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Abstract

In the first part of the thesis, we address the issue of missing covariates in survival analy-
sis. One approach to handle missing data is the likelihood-based approach, where the
incomplete variables are modeled. Although likelihood-based approaches are theoretically
appealing, they often become computationally inefficient or even infeasible when dealing
with a large number of missing variables. We consider the Cox regression model with
Gaussian covariates that are missing at random. We develop an expectation-maximization
(EM) algorithm for nonparametric maximum likelihood estimation, utilizing a transfor-
mation technique in the E-step that involves only one-dimensional integration. This
innovation enhances the scalability of our methods with respect to the dimensionality of
the missing variables. We demonstrate the feasibility and advantages of the proposed
methods over existing methods via large-scale simulation studies and apply the proposed
methods to a cancer genomic study.

In the second part of the thesis, we address the issue of insufficient follow-up in
survival analysis with a cure fraction. For some events of interest, not all subjects are
susceptible; these non-susceptible subjects are referred to as being cured. When follow-up
time is insufficient, the survival model may not be identifiable, and, in particular, the
cure probability may not be consistently estimated. We focus on the promotion time
cure model and develop a two-step approach for estimation. In the first step, we perform
nonparametric maximum likelihood estimation. In the second step, we utilize extreme

value theory and the tail behavior of the estimated hazard function to extrapolate the
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cure probability. We demonstrate the feasibility and advantages of the proposed methods

using large-scale simulation studies.
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Chapter 1

Introduction

1.1 Survival analysis

Survival analysis is a statistical methodology for analyzing time-to-event data, where the
outcome variable represents the time until the occurrence of a specific event. The primary
objective of survival analysis is to characterize the distribution of the event time. Survival
analysis has diverse applications across disciplines, including economics (duration of
unemployment), engineering (time to mechanical failure), and medical research (time
to tumor progression). One common issue in survival analysis is the presence of right
censoring, where the event of interest is not observed but is known to occur after the end
of the follow-up period.

Often, we can observe a set of explanatory variables, termed covariates, alongside
the time-to-event data. Our interest lies in understanding the association between these
covariates and the event time. For instance, we might investigate the effectiveness of
a medical treatment on the survival of patients with a particular disease, or identify
significant factors from a large pool of genetic covariates in a cancer genomic study.
Widely used survival models include random survival forests, accelerated failure time

models, and the Cox proportional hazards model. This thesis specifically focuses on the



Cox model, whose mathematical formulation is introduced below.

Let T be an event time of interest and X be a p-vector of covariates. The distribution
of T given X is characterized by the hazard function A(¢ | X), which describes the
instantaneous risk of experiencing the event at time ¢, conditional on survival up to that

time. Under the proportional hazards assumption, the hazard function is given by
At X) = A(t)eX P,

where A(+) is a nonparametric baseline hazard function, and 3 is a p-vector of regres-
sion coefficients. Let A(t) = fg A(s)ds denote the cumulative baseline hazard. The

corresponding survival function is:
P(T >t]| X)=exp{—A() exp(,BTX)} .

While the Cox model has been a powerful tool in the context of survival analysis,
its application faces challenges such as missing data and insufficient follow-up. Missing
data may arise from non-response in surveys or improper data collection. On the other
hand, insufficient follow-up may result from early termination of the study and loss to
follow-up. These issues hinder the estimation procedure and possibly introduce bias into

the estimator. We will discuss these challenges separately in the following subsections.

1.2 Missing data

Statistical models, such as regression, decision trees, and neural networks are invaluable
tools for analyzing real-world problems. However, these models typically require complete
data, a requirement that is often impractical due to the prevalence of missing values
in a large number of real-world datasets. Missing data presents a major challenge in

data analysis. Traditional methods for handling missing data include inverse probability



weighting, multiple imputation, and maximum likelihood estimation (MLE). While these
methods have proven effective in empirical research, they often become computationally
intractable as data dimensionality increases. Therefore, there is a pressing need for
scalable methods that can effectively handle missing data.

Missing data is prevalent in biomedical studies. For example, there are multiple
cancer datasets available in The Cancer Genome Atlas (TCGA) program, where the data
are collected from different hospitals in the US. These datasets contain genomic and
clinical data for cancer patients, where protein expressions were not measured or partially
observed for a large fraction of subjects. Another example is the MIMIC3 database
(Johnson et al., [2016)), which collected data for patients who stayed in critical care units.
Laboratory test data from this database contain missing values because certain tests are
possibly skipped if the clinical provider believes those tests were not helpful for diagnosis
or treatment of patients. Handling missing values is unavoidable when analyzing clinical
data.

One naive approach for missing data is complete-case analysis, which discards subjects
with missing values and analyze the complete-data. Although complete-case analysis is
easy to implement and gives valid estimates in case of missing completely at random
(MCAR), there are noticeable drawbacks that we should not overlook. For instance,
complete-case analysis yields a biased estimator when the data are missing at random
(MAR). An improved version of complete-case analysis is inverse probability weighting
(Wooldridge, 2002; Wooldridge, 2007), which assigns weights to different subjects in the
complete data, according to their probability of complete observation. These two methods
are both inefficient because they do not incorporate partially observed subjects in the
estimation procedure. One way to address this is to employ a unified framework, which
uses partially observed subjects to update the inverse-probability weighted estimator
(Thiessen et al., 2022]).

Another straightforward approach is the missing indicator method (Cohen and Cohen,



1975). In this method, missing entries are imputed with some constant values, and an
indicator vector, denoting whether the covariates were missing, is incorporated in the
regression model. While this method is simple to implement and retains all available
data, it has been criticized for introducing substantial bias (Jones| 1996). Despite these
concerns, recent studies by |Zhao and Ding (2024)) and |Zhao et al.| (2024) demonstrate that,
in randomized experiments with incomplete covariates, the missing indicator method is
asymptotically more efficient than complete-case analysis. This suggests that the missing
indicator method may offer practical advantages under certain condition.

Multiple imputation fills in missing values by simulating plausible numbers derived
from distributions of the missing data conditioned on the observed data. After creating
several completed datasets, we apply standard statistical analysis on each of them and
eventually pool the estimates to obtain a final estimate based upon Rubin’s rule (Rubin)
2004). There are a large variety of methods to generate imputations, one of the most
popular methods is multiple imputation by chained equations (MICE) (van Buuren and
Groothuis-Oudshoorn, 2011§Azur et al., [2011). MICE iteratively regresses each incomplete
variable on the remaining imputed dataset and draws new imputations based on the
regression models. Deng and Lumley| (2024) considered using XGBoost, a supervised
machine learning model, to generate imputations in a scalable manner. Imputation is
intuitive, but it may be challenging to make inference on the resulting estimator.

For MLE, we maximize the likelihood, which includes both the outcome model and
the covariates model. Generally, the observed-data likelihood does not have an analytical
form, which causes difficulties in computation. One technique to facilitate computation
is through the use of the expectation-maximization (EM) algorithm (Dempster et al.,
1977), which maximizes the observed-data likelihood by iteratively performing E-step
and M-step. Herring and Ibrahim! (2001) developed an EM algorithm for the Cox model
with partially observed covariates, which could be categorical or continuous. |Zhou et al.

(2022) implemented the EM algorithm with two-stage data augmentation for the Cox



model with interval-censored survival time. Although MLE is efficient and has many
theoretical guarantees, it could be computationally infeasible when both the dimension
of covariates (p) and the number of missing entries grow.

In addition to missing data, high-dimensional covariates present another challenge.
When the dimension of covariates is large, standard approaches that regress on all
covariates, such as MLE or estimating equations based on inverse-probability weighting,
may suffer from overfitting , difficulty in interpretation, or may even be infeasible. In
such cases, we are often interested in selecting a subset of covariates that are associated
with the outcome. Penalized regression methods such as LASSO (Tibshirani, 1996|) are
popular approaches to reduce overfitting and to perform variable selection.

Penalized regression or variable selection in the presence of missing entries is highly
challenging, and there is limited research in this area. For likelihood-based methods,
Garcia et al. (2010) developed EM algorithms for the Cox model with LASSO, adaptive
LASSO (Zou, [2006), and the smoothly clipped absolute deviation (Fan and Li, 2001)
penalties. Sabbe et al. (2013) studied variable selection in logistic regression using a
LASSO penalty via a stochastic EM algorithm.

For inverse probability weighting, |Johnson et al. (2008) and [Wolfson| (2011) incorpo-
rated a penalty term to inverse-probability-weighted estimating equations for performing
variable selection. For multiple imputation, [Wood et al.| (2008]) investigated methods
for combining variable selection results from multiply imputed datasets. Deng et al.
(2016)) extended the MICE approach to high-dimensional settings by fitting a penalized
regression model for each missing covariate. [Liang et al|(2024) developed an iterative
imputation method based on matrix completion and a randomized LASSO method based
on bootstrap. However, these approaches suffer the shortcomings of their unpenalized
counterparts, such as computational or estimation inefficiency and a lack of theoretical

justifications. Additionally, they may require computationally intensive tuning.



1.3 Cure models

Conventional statistical methods in survival analysis typically assume that all subjects
would eventually experience the event of interest, such as tumor progression or death in
cancer studies. However, in many applications, it is plausible to postulate the presence
of “cured subjects,” who are long-term survivors not susceptible to the event even after
a long-term follow-up (Peng and Yu, [2021)). For example, Othus et al.| (2012)) showed a
substantial proportion of subjects with multiple myeloma who remained recurrence-free
for more than 15 years after receiving total therapy of tandem autotransplant. Similarly,
in a large-scale European study of childhood cancer, [Botta et al. (2022) reported that 81%
of patients (in a sample of 135,847 patients) survived beyond five years since diagnosis.
Another large-scale cancer study in France identified a noticeable cure fraction of skin
melanoma, thyroid, and testis cancer patients (Romain et al., [2019)).

When analyzing time-to-event data with a cure, we are often interested in the
proportion of cure and how covariates — including personal characteristics, cancer type,
and treatment received — affect the cure probability. A widely used framework for this
purpose is the mixture cure model, which assumes that the population consists of two
distinct groups: cured individuals and susceptible individuals. This model composes of two
components: an incidence model that captures the cure probability and a latency model
that captures the time to event for the susceptible subjects. Logistic or semiparametric
single-index models have been considered for the incidence model (Farewell, 1982; Amico
et al., [2019; Li et al., 2020} Lee et al 2024)), whereas parametric models, semiparametric
proportional hazards model, transformation model, accelerated failure time model, and
quantile regression model have been considered for the latency model (Sy and Taylor,
2000; [Peng and Dear|, 2000 |Lu and Ying, |2004; [Zhang and Peng), |2007; [Lul, 20105 [Wu
and Yin, 2013, [2017a.b).

An alternative approach, the promotion time cure model, is motivated by the biological



mechanisms underlying cancer progression (Yakovlev and Tsodikov, [1996; Tsodikov, 1998
Chen et al.} [1999)). This model postulates that the event time is governed by a random
number of latent carcinogenic processes, each corresponding to a potentially active
malignant cell. Cured individuals have no such carcinogenic cells, whereas uncured
individuals harbor a random number of them and would experience the event when any of
these cells become active and progress to malignancy. In particular, let X be a p-vector of
covariates, IV be the number of potentially active carcinogenic cells, and Z1, Zs, ... be the
times to activation of the carcinogenic cells. Assume that N follows a Poisson(eo‘+5TX)
distribution conditional on X, where a and 3 are regression coefficients. Assume that
Zj’s are independent and identically distributed with cumulative distribution function
(CDF) F with F(0) = 0, which is typically assumed to be fully nonparametric. The
time-to-event 7' is defined to be the minimum of these event times, T = min(Z1, ..., Zn),

if N >0,and T = oo if N =0. The survival function of T is

[o¢]
P(T>t|X)=P(N=0|X)+Y P(Zi>t,...,Z;>t|N=j)P(N=j|X)
7j=1
jexp(a—i-,BTX)j
4!

= exp{—exp(a+ BTX)} {1+ Z[l — F(t)]

= exp{—exp(a+ BT X)F(t)}.
The probability of cure is given by
P(T=00|X)=P(N=0|X)=exp{—exp(a+8TX)}.

The promotion time cure model offers several advantages over the mixture cure model.
First, it aligns more closely with the biological mechanisms of cancer recurrence, whereas
the two-part structure of the mixture cure model may be less biologically plausible.

Second, the promotion time cure model retains a proportional hazards structure, which



facilitates interpretation of the covariate effects. In contrast, in mixture cure models,
especially those with the same covariates in both the incidence and latency models, the
effect of a covariate on the event time is difficult to interpret.

Computation of the nonparametric maximum likelihood estimator (NPMLE) of
(a, B, F) involves solving a constrained optimization problem, for which various compu-
tational methods have been developed. Zeng et al.| (2006) employed a Newton—Raphson
method. Ma and Yin (2008) introduced a backfitting algorithm. |Portier et al.| (2017)
utilized a profile likelihood approach. However, these methods are computationally
inefficient due to the additional procedures required for handling a Lagrange multiplier.
In contrast, Beyhum et al.| (2022)) noted the connection between the promotion time
cure model and the Cox proportional hazards model and suggested that the NPMLE of
(o, B, F') can be derived from the NPMLE of the Cox model through a simple transfor-
mation. As a result, the NPMLE of the promotion time cure model can be computed as
easily as that for the Cox model.

Despite its advantages, the promotion time cure model suffers an identifiability
problem under insufficient follow-up. We say that the follow-up is insufficient if the
right endpoint of the support of the censoring time distribution, denoted as 7, is smaller
than that of the survival time for susceptible subjects (Maller and Zhou, |1994). Let
(a0, By, Fo) be the true parameter values, where Fy(7.) < 1. For any (a*, 3%, F*) =
(o +logk, By, k1 Fp) such that k > Fy(r.), F* is a proper CDF over [0, 7], and

exp{— exp(ag + B X)) Fy(t)} = exp{—exp(a* + BT X)F*(t)} for all t € [0, 7.].

Therefore, even under an infinite sample and the survival function P(T" > ¢ | X) is
virtually observed over ¢ € [0, 7.], the model parameters, and in particular the cure
probability, cannot be consistently estimated from a likelihood approach.

A popular ad hoc solution for the identifiability issue is to impose a zero-tail constraint



(Sy and Taylor, 2000), which assumes that all subjects censored beyond the largest
observed event time are cured. Although this restriction ensures the identifiability of the
promotion time cure model, it introduces substantial bias in the estimation of o and F
when F(1.) is far below 1. This bias arises from the potential misclassification of some
susceptible subjects censored after the last observed event time as cured.

To mitigate the bias induced from the zero-tail constraint, we propose leveraging
extreme value theory to refine the estimation of the cure probability. Extreme value theory
provides a principled framework for extrapolating tail probabilities beyond observed
censoring limits, thereby improving prediction accuracy. In the absence of covariates,
Escobar-Bach and Van Keilegom| (2019) and Escobar-Bach et al.| (2022) employed this
technique to extrapolate the Kaplan—Meier estimates and demonstrated a successful
reduction of bias in cure probability estimation. Later, this technique is extended to the
mixture cure model with covariates (Escobar-Bach and Van Keilegom) 2023).

In Chapter (3] we introduce a novel extrapolation approach for the promotion time
cure model based on extreme value theory. Under some general regularity conditions,
the tail behavior of a CDF can be characterized by one of three parametric forms, each
corresponding to a domain of attraction of extreme value distribution. In the proposed
approach, we first estimate F' using NPMLE and then fit one of the parametric forms
to the tail of the estimated F'. The fitted tail structure can be used to estimate the
cure probability. In contrast to Escobar-Bach and Van Keilegom| (2019), Escobar-Bach
et al. (2022), and |[Escobar-Bach and Van Keilegom (2023), the proposed method uses a
segment of the NPMLE of F' to fit the parametric tail structure, instead of using a few
selected points of the function. Also, we develop an inferential procedure for the cure

probability in addition to a point estimator.



1.4 Organization of thesis

This thesis is organized as follows. In Chapter [2, we consider the Cox proportional
hazards model with covariates that are missing at random. We develop an EM algorithm
for the NPMLE, employing a transformation technique in the E-step so that it involves
only one-dimensional integration. In Chapter 3| we consider the promotion time cure
model under insufficient follow-up. We develop a novel extrapolation method based on
extreme value theory. In Chapter [4] we outline potential directions for future research,

including possible extensions of the methodologies presented.
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Chapter 2

Scalable likelihood-based

estimation and variable selection
for the Cox model with

incomplete covariates

2.1 Overview

In Chapter |2, we consider the Cox proportional hazards model with incomplete data.
Section describes the proposed model and formulates the EM algorithm for both the
unpenalized and penalized cases. Section reports large-scale simulation studies results
and compares the performance of the proposed methods with existing methods. Section
demonstrates the feasibility and advantages of the proposed method in a cancer

genomics study. Section provides some concluding remarks and possible extensions.
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2.2 Methods

2.2.1 Model and likelihood

We assume that X follows the multivariate normal distribution with mean g and
covariance matrix 3. Here, we for simplicity of presentation impose a parametric model
on all components of X, but the proposed methods can be easily generalized to the
milder condition that a subset of components of X, X g, is multivariate normal given
the remaining components, X _s provided that X _gs is always observed. Suppose that
T may be subject to right-censoring. Let C' be the censoring time, Y = min(7', C'), and
A=I(T<C).

We allow components of X to be missing. Let R = (Ry,...,R,)T denote a vector of
missing indicators, where R; = 1 if X; is missing and R; = 0 otherwise. Assume missing
at random, such that R and X are independent given {X; : P(R; =0) =1}, Y, and A.
Also, assume that T" and C' are independent given {X; : P(R; = 0) = 1}. For a sample
of size n, the observed data consist of O; = {Y;, A;, R;, X; _g,} for i =1,...,n, where
X —R,; denote the subvector of X; consisting of components that correspond to R;; = 0.
Let A(t) = fot A(s)ds and 0 = (B, A, p, ) denote the set of all unknown parameters.

The (observed-data) likelihood is
Lobs(e) _ H/ {A(m)eXgﬁ}Aie—A(Y;)ex?ﬁ’2‘—1/26—%(Xi_ﬂ)T2—1(Xi_H) dXLR“
i=1

where X; g, denote the subvector of X; consisting of the components that correspond
to R;; = 1.

We adopt the nonparametric likelihood estimation (NPMLE) approach. Let ¢; <

- <t be the ordered unique observed event times, where m = > | A;. We set A to

be a step function that jumps only at ¢q,...,t, and let the corresponding jump sizes be

A1y -- oy Am. In the likelihood, we replace \(Y;) by the corresponding jump size. In the

12



sequel, we use Lg,s to denote this nonparametric version of the likelihood.

2.2.2 EM algorithm for unpenalized estimation

When the dimension of X is low and we are not interested in variable selection, we
estimate 6 by the NPMLE (B, K, , fl), which is the maximizer of Ly,s. We adopt the EM
algorithm to compute the NPMLE, with X; g, treated as missing data fori=1,...,n

The complete-data log-likelihood is

n

1 1 _
10g Leom(6) = Z {A (log \jiy+X7B8)— D> Ne z"—ilog\m—i(xi—uﬂz 1(XZ-—m},
=1 J:t;<Y;
where j(i) is such that Yj,; = t; fori € {i = 1,...,n : A; = 1}. In the E-step,
we evaluate the conditional expectation of log Leom (0) given the observed data at the
current parameter estimate. In the M-step, we maximize the expected complete-data

log-likelihood. In particular, at the (k + 1)th iteration, we update

J RN
plEth) = - E E(k)(Xl-) (2.1)
=1
1 <~ T
(k+1) _ 1 ® (. xTy (&) [, B+
B0 = S EO(XXT) - (00 (ut0) (2.2)

where E® denote conditional expectation given the observed data, evaluated at the
parameter estimate at the kth iteration. After profiling out Aq,..., Ay, B maximizes the
following “complete-data log-partial likelihood”

ZA Ek V' — 10g{

E(m(exm}
1Y, >

13



Note that

0@ Z AR EW(X  Xjyyey B (XIPX )

ZtijZYi E(k)(eXJTﬂ)
22Q ") = Z A; 2. Y;>Y; E®) (eX]TBXngT) B { Zj:yjzyi E(k)(eX]TﬁXj) }@2]
8ﬁ85T =1 25,2, ﬁ(k)(eX;fﬁ) >y, Bk (ex?ﬂ) )

We update 8 by the one-step Newton method:

) _ gk 3262(’“)(5)‘ - 6@"“)(@‘ 2.3
08" |g—p® B g_pmw |’ '

where B(k) denote the estimate of 3 at the kth iteration. Finally, we update the baseline

hazard function using the Breslow-like estimator:

(k+1) _ 1
Aj(i) o Zji}/jz)/i E(k)(eX]-Tﬂ(k+1)) (2.4)
for 7 such that A; = 1.

The major computational challenge of the EM algorithm is that the conditional
distribution of X; does not have a closed form, and direct numerical integration for
the expectations is infeasible when the dimension of X; g, is moderately high. To
avoid multi-dimensional numerical integrations, we propose a transformation approach
under which the expectations can be computed using at most one-dimensional numerical
integrations. Let Bg, and B_pg. denote the subvector of 3 consisting of components that
correspond to R;; = 1 and 0 respectively. The same method is used to denote subvectors
of . Let X 4;, 4,, denote the submatrix of ¥ with rows indexed by 4;; and columns
indexed by A;2, and A;; is either R; or —R; for j = 1,2. The expectations that need to

be computed in the E-step are in one of the following forms:

E{ exp(XERi,B(Rki))K’)i} (2.5)

14



E{g( X p B%) X R|0:} (2.6)

E{g(XTp,B%)Xir X g 0:} (2.7)
E{ exp(X [, 85 )I0O:}, (2.8)

where g is either the exponential function or the constant function g(-) = 1. Note that
the expectations are evaluated at @ = k).

First, if ,8512 = 0, then the conditional distribution of X; g, given O; is a multivariate
normal distribution that does not depend on (Y;, A;). The expectations (2.5)—(2.8) have
simple closed-form expressions.

For ,65]2 # 0, we define an orthogonal matrix ¥; with the first row being (,B%S)T/ H,B(sz I
and let X; = ¥, X, R,, where || - || denote the Ly-norm. Note that the first component
of }Z is )?il = XERing/]],B%B ||. Let m;, and v; denote the mean and variance of 35@
given X _g,, where

n; =¥ipg, + ¥iSr, rRE R g (Xi R —B_R,)

T -1 T
vi=¥Yp,rY, —¥VXR, rRYE g pY-RRY.

Let XLA denote the subvector of f)\(/l consisting of all but the first component. Although
the conditional distribution of 3(1 given the observed data does not have a simple form,

X _1 given the observed data and X (at 0 = B(k)) follows the multivariate normal

distribution:

— ~ X — (n. (v;)®?
X1 | (Y, Ay, X1, X —R;) NN((m)l + (111')71,127071)1 cLl

(Vi) i)-1,-1 - (Vi)

=N(m;(Xn), Vi),

where (v;)1,1 is the upper left element of v;, (v;)—1,1 is the first column of v; with the

first component removed, and (v;)—1 1 is the lower right submatrix of v;, with the first
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row and column of v; removed. The conditional density of )~(i1 given O; is proportional

to

1
2wi)in

f(@;05) = exp {Ai\lﬁgaf\lxn — AR () Pr I+ X oy (@ — (m))? ¢
Therefore, conditional expectations of functions of X; g, = W?}Z can be computed by
first further conditioning on )?il, where the conditional expectations have closed-form
expressions, and then taking the expectation over )A(/il, which can be performed by
numerical integration.

Specifically, the expectation 1) is equal to E{ exp(]| 59%) ||)~(z1)|01} The expectation
(2.6) is equal to

SO _ X
k k 7
TE{g(|I8% | X)X :|0:} = BTES o(|8% 1K) o
m;(Xi1)
The expectation (2.7)) is equal to
KNy o= T
UTE{g(I8% 1X1) X X, |0},
> )N(Z'Ql )N(ilmi(;(z‘l)T
=UTE (I8 1X) | " - B 0, 5w,
Xami(Xs1) Vi+mi(Xi)m(Xi)T

Finally, to evaluate (2.8), let
- T - T & L
¢i(Xi;a) = E{ exp(X; _ja) | Xj1,0;} = exp {a mi(Xa) + ga V@'a}
for any vector a of an appropriate dimension. We can write (2.8) as

E{ eXp(jf/;r‘I’iﬁggjl))\Oi} =E{ eXp((‘I’z‘,B%c:rl))1Xz‘1)¢z'()?z‘1; (‘I’z‘,@(Rk:rl))—ﬂ | O;}.
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Therefore, all expectations involved in the E-step can be computed using one-dimensional
numerical integrations over the conditional distribution of X;. In particular, for any
function h, we have

S W(@i) f(Zi1; O;) AT
ff z;1; 0 d:Ull

E{h(Xn) | Oi} =

The integrations can be approximated using the adaptive Gauss—Hermite quadrature

(Liu and Piercel 1994). The proposed algorithm is summarized in Algorithm 1.

Algorithm 1: NPMLE
Input :{O;}i=12,..n

1 Initialize (,8(0) A©) ,u( ) 2(0))

Calculate ., and ( . ) for i =1,2,...,n and in turn the gradient and
Hessian of Q(k (8)

Update u and ¥ by and (| .) respectively.
Update 3 by .

Calculate fori=1,2,...,n

Update A by .

Repeat Steps 2-6 until convergence.

Output : (B, K, o, 2)

N

i I = L B )

2.2.3 EM algorithm for penalized estimation

When the number of covariates is large, it is often desirable to select a subset of covariates
that are associated with the survival time. We propose a penalization approach with the

following penalized observed-data log-likelihood:

pl(6) = log Los(8) — ny[|B]]1,

where v > 0 is tuning parameter. The penalized NPMLE is the maximizer of p/(8). Note
that we assume that the sample size is sufficiently larger than the number of covariates,

so no penalty is imposed for the covariance matrix 3.
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To compute the penalized NPMLE, we adopt the proposed EM algorithm for the
unpenalized estimator with some modifications. The E-step for the penalized estimator
is the same as the previous algorithm. In the M-step, the estimators of u and X are the
same as before.

After profiling out the baseline hazard function, 3 maximizes the (expected) penalized
complete-data log-partial likelihood n=*Q®*)(8) — ~||8||;. Clearly, there is no closed-
form solution, and the objective function is not differentiable. To update 3, we first

approximate the objective function using a second-order Taylor expansion:

n7QW(B) |8l ~ 58" A8~ P — 8] + const, (29)

where

1 GQQ(’“)(B)’
B n 868[3T B=p")

1 32Q(k)(5)‘ gk _ aQ(k)(ﬂ)’
n oBoBT |g—pm B lp_pw | |

Then, to maximize the right-hand side of (2.9)), we adopt the coordinate-descent algorithm
(Simon et al., 2011). For j = 1,...,p, we update 3; with B_; fixed at the current estimates

by setting

S(A; _;B8_; + Pj,
B =— (A, Jij J ’Y)’ (2.10)
JsJ

where S(z,7v) = sgn(z)(|z| — v)+. We iterate over components of 3 until convergence.
After updating 3, we update A using the same Breslow-like estimator as before. This
completes a single M-step. Let 3, be the LASSO estimator corresponding to v and B,
denote the active set of 3,. Since the LASSO estimator is biased, we refit the model
using NPMLE, with only the coefficients in the active set 28, allowed to be nonzero. We

summarize the procedure in Algorithm 2.
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Algorithm 2: Penalized NPMLE
Input :{O;}i=12.., and 7.

1 Initialize (,6(0) A(O) , 10 30,

Calculate ., and (| . ) for : =1,2,...,n and in turn the gradient and
Hessian of Q(k

Update p and ¥ by and (| ., respectively.

Iteratively update each component of 3 through until convergence.

Calculate fori=1,2,...,n

Update A through .

Repeat Steps 26 until convergence.

Refit NPMLE over the active set.

~r T ~refi
Output: (f)’,y Al”eﬁt T efit ;3 ¢ t)

N

® N O oA~ W

We specify a grid of tuning parameters and calculate the penalized NPMLE cor-
responding to each . To search for the optimal tuning parameter v*, we choose the

Bayesian information criterion (BIC) as our model selection criterion:
BIC(y) = ~210g Lobs(B,) + log(n)|%B, |,

where Eobs(%v) is the maximum value of observed likelihood for the active set B..

2.3 Simulation studies

2.3.1 Unpenalized estimation

In this subsection, we evaluate the empirical performance of the proposed unpenalized
methods and two existing methods, namely complete-case analysis and single imputation.

We set p = 4 and generated X from a multivariate normal distribution with g =0
and & = (0.5/7); ;21 ,. We set 8 = (0.5,0.5,0.5,0.5)" and A(t) = 0.04t>/%. We
set the censoring time as min{C’*,SO}, where C* ~ Exp(0.03); the censoring rate is
approximately 34%.

We considered a sample size of n = 500 or 1000. For each subject, either all
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covariates are observed or the first two covariates are missing. We considered two missing
mechanisms, namely MCAR and MAR. For MCAR, subjects with missing data were
randomly assigned. For MAR, we mimicked a case-cohort study, where a subcohort
consisting of 30% of the whole sample was set to have observed covariates. Then, we
randomly selected subjects outside the subcohort with A = 1 to have observed covariates.
If all subjects with A = 1 were selected and the missing proportion was still higher than
the desired level, then we randomly selected subjects with A = 0 to yield the desired
missing proportion. We considered missing proportions (pps) of 20% and 40%.

We considered the proposed NPMLE, complete-case analysis under the standard Cox
regression, and single imputation. For single imputation, we estimated p and 3 using
MLE based on the fully observed X;’s, imputed the missing entries by their estimated
conditional means given the partially observed X;’s, and then fitted the standard Cox
model on the imputed data. For the proposed method, we used bootstrap to obtain
standard error estimators and confidence intervals for the regression parameters, with
500 bootstrap replicates. We considered 500 simulation replicates.

The results for MCAR are shown in Table Both the NPMLE and complete-case
analysis yield unbiased estimation, whereas single imputation yields noticeably larger
bias than the other two methods, especially under a missing proportion of 40%. This
is because the imputed values are necessarily not as associated with the event time as
the actual values, so the estimators are biased towards zero. Under all settings, single
imputation yields the smallest standard errors, followed by NPMLE. This is because
single imputation trades some bias for efficiency, and the NPMLE uses more subjects
than complete-case analysis. For NPMLE, the standard errors of Bg and 34 tend to be
smaller than those of Bl and 3\2, because X3 and X4 have more observations than X;
and X5 and thus have a larger “effective sample size.”

In Figure we present the average value of A over the replicates for different

methods under MCAR. In this case, both the NPMLE and complete-case analysis are
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NPMLE Complete Case Single Imputation

Setting Parameter Bias SE SEE CP Bias SE Bias SE
n = 500 b1 —0.0022 0.0771 0.0764 0.93 —0.0017 0.0782 —0.0206 0.0752
oy = 20% B2 0.0059 0.0856 0.0854 0.93 0.0064 0.0857 —0.0130 0.0816
B3 0.0061 0.0772 0.0801 0.94 0.0051 0.0824 —0.0303 0.0772
Ba 0.0051 0.0701 0.0724 0.95 0.0062 0.0752 —0.0241 0.0698
n = 500 B1 —0.0009 0.0901 0.0886 0.93 0.0014 0.0914 —0.0356 0.0843
py = 40% B2 0.0061 0.0965 0.0995 0.94 0.0076 0.0982 —0.0290 0.0896
B3 0.0082 0.0825 0.0859 0.95 0.0086 0.0949 —0.0586 0.0836
Ba 0.0049 0.0773 0.0776 0.93 0.0078 0.0860 —0.0486 0.0750
n = 1000 B1 0.0055 0.0547 0.0534 0.94 0.0057 0.0553 —0.0148 0.0532
oy = 20% Ba —0.0006 0.0587 0.0592 0.95 —0.0005 0.0585 —0.0210 0.0551
B3 0.0066 0.0529 0.0558 0.95 0.0075 0.0580 —0.0305 0.0525
B4 0.0007 0.0514 0.0502 0.92 0.0007 0.0548 —0.0287 0.0513
n = 1000 51 0.0056 0.0629 0.0615 0.93 0.0062 0.0636 —0.0304 0.0588
py = 40% B2 0.0000 0.0689 0.0681 0.94 0.0007 0.0695 —0.0361 0.0633
B3 0.0081 0.0554 0.0596 0.95 0.0092 0.0660 —0.0594 0.0548
Ba 0.0005 0.0547 0.0536 0.92 0.0006 0.0625 —0.0530 0.0528

Note: “Bias” is the empirical bias; “SE” is the empirical standard error; “SEE” is the
average standard error estimate; “CP” is the empirical coverage probability of a 95%
confidence interval.

Table 2.1: Results for unpenalized estimators of 8 under MCAR

unbiased for A, whereas single imputation yields a biased estimator.

The simulation results for MAR are shown in Table Under MAR, the NPMLE is
unbiased, whereas complete-case analysis and single imputation are biased. Similar to
the MCAR setting, single imputation yields the smallest standard errors overall. For the
NPMLE, the standard errors of 33 and 54 tend to be smaller than those of Bl and Bg.
Note that the NPMLE yields the smallest mean squared error among all three methods
in all settings, under MCAR and MAR.

In Figure we present the average value of A over the replicates for different
methods under MAR. The NPMLE yields unbiased estimation, whereas both complete-

case analysis and single imputation are biased.
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Figure 2.1: Results for unpenalized estimators of A under MCAR.

2.3.2 Penalized estimation

In this subsection, we compare the performance of penalized methods. We considered
a sample size of n = 500 or 1000 and a number of covariates of p = 100. We draw the
covariates from the multivariate normal distribution with g = 0 and ¥ = diag(3;, X9),
where X1 = (0.2|i_j‘)i7j:17,,,750 and X9 = (0.5|i_j|)i,j:1,”_,50. For the survival model, we set

B =(025,...,0.25,0,...,0,0.25,...,0.25)T and A(t) = 0.04t>/*. We set the censoring
D e i

4 92 4
time to be min{C*,50}, where C* ~ Exp(0.035); the censoring rate is approximately

34%. For each subject, either all covariates are observed or only the covariates with
even indices (i.e., Xo, X4, ..., X100) are observed. We considered missing mechanisms of
MCAR and MAR, generated in the same way as the unpenalized case.

We considered the penalized NPMLE, complete-case analysis, and single imputation.

For single imputation, we imputed the missing values in the same way as for the
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NPMLE Complete Case Single Imputation

Setting Parameter Bias SE SEE CP Bias SE Bias SE
n = 500 b1 —0.0012 0.0773 0.0751 0.93 —0.0524 0.0709 —0.0510 0.0710
oy = 20% B2 0.0070 0.0848 0.0839 0.93 —0.0455 0.0778 —0.0654 0.0792
B3 0.0046 0.0761 0.0791 0.94 —0.0486 0.0753 0.0181 0.0770
Ba 0.0046 0.0691 0.0707 0.94 —0.0484 0.0682 —0.0157 0.0719
n = 500 B1 —0.0017 0.0906 0.0867 0.92 —0.0541 0.0838 —0.0678 0.0794
py = 40% B2 0.0071 0.0943 0.0973 0.94 —0.0464 0.0871 —0.0877 0.0865
B3 0.0078 0.0824 0.0848 0.94 —0.0458 0.0896 -0.0079 0.0837
Ba 0.0046 0.0726 0.0758 0.95 —0.0458 0.0763 —0.0412 0.0735
n = 1000 B1 0.0043 0.0517 0.0522 0.94 —0.0479 0.0484 —0.0467 0.0490
oy = 20% Ba —0.0027 0.0591 0.0582 0.95 —0.0550 0.0532 —0.0757 0.0534
B3 0.0076 0.0523 0.0549 0.96 —0.0450 0.0504 0.0215 0.0550
B4 0.0009 0.0505 0.0491 0.92 —0.0517 0.0495 —0.0195 0.0520
n = 1000 51 0.0051 0.0621 0.0600 0.92 —0.0481 0.0572 —0.0629 0.0549
py = 40% B2 —0.0016 0.0702 0.0670 0.93 —0.0559 0.0636 —0.0962 0.0628
B3 0.0074 0.0569 0.0587 0.95 —0.0476 0.0603 —0.0066 0.0577
Ba 0.0009 0.0523 0.0524 0.94 —0.0511 0.0568 —0.0457 0.0512

Note: See Note to Table 2.11

Table 2.2: Results for unpenalized estimators of 3 under MAR

unpenalized case. For complete-case analysis and single imputation, we obtained the
active sets using maximum penalized partial likelihood estimation with a LASSO penalty
using the observed or completed data and then refitted the model over the active sets.
BIC was used in choosing the best model for all three methods. We report the true
positive rate (TPR), false discovery rate (FDR), and mean squared error (MSE) for each
method. These statistics, based on 500 simulation replicates, are summarized in Table
2.3l

The penalized NPMLE has the highest TPR and FDR among all three methods.
This implies that the penalized NPMLE tends to select more covariates, both relevant
and irrelevant ones. In terms of MSE, the penalized NPMLE is uniformly better than

complete-case analysis, especially for MCAR. Single imputation could yield smaller MSE
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Figure 2.2: Results for unpenalized estimators of A under MAR.

than the penalized NPMLE under MCAR, probably because single imputation is biased
towards zero, as demonstrated in the simulation studies for the unpenalized case. By

contrast, single imputation always yields higher MSE than the penalized NPMLE under
MAR.

2.3.3 Unpenalized and penalized estimation under a misspecified co-

variate distribution

To evaluate the sensitivity of the proposed methods to the normality assumption, we
conduct simulation studies with a misspecified covariate distribution. In particular,
we generated the multivariate normal random vector as described above. Then, we
transformed each component of the normal vector by F;- 16 & and set the transformed
value as a covariate, where ® and Fy are the cumulative distribution functions of

the standard normal distribution and the ¢ distribution with five degrees of freedom,
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oy = 20% py = 40%
n  Pattern Method TPR FDR MSE TPR FDR MSE

500 MCAR Penalized NPMLE 0.9335 0.1012 0.1013 0.8647 0.1233 0.1517
Complete Case 0.9160 0.1012 0.1219 0.8472 0.1231 0.1934
Single Imputation 0.9322 0.0917 0.0978 0.8502 0.0889 0.1420

500 MAR Penalized NPMLE 0.9165 0.1092 0.1126 0.8417 0.1283 0.1680
Complete Case  0.8985 0.1092 0.1126 0.8112 0.1283 0.1785
Single Imputation 0.8867 0.0810 0.1207 0.7800 0.0902 0.1805

1000 MCAR Penalized NPMLE 0.9948 0.0814 0.0367 0.9820 0.0921 0.0498
Complete Case  0.9903 0.0810 0.0432 0.9738 0.0917 0.0677
Single Imputation 0.9948 0.0760 0.0352 0.9785 0.0681 0.0472

1000 MAR Penalized NPMLE 0.9918 0.0770 0.0373 0.9725 0.0926 0.0532
Complete Case 0.9845 0.0768 0.0439 0.9605 0.0926 0.0672
Single Imputation 0.9793 0.0538 0.0452 0.9355 0.0654 0.0730

Note: “TPR” is the true positive rate; “FDR” is the false discovery rate;
“MSE” is the mean squared error.

Table 2.3: Results for penalized estimators of 8 under MCAR and MAR

respectively. As a result, each covariate marginally follows a t distribution. The event
and censoring times were then generated in the same way as the above. We considered
both the unpenalized and penalized estimators. The results are shown in Tables
and 2.6

For the unpenalized methods, the results are similar in pattern as those under a
correctly-specified covariate distribution. In particular, the NPMLE and complete-case
analysis are unbiased under MCAR,, while single imputation tends to be biased. However,
the standard errors of the NPMLE and single imputation are of similar level, and single
imputation does not have noticeable smaller standard errors than the other methods. In
terms of MSE, the NPMLE dominates the other two methods under all settings.

For the penalized methods, similar to the results in Table the penalized NPMLE
has overall the highest TPR and FDR. The penalized NPMLE always has a smaller MSE

than complete-case analysis. Under MCAR, the penalized NPMLE and single imputation
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have similar values of MSE. Under MAR, single imputation has the largest MSE among

all three methods.

2.4 Real data analysis

We analyzed a dataset of kidney renal clear cell carcinoma (KIRC) from TCGA. The
dataset, released in November 2015, was downloaded through the RTCGA package
(Kosinski et al., [2016]) in R. In the study, times to new tumor events and death were
collected, which were potentially subject to right censoring. Also, omic variables including
gene expressions, measured by RNA sequencing, and protein expressions, measured by
reverse-phase protein array, were collected for some or most subjects. In this section,
we focus on the association between time to death since initial diagnosis and the omic
variables.

The dataset contains 20,531 gene expressions and 217 protein expressions. There
are 530 subjects with both survival data and gene expression measurements. Among
these subjects, 475 have measurements in protein expressions. Following |[Zhao et al.
(2015)), we filtered out gene expressions with 0 median absolute deviation, resulting in
the removal of 2865 genes. Then, following [The Cancer Genome Atlas Research Network
(2013), we selected the top 1500 gene expressions with the largest maximum absolute
deviation. We then performed the log(1 + z)-transformation on the gene expressions. In
addition, we removed 5 protein expressions that were missing for over 90% of the subjects.
After the above preliminary processing, we performed supervised screening by fitting
a separate Cox model for time to death against each gene or protein expression and
selected the top 150 covariates with the smallest p-values; here, complete-case analysis
was used in the presence of missing values. This resulted in 16 protein expressions and 134
gene expressions selected for downstream analyses. The missing proportion for protein

expressions is 10%, and the censoring rate is 58%.
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We performed the penalized NPMLE, complete-case analysis, and single imputation
approaches on the processed data. Note that covariates were standardized during variable
selection, and models were refit on the original unstandardized scale. The analysis results
are presented in Table [2.7] The penalized NPMLE, complete-case analysis, and single
imputation selected 8, 4, and 5 covariates, respectively. This is consistent with the
findings in the simulation studies that the penalized NPMLE tends to select the largest
number of features.

We evaluate the prediction performance of the three methods as follows. We randomly
split the data into training and testing sets with a 7:3 ratio of sample sizes and performed
the three estimation procedures on the training data. Then, to facilitate evaluation of
the fitted models, we imputed the missing values in the testing data by single imputation,
where the whole data set was used to estimate the imputation model. We calculated
the concordance index (C-index) (Harrell et al., |[1982) between the event time and the
estimated XT3 on the (imputed) testing data. The above procedure was repeated 100
times. Note that we imputed the testing data in the exact same way as in the single
imputation method in the simulation studies. The average C-index values over the 100
splits for penalized NPMLE, complete-case analysis, and single imputation are 0.660,
0.656, and 0.658, respectively. The C-index values are similar due to the small missing

proportion, with the proposed method having a slight advantage.

2.5 Discussion

In this chapter, we propose a likelihood-based approach for (penalized) estimation of
the Cox proportional hazards model, where covariates may be missing. We devise a
novel EM algorithm that enables efficient computation under arbitrary missing patterns
and a large number of missing covariates. Instead of performing multi-dimensional

numerical integration over all dimensions of the missing covariates, we propose a linear
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transformation of the covariates, so that the expectations of all but one component of
the transformed variables have closed-form expressions.

As for likelihood-based methods in general, we need to impose modeling assumptions
on the missing covariates (except when only a few covariates are involved, in which case a
fully nonparametric model can be fitted). The proposed methods depend crucially on the
Gaussian assumptions on the covariates; without these assumptions, the transformation
approach to reduce the dimension of numerical integration is not applicable. One possible
approach to relax the Gaussian assumptions is to assume that the observed covariates
are transformed values of underlying Gaussian variables, that is, X; = ¢;(Z;) for some
transformation function g; and Gaussian variable Z;; this also allows X;’s to be discrete.
We then assume that the dependence between the outcome and covariates is mediated
through Z = (Z1,...,Z,)T, such that \(t | X,Z) = )\(t)eBTZ. In this scenario, the
proposed transformation approach can still be adopted.

The proposed transformation technique can also be applied to random effect models
with Gaussian latent variables (Papageorgiou et al., [2019; Sun et al., [2019; Wong et al.,
2022)). In general, we can accommodate an outcome variable that follows a survival
model or a generalized linear model that regresses on a linear combination of Gaussian
latent variables. This outcome variable can also be jointly modelled with other Gaussian
outcomes that regress linearly on the random effects. To compute the MLE, we can
develop a similar EM algorithm, where in the E-step, we transform the latent variable
vector such that the first component is the linear combination present in the survival or
generalized linear model.

Due to its flexibility, multiple imputation is a popular approach for handling missing
data. The proposed methods have advantages over multiple imputation approaches,
especially when variable selection is desirable, in two key respects. First, under multiple
imputation, it is often difficult to explicitly define the estimator, as it is typically the

limit of some iterative algorithm. This makes theoretical studies of the estimator very
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challenging. By contrast, the proposed estimator is the maximizer of the (penalized)
likelihood, and existing techniques (such as Wang and Leng, 2007) can be applied to
establish the theoretical properties. Second, multiple imputation is not amenable to
simultaneous variable selection and estimation. One advantage of penalization methods is
that they perform variable selection and estimation simultaneously: penalization shrinks
the estimators towards zero, and some estimators are shrunk to exactly zero, thereby
eliminating the corresponding covariates. However, even though penalized estimation can
be performed on each imputed dataset to yield a sparse estimator, the final estimator that
combines results from all imputed datasets is generally not sparse, as a variable would be
retained even if it is selected in just one of the imputed datasets. By contrast, because
the proposed method imposes a penalty on a single likelihood, it performs simultaneous
variable selection and estimation.

In the proposed methods, we fit an unstructured covariance matrix for the covariates
and estimate it by unpenalized MLE. As a result, we cannot accommodate a high-
dimensional setting with p > n, as the variance estimator would not be positive definite.
To accommodate high-dimensional data, one can consider shrinkage estimators for
covariance estimation (Ledoit and Wolf, [2004; [Warton, 2008). Alternatively, we could
impose structures on the covariance matrix to facilitate estimation. For example, we
may fit a factor model for X, such that 3 can be decomposed into a low-rank matrix
plus a sparse or diagonal matrix (Fan et all |2008]). These approaches would require

modifications to the M-step of the proposed algorithm, but the E-step remains the same.

2.6 Appendix: Additional simulation results
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NPMLE Complete Case Single Imputation

Setting Parameter Bias SE SEE CP Bias SE Bias SE
n = 500 b1 —0.0020 0.0637 0.0632 0.93 —0.0005 0.0648 —0.0266 0.0615
oy = 20% Ba 0.0032 0.0710 0.0703 0.94 0.0053 0.0711 —0.0221 0.0668
B3 0.0070 0.0653 0.0669 0.95 0.0051 0.0686 —0.0456 0.0695
B4 0.0072 0.0595 0.0605 0.94 0.0072 0.0636 —0.0323 0.0596
n = 500 51 —0.0026 0.0745 0.0732 0.94 0.0023 0.0765 —0.0464 0.0681
py = 40% B2 0.0014 0.0780 0.0817 0.95 0.0066 0.0789 —0.0432 0.0704
B3 0.0107 0.0710 0.0727 0.94 0.0087 0.0798 —0.0815 0.0777
Ba 0.0077 0.0657 0.0658 0.92 0.0094 0.0732 —0.0624 0.0640
n = 1000 51 0.0041 0.0448 0.0439 0.92 0.0057 0.0454 —0.0225 0.0429
py = 20% Ba —0.0004 0.0487 0.0483 0.95 0.0012 0.0487 —0.0269 0.0447
B3 0.0054 0.0452 0.0461 0.94 0.0046 0.0489 —0.0485 0.0488
B4 0.0019 0.0418 0.0417 0.94 0.0012 0.0443 —0.0381 0.0452
n = 1000 b1 0.0030 0.0513 0.0505 0.93 0.0068 0.0524 —0.0424 0.0467
py = 40% Ba —0.0023 0.0557 0.0554 0.93 0.0020 0.0568 —0.0476 0.0501
B3 0.0082 0.0479 0.0501 0.93 0.0059 0.0551 —0.0863 0.0520
Ba 0.0026 0.0455 0.0453 0.94 0.0019 0.0507 —0.0685 0.0483

Note: See Note to Table 1.

Table 2.4: Results for unpenalized estimators of 3 with a misspecified distribution under
MCAR
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NPMLE Complete Case Single Imputation

Setting Parameter Bias SE SEE CP Bias SE Bias SE
n = 500 b1 —0.0011 0.0625 0.0610 0.93 —0.0445 0.0587 —0.0480 0.0581
oy = 20% Ba 0.0083 0.0681 0.0680 0.94 —0.0371 0.0636 —0.0590 0.0642
B3 0.0044 0.0643 0.0652 0.94 —0.0395 0.0632 0.0027 0.0684
B4 0.0052 0.0564 0.0583 0.94 —0.0385 0.0549 —0.0219 0.0629
n = 500 51 0.0002 0.0759 0.0703 0.92 —0.0452 0.0711 —0.0690 0.0664
py = 40% B2 0.0050 0.0773 0.0783 0.94 —0.0422 0.0733 —0.0935 0.0717
B3 0.0090 0.0680 0.0706 0.94 —0.0386 0.0714 —0.0327 0.0741
Ba 0.0048 0.0610 0.0634 0.94 —0.0428 0.0655 —0.0543 0.0657
n = 1000 51 0.0047 0.0423 0.0421 0.93 —0.0394 0.0403 —0.0431 0.0403
py = 20% Ba 0.0009 0.0481 0.0467 0.95 —0.0439 0.0445 —0.0663 0.0442
B3 0.0049 0.0432 0.0448 0.94 —0.0382 0.0422 0.0039 0.0481
B4 0.0004 0.0407 0.0404 0.93 —0.0425 0.0411 —0.0283 0.0435
n = 1000 b1 0.0044 0.0497 0.0483 0.93 —0.0426 0.0465 —0.0667 0.0445
py = 40% B2 —0.0011 0.0561 0.0536 0.94 —0.0489 0.0518 —0.0995 0.0502
B3 0.0065 0.0464 0.0484 0.95 —0.0411 0.0494 —0.0338 0.0530
B4 0.0007 0.0427 0.0437 0.95 —0.0459 0.0451 —0.0607 0.0456

Note: See Note to Table 1.

Table 2.5: Results for unpenalized estimators of 3 with a misspecified distribution under
MAR
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n  Pattern Method

pa = 20%

py = 40%

TPR FDR MSE TPR FDR MSE

500 MCAR Penalized NPMLE
Complete Case
Single Imputation

0.9848
0.9773
0.9830

0.1034
0.1034
0.0877

0.0535
0.0645
0.0503

0.9465
0.9430
0.9300

0.1238
0.1238
0.0953

0.0823
0.1094
0.0833

MAR Penalized NPMLE
Complete Case
Single Imputation

500

0.9790
0.9715
0.9603

0.1077
0.1075
0.0841

0.0558
0.0582
0.0660

0.9285
0.9255
0.8692

0.1285
0.1282
0.0943

0.0939
0.0967
0.1175

1000 MCAR Penalized NPMLE
Complete Case
Single Imputation

0.9988
0.9988
0.9988

0.0756
0.0752
0.0675

0.0214
0.0242
0.0208

0.9965
0.9948
0.9960

0.0958
0.0954
0.0635

0.0267
0.0379
0.0265

1000 MAR Penalized NPMLE
Complete Case
Single Imputation

0.9985
0.9988
0.9950

0.0852
0.0848
0.0670

0.0216
0.0254
0.0274

0.9953
0.9935
0.9760

0.0976
0.0972
0.0739

0.0281
0.0362
0.0443

Note: See Note to Table 3.

Table 2.6: Results for penalized estimators of 3 with a misspecified distribution

under MCAR and MAR

Variable

Penalized NPMLE Complete Case Single Imputation

Protein - MAPK _pT202_Y204
Gene - CDCA3 (83461)

Gene — SHOX2 (6474)

Gene - LOC286467 (286467)
Gene - DNASE1L3 (1776)
Gene — BRD9 (65980)

Gene — PHF21A (51317)
Gene — CARS (833)

—0.3288
0.0797
0.1089
0.0883

—0.0976
0.1717
0.4149
0.1477

—0.3209 —0.3266
0.1487 0.1172
0.1608 0.1432
0.1642 0.1338

. —-0.1261

Note: For gene expressions, the Entrez IDs are given in the parentheses.

Table 2.7: Regression parameter estimates for the KIRC data
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Chapter 3

Cure models with a parametric
tail constraint under insufficient

follow-up

3.1 Overview

In Chapter |3 we consider the promotion cure model under insufficient follow-up. Section
introduces the proposed estimation and inference procedures. Section [3.3|presents some
preliminary theoretical results. Section [3.4] reports simulation results of the proposed
method and the NPMLE based on the zero-tail constraint under different scenarios.

Concluding remarks are given in Section

3.2 Methodology

3.2.1 Nonparametric maximum likelihood estimation

Let C be a random censoring time, ¥ = min(7,C), and A = I(T < C). For a sample of

size n, the observed data consist of (Yj, Aj, X;)i=1,..n. Under the zero-tail constraint,
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the likelihood is
[[{exp(a + BT X:) £ (Vi) }2 exp{—exp(a + BT X,)[&F(Y;) + (1 — &) F(c0)]},
=1

where §; = I(Y; < t(,)) is an indicator for uncured subjects, t(,) = max{Y; : A; = 1} is
the largest observed event time, and f is the derivative of F.

We first estimate the model parameters using NPMLE, treating F' as a nondecreas-
ing step function that jumps at Y; for which A; = 1. In this formulation, F(t) =
>ivir F{Yi}, where F{Y;} is the jump size of F at ¥;. The NPMLE (Qn, By, F)

maximizes

n
L(a, B, F) = | [{exp(a+B" Xi) F{Yi}}* exp{— exp(a+B" X i) [&:F (Yi)+(1-&) F(o0)]},
- (3.1)

subject to the constraint F(co) =Y 1 | F{Y;} = 1.
As demonstrated by Beyhum et al.| (2022)), the Cox proportional hazards model is

closely related to the promotion time cure model. Consider the Cox model with the

survival function of T' conditional on X given by
P(T>t|X)=exp{—A(t)e" X},

where 11 is a vector of regression coefficients, and A is a nonnegative, nondecreasing,
nonparametric function. There is a one-to-one relationship between the parameter sets
(a, B, F) and (n, A), specifically that 8 = n, a = limy_, o log A(t), and F' = exp(—a)A.
Because the regression coefficients of X are the same in the two models, we use 3 instead
of 1 in the Cox model formulation in the sequel. The likelihood presented in can

be reparameterized using (3, A). The NPMLE of the Cox model, where A is treated as a
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step function that jumps at the observed event times, is defined as

(B Rn) = angmax [ [{exp B XDMYE exp{— exp(8T XA},
’ =1

where A{Y;} is the jump size of A at Y;. The NPMLE for the promotion time cure model

is then obtained via the transformation
(@, By, Fr) = (10g An(00), By An /A (00)).

3.2.2 Extrapolation-based cure probability estimator

Under insufficient follow-up, the NPMLE @, could be severely biased. We propose an
extrapolation approach based on extreme value theory to improve estimation. We first
provide a brief overview of the relevant concepts in extreme value theory. A CDF F' is
said to belong to the domain of attraction of an extreme value distribution G if there
exist normalizing constants a,, > 0 and b,, € R such that

lim F"(ant + by) = G(t)

n—o0

at every continuity point ¢ of G. According to extreme value theory, G must take the form
of one of the three classical extreme value distributions: Fréchet, Gumbel, and Weibull.
Let 90 = sup{t : F'(t) < 1} denote the right endpoint of the support of F. According to
Theorem 1.2.6 of de Haan and Ferreiral (2006), F' belongs to a domain of attraction if
and only if there exist a shape parameter v € R, a positive continuous function h, and a

positive function 1, such that for all ¢t € (w, 79) with w < 79,

1- F(t) zz/)(t)exp{—/th(zz)}, (3.2)

w
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limy—,r, () =1 € (0,00), and the auxiliary function h satisfies

lim_yr, h(t)/t =~ it v >0,
limy_r h(t) /(10 —t) = —y if 4 <0, (3.3)
limy_,-, A'(t) =0 if y=0.

The shape parameter v, known as the extreme value index, determines the class of
limiting distributions G, the tail behavior of F', and the nature of the right endpoint 7.

The three domains of attraction are summarized in Table [3.1]

Domain of attraction Sign of v Tail behavior of F' Right endpoint (1)

Fréchet v>0 heavy-tailed infinite
Weibull v <0 light-tailed finite
Gumbel v=0 moderate-tailed finite or infinite

Table 3.1: Domains of attraction in extreme value theory

When F belongs to a domain of attraction, the aforementioned theorem implies that
the tail of survival function 1— F' can be approximated by some parametric functions. This
serves as the foundation for our extrapolation method. In this chapter, we restrict our
attention to distributions with 7y = oo, and therefore, the Weibull domain of attraction
is not considered.

We now derive parametric tail approximations for F' belonging to the Fréchet and
Gumbel domains. As t — 79 = o0, the function (t) approaches ¢ € (0,00). For the

Fréhet domain of attraction, (3.3)) implies that for large ¢, we can approximate h(t) as
h(t) =~ ~t.

Substituting this into (3.2)), we obtain

tq -1/~
1—F(t)r:ﬂpexp{—/ ;}:¢<i> .



In this case, the survival function 1 — F' tends to zero under a power law with exponent
—~~1. For the Gumbel domain of attraction, the tail behavior of h(-) is ambiguous due
to the weaker condition h'(t) — 0. In this case, we impose a strengthened von Mises
condition (see Condition VM3’ in [Falk and Marohn (1993))), which serves as a sufficient
condition for h(t) — n € (0,00). Under this refined condition, we can approximate h(t)

for large t as

h(t) =7,

yielding the tail approximation

¢ _
1—F(t) %@bexp{—/ (i;} = 1) exp (_tnw> :
1

Here, the survival function 1 — F exhibits exponential decrease with rate parameter 1.

1 1

By reparameterizing v~ and ™" as y, we obtain a unified parametric tail estimator

F, (-1, 1), whose form depends on the domain of attraction:

1—(t/w)™H if v > 0 (Fréchet),
1 —vYexp{—p(t—w)} if v =0 (Gumbel).

Given prior knowledge of the sign of the extreme value index v — specifically, the
domain of attraction to which F' belongs — our goal is to estimate the parameter of the
corresponding tail approximation. In Section [3.3] we demonstrate that the Breslow esti-
mator within a promotion time cure model framework consistently estimates exp(ag)Fo(-).
Let 6 denote the set of parameters («, 1, 1) and define L. (-;0) = exp(a)Fy(-; ¢, n). We
propose finding the best fitting parametric tail L (- ;@) that minimizes the discrepancy
between the parametric model and the Breslow estimator over an interval (w,7.), where

7. = max{Y;} represents the last follow-up time. In particular, we define a regularized
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estimator:

~

0., , = argmin /Tc {L,y(t; 0) — Kn(t)}Q At + A{a? + (log¥)? + (log p)2},  (3.4)
(2] w

where Kn() is the Breslow estimator of the baseline cumulative hazard, and A, > 0 is
a tuning parameter. We penalize «a, log 1, and log i to prevent overfitting, a common
issue observed in unregularized settings. To obtain the minimizer, we employ an adaptive
Newton algorithm (Mishchenko| 2023]).

To select the tuning parameter \,, we adopt K-fold cross-validation, with
K Te ~ ~ . 2 , N2
A, = arg minz [/ {Lv(t; 0,)) — Ag{)(t)} dt + {exp(&é}])) - exp(&,(l_”)} } ,
A - w ’
j=1

where 5,(;){ ) are estimates obtained by excluding the j-th fold, &%_j ) is the NPMLE of
a calculated under zero-tail constraint excluding the j-th fold, and /A\,({ ) is the Breslow
estimator computed on the j-th fold. The cross-validation criterion comprises two
components. The first integral quantifies the goodness-of-fit between the parametric tail
estimator and the Breslow estimator on the validation fold. The second term addresses
a practical identifiability issue observed in simulations, where multiple parameter sets

yielded nearly identical goodness-of-fit scores. By penalizing deviations of 62;_){ ) from

Ei?(fj ), we stabilize the solution, favoring parameter sets that align with the NPMLE.
The estimation procedure can be summarized as follows:

1. Compute the Breslow estimate Kn() and initialize a grid of tuning parameters.

2. Perform K-fold cross-validation to select the optimal tuning parameter \}. Estimate

the parameter én, Ax by minimizing the objective function in |'
3. Calculate the final estimator as a;, = max(ay, n ) and ﬁn = exp(—&n)xn.
We call @i, the extrapolation-based cure probability estimator. Note that exp{— exp(c,)}
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estimates the baseline cure probability, that is, the cure probability of a subject with

X =0.

3.2.3 Inference for the cure probability

From NPMLE theory, ,@n and Kn are consistent and asymptotically normal, and we can
use their asymptotic distributions to perform inference for 3 and A. However, a,, is based
on an approximation from extreme value theory, so inference for « is more difficult. In
this subsection, we develop an inference procedure by assuming that the parametric tail
structure holds exactly, in which case the extrapolation-based cure probability estimator
is consistent. The asymptotic distribution of the estimator can be derived from the fact
that it is a smooth transformation of the NPMLE of A.

By the delta method and for fixed A, the estimator En » is approximately normally

distributed with variance
Var(8,.,) = n (A +22W) ' B(A + 2AW) !,
where W = diag(1, (1 — log)/v?, (1 —log u)/u?) is a 3 x 3 diagonal matrix, and

A:2/ VL (t:000) VL (t:8,0)" dt,
B—4/ / G (5, 1)V L(5; 8,0 )V Lo (£ 8,0) T ds dt.

Here, 0,, is an estimator of the covariance process of the limiting distribution of {\/ﬁ(xn -

Ao)(t) : t € [0, 7]}, given by

oo t) = { [ 2B bt {28} { [ 2B da |
N /min(si) dA, (u)
0 Y I > w)exp(B, X))
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where Z,, (,/B\n)_1 is a consistent estimator of the asymptotic variance of \/E(Bn —By), and

" ~T
Zw:B) = Zj=nl 1(Yj > u) eXp(ﬁifj)Xj.
Zj:l I(Yj = u) exp(B, X ;)

Let vy, be the upper-left element of @(én Az ). We can construct a (1 — c) confidence
interval for « as a, * 2z, /2@11/ 2, where z. is the c-upper quantile of the standard normal

distribution.

3.3 Asymptotic properties

In this section, we establish the asymptotic properties of the NPMLE under a theoretical
framework where the follow-up time diverges to infinity as the sample size increases.
This serves as a preliminary result for investigating the asymptotic efficiency of the
extrapolation cure probability estimator relative to the NPMLE in the future. We assume

the following conditions:
(C.1) The covariates X = (X1,...,X,) have a bounded support.

(C.2) The true regression coefficients («p, ﬁg)T belongs to a compact set A x B, and the
true CDF Fj belongs to a space of absolutely continuous functions from [0, c0) to

[0,1].

(C.3) The censoring times are derived from a triangular array of random variables. In
particular, there exists a diverging, nondecreasing sequence {7, } and i.i.d. random
variables Cy, Cs, . .. with P(éZ =00 | X)) > 9§, such that under a sample of size n,

the censoring time of the ith subject is Cp; = min(Cj, 7,,), where ¢ is a positive

constant.

In the theoretical development, to emphasize that the distribution of the censoring time

depends on the sample size, we denote the censoring time, the observed time, and event
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indicator of the ith subject by Ch;, Yy; = min(T;, Cp;) and A,; = I(T; < Cy;), respectively.
Also, we define the generic random variables ¥ = min(7',C) and A = I(T < C) and use
Y; and A; to denote the realizations of Y and A for the ith subject, respectively. Note
that Y,,; = min(f/i, 7o) and Ay = AZI(Y/@ < Tn).

Let P,, and P denote the empirical measure and the true probability measure re-
spectively. Remark that these measures are defined on the random vectors (17, &, X).
In particular, for any measurable function Q(f/, A, X ), the empirical measure and true

measures are given by:

Before presenting the main theoretical results, we first introduce a key lemma:
Lemma 1. Let Q(}N/, X;8,A) be an arbitrary measurable and bounded function that
satisfies Q(1,,, X;8,A) = Q(o0, X; 3,A) and that {Q(?,X;,@,A) :BeB,AeL}isa

Glivenko—Cantelli class, where
L={f:[0,00) = R, f(0) =0, f is monotone increasing and bounded}.

Let Ry = I(1y, > Yni > y) + 1(Yn: > 7,). Under conditions (C.1)-(C.3), we have

% Z I(Ynz > Tn)Q(Yniv Xi; /6’ A) - P[I(i; = OO)Q(?7 X; /Ba A) CL_~S~_> 07 (35)
=1
w5 )@, XiiB,0) ~ PUT 2 0)QF X:B,0)| #50, (36)
yel0,00 i=1
sup %ZI(Ym < Y)AQ(Yoi, X558, M) —P[I(Y < y)AQ(Y, X;8,A)| =250, (3.7)
y€[0,00) 110 ;5
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sup ‘1 S AnQ(Voi X558, A) — PIAI(Y < 50)Q(V, X 8,0)| 2550 (3.5)
)

y€[0,00) 115
Remark. and do not require the condition Q(7,, X;8,A) = Q(o0, X;3,A).
The proof of the theoretical results are given in the appendix. We have the following
theorem about the consistency of the NPMLE.
Theorem 1. Under conditions (C.1)-(C.3), the NPMLE of the promotion time cure

model obtained from ({3.1)) is strongly consistent:

~ 3T a.s. o a.s.
(@, Br) = (a0, 80)[h <=0 and S[up)an(t)—Fo(t)! —0.
te|0,00

Within the current theoretical framework, we have established the consistency of
the NPMLE. Here, we present a preliminary outline of the proof for the extrapolation
cure probability estimator, noting that the full theoretical derivation remains a work in
progress. Intuitively, under insufficient follow-up, NPMLE &, incurs a bias of — log Fy(7¢).
We aim to demonstrate that the bias of the proposed estimator depends on the goodness-
of-fit of the parametric tail, thereby potentially exhibiting a smaller bias compared to
the NPMLE. Although the theoretical advantages of the proposed estimator require
further characterization, simulation studies in Section demonstrate that our approach

outperforms NPMLE especially when Fy(7.) < 1.

3.4 Simulation studies

3.4.1 Setup

In this section, we examine the finite sample performance of the proposed estimator. We
set p = 5 and simulate the covariate vector X from a multivariate normal distribution,
with mean zero and an AR(1) covariance matrix (O.5‘i_j|)i7j:17,,,75. The regression
coefficients are set to 8 = (0.5,0.5,0.5,0.5,0.5)T, and the baseline cure probability

() = exp(—exp(a)) (for a subject with X = 0) is set to 0.25 or 0.50. We set the
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sample size to be n = 1000.

The distribution function F' belongs to either the Fréchet or Gumbel domain of
attraction. For the Fréchet domain of attraction, we consider the Fréchet distribution,
half-Cauchy distribution, and generalized Pareto distribution. For the Gumbel domain of
attraction, we consider the Gumbel distribution, Gamma distribution, and exponential

distribution. Parameter configurations for these distributions are summarized in Table

2.2)

Domain of attraction Distribution CDF Support Shape (a) Scale (b)
Fréchet Fréchet exp( t7)  te(0,00) 1 .
Fréchet Cauchy Z arctan (%) t € (0,00) . 1
Fréchet Pareto - (b ) t e (b,00) 1 1
Gumbel Gumbel exp( exp(—f)) teR : 1
Gumbel Gamma L(a)"'v(a,}) te(0,00) 2 1
Gumbel Exponential 1 —exp(—7) t€ (0,00) : 1

Table 3.2: Distributions and parameter configurations.

Let ¢o5 and qg5 denote the 25th and 95th percentiles of the event time distribution,
respectively. We set the last follow-up time to 7. = 7(qo5 — ¢q25) + g5 for some r > 0,
which is a linear interpolation between the 25th and 95th percentiles. We consider
r=0.1,0.2,...,1.5. The censoring time is a mixture of Unif[0, 7.] and a point mass at
Te, with mixing probabilities 0.95 and 0.05, respectively.

We set w to be the 90th empirical percentile of the observed event times. The
estimator &, = min(@, xx,ay) is obtained following the procedure described in Section
where the optimal tuning parameter A} is determined through 5-fold cross-validation.
We compare the proposed estimator with the NPMLE @,,. For both estimators, we report
the empirical mean, mean-squared error (MSE), and coverage probability (CP) of the
95% confidence intervals for the intercept o across all simulation scenarios. The results

are presented in Figures For each configuration, we simulate 1000 replicates.
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3.4.2 Results
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Figure 3.1: Statistic of @ under the Gumbel domain and 7(«) = 0.25

Figures [3.1] and illustrate the empirical performance for the proposed estimator
and NPMLE under the Gumbel domain at baseline cure probabilities of 0.25 and 0.50,
respectively. We draw three observations from the results. First, for sufficiently long
follow-up (r > 1), the proposed estimator demonstrates comparable efficiency to the
NPMLE across all distributions (Gumbel, Gamma, and Exponential distribution), as
evidenced by overlapping empirical means, MSEs, and CPs. This alignment suggests
that the proposed estimator is as efficient as the NPMLE when the follow-up is almost
sufficient.

Second, for insufficient follow-up (r < 1), the proposed estimator uniformly outper-
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Figure 3.2: Statistic of @ under the Gumbel domain and 7(«) = 0.50

forms the NPMLE. Specifically, it exhibits consistently smaller bias and lower MSE across
all distributions. For instance, the proposed estimator maintains an MSE below 0.4 for
r < 1, whereas the NPMLE exceeds 0.2 for r < 0.4 under the Gumbel and Gamma
distribution. Similarly, the proposed estimator achieves near-nominal CPs for r» > 0.4,
whereas the NPMLE achieves that only for r > 1.

Third, the proposed estimator shows enhanced robustness at higher baseline cure
probabilities. At m(«) = 0.50, it substantially reduces MSE to below 0.1 for all r and
has a near-zero bias. Furthermore, it achieves near-nominal CPs for » > 0.4. This is
in contrast with 7(a) = 0.25, where the MSE reduction is less substantial and longer
follow-up is required for achieving near-nominal CPs, suggesting that the estimator

leverages increased cure-rate information more effectively at higher m(«).
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Figure 3.3: Statistic of « under the Fréchet domain and 7(«) = 0.25

Figures and illustrate the empirical performance for the proposed estimator
and NPMLE under the Fréchet domain at baseline cure probabilities of 0.25 and 0.50,
respectively. The proposed estimator under the Fréchet domain presents patterns that
resemble the Gumbel case. For instance, the empirical performance of both estimators
converges across all distributions (Fréchet, Cauchy, and Pareto distribution) as the
follow-up becomes more sufficient and the proposed estimator has superior performance
than the NPMLE for r < 1.

It is notable that the proposed estimator demonstrates distinct advantages specifically
in the Fréchet domain. First, the estimator achieves exceptional stability across all
distributions (Fréchet, Cauchy, Pareto distribution), with MSE values consistently below

0.05 for r < 1. This precision is coupled with near-zero bias and rapid convergence to
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Figure 3.4: Statistic of « under the Fréchet domain and 7(«) = 0.50

nominal coverage probability. For instance, when r = 0.2 and 7(«) = 0.25,0.50, the
proposed estimator already achieves a performance that is similar to the performance as
if we have sufficient follow-up.

We also conduct simulation for both the Fréchet and Gumbel domains under a nearly
sufficient follow-up condition (r = 10). Table summarizes the empirical performance
of the NPMLE and the proposed estimator. Consistent with our earlier findings, the
proposed estimator demonstrates efficiency comparable to the NPMLE when the follow-up
is sufficient, as evidenced by their nearly identical MSEs. Additionally, both estimators

achieve the nominal CP of 0.95.
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Distribution

m(a) Estimator Statistic Fréchet Cauchy Pareto Gumbel Gamma Exp

0.25 Qp, MSE 0.0024 0.0024 0.0024 0.0024  0.0025 0.0025
CPp 0.944 0.945 0.946 0.938 0.941  0.940

Qn, MSE 0.0025  0.0025 0.0025 0.0024  0.0025 0.0025

CPp 0.951 0.947 0.948 0.937 0.941  0.940

0.50 an, MSE 0.0032  0.0031 0.0032 0.0030  0.0031 0.0031
CP 0.941 0.940 0.946 0.947 0.946 0944

an, MSE 0.0032  0.0032 0.0032 0.0030  0.0031 0.0031

CP 0.948 0.950 0.951 0.947 0.947 0944

Table 3.3: Statistic of o under almost sufficient follow-up (r = 10)
3.5 Discussion

Our proposed method presupposes that the domain of attraction of F' is known. However,
this assumption may be impractical. To address this issue, graphical methods such as
probability plots can be used to determine the domain of attraction. The fundamental
concept behind constructing a probability plot is to apply distribution-specific transfor-
mations to both a random variable Z and its CDF F' such that the resulting plot of the
transformed Z against the transformed F' forms a straight line with a slope of 1. |Castillo
et al.| (1989)) and |[Bhati and Ravil (2018]) proposed the Gumbel and Fréchet probability
plots, respectively. Their work illustrated the use of these graphical tools to identify the
domain of attraction.

Insufficient follow-up complicates the diagnostic procedure. These graphical methods
require a consistent estimator of F' across the entire support (0, 79); however, this may
not be possible under insufficient follow-up. Therefore, we propose an ad hoc procedure
for identifying the domain of attraction, based on the methodology developed by |Castillo
et al.| (1989):

1. Hypothesize that the CDF F' belongs to the Gumbel domain of attraction. Estimate

15” using the proposed extrapolation method over an extrapolation interval (w, 7).
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2. Construct the Gumbel probability plot using the data points { (log(— log(F*(¥;))), Y;) :

A; =1}, where ﬁ;‘; = HLHF,L

3. Classify F' as belonging to the Gumbel domain of attraction if the tail of the
Gumbel probability plot appears linear with a slope of 1. Classify F' as belonging

to the Fréchet domain of attraction if otherwise.
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Figure 3.5: Gumbel probability plot at m(«) = 0.25 and r = 0.8

Figure [3.5] presents the Gumbel probability plots under the setup described in Section
based on a single simulation. The straight line in the plot passes through the
point (— log(— log(F*(quo))), Goo) with a slope of 1, where gy denotes the 90-th empirical
percentile of {Y; : A; = 1}. In the Gumbel domain of attraction, the tails of the probability
plot appear to be linear. In contrast, the tails in the Fréchet domain of attraction appear

to be convex. To extend our work, we may develop a more comprehensive classification

procedure and evaluate its accuracy through simulation in future work.
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3.6 Appendix: Proof

Proof of Lemma 1.

Proof of (3.5). The expression can be bounded by

% ;I(Yni > 70)Q(Yni, X3 B, A) — Bo[I(Y = oo)Q(?,X;B,A)]‘

_|_

PAL(T = 50)Q(V, X:8,)] — P = 0)Q(T. X;B,An\.

Note that {I(Y = o)} is a Glivenko-Cantelli class. Under the algebraic operation of
multiplication, the class {I(Y = c0)Q(Y,X:3,A) : B € B,A € L} is also Glivenko-
Cantelli. Thus, the second term converges to 0 with probability 1. For the first term, we
rewrite it as

~ 1 <& '

1< s ' B .
- ;I(mln(Yz‘,Tn) > 7,)Q(min(Y;, 7,), X458, A) — = ;I(YZ — 00)Q(Vi, Xi: B, A)

Since min(f’i, Tn) > T if and only if Y; > 7,, and given that Q(1n, X; B,A) = Q(o0, X; B, ),

and Q(f/, X;3,A) is bounded by some constant M > 0, we can express this as

3 2T 2 m)Qlo0, X B4) = ST = 200Q(e0. Xis8. )

S

<M I(1, < Y; < 00)

1

i

> 1 < ¥i < 50)Q(00, X )|
i=1

1

n [

n

Let p, = P(m, < Y < o0). By the Hoeffding’s inequality, for any ¢ > 0,

g

1 & ~
EZI(Tngyi<oo)—pn
=1

> e) < 2exp(—2ne?).

50



Since p, — 0 and

2 2¢2
ZI Tn§Y<oo) > > ZQexp 2n6 M<oo,

1 — exp(—2¢€?)

g

by the Borel-Cantelli Lemma, we have n=! > | I(7, < Y; < o0) converges to 0 with
probability 1. Hence, we finished the proof of (3.5)).
Proof of (3.6)). Notice that the supremum is bounded by

sup '1 ZI(YM > 7p)Q(Yni, Xis B, A) — P[I(i} = OO)Q(?v X;B,0)
y€[0,00) _

+ sup

ZI Tn > Ynz > y)Q(Yn27X’u/87A) - P[[(OO > }7 > y)Q(?7X7187A) .
y€[0,00) | T

By , the first term converges to 0 with probability 1. For the second term, the class
{I(c0 > Y > y)Q(?,X;B,A) cy €10,00),8 € B,A € L} is a Glivenko-Cantelli and
therefore, it suffices to show that sup,cp o) In= S (1 > Yo > 9)Q(Yai, X438, A) —
P,[I(c0 >Y > 4)Q(Y, X; 8, A)]| converges to 0. We can show that this supremum is

bounded above by

1 ~
=3 (7 Vi < 00)I(Y; > y)M‘ <M

sup <
n“
=1

1 & ~
y€[0,00) ‘

—ZI(Tn§K<oo).

n <
=1

Applying argument used in the proof , we complete the proof of .

Proof of . Since {I(Y < y)AQ(Y,X;B,A) : y € [0,00),8 € B,A € L} is a
Glivenko-Cantelli class, it suffices to show that the expression sup,e(g ooy 77 21y T(Yni <
Y)AniQ(Yni, X 8, A) — P, [I(Y < y)AQ(Y, X; B, A)]| converges to 0. Note that we can

write the expression as

n

% Z I(min(i}ia Tn) < y)glj(i}z < Tn)Q(min(i;ia Tn)a X Ba A)
=1

sup
y€[0,00)

o1



1 I < yAI(Y; < OO)Q(%aXi;ﬁvA)’

= sup

n
y€[0,00) ‘

ZI(?Z‘ < YA (1, <Y; < 0)Q(Y;, X; 8, \)
=1

1 — ~

=3 I(m <Yi< oo)‘.

n

=1

S|

<M

Applying argument used in the proof , we obtain the desired result.

Proof of . is a special case of , and the argument is similar. Thus, we
omit the proof.

Proof of Theorem 1. To begin, we establish that the NPMLE of the Cox model
(Bn,Kn) is a consistent estimator for (8, Ao), where Ag = exp(ap)Fp. The proof is

structured in three steps:
(a) The NPMLE (8,,,A,,) exists.
(b) /A\n(oo) is uniformly bounded with probability 1.

(c) For any convergent subsequence Bn — 3% and A, — A*, we have 8" = 3, and

A* = Ayp.

Consequently, the strong consistency result follows from the continuous mapping theorem
applied to the transformation (@, B’n, F,) = (log Kn(oo),,@n, Kn/f\n(oo))

Proof of (a): (Existence of NPMLE). The log-likelihood of the Cox model is

(B, 0) =D Ani{ BT X + log A{Yni}} — exp(BT Xi)A(Vei),

=1

which is continuous in 3 and the jump sizes of A. Since 8 belongs to a compact set B,
it suffices to show that the jump sizes A{Y,;} must be finite. Since the log-likelihood
remains finite when all jump sizes are finite and it diverges to negative infinity if any

jump size becomes infinity, the maximum must be attained at finite jump sizes.
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Proof of (b): (Uniformly boundedness). The jump size can be expressed as

Am’
n T ’
Zj:l an (Ynz) eXp(Bn Xj)

where Ryi(y) = I(1y, > Yni > y) + I(Yni > 7). Here, we are essentially treating the
subjects censored at 7, as cured and hence, we use R,;(y) instead of the usual indicator

function I(Y,; > y). For any fixed 8 € B and y € (0, c0), we have
1 n
—ZRW y) exp(BT X ;) ﬁ Z (Yoj > ) exp(BT X ).

Since {exp(8TX) : B € B} is a bounded, GlivenkoCantelli class, Lemma 1 implies that

n

S 1Yoy = 7) exp(87X ;) = PV = oc) exp(87X)].
j=1

1
n
Note that the expectation is bounded below by
PI(Y = o) exp(8TX)] > ém;P[I(lN/ = o) exp(BTX)] > 0,
€

where the positivity follows from the compactness of B and the assumption that the cure
fraction is non-zero. Consequently, for sufficiently large n, n=" Z?:l R,;(y) exp(BTX ;)
is bounded below by 27 !infgep P[I(f/ = o0) exp(BT X)]. This implies for large n

Ru(oc) = =% N _ 2 ___B,
M Y Ry (Yu) exp(B, X ;) infpes PII(Y = oo) exp(B7 X)]

Hence, A, (c0) is uniformly bounded.
Proof of (¢): (Consistency). To establish consistency, we show that for every sub-
sequence of (Bn,Kn), there is a further subsequence that converges to (3y,Ag). For

any subsequence of (,@n,Kn), by the Helly selection theorem, we can find a further
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converging subsequence. With an abuse of notation, we use the same subscript n to

denote the subsequence. Suppose that Bn — 3% and Kn — A*. To complete the proof,

we first construct a consistent estimator A, by fixing 3 = B,. Then we show that

n‘l{ﬁn(,@n,?&n) — 4n(By, Ay)} converges to the negative Kullback—Leibler divergence.

Since the likelihood function is identifiable, we have 8" = B, and A* = Ay.
Define A,, as a step function that jumps only at the observed event times, with the

jump size at Yy; equals

_ A
AV} = — = :
s} >0y Ruj(Yai) exp(85 X )
We claim that
— 1< I(Yyi < t)Ani I(Y <t)A
Ap(t) = — —E = = Ao(t
D S Y W P15 Rl s ey B
To prove our claim, note that
sup l Z 1 [0 = D —E = = t)AT ] ‘
t€[0,00)| T n- Z] 1 Bnj(Yni) exp( X;) PI(Y > y) exp(By X)]y:f/
< s 1 B 1
000y | LY Roy () exp(B3X;)  P[I(V > 1) exp(BLX)]
- ;12 e
tefo,00) | i PI(Y > y) exp(By X)]y=v,,, PI(Y > y)exp(By X)],_y

The class {exp(83 X)} is a bounded, Glivenko-Cantelli class. By Lemma 1, we obtain

that supe,o0) In~! > i1 Raj(t) exp(Bg X ;) — PII(Y > t) exp(Bg X)]| converges to 0.

Additionally, the expectation P[I(Y > t) exp(83 X)] is bounded below by inf seB P[I Y =
00) exp(B¢ X)] > 0. Consequently, the first term converges to 0 as the transformation 1/z
is Lipschitz on the domain [¢, 00) for ¢ > 0. Since {1/P[I(Y > y) eXp(BOTX)Hy:f,} is also
a bounded, Glivenko—Cantelli class as it is Lipschitz transformation of a Glivenko—Cantelli

class. By Theorem 1, the second term converges to 0.
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From the construction of A,,, we obtain that

SISV B () exo(BT XS
Anlt) = / o Effl Fngly) e p(?OTXDdKn(y),
0 n-t Zj:l an (y) exp(ﬁn XJ>

where /AXn is absolutely continuous with respect to A,. We consider taking limit in both

sides. Note that

~T

sup |15 i) exp(BX,) - PUT = y)exp(67 X))
y€[0,00)| ¥ j=1

~T ~T

< s 1Y Ry exn(B,X) - BT > nexn(B, X))

y€[0,00)

n
J=1

+ sup
y€[0,00)

PLI(V > y)exp(BLX)] - PUT 2 y) exp(ﬂ*TX)]‘-

Applying similar argument used in the proof of Theorem 1, we can show that the first term
converges to 0. Since {I(Y > y)exp(8TX) : y € [0,00), 8 € B} is a Glivenko—Cantelli
class and Bn — 3%, by the monotone convergence theorem, the second term converges to

0. Hence, it holds that uniformly in y,

/A\n{y} _ n! > i1 Bnj(y) exp(B) X ;) . PI(Y > ) exp(Ba X)) _ A*(y)
Ay nt e Ry exp(B,X;)  PUY Zy)exp(8TX)) Ao(y)

From the aforementioned argument, we conclude that

The difference between the log-likelihood is

n ~T "N
~ o~ — 1 Xz An Ym
- 0 i )AAn1dne

l n o exp{—exp(B:Xi)/A\n(Yni)}
+ n Zl & <exp{—eXp(,30TXi)An(Yni)}>




Take limit on both sides and applying the Glivenko-Cantelli theorem, Theorem 1, and

the bounded convergence theorem, we have

n (B, An) — £0(Bg, M)} = E

AI(Y < o) log (exp(B*TX))\*(EN/)>

exp(85 X)ho(Y)
log <exp{— exp(B7 X )\ Q?)})
exp{—exp(By Xi)Ao(Y)}

+ E

)

which is the negative Kullback—Leibler divergence. This implies, with probability 1,

{exp(B*TX)N* (V) }AV <) exp{— exp(B*T X)A*(V)}

— {exp (87 X) Ao (V) }2A1 <) exp{— exp (B X )Ao(V)}.

By the identifiability of model, we obtain 8* = 3, and A* = Ay. By the continuous

mapping theorem, we obtain the following with probability 1:
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Chapter 4

Conclusion

4.1 Summary of the thesis

This thesis developed methodologies for survival analysis under two critical challenges:
missing data and insufficient follow-up.

In Chapter [2] we handled missing covariates in the Cox proportional hazards model
by proposing a novel transformation technique within the EM algorithm. By reducing
the computational complexity of the E-step to one-dimensional integration, our method
enables scalable estimation as the dimensionality of missing variables increases. We further
extended this framework to penalized regression settings and validated the numerical
performance of the NPMLE through simulations.

In Chapter 3] we tackled insufficient follow-up in survival data by developing an
extrapolation-based cure probability estimator grounded in extreme value theory. Large-
scale simulations demonstrated that our estimator outperforms the NPMLE in terms of
efficiency when follow-up is severely insufficient. Additionally, we established preliminary

asymptotic results.
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4.2 Future research directions

For Chapter [2, we may consider shrinkage estimators for high-dimensional covariance
estimation, which may help extend our method to high-dimensional settings. Also, we
may relax the Gaussian assumption to accommodate categorical or mixed-type covariates
via latent variable models. In addition, we may evaluate the performance of inverse
probability weighting, multiple imputation, and our EM-based approach via simulations.

For Chapter [3, we may formalize the the superior efficiency of the proposed estimator
over the NPMLE based on the preliminary results in Section[3.3] Also, we may investigate
the empirical performance of the proposed domain-of-attraction classification rule under
the setup described in Section [3:4 In addition, we may extend our extrapolation method

to accommodate the Weibull domain of attraction.
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