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ABSATRACT  

Interferometric Synthetic Aperture Radar (InSAR) is a powerful geodetic technique for 

identifying surface movements. By interfering with two SAR acquisitions, InSAR can 

retrieve wide coverage and fine resolution deformation under all weather day and night 

working conditions. The accuracy of deformation retrieved by conventional differential 

InSAR (DInSAR) is typically limited due to its inadequate modeling of multiple errors 

such as atmospheric delay, orbit error, and decorrelation noise. To mitigate their 

impacts, time series analysis techniques operating on a stack of datasets have been 

developed for accurate deformation retrieval. Despite abundant research on the 

properties of primary errors have been conducted, how and to what extent they can 

affect parameter retrieval are still not quantitatively clear. In addition, although various 

multi-temporal InSAR (MTInSAR) estimation models have been proposed, they are 

not unified in a general observation frame. The theoretical relations among these 

models are not adequately illustrated. Furthermore, since the comprehensive MTInSAR 

model is rank-deficient, to make the underdetermined system uniquely solvable, time 

series methods usually have to employ prior constraints. However, the underlying 

assumptions are sometimes incompatible in actual scenarios. All these issues will  

degrade the accuracy of the retrieved deformation.  

Motivated by limitations in the existing MTInSAR models, the thesis aims to 

develop innovative error analysis methods and parameter estimators. Firstly, we 

investigate the characteristics of primary errors through simulated experiments. By 

manipulating simulation parameters, we reveal their spatial and temporal features in 

various scenarios and thereby present insights for reasonably eliminating these errors. 

Moreover, the simulation tests offer us guidance to validate new algorithms with 

different objectives.  

Secondly, starting from the original phase observations (i.e., the un-differenced 

(UD)), this thesis strictly derives the function and stochastic models for both InSAR 

single-differenced (SD) and double-differenced (DD) models. Compared with 

conventional DInSAR, MTInSAR techniques account for multiple errors within a 

comprehensive observation model. Based on the generic framework, this study exploits 

the developments of InSAR techniques and relations among representative approaches 
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from a mathematical aspect. As SD and DD models are comparable to the GNSS 

observation system, this thesis employs the extensively developed GNSS estimation 

theory to enhance the understanding of InSAR deformation estimation. 

Thirdly, using the biased estimation theory, this thesis deeply explores the impacts 

of systematic errors on the estimation. The estimation biases introduced by unmodeled 

and baseline errors are quantitatively evaluated through rigorously derived formulas 

and simulated tests. The results reveal that estimation errors induced by topographic 

residual can reach to meters level, whereas biases from baseline errors can be safely 

neglected. This investigation is expected to be useful for optimizing time series models 

and also highlights the significance of model selection. 

Finally, this thesis proposes a spatially constrained method to recover surface 

deformation within an underdetermined time series InSAR system. To overcome 

shortcomings of general methods (e.g., temporal deformation model or mathematical 

constraints), spatial constraints are introduced to the InSAR framework. The underlying 

rationale is that spatially closer points share more similar deformation patterns, which 

is more reliable for retrieval of deformation that owns complicated temporal behavior. 

The proposed method shows its outperformance for recovering the time series 

deformation with respect to the Moor-Penrose pseudoinverse and StaMPS methods. 

Additionally, studies of the deformation detection with real data, i.e., Salt Lake in 

Qinghai-Tibet Plateau and Longyao ground fissure, are presented to validate the 

obtained results. 

 

Key Words: time series InSAR, mathematical model, error analysis, spatial constraints, 

deformation retrieval  
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CHAPTER 1 INTRODUCTION  

1.1 Background 

Continuous deformation measurements play a crucial role in enhancing our 

understanding of changes on the Earth's surface. The detailed insights into tectonic 

processes provided by monitored deformation not only enable us to mitigate potential 

environmental damage but also avert threats to human settlements. Traditional geodetic 

tools like leveling and the Global Navigation Satellite System (GNSS) have proven 

successful in studying the deformation of structures such as bridges and buildings. 

However, these tools encounter challenges when attempting to capture large-scale 

deformations or surface movements in rural areas that are difficult for humans to access. 

In contrast, Interferometric Synthetic Aperture Radar (InSAR), functioning as an active 

microwave system, surmounts these limitations. It excels in extracting wide-scaled 

surface deformation, even in areas inaccessible to traditional methods, and provides 

high spatial resolution under all weather conditions. This capability significantly 

enhances our detection capabilities, making InSAR a valuable tool for monitoring and 

understanding Earth's surface dynamics. 

Since the successful introduction of conventional Differential Interferometric 

Synthetic Aperture Radar (DInSAR) for generating deformation maps in ( Massonnet 

et al. 1993), InSAR techniques have been widely employed in measuring deformation 

associated with earthquakes, volcanoes, glacier changes, and more (Bayer et al., 2017; 

Chang & Hanssen, 2016; Elliott et al., 2016; Gaddes et al., 2024; Liu et al., 2013; 

Famiglietti et al., 2011; Hussain et al., 2016; Motagh et al., 2013; Reinders et al., 2023; 

Sun et al., 2016; Parks et al., 2023). However, DInSAR faces limitations in achieving 

centimeter-level accuracy due to its inability to account for multiple errors such as 

atmospheric delay, orbit error, and decorrelation noises. The exponential growth of 

Synthetic Aperture Radar (SAR) data now enables the production of highly accurate 

deformation products. Time series InSAR techniques address error corrections through 
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the analysis of a stack of SAR acquisitions, significantly enhancing detection accuracy 

and reliability. 

Developed from the simple framework formed by limited interferograms in 

DInSAR, time series techniques extend the observation models to interferogram 

networks. Persistent scatterer synthetic aperture radar interferometry (PSInSAR) is a 

representative time series technique using only one image as reference (Adam et al., 

2004; Ferretti et al., 2000; Ferretti et al., 2001; Hooper et al., 2004; Hooper et al., 2007). 

It explores information from permanent scattering (PS) points that remain coherent 

during the whole time period. In contrast, another notable method, SBAS, extracts 

information from distributed scatterers (DS), which are affected by decorrelation but 

contain useful information in specific interferograms. Consequently, multiple images 

are typically used as references in SBAS-based techniques (Berardino et al., 2002; 

Mora et al., 2003; Usai, 2003; Zhang et al., 2011). Furthermore, to harness the 

advantages of both PSInSAR and SBAS, hybrid techniques process both PS and DS 

jointly, enhancing the applicability of InSAR in complex scenarios (Lanari et al., 2004; 

Ferretti et al., 2011; Fornaro et al., 2015). 

1.2 Motivation  

The application of the InSAR technique is greatly expanded by the availability of 

extensive datasets, however, it simultaneously introduces complexities in retrieving 

deformation. The motivation for this thesis stems from several key aspects. 

1. Characterization of Primary Errors: The recovered deformation often encounters 

contamination from multiple error sources, such as atmospheric delay due to varying 

observing conditions and topographic residuals introduced by geometric viewing. 

Consequently, a comprehensive understanding of these primary errors through 

simulation tests becomes imperative. Manipulating simulation parameters allows for 

the visualization and distinct recognition of spatial and temporal features associated 

with dominant errors in diverse scenarios. Simulation also plays a crucial role in 
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validating proposed algorithms, necessitating a detailed exploration of simulation 

models and parameters. 

2. Parameter Estimation Challenges: Separating deformation from phase 

components presents a parameter estimation problem involving observation selection 

and phase contribution parameterization. Despite the existence of multiple estimation 

models in various methodologies (Fattahi & Amelung, 2013; Hooper et al., 2007; 

Kampes & Adam, 2005; Pepe et al., 2011), a lack of unification in a general observation 

frame and inadequate illustration of theoretical relationships among these models 

persist. Key questions, including the evolution from DInSAR to time series methods, 

the interrelation between single-master (SM) and multi-master (MM) frameworks, and 

the respective advantages of representative algorithms, demand thorough clarification 

from a theoretical perspective. A comprehensive theoretical understanding is essential 

to ensure the rationality of the InSAR estimation framework. 

3. Systematic Errors Investigation: Inevitable baseline errors influence estimation 

through the design matrix of the observation model while unmodeled deformation 

errors, resulting from the discrepancy between the predefined model and the actual state, 

weaken the model strength and bias deformation estimation. These errors, jointly 

regarded as systematic errors, have undergone investigation through synthetic tests. 

However, the quantitative impact of systematic errors on parameter retrieval and the 

subsequent degradation of deformation time series accuracy remain unclear. Given the 

importance of estimation accuracy and reliability, a rigorous derivation of bias and 

quantitative evaluation of these impacts are necessary. 

4. Addressing Underdetermined Models: The time series InSAR framework 

represents a typical underdetermined model. While many InSAR techniques impose 

temporal constraints on displacement series to achieve a unique solution, the 

assumption of linear deformation velocity in PSInSAR or cubic temporal movement 

models in SBAS may not align with realistic deformation. This misalignment 

introduces biases in estimation, resulting in excessive temporal smoothing or incorrect 

deformation solutions. Existing studies attempting to filter out unmodeled deformation 
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may not perform optimally in complex scenarios with weak temporal correlations. 

Therefore, there is a need to develop a method with reasonable constraints to obtain a 

unique solution from underdetermined InSAR systems, aiming to reduce the 

aforementioned impacts on deformation. 

1.3 Research objectives 

Given the motivations, this thesis rigorously explores the InSAR framework through 

mathematic analysis, with the goal of developing a reliable solution to retrieve 

deformation sequences. The objectives are summarized as follows. 

Motivated by a comprehensive understanding of the InSAR framework, this thesis 

embarks on a meticulous mathematical analysis with the objective of crafting a reliable 

solution for retrieving deformation sequences. The overarching objectives are 

succinctly outlined as follows: 

1. The thesis employs extensive simulations to elucidate the spatial and temporal 

characteristics of InSAR primary errors, encompassing orbit errors, atmospheric delay, 

topographic residuals, and decorrelation errors. Manipulating simulation parameters 

across diverse scenarios visually reveals their temporal and spatial patterns. Simulated 

deformation in various scenarios contributes to generating comprehensive phase data, 

aiding not only error comprehension and elimination but also providing a crucial means 

to validate algorithms with diverse objectives. 

2. Leveraging geodetic estimation theory, the thesis initiates from the un-

differenced (UD) observation, specifically the phase of a single image, and 

systematically derives generic single-differenced (SD) and double-differenced (DD) 

models in InSAR. The evolution from DInSAR to time series techniques is rigorously 

clarified within the general observation framework, with comprehensive discussions on 

the relationships between single-master (SM) and multi-master (MM) models. The 

derivation of the generic stochastic model commences with the analysis of original 

complex observations, investigating the comprehensive variance-covariance matrix of 
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correlated interferograms. This theoretical exploration from a unified perspective offers 

clear insights for optimizing InSAR estimation models. 

3. The thesis rigorously quantifies the influence of systematic errors, 

encompassing unmodeled error and baseline error, on the estimation process. Bias 

formulas are systematically derived from basic observation models. Proposed strategies 

aim to mitigate bias induced by systematic error, with simulated experiments validating 

the efficacy of theoretical derivations. The thesis furnishes practical guidelines for users 

of the time series framework, addressing concerns about the impact of data/model 

uncertainties on the accuracy of retrieved deformation sequences. 

4. By analyzing the underdetermined observation model of InSAR, the thesis 

introduces a spatially constrained method to retrieve nonlinear surface deformation 

without introducing estimation errors associated with the temporal deformation model. 

The rationale posits that spatially closer points share more similar deformation patterns 

for most motion events. This method sidesteps estimation errors commonly induced by 

prevalent temporal constraints in most time series techniques, thereby providing more 

reliable deformation results. The efficiency of the proposed method is validated through 

both simulated tests and real datasets. 

This thesis endeavors to optimize the establishment of time series InSAR models, 

offering a rational and robust strategy for deformation retrieval. The overarching goal 

is to contribute to the fields of disaster monitoring and urban development. 

1.4 Outline  

The structure of the thesis is outlined as follows. Chapter 1 introduces the research 

background and objectives. Chapter 2 illustrates the fundamental principles of InSAR 

technique, including the imaging principle of SAR and interferometric process. Also, 

main error characteristics are described through simulation experiments. In Chapter 3, 

the establishment of a generic InSAR mathematical model, including both function and 

stochastic models, is presented. Theoretical analyses of DInSAR and typical time series 

techniques are detailed, focusing on model configuration and estimation strategies. 
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Chapter 4 presents the quantitative influence of system errors on parameter estimation, 

offering strictly derived bias formulas intended for optimal selection of modeling 

strategies and development of deformation retrieval. Chapter 5 introduces a spatially 

constrained method to derive surface movements, with the mitigation of estimation 

errors imposed by the assumption of temporal deformation models. Chapter 6 presents 

case studies of deformation detection in Salt Lake in Qinghai-Tibet Plateau and 

Longyao ground fissure. Finally, Chapter 7 provides a concise summary of the entire 

thesis and offers suggestions for future research.   
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CHAPTER 2 INSAR AND PHASE SIMULATION  

This chapter provides a thorough review of basic principles of InSAR techniques, as 

well as simulations of primary phase components. Section 2.1 outlines SAR imaging 

and the interferometric process. In Section 2.2, a concise overview is presented on the 

workflow of DInSAR and time series technique. Section 2.3 depicts temporal and 

spatial characteristics of primary errors and deformation phase via simulations. Finally, 

a summary of key points is provided in Section 2.4. 

2.1 InSAR principles 

2.1.1 SAR imaging 

Radar operates as an active microwave system, emitting pulses to the ground and 

recording the return of the back-scattered signals. The transmission time determines the 

positions of different scatterers. By digitalizing these signals in the sensor, a raw image 

is created with illuminations of the ground. Each pixel in an image corresponds to a 

rectangular cell in the ground, known as a resolution cell. The basic radar imaging 

principle is illustrated in Fig. 2.1.  

 

Fig. 2.1 Basic radar imaging principle: ὖ  and ὖ  represents range and azimuth resolution, 

respectively. ‍ is side-looking angle, Ὀ is radar length, Ὑ represents range distance. 
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The resolutions in range and azimuth are given by (Hanssen, 2001) 

ὖ
ὧ†

ς
ςȢρ 

ὖ ‍Ὑ
‗

Ὀ
Ὑ ςȢς 

where ὧ is light velocity, †  is, ‗ is wavelength. Obviously, smaller pulse duration †  

generates higher range resolution while the azimuth resolution is restricted by the 

physical length of the antenna, expressed by Ὀ. As each target is illuminated by 

multiple pulses because of the sensor movement, the acquired information is focused 

by signal processing methods. This process effectively enlarges the length of antenna, 

generating synthetic aperture radar (SAR) images with significantly enhanced azimuth 

resolution. Shown in the Fig 2.2, the antenna receives signals from ὢ  to ὢ , and 

therefore for a point ὖ, we have 

ὒ ‍Ὑ
‗

Ὀ
Ὑ ςȢσ 

The equivalent imaging area is ςὒ, yielding 

‍
‗

ςὒ

Ὀ

ςὙ
ςȢτ 

ὖ ‍Ὑ
Ὀ

ς
ςȢυ 

The azimuth resolution changes from Ὀ to Ὀςϳ . It is important to note that this refers 

to the theoretical azimuth resolution in stripmap mode. By adjusting the radar beam to 

continuously track the target as the spacecraft moves, a longer synthetic aperture can 

be generated. 

 

Fig. 2.2 SAR working principle. 
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For a SAR image, the focused signal is stored in a format called single-look 

complex (SLC) data, in which every pixel is represented by a complex value ὖ as 

(Hanssen, 2001) 

ὖ 2Åὖ Ὦ)Íὖ ὃÅØÐὮ‪ ςȢφ 

where Ὦ is imaginary unit, ὃ ЍὍ is amplitude, where Ὅ describes the reflection 

intensity. ‪ is the fractional part of the absolute phase. The intensity and phases of SLC 

is indicated in Fig. 2.3 (a) and (b). 2ÅϽ and )ÍϽ represent the real and imaginary 

operator, respectively. The relations between ὖ, ὃ and ‪ are  

2Åὖ ὃÃÏÓ‪ ςȢχ 

)Íὖ ὃÓÉÎ‪ ςȢψ 

ὃ 2Åὖ )Íὖ ςȢω 

‪ ÁÒÃÔÁÎ
)Íὖ

2Åὖ
ςȢρπ 

A resolution cell contains the superposition of scatterer signals from the corresponding 

area on the ground, and its intensity is influenced by the physical characteristics of the 

ground surface (e.g., slope, roughness) and electronic properties (Elachi, 1988). 

 

Fig. 2.3 (a) SLC intensity; (b) SLC phase; (c) interferometric phase. 

2.1.2 Interferometric phase 

The interferometric SAR (InSAR) technique is to extract useful information from 

differenced phase between two SLCs at different times. The interfering process is the 

complex conjugate multiplication of two complex values of coregistered SLC, which 

is 

ὖ ὖὖᶻ ὃὃÅØÐὮ‪ ‪ ςȢρρ 

‰ ÁÒÃÔÁÎ
)Íὖ

2Åὖ
7 ‪ ‪ ςȢρς 
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where Ȣᶻ denotes the conjugate multiplication and superscript stands for image indices. 

7 Ͻ represents the wrapping operator, which means the phase is in “ȟ“. In the 

context of radar signal propagation, the interferometric phase typically comprises four 

components: distance-related phase, path-related phase, scatterer-related phase and 

sensor-related phase. 

 

Fig. 2.4 The geometric principle of SAR: 3 and 3 represent acquisitions SAR1 and SAR2, 

respectively. 0 is ground scatterer, 0 is the point on the reference ellipsoid. 0 and 0 have same 

distances to 3. H is SAR height, — and — are looking angles. ὄ is baseline between 3 and 3, ‌ 

is orientation angle, Ὤ is height of 0 referenced to the ellipsoid, Ὑ and Ὑ are ranges from 0 to 3 

and 3, respectively. ὄ᷆ and ὄ  are parallel and perpendicular baselines that ὄ projected on Ὑ.  

The distance-related component is determined by the geometric difference 

between two images. Fig. 2.4 illustrates the geometric principle of SAR image, from 

which the phase ‰ is expressed as 

‰
τ“

‗
Ὑ Ὑ

τ“

‗
ɝὙ ςȢρσ 

where ɝὙ is the range difference. Based on the far-field assumption (Zebker and 

Goldstein, 1986), ɝὙ can be written as 

ɝὙ ὄÓÉÎ— ‌ ςȢρτ 

Substitution of Eq. (2.14) into Eq. (2.13) gives  

‰
τ“

‗
ὄÓÉÎ— ‌ ςȢρυ 
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From Fig. 2.4, ɝὙ is related with spatial baseline and the height above the reference 

surface. After the expansion at the reference surface where Ὤ π, the phase is written 

as 

‰
τ“

‗
ὄÓÉÎ— ‌ ÃÏÓ— ‌ — — ςȢρφ 

According to the geometry relation 

Ὤ Ὄ ὙÃÏÓ— ςȢρχ 

The partial derivative is calculated as 

ЋὬ

Ћ—
ὙÓÉÎ—ᴼ

Ћ—

ЋὬ

ρ

ὙÓÉÎ—
ςȢρψ 

— —
Ὤ

ὙÓÉÎ—
ςȢρω 

Then the distance-related phase can be finally expressed as 

‰
τ“

‗
ὄÓÉÎ— ‌

ὄÃÏÓ— ‌

ὙÓÉÎ—
Ὤ ςȢςπ 

The first term of the above equation is flat phase ‰  introduced by the reference surface 

(e.g., earth ellipsoid), which is 

‰
τ“

‗
ὄÓÉÎ— ‌

τ“

‗
ὄ᷆ ςȢςρ 

The second term is topography phase ‰ , which is 

‰
τ“

‗

ὄÃÏÓ— ‌

ὙÓÉÎ—
Ὤ

τ“

‗

ὄ

ὙÓÉÎ—
Ὤ ςȢςς 

The distance-related phase also contains possible deformation Ὠ during the time span 

between two images, which is 

‰
τ“

‗
Ὠ ςȢςσ 

The path-related phase mainly refers to the atmospheric delay caused by different 

observing conditions, which is denoted as ‰ . The scatterer-related phase ‰  is 

introduced by the change of physical or electrical characteristics of scatterers. The 

sensor-related phase ‰  mainly denotes the thermal noise and processing errors, which 

are usually treated as white noises.  

Therefore, the total interferometric phase is given by 

‰ ‰ ‰ ‰ ‰ ‰ ‰ ςὲ“ ςȢςτ 
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where ‰  is flat phase, ‰  is topography phase, ‰  is deformation phase, ‰  is 

atmospheric delay, ‰  is scattering noise, ‰  is white noise and ὲ represents the 

ambiguity integer. On the one hand, to produce topography height, the above equation 

is reformulated as 

Ὤ
‗

τ“

ὙÓÉÎ—

ὄ
‰ ‰ ‰ ‰ ‰ ‰ ςὲ“ ςȢςυ 

where the flat phase ‰  can be corrected by Eq. (2.21) and the integer ambiguity is 

always removed by spatial unwrapping methods. On the other hand, if InSAR technique 

is used to recover deformation, the model is reformulated as 

Ὠ
‗

τ“
‰ ‰ ‰ ‰ ‰ ‰ ςὲ“ ςȢςφ 

2.2 InSAR techniques 

2.2.1 DInSAR 

Conventional differential InSAR (DInSAR) technique utilizes repeat-pass acquisitions 

to recover deformation through the following processing steps: coregistration and 

resampling, generation of interferograms, subtraction of flat and topography phase, 

phase unwrapping, filtering, and geocoding (see Fig. 2.5). Due to different methods to 

remove topography phase, DInSAR is categorized into two-pass, three-pass, and four-

pass methods. Two-pass method computes the topography phase using an external 

DEM (Massonnet et al., 1993), which is 

‰
τ“

‗

ὄ

ὙÓÉÎ—
Ὤ ςȢςχ 

where Ὤ is introduced by DEM, which directly determines the accuracy of estimated 

topography. Also, for areas where DEM cannot be acquired, two-pass method is not 

applicable anymore.  

To overcome these limitations, three-pass and four-pass method introduce 

topographic pair from SAR data itself to correct topography (Zebker et al., 1994), which 

is computed as 

Ὤ
‗

τ“

ὙÓÉÎ—

ὄ
‰ ‰ ‰ ‰ ‰ ςȢςψ 
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‰
τ“

‗

ὄ

ὙÓÉÎ—
Ὤ ςȢςω 

where ‰  represents the interferometric phase of topographic pair, which is assumed 

to be free from deformation and impacts of other noises, i.e., ‰ ‰ ‰

‰ π. To fulfill this condition, three-pass method has high requirements of the 

interferogram quality.  

Four-pass is a complementary method that adopts independent pairs for situations 

where three images cannot generate adequate interferograms. The topography is given 

by 

Ὤ
‗

τ“

ὙÓÉÎ—

ὄ
‰ ‰ ‰ ‰ ‰ ςȢσπ 

‰
τ“

‗

ὄ

ὙÓÉÎ—
Ὤ ςȢσρ 

where the topographic pair is assumed to be ‰ ‰ ‰ ‰ ‰ π.  

DInSAR can only retrieve centimeter-level deformation because of its ignorance 

of multiple errors in the processes, which mainly includes: 

(1) Atmospheric delay: atmospheric effects, caused by variation of atmosphere 

factors, e.g., water vapor, air pressure, etc., can vary fiercely between two images. The 

induced effects may conceal the true deformation signal. In case where interferograms 

are observed under unsatisfied atmosphere condition, DInSAR cannot fulfills the 

accuracy requirement for deformation detection.  

(2) Decorrelation noise: temporal decorrelation arises from the physical variation 

in scatterers, such as changes in vegetation growth or scatterers positions. Typically, 

longer time span results in more significant temporal decorrelation. Additionally, 

spatial decorrelation is introduced by spatial baselines, leading to complete loss of 

coherence when baseline exceeds its critical value. Serious decorrelation noise can 

greatly hinder the recovery of deformation, limiting DInSAR application. 

(3) Topographic error: two-pass method uses an external DEM to correct 

topography phase, but the induced topographic error is often ignored. Though three-

pass and four-pass methods use SAR image itself to estimate topography, the accuracy 

is greatly dependent on the interferogram quality.  
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Fig. 2.5 DInSAR processing flow 

2.2.2 Time series InSAR 

To address the limitations of DInSAR mentioned above, time series InSAR techniques 

are developed based on a stack of interferograms. After the correction of flat phase and 

topography phase with external DEM, the observation is formulated as 

‰ ‰ ‰ ‰ ‰ ‰ ‰ ςὲ“ ςȢσς 

where ‰  and ‰  represent topographic residual and orbit error, respectively. The 

representative time series techniques are always classified into three categories: single-

master techniques with one reference image, multi-master methods based on distributed 

scatterers and hybrid methods. These kinds of approaches mainly differ in three aspects: 

the selection of scatterers, baseline configuration and estimation algorithms, the details 

of which will be discussed as follows. 

(a) PS and DS 

One strategy to reduce impacts of decorrelation noise ‰ is to identify the points that 

are minimally affected by decorrelation, i.e., permanent scatterers (PS). In SAR images, 

the phase observation of each pixel is the cumulative result of contributions from all 

scatterers within a resolution cell. If a pixel (i.e., PS) is predominantly influenced by an 

object with a strong signal reflection, the decorrelation noise of this pixel can be safely 
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assumed to be zero (Crosetto et al., 2016). Most PS are artificial objects in urban regions, 

e.g., bridges, roads, and dams. Also, some rocks and tree trunk in mountain areas can 

act like PS. The decorrelation noise ‰  of PS can be safely neglected, even for 

interferograms with the long temporal and spatial baselines. 

The other way to reduce decorrelation noise is to process points with great 

variation of scattering center, but use strategies to reduce these effects. Contrary to PS, 

DS points do not have a dominated scatterer and their phases are the sum from multiple 

objects (Guarnieri & Tebaldini, 2008). In real applications, most surface objects are DS, 

which can only keep coherent in specific interferograms, thereby a multi-master 

framework is always established for DS to increase the available information. 

Fig. 2.6 indicates the scattering and phase characteristics of DS and PS points 

(Hooper, 2006). For PS, the larger scatterer has stronger reflection while the remaining 

signals are processed as clutters. Also, the clutters have small phase variation around 

the main scatterer. For DS, the phases are randomly distributed between “ȟ“. 

 

Pi

-Pi

f

Acquisition0 100

Pi

-Pi

Acquisition
0 100

 

Fig. 2.6 The scattering and phase characteristics of PS (left column) and DS (right column). 

(b) Baseline configuration 

PSInSAR was first introduced by Ferretti et al. (2001), which selects one image as the 

reference to create interferograms with others. Though the PS-based approaches differ 
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in some detailed procedures, they generally have consistent processing flows. Fig. 2.7 

demonstrates the basic flow chart and baseline configuration of PSInSAR. 

 

Fig. 2.7 The flowchart and baseline configuration of PSInSAR. 

SBAS is a representative technique of DS-based methods, which forms multi-

master framework to extract information from specific interferograms, e.g., the small 

baseline pairs. The multi-master interferogram networks are developed to reduce 

decorrelation noises of DS, which can further be mitigated by multi-looking or spatial 

filtering. In addition, to obtain the final deformation sequence, the multi-master phase 

usually needs to be converted to equivalent single-master phase, which is known as 

phase linking. Phase filtering and linking are two additional steps of SBAS compared 

with PSInSAR. Fig. 2.8 indicates the flowchart and general baseline configuration of 

SBAS. 

The baseline configuration of multi-master techniques directly influences the 

accuracy of the estimated deformation sequence. A straightforward criterion for 

selecting interferograms involves choosing those with small temporal and spatial 

baselines, as seen in traditional SBAS. However, this rough criteria cannot always 

guarantee the quality, and may also produce disconnected interferogram sets. Several 
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alternative methods are proposed to optimizing baseline configurations, e.g., a 

minimum spanning tree (MST) based on the distance function (Refice et al., 2006).  

 

Fig. 2.8 The flowchart and baseline configuration of SBAS. 

(c) Parameter estimation 

InSAR observation system is a nonlinear model with unknown ambiguity integers. 

PSInSAR assumes linear deformation and searches solution in frequency domain based 

on the spectrum periodogram. The observation model is reformulated as 

ɝ‰
τ“ὄ

‗”ÓÉÎ—
ɝ†

τ“

‗
ὺɝὸ ςȢσσ 

where ɝ‰  is Ὥth arc phase observation, ɝ† and ὺ are topographic and deformation 

parameters, respectively. 

ɾ
ρ

ὔ
ÅØÐ Ὦ‰ ɝ‰ ςȢστ 

The periodogram method searches for solution that maximizes the coherence ɾ. 

Additionally, there are other methods to solve this integer problem, e.g., the integer 

least squares (ILS) method in STUN (Kampes & Adam, 2005). 

Phase linking is a crucial step in SBAS, involving the recovery of equivalent 

single-master phases for DS within the multi-master framework. Phase linking can be 

performed after unwrapping (e.g., conventional SBAS) or before the unwrapping (e.g., 
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SqueeSAR). For conventional SBAS, the unwrapped phase observation can be written 

as 

%‰ • • ςȢσυ 

where •  and •  are equivalent single-master phases. Assuming ὓ generated from 

ὔ images, the phases are 

%
‰
ể
‰

ρ ρ Ễ
ể Ệ ể
ρ Ễ ρ

‰
ể

‰

ςȢσφ 

The above equation can be reformulated as 

ώ ὄὼ ςȢσχ 

where ώ is observation vector, ὄ is design matrix and ὼ is unknown. The estimation is 

achieved by LS as 

ὼ ὄὄ ὄώ ςȢσψ 

Singular value decomposition (SVD) can be applied in situations involving multiple 

subsets. For phase linking over unwrapped phase, the unwrapping accuracy should be 

firstly guaranteed. 

Compared with PSInSAR, SBAS is not limited to baseline length and PS. Thus, it 

improves the available information and expand the application of InSAR techniques in 

rural regions. However, it sacrifices the resolution to acquire highly coherent 

interferometric pairs. Also, the increasing available data poses great challenge to 

optimizing the baseline configurations.  

To integrate advantages of SM and MM techniques, hybrid techniques exploit 

information by jointly processing PS and DS. One group of these methods is to 

incorporate PS points into the multi-master system. Another group extends PSInSAR 

method by integrating filtered DS phases into single-master interferograms. As a 

representative approach of the first group, Lanari et al. (2004) generated two sets of 

interferograms for the same area: multi-looking and full-resolution interferograms. First, 

they estimated large-scaled deformation, elevation, and atmospheric phase from the 

multi-looked pairs based on SBAS. Then, PS were selected in full-resolution 

interferograms after the removal of estimated phases from the first step. Finally, the 
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deformation was detected by carrying out PSI processing. Not only large-scaled 

deformation characteristics can be explored, but also local deformation (e.g., buildings, 

rocks, etc.) is indicated by this method. 

SqueeSAR is designed to fully extract information from total interferograms 

(Guarnieri & Tebaldini, 2007; Guarnieri & Tebaldini, 2008). One of the limitations of 

PSInSAR is that points are insufficient in non-urban areas. SqueeSAR first carries out 

the conventional SBAS procedures, and then coverts multi-master phases to the single-

master, which is equivalent to ósqueezeô information. Then both PS phases and the 

equivalent SM phases are jointly processed by PSInSAR flow. This method combines 

the benefits of both PSInSAR and SBAS, which increases the point density without 

reducing the spatial resolution. 

2.3 Phase simulation 

To acquire accurate deformation, it is essential to effectively eliminate contaminated 

errors. Simulation test offers a great way to investigate the temporal and spatial 

characteristics of these phases. This section also discusses the deformation simulation 

in different scenarios to generate overall phases, providing to validated algorithms for 

diverse research objects. 

2.3.1 Orbit error  

The relative orbit (i.e., baseline) accuracy is usually more important than the absolute 

orbit accuracy (i.e., satellite position). Fig. 2.9 demonstrates the relation between the 

true baseline ὄ, estimated baseline ὄ, and baseline error ▪. ‍, ‌ and — represent the 

angle between the baseline error and horizontal, the angle between the baseline and 

horizontal, and the incident angle, respectively. Obviously, the baseline error is 

independent of ὄ and ‌ and it is difficult to determine the baseline error according to 

the variation of baseline itself.  
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Fig. 2.9 The baseline error. 

The error vector is described as 

▪ ὲ᷆ȟὲ ὲȟὲ ςȢσω 

where ὲȟὲ  is in horizontal (normal) / perpendicular (radial) coordinate. The 

relation is  

ὲ
ὲ᷆

ÃÏÓ— ÓÉÎ—
ÓÉÎ— ÃÏÓ—

ὲ
ὲ ςȢτπ 

Therefore, the phase introduced by baseline error is 

‰
τ“

‗
ὲÓÉÎ— ‍

τ“

‗
ὲ᷆

τ“

‗
ὲÓÉÎ— ὲÃÏÓ— ςȢτρ 

with STD as 

„
τ“

‗
„ ÓÉÎ— „ ÃÏÓ— ςȢτς 

The precision of orbit error in horizontal and perpendicular directions are 

„ „ ȟ „ ȟ ςȢτσ 

„ „ ȟ „ ȟ ςȢττ 

where „  and „  represent normal and radial precisions. ὓ and Ὓ denote the 

master and slave image, respectively. Assuming that baseline STD in normal and radial 

directions are 5cm and the 10cm, respectively, and the master and slave images have 

the same precisions. The basic parameters are — ςρЈ, ‗ υȢφφÃÍ, then the induced 

phase will reach 16rad approximately at most (Fig. 2.10). 
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                Fig. 2.10 The induced phase error.         Fig. 2.11 The simulated pattern of baseline error.  

After the removal of flat and topography phases, the residuals manifests as 

approximately linear fringes in space. Considering its spatial characteristics, the 

simulation of orbit errors usually uses polynomial model, e.g., the first-order or second-

order polynomial (Hanssen, 2001; Liu, 2014), which are  

‰ ὥ ὥὼ ὥώ ςȢτυ 

or 

‰ ὥ ὥὼ ὥώ ὥὼώὥὼ ὥώ ςȢτφ 

where ὼȟώ is position, ὥ is fitting coefficient. And the simulation result is shown in 

Fig. 2.11. 

2.3.2 Tropospheric delay 

The troposphere includes 80% mass and most water vapor of the entire atmosphere. It 

dominates the atmospheric delay, which can contribute decimeter-level. Due to 

different spatial variation of components, the tropospheric delay is divided into two 

parts: the static part (the stratified delay), and the wet part (the turbulent delay) (Smith 

& Weintraub, 1953; Bean & Dutton, 1966). The stratified delay is induced by the 

vertical change of the refractive index. Shown in Fig. 2.12, the atmosphere is composed 

by multiple thin layers along the vertical direction, ὔὬ is related with elevation and 

Ὓ represents the satellite. The large difference of elevation between ὃ and ὄ will cause 

obvious stratified delay, which can usually be modeled by the following elevation-

related function 
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‰ ὥὬ ὥ ςȢτχ 

where ὥ is the scale factor, and ὥ is a constant.  

 

Fig. 2.12 The stratified layers of atmosphere. The stratified delay is influenced by the refractive 

index ὔὬ, which varies due to the different elevations of points ὃ and ὄ. 

For the simulated experiments, the stratified troposphere delay can be assumed to 

be spatially correlation with the topography and temporally uncorrelated. Considering 

the seasonal variation of the troposphere, the interannual sine function is used to model 

its temporal changes (Jolivet et al., 2014). Fig. 2.13 demonstrates the delay in the time 

domain (a total of 16 scenes SLC). Fig. 2.14 indicates that temporal characteristic of 

delays in SLC1 and SLC2, and the delay of the interferogram generated from them. The 

spatial pattern of the simulated tropospheric delay is suggested in Fig. 2.16, which is 

related to the topography in Fig. 2.15.  

  

Fig. 2.13 Temporal pattern of stratified delay.  Fig. 2.14 Stratified delay of SLC and 

interferogram. 
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                   Fig. 2.15 Hawaii topography.    Fig. 2.16 Stratified delay based on Hawaii topography.  

Turbulence is mainly caused by water vapor that moves randomly with different 

velocities, and has diffused and nonlinear characteristics, which is shown in Fig. 2.17 

(point A). The turbulent delay is typically distributed widely in space and is challenging 

to be absorbed by a deterministic function. Instead, analytical or stochastic methods are 

commonly employed to describe turbulent delay, with the Kolmogorov theory widely 

used for studying the propagation of electromagnetic waves in the turbulent atmosphere. 

Tartarski suggested that the structure function of turbulent refractive index fulfills  the 

ótwo-thirdsô law, which is (Li et al., 2007; Hanssen, 2001; Tatarski, 1961) 

Ὂ ὶ
ὅὶȟὰḺὶḺὰ

ὅὰὶὰϳ ȟὶḺὰ

ςȢτψ 

where ὅ  is a measure for the spatial strength of turbulence. ὶ is the distance between 

two points. ὰ and ὰ denote the inner and outer scales of turbulence, respectively. The 

óςȾσô represents the decreasing rate with the distance. 

 

Fig. 2.17 The turbulent delay. ὃ point is impacted by the turbulence. 
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In this thesis, we use the power spectrum method to simulate the turbulent phase. 

Assuming the turbulent delay is homogeneous in all directions, the power function of 

the spectrum corresponding to Eq. (2.48) is 

ὖ Ὧ Ὧ ȟὯ Ὧ Ὧ ςȢτω 

where Ὧ is wave number (cycle/km), ‍ is exponent coefficient, ὯȟὯ  can be 

replaced by ὼȟώ and therefore Ὧ describes distance between points. The exponent 

‍ ψȾσ corresponds to ςȾσ in Eq. (2.48), and it represents the variation scale. Hassen 

proposes that the turbulence variation scale is between 0.5~2km when ‍ ψȾσ, 

and >2km when ‍ υȾσ (Hanssen, 2001). The simulation ‰  can be mathematically 

expressed as 

‰ )&&4Ὄὼȟώὖ ὼȟώ ςȢυπ 

where )&&4Ͻ represents the operator of inverse Fourier transform, and Ὄὼȟώ is a 

complex matrix. Note that the zero-frequency component of the complex matrix needs 

to be transferred to the center of the spectrum. In the simulation, the max turbulent 

delay is set to 0.7rad, and the introduced phases with ‍ ψȾσ, ‍ υȾσ are illustrated 

in Fig. 2.18. 

 

Fig. 2.18 The turbulent delay. 

2.3.3 Topographic residual 

Topographic error is usually an unavoidable noise due to the limited accuracy of the 

induced DEM model and the observed angle of SAR sensor. According to Eq. (2.22), 

topographic residual exhibits a topography-correlated pattern in the spatial domain. 
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This pattern is more evident in regions with significant height variations, such as urban 

regions. In addition, topographic error can also be analyzed statistically in a geostatic 

aspect, which means we can use the power spectrum function in Eq. (2.49) and a 

randomly distributed model to simulate it. Fig. 2.19 indicates the simulated topographic 

errors in three scenarios. In the power spectrum case, the variation scale of DEM error 

should be smaller than turbulent delay. Hence we use spectrum coefficient ‍ υȾσ in 

Eq. (2.49) for simulation. For the stochastic scenario, the normal distribution with 0.5 

variance is illustrated. Additionally, the Hawaii topography is used to simulate the 

topography-related delay.  

 

Fig. 2.19 The simulation of topographic error: (a) power spectrum; (b) randomly distributed; (c) 

topography-related. 

2.3.4 Decorrelation noise 

The decorrelation noise can generally be categorized into three groups: (1) system-

related errors, including thermal noise, error introduced by Doppler frequency shift and 

incidence angle, etc. (2) processing-related errors, such as coregistration and multi-

looking errors, etc. (3) baseline-related errors, such as temporal and geometrical 

decorrelation noises. The coherence ɭ is used to evaluate the decorrelation magnitude, 

which is defined as (Born et al., 1959; Papoulis, 1991) 

ɭȟ
%ὖὖᶻ

%ȿὖȿ%ȿὖȿ
ςȢυρ 

where ὖ , ὖ  represent the i-th and j-th complex observation and z represents 

conjugation of complex values.  
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The coherence can be easily acquired by the following model (Hanssen, 2001) 

ɭ ɾϽɾϽɾϽɾϽɾ ςȢυς 

The five decorrelation sources are distinguished here. 

(1) System decorrelation (ɾ): this decorrelation noise depends on the system 

characteristics of the instrument, e.g., antenna, which can be evaluated by SNR ratio as  

ɾ
ρ

ρ 3.2
ςȢυσ 

The SNR is determined by SCR parameter of the sensor. For ERS platform where 

3#2 ρτÄ", the 3.2ρςÄ", thereby ɾ πȢως. 

(2) Processing decorrelation (ɾ ): this decorrelation is caused by the image 

processing, e.g., coregistration, resampling, interpolation, etc. The image is completely 

decorrelated when the coregistration error reaches to a pixel. Hanssen proposed that 1/8 

pixel is an acceptable threshold for coregistration error (Hanssen, 2001). The 

resampling decorrelation noise mainly depends on the interpolation kernel function. 

Both the coregistration and resampling accuracies jointly determine the magnitude of 

ɾ. 

(3) Temporal decorrelation (ɾ): this decorrelation is caused by the physical 

changes in surface properties, e.g., materials, vegetation growth, lake expansion, and 

engineering work, etc. Assuming the scatterers within a resolution cell undergo random 

motion, the temporal coherence is computed as (Samiei-Esfahany, 2017) 

ɾ ÅØÐ
ρ

ς

τ“

‗
„ ςȢυτ 

where „  is the variance that can be described by a function of time, which depends on 

the physical characteristics of surface. From Eq. (3.39), the signal with short 

wavelength is more sensitive to the vegetable growth, which explains that SAR data 

with long wavelength is commonly used in areas with thick coverage of vegetation. In 

addition, the larger temporal baseline, the higher decorrelation noises, which can be 

described by 
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ɾ
ρ
ȿὄȿ

ὄȟ
ȟȿὄȿ ὄȟ

πȟȿὄȿ ὄȟ

ςȢυυ 

From the above, the temporal coherence is zero if temporal baseline ὄ exceeds the 

critical baseline ὄȟ. 

(4) Geometric decorrelation noise (ɾ): this decorrelation is caused by different 

incident angles of two images, which causes the shift of frequency spectrum and will 

produce completely decorrelated interferogram when the frequency shift equals the 

bandwidth in the range direction. The geometric decorrelation noise can be defined as 

ɾ
ρ
ȿὄȿ

ὄ ȟ
ȟȿὄȿ ὄ ȟ

πȟȿὄȿ ὄ ȟ

ςȢυφ 

where the critical baseline ὄ ȟ represents the maximum available spectral shift, which 

is related to wavelength, incident angle, surface slope, etc. Obviously, the smaller 

perpendicular baseline, the higher coherence value. 

(5) Doppler decorrelation noise (ɾ): it is caused by the different Doppler centroid 

frequencies which causes the spectrum shift in the azimuth direction. Therefore the 

Doppler decorrelation can aslo be known as the geometric decorrelation in the azimuth 

direction, which is expressed as 

ɾ ÍÁØ
ὄ ЎὪ

ὄ
ȟπ ςȢυχ 

where ЎὪ  is difference of Doppler center between master and slave images and ὄ  

azimuth bandwidth. 



28 

 

       

Fig. 2.20 Interferograms of Huizhou city: serious decorrelation (left); highly coherent (right). 

For most scenarios, decorrelation noises usually appear as speckles that are 

randomly distributed in the spatial domain (Fig. 2.20). For the seismic earthquake field, 

the decorrelation noise suggests like a stripe, because large deformation fractures 

generally occur near the seismic fault. To mitigate system decorrelation noises, filtering 

and Doppler compensation can be applied before the generation of interferograms. The 

processing errors can be reduced by the improvement of coregistration accuracy. The 

baseline-related decorrelation noise can be reduced by optimized baseline 

configurations. In addition, for coseismic deformation scenarios that are affected 

seriously by temporal decorrelation, we can use SAR data with a shorter revisit period, 

e.g., Sentinel-1 data (12 days, usually within 100m spatial baseline) to obtain satisfied 

interferograms. Usually, decorrelation error is included in simulation experiments as 

random noises. 

2.3.5 Deformation 

Deformation is usually correlated both in time and space domains, which needs to be 

simulated according to different scenarios. In the time domain, apart from the simple 

linear pattern, the deformation usually suggests more complex patterns, e.g., 

exponential, seasonal periodic, coseismic, and combination of coseismic and post-
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seismic deformations. Let Ὠ be deformation of single point, several temporal patterns 

can be described as 

(1) exponential 

Ὠ ὃÅØÐύ ὸz ςȢυψ 

(2) periodic 

Ὠ ὃÓÉÎς“ύὸ ὃÃÏÓς“ύὸ ςȢυω 

(3) coseismic 

Ὠ ὃρ
ὸ ὧ

πȢππρὸ ὧ
ςȢφπ 

(4) coseismic + post-seismic 

Ὠ ὃ ÂzÅÓÓÅÌύ ὸz ςȢφρÁ 

ÂÅÓÓÅÌὼ
ρ

άȦɜά ς

ὼ

ς
ςȢφρÂ 

In Eq. (2.58) ~ Eq. (2.61), ὃ, ύ and ὧ controls the deformation variation, period and 

amplitude. ÂÅÓÓÅÌὼ represents the first-order term of the first kind Bessel function, 

providing a tool for descrbing the complicated post-earthquake deformation. Fig. 2.21 

demonstrates the above mentioned four temporal deformation trends. 
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Fig. 2.21 Temporal deformation patterns: (a) exponential; (b) periodic; (c) coseismic; (d) 

coseismic + post-seismic. 

In the spatial domain, Kiyoo Mogi presents the Mogi model to describe magma 

pressure sources in a semi-elastic space, which can be used to simulate volcanic 

deformations or abrupt deformation with obvious fractural characteristics in space. The 

Peaks model, generated using MATLAB  library, is essentially a probability density 

function of bivariate Gaussian distribution. It is commonly employed to simulate 

surface deformation, particularly with observable subsidence and uplift patterns such 

as earthquakes, ground fissures, and landslides. In addition, the spatial deformation 

trend can also be simulated according to the real topography model. These three 

deformation patterns are demonstrated in Fig. 2.22, where the scale represents spatial 

variation. 

 

Fig. 2.22 Spatial deformation pattern: (a) peaks; (b) Mogi; (c) topography-related. 
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2.3.6 Overall phase simulation 

The main errors of InSAR have been discussed and simulated independently in the 

previous sections. The overall phases for simulation experiments should include the 

deformation and these interfered errors. Sentinel-1A is taken as the platform to provide 

the basic information of sensor parameters, which are ‗ υȢυÃÍ and — ςςȢψЈ. In the 

simulation, 20 interferograms are generated from 21 SLCs with the perpendicular 

baseline smaller than 100m and the image size is ςππςππ. Deformation is simulated 

to vary linearly with time and fit the Mogi model in the space. The atmospheric delay 

is simulated based on the power spectrum with ‍ υȾσ. Also, the DEM error is added 

into the overall phases, together with normally distributed random noises with a 

variance of 0.2rad. Fig. 2.23 clearly indicates the superposition of each contribution, 

which generates the final interferograms.  

 

 

Fig. 2.23 Interferogram simulation: (a) deformation; (b) addition of orbit error; (c) 

addition of atmospheric delay; (d) addition of topographic error; (e) overall phase 
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2.4 Summary 

This chapter begins by introducing basic principles of SAR imaging and InSAR. It 

further discusses processes and limitations of conventional DInSAR and time series 

InSAR. This chapter then visually reveals temporal and spatial patterns of primary 

errors across diverse scenarios by manipulating simulation parameters. From the 

visualization, we can easily discuss their possible mitigation methods. Orbit errors 

suggest long wavelength patterns in the spatial domain and they can be corrected by 

polynomial models. Stratified delay is typically addressed by topography-related 

functions, while simulated turbulent delay presents a complex spatial pattern. The 

decorrelation error describes the quality of interferograms, which mainly limits 

DInSAR and thereby inspires the development of time series techniques. Furthermore, 

simulated deformation in various scenarios contributes to generating comprehensive 

phase data, aiding not only error comprehension but also providing a crucial means to 

validate algorithms with diverse objectives.  
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CHAPTER 3 DEFORMATION ESTIMATION  FROM A MATHEMATICAL  

PERSPECTIVE 

3.1 Introduction  

DInSAR generates deformation maps using a single or two interferograms, whereas 

time series InSAR operates on a stack of acquisitions. Despite differences in model 

configuration and processes, deformation retrieval is essentially the estimation of 

interesting parameter from Gauss-Markoff observation model. The observation models 

should be discussed in a unified framework to fully recognize features and 

developments of InSAR techniques. Furthermore, the InSAR system, characterized as 

an underdetermined framework, requires the introduction of extra constraints to achieve 

unique solution. However, from a mathematical standpoint, the rationalities of some 

constraints may be incompatible, leading to potential bias in estimation. Therefore, a 

thorough exploration of these assumptions and the identification of applicable scenarios 

of different methods become necessary. Considering that the InSAR system is a mixed 

integer estimation model, which is similar to the basic estimation frame in GNSS, there 

is an opportunity to recognize InSAR models in terms of both models and estimation 

strategies by the comprehensively developed GNSS data processing methods.  

Starting from the basic phase observations of InSAR, this chapter investigates the 

establishment of InSAR un-differenced (UD), single-differenced (SD), and double-

differenced (DD) models in Section 3.2 and Section 3.3. Section 3.4 elaborates model 

configurations of DInSAR models and two types of time series frameworks, i.e., the 

SM and MM models. The deformation estimations of DInSAR and time series model 

are demonstrated in Section 3.5 and Section 3.6, respectively. 

3.2 Function model 

Starting from the phase of a single image, the UD observation ‪  of point ὼ in Ὥ-th SLC 

is generally denoted by 

‪ Ὑ ὥ ί ‐ ς“ὲ σȢρ 
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where the subscript and superscript denote point and acquisition, respectively. Ὑ  is 

slant range between the satellite to point and ὥ is atmospheric delay, which mostly 

indicates the turbulent errors. ί is temporal decorrelation noise, ‐ is random noise and 

ὲ  is ambiguity integer. The SD observation ‰ ‪ ‪  generated from two 

satellites, i.e., Ὥ-th and Ὦ-th acquisitions, is given by 

‰ Ὑ ὥ ί ‐ ς“ὲ σȢς 

where ᶻ ᶻ ᶻ  for each phase contribution. According to SAR geometric 

imaging principles suggested in Eq. (2.21) and Eq. (2.22), Ὑ  is written as 

Ὑ
τ“

‗
ὄ᷆

ὄ

ὙÓÉÎ—
Ὤ Ὠ σȢσ 

where the terms are corresponding to the three mentioned phase contributions, 

respectively. Ὤ denotes the height above the ground and Ὠ  represents deformation. 

The correction of the flat phase is typically achieved through a linear polynomial while 

topography can be corrected either by subtracting an external DEM or by SAR data 

itself. However, a topographic residual effect is inevitable due to DEM precision and 

the side-look viewing of SAR platform, which leads to the SD observation as 

‰
ὄ

ὙÓÉÎ—
† Ὠ ς“ὲ ύ σȢτ 

where † is topographic residual, i.e., DEM error, and ύ ὥ ί ‐  denotes 

the combination of three errors.  

Assuming ὑ points in the ὭὮ-th interferogram, ὑ ρ SD observation vector is 

ꜚ
ὄ

ὙÓÉÎ—
Ⱳ ▀ ς“▪ ◌ σȢυ 

where ꜚ ‰ ȟȣȟ‰ , Ⱳ †ȟȣȟ† , ▀ ὨȟȣȟὨ , ▪

ὲȟȣȟὲ , ◌ ύ ȟȣȟύ . Notice that the slant range is assumed to be 

independent from points and satellites, i.e., Ὑ Ễ Ὑ Ὑ. This assumption is 

grounded in the consideration that the satellite-to-point distance is significantly greater 
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than the Euclidean distance between neighboring points and also exceeds the distance 

between two satellites. In other words, the impacts induced by difference of slant range 

can be reasonably neglected. Assuming ὓ interferograms are generated by ὔ images, 

ὓ ὑ  SD observations are expressed by the following matrix as 

ꜚ ἆἓ╚ⱶ ╖ἆⱲ ▀ ς“▪ ◌ σȢφ 

where ꜚ ꜚ ȟȣȟꜚ , ⱶ ⱶ ȟȣȟⱶ  and the simplified 

superscript represents the interferogram, which is ᶻ ᶻ ȟρ ά ὓ. ἓ is 

ὑ ὑ  identity matrix and ╖ ὄȟȣȟὄ  is ὓ ρ  topographic 

coefficient vector. ▀ ▀ ȟȣȟ▀ , ▪ ▪ ȟȣȟ▪ , ◌

◌ȟȣȟ◌  are ὓὑ ρ vectors of deformation, ambiguity integers and noises, 

respectively. Notice that topographic residuals in Ⱳ are independent from 

interferograms. The coefficient matrix  describes temporal network configuration. 

For instance, if the first acquisition is taken as the reference under SM framework, we 

have 

▄ȟἓ σȢχ 

where ▄ ρȟȣȟρ  is the ὓ ρ  unit column vector. Several networks are 

demonstrated in Fig. 3.1 
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Fig. 3.1 Temporal network: (a) star; (b) minimum distance; (c) redundant; (d) all 

combination. 

DD observation is introduced to mitigate spatially-correlated errors, e.g., 

atmospheric delay. It is an arc phase generated by differencing phases of nearby points, 

which is  

Ў‰
ὄ

ὙÓÉÎ—
Ў† ЎὨ ς“Ўὲ Ўύ σȢψ 

where Ў‰ ‰ ‰ , Ў† † †  and Ўᶻ ᶻ ᶻ ᶻ

ᶻ ᶻ ᶻ  for DD phase contributions Ὠ , ὲ  and ύ .  

Assuming ὖ arcs produced from ὑ points, the observation model for the ά-th 

interferogram is  

Ўꜚ ꜚ
ὄ

”ÓÉÎ—
ɝⱲ ɝ▀ ς“ɝ▪ ɝ◌ σȢω 

where Ўꜚ ‰ ȟȣȟ‰ , ɝⱲ Ў†ȟȣȟЎ†  is ὖ ρ  ɝ▀

ЎὨ ȟȣȟЎὨ , ɝ▪ ЎὲȟȣȟЎὲ , ɝ◌ Ўύ ȟȣȟЎύ  are DD 

observation and parameter vectors. The simplified superscript, which is ᶻ

ᶻ ȟρ ὴ ὖ represents the arc.  is a ὖ ὑ  matrix that determines the spatial 

network configuration. If the first point is taken as reference to form a star spatial 

network, we have 

▄ȟἓ σȢρπ 

where ▄ ρȟȣȟρ  of ὖ ρ size. Several spatial networks are suggested in Fig 

3.2. 
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Fig. 3.2 Spatial network: (a) star; (b) minimum distance; (c) redundant. 

For ὓ interferograms, total ὓὖ DD phases are expressed as 

Ўꜚ ἓἆ ꜚ ╖ἆɝⱲ ɝ▀ ς“ɝ▪ ɝ◌ σȢρρ 

where Ўꜚ Ўꜚ ȟȣȟЎꜚ , ɝ▀ ɝ▀ ȟȣȟɝ▀ , ɝ▪

ɝ▪ ȟȣȟɝ▪ , ɝ◌ ɝ◌ȟȣȟɝ◌  are ὓὖ ρ DD parameter vectors 

of deformation, ambiguity integer and noise, respectively.  

The SD model and DD models rank observations in interferogram order, which is 

the first interferogram (all points/arcs), é., the last interferogram (all points/arcs), 

Sometimes the observations need to be ranked in points or arcs order, which is the first 

point/arc (all interferograms), é, the last point/arc (all interferograms). To conduct this 

conversion, a permutation matrix  needs to be pre-multiplied to observations, which 

are ,ꜚ Ўꜚ . The  is a square matrix of ὓὑ and ὓὖ sizes in SD and DD models, 

respectively. 

3.3 Stochastic model 

A complete stochastic model is composed of both diagonal variances and covariances. 

The computation is determined by the error term ◌. which includes atmospheric delay 

╪, decorrelation noise ▼ and uncorrelated noise Ⱡ. Atmospheric delay in this thesis 

mainly denotes the tropospheric contribution, which results from the effect of the 

heterogeneity of humidity, pressure and temperature. Though it can be roughly 

estimated by the external data such as GNSS data, multispectral data, etc. (Ding et al., 

2008; Yu et al., 2017), the challenges of low spatial resolution and temporal 

desynchrony often introduce uncertainties in the correction process. Fortunately, 

tropospheric delay can sometimes exhibit local correlation in the spatial domain, 

allowing to absorb it by a reasonable stochastic model. Additionally, the decorrelation 
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noise ▼ is induced mainly by the scattering change over time and geometry viewing, 

which is correlated between interferograms (Zebker & Villasenor, 1992). The 

uncorrelated noise Ⱡ is always introduced by SAR system and uncorrelated processing 

such as coregistration and interpolation. 

To clearly illustrate the format of the stochastic model, we use an example of 

variance-covariance matrix of the UD observations generated from three acquisitions 

(i, j, q) and two points (x, y), which is shown in Fig.3.3. 

 

Fig. 3.3 Variance-Covariance matrix of UD observation. 

The diagonal elements are the variances determining the contribution of each 

observation and describing the accuracy of the observations. The variance describes the 

overall phase variance of the single point in SLC, incorporating thermal noise, 

miscorrelated noise, and the diagonal elements of the atmospheric delay. The non-

diagonal represent covariances, which can be categorized as temporally-correlated, 

spatially-correlated and cross-correlated values. Temporally-correlated covariance 

refers to the correlation between observations of same point but at different times 

(images). Spatially-correlated covariance refers to the correlation between observations 

in the same image but for different points. Cross-correlated covariance describes the 

correlation between different points in different images. 
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3.3.1 Spatially-correlated 

Spatial correlation is mainly determined by the stratified and turbulent delays. 

Considered as a systematic error, the stratified part can be corrected by a topography-

related model, which will  not be discussed here. The turbulent component is affected 

by factors such as sunshine, wind direction, wind speed, frictional resistance, etc., 

exhibiting locally consistent pattern in spatial domain. Therefore, it can be effectively 

absorbed by a distance-related covariance function. Generally, the exponential 

covariance function is empirically applied to describe spatial characteristics of 

atmospheric delay, which is (Hanssen, 2001) 

„ȟ „ÅØÐὰȟ‫ σȢρς 

where „  is unit variance, ὰȟ is Euclidean distance between points ὼ and ώ that is in 

kilometer, .is related with the correlation length ‫  

According to Fig. 3.3, the stochastic model of atmospheric delay is 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
„ „

ȟ
π π π π

„
ȟ
„ π π π π

π π „ „
ȟ

π π

π π „
ȟ
„ π π

π π π π „ „
ȟ

π π π π „
ȟ
„ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

σȢρσ 

For ὑ points in i-th image, the model is 

╠

ụ
Ụ
Ụ
Ụ
Ụ
ợ
„ „

ȟ
Ễ „

ȟ

„
ȟ
„ Ệ ể

ể ể Ệ „
ȟ

„
ȟ

Ễ „
ȟ

„ Ứ
ủ
ủ
ủ
ủ
Ủ

σȢρτ 

Assuming that the atmospheric delay is uncorrelated in temporal domain, and each 

image has the same stochastic model, i.e., ╠ ╠ Ễ ╠ , then the UD model 

is 

╠ ╠ ἆἓ σȢρυ 

The SD model is 
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╠ ἆἓ ╠ ἆἓ σȢρφ 

The DD model is 

╠ ἓἆ ╠ ἓἆ ἆ ╠ ἆ σȢρχ 

3.3.2 Cross-correlated 

The cross-correlated model describes the correlation between different points in 

different images, primarily referring to the deformation signal, which is correlated both 

in the temporal and spatial domains. Time-series InSAR techniques often assume the 

deformation model and treat it as a deterministic parameter in function model. 

Otherwise, Ketelaar proposed an exponential function to describe the random 

characteristics of the unmodeled deformation (Ketelaar, 2009), which is 

„ȟ
ȟ
„ÅØÐ

ὰȟ

ὒ
ÅØÐ

ὸȟ

Ὕ
σȢρψ 

where „  is the unit variance of the unmodeled deformation, ὰȟ and ὸȟ are the spatial 

distance and temporal distance, respectively, and ὒ and Ὕ represent the spatial and 

temporal correlation length.  

3.3.3 Temporally-correlated 

The temporally-correlated covariance explains the correlation between the same point 

in different images. The signal in each resolution is the sum of reflections within the 

resolution unit. Assuming these reflectors are randomly distributed, according to the 

central baseline theorem, the overall complex observations follow a zero-mean 

complex Gaussian distribution (Madsen, 1986; Sarabandi, 1992). The derivation of the 

variance-covariances of the time correlation needs to begin with the original complex 

observations. 

The PDF of single point in i-th image is (Davenport & Root, 1987) 

ÐÄÆὖ
ρ

ς“„
ÅØÐ

2Åὖ )Íὖ

ς„
σȢρω 

where 
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„
%Ὅ

ς
ȟὍ ὖ σȢςπ 

where Ὅ is intensity. According to the full variance-covariance matrix shown in Fig. 3.3, 

the complex stochastic model of UD decorrelation noise is wirtten as  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ % π ɾ %% π ɾ %% π

π % π ɾ %% π ɾ %%

ɾ %% π % π ɾ %% π

π ɾ %% π % π ɾ %%

ɾ %% π ɾ %% π % π

π ɾ %% π ɾ %% π %
Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

σȢςρ 

where % % ὖ ȟ% % ὖ , ɾ  is complex coherence that can be obtained 

by Eq. (2.53). 

In Fig. 3.3, observations are arranged in image order: image i (all points), image j 

(all points), and so forth. However, for temporal correlated elements, it is clearer to 

describe the stochastic model in the order of points. Therefore, the temporal correlated 

variance-covariance matrix is first established in point order, namely, point 1 (all 

images), point 2 (all images), and so on. By multiplying the permutation matrix, it can 

be transformed to image rank. Therefore, the complex variance-covariance matrix of a 

single point ὼ in ὔ scene images is written as 

╠ᶻ

ụ
Ụ
Ụ
Ụ
Ụ
ợ % ɾ %% Ễ ɾ %%

ɾ %% Ệ ể ể

ể ể ể ɾ % %

ɾ %% Ễ ɾ % % % Ứ
ủ
ủ
ủ
ủ
Ủ

σȢςς 

where ╠ᶻ is complex stochastic model. For time series InSAR, the real value stochastic 

model is more important. The absolute coherence ɾ  can be used to describe the 

temporal decorrelation noise. The calculation of ɾ  can be seen in Section 3.4 (Eq. 

(3.34)). From Eq. (3.36), %ɾ ɾ , therefore the estimation of ɾ  is biased and 
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the small ὒ, the larger bias. There are lots of research for the correction of estimation 

bias of ɾ  (Touzi et al., 1996; Zebker & Chen, 2005). 

The preceding analysis presents the stochastic model of UD observations. For SD 

and DD phases, linear propagation is not applicable because the interferometric process 

involves the conjugate multiplication of complex observations, rather than simply 

adding and subtracting the initial phase ‪. Therefore, it is necessary to independently 

analyze the SD stochastic model. The phase of the SLC follows a uniform distribution 

with constant variance. However, the phase no longer fulfills the uniform distribution 

after interference, and the PDF of the interferometric phase is derived as (Just, 1994) 

ÐÄÆ‰
ρ ɾ

ς“

ρ

ρ ɾ ÃÏÓ‰ ‰
 

ừ
Ừ

ứ
ɾ ÃÏÓ‰ ‰ ÁÒÃÃÏÓɾ ÃÏÓ‰ ‰

ρ ɾ ÃÏÓ‰ ‰

ρ

ữ
Ữ

ử

σȢςσ 

where 

‰ ÁÒÇɾ σȢςτ 

where ÁÒÇϽ is the argument calculation for complex value. The expectation, variance 

and covariance of interferometric phase are 

%‰ ÁÒÇɾ σȢςυ 

$‰ „ ‰ %‰ ÐÄÆ‰ Ä‰ σȢςφ 

#ÏÖ‰ ȟ‰ „
ȟ

‰ ‰ ÐÄÆ‰ ȟ‰ Ä‰ Ä‰ σȢςχ 

For point ὼ, assuming a SD vector ώ ‰ ‰ , the temporal correlated matrix is  

╠◐
„ „ ȟ

„ ȟ „
σȢςψ 

Obviously, obtaining an accurate analytical solution for  the matrix in Eq. (3.25) to 

(3.27) is challenging. To acquire solution for Eq. (3.28), we can employ either Monte-

Carlo method for a numerical solution or the non-linear propagation method for an 

approximate analytical solution. Taking the latter principle and assuming the 
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expectation of phase is zero, the stochastic model of formula (3.28) can be 

approximately expressed as (Samiei-Esfahany, 2017)  

╠◐ $
‰

‰

ụ
Ụ
Ụ
Ụ
ợ

ρ ȿɾ ȿ

ςὒȿɾ ȿ

ȿɾ ȿȿɾ ȿ ȿɾ ȿȿɾ ȿ

ςὒȿɾ ȿȿɾ ȿ

ȿɾ ȿȿɾ ȿ ȿɾ ȿȿɾ ȿ

ςὒȿɾ ȿȿɾ ȿ

ρ ȿɾ ȿ

ςὒȿɾ ȿ Ứ
ủ
ủ
ủ
Ủ

σȢςω 

The covariance between two phases is calculated as 

„ ȟ

ɾ ɾ ɾ ɾ

ςὒɾ ȿɾ ȿ
σȢσπ 

If these two interferograms contains the same image, we have 

„ ȟ

ɾ ɾ ɾ

ςὒɾ ɾ
σȢσρ 

The SD model for a single point is 

╠ȟ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ ρ ȿɾ ȿ

ςὒȿɾ ȿ
Ễ

ɾ ɾ ɾ ɾ

ςὒȿɾ ȿɾ

ể Ệ ể

ɾ ɾ ɾ ɾ

ςὒȿɾ ȿɾ
Ễ

ρ ɾ

ςὒɾ Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

σȢσς 

In certain time series techniques, such as PSInSAR, decorrelation noises are assumed 

to be independent random noises, resulting in the degeneration of the SD model as 

╠ȟ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ ɾ

ςὒɾ
π π

π Ệ π

π π
ρ ɾ

ςὒɾ Ứ
ủ
ủ
ủ
ủ
Ủ

σȢσσ 

where the covariance values are zero. For time series techniques based on PS points 

where ὒ ρ, the stochastic model will be further simplified. For ὑ points, we have 

╠

╠ȟ π π

π Ệ π
π π ╠ȟ

σȢστ 

From the above, the temporal stochastic model should be independent between points, 

thereby the DD stochastic model can be directly propagated from SD model, which is 

╠ ἓἆ ╠ ἓἆ σȢσυ 
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To acquire the overall stochastic model, the temporal stochastic model should be 

transformed in the interferogram order, where the premutation matrix  of ὓὖ size will 

be pre-multiplied. The SD and DD stochastic models are  

╠ ╠ ╠ σȢσφ 

╠ ἓἆ ╠ ἓἆ σȢσχ 

While the general stochastic model is presented, the stochastic model can be simplified 

if extra data are introduced, e.g., reliable atmospheric material. In this case, the 

stochastic model only contains the decorrelation noises and uncorrelated noises. 

3.4 Model configurations 

The generic InSAR model illustrates fundamental phase parameterization and 

stochastic characteristics. Prior to solving for the parameters of interest, observations 

and model configurations be fully exploited. Firstly, the design matrix  in the function 

model determines the form of interferogram network, e.g., a start network, a cascading 

network, or a redundant network, etc. Notably, ╝ acquisitions can generate ╝ ρ 

independent interferograms at most, which means the redundant observations are 

unnecessary without introducing extra information. However, time series InSAR 

techniques are commonly classified into PS-based techniques with simple one reference 

image (i.e., SM) and DS-based techniques with redundant design matrix (i.e., MM). 

The differences of these two models will be recognized in this section, which is helpful 

for optimizing the observation models. 

Secondly, DD observation has a superiority over SD phase in reducing spatially-

correlated noises such as atmospheric effects. The majority of SM techniques 

commonly adopt DD phases, whereas SD phases are more likely to be chosen by MM 

models. The preference for observation is determined by the prior conditions or 

procedures applied in different methods, and these will be clarified in this section. 
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3.4.1 DInSAR 

DInSAR models involve the creation of single or two interferograms using a limited 

number of SAR acquisitions. Depending on the quantity of available data, DInSAR is 

categorized into two-pass, three-pass, and four-pass methods (Hanssen, 2001). Two-

pass model operates on a single pair to retrieve deformation, which is 

ꜚ ἆἓ
ⱶ

ⱶ
σȢσψ 

Compared with SD model, the observation and parameter vectors in Eq. (4.7) degrade 

to   

ꜚ ꜚ ȟⱶ
ⱶ

ⱶ
ȟ ρ ρ σȢσω 

For cases where two interferograms are available, the model extends to  

ꜚ
ꜚᶻ

ἆἓ ⱶᶻ σȢτπ 

where ꜚ  and ꜚ ᶻ represent deformation pair and topographic pair, respectively. When 

the two pairs share a common image, it refers to three-pass method. The corresponding 

matrixes are  

ꜚᶻ ꜚ ȟⱶᶻ
ⱶ

ⱶ

ⱶ

ȟ
ρ ρ π
ρ π ρ

σȢτρ 

When the interferograms are generated from independent images, it is known as four-

pass method with the following observations and design matrix 

ꜚᶻ ꜚ ȟⱶᶻ

ụ
Ụ
Ụ
Ụ
ợ
ⱶ

ⱶ

ⱶ

ⱶỨ
ủ
ủ
ủ
Ủ

ȟ
ρ ρ π π
π π ρ ρ

σȢτς 

The three DInSAR models can be treated as simple degeneration of the generalized SD 

configuration and the difference in their models is caused by the number of available 

acquisitions. Three-pass and four-pass models illustrate the basic frame of time series 

techniques. 
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3.4.2 Single-master  

The SM model takes a single ómasterô acquisition as the reference, and then the other 

óslaveô images are interfered with the master, resulting in ὔ ρ  independent 

interferometric pairs generated from ὔ SAR images. The position of the unit column 

in design matrix  indicates the indices of the reference image, the selection of which 

always follows certain principles. Given that the dominated errors are atmospheric 

effects and decorrelation noises, the image under satisfied weather condition is chosen 

as the master one to avoid the propagation of atmospheric delay. Additionally, the 

image that generates the highest temporal coherence, i.e., with small decorrelation noise, 

can be chosen as the reference. The coherence ɾ is computed by (Hanssen, 2001) 

ɾ
ρ

ὔ ρ
ρ
ȿὄȿ

ὄȟ
ρ
ȿὝȿ

Ὕ
ρ
ȿὪȿ

Ὢ ȟ
σȢτσ 

where ὄ , Ὕ and Ὢ  are perpendicular baseline, temporal baseline and Doppler 

frequency, respectively. ὄȟ, Ὕ and Ὢ ȟ are critical values of corresponding parts. To 

further reduce decorrelation, SM approaches operate time series analysis on PS because 

of their stable scattering characteristics even for interferograms with long baselines. 

Moreover, DD phases are always taken as basic observations in some representative 

methods such as PSInSAR, STUN, etc., which ensures small residual noises for a 

reliable estimation. 

Actually, the redundant networks (i.e., MM model) are unnecessary because the 

phases of any pairs can be acquired from the other two, yielding 

ꜚ 7 ꜚ ꜚ σȢττ 

where 7 Ͻ is wrapping operator that subtracts or adds multiple ς“ phases. The relation 

in Eq. (3.44) is known as phase consistency or phase triangularity (Ferretti et al., 2011). 

According to this principle, redundant observations can be expressed by the 

combination of ὔ ρ independent observations under the SM framework without 

losing effective information. Therefore, the results estimated from MM models and SM 

models should be exactly the same in a theoretical view. In other words, SM model can 
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produce the optimal result with the fewest observations and simplest frame. Redundant 

observations seem unnecessary and increase the computation burden. However, in 

practice, MM models are wildly used in time series techniques, indicating that extra 

information is indeed introduced to the observation system by redundant configurations. 

3.4.3 Multi -master  

MM techniques are proposed to compensate InSAR applications in non-urban or other 

areas with low PS density, like forests covered by dense vegetation. DS points, which 

remain coherent in specific interferograms (e.g., the pairs with small temporal and 

perpendicular baselines), are then additionally selected to extract sufficient information. 

Therefore, one of the key challenges for MM techniques is to optimally form 

interferogram network. 

While it is known that, the estimation from MM models should be the same as 

from SM models because of the phase consistency condition, the estimations provided 

by these two models are usually not equivalent. The main reason is that the 

interferograms under MM configurations are always multi-looked, i.e., spatially 

averaged, to avoid the effects of decorrelation noise. Therefore, the phase consistent 

condition is violated on DS. Unlike the equality in Eq. (3.44), the phase triangularity 

for DS can be expressed in a expected form. Assuming that multi-looked pixels fulfill 

a zero-mean Gaussian distribution, the relation of phases is written as (De et al., 2015) 

ꜚ 7 ꜚ ꜚ ꜗ σȢτυ 

where ꜚ  is multi-looked phase vector. ꜗ reflects the errors with %ꜗ π.  

DS-based MM models increase the data availability and the input information, 

which has potential in subsidence monitoring over rural landscapes. To extract 

deformation sequence with physical meaning, MM phases still need to be converted to 

equivalent SM phases, which is known as phase linking or equivalent SM (ESM) phase 

estimation (Guarnieri & Tebaldini, 2007; Laukens et al., 2011; Pepe et al., 2006; Pepe 

et al., 2011). Based on the Eq. (3.45), ESM phase can either be obtained directly from 

wrapped phase or unwrapped phase (e.g., SBAS method). For pre-unwrapping phase 
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linking, SM wrapped phases need to be resolved from the mixed integer model, which 

is 

ꜚ ἆἓ╚ ▼ꜚ ς“▪ ꜗ σȢτφ 

where ▼ꜚ represents the SM vector that includes ὔ ρ ὑ unknowns and  is 

converting matrix. The solution of the above system can be achieved by ILS in real-

value domain or other optimization strategies in the complex-value domain (Fisher, 

1995; Samiei-Esfahany, 2017). In addition, because of the multi-looking procedure on 

interferograms, the SD observations have been averaged between neighboring points, 

which makes DD phases unnecessary in MM models. 

Based on the analysis of model configuration, DInSAR represents the simplest 

degenerated form of the generic model. Concerning time series techniques, observation 

combinations are determined by the design matrix . For PS-based methods, SM model 

is the simple frame to provide effective information. On the other hand, MM models 

are compulsory for DS-based approaches, offering additional information for the 

observation system. Both models are widely used in time series techniques, and their 

configurations are compared in Table 3.1. 

Table 3.1 Comparison on model configurations 

Model Observations Network Condition 

DInSAR SD phase single/two interferograms / 

Single-master DD/SD phase independent interferograms phase consistency 

Multi -master SD phase redundant interferograms phase consistency (expected 

form) 

3.5 DInSAR estimation 

In the previous section, we explored DInSAR models in a unified manner. To further 

indicate its development to time series analysis, the resolution of deformation 

parameters should be explored from the estimation aspect. For three DInSAR 

approaches, ambiguities are priorly removed by spatial unwrapping methods. Therefore, 

the two-pass observation model is given by 
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ꜚ ς“▪
ὄ

”ÓÉÎ—
ἆⱲ ▀ ◌ σȢτχ 

Two-pass method directly recovers deformation from the unwrapped phase, which is 

▀ ꜚ ς“▪ . Obviously, the topographic residual and other delays are ignored 

in two-pass approach. Therefore, precise DEM and satisfied observing conditions are 

inevitably necessary to generate accurate deformation results. 

Three-pass and four-pass methods are complementary to areas without external 

DEM. Since they use SAR data itself to remove the height, the topographic unknowns 

in observation models should be reparametrized. The reconstructed estimation models 

for three-pass and four-pass methods are generally written as 

ꜚ
ꜚᶻ

ụ
Ụ
Ụ
Ụ
ợ
ὄ

”ÓÉÎ—
ὄᶻ

”ÓÉÎ—Ứ
ủ
ủ
ủ
Ủ

ἆ▐ ▀
▀ᶻ

ς“▪
▪ᶻ

◌
◌ᶻ

σȢτψ 

where ▐ ὬȟȣȟὬ  is topography vector. ꜚᶻ represents ꜚ  or ꜚ in three-pass 

and four-pass method, respectively. The topographic pair ꜚᶻ is assumed to be free of 

deformation, i.e., ▀ᶻ , hence the topography is acquired by ▐ ꜚᶻ ◌ᶻὙÓÉÎ—Ⱦ

ὄᶻ, then the observation model is written as 

ꜚ ς“▪
ὄ

ὄᶻ
ꜚᶻ ◌ᶻ ς“▪ᶻ ▀ ◌ σȢτω 

Then deformation ▀  is retrieved as 

▀ ꜚ
ὄ

ὄᶻ
ꜚᶻ ◌ᶻ ς“▪ᶻ ς“▪ σȢυπ 

From the derivation, to fulfill the condition that ▀ᶻ , ꜚ ᶻ needs to be generated from 

two images with short temporal baseline so that deformation can be reasonably 

neglected. From the Eq. (3.50), large baseline ratio ȿὄ ὄᶻϳ ȿ needs to be avoided since 

it will amplify the interfering noises ◌ᶻ. In other words, it is advisable to opt for a 

topographic pair with a large spatial baseline and a deformation pair with a small 

baseline. Hanssen suggested that when π ȿὄ ὄᶻϳ ȿ ρ, ◌ᶻ can be properly 

mitigated (Hanssen, 2001). Both three-pass and four-pass approaches have same 
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requirements for two interferometric pairs. Also, for the situations with abundant 

acquisitions, four-pass is supplement to avoid noise propagation of the master image. 

Obviously, DInSAR directly recovers deformation without considering other 

parameters and errors in the observation model. Therefore, its accuracy greatly depends 

on the observing conditions and unwrapping reliability. 

3.6 Time series InSAR estimation 

Deformation estimation in time series framework generally involved in three aspects: 

the resolution of underdetermined system, the estimation of mixed integer model, and 

errors mitigation.  

According to the generic InSAR framework, time series function model can be 

rewritten as 

◐ ═● ● ς“ⱥ ◌ ═● ς“ⱥ ◌ σȢυρ 

where ● represents float parameters composed of topographic unknowns ● and 

deformation unknowns ● .  ⱥ is a vector of ambiguity integers. The detailed 

expressions for SD and DD models are 

◐ ȟꜚ   ═ ╖ἆἓ ȟ   ●
●
●

Ⱳ
▀
ȟȣⱥ ▪ σȢυς 

and 

◐ Ўꜚ ȟ   ═ ╖ἆἓ ȟ   ●
●
●

ɝⱲ
ɝ▀
ȟ   ⱥ Ў▪ σȢυσ 

Obviously, ὓ ρὑ or ὓ ρὖ unknowns need to be estimated from ὓὑ or 

ὓὖ equations, respectively. The observations are less than unknowns, leading to an 

underdetermined system. To achieve a unique solution, prior assumptions are supposed 

to be introduced to the system. In this section, the features and rationalities of different 

constraints in time series techniques are strictly exploited. 

3.6.1 Underdetermined system 

The strategies to solve the underdetermined system are classified into three groups: 

Firstly, prior information can be introduced. This strategy is applied whenever 

parameters is known to follow a deterministic pattern. A number of unknowns can be 
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replaced by fewer parameters, or additional observations are introduced for the 

estimation. Secondly, parameters can be removed from the function model, no longer 

treating them as deterministic variables. This approach involves the change of 

parameters and reconstruction of model. Thirdly, mathematical constraints can be 

applied to unknowns, such as the minimum norm constraint. These three strategies will 

be discussed in detail in the following. 

(a) Prior information  

Topographic residuals can be safely assumed to be invariant for different 

interferograms. Hence, the extra information is commonly associated with deformation 

sequence. Most time series techniques assume that temporal deformation follows a 

specific pattern, and deformation unknowns can be replaced by model coefficients. 

PSInSAR and STUN introduce linear model for DD deformation parameter, which is 

ɝὨ ὸ ὸ Ўὺ σȢυτ 

where ɝὨ  is ὴ-th arc deformation between i-th acquisition and the reference image ὶ. 

The first acquisition is taken as the start time, i.e., ὸḳπ, ὸ and ὸ represent time 

spans between the start to i-th image and the reference scene, respectively. ɝὺ is the 

ὴ-th linear velocity parameter. Additionally, traditional SBAS method assumes third-

order polynomial deformation model, which is 

Ὠ ὸ ὸ ὺ
ὸ ὸ

ς
ὺ 

ὸ ὸ

φ
ὺ σȢυυ 

where ὺ , ὺ  and ὺ  are linear velocity, acceleration and third-order deformation 

parameters, respectively. 

These constraints on deformation parameters ● can be unitedly written as 

● ╣○ σȢυφ 
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where ╣ is temporal matrix and ○ represents new parameters. ╣ and ○ have different 

expressions for corresponding deformation models. For linear model in Eq. (3.54), they 

are 

╣ ◄ἆἓȟ○ ɝὺȟȣȟɝὺ σȢυχ 

where ◄ ὸ ὸȟȣȟὸ ὸ . For third-order deformation model in SBAS, the 

vectors are 

╣ ◄◄ἆἓȟ○ ○ȟȣȟ○ σȢυψÁ 

where ○ ὺȟὺȟὺ . ◄ is a ὓ ὔ ρ matrix where ᶅ Ὥ ρȟȣȟὓ and ὍὛ

Ὦ Ὅὓ (Ὅὓ and ὍὛ are indexes of master and slave images), we have ◄ὭȟὮ ὸ

ὸ and zero otherwise. For instance, if ‰ ‪ ‪ , ‰ ‪ ‪ , then ◄ is 

◄

π ὸ ὸ ὸ ὸ
ὸ ὸ ὸ ὸ π
ể ể ể
Ễ Ễ Ễ

σȢυψÂ 

◄ is given by 

◄

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợρ

ὸ

ς

ὸ

φ

ρ
ὸ ὸ

ς

ὸ ὸ

φὸ ὸ
ể ể ể

ρ
ὸ ὸ

ς

ὸ ὸ

φὸ ὸ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

σȢυψÃ 

The prior deformation model is equivalent to introducing a temporal constraint on 

deformation sequence. However, there is often a discrepancy between the practical 

surface movement and prior model, which biases the estimation, especially in scenarios 

with complex deformation. Therefore, for techniques that treat deformation velocity as 

unknowns, their applicable conditions should be clarified, and unmodeled deformation 

needs to be further considered in the final products. 

(b) Reduction of parameters 

In StaMPS method, only topographic error ●  is jointly estimated with ambiguity 

integers. In this way, deformation is no longer treated as deterministic variable and can 

be priorly filtered out from observations. The function model is reconstructed as 
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◐ ═● ς“ⱥ ◌ σȢυω 

where ◌ is residual phase. Obviously, a reliable estimation can be achieved only when 

◌ includes uncorrelated stochastic noise. Consequently, the estimation accuracy is 

primarily determined by the filtering operator, which follows the principle that each 

interesting signal has different behaviors. In other words, if hybrid signals cannot be 

clearly distinguished, the resolution of topographic errors will be biased. Furthermore, 

StaMPS uses local windows for spatial averaging, the window size should be properly 

selected to avoid over-averaging. 

(c) Mathematical constraint 

Another strategy for underdetermined system is introducing mathematical constraints 

to parameters. For MM techniques that firstly remove ambiguities with spatially 

unwrapping methods, the observation model is  

◐ ═● ● ◌ ═● ◌ σȢφπ 

Some MM models adopt consecutive velocity as deformation parameter [], which is  

Ὠ ὸ ὸ ὺ   ȟ    ȣ    ȟ 

Ὠ ὸ ὸ ὺ σȢφρ 

Though the deformation unknowns are replaced by velocities, the number of parameters 

is not reduced. Also, the interferogram combinations may belongs to different subsets. 

Both of cases will contribute the rank deficiency in matrix ═. To determine a unique 

solution, singular value decomposition (SVD) is commonly utilized to generate the 

estimation as 

● ═◐ σȢφς 

where ═  is pseudo-inverse of matrix ═, which has multiple solutions, and the widely 

used one is Moore-Penrose inverse.  

In fact, SVD is equivalent to applying minimum norm to the whole parameters in 

●, which follows the principle 

ÍÉÎᴁ◐ ═●ᴁ╠◐ ᴁ●ᴁ╠● σȢφσ 
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where ╠●  is the weight matrix of the constraints. To explore the essence of this 

constraint, Eq. (3.63) is equivalently written as 

◐ ═● ◌

╒╠●●

ÍÉÎᴁ◐ ═●ᴁ╠◐

σȢφτ 

where ╒ is design matrix of pseudo-observations, which fulfills ═╒ . From the 

above, it is known that the minimum norm can be treated as the datum constraints 

applied on parameters. In other words, the induced gravity center of unknowns is 

relative to their initial values, which greatly influences the estimation accuracy. In 

addition, this approach does not distinguish deformation and topographic residual, 

making the framework mathematically solvable but without practical meaning (Liu et 

al., 2021). 

3.6.2 Mixed integer model 

Owing to limitations in the signal receiving system, the SAR system acquires only the 

principal phase value of the absolute phase modulo ς“. The recovery of absolute phases 

is also a significant challenge in geodetic fields, e.g., GNSS. In InSAR techniques, 

dense points in spatial domain are comparable to high frequent samplings in time 

domain for GNSS. However, unlike one-dimensional ambiguity resolution, the two-

dimensional phase unwrapping poses a great challenge for InSAR. Based on the 

function model, one extra integer unknown is added per phase observation, which 

means prior knowledge or assumptions are compulsory to achieve solution. The most 

commonly used assumption is phase continuity, requiring that the absolute phase 

between nearby points should be less than “ (Itoh, 1982). Developed from one-

dimensional path, the phase continuity condition extends to two-dimensional domain, 

which requires that the phase difference around a closed path equals zero. Then 

ambiguity can be detected and corrected when this assumption is violated.  

The resolution of ς“ ambiguity can be operated in spatial or temporal domains. 

MM techniques always conduct spatial unwrapping for a single interferogram, e.g., the 

MCF, branch-cut, etc (Bone, 1991; Costantini, 1998; Costantini & Rosen, 1999; 
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Goldstein et al., 1988; Flynn, 1996). For a stack of pairs, periodogram searching and 

weighted integer least squares (WILS) are two representative temporally unwrapping 

approaches that are commonly used in SM techniques. In real application, both spatial 

and temporal unwrapping are always jointly implemented for ambiguity resolution. 

(a) Spatial unwrapping 

The spatial unwrapping methods treat absolute phases as unknowns, which is denoted 

by 

ꜚ ꜚ ς“▪ ◌ σȢφυ 

where ꜚ  is absolute phases that does not distinguish topographic and deformation 

contributions in the function model. A common path-following method for the solution 

is to start from a point and to add or subtract multiple ς“ phases to make the difference 

of absolute phases is less than “. However, the results can be inconsistent with different 

integration path. Several alternative methods are therefore proposed to avoid the 

dependence of the selected path, e.g., optimization-based methods such as LS and 

famous MCF, etc. The general model to get the optimized solution can be written as 

ÁÒÇÍÉÎ ὪЎꜚ Ўꜚ ȟ σȢφφ 

where ὪϽ is the objective function which can be L-P norm or other statistic constraints. 

When the estimation of Ўꜚ ȟ is achieved, the absolute phases of single points can be 

integrated. 

(b) Periodogram searching 

The periodogram searching is always applied in SM techniques e.g., PSInSAR, StaMPS, 

etc. In the frequency domain, parameters are searched from the solution space based on 

the periodogram with the following criterion (Ferretti et al., 2000)  

ÁÒÇÍÁØ♬
ρ

ὓ
Ὡ ◐░═● σȢφχ 

where ♬ ‎ȟȣȟ‎  is coherence vector. Notice that the accuracy of estimated 

parameters is guaranteed by the assumption that ȿ◌ȿ ʌ. It means the atmospheric 
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delay and spatially correlated noises should be largely mitigated, which further explains 

why DD phases are often taken as observations for SM methods.  

(c) Weighted integer least squares 

WILS is a famous estimation algorithm in geodetic field (Jazaeri et al., 2011; Kampes 

& Hanssen, 2004; Kampes, 2005), which follows principle 

ÍÉÎᴁ◐ ═● ║ⱥᴁ╠◐ σȢφψ 

where ║ ς“ἓ  and ╠◐ is covariance matrix. Hence, the fundamental objective is to 

estimate ὓὖ integer ambiguities and ςὖ real-valued parameters from ὓὖ observations. 

ςὖ additional constraints are introduced to the system in the form of pseudo-

observations ◐╬, and the integrating function model is written as 

%
◐
◐

═
═
●

║
║
ⱥȟ$

◐
◐

╠◐
╠◐

σȢφω 

where ═ ἓ  and ║  is a ςὖ ὓὖ zero matrix. The pseudo-observation ◐ and its 

covariance matrix ╠◐  are always given by heuristic values. The final estimation is  

● ●ȿⱥ ═╣╠◐══
╣◐ ║ⱥ σȢχπ 

where ═
═
═

, ║
║
║

, ◐
◐
◐ . ● and ● are float and fixed solution of 

interesting parameters, respectively. ⱥ is fixed estimation of integer unknowns. The 

LAMBDA  algorithm can be applied to facilitate the solution searching (Teunissen, 

2006). 

According to the above analysis, various estimation strategies are applied to solve 

the mixed integer system, and their accuracies are obviously guaranteed by assumptions. 

The periodogram searching, for instance, requires the residual noise is less than ʌ, 

which means the noises such as atmospheric effects should be largely mitigated. In 

WLS, prior information are added to the estimation system in the form of pseudo-

observations. Additionally, the minimum norm in SVD algorithm greatly depends on 

the initial values and ignores practical meaning of different parameters. In all, the 

authority of these prior conditions needs to be checked to ensure the selection of proper 

algorithms for applicable scenarios. The comparison is illustrated in Table 3.2. 
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Table 3.2 Comparison on estimation strategies of representative methods 

Method Unknown Ambiguity Resolution Constraints for 

Underdetermined system 

DInSAR SD phase spatial unwrapping noises neglect 

PSInSAR velocity;  

topographic error 

periodogram temporal deformation model 

STUN velocity;  

topographic error 

ILS;  

spatial unwrapping 

temporal deformation model 

StaMPS topographic error periodogram; 

spatial unwrapping 

filtering operator 

SBAS velocity;  

topographic error 

spatial unwrapping temporal deformation model 

SBAS-based 

(Fattahi) 

consecutive velocity; 

topographic error 

spatial unwrapping minimum norm 

3.6.3 Errors mitigation  

Deformation can be initially recovered after the estimation of interesting parameters. 

However, its accuracy and reliability cannot be guaranteed because of the erroneous 

noises. Time series techniques usually operate an iterative estimation after the 

mitigation of these errors based on the residuals, which is computed as 

♯ ◐ ═● ς“ⱥ σȢχρ 

where ♯ is residual vector. To distinguish initial estimation and iterated estimation, ● 

is used to replace ● in the previous sections as the initial estimation. Notice that the arc 

residual phase should be integrated to point residual for DD parameters. To simplify 

the expressions in the following, we use ♯ to indicate point residuals, which mainly 

includes atmospheric delay, unwrapping errors and possible unmodeled deformation. 

(a) Filtering  

Filtering operators play a crucial role in isolating the relevant components from hybrid 

signals. This is achieved by leveraging the concept that atmospheric effects ╪ are 

temporally uncorrelated but spatially correlated. These methods effectively distinguish 
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atmospheric effects from other signals exhibiting distinct behaviors. The procedure is 

mathematically expressed as 

╪ ♯ ▄ἆ♯ ▄ἆ♯ σȢχςÁ 

♯
ρ

ὓ
▄ἆἓ♯ σȢχςÂ 

where Ͻ  and Ͻ  are temporally high-pass and spatially low-pass filtering 

operators, respectively. ▄ ρȟȣȟρ  of ὓ ρ size. 

Deformation models are often assumed in some algorithms such as PSInSAR, STUN 

and SBAS etc. However, the prior model cannot fully describe the practical 

deformation pattern. To compensate the possible unmodeled deformation ▀ , the 

filtering is performed 

▀ ♯ ▄ἆ♯ σȢχσ 

where Ͻ  is temporally low-pass filtering operator. Additionally, StaMPS filters out 

deformation completely depending on its different characteristics with others, which is 

▀ ♯ ♯ σȢχτ 

The filtering operators are commonly used to reduce noises, yet their applications are 

faced with several problems. First, the filtering requires that the interesting component 

has different behaviors with other signals, otherwise, its accuracy cannot be ensured. 

For instance, the filtered deformation may absorb part of atmospheric delay because 

they are likely to suggest similar patterns in spatial domain. Second, the temporally 

high-pass filters may also smooth deformation signals with complicated temporal 

patterns, and therefore the fierce deformation will be concealed. Third, the size of 

filtering window is always difficult to be chosen, the tradeoff between the over-

smoothing and under-smoothing should be cautiously considered. 

(b) Testing and Detection 

The ambiguity integer is either be priorly removed by spatial unwrapping method or be 

parameterized as unknown in the function model. The unwrapped phase should be 

closed both temporally and spatially in ideal conditions. However, the closure in these 

two domains cannot be simultaneously guaranteed. Periodogram searching and WILS 
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methods only ensure the temporal closure and neglect the phase closure between points. 

To overcome the limitation, STUN applies the DIA (Detection Identification 

Adaptation) flow to reduce the effects of unwrapping errors. By applying hypothesis 

testing on residuals, outlier arcs and points are detected then being removed from 

observation vector. Then the wrapped residual phase 7 ♯ ◐ ═● is unwrapped 

again by MCF to refine the observation for iterated estimations.  

The mitigation of error is usually necessary for time series InSAR techniques, after 

which the deformation can be iteratively estimated and refined.  

3.7 Summary 

In this chapter, we delve into the mathematical aspects of investigating deformation 

retrieval within the InSAR framework. When viewed through the lens of data 

processing theory, the process of deformation recovery encompasses observation 

selection, model generation, and parameter estimation. Beginning with the fundamental 

SD and DD observations, we first expound on the general InSAR function and 

stochastic models. Additionally, we systematically dissect the relationships and 

disparities among DInSAR, SM, and MM model configurations. Through derivation, 

we demonstrate that the DInSAR model can directly derive from the MM model 

without accounting for multiple errors. This mathematical analysis exposes the 

rationale behind redundant observations in the MM model in terms of observation 

independence. In addition, to obtain a unique solution from the rank-deficient system, 

extra constraints need to be introduced to the InSAR framework. However, the pre-

defined deformation model may introduce bias to the estimation, especially when there 

is a significant deviation between the assumed model and practical deformation. Also, 

the deformation signal may not be accurately separated with inadequate filter windows 

(e.g., StaMPS). Furthermore, regarding the mathematical constraint, it usually renders 

the framework solvable but without practical meaning. Through examining the features 

and applicable conditions of different methodologies to our work provides clear 

insights for optimizing InSAR estimation models.  
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CHAPTER 4 IMPACTS OF SYSTEMATIC ERRORS  ON PARAMETER  

ESTIMATION  

4.1 Introduction  

Within time series InSAR models, the topographic residual is usually parametrized as 

a baseline-related unknown and jointly estimated with deformation models. Under the 

framework of time series InSAR, as the elements in the design matrix of the model, the 

errors of perpendicular baseline can degrade the estimation of DEM residuals. 

Considering that the linear rate is commonly used as a parameter to reflect the temporal 

behavior of deformation, the discrepancy with the real deformation pattern can also 

introduce further bias to DEM error estimation, which is similar as the unmodeled error 

in GNSS observations. The effects of these errors in time series InSAR that can be 

jointly regarded as systematic errors have been investigated using a set of synthetic tests 

(Du et al., 2017), however how and to what extent the systematic error can affect the 

topographic parameter retrieval and thereby degrade the accuracy of deformation time 

series are still not quantitatively clear. 

In this chapter, we quantitatively evaluate the impacts of systematic errors on the 

estimation based on biased estimation theory. To ease the derivation and highlight the 

impacts, we assume here all the interferograms are successfully unwrapped and the 

signals raised by atmospheric delay and orbit error are largely mitigated. Such 

assumption is without loss of generality considering that algorithms that can handle 

phase unwrapping and mitigate these unwanted signals are increasingly available.  

Section 4.2 first introduces the characteristics of systematic errors. Starting from 

the ambiguity-free observations, the impacts of unmodeled deformation and baseline 

errors are explored in Section 4.3. To validate the theory derivation, the simulation 

experiments are conducted in Section 4.4. The findings of this work are expected to be 

useful for selecting suitable time series InSAR modeling strategies and also assert the 

necessity to explore optimal parameter estimation algorithms that are immune to the 

impacts of systematic errors. 
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4.2 Systematic errors 

Unlike stochastic noises, systematic errors cannot be mitigated by redundant 

measurements. There are generally three types of systematic errors: (1) constant errors 

that do not vary with time or other factors. (2) linear errors that gradually increase or 

decrease with some factors. (3) periodic errors and complex errors (e.g., the 

combination of the aforementhioned errors). The systematic errors in time series InSAR 

mainly refer to unmodeled errors and baseline errors. 

Unmodeled errors arise primarily from the disparity between the predefined model 

and the actual state. In InSAR framework, this typically indicates the unmodeled 

deformation due to the assumption of temporal deformation model. Unmodeled 

deformation can be dominated by a specific system error or a combination of several 

errors, which suggests either a regular performance or a complex pattern (Fig. 4.1).  

 

 

Fig. 4.1 The deformation patterns. (a) linear; (b) periodic; (c) linear + periodic; (d) coseismic. 

Baseline errors is directly caused by orbit inaccuracy, which contribute linear 

signal (suggested in Section 2.3.1) and also suggest errors in observation model. 

According to the generation interferometric phases, baseline consists of its parallel and 

perpendicular components as 

ὄ᷆ ὄÓÉÎ— ‌ τȢρÁ 
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ὄ ὄÃÏÓ— ‌ τȢρÂ 

Thus, the induced baseline errors can be computed as 

„
᷆
ÓÉÎ— ‌ „ ÃÏÓ— ‌ ὄ„ τȢςÁ 

„ ÃÏÓ— ‌ „ ÓÉÎ— ‌ ὄ„ τȢςÂ 

Take Sentinal-1A sensor for example, with — σσЈ, ‌ ςπЈ, ὄ ρππÍ, the 10cm 

orbit error will approximately contribute 7cm baseline errors. 

From Eq. (2.23), the induced error in flat phase is  

„
τ“

‗
„
᷆

τȢσ 

And the perpendicular baseline error will affect the height ambiguity with the following 

law 

„
τ“Ὤ

‗”ÓÉÎ—
„ τȢτ 

Fig. 4.2 demonstrates the phase errors with different data sets. The phase offsets 

induced by parallel baseline errors can reach to multiple cycles. Furthermore, the 

impacts intensify with a reduction in wavelength. This implies that X-band data is more 

easily impacted than L-band data by the baseline errors. 

 

Fig. 4.2 (a) Impacts of parallel baseline error on flat phase; (b) Impacts of perpendicular baseline 

error on topographic phase 
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4.3 Impacts on estimation 

Previously, we have briefly introduced characteristics of unmodeled deformation and 

baseline errors. In this section, we quantitatively evaluate the impacts of systematic 

errors on the estimation based on biased estimation theory. To ease the derivation and 

highlight the impacts, we assume here all the interferograms are successfully 

unwrapped and the signals raised by atmospheric delay and orbit error are largely 

mitigated. Thus, the unknowns in InSAR framework will be deformation parameter and 

the baseline-related topographic residual.  

4.3.1 Imapcts of unmodeled errors 

The time series InSAR model is written in a general form as 

◐ ═● Ⱡ τȢυÁ 

%Ⱡ ȟ$Ⱡ „╠ „╟ τȢυÂ 

where ● includes deformation and topographic residual parameters. Based on the LS 

criterion, the estimations are 

● ╝ ═╟◐ τȢφÁ 

╝ ═╟═ τȢφÂ 

Without considering unmodeled error, the result above is the best linear unbiased 

estimation (BLUE) (Teunissen, 2003). 

On the other hand, the observation model with the unmodeled error can be 

reformulated as 

◐ ═● ╢ Ⱡ τȢχ 

where ╢ represents the unmodeled errors that consists of the non-linear deformation 

and residuals errors (e.g., atmospheric residuals). Compared with the residual errors, 

the unmodeled deformation predominates the ╢. By taking the same estimation strategy, 

we get 

%● ╝ ═%◐ ╝ ═%═● ╢ Ⱡ τȢψ 

Obviously, the expectation of estimated parameters is not equal to unknowns, which is 

%● ● τȢω 
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By applying the mathematical expectation operator to the estimations, we can 

quantitatively assess the impact of unmodeled errors on the estimations, which is 

"ÉÁÓ● %● ● 

╝ ═╢ τȢρπ 

where Bias (ᴋ) represents the bias of parametric estimation. To recognize the bias of 

topographic parameter individually, we eliminate the ὺin ●. The corresponding 

partitioned of the Eq. (4.10) can be written as 

══ ══

══ ══

"ÉÁÓɝ†Ƕ
"ÉÁÓὺ

═╢

═╢
τȢρρ 

We premultiply the above equation with the square and full rank matrix 

ἓ ══ ══
ἓ

τȢρς 

Take ═ ἓ ═ ══ ═ ═, we have 

══

══ ══

"ÉÁÓɝ†Ƕ
"ÉÁÓὺ

═╢

═╢
τȢρσ 

Then the bias of ɝ†Ƕ is denoted by 

"ÉÁÓɝ†Ƕ ══ ═╢ τȢρτ 

To evaluate the biased estimation accuracy, the residual is denoted as 

○ ═● ◐ ═╝ ═ ╠╟◐ ╠○╟═● ╢ Ⱡ τȢρυ 

Since ╡ ╠○╟ and ╡═ , the above equation generates 

○ ╡╢ ╡Ⱡ τȢρφ 

The expectation of ○╟○ is given by 

%○╟○ %╢╟╠○╟╢ %Ⱡ╟╠○╟Ⱡ τȢρχ 

with the following quadratic expectation form 

%Ⱡ╟╠○╟Ⱡ ÔÒ╟╠○╟$Ⱡ τȢρψ 

where ÔÒẗ is the trace operator. Substitution of Eq. (4.5b) into Eq. (4.18) gives 

%Ⱡ╟╠○╟Ⱡ „ÔÒ╟╠○ „ ὲ ὸ τȢρω 

From Eq. (4.17) and Eq. (4.19), we have 

%╢╟╠○╟╢ %○╟○ „ ὲ ὸ τȢςπ 
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The unit variance is estimated as 

„
○╟○

ὲ ὸ
τȢςρ 

where ὲ and ὸ represent numbers of observation and necessary observation, 

respectively. The expectation of unit variance is 

%„ %
○╟○

ὲ ὸ
„

ρ

ὲ ὸ
╢╟╠○╟╢ „ τȢςς 

From Eq. (4.14) and Eq. (4.22), both the estimations of parameters and unit variance 

are biased due to the unmodeled errors, and the „  is larger than its actual value, which 

will impact the deformation accuracy and precision evaluation in InSAR. 

The Eq. (4.14) directly suggests the bias induced by the unmodeled errors involved 

in the conventional LS estimator. Accordingly, the seriousness of unmodeled errors can 

be evaluated and some suggestions to reduce the bias are proposed. On the one hand, if 

the ═  is deterministic, the bias depends on the ╢, of which the predominate component 

should be the inconsistency between real displacements and predefined deformation 

model compared with the small residual errors. Considering that the deformation, no 

matter how complicated in temporal domain, usually owns spatially correlated pattern, 

differencing operation between adjacent pixels is expected to be helpful to reduce the 

discrepancy. As an example, Fig. 4.3 shows the temporal variation of displacement at 

two neighboring pixels and an arc constructed with them. It is clear that the relative 

deformation between adjacent points is much flatter in temporal domain than the 

deformation of points. In other words, the temporal behavior of deformation at arcs is 

closer to the deformation model. Therefore, taking phase differences at arcs can 

partially resist the influence of unmodeled deformation. Such an operation is used in 

arc-based MTInSAR techniques. In addition, non-parametric estimation might be 

another promising way to mitigate the effects of model errors. For example, by 

exploration of spatial patterns of topography phase components, the independent 

component analysis (ICA) is applied to separate topographic residual from the hybrid 

interferometric phases (Liang et.al, 2019). Without prior assumption on deformation 
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model, the approach can identify and retrieve the DEM error in a more robust and 

accurate way. 

 

Fig. 4.3 Deformation sequences. The dark and light blue lines represent the deformation 

patterns of two neighboring point: P1 and P2. The red line represents the deformation difference 

between points. 

On the other hand, the bias is also dependent on design matrix ═ through 

══ ═ , which is related to the interferogram baseline network. The confirmed 

satellite repeating cycle and the weak correlation between the topographic residual and 

temporal network limit the space of reducing biases through the adjustment of temporal 

baselines. In contrast, selecting interferograms with proper perpendicular baselines is 

workable to reduce the impacts of such errors. From the Eq. (4.14), it is clear that large 

scale of perpendicular baseline will lead to large ═ , hence small bias. Naturally we can 

conclude that the narrow baseline tube of Sentinel-1 poses challenges to accurate 

estimation of topographic residual under conventional time series InSAR framework. 

4.3.2 Impacts of baseline errors 

Perpendicular baseline errors occur in the design matrix in the observation model. To 

investigate the effects of erroneous perpendicular baseline, we start with the 

observation function model 

◐ ═● Ⱡ τȢςσÁ 

%Ⱡ ȟ$Ⱡ „ἓ τȢςσÂ 
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where 

═ ═ ♯ ═  

═ ╔ τȢςτ 

where ═  is the erroneous design matrix. The errors in ═ is represented by ╔

♯ , where the random perpendicular baseline error ♯ is under the assumption that 

%♯  and $♯ „ἓ. The estimated parameters can be written as 

● ═ ═ ═ ◐ 

═ ═ ═ ═● Ⱡ τȢςυ 

Here 

═ ═ ══ ╝ ╝  

╝ ╝ τȢςφ 

where 

╝ ╔ ═ ═╔ τȢςχÁ 

╝ ╔ ╔ τȢςχÂ 

╝ ╝ ╝ τȢςχÃ 

It is noted that the ╝  and ╝  are first-order and second-order term, respectively. To 

derive the bias of ●, the ═ ═  need to be expanded by Taylor series under the 

condition that spectral radius of ╝ ╝  are less than unity in absolute value (Cialet, 

1989). This will be fulfilled due to small baseline errors ♯ compared with the baseline 

vector ═ . Therefore the expanded series is written as (Hodges & Moore, 1972) 

═ ═ ╝ ╝ ╝╝ ╝ ╝╝ ╝╝ Ễ τȢςψ 

For simplicity, the third order terms of ╔  and Ⱡ, and upwards are ignored. Hence the 

estimated parameter can be expressed as 

● ╝ ╝ ╝╝ ╝ ╝╝ ╝╝ ═ ╔ ═● Ⱡ τȢςω 

● ╝ ═Ⱡ ╝ ╝ ● ╝ ╝ ● ╝ ╝╝ ═Ⱡ 

╝ ╝ ╝ ═╔● ╝ ╔ ═● ╝ ╔ Ⱡ 

With the expectation assumed for ♯, we can obtain that %╔ . Additionally, the 

expectation %● is denoted under the condition that %Ⱡ  and ÃÏÖ╔ȟⱠ . 

Thereby the bias is derived as follows 

"ÉÁÓ● %● ● 

%╝ ╝ ● %╝ ╝ ╝ ═╔● 
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╝ %╝ %╝ ╝ ═╔ ● τȢσπ 

Then the expectation terms can be computed as follows 

%╝ ά„Ἑ τȢσρÁ 

%╝ ╝ ═╔ %╔ ═╝ ═╔═ %═╔╝ ═╔ τȢσρÂ 

Now 

%╔ ═╝ ═╔═ „ÔÒ═╝ ═ Ἑ 

ς„Ἑ τȢσς 

where Ἑ ÄÉÁÇρȟπ and  

%═╔╝ ═╔ „Ἑ τȢσσ 

Therefore the bias is 

"ÉÁÓ● ά σ„╝ Ἑ● τȢστ 

and by dealing with it the same way as the equation (8) we can eventually obtain 

"ÉÁÓɝ†Ƕ ά σ„ ══ Ў† τȢσυ 

The Eq. (4.34) and (4.35) specify to what extent the result of conventional time series 

method can be biased by baseline error. It is seen that if the design matrix ═  is 

determined, the bias of estimated parameters is determined by the magnitude of errors 

in ═ . The larger „  is, the larger the "ÉÁÓɝ†Ƕ will become. Moreover, the bias is 

proportional to „ ══ , which roughly represents an inverse ratio of SNR (Xu 

et.al, 2014). Based on this ratio, if we get „ υm or 10m and the baseline network is 

at a scale of 500m, both of ratios are roughly ρπ. However, if the scale of baseline 

network is become smaller for example 50m, the ratios increase to ρπ , which 

suggests that the ratio between baseline error and perpendicular baseline itself can be 

roughly used to evaluate the impacts of baseline error on topographic residual 

estimation. It also indicates that compared with the length of perpendicular baselines, 

baseline errors have much less impact on the estimation of DEM errors.  

In the aspect of accuracy estimation, the variance-covariance matrix for the 

estimation no longer equals ╝ „due to the erroneous baselines. Ignoring the second 

central moment of ╔  and Ⱡ, the Eq. (4.29) is reformulated as 

● ● ╝ ═Ⱡ ╝ ╔ ═● τȢσφ 

According to error propagation law, the covariance matrix is 

$● ÃÏÖ╝ ═Ⱡȟ╝ ═Ⱡ ÃÏÖ╝ ╔ ═●ȟ╝ ╔ ═● 
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╝ „ %╝ ╔ ═●●═╔╝  

╝ „ ╝ ╚═╝ „ τȢσχ 

where 

╚═
%╔ ═●●═╔

„
 

ÔÒ═●●═ ÔÒ◐◐ τȢσψ 

where ◐ ═● is the real value of ◐. 

In the Eq. (4.37), $● is composed of both observation errors and baseline errors. 

If ╔ , then $● ╝ „  is covariance matrix of the classic Gauss-Markov 

model. The terms ╝ ╚═╝ „  is roughly proportional to ᴁ◐ᴁ and „ , which means 

long baseline and large baseline errors will lead to more estimation bias. In other words, 

the estimation accuracy will be over-estimated if the original equation is adopted to 

evaluate the results.  

4.4 Simulated experiments 

Simulated experiments are accomplished to validate the scale of impacts of unmodeled 

errors and perpendicular baseline errors on the estimation of topographic parameter by 

time series InSAR. We generate 100 interferograms from 30 SLCs according to the real 

baseline of Envisat/ASAR data. The selected interferograms have a confirmed baseline 

connectivity. DEM residual is simulated with a variation of 20m randomly. Also, 

processing noise with 0.5mm variance of normal distribution and zero mean is added 

to the interferograms. As mentioned above, we assume unwanted errors like 

atmospheric delay and orbits error have been largely removed from the observation, 

and the weight matrix of measurements is designed as an identity matrix. Based on the 

model where only linear deformation rate and DEM error are taken as parameters, we 

assess impacts of systematic errors by comparison of the simulated with the estimated 

DEM errors. The root-mean-square error (RMSE) between the two set of DEM errors 

is used to quantify the accuracy of the estimated topography residual 
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2-3%
ρ

ὔόά
ЎὬ ЎὬ τȢσω 

where ὔόά is the number of simulated points, ЎὬ  and ЎὬ  are the estimated and 

simulated DEM errors, respectively. 

To investigate influence of unmodeled errors, we simulate the ground undergoing 

periodic and co-seismic displacements respectively, suggested in Fig. 4.4 (a)-(c). The 

deformation pattern is simulated by peaks function in MATLAB, which is illustrated in 

Fig. 4.4 (d). Besides, the atmospheric residual errors are added randomly.  

 

Fig. 4.4 Simulated linear deformation. (b) Simulated period deformation combined with 

linear pattern. (c) Simulated coseismic deformation combined with linear pattern. (d) Peaks 

deformation pattern. 

Fig. 4.5 demonstrates the differences between the simulated and estimated DEM 

errors, which are the biases of the estimator. It is clear that topographic errors are 

slightly biased in the scenario where the linear model was used to simulate the ground 

displacement, where 2-3%πȢςσ. However, the biases of estimations in both period 

and co-seismic scenarios arrive at five meters indicating the model bias can result in 

notable estimation error. The 2-3%πȢυρ and 2-3%πȢχς for these two scenarios.  
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Fig. 4.5 Biases of DEM error and histograms with three deformation models and residual 

errors. The first row represents the biases of DEM error. The second row represents frequency 

histograms of biases and RMSEs. 

To explore the influence of the scale of spatial baselines, we further generate sets 

of interferograms with different baseline lengths by multiplying the coefficient from 

0.5 to 1 with an interval of 0.05 to the perpendicular baseline. The results obtained in 

Fig. 4.6 indicates that biases become small if large perpendicular baselines are adopted. 

We also computed MDB for different numbers of interferograms. Fig. 4.7 indicates that 

MDB decreases with the increase of the numbers of interferograms. It means that the 

reliability of detectable unmodeled errors is getting higher, which will help optimize 

the selection of deformation models. 

To demonstrate the effects of perpendicular baseline errors with different 

magnitudes, we adopt four variances, i.e., 5m, 10m and 15m for the error distribution. 

Fig. 4.8 shows the differences of biases. From the results, although the biases increase 

with the growth of variance of baseline errors, they have slight impacts on DEM error 

estimation and can be negligible to some extent, which is consistent with the conclusion 

drawn from the theoretical analysis. 
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Fig. 4.6 Relationship between RMSE of DEM error bias and length of perpendicular 

baselines. The scale factor is used to shrink the original lengths of perpendicular baselines. 

 

Fig. 4.7 The relation between the number of interferograms and MDB. 

 

Fig. 4.8 The impacts of baseline errors on DEM parameters. The yellow, green and blue 

lines represent the differences of DEM error bias of Ў„, Ў„  and Ў„ , respectively. It indicates 

that the impact of baseline error on DEM residual estimation is rather limited. 
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4.5 Summary 

This chapter provides a quantitative description of the impacts of systematic errors to 

retrieve topographic parameter from time series model. It offers practical guidelines to 

users of InSAR framework who concern the impacts of data/model uncertainties on the 

estimation of topographic residuals and thereby the accuracy of retrieved deformation 

time series. Several equations have been presented to identify numerically the impact 

of systematic errors (i.e., deformation model bias, baseline error). The conclusions are: 

(1) The deformation model cannot always accurately describe the deformation trend, 

especially for complicated scenarios, which can result in estimation errors in the meters 

level. (2) According to the derived error formulas, the influence of the unmodeled 

deformation can be reduced by reasonable baseline configuration and the DD (arc) 

observations. (3) Compared with unmodeled errors, the influence of baseline error on 

parameter estimation is very small and can even be ignored. Furthermore, the chapter 

also suggests the necessity to investigate optimal InSAR model selection strategy or 

non-parametric method to overcome the bias raised by systematic errors.  
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CHAPTER 5 SPATIALLY -CONSTRAINED METHOD  

5.1 Introduction  

The observation framework of time series InSAR is an underdetermined system, 

leading to the generation of infinite solutions. Most time series InSAR techniques 

impose temporal constraints on displacement series, such as the linear deformation 

assumption in PSInSAR or the cubic deformation model within the SBAS framework. 

However, realistic deformation is not necessarily consistent with these pre-defined 

temporal constraint models, especially in the case of complicated deformation events 

such as landslides, permafrost and infrastructure vibrations. The discrepancy between 

actual displacement and pre-defined model can introduce bias in estimates, as explored 

in Chapter 4. Consequently, the deformation will be over-smoothed temporally or even 

wrongly solved. Although in some studies, the unmodeled deformation can be filtered 

out first by spatiotemporal filters and then added back to the modeled part (Bell et.al, 

2008; Ferretti et.al., 2001; Berardino et.al, 2002), the filters may not work well in 

complex scenarios where the unmodeled deformation exhibits a weak temporal 

correlation. This chapter introduces a more reasonable constraint, namely the spatial 

similarity constraint, to resolve deformation sequence from underdetermined system. 

The underdetermined InSAR framework and two common solutions are first 

introduced in Section 5.2, followed by the investigation of the semi-parameter model 

in Section 5.3. Then a spatially-constrained method is proposed in Section 5.4, followed 

by the simulated experiments in Section 5.5. 

5.2 Estimation of underdetermined system 

To ease the derivation, DD unwrapped phases are taken as basic observations in this 

chapter, which is written as 

╖ЎⱲ Ў▀ ɝⱠ υȢρ 

where the ЎⱲ is topographic parameter and Ў▀ is deformation parameter. The 

coefficient matrix ╖ is shown in Eq. (4.4). Assuming ὓ interferograms and ὖ arcs, 
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which generates ὓὖ observations and ὓ ρὖ unknowns, the rank deficit is ὖ. 

Generally, for the well-determined and overdetermined system with a well-conditioned 

═, one can find the estimate to make ɝⱠἝ ɝⱠ minimum. Such solution would be the 

best linear unbiased estimation in terms of weighted least squares (WLS). 

Unfortunately, in time series system, the number of observations is less than the number 

of unknowns, identifying an underdetermined system, which has infinite solutions. 

To obtain a unique solution from underdetermined system, two strategies are 

commonly applied. On the one hand, Ў▀ can be replaced by the coefficients of a 

deterministic model that follows a specific pattern in the time domain, which largely 

reduces the numbers of unknowns. On the other hand, extra constraints can be 

introduced to the system to generate the combined equations. The constraints are 

usually offered by mathematical norms or prior information, which can generate the 

solution under the Tikhonov regularization criterion. We will discuss these two groups 

of strategies in the following. 

5.2.1 Temporal assumption 

Most time series InSAR methods assume that deformation follows in a deterministic 

pattern in the time domain, which means that the temporal constraints are applied to the 

deformation parameters. Since the number of unknowns can be greatly reduced, a 

unique solution for the underdetermined system is obtained. The constraints on Ў▀ is 

written as 

Ў▀ ║▬ υȢς 

where ▬ includes new deformation unknowns, ║ is the time-related coefficient matrix. 

Taking the quadratic deformation model as an example, for the m-th interferogram, the 

deformation ЎὨ of the ὴ-th arc is written as 

ЎὨ Ўὸ ὺ Ўὸ ὥ υȢσ 

where ὺ and ὥ  represent mean velocity and acceleration parameters. Ўὸ  is time 

interval of ά-th interferogram between two acquisitions. Therefore, the matrixes are 

given by  
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║
Ўὸ Ўὸ
ể ể
Ўὸ Ўὸ

ἆἓȟ▬
○
╪

υȢτ 

where ○ ὺȟȣȟὺ  and ╪ ὥȟȣȟὥ  represent the vectors of deformation 

unknowns, ἓ is ὖ ὖ identity matrix. Substitution of Eq. (5.4) into (5.2) gives 

╖ ║
ЎⱲ
▬

ɝⱠ ═● ɝⱠ υȢυ 

where ═ and ● are coefficient matrix and unknown vector, respectively. The number of 

unknowns is σὖ, which is far less than the original unknowns ὓ ρὖ. Based on LS 

principle, the estimation of unknowns is 

● ══ ═ υȢφ 

It is known that the model in Eq. (5.5) can generate BLUE estimation only when 

random errors are included in observations. However, this ideal condition is usually 

difficult to achieve. One of the main reasons is that the temporal deformation model 

cannot fully describe the realistic surface deformation, and the induced estimation bias 

has been discussed in Chapter 4. Consequently, the assumption of deformation pattern 

ignores the effects of unmodeled deformation, which will eventually affect the 

deformation retrieval. 

5.2.2 Mathematical constraints 

From a perspective of geodetic estimation theory, infinite solutions are acquired under 

the criterion of ◐ ═●╟◐ ═● ÍÉÎ for the rank deficient or ill -conditioned 

model. The solutions of these strategies can be attributed to a generic resolution under 

the Tikhonov regularization criterion (Tikhonov, 1977). The basic idea of the resolution 

is to apply constraints to parameters, which is known as regularization terms. The 

constraints determine the physical meanings of the solutions. This section explores 

different constrained models and investigates their essential features, which is helpful 

for recognizing the proposed method. 

The observation model in Eq. (5.1) can be rewritten as 

◐ ═● ɝⱠ υȢχ 

where ◐ , ═ ╖ȟἓ , ● ЎⱲȟЎ▀ , ╠◐ ╠ . The principle is 
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◐ ═●╟◐ ═● ●╟●● ÍÉÎ υȢψ 

where ╟ ╠◐, ╟● is weight matrix of constraints. Compared with the classic 

adjustment model, an additional constraint ●╟●● ÍÉÎ is introduced. The solution 

can be obtained by the general least squares (GLS) criterion, which is 

● ═╟●◐ υȢω 

where ═╟● is the weighted generalization of inverse matrix, and MooreïPenrose (MP) 

inverse is a common format, which has the expression as ═╟● ═╟═ ═╟. In fact, 

the application of overall constraints is equivalent to introducing the constraint ╒╟●●

, thereby the Eq. (5.7) and Eq. (5.8) can be equivalently written as  

◐ ═● ɝⱠ
╒╟●●

υȢρπ 

◐ ═●╟◐ ═● ÍÉÎ 

The above equation is a typical rank-defect adjustment model, where ╒ fulfills ═╒

. To obtain the solution, the Lagrange function is formed as 

︡ ◐ ═●╟◐ ═● ╚╒╟●● ÍÉÎ υȢρρ 

where ╚ coefficient. By differentiating ● and ╚, we have 

‬︡Ⱦ‬●ȿ●ȟ╚ ═╟◐ ═● ╚╒╟● υȢρςÁ 

‬︡Ⱦ‬▓ȿ●ȟ╚ ╒● υȢρςÂ 

The normal equation is 

═╟═ ╒╟●
╒

●
╚

═╟◐ υȢρσ 

Then ╒ is pre-multiplied to matrix, which generates 

╒═╟═● ╒╒╟●╚ ╒═╟◐ υȢρτ 

Since ═╒  and ╒╒ , we have ╚ . Therefore the solution of Eq. (6.10) is 

● ═╟═ ╒╣╒ ═╟◐ υȢρυ 

where ╒ ╒╟●. Notice that if ╟● ╘, the condition is actually the constraint for center 

datum, which produces the estimation as 

● ═╟═ ╒╒ ═╟◐ υȢρφ 
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The solution produced by this strategy is to implicitly apply the datum constraints 

to the unknowns. In other words, the datum, i.e., the gravity center of unknowns relative 

to their initial values, is applied. However, this method does not distinguish the 

topographic and deformation parameters, whereas treats them equivalently in the datum 

constraints without considering their physical meanings. In other words, this method 

can work out the mathematic solutions but physical nonsense. Consequently, the 

distinction of parameters needs to be addressed, which leads to the investigation of 

semi-parameter model in the following. 

5.3 Semi-parameter model 

The semi-parametric regression model is proposed by Stone (1997), which is expressed 

as 

◐ ═● ● ɝⱠ υȢρχ 

where ● represents the parameters that have deterministic relation with observations, 

and the parameters in ● can neither be described by a specific function nor be absorbed 

into random noises ɝⱠ. The unknowns ●  and ●  in InSAR observation models 

represent ɝⱲ and ɝ▀, respectively. The semi-parameters estimation model imposes 

constraints to part of the parameters, i.e., ●, so that a unique solution can be acquired 

based on the following principle (Moritz, 1989; Green, 1994) 

◐ ═● ● ╟◐ ═● ● ♪● ╡● ÍÉÎ υȢρψ 

where ╟ ╠◐ , ╡ is a positive definite matrix. The quadratic form ♪● ╡● 

describes a certain measure of ●, ♪ is smoothing factor that balances the first and the 

second terms of the above equation. The Lagrange condition is constructed as (Ding, 

2005) 

︡ ╥╟╥ ♪●╡● ╚ ═● ● ◐ ╥ υȢρω 

where ╥ ◐ ═● ●. By differentiating the ╥, ● and ●, we have  

‬︡ ‬○ϳ ȿ●ȟ●ȟ╚ ○╟ ╚ υȢςπÁ 

‬︡ ‬●ϳ ȿ●ȟ●ȟ╚ ═╚ υȢςπÂ 
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‬︡ ‬●ϳ ȿ●ȟ●ȟ╚ ♪╡● ╚ υȢςπÃ 

From Eq. (5.20a) ~ (5.20c), we can obtain 

╚ ╟╥ υȢςρÁ 

═╚ υȢςρÂ 

╚ ♪╡● υȢςρÃ 

From Eq. (5.21a) ~ (5.21c), the normal equation is written as 

═╟═ ═╟
╟═ ╟ ♪╡

●

●
═╟◐
╟◐

υȢςς 

The solutions are 

● ═╝●═ ═╝●◐ υȢςσÁ 

●
ρ

♪
╡ ╝● ◐ ═● υȢςσÂ 

where ╝● ♪
╡ ╟ , ╝● ╟ ╟╟ ♪╡ ╟ . The selection of 

normalization matrix ╡ will influence the estimation. 

Semi-parametric model distinguishes two groups of parameters and impose 

constraints on part of parameters to generate solution by ♪╡. ♪ is called smoothing 

factor and ╡ is a regular matrix, both of which jointly determine the formats of 

constraints. 

The estimation of semi-parametric model is actually the special form of applying 

overall constraint on parameters. Additionally, the semi-parametric model is similar to 

the LS collocation model. To further recognize its characteristics, the comparisons 

between these models are addressed in as follows. 

(a) Comparison with the overall constrained model 

The general model of constraints on overall parameters can be written as 

◐ ═● ɝⱠ υȢςτ 

◐ ═●╟◐ ═● ♪●╟●● ÍÉÎ 

The solution is 

● ═╣╟═ ♪╟● ═╣╟◐ υȢςυ 
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For rank-deficient free network model with general datum, we have ╟● ╒╣╒, ♪ ρ. 

If the datum is based on gravity center, the matrixes are ╟● ἓ, ♪ ρ. Therefore, the 

semi-parametric model can be treated as the degeneration of this system, where ●

●ȟ●
ἢ
, ● ═ȟἓ, ╟● ╡

. 

(b) Comparison with the LS collocation model 

The LS collocation model is commonly used in the earthôs gravity research. The 

function model contains both stochastic and deterministic parameters with the 

following general form 

◐ ═● ● ɝⱠ
◐ ● ɝꜗ

υȢςφ 

◐ ═●╟◐ ═● ◐ ● ╟ ◐ ● ÍÉÎ 

where ● is deterministic parameter and ● represents stochastic signals, which fulfill  

%● Ⱨȟ$● „╟ υȢςχ 

The expectation value Ⱨ  of ●  provides the prior information for the pseudo-

observations, i.e., ◐ Ⱨ . Following the GLS criterion, the normal equation is written 

as 

═╟═ ═╟
╟═ ╟ ╟

●
●

═╟◐
╟◐ ╟◐

υȢςψ 

Then the solution is 

● ═╝ ═ ═╝ ◐ Ⱨ υȢςωÁ 

● Ⱨ ╟ ╝ ◐ ═● υȢςωÂ 

where ╝ ╟ ╟ . If Ⱨ , we have 

● ═╝ ═ ═╝ ◐ υȢσπÁ 

● ╟ ╝ ◐ ═● υȢσπÂ 

By comparing the Eq. (5.23) and Eq. (5.30), we find that the weight matrix ╟  in 

the LS collocation model can actually be replaced by ♪╡ of the semi-parametric model 

where Ⱨ . Though these two solutions have same expressions, they are not strictly 

equivalent. The collocation model treats ● as stochastic signals and uses ╡ matrix to 

describe their features while the semi-parametric model considers all parameters as 
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deterministic signals, which requires reasonable prior information. In conclusion, these 

two models are similar in form but different in physical meaning of parameters. 

5.4 Spatially-constrained method 

A reasonable solution of InSAR underdetermined system is significant to retrieve 

deformation products. Based on the above analysis, the temporal deformation 

assumption cannot always accurately describe the realistic deformation pattern, which 

will reduce the strength of the function model and therefore biases the estimation. 

Additionally, the overall constrains on the parameters makes the system solvable but 

neglects the physical meaning of the results. This thesis proposes a spatially constrained 

time series InSAR algorithm to improve accuracy of deformation detection. Based on 

the semi-parametric model, spatial constraints are imposed to deformation parameters, 

which can generate unique and meaningful solution from the underdetermined equation. 

5.4.1 Spatial deformation constraints 

By taking DD phases as observations, we parameterize the phase components raised by 

the topographic residuals and deformation. The DD function model is 

╖ЎⱲ Ў▀ ɝⱠ υȢσρ 

where ЎⱲ is the topographic parameter that has a linear relation with the observations 

and Ў▀ represents the deformation signals. The normal equation is written as 

╖╟╖ ╖╟
╟╖ ╟ ♪╡

ЎⱲ
Ў▀

╖╟
╟

υȢσς 

The regular matrix ╡ determines the constraints imposed to the DD deformation vector 

Ў▀. The spatial constraints are based on the fact that neighboring points resemble each 

other in deformation. Briefly, the more similar deformation is for closer points in most 

deformation scenarios. This deformation similarity is most likely to be guaranteed 

during the whole time span and the constraint strength can be adjusted through the 

weight matrix related to distance. ♪╡ can also be regarded as the weight of Ў▀, namely 

╠▀ ╟▀ ♪╡ υȢσσ 

The covariance is ╠▀ when „ ρ.  
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Spatial constraints can be expressed by the following pseudo-observations 

▀ Ў▀ ɝⱠ▀ υȢστ 

where ▀ is the pseudo-observation vector, ɝⱠ▀ is the random noise vector that is 

assumed to be normally distributed with zero mean and covariance ╠
▀
. Considering 

their spatial characteristics, the deformation similarity between two points is stronger 

for short distance, while weaker for long distance. To mathematically describe this 

property, we set ▀  and use ╠
▀
 to adjust the constraint strength, which means that 

the smaller variances are assigned to shorter arcs in ╠
▀
. 

5.4.2 Spatial variance function 

The spatial correlation of variables is usually characterized by covariance functions 

(Cheng & Wu, 2007; Schmidt & Guttorp, 2020). After the removal of the obvious trend 

term, the deformation can be expressed as a continuous second-order stationary random 

process. According to its definition, for point ὼ, the expectation of deformation function 

Çὼ is a constant, which is  

%Çὼ π υȢσυ 

For points with the distance of ὶ, the covariance is 

ÃÏÖÇὼȟÇὼ ὶ $ὶȟὶɴ Ὑ υȢσφ 

Obviously, the covariance is independent with the positions of points. Generally, it is 

difficult to obtain the strict covariance functions, therefore, empirical covariance 

functions are always adopted to describe the relation between points, which can be 

(Zhang et al., 2014) 

(1) Gaussian function 

$ὶ $πÅØÐὧὶ υȢσχ 

(2) Hirvonen function 

$ὶ
$π

ρ ὧὶ
υȢσψ 

(3) Exponential function 

$ὶ $πÅØÐὧὶ υȢσω 
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(4) Exponential periodic function 

$ὶ $πÅØÐὧὶÃÏÓὦὶ υȢτπ 

(5) Bessel function 

$ὶ $πÅØÐὧὶὐ
ὶ

ὦ
υȢτρ 

where ὐ is the 0-order Bessel function, $π is the prior variance, ὧ and ὦ are the 

factors of the covariance function. For complex deformation scenarios where a single 

covariance function is difficult to describe its spatial characteristics, a combination of 

several functions can be used, e.g., 

$ὶ $πÅØÐὧὶ $πÅØÐὧὶÃÏÓὦὶ υȢτς 

It should be noted that the above covariance functions assume that deformation fulfills 

the isotropic condition, i.e., homogeneous in all directions. The covariance function is 

used to describe the stochastic model of the pseudo-observations. 

5.4.3 Parameter estimation 

The combined observation mode is written as 

╖ЎⱲ Ў▀ ɝⱠȟ╠

▀ Ў▀ Ўꜗȟ╠
▀

υȢτσ 

where  

╠
▀
ἓἆÄÉÁÇÇὶȟȣȟÇὶ  

The Gaussian variance function is widely used to describe the spatial similarity of 

ground deformation. Let the Euclidean distance between two points as ὶ, the variance 

of deformation difference between these two points is modeled as function of ὶ 

Çὶ „ÅØÐ
‫

ὶ
υȢττ 

where „  is the scalar to govern the overall dispersion of the process. is a constant ‫ 

used to describe the correlation decay together with distance Ὠ (Székely & Rizzo, 2012). 

Obviously, the observation with smaller distance has higher correlation and then 

smaller variance. In terms of the GLS principle, the solution is derived as 

ЎⱲ
Ў▀

╖╠ ╖ ╖╠

╠ ╖ ╠ ╠
▀

╖╠

╠ ╠
▀ ▀

υȢτυ 
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It is pointed out that the spatial constraints should be reasonably imposed to the 

points within a local region. The reason is twofold. For the points with too large distance, 

the variance of spatial constraint from Eq. (5.44) will be too large to be useless. Another 

reason is due to the too huge computation burden if the constraints are imposed to 

arbitrary two points. Hence, in real implementation, the image is divided into a number 

of patches, and the model (5.45) is individually solved for each patch. Here, the patches 

should have some overlaps such that the deformations at different patches can be further 

unified to the same reference point. 

5.5 Simulated experiments 

5.5.1 Experiment settings 

Simulated experiments are carried out to validate the proposed method. To make the 

simulation as much as realistic, the dataset is simulated for an existing single-master 

baselines configuration of the Sentinel-1A sensor. The 20 interferograms are acquired 

from 21 SLCs with the perpendicular baseline smaller than 100m. The phases are 

simulated at 57102 points at an area of 300×300 pixels. In this simulation study, the 

interferograms are assumed to be successfully unwrapped and the atmospheric and orbit 

errors are ignored. Therefore, the simulated phase only consists of the topographic 

errors, deformation phases and the random noises with the standard deviation of 0.5 rad. 

The DEM error is assumed to be normally distributed with a variance of 20m. Two 

typical deformation patterns, i.e., co-seismic and post-seismic displacements, are 

simulated, shown in Fig. 5.1. We adopt the Mogi model that describes a point elastic 

half-space to express the spatial deformation patterns (Mogi, 1958), which is illustrated 

in the Fig. 5.2 (a). Note that the scale is multiplied to the deformation series, aiming to 

specify the spatial variation of point displacements. The maximum deformations are 

about 40cm and 30cm for the two scenarios, respectively. 

The entire image is divided into 900 patches, and each patch is a square block with 

dimension of 10×10 pixels. The overlaps for the adjacent patches are shown in Fig. 5.2 
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(b). The center point at each patch is selected as the local reference while the reference 

point at the first patch is used as the global reference. To evaluate the performance of 

our method, we take the MooreïPenrose pseudoinverse results for comparison. 

     

Fig. 5.1. Simulated temporal deformations: co-seismic (a), and post-seismic (b). 

 

Fig. 5.2. Spatial deformation pattern: Mogi model (a) and the overlap between two 

patches in red rectangular (b). 

5.5.2 Results and discussion 

To clearly demonstrate the efficiency of our method, we present the results of two 

patches. The patch region and the formulation of spatial constraints are illustrated in 

Fig. 5.3. Fig. 5.4 shows the true and solved deformations of selected 5 points as function 

of time in Patch 1. The results of our method (in blue) are much closer to the simulated 

deformations (in red) than MooreïPenrose results. As shown in Fig. 5.4, the estimated 

deformations of our method are obviously much smoother, and match the true values 
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much better. With simulated deformations as references, the mean errors of all points 

in the patch for our method and MooreïPenrose method are shown in Fig. 5.5. Though 

both methods can overall recover the temporal deformation pattern, our method 

outperforms MooreïPenrose with much smaller mean errors.  

Fig. 5.6 and Fig. 5.7 show the results of Patch 2, the error of which is larger than 

Patch 1. Since the scale range of Patch 2 is 0.2~0.6 is greater than it of Patch 1 -1.9~-

1.8. the point deformation similarity of Patch 1 is higher. As a result, the spatial 

constraints conform better to simulated deformation, which produces more accurate 

solution. 

   

Fig. 5.3. The regions and spatial constraints at a single patch. The yellow points are the 

local reference points and blue lines indicate the formulation of constraints. 

 

Fig. 5.4. The deformation sequence of 5 points in Patch1 for co-seismic (top) and post-

seismic (bottom) scenarios. The red, blue and green lines represent simulated deformations, the 

results of our method and MooreïPenrose (MP) pseudoinverse, respectively. 
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Fig. 5.5. The mean errors of points in the Patch1 for co-seismic (a) and post-seismic (b) 

scenarios, respectively. The blue and green lines represent the errors of our method and Mooreï

Penrose (MP) pseudoinverse, respectively. 

 

Fig. 5.6. The deformation sequence of 5 points in the Patch2 for co-seismic (top) and 

post-seismic (bottom) scenarios. The red, blue and green lines represent simulated deformations, 

the results of our method and MooreïPenrose (MP) pseudoinverse, respectively. 

We further assess the performance of our method by overall accuracy evaluation 

for all points in the entire image. We compute the mean and RMSE of estimation errors 

of all points. Fig. 5.8 demonstrates the histograms of estimation errors by two methods 

for the co-seismic and the post-seismic scenarios. Both mean errors and RMSEs of our 

method are all smaller than those of MP pseudoinverse, indicating the efficiency of 

imposing the spatial constraints for direct generation of displacement sequences. 
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Fig. 5.7. The mean errors of points in Patch2 for co-seismic (a) and post-seismic (b) 

scenarios, respectively. The blue and green lines represent the errors of our method and Mooreï

Penrose (MP) pseudoinverse, respectively. 

 

Fig. 5.8. The deformation error histograms and RMSEs of all points in the entire image. 

The co-seismic results of our method (a) and MP (b), respectively. The post-seismic results of our 

method (c) and MP (d), respectively. 



89 

 

5.6 Summary 

This chapter proposes a spatially constrained method to achieve a unique solution for 

the time-series InSAR model. In addressing the rank-deficient system, most InSAR 

techniques assume deformation model to reduce unknowns, which often contributes to 

serious estimation errors, especially in scenarios with complex deformation. While the 

minimum norm can be applied to parameters, this constraint renders the system 

mathematically solvable but nonsense in practice. Subsequently, the semi-parametric 

model is discussed in detail, laying the foundation for our proposed method, i.e., the 

spatially-constrained deformation retrieval approach. The underlying rationale is that 

the spatially closer points share more similar deformation patterns for most motion 

events. This new method avoids the estimation errors induced by the temporal 

constraints (i.e., pre-defined deformation model) adopted by most time series 

techniques, therefore offering more reliable deformation results. The efficiency of the 

proposed method has been demonstrated by simulated tests, showing its 

outperformance for recovering the time series deformation with respect to the Mooreï

Penrose pseudoinverse and StaMPS methods. This method is also validated by real data 

in Chapter 6.  
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CHAPTER 6 DEFORMAITON DETECTION APPLICATIONS  

InSAR proves to be powerful tool for acquiring the evolution of surface deformation, 

providing a means to warn against potential risks to both economy and human lives. 

This chapter focuses on retrieving deformation data from two specific areas: the Salt 

Lake of Qinghai-Tibet Plateau and Longyao ground fissures and its surroundings. The 

proposed time series InSAR technique suggests its advantage in evaluating the 

deformation of these geological disasters. 

6.1 Qinghai-Tibet Salt Lake 

6.1.1 Background 

The Qinghai-Tibet Plateau, recognized as the highest and largest plateau globally, has 

experienced continuous temperature increases (Li et al., 2011; Wang et al., 2000), 

resulting in accelerated glacier melting and influencing permafrost changes. The 

permafrost, covering approximately 40% area of Qinghai-Tibet Plateau, displays 

obvious degradation pattern. This degradation can lead to reduction in available soil 

moisture, resulting in ecological and environmental problems such as desertification 

(Wang et al., 1996; Yue et al., 2013; Yang et al., 2010; Li et al., 2008). In addition, it 

also reduces the bearing capacity of the ground foundation and therefore threaten the 

operation of railways and highways. Previous studies have shown that the destruction 

rate of the Qinghai-Tibet highway has reached 31.7% under the climate warming trend, 

and railways have also undergone severe destructions (Liu et al., 2000; Wu et al., 1995; 

Cheng, 2005). 

Lakes on the Qinghai-Tibet Plateau are very sensitive to climate changes. One of 

the main reasons is that the permafrost degradation reduces capacity of soil for water 

storage, thereby causing the changes of the surface water. The expansion of lakes will 

cause floods that may seriously impact the infrastructures such as the railway and even 

threaten the human settlement (Cheng & Wu, 2007; Hu, 2007). To mitigate these threats, 

monitoring the deformation of the surrounding areas of lakes becomes essentials. This 
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section focuses on the permafrost deformation around Salt Lake from 2017 to 2019, 

providing insights into the relations between deformation and climate change. 

6.1.2 Dataset 

The ascending C-band Sentinel-1A images are adopted in this case. From January 2017 

to January 2019, there are 53 scenes of images with VV polarization. Fig. 6.1 shows 

the Salt Lake area on the Qinghai-Tibet Plateau. We used ALOS 30m DEM to remove 

topography, which was acquired by PRISM, a panchromatic remote sensing mapping 

instrument mounted on the ALOS satellite launched by JAXA in May 2016. It mainly 

covers the area at ±80° latitude of the earth. Fig. 6.2 shows the ground elevation. The 

Sentinel-1A official precise orbital ephemeris parameter file (AUX_POEORB) is 

adopted for coregistration. Sentinel-1A platform ensures spatial baselines are all within 

100m and the orbit position accuracy is within 5cm. 

 

Fig. 6.1. The Salt Lake observed from HJ-1A. The yellow rectangular represents the 

focused area covered by Sentinel-1A. 
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Fig. 6.2. The elevation of the interesting area. 

6.1.3 Processings 

The image acquired on December 12, 2018 is selected as the reference under the single-

master framework. The Sentinel-1A data has high requirements of the coregistration 

accuracy because the TOPS imaging mode causes the shift of Doppler centroid. The 

coregistration accuracy in the azimuth direction needs to reach 1/1000 pixels. For TOPS 

coregistration, the initial offsets are first acquired by orbit data and external DEM. And 

then the offset can be refined by the enhanced spectral diversity (ESD) method. 

52 interferograms are generated with temporal and spatial baselines that are shorter 

than 372 days and 200m, respectively. The baseline configuration is shown in Fig. 6.3. 

PS candidates are initially selected using an amplitude threshold of 0.4, and the final 

PS points are subsequently chosen trough an iterative process employing phase analysis 

method. The phases are unwrapped by 3D algorithm of StaMPS. In this chapter both 

the StaMPS and the proposed spatially-constrained methods are adopted to recover the 

deformation. 
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Fig. 6.3. Baseline configuration. 

6.1.4 Results 

Fig. 6.4 and Fig. 6.5 demonstrate the results of StaMPS and our method, respectively. 

Total of 30 pairs are selected from all interferograms to indicate the surface deformation 

sequence recovered by the new method, from which the obvious seasonal trend of 

subsidence and uplift are observed. With reference of the first image, the subsidence 

starts from Jan 2017 and continues until Oct 2017. Then the surface begins to uplift 

from Nov 2017 to Mar 2018. Staring from Apr 2018, the subsidence starts again. In 

addition, the permafrost around the Salt Lake has a degradation during the whole period 

and the max subsidence approximately reaches to 30mm. The deformation sequences 

recovered by two methods have similar patterns. 

The permafrost deformation shows an obvious seasonal trend. In principle, the 

permafrost melts in the warm season, thereby leading to subsidence. And it frizzes in 

cold season and contributes to surface uplift. Since the movements are accumulated in 

the temporal domain, therefore the deformation pattern usually lags the temperature 

change. 

To further demonstrate the deformation series during the whole time span, eight 

check points (see locations in Fig. 6.1) are selected. Fig 6.6 demonstrates the 

deformation patterns of these points, which cooperates well with the results in Fig. 6.4 
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and Fig. 6.5. The trends of mean deformation of 8 points are shown in Fig. 6.7. 

Compared with StaMPS results, the deformation trend recovered by the proposed 

spatially-constrained method conforms better to the seasonal change of climate. 

In addition, the periodic pattern can be better reflected by the deformation trend of 

single point. The deformation introduced by the climate change is actually related with 

the water percentage of the permafrost in different seasons. During cold seasons 

(October to November), as temperatures decrease, water undergoes freezing, leading to 

uplift in the permafrost layer. Conversely, in warm seasons (April  to May), rising 

temperature results in rapid water melting and reduced soil volume, causing permafrost 

thaw.  

 

 

 

Fig. 6.4. The permafrost deformation sequence retrieved by StaMPS. 
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Fig. 6.5. The permafrost deformation sequence retrieved by our method. 
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Fig. 6.6. The deformations trends of 8 check points by our method (blue lines) and 

StaMPS (green lines). 

 

Fig. 6.7. The mean deformation trends of the above 8 check points by our method (a) and 

StaMPS (b). The red line represents the deformation trend and the shaded area represent its 

uncertainties with its estimated standard deviation. 

6.2 Longyao Ground Fissure 

6.2.1 Background 

A ground fissure is a geological disaster resulting from rock fractures. The Longyao 

ground fissure, with a length of about 36km, stands as one of the most active ground 

fissures on the North China Plain. It has been subjected to tensile stress due to the 

collision and compression of the Indian, European, and Pacific plates. Additionally, the 

influence of the Qinghai-Tibet Plateau further contributes to the manifestation of the 

ground fissure. The Longyao ground fissure is located in the junction of three major 

geological blocks, which are Ningjin-Hengshui fault, Xing-Heng uplift, and Lin-Qing 

fault zones (Fig. 6.8). 
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Fig. 6.8. The geological structure of Longyao reigion (Peng, 2016). 1-uplift, 2-plain, 3-

river, 4-fault, 5-ground fissure, 6-bedrock, 7-fault slip, 8-earthquak; F1-1-north Taihang fault, F1-

2-sourth Taihang fault, F2-Baixiang fault, F3-west Shulu fault, F4-east Shulu fault; f-Longyao 

ground fissure 

The Longyao ground fissure has been attributed by two seismic events: a 6.8w 

magnitude earthquake to the east of Longyao and a 7.2w magnitude earthquake 

southeast of Ningjin, These events, documented in 2003 and 2006, respectively, 

suggested violent geological activities (Song et al., 2011; Yang et al., 2018; Wang, 

2019). Linearly distributed in the east-west direction, the Longyao ground fissures 

exhibit a maximum crack width of 60 cm and visible depths in the meter range. 

Since 1980, Longyao and its surrounding cities have undergone rapid development. 

Urbanization has led to excessive exploitation of groundwater, resulting in surface 

subsidence and generated two subsidence funnels (Xu et al., 2008). Studies have 

observed deformations of the Longyao ground fissure and its surrounding area ranging 

from -60mm/yr to 20mm/yr during the period 2007 to 2011. Although groundwater 

exploitation may not be the primary cause of ground fissures, it accelerates their 
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expansion. Also, certain agricultural activities and coal mining impact changes in 

shallow surface stress, further accelerating the development of ground fissures. 

Affected by both geological structure and urbanization, the Longyao ground 

fissure and its surrounding area have always exhibited complex deformations, which 

limits the city development and threatens the environment. Consequently, monitoring 

the deformation of these regions becomes imperative. 

6.2.2 Dataset 

We analyzed 34 Sentinel-1A SAR images between Oct, 2018 to Dec, 2019. The image 

acquired on 12 Dec, 2018 is taken as the reference and 33 interferogram are generated 

from these acquisitions with the maximum temporal and perpendicular baselines values 

which are 348 days and 209 m, respectively. The 30m digital elevation model (DEM) 

is obtained from ALOS mission to remove most of topographic phase from 

interferograms. 

 

Fig. 6.9. Location map of Longyao ground fissure and its surroundings. The yellow 

rectangular represent the interesting area covered by SAR image. The yellow triangulars represent 

Zone1-Zone4, respectively. 
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Fig. 6.10. The baseline configuration 

6.2.3 Processings 

The pre-processing of the data, i.e., the coregistration and the subtraction of topography 

and flat phase, is conducted by the GAMMA software. Then the PSInSAR-based 

technique, StaMPS, is used for post-processing. In this case, the PS candidates are first 

selected with an amplitude dispersion threshold of 0.4. After the subtraction of 

spatially-correlated phase parts, the spatial correlation of phase is calculated. The points 

with coherence above the threshold value of 0.32 are determined as final PS targets. 

The average coherence map is shown in Fig. 6.11, which suggests that most PS points 

are selected in urban areas and the forest area has low coherence.  

For the retrieval of unwrapped phases, the temporal unwrapping is first applied by 

searching the solution space, then the spatial unwrapping method SNAPHU is used to 

guarantee the reliability of unwrapping. Finally, the deformation signal is separated 

from the atmospheric delay and other residual errors by temporal and spatial filtering 

operators. 
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Fig. 6.11. Average coherence map. The map is multilooked by factor of 5 along the range. 

6.2.4 Results 

From the mean deformation velocity map illustrated in Fig. 6.12, obvious subsidence 

and uplift are observed in the selected areas, with the mean deformation velocity 

ranging from -60mm/yr to 40mm/yr. The deformation around the ground fissure has 

obvious spatial variation, which are greatly impacted by the Longyao, Shulu and 

Boxiang fractures. During October 2018 to December 2019, the north side of the ground 

fissure uplifts at a rate of 40mm/yr. On the south side, two subsidence centers, 

designated as F and B, were identified, with the B zone located in Jvlu County 

exhibiting the highest subsidence rate at approximately 60 mm/yr, while the F zone 

recorded a subsidence rate of 40 mm/yr. In addition, southern C zone, the urban part of 

Jvlu County, has a nearly circular uplift center with the rate of about 40mm/yr. The 

Longyao ground fissure is a typical linear ground fissure that has the largest 

deformation gradient. And different structures around the fissure contributes to 

different spatial deformation characteristics, where the upper strata rises while the 

lower part falls. 
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Fig. 6.12. Mean deformation velocity map. The dashed black lines represent the location 

of mean veloctiy profiles. Points A-F represent the direction of profiles. 

 

Fig. 6.13. Profiles of mean deformation velocity of the three locations. The gray shaded 

rectangular shows the location of the Longyao fissure. A, C, E represent the starting point of the 

profiles while B, D, F represent the ending points. 

In addition, the profiles of the mean velocity, as depicted in Fig. 6.13, demonstrate 

that the deformation patterns align with the activity of the normal fault of the Longyao 

fracture. The maximum velocity difference between both sides of the ground fissure is 

approximately 80 mm/yr. 

Time series deformation results are presented in Fig. 6.14. From Nov, 2018 the 

area suggests slight deformation pattern. Zone C demonstrates obvious subsidence in a 

funnel pattern from Dec, and on Mar 2019, it reaches maximum deformation around 
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60mm and then uplifts until the end of the time span. Zone H has the same deformation 

patten as Zone C. Typically, the funnel pattern arises due to the over-extraction of water. 

Given that these two zones are situated within counties, we attribute the deformation 

primarily to human activities. In other regions, conspicuous deformation becomes 

apparent from May 2019 and intensifies by July 2019. The cumulative deformation 

spans approximately -90 mm to 90 mm over the entire period. 

To further demonstrate the temporal trend, four check points (D, A, F, H) are 

selected. Fig. 6.15 illustrates the accumulated line-of-sight (LOS) deformation of points 

and the results are consistent with the deformation sequence in Fig. 6.14. 

 

 

 

 

 

 














