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Abstract

Error bounds are a requisite for trusting or distrusting solutions in an informed
way. Until recently, provable error bounds in the absence of constraint qualifications
were unattainable for many classes of cones that do not admit projections with
known succinct expressions. In this thesis, we apply a recently developed framework
based on facial reduction algorithms and one-step facial residual functions to build
up error bounds for two closed convex cones: the generalized power cones and the
log-determinant cones.

The generalized power cones admit direct modelling of certain problems and
have found applications in geometric programs, generalized location problems, and
portfolio optimization, etc. We propose a complete error bound analysis for the conic
linear feasibility problems with the generalized power cones without requiring any
constraint qualifications. All the error bounds are shown to be tight in the sense
of that framework. Besides their utility for understanding solution reliability, the
error bounds we discover have additional applications to the algebraic structure of
the underlying cone. We then completely determine the automorphism group of
the generalized power cones, which was unknown before our work. Based on the
automorphism group, we also discuss some other theoretical questions related to
homogeneity and perfectness, identifying a set of generalized power cones that are
self-dual, irreducible, nonhomogeneous, and perfect.

The log-determinant cone is the closure of the hypograph of the perspective func-
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tion of the log-determinant function, which has both theoretical and practical im-
portance. Specifically, a problem with a log-determinant term in its objective can
be recast as a problem over the log-determinant cone, indicating the significance of
the log-determinant cone. As a high-dimensional generalization of the exponential
cone, whose error bounds were well studied, the derivation of the error bounds for
the log-determinant cone is however not straightforward because of the higher di-
mension and the more involved facial structure. We establish tight error bounds for

the log-determinant cone problem without requiring any constraint qualifications.
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Chapter 1

Introduction

The convex conic linear feasibility problem has attracted a lot of attention due to
its power in modeling convex problems. Specifically, a convex conic linear feasibility

problem admits the following form:
Find ze(L+a)NKk, (Feas)

where K is a closed convex cone contained in a finite dimensional Euclidean space
E, L C & is a subspace and a € & is given. Various aspects of (Feas) such as
numerical algorithms and applications have been studied in the literature; see e.g.,
[6, 25]. In this thesis, we focus on the theoretical aspects, particularly error bounds
for (Feas). To be more precise, assuming the feasibility of (Feas), we want to establish
inequalities that give upper bounds on the distance from an arbitrary point to (£ +
a) N K based on the individual distances from the point to £ + a and K. As a
fundamental topic in optimization [27, 35, 45, 54, 74], error bounds possess a wide
range of applications, especially in algorithm design and convergence analysis. A
notable application of error bounds for (Feas) is in the design of termination criteria
for the celebrated interior-point method (IPM), one of the most powerful algorithms
that are used in commercial and open source solvers for solving (convex) nonlinear
optimization problems; see, for example, [31, 11, 61, 15, 14] and solvers like MOSEK,
Alfonso, DDS and Hypatia [12, 30, 55, 47]. The IPM obtains a Karush-Kuhn-Tucker
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(KKT) point of the optimization problem by iteratively solving a series of perturbed
KKT systems that approximate the true KKT system. As the KKT system can be
formulated as a convex conic linear feasibility problem in the form of (Feas), error
bounds for (Feas) provide an upper bound on the distance from a candidate solution
to the set of KKT points. This bound is typically of the same order of magnitude
as the actual distance, making it an effective tool for designing a robust termination
criterion that balances computational efficiency with solution accuracy.

Deducing the error bounds for (Feas) is generally difficult because it involves the
projection onto the cone, which can be complicated without an analytic form. When
the cone K is polyhedral, i.e., it can be written as the intersection of finitely many half
spaces, the classical Hoffman’s error bound [27] provides a comprehensive depiction
of a nearly best error bound. In contrast, if the cone is not polyhedral, a similar
error bound also holds when some good behaviors (constraint qualifications) of the
feasible region are assumed. For instance, one of the most commonly seen constraint
qualifications is the Slater’s condition, which is satisfied if the affine space intersects
the relative interior of the cone [7]. Nonetheless, the Slater’s condition is generally
not satisfied, and verifying its satisfaction, even when met, presents considerable
challenges.

The attempts at the error bounds without constraint qualifications can be traced
back to Sturm’s pioneering work on the error bounds for positive semidefinite sys-
tems [62]. This work is also the first work connecting the error bounds with the facial
reduction algorithms [9, 56, 70]. In the same year, Luo and Sturm relevantly estab-
lished a complete picture of error bounds for the cone that is a Cartesian product of
second-order cones and the positive semidefinite cones [44], generalizing the previous
work. Inspired by Sturm’s work, Lourenco presented an approach for deducing error
bounds for the so-called amenable cones without constraint qualifications based on
the facial reduction algorithms and the new notion of facial residual functions [40].

2



Lourengo’s approach is applied to a more general class of cones, the symmetric cones
in the context of Jordan algebras [18, 19] since the symmetric cones are shown to be
amenable. This result covers Luo and Sturm’s results because both the second-order
cone and positive semidefinite cone are symmetric cones.

However, there is no unified framework for conic feasibility problems with gen-
eral cones. Omne concrete counterexample such that all previous methods fail to
work is the exponential cone. While having a simple form, the projection onto the
exponential cone requires solving a transcendental equation, which only has numer-
ical solutions. This makes the traditional projection-based method cannot apply.
Lourenco’s framework also fails to apply to the exponential cone since amenable
cones have been proven to be nice [42] and so facially exposed, while the exponential
cone is not. These failures of previous methods motivate Lindstrom, Lourenco and
Pong to develop a new framework based on Lourengo’s previous work [36]. The new
framework is based on the facial reduction algorithms and the one-step facial resid-
ual functions (1-FRFs) [36, Definition 3.4], and theoretically works for any closed
convex cones without any constraint qualifications and avoids the computation of
the projection onto the cone.

In this thesis, we apply the recently developed framework to establish the error
bounds for (Feas) with two closed convex cones: the generalized power cone and the
log-determinant cone. Utilizing the error bounds, we also exploit some interesting

applications in algebraic structure.

1.1 Generalized Power Cones

The generalized power cone is defined as

P = {zc — (&%) € R™"

n
[zl < J[# e R™, & € m} ,
=1



where m > 1, n > 2, a = (ay,...,a,) € (0,1)" with >  a; = 1, and ||Z|| denotes
the Euclidean norm of Z. In the specific case whenm > 1, n = 2, and a = (1/2,1/2),
Pa

. 1S Isomorphic to a second-order cone, whose worst-case error bound is known

to be Hélderian with exponent 1/2, thanks to the work of Luo and Sturm [44].
The remaining cases, while not as well-known as the second-order cone case, admit
more direct modeling of certain problems and have found applications in geometric
programs, generalized location problems, and portfolio optimization [11, 47]. More
broadly, the inclusion of the power cone! (and the exponential cone) makes all the
convex instances from the MINLPLib2 benchmark library conic representable [43,
46]. This broad utility has motivated the development of self-concordant barriers
[11, 68, 59], and the ongoing development of specialized interior point methods [50,
61]. Optimization with the generalized power cones is implemented in commercial
and open source solvers like MOSEK, Alfonso, DDS and Hypatia [12, 30, 55, 47].

We propose in this thesis a complete error bound analysis for the generalized
power cone problem (Feas). The generalized power cone cases pose two significant
obstructions to error bound analysis that are not present in the second-order cone
case. Firstly, known forms for projections onto generalized power cones do not admit
simple representations [26]; secondly, their facial structure is more complicated. The
first obstruction we obviate via the framework of one-step facial residual functions
(1-FRFs), which was established in [36, 37]. The second challenge, facial complexity,
we tackle directly. In particular, we build 1-FRFs for all faces of P, . All these
1-FRFs are tight in the natural sense of [37]. Consequently, all of the obtained error
bounds are tight in this sense.

While error bounds are typically used in convergence analysis and to evaluate
the quality of approximate solutions, our approach via 1-FRFs admits a surprising

additional application to the algebraic structure of the underlying cone. In order to

! This refers to Py ,.



explain our next results, we recall a few concepts. The automorphism group of a
cone K is the set of the bijective linear operators A satisfying A = K. A cone is
said to be homogeneous if its automorphism group acts transitively on its relative
interior. We say that a cone is irreducible if it is not the direct sum of two nontrivial
cones whose spans only intersect at the origin.

Because automorphisms of cones must preserve optimal FRFs (up to positively
rescaled shifts), we can use our results to establish the automorphism group for P, ,
and compute its dimension.

This is useful because the automorphism group of a closed convex cone K has
important implications for complementarity problems over K; see [22]. In particular,
denoting the dual cone of IC by K*, a complementarity condition of the form “x €
K,y € K*, (x,y) = 0" can be split into a square system of equations if and only if
the dimension of the automorphism group of K is at least dim K, see [53, Theorem 1].
In this case, K is said to be a perfect cone.

Many of the concrete examples of irreducible perfect cones in the literature corre-
spond to homogeneous cones. In this paper we will show that the generalized power
cone is irreducible, perfect (when m > 3) and, except when it reduces to the second
order-cone case, always non-homogeneous. This gives an interesting example of an
irreducible cone with good complementarity properties that is not a homogeneous

cone.

1.2 Log-determinant Cones

The log-determinant cone is defined as
Kiogdet = { (2,4, Z) € R x Ryy x St 1z < ylogdet(Z/y)} U (R- x {0} x S%),

where d > 1, R is the positive orthant, S¢ (resp., 8%, ) is the set of d x d positive
semidefinite (resp., positive definite) matrices. We note that the log-determinant

5



cone is the closure of the hypograph of the perspective function of the log-determinant
function.

The log-determinant function has both theoretical and practical importance. It
is a self-concordant barrier function for Si, and hence it is useful for defining the
logarithmically homogeneous self-concordant barrier functions (LHSCBs) for various
matrix cones. LHSCBs are crucial for complexity analysis of the celebrated primal-
dual interior point methods for solving conic feasibility problems; see, e.g., [51, 12].
In practice, the log-determinant function appears frequently in countless real-world
applications, especially in the area of machine learning, to name but a few, the sparse
inverse covariance estimation [21], the fused multiple graphical Lasso problem [71,
73], Gaussian process [57, 60|, sparse covariance selection [17, 16], finding minimum-
volume ellipsoids [1, 65, 69], the determinantal point process [33], kernel learning [5],
D-optimal design [2, 10] and so on.

An elementary observation is that
t <logdet(Z),Z € Sir = (t,1,Z) € Kiogdet:

in this way, a problem that has a log-determinant term in its objective can be recast
as a problem over the log-determinant cone Kigqer. In view of the importance and
prevalence of the log-determinant function, the cone Kogqet can also be used to handle
numerous applications.

That said, if one wishes to use conic linear optimization to solve problems in-
volving log-determinants, it is not strictly necessary to use Kiogget- Indeed, it is
possible, for example, to consider a reformulation using positive semidefinite cones
and exponential cones, e.g., [47, Section 6.2.3].

A natural question then is whether it is more advantageous to use a reformulation
or handle Kjgqget directly. Indeed, Hypatia implements the log-determinant cone as

a predefined ezotic cone [12] and their numerical experiments show that the direct
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use of the log-determinant cone gives numerical advantages compared to the use
of reformulations, see [14] and [13, Sections 8.4.1, 8.4.2]. One reason that other
formulations may be less efficient is that they increase the dimension of the problem.
Another drawback is that they do not capture the geometry of the hypograph of the
log determinant function as tightly.

Motivated by these results, we present a study of the facial structure of Kiggdet
and the error bounds for (Feas) with IC = Kiogdet-

Specifically, we deduce tight error bounds for (Feas) with K = Kjogget by deploying
the framework in [36, 37]. Although the log-determinant cone is a high-dimensional
generalization of the exponential cone, whose error bounds were studied in depth in
[36], the derivation of the error bounds for the log-determinant cone is not straight-
forward. Indeed, the exponential cone is three dimensional and so its facial structure
can be visualized explicitly. In contrast, with a higher dimension, the log-determinant

cone has a more involved facial structure.

1.3 Contributions

The contributions of this thesis can be summarized as follows:

1. We completely determine the tightest possible error bounds for the generalized

power cone.

2. Using our error bounds, we completely determine the automorphism group

of P

m,n

and discuss some theoretical questions related to homogeneity and

perfectness (in the sense of [23, 22]).
3. We establish the tight error bounds for (Feas) with IC = Kiogdet-

Although we do not discuss the details, we mention in passing that determining the

error bound associated to conic linear systems makes it possible to compute the KL-
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exponent of certain functions, as done, for example, in [37, Section 5.1] using results
from [72]. See more on the connection between error bounds, KL exponents and

convergence rates in [8].

1.4 Organization

This thesis is organized as follows.

e In Chapter 1, we briefly introduce the convex conic linear feasibility prob-
lem and the corresponding error bounds. We review the development of the
methods to deduce error bounds, especially those do not require constraint
qualifications. The two closed convex cones considered in this thesis are also

discussed.
e In Chapter 2, we recall notation and preliminaries.

e In Chapters 3 and 4, we establish the error bounds for (Feas) with the gener-

alized power cone and the log-determinant cone, respectively.

e In Chapter 5, we summarize this thesis and discuss the possible future research

directions.



Chapter 2

Notation and Preliminaries

We will use plain letters to represent real scalars, bold lowercase letters to denote
vectors, bold uppercase letters to stand for matrices,? and curly capital letters for
(sub)spaces and sets. Let £ be a finite dimensional Euclidean space, R, and R_
be the set of nonnegative and nonpositive real numbers, respectively. The inner
product of £ is denoted by (-,-) and the induced norm by || - |. With that, for
x € £ and a closed convex set C C &, we denote the projection of & onto C by
Fe(x) so that Pe(xz) = argming.c |z — y[| and the distance between & and C by
dist(x,C) = infyec |2 — y|| = || — Fe(x)|. For any « € £ and n > 0, we denote
the ball centered at x with radius n by B(z;n) := {y € €| ||y — x| < n}; we write
B(n) for the ball centered at 0 with radius n for simplicity. A diagonal matrix with
diagonal vector being @ is denoted by Diag(x). Meanwhile, we use C* to denote the

orthogonal complement of C.

2.1 Matrices

We use R™ ™ to denote the set of all real m x n matrices and S to denote the set
of symmetric d x d matrices. The n x n identity matrix will be denoted by I,,. Let

8% and 8¢ be the set of symmetric d x d positive semidefinite matrices and d x d

2 With an abuse of notation, we use 0 to denote a zero vector / matrix, whose dimension should
be clear from the context.



positive definite matrices respectively. The interior of Si is Si 4+ We write X > 0
(resp., X = 0) if X € 8¢, (resp., X € 8§%). For any X € 8% we let \;(X) € R
denote the i-th eigenvalue of X such that A\y(X) > Ag_1(X) > -+ > M (X). We
will use Apax(X) and Ayin(X) to denote the maximum and minimum eigenvalues of
X, respectively. The rank of X is defined by the number of non-zero eigenvalues,
denoted by r(X). The trace (resp., determinant) of X is defined by tr(X) :=
S N(X) (resp., det(X) := [T, \i(X)). With these, we recall that the Frobenius
inner product on 8% is given by (X,Y) := tr(XY) for any X,V € 8% and the
Frobenius norm is || X||p := /tr(X2). For X € R™", we denote the nuclear norm
and spectral norm of X by [|.X ||, == >, [M(X)] and || X |2 == max; | \;], respectively.
For any X € 8% (resp., X € 8%, ), we have \;(X) > 0 (resp., A;(X) > 0). We hence

also have for any X,Y € 8¢ that
tr(XY) > Apin(Y) tr(X) > 0 and moreover, tr(XY)=0 < XY =0. (2.1)

For a given non-zero positive semidefinite matrix, the next result connects its

determinant with its trace and rank.

Lemma 2.1. Let Z € 8¢\ {0}. Then for anyn > 0, there exists C > 0 so that

(det(R))i < C[tr(RZ)] T VR e B(n)nse. (2.2)

Proof. Let Z = QXQT be an eigendecomposition of Z, where @ is orthogonal and
Y} is diagonal, and let r be the rank of Z. Then r > 1 since Z # 0. Without
loss of generality, we may suppose that the first r diagonal entries of >, denoted
as 01,09,...,0, are nonzero and are arranged in descending order. Then o, is the

smallest positive eigenvalue of Z and we have for any R € B(n) NS¢ that
tr(RZ) = tr(RQYQ") = tr(QTRQY) = tr([Q" RQ,[X],)

—
Ve

o tr([QT RQ),) (g) Oy Z M(QTRQ),
i=1
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where [A], is the submatrix of A formed by A;; for 1 < 4,5 < r, (a) holds since
[QTRQ], = 0 (thanks to R = 0), (b) is true because of the interlacing theorem
(see [28, Theorem 4.3.8]).

Next, note that we have for any R € B(n) NS¢ that

d
det(R) = det(@" RQ) = [T MQ"RQ) < 0 fHA (Q"RQ)
=1

(2.4)
(b)

<yt (1 ; MQTRQ)) ,
where (a) holds because
(i) Vi=1,2,....d, M(QTRQ) = )\(R) since Q is orthogonal.
(ii) ReBn) NSt = ||Rl|lr=+/tr(R?) <n = Vi=1,2,...,d, (R) <n.

and (b) comes from the AM-GM inequality. Combining (2.4) with (2.3) gives

(det(R))7 <

Q.\

( ZA TRQ>;<H1&-(%H(RZ)>&

r

whenever R € B(n) N S%. Hence, we see that (2.2) holds with C' = n'~i(ro,)~a. O

2.2 Error bounds for conic feasibility problems
We first recall the definition of error bounds.

Definition 2.2 (Error bounds [38, 54]). Suppose (Feas) is feasible. We say that
(Feas) satisfies an error bound with a residual function r : Ry — Ry if for every

bounded set B C &, there exists a constant cg > 0 such that

dist(x, LN (L + a)) < cpr (max {dist(x, £), dist(x, £ + a)}) Vo € B.

11



We remark that typically it is required that r satisfy r(0) = 0, be nondecreasing
and be right-continuous at 0. Under these conditions, the error bound in Defini-
tion 2.2 can be understood in the context of consistent error bound functions; see
[38, Definition 3.1]. Specifically, for B, = B(b), if Definition 2.2 holds, then cp, can
be taken to be a nondecreasing function of b (since considering a larger constant still
preserves the error bound inequality). In this way, the function ® : IR, x Ry, — R
given by ®(a,b) = cp,r(a) satisfies [38, Definition 3.1], provided that r has the
aforementioned properties.

With different residual functions, we will have different error bounds, among
which the Lipschitzian and Holderian error bounds are most widely studied in the
literature. Particularly, we say that (Feas) satisfies a uniform Hélderian error bound
with exponent v € (0, 1] if Definition 2.2 holds with r = (-)” for every bounded set

B. That is, for every bounded set B C £, there exists a constant kg > 0 such that
dist(z, KN (£ + a)) <kpmax {dist(x, K), dist(x, L + a)}”,

for all ® € B. If v = 1, then the error bound is said to be Lipschitzian. Holderian
error bounds are a particular case of a consistent error bound, see [38, Theorem 3.5].

Let IC be a closed convex cone contained in & and K* be its dual cone. We
will denote the boundary, relative interior, linear span, and dimension of K by
OIC,ri KC,span K and dim KC, respectively. If £ N —K = {0}, then K is said to be
pointed. If F C K is a face of I, i.e., for any «,y € K such that x +y € F, we
have ¢,y € F, then we write F < K.3 If further F = K N {n}+ for some n € K*,
we say that F is an exposed face of K. A face F is said to be proper if F # K, and
we denote it by F J K. If F is proper and F # K N —K, then F is said to be a
nontrivial face of K.

The facial reduction algorithm [9, 56, 70] and the FRA-poly algorithm [41] play

3 By convention, we only consider nonempty faces.
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important roles in making full use of the facial structure of a cone; see also [36, Section
3]. More precisely, assuming (Feas) is feasible, the facial reduction algorithm aims at
finding the minimal face that contains the feasible region and satisfies some constraint
qualification. One of the most commonly used constraint qualification is the so-called
partial-polyhedral Slater (PPS) condition [40, Definition 3]. For (Feas), if L and £L+a
satisfy the PPS condition, then a Lipschitzian error bound holds for X and £+ a; see
[7, Corollary 3] and the discussion preceding [36, Proposition 2.3]. Thanks to this
property, we can apply the facial reduction algorithm to deduce the error bounds
based on the one-step facial residual function [36, Definition 3.4] without requiring
any constraint qualifications, as in the framework developed recently in [40]; see also
[36, 37]. This framework is highly inspired by the fundamental work of Sturm on
error bound for LMIs, see [62]. For the convenience of the reader, we recall the

definition of the one-step facial residual function as follows.

Definition 2.3 (One-step facial residual function (1-FRF)). Let K be a closed convex
cone and n € K*. Suppose that Vxn : IRy X Ry — IRy satisfies the following

properties:

(1) Yk n is nonnegative, nondecreasing in each argument and it holds that Vi »(0,t) =

0 for everyt € R,.

(i1) The following implication holds for any @ € span K and € > 0:

dist(z, ) < ¢, (x,n) < e = dist(x, KN {n}) < (e |z]).

Then iy, is said to be a one-step facial residual function (FRF') for K and n.

The one-step facial residual function is used in each step of the facial reduction
algorithm to connect a face and its subface until a face F is found such that F and

L + a satisfy the PPS condition. Then the error bound for K and £ + a can be

13



obtained as a special composition of those one-step facial residual functions. Due to
the importance of the PPS condition in this framework, we shall define the distance
to the PPS condition of a feasible (Feas), denoted by dpps(KC, £ + a), as the length
minus one of the shortest chain of faces (among those chains constructed as in [40,
Proposition 5]) such that the PPS condition holds for the final face in the chain and
L+ a.

Next we present a lemma and a proposition that will help simplify our subsequent

analysis.

Lemma 2.4 (Formula of ||w—wu||). Let K be a closed convex cone and n € OK*\ {0}
be such that F = {n}+ N K is a nontrivial exposed face of K. Let n > 0 and let
v € IKNB(n) \ F,w = Ppyi(v), u = Pr(w) and w # u. Then, we have

lw —ul® = flv - ul® - [Jw - v, (2:5)

and,

|lw—ul < ||lv—ul| = dist(v, F). (2.6)
Proof. Since w = Pp,y1(v), we have

|(n, v)|

I

w:v—Mn and [Jw —v| =
I

Moreover, we can notice that w L n and u 1L n.

Now, for any w € {n}*, we have

2 2
lw — @|? = U_Mn_g _ ,U_Mn _9 U_Mn’g + |a)?
In]? I In]?
(a) (n,v) (n,v)? _ _ (n,v)? _ -
:||'U||2—2 ||nl|2 <’I’L,'U>+ ||n||2 —2<’U,’U,>+ ||'U,H2 = ||’U||2— ||n||2 —2<’U,’U,>+ ||’U,||2

=[lv—a|* - lw— |,

where (a) comes from the fact that @ L n. This proves (2.5) upon letting u = wu.
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The above display implies that for any @ € {n}*, v, w, u are three vertices of a
right-angled triangle with Zw being the right angle. This fact also leads us to the
observation that u = Pz(v). Indeed, suppose not, then there exists 4 = Pr(v) with
u # u such that |u —v| < |Jlu —v]|. Then @ € {n}* and hence v, w, @ form a new

right-angled triangle. Thus,
lw —al* = [lv - al* — Jw —v]|* < lu —v]* = lw - v|* = [w - ul”

Since u € F, the above display contradicts the fact that u = Pz(w). Therefore,
u = Pr(v) and ||u — v|| = dist(v, F). O

The next proposition states an error bound result related to the positive semidef-
inite cone. We present a proof based on the results in [40], although it can also be

obtained from Sturm’s error bound in [62].

Proposition 2.5 (Error bound for positive semidefinite cones). Let Z € 8¢\ {0}

and n > 0, then there exists Cp > 0 such that

dist(Y, ST n{Z}") < Cptr(YZ)* VY € SINBx), (2.7)
where
o s ifr(2) <d, (2.8)
. 1  otherwise. .

Proof. By [40, Proposition 27, Theorem 37|, there exists Cy > 0 such that
dist(Y, S N {Z}) < Comax{dist(Y,S?), dist(Y, {Z}*)}* whenever Y € B(n),

where « is defined as in (2.8).

If further Y € &8¢, then dist(Y,S8?) = 0; moreover, dist(Y,{Z}*) = le(YZ)|

12l »

tﬁ(z}ﬁ)- Therefore, letting Cp := Co/||Z||%, we can obtain (2.7). n
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We end this section with the following lemma, which is useful in the analysis of

one-dimensional faces. It will be used repeatedly in our subsequent discussions.

Lemma 2.6 ([37, Lemma 2.5]). Let KC be a pointed closed convex cone and let z €
OK* \ {0} be such that F := {z}* N K is a one-dimensional proper face of K. Let
f € K\ {0} be such that F = {tf|t > 0}. Letn > 0 and v € OK N B(n) \ F,
w = P10 (v) and u = Pr(w) with w # w. Then it holds that (f,z) = 0 and we

have
(2,0} | lo-fnz—tks| i (£ 20,
H’U—’UJH = ||Z|| ) Hu_wH = (z,0) .
V= LR otherwise .

Moreover, when (f,v) > 0 (or, equivalently, (f,w) > 0), we have u = Pypan r(w).

On the other hand, if (f,v) <0, we have u = 0.
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Chapter 3

Generalized Power Cones

We consider the generalized power cone and its dual. Let m > 1, n > 2 and
o = (ag,...,0) € (0,1)" with > | a; = 1, the generalized power cone P,, , and

its dual (P;n)* are given respectively by

j@ll <[] e R", 3 € m},
(3.1)

IZ| gH(Z-) ,zemm,gem}.

)

Here, given a vector £ € IR™™, we let Z € IR™ be the vector corresponding to its
first m entries and & € IR" be the vector corresponding to its last n entries.

In this section, we will prove the main result of this chapter: a complete analysis
of the error bounds of Py, . This will require an analysis of the facial structure of

P:m which we will do shortly after the following lemmas.

Lemma 3.1. Let n > 2 and o = (ov,..., ) € (0,1)" with > a; = 1. Let
¢ € mtR” satisfy [[_,(—G/ai)* = 1. Define ¢ = —ao (L, where o is the
Hadamard product and the inverse is taken componentuise. Then there exist C' > 0

and € > 0 so that

—1—{¢,w) > C|lw—C||* whenever w € int R"}, |w—C|| < eand wa‘ =1. (3.2)

i=1
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Moreover, for any w € intIR" satisfying [[;_, wi" = 1, it holds that ({,w) < —1;

furthermore, we have ({,w) = —1 if and only if w = C.

Proof. For each i, we see from the Taylor series of In(-) at E; > 0 that
In(w;) = I(G) + G M wi — G) = G (wi = 6)* + O(lwi — Gi*) as w; = G, w; > 0.
Thus, there exist ¢; > 0 and ¢; > 0 so that
(Cz) > In(w;) — Zz (wi Q) + ciwi Ez)z whenever |w; — §| < ¢ andw; > 0.

Let € := min ¢ > 0. Multiplying both sides of the above inequality by «; and

1<i<n

summing the resulting inequalities from ¢ = 1 to n, we see that whenever w € int IR',

satisfies [|w — ¢|| < € and [T, wi" =1, we have

0 (;i) i o; ln(a) > i Q; 11’1(0%) — i OZZ'ZZ-_I CZ + Z azcz i z
1=1 1=1 =1

@ - i aiZ'i_I Cz + Z azcz % Z—z é Z OZzC wl+1+z alcl { Z
=1

_ZCZW1+1+Zacz Wi z )

where (a) and (b) hold because [];_, (i = [T, wi = 1, (c) uses the fact that
Y, a; =1, and the last equality follows from the definition of E . Rearranging the

above inequality, we conclude that (3.2) holds with C' = min a;¢; > 0.

1<i<n

Next, let w € int R} satisfy []";w = 1. Then (—1,w) € P;,. Recall from
the assumption that (1,—¢) € (P;,)*. From these we deduce (¢,w) < —1. If
(¢,w) = —1, then

> (2 )= = 1= e =TT () T
= i=1 i=1 ' '

=1
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Taking In on both sides of the above equality, we see that

RS (CR]

Since In is strictly concave and «; € (0,1) for all 4, we conclude that there exists

¢ > 0so that w; - (—¢; /o) = c for all i. This, together with the facts that [[_, w{"* =
[T (=G/a)™ =1 and >." o = 1, gives ¢ = 1. It thus follows that w = (.
Conversely, it is routine to check that if w = Z , then [[I_,wi =1 and (¢, w) =

—1. 0
The next lemma is obtained by applying [37, Lemma 4.1] with p = ¢ = 2.

Lemma 3.2. Let ¢ € R" (n > 1) satisfy ||¢|| = 1. Define ¢ := —¢. Then there

exist C' > 0 and € > 0 so that

_ 1 _
1+ (¢, w) > C’Z|wi—Ci|2+§Z]wi\2 whenever |w —C|| <€ and |lw| =1,

iel il
(3.3)
where I = {i|(; # 0}. Furthermore, for any w satisfying ||w| < 1, it holds that

(¢, w) > —1, with the equality holding if and only if w = .
. (8%
3.1 The facial structure of P,
In this section, we discuss the faces of P, . We first characterize the proper non-

trivial exposed faces of P;LW in the following proposition.

Proposition 3.3 (Proper nontrivial exposed faces of Py, ). Let z = (Z,2) €
O(P,n)\{0}.
(1) If Z # 0, then z exposes the following one-dimensional face:

Fo=A{z} NP, ={tf e R™™"|t >0} withf = (—z/|Z|*,acz™!), (3.4)
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where the inverse is taken componentwise.

(i) If Z =0, then z exposes the following face of dimension n — |Z|:
Fo={z}'nP,,={x=@ x) e R{"™"|z=0,1,=0ViecTI} (3.5)
where T :={i|Z; > 0} # 0 and |Z| denotes the cardinality of .

Proof. (i): Notice that = (&, ) € {z}* NP, ,\{0} if and only if z € IP,,

m,n)

x # 0 and

(z, %)+ (z,x) = 0. (3.6)

) , (3.7)

where the last inequality follows from the definition of P, , in (3.1).

The above relation yields

n

n
=7 =~z < Izl < I (
i=1

TiZi
i

- (0%
=1

Note that Z; cannot be all zero, for otherwise Z will also be zero since x € 9P, ,,
which contradicts « # 0. In addition, we must have z; > 0 for all ¢ because Z # 0
and z € d(P,, ,,)*\{0}. Using these observations, we have Y " | Z;Z; > 0. Combining
this with (3.7), we deduce that Z;z; > 0 for all .. Now we can take In on both sides

of (3.7) to obtain

- Tz T1z1 TnZn
1 i <aIn|— nl : .
n[;a<ai)]_aln(a1>+ +a n(an> (3.8)

Using this together with the fact that In(-) is strictly concave, we deduce that (3.8)

holds as an equality. Hence, there exists a constant ¢ > 0 so that
T;=copz P Vi=1,2,...,n. (3.9)

Plugging (3.9) into (3.6), we obtain

(Z,T) = —(2,%) = —cZai = —c (3.10)



Moreover, using (3.9) and the last relation in (3.7), we see that

A
Hznufusﬂ(“) e
i \ Qi

The two displayed lines above show that ||Z||||Z| = —(Z, %), which together with

Z # 0 implies that there exists k > 0 so that
T = —KZ. (3.11)

Plugging (3.11) into (3.10), we obtain that x = ¢/||Z||*. Using this together with

(3.9) and (3.11), we can now conclude that
Foim {2} NP5, = {tf € R |1 > 0} with f = (~2/[2[% a0 57,
where the inverse is taken componentwise.
(ii): In this case, Z = 0. Then Z := {i|z; > 0} is nonempty because z # 0.
Hence, ¢ = (Z,x) € {z}* NP, ,\{0} if and only if x € P, ,\{0} and satisfies

ZZ%} = 0.

ieT
This means that z; = 0 whenever 7 € Z and hence & = 0. Thus,
Fo={z}'nP,,={z=@x) cR{"™|z=0,7;=0Vic T}
O

Having characterized the proper exposed faces of P

m,n?

we will show that P, ,, is
projectionally exposed [9, 63], which means that for every face F of P:L,n there is a
linear operator P satisfying P(P:m) = F and P? = P. In particular, P, which de-
pends on F, is a projection that is not necessarily orthogonal. Projectionally exposed
cones are both facially exposed [63, Corollary 4.4] and amenable [40, Proposition 9],

see also [42].
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Proposition 3.4 (Generalized power cones are projectionally exposed). P,?W 18

projectionally exposed, in particular, all its faces are exposed.

Proof. Sung and Tam proved in [63, Corollary 4.5] that a sufficient condition for
a cone to be projectionally exposed is that all its exposed faces are projectionally
exposed. With this in mind, let F be an exposed face of Py, ,. If F = {0} or
F =P,

m,n?

then the zero map and the identity map are, respectively, projections
mapping Pmn to F. Otherwise, F is a nonzero proper face of Pmn and is of the
form {z}* NPy, ,,, for some z = (%, 2) € I(P;,,)*\{0}. By the analysis in cases (i),
(ii), we only need to consider two cases.

First, suppose that F is a one-dimensional face as in (3.4) and let u € (P, ,)*
be such that (f,u) = 1. At least one such wu exists, since otherwise we would have
f e ((Pn,))" ={0}. Then, P = fu' satisfies P> = P and P(P,,,) = F as
required.

Next, suppose that F is as in (3.5). Then, we let P be the linear map that maps
(Z,x) to (0,y) where y; = 0if i € Z and y; = 7; if ¢ ¢ Z. With that, P is a

projection mapping P;m to F. O

3.2 Deducing error bounds and one-step facial resid-
ual functions for P,

We start with the faces F; that correspond to a z € 9(P, ,)*\{0} with Z # 0. We

have the following result.

Theorem 3.5. Let z = (Z,2) € O(P,,,,)"\{0} withZ # 0 and let F, := {z} NP, ,
Let n > 0 and define

1
S { o — wlf?
z,m

[ — wl]

NS 87):;,” N B(??)\Fr, w = P{Z}L(’U), <3 12)
u:Pfr(w),u%’w ‘ ‘
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Then it holds that v, € (0,00] and that

N

dist(q, F;) < max{2\/,2v,,} - dist(q, P,, )2 whenever q € {z}* N B(n).

Proof. Suppose for a contradiction that v, = 0. Then, in view of [36, Lemma 3.12],

there exist ¥ € F; and a sequence {v*} C 9P, , N B(n)\F, such that

k _ k|5
lim v* = lim w" =% and lim lw” = w7l _ =0, (3.13)
k—o0 k—o0 k—00 Hwk _ uk”
where w” = Py, (vF), u* = Pr, (w¥) and u* # w".
Define, for notational simplicity, zo := ||Z|| and v} := ||[©*||. Then, since {v*} C

Py, ., and z € 9(P,, ,)* with Z # 0, we have

n

n Z a; e
w=zl=]] (5) >0 and of = "] = [[ (@)™ k. (3.14)

i=1 v i=1

If it holds that vf = 0 infinitely often, by passing to a further subsequence, we

may assume that vf = 0 for all k. Then we have in view of Lemma 2.6 that

min; z;
Izl ="~ |l

1]l

min; z;

1]l

o ()
’“—wkll— lo*)1=

(o=

1o

v

where (a) holds because % > 0 and z; > 0 for all i (see (3.14)), and (b) holds
since ||[*|| = 0. Since ||w* — u*| = dist(w*, F;) < [|Jw*|| < ||v*]| as a consequence
of the properties of projections, we conclude from this and the above display that
|v* — wk|| > mﬁ’”“ |w”* — u*]|, contradicting (3.13).

Thus, by considering a further subsequence if necessary, from now on, we assume

v = [[B*) = [ [ @)™ > 0 k. (3.15)

=1

Using Lemma 2.6, we see that
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1 m e n e
Hvk wkH = W‘(Z,’Ukﬂ = H Zzivf + Zzlvf
i=1 i=1
1 kN k
= — 2005 + Z Zi0; — Y (—Zi)v; — zv;
2] P Py (3.16)
_201’151 1= (o ky—1=k\ _ /_—1 Ry-1gky _ 1
- ||Z|| | + <ZO Z,<U0> v > <Z0 ( 2)7(7}0) v > |
20 . 1~
=Tz (1+ (=2, (v5)"'0") — (%' (=2), (v5)~'9") — 1) g,
where the last equality holds as ||z5'Z|| = 1, [|(v§)~'%*|| = 1 and (2, 'Z, (vf)~10%) >

1, thanks to (3.14), (3.15) and Lemma 3.1 applied with ¢ = —z;'Z.
Let f be defined as in (3.4). We consider two cases:

(I) (f,v*) > 0 for all sufficiently large k.

(I) (f,v*) < 0 infinitely often.

(I): By passing to a further subsequence, we may assume that (f,v"*) > 0 for all

k. In this case, if we define

Q-1 zz"  ff7

o
R (1 e e

where f is as in (3.4), then we see from Lemma 2.6 and (3.14) that

[ (0K =175k
ot~ = Qo] =t @ | ()% |
A — s -
®) v5||Q [Ezgg—lgk -Q {a o zgo;_l)] H (3.17)
_ f

< vp [1(v6) 70" + 22l + | (v) 10" — evo (2027)]]

where (a) holds because Q@ f = 0 (an identity which is clear from the definitions).
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Next, in view of (3.14), we can apply Lemma 3.2 to obtain C; > 0 and ¢; > 0 so

that (3.3) holds with { = —z;'%, i.e.,
1+ (z'z,w) > C1||lw + 25 2|

whenever ||w+2;'Z|| < €; and ||w| = 1. On the other hand, in view of the positivity

of 1+ (25'z,w) when ||w| =1 and w # —2;'Z (see Lemma 3.2), we know that

Cy := Hirnlfl{l + <zo_lz,w> | [|w + 20_12|| >e} > 0.

This together with the fact ||z5'Z| =1 (see (3.14)) implies that
1+ {2 '2,w) > Cy > 0.25C||w + 25 2%,
whenever |lw + 25 'Z|| > €; and ||w|| = 1. We thus have (with C3:=min{C}, Cy/4})
1+ (z'2z,w) > Cs|lw + 25 'Z||*> whenever |w]| = 1. (3.18)

In addition, noting (3.14) again, we can apply Lemma 3.1 with { = —2;'2 €

int IR” to obtain C; > 0 and € > 0 so that (3.2) holds with ¢ = a0 (20271), i.e.,
—1+ (252, w) > Cyfjw — a0 (202" H|? (3.19)

whenever [lw — ao (%2 )| <e, w e int R} and [}, wi = 1.

Furthermore, consider h : IR" — IR U {cc} defined by

(z'2,w) — 1 _ .
G fllw—a ZHl>eweT,
hw) = To —ao (0] ° (2027 )l 2 € (3.20)
o0 otherwise,
where T = {w € R} | [], wi = 1}. Then we have
—1~
—1
liminfh(w) = liminf — 0 2@~ :
(w00 wl—ooweY ||[w — a o (29271
71~
-1 @ _ (b) _
> liminf (20 2 ) — > inf  (z,'Z,A) > min z;'Z > 0.
|w|—ooweR? |lw — a0 (2027 1)|| ~ IAI=1.AeR™ 1<i<n
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Here (a) may be verified by multiplying both numerator and denominator of the left
side by 1/||w||; (b) holds because z;'%; > 0 for all i (see (3.14)). Since h in (3.20)
is also lower semicontinuous on any compact set and is always positive,* it must

then hold that C5 :=inf h > 0. In particular, this means that
—1+(25'2,w) > Cs|jw — o (2027 Y| (3.21)

whenever [lw — ao (%2 )| > e, w € int R} and [[[_, wi = 1.
By passing to suitable subsequences, we will end up with one of the following two

cases:

Case 1: |

(vf)1o* — a0 (2027Y)|| < € for all k. Then we have from (3.18) (with

w = (v¥)~'o*) and (3.19) (with w = (vF)~1o*) that for these k

L+ (22, (v5)70") — {2 (—2), (v5) "'0") — 1

> min{Cs, Ci} (|| (v5) " " + 25 'Z|* + [|(vg) 72" — a0 (2027 )|

Combining this with (3.16) and (3.17), we see further that

lo" — w"||
Z . 1 1 1~ —

> ﬁ min{Cs, Cy}([[(vg) 0" + 25 ZI|* + [|(v5) 9" — o (2027 [*)ug
Z| . 1 1 1~ —

> Will min{Cs, Cu}([[(v5) 0" + 2 "2l + [|(vg) 19" — exo (2027 )|)*vg

2o min{C3, Cy
2||||vh

2o min{C3, Cy
2||z[ln

}“uk . wkHQ Z }“uk o ,wk||27

where the last inequality holds because v* € B(n). The above display con-

tradicts (3.13) and hence Case 1 cannot happen.

4 The positivity can be seen by applying Lemma 3.1 with ¢ = ,Zo—lg.
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Case 2: ||(vF)'"0* — avo (29271)|| > € for all k. Then we have from (3.18) and (3.21
0

that for these &

L+ (%, ()19 — (0 (<3), (o)1) — 1

> min{Cy, Cs}([[(v5) 717" + 25 Z|* + [|(v5) 9" — a0 (20271
Using this together with (3.16), we deduce that for all large k,

zo min{Cs5, C5 }
=]l

lv* —w"|| > (I(v5) ™" +25 2"+ | (vg) 0" —exo (2027l v

This implies that

() ™" + 20 2| < Ml\/(v’é)‘le’“ —wh|,
(3.22)

1(v5) ™" — a0 (20271 < Mi(vg) ™" [v" — w"],

1]l [zl

-1 —-1/2
where M; := max { (Z—O min{Cj, 05}) , <Z—0 min{C’g,C’g,}) } Using

(3.22) together with (3.17), we obtain that

ot = < ol [lo) ot = ]+ (o) o w0

(a) 3.23
£ My iVIoF —wh] + My oF — wh| (3:23)
(b)

< 30, i/ ok — ],

where (a) holds since v* € B(n) wherefore v§ < 7, and (b) holds because
|w*|| < ||v*]] < n (because the projection onto K is nonexpansive and

0 € K), wherefore

lw* — "] = V/llw* — v*[[y/ [t —vF]| < 2y/7/|lwk — o*].

Altogether, (3.23) contradicts (3.13) and hence Case 2 cannot happen.
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Summarizing the above discussions, we see that Case (I) cannot happen.
(I1): By passing to a further subsequence, we may assume that (f,v*) < 0 for all

k. This together with the definition of f gives

D (=257, () ") + (o (20271, ()T < 0.

20
Since % > 0, we deduce that (—z;'Z, (v})710") + (a0 (20271), (vE)~1o*) < 0 for all

k. Then it must hold that
Jim 1(vg) ™' 0" + 25 Z|| + [[(v5) 70" — a0 (20271)]| # 0;
—00

otherwise, we have (vf)~'w* — —2;'z and (v})~'0* — @ o (20z71), which further

gives (—z; 'Z, (v5)'0") + (evo (20271), (u5) 7'0*) = |20 ZIP + [l o (2027 1)|* =
|z0f]|* > 0, a contradiction.

Consequently, there exists € > 0 such that for all sufficiently large k,
1(v6) ™' %" + 25 2| + [I(v5) ~'" — @0 (27| 2 €. (3.24)
Consider the function G : R™"™ — R U {co} defined by

(20 %, &) + (2 'Z, )|

Gl w) = e

o0 otherwise,

if (§,w) €3, [I€]| =1, andw €T,

where T = {w € R} | [, w = 1} and = = {(§&,w)]|[|€ + 20 'Z|| + |w — a0
(202 )|l > €}. Since (2'Z,€) + (25 'Z,w) = 1+ (2 'Z,€) — (%' (—2),w) — 1, we
see from (3.14), (3.24), Lemma 3.2 and Lemma 3.1 that G is never zero. Moreover,

it is clearly lower semicontinuous on any compact set, and

1z (@) (b)
liminf G(§,w)= liminf [z % )l ' (252, A)| >min |z, 'Z| > 0,

i ——""> inf
(€.w)l|—00 lwli—oowery /T + [[w|[? TIAI=LACRY
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where (a) may be verified by multiplying numerator and denominator by 1/||w|| and

(b) holds since z;'Z; > 0 for all i. Thus, Cs := inf G > 0 and we have for all large k,

[0 — w|| @ [[v" — "] O [[o* —wh|

[u® — wk|| K . (|

© 20 |(z0 "%, (v6) 0" + (2 2, (v5) W) v

Il V (v5)? + [[o*]]?

_ 7 [z () 10Y) + (22, (v5) ') D Cozo

izl V1 + [[(0F) 8|2 ~ iz

where (a) follows from Lemma 2.6, which states that u* = 0 in Case (II), (b) holds
because the projection onto the cone is nonexpansive and 0 is in the cone, (c¢) follows
from (3.16) and (d) follows from (3.24), (3.15) and the definitions of G and Cs. The
above display contradicts (3.13). Thus, Case (II) also cannot happen.

Summarizing the above, we conclude that (3.13) cannot happen. Thus, in view
of [36, Lemma 3.12], we must indeed have 7, € (0,00] and that the desired error

bound follows from [36, Theorem 3.10]. O

Remark 3.6 (Optimality of the error bound in Theorem 3.5).Let z €0(P,,,,)*\{0}
with Z # 0 and let F, := {z}* N 77:17” Then necessarily z; > 0 for all i. Moreover,
we also know from the definition that a; > 0 for all . Now, consider the continuous

function q : (0,1) = {z}* defined by € — q. := (q., q.) where

g = —Z/|Z]%, (@)1 = (o1 — ), (@) = (a2 + )% ", and (@) = iz ', Vi > 3.

Notice that q. only differs from the f in (3.4) in two entries. One can check that
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(z,q.) =0 and q. — f € F.\{0} as € | 0. Moreover, we have

n n (e 77
~\aq; o a1z« &
[@7 = (o~ 0 (a5 T (%)

i=1 =3

where (a) holds because z € O(P,,,)*"\{0} with Z # 0. In view of this, if we define

a continuous function p : (0,01) — Py, . by € = pe := (P, Pe) where

[e%) a2 =
Pe = — (1 - i) (1 + i) _ig and ﬁe = ae;
ol Qg 1zl

then it is clear that p. € P..

m,n’

, o 1 e \™ e\
dist(qe, P,,.) < [lge — Pel| = Tz 1-— o 14 o -1

| 1—e+0(€)(1+e+0(?) — 1| = O(e?).

and we can compute that

(3.25)

Next, we estimate dist(qe, F;). Notice that (q., f) > 0 for all sufficiently small e

because q. — f. Hence, using the definition of F. and Lemma 2.6, we see that

(g, f)
RENTIE

e (ae )

diSt(qea"rr)Q - - Hq€H2 Hf”2

!

A direct computation then shows that

FARES (o — €%F 2+ (a +€)°F % + Za -

[ER ||2

= TP +Zaz + 2€(anzy 2 — a1z ) + (2% + 2%
i=1
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= [IF1% + 2e(023,” — a3 %) + €(E 7 + 5 7),
where the last equality follows from the definition of f in (3.4). Furthermore,

<<qe>f>)2=(|\#+a1(a1 OF2 + anlon + )52 + 30, 023 —2)2

~ 2
= [HfHQ + e(apzy 2 - 12y 2)]
= 1 F1* + 2el| F11* (2252 — % ?) + € (2Z, 2 — %, )2

Combining the above three identities, we deduce further that

(qazy 2 — 12 2) )
1£1?

~—2 —2

~ ~ a9Zy “ — 12

262(21_2+Z2_2—( 223 : )>, (3.26)
052y —l—ozlzl

dist(q., F;)? = € (5;2 + 252 —

where the inequality follows from the definition of f. Now, notice that in (3.26), the

scalar term 1is strictly greater than zero, because
52 522 52 5212 52 | 3-2\( A2 252
(2% — o2 %) < (0% P + a3 2)? < (272 + 2 ) (037, 2 + 37,2,

where the strict inequality holds because o;Z; > > 0 fori = 1, 2, and the last inequality
follows from the Cauchy-Schwarz inequality. This together with (3.26) shows that

1
dlSt(qf 773::.,n) 2

dist(ge, /1) = Q(€). Combining this with (3.25), we obtain limsup, ) —gre-=s

<

co. Thus |- |% satisfies the asymptotic optimality criterion (cf. [37, Definition 3.1])
for P;}n and z, which implies that the error bound is optimal in the sense of [37,

Theorem 3.2(b)].
We now look at the faces that are exposed by z € d(P,, ,,)*\{0} with Z = 0.

Theorem 3.7. Let z € O( \{0} with Z = 0 and let F, := {z}* N . Let

mn)

T :={i|z >0},° >0 and define §:=Y ,.;a; and

S— {M
za”?

=] (3.27)

v e IP,,, NBn)\Fz, w= Py (v),
u:sz('w),u%'w ‘

5 Since Z = 0 and z € A(P,, 2) \{0}, we must have ) #Z C {1,2,...,n}.
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Then it holds that v, € (0,00] and that
dist(q, F.) < max{2n'~#, 2.} - dist(q, Pry)’ whenever g € {z} N B(n).

Proof. In view of [36, Theorem 3.10], we need only show that ~y,, > 0. To that end,
let v € OP,,,, N B(N)\Fz, w = Ppy:(v), w = Pr,(w), and u # w. Then a direct

computation shows that

1 1 . min;e7 2; - C min;e7 2;

lw—v|| = —|(z,v)| ¥ — 57, S Milier — N > ZEI — LSl (3.28)
| z]] | ]| 4 [E|

€T i€l

where (a), (b) and (c) hold because v; > 0 and z; > 0 for all ¢ € Z, with ||vz]| :=

V2 iez U7 (note that T # (), thanks to Z = 0 and z # 0). Next, notice that
(zv)

w="7v—
=1

{zv) . Using this and the definitions of z and Z, we deduce that

W=v, W= (szvj) VieZ and w;=7v;,>0 Vi¢Z. (3.29)

2
|| =

In view of this and the definition of F, in (3.5), we see that u; = w; whenever i ¢ Z,

and hence

i€

lw —ul = \/IIWIP +) i< \/Hﬁl\2 +n(l+vn)?|vg]%, (3.30)
where the inequality follows from (3.29) and the fact that for each ¢ € Z,

(25| < (14 Z'ZJ') ol

jE€T

lw;| =

VAR - _
- (1+ o ) 15z]l < (1+ va) Bz

Next, note that we have

o]l = Hvz “o=1w - T1e < IIo - 11 lee

=1 i¢T €L 1¢T (VA
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where the inequality holds because v € B(n). Combining (3.28), (3.30) and (3.31),

we deduce

[w —ul| < \/HEH2 +n(l+vn)?ozl]* < [[o]] + (n+ v/n)l[oz|

<" PIBzl|” + (n+ Va)llozll = (07 + (n+ V) |[oz]|' =) 9z |

(&) _ s ® B+ 1+ n)|z|°
Lt 1+ vl € T L VORI,
(mmieIzi)

Here (a) holds since v € B(n) and 5 € (0,1); (b) is true because of (3.28). Thus,

s 38
Ve = nl,;ﬁi’fj\%)“z” 7 > 0, and the desired error bound follows from [36, Theorem

3.10]. 0

Remark 3.8 (Optimality of the error bound in Theorem 3.7).Let z €0(P,,,,)*\{0}
with Z = 0 and let F, .= {z}* NP, . Let T :={i|Z% >0} # 0 and define
ﬁ = ZO@ S (O, 1)
€L
Fiz any uw € R™ with ||u|| = 1 and define the continuous function q : (0,1) — {z}*+

by € = q. := (q., q.) where
q.=cu, (q.)i=0Vi €T, and(q.);i=1,Vi¢T.
It is clear that for all €, (z,q.) = 0 and dist(q., F,) — 0 as € | 0 . Now, define the

function p : (0,1) — 73’;7” by € = pe := (Pe, D) where

pe = Pu, (p)i=€eVieZ and(p); =1, Vi ¢ L.

@

Clearly p. lies in P

m,n’

On the other hand, we have in view of (3.5) that dist(q., F.) = ¢ > 0. Hence,

and we have that dist(q., P

m,n

) < llge —pll < |Z] - e

dlSt(q€ 77)7?7,,TL)B

T S |Z|? < co. Thus |-|° satisfies the asymptotic optimality cri-

lim sup, o

terion (cf. [37, Definition 5.1]) for P.. . and z, which implies that the error bound

,n

is optimal in the sense of [37, Theorem 3.2(b)].
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Using Theorems 3.5 and 3.7 together with [36, Lemma 3.9], we have the following

result concerning one-step facial residual functions.

Corollary 3.9. Consider P,, , and its dual cone (P,,

)*
mmn/

(i) Let z € O(P,, ) \{0} with Z # 0 and let F, := {2z} NP, . Let ., be defined
as in (3.12). Then the function Ype Ry x Ry — IR+ given by

pg (6 1) :=max{e, e/ | 2]} + max{2V/t, 29, 1 H(e + max{e, /[ 2][})> (3.32)

is a one-step facial residual function for P, . and z.

(it) Let z € O(Py,,)*\{0} withZ = 0 and let F, := {2z} NP, . Let ., be defined
as in (3.27), where 3 := - ;. Then the function pe IRy xR, — Ry

given by
Upe, 2(€,t):=max{e, /|| 2|} + max{2t'"", 2977 }(e + max {e, ¢/[|2})7 (3.33)

is a one-step facial residual function for P, . and z.

We now collect these results to show the tight error bounds for P:m

Theorem 3.10 (Error bounds for the generalized power cone and their optimality).

Consider P, ,, and its dual cone (P, ,)*. Let L C R™™ be a subspace and a € R™™"

be given. Suppose that (L+a) NP, . # 0. Then the following items hold.
(Z) dpps( mn,£+a) 1.
(it) If dpps(Py, . £+ @) = 0, then a Lipschitzian error bound holds.

(iii) If dpps(Py, ., L+ a) = 1, consider the chain of faces F C Py,

m,n

with length

being 2.
(a) If F = F,, then a Hélderian error bound with exponent 1/2 holds.
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(b) If F = F. with z € (P,,,,)* N L N{a}", then a Holderian error bound

with exponent 5 := " a; holds.

1:2;>0

(¢) If F = {0}, then a Lipschitzian error bound holds.
(iv) All these error bounds are the best in the sense stated in [37, Theorem 3.2(b)].

Proof. As is shown in Section 4.1, all the proper exposed faces of the generalized
power cone are polyhedral. Then the process of facial reduction needs at most one

step to reach the PPS condition. Hence, dpps(P.

m,n’

L+a) < 1. This shows item (i).
If dpps(P,, ., L+ a) = 0, ie., (Feas) satisfies the PPS condition, then by |7,

Corollary 3|, a Lipschitzian error bound holds. This shows item (ii).

Next, let dpps (,Pa

m,n?

L+a) = 1;i.e., we need one step to reach the PPS condition.
In this case, the error bound depends on the exposed face F that contains the feasible
region. If F = F,, then by Corollary 3.9i, we conclude that a Holderian error bound
with exponent 1/2 holds. Remark 3.6 implies that g = | - ]% satisfies the asymptotic
optimality criterion for P:w,n and z with Z # 0. Hence, by [37, Theorem 3.2], the
obtained Hoélderian error bound with exponent 1/2 is the best error bound.

If F = F, with z € (P,,,)* N LN {a}", then using Corollary 3.9(ii), we
conclude that a Holderian error bound with exponent 8 := ) . ; o; holds, where
Z = {i|z > 0}. The optimality of this error bound comes from Remark 3.8 and [37,
Theorem 3.2]. If 7 = {0}, which means the feasible region is {0}, then a Lipschitzian

error bound holds automatically and it is naturally tight, see [40, Proposition 27]. [

3.3 Application: Self-duality, homogeneity, irre-
ducibility and perfectness of P, ,

In this section, we consider the self-duality, homogeneity, irreducibility and perfect-

ness of P::L,n. We first briefly explain the importance of those questions.
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In what follows, we need the following concepts. We will denote by Aut (K) the
group of automorphisms of K which are the linear bijections M : & — £ such that
MK = K. Then, the Lie algebra of Aut (K) denoted by Lie Aut (K) corresponds
to the linear maps L for which e/ € Aut (K) for all t € IR or, equivalently, is the
tangent space at the identity element when Aut (K) is seen as a Lie group.

Recall that a cone K is called self-dual if there exists a positive definite matrix Q
such that QIC = K*. This is equivalent to the existence of some inner product under
which IC becomes self-dual, e.g., [29, Proposition 1]. A cone is homogeneous if for
every &,y € ri K, there is a matrix A € Aut (K) such that Az = y. A homogeneous
and self-dual cone is called symmetric [18].

If a closed convex cone K can be expressed as a direct sum of two nonempty
and nontrivial sets K1,y C K, ie.,, K = Ky + Ky with £, # {0}, Ky # {0} and
span (K1) Nspan (K2) = {0}, then K is said to be reducible; it might not be immedi-
ately obvious, but this forces KC; and ICy to be convex cones, e.g., [39, Lemma 3.2].

Otherwise, K is said to be irreducible or indecomposable, e.g., [39, 3, 23].

3.3.1 Some theoretical context

It is relatively recent that the power cone has been a subject of research in optimiza-
tion. However, the power cone was first considered in the 50’s by Max Koecher in
the context of the so-called domains of positivity, see [32]. More precisely, Koecher
proposed a family of 3D cones in [32, Section 11,d)] which corresponds to Pi 5, With
a € (0,1). After that, the power cone languished in relative obscurity inside the op-
timization community, although it was discussed briefly in [67] and in [66] under the
name of Koecher cone. As indicated in the introduction, several works helped to re-
vitalize the interest in power cones by showcasing modelling applications, algorithms
and software [11, 47, 61, 30, 55, 12].

When the power cone is bundled together in the class of “non-symmetric cones”,
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it might be interesting to take a step back and understand two points: (a) how
exactly the power cone fails to be symmetric and (b) why one should care about
this.

Starting from the latter, what is special about symmetric cones is that they are
supported by a powerful theory of Jordan algebras [18]. Being a symmetric cone is
a very favourable property which was heavily exploited to develop efficient primal-
dual interior point algorithms, e.g., [19]. However, being a symmetric cone is also
restrictive for it is known that, up to linear isomorphism, each symmetric cone is
a direct product of only five types of cones. The most remarkable examples of
symmetric cones are the IR’ the real symmetric positive semidefinite matrices S¥,
the second-order cone and the direct products of those three.

As for item (a), examining (3.1), we immediately see that the dual of P, , under

the Euclidean inner product is just DP

m,n’

where D is a diagonal matrix with

positive entries, so P, is indeed self-dual in the sense above. Thus the only gap

between P;’n and the class of symmetric cones is the homogeneity.

Given that being symmetric is very advantageous, one may reasonably wonder if
the family of cones P;m parametrized by e and m and n are indeed non-homogeneous
in general. To the best of our knowledge, although it is well-known (e.g., see com-
ments in [67, Section 4]) that Py, is non-homogeneous except when a = (1/2,1/2),
there is no result on the generalized power cone regarding which combination of the
parameters m, n and a leads to homogeneity or not. We fill this gap with Theo-
rem 3.12 and Corollary 3.14, which tells us precisely which of the generalized power
cones are homogeneous or not.

We also completely determine the automorphism group of P:L’n. While this may

seem an esoteric question, the automorphism group of a cone K is intimately con-

nected to complementarity questions over K. For example, it is known that L belongs
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to the Lie algebra of Aut (K) if and only if the following implication holds
reK,ye K (x,y) =0= (Lx,y) =0,

see [22]. If a cone has “enough” automorphisms then a complementarity problem can
be rewritten as a square system using the matrices from the Lie algebra of Aut ().
In particular, when the dimension of Aut (K) is at least dim &, then the cone is said
to be perfect, see [22, Page 5] and [53, Theorem 1]. An example of this phenomenon
is how the conditions z,y € IR, (x,y) = 0 imply n equations x;;; = 0 which is
useful in several contexts.

The quantity dim Aut C is called the Lyapunov rank of K [22, 23] and is additive
with respect to direct sums [22, Proposition 1]. Since any cone can be written as a
direct sum of irreducible cones, it becomes important to identify which irreducible
cones are perfect.

It is interesting to note that many of the examples of irreducible perfect cones
in the literature (e.g., [22, 23, 53]) seem to be homogeneous. In addition, every
homogeneous cone is perfect, which follows by known results about Lie groups, e.g.,
see [34, Theorem 21.20] or Section 2 in [52] which summarizes useful results. The
final observation we will make in this chapter is that, surprisingly, for some choices of
parameters, P:m is perfect but non-homogeneous, see Corollary 3.14. We note that
in [64], Sznajder showed that there are choices of parameters for which the so-called
extended second order cone is irreducible and perfect. This corresponds to a family
of cones proposed by Németh and Zhang that contains the second order cones [49].
However, as far as we know, the homogeneity of those cones (or the lack thereof)

was not discussed in general.
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3.3.2 Automorphisms of the generalized power cone

In this section, we will prove our main results regarding Aut (P, ). The basic

mn
strategy is simple: if A € Aut(P;,,), then A must map a face Fy of P, , to
another face F; of 77;’” with the same properties such as the dimension. More than
that, the optimal exponents associated to FRFs of F; and J, must be the same.
These conditions impose enough restrictions on A that we are able to completely
determine its shape. Note that when n = 2 and o = (1/2,1/2), P,,, ,, is isomorphic

to the second-order cone, whose automorphism group is well-known. Below, we focus

on the complementary cases.

Theorem 3.11 (Automorphisms of P;:Lm). Form > 1,n > 2 and any o € (0,1)"
such that Y i a; = 1, or form > 1,n =2 and any o € (0,1)? such that oy # s
and o + ag = 1, it holds that A € Aut (77:,;”) if and only if

A— [’g ]‘;} (3.34)

for some (invertible) generalized permutation matriz® E € IR™ ™ with positive nonzero
entries and invertible matrizc B € R™™ satisfying ||Bx|| = [[,_,(Ek )" ||| for

all x € R™, where Ey,, is the nonzero element in the k-th row of E and oy, = ay.

Proof. Suppose that there exists a matrix

A= [IB; g} with Be R™™, C e R™", D e R"™™, E ¢ R™"

such that AP, =P, ..
First note that the entries of E must all be nonnegative, for if the (i, j)-th entry
was negative, then we could pick a vector g := (0,¢) € P;m with ¢; =1 and ¢, =0

for k # j, wherefore Aq ¢ P, ., which is a contradiction.

m,n?

6 A generalized permutation matrix is a matrix where in each column and each row there is exactly
one nonzero entry.
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Additionally, such a matrix A must be invertible and if ¢ is an FRF for a face
F1 4P,

m,n?

then A must map F; onto a face F» I P, ,, which has the same dimension
and admits an FRF that is a positively rescaled shift of v; see [40, Proposition 17].

Observe from Section 4.1 that the generalized power cone has two types of faces
defined in (3.4) and (3.5) (denoted by F, and F, respectively with an abuse of
notation) with the corresponding (optimal) one-step facial residual functions in (3.32)
and (3.33), respectively. We also notice that the dimension of the faces of the first
type is 1, while the dimension of a face of the second type is n — |Z|. These lead to

the following observations:

(I) Given an T with 8z := >,y a4, if |Z| < n — 1, ie., the dimension of the
corresponding face is larger than 1, then A must map the face associated with

7T to a face associated with an Z where |Z| = |Z| and 37 = fz.

(IT) In the case when n = 2, since we assumed o # ay and thus oy # 1/2,
A cannot map a one-dimensional face of type F, (whose FRF admits an
optimal exponent of a; or aw) to one of type F, (whose FRF admits an optimal

exponent of 1/2).

Thus, a face of type F, with |Z| = 1 must be mapped to a face of the same type.
From now on, for each & € {1,2,...,n}, we let i and [ be such that AFy, =
Fiiy and AFy,y = Fuy, where Fyy denotes the face of type F. associated with
7 = {k}. We deduce immediately from the above discussions that {1,2,...,n} =
{ir, 9, ... in} ={li,lo,..., 1} and ap = @, = .

Now, fix any k € {1,2,...,n}. Then for any 7 := (¢1,...,¢k-1,0,Cri1,.-.,Cn)
with ¢; > 0 for all ¢ # k, it must hold that A maps x7 := (0,27) to some x; =

(0,%;) with Z = {i}, ay = o, and (&;);, = 0. Thus,

b & )= [2]
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Therefore, we have Cxz = 0. This together with the arbitrariness of ¢; > 0 shows
that all except possibly the k-th column of C' are 0. Since k is arbitrary, then we
conclude that C' = 0.

Next, notice that we also have Exz = x5. Since (;);, = 0, we see that E; £7 =
0, where E;, is the i;4-th row of E. Using again the arbitrariness of ¢; > 0 in the
definition of &7, we conclude that all entries of E;, are 0 except possibly for the k-th
entry, i.e., I; has only one possibly nonzero entry and that entry is nonnegative.
From the arbitrariness of k and the fact that {iy,is,...,0,} = {1,2,...,n}, we
immediately obtain that every entry of the i;-th row E has all of its entries equal to
zero except possibly for the k-th, which is nonnegative.

Taking into account of the fact that A is invertible and C' = 0, we know that
none of the columns of E can be identically zero, and so we altogether have that
each of the rows and columns of E consists of one strictly positive entry, with all

other entries identically zero. Then, we have shown that
Es, #0 <& (s,r) = (ig, k) for some k € {1,2,...,n}, (3.35)

where the latter condition is also equivalent to (s, r) = (k, i) for some k € {1,2,...,n}.
We next claim that A must map faces of type F, to a face of type F,. Since A
must permute faces whose FRF's admit the same optimal exponent, we only need to
consider the extreme case that there exists a face of type F, corresponding to an
Z:={1,2,...;i—1,i+1,...,n} for some i (i.e., the dimension of the corresponding
face is 1) with 8z = 1/2, and argue that A cannot map JF, onto such F,. Suppose
for contradiction that this happens; then there must exist = (&, &) in some face

of type F, with ® # 0 and z; > 0 for all ¢ such that

b # L)

where e; € IR" is the vector whose elements are all zero except for the i-th element
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being 1. However, this cannot happen because BZ = 0 and the invertibility of B (a
consequence of invertibility of A) implies T = 0, leading to a contradiction. Hence,
A must map faces of type JF, onto a face of type F;.

Thus, for any & = (Z, ) in one of the type F, faces with T # 0, min{z;} > 0
and ||Z|| =[], 7", there must be y = (¥, ¥) in one of the type F, faces with g # 0,
min;{y;} > 0 and ||y|| = [[;_, ¥ such that

B o] [z] [y
D E||z| |y|°
Recall that there is exactly one nonzero element in each row of E, and this element
is positive. From the definition of [, this nonzero element is Ej, ; see (3.35).
Fix any j and k € {1,...,n}. Pick any (%, %) € P,,

, such that © = e; and

=11

[T, @ = 1. For any t > 0, one can check that (t*",T1,--- ,tZ;,, - ,Tn) € Py,

belongs to a face of type F,. Thus, there exists (g, y) such that
talk'Bej = y and  t% D]w‘ + tEkaZZ’lk = ﬂk > 0.

The second relation implies that D, ; + ¢l Ey,.21, > 0. Letting ¢t | 0, we conclude
that Dy ; > 0. As the choices of j and k£ were arbitrary, we see that all entries of D
are nonnegative. Considering © = —e;, a similar argument shows that all entries of
D are nonpositive. Hence, D = 0.

Now, for any Z € IR™, pick any (%,Z) € dP,,,. Because A is invertible and
AP:W =P,

m,n’

which implies AriP,,  =r1iP, . and AJP,,, = IP,,,, then there

m,n’

exists (g, y) € IP,,,, so that

BE:@ and EkaZLv’lk::?jk fork:1,2,...,n.
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Thus,

_ (2) T _
|Bz| = |[yl| = H H (Brp,7,)" = H(Ek,lkxlk)alk
fe1 fe1

n n n
a ~vs o, —
=1 & 11 =11 e =l
k=1 1=1 k=1

where (a) holds as oy = «y, for all k. The above shows the necessity of the form in
(3.34).
Conversely, if A is a matrix of the form (3.34), then A must be invertible since B

and E are invertible. For any « = (z, %) € P,, ,,, we have Az = (Bz, ET). Hence,

m,n?
n

n
Bz = HEI(:ZZIZH:BH < HEalk IT# =11 (Ben i)™,

=1 k=1

where the last equality holds as {1,...,n} = {li,...,l,}. This implies AP, , C

Pron-
We claim
. _ 07 E',i - 07 « m
i) (E 1)%],: {EL, EZZ%O (ii) | Bz || _HEk lkHwH Ve € R™. (3.36)
Granting these, we have that for any @ = (%,2) € P,,,, Al = (B"'%, E'Z)
satisfies
[[E 2 =] (Z(E ”x]) @ H i) = [[(E) 7)™
i=1 =1 j=1 k=1 k=1
el ~ ) a —a ~a; Q) — _
_HEk l’“H " HEk,lklkH >HEk ) 2 B,
k=1 i=1

where (a) is true thanks to the fact that in the sum there is only one nonzero term,

which comes from identity (i) and (3.35); (b) holds because oy = ay, for all k; (c)
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comes from identity (ii). Hence, A~'x € P,, . This implies AP;,, 2 P,,, and
consequently AP, =P, .

Now, it remains to show (3.36). Since E is a generalized permutation matrix with
all nonzero elements being positive, then we immediately have (i) from EE~! = I,,.
Recall that, by assumption, ||Bx| = [[;_, E;:ll’;Ha:H for any £ € IR™ and B is

invertible. Using these, we can deduce (ii) in (3.36) as follows: for any & € IR™,

n
— [e77% —
|lzl| = |1BB'«| = ] E;: B '«|.
k=1

The next theorem is about the dimension of Aut (P,, ).

Theorem 3.12. Let m > 1, n > 2 and o € (0,1)" such that > o; =1, then we

have the following statements about dim Aut (P,

m,n)'

(i) Ifm>1,n=2and o := (1/2,1/2), then dim Aut (P}, ) = (m* + 3m +4)/2.

(it) fm>1,n>2and ) a;=1orm>1,n=2 a;#a and oy + az =1,

then:

G+G' =2a"hI,,
G 0 ] ‘ (3.37)

Lie Aut (P,, ) = [0 Diag(h)

GeR™™ helR"

Hence, dim Aut (P,, ) = dim Lie Aut (P}, ) = n+m(m —1)/2.
Proof. (i) If m > 1, n =2 and a := (1/2,1/2), then P,  is isomorphic to a second-
order cone; see, [47, Section 3.1.2]. Hence, we know from [22, Page 12 (v)] that

m+2)%—m  m?+3m+4
2 B 2 '

dim Aut (P, ) = (

(ii) By [24, Corollary 3.45], dim Aut (P, ,,) = dim Lie Aut (P,, ,,). This in addi-
tion to [24, Corollary 3.46] show that it suffices to calculate the dimension of the
tangent space at the identity of Aut (P, ) to obtain dim Aut (P}, ).
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First, we compute Lie Aut (P, ) and for that we consider an arbitrary con-

m,n

tinuously differentiable curve F : (—1,1) — Aut (P,

m,n

) with F(0) = I, and
F(t) € Aut (P,, ) for any ¢t € (—1,1). We further denote

_ Gt O Gt O
F(t)—[o Hj and F(t) = [0 HJ,

where G; € R™*™ and H, € IR™™" are both invertible; Gy = I,,,, Hy = I,,; H, is
a generalized permutation matrix with all nonzero elements being strictly positive
(which we assume, by suitably shrinking the neighborhood of definition of F' and
reparameterizing, to be only nonzero along the diagonal); F(O) lies in the tangent
space of Aut (Py, ) at I, that is,

F(0) = ﬁo 130} € Lie Aut (P,); (3.38)
G, and H, refer to the componentwise derivative of G and H with respect to t,
respectively.

Since H; and Ht are diagonal, we let h; and ht be the diagonal vectors of H;

and H,, respectively, i.e., H; = Diag(h;) and H; = Diag(h;). We also let hF and i}
denote the k-th element of the vectors h; and h; respectively. Then, from Theorem

3.11,
G |* = T[(r)*** 2], Ve e R™ Vte (-1,1). (3.39)
k=1

Differentiating” both sides of (3.39) with respect to ¢, we can obtain

2aj

::]:

QmTGTGtm—w wZQak hk)zak 1th h] 2% _ g scz2—
= J#k k=1

ZQ(meljl(h{) )Z Lejk @ og TGl Gy (oo (hy)™) | hu,

J=1

7 This calculation simply uses the chain rule to differentiate (h¥)2¥* for a given k, and then applies
the product rule for the product over all k.
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where the inverse is taken componentwise, and the rest of (a) comes from (3.39).

Notice that (a o (ht)_l)T h, is a scalar, by rearranging terms, one has
x' [G:Gt — (o (ht)’l)T hthTGt} x=0, VexeR™ Vte(-1,1).
Letting ¢t = 0 and recalling Gy = I,,,, Hy = I,,, we have
z’ (GO - aThOJm) x=0, YzeR™ (3.40)
Recall that 227 Gox = x| (Gy + G )x. We can thus rewrite (3.40) as
T (GO +GY - zamozm) =0, VoeR"
Since the matrix in the parentheses is zero, the above display implies that
Go+ Gy =2a"hl,,.

The above derivation and (3.38) show that any matrix in Lie Aut (P, ,,) satisfies the
above display.
Conversely, suppose that G and Diag(h) are such that G + G" = 2a" hl,, and

G 0

U:= [O Diag(h

)} . We need to show that the matrix exponential ¢’V belongs to

Aut (Py, ) for every t € IR. To this end, recall that eX+Y = eXe¥ if XY = Y X,

we have

T QT T T Th T
etG — €2ta hlm—tG' _ e2ta hIme G _ 62ta h6 tG

Y

since 2t hI,, and —tGT commute. This shows that (e/G)Te!G = !G¢G —

QtaThI G
m

e , 1.e., '@ is an orthogonal matrix multiplied by the scalar e’ Then

n

2l = [ ()™

=1

||etGwH _ eta'l'h,HmH _ 62?:11”%0%

x| VeeR™ (3.41)

Since
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W etG 0 B etG 0
e - 0 eDiag(th) - 0 Diag(eth) ’

h corresponds to the vector such that its i-th component is e* and h; is the i-

where e
th component of h, we conclude from (3.41) and Theorem 3.11 that eV € Aut (P,, ).
Finally, a direct computation shows that the dimension of the right-hand side of

(3.37) is n +m(m — 1)/2, which is just the claimed dimension. O

3.3.3 Homogeneity, irreducibility and perfectness of gener-
alized power cone

In this section, we will use Theorem 3.11 to prove the homogeneity, irreducibility

and perfectness of P, . Before moving on, we recall the following lemma.

Lemma 3.13. (i) If a closed convex pointed cone K is reducible, i.e., K is a direct
sum of two nonempty, nontrivial sets IKCy and IKCy, then we have K1 <K, Ky I K
and dim (K) = dim (K;) + dim (Ks).

(i) A proper cone K C IR? is perfect if and only if dim Lie Aut (K) > p.

Proof. (i) The fact that IC; and KCy are faces is well-known, see [39, Lemma 3.2]. The
conclusion on dimensions follows directly from the definition of direct sum.

(ii) This fact comes from [53, Theorem 1] and the first display on [22, Page 4]. O
Using Lemma 3.13, Theorems 3.11 and 3.12, we have the following corollary.

Corollary 3.14. Let m > 1, n > 2 and ac € (0,1)" such that > | o; = 1, then the

following statements hold for the generalized power cone P:,‘W.
(i) Py, is wrreducible.

(is) If m > 1,n =2 and o := (1/2,1/2), then P,

m,n

is homogeneous and perfect.

47



(iii) Ifm>1,n>2and ) ja;=1orm>1,n=2, a; #a and oy + az = 1,

then P

m,n

is nonhomogeneous. In addition, if 1 < m < 2, then 77:1 18 not

,n

perfect; if m > 3, then P.,

m,n

1s perfect.

Proof. (i) Recall that the two types of faces of P, , are defined as in (3.4) and (3.5),
with dimensions being 1 and n—|Z|, respectively. Since Z # () and so |Z| > 1, for any

possible pair of nontrivial faces F; and F, of P, | we have dim (F) + dim (F) <

m,n’

m+n = dim (P,, ,). This together with Lemma 3.13(i) show that P}, ,, is irreducible.
(i) If m > 1,n=2and a := (1/2,1/2), P

;’n is isomorphic to a second-order
cone and so is homogeneous; see, for example, [47, Section 3.1.2]. The perfectness
holds by Theorem 3.12(i) and Lemma 3.13(ii).

(iii) Take any m > 1,n > 2 with any a € (0,1)"” such that ", a; = 1 or
m > 1,n =2 with any a € (0,1)? such that a; # as, consider ¢ = (0,Z) € ri P, ,
and y = (y,9) € riP.,

m,n’

[T, 7i". Using (3.34), for all A such that AP, , =P,

m,n’

where min;{z;} > 0, min;{y} > 0 and y # O, ||y|| <
we have Ax # y because

B0 = 0 # ¥ for all possible B. Then by definition, P.,

mn With m > 1, n = 2
and Z?Zl a=1lorm>1,n=2 a # a and a; + as = 1 is nonhomogeneous.

m(m—1)

By Theorem 3.12(ii), we have dimLie Aut (P}, ,) = n+ =5— > m + n if and

m,n

only if m > 3. The conclusion concerning perfectness now follows from this and

Lemma 3.13(ii). 0
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Chapter 4

Log-determinant Cones

In this section, we will compute the one-step facial residual functions for the log-
determinant cones, and obtain error bounds. Let d be a positive integer and sd(d) :=
@ be the dimension of 8%, we consider the (sd(d) +2)-dimensional space IR x IR x
S Welet © := (., z,, £z) denote an element of RxIRxS?, where z, € R, z, € R

and £z € 8%, and equip R x IR x 8% with the following inner product:
(x,2) = X2, + Tyz, + tr(zr2y) forany z,z € R xR xS%

Recall that the log-determinant cone is defined as follows.
Kiogdet := {(z,y, Z) ERx R4 xS, 1z < ylogdet(Z/y)} U (R_x {0} xS?) (4.1)

= {(z,y, Z) eERxRyy xSI, 1 g%V < det(2)} U (R-x{0}xS%).  (4.2)

Its dual cone is given by
Kiogaer: ={(z, 4, Z) ER__xRxS{ :y>x(log det(—Z/x)+ d)} U({0} x R4 x SY) (4.3)

={(z,y,Z)eR__xIRxS8%, : (—z)%¥” < e?det(Z)}U({0} xRy xS%). (4.4)

In terms of the derivation of the dual cone, here is a sketch. Let f : Sj‘ﬁ + —~ Rbe
such that f(Z) = —d —logdet(Z) and let KC be the closed convex cone generated by
the set C' = {(1,y,2) | f(Z) < y}. We have K = cl{(z,y,Z) € Ri; x R x 8%, |
xf(Z/x) < y}. That is, K is the closure of {(z,y,2) € Ry x R x 8%, | y >
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x(—logdet(Z/x) — d)}. By [58, Theorem 14.4], the closed convex cone K generated
by {(1,v,W) | v > f*(W)} satisfies K = {(u,v, W) | (v, —u, W) € K°}, where K°
is the polar of K. The conjugate of f is —logdet(—W) for W € —Sjl_+. Overall, we
conclude that (z,y, Z) € K* iff (—x, -y, —Z) € K° iff (y, 2, —Z) is in the closure of
{(u,0,W) € Rix x R x =8%, | v > —ulogdet(—W/u)}. Finally, this implies that
(z,y,Z) € K* if and only if (z,y, Z) is in the closure of {(z,y,Z) € Rx R xS, |
—x < ylogdet(Z/y)}. This means (z,y,2) € K* iff (—z,y,Z) € Kiogdet- Thus, we
conclude that the cones in (4.1) and (4.3) are dual to each other.

One should notice that if d = 1, then the log-determinant cone reduces to the
exponential cone, whose corresponding error bound results were discussed in [36].
Hence, without loss of generality, we assume that d > 1 in the rest of this
paper. Notice from (4.2) and (4.4) that Kj ., is a scaled and rotated version of
Kiogdet -

For convenience, we further define
ICllogdet = {(x,y, Z)eR xRy X Sj‘f+ s < ylogdet(Z/y)} :
Kigpaer = {(z,y,Z) e R x Ryy x 8, : @ = ylogdet(Z/y)} ;
Kiogaer = R x {0} x Sf;
ICI"Olgdet = {(:c,y, Z)eR__ xR x Sir cy > z(logdet(—Z/x) + d)} :
Kiogaer = {(x, 9, Z) e R._ x R x 8¢, : y = x(logdet(—Z/x) + d)} ;

K2 e = {0} x Ry x ST, (4.5)

logdet

With that, we have
alclogdet = ]Clloegdet U K:lzogdet (46)

and

* __ yxle *2
aK"logdet - IClogdet U IClogdet'
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Before moving on, we present several inequalities, which will be useful for our

subsequent analysis.

1. Let 7 > 0, and let = (x, logdet(xz/x,), xy, xz) € Ki$4 N B(n) with x, > 0

and xz > 0 and satisty x, logdet(x,/x,) > 0. Then, we have

0 < x,logdet(xz/x,) < x,logdet(nly/x,) < dx,|log(n)| — dx,log(x,). (4.7)

2. Let @« > 0 and s > 0. The following inequalities hold for all sufficiently small

t >0,

t <Vt —t*log(t) <t*? 2 < —

4.1 Facial structure

In general, we are more interested in nontrivial faces, especially nontrivial exposed
faces. Recall that if there exists n = (n,,ny,nz) € 0K 4. \ {0} such that F =
Kiogdet N {m}*, then F is a nontrivial exposed face of Kjogaer- Different nonzero m’s
along 0K}, e Will induce different nontrivial exposed faces.

The next proposition completely characterizes the facial structure of the log-

determinant cone.

Proposition 4.1 (Facial structure of Kiogdet). All nontrivial faces of the log-determinant

cone can be classified into the following types:

(a) infinitely many 1-dimensional faces exposed by n = (n,,n,(logdet(—nz/n,) +

d),ny) withn, <0,nz >0,

F = {(y logdet(—n,n,'),y, —yn,n,') 1y € ]R+} ={yfi:yeR,}, (4.9
where
f. = (logdet(—m,n,'), 1, —n,n,"). (4.10)
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(b) a single (sd(d) + 1)-dimensional exposed face exposed by n = (0,mn,,0) with
n, >0,

Fa:=TR_ x {0} x 8¢ = K} jqer- (4.11)
(¢) infinitely many (sd(d —r (ngz)) + 1)-dimensional exposed faces given by
Fyp=R_ x {0} x (8! n{nz}"), (4.12)
which are exposed by

n=(0,n,nz) withn, >0,nz; >0,0<r(ny) <d. (4.13)

(d) a single 1-dimensional exposed face exposed by
n = (0,n,,nz) withn, >0,n; >0,

that is, r (nyz) = d,

Foo :=TR_ x {0} x {0}. (4.14)
(e) infinitely many non-exposed faces defined by
Fit = {0} x {0} x (S n{nz}"), (4.15)

which are proper subfaces of exposed faces of the form Fyu or Fq (see (4.11) and

(4.12)), and ny comes from the n that exposes Fyu or Fq, i.e., 0 <r(nz) <d.

Proof. Let n := (n,,n,,ny) € Kiogaer be such that {n} NKiogdet is a nontrivial face
of Kiogdet- Recall that Kiogaer is pointed, so n € 9K, 4 \ {0}. By (4.5), n, <0 and
we can determine whether n € Kjf, 4., or n € Kj 4., by checking whether n, <0 or

not. Therefore, we shall consider the following cases.

n, < 0: n, <0 indicates that n € K5y, then we must have

n = (n,,n,(logdet(—nz/n,) +d),nz) with n, <0, nz > 0.
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For any q :=

(Gz, @y, qz) € OKiogdet, since n, < 0, we can see that g € {n}* if and
only if

q. + q,(logdet(—nz/n,) + d) + tr(nzqz)/n, = 0. (4.16)
If g, = 0, then g € K3

jogdet> and 80 gz < 0,9z = 0. This together with nz > 0
and (2.1) imply that tr(nzqz) > 0. Since n, < 0, we observe that

0<—g, = tr(nzqz)/n, <0.

Thus, g, = 0 and tr(nzqz) = 0. The latter relation leads to gz = 0. Consequently,
q=0.

If g, # 0, then g, > 0 by the definition of the log-determinant cone and hence
ICle

logdet- Lhen, we know that g, = g, log det(qz/a,), qz >~ 0 and hence (4.16)
becomes
log det (q ) + log det ( nZ) +d+ tr (nzqz) =0.
qy n, nqu
After rearranging terms, we have

log det (—nzqz) +d+ tr (nzqz> =0.
gy

4.17
na, (4.17)
Note also that

1 1 1 1
2 3 2 2
det (—nzqz> = det A ALY and tr <nzqz) = tr Rz9z77 ;
’nqu any nqu

1 1

1 1

where nZgzn; - 0 and

Let f(x

2
log(z) —x + 1, we can rewrite (4.17) as follows,

) =
d n qgzn
5o (=25)
(4.18)
d 3 b
= (log ()\i (——"ZQZ"Z» +1-N (_anznz)> ~ 0.

nxqy
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Since f(x) < 0 for all z > 0 and f(z) = 0 if and only if x = 1, (4.18) holds if and

only if

1 1

2 2

A (—M) =1 Vie{l,2,...,d}.
n.q,

5%
nzaznyz

are 1. Hence, one can imme-
Nzqy

This illustrates that all the eigenvalues of —

1 1
diately see nzq;n}; = —n.q,l; and so qz = —qynxngl. By substituting this

expression of gz into g = (g, logdet(qz/qy), qy.qz), we obtain (4.9).
n, = 0: n, = 0 indicates that n € ICifgdet, then n, > 0 and n; = 0. Now, for

any q € OKjogaet, We have q € {n}* if and only if
n,q, + tr(nzqz) =0. (4.19)

Since n, > 0,q, > 0,nz = 0 and gz = 0, we observe that both summands on the

left hand side of (4.19) are nonnegative. Therefore, (4.19) holds if and only if
n,q, =0, tr(nzqz) =0. (4.20)

These together with (2.1) make it clear the cases we need to consider.

Specifically, if n, = 0, we consider the following four cases.

1. If r(ngz) =0 and n, = 0, then n = 0, which contradicts our assumption. This

case is hence impossible.
2. If r(nz) =0 and n, > 0, then by (4.20), g, = 0. This corresponds to (4.11).

3. If 0 < r(nz) < d, then gz = 0 but gz is not definite, so (q., @y, qz) € Ki z4er-

Since gz € {nz}* holds, this corresponds to (4.12).

4. If r(nz) =d, i.e., ngy > 0, then qz = 0. This corresponds to (4.14).
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Therefore, we obtain the exposed faces defined as in (4.11), (4.12) and (4.14).

We now show that all nontrivial faces of Kiogaer Were accounted for (4.9), (4.11),
(4.12), (4.14) and (4.15). First of all, by the previous discussion, all nontrivial
exposed faces must be among the ones in (4.9), (4.11), (4.12), and (4.14). Suppose
F is a non-exposed face of Kjogqer- Then it must be contained in a nontrivial exposed
face F of Kiogdet; €.8-, [9, Proposition 3.6] or [42, Proposition 2.1]. The faces in (4.9)
and (4.14) are one-dimensional, so the only candidates for F are the faces as in (4.11)
and (4.12).

So suppose that F is as in (4.11) or (4.12). Recalling the list of nontrivial
exposed faces described so far, the only nontrival faces of F that have not appeared
yet are the ones of the form F7 (as in (4.15)) for some n, with 0 < r(nz) < d. This

shows the completeness of the classification. O

It is worth noting that when d = 1, the case corresponding to F does not occur.
We also have the following relationships between these nontrivial faces. Let n # 0
with 0 < r(nyz) < d be given. If r(nz) > 0, then the corresponding faces Fy and

F7 satisfy the following inclusion
FrQFudFs and Foo < Fy < Fu (4.21)

If r(nz) =0, then we have

Fi < Fy. (4.22)
For distinct n' := (n},n,,ny) and n* = (n2,n;,ny) with 0 < r(ny) < d

and 0 < r(n%) < d, suppose n' and n? expose .7-";# and ]-"i, respectively. If
range(ny) 2 range(ny), then Fj < FZ (see, e.g., [4, Section 6]). A similar re-
sult also holds for non-exposed faces, that is, denote the non-exposed faces by F7!
and F72 respectively, with respect to n' and m?, if range(n}) 2 range(n%), then

ne

Fil Q F#2

ne -+
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4.2 One-step facial residual functions

In this section, we shall apply the strategy in [36, Section 3.1] to compute the
corresponding one-step facial residual functions for nontrivial exposed faces of the
log-determinant cone. Put concretely, consider F = Kiggdet N {n}+ with n €
O gaer \ 10}, For m > 0 and some nondecreasing function g : Ry — IR, with
g(0) =0 and g > | - |* for some a € (0, 1], we define

S— ]

lw—w] (4.23)

v € OKogaet N B(n) \ F, w = Pppyo(v), }

u = Pr(w), u #w '
In view of [36, Theorem 3.10] and [36, Lemma 3.9], if 7, , € (0, co] then we can use
Yy and g to construct a one-step facial residual function for Kgaet and n. In [36],
the positivity of 7, (with the exponential cone in place of Kjogdet and some properly
selected g) was shown by contradiction. Here, we will follow a similar strategy and
make extensive use of the following fact from [36, Lemma 3.12]: if ~,, = 0, then

there exist ¥ € F and a sequence {v"} C OKjogaet N B(n) \ F such that

g([lw* — v

lim v* = lim w* =% and lim =0, (4.24)

where w” = Py, (v"), uf = Pr(w") and uf # w*.
4.2.1 F4: the unique (sd(d) + 1)-dimensional faces

We define the piecewise modified Boltzmann-Shannon entropy gq : Ry — IR, as

follows:
0 if t =0,
ga(t) ;=< —tlog(t) f0<t< 5, (4.25)
t+ = if t > %.

Note that gq is nondecreasing with gq(0) = 0 and |t| < gq(t) for any t € IR,
The next theorem shows that 7y, € (0, co] for F4, which implies that an entropic
error bound holds.
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Theorem 4.2 (Entropic error bound concerning Fq). Let n = (0,m,,0) € 0K} 4.
with 1, > 0 such that Fq = Kiogaer N {n}*+. Let n > 0 and let vy, be defined as in
(4.23) with F = Fq and g = ga. Then vp,, € (0,00] and

dist(g, Fa) < max{2,2v,}} - ga(dist(q, Kiogaet)) Vg e {n} NBxn). (4.26)

Proof. If 7, = 0, in view of [36, Lemma 3.12], there exist ¥ € F4 and a sequence
{v*} C OKogaer N B(n) \ Fa such that (4.24) holds with g = g4 and F = Fy.

By (4.11), v = (v,,0,07) with vz = 0. Since v* € OKiogaes NB(n)\ Fa for all k, we
have vy > 0and v* € K|S, for all k. Hence, v* = (v} log det(v} /v}), vy, v}) with v} >
0,v% = 0 for all k.

Recall that = (0,n,,0) with n, > 0, then ||n|| = n, and (n,v*) = n v} > 0.
Since w* = P{n}L('Uk) and {n}* is a hyperplane, one can immediately see that for

all k,

k
kH _ |<’I’L,’U >| :,vk

w' =v'———"n=(v klogdet(vz/v ),0,v%) and |w"—wv i Y

Using (4.11), u* = Pr,(w*) and u” # w", we see that v} logdet(v}/v}) > 0 and
u® = (0,0, v%). We thus obtain that for all k,

|w" — u*|| = 'v]; log det('vé/'vg).

Because limy,_, 'v = 0, for sufficiently large k, we have 0 < ’v < . Hence,
— ok (a) —v¥log (v 1 1
hm gd(Hw v H) 11 Yy g( y) hm - — > 0’
k=oo  [Jwk — k|| T koo dul|log(n)] — dvklog(vl) koo g — dlllf;gvk)\ d

where (a) comes from the fact v* € B(n) and (4.7). This contradicts (4.24) with
ga in place of g and hence this case cannot happen. Therefore, we conclude that

Yy € (0,00], with which and [36, Theorem 3.10], (4.26) holds. ]
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Remark 4.3 (Tightness of (4.26)). We claim that for Fq, there is a specific choice
of sequence {w"} in {n}* with dist(w", Kiogder) — 0 along which both sides of (4.26)
vanish at the same order of magnitude. Recall that we assumed that d > 1; see the
discussions following (4.4).% Let n = (0,n,,0) with n, > 0 so that {n}* N Kiogder =
Fq. Define w* = (dlog(k)/k,0,1;) for every k € N. Then {w*} C {n}t. Since
log(k)/k > 0 for any k > 2 and log(k)/k — 0 as k — oo, there exists n > 0 such
that {wk} C B(n). Thus, applying (4.26), there exists kg > 0 such that

dist ('wk, ]—"d) < KB@d (dist ('wk, IClogdet)) for all sufficiently large k.

Noticing that the projection of w* onto Fy (see (4.11)) is given by (0,0, I), we obtain

dlog(k)
k

= dist('wk,}"d) < KB@d (dist('wk, IClogdet)) .

Let v* = (dlog(k)/k,1/k, 1) for every k. Then dist(w", Kiogder) < 1/k since v* €
Kiogdet- In view of the definition of gq (see (4.25)) and its monotonicity, we conclude

that for large enough k we have

dlog(k)
k

log(k
= dist(w", Fq) < wpga(dist(w”, Kiogaer)) < 5 ng( )

That means it holds that for all sufficiently large k,

: k
J< (%1st(w ,Fa)
gd(dISt(wka }Clogdet

) =

Consequently, for any given nonnegative function g : IRy — IR, such that
limy o ggd(—g) =0, we have upon noting dist(w", Kiogaer) — 0 that
dist(w”, Fy) dist(w”, Fq)  ga(dist(w”, Kiogdet))
. = : : o0,
g(dISt(wka Klogdet)) gd(dISt (wk7 Klogdet)) g(dlst('w’f, Klogdet))

which shows that the choice of gq in (4.26) is tight.

8 When d = 1, the log-determinant cone reduces to the exponential cone studied in [36], where
the tightness of the corresponding error bounds was shown in Remark 4.14 therein.
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Upon invoking Theorem 4.2 and [36, Lemma 3.9], we obtain the following one-step

facial residual function for Kigqer and n.

Corollary 4.4. Let n = (0,n,,0) € 0K} 4. with n, > 0 such that Fq = Kiogdet N

*
logde

{n}t. Let vn: be defined as in (4.23) with F = Fq and g = gq in (4.25). Then the
function Y n : IRy X Ry — Ry defined by

VYem(e,t) := max {e, ¢/||n||} + max {2, 27;}/} ga (e + max {¢,¢/||n||})

is a one-step facial residual function for Kigaer and m.

4.2.2 Fu: the family of (sd(d —r(nz)) + 1)-dimensional faces

Let > 0 and let n € 9K, 4, be such that Fy = Kiggaet N {1} Let 75, be defined
as in (4.23) with F = F4 and some nondecreasing function g : IRy — IR, with
g(0) =0and g > |- |* for some a € (0,1]. If y,, = 0, in view of [36, Lemma 3.12],
there exists © € Fy and a sequence {v*} C OKiogaer N B(n) \ Fy such that (4.24)
holds. As we will see later in the proofs of Theorem 4.6 and Theorem 4.8 below, we

will encounter the following three cases:
(I) n, > 0 and v* € Fy N B(n) \ Fy for all large k;
(I) n, > 0 and v* € OKjogaer N B(n) \ Fa infinitely often;

(III) n, =0 and v* € OKjogaet N B(n) \ Faq infinitely often.

For case (I), we have the following lemma which will aid in our further analysis.

One should notice that this lemma holds for both Fy and F.

Lemma 4.5. Let n = (0,n,,nz) € 0K} 4 \ {0} with my, > 0 and nz = 0 such
that F = Kiogaet N {n}*+ with F = Fy or Fu. Let © € F be arbitrary and {v*} C
FaNB(n)\ F be such that

lim v* = lim w
k—o0 k—o0
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where wh = Ppyo (v7), u" = Pr(w”) and w* # uF. Then

wk_,vk «
lim inf 122 =2 "

k—o0 ||'wk‘ — ’U,kH < (OJOO]’

where « is defined as in (2.8) with Z being ny.

Proof. Note that {vF} C FqN B(n) \ F implies v* = (v, 0,v%) with v& < 0 and
vh € 8¢ for all k. Then, (n,v*) = tr(viny), which is nonnegative since both v% and
ny are positive semidefinite. Because w* = Pp,y.(v*) and {n}+ is a hyperplane,

one can immediately see that for all k,

lw" — ¥ = =

On the other hand, by Lemma 2.4 and the formula of F, we obtain that for all &,

|w® — u|| < dist(v", F) = dist(v}, SE N {nz}) < Cptr(ving)®,
where the final inequality comes from Proposition 2.5 and « is defined as in (2.8)
with Z being n .
Now, we can conclude that

o wk — R 1
1 f > 0.
i [Jwh —wh| = Cplne

This completes the proof. O

Now, we are ready to show the error bound concerning F,. We first show that

we have a Holderian error bound concerning Fx when n, > 0.

Theorem 4.6 (Holderian error bound concerning Fy if n, > 0). Letn = (0,n,,nz) €

oK,

bgdet With 1, >0, 7 = 0 and 0 < r(nz) < d such that Fy = Kiegaet N {n}*.

Let n > 0 and let vy, be defined as in (4.23) with F = Fyu and g = | - |%. Then

Yy € (0,00] and

[NIES

dist(q, Fy) < max{2n2, 29,1} - (dist(q, Kiogaer)) Vg € {n} N Bn). (4.27)
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Proof. If vy, = 0, in view of [36, Lemma 3.12], there exist v € F4 and a sequence
{v*} C OKiogaet N B(1) \ Fy such that (4.24) holds with g = |-|2 and F = Fy. Since
{v*} C OKogaer N B(n) \ Fy, the equation for the boundary of Kiogder (see (4.6) and

(4.21)) implies that we have the following two cases:
(i) v* € OKiogdes N B(n) \ Fq infinitely often;
(ii) v* € FanB(n) \ Fy for all large k.

(i) Passing to a subsequence if necessary, we can assume that vk € OKogdet N

B(n) \ Fq for all k, that is,
vk = (v;; log det(vé/v;j),vj,vé) with 'v'; >0,v5 =0, forall k.

Then, (n,v") = n,of + tr(vinyz), which is positive since n, > 0,v} > 0 and both
vy ny are positive semidefinite.

Now, one can check that
(n,v*)  myol+ tr(ving)

lwk — v = - . (4.28)
Ikl [l

On the other hand, by Lemma 2.4, the formula of F and Proposition 2.5, we obtain

the following inequality for all &,
|wk — uf| < dist(vF, Fy) < ('v’; log det('vé/v’;))Jr + 'uly€ +Cp tr(vénz)%. (4.29)

Let 7% := tr(vhny) and r :=r (ny).
If v} logdet(v}/v}) > 0 infinitely often, then by extracting a subsequence if
necessary, we may assume that v log det(v}/vf) > 0 for all k. Then we have from

(4.29) and (4.7) that for all large k,

[w* — ub|| < d|log(n)|vF — dvFlog(vF) + vF + Cp(r*)?

(a) 1 1 1
< (d]log(n)] +1)(vy)2 +d(vy)2 + Cp(")?
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© (d|log(n)| +d + 1)|n|>

< : [w* — o2 + Cpln |2 |w" — o*||2
(ny)§
d| 1o +d+1)|n|z ) 1
_ (| g(ﬁ)| i )H ” +CPHnH; Hwk_ka;,
(ny)5

where (a) holds by (4.8) with & = 1 and the fact that v; — 0 (since v — v € Fy),

(b) s true since [ — o3 > (n,vf)}/([nl)? and [jwh ¥} > ()} /(n])? for

all k& thanks to (4.28).
This contradicts (4.24) with |- |2 in place of g and hence this case cannot happen.
If v} logdet(v}/vy) < 0 infinitely often, then by extracting a subsequence if
necessary, we may assume that v’; log det(v%/vj) < 0 for all k. Similar to the

previous analysis, we have from (4.29), (4.8) and (4.28) that for all large k,
1 1 1 1 1 1
| < v () < ()34 Co()E < [(Inl/my)? + Collm] fw* —o .

The above display contradicts (4.24) with | - |2 in place of g and hence this case
cannot happen.

(ii) By Lemma 4.5, case (ii) also cannot happen.

Hence, we conclude that v, € (0,00]. In view of [36, Theorem 3.10], we deduce

that (4.27) holds. O

Remark 4.7 (Tightness of (4.27)). Fiz any 0 < r < d (recall that we assumed d > 2;
see the discussions following (4.4)). Let n = (0,n,,nz) with n, > 0, ny = 0 and
r(ny) =r. Then, we have Fy = Kiogder N {n}*+ from (4.12). Let R € R be such

0 0

that ny; = R |:0 Er

} R where ¥, € 8" is diagonal, ¥, = 0 and RR" = 1;. Then

A O

Fp =R x{0} x(8{n{ns}") = R_x {0} x {R {0 0

]RT CAc Si—'}. (4.30)
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Fiz a Q@ € R with 0 < Anax(QTQ) < 1. For every k > 0, we define

QT QT

wf=(-1,0,R lar 7 R") and v* = —-1,0,R la—r 7% R").
Q 0 Q I
k ko k2

Then there exists n > 0 such that {w*} C {n}t N B(n). We also observe that

QT
R []‘ég_r 1 } RT > 0 for all k based on standard arguments involving the Schur
N k2

complement. Then {v*} C Fyq C Kiogaer- With that, we have

I

k2

NG

F_ k2

diSt(wk,Klogdet) < Hwk - Uk” = ‘

Therefore, by applying (4.27) and using (4.30), there exists kg > 0 such that

o< VIOl

NG

= dist(wk,j’-"#) S liniSt(wk,’Clogdet)% S /{B};

Consequently, for all k, we have

: k
o< VAQlr __distwt )

r4 o diSt(wk,Kbgdet)% N
Similar to the argument in Remark 4.3, we conclude that the choice of | - |% 15 tight

Next, we consider the case where n, = 0. Define gj,, as follows

0 if t =0,
Glog (1) := 1og1<t) ifo<t< %,
Lyl ift> 4

(4.31)

We note that g, is increasing with gig(0) = 0 and |t| < gog(t) for all ¢t € R;.

Moreover, giog(t) > ga(t) for any ¢ € (0, e%) With gjog, the next theorem shows that

Yy € (0,00] for Fu, which implies that a log-type error bound holds.
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Theorem 4.8 (Log-type error bound concerning Fy if n, = 0). Letn = (0,0,nz) €
K gaer With iz = 0 and 0 < r(nz) < d such that Fy = Kiggaer N {n}*. Let n >0
and let vn, be defined as in (4.23) with F = Fy and g = giog in (4.31). Then

Yy € (0,00] and
dlSt(q, JT:#) < max{2, 277:,%7} ’ 910g<diSt(q> Iclogdet)) vq € {In’}J_ N 8(77) (432)

Proof. If vy, = 0, in view of [36, Lemma 3.12], there exists v € Fx and sequences
{v*}, {w"}, {u"} being defined as those therein, with the cone being Kjogder and the
face being F, such that (4.24) holds with g = @iz as in (4.31). As in the proof
of Theorem 4.6, the condition {v*} C OKjogder N B(n) \ Fx means that we need to

consider the following two cases:
(i) v* € OKiogaes N B(n) \ Fu infinitely often;
(ii) v* € FanB(n) \ Fy for all large k.

(i) Passing to a subsequence if necessary, we can assume that vk € O 0gdet M

B(n) \ Fa for all k, that is,
v" = (v} logdet(v} /v)), v, v}) with v > 0,05 = 0, for all k.

Then (n,v*) = tr(viny), which is nonnegative since ny = 0,v% = 0.

Now, one can check that for all k,

n, vk r(vhin,
E kH:<7 >:t(Z ) (4'33)

On the other hand, by Lemma 2.4, the formula of F and Proposition 2.5, we obtain
that for all &,

N

|wk — uf| < dist(vF, Fy) < (vl; log det(’ué/'v’;))Jr + 'v]; + Cptr(ving)z.  (4.34)

Let 7% := tr(vinyz) and r:=r(ny).
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If 'v’zj log det(v5/ 'U’y“) > 0 infinitely often, then, by passing to a subsequence if
necessary, we may assume that det(v/vy) > 1 for all k, and hence (v})? < det(v})

for all k. Thus, upon invoking Lemma 2.1, we obtain that for all k,

=
s

v’; < (det(vh))a < O(r%)a. (4.35)

Then, for all sufficiently large k,
(a) 1
lw" — || < dvy|log(n)| — dvylog(vy) + v, + Cp(7")z
(b) kL ky L ky L ky L
< (d[log(n)[ + 1)C(r")a = dC (%)@ log(C(77)4) + Cp(T")?
= (d|log(n)| + 1)C(7%)d — Cdlog(C)(r*)7 — Cr(7*) log(¥) + Cp(7*)?
(C) r T 1
< (Cd|log(n)| + C — Cdlog(C)) (%) 2 + Cr(7¥)2a + Cp(7*)>
< |Cdllog(n)] + € = Cdlog(C)|(74)” + Cr(r*)" + Cp(r")"
= C#(Tk)pv
where p = min{y;, 3} and Cy := )C’d\ log(n)| + C' — Cdlog(C)| + Cr + Cp > 0,
(a) comes from (4.34) and (4.7), (b) holds because of (4.35) and the fact that x —
—xlog(x) is increasing for all sufficiently small positive z, (c) is true by (4.8) (with

a=r/d>0).

Therefore, we conclude that

k _ a4k k _ a2k]||p k\p 1
i Bl =0 ) b~ (Y

k=oo [lwk —ut| oo [k —ub| = ks Il Cyu(rh)e ~ nfleCy

> 0.

This contradicts (4.24) with g, in place of g and hence this case cannot happen.
If v} logdet(v}/v)) < 0 infinitely often, then by passing to a subsequence if

necessary, we may assume that vf log det (v’ /v’;) < 0 for all large k. Moreover,

recalling the exponential form of KCjogder in (4.2), we have (vj)de”’;/ vy = det(vh) for
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all k. Invoking Lemma 2.1, we then see that for all &,

=
=

whet /) — (det(vh))

< O(r*)a.

Thus, by taking logarithm on both sides, the above inequality becomes

k
T

<log(C) + L log (7).

log(v];) + Y y

dv

k
y
Since 'v’y€ — 0, 7F — 0, and both sequences are positive, we note that _'UZ log(7%) >

0 for all large k. After multiplying —'vij on both sides of the above display and

rearranging terms, we see that for all large k,

y —_—
r r r

dlog(ChvF  dvFlog(vF k
O<—’u§log(7'k)§ 8(C) - 8(v,) Yz

Then, by passing to the limit on both sides of the above display, we obtain that
dlog(C)vy  dvylog(vy) vk

Y

0 < limsup —v§ log(7") < lim sup =
k—o0 k—o0 r r r
k ~
— lim 2= Ve (4.36)

k—oo f r

Therefore, we conclude that

. k _ akl) (a) 1 1
lim f g(H,ZU ];U ) > liminf — k T
oo |[wk — uf| k=oo log(7%) —log([|nl]) vk + Cp(rF)3
1
= lim inf

k=2 log([[n|)(vh + Cp(7%)2) — vl log(7%) — Cp(7+)? log(r*)
(b) —
> lim —}: € (0, o0],
where (a) is true owing to (4.33) and (4.34), (b) comes from (4.36) and the fact v} —
0,7" — 0, the last inequality holds because v, < 0 thanks to v’y“ log det(v5/ v’;) <0
for all large k. The above display contradicts (4.24) with g,g in place of g and so
this case cannot happen.
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Hwk_kal/Q

(ii) In this case, we have from Lemma 4.5 that liminfy e € (0, o],
which implies that
k _ a0k E _ k(1/2
lim Buog ([[w” — v7) > liminfM € (0, o0],
k—oo  ||Jwk — uk|| k—oo  ||wk — uk||

where we recall that [t|/2 < gjo4(¢) for ¢ sufficiently small. In view of the definition
of Yp,, case (ii) also cannot happen.

Hence, we conclude that v, , € (0,00]. Using this together with [36, Theorem
3.10], we deduce that (4.32) holds. O

Remark 4.9 (Tightness of (4.32)). Let n = (0,0,nz) withnyz = 0,0 <r(nz) <d.
Then, we have Fy = {n}* N Kiogaer from (4.12). Consider the sequence w* =
(=1,1/k,0), v* = (—=1,1/k, 1;/(ked)) and u* = (=1,0,0) for every k, we note that
wh € {n} v" € Kipgaer and u* = Pf#('wk) for every k. Moreover, there exists
n > 0 such that {w"*} C B(n). Therefore, applying (4.32), there exists kp > 0 such
that

1 d
o= dist(wk,]:#) < /@Bglog(dist(wk,lClogdet)) < KBGlog (—;;) Vk € N.
ed

In view of the definition of giog (see (4.31)) and its monotonicity, for large enough

k we have

< WL <K 2—d
~ logk + (k/d) —log\/d ~ Pk

1 . .
= dist(w", Fy) < HBglog(dISt(wk7Klogdet))

Consequently, it holds that for all sufficiently large k,

: k
< dl'st('w Fu) < rp.
glog<d15t<wk7 Klogdet))

1
2d
Similar to the argument in Remark 4.3, we conclude that the choice of giog s tight.

67



Using Theorems 4.6 and 4.8 in combination with [36, Lemma 3.9], we obtain the

following one-step facial residual functions for Kj,gqet and n.

Corollary 4.10. Let n = (0,ny,nz) € 0K} 400 with ny, > 0, nz = 0 and 0 <

*
logde

r(nz) < d such that Fy = Kiogaer N {n}+.
(1) If n, >0, let yp s be as in (4.23) with F = Fy and g = |-|2. Then the function

VYm Ry x Ry — IR, defined by

Y€1) = max {e,¢/[n]|} + max {263, 291} (e + max {e, ¢/ n||})?
is a one-step facial residual function for Kiogqer and n.

(i1) If n, =0, let v be as in (4.23) with F = Fyu and g = giog in (4.31). Then
the function V¥, : IRy X Ry — Ry defined by

Yicm(e t) == max {e, ¢/[|In|[} + max {2,27,; } giog (¢ + max {e,¢/||n[|})
is a one-step factal residual function for Kiogder and m.
4.2.3 F,.: the exceptional 1-dimensional face
We first show a Lipschitz error bound concerning F, if n,, > 0.

Theorem 4.11 (Lipschitz error bound concerning F if n, > 0). Letn = (0,n,,nyz) €
8/Cf‘ogdet with m, > 0 and nz = 0 such that Foo = Kiogaer N {n}*. Let n > 0 and let

Yy be defined as in (4.23) with F = Foo and g = |- |. Then yp, € (0,00] and
dist(q, Foo) < max{2,2v, 1} - dist(q, Kiogaer) Vg € {n}" N B(n). (4.37)

Proof. If 4, = 0, in view of [36, Lemma 3.12], there exists v € F., and sequences
{v*}, {w"*}, {u*} being defined as those therein, with the cone being Kiogder and the
face being Fo., such that (4.24) holds with g = | - |. Note that {v*} C Kpgder N

B(n) \ Fs means that we need to consider the following two cases:
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(i) v* € OKiogdes N B(n) \ Fq infinitely often;
(ii) v* € FanB(n) \ Fu for all large k.

. . . k
) logde
(i) Without loss of generality, we assume that v® € 0K ogdet N B(n) \ Fq for all k

by passing to a subsequence if necessary, that is,
vF = ('v’; log det(v@/v’y“),v’;,vé) with vj > 0,v5 =0 for all k.

Then, (n,v*) = nyv} + tr(vinz) > 0 and

||'wk B ka _ ’n,y'v’y“ + tr('vgnz)
[m]

On the other hand, by Lemma 2.4, we obtain that for all k,
lw® — u*|| < dist(v", Fio) < (v logdet(vy/v)))+ + vy + [[0% ] . (4.38)

If 'v’; log det (v5/ v’;) > 0 infinitely often, by passing to a subsequence if necessary,
we may assume that v} logdet(v}/vy) > 0 for all large k and hence, recalling that
|vE||F < tr(vh) (since v% = 0), we obtain

d
|w" — uf|| < v’yc log det(v@/’v;j) + v’y“ + tr(vh) = 'v’yc + tr(vh) + v’y“ log(H Al(vé)/v’;)

=1
d
=vf + tr(v}) + ) vblog(Ai(vh)/vf)
i=1

d
ok 4 tr(vh) + > vk (\i(vh) /vl +1)
= Ty Z y\"\"TZ) ] Py
=1

= vy + tr(v}) + tr(vy) + dvf = (14 d)v) + 2tr(vy),

where (a) holds because log(z) <z + 1 for all z > 0.
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Combining these identities and using (2.1) yields:

’I’L— k Amin(nz) k
lim w* — v > lim inf s (L + d)vy + =502 tr(vy)
koo [Jwh — b 7 koo (1+ d)vg + 2tr(v})

> min { Ty , Amin(127) } 0.
[nll(1+d)" 2|n]
This contradicts (4.24) with | - | in place of g and hence this case cannot happen.
If v’y€ log det (v’ /vf) < 0 infinitely often, then by extracting a subsequence if
necessary, we may assume that v, log det(v% /v}) < 0 for all large k& and hence (4.38)
becomes

fo* — | < wf + tr(v)).

Therefore,

k gk Ty gk 4 Amin(nz) gk Ao
tim 12 =V g i L Il 2 min{ o m‘“(”Z)} 0
h=oo [|[wh —wk|| koo vy + tr(vy) [nl” [l
The above inequality contradicts (4.24) with | - | in place of g and hence this case

cannot happen.

(ii) By Lemma 4.5, case (ii) also cannot happen.

Overall, we conclude that 7,, € (0,00], and so by [36, Theorem 3.10], (4.37)
holds. [

Note that a Lipschitz error bound is always tight up to a constant, so (4.37) is
tight.

If n, = 0, we have the following Log-type error bound for Kiggdet-

Theorem 4.12 (Log-type error bound concerning F, if n, = 0). Letn = (0,0,nz) €
O gqer With mz = 0 such that Fo, = Kiogaet N{n}*. Let n > 0 and let yy,, be defined
as in (4.23) with F = Foo and g = giog in (4.31). Then vn, € (0,00] and

dist(q, Foo) < max{2, 27,1} - giog(dist(q, Kiogdet)) Vg e {n}nBxn). (4.39)
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Proof. If vy, = 0, in view of [36, Lemma 3.12], there exists v € F,, and sequences
{v*}, {w*}, {u*} being defined as those therein, with the cone being Kijogaer and
the face being F, such that (4.24) holds with g = gis as in (4.31). Note that

{v*} C OKiogaet N B(n) \ Foo means that we need to consider the following two cases:
(i) v* € OKiogdes N B(n) \ Fu infinitely often;
i) v* € FynB Foo for all large k.
(ii) n g

(i) Without loss of generality, we assume that v* € O ogaer N B(n) \ Fa for all k

by passing to a subsequence if necessary, that is,
vt = (’UI; log det(vg/v’;),v’;,vé) with 'v'; >0,v5 =0 forall k.

Then (n,v*) = tr(vinyz) > 0 and

k tr(vh
”,wk: ,ka _ <nav > _ r(”ZnZ)' (4‘40)
el leddl
In addition, by Lemma 2.4, we obtain that for all k,
Jw* — || < dist(v", Foo) < (v) log det(vly/v))) 1 + v} + [v} | p. (4.41)

Let 7% := tr(vhny).
If v} logdet(vf/vy) > 0 infinitely often, then by passing to a subsequence if
necessary, we may assume that det(vf/vf) > 1 for all k. Hence we have (v})? <

Y

det(v%). Thus, combining Lemma 2.1 with r(ny) = d, we obtain that for all k,

vF < (det(vh))d < CT", (4.42)
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Then, for sufficiently large k,

()
[w* — u|| < d|log(n)|v) — dvllog(vh) + vl + tr(v})

= (d|log(n)| + 1)v} — dv} log(v)) + Amin(127) tr(v5)

Amin(ln/Z)
® k k k
< (Cd|log(n)| + C)t" — Cdr"log(CT") + —————

Amin(722) (4.43)

= (Cd|log(n)| + C — Cdlog(C))t" — Cdr*log(T") + ————7
>\min<nZ)

53(yRAMgony+cu-cdbg«n‘+Ckﬁ+x—§%£5)(—kagﬁkn

= Coo(=7"log(7")),

where C, := ‘Cd] log(n)|+C—Cdlog(C)‘+Cd++ > 0, (a) comes from (4.41)

Arnin('r"Z)
and (4.7), (b) holds because of (2.1), (4.42) and the fact that z — —zlog(z) is
increasing for all sufficiently small positive x, (c) is true because x < —xlog(x) for

sufficiently small z and 7% — 0 because v — 0.

Hence,
R k _ a4k 1 1
lim g g(“:’_ :) ) > liminf — - — -
Koo ||wh — uk|| e 1%<ﬁ06@(71%h))
.k k
> lim ——10s) L

k—oo Coo(—TFlog(7F))  Cu

where the first inequality comes from (4.40) and (4.43), the second inequality comes
from (4.8) (with a =1 and s = m) This contradicts (4.24) with gje in place of g
and hence this case cannot happen.

If ’05 log det(v5/ 'v’y“) < 0 infinitely often, then by passing to a subsequence if

necessary, we may assume that that v} logdet(v}/vy) < 0 for all k. Moreover,
recalling the exponential form of Kioger in (4.2), we have (vE)e?/% = det(v) for
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all k. Upon invoking Lemma 2.1 with r (nz) = d, we then see that for all k, we have

< o7t

=

vkevs/ (@) = (det(v}))

Thus, by taking the logarithm on both sides, the above inequality becomes

k
Uy

2
dvy

log(vF) + —=- < log(C) + log(7").

Since vy — 0, 7° — 0 and {v, }, {7"} are positive sequences, we note that —v, log(7") >
0 for all large k. After multiplying —vf on both sides of the above display and rear-

ranging terms, we see that for all large k,

k
k k k ky _ Yz k
0 < —v, log(7") < —v, log(v,) — — +log(C)v,.

d
Then, by passing to the limit on both sides of the above display, we obtain that

k
0 < limsup —v;j log(7") < lim sup —v]; log(v’y“) =y log(C’)'vly“

k—o0 k—o00 d
(4.44)
g Yl
T a4

Note also that since nz has full rank, we have upon invoking the equivalence in (2.1)
that {nz}+ NS¢ = {0}. Then Proposition 2.5 guarantees that Cp7" > ||v5|| .

Therefore, altogether we conclude that

o k 2k (a) 1 1
lim QeI =) @
koo |lwh — uk|| k—oo  log(7*) —log(|[n]]) vk + Cprk
1 (b) —d
> lim inf > lim — € (0, 00],

k—oo log(||[n|)(vE + Cpr*) — vk log(7%) — CprFlog(Th) — koo vk

where (a) is true owing to (4.40), (4.41), (b) comes from (4.44), 7*log(7*) — 0
and v} + Cp7® — 0, the last inequality holds because ¥, < 0. The above display
contradicts (4.24) with gog in place of g and hence this case cannot happen.
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(ii) Analogously to the proof of Theorem 4.8, by Lemma 4.5, case (ii) cannot
happen.

Therefore, we obtain that v, , € (0,00]. Using this together with [36, Theorem
3.10], we deduce that (4.32) holds. O

Remark 4.13 (Tightness of (4.39)). Let n = (0,0, nz) with ny = 0. Then, F =
{n}+ N Kiogder. Consider the same sequences {v*}, {w"*}, {u*} in Remark 4.9, i.e.,

for every k,
v* = (=1,1/k, I,/ (ke?)), w*=(—1,1/k,0), u*=(—1,0,0).

Note that there exists 1 > 0 such that w* € {n}*+ N B(n), v* € Kiogder and ur =

Pr_(w") for any k. Therefore, applying (4.39), there exists kg > 0 such that

ed

1 d
E = diSt('UJk,JT"OO) < liBglog(diSt(wk,K:logdet)) < KBBlog (%) vk € N.

In view of the definition of giog (see (4.31)) and its monotonicity, for large enough

k we have

< B <K 2d
" logk 4+ (k/d) —log\/d ~ PR

1
% = dist(wk, Foo) < /fBglog(diSt(wka Kiogdet))

Consequently, it holds that for all sufficiently large k,

dist (w”, Foo)
Hlog (diSt (wk ) Klogdet ) )

< < KpB.

1
2d
Similar to the argument in Remark 4.3, we conclude that the choice of giog s tight.

Using Theorem 4.11 and Theorem 4.12 in combination with [36, Lemma 3.9], we

deduce the following one-step facial residual function for Kiggqer and n.
Corollary 4.14. Let n = (0,n,,nz) € 0K} 4 withn, >0 and nz = 0 such that

foo = ]Clogdet N {’n’}L
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(1) If ny, > 0, let vt be as in (4.23) with F = Fo and g = |- |. Then the function
Urn(e,t) = max {e,¢/||n||} + max {2,279, } (€ + max {e, ¢/|n[|})
is a one-step facial residual function for Kiogqer and n.

(it) If ny, =0, let v be as in (4.23) with F = Fo, and giog defined in (4.31). Then

the function

Urn(e,t) = max {e,¢/|n|} + max {2,27,}} giog (€ + max {¢,¢/[n]})
is a one-step facial residual function for Kiogder and m.

4.2.4 F;: the family of 1-dimensional faces
Theorem 4.15 (Hélderian error bound concerning F;). Letn = (n,, n,(logdet(—nz/n,)+
d),ny) € O gqer With my < 0 and nz = 0 such that Fy = Kiogdet N {n}t. Letn >0

and let vy, be defined as (4.23) with F = F, and g = | - 2. Then Yy € (0,00] and
dist(g, F,) < max{2n2, 29} - (dist(q, IClogdet))% Vg € {n} NB(n). (4.45)

Proof. If v, = 0, in view of [36, Lemma 3.12], there exists v € F, and sequences
{v*}, {w"}, {u"} being defined as those therein, with the cone being Kjogder and the

face being F,, such that (4.24) holds with g = |- |2. We consider two different cases.
(i) v* € Fq infinitely often, i.e., v} = 0 infinitely often (wherefore ¥ = 0);
(ii) v* ¢ Fy for all large k, ie., vj > 0 for all large k.

(i) If v;j = 0 infinitely often, by extracting a subsequence if necessary, we may
assume that
" = (vF,0,v%) with v* < 0,05 =0 for all k.
Combining this with the definition of n, we have
[(n, v™)| =n,v" 4 tr(ngvh)| = —ng|vf| + tr(nzvh) > —n|vf| + A (nz) tr(vh)
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> minf{ =1, Awin(n2)}(J0F] + tr(v5)) > min{—n, Ain(n2) } 0¥

Here, we recall that tr(nzvl) > 0, \uin(nz) > 0, tr(vh) > 0.

Since projections are non-expansive, we have ||w*| < |v*||. Moreover, since
0 € F,, we have dist(-, F;) < || - ||. Thus,
lw* — || =dist(w", F) < lw']| < [|o"]
1 k Il
_min{_nan)\min(nZ)}Kn”U >‘ mln{ nac; mm(nZ)}”w ||
This display shows that (4.24) for g = |-| does not hold in this case. Since [¢|'/2 > |¢|
holds for small ¢ > 0, we conclude that (4.24) for g = | - |'/? does not hold as well.

(i) If v’; > 0 for all large k, by passing to a subsequence if necessary, we can

assume that

v = (v klog det('vZ/'v ), v¥, vh) with v]; >0,v5 =0, forallk.

) y?

Thus, we have

T ] (4.46)

and

(n,v*) = nxv’; log det('vé/v’;) + ngg'v'y“(log det(—nz/n,) + d) + tr(nzvh)

k k
A A VN
:nm'vlyC (logdet( in > +d+ tr (vinz))
y y' T
ka3 3ok 3
n-v,n n-v,n
= nxv’; <log det (—#) +d+ tr (%))
VN vINn
y T y T
i=1 Yy x Yy X

d

— ot (tf Tl etf) >0, (4.47)
=1
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where t§ := log ()\i <—n§v§n )) fori=1,2,...,d and k£ > 1, and the nonnega-

tivity comes from the observation that t +1 — ¢! < 0 for all ¢ € IR and the facts

that n, < 0 and 'v?’j > 0; recall that here v = 0,n7 = 0,n, < 0, and 'v’lyc > 0, then

Ai(— n% Z%:g ) > 0 for all 4, and hence t¥ is well-defined.

Next, we turn to compute ||w* — u*||. Using Lemma 2.4, (4.9) and (4.10), one

can see for all k,
(a)
lw" —u®]| < dist(v*, F) < [[v* — vy fi
= ||(v log det (v /v)) — v} log det(—n,ny,'),0, v} + vingn,')|

1 1
vl (|logdet(—(nZving)/(vin,))| + [[v5 /vl + n.n'|r)
d
<o) ((Z |t§|> + ||lvk jvl + ngcngl”F) ,
=1

where (a) holds because v f. € F.. We remark that v /vF +n,n;" is a symmetric

matrix. Let

1 1

k k 20k s 2
Uy _ vV,Ny ~ n,v,n
Ay =2 +n,n;', B:=-n,n,', D,.=-2 Dy = 2272
2 Z Z > k ’ k
v, Uy My VMg

11 ~
We notice that Dy, = n,*>Dyn; and eti = Ni(=Dy) for i = 1,2,...,d and k > 1.
Then, we have for all k,

[Aklle < [ Akl = [[Ar(nz/n) (neny) | = [[(Dy + 1) Bl

@) sup tr(W(Dy+1)B) = sup tr <BW (n;%lskné " I>)

(IW]l2<1 [Wl2<1

1 1~ (b) ~
= sup tr (n%BWnZQ(ijLI)) < ||Dy + I]|« sup Hn BWnZ |2
[Wll2<1 Wll2<

d d
=B IN(De+ 1) =8> IM(Di) + 1] = BZ\)\ —Dy) — 1] = 5Z|etz—1\
=1 =1
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where (3 := supy,<; [PzBWn,?[2 € (0,00), and (a) and (b) hold since the dual
norm of nuclear norm || - ||, is the spectral norm || - ||o. Hence, we obtain that for all

k,

d
lw" —uf|| < vy (Z [t + 5
=1

Before moving on, we define two auxiliary functions and discuss some useful

el — 1|> . (4.48)

properties. Define
h(t):=t+1—¢" and g(t):=|t| + Ble' —1]. (4.49)
We observe that
h(t) =0<=1t=0,

tllglo ht) = tk{nooh(t) -

(4.50)

W(t) = —¢', W'(0) = —1.

In addition, g(t) > 0 for all ¢ € IR and ¢(¢) = 0 if and only if ¢ = 0.
Now, recall from the setting of {v*} that v* — © and (n,v*) — 0. This and the

formula of (n,v*) in (4.47) reveal that we need to consider the following two cases:
(1) liminfy_eo S0, A(tF) = 0;
(I1) liminfy 0 S0, h(tF) € [~00,0).

For notational simplicity, we define t* := (%)%, for all k.

(I) Without loss of generality, by passing to a further subsequence, we assume
that limy_,. 32, A(t¥) = 0. Combining this assumption and the fact that (t) < 0
for all t € IR with (4.50), we know that t* — 0. Now, consider the Taylor expansion
of h(t) at t = 0, that is,

h(t) = —0.5t> + O(|t]*), t—0.
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It follows that there exists ¢ > 0 such that for any ¢ satisfying [t| < €, h(t) <

—0.25t? < 0. Thus, we have for all large & that,

d d
0< Z 5(tF)? < Z (4.51)
We can deduce the lower bound of ||w* — v*||z for sufficiently large k as follows:

F_ oklls @ |<na'vk>|é (b) |n$| |” k
|w" —v"|2 = 1 4 Z\ ()

In]2

© |na|2|vp]? (& P @ (Inallvf))?
> Y th? — v th
— 2n] 27) = 2(d|[n])= Z’ |

=1

-

\/

where (a) comes from (4.46), (b) comes from (4.47) and (4.49), (c) holds by (4.51),
(d) comes from the root-mean inequality.

Next, to derive a bound for ||w* — u*||, we shall relate |eff — 1| to |t*|. To this
end, notice that lim; ,o(e* — 1)/t = 1. Then, there exists C; > 0 such that for any
i=1,2,....d,

e — 1| < Ci|tF]  for sufficiently large k.

Therefore, by (4.48), for all sufficiently large k,
d
lw" —uf|| <ok(BC + 1) Y It
i=1

We thus conclude that

k_ k|2 n,||vk|)2 d 1k
hm Hw - v ]l|2 >hm1nf (| || y|)1 (Zz:1| z|3
koo [Jwh — b T kmee 2(d||n))z vk (BC + 1)(20, 11])

(2) |nm|%

>
2(d||mlm)> (BC: + 1)

Y

where (a) holds since 0 < v} < [|v*|| < 7. This contradicts (4.24) with | - |2 in place
of g and hence this case cannot happen.
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(IT) In this case, in view of (4.50), by passing to a further subsequence if necessary,
we can assume that there exist € > 0 and io such that [t} | > € for all large k, that
is, g(tF) > 0 for all large k. Then, [[t"||c > € for all large k. Now, consider the
following function

Sy lht)] >
Ht) = | T LlEle 26
00 otherwise,
where h is defined as in (4.49). Since ||t||o > € implies g(t;) > 0 for some i, we see
that H is well-defined. Moreover, one can check that H is lower semi-continuous and
never zero.

We claim that inf H > 0. Granting this, we have

Pt @ 4 |n(tt
k—00 Hw —u H k—00 wa —u H k—00 ”n” Zi:l g(tf)

lwh — |2

where (a) comes from (4.46), (4.47), (4.48) and the definition of h and ¢ in (4.49), (b)
holds thanks to the definition of H. The above display contradicts (4.24) with |-|2 in
place of g and hence this case cannot happen. Therefore, we obtain that 7y, € (0, o]
with g = | - |2. Together with [36, Theorem 3.10], we deduce that (4.45) holds.

Now, it remains to show that inf H > 0. We claim that it suffices to prove
lim inf)¢) o0 H(t) > 0 because H is lower semi-continuous and never zero. Suppose,
for the sake of contradiction, that inf H = 0. Then, there exists a sequence {{'} such
that H(¢') — 0. If {¢'} is unbounded, we can find a subsequence {¢'*} such that
|¢%]| — oo and H(¢™) — 0 holds, which would contradict lim infjy e H(t) > 0.
So {¢'} must be bounded and passing to a subsequence we may assume it con-
verges to some ¢. By lower semicontinuity, we have H({) < liminf, SeH(t) <
lim;_,o H(¢') = 0. However, H is always positive, so this cannot happen either.
Therefore, lim inf)4)_,o H(t) > 0 implies inf H > 0.
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To this end, consider a sequence {¢'} such that ||¢!|| — oo and

lim H(¢') = liminf H(t),

=00 ||£]|—o0

then there exists at least one ig € {1,2,...,d} such that |¢} | = co. Consequently,

|h(¢)| — oo and g(¢!,) — oo, and so both Z?:l |h(¢h)] and Zle g(¢h) tend to oc.
Passing to a subsequence, we can assume that for each 4, lim;_,., ¢! € [—00, o0] exists

and we can split ¢! into three parts:
(1) ¢ — ¢; € R\A{0}, then |A(¢])| — [R(C,)] # 0, g(¢f) — g(C;) # 0. Denote the set
of indices of these components by Ig where C refers to “constant”.

For any i € Z¢, we have

[n(G)]

lim =

= g(G) 9(G)

Thus, there exists a constant C'v > 0 such that for all sufficiently large [ and all
i€ I¢,
h(¢H] > Cog(G)-

(2) ¢! — 0, then |h(¢H] — 0, g(¢!) — 0. Denote the set of indices of these compo-

nents by .

(3) |¢Y| — oo, then |h(¢})| — oo, g(¢!) — oo. Denote the set of these components

by Z¢g°. We have I¢g° # ), since otherwise ||¢|| /4 oco.

For any @ € Z2°, we notice that

hlII_l)glf ’ZEE:Z;’ > min {lggigf%,liggf%} = min {1’ l} = 3> 0.

Thus, for all sufficiently large [ and all i € ZE,

~

h()| = Da(c),
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Combining the above three cases, we obtain

liminf 7 (t) = lim H(¢H
—00

[[ll =00

o Ce Zz‘eIg g((zl) + g Zz‘ezgo g(Czl) + Zz‘ezg Q(Czl) N Ziel'g |h(g)| - Zielg Q(CZZ)
11m
oo i) S g

(a) 3
> min {C’C, g, 1} > 0, (4.52)

where (a) comes from the fact that

lim Ziezg |h(<zl)| - Zielg g(Czl) _0
[=ro0 2521 g(Czl) 7

which holds because the numerator tends to 0 while the denominator tends to infinity.

[
Remark 4.16 (Tightness of (4.45)). Let n be defined as in Proposition 4.1.(a)) and

1
P = (log det(—n,n,") + o 1,edlk(—n$n§1)) , wh =Py (vh), Wb = Pr(wh),

s0 that F. = Kiogdet N {n}+, {0} C Kiogaer and there exists n > 0 such that {w*} C
B(n). Then we have

—n, |6+ d — dei|

|[w"” — v"|| : (4.53)
kgl

Consider the Taylor expansion of € +d — ded with respect to € at 0, we have

2 2
§+d—de§:§+d—d(1+§+§—d2) +0(€2):_ZZ+O(€2)’ as € — 0. (4.54)
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Next, upon invoking the definitions of F, and f, (see (4.9) and (4.10), respec-
tively), we can see that

|[vF — u¥||? = dist*(v*, F,) = I;%l [v* =y fell?

‘ 2

= min H ((1 —y)logdet(—m,n,t) + £, 1 -y, —(65 — y)nxngl)
y=>0

-~

. _ 2 £ _
= mm{ [(1 —y)logdet(—m,n;") +£]" + (1 —y)* + (e —y)’niln,'|% }
F(y)

For the sake of brevity, we denote ji :=logdet(—n,n,") and v := n?||n,'||%. Then

we have

Noting
F'(y) = 2p(uy — 1) — €) +2(y — 1) + 2u(y — e)

= (2p2 4+ 2+ )y — (21 + 2 4 2u€ + 2wet/?),

pPH1t+pgtvet/

pEE— which s larger than 0 for

we know that F' attains its minimum at § =

sufficiently large k (or, equivalently, sufficiently small €).

Next we move towards the analysis of ||[vF — uF||* = F(y). Consider the Taylor

expansion of y — 1 and y — ci with respect to € at 0, we have that

:M2+1+M§+V€€/d_1:M€+V(6%—1) B ,uf—l-l/%

_— _
Y p?+v+1 p2+v+1 u2+u+1+0<§)’

and

e 3 pty 1 b —p+}d

goch=g-1- 5400 = (L - D)o <M2+u+1 £+ o0(e)

Then, for all sufficiently large k,
lv* — u*|* = F(7)
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_ _ _ £

=(um—1) =&+ (-1 +v(y—ed)?

2 v 2 v 2 u? 1 2
Pty 2 Ht g 2 T Mt 2 2
L "d 4 A S

(#QHH )§+(#2+V+1 &+v PR £ +o(&)

2 2
v(l—8)+1 2+ pt 2+V -+
wr+v+1 w4v+1 pr+rv+1

- 7

Next we show C, > 0. Suppose that “72 -+ é = 0, then! p = V&4 V2‘12_4 > 0 and

p(1—5) = L. This implies that 1—% > 0 and hence 1/(1—%)+1 > 0 thanks tov > 0.

Therefore, we can see that C. > 0 because either & — ji+ 5 L0 orv(l— EY+1#0.
Using Lemma 2.4, (4.53), (4.54) and (4.55), we deduce that

P e IRV it 7 el i
B I ]
ik Il ok — w2 = (4 d — ded2m2
= lim

k—o0
K (—nz|%+d—ded%|) Il

1 2 k _ k|2 1
_ Y 7] 1||'U u ”L 4 ‘——i—d—deﬁ ‘M
Inllz 2o\ = [ d = dea] Tk
In|]? Ci&* + 0(£?) in, 52 +o(€2)
Han 0\ —ne £ 4 o(¢2) 2

/2||n||20d /2Hn||Cd (4.56)
|n||2 -

By contrast, applying (4.45), there ezists kg > 0 such that
[w" — u¥|| = dist(w*, F;) < rpdist(w”, Kiogaer)? < kpllw* — v"|2.

This shows that L, < kp < 0o. Moreover, from (4.56), for large enough k, we have

9 Note that this quadratic in p has real roots because d > 2; see the discussions following (4.4).
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Jw* — uP|| > Lef|w" — v¥||2. Therefore, for sufficiently large k, we have

L,

7||'wk - 'vk||% < dist(w", F,) < /ﬁBdist('wk,lClogdet)% < kpllw® — ka%.

Consequently, it holds that for all large enough k,

% < dist (w*, F;)

- dlSt (wk, K]ogdet)%
Similar to the argument in Remark 4.3, we conclude that the choice of | - |% 18 tight.

By Theorem 4.15, we have the following one-step facial residual function for

Kiogdet and m.

Corollary 4.17. Let n = (n,, n,(logdet(—nz/n,)+d),nz) € 0K} 4o withn, <0
and ny = 0 such that Fy = Kiogaer N {n}*. Let vy be as in (4.23) with F = F, and

g=|- |%. Then the function Vi : Ry x Ry — Ry defined by

Ul ) i= max e, /||m} + max {263, 29, 1L (e + max {e, ¢/ |In||})?

is a one-step facial residual function for Kigaer and m.

4.3 Error bounds

In this section, we combine all the previous analysis to deduce the error bound
concerning (Feas) with K = Kjogder- We proceed as follows.

We consider (Feas) with K = Kjogaer and we suppose (Feas) is feasible. We also
let 0 := dpps(Kiogdet; £ + @), where we recall that dpps denotes the distance to the
PPS condition, i.e., the minimum number of facial reduction steps necessary to find
a face F such that F and £ + a satisfy the PPS condition; see [40, Section 2.4.1].

In particular, invoking [40, Proposition 5], there exists a chain of faces

]:a+1g}—ag'“g-ag}—lzlcbgdet (4'57)
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together with n', ..., n® satisfying the following properties:

(a) For all 7 € {1,...,0} we have

n'c FFnLtn{a}t and Fpy = Fn{n'}t

(b) ForiN(L4a) = Kiogaet N (L +a) and Fyyq and L+ a satisty the PPS condition.

In order to get the final error bound for (Feas) we aggregate the one-step facial
residual functions for each of F; and m' using the recipe described in [36, Theo-
rem 3.8].

So far, we only computed facial residual functions for F; = Kjogqer and n' €
Kiogders but we need the ones for the other F; and n'. Fortunately, thanks to the
facial structure of Kiogget, if 0 > 2, then F, must be a face of the form Fy or Fyu (see
(4.11) and (4.12)). This is because all other possibilities correspond to non-exposed
faces or faces of dimension 1 (for which the PPS condition is automatically satisfied).

Fu and Fy are symmetric cones [18, 19] since they are linearly isomorphic to a
direct product of IR_ and a face of a positive semidefinite cone (which are symmetric
cones on their own right, e.g., [40, Proposition 31]). The conclusion is that for the
faces “down the chain” we can compute the one-step facial residual functions using
the general result for symmetric cones given in [40, Theorem 35]. We note this as a

lemma.

Lemma 4.18. Let F be a face of Fq. Let n € F* N LN {a}t. Then, there exists

a constant k > 0 such that the function
Vrnle,t) = re+ wVet
is a one-step facial residual function for F and n.
Proof. Follows by invoking [40, Theorem 35] with K :=F, F:=F and z :=n. O
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We are now positioned to prove our main result in this paper.

Theorem 4.19 (Error bounds for (Feas) with I = Kjogdet). Consider (Feas) with
I = Kiogdet- Suppose (Feas) is feasible and let 0 := dpps(Kiogdet, £+ @) and consider
a chain of faces as in (4.57). Then < min{d — 1,dim (£ N {a}t)} + 1 and the

following items hold:
(1) If 0 =0, then (Feas) satisfies a Lipschitzian error bound.
(it) If o =1, we have Fo = {0} or Fo = Fyq or Fo = Fy or Fo = F, or Fo = Fu.

(a) If Fo = {0}, then (Feas) satisfies a Lipschitzian error bound.
(b) If Fy = Fq, then (Feas) satisfies an entropic error bound."’

(¢) If Fo = Fy and n), > 0, then (Feas) satisfies a Holderian error bound with
exponent % If Fo = Fu and n; = 0, then (Feas) satisfies a log-type error

bound."?
(d) If Fo = F,, then (Feas) satisfies a Holderian error bound with exponent 3.

(e) If Fo = Foo and nll/ > 0, then (Feas) satisfies a Lipschitzian error bound.

If Fo = Foo and n; =0, then (Feas) satisfies a log-type error bound.*’

(111) If 0 > 2 we have Fy = Fq or Fy is of form Fy. Then, an error bound with

residual function hoho---ohog holds, where h = |- |2 and
=1

9d if Fo = Fuq,
8= 0z ifF2=Fy andmn, =0, (4.58)
B if Fo = Fy and m,, > 0.

10 An entropic error bound is an error bound with the residual function being gq, see Definition 2.2.
A log-type error bound refers to an error bound with the residual function being giog. See (4.25)
and (4.31) for the definitions of gq and giog, respectively.
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Proof. Following the discussion so far, if 0 > 2, it is because Fy = Fq4 or F5 is of the
form Fu. Also, as remarked previously, in this case, F; is a symmetric cone that is
a direct product of a polyhedral cone (of rank at most 1) and a symmetric cone of
rank at most d. Considering the conic feasibility problem with I = F5, it follows

from [40, Proposition 24, Remark 39] that
dpps(Fz, L+ a) < min{d — 1,dim (£ N {a}1)}.

Hence, by adding the first facial reduction step to get F», we obtain the bound on

0. Next, we examine the possibilities for ?.

(7) If 0 = 0, then (Feas) satisfies the PPS condition and so a Lipschitzian error

bound holds because of [7, Corollary 6].

(24) If 0 = 1, then the possibilities for F, are {0}, F4, Fyu, Foo or F;. Then, except
for the case {0}, the error bound then follows from [36, Theorem 3.8] and the
facial residual functions computed in Corollaries 4.4, 4.10, 4.14 and 4.17. The

case Fo = {0} follows from [40, Proposition 27].

(#73) In this case, it must hold that F» = F4 or F; is of form Fx. Both cases,
as discussed previously, correspond to symmetric cones. The error bound is
obtained by invoking [36, Theorem 3.8] and using the facial residual functions

constructed in Corollaries 4.4 and 4.10 and Lemma 4.18.

O

From Theorem 4.19 we see the presence of non-Holderian behaviour in the cases
of entropic and logarithmic error bounds. A similar phenomenon was observed in the
study of error bounds for the exponential cone, see [36, Section 4.4]. The analysis of
convergence rates of algorithms under non-Ho6lderian error bounds is still a challenge
(see [38, Sections 5 and 6]) and Kiogdet is thus another interesting test bed for research
ideas on this topic.

88



Chapter 5

Concluding Remarks

In this thesis, we establish the optimal error bounds for conic linear feasibility prob-
lems involving generalized power cones and log-determinant cones. Their appli-
cations in algebraic structures are also explored. Specifically, we characterize the
automorphism group of the generalized power cone, which was unknown until our
work. Utilizing the automorphism group, we investigate other algebraic properties
of the generalized power cone, including homogeneity, reducibility, and perfectness.

The characterization of the automorphism group of the generalized power cone is
particularly notable as it bridges analysis, geometry, and algebra. Furthermore, the
generalized power cone is closely related to nonnegativity problems [48], providing
possible directions for future research related to the generalized power cone.

Similar exploration in geometry also apply to the log-determinant cone. For
instance, the likelihood geometry of determinantal point processes [20] requires ex-
tensive calculations and cannot be easily extended to high-dimensional cases. Could
our results help progress this problem? Additionally, how can we generalize the error
bounds for the log-determinant cone from positive semidefinite cones to Euclidean
Jordan algebras [19]7

Returning to the framework employed in this thesis, several potential directions

emerge. One natural question is:
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Can we establish some calculus rules for one-step facial residual func-

tions for certain closed convexr cones?

For instance, the generalized power cone can be viewed as a specific composition of
two closed convex cones, and the log-determinant cone can be considered a spectral
extension of the exponential cone. Are there any connections between one-step facial
residual functions for these cones?

The generalization of the classical facial reduction algorithms, typically applicable
to the intersection of an affine subspace and a closed convex cone, to the intersections
of two general closed convex sets is an interesting prospect. Achieving this would
simplify the regularization of convex optimization problems, as lifting would no longer
be necessary. Additionally, it might enable us to establish an extended dual, as

discussed in [56].
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