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Abstract

The distribution grids evolve from the passive network with having the goal of
supplying reliably and efficiently the end users, gradually to active networks with
integrating distributed energy resources (DERs). With the extensive use of operational
technologies (OT) and information and communication technologies (ICT) networks,
the transition to cyber-physical distribution systems enables the complete
observability enhancement of measurements and smartization of control components.
Under this background, an effective distribution network reconfiguration (DNR)
scheme plays a key role in smart energy management of today’s active distribution
networks (ADNs) for substantial cost reductions and operational flexibility
enhancements subject to system observability and privacy concerns of different
stakeholders.

Firstly, we propose a disjunctive convex hull relaxation (DCHR) to tackle with the
classical DNR problem. This classic DNR problem is a mixed integer second order
conic programming (MISOCP) problem which is non-convex and nonlinear. However,
our proposed DCHR approach can perfectly addresses this problem and it is proven to
be a tighter relaxation than the existing relaxation techniques for DNR problems, such
as the Big-M and McCormick linearization methods.

Secondly, the system observability enabled by distribution-level PMUs becomes

increasingly crucial for cyber-physical security enhancement. We formulate this



system observability as a disjunctive relaxed connected dominating set problem for
reconfigurable ADNs with the least defense cost in theory. For the benefits of system
observability, an observability defense-constrained DNR model has been proposed.
Thirdly, the topology switch for the loss minimization may expose the private load
change information of an agent, e.g., transition from a light load to a heavy load, in
interconnected ADNs managed by multiple agents. To address this issue, this paper
proposes a differentially private distribution network reconfigu-ration (DP-DNR)
mechanism based on a consensus alternating direction method of multipliers
(C-ADMM) algorithm. This can tackle privacy leakage challenges on the agent’s and
customer’s levels. To suppress private load change leakage as an agent’s concern, this
DP-DNR mechanism provides a mixture output of realistically optimal topology
switch status and corresponding obfuscated-but-feasible load flows, part of which
may have reverse load flow directions. On the customer’s level, the C-ADMM-based
decentralized DP-DNR approach can seek the optimal topology switch without
customer’s load datasets of agents, whilst exchanged communication signals in
C-ADMM algorithm are also synthetic based on the proposed DP-DNR mechanism.
Lastly, a distribution-level topology optimization contributes to the flexibility
enhancement of a look-ahead rolling economic dispatch of wind-thermal-bundled
power system (WTBPS), which offsets the insufficient ramping margins of retrofitted
coal-fired units. Since WTBPS connects to high voltage distribution networks
(HVDNSs), graph characterization of typical HVDNs is summarized, and then the

simplified voltage-constrained load transfer strategy via topological structures can be
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developed. This proposed look-ahead economic dispatch model is cast as a MISOCP
problem. For this established MISOCP-based model, it is highly desirable to combine
the Multi-cut Benders Decomposition (MBD) and Generalized Benders
Decomposition (GBD) as the devised Multi-cut GBD (MGBD) to tackle this
MISOCP problem, which can enhance overall computational efficiency and be

suitable for online rolling economic dispatch.
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Chapter 1

Introduction

1.1 Backgrounds

The distribution grids evolves from the passive network with having the goal of
supplying reliably and efficiently the end users, gradually to active networks with
integrating distributed energy resources (DERs), demand-side response (DSR),
battery energy storage systems (BESS), microgrids (MGs) and electric vehicles (EVs).
This new electricity generation mix is causing a dramatic revolution of active
distribution systems [1]. Nowadays, active distribution networks (DNs) are
increasingly dependent on operational technologies (OT) and information and
communication technologies (ICT) networks for real-time monitoring and control of
physical facilities [2, 3]. Distribution systems including power networks and
associated information devices are tightly coupled with ICT and OT systems together
with applied intelligent network components, e.g., reliably wireless/wired
communication, sophisticated control devices. This gradually transits active
distribution systems to an interdependent and complex cyber-physical distribution
systems integrated with big data, block chain, cloud computing, edge computing and

IoT systems [4, 5].
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From the distribution system operator (DSO) point of view, a high penetration of
active resources and an extensive use of intelligent devices will closely interact with
system operational actions, which plays a key role in smart energy management of
today’s DNs for substantial cost reductions [5]. Under this background, the evolution
toward cyber-physical distribution systems enables the complete observability
enhancement of measurements and smartization of control components via optic fiber
communications systems. Plus, circuit breakers (CBs) or reclosers, instead of usual
sectionalizers, are deployed for remote control and frequent operational switching in
recent years. Thus, it is clear that real-time topology reconfiguration via distribution
network reconfiguration (DNR) can be realizable and adaptive to system operational
requirements [7]. In terms of DNR problems in cyber-physical environment, the
real-time topology optimization follows the dynamic balance between supply and
demand on multiple facets of security levels, i.e., physical level, cyber level and
privacy level. As an alternative, DNR can achieve operational flexibility enhancement

for economic dispatch tasks.
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1.2 Research Motivations

Distribution network reconfiguration (DNR) is a classical optimal operation
problem of DNs over decades. It is a specific topology optimization about choosing
the optimal switch status of sectionalizing switches (normally closed), tie-switches
(normally open), and/or controllable power flows by soft open points (SOPs) [&]. In
contrast to passive DNs, two objectives are achievable from performing DNR actions:
(7) maintaining real-time load balancing and loss reduction for DNs with the growing
penetration of DERs; and (ii) coordinating real-time transactive dispatch tasks
between supply and demand at the market level of DNs. At present, these two
objectives can be realizable due to the upgraded applications of high-speed switching
devices. Therefore, this DNR research is the fundamental for the transition to active
DNs involved with various requirements for the quick solvability, cyber-physical

system security, privacy-preserving ability and dispatch flexibility enhancement.



1.2.1 Primary Approaches for Topology Optimization of ADNs

To address the quick solvability of DNR problems, heuristic methods and convex
relaxations are two primary effective solving approaches for ADNs.

In terms of heuristic methods, there is a rich set of optimization approaches in the
power systems literature that tries to circumvent these problems. In fact, the
non-linearity of AC power flow complicate solving a DNR problem. To handle this
problem, researchers used DC power flow, a DistFlow model [10] that is a
second-order mathematical programming model, and full AC power flow [11].
However, the DC power flow model is inaccurate while the DistFlow and the full AC
power flow models are accurate but very time-consuming for a large system.
Black-box heuristic methods, which push power flow calculations outside the
optimization solver, have become very popular, owing to their broad applicability [12].
In summary, heuristic methods perform well in small systems but might converge
slowly, especially in large-scale systems [13]. And the results obtained by heuristic
methods for different runs might not be the same, which prevents them from being
widely used in power system applications.

Regarding convex relaxations, efficacious convex relaxation approaches in existing
studies for DNR are effective for fast solving. It mainly adopted the Big-M method
[14], or McCormick linearization method [15], [16] to slack power flow constraints
by switch status indicators, or construct relaxation constraints with variables
automatically satisfied for a disconnected line [17]. However, these convex relaxation

methods suffer from loosened relaxation bounds, which renders a large amount of



computational time. Moreover, a DNR problem is cast as a combinatorial explosion in
the number of total possible solutions as the number of branches increases, if the
open/closed status of each branch is regarded as a binary variable. For instance, the
number of total possible solutions is 2136 for a DN has 136 circuit breakers. This
induces that a DNR problem becomes high-dimensional, thus spending significant
amounts of computational time [18]. To reduce the computational time caused by
high-dimension binary variables, it is essential to exploit the DNR model
characterization that can be used to accelerate this entire computation. On top of that,
with a high penetration of DERs into DN, the fluctuated power injections intricately
trigger a complicated DNR decision-making process due to bi-directional power flows
[19], [20]. This suggests that today’s active DNs increases the difficulty level of quick
solvability. In the light of loosened relaxation bounds, high-dimensional space of
binary variables and integrations of enrichable DERs, there is a research gap to
explore the efficient and tight relaxation approach for DNR problems in large-scale
active DNs.

Based on the convex hull (CH) of DistFlow equations [21], a disjunctive convex
hull relaxation (DCHR) [22] can be further constructed to deal with these on/off
constraints caused by switch status indicators. In this thesis, we are stimulated to
study the DCHR approach for the classic DNR problem, which can be designed to
tighten the voltage drop equation and quadratic equality of DistFlow equations with

continuous parent-child relationship variables in spanning tree constraints.



1.2.2 Cyber-Physical Security Enhancement for Topology Optimization of ADNs

Apart from the fast computation methods for DNR problems, we have to consider
the cyber-physical security enhancement for topology optimization of ADNs. The
deployment of cyber-physical systems with ADNs has led to an increase in efficiency,
observability, and flexibility to facilitate the real-time operation of ADNs. However,
some security threats from the inter dependency of the cyber and physical components
of CPDS cannot be sufficiently tackled only with the simplest protection measures
such as data encryption [23], [24]. Protecting DNs against cyber—physical threats
typically is simply to eliminate the threat of false data injection attacks (FDIAs) on
state estimation [25]-[28], where the data integrity of state estimation is greatly
relevant to limited security resources, e.g., distribution-level phasor measurement
units (D-PMUs) [29] and communication networks.

Against these possible cyber-physical threats, the defense level of cyber-physical
distribution system security for the real-time DNR has not been widely concerned to
date. In existing studies, K. C. Sou [30], [31] constructs a minimum cost placement of
PMUs such that no FDIA is possible. However, this work is a D-PMU planning issue
with the corresponding minimal encrypted device investment for a fixed grid topology,
which model is not suitable to solve operational issues. For the operational issues
regarding D-PMUs, the measurements of D-PMUs can be employed to address
physical DNR problems in DNs [32], [33]. However, since any measurements of
D-PMUs can be attackable, corrupted measurements and/or load data on state

estimation [34] can render improper DNR actions, then probably inducing physical



security issues that cannot be observed. To migrate this issue, we are focused on the
full system observability of DNs that is crucial to understand the physical system
states [35].

With the full system observability of ADNs, the various grid operations depending
on the physical system’s behaviors, e.g., generator redispatch, fault location, can be
under monitoring and control. For example, the DSOs can observe the voltage
excursion and overloading power flows as soon as early, and then can remove these
insecurity problems in time [36]. Accordingly, the effective cyber-physical system
security defense, e.g., the full system observability guarantees, cannot be neglected
[37]. At present, few studies deal with this defense issue at the lowest expense of

different topology schemes from the perspective of full system observability.

1.2.3 Privacy-Preserving Enhancement for Topology Optimization of ADNs

Even though cyber-physical security of ADNs can be guaranteed,
privacy-preserving data sharing should be also crucial for distribution-level agents,
especially for those with conflicting interests. At the operation level, DSOs maintain
load balancing and loss reduction via the ADNs reconfiguration by the optimal status
of sectionalizing switches and tie-switches [9]. This is very common for
interconnected ADNs, which are energized by two or more substations to coordinate
the use of both resources to meet the load demands, and also helps to reduce new
utility investments and operating costs effectively [38]. In this chapter, the

interconnected ADNs are supposed to be managed by different agents who are also



stakeholders, e.g., load aggregators. And their network connections are tie-lines
across different agents.

For interconnected multi-agent ADNs, tie-line load flow information and topology
switch status are generally shared with different agents for interconnected operational
and/or marketing purposes, which energy data-sharing may evoke privacy-related
complications, i.e., inference of sensitive information [39]. In the future energy data
asset market, the energy data-sharing mechanisms has drawn extensive attention [40],
especially for the auction market with fair commercial competition [41]. Under this
background, we specifically focus on the privacy-related information leakage issue of
loads caused by the DNR operation on two load levels, i.e., agent’s and customer’s
levels. For agent’s privacy concerns, sharing tie-line load flow information may suffer
from leaking the private load change information of an agent, i.e., transition from a
light load to a heavy load. This information can be acknowledged by other agents who
are stakeholders with conflicting interests, e.g., bidding for grid services in energy
market [41]. On the customer’s load privacy level, all customer’s load datasets from
smart meters are obliged to be uploaded to the distribution dispatch center, which is
used for centralized DNR operations by the DSO. This may possibly expose the
sensitive load consumption of individual customers to adversaries, i.e., further
inferring commercial behaviors [42] or performing cyber-physical attacks [43], [44].

To cope with agent’s privacy leakage challenge, homomorphic encryption [45], or
differential privacy [46] can be constructed to preserve these sensitive datasets, e.g.,

tie-line load flows. Homomorphic encryption protects exchanged data via encryption



and decryption operation by a trusted third party who should own a large amount of
available computational resources in [45] and [47]. However, finding an authorized
and high-performance computing third party for this job is also very costly for
real-time DNR operations. Therefore, we concentrate on a differential privacy
mechanism to increase the data privacy and it can be used to share sensitive data
without a trusted third party. Regarding differential privacy mechanism in power
systems, it can quantify and bound privacy risks through the randomization of
sensitive datasets, e.g., leveraging a carefully calibrated noise to solve the
private-preserving optimal power flow (OPF) problems in ADNs [48] and
transmission systems [49], or obfuscating power grid parameters for network privacy
preservation [50]. Recently, the program perturbation strategy [51], [52] is created to
ensure the feasibility of privacy-preserving optimal solutions with the high probability
via a stochastic chance-constrained optimization reformulation. This is superior to the
bi-level optimization based on the output/objective perturbation strategy used in [49].
Nevertheless, this program perturbation strategy fails to output a mixture of the
realistically optimal topology solution and obfuscated-but-feasible load flow solutions
in the query answers. To explore this mixture query, it is essential to construct a
tailored differentially private DNR (DP-DNR) mechanism to provide the optimal
topology solution for the entire interconnected ADNs, whilst the sensitive information
of agent’s load changes can be preserved via obfuscated-but- feasible load flow

solutions.
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Regarding the customer’s privacy, since this privacy leakage may be caused by
uploading sensitive load datasets to the distribution dispatch center, a decentralized
framework is well suited for the DSO to deal with this DNR problem [53] and the
resilience enhancement of ADNSs in recent years [54], [55], [56], [57]. This also
contributes to relieving the communication burden and preserving the privacy of
customers’ load datasets. In terms of decentralized frameworks, the alternating
direction method of multipliers (ADMM) approach and its variants [58], are typical
decentralized solutions for such privacy-preserving concerns [59]. Recently, it can be
used in mixed-integer quadratic programming (MIQP) problems with good
performance as reported in [56], [57], [60]. To be specific, the DNR problem can be
approximated as a MIQP problem. Thus, the consensus ADMM (C-ADMM)
approach can be adopted to deal with this DNR problem by breaking the complex
computational DNR tasks into much smaller ones. Each smaller computational task is
performed by an individual agent who only communicates and works collectively
with the DSO by exchanging their tie-switch states and tie-line load flows. However,
the explicit communication exchanging signals of realistic tie-line load flows are also
potentially risky to leak the sensitive information of agent’s load changes. In this
study, we consider integrating the proposed DP-DNR mechanism into the C-ADMM
approach. Namely, the communication signals of tie-line load flows between
neighbors and the DSO is differentially private subject to the realistic tie-switch status.
In this regard, a decentralized DNR approach can be very satisfactory for the agent’s
and customer’s privacy-preserving desires.
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1.2.4 Operational Flexibility Enhancement by Topology Optimization of HVDNs

On top of that, growing penetration of renewable energy in power generation areas
provides a green solution to the decarbonization of power systems [61]-[64]. To
accommodate more renewable energy integration, the wind-thermal-bundled power
system (WTBPS) is a suitable option to increase power system flexibility [65]. To
explore an efficient economic dispatch of WTBPS, distribution-level topology
optimization [66] and energy storage [67] can be used to increase the flexibility of
WTBPS in which this generation system instantly accommodates the rapid growth of
wind farms.

Since WTBPS can mitigate the uncertainty and variability of renewable resources,
the transition of optimal generation dispatch is underway to multi-energy generation
systems. Previous work has investigated the economic dispatch methods in bulk
AC/DC hybrid WTBPS [68], combined generation system of multiple renewable
energy resources and energy storage [69], multi-fuel [70], and integrated electricity
and natural gas system [71]. Also, multi-energy generation systems can involve
flexible demand-side resources such as energy hubs [72], electric vehicles [73], and
controllable loads [74] into economic dispatch problems, which further eases the
pressure on the power system. In view of these economic dispatch methods, they have
not considered retrofitting flexibility measures on coal-fired power plants and d via

HVDNs into economic dispatch problems.
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On the one hand, retrofitted coal-fired plants are worldwide concerned, since
coal-fired plants are not phased out, especially in middle-income countries [75].
Without retrofits, coal power plants can run at the minimum level of 50%, and the
ramp rate for an inflexible unit is 0.6-2% per minute of rated power [76]. After
retrofits, retrofitted power plants can enable sufficient flexibility [73], [77], the most
beneficial advances of which are the reduction of minimum load levels to 15%-30%
of rated capacities and the increase of ramp rate to 2—6% per minute of rated power.
For example, the ramp rates of retrofitted power plants are generally raised to 2—6%
in China, 2—6% in Poland, and 3-6% in Germany. The minimal load of coal-fired
plant Bexbach has been reduced by 11%, and coal-fired plant Wes Weiler has
increased the ramp rate by 10MW/min in Germany [77]. As reported in [78], ramping
limits in practical applications should be a function of the unit’s generating output.
Thus, ramp rates are dynamic at different output power levels. Existing pieces of
literature regarding dynamic ramp rates mainly fit into two categories, i.e., piecewise
linear functions and stepwise linear representations [78]. Piecewise linear function
models capture the dynamic ramp rates between two consecutive periods as a function
of the output level [79]; whereas stepwise linear function models select fixed ramp
rates. Similar to a piecewise method, the dynamic ramping model in [80] by
incorporating a status transition modeling approach is further improved. Retrofitted
coal-fired units with molten-salt thermal energy storage [73], as a type of flexibility

improvement, enable faster ramp rates to relieve the peak regulation stress.
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On the other hand, storage energy response [81] or distribution-side load transfer
actions [82] will be an alternative to offset the insufficient ramping margins of
coal-fired units in WTBPS. Reference [83] adopts an adjustable heat storage strategy
from solar power stations to shift excess wind power in combined wind-thermal
generation systems. However, compared with solar power resources, the operation
cost of stored energy is too expensive to be widely used in WTBPS. Load resources in
distribution networks have instinctive flexibility, which has great potential to install
with WTBPS in order to maximally avoid wind curtailment. As the desirable load
provider, the distribution-level topology actions have been performed via
reconfigurable = HVDNs  integrated  with  renewable  resources  under
stability-constrained conditions [84]. HVDNs are sub-transmissions on 110kV voltage
level [82] constructed in meshed topology (closed loop) but operated in radial
structures (open loop), which network can be found in China [82], Spain [84] and
Finland [85]. The HVDNs are composed of specific topological units, which can
reduce the computational complexity of distribution-level topology optimization from
conventional network reconfiguration. The proposed distribution-level topology
optimization model in [82] adopts simplified DistFlow to embody voltage security
constraints. However, this increases computational complexity and decreases the
efficiency of many power flow variables. To this end, we aim to enhance this effective
distribution-level topology optimization model with more simplified yet effective

voltage security constraints.
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1.3 Primary Contributions

Severe issues in facets of physical-oriented, cyber-oriented, and privacy-oriented
security can be emerged in the topology reconfiguration of smart DNs, which should
be considered for real-time operational actions. This thesis aims to enhance different
facets of security using the advanced topology optimization, and then explores a
distribution-level topology optimization for flexibility enhancement in economic
dispatch of wind-thermal-bundled power system.

1) To avoid worldwide climate change effects, decarbonization initiatives transit
the conventional DNs to be smart DNs mixed with a high penetration of DERs. This
paper theoretically reformulates the DNR model with enrichable DERs using the
disjunctive convex hull approach. Continuous parent-child relationship variables in
spanning tree constraints can be regarded as disjunctive variables to represent
disjunctive convex hull of DistFlow equations. And this disjunctive convex hull
relaxation (DCHR) is proven as a tighter relaxation than the existing relaxation
techniques for DNR problems, such as the Big-M and McCormick linearization
methods. Case studies also demonstrate that the DCHR’s computing performance is
superior to the prior relaxation methods.

2) The system observability enabled by D-PMUs becomes increasingly crucial for
cyber-physical security enhancement. We formulate this system observability as a
disjunctive relaxed connected dominating set problem for reconfigurable distribution
networks with the least defense cost in theory. For the benefits of system observability,

an observability defense-constrained DNR model has been proposed. This DNR
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model is then converted to a mixed integer second-order conic programming problem,
which can be solved with commercial solvers easily.

3) The topology switch for the loss minimization may expose the private
information of light and heavy loads for interconnected DNs owned by different
stakeholders with conflicting interests. For agent’s privacy concerns, we propose the
DP-DNR mechanism in this chapter. This DP-DNR mechanism provides a mixture
output of realistically optimal tie-switch status and  corresponding
obfuscated-but-feasible load flows, part of which may have reverse load flow
directions. This privacy-preserving mechanism is used to mitigate agent’s privacy
concerns against private load change leakage from DNR operations, which has not
been concerned yet. On the customer’s privacy-preserving level, the C-ADMM-based
decentralized DP-DNR approach can seek the optimal DNR solution without
customer’s load datasets of agents. The exchanged communication signals are also
synthetic based on the proposed DP-DNR mechanism, which perfectly protects the
realistic communication messages between agents and the DSO. Thus, this proposed
decentralized reconfiguration approach is applicable for interconnected multi-agent
ADNs against the agent’s and customer’s privacy leakage, which has not been studied
to date.

4) A distribution-level topology optimization contributes to the flexibility
enhancement of a look-ahead rolling economic dispatch of WTBPS, which offsets the
insufficient ramping margins of retrofitted coal-fired units. Since WTBPS connects to
high voltage distribution networks (HVDNs), graph characterization of typical

16



HVDNs is summarized, and then the simplified voltage-constrained load transfer

strategy via topological structures can be developed. Moreover, this proposed

look-ahead economic dispatch model is cast as a mixed-integer second-order cone

programming (MISOCP) problem. For this established MISOCP-based model, it is

highly desirable to combine the Multi-cut Benders Decomposition (MBD) [86] and

Generalized Benders Decomposition (GBD) [87] as the devised Multi-cut GBD

(MGBD) to tackle this MISOCP problem, which can enhance overall computational

efficiency and be suitable for online rolling economic dispatch.

Table 1.1 Highlights of contributions in this thesis

Key characteristics of

Weakness of existing

Items Contributions
research problems references
Mixed-integer
- i ig- 14
Computational second-order conic BigMmethod [14] 1 -y with
optimization problem McCormick linearization
challenges of . provably
Computationally method [15], [16] :
DNR ; . ) tightened
challenging, especially Loosened relaxation .
(Chapter 3) : relaxation
for the large-scale techniques
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Conventional DNR model
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(Chapter 4) reconfiguration RCDS formulation ed DNR
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Topology switch for the Conventional DNR model
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loss minimization may

. Private information for DP-DNR
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dispatch Dispatchable load Conventional dispatch rolling economic
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P Mixed-integer thermal-wind-bundled WTBPS
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second-order conic generation system [104]
optimization problem ® C(Centralized optimization,

® Computationally e.g., GBD [87]
challenging, especially
for the large-scale
networks

1.4 Thesis Layout

The rest of this thesis consists of seven Chapters. Chapter 2 reviews the
fundamentals of DistFlow equations and its convex relaxation formulations. Chapter 3
firstly proposes the disjunctive convex hull approach to deal with the reconfiguration
of DNs. This approach is theoretically tighter than the McCormick linearization
method and the Big-M method, and it is especially suitable for smart DNs with
directional power flows. Chapter 4 develops the observability defense-constrained
topology optimization of DNs, which perfectly enables an observable DNR solution
just with the cyber—physical security enhancement. Chapter 5 presents a differentially
private topology optimization of ADNs, which provides a pair of realistic optimal
topology variables and obfuscated-but-feasible power flow variables simultaneously.
This is applicable for shared data access with agent’s and customer’s privacy
protection. Chapter 6 deals with distribution-level topology optimization for
flexibility enhancement in economic dispatch of wind-thermal-bundled power system.
This distribution-level topology optimization offsets the insufficient ramping margins
of retrofitted coal-fired units. Finally, the conclusions and future work of the thesis
are drawn in Chapter 7.
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Chapter 2

Fundamentals of DistFlow Equations and its

Convex Relaxation Formulations

In view of distribution networks (DNs) highly penetrated by enrichable distributed
energy resources (DERs) and inverter-based resources (IBRs), a fast power flow
calculation method is essential not only for the load balancing and loss reduction at
the voltage security-constrained level, but also for real-time transactive dispatch tasks
between supply and demand at the market level of DNs.

This chapter lays the theoretical foundation of DistFlow equations and its convex
relaxation formulations. Initially, DistFlow equations can be derived from the branch
flow model, and then a linearized DistFlow equations can be obtained if the
non-convex terms are negligible. Subsequently, the SOCP and SDP form of DistFlow
equations are formulated according to SOCP and SDP convex relaxation techniques.
Additionally, the polyhedral approximation formulation is included for linearizing the
SOC constraints in SOCP-based reactive power optimization model. The results of

case studies prove the effectiveness of the variations of DistFlow equations.

2.1 Branch Flow Model

The steady-state network power flow status can be described by branch flow model
(BFM) proposed in [10]. A arbitrary branch /:= (m, n) in single-phase radial DNs (i.e.,

networks with a tree topology) is illustrated in Fig. 2.1. For this branch /, p’and Q¢
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are fixed active and reactive power demands with S‘;’ = Pnd + jQ:’ ; an . refers to the
impedance with (2 )* =(r})’+(x,,)*; P¢ and QFf are active and reactive power

generation at node n with 5‘5 = P% + jQ¥ , respectively; P/ and Q' are active and

reactive power flows with S‘fn =P +jO ,respectively.

Un .
. Pn[k + ]ink
—_—
S~I :Pl + . "/
mn ]Q v
P!+ jO;

Fig. 2.1 Typical connection of a branch in DNs.

In practice, we have one assumption that the shunt elements in DNs are assumed
zero, namely b,,/2=0. This assumption is reasonable for realistic DNs due to short

distances of branches. Under this assumption, we can express the apparent power flow

for this branch / as S'jn = Um (I ”m )", where U . refers to the voltage phasor at node m

and (/! )" refers to the conjugate of current phasor between nodes m and n.

However, if this branch is modeled by a series admittance y.» with shunt elements, i.e.
bmn/2#0, then a shunt admittance b,./2 is included on each end of line (m, n) in the ©
model.  Accordingly, the apparent power flow should be rearranged

s

bmn Ujl —

as S'r’n —J 5 _Um (1! )" . Moreover, the voltage drop equation can be written as

where 7! denotes the impedance of branch /. Therefore, when

mn  “mn

U =0 -z -1
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formulating distribution power flow equations in phasor form, we can achieve the

BFM-based power flow equality, yielding

Url = Um _ann .]:”}'l
S =U (Y , Vie&E,Nmne N (2.1)
S+ S5 =2l = 20 S+

kex(n)

where m(n) refers to the set of branches that connect the node 7.

As observed in (2.1), distribution power flow equations are non-convex due to

non-convex terms U, (I,,) . And S, +8¢—z Il = > S, +S is a nonlinear

mn
kex(n)

equation caused by |I! '. In other words, BFM-based power flow equality is not
suitable for tractable computation, and thus we need to reformulate this BFM-based

power flow equality.

2.2 DistFlow Equations

Due to this voltage drop equation in phasor form, we solve this equation with

squares on both sides as |Un|2 :|('Jm_ 2 After multiplying both sides by

mn mn

complex conjugate, the right hand side (RHS) of this voltage drop equation can be

rearranged as

*

|Um _Zi’lﬂ .]rlrm|2:(Um _Zi’l}’l .]:ﬂ}’l)(UWl _Z

=|\U "+z. I —2ReU, (z. -I' )

mn m

= U,z [ 1L —2ReU,, - 25 - I0) (2.2)

mn

U P+z, [-|1. P —2Re(z" -S' )

mn

! ! I pl ! !

mn mn mn

l.]l)

mn mn

22



where 7! and x' indicate the resistance and reactance of branch I |U and

nl

| I! | denote the voltage magnitude of voltage phasor {7, ~and current modulus of

current phasor /! -, respectively. Note that for any vector x, Re(x) refers to the real

part of x.

It should be noted that (2.1) is actually a phase angle free equation, since all
variables |U, |, |1 ; s Pnin and Q; _are real-valued numbers. In mathematics, we call
this equation as the angle relaxation. Indeed, we can consider the real-valued
(|U,I,| 1|, P, Q. )-space as a projection of complex-valued (U, , 1’ , S )-space.
This implies that each variable | /! | or |U, | is relaxed from a point in the complex
plane to a circle with a radius equal to the distance of the point from the origin. The
intuitive explanation for this angle relaxation can be taken U =|U |¢“ as shown in
Fig. 2.2. Suppose that U ~ on the complex coordinate space is a point. Then, a circle
with a radius equal to|U | is the set of solutions for any real-valued variable |U | .

By |U P*=|U,J*,apoint is clearly relaxed to a circle.

Real number

e T _ i0
\Uj =|U, |e

>
Imaginary number

Fig. 2.2 Illustration of angle relaxation for (2.1).
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*

Similarly, we take the modulus with squares on both side of S‘jﬂ ; =Um( Iim) ,
yielding

U, (L) P=SL1 < (UL LLP =B, +(0),) (2.3)

As mentioned above, if a shunt admittance bu,/2 is included, then

S

2
- jMV =|U (I' Y 18 a complicated quadratic equation that cannot be
2 m mn

converted to this SOC form. In summary, it can be seen that (2.1) and (2.2) are two
angle free equations after applying angle relaxation. According to the reference
direction of power flow shown in Fig. 2.1, the left-hand (right-hand) side gathers total
active and reactive power injected (withdrawn) in (from) node n. We can express the

corresponding  DistFlow equations with respect to unknown variables

(U, I.11. |, P Q' ) based on nodal power flow balance equations and (2.1)-(2.2). In
this study, the radial DNs are considered as a connected undirected tree G=(N,&),
where N= [1, 2, ...,|M] is the set of nodes and ¢ 1is the set of branches in the
dimension |€|=(|N|-1)x1. The branch /:= (m, n), & is between nodes (m, n)

where m, n e N and we assume that the point of common connection (PCC) node is

0. Therefore, DistFlow equations [10] are expressed as

P +PS—p (' = > Pi+P' VieEVmneN (2.4)
kex(n)

0, +0—x, 00 = 0, +0! VieEVmneN (2.5)
kerx(n)

vn = vm - 2(rtimPnin + x;ianrllan)+|Z)l11n|2'€lmn VI E 6’ vm’ n E N (26)

Uon Ve =(B,) +(0,,)" VIeENVmneN 2.7)

where flmn =| ]l |2 vV, =| Um|2 and v, =| Uvn|2 .

mn
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In this set of DistFlow equations, (2.4)-(2.5) are nodal active power and reactive
power balancing conditions. (2.6) describes forward voltage drop on each branch
obtained by (2.2) and (2.7) is derived from (2.3) which defines apparent power flow

injection at the head node m of each branch. The squared voltage magnitude

v, =| U, 0|2 at the PCC is a constant. In this regard, we can define a vector of variables

asx:=(v, g, P, Q") for ] e £ ,the key feature of which is that x does not involve

angles of voltage and current phasors. Most importantly, (2.4)-(2.7) in BFM are linear,
and non-convexity only appears in branch flow equality (2.7). This BFM-based power
flow equation is much different from bus injection model in which power balancing
conditions render non-convex quadratic equalities.

It should be also noted that:

® Uniqueness of solutions for DistFlow equations

There are 2|8| + 2|€| = 4|j\/'| —4  equations in |/\/’| —1+ 3|5| = 4|/\/| —4 real
variables. It is clear that the number of variables is equal to the number of equations,
which means that this DistFlow equations would have a unique solution or multiple

solution. It is shown in [88], [89] that this set of equations have generally multiple

solutions, but for radial distribution networks with |U |~1p.u. and small »/  and

x) , the solution of (2.4)-(2.7) is unique and same to the one produced by the

traditional bus injection model in rectangle coordinate. It should be noted that for a

connected mesh network ( |€]=|A| ), this set of (2.4)-(2.7) equations have
2|€|+2|€] = 4|V equations in  which the number of variables
is |j\/’ |—1+3|5| =4|N |—1 . Therefore, the solution is generally nonunique. Some of
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these solutions may be spurious, i.e., they do not correspond to a solution of the
original branch flow equations.
® Application to general networks (loop networks)

The DistFlow equations can be extended to be used for general networks that may
contain cycles by introducing a cycle condition. We define the angle difference across
for branch / as

B,,(¥)=2U,~z,,1,,) (2.8)

For convenience, we let B(x):=(8,, (x),l:=(m,n),VIie&) . Thus, the DistFlow
equations are extended to general networks as:

(24)-(2.7),30 R, st. f (x)=A-60 (2.9)
where Aisa |£| by |A| branch-node incidence matrix in tree graph G with 4m=1
if l=m—>n for some n, An—=-1i1f /=n—>m for some m, and 0 otherwise. This
branch-node incidence matrix 4 will be discussed later. We refer to the condition
B (x)=A-6 on x in (2.9) as the cycle condition, which can be enforced by
introducing @ as additional variables. For general networks (2.4)-(2.7) can thus be
interpreted as a relaxation of (2.9) where the cycle condition is ignored. When a
network is radial, the cycle condition is vacuous and (2.9) reduces to (2.4)-(2.7).

® Compact matrix-vector form

For brevity, / refers to a vector of branches if sending end nodes m, n are omitted;
otherwise, / denotes an arbitrary branch /: =(m,n), |e£ 1is between nodes (m, n)
where m,n e N . In this study, we assume that the root node is 0. v, and v, are the
squared voltage profiles at node m and n. It should be noted that A4’ v = v,—v, holds
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where A is a |€] by |A| branch-node incidence matrix in tree graph G and A’
refers to the /-th row. Expressing with 4 - v is generally formulated in the
matrix-vector form. To avoid heavy notations, the following steady-state network

power flow equality (2.10)-(2.13) can be derived by the real-valued DistFlow

equations for /e £ in the compact matrix vector form.

PE+P' =A"P' -D./ (2.10)
-0¢+Q'=4"0"-D/ @2.11)
Av-2D,P'-2D Q'+ D_('=0 (2.12)
D, =P +|Qf (2.13)

where P’ and (' refer to the vectors of sending-end active and reactive power flows
with the moduli equal to |P/| and |Q/|. P2, 0% and P9, Q¢ indicate the vectors of given
nodal active and reactive power injections and active and reactive loads at nodes. Q"
is the vector of nodal reactive power compensation. ¢’ is the vector of squared
current on branches. D, and Dy indicate the diagonal matrices whose diagonal
elements are the resistance vector and the reactance vector, respectively. D; is the
diagonal matrix whose diagonal elements are |7/|=|r/|>+|x/|*. D, is the diagonal matrix
whose diagonal elements are squared voltage profiles of the sending nodes for all
branches.

Let us illustrate more about branch-node incidence matrix 4. For instance, the
topology of a radial DN is displayed in Fig. 2.3, where |[N|=10, |£|=9 and
| N |=]€| +1. The line feeding node 7 is indexed as line n-th, e.g. the second branch is
brn#2 where the ending node is 2.
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Fig. 2.3 Topology of a radial DN.

For (2.12) and (2.13), we present the branch-node incidence matrix 4 as

node:0 1 2 3 4 5 6 7 8 9
bru#1:[1 -1 i
brn#2: 1 -1
brn#3: 1 -1
brn#4: 1 -1

A=brn#5: 1 -1
brn#6: 1 -1
brn#7: 1 -1
brn#8: I -1
brn#9: 1 -1

(2.14)

As for (2.12), we substitute the given voltage magnitude of PCC at node 0 for the

first brn #1. We can further simplify 4 as below:

buses | >

lines m
1| -1 Reduced branch-bus
1 -1 | incidence matrix
1 -
1 -1
A= 1 -1
1 -1
1 -1
1 -1
v / ! .
Ada, Al
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where A refers to the reduced branch-node incidence matrix. Thus, (2.13) can be

further rearranged as
~Av-2D P -2D Q'+ D.I' = av, (2.15)
According to Ohm’s law, when each node is injected by the current in one unit, we

can obtain

Al =0=>a,+A1,=0=>1,=-a,-A4"

lel+1

where —a,-A”" can be defined as the branch-branch incidence matrix and ao is a
scalar. Given this branch-branch incidence matrix, we can obtain the current for any

branches by the measured current from the PCC. For example, the branch-branch

incidence matrix —a, -4 can be equal to

brn:1 2 3 45 6 78 9
brn#l: i
brn#2:
brn#3:
brn#4:
brn#5:
brn#6:
brn#7:
brn#8:
brn#9:

1

—

—
—_

(2.16)

—t e ek e e e e e
—
—_—

S W GG w—y
—
i

T
L

where ap=1.

2.3 Linearized DistFlow Equations

The compact matrix-vector form of DistFlow equations can be simplified if
dropping terms related to losses and quadratic equations are negligible. We can

express the real-valued LDF equations for V/ €& in the compact matrix-vector
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notation using the LDF method

-PE+P'=A"P (2.17)
05 +0'=A"Q' (2.18)
—Av-2D P'-2D Q' =0 (2.19)

where P’ and Ql refer to the vector of sending-end active and reactive power
flows; v denotes the vector of squared voltage profiles.

Equivalently, we rearrange this set of LDF equations as

P' = A(-P* + P%) (2.20)
Q' = A(-0* +Q") (2.21)
~AV—2D, A(-P*+ P*)-2D_A(-Q* + Q") =0 (2.22)

It should also be noted that there are several characteristics for this set of LDF
equations
(i) All equations are linear and are only with respect to a vector of
variables X:=(v, P’ ,Q"), which is smaller than the size of x in DistFlow equations.
(if) Voltage drop and line power flows are approximately linearly related to
power injections.
(iii) LDF gives an over-estimator for squared voltage magnitudes.
Proof: According to (2.22), we can formulate
~Av-2D,P'-2D Q'+ D {' = ayy, (2.23)
Rearranging (2.23) as
v=—(A)""[a,v, +2D,P' +2D Q']+ (A) "' D (2.24)
Then, due to (A)'D/' <0 and —(A)"-[aV,+2D,P'+2D 0']>0 , we can
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obtain this inequality as
v<—(A4)"-[ayv,+2D P +2D Q'] (2.25)
The RHS of (2.25) is equal to ¥ =—(A)"-[a,v, +2D,P'+2D_Q'], which can be
achieved by LDF. Thus, we prove that v>v.
(iv) LDF gives an under-estimator for line flows.
Proof: According to (2.22), we can directly derive the following inequality
P' = A(-P*+ P+ D.(')> A(-P* + P') = P' (2.26)
Q' = A(-Q* + Q'+ D ") > A-Q* +0") =0’ (227)
Thus, we prove that P >P'and Q' > @',
(v) Approximation accuracy by LDF depends on loading conditions. The
approximation error of this LDF can be acceptable if
® Voltage magnitudes close to unity, namely |v|=1+¢ with |g]=0;
® Voltage angle differences across lines close to zero, i.e., 8, =6,-0, =0
® [gnoring line resistances and shunt elements.
In industrial applications, DNs generally have relatively flat voltage profiles

maintaining by automatic voltage control (AVC) system. Due to flat voltage profiles,

the small approximation error of LDF can only be about +1% [90]. Note that the

squared voltage profile |v.| can be approximated from first-order Taylor series

expansion around the normal voltage profile |U,|=1.
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2.4 Convex Relaxation Formulation of DistFlow Equations

2.4.1 Second-order Conic Programming Formulation

In the sake of realizing minimum power losses, we discuss the reactive power
optimization problem for the fixed typology of DNs. The two convex relaxations of
DistFlow equations are discussed in the section. Before incorporating convex

relaxations, we at first discuss the conventional reactive power optimization model for

DNis:
_min  Re(S;)
S U .07 et
U,=U0,-z 1., Vie&,VmneN

*

S! =U (I, VieE,Vmne N

mn mn

mn n

S.t. ken(n)
! " N/
Qinj S Im(Sinj) S Qinj

ch < ch < ch
U<U KU

Sl+SE—Z L P=> S, +8, VieE, VmneN (2.28)

where S’é refers to the complex power on the first branch between the PCC and a PQ
bus; Re(gé) and Im(gé) refer to the real part and imaginary part of S’é , respectively.
Other symbols are illustrated in Section 1.

Recall that the conventional reactive power optimization model (2.28) is
non-convex, we can further modify this conventional model based on DistFlow

equations for the preparation of convex relaxations:
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min P/

x'eR

P +Pf—p 0 = > Pi+P! VieEVmne N

mn™ mn
kerx(n)

0 +0f—-x 1 = Z 0 . +0',VieEImne N

kex(n)
v, =v, =2(r! P! +x! O V! 0 Nle& Nmne N (2.29)
SV Ly (LY (0L Ve &, Ymne N
! [ !
Qinj < Qirgf < Qinj
ch S QCI‘ S QCV
v<v<y

where P refers to the active power injection of the first branch between the PCC
and a PQ bus.

For (2.29), all constraints are linear only except for ¢/ v =(P! )*+(Q. )’ . Here,

mn mn

we equivalently slack this quadratic equalities to a pair of two inequalities below:
O v >(PLY+(Q )Y VieEVNmne N (2.30)
Oy <(PLY+(Q ) VieENmneN (2.31)
After dropping (2.31), we can relax the non-convex quadratic equalities as an
inequality below:
O v >(PLY+(Q ) VieENmne N (2.32)
We can arrange this inequality by multiplying 4 on the both sides of (2.32)

QP Y +0. Y =20 v <20 v VieEVmneN (2.33)

m

After adding (¢ )*+(v,)’> on both sides of (2.33), (2.33) can be rearranged as
QP Y +Q20. Y+l —v ¥ <l +v ) VieEVmneN  (2.34)

mn

Therefore, this inequality (2.34) is converted to a standard SOC form by
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2 Pﬂ{ll‘l

200 | < +v) VieEVmneN (2.35)

!
gmn _vm 2

Note that (2.32) also refers to a rotated SOC inequality. The standard SOCP-based

formulation of DistFlow equations is

P +PS—p (' = > P +P' VieENVmneN (2.36)
kex(n)
O +Qf—x 1" = Z 0, +0! Vie&ENmneN (2.37)
kex(n)

v}’l = vm - Z(F;npnin + x;ianrllan)+|Z}l11n|2'€lmn VI E g’ vm, n E N (2.38)
2Pﬂ{ll’l
20, | <, +v,) VieEVmneN (2.39)
Lo =V,

According to SOCP-based DistFlow equations, we define the vector of
optimization variables x! for the minimization of real power loss. This is also called
reactive power optimization problem for the fixed typology of DNs. The set of
optimization variables involves a set of state variables [Pl, Ql, f’, vPQ]T and a
vector of controllable variables [VPCC,Q”]T . Here, vpp refers to squared voltage
profiles at PQ nodes and vpcc is the adjustable squared voltage profile at PCC node;
and O is a vector of the reactive power compensation sources. In addition, as

observed in (2.39), two auxiliary variables can be incorporated to represent:

{ml L (2.40)

Consequently, the vector of optimization variables x/ can be defined as

xl :=[Pl, Ql, gl, V, ch,wl,ml]T (2‘41)
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The constraints are composed of Distflow equations and reactive power injection
constraint of the first branch between the PCC and a PQ bus, reactive power capacity
compensation constraints for all reactive power compensation sources as well as

voltage security constraints for all nodes.

07 <" <0” (2.42)

v<v<vy (2.43)

where o and Qv indicate the lower and upper limits of reactive power
compensation sources. vand vy denote the lower and upper squared voltage profile
limits of PQ nodes.

The objective function of this minimization of real power loss can be converted to

the minimal real power injection at PCC node. Thus, the reactive power optimization

model is formulated as

min P
x'eR
Pﬂlﬂl +])l’lg - rrfmglmn = z Pl’llk + Pnd’ VZ e 67 Vman e N
kex(n)
0, +0i-x,0,, = > 0, +0) VIeEVmne N
ken(n)
vn = vm - 2(rt7lmprrlm + eranrlnn )+|Ztlnn|2€lmn’ VI E 5’ vm’ n e N (2‘44)
S.t.
2P
2001 <m',Vle&E Nmne N
Wl
2
w=0 —v . m=0 +v VieE,VmneN
ch Sch SQC",KSVSV

where P, is the active power injection at the root node 0.

Exactness of SOCP convex relaxation
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However, is the optimal solution of (2.44) the same as the one solved by (2.1)? If
and only if the convex relaxation techniques are exact, the obtained solution is the
same as the optimal solution of original non-convex nonlinear optimization. This
section we discuss whether SOCP relaxations for reactive power optimization
problems are exact or not. Looking from case studies in previous subsections, it seems
that all optimal solutions are satisfied with SOC equality. This suggests that the SOC
relaxation is exact. Now, let us give the exactness of SOCP convex relaxation and its
associated proof by contradiction [88], [89].

Theorem: The SOCP-based reactive power optimization formulation (2.44) is
convex. Moreover, it is exact, i.e., an optimal solution of (2.44) is also optimal for the
original reactive power optimization problem (2.1).

Proof: For this SOCP-based model (2.44), we rewrite the objective function min P’

inj

as min Zr’ ¢' . To prove that the relaxation is exact, it suffices to show that any

mn"” mn
le€

optimal solution of (2.1) has equality in ¢ -v =(P.)*+(Q., )" . Assume for the

nn

e * LN L B L B N : . .
sake of contradiction that x =(F; ,0; ,/' ,v ,0 ) is optimal but has strict

[j b
inequality, i.e.,

S (P Q0 VI eE (2.45)

mn

0',0',,0"), which is

Now for some & >0, consider another point &' := (P’ .

7

defined by

36



=V* chZch*

B =Pt g/2, P =P

0, =0 —%,,/2, Qimn =0",

= e, 7= (2.46)
P'=P'+r! £/2, P'=P'+r! g/2,

mn

Q =Q +x E12, QmZQm+xmng/2,
P Pd Pd d Qd :Qd Qd :Qd

where the negative indices mean excluding elements from a vector.

When Z’m = ( mn) +(Q )* holds for certain ¢ > (), it can be verified that 3

can satisfy

V=9 =20’ P +x' O Yzl PO

=5 =207 P xl 0Pz PO+ Yo+ (2 YedZ Pe (247
=7, =2l Pl +x. O Y4zt PO

mn— mn

5l g Iy Dl d
For P +Pf—r [ = Z P, +P , we can

mn™ mn
kex(n)

find P’ —r g/2+P5—p 0" 47l = > P4 Pl g/2 holds and for

mn mn™ mn
kex(n)

O +0%—x 1 = Z Q! + 07, this point § still holds under this over-satisfaction

b = L
of load. Please note that this over-satisfaction of load is needed because we have
increased the loads 13}1" and Q~j on buses and to obtain the alternative feasible
solution % .

This means that % satisfies all constraints (2.1) and hence is a feasible point.

Since Zlm ’ g —&> the 3 has a strictly smaller objective value Zr ¢ than /*

mn" mn
le€

This contradicts the optimality of ,/* . This theorem indicates that the optimal solution

satisfies SOC with equality and yield lower loss cost, if the objective function is
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strictly increasing in the power injections. Once there is an inverse power flow in DN,
i.e. DGs to generate power to grids, this relaxation may be inexact. So this exact
SOCP relaxation condition holds under a load oversatisaction assumption (i.e., for a

node n, }5""’ — P’ >0 ) and radial networks, while the objective is to minimize losses

or minimize the total cost with respect to power injections.

2.4.2 Semi-Definite Programming Formulation
We firstly recall the general mathematic conversion between inequality constraints
and semi-definite formulation. For example, we can find the following two

formulations are equivalent:

x 0 y 0<x<lI
(x,y))eR*: X=|0 1 -—x|=0,rank(X)=1r<<(x,y)eR*: x>y’ 2.4
y —x 1 x—x—y*>0

8)
Similarly, we can apply this equivalent conversion for the quadratic constraints in
DistFlow equations. The alternative formulation of non-convex quadratic equalities

(1.7) can be expressed in SDP form. We establish

j Q!
X' :[l[{m}[l]; (I;")*]{gﬁ jlm} that satisfies det(X") = ¢' v —§' §" . If X'is

mn mn

semi-definite as x’ - and rank(X)=1, then ¢ .y —§' §" >(.

mn— mn

The non-convex quadratic equalities (1.7) is converted to

l__ vm Srlnn
X —[51* j }z 0 (2.49)
rank(X")=1 (2.50)



However, rank(X')=11s a non-convex constraint, and thus the standard SDP-based

formulation omits this constraint. Therefore, the standard SDP-based formulation of

DistFlow equations [89] is

P,fm+Rf—r,fm£’mn=kz P.+P' Vie&EmneN (2.51)
o

O +Qf—x 1" = kz Q. +0! Vie&ENmne N (2.52)
)

v, =v, =2 S ;S’i“’ +x S ;g’l’“’ Yzl PO Ve E Nmne N (2.53)

i i st

For the 2 X 2 complex-valued matrix X', we can decompose it as a linear matrix

inequality (LMI) constraint

vm S}'Inn
% {S y }
1 0 0 1 0 0 0 0
= +(P. + 0O +(P. —jO +0 (2.55)
vm {O O} ( mn .]an){o 0} ( mn -]an)|:1 0} mn 0 1

1 0] o 1] [0 41 ,[0oo0
:vm +Pmn +Qﬂ‘ll’l +£mn EO
00 10 -j 0 0 1

According to SDP-based DistFlow equations, we define the vector of optimization
variables x! for the minimization of real power loss. By applying LMI constraint, the
complex-valued matrix X’ is rearranged to a constraint with respect to
variables P! , O ¢\ and v, . Therefore, the vector of optimization variables x! can
be defined as

x'=[P,0" V, vOY (2.56)

Consequently, the complete reactive power optimization model is formulated as
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mm P
x'eR

S.t.

Pl +PS—p 0 = > Pi+P! VIeEVmneN
ken(n)
Q:im + Qé xmnglmn z erlk + Qj’ VI € 5’ vmﬁn € N

ker(n) (2.57)
v =v —2(r P +x Q Iz |€mn,Vleg,Vm,ne./\/

1 0 0
v, +0 =0,VieE,Vmne N
00| 0 1

Q" <Q"<Q", y<v<Vy

Note that there is another formulation of this model with respect to complex-valued

vector x' :=[S', ¢, v, 0“1 . In this vein, we formulate this complex-valued reactive

power optimization model below:

min

x'eC

S.t.

Tr(S, +S; )
2

Pl +Ps—r 0 = > P +P' VleEVmne N

mn mn -~ mn
ker(n)

0, +08-x 00 = 0L +0! VIeENmne N
kem(n)

St ) | 8= S’
2 2

1 o] o 1] _.[o o] , [0 o
v +S +S +0 =0,VieE,Nmne N
0 0 0 0 1 0 0 1
<

(2.58)
VieE,Vmne N

* ¥

v =v =2,

)4z,

mn?

where Tr(S!+S!") refers to the trace of '+ S/".

2.5 Polyhedral Approximation Formulation

It is evident that the quadratic equality of DistFlow equations can be relaxed in a

SOC

formulation according to Subsection 2.4.1. In this subsection, we investigate
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how can a SOC cone can be approximated into a set of linearizations. Mathematically,
the second-order cone is also called a Lorentz cone or an ice-cream cone. The general
mathematical definition is cast as

L= {(x,t)eR" xR|[x|,<t} (2.59)

For instance, if n=2, then the geometry of a Lorentz cone L? is displayed in Fig. 2.4.

Fig. 2.4 Geometry of a Lorentz cone L?.

The feasible region of a second-order cone can be well-approximated by a
polyhedral cone, as presented in Fig. 2.5. This polyhedral approximation makes a
SOC constraint become a series of linear constraints. The approximation accuracy

depends on the number of outer polyhedral linearizations.

/

Fig. 2.5 Approximation of a Lorentz cone as a polyhedral cone.

Definition. Let F be a feasible region of a SOCP, i.e.

F={x:Ax>b| Ax=b|,<cx—d} and let F ={x:Ac>b| Ax—b|,<(cx—d)1+&)} . A
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polyhedral cone P is an g-approximation of F if FEPCEr.

Next, we seek to find an g-approximation of F . Recall that a 3-dimensional
Lorentz cone [?={(x,/)e R*xR x|t - Given X = (X,%,,) € R? , how can
determine this any point lies in L?. Assume w.l.o.g. 7 =1, x> (. Ideally, rotating the
point (%,%,,1) to (X,0,1) is shown in Fig. 2.6. It is clear that 5 ¢ 2 iff x <1.If
this angle is arbitrarily small, then we can check whether the rotated point ¥, e L for

an appropriate small ¢, since the component &, is very close to 0.

sz
1~ (551,562)
// \\
/ \ X1
} B >
\ ], ~
\ /(xlao)
N 7
/ T

cut at =1

Fig. 2.6 e-approximation of a Lorentz cone L?.

This polyhedral approximation method is proposed by Ben-Tal and Nemirovski

[91]. For \/xlz +x22 <t can be approximated by a system of linear homogeneous
equalities and inequalities in terms of x,, x,,# , and 2(v+1) variables ¢/, / for
j=0,1,2,..v  where v is a parameter of the polyhedral &(v) relaxed

approximation such that

1
ev)y=—_——-1 (2.60)
cos(2m)
This gives &(v)~3x107 when v=11 ; the relaxed approximation in

(+&)t>\x +x; will have (1+&(v))>’~1~6x107 . The system of linear
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homogeneous equations is given by the following polyhedron 7.
T = {(x,%5,6 31" 6"s11 ) 167 2, |
7’ 2] X, |
- T i . T .
¢’ =cos(F)g-’ 1+s1n(F)771 L=l

T T

77jZ—Sin(zﬂl)gﬂ+cos(F)77f’l, J=besv (261
n’ Zsin(%)gj*1 —cos(%)nj’l, j=1,...,v
¢ <t
4 72- 4
n" < tan( vt )$

where (o, 770) rotates (x1, x2) so that x1, x2 > 0, and we have two additional variables & ,
n; for each iteration j=1, **+, v.

The polyhedral approximation given by (2.61) can be reduced by using the linear
equality constraints in ¢’ = cos(%)g’;1 + sin(%)n-’f1 , j=1,...,v to solve for
¢’,j=L..,v interms of ¢°,n’",j=1,...,v and then substitute ¢’ out of the system
(2.61) by this linear equality constraint. The resulting system will only have linear
inequality constraints in terms of the variables x,x,,x,,¢° and the (v+1) variables
forn’ for j=0,...,v.

The system of linear homogeneous equalities and inequalities (2.61) is known as

the polyhedral approximation for a Lorentz cone L. Inspired by this idea, we can

extend this polyhedral approximation for an arbitrary Lorentz cone L”. Assume w.l.o.g

n=2% forsome f 7 . Weshow that we can give an extended formulation for

L= {(xo,la' : 'axo,nat) eR’ XR‘H (xo,la"'>xo,n) l, < t} (2.62)

We split all the original variables into pairs (x,,;,X,,) for je[n/2] and

associate to each pair to a new "lIst level" variable X, such that
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[(xo.2515 %02l < X, 5, where x, ;. is a new introduced variable for a pair (x, ,; |, %, ) -
. A n : . . :
Then, introducing "2nd" level variables x, ; is subject to |(x,,; , %), <x,; ina

similar way. We therefore construct a binary tree, where each i-th level variable has as
children two (i-1)-th level variables. The same structure is preserved up to the level

logz(n), which has a single node x =t . At each level of the tree, we have an

log(n)
g-approximation of the L? cones with the construction from the previous section. This

gives in total a ((1+ &)%) —1)-approximation for L".

For explanation, let us exemplify this idea by

4, 4
L .:{(xo’l,xoyz,xoﬁ,xOA,t)ER XR‘H(xo,l,xoyz,x0’3,x0’4)||2St} (2.63)

The approximation process can be summarized in Fig. 2.7.

Xo,1 X0,2 X0,3 X0,4
e 4 e 4

\ / \ /
level |(xg, +x5,)" <x,| |G+ x50 <x,,

X1\ / X12

\ /
2" level (x), +xt,)"7 <t
L 1
.Xz,l =t

Fig. 2.7 e-approximation flowchart of a Lorentz cone L?.

Consider the following SOCP problem by the polyhedral approximation method.

min X, +x, +3x;,

st x +x,+2x,=3

Xy 2 \/xf +x22 (2.64)

0<x,x,,x, <1
This SOCP-based model can obtain the exact optimum. The minimum objective

value is 3.8787 and the optimal vector x=(0.6213, 0.6213, 0.8787)" is achieved. The
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SOC constraint satisfies with equality as observed by the gap error 3.1666 X 107.
Subsequently, we linearize this SOC constraint with respect to x,x,,x,
— . 0 1 2 3 0 1 2 3
and 2(3+1)=8 variables ¢%, ¢, ¢ ¢n 7L M The system of polyhedral

approximation constraints is expressed below

" <x <¢°

-n" <x, <7’
T o

I COS(?)go - sm(?)no =0
T o

I COS(?)GI - sm(?)nl =0

T . T
¢’ - COS(?)g2 - Sln(?)ﬂ2 =0

—sin(iz)g0 + (:05(12)770 -n'<0
2 2
sin(iz)g0 —cos(£2)770 -n'<0
2 2
—sin(%).gl + cos(%)nl -n*<0 [Py
3(2.65)

; 7
sin(%)g1 —~ cos(%)n1 -7°<0 s tan(2—4)g

—sin(z—Z)g2 + cos(%)n2 -1’ <0

sin(%)g2 —cos(%)n2 -n7°<0

The vector of optimization variables is x=[ x, , x,,x,,¢°, ¢', ¢%, ¢*.1°, n', 7°, n* 1%,
the total of which is 3+2(3+1)=11. By solving this linear programming model, the
minimum objective value is 3.8787 and the optimal vector x=(0.6213, 0.6213,
0.8787)" is achieved. The SOC constraint satisfies inequality by the gap error -0.0301.
Improving the approximation accuracy is just to set a larger linearization segments,
e.g. n=10. Thus, a more accurate solution with a gap error equal to -1.8167 X 10" can

be provided.
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2.6 Case Study

2.6.1 Simple 6-node DN

The following simple 6-node DN is used to exemplify this SOCP-based
formulation of DistFlow equations. The network topology is shown in Fig. 2.8. The
node 1 is the PCC bus, while nodes 2-6 are PQ buses. In other words,
N ={123,45,6} and & ={1,2,3,4,5}, where branch labels are displayed in
yellow-filled square boxes. The impedance of each branch, the load demand of each
node and the reactive power compensation capacity of installed capacitors are labeled
in this figure. The voltage allowance band of each node is set to 0.97-1.07 p.u. For
this fixed topology, we focus on the reactive power optimization on the active

branches for the minimization of real power loss.

1 1 2
l 0.041+j0.052

Fig. 2.8 Topology of a radial DN.

According to this SOCP-based reactive power optimization model (2.18), the
operational constraints are composed of 4 X 5=20 Distflow equations and 1 reactive
power capacity compensation constraint as well as 6 voltage security constraints. To

validate the effectiveness of optimal solutions, we have provided the Matlab function
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in our designed MATDNR Toolbox v1.0 [92] to run this SOCP-based reactive power
optimization model (2.18) with commercial solvers MOSEK [93], Baron [94] and
SDP-based reactive power optimization model (2.57) by the commercial solver
SeduMi [95]. Please note that no overlapping variables are allowed for all SOC
constraints, and thus more new variables are included for the solver MOSEK. More
information can be found at the handbook of MOSEK online. We also employ the
reactive power optimization solver based on conventional power flow equations in
polar coordinates (Varopt) [96], and the solving algorithm is interior point algorithm.
To compare the accuracy of the polyhedral method, we solve this reactive power
optimization model with polyhedral approximations with 32 segments of
linearizations by commercial SOCP solvers MOSEK and Baron. The solution can be
found in Table 2.1. The nodal voltage profiles by SOCP-based and polyhedral
approximation formulations of reactive power optimization models can be presented
in a tree-shaped Fig. 2.9, where x-axis refers to branches. For instance, node (1,2)

refers to branch 1, node (2,3) refers to branch 2, node (3,4) refers to branch 3 in this

figure.
Table 2.1 Optimal solutions of the 6-node DN.
Minimal
injected real Real Power Algorithm Computational
Models Solvers power at Loss (p.u.) Iterations Time (seconds)
PCC node p-u-
(p.u.)
MOSEK 1.501 0.101453 10 0.2030
SOCP Baron 1.501 0.101453 10 0.1895
Varopt 1.501 0.101453 7 0.0469
SDP SeduMi 1.501 0.101453 16 0.6406
Polyhedral ~MOSEK 1.5005 0.1005 16 0.3280
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Baron 1.5005 0.1005 14 0.3195

1.06 | Polyhedral | |
——SOCP

S 1.04f
o
P
= 1.02F
[=}
ot
(="
)
g 17
o
>

0.98

096 1 1 Il 1

1 1.5 2 2.5 3 35 4

branch

Fig. 2.9 Tree-shaped voltage profile of this simple 6-node DN.

Observing Table 2.1 tells us that the commercial solvers MOSEK, Baron and
SeduMi can be effective to solve the SOCP-based/semi-definite-based reactive power
optimization model, since the optimal solutions including power loss and voltage
profiles are the same with ones by Varopt that is based on the conventional nonlinear
power flow equations. Moreover, the optimal solution is converged at the equality of
SOC constraints. This means that this optimal solution is feasible for power flow
equations and thus convex relaxations are exact. For the polyhedral model, the
optimal solution is extremely close to the exact ones, where the maximum error of
voltage profiles is less than 0.01%, as observed in Fig. 2.9.

2.6.2 Large-scale DN
We validate the computational performance of this SOCP-based formulation of

reactive power optimization model with different scalability of systems. i.e., IEEE
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16-node, 33-node, 123-node and 1060-node DNs with DERs that are used for tests.
The switch-off circuit breakers for these benchmark systems are shown in Table 2.2,

while other circuit breakers are switched on.

Table 2.2 Switch-off circuit breakers for these benchmark systems

switch-off circuit breakers

DNs
start node end node

6 12

16-node 11 15
8 17

9 8

32 31

33-node 28 29
15 14

8 21

76 72

123-node 105 101
80 102

17 111
54 117
1060-node 45 143
73 134

97 76

28 56

The computational performance in terms of CPU time in seconds and algorithm
iterations are given in Table 2.3. The nodal voltage profiles by SOCP-based and
polyhedral approximation formulations of reactive power optimization models can be

presented in a tree-shaped is presented in Fig. 2.10 (a) —(d).

Table 2.3 Optimal solutions of different scalability of DNs

Minimal injected Real Aleorithm Coir;?;tat
DNs | Models | Solvers | real power at PCC Power £orl s
Iterations Time
node (p.u.) Loss (p.u.) (seconds)
16 SOCP MOSEK 2.972 0.042 17 0.219
node Baron 2.972 0.042 15 0.201
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Varopt 2.972 0.042 8 0.078
SDP | SeduMi 2.972 0.042 21 0.542
Pfilrflle MOSEK 2.967 0.042 19 0.235
MOSEK 3.830 0.115 14 0.201
SOCP | Baron 3.830 0.115 11 0.183
33 Varopt 3.830 0.115 7 0.065
node [ SDP | SeduMi 3.830 0.115 24 0.635
P‘(’ilrfl‘e MOSEK 3811 0.113 22 0.275
MOSEK 3.667 0.1776 28 0221
SOCP | Baron 3.667 0.1776 21 0218
123 Varopt 3.667 0.1776 9 0318
node | SDP | SeduMi 3.667 0.1776 38 0.321
P‘c’llrflle MOSEK 3.658 0.1772 39 0.346
MOSEK 4508 0.163 26 0.203
SOCP | Baron 4.508 0.163 24 0.201
1060 Varopt 4508 0.163 12 0.098
node | SDP | SeduMi 4508 0.163 3] 0.368
Polyhe | rosEK 4.461 0.162 44 0.344
dral
1.07 T T - 1.07 . '
\\\\\ N — — ~Polyhedral — — ~Polyhedral
1.06 \: ~. ———soce 1.06 - ——SOCP
gl.os — \\\ e E‘ 1.05 }
%104 \\\\ %1,04- \\\
§°1.o3- \\'*'i;\ E”lm —
g 1.02 g 1.02
1.01 ' - - - 1.01 - : 'V 7
1 1.5 2 2.5 3 3.5 4 4.5 5 4 6 8 10 12 14 16
branch branch
(a) (b)
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Fig. 2.10 Tree-shaped voltage profiles of different DNs: (a) 16-node; (b) 33-node;
(¢) 123-node and (d) 1060-node.

Table 2.2 shows that the above-mentioned solvers can be effective to solve the
reactive power optimization problem formulated in the SOCP-based and SDP-based
DistFlow form. Fig.2.10 (a)-(d) display that the nodal voltage profiles by SOCP-based
and polyhedral approximation formulations are very close. The maximum errors of
IEEE 16-node, 33-node, 123-node and 1060-node DNs are 0.286%, 0.510%, 1.005%
and 4.211%, respectively. This demonstrates that DistFlow equations have
advantageous properties that can be reformulated in the SOCP and SDP form, and the
polyhedral approximation formulation of SOC constraints can be also accurate and

effective for quick convergence.

2.7 Summary

This chapter summarizes the fundamentals of DistFlow equations. As demonstrated
in case studies, DistFlow equations have advantageous properties that can be

reformulated in the SOCP and SDP form. The polyhedral approximation formulation
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of SOC constraints can be also accurate and effective for quick convergence. This
DistFlow equations and its convex relaxation formulations lays the theoretical

foundation for the following DNR problems with convex optimization solvers.
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Chapter 3

Topology Optimization of Active Distribution
Network based on Disjunctive Convex Hull

Approach for Operational Security Enhancement

Distribution network reconfiguration (DNR) is a classical optimal operation
problem over decades. It aims to maintain load balancing and loss reduction at the
voltage security-constrained operation level, and to coordinate real-time transactive
dispatch tasks between supply and demand at the market level of DNs. However, the
computing performance of existing methods in terms of running time and iterations is
not satisfactory for a large-scale network. This chapter investigates the convex hull
(CH) of DistFlow equations for the superior numerical performance.

This chapter proposes the disjunctive convex hull relaxation (DCHR) approach,
which can be further used to deal with these on/off constraints caused by switch status
indicators. In this chapter, we are stimulated to study the DCHR approach for the
classic DNR problem, which can be designed to tighten the voltage drop equation and
quadratic equality of DistFlow equations with continuous parent-child relationship
variables in spanning tree constraints. The results of case studies prove the

effectiveness of the proposed DCHR for DNR problems.
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3.1 Radiality Constraints

In this thesis, we suppose that each branch of DNs has a sectionalizing switch or tie
switch. Each bus in DNs is connected by a branch with a switch, and one tie switch
can form a loop with other sectionalizing switches. The DNR problem can be deemed
as a combinatorial issue about choosing optimal switch status of sectionalizing
switches (normally closed) and tie-switches (normally open). The DNR provides an
optimal network structure to realize minimum power losses and achieve better load
balancing; or to be used for post-outage restoration and planned maintenance, etc. In
this section, we discuss the relaxation techniques for DNR problems based on

DistFlow equations.

3.1.1 Virtual Commodity Flow Constraints

In the traditional DNs, DNR is not a frequent operation. However, with the
application of high-speed switching devices in DNs, the DNR is developing toward
real-time reconfiguration for maintaining the optimal operation condition of DNs. The
ability to switch between different topologies enables a class of radial grids subject to
single commodity flow (SCF) constraints. Let ' be the binary state vector of circuit
breakers, which is zero if the switch is open and one if closed, namely
wef{0,1},u' eZ.

One of the most popular radiality model ensures connectivity of loads to DERs via
the power flow equations, and connects DERs to the substation via flows of a virtual

commodity [97]. The tightness of a linear programming relaxation for this model has
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also been recently. In this section, we advance upon the commodity flow approach
and propose a more succinct model with fewer variables and constraints. We consider
a virtual single commodity flowing on the network graph G and set a demand of one
unit on all non-substation buses. This is to say, all load nodes to have nonzero power
injection (no transfer nodes in DNs). Consequently, all demands supplied by
substation and all nodes have a path to substation ensuring connectivity. Virtual
commodity flow constraints can be expressed with respect to the branch-bus

incidence matrix A, by forcing the virtual flows in f to be zero for open lines:

A f=1 (3.1)
~N-u'<f'<N-u', Vie& (3.2)
lTul =|N|_l (33)

where /' refers to the vector of virtual flows on each branch.
In this set of virtual commodity flow constraints, the virtual flow variable f does
not relate to the actual line flows and is introduced only to enforce connectivity.

Given that flows are allowed only on active lines, enforcing flow balance (KCL) on a

node with only one unit flow injection, which results in 47 f =1 . Moreover,
~N-u'< f'<N-u' can be used to maintain radiality of DNs by linking f and u'.
Lastly, 1”4’ =|N|-1 guarantees that the network reconfiguration solution will be an

acyclic network. It should be worthwhile to note that when there are no transfer nodes

in DNs, 174/ =|N|]-1 and power flow equations can be effective to maintain

radiality of DNs; otherwise, virtual commodity flow constraints should be considered.
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3.1.2 Spanning Tree Constraints

The spanning tree (ST) constraints are used to formulate a linear program of the
minimum spanning tree problem [98]. For a DNR problem, we can encode every
branch as a directed arc with respect to an acyclic network rooted at node, which ST
constraints can be applied for network reconfiguration. To enforce a radial typology, a

pair of variables B/~ and g!  for branch / is ranged in [0, 1], indicating the

mn

parent-child relationship between nodes m and n for the radiality of networks. For
instance, B =1 and B! =0 means that n is the parent node of m, otherwise

B =0 and B’ =1 implies that m is the parent node of n.

ﬂlﬁ‘m +ﬂnlm = ul (3'4)

,B,im=0, if m=S (3.5)

> B,=l, VmeN\S (3.6)
n(m,n)eE

/)’,fm e[0,1] (3.7)

where S is the set of source nodes.
Flowing on the branch with nodes (m,n) can only in one direction, which explicitly

is set to a combination of variables B/  and B! . The parent-child relationship

variables S’  are continuous, ie., B eR" . After applying this set of ST
constraints, ' can be proved to get converged as 0 or 1. Reference [14] proves that
any feasible B’ must be zeros and ones, and for each source node, it describes the
edges of an unweighted, directed tree graph with a source node.

Please note that if only ST constraints are considered in the DNR model, then ST

constraints are inadequate to represent the radiality. Take the following Fig. 3.1 as an
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example from reference [99] where we suppose that node 1 is a point of common

coupling (PCC) node.

1

PCC bus O\

VA

Fig. 3.1 An example of inadequate ST constraints.

By ST constraints, we give the following ' values for this figure in Table. 3.1.

Table 3.1 Values of parent-child relationship variable f'.

Connected Branches / I Parent-child

Node m | Node n P Pun relationship
6 1 1 0 1-parent, 6-child
7 6 1 0 6-parent, 7-child
3 2 0 1 3-parent, 2-child
4 3 0 1 4-parent, 3-child
5 4 0 1 S-parent, 4-child
5 2 1 0 2-parent, 5-child
9 5 1 0 S-parent, 9-child
8 4 1 0 4-parent, 8-child

It can be inferred from Table. 3.1 that all B’ values satisfy ST constraints
(2.25)-(2.28). Unfortunately, there is a cycle topology that is not a radial network. For
a DNR problem, power flow equations are hard constraints in this DNR model.

Clearly, this disconnected network in Fig. 3.1 leads to an infeasible power flow
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solution. In other words, the above-mentioned example cannot satisfy the nodal power
flow balance at node 7 under assumed power flow directions in Fig. 3.1.

But from our perspective, the power flow equations are necessary but insufficient
conditions for the connectivity constraint in DNR model. As displayed in Fig. 3.2, we

can show this counter-example based on Fig. 3.1.

@ C\CC bus

\
Y

Fig. 3.2 An example of inadequate ST and power flow constraints.

In this case, we can find that ST and power flow equations constraints cannot
guarantee a radial topology when there is a DG source at node 2 in this distribution
system. It may result in an unconnected graph containing loops with nodes 2, 5, 4 and
3. This illustrates that power flow equations cannot entirely guarantee the connective
topology. Thus, it is suggested in [98] that single-commodity flow constraints (SCF)

and ST constraints can guarantee the radial topology.
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3.2 Conventional DNR Models

By the angle relaxation, DistFlow equations can be cast as a second-order conic
programming (SOCP) or a semi-definite programming (SDP) formulation for
DistFlow equations. By these convex relaxations, the DNR model can be modeled as
a mixed-integer second-order conic programming (MISOCP) or a mixed integer
semi-definite programming (MISDP) problem in the following. These convex models
exploit the optimal distribution topology with reduced computational complexity. In
this subsection, we only discuss SOCP-based model of DNR problems with Big-M
relaxation method.

3.2.1 MISOCP-based DNR Model with Big-M Relaxation Method

For the sake of the minimal power loss in reconfigurable DNs, the set of
optimization variables involves a set of operational variables [P’, o, !, vPQJT and
a vector of controllable variables [VO,QCF, B, ﬂim,ul}T . Here, v, refers to the
squared voltage profile at the root node 0. Accordingly, once controllable variables
are provided, operational variables can be automatically determined just by power
flow equations. For this DNR optimization problem, we combine operational and
controllable variables together as x':=[P',Q',¢',v,0" . w,m', ', B. , B ,u'l" for all

branches of DNs, where (P',0',¢',v, 0", w',m', ', B’

mn?

B YeR and u' e€Z.
With DistFlow equations, the big-M method is utilized to relax equality
v —v +2(rl P +x! O )zl ’/! =0 as two inequalities with a large-enough

mn— mn

positive  scalar M. The optimization variables are expressed as
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. r .
x ;:[P’,Ql,f’,v,Q",w’,ml,fl,ﬂ,in, ,B,/,m,ul] , Vle&E . Thus, the entire

reconfiguration model with the loss minimization is cast as

min P
xl

S.t.

Pl +PS—r ! =Y P +P' VleEVmneN

mn mn™ mn
kex(n)

Ol +0f-x 0 = > 0L +0!,VIeEVmne N

mn”™ mn
kerx(n)

v, =v, +2(r) Pl +x! O \z! P —(1-u' )M <0,VIeENmne N

mn=— mn

v, —v, +2(r P +x! O Yzl P +(1-uYM >0,VIeE,Ymne N

mn-— mn

2P,

20 I <m',Vle&, Vmne N
/

w
2

w=0 —v . m=0 +v ., VieE,VmneN
N/ ! N/
_QOSQOSQO

! ! ! !
—ul  <P,0<ul

max max

~N-u'<f'<N-u', Vie&
1"u' =|N|-1
u' 40,1}

where P, is the active power injection at the root node S.

3.2.2 MISOCP-based DNR Model using McCormick Linearization Method

network

(3.8)

In the previous subsection, the SOCP-based model of DNR problems can be

formulated with Big-M relaxation method. However, we can further strengthen this

bound

relaxation using McCormick Linearization Method [100].

60

Let



y'=(v,—v,)-u' . Then, the McCormick linearization method is utilized to relax

equality v, —v, +2(r, P, +x) O Yz, ! =0 as

v 420, P, + X0, 00 )z, P, =0
(v-V)u'<Y'<E -v)-u’
v, =V, —(V =) -D<'<y, v, —(v-v)- ' -1)

The optimization variables are

T
l._ 14 I pl cr l l l l l ! l
as x _|:P ,Q af 9v) ,W ’m )y ’f aﬂmn! nm’u:| ,VZES

(3.9)
(3.10)
(3.11)

expressed

the entire

network reconfiguration model with the loss minimization is simply reformulated as
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min P,
xl

Pl +PS—ri ! = P +P' VIeEVmneN

mn mn™ mn
kex(n)

O, +0i—x 0 = O +0!, VIeEImne N

mn”™ mn
kex(n)

y +20 Po+xl O Y-z P =0,VIeE,Vmne N

(v-v)u'Y'<KG-v)u' ,VieEVmne N

v, =, — (V=) - D'y, —v, - (v=7)- (' -1)

2P,

20 I <m',Vle& Vmne N

w ,

w=0 —v . m=0 +v VieEVmneN

3.12
s1.g,20<0, o

T, <SP0,
07 <Q" <0
v<v<y
Bo+ By =1t
B =0,ifm=0

> B, =1YmeN\0
n:(m,n)ef
B 20
A f=1

-N-u'<f'<N-u', Vie&
1"u' =|IN|-1, u'€{0,1}

3.2.3 Quadratic DNR Model with Big-M and McCormick Linearization Methods

With LDF-based equations, the Big-M method is utilized to relax equality
v, —v, +2(r P, +x) 0! y=0 as two inequalities with a large-enough positive
scalar M. Therefore, a linearized DNR model with Big-M relaxation method is
developed and firstly proposed in [14]. The optimization variables are expressed as
x' = [P’,Q’,v,Q”,f’, . ,’,m,u’T, VI e& . Since network loss is omitted in this

LDF-based equations, we rewrite the objective function in the DNR model as
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D or ((PL)? +(0,,)7) where voltage profiles are all assumed as one unit. Due to this

mn mn
le€

quadratic objective function, the entire linearized DNR model with the loss

minimization is reformulated as a mixed integer quadratic programming problem.

min > 1, ((P,)" +(2,,)")

le€

P +PS= Y P +P VieEVmneN
ker(n)
0, +0f= > 0, +0! VIeENmne N
kerx(n)
v, —v, +2(r. P. +x O y-(1-u" )M <0,VIeE,Vmne N
v, —v, +2(r. P +x O Y+(1-u )M >0,VIe&,Nmne N
-0,<0,£Q,
_ulrinaxgpl’ngulrinax
ch < ch < ch (313)
Sy <y<y
16;1n+ﬂrim _ul
B =0 ifm=S
z ﬂ:ﬁm :l’vm G./\/\S
n:(m,n)e€
B 20
A" f=1
-N-u'<f'<N-u', VieE
1"u' =N -1
u' €{0,1}

3.2.4 Polyhedral Approximation of DNR Model using Big-M Relaxation Method

For SOC constraints in the DNR model, the polyhedral approximation can be used
to simplify the SOC constraints to be a family of linear constraints. We can express
H(ZP”’,” 20! w’)TH2 <m',Vle& VYmmneN as a polyhedral cone, which is
visualized in Fig. 3.3. The error of approximation can be regarded as the distance

between the exact optimal point * and the approximate optimal point ®.
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Fig. 3.3 Polyhedral cone for SOC constraint.

Moreover, the Big-M  method is utilized to relax  equality
v, —v, +2(rl P! +x! Q' 2! /' =0 as two inequalities with a large-enough
positive scalar M. Therefore, a polyhedral approximation DNR model with Big-M
relaxation method is established [17]. The optimization variables are expressed as
x! ::[P’,Q’,v,Q",w’,m’,S’,g,n,w,lc,f’, - ,’,m,u’JT, Vie& , where ¢,n,0,k
are variables in the polyhedral approximation of SOC constraints. Thus, the entire

DNR model with the polyhedral approximation of SOC constraints for the loss

minimization is reformulated as
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min P,
x/

S.t.

J R Z P +P' VleENmne N

mn™ mn
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where o is the parameter of the polyhedral &(v) relaxed approximation in (2.60).

3.3 Disjunctive Convex Hull Approach for DNR Formulation

As stated the above, convex relaxation approaches in the conventional DNR models
include Big-M method and McCormick linearization method. These two existing
convex relaxation approaches are used to slack power flow constraints by switch
status indicators, or construct relaxation constraints with variables automatically
satisfied for a disconnected line. Since these convex relaxation methods suffer from
loosened relaxation bounds, there is a research gap to explore the efficient and tight
relaxation approach for DNR problems.

For the sake of the minimal power loss in reconfigurable DNs, the set of
optimization variables involves a set of operation variables x* := [P, @), (', v, 0",
x' € R", the continuous parent-child relationship variable f/ € R** in spanning tree
constraints, and binary state vector of circuit breakers u' € {0, 1}, u' € Z° , where u' is
zero if the switch is open and one if closed. The DNR model is to seek the loss
minimization over DistFlow equations. In reconfigurable DNs, if a branch / := (m, n)
is unconnected, v, —v, +2(r, P, +x, O Yzl [’/ =0 in (1.6) can hold for

mn— mn m

P =0' =0, ¢'=0and y<v<v,but v,—v +2(r' P\ +x' O y-z! P¢' =0 may
not stand with this solution due to 4“v#0 . Suppose that no additional active/reactive
power injections from reactive compensation or distributed energy resources (DERs)
are available to this branch 1, and as long as A"V =v,, —,>0 holds, then it is inferred

that m should be the parent node of n.
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According to [14], continuous parent-child relationship variables ' are proved to
get converged as binary solutions from real-valued continuous numbers. Inspired by
this characteristic, we can ideally link disjunctive parent-child relationship variables S
with “on/off” equality (1.6) and (1.7) via the disjunctive convex hull relxations
(DCHR) approach. In other words, if an arbitrary branch / = (m, n) with
active/reactive power flow directions depending on parent-child relationship variables
of DN, then v, —v, > 0 is consistent with f,,=1 and f3,,=0, or v, — v, < 0 is consistent
with f,,=1 and f3,,=0. Mathematically, we have

Theorem: Let Q' be the feasible set of the DNR problem with respect to
optimization variables (x/, £/, u'). For an arbitrary branch / := (m, n) for V(m,n)e N,
if the signs of P,, and Q,, simultaneously depend on the combination of f,, and S,
then Q' can be expressed as:

(2.4)-(2.7)
(3.4)-(3.7)
Q' ={(x, B u"y e R x72(v —v ). >0 (3.15)
v(v, —v,) B <0

/
v, -v,)u, =0

where \/ denotes the logic operator for disjunction.
Proof: Suppose that there exists a directional branch power flow from parent node n

to child node m such that v,—v, > 0 for ! ,=1 and f,,=0. Due to £,, > 0, then we have

mn

1
mn

I <0

mn

—|z!.[2¢., < 0. And directional branch power flow from n to node m means that P
and Q) <0. Subsequently, it is derived that v—vi= 2RuP |, +2XmQ ..~z .. 7€}, <0

where R, and X, refer to the resistance and reactance of branch /. This induces v, —

vn < 0, which contradicts v,, — v,>0 as the initial assumption. Similarly, this theorem
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can be also proven for which v, — v, < 0 is consistent with 8!, =1 and 8. =0. If u! =0,

nm

then g’

nm

= . =0by (3.15) and v,—v, can be free. n
With this theorem’s framework, it is found that no additional disjunctive variables
are incorporated for tighter relaxations, but it can guarantee a more rapid convergence
than using Big-M and McCormick linearization method. Indeed, if there exists a DN
without any reactive compensation or DERs injection, the enforced disjunctive
constraint naturally holds for each branch since the voltage profile at the root node is
the only highest. For a branch /:= (m, n) with additional reactive compensation or
DERs injection at the ending node 7, this theorem may not hold due to vi» — v» <0 and
Bow =1, Bun = 0. It is known that this / is a connected branch with parent node m and
child node n,but (v —v)-u! #0, (v,-v)-p. =0 and (v —v)-B <O0disobeys
this Theorem. Therefore, if a branch has a bi-directional power flow caused by
reactive compensation or DERs injection, any enforced disjunctive constraints
between parent-child relationship variables and voltage drops in (3.15) should be
relaxed. Otherwise, additional disjunctive variables should be incorporated to replace
parent-child relationship variables in (3.15). Excluding branches with the possibility
of bi-directional power flows, a disjunctive CH based on parent-child relationship
variables can be utilized to construct tighter convex relaxations of (1.6) and (1.7) and
disjunctive constraints in (3.15) for the rest of the branches. Please also note that the
simple way is to estimate which is the farthest load node from the center of each
reactive compensation and DERs injection node via calculating their capacity
accommodation. Thus, we can easily find these possible branches and relax their
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corresponding disjunctive constraints between parent-child relationship variables and
voltage drops in (1.6).

For (1.6), we define Qi mn and Qi, .» as the disjunctive convex sets for (3.15)
integrated with 3, = 1 and S, = 1 for branch [ := (m, n), respectively. Subsequently,
Q1. ma can be written as a union of two convex sets Q,,” and Q. corresponding to S, =

1 and f3,, = 0. This is similar to i, »» under $,,=1 and 4,,=0.

Ql,mn = COHV(Q?,mn o Q},mn )’ Ql,mn = ConV(Qlo,nm o Qi,nm) (3 16)
Q,,.Q,, ={x'eR" [v<v<v, 0, P, O =0} (3.17)
Q.0 ={x' eR"[(1.6).y<v<v,0< 0, <7} (3.18)

In this vein, we sketch the geometry closure of Qi ,» and Q ., with a continuous
variation of B!, B.. € [0, 1] on (Vs—vu, 2RmiP}, +2XmnQ)., =z |*€} ., B)-space in Fig.

3.4 (a). The geometry closure of Qi, », and Q1, .» are disjunctive polyhedral sets with

vertexes Vi—Vs4 and Vi, Vs—V7 in blue and green CHs, respectively. Note that the

1
nm

former vertical coordinate axis is upward £,, while the latter vertical axis is downward
p... Clearly, the hyperplane w1 with vertexes Vi, V2 and Vj is at the bottom of the blue
polyhedral hull, whereas hyperplane y> with vertexes V4, Vs and V7 is at the top of
the green polyhedral hull. With this definition of bi-directional vertical axis, w1 and y»
are bottom hyperplanes of blue and green polyhedral CHs, respectively. As a result,
with the hyperplanes w1 and y»>, we explicitly express two constraints in (3.19) that are
obtained from the coordinates of vertexes Vi, Va2, V4, Vs and V7, which are {;—y ,
v—v, 1}, {0, 0, 1}, {0, 0, O}, {v—v, v—v, 1} and {0, 0, 1}. In terms of top
hyperplane, both disjunctive CH Qi,, and Qi,» have the same upper bound.
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Subsequently, the third constraint in (3.19) using u! = ' + ! can represent the
top hyperplane with vertexes Vi, V2, V3 or Vs, Vg, V7. These linear constraints from

equations of the above-mentioned hyperplane:

EENLNG Y)Y T Y SR LDy e

V- vy

L Av——L 2D, P' +2D, 0|2 P ()=, 21 (3.19)
V—v V-v

_1 A v———-2D,P' +2D Q' | 7' } ¢+’ <1

V—v V-v

As a DCHR formation via u' = f,,+B.., the disjunctive CH Q1 = Conv(Q1, um U Q1, mn)
of (1.6) and the enforced disjunctive constraint in (3.15) yields
Q ={(x",p,u") e R x7Z"|(3.19)and (3.21) - (3.23)} (3.20)

where corresponding perspective linear cuts are imposed to improve bounds of v and

{' by
(1=BL =)<y, —v, < B (v=v) (3.21)
Bl v=v)<v, —v, <(1-BL)V-) (3.22)
(=0 40, 0<0 <B 7, 0<t <p T (3.23)
Vi
B =7
, 0
ﬁ;”” = 1 <
o 2P \\
QR’”-N R’n‘n T QXH’P”QJ;HH - |Z:nu‘2€f’nu - 2Q£m’
(@) (b)

Fig. 3.4 (a) Disjunctive closure of Q;; (b) disjunctive closure of Q.
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For (1.7) of the branch / := (m, n), the possible CH of both (1.7) and the enforced
disjunctive constraint in (3.15) can be expressed as the union of two points (x/,u')=(0,
0,0, y,0,0)and (0,0,0, v, 0,0) and a continuous second-order conic (SOC) set,
where this SOC set is drawn from a continuous SOC relaxation of the quadratic
equality (1.7), yielding

1P, 20, v, = ) L<v, +£, Ymne N (3.24)

With the above-mentioned theorem, we visualize the geometry closure of this
SOC-representable set by (3.24) as a disjunctive CH on (2P, 20,., f)-space as
shown in Fig. 3.4 (b). In this figure, the intersection between the second-order cone
and a valid cutting plane by either v —vy = 2P, + 20, ~1Zm[*Con = 0 0T vis — va < 0
contributes to forming a nearly half second-order cone. Evidently, this disjunctive
closure is tighter than a full second-order cone. Let Q2 be a DCHR formation with
respect to f3,, and f3,,, which is expressed as

Q,={(x',p',u') e R"* x 7 | (3.24) and (3.26)-(3.27)} (3.25)
where corresponding perspective linear cuts are given as
0<2D,P' +2D Q' -D.l' <(v-v)-f. (3.26)
(v=v)-B., <2DP'+2D.Q' - D' <0 (3.27)
By the observation of Q; and €, this DCHR approach is tighter than the

McCormick linearization method and the Big-M method for any branch / under

Theorem, which corresponding proof can be provided here.

Proof: For McCormick linearization method, we suppose y'=u'-Av  and then
y'-2D,P'-2D.Q0'+ D" =0 automatically holds also for connected and/or
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unconnected branches subject to 4*V+(V—v)- @ -D<y' <Adv--p)-@'-1
It is clear that, due to the large-enough positive scalar number M=z -v) ,
McCormick linearization method has tighter relaxation bounds of (1.6) than Big-M
method.

For an arbitrary branch /, the lower bound of (1.6) by McCormick linearization

method is denoted as L, yielding

Lllower — A‘v+(\7_z)'(ul _1)_2DrPl _2Dle +szl (328)

However, in terms of DCHR, the lower bound of (1.6) for branch / denoted as

LY* is derived from the intersection set of first two inequality in (3.29), which is
given by

leower — A y— 2DrPl _ 2Dle + ngl (329)

lower lower
L L™ b

Hence, we can achieve the difference in algebra between and

Y
lower lower __ ;— lower lower
LM =L = (V=) (' =1) gince u' €101} , this clearly renders L —L" =<0,

Similarly, we can also achieve the upper bound of (1.6) by two methods are equal.

Moreover, this McCormick linearization method for (1.7) adopts a Lorentz cone L

defined from (3.24). Let @, be the feasible set of this Lorentz cone L, whereas
DCHR has the feasible region

Q,={O,Nnv,-v,>0)}u{D N, -v, <0)}U{Dd N(v, —v,=0)} (3.30)

This implies that @, is smaller than @, since v, —v, only holds for either

v,—v,>0 or v, —v <0 or v, —v, =0.In light of tighter bounds in (1.6) and

(3.10), we have proved that DCHR has tighter relaxation bounds than the McCormick

linearization method and Big-M method. [
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With tighter bounds, this DCHR approach can also converge at the optimal point
with achieving SOC equality for a load oversatisaction assumption and radial
networks as proved in Subsection 2.4. Making use of the above, the loss minimization
of DNR is a nonconvex mixed-integer quadratically constrained programming
(MIQCP) problem. Now we have enabled this MIQCP-based DNR model to a
tractable MISOCP-based DNR reformulation with the set of optimization variables
x = [P’,Q’,El,v,Q"’,w’,m’,f’, ,"m, ,’,m,u’]T, V] e £ subject to system operational

constraints below. Leveraging Qi and () to represent (1.6) and (1.7), we have
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min P,
xl

P o+Pi—r = Z P, +P',VleENmne N

mn™ mn
kex(n)

Qti1n+Qf_xl gl = z Q,ik +Q’cj, Vleg,Vm,neN

mn -~ mn

kex(n)
L Av——l @D P 2D 0|2 P -
V—y V-y
L Av——l@DP 2D 0|2 P Y-
V-V v-y
_1 .A.v__l 2D, P' +2D Q' |7 [ "+, <1
V-V V-V

(=B )@=v)<v, v, < B (v=v)
Bl (v=v)<v, —v, <(1- . v-v)
C=t 1 0<t <p T 0< <p T

2P
200 | <m',Vle& Vmne N (3.31)
S.t. w

2
w=0 —v . m=0 +v . B VIieE,VmneN
0<2D P +2D Q' |z P ¢! <(v-v)- B
(v—v)-B. <2D P +2DQ'—|z' [ ' <0
-0,<0,<0,
ch <0” < ch
v<v<y
B+ By =1t
' =0, ifm=0

m

> B, =1LYmeN0

n:(m,n)e€

lBlimZO
A f=1
~N-u'<f'<N-', Vie&

1"u' =|N|-1, u' €{0,1}

=

where P is the active power injection at the root node 0.
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3.4 Case Study

3.4.1 Simple 6-node DN

The following simple 6-node DN is used to exemplify this polyhedral
approximation of DNR model using Big-M relaxation method. The network is shown
in Fig. 3.5. The node 1 is the PCC bus, while nodes 2-6 are PQ buses. In other words,
N ={123,45,6} and & ={1,2,3,4,5}, where branch labels are displayed in
yellow-filled square boxes. The impedance of each branch, the load demand of each
node and the reactive power compensation capacity of installed capacitors are labeled
in this figure. The voltage allowance band of each node is set to 0.97-1.07 p.u. The
switch-off circuit breakers are marked with “0” and the rest are switch-on marked by
“m” For a fixed topology, we focus on reactive power optimization on the active

branches for the minimization of real power loss.

-0.3-j0.03 6

Q.
1 1 2 4 oo
| 0.041+j0.052 0.049+j0.055 0.066+j0.070 | -0.2-j0.02
| 0 _L_I .
| } h == j0.2
-0.5-j0.05 -0.3-j0.03 =

Fig. 3.5 Topology of a radial DN.

According to this DCHR-based DNR model (3.31), the size of [P',Q',¢',v,0“] is
6-4+1=25; [w',m',¢",¢"] has the size 6:4=24 and [f',p.,., B, ] has the size

3-6=18.The remaining u' is a vector of u' =[u,,u,;, Uy, U,s,1s,us,] Thus, the total
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number of variables is 25+24+18+6=73. The SCF constraints and spanning tree
constraints are the same as the MISOCP-based DNR model with Big-M relaxation
method. The tree-shaped voltage profiles before and after DNR operations are
presented in Fig. 3.6. The output solutions are shown in Table 3.2 and Table 3.3 after

running the above codes.

1.08

— — —before DNR

after DNR

—_

(=

(=}
T

,_.
o
e

voltage profiles / p.u.
_ B

098 1

0.96 1 L L 1
1 1.5 2 2.5 3 3.5 4
branch

Fig. 3.6 Tree-shaped voltage profiles of simple 6-node DN.

Table 3.2 Optimal DNR objective of the 6-node DN.

Minimal injected

Solvers real power at PCC Real Power Algor}thm Cpmputa‘uonal
Loss (p.u.) Iterations  Time (seconds)
node (p.u.)
MOSEK 1.504 0.1035 7 0.031
Baron 1.504 0.1035 6 0.030

Table 3.3 Optimal DNR solutions of the 6-node DN.

Circuit breakers

Solvers Swicth-on status of Branch No. Swicth-off status of Branch No.
MOSEK 5 1,2.3,4,6
Baron 5 1,2.3,4,6
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3.4.2 Large-scale DNs

To validate the effectiveness of DCHR, we show the voltage profiles before and
after DNR operations by this proposed DCHR approach. The tree-shaped voltage
profiles are presented in Fig. 3.7 (a)-(d) for different DNs: (a) 16-node; (b) 33-node;
(¢) 123-node and (d) 1060-node. The voltage profiles before and after DNR
operations are enhanced to reduce the power loss, where this phenomena can be
observed by the blue lines as compared to grey dashed lines in Fig. 3.7 (a)-(d). This
demonstrates that this proposed DCHR approach can successfully solve this DNR

problem with voltage profile enhancements.
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Fig. 3.7 Tree-shaped voltage profiles of different DNs: (a) 16-node; (b) 33-node; (c)

123-node and (d) 1060-node.

To compare the relaxation tightness of DCHR, we employ the DNR models using

four methods: (7) the Big-M method for (1.6) and continuous SOC relaxation for (1.7)

(M1) [14], (ii) the McCormick linearization method for (1.6) and continuous SOC

relaxation for (1.7) (M2) [15], and (ii7) the polyhedral approximation method with 32

segments of linearizations (M3) [17], and (iv) the proposed DCHR approach (M4).

These comparable M1-M4 are implemented for the low and the high penetrations of

reactive power capacitors and DERs for cases I and II, respectively. The

computational performance in terms of CPU time in seconds and algorithm iterations

are given in Table 3.3 for M1-M4. The convergence performance of duality gaps is

presented in Fig. 3.8 by M1-M4.

Table 3.3 Computational Performance Among M1-M4.

CPU Time (s) Iterations
Cases Syst. ~ Convex Relaxations  Approx. Convex Relaxations Approx.

M1 M2 M4 M3 M1 M2 M4 M3

16-node 0.281  0.250 0.234  0.297 202 172 113 99
33-node 2906 1985 1.187  1.781 3452 2259 949 1290
123-node  1.613 1488 1.171 1.875 237 329 135 275
1060-node 329.437 56.922 18.187 20.328 116663 16114 3764 4510
16-node 0.309 0297 0.228  0.275 175 151 133 109
I 33-node 3.703  2.141 1432  1.890 2021 1432 635 1136
123-node  1.703  1.641 1.218 1.918 237 329 179 152
1060-node 686.813 97.969 39.094 46.938 127315 13929 5567 5936
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Fig. 3.8 Convergence performance: (a) 16-node; (b) 33-node; (c) 123-node; (d)
1060-node.

Table 3.3 shows that M4 significantly outperforms M1 and M2 with the less
CPU running time and M4’s solutions are more accurate than M3 in theory for all
systems of two cases. Regarding the number of iterations, it suggests that the
relaxation bounds of DNR models by M4 is more effective than M1-M3 as justified
with the less running time. Since a large-enough positive scalar in M1 leads to loosing
bounds, it is tricky for M1 to find the optimal configuration scheme quickly. Between
M2 and M4, M4 can induce fast convergence with achieving SOC equality than M2,
since SOC constraints in M4 are coupled with parent-child relationship variables.

Additionally, M4 is superior for case I than case II, due to a larger number of
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branches that may have bi-directional power flows in case II. These conclusions are
also justified by the fast convergence in two test systems in Fig 3.8 (a)-(d).

Moreover, we examine the relaxation bounds by M1, M2 and M4 to showcase
the limitations of M1 and M2. For an arbitrary branch /, the bounds by M1 and by M4
are denoted as (3.28) and (3.29), respectively. For brevity, the number of
integer-relaxed SOCP models solved in the B&B iterations can suggest this DNR
model’s boundary tightness. Thus, we display this number of SOCP-relaxations to

represent the relaxation bounds during iterations in Fig. 3.9(a)-(d).
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Fig. 3.9 Lower bounds of M1, M2 and M4: (a) 16-node; (b) 33-node; (c) 123-node;
(d) 1060-node.
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Clearly, the relaxation bounds by M1, M2 and M4 are significantly different, in
which M4 has the tightest relaxation bounds as indicated in Fig. 3.9(a)-(d). This is
because of the least numbers of relaxations in the B&B iterations. In theory, M4 has a
tighter feasibility space for this DNR optimization due to L" > L™ in (3.28) and
(3.29) and a tighter Lorentz cone L by (3.30). Based on these two aspects, M4 has

tighter relaxation bounds than the M1 and M2.

3.5 Summary

This chapter proposes a DCHR approach to tackle the disjunctive nature of DNR
problems. With continuous parent-child relationship variables as disjunctive variables,
this DCHR approach is theoretically tighter than the McCormick linearization method
and the Big-M method, and it is especially suitable for DNs with directional power
flows. As demonstrated in case studies, the computing performance in terms of
running time and iterations using a DCHR approach yields superior numerical

performance than prior relaxation methods.
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Chapter 4

Observability Defense-Constrained Topology
Optimization of Active Distribution Networks for

Cyber—Physical System Security Enhancement

The system observability is crucial for a sufficient level of controllability on ADNSs,
which provides the ability to understand the physical system states. This has proved to
be extremely powerful, especially with the various grid operations that depend on the
physical system’s behavior, e.g., generator redispatch, fault location. Indeed, a huge
number of feeders and nodes with limited metering points such as D-PMU units are
essential to achieve this merit of observability. With D-PMU units, the full system
observability for system-wide security operation in ADNs can be available with a
good level of service continuity.

This chapter is focused on the defense level of cyber—physical security in the DNR
model. Motivated by the minimum cost PMU placement model in a relaxed connected
dominating set (RCDS) form [31], this chapter proposes a disjunctive RCDS
formulation for reconfigurable DNs with the least defense cost in theory. Then, an
observability defense-constrained DNR model can be cast as a mixed integer
second-order conic programming problem (MISOCP). This observability

defense-constrained DNR formulation will be elaborated and verified in case studies.
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4.1 System Observability for Cyber—Physical Security Enhancement

D-PMUs are advanced grid measurements for security and economic operation,
which measurement data are uploaded to dispatch centers via wireless/wired
communication layers. From the perspective of cybersecurity, it is crucial to monitor
the cyber interactions in cyber-physical DN entities against cyber attacks [35], where
the relationship for physical DNs, cyber-physical DNs and cyber DNs is displayed in
Fig. 4.1. If the some parts of DNs cannot be observed, then cyber attacks for these
unobserved areas may not be easily detected. As such, we propose the term
"observability defense" that can be used to describe the defense cost against

cyber—physical threats subject to the full observability of DNs.

Measurements Outgoing Signals
" | Cyber-Physical —_—
) DN Entity -~
Actuation Incoming Signals

Fig. 4.1 Cyber-physical interactions in DNs

The observability defense cost is on the D-PMU measurement protection, which is
very essential to prevent false data injection attacks (FDIAs) as common
cyber—physical threats. If any measurements of D-PMU s are attackable by adversaries,
corrupted measurements and/or load data can render improper DNR actions, then
probably inducing physical security issues that cannot be observed. Accordingly, the
effective cyber-physical system security defense, e.g., the full system observability

guarantees, cannot be neglected. At present, the existing cyber-physical defense
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strategies focus on the full protection of D-PMU data for the entire DNs. However, a
small number of D-PMU devices can actually cover the full observability of DNs,
since some nodes have zero power injection. In other words, this observability
defense strategy varies as the DNs change, which can be beneficial for reducing the
defense cost. From this perspective, we study the defense issue of system
observability in the DNR model.

Given that deployed D-PMUs and zero injection nodes are available in ADNS,
power flow and nodal voltage phasor can be observable just based on a proper use
combination of them. In terms of FDIAs during DNR operations, both zero injection
nodes without having generation or loads and substation measurements cannot be
attacked due to physical property and private communication networks [33]. Thus,
load-side smart meters and unprotected D-PMU measurements may be attackable as
displayed in Fig. 4.2. In this chapter, we only consider defensible D-PMUs and zero
injection nodes as limited security resources for DNR operations. This system
observability defense against FDIAs can be converted to seek a minimum number of
protected D-PMUs for less channel resources and decryption service subject to the

topological observability condition [34].
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Fig. 4.2 Illustration of the system observability defense.

4.2 RCDS Formulation For Fixed ADNs

To begin with, we introduce the RCDS problem for fixed ADNs. Generally, ADNs

are considered as a connected undirected tree G=(N,E), where N =[L2,...,

M
is the set of nodes and & is the set of branches in the dimension |5 | x 1. Suppose that
an arbitrary branch /:= (i, j),/ € £ is between nodes (i, ). For any RCDS solution
D c N under a fixed radial topology, we denote E[D]:={l € &l(i, j)) "D # ¢} as the
set of edges connected to D, where &£[D] is called a induced subgraph of & .

Following [31], this RCDS model is to seek a minimum node subset D via

, such that subgraph (N ,E[D]) is connected,

evaluating a minimum cardinality |D

yielding
g)ng% F=|D| (4.1a)
st. (N,ED]) connected (4.1b)

The minimum RCDS solution D* for (4.1a)-(4.1b) is also called the perfect
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protection set in [30] and [31]. Mathematically, we can explain the constraint (4.1b)
that (i) every node in A either belongs to D* or is adjacent to a node in D" ; and
(ii) any node in D" can reach any other node in D" by a path that stays entirely

within D" or a “relaxed path” that there exists one node notin D" along this path.

4.3 Disjunctive RCDS Formulation For Reconfigurable ADNs

From an operational perspective, ADNs are generally reconfigurable. Thereby, the

RCDS solution D is dependent on a binary state vector of circuit breakers ' for

the graph G .Here, u' is zero if the switch is open and one if closed, which

w(u')=0 denotes the spanning tree constraints for radiality and /4(u')<0 denotes
system-wide operational constraints. The subgraph induced by RCDS is then
modified as &‘[D]:= {l e&'li, )y nD# ¢} , where &" = {l el !//(u[) =0,u' EZ} )

Due to the disjunctive nature of DNR problems [9], we propose a disjunctive RCDS

formulation for reconfigurable £“ in theory based on the existing RCDS model:

Dgr/\rfl,lrul’ez; F:|D| (4.22)
st. (N,E'[D]) connected (4.2b)
w@')=0 and h(u')<0 (4.2¢)

It is evident that the minimum RCDS solution D* for (4.2a)-(4.2¢) is
characterized by ' . The following Fig. 4.3(a) and (b) are two corresponding radial

topologies for a 6-node network, where the root node 0 connects the substation.
Suppose all nodes have loads and the D-PMUs at all nodes other than the root node 0

are eligible for defense.
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Fig. 4.3. (a) Topology g« with two leaves; (b) topology g« with five leaves.

By the observation, it is easily found that Fig. 4.2 (b) only employs one D-PMU at
node 1, whereas Fig. 4.2 (a) must deploy two D-PMUs at nodes 2 and 4, respectively.
The topology distinction is obvious since Fig. 4.2 (b) has four leaves but Fig. 4.2 (a)
has one leaf, where a leaf refers to a terminal node with degree one for these two
rooted trees.

This indicates that the topology determined by the optimal RCDS solution D" is
equivalent to deal with a maximum leaf spanning tree problem (MLSTP) subject to
w(u')=0 1in (4.2c). Without loss of generosity, if all non-leaf nodes have deployed
D-PMU units, then the maximum leaf numbers determined by D" and by the
optimal MLSTP solution D are equivalent, which can be proved below:

Proof: There exists an optimal MLSTP solution D representing a spanning tree G
with n vertices and n-1 edges. Suppose that G has s leaves such that s>1 and
s<m , where m is the number of leaves from the topology by the optimal RCDS

solution D" if all non-leaf nodes have deployed D-PMU units_. By the Handshake

Lemma for all wvertex v, the degree sum can be expressed as

Y degv= Y degv+s= > degv+m . This further induces
v=1

v=n—s+1 v=n—m+1
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z degv> Z degv since s<m. Recall that the total degree of non-leaf nodes

v=n—s+1 v=n—-m+1

represents the total number of edges that have these non-leaf nodes as endpoints. Thus,

we have D degv=2(n—(n-s+1))=2s-2 and

v=n—s+1

Z degv=2(n—(n—m+1))=2m—2 . By substitution, it is clear that 2s5-2>2m-2

v=n—-m+1
can hold, i.e., s>m stands, which contradicts the assumption s<m. This demonstrates
that s should be equal to m. ]

It is assumed that M”" represents all nodes of D-PMUs other than the root node 0

and M" e N'. Then, the decision vector is encoded by binary variables as z for

D-PMUs in the dimension |N|><1 , 1.e., zie{O,l},Vie/\/lP ; otherwise, z =0

1

fori g M” With M” # ¢ and the physical property of MLSTP, we can observe the

minimum cardinality |D| has the maximum leaf spanning tree if A(u')<0 in (4.2¢)

is relaxed. This is essential for strengthening the lower bound of Z z
iemM”

> z,>z" 4.3

iem? ! ( )

where z* refers to the lower bound by solving (4.2a)-(4.2¢) with relaxed /(u')<0.

Since M” #¢ , then z® > 1 holds, which indicates (4.3) should be tighter than
2 z; 21 in[30].

ieM”

4.4 Linear Formulation of Disjunctive RCDS Constraint

Let M’ and M" be the sets of zero injection nodes for non-leaf nodes and leaf
nodes (M',M" = N ), respectively. And y be the auxiliary binary-based decision

variable vector for zero injection nodes in the dimension |J\/ |><1
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Namely, y, €{0,1},Vie M’ and y, =1 and Vke M" ; otherwise, y,=0 for
ig M'. We denote ](y)::{ieN| y,=1 or Hje/\/:yj zl,Vleg“} for all zero
injection nodes and associated dominated nodes, where an associated dominated node

for node i refer to a dominated non-zero injection node on a branch / := (i,j) whose the
other side node j is a zero injection node with y =1 . And
P(z)::{ie/\/| z=1 or FeN:z =], Vleg“} for all D-PMU nodes and
associated dominated nodes, where an associated dominated node for node i indicates
a dominated node on a branch / := (i,j) whose the other side node j is a D-PMU node
with z, =1.

In order to understand P(z) and /(y), the decision vector is encoded by binary
variables as z for D-PMUs in the dimension | N |x1. The vector y is the auxiliary
binary-based decision variable vector for zero injection nodes in the dimension
| NV |x1. Mathematically, we express as

z,=0, VigM’, z,€{0,1} VjeM’ (4.4)

y,=0, VigM', y =1, VkeM", y e{01} VjeM (4.5)
For the graph @, it is clear that P(z)uUI(y)= N should hold, where

P(z)={ieNl||z,;=lordke N :z, =1,(i,k) e &} (4.6)

I(y)={ieNl||y,=lor3jeN:y =1,(,j)e&} 4.7)

These two sets can be illustrated for node i in Fig. 4.4 (a) and (b).
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(a) Illustration of set P(z)

zero injection Loads zero injection
Loads
Inode I node I
nodei nodej node: nodej
yi=1 and i€l(y) yi=1 and i€I(y)

(b) Ilustration of set /(y)
Fig. 4.4 Illustration of sets P(z) and /(y)

For Fig. 4.4(a), ie P(z) holds according to (4.6) if a D-PMU unit is active at node
i (i.e.,z,=1) or a D-PMU unit is active at adjacent node & (i.e.,z, =1). For Fig. 4.4(b),
if node i has zero injection with y =1, or adjacent node j as zero injection
withy, =1, then je/(y) according to (4.7).

Clearly, P(z)ulI(y)=N should hold for arbitrary reconfiguration of ADNS;
otherwise this topological observability condition does not stand [30]. This is becuase
power flows of arbitrary node can be observed directly by a D-MPU unit or when an
adjacent node is a zero injection bus. We illustrate this point from a 6-node system in

Fig. 4.5 where node 1 has D-PMU unit and node 2 is a zero injection bus with y»=1.
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root node 0

zero injection node

Fig. 4.5 Illustration of P)VI(y)=N
In this example, it is clear that P(z)=10,1,2,4,5} and 1(»)=11,2,3} , and then
P(z)UI(»)={0,1,2,3,4,5} =N . Under this condition P(z)VI(»)=N , we
incorporate an auxiliary binary variable W,; =1 for the branch 1 := (i,j) if the adjacent

node ;j is dominated by the zero injection node i; otherwise W,; =0. Following [31],

ex .. .
press the connectivity constraints to formulate (4.2b):

% " k:(i%:ef”Zk i /EZ/:\/( M)li ' u’i) 2 1’ Vie MP (483)
Z(wjuy)<y,. VieM (4.8b)

where (4.8a) represents the connectivity constraint of the graph G such that
P(z)UI(y)=N ; and (4.8b) states that among all active branches adjacent to an
arbitrary zero injection node i, there is at most one adjacent branch whose other side
node j can be dominated by node i.

Since (4.8a) and (4.8b) are established on reconfigurable ADNs marked by &

and also have nonlinear terms wé. uf] , we equivalently relax them as a set of linear

. . oqe . l _ l l _ l .
constraints with the auxiliary variables m;=w;,-u;, and e =z -u; using
McCormick linearization method [100], where mé ,€, € {0,1} :

l ! ! i !
; m; Suy, €<z, e Su (4.9a)

l ! i /
my 2w, +u; —1, e 2z, +uy -1 (4.9b)

91



Therefore, the linear formulation of disjunctive RCDS constraint consists of:

Z+ X e+ rmy=l, VieM’
k(i k)eE jeN
i . 1
<

lg:vmﬁ <y, VjieM

2z, 2z¢f (4.10)
ieM”

i < ! i < ! < < i
m; <w., my<ug, e <z, e <u,

i ! i i
my 2w, +u; =1, e 2z +uy -1

4.5 Observability Defense-Constrained DNR Formulation

For the sake of the minimal power loss in reconfigurable ADNs, the set of
optimization variables involves a set of  operation variables
x = [P’,Q’,Kl,v,Qc’,/)”]T,xi €eR, where P' and Q' refer to the vectors of
sending-end active and reactive power flows; ¢’ is the vector of squared current on
branches; v is the vector of squared voltage profiles; Q¢ is the vector of nodal
reactive power compensation; and '  denotes the continuous parent-child
relationship variable. For the proposed defense-constrained DNR model, a binary
variable vector xf, = [u’,z, ¥, w’,m’,eT,xé €Z , is also included. Now, we express
this DNR problem using the DCHR approach in the Chapter 3. By assuming that
ADNSs have sufficient D-PMUs, we can enable this defense-constrained DNR model
as a MISOCP problem subject to system operational constraints /(u')<0 denoted by
(4.11b)-(4.111) and the disjunctive RCDS constraint denoted by (4.11m)-(4.11q) and
spanning tree constraints for radiality w(u')=0 by (4.11r)-(4.11s).

It should be noted that the defense cost of zero injection nodes is zero. Hence, the

minimum defense cost is with respect to D-PMUs. Since the number of D-PMUs is
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proportional to the consumption of decryption service and shared channel resources,
this number of D-PMUs equivalently represents the minimum defense cost function.
From the perspective of cyber-physical security, the minimum power loss Pjss can be
subject to the distribution topology with the minimum cost of observability defense.

To scale the physical units, we define ¢ and ¢ as coefficients with units $ and $/p.u.

for defense cost z z, and power loss P, respectively. In this study, we select c1 =
ieN

c2 = 1, since P per unit is generally less than 1 and ZZZ, for positive integers
ieN

starting from 1. Then, the weighted sum (4.11a) can be used to achieve the minimum

Z z, 1in priority, and then obtain the minimal power loss Pss. With the observability
ieN

defense constraint (4.10) and achievable z,, the DNR model can be formulated as a

MISOCP problem:
lml]fll Ploss+ ZZi (4113)
x.eR,x,€Z ieN
st.—P+P'=A"P'-D/ (4.11b)
_Qg_ch+Qd =ATQI_DX/€I (4110)
_1 -A-v—_1 -2D,P'+2D Q' 7' | E’)—ﬂj.lz-l (4.11d)
V—y V-—y
L 4L @ppPiap oy -p 20 (4.11¢)
V-vy V-y ‘
_1 -A~v—_1 -2D,P'+2D Q' 7' E’)+uf,£1 (4.119)
Y V—y ‘

l o [ I - IngT 4.11
(=)= < A-v< B (=), BLv=1) < A-v < (1= f)(v—p) +118)
f=rd o<l < g7 o< < g7 (4.11h)
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0<2D,P' +2D.Q'-|Z' [ I'<(v—y)- B, (4.11i)

= I / / 12 gl .
(v=v)-;<2D.P +2D .0 —[z [ I'<0 4.11j)
P +|Q[ <D,-¢', ~B-u'<P.Q <B-u (4.11K)
y<v<y, 0<0<l, @ <0@"<Q, @.111)
z+ X e+ rm>1l, VieM’ (4.11m)
k(i k)e€ jeN
<y, VjeM (4.11n)
> oz >zf 4.11

ieMPl ( O)
my<wi, omp<u, e <z, e <u, (4.11p)
my > wi+u; =1, e >z, +uy —1 (4.11q)

i i 1 ! . .
B+ By =u, B =0, if i=0 (4.11r)
Y B, =LVieN\0, 0<p <1VIie& (4.11s)

Jii.J)e€

where P

loss

is the active power loss of ADNs and the root node is 0. M is the big
positive number. P*, Q¢ and P, Q¢ indicate the vectors of given nodal active and

reactive power injections and active and reactive loads at nodes. 4 is a

|5 | by|N | branch-node incidence matrix. D, , D _and D, indicate the diagonal matrices

whose diagonal elements are the resistance vector, the reactance vector and the

squared impedance modulus vector, respectively. D, is the diagonal matrix whose

diagonal elements are squared voltage profiles v of the sending nodes for all branches.
B refers to the rated branch capacity. Q. Q,,. V., v, 7 represents the boundaries of

Q“,vand /', respectively.
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4.6 Case Study

The IEEE 16-node, 33-node, 123-node, and 1060-node distribution systems with a
few DERs are used for tests. We have highlighted our RCDs solutions for the /EEE
33-node and 123-node DNs. With given zero injection nodes {3, 11, 18, 20, 24} for
the IEEFE 33-node system, the corresponding minimum RCDS solution D*={1, 2, 7,
10, 14, 16, 25, 28, 31} is displayed in Fig. 4.6, where solid and dashed lines refer to

switch-on and switch-off status, respectively.

- switch-off
— switch-on

DER
25| 261 27 28 29 B0 BU B2

ST

10 11 14 15 16 17

Root bus

| Y Defensed D-PMU

Fig.4.6. Minimal RCDS solution p* of IEEE 33-node system
In terms of the JEEE 123-node ADN, the zero injection nodes are given as {3, 8, 14,
15,18, 21, 23, 25, 26 ,27, 44, 40, 54, 57, 61, 67, 72, 78, 81, 89, 91, 93, 97, 101, 105,
108, 110, 115, 116, 117, 119, 120, 121, 122} and the minimum RCDS solution
D" ={5, 8, 13, 14, 15, 19, 21, 25, 29, 31, 35, 38, 42, 47, 50, 52, 54, 55, 58, 60, 63, 65,
68, 70, 72, 74, 76, 78, 82, 84, 87, 89, 94, 95, 97, 99, 103, 106, 108, 110, 113, 123} as

presented in Fig. 4.7.
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Fig. 4.7 Minimal RCDS solution D" of IEEE 123-node system.

In Fig. 4.6, the color-coded solid edges of &“[D*] indicate that the graph
( N,E[D*] ) is connected. Similarly to Fig. 4.6, Fig. 4.7 presents the optimal
locations of defensed D-PMU units, which means every branch flow can be
observable under defensed D-PMUs at dominated node set D" . These simulation
results of two test systems demonstrate that our proposed observability
defense-constrained DNR approach is effective for the power loss minimization
subject to the full observability of ADNSs.

To compare the total cost, we employ the DNR models with the low and the high
penetrations of D-PMUSs, respectively. Table 4.1 shows the power loss cost of the

conventional DNR model without D-PMUs (p.u.), the observability defense cost and
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the corresponding power loss cost (p.u.), and CPU time (in seconds) for two

penetration rates of D-PMU .

Table 4.1 Optimal observability defense-constrained DNR solutions

Cost of Low D-PMUs Cost of High D-PMUs
DNR Defens
DNs Loss  z¢8 . Loss Time 2  Defense  Loss Time

6 0.0323 0.521 5 5 0.0318  0.500
11 0.0594 2.368 9 9 0.0586  1.719

41 0.1029 175.542 35 35 0.0995 151.024

16-node 0.0302
33-node 0.0542

123-node  0.0995

1060-node  0.1404 59 0.1823  225.032 45 45 0.1409  179.078

DN B W O W

For these exhibited cases, our proposed observability defense-constrained DNR
solution with the low and the high penetrations of D-PMUs successfully achieves the
complete system observability status in four test systems. The distinction between
them 1is the different total cost. The defense cost and power loss cost for the high
penetration of D-PMUs is much lower than the one for the low penetration of
D-PMUs. This is because more D-PMUs locations lead to a larger feasible space for
the DNR optimization. For this reason, the defense cost is equal to z¢ for test systems
with the high penetration of D-PMUs. This demonstrates that the proposed DNR
model seeks the minimum defense cost in priority and then pursues the minimal
power loss cost. This is also why the minimal power loss cost is generally larger than
the power loss cost of pure DNR model. In contrast, if the feasible space is minor,
then the optimal cost would be larger for test systems with the low penetration of

D-PMUs. Additionally, the proposed DNR model involves the tighter bound in (4.3),
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which induces the desirable computational efficiency in terms of CPU time for two

case studies.

4.7 Summary

This chapter proposes a disjunctive RCDS formulation for reconfigurable networks
with the least defense cost in theory. With this formulation, an observability
defense-constrained DNR model can be constructed as a MISOCP problem. As
demonstrated in case studies, this observability defense-constrained DNR model
perfectly enables an observable DNR solution just with the minimal defense cost and

active power loss for cyber—physical system security enhancement.

98



Chapter 5

A Consensus ADMM-based Differentially Private
Topology Optimization Approach for Privacy
Preservation Enhancement of Multi-Agent Active

Distribution Networks

The topology switch for the loss minimization may expose the private load change
information of an agent, e.g., transition from a light load to a heavy load, in
interconnected ADNs managed by multiple agents. To address this issue, this paper
proposes a DP-DNR mechanism based on the C-ADMM algorithm. This can tackle
privacy leakage challenges on the agent’s and customer’s levels. To suppress private
load change leakage as an agent’s concern, this DP-DNR mechanism provides a
mixture output of realistically optimal topology switch status and corresponding
obfuscated-but-feasible load flows, part of which may have reverse load flow
directions. On the customer’s level, the C-ADMM-based decentralized DP-DNR
approach can seek the optimal topology switch without customer’s load datasets of
agents, whilst exchanged communication signals in C-ADMM algorithm are also

synthetic based on the proposed DP-DNR mechanism.

5.1 Differential Privacy Theory

Differential privacy protects statistical or real-time data by adding desirable amount
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of noise along with maintaining a healthy trade-off between privacy and accuracy.
This process can be illustrated in Fig. 5.1. The protection of complete data from
database can be achieved by DP; otherwise unprotected data can be analyzed or

inferred by doing analyst query attacks.

Analyst Query

Unprotected Data

(Without Differential Privacy) i e

Differential
Privacy

Masked Noisy
Data with DP
(Protected)

Original Data
(Unprotected)

Database

Analyst

Fig. 5.1 Data output with DP preservation and without DP preservation.

Accoding to DP theory, DP guarantees for optimization datasets are achieved
through randomization. Thus, when answering optimization queries, the DP-based
mechnism is to make adjacent optimization datasets statistically similar. Suppose X(d)
be a randomized counterpart of optimization map x(d), and two datasets d’, d are
adjacent with the Euclidean distance ||d —d'||<a bounded by some prescribed
parameter o > 0. By [51], we have the formal definition of DP:

Definition 5.1 (Differential privacy). A random optimization map X: D— X is (e,
o)—differentially private if VX € X and Vd, d’' € D satisfying ||d —-d'||<a for some
o > 0, it holds that

Pr[x(d) =x]< Pr[i(d = fc]exp(g) +0 (5.1)

where probability Pr is taken over randomness of X.
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According to this definition, the probabilities of observing the same optimization
result on adjacent datasets are similar up to parameters ¢ > 0, termed privacy loss, and
0 > 0, termed probability of failure. Accordingly, X (d) and X (d') are statistically
similar if parameters ¢ and ¢ take smaller values. In other words, smaller parameters &
and o0 can have the stronger privacy preservation.

Definition 5.2 (Output perturbation). For dataset universe D c R the output
perturbation is x(d) + { with perturbation , where A, is the worst-case /;—sensitivity
of the map to adjacent datasets.

Definition 5.3 (Input perturbation). For dataset universe ) < R the input
perturbation is twofold: data perturbation d =d +¢ with perturbation ¢ , where A; is
the worst-case /1—sensitivity of an identity query to adjacent datasets, is followed by
the map x( d ).

Proposition 5.1 The output and input perturbation strategies are (g, 0)-differentially
private. Both strategies directly extend to (e, o)-differential privacy by choosing the

Laplace distribution of random perturbations calibrated to />—sensitivities.

5.2 Non-Private DNR Formulation

The DN are considered as a connected undirected tree G =(N,E), where N is

the set of nodes and & is the set of branches and the set of root nodes is S. Suppose

that an arbitrary branch [:=(m,n),Vle & is between nodes (m,n) and the root
node is assumed as 0. The simplified DNR model is based on the linearized DistFlow
equations, which is cast as a mixed-integer quadratic programming (MIQP) problem.
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The set of optimization variables involves a set of operational variables
x' = [PI,QI,Q"", l)’l]T , switch status indicator variables #' €Z® . In this vein,
P'cR¥ and Q'eR¥ refer to the vectors of sending-end active and reactive power
flows. @ e Rl is the vector of nodal reactive power compensation and n, 1is the
number of capacitors. B’ € R*' are continuous parent-child relationship variables.
B’ are constructed with spanning tree constraints. For convenience, we express the

MIQP-based DNR model in following form:

_ Pl D, Oce |[ P!
‘min ) , (5.3a)
veraer | Q| 0q D, |Q
Pl
A Ocner Oepen, || -P¢+ P!
st.| A A T (5.3b)
‘S‘X‘E‘ cr ch Q + Q

2D.P' +2D Q' —(1-u'" )M < Av<2D P +2D Q' +(1-u")M (5.3c)

~u'M <P',Q'<u'M, v<v<v, Q7<Q"<Q” (5.3d)
ﬂ:im_l_ﬂr{m =ur[nn’ ﬂrlnnzo’ 1fm=S (536)
> B.=1, VmeN\S (5.39)
n(m,n)e€
0<pB. <1, Vie& (5.3g)

where (5.3a) states the quadratic active power loss of DNs under the assumption of
flat voltage profiles for all nodes. M refers to the big positive number and I’

denotes the branch capacity. P¢,0¢ and P Q¢ indicate the vectors of given

nodal active and reactive power injections and active and reactive loads at nodes. A4

isa |€| by |N| branch-node incidence matrix and A, is a diagonal matrix

whose i -th diagonal element is equal to 1 if node i has the reactive compensation

capacitors; otherwise it is zero. D, and D, indicate the diagonal matrices whose

diagonal elements are the resistance and reactance vectors, respectively. I' refers to

the rated branch capacity. QCV,Q,,,,\_/ and v represent the boundaries of Q@ and v,
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respectively.

Therefore, we can summarize ¢, 4,G,,d,G

cr?

b,,b, K and h from (5.3¢)-(5.3g). To

cr ”

avoid heavy notions, we express the general mathematical formulation of a
non-private DNR model in the MIQP form with respect to operational variables x'
including active/reactive power flow variables and reactive power compensation
variables, continuous parent-child relationship variables ' and switch status
indicator variables u' . We summarize this MIQP-based non-private DNR model
below.

Non-Private DNR: min £} =(x")e(x") (5.4a)

x'e]R,u’eZ

5 » G ! b !
Co A=) < k| =
stX =<(x",u) G ||lu b, u (5.4b)

l ! =l
G x <b, ,x<x'<x

where X refers to the non-empty feasibility space and f denotes the approximate
system power loss with a fixed diagonal matrix ¢ . The inequality in (5.4b) represents
the voltage security constraints, physical ranges of reactive power compensation
capacitors and topology-linked branch capacity constraints, which are marked by the
subscripts v, cr and u for G and b . The first and second equality denotes the

system-wide load balance of DNs and radiality constraints.

5.3 Differentially Private DNR Formulation

5.3.1 Privacy Leakage Problem of Non-private DNR Model
Suppose that the realistic tie-switch status u“ and corresponding tie-line load
flows x! for an arbitrary tie-line I, have to be shared with neighbor agents by a joint

DSO. As stated, there exist agent’s and customer’s privacy concerns. As conflicting
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interests, different agents as stakeholders may bid for grid services such as demand
response, which is dependent on operational topology as well as load flows of
tie-lines. For agent’s privacy concerns, sharing raw data of tie-lines between agents
may cause privacy challenges, i.e., the private load change information may be
exposed. On the customer’s privacy-preserving level, since a joint DSO performs the
DNR operation for the loss minimization of the entire interconnected ADN:s, all load
datasets from different agents are obliged to upload to the distribution dispatch center.
This may increase the possibility of exposing sensitive load consumption of
customers managed by an agent to adversaries who can further infer commercial
behaviors or perform cyber-physical attacks.

We illustrate these two categories of privacy concerns in one example. For the
agent’s concerns, as shown in Fig. 5.2(a), four agents A-D with three normally-open
tie-switches where each agent manages a specific ADN with one substation. If agent
A has an heavily loading event while others have light loads displayed in the top layer
of Fig. 5.2(a), an optimal DNR decision with the minimal power loss objective can be
made to close on all tie-switches between agent A and others as shown in the middle
layer. As observed, some heavy loads in agent A are transferred to neighborhood
ADNs after switching off sectionalizing breakers, thus eliminating its overloading
problem. However, these optimal DNR actions inadvertently exposes the substantial
load increase of agent A, which can be easily inferred from this DNR actions and
tie-line load flows. In energy market, suppose other agents such as B, C and D are
malicious bidders against agent A, and it is inferred that some heavy loads in agent A
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have been transferred to other agents. Then, agents B, C and D can bid high prices for
grid services, while agent A cannot win the contracts at the low price. Because they
know that agent A has insufficient loads to respond this request. As such, a synthetic
DNR solution with realistic tie-switch status can be against this load change
information of agent A leaked by realistic DNR operations. As indicated in the third
DP-DNR layer, as long as tie-line load flows and directions are obfuscated, the
private load change information of agent A can be preserved. Moreover, for the
customer’s concerns, Fig. 5.2(b) exhibits that all agents’ load datasets have to upload
to the DSO who performs centralized DNR decisions. In contrast to centralized
decisions, the decentralized mode can also seek optimal DNR decisions, but only with
a few exchanged communication messages of boundary variables. Thus, the

customer’s privacy can be preserved.
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Centralized DNR Decentralized DNR
(b)

Fig. 5.2. (a) An exposure event of agent’s privacy; (b) leakage of customer’s privacy

by centralized DNR model.

5.3.2 Privacy-Preserving Criteria For DP-DNR Mechanism

The well-known Laplace mechanism can be used to make queries over
X differentially private via an effective DP-DNR mechanism A for (x',u') . This
DP-DNR mechanism M should output obfuscated-but-feasible tie-line load flows
x' from x' and realistically optimal topology variables u'. To do this, we aim to
realize the following framework of this DP-DNR mechanism M :

min £ = (xl )T cx' (5.5

x eR,u’ eZ
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s.t. optimality of topology variables u' (5.6)

feasibility of operational variables for x“ (5.7)

where the objective function (5.6) represents the system loss of the entire
interconnected ADNs. Constraint (5.7) enforces M to output realistically optimal

topology solutions u"

equal to the ones by the non-private DNR model. Constraint
(5.8) denotes the operational constraints involving random perturbations, which can

enable M to provide obfuscated-but-feasible tie-line load flows x' .

According to this framework, this DP-DNR mechanism M  can be an

e-differential private algorithm based on the following Theorem:

Theorem 5.1 (DP-DNR Mechanism): Suppose random perturbations obey Laplace
distribution ¢" ~P:, P, :=Lap(A, /&) for an arbitrary tie-line /, €7 . And (561,!41*) S
X is the optimal solution of non-private DNR model. Then, the DP-DNR mechanism
M can output a mixture of obfuscated-but-feasible operational variable solution
x' and realistically optimal topology solution u!*, such that %' =x" + 4" & for this

tie-line /. This can be an e-differential private algorithm. The proof is as follows:

Proof: According to the definition of Laplace mechanism, let the query output
answers be () = x' , and we alternatively rewrite this theorem in the definition of

e-differential privacy.

P.[M(d) = OI<P,[ M(d') =0 |¢f (5.8)
for any two p-neighborhood load datasets d and d' and output solutions Q.
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For convenience, we define ¢ =[§’1,,,,,§1~} , {al’} :[al',...,al"] ,
{xl’} = [xl' ,---,xl”} , where n refers to the total number of tie-lines. Thus, the query

output {©"} for all tie-lines VI, eT , Vt=1,..,n, with the vectors of &', can be

written as

O'=x" =% —a"&", vielln] (5.9)

Therefore, the ratio of probabilities on two p-indistinguishable load datasets d and

d' can be bounded by
)| o |[e] [O a'E | oM =z a)
181 T I Pl ||
P[M@)=0"]  [[&@] | €] [0"]]  |laber] [0 %@
Pf[./\;l(d'):@l'] *h (d') alf_ &h Oh a & O -2 (d"
Al R A I E :
(d)] |- || 6] O agh | | O =x"(d)
n l, A
_Hal,exp{_ellcv x(d)llz} o o
0 A, _flexp e|0" — & (@), - |0t - & (@),
" gHOll xl’(d’)H i1 A,
[la" exp 2
=1 Ap

zﬁexp(euww <d'>u2J_exp(8”*’<‘”’%’<d'>z}<£)exp(ﬁj—es
A A,

(5.10)

where (7) comes from the definition of the probability density function of the Laplace

distribution. In (i) step, it is followed by the inequailty of norms, i.e., |d—|b|<|a—2|

‘fcl’ (d)-x"(d ')H , denotes the

for any real-valued numbers a and b. For the (iii) step,

l-sensitivity on p-indistinguishable input datasets Xx'(d) and X'(d’) subject to
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ch[(d) ~%(a)

5 <Ap . Accordingly, it is clear that (5.8) holds based on (5.10),

which proves this Theorem. ]

Please note that @' represents a vector of recourse variables by the DP-DNR
mechanism A . For tie-lines, a" e[—&l,&l] and @®» =0 for other internal
branches {l} in each agent, where ¢=1{,,}“7 holds. Therefore, we can express
x'+a'E" to represent the load flows of an arbitrary line /€& . The recourse function
of a' is to scale the random perpetuation &' in the program of DP-DNR
mechanism, which will be discussed in the later context. Regarding synthetic
solutions, we further propose two privacy-preserving criteria for shared tie-line load

flow data, i.e., load flow quantity and direction obfuscations.
(1) Load flow quantity obfuscation

To obfuscate x" with quantities, we incorporate a virtual power injection variable
vector -& €R | at boundary nodes of tie-lines, which aims to balance the random
perturbations in tie-line load flows. Let g» and g. represent the virtual power
injections at boundary nodes m and » for an arbitrary tie-line /; = {m, n}. In Fig. 5.3(a)
and (b), this tie-line is switch-on and the realistically optimal power flow direction is
supposed to be m—n, i.e., x" =d >0, and the obfuscated load flow directions are
displayed with a blue arrow (m—n or n—m). The power flow equality at boundary
nodes m and 7 is then formulated:

Ax'=d -g., Ax=d-g (5.11)

g, :—al'd_,‘l', g, :al’é‘", ge[—g,g] (5.12)
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"<ua (5.13)

where A,, and A, refer to the m-th and n-th row of matrix A4, respectively. And —&
and & are the lower and upper boundaries of g. By constraint (5.13), the recourse
variable ¢" is enforced to a zero if this tie-line / is switch-off by u" =0 ;
otherwise, " can be in the range of [—al,al] . For a switch-on tie-line /, a" is

incorporated to scale the random perpetuation &" in constraints (5.12).

%, \J Iid

A >0, a'd<d, d, A x>0, a'd'>d, d,

— m —p n — — m < n_——
'/L‘T_—':'_@t D (E D
~= obfuscated flow of +— o obfuscated flow of -

om tie-line 8n o tie-line En
(a) (b)

Fig. 5.3. (a) Realistic flow m—n; (b) reversed flow n—m.

Indeed, if & =1 holds for tie-line /, then non-zero virtual injections g, and g
through constraints (5.11)-(5.13) can obfuscate the tie-line load flow x% . In
Fig.5.3(a), it maybe smaller than the realistically optimal load flow x* if
0<a' &"<d, with the direction m — n, or larger than % if @'&'<<0 with the
direction m — n. Reversing the flow direction n — m is just when a" &>d  in
Fig.5.3(b), which will be discussed in the load flow direction obfuscation. Even
though this is achievable for load flow quantity obfuscation, it may enable a DP-DNR
mechanism M  to converge at a topology solution other than the realistic
u'" Therefore, we propose the load flow quantity obfuscation criteria for x" which

can enable M to maintain the optimality of topology solution at «" .
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Criteria 1(Quantity Obfuscation of Tie-lines): With virtual power injection g at
boundary nodes of tie-lines, the proposed DP-DNR mechanism M  with the
modified objective function F

Fl:(xl+a[§1)Tc(xl+al§l) (5.14)

should converge at (x',u"") if there 34" = 0 for then switch-on tie-line /, is true.

For the switch-on tie-line /, «' can be achieved as a non-zero number, which

existence proof is as follows:

Proof: Suppose (x',u'")e X is the optimal solution of non-private DNR model. It is

clear that the following constraints can stand

/ ’*\:l /
G'|".|<b, vieT (5.15)

I*
u

Since &' = x" +a"¢&" holds according to Theorem 2, we can find

I
G" a"E'<b" —G" {xl* } vieT (5.16)
u

Where G is a real number on the /-th entry of the row vector G .
ry

When this DP-DNR model converges at (x',u")  this inequality can be achieved
at the equality according to the Karush—Kuhn—Tucker (KKT) conditions at the linear

programming relaxation stage. Thus, with sampled ¢&" =0, we have

]

"G a"<b" -G [xl; } vieT (5.17)
u
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/

*}<bé’ holds, then b —G" l:x

lf

l *
u ul

If Gé’ l:x }ﬁo can be achieved. This means

Alt
a” #0 by (5.17). Otherwise, " =0 if and only if G l:xl*ZIZbé’ . But as voltage
u

security constraints are soft constraints, g =( can be avoided as long as the range
of voltage profiles can be minored for a little bit. This proof also demonstrates that

al cannot change the optimality of topology variables at g%

With a proper " , we elaborate how the virtual power injection vector g in this
proposed DP-DNR mechanism M maintains the optimality of topology solutions
u” . With an intuitive understanding, we discuss this criteria from the physical
perspective. Fig.5.3(a) shows the realistically optimal load flow direction m—n.
If g, injects @' >0 and gn ejects —a' E"<<0, then x' 14 &" = %' . This means the
minimization of Fi, denoted as F, , is equal to the minimal F, over X .Conversely,
if g =a"é"<0 and g =-a"&">0, then x' 14"¢" =% clearly holds. This
implies F, =F, still holds. In a vein, this virtual power injection vector g does not
increase or decrease the minimal value of objective function F . So the optimality of

topology solution " will not be influenced by this virtual power injection vector g.

The convex formulation of M can be cast as a stochastic optimization problem

with a sampled vector &' for tie-lines as blow:
p

min  F (5.18)

X ,a’ ,geR,u’ €7
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~ .l 7 Gv xl bv x[
— 1ol ! Ax =d, IS K I =h
st =1(x,a,gu) G, |lu b, u (5.19)

(5.11)=(5.13),G, x' <b_, x'<x'<x’'

where the superscript symbol ~ of 4 and d represent the matrices and vectors
excluding boundary nodes, and X, refers to the non-empty feasibility space of this

model.
(2) Load flow direction obfuscation

Obfuscating x" with reversed directions can avoid the exposure event of private
load change information as previously exemplified in Fig.5.3(a). Thus, the load flow
direction obfuscation can be realized with the proper selection of . For instance, as
displayed in Fig.5.3(b), the obfuscated load flow x" equals to x"-a"&'<o0 if
a"&>d, and %" =d,. Consequently, the obfuscated load flow direction is reversed
to n — m. Now, we express the criteria of tie-line load flow direction obfuscation,

yielding

Criteria 2(Direction Obfuscation of Tie-lines): Suppose 7, represents the set of
tie-lines connected to the i-th agent where Vie A and A is the set of agents. The
i-th agent connects at least two switch-on tie-lines with the same load flow direction.
If this agent has such a direction obfuscation request, then at least one load flow
direction of x% should be reversed to the realistic directions. For other agents who
have less than one switch-on tie-line or do not have such requests, it is unnecessary

for the load flow direction obfuscation. Mathematically, we have
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(f,-1)M<z, lzTulr —9<fiM (5.20)

(fi-DM<z, 2 x'<(1-f)M (5.21)

where M is a big positive scalar. 9 is the given constant and we select 3=1.5 in this
chapter. And 7;is a given parameter such that z=1 if the i-th agent with heavy loads

have a request of tie-line load flows direction obfuscations; otherwise 7,=0.

This criteria can be elaborated here. Constraint (5.20) can explore the i-th agent
who has at least two switch-on tie-lines, if an auxiliary binary variable fi=1. Otherwise,
f=0 refers to other agents with less than one switch-on tie-line. Then, for this i-th
agent, we consider reversing one of tie-line load flows, when running into all optimal
tie-lines’ loads flow towards the same direction. Enforcing Z LeT x"=0 for this i-th
agent can lead to «”¢">d, as indicated in Fig.5.3 (b). Hence, Z,}ez x"=0 can be
coupled with f=1. Instead, fi=0 induces that ZI,GT,- x"=0  can be automatically
relaxed, which forms the constraint (5.21). We exemplify two cases in Fig.5.4(a) and
(b). In Fig.5.4 (a), there is only one switch-on tie-line for the i-th agent, i.e.,
Z;ez u'=1 and f=0 by constraint (5.20), which relaxes constraint (5.21) for free. In
Fig.5.4 (b), this i-th agent may need the load flow direction obfuscation since there
exist two switch-on tie-lines. According to constraint (5.20), we achieve
thETI u'=2  and f=1, and then Z LeT x"=0 gets automatically activated by

constraint (5.21) for the load flow direction obfuscation.
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Fig. 5.4. (a) One active tie-line; (b) two active tie-lines.

In light of the above, this proposed DP-DNR mechanism M can involve two
privacy-preserving criteria, i.e., load flow quantity obfuscation and load flow
direction obfuscation subject to the optimality of topology variables at '

Accordingly, with sampled &'  for tie-lines, the convex formulation of DP-DNR

model with the objective function F can be cast as

DP-DNR: min  F (5.22)

1
X ,a] ,geR,f,uleZ

~ 1G] X b x!
1 v Y
_ L , Ax' =d, , < , K , =h
st =(x,a,f,gu) G ||lu b, u

(5.11)=(5.13),(5.20) = (5.21),G_x' < b, x'<x'<x’

(5.23)

where &) refers to the non-empty feasibility space of this DP-DNR model.

5.4 Consensus ADMM Algorithm

In this section, we reformulate this DP-DNR model (5.22)-(5.23) as a global
consensus problem. We suppose the block variables X, :[xf,af,uf, fl]T for the i-th
i

. . T .
agent and Vie A, in which X, = [xl.l’ ,af’b,uib, f;b:l and voltage profile variables

vip are two vectors of boundary nodes of tie-line /; who connects to the i-th agent. The
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consensus variables for tie-line /; can be composed of Z = [xi o u, f ]T and
squared voltage profiles W,. Accordingly, X;,—Z, =0 can hold for either u" =0
or u" =1. Please note that g can be achieved by sampled ¢’ and variables ', and
thus it would be not regarded as consensus variables. And v;» — W, = 0 can hold only

if u" =1; otherwise it should be relaxed when #" =0.

Since the DP-DNR model can be represented by the block variables X; and
associated separable objective function Fi,(X;) for the i-th agent, the augmented
lagrangian function £, can be expressed in the scaled form:

L, = z(F (X)+4/2|X,, -2, + [+ 212, ) (5.24)

where 7, is the number of agents, and #;, is the i-th agent’s dual variables for
the equality X;,—Z,=0 . And 1 is a given positive scalar. And V;, is an
incorporated variable for V;, =u" (v, —Wv+y,,) and 7,, is the associated dual

variable. This equality can be further equivalent to

v, =W, +7., —(1 —u' )M< V., v, =W, +7,, +(1 —u' )M (5.25)

Subsequently, we define V 1={V,-,1,,Wv,v,-,,, eR.u" €ZI(5.26)} for the i-th agent. As the
augmented Lagrangian function £, is separable over the 7, agents, each of the

primal updates for the (X,¥;,) can be performed independently.

This yields the decomposable ADMM steps:

(X5 V5= argmin  F(X,)+A/2|X,, - Z5+ull + 202,

ib 2" i, .
X;eXy, »Vf.bEW(Wv )

2 .
, Vi=1,2...,n,

(5.26)
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k
Vip T2

R X5 +m
(2wl =10, H o (5.27)

k+1 k k+1 k+1 k+1 k k+1 k+1 k+1
My =M+ Xy =270 =Vt 2., (Vi,b -W, ) (5.28)

where C is the Cartesian product of sets C,,i=1,2,...,n and Il, stands for the
projection over C. For the consensus binary variables Zf;l in the vector Z )]f I,
simply rounds each entry to 0 or 1 whichever is closer by [60], and C, € R for the
consensus continuous variables. Intuitively, the relationship between consensus
variables (ZX,WV) and optimization variables (X,-,b,X j,b,V,-,b,Vj,b) from two

adjacent agents i and j are explained in Fig.5.5.

consensus variables

\;jx? b (ZJh W) * Q« %
\ﬁ‘\ \ .6‘2
5 . =
& DSO M
SN B At N5
oA K1 gkt 2
dl“\\ o W) (Ze, W) ,gj
P ) ‘\\
optimization variables tle'S:HCh Ioptimization variables
[ |
X X5, Vb) o (X, Xip Vi)
tie-line /;

Agent i Agent j

Fig. 5.5. Relationship between consensus variables and optimization variables.

Note that the optimal ¥/, =0 can be achieved by (5.26) no matter if u" =0 or
/ . . ! k+1 e e 2
u" =1. This is because if u" =0, then V;,” =0 holds as minimizing HVle2 equals
to zero. Alternatively, if u" =1, then V,,=v,, — W+ 7f,, stands which enables
(5.26) as a standard form of the augmented Lagrangian function £, in the first step
of C-ADMM algorithm. Of course, if u" =0, then W" can be free in (5.27) 7

can be kept unchanged by (5.28). Moreover, by this C-ADMM iterations, (5.26) and

117



(5.28) are performed by each individual agent simultaneously and (5.26) is calculated
by the proximal operator by the DSO. The convergence of C-ADMM is characterized

in terms of the primal residual and the dual residual with predefined thresholds [60].

Next, we will exhibit the algorithmic pseudo-code for this proposed
C-ADMM-based DP-DNR mechanism A1 with a random perpetuation vector ¢&' .
As stated previously, the output of M can be a mixture of obfuscated-but-feasible
tie-line load flows x% and realistically optimal topology solution " of the entire
ADNSs. The maximum iteration number is set to kma, and then we can summarize this

algorithm as below.

Algorithm 1 C-ADMM-based DP-DNR Mechanism M

1: Initialization with input ¢, 4,G, b,.b,,b,,K,h over n, agentsand

cr?d cr?d

input parameters ¢,9,A ,7,8,a’;
2: Sample a random perturbation vector ¢&',iid. & ~ P,;
while 1<k do

4:  Each agent distributively updates (Xf; I,Vl.f‘b”) «— (Z . WVA) by (5.26) and sends
(X5".V5") to the DSO;

5: DSO updates (Z:", W)« (X", V") by (527) and sends (Z1, W)
to all agents;

6:  Each agent distributively updates (ﬂfif,;}fif)(— (ﬂfib, ;/l.lfb) by (5.29) and

Ve n(r):

7: if convergence condition is satisfied then

8: return optimal solution (X " ul*) for the entire ADNSs;
9: else

10: k<« k+1

11:  endif

12: end while

13: Release both obfuscated-but-feasible x"  and realistically optimal topology
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variables u' for VI eT .

5.5 Case Study

To validate this C-ADMM-based DP-DNR mechanism M , we have conducted
simulation experiments on the /JEEE RBTS-Bus 4 system with 68 nodes [101] and a
modified real large-scale European distribution networks with 906 nodes [102]. The
C-ADMM-based DP-DNR mechanism is calculated with MOSEK package [103].

5.5.1 IEEE RBTS-Bus 4 System

To validate this DP-DNR mechanism M about privacy preservation, we have
conducted simulation experiments on the IEEE RBTS-Bus 4 system with 68 load
points, 7 feeders and 6 distributed generators (DGs). This interconnected ADNs are
managed by agents 1, 2 and 3 with 4 tie-lines {8, 10}, {28, 29}, {47, 45}, {28, 67}.
We assume ¢=1,p=00Ipu,7=1 for agent 1 and =0 for agents 2 and 3, and
a' =20 . The sampled vector &' is [0.3252, —0.7549, 1.3703, —1.7115]7. We display
the heat map of load distribution and associated optimal DNR solution with load flow
arrows in Fig. 5.6(a). We further present the total loads of each agent before and after
this optimal DNR operation as presented in Fig. 5.6(b) in the pie chart form, where
the total loads is the algebra sum between the power flows from substations and
tie-lines. The realistic and obfuscated tie-line load flows and voltage profiles are
shown in Tab. 5.1. In this table, f and ¢ refers to “from node” and “to node” in the
column of nodes, and this is consistent with the columns of P, Q', v/ and v,

respectively.
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Fig. 5.6. (a) Obfuscated DP-DNR solutions for IEEE RBTS-Bus 4 System; (b) agent’s

load changes between different DNR models.

Table 5.1 Realistic and Synthetic Output under One Sampled Vector &’

No. Nodes Obfuscated Values [p.u.] Realistic Values [p.u.]
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;o P 0' Ve o W P! o v, v

1 47 45 -0.217  -0.134 1.026 1.031 0.615 0.165 1.014 1.011
2 10 8 0.336 0.223  1.027 1.007 0.095 0.225 1.014 1.013
3 28 29 -0.118  -0.089 1.021 1.026 0.205 0.090 1.020 1.018
4 28 67 0 0 1.026 1.032 0 0 1.020 1.032
Loss [p.u.] 0.0506 0.0506

Fig. 5.6(a) exhibits some of load nodes in agent 1 are transferred to neighborhood
agents 2 and 3, where the topology switch-off status is highlighted in red dashed lines.
This is also the same optimal topology solution by solving the non-private DNR
model. By observation, the tie-lines {47, 45} and {28, 29} have reversed the load
flow directions. And the tie-line {8, 10} provides the obfuscated-but-feasible load
flow in the realistic direction. The algebra sums of tie-line real and reactive flows for
agent 1 equal to zero, as shown in the P’ and Q' columns of Tab.5.1. This protects the
load privacy of agent 1 and corresponding boundary voltage profiles are slightly

obfuscated due to the feasibility of power flow equations.

As shown in Fig. 5.6(b), the proportions of three agent’s loads have varied
significantly by the DNR operation from the observation of the first two pie charts.
However, as indicated in the third diagram of Fig. 5.6(b), this load proportions
maintains quite similarly to the original load proportions in the first pie chart. It is
concluded that no effective inference can be made about the loading levels of agent 1
if there is no internal topology information available. In summary, this DP-DNR
solution not only guarantees the DSO’s operational concerns with lossy
interconnected ADNs, but also avoids exposing agent’s load privacy in terms of

tie-line load flow quantities and directions.
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Moreover, we compare the feasibility and optimality of tie-line load flow
obfuscations with the proposed DP-DNR mechanism A  and the Laplace
mechanism with the output perturbation (OP) strategy [50] and program perturbation
(PP) strategy [49], respectively. We run 1000 random perturbations &' for
simulations as shown in Tab. 5.2. The first column refers to the number of tie-lines.
The second column denotes the mean of active load flows of tie-lines, and the third
column indicates the constraint violation percentage of the non-private DNR model.
For the last column, we examine the optimality loss of output topology variables by

the PP-based Laplace mechanism and M.

Table 5.2 Syntneic Tie-line Load Flows under 1000 Samples

Nodes Mean of P’ Const. Violation (%) Optimality Loss (%)
No.
f ot OP [50] M OP [50] M PP [49] M
1 47 45 0.615 0.244 1.651 0.0 86.251 0.0
2 10 8 0.095 0.103 1.625 0.0 98.124 0.0
3 28 29 0.090 0.154 1.647 0.0 97.632 0.0
4 28 67 0 0 1.664 0.0 95.121 0.0

As shown in Tab.5.2, the OP-based Laplace mechanism returns private solutions
with a large number of violated constraints due to imbalances of load flows at
boundary nodes; whereas the proposed DP-DNR mechanism M provides the formal
guarantee for the individual constraint satisfaction. To compare the PP-based Laplace
mechanism and M , it is obvious that the PP-based Laplace mechanism cannot
guarantee the realistic topology output, causing the large percentage of optimality loss.

This hinders the practical applicability from the perspective of DSOs. This
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comparison verifies that M can achieve the optimality of topology variables u’ and
the feasibility of operational variables x’ with a satisfactory operational and
privacy-preserving performance.

5.5.2 Large-scale Practical European Distribution Networks

For the scalability analysis, the large-scale practical European distribution networks
are adopted from reference [102], which operates at 0.416 kV and includes 906 nodes.
To structure the interconnected ADNs, we have added 10 DGs and 9 points of
common coupling (PCC) in this distribution networks, and then the number of
tie-lines is 8. The parameter 7 = 1 for agents 2 and 5, and 7 = 0 for other agents. We
visualize the heat map of load distribution and associated optimal DNR solution with
different agents in Fig. 5.7. To be a clear exhibition, we display the realistic load
flows of tie-lines and associated boundary voltage profiles and the mean of these
obfuscated values under 1000 samples of random perturbations &' in Tab.5.3. In this
table, f'and ¢ refers to “from agent” and “to agent” in the column of agents, and this is

applied for P!, @', vyand v, respectively.

Fig. 5.7 exhibits some of load nodes in agent 5 are switched to neighborhood agents
by observing the switch-off branches marked in red dashed lines. The tie-line
numbers marked in yellow box {1, 2, 3, 5, 6, 7} provide the obfuscated-but-feasible
load flow in the realistic direction, whilst only the tie-line numbers {4, 8} have
reversed the load flow directions, as reported in Tab. 5.3. Since agent 2 has the heavy

loads as seen in Fig. 5.7, partial heavy loads can be transferred to agents 1 and 3 after
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this optimal DNR operation. Agents 1 and 3 inject the power via tie-line numbers 5
and 2, but agent 1 still supplies several loads in agent 5 via tie-line number 6. Since
the agent 5 is heavily loaded, neighborhood agents 1, 4, 6 and 7 provide the power to
supply loads in this area. To avoid agent’s heavy load information leakage, the sums
of all connected tie-lines for agents 2 and 5 are zero in Tab.5.3. For agent 5, some of
connected tie-lines 4 and 8 have reversed load flow directions by applying this
DP-DNR mechanism M . Overall, this DP-DNR mechanism M performance for

agents 2 and 5.

.! ' &% " agent 3
ragent2 w1 w MW -'-b. agent 4 E

i agont § o, _
s ‘-Lf‘

® PCC A DGs - switch-off = —— tie-lines

Fig. 5.7. Obfuscated DNR solutions for practical European distribution networks.

Table 5.3 Realistic and Synthetic Solutions under 1000 Samples

Agents Mean of Obfuscated Values Realistic Values

f t Pl Ql vf vt Pl Ql vf vt
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1 8 9 0091 0022 1021 1013 0.078  0.011 1.016  1.008
2 2 3 0117 -0.125 1001  1.013 0342 -0.094  1.005 1018
35 4 0109 -0.056 1021  1.017 0381  -0264  1.024  1.021
4 5 7 0168 0018 1013 1016 0203  -0216 1012  1.014
5 2 1 0.016 -0.035 1.029  1.034 0.198  -0.064  1.026  1.031
6 2 5 008 0048 1016 1014 0.034  0.011 1.013  1.011
7 6 8 0335 0160 1026 1014 0213 0.089 1.026  1.015
8 5 6 0192 0122 1.067  1.061 0.013  -0.001  1.065  1.062
Loss [p.u.] 0.2036 0.2036

We compare the load proportion of each agent before and after this DNR operation

as highlighted by blue and red radar forms in Fig. 5.8. With 1000 samples of random

perturbations &', this figure depicts the possible range of this agent’s loads by & in

the pink-colored range. It is found that there is no load variations for agents 2 and 5

because of the load flow direction obfuscation criteria, while the possible ranges of

other agent’s loads are all similar to the original load distribution before the DNR

operation. Accordingly, this figure validates the privacy-preserving effectiveness of

our proposed M by the similar load proportion map.

agent 3

agent 1

agent 4

agent 9

B— Before DNR

agent 5

agent 8

agent 7

agent 6

DP-DNR

—e— After non-private DNR

Fig. 5.8. Agent’s load changes between different DNR models under 1000 samples.
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Moreover, this C-ADMM algorithm, we suppose that the parameter A is set to 100.
The initial dual variables #;,and ?;, are zeros vectors and a good warm start Z, and
W, is predefined for the iteration k£ = 1. With a sampled ¢&' , the convergence
condition of primal residual and the dual residual norms should be less than
10 V| . The convergence performances of this C-ADMM algorithm for residuals
of primal variables, dual variables and consensus variables are illustrated in Fig.
5.9(a), (b) and (c). It can be observed that norms of primal residual, dual and

consensus residuals converge to stationary values at 180 iterations.
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Fig. 5.9. Convergence performance of C-ADMM algorithm: (a) norms of primal

residuals; (b) norms of dual residuals; (¢) norms of consensus residuals

We discuss the privacy-preserving performance for our proposed C-ADMM-based
DP-DNR mechanism M as compared to the C-ADMM-based non-private DNR
approach. To exemplify this privacy-preserving performance, we can observe the
different convergence performances of the active load flow P as boundary
continuous variables x" of the DP-DNR and non-private DNR models per twenty
iterations in Fig. 5.10(a) and (b) where each color-coded line represents the tie-line’s
active load flow. It is clear that the C-ADMM  algorithm can exchange
privacy-preserving information x' =" —a"¢" based on Theorem 2 in Fig 5.10 (a),
instead of realistic boundary continuous variables %" from each agent as shown in
Fig 5.10(b). Hence, this ability of C-ADMM-based DP-DNR mechanism justifies the

formation of protecting the boundary continuous variables x’ .
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Fig. 5.10. Convergence performance of C-ADMM algorithm: (a) x" by DP-DNR; (b)

x" by non-private DNR

5.6 Summary

This chapter proposes a DP-DNR mechanism based on a C-ADMM approach for
interconnected multi-agent ADNs. This query mechanism provides a mixture output
of both realistically optimal tie-switch status and corresponding obfuscated-
but-feasible tie-line load flows, part of which may have reverse directions. Moreover,
the C-ADMM-based DP-DNR mechanism can seek the optimal topology switch
without realistic communication signals and customer’s load data from other agents,
which maximally protects the agent’s and customer’s privacy. In the future
energy-sharing market with mutual trust, this well-designed C-ADMM-based
DP-DNR management will be much applicable for privacy-preserving grid operation

of multi-agent ADNSs, especially for agents with conflicting interests.
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Chapter 6

Distribution-Level Topology Optimization in
Economic Dispatch of Wind-Thermal-Bundled
Power System for Operational Flexibility

Enhancement

With a wind-thermal-bundled power system (WTBPS) under high wind
penetration levels, the sharp power fluctuations of tie-lines for interconnected grids
trigger a significant challenge of security-constrained power system operation.
Smoothing power fluctuations with economic dispatch is widely concerned against
this challenge.

This chapter proposes a distribution-level topology optimization contributing to
the flexibility enhancement of a look-ahead rolling economic dispatch of WTBPS.
The contributions of this paper are three-fold: 1) This study derives a new family of
tightened ramping constraints of retrofitted coal-fired units. The proposed tightened
constraints can be formulated in the linear or second-order conic (SOC) forms. The
SOC constraints can be more accurate than the linear constraints due to minor
inner-approximated errors between tightened and untightened ramping margins. 2)
We construct the SOC constraints with minimal inner-approximated errors and the
distribution-level topology optimization model to offset the insufficient ramping

margins of retrofitted coal-fired units. A rolling economic dispatch model including
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LTS-based strategy is then reformulated as a mixed-integer second-order cone
programming (MISOCP) problem for a long look-ahead period, which has not been
studied to date. 3) For this established MISOCP-based model, it is highly desirable to
combine the Multi-cut Benders Decomposition (MBD) and Generalized Benders
Decomposition (GBD) as the devised Multi-cut GBD (MGBD) to tackle this
MISOCP problem, which can enhance overall computational efficiency and be

suitable for online rolling economic dispatch.

6.1 Modeling of WTBPS and Associated Constraints

For the rapid growth of wind farms only with a fixed capacity of coal-fired plants,
there are two ways to avoid suffering from wind curtailment. i) The one option is to
upgrade coal-fired units, e.g. retrofitted coal-fired units have faster ramp rates. Herein,
they can be used to rapidly track changes with unexpected ramp down of wind power.
ii) Various alternatives such as distribution-side load transfer and energy storage can
be used to increase the flexibility of wind-thermal-bundled transmission system
further. In this paper, we discuss the flexible load transfer strategy (LTS) via
reconfigurable topology of high voltage distribution networks (HVDNSs) as a more
realistic manner. In the near term, compared to total costs of energy storage,
incorporating the flexible LTS and improving the flexibility of existing generators
may be the most cost-effective means to accommodate more wind power generation.
In this study, integrating wind-thermal-bundled transmission system with retrofitted

coal-fired units and LTS-based HVDNs together forms a more flexible WTBPS.
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There are quite a few coastal cities in the world suitable for constructing this WTBPS
for other countries, where these places accommodate abundant dispatchable loads,
and also are equipped with long-distance transporting coals by sea as well as off-shore
wind resources. Towards this flexible control objective, we concentrate on its
look-ahead economic dispatch problem in a rolling window, considering the dynamic
ramping of retrofitted coal-fired units and the LTS via HVDNS.
6.1.1 Static Modeling of WTBPS

The 110kV dispatchable load resources from substations in HVDNs are generally
in the range of 0 and 480 MW or even larger, accounting for nearly 5%-30% capacity
of WTBPS. This flexibility indicates the better quick-response capacity than that of
any coal-fired units. Consequently, integrating HVDNs to a wind-thermal generation
system with connected AC/DC tie-lines to other grids forms a WTBPS, which
produces more steady output power. Due to this flexibility, multiple independent
agents of WTBPS can integrate with the same large-scale HVDNSs, each of which

connects tie-lines to other grids, as displayed in Fig. 6.1.

For the u-th agent of WTBPS, wind power P, is bundled with several retrofitted

Ng

coal-fired units of total output power B, =D r Py,.. - Where
i=1

7 =Pa, | P mex and NG is the total number of retrofitted coal-fired units in the u-th

agent of WTBPS. Meanwhile, F;, can simultaneously coordinate with dispatchable

loads Ay, with reconfigurable HVDNs. For every te7,, constraint (6.1) can be

S

. . 1
cast at bus i, subject to transmission power P, € [(1—5%)3)350,(1+§%)Pbasc]5 on

tie-lines.
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PVtV,u + PG',u —P];’u = PT’,H . (1-8%)P,

<P, <(1+6%)PR,, (6.1)

Fig. 6.1 An illustration of WTBPS consisting of the HVDNs layer (bottom), a
wind-thermal-bundled layer (medium) and a control layer (top). In the bottom
HVDNs layer, load flows are indicated with arrows. The vertical dashed lines connect
the nodes in the bottom and medium layers, and to nodes in the top layer, which
aggregate at bus i, by different agents. Also, bus i; in each agent is a starting node of
tie-lines to connect other grids.

6.1.2 Operational Constraints of Retrofitted Coal-fired Units

Retrofitting flexibility measures consist of upgrading the control system, reducing
the wall thickness of key components, auxiliary firing with dried lignite ignition
burner in booster operation, and so forth [77]. These measures to increase flexibility
have been widely employed in coal-fired plants in recent years. Table 6.1 shows the
main differences between conventional coal-fired plants without retrofits and
retrofitted coal-fired plants. Note that the ramp rate is equal to the ramping margin per
minute dividing the corresponding rated capacity. In this chapter, we also declare that
the ramp rate is on a minute level, whereas operational, untightened and tightened

ramping (ramp-up/down) margins or boundaries or constraints between #-1 and ¢ are
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on a dispatch period AT level.

As clearly shown in Table 6.1, conventional coal-fired plants without retrofits are
inherently less flexible than retrofitted coal-fired plants in the minimum load level,
ramp rate utilization, and hot and cold start-up time. As merits, the minimum load
level of retrofitted coal-fired plants can be reduced to 15-35% of the rated power, and
the ramp rate can be enhanced to 2—6% per minute of rated power, any of which
contributes to a flexible rolling dispatch of WTBPS. The ramping limit is a linear

function of the unit’s generating output [78].

Table 6.1. Differences between conventional and retrofitted coal-fired plants

Conventional power plants Retrofitted coal-fired
Items .
(without retrofits) power plants
Minimum load level (%) 50-60 15-35
Ramp rate (min/%) 0.6-2 2-6
Hot start-up time (h) 3-5 1.5-4
Cold start-up time (h) 5-8 5-6

However, experimentally measuring ramping limits with respect to each output
power point is very tough in practice. In this regard, we adopt the upper envelope to
approximate the ramping limits per minute so as to capture the dynamic ramp rates
with respect to different output power points. Fig. 6.2 displays the historical ramp
rates (%/min) of the retrofitted coal-fired plant rated in 600 MW capacity in northern
China. The x-axis refers to the percentage of the output power of this coal-fired unit,
while the y-axis denotes the operational ramp rates between two consecutive periods
(%/min). Before retrofits, the ramp rate of this 600MW coal-fired plant is the

designed 1.1%/min, and the minimum load level is 60% of the rated capacity.
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Fig.6.2. Historical ramp rates for the retrofitted coal-fired unit.

Fig. 6.2 shows 2, 500 samples of operational ramp rates with respect to different
output power points, where the minimum load level is reduced to 30% and the ramp
rate is improved to 2%. For these sampled points, a linear function in the red line
segment is the upper envelope as the dynamic ramp rates. It is observed that the
operational ramp rate is fixed to 2% when the output power exceeds 60%. Between
30% and 60%, the ramping limit is an approximated linear function of the unit’s
generating output. Therefore, the appropriate dynamic ramp rates v;, (%/min) at
time ¢ can be reasonably treated as a linear function of output generation power,

which yields

Viu = s g (6.2)
where parameter c¢ is determined by the enhanced ramp rate of retrofitted coal-fired

units, while parameters a, b, and d are estimated from historical ramping data,

minimum load level and d=(c¢tb)/a; and r' refers to the percentage of

iu
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P(;i,u /PGi,u,max .

Three kinds of models can be used to describe dynamic ramp rates: approximated
linear model by Eq. (6.2), piecewise linear model by approximated thresholds [78],
and stepwise linear model by given thresholds [78]. For their main differences, the
first kind of ramp-rate expressions is a continuous function, whereas the rest two are a
discrete function of thresholds. Since retrofitted coal-fired units can output more
stable and accurate power in minutes, our proposed linear model of dynamic ramp
rates can capture available operational ramp rates. However, the other two models of
dynamic ramp rates cannot provide fast-tracking ability because of their fixed
thresholds. For example, to distinguish between proposed and piecewise linear models,
Fig. 6.3(a) reveals the ramp rate v;, in a solid blue line using Eq. (6.2) with

parameters a=0.055, b=0.013, ¢=0.02, and d=0.6 and using the piecewise linear model

[78] in the dashed green line for a retrofitted coal-fired unit, respectively. The

minimum load level is set to 30% of P,

Gi,u,max

. The piecewise linear model is denoted

as three fixed thresholds indicated by green line segments in Fig. 6.3(a), which

depend on the slopes of segments and the interval ranges between two consecutive

periods.
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Fig. 6.3. (a) Proposed and piecewise linear models of dynamic ramp rates per minute,
and (b) percentage of maximum active power variations for fifteen minutes using the
proposed and piecewise linear models of dynamic ramp rates.

Fig. 6.3(b) presents the maximum active power variations of a retrofitted coal-fired
unit under a dispatchable period A7=15 minutes by the proposed and piecewise linear
models of dynamic ramp rates, where x-axis refers to yf; and y-axis indicates the
percentage of maximum active power variations y;, at time « In this figure, Ay;,
can be sketched out by blue curves and several green line segments, which correspond
to the proposed and piecewise linear models shown in Fig. 6.3(a), respectively. The
maximum active power variations in blue line segments surround the area enclosed by
green line segments, showing that its area is smaller than the blue one, especially
when 7/, < 60%. In other words, Eq. (6.2) is a more adaptable solution to the
tremendous wind power fluctuation challenges, especially during peak shaving stages.
Moreover, the gaps between these two areas in Fig. 6.3(b) clearly indicate that using
the piecewise linear model can result in suboptimal dispatch solutions. Thus, it can be

concluded that the piecewise linear model cannot be used to output ramp-up/down

margins of retrofitted coal-fired units during a dispatch period A7 =15 min accurately.

Without loss of generality, r’

iu

can be analytically deduced as (6.3a)-(6.3d) for

upper boundaries as ramp-up margins and (6.4a)-(6.4d) for lower boundaries as

ramp-down margins under a dispatchable period AT in the (rl.f;l , 7, )-space. Therefore,

the operational ramping constraints are expressed as:
t t-1 . -1
Sty +c-(AT=1) ifr, >d (6.32)
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iu iu

< —bla)a+ ) vbla if ) <E, (6.3b)

T 1 (6.3¢)

I

RSOl =bla)a+ ) +b/ave-(AT=n)if &, <r,)' <d (63

n2r e (AT =) if 12 g, (6.4a)

20 =bla)1-a)"" +b/a if 1 <d (6.4b)

r, 203 (6.4c)

Rzl = e (@, =D =b/a)1-a)"" +blaif d < <7, (64

where &, d-bla b Y.=d+c(AT-1) , and d=(c+b)/a

= 4+ —
(a+D¥" a
1, =round (In(c/(a-r)'=b))/In(a+1)+1), and w,, =round(( r,' - d)/c+1), in

which round(-) refers to a function of round towards negative infinity.

An intuitive explanation for ramping margins is given under different dispatch
periods AT scaled in 60 minutes, 30 minutes, 15 minutes, and 5 minutes in
2-dimensional Fig. 6.4 with the above-mentioned parameters. This figure shows that a

longer dispatch period AT has larger ramp-up/down margins than a shorter dispatch

period. For instance, when AT =15min and rl.f;l = 60% , the ramp-up band lies in [60%,

88%], while the ramp-down range varies from 60% to 37%; whereas when A7=60min,

the ramp-up and ramp-down bands can reach 100% and 30% for any rl.f;l . This also

uncovers that conventional ramping constraints, namely generation level changes
between two consecutive dispatch periods below fixed ramping margins, are
approximate if AT <60min and are redundant when A7 =60 min.

Since some retrofitted coal-fired plants have more than 2% ramp rate, we depict
ramp-up/down boundaries under A7 =15min with the fixed parameters a=0.055 and

d=0.6 and different sets of parameters ¢ and b=a-d—c in Fig. 6.5. Fig. 6.5
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suggests that larger parameter ¢ results in larger ramp-up/down margins under AT
=15min for the better quick-response capacity of coal-fired plants.

With the loss of generality, we depict (6.3a)-(6.4d) for boundaries as shown in Fig.
6.6, where all line segments CcD , AB ,and DE refer to three linear constraints
(6.3a)-(6.3¢); FG ,HI and 1J refer to another three linear constraints (6.4a)-(6.4c¢),

and two green curves BC and HG indicate nonlinear constraints indicated in (6.3d)

and (6.4d).
— 60 min 30 min 15 min —— 5 min
T T T T //
100% .
X
g 80%| ]
=
k=
B 60%f :
]
g
o0
=
2 40%t i
g
<
=4 -
20% ' ' ' .
20% 40% 60% 80% 100%

Percentage of active power at time 71 (%)

Fig. 6.4. Two-dimensonal ramping boundaries under different dispatch periods.
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Fig. 6.5 Ramping boundaries under A7=15 minutes with different sets of parameters ¢
and b.

We can prove these two nonlinear constraints as a convex function and a concave

function, respectively.

Proof: For (6.3d) and (6.4d), it is assumed that the BC and HG functions are

continuous and # and @ are continuous variables. In terms of (6.3d), let

f(x)=(x=b/a)a+1)"" +b/a+c-(AT—7n) where x=r"", we can deduce the

following equations:

f'=(@+)"" +(x=b/a)(a+1))""]-c-n'
[(a+1)""]'=(a+1)" " In(a+1)-n"'

[(a+1)""]"=(a+1)"" In(a+1)(In(a+1)-(n") +71") (6:3)
n'=—a/[(ax—b)In(a+1)], n"=a’/[(ax—b)’In(a+1)]
Based on the above, the resultant second derivative of f(x) can be given by
f"=2l(a+)"" T+ (x=b/a)(a+1)""]"=c-n" (6.6)
Notably, n'<0,7">0 hold forVxe (b/a,d). With (6.5), we obtain
[((@a+1)"']'<0, [(a+1)"']">0 (6.7)
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From Eq.(6.6), we calculate Ah =[(a+1)""' ]+ &-[(a+1)""]", where ¢ = x - b/a >0.
Ah=(a+1)"" ' In(a+D){n'-eln(a+1)(n")" —en")} (6.8)
We substitute 7" = cIn(a +1)(")* from Eq. (6.5) into Eq. (6.8), and obtain
Ak = '@ +1Y" In(a +1){l—£ln(a+1)p'(1—c)} (6.9)
It is clear that AA<O due to r'< 0, {l1-&ln(a+1)n'1-c)}>0. Consider A~<0 and
[(a+1)"]<0, thus causing f'=Ah+[(a+1)"']" — c"<0. This proves that f{x) is a
convex function forvVx e (b/a,d) .

For (6.4d), let g(x)=(x—c-(w=1)=b/a)1-a)"" " +b/a wherex=y"", and we

similarly yield the following equations:

g'=1-a)""(-c-0)+(x—c-(0-1)=b/a)(1-a)* ]
[(l_a)AT—a)]v — _(l_a)AT—m 11'1(1 _Cl) . (()'

(6.10)
[(1-a)"“]"=—(1-a)""“In(1-a)-(o"-In(1-a)-(®")*)
o'=1/c, w"=0
Based on the above, we further achieve the second derivative of g(x)
g"=—0'(l-a)" “In(l-a)l-c-o+(x-c-(@0-1)-b/a)[1-a)*"“]" 6.11)

+ [(1 _ a)AT—{U]v
Notably, @®@'>0 , »"=0  hold for Vxe(d,d+c-(AT-1)) . Regarding
c-(w-1)=x-d , d=(b+tc)/a, and In(1-a)<0, we obtain g">0. This proves that g(x) is a

concave function forVx e (d,d + c¢- (AT -1)) . [ |
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Ramping margin at time 7 (%)

Percentage of active power at time #-1 (%)

Fig. 6.6. General ramping boundaries of retrofitted coal-fired units.

Moreover, the spinning reserve requirement of WTBPS should be considered
before performing an economic dispatch. The spinning reserve capacity provided by

retrofitted coal-fired units should not exceed the system spinning reserve capacity:

Ng A
D=7 )P 2 B (6.12)
i=1

where p¥" refers to system spinning reserve capacity for the u-th agent of WTBPS

and u=1,2,...,N,. Considering wind turbines have no contribution to the spinning
reserve, PP" is assumed to be 10% of the transmission power minus the wind
power rated capacity [101].
6.1.3 Distribution-Level Topology Optimization for HVDNs

The load switch-over operations imposed on HVDNs can help mitigate wind
curtailment and moderate generation costs for WTBPS for a look-ahead rolling

economic dispatch task. Direct supply connection (DSC) and serial supply connection
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(SSC) are typical grid-scale structures for 110kV HVDNs as shown in Fig. 6.7, where

P' and P, are active loads at 110kV substations C and D, respectively; p; and

P., refer to the total active dis-patchable loads in 220kV stations Al and A2,

respectively.

DSC

Station Al S,' S j Sk Station A2
FP.Q. B, 0,

Fig. 6.7. Two typical HVDNs of DSC and SSC.

Thanks to simple topological units of HVDNs just with one or two buses, the
well-known simplified DistFlow equations with negligible power loss can achieve
acceptable accuracy. As reference [90] reported, nonlinear terms are negligible
compared to linear terms, typically on the order of 1% error introduced. Distribution
systems generally have relatively flat voltage profiles due to voltage automatic control
devices with a small approximation error at about £1%. In this regard, we develop
simplified power balance equalities as linear matrix equalities [82] for which the
complexity of HVDN reconfiguration acting as non-convex and nonlinear problems

[102] can be greatly reduced.
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As indicated in Fig. 6.8, the general form of (6.13a) and (6.13b) can be
reformulated as P ,=L.S"+b, Vje N;,VteT, , where P/, denotes total active
power on transformers in the j-th station and L; and bi refer to vectors of load

coefficients at time ¢ whose j-th element indicates the j-th station. Specifically, when
the connected bus for the u-th agent of WTBPS belongs to 220kV station j, then

P]S,u = PS’J holds at time #; for other stations, Ps’,j should satisfy (6.13a). In addition,

branch capacity constraints (6.14b) for cables and overhead lines in HVDNs are also

considered in LTS model.

P! S P! S!
A= |7 4 p' =] © 0 L1+0 (6.13a)
By, S 0 PS,

P! % P+P P 0 % ~F
A H Rl e
SS 5
Oélﬁjé(ns’j-SN’j),‘v’jeNT (6.14a)
0<P <S8, ,VYjeN, (6.14b)

where n ; refers to the number of transformers in the j-th station; Sy, denotes the

single transformer rated capacity in the j-th station; S, ; indicates the branch

capacity which branch connects to the j-th station.

Moreover, the approximate voltage drop for a branch section {m,k} can be
summarized based on simplified DistFlow equations. According to
vi—-vi =2(R, P, +X,0:.) in simplified DistFlow equations, we rewrite this
equation:

2

Rmkf)nik-i_ka /tnk :(vi_vrf)/zz@ﬁ_v (V -V )

n m n

(6.15)

t N2 N2
:—(Avg") +v AV <A +v-Av

mk —
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where R, and X, refer to resistance, reactance of branch (m,k), and P! and

0., denote active and reactive power flow on branch (m,k), v is the maximum

voltage profile, and Av refers to the allowable voltage drop, e.g. Av=0.1 p.u. for

DNis [82].

— (AV)? - -
Let allowable squared voltage drop be AV = ( ;) +v-Av, and since DSC has a

fixed directional power flow, we can construct linear voltage security constraints with

the allowable ranges of voltage profiles:

¢ t t t Sy 17
[RucB + X, 0! &MB+XQA215}SM” (6.16)
2
The power flow between substations C and D in SSC depends on the circuit

switching status of circuit breakers among S;, S; and S! . Given that this
bi-directional power flow for different circuit switching variables among S:, S

and S!, we can establish two linear equivalent voltage security constraints:

t
A0 Rwﬁ+Xwa}i

_ RC-DRdt + XC-DQCII
0 4 RC-DPct + XC-DQct

AV
; S s (6.17)
RC—DPc + XC—DQC A V

Where 4, :RAI—CPct + XAI-CQC[ +RC—DRit + XC-DQ(tl ) 22:RA2—DBIZ + XAZ—DQc[i +RC-DRZ + XC—DQC[ 5

4
t
SS

other symbols in (6.16) and (6.17) can be found in Nomenclature.

It can be perceived that rearranging voltage profile expressions from simplified
DistFlow equations leads to a more compact matrix form (6.16) and (6.17). Compared
o [82], (6.16) and (6.17) have the same accuracy in the optimal circuit switch scheme
yet with a small number of power flow variables. Additionally, frequent circuit
switching will reduce the remaining useful life of circuit breakers. Thus, limiting the

switching times of each circuit breaker over a rolling window is of importance [103].

144



Accordingly, this constraint is bounded by

NTS NTs
(S =87 =2 (S + (ST =2- S8 < N, (6.18)
t=1 t=1

where NTs refers to the number of time-horizons in a rolling window and N,

denotes the number of allowable switching actions.

Consider the property of binary number operations (Sj.)2 =S, and let
zi=8'+S" thatsatisfy z’e{0,1}. By using piecewise McCormick envelopes [100],
we exactly replace z’ = S'+S7" with

t t t—1 t t t t—1
z;28+8 -1, z,<§,, z; <S5 (6.19)

Dueto z,=8'+S" , constraint (6.18) can be subsequently rearranged as

NZRZ(S; + S;“ -2-2)<r (6.20)
)

As stated in Subsection 6.1.1, the maximum amount of dis-patchable loads only
accounts for nearly 5%-30% capacity of WTBPS, which directly indicates retrofitted
coal-fired units play a major role and load transfer operations only play a secondary
role in tracking wind power of WTBPS. Thus, the substantial switching times of
circuit breakers cannot be realistic for economic dispatch problems.

Alternatively, the radial operation requirement for HVDNSs is essential to mesh

topological units. Radial structures of DSC and SSC can be held from the observation

of Fig. 6.7:
DSC: S/ +8!=1 SSC: Si+S;+Si=2. (6.21)
Hereby, a more simplified LTS model (6.13)-(6.21) can be constructed for the

following rolling economic dispatch model in Subsection 6.3.
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6.2 Tightened Ramping Constraints

6.2.1 Linear Ramping Constraints
As displayed in Fig. 6.7(a), to simplify convex constraints (6.3d) and (6.4d), we
replace arcs BC and HG by connecting a line between B and C and a line from H

to G. Clearly, BC and HG are strictly tighter than arcs BC and HG , which

ramping area is a decagon whose vertexes are ABCDEFGHIJ. We approximate
convex and concave constraints in (6.3d) and (6.4d) as (6.22), forming the linear

ramp-up/down constraints of retrofitted coal-fired units.

1 -4 ! -B
upper ’/;:tl + upper | < 0 (622)
- 1 Alower r},“ Blower

where A, B per s Ay and B, are obtained constants calculating from linear

lower lower

pper ?

equations BC and HG , given as:

AT-1 _
=a(AT—l) (a+1) B —d- ATATil1 (c+bla+D))
Pt (a+D" -1 P (a+D¥ 7 =1 62
1-(-a) ’ (1=(-a)"Dd c1-(1-a)"")

lower — a(AT—l) lower a(AT—l) a

3)

Piecewise —Tightened —— Proposed

100%[

80%[

60%[

40% [

40% 60% 80% 100%
Percentage of active power at time 7 -1 (%)

Percentage of active power at time 7 (%)
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(b)
Fig. 6.8. (a) Ramping boundaries of a retrofitted coal-fired unit; (b) quadratic

functions for f{x) and g(x).

Fig. 6.8(a) compares the ramping boundaries using the piecewise and proposed
linear models, and tightened ramp-up/down margins by linear ramping constraints
(6.22) under AT=15 minutes, respectively. As suggested in Fig. 6.8(a), the tightened
ramping boundaries in pink line are very close to ramping boundaries using the
proposed linear model in blue line, and also are more accurate than ramping
boundaries using the piecewise linear model in green line, especially during peak
shaving stages.

Let us derive the maximum inner-approximated errors Ae, and Ae, between
linear and untightened ramp-up/down margins. We can write the maximum error of
the linear retrofitted ramp-up constraint (6.22) as

Af;:pper ()C) = f()C) - ppcr'x - Buppcr (624)

where 4,

pper 2 B upper

can be found in (6.23).
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Herein, dAfuppe(x)/dx=0, yielding
—C "= Aypper =0 (6.25)
Substituting 7'=-a/[(ax—b)In(a+1)] from Eq. (6.26), we can obtain the

optimal x” as

fe—° b (6.26)
Apper IN(a+1) a

Consequently, the maximum error between tightened and untightened ramp-up

margins can be calculated in

Af;lpper (.X*) = f('x*) - Aupperx* - Bupper

c b . c (6.27)
=(————)a+1)" " +—=(1- +c-(AT-n")- —
( — 1n(a+1))( ) a( Apper) F€( n) narl) e
. a
wheren =round(—-In(———— ) /In(a+1)+1).
g ( (Aupper 1n(a+1)) ( ) )

Moreover, the maximum error of the linear ramp-down constraint (6.22) can be

summarized as

Aﬂa»ver (X) = Alowerx + Blower - g(X) (628)

where 4 B, _can be found in (6.23).

lower 2 lower

According to dAfiower (x)/dx=0 and c(w-1)=(x-d), we express

—In(1-
Ay ~(1—ay 2D (629)
a
As a result, we can obtain the optimal x” as
ln(_ aAlower
X :c(AT—ﬁ—IHd (6.30)

The maximum error between linear and untightened ramp-down margins can be

calculated in
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Aﬁa»ver ('x*) = Alowerx* + Blower - g('x*) (63 1)

ﬂj /In(1—a)).

where @ = round(AT —In| —
In(1-a)

6.2.2 SOC Ramping Constraints
As mentioned above, we simplify convex constraints (6.3d) and (6.4d) as linear
constraints; However, it may induce approximations, which confine actual

ramp-up/down margins of retrofitted coal-fired units. We consider drawing a

tightened quadratic curve to replace arcs BC and HG . For convenience, we define

t-1
U

x=r_ and then ramp-up/down margin functions f{x) and g(x) for arcs BC and

i‘]?; arc

{ f()=(x=b/a)a+1)""+b/a+c-(AT -n) (6.32)

g(x)=(x—c-(@-1)=b/a)l-a)" “+b/a

where f(x) and g(x) are defined as Lipschitz continuous functions. Let

— 2 — 2
fU (.X) - af,uppcr X+ bf,uppcr X+ cf,uppcr and 8. ()C) - af,lowcr X+ b/’,lower "X+ c/,lower

represent the quadratic functions to approximate f{x) and g(x), where a, ., b, .,

and a b are quadratic coefficients of f,(x) and

cf,upper flower ? flower ? Cf,lower

g, (x), respectively.

As displayed in Fig. 6.8(b), let us prove the quadratic constraint f,(x) in red
dashed lines as arc BCD in dashed lines has the minimal inner-approximated error
that can be used to approximate f(x). We assume that our initial point is an arbitrary
U on the vertical line of point D subject to x; =x, and v, =v,+h; . With this
specified point U and fixed points B and C, we can determine a specific quadratic

function to represent arc BCU . Consequently, we have
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2
xB xB 1 af,upper af,upper yB

=T|b o (6.33)

2
'xC xC 1 b f ,upper

f supper

2
xU xU 1 cf,upper Cf,upper yD + hU

where I' is the coefficient matrix of f,(x) , and xB, xc, xp and xy refer to
x-coordinates of points B, C, D and U and yg, yc, yp and yu refer to y-coordinates of

points B, C, D and U, respectively.

Since I is invertible, the quadratic coefficients « fiower > D and ¢, can
Jlower flower

flower

be expressed as,

A ¢ upper Ve 0 Vg 1 Xc—Xp
bf,upper = F_l yC +F_1 0 = F_l yC - m x; - xé N hU (634)
Cf,upper yD hU yD x(zij - x]23xC

where |I'| is the moduli of I' and I'" is only with respect to the x-coordinates of

points B, C, and U. By (6.34), we express f,(x) as

af,upper yB Y —x 1
So@=[x 1] by | =[x 1O e | =R e )
€ upper Yo XcXp
e i (6.35)
Ve X X
=T ye x [+h, YT
Yp 1 1
Xe—X T
where Y =-— C|F|B[l —Xo — X xCxB] .

Observing Eq. (6.35), [x*> x 1]-T""[ys yc yp]" is the quadratic function for arc BCD .
If hu=0, arc BCD overlaps arc BCD . Moreover, for any Vx>x. , we
T
rearrangeYT-[x2 X 1] as

Y[ ox 1] =—%(x2 — (X + X, )X+ Xxy) (6.36)

where x. > x, and |I'[<0.
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It is clear that x*—(x.+x,)x+x.x, is a quadratic function where the parabola
opens upward. The minimization achieves at x*=(xg+xc)/2, but x>xc>x", so the
minimization must be at xc. The minimal value of Eq. (6.36) yields

Xc —Xp
[T

(x2 = (x¢ + x5)x. +x.x,) = 0. Therefore, Y’ -[xz X I]T >0 is proven.

With Y" -[xz X 1]T >0, if hu=0 means that point U is higher than point D, then
we can perceive that fu(x) can be a monotonically increasing function with respect to
hy for any fixed x from (6.35). If and only if ~u=0, then the minimization of f{x)-fu(x)
can be achieved, which indicates that the quadratic constraints BCD has the

minimal inner-approximated error for arc BC . Tt should be noted that fu(xa) can be

higher than (0.3-b/a)(a+1)*""+b/a where xo=0.3. This indicates arc BCD can
envelop point A. Analogously, the quadratic constraint fz(x) can be justified as arc
1HG , which can envelop the point F.

The maximum inner-approximated errors As, and As, between arcs BCD and

BC and between arcs JHG and HG can be obtained by establishing dfix)/dx =

dfu(x)/dx and dg(x)/dx = dgr(x)/dx, respectively. The solutions yield:

a-c "

(a-x —b)In(a+1) 26 g%+ b g (6.37a)
xi—df _ _

2af,l()werxj + bf,lower = (1 - a)AT ¢ 1 : M (637b)

a

where x] and x’ denotes the x-coordinates of the maximum inner-approximated
errors for arcs BCD and [HG .

Eq. (6.37a) is a quadratic equation and Eq. (6.37b) is a transcendental equation. Eq.

(6.37b) can be dealt with Newton method [104]. With achieved roots x, and x,
151



the maximum inner-approximated errors As, and As, between quadratic and

untightened ramp-up/down margins can be calculated in
Asy :f(xi)_fu(x:) > ASL:gL(xj)_g(xi) (6.38)
Based on the above, the quadratic ramping constraints with minimal

inner-approximated errors are given as

t—1\2 t-1 t
af,uppcr ’ (,;,u ) + bf,uppcr ' r;',u + cf,uppcr 2 r;‘,u (6393)

(6.39b)

t—1\2 t-1 t
af,lowcr ’ (I/;‘,u ) + bf,lowcr ’ y},u + Cf,lowcr < r;',u
Whel‘e afupper, bfupper, Cfuppcr, af,lower, bflower, and Cflower can be Obtalned by arcs BCD

and IH/—C\?

To convert this quadratic constraint (6.39a) and (6.39b) in the rotated SOC form,

we have

bZ

2 _ t f ,upper
2- mupper 1/2 Z|| Jupper || H mupper - _’:',u - 4 f ,upper
@ upper (6.40a)
1
_ -1 [

Jupper - _af,upper .};’,u _Ebf,upper _l/af,upper

2
2 1722 J e IP =y 4L

mlower = lower ’ mlower - };’,u 4 f,lower
@ tower (6.40b)

S iower = mrz‘:l +%bf,lower N l/af,lower
Making use of the above, we can summarize that linear and SOC operational
constraints of retrofitted coal-fired units can be characterized by (6.3a)-(6.3c),
(6.42)-(6.4c), (6.12), (6.27)-(6.28) and (6.3a)-(6.3c), (6.4a)-(4c), (6.12),

(6.402)-(6.40b), respectively.
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6.3 Distribution-Level Topology Optimization for Flexibility

Enhancement in Look-ahead Rolling Economic Dispatch Approach

6.3.1 Rolling Economic Dispatch Model

With the day-ahead unit commitment scheme and forecasted wind power data, we
can establish the economic dispatch model over a rolling window, during which
WTBPS maintains steady transmission power within specified bands. Each dispatch
involves several look-ahead hours. In general, the wind power forecast for 4-6 hours
has relatively low forecast errors [73]. In this study, the look-ahead period is thus set
as 5 hours including the current hour and the remaining look-ahead hours in the
intra-day stage. This rolling economic dispatch aims to reach the minimum thermal
production cost and switch-over operational cost subject to operational constraints of
WTBPS. Specifically, the thermal production cost for a horizon of length N7y is
produced by retrofitted coal-fired units; whereas switch-over operational cost is
associated with optimal load transfer solutions via HVDNSs. In summary, we depict
the following look-ahead rolling economic dispatch framework and associated rolling

process:

: |— —| Rolling economic dispatch [~ — Optimal dispatch
Wind power |l | | of retrofitted coal-
predictor : Minimize thermal production : fired units
cost
. H
Day—ahc?ad unit _’: Minimize switch-over |
: oL J : operational cost :
-——— g ———————= - l Optimal switch
Load data from L 1 i solution ]
HVDNSs Tightened operational LTS
constraints of units Constraints

(a)
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| time
L
96
o/
)
Rolling period

t=96 Other period

(b)

Fig. 6.9. (a) Look-ahead rolling economic dispatch framework; (b) rolling process.

Since different y’ have similar production cost coefficients, we approximately

express the coal-fired generation cost Fo1 as

Ni. N, Ng,

angl% F Zz Z c21 u( Gz u max) + cli,ur;'fuPGi,u,max + cOi,u] (641)

t=1 u=1 i=l

where ¢4, c1iu and coiu refer to production cost coefficients for the i-th retrofitted
coal-fired unit in the u-th agent of WTBPS; Ng. and N, indicate the total number of
retrofitted coal-fired units in the u-th agent and the total number of agents,
respectively.

Moreover, addressing the operational cost minimization issue in an LTS task is to
seek the smallest number of total circuit switching operation times and the minimum
amount of dispatchable loads during a rolling window. This chapter adopts circuit

switching service cost ¢, , to multiply switching operation times plus purchasing
costs ~ of  dispatchable loads as cp,(PL)Y . As a  result,

Ni. N, N,
Fo= ZZ {CD’H (Py,) ey, D (St - S;‘l)z} . After applying z' = §'S™" o Foa, Fo2
=l

t=1 u=l1

can be rearranged as
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N, N,

ZZ{CDu (Py.) +CHMZ(S’ St } (6.42)

t=1 u=1

In light of all these facts, we consider that two objectives are assumed to have equal

priorities and weighting coefficients are selected as g, = u, =1/2 . Thus, a look-ahead

rolling economic dispatch model is the minimization of F, subject to the power
balance of tie-lines (6.1), operational limits of retrofitted coal-fired units (6.3a)-(6.3c),
(6.4a)-(6.4c) and (6.12), and linear ramping constraints of retrofitted coal-fired units
(6.22)-(6.23) or SOC ramping constraints of retrofitted coal-fired units (6.41a) and
(6.41b), plus simplified voltage-constrained LTS via HVDNSs (6.13)-(6.21).
P1: Rolling economic dispatch model with linear ramping constraints
min F =uF, +u,F,

P Pl RS] 2N (6.43)
st (6.1),(6.32)-(6.3¢),(6.4a)-(6.4¢),(6.12)-(6.23), Vi T,

P2: Rolling economic dispatch model with SOC ramping constraints
min Fy = mby +iF,

t_t
upper »Mower ’Jupper !Jlower E]Rssi Z) eN (6 44)

st (6.1),(6.3a)-(6.3¢),(6.4a)-(6.4¢),(6.5)-(6.14),(6.25a),(6.25b) V¢ € T,

1 ¢ [
TP P,

Since this proposed rolling economic dispatch model (6.43) or (6.44) has different
groups of variables, we can express (6.43) or (6.44) in a more compact model form.

To avoid heavy notion, one group of continuous variables is defined

as y, =1, Py, P,)eR,tel} and Y =H{y,} , v=12,..., N, for (6.43)

and Vou —{(r Pzt) J

upper ° lower

m YeR,teT} and Y, ={y,,} , u=l,

ud Tu’ upper’mlower’

2,...,N, for (6.44) for all retrofitted coal-fired units in the u-th agent of WTBPS. The

other category of discrete variables refers to X:={(S',z')e N, ¢ e 7.} . Without loss

of generality, we further modify (6.43) and (6.44) in more general forms as

(6.35a)-(6.45¢) and (6.46a)-(6.46f), respectively.
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Compact P1 subject to linear constraints:

xlnN,i&R w (VDY +(D)) V) + i, (X Dy X + (D)) X) (6.45a)

si. A -X+B,-Y,<b, (6.45b)

E,-Y <h (6.45¢)

F-X<r, (6.45d)

G, - X=r, (6.45¢)
Ny N, N

where ¥YTDY, +(D))' Y, =23 > (63, (i Poime)” + Clsl i Pt 1204 D5 Dy
e

Dlly and D; in (6.45a) are constant matrices summarizing from (6.41) and (6.42).

Constraint (6.45b) refers to constraint (6.1) which 4;, B; and b; are constant vectors
drawn from constraint (6.1). Constraint (6.45c) includes constraints (6.3a)-(6.3c),
(6.4a)-(6.4c) and (6.12), (6.22)-(6.23) where E; and h; can be deduced as constant
matrices. Constraint (6.45d) and (6.45¢) encompass inequalities and equalities for
LTS-based network operational constraints (6.13)-(6.21) for the LTS-based HVDNs
with deduced constant matrices Fi, re, Gi ,and #is.

According to minor inner-approximated errors for rotated SOC constraints (6.40a)
and (6.40b), this compact P2 is more accurate than P1, expressed as

Compact P2 subject to SOC constraints:

Jmin 4% DY, +(D)) V) + (X DX +(D))' X) (6.462)
st. A-X+B,-Y,<h, (6.46b)
E,-Y,<h, (6.46¢)
F-X<n, (6.46d)

G, - X=r, (6.46¢)
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Y,)0Y,+1'Y,<g, (6.461)
NTs ]V“ NG,xz
Where IIZTD{ZY; + (le)r I,2 = Zz Z [C2i,u (l/;'fuP(}i,Lt,lnax )2 + cli,ur;'fuPGi,u,max ] ? and D;z

t=1 u=1 i=l

and D} in (6.46a) are constant matrices. Quadratic constraints in constraint (6.46f)

can automatically convert to standard rotated SOC constraints with the auxiliary
variables (Jupper, Mupper, Jlower, Miower). The constant matrices @, I and g, are symbols of

dfupper, bﬁupper, Cfupper, Aflower, bjflower and Cf, lower.

6.3.2 Multi-cut Generalized Benders Decomposition

As observed in compact P1 and P2, this look-ahead economic dispatch model is a
MISOCP problem. This MISOCP-based optimization problem is established on
large-scale HVDNs and multiple agents of WTBPS, which contains a substantial
number of continuous and integer variables during the look-ahead period. Running
this large-scale optimization model mixed with the LTS-based network operation
model is inevitably time-consuming. Fortunately, the compact P1 and P2 can be
decomposed into a relaxed master problem (MP) with respect to X and many
sub-problems with respect to ¥1 or ¥2, which perfectly suits GBD decomposition
framework.

Given discrete variables yx  from MP, we can develop the sub-problem on
continuous variables ¥, = {y, }and¥, = {y,,} , u=1, 2,..., Nu. By observation on the

block matrices By, and Ej, of constraints (6.45b) and (6.45¢) for P1 and constraints
(6.46b) and (6.46¢c) for P2, we can find that the structure of compact P1 and P2 has a
special "block-angular” form on variables yi.. and y2, in the sub-problem (SP.) for
the u-th agent of WTBPS. In other words, any agent of WTBPS does not interfere

with other agents of variables. In general, y, refers to y1.. for P1 or y». for P2.
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Agentl | B, AZ b, A,
Ag?ntz B, _ IRE b{’z _ Aj’z X (6.47)

Agent N, B,y ||y by, Ay,

We summarize this special "block-angular” decomposable structure in (6.47) with
three characteristics as convexity, linear separability and linear independence.
i) Convexity: P2 is all convex on continuous variables y, with given the discrete

variables ¥ ;

ii) Linear separability: constraints (6.45b)-(6.45¢) and (6.46b)-(6.46e) are all

linear on discrete variables X with given the continuous variables p,_ ;

A

iif) Linear independence: with given discrete variables x , different groups of

continuous variables y, are linearly independent. Under these three characteristics, it
is highly desirable to utilize the GBD method with multiple cuts as MGBD. MGBD
can decompose the sub-problem of GBD into multiple independent smaller
optimization models by (6.47), which sub-problems engender multiple feasibility cuts
and optimality cuts at each iteration. Recall that classical GBD only generates one
feasibility cut for each iteration, whereas the number of feasibility cuts and optimality
cuts is equal to N, in each iteration in MGBD. Thus, MGBD enables faster
convergence of the large-scale MP model and then save more running time, as
compared to the single-cut GBD method.

Following MGBD approach, we formulate the sub-problem (SP.) for the u-th agent
of WTBPS for P2 at the k-th iteration as a SOCP-based model with given discrete

variables x#-1:

min (3, D) y,, + (D) )+ (XY DX +(D)' XM (6.48a)

s.t. Bl,u ' y2,u < bl,u - Al,u ' XA'k_l (648b)
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E, y,.,<h, (6.48¢)

y;:uQr,uyZ,u + l:uyZ,u S gr,u (648(1)
where A4,=1{4,,}, I,={l,},B,={B,,},b=1{b,}, E,={E,}, h=1th,},
0,={0,,tand g ={g,} foru=l,2,..., N

k

If this SP., problem is optimal with py ~, the wupper bound
is

UB, =min{UB,_ 1"”12((,"2,4 q\zj,;u +(D,f)Tj/§’u)+,uz(()A(k_l)TD;‘ X _‘r_(Dlx)TXvk—l)}
u=1

; otherwise it is infeasible, we turn to solve an /i-minimization feasibility check

problem with the relaxed variable o, > 0 where for u=1, 2,..., Ny as follows:

[min_o, (6.492)

st. B, y,,—0,<b,—A4, X" (6.49b)
E, - y,,-0,<h, (6.49¢)
Y2u8ruVru Y20 — 0, S &, (6.49d)

On the one hand, if the SP, problem is feasible at k-th iteration as indicated in

(6.482a)-(6.48d), we substitute the obtained continuous variables j;;"u and Lagrange
multiplier vectors ,i'fl , ,i'f ,» and ,i'f , for constraints (6.48a)-(6.48d), which enforces

the optimality cut as:

() A, X+ (2 (B, 55, ~b,)+ (A (B 3y —h,) +

N N N o o (6.50)

(}’ 3) ((yZu) Qruy2u ruyZ,u_gr,u)+ﬂIZ((y2u) DyyZu (D;: y2,u)squ
u=1

where ¢, is an auxiliary variable from the SP, for the MP.
On the other hand, provided that the SP, problem is infeasible at the k-th iteration,

by solving /i-minimization feasibility check problem as indicated in (6.49a)-(6.49¢),
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and then we substitute continuous variables j/* and Lagrange multiplier vectors 3% ,

7a,.andyk . for constraints (6.49b)-(6.49d) to form the feasibility cut:

(J;u,l)TAluX-i_(J;ul)T(Blu jj{,;_blu)-i_(ﬁu,Z)T(Elu 5)2/]; hu)+

R Y (6.51)
(yuB) ((y ) QruyZu ruyZ,’u_gr,u)—O
After imposing the optimality cuts (6.50) and the feasibility cuts (6.51) for u=I,

2,..., Nu, we establish the relaxed MP model at k-th iteration for all agents:

mm un +u,(X"DI X +(D}))' X) (6.52a)

ul

st. F-X<r, G-X=r,and (6.50)-(6.51) (6.52b)

NM
The lower bound is obtained as LB, = ,uz((Xk)TD;‘ )& +(Df)TXk)+qu’; , where

u=l

X*and ¢* are optimal solutions from (6.52a)-(6.52b). Until ||LB, —UB, || is less

than the given tolerance, this MGBD algorithm can be converged.

This MGBD can generally be solved by servers at the dispatch center, while SPx
can be individually and simultaneously tackled by each agent. Traditionally, the
centralized rolling economic dispatch enforces each agent to upload sensitive local
data to the dispatch center, such as power outputs, power capacities, utilization levels,
without privacy protection [105]. However, with this MGBD computation framework,
agents can only share the dispatchable loads and Lagrange multiplier vectors with the
dispatch center, which preserves the privacy of sensitive information. In summary, the

entire computation procedure on multiple paralleled CPU cores is implemented in Fig.

6.10.
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Fig. 6.10. Computation procedure of MGBD for P1 and P2.

6.4 Case Studies

A real modified HVDN system with 220kV and 110kV voltage levels in central
China as shown in Fig. 6.11 [82]. Four agents A1-A4 of WTBPS are integrated in four
different 220kV stations, namely stations TH, ZJS, HTC and SQZ, with tie-lines
PT1-PT4. This integrated practical system is used for case studies to validate the
proposed look-ahead rolling economic dispatch approach.

Assume that four agents have the same installed capacities of wind power and
coal-fired power generation. In each agent, there are five retrofitted coal-fired units
satisfying 5 PG max=Ppase=1500 MVA, AT =15min, Ts=5h, N1s=20, p»*" =37.5 MVA,

0%=5% and Pwina=1200MVA. The c2iu, c1iu, and co;, for all agents are set to 0.00049
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($/MW=h), 18.23 ($/MWh) and 35.54 (8). The ¢,, and c¢,, are set to 4.17

($/MWh) and 10 ($/p.u.) respectively for all agents. This HVDN system has 17 units
of 220kV stations labeled with long rectangle boxes and rated capacities in light
yellow color and 57 units of 110kV substations marked with black-filled circles. The
status of switch breakers is shown in Fig. 6.11 for the initial period. The number of
allowable switch actions during a rolling window is set to 6 times [103]. Load data for
each substation and wind power data for four agents are forecasted for 7s=5h ahead.
The voltage profiles of all nodes are bounded in [0.95, 1.05] p.u., and the thermal
capacities of branches are less than 0.126 p.u., and other network parameters can be
found in [82], where the base power is set to 1000 MW. And given tolerance for
MGBD is set to =103 in this study. In addition, conventional coal-fired units
without retrofits and retrofitted coal-fired units with dynamic ramping are compared.
These three categories of coal-fired plants with installed wind power capacity Pwind

participate in the following simulation experiments, as shown in Table 6.2.
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-—— 220kV Base Transmission Line
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@‘T.l] ® & 2x 240 41
7180 e o O
5 [ 2180 110 XEC 35 36370038 SL[2x240
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Fig. 6.11. A real modified HVDNs in central China.

Table 6.2. Comparative coal-fired plants

Minimum o
Types of coal-fired plants load level (%) Ramp rate (min/%)
anventlonal coal-fired units 60 11%
with normal ramp rate
0.35%, r!, €[0.3,0.4]
Retrofitted coal-fired units 1.0%, 7' €[0.4,0.5]
with piecewise linear model 30 V,-iu = ’

1.5%, 7, €[0.5,0.6]
2%, 7!, €[0.6,1.0]
{a-r.’ -b, 1, <d

of dynamic ramp rates [78]

Retrofitted coal-fired units ‘
with proposed dynamic ramp 30 .
rates Eq.(6.2)

o where
c, r >d

iu

a=0.055, 5=0.013, ¢=0.02, d=0.6.

In this study, we adopt the following comparative rolling economic dispatch (ED)
models for agent A; in Table 6.3. We mainly divide two categories of factors for
economic dispatch models: dispatchable loads and ramp rate. For dispatchable loads,
reference [77] adopts a load-shedding variable in the look-ahead rolling economic
dispatch model instead of a network-based model, namely unrestricted dispatchable
loads. The second column refers to unrestricted dispatchable loads. In contrast, the
LTS-based HVDN operation model only outputs discrete dispatchable loads which
are indicated in the third column. For ramp rates, we consider conventional and
retrofitted coal-fired units into ED models where types of coal-fired units are
introduced in Table II. The fourth and fifth columns refer to conventional coal-fired
units with the normal ramp rate and retrofitted coal-fired units with the piecewise
linear model of dynamic ramp rates, respectively. The sixth and seventh columns
denote linear- and SOC-based tightened ramping constraints of retrofitted coal-fired
units. Parameters of the normal ramp rate and dynamic ramp rates are taken from

Table 6.2.
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Table 6.3 Comparative rolling economic dispatch models for agent Al

ED Dispatchable loads Normal Dynamic ramp rates

models  unrestricced HVDNs ramprate  piecewise linear SOC

EDI N

ED2
ED3
ED4
ED5
ED6
ED7 v

EDS \ \

2.2 2 2 2|2
<
2 2 2

6.4.1 Maximum Inner-Approximated Errors of Tightened Ramping Constraints

We present accuracy discussions for maximum inner-approximated errors between
the untightened and linear and SOC ramping constraints. Fig. 6.13(a)-(c) present the
maximum inner-approximated errors between the untightened and linear ramping
constraints, i.e. Aey and Ae;, and between the untightened and SOC ramping
constraints, i.e. Asy and Asz, with respect to different ranges of experimental
parameters a, b, c. In this experiment, we define the following sets of parameters a, b
and ¢ where d=(b+c)/a.
® In Fig. 6.12(a), parameters a and b vary from 0.0467 to 0.06 and 0.001 to 0.015,
and parameter c is fixed to 0.02.

® In Fig. 6.12(b), parameters a and ¢ vary from 0.0467 to 0.06 and 0.020 to 0.025,
and parameter b is fixed to 0.013.

® In Fig. 6.12(c), parameters b and ¢ vary from 0.011 to 0.015 and 0.020 to 0.025,

and parameter a is fixed to 0.055.
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Fig. 6.12 Maximum inner-approximated errors using linear and SOC ramping

constraints with different sets of parameters

From Fig. 6.12(a)-(c), it should be noted that the maximum inner-approximated
errors Aeu, Aer, Asy and As; are quantified below 3.21%, 2.45%, 2.84%, and 1.36%
with different sets of parameters. Following Aey>Asy and Ae;>As;, this suggests that
the SOC ramping constraints are more accurate than corresponding linear ramping
constraints. For SOC ramping constraints, the maximum inner-approximated errors
are specified with 2.84% Ppase/5=8.52 MW and 1.36%  Ppase/5=4.08 MW for

ramp-up/down margins under A7 =15min, respectively.

6.4.2 Boundaries of Wind Power Fluctuations

The allowable ramping margin of wind power turbines (WPTs) can be quantified
with three kinds of ramping constraints using normal ramp rate, the piecewise, and
proposed linear models of dynamic ramp rates from Table 6.2. The corresponding

allowable ramping margins caused by three kinds of ramping constraints are drawn in
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black, pink and blue lines in Fig. 6.13. The ramping boundary of this installed wind
power capacity is depicted in green lines, and three forecasted sets of wind power data

are also included in Fig. 6.13.

ramping boundary of WPTs

ramping boundary by normal ramp rate ||
ramping boundary by piecewise model
ramping boundary by proposed model

210%¢

@ set of forcasted wind power 1
B set of forcasted wind power 2
A set of forcasted wind power 3

140% 1

70%

Percentage of wind power at time ¢ (%)

0%

0% 20% 40% 60% 80% 100%
Percentage of wind power at time #1 (%)

Fig. 6.13 Different allowable ramping margins of WPTs.

Fig. 6.13 suggests that the allowable ramping margin of WPTs can be enlarged as
long as coal-fired plants are retrofitted, as justified by ramping areas with boundaries
in black lines, blue lines, and pink lines. Moreover, the theoretical ramping area in
green lines is determined by installed wind power capacities. For WTBPS, feasible
wind power fluctuations of WPTs have boundaries with blue, pink or black lines
between adjacent periods. This is the reason why only the set of forecasted wind
power 2 is completely located in the allowable ramping margin of WPTs, whereas the
other two sets 1 and 3 of wind power data cannot be completely accommodated by
WTBPS. In this case, wind curtailment or load transfer is inevitable for these two sets.

Fig. 6.13 depicts the untightened and tightened allowable ramping margins of

WPTs under AT =15min. The blue line indicates the untightened boundary by the
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proposed operational ramping constraints. The red and black lines refer to tightened
ramping boundary of WPTs caused by linear and SOC ramping constraints. It is
shown that one point of forecasted wind power dataset 2 remarked in the blue-filled
square box lies on the SOC ramping constraint. The linear constraints lead to
purchasing dispatchable loads via a few switch-over operations of HVDNS if linear
ramping constraints are involved. Instead, adopting tightened SOC ramping

constraints can accommodate this problem.

6.4.3 Linear Versus SOC Ramping Constraints

After the feasibility-check procedure for wind power data using tightened ramping
margin of WPTs from Fig. 6.14(a), we can carry out the simulation experiments to
validate the dispatch solution accuracy for EDland ED2. To clearly distinguish
between ED1 and ED2, we compare the optimal generation power solutions of ED1
and ED2 over the rolling window from 8:30 to 13:30, subject to linear and SOC

ramping constraints as shown in Fig. 6.14(b).

exact boundary

linear constraint

——SOC constraint

= set of forcasted wind power 2

140%'>3% /_/ |
32

70% ¢
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0%F ]
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Fig. 6.14. (a) Untightened and tightened ramping margins of WPTs under A7 =15min;

(b) Optimal rolling ED solutions between ED1 and ED2.

Remarkable differences can be inferred from Fig. 6.15(b) between optimal solutions
of EDland ED2. The optimal solutions of ED2 is more accurate than the ones
obtained by ED1 shown in the embedded graph, since the optimal solution of ED2 is
closer to the untightened ramping margin in blue line. With acceptable errors
indicated by maximum error analysis in Fig. 6.15(a)-(c), the optimal rolling economic
dispatch solution of ED2 can be deemed as accurate, regardless of how wind power
changes during these periods. Thus, SOC constraints in ED2 can replace nonlinear
untightened constraints with acceptable errors for optimal economic dispatch

solutions.

6.4.4 Normal, Piecewise Versus SOC Ramping Constraints

To exemplify the quick-response, we compare the optimal generation power
solutions and optimal dispatchable loads over the rolling window from 8:30 to 13:30

by ED3, ED4 and EDS5, as shown in Fig. 6.15(a) and (b). Note that optimal ED
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solutions of ED3, ED4 and ED5 are compared under the typical load demands and the
mean of wind power data in 100 random scenarios in Fig. 6.15(a), and optimal
dispatchable loads are collected under 100 random wind power scenarios in Fig.
6.15(b). Table 6.4 contains the average objective costs of ED3, ED4 and EDS5 in 100
wind power scenarios. The second column refers to the generation cost For; and the
third column indicates the operational cost Fo2; and the last column F, is the total cost

of this rolling economic dispatch.
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(b)
Fig. 6.15. (a) optimal ED solutions under typical load demands and mean of wind

power data; (b) optimal dispatchable loads in 100 wind power scenarios.

Fig. 6.15(a) reveals that ED4 and EDS5 can quickly react to wind power fluctuations
with multiple output power below 600MW, while ED3 is incapable of
accommodating these wind power variations. This suggests that retrofitted coal-fired
units are more flexible than conventional coal-fired plants. To compare ED4 and EDS,
EDS is superior to ED4 since EDS can seek many optimal output solutions that are
smaller than 600MW whereas ED4 cannot do so. Moreover, Fig. 6.15(b) presents that
ED5 seeks the least dispatchable loads from HVDNs than the quantities obtained by
ED3 and ED4 in each dispatch period. These results also validate ED5’s superiority in
the quick-response to unexpected wind power fluctuations, as also reflected in the

smallest total cost Fo1, Fo2, and F, for ED5 in Table 6.4.

Table 6.4. Average costs of 100 wind power scenarios

ED Models Fo1 (x10°%) Fo2 (x10°%) Fo (x10°%)
ED3 10.40 82.420 46.41
ED4 8.67 5.400 7.01
ED5 8.49 3.031 5.75

6.4.5 Unrestricted Versus LTS-based HVDNs
Fig. 6.16(a) and (b) show the rolling ED differences between ED6 and ED7 with the

wind power data extracted from the sets of forecasted wind power 2 and 3,
respectively. Fig. 6.16(a) shows that ED7 and ED8 have the same solution since there
are no circuit switching actions. When wind power fluctuates sharply between
adjacent intervals, ED6 and ED7 may have different schemes of purchasing

dispatchable loads from HVDNSs. Fig. 6.16(b) interprets that the switched load 213.27
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MW is essential at 09:30, since the wind power varies by 614.72 MW, which is larger
than the maximum ramp-down margin 251.67 MW of retrofitted coal-fired units at
that time. Otherwise, it has to conduct load transfer operations. For ED6 and ED7,
ED7 purchases more dispatchable loads from the LTS-based network than that solved
by ED6, such as 09:30, 11:15, and 11:30. This is caused by the continuous circuit

switching variable instead of the network-constrained discrete circuit switching

variable.
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—&— forcasted wind power dispatchable loads by ED7

dispatchable loads by ED6 —&— active output power by ED7
—— active output power by ED6 — — - output power of WTBPS by ED7
output power of WTBPS by ED6

(c)
Fig. 6.16. Optimal ED solutions between ED6 and ED7: (a) set of forecasted wind

power 2; (b) set of forecasted wind power 3; and (c) legends for (a) and (b).

6.4.6 Centralized Versus Decentralized MBGD Methods

We conduct simulation experiments to validate the computational efficiency
between the centralized MILP- and MISOCP-based methods and the proposed
decentralized MGBD-based method for ED7 and EDS in case studies. Four methods
are compared: Centralized MILP programming solver for ED8 (M1); Centralized
MISOCP programming solver for ED7 (M2); Centralized MISOCP programming
solver embedded in a GBD framework for ED7 (M3); Decentralized MISOCP
programming solver embedded an MGBD framework for ED7(M4).

These four methods are implemented by using CPLEX tools and MOSEK in the
MATLAB environment with an AMD Ryzen 75800X 8-core CPU 3.80GHz processor.
Three kinds of stochastic wind power scenarios for four agents are generated where
the maximum power fluctuation accounting for wind power rated capacity between
two consecutive periods is set to AP =0.3, 0.5, and 0.8. Note that all forecasted wind
power data satisfy tightened ramping margin of WPTs under A7 =15min and load

transfer boundaries.

Table 6.5. Computing performance of four methods

. Entire CPU CPU Time (s)
Cases Methods Iterations Time (s) TMP TSP
| Ml / 5.34 / /
AP =0.3 M2 / 12.11 / /
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N.=4 M3 4 12.89 9.85 3.04
M4 2 6.05 4.43 1.62

I Ml / 4.11 / /

. M2 / 11.29 / /
A;—:%s M3 5 13.12 10.05 3.07
! M4 2 5.85 423 1.62

: Ml / 5.44 / /

- M2 / 12.89 / /
Aﬁ;%g M3 7 12.42 10.06 2.36
! M4 3 5.96 4.11 1.85

. Ml / 5.34 / /

AP =03 M2 / 15.11 / /
=8 M3 8 18.42 14.22 4.20
! M4 4 7.56 5.54 2.02

I Ml / 5.41 / /

AP =0.5 M2 / 16.36 / /
N =8 M3 9 20.08 15.75 4.33
! M4 5 7.47 5.12 2.35

I Ml / 5.02 / /

- M2 / 16.81 / /
Az;%g M3 15 21.73 15.24 6.49
! M4 5 7.51 5.40 2.11

Table 6.5 displays the numerical results for case studies in different wind power
scenarios. For case II, we consider involving eight agents of WTBPS connecting to
220kV stations FZ, RD, XEC, and SY. The number of constraints and variables is
twice as many as case I. The first column indicates case numbers with different ranges
of wind power fluctuations. The second column denotes four methods. The third
column shows the total number of iterations required to reach the optimum only for
GBD and MGBD approaches. The fourth column presents the entire CPU time (in
seconds) required to solve the overall problem. The fifth column includes the sum of
CPU running time (in seconds) of the master problem (TMP) and sub-problems (TSP)
in M3 and M4, respectively.

For M1 and M2, M1 converges more rapidly than M2, with a smaller amount of
CPU time for the two cases. With the larger system sizes as indicated in case II, M1

outperforms M2 with superior advantages in CPU time. This outperformance of M1
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stems from the MILP-based EDS8, whereas M2 is applied to address the
MISOCP-based ED7 with a more accurate solution than the MILP-based EDS.
Compared to M3, M4 shows a remarkably smaller amount of CPU time and a less
number of iterations in two cases. And the CPU processing time for M3 substantially
increases with larger system sizes. However, the effectiveness of the proposed M4 can
be ensured within less than 8 seconds of CPU processing time, which saves more than
65% of computation time compared with M3.

Based on the above, M4 outperforms M2-M3 in the least CPU time and
outperforms M1 in the accuracy of the solution. Provided that M4 is performed on
multiple distributed computing servers, it can be certainly expected that the
computing performance of M4 can bring better computational efficiency to this
decomposition—coordination computing framework, especially for a large-scale

optimization problem.

6.5 Summary

The chapter proposes a look-ahead rolling economic dispatch approach of WTBPS
considering the wvariable ramp rate of retrofitted coal-fired units and flexible
voltage-constrained LTS via HVDNs. The SOC ramping constraints are validated
with acceptable inner-approximated error (at most 2.84%) when AT =15 min.
Results from the case studies demonstrate that this proposed rolling economic
dispatch approach is applicable for multiple WTBPS agents to accommodate wind
power fluctuations with the minimization of production cost, purchasing cost, and
switch-over operation cost. Moreover, the proposed MGBD-based decentralized

method enables many subproblems to be solved in parallel, which facilitates this
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large-scale rolling economic dispatch model to be quickly solved, saves around 65%
computational time and releases more computational resources. Therefore, the
computing performance for the proposed MGBD-based method is proved to be

satisfactory with higher efficiency.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

DNs can adaptively maintain load balancing and loss reduction at the voltage
security-constrained operation level, and to coordinate real-time transactive dispatch
tasks between supply and demand at the market level of DNs.

On system-wide operation level, with the proliferation of diverse power entities
(e.g. renewable generation, electric vehicles and storage) into smart DNs, adaptive
reconfiguration of the electrical topology of DNs may run into physical security issues,
i.e., over-voltage and under-voltage excursions. Moreover, on cyber-physical system
security level, massive D-PMU devices are connected into smart DNs for the full
system observability in recent years. The cyber-physical nature of DNs facilitates the
exchange of crafted D-PMU signals amongst actuating and monitoring power entities
in DNs. This renders that an effective defense of observability plays a crucial role in
the cyber-physical security of DNs against cyber-attacks. Additionally, to keep a
fairly transactive energy market, DSOs have to share sensitive power flow datasets
with different participants, which may leak the sensitively private data including
nodal load and generation data of residential customers. Obfuscating sensitive
datasets up to some quantity but preserve their statistic values is essential for

customer’s privacy guarantees.
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Thereby, in order to proactively mitigate these problems, this thesis proposes
several advanced topology optimization methods to achieve a DNR solution for
cyber-physical security, privacy-preserving and dispatch flexibility enhancement. The

primary conclusions and contributions of this thesis are summarized as follows:

(1) The proposed DCHR approach can tackle the disjunctive nature of DNR
problems. With continuous parent-child relationship variables as disjunctive variables,
this DCHR approach is theoretically tighter than the McCormick linearization method
and the Big-M method, and it is especially suitable for DNs with directional power
flows. As demonstrated in case studies, the computing performance in terms of
running time and iterations using a DCHR approach yields superior numerical
performance than prior relaxation methods.

(2) The proposed disjunctive RCDS formulation can be applicable for
reconfigurable networks with the least defense cost in theory. With this formulation,
an observability defense-constrained DNR model can be constructed as a MISOCP
problem, which perfectly enables an observable DNR solution just with the minimal
defense cost and active power loss for cyber—physical security enhancement.

(3) For multi-agent ADNs, we proposes a DP-DNR mechanism based on a
C-ADMM approach for interconnected multi-agent ADNs. This query mechanism
provides a mixture output of both realistically optimal tie-switch status and
corresponding obfuscated- but-feasible tie-line load flows, part of which may have
reverse directions. Moreover, the C-ADMM-based DP-DNR mechanism can seek the
optimal topology switch without realistic communication signals and customer’s load

data from other agents, which maximally protects the agent’s and customer’s privacy.
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In the future energy-sharing market with mutual trust, this well-designed
C-ADMM-based DP-DNR management will be much applicable for
privacy-preserving grid operation of multi-agent ADNSs, especially for agents with
conflicting interests.

(4) The proposed distribution-level topology optimization contributes to the
flexibility enhancement of a look-ahead rolling economic dispatch of WTBPS, which
offsets the insufficient ramping margins of retrofitted coal-fired units. The proposed
SOC ramping constraints of retrofitted coal-fired units are validated with acceptable
inner-approximated error (at most 2.84%) when AT =15 min. Results from the case
studies demonstrate that this proposed rolling economic dispatch approach is
applicable for multiple WTBPS agents to accommodate wind power fluctuations with
the minimization of production cost, purchasing cost, and switch-over operation cost.
Moreover, the proposed MGBD-based decentralized method enables many
subproblems to be solved in parallel, which facilitates this large-scale rolling
economic dispatch model to be quickly solved, saves around 65% computational time
and releases more computational resources. Therefore, the computing performance for

the proposed MGBD-based method is proved to be satisfactory with higher efficiency.

7.2 Future Work

This thesis proposes several advanced topology optimization methods to achieve a
DNR solution for cyber-physical security, privacy-preserving and dispatch flexibility

enhancement. To enrich the current work, the following topics should be investigated
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in the future.

1) Under the digital transformation of the energy industry, power electronic-based
circuit breakers are gradually upgraded with high-speed switching properties. Thanks
to smart (remotely controlled) circuit breakers, the real-time topology optimization
technology can be a promising load transition event via network reconfiguration,
which can be used to relieve stress on a primary energy sources when demand for
electric is greater than the primary power source can supply. At the operation level,
DSOs perform the topology optimization strategy for load balancing and/or loss
reduction by the means of choosing optimal status of sectionalizing switches and
tie-switches in energy-intensive ADNs on different voltage levels, i.e., HVDNSs,
medium-voltage DNs (MVDNs) and low-voltage DNs (LVDNSs). This also facilitates
interacting with transmission system operators with the provision of grid services at
the transmission-distribution interface. In other words, doing this topology
optimization task on multi-voltage level ADNs actually responds to multiple
operational requests by DSOs, e.g., quick load balance, system loss minimization
and/or virtual power plants, as a load transition event towards operational requests for
system-level operational flexibility enhancement. Therefore, it is necessary to develop
the tailored topology optimization model via the coordinated maneuvers of circuit
breakers in multi-voltage level ADNs on different time-scales in the future.

2) In terms of reconfigurable topologies, multi-voltage level ADNS, i.e., HVDNS,
MVDNs and LVDNs. According to /EEE guidelines, LVDNs are low-voltage
networks whose voltages are up to 380V, and MVDNs contain networks with
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voltages from 10kV up to 35kV, and HVDNs are operated on 110kV as developed in
Finland, China, and Spain, etc. Different categories of ADNs have different graph
characterizations. As reported, LVDNs or MVDNs generally have single-meshed
network structures with depth but non-width properties. In contrast to LVDNs or
MVDNs, HVDNs are sub-transmissions constructed in multi-meshed topology
(closed loop) but operated in radial structures (open loop), where network structures
normally develop wide but non-deep around each station. It is clear that the physical
properties of graph characterizations between HVDNs, LVDNs and MVDNs can be
significant distinct, i.e, topology structures of HVDNs are more simplified than
general DNs. In the future, we wonder how physical network properties of certain
ADNs can be utilized to reduce the computational complexity of topology
optimization. This is very crucial for a fast computation, as the general DNR
formulation may not be helpful for efficient solvability, especially for large-scale
networks, e.g., the DNR computational time of 1060-node DNs benchmark spends
more than 600 seconds. To address this issue, we will concentrate on graph
characterizations for multi-voltage level DNs with specific graphs on multi-voltage

level ADNE.
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