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Abstract

Nowadays, many algorithms have been proposed to solve the nonconvex and nons-
mooth problems that arise in sparse optimization. Most of these algorithms belong
to the first-order type, including the proximal gradient method. First-order meth-
ods have several advantages, such as low computational cost in each iteration, weak
global convergence conditions, and easy implementation. However, their convergence
rate is at most linear, resulting in slow convergence speed when processing large-scale
problems. On the other hand, the classical Newton method, which is a second-order
method, can achieve a locally superlinear convergence rate. However, the classical
Newton method equips with an Armijo line search for minimizing smooth optimiza-
tion problems can only achieve a subsequence convergence, let alone for nonsmooth
sparse optimization. By exploiting the structure of two classes of nonconvex and non-
smooth sparse optimization problems that arise in compressed sensing and machine
learning, this thesis presents an efficient hybrid framework that combines a proximal
gradient method and a Newton-type method, which takes advantages of these two
kinds of optimization algorithms, and simultaneously avoids their disadvantages.
The first part of the thesis designs a hybrid of proximal gradient method and
regularized subspace Newton method (HpgSRN) for solving £,(0 < ¢<1)-norm regu-
larized minimization problems with a twice continuously differentiable loss function.
In the iterates of HpgSRN, we first use the proximal gradient method to find a

neighbourhood of a potential stationary point, and then apply a regularized Newton



method in the subspace, at which the objective is locally smooth, to enhance the con-
vergence speed. We show that this hybrid algorithm finally reduces to a regularized
Newton method of minimizing a locally smooth function. If the reduced objective
function satisfies the Kurdyka-Lojasiewic property and a curve ratio condition holds,
the generated sequence converges to an L-stationary point with an arbitrarily picked
initial point. Moreover, if we additionally assume that the generated sequence con-
verges to a second-order stationary point, and an error bound condition holds there,
we prove a superlinear convergence of the generated sequence, without assuming
either the isolatedness or the local minimality of the limit point. Numerical com-
parison with the proximal gradient method and ZeroFPR, where the later one is an
algorithm using limited-memory BFGS method to minimize the forward-backward
envelope of the objective function, indicates that our proposed HpgSRN not only
converges much faster, but also yields comparable and even better solutions.

The second part of the thesis studies fused zero-norms regularization problems,
which are the zero-norm version of the fused Lasso plus a box constraint. We pro-
pose a polynomial time algorithm to find an element of the proximal mapping of the
fused zero-norms over a box constraint. Based on this, we propose a hybrid of prox-
imal gradient method and inexact projected regularized Newton method for solving
the fused zero-norms regularization problems. We prove that the algorithm finally
reduces to an inexact projected regularized Newton method for seeking a critical
point of a smooth function over a convex constraint. We achieve the convergence
of the whole sequence under a nondegeneracy condition, a curve ratio condition and
assuming that the reduced objective is a Kurdyka-Lojasiewic function. A superlinear
convergence rate of the iterates is established under a locally Hélderian error bound
condition on a second-order stationary point set, without requiring either the isolat-
edness or the local optimality of the limit point. Finally, numerical experiments show
the features of our considered model, and the superiority of our proposed algorithm.
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Chapter 1

Literature Review and
Introduction

Over the past two decades, there has been a growing interest in sparse optimiza-
tion, which is concerned with identifying sparse solutions for loss functions. Sparse
optimization has found applications in various fields, including compressed sensing,
machine learning, signal processing and so on. In the era of big data, the scale of
data and problems is gradually increasing. As a result, researchers are paying more
attention to addressing large-scale optimization problems in the context of sparse
optimization.

Currently, numerous optimization algorithms have been developed to solve prob-
lems in sparse optimization, with many of them falling into the category of first-
order methods. First-order methods tend to have low computational requirements
per iteration and exhibit good global convergence properties. However, their lo-
cal convergence rate is typically at most linear, resulting in slow convergence speed
when dealing with large-scale problems. In contrast, the classical Newton method
can achieve a locally superlinear or even quadratic convergence rate under certain
regularity conditions. However, starting from an arbitrary initial point, the classical
Newton method equipped with Armijo line search for minimizing smooth optimiza-

tion problems only achieves subsequence convergence.



To effectively tackle the challenges posed by large-scale problems in sparse op-
timization, this thesis explores a hybrid framework that combines first-order and
Newton-type methods. By leveraging the strengths of both approaches, the hybrid
algorithm aims to achieve global performance while maintaining a fast local conver-
gence rate. The primary focus of this thesis lies in designing and analyzing hybrid
algorithms for two specific classes of nonconvex sparse optimization problems. The
first problem involves ¢,(0 < ¢ < 1)-norm regularized problems, while the second
problem pertains to fused fy-norms regularized optimization, which is a fy-norm
variation of the renowned fused Lasso (Tibshirani et al. (2005)), incorporating a box
constraint.

The rest of this chapter will provide a literature review on the topics under
study. In Chapter 2, we will cover some necessary preliminaries. The main contents
of this thesis are in Chapters 3 and 4, where we will present algorithms, convergence
analysis and numerical experiments for the f,-norm regularized problem and the
fused fy-norms problem, respectively. These two chapters are based on the following

published work and preprint, respectively:

e Y. Wu, S. Pan and X. Yang. A Regularized Newton Method for /,~-Norm Com-
posite Optimization Problems. SIAM Journal on Optimization, 33(3):1676-1706,
2023. (Wu et al. (2023Db))

e Y. Wu, S. Pan and X. Yang. An Inexact Projected Regularized Newton Method
for Fused Zero-norms Regularization Problems. arXiv:2312.15718, 2023. (Wu
et al. (2023a))



1.1 /,(0<g<1)-Regularization Problems
The formulation of ¢,(0 < ¢ < 1)-regularization problem is
- q
min f(z) + Al (1.1)

where f: R"™ — R is a continuously differentiable function, A > 0 is the regularization
parameter and ||z|,:= (>, |$i|q)1/q denotes the ¢, quasi-norm of z. Here || - ||, is
not a norm because it does not satisfies the sub-additivity property. When f(-) =
|A - —b||* for some matrix A € R™ " and vector b € R™, problem (1.1) reduces to
the familiar ¢, regularized least squares problem studied in the literature (see e.g.,
Chen et al. (2010)).

Problem (1.1) first appears in statistics as the bridge penalty regression (Frank
and Friedman (1993)), and later appears in optimization as a special case of nons-
mooth and nonconvex penalty problems studied by (Luo et al. (1996); Huang and
Yang (2003); Yang and Huang (2001)) for nonlinear optimization problems. In sig-
nal processing, Chartrand (2007) early showed that the ¢, (0 < ¢ < 1) quasi-norm
can substantially reduce the number of measurements required by ¢;-norm for exact
recovery of signals, and Xu et al. (2012) showed that the ¢, /, regularization admits
a significantly stronger sparsity promoting capability than the ¢; one in the sense
that it allows to obtain a more sparse solution, and predicts a sparse signal from
less samplings. These apsects motivate the frequent use of the ¢, (0 < ¢ <1) quasi-
norm in compressed sensing. Because for any given z € R", ||z||¢ — [[z[[o as ¢ | 0,
where ||z||p denotes the zero-norm (cardinality) of x, problem (1.1) is often used as
a nonconvex surrogate of the zero-norm regularized problem, and is found to have a
wide spectrum of applications in signal and image processing, statistics, and machine
learning (see, e.g., Figueiredo et al. (2007); Saab et al. (2008); Nikolova et al. (2008);
Wang and Yin (2010); Chen et al. (2012); Bian and Chen (2012a); Xu et al. (2012);
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Cao et al. (2013)).

Due to the nonconvexity and non-Lipschitz continuity of the ¢, quasi-norm, prob-
lem (1.1) is a class of difficult nonconvex and nonsmooth optimization problems. In
fact, Ge et al. (2011) showed that finding the global minimum value of the problem
(1.1) is strongly NP-hard, while finding one of its local minimum in polynomial time
is possible. In the past decade, many first-order methods have been developed for
seeking its critical points. For some special ¢, say ¢ = 1/2 or 2/3, since the proximal
mapping of the ¢, quasi-norm has a closed-form solution (see Xu et al. (2012); Cao
et al. (2013)), the proximal gradient (PG) method becomes a class of popular ones
for solving (1.1) with such ¢. For a general ¢ € (0,1), Hu et al. (2017, 2021) also
proposed an exact PG method and an inexact PG method for problem (1.1), respec-
tively. When assuming that the limit point is a local minimizer, a linear convergence
rate was obtained in (Hu et al. (2017, 2021); Xu et al. (2012)). In addition, a class
of PG methods with a nonmonotone line search strategy (called SpaRSA) was pro-
posed (see Wright et al. (2009)). For problem (1.1) with a general ¢ € (0,1), the
reweighted /;-minimization method is another class of common first-order methods
by solving a sequence of weighted ¢;-norm regularized minimization problems (see
Candes et al. (2008); Lai and Wang (2011); Lai et al. (2013); Lu (2014b); Chen and
Zhou (2014); Wang et al. (2021a, 2023)). The reweighted ¢; minimization combined
with extrapolation technique for ¢,-regularization problems was also considered in
Wang et al. (2022). To overcome the non-Lipschitz difficulty of the ¢, quasi-norm,
Chen et al. (2010), Chen (2012) and Chen et al. (2013) proposed a class of smooth-
ing method by constructing a smooth approximation of the ¢, quasi-norm, and using
the steepest descent method, the sequential quadratic programming and trust region
Newton method to solve the constructed smooth approximation problems, respec-
tively. The second one is also known as smoothing sequential quadratic programming
(Bian and Chen (2012b)). Liu et al. (2019) considered a class of the iterative support
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shrinking algorithms, which are able to address (1.1) with f being the least square

loss function, and obtained the convergence of the whole sequence by virtue of KL

property.
1.2 Structured /;-norms Regularized Problems

Given a matrix B € RP", A\ > 0, Ay > 0, [ € R” and u € RY}, the formulation of

the structured fp-norms regularization problem is:

Hel]%n f(z) + M| Bx|lo + Aa|z]lo st | <z <u, (1.2)
x n

where f: R™ — R is a continuously differentiable function, || - ||o denotes the fo-norm
(or cardinality) function. Despite the fact that || - [|o is not a formal norm as it does

not satisfy the absolute homogeneity property, we call it fy-norm for simplicity. This
model encourages sparsity of both variable x and its linear transformation Bzx.
It is known that one of the formulations for finding a sparse vector while mini-

mizing f is the following ¢, regularization problem
min f(z) + Azf|zlo, (1.3)

where the fg-norm term shrinks some small coefficients to 0 and identifies a set of
influential components. In recent years, many first-order optimization algorithms
have been well developed to solve the {y-norm regularization problems of the form
(1.3), which includes the iterative hard thresholding (Herrity et al. (2006); Blu-
mensath and Davies (2008, 2010); Lu (2014a)), the penalty decomposition (Lu and
Zhang (2013)), the extrapolation proximal iterative hard-thresholding method (Bao
et al. (2016)), mixed integer optimization method (Bertsimas et al. (2016)), the
coordinate-wise support optimality method (Beck and Hallak (2018)), the active set

Barzilar-Borwein algorithm (Cheng et al. (2020)), the smoothing proximal gradient



method (Bian and Chen (2020)), the accelerated iterative hard thresholding (Wu
and Bian (2020)). There are also several second-order methods proposed to address
problem (1.3) or its special case, such as the PDAS (Ito and Kunisch (2013)), the
PDASC (Jiao et al. (2015)), the SDAR (Huang et al. (2018)) and the NLOR (Zhou
et al. (2021)). Among others, NLOR employs Newton method to solve a series of
stationary equations confined within the subspaces identified by the support of the
solution obtained by the proximal mapping of As|| - |[o-

However, the fp-norm penalty only takes the sparsity of x into consideration, but
ignores its linear transformation, which sometimes needs to be considered in real-
world applications. For example, in the context of image processing, the variables
often represent the pixels of images, which are correlated with their neighboring ones.
To recover the blurred images, Rudin et al. (1992) took into account the differences
between adjacent variables and used the total variation regularization, which penal-
izes the changes of the neighboring pixels and hence encourages smoothness in the
solution. Moreover, Land and Friedman (1997) studied the phoneme classification
on TIMIT database (Acpistoc-Phonetic Continuous Speech Corpus, NTIS, US Dept
of Commerce), which consists of 4509 32ms speech frames and each speech frame is
represented by 512 samples of 16 KHz rate. This database is collected from 437 male
speakers. Every speaker provided approximately two speech frames of each of five
phonemes, where the phonemes are “sh” as in “she”, “dcl” as in “dark”, “iy” as the
vowel in “she”, “aa” as the vowel in “dark”, and “ao” as the first vowel in “water”.
Since each phoneme is composed of a series of consecutively sampled points, there is a
high chance that each sampled point is close or identical to its neighboring ones. For
this reason, Land and Friedman (1997) considered imposing a fused penalty on the

coefficients vector x, and proposed the following problems with zero-order variable



fusion and first-order variable fusion respectively to train the classifier:

1 ~

min 2 |4z — bl + M| Bz, (1.4)
in L)l Az — |2 + A || Ba] (1.5)
min — T — €T .
rER" 2 ! b

where A € R™*" represents the phoneme data, b € R™ is the label vector, B e
R™Dxn with B, = 1 and §i7i+1 =—1forallie {1,...,n—1} and Eij = 0 otherwise.
If f(-)=3||A-—b||* and B = B, then we call (1.2) a fused {yp-norms regularization
problem with a box constraint.

Additionally taking the sparsity of = into consideration, Tibshirani et al. (2005)
proposed the fused Lasso, given by

.1 ~
min §||Ax—b|]2+>\1||Ba:H1+>\2||IH1, (1.6)

z€R™

and presented its nice statistical properties. Friedman et al. (2007) demonstrated
that the proximal mapping of Ay||Bz |1 + Ao|jz||; can be obtained through a process,
which is known as “prox-decomposition” later. Based on the accessibility of this
proximal mapping, various algorithms can efficiently address model (1.6), see (Liu
et al. (2009, 2010); Li et al. (2018); Molinari et al. (2019)). In particular, Li et al.
(2018) proposed a semismooth Newton augmented Lagrangian method (SSNAL) to
solve the dual of (1.6). The numerical results presented in their study indicate that
SSNAL is highly efficient.

It was claimed in Land and Friedman (1997) that both (1.4) and (1.5) perform
well in signal regression, but the zero-order fusion one produces simpler estimated
coefficient vectors. This observation suggests that model (1.2) with f = 1[|A - —b||?
and B = B may be able to effectively find a simpler solution while performs well as
the fused Lasso does. Compared with regularization problems using ¢y-norm, those
using || Bz||p regularization remain less explored in terms of algorithm development.

7



According to Land and Friedman (1997), the global solution of (1.4) cannot be solved
exactly. However, one of its approximate critical points can be obtained by numerical
method. In fact, Jewell and Witten (2018) and Jewell et al. (2020) have revealed by
virtue of dynamic programming principle that a point in the proximal mapping of
Ai||B-||o can be exactly determined within polynomial time, which allows one to use
the well-known PG method to find a critical point of problem (1.4). However, the
highly nonconvex and nonsmooth nature of model (1.2) presents significant challenges
in computing the proximal mapping of ¢ when B = B and in developing effective
optimization algorithms for solving it. As far as we know, no specific algorithms

have yet been designed to solve these challenging problems.

1.3 Newton-type Methods for Composite Opti-
mization Problems

In recent years, many researchers are interested in using second-order methods to

solve the following general nonconvex and nonsmooth composite problem

min V(z) = ¢(z) + ¢(x), (1.7)

z€R™

where ¢: R" — (—o0, 0] is a closed proper function and v is a twice continuously
differentiable function on an open subset containing the effective domain of ¢. The
proximal Newton-type method is able to address (1.7) with convex ¢ and convex or
weakly convex 1. In particular, the proximal Newton-type method solves in each
iteration the following subproblem

argmin {4(2%) + (V(a*), z —2%) + %@— o) o)}, (19)

z€R™

where G}, is an approximation to V2 (z*), to calculate a Newton direction, and then

a backtracking line search determines the step-size. We remark here that (1.8) can

8



be addressed by using (accelerated) proximal gradient method (Beck and Teboulle
(2009)). Bertsekas (1982) considered (1.7) with ¢ being convex and ¢ being an
indicator function of R}. They proved a local superlinear convergence provided that
Gy = V2)(2F) and V2(2*) is uniformly positive definite. For both ¢ and ¢ being
convex, Lee et al. (2014) proposed an inexact proximal Newton-type method and
achieved the local quadratic convergence rate of the iterate sequence under the strong
convexity of 1; Yue et al. (2019) proposed an inexact regularized proximal Newton
method and established the local linear, superlinear and quadratic convergence rate of
the iterate sequence (by the approximation degree to the Hessian matrix of ¢) under
Luo-Tseng error bound; Mordukhovich et al. (2023) proposed a proximal Newton-
type method and obtained the superlinear convergence rate of the iterate sequence
under the metric p (> 1/2)-subregularity of the subdifferential mapping 0W. Liu
et al. (2024) proposed an inexact regularized proximal Newton-type method for (1.7)
with 1 being weakly convex and ¢ being convex. They achieved the superlinear
convergence of the iterate sequence under the metric p (> 1/2)-subregularity of a
KKT residual function. The inexact proximal Newton-type method in Lee et al.
(2014) was also extended by Kanzow and Lechner (2021) to solve problem (1.7) with
only a convex ¢, which essentially belongs to weakly convex optimization. Their
global and local superlinear convergence results require the local strong convexity of
¥ around any stationary point.

By following a different line, the forward-backward envelope (FBE), which is
proposed in (Patrinos and Bemporad (2013)), has been extensively investigated for
designing second-order methods. For ¢ being convex with a cheap computable proxi-
mal mapping, Stella et al. (2017) combined a PG method and a quasi-Newton method
to minimize the FBE of ¥ and proved the convergence of the whole sequence under
the KL property of ¥ and the superlinear convergence rate under the local strong
convexity of the FBE of W. For (1.7) with ¢ being additionally convex and ¢ just

9



having a cheap computable proximal mapping, Themelis et al. (2019) proposed a
hybrid of PG and inexact Newton methods by using FBE of ¥ (named FBTN) and
proved that dist(z*, X*) converges superlinearly to 0 under an assumption without
requiring the singleton of the solution set X* of (1.7). Themelis et al. (2018) used
the FBE of ¥ to develop a hybrid framework of PG and quasi-Newton methods
(ZeroFPR), and achieved the global convergence of the iterate sequence by virtue of
the KL property of the FBE, and its local superlinear rate under the Dennis-Moré
condition and the strong local minimum of the limit point. The convergence rate
results in Stella et al. (2017) and Themelis et al. (2018) require the isolatedness
of the limit point. Recently, Ahookhosh et al. (2021) utilized the Bregman FBE
of ¥ to develop a more general hybrid framework of PG and second-order meth-
ods, BELLA. They obtained the global convergence of the iterate sequence for the
tame functions ¢ and ¢, and the local superlinear rate of the distance of the iter-
ate sequence to the set of fixed points of the Bregman FBE by assuming that the
second-order directions are the superlinear ones with order 1 and KL property of
exponent 0 € (0,1) of W. Their work greatly improved the results of Stella et al.
(2017); Themelis et al. (2018) by removing the isolatedness restriction on local min-
ima and established that the second-order directions are indeed the superlinear ones
with order 1 under the assumptions that the limit point is a strong local minimum
(also implying the isolatedness) and a Dennis-Moré condition holds. It is unclear
what conditions are sufficient for second-order directions to be superlinear without
the strong local minimum property.

In addition, for the case ¢(z) = Al||z]lo, Zhou et al. (2021) developed a sub-
space Newton method by solving the stationary equations restricted in the subspace
identified by the proximal mapping of A||z||o, and established the local quadratic con-
vergence rate of the iterate sequence under the local strong convexity of ¢ around
any stationary point. Their subspace Newton method relies on the subspaces iden-
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tified by a PG method. Recently, Bareilles et al. (2023) considered problem (1.7)
where 1 is smooth and ¢ has a cheap computable proximal mapping, and proposed
ManAcc-Newton, a hybrid of PG and Newton methods under the framework of man-
ifolds. Their algorithm alternates between a PG step and a Riemannian update on
an identified manifold, and was proved to have a quadratic convergence rate under
a positive definiteness assumption on the Riemannian Hessian of the objective func-
tion at limit points. For the unified analysis on manifold identification of any PG

methods, we refer the reader to the work (Sun et al. (2019)).
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Chapter 2

Preliminaries

In this chapter, we introduce the notations and some preliminary concepts that will

be used in this thesis.

2.1 Notations

Throughout this thesis, R™ denotes the n-dimensional Euclidean space, equipped
with the standard inner product (-, -) and its induced norm || - ||. For any z € R™ and
€>0,B(x,¢) :={z € R" | ||z — z|| < €} denotes the ball centered at x with radius e.
Let B :=B(0,1). For a closed and convex set = C R™, we denote by Nz(x) and T=(z)
the normal cone and tangent cone of = at x, respectively. For a closed set = C R",
dist(z,Z') := min,ecz ||z — z||, and projz (z) :=={z € Z' | ||z — z|| = dist(z,E") }.

For t € R, t; := max{t,0}. Fix any two nonnegative integers j < k, define
lj:k] :=={7,j+1,...,k} and [k] := [1:k]. For an index set T' C [n], write T° := [n|]\T
and |T'| is the number of the elements of 7. Given any z € R", supp(z) := {i €

t
It]

[n] | z; # 0}, sign(x) denotes the vector with [sign(x)]; = sign(z;), where sign(t) =
if t # 0 and sign(0) = 0. We define [#|min := Mijequpp(@)|®i| and 27 € R is the
vector consisting of those x;’s with j € T, and z;, = . 1 and I are the

vector of ones and the identity matrix, respectively, whose dimensions are adaptive

to the context. Given a real symmetric matrix H, Ayin(H) denotes the smallest
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eigenvalue of H, and ||H||y is the spectral norm of H. For a matrix A € R™*"
and S C [m], As. (resp. A.r) denotes the matrix consisting of the rows (resp. the
columns) of A whose indices correspond to S (resp. T'). We write the range of A by
Range(A) = {Az | z € R"} and the null space of A by Null(A) = {y € R" | Ay = 0}.
For another matrix C' € R™*?, [A C] € R™*("*P) i5 defined as a matrix composed of
two matrices, A and C, placed side by side. For any D € RP*" [A; D] :=[AT D']T.
For function f, we denote L;(z) := {2 | f(2) < f(x)} as the level set of f. Moreover,
we denote by w(z) the set of cluster points of the sequence generated by algorithm

with starting point 2.

2.2 Stationary Point Conditions

We first recall from Rockafellar and Wets (2009) the definitions of several generalized

subdifferentials.

Definition 2.1. (see (Rockafellar and Wets, 2009, Definition 8.3)) Consider a func-
tion h: R" — (—o00,400] and a point x with h(z) finite. The regular (Fréchet)

subdifferential of h at x is defined as

Oh(z) = {v eR" | liminf M) = hiz) = (v, 2"~ 2) o};

r#xr' —x ||I/—ZL‘||

the basic (limiting or Mordukhovich) subdifferential of h at x is defined as
Oh(x) := {v cR™ | 32" na and v* € Oh(z") with v* — v as k — oo}7

where x* —» T means that 2% — x and h(2*) — h(x); and the horizon subdifferential

of h at x is defined as
0%h(x) = {v cR™ | 32F e and v* € 5h(xk) with A*o" — v for some A\* | O}.
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For every x € domh, the set 5h(x) are closed and convex, but 0Oh(z) is generally
nonconvex. The inclusion dh(z) C dh(z) always hold, and it may be strict when
h is nonconvex. By using (Rockafellar and Wets, 2009, Theorem 10.1), if a proper

function & : R® — R has a local minimum at z, then 0 € dh(z), and hence 0 € Oh(z).
For a proper lower semicontinuous (Isc) function h: R" — (—o0, 0], its proximal

mapping associated to parameter ¢ > 0 is defined by

1
prox,,(x) := arg min {—||z —z||* + h(z)} for x € R™.
z€R™ 2t

Consider the following nonsmooth composite optimization problem

min W(r) = v(x) + o). 2.1)
where ¢ : R” — R := (—o0, +00] is proper lower semicontinuous, and v (z) is a

continuously differentiable on an open subset of R™ containing the domain of ¢. For
this class of optimization problems, we define two kinds of stationary points, critical

point and L-type stationary point (Beck and Hallak (2019)).

Definition 2.2. A vector x € R" is called a critical point of problem (2.1) if 0 €
OV¥(x), and we denote by critV the set of critical points of V. A wvector x € R" is
called an L-type stationary point of problem (2.1) if there exists a constant p > 0

such that x € prox,,—14(z —p~ 'V (x)).

If ¢ is assumed to be directional differentiable, we can define the directional
stationary point of ¥. A vector x is called a directional stationary point if W'(z;d) >
0 for Vd € Tiome(z). From (Li et al. (2020)) we know that if x is a directional
stationary point, it is a critical point. For the reason that the objective function
discussed in this thesis may not be directional differentiable, in what follows we only

focus on critical point and L-stationary point.
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If ¢ is assumed to be convex, then
0€d¥(x) & 0¢€pu(x—(x—p 'Vih(2)) + 0¢(x) & x = prox, 14(z— p 'V (),

which means that for problem (2.1) the L-stationarity of a point x is equivalent to
its criticality. To extend this equivalence to a broader class of functions, we recall
the definitions of prox-bounded and prox-regularity, where the later one acts as a

surrogate of convexity.

Definition 2.3. (Rockafellar and Wets, 2009, Definition 1.23 & Definition 13.27)

A function h : R® — R is proz-bounded if there exists j > 0 such that

inf {gHz — x| + h(z)} > —00.

z€R™

A function h : R* — R is proz-reqular at a point T € domh for v € Oh(T) if h

1s locally lower semicontinuous at T, and there exist v > 0 and € > 0 such that

h(z') > h(z) + v (2" — ) — ||a’ — z||* for all |2’ — | < e, whenever v € Oh(x),
lv —=7|| < ¢, ||t —Z| < e and h(z) < MT) + . If h is proz-regular at T for all
v € Oh(T), we say that h is proz-reqular at T.

The following proposition reveals that under the assumption of the prox-regularity

of ¢, the set of L-type stationary points for ¥ coincides with that of its critical points.

Proposition 2.1. If T is an L-stationary point of problem (2.1), then 0 € 0V (Z).

If ¢ is proz-reqular at T for —V¢(T) and proz-bounded, the converse is also true.

Proof. Pick any T from the L-type stationary points of problem (2.1). Then, by

definition there exists p > 0 such that

T € argmin {Vw(f)T(x —-7)+ ng —7|)* + ¢(95)} ,

zeR?
whose first-order necessary condition is

0€ VY(Z) + pu(@ —7)+ 09(T) = Vi(T) + 00(T) = OF (T).
16



Therefore, the set of L-type stationary points is contained in that of critical points.
Next we argue that the converse inclusion holds. Pick any Z from the critical points
of (3.1). Define ¢(y) := ¢(y + T) + (Vi(Z),y + T) for y € R™. Since ¢ is prox-
regular at T for —V(T) by, the function ¢ is prox-regular at 0 for 0. Since ¢ is also
prox-bounded, by (Rockafellar and Wets, 2009, Proposition 8.46 (f)) the subgradient
inequalities in the definition of prox-regularity can be taken to be global. That is,
there exists 7o > 0 such that ¢(y) > ¢(0) — Llly||* for all y # 0, which implies that

for all y # 0 and v > 7,
1 1
Sy +3)+ Sy +7 — @ = _Ve@)IP > 6@ + g7~ @ — V@)

Therefore, 7 is the unique minimizer of ¢(-) + 3| - —(7 — %YVQ/J(E))HQ, which by
Definition 2.2 means that T is an L-type stationary point of (2.1). Therefore, the

inverse inclusion holds, and we obtain the desired result. O

2.3 Kurdyka-Lojasiewicz Property

We first present the definition of Kurdyka-Lojasiewicz (KL) Property.

Definition 2.4. For any n > 0, we denote by Y, the set consisting of all continuous
concave p: [0,nm) — R that are continuously differentiable on (0,n) with ¢(0) =0
and ¢'(s) > 0 for all s € (0,n). A proper function h: R" — R is said to have the KL
property at T € dom Oh if there exist n € (0,00], € > 0 and a function ¢ € Y, such
that for all x € B(Z,€) N [h(T) < h < h(T) + 1],

@' (h(z) — h(T))dist(0, Dh(z)) > 1.

If ¢ can be chosen as p(s) = cst=? for some constant ¢ > 0, then h is said to have
the KL property of exponent 6 at T. If h has the KL property (of exponent 0) at each
point of dom Oh, then h is called a KL function (of exponent 0).
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Remark 2.1. From (Attouch et al., 2010, Lemma 2.1), a proper lower semicon-
tinuous function h : R® — R has the KL property (of exponent 6 € [0,1]) at all
noncritical points. Thus, to show that it is a KL function of exponent (of exponent
6 € [0,1]), it suffices to check its KL property (of exponent 6 € [0,1]) at critical

poInts.

The KL property can be traced back to Lojasiewicz (1963) and Kurdyka (1998),
where Lojasiewicz (1963) showed that real-analytical functions satisfy the KL prop-
erty with ¢(s) = s' % and 0 € [3,1), while Kurdyka (1998) extended this result to dif-
ferentiable functions definable in an o-minimal structure (Definition 2.5). Later, the
KL property is extended to nonsmooth functions in the subanalytic and o-minimal
settings, see Bolte et al. (2006, 2007a,b, 2008).

In Lojasiewicz (1984), the author proved that a bounded solution of a gradient
flow for an analytic cost function converges to a well-defined limit point. Later, the
KL property was used in various areas of applied mathematics, including optimiza-
tion, partial differential equations, and other related fields (see Bolte et al. (2006)
and the references therein). Recently, KL property has been a powerful tool in the
convergence analysis of various first-order method including gradient-related method
(Absil et al. (2005)), proximal algorithm (Attouch and Bolte (2009); Attouch et al.
(2010)), proximal alternating linearized minimization algorithm (Bolte et al. (2014)),
subgradient method (Noll (2014)), Douglas-Rachford splitting method (Li and Pong
(2016)), alternating direction method of multipliers (Li and Pong (2015); Guo et al.
(2017); Wang et al. (2019)), and so on. In addition, it is worth mentioning that
various abstract convergence theorems via KL property were studied, see Attouch
et al. (2013); Ochs et al. (2014); Frankel et al. (2015); Bolte and Pauwels (2016);
Ochs (2019); Qian and Pan (2023), which provide guidance for the design of globally

convergent optimization algorithms.
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On the other hand, the KL property of exponent plays a crucial role in analyzing
the convergence rate of the optimization algorithms, see for example, (Attouch et al.,
2010, Theorem 3.4). Generally, an exponent 6 € (0, 1/2] corresponds to a linear con-
vergence rate, while 6 € (1/2,1) leads to a sublinear convergence rate. Specifically,
as a regularity condition, the KL property with exponent 1/2 has attracted much
attention. It was discussed in Bolte et al. (2017); Wang et al. (2021b); Pan and
Liu (2018) that for primal lower nice functions, the KL property with exponent 1/2
is usually weaker than the metric subregularity of their subdifferential mapping or
the Luo-Tseng error bound, which are the commonly used regularity conditions to
achieve the liner convergence rate of the first-order methods (see Luo and Tseng
(1992); Wen et al. (2017); Zhou and So (2017)). The calculus of KL exponent has
also been an interesting topic. We refer the interested readers to the recent works
Li and Pong (2018); Wu et al. (2021); Yu et al. (2022); Wang and Wang (2023); Li
et al. (2023).

Next, we aim at discussing in which cases the considered problems in this thesis
satisfy the KL property. The tool we use is the o-minimal structure. Introduced in
Van den Dries (1998), the o-minimal structures can be seen as an axiomatization of

the properties of semi-algebraic sets. Its formal definition is given as follows.

Definition 2.5. Let O = {O,}nen be such that each O,, is a collection of subsets in

R"™. We say O is an o-minimal structure if the following axioms are met:

(i) For eachn, O, is an boolean algebra. That is, ) € O,, and for each A, B € O,
AUB, AN B and R™\ A belong to O,,.

(i) For all A € O,, AXR and R x A belong to O,41.
(i1i) For all A € Oy, {(21,...;xn) €R™ | (21, ..., T, Tpy1) € A} belongs to O,

() For alli # j in [n], {(x1,...,z,) € R™ | x; = z;} belongs to O,.
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(v) The set {(x1,22) € R? | 2y < w3} belongs to Os.
(vi) The elements of Oy are exactly finite union of intervals.

A set A is said to be definable in O, if A belongs to O. A set-valued mapping
F : R* = R™ (resp. a real-estended-valued function f : R® — R) is said to be
definable if its graph is a definable subset of R™ x R™ (resp. R" x R).

The functions definable in an o-minimal structure cover a wide range of functions,
such as semi-algebraic functions and globally subanalytic functions, see (Van den
Dries and Miller, 1996, Example 2.5). Moreover, we know from (Attouch et al.,
2010, Section 4) that the definable functions have very nice properties, which are

presented in the following lemma.
Proposition 2.2. The following statements are true.

(i) Finite sums of definable functions are definable;

(i1) Compositions of definable functions or mappings are definable;
(11i) Indicator functions of definable sets are definable;

(iv) Generalized inverses of definable mappings are definable.

As mentioned above, Kurdyka (1998) showed that any differentiable function de-
finable in an o-minimal structure satisfies the KL property. This result was extended

to nonsmooth setting as follows in Bolte et al. (2007a).

Theorem 2.1. Any proper lower semicontinuous function h : R* — R that is defin-

able in an o-minimal structure O has the KL property at each point of domoh.

In the following, we prove that the considered problems in this thesis are KL

functions.
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Proposition 2.3. The following assertions are true.

(i) Problem (1.1) with f(z) = 3| Az — b||* or f(z) = D", log(1 + exp(—b;(Az);))
is a KL function.

(i) Problem (4.43) with f(z) = L||Az —b|? or f(z) = 1", log (1+ (Az—b); ) for

some v >0 is a KL function.

Proof. (i) It holds by (Van den Dries and Miller, 1996, Example 2.5) that the exp

structure is an o-minimal structure, and that a” : R — R defined by

a’, a>0
a ’ where r € R
{0, a <0, ’

is definable in the exp structure. Since a > |a| is semi-algebraic, and that semi-
algebraic functions are definable in the exp structure (Van den Dries and Miller,
1996, Example 2.5), we obtain from Proposition 2.2 (ii) that Al[z[| is definable in
the exp structure. This along with Proposition 2.2 implies that for any f definable
in exp structure (for example, f is semi-algebraic or globally subanalytic), problem
(1.1) is definable, hence a KL function by applying Theorem 2.1.

We now consider problem (1.1) with f(z) = fi(z) := 3||Az — b||* and f(z) =
fa(x) =" log(1+exp(—b;i(Ax);)). It is clear that f; is semi-algebraic, and hence
F with f = f; is a KL function. From the definition and Proposition 2.2 (ii) and (iv)
we have that f5 is definable in the exp structure, which implies that F’ with f = f,
also meets the KL property.

(ii) Notice that I, is a polyhedron, hence a semi-algebraic set and definable in
the exp structure. Then, it follows by Proposition 2.2 (iii) that dy, is definable in
the exp structure. Therefore, from Proposition 2.2 (i) we conclude that for any f

definable in the exp structure, problem (4.43) is a KL function. Note that both
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fi(z) == 3||Az — b||* and fo(z) := >, log (1 + M) are definable in the exp

structure, we conclude that (4.43) with f = f; or f = f5 is a KL function. [

2.4 Proximal Gradient Method

In this section, we briefly introduce proximal gradient method for solving the follow-

ing optimization problem,

min V(x) := () + o(x), (2.2)

zeR™

where ¢ : R® — R is a proper lower semicontinuous function whose proximal mapping
is accessible, 1) : R® — R is a continuous differentiable function and V4 is globally
Lipschitz continuous over dom¢ with Lipschitz constant L > 0. We assume that
inf U > —o0.

The proximal gradient method is also known as the forward-backward splitting
method (Combettes and Wajs (2005)). From another point of view, it can also
be interpreted as a majorization-minimization algorithm. In fact, by noting that
V1 is assumed as Lipschitz continuous with Lipschitz constant L on dom¢, from

(Bertsekas, 1997, Proposition A.24), there is a quadratic upper bound of ¢ given by
g
V(@) <o) + Vo) (@ —y) + glle —yl*, Yo,y € domo, 5 > L.

At current point y = ¥, the proximal gradient method obtains the next iterate by

minimizing an upper bound of ¥. That is,

2! € arg min {w(xk) + V(2 (z — %) + %Hx — 22 + ¢(x)} :
TeR?

& " e prox, iy (aF — 7 VY(2h)).

The detailed iterates of the proximal gradient method are presented as follows.
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Algorithm 1 (Proximal gradient method for problem (2.2))

Initialization: Choose an arbitrary z° € dome, v > L. Set k = 0.
While the termination condition is not met, solve the subproblem

2"t € prox, 1,4(2F — 4 V(2b)), (2.3)

and let k + k + 1.
end

In large-scale setting, the Lipschitz constant of V f is sometimes hard to compute,
for which « in (2.3) is not available. For this case, one can perform a line search
procedure to select a suitable v such that ¥ has a descent property, see for example,
Wright et al. (2009) and Gong et al. (2013). The iterates of the line search version

of proximal gradient method are given as follows.

Algorithm 2 (Proximal gradient method with line search for problem (2.2))

Initialization: Choose an arbitrary 2° € dom¢, o > 0 and 0 < pmin < fimax. Set
k=0.

Wohile the termination condition is not met

Select pig € [fmin, fmax)- Let my be the smallest nonnegative integer m such that

T (2F ) < W(zh) - g|]x"‘“'—xk"+1||2 with 2" € prox(uwm)_lqj(xk—(ukrm)_lvw(xk)).

- 2
(2.4)
and let k + k + 1.
end

Remark 2.2. (i) In numerical experiments, pimin and pimax 1S usually set as 10~29

and 10%°, respectively, and py, is usually given by the Barzilai-Borwein method, i.e.,

_ (@ =)V (t) — V)
o [ =21 |

Moreover, « is usually set as a small positive constant.

(ii) We claim that Algorithm 2 is well defined, i.e., the line search procedure must
terminate after a finite number of backtrackings. Recall that V1 is assumed to be Lip-

schitz continuous over dome with Lipschitz constant L. Let x*™ € prox(ukTm)fld)(mk—
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(™) "IV (2®)) with u™™ > L+a. It follows from the descent lemma (Bertsekas,

1997, Proposition A.24) that

(™) < (k) + Vet (@57 - k) b - 4 ()

2
Tm o}
< Y(ah) + Vo) (2P = ab) + Bl — | 4 glah ) - St — 2t
< k By _ Xykm k2 (k) — Lk k2
< (ah) + 9(a") — et — 2t = w(a*) - Sl - 2|

where the last inequality uses the definition of £*™. Therefore, when ™™ > L+ a,
equation (2.4) holds, from which we deduce that the line search must terminate after

a finite number of searchings, and pm™ < 7(L + «).

The following theorem presents the global convergence result of Algorithm 2 by
virtue of KL property and (Attouch et al., 2013, Theorem 2.9). Since the analysis

for Algorithm 1 is similar, we only consider that of Algorithm 2 here.

Theorem 2.2. Assume that U is level bounded, and that {z*}ren is generated by
Algorithm 2. If W is a KL function, then {x*}ren is a Cauchy sequence, and converges

to a critical point of V.

Proof. From (Attouch et al., 2013, Theorem 2.9), it suffices to prove that there exist

a1, ag > 0 such that
(i) For each k € N, U(z" 1) < W(2¥) — ay|jz* T — oF||%
(i) For each k € N, dist(0, 0¥ (z*+1)) < ag|a® 1t — 2¥|;

(iii) There exists a subsequence {z*i};cy and z* such that " > z* as j — 00.

Property (i) directly holds with a; = § by equation (2.4) and Remark 2.2. Next
we consider property (ii). Indeed, let 7, := ppm™ . It follows from the first-
order optimality condition and (Rockafellar and Wets, 2009, Exercise 8.8) that
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0 € V(o) + 11, (2%t — 2%) + 9¢(2F 1), which implies that
Vip () — V() — 7, (a5 — %) € Vap(a ) + 9g(2F ) = 0w ().

Therefore,

dist (0, 9U(2*1)) < [V(a**) — Vip(a®) — iy (a1 — ob)|
< (L+7(L+a)) 2" - 2¥],

where the last inequality uses the Lipschitz continuity of V¢ and Remark 2.2. Prop-
erty (ii) holds with ay = L+7(L+«). Finally, we prove property (iii). From property
(i) we know that {2*}reny € Ly (2°), which is a compact set since W is level bounded,
then {2*}.en has at least one accumulation point. Pick any accumulation point z*.
By definition, there exists {x" } ey such that lim; ,., #% = z*. From the definition

of 2% it holds that

Va1 + (a1, 0% — b 4 Pt b2 4 g(at)
B (2.5)
< PR + (B, 2 — b 4 P bR 4 ()
From property (i) and the fact that inf U > —oo, we have limy_,, [|[z*"! — 2*|| = 0,
then lim; ., 2% ~' = z*. Letting j — oo in (2.5) and taking upper limit on both

sides yield that

limsup ¢(z"7) < p(a*),

Jj—00
which together with the lower semicontinuousness of ¢ and the continuity of ¢/ implies

that xs - x* as j — oo. The proof is completed. O

We note here that the above theorem relies on the global Lipschitz continuity
of V1. For the case where Vv is only assumed to be locally Lipschitz continuous,
the global convergence result of proximal gradient method is also available, see the
recent papers Bauschke et al. (2017); Bolte et al. (2018); Bello-Cruz et al. (2021);
De Marchi and Themelis (2022); Kanzow and Mehlitz (2022); Jia et al. (2023).

25



26



Chapter 3

A Regularized Newton Method for
{,~-Regularization Problems

In this chapter, we consider the following problem

min F(z) := f(z) + A|z]|Z, (3.1)

CL’ER"

where f:R" — R is twice continuously differentiable with c¢;:= inf,egn f(2) > —00.
To simplify the notation, in the rest of this chapter we write g(x) := Alz||? for
x € R".

In this chapter, we propose a hybrid of proximal gradient (PG) and subspace
regularized Newton methods (HpgSRN) for problem (3.1), which takes advantage
of PG and Newton-type methods, and avoids their disadvantages. Though problem
(3.1) is a special case of (1.7), our HpgSRN is quite different from ZeroFPR (Themelis
et al. (2018)) and ManAcc-Newton (Bareilles et al. (2023)) mentioned in Section 1.3;
see the discussions in Remark 3.1 (d) and (e).

To describe the working flow of HpgSRN, for any given S C {1,2,...,n} we
define

Fs(u):= fs(u)+gs(u) with fs(u):=f(Lsu),gs(u):=A Z |ug|? foru € RIS (3.2)
i€[]S]]

By Lemma 3.3, for S = supp(z), such Fjs is twice continuously differentiable at xg.
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The main idea of HpgSRN is to use a PG method to seek a good estimate in some
neighborhood of a potential critical point, and enhance the convergence speed by
using a regularized Newton method in the subspace associated to the support of the
iterate generated by the PG method. Specifically, with the current z*, the PG step

yields Z* by computing

7 € argmin { f(z") + (Vf ("), = 2*) + EEllo — "2 + ()},
zeR™

where the step-size fi;, depends on the (local) Lipschitz constant of V f near z*. Write
Sy, := supp(a®). If the switch condition are not satisfied, let z**!:=7"* and return
to the PG step; otherwise switch to a regularized Newton step where the Newton

direction d* has the form (d¥ ;0) with

dt, = argmin {ng(uk) + (VFs, (u"), dg,) + % (Grds,. ds, ) } (3.3)
dg, €RI5k!

where Gj, = V2Fs, (uF)+& I, uF =% | & = biljeths |V s, (uF) || with by > 1, by > 0,
o € (0,3] and Ay = [~Auin(V?Fs, (u))]+. In Newton method with line search, to
ensure a sufficient descent in objective, the generalized Hessian G}, is required to be
positive definite. Since V2Fg, (u*) may not be positive semidefinite, we add b Ay, to
ensure that V?Fs, (u®) + b Ay is at least positive semidefinite. On the other hand,
to ensure that Gy, is positive definite, we add by||V Fs, (u*)]|I. When z* is close
to some critical point, by||V Fs, (u*)||” will approach 0, and hence it makes G}, well
approach V2Fg, (u*). Under this construction, Gy, is positive definite if z* is not a

critical point of F. It is easy to verify that d’gk is the unique solution of the system

of linear equations

Grds, = —V Fs, (u¥).
We perform the Armijo line search along the direction d* to seek an appropriate
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step-size oy, set a7t

L= 2% 4 adF, and then return to the PG step to guarantee

that the iterate sequence has a global convergence property.

From the above statement, the iterate sequence {z*}ren of HpgSRN consists of

two parts: the iterates given by the PG step and those generated by the subspace

regularized Newton step. Some switching conditions involving sign(z*) = sign(z")

decide which step the next iterate z**! enters in.

The main contributions of this chapter include three aspects:

(1)

(ii)

(iii)

We propose a hybrid of the PG and subspace regularized Newton methods
for solving problem (3.1). Different from ZeroFPR and ManAcc-Newton, each
iterate of HpgSRN does not necessarily perform a second-order step until suf-
ficiently many steps are performed and the computation of the regularized
Newton step fully exploits the subspace structure, which substantially reduces
the computation cost. Numerical comparison with ZeroFPR indicates that
HpgSRN not only requires much less computing time (especially for those prob-
lem with n > m) but also yields comparable even better sparsity and objective

function values.

For the proposed HpgSRN, we achieve the global convergence of the iterate se-
quence under the local Lipschitz continuity of V2f on R™ (see Assumption 3.1),
the KL property of F', and a curve-ratio condition for the subspace regularized
Newton directions (see Assumption 3.2). Both Assumptions 3.1 and 3.2 are
commonly used in the convergence analysis of Newton-type methods with line

search.

Under Assumptions 3.1 and 3.2, if the KL property of F' is strengthened to be
the KL property of exponent 1/2, we establish the R-linear convergence rate of
the iterate sequence. If in addition a local error bound condition holds at the

limit point, the iterate sequence is shown to converge superlinearly with rate
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140 for 0 € (0,1/2]. This not only removes the local optimality of the limit
point as required by ZeroFPR and BELLA (Ahookhosh et al. (2021)), but also

gets rid of its isolatedness as BELLA does.

The rest of this chapter is organized as follows. Section 3.1 gives some preliminar-
ies, including the subdifferential characterization of F' and the equivalence between
the KL property of exponent 1/2 of F' and that of Fg. Section 3.2 presents the
formal iterate steps of HpgSRN and some auxiliary results. Section 3.3 provides the
global and local convergence analysis of HpgSRN. Finally, in section 3.4 we conduct
numerical experiments for HpgSRN on /, quasi-norm regularized linear and logistic
regressions on real data and compare its performance with ZeroFPR and the PG

method with a monotone line search (PGls).

3.1 Preliminaries on /- Regularization Problem

In this section, we present some preliminary results of problem (3.1). For the prox-
imal mapping of g, from (Chen et al., 2010, Theorem 2.1) we have the following

lemma.

Lemma 3.1. Fiz any p > 0 and y € R", if T € prox, (x), then it holds that
|E|min > [,UJ)\Q(]'_Q)]E

Next, we charcterize the generalized subdifferentials of g. Since the results di-

rectly follow by Definition 2.1, the details are omitted here.

Lemma 3.2. Fiz any x € R". Then, dg(x) = 0g(x) = dgi(x1) X - -+ X gy () with
99:(0) =R and dg;(x;) = {\gsign(x;)|z;|97'} if x; # 0.

Recall that f is twice continuously differentiable. By combining Lemma 3.2 and

(Rockafellar and Wets, 2009, Exercise 8.8), 0F(x) = Vf(z) + dg(x) for all x € R™.
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Therefore, the set of critical points of (3.1) is {z | —V f(z) € dg(x)}. Since g is
prox-regular at T for —Vf(Z) by (Ochs, 2018, Example 2.3), we know by Proposition
2.1 that the set of critical points of problem (3.1) coincides with that of its L-type
stationary points.

Next we state the differential properties of F' in a subspace.
Lemma 3.3. For the objective function F of (3.1), the following statements hold.

(i) For any given index set S C [n] and any given x € R"\{0} with supp(x)= 5,

the function Fg is twice continuously differentiable at xg with
VFEs(zs) = IVf(Lszs) + Agsign(zs) o |zg|?™", (3.4a)

VFs(rs) = L5V (Lsws)Ls + Aq(g—1)Diag(|zs|7?), (3.4b)
and the function gs is three times continuously differentiable at xg with

D3gs(xs)(v) = A\g(g—1)(g—2)Diag(sign(zs) o |z5|7 3 ov) Vo e RS (3.5)

(ii) For any given bounded set = C R"™ and any given constant k > 0, there exist

¢1>0,¢, > 0 and ¢3> 0 such that for all z € Z\{0} with |z|nin > K,
Hstupp(m) (xsupp(m))H < /C\l, HV2Fsupp(a:) (msupp(m))HQ < /6\27

||D3gsupp(:c) (xsupp(x))(U)H? < csljvl|, for v € RIuer@),

(iii) For any x € R™\{0}, dist(0,0F (x)) = [|V Faupp(a) (Zsupp(a))|-
Proof. (i) The first part of (i) is immediate since gg is continuously differentiable at
zg. To establish the second part, for any sufficiently small v € RI®l
Vigs(rs +v) = Vigs(zs) = q(g—1)Diag(|jzs + v|** — |zs[")
— 4(q—1)(q—2)Diag(sign(xs) o |5[** 0 v),

This, by the definition of differentiability, implies the expression of D3gg(zs)(v).

31



(ii) Notice that geupp(a) is smooth at those Zgpp(z) With # € Z and min;equpp(a) | i > k.

The result follows by using formula (3.4a)-(3.4b) and (3.5) and the boundedness of
(iii) Fix any « € R". Write S = supp(x). Fix any € R"\{0}. Write S = supp(x).
From Lemma 3.2 and (Rockafellar and Wets, 2009, Exercise 8.8),

OF(x) = Vf(z) 4+ 0g1(z1) X -+ X Ogp(xy).

Then, we get dist(0,0F (x)) = ||[I5Vf(Lszs) + Agsign(zs) o |zs|?!||. Together with
(3.4a), the result follows. O

The following proposition establishes the equivalence between the KL property
of exponent 6 € (0,1) of F' and that of Fjs.

Proposition 3.1. Let § € (0,1). For any given T € R"\{0}, F' has the KL property
of exponent 0 at T if and only if Fg with S = supp(T) has the KL property of exponent

9 atﬂ:fg.

Proof. From Lemma 3.3 (iii), one can verify that if 7 € R™"\{0}, T € critF if and
only if Tz € critFg for S = supp(%). Then, by (Attouch et al., 2010, Lemma 2.1), it
suffices to consider the case that T € critF'\{0}.

Necessity. Since F' has the KL property of exponent 6 at 7, there exist n > 0, > 0
and ¢ > 0 such that for all € I'(e,n) := {z € R"[[|z —Z|| < e, F(7) < F(z) <
F(z) +n},

dist(0, 0F (x)) > c[F(z) — F(z)]’. (3.6)
Since T; # 0 for each i € S, there exists ¢ > 0 such that for all z € B(Z,€'), 2 # 0
with each ¢ € S. Set £:= min{e,e’}. Pick any u € Ig(e,n):={u € RIS |ju — || <
g, Fg(u) < Fg(u) < Fg(u) + n}. Let x € R" with g = u and zge = 0. Clearly,
supp(r) = S. From Lemma 3.3 (iii), it follows that dist(0,0F(z)) = ||V Fg(u)|.
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Also, from Fg(u) = F(x) and Fg(u) = F(T), we have z € I'(e,n). Along with (3.6),

we get
IVFg(u)|| = dist(0, 0F (z)) > c[F(x) — F(7)]" = c[F5(u) — F5(@)]".

By the arbitrariness of w in I's(e, n), Fg has the KL property of exponent 6 at .

Sufficiency. Since Fg has the KL property of exponent 6 at @, there are € > 0,7 >
0,c¢ > 0 such that for all u € g(,77) :={u € RIS Ju — @) < & Fs(a) < Fg(u) <
Fg(@) + 7},

dist(0, 0Fg(u)) > c[Fs(u) — F5(@)]’.

Since every entry of u is nonzero, by reducing € if necessary, for any v with ||ju—a| <
g, its entries are all nonzero. By Lemma 3.3 (iii), the last inequality can be rewritten
as

IVEs(u)ll > c[Fs(u) — Fs(@)]". (3.7)

By continuity, there exists ¢ > 0 such that for all z € B(Z,¢'), supp(z) 2 S.

1
Let § := max [|[Vf(z)|. Set c:= min{i g ¢, (‘i\iql)ﬁ} and 7 :=  min{7, 1}.

[|z—z||<1
Let I'(e,n) := {z € T'(e,n) |supp(z) = S} where I'(¢,n) is defined as above, and
I(e,n):=T(e,n)\I"(g,n). Pick any « € I'(e,n). We proceed the proof by two cases.
Case 1: z € I'(e,n). Let u = zg. We have u € I'g(e,n) C I'g(€,n), where the

second inclusion is due to € < £ and n < 7. From Lemma 3.3 (iii) and (3.7),
dist(0,0F (z)) = |V Fs(u)l| > c[Fg(u) — F5(@)’ = c[F(x) - F(z)]".

Case 2: x € (¢, 7). Recall that supp(z) D S. By the definition of I'’(¢,7), there
exists i ¢ S such that 0 < |z;] < e. Write S := supp(x). Since Fy is continuously

differentiable at x5 by Lemma 3.3 (i), for all i € S\ S it holds that

dist(0,0F (z)) > |[VFs(x)];| = ’[Vf(:z:)]z + /\qsign(.ri)|xi\q_1|
> Aqlzi |7 — [V (2)]i] > Mgt =5 > 1,
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where the last inequality follows by the definition of €. Since F(Z) < F(x) < F(Z)+n
and 0 < n < 1, we have [F(x) — F(T)]° < 1. Together with (3.8), we have

dist(0, 0F (z)) > [F(z) — F(z))°.

From the above two cases and the arbitrariness of x in I'(¢, ), the function F' has

the KL property of exponent 6 at . Thus, the proof is completed. n

3.2 A Hybrid of PG and Subspace Regularized
Newton Methods

In this section, we describe the iterate steps of HpgSRN, a hybrid of PG and subspace
regularized Newton methods for solving problem (3.1). The detailed iterates of the

algorithm are shown as follows.

Remark 3.1. (a) Algorithm 3 uses fi||z* —T%||« < € as the stopping rule, which by
Definition 2.2 means that the output x* is an approzimate L-type stationary point.

(b) Every iterate of Algorithm 3 executes Step 1, but does not necessarily perform
Step 2, due to the participation of the switch condition (3.10). In fact, we believe
that when the current iterate is far away from the critical point, PG is more cost-
to-effective than the Newton method, and the switch condition is to judge whether
the current iterate is close to some potential critical point. In sparse optimization,
to check whether the signs of ¥ and T are equal is an intuitive choice for switch-
ing, while the second criterium in switch condition is for convergence analysis, see
Lemma 3.6 (i). Step 1 in Algorithm 8 aims to ensure the convergence of the whole
iterate sequence, while Step 2 is a subspace reqularized Newton step used to enhance
the convergence speed whenever the iterates are stable. When setting ¢ = 0 and Al-
gorithm 8 generates an infinite sequence, we will show in Proposition 3.2 that under
Assumption 3.1, after a finite number of iterates, Algorithm 3 reduces to a regqularized

Newton method to minimize Fg, for some S, C [n].

34



Algorithm 3 (a hybrid of PG and subspace regularized Newton methods)

Initialization: Choose 7 > 1,a > 0, ,umax > fmin > 0,0 € (0, ] o€ (0 ,2),5
(0,1), by > 1 and by > 0. Choose an initial 2° € R™ and a tolerance €e>0. Let k=0

Step 1: proximal gradient step

(1a) Choose an initial step-size p € [fimin, fmax)- L€t my be the smallest integer m
such that

(07 . — m\—
F@") < F(a*) - §H$k—fk|‘2 with 7" € prox(u”m),lg(:ck—(um VIV ().

(3.9)
(1b) Let m, = ppm™ . If I, ||2* — %] < €, output z*; otherwise go to (1c).
(Lc) Let Wy = +Aa(g—1)[z# |5, 1f
1
sign(z¥) = sign(z") and 7, +Aq(q—1)|zF|22 > ka, (3.10)

then go to Step 2; otherwise let 2! = Z* and k < k + 1. Go to Step 1.

Step 2: subspace regularized Newton step

(2a) Let Sy = supp(z*) and u* = 2§ . Seek a subspace Newton direction df by
solving G*d = —V Fy, (uF ) where GF =V?2Fg, (u*)+ (b Ar+b2||V Fs, (u )H )
with Ag = [~ Amin(V2Fs, (u¥))]4. Let d’;}i =0.

(2b) Let ) be the smallest nonnegative integer ¢ such that

ng(uk+ﬁtd§k) < ng(uk) + 0B (VFs, (uk), d’gk) (3.11)

(2¢) Let ag = % and ¢ = 2% 4+ apd* and k < k + 1. Go to Step 1.

(c) We claim that Algorithm 3 is well defined, i.e., the line search procedures in (1a)
and (2b) of Algorithm 3 must hold after a finite number of backtrackings.

We first argue that the number of backtrackings in (1a) is finite. For this purpose,
define hy(z;x) == (Vf(x),z —z) + 5|z — z||* + g(2) for = € R*. For each m € N,
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pick 5™ € Prox ,, omy-1, (2% = (™) "'V f(2)), then it follows that

T ke m
"™ — 2| + g(a™™)

By (275 2%) <(V f(2F), 2P — 2F) + 2
(3.12)

< g(@") = hy, (2% 2%).
Since hy, (+;2%) is continuous and coercive, the set
Ly = {z €R" | hy, (2;2%) < h,, (z%;2%)}

s compact. Since V[ is continuously differentiable, there exists Ly > 0 such that
for any y,w € Ly, [[Vf(y) = Vf(w)l < Llly — wll. When pp™ > Ly + a, from
ok k™ e L), and the descent lemma (Bertsekas, 1997, Proposition A.24),

L
P(a*™) < f(@*) +(VF (@), " o) + 5[l —at P + glam)

Tm Qo
< Fah) + (V)b m =) + B b g2 4 g(atm) — Sk gt

« «
< F(@) 4+ g(a¥) = Sllatm—at|? = Pa) - Sjetm—at? (3.13)

where the last inequality is due to (3.12). This implies that the line search procedure
stops in the m-th backtracking. The above arguments only use the Lipschitz continuity
of Vf on the set Ly rather than its global Lipschitz continuity, and the coercivity of
h,.,. (- &%) rather than that of g. For more discussion on line search of PG methods in
a general setting, see also Bello Cruz and Nghia (2016); Salzo (2017) for the convex
f and De Marchi and Themelis (2022); Kanzow and Mehlitz (2022); Jia et al. (2023)
for the nonconvex f.

Next we argue that the line search in (2b) will terminate after a finite number
of backtrackings. We see that when the iteration goes from Step 1 to Step 2, it is
necessary that Sy # 0. As in this case (3.10) is satisfied, 2% # 0 must hold. If not,

by (3.10), T = 0. So the termination condition in (1b) is satisfied and the algorithm
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stops. By Lemma 3.3 (i), Fs, is continuously differentiable at u*, which along with

G* = 0 implies that
(VFs, (uf),dé ) = —(G*d§ ,d, ) <0, (3.14)

i.e., d§ s a descent direction of Fs, at u*. In addition, Fs, is bounded from below
on RIS because f is bounded from below on R™. By following the same arguments
as those for (Nocedal and Wright, 2006, Lemma 3.1), the smallest nonnegative inte-
ger ty satisfying (3.11) exists. Therefore, combining the last part, we conclude that
Algorithm 8 is well defined.

From the iterate steps of Algorithm 3, the sequence {x*}ren consists of two parts,

i'e'; {xk}kEN = {mk}kelﬁ U {xk}kGsz where
Ki:= {k € N | 2" is generated by Step 1} and K, := N\K;. (3.15)

It is clear now that for k € Ky, Sy, # 0, that is, ¥ has a nonempty support.

(d) Although Algorithm 3 is a hybrid of PG and second-order methods, it is not
a special case of ZeroFPR (Themelis et al. (2018)) and FBTN (Themelis et al.
(2019)) due to the following four aspects. Firstly, each iterate of Algorithm 3 does
not necessarily perform Newton step, while each iterate of ZeroFPR and FBTN must
execute a second-order step. Secondly, Algorithm 3 is using the Armijo line search,
which is different from the ones used in ZeroFPR and FBTN. Let F. denote the
forward-backward envelope of F associated to v > 0, and n > 0 be a constant related
to the (local) Lipschitz constant of V f. For (3.1), the line search of ZeroFPR is to

seek the smallest nonnegative integer t;, of those t’s such that
— —k —
B @+ 8T) - Fy(a}) < —nlle* — 2.

—k =k . . .
Then set oFt1 = 7% + Bi*d , where d is a Newton-type direction at T rather than

x¥; and the line search of FBTN is to seek the smallest nonnegative integer ti, of
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those t’s such that
Ey (1= 897" 4 (2" + d¥)) — By (a*) < —nlja” — 2",

and then set 2" = (1 — Bi)z" 4 Bl (2% + d*), where d* is a second-order direction

at xF.

We observe that the decrease of the successive iterates for ZeroFPR and
FBTN, i.e. F (aFt1)—F, (2%), is controlled by —||z* —T*||?, while the decrease of the
successive iterates for Step 2 of Algorithm 3, i.e., F(x*t) — F(a*), is controlled by
the curve ratio ay(VFs, (uk),d§k> Thirdly, the line search procedures of ZeroF'PR
and FBTN involve computing the forward-backward envelope of F, which means that
prox-gradient evaluations are needed at each backtracking trial and this is not the

case for (2b) of Algorithm 3.2. Finally, the global convergence analysis of ZeroFPR

requires its second-order direction d* to satisfy
3 a constant ¢ > 0 such that ||d*|| < ¢l|a* —z*| for all k, (3.16)

but now it is unclear whether the reqularized Newton direction in (2a) satisfies (3.16)
or not.

(e) Our algorithm is similar to the Newton acceleration framework of the PG method
proposed in (Bareilles et al. (2023)), which first uses the PG method to identify the
underlying manifold substructure of (3.1) and then accelerates it with a Riemannian
Newton method. However, our algorithm is not a special case of this framework due
to the following facts. Firstly, similar to ZeroFPR and FBTN, the framework in
(Bareilles et al. (2023)) executes a Newton step in each iteration. As discussed in
part (d), our algorithm adaptively executes a Newton step by condition (3.10), which
avoids some unnecessary waste in second-order step. Secondly, the Riemannian Hes-
sian was used to yield the Newton directions in (Bareilles et al. (2023)), while a
reqularized one is used in our algorithm to yield the Newton directions. Thirdly, a
quadratic convergence rate of the iterate sequence was established in (Bareilles et al.
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(2023)) by assuming that the Riemannian Hessian is positive definite at the limit
point. However, under weaker conditions we show that the generated sequence s
convergent and has a superlinear convergence rate; see Theorems 3.1 and 3.2, re-

spectively.

To conduct the convergence analysis of Algorithm 3 with € = 0 in the next
section, from now on we assume that z* # z* for all k (if not, Algorithm 3 yields an
L-type stationary point within a finite number of steps), i.e., Algorithm 3 generates
an infinite sequence {2*}cy. The following lemma shows that the sequences {z*}ren
and {T"}en are bounded, and the sequence {Ji; }ren is upper bounded. The latter

will be used to derive a uniform lower bound for |Z*|,; see Lemma 3.6 (i) later.
Lemma 3.4. The following assertions hold for {z*}ren, {Z%}ren and {fi; }ren.

(i) The sequence {F(z*)}ren is nonincreasing and convergent, and consequently,

{2*hhen C Lp(2°):={z € R*| F(x) < F(2°)} and {7"}1en C Lp(20).

(i) {2*}ren and {T*}ren are bounded, the cluster point set of {x*}ren, denoted by
w(z?), is nonempty and compact, and F is constant on w(z?).
(iii) For all k € N, 7i,, < L = max{fimax + 1, 7(2L + &)}, where L is the Lipschitz
T \V/ T842¢ min
constant of Vf on the set Lr(x°)+7B with T := %LW Here, 19 :=

maXerp (o) | V.f(2)|| and ¢y = F(2°) — ¢4.
Proof. (i) Fix any k € N. When k € K;, 2Ft1 = 7% and by (3.9), F(z**!) < F(aF).
When k € ICy, it follows from (3.11) and (3.14) that

Fsk (uk+1) < Fsk (uk) + Qﬁmk <VFSk (uk)7 d]g'k> < FSk (uk)7

which along with Sy; C Sy implies that F(z*1) < F(2*). The two cases show that

{F(2*)}ren is nonincreasing, which along with the lower boundedness of F' means
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that {F(2")}ren is convergent. The nonincreasing behavior of {F(z"*)}xen, together
with F(z%) < F(2%) for each k € N, implies that F(z*) < F(2*) < F(2°) for each
k € N, and consequently, {2*}ren € Lr(2°) and {T¥}ren C Lp(2?).

(ii) Since g is coercive and f is lower bounded, the level set £z (2°) is compact. By
part (i), {#*}reny and {T¥}ren are bounded, so the set w(z®) is nonempty. Using
the same arguments as in (Bolte et al., 2014, Lemma 5 (iii)) yields the compactness
of w(x?). Pick any z* € w(z?). There exists a subsequence {z"};cy such that
lim; ,o, 2% = z*. By the continuity of F' and the convergence of {F(z*)}xen, we
have F(x*) = lim;_, F(2%) = F*, where F* is the limit of { F'(z*)}1cy. This means
that F' is constant on the set w(x?).

(iii) Define K:= {k € N | @i, > p}. If K is empty, the desired result holds because
T = Mk < fmax < L for all k € N, so we assume that K # 0. Write fiy := 7, /T and

¢ = proxﬁglg(xk—ﬁ,;IVf(xk)) for each k € K. We first argue that

|2% — 2F|| < 7 for each k € K. (3.17)

Since [ < iy, by (3.9) we have F(Z¥) > F(2*) — $||z* —2*||?, which implies that

7% # 2% for each k € K. For each k € K, from the definition of Z*, we have

(Vf(b), 2% — 2%) + %W — 2F|2 + g(3%) — g(a*) < 0. (3.18)

By using Cauchy-Schwarz inequality and the nonnegativity of g, it follows that
%ka —a*|? < IVFEOINEE = 2*) + g(2*) — 9(3")
< IVfENIE" =) + F(2*) - f(2*)
< IVFEMIIE" = 2" + F(2°) = ¢f < mo]|7° = 2*) + ¢,
where the third inequality is due to F(z*) < F(z°) and f(z*) > ¢y, and the last one

is by the definitions of 7y and ¢;. For each k € K, since i, > p1x > fimin, from the
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last inequality;,

e 3 —at? — mll?t — 2t 7 <0

This, by the definition of 7, implies that inequality (3.17) holds. Now for each k € K,
by the mean-value theorem, there exists z* on the line segment connecting z* and

7% such that
F(T%) — F(2*) = (Vf(2"), 7" = 2*) 4+ g(@") — g(«).

Substituting this equality into (3.18) and using F/(z*) — F(2¥) > —%||z*—2*||? yields
that

~

M — Q&

s llet =3P < (VA(ER) = V"), 3" = 2F)

< IV f(@*) = VAEONIT" — 2*].

From part (i) and (3.17), {z*}rex € Lp(2°) and {Z*}rex € Lr(2°)+7B. Hence,

{z*}rex € Lp(2°)+7B. From the last inequality, for each k € K,

~

M —

5 llz" = < IV = VA < Ll|l2* — " < Llla* - 7).

Thus, 1, < 2L + a and Ty, < 7(22 + a) for each k € K. The proof is completed. [
For any given v > 0, s € R, define a real-valued function A : R — R by

hyo(t) == =(t — 8)* + AJt|? fort € R. (3.19)

Bo |2

It is easy to see that ¢ = 0 is always a local minimizer of h, , and that the absolute
value of another possible local minimizer is greater than 7, where v := (M) ﬁ
In next lemma, we will establish the existence of a uniform lower bound w@ of h7 ; at
its nonzero local minimizer for any v > 0 and s € R. We will show that the existence

of such w will ultimately lead to the validity of the second condition of (3.10) for
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some k in any large enough interval and hence, together with the validity of the first
condition of (3.10), the infinite cardinality of K. Indeed, if for all the integers k in

k+1

any large enough interval, """ is produced by Step 1, then the sufficient decrease

property in (1a) of Step 1 implies that
Fa%) — F(aF1) > %ka — P2 (with 2! = 7).

Summing this up for all such integers, it follows from the lower boundedness of F
that > [|z% — 2*"1||? is bounded. Thus, for some integer k, ||z* — x*1|| should
be sufficiently small. By using an integral mean-value theorem, |z*|%-* — |Z#|9-2 is

bounded by ||z* — Z*||. Therefore |2*|%-% — |7*|2-2 should be sufficiently small. If so,

min min

it is true that 2 + Ag(q — 1)(|2* 92— |Z%|7-2) > 0, which implies that the second

condition of (3.10) holds for some integer k.

Lemma 3.5. For any given 0 < v < M < oo, there exists a constant w > 0 such

that for any v > 0 and s € R with |t(v,s)| € [v, M],

hf;,s(z(fya S)) =7+ )\(](C]-l)ﬁ(fy, S)|q72 > .

Proof. Suppose that the conclusion does not hold. Then, there exist sequences

{Vetren € Ry and {sg}ren C R with [¢(yx, si)| € [v, M] such that A2, (£(, 1)) <

l for all k € N. For each k € N, write ¢ := (g, sg) and Uy := h., 5,. Clearly, there

exists k € N such that for all k > k, 0/() < 52 := e, where & = Aq(¢—1)(¢—2)M7=3.

By the expression of 9, for any ¢ with |¢| € (0, M], the following inequality holds:
9% ()] = Aglg—1)(g=2)[t]*™° > &. (3.20)

Fix any k > k. We proceed the arguments by #, € [v, M] and &, € [—M, —v].
Case 1: {, € [v, M]. Since 9{(t;) < e and 9} (t) > & for t € (0, M], by the
integral mean-value theorem, 9 (t;) > U} (t,—£) + ¢, which by 9¥7(fx) < ¢ implies
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that 97 (f,— =) < 0. Together with 9} (t;) > 0 (see (Hu et al., 2017, Lemma 14)),
there exists 0 < 0 < £ such that 9}(f;,—0) = 0. Recall that J}(t) > £ > 0 for all
t € (0, M]. Then,

95(t) <0 fort € (0,t,—48) and () >0 for t € ({,—4, M]. (3.21)

Note that ¢ (tx) = 0. This, along with the second inequality in (3.21), implies that
9. (tk—0) < 0. Also, since 0 < 9}(t) < ¢ for all t € (t,—0, tx), from the integral mean-
value theorem, 9} (tx,—38) > ¥, (tx) — €0 = —e&d, and then ¥ (t,—9) € (—&4,0). Next
we argue that there exists a point t; € (£, —6—+/2¢0/k, tx—0) such that 9} (¢) = 0,

which along with the first inequality in (3.21) implies that
9, (t) > 0 for t € (0,%;) and U, (t) <O for t € ({1, fx — 9). (3.22)
Indeed, for any t € (0,t;,—3), using ¥}(t,—0) = 0 and inequality (3.20) yields that
t—0 t—0
o6 < I (Fe—0) = D(t) + / 9(s)ds = 0L(t) + / [90(s) — (Ex— )] ds
t t

K

1o
<9, (?) +/ k(s—tp +0)ds = V), (t) 5 (t—T% +6)%,
t

which implies that 9},(¢) > 0 for all ¢t < t,—0—+/2¢d/k. Along with 9/ (tr,—4d) < 0,
there exists &, € (f,—0— 2%‘5,@—(5) such that ¥, (f;) = 0.

From (3.21) we deduce that ¥, is decreasing in (¢, —0) and is increasing in

(tx—0,11,), which means that ¥),(t) > ¥, (fy — ) > —¢d for all t € (,%;). Then,

Du(ln) — On(iy) = / tkﬁ;(s)ds > ey — i) > —85(5+ \/Zf) (3.23)

ty

g3 g3 g3 3K
> (= 2—)>—3—:—— 3
<,<u-2 + \/_112 210000
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where the third inequality is due to 0 < d < £. On the other hand, we have

In(Ee)—04(0) = /0 " /{:ﬁZ(T)des: /0 " /{ks[ﬁ’,;(T)—ﬂ;’(Ek—é)]drds

t
0

t,  ps
> / / K(T — T + 0)drds = / gsz - gt% + k(ty—06)(tp—s)ds
0 Ty

2 _
= EF — EE’; 4 ﬁ(tk—d) >

B2 202 5o 2 2 50 %)

" (3.24)

where the first equality is due to 1},(;) = 0, the second one is using ¥} (f,—9) = 0, the
first inequality is using (3.20) and the last inequality is due to 0 < 6 < £ and #;, > v.
Thus, from (3.23) and (3.24) and ¢ := %2, we have 4(tx) — 94(0) > 35203 > 0,
contradicting that ¢ is a global minimizer of ¥ = h., s,. The conclusion then holds.

Case 2: {, € [—M,—v|. By using the similar arguments to those for Case 1, one

can verify that the conclusion holds. Here, the details are omitted. ]

To provide a sufficient condition for the switching condition (3.10), we introduce

the following notation that will be used in the subsequent analysis:

Si:=supp(@*) and w":= E%k for each k € N.
Lemma 3.6. Let {x*}1en and {Z%}ren be generated by Algorithm 3, and write v:=

[Z‘lAq(l — q)]ﬁ, with L being the one in Lemma 5./ (111). Then, the following

statements hold.
(i) |T¥|min > v for all k € N, and |2¥| i > v for all k € K.
(i1) Wy > w for all k € N, where Wy, is the one in (1c) of Algorithm 3, and w is

F(J;O)—Cf ) % ]

the one in Lemma 3.5 with v =v and M = ( 5
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. v 3
(iii) For each k € N, if |t*|nin > % and ||z —7"|| < min {¥, IvIE 2;)(2 s }, then

condition (3.10) holds.
Proof. (i) By using Lemma 3.1 with u = 1z, " and y = 2% — 7, ' Vf(2*) for each k € N
and noting that pip, < 71, < L from Lemma 3.4 (iii), we have |7%| i, > v for all k.

To argue that |2¥|,, > v for all k € Ky, we only need to prove that |2%|,, > v if

x* satisfies condition (3.10). Indeed, the second condition in (3.10) is equivalent to

|zk|9-2 < %q =t = k|92 which by 77, < L and the definition of v means that

L + lyq—Q — Vq—Q’

|$ |m1n m 5

where the equality is using the expression of v. Thus, |2¥|ni, > v for all k € Ks.

(ii) From (3.9), F(z*) < F(a*) for each k € N. Then,
ey + ATT < f(@°) + A|z|E = F(@¥) < F(a") < F(2°),

which implies that ||Z%]|2 < A1 (F(2°) — ¢f), and then [Z}] < (%)l/q for each
i € Sg. In addition, from part (i), |zF| > v for each i € Sj. For each k, let

y* = 2% —71, 'Vf(2*). Then, 7¥ € argmin, g by () for each i € Sy, where he ok

is defined by (3.19). Now by invoking Lemma 3.5 with v = v, M = (%)% and
t(7i,, y¥) = T for all i € Sy, we obtain Ty = i, + A\q(q—1)|Z*|%2 > w.

(iii) Fix any &k € N. We first prove that the equality in (3.10) holds. From part
(i), |Z*|min > v, while from the given condition, |z¥|yy, > ¥. If there exists an index
i € [n] such that sign(z¥) # sign(zF), then ||zF — z%|| > |2F — Z¥| > £, which is a
contradiction to ||z* — Z¥|| < v/3. Thus, sign(z*) = sign(z*), and hence S;, = S;.
For the inequality in (3.10), from part (ii), it suffices to argue that 5 + Aq(q—

—ZF|92) > 0 or |28 2 — |7F9 2 < 3ty Indeed, by invoking the

) ( | T min min ) min
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integral mean-value theorem,

|jk|min

-t = [ gt

|J,’ |min

3
< (2- Q)(mm{uk’mma‘xk‘mm}q “xk‘mm ‘xk‘mm}

< (2—(])(1//2>q73‘|xk‘min_‘§k‘min} < (2_61)(’//2)(173Hx’C _ka < (1 —q)

where the second inequality is by |[Z%|nm > v and |2F|pm > ¥, the third one is due

= . . _ -3
to Sy = Sk, and the last one is using ||z* — 7%|| < 2Aq(172;)(27q)yq,3. O

From Lemma 3.6, we obtain the following corollary, stating that K contains
infinite indices, so HpgSRN is different from PG method. In the next section, we
will improve this result so that after a finite number of steps, the iterates of Algorithm

3 always enter into Step 2.

Corollary 3.1. There exists k € N such that for any ky,ky € N with ko — k1 > 7{?,
(k1 : ko] N Ko #£ 0, so Ky is an infinite set and Algorithm 3 is different from PG

method.

Proof. Let 6 = min{¥%, 2/\(1(172;)_(;?(1)”(1_3} and k = (uw We argue by contra-

diction that the result holds. If not, there must exist %1@2 € N with %2 — El >k
such that [El :/152] N Ky = 0. Clearly, [El I?f\g] C K;. By the definition of K;, for
every k — 1 € [%1 oy — 1], ¥ is obtained by the PG step, which by Lemma 3.6 (i)
implies that |2%|,;m > v and then ||Z% — 2*|| > ¢ must hold (if not, by Lemma 3.6
(iii), [k1+1:ks] would contain an index of K3). For every k € [k :ka] C K1, we also
have 2¥t1 = 7%, By (3.9), for every k € [k : ko), F(z**) < F(a%) — 2||z% — 2¥|2,
and then
PR —ep) | APERT) ZFE) i 7 — %2 > (ks — )%,
a a

i=k1+1
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where the last inequality is due to ||T% — 2*|| > ¢ for every k € [/k\:ﬁ—l :752]. Together

2(F (z°)

with F(mElH) < F(2%), we obtain /]%2 — /151 < a(s{cf) < E, a contradiction to the

given condition %2 — %1 > k. The proof is then completed. O

3.3 Convergence Analysis

In this part, we analyze the convergence rate of the objective function value sequence
{F(2*)}ren, and establish the global convergence of the iterate sequence {z*}ren and

its superlinear convergence rate. Throughout this section, we write
ko._ k k. 72 k
r® = VFg (u") and H":=V°Fg (u") for each k € K.

First, we give several technical lemmas that are used for the subsequent convergence
analysis. The following lemma states that the subsequences {r*}rcic, and {d*}rex,
are bounded, and the subsequence {r*}.cx, is lower bounded by {||u* — || }rex,-
The latter is crucial to control F(z¥+1) — F(2*) by using —||2* — z¥||?; see Lemma

3.9.
Lemma 3.7. Let {2*}ren be generated by Algorithm 3. The following holds.

(i) There exists a constant Tayx > 0 such that |7*|| < mmax and ||d¥|| < by'rl22 for

max

all k € Ko, where by is the one in (2a) of Algorithm 3.

(it) For each k € Ky, ||r*|| > Z||uf —u"|| where w is the same as in Lemma 3.6
(ii).
Proof. (i) Fix any k € ICy. By Remark 3.1 (¢), we know that Si # 0. From Lemma
3.6 (i), |z¥| > v for all i € S;. By invoking Lemma 3.3 (i) with x = v/2 and
E={z€ Lp(z")]]z]| >v/2foralli € Sy}, there exists fiyax > 0 (independent of k)

such that ||7*|| < rpax. Together with A, (GF) > by|r*(|7, it follows that

ld*] = llds, | < IG*) " lallr™ Il < b3 HIr* 17 < by Prpad (3.25)

max °
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(ii) Fix any k € K. Write o* := o* — ' [§ Vf(Lg,u?) = o =7, [Vf(2¥)]s,
Let hg(u) := Z‘SM P, ok (i) for u € RISk where h, o+ 1s the function defined in
(3.19) with (v, s) = (T, vF). From (3.10), sign(z*) = sign(z*), and then S; = Sj.

Therefore, we have @* € arg min, cpis, A (u), whose optimality condition is given by
0 = Vhe(@") = 7, (@ —v*) 4 Agsign(@*) o [@* |71, (3.26)

In addition, by combining Lemma 3.6 (ii) and the inequality in (3.10), it holds that
@ /2 S @/2 < fig+ Aala=1)|2* 15 = F + Malg=D)|a [y = ([ min)- (3.27)

Define the index sets ZF :={i € [|Sk|] | uf > 0} and Z := [|Sk|]\ZF. For each i € [|Sk],
write u¥ := sign(u¥) min{|u¥|, [u¥|}. Note that each hig, ok is smooth at any t # 0,
and h%kﬁvf is nonincreasing at (—oo,0) and nondecreasing at (0,00). From (3.27)
and Lemma 3.6 (ii), it follows that h%kvf(ﬂf) > w/2 for all ¢ € [|Sk]]. Consequently,

there exists € > 0 such that for each i € Z¥, h%k J(t) > 2 when t € (uf— e, 00); and

for each i € 7%, h%k () > Z when t € (—o0,uj 4 ¢). Define

Q= {ueR‘Sk||ui> ﬂf—eforieIf and ui<—ﬂf+efori€I§}.

Then, hy, is twice continuously differentiable on the convex set €, with V?hy(u) = Z1
for all u € €, which implies that f,(u):= hy(u) — Zlu — v*||? is strongly convex on
the set . From (3.26) and the expression of Ay, clearly, Vi, (*) = Z(vP—u"). Let

ar =k + %Vﬁk(uk) By the convexity of Ek on €, and u*, @* € Qy, we have
w

0 < (Vhe (@) — Vhi(u ),uk—uk>:4<(vk—ﬂk) (@ — u*), 7" — ub),

which implies that |[uf — @*|| < ||o* — @*|| = ||u* -1z, [Vf(2*)]s, — @"||. Together
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with Z(T@* —u*) = Vhg(ub) = (71, — 2) (u¥ —v¥) + Agsign(u¥) o [uF|271, it follows that

¥l = [V (2*)]s, + Agsign(u®) o u¥[|
= H[vf(xk)]sk — (A — %)(Uk —o*) + %(uk—a’“)u

:_4r4[( HS—U<+WH>—WL—UW

where the third equality is by the definition of v*. The proof is completed. n
Assumption 3.1. V?f is locally Lipschitz continuous on R™.

Assumption 3.1 is a common one in the convergence analysis of Newton-type
methods (see, e.g., Yue et al. (2019); Mordukhovich et al. (2023)). It is satisfied for
third differentiable loss functions such as least square function, logistic regression,
student’s t-loss function (Aravkin et al. (2012)), high-order portfolio loss (Zhou and
Palomar (2021)), the nonlinear least square loss Y ", (b; — ¢;(A;.x))? with ¢; being
smooth, and the Log-Cosh dice loss function (Jadon (2020)) etc., while it is violated
for the least absolute deviation and Huber loss as they are not twice continuously
differentiable.

By the Heine-Borel open covering theorem, one can show that under Assumption
3.1 the Hessian V?f is Lipschitz continuous on any compact subset of R”. We next use
this fact to prove that {ay }rex, has a uniform lower bound, which will be employed

to establish the sufficient decrease of {F(z")}xen; see Lemma 3.9.
Lemma 3.8. Under Assumption 3.1 there is a > 0 such that for all k € Ko, oy > .

Proof. Let Z:= Lp(2°) + %IJB. By invoking Assumption 3.1, there exists a constant

Lo > 0 such that
IV2f(y) = V()2 < Lall(y — 2)| Yy, 2 € E. (3.28)

Fix any integer m > 0 with ™ < min {1 VbQTm , where v is the same as the one

ax

in Lemma 3.6. Fix any k € Ky. From d'fl2 =0, |2¥] > v for all i € Sy (Lemma 3.6 (i))
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and Lemma 3.7 (i), we have sign(2*+ 73™d") = sign(«*) and |2 +76"d¥| i > ¥ for
all 7 € [0,1]. By Lemma 3.3 (i), Fy, is twice continuously differentiable on an open
set containing the line segment between u* and uk—l—ﬁmd’gk. From the mean-value

theorem,
Fsk (Uk+5mdl§k) - FSk (uk> - <Tk7ﬁmd§k>
1
— 552’”(V2Fsk (uk+7'k5md’§k)dl§k, d’gk> for some 7, € [0, 1]. (3.29)

Note that z*+ 78md* € = for all 7 € [0,1] by Lemma 3.7 (i). By using Lemma 3.3

(i) with xk = v/2, there exists a constant ¢3 > 0 (independent of k) such that
Tk
V35, (u*) = Vs, (uF +7 37, ) |l S/ |1 D?gs,, (u* +t5™d )(B™dE, ) ||2dt
0

< miCa ™|, |l

In addition, since z*, 2% + 7,8™md* € =, using inequality (3.28) with y = 2* and
z = 2%+ 7, 8md* and noting that supp(a*) = supp(a*+ 7,™d*) = S, we have
115, V?f (Ls,u*)Ls, —Lg, V°f (Ls, (u*+78™d,)) Ls,lla < L™ d5, ||
From the last two inequalities with the expression of V*Fg,, it follows that
2 F, () =2 B (8 d ) < (Lot @) [ (330

Combining (3.29)-(3.30) with (2a) of Algorithm 3 and recalling that H* = V2 Fyg, (u*),
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we obtain
Fs, (u*) — Fs, (u"+57dg, ) + o8™ (", d5, )

= (1= 0)B™ ((H*+by Ay +bo||r*(|7 1) d§, , d5, )

ﬁ%(dSk, Vs, (W +7,8™d5, )dS, )

1 m o m m
> S I | G0 (=, 7)) )
> lb m||,.k||o dk 2_1 Lot+o 3m dk 3
2 508" |1 N, |17 — 5 (L2+¢5) 87" | ds, |
= Lm0, 0 G pem wien @ = Lasd
= 26 HdSkH ||d || 635 with C3 = L2+Cg, (331)

where the first equality is using r* = —dek by (2a) of Algorithm 3, and the first
inequality is due to H* 4+ byAI = 0, 0 € (0, —] and A, > 0. By the definition of dk

and Lemma 3.7 (i),

d k\—1 k k||1-20 1-20
| : Nl < < IGY) kHzH?“ 1 < [l < Tmax” (3.32)
e S e b2 b2

The above arguments demonstrate that whenever ™ <min {1 Vb27"maxa = }

[~ 120 17
C3Tmax

Fs, (u¥)— Fs, (u" + 8™d%, ) + o™ (r*,d5 ) > 0.

Let a:= S min {1 ~vbyr? } Then, for all £ € ICy, o, > a. O

o \/W
3.3.1 Convergence Rate of Objective Value Sequence

We have achieved the convergence of the sequence {F(2*)}en in Lemma 3.4 (i). To
establish its convergence rate, we need two technical lemmas. Among others, Lemma
3.9 states that {F(z*)}ren is sufficiently decreasing under Assumption 3.1, while
Lemma 3.10 reveals that under Assumption 3.1 the subsequence {d*} ek, converges

to 0.
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Lemma 3.9. Let {2*}ren and {T%}ren be the sequences yielded by Algorithm 3.

Then, under Assumption 3.1, the following assertions hold.
(i) There exists 5 > 0 such that for all k € N, F(2F1) < F(2%) — ngk —z*||2.
(i1) limy_o ||2% — 7| = 0.

(iii) Every element of w(z) is an L-type stationary point of (3.1).

Proof. (i)-(ii) By Lemma 3.4 (i), {*}1en is contained in the compact set Lp(z°),
while |2"| i > v for all k € Ky by Lemma 3.6 (i). Then, by invoking Lemma 3.3
(ii) with = = Lp(2") and k = v, there exists ¢; > 0 (independent of k) such that
|H*|lo = ||V?Fs, (u¥)|l2 < @ for all k € Ky. Together with the expression of G* in
(2a) and Lemma 3.7 (i), for all k& € ICy,

G* =L+ H (|2 + o™ 1711 = [(14b1)Es + barg 1. (3.33)

From the line search step in (3.11), Lemma 3.7 (ii) and Lemma 3.8, for all k € Ky,

F(xk+1) — F(xk) < akg(rk, d§k> = —ozkg(rk, (Gk)_lrk>

2
oa k|2 oaw ko k2
< - — < - = - , 3.34
- (Ith)e + bg?"glaxnr I"=< 16[(1+b1)c + borg,,. ] | | (3.34)

where the last inequality is using sign(z*) = sign(z*) implied by k € Ky. In addition,
by (3.9), F(z") < F(2%) =% || —z*|? for all k € K. Along with the last inequality,

part (i) holds with 7 =min {W%, a}. From part (i) and the convergence
of {F(z*)}ren, we obtain part (ii).

(iii) Pick any z* € w(z?). There exists a subsequence {z" },cy such that 2% — z* as
j — oo. From part (ii), lim;_, 7% = 2*. For each j € N, from (1a) of Algorithm 3

we have TV € ProXg 1 (@ —ﬁ,;jlv f(x%3)); while by Lemma 3.4 (iii), Bk, € [Hmin, L)

We assume that Hy; = Ty (if necessary taking a subsequence). Define the mapping
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F(p, ) = prox, -1 (x—p 'V f(z)) for x € R" and p € [fimin, L). By (Bonnans and
Shapiro, 2013, Proposition 4.4), the mapping F is upper semicontinuous, so it is
outer semicontinuous at (f,,z*) by (Facchinei and Pang, 2003, p. 138-139). Thus,

a* € proxg1 (¢* —i; 'V f(2*)), and the result follows. O

Lemma 3.10. Let {2*}ren and {Z%}ren be the sequences given by Algorithm 3.

Then, under Assumption 3.1 there exists a constant ¢y > 0 such that for all k € Ky,
dist (0, OF (¢7)) <@lja"—T¥|| with & = L+ L + &,

where L and L are the ones in Lemma 3.4, and consequently, lim,sio0 ||| = 0

and limg, ko0 ||d¥|| = 0.

Proof. Fix any k € K,. Since 7% € Prox; -1, (:rk—ﬁ,;1Vf(93k)), by (Rockafellar and
Wets, 2009, Exercise 8.8), we have 0 € V f(2*) + 1, (Z" — 2*) 4+ dg(z"*), which implies
that

V@) = V(") + g (a” — %) € 0F (z").
Recall that V[ is Lipschitz continuous on the compact set L£p(z°) with Lipschitz
constant not more than Z, which is the same as the one appearing in the proof of
Lemma 3.4 (iii). Then, ||V f(z*) — Vf(Z*)|| < L||z* — Z*||. Together with the last

inclusion, using 1, < L by Lemma 3.4 (iii) yields that
IV Fs, ()| = dist(0, 0F (%)) < (L + L)% —z*]. (3.35)

Let = be a bounded open convex set containing Lr(z°). By Lemma 3.4 (i) and the
convexity of Z, u* + 7(u*—u"*) € = for all 7 € [0,1]. Recall that k¥ € Ky. Hence,
xF # 0 and sign(u*) = sign(@"*). Together with Lemma 3.6 (i), for all 7 € [0, 1], we
have |ﬂk + T(uk—ﬂkﬂmin > v and sign(u®+7(u* —u*)) = sign(u*). By Lemma 3.3

(ii), there exists a constant ¢ > 0 (independent of k) such that for all 7 € [0, 1],
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|V2Fs, (@ +7(u?—u*))|| < ¢. Note that dist(0,0F(z*)) = ||r*| and

I = [l =V Es, (@) + Vs, (@)]] < [~V Es, (@] + [V Fs, (@)]
1
< / |V B, (@ 7 (7)) (i — ) |adr + |V Fs, (@)
0
< Bt~ + |V Fs, @) < [(E+ L) + @] la* — 7, (3.36)

where the last inequality is due to (3.35). The first part of the conclusions follows.
From (3.36), Lemma 3.9 (ii) and (3.25), we obtain the second part. O

To achieve the linear convergence rate of the objective sequence { F(x*)}ren, we
first argue that for all sufficiently large k, the support of the iterate z* is stable, and
k € Ko. The latter means that after a finite number of iterates, Algorithm 3 reduces
to a regularized Newton method for minimizing the function Fs,, where S, is defined

below in Proposition 3.2 (i).

Proposition 3.2. Let {2*}ren and {T%}ren be the sequences given by Algorithm 8.

Then, under Assumption 3.1, the following assertions hold.

(i) There exists an index set S, C [n] such that for all sufficiently large k,
ky _ —k\ _ Q.
supp(z") = supp(z") = S.;

furthermore, every cluster point * of {x*}ren satisfies supp(z*) = S,.

(ii) There exists k € N such that for all k >k, k € ICy.

Proof. (i) First we argue that 2|, > % for all sufficiently large k. Indeed, by

3
Lemma 3.6 (i), if k —1 € Ky, i.e., 2% = 2" we have |2¥|pn > v. If k-1 € Ko,
we have [2¥7! |, > v, while by Lemma 3.10, for all sufficiently large &, ||d" || < %,
which along with 2% = 2*"'+ aud* oy € (0, 1], d’gg = 0 and |2 > v implies

that |¥|mm > 4. Next we argue that for all sufficiently large k, supp(2*) = supp(z*).
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Indeed, by Lemma 3.9 (ii), for all sufficiently large k, ||z — Z*|| < %. Hence, for

k

every i € supp(z*), we have [T| > |2f| — [2F —ZF| > ¥ — ¥ > 0, which implies that
supp(z¥) C supp(z*); and for every i € supp(z¥), we have |z¥| > |zF| — £ > 0, which
implies that supp(z*) C supp(2*). Thus, supp(z*) = supp(2*) holds for all k large
enough. It remains to show that for all k large enough, supp(z*) = supp(z**1). For
k1

all sufficiently large k& € Ky, the conclusion holds since 2! = z* and supp(z*) =

supp(z¥). For all sufficiently large k € K,, by Lemma 3.10, we have ||d*|| < z

and then [lz"*!— 2¥|| < ¥, and the conclusion follows by the above arguments. To
sum up, supp(zF*tl) = supp(z*) = supp(z*) holds for all sufficiently large k. Since
| 2% | in > ¢ for all sufficiently large £, following a similar arguments as above we have
every cluster point z* of {z*} satisfies supp(z*) = S..

(ii) By the proof of part (i), we have |2¥ |y, > % for all sufficiently large k. Together
with Lemmas 3.9 (ii) and 3.6 (iii), the two conditions in (3.10) are satisfied for all k

large enough, so there exists k € N such that for all k > k, k € K. n

Now we are in a position to achieve the ()-linear convergence rate of the objective

value sequence {F(2%)}ren under the KL property of the exponent 1/2 of F.

Proposition 3.3. Suppose that Assumption 3.1 holds, and that F is a KL function
of exponent 1/2. Then {F(z*)}ren converges to some value F* in a Q-linear rate.

Proof. If there exists some k € N such that F(2*) = F(2*!), by Lemma 3.9 (i),

we have xF

= 7%, and the stopping condition in (1b) of Algorithm 3 is satisfied,
so {2¥}ren converges to an L-type stationary point within a finite number of steps.
Hence, it suffices to consider that F(z*) > F(zF*1) for all k € N. Since F is
assumed to be a KL function of exponent 1/2; by (Bolte et al., 2014, Lemma 6) and
Lemma 3.4 (ii), there exist ¢ > 0 and n > 0 such that for all T € w(z°) and all

z € {z € R"|dist(z,w(2?)) < e} N[F(T) < F < F(T) + 7,

o(F(2) — F(@))dist(0,0F(2)) > 1, (3.37)
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where @(t) = cv/t for some ¢ > 0. Let 2* be a cluster point of {z*}zen. Clearly,

limy, o dist(z%, w(2%)) = 0. Along with limy ., F'(z*) = F(z*), for all sufficiently

large k, 2% € {x € R"|dist(z,w(2%)) < e} N[F(z*) < F < F(z*) + 7], and then
g(ﬂx’f) — F(2)"V2dist (0, OF (2F)) > 1.

Let A, = F(2*) — F(2*) for each k. By Proposition 3.2 (ii), when k > k, k €

KCy. Combining the above inequality with Lemma 3.10 yields that for all k > k (if

necessary by increasing k),

2

de? < [(Ap) V2dist (0, 0F (z%))]” < 3 (Ag) H2* — 22

< 2677 (AW TR (") — Fa™ )] = 2677 (Ak) 7 (Ak — Ag),

where the third inequality is due to Lemma 3.9 (i). The last inequality, along with
0 < Ags1 < Ay implies that p=1 — % € (0,1). Then, for all k > k, we have

A1 < pAy, so that {F(2%)}ren converges to F* = F(2*) in a Q-linear rate. O

3.3.2 Convergence Analysis of Iterate Sequence

In order to achieve the convergence of the sequence {2*}rcn, we also need the fol-

lowing assumption:

T‘k
Assumption 3.2. It holds that liminf <—>

> 0.
Kosk—soo IT* 1148, I

Assumption 3.2 is very common in the global convergence analysis of line search
Newton-type methods (see, e.g., Nocedal and Wright (2006)), which essentially re-
quires that the angle between r* and d’gk is sufficiently away from /2 and close to
7. Note that the early global convergence analysis of Newton-type methods aims to
achieve limy_,o ||7*|| = 0 under Assumption 3.2. Here, under this assumption, we

establish the convergence of the whole iterate sequence for the KL function F'.
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Theorem 3.1. Suppose Assumptions 3.1 and 3.2 hold. The following assertions
hold.

(i) If F is a KL function, then Y oo [|[2" T —2*|| < 0o, and consequently, {z*}ren

converges to an L-type stationary point of (3.1), say x*.

(ii) If F is a KL function of exponent 1/2 at x*, then {x*}ren converges R-linearly

*

to x*.

Proof. (i) By the proof of Proposition 3.3, it suffices to consider the case where
F(2%) > F(2**1) for all k. Let x* be a cluster point of {z*}ien. Following a similar
argument to the proof of Proposition 3.3 and from Definition 2.4, there exists ¢ € T,

such that for sufficiently large k,
¢ (F(2%) — F(2%))dist(0, 0F (%)) > 1. (3.38)
By Assumption 3.2, there exists ¢y, > 0 such that for all sufficiently large k € ICy,
—(r*,ds,) > cuinllr* 15, |- (3.39)

By Proposition 3.2, there exists k € N such that for all k > k, k € Ky and Si, = Skt

Together with (3.11) and (3.39), if necessary by increasing k, for all k > k, we have

F(z%) — F(z*+h) S —oay,(r*, d§k>
[[7*]] B [[7*]]

k+1

> 0Cmin|oed, || = 0Cmn ||z 25| (3.40)

In addition, from the concavity of ¢ on [0,7), for all k > k, it holds that

P(F(a")=F (%) = p(F (@) =F(2")) > ¢'(F(a")=F (@"))(F (a*)=F (z")). (3.41)

For each k, let Ay := o(F(2F)— F(z*)). From (3.38) and (3.40)-(3.41), if possibly
enlarging k, we have for all k > k,
A = Dpyr 2 ¢'(F(a") = F(a"))(F(a") = F(a"))

F(z%) — F(z*)  F(ab) — F(2*t)
> _ oo
= dist(0,0F (z%)) ] > OCumin|@

k+1 kH

T
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Summing this inequality from % to any k > k yields that

koo 1
D (Aj=A) = Ay

j=k

(AE_AkH) <

OCmin OCmin

OCmin

k
> et =2 <
j=k

Passing the limit k — oo to this inequality yields that > 2% [|27*! —27|| < co. Thus
the sequence {x*} converges. By Lemma 3.9 (iii), the desired result then follows.

(ii) For each k € N, write Ay := F(a*) — F(x*). From Proposition 3.2 and the proof
of Proposition 3.3, there exists k such that for all k > k, k € Ky and Ay < pAy.

From this recursion formula,
F(2") — F(2*) < Agpk_g. (3.42)

By (3.25) and Lemma 3.10, for all k > k, ||d*|| < by'cy 7||z* — 7*||'~. Together

with part (i), Lemma 3.9 (i) and (3.42), for all k > k it holds that

0o > © >
o = < 3 l? = o = Y el < 3 ) < b0 S o — )
j=k i=k i=k i=k

e 30 (P Pty

gl

2NN 157 o= (-0)j 2A-\ 27 T
oo (20) ¥ 5 o (220)
27\ ; k7 ba(1—pl/H)

This means that the sequence {z*}cn converges to z* in an R-linear rate. O

By Proposition 3.1, to check the KL property with exponent 1/2 of F' at z*, it
suffices to verify that of Fg, at x% , and due to the sufficient smoothness of Fy, at
x_, the verification of the latter is easier than that of the former. In fact, by (Zeng
et al., 2016, Lemma 3), the nonsingularity of V?Fg, (2% ) implies the KL property of

exponent 1/2 for Fg, at z .
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By Theorem 3.1, if Assumptions 3.1-3.2 hold and F' is a KL function, the sequence
{2*}en is convergent. In the sequel, we denote its limit by x*. By Proposition 3.2

(i), supp(z*) = S.. Write
u*i=xf, and U ={u € RIS | Vs, (u) = 0, Vs, (u) = 0},

To achieve the superlinear convergence rate of {z*},en, we need to bound Ay involved

in the matrix Gy by dist(u*,U*) as in the following lemma.

Lemma 3.11. Suppose that Assumptions 3.1 and 3.2 hold, and that F is a KL
function. If V*Es, (u*) = 0, then there exists cg > 0 such that for all sufficiently

large k, Ay, < cydist(u®, U*).

Proof. By the proof of Proposition 3.2 (i), we have |7*|yi, > 5. Fix any € < %. From
Proposition 3.2 and Theorem 3.1 (i), if necessary enlarging k, we have for all k > k,
k € Ky, Sy = S, and u* € B(u*,£/2). By following the proof of Lemma 3.8, there

exists ¢y > 0 such that for any «/, v’ € B(u*,¢),
V25, (u') = V2, (u") |2 < callu’ —u"|. (3.43)

Fix any k > k. When A, (V2E, (u*)) > 0, the desired result is trivial, so it suffices
to consider the case Apin(V?Es, (u)) < 0. Pick any ©* € projy,. (u*). Since u* € U*,
one can deduce that ||u* — u*|| < ||a* — uF|| + [[u* — v*]] < 2|uf —w*| < e If
Amin(V2F5, (%)) = 0, then by Weyl’s inequality (Bhatia, 2013, Corollary 111.2.6) we
have Ay = —Auin (V2F5, (u¥)) < || V2Es, (u®)—V?Es, (uF)]|2, which together with (3.43)
implies that Ay < cg||uf*—u*|| = cpdist(u®,U*). Now suppose that Apin(V2Fs, (W) >
0. Let ¢p(t) := Auin[ Vs, (uF+t(uF—u*))] for t > 0. Clearly, ¢}, is continuous on an
open interval containing [0, 1]. Note that ¢;(0) < 0 and ¢5(1) > 0. There necessarily
exists ty € (0,1) such that ¢y (f;) = 0. Consequently, by Weyl’s inequality,
Ak = [Auain (Vs (uF + T (0" —u*))) = Amin (Vs (u"))]

< ||VFs, (u* + (0" —u®) = VFs, (u) |2 < eql[a" —u®]].

99



This shows that the desired result holds. The proof is completed. O

Ueda and Yamashita ever obtained a similar result in (Ueda and Yamashita, 2010,
Lemma 5.2) under the condition that U* is the set of local minima of Fg,. Here, we
remove the local optimality of &* and provide a simpler proof. Based on this result,
we establish the superlinear convergence rate of {2*},cy under a local error bound

condition.

Theorem 3.2. Suppose that Assumptions 3.1 and 3.2 hold, and that F' is a KL
function. If V2Fs (u*) = 0 and there exist § > 0 and k; > 0 such that for all
u € B(u*,d),

radist (u, U™) <||V Fs, (u)]] (3.44)

then the sequence {x*}ren converges to x* in a Q-superlinear rate of order 1+o.

Proof. By Theorem 3.1 and Proposition 3.2, if necessary enlarging k, wer have for
all k > k, k € Ky and S, = S,. By comparing the iterate steps of Algorithm 3 for
k > k with those of E-RNM proposed in (Ueda and Yamashita (2010)), we conclude
that the sequence {u*},.; is the same as the one generated by E-RNM of (Ueda and
Yamashita (2010)). By Lemma 3.11, there exists a constant ¢y > 0 such that for
all k > k (if necessary by increasing k), A, < cydist(u¥, U*). Then, by (Ueda and
Yamashita, 2010, Theorem 5.1) dist(u*,U*) converges to 0 superlinearly with rate
1+o.

Write X*:={z € R"|xs, € U*,z5. = 0}. For all k > k, from S = S,, clearly,
dist(z*, X*) = dist(u®,U*). Consequently, dist(z*, X*) converges to 0 superlinearly

with rate 140, i.e., for all k > k (if necessary by enlarging k),
dist(zF, X*) = O([dist(2F, x*)]*). (3.45)
Also, by (Ueda and Yamashita, 2010, Lemma 5.3) there exists a constant ¢q > 0 such
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that for all k > k (if necessary by increasing k),
1de, || = [|d, || < codist(u®,U*) = codist(z*, X*). (3.46)

For each k > k, pick any ¥ € proj.(2¥). By the definition of X*, supp(z*) C S,;
while from limy_,., 2¥ = 2*, we have supp(z¥) D S, for all k > k (if necessary by
increasing k). Then, for all & > k, supp(z¥) = S,. In addition, by (3.45) there exists
p € (0,1) such that dist(z**', X*) < pdist(z*, X*) for all & > k. Together with
(3.46), for all k > k it holds that

(9) e >
[ Z |7 —2I+Y|| < Z ||d§]|| < cOZdist(xj7X*)
j=k J=k

j=k

< CO(ij_k>dist(xk, X)) = 1 C_O pdist(xk, ™).
j=k

By combining this inequality and (3.45), it follows that for all k& > k,

Co
- P

||:vk -z < 1 dist(a:k, ) = O([dist(a:k_l, X*)]H") < O(||xk_1—x*||1+°').

The desired conclusion then follows. The proof is completed. O

Remark 3.2. (a) Note that we do not require the isolatedness of u* and its local
optimality. The local error bound condition (3.44) is a little stronger than the met-
ric subreqularity of VFs, at u* for the origin because U* may be a strict subset of
VF;'(0). For ezample, let h(t) := 1(t—3.5) +5+/[t]. Elementary calculation yields
that h'(1) =0 and h"(1) = —0.25. It is clear that h' is metrically subregular att =1,
while the local error bound condition (3.44) does not hold at t =1 since t = 1 is not
a local minimum of h.

(b) The proof of the superlinear convergence of E-RNM in (Ueda and Yamashita
(2010)) relies on Assumption 5.1 therein, which requires the local optimality of x*.
After checking its proof, we found that the local optimality of x* was only used to
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achieve (Ueda and Yamashita, 2010, Lemma 5.2). Thus, by following the same
arguments as those for Lemma 3.11, the local optimality of x* in their Assumption

5.1 can be removed.

To conclude this section, we take a closer look at Assumption 3.2. The following
lemma shows that if the regularized Newton direction d* from Step 2 satisfies condi-
tion (3.16) for all k£ € Ky, Assumption 3.2 necessarily holds. Together with Example
3.1 later, we conclude that Assumption 3.2 is weaker than condition (3.16) for our

regularized Newton direction d*.

Lemma 3.12. Suppose that Assumption 3.1 holds. If d* vyielded by Step 2 of Algo-

rithm 8 satisfies condition (3.16) for all k € Ky, then Assumption 3.2 holds.

Proof. By Lemma 3.4, {x*}cy is bounded. Let x* be an arbitrary accumulation
point of {z*},en. Then, there exists a subsequence {z*},cy with k; € Ky such that
lim; ,o, 2% = x*. By Proposition 3.2, for all sufficiently large j € N, supp(z¥i) =
supp(z*) = S.. Write s = |S,|. From the continuity, the sequence {G"%},cy is
convergent and let G* = lim;_,,, G%. Clearly, G* is an s X s positive semidefinite
matrix. Let Ay > Ay > -+ > Ay > 0 be the eigenvalues of G*. For each j € N, let
A > A% >0 > A8 > 0 be the eigenvalues of the s x s positive definite matrix
G*i. Then, for each i € [s], lim; ., )\fj = \.
Case 1: )\, > 0. Now the matrix G* is positive definite. Also, for all sufficiently
large 7 € N, PYCIEN ’\7 and 0 < )\Ifj < % Consequently, for all sufficiently large
JeN,

—{rt,dg ) (Ghdg L) N Al I A

= — >
K k; ki = Nk ik =
I, | G dg, g, 1|~ A llg, 2~ 3A

0. (3.47)

Case 2: \; = 0. Now there exists ¢ € [s] such that \; = 0 for i € [t:s] and \; > 0

for i € [t~ 1]. Fix any 0 < 2 < min { ==} From lim; o Al = A for each
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i € [s] and G* = 0 for each j € N, for all sufficiently large j € N,

. 1 -3
0<% <¢ forielt:s] and N < A< SA forie [t —1] (3.48)
We claim that ¢t > 1. If not, t = 1, by Lemma 3.7 (ii), ||d%| = ||[(G¥)~1rki| >
IITZ"H > ||:v i — T ]|| > 6||$kj _ ka'H, which along with ¢ < = implies that

Ay Ay

|d¥i|| > 2¢]|z* — 7%, a contradiction to condition (3.16). Now let G* have the

eigenvalue decomposition given by G% = (V¥i)Tdiag(A¥, ..., A&)Vki | where V¥ is
an s X s orthogonal matrix. For each 7 € N, since the column vectors v]fj vl of
the matrix V% are linearly independent, there exist fyfj yee ,78 € R such that

ki - k;
lrk]“ Z% v with ) (%)’ =1. (3.49)
=1

Together with the definition of dgjk , it follows that

A, (Gl Z % (3.50)
I (fadl prip

By combining condition (3.16) and Lemma 3.7 (ii), for each j € N, we have
I, Il = lld | < (de/=)||r* ], (3.51)
which by (3.50) means that Y ;_, (fyfj/)\f ) < 12 This by (3.48) implies that for

all sufficiently large j € N, fyfj < 4i€ with i € [t:s]. Together with Zle(vfj)Q =1,

we obtain that Y _/_ ( N2>1- (s+1 and then for all sufficiently large j € N,

there exists [; € [t—1] such that (v, ) > = _16(2$(t tJlr)l )="E  Thus, for all sufficiently

large j € N, it follows from (3.49)-(3.51) that

=g ) S (P @) | @ —16(s — t + )2
L P> >
e = o

7
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where the third inequality is also using )\fj < %)\l by (3.48), and the last one is by

0<e< 46\/%. From the last inequality and (3.47), we obtain the conclusion. [J
The example below shows that the inverse of Lemma 3.12 does not hold.

Example 3.1. Consider the problem mingeg f(t) + |t|% with f defined as follows:

19872 _ 51824 4 1085 if ¢ € [4, 00).

We use Algorithm 3 with 7 = 2, a = 1, fiyin = 40,Z =49 and o0 = %,bg =1,0=
1074, 8 = %,to = 2.1 to seek a critical point of this problem. From the iterates
of Algorithm 3, the generated sequence {tF} satisfies limy oo t* = 2. When t* is

sufficiently close to 2, all the iterates are from regularized Newton step and |d*| =

4(tk—2)3
12(tk—2)2+473 (th—2)

= O(|t*—2|%), while by Lemmas 3.7 (ii) and 3.10 we have |t;,—1;| =

O(|f'(tr)]) = Oty — 2|3). Then, |tk — | = o(|d*|) and the condition in (3.16) does
not hold for all sufficiently large k. However, Assumption 3.2 always holds because

M
—W =1 fOT’ CLll k

3.4 Numerical Experiments

In this section we apply HpgSRN to solving the ¢, quasi-norm regularized linear and
logistic regression problems on real data, which respectively take the form of (3.1)
with f = fi or fo, where fi(z):= 1||Az—b||* and fo(z):= Y"1, log (1+exp(—b;(Ax);))
for z € R". Here, A € R™*™ is a given matrix and b € R™ is a given vector. Clearly, f
satisfies Assumption 3.1, and from Proposition 2.3 we have that equipped with either
f1or fo, F'is a KL function. All numerical tests are conducted on a desktop running

in MATLAB R2020b and 64-bit Windows System with an Intel(R) Core(TM) i7-
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10700 CPU 2.90GHz and 32.0 GB RAM. The MATLAB code is available at https:

//github.com/yuqiawu/HpgSRN.

3.4.1 Implementation of HpgSRN

In Algorithm 3, we set o = 1 and when k > 1, py is chosen by the Barzilai-Borwein
(BB) rule (Barzilai and Borwein (1988)), that is,

{ . { (af —ab 1 Vf(2") =V f(z*1)) }}
= max min ; 11111 max»

M 2 1% ||$k—l'k_l||2

with pimin=1072 and pipa = 10%. For each k € Ky, we call the MATLAB function
eigs to compute the approximate smallest eigenvalue of V?Fg, (u*), which requires
about O(]Sy|?) flops by Stewart (2002). Since |Sk| is usually much smaller than n,

this computation cost is not expensive. In addition, we choose
7=10,0a=10"%,06=05,b1=1+10% b, =103, 0=10"% 3 =2.

During the testing, we solve the linear system in (2a) via a direct method if |Sy| <
500, otherwise a conjugate gradient method. The direct method for computing the
inverse of the G* needs about O(]S|®) flops, so that HpgSRN is well adapted to high
dimensional problems if |Sy| is small. Our preliminary tests indicate that (3.1) with
¢ = 1/2 usually has better performance than (3.1) with other ¢ € (0, 1) in terms of the
CPU time and the sparsity. This coincides with the conclusion in (Hu et al. (2017);
Xu et al. (2010)). Inspired by this, we choose ¢ = 1/2 for the subsequent numerical
testing. The parameter A in (3.1) is specified in the corresponding experiments.

We compare the performance of HpgSRN with that of ZeroFPR (Themelis et al.
(2018)). The code package of ZeroFPR is downloaded from http://github.com/
kul-forbes/ForBES. Consider that the iterate steps of PG method with a monotone
line search (PGls), a monotone version of SpaRSA (Wright et al. (2009)), are the

same as those of step (1a) of Algorithm 3 with the above BB rule for updating .
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We also compare the performance of HpgSRN with that of PGls to check the effect
of the additional subspace regularized Newton step on HpgSRN. The parameters of
PGls are chosen to be the same as those involved in Step 1 of HpgSRN except 7 = 2.

For the three algorithms, we adopt the same stopping criterion
v||z* - prox,y_lg(xk — 77V (2")]|e < 1073 or k > 50000,

where v = L/0.95 and L is an estimation of the Lipschitz constant of V f(-). It is
well known that the Lipschitz constants of Vf; and V fy are ||A|2 and 0.25]|Al|3,
respectively. We use the following MATLAB code to estimate the spectral norm of
A:
Amap = O(x) A*x; ATmap = ©(x) A'*x; AATmap = ©(x) Amap(ATmap(x));
eigsopt.issym = 1; L = eigs(AATmap, m, 1, 'LA’, eigsopt).
As in ZeroFPR, we choose 2° = 0 as the starting point. Although 2° = 0 is a local
minimizer of F' and hence an L-type stationary point by (Ahookhosh et al., 2021,
Theorem 4.4), it is not a good one in terms of objective value; see the difference
between F'(0) and Fval, the objective value of the output, for each example in Tables
3.1 and 3.2. It is worth noting that equipped with such an initial point, Algorithm

3 may stop in the first iteration and in this case, 2°

is regarded as an acceptable
solution.

In the next two subsections, we will conduct the experiments on real data and
report the numerical results including the number of iterations (Iter#), the CPU
times in seconds (Time), the objective function values (Fval) and the cardinality of
the outputs (Nnz). For the reason that ¢, quasi-norm is not a soft thresholding, we
simply calculate Nnz of © by MATLAB sentence Nnz = sum(abs(x)>0). In particular,
to check the effect of the regularized Newton steps in HpgSRN, we record its number
of iterations in the form M (N), where M means the total number of iterates and N

means the number of regularized Newton steps.
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3.4.2 /(, Regularized Linear Regression

We conduct the experiments for the £, quasi-norm regularized linear regressions with
(A, b) from LIBSVM datasets (see https://www.csie.ntu.edu.tw). Assuggested in
(Huang et al. (2010)), for housing and space_ga, we expand their original features
with polynomial basis functions. The second column of Table 3.1 lists the values of
|A||3 and F(0). Among others, large ||A||3 leads to a difficult implementation of PG
method. In fact, the step length of PG is related to the inverse of Lipschitz constant
of f, generally propotional to ||A||3. Therefore, the larger the ||A||%, the smaller the
step length, making the problem more difficult to solve. On the other hand, the term

F(0) reflects the quality of the starting point z°

. For each dataset, we solve (3.1)
associated to f; and A = A\.||ATb||o for two different \.’s with the three solvers.
From Table 3.1, we see that for all test examples HpgSRN spends much less time
than ZeroFPR and PGls. For example, for loglp.E2006.train with \. = 107,
ZeroFPR and PGls require more than one hour to yield an output, but HpgSRN
returns an output within only 314s. In terms of the objective function value and
sparsity, the outputs of HpgSRN are comparable with those of ZeroFPR and PGls,
and even in some examples, these outputs of HpgSRN are better. For example, for

housing7 with both A.’s the objective function values of HpgSRN are better than
those of ZeroFPR and PGls as well as the sparsity of HpgSRN is much less.

3.4.3 (, Regularized Logistic Regression

We conduct the experiments for the ¢, quasi-norm regularized logistic regressions
with (A, b) from LIBSVM datasets. For each data, we solve (3.1) associated to fo
and A = A\.maxj<;<y [|A |1 for two different A.’s with the three solvers. Table 3.2
records their numerical results. We see that in terms of CPU time, HpgSRN is still

the best one among the three solvers; in terms of the quality of the other outputs,
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Table 3.1: Numerical comparisons on ¢, regularized linear regressions with LIBSVM
datasets

2
](Dnjtj‘l ) ‘1‘;(‘(‘]‘)2 Ao Index THpgSRN ZeroFPR  PGls
Tter# 17(5) 43 180
10-3 Time 0.45 0.98 0.93
Fval 36.47 37.24 37.15
space_ga9 4.01e3 Nnz 7 7 6
(3107, 5505) 5.77e3 Tter# 230(64) 476 3058
10-4 Time 2.26 9.03 16.48
Fval 20.93 20.31 21.57
Nnz 15 19 15
Tter# 639(157) 4164 25133
10-3 Time 14.45 2.13e2 4.08e2
Fval 2.25e3 2.57e3 2.56e3
housing7 3.28ed Nnz 27 49 57
(506, 77520) 1.50e5 Iter#  1765(485) 18807 50000
10-4 Time 49.26 9.81e2 8.59¢2
Fval 8.89¢2 9.27¢2 9.17e2
Nnz 82 123 135
Tter# 3(0) 3 3
10-4 Time 0.03 0.25 0.03
Fval 2.45e2 2.45e2 2.45e2
E2006.test 4.79e4 Nnz 1 1 1
(3308, 72812) 2.46e4 Tter# 3(0) 4 4
10-5 Time 0.05 0.25 0.04
Fval 2.40e2 2.40e2 2.40e2
Nnz 1 1 1
Tter# 3(0) 3 3
10-4 Time 0.09 1.06 0.09
Fval 1.22e3 1.22e3 1.22e3
E2006.train 1.91eb5 Nnz 1 1 1
(16087, 150348) 1.03e5 Tter# 4(0) 4 4
10-5 Time 0.11 1.05 0.11
Fval 1.20e3 1.20e3 1.20e3
Nnz 1 1 1
Tter# 372(88) 827 1416
10-4 Time 33.54 2.87¢2 1.16e2
Fval 2.35e2 2.43e2 2.37e2
loglp.E2006.test 1.46e7 Nnz 5 4 6
(3308, 1771946) 2.46e4 Iter# 755(166) 6708 22305
10-5 Time 1.01e2 2.28e3 2.30e3
Fval 1.54e2 1.53e2 1.49e2
Nnz 385 460 389
Tter# 286(58) 855 1621
10-4 Time 77.95 8.57¢e2 3.85e2
Fval 1.16e3 1.16e3 1.16e3
loglp.E2006.train  5.86e7 Nnz 7 5 4
(16087, 4265669) 1.03e5 Tter# 944(195) 5610 33112
10-5 Time 3.14e2 5.26e3 8.83e3
Fval 1.02e3 1.02e3 1.01e3
Nnz 141 184 155

HpgSRN has a comparable performance with ZeroFPR and PGls.

To sum up, HpgSRN requires the least CPU time for all the test examples com-
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Table 3.2: Numerical comparisons on ¢, regularized logistic regressions with LIBSVM
datasets

2
?thz | ﬂ,‘?(')'f Ae Index HpgSRN ZeroFPR  PGls
Tter# 48(6) 730 94
10-2 Time 0.04 0.74 0.06
Fval 7.97 10.58 7.7
colon-cancer 1.94e4 Nnz 10 9 9
(62, 2000) 42.98 Tter# 94(9) 1853 175
10-3 Time 0.07 2.07 0.11
Fval 1.03 1.07 1.07
Nnz 11 12 12
Tter# 65(10) 448 1193
10-2 Time 1.00 6.35 11.24
Fval 4.23e3 4.35e3 4.24e3
rcvl 4.48e2 Nnz 165 167 164
(20242,47236) 1.40e4 Tter# 365(96) 2081 5536
10-3 Time 7.78 29.27 88.65
Fval 1.28e3 1.53e3 1.27e3
Nnz 704 741 717
Tter# 44(6) 170 981
10-2 Time 2.65 36.61 53.14
Fval 9.73e3 1.04e4 9.53e3
news20 1.73e3 Nnz 51 42 50
(19996,1355191)  1.39¢4 Tter# 410(99) 1528 18538
10-3 Time 41.45 3.44e2 1.43e3
Fval 4.31e3 4.71e3 4.25e3
Nnz 385 371 401

pared to ZeroFPR and PGls, and for those large scale examples, HpgSRN is at least
ten times faster than ZeroFPR and PGls. The outputs of the objective function value
and the sparsity yielded by HpgSRN have a comparable even better quality. This
indicates that the introduction of Newton steps improves greatly the performance of
the PG method. We also observe that for most of examples, the iterates generated

by the regularized Newton step account for about 10%-35% of the total iterates.
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Chapter 4

An Inexact Regularized Projected

Newton Method for Fused
{o-norms Regularized Problems

Given a matrix B € RP*", Ay > 0, Ay > 0, [, € R? and u, € R, in this chapter

we consider the following structured fy-norms regularization problem with a box

constraint:
Hel]gl F(x):= f(x) + M| Bzllo + Xaof|zllo st b <z <y, (4.1)
x n

where f: R" — R is a twice continuously differentiable function, || - ||o denotes the

lp-norm (or cardinality) function. This model encourages sparsity of both variable

x and its linear transformation Bx. Throughout this chapter, we define
g() = M[B - lo+ A2l - o +da(-) and Q:={z e R" |l <z <up},

where dq(+) denotes the indicator function of €.

In this chapter, we aim to design a hybrid of PG and inexact projected regularized
Newton methods (PGiPN) to solve the structured fy-norms regularization problem
(4.1), whose main idea is similar to that of HpgSRN in Chapter 3. In particular, let

x¥ € Q be the current iterate. Our method first runs a PG step with line search at
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2 to produce ¥ with
T e proxﬁ;1g(xk — 'V f(2)), (4.2)

where 7i;, > 0 is a constant such that F gains a sufficient decrease from z* to z*, and
then judges whether the iterate enters Newton step or not in terms of some switch

condition, which takes the following forms of structured stable supports:
supp(z*) = supp(z®) and supp(Bz*) = supp(Bz"). (4.3)

If this switch condition does not hold, we set z¥*! = Z* and return to the PG step.
Otherwise, due to the nature of fy-norm, the restriction of A;||Bx||o + Az|z|o on
the supports supp(Bz*) and supp(z*), i.e., At||(BZ)supp(set llo + A2l Zsupp(at)|los is a
constant near z* and does not provide any useful information at all and thus, unlike
dealing with the ¢, regularization problem in Chapter 3, we introduce the following
multifunction II : R® = R™:

I1(2) := {z € Q | supp(z) C supp(2), supp(Bz) C supp(Bz)}
= {ZL‘ Sy | T [supp(z)]e = 0, (B:E)[supp(Bz)}C = 0}, (44)
and consider the associated subproblem

min f(z) + 0, (z) with II, := (2%). (4.5)

z€R™

It is noted that the set I1(z*) contains all the points whose supports are a subset of
the support of z* as well as the supports of their linear transformation are a subset of
the support of the linear transformation of z*. It is clear that II is closed-valued. For
21, 29 satisfying supp(z1) = supp(z2) and supp(Bz;) = supp(Bzs), we have II(z) =
1(z). Since for z; — Zz, supp(z) C supp(z*) and supp(Bz) C supp(Bz*), the
multifunction II is not closed.

We will show that a critical point of (4.5) is one for problem (4.1). Thus, instead
of a subspace regularized Newton step in Chapter 3, following the projected Newton

72



method in (Bertsekas (1982)) and the proximal Newton method in (Lee et al. (2014);
Yue et al. (2019); Mordukhovich et al. (2023); Liu et al. (2024)), our projected
regularized Newton step minimizes the following second-order approximation of (4.5)
on Il:

argmin {O,(x) = f(2*) + (VF(2¥), 2 —a) + %@— , Gyla—a*)) + 6, ()}, (46)

reR™

where G}, is an approximation to the Hessian V2f(x¥), satisfying the following posi-

tive definiteness condition:

G = o[ (2" =) |71, (4.7)

where by > 0, o € (0,3) and 7, is the one in (4.2). The detailed construction of
G, is presented in (4.30)-(4.32). To cater for the practical computation, our Newton

step seeks an inexact solution y* of (4.6) satisfying
Or(y) — Ox(z*) <0, (4.8)

aist (0,00 (3)) < I iy (-, - Y 00)

with ¢ € (o, 1]. Setting the direction d*:= y* — z* a step size oy, € (0,1] is found
in the direction d* via backtrackings, and set z**! := 2% + a,d*. To ensure the
global convergence, the next iterate still returns to the PG step. The details of the
algorithm are given in Section 4.2.

The main contributions of this chapter are as follows:

(i) Based on dynamic programming principle, we develop a polynomial-time al-
gorithm with complexity (O(n®*t°®1)) for seeking a point T} in the proximal
mapping (4.2) of g when B = §, with B being the one in (1.4). This general-

izes the corresponding result in (Jewell et al. (2020)) for finding 7" in (4.2) from
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g() =M|B o to g(-) = Ml B - [lo + Azl - [lo + de(-). This also provides a PG
algorithm for solving (4.1). We establish a uniform lower bound on prox ,-1,(z)
for z on a compact set and p on a closed interval. This generalizes the corre-
sponding results in Lu (2014a) for {p-norm and in Lemma 3.1 for £,-norm with

0<g<1, respectively.

(ii) We design a hybrid algorithm (PGiPN) of PG and inexact projected regularized
Newton method to solve the structured ¢y-norms regularization problem (4.1),
which includes the fused {y-norms regularization problem with a box constraint
as a special case. We obtain the global convergence of the algorithm by showing
that the structured stable supports (4.3) hold when the iteration number is
sufficiently large. Moreover, we establish a superlinear convergence rate under a
Holderian error bound on a second-order stationary point set, without requiring

the isolatedness and the local optimality of the limit point.

(iii) The numerical experiments show that our PGiPN is more effective than some

existing algorithms in the literature in terms of solution quality and efficiency.

The rest of the paper is organized as follows. In Section 4.1 we give some prelimi-
naries on stationary conditions of model (4.1) and some results related to g, including
a lower bound of proximal mapping of g, and an algorithm for finding a point in the
proximal mapping of )\1||§$||0 + Aollz|lo + da(z). In Section 4.2, we introduce our
algorithm and show that it is well defined. In Section 4.3 we present the convergence
analysis of our algorithm. The implementation scheme of our algorithm and the

numerical experiments are presented in Section 4.4.
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4.1 Preliminaries on Structured /;-norms Regu-
laried Problem

4.1.1 Generalized Subdifferential

Since problem (4.1) involves a box constraint and the structured fy-norms function is
lower semicontinuous, the set of global optimal solutions of model (4.1) is nonempty
and compact. Moreover, by the continuity of V?f and the compactness of 2, we have

Vf is Lipschitz continuous on {2, i.e., there exists L; > 0 such that
IVf(z) = V)| < Lillz -yl for all z,y € Q. (4.10)

Recall that multifunction function IT : R™ =% R" is defined in (4.4), by which we
characterize the generalized subdifferential of F.

Before presenting the theoretical results, we make an overview on the regular
subdifferential of ||B - ||o. Fix any z € R™. Tt is not hard to check that for z¥ — z, it

holds that ||Bz*||o > || Bz|lo. Let
Iy i=Az [ [|Bzllo = |Bzlo} and Iy :=A{z [ [[Bzlo > [|Bzo}-
For I'y 3 2* — z, we deduce that for any v € R",

L IB2Klo = 1 Bllo — (v, 2 — 2

I23zk—z HZk — ZH

>>0.

Therefore, from the definition of regular subdifferential, we have

~ B2 |lo — | B=lo — (v, 2F —
8]|B-||0(z):{v€R”| lim inf 187l = 1 B2llo = v, 2 Z>zo}

I'3zF—z ||Zk — Z||

— k _
:{UER"| liminfLﬁzO}.
z

Ii3zk—=z HZk —

From this deduction, the regular subdifferential of || By at z is likely to be a normal
cone of a subspace at z. We make a formal statement in the following lemma.
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Lemma 4.1. Fiz any z € Q). The following statements are true.
(i) OF(z) = Vf(2) + 0g(z) = Vf(2) + Nu(z)(2).
(ii) 0 € Vf(z) + Nu)(z) implies that 0 € OF (x).

Proof. The first equality of part (i) follows by (Rockafellar and Wets, 2009, Exercise
8.8), and the second one uses (Pan et al., 2023, Lemma 2.2 (i)). Next we consider
part (ii). Let z € II(z). From the definition of II(-), we have II(x) C II(z), which
along with = € II(z) implies that Npu)(x) C Nue)(z). Combining part (i), we

obtain the desired result. O

Remark 4.1. Lemma 4.1 (ii) provides a way to seek a critical point of F. Indeed,
for any given z € R", if x is a critical point of problem arg min{ f(y) | y € II(2)}, i.e.,
0 € Vf(x)+Nn) (), then by Lemma 4.1 (ii) it necessarily satisfies 0 € OF (x). This
technique will be utilized in the design of our algorithm. In particular, when obtaining
a good estimate of the critical point, say x*, we use a Newton step to minimize f

over the polyhedral set TI(x*), so as to enhance the speed of the algorithm.

4.1.2 Prox-regularity of g

In this subsection, we aim at proving the prox-regularity of g, which together with
Proposition 2.1 and the prox-boundedness of g indicates that the set of critical points
of problem (4.1) coincides with that of its L-type stationary points.

We remark here that the prox-regularity of g cannot be obtained from the existing
calculus of prox-regularity. In fact, it was revealed in (Poliquin and Rockafellar,
2010, Theorem 3.2) that, for proper f;, i = 1,2 with f; being prox-regular at = for
v; € 0f;(T) and let v := v; +v9, and fy := f1 + fo, a sufficient condition such that f

is prox-regular at T for v is
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where 0 denotes the horizon subdifferential (Definition 2.1). We give a counter
example to illustrate that the above constraint qualification does not hold for f; :

RY — R with f, = | B - ||o and fo = || - [lo. Let & = (0,0,0,1)T. Then,

0™ [1(x) = 01(%) = Range((Bp) "), 0% fo(¥) = 0f2(T) = Range((I5.)")-

By the expressions of 0% f1(Z) and 0% f(T), it is immediate to check that the con-
straint qualification in (4.11) does not hold. Next, we give our proof toward the

prox-regularity of g.

Lemma 4.2. The function g is proz-reqular on its domain (). Consequently, the set

of critical points of model (4.1) coincides with its set of L-type stationary points.

Proof. Fix any T € Q and pick any v € 0g(Z). Let A := min{\;, A2} and C :=
[B; I]. Pick any ¢ € (0, min{A\, ||7]|, ﬁ}) such that for all x € B(z, ¢), supp(Cz) 2

supp(CT). Next we prove that

g(2") > g(x) +v' (2 — ), for all |2’ —F| < e, v € dg(z), ||v—7|| <cand z € Z,
(4.12)
where = :={z | ||z — T|| < ¢, g(x) < g(T) + ¢}, which implies that g is prox-regular
at T for v.
We first claim that for each x € =, it holds that supp(Cz) = supp(C7) and = € Q.
If fact, by the definition of ¢, supp(Cxz) 2 supp(CZ). If supp(Cz) # supp(CT), we
have g(z) > g(T) + A > ¢g(T) + ¢, which yields that x ¢ =. Therefore, supp(Cz) =
supp(CZ). The fact that z € = implies € Q is clear. Hence the claimed facts are
true.
Fix any x € Z. Consider any 2/ € B(z,¢). If 2’ ¢ Q, since g(z') = oo, it
is immediate to see that (4.12) holds, so it suffices to consider 2’ € B(Z,¢) N Q.

Note that supp(Cz’) 2 supp(CZ) = supp(Cz). If supp(Cz’') # supp(Cx), then
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g(z') > g(x) + A. For any v € dg(x) with v € B(v,¢), ||v|| < ||7]| + € < 2||7||, which

along with ||z’ — z|| < ||z’ — Z|| + ||z — Z|| < 2¢ implies that
9(@') = g(x) =o' (@ =) 2 A= |lv[ll|2’ — 2| > A — 4|[7]}e > 0.
Equation (4.12) holds. Next we consider the case supp(Cz’) = supp(Cz). Define
' (x) = {z € R" | (B2)supp(Ba)c = O}, 1%(x) :== {z € R" | Zjsupp(a))c = O}.

Clearly, I1(x) = II'(x) N T1%(z) N Q and II;(x), Iy(z) and Q are all polyhedral sets.
By (Rockafellar, 1970, Theorem 23.8), for any v € N (x) = 9g(z), there exist
v1 € Ny (), v2 € N2y (2) and v3 € Ng(x) such that v = vy + vy 4 v3. Then,
9(2') = g(a)—v" (@' — ) = M| B2'[lo — M| Ballo — vy (2" — 2)
+dalla’llo = Aellzllo — vy (2” — @) —v3 (& — @) > 0,

where the inequality follows from \||B2’||o — A1 ||Bz||o = 0,v] (' —x) = 0, Xy||2’||o —
Xo||z]lo = 0,05 (' — ) = 0 and v, (' — x) < 0. Equation (4.12) is true. Thus, by
the arbitrariness of T € Q and v € 0¢g(T), we conclude that g is prox-regular on set

Q. ]

4.1.3 Lower Bound of the Proximal Mapping of g

Given A > 0 and z € R", for any z € prox, (=), it holds that if |z;| > 0, then

|zi| > v2X (Lu, 2014a, Lemma 3.3). This indicates that |2|mm has a uniform lower
bound. Such a uniform lower bound is shown to hold for /;-norm with 0 < ¢ <1

(Lemma 3.1). Next, we show that such a uniform lower bound exists for g.

Lemma 4.3. For any giwen compact set = C R™ and constants 0 < p <, define
Z = Uzes,#e[ﬁ,ﬁ] prox,-1,(2).

Then, there exists v > 0 (depending on =, u and fi) such that inf e z\ oy |[B; 1]t |min >

V.
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Proof. Write C' := [B;I]. By invoking (Bauschke et al., 1999, Corollary 3) and the

compactness of €2, there exists ko > 0 such that for all index set J C [n+p],
dist(x, Null(C;.) N Q) < kedist(z, Null(C}.)) for any = € €. (4.13)

In addition, there exists oy > 0 such that for any index set J C [n+p] with {C}.};e,
being linearly independent,

Amin(C.CJ) > 0. (4.14)

For any z € Z and p € [u, 1], define h,,(z) := §|lz — z||* for z € R". By the

compactness of Q, [u, 7i] and =, there exists 6y € (0,1) such that for all z € Z, p €

7l and z,y € Q with [lz —yl| < o, a(llz[|+ lyll+2[[ D]z —yll < A:=min{As, Ay},

and consequently,

(e () = hepu(y)] = SHE —y, 2 +y — 22)]

RS

(4.15)
<

NS

A
(2l + 1yl +2zDllz =yl < 5

Now suppose that the conclusion does not hold. Then there is a sequence
{zF}ken € 2\{0} such that |Cz"|,y, < ; for all k € N. Note that C has a full
column rank. We also have |Cz*| ., > 0 for each k € N. By the definition of Z, for
each k € N, there exist z¥ € Z and py € [, 7] such that z¥ € proxuglg(zk). Since
|CZ*|min € (0, 1) for all k € N, there exist £ C N and an index i € [n+p] such that

9000

0< C’Ekl = CE’“ min <
[(CZ%)i| = |CZ"| kol Cl2

for each k € K, (4.16)

where k¢ and oy are the ones appearing in (4.13) and (4.14), respectively. Fix any
k € K. Write Qy, := [n+p]\supp(Cz*) and choose J; C Q. such that the rows of
C},. form a basis of those of Cg,.. Let Ji = Jy U {i}. If J, = 0, then C5. has a
full row rank. If J;, # 0, then C;, 2" = 0, which implies that Cj . also has a full
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row rank (if not, C;. is a linear combination of the rows of Cj,., which along with

C;,.Z" = 0 implies that C;z" = 0, contradicting to |(Cz*);| = |CZ*|um > 0). Let

ZF = Projnue; )(Z ¥). Then, C; z¥ = 0 and (z* - 2*) € Raunge(CT ). The latter
k*

means that there exists ¥ € RIY¥l such that 2% — 2 = C};.ﬁk. Since C'; has a full

row rank and \|C'jk2kH = |(CZz*);], we have
(€3] = 105, 7 - C3. 3] = C,.CF €8] = aolle™ . (4.17)

where the last inequality is due to (4.14). Combining (4.17) with (4.16) yields ||£¥|| <
kg ||Cll3 0. Therefore,

12 = 28 = 15"l < IC5,.ll2lIg™ I < NCI2M1€" ] < g7 do. (4.18)
Let 2% := ProjNun(c; yna(Z¥). From (4.13) and (4.18), it follows that
-

|28 — 2%|| = dist(z", Null(C5 )N Q) < Kodist (Z" ,Null(C5, ) = KollZ" — ZF|| < d.
(4.19)
Note that z* z*¥ € Q. From (4.19) and (4.15), it follows that

B A
i (ZF) = o, (Z9)] < X (4.20)

Next we claim that supp(CZ*) U {i} C supp(Cz*). Indeed, since the rows of
Ofk~ form a basis of those of Cig,uqy). and Cjk.’z\k = 0, C[Qku{i}].’z\k = 0. Then,
supp(Clo,ugin-27) U {i} = supp(Clo,ugi).2"). Since all the entries of Clg, 2" are
nonzero, it holds that supp(Clg,ugiye2") C supp(Clo,ufie-z"), which implies that
supp(Cz*) U {i} C supp(Cz*). Thus, the claimed inclusion follows, which implies
that g(z¥F) — g(Z%) > . This together with (4.20) yields

>~

P39+ 967 — (et (39 929 2 2~ 2 = 2

Y

(\V]

contradicting to z¥F € prOXlelg(Zk>. The proof is completed. ]
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The result of Lemma 4.3 will be utilized in Proposition 4.2 to justify the fact that
the sequences {| BT"|min freny and {|Z%|min tren are uniformly lower bounded, where z*
is obtained in (4.2) (or (4.33) below). This is a crucial aspect in proving the stability

of supp(2*) and supp(Bz*) when k is sufficiently large.

4.1.4 Proximal Mapping of a Fused /j)-norms Function with
a Box Constraint

Using the idea of (Killick et al. (2012)), Jewell et al. (2020) presented a polynomial-
time algorithm for computing the proximal mapping of the fused fy-norm \; ||]§ o,
where Bz — (x1 — mo; .52y 1 — ) for any z € R™. We extend the result of
(Jewell et al. (2020)) for computing the proximal mapping of the fused ¢y-norms
M|[B - lo + Xl - [lo + 6a(-), i.e., for any given z € R", seeking a global optimal
solution of the problem

) 1 ~
min h(zx;z) == §||$ — z||2 + Ai||Bzlo + Aal|x]|o + da(x). (4.21)

z€R™

To simplify the deduction, for each i € [n], we define w; : R — R by w;(a) =
Azl aelo + 01(1,),,(up):) (). Tt is clear that for all z € R™, Xof|zlo + 0a(x) = D00 wi(x;).
Let H(0) := —\y, and for each s € [n], define

. 1 5 -
H(S) ‘= 1in hs(ya Zl:s)a where hs<y7 Zl:s) = _Hy - 21:5”2 + )\1HB[s]yHO + Z w](yj)
yERS 2 st

(4.22)
It is immediate to see that H(n) is the optimal value to (4.21). For each s € [n],
define function P,: [0:s—1] x R — R by

. L1 -
Py(i,a) == H(i) + 5[la1 - Ziprsl® D wile) + A (4.23)
j=i+1
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For any given y € R®, if i is the largest integer in [0:s—1] such that y; # vy, 11, and
Yir1 = Yire2 = ... = Ys = @, then y = (y14; 1) and

hs (yy Zl:s)

1 ~ i 1 :
25||y1;z‘—21;i||2+)\1||B-[i]y1:i||o+z Wi (Y5) 45 [19i1s =2+ > wily;) + M
j=1 j=it1

1 S
=hi(ns 211) + g llod = zi* + Z wi (@) + A1
Jj=t+1
If y1.; is optimal to mingcri h;(y'; 21:3), then H (i) = h;(y1.4; 21.4), which by the defini-
tions of P, and hy yields that Ps(i, ) = hy(y; z1.5). In the following lemma, we prove
that the optimal value of min;ecjo.s—1],acr Ps(7, ) is equal to H(s), by which we give

characterization to an optimal solution of h4(+; 2z1.5).
Lemma 4.4. Fix any s € [n]. The following statements are true.
(1) H(S> - miniE[O:sfl],ozeR Ps(ia a)'

(if) Assume that (if, o) € argmingjo.,_qjaer Ps(i, ). Then y* = (yi,:;051) is a

global solution of minyegrs hy(y; 21.5) with Y1 € ATgMin, cpis My (v; 21242 ) -

Proof. (i) Let y* be an optimal solution to problem (4.22). If yi = y; for all 4, j € [s],
let i = 0; otherwise, let ¢ be the largest integer such that yi. # v/ . Set oy =y 4.
If i3 # 0, from the definition of H(-), hi: (y1,s; 21::) > H(i5), which implies that

1
min _ Py(i,0) < H(if) + 5 [laf1 - gl D wilad) + A

i€[0:s—1],0€R L
Jj=iz+1
S

* 1 * * *
< hij;(?h;i;; Z1ax) + §H?Ji;+1:s - Zz‘;+1:s|‘2 + Z w;(y;) + A = hs(y"; 21s) = H(s),
j=ii41
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where the first equality holds by Yis 11 +# Yy and the expression of hy(y*; 21.5). If

.
1y =0,

. . 1 . ) S .
iG[O:?EII?QER P5<Z,Oé) S H(O) + §||y - 21:5” + ]lej(y]) 4 )\1 _ H(S)

Therefore, min,ejo.s—1],acr Ps(i, ) < H(s) holds. On the other hand, let (i}, a}) be
an optimal solution to min;ejo.s—1),aecr Ps(7, ). If @& # 0, let y* € R® be such that

Yl € argming cpsr hys (v; 215+ ) and i 1., = ;1. Then, it is clear that

* * 1 * - *
H(s) < hs(y*; 21:5) < hi?;(yl:i;E Z12) + §||3/i;+1:s - Zi?;+1:sH2 + Z w;(y;) + M

j=it+1
- 1 * - * : .
= H(Zs) + §||as]‘ - Zi§+118||2 + Z wj(as) + )‘1 = ie[O:?illr]l,aeRPSO’ O./).
Jj=ii+1
If 77 =0, let y* = a1. We have
H(s) < hs(y"; 21.5) :H(0)+1||y*—21- ||2+iw»(oc*)+)\1— min  Py(i, o)
- T 2 * i INTs 1€[0:5—1],c€R A

Therefore, H(s) < min;ejo.s—1],acr Ps(4, ). These two inequalities imply the result.

(ii) If ¢f # 0, by part (i) and the definitions of o and ¥,

1
H(s)= min Py(i,a) = H(i}) + 5”0‘:1 — Zi;+1;s||2 + Z wj(od) + M\

1€]0:s—1],c€R L
J=is+l

S

* 1 * * *
= hiz (Y3 21iz) + 51V — gl Y wi(y)) + M = by, 21).
j=it+1

where the last inequality follows by the definition of h4(-, z1.5). If it =0,
: . 1 * 2 - * *
H(s)=  min Py(i,a)=H(0)+lly" — zusl" + D wiy)) + M = ho(y's 21,

i€[0:s—1],c€R -
J=1

Therefore, H(s) > hy(y*; z1.5). Along with the definition of H(s), H(s) = hs(y*; z1.5)-
[
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From Lemma 4.4 (i), the nonconvex nonsmooth problem (4.21) can be recast as
a mixed-integer programming with objective function given in (4.23). Lemma 4.4
(ii) suggests a recursive method to obtain an optimal solution to (4.21) via solving
(4.23). In fact, by setting s = n, we can obtain that there exists an optimal solution
to (4.21), says x*, such that z7. ., = ap1, and 27, € argmin,cpi hix (V; 2145
Next, by setting s = ¢;,, we are able to obtain the expression of x;"l +14: - Repeating
this loop backward until s = 0, we can obtain the full expression of an optimal

solution to (4.21). The outline of computing prox, |z, 1. (%) is shown as follows.

(Set the current changepoint s = n.
While s > 0 do

Find (i;,a}) € argmin Py(i, a). (4.24)

i€[0:s—1],0€R

* _ * -k
Let x7, 1., = ;1 and s < ig.

\ End

To obtain an optimal solution to (4.21), the remaining issue is how to execute the
first line in while loop of (4.24), or in other words, for any given s € [n], how to find

(i%,a%) € N x R appearing in Lemma 4.4 (ii). The following proposition provides

ER

some preparations.
Proposition 4.1. For each s € [n], let P (o) := min,ejo.s—1) Ps(7, ).

(i) For all a € R,

Pl a) =

s

%(a—z1)2+w1(oz) if s = 1,
min {PS*_I(a),mina/eR Ps*_l(a’)—l—/\l}—I—%(oz—zs)z—kws(a) if s€2:

(ii) Let RY:=R, and R.:=R._ N (RS for all s € [2:n] and i € [0:5—2], where

R = {a eER| P (o) > mi% P () + )\1} . (4.25)
a’'e
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(a) For each s € [2:n], U,;cp.s—1) Ri=R and RENRI =10 for any i # j € [0:
s—1].
(b) For each s € [n] and i € [0:s—1], P*(a) = P,(i,a) when a € RL.

Proof. (i) Note that Pj(a) = Py(0,a) = H(0) + (o — z1)? + wi(a) + M\ = (o —
21)? + wy (). Now fix any s € [2 : n]. By the definition of P, for any a € R,

P!(a) = min P(i,a) = min{ min Py(i, ), Ps(s—l,a)}. (4.26)
i€[0:5—1] 1€[0:5—2]

From the definition of P; in (4.23), for each ¢ € [0:s—2] and « € R, it holds that

Py(i,a) = H(i) + _Hal — Zigns + Z wj(a) + Ay

Jj=i+1

s—1

1
:H<) —HOK]_ Zi41:s— 1|| +];1w1 +/\1+2(Oé—25)2—|—w5(0é)

1
=P, 1(i,a) + 5(04 — 25)2 + ws(a),

while for any o € R, Ps(s—1,a) = H(s—1) 4+ 1(a — z5)? + ws(a) + A1. By combining
the last two equalities with (4.26), we immediately obtain that

1
Pia) = min{ %nrlQ] P, 1(i,a), H(s—1) + /\1} + 5(04 — )2 + ws(a)
1€(0:s

(4.27)
. * . * / 1 2
= min {Ps—1(a)7n}éﬁ P (o) + )\1} + 5(04 — 25)" +ws(a),

where the last equality follows by Lemma 4.4 (i). Thus, we get the desired result.
(ii) We first prove (a) by induction. When s = 2, since R? = R and RS = RIN(RL)¢,
we have RY U R = R and RY N R = (. Assume that the result holds when s = j
for some j € [2:n—1]. We consider the case s = j+1. Since R, := R. ;N (R 1)
for all ¢ € [0:5—2] and U;c(.5_g R._, =R, it holds that

Uicts-1Rs = [Uiggpisay(Rica N (REDITURT = (RO(RTT))URTT =R
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Thus we obtain the first part of (a) by deduction. For any ¢ € [0:s—2], by definition,
RiNRST = (. Tt suffices to show that R: N'RI = () for any i # j € [0:s—2]. By
definition,

RoNRE = R N (RN [Re 0 (R ] =0,
where the last equality is using R:_, N R?_, = (). Thus, the second part of (a) is
obtained.
Next we prove (b). Since for any o € R = RY, P (a) = P;(0, ), the result holds
for s = 1. For s € [2:n] and i=s—1, by the definition of R:™!, for all « € R¥™!,

1
Pl a) = mi%ijl(a’) + A+ 5(04 —2)? +wy(a) = Py(s — 1,a),
a’e

where the second equality is using Lemma 4.4 (i) and the definition of P,. Next we
consider s € [2:n] and ¢ € [0:s—2]. We argue by induction that P’(«) = Ps(i, «)
when a € R.. Indeed, when s = 2, since R = RY N (R3) = (R})¢, for any a € R,
from (4.25) we have Pj(a) < minger Py(’) + A, which by part (i) implies that
Pi(a) = Pf(a) + 3(a — 22)* + wa(a) = Pi(0,0) + (o — 22)% + wa(a) = P(0, ).
Assume that the result holds when s = j for some j € [2:n—1]. We consider the
case for s = j+1. For any i € [0:5—2], by definition, R’ = R%._; N (R )¢, Then,

from (4.27) for any a € R,

Pia) = P! (o) + %(a — 22 +wy(a) = Py (i, ) + %(oz — 25)* + wg(a)

s—1
N 1
= H(i) + 5 llol = zipa | + j;l wi(@) + 1 + (a2 + wi(a)

1 - .
= H(i) + §||a1 — Zig1s||? Z wj(a) + A\ = Ps(i, ),
Jj=i+1
where the second equality is using P* |(a) = Ps_1(i, «) implied by induction. Hence,
the conclusion holds for s = j + 1 and any ¢ € [0:s—2]. The proof is completed. [
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Now we take a closer look at Proposition 4.1. Part (i) provides a recursive
method to compute P’(«) for all s € [n]. For each s € [n], by the expression
of ws, Ps(7,-) is a piecewise lower semicontinuous linear-quadratic function whose
domain is a closed interval, relative to which Ps(7,-) has an expression of the form
H(i)+3]|al =z + (s —i)|afo+ A1, while PF(-) = min{Ps(0,-), Ps(1,-),..., Ps(s—
1,-)}. Note that for each ¢ € [0: s—1], the optimal solution to min,er Ps(7, )
is easily obtained (in fact, all the possible candidates of the global solutions are

0, %,maxje[Hl:s}{(lb)j},minje[Hl:S]{(ub)j}), so is argmin . P (o). Part (ii)

suggests a way to search for i* such that P(a¥) = P,(i%, a¥) for each s € [n]. Ob-

S

*

viously, Ps(i}, o) = min;ejo.s—1),aer Ps(%, ). This inspires us to propose Algorithm 4

for solving prox, |z, 1w(,)(?), Whose iterate steps are described as follows.

Algorithm 4 (Computing prOXA1\|J§~Ho+w(~)(Z)>

1. Initialize: Compute P; () = (21 — a)? + wi () and set R = R.

2. For s=2,...,n do

Pr(a) := min{P;_ (o), minger Pi_1 (') + A} + 3 (@ — 2,)? + w,(w).
4. Compute RS by (4.25).

5 For i=0,...,s—2do
6

7

w

Ry =R N(RITH"

. End
8. End
9. Set the current changepoint s = n.
10. While s > 0 do
11. Find of € argmin, g P¥(a), and if = {i | o € RL}.
12, xj iy, = g1 and s < i,
13. End

The main computation cost of Algorithm 4 comes from lines 3 and 6, in which
the number of pieces of the linear-quadratic functions involved in P} plays a crucial
role. The following lemma gives a worst-case estimation for the number of pieces of

P* in the s-th iterate.

s

Lemma 4.5. Fiz any s € [2 : n]. The function PS in line 3 of Algorithm j has at

s

most O(s'1°W) linear-quadratic pieces.
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Proof. Let hi() == H (i) + 5llal — zi 1.2+ M+ (5 = 1) Xalerlo + D051 0ia); (), (@)
for € R with ¢ € [0:s—1]. From the definition of P, it holds that

PX(a) = min {h;(a)}, for a € R. (4.28)

s 1€[0:s—1]

For each i € [0:s—1], h; is a piecewise lower semicontinuous linear-quadratic function
whose domain is a closed interval, and every piece is continuous on the closed interval

except @ = 0. Therefore, for each i € [0:s—1],
hi = min {hi71, hi72, hiyg}, with (429)

hip(a) == hi(a) = (s —9)Aala|o + (5 — ) A2 + O(—oo,0) (@), hig(a) = hi(a) + dgoy (),
hig(a) := hi(a) = (5 — i) Aalarfo + (5 — 7) A2 + djo,00) ().

Obviously, h;1,h;2 and h;3 are piecewise linear-quadratic functions with domain

being a closed interval. Combining (4.29) with (4.28), for any a € R,

Ps*(a):{ho(a),hl(a),...,hs_g(a),hs_l(a)}: min  {hi;(a)}.

1€[0:s—1],5€[3]

Notice that any h;; and hyj with ¢ # ¢ € [0:s—1] or j # 5/ € [3] crosses at
most 2 times. From (Sharir, 1988, Theorem 2.5) the maximal number of linear-
quadratic pieces involved in P} is bounded by the maximal length of a (3s,4)
Davenport-Schinzel sequence, which by (Davenport and Schinzel, 1965, Theorem
3) is 3¢y s exp(cov/Iog 3s). Here, ¢y, ¢y are positive constants independent of s. Thus,

we conclude that the maximal number of linear-quadratic pieces involved in P} is

O(s'*°M). The proof is finished. O

By invoking Lemma 4.5, we are able to provide a worst-case estimation for the
complexity of Algorithm 4. Indeed, the main cost of Algorithm 4 consists in lines
3 and 5-7. Since line 3 involves the computation cost proportional to the pieces
of P, from Lemma 4.5, it requires O(s'+°(")) operation. For each i € [0:s—1],
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from part (b) of Proposition 4.1 (ii), we know that R’ consists of at most O(s'*°(1))
intervals, which means that line 6 requires at most O(s'T°™)) operations and then the

complexity of lines 5-7 is O(s*°(1)). Thus, the worst-case complexity of Algorithm

4is 22:2 0(82—1-0(1)) — O(n3+°(1)).

4.2 A Hybrid of PG and Inexact Projected Reg-
ularized Newton Methods

In the hybrid frameworks owing to (Themelis et al. (2018)) and (Bareilles et al.
(2023)), the PG and Newton steps are alternating. We now state the details of
our algorithm, a hybrid of PG and inexact projected regularized Newton methods
(PGiPN), for solving problem (4.1), where the introduction of the switch condition
(4.3) is due to the consideration that the PG step is more cost-effective than the
Newton step when the iterates are far from a critical point. Let 2% € Q be the
current iterate. It is noted that the PG step is always executed and if condition (4.3)
is met, we need to solve (4.6), which involves constructing Gy, to satisfy (4.7). Such
G* can be easily achieved in the following situations.

For some generalized linear models, f can be expressed as f(z) = h(Axz — b) for
some A € R™" b € R™ and twice continuously differentiable, separable h. For
this case, V2h is a diagonal matrix, and V?f(x) = ATV2h(Az — b)A. Since V2f(z¥)
is not necessarily positive definite, following the method in (Liu et al. (2024)), we

construct Gy, := G}, where
G} o= V2 (™) 4 by [~ Amin(VR(AZ® — )] ATA + |, (o —Z)||°T  (4.30)

with b; > 1. However, for highly nonconvex h, [—Anin(VZ(Az" — b))]; is large,
for which G} is a poor approximation to V2f(z*). To avoid this drawback and

simultaneously make G positive definite, Zhang et al. (2023) considered G}, := G2,
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where

G = AT [V(Az" = b)) A + b Tig (2" = 7%) | 1. (4.31)

For the case where V2f(z*) = 0, Gi = G2. If V3f(2*) # 0, it is immediate to
see that ||GE — V2f(2F)|ls > |G — V2f(2¥)]|2, which means that GZ is a better
approximation to V2 f(z*) than G}. On the other hand, for those f’s not owning

a separable structure, we form Gy, := G} as in (Ueda and Yamashita (2010)) and

HpgSRN in Chapter 3, where
Gy = V2 F (") (01 [ Ain (V2 £ (2°))] 1 + o[ (2" =T5)[|7) 1. (4.32)

It is not hard to check that for ¢ = 1,2,3, G% meets the requirement in (4.7). We
remark here that the sequel convergence analysis holds for all three G, and we write
them by G}, for simplicity.

Now we are in position to present the detailed iterates of our algorithm.

Algorithm 5 (a hybrid of PG and inexact projected regularized Newton methods)
Initialization: Choose € > 0 and parameters fimax > tmin > 0, 7> 1, a > 0,y > 0,
0€(0,2),0€(0,%),¢ € (0,1] and 8 € (0,1). Choose an initial z° € Q and let
k= 0.

PG Step:
(1a) Select pg € [fmin, fimax]- Let my be the smallest nonnegative integer m such
that

(0% . — m\—
F(@") < F(:Bk)—§||xk—fk||2 with 7" € prOX(ManL)—lg(xk_<,ukT ) IV f(2F)). (4.33)

(1b) Let 1, = ppm™ . If 11, ||2* — 7| < €, output x¥; otherwise, go to step (1c).
(1c) If condition (4.3) holds, go to Newton step; otherwise, let x**1 = Z*. Set
k < k + 1 and return to step (1a).

Newton step:
(2a) Seek an inexact solution y* of (4.6) satisfying (4.8)-(4.9).
(2b) Set d* := y* — z*. Let t; be the smallest nonnegative integer ¢ such that

fa®+ Bd") < f(a) + 0BV f(a"), d"). (4.34)

(2¢) Let ay, = B% with 28+ = 2% +ad®. Set k < k + 1 and return to PG step.
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Remark 4.2. (a) Our PGiPN benefits from the PG step in two aspects. First, the
incorporation of the PG step can guarantee that the sequence generated by PGiPN
remains in a right position for convergence. Second, the PG step helps to identify
adaptively the subspace used in the Newton step, and as will be shown in Proposition
4.8, switch condition (4.3) always holds and the supports of {Bx*}ren and {2*}ren
keep unchanged when k is sufficiently large, so that Algorithm 5 will reduce to an
inexact projected regularized Newton method for solving (4.5) with 1l = Il.. In
this sense, the PG step plays a crucial role in transforming the original challenging
problem (4.1) into a problem that can be efficiently solved by the inexact projected
reqularized Newton method.

(b) When 2% enters the Newton step, from the inezact criterion (4.8) and the ex-

pression of O, 0 > Oy (z"+d*) — O(a*) = (Vf(z*),d*) + 3(d*, Gd¥), and then
1 b
(V). ) < L (. Gud) < -2t~ <0, (4.35)

where the second inequality is due to (4.7). In addition, the inexact criterion (4.8)
implies that y* € 11y, which along with x* € 11}, and the convexity of 11, yields that
zF + ad® € T, for any a € (0,1]. By the definition of 11, supp(B(z* + ad®)) C
supp(Bz*) and supp(x*+ad*) C supp(z*), so g(zF+ad®) < g(2*) for any o € (0,1].
This together with (4.35) shows that the iterate along the direction d* will reduce the
value of F at x*.

(c) When e = 0, by Definition 2.2 the output x* of Algorithm 5 is an L-type station-
ary point of (4.1), which is also a critical point of problem (4.5) from Proposition
2.1 and Lemma 4.1 (i). Let r: R" — R"™ be the KKT residual mapping of (4.5)
defined by

rel) 1= Tigle — projn, (v — By 'V ()] (4.36)
It is not difficult to verify that when x* satisfies condition (4.3), the following relation
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holds

ri(e®) = T (2" = T), (4.37)
for which it suffices to argue that TF = projyy, (2% — 1 'V f(z*)). Indeed, if not, there
exists 7 € TIy such that hy(ZF) < hy(T"), where hy(z) == Bellw— (2% = 'V f (2%)) ||
Since zF € Ty, we have supp(Bz*) C supp(Bz*) and supp(z*) C supp(z*), which
implies that g(zF) < g(T*) and then hy,(Z) + g(z*) < hie(T*) + g(T*), a contradiction
to T € proxﬁglg(xk — 11, 'V f(2F)).
(d) The line search in step (1a) must stop after a finite number of backtrackings. In

fact, by using equation (4.10) and Remark 2.2, we deduce that when pupt™ > L1+ «,
(4.33) must hold, which implies that i, < ju := 7(L1+ «) for each k € N.

By Remark 3.1 (d), to show that Algorithm 5 is well defined, we only need to
argue that the Newton steps in Algorithm 5 are well defined, which is implied by the

following lemma.

Lemma 4.6. For each k € N, define the KKT residual mapping Ry : R* — R™ of
(4.6) by

Ri(y) = Tily — projy, (y — By " (Gi(y — =*) + Vf (2¥)))].

Then, for those z*’s satisfying (4.3), the following statements are true.

(i) For any y close enough to the optimal solution of (4.6), y — i, ' Ri(y) satisfies

inezact conditions (4.8)-(4.9).

(ii) The line search step in (4.34) terminates after a finite number of backtrackings,

. —0)baB (| — i\l
and ay; > min {1, 22228 |17, (2% — 7)o}

(iii) The inexact criterion (4.9) implies that || Re(y*)|| < 5 min { ||y (z")]], [|[re(z¥)||*+<}.

Proof. Pick any z* satisfying (4.3). We proceed the proof of parts (i)-(iii) as follows.
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(i) Let 7* be the unique optimal solution to (4.6). Then 7* # z* (if not, z* is
the optimal solution of (4.6) and 0 = Ry(z*) = 7(2*), which by (4.37) means
that z* = 7% and Algorithm 5 stops at z¥). By the optimality condition of (4.6),

—Vf(2*) = Gp(7* — 2*) € N, (¥¥), which by the convexity of IT; and z* € TI; implies
that (Vf(2%) + GL(7" — 2*),7* — 2*) < 0. Along with the expression of Oy, we have
Ok(¥*) — Ok(a") < —1(7* — 2%, GL(¥" — 2¥)) < 0. Since O, is continuous relative to
I, for any z € II; sufficiently close to 7%, O (2) — Or(z*) < 0. From Ry(y) = 0 and
the continuity of Ry, y — i ' Ri(y) is close to § when y sufficiently close to 7, which
together with y — fi, ' Ri(y) € II;, implies that y — 71, ' Ri(y) satisfies the criterion
(4.8) when y is sufficiently close to 7. In addition, from the expression of Ry, for any
y € R",

0 € Gily — ") + Vf(a") = Ruly) + N (v — 7, Bu(y)),

which by the expression of O implies that fi, ' G Ry (y) + Ri(y) € 004 (y—T1; ' Ri(v)).
Hence, dist(0, 00, (y—1, ' Ri(y))) < |1, ' GrRi(y)+ Ri(y)||. Noting that Ry, (7%) = 0,
we have |75, G Ru(§)+Ri() | = 0 < 5D min {7z, (a5 —2%)|, e (b — 7))}
From the continuity of the function y +— ||z, 'Gr.Rx(y) + Ri(y)|, we conclude that

for any y sufficiently close to 7%, y — 7, ' Ri(y) satisfies the inexact criterion (4.9).
(ii) By (4.10) and the descent lemma (Bertsekas, 1997, Proposition A.24), for any

€ (0,1],
L 2
Flat tad®) — f(4) = 0a(Vf (24), d) < (1= ) (VF (), d) + =5 |
(1—p)ad " Lio?

< 02200 oy o

i (1—Q)b2 _ LlOé k112

= (= S22 =) 7+ 55 )alld),
where the second inequality uses (4.35). Therefore, when

_ 1
o < min {1, 5222 g, (24—},
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the line search in (4.34) holds, which implies that

o 2 min {1, S 2 7 (g7t o)
(iii) Let &% € 004(y*) be such that ||€¥|| = dist(0, 00 (y*)). From £* € 00 (y*) and
the expression of Oy, we have y* = projy, (y* +&* — (Gr(y* — 2%) + V f(2%))). Along
with the nonexpansiveness of projy , ||y*—projy, (v"—(Gr(y*—2*)+V f(2%)))]| < [1€¥]].
Consequently,

dist(0, 00k (y")) = |ly* —projy, (v* — (Gu(y* —2*) + V f(2*)))]| = min{z; ", 1HIRe(y")],

where the second inequality follows by (Sra, 2012, Lemma 4) and the expression
of Rj. Combining the last inequality with (4.9) and (4.37) leads to the desired

inequality. O

When 71, = 1, the condition that

IRl < 5 min () ) )

is a special case of the first inexact condition in (Yue et al., 2019, Equa (6a)) or the
inexact condition in (Mordukhovich et al., 2023, Equa (14)), which by Lemma 4.6
(iii) shows that criterion (4.9) with 7z, = 1 is stronger than those ones.

To analyze the convergence of Algorithm 5 with € = 0, henceforth we assume
xk # 7% for all k (if not, Algorithm 5 will produce an L-type stationary point within
finite number of steps, and its convergence holds automatically). From the iterate
steps of Algorithm 5, we see that the sequence {x*},cn consists of two parts, {z*}rei,

and {7%}ycx,, where
K1:=N\K, with K;:={k € N | supp(Bz")= supp(Bz*), supp(z*)= supp(z*)}.

Obviously, K; consists of those k’s with z**! from the PG step, while Ky consists of

those k’s with 2**! from the Newton step.
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To close this section, we provide some properties of the sequences {2*}ren and
{7} ren.
Proposition 4.2. The following assertions are true.

(i) The sequence {F(x*)}ren is descent and convergent.
(ii) There exists v > 0 such that | BT |pim > v and |Z%|min > v for all k € N.

(iii) There exist ci,co > 0 such that ¢||re(z%)] < ||d¥|| < collre(2®)||1=0 for all

ke IC,.

Proof. (i) For each k € N, when k € Ky, by the line search in step (1a), F(2f1) <
F(2%), and when k € Ky, from (4.34) and (4.35), it follows that f(2**!) < f(a%),
which along with g(z**!) < g(«*) by Remark 4.2 (b) implies that F(z**!) < F(z%).
Hence, {F(z%)}en is a descent sequence. Recall that F is lower bounded on €, so
{F(2%)}ren is convergent.

(ii) By the definition of fi,, and Remark 4.2 (d), iy, € [fmin, 1) for all & € N. Note that
{2*}ren C Q, so the sequence {a*— 71, 'V f(2¥) }ren is bounded and is contained in a
compact set, says, =. By invoking Lemma 4.3 with such = and p = pimin, 1t = f1, there
exists v > 0 (depending on =, piin and 1) such that |[B; I]Z%|min > v. The desired
result then follows by noting that | BZ*| i > [[B; [T | min and [Z%|min > |[B; 1)7° | min-
(iii) From the definition of Gy, the continuity of V?f, {z* 7" }1eny C Q and Remark

4.2 (d), there exists ¢ > 0 such that

|Glla < € for all k € ICs. (4.38)
Fix any k € Ky. By Lemma 4.6 (iii), | R(y*)|| < 3[rx(z")||. Then, it holds that
%Hrk(ﬁk)” < () = 1By < Nlraa") — Ri(y")ll
= ll2* — projy, (=" — 'V f(2")) — y* + projy, (v* — 1 (Gr(y* — 2*) + Vf (M)

< (27 + |Gell2)ly" = 2*|| < (20 +)lla"]l,
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where the third inequality is using the nonexpansiveness of projy;, , and the last one is
due to (4.38) and d* = y* — x*. Therefore, ¢, ||ry(2*)|| < ||d¥|| with c; := 1/(4p+ 2¢).

For the second inequality, it follows from the definitions of ri(-) and Ry(-) that
Ri(y*) = V(") = Gid" € Nu, (y* — 1 Bi(y"))

and

re(a®) — V f(2*) € N (« — 1 ri(2),

which together with the monotonicity of the set-valued mapping M, () implies that

(d", Grd") < (Ri(y*) —ri(a®), d") = T | Ri(y") —ra(@")IP = 75 (Grd", = Ri(y*) + ()

<{(I + 75, Gr)d", Ri(y*) — ri(a®)).

Combining this inequality with equations (4.7), (4.37) and Lemma 4.6 (iii) leads to
ballri ()17 ld*|1* < (1 + T N Grll2) (IR () I+ [l () D[] (4.39)

< (3/2)(1+ 7 1 Gill2) e (=®) la*]),

which along with (4.38) and f5 > fim implies that ||d¥|| < 2(14-p5,2)b3 ! ||rk(2®)]]* 7.
Then, [|d¥|| < coflri(@*)[*~ holds with ¢ := 2(1 + p;,€)b;". The proof is com-

pleted. O

4.3 Convergence Analysis

Before analyzing the convergence of Algorithm 5, we show that Algorithm 5 finally
reduces to an inexact projected regularized Newton method for seeking a critical
point of a problem to minimize a smooth function over a polyhedral set. This requires
the following lemma, which presents the descent proeprty of {F(2*)}ren, and proves
that all the elements of w(z?) is an L-type stationary point (recall that w(z°) denotes

the set of accumulation points of {z*}1en).
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Lemma 4.7. For the sequences {x%}ren and {T¥}ren generated by Algorithm 5, the

following assertions are true.

(i) There exists a constant v > 0 such that for each k € N,

—||zk — T2 if ke Ky,
F@) = Fab) < —allah =247 it ke Ky, ax =1,  (4.40)
—yllz* — T2 if ke Ky, ap # 1.

(i) limye [l2* — T[] = 0 and limg,sp—o0 [|d¥|| = 0.

(iii) w(2®) is nonempty and compact, and every element of w(z®) is an L-type sta-

tionary point of problem (4.1).

Proof. (i) Fix any k € K. From inequalities (4.34) and (4.35),

obsavy —k\ o QC%QO% _ _ o
fEM) = fah) < - 5 172, (2" =Z7) |7 || d*|1* < _1T||ﬂk(l‘k_xk>“2+

chbQQk’:umm || k —k||2+a
2

| /\

(4.41)
where the second inequality is using Proposition 4.2 (iii) and equality (4.37). By
Remark 4.2 (b), we have g(z**1) < g(z%), so that F(z*) — F(2%) < f(2*) — f(2),

which along with the last equation yields that

¢ b2aklu’m1n

Fah*)— Fat) < -29422

Hx kH2+U'

2+0 _ 212 ,,2+20
Take v:= min {a gclbw min_ | Au Q)chlb2“ i } The desired result then follows by using

Lemma 4.6 (ii) and recalling that F(z"™) — F(2%) < &|2% — 7| for k € K.

(i) Let Ky := {k € Ky | ax = 1}. Doing summation for inequality (4.40) from k = 0
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to any j € N yields that

Dol =P Y Al =T Y At T

kek1n[j] kekan[j] ke (K2\K2)N[j]
J
< ST [F@b) = F@h)] = F(a%) — Fait),
k=0

which by the lower boundedness of F' on the set () implies that

Z ka_kaQ_’_ Z,}/ka_kaQ—i—a_f_ Z 7||xk—fk||2+2”<oo.

kek, ke, keka\K2

Thus, we obtain limy ., ||2* — Z¥|] = 0. Together with Proposition 4.2 (iii), (4.37)
and Remark 4.2 (d), it follows that limy,sk e ||d¥|| = 0.

(iii) Recall that {x*},en € €, so its accumulation point set w(x®) is nonempty.
The compactness of w(2°) can be obtained by following the proof of (Bolte et al.,
2014, Lemma 5(iii)). Pick any z* € w(z”). Then, there exists an index set X C N
such that limgsr_ee 2% = 2*. From part (ii), limgsg_ee T8 = 2*. For each k € K,
¢ € p1"o><ﬁl:1g(:1:"C — 11, 'V f(2*)) with 7z, € [tmin, t) by step (la) of Algorithm 5
and Remark 4.2 (d). We assume that limys oo iy, = Hy € [fmin, 1] (if necessary by

taking a subsequence). Define the function
- 2 3 n n
h(Z T M): %”Z - (x_ﬂ 1Vf($))|| +g(Z) if (27'177”) € R" X R" x [Mminalﬂa
T 00 otherwise,

and write P(z,p) = argmin, g h(z, x, u) for (z,pn) € R* x R. Note that h :
R"” x R” x R — R is a proper and lower semicontinuous function and is level-
bounded in z locally uniformly in (z, u). In addition, by (Rockafellar and Wets, 2009,
Theorem 1.25), the function h(x, yt) := inf.cgn h(2, z, 1) is finite and continuous on
R X [fmin, 1] From (Rockafellar and Wets, 2009, Example 5.22), the multifunction
P: R" xR == R” is outer semicontinuous relative to R™ X [tmin, f£]. Note that
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7% € P(a*,1,,) for each k € K. Then, z* € proxﬁ:1g(a:*—ﬁ;1Vf(x*)), so z* is an

L-type stationary point of (4.1). O

Next we use Lemma 4.7 (ii) to show that, after a finite number of iterations, the

switch condition in (4.3) always holds and the Newton step is executed. To this end,

define
Ty := supp(Ba®), Ty := supp(BT*), Si:=supp(z*) and Si:=supp(@). (4.42)

Proposition 4.3. For the index sets defined in (4.42), there ezist index sets T C
[p],S C [n] and an index k € N such that for all k > k, Ty, = Ty, = T and Sy =
Sk = S, which means that k € Ky for all k > k. Moreover, for each z* € w(z?),

supp(Bz*) =T and supp(z*) = S.

Proof. We complete the proof via the following three claims:
Claim 1: There exists k € N such that for k > k, | Bo* |, > %, where v is the same
as the one in Proposition 4.2 (ii).

Indeed, for each k—1 € Ky, 2F = 7" and |Ba*|pin = [BT" pw > v > %

follows by Proposition 4.2 (ii). Hence, it suffices to consider that k—1 € k3. By

Lemma 4.7 (i), there exists k € N such that for all k > k, ||2¥~! —zF 1| < o7, and

|51 < 575> Which implies that for Ky 5 k—1 > k—1, |Ba*'=Bz"*!|| < ¥ and
|Bd"~'|| < %. For each Ky 2 k—1 > k— 1, let i), € [p] be such that |(Bz*"'); | =

k—l)

| Bx*~!| in. Since condition (4.3) implies that supp(Bx*~!) = supp(Bz*~1) for each

k —1 € Ky, we have |(Bz"*1);,| > |BT* ! n. Thus, for each Ko 2k — 1>k — 1,
|Ba*~t — BT* || > [(Ba"1);, — (BT )i | > |[(BT* 1), | — [(Ba*1),, ]
Z |Bfk_1|min - ’Bxk_1|min‘
Recall that |BZ* |, > v for all k € N by Proposition 4.2 (ii). Together with the

last inequality and ||Bz*~! — Bz*!|| < ¥, for each K3 2 k—1 > k — 1, we have
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| Bk~ iy > 2. For each Ky 3 k — 1 >k — 1, let ji € [p] be such that |(Bz");,| =
| Bx*|in. By Remark 3.1 (i), supp(Bz*) C supp(Bz*!) for each k — 1 € K, which
along with j, € supp(Bz") implies that |[(Bz*1), | > |Bx*!|mm. Thus, for each
Keok—-1>k—1,

1B > 1B — Bat1 > (B, — (Bab),

> (B )| = [(B2*);,| > [Ba"Humin — | B2 imin,

which together with || Bd*~!|| < ¥ and [Bx*~! |y, > % implies that |Bz*|y, > %.
Claim 2: T, =T, for k > k.

From the above arguments, || Ba*— Bz"|| < % for k > k. If i € Ty, then |(Bz¥),| >
|(Bz¥);| =% > %, where the second inequality is using | Bz*| i, >4 by Claim 1. This
means that i € Ty, so T}, C Ty. Conversely, if i € T}, then |(Ba*);| > |(Bz*);| - % >
?jT", soi €Ty and T), C Ty. Thus, T}, = T, for k > k.

Claim 3: T} = T}, for k& > k.

If & € Ky, the result follows directly by the result in Claim 2. If k € Ky, from
the proof of Claim 1, ||Bz*— Bz**!|| < ||Bd¥|| < ¥ for all k > k. Then, if i € T},
|(Bx*t1);| > |(Ba*);| — % > %, where the second inequality is using |Bz"*|,, >4 by
Claim 1. This implies that ¢ € T,y and Ty C Ty,,. Conversely, if ¢ € Ty, then
|(Bx¥);| > [(Ba**1);| — 4 > %. Hence, i € T}, and T4y C Tj.

From Claim 2 and Claim 3, there exists T' C [p] such that T, = T}, = T for
k > k. Using the similar arguments, we can also prove that there exists S C [n] such
that S, = Sy = S for all k > k (if necessary increasing k).

Pick any * € w(2?). Let {2*}rexc be a subsequence such that limgsy,_o0 2% = 2*.

By the above proof, for all sufficiently large k € K, |Bx*|nim > 5 and 2% | i >

[NIIN

Y

v

-

~

which implies that |Bz*|mm > %

5 The results supp(Bz*) =

and ’x*’min Z
and supp(z*) = S can be obtained by a proof similar to Claim 3. The proof is
completed. O
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By Proposition 4.3, k € K for all k > k, i.e., the sequence {xk+1}k>E is generated

by the Newton step. This means that {z*™},_; is identical to the one generated

by the inexact projected regularized Newton method starting from z*+!. Also, since
Il = IL, := Il for all k > k, Algorithm 5 finally reduces to the inexact projected

regularized Newton method for solving

min V(z) = f(x) + o, (z), (4.43)

zeR™

which is a minimization problem of function f over polyhedron II,, much simpler
than the original problem (4.1). Consequently, the global convergence and local
convergence rate analysis of PGiPN for model (4.1) boils down to analyzing those of
the inexact projected regularized Newton method for (4.43). The rest of this section
is devoted to this. Unless otherwise stated, the notation k in the sequel is always the
same as that of Proposition 4.3. In addition, we require the assumption that V?f is

locally Lipschitz continuous on w(z?).
Assumption 4.1. V?f is locally Lipschitz continuous on an open set O 2 w(x).

Assumption 4.1 is very standard when analyzing the convergence behavior of
Newton-type method. In fact, if f is assumed to be third time continuously differ-
entiable on R", this assumption directly holds. The following lemma reveals that
under this assumption, the step size a; in Newton step takes 1 when £ is sufficiently
large. Since the proof is similar to that of (Liu et al., 2022, Lemma B.1), the details

are omitted here.

Lemma 4.8. Suppose that Assumption 4.1 holds. Then oy, = 1 for sufficiently large
k.

Notice that II, is a polyhedron, which can be expressed as

II, = {3: € R" | BTECH':C =0, Tse = 0, x> 1, —x> —ub}. (4.44)
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For any x € R™, we define multifunction A : R™ = [2n] as
Alz) ={i|z; =)} U{i+n | z; = (up)i}-

Clearly, for x € II,, A(x) is the active set of constraint II, at x. To prove the global
convergence for PGiPN, we first show that {A(z")}ren remains stable when k is

sufficiently large, under the following non-degeneracy assumption.
Assumption 4.2. For all z* € w(z), 0 € V f(z*) + ri(Nm, (z%)).

It follows from Proposition 2.1 and Lemma 4.7 (iii) that for each z* € w(z?),
x* is a critical point of F; which together with Proposition 4.3 and Lemma 4.1 (i)
yields that 0 € V f(z*) + N, (z*), so that Assumption 4.2 substantially requires that
—V f(z*) does not belong to the relative boundary! of My, (z*). In the next lemma,

we prove that under Assumptions 4.1-4.2, A(z%) = A(2*1) for sufficiently large k.

Lemma 4.9. Let {2*}ren be the sequence generated by Algorithm 5. Suppose that
Assumptions 4.1-4.2 hold. Then, there exist A* C [2n| and a closed and convex cone

N* CR" such that A(x*) = A* and Ny, (%) = N* for sufficiently large k.

Proof. We complete the proof via the following two claims.

Claim 1: limy o [[projy, x(=V/f(2"))| = 0.

Since II, is polyhedral, for any x € IL,, Tn, (z) and Ny, (z) are closed and convex
cones, and 7T, () is polar to N, (z), which implies that when k is sufficiently large,
z = Projg, (;¢)(2) + Projps, (z#)(2) holds for any z € R™. Then, for all sufficiently

large k,
[projz, wr) (= V(") = || = Vf (a*) = projug,, @) (= VF (2")) || = dist(0, 0¥ ().

Therefore, it suffices to prove that limy_,. dist(0,0¥(2*)) = 0. By Proposition
4.3, equation (4.9), Remark 3.1 (d) and Lemma 4.7 (ii), there exists {(;},.7z with

! For Z C R", the set difference cl(Z)\ri(Z) is called the relative boundary of Z, see (Rockafellar,
1970, p. 44).
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limy o0 ||| = 0 such that 0 € V f(2*) + Grd* + (i + Ni, (2% + d*) for each k >k,
which implies that Vf(z* + d*) — Vf(2*) — Gpd* — ¢ € 0V (2* + d¥) for each
k > k. This together with Lemma 4.7 (ii) and the continuity of Vf implies that
limy, o dist(0, 0¥ (2% + d*)) = 0. Thus, by Lemma 4.8 we obtain the desired result.

Claim 2: A(z*) C A(z") for all sufficiently large k.

We prove by contradiction. If this claim does not hold, there exists X C N such
that A(2*) € A(x*1) for all k € K. If necessary taking a subsequence, we assume
that {z*}rcxc converges to z*. By Lemma 4.7 (i), {#*™'}rex converges to z*. In
addition, from Claim 1 it follows that limy o [|[projz, (e+1y(=Vf(2**1))[| = 0. The
two sides along with Assumption 4.2 and (Burke and Moré, 1988, Corollary 3.6)
yields that A(z**!) = A(z*) for all sufficiently large k € K. Since A(z%) C A(z*)
for sufficiently large k € K, we have A(z*) C A(x*!) for sufficiently large k € K,
contradicting to A(x*) € A(x**1) for k € K. The claimed fact that A(z*) C A(z**1)
then follows.

From A(z*) C A(2*1) for all sufficiently large k, {A(z"*)}rex, converges to for
some A* C [2n] in the sense of Painlevé-Kuratowski. From the finiteness of A*, we
conclude that A(z*) = A* for all sufficiently large k. From the expression of II, in
(4.44) and A(x*) = A* for all sufficiently large k, we have N, (z¥) = N* for all

sufficiently large k. O

Our proof for the global convergence of PGiPN additionally requires the following

assumption.

Assumption 4.3. For every sufficiently large k, there exists &, € Ny, (2%) such that

(V@) + &, d)
1 f .
(et e A T

This assumption essentially requires that for every sufficiently large k there exists
one element &, € N, (%) such that the angle between V£ (z*)+¢&, and d* is uniformly
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larger than /2. For every sufficiently large k, since 2* + ad® € II, for all a € [0, 1],
we have d* € Tp-(2*), which implies that (€ d*) < 0. Together with (4.35), for
every sufficiently large k, the angle between Vf(2*) + & and d* is larger than /2.
This means that it is highly possible for Assumption 4.3 to hold. Obviously, when
n = 1, it automatically holds.

Next, we show that if ¥ is a KL function and Assumptions 4.1-4.3 hold, the
sequence generated by PGiPN is Cauchy and converges to an L-type stationary

point.

Theorem 4.1. Let {x*}en be the sequence generated by Algorithm 5. Suppose that
Assumptions 4.1-4.3 hold, and that V is a KL function. Then, Y p, ||[" =¥ < oo,

and consequently {x*}ren converges to an L-type stationary point of (4.1).

Proof. If there exists k > k such that ¥(z*) = U(2*1), then F(z*) = F(2*) by

Proposition 4.3, which together with Lemma 4.7 (i) yields that 2* = z*. Con-

¥ meets the termination condition of Algorithm 5, so that {z¥}ien

sequently, x
converges to an L-type stationary point of (4.1) within a finite number of steps.
Thus, we only need to consider the case that W(x*) > W(z**1) for all k > k.
By (Bolte et al., 2014, Lemma 6), there exist ¢ > 0,7 > 0 and a continuous

concave function ¢ € T, (see Definition 2.4) such that for all T € w(z”) and

re{zeR"|dist(z,w(z?) <e}N[¥(T) < ¥ < U(T) + 1),
@' (W(z) — ¥(T))dist(0,0¥(z)) > 1,

where w(z%) is defined in Lemma 4.7 (iii). Clearly, limy o, dist(z*,w(z%)) = 0.
Pick any x* € w(2"). By the definition of ¥, Propositions 4.2 (i) and 4.3, we have
limy 00 ¥(2¥) = W(2*). Then, for k > k (if necessary by increasing k), 2* € {z €

R™ | dist(z,w(z°)) < e} N[¥(2*) < ¥ < ¥(a*) + 5]. Consequently, for all k > k,

@' (U(z") — U (x*))dist(0, 0¥ (z*)) > 1. (4.45)
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By Assumption 4.3, there exist cpin > 0 and & € N, (z¥) such that for all suffciently

large k,
—(Vf(@") + & d") > cainl V(") + &lllld". (4.46)

From Lemma 4.9 we have Ni, (z%) = N, (2F+1) for all & > k (by possibly enlarging
k), which implies that &, € Ny, (2¥!). Together with (4.34), (4.46) and Lemma 4.8,
we have that for all k > k (if necessary enlarging k),

(k) — W(zh+h) - —o(V f(2¥) + &, d¥)

dist(0,0¥ (%)) —  dist(0, 0¥ (z*))

0Cuminl [V f (%) + &l d*]
- IV (2*) + &l

(4.47)

k+1 ka

mion

b

where the second inequality follows by V f(z%) + & € 0¥(z*) and (4.46). For each
k, let Ay := p(U(zF)—W(2*)). From (4.45), (4.47) and the concavity of ¢ on [0,7),
for all k > Fk,

A = Apgr = ¢ (W(a") = 0(27)) (P (2") = T ("))

q,(xk) _ \If(a?k'H)

> > . k+1 K )
Z st 90 (77 = Cminlle™ =27l

Summing this inequality from % to any k > k and using A, > 0 yields that

L . 1 <& 1 1
Dl =2l < D (Aj=Aj) = (Ap—Agr) <
j=k

OCmin min min

j=F

Az

Passing the limit & — oo leads to > 27 [|2/™' —27|| < co. Thus, {2*}4e is a Cauchy
sequence and converges to x*. It follows from Lemma 4.7 (iii) that z* is an L-type

stationary point of problem (4.1). The proof is completed. O

If ¥ has the KL property of exponent 1/2 and Assumptions 4.1, 4.2 are satisfied,

both {F(2*)}reny and {2¥}ren converge at a linear rate.
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Theorem 4.2. Suppose that {x*}en be the sequence generated by Algorithm 5, and
Assumptions 4.1, 4.2 hold. Pick any x* € w(x®). If ¥ has the KL property with
exponent 3 at x*, {F(z*)}ren converges to F(z*) at a Q-linear rate, and {x*}yen

converges to x* at an R-linear convergence rate.

Proof. Let k be such that the results in Proposition 4.3 and Lemmas 4.8, 4.9 hold
for k > k. For any k > k, by equations (4.9) and (4.37) there exist & € N, (z* +d¥)
and ¢, € R™ with ||| < 3|k (a®)|'T such that Vf(z*) + Gyd* + &, + { = 0, which
implies that d* = =G, (Vf(2*) 4+ & + ). From Lemma 4.9, (Li and Pong, 2018,
Lemma 4.1) and (Sra, 2012, Lemma 4), we have

IVF (") + &l = dist(0, 0% («*)) > min{z; ", 1}Hri(2")]]. (4.48)

Since ¢ > o, the above inequality along with Remark 4.2 (d), (4.37), Lemma 4.7(ii)

yields

lim ||7«k(xkk)||1+<*0 < (min{z; ', 1}) 7" lim |jre(z™)]7 = 0. (4.49)
koo [|Vf (2%) + & ko0

Then, we have for k > k (if necessary enlarging k),

— (Vf(a") + &, d") = (Vf(a") + &, G (VF (@) + & + G)
> M|V (@) + &ll* = (b2llre(@) 1) V(=) + &l Gl

IVf (%) + &elll|re («*)] |1 (4.50)
20o |7 (%) |7

v

eIV ") + &l -

el

2bo||Vf (2%) + &l

> eV () + &l (1 ) = @) IV + &l

where the first inequality uses (4.38), the second inequality follows by the definition
of (x, and the last inequalities use (4.49). From (4.34), Proposition 4.3 and Lemmas
4.8, 4.9, it holds that

U(zh) — U(ahH) > Q—QEdist(Oﬁ\IJ(mk))Q, (4.51)
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for & > k. Since ¥ has the KL property of exponent 1/2, following a discussion
similar to the proof of Theorem 3.1, we have that there exist ¢ > 0 and z* € w(a?)
such that for all k > k (if necessary enlarging k),

g(\ll(xk) — (")) V2dist(0, 0T (2¥)) > 1.

Let Ay = U(z*) — U(z*) for each k > k. Then, it follows from (4.51) that

2C - 2% _ _ _
< A (W(aM) W (M) = §A;I<Ak—akﬂ>,

4c72 < [A; 2 dist (0, 00 ()2 <
0
which implies that ¥(z**1) — U(z*) < (U (2F) — ¥(2*)) with ¢ = EC;%QQ. That

is, {¥(z*) — U(2*)},.5 converges to 0 at a @Q-linear convergence rate. If necessary

enlarging k, we have for k > k,

oo o
D olla? =2 =D ) < chl “Na? = 7|
=k =k =

<3 et (W) - Bat)

J=k -

= (-o)G=h) 70 270 i
<D et T () - W(et)iE < P (FR) - ()R,

=k 1 — c2+20

where the first equality holds by Lemma 4.8, the first inequality follows by equation
(4.37), Proposition 4.2(iii) and Remark 4.2 (d), the second inequality uses Lemma 4.7
(i), and the last inequality holds by F(x°)> F(2*)>W(2*). Therefore, we conclude
that {z*}ren is a convergent sequence. By noting that 2* € w(2?), {2*},cn converges
to *. Since |[#* —a*|] < 3777, |la? — 27*|, by the above group of inequalities we

conclude that {z¥} ey converges to z* at an R-linear convergence rate. [

We now focus on the superlinear rate analysis of PGiPN. Denote

X :={zeR"|0e Vf(x)+Nu(z), V’f(z) =0},
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which we call by the set of second-order stationary points of (4.43). Based on this
notation, we assume that a local Holderian error bound condition holds with X™* in
Assumption 4.4. For more introduction on the Holderian error bound condition, we

refer the interested readers to Mordukhovich et al. (2023) and Liu et al. (2024).

Assumption 4.4. The g-subregularity of function r(z) := x — projy, (x — V f(z))
holds at x* for the origin with X*, i.e., there exist ¢ > 0, k > 0 and q € (0, 1] such

that for all x € B(z*,¢) N IL,, dist(z,r~1(0)) = dist(z, X*) < l|r(z)||2

Recently, Liu et al. (2024) proposed an inexact regularized proximal Newton
method (IRPNM) for solving the problems, consisting of a smooth function and an
extended real-valued convex function, which includes (4.43) as a special case. They
studied the superlinear convergence rate of IRPNM under Assumptions 4.1 and 4.4.
By (Sra, 2012, Lemma 4) and 7, € [pmin, 1), ||7(2®)|| = O(||rr(z*)|]) for sufficiently
large k. This together with Assumption 4.4 implies that there exists k > 0 such that

for sufficiently large k with z* € B(z*, ),
dist(z*, X*) < &l|lre(2™)]9. (4.52)

Recall that PGiPN finally reduces to an inexact projected regularized Newton method

for solving (4.43). From Lemma 4.6 (iii) and Lemma 4.8, we have
L.
Ok(a"!) = Ox(x") <0 and || Re(a™ )| < S mind[lr ()] Ire(=®) [}, (4.58)

for sufficiently large k. Let AL := Gt —V2f(a*) — by||ix (2 — 7%)||7 I, where G% are
those in (4.30)-(4.32). Under Assumption 4.4, from Lemma 3.11 and (Liu et al.,
2024, Lemma 7) and the fact that G} — G = 0, we have for sufficiently large k& with

k€ B(x*,¢),

max { Amin(A}), Amin(AD), Amin(AD) } = O(dist(2¥, X)), (4.54)
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By using (4.52), (4.53) and (4.54), and following a proof similar to (Liu et al., 2024,

Theorem 6), we can obtain the following result.

Theorem 4.3. Let {2*},en be the sequence generated by Algorithm 5. Suppose that
Assumption 4.1 holds, and that {z*}ren converges to x* € w(a®). If Assumption 4./
holds with q € (14%7’ 1] at z*, then the sequence {x*}ren converges to x* with the

Q-superlinear convergence rate at order q(1+0o).

4.4 Numerical Experiments

This section focuses on the numerical experiments of several variants of PGiPN for
solving a fused fp-norms regularization problem with a box constraint. We first
describe the implementation of Algorithm 5 in Section 4.4.1. In Section 4.4.2, we
make comparison between model (4.1) with the least-squares loss function f and
the fused Lasso model (1.6) by using PGiPN to solve the former and SSNAL (Li
et al. (2018)) to solve the latter, to highlight the advantages and disadvantages
of our proposed fused fy-norms regularization. Among others, the code of SSNAL
is available at https://github.com/MatOpt/SuiteLasso. We note that problem
(4.43) with f considered in this subsection satisfies KL property, see Proposition 2.3.
Finally, in Section 4.4.3, we present some numerical results toward the comparison
among several variants of PGiPN and ZeroFPR and PG method for (4.1) in terms of
efficiency and the quality of the output. The MATLAB code of PGiPN is available

at https://github.com/yuqiawu/PGiPN.

4.4.1 Implementation of Algorithm 5

Dimension reduction of (4.6)

Suppose that ) # Si := [n]\Sk. Based on the fact that every z € II; satisfies

zge = 0, we can obtain an approximate solution to (4.6) by solving a problem in a
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lower dimension. Specifically, for each k € ICy, write

H*:=(Gy)s,s,, u* =15, Vs, () =[Vf(2")]s,,

I, := {u € RI% | Byu =0, (Ih)s, <u<(w)s,},
where Ek is the matrix obtained by removing the rows of Bres, whose elements are
all zero. We turn to consider the following strongly convex optimization problem,

@ ~ arg min {ek(m = f(].gkuk)qL(Vfgk(uk),u—uk>—I—%(u—uk)THk(u—uk)+5ﬁk(u)}.

ueRISk!

(4.55)
The following lemma gives a way to find y* satisfying (4.8)-(4.9) by inexactly solving
problem (4.55), whose dimension is much smaller than that of (4.6) if |S,| < n.
Lemma 4.10. Lety§, = u* and ygg = 0. Then, O4(y*) = 0,(T*) and dist(0, 00, (y*)) =

dist(0, 00, (u")). Consequently, the vector u* satisfies

- i - min{7; ', 1 , _ _ _ _
Bu()~01(u) < 0. dist(0,96(5)) < "V i ) o ) . o) )

if and only if the vector y* satisfies the inexact conditions in (4.8)-(4.9).

Proof. The first part is straightforward. We consider the second part. By the defini-
tion of Oy, dist(0, 30 (y*)) = dist(0, V £ (z¥) + Gr(y* — 2¥) + My, (¥*)). Recall that
I, = {z € Q| Bre.x = 0,z5c = 0}. Then, Ny, (y*) = Range(B;ﬁ) + Range(lgg_) +
Na(y¥), and

dist (0, 00 (y"))

ist (0, Vf(2*) + G (y" — 2*) + Range(B;}?) + Range(ISTg,) + Na(y"))
= (O Vs, (u”) + Hk( ) + Range(BTCSk) +N [(T6) sy, (ub)sk}(/\k))
= dist(0, V fs, (u*) + H*(@* — u*) + Ny, (@")) = dist(0, 6, (@),

where the second equality is using Range(ISTz_) ={zeR"| z5, =0}. O
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Acceleration of Algorithm 1

The switch condition in (4.3) is in general difficult to be satisfied when | Bxz*||,
or ||z¥||o is large. Consequently, PGiPN is continuously executing PG steps. This
phenomenon is evident in the numerical experiment of the restoration of blurred
image, see Section 4.4.3. To further accelerate the iterates of Algorithm 5 into the

Newton step, we introduce the following relaxed switch condition:

[Isign(Ba*)] — [sign(BZ)|[l, < L= and |[sign(e®)| - Isign(@) |1 < £=, (4.56)

where 7, 12 are two nonnegative constants. Following the arguments similar to those

in Lemma 4.6, we have that Algorithm 5 equipped with (4.56) is also well defined.

Obviously, when 4* > 1, condition (4.56) allows the supports of Bz* and Bz* and z*
and 7% have some difference; when %" < 1(i = 1,2), condition (4.56) is identical to
(4.3). This means that as k grows, Algorithm 5 with relaxed switch condition (4.56)
will finally reduce to the one with (4.3). Since our convergence analysis does not

specify the initial point, the asymptotic convergence results also hold for Algorithm

5 with condition (4.56).
Choice of parameters in Algorithm 5

We will test the performance of PGiPN with G}, given by G2 in (4.31), and PGiPN(r),
which is PGiPN with relaxed switch condition (4.56). We use Gurobi to solve sub-
problem (4.6) with such G, with inexact conditions (4.8), (4.9) controlled by op-
tions params.Cutoff and params.OptimalityTol, respectively. Also, we test PGilbfgs,
which is the same as PGiPN, except using limited-memory BFGS (lbfgs) to con-
struct Gy. In particular, we form Gy = By + by, (¥ — 7%)||°, with By given
by lbfgs. For solving (4.6) with such Gy, we use the method introduced in (Kan-

zow and Lechner (2022)). We set the parameters of all the variants of PGiPN by
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,0=10"% B = %, = % We set by = 1073 for PGiPN and
PGiPN(r), and by = 1078 for PGilbfgs.

We compare the numerical performance of our algorithms with those of ZeroFPR
(Themelis et al. (2018)) and the PG method (Wright et al. (2009)). In particular,
ZeroFPR uses the quasi-Newton method to minimize the forward-backward envelope
of the objective. The code package of ZeroFPR is downloaded from http://github.
com/kul-forbes/ForBES. We set “lbfgs” as the solver of ZeroFPR. On the other
hand, the iterate steps of PG are the same as those of PGiPN without the Newton
steps, so that we can check the effect of the additional second-order step on PGiPN.
For this reason, the parameters of PG are chosen to be the same as those involved in
PG Step of PGiPN. We also observe that the sparsity of the output is very sensitive
to pg in Algorithm 5. To be fair, as the default setting in ZeroFPR, in all variants of
PGiPN and PG, we set j;, = 0.9571L; for all kK € N, where L, is an estimation of the
Lipschitz constant of Vf obtained by computing || A, from the following MATLAB
sentences:
opt.issym = 1; opt.tol = 0.001; ATAmap = ©(x) A"*A*x; L = eigs(ATAmap,n,1,'LM’ opt).

For each solver, we set 2° = 0 and terminate at the iterate ¥ whenever k > 5000
or fi||x* — proxﬁglg(mk — 1, 'Vf(2"))]|o < 107*. All the numerical tests in this
section are conducted on a desktop running on 64-bit Windows System with an

Intel(R) Core(TM) i7-10700 CPU 2.90GHz and 32.0 GB RAM.

4.4.2 Model Comparison with the Fused Lasso

This subsection is devoted to the numerical comparison between the fused fy-norms
regularization problem with a box constraint (FZNS), i.e., model (4.1) with f =
A~ —b[|* and B = B and the fused Lasso (1.6). We apply PGiPN to solve FZNS
and SSNAL to solve (1.6). Since the solved models are different, we only compare

the quality of solutions returned by these two solvers, and will not compare their
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running time.

Our first empirical study focuses on the ability of regression. For this purpose,
we use a commonly used dataset, prostate data, which can be downloaded from
https://hastie.su.domains/ElemStatLearn/. There are 97 observations and 9
features included in this dataset. This data was used in (Jiang et al. (2021)) to
check the performance of square root fused Lasso.

We randomly select 50 observations to form the training set, which composes
A € R%%®  The corresponding responses are represented by b € R, The reminders
are left as testing set, which forms (A,b) with A € R**® and b € R*. We employ
PGiPN to solve FZNS, and SSNAL (Li et al. (2018)) to solve the fused Lasso (1.6),
with (A, b) given above, and [, = —1000 x 1, uw, = 1000 x 1. For each solver, we
select 10 groups of (Ay, Ay) € [0.003,400] x [0.0003,40], ensuring that the outputs
exhibit different sparsity levels. We record the sparsity and the testing error, where
the later one is defined as || Az*—b|| with 2* being the output. The above procedure
is repeated for 100 randomly constructed (A, b), resulting in a total of 1000 recorded
outputs for each model. All the sparsity pairs (Héx*Ho, |z*]|0) from PGiPN and
SSNAL are recorded in lines 1, 3 and 5 in Table 4.1. For each sparsity pair, the
mean testing errors of ||Az*—bl|| for PGiPN and SSNAL corresponding to the given
pair is recorded in lines 2, 4 and 6 in Table 4.1. Among others, since the fused Lasso
may produce solutions with components being very small but not equal to 0, we
define ||y|lo := min{k | Zle lgl > 0.999||y||1} as in (Li et al. (2018)), where ¢ is
obtained by sorting y in a nonincreasing order, for the outputs of the fused Lasso.
As shown in Table 4.1, it is evident that when (HE:U*HO, |z*|l0) = (6,6), the mean
testing error for FZNS is the smallest among all the testing examples. Furthermore,
in the presented 21 comparative experiments, the fused Lasso outperforms FZNS for

only 8 cases. Among these 8 experiments, in 7 cases, ||§x*||0 > 4 and ||z*||o > 6.
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This indicates that our model performs better when the solution is relatively sparse.

Table 4.1: Mean testing error (FZNS|Fused Lasso) of the outputs.

(HBSE*H(), Hx*”U) ‘ (271) (372) (373) (374> (375) (376) (378)
Mean testing error | 8.35[8.54 7.34|7.36  5.45[5.15 5.15[5.74 5.216.32 5.08[5.27 5.11[5.70
(1Bz*[lo, l&*llo) | (44) (4,5) (4,6) (4,7) (4.8) (5,5) (5,6)
Mean testing error ‘ 5.07/5.52  5.31]5.86  5.49]4.99 5.25[4.97 5.33]4.78 5.10/5.48 5.74/5.38
(1Bz*[lo, l=*llo) | (5.7) (5,8) (6,6) (6,7) (6,8) (7.7) (7.8)

Mean testing error | 5.46/5.58 5.35[5.19 4.41|5.26 5.34]4.95 5.25/5.34 5.03/5.22 5.24/5.22

Our second numerical study is to evaluate the classification ability of the two mod-
els using the TIMIT database. As introduced in Section 1.2, the TIMIT database
is a widely used resource for research in speech recognition. Following the approach
described in (Land and Friedman (1997)), we compute a log-periodogram from each
speech frame, which is one of the several widely used methods to generate speech
data in a form suitable for speech recognition. Consequently, the dataset comprises
4509 log-periodograms of length 256 (frequency). It was highlighted in (Land and
Friedman (1997)) that distinguishing between “aa” and “ao” is particularly chal-
lenging. Our aim is to classify these sounds using FZNS and the fused Lasso with
Ay =0, I, = —1 and u, = 1, or in other words, the zero order variable fusion (1.4)
plus a box constraint and the first order variable fusion (1.5).

In TIMIT, the numbers of phonemes labeled “aa” and “ao” are 695 and 1022,
respectively. Asin (Land and Friedman (1997)), we use the first 150 frequencies of the
log-periodograms because the remaining 106 frequencies do not appear to contain
any information. We randomly select m; samples labeled “aa” and msy samples
labeled “ao” as training set, which together with their labels form A € R™*" and
b € R™, with m = my + mg, n = 150, where b, = 1 if A; is labeled as “aa”,
and b; = 2 otherwise. The rest of dataset is left as the testing set, which forms

A e ROTIT=m)xn pITIT=m with b, = 1 if A, is labeled as “aa” and b; = 2 otherwise.
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For (A, b), given 10 \;’s randomly selected within [2x 107, 300] such that the sparsity
of the outputs HECE*HO spans a wide range. If A;2* < 1.5, this phoneme is classified
as “aa” and hence we set lA)Z = 1; otherwise, lA)Z =2 If l;l £ b;, A;. is regarded as

. . . . . S b—b
failure in classification. Then the error rate of classification is given by % We

record both ||Bz*||o and the error rate of classification.

The above procedure is repeated for 30 groups of randomly generated (A,b),
resulting in 300 outputs for each solver. The four figures in Figure 4.1 present
| B*||o and the error rate for each output, with 4 different choices of (my, ms). We
can see that, for each figure the output with the smallest error rate is always achieved
by the fused fy-norms regularization model. It is apparent that in general, FZNS
performs better than the fused Lasso when ||§:E*||0 < 30, while the mean error rate
of the fused Lasso is lower than that of FZNS when || Bz*||y > 60. This phenomenon
is especially evident when m; and msy are small.

Based on the results of these two empirical studies, we deduce that the fused ¢y-
norms regularization tends to outperform the fused Lasso regularization model when
the output is sufficiently sparse. However, it is important to note that the numerical
performance of the fused fy-norms regularization is not stable if the output is not
sparse, especially when the number of observations is small, which suggests that
when employing the fused fy-norms regularization, careful consideration should be
given to selecting an appropriate penalty parameter. Moreover, due to the fact that
for some optimal solution z* of the fused Lasso regularization problem, \B\x*\min
and |z*|uin may be very small but not equal to zero, which leads to a difficulty in
interpreting what the outputs mean in the real world application. This also well
matches the statements in (Land and Friedman (1997)) that the fy-norm variable

fusion produces simpler estimated coefficient vectors.
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Figure 4.1: ||Bz*||o and the classification error rate for the outputs from FZNS and
the fused Lasso under different mq, mo.

4.4.3 Comparison with ZeroFPR and PG

This subsection focuses on the comparison among several variants of PGiPN, Ze-

roFPR and PG, in terms of efficiency and the quality of the outputs.
Classification of TIMIT

The experimental data used in this part is the TIMIT dataset, the one in Section

4.4.2. To test the performance of the algorithms on (4.1) with nonconvex f, we
consider solving model (4.1) with f =>"" log (1 + @), B=B,1,=-1and

up, = 1, where A € R™*" represents the training data and b € R™ is the vector of
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the corresponding labels. It is worth noting that the loss function is nonconvex, and
it was claimed in (Aravkin et al. (2012)) that this loss function is effective to process
data denoised by heavy-tailed Student’s t-noise.

Following the approach in Section 4.4.2, we use the first 150 frequencies of the
log-periodograms. For the training set, we arbitrarily selecte 200 samples labeled as
“aa” and 400 samples labeled as “ao”. These samples, along with their corresponding
labels, form the matrices A € R™*" and b € R™, with dimensions m = 600 and
n = 150. The remaining samples are designated as the testing set. Given a series
of nonnegative \., we set A\; = Ao X 1077||ATb||o and Xy = 0.1);. We employ four
solvers: PGiPN, PGilbfgs, PG, and ZeroFPR. Subsequently, we record the CPU time
and the error rate of classification on the testing set. This experimental procedure
is repeated for a total of 30 groups of (A, b), and the mean CPU time and error rate
are recorded for each \., presented in Figure 4.2. Motivated by the experiment in
Section 4.4.2, we also draw Figure 4.3, recording || Bz*||o and the error rate for all

the tested cases for four solvers.

5 0.23 T -
- © =PGiPN
ZeroFPR
4 0.225 =-@-=PGls

—O— PGilbfgs

[:
3W’

Time
error rate

- © =PGiPN
[ ZeroFPR
—-@-=PGls
| |=—©—PGilbfgs

c --
-6 --0 9-_6
L T~e--0.
-1 ~0--@--¢8

2 . . . . . . . .
0.01 0.04 0.07 0.1 0.4 0.7 1 4 7 10
A A

(a) Ae-log(time(seconds)) plot (b) Ac-error rate plot

Figure 4.2: Mean of the cpu time and the error rate on 30 examples for four solvers

We see from Figure 4.2(a) that in terms of efficiency, PGiPN is always the best

one, more than ten times faster than the other three solvers. The reason is that the
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Figure 4.3: Scatter figure for all tested examples, recording the relationship of spar-
sity (||Bx*||o) and the error rate of classification.

other three solvers depend heavily on the proximal mapping of g, and its computation
is a little time-consuming, which reflects the advantage of the projected regularized
Newton steps in PGiPN. From Figure 4.2(b), when A\, = 1, PGiPN reaches the
smallest mean error rate among four solvers for 10 A.’'s. When A. is large (> 0.4),
PGiPN and PGilbfgs tend to outperform ZeroFPR and PG. Moreover, when A, is
small (< 0.1), the solutions returned by PG have the best error rate among four
solvers. This is because Bz* produced by PG is sparser than those of the other three
solvers under the same \., which can be observed from Figure 4.3. For small A,
the solutions by the other three solvers are not sparse, leading to high error rate of

classification.
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Recovery of blurred images

Let 7 € R™ with n = 2562 be a vector obtained by vectorizing a 256 x 256 image
“cameraman.tif” in MATLAB, and be scaled such that all the entries belong to [0, 1].
Let A € R™™ be a matrix representing a Gaussian blur operator with standard
deviation 4 and a filter size of 9, and the vector b € R™ represents a blurred image
obtained by adding Gauss noise e ~ N(0,¢) with € > 0 to A7, i.e., b = AT + e.
We apply model (4.1) with f = 3||A- —b|]?, B = B, l, = 0 and u, = 1, to restore
the blurred images. We test five solvers, which are PGiPN, PGiPN(r), PGilbfgs,
ZeroFPR and PG. For PGiPN(r), we set n; = 0.01,7, = 0.01 in (4.56). For all
these five solvers, we employ A\; = Ay = 0.0005 x ||ATb||oo. Under different &’s, we
compare the performance of these five solvers in terms of required iterations (Iter),

cpu time (Time), F(z*) (Fval), ||#*[o (xNnz), || Bz*|jo (BxNnz) and the highest peak

signal-to-noise ratio (PSNR), where PSNR := 101log;, (L> . In particular, to

[z—2=2
check the effect of the Newton step, we record the iterations (or time) in the form
M(N), where M means the total iterations (or time) and N means the iterations
(or time) in Newton step. PSNR measures the quality of the restored images. The
higher PSNR, the better the quality of restoration. Table 4.2 presents the numerical
results.

From Table 4.2, PGiPN(r) always performs the best in terms of efficiency, which
verifies the effectiveness of the acceleration scheme proposed in Section 4.4.1. PGiPN
is faster than PGilbfgs, and PGilbfgs is faster than PG, supporting the effective
acceleration of the Newton steps. However, ZeroFPR is the most time-consuming,
even worse than PG, a pure first-order method. The reason is that ZeroFPR requires
more line searches, and each line search involves a computation of the proximal
mapping of g, which is expensive (2-5 seconds).

Despite the superiority of efficiency, the solutions yielded by PGiPN(r) is not
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Table 4.2: Numerical comparison of six solvers on recovery of blurred image with

AL = Ao = 0.0005[ATH]|

Noise PGiPN PGiPN(r) PGilbfgs PG ZeroFPR
Iter 379(3) 123(6) 529(31) 796 361
Time 1.70e3(10.2) 5.61e2(21.4) 2.39e3(6.0) 3.43e3  2.35e4
- —0.01 Fval 37.88 37.95 37.88 37.88 3777
' xNnz 63858 63805 63858 63858 63717
BxNnz o767 5995 D776 o779 5834
psnr 25.90 25.77 25.90 25.90 2591
Iter 281(4) 109(6) 457(38) 853 286
Time 1.20e3(8.8) 4.74e2(13.2) 1.95¢3(7.4) 3.62e3  1.82e4
- —0.02 Fval 45.98 46.05 45.98 45.98 45.83
' xNnz 63495 63440 63495 63495 63350
BxNnz 6098 6320 6098 6099 6143
psnr 25.41 25.23 25.42 25.42 25.33
Tter 234(3) 04(3) 325(15) 717 332
Time  9.8¢2(6.5)  3.98¢2(6.5) 1.36e3(6.7) 2.97e3  1.88e4
- —0.03 F'val 60.26 60.34 60.26 60.26 60.02
' xNnz 63006 62944 63006 63006 62800
BxNnz 6594 6844 6597 6592 6710
psnr 24.90 24.67 24.90 24.90 24.76
Ttor 255(3) 73(5) 360(19) 526 230
Time  1.04e3(6.2) 3.37€2(20.0) 1.45e3(3.9) 2.18¢3  1.1le4
- —0.04 Fval 77.82 T7.87 77.82 77.82 77.44
xNnz 62103 62002 62104 62104 61853
BxNnz 7267 7553 7268 7271 7427
psnr 24.20 23.85 24.20 24.20 24.00
Tter 263(3) 76(11) 380(29) 688 168
Time 1.05e3(10.3) 3.30e2(28.5) 1.55e3(6.3) 2.71e3  5.91e3
e 0.05 Fval 99.65 99.72 99.65 99.65 98.93
' xNnz 61376 61286 61381 61381 60963
BxNnz 7955 8283 7955 7956 8240
psnr 23.36 23.00 23.37 23.37 22.87

good. We also observe that ||Bz*||y of PGiPN(r) is a little higher than those of
PGiPN, PGilbfgs and PG, because PGiPN(r) runs few PG steps, so that its struc-
tured sparsity is not well reduced. Moreover, the PSNR is closely related to || Bz*|o,

and this leads to the weakest performance of PGiPN(r) in terms of PSNR. On the
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other hand, although ZeroFPR always outputs solutions with the smallest objective
value, its PSNR is not as good as the objective value. The performance of PGiPN,
PGilbfgs and PG in terms of the objective value and PSNR are quite similar. Tak-
ing the efficiency and the quality of the output into consideration, we conclude that

PGiPN is the best solver for this test.
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Chapter 5

Conclusion

In this thesis, we considered a hybrid framework of proximal gradient method and
Newton-type method for two classes of nonconvex sparse optimization problems,
which achieve global and superlinear convergence under mild conditions.

For the ¢,-norm regularized composite problem (3.1), we proposed a hybrid of PG
and regularized Newton method by exploiting the special structures of the £,-norm.
We not only established the convergence of the whole iterate sequence under a mild
curve-ratio condition and the KL property of the objective function, but also achieved
a superlinear convergence rate under an additional local error bound condition. In
particular, the local superlinear convergence result neither requires the isolatedness
of the limit point nor its local minimum property.

Moreover, we developed a polynomial-time algorithm for computing a point in
the proximal mapping of A;||Bz||o + Ae||z|lo + da(z), which makes PG available to
solve (4.1) with B = B. To accelerate the PG method, we employed our hybrid
framework to solve problem (4.1). We proved the convergence of the whole iterate
sequence under a mild nondegeneracy condition, a curve-ratio condition and the KL
property of the objective function, and also obtained a superlinear convergence rate
under a Hélderian local error bound on the set of the second-order stationary points,

without assuming the local minimality of the limit point.
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In the future, we will consider one direction as extension of this thesis. In this
study, we developed globalized algorithms for regularized Newton methods and pro-
jected regularized Newton methods. It would be intriguing to extend this framework
to globalize semismooth Newton methods. In fact, assume that x is an L-stationary

point of the composite problem (1.7). Then, there exists p > 0 such that that

x € prox,,(z — p 'V (z)). (5.1)

For the reason that the proximal mapping may own a better smooth property than
the original objective function, finding some stationary point of ¥ by solving (5.1)
is a promising method. We plan to solve this system by using semismooth New-
ton method. To do it, the first thing we need to consider is that, in which case
prox 4 (z — =tV (x)) is single-valued and locally Lipschitz continuous, ensuring the
existence of the Clarke generalized Jacobian. Existing result in (Themelis et al., 2018,
Theorem 4.7) indicates that for given critical point T of ¥, if ¢ is prox-regular at 7 for
—V14(T) and prox-bounded, then for sufficiently small y1 > 0, prox,,,(z — p~ ' Vi)(z))
is single-valued and Lipschitz continuous at a neighborhood of . This result pro-
vides a sufficient condition for the single-valuedness of prox,,(z — p Vi (z)) at
a neighborhood of some critical point. However, this is not enough, because to
design a globalize semismooth Newton method, we also need to consider the single-
valuedness and the locally Lipschitz continuity of the proximal mapping of the points
far away from the critical points. For an arbitrarily given point x, how to ensure that
prox,,,(x —p~'Vi)(x)) is single-valued and locally Lipschitz continuous? If this ques-
tion could be well resolved, it is possible to design a globally convergent semismooth

Newton method for (5.1). We will leave it in our future study.
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