail
unconditionally stwibt ® Ina malhidciadheod edaenme iRtd-eERD f S
i s gradually devel oped based on -pMAITAeABS e nignafl su
nonl i near epgruoact e soeniess, h & QY to, a cehtedsl s o, the codes
constitutiivnep |Ineonidlednldserdan @r o bj e c tsiuvmama aasfs &tdhl il so wss
O0To edd el op a f ulPIFYEM mp It iHcligt @& S waf e@dD @ordoeb | seun s
including the plane strain and axisymmetric cC
OTor ppose a numerically stable and compmut at
SN FEM.
O0Toewdel op -ne cthyadrn @ aSINBcFoEUM | feodr sat ur ated soil
di fferent drainage capacities.
0OTovercome the vol ufd&tEmMi.c | ocking of SNS
0Toedel op the i mpl ii®N®FRKEMamic approach
OTondorporate the <cont aRcRE Maltgoo rs otwldurseartnet cot utrt
interaction problems with | arge deformati on.
OTopmaly tHhMREMNSO si mul ate some challenging g
Based on the objectitvéchapther st haessifsolilsows .ga.
Il n Chapter 1, a @rinealal apgwvo &@whesf inmumgeome
cont i-mnausuerd met hods, especi alR HBEMst et aedetlalcysi mdé d .P |
pros and cons-PbBE&Mtoéud | d nrerdent NS
I n Chapnhewrdd a l i ntegrathon,wsdarhe |l y zbaatsbeddo m:
stabi lwizlaldaeabkoenltoop ecdo h bsetrarbdtcbea ssmdot hed particl e -
met { GBANPSFEM)o.meaimvi t h t hgr addbassheddngst abi l i zati on m
approach does enxottr ai netvrgoudaudctea dadmryes re N @&PomE. G fAU | | y

hy dmechani cal -PdFoEWwBIli eod O&BI 8 | ti ldeaid si yopnr .o pTolsee dd e f ec t
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pressurleato ®anisorwietrh ilndwr pol ation wil |l be foc
projectinodéPPPhobedrmoatmuadmd eidnt ptylcentugod eRIF ESMN. S
A series of problems concerningutaheeconsobliiad;
proposed numeri cal framewor k,s madaildu diamrg et hHdee f d
probl ems.

|l n Chaptl eor€ k3,B-B EHIBs c onfsd mtuecH &ekdeisnsu | at i on of
clay wibdodhattibeaOsBmwmdarmh t he -BFEMI aa-BFEBBSare not f
volumetric | ocking when treating the nearly i
SN FEM. I n thhd esckineget st nat ediergubi ¢ baldebd tei vieu
i ntegr at jaonnd sac hheynbessiri@m pal pepm®&mmatoeda | probl ems conc
i ncompressible solids are simulated to validat
convergehteamadgyyi s.

| Chaps4&r dynami c +4PmREM debty ddéhS&haobapdmreadliysi s
prop.dkedi mpilmeimarchi g@n esrcthheérzondf i Nt egr ate th
equations i s derintegdhdmtbdedi t soaeanlt by stabl e r
per me arbhiel iptryooposedFEMNpliiscifi rSédlSma b Weadaeidp | beys ,
then applmeeécddome advanced geotbhehseabbtdcansdesr
the cuteéexpgr,shaenmde t he sl ope failure under sei s

I n Chapter 5, an efficient apxhi assyemnaamelrcilcy wfircoran
coupIN®IFEM is proposed with some additional S
efficiency of thrkEMrxeabythmeedi by Sb8veral numer |

| €Chap6itke mnrogdeegment contact mo d el wi t mwa imod
i mpl ement ed, -baansde dt hceo npercal tayl gori t hm | scFEdMer i v
framewoem&s hssamlge me with contact constraint is f

first vali dat edexlaynpt e, bandtdb maresad weggsltiresdoi U r
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i nteracti caon e oiblilaerggset hkeef or mati on, nonlamaear
di f feraeinntameaebi | i ti es.

Il n Chatphercdy{fIF&EM $SNS appltbad ™Mar so meimbtaakme
embaekm at Hohnegk K.oanpg Ko kaiirnptoerrsnoaftti osntarluct ur ed
simulation results eaWiet gutihe measwmadl catca.mplat
SNPFEM in sol ving sophisticated geotechni cal
geot edklmrsiiganl and construction.

The concl usi onspearsep edkrtea wne,® pponsdd d¢ hien Chapter
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Chapter 2 Hydro-mechanicalcoupled stable node-basedsmoothed PFEM

21 1 ntroducti on

Hydr omechani cal coupling has always been a
interaction between deformable solid skeletor
probl ems, -tsrent hc canss olldrmdga(Kaoat seen | g nmadimnaffiantd, i c2@1
| ands(Lesieshi nsky), et ntadr.n(dd2@elSeots i; 8dang &0 al .,
embankment (Zbasgret)tMasn, sB@b6 probl ems promine
| ardeed or mati on feat sed. oNumérei ¢c&£IM thawles |lmaag be
such coupled geKtagshtnuineal apidobBhems @ 0&AWban 1949
Abbo, ;MOMOP bet ;Yalng, e2 ZhGa.n,g 2@2mdng 0T2hHLEke. sph f2r0e2e2
met hodd acewWuce the influence of me gHiu aguad 0 1 ly
Khoshghalb and&dakKhamlilaind WPakGEt26Med2, e20)adut, 2
i nt ranmbuce trouble in the I mplementation of bou
the evaluation of i nter(@bkatebdZefngn ahdd.@La agn @
smoot hed finitdEM)ermarstedmetnhddhe( radi ent smoo
able to introduce some adyv andradgeers Foef Mantensthe rrpeceh
Descriptions of the devel opment anBEMPpat ecacta

except inasompe i pagpesnsni | ar(Kinosmeghalab & nphassfineeeh ¢

and KhoshygHawby&aRB02kills for pore pressure st
deformation analysis stildl requi-PEEMuUrt her i n;
Direat mod egP&EEMobhendsN$So incur the numeri c:

energyPmodeet ; Weeli . et2;6M8 , e204bRec&mMt2l0y , a stab
based on a locally I|Iinear strain assumption w
(Feng et;Lal .a,nd2 QMieddi, n 2 04 ®dS dNg,u;waalm2gl et ), alf .o,r 2v(hi
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circle domains and quadrature points must be
similar approach of addi ng(Pmsroe ed tWad £ @PAODOBt

seemiwoglityhr cbesi der ati on, b e coabuusbed ogwmaaeix tema & sal

i n thhbede3 triangul ation interpolation (T3) sche
Nonphysical pore pressure oscillation is a
probl ems, especially when dealing with the un

|l ow per meabdshot ty (heldytosicshkgHaga aé¢t ;Zahlad®dl AA2n0dl 2Ch
2020h ey YDRAD PRhis i s beesauups el aad ydB lasdcnrBeidaey & B)f

condition does not holwWt Hers cloimk dphdhpelr ghabduraeadn tp n
Brezzi andWBat Reant 9,80ersjpag c i 2a0b0l 8y e & Ihé&Er@ednqtp & B d |
SN FEM. Many steabtéegizasi bave been developed
coupled ph@iHagaalet f)iaemoddsi Z2Fi2g the pressure eq
moment um (Ma@gfueaz i @amd Holfiiman,enmenArlal c aOratl ar;s T DdC
Preisig and, PGaeveskin 2l0dda@ansgdamé tti entardi gsutee
(Pastor et endnhgnedOst(Miai @ eéoD) mbbanRom@B3ud ft dwe s ¢
either difficult 1in code neodeinieincta tcioonns torru cdtei poen
in a-umpmesatbing framewor k. The polynomi al pressu
violation of WeBB ed¢ o mlh.ititieo2n@h@ ;Bbmapa,and0fhoo,
fortunately, of fers a convenient approach tha
with only a relatively minod egdafiocasi oht naéc
applied in many similar numerical probl ems t h:
porous (Meidi eatm)ali.nc @Ar6€ls sainlgl ee s m&itiodk e20I 7T ow e
Bochev et ahd, haeO0Oproven t o hPeRP hiisg bwoyritehp Fteome e

i hhe -ISANESM framewor k to stpaleistssuaiel It atei possi bl e
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ThiChapteargamd zfedl ISowwtsi. 271dFFb R2t.h t-hleasd uddd- hydr
mechawgiooafl erdmud aterseamabl i shed, with a detnag | ed
equations in strong and weak f or ms ,amdghanplail cidt
t empiomtaé gfroart itebhe pe hchent FE M eeciRdotmsom2s.duce t he
of the gradient smoothing technique with st a
projection met heds IfsPtiPdPa) t neagmyahrett iheel eo dmeelt theoglo.fa tN o
stabilized equatdi ¢l mefs@dmdudP&t odse tdaeirli.veSever al
reference soluti®recdd pheitmpt @mencbedeichness ani
SNPFEWMal i dated and analysed by @blmypadamecshoat aWwi t
coupled | arge deffmromatnigo mp eqniemuladti ioommmwidafhods bdbf €

constitut Beveetd2moBH el soncl usi Gencst iaone 2d.r%.wn | n
22 Solpihdasaei te el ement met hod

221 Governing equataitdamsn and di screti

Thequi |l eQuiafutamomt i nuous sol i @1).iTshke ngememstedi G
rel at benmnsielespt rdamdli spl aiesfnenmubyt ede symmetric
operB°tior(E®). The constitutive eq udaep eomd ecnotulfdo rbn

as (E3.. Thnposmiht boahdary @Gandiatrpeoe s e nt(E4Q .

PO b0 (2-1)
o 1 .
= B (W ) (2-2)
G=D0,,0 (2-3)
EU=TON & @G =@ G (G. G (2-4)
}nc"ﬁu ton .G A
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whetwies the Cauclby het rbe)si%ﬁttffmnmcetr,dhdrgombdhmus t en

gt he given di_Tslpihacbmpo'sedahdaction force. T h e
represent sofibéuadér iovaguasi ti me.

Noting t hwadar iwshiteeno mehser g niifni coannet anadtyrse ss su®gepa3g
procedure should be conduwbed Jdanstaaer imrmg ed d

influence oTheigtidegotianiansingle cd»¥putati one

okl _ ok o kix 0 Kk . o
iju P=0¢ +tov GO0 w) O, ¥ o5
: w=i(® - )

f 2

ThaboyeverPD& gvi t h bounstaruy dc dored irteifoor mul at ec

weak for@6iusi Eq. the virtual di spl acement pri
di spl awama nitt sOlUvaarrei adteifoinmned | n Starnida It efsutn cftu nocnt

V,, which ar &7928:ted in EqQqs.

u

fp'du:id W= pf b® W wfd (2:6)
S ={u W-R|u [H]%u Gon [} (2-7)
V. ={du: W-R'| d [H]° ud Gon } (2-9)

wheHédenot e® Hhebddegsahse2 or 3 depending o

cal cud camd iom.

The interpolauhbgi dpapiatemestreti zation tak

of nodal shapenf(@EMW)ction basis as

u" =NU (2-9)
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whexes the gl obal shhtalpe dmumazy i oh madai xdi spl a

with linear triangul ati onFekD @pernotb |I(eTn8sN c atsh eb dnoa
written asofa (BdDPobal form
N=[N, N, .. N, ] izNol lgl N02 I\?Z '\g |\(|)n (2-10
whenmies the total number of nodes.
I n a T3 interpol ashafpensccNjeane , Incdahed ¢pm dd®INt €

anal yt iEqg@ll}@2-1 aswheiAei s t het lelecarnfa, b amdar e
constants fMMHwhaen stpleei f hcee nouretbeorakas{xsag)r,ange

(X5, ¥;) an@y,Yy)-

e 1 . . .
A_(a +Q X »! if (X y I eVVI
N, (X y) =i 2A, X - (2-11)
t 0, otherwise
=% W- %Y B =Y Y F F X (2-12)

Replamain%lgwi ujrhanduhbaseﬂc(Zeﬁhthe EdEMati on i n mat

then formulated as tFianbakaheRiaf BEld&Rrakr f o

pl ane stmati messdppotbdmprangi bi ¢ i s calcul ated by

operlatacsr is(-1E@G-1Y.

Fint - Fext (2_13)

Fnt = mBTGd vV (2-14)

Fo = FA N'td G +W|ﬁde (2-15)
B=LN B, B, .. B.] (2-16)
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\ . &
e-— 0o —<€ 0
éMX U g
_éy b w o _ e N
L,=¢0 _éi —(S — (2-17)
¢ Wu e ¥
eu _pu %ﬂu
Sy MU X |
222 Constitutive model s
Theel at beotnveeheamp stress and strain ,i swhdaeoshchhe b
bri et geggori zeed aisnttioc lainndearonl!l i near model s. I n
rocks wusually exhibit strong nonlinearity. Hu

including the considerations of ,peéatstuct eyat i
(Zheru Yi n,Thz20BNEM codéhips esteundes the cdrnraissermr a
framewor k of FEM, iwhteerger tathdeemn e toodited &odfiv etbhee wr i t t
pliug wittehndar di omrmatt .r gdqui res ther edipaplsic ame
ti med,epcustrreamad, cbhbrsentical . Hffoahe vamisablte@si ve
calcul ates the wupdated st reesiss anmplsetneetnet ewa rbiya
algorithms to guarantee accuernmacpypi wigt ha-mlda ncguet t
al goritwhmssh can be found in severBél ytewva lekwo pe
201S3cal et and AUTIMI cedh;iad eYym2 ®0EA).I hLh2ZAaGQtaern |l y f oc u
on the development of numeri cal met hods, ther
model s are used. $eme eawicedt hem are briefly

()i nears tedsaisreaster fi crespll masest r@hdnaxi symmetric

areex hi bi s@t3®2hd Eq
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& [s]=00
|
i [sI=8s« § 8
|
! [d=g& o 4
i e a
i € n 0 U
% D=1E2§7 1 O leane stress)
_n e <
[ 20 0 1-n U
} & 2 1
i RRU
- 7 1-n N
: E1- n) : n 0
Tp=_ E ¢ 1 0 leane strair
oo@+m@ 2981 -n -
| e u
7 é 1-2n
~ p 3 (2-18)
[ e 21 1) ¢
& [s]=0
|
i [SF[$ 5 of 445
|
i d=[ ¢ .e .9, e
i e n n g
T -1 — 0 —
i g 1-n 1—/73 219
i S y X
7 e o ~u
i~_ E@-n) €l-n 1-nu . :
D= o o At 1- o gaxisymmetric
0 @+m@ - ’)é 0 0 0O u
i é 2(1- 1) u
i e o
| €-n 1-n u
(2) MbabCGo unbmodel is prez2eht wfeis t heE§ryictio
the dil ajtasndt W e anoghre se fofni.ci ent I mpl i cit i ntegr

(Cl ausen )hthiad .anoulledd & nteor dttheenc dvel e mfer i ct i on and

angl esbtaatrre equal to O.

25



[s]=0 4§ (linear elastic law)
f =t - gtan fe (yield function)

g=t - stan )plastic potantial functio (2-20)

— =) = —— =

¢¢ =/ ™ (flow rule)
udi

3 The moddlfaiye dnoGlaet ( MCC) (2-3) p wéegaenastaerde atsh ei

i nitial vaonidd cruartrieofotr hees pelca dtviedcyshear emohpt ess i
c’the compr ep. ¢ ireenc 0 madoplxiedsastuM telh) e asiidlcg e tafcal st e

e

e C 1 .
T e = , e=—qe H# e* -1 (elastic law
T = P Basae @ g e -1(
A 2
% f:q—2 wp(p ) (vield function)
I 5 (2-21)
ter="M =2p p) P e=Fr 2 sfiow rule)
! Hp n M
|
1 P, = 1+e P (hardening rule)
| cP-c
23 Hydmechani cal coupled finite el ement method

231 Governing equations and discretization
Thpdo formul ation is adopted forwhbeeanhhekyse
movement bet ween fluid animdeas ok ndaiskeegtueatbdfno ni s
def or mabl et e gewihtshkee leeftfoenct i ve stres@2Br iTrhei gl a
i s i ncompressibl e whi ch mhohbee ypso rtohues Imendeiaurm, D alrec

conservation eqb@@2ppm@BRT e mbm mii migt esi mal str a

agq22%f dned nonlinear consti bhuZE2gbve model i's wri
D @' pl) b+0 (2-22)
DO +@ Q0 (2-23)
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q = (5] (2-24)
9;
o 1 T
= 81 Z(WD W) (2-25
0'=p,,:U (2-26)

w h eﬁ'é s the eff eclttihvee isdterndsi &t e/t & eshgsrofr o r clet Hen t |
Darcy vel oci @iyt hoef ufnliui dw kfi liguwxtd r eefo hfdlawitednwaiotn e

solid di s plpacheemefnltuifdi ,e@gpeﬁseu rfeeo Wfreirdnl edl ast opl as

modulangact as the primary unknowns in the hyd

The natur al and essenti al b@andamgl goddspl a

boundar ytracti &n bfdwn dda rpyr eG§,suarned bi omupnodsaerdy f | ow

Gq.The compl ement a2 Bonostdi be onnat i ©f Eqd.

é u=uon G
} n@' £on  (
— 2-2
{ P=Pon G &2
T'n@f on
G=G6 G AG, N G .G AA G (2-28)

As the prerequisite for deriving FEM equat.i

partial differential equations tog®22%aed2-3Wi t h t

4,=fj( Bau:ittp DO wh)d O fjydd 0 (2-29)

£,=fj( dp moO #8,)dO mﬁ&ﬁd 0 (2-30)
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wheumand theildUa/radp'aartei othesf i ned i n apprﬁiplsd'ate

and test fVuant.ion spaces

Il n this studnyadd hter ilamguwlrarnr h(rle®) el ement i s

the solid udainsdp |talcee miefhiThd pppseuMi mate compatib

fluéslsphraenphcould be oHWz3at(2B8eid by Eqs

u"=N,U (2-31)

p"=N_P (2-32)

N, =[Ny Ny, o N, :g;l Nol I\(')Z |\c|)2 '\(l')‘ I\i (2-33)
No=[N,; N, . No.J N, N, .. N] (2-34)

whedes the nodal di sPptl haec emmeda | vmo:nH)ur@N@mxjere

s h afpuen cma torni casm@ f or

Substituting inteuPanUatpeod e@hip/srimlsmsmﬂrmeht corr

vari aduhiaonrdﬁhi nto the equi,thakeectoupeétak caEmmys q e at i

tiwthependent or di nardyarde fdfederg@Bdid aals equati ons

FL:‘I — FintS(U) _K UFP F ext O

2-3
%4:: KIDU K op Q¥ 0 &

whetbe intefR(W)ofsorsikeel ies om nonlindadud unct it o

constituti B¢ inddmlelsyecymbitdr mexc hani caIKupcoppk'megb'm.

ext

ma t Kiopx, ext erMHal, faonrdc efQIeXtoaNr ef l purxe s e f283eR-4 1 n Ec
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m=1 1 0'for plane st Kaim=

gradi entB, maaﬁgrairoee strmafrsdm  t he

oper.atlotr scan

tpheobp emme amidl | Cpmpaefb

shl\qjtamNgbyctgir(ardé e

b e hB@asripﬁr depieedwhise tcheast anals.

nodes.
F™(U) =fjBubid V (2-36)
_WET(Y) g
K,=——— B DB d 2-3
w g TiBPB. (2-37)
Kpp:ﬁ/BTJ< B dV (2-39)
Kuw=1B MmN d v (2-39)
ext — ~ TF + T4 )
F QNuth VvI]ﬁj‘d (2-40)
ext — A T
Q —I’(]quqd( (2-42)
" 1, O
- (2-42)
g; &0 K,
N T
o
> X M
Bu:LdNu :EBul Bu2 Bun]’ L d 7~ L\ (2'43)
' ' ' e M ML
g0 — — ¢
e by M
eu uTE
B,=L.N_, §B, B, B, L & — [ (2-44)
ex M (
Finally, the temporal di s ¢Sleota nz aatnido ;8 tnbashe &t O
al . ,))i20a8opted here. | b ttbh.e tshemgpeeds uree sared
assumed to vary | l]ngqaarsl yi(BF4daqgde t hekeml uesi at e
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dependent mass cGoaerdatiog tgheahesmabdgabsant

hydr omechani cal coupl @@dbpnodbdh @inke ing® &skt it leidt ya sc
achieved if the integradoi<gnia(pmirtamee eWhittake&dd

Borja), 2008kis §i2udy, as

j‘:" P. =@ -9)R

ext ext ext (2-45)
Q.. = 9)Q;" @,
aR, 6 g’le (F'M)t +CP,_ . (F™U)), ., 08s0 (246
= N
*, 2 ®w,,-u) +wP, op, 0B
232 Solution schemes for the nonlinear FEM equ.

Il n solvingEMOeaduatiaon, -Bapmsder) d(pMewesduaalkl!l y
adopTleekdi.ng shacqguesasi d mechani cBh e r mdlliednu isaf sf naens
mat Kixksual ly takes the value of the current al

Dcouledp kceonstant as thlg, iwhtchl | etaddteido imb d u kR

met hod. Thi s met hodR, iinss twd ade |oyf atdroapdtietdi a ma |IF ENM
el astopl a,dteicaumet eni sslaves costanaf swepdnast impg es |
pracecBorst ;& oah. et).2 @A 2t,yP2 @G0 i MNi t i al sti ff

present @@dY)(2b 2fExqrsitthhe t er ati on.

K =“FH—L§U) {5 DB (247
KDU® £t [inD (2-48)
Fint(-1) — r“j/BTG(‘ 0q vV (2-49

u® =iy 4 g’ (2-50)
=u®) (2-51)



a® =auY) (2-52)
For t hmedlyamiocal chephoedl amalays i sisssed bwmietdle q u

t he monol i-Rap hcs oNne m¢todnroadthiew e t bé henkineswh ®cemen

pressure are calculated simul((k+tdlhbouséyatiThae i 8
as (EXR
e K, -K, @DU g Rg (253
EK T By U T RE "
eKup qﬂDppleDP (k1) R@k
t FRio- R7do) 1R R7%W0)
:x:b_ F[ eﬁ 1) ’j, Fext _ F ext 1)

t+ b toH

F ext

e ’ : Fixt , :
N ’//K/ N T A”
KO : Ko )

ext ex
F F

v

Ut Ut+|D Ut UH‘D
(a) (b)

Fi&adl(a) NRwpbeon iterati on;:Ra(pbh)s omoditfeiread i Nenwt

24 No d-ea ssetdrammo ntke c hni qu e
The baded strain smoothing technique is int
withot dewr @li @ameentt),alwhi c2l00®r i gi nates from the

integration i rChreers hetr)eell metZdh@G&GIlsapproach, the

around a node is smoothed by taking the weig
it sected with sever al el ement s. Each smoot hi
from all t he connect eHdE M | neommeen trso, b uwshti cwhi tnha kneess

accuirmcygtrain enefTWanor et t;dengFEMA2LompakOh§y
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with-TREMthe advanbhaged omhodthREMHEIENTd Mbiet iiwi t
mesh distortion, more accurate in strain ener
could be easily i-mppoevmdPFeWMtkKer plaatgel def or
because all guanti tareesd odnd nupdeaetsdd abres ed rerc tt

mapping from the quadrature points could be a-

5% Centroid of element

)
U

_ Midpoint of edge

@ Node

Fi B#2Schematic of t he-bcacsresdt rsurotoitchn nagf droarae n

The codrFEM fc aNn'Srlue t ean Hta sTe3d coond ea bFYEM ev er al m &
Al t hough it is more complicated than adding a

of a traditionaFEMEMoad®dies i sitiol la NSI actomst yue!
t he smoothingbadsoem:iaisnmooAtV‘ii‘u'ma:igekddmbynthe X0 dse Wi

composed of seWﬁ%r,alwmw@emIO\mearbtnahe centroid of

mi dpoi nt s Fo#2sehdognes,. alshen, the gradient smoothi

the wenghfunction (using piecewi2bdlanan stmorott hs
operati(®mphlimn fmeckbfaiscednosdreootvﬁ,ingh@Iosnaizmin I S
smoot hed as a(25choBiys tuasnitn gb yt hkeq Usvmd cht hceodn st ti rt auit i v

smoothed Btoebkd beetdl cul ated. AccbridE;,yngyly, tr
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can then be derived flbym hHéresmaootghinmad a:pBgmrpaattiid)l

B iams RHégFan@5B whAire the ah'eagoﬁ\/\zﬁmmﬂfgits t he

Pl

area of \AﬁH.R@gmaidmng that all-bavedvaeomaices af e

of el ements or thermnicekmpairret 3§ sofaud dgnad,i ct lwiid h

W(X, - X) #iel/i’;dwvg (2-54)
PN, (x) :ﬁF B (X)W(x, %) & (2-55)
I_OXX)LNE :%fk[’(x)d !, (2-56)

Bu,l(x):r’jﬁBu,l(X)\/\/(Xl -X) ok %g‘ RBui@ X" 1 (2-57)

a=1

— ~ 1 -n-k no
Bp,l (X) = r\]fk B p,l (X)‘N(XI _X) ok Zga '%qB p.l ()’ X E (2'58)
q=1

The smoot hed Gai & hHkinne aweiazke ¢ roer gne an ts.(2-@ B (R-& ) & q

whetrlsemoot hed i Firtns(eUr) msaro oft hreade hy croaurpd a mdgrgpiamaaﬂlr i X

smootpedmeabiIKpga{remathﬁzxined by replacing the

smoot hed cTohuen tsemaopoatr ht esd }%ugiisf ffneersmu lmeatted xi n t he

Pa=FT(U) Kp E0 (2:59
14= KM Kp Q# 0

é,Kuu -K_Up @U 9 éRu £ (2-60)
€ T By U 6 L -
& Ky q 0, klfBDP (kha) &R, W
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25 Subdoimaisreadd al i nstteaglrialtiizoant i o n

The stiffness, permeability and coupling r
integration (Né )t hevhsmbotomég gradientsiafjuban
mo dient rail d yub g d NI must be focused on owing to t
Bei ssel ;Rtanall .e,s B99vEhli.c,h IcoANBdgbe rchemanhy mes

FEM si myShaafieoensand KhWesihgehtalal, | R 0RGKGaIspf et hi s

study, the spurious spatiianl tdisec iclolnatoiuornss ocfo udli
pore pressure when direct nodal I ntegration i
stabilised conforming nodal I nt @gmatdi Sro | (hMS @N |

Puso et)aald. app00&d it in mesKWerieeeth)adWiqgme OMBO N

each i ntegration domai naingla e b d diesdiahsos itsdenveedr sl r

stabilization point. The smoothed shape functi
the subdomain to eliminate the integration os

For tmhREMS3 stabilization techni qgueasstiamiillarz e
nodal I nATthd ¢sr ateicchmmiagqneal tdhassdbdowchai ni nt,e gamd i

t he-PREM is i mproveRFEM @PHERNEMIutsachsl et hNeS di f f er en

s mo o tBhardd h< uwho ani-snmo o tBh*erdat t iox augment the smoott
permeability matrices. ' n t he modtihretd@rgp ealdd temtt
equal to the d@olmpeatpirhInea rye edd ef & netrtetnec emes hfr ee
PFEMNn cadiengst atbe dimsz atthatn i n a meshfreetihreter
reproducing ker nferle ep aGa lioeth, keienx tmeatl emahtuati on o
each additional stress point is unavoidable. I
constant d esPiF\EdMt | tehse sien cMS Nt erparts cjoumptatt &k

graditemitcena t hat have btelear mdad eeartiaraasa it eelpeufi o reedh ¢
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The stabilization technique tfdiorrsmul ian @b @ dhiez e
smoothed weaR6h@6M)M iwheBuwpsndhaer e increment al di

por e prreesspseuatei vekeycurrent calculation step. Th
smoot hed stiffness, per meabRPRHFENMY a @ROEBERS Py | i n

l'inearization. The i nteigy afti0xdfd shed miull itz atni @an | c

of t hias cotrud yngl dtoe@@ he@dap et sVal . gt 2808 ) e O tidd i br

exhi bi twal iida ttihoese cetxiaowp |Teh ifsnlexcefufl idc ibeental t er e c
better balance between itlhiet yacic{Rumeoyesana@dgn ume

signifies a-PF&tMreat to the NS

2 =fiBltaw e, @&, B)'DE, B)d | W

-(mE‘sijpdv)/P Fe o=

Z=-(fBImNd WU {781k B d WP 062
-(ef®, Bk B, BYd W@ =0

(2-61)

[K ““v'“"]WE = ﬁ,ﬁngDgu,Jd’( *ﬁ’sé':'ll WfﬁB_ ul B u )TD(B_ ud B_u ) & (2-63)
q= 9

Ne —
=B]1,,DB., L, A+ €8 Buly, Buily TDBusly Busly Al
g=1 ' '

gzpp,u \g:ﬁfkgllk fB_p,Jd( -lesé.l VQﬁB_ pl B pl)Tk fB_ pJ B-pJ)d( (2'64)

q

=§L,Iwkf§p,J|V¢As+esal(§pllvgq B pllwq)Tk fB_lewq B leW)Aic
q:

Ny, _~_T
§< up, 13 \ﬁ = mliB o MN p,Jd’( (2-69)
The integrat (26 hc osuhlodwnb ei nr eEfgo.r mul at ed as t he
mat ri X hienittegr ati on of Iinseuabrdos\hﬁgaipnwhbueasitblhleilh

beonducted ana@@pi awahlelrye ashei m el gh.0a rvika rpeo smatri koen
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as$ Ri 22T h uasl,| stable nodal (-6}p26gHFcatni dre shoiweu cit n
weighted sumamndéa,subwbigechEes comput ati onal ooogthed

guadr at ume amgloRF kNN a l

e 11 .. . B
I EA"“’ if L=1
i 7 ,
0, NLdX:\|3_6A§’q’ it L 1{J M (2-66)
k,q ’I‘
1 0, otherwise
f

26 Pol ynomi al pressuirre mpaoaoaglecitmtoeng n( £tPiPY n

There i s nameirnitead endtemeebtanf oal hgdup!l e-dr demul
interpolations are equally adopted for displ at
permeability wit-physrgalkhpot et pneeasrs miofe@a tolse iiln
are not adequately selected or other numerica
not employed, as exhibited in nWhiyt ex uared j,Bard | :
RKPMei et )aland(2KMAaM and ) ChAocoréepPpt ual i nsi gh
consider tbdngpctkhes tfrauwrt ur e of (2-6hyd nc a enfef iucnide mati nnead
t hpgpbl ock approaches zer o, atoft g mbanltg ebbgreadi ncd fsotra

requires some ext(BaemeceasdCiBocamdi BBPrOjAah e 2nDolst

i mport ahnthdeiosncer-gitse OB Blidi on f or thﬁt]aimﬁgaspdalnat

E q2-6 B
g o K B 23R (267
g'KupT 0 %)P gng
fj p"D O'dx
e S L 26
o,
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whe€Ceis a positive constant alndeéipeadeni zatfi am.e
si ze. l-m; FmMEMedspeci al-Hgyodesli gmedt Tpgrl os are w
LBB condition when solvin@reeasrnlgy ang.c Pmpvesdi, |

Undoubtedl-grdeheT2quakaenfhbwdead iiomPBHEK ISAS be
proved to violateH6B@i bBBtxahdi i BOBREcersEqry t
scheme which can overcome the spurious pressul
accuracy in dBacmevd etondal ti dinscover edf itehsata tvhe
i isfup co@dicthieon et)i ml(E6gP whoeOean @, are positive
independent of dizsp(rroejteicztat@]oh)aptel-ﬂeaetfnsrthbeLpore

into ardewepol ynomi al space needs to be ident

mi ni mi zes t”pl%-- ()}

2
ncti,onweWeirse t he el eméﬁni ndolma i
LZ(We)

interpol ation. Then it coQli & hdheaewtelanged o rtoh

define@7®2n Eq.

A p'D O0'dx
spl " oo, Al -4, &g ee
e &

n 1 ~
O p" () by, =, P () K @70

Based on tshe womBgRi6itn fotnhe i dea of pol ynomi al
is proposed to compensate the deficiency of L
stabilization term | nitars (E/dlLe [@Ragtudivliad i nd e rwievadkt if a

previou®Bretuedi asdCBaohand 1lBamh] a,t )20d1 5 2013

L=<y TEB @ - q“ﬂ& pg -p'Ock go (2-7)
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aé K -K 20 0gD@ geR, g &0 ¢
KUUT ﬂép o g) l:j 0 é U:éR u é- stab L (2_72)

C - N up q pp k[_'j S Py 9:) (k+)U ép klj éth+1 L
S= mef ng - @F Tg Ng - ND dx (2-73)

o s LT ~
Hi*=fe N - B @&p" -0, (P" PO (79

1

Il n this study, a stabilizatPFoENM tteor nr eocafc hP PaP
variational eqa®sbi(@&MLMWVhfi tceo natnidnuBlotayp @ , a ”2d 0.Bor j &
Different fr oRKRMé@iIiPRAPsuisleld timeashodalttiindbagt ad
adopts t-lhesfeodrenmd ratt i on, that i s, pr els3er vliihn gs thhy
strategy significantly sav8sbabedcPmMPutahnhi baeali
mul tiplication of a constant mamnhmgi xdolwaaddnd tRP
requi roesdea IFaussian integration. sTthainsdass soonait @&
t heorfeotuincdaals i iomd i cs@27@-7Mn tkhge st abilization te
el enpeansted shape function and project i ouns ionpge rtaht

gradients of shape function. ThereforeS the s

Moreover, an automatic estimattjpmopgeseadcimue:

allSun et )iasg .ad@Ptl8d, which considers the compr

variation of ti(MentbepeaBtdnamktl),aBadst @Zn®(PEBPRS .

e = i<1 3CW—E)t> 3 tanfh2 18 PG (275
Gy = kM’ (2-76)
K+4G/3

T(K+4G/3)IM, 4 @7
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— Kst
éKf (1' nf) +Ksnf

B (2-79)

whelesheur t engft ht i et Beepul k modulKyshef bsoki thog
of fKan@the bul k and shear modulusheofposroolsiid ys |

his a characteristic l ength of shp;#/ﬁ,fifaolr dei ascchr

smootdhamai n. Kerg0 t@%a =2ndorPa f i xedcoaspraswe hKk

approxi mation of the mixture to esti(@amne et hal
20LRBccordi (27t a heeq.constMasnedr Ho&/BdbEengoklks th
anktare set much | arger tKam@tWélsohiedpakamet e

either materi al properties or discretization

needed. As the time stepemaldy pleowmetadit etfyt igv |

wi || decrease to zero gradually. With these f
stability from undrai(@é&dol amdt ;Bchoajod raanidd 880 rcj oan,
Il n solving the stabilized equations of- smo

Raphson iterative f eEi&1 H27ildOmd yc an st e bdwin tttad n

a stabilizg*neead rteci deaformul ated to modify t

remai ning procedures unchanged. This iamiamrob:

pl4g to the-PEEMgrcondke ENSI| d aacbhiileiviey ae fpfreocnti.n e n

For the consistency ofScoauda, stthe |l adsee mbelfyor
i nt egpractcieodiur e a@7%@8Wn litn aEdgs.es fr omSftdhre dach
T3 el ement I's nothing more t hBhhmeraeifciornesatna nt e nes
di stributed toitmheatchr eNédnebdemasiybdpPproeksnit agE

withogwwuwadngpture points. These analytical form
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saving and high accuracy, but also reduce the

of Jacobian determinant is avoided.
[S]WM‘ =e H, Aflq (2-79
= ° bg 1 1
Hf:go a b,gwitha=1—8andb :§é (2-80)
b ay

27 Remes hsthigat egy

I n I arge deformaticomfamgalnpeisihmen kgt heomiad G
er rmoireimerbgegec ause the smalll strain ass uanpatrigoen
di spl acementefodmataido e o s . The sthmaadghodobabked c
di spl acement i ncrememnhedshs eantwanygl enemntmp alnn eRIF
devel oped wusing par t(Qacrlbeo ndeilslgJdeaetn i ala.tZahoer ds®edt 2 Oa
201hang etZradhg a2 1209 cl es with updated pos
for domain discreti zateinew,elDdeMhadusnea yc otnrnieacm @ wli atty
me s hsithneggp t o reduce the mesh distortion. The al
el ementhleo wm@arny et ) alAs, |20 as t he mesh has b
calculation in the currenrrtBl.€Compavist hj usrta dtihtea osn

or -FEFSEM,-PMNEM has the advanSiangcekel ophhWsgbahcqgquaact

are stored at nodes (i .e., di spl alteesnedt s mo @tol
domains (i .se. ,stsattreaivnar isatbrleess of soi | model ),
guadrature points iIis not needed, resul ting in

It should be RPEEMIIinhheaetrithbheRBBiNdgealviorkdaplbg ¢
def or mahtaitesri s8g a series of incremental anal ysi

updated geometry for | arge deformati on. The
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i ncrementBdc amnsad ytshes .t ot al veaan ade ooompd s gd oimett

smal | i nscurbe nset hetpasl alk ic nsetarwayitnb f Cauamyg ob i el vde
sti || bel hprsesarevmedhas | ong been Ksoendy ien ),ahd ,s e

then adopt e@ui mantdh eRaR)dioSdgEMR,F W8 @8e numer ous ct
deformation problems such as the granul ar col
bet ween the PFEM results an@dhahg égBhbegt 20886

201LBhe whole process oPF&Mei anbudsebsstbieepol hof

FEM

2 analy5|s
&) ey
Re
3
1
Delauney
trlangulatlon
(a) (b)

Fig3(ai rcumscri bed and tirnisacnrgiublepdr (chi)oetmeerstt iodn aof p-
by Delauney triangul ati on
(19catter a cloud of particles into the calcu
topol ogi odl thewdloimas n
(2Generate a FEM mesh with thei ptaraita ncg uvelsara cetli
adopted here, as the automatic mesh generat.
Del aunay trian@uémonesi atkngaotac tehym2a0l2.0, 2004
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( 3De

|l ete the unreasonabl e edlaneetmetomolihigla ® oum

Thenreasonabl e el ements are either significa

a

ar

w h

s h

t h

t h

(4)
ad

Fo

very slwehnder nmsplgapeent ual numewldaccatkpirirsd lamels s .

e intnraducsedcdtiudy to meet the aforementi on
éa,=R./
ilRe R (2-81)
|’a2:Re/re

eRei s the cirrgtume aiddrsaciriiasel of t he triangul a
owrFi BB R i s cheaeracteristic radiTuse oddadtidces cc
obdepgendent and -apdlirecr ©,n,tshodmeuetarsadathad/d Ise |1 wne
e rand@gegFrodbneci and ZTlAk#&ogest) aldhies 2213 ndi c a
e element shapeog® wiidrh tame ogquimadt evead lu et. rei. g

ceeldi nqhdi cates that béatdtoedbemaretl eitedskewed
As s embI|ISNEtEh ee st aatnddoag.al Ve i hi s study, t he
opted to solve the discretizen tahl gl eabrrgaei ct is

rr-a nonlinear probl em, t Fe pihtseorna tainan meoldg d ri

Raphson arshadwbipfled, as

(50p

date the infor mathgohne cnaurntbieerd obfy nttoHues sniokaldedspe

mapping between the parstineogteisr @chd quadrat ur

(6Rebuild the mesh according to the wupdated p

al

gor it hms haanpde alepshieaald .on t he updated patryti cl

bet ween particles is deleted and tar imenwg umag

al

S i

gorithm. This mesh will automatically el i:

nce the Delaunay trianguketepbnghtheseoelmsme

introduced .iGo Yactki drm k.tzp2 (4), until all t
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28 Numeri cal exampl es
281 Cantilever beam with a parabolic traction
J\y
/
> X H
N
L
Fi #24Geomettrtye odanti |l ever beam
04 0 - NS-PFEM
- o- SNS-PFEM (¢ =0.2)
£ -0.002 -20%% o SNS-PFEM (€ ~03)
E s -40 < SNS-PFEM (¢ 0.7)
2 000 _ &> NS-PFEM A - ¢ SNS-PFEM (e =0.9)
5-0.004 1o SNS-PFEM (e =0.2) 2 _60 s
= : g -« SNS-PFEM (¢ =1)
= o SNS-PFEM (¢ =0.3) E o PFEMLTY
_:; -0.006 |-<- SNS-PFEM (55:0-7} 5 -80 —— Analytical solution
2 & SNS-PFEM (¢ =0.9) 7 100
N N3 -
= 0.008 |- SNS-PFEM (e =1) OO
-% PFEM-T3 RN -120
— Analytical solution NP
-0.01 : - B -140 : :
0 10 20 30 40 50 -6 -4 2 0 2 4 6
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(a) (b)
-#NS-PFEM
-1 —u—SNS-I’FEM(E:O.Z) -&-NS-PFEM
-0 SNS-PFEM (¢ =0.3) - &= SNS-PFEM (¢ =0.2)
~ 1.5 | |- SNS-PFEM (c,=0.7) ﬁfffffi -e- SNS-PFEM (e =0.3)
& || o SNS-PFEM (¢,~09) LET s -4 SNS-PFEM (¢ =0.7)
g - e SNS-PFEM (e =1) ,gffﬁfy e . - o~ SNS-PFEM (e =0.9)
S 2 ’ e ’ -
5 o e -+~ SNS-PFEM (e =1)
=) T T > s
z = 4 20 -# PFEM-T3
g 25 P g |~ Analytical solution |
o L L g » *
& : ‘s
-,_5‘-:- 3 - I
8 -
s
2 35
4 . L A
-0.6 04 02 0 0.2 500 1000 1500 2000
logm (Element size /s (m) ) Number of nodes
| oo te) | | | |
Fighb(a) Distribution of weQO)X; c@h) ddisoptl raicleumteind n ad f
(L/y2; (c) convergence of the displacement error Wwi
energy with the number of nodes
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e Py € a, H> oo
T ou(xy)=-YL&6L -39x @ ¥ —— &
i 6El g C 4 I
1 A 2
Tu,(xy) = Eé?ﬂy?(L X (4 5’?‘7 (3L+ ¥ X-
7 8
% | =H3/12
f
) b
Te sxx(x1 y):_y(L 'X)
T ' (2-83)
i S, (xy)=0
1 P H?

Ly (WY = (e ¥)

The case of elastparabotitevencsubpeonethteo
used to validatlevehepedr neogfereg adt ;heln.h,edz 0l 6 ,
Liu et)alThe 2009 ytical soluaienasxlif RBIPEG Riamc e B
Fi @5 (a) and (b) exhibit the comparison of al

stabili zatsieaursi mnage f8f5i cnioedrets and 128hedarement ess |

PFEM agrees well widdxcfgatei tatnlad yhktii asal ats otlFueg i loenf

2-5( a) atnildei(wgt t di s peltalc.e3meinst doafr@.ed iasndsmal | er t
solution. The¢sQ.rdaiins efpeempey3 odn dshnea |al cecru rtahtaen s

demonstratsesfthpr ofpdEEtMy aomdfd B gi dvpr bp-€8t yhef

SNPFEM w#th is overly rigird. amdi sl psebl @armt Wel
exact wiol hPEFES vehteankes t he value Fnga(rdt)lh.e3 stAsl
ener gy -PAFfEMSNWS t h didfeewielnlt alall uesnverge to thi

number of nodes increases. -PIFhEM we xtahmpal dee giunadtiec

coeffiewiémt e mor e accuissath ¢P RNESA na nbep t dyvi edHTI By & Me

and it will converge to theg.theoretical sol ut]
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282 IDTer zaghi 6s consolidati on

p=10kPa

i

y S
Permeable K=

boundary

H=1.0m

Impermeables
boundary  &&f

[— 5

d=0.06m

Fi &g61D Ter zaghi consolidation with mes

Ter z aehimosd el of iceoantsuorlaitdeadTiecol zaasg hic )leséosidb e en 1
primary vali dmdwloyn dewdl d med modas (Fhl aefde en uammedr i Kchaol ¢
2028mi t h etWeal .e,t 24013 e 281 & ;Bhoangm,etZ0add ,arrd 16h
2020 In this study, aofiomo wWs an em@atgan dieli afrhatkresndidu
with the | ateral di spl acement of |l eft and rig
as shéwd6.i nOnly tbe tesppeuméable. A uniform m

el ement $helsamarealmme 8 ¥ 0o u@ g mo EallOu sSMP ®# o0& s s/l &

The unit weigghtioMdnf. f | ui d

Auni for mPdl®a k Ba@afpl sed on the drainage surfac
The di mensionl es £qg@BMEWOI sdndtfefyaaesle sasl iannd 2 ar e
cateexhibizd7adki 8( at)hteot al BB otthef DiEinga ngdt @ eo
per me otki 19/ gsr e set to approach the undrained

oscillation mode. This parameter setting al so
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(Shafee and Kho sFhogrh acl abs, € i28® 2sbhh cw ra sient lbo ¢l d Ot=

0. Q&2 1™m/iss adopted which is corresponding to

paranfketerdetermi@ef by the Eq.

[ k 1+n)(1 -2
T= iz with G = , m .(:M (2_84)
H mg, E(1- ¥
1 1 momam
@e==——7|-— """~~~ °°7 ‘—:""" °
0—c-
0.8 0.8
= =
N —— Analytical solution N —— Analytical solution
= - NS-PFEM = ---SNS-PFEM
206 0 206/
< <
< =
8 i
=04r =04
g £
z Z
0.2 027
0 ‘ ° ‘ 0 : ‘
0 0.5 1 1.5 0 0.5 | 1.5
Normalized pore pressure,p/p() Normalized pore pressure,p/p()
(@) (b)
1 s 1 _
$
0.8
= = 0.8
N Analytical solution D —— Analytical solution
g - - NS-PFEM (with PPP) = |- 'SNS-PFEM (with PPP)
£0.6 206
< <
3 3
N N
=045 =04
E £
o o
Z Zz

e
to
o
o

0 0.5 1 1.5 0 0.5 1 1.5
Normalized pore pressure, p/po Normalized pore pressure, p/po

(c) (d)

Fi &7Di stribution of normadi madepotiei prebsuuedwat he
with diffreirceanlt ¢netlrteifyrg © tv-( Hgr Oty ( F 11.1407 €d) 1,

bg=  1.1407
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= — Analytical solution
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el
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=047
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1% _ Tv 0.002 b S
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Fig8(a) Compar iPF&M+PPPSMEt h other (Shabééiamd i ldmo snl

202(1case -)Ter(daddhi consePIFiEW)(Dhnw'dtbi BB8 condit

(c-b1Ter zaghi consd?’IFiEd\/laPtF{Ep:nliwlswhiShNSirained)condit
AsFi @g7( a) shows, in case 1 if teh@ndprierstsaig rea
stabilizatebotbhoehkiect et value 0, the severe -
i mit cdwlreedb e e&ph | eads to somkd It @D, | ez at e @
= 0 with PPP would produceFiag7fhicegh wWmorce mbi gat f
stabilizatio®=r&madd eBPP awiilnlg el i minate this I
agreement with the analytical solution. It ca
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pressure oscillations effentsvaby] i abhthounghkoan
This conclusion can al s@hhéesuppdr Khdsing wali kxenl
newly deN&PlodeNdIR®I IMasoenrd only the nodal i ntegra
aredopt ek g-7( a) sthhoemifsrf, e c t I's | imited, i ndi cat.i

modi fication cannot totFaB8(yb)starhd | (iz)e prhes grotr

results are re@&s@nanide (Eiqhi h PP®t s unnecessar

condi tion, because the permeability and drai:-
numer i cal ineesabnbityntBaduceée dny additional
can be reduced to a reasonable | evel (i .e.,

foregoing results demonstrate that t pg eBBBT @&
oscill ati-BREMnft ame®wbBk, especially in conditi
with integration stabilization techniques als

the drained probl ermhs zwittilont ltea |l a btr @ama toinc s<thabne

283 Mandel 6s probl em

2F=1000kN (normal compression) 2F=1000kN (shear)

A—
_ ._E g .?2.5 m
v B
D

g £
] Al Impermeable <

I, Sm boundary

Permeable boundary
-8 @] @) @] -
le »
2w=10m 2w=10m

| (a) (b) |

Fi #Z9Mandel 6s problem: (mdded¢bmalsheamprf®s £ieo mo

AsFi 29shegw a sdnd&kwi shat urated el asteixad egmiall 4 wtk

the top is investigated, where the |l eft and ri
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about t hGr yMarn deeflf ect st ates that Ffi &9( a)h,e tnhoa nea
pore water pressure at the centre point A wil
then deMaerdei)hgl868r studies revealed that re
sheace fooul d | ead (Chenag samdl!| Dr)tbailt f roanye t1HOBtS
sophi swhiigcahsed a greater chal (Séhmadeet anmdu dnoishal

Here t-PEEMNISs | mpl emented in both the nor mal
reproduce-CriyeéfRl@ndelA uni form mesh with 845 no
The parameters are thEhadme andi Khiods & ¢ hiaatibra t &

compa:¥bsad@gmo cEullOuds ,MPRaoG sis@t®iyoni t wei ghtlkolms, f | ui

per me &bliilni,eteot al 200 o8, of btwle. Wause.pf of nNP=L 0 A& d o
k Paapplied on the top instantly i no tnhoed efsi.r sTth et
pressure stabilization is activateH.2Q9Foupbuwpt:
the variables of i nterest . Rieis@l @ s T haen dd ecfoimmpia
di mensionless time for thE§g28W obwlHeakies doéaened

hal f hhhi ght

X

e
N

<
=3
X

—— Analytical solution
* I-NSPIM-T3
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—e—SNS-PFEM

— Analytical solution
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e
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o
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=
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- = - Analytical solution ((=1E-9 m/s)
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<
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=]
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<
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o
s

Dimensionless pore pressure, p/PO
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(98]

107 10”2 107! 10° 10! 10
Dimensionless time, Tv

ution of di mensionless pore pressure at

all theecpresasuofe pond di spl acement
or sfSéfad een aer ds Klhwtskhagmh atl hbe, n200r2ma | co
ure adownagaeeprepi iCir yektr b wetf e dBUaOn d s
horizont al position of thetirl gttt aien
ion I Figgl@b3ghe®praspseswnrienat poi n
mi | RirglyQ, c ,asd)s,howmerien t he reference

wi {Shh av eerey afnidn eK hoesSHISEM p,er 2 @2 Inanc e

t han tNSIPIM @M 8RPI B hiarf ee and Khaots hegahrall yb , s t2a0qRel,
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Figlqc, d). | n s ummaPrFyE M twhiet hp rPoPpPo sreedpQ Sopi&ur c eesf fte
well for both normal compression and shear moo
prpms NSPIIl M -MIRPIFMZ1 presents the results of not
di fferent per meabil ities.s Tsheet Ilaesn gtthhe osfa ndei mem
compafiheesshows that t he -FppFeEM owintatn cRP R fi sSSNgSu i t

the M@mnyet effect clearly evkeblOusder a very |

284 St fiopti ng comMe @Go udlactmbo ns oi |

Freedrainageor impervioushboundary

2. 1~ |

Impervious,
boundary

8a

2 \ ;
SectionB Impervious boundary

(a) (b)
FigglZLeometry andimpesh ngf co(nas)o Iriedgautliavinsmme s h gd( Ime s

Thesi mul at i-toenr nmfcdmsnaggl i dat i omMCo sl o mip | =aneln t Lerdd e
footing |l oad to assess-PFEM wet hommaerceadf noal [
half configuration cohsi @dadi raghdt thbeo uryd@mrgit gcy nw
212 where the halasE3wmiadminfodr mMmomeasmgof 580 node

is adopted. A distorted mesh by randomly shift
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robustnefPSFENf usSiN&r t he biased spati al-drdaiisncrnegt

excepstegtneent under the bottom of footing whicl
Mo hRQoul pmMBHodel are | Yeuedmada?2 aPROWSE s/l &
frictiferdAinlgdtea nye $J0aanndg Iceoch & 8 i. khRpae r me a Isieltk= "o
*m/ dsye unit wegghtlO¥ fThei di mensionless time i

Ekt

i s deyl'vnzzg e 2)Hz.Pozloo iksthd f @apmpldyue d ng av=PeLi od

t=46. 8bda¥y@wstbpshe time gr owt hNdtaec ttohpaato samh® t H rh

keep thessafWtBhads armpouyMaraehadan 2mMd;BRadsed wmtad ,

al . ,)T»016 he convenience of comparison. The r €
(i .e., T3Isfsaurr eparnad pir6 for di splacement; T3 fo
the same mesh in (a) are also presented to co

© Manoharan and Dasgupta. 1995
¢ Ghatfaripour et al. 2017
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wel | with the widely adop(Gaaflbhamncipomawinrnahaara n,
and Dasgu®dlmet almadl5).etl tals.hjowxs0 1t6h e meRsFE Ml eipse nrda
pr omihiegaltphr esents thePFEMS wittdh afi fENSent ti me
the consolidation stage, which t akea etstpee Etoatvell
t hemes ai mensiTe=nll0e0s.s Itti nseh ows t hRR E M hies arcatu riarcfyl
the tempor al discretization. egTlse tihethe greatuiccer
0.0001 correspPe6EM Wwet negtuharNesh, Higgd&ian g ct,o
e). The contours of total di spiadramentapshead
end of step 10, when the | oading has just fin
near the footing bottom ratheompaansohe. whbol!l e:
removing the integration stabilization techni

creating some noise in the distribution of st
the solutiongecaemoblh achoenvseet t o 0. The stabili

nodal i ntegration are necessary in this -consc

-_— 10
.
6
4
'0
(b)

PFEM.

Pore pressure p / kPa
Pore pressure p / kPa

(a)

Figl&€ontour of pore pressure in the upPdrEaM nwe dt hionuct

PPP; (PFESIN&ith PPP

To furt her e fefxeangatsimeRdtfencen wihguwe i t i's approachi
condi,jtthiecoper meabi hi veriys| btd@dnd lchgdod al | t he b
set to be I mper mpdoyblieal Sipnesstume meri |l | ati ons
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|l oading (i.e., very short time), only the resu

perforfma®™®REM with PPP. The contodn 3bg apowetpmo

PPP amidylignb) with PPP. As illustrated, the che
reasonabl e mode when the pressure stabilizati
el ianiteh e s pwrciiddaat pone whewssdgihree undr ained | nc

i nvestigated.

s x10° 25
~ | [==PFEM (T3u/T3p) ; _\ :ﬁggf\l\;{ (Pu ! Epl
* PFEM (T6u / T3p) : _S\]S'_P;Ff;‘:* 3p)
4 [[==SNS-PFEM 520+ SNS-PFEM (distorted mesh)
~ ¢ SNS-PFEM (distorted mesh) @ p )
L B
£ g
—Z3 2
= S
2 =
8 S
o =
= 2 Gt
2 °
= 2
o g
Z
emmmmmnm
OT—M Iﬂ 5 S ————— AT
10 10 10 10 1073 10 107" 10 10! 107
Dimensionless time, T\_ Dimensionless time, T
(a) (b)

FiglTomparison of convergence rate and®FEMmput at |

To examine the compuPREMoammad RFEMcitmhe yc o s |
the number of iterations of eadh3t7epl Fosi mhlk.
are conducted wusing L1656 MEPUBO@p 2t €10 Gilent h il
traditional FEM,deme § md eirtplod hatt g bornee d etr h ane sthh ¢ ol
equal accuracy. However, in the PFEM, the mes
cal cul ated object tovea,ert hihderdapfe ol rticdnttetraek itreogy uh ir gme n
number ofT hparntuimblees of i1 terati ons -PafpEM atrhsa nt ot hb
PFEM wunder the same convergence <criterion. T
algebraic e thuamg e dn s md otrhd dhg cengstitremenon,ofan
stabi |(Rwsaa ietn). alWwh,i | 2008 he compREBMIi osmal e$ s méh
PFEM. Il n this prnoebslhE mg@iwdat)h tthe < aomal number O
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(DOF) of PFEM (T3p/ T6u)PFEPW EaM e T131p7/2Ta3, @ 93%on0d i ade
Hi gloeder i nitrecmpoBbECGREsqgn anmpubhaebesbeaponeadf al |
PFEM (T3p/ T6u) . T-REEMensomowhy eBENBci ent t han
summari sed as: (1) t-hEEEMoidralt hing egtrad yweinsg dderddse
approach, avoiding thel édwvelp; oand hE2)qutalde at a st
bet ween nodes and quadrature points for PFEM
accurreastuel Esglafsaljnnd converge i Fi@lgibthhé acompyt ats

efficiencRYEMfs eseNs s uperoinarl tPdEtMsat of traditdi

285 Foundamventi cal cut

Rigid foundation

Sm

Pervious

A

12.5m
Pervious
Impervious

Lot |
-y
W

X

Mesh 2

Mesh 1

12.5m

(a)

Figl&eometry and mesh of f dwnfdagteioanmetary avi v enr thioaalc
(b) uniform mesh (mesh 1); (c) biased

The plane strain problem of foundati on on
foundatiorm ofs 5imgiwi atnd pressed vertically 1in
surface is cohered perfectlay.e @Gechefhlit§aan hThe
movement of the bottom edge of soil in both di
are fixed. The top and | eft boundaries of soi
a sisroditrassongi aCed| ¢/MbBod@Ili n et ;SAdga e€t0),2a8lwi t h2

Yougmodkua R 0P NRIoiI $s ametOL.Tédhfer i ct i fochi laantgd npcayn da n g |
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cohesdroem reduced with the accumul ated @8§hi val

(28
f=y= A (, F el (2-85)

c=¢ +(g, -¢)e"" (2-86)

eh =+2(€":€”)/3 (2-87)

whefpe:1£5an6p:25Pare the peak values off jlflor/5ctio

Cr:Cp/5ar e the resi dué’eﬂi sv atl huee se gsueipvaarlaetnetl yd €vi at c

the plastic deviatoric strain tensdre f i ne@8 Y Ai €qt he shape factor ¢
softening rawméeakés thesvatudyof(@Bnaetoqgnrhe ng 2
per medlsielthk=thfams. The t ot al vW=OL iGeea | a pdpi | sapel gaecrei nbebr
ot=00G6 by 20 st.é&we uypéosrehgmasBdaled bapgdc) t o
investigate the discretization dependency of
generated automatically with a Debaunayetrbasn:
2p25qulaatTheemesh 2 is biased since the "hWydpot ¢

wi t hheor i maxn tad |

S
o)

<
I

Equivalent deviatoric plastic strain

Equivalent deviatoric plastic strain

Figl¥Lontour of equivalent deviatoric plasti(a)str a

uni form mesh (mesh 1); (b) biased mesh
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Pore pressure p / kPa
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(a)
Fig2@Contour of pordi pfeséakrel fB6edaNnlt0s0:0 s
250
——Mesh 1
—6—Mesh 2

[\
o]
=]

—_
wn
o

100 1

(941
el

Vertical reaction force (kN)

0 0.1 0.2 0.3 04 0.5
Vertical displacement (m)

Fi 2 React i evnerftoirccael di spl acement curivcealf ocrutt hper ofb

Fi @19 xhi bits t he di stribution of equi val e
di spl ad=e0memt. A cblaenadr isshefacr med i n the strain
|l ocal i zed fPaielvuroal sf sdtudrye.reveal ed that in a t
shear band woul d be i nfheeue nf@aldl aryi tared, oAtrimeatrt a,
the shear band wildi fecm aholbnyg t'hednksdths d-h igams s |
221§ c) shows. HoPRveevMrt,heaevidhhe &SINEb &b @ s e e & lhhinelo isstaentde
from two meshes. Besides, the madnbBpludeeméntE
al so agree well betFweg® @ xnmhe sbh t1ls arhde mesh r2 but i
t=100s and 1000s respectively. At the start of

pressure i nducederbnyaltahied rdcdeven wa rads text def or mat i
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the end of the | oading, the negative pore pre

i nduceds hbegairlt dotdi ceme y oF i B2 lpr esent s the relati ons:t

di spl acement and vertical r e aachd ernv efdo racsem.n (31)s
force increases |inearly with the displacemen
the di splacement when the shear band devel ops
force is stable ath, hwehil elveilndifcateess dtulad md Vv er
the fai Auretpéanesults demonst r-REEMtihsataldlhe tpa
the problem of | ocali zed failure <corsefcteéiyi nw

comistuti ve model i's adopted.

286 Foting pemMoth@auli omb soi l

| hhdescti@ancase of wundrained s-asbpcf abotuil Mgribo n
soi |l pr s mmatnedanidn)Abbext e9ded to | arge def or ma
t he | oafdringt iiosh daifxgelge wisidlid atthaeyd s aredl| et ween
investigate its influence on the mecha&anxihe dli tree
i dectiomnwi 2 li8 . emlesh of 1947 nodesAlandt h3e7 580 uenldea
i mper meabl e. The remaining mechanical Yoausdg hy
mo d uE=w2s0 Pa kP 03 s s atDi.ad h esil®Pa per miedBms j t gnd f |

wei ghtlloMm®. The di mensi owmd P/csDil v addtngas alt% 0 t o

with theSrederandAbRR 2 xhdtIs9 bt he di stri buti on
equi val ent deviatoric pl adhtsigl Isshtoowasit meatcut hes
resi gdtitasapdeacemPREMoagIS&AS well with tidefBENMasoOLk
st aigg®]l oan and )Aabve, rég®OAbeBd ot 6s f-Comubambi sni W
i n this szteurdoy ,ditlhaet inoom angl e can cause a drop

t he isthgeasrt rength, | eading to a-Pha&ErMd e ntihreg hefrfdem
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woul d get more obvious asThéej drag odinast ohfthe:
connecti vi tiyn-noefe hp anrgtciiess Isles| | eev etdh d of Iclaautsuat i on
di spl acemBEn2 x uwhviech ni s abnBiflBdMdads ehenheds al . |,
Zhang &et). afome 204Bal ancing or smoot,hisswgch ez
Laplacian smoothing lta&kc lrhieq yeh.y s Hlahwved vidao, e gaadnigc
prove the <correctness anRIFEM afbriadmeword&kf itnhel ap

simul ati on.

!18
16
14
12
10
8

(a)
Fig2Zontoua pbre(pressure; (b)) equival-RREMdevi at

Pore pressure p / kPa
Equivalent deviatoric plastic strain

flexible footingCpehemiya®)oiolh ©n Mohr

FEM, =0 (Sloan and Abbo)

10 FEM, ¢=1° (Sloan and Abbo)
O FEM, 1=5° (Sloan and Abbo)
9 O FEM, ¢=20° (Sloan and Abbo) 35
——SNS-PFEM, 7/=0° = SNS-PFEM, ¢=0°
8| |7 ~SNS-PFEM, y=1° — =SNS-PFEM, ¢~1°
—#—SNS-PFEM, ¢=5° 30 o
o7 77 |~ SNS-PFEM, 1-20° o7 ©~ SNS-PFEM, =5
I DY ——SNS-PFEM, 9=20°
2 6 b
g =
-z == p
g 5 =S z 20
= W
i g
El T 15
s 8 T
- =
g 10
2 3
Z
5
1
0 : : : 0
0 0.05 01 0.15 02 0 0.2 0.4 0.6 0.8 1
Normalized centre-line displacement , z/B Normalized centre-line displacement , -/B
(a) (b)
Fig2Normalized sciehtresil s$mandé spl acement for- fl ex
Coul omb soil: (a) smal/l def ormation; (b)
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ar e al so effectivelsyhagpel ectkdi dP-2 fei xohmi .bti H s d Ihgh ac
conf i gur aotrinoanlsi zeerdd ®ecoeinlt rree sliisnteawmdciee gl avé @ rhe rdti f f
densitiFegg2fRNN)amt he def ormed configurations ar
me s h, whil e the boundary shape obtained by 1t
composed of a fdews esetmsaieghrto nleioruess alrhe def or me
however, is more reasonable due to much better
The fdospé acement curves with diffewehtth soashherd
at he stage of smal | def ormati on, but the re:
oscillations. Obviously, dmeeshabgupt ockasasge anf |
severeoai $s&r meslharcgparst st eldseiofg t he fine mesh
def or mat tPOFREM n sSM& cessary, whi ch not only <con
t he geaonmde ttrhye accur acybuwtf @laxdh Rkhelapysins sédpci

j umpfs t he restpoeasiesr dcennecti on.

287 Foting pemoetddin dai€dmpii

Thesgansptliiel \ e sst fgoaotpee mg t prad bwoeina dgd or mawh eme t
more advanded!| colnagt a plt a ytei enoCdae@ | anya meMC @n)o dii & i
MCCt,hneonl|l i near el,asdlilci prsed ayiqsopnasché \pna ¢ $§ ominadned
hardening rule with plastic volumetrilkei tsetdr aiin

Sectiomh2a. Zo0hstitutive pBoamatangt arpdees d@aRidlBe

clay as foll O\An§=:2.iPn@iitﬁ;saa1m:t®BtBIdertae(n«»mp@e:e(l;.s@&)zh, [

the compr €%=s0.onhrégecders ol i d @t=i50knP ap,r easnsdu rtehe s o

stat &M=Ili.Mde The geometir @ cits djmi LthiBmes hsamelagdg?7

and 3752 Thblkemarstes .of i 8 ma li-dso niteraalr inemd wi t h an e
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Fig28 a) Evolution of pore pressulrera@aactpioomtf &rcé b

deformation

Fig2@xhibits the distribution of egandabend
rati ogunthheng failure mode can be observed. Th
beneath the footing. The void ratio is high Dbe
with high excess pore pr erssalrseufafti ciheen te ncdo mso lc
pore pressure dissipates and the effective me
whi ch blew®itdd hani 6 he .sUuAs osHriody2mi gisrhe obt ai ned
curves of pore pressure ®FEMvagtrieealwediosfpdi & d
commer cisadf tFGEEBMIS OMu | t i pihry ss mal | deformation co
reaction force increases |linearly first and t
the penetration reaches 2m, the reawnhkFio®28 or c
(b) . The resul't of this sectioRFEMIiIidaweskim

sophisticated constitutive model s.

29 Coaml usi on

A st abili deasedodpearticle finiPtFEEMg | e nheongtet me t h
polynomial pressure projection technimguéanhaas
coupled problems. Closed foyeatabonoasdfoeatrabbeéy
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were derivbdsiend smeondhee T3 interpol ation sche

efficiency.

Sevédralc hmar k t estcsanweirleedeorTduwecattrgthi 6s consol
probl em, strip footing consolidation in MC so
SNPFEM agreed well with al/l previ ous srpafrdroairs
pressureuader!| hatar by undrained conditions was
stabilized nodal i ntegration were de-RMBEMtr @ahe:q
computational -REEM cwesn cal sod dSeNnso n s tprad kelde nbsy uss
ot her coupled PFEMs and c,0mplaie edmygy itdhuwep l€ypiUo t | na
of traditFiomall PFEtMIse | arge deformation anal ys
sof twistadi-Ovbounlro mio dain@al+@l acyon st mo d &vd ®ee mul at ed. Rea
resul ts fidirsplesd smeamtcecurve and failure mode
strengtaene sohfld thegat egy under conditions of ®tdrong
SNPFEM is thus believed to deal with conditior

and small and | arge deformation uniformly and
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Chapter 3L ocking-free SNSPFEM for nearly incompressible solics

@ tlsayarsaxlolnysi dered nearly incompressible
behaviours icmadatseb emulaptpedxusing a pure ctolhesiv
Poissonds rat.iTheappgoaekkrnggOpbobl emssanvoave:
clays, such as the bearing capacityobéf stoped
structured soft c¢clay and the pipeline penetra
def ormati on. Therefore, t o dgalewe nuunmehlr i grad b Imeen
ability to simulraeeuilraed.e defor mation i s

The particle finithe selbemen twimnetl yo di s(eRIFEM) |
in geotechnical engineering. Fonr deenrg ien eeeme ritegs (|
l' i near triangul ar elTédmemtumeT3)calsimpvemeagadu
same shape functions for al | v a rmeasbhl epsr. o clets si
Del aunay triangulation. -oHadweveld ememndls metehecds
| ockwihregn model ling a nearly incompressi-9dtlief fsoo |
solution with a spurious che@BkEeybeahdtptoessmbasi by
et al;deS@02&8Net POretBieziahar d200&Thas .|, s&0é&5especi
order PREMsul wiitppl e quadrature points, since ¢
deformation of el emefirtree cooldati og oheHughee po ¢
200Ng uyXunan and;Zhiedy YiOR,3 2020

SPFEMs ar e ofr aniohuesi r pofaht habghonotedoeieessa

vol umetrfe lamdk jiINigguyXeihdrl 9and ). LHRUBEM GIsaisupel yor

—+

o -FEFSEM irmmetshh@ rnagc eaduwdr d -b ¢ B e n gHooveevretPyF. ENISwi t h  di

=}

odal i nt egtrideeif ect 6§ NI n lesaosf & oot ip(d o pieg vt @ alsydh e, 2

(7))

pur i eeunserigof@ meord eet;Pails.o, e20 @To ,s 2I0WSB t he aforer
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of sSNtlabl e nodal i ntegration (SNI) tech®sAiFgEUELSs h
as i n G@mé@petngr ez ;Lal .and2lidéadiig 9tad or E M@K EIMo ned
SNI relies on adding more wevalwuation points
subdosmao ot hed (Fgernagd ieg nHadl | ma2a0 A6é,d i Chenrd, ;[SAN0alLf6e 20 1
and KhoshgYang,6 et2)02IHo,weZ2(®YT 9 t hal ocoowr dleirenradt! ieenn t o
addi tional guadr at ur e phbeonctidsir egg ladfb iltlihikete ybya sfteudrntul
numer i c al(Bealpyptrsocahckhg Ce 6 mla$ . e t A3 a3y z 2NeLt8oOrett i =z |
Bernar di n).Tehti salp.h,en200nieSnon has been fully obser

To solve volumetric | ocKki npgr,o pao sveadr ifeotry Storfa dti
FEM and meshfr eeupmentoh ofdise | di nnuil @adds sfigarnmualnait iBart d
ZheYmu Yin, wheBEBar megB dloyditsschkgoBewera|]CRdds] et
al . ,;d2®b8zadNlet,oM22a@0Sani di sNaevtasale.t), ad aPp 86 c2t0ilv8e
i ntegBaetybobachkoHwrghead;T.,Z20EUWY en), e¢nladance@08Fsu
el enff@antdoso eSimd .and® QRiIBMaxed 1980 (it mo nat), anlet h
t he bubbl e f(Aurnncotlido ne Lnaeail hcohdh & B 4 yX@uBaOn9 a nd)alnidu, 2
vol tamer aged nodal p (OxjtRiezt n amditne gdhtn Hawe g er2 01
approaches have not been adopt ed tPoF EsM.| vieh etr hed
the performande eefdmediddPFENS ks ngorth i nvestigat

Thchapti ens t o pr ofproeseeP BaN B ofcokri nnge a r Isy I.ii niBsoartpir ce
. hriefl yt eNPFEMOsSMUIl ati snatfier spuagsliedbasedandg
mesh. Sedstoinosnt r ates the cause of t4#RE&EEWModmudnedlIr d
presents sever al novel t rtehaitsmemmetnsh oalfl yy olt lnmme tcr
function, selective integrat i3o,m aecwrieaimeg,e aonfd ehx

concerning nearly incompt aersii il maHEM PINEMade s
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SNPFEWMi t h Haodkckieag mdhtes perf ormance of these fo

l ocking is thoroughtlyyuevahsaared@d.dfFawalily, Sect i

31 Nodleased strain smoothing with stable nodal

The FEM equation in matrix form Flahdr ent at &

f orF®ei n Bg)Y(34).Det ai lamcatdxomls of the vSactabhe. 2z

Fint — Fext (3_1)

Fnt = ﬁlBTﬁd V (3-2)

Fo = Q N'td G +W|ﬁde (3-3)
K = ﬁ/B DBd V (3-4)

|l n -NFSEM, the coWpatdi gt ad Bamrtei matnrviex t ed i nt o

countet“rapnzﬁrbtassed on the gradE_),enassmnSaait:lb\iito@.dS)ialen
The stiffness matri x asadenidlayt i @md airret ecromadlu cft cer
Subdosmao ot he dg*matnr ibxx cal cul ated in the same v
domairnom the smoothing doBwi mppbyitmg t®wmdddimmee
smoothing operator can be transformed into co

of smoot hiasgi @B6)#k n

B, (X)|Wﬁ = ﬂ,; B, (XW(x, X)dk

1.
= N (X )ok (3-5)
=L s N Ok
_Afrai n ol
en, 0
L,=g0 n, (3-6)

&, n

whemangare two components ofNthe outer nor mal
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Noticing that the boundary of smoothing dom
integrationélodoualad:hbetecromobu‘cted usi ng3N,he formn
G

AN CIN0IIG =8 Nl AN(RD W, af X} 37)

seg-l

wheMe et number of boudidaryhesegmeat sobG&aussi :

when the required integrand order is greater

Q) Centroid of element (bubble node)
. Midpoint of edge

@ Node

B Gaussian point (1 order)

Smoothing

Fi 8lSchematic of t he-bcacsresdt rsurotoitchn nagf dmoomhe n wi t |

Theubdobnmsseidabi mez Abidomses the diff Braenmdhe be
s masimobotBtrerat tr o x st abili zed the asmohtdw8hé& o me &E£lg
| i nterairae g ehneme ,suisdnomashtetht ri x takes the same v
B mat,ri anhde 1 nt e g (3@} ¢am he simply pErfiprmed by the superposition of
multiplication of a constant matrix with the area of subdontdio.w e Yoerr .h-ogtder i nterp
they are motpe dp@axdantoofur i ntegraisoprefeshape f

n
[Kul, =fBDB., & & {6, BIDE, By«
- (38)
1

with §fjﬂWE s [, Bid W
q q k,q
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32 Vol umetric I-EEKMng of SNS

When simulating incompressible or nearly ini
no volumetric strain must be sati sffrieeed.c olnhdel td
interpol ated ddihowiliay enme&Emt. , a

pd Oasu -0! (3-9)

whe&#es Poissonods ratio.

When -olrodwer el ements with full -firnetee gcroantdiiotni oanr
to conform under a nreardliyngi nmoommr eosvseirdlye sltiimif
di stribution of stress. This phenomenon is cal

be given -Tt3. tThhee FErMadi ent s of the T3 shape fut

the geometry of each el ement, so each eval ua-
introduces a | inear correlation constraint t
constraints will |l ead to mpotodosugesméutyonwhidc

by overly smaldunuonduspalacemeadss adiqdu gh eéogyjt ii @ @ A c
Quek,), 20h8ofrathe unknown degrees of freedom (

can be usedekbefawlal mattrei ¢ hleoaok(Bxly, as shown

n
r=— (3-10)

r]C
whemne s the total number of unknown nondiasl tdhies|
total number of i ncompressi bl dHwopmesds),rad - af. f ér
the opti mal ple rif oc onmamrces siinbl 2 probl ems, whi c |
equilibrium equations dnesdieldl ébyc drhdi thiuambsere
spacedecArseases, the tendency rkotWwartdhbhel echkr omb

def ormation constraints than displacement de

anticipated.
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| n -MNFSEM, each interior node carries 2 unknow
while each interior or boundary node poses 1
the mesh is very fi nfer,¢ ihé eg imueni e¢br occowfn dfi it X ®@ah sDOI
compared to the total nnamplpe ro accth D Fes ,0 pmha kman g Vi
NSPFEM | dclieng For coarisse smemsdHh,ert henarnat2i eand t h
prominent ,enwhsueuppbhratsedeby @&n ueiaganPRaleke 2mMdAI3y ¢

HoweVvVSeNr FEM recovers the gradient di stribut

additional constraints to the def or mastmooont hoefd
gradient I's equal to introducing exdtrraamad u
incr @anals decreastee d healrae i bower than 1. The

anticipated to be muchFHEM.r el s etvheea ef alhlamwitrhgats &

will be highlighted by several numerical exam]
33 Lockfimge treat ments

331 Bubble function

B

O . 0.6
Bubble nodel ‘
0]

| y 0

(@) (b)

Fi &82(a)pnoIe triangular el ement with a bubble node

I n this study, severmntdumveérmimptise avel coe-si der
PFEM. First, injecting extra flexibility into
which may help when the strain smdoihWengf oame

(NguyXeunan and ).LiHer e20tllB3e i dea i s aaomipl ememeatd b
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internal node at t/&ren aocled tetoa aal cohf h & Bhed yx&utaOnte a h d

Liu, ) 2@asBi biFti gdlankhi &2( aWi.thi st apnoeqrumadaahgoes a m

i ncreansseshowsutno change,ri anE&apanidng htemb ¢ mavein d & g

toward el embetbubbkengodes can be automaticall
division of the el ement patch needs toBade con
B-Bar t e ddhend oquuzeasNet pMoeutt saani,didsO 0Oest al . , 2020

The smapeée ohuof each internal node, called t|l

by the single element where thé&madledsby ofche ¢
node B equals the preoduwcihgtN fiNptsicrabg daef ex osha

shown (Bh)L Ewhich takes the maximum valudhleat
edges| | astFrigge dyYnini ke t he MI NI e U-peFnteeMh tf ow hmucl ha t
Arnol d et kére d9pdbaesad sipl amewmemk i s preseryv
Uis interpolated in the enriched interpbVMat e
(NguyXeunan and ).LiTuhhus201p3l ugging the bubble-func
dri vRRMEM code is straightforward and without &
N2(x) =27N, N, N, (3-11)
With internal bubbl e nodes, (8hcawh oblee dsihvai pdes

two distinct groups: the Nyjaredrt lseh agpuweb if w nbcu b bolr

of intemNgal Trheedensodal displacement |&amd gymnaugptelde
same manner, B4 p@BhbpPwn tin segww.rth emphasising
conceptual expression rather than a record of
computationally efficient to number the degr e

sitf fness matrix bandwi dt h.

N=[N; Ng,J N, .. N N} .. N°] (3-12)
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U=z " (3-13
SUBub

(3-14)

os]l
Il
I
Z
~+h
w
Wi
w
Wi

I
Fi 83Subdomain with quadrature points and out

The interpol ated atnrdi ale sftu rfafteioan oshpesipeh gy et h e

function are (IxXP{31bhi t ElMe i apErgexi mated di spl ace
el emJ(g(N)‘E\éi S expressedB3BBETEd owal dﬁmdrﬁqurziosn iorhp |l e men

wi t haptppreoaohtotir i ntegratias oh@®3ape NBEgnct ngr
the bubble function vanishes at the €I &¥esnt e
unnecessary foBes hde $ ubbubbl belce¢ eftunmec.t i on and coo
points can be normalized in an isoperimetric e
as the multiplication toffe oudtledgmaoamdl sovmeet ©on S
came BHurther de@7)ved from the Eq.

S ={u" W-FR|u" NWwithw R@®% ¢ ih gon '}  (3-15

V) ={du™ W-RY dg" NVwithv R ¥ °ud oon } (316

.. eN(x) 0 &, 9 NBX) 0O eJ
if{1,3,M} € i (X) gJiy u g) Ng (X) gJElﬂ
Thus, introducing hteBeebemdh ts PdaEde ali inmemt aS N

the I ocking with bubbl e el enPeFnEMO iisn ptrhoipso ssetdu d
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332 Sel ective integration scheme

The seilnetcetgesrcabteinnen whi chhdemochpbsestensor and
and deviatoric parts sepaFBWMed gl ha st thee evno Iwu dee
problem when simulating rleiardrmnyd i hlcioymptd §81 bl
T. T. Nguyen). ekttmatledr @98®& si mple fix when the | o

The el ast Dgi smoodfutleuns decomposep ainmt o ol hebgd B & & r i

formul at(@d8 i whwEigee t he s hem=E/Ad +gnomailust he Lam

paramet&k(l +)}L 2) The initial elastic stiffness
volumetric and shearin@lBomponents, as shown |
&2 0 0g 1e1 0 g
De=mgo 2 0 \+/1gl 0 B, Dt (3-18)
€ 0 1§ O0g0 0O |
— ~p T — T
Ke_m/B DJBdW—WﬁD,,Bd Wﬁ B d (3-19

A selective iwittelgdeeactoinopnodisitdl eoenlea s it iEQq(3-hBidsu | us
integrated into tHeedteahhiesVinediNdt)r e att iergg ari e aml

solids, only Dt he astepredsgpbpatbemst abwblilse stthe

preserved in main stif f(F2ePsTsh eir rettf eyl re g ttciioannydolmts s |

vol umetric deformation from stabilisation i s ¢
n
Kol =fB0E,& & fB BWD,BE, Bk (20
P
Thus, asdked petcihiggegr ati on, frlee otakPddiE Mt awSHWIBCcg | v
integration is proposeBFBENd markbdsast &gl ect |
Furthermore, the selective Iint-PGEM{i @modaohbe

hybridflreekvag-PREEM o&al EBE8 APSeH Moc.t i Tvherf ebeS &l &ncaksi n

of NEM wi | | be examined in the foll owing sec
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34 Numerical exampl es

341 I nfinite plate with a circular hol e

Ay
< > AY b
< > = N
r Lo
O b
P <« > =P B
X o
<« —>
< —> r v X
o 7
PaeProns

t

\Fi3-4Aninfinite plaewithaC|r.cuIar hol e s

Toexamidoconveragnednccceur acy of the above numer.
incompressible conditions, an infinite elasti
thxali rectisesmdbLivs anpdhA ,qu2adaG®e®r of the gh=Eédmet i g
taken due to symmetry, and roll erFilgundary col

The hol ee=fLathi u$hestension on the infiEilte b
kPa and a sequence of PofisemnOGs2b%5atood. 4pHpHoa
adopt ed. Anal ytoirc ali sspd lawcteincem t a (32 k3212 e sveh earr ee

angare polar coordinates, and t weod2ra)aenrki3dl par

The traction boundary conditions arda stthrarbuitmm

a’ el .
= -—?—sm2q $in4 c§—+— sin4
282

Xy r

mesh with 881 nodes and 1628 el ements is then
é a’e 3a’
28 =1 — cosz €0s4 g~ —+ Cco0S4
’:\xx g q QE2_4
i a’ el 3a*
1 S, = 2?—c052q-cos4q? - cos4 (3-21)
i g2 Y o
1
[
I

76



4
U = 8a r(/( d)cos g 2— (A +kcos gcovs3 )q%— cos3

m
% ¥ 3 (3-22)
Ty=2 éi(k 1)sin g 2— (@ Ysin gsin3 ) g& sin3 |
f - 8mga r L

To evaluate the accur aedyi sofl adhemaktimea dredrnl nred

I n (E208

:(m(u u"T(u uMd )1</2\ (3-23)

wheu's s the interpol ditedtdesahakegmenaadl ssoalduti o

3 -3
4510 0510
P> SNS-PFEM > SNS-PFEM
O NS-PFEM -1 0 NS-PFEM
4 O Selective SNS-PFEM O Selective SNS-PFEM
¢ bSNS-PFEM 15 ¢ bSNS-PFEM
% Selective bSSNS-PFEM ’ * Selective bSSNS-PFEM
3.5 — Analytical solution = Analytical solution
g g 2
IS >
3 -2.5
-3
2.5
-3.5
2 -4
1 2 3 4 5 1 2 3 4 5
x/ m y/ m
(@ (b)
40 6 > SNS-PFEM
I> P> SNS-PFEM > o NS-PFEM
30 O NS-PFEM 4 O Selective SNS-PFEM
O Selective SNS-PFEM ¢ bSNS-PFEM >
20 ¢ bSNS-PFEM ) b * Sclcctiyc bSNS—.PFEM
% Selective bSNS-PFEM S — Analytical solution >
. —— Analytical solution o o &
A& 10 S0
3 e S S
&" 0 > & -2 ¢ b
> P g >
-10 -4 > >
-20 -6 >
g
>
=30 . L L ] -8 . . . )
1 2 3 4 5 1 2 3 4 5
y/ m x/ m
(c) (d)

Fi &5Di stributdiepl aglednegptt he bot tdims ploaaladoamgyt;t h(eb )l €

boundary; (c¢c) normal stress along the I eft bounda

the i nfinitelmlrathe !l wi tshubg eait dul0t. o 9POMI9DXI) a | t ¢
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0.5 0.5

NS-PFEM

(b)

0.5 — 0.5

. p ., @
o8 = |-
+ L R 05 ; 0.5
e 7N .
A D 5 m. B i
SelectiveSNSPFEM bSNSPFEM
(c) (d)
0.5
0
®
-0.5
k §
SelectivebSNSPFEM
(e)
o uverr tonfo avisa Irveistsh f f e umatfiocrahu l:at(iaofhBEMS (b))

Fi g6Cont

NSPFEM; (c) SeRPREN; v(edBFNMBENS( e) SePFeEcM,i voef btShNeS i nf i |

with a cisruchujleacrt endolteo U000 a492299%9ension (

Fi gbpresents the displacement and nor mal str

from numeri cal and analytical -PipEpM ocarcdPEEINSG t

generate biased displacement andremvehel goonsal

vertical nergtal teergsobah performance of nume
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resul t-PBEM SptirSe saent ypi cal checkboard pattern dt
slightly eased by the bubble funcRiigg@acprasel e
but not by muchEEMoOmrvewvwiswdlsjoakNibeg@ r mod e , but th
toothed because -emfertglye mogler iodusdizerca nodal i
di stri buothitoafi ynceadinrebd ystr at &g $6( ea)s, svhloiwonh i mo mbi n

function with selective stable integration.

4

-»-SNS-PFEM
-=NS-PFEM
-©-Selective SNS-PFEM
--bSNS-PFEM

¥ Selective bSNS-PFEM

log, , (Displacement error norm E )

— - W L L d

<
=1
[
h

04 0.49 0.499 0.4999  0.49999 0.499999 0.4999999
Poisson's ratio

Fi &7Di spl acement error norm versus Poissonbs rat

subjected to uniaxial tension

-3.5
> 4
£
2 45
g
S 5
S
g 55
k=
&
':_:’ -6 - SNS-PFEM (+=0.99)
= -8-NS-PFEM (=2.33)
B 65 -&-Selective SNS-PFEM (r=2.08)
- ~9-bSNS-PFEM (r=1.02)

=M= Sclective bSNS-PFEM (r=2.13)
-7 : : B : B : ]
-1.1 -1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4
Iogm (Average nodal spacing i (m) )
Fi 88Di spl acement error of the infinite platle with

=0.4999999) nonedeqisastf ferent

The curves of displacement error norm ver su

shownFiigftgi ve a more accur at & reevea lawatlii anyP. 6 ETMiteh e
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al most does not vary nwiotmp rRoiss sbd edsl irnatti,o ailn b

due to the accuracy I|-BEEMfirmenr &NddseJhei @gnir oirc @t

rati o exceeds 0. 49, then tends to be stabl e
slilghtchangesl tbhe The di spl acRmEMTLti serervoern olfo wseer
NSPFEM but not the | owest . | t seems t hat ei th

reduce but not el i-RFEM{ e whahtéteelro tiksi hngo roef eIN ct
For sel ePFEWMe bBBSdi spl acement error is stabl e
val ue. The resul ts s hPRWE M hiag dmeefsfed etcitve et

i ncompressi bclaem 9oleisésvelthe stabl ef rneced af e a tnu

simultaneousl! vy. Besides, the order of R&EMI t u
remains the | owuw®stevedrtweem tllDe Poi ssonés rat |
also be reliably applied to compressible cond
the extra computational cost from the bubbl e |

Fi g&8presents t het hdeo scpebreegnarmdcred ioff f er ent numer i
wi t hreef i ncefmesh whhear rant a cdielrafdsitsicer eitsd saa liyount ak iem g
t he averaged nodal e sepdagteisn,g aonvde rt haelt |x lotlweetr lye n € le
the fittpdrfosmfainc@& hfeor mul ati ons ataltlthpr & med my
mesh refinement mér SNBEM| as® FIEFIN&Brer cboseot o
the errors of both methods decrease sl owly wi
is sufficiently refined. ThePFvEaM, u esse |eBfE EdMvsapnl Ba\
seteve -PFENS decrease fast with the convergence
among them are al wRFEBEM pmay eg ete dc |-fdrdese (N d eh ea tl
fine mesh with the optimal coq,veluwgtentciea s tad e foif
due to direct nodal integration sdiidpl dedrermbamts

of the sedPEENMeepsbEREBOhgwe ©ites e, faonrdnudlagao oints
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compar atd orev esrugpence r at ePFoEM.2 .Qlv3e rvailtlh tihte iNS d
vol umedakicngP FoEM SaNiSeP FIESIND Y mer eldy so s eparstaibd leen:
However, refining the mesh ca+ FIEWWp ricws -BBENESM o0 Vv €

and sel e®PFEWe DbSNS

342 Cookds membr ane
778111

A Y
8m

F=1 N 44m

48m

Fi 89Cookbés membrane

-

b 0
<
=5
0.1 5
b/ -0.2
: ' -0.3
SNSPFEM NS-PFEM
(@) (b)
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- "4
0
o]
. =9
-0.1 bﬁ
-0.2
. . -0.3
SelectiveSNSPFEM bSNSPFEM
(c) (d)
/ ) / v
0 0
] <
o (=T
-0.1 b?ﬁ -0.1 bi
-0.2 -0.2
0.3 PFEM-T6 03

SelectivebSNSPFEM

(e) ()
Figl@Contour of host ewishafl f ;mmwmendilocrarhu |:a t(i aofhBE NS

(b)-PREM;c) Sel e PtFiEMe SNSFEOMNS(e) SePFeEcM;i v(ef-JHSPNFSE M
the Cook6s membrane

The Cookds membranei ogsdeak weeeddnmdbergcamar&heéast
| ockdegouzeatNedlopoMou2B8@Bi di sNgeuyXeanahn, agd 0 2Qi i, z 20
Bernardin)®itncd .ltyhte2 Ofdfbefreat ur e 1 Beewmeadd gnngipm & tme d
probl ems. The plane strain gecneRir@g awhle rhe utnhde
edge is clamped and the right edge is subject e
externalfF=1f oN.c eYoafnig=6ls Prao daunidu st bei Pof s sedds or ani
Uu=0.4999999. FofFfi 810 ahepelr@tsiuvelsy imoarse T3 n

el emesit ssed.



Figldepicts the contour of horizont al nor ma
numeri cal treatments. AFsB@mahabepabser nwfetl®e Th
effect of selective integration scheme i s mor
both Iimited. OFRIFEM Itaans eelld ontiinvad eb M3 h t he c¢ch

PFEM and theis$parniooypysFimEdlde oofacB8ire a very smo

4

2500 2510
g —b>— SNS-PFEM
——SNS-PFEM _8 ——Selective bSNS-PFEM

72000 | Selective bSSNS-PFEM 2 2] |%—PFEM-TG
Q ——PFEM-T6 3=]
E B
= 1500 w 1.5
g g
g )
5 3
5 1000 2 1
a, o
= —
S 2
O 500 g 0.5

Z

0 0 =
0 2000 4000 6000 0 2000 4000 6000
Number of elements Number of elements
(a) (b)

FiglXompari son of the (a) computegtrieesaloft if me eamadn

| oc kfirnegg met hods with a series of mesh
To examine the computational efficiency of d
the consumed CPU time and the tot BCoorkwdrab ere mbfr
with a series of meshBdEnEheilecsadries phieseatley
there is 1 iteration per | oading step for the

simulations are copdwuet 4@i750 Ht T Us @me . 6 60 GHz ,
The PFEMnavdde hqgwadratic t-PFENMpuUl &r a¢lsemdursted ( Ta
reference, as shown $SNPFEMheodOfme)l hoGCGemwat &d bwhb

i ntroduceée enddrel ywutnebsep&ld(fb )DOsFlscowsomp husbo s ih®a s
exponehRht 8B By indicates that the di f-PEREMNaed.
sel ect iPFeEM SWN 3 | be magni fied as the mesh is r

of el ement shaa mhehnubembser of el ement edges f o
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efficiency of-PFEM sl scpiev ¢ -0\ NS et lsaatmeo fmeRBFE M
resulFt §7,6f 88andi 811 it seems t haRFEM,e wshelcehc td
introduad Oddi,ticoml|l d be regar ded as -PaF Echh ewahpe na
the numeri cal mo d e | reqguires a huge number of

permitted.

343 Stability of slope

T=25m |
I8

Bam

Soil weight : y= 20 kN/m? JL5II1

H=10m

W=60 m
Fi &gl ZLeometry of sl ope

I n this section, sl owei gghtabiid idon dwnctl egcs i vei tuh
Tresca Lodl dobr soi |l . A sketch oFi glREhs | Ppies g@
ratios between 0.48 to 0.499 ar dKkaofdtaenn aedo patle
Monforte ;8lbzam. et; 5@l dwsR00and ISh otami, I 2@dd bl on

Youngos BEwHduMPus, Poilssomnmas499at iaond ¢ ni225 akRPa.ed
Mo hRGoul smb | : YounrEgdds MiRadulPwsitss dOn &9 9r,atiina ¢, i al i
=10 kPa, andffr2Ctiohmel matngriecal Wangpet tZahkasn ga R 6

et al). , TRé@O1IBori zontal displacement at the | eft
di spl acements at the bottom edge are fixed. T

The strength redscdiedn@2HciwicE®SRF )Y r eAs chai nsaaiyl

rocedure is applied to searchitheafaBSBRBrtbéat :

©

5

umber of iterations suddenly increase. Based
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t he -BSINBSM and s eiPdEM vaer eb SINnspl ement ed and com

el astoplastic analysi s.

(3-24)

n wn
Equivalent deviatoric plastic strain “
n
Equivalent deviatoric plastic strain ~

SNSPFEM, SRF=1.5 SelectivebSNSPFEM, SRF=1.5

(a) (b)

%107 %107

35.8 3.5 .85
253 3-52
I 35  a— | E:
SNSPFEM, SRF=1.6 055 SelectivebSNSPFEM, SRF=1.6 02g
0 = 0 =

(c)

3
2
-

X
X

Equivalent deviatoric plastic strain

Y

Equivalent deviatoric plastic strain<

(%)

[§]

. A

SelectivebSNSPFEM, SRF=1.7

SNSPFEM, SRF=1.7

(e)

Fi 8l Equi vaelveinatt odr i ¢ pl astic str-BFEMOBndrestacsl op

=1

PFEM with different stretyigbh49e@duction fa
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x 107 x 107

e
n

o
n

Equivalent deviatoric plastic strain

SelectivebSNSPFEM, SRF=1.3

SNSPFEM, SRF=1.3

(a)

X
—
<
[
X
—
(==

e
n

[\)
Equivalent deviatoric plastic strain

SNSPFEM, SRF=1.4 0.5 SelectivebSNSPFEM, SRF=1.4 0.5
0 0
(c)
0.015 £ 0.015 2
001 & 001 &
s g
8 k=
% e z
o <
0.005 § 0.005 Z
E E
SNSPFEM, SRF=1.5 2 SelectivebSNSPFEM, SRF=1.5 E
- 0
0 0

(e)
Fi &l &£qui val ent

Equivalent deviatoric plastic strain

3

Equivalent deviatoric plastic strain

d
%)

bSNBFEM with different streigd.hdar®ducti on

TabBEractor of safety (FOS) for s

FOS SN FE! Sel ect i-R/FE| Bi sthho pme
Mo hGoul o 1.42 1. 38 1. 37
Tresca 1.61 1.75 1.57
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(a) (b)
Fi&gl®PDi spl acement at upper saitbpd dutiaicd ®RE) sbkopg S

PFEM and selPeFcEM vwei tbhSNS) Tr e sCoau Ilsoomhb saonidl ( b)

Fi g313andi B14pr estemaqui vdeenaploastci c strain
eepq:«/Z(ep:ep)IB(epi the plastic deviatoric straitensoj wi t h di ff er entc SRFs

zone just starts tee'ébf/o@lﬁ$l\/t He dnogter iolswcti il d rat ofr

bSNSSFEM &s &1 ha abnkEi 81 4,a b . numeri cal i mpl ement &
t he val ue ofwhtehree ctrhiet incuaib eSRFOf i terations abr
the currenWhe®8aRkad@mesonl arger , a t lorbdwgvine | i |

select tPFeEEMy SN di cating that the FOSfham fbermi
with-PFESM at the same valFu&l&fc, SEF Ghd&d,dapi. c tWh
the SRF is | &FEeM emadgh,al SMS gi ve an obvious s
deviatoric plastic strai#®FEMhkamdrabtiHhan yt haantal «
conducitBldso p6s met hetd r e fTarbd-tksleo WOSshat for bo
Mo RGQoul omb sl opeset bBet rPegsEuM Bab)SfereonmvBl s hawp 6,8 méas
whi |l ePFSENM al ways gives si girFirfoRmcSadllibTh g delghetri pe
PFEM al ways experiences-PF&aMgsesi ndiespgplomeementt t |
deformation hdwe theamilemye l@ahsatl oypsliasst i ¢ sl ope,
under nearly incompressible conditions wil/l g

which could bring additional ri sRFeEMnebegi haemg
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