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Abstract

Intensive interactions among vehicles at freeway on-ramp merging areas frequently cause
congestion and accidents. The collaboration of connected automated vehicles (CAVs) is promising to
effectively coordinate these conflicts. However, CAV-based control encounters significant challenges
in real-time optimization of vehicle scheduling and trajectory planning, especially in scenarios
involving multiple lanes and a large number of vehicles. To tackle these challenges, this dissertation
mathematically models the freeway merging problem and develops three algorithms to solve the
problem.

The first work proposes a mixed integer nonlinear programming (MINLP) model for the
cooperative merging of two traffic streams at a single-mainline freeway on-ramp merging section. The
proposed model simultaneously optimizes multiple vehicles’ trajectories and their merging sequence to
improve traffic efficiency and ensure safety. Unlike conventional treatments, which match one mainline
facilitating vehicle with one merging vehicle, the proposed model determines the optimal number of
facilitating vehicles and which mainline vehicles should serve as the facilitating vehicles to
cooperatively minimize disruption from ramps. The safety and feasibility of the planned vehicle
trajectories are guaranteed at any time. To solve the model rapidly, we propose a solution algorithm that
incorporates an iterative linear programming method into a novel search process based on a necessary
condition for optimality that we identify and prove. The algorithm is highly efficient because it enjoys
a significantly reduced search space. The proposed approach, consisting of the MINLP model and the
solution algorithm, is evaluated under different traffic demands and mainline-ramp demand ratios and
real vehicle arrival patterns from the NGSIM dataset. The performance of the proposed method
outperforms benchmark CAV control algorithms, and the computational efficiency is promising for real-
time automated merging tasks.

The second work considers a multi-lane freeway on-ramp merging section, focusing on the
simultaneous decision-making of lane changes, vehicle sequences, and trajectories. To this end, an
integrated MINLP optimization model is proposed to jointly optimize lane change decisions, vehicle
sequences, and vehicle trajectories, with the objective of maximizing traffic efficiency and driving
comfort. However, such a complicated model cannot be directly solved by existing optimization
software. To rapidly obtain solutions, this study develops a Generalized Benders decomposition (GBD)-
based solution algorithm to tackle the challenges of multi-vehicle combinatorial optimization and
nonlinear trajectory optimization problems. Meanwhile, the property of finite convergence is proved.
Numerical experimental results turn out that the traffic performance of the proposed model outperforms
benchmark CAV control methods under different traffic demands and mainline-ramp demand ratios,
demonstrating significant traffic benefits from jointly regulating lane changes, driving sequences, and
utilizing microscopic vehicle information. Also, this study analyses traffic delays and the number of
lane changes by the proposed model under varying road lengths, i.e., the lengths of lane-changing and
merging areas.

The third work introduces a bi-level approach that nests optimization modelling within deep
reinforcement learning to jointly optimize vehicle sequences, lane selection, and trajectories, aiming to
provide a rapid, safe, and high-quality solution for the problem of multi-lane freeway merging. In the
upper level, we develop an attention-based sequential policy network to sequentially construct driving
sequences and lane selections for multiple vehicles. Specifically, we employ an attention mechanism to



learn dynamic inter-dependencies with other vehicles, thus facilitating more informed and adaptive
decision-making. In the lower level, we utilize a nonlinear model predictive controller to generate safe
trajectories and use total travel delay to guide upper-level learning for optimizing long-term traffic
efficiency. Additionally, we introduce a leader-and-lane specific credit assignment mechanism to
address global credit assignment for the multi-vehicle merging problem. Computational results
demonstrate that our method outperforms rule-based and searching-based methods in terms of solution
quality, and the computation efficiency of the proposed approach is promising for real-time automated
merging tasks.

Keywords: Connected Automated WVehicles; On-Ramp Merging; Mixed-Integer Nonlinear
Programming; Sequencing Planning; Trajectory Planning.
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Chapter |

Introduction

. Background

Freeway on-ramp merging areas are recognized as typical bottlenecks where multiple traffic
streams compete for limited roadway capacity. Frequent lane-changing manoeuvres of mainline
vehicles and merging manoeuvres of on-ramp vehicles disrupt the smooth mainline traffic flow,
resulting in traffic congestion, increased fuel consumption, and traffic accidents (Zhang et al., 2011; He
et al., 2017; Xiao et al., 2017). Conventional traffic control and management solutions for merging
sections typically employ flow-based strategies, such as ramp metering (Papageorgiou and Kotsialos,
2002), variable speed limit (Chen et al., 2014), and the combination of variable speed limits and ramp
metering (Carlson et al., 2010). These flow-based methods take a macroscopic perspective and
modulate traffic at an aggregate level. However, these methods cannot directly coordinate individual
vehicle behaviours, and uncontrollable microscopic vehicle behaviours may still lead to negative
macroscopic phenomena, such as traffic paralysis (Yuan et al., 2017; Han and Ahn, 2018).

Significant advances in computation, perception, and control technologies over the last decade
have increasingly integrated autonomous vehicles (AVs) into people's lives. AVs make driving decisions
based on data from on-board sensors, enabling microscopic control of vehicles’ trajectories. Alongside
electrification and shared mobility, AVs are considered as one of the three major revolutions in
intelligent transportation system (ITS), expected to enhance people's mobility by reducing travel time,
lowering fuel consumption, decreasing parking demand, and improving accessibility. (Tengilimoglu et
al., 2023). Moreover, AVs are expected to improve road safety by preventing accidents caused by
speeding, distraction, and fatigue. However, there are concerns about potential negative impacts, such
as increased congestion from higher vehicle miles travelled and more empty trips, as discussed in
several studies (Tengilimoglu and Wadud, 2022).

Based on AV and emerging vehicle-to-everything (V2X) communication technologies, connected
automated vehicles (CAVs) are enabled to communicate with each other and share information with
traffic infrastructures. The direct and fully cooperative control properties of CAVs have introduced a
new perspective in microscopic traffic control (van Arem et al., 2006; Talebpour et al., 2016; Wang et
al., 2016; Rios-Torres et al., 2017; Rios-Torres et al., 2018; Sun et al., 2018). Its direct control
capabilities, such as adaptive car-following control, are highlighted by various studies (e.g., Ni et al.,
2016; Zhou et al., 2019b; Li et al., 2021b; Shi et al., 2023a). Additionally, its cooperative driving
capabilities enhance the synchronization of vehicle movements, which is particularly beneficial for
traffic efficiency, notably in platoon control (e.g., Chen et al., 2018; Li et al., 2018; Zhang et al., 2022;
Shen et al., 2022), ramp merging (e.g., Jing et al., 2019; Karimi et al., 2020; Chen et al., 2021), and
driving at unsignalized intersections (e.g., Li and Zhou, 2017; Wang et al., 2021).



Merging on-ramp CAV traffic into multilane freeway CAV traffic is an integrated problem that
involves decisions on lane changes, vehicle driving sequences, and trajectory planning to optimize
traffic performance and driving comfort. Specifically, the lane-changing decision is to determine lane-
changing vehicles among mainline vehicles to accommodate on-ramp vehicles or avoid downstream
disturbances. Then, the vehicle sequencing decision is to determine the passing order of vehicles
targeting the same lane. This is achieved by selecting the target followers of lane-changing and merging
vehicles, which are also called facilitating vehicles in this study. Lastly, to implement a scheduling plan
that includes lane changes and vehicle sequences, the multi-vehicle trajectory planning is involved to
generate collision-free and physically feasible trajectories. Following the planned trajectories,
designated facilitating vehicles create adequate gaps, while lane-changing and merging vehicles
coordinate their movements to align with these gaps. Additionally, the remaining vehicles adjust their
speeds to maintain safe distances from the vehicles ahead. For example, as shown in Figure 1, the
mainline vehicles are designated as lane-changing, facilitating, and lane-keeping vehicles. Then, the
corresponding trajectories are generated to implement designated lane choices and vehicle sequences.

ﬁng vehicles E:E Merging vehicles
E Facilitating vehicles EEE Lane-changing vehicles

Figure 1.1. Four vehicle types in on-ramp merging scenarios.

1.2 Motivations and Objectives

(1) Advantages by CAV-based Control

The development of CAV-based control has emerged as a promising solution to address the
escalating traffic congestion. It offers two key advantages for intelligent transportation control:

1) Precise Control: This approach enables precise control over each vehicle’s behaviour, leading
to a safer and more efficient ITS. Unlike traditional traffic management methods that focus on
controlling traffic flow at a macroscopic level, CAV-based control operates at the individual vehicle
level, allowing for more granular adjustments.

2) Optimality: In fully CAV environments, a primary focus is on achieving optimal scheduling
decisions to maximize traffic performance. Since the number of vehicles at a moment is finite, it is
feasible to employ advanced mathematical techniques, such as integer programming, as the foundation
for finding the best strategies. By optimizing key factors such as lane assignment, right-of-way
decisions, and vehicle speeds, the system can significantly enhance overall traffic efficiency and safety.

(2) Challenges by the CAV-based Control

However, coordinating multiple CAV presents some challenges due to the following conflicting
factors:



1) Stringent Real-Time Requirements: The continuous movement of vehicles imposes extremely
stringent real-time requirements, making it difficult to achieve timely and effective control.

2) Exponential Complexity: Coordinating multiple CAVs involves solving an integer
programming (IP) problem for scheduling. As the number of CAVs in the system increases, the
complexity of coordinating them grows exponentially. This complexity not only demands significant
computational resources but also poses challenges in maintaining scalability and responsiveness in
large-scale deployments.

3) MINLP Problem: Trajectory planning introduces a nonlinear programming (NLP) problem,
along with the scheduling IP problem, resulting in a mixed-integer nonlinear programming (MINLP)
problem for CAV-based control, which is NP-hard. This inherent difficulty requires sophisticated
optimization techniques and often necessitates trade-offs between optimality and computational
feasibility. Moreover, the real-world implementation of these solutions must account for dynamic and
unpredictable traffic conditions, further complicating the problem.

(3) Objectives
Based on these advantages and challenges, the objectives of this study are as follows:

= Mathematically model the CAV-based merging problem including scheduling-related and
trajectory-related decisions, to enable a comprehensive description and analysis.

= Design efficient solution algorithms based on the characteristics of the problem to rapidly
solve this MINLP problem.

1.3 Organization of thesis

Based on the above research backgrounds and objectives, the rest of the thesis is structured as
follows:

= Chapter 2 presents a comprehensive literature review of three parts: trajectory planning,
vehicle sequence planning, and lane change planning.

»  Chapter 3 models the cooperative merging of an on-ramp CAV stream and a mainline
CAV stream at a single-lane freeway on-ramp merging section as an MINLP model. It
considers passing orders and detailed trajectories of two streams of CAVs, aiming to
minimize total travel time. To solve the proposed model, we propose an integrated solution
algorithm that includes a sequential search process for rapidly determining the optimal
merging sequence and an iterative linear programming method for generating nonlinear
trajectories. Numerical experiments are conducted to demonstrate the good performance
of the proposed approach, highlighting the benefits of optimizing both merging sequences
and trajectories.

= Chapter 4 formulates the problem of merging on-ramp CAV flows into multiple mainline
CAV flows as an MINLP model. It considers spatiotemporal relationships between
vehicles, vehicle kinematics, and road geometry, with the aim of maximizing traffic
efficiency, avoiding unnecessary lane changes, and generating the smoothest vehicle
trajectories. To efficiently solve the proposed MINLP model, we develop a
decomposition-based solution algorithm. The benefits from considering vehicle
sequencing, multilane utilization, and microscopic vehicle information, are highlighted
through comparative analyses with three baseline models. Additionally, this chapter



discusses the most time-efficient lengths for cooperation areas.

Chapter 5 also addresses the multi-lane freeway merging problem and proposes a hybrid
bi-level control approach that integrates deep reinforcement learning with optimization
modelling. This approach aims to combine the fast inference capabilities of learning-based
methods with the explainable safety guarantees of optimization-based methods. The
vehicle sequences, lane selections, and trajectories are optimized to minimize total travel
delay. Specifically, the upper level serves as the scheduling planner, where we design an
attention-based neural network to make decisions on target lanes and right-of-way. The
lower level employs a nonlinear model predictive controller to continuously update
trajectories, ensuring vehicles reach the designated lanes and follow the planned sequence.
Experiments demonstrate that our method quickly achieves superior solution quality
compared to other meta-heuristic and rule-based methods. It effectively balances
computational time with solution quality while also offering promising scalability across
scenarios with varying numbers of vehicles.

Chapter 6 concludes the thesis by summarizing the ideas of algorithm design, specifying
contributions, and discussing future works.



Chapter 2

Literature review

CAV-based merging control involves three key tasks: trajectory planning, vehicle sequence
planning, and lane change planning. Trajectory planning generates collision-free paths through merging
sections. Vehicle sequence planning optimizes the passing orders (i.e., right-of-way) of CAVs, and lane
change planning assigns target mainline lanes for CAVs. This chapter first reviews and categorizes
existing methods for these three tasks, and then identifies current challenges and limitations in CAV-
based control.

2.1 Trajectory Planning

Trajectory planning is essential for safe cooperative merging process, adjusting the speeds of some
mainline and on-ramp vehicles to create adequate spacing. In these studies, the mainline facilitating
vehicles are predetermined. This can be categorized into two main strategies: reactive control, and look-
ahead control.

(1) Reactive Control

Reactive control generates actions based on the error between the actual and reference states.
Commonly used linear feedback controllers, such as adaptive cruise control (ACC) and cooperative
adaptive cruise control (CACC), aim to maintain a predefined constant time headway or spacing. Xu et
al. (2003) controlled a mainline facilitating vehicle with adaptive cruise control (ACC) and cooperative
adaptive cruise control (CACC) to form enough space for a merging vehicle and assessed performance
of both control methods. Milanes et al. (2011) designed a fuzzy controller incorporating human
procedural knowledge to track a linear reference distance function for a merging vehicle and a trailing
mainline vehicle. Chen et al. (2021) enhanced an ACC controller with a feedforward component to
ensure smooth merging behaviours and string stability. Due to the simplicity and effectiveness of ACC
and CACC, numerous studies explored its broader impacts on traffic dynamics. For instance, Xiao et
al. (2018) studied how deactivating CACC affects congestion and flow heterogeneity at traffic
bottlenecks. Li et al. (2021) investigated a high-risk ACC pattern characterized by strong braking
followed by rapid acceleration.

(2) Look-ahead Control

Look-ahead control incorporates dynamic models to optimize current and near-future decisions.
The multi-step planning problem can be regarded as an optimal control problem (OCP), applying
Pontryagin’s minimum principle (PMP) to derive analytic solutions. Ntousakis et al. (2016) formulated
an OCP for a merging vehicle to minimize multi-order derivatives of speed. Zhou et al. (2018) addressed
two separate OCPs: one for a mainline vehicle to decelerate and create a gap, and another for an on-
ramp vehicle to follow and merge into this gap. Subsequently, Zhou et al. (2019a) further studied this



problem by considering the minimum speed constraints of the facilitating manoeuvre. The advantage
of this method is that the problem can be expressed as a linear quadratic controller clearly, and
continuous-time optimal trajectories can be derived analytically. However, it is difficult to deal with
complicated constraints, such as nonlinear kinematic equations and collision avoidance.

Alternatively, look-ahead control can also be formulated as a nonlinear programming (NLP)
optimization model which can address more complex constraints numerically. Nilsson et al. (2016)
proposed two loosely coupled convex quadratic programs to obtain longitudinal and lateral motion
trajectories over a finite discrete time horizon, respectively. Letter et al. (2017) described trajectories in
discrete-time form and optimized vehicle states in each moment. Similarly, Hu and Sun (2019) adopted
the discrete-time form and developed two optimization models, one for cooperative lane-changing and
another for merging manoeuvres. Karimi et al. (2020) formulated centralized quadratic problems for
different triplets of vehicles composed of both conventional vehicles and CAV.

Additionally, model predictive control (MPC) is an advanced optimization-based control approach
that has gained significant attention in recent years because its short horizon characteristic makes it
well-suited for a real-time vehicle control, such as the scenarios of on-ramp merging. Shen et al. (2022a)
and Shen et al. (2022b) studied fully distributed optimization-based control schemes using a platoon-
centred MPC approaches, which consider both linear and nonlinear vehicle dynamics. They proposed
a sequential convex programming (SCP)-based distributed scheme, based on operator splitting methods.
Li et al. (2023) employed a longitudinal distributed MPC with a virtual car-following (CF) concept to
expand the initial feasible set and to ensure three key aspects: asymptotic local stability, I, norm string
stability, and safety. Chen et al. (2023b) adopted the sequential quadratic programming (SQP) method
to solve the MPC-based 2D trajectory planning model.

2.2 Vehicle Sequence Planning

Sequencing planning is critical for determining the passing order of vehicles on mainline and on-
ramp lanes to enhance traffic efficiency. Related studies mainly focus on merging scenarios involving
a single mainline lane and a single on-ramp lane, and these strategies can be categorized into rule-based
strategies, tree search-based strategies, integer programming-based strategies, and learning-based
strategies.

(1) Rule-based Strategies

Rule-based strategies typically ensure completeness and can be executed within polynomial time.
However, they often struggle with global optimality. With the concept of virtual vehicles proposed by
Uno et al. (1999), Rios-Torres et al. (2017) adopted the first-in-first-out (FIFO) principle was used to
assign merging time instants to all vehicles. Similarly, Chen et al. (2021) proposed a heuristic virtual
rotation approach to align vehicles from different lanes into a virtual single line, thereby sorting vehicles
based on their initial positions.

(2) Tree Search-based Strategies

Search-based strategies treat different vehicle orders as nodes (or states) and adopt various
methods to search for optimal or suboptimal solutions. Pei et al. (2019) adopted dynamic programming
to find the optimal solution, but the travel delay for each node was estimated rather than derived from
actual trajectories. Chen et al. (2020) formulated an optimization model that incorporates three driving
modes. All possible driving modes of multiple vehicles were enumerated and fed into the model to find
the best solution. Tang et al. (2022) utilized the Monte Carlo Tree Search (MCTS) to find a suboptimal



sequence within a limited time. Shi et al. (2023b) used a depth-first search approach with heuristic
pruning rules to obtain solutions.

(3) Optimization-based Strategies

Optimization-based approaches, which formulate the problem as mixed integer programming, can
achieve optimal solutions, but their inherent NP-hard nature hinders real-time applications. Cao et al.
(2014) implemented an MPC scheme to optimize the movements of both mainline and on-ramp vehicles,
incorporating a nonlinear constraint to maintain a minimum relative distance. This approach also
determined vehicle sequencing when generating trajectories but applying this nonlinear constraint to
multiple vehicles proved challenging. Similarly, Xie et al. (2017) utilized a mixed-integer linear
programming (MILP) model specifying absolute spacing between vehicles to maximize speed over a
fixed number of time steps. This model considered all possible vehicle sequences, simplifying the
problem by assuming a known duration for merging cooperation. Ye et al. (2019) introduced a bi-level
optimization model where the upper level featured an MILP model aimed at minimizing travel delays
and determining optimal merging times for each vehicle at the merge point. Subsequent trajectory
planning was executed using either a discrete-time or a heuristic continuous-time trajectory planner,
based on these optimal merging times. Mu et al. (2021) developed a complex MINLP model for merging
two platoons and proposed a heuristic algorithm to solve it. However, this algorithm primarily searched
solutions close to the sequence generated by the first-in-first-out rule, which does not guarantee
optimality. Chen et al. (2021) proposed a hierarchical controller with tactical and operational layers.
The tactical layer used a mixed integer programming model that employed the Helly car-following
model and a proportional controller to determine vehicle acceleration, sequence, and terminal time
instants. This layer enumerated all sequences and sampled terminal time instants to identify the best
solution. The operational layer then utilized an OCP to generate the corresponding trajectories. In a
subsequent study, Chen et al. (2022) applied cooperative game theory to model decision-making for the
merging sequence.

(4) Learning-based Strategies

Learning-based approaches can learn a responsive approximation solution through trails and errors
by constantly interacting with environments, while the safety and feasibility certificates for such
methods cannot always be guaranteed due to the complexity of deep neural network structures.

Most studies attempt to directly control the high-level actions (e.g., yield, lane change) or low-
level actions (acceleration or velocity value) of each vehicle using deep reinforcement learning (DRL).
Hwang et al. (2022) proposed a finite state machine (FSM) containing four phases (ready for safe gap
selection, gap approach, negotiation, and lane-change execution), in which the DRL policy is employed
to execute lane changes. Chen et al. (2023a) formulated the mixed-traffic highway on-ramp merging
problem as a multi-agent reinforcement learning (MARL) problem, where each vehicle makes high-
level control decisions, such as turning left, turning right, cruising, speeding up, and slowing down. Hu
et al. (2024) employed a Graph Convolutional Network (GCN) with Attention to capture high-
dimensional features of CAV states and model their interactions. They designed an action space
containing discrete manoeuvres, including acceleration, deceleration, and lane changes for a group of
CAVs, and used DRL to learn an optimal policy.

Some studies treat the problem of CAVs navigating through conflicting areas as a combinatorial
problem, using a sequence-to-sequence modelling approach combined with DRL to optimize vehicle
right-of-way and reduce traffic delays. Zhang et al. (2023) adopted a pointer network structure to



determine the driving order of multiple CAVs crossing an intersection and then used MCTS to further
refine the solutions. Jiang et al. (2024) applied the same structure to the single-lane freeway merging
scenario.

2.3 Lane Change Planning

Lane changes are a fundamental aspect of multilane freeway merging, with research primarily
focusing on both macroscopic and microscopic control strategies. Macroscopic strategies stem from the
perspective of traffic flow management, aiming to fully utilize multi-lane capacities and balance the
flow across multiple mainline lanes. In contrast, microscopic strategies focus on the detailed actions of
individual vehicles, including lane-changing moments, gap acceptance, and vehicle velocity profiles
during changing lanes.

(1) Macroscopic Control

Macroscopic Control focuses on managing the total number of lane changes to enhance traffic
efficiency and reduce congestion. Hang et al. (2021) formulated the cooperative decision-making
problem for CAVs using a coalitional game approach. They analysed lane-changing and lane-keeping
decisions involving three to five CAVs based on four types of coalitions. Pan et al. (2021) proposed a
control framework that combines ramp metering, variable speed limits, and lane changing controls for
mixed freeway traffic, aiming to optimize traffic throughput. Tajdari et al. (2022) simplified the
conservation law model into a linear time-invariant traffic flow model, applying a linear quadratic
regulator (LQR) as the feedback controller to adjust lateral flows (i.e., lane changes) and the flow from
an on-ramp to maximize throughput and prevent congestion.

(2) Microscopic Control

Microscopic Control focuses on the lane-changing decisions of individual vehicles. Li et al. (2021)
defined reachable and attainable sets based on domain knowledge to determine whether a lane change
should be executed. Zhang et al. (2022) proposed a hybrid model predictive control for platoon-based
cooperative lane-changing control, with a machine learning-aided algorithm speeding up solution
process. Liu et al. (2022) trained a policy network for lane selection using deep reinforcement learning,
which aims to evenly distribute traffic flow across lanes and enhance individual vehicle speeds. Chen
et al. (2022) modelled car-following, cruising, and cooperative lane- changing manoeuvres for a group
of vehicles and determined the optimal manoeuvres through enumeration. Yang et al. (2023) modelled
vehicle interactions as a cooperative game, with lane-changing decisions determined by a game cost
matrix. Hence, decisions for a group of vehicles are comprised of a series of decisions between each
pair of vehicles. Hu et al. (2023) designed safety-critical control method to conduct lane-changing
manoeuvres for platooning CAVs using Control Barrier Functions (CBFs) and Control Lyapunov
Functions (CLFs).

2.4 Summary

In summary, different strategies for CAV-based control across the three tasks are categorized as
shown in Fig. 2.1. Trajectory planning is classified into reactive control and look-ahead control. Vehicle
sequence planning can be approached using four methods: rule-based strategies, tree search-based
strategies, integer programming-based strategies, and learning-based strategies. Lane change planning
can be divided into macroscopic flow control and individual lane change decisions.
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Figure 2.1. Categorization of Strategies for CAV-Based Control Tasks
Despite the variety of methods available, critical challenges still remain:

1) Integration of Multi-Task Strategies: While various strategies exist for each task, there is a
lack of comprehensive frameworks that effectively integrate all three tasks. Most
approaches treat these tasks independently, which prevents fully leveraging the potential of
CAVs. Recent research has increasingly focused on integrating trajectory and sequence
planning, but a holistic approach that considers all three tasks together in multi-lane
scenarios is still lacking.

2) Scalability and Real-Time Application: Many existing methods struggle with scalability,
particularly when applied to large numbers of vehicles, and face difficulties in real-time
operation. There is a pressing need for more efficient algorithms capable of handling high-
density traffic scenarios without compromising performance.

Motivated by the above gaps, this thesis focuses on designing efficient solution algorithms to
address the challenges of the complicated problem by leveraging the inherent structure of the tasks
involved. By enhancing scalability for real-time applications, the proposed methods aim to overcome
the limitations of existing approaches, enabling more effective and practical CAV-based control.
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Chapter 3
Integrated Optimization of Merging Sequences

and Trajectories

This chapter models the task of cooperative merging of an on-ramp CAV stream and a mainline
CAV stream as a mixed integer nonlinear programming problem that integrally optimizes merging
sequences and vehicle trajectories. To solve the proposed model, we propose an integrated solution
algorithm that includes a sequential search process for rapidly determining the optimal merge-in gaps
and an iterative linear programming method for generating nonlinear trajectories and determining
merging positions and moments. This chapter is organized as follows. Section 3.1 provides the
preliminaries of considered scenarios, merging sequences and trajectories; Section 3.2 describes the
modelling of cooperative merging of a mainline and an on-ramp traffic streams at a freeway on-ramp
merging section as a MINLP problem; Section 3.3 develops a computationally efficient algorithm to
solve the model; Section 3.4 validates the proposed method by numerical experiments; Section 3.5
concludes this chapter.

3.1 Preliminaries

We first introduce the merging scenario considered in this study, and then define two key notions
that will be used in the formulation of the optimization problem, namely the merging sequence and the
mathematical representation of trajectories.

(1) The Single-mainline Freeway Merging Scenario Considered in This Chapter

This chapter is oriented toward merging two streams of vehicles at a freeway on-ramp section.
Fig.3.1 shows a typical freeway on-ramp merging section consisting of one mainline lane and one on-
ramp lane connected with one acceleration lane. Initially, vehicles are assumed to be in a car-following
mode. A roadside unit (RSU) is placed upstream of the intersection of the mainline and on-ramp lanes.
RSU receives nearby CAVs’ information, executes the proposed model, and then sends
acceleration/deceleration commands to CAVs. In addition, a trigger point (TP), enabled by, for example,
a loop detector, is placed at a suitable location of the on-ramp. Every time an on-ramp vehicle arrives
at the TP, RSU starts a new control cycle and regards nearby mainline and on-ramp vehicles as a batch
of planned vehicles. It means that, instead of driving in a car-following mode, these planned vehicles
follow the instructions of the proposed model. After completing merging tasks, these vehicles revert to
the car-following mode again. Fig. 3.1 shows two batches of planned vehicles. The formation of planned
vehicles includes grouping on-ramp vehicles and mainline vehicles. In addition to the on-ramp vehicle
that drives through the TP, its following on-ramp vehicles will be grouped if their time headway is less
than a specified threshold. Then, the first and last on-ramp vehicles are mapped onto the mainline lane



34

35
36
37
38
39
40
41

42
43

44
45
46
47
48
49
50
51
52

53

54
55
56
57
58
59
60
61
62
63
64
65
66

67
68
69

11

to determine the planned mainline vehicles in this control cycle.

In this chapter, we only consider the longitudinal motion of merging vehicles, in line with many
previous studies. In addition, the model proposed in this paper is not limited to single-mainline merging
scenarios because in generalized multi-mainline ramp merging scenarios, lane-changing and on-ramp
merging manoeuvres are usually expected to be performed on different segments of roads (Gao et al.,
2022; Sharma et al., 2022). This means that we assume that the lane-changing behaviours of the
mainline vehicles has already taken place before the cooperative merge starts. Therefore, to focus on
the merging behaviours, we consider the scenario with one mainline lane and one on-ramp lane.

(D m - 5 B LB D
= [
—
Trigger point

= RSU

3 Planned cAV group in current control cycle
[ Planned CAV group in previous control cycle
[ D Car-following CAV

Figure 3.1. The on-ramp merging scenario.

As aforementioned, merging two streams of vehicles consists of two tasks: merging sequence
scheduling and merging trajectory planning. Merging sequence scheduling determines the order of the
controlled vehicles in the merged stream, i.e., after the merging is completed. Merging trajectory
planning is responsible for generating trajectories for the mainline facilitating vehicles to create desired
gaps and for the on-ramp vehicles to coordinate with these gaps adhering to the determined merging
sequence. Furthermore, these two tasks are coupled with each other in the sense that the outcome of
one of them can influence the outcome of the other. That is, the merging sequence influences the design
of the trajectories, and the cost associated with these trajectories will in turn influence the determination
of the merging sequence.

(2) Merging Sequence

The merging sequence refers to the order of the controlled vehicles right after the merging of the
two streams of vehicles. It reflects the result of merge-in gap selections of on-ramp vehicles. In this
paper, a merge-in gap refers to the gap between two mainline vehicles into which one or more on-ramp
vehicles can merge. It ought to be noted that under our method, it is not necessary that each candidate
merge-in gap will be selected. As shown in Fig. 3.2, let L := {m, r} denote the set of lanes, in which m
and r refer to the mainline lane and on-ramp lane, respectively. Then, I;, and I, represent a set of
planned vehicles in the mainline lane and on-ramp lane, respectively, which means there are |I,,|
planned mainline vehicles and |I,-| planned on-ramp vehicles in this control cycle. Besides, there may
be a leading vehicle for these planned vehicles. Note that the leading vehicle can be either a mainline
or on-ramp vehicle. It tracks designed trajectories from the previous control cycle, thereby not being
involved in this control cycle. Then, let I}, := {1, ..., |L,,,| + 1} denote the set of these merge-in gaps on
the mainline lane. Both indexes of planned vehicles in each lane and merge-in gaps increase from one
against the direction of traffic travel.

For on-ramp vehicle i, we define a binary vector ¥; := [¥i1, -, Vi -5 Vi 1m|+1]T where each
element y; ; represents whether on-ramp vehicle i, i € I, chooses the merge-in gap k, k € I, to
merge. Thus, the existence of binary variables leads to the gap selection problem as an integer
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programming problem.

[ {gap L] + 1} {gap| L[} -- {gap 2} {gap 1} [

EE A leading CAV

EE Planned CAVs

EE Car-following CAVs

{ } Candidate merge-in gaps

Figure 3.2. Merging sequence description.

The choice of merge-in gaps determines terminal positions of all vehicles. Specifically, if the
i" on-ramp vehicle merges into the k*" merge-in gap, then on-ramp vehicle i must keep a safe distance
from both the k — 1" and k** mainline vehicles at the terminal time. Thus, y; is closely coupled with

vehicles’ trajectories.
(3) Mathematical Representation of Vehicle Trajectories
We consider a second-order model as the vehicles’ kinematic model:
x1,i(t) = v, (0), 3.1
vy, (8) = ag;(¢), (3.2)

where [, | € L, refers to lanes; i, i € I}, refers to the vehicle index; t refers to time; a;;(t) is the
acceleration; v, ;(t) is the velocity; x; ;(t) is the position. The nonholonomic property of vehicles is
omitted since we focus on the longitudinal motion. The coordinate system adopted in this paper is the
Frenet coordinate system with the road center line as the reference line (Werling et al., 2010). The
longitudinal distance refers to the distance along the road center line.

Polynomial functions up to the third order are adopted to prescribe the solution space of the model
3.1)—(3.2):

0, :
%, (t) 3 2 ot 1 giiz
v =13t 2t 1 0f|p | (3.3)
au®)] let 2 0 0 9?‘;;

n%

where 0, ;: = [91,1',3» 012,011, Gl,i,O]T is the parameter vector of the polynomial curve of vehicle i on
lane I. The employment of polynomials allows a reduced search space. However, the polynomial basis
has difficulty in handling some constraints, such as velocity constraints and minimum distance between
the positions of two adjacent vehicles at any time along the entire position trajectories. In order to
incorporate these constraints into the polynomial representations of the trajectories, we introduce the
Bézier curves.

A Bézier curve is defined by a set of control points. The control points include a start point, a
terminal point, and shape-defined points. The first and last control points are always the endpoints of
the curve. The order of a Bézier curve depends on the number of control points. A Bézier curve P(s) of
order n, obtained from n + 1 control points, is written as:
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n

P(s)= ) B selo1], (3.4)
7=0
where B} (s) is the jth Bernstein polynomial of degree n, which can be defined by:
ny . : ! , .
neN CoNnej _an-
BI(s) = () s’ =)~ =y A (35)

From (3.4), P(s) is a linear combination of n Bernstein polynomial bases, and P; is the coefficient of
each Bj'(s). P; can regulate the magnitude of a basis. Hence, the shape of a curve P(s) can be

manipulated by the control points.

A Bernstein polynomial has a convex hull property, which means that a Bernstein polynomial is
confined within the convex hull of its control points (Cichella et al., 2018). Therefore, we can enforce
continuous trajectory functions to be within a specified feasible set by setting the control points. Then,
polynomial basis (3.3) can be equivalently rewritten in terms of the Bernstein basis, and the control

X

points of x;;(t), denoted by P, can be represented by 6 ;:

Plis t7  tf te 1003

X
Pl;’,z _|0 /3 2t/3 1 Ouiz ’ (3.6)
Pyiq 0 0 /3 1f|fun

where t; is terminal time of the trajectories. Similarly, the control points of v ;(t), denoted by Py ;, are

written as:

. 3.7
tp 1 0ffg"" (3.7)

0, .
Pv, 2 1,i,3
Li,2 3t 2t 1 0 Bri2
=10
0 0 1 0 6110
The detailed derivation of (3.6) and (3.7) is given in Appendix B.

In our problem, ¢f and the terminal states of vehicles are unknown, which causes (3.3, 3.6, 3.7) to

be nonlinear equations and results in a nonlinear programming problem.

3.2 Model Formulation

A MINLP is formulated in this subsection to model the problem of integrated optimization of
merging sequence generation and trajectory planning for cooperative on-ramp merging. The notation
used in this paper is listed as follows.

Indices and Sets

L set of lanes, [ € L, | = {m, r}, where m and r refer to the mainline lane and on-ramp lane.
Ly, set of planned mainline vehicles, i (or j) € I,,.

L set of planned on-ramp vehicles, i (or j) € I,.

I set of merge-in gaps on the mainline lane, k € L},.

Input Parameters
v desired terminal speed, e.g., the free-flow speed or initial speed of CAVs.

T minimum allowable time gap between vehicles.
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buffer distance.

length of a vehicle.

length of the cooperation zone.

weighting factor for the travel delay of mainline vehicles.
weighting factor for the travel delay of on-ramp vehicles.
maximum deceleration and acceleration.

minimum and maximum speeds.

initial position of vehicle i on lane .

initial velocity of vehicle i on lane .

Decision Variables

tr
0,;

Yi

terminal time when merging cooperation is finished. continuous variable.

vector of trajectory parameters of vehicle i on lane I. 6;; = [91,1',3, 012,011, Hl,ilo]T.
continuous variables.

vector indicating merge-in gap selection of on-ramp vehicle i, i € I,.

Yi =i ...,yi,|,m|+1]T in which y; ., i € I, k € I;;, equals 1, if and only if the kth
candidate merge-in gap is chosen by the i*" on-ramp vehicle; 0, otherwise. binary
variables.

Our objective is to have the two streams of vehicles merge safely and meanwhile minimize their

total delay, through planning the trajectories for all these vehicles. As introduced earlier, we are aiming

at a joint optimization task that can yield the optimal merging sequence and trajectories simultaneously.

Therefore, our decision variables include 8;;,l € L, i € I; y;, i € I; and t;. The model is detailed as

follows.

yglli'ir'ltf Win Xiely, fotf (17 - vm,i(t)) dt +wy Yier, fotf (17 - Ur,i(t)) dt (3-8)
subject to:

x1i(tr) 2 X141 () + T V40 () + 1 + 50 vieLie\{|,} (3.9)
Xiead(tr) = Xm1(tr) + T - vm1(tr) + 1, + 59 (3.10)
Xr1(tr) < %r1(0) + Lzone (3.11)
Zkert, Vik =1 Vi€, (3.12)
Vitrk < D=0 Vin vie L\{Il,1},k € Iy, (3.13)
xri(tr) = x5 ¥+ T v(tr) + L + 5o Vi€, (3.14)
Xri(tr) < [xle‘;ci:tf)]TYi =T vpi(tr) — L, — 5o viek (3.15)
x1:(t) — x1541(8) 2 1, + 50 vt € [0,tf),l € L,i € [\{|[,]} (3.16)
b<a;t)<a vte [0t leLi€] (3.17)
v=v,(t) <7 vte [0, t]leLi€l (3.18)
x,(0) — xMt =0; VIEL i€, (3.19)
v(0) — v =0; VIELi €I, (3.20)

1) Cost Function: To improve traffic efficiency, the objective function (3.8) is to minimize the

difference

between all vehicles’ speeds and the desired speed, cumulated over the entire control horizon.
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Moreover, consecutive tiny speed drops at the merging point can incur traffic breakdown [37]. Therefore,
the cost function helps avoid breakdown.

2) Terminal Constraints: Constraints (3.9) ensure that terminal spacings between vehicles within
the same lane must be greater than or equal to the distance corresponding to the minimum allowable
time gap plus a vehicle length and buffer distance. Similarly, constraint (3.10) considers that the leading
vehicle restricts the terminal position of the first mainline vehicle following behind it. In (3.10),
Xiead (tr) refers to the terminal position of the leading vehicle. Note that if the leading vehicle is planned
in the last control cycle, its trajectory is known; otherwise, it can be predicted by rolling out the car-
following model. Additionally, constraint (3.11) enforces that the merging positions of on-ramp vehicles
must be within the range of the cooperation zone, l,,,., due to the limited acceleration lane.

3) Constraints for Gap Selection: Obviously, each on-ramp vehicle can only merge into one merge-
in gap, as constraints (3.12). Moreover, because overtaking is not allowed, constraints (3.13) state that
an on-ramp vehicle can only choose a gap from the merge-in gap chosen by its preceding on-ramp
vehicle and the following upstream merge-in gaps. Note that adjacent on-ramp vehicles can choose the
same merge-in gap, i.e., it is permissible for a mainline vehicle to facilitate several on-ramp vehicles.
Furthermore, when a merge-in gap is selected, the on-ramp vehicle and two mainline vehicles ahead
and behind the selected gap are linked spatially. Correspondingly, constraints (3.14) and (3.15) impose
that at the terminal time, if the k" gap is chosen by the i*" on-ramp vehicle, both the k — 1** and k"
mainline vehicles need to spatially form a minimum distance from the i*"* on-ramp vehicle, respectively.
This minimum distance corresponds to the minimum allowable time gap plus a vehicle length and buffer
distance. Constraints (3.14) are for the spatial relation between on-ramp vehicles and mainline vehicles
behind merge-in gaps. In (3.14), the vector x,, = [xm,l(tf)v O ,m|(tf)]T contains terminal
positions of all mainline vehicles; ¥; := [y;1, ...,V 1m|]T contains all merge-in gap options except the
last one, y; 1, 1+1- Likewise, constraints (3.15) are for the spatial relation between on-ramp vehicles and
mainline vehicles ahead of merge-in gaps. The physical implication of keeping at least one minimum
allowable time gap is to smoothly switch to the car-following strategy (constant time-gap CACC or
ACC) when the merging process is completed.

4) Constraints of Collision Avoidance: During the cooperation, constraints (3.16) guarantee that
collision will not happen between vehicles within the same lane. To ensure safety at any time, rather
than only at discrete time nodes, the spacing between two trajectories, x; ; (t) — x; ;41 (t), is represented
by the Bézier basis. Thanks to its convex hull property, constraints (3.16) can be concisely expressed as
the control points of x;;(t) — x;;41(t) must be greater than or equal to the vehicle length plus the

minimum spacing. Corresponding inequality equations are written as:
Py = Pliv11 2 L, + 8o, (3.21)
P2 = Pliy12 2 Ly + 50, (3.22)
where control points are expressed as (3.6).

5) Constraints on Vehicle Speeds and Accelerations: Constraints (3.17) and (3.18) bound the
acceleration and velocity of all vehicles at any time. Because the acceleration of a vehicle is linear in
time, referring to constraint (3.3), acceleration constraints only need to be imposed at the initial time
and terminal time. Therefore, constraints (3.17) can be equivalently re-written as:

b<a,;(0)<a (3.23)
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b<a,(t)<a (3.24)

To ensure velocity constraints at any time, control points of velocity functions are restricted to the lower
and upper bounds of velocity, and constraints (3.18) are rewritten as:

V<SP, <7, (3.25)
vSP, <7, (3.26)
where control points are expressed as (3.7).

6) Constraints of Initial Conditions: The starting position and speed of each vehicle are specified
in constraints (3.19) and (3.20).

In sum, constraints (3.8-3.20) represent the proposed mathematical problem formulation.
Substantial nonlinearities exist in the cost function and the constraints. Furthermore, constraints (3.14)
and (3.15) introduce binary vectors. These render the optimization problem difficult to solve. Hence,
we propose a solution algorithm to solve it efficiently.

3.3 An Integrated Solution Algorithm

In the above, we have formulated the task of merging sequence optimization and the task of vehicle
trajectory optimization into one single mathematical model, i.e. the proposed MINLP, where 0, ;, [ € L,
[ € I}, and t; are continuous decision variables defining trajectories, and y;, i € I, are binary decision
variables defining merging sequence. When solving the proposed MINLP, the trajectory variables and
the merging sequence variables must be solved jointly, in the sense that neither of them can be
determined independently of the other or can be determined earlier than the other. Only if this can be
achieved, can we say that the proposed method is an integrated approach to optimal merging sequence
generation and trajectory planning.

(1) Overview

We present an overview of the proposed algorithm, how we simultaneously solve the merging
sequence optimization and trajectory optimization tasks in an integrated way, rather than a heuristic
two-stage approach that first deals with merging sequence optimization and then trajectory optimization.
First, for a group of on-ramp vehicles, the proposed algorithm determines their optimal merge-in gaps
one by one, starting from the first on-ramp vehicle (i.e., the most downstream one) and moving upstream.
Second, for a certain on-ramp vehicle, its optimal merge-in gap is determined from all the candidate
merge-in gaps for this on-ramp vehicle. Last, for each candidate merge-in gap, we optimize the
trajectory parameters of all mainline vehicles, this on-ramp vehicle and all the on-ramp vehicles ahead
of this on-ramp vehicle. The incurred cost is computed and recorded. Therefore, the optimal merge-in
gap can be selected as the one that has incurred the lowest cost among all the candidate gaps.

The above approach implies: 1) the results of trajectory optimization have influences on the
selection of optimal merge-in gaps, and vice versa; 2) if and only if the optimal merge-in gap for the
last on-ramp vehicle in this CAV group is determined, both the optimal merging sequence and
corresponding trajectories of all involved vehicles in this CAV group are determined jointly and
simultaneously. Neither of them can be determined independently of the other or can be determined
earlier than the other. It is in such a way that the proposed solution algorithm integrates the task of
merging sequence optimization and the task of trajectory optimization into one unified process.
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The algorithm is formally presented in TABLE 3.1, where the embedded Algorithm 2 optimizes
vehicle trajectories, which will be introduced in Section III. E.

In Section III. B., we describe in detail by a simple case how the proposed algorithm determines
the optimal merge-in gaps for a group of on-ramp vehicles one by one. In Section III. C., we explain
the advantage of such a sequential determination of on-ramp vehicles’ optimal merge-in gaps — the size
of search space can be reduced. In Section III. D., we prove that such a sequential way will indeed
generate the same optimal results as one that considers all the on-ramp vehicles simultaneously, so have
we verified by experiment in Section IV. H. Finally, in Section III. E., we present the iterative linear
programming method, which is responsible for the trajectory generation, i.e., Algorithm 2 embedded in
the integrated solution algorithm.

Table 3.1. Proposed integrated solution algorithm.

Algorithm 1. Integrated Solution Algorithm for Joint Optimization of Merging Sequence and
Vehicle Trajectories
Input: |[,;,| mainline CAVs and |I,.| on-ramp CAVs

Output: Optimal merging sequence {y7,¥1, -, ¥}
1 Algorithm 2 returns the cost and the trajectories for the first on-ramp CAV and the |I,;,| mainline
CAVs under different ¥4, to obtain y7.
2 fori:=2to|l|do
3 Algorithm 2 returns the cost and the trajectories for i (from the 15¢ to i*"*) on-ramp CAVs
and the |L,,,| mainline CAVs under different y;, with ¥, ..., ¥;_, as conditions, selecting ¥}

that yields the lowest cost.
4 end for

5 return {y3,¥5, -, Vi1, }

(2) Determining Optimal Merge-in Gaps for On-Ramp Vehicles One by One

Mixed integer problems can be solved by the classic branch-and-bound (B&B) method. However,
the size of the B&B’s solution space in this problem is 2UmI*Dlrl where |I,,| and |I,.| are the number
of mainline and on-ramp vehicles respectively. This implies that the size of the search space grows
exponentially as the number of involved vehicles increases. To overcome this issue and exploit the
characteristics of the merging scenario, the proposed process determines the optimal merge-in gap for
each on-ramp vehicle one by one, starting from the first (i.e., the most downstream) on-ramp vehicle
and moving upstream.

Specifically, in the first step, all the combinations of ¥, i.e., all possible merge-in gap selections
for the first on-ramp vehicle, are enumerated, and the trajectories of the first on-ramp vehicle and all
mainline vehicles are planned under each combination to determine y7. Then, the first and the second
on-ramp vehicles and all the mainline vehicles are planned conditioning on y; to determine y7.
Analogously, the first to the i*" on-ramp vehicles and all the mainline vehicles are planned conditioning
onyj, .., ¥i_; to determine y;. This process terminates until the best merge-in gap selection of the last
on-ramp vehicle, i.e., yr,ﬂ, is decided.

Take the example of there being two mainline and two on-ramp vehicles in a control cycle. The
corresponding searching process for this example is illustrated in Fig. 3.3. Obviously, there exist three
merge-in gaps for merging vehicles because there are two mainline vehicles. Fig. 3.3(a) depicts that all
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possible merge-in gaps of the first merging vehicle will be enumerated to find y3. Fig. 3.3(b) shows
that all the three possible gaps need to be searched again for the second merging vehicle if the first
merging vehicle chooses the first gap, i.e., ¥; = [1,0,0]7. Similarly, Fig. 3.3(c) illustrates that the
search space of the second merging vehicle narrowed to two options when the first merging vehicle
chooses the second gap. Lastly, Fig. 3.3(d) shows that the second on-ramp vehicle has only one merging
order option, i.e., [0,0, 1]7, if its leading on-ramp vehicle chooses the last merge-in gap. In Step 3 of
Algorithm 1, when determining the merging sequence of the remaining vehicles, the merging sequence
of the preceding vehicles has already been fixed, but their trajectories would be replanned to obtain a
unified t; and optimal trajectories for all vehicles. Moreover, under Algorithm 1, thanks to the
sequential determination of optimal merge-in gaps for the on-ramp vehicles described above, the
original MINLP is reduced to nonlinear program (NLP) to optimize vehicle trajectories, as in Step 1
and Step 3 of Algorithm 1.

(a) (b)
m m

[1,0,0] [0, 1, 0] [0,0,11 Y4 [1,0,0] [0, 1, 0] [0,0,11 ¥4

;o

[1,0,0] [0, 1, 0] [0,0, 1] Y2
A A

[1,0,0] | [0,1,0] [0,0,1] Y4 [1.0,0]  [0,1,0]  [0,0,1] Y4
[0,1,00  [0,0,1] V> [0,0,11 V>

Figure 3.3. The search tree of merging sequences.

(a) the search space for the first on-ramp vehicle; (b) (c) (d) three possible search cases for the
second on-ramp vehicle

(3) Reduced Search

The proposed optimal sequential searching process can efficiently reduce the search space due to
the following three reasons. First, the number of combinations of y;, i € I, is |I,]| + 1 since (3.12)
imposes that only one element in [y; 1,V 2, -, Vi) ,m|+1]T can be one. This greatly reduces the solution
space from 2!/!* to |I,,,] + 1 for on-ramp vehicle i. Hence, for all |I,| on-ramp vehicles, the search
space is reduced to (|I,,,| + 1!, instead of 2(mI* DIl Second, (3.13) indicates that an on-ramp
vehicle can only select the same mainline gap chosen by its preceding on-ramp vehicle or the following
gaps. In other words, an on-ramp vehicle cannot choose a mainline gap downstream of the mainline gap
chosen by its preceding on-ramp vehicle. Third, as presented in Algorithm 1, the merging sequence is
sequentially solved from y, to ¥, so that a tree-structured search space is constituted, and the tree’s
depth is |I.|. As an illustration, Fig. 3.3 shows a tree with depth two when there are two mainline and
two on-ramp vehicles.

(4) Optimality

Now we prove that the proposed optimal sequential searching process can indeed generate the
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optimal merging sequence. To this end, rather than work with the original objective function, (3.8), we
instead work with an equivalent objective function:

YLYe Y} = argminz' tmi + Z trj» (3.27)
Y1V |1y S P JEIy

where t,, ;, t, ; are the travel time of the it"* mainline vehicle and the jt"* on-ramp vehicle, respectively.
m,i» tr,j J) p p y

To see the equivalency between (3.8) and (3.27), first we note that (3.8) is actually to maximize
the speeds of all the vehicles over the whole cooperation zone. This is because in (3.8), although the
time to complete the cooperative merging maneuver, tf, is not pre-determined, but before this time, all
the vehicles will try to stay close to the maximum speed, ¥, and after this time, all the vehicles will
traverse the remained part of the cooperation zone at the maximum speed, ¥. On the other hand, (3.27)
minimizes the total travel time of all the vehicles over the whole cooperation zone, which is equivalent
to maximizing the speeds of all the vehicles over the whole cooperation zone.

Note that (3.27) does not explicitly involve the continuous decision variables, t and 8, ;, but only
the binary variables y;, i € I,., which will greatly simplify the following analysis. This is justified
because, per the proposed optimal sequential search algorithm, to determine y;, i € L., for every
enumerated y;, i € I, tr and 6;; will be solved from a nonlinear program to be explained in Section

IIL.B., so the associated trajectory cost can be computed; y; will then be determined after all the
enumerations.

Now we utilize the characteristics of single-lane merging problem to derive a necessary condition
for the optimality of (3.27). In below, we claim this necessary condition and then prove it.

Proposition 1: The merge-in gap selection of an on-ramp vehicle can be optimal only if the merge-
in gap selections of all the preceding on-ramp vehicles are optimal. That is, ¥, ..., ¥p—1 is a necessary

condition for yy,, Vp € I,..

Proof: 1t is straightforward that after merging, mainline and on-ramp vehicles form a platoon,
which means that at this time, the leading vehicle of an on-ramp vehicle is either its initial preceding
on-ramp vehicle or a mainline vehicle, and the same goes for the leading vehicle of a mainline vehicle.

Therefore, the relation between the travel time of two consecutive vehicles after merging is given by
(3.28) and (3.29).

tyj+1 = trj + min{t, 70} or tp,; + min{t, 7o} (3.28)
tmi = tm,i—1 + min{t, 70} or t, ; + min{t, 7o}, (3.29)

where 7 is the minimum allowable time gap; 7, is initial time gap between these two vehicles.
(3.28) and (3.29) indicate that the travel time of a vehicle is dependent on its leading vehicle. Moreover,

(3.28) consists of two cases. In the first case, the j** on-ramp vehicle is the leading vehicle of the j +
1" on-ramp vehicle, and therefore, the optimal t,, j» tr.j» is the necessary condition for t; ;. In the
second case, the leading vehicle is the i*" mainline vehicle. Likewise, t; ;,, requires ty, ;. Then, ty,;
implies t; ; because the jt" on-ramp vehicle must be downstream of the i*" mainline vehicle, as
reflected by (3.29). Therefore, in both cases, t; ; is a necessary condition for t; ;.. Similarly, a

necessary condition for t,, ;.1 1Sty ;.

Based on the necessary condition and the assumption that 7, ..., ¥5_; corresponds to minimum
ry p Y1 p-1 p
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lel;’f tmi + 25):_11 trj, we deduce that theys,...,¥,—1 is a necessary condition for y;. Therefore,
Proposition 1 holds. o
The above necessary condition leads to the proposed sequential searching algorithm, which

iteratively solves problem (3.30) for each on-ramp vehicle, from the most downstream on-ramp vehicle
to the most upstream on-ramp vehicle, to determine the optimal merging sequence and the trajectories.

[Tl p
Vi 0 Vp = argminE tmi + 2 trj (3.30)
VoY 73 =1 ’

subject to: ¥4 = ¥1, -, ¥p-1 = Vp-1; VD € I,

Problem (3.30) can be considered as to determine the optimal merge-in gap of the p** on-ramp vehicle,

[Tl
~

¥p, conditioning on fixed 77, ... ¥—1. We have adde over ¥;,, L € I, to be rigorous, i.e., to honour

the subtle fact that although problem (3.30) is the consequence of a necessary optimality condition of
problem (3.27), but they are two different problems. In Appendix A, we offer an alternative way to show
Proposition 1.

(5) An Iterative LP Method for Solving the NLP Trajectory Planning Model

Integer variables are searched by above sequential searching algorithm, but each subproblem in
the search tree is still nonlinear w.r.t. the continuous variables 6;; and t;. It can be observed that the

cost function (3.8) and constraints (3.9-3.20) are linear combinations of nonlinear (3.3, 3.6, 3.7).

However, (3.3, 3.6, 3.7) can be treated as linear functions with respect to 8,; if tf is known. Based on
this point, each node in the search space can be seen as a LP problem when a feasible ¢f is given.
Therefore, the gradient descent method is adopted to iteratively update t;. Concretely, the LP
subproblem associated to the t]f in kth iteration is first solved to obtain the optimal B{fi, and then the
resulting objective value can provide gradient direction for the subsequent t}‘“ update. The detailed

procedure to solve each subproblem is summarized in Table 3.2. We can see that the gradient of
objective function is calculated numerically, and the step size is determined with the Armijo rule.

Table 3.2. The iterative LP method

Algorithm 2. An Iterative LP Method for Trajectory Optimization
Input: A node 0 in the search tree

Output: Optimal time tf; trajectories 8] ;; cost value J* for node &
k<0

Given a feasible t¢, solve 3 to obtain J°.

Repeat
Given t}c‘, solve 0 to obtain the 0{“1- and the cost value J (t}f )

Given t}c‘ + €, solve 0 to obtain the cost value | (t}‘ + e)
d¥ « —((tf +€) - JtF)/e

Pick step size a® according to the Armijo rule.

tf* — tf + akdk

Given tf**
10 ke—k+1
11 until [J* — %1 > ¢

12 returnt; « tf, 0;; < 07, ] < J¥

Lis

0 N N AW N

O

, solve 8 to obtain J*+1
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(6) Recursive Implementation for Feedback

In practical implementation, it is crucial to deal with various disturbances that may occur, such as
variations in vehicle speed or unexpected events such as vehicles abruptly changing lanes from other
main lanes. Therefore, a feedback loop is necessary to deal with these disturbances.

To this end, the trajectories of CAV groups that have passed the trigger point (TP) are updated
periodically. Specifically, within a predefined update interval, denoted as t,,;,, the proposed approach
replans trajectories based on the updated surrounding vehicles information, including their positions
and speeds. This process continues until the cooperative merge task is successfully completed.

3.4 Numerical Experiments

To evaluate the proposed methodology, the computational experiments are performed on a
workstation (16 cores of CPUs; 3.2GHz). The mathematical models and algorithms proposed in this
study are implemented in Python (CasADi).

(1) Experimental Settings

Experiments are simulated in SUMO1.14, a microscopic traffic simulation tool. The SUMO
internal model, the Wiedemann 99 model, is applied to simulate the car-following behaviour. The
adjusted driving behaviour and vehicles’ parameter values are listed in Table 3.3. All other parameters
assume default values.

Table 3.3. Parameter setting

Parameter Value Unit
Vf 120 km/h
a 2.75 m/s?
b 2.75 m/s?
So 1.5 m
L, 4.37 m
T 1.5 S

As shown in Fig. 3.4, the simulated freeway segment consists of one mainline lane and one on-
ramp. The mainline is 4.1 kilometres long, which contains a 2-kilometer ‘warm-up’ segment. The
cooperation zone, which includes the merging and preparation sections, is 800 meters long. The so-
called preparation section is from the on-ramp node up to the position in the mainline as a mapping of
the trigger point in the on-ramp. The downstream segment is 1.5 kilometres, so that affected road
sections are fully covered.

Warm-up segment Cooperation zone Downstream segment
1.5km

- 2km D 800m ”

—

Figure 3.4. Road setting.
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To evaluate the effectiveness of the proposed method, we test different combinations of
mainline/on-ramp demand ratio and the total demand. The three tested mainline/on-ramp demand ratios
are 4/1, 3/1, and 2/1. The four tested total demand values (1932, 2082, 2147, 2190) are respectively
90%, 97%, 100%, and 102% of the theoretical capacity. Therefore, in total there are 12 scenarios to be
tested. The experiment for each scenario runs for one hour in SUMO.

The proposed method is compared with three baseline methods to evaluate its performance:

o  VROCP: the virtual rotation optimal control problem. First, the merging sequence is determined
by a heuristic first-in-first-out way, and then the optimal control is applied to generate optimal
vehicle trajectories (Zhou et al. 2018).

e FTOCP: the fixed-time optimal control problem. First, a vehicle sequence is determined using
the FIFO method, and then trajectories are planned over a fixed merge time.

e MCTS-DA: Monte Carlo Tree Search-based decomposition algorithm to find the optimal
vehicle sequence. The time-optimal merge sequence is obtained by repeatedly solving a mixed
integer programming model using the MCTS method (Tang et al. 2018).

(2) Cooperative Merging in the Presence of a Metering Signal

Ramp metering signal control (one-car-per-green) can make on-ramp vehicles arrive uniformly at
the event trigger point to avoid inputting large disturbances to the mainline. Both the proposed approach
and the benchmark method, VROCEP, are tested assuming the presence of such a ramp metering signal
control. The results are in Table 3.4. The third and fourth columns present travel delays of the two
methods, respectively. The last column shows the percentage of reduction of delay.

Table 3.4 shows that the proposed approach has similar travel delay to VROCP when the
mainline/on-ramp demand split ratio is 4:1. On the other hand, the proposed approach has significant
improvement when the split ratio is 3:1 and 2:1.

When the ratio is 4:1, on-ramp vehicles are sparsely distributed. There is little mutual influence
between on-ramp vehicles, and adjacent on-ramp vehicles do not affect the choice of each other’s
facilitating mainline vehicles. The proposed approach chooses the same merging sequence, i.e., FIFO
as VROCP does. Therefore, both methods yield similar delays.

When the on-ramp demand is high, with a ratio of 2:1, intense interactions occur. This means that
the arrival of the following on-ramp vehicles coincides with the ongoing merging and deceleration
process of the preceding on-ramp and mainline vehicles. As a result, more severe slowdowns and a
significant increase in delay occurs.

In this intensive interaction scenario, the delay improvement (D. I.) becomes much more evident,
due to the multi-vehicle cooperation advantage of the proposed model. More specifically, the proposed
model considers cooperation between two streams of vehicles, rather than just one on-ramp vehicle
merging into two mainline vehicles. For example, a facilitating mainline vehicle can create a large gap
to accommodate multiple on-ramp merging vehicles as a group to minimize the overall delay.
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Table 3.4. Total travel delay comparison with ramp metering

Mainline/ Total Demand Proposed VROCP D.I.
On-Ramp (veh/hour) Dy (s) D, (s)
Demand Ratio
4:1 1932 § 828.4 832.5 0.5%
4:1 2082 i 886.1 909.8 2.6%
4:1 2147 : 915.2 922.9 0.8%
4:1 2190 938.0 948.5 1.1%
3:1 1932 | 912.1 918.7 0.7%
3:1 2082 E 11153 1244.3 10.4%
3:1 2147 i 1182.8 1310.8 9.8%
3:1 2190 1226.3 1413.3 13.2%
2:1 1932 i 956.0 956.57 0%
2:1 2082 : 1182.8 24323 51.4%
2:1 2147 2981.8 4048.2 26.3%
2:1 2190 5 3362.4 4212.7 20.2%
Note: (1) Dy and D, refer to total travel delay by the proposed approach and VROCP, respectively; (2)

D 1. refers to delay improvement and is defined as D.1.:= DzD—Dl_
2

(3) Cooperative Merging Without a Metering Signal

Without metering control, on-ramp vehicles arrive at the on-ramp randomly, so they may form a
big disturbance to the mainline traffic. In this case, we also compare the proposed approach with
VROCP under the same traffic conditions.

Table 3.5. Total travel delay comparison without ramp metering

Mainline/ Total Demand Proposed VROCP D.I.
On-Ramp Demand Ratio (veh/hour) Dy (s) D, (s)

4:1 1932 : 1658.1 1958.1 15.3%
4:1 2082 : 1866.7 2203.1 15.3%
4:1 2147 § 1916.9 2242.6 14.5%
4:1 2190 ; 2008.3 2366.3 15.1%
3:1 1932 ; 2061.3 2355.4 12.5%
3:1 2082 5 2704.1 3065.1 11.8%
3:1 2147 5 2976.2 3484.7 14.6%
3:1 2190 i 3150.1 3590.7 12.3%
2:1 1932 i 1989.5 Failure —
2:1 2082 § 3199.7 Failure —
2:1 2147 4235.4 Failure —
2:1 2190 : 4962.9 Failure —

Note: (1) Dy, D, refer to total travel delay; (2) D.1.:= DZD;ZDl.

From Table 3.5, we see that travel delay increases both as the inflow demand increases and as the
number of on-ramp vehicles increases. Also, the proposed approach has at least an 11% improvement
over the baseline under any condition. Moreover, when the split ratio is 2:1, VROCP would even lead
to collisions because it only considers the leading mainline vehicle and ignores the leading on-ramp
vehicle when planning trajectories.

In addition to delay reduction, the proposed approach also reduces the variation of speed (VS).
High VS is found to be a precursor of collision accidents (Aashto (2001); Lee et al. (2003); Lee et al.
(2005)). To illustrate the improvement in VS achieved by the proposed approach, we compare the speed
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contour achieved by the proposed approach with the speed contour achieved by the SUMO default
control. The evaluation time-space region is specified as [1800, 2500] sec x [1500, 3500] m.

Fig. 3.5(a) is the speed contour of the SUMO default control. The intersection of mainline and
ramp is at 2.0 km, and we can observe that speed fluctuation starts from here and extends to the
downstream, with significant velocity drops at 1900 and 2350 seconds. Fig. 3.5(b) presents the speed
contour plot of the proposed approach. We see that deceleration occurs at 1.5 km since the event trigger
point is set there. Obviously, the proposed approach can mitigate speed variance. As a result, VS and
travel delays are all reduced.

35
325
3.0
30.0
2.5
2.0 27.5
_ ¥
= 15 25.0E
= 1800 1900 2000 2100 2200 2300 2400 2500 —
(=] )
s 33 2252
S >
< 3.0
20.0
2.5
20 17.5
15 15.0

1800 1900 2000 2100 2200 2300 2400
Time [s]

Figure 3.5. Speed contour in the mainline

(a) with SUMO default control; (b) with the proposed approach.

In addition to traffic efficiency, we validate that the proposed approach guarantees CTH rules since
safety is an essential consideration. Fig. 3.6 shows the time gap statistics for all CAVs at multiple
locations on the mainline in a one-hour simulation period. Fig. 3.6(a) illustrates time gap distributions
under the SUMO default behaviour, and we can observe that time gaps downstream of the 2.0 km
location are much less than the desired time gap (1.5s) and even close to 0, which is risky and
unreasonable. On the contrary, under the control of the proposed approach, time gaps can always be no
less than the desired gap as shown in Fig. 3.6(b). Fig. 3.6(b) also indicates that before vehicles drive
through the trigger point (at 1.5 km location), the initial time gaps are concentrated around 2.2 seconds.
Over the coordination zone, i.e., from 1.5 km to 2 km, some of the time gaps increase to between 3 and
4 seconds, which corresponds to the slowing down of the facilitating mainline vehicles to generate gaps
for the on-ramp traffic; downstream of the 2.0 km location, the gaps reduce to around 1.5 seconds
because the on-ramp merging vehicles have merged into the mainline.

(4) Analyses on Vebhicles’ Trajectories

One advantage of the proposed model is the ability to allow multiple on-ramp vehicles to merge
into the gap between two mainline vehicles rather than to allow only one on-ramp vehicle, which can
be clearly demonstrated by plotting individual trajectories.

As shown in Fig. 3.7 (a), the second and third on-ramp vehicles choose to merge in between the
second and the third mainline vehicles when the initial positions of these two on-ramp vehicles are
exactly between these two mainline vehicles, and there is not much difference in all vehicles’ velocities.
The third mainline vehicle carries out a larger slowdown to generate a larger gap. However, as illustrated
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by Fig. 8 (a), the third on-ramp vehicle merges behind the third mainline vehicle when the initial speed
of the third on-ramp vehicle is low. This is reasonable because when the initial speed of a merging
vehicle is close to mainline vehicles’ speed, if a far upstream mainline vehicle is selected as a facilitating
vehicle, the on-ramp merging vehicle will have to wage an extra deceleration and then acceleration in
order to wait for the arrival of the mainline facilitating vehicle. Thus, nearby mainline vehicles should
be chosen. Conversely, when the initial speed of a merging vehicle is low, choosing a nearby mainline
vehicle to generate a gap would cause significant speed drop of facilitating and its following vehicles.
Consequently, a relatively more upstream mainline vehicle should be selected, and the on-ramp vehicle
could accelerate first to mitigate this negative effect. Chen et al. (2021)’s results drew similar
conclusions: When the on-ramp vehicle’s speed is low, it would merge to the back of mainline platoon.
When the on-ramp vehicle’s speed gets close to mainline vehicles’ speeds, the mainline vehicle close
to the initial position of the merging vehicle is selected. Speed profiles, shown in Fig. 7 (b) and 8 (b),
are parabolic or linear, because we describe the trajectory by cubic polynomial functions. Similarly,
acceleration trajectories, shown in Fig. 7 (c) and 8 (c), are linear or constant. The upper and lower limits
of the state variable velocity and the control input acceleration are always obeyed at any time instant.

4. (a)

IR ET

1.3 15 1.7 1.9 21 23 25 2.7 29 3.1
(b)

2’ é © o ) ) ° °

Time gap [s]

1.3 15 1.7 1.9 21 23 25 27 29 31
Distance [km]
Figure 3.6. Time gap distribution in the mainline

(a) with SUMO default control; (b) with the proposed approach.
5) The effect of the Length of the Cooperation Zone
g P

We are interested in the impact of different lengths of the cooperative zone on ramp merging. Thus,
we test the safety and traffic efficiency of our proposed model and the baseline model under a 350-
meter-long, 325-meter-long, and 300-meter-long zone (including the acceleration lane), respectively.
Table 3.6 summarizes the average time gap between merging and facilitating vehicles, and the total
travel delay, resulting from the proposed approach and VROCP, under different lengths of the
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465  cooperation zone.
466 From Table 3.6, we see that the baseline method, i.e., VROCP, achieves desired time gap (no less
(a) (b) (c)
20 —_— mam:!neive:g ””””” —_ ,
— manine e - W 2 L
E18jzzomer £ L
g | s [T s —
216 e R = = il
;.j —— mainline_veh2 o 1 P —— mainline_veh2
mainline_veh3 (0] mainline_veh3
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Sl | X727 2 meene
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Figure 3.7. Vehicle trajectories for the high on-ramp vehicle’s speed scenario
(a) positions; (b) speeds; (c) acceleration.
(c)
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Figure 3.8. Vehicle trajectories for the low on-ramp vehicle’s speed scenario
(a) positions; (b) speeds; (c) acceleration.
467  than 1.5 seconds) when the cooperation zone is sufficiently long (350m). However, when the zone
468  reduces to 325m, VROCP cannot guarantee the safe time gap anymore and significantly increases travel
469  delay. Moreover, VROCP would lead to accidents when the zone further reduces to 300m. In contrast,
470  the proposed approach still ensures the target time gap even when the zone is so short that the baseline
471  fails. Inevitably, travel delay would increase as zone shortens.
472 Table 3.6. Safety and delay comparison with different cooperation ranges
. Proposed VROCP
Cooperation Zone [m] _ P _
7[s] D[s] 7[s] D|s]
350 1.50 1186.95 1.66 1311.78
325 1.50 1292.37 1.47 1714.62
300 1.50 1998.20 Failure Failure
473 Note: (1) T refers to mean time gap, (2) D refers to total travel delay.
474 The reason why the proposed approach can ensure safety in the limited ramp length case is that
475  we formulate the constant time headway rule for terminal spacing between vehicles as hard constraints,
476  while the baseline method puts the terminal spacing between on-ramp vehicles and facilitating vehicles
477  inthe objective function, which leads to unsafe solution in restricted scenarios. Furthermore, when the
478  cooperation zone is short, the cooperation pair chosen by FIFO cannot generate enough space for
479  merging, but in contrast, the proposed approach can choose an upstream mainline vehicle to generate a
480  feasible gap in advance albeit at the cost of on-ramp vehicles’ delay.
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(6) The Effect of Weight Factors
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The effect of weighting factors, i.e., w,,, and w;., on travel delay is investigated. Five combinations
of (w,,, w,.) are tested: (0.1, 0.9), (0.3, 0.7), (0.5, 0.5), (0.7, 0.3) and (0.9, 0.1). A total of 300 mainline

and 150 on-ramp CAVs enter the simulation within 15 minutes.

9.8 1 —e— Total delay of all CAVs
—A— Total delay of mainline CAVs

9.6 1
-#l- Total delay of on-ramp CAVs
©n 9.4
>
m 1 L4
g 9.2 &\\ .:
< 9.0 >

8.6' ""

8.41 "

% \\ .““
£ 8.8 A

(0.1, 0.9) (0.3, 0.7) (0.5, 0.5) (0.7, 0.3) (0.9, 0.1)

(Wm: WI‘)

Figure 3.9. Travel delay under different combinations of (W, w;)

As shown in Fig. 3.9, increasing wy, can reduce the delay of mainline CAVs. Similarly, increasing

w, reduces the delay of on-ramp CAVs. In addition, when w,, is equal to w,., the objective is to

minimize the delay of all CAVs, and therefore the minimum total delay of all CAVs is obtained under

the case.

(7) Computational Efficiency

The computation time of different numbers of mainline vehicles and on-ramp vehicles is tested.

The tested numbers of mainline vehicles are 1, 5, 10, 15, and 20, and the tested numbers of on-ramp

vehicles are 1, 2, and 3.

As aresult, Fig. 3.10 shows that with 20 mainline vehicles and 1 on-ramp vehicle, the computation

time is 0.63 seconds. With 20 mainline vehicles and 2 on-ramp vehicles, the computation time increases

to 1.1 seconds. Similarly, with 20 mainline vehicles and 3 on-ramp vehicles, the computation time

increases further to 1.8 seconds.
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Figure 3.10. Computation time of various mainline and on-ramp CAVs number

We can see that the proposed method can handle a large number of mainline vehicles within 1
second, but the computation time increases quickly as the number of on-ramp vehicles increases. This
result is consistent with the analysis of the search space of the vehicle sequences in Section III.B. That
is, the search space is (|I,,| + 1)|IT|. As the number of on-ramp vehicles increases, the size of the search
space grows exponentially. This means that increasing the number of vehicles on the ramp will have a
greater impact on the computation time. Nevertheless, in most practical ramp merge scenarios, the
number of ramp vehicles is usually less than the number of mainline vehicles.

(8) Real-world Data Validation

The proposed method is validated using real-world data from the Next Generation Simulation
(NGSIM) Open Data, specifically the Interstate 80 (I-80) Freeway Dataset (U.S. (2016)) , which
contains ramp merge scenarios. We extract both on-ramp vehicles and the rightmost mainline vehicles
from the I-80 dataset, resulting in a total of 850 vehicles observed over a 45-minute period. These
vehicles enter the simulation with the initial position and speed provided by the dataset and then are
guided through the cooperative merging zone under the control of the following different methods: the
proposed approach and the three alternative methods for comparison, namely, MCTS-DA, VROCP, and
FTOCP. We compare the performance of the proposed approach with these alternative methods in terms
of travel delay and total computation time.

Table 3.7. Performance comparison on real dataset.

Proposed Enumeration FIFO-OCP FT-OCP
D (s) 469 469 562 666
Dy (5) | 285 285 411 456
cis) | 13.9 441 5.9 3.9

Note: (1) D refers to total delay of all vehicles; (2) Dy, refers to total delay of mainline vehicles, (3) C
refers to total computation time.

As shown in Table 3.7, the proposed approach outperforms the three alternatives. Specifically, the
proposed approach achieves the same total travel delay as MCTS-DA, which can also obtain the time-
optimal vehicle sequence by enumerating all vehicle sequences and repeatedly solving a MILP model
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to obtain the travel time of vehicles. However, the proposed approach requires way less computation
time than MCTS-DA thanks to the reduced search space of the proposed method. The other two
alternatives, VROCP and FTOCP, spend less total computation time, but their travel delays are larger
because they do not allow for flexible merging sequence and merging time, respectively. In addition,
the lower total delay of mainline vehicles shows that the better merging sequence mitigates the impact
of on-ramp vehicles on mainline traffic. In the 45-minute traffic simulation, the accumulated total
computation time differences between the proposed method and these two alternative methods are 8
seconds and 10 seconds respectively, but during this time, each method is triggered and solved for many
times, and the single computation time difference is only at the magnitude of 0.1 seconds on average.

(9) Impact of Human-driven Vehicles on CAVs

We use a real lane-changing trajectory of a human-driven vehicle (HDV), followed by two
mainline CAVs and an on-ramp CAV. Every 0.5 seconds, the model would re-plan these three CAVs
based on the updated information of the human-driven vehicle. At each replanning step, the future speed
of the human-driven vehicle is assumed to remain its current speed, a typical treatment in relevant
studies. The below results show that the proposed approach successfully fulfilled the merging task under
the influence of an uncontrolled, perturbing HDV.

18+
7
164 7 / .
~ / * .
E RN
* .
> -
E14 S~ ‘/ .
o ‘/ o
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Figure 3.11. Merging speed profile for the unexpected lane change
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Figure 3.12. Merging position profile for the unexpected lane change
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As depicted in Fig. 3.11, the human driver initiates the lane change at a higher speed than the
vehicles in the target lane and then gradually reduces the speed back to normal. The following mainline
CAV first reduces speed slightly and then gradually accelerates to achieve the desired spacing with the
leading human-driven vehicle. Similarly, the merging CAV also undergoes a noticeable deceleration to
achieve sufficient merging distances (33m) to the leading and following mainline CAVs, respectively.
Eventually, the speeds of all the CAVs reach the steady-state speed of the leading human-driven vehicle.

3.5 Summary

In this chapter, we model the task of cooperative merging of an on-ramp CAV stream and a
mainline CAV stream at a freeway on-ramp merging section as a mixed integer nonlinear programming
problem that guarantees safety and enjoys high-quality vehicle trajectories. The total travel delay is
minimized by simultaneously optimizing the merging sequence and the continuous-time vehicle
trajectories. Such a treatment can avoid generating a merging sequence that would result in infeasible
or low-quality trajectories. Moreover, the merging positions and time are outcomes of the optimization
model rather than heuristically pre-defined. In addition, trajectories are described in continuous-time
form so that safety is guaranteed at any time.

To efficiently solve the proposed MINLP model, on-ramp merging vehicles’ optimal merge-in gaps
are determined one by one. This sequential search process was built based on a necessary condition of
optimality of the proposed MINLP model which we identified and proved. Therefore, the sequential
search process can generate the true optimal merging sequence, that is, the one that is obtained by
considering all the on-ramp merging vehicles together. Thanks to the sequential feature, the search space
is significantly reduced. Subproblems are NLP and are efficiently solved by the iterative LP method to
generate planned trajectories.

The traffic efficiency, safety and computational efficiency of the proposed approach are
demonstrated under different traffic conditions and compared with three alternative methods on the
NGSIM dataset. In addition, the impact of the length of the cooperative zone and the weighting factors
on the traffic efficiency and safety is investigated. The computational efficiency is also evaluated.
Furthermore, the proposed method is implemented in a feedback loop to complete the cooperative
merging task under a real HDV trajectory.
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Chapter 4
Decomposition of Vehicle Scheduling and

Trajectory Planning

This chapter formulates the problem of merging on-ramp CAV flows into multiple mainline CAV
flows as an MINLP model, which considers spatiotemporal relationships between vehicles, vehicle
kinematics, and road geometry, with the aim of maximizing traffic efficiency, avoiding unnecessary
lane changes, and generating the smoothest vehicle trajectories. there is a notable absence of fast
solution algorithms for the joint decision-making concerning lane changes, vehicle sequences, and
trajectories. The computational challenges posed by complex mathematical models, coupled with
stringent real-time requirements, lead many studies to rely on heuristic rules or simplified surrogate
motion planning for lane-changing and sequencing decisions. These approaches often yield suboptimal
solutions (e.g., Hu and Sun, 2019). Additionally, enumeration methods, though commonly employed in
small-scale multi-vehicle games, inevitably lead to significant computational delays (e.g., SHang et al.,
2021; Yang et al., 2023).To efficiently solve the proposed MINLP model, we develop a decomposition-
based solution algorithm to decouple the integer programming model and nonlinear programming
model. This chapter is organized as follows. Section 4.1 formulates the problem of cooperative lane
changes and merging of mainline and an on-ramp traffic streams at a multi-lane freeway on-ramp
merging section as an MINLP model. Sections 4.2 develops a computationally efficient decomposition-
based algorithm to solve the model. Section 4.3 presents the simulation setup and validates the proposed
method through numerical experiments. Section 4.4 concludes this study.

4.1 Model Formulation

Section 4.1 first introduces the problem background, i.e., the merging scenario. Before formulating
a mixed-integer nonlinear programming (MINLP) model for the cooperative merging problem at
multilane freeway merging sections in Section 4.4, Sections 4.2, and 4.3 give mathematical descriptions
for vehicle scheduling, and vehicle trajectories used in the model formulation, respectively.

(1) Multilane Freeway Merging Scenario

Figure 4.1 illustrates a typical freeway on-ramp merging section that consists of two mainline lanes
(an inside lane and an outside lane) and an on-ramp lane connected with an acceleration lane. Multiple
vehicles drive on the two mainline lanes, and several on-ramp vehicles intend to merge into the freeway.
As shown in Figure 2, the merging section also includes a roadside unit (RSU) and a trigger point.
Specifically, the trigger point is located on the on-ramp lane to trigger the controller (i.e., the proposed
optimization model) when an on-ramp vehicle arrives; the RSU is placed upstream of the intersection
between the outside mainline lane and the on-ramp lane to collect vehicle information, execute specific
controllers, and send commands to vehicles. Before any vehicle passes the trigger point, all vehicles
operate in a car-following mode. When an on-ramp vehicle passes the trigger point, the RSU initiates a
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610  control cycle. Within this control cycle, the on-ramp vehicle that passes the trigger point, along with the
611  following on-ramp vehicles and nearby mainline vehicles are grouped together to form the current
612  planned connected automated vehicle (CAV) group. These CAVs in the current control cycle no longer
613  operate in the car-following mode but follow the recommended controller instructions to execute the
614  lane-changing and merging manoeuvres and planned trajectories. After completing commands, these
615  CAVs revert to the car-following mode. Here, note that to avoid the risk associated with both lane-
616  changing and merging manoeuvres occurring in the same area, these two types of manoeuvres are
617  executed separately in their respective lane-changing and merging area. In order for CAVs to obey this
618  separate execution rule, the corresponding mathematical expression is incorporated into our proposed
619  model.

620
|<— Lane-changing area —>|<; Merging area —»I
[ (] = (D ™ [ Lane 3, inside lane
X [ -i’ BE ™ X [ Lane?2, outside lane
= ¥ | Lane 1, on-ramp and acceleration lane
— . Trigger point
= RSU
[ Uncontrolled car-following CAVs
B Planned CAV group in the current control cycle
621 [ Planned CAV group in the previous control cycle
622 Figure 4.1. The multi-lane freeway on-ramp merging scenario.
623 Two assumptions used in this study are summarized as follows. The first assumption is that this

624  study allows for a fully CAV environment, which is widely used in the existing literature (e.g., Yang et
625  al, 2022; Chen et al., 2023). In this case, all CAVs within a group share kinematic information and are
626  fully controllable. The second assumption is that the aforementioned lane-changing area adopts a one-
627  side lane-changing prohibition rule, which allows CAVs in the outside lane to change lanes to the inside
628  lane once, while prohibiting CAVs in the inside lane from changing lanes to the outside lane. This
629  assumption is also widely used in literature, such as Hu and Sun (2019), and can help increase the safety
630  of the entire system.

631  (2) Mathematical Description for Vehicle Sequences and Lane Changes

632 As depicted in Figure 4.2, let L: = {1, 2, 3} denote the set of lanes, where indices 1, 2, and 3
633  correspond to the on-ramp, outside lane, and inside lane, respectively. Let [; represent the set of planned
634  vehicles initially in lane [ (I € L) within a control cycle, which implies that lane [ initially has |;|
635  planned vehicles within the control cycle. In addition, two dummy vehicles are conceptually positioned
636  after the last planned vehicles in outside and inside lanes, respectively, indexed as |I,| + 1 and |I3] + 1.
637 It should be noted that dummy vehicles are just for model formulation. We therefore have an extended
638  setl =L u{|L|+1},1€{23}
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EX Leading CAVs
BB Planned CAV group in a control cycle
T13 Dummy tail CAVs

Candidate gaps

Trigger point
= RSU

Figure 4.2. Schematic illustration of vehicles and candidate gaps in a control cycle.

Lane [, [ € {2,3}, has |[;| planned vehicles and a dummy vehicle, resulting in a total of |I;| + 1
candidate gaps in front of |I;| + 1 vehicles. Hence, selecting a gap from candidate gaps to merge or
change lanes can be regarded as selecting a facilitating vehicle from |I;| + 1 vehicles. Finally, the
current control cycle also includes two leading vehicles whose trajectories are planned in the last control
cycle, each located in front of the first planned vehicles in their respective lanes. Since these two leading
vehicles are already planned in the last control cycle, they are not planned again in the current control
cycle.

To establish vehicle sequences driving through the end of the freeway merging area, each on-ramp
vehicle must select one outside-lane vehicle (including the dummy vehicle) acting as its facilitating
vehicle. Similarly, outside-lane lane-changing vehicles must also select inside-lane vehicles (including
dummy one) as facilitating vehicles. Here, note that choosing the dummy vehicle is intended to follow
the last outside-lane (or inside-lane) vehicles. Also, a facilitating vehicle can help multiple vehicles to
cut in. Let a; j represent a binary variable, which equals 1 if and only if on-ramp vehicle i, i € I,
chooses the j™ outside-lane vehicle, j € I3, as its facilitating vehicle for merging, and equals 0
otherwise. Similarly, f; j is defined as a binary variable, which equals 1 if and only if outside-lane
vehicle i, i € I,, chooses the j™ inside-lane vehicle, j € I3, as its facilitating vehicle for a lane change.
In addition, y; is defined as a binary variable, which equals 1 if and only if outside-lane vehicle i, i €
I, changes to the inside lane, and equals 0 otherwise. That is, y; represents the lane change decision for
outside-lane vehicle i, i € I,. It should be noted that an outside-lane vehicle can simultaneously act as
a facilitating vehicle and a lane-changing vehicle, which means that the corresponding @; ; and f; j can
equal 1 at the same time. Lastly, let 7;; denote the terminal time when the vehicle i, i € I, initially in
lane [, | € L, passes the end of the merging area. Terminal time (7, ;) implies the passing sequence of
each vehicle. Terminal time difference between two consecutive vehicles in the same lane must keep at
least a minimum time headway denoted by h seconds whose value can be calculated by:

lveh + So
h = tgap v—f' (4.1)
where tgap, lyen, So, and vg represent a specified minimum time gap, a vehicle length, a standstill

distance, and a free-flow speed, respectively.
(3) Mathematical description for vehicle trajectories

Let sj¢, Sm, and S represent the end of cooperative lane-changing area, the end of cooperative
merging area, and the set of discrete points along mainline lanes (S: = {1, ..., Si¢, ..., Sm}), respectively.



671
672
673
674
675
676
677
678
679
680
681

682

683

684

685
686
687
688

689
690
691
692
693
694
695
696
697
698
699

700
701

702
703
704

34

The interval distance between two consecutive discrete points is denoted by 4. Following the idea of
planning in the space domain (Thomas and Boyd, 2014; Karlsson et al., 2020), vehicle trajectories are
typically described with respect to discrete point s € S (i.e., s is regarded as an independent variable).
Therefore, in this study, for vehicle i initially inlane L (I € L, i € I;), its trajectory consists of the control
input variable and state variables. Specifically, the control input variable is the change of acceleration
in space coordinates, represented by b; ; (s); the state variables record the profiles of time, kinetic energy
per unit mass, and acceleration at different positions, defined as state variables t;;(s), E;;(s), and
a; ;(s), respectively. Then, the longitudinal kinematic equations are formulated as Equations (4.2)~(4.4),
whose detailed derivation can be found in Hamednia et al. (2022). In the following sections of this study,
we use by, Qis, Ejis, and t;; s (L E L, i €1,s €S) to represent the jerk, acceleration, kinematic
energy, and time profiles of vehicle i initially in lane [ at position point s.

dtl’i(S) _ 1 1

ds vy, (s) B V2E;;(s) (42)
L) o (43)

day;
“;S(S) = by (s). (4.4)

This study adopts the finite difference equations of discrete Equations (4.2), (4.3), and (4.4). This
treatment would lead numeric error. However, this way helps transform an intractable functional
optimization problem to a tractable numeric optimization problem. Moreover, Equation (4.2) requires
that the velocity must be greater than zero, so the proposed model cannot be used for full stop cases.

(4) Mathematical Model

Before introducing the proposed MINLP model, notation used in this study is first
summarized as follows.
Sets and indices:

L set of all lanes, | € L = {1,2,3}, where indices 1, 2, and 3 refer to the on-ramp lane, outside

lane, and inside lane, respectively.

I, set of planned vehicles initially in lane [ (I € L), i (j) € ;.

It extended set of planned and dummy vehicles initially in lane [ (I € L\{1}), i € I;'.
S set of discrete points along mainline lanes, s € S = {1,:-, S1¢,***, Sm}-
Parameters:

a}’r}it acceleration of vehicle i initially in lane [ at its initial position.

a,a  minimum and maximum acceleration values.

b, b minimum and maximum jerk values.

E,E  minimum and maximum kinetic energy values; E = %vfz

h minimum time headway between two consecutive vehicles in a lane.
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M big-M constant parameter.

DL initial position of vehicle i initially in lane [; p;; € S\{Sic, """, Sm}-
Sm end of the merging section.

Sic end of the lane-changing section.

t time that a leading vehicle of the planned CAV group in mainline lane [ passes the end of
merging area, [ € L\{1}; a leading vehicle is referred to as the vehicle preceding the most
downstream vehicle in current planned CAV group.

tii, t;; lower and upper bounds of the time that vehicle i in lane [ passes the end of merging area, [ €

Li€l.
Vs free flow speed.
vlifi‘it velocity of vehicle i initially in lane [ at its initial position.
Wic weighting factor for lane changes.

w,, W, weighting factors for the cost of acceleration and jerk.

WEg weighting factor for difference from the maximum kinetic energy value.

A distance interval between two discrete consecutive points.

Decision variables:

Sequencing and lane-changing related decision variables:

7;; continuous, terminal time that vehicle i in lane [ passes the end of the merging section, [ € L,i €
I;.

@;; binary, equals 1 if and only if on-ramp vehicle i chooses outside-lane vehicle j as its facilitating
vehicle for merging, 0 otherwise; i € I;,j € 1.

pPij binary, equals 1 if and only if outside-lane vehicle i chooses inside-lane vehicle j as its
facilitating vehicle for a lane change, 0 otherwise; i € I, j € I3 .

y; binary, equals 1 if and only if outside-lane vehicle i decide to change to the inside lane, O
otherwise; i € I,.

{)  binary, equals 1 if and only if all outside-lane vehicles in the control cycle decide to change to
the inside lane; 0 otherwise.

Trajectory related decision variables:

a;; s continuous, acceleration that vehicle i in lane [ passes the st point, L € L,i €1, € S.

b, ; ¢ continuous, jerk that vehicle i in lane [ passes the s point. I € L,i € ,s € S.

E} ; ¢ continuous, kinetic energy per unit mass that vehicle i in lane [ passes the s® point, [ € L,i €
I,s€S.

t;;s continuous, time that vehicle i in lane [ passes the s point, L € L,i €I;,s € S.
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According to the notation introduced, an MINLP model [MVO] is formulated, which incorporates
both vehicle scheduling and trajectory planning to achieve optimality in traffic efficiency and
trajectory metrics at a multi-lane merging section.

[MVO]
min Yiep Xier, Tri + Wic Xier, Vi + ZieL Liel, Bse{pyi - sm} [Waalz,i,s +wpbf; s + wg(E — El,i,s)z](4-5)

subject to

6 <7 < by VieLi€l (4.6)
Ty — Ty —h=0 vi e {1,3},i € [\{|L]} (4.7)
lvi —vi|M + (20 — 12, —h) =0 Vi € L\{1},j € {1,--,i — 1} (4.8)
Ty1—t,—h=0 (4.9)
1=t —h=0 (4.10)
T — [A =yt + vtz ] —h =0 Vi€l 4.11)
YiM + 15— 2 By Ta s —h 2 0 Vi€l (4.12)
ViM + (jer, Bijtsj — T20 — )|z = 0 Vi€l (4.13)
Yjert Bij =i Viel, (4.14)
S T = i vie L\{|L[},j € IF (4.15)
(a;; — aijs1)y; =0 Vi€ l,j € L\{|;|} (4.16)
Yjery @ij = 1+ Xjer, ¥ j Viel (4.17)
11— X0 1o (1= ¥j20) —h 2 0 Viel (4.18)
Yier, @ijT2;(1—v;)) — Tt —h + QM >0 Viel (4.19)
0= [%] (4.20)
Aris+1 = Auis+ by s 4 VieLi€l,s €{p,sm—1} (421)
Eise1 =E s ta s 4 VieLi€l,s €{p,sm—1} (422)
triser = bris + % A ViELi€l,s€{py - sm—1} (423)
Wip; = At vieLie€l (4.24)
Enipy, = %(v,if}it)z VieLie€El (4.25)
tipy; = 0 VieLi€l (4.26)
Eis = Ti VieLi€l 4.27)
tsjo1s —tais—h+M-(1—B;) =0 Vi€ l,j€ L\{1},s € {sic,,sm} (4.28)
tyis—t3js—h+M-(1—-p;;)=0 Vi€el,j€El;s €{Sic, ) Sm} (4.29)
tiis — ti1s—h =0 vl € {1,3},i € [)\{1},5 € (P, ..., Sm}(4.30)
tris — tai-1,s—h=0 Vi € L\{1},s € {p2i,*, Sic} (4.31)

lvi—viIM+ ty;s—t;;s—h=0 Vie L\{1},j €{1,---,i—1}s € {sjc,***, Sm} (4.32)
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b<b,s<h VIELi€LSs€E P Sm} (4.33)
asa,s<a VIELIEL,s €{pi,Sm} (4.34)
E<E;s<E vieLi€el,s€{p-, Sm} (4.35)
t1is =0 VIELi€ILSsEP ", Sm} (4.36)
7,; =0 VIELi€E] (4.37)
a;; € {0,1} Viel,jel, (4.38)
B € {0,1} Viel,jel; (4.39)
v; € {0,1} Viel (4.40)
n € {0,1}. (4.41)

Objective: The objective function (4.5) aims to optimize both traffic performance and vehicle
trajectory metrics by minimizing the sum of three terms. The first two terms (i.e., Xe; Xier, Ty, and
Yier, Vi) are traffic performance metrics including the total travel time and the number of lane-changing
manoeuvres. The purpose of this setup is to minimize the total travel delay of CAVs and to avoid
unnecessary lane changes. The third term contains two trajectory metrics, namely, the smoothness of
acceleration and jerk, i.e., Yje; Xier, Xise S(Waaz is T Wp blz,i, ), and the kinetic energy difference relative

. . . = .- . = 2 . . .
to the maximum kinetic energy E at each position, i.e., Xe; 2ier, Xises WE (E - El,i,s) . This kinetic

energy-related objective helps make vehicle speeds close to the free flow speed.

Sequencing and lane-changing related constraints: To ensure the feasibility of vehicle sequences,
lane changes, and terminal time of vehicles), constraints (4.6)—(4.20) and (4.37)—(4.41) incorporates
several factors, including terminal time limits, terminal time relationships between vehicles, selection
rules of facilitating vehicles, and connection between lane-changing and facilitating decisions.

(1) Terminal time constrained by velocity and acceleration limits: Constraints (4.6) set feasible
terminal time limits, i.e., the minimum and maximum time required for each vehicle to pass the end of
the merging section, considering the given speed, acceleration, and deceleration limits. The lower and
upper bounds of 7;; can be calculated by Equations (4.42)—(4.43).

’sz_i,0+25dz,i,o VLo o V2 —vEi,
- , if ——=>d;p
J a 2a ol
L= v 2,
ve—vp; drio— L Lio
Lo 4 % e otherwise (4.42)
\ a vf
/Vl,i,oz+2£dl,i,o = Vo " v2-v?, 4
1 i L/ A .
£ { e ’ 2a > Ao
L g — Lo 43
v—-v L0 2a . .
| — L0 ——, otherwise, (4.43)

where a and a represent the maximum deceleration and acceleration; v and v¢ represent the minimum
speed and maximum free flow speed; v, ; o and d;; o represent the initial speed and initial distance of
vehicle i in lane [ to the end of merging section. The shortest time is calculated based on the vehicle
accelerating to its maximum speed with the maximum acceleration and maintaining this speed
throughout the cooperative section. Conversely, the longest time is determined by the vehicle
decelerating to its minimum speed with the maximum deceleration and maintaining this speed
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throughout the cooperative section.

(2) Terminal time constraints related to CAVs in the same lane: Constraints (4.7) state that two
consecutive on-ramp or inside-lane vehicles must maintain their initial vehicle sequences and keep at
least a minimum time headway between their terminal time. In other word, downstream on-ramp and
inside-lane vehicles must reach the end point of the merging section before upstream on-ramp and
inside-lane vehicles. However, since outside-lane vehicles can change lanes to overtake their preceding
vehicles, constraints (4.8) state that only if any two outside-lane vehicles choose the same lane do they
have to satisfy the requirements of initial sequences and minimum time headway. Moreover, constraints
(4.9) and (4.10) guarantee that the terminal time of on-ramp and inside-lane vehicles is respectively
limited by their mainline leading vehicles. In addition, which mainline leading vehicle limits the
terminal time of outside-lane vehicles depends on their lane-changing decisions, as stated in constraints
(4.11).

(3) Terminal time constraints related to lane-changing and facilitating CAVs: Any lane-changing
vehicle may be between two inside-lane vehicles after changing lanes, i.e., between a specified
facilitating vehicle and a preceding vehicle in the inside lane. This permutation determines their terminal
time relationship. Specifically, constraints (4.12) and (4.13) impose that the terminal time of a lane-
changing vehicle must maintain at least a minimum time headway from that of corresponding
facilitating and preceding vehicles, respectively. Here, note that the left side of constraints (4.13) needs
|I3]. This is because if the total number of planned vehicles initially in lane 3 is zero, constraints (4.13)
need not to be considered, as in the case where there are no vehicles initially in lane 3, decision variable
7 related to lane 3 does not exist.

(4) Constraints related to facilitating CAV selection for lane-changing CAVs: Constraints (4.14)
ensure that when an outside-lane vehicle is assigned to change lanes, only one inside-lane vehicle can
be chosen as its facilitating vehicle. Conversely, if this outside-lane vehicle is not a lane-changing
vehicle, no inside-lane vehicle will be its facilitating vehicle.

(5) Constraints related to facilitating CAV selection for merging CAVs: Each on-ramp vehicle
needs to choose a facilitating vehicle in the outside lane. Constraints (4.15) state that an on-ramp vehicle
can only choose its facilitating vehicle from the group of outside-lane vehicles starting from the one
selected by the previous on-ramp vehicle and extending through all following outside-lane vehicles. It
should be noted that adjacent on-ramp vehicles can choose the same facilitating vehicle, i.e., it is
possible for a mainline vehicle to facilitate several on-ramp vehicles.

(6) Connection between lane-changing and merging decisions: Constraints (4.16) indicate that
when an outside-lane vehicle is both a facilitating vehicle and a lane-changing vehicle, the following
outside-lane vehicle also becomes a facilitating vehicle for on-ramp vehicles, thereby replacing the
previous facilitator. Therefore, the number of facilitating vehicles required for a merging vehicle
depends on whether the selected facilitating vehicles change lanes, as stated in constraints (4.17).

(7) Terminal time constraints related to merging and facilitating CAVs: Constraints (4.18) and
(4.19) define the minimum time headway requirement for each on-ramp vehicle with the two related
vehicles in the outside lane (facilitating and preceding vehicles). Moreover, these constraints account
for a particular case, i.e., if the related outside-lane vehicles are assigned to change lanes, the terminal
time constraints are no longer needed because they are in different lanes. Furthermore, the term 2M in
constraints (4.19) is added to ensure that when all outside-lane vehicles change lanes, the constraints
still hold. The binary variable {2 indicates whether all outside-lane vehicles change lanes as constraint
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(4.20).
(8) Range of variables: Constraints (4.37)—(4.41) state the range of schedule-related variables.

Trajectory-related constraints: To generate feasible vehicle trajectories (i.e., jerk, acceleration,
kinematic energy, and time curves along position points), constraints (4.21)—(4.36) takes several factors
into account, including the kinematic equations of vehicles, the time relationships between vehicles, the
safety requirement for lane changes, the initial state of vehicles, and limits of vehicle capabilities.

(1) Constraints related to vehicle kinematics: Constraints (4.21)—(4.23) describe the discretised
equations of vehicle kinematics, linking the state of vehicles (i.e., acceleration, kinematic energy, and
time) at every position.

(2) Constraints related to initial and terminal conditions: Constraints (4.24)—(4.26) set the initial
values of acceleration, kinematic energy, and time for each vehicle at its starting position, respectively.
Constraints (4.27) state that the final point on the time curve and the terminal time are the same because
both represent the moment a vehicle passes the end of the merging section.

(3) Constraints related to safe lane changes: Lane-changing maneuvers are executed at the end of
the lane-changing section, namely, point s;.. Minimum headway constraints are established to ensure
safe lane changes. Specifically, constraints (4.28) and (4.29) impose a minimum time headway that
lane-changing vehicles must maintain with their facilitating and preceding vehicles in the inside lane
after lane changes.

(4) Constraints related to minimum time headway: Constraints (4.30) state that any two
consecutive on-ramp or inside-lane vehicles must maintain at least a minimum time headway at every
discrete point along their paths. Similarly, within the cooperative lane-changing area, all outside-lane
vehicles must comply with the minimum headway rule, as stated in constraints (4.31). However, within
the cooperative merging area, those outside-lane vehicles are distributed across two mainline lanes after
changing lanes. Only those in the same lane must obey the minimum headway rule at each point.

(5) Bounded physical constraints: Constraints (4.33)—(4.36) restrict jerk, acceleration, energy, and
time for all vehicles at each discrete position point, respectively, ensuring that these physical quantities
remain within acceptable ranges throughout the motion of vehicles.

In summary, the objective function of the model [MVO] contains the total travel delay, the number
of lane changes, and the smoothness of vehicle trajectories. Sequencing and lane-changing related
constraints link the vehicles’ terminal time with lane selection and sequence decisions. Trajectory-
related constraints are also necessary to obey kinematic equations, bounded physical speed, and
minimum time headway requirements between vehicles during whole movements.

4.2 Solution Algorithm

This study designs an efficient decomposition algorithm to deal with the MINLP nature of the
proposed model [MVO)]. Section 4.3.1 introduces the framework of the proposed Generalized Benders
Decomposition-based solution algorithm. Sections 4.3.2, 4.3.3, and 4.3.4 introduce the decomposed
primal subproblem, its feasible-guaranteed version, and the cuts yielded from the primal subproblem,
respectively. Then, sections 4.3.5 and 4.3.6 introduce the relaxed master problem and its linearization,
respectively. Finally, section 4.3.7 proves finite convergence property of the algorithm.
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(1) GBD-Based Solution Algorithm

Generalized Benders Decomposition (GBD) is a partitioning framework for large-scale MINLP
problems (Geoffrion, 1972; Cai et al., 2001; Gao et al., 2023), which decomposes an MINLP model
into a relaxed master problem (RMP) and a primal subproblem (PS). An important step in GBD is to
select appropriate decision variables as complicating variables whose values are first obtained in RMP,
and the values of complicating variables are then passed into PS as given parameters for the PS solving
process. The RMP and PS are solved iteratively until the upper and lower bounds of the original problem
converge.

Utilizing the concept of GBD, the proposed MINLP model in this study can be divided into an
MILP multi-vehicle scheduling optimization model (serving as RMP) and a nonlinear programming
(NLP) multi-vehicle trajectory optimization model (serving as PS). Specifically, constraints in RMP are
sequencing and lane-changing related constraints, i.e. constraints (4.6)—(4.20) and (4.37)—(4.41). Some
of such constraints are nonlinear and thus linearized in Section 4.5. RMP includes all variables related
to sequencing and lane-changing (7, a, B, ¥, and Q), with 7, ¥, and B specifically selected as
complicating variables that are also presented in PS. When the complicating variables in PS are
presented as fixed parameters, PS becomes a structure comprising linear constraints (i.e., constraints
(4.21)-(4.22), (4.24)—(4.36)) and non-convex constraints (4.23). All variables related to trajectories (a,
b, E, and t) are contained in PS.

RMP provides a scheduling plan (i.e., lane-changing decisions, facilitating vehicle choices, and
terminal time), and PS aims to find trajectories to fulfill the fixed scheduling plan. The feasibility-
guaranteed PS is further derived by introducing slack variables, which is introduced in Section 4.3.3.
Figure 4.3 illustrates the connection between RMP and PS. Specifically, PS is first transformed to the
feasibility-guaranteed PS, and then the so-called optimality cuts are formed through the Lagrange
function which is detailed in Section 4.3.4. In essence, the Lagrange function comprises the objective
function and the product of optimal Lagrange multipliers with the constraints, under the fixed
scheduling plan.

Primal subproblem: multi-vehicle trajectory
optimization model (i.e., PS)
Feasibility-guaranteed PS

A scheduling plan

Lagrange dual model

Optimality cut

Relaxed master problem: multi-vehicle scheduling |
optimization model (i.e., RMP)

Figure 4.3. Schematic illustration of the connection between RMP and PS.

The procedure of the GBD-based solution algorithm is provided in Algorithm 1. The algorithm
iteratively solves RMP and PS until the lower and upper bounds of the objective function in the original
problem converge. Specifically, under a given scheduling plan, the optimality cuts from the feasibility-
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guaranteed PS are added to RMP at each iteration. If the scheduling plan is feasible, the result of PS
provides an upper bound for the original minimization model. The objective function value of RMP
provides a lower bound for the original problem.

Table 4.1. GBD-based solution algorithm.

Algorithm 1. GBD-based solution algorithm
1 Set the lower and upper bounds, LB(®) « —o0, UB(®) « oo,
Set two tolerance thresholds, € « 1 x 107>, €’ « 1 x 1074
2 Obtain initial values of complicating variables in RMP according to heuristic rules, denoted by
y© = (rl(?),yl(o) ,b’l(o)) leL,i€l,s €S/ y® denotes the value set of complicating

variables at beginning.
3 Set iteration index, k < 0.

4 While UB® — LB®) > ¢ do

5 | yi=y®

6 | Solve the feasibility-guaranteed PS model under fixed complicating variables y.

Obtain the value of slack variables, denoted by &%) « (& 1( o & o E;(I]()S ¥ () ),leLi€el,

i,j,s’ i,j,s
S ES.
Obtain the trajectory solution, xK) « (bl(lf)s, al(’f)s, El(]fz, ZU:)S) leLiel, seS //for

simplicity, x

denotes (b, a, E, t).

9 | Obtain the Lagrange multipliers u®) and Lagrange function £(x®),y, £ | p(y,
10 | Generate the optimality cut, represented by € ).

11 | If&® < €' then // check the feasibility of PS.

7

12 UB®*+1) « min {UB®, 0BJps(x)} // OBJps records the objective value of PS under
solution x(.
13 | End if

14 | Add generated cut C®) into RMP.

15 | Solve RMP to update the values of complicating variables y*+1) « (Tl(,IiH-l)' 2(’:+1) ﬁl(k+1))
16 | LB®*D « OBJpyp(y D).

17 | ke<k+1.

18 End while

19 The algorithm terminates as the optimal solution is found.

(2) Primal Subproblem: Multi-Vehicle Trajectory Optimization Model

Given the fixed values of complicating variables (i.e., terminal time 7, lane selection variable y,
and facilitating vehicle selection f8), the resulting PS model is a convex NLP model that determines
trajectories, including longitudinal jerk b, acceleration a, kinetic energy E, and time t. For convenience,
we define a set of trajectory-related variables as x := (by;s, a5, E1 ;s t1is|l €L, i €I;,s €S)and a

set of complicating variables as y := (7, y;, f1i|l € L, i € I}).

The PS model given the fixed value of scheduling-related variables, i.e., ¥ = (T;;, Vi Bri |l €
L,i € I}), can be formulated as follows:
[PS]fps(x,¥) = min Yep, Xier, Tri + Wic 2ier, Vi + 2ier Ziel, Zse{pl,i,m,sm}[waalz,i,s +wpbli s +

— 2
we(E —Epis)’] (4.44)



930
931
932

933
934
935

936
937
938
939

940
941
942
943
944

945
946

947

948
949
950
951
952

953
954
955
956
957
958
959
960

961

962
963

42

subject to

constraints (4.21)—(4.26), (4.30)—(4.31), (4.33)—(4.30),

tisy, = Tui VIEL,i€] (4.45)
tsj-1s —tzis—h+M-(1—=P;;) =0 Vi€, j€I\{1},s € {Sic,"*", Sm} (4.46)
tris—tajs—h+M-(1—p;;)=0 Vi€l,j€ls €{si ", Sm} (4.47)
Vi —ViIM+ ty;s—ty;s—h=0 Vie L\{1},j €{1,--,i—1}s € {sic, ", Sm}.(4.48)

Given the fixed value of complicating variables, the model [PS] solves the corresponding trajectories.
Objective function (4.44) optimizes smoothness of vehicle acceleration as well as jerk profiles, while
striving to keep vehicle speeds close to the free-flow speed. Constraints (4.45)—(4.48), called coupling
constraints, update constraints (4.27), (4.28), (4.29) and (4.32), respectively.

(3) Acceleration through the Feasibility-Guaranteed Primal Subproblem

For some scheduling solutions of RMP, such as some vehicle sequences, terminal time, and lane
changes decisions, PS fails to find feasible trajectories, due to the constraints of limited cooperation
areas, bounded acceleration and deceleration, and minimum time headway requirement between
vehicles. To avoid such infeasibilities, we relax subproblem’s coupling constraints by introducing
elastic slack variables and penalize these slacks in the objective function. In a final solution, these slacks
are sufficiently close to zero.

By introducing four non-negative elastic slack variables (§ = (f'l,l-,é'i, j,s'a,j,s: fl j,s)), coupling
constraints (4.45)—(4.48) are transformed into constraints (4.49)—(4.52), respectively, along with
constraints (4.53)—(4.56). Also, the objective function of PS is transformed into objective (4.57).
Consequently, the GBD procedure only requires optimality cuts, simplifying the process significantly.
This significantly improves the efficiency of the algorithm by eliminating the need for feasibility cuts
and ensuring that each iteration directly contributes to converging to the optimal solution.

=&, < Cisy, —TLi S €L VIELi€E] (4.49)
tsjo1s — tais —R+M- (1 =B ) +& s 20 Vi€, j€;\{1},5 € {sic, ", Sm} (4.50)
tyis—tajs—h+M-(1=F)+&;s=0 Vi€lj€ElsE s, Sm} (4.51)

Vi =¥ IM + tyis—tyjs—h+&;s=0 Vie L\{1},j €{1,,i —1}s € {si¢,***, Sm} (4.52)

£,=0 VIEL €] (4.53)
i js=0 Vi € I,j € 3\{1},5 € {Sic, """, Sm} (4.54)
§ijs=0 Vi€ly,j€lss € {Sie ) Sm} (4.55)
£ is=0 Vi € L\{1},j € {1,~,i — 1} 5 € {51, ", S} (4.56)

feasibility — . _ _ 2 2
fps (%, §,¥) = min Yier Yier, Tri + Wic Lier, Vi + Zier Dier, Lsepyp-sm[Waliis T+ Wobiis +

_ 2 . .
Wg(E — Epis) ]+ M[ZieL Dier, i + Tier, X jer\(1) Lselsio s} Sijos +
Yier, Xjely Bselsiorsm) eis F BACI\A) jelLri-1} Dselsiorsm) $1.15)- (4.57)
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(4) GBD Cuts from the Feasibility-Guaranteed PS Model

At k™ algorithm iteration, x® records the values of trajectory-related variables, its optimality cut
can be written as follows:

n = L(x(k)’y’ f(k)’ﬂ(k)) + V§L(x("),7, E(k)’ Il(k)) (y-79), (4.58)

where 17 and y are variables in the model [RMP] which is introduced in Section 4.5; ¥ is the given
values of complicating variables from the k™ iteration, i.e., y: = y®; pu® records the values of
optimal Lagrange multipliers obtained in the k" iteration; L(x(k), y, &5, u(k)) denotes the Lagrange

function of the feasibility-guaranteed PS and is calculated as follows:

- feasibili - -
£(x,5,§09,u00) = L2 (500, 5, £09) 4 ()T G (x, 3,09, (4.59)
where fpfg asibility represents the objective function (4.57); G denotes the vector of coupling constraints

(4.49)—(4.52) under x)_ y, and EX). V, L denotes the Jacobian of the Lagrange function with respect

to the set of complicating variables y.
(5) Relaxed Master Problem: Multi-Vehicle Scheduling Optimization Model
RMP needs to determine the terminal time (7), facilitating vehicle selection for merging and lane-

changing vehicles (a, ), lane-changing decision (y, £2), and an auxiliary variable (7). Recall that (z,
Y, B) are selected as complicating variables y. The model [RMP] is therefore formulated as follows:

[RMP] f(y,a,n) = minn (4.60)
subject to constraints (4.6)—(4.20), (4.37)—(4.41), optimality cut (4.58).
(6) Linearization of the Relaxed Master Problem
The model [RMP] contains nonlinear constraints (4.8), (4.12)—(4.13), (4.16)—(4.20), such as the
absolute function, the rounding down function, the multiplication of binary and continuous variables,
as well as the multiplication of binary variables. To address these nonlinear parts, we apply specific

linearization techniques to transform the model [RMP] into an MILP model. Before linearizing the
model [RMP], newly needed parameters and variables are defined as follows.

Newly defined parameters
M,,  big-M for linearization; m € {1, ...,3}.
T number infinitesimally close to 1 but still less than 1.

Newly defined variables

T binary, equal to the value of |yl- —vil;i € L\{1},j €{1,...,i — 1}
€ijm  binary, equal to 1 if and only if both @;; and ¥, 0 otherwise; i € I;,j € I, m € I,.

0ijm  continuous, equal to T3,, if and only if f; j is 1, 0 otherwise; i € I,,j € I; U {|[3| + 1},m €

O;jm  continuous, equal to T, ,, if and only if a;; is 1, 0 otherwise; i € I, € If,mel,.

6;mj  continuous, equal to 7, ; if and only if €; ,, j is 1, 0 otherwise; i € I;,m € If,j €L,
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(1): Linearization of the absolute function: To linearize constraints (4.8) containing the absolute

function, a new binary variable 7;; is first defined to replace |)/l- - y]-| with the help of constraints

(4.61)~(4.63).

T >vi— Vi Vi € 12\{1},j (S {1, v, L — 1}
T > Yi — Vi Vi € 12\{1},j (S {1, v, L — 1}
m;; €{0,1} vie L\{1},j e{1,..,i—1}.

Then, constraints (4.8) can be transformed into linear constraints (4.64).

M+ (T2, — T, —h) =0 vie L\{1},j €{1,..,i—1}.

4.61)
(4.62)
(4.63)

(4.64)

(2) Linearization of the product of two binary variables: Constraints (4.16) and (4.17) contain the

product of binary y and binary a&. A new binary variable €;,, is defined to replace this type of nonlinear

term, and newly defined constraints are summarized as constraints (4.65)—(4.68).

€ijm = ¥m Viel,jel,mel,
€ijm = Qjj Viel,jel,mel,
€ijm ZVm ta;;—1 Viel,jel,mel,
€ijm € {0,1} Vi€l,j€lL,mel,.

Therefore, constraints (4.16) and (4.17) are replaced with (4.69) and (4.70), respectively.

€ijj — €Eij+1),; = 0 Vi € I1,j € L\{|I;|}

Zjezg aij =1+ Zjelz €ijj Viel.

(4.65)
(4.66)
(4.67)
(4.68)

(4.69)
(4.70)

(3) Linearization of the product of a continuous variable and a binary variable: To linearize

constraints (4.12)—(4.13) containing the product of a binary variable and a continuous variable, a new

continuous variable 6 j,,, is defined, and constraints (4.71)—(4.73) are needed.

Hijm > T3,m + (Bl"j - 1)M1 Vi € Iz,j € 13 U {|I3| + 1},m € 13
Oijm < Tzm Vielh,jelz3U{|lz|+1}mel;
Oijm =0 VielL,jel; U{|lz|+1},me L.

Hence, constraints (4.12)—(4.13) are transformed into constraints (4.74)—(4.75).
]/iM + T2i — Zyil;l 91',]"]'_1 —h=0 Vi € 12

]/iM + (2j613 91',]"]' —T2i— h)l]3| =0 Vi € 12.

4.71)
(4.72)
4.73)

(4.74)

(4.75)

(4) Linearization of the product of a continuous variable and two binary variables: To linearize a
multiplication of three variables. We first deal with the product of two binary variables and then deal
with the multiplication of a binary variable and a continuous variable. Constraints (4.18) and (4.19) are

linearized sequentially. First, constraints (4.18)—(4.19) can be rewritten as constraints (4.76)—(4.77) with

the help of €;j,, . Continuous variables 0;;,, and &;,,; are then defined to replace @;;7, ;1 and

€ij,(j—1)T2,j—1, respectively, and related constraints (4.78)—(4.83) are added. Constraints (4.18)—(4.19)

are therefore replaced with constraints (4.84)—(4.85), respectively:
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Ty —h =2 Zyilzﬂ(ai,j'fz,j—l — €ij,j-1T2,j-1) Viel (4.76)
Yjen,(@ijToj — €jjT2j) —T1i—h +QM =0 Vi€l 4.77)
Oijm = Tom + (@;j — )M, Viel,jeEly,mel, (4.78)
Oijm < Tom Viel,jely,mel, (4.79)
Oijm = 0 Viel,jelf,mel, (4.80)
Simj = Taj + (€Eimj — 1)Ms3 Viel,melf,jel (4.81)
Simj < Tz, Vviel,melf,jel, (4.82)
Simj = 0 Viel,melf,jel (4.83)
Toi = h = Yjen, (0041, = Oi¢+1)))- Viel (4.84)
Yier, (@), = 61j)) = Toi—h +0OM >0 Vi€l (4.85)

Finally, constraints (4.16) are first rewritten with €;,, and o;,,, as constraints (4.86). Then, since

the existing of 7, j, constraints (4.86) can be further translated into linear constraints (4.87).
Zjelz o-ijj - ZjEIZ EijjTZ,j + OM = Tq,i + hVie 11 (486)
Zjelz o-ijj - ZjEIZ T]”] + 0OM > T1,i +h Vi € 11. (487)

(5) Linearization of the floor function: constraint (4.20) contains the floor function and can be
rewritten as follows:

ZjGIZ Vi —r S .(2 S ZjEIzyj . (4.88)
115] |12

In summary, the linear model of RMP is summarized as follows:
Objective (4.60)

subject to constraints (4.6), (4.7), (4.9)—(4.11), (4.14)~(4.15), (4.37)~(4.41), (4.58), (4.61)~(4.75),
(4.78)(4.85), (4.87)(4.88).

(7) Finite Convergence Guarantee

Proposition 1: The finite convergence of the GBD algorithm applied in this problem is guaranteed.

Proof: To guarantee the finite convergence of the GBD algorithm, the following issues need to be
checked.

In subproblem [PS], the feasible region (represented by X) of the subproblem variables is

nonempty and convex. X is defined by a combination of linear constraints (4.21)—(4.22), (4.24)—(4.36),
1

V2ELis

nonnegative slack variables 7, ; ¢, constraints (4.23) are relaxed to the following constraints,

and non-convex equality constraints (4.23), i.e. t;;c41 — t1is — A =0. By introducing
tris+1 — tiis — Mis =0 VieL i€l s €{py,-,sm—1} (489

1 .
T]l,i,s > ﬁ A vl € L,l € Il,S S {pl,i,---,sm — 1} (490)

T]l,i,s > 0 vl € L,l € Il,S S {pl’i,"-,sm — 1} (491)
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This relaxation transfers non-convex constraints (4.23) to convex constraints (4.89)—(4.90), as
illustrated in Figure 4.4. Moreover, a penalty term for 1;;¢ is added in the objective function to

1 . .. ) )
encourage 1) to equal — - 4, thereby ensuring adherence to the original equality constraints. Note that
gen qual 7= M g g q y

penalizing 7 results in a smaller value for i, corresponding to larger E, which means to maximizing
vehicle speeds. Through this transformation, the transformed feasibility domain X becomes a convex
set.

tis+1—t,is
Nii,s

E(,i,s El,i,s

L (b) Convex set of n; 5 =

1
- . — A
JV2ELis N 2ELis

(a) Non-convex set of t;; 41 — &5 —
A=0
Figure 4.4. Transformation of nonlinear kinematic equations.

(a) Non-convex set formed by the equality constraints (4.23); (b) Convex set formed by the
relaxed inequality constraints (4.90).

In subproblem [PS], the objective function (denoted as fpg), and the coupling constraint functions
(represented by &) are convex on the subproblem variables for each fixed complicating variables. This
convexity criterion is satisfied because the objective function fpg (i.e., Equation (4.44)) is formulated
as a quadratic function form and the coupling constraints G (i.e., constraints (4.45)—(4.48)) are linear
with respect to the subproblem variables when complicating variables become constant. The relaxed
master problem [RMP] can be solved to optimality in each iteration. This optimality criterion is met
because the model [RMP] is a mixed-integer linear programming model. U

4.3 Computational Experiments

Section 4.3.1 introduces the setup of the numerical experiments. Section 4.3.2 compares the
proposed algorithm with the state-of-the-art solver Gurobi to evaluate algorithm performance in terms
of solution quality and time. Section 4.3.3 introduces the baseline methods. Section 4.3.4 and 4.3.5
compares the proposed model with several commonly used models to assess the enhancement on traffic
performance. Section 4.4.6 presents two case studies to analyse generated trajectories as well as merging
and lane-changing decisions. Section 4.4.7 presents sensitivity analyses exploring the effects of
different lengths of cooperative areas and the costs associated with lane changes. Finally, Section 4.4.8
discusses the benefits of the proposed integrated model.

(1) Experimental Setting
Numerical experiments are conducted using a microscopic traffic simulation tool named by

SUMO. The simulation employs the Wiedemann 99 model to replicate car-following behaviour. Table
4.2 lists the vehicle parameter values used in the simulations.
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Table 4.2. Parameter setting summary.

Parameters Value

Vehicle length (L) 437 m

Standstill distance (s,) 1.5m

Discrete distance interval (A) 5m

Minimum headway (h) 1.5s

Free flow speed (vy) 100 km/h

Maximum and minimum jerks (b, b) 2m/s% —2m/s?
Maximum acceleration and deceleration (@, @) 2.75m/s?,—2.75 m/s?

As shown in Figure 4.5, the simulated freeway segment comprises two mainline lanes and one on-
ramp, partitioned into a cooperative lane-changing area, a cooperative merging area, and a downstream
segment. The cooperative area, including both the lane-changing and merging areas, spans 700 meters,
while the downstream segment extends one kilometre to fully cover impacted road sections. A trigger
point is placed on the on-ramp lane.

Cooperative lane_changing area Cooperative merge arca Downstream segment
400m 300m 1km
Lane 3
Lane 2

Lane 1
Trigger point

Traffic flow direction ——

Figure 4.5. Road setting.

(2) Comparison of the Proposed Algorithm and the State-of-the-Art Solver

The proposed GBD-based algorithm is compared with the Gurobi solver in terms of objective
function values and solution time for different scale instances ranging from three to nine vehicles. Table
4.3 compares the performance of the proposed GBD-based algorithm against the Gurobi solver across
varying numbers of vehicles, ranging from three to nine. Let OBJp, and OB]g represent the objective
function values obtained by the proposed algorithm, and the Gurobi solver, respectively; Tp, and Tg
represent the solution time required by the proposed algorithm, and the Gurobi solver, respectively. As
shown in Table 4.3, the proposed algorithm can solve all instances ranging from three to nine vehicles
within 3.1 seconds. However, the solution time of the Gurobi solver is significantly longer. For small-
scale instances with three to four vehicles, the Gurobi solver can find optimal solutions within a few
seconds; for medium-scale instances with five to eight vehicles, it requires several hundred seconds to
reach optimality; for large-scale instances with nine vehicles, it takes almost eight hours. Clearly, our
algorithm significantly outperforms the Gurobi solver in terms of solution time, which further advances
practical applications. The inefficiency of the method directly using the Gurobi solver arises from the
fact that each additional vehicle not only introduces corresponding binary variables into the model, but
also brings in hundreds of continuous trajectory variables and numerous convex nonlinear kinematic
constraints. These extra variables and constraints greatly increase the model’s complexity, making it
extremely hard to solve. In contrast, the proposed GBD-based algorithm adds only a minimal number
of essential constraints to the MILP master problem, thereby significantly enhancing solution efficiency.
Consequently, our GBD-based algorithm can converge and find the optimal solution within 3.1 seconds
for the large-scale instances where the Gurobi solver cannot find the optimal solution within eight hours.
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Table 4.3. Comparison of the proposed GBD-based algorithm and the Gurobi solver.

Number of Objective function value Solution time (second)
vehicles OBJp 0OBJg Tp Tg
3 25.829 25.829 0.8 5.3
4 28.044 28.044 1.3 11.3
5 25.527 25.527 1.5 245.6
6 27.120 27.120 1.8 4473
7 27.863 27.863 22 482.7
8 27.952 27.952 3.0 597.4
9 27.228 27.228 3.1 28707.9

Notes: (1) OB]p and OB]; represent the objective function value obtained by the proposed GBD-
based algorithm, and the Gurobi solver, respectively; (2) Tp and Tg represent the solution time of the
proposed GBD-based algorithm, and the Gurobi solver, respectively.

(3) Baseline approaches

The proposed model has three primary characteristics: (1) sequencing optimization, (2) lane
change optimization, and (3) utilization of microscopic position and speed information. To evaluate the
advantages of these three characteristics, the proposed model is compared with the following three
models:

(i) FIFO_NLC model: A heuristic first-in-first-out (FIFO) approach that schedules the sequences
of on-ramp and outside-lane vehicles without permitting lane changes. Here, note that the rule of no
lane changes (NLC) is strictly enforced.

(il)) OPT SEQ NLC model: An optimization method adapted from the proposed model,
determining the optimal sequences of on-ramp and outside-lane vehicles (OPT_SEQ) while maintaining
the rule of NLC.

(iii) Balanced flow model: An optimization-based method focused on balancing traffic flow
distribution by controlling the number of lane-changing vehicles. This method combines heuristics for
selecting lane-changing vehicles and an optimization model for sequencing on-ramp and outside-lane
vehicles.

The experiments are conducted under various demand scenarios, including different demand ratios
between lanes 2 to 1, total demands of lanes 2 and 1 (in vehicles per hour), and total demands of lane 3
(in vehicles per hour). Traffic performance metrics used in the comparison include total delay (in

seconds) and average lane delay (in seconds), denoted by D* and l_)lij, respectively. Here, the superscript

represents different methods, with F, O, B, and P corresponding to FIFO_NLC, OPT_SEQ_NLC, the
balanced flow model, and the proposed model, respectively; the subscript specifies lanes 1, 2, and 3 by
l1, 1, and I3, respectively. Additionally, “D. L.”, and “No. lc¢” represent the delay improvement ratio
(%), and the number of lane changes, respectively.

(4) Comparative analysis: Benefits of sequencing and lane-changing optimization

Table 4.4 shows 18 demand scenarios with varying demand ratios and levels, each simulated in
SUMO for one hour. Specifically, for the on-ramp and outside lane (i.e., lanes 1 and 2), two demand
ratios, 2:1 and 3:1, between lane 2 to lane 1 are considered, along with three demand totals for lanes 1
and 2, 1,400, 1,600, and 1,800 vehicles per hour. For the inside lane (i.e., lane 3), three demand levels
are set accordingly. Due to the interactions between the on-ramp and mainline flow, the lane capacity
under each demand ratio varies. Here, note that, in principle, 1,400 vehicles/hour represents free flow,
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1,600 vehicles/hour indicates near saturation, and 1,800 vehicles/hour is saturated or oversaturated.

Numerical experiments are conducted on two models that prohibit lane changes (i.e., FIFO NLC and
OPT_SEQ NLC), and the proposed model in Table 4.4. The performance comparison between
FIFO_NLC and OPT_SEQ NLC investigates the influence of the first characteristic, namely the
sequencing optimization. Then the comparison among FIFO NLC, OPT_SEQ NLC, and the proposed
model examines the effect of the second characteristic, i.e., the lane change optimization.

Table 4.4. Comparison of travel delays.

Demand Demand Demand FIFO NLC OPT SEQ NLC Proposed model
ratio of of
Lane 2 Lanel&2 Lane3 DF ElFl EIFZ DO 51? l_)l(; D? (s) D.1. Eg EE 55; No.lc
/Lane 1 veh/hour veh/hour (s) ) (s) ) (5 (s) () (s) (s)
1,300 512 40% 0.43 0.18 0.11 154
1,400 1,400 846 0.76 0.53 ;839 1.12 0.3 576 32% 0.50 0.18 0.12 130
1,500 4 635 25% 0.56 0.21 0.12 106
1,500 845 30% 0.54 0.28 0.18 146
2:1 1,600 1,600 i 1,200.84 0.71 i1,19 1.27 0.4 949 21% 0.66 0.28 0.18 120
1,700 3 6 9 i1,123 7% 0.96 0.39 0.12 55
1,700 1,538 17% 0.98 0.49 0.21 99
1,800 1,800 i 1,851.00 1.04:1,83 1.61 0.7 : 1,762 5% 1.51 0.63 0.06 19
1,900 0 8 3 (1,827 1% 1.63 0.68 0.01 3
1,300 419 46% 0.43 0.13 0.10 142
1,400 1,400 773 0.86 0.45:770 1.32 0.3 480 38% 0.48 0.17 0.09 114
1,500 0 568 27% 0.58 0.18 0.12 102
1,500 748 32% 0.62 0.21 0.16 127
3:1 1,600 1,600 i 1,100.95 0.60:1,09 1.47 0.4 838 24% 0.68 0.24 0.18 110
1,700 6 9 3 971 12% 0.90 0.29 0.15 75
1,700 1,404 22% 1.15 0.42 0.19 109
1,800 1,800 i 1,79 1.12 0.95:1,77 2.05 0.6 : 1,696 5% 1.35 0.48 020 32
1,900 0 6 3 01,776 1% 2.05 0.63 0.00 0

Notes: (1) the superscripts F, O, and P represent the three methods: FIFO NLC,
OPT SEQ NLC, and the proposed model, respectively, the subscripts l, 5, and 5 refer to the
on-ramp, outside lane, and inside lane, respectively,; (2) D denotes the total delay in seconds;
(3) D, o 512, and 513 represent the average lane delays of the related lanes; (4) D. I. refers to

F_npP
the delay improvement ratio and can be calculated by %; (4) No. lc refers to the number

of lane changes, (5) “vehicles per hour” is abbreviated as “veh/hour”.

In the comparison of the methods without lane changes, namely FIFO_NLC and OPT_SEQ_NLC,
the impact of sequencing optimization is evaluated. From Table 4.4, all values in the column D° are
smaller than values in the column DY, indicating that OPT_SEQ NLC has less total delay than
FIFO_NLC. More importantly, values in the column 58 are notably lower than those in the column l_)lFZ ,
highlighting that the average delay in the outside mainline lane by OPT _SEQ NLC is significantly
lower compared to that by FIFO_NLC. This comparison reflects that better vehicle sequencing can
significantly mitigate disruptions from ramps, reducing them by up to 35.8%.

Then, to evaluate the impact of lane change optimization, the proposed model is compared with
two other models. From the columns DF, l_)lp1 , and l_)lr; , we can see the significant improvements in the

total and average lane delays. Additionally, there is a slight increase in average delay (0.1-0.2 seconds)
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from inside-lane vehicles (column l_)ll; ). Here, note that the proposed model significantly decreases the

total delay DF by 12% to 46% when the inside lane is not saturated (i.e., when the demand of lane 3 is
less than 1,800 vehicles per hour). On the other hand, the improvement ranges from 1% to 4% when
the demand of the inside lane is near or exceeds capacity (i.e., when the demand of lane 3 is 1,800 to
1,900 vehicles per hour). This decrease in improvement is expected because there is no free (extra)
space available in the inside lane to help absorb disruptions from ramps under the saturated condition.
This demonstrates that the proposed model makes lane-changing decisions based on the consideration
of the overall traffic efficiency. Moreover, the average outside lane delay 5}; is further reduced,
indicating that leveraging multilane capacity enhances system resilience against disturbances from
ramps.

Moreover, we illustrate the improvement in speed variation achieved by the proposed model
compared with FIFO_NLC and OPT_SEQ NLC. High variation of speed is a known precursor to
collision accidents (Tian et al., 2019). In Figure 4.6, the time-space region under evaluation is defined
as [2400, 3200] seconds by [1750, 2750] meters. The cooperative control area starts at 2 kilometers,
and the merge gore is at 2.4 kilometers. Figures 4.6(a), 4.6(c), and 4.6(¢e) depict the heatmap of the
average speed in the outside lane under the control of FIFO_NLC, OPT_SEQ NLC, and the proposed
model, respectively. Similarly, Figures 4.6(b), 4.6(d), and 4.6(f) present the velocity heatmap in the
ramp and acceleration lane under these three control methods. Observations indicate that in the outside
lane, velocity fluctuations start from two kilometers and extend downstream. Although
OPT _SEQ NLC produces fewer fluctuations in the outside lane compared to FIFO_NLC, it leads to
larger fluctuations in on-ramp. Importantly, the proposed model significantly reduces velocity variance
in both the outside and on-ramp lanes.

In summary, the benefits of the proposed model’s two features, i.e., sequencing optimization and
lane change optimization, are validated by comparing its total and average lane delays with those
obtained from approaches without lane changes.

28 225 27.5
268 E 2502
E = E
247 £ 2.00 2252
k] E= g
23 8 2009
> 1.75 >
20 17.5
2600 2800 3000 2600 2800 3000
Time (s) Time (s)
(a) FIFO_NLC; outside lane (b) FIFO_NLC; ramp and acceleration lane
28 225 27.5
263 £ 2
2 £ 25.0 £
24 £ 2.00 252
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229 2 20.09
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(c) OPT_SEQ NLC; outside lane (d) OPT_SEQ NLC; ramp and acceleration lane
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Figure 4.6. The heatmap of average CAV speed.

Average speed in different lanes by FIFO NLC, OPT _SEQ NLC, and Proposed model,
respectively. (a), (c), (e): average CAV speed in the outside lane by the three methods; (b), (d), (f):
average CAV speed in the ramp and acceleration lane by the three methods.

(5) Comparative Analysis: Utilization of Microscopic Vehicle Information

To evaluate the third characteristic of the proposed model, i.e., utilization of microscopic position
and speed information, this study further compares the proposed model with the balanced flow model.
The balanced flow model determines lane-changing volumes based on the macroscopic lane demand

parity.
The results presented in Table 4.5 show that values in columns DP, l_)lp1 , and l_)ll; are consistently
lower than those in columns DB, l_)l]i, and 5}2 , which indicates that the proposed model significantly

reduces total delays, average ramp delays, and average outside-lane delays compared to the balanced
flow model. Notably, the most significant reduction in the total delay observed is 35%, as shown in
column D. . Nevertheless, the improvement in delay becomes 0 when the demand in lane 3 reaches
1,900 vehicles per hour, exceeding its capacity. In this case, the numbers of lane changes (values in
columns No.lcP and No.IcB) decided from both the macroscopic balanced flow perspective and the
microscopic vehicle information perspective are zero, thereby no difference in travel delays.

Meanwhile, values in column No.Ic? are higher than those in column No. IcB, suggesting that the
proposed model facilitates more lane changes compared to the balanced flow model. This enhancement
enables the proposed model to better exploit lane-changing opportunities, thereby outperforming the
balanced flow model.

The balanced flow model determines the number of lane changes (i.e., No.IcB) based on the
difference in the number of vehicles between the inside and outside lanes. In the scenarios tested, the
maximum vehicle number difference in the inside and outside lanes is 100, resulting in a peak of
approximately 50 lane changes. When there is almost no difference in the vehicle numbers (i.e., when
demands in the inside and outside lanes are nearly identical), the number of lane changes drops to fewer
than 10. On the other hand, the proposed model dynamically adjusts lane-changing decisions by
leveraging microscopic vehicle position and speed information, aiming to minimize the total travel
delay rather than merely equalizing traffic flow between lanes.

In summary, by incorporating microscopic vehicle spacing and speed data into the decision-
making process, our proposed model not only reduces both total and average lane delays, but also
outperforms methods that rely solely on macroscopic flow statistics. This demonstrates the efficiency
of the proposed approach in enhancing traffic management through more precise and adaptive usage of
lane changes.
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Table 4.5. Comparison of travel delays by the balanced flow model and proposed model

Demand Demand Demand Balanced flow model Proposed model
ratio of Lanes of Lane
Lane2/ 1&2 3 — — — — — =
Lane 1 (veh/hour)(veh/hour) D" DlBl Dl]i DlBs No.lc® D D.L Dli Dllz Dzi No.lc?
) (& () () () ) () ()
1,300 634 1.01 0.22 0.04 54 419 34% 0.43 0.13 0.10 142
1,400 1,400 742 1.25 0.28 0.01 6 480 35% 0.48 0.170.09 114
1,500 770 1.32 0.30 0.00 0 568 26% 0.58 0.180.12 102
1,500 918 1.14 0.31 0.06 53 748 19% 0.62 0.21 0.16 127
3:1 1,600 1,600 1,080 1.49 0.40 0.01 5 838 22% 0.68 0.24 0.18 110
1,700 1,099 1.47 043 0.00 O 971 12% 0.90 0.29 0.15 75
51
2
0
52
5
0

1,700 1,608 1.58 0.52 0.12 1,404 13% 1.15 0.420.19 109

1,800 1,800 1,770 2.02 0.63 0.01 1,696 4% 135 048020 32
1,900 1,776 2.05 0.63 0.00 1,776 0% 2.05 0.630.00 0

1,300 537 1.00 0.19 0.03 396 26% 0.58 0.12 0.08 107

1,400 1,400 669 1.37 0.25 0.004 436 35% 0.57 0.130.10 100
1,500 688 1.41 0.26 0.00 453 34% 0.60 0.130.10 95

1,500 854 1.31 0.26 0.07 52 670 22% 0.64 0.180.16 118

4:1 1,600 1,600 1,036 1.83 0.34 0.01 3 781 25% 0.76 0.21 0.17 98
1,700 1,043 1.86 0.35 0.00 0 874 16% 0.99 0.24 0.14 69

1,700 1,501 1.62 0.51 0.11 48 1,290 14% 0.96 0.37 0.24 104

1,800 1,800 1,689 2.18 0.63 0.00 0 | 1,557 8% 1.61 0.510.13 44
1,900 1,689 2.18 0.63 0.00 0 1,689 0% 2.18 0.630.00 0

Notes: (1) the superscripts B and P represent the balanced flow model and the proposed model,
respectively; the subscripts 1y, l,, and l;5 refer to the on-ramp, outside lane, and inside lane,
respectively; (2) D denotes the total delay in seconds; (3) D, " 512, and 513 represent the
average lane delays of the related lanes; (3) D. I refers to the delay improvement ratio and
can be calculated by (D® — D) /DB (4) No. Ic refers to number of lane changes, (5) “vehicles
per hour” is abbreviated as “veh/hour”.

(6) Vehicle Trajectory Analysis

To fully understand under what conditions the proposed model decides certain outside-lane CAVs
to change to the inside lane, and instruct which CAVs to do so, this study conducts two case studies and
analyzes the results of the proposed model: sequencing as well as lane-changing optimization, and the
detailed trajectories.

Case study 1

The first case study examines the interactions among two inside-lane CAVs, two outside-lane
CAVs, and one on-ramp CAYV, with their initial states and results of this case study presented in Table
4.6. Figure 4.7 illustrates the longitudinal and lateral position trajectories of these five CAVs at different
time points, obtained by solving the proposed model. Circled numbers in Figure 4.7 indicate specific
time moments, and number 1 represents the beginning time moment. As detailed in Table 4.6 and
depicted in Figure 4.7, the on-ramp CAV is assigned to merge ahead of outside-lane CAV 1, and outside-
lane CAV 2 is assigned as the lane-changing vehicle to follow the two inside-lane CAVs.
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Table 4.6. Initial vehicle states and output of the proposed model in case study 1.

Inside-lane Inside- Outside- Outside-lane ~ On-ramp
CAV 1 lane lane CAV 2 CAV
CAV2 CAV1

Initial position (m) 630 590 590 550 600
Initial velocity (m/s) 28 27 28 27 26
Lane change decisions - - No Yes -
Inside-lane sequence 1 2nd - 34 -
decisions
Outside-lane sequence - - 2nd - 1
decisions
Planned driving time (s) 12.82 14.53 15.62 16.24 13.91

Note: - means not applicable.
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Figure 4.7. Lateral and longitudinal positions of CAVs in case study 1.

The reasons behind the above decisions are detailed as follows. Initially, the on-ramp CAV is
already positioned some distance ahead of outside-lane CAV 1, with both CAVs driving at similar
speeds. This observation indicates that the on-ramp CAV can move through the merging section earlier,
thereby allowing the following outside-lane CAVs to pass earlier as well. Therefore, having the on-
ramp CAV merge in front of the two outside-lane CAVs can save their total travel time. After making
this merging decision, outside-lane CAV 1 opts to remain in its original lane to facilitate the merging of
the on-ramp vehicle by creating the necessary gape. This decision to maintain its lane is driven by the
fact that outside-lane CAV 1 is behind the on-ramp CAV and aligned longitudinally with inside-lane
CAV 2. If outside-lane CAV 1 changes lanes, it will decelerate more to create a safe gap with inside-
lane CAV 2. Outside-lane CAV 2 is then determined to change to the inside lane, following inside-lane
CAV 2 to avoid the speed fluctuations from its preceding outside-lane CAV 1.

To illustrate the process of creating the required spacing among the merging CAVs, the lane-
changing CAVs, and their facilitating CAVs, Figures 4.8(a) and 4.8(b) display the longitudinal position
and time curves of CAVs in the outside and inside lanes, respectively. Specifically, Figure 4.8(a) shows
the formation of the time headway between the on-ramp CAV and outside-lane CAV 1; Figure 4.8(b)
depicts the positional relationships between lane-changing CAV (outside-lane CAV 2) and the targeting
preceding and facilitating CAVs in the inside lane. A required time headway of 1.5 seconds is achieved
at the end of the merging section (positioned at 1,000 meters). We can see that at beginning, there is a
subtle time headway between the on-ramp CAV and outside-lane CAV 1, as shown in Figure 4.8(a), but
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a clear time headway between inside-lane CAV 2 and outside-lane CAV 2, as shown in Figure 4.8(b).
This suggests that outside-lane CAV 1 must undergo a greater speed reduction than outside-lane CAV
2 to create the necessary time headway. Correspondingly, Figure 4.8(c) depicts the vehicle speeds along
their longitudinal positions, highlighting that while the on-ramp CAV directly accelerates to free-flow
speed due to its priority, outside-lane CAV 1 decelerates significantly (around 4 m/s) to help the on-
ramp CAV merge. Then, outside-lane CAV 2 also decelerates slightly, i.e., approximately 0.5 m/s, to
ensure a safe time headway with its target preceding CAV, i.e., inside-lane CAV 1.
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800 800
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Figure 4.8. Longitudinal position and velocity trajectories of CAVs in case study 1.

(a) Time and longitudinal position trajectories of the on-ramp and facilitating outside-lane CAVs; (b)
Time and longitudinal position trajectories of the lane-changing and inside-lane CAVs; (c)
Longitudinal position and speed trajectories of all CAVs.

Case study 2

The second case study presents different decisions for the five CAVs with slightly different initial
states, as summarized in Table 4.7. A key difference from the first case study is the initial position of
inside-lane CAV 2, which is at 550 meters instead of 590 meters. This adjustment creates a free gap
between the two inside-lane CAVs initially, thereby enabling outside-lane CAV 1 to change lanes to
avoid the influence of the on-ramp vehicle.

Table 4.7. Initial vehicle states and output of the proposed model in case study 2.

Inside-lane  Inside-lane Outside- Outside- On-ramp
CAV 1 CAV 2 lane lane CAV
CAV 1 CAV 2

Initial position (m) 630 550 590 550 600
Initial velocity (m/s) 28 27 28 27 26
Lane change decisions - - Yes No -
Inside-lane sequence 1 31 2nd - -
decisions
Outside-lane sequence - - - 2nd 1
decisions
Planned driving time (s) 12.82 16.24 14.53 15.69 13.91

Note: - means not applicable.

As detailed in Table 4.7 and illustrated in Figure 4.9, the on-ramp CAV still drives through the
merging section before both outside-lane CAVs. Unlike the decisions in Case study 1, outside-lane CAV
1 decides to move to the inside lane to utilize the available gap there, consequently leaving a substantial

gap in the outside lane. This strategic lane-changing maneuver allows outside-lane CAV 2 to remain in
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1297  the outside lane without being affected by the on-ramp vehicle. Figures 4.10(a), 4.10(b), and 4.10(c)
1298  demonstrate that with the help of the proposed model, the on-ramp CAV can directly accelerate to merge,
1299  and outside-lane CAV 2 remains unaffected. The lane change maneuver executed by outside-lane CAV

1300 1 results in a minor speed reduction of 0.8m/s for itself and a speed decrease of 0.4 m/s for inside-lane

1301 CAV 2.
1 2 3- 4 5 6 8 9 10 11 17 18 19 20 21 22 23 24
@@@@@@@@@@@@
E @@@:%::::% 243 3 05 @ 1) ¥ 1900 -2) @
5 D@ @6 O-- D OOV B BB O 6B OB OB OB
% O--@--®-6 OO
s D208 660
2 & & --- Outside-lane CAV1
- @D --- Outside-lane CAV2
® @ --- Inside-lane CAV1
Inside-lane CAV2
--- On-Ramp CAV
500 600 700 800 900 1000 1100
1302 Longitudinal position (m)
1303 Figure 4.9. Lateral and longitudinal positions of CAVs in case study 2.
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1304 Figure 4.10. Longitudinal position and velocity trajectories of CAVs in case study 2.
1305 (a) Time and longitudinal position trajectories of the on-ramp and facilitating outside-lane CAVs;

1306  (b) Time and longitudinal position trajectories of the lane-changing and inside-lane CAVs;
1307 (c) Longitudinal position and speed trajectories of all CAVs.

1308 (7) Sensitivity analyses

1309 The lengths of the cooperative lane-changing area (Lyc), the merging area (Lyerge), and the lane-
1310 changing cost (wy.) are three important predefined parameters. To further investigate the proposed
1311  model, sensitivity analyses are conducted on the above mentioned three parameters under the on-ramp

1312  and outside mainline lane demand at 1,800 vehicles/hour and the inside mainline lane demand at 1,700
1313 vehicles/hour.

1314 Figures 4.11(a), 4.11(b), and 4.11(c) illustrate the total travel delay and the number of lane changes
1315 for different values of Lic, Linerge, and wyc, respectively. Specifically, Figure 4.11(a) highlights the
1316  positive effect of L. on travel delay. As L;. increases, the total travel delay decreases significantly,
1317  dropping from 1,600 seconds to 1,400 seconds. Meanwhile, the number of lane changes increases
1318  greatly, from 30 to 90, until reaching a Lj. threshold at 350 meters, beyond which the number of lane
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changes stabilizes. Figure 4.11(b) demonstrates the beneficial influence of Lyerge On travel delay, with
the total delay reducing sharply up t0 Liperge = 200 meters. Beyond 200 meters, the total travel delay
tends to a stable value. Also, Liperge almost has no influence on the number of lane changes which

ranges from 103 to 105. Hence, we can conclude that the number of lane changes is primarily influenced
by Ljc. Finally, Figure 4.11(c) explores the impact of wy, showing that as the cost of changing lanes
increases, lane-changing maneuvers that only yield minor efficiency improvements are no longer
adopted, consequently leading to an increase in total travel delay. Overall, the results suggest that
increasing the values of Ljc and Lierge, While decreasing the value of wy, generally leads to reduced

travel delays. Meanwhile, the number of lane changes is directly affected by L, and indirectly by wy..
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Figure 4.11. Sensitivity analysis

(a) Impact of L. on travel delay and lane changes; (b) Impact of Lyerge On travel delay and lane
changes; (c) Impact of w. on travel delay and lane changes.

(8) Benefits of integration

In this paper, we develop an original approach that integrates scheduling (i.e., lane selection and
vehicle sequencing) optimization and trajectory optimization. In this section, we compare the proposed
integrated approach with a two-step approach that separately solves the scheduling optimization and
trajectory optimization, in consecutive steps. Figure 4.12 illustrates the differences between the two
approaches. Essentially, the integrated approach iteratively solves the problem multiple times, whereas
the two-step approach performs the optimization process only once.
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(a) Structure of the two-step approach.
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(b) Structure of the integrated approach.

Figure 4.12. Structures of the two-step approach and the integrated approach

Table 4.8. Comparison of travel delays by the two-step approach and proposed integrated approach

Demand Demand of Demand of

Two-step approach

Proposed integrated approach

ratio Lanes Lane
Lane 2/ 1&2 3 _ _ _ _ _ _
Lane 1 (veh/hour) (vehhour) D' D Df D Nolc™ D® D.IL Dj D Df No.lc”
) & () () (s) ) )
1,300 566 0.72 021 0.07 90 496 12% 0.65 0.18 0.06 93
1,400 1,400 629 0.76 023 0.08 77 553 12% 0.70 0.21 0.06 80
1,500 668 0.84 0.26 0.07 60 602 10% 0.80 0.23 0.05 62
1,500 900 0.84 0.31 0.13 109 795 12% 0.78 0.27 0.11 115
3:1 1,600 1,600 994 0.89 036 0.13 86 889 11% 0.83 031 0.11 95
1,700 1,093 098 040 0.13 66 988 10% 0.93 036 0.11 74
1,700 1,460 1.06 0.52 0.17 96 @ 1,330 9% 1.04 046 0.14 101
1,800 1,800 1,683 125 0.61 0.17 66 1556 8% 1.21 054 0.16 75
1,900 1,792 1.56 0.70 0.07 18 1,739 3% 1.55 0.65 0.09 28
1,900 2739 191 1.09 0.08 19 2,648 3% 2.06 096 0.09 30
2,000 2,000 2784 2.03 1.18 0.00 1 2,747 1% 2.29 1.05 0.01 3
2,100 2783 2.09 1.16 0.00 1 2,769 1% 2.34 1.06 0.00 1
1,300 492  0.73 0.18 0.07 82 431 12% 0.66 0.16 0.05 83
1,400 1,400 530 0.77 0.19 0.07 68 471 11% 0.73 0.16 0.06 70
1,500 555 0.81 021 0.06 59 497 11% 0.77 0.19 0.05 61
1,500 772 0.85 025 0.12 94 682 12% 0.76 0.22 0.10 100
4:1 1,600 1,600 858 1.00 027 0.12 79 766 11% 0.90 0.23 0.11 88
1,700 936 1.02 032 0.12 64 846 10% 0.99 0.27 0.11 69
1,700 1,323 1.00 043 020 102 @ 1,187 10% 0.96 0.38 0.17 109
1,800 1,800 1,522 135 0.53 0.15 60 @ 1,397 8% 132 046 0.14 69
1,900 1,670 1.69 0.67 0.05 14 1,630 2% 1.72 0.60 0.08 24
1,900 2,586 1.88 1.03 0.10 25 2465 5% 2.00 092 0.10 33
2,000 2,000 2,648 2.11 1.13 0.00 1 2,616 1% 231 1.04 0.02 3
2,100 2,646 2.12 1.12 0.00 1 2,631 1% 235 1.05 0.00 1

Notes: (1) the superscripts T and P represent the two-step approach and the proposed integrated
approach, respectively; the subscripts 11, 15, and l3 refer to the on-ramp, outside lane, and inside

lane, respectively; (2) D denotes the total delay in seconds; (3) D, o 512, and 513 represent the
average lane delays of the related lanes, (3) D. I. refers to the delay improvement ratio and can be
calculated by (DT — D) /D" (4) No. Ic refers to number of lane changes; (5) “vehicles per hour” is

abbreviated as “veh/hour

Table 4.8 and Table 4.9 record comparison results between the integrated model and the two-step
model in terms of traffic performance, and computational efficacy, respectively. From Table 7, we can
see that, compared to the two-step model, the integrated model can reduce the total delay by up to 12%.

Moreover, when comparing the delays of outside-lane vehicles (based on the values in columns 5}; and



1356
1357
1358
1359

1360

1361
1362
1363
1364
1365
1366

1367

1368

1369
1370
1371
1372
1373
1374
1375
1376
1377
1378
1379

1380
1381
1382
1383
1384
1385
1386
1387
1388

1389
1390
1391
1392
1393

58

l_){; ), the integrated model achieves an obvious delay reduction for outside-lane vehicles, showing its
effectiveness in mitigating disturbances caused by on-ramp vehicles to mainline traffic. Additionally,
the integrated model exhibits more lane changes (see the values in columns No.lcT and No.Ic?) while
maintaining similar or even lower delays for inside-lane vehicles (based on the values in columns EZTS
and 5;; ). This result indicates that the integrated model can effectively identify more advantageous
lane-changing opportunities. On the other hand, as shown in Table 4.8, which records the computation
time for both methods under different number of vehicles, ranging from three to ten vehicles (each
contains ten random computational instances). While the two-step method requires less computation
time, both methods complete the computation within approximately one second, with no big difference.
This is because the integrated model only takes a few iterations to obtain a solution. Therefore, the
computation time for the integrated model is considered acceptable.

Table 4.9. Comparison of computation time by the two-step model and proposed integrated model

Number of CAVs 3 4 5 6 7 8 9 10

Two-step model | 0.18 025 033 042 051 065 075 097
Mean value of

computation time (second) |Integrated model| 0.28 0.39 056 0.68 083 091 1.06 1.52

4.4 Summary

This chapter investigates the enhancement of traffic performance through the joint optimization of
lane assignment, vehicle sequences, and trajectories in multilane freeway merging scenarios. To this
end, we formulate the problem of merging on-ramp CAV flows into multiple mainline CAV flows as an
MINLP model, which incorporates spatiotemporal relationships between vehicles, vehicle kinematics,
and road geometry, with the aim of maximizing traffic efficiency, avoiding unnecessary lane changes,
and generating the smoothest vehicle trajectories. Here, note that lane-changing and merging time points
are determined optimally by the model, thereby achieving superior performance compared to those
heuristically predefined methods. Furthermore, the feature of joint determination of trajectories and
scheduling decisions (lane changes and sequences) ensures that scheduling solutions are contingent on
the existence of feasible trajectories, and the costs associated with these trajectories can influence
scheduling decision.

To efficiently solve the proposed MINLP model, we develop a GBD-based solution algorithm.
This approach subtly decomposes the model into a relaxed master problem and a primal subproblem.
This decomposition allows for a more efficient handling by standard solvers and significantly
accelerates the computation by reducing the number of variables and constraints required, compared
with solving the original problem directly. Furthermore, a feasibility-guaranteed primal subproblem is
developed by introducing additional elastic slack variables and penalizing these slacks in the objective
function to enhance the efficiency of the GBD-based solution algorithm in this study. The effectiveness
and efficiency of the proposed algorithm are validated through a comparison with the state-of-the-art
solver Gurobi.

Demonstrations under different traffic conditions show notable enhancements in traffic efficiency.
The model’s benefits, e.g., vehicle sequencing, maximizing multilane utilization, and leveraging
microscopic vehicle information, are highlighted through comparative analyses with three baseline
models. In addition, our findings suggest that the most time-efficient setting includes a cooperative lane-
changing area of 300-t0-350 meters and a cooperative merging area of 150-to-200 meter.
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Chapter 5
Learning Lane Selection and Driving Orders for

Multi-Lane Freeway Merging

This chapter also addresses the multi-lane freeway merging problem and proposes a hybrid bi-
level control approach that integrates deep reinforcement learning with optimization modelling. The
vehicle sequences, lane selections, and trajectories are optimized to minimize total travel delay.
Specifically, the upper level serves as the scheduling planner, where we design an attention-based neural
network to make decisions on target lanes and right-of-way. The lower level employs a nonlinear model
predictive controller to continuously update trajectories, ensuring vehicles reach the designated lanes
and follow the planned sequence. The chapter is organized as follows. Section 5.1 mathematically
describes the cooperative merging of mainline and on-ramp traffic streams at a multi-lane freeway on-
ramp merging section; Section 5.2 introduces the proposed hybrid bi-level controller; Section 5.3
introduces the upper-level learning-based scheduling planner; Section 5.4 introduces the low-level
optimization-based trajectory planner; Section 5.5 validates the proposed method by numerical
experiments; Section 5.5 concludes this chapter.

5.1 Problem Description

We first introduce the multi-lane freeway merging scenario considered in this chapter and then
formulate a general mathematical programming model to describe the problem.
(1) Multi-lane Freeway Merging Scenario

This chapter also consider a typical freeway on-ramp merging section, which includes two
mainline lanes (an inside lane and an outside lane) and an on-ramp lane that extends into an acceleration
lane, as shown in Fig. 5.1.

Lane 3, inside lane

Lane 2, outside lane

I Lane 1,
on-ramp and acceleration lane

Trigger point
= RSU
BB CAVs

Figure 5.1. Multi-lane freeway merging scenario
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This merging section also includes a roadside unit (RSU) and a trigger point. Specifically, the RSU
is positioned upstream of the merge gore, serving to collect CAV information and transmit commands
to CAVs; the trigger point is located on the on-ramp lane to activate the controller when an on-ramp
vehicle approaches. Before any vehicle approaches the trigger point, all CAV's operate in a car-following
mode. Once an on-ramp vehicle passes the trigger point, the RSU initiates a control cycle. Within each
control cycle, a planned CAV group is formed by grouping together the on-ramp vehicle passing the
trigger point, the following on-ramp vehicles and nearby mainline vehicles. This CAV group no longer
operates in the car-following mode but instead follows the controller's instructions to adjust speed and
perform the lane-changing and merging manoeuvres. Upon completing commands, these CAVs revert
to the car-following mode.

(2) Mathematical Problem Description

Controlling multiple CAV streams includes three tasks: lane selection, vehicle sequencing, and
trajectory planning. Lane selection and vehicle sequencing are responsible for determining target lanes
and passing orders for CAVs that drive through the merging section. Trajectory planning is responsible
for generating trajectories from their initial positions to the end of the merging section, ensuring that
CAVs reach selected lanes, follow assigned sequences, and keep safe throughout the process.

These tasks are interrelated in the sense that lane selection and vehicle sequences influence the
trajectory design. Meanwhile, trajectory cost, in turn, affects the determination of the optimal lane
selection and vehicle sequences.

To formally describe this complex decision problem, we introduce some notations in Table 5.1.

Let L :== 1,2,3 denote the set of lanes, corresponding to the on-ramp, outside lane, and inside lane,
respectively; let I == 1,2, ..., || represent a group of |I| planned CAVs. The variables p; ¢, v; ¢, and u; ¢
respectively denote the longitudinal position, speed, and acceleration of vehicle i € I at time t, where
longitudinal positions refer to the positions along each lane.

Table 5.1. Notations in the general model.

Indices and Sets

L set of lanes, [ € L.

1 set of all CAVs, i,j € I.

Input Parameters

Diinit 1nitial position of vehicle i € 1.

Vi imie  1nitial velocity of vehicle i € 1.

Prinal  €nd position of acceleration lane.

Decision Variables

Yij binary, equals 1 if CAV i € [ is assignedto lane l € L\ {1}, 0 otherwise.

8 binary, equals 1 if CAVsiand j(i €1l,j €1,i < j) are assigned to the same lane, 0
otherwise.

@;;  binary, equals 1 if CAV i € [ is assigned in front of CAV j (j € I,j > i), and both are

assigned to the same lane, 0 otherwise.

T; continuous, travel time for CAV i € [.

pi¢  continuous, the longitudinal position of CAV i € I at time t.
vi¢  continuous, the longitudinal velocity of CAV i € I at time t.
u;;  continuous, the control input of CAV i € [ at time t.

According to the notation introduced, the mixed integer nonlinear programming (MINLP) model
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minE T; (5.1)
i€l

subject to:
YiennyYig =1 viel (5.2)
Z [Vig = vjul =1 -8 Viel (5:3)
IEL{1}
a;;+aj; =0 vi,jel (5.4)
Pi,0 = Di,init Viel (5.5)
Vi,o = Vi,init Viel (5.6)
PiT; = Pfinal Viel (5.7)
8| (2esj = 1) (pir, —pjr,) —h] =0 Vij€El (5.8)
0(pie) N O(pje) = @ VijELt<T, (5.9)
Vitr1 = Vi + Ui At VielLt<T;—1 (5.10)
Pit+1 = Dit +WAt VieLt<T;—1 (5.11)
Yi1 € {0,1} Vi,jEI (5.12)
6;; €{0,1} Vi,j el (5.13)
a;; € {0,1} Vi,j €I (5.14)
uix €U Vielt<T,; (5.15)
Vixk €V VielLt<T, (5.16)
Dik €P VieLt<T,; (5.17)

1) Objective Function: The goal is to minimize total travel time of a CAV group.

2) Combinatorial Constraints: Constraints 2—4 ensure the orderly distribution of traffic flow on
the mainline lanes. Specifically, constraints 1 state that each CAV must select a target lane from the
mainline lanes. Constraints 2 and 3 indicate that if any two CAVs select the same target lane, they need
to establish a unique driving sequence. Additionally, constraints 4—6 state the binary nature of related

variables.

3) Trajectory Constraints: Constraints 5—11 define the vehicle’s motion from its initial state to the
final state that completes merging and lane-changing manoeuvres. Constraints 5 and 6 specify the initial
position and speed conditions of the vehicles. Constraints 7 and 8 outline the terminal conditions.
Specifically, constraints 7 require that the merging and lane changes must be completed before the end
of the merging section. Constraints § ensure that the timing of vehicles driving through the end of the
merging section is consistent with the decision variables for lane selection and vehicle orders.
Constraints 9 guarantee no collisions at any time step, in which O(Xi,t) represents the space occupied
by vehicle i at time t. Constraints 10 and 11 describe the kinematic equations. Finally, constraints 15—
17 define the permissible ranges for control inputs, speeds, and positions, respectively.

In summary, CAV-based merging control involves strategic scheduling decisions aimed at
minimizing total travel time, along with multi-vehicle trajectory planning that ensures safe movement
through the merging section while adhering to specified target lanes and vehicle sequences.
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5.2 Bi-level Control Framework

To solve the above mentioned MINLP model in real time, we design a hybrid bi-level control
framework that combines the rapid inference capabilities of neural networks with the safety guarantees
provided by mathematical models, as depicted in Figure 5.2. The upper-level module handles
scheduling-related decisions, and the lower-level module determines trajectory-related variables.

ﬁybrid Bi-level Control Framework \
Feedback: Total travel time

(Training process only) |
Low-level
NMPC planner

- -

(I B
2/

Upper-level
VORLA-PN

Vehicle sequences &
Lane assignment

Microscopic CAV
information

)

(X Generated

trajectories

=

Figure 5.2. Hybrid bi-level control framework.

In the upper-level scheduling problem, we introduce a novel Vehicle Ordering and Lane
Assignment Policy Network (VORLA-PN) to determine passing orders and lane selections for a fleet
of CAVs, given the position, speed, and lane information of a CAV group.

In the lower-level trajectory planning problem, a nonlinear model predictive control (NMPC)
planner is developed to generate collision-free trajectories, in compliance with the sequence and lane
decisions specified by the VORLA-PN. Also, it provides total travel delay to guide the learning process
of VORLA-PN towards improving overall traffic efficiency.

5.3 VORLA Policy Network

(1) Markov Decision Process Formulation

We formulate the problem of determining vehicle orders and lane assignments as an |I|-step
Markov Decision Process (MDP), denoted as a tuple (I, S, A, R, T), where I denote the set of CAVs,
S the state space, A the action space, R the reward function, and T the state transition function. The key
MDP elements are defined as follows:

State: The state at each decision step k, defined as s, = {X,N) € S, comprises two parts: the
initial CAV states X and the dynamic occupation vector Nj. X = [X (1), o, X (i D]T contains all CAVs’

, N &
information at the moment the trigger point is activated, where X = [p(l), v(l),f(‘)] captures the

T
longitudinal position, velocity, and lane ID of CAV i € . N, = [N 2 N,?] represents the occupation
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status of the mainline lanes 2 and 3. Each column vector, N, ,iz andN. ,i3, is a one-hot vector of length |I|
consisting entirely of zeros except for a single cell. The single cell is marked as one to uniquely indicate
the current occupant of the corresponding mainline lane at step k. For instance, if CAV i was assigned
to lane 2 at the last decision step k — 1, then N,iz would become [0, ..., 1, ..., 0]7 where 1 is located in
the i™ cell.

Action: The action is represented as a; = (ck, ) € A, where ¢, € Cj denotes the selection of
one CAV from a set of available CAVs at step k, and [, € L refers to the selection of a target lane from
a set of permissible target mainline lanes. Thus, each decision step involves choosing a CAV and
assigning it a target lane, until all CAVs are assigned. It is important to note that the sequence in which
the CAVs are selected forms a "driving order”.

Then, the available CAV set C}, is determined by the following two masking rules:

e Each CAV can be assigned only once during the process.
e Based on the initial order of vehicles in each lane, the leading CAV must be assigned before the
subsequent CAVs.

The permissible lane set L; is dependent on the initial lane ID of the selected vehicle.

Mainline vehicles can freely choose between the two mainline lanes (i.e., lane 1 and lane 2),
whereas on-ramp vehicles are restricted to choose the outside lane (i.e., lane 2).

Then, the corresponding masking M¢ € R/l and ME € R?*!!l are constructed based on the rules
of C and Ly, to prohibit invalid actions.

Reward: The objective is to minimize the total travel delay for a group of CAVs. Accordingly, the
reward function includes a sparse termination reward at the final decision step, denoted by Ry, =
— Yiier Ti, which corresponds to the negative of the objective function (Equation 1). The rewards for all
preceding decision steps are set to zero. Hence, the reward function is written as:

{ 0, Vke{1,..,|I| -1}
Rk =
—Xier Ti, k=1

State transition: Executing action a,, in state s, results in the next state s, based on the state

(5.18)

transition rules T (Sk41|Sk, ax). Specifically, given the action (cy, Iy ), the corresponding column of N,
is updated, while the other column remains unchanged from the previous state. The updates are as
follows:

eck, l= lk

Niyr = (5.19)

N vl # 1,
where N}, , reflects the updated assignment of vehicles and lanes; ec, 1s a one-hot vector with a 1 at

the ci! position and Os elsewhere. At each step, one column is updated because only a single CAV is
assigned to one of the mainline lanes. Also, X, which includes initial positions, velocities, and lane
information, stays constant. If all CAVs have been assigned, the next state is the terminal state.

(2) Sequential Decision-Making

Given initial CAV states X, the policy network VORLA approximates a stochastic policy g,
which outputs the probability of a solution a. A complete solution, a = (al, oy @ 1|), compromises a

series of decisions a, = (cy, l;) at each step k. Here, cj represents the selection of a vehicle, and [
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denotes the assignment of that vehicle to a specific lane. The resulting sequence (cl, s €| ,|) forms the
driving order for |I| CAVs.

The process of generating a complete a can be factorized into a chain of conditional probabilities:

1|

mo(al) = | | mo (@M1, ) (5.20)
k=1
This factorization implies that the solution can be constructed incrementally, with the decision at each
step a; depending on the decisions from previous steps Nj_; and X. Consequently, a sequential
decision-making process is developed to generate each partial solution a; iteratively, thereby
constructing the complete solution a.

The proposed VORLA network comprises a policy network g and a baseline network bg,. The
policy network g utilizes a transformer encoder to learn the interrelationships among a group of CAVs.
Additionally, it includes a decoder that is repeatedly executed during the sequential decision-making
process to produce the action sequence a. The baseline network by, is employed to facilitate learning

by variance reduction. Fig. 5.3 illustrates the VORLA network structure, which is explained as follows.

Vehicle-Lane Probability matrix

CAV 1 CAV |I]
Inside lane 0 0.98
Outside lane 0 0.01
) 2 TS T
q’ollcy Network my (Sommmw N Ny -
Log-probabilit Y ~ B ~ Append
gngerator y Softmax\—— g —————— T I Ty I ITl’k |
)
T lkek+1 Y
2ne S Satle Masks: M and M{ ¥ 1] actions
Fuser
Ny
Feature Key/Value Lane and CAV Queries Lane Specified Rewards
Encoder H, Feature Fuser hy, and hy; | Feature Extractor ;
l
N J
- - Training Loss
Baseline Network by, I g |
Update g: RL Loss + Entropy Loss
_—x [ Feature Encoder ]—-[ MLP® J LV} - g 2
EJ “ Update by: MSE Loss|

Initial CAV
states

Figure 5.3. The network structure of proposed VORLA-PN

Feature encoder: This encoder takes in the initial CAV states X € R!1*3 and attends to information
from all CAVs. The resulting vehicle state embedding H,, is represented as:

H,, € R"*@ = TransformerEnc(X), (5.21)

where d denotes the embedding dimensions, and the transformer encoder, introduced in Appendix D,
is adopted to process the input states.

Sequential decoder: The decoding process executes the decoder repeatedly, with each step
inferring the correlation between lane situations and CAV states and generating a joint probability
distribution for the CAVs and mainline lanes.
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(i) Lane specified feature extractor: Given the lane occupation states Ny, the two feature vectors
hy, L € {l,, 15}, are first selected from the output of encoder H,,:

heR =N -H, 1€{ll} (5.22)

h; provides information about which CAVs are currently assigned to the mainline lanes. Also, note that
when a mainline lane has not yet been selected, the corresponding h; is filled with trainable parameters
since no CAVs have been assigned to this lane.

(ii) Lane and CAV feature fuser: Next, we mine the correlation between the current lane occupation
and candidate CAVs. We input the lane-specific features h; as the query source and the candidate CAV
features as the key-value source into cross-attention layers to output hj € R, effectively encoding the
contextual information of the lane occupation and candidate CAVs.

Multi-head attention (MHA), as a vital component of our network, is detailed in Appendix C. The
candidate CAV features are extracted using the operation H,, © Mg, where the symbol © represents
the element-wise product, and the mask M¢ is broadcasted across each column of H,, to filter the
relevant CAVs from. The resulting lane feature vector h; is computed as:

h; € R% = CrossAttention(h;, H, ©® M), 1€ {l,, 15 (5.23)
! K

Note that two lane occupation features are separately processed with candidate CAV features, each
through its dedicated MHA layer.

(iii) Lane feature fuser: Subsequently, we concatenate the features of both lanes and pass them
into a self-attention layer to produce the output hjg, representing the implicit context of the entire
mainline lanes:

h;s € R?? = SelfAttention(h,, h.) (5.24)

where b, € R? = Concat(h;,, hy, ).

Then, we compute the attention scores U, € R!'l,1 € {I,, 15}, among the mainline lanes and
candidate CAV representations using Equation5.25 and clip the result (before masking) within
[-C, C] (C = 10) using the tanh function before applying the mask (Bello et al., 2016):

(O] T
U, € R = C - tanh (MTZ)) L€ (I, 13} (5.25)

where hl(sl 2) and hl(sl Y € RY are spitted from hy,.

Lastly, U;,and Uy, are concatenated together to obtain U € Rl and processed by the SoftMax

operation to represent the target lane and vehicle probability matrix P € R**!!l. Each column of U
contains two values, corresponding to the scores of assigning a CAV to each of the two mainline lanes.
Hence, the next passing CAV and the associated lane selection are determined by P. The decoder uses
the dependencies between lane situations and candidate CAV features to produce a selection probability
matrix. During the training phase, actions are sampled from this multinomial probability distributions;
during the inference phase, actions are selected greedily.

(3) Leader-and-Lane-specific Credit Assignment

During training, it is important yet challenging to correctly attribute the sparse termination cost,
i.e., the total delay, to a sequence of vehicle and lane selections. We propose a leader-and-lane-specific
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credit assignment rule to compute return G at each step, as outlined by the equation:

1|

G (sk,ck, zk> = T + Z Tep) - 1y = 1), (5.26)
ag k'=k

where action a; contains two terms: Cj, and Ly, which respectively denote the selected vehicle and lane
at step k; T represents the travel time of the selected vehicle; and H(lk' = lk) is an indicator function
that equals 1 solely when [,/ equals [;. This equation means that the return calculation only sums the

travel time cost of subsequent CAVs assigned to the same lane, rather than summing subsequent all
costs.

This rule associates an action only with the rewards obtained afterward, as prior rewards have no
bearing on how good the action is, which is also consistent with microscopic traffic flow models: the
leader's driving behaviour can influence the followers, but the followers cannot influence the leader.

Moreover, this rule differentiates the mutual vehicle influences from different lanes. For example,
lane-changing CAVs direct impact the target-lane subsequent vehicles, without impacting those in the
previous lane. Also, for inside-lane CAVs, the impact of assignment of on-ramp CAVs on them is
challenging to assess. However, the influence of CAVs moving from the outside lane to the inside lane
is evident.

(4) Policy Optimization

The REINFORCE algorithm (Williams 1992) is utilized to update the policy network g, with a
learnable baseline network by, to reduce the variance of gradient estimates. The REINFORCE loss, Lg;,,

1s formulated as follows:

Lrp = ~Exerg [(6(0) = by(D)) - logmo (0)], (5.27)

where .., denotes the expectation over the trajectories T = (8o, g, S1, @1, ---) (i.€., the sequences of
actions, states, and rewards) sampled from mg; G, refers to the return at step k, which is calculated
based on Equation (5.26); by is the baseline reward of instance calculated by the baseline network and

Tig is the action probability by the policy network. To discourage premature convergence, a negative
entropy loss is integrated as follows:

Lentropy = —EntYOPY(ﬂe) = IET~1T9

2 g (als) log(rrg (als)) (5.28)

S,aET

Consequently, the total loss for the policy network denoted as £,;, combines both the REINFORCE
loss and the entropy loss:

Ly =Lrp+c1- Lentropy (529)

where ¢ is the coefficient of entropy loss. By minimizing £, the policy distribution is optimized
towards minimizing total travel delay.

Regarding the baseline network, its loss is defined as follows:

Ly = Eqong [(G(r) - bq,(r))z], (5.30)

which aims to minimize the mean squared error (MSE) between the unbiased returns from the
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environment G (t) and the estimated baseline values bg, (T).

Lastly, the details of training procedure are outlined in Algorithm 1.

Table 5.2. Training process for VORLA network.

Algorithm 1. Training process for VORLA network

Input: Training dataset D, number of epochs E, numbers of CAVs per epoch I, batch size B.
Output: Network parameters 8 and ¢

1  for epoch:=1to E do

2 Sample B instances from dataset D.

3 for instance:= 1 to B do

4 set initial CAV states X.

5 set initial lane selection states N.

6 set step counter k « 1.

7 while k <1

8 a <_T[k(Nk,X).

9 end while

10 Execute actions (@, ..., ar) by low-level NMPC and obtain the delays of all CAVs.
11 Calculate returns (Gy, -+, G);)) based on Equation (5.26).
12 end for

13 Calculate loss £,; based on (5.29).

14 Calculate loss £, based on (5.30).

15 6 < ADAM(6,VL,).

16 ¢ < ADAM(¢,VLy).

17  end for

18  return 6 and ¢

5.4 Low-level Nonlinear Model Predictive Controller

We formulate the trajectory generation for a short horizon as an unconstrained optimization
problem, which is solved by an open-source library LBFGS-Lite.

min _[]ers:]av]i:]k']f] -A (31)

Uy Vi Py

where U; = {u;}1—o, Vi = {Vit}i=0, and P; = {p;;}i—o describe the trajectory of CAV i; 1 is the
weight vector used to trade off each cost term.

(1) Traffic Efficiency J,.

To optimize traffic efficiency, we minimize the cumulative difference between each vehicle's speed
and the desired speed over the entire time horizon. This is defined as:

N2
Je = Z;I;:O(Ui,t - v) (5.32)
(2) Target Sequence and Lane J;

The upper-level controller decides the target mainline lane and vehicle order for navigating
through the end of the merging section, which consequently determines the target leading vehicle for
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each CAV. Hence, NMPC must form the minimum spacing between any CAV i and its target leading
vehicle over the time horizon:

T
N2
Js = ) (pie vie,Be) (5:33)
t=0

where P, represents the position of the target leading vehicle at time ¢, and 7 is the minimum time
headway. Note that the leading vehicle is determined by the upper-level controller. lIJ(Pi,t, vi,t) =
min{p; — p;+ — v;+ — do - T, 0} indicates insufficient spacing, where the gap is smaller than the product

of the follower's velocity and the minimum time headway, plus the standstill distance d.
(3) Reciprocal Avoidance J,

The points which are close to the current leader are selected and penalized:

T
Ja = Z ll’(pi,t» Vit ﬁt)z (5.34)
t=0

where P, represents the position of current leading vehicle in the same lane at time ¢,. l/)(pi,t, vi,t) =
min{p, — p;¢ — Vi — do - 7,0} indicates insufficient spacing. P, denotes the position of current
leading vehicle.

(4) Initial Condition J;
We specify the starting position and speed conditions for the trajectory of each CAV.
2 2
Ji = (Pio = Pimit) + (Vio — Vijnit) (5.35)
(5) Kinematic Condition J

Ji links the control inputs, velocities, and positions between consecutive time steps, which is
defined by the following equation:

T
Jk = 2 (Vi,t+1 — Vit — ui,tAt)z + (pi,t+1 —Dit — 0-5(77i,t + Vi,t+1) y At)z (5.36)
t=0

Here, the difference in velocities is linearly dependent on the control input, while the difference in
positions has a parabolic relationship with velocity.

(6) Feasibility Condition J

We limit the value of velocity and control input within feasible regions.

T
Jr = Z Wy (vie) + W (use), (5.37)
t=0

where ¥, and 1, are calculated as:

(xi,t - x)z' Xip < X
o(xi) = 0, x<x;<X (5.38)
(xi,t - f)z' Xig = X
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5.5 Experiments

Extensive numerical experiments are conducted to evaluate and analyse our approach. Section
5.4.1 describes the experimental settings. Section 5.4.2 assesses the efficacy of our method by
comparing it with three baseline methods in terms of traffic performance and computation time. Section
5.4.3 evaluates the effectiveness of the proposed leader-and-lane specific credit assignment mechanism.
Section 5.4.4 presents an ablation study conducted to assess the impact of a key component of our
method. Lastly, Section 5.4.5 provides a case study to illustrate the decision process and the trajectories
generated.

(1) Experimental Settings

The microscopic traffic simulator SUMO is adopted to conduct numerical experiments. The
simulated freeway segment consists of two mainline lanes and one on-ramp, as depicted in Fig. 5.4. The
mainline lanes extend for 1.8 kilometres, comprising three sections: the upstream segment, where CAVs
are randomly generated; the cooperation segment for merges and lane changes; and the downstream
segment, which fully covers the affected areas.

Upstream segment Cooperation segment |, Downstream segment
400m 400m lkm

Figure 5.4. Road layout

During training, each episode randomly generates a group of 12—15 CAVs filling the upstream
segment, with 25—-30% on the on-ramp, 35—40% on the outside lane, and 30—40% on the inside lane.
The initial time headway between any two CAVs in one lane is distributed within 1.2-2 seconds, with
1.2 seconds being the minimum time headway. The initial speeds of mainline CAVs and on-ramp CAVs
are randomized between 100—120 km/h and 80—104 km/h, respectively. Table 5.2 provides the values
of vehicle parameters and the hyper-parameters for training DRL methods.

Table 5.3. Vehicle Parameters and hyperparameters for training DRLs.

Vehicle parameter Value Hyper-parameter Value
Minimum time headway t 1.2s Batch size |B| 64
Standstill distance d 10m Learning rate ng le-5
Maximum speed v 120 km/h Learning rate g, le-5
Maximum acceleration a 5m/s™2 Entropy weight ¢4 Se-3
Maximum deceleration b 8m/s™2 Embedding dim 128

(2) Comparative Analysis
We compare our method with following two methods to evaluate its performance:

e SA: Simulated Annealing (SA) is a metaheuristic method with guided neighbourhood search to
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approximate global optimization. Here, it is employed to search for vehicle orders and lane
assignments. Specifically, each solution is generated by randomly picking some vehicles from
different lanes and then assigning them to new target lanes. The process of SA detailed in
Appendix E is respectively run within time limits for stopping: 10 minutes (SA-10) and 40
minutes (SA-40).

e FIFO: First rotate CAVs from the ramp and outside lanes to a shared straight line and then
orders them based on the first-in-first-out (FIFO) way.

Table 5.3 presents the results of different methods on 128 instances. These instances are randomly
generated using the RL training seed and other random seeds, respectively. Each instance randomly
generates 15 vehicles, resulting in a total of 1920 vehicles. The evaluation metrics include average
vehicle delay and running time. Lower average vehicle delay indicates a higher quality solution, and
shorter computation time reflects better suitability for real-time applications.

Table 5.4. Performance comparison.

Ours SA-10 SA-40 FIFO
Training Average travel 4.23 4.41 4.36 5.01
seeds time (s)
Computation time <0.01 600 2400 <0.01
(s)
Validation Average travel 4.33 5.08 4.92 5.28
seeds time (s)
Computation time <0.01 600 2400 <0.01
(s)

The data in the table demonstrates that our method outperforms the SA-10, SA-40, and FIFO
approaches in both average travel time and computation time. Our method achieves the lowest average
travel time in both training (4.23s) and validation (4.33s) phases, indicating more efficient traffic
management. Moreover, the computation time is significantly lower than that of the SA-10 and SA-40
methods, which take 600s and 2400s, respectively. This suggests that our method is not only more
effective in reducing travel time but also far more computationally efficient, making it highly suitable
for real-time applications.

(3) Analysis on credit assignment methods

To demonstrate the effectiveness of our proposed leader-and-lane-specific credit assignment
mechanism, we compare it with other reward shaping approaches:

e Terminal reward: An entire sequence of actions is associated with a sparse terminal reward, i.e.,
the negative average travel delay of a CAV group.

e Vehicle-specific reward: Each action is only associated with the negative travel delay of the
selected vehicle.
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Figure 5.5. Learning curves under different credit assignment approaches.

As illustrated in Figure 5.5, under various credit assignment approaches, the policy network
converges stably but achieves different performance. The proposed assignment approach significantly
helps the policy network converge to solutions with lower average delays. It is noteworthy that this
approach explicitly associates each action with the delays of a selected vehicle and those subsequently
affected, rather than with the delays of all vehicles. In contrast, the terminal reward approach attempts
to directly optimize an entire action sequence towards the minimum overall delay. However, the
network struggles to learn effective solutions due to the difficulty of understanding the impact of each
vehicle and lane choice on the delays of subsequent vehicles. Another vehicle-specific approach
associates each action solely with the delay of the selected vehicle. Due to its explicitness, the network
converges to a local optimum more effectively than with the terminal reward approach. However,
because it does not account for the costs to following vehicles, the resulting traffic performance is
inferior to that achieved by our proposed assignment approach.

(4) Ablation studies

Our DRL method incorporates learnable baseline and entropy regulation techniques. We
conducted ablation studies to assess the effectiveness of these techniques. Fig. 5.6 displays the learning
curves under three conditions: with baseline and entropy regulation, without the baseline, and without
entropy.

107 No baseline
—~ 9. —— No entropy regulation
2 —— With baseline and entropy regulation
T 8-
g
o 7]
(@)
C 61
2
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Figure 5.6. Ablation study.

The key observations are as follows: First, the learning curve, aided by the two technologies,
achieves noticeably lower cost (i.e., average delay), demonstrating their effectiveness in converging to
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superior solutions. Second, in the absence of the baseline, variance increases, exerting adverse effects
on the learning process. Lastly, without entropy regulation, the learning curve exhibits a pronounced
bend after 500 episodes, indicating rapid and premature convergence.

(5) Case study

To visualize the decision process and detailed trajectories generated by the proposed approach, a
case study on a group of six CAVs making lane-changing and merging decisions is carried out. Figure
5.7 (a)-(f) displays how attention mechanisms are applied to different lanes and vehicles to make
merging decisions. The attention values help prioritize which vehicles and lanes should be focused on
during the merging process. For target lane selection, each vehicle has two scores for two mainline lanes,
referred to as the lane attention (L.A.) values. For vehicle selection, each vehicle attention (V.A.) score
is calculated by summing the two L.A. values. Higher V.A. and L.A. values correspond to a higher
probability of choosing and assigning the vehicle to the lane.

In the first step, as shown in Figure 5.7(a), based on their initial positions and velocities, CAVS5 is
the first vehicle to be selected and assigned to the inside lane. CAV3 has the second highest vehicle
attention value, making it a strong candidate for selection as the first vehicle. Unsurprisingly, in the
second step, CAV3 is then selected and assigned to the outside lane, consistent with the decision made
in the first step. In the third step, both CAV1 and CAV6 are strong candidates for selection, especially
compared to CAV4, due to their more downstream positions. The policy network selects CAV1 first,
followed by CAV6 in the subsequent step. Finally, CAV4 and CAV2 are selected in order, with CAV4
chosen first because of its higher speed and more downstream position. Notably, CAV4 changes to the
inside lane to avoid the influence of the two on-ramp vehicles, which is a preferred decision for
optimizing overall traffic efficiency.

CAV6 CAV5
va.o [D v.A. 0.57 B La. 0.57 [
TTTTeava T cavy T -
V.A.0 [ v.A. 0.24 [ D LA. 0.0 —

NS [ Vehicle attention (V.A.) score
B Lane attention (L.A.) score

(a) Step 1: CAVS is selected and assigned to the inside mainline lane.

(b) Step 2: CAV3 is selected and remains in the outside mainline lane.
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(c) Step 3: CAV1 is selected and assigned to the outside mainline lane.
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(d) Step 4: CAV6 is selected and assigned to the inside mainline lane.

CAV6 CAV5
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(e) Step 5: CAV4 is selected and changed to the inside mainline lane.

CAV6 CAV5
Ao D vao LI LA 00—
CAV4 CAV3
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(f) Step 6: CAV2 is selected and assigned to the outside mainline lane.

Figure 5.7. Vehicle and lane selection at each step.

5.6 Summary

In this chapter, we mathematically describe and define CAV-based multi-lane freeway merging
control, clarifying the connections between scheduling decisions and trajectory planning. We then
propose a hybrid bi-level control approach that integrates deep reinforcement learning with optimization
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modelling to optimize vehicle sequences, lane selections, and trajectories, aiming to combine the
strengths of both methods. Thanks to the low-level NMPC providing accurate delay data, the upper-
level policy network can correctly and unbiasedly estimate the impact of scheduling decisions under
various vehicle scenarios.

By incorporating NMPC into DRL methods, we achieve comprehensive strategies for various
decision combinations, significantly improving traffic efficiency rather than focusing solely on
individual vehicles. Additionally, by formulating the scheduling problem as a MDP, our method enables
a more informed and effective search process for the merging problem.

Experiments demonstrate that our method quickly achieves superior solution quality compared to
other meta-heuristic and rule-based methods. It effectively balances computational time with solution
quality while also offering promising scalability across scenarios with varying numbers of vehicles.
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Chapter 6

Conclusion

6.1 Summary

This thesis presents three CAV-based control strategies aimed at improving overall traffic
efficiency, covering scenarios from single-lane freeway merging sections to multi-lane freeway merging
sections. Mathematical models are formulated for each case, revealing the close coupling between
vehicle scheduling and trajectory planning, which introduces significant computational challenges. To
address these challenges, the solution algorithms are developed from the following three perspectives
to expedite the solving process:

In Chapter 3, seeking the optimal vehicle sequence is treated as a tree search problem, with the
straightforward strategy to expedite the search process being the pruning of tree branches. Motivated
by this idea, an optimal condition is derived based on the properties of single-lane freeway merging
scenarios, effectively narrowing down the search nodes.

In Chapter 4, the scope is extended to the multi-lane freeway merging problem, making the
formulated model more complex compared to the model in Chapter 1. It is noted that, although the
overall model is complex, it can be more easily solved by existing solvers if certain variables are fixed.
To leverage this, a GBD-based decomposition method is designed to iteratively solve two more
manageable sub-models.

In Chapter 5, inspired by the application of deep reinforcement learning (DRL) in combinatorial
optimization, a DRL-based method is designed to directly search for effective scheduling decisions,
while low-level trajectories are generated by optimization methods to ensure safety.

6.2 Contributions

The contribution of this thesis can be summarized according to the three main works above.

The first work in Chapter 3 for the single-lane freeway merging problem has the following six
contributions.

= A mixed integer nonlinear programming (MINLP) model is formulated to model the
cooperative merging of on-ramp and mainline traffic streams. The proposed model jointly
determines both the optimal merging sequence of these vehicles and their trajectories to
minimize the disruption of on-ramp merging traffic to mainline traffic.

= Anintegrated solution algorithm is proposed to simultaneously obtain the optimal merging
sequence and detailed trajectories. The vehicle sequence search process is designed based
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on the necessary optimality condition of the model that we identify and prove, so that the
solution space for integer variables, i.e., merging sequences, is greatly refined, while
ensuring optimality. During the search process, the relaxed nonlinear programming (NLP)
model is solved efficiently by an iterative linear programming method. Thus, the proposed
methods can satisfy real-time computation.

The proposed approach, composed of the proposed model and algorithm, is an integrated
approach so that the resulting merging sequence can guarantee feasible and high-quality
trajectories. Moreover, the optimal traffic efficiency is obtained by the resulting optimal
merging sequence, rather than heuristically assigning a facilitating vehicle to an on-ramp
vehicle, as in many existing studies.

Trajectories are characterized by continuous-time functions so that artificial setting of
numerous discrete points is avoided, and the number of decision variables is reduced. The
convex hull property of the Bernstein basis is incorporated to ensure that all constraints,
such as car-following, merging safety and constraints on vehicle speeds and accelerations,
are guaranteed at any time, rather than only at discrete time points.

The merging time and locations are determined by the model instead of relying on external
computational procedures. In other words, the merging time and locations are part of the
outcome of the proposed model.

The traffic efficiency, safety, and computational efficiency of the proposed approach are
demonstrated under different traffic conditions and compared with three alternative
methods, on the NGSIM dataset.

The second work discussed in Chapter 4, which focuses on decomposing scheduling and trajectory

planning decisions for the multi-lane freeway merging problem, makes three key contributions.

This chapter proposes a mixed integer nonlinear programming (MINLP) model that can
simultaneously optimize lane changes, vehicle sequences, and detailed trajectories. The
proposed model optimizes not only traffic performance (i.e., minimizing the total travel
time and reducing unnecessary lane-changing manoeuvres) but also trajectory quality (i.e.,
maximizing the smoothness of speed and acceleration profiles). Thus, from the
macroscopic perspective, the proposed model fully utilizes the capacity of multiple lanes;
from the microscopic perspective, the proposed model comprehensively evaluates the
impact of each role of vehicles, i.e., as a facilitating, lane-changing, or car-following
vehicle, on the overall system benefit. This comprehensive evaluation helps determine the
most cost-effective driving manoeuvres and trajectories for each vehicle.

To solve the proposed model, we have designed a Generalized Benders Decomposition
(GBD)-based algorithm. A relaxed master problem and a primal subproblem are derived
from the proposed MINLP model. To accelerate convergence, the feasibility-guaranteed
primal subproblem is introduced. Moreover, the property of finite convergence is
proved. The proposed algorithm significantly reduces computational time compared to
Gurobi due to this subtle decomposition of the nonlinear programming problem and the
integer programming problem.

A series of comprehensive evaluation experiments using the open-source SUMO
simulator over various traffic conditions are conducted. Our model outperforms all
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benchmark models, demonstrating the benefits of optimal vehicle lane-changing and
sequencing decisions, and leveraging microscopic vehicle information. Additionally, we
analyse the impact of the lengths of cooperative areas on our model’s performance and
determine the recommended lengths for the optimal traffic efficiency.

The third work discussed in Chapter 5, which integrates the rapid inference capabilities of DRL

for vehicle scheduling decisions with explainable and safe optimization modelling for vehicle trajectory

planning, makes five key contributions.

A novel hybrid paradigm that combines DRL for solving vehicle combinatorial scheduling
decisions with optimization methods for trajectory generation is introduced. In this
approach, the trajectory optimization provides accurate delay information to the DRL
during the training phase, allowing the policy network to unbiasedly evaluate the impact
of scheduling decisions.

The VORLA policy network is designed to determine the target lanes and right-of-way
for a group of vehicles. A sequential decoding process is proposed to generate the
passing order and lane assignment one vehicle at a time.

The leader-and-lane specific credit assignment mechanism is developed, leveraging
domain knowledge to effectively learn a sequence of actions that minimize overall travel
delay.

The nonlinear model predictive controller is formulated to safely accomplish the
scheduling tasks, ensuring that the vehicles follow the required sequence and lane
assignments.

Experiments demonstrate that our method consistently achieves superior solution quality
compared to other meta-heuristic and rule-based methods. It effectively balances
computational time with solution quality and shows promising scalability across scenarios
with varying numbers of vehicles.

6.3 Future work

The following directions can be further explored in the future.

As a future endeavour, first, it would be desirable to extend the current method to more
complex multi-lane scenarios (with three or more mainline lanes), where intricate vehicle
interactions, such as consecutive lane-changing behaviours, need to be considered.

Second, the assumption of 100% CAVs can be relaxed to accommodate mixed traffic
conditions, better aligning with near-future reality. One perspective could be to secure safe
and efficient CAV decision-making with the consideration of uncertain human-driven
vehicles.

Third, the combination of microscopic trajectory generation methods and flow-based
merging control methods appear to be promising in mitigating congestion and may deserve
further examination. By integrating these approaches, it is potential to create a more
seamless and efficient merging process, particularly in over-saturated traffic scenarios,
which could lead to significant improvements in overall traffic flow and congestion
reduction.

Fourth, more efficient trajectory planners can be investigated to further reduce the
computation time, making real-time applications more feasible. Improving the planners
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enhances the responsiveness and reliability of CAV systems, particularly in dynamic
traffic environments.

Fifth, integrating multi-vehicle cooperation, trajectory planning, and environmental
perception is crucial to fully leveraging the capabilities of connected communication. This
approach would enable real-time optimization of driving behaviours and the detection of
the surrounding driving environment.

Last but not least, Large Language Models (LLMs) could offer powerful generalization
capabilities for designing algorithms applicable to various merging sections. Additionally,
LLMs could facilitate natural language interactions between controllers and humans,
enhancing communication and safety in complex traffic scenarios.
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Appendix

Appendix A

Direct Deduction of Proposition 1 in chapter 3:

All on-ramp vehicles are split into two groups: {1, ...,k"} on-ramp vehicles and {k +
1R, ..., |L.|™"} on-ramp vehicles. Correspondingly, the mainline vehicles can be two associated groups:
15¢, ..., n*"} mainline vehicles and {n + 1", ..., |I,,|*"} mainline vehicles. Note that the n‘" mainline

33 ’3

Vehlcle refers to the one in front of the k" on-ramp vehicle, although the is unknown.

Minimizing the first group of on-ramp and mainline vehicles can be written as:

min (Zf_1 ¢ + Xy tmi) (A1)
ViYL

Then, it is straightforward that the decision variables Y1, ..., ¥|;,| do not affect (A.1). Hence,
(A.1) can be express as (A.2).

ymln (Z] 1tr] +Zl 1tml)
1

, e , (A2)
== tr,l + e + tr,k + tm,l + e + tm’n

Similarly, minimizing another group of on-ramp and mainline vehicles can be written as (A.3) and
can be extended as (A.6):

. || I A3
Y1m%’IIlI | (Zj;k+1 rj +Zl Tn+1tm ) (A-3)
rea ¥ Iy
_ : 1] [l (A4)
= min [t i 6,0+ 515 i+ iy, )
I ml
= m%’ﬁll | [lerk.'.l(A tr] + tr k) + Z il +1(A tm,i + tmn)] (AS)
; | * [Tl *
= Yk+I1nH}l’|I I [Zirk.”(A trj + tr,k) + Zi:";_'_l(A i + tm,n)] (A.6)
¥ I
=ttt G e o F G (A7)

where A t, ; and A t,,; are the part of time delay of the j th on-ramp vehicle and i*" mainline vehicle
caused by the on-ramp vehicles after the k" on-ramp vehicle, respectively. From (A.6), we can see that
the optimal time of following vehicles, i.e., t; 4 q + -+ t7; jand t pyq + - + £y, ), requires the

optimal time of preceding vehicles t; ; and t;, . Therefore, Proposition 1 is obtained.
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Appendix B

Derivation of Equation (6) in Chapter 3:

The polynomial position equation in (3) can be transformed as follows:

3 2
x(t) =65 -t3+6,-t>2+0,-t+80, :t]§93 (ti) +t)§92 (ti) +tf91é+90’
f f

Le1 @B
ty

The related three order Bézier curve can be expanded as follows:
P*(s) = Xj=0 B} ()P

= B3(s)P5 + Bi (s)P{' + B3 (s)P5 + B3 (s)P§
=(1—15)3P} +3s(1 —s)?P} + 3s%(1 — s)Py + s3P¥
= (PX — 3PF + 3P¥ — P¥)s3 + (3PF — 6PF + 3P¥)s? + (3PF — 3P¥)s + PE,

se0,1] (B2)

Then, a set of equations can be written to build the relationship between 6 and P*:

Py — 3Py + 3P} — P§ = t}0; (B.3)
3Py — 6P + 3P§ = tf0, (B.4)
Pr=46

o070 (B.6)

By solving (B.3)—(B.6), Equation (6) is derived.

Derivation of Equation (7) in Chapter 3.

Similarly, the polynomial velocity equation in (3) can be transformed as follows:

U(t) =393't2+292 't+01
2
— 2(t t L
= 30,t2 (tf) +2057 40y, £e©1] (B.7)

The related two order Bézier curve can be expanded as follows:

PY(s) = X5, B} ()P}
= B3(s)P{ + B (s)P{ + B3(s)P¥

= (PP — 2PY + PY)s? + (2PY — 2P¥)s + P¥ (B.8)

Then, a set of equations can be written as:

PY — 2P} + Py = 365t} (B.9)
2Py — 2PY = 20,t; (B.10)
Po =61 (B.11)

By solving (B.9)—(B.11), Equation (7) is derived.
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Appendix C

The multi-head attention (MHA) module in Chapter 5.

The multi-head attention (MHA) module (Vaswani et al. 2017) is a crucial component of our
network. The MHA module takes in a query source, h9 € R%, and a key-value source, h*? € R%.

Both h? and h*? are projected H times into different subspaces using linear layers, where H
refers to the number of heads. For each head h € { 1,2, ..., H }, the query, key, and value vectors are
calculated as follows:

Qn = W,2h1 (C.1)
K, = WXnkv (C.2)
Vi = Wy h*?, (C.3)

where h4 is the query source; h*7is the key-value source; Wl?, WK, and WY € R4*4 are learnable
weight matrices, and d, = d/H.

Each attention-based head oy, is then determined through the scaled-dot product operation:

T
ay = Attention(Qy, K, V) = Softmax (?7;:) 3 (C4)

The last operation of the MHA module is to concatenate all heads together:
MHA(hY, ") = Concat(oy, oy, -+, 0 )W (C.5)

where WO € R%*4 is the learnable matrix for the output layer. Hence, the output of MHA aggregates
the key/value, guided by the query.
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Appendix D

Transformer Encoder module in Chapter 5.

The core elements of the Transformer encoder are the multi-head attention (MHA) mechanism,
position-wise feed-forward network (FFN), residual connections, and layer normalization.

The multi-head attention sublayer is responsible for facilitating communication between tokens
(input elements) to effectively capture their relationships. Each token may have multiple semantics or
functions depending on the surrounding tokens. MHA modules allow the model to focus on various
aspects of the input simultaneously, enriching the token embeddings with contextual information.

Following the MHA sublayer, (FFN) further processes the embeddings. The FFN consists of two
linear projection layers with a ReLU activation function in between. The dimensionality of the
embeddings is first expanded and then reduced, enhancing the model’s ability to introduce non-linearity
while preserving information.

Then, residual connections play a crucial role in the encoder by carrying over the previous
embeddings to subsequent layers. This is done through an element-wise addition of the original input
with the output of each sublayer (either MHA or FFN). These connections help mitigate the vanishing
gradient problem, ensuring that the model continues to learn effectively as layers deepen.

After each residual connection, layer normalization is applied to stabilize the training process.
Unlike batch normalization, which operates across batches, layer normalization normalizes the
activations within each embedding vector. This reduces the effect of covariant shift, making training
more stable and allowing for faster convergence.



Appendix E

Pseudo code of simulated annealing in Chapter 5.

Simulated Annealing (SA)

1 | Initialize current solution S and temperature 7.

2 | Initialize best solution S*

3 | Set time limit t;

4 | Set cooling factor « (0.95).

5 | Fort=0,t; Do

6 Generate a new solution S’ in the neighbourhood of S.
7 Compare the total delay with the best solution AD = D(S") — D(S™)
8 IfAD < 0

9 S* S’

101 Bise if random (0, 1) < e~ T

11 SeS'

12 End if

13 Decrease the temperature T =« - T.

14 | End for

15 | Return S*
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