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Abstract

In recent years, continuous generative models based on ordinary differential equations
(ODEs) and stochastic differential equations (SDEs) have played a central role in the
rapidly expanding field of generative AIs. These generative AIs have shown remark-
able empirical success across various applications, including large-scale image synthe-
sis, protein structure prediction, and molecule generation. In this thesis, we aim to
investigate the theoretical properties of these continuous generative models by consid-
ering the regularity of the differential equations, the ability to approximate them with
deep neural networks, and the non-asymptotic convergence rate of these continuous
generative models.

In the first part, we address the regularity of a class of simulation-free continuous
normalizing flows (CNFs) constructed with ODEs. Through a unified framework of the
flow models termed Gaussian interpolation flows, we establish the Lipschitz regularity
of the flow velocity field, the existence and uniqueness of the flow, and the Lipschitz
continuity of the flow map and the time-reversed flow map for several rich classes of
target distributions. This analysis also sheds light on the auto-encoding and cycle con-
sistency properties of Gaussian interpolation flows. Our findings offer valuable insights
into the learning techniques and accumulations of errors when employing Gaussian in-
terpolation flows for generative modeling. 

In the second part, we study the theoretical properties of continuous normalizing
flowswith linear interpolation in learning probability distributions from a finite random
sample, using a flow-matching objective function. We establish non-asymptotic error
bounds for the distribution estimator based on CNFs, in terms of the Wasserstein-2 dis-
tance. We present a convergence analysis framework that encompasses the error due to
velocity estimation, the discretization error, and the early stopping error. A key step in
our analysis involves establishing the regularity properties of the velocity field and its
estimator for CNFs constructed with linear interpolation. This necessitates the develop-
ment of uniform error bounds with Lipschitz regularity control of deep ReLU networks
that approximate the Lipschitz function class. Our nonparametric convergence analy-
sis offers theoretical guarantees for using CNFs to learn probability distributions from
a finite random sample.
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The last part of the thesis addresses the convergence properties of a Bayesian fine-
tuning approach for large diffusion models. Diffusion models are a class of continuous
generative models built with SDEs whose generation ability has been largely reinforced
by various fine-tuning procedures. However, the mystery of fine-tuning has seldom
been uncovered from a statistical perspective. In this part, we address the gap in the
systematic understanding of the advantages of fine-tuning mechanisms from a statis-
tical perspective. We prove that a pre-trained large diffusion model can gain a faster
convergence rate from the Bayesian fine-tuning procedure when adapted to perform
conditional generation tasks. This improvement in the convergence rate justifies that
a pre-trained large diffusion model would perform better on a downstream conditional
generation task than a standard conditional diffusion model, whenever an appropriate
fine-tuning procedure is implemented. 
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Chapter 1

Introduction

Let {Xi}ni=1 be independent and identically distributed (i.i.d.) random variables drawn

from an underlying probability distribution ν with support in Rd . The task of genera-
tive learning is to learn ν from the data {Xi}ni=1 by generating new samples [Salakhutdi-
nov, 2015]. Several generative learning methods have been developed during the recent
decade, including generative adversarial networks [Goodfellow et al., 2014], variational
auto-encoders [Kingma andWelling, 2014], diffusionmodels [Sohl-Dickstein et al., 2015,
Ho et al., 2020, Song et al., 2021b], and normalizing flows [Tabak and Turner, 2013,
Rezende and Mohamed, 2015, Chen et al., 2018]. Deep neural networks [LeCun et al.,
2015], as a powerful modeling tool, have played an important role in the development
of these methods. 

Among the generative learning methods, continuous normalizing flows (CNFs) use
ordinary differential equations (ODEs) to determine a stochastic process for transport-
ing a Gaussian distribution to the target distribution, achieving the goal of generative
learning. CNFs have achieved impressive empirical performance across various applica-
tions. These applications include large-scale image synthesis [Ma et al., 2024], protein
structure prediction [Jing et al., 2023], and 3D molecule generation [Song et al., 2023b].
Rectified flow [Liu et al., 2023], a CNF model that linearly interpolates Gaussian noise
and data, has been recently implemented in the large image model Stable Diffusion 3
[Esser et al., 2024]. Simulation-free CNFs that use flowmatching to learn probability dis-
tributions have been the focus of much recent attention [Albergo and Vanden-Eijnden,
2023, Lipman et al., 2023, Liu et al., 2023, Neklyudov et al., 2023].

An early model of CNFs was proposed by Chen et al. [2018]. This model is based on
neural ODEs and employs a simulation-based maximum likelihood method to estimate
velocity fields. However, simulation-based CNFs are computationally demanding in
large-scale applications. To address the computational challenges of simulation-based
CNFs, significant efforts have been made to develop simulation-free CNFs, where ve-
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locity fields can be represented in terms of conditional expectations. Noteworthy exam-
ples include the probability flows of diffusion models [Song et al., 2021b] and denois-
ing diffusion implicit models [Song et al., 2021a], which are trained using a denoising
score matching objective function. In contrast, the flow matching method solves a least
squares problem to estimate the conditional expectation that represents the velocity
field [Albergo and Vanden-Eijnden, 2023, Lipman et al., 2023, Liu et al., 2023].

The essence of CNFs lies in definingODEs that govern the evolution of CNFs in terms
of continuous trajectories. Inspired by the Gaussian denoising approach, which learns
a target distribution by denoising its Gaussian smoothed counterpart, many authors
have considered simulation-free estimation methods that have shown great potential in
large-scale applications [Song et al., 2021a, Liu et al., 2023, Albergo and Vanden-Eijnden,
2023, Lipman et al., 2023, Neklyudov et al., 2023, Tong et al., 2023, Chen and Lipman,
2023, Albergo et al., 2023b, Shaul et al., 2023, Pooladian et al., 2023]. However, despite
the empirical success of simulation-free CNFs based on Gaussian denoising, a rigorous
theoretical analysis of these CNFs has received limited attention thus far.

One target of this thesis is to explore an ODE flow-based approach for generative
modeling, which we refer to as Gaussian interpolation flows (GIFs). This method is
derived from the Gaussian stochastic interpolation. GIFs represent a straightforward
extension of the stochastic interpolation method [Albergo and Vanden-Eijnden, 2023,
Liu et al., 2023, Lipman et al., 2023]. They can be considered a class of CNFs and encom-
pass various ODE flows as special cases. According to the classical Cauchy-Lipschitz
theorem, also known as the Picard-Lindelöf theorem [Hartman, 2002b, Theorem 1.1], a
unique solution to the initial value problem for an ODE flow exists if the velocity field is
continuous in the time variable and uniformly Lipschitz continuous in the space variable.
In the case of GIFs, the velocity field depends on the score function of the push-forward
measure. Therefore, it remains to be shown that this velocity field satisfies the regular-
ity conditions stipulated by the Cauchy-Lipschitz theorem. These regularity conditions
are commonly assumed in the literature when analyzing the convergence properties of
CNFs or general neural ODEs [Chen et al., 2018, Biloš et al., 2021, Marion et al., 2023,
Marion, 2023, Marzouk et al., 2023]. However, there is a theoretical gap in understand-
ing how to translate these regularity conditions on velocity fields into conditions on
target distributions.
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When a random sample from the target distribution is available, the process of learn-
ing simulation-free CNFs involves statistically and numerically solving a class of  ODE-
based initial value problems (IVPs). Let ν denote an easy-to-sample source distribution.
We consider the IVP on the unit time interval

dXt
dt

(x) = v(t,Xt(x)), X0(x) = x ∼ µ, (t,x) ∈ [0,1]×Rd , (1.1)

where v represents the velocity field, which can be estimated based on data. The solution
to the IVP (1.1) is a family of flow maps (Xt)t∈[0,1] indexed by the time variable, which
generates a smoothing path between the source and target distributions. Gao et al.
[2024a] have studied the mathematical properties of these ODE-based IVPs under the
framework of Gaussian interpolation flow. This defines a Gaussian smoothing path as a
transport map that pushes forward a Gaussian distribution onto the target distribution
in terms of measure transport. 

Simulation-free CNFs adopt a two-step “estimation-then-simulation” approach to
learning the desired transport map based on a random sample. In the estimation stage,
a deep learning model is trained to estimate the velocity field without simulating the
ODE that defines the CNF. During the simulation stage, numerical solvers simulate the
numerical solution of the ODE associated with the estimated velocity field, and the
generated data is collected at the end time point. Another target of this thesis is to
establish statistical convergence guarantees for these simulation-free CNFs in terms of
error bounds of distribution learning. These convergence guarantees are necessary to
broaden applications of simulation-free CNFs in statistical and machine learning meth-
ods, such as transfer learning, statistical hypothesis testing, and semi-supervised learn-
ing.

In addition to the ODE-based flow models, a lot of efforts have been made to the de-
velopment of diffusion models that are built on stochastic differential equations (SDEs).
Diffusionmodels are a promising approach to deep generativemodeling that has evolved
rapidly since its emergence [Song and Ermon, 2019, 2020, Ho et al., 2020, Song et al.,
2021b,a]. The basis of diffusion models lies in the notion of the score function, which
characterizes the gradient of the log-density function of a given distribution. Compared
with learning the law of a random vector with the principle of generative modeling, con-
ditional generative modeling, which learns the law of a random vector given another
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one, has gained more interest among practical generation tasks. To tackle a conditional
generation task, we need to resort to conditional diffusion models that are defined by
conditional score functions. The required conditional score is directly linked with the
unconditional score of the unconditional diffusion model due to the classical Bayes’ rule.
Such a relation between the score and the conditional score has inspired the proposal
of a Bayesian fine-tuning approach [Ho and Salimans, 2022, Huang et al., 2024]. This
fine-tuning approach involves taking an unconditional diffusion model that has already
been trained on a broad dataset and refining it using a smaller, task-specific dataset for
conditional generation. The goal is to use the general knowledge embedded in the large
diffusion model while tailoring its capabilities to meet particular needs. This kind of
fine-tuning not only enhances performance on specialized conditional generation tasks
but also reduces the computational resources and time required compared to training a
model from scratch. Due to such observations, we focus on investigating the benefits
of the Bayesian fine-tuning approach from a statistical perspective. These theoretical
investigations form the third part of the thesis.

1.1 Main contributions

This thesis is based on our recent work [Gao et al., 2024a,b] and an ongoing work jointly
with Ding Huang, Jian Huang, and Ting Li. We summarize the main contributions into
three parts. 

1.1.1 Regularity analysis of CNFs constructed with stochastic in-
terpolation

The nature of CNFs is an ODE with a random starting point. To establish the well-
posedness properties of these CNFs, we resort to the classical Cauchy-Lipschitz theo-
rem. We first show that the regularity conditions of the Cauchy-Lipschitz theorem are
satisfied for several rich classes of probability distributions using variance inequalities.
Based on the obtained regularity results, we further expose the well-posedness of GIFs,
the Lipschitz continuity of flowmappings, and applications to generative modeling. The
well-posedness results are crucial for studying the approximation and convergence prop-
erties of GIFs learned with the flow or score matching method. When applied to gen-
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erative modeling, our results further elucidate the auto-encoding and cycle consistency
properties exhibited by GIFs.

Related work.  There is a series of papers exploring the idea of Gaussian denois-
ing for constructing continuous normalizing flows for generative modeling [Song et al.,
2021b,a, Liu et al., 2023, Albergo and Vanden-Eijnden, 2023, Albergo et al., 2023b, Nek-
lyudov et al., 2023, Tong et al., 2023, Chen and Lipman, 2023, Albergo et al., 2023b, Shaul
et al., 2023, Pooladian et al., 2023, Albergo et al., 2023a,c]. Most of them focus on themod-
eling and computation aspects of the flow models. For the target of analyzing the regu-
larity properties of flow models, we find a substantial body of research on the Lipschitz
properties of transport maps is closely related to ours. The celebrated Caffarelli’s con-
traction theorem [Caffarelli, 2000, Theorem 2] establishes the Lipschitz continuity of op-
timal transport maps that push the standard Gaussian measure onto a log-concave mea-
sure. Colombo et al. [2017] study a Lipschitz transport map between perturbations of
log-concave measures using optimal transport theory. Mikulincer and Shenfeld [2024]
demonstrate that the Brownian transport map, defined by the Föllmer process, is Lips-
chitz continuous when it pushes forward the Wiener measure on the Wiener space to
the target measure on the Euclidean space. Additionally, Neeman [2022] andMikulincer
and Shenfeld [2023] prove that the transport map along the reverse heat flow of certain
target measures is Lipschitz continuous. Our analysis is based on establishing similar
regularity properties of the GIFs. We show that GIFs share similar Lipschitz continuity
properties using the techniques developed in the literature on Lipschitz properties of
transport maps.

1.1.2 Convergence analysis of flow matching for learning CNFs

We contribute to conducting a non-asymptotic convergence analysis of CNFs learned
with the simulation-free flow matching approach. We develop a general framework for
error analyses of CNFs with flow matching for learning probability distributions based
on a random sample. Central to simulation-free CNFs, deep ReLU networks are em-
ployed for function approximation and nonparametric estimation of the velocity field.
We establish the approximation properties of deep ReLU networks with Lipschitz reg-
ularity control, which is essential for analyzing the impact of the estimated velocity
field on the distribution of the data generated through the flow. In particular, it is cru-
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cial to control the Lipschitz regularity of the estimated velocity field to ensure that the
associated IVP is well-posed.

Related work.  In existing literature, it is typical to assume strong regularity con-
ditions directly on the velocity field (or score function) and its estimator. Moreover,
current studies often only consider certain sources of errors, neglecting either the dis-
cretization error or the estimation error of the velocity field (or score function).  For
example, Albergo and Vanden-Eijnden [2023] used a Lipschitz assumption for the es-
timated velocity field. Chen et al. [2023e] considered second-order smoothness in the
space variable and Hölder-type regularity in the time variable for the score function,
and their analysis ignored the score estimation error.  Chen et al. [2023c] assumed that
the score function and the score estimator both have Lipschitz regularity in the space
variable and that the score estimation error is sufficiently small in the L2 distance.

In our study, we conduct an end-to-end convergence analysis of the CNF distribution
estimator with flow matching. Furthermore, we only stipulate general assumptions on
the target distribution, rather than making assumptions on the velocity field (or score
function) and its estimator.

1.1.3 Statistical analysis of a Bayesian fine-tuning approach

From a statistical perspective, we provide a systematic investigation of the pre-training
and fine-tuning mechanisms for diffusion models. We consider Stable Diffusion – a
cutting-edge open-source large image model, and the Bayesian fine-tuning approach
[Ho and Salimans, 2022, Huang et al., 2024] that is widely used in diffusion models and
has demonstrated effectiveness in numerous experiments.

We prove that, under some regularity conditions, the Bayesian fine-tuning approach

achieves the convergence rate m−
2β
d+2β ∨ n−

2α
d+k+2α , where m is the sample size of pre-

training, n is the labeled data size for fine-tuning, and β,α are smoothness indices. Then,
if we train a conditional diffusion model from scratch using only the labeled data, the

convergence rate is n−
2δ

d+k+2δ with δ ≤min(α,β). Our result rigorously shows the benefit
of pre-training when we have abundant data (m >> n) from the prior data space.

Related work.  The idea of fine-tuning diffusion models can be dated back to the
approaches termed classifier guidance [Dhariwal and Nichol, 2021] and classifier-free
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guidance [Ho and Salimans, 2022]. More generally, the guidance plays a central role in
steering the samples generated by diffusion models toward a desired property. Subse-
quently, a series of work [Mou et al., 2024, Zhang et al., 2023, Huang et al., 2024] explore
flexible deep learning models to add guidance to the generation process of a pre-trained
unconditional model. Meanwhile, several fine-tuning approaches based on reinforce-
ment learning are proposed to achieve the goal of guidance [Black et al., 2024, Fan et al.,
2023].

The target of our statistical analysis is to justify that conditional diffusion models
can perform better with the proper usage of additional unlabelled data.  In the litera-
ture, there are several papers studying the convergence of conditional diffusion mod-
els learned with classifier or classifier-free guidance [Fu et al., 2024, Wu et al., 2024].
However, their works do not focus on justifying the efficiency of fine-tuning diffusion
models.

The rest of this thesis is organized as follows.  Chapter 2 introduces Gaussian inter-
polation flows, and we conduct regularity studies of the flows throughout this chapter. 
In Chapter 3, we study the convergence properties of CNFs based on flow matching in
learning probability distributions from a finite random sample. In Chapter 4, we pro-
vide a statistical investigation into the Bayesian fine-tuning approach. Finally, Chapter
5 concludes the thesis and presents a further discussion on it. 

1.2 Notations

Here we summarize the notations used throughout this thesis.

Number.  For two numbers X,Y ∈ R, we use X ≲ Y and Y ≳ X to denote X ≤ CY
for some constant C > 0. The notation X � Y indicates that X ≲ Y ≲ X . For X,Y ∈ R,
we denote X ∨Y := max{X,Y }.

Vector.  We use ‖x‖p to denote the ℓp-norm of a vector x ∈ Rd for p ∈ [1,∞]. Espe-
cially, we use ‖ · ‖ and 〈·, ·〉 to denote the Euclidean metric and the corresponding inner
product. For two vectors x,y ∈ Rd , we denote x⊗ y := xy>.

Matrix. For a matrix A ∈ Rk×d , we use A> for the transpose, and the spectral norm
is denoted by ‖A‖2,2 := supx∈Sd−1 ‖Ax‖. For a square matrix A ∈ Rd×d , we use det(A)
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for the determinant and Tr(A) for the trace. We use Id to denote the d × d identity
matrix. For two symmetric matrices A,B ∈ Rd×d , we denote A � B or B � A if A−B is
positive semi-definite.

Set.  Let N0 and N denote the set of non-negative integers and the set of positive
integers, respectively, that is,N = {1,2,3, · · · } andN0 =N∪{0}. For an integerN ∈N0,
let [N ] := {0,1, ...,N }. Let Sd−1 := {x ∈ Rd : ‖x‖2 = 1}, Bd(x0, r,‖ · ‖p) := {x ∈ Rd :

‖x − x0‖p < r}, and B̄d(x0, r,‖ · ‖p) := {x ∈ Rd : ‖x − x0‖p ≤ r}. For a set Ω ⊂ Rd , let

Ωc := {x ∈ Rd : x <Ω}, and we use IdΩ : Rd → {0,1} to denote the indicator function
of Ω.

Function.  For Ω1 ⊂ Rk ,Ω2 ⊂ Rd ,n ≥ 1, we denote by Cn(Ω1;Ω2) the space of
continuous functions f : Ω1 → Ω2 that are n times differentiable and whose partial
derivatives of order n are continuous. If Ω2 ⊂ R, we simply write Cn(Ω1). For any
f (x) ∈ C2(Rd), let ∇xf and ˙f denote its gradient and let ∇2xf ,∇x ·f , and ∆xf denote its
Hessian, divergence, and Laplacian, respectively. The function composition operation
is marked as g ◦ f := g(f (x)) for functions f and g .

Measure. The Borel σ-algebra of Rd is denoted by B(Rd). The space of probabil-
ity measures defined on (Rd ,B(Rd)) is denoted as P (Rd). For any Rd-valued random
variable X, we use E[X] and Cov(X) to denote its expectation and covariance matrix,
respectively. We use µ ∗ ν to denote the convolution for any two probability measures
µ and ν . For a random variable X, let Law(X) denote its probability distribution. For

two random variables X and Y, let X d= Y mean that X and Y have the same distribu-
tion. Let g : Rk → Rd be a measurable map and µ be a probability measure on Rk . The
push-forward measure f#µ of a measurable set A is defined as f#µ := µ(f −1(A)).

Let N (m,Σ) denote a d-dimensional Gaussian random variable with mean vector
m ∈ Rd and covariance matrix Σ ∈ Rd×d . For simplicity, let γd,σ2 := N (0,σ2Id), and
let φm,σ2(x) denote the probability density function of N (m,σ2Id) with respect to the
Lebesgue measure. If m = 0,σ = 1, we abbreviate these as γd and φ(x).

Lebesgue space. Let Lp(Rd ;Rℓ,µ) denote the Lp space with the Lp norm for p ∈
[1,∞]w.r.t. ameasureµ. To simplify the notation, wewriteLp(Rd ,µ) if ℓ = 1, Lp(Rd ;Rℓ)
if the Lebesgue measure is used, and Lp(Rd) if both hold.
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Chapter 2

Gaussian Interpolation Flows

Gaussian denoising has emerged as a powerful method for constructing simulation-free
continuous normalizing flows for generative modeling. Despite their empirical suc-
cesses, theoretical properties of these flows and the regularizing effect of Gaussian de-
noising have remained largely unexplored. In this chapter, we aim to address this gap
by investigating the well-posedness of simulation-free continuous normalizing flows
built on Gaussian denoising. Through a unified framework termed Gaussian interpola-
tion flow, we establish the Lipschitz regularity of the flow velocity field, the existence
and uniqueness of the flow, and the Lipschitz continuity of the flow map and the time-
reversed flowmap for several rich classes of target distributions. This analysis also sheds
light on the auto-encoding and cycle consistency properties of Gaussian interpolation
flows. Additionally, we study the stability of these flows in source distributions and
perturbations of the velocity field, using the quadratic Wasserstein distance as a metric.
Our findings offer valuable insights into the learning techniques employed in Gaussian
interpolation flows for generative modeling, providing a solid theoretical foundation
for end-to-end error analyses of learning Gaussian interpolation flows with empirical
observations.

2.1 Main results

The main focus of this chapter is to study and establish the theoretical properties of
Gaussian interpolation flow and its corresponding flow map. We show that the regular-
ity conditions of the Cauchy-Lipschitz theorem are satisfied for several rich classes of
probability distributions using variance inequalities. Based on the obtained regularity
results, we further expose the well-posedness of GIFs, the Lipschitz continuity of flow
mappings, and applications to generative modeling. The well-posedness results are cru-
cial for studying the approximation and convergence properties of GIFs learned with
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the flow or score matching method. When applied to generative modeling, our results
further elucidate the auto-encoding and cycle consistency properties exhibited by GIFs.

Geometric regularity (Assumption 2.5) Gaussian interpolation flows

Lipschitz velocity fields (Proposition 2.22) Well-posedness (Theorems 2.27, 2.28)

Lipschitz flow maps (Propositions 2.32, 2.33) Auto-encoding, cycle consistency

Stability in source distributions, stability in velocity fields (Propositions 2.39, 2.41)

Lemma 2.20
Lemma 2.44
Lemma 2.46

Lemma 2.42
Lemma 2.31

Corollary 2.29

Lemma 2.40
Corollary 2.38
Corollary 2.43

Figure 2.1. Roadmap of the main results.

We provide an overview of the main results in Figure 2.1, in which we indicate the
assumptions used in our analysis and the relationship between the results. We also
summarize our main contributions below.

• In Section 2.3, we extend the framework of stochastic interpolation proposed in
Albergo andVanden-Eijnden [2023]. Various ODE flows can be considered special
cases of the extended framework. We prove that the marginal distributions of
GIFs satisfy the continuity equation converging to the target distribution in the
weak sense. Several explicit formulas of the velocity field and its derivatives are
derived, which can facilitate computation and regularity estimation.

• In Sections 2.4 and 2.5, we establish the spatial Lipschitz regularity of the veloc-
ity field for a range of target measures with rich structures, which is sufficient to
guarantee the well-posedness of GIFs. Additionally, we deduce the Lipschitz regu-
larity of both the flowmap and its time-reversed counterpart. The well-posedness
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of GIFs is an essential attribute, serving as a foundational requirement for inves-
tigating numerical solutions of GIFs. It is important to note that while the flow
maps are demonstrated to be Lipschitz continuous transport maps for generative
modeling, the Lipschitz regularity for optimal transport maps has only been par-
tially established to date.

• In Section 2.6, we show that the auto-encoding and cycle consistency properties
of GIFs are inherently satisfied when the flow maps exhibit Lipschitz continuity
with respect to the spatial variable. This demonstrates that exact auto-encoding
and cycle consistency are intrinsic characteristics of GIFs. Our findings lend the-
oretical support to the findings made by Su et al. [2023], as illustrated in Figures
2.3 and 2.4.

• In Section 2.6, we conduct the stability analysis of GIFs, examining how they re-
spond to changes in source distributions and to perturbations in the velocity field.
This analysis, conducted in terms of the quadratic Wasserstein distance, provides
valuable insights that justify the use of learning techniques such as Gaussian ini-
tialization and flow or score matching.

2.2 Preliminaries

In this section, we include several preliminary setups to show basic assumptions and
several useful variance inequalities.

2.2.1 Assumptions

We focus on the probability distributions satisfying several types of assumptions ofweak
convexity, which offer a geometric notion of regularity in the study of high-dimensional
distributions [Klartag, 2010].  The index of these regularity conditions would not explic-
itly depend on the dimension. On the one hand, weak-convexity regularity conditions
are useful in deriving dimension-free guarantees for generative modeling and sampling
from high-dimensional distributions. On the other hand, they accommodate distribu-
tions with complex shapes, including those with multiple modes.
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Definition 2.1 (Cattiaux and Guillin, 2014). Aprobabilitymeasure µ(dx) = exp(−U )dx

is κ-semi-log-concave for some κ ∈ R if its support Ω ⊆ Rd is convex and its potential
function U ∈ C2(Ω) satisfies

∇2xU(x) � κId , ∀x ∈Ω.

The κ-semi-log-concavity condition is a relaxed notion of log-concavity, since here
κ < 0 is allowed. When κ ≥ 0, we are considering a log-concave probability measure
that is proved to be unimodal [Saumard and Wellner, 2014]. However, when κ < 0, a
κ-semi-log-concave probability measure can be multimodal.

Definition 2.2 (Eldan and Lee, 2018). A probability measure µ(dx) = exp(−U )dx is
β-semi-log-convex for some β > 0 if its support Ω ⊆ Rd is convex and its potential
function U ∈ C2(Ω) satisfies

∇2xU(x) � βId , ∀x ∈Ω.

The following definition of L-log-Lipschitz continuity is a variant of L-Lipschitz
continuity. It characterizes a first-order condition on the target function rather than a
second-order condition such as κ-semi-log-concavity and β-semi-log-convexity in Def-
initions 2.1 and 2.2.

Definition 2.3. A function f : Rd → R+ is L-log-Lipschitz continuous if its logarithm
is L-Lipschitz continuous for some L ≥ 0.

Based on the definitions, we present two assumptions on the target distribution. As-
sumption 2.4 concerns the absolute continuity and the moment condition. Assumption
2.5 imposes geometric regularity conditions.

Assumption 2.4. The probability measure ν is absolutely continuous with respect to
the Lebesgue measure and has a finite second moment.

Assumption 2.5. Let D := (1/
√
2)diam(supp(ν)). The probability measure ν satisfies

one or more of the following conditions:

(i) ν is β-semi-log-convex for some β > 0 and κ-semi-log-concave for some κ > 0

with supp(ν) = Rd ;
12



(ii) ν is κ-semi-log-concave for some κ ∈ R with D ∈ (0,∞);

(iii) ν = γd,σ2 ∗ ρ where ρ is a probability measure supported on a Euclidean ball of

radius R on Rd ;

(iv) ν is β-semi-log-convex for some β > 0, κ-semi-log-concave for some κ ≤ 0, and
dν
dγd

(x) is L-log-Lipschitz in x for some L ≥ 0 with supp(ν) = Rd .

Multimodal distributions. Assumption 2.5 enumerates scenarios where probabil-
ity distributions are endowed with geometric regularity. We examine the scenarios and
clarify whether they cover multimodal distributions. Scenario (i) is referred to as the
classical strong log-concavity case (κ > 0), and thus, describes unimodal distributions.
Scenario (ii) allows κ ≤ 0 and requires that the support is bounded. Mixtures of Gaus-
sian distributions are considered in Scenario (iii), and typically are multimodal distri-
butions. Scenario (iv) also allows κ ≤ 0 when considering a log-Lipschitz perturbation
of the standard Gaussian distribution. Both Scenario (ii) and Scenario (iv) incorporate
multimodal distributions due to the potential negative lower bound κ.

Lipschitz score. Lipschitz continuity of the score function is a basic regularity as-
sumption on target distributions in the study of sampling algorithms based on Langevin
and Hamiltonian dynamics. Even for high-dimensional distributions, this assumption
endows a great source of regularity. For an L-Lipschitz score function, its corresponding
distribution is both L-semi-log-convex and (−L)-semi-log-concave for some L ≥ 0.

2.2.2 Variance inequalities

Variance inequalities like the Brascamp-Lieb inequality and the Cramér-Rao inequality
are fundamental inequalities for explaining the regularizing effect of Gaussian denois-
ing. Combined with κ-semi-log-concavity and β-semi-log-convexity, these inequalities
are crucial for deducing the Lipschitz regularity of the velocity fields of GIFs in Propo-
sition 2.22-(b) and (c).

Lemma 2.6 (Brascamp-Lieb inequality). Let µ(dx) = exp(−U(x))dx be a probability

measure on a convex set Ω ⊆ Rd whose potential function U :Ω→ R is of class C2 and

strictly convex. Then for every locally Lipschitz function f ∈ L2(Ω,µ),

Varµ(f ) ≤ Eµ
[
〈∇xf , (∇2xU )−1∇xf 〉

]
. (2.1)
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When applied to functions of the form f : x 7→ 〈x,e〉 for any e ∈ Sd−1, the Brascamp-
Lieb inequality yields an upper bound of the covariance matrix

Covµ(X) � Eµ
[
(∇2xU(x))−1

]
(2.2)

with equality if X ∼N (m,Σ) with Σ positive definite.

Under the strong log-concavity condition, that is, µ is κ-semi-log-concave with
κ > 0, and if the Euclidean Bakry-Émery criterion is satisfied [Bakry and Émery, 1985],
the Brascamp-Lieb inequality instantly recovers the Poincaré inequality (see Definition
2.50).

The Brascamp-Lieb inequality originally appeared in [Brascamp and Lieb, 1976, The-
orem 4.1]. Alternative proofs are provided in Bobkov and Ledoux [2000], Bakry et al.
[2014], Cordero-Erausquin [2017]. The dimension-free inequality (2.1) can be further
strengthened to obtain several variants with dimensional improvement.

Lemma 2.7 (Cramér-Rao inequality). Let µ(dx) = exp(−U(x))dx be a probability mea-

sure onRd whose potential functionU : Rd → R is of classC2. Then for every f ∈ C1(Rd),

Varµ(f ) ≥ 〈Eµ[∇xf ],
(
Eµ[∇2xU ]

)−1
Eµ[∇xf ]〉. (2.3)

When applied to functions of the form f : x 7→ 〈x,e〉 for any e ∈ Sd−1, the Cramér-
Rao inequality yields a lower bound of the covariance matrix

Covµ(X) �
(
Eµ[∇2xU(x)]

)−1
(2.4)

with equality as well if X ∼N (m,Σ) with Σ positive definite.

The Cramér-Rao inequality plays a central role in asymptotic statistics as well as in
information theory. The inequality (2.4) has an alternative derivation from the Cramér-
Rao bound for the location parameter. For detailed proofs of the Cramér-Rao inequality,
readers are referred to Chewi and Pooladian [2022], Dai et al. [2023], and the references
therein.

2.3 Gaussian interpolation flows

Simulation-free CNFs represent a potent class of generative models based on ODE flows.
Albergo and Vanden-Eijnden [2023] and Albergo et al. [2023b] introduce an innovative
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CNF that is constructed using stochastic interpolation techniques, such as Gaussian
denoising. They conduct a thorough investigation of this flow, particularly examining
its applications and effectiveness in generative modeling.

We study the ODE flow and its associated flow map as defined by the Gaussian
denoising process. This process has been explored from various perspectives, including
diffusion models and stochastic interpolants. Building upon the work of Albergo and
Vanden-Eijnden [2023] and Albergo et al. [2023b], we expand the stochastic interpolant
framework by relaxing certain conditions on the functions at and bt , offering a more
comprehensive perspective on the Gaussian denoising process.

In our generalization, we introduce an adaptive starting point to the stochastic in-
terpolation framework, which allows for greater flexibility in the modeling process. By
examining this modified framework, we aim to demonstrate that the Gaussian denoising
principle is effectively implemented within the context of stochastic interpolation.

Definition 2.8 (Vector interpolation). Let z ∈ Rd , x1 ∈ Rd be two vectors in the Eu-
clidean space and let x0 := a0z + b0x1 with a0 > 0, b0 ≥ 0. Then we construct an inter-
polant between x0 and x1 over time t ∈ [0,1] through It(x0,x1), defined by

It(x0,x1) = atz + btx1, (2.5)

where at , bt satisfy

ȧt ≤ 0, ḃt ≥ 0, a0 > 0, b0 ≥ 0, a1 = 0, b1 = 1,

at > 0 for any t ∈ (0,1), bt > 0 for any t ∈ (0,1),

at , bt ∈ C2([0,1)), a2t ∈ C1([0,1]), bt ∈ C1([0,1]).

(2.6)

Remark 2.9. Compared with the vector interpolant defined by Albergo and Vanden-
Eijnden [2023] (a.k.a. one-sided interpolant in Albergo et al. [2023b]), we extend its
definition by relaxing the requirements that a0 = 1, b0 = 0with a0 > 0, b0 ≥ 0. This con-
sideration is largely motivated by analyzing the probability flow ODEs of the variance-
exploding (VE) SDE and the variance-preserving (VP) SDE [Song et al., 2021b]. We
illustrate examples of interpolants incorporated by Definition 2.8 in Table 2.1. In this
table, we consider the VE interpolant [Song et al., 2021b], VP interpolant [Song et al.,
2021b], linear interpolant [Liu et al., 2023], Föllmer interpolant [Dai et al., 2023], and
trigonometric interpolant [Albergo and Vanden-Eijnden, 2023]. There are two types of
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source measures including a standard Gaussian distribution γd and a convoluted distri-
bution consisting of the target distribution and γd .

Remark 2.10. We have eased the smoothness conditions for the functions at and bt re-
quired in Albergo and Vanden-Eijnden [2023]. Specifically, we consider the case where
at , bt ∈ C2([0,1)), a2t ∈ C1([0,1]), and bt ∈ C1([0,1]). This relaxation enables us to in-

clude the Föllmer flow into our framework, characterized by at =
√
1− t2 and bt = t.

It is evident that at =
√
1− t2 does not fulfill the condition at ∈ C2([0,1]), but it does

meet the requirements at ∈ C2([0,1)) and a2t ∈ C1([0,1]).

Remark 2.11. The C2 regularity of at , bt is necessary to derive the regularity of the
velocity field v(t,x) in Eq. (2.9) concerning the time variable t. In addition, the C1

regularity of a2t , bt is sufficient to ensure the Lipschitz regularity of the velocity field
v(t,x) in Eq. (2.9) concerning the space variable x.

A natural generalization of the vector interpolant (2.5) is to construct a set inter-
polant between two convex sets through Minkowski sum, which is common in convex
geometry. A set interpolant stimulates the construction of a measure interpolant be-
tween a structured source measure and a target measure.

As noted, we can construct a measure interpolation using a Gaussian convolution
path. Themeasure interpolation is particularly relevant to Gaussian denoising andGaus-
sian channels in information theory as elucidated in Remark 2.18. Because of this con-
nection with Gaussian denoising, we call the measure interpolation a Gaussian stochas-
tic interpolation. The Gaussian stochastic interpolation can be understood as a collec-
tion of linear combinations of a standard Gaussian random variable and the target ran-
dom variable. The coefficients of the linear combinations vary with time t ∈ [0,1] as
shown in Definition 2.8. Later in this section, we will show this Gaussian stochastic
interpolation can be transformed into a deterministic ODE flow.

Gaussian stochastic interpolation has been investigated from several perspectives
in the literature. The rectified flow has been proposed in Liu et al. [2023], and its the-
oretical connection with optimal transport has been investigated in Liu [2022]. The
formulation of the rectified flow is to learn the ODE flow defined by stochastic inter-
polation with linear time coefficients. In Appendix C of Liu et al. [2023], there is a
nonlinear extension of the rectified flow in which the linear coefficients are replaced by
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general nonlinear coefficients. Albergo et al. [2023b] extends the stochastic interpolant
framework proposed in [Albergo and Vanden-Eijnden, 2023] by considering a linear
combination among three random variables. In Section 3 of Albergo et al. [2023b], the
original stochastic interpolant framework is recovered as a one-sided interpolant be-
tween the Gaussian distribution and the target distribution. Moreover, Lipman et al.
[2023] propose a flow matching method which directly learns a Gaussian conditional
probability path with a neural ODE. In Section 4.1 of Lipman et al. [2023], the velocity
fields of the variance exploding and variance preserving probability flows are shown
as special instances of the flow matching framework. We summarize these formula-
tions as Gaussian stochastic interpolation by slightly extending the original stochastic
interpolant framework.

Type VE VP Linear Föllmer Trigonometric

at αt αt 1− t
√
1− t2 cos(π2 t)

bt 1
√
1−α2

t t t sin(π2 t)
a0 α0 α0 1 1 1

b0 1
√
1−α2

0 0 0 0
Source Convolution Convolution γd γd γd

Table 2.1. Summary of various measure interpolants.

Definition 2.12 (Measure interpolation). Let µ = Law(X0) and ν = Law(X1) be two
probability measures satisfying X0 = a0Z + b0X1 where Z ∼ γd := N (0, Id) is indepen-
dent from X1. We call (Xt)t∈[0,1] a Gaussian stochastic interpolation from the source
measure µ to the target measure ν , which is defined through It over time interval [0,1]
as follows

Xt = It(X0,X1), X0 = a0Z+ b0X1, Z ∼ γd , X1 ∼ ν. (2.7)

Remark 2.13. It is obvious that the marginal distribution of Xt satisfies Xt
d= atZ+btX1

with Z ∼ γd ,X1 ∼ ν .

Motivated by the time-varying properties of the Gaussian stochastic interpolation,
we derive that its marginal flow satisfies the continuity equation. This result character-
izes the dynamics of the marginal density flow of the Gaussian stochastic interpolation.
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Theorem 2.14. Suppose that Assumption 2.4 holds. Then the marginal flow (pt)t∈[0,1] of

the Gaussian stochastic interpolation (Xt)t∈[0,1] between µ and ν satisfies the continuity

equation

∂tpt +∇x · (ptv(t,x)) = 0, (t,x) ∈ [0,1]×Rd , p0(x) =
dµ
dx (x), p1(x) =

dν
dx (x) (2.8)

in the weak sense with the velocity field

v(t,x) := E[ȧtZ+ ḃtX1|Xt = x], t ∈ (0,1), (2.9)

v(0,x) := lim
t↓0

v(t,x), v(1,x) := lim
t↑1

v(t,x). (2.10)

Remark 2.15. We notice that x = atE[Z|Xt = x]+btE[X1|Xt = x] due to Eq. (2.7). Then
it holds that

v(t,x) = ȧt
at
x +

(
ḃt −

ȧt
at
bt
)
E[X1|Xt = x], t ∈ (0,1). (2.11)

We also notice that, according to Tweedie’s formula (cf. Lemma 2.51), it holds that

s(t,x) = bt
a2t
E [X1|Xt = x]− 1

a2t
x, t ∈ (0,1), (2.12)

where s(t,x) is the score function of the marginal distribution of Xt ∼ pt .

Combining (2.11) and (2.12), it follows that the velocity field is a gradient field and
its nonlinear term is the score function s(t,x), namely, for any t ∈ (0,1),

v(t,x) = ḃt
bt
x +

(
ḃt
bt
a2t − ȧtat

)
s(t,x). (2.13)

Remark 2.16. A relevant result has been provided in the proof of [Albergo and Vanden-
Eijnden, 2023, Proposition 4] in a restricted case that a0 = 1, b0 = 0. In this case, if
ȧ0, ȧ1, ḃ0, ḃ1 are well-defined, the velocity field reads

v(0,x) = ȧ0x + ḃ0Eν[X1], v(1,x) = ḃ1x + ȧ1Eγd [Z]

at time 0 and 1. Otherwise, if any one of ȧ0, ȧ1, ḃ0, ḃ1 is not well-defined, the velocity
field v(0,x) or v(1,x) should be considered on a case-by-case basis. In addition, we pro-
vide an alternative viewpoint of the relationship between the velocity field associated
with stochastic interpolation and the score function of its marginal flow using Tweedie’s
formula in Lemma 2.51.
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Figure 2.2. Snapshots of a Gaussian interpolation flow based on the Föllmer interpolant.

Remark 2.17 (Diffusion process). The marginal flow of the Gaussian stochastic inter-
polation (2.7) coincides with the time-reversed marginal flow of a diffusion process
(Xt)t∈[0,1) [Albergo et al., 2023b, Theorem 3.5] defined by

dXt = −
ḃ1−t
b1−t

Xt +

√
2
(
ḃ1−t
b1−t

a21−t − ȧ1−ta1−t
)
dW t .

Remark 2.18 (Gaussian denoising). TheGaussian stochastic interpolation has an information-
theoretic interpretation as a time-varying Gaussian channel. Here a2t and b2t /a2t stand
for the noise level and signal-to-noise ratio (SNR) for time t ∈ [0,1], respectively. As
time t → 1, we are approaching the high-SNR regime, that is, the SNR b2t /a2t grows
to ∞. Moreover, the SNR b2t /a2t is monotonically increasing in time t over [0,1]. The
Gaussian noise level gets reduced through this Gaussian denoising process.

We are now ready to define Gaussian interpolation flows by representing the conti-
nuity equation (2.8) with Lagrangian coordinates [Ambrosio and Crippa, 2014]. A basic
observation is that GIFs share the same marginal density flow with Gaussian stochastic
interpolations. The continuity equation (2.8) plays a central role in the derandomization
procedure from Gaussian stochastic interpolations to GIFs. We additionally illustrate
GIFs using a two-dimensional example as in Figure 2.2. The source distribution is the
standard two-dimensional Gaussian distribution γ2, and the target distribution is a mix-
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ture of six two-dimensional Gaussian distributions as the shape of a circle. The image
panels are placed sequentially from time t = 0 to time t = 1.

Definition 2.19 (Gaussian interpolation flow). Suppose that probability measure ν sat-
isfies Assumption 2.4. If (Xt)t∈[0,1] solves the initial value problem (IVP)

dXt
dt

(x) = v(t,Xt(x)), X0(x) ∼ µ, t ∈ [0,1], (2.14)

where µ is defined in Definition 2.12 and the velocity field v is given by Eq. (2.9) and
(2.10), we call (Xt)t∈[0,1] a Gaussian interpolation flow associated with the target mea-
sure ν .

2.4 Spatial Lipschitz estimates for the velocity field

We have explicated the idea of Gaussian denoising with the procedure of Gaussian
stochastic interpolation or a Gaussian channel with increasing SNR w.r.t. time. By
interpreting the process as an ODE flow, we derive the framework of Gaussian interpo-
lation flows. First and foremost, an intuition is that the regularizing effect of Gaussian
denoising would ensure the Lipschitz smoothness of the velocity field. Since the stan-
dard Gaussian distribution is both 1-semi-log-concave and 1-semi-log-convex, its con-
volution with a target distribution will maintain its high regularity as long as the target
distribution satisfies the regularity conditions. We rigorously justify this intuition by
establishing spatial Lipschitz estimates for the velocity field. These estimates are estab-
lished based on the upper bounds and lower bounds regarding the Jacobian matrix of
the velocity field v(t,x) according to the Cauchy-Lipschitz theorem, which are given
in Proposition 2.22 below. To deal with the Jacobian matrix ∇xv(t,x), we introduce a
covariance expression of it and present the associated upper bounds and lower bounds.

The velocity field v(t,x) is decomposed into a linear term and a nonlinear term,
the score function s(t,x). To analyze the Jacobian ∇xv(t,x), we only need to focus on
∇xs(t,x), that is, ∇2x logpt(x). To ease the notation, we would henceforth use Y for X1.
Correspondingly, we replace p1(x) with p1(y) for the density function of Y.

According to Bayes’ rule, the marginal density pt of Xt satisfies

pt(x) =
∫
p(t,x|y)p1(y)dy
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where Y ∼ p1(y) and p(t,x|y) = φbty,a2t (x) is a conditional distribution induced by the

Gaussian noise. Due to the factorization pt(x)p(y|t,x) = p(t,x|y)p1(y), the score func-
tion s(t,x) and its derivative ∇xs(t,x) have the following expressions

s(t,x) = −∇x logp(y|t,x)−
x−bty
a2t

, ∇xs(t,x) = −∇2x logp(y|t,x)− 1
a2t
Id .

Thanks to the expressions above, a covariance matrix expression of∇xs(t,x) is endowed
by the exponential family property of p(y|t,x).

Lemma 2.20. The conditional distribution p(y|t,x) is an exponential family distribution

and a covariance matrix expression of the log-Hessian matrix ∇2x logp(y|t,x) for any t ∈

(0,1) is given by

∇2x logp(y|t,x) = −
b2t
a4t
Cov(Y|Xt = x), (2.15)

where Cov(Y|Xt = x) is the covariance matrix of Y|Xt = x ∼ p(y|t,x). Moreover, for any

t ∈ (0,1), it holds that

∇xs(t,x) =
b2t
a4t
Cov(Y|Xt = x)− 1

a2t
Id , (2.16)

and that

∇xv(t,x) =
b2t
a2t

(
ḃt
bt
− ȧtat

)
Cov(Y|Xt = x) +

ȧt
at
Id . (2.17)

Remark 2.21. Since ∂t
(
b2t
a2t

)
= 2b2t

a2t

(
ḃt
bt
− ȧtat

)
, it follows from (2.17) that the derivative of

the SNR with respect to time t controls the dependence of ∇xv(t,x) on Cov(Y|Xt = x).

The representation (2.17) can be used to upper bound and lower bound ∇xv(t,x).
This technique has been widely used to deduce the regularity of the score function con-
cerning the space variable [Mikulincer and Shenfeld, 2024, 2023, Chen et al., 2023d, Lee
et al., 2023, Chen et al., 2023a]. The covariance matrix expression (2.16) of the score
function has a close connection with the Hatsell-Nolte identity in information theory
[Hatsell and Nolte, 1971, Palomar and Verdú, 2005, Wu and Verdú, 2011, Cai and Wu,
2014, Wibisono et al., 2017, Wibisono and Jog, 2018a,b, Dytso et al., 2023a,b].

Employing the covariance expression in Lemma 2.20, we establish several bounds
on ∇xv(t,x) in the following proposition.
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Proposition 2.22. Let ν(dy) = p1(y)dy be a probability measure on Rd with

D := (1/
√
2)diam(supp(ν)).

(a) For any t ∈ (0,1),

ȧt
at
Id � ∇xv(t,x) �

{
bt(at ḃt − ȧtbt)

a3t
D2 +

ȧt
at

}
Id .

(b) Suppose that p1 is β-semi-log-convex with β > 0 and supp(p1) = Rd . Then for any

t ∈ (0,1],

∇xv(t,x) �
βat ȧt + bt ḃt
βa2t + b

2
t

Id .

(c) Suppose that p1 is κ-semi-log-concave with κ ∈ R. Then for any t ∈ (t0,1],

∇xv(t,x) �
κat ȧt + bt ḃt
κa2t + b

2
t

Id ,

where t0 is the root of the equation κ +
b2t
a2t

= 0 over t ∈ (0,1) if κ < 0 and t0 = 0 if

κ ≥ 0.

(d) Fix a probability measure ρ on Rd supported on a Euclidean ball of radius R, and

let ν := γd,σ2 ∗ ρ with σ > 0. Then for any t ∈ (0,1),

ȧtat +σ2ḃtbt
a2t +σ2b2t

Id � ∇xv(t,x) �
{
atbt(at ḃt − ȧtbt)
(a2t +σ2b2t )2

R2 +
ȧtat +σ2ḃtbt
a2t +σ2b2t

}
Id .

(e) Suppose that dν
dγd

(x) is L-log-Lipschitz for some L ≥ 0. Then for any t ∈ (0,1),{(
ḃt
bt
a2t − ȧtat

)(
−Bt −L2

(
bt

a2t +b
2
t

)2)
+ ȧtat+ḃtbt

a2t +b
2
t

}
Id

� ∇xv(t,x) �
{(
ḃt
bt
a2t − ȧtat

)
Bt +

ȧtat+ḃtbt
a2t +b

2
t

}
Id ,

where Bt := 5Lbt(a
2
t + b

2
t )
− 3
2 (L+ (log(

√
a2t + b

2
t /bt))

− 1
2 ).

Comparing part (a) with part (d) in Proposition 2.22, we can see that the bounds in (a)
are consistent with those in (d) in the sense that (a) is a limiting case of part (d) as σ → 0.
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The lower bound in part (a) blows up at time t = 1 owing to a1 = 0, while in part (d) it
behaves well since the lower bound in part (d) coincides with a lower bound indicated
by the 1

σ2 -semi-log-convex property. It reveals that the regularity of the velocity field
v(t,x) with respect to the space variable x improves when the target random variable
is bounded and is subject to Gaussian perturbation.

The lower bound in part (b) and the upper bound in part (c) are tight in the sense
that both of them are attainable for a Gaussian target distribution, that is,

∇xv(t,x) =
βat ȧt + bt ḃt
βa2t + b

2
t

Id if ν = γd,1/β .

The upper and lower bounds in Proposition 2.22-(a) and (e) become vacuous as they
both blow up at time t = 1. The intuition behind is that the Jacobian matrix of the
velocity field can be both lower and upper bounded at time t = 1 only if the score
function of the target measure is Lipschitz continuous in the space variable x. Under
an additional Lipschitz score assumption (equivalently, β-semi-log-convex and κ-semi-
log-concave for some β = −κ ≥ 0), the upper and lower bounds in part (a) and part (e)
can be strengthened at time t = 1 based on the lower bound in (b) and the upper bound
in part (c).

According to Proposition 2.22-(a) and (c), there are two upper bounds available that
shall be compared with each other. One is theD2-based bound in part (a), and the other
is the κ-based bound in part (c). According to the proof of Proposition 2.22, these two
upper bounds are equal if and only if the corresponding upper bounds onCov(Y|Xt = x)
are equal, that is,

D2 =
(
κ +

b2t
a2t

)−1
. (2.18)

Then the critical case is κD2 = 1 since simplifying Eq. (2.18) reveals that

D−2 −κ =
b2t
a2t
. (2.19)

We note that b2t /a2t , ranging over (0,∞), is monotonically increasing w.r.t. t ∈ (0,1).
Suppose that κD2 > 1. Then (2.19) has no root over t ∈ (0,1), which implies that the
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κ-based bound is tighter over [0,1), i.e.,

D2 >

(
κ +

b2t
a2t

)−1
, ∀t ∈ [0,1).

Otherwise, suppose that κD2 < 1. Then (2.19) has a root t1 ∈ (0,1), which implies that
the D2-based bound is tighter over [0, t1), i.e.,

D2 <

(
κ +

b2t
a2t

)−1
, ∀t ∈ [0, t1),

and that the κ-based bound is tighter over [t1,1), i.e.,

D2 ≥
(
κ +

b2t
a2t

)−1
, ∀t ∈ [t1,1).

Next, we present several upper bounds on the maximum eigenvalue of the Jacobian
matrix of the velocity field λmax(∇xv(t,x)) and its exponential estimates for studying
the Lipschitz regularity of the flow maps as noted in Lemma 2.31.

Corollary 2.23. Let ν be a probability measure on Rd withD := (1/
√
2)diam(supp(ν))

and suppose that ν is κ-semi-log-concave with κ ≥ 0.

(a) If κD2 ≥ 1, then

λmax(∇xv(t,x)) ≤ θt :=
κat ȧt + bt ḃt
κa2t + b

2
t

, t ∈ [0,1]. (2.20)

(b) If κD2 < 1, then

λmax(∇xv(t,x)) ≤ θt :=


b2t
a2t

(
ḃt
bt
− ȧtat

)
D2 + ȧt

at
, t ∈ [0, t1),

κat ȧt+bt ḃt
κa2t +b

2
t
, t ∈ [t1,1],

(2.21)

where t1 solves (2.19).

Corollary 2.24. Let ν be a probabilitymeasure onRd withD := (1/
√
2)diam(supp(ν)) <

∞ and suppose that ν is κ-semi-log-concave with κ < 0. Then

λmax(∇xv(t,x)) ≤ θt :=


b2t
a2t

(
ḃt
bt
− ȧtat

)
D2 + ȧt

at
, t ∈ [0, t1),

κat ȧt+bt ḃt
κa2t +b

2
t
, t ∈ [t1,1],

(2.22)

where t1 solves (2.19).
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Corollary 2.25. Fix a probability measure ρ onRd supported on a Euclidean ball of radius

R and let ν := γd,σ2 ∗ ρ with σ > 0. Then

λmax(∇xv(t,x)) ≤ θt :=
ȧtat +σ2ḃtbt
a2t +σ2b2t

+
atbt(at ḃt − ȧtbt)
(a2t +σ2b2t )2

R2. (2.23)

Corollary 2.26. Suppose that ν is κ-semi-log-concave for some κ ≤ 0, and dν
dγd

(x) is

L-log-Lipschitz for some L ≥ 0. Then

λmax(∇xv(t,x)) ≤ θt :=


(
ḃt
bt
a2t − ȧtat

)
Bt +

ȧtat+ḃtbt
a2t +b

2
t
, t ∈ [0, t2),

κat ȧt+bt ḃt
κa2t +b

2
t
, t ∈ [t2,1],

(2.24)

where Bt := 5Lbt(a
2
t + b

2
t )
− 3
2 (L+ (log(

√
a2t + b

2
t /bt))

− 1
2 ) and t2 ∈ (t0,1).

2.5 Well-posedness and Lipschtiz flow maps

In this section, we study the well-posedness of GIFs and the Lipschitz properties of their
flow maps. We also show that the marginal distributions of GIFs satisfy the log-Sobolev
inequality and the Poincaré inequality if Assumptions 2.4 and 2.5 are satisfied.

Theorem 2.27 (Well-posedness). Suppose Assumptions 2.4 and 2.5-(i), (iii), or (iv) are

satisfied. Then there exists a unique solution (Xt)t∈[0,1] to the IVP (2.14). Moreover, the

push-forward measure satisfies Xt#µ = Law(atZ+ btX1) with Z ∼ γd ,X1 ∼ ν .

Theorem 2.28. Suppose Assumptions 2.4 and 2.5-(ii) are satisfied. For any t ∈ (0,1), there

exists a unique solution (Xt)t∈[0,1−t] to the IVP (2.14). Moreover, the push-forward measure

satisfies Xt#µ = Law(atZ+ btX1) with Z ∼ γd ,X1 ∼ ν .

Corollary 2.29 (Time-reversed flow). Suppose Assumptions 2.4 and 2.5-(i), (iii), or (iv)

are satisfied. Then the time-reversed flow (X∗t )t∈[0,1] associated with ν is a unique solution

to the IVP:
dX∗t
dt

(x) = −v(1− t,X∗t (x)), X∗0(x) ∼ ν, t ∈ [0,1]. (2.25)

The push-forward measure satisfies X∗t #ν = Law(a1−tZ + b1−tX1) where Z ∼ γd ,X1 ∼ ν .

Moreover, the flow map satisfies X∗t (x) = X
−1
t (x).
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Corollary 2.30. Suppose Assumptions 2.4 and 2.5-(ii) are satisfied. For any t ∈ (0,1), the

time-reversed flow (X∗t )t∈[t,1] associated with ν is a unique solution to the IVP:

dX∗t
dt

(x) = −v(1− t,X∗t (x)), X∗t (x) ∼ Law(a1−tZ+ b1−tX1), t ∈ [t,1], (2.26)

where Z ∼ γd ,X1 ∼ ν . The push-forward measure satisfies X∗t #ν = Law(a1−tZ+ b1−tX1).

Moreover, the flow map satisfies X∗t (x) = X
−1
t (x).

Based on the well-posedness of the flow, we can provide an upper bound on the
Lipschitz constant of the induced flow map.

Lemma 2.31. Suppose that a flow (Xt)t∈[0,1] is well-posed with a velocity field v(t,x) :

[0,1]×Rd → Rd of class C1 in x, and that for any (t,x) ∈ [0,1]×Rd , it holds ∇xv(t,x) �

θtId . Let the flow map Xs,t : Rd → Rd be of class C1 in x for any 0 ≤ s ≤ t ≤ 1. Then the

flow map Xs,t is Lipschitz continuous with an upper bound of its Lipschitz constant given

by

‖∇xXs,t(x)‖2,2 ≤ exp
(∫ t

s
θudu

)
. (2.27)

Using Lemma 2.31, we show that the flow map of a GIF is Lipschitz continuous in
the space variable x.

Proposition 2.32 (Lipschitz mappings). Suppose that Assumptions 2.4 and 2.5-(i) hold.

(i) If ν is κ-semi-log-concave for some κ > 0, then the flow map X1(x) is a Lipschitz

mapping, that is,

‖∇xX1(x)‖2,2 ≤
1√

κa20 + b
2
0

, ∀x ∈ Rd .

In particular, if a0 = 1 and b0 = 0, then

‖∇xX1(x)‖2,2 ≤
1
√
κ
, ∀x ∈ Rd .

(ii) If ν is β-semi-log-convex for some β > 0, then the time-reversed flow map X∗1(x) is

a Lipschitz mapping, that is,

‖∇xX∗1(x)‖2,2 ≤
√
βa20 + b

2
0, ∀x ∈ supp(ν).
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In particular, if a0 = 1 and b0 = 0, then

‖∇xX∗1(x)‖2,2 ≤
√
β, ∀x ∈ supp(ν).

Proposition 2.33 (Gaussian mixtures). Suppose that Assumptions 2.4 and 2.5-(iii) hold.

Then the flow map X1(x) is a Lipschitz mapping, that is,

‖∇xX1(x)‖2,2 ≤
σ√

a20 +σ
2b20

exp
(

a20
a20 +σ

2b20
· R

2

2σ2

)
, ∀x ∈ Rd .

In particular, if a0 = 1 and b0 = 0, then

‖∇xX1(x)‖2,2 ≤ σ exp
(
R2

2σ2

)
, ∀x ∈ Rd .

Moreover, the time-reversed flow map X∗1(x) is a Lipschitz mapping, that is,

‖∇xX∗1(x)‖2,2 ≤
√
σ−2a20 + b

2
0, ∀x ∈ supp(ν).

In particular, if a0 = 1 and b0 = 0, then

‖∇xX∗1(x)‖2,2 ≤
1
σ
, ∀x ∈ supp(ν).

Remark 2.34. Well-posed GIFs produce diffeomorphisms that transport the source
measure onto the target measure. The diffeomorphism property of the transport maps
are relevant to the auto-encoding and cycle consistency properties of their generative
modeling applications. We defer a detailed discussion to Section 2.6.

Early stopping implicitly mollifies the target measure with a small Gaussian noise.
For image generation tasks (with bounded pixel values), the mollified target measure is
indeed a Gaussian mixture distribution considered in Theorem 2.33. The regularity of
the target measure largely gets enhanced through such mollification, especially when
the target measure is supported on a low-dimensional manifold in accordance with the
data manifold hypothesis. Therefore, although such a diffeomorphismX1(x)may not be
well-defined for general bounded target measures, an off-the-shelf solution would be to
perturb the target measure with a small Gaussian noise or to employ the early stopping
technique. Both approaches will smooth the landscape of the target measure.
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Proposition 2.35. Suppose the target measure ν satisfies the log-Sobolev inequality with

constant CLS(ν). Then the marginal distribution of the GIF (pt)t∈[0,1] satisfies the log-

Sobolev inequality, and its log-Sobolev constant CLS(pt) is bounded as

CLS(pt) ≤ a2t + b2t CLS(ν).

Moreover, suppose the target measure ν satisfies the Poincaré inequality with constant

CP(ν). Then themarginal distribution of the GIF (pt)t∈[0,1] satisfies the Poincaré inequality,

and its Poincaré constant CP(pt) is bounded as

CP(pt) ≤ a2t + b2t CP(ν).

The log-Sobolev and Poincaré inequalities (see Definitions 2.49 and 2.50) are fun-
damental tools for establishing convergence guarantees for Langevin Monte Carlo al-
gorithms. From an algorithmic viewpoint, the predictor-corrector algorithm in score-
based diffusion models and the corresponding probability flow ODEs essentially com-
bine theODEnumerical solver (performing as the predictor) and the overdamped Langevin
diffusion (performing as the corrector) to simulate samples from the marginal distribu-
tions [Song et al., 2021b]. Proposition 2.35 shows that the marginal distributions all
satisfy the log-Sobolev and Poincaré inequalities under mild assumptions on the target
distribution. This conclusion suggests that Langevin Monte Carlo algorithms are cer-
tified to have convergence guarantees for sampling from the marginal distributions of
GIFs. Furthermore, the target distributions covered in Assumption 2.5 are shown to
satisfy the log-Sobolev and Poincaré inequalities [Mikulincer and Shenfeld, 2024, Dai
et al., 2023, Fathi et al., 2023], which suggests that the assumptions of Proposition 2.35
generally hold.

2.6 Applications to generative modeling

Auto-encoding is a primary principle in learning a latent representation with gener-
ative models [Goodfellow et al., 2016, Chapter 14]. Meanwhile, the concept of cycle
consistency is important to unpaired image-to-image translation between the source
and target domains [Zhu et al., 2017]. The recent work by Su et al. [2023] propose the
dual diffusion implicit bridges (DDIB) for image-to-image translation, which shows a
strong pattern of exact auto-encoding and image-to-image translation. DDIBs are built
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upon the denoising diffusion implicit models (DDIM), which share the same probabil-
ity flow ODE with VESDE (considered as VE interpolant in Table 2.1), as pointed out
by [Song et al., 2021a, Proposition 1]. First, DDIBs attain latent embeddings of source
images encoded with one DDIM operating in the source domain. The encoding embed-
dings are then decoded using another DDIM trained in the target domain to construct
target images. The whole process consisting of two DDIMs seems to be cycle consistent
up to numerical errors. Several phenomena of auto-encoding and cycle consistency are
observed in the unpaired data generation procedure with DDIBs.

We replicate the two-dimensional experiments by Su et al. [2023] in Figures 2.3 and
2.4 to show the phenomena of approximate auto-encoding and cycle consistency of
GIFs1.

In Figure 2.3, the Concentric Rings data in the source domain (the first panel) is
encoded into the latent domain (the second panel), and then decoded into the source
domain (the third panel). According to the consistent color pattern and pointwise cor-
respondences across the domains, both the learned encoder mapping and the learned
decoder mapping exhibit approximate Lipschitz continuity with respect to the space
variable. One justification of such auto-encoding observation is presented in Corollary
2.36 where we prove that the composition of the encoder map and the decoder map
yields an identity map.

In Figure 2.4, the cycle consistency property is manifested through the consistency
of color patterns across the transformations. We transform theMoons data in the source
domain onto the Concentric Squares data in the target domain, and then complete the
cycle by mapping the target data back to the source domain. The latent spaces play
a central role in the bidirectional translation. We provide a proof in Corollary 2.37
accounting for the cycle consistency property.

To elucidate the empirical auto-encoding and cycle consistency for measure trans-
port, we derive Corollaries 2.36 and 2.37 below and analyze the transport maps defined
by GIFs (covering the probability flow ODE of VESDE used by DDIBs). We consider the
continuous-time framework and the population level, which precludes learning errors
including the time discretization errors and velocity field estimation errors, and show
that the transport maps naturally possess the exact auto-encoding and cycle consistency
1The implementation is based on the GitHub repository at https://github.com/suxuann/ddib.
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Figure 2.3. An illustration of auto-encoding using DDIBs.

properties at the population level.

Corollary 2.36 (Auto-encoding). Suppose Assumptions 2.4 and 2.5-(i), (iii), or (iv) hold for

a target measure ν . The Gaussian interpolation flow (Xt)t∈[0,1] and its time-reversed flow

(X∗t )t∈[0,1] form an auto-encoder with a Lipschitz encoder X∗1(x) and a Lipschitz decoder

X1(x). The auto-encoding property holds in the sense that

X1 ◦X∗1 = Id . (2.28)

Corollary 2.37 (Cycle consistency). Suppose Assumptions 2.4 and 2.5-(i), (iii), or (iv)

hold for the target measures ν1 and ν2. For the target measure ν1, we define the Gaus-

sian interpolation flow (X1,t)t∈[0,1] and its time-reversed flow (X∗1,t)t∈[0,1]. We also define

the Gaussian interpolation flow (X2,t)t∈[0,1] and its time-reversed flow (X∗2,t)t∈[0,1] for the

target measure ν2 using the same at and bt . Then the transport maps X1,1(x), X∗1,1(x),

X2,1(x), and X∗2,1(x) are Lipschitz continuous in the space variable x. Furthermore, the

cycle consistency property holds in the sense that

X1,1 ◦X∗2,1 ◦X2,1 ◦X∗1,1 = Id . (2.29)

Corollaries 2.36 and 2.37 show that the auto-encoding and cycle consistency prop-
erties hold for the flows at the population level. These results provide insights to the
approximate auto-encoding and cycle consistency properties at the sample level.

There are several types of errors introduced in the training of GIFs. On the one hand,
the approximation in specifying source measures would exert influence on modeling
the distribution. On the other hand, the approximation in the velocity field also affects
the distribution learning error. We use the stability analysis method in the differential
equations theory to address the potential effects of these errors.
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Figure 2.4. An illustration of cycle consistency using DDIBs.

Corollary 2.38. Suppose Assumptions 2.4 and 2.5-(i), (iii), or (iv) hold. It holds that

C1 := sup
x∈Rd
‖∇xX1(x)‖2,2 <∞, C2 := sup

(t,x)∈[0,1]×Rd
‖∇xv(t,x)‖2,2 <∞.

Proposition 2.39 (Stability in the source distribution). Suppose Assumptions 2.4 and

2.5-(i), (iii), or (iv) hold. If the source measure µ = Law(a0Z+ b0X1) is replaced with the

Gaussianmeasure γd,a20 , then the stability of the transport mapX1 is guaranteed by theW2

distance between the push-forwardmeasureX1#γd,a20 and the target measure ν = Law(X1)

as follows

W2(X1#γd,a20 ,ν) ≤ C1b0

√
Eν[‖X1‖2]exp(C2d). (2.30)

The stability analysis in Proposition 2.39 provides insights into the selection of source
measures for learning probability flow ODEs and GIFs. The error bound (2.30) demon-
strates that when the signal intensity is reasonably small in the source measure, that is,
b0 � 1, the distribution estimation error, induced by the approximation with a Gaus-
sian source measure, is small as well in the sense of the quadratic Wasserstein distance.
Using a Gaussian source measure to replace the true convolution source measure is a
common approximation method for learning probability flow ODEs and GIFs. Our anal-
ysis shows this replacement is reasonable for the purpose of distribution estimation.

The Alekseev-Gröbner formula and its stochastic variants [Del Moral and Singh,
2022] have been shown effective in quantifying the stability of well-posed ODE and
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SDE flows against perturbations of its velocity field or drift [Bortoli, 2022, Benton et al.,
2023]. We state these results below for convenience.

Lemma 2.40. [Hairer et al., 1993, Theorem 14.5] Let (Xt)t∈[0,1] and (Yt)t∈[0,1] solve the

following IVPs, respectively

dXt
dt

= v(t,Xt), X0 = x0, t ∈ [0,1],

dYt
dt

= ṽ(t,Yt), Y0 = x0, t ∈ [0,1],

where v(t,x) : [0,1]×Rd → Rd and ṽ(t,x) : [0,1]×Rd → Rd are the velocity fields.

(i) Suppose that v is of class C1 in x. Then the Alekseev-Gröbner formula for the differ-

ence Xt(x0)−Yt(x0) is given by

Xt(x0)−Yt(x0) =
∫ t

0
(∇xXs,t)(Ys(x0))> (v(s,Ys(x0))− ṽ(s,Ys(x0)))ds (2.31)

where ∇xXs,t(x) satisfies the variational equation

∂t(∇xXs,t(x)) = (∇xv)(t,Xs,t(x))∇xXs,t(x), ∇xXs,s(x) = Id . (2.32)

(ii) Suppose that ṽ is of class C1 in x. Then the Alekseev-Gröbner formula for the differ-

ence Yt(x0)−Xt(x0) is given by

Yt(x0)−Xt(x0) =
∫ t

0
(∇xYs,t)(Xs(x0))> (ṽ(s,Xs(x0))− v(s,Xs(x0)))ds (2.33)

where ∇xYs,t(x) satisfies the variational equation

∂t(∇xYs,t(x)) = (∇xṽ)(t,Ys,t(x))∇xYs,t(x), ∇xYs,s(x) = Id . (2.34)

Exploiting the Alekseev-Gröbner formulas in Lemma 2.40 and uniform Lipschitz
properties of the velocity field, we deduce two error bounds in terms of the quadratic
Wasserstein (W2) distance to show the stability of the ODE flow when the velocity field
is not accurate.

Proposition 2.41 (Stability in the velocity field). Suppose Assumptions 2.4 and 2.5 hold.

Let q̃t denote the density function of Yt#µ.
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(i) Suppose that ∫ 1

0

∫
Rd
‖v(t,x)− ṽ(t,x)‖2q̃t(x)dxdt ≤ ε. (2.35)

Then

W 2
2 (Y1#µ,ν) ≤ ε

∫ 1

0
exp

(
2
∫ 1

s
θudu

)
ds. (2.36)

(ii) Suppose that

sup
(t,x)∈[0,1]×Rd

‖∇xṽ(t,x)‖2,2 ≤ C3.

Then

W 2
2 (Y1#µ,ν) ≤

exp(2C3)− 1
2C3

∫ 1

0

∫
Rd
‖v(t,x)− ṽ(t,x)‖2pt(x)dxdt. (2.37)

Proposition 2.41 provides a stability analysis against the estimation error of the ve-
locity field using theW2 distance. The estimation error originates from the flow match-
ing or score matching procedures and the approximation error rising from using deep
neural networks in estimating the velocity field or the score function. These two W2

bounds imply that the distribution estimation error is controlled by the L2 estimation
error of flow matching and score matching. Indeed, this point justifies the soundness
of the approximation method through flow matching and score matching. The first
W2 bound (2.36) relies on the L2 control (2.35) of the perturbation error of the veloc-
ity field. The second W2 bound (2.37) is slightly better than that provided in [Albergo
and Vanden-Eijnden, 2023, Proposition 3] but still has exponential dependence on the
Lipschitz constant of ṽ(t,x).
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Figure 2.5. An approximately linear relation between b0 and theWasserstein-2 distance.

To demonstrate the bounds presented in Propositions 2.39 and 2.41, we conducted
further experiments with a mixture of eight two-dimensional Gaussian distributions.
These propositions provide bounds for the stability of the flowwhen subjected to pertur-
bations in either the source distribution or the velocity field. Let the target distribution
be the following two-dimensional Gaussian mixture

p(x) =
8∑
j=1

ϕ(x;µj ,Σj ),

where ϕ(x;µj ,Σj ) is the probability density function for the Gaussian distribution with

mean µj = 12(sin(2(j −1)π/8),cos(2(j −1)π/8))> and covariance matrix Σj = 0.032I2

for j = 1, · · · ,8. For Gaussian mixtures, the velocity field has an explicit formula, which
facilitates the perturbation analysis.

To illustrate the bound in Proposition 2.39, we consider a perturbation of the source
distribution for the following model:

Xt = atZ+ btX with at = 1− t + ζ
1+ ζ

, bt =
t + ζ
1+ ζ

,

where ζ ∈ [0,0.3] is a value controlling the perturbation level. It is easy to see a0 =

1/(1 + ζ), b0 = ζ/(1 + ζ). Thus, the source distribution Law(a0Z+ b0X) is a mixture of
Gaussian distributions. Practically, we can use a Gaussian distribution γ2,a20 to replace
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Figure 2.6. A linear relation between ∆vt and the squared Wasserstein-2 distance.

this source distribution. In Proposition 2.39, we bound the error between the distribu-
tions of generated samples due to the replacement, that is,

W2(X1#γd,a20 ,ν) ≤ Cb0,

whereC is a constant. We illustrate this theoretical bound using themixture of Gaussian
distributions and the Gaussian interpolation flow given above. We consider a mesh for
the variable ζ and plot the curve for b0 and W2(X1#γd,a20 ,ν) in Figure 2.5. Through

Figure 2.5, an approximate linear relation between b0 andW2(X1#γd,a20 ,ν) is observed,

which supports the results of Proposition 2.39.

We now consider perturbing the velocity field vt by adding random noise. Let ϵ ∈
[0.5,5.5]. The random noise is generated using a Bernoulli random variable supported
on {−ϵ,ϵ}. Let ṽt denote the perturbed velocity field. Then we can compute

∆vt := ‖vt − ṽt‖2 = 2ϵ2.

We use the velocity field vt and the perturbed velocity field t to generate samples and
compute the squared Wasserstein-2 distance between the sample distributions. Accord-
ing to Proposition 2.41, the squared Wasserstein-2 distance should be linearly upper
bounded as O(∆vt), that is,

W 2
2 (Y1#µ,ν) ≤ C̃

∫ 1

0

∫
R2
ϵ2pt(x)dxdt = C̃ϵ

2,
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where C̃ is a constant. This theoretical insight is illustrated in Figure 2.6, where a linear
relationship between these two variables is observed.

2.7 Related work

GIFs and the induced transport maps are related to CNFs and score-based diffusion mod-
els. Mathematically, they interrelate with the literature on Lipschitz mass transport and
Wasserstein gradient flows. A central question in developing the ODE flow or transport
map method for generative modeling is how to construct an ODE flow or transport map
that are sufficiently smooth and enable efficient computation. Various approaches have
been proposed to answer the question.

CNFs construct invertible mappings between an isotropic Gaussian distribution and
a complex target distribution [Chen et al., 2018, Grathwohl et al., 2019]. They fall within
the broader framework of neural ODEs [Chen et al., 2018, Ruiz-Balet and Zuazua, 2023].
A major challenge for CNFs is designing a time-dependent ODE flow whose marginal
distribution converges to the target distribution while allowing for efficient estimation
of its velocity field. Previous work has explored several principles to construct such
flows, including optimal transport, Wasserstein gradient flows, and diffusion processes.
Additionally, Gaussian denoising has emerged as an effective principle for constructing
simulation-free CNFs in generative modeling.

Liu et al. [2023] propose the rectified flow, which is based on a linear interpolation
between a standard Gaussian distribution and the target distribution, mimicking the
Gaussian denoising procedure. Albergo and Vanden-Eijnden [2023] study a similar for-
mulation called stochastic interpolation, defining a trigonometric interpolant between a
standard Gaussian distribution and the target distribution. Albergo et al. [2023b] extend
this idea by proposing a stochastic bridge interpolant between two arbitrary distribu-
tions. Under a few regularity assumptions, the velocity field of the ODE flow modeling
the stochastic bridge interpolant is proven to be continuous in the time variable and
smooth in the space variable.

Lipman et al. [2023] introduce a nonlinear least squaresmethod called flowmatching
to directly estimate the velocity field of probability flow ODEs. All of these models
are encompassed within the framework of simulation-free CNFs, which have been the
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focus of numerous ongoing research efforts [Neklyudov et al., 2023, Tong et al., 2023,
Chen and Lipman, 2023, Albergo et al., 2023b, Shaul et al., 2023, Pooladian et al., 2023,
Albergo et al., 2023a,c]. Furthermore, Marzouk et al. [2023] provide the first statistical
convergence rate for the simulation-based method by placing neural ODEs within the
nonparametric estimation framework.

Score-based diffusion models integrate the time reversal of stochastic differential
equations with the score matching technique [Sohl-Dickstein et al., 2015, Song and Er-
mon, 2019, Ho et al., 2020, Song and Ermon, 2020, Song et al., 2021b,a, De Bortoli et al.,
2021]. These models are capable of modeling highly complex probability distributions
and have achieved state-of-the-art performance in image synthesis tasks [Dhariwal and
Nichol, 2021, Rombach et al., 2022]. The probability flow ODEs of diffusion models can
be considered as CNFs, whose velocity field incorporates the nonlinear score function
[Song et al., 2021b, Karras et al., 2022, Lu et al., 2022b,a, Zheng et al., 2023]. In addition
to the score matching method, Lu et al. [2022a] and Zheng et al. [2023] explore maxi-
mum likelihood estimation for probability flow ODEs. However, the regularity of these
probability flow ODEs has not been studied and their well-posedness properties remain
to be established.

A key concept in defining measure transport is Lipschitz mass transport, where the
transport maps are required to be Lipschitz continuous. This ensures the smoothness
and stability of the measure transport. There is a substantial body of research on the
Lipschitz properties of transport maps. The celebrated Caffarelli’s contraction theorem
[Caffarelli, 2000, Theorem 2] establishes the Lipschitz continuity of optimal transport
maps that push the standard Gaussian measure onto a log-concave measure. Colombo
et al. [2017] study a Lipschitz transport map between perturbations of log-concave mea-
sures using optimal transport theory.

Mikulincer and Shenfeld [2024] demonstrate that the Brownian transport map, de-
fined by the Föllmer process, is Lipschitz continuous when it pushes forward theWiener
measure on the Wiener space to the target measure on the Euclidean space. Addition-
ally, Neeman [2022] and Mikulincer and Shenfeld [2023] prove that the transport map
along the reverse heat flow of certain target measures is Lipschitz continuous.

Beyond studying Lipschitz transport maps, significant effort has been devoted to ap-
plying optimal transport theory in generative modeling. Zhang et al. [2018] propose the
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Monge-Ampe‘re flow for generative modeling by solving the linearized Monge-Amper̀e
equation. Optimal transport theory has been utilized as a general principle to regular-
ize the training of continuous normalizing flows or generators for generative model-
ing [Finlay et al., 2020, Yang and Karniadakis, 2020, Onken et al., 2021, Makkuva et al.,
2020]. Liang [2021] leverage the regularity theory of optimal transport to formalize the
generator-discriminator-pair regularization of GANs under a minimax rate framework.

In our work, we study the Lipschitz transport maps defined by GIFs, which differ
from the optimal transport map. GIFs naturally fit within the framework of continu-
ous normalizing flows, and their flow mappings are examined from the perspective of
Lipschitz mass transport.

Wasserstein gradient flows offer another principled approach to constructing ODE
flows for generative modeling. AWasserstein gradient flow is derived from the gradient
descent minimization of a certain energy functional over probability measures endowed
with the quadratic Wasserstein metric [Ambrosio et al., 2008]. The Eulerian formula-
tion of Wasserstein gradient flows produces the continuity equations that govern the
evolution of marginal distributions. After transferred into a Lagrangian formulation,
Wasserstein gradient flows define ODE flows that have been widely explored for gener-
ative modeling [Johnson and Zhang, 2018, Gao et al., 2019, Liutkus et al., 2019, Johnson
and Zhang, 2019, Arbel et al., 2019, Mroueh et al., 2019, Ansari et al., 2021, Mroueh and
Nguyen, 2021, Fan et al., 2022, Gao et al., 2022, Duncan et al., 2023, Xu et al., 2022].
Wasserstein gradient flows are shown to be connected with the forward process of dif-
fusion models. The variance preserving SDE of diffusion models is equivalent to the
Langevin dynamics towards the standard Gaussian distribution that can be interpreted
as a Wasserstein gradient flow of the Kullback–Leibler divergence for a standard Gaus-
sian distribution [Song et al., 2021b]. In the meantime, the probability flow ODE of
the variance preserving SDE conforms to the Eulerian formulation of this Wasserstein
gradient flow. However, when assigning a general distribution instead of the standard
Gaussian distribution, it remains unclear whether the ODE formulation of Wasserstein
gradient flows possesses well-posedness.

Themain contribution of this chapter lies in establishing the theoretical properties of
GIFs and their associated flowmaps in a unified way. Our theoretical results encompass
the Lipschitz continuity of both the flow velocity field and the flow map, addressing the
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existence, uniqueness, and stability of the flow. We also demonstrate that both the flow
map and its inverse possess Lipschitz properties.

Our proposed framework for Gaussian interpolation flow builds upon previous re-
search on probability flowmethods in diffusionmodels [Song et al., 2021b,a] and stochas-
tic interpolation methods for generative modeling [Liu et al., 2023, Albergo and Vanden-
Eijnden, 2023, Lipman et al., 2023]. Rather than adopting a methodological perspective,
we focus on elucidating the theoretical aspects of these flows from a unified standpoint,
thereby enhancing the understanding of various methodological approaches. Our theo-
retical results are derived from geometric considerations of the target distribution and
from analytic calculations that exploit the Gaussian denoising property.

2.8 Conclusion

Gaussian denoising as a framework for constructing continuous normalizing flows holds
great promise in generative modeling. Through a unified framework and rigorous anal-
ysis, we have established the well-posedness of these flows, shedding light on their capa-
bilities and limitations. We have examined the Lipschitz regularity of the corresponding
flow maps for several rich classes of probability measures. When applied to generative
modeling based onGaussian denoising, we have shown that GIFs possess auto-encoding
and cycle consistency properties at the population level. Additionally, we have estab-
lished stability error bounds for the errors accumulated during the process of learning
GIFs. Although our analysis has partially established the well-posedness of the GIFs, it
remains unclear whether the well-posedness holds for learning more general distribu-
tions. Moreover, it remains interesting to investigate the advantages of the denoising
framework beyond Gaussian denoising.

2.9 Proofs and supplementary results

In this section, we provide proofs of the lemmas and theorems shown in the previous
sections of the chapter.
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2.9.1 Proofs of Theorem 2.14 and Lemma 2.20

Dynamical properties of Gaussian interpolation flow (Xt)t∈[0,1] form the cornerstone
of the measure interpolation method. Following Albergo and Vanden-Eijnden [2023],
Albergo et al. [2023b], we leverage an argument of characteristic functions to quantify
the dynamics of its marginal flow, and in result, to prove Theorem 2.14.

Proof of Theorem 2.14. Let ω ∈ Rd . For the Gaussian stochastic interpolation (Xt)t∈[0,1],
we define the characteristic function of Xt by

Ψ(t,ω) := E[exp(i〈ω,Xt〉)] = E[exp(i〈ω,atZ+btX1〉)] = E[exp(iat〈ω,Z〉)]E[exp(ibt〈ω,X1〉)],

where the last equality is due to the independence of between Z ∼ γd andX1 ∼ ν . Taking
the time derivative of Ψ(t,ω) for t ∈ (0,1), we derive that

∂tΨ(t,ω) = i〈ω,ψ(t,ω))

where
ψ(t,ω) := E[exp(i〈ω,Xt〉)(ȧtZ+ ḃtX1)].

We first define

v(t,Xt) := E[ȧtZ+ ḃtX1|Xt]. (2.38)

Using the double expectation formula, we deduce that

ψ(t,ω) = E[exp(i〈ω,Xt〉)E[ȧtZ+ ḃtX1|Xt]] = E[exp(i〈ω,Xt〉)v(t,Xt)].

Applying the inverse Fourier transform to ψ(t,ω), it holds that

j(t,x) := (2π)−d
∫
Rd

exp(−i〈ω,x〉)ψ(t,ω)dω = pt(x)v(t,x),

where v(t,x) := E[ȧtZ+ ḃtX1|Xt = x]. Then it further yields that

∂tpt +∇x · j(t,x) = 0,

that is,
∂tpt +∇x · (ptv(t,x)) = 0.

Next, we study the property of v(t,x) at t = 0 and t = 1. Notice that

x = atE[Z|Xt = x] + btE[X1|Xt = x]. (2.39)
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Combining Eq. (2.38) and (2.39), it implies that

v(t,x) = ȧt
at
x +

(
ḃt −

ȧt
at
bt
)
E[X1|Xt = x], t ∈ (0,1). (2.40)

According to Tweedie’s formula in Lemma 2.51, it holds that

s(t,x) = bt
a2t
E [X1|Xt = x]− 1

a2t
x, t ∈ (0,1), (2.41)

where s(t,x) is the score function of the marginal distribution of Xt ∼ pt .

Combining Eq. (2.40), (2.41), it holds that the velocity field is a gradient field and its
nonlinear term is the score function s(t,x), namely, for any t ∈ (0,1),

v(t,x) = ḃt
bt
x +

(
ḃt
bt
a2t − ȧtat

)
s(t,x). (2.42)

By the regularity properties that at , bt ∈ C2([0,1)), a2t ∈ C1([0,1]), bt ∈ C1([0,1]), we
have that ȧ0, ḃ0, ȧ1a1, and ḃ1 are well-defined. Then by Eq. (2.40), we define that

v(0,x) := lim
t↓0

v(t,x) = ȧ0
a0
x +

(
ḃ0 −

ȧ0
a0
b0

)
E[X1|X0 = x]

Using Eq. (2.42) yields that

v(1,x) := lim
t↑1

v(t,x) = ḃ1
b1
x − ȧ1a1s(1,x). (2.43)

This completes the proof.

Lemma 2.20 presents several standard properties of Gaussian channels in informa-
tion theory [Wibisono and Jog, 2018a,b, Dytso et al., 2023b] that will facilitate our proof.

Proof of Lemma 2.20. By Bayes’ rule, Law(Y|Xt = x) = p(y|t,x) can be represented as

p(y|t,x) = φbty,a2t (x)p1(y)/pt(x)

= (2π)−d/2a−dt exp
(
−
‖x − bty‖2

2a2t

)
p1(y)/pt(x)

= (2π)−d/2a−dt exp
(
−‖x‖

2

2a2t
+
bt〈x,y〉
a2t

−
b2t ‖y‖2

2a2t

)
p1(y)/pt(x)

=
{
exp

(
bt〈x,y〉
a2t

−
b2t ‖y‖2

2a2t

)
p1(y)

}
/

{
(2π)d/2adt exp

(
‖x‖2

2a2t

)
pt(x)

}
.
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Let θ = btx
a2t
,h(y) = p1(y)exp(−

b2t ‖y‖2

2a2t
), and the logarithmic partition function

A(θ) = log
∫
Rd
h(y)exp(〈y,θ〉)dy,

then by the definition of exponential family distributions, we conclude that

p(y|t,x) = h(y)exp(〈y,θ〉 −A(θ))

is an exponential family distribution of y. By simple calculation, it follows that

∇2x logp(y|t,x) = −
b2t
a4t
∇2θA(θ).

For an exponential family distribution, a basic equality shows that

∇2θA(θ) = Cov(Y|Xt = x),

which further yields that ∇2x logp(y|t,x) = −
b2t
a4t
Cov(Y|Xt = x).

2.9.2 Auxiliary lemmas for Lipschitz flow maps

The following lemma, due to G. Peano [Hartman, 2002a, Theorem 3.1], describes several
meaningful differential equations associated with well-posed flows and supports the
derivation of Lipschitz continuity of their flow maps.

Lemma 2.42. [Ambrosio et al., 2023, Lemma 3.4] Suppose that a flow (Xt)t∈[0,1] is well-

posed and its velocity field v(t,x) : [0,1] ×Rd → Rd is of class C1. Then the flow map

Xs,t : Rd → Rd is of class C1 for any 0 ≤ s ≤ t ≤ 1. Fix (s,x) ∈ [0,1] ×Rd and set the

following functions defined with t ∈ [s,1]

y(t) := ∇xXs,t(x), J(t) := (∇xv)(t,Xs,t(x)),

w(t) := det(∇xXs,t(x)), b(t) := (∇x · v)(t,Xs,t(x)) = Tr(J(t)).

Then y(t) and w(t) are the unique C1 solutions of the following IVPs

ẏ(t) = J(t)y(t), y(s) = Id , (2.44)

ẇ(t) = b(t)w(t), w(s) = 1. (2.45)
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We present an upper bound of the Lipschitz constant of its flow map Xs,t(x) in
Lemma 2.31. The upper bound has been deduced in Mikulincer and Shenfeld [2023],
Ambrosio et al. [2023], Dai et al. [2023]. For completeness, we derive it as a direct im-
plication of Eq. (2.44) in Lemma 2.42 and an upper bound of the Jacobian matrix of the
velocity field.

Proof of Lemma 2.31. Let y(u) = ∇xXs,u(x), J(u) = (∇xv)(u,Xs,u(x)). Owing to Lemma
2.42, y(u) is of class C1, and the function u 7→ ‖y(u)‖2,2 is absolutely continuous over
[s, t]. By Lemma 2.42, it follows that

∂u‖y(u)‖22,2 = 2〈y(u), ẏ(u)〉 = 2〈y(u), J(u)y(u)〉 ≤ 2θu‖y(u)‖22,2.

Applying Grönwall’s inequality yields that ‖y(t)‖2,2 ≤ exp(
∫ t
s
θudu) which concludes

the proof.

Another result is concerning the theorem of instantaneous change of variables that
is widely deployed in studying neural ODEs [Chen et al., 2018, Theorem 1]. We also
exploit the instantaneous change of variables to prove Proposition 2.39. To make the
proof self-contained, we show that the instantaneous change of variables directly fol-
lows Eq. (2.45) in Lemma 2.42. Compared with the original proof in [Chen et al., 2018,
Theorem 1], we illustrate that the well-posedness of a flow is sufficient to ensure the
instantaneous change of variables property, without a boundedness condition on the
flow.

Corollary 2.43 (Instantaneous change of variables). Suppose that a flow (Xt)t∈[0,1] is

well-posed with a velocity field v(t,x) : [0,1] ×Rd → Rd of class C1 in x. Let X0(x) ∼

π0(X0(x)) be a distribution of the initial value. Then the law ofXt(x) satisfies the following

differential equation

∂t logπt(Xt(x)) = −Tr((∇xv)(t,Xt(x))).

Proof. Let δ(t) := det(∇xXt(x)). Thanks to Eq. (2.45) in Lemma 2.42, it holds that

δ̇(t) = Tr((∇xv)(t,Xt(x)))δ(t), δ(0) = 1,

which implies δ(t) > 0 for t ∈ [0,1]. Notice that logπt(Xt(x)) = logπ0(X0(x))−log |δ(t)|

by change of variables. Then it follows that ∂t logπt(Xt(x)) = −Tr((∇xv)(t,Xt(x))).
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2.9.3 Proofs of spatial Lipschitz estimates for the velocity field

Themain results in Section 2.4 are proved in this section. We first present some ancillary
lemmas before proceeding to give the proofs.

Lemma 2.44 (Fathi et al., 2023). Suppose that f : Rd → R+ is L-log-Lipschitz for some

L ≥ 0. Let Pt be the Ornstein–Uhlenbeck semigroup defined by Pth(x) := EZ∼γd [h(e
−tx +

√
1− e−2tZ)] for any h ∈ C(Rd) and t ≥ 0. Then it holds that{

−5Le−t(L+ t−
1
2 )−L2e−2t

}
Id � ∇2x logPtf (x) �

{
5Le−t(L+ t−

1
2 )
}
Id .

Proof. This is a restatement of known results. See Proposition 2, Proposition 6,Theorem
6, and their proofs in Fathi et al. [2023].

Corollary 2.45. Suppose that f : Rd → R+ is L-log-Lipschitz for some L ≥ 0. Let Qt be

an operator defined by

Qth(x) := EZ∼γd [h(βtx +αtZ)] (2.46)

for any h ∈ C(Rd) and t ∈ [0,1] where 0 ≤ αt ≤ 1,βt ≥ 0 for any t ∈ [0,1]. Then it holds

that (
−At −L2β2t

)
Id � ∇2x logQtf (x) � AtId ,

where At := 5Lβ2t (1−α2
t )
− 1
2 (L+ (−12 log(1−α

2
t ))
− 1
2 ).

Proof. It is easy to notice that Qtf (x) = Psf (βtesx) where s = −12 log(1 − α
2
t ). Then it

follows that ∇2x logQtf (x) = (βtes)2(∇2x logPsf )(βtesx) which yields(
−At −L2β2t

)
Id � ∇2x logQtf (x) � AtId ,

where At := 5Lβ2t (1−α2
t )
− 1
2 (L+ (−12 log(1−α

2
t ))
− 1
2 ).

Lemma 2.46. The Jacobian matrix of the velocity field (2.9) has an alternative expression

over time t ∈ (0,1), that is,

∇xv(t,x) =
(
ḃt
bt
a2t − ȧtat

)(
∇2x logQ̃tf (x)− 1

a2t +b
2
t
Id

)
+ ḃt
bt
Id ,

where f (x) := dν
dγd

(x) and Q̃tf (x) := EZ∼γd [f (
bt

a2t +b
2
t
x + at√

a2t +b
2
t

Z)].
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Proof. By direct calculations, it holds that

pt(x) = a
−d
t

∫
Rd
p1(y)φ

(
x − bty
at

)
dy = a−dt

∫
Rd
f (y)φ(y)φ

(
x − bty
at

)
dy

= a−dt φ
(
(a2t + b

2
t )
− 1
2x

)∫
Rd
f (y)φ


 at√

a2t + b
2
t


−1 (

y − bt
a2t + b

2
t

x

)dy

= a−dt φ
(
(a2t + b

2
t )
− 1
2x

) at√
a2t + b

2
t


d ∫

Rd
f

 bt
a2t + b

2
t

x +
at√
a2t + b

2
t

z

dγd(z)
= (a2t + b

2
t )
−d/2φ

(
(a2t + b

2
t )
− 1
2x

)
Q̃tf (x).

Taking the logarithm and then the second-order derivative of the equation above, it
yields

∇xs(t,x) = ∇2x logQ̃tf (x)− 1
a2t +b

2
t
Id .

Recalling that ∇xv(t,x) =
(
ḃt
bt
a2t − ȧtat

)
∇xs(t,x) +

ḃt
bt
Id , it further yields that

∇xv(t,x) =
(
ḃt
bt
a2t − ȧtat

)
∇2x logQ̃tf (x) +

ȧtat+ḃtbt
a2t +b

2
t

Id ,

which completes the proof.

Corollary 2.47. Suppose that f (x) := dν
dγd

(x) is L-log-Lipschitz for some L ≥ 0. Then for

t ∈ (0,1), it holds that{(
ḃt
bt
a2t − ȧtat

)(
−Bt −L2

(
bt

a2t +b
2
t

)2)
+ ȧtat+ḃtbt

a2t +b
2
t

}
Id

� ∇xv(t,x) �
{(
ḃt
bt
a2t − ȧtat

)
Bt +

ȧtat+ḃtbt
a2t +b

2
t

}
Id ,

where Bt := 5Lbt(a
2
t + b

2
t )
− 3
2 (L+ (log(

√
a2t + b

2
t /bt))

− 1
2 ).

Proof. Let αt = at√
a2t +b

2
t

and βt = bt
a2t +b

2
t
. Then these bounds hold according to Corollary

2.45 and Lemma 2.46.

Then we are prepared to prove Proposition 2.22. The proof is mainly based on the
techniques for bounding conditional covariance matrices that are developed in a series
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of work [Wibisono and Jog, 2018a,b, Mikulincer and Shenfeld, 2024, 2023, Chewi and
Pooladian, 2022, Dai et al., 2023].

Proof of Proposition 2.22. (a) By Jung’s theorem [Danzer et al., 1963, Theorem 2.6],
there exists a closed Euclidean ball with radius less thanD := (1/

√
2)diam(supp(ν))

that contains supp(ν) inRd . Then the desired bounds hold due to 0Id � Cov(Y|Xt =

x) �D2Id and Eq. (2.17).

(b) Let p1 be β-semi-log-convex for some β > 0 on Rd . Then for any t ∈ [0,1), the

conditional distribution p(y|t,x) is
(
β + b2t

a2t

)
-semi-log-convex because

−∇2y logp(y|t,x) = −∇2y logp1(y)−∇2y logp(t,x|y) �
(
β +

b2t
a2t

)
Id .

By the Cramér-Rao inequality (2.4), we obtain

Cov(Y|Xt = x) �
(
β +

b2t
a2t

)−1
Id .

Therefore, by Eq. (2.17), we obtain

∇xv(t,x) �
{(
ḃt
bt
− ȧt
at

)
b2t

βa2t + b
2
t

+
ȧt
at

}
Id ,

which implies

∇xv(t,x) �
βat ȧt + bt ḃt
βa2t + b

2
t

Id .

In addition, the bound above can be verified at time t = 1 by the definition (2.43).

(c) Let p1 be κ-semi-log-concave for some κ ∈ R. Then for any t ∈ [0,1), the condi-

tional distribution p(y|t,x) is
(
κ + b2t

a2t

)
-semi-log-concave because

−∇2y logp(y|t,x) = −∇2y logp1(y)−∇2y logp(t,x|y) �
(
κ +

b2t
a2t

)
Id .

When t ∈
{
t : κ + b2t

a2t
> 0, t ∈ (0,1)

}
, by the Brascamp-Lieb inequality (2.2), we ob-

tain

Cov(Y|Xt = x) �
(
κ +

b2t
a2t

)−1
Id .
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Therefore, by Eq. (2.17), we obtain

∇xv(t,x) �
{(
ḃt
bt
− ȧt
at

)
b2t

κa2t + b
2
t

+
ȧt
at

}
Id ,

which implies

∇xv(t,x) �
κat ȧt + bt ḃt
κa2t + b

2
t

Id .

Moreover, the bound above can be verified at time t = 1 by the definition (2.43).

(d) Notice that

p(y|t,x) =
p(t,x|y)
pt(x)

d(γd,σ2 ∗ ρ)
dy

= Ax,t

∫
Rd
φz,σ2(y)φ

x
bt
,
a2t
b2t

(y)ρ(dz),

where the prefactor Ax,t only depends on x and t. Then it follows that

p(y|t,x) =
∫
Rd
φ a2t z+σ

2btx

a2t +σ
2b2t

,
σ2a2t

a2t +σ
2b2t

(y)ρ̃(dz)

where ρ̃ is a probability measure on Rd whose density function is a multiple of ρ
by a positive function. It also indicates that ρ̃ is supported on the same Euclidean
ball as ρ. To further illustrate p(y|t,x), let Q ∼ ρ̃ and Z ∼ γd be independent.
Then it holds that

a2t
a2t +σ2b2t

Q+

√
σ2a2t

a2t +σ2b2t
Z+

σ2bt
a2t +σ2b2t

x ∼ p(y|t,x).

Thus, it holds that

Cov(Y|Xt = x) =
(

a2t
a2t +σ2b2t

)2
Cov(Q) +

σ2a2t
a2t +σ2b2t

Id

�


(

a2t
a2t +σ2b2t

)2
R2 +

σ2a2t
a2t +σ2b2t

 Id .
By Eq. (2.17), it holds that

∇xv(t,x) �
b2t
a2t

(
ḃt
bt
− ȧt
at

)( a2t
a2t +σ2b2t

)2
R2 +

σ2a2t
a2t +σ2b2t

 Id + ȧtat Id ,
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which implies

∇xv(t,x) �
{
atbt(at ḃt − ȧtbt)
(a2t +σ2b2t )2

R2 +
ȧtat +σ2ḃtbt
a2t +σ2b2t

}
Id .

Analogously, due to Cov(Q) � 0Id , a lower bound would be yielded as follows

∇xv(t,x) �
ȧtat +σ2ḃtbt
a2t +σ2b2t

Id .

Then the results follow by combining the upper and lower bounds.

(e) The result follows from Corollary 2.47.

We complete the proof.

Proof of Corollary 2.23. Let us consider that κ > 0which is divided into two cases where
κD2 ≥ 1 and κD2 < 1. On the one hand, suppose that the first case κD2 ≥ 1 holds. By
Proposition 2.22, the κ-based upper bound is tighter, that is,

λmax(∇xv(t,x)) ≤ θt :=
κat ȧt + bt ḃt
κa2t + b

2
t

.

On the other hand, suppose that the second case κD2 < 1 holds. Let t1 be defined in Eq.
(2.19). Again, by Proposition 2.22, the D2-based upper bound is tighter over [0, t1) and
the κ-based upper bound is tighter over [t1,1], which is denoted by

λmax(∇xv(t,x)) ≤ θt :=


b2t
a2t

(
ḃt
bt
− ȧtat

)
D2 + ȧt

at
, t ∈ [0, t1),

κat ȧt+bt ḃt
κa2t +b

2
t
, t ∈ [t1,1].

This completes the proof.

Proof of Corollary 2.24. Let κ < 0,D <∞ such that κD2 < 1 is fulfilled. Then an argu-
ment similar to the proof of Corollary 2.23 yields the desired bounds.

Proof of Corollary 2.25. The result follows from Proposition 2.22-(d).

Proof of Corollary 2.26. TheL-based upper and lower bounds in Proposition 2.22-(e) would

blow up at time t = 1 because the term (log(
√
a2t + b

2
t /bt))

− 1
2 in Bt goes to∞ as t→ 1.
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To ensure the spatial derivative of the velocity field v(t,x) is upper bounded at time
t = 1, we additionally require the target measure is κ-semi-log-concave with κ ≤ 0.
Hence, a κ-based upper bound is available for t ∈ (t0,1] as shown in Proposition 2.22-
(c). Next, these two upper bounds are combined by choosing any t2 ∈ (t0,1) first. Then
we exploit the L-based bound over [0, t2) and κ-based bound over [t0,1]. This completes
the proof.

2.9.4 Proofs of well-posedness and Lipschitz flow maps

The proofs of main results in Section 2.5 are offered in the following. Before proceeding,
let us introduce some definitions and notations about function spaces that are collected
in [Evans, 2010, Chapter 5]. Let L1loc(R

d ;Rℓ) := {locally integrable function u : Rd →

Rℓ}. For integers k ≥ 0 and 1 ≤ p ≤ ∞, we define the Sobolev spaceW k,p(Rd) := {u ∈

L1loc(R
d)|Dαu exists and Dαu ∈ Lp(Rd) for |α| ≤ k}, where Dαu is the weak derivative

of u. Then the local Sobolev spaceW k,p
loc (R

d) is defined as the function space such that

for any u ∈ W k,p
loc (R

d) and any compact set Ω ⊂ Rd , u ∈ W k,p(Ω). As a result, we

denote the vector-valued local Sobolev space by W k,p
loc (R

d ;Rℓ). Provided that v(t,x) :

[0,1]×Rd → Rd , we use v ∈ L1([0,1];W 1,∞
loc (Rd ;Rd)) to indicate that v has a finite L1

norm over (t,x) ∈ [0,1]×Rd and v(t, ·) ∈W 1,∞
loc (Rd ;Rd) for any t ∈ [0,1]. Similarly, we

say v ∈ L1([0,1];L∞(Rd ;Rd)) when v has a finite L1 norm over (t,x) ∈ [0,1]×Rd and
v(t, ·) ∈ L∞(Rd ;Rd) for every t ∈ [0,1]. We will use the definitions and notations in the
following proof.

Proof of Theorem 2.27. UnderAssumptions 1 and 2, we claim that the velocity field v(t,x)
satisfies that for any A > 0,

v ∈ L1([0,1];W 1,∞
loc ([−A,A]d ;Rd)), ‖v‖2

1+ ‖x‖2
∈ L1([0,1];L∞([−A,A]d ;Rd)).

where the first condition indicates the velocity field v is locally bounded and locally Lip-
schitz continuous in x, and the second condition is a growth condition on v. According
to the Cauchy-Lipschitz theorem [Ambrosio and Crippa, 2014, Remark 2.4], we have
the representation formulae for solutions of the continuity equation. As a result, there
exists a flow (Xt)t∈[0,1] uniquely solves the IVP (2.14). Furthermore, the marginal flow
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of (Xt)t∈[0,1] satisfies the continuity equation (2.8) in the weak sense. Then it remains
to show the velocity field v is locally bounded and locally Lipschitz continuous in x,
and satisfies the growth condition. By the lower and upper bounds given in Proposition
2.22, we know that v is globally Lipschitz continuous in x under Assumptions 1 and
2. Indeed, the global Lipschitz continuity leads to local boundedness and linear growth
properties by simple arguments. More concretely, for any t ∈ (0,1), it holds that

v(t,0) =
(
ḃt −

ȧt
at
bt

)
E[X1|Xt = 0] =

(
ḃt −

ȧt
at
bt

)∫
Rd
yp(y|t,0)dy

≲

(
ḃt −

ȧt
at
bt

)∫
Rd
yp1(y)a

−d
t exp

(
−
b2t ‖y‖22
2a2t

)
dy,

which implies ‖v(t,0)‖2 < ∞ due to fast growth of the exponential function. Besides,

it holds that v(0,0) = (ḃ0 −
ȧ0
a0
b0)E[X1|X0 = x] <∞, v(1,0) = ȧ1a1s(1,0) <∞. Then by

the boundedness of ‖v(t,0)‖2 and the global Lipschitz continuity in x over t ∈ [0,1], we
bound v(t,x) as follows

‖v(t,x)‖2 ≤ ‖v(t,0)‖2 + ‖v(t,x)− v(t,0)‖2

≤ ‖v(t,0)‖2 +

 sup
(t,y)∈[0,1]×Rd

‖∇yv(t,y)‖2,2

‖x‖2
≲max{‖x‖2,1}.

Hence, the local boundedness and linear growth properties of v are proved. This com-
pletes the proof.

Proof of Theorem 2.28. The proof is similar to that of Theorem 2.27.

Proof of Corollary 2.29. A well-posed ODE flow has the time-reversal symmetry [Lamb
and Roberts, 1998]. By Theorem 2.27, the desired results are proved.

Proof of Corollary 2.30. The proof is similar to that of Corollary 2.29.

Proof of Proposition 2.32. Combining Proposition 2.22-(b), (c), and Lemma 2.31, we com-
plete the proof.

Proof of Proposition 2.33. Combining Proposition 2.22-(d) and Lemma 2.31, we complete
the proof.
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Proof of Corollary 2.36. By Theorem 2.27 and Corollary 2.29, it holds that

X1 ◦X∗1 = X1 ◦X−11 = Id .

This completes the proof.

Proof of Corollary 2.37. By Theorem 2.27 and Corollary 2.29, it holds that

X1,1 ◦X∗2,1 ◦X2,1 ◦X∗1,1 = X1,1 ◦X−12,1 ◦X2,1 ◦X−11,1 = Id .

This completes the proof.

Proof of Corollary 2.38. Let Assumptions 2.4 and 2.5 hold. According to Propositions
2.32 and 2.33, ‖∇xX1(x)‖2,2 is uniformly bounded for Case (i)-(iii) in Assumption 2.5.
For Case (iv), the boundedness of ‖∇xX1(x)‖2,2 holds by combining Corollary 2.26 and
Lemma 2.31. Using Proposition 2.22, we know that ‖∇xv(t,x)‖2,2 is uniformly bounded.

Proof of Proposition 2.35. The proof idea is similar to those of [Ball et al., 2003, Proposi-
tion 1] and [Cattiaux and Guillin, 2014, Proposition 18]. Let f : Ω → R be of class C1

and Xt ∼ pt . First, we consider the case of log-Sobolev inequalities. Using that Z ∼ γd
and X1 ∼ ν both satisfy the log-Sobolev inequalities in Definition 2.49, we have

E[(f 2 log f 2)(Xt)] = E[(f 2 log f 2)(atZ+ btX1)]

≤
∫ (∫

f 2(atz + btx)dγd(z)
)
log

(∫
f 2(atz + btx)dγd(z)

)
dν(x)

+
∫ (

2CLS(γd)
∫
a2t (‖∇f ‖22)(atz + btx)dγd(z)

)
dν(x)

≤
(∫ ∫

f 2(atz + btx)dγd(z)dν(x)
)
log

(∫ ∫
f 2(atz + btx)dγd(z)dν(x)

)

+2CLS(ν)
∫ ∥∥∥∥∇x(∫ f 2(atz + btx)dγd(z)

) 1
2
∥∥∥∥2
2
dν(x)

+ 2a2tCLS(γd)
∫ ∫

(‖∇f ‖22)(atz + btx)dγd(z)dν(x)

≤ E[f 2(Xt)] log
(
E[f 2(Xt)]

)
+2a2tCLS(γd)E[‖∇f (Xt)‖22]

+ 2CLS(ν)
∫ ∥∥∥∥∇x(∫ f 2(atz + btx)dγd(z)

) 1
2
∥∥∥∥2
2
dν(x).
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By Jensen’s inequality and the Cauchy-Schwartz inequality, it holds that∫ ∥∥∥∥∇x(∫ f 2(atz + btx)dγd(z)
) 1
2
∥∥∥∥2
2
dν(x)

≤ b2t

∫ (∫
(‖f ∇f ‖2)(atz + btx)dγd(z)

)2
dν(x)∫ ∫

f 2(atz + btx)dγd(z)dν(x)

≤ b2t
∫ ∫

(‖∇f ‖22)(atz + btx)dγd(z)dν(x)

≤ b2t E[‖∇f (Xt)‖22].

Hence, combining the equations above and the fact that CLS(γd) ≤ 1 [Gross, 1975], it
implies that

E[(f 2 log f 2)(Xt)]−E[f 2(Xt)] log
(
E[f 2(Xt)]

)
≤ 2

[
a2t + b

2
t CLS(ν)

]
E[‖∇f (Xt)‖22],

that is, CLS(pt) ≤ a2t + b2t CLS(ν).

Next, we tackle the case of Poincaré inequalities by similar calculations. Using that
Z ∼ γd and X1 ∼ ν both satisfy the Poincaré inequalities in Definition 2.50, we have

E[f 2(Xt)] = E[f 2(atZ+ btX1)]

≤
∫ (∫

f (atz + btx)dγd(z)
)2
dν(x)

+
∫ (

CP(γd)
∫
a2t (‖∇f ‖22)(atz + btx)dγd(z)

)
dν(x)

≤
(∫ ∫

f (atz + btx)dγd(z)dν(x)
)2

+CP(ν)
∫ ∥∥∥∥∇x(∫ f (atz + btx)dγd(z)

)∥∥∥∥2
2
dν(x)

+ a2tCP(γd)
∫ ∫

(‖∇f ‖22)(atz + btx)dγd(z)dν(x)

≤ (E[f (Xt)])
2 +

[
a2tCP(γd) + b

2
t CP(ν)

]
E[‖∇f (Xt)‖22].

Combining the expression above and CP(γd) ≤ 1, it implies that

E[f 2(Xt)]− (E[f (Xt)])2 ≤
[
a2t + b

2
t CP(ν)

]
E[‖∇f (Xt)‖22],

that is, CP(pt) ≤ a2t + b2t CP(ν). This completes the proof.
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2.9.5 Proofs of the stability results

We provide the proofs of the stability results in Section 2.6.

Proof of Proposition 2.39. Let x0 = a0z + b0x1 and suppose X0(x0) ∼ µ,X0(a0z) ∼ γd,a20 .

According to Corollary 2.38, the Lipschitz property of X1(x) implies that ‖X1(x0) −

X1(a0z)‖ ≤ C1‖x0 − a0z‖. We consider an integral defined by

It :=
∫
‖x0 − a0z‖2dπt(Xt(x0),Xt(a0z)),

where πt is a coupling made of the joint distribution of (Xt(x0),Xt(a0z)). In particular,
the initial value I0 is computed by

I0 =
∫
‖x0 − a0z‖2p0(x0)φ(z)dx0dz =

∫
‖b0x1‖2p1(x1)dx1 = b20Eν[‖X1‖2].

Since (Xt)t∈[0,1] is well-posed with X0(x0) ∼ µ or X0(a0z) ∼ γd,a20 , according to Corol-

lary 2.43, the coupling πt satisfies the following differential equation

∂t logπt(Xt(x0),Xt(a0z)) = −Tr((∇xv)(t,Xt(x0)))−Tr((∇xv)(t,Xt(a0z))). (2.47)

Taking the derivative of It and using Eq. (2.47), it implies that

dIt
dt
≤ 2

 sup
(s,x)∈[0,1]×Rd

‖Tr(∇xv(s,x))‖

 It .
Thanks to ‖Tr(∇xv(s,x))‖ ≤ d‖∇xv(s,x)‖2,2, it follows that

dIt
dt
≤ 2C2dIt , I0 = b

2
0Eν[‖X1‖2].

By Grönwall’s inequality, it holds that It ≤ b20Eν[‖X1‖2]exp(2C2dt). Therefore, we
obtain the followingW2 bound

W2(X1#γd,a20 ,ν) =W2(X1#γd,a20 ,X1#µ) ≤ C1

√
I1 ≤ C1b0

√
Eν[‖X1‖2]exp(C2d),

which completes the proof.

Proof of Proposition 2.41. (i) On the one hand, by Corollary 2.38, v(t,x) is Lipschitz
continuous in x uniformly over (t,x) ∈ [0,1]×Rd with Lipschitz constant C2. By
the variational equation (2.32) and Lemma 2.31, it follows that

‖∇xXs,t(x)‖22,2 ≤ exp
(
2
∫ t

s
θudu

)
.
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Due to the equality (2.31), we deduce that

‖X1(x0)−Y1(x0)‖2

≤
(∫ 1

0
‖(∇xXs,1)(Ys(x0))‖2,2‖v(s,Ys(x0))− ṽ(s,Ys(x0))‖ds

)2
≤
(∫ 1

0
‖(∇xXs,1)(Ys(x0))‖22,2ds

)(∫ 1

0
‖v(s,Ys(x0))− ṽ(s,Ys(x0))‖2ds

)

≤
∫ 1

0
exp

(
2
∫ 1

s
θudu

)
ds

∫ 1

0
‖v(s,Ys(x0))− ṽ(s,Ys(x0))‖2ds.

Take expectation and it follows that

W 2
2 (Y1#µ,ν) ≤ Ex0∼µ

[
‖Y1(x0)−X1(x0)‖2

]
≤

∫ 1

0
exp

(
2
∫ 1

s
θudu

)
ds

∫ 1

0

∫
Rd
‖v(t,x)− ṽ(t,x)‖2q̃t(x)dxdt

≤ ε
∫ 1

0
exp

(
2
∫ 1

s
θudu

)
ds

where q̃t denotes the density function of Yt#µ, and we use the assumption that∫ 1

0

∫
Rd
‖v(t,x)− ṽ(t,x)‖2q̃t(x)dxdt ≤ ε

in the last inequality.

(ii) On the other hand, suppose that ṽ(t,x) is Lipschitz continuous in x uniformly over
(t,x) ∈ [0,1]×Rd with Lipschitz constant C3. Applying Grönwall’s inequality to
the variational equation (2.34), it follows that

‖∇xYs,t(x)‖22,2 ≤ exp(2C3(t − s)).

By the equality (2.33), it holds that

‖Y1(x0)−X1(x0)‖2

≤
(∫ 1

0
‖(∇xYs,1)(Xs(x0))‖2,2‖v(s,Xs(x0))− ṽ(s,Xs(x0))‖ds

)2
≤
(∫ 1

0
‖(∇xYs,1)(Xs(x0))‖22,2ds

)(∫ 1

0
‖v(s,Xs(x0))− ṽ(s,Xs(x0))‖2ds

)

≤exp(2C3)− 1
2C3

∫ 1

0
‖v(s,Xs(x0))− ṽ(s,Xs(x0))‖2ds.
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Taking expectations, it further yields that

W 2
2 (Y1#µ,ν) ≤ Ex0∼µ

[
‖Y1(x0)−X1(x0)‖2

]
≤ exp(2C3)− 1

2C3

∫ 1

0

∫
Rd
‖v(t,x)− ṽ(t,x)‖2pt(x)dxdt

where Xt(x0) ∼ pt .

2.9.6 Time derivative of the velocity field

In this section, we are interested in representing the time derivative of the velocity field
via moments of Y|Xt = x. The result is efficacious for controlling the time derivative
with moment estimates, though the computation is somehow tedious.

Proposition 2.48. The time derivative of the velocity field v(t,x) has an expression with

moments of X1|Xt for any t ∈ (0,1) as follows

∂tv(t,x) =
(
ät
at
−
ȧ2t
a2t

)
x +

(
a2t
b̈t
bt
− ȧtat

ḃt
bt
− ätat + ȧ2t

)
bt
a2t
M1

+
b2t
a2t

(
ḃt
bt
− ȧt
at

)(
ḃt
bt
− 2 ȧt

at

)
Mc

2x −
b3t
a2t

(
ḃt
bt
− ȧt
at

)2
(M3 −M2M1) ,

where M1 := E[X1|Xt = x],M2 := E[X>1 X1|Xt = x],Mc
2 := Cov(X1|Xt = x),M3 :=

E[X1X
>
1 X1|Xt = x].

Proof. By direct differentiation, it implies that

∂tv(t,x) = ∂t

(
ḃt
bt

)
x +∂t

(
ḃt
bt
a2t − ȧtat

)
s(t,x) +

(
ḃt
bt
a2t − ȧtat

)
∂ts(t,x)

=
b̈tbt − ḃ2t
b2t

x +
(
b̈tbt − ḃ2t
b2t

a2t +
ḃt
bt
2ȧtat − ätat − ȧ2t

)
s(t,x) +

(
ḃt
bt
a2t − ȧtat

)
∂ts(t,x).
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We first focus on ∂ts(t,x). Since pt satisfies the continuity equation (2.8), it holds that

∂ts(t,x) = ∇x(∂t logpt(x))

= −∇x
(
∇x · (pt(x)v(t,x))

pt(x)

)

= −∇x
(
(∇xpt(x))>v(t,x) + pt(x)(∇x · v(t,x))

pt(x)

)
= −∇x

(
s(t,x)>v(t,x) +∇x · v(t,x)

)
= −

(
(∇xs(t,x))>v(t,x) + (∇xv(t,x))>s(t,x) +∇x(∇x · v(t,x))

)
= − (∇xs(t,x)v(t,x) +∇xv(t,x)s(t,x) +∇xTr(∇xv(t,x))) .

By direct computation, it holds that

∇xs(t,x)v(t,x) +∇xv(t,x)s(t,x)

= ∇xs(t,x)
(
ḃt
bt
x +

(
ḃt
bt
a2t − ȧtat

)
s(t,x)

)
+∇x

(
ḃt
bt
x +

(
ḃt
bt
a2t − ȧtat

)
s(t,x)

)
s(t,x)

=
ḃt
bt
∇xs(t,x)x +

(
ḃt
bt
a2t − ȧtat

)
∇xs(t,x)s(t,x) +

ḃt
bt
s(t,x) +

(
ḃt
bt
a2t − ȧtat

)
∇xs(t,x)s(t,x)

=
ḃt
bt
s(t,x) +

ḃt
bt
∇xs(t,x)x +2

(
ḃt
bt
a2t − ȧtat

)
∇xs(t,x)s(t,x).

Then we focus on the trace term

∇xTr(∇xv(t,x))

= ∇xTr
((
ḃt
bt
− ȧt
at

)
b2t
a2t

Cov(Y|Xt = x) +
ȧt
at
Id

)

=
(
ḃt
bt
− ȧt
at

)
b2t
a2t
∇xTr(Cov(Y|Xt = x))

=
(
ḃt
bt
− ȧt
at

)
b2t
a2t
∇x

(∫
‖y‖2p(y|t,x)dy −

∥∥∥∥∥∫ yp(y|t,x)dy
∥∥∥∥∥2)

=
(
ḃt
bt
− ȧt
at

)
b2t
a2t

(∫
‖y‖2∇xp(y|t,x)dy − 2

(∫
∇xp(y|t,x)⊗ ydy

)(∫
yp(y|t,x)dy

))
,
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where we notice that

∇xp(y|t,x) = ∇x
(
p(t,x|y)p1(y)

pt(x)

)
=
∇xp(t,x|y)p1(y)

pt(x)
−
p(t,x|y)p1(y)

pt(x)
s(t,x)

= p(y|t,x)
(
bty − x
a2t

− s(t,x)
)
.

For ease of presentation, we introduce the following notations to denote several mo-
ments of Y|Xt = x

M1 := E[Y|Xt = x], M2 := E[Y>Y|Xt = x],

Mc
2 := Cov(Y|Xt = x), M3 := E[YY>Y|Xt = x].

By Tweedie’s formula in Lemma 2.51, it yields s(t,x) = bt
a2t
M1 − 1

a2t
x. By this expression

of s(t,x), it yields

∇xs(t,x)v(t,x) +∇xv(t,x)s(t,x)

=
ḃt
bt
s(t,x) +

ḃt
bt
∇xs(t,x)x +2

(
ḃt
bt
a2t − ȧtat

)
∇xs(t,x)s(t,x)

=
ḃt
bt

(
bt
a2t
M1 −

1

a2t
x

)
+
ḃt
bt

(
b2t
a4t
Mc

2 −
1

a2t
Id

)
x

+2
(
ḃt
bt
a2t − ȧtat

)(
b2t
a4t
Mc

2 −
1

a2t
Id

)(
bt
a2t
M1 −

1

a2t
x

)

= −2 ȧt
a3t
x +

bt
a2t

(
2
ȧt
at
− ḃt
bt

)
M1 +

b2t
a4t

(
2
ȧt
at
− ḃt
bt

)
Mc

2x +2
b3t
a4t

(
ḃt
bt
− ȧt
at

)
Mc

2M1
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and ∇xp(y|t,x) = bt
a2t
(y −M1)p(y|t,x). Therefore, we obtain∫

‖y‖2∇xp(y|t,x)dy − 2
(∫
∇xp(y|t,x)⊗ ydy

)(∫
yp(y|t,x)dy

)

=
∫
‖y‖2 bt

a2t
(y −M1)p(y|t,x)dy − 2

(∫
bt
a2t

(y −M1)⊗ yp(y|t,x)dy
)(∫

yp(y|t,x)dy
)

=
bt
a2t

[∫
‖y‖2yp(y|t,x)dy −

(∫
‖y‖2p(y|t,x)dy

)
M1

−2
(∫

y ⊗ yp(y|t,x)dy −M1 ⊗
∫
yp(y|t,x)dy

)(∫
yp(y|t,x)dy

)]
=
bt
a2t

(M3 −M2M1 − 2Mc
2M1) .

Combining the equations above, we obtain

∂tv(t,x) =
b̈tbt − ḃ2t
b2t

x +
(
b̈tbt − ḃ2t
b2t

a2t +
ḃt
bt
2ȧtat − ätat − ȧ2t

)(
bt
a2t
M1 −

1

a2t
x

)

−
(
ḃt
bt
a2t − ȧtat

)[
−2 ȧt
a3t
x +

bt
a2t

(
2
ȧt
at
− ḃt
bt

)
M1

+
b2t
a4t

(
2
ȧt
at
− ḃt
bt

)
Mc

2x +2
b3t
a4t

(
ḃt
bt
− ȧt
at

)
Mc

2M1

]

−
(
ḃt
bt
a2t − ȧtat

)(
ḃt
bt
− ȧt
at

)
b3t
a4t

(M3 −M2M1 − 2Mc
2M1)

=
(
ät
at
−
ȧ2t
a2t

)
x +

(
a2t
b̈t
bt
− ȧtat

ḃt
bt
− ätat + ȧ2t

)
bt
a2t
M1

+
b2t
a2t

(
ḃt
bt
− ȧt
at

)(
ḃt
bt
− 2 ȧt

at

)
Mc

2x −
b3t
a2t

(
ḃt
bt
− ȧt
at

)2
(M3 −M2M1) .

Then we complete the proof.

2.9.7 Functional inequalities and Tweedie’s formula

This section is devoted to an exposition of functional inequalities and Tweedie’s formula
that would assist in our proof.

For a probability measure µ on a compact set Ω ⊂ Rd , we define the variance of a

58



function f ∈ L2(Ω,µ) as

Varµ(f ) :=
∫
Ω

f 2dµ−
(∫

Ω

f dµ
)2
.

Moreover, for a probability measure µ on a compact set Ω ⊂ Rd and any positive inte-
grable function f : Ω → R such that

∫
Ω
f ‖ log f ‖dν < ∞, we define the entropy of f

as

Entµ(f ) :=
∫
Ω

f log f dµ−
∫
Ω

f dµ log
(∫

Ω

f dµ
)
.

Definition 2.49 (Log-Sobolev inequality). A probability measure µ ∈ P (Ω) is said to
satisfy a log-Sobolev inequality with constant C > 0, if for all functions f : Ω → R, it
holds that

Entµ(f
2) ≤ 2C

∫
Ω

‖∇f ‖22dµ.

The best constant C > 0 for which such an inequality holds is referred to as the log-
Sobolev constant CLS(µ).

Definition 2.50 (Poincaré inequality). A probability measure µ ∈ P (Ω) is said to satisfy
a Poincaré inequality with constant C > 0, if for all functions f :Ω→ R, it holds that

Varµ(f ) ≤ C
∫
Ω

‖∇f ‖22dµ.

The best constantC > 0 for which such an inequality holds is referred to as the Poincaré
constant CP(µ).

Finally, for ease of reference, we present Tweedie’s formula that was first reported in
Robbins [1956], and then was used as a simple empirical Bayes approach for correcting
selection bias [Efron, 2011]. Here, we use Tweedie’s formula to link the score function
with the expectation conditioned on an observation with Gaussian noise.

Lemma 2.51 (Tweedie’s formula). Suppose that X ∼ µ and ϵ ∼ γd,σ2 . Let Y = X+ ϵ and

p(y) be the marginal density of Y. Then E[X|Y = y] = y +σ2∇y logp(y).
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Chapter 3

Convergence of Continuous Normalizing Flows

Continuous normalizing flows are a generative method for learning probability distri-
butions, which is based on ODEs. This method has shown remarkable empirical success
across various applications, including large-scale image synthesis, protein structure pre-
diction, and molecule generation. In this chapter, we study the theoretical properties of
CNFswith linear interpolation in learning probability distributions from a finite random
sample, using a flow matching objective function. We establish non-asymptotic error
bounds for the distribution estimator based on CNFs, in terms of the Wasserstein-2 dis-
tance. We present a convergence analysis framework that encompasses the error due to
velocity estimation, the discretization error, and the early stopping error. A key step in
our analysis involves establishing the regularity properties of the velocity field and its
estimator for CNFs constructed with linear interpolation. This necessitates the develop-
ment of uniform error bounds with Lipschitz regularity control of deep ReLU networks
that approximate the Lipschitz function class, which could be of independent interest.
Our nonparametric convergence analysis offers theoretical guarantees for using CNFs
to learn probability distributions from a finite random sample.

3.1 Introduction

In this chapter, we study the theoretical properties of simulation-free CNFs. We develop
a general framework for error analyses of CNFs with flow matching for learning prob-
ability distributions based on a random sample. Central to simulation-free CNFs, deep
ReLU networks are employed for function approximation and nonparametric estimation
of the velocity field. We establish the approximation properties of deep ReLU networks
with Lipschitz regularity control, which is essential for analyzing the impact of the es-
timated velocity field on the distribution of the data generated through the flow. In
particular, it is crucial to control the Lipschitz regularity of the estimated velocity field
to ensure that the associated IVP is well-posed.
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3.1.1 Preview of main results

The following informal descriptions provide a preview of our main results.

Our first main result concerns the regularity of the velocity fields of the CNFs con-
structed with linear interpolation. For a detailed definition of such CNFs, see Lemma
3.12 and equation (3.3).

Theorem3.1 (Informal). Assume that the target distribution either has a bounded support,

is strongly log-concave, or is a mixture of Gaussians. Let 0 < t � 1. The velocity fields of

the CNFs with linear interpolation have the following regularity properties:

(i) The velocity field v∗ is Lipschitz continuous in the space variable x for (t,x) ∈ [0,1]×

Rd , where the Lipschitz constant is uniformly bounded;

(ii) The velocity field v∗ is Lipschitz continuous in the time variable t for (t,x) ∈ [0,1−

t]×Rd , where the Lipschitz constant grows at the order of O(t−2) as t ↓ 0;

(iii) The velocity field v∗ spatially has a linear growth on Rd for each t ∈ [0,1].

Remark 3.2. The regularity properties of the velocity fields stated in Theorem 3.1 are
derived from the assumptions made about the underlying target distribution. These
properties are essential for studying the distributions generated by the corresponding
CNFs.

Theorem 3.3 (Informal). Suppose that the target distribution is strongly log-concave or is
a mixture of Gaussians. Let n be the sample size and 0 < t � 1 satisfying t � n−1/(d+5).

By properly setting the deep ReLU network structure and the forward Euler discretization

step sizes, the distribution estimation error of the CNFs learned with linear interpolation

and flow matching is evaluated by

EW2(ν̂1−t ,ν) = Õ(n−
1
d+5 ), (3.1)

where the expectation is taken with respect to all random samples, ν̂1−t is the law of gen-

erated data, ν is the law of target data,W2(·, ·) is the Wasserstein-2 distance, and a poly-

logarithmic prefactor in n is omitted.

Remark 3.4. As can be seen fromTheorem 3.1 orTheorem 3.26 below, the velocity fields
associated with the CNFs based on linear interpolation may be singular in the time vari-
able at t = 1 due to the exploding Lipschitz constant bound. This singularity affects the
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convergence rate in (3.1). Without the time singularity of the velocity field, the distribu-
tion estimation error would be bounded by Õ(n−1/(d+3)). The time singularity leads to
a necessary trade-off regarding t between the error due to velocity estimation and the
early stopping error. The trade-off reduces the nonparametric convergence rate of the
distribution estimator to Õ(n−1/(d+5)). However, this rate Õ(n−1/(d+5)) is slower than
the minimax rate O(n−2/(d+4)) for nonparametric density estimation. In our analysis,
we first consider the convergence rate of the velocity estimator, when the smoothness
index of the velocity function is 1 and an additional time variable is included. Due to the
relation between the velocity function and the score function, we know that the smooth-
ness index of the density function differs from that of the velocity function. Therefore,
the gap between our derived rate and the optimal rate may be due to the additional time
dimension, the loss of smoothness, and the time singularity. See also Remark 3.24 for
additional comments and explanation.

3.1.2 Our contributions

We present a comprehensive error analysis of simulation-free CNFs with linear inter-
polation, trained using flow matching. To the best of our knowledge, this is the first
analysis of its kind in the context of simulation-free CNFs. Our results are based solely
on assumptions about the target distribution, and all regularity conditions are rigorously
derived from these assumptions. Our analysis accurately reflects the practical compu-
tational implementation of flow matching for learning simulation-free CNFs. Although
our focus is on CNFs based on linear interpolation due to their widespread use and for
the sake of simplicity, our analytical framework can be applied to CNFs based on other
types of interpolation as well.

We summarize our main contributions into four points:

(1) We establish non-asymptotic error bounds for distribution estimators based on
simulation-free CNFs with linear interpolation and flow matching. We present
a convergence analysis framework that encompasses the error due to velocity
estimation, the discretization error, and the early stopping error. We show that
the nonparametric convergence rate of the distribution estimator is Õ(n−1/(d+5))
up to a polylogarithmic prefactor in the sample size n.
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(2) We derive regularity properties for the velocity field of the CNF with linear inter-
polation. We demonstrate the Lipschitz regularity properties of the velocity field
in both the space and time variables and establish bounds for the Lipschitz con-
stants. We also show that the velocity field grows at most linearly with respect
to the space variable.

(3) We establish error bounds for deep ReLU network approximation within the Lip-
schitz function class, demonstrating that the constructed approximation function
maintains Lipschitz regularity. We also derive time-space approximation bounds
for approximating the velocity field in both the time and space variables. These
time-space approximation bounds are novel in three respects. Firstly, the approx-
imation bounds are derived in terms of the L∞ norm. Secondly, we demonstrate
that the constructed time-space approximation function is Lipschitz in both the
time and space variables, with Lipschitz constants of the same order as those of
the target function. Lastly, the time-space approximation function can exhibit dif-
ferent Lipschitz regularity in the time and space variables. These neural network
approximation results, which maintain Lipschitz regularity, could be of indepen-
dent interest.

(4) We establish the statistical consistency of the flow matching estimator for the
velocity field. By rigorously bounding the stochastic and approximation errors,
we show that the convergence rate of the flow matching estimator coincides with
the minimax optimal rate of nonparametric estimation of regression functions
belonging to the Sobolev spaceW 1,∞([0,1]d).

The remainder of this chapter is organized as follows. In Section 3.2, we present
the preliminary materials required for subsequent sections. In Section 3.3, we describe
simulation-free CNFs and outline the steps for using these CNFs for generative learning.
In Section 3.4, we derive our main result concerning the error bounds for the distribu-
tion estimator based on CNFs with linear interpolation. In Section 3.5, we first present
some useful regularity properties of the velocity field and establish error bounds for the
estimated velocity fields through flow matching. Section 3.6 contains discussions on
related works in the existing literature.
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3.2 Preliminaries

In this section, we summarize several useful definitions, assumptions, the background
of CNFs and deep ReLU networks.

3.2.1 Definitions

We list a few useful definitions in this subsection.

The rectified linear unit (ReLU) activation function is defined as ϱ(x) := max(0,x)

for x ∈ R, which also operates coordinate-wise on elements of x ∈ Rd . For k ≥ 2, the
ReLUk activation function is given by ϱk(x) := (max(0,x))k .

Definition 3.5 (Deep ReLU networks). Deep ReLU networks stand for a class of feed-
forward artificial neural networks defined with ReLU activation functions. The function
fθ(x) : Rk→ Rd implemented by a deep ReLU network with parameter θ is expressed
as composition of a sequence of functions

fθ(x) := lD ◦ ϱ ◦ lD−1 ◦ ϱ ◦ · · · ◦ l1 ◦ ϱ ◦ l0(x)

for any x ∈ Rk, where ϱ(x) is the ReLU activation function and the depth D is the number
of hidden layers. For i = 0,1, · · · ,D, the i-th layer is represented by li(x) := Aix + bi ,
whereAi ∈ Rdi+1×di is the weight matrix, bi ∈ Rdi+1 is the bias vector, and di is the width
of the i-th layer. The network fθ contains D+1 layers in all. We use a (D+1)-dimension
vector (d0,d1, · · · ,dD)> to describe the width of each layer. In particular, d0 = k is the
dimension of the domain and dD = d is the dimension of the codomain. The width W is
defined as the maximum width of hidden layers, that is, W = max {d1,d2, · · · ,dD}. The
size S denotes the total number of nonzero parameters in the network fθ . The bound
B denotes the L∞ bound of fθ , that is, supx∈Rk ‖fθ(x)‖∞ ≤ B. We denote the function
class {fθ : Rk→ Rd} implemented by deep ReLU networks with size S, width W, depth
D, and bound B asNN (S,W,D,B,k,d).

Definition 3.6 (Wasserstein-2 distance). TheWasserstein-2 distance between two prob-
ability distributions on Rd is the L2 optimal transportation cost defined by

W2(µ,ν) := inf
π∈Π(µ,ν)

(
E(X,Y)∼π‖X−Y‖22

)1/2
,

where Π(µ,ν) denotes the set of all joint probability distributions π whose marginals
are respectively µ and ν . A distribution π ∈Π(µ,ν) is called a coupling of µ and ν .
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3.2.2 Assumptions

We state the assumptions on the target distribution ν onRd to support the main results.
Below we use supp(ν) to denote the support of a probability distribution ν . We also
use diam(Ω) to represent the diameter of a set Ω ⊂ Rd .

Assumption 3.7. The probability distribution ν is absolutely continuous with respect
to the Lebesgue measure and has a zero mean.

Assumption 3.8. The probability distribution ν satisfies any one of the following con-
ditions:

(i) ν is β-semi-log-convex for some β > 0 and κ-semi-log-concave for some κ > 0

with supp(ν) = Rd ;

(ii) ν = γd,σ2 ∗ ρ where ρ is a probability distribution supported on a Euclidean ball

of radius R on Rd .

Remark 3.9 (Distribution classes). Assumption 3.8 covers two classes of distributions
that are of great interest in the literature on generative learning and sampling. Let us
briefly remark on the properties of the distributions:

(1) Strongly log-concave distributions are considered in Assumption 3.8-(i). For dis-
tributions in this class, the Hessian matrix of the potential function is both posi-
tively lower bounded and positively upper bounded.

(2) Mixtures of Gaussians are considered in Assumption 3.8-(ii). A mixture of Gaus-
sians is notably a multimodal probability distribution, which is neither strongly
log-concave nor bounded.

Remark 3.10 (Score Lipschitzness). For any β > 0,κ ∈ R, and κ ≤ β, the β-semi-
log-convexity and κ-semi-log-concavity measure the Lipschitzness of the smooth score
function S(x) := ∇x log dν

dx (x) in the sense that κId � ∇xS(x) � βId . The Lipschitzness
of the score function for a probability distribution is a common assumption in the liter-
ature studying convergence properties of Langevin Monte Carlo algorithms and score-
based diffusion models (cf. Dalalyan [2017], Durmus and Moulines [2017], Chen et al.
[2023d,a]).

65



Remark 3.11 (Sub-Gaussianity). The probability distribution ν considered in Assump-
tion 3.8 satisfies the log-Sobolev inequality with a finite constant CLSI depending on
κ > 0 or (σ,R) [Mikulincer and Shenfeld, 2024, Dai et al., 2023]. Let V ∼ ν and V =

[V1,V2, · · · ,Vd]>. Then a standard Herbst’s argument shows that Vi is sub-Gaussian,
and its sub-Gaussian norm ‖Vi‖ψ2

�
√
CLSI for 1 ≤ i ≤ d owing to Ledoux [2001, Theo-

rem 5.3]. In addition, a sub-Gaussian random variable has a finite fourth moment.

3.3 Simulation-free continuous normalizing flows

Thebasic idea of simulation-free CNFs is to construct an ODE-based IVPwith a tractable
velocity field. The flowmap of the IVP pushes forward a simple source distribution onto
the underlying target distribution. It is essential to be able to efficiently estimate the
velocity field with a random sample from the target distribution. Since CNFs use ODEs
to model a target distribution, the corresponding velocity fields depend on the target
distribution and may have a complex, unknown structure. Therefore, it is natural to
employ nonparametric methods with deep neural networks to estimate velocity fields.

In Table 3.1, we summarize the four steps of using simulation-free CNFs for gener-
ative learning, and we discuss each step in detail below.

3.3.1 Construction of simulation-free CNFs

Based on the concept of stochastic interpolation, Liu et al. [2023] and Albergo and
Vanden-Eijnden [2023] proposed a new class of simulation-free CNFs. Gao et al. [2024a]
analyzed probability flows of diffusion models and denoising diffusion implicit models
in the framework of stochastic interpolation. Let at : [0,1] → R+, bt : [0,1] → R+

satisfy the following conditions:

ȧt ≤ 0, ḃt ≥ 0, a0 > 0, b0 ≥ 0, a1 = 0, b1 = 1,

at > 0 for any t ∈ (0,1), bt > 0 for any t ∈ (0,1),

at , bt ∈ C2([0,1)), a2t ∈ C1([0,1]), bt ∈ C1([0,1]).

Then a general class of simulation-free CNFs is constructed in Lemma 3.12 and satisfies
the requirements of Step 1 in Table 3.1. For simplicity, we use Law(X) to denote the
distribution of a random variable X.
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Task: Generating samples from a distribution approximating the target
distribution ν .

Step 1. Construct a simulation-free CNF defined by the IVP such that ν =
XT #µ:

dXt
dt

(x) = v(t,Xt(x)), X0(x) = x ∼ µ, (t,x) ∈ [τ,T ]×Rd ,

where T > 0, v : [τ,T ]×Rd → Rd is the velocity field, and µ is a simple
source distribution.

Step 2. Estimate the velocity field v(t,x)with a deep neural network v̂(t,x).

Step 3. Use a proper numerical solver to solve the IVP associated with
v̂(t,x), and return the numerical solution ŶT (x) at time t = T :

dYt
dt

(x) = v̂(t,Yt(x)), Y0(x) = x ∼ µ, (t,x) ∈ [τ,T ]×Rd .

Step 4. Generate samples from ŶT #µ, which approximates ν = XT #µ.

Table 3.1. Four steps to conduct generative learning via simulation-free CNFs.

Lemma 3.12 (Theorem 5.1 in Gao et al. [2024a]). Suppose that a probability distribution
ν satisfies Assumptions 3.7 and 3.8. Let µ = Law(a0Z+ b0X1) with Z ∼ γd ,X1 ∼ ν , Xt :=

atZ+ btX1 for any t ∈ (0,1). Let the velocity field v(t,x) be defined by

v(t,x) := E[ȧtZ+ ḃtX1|Xt = x], (t,x) ∈ (0,1)×Rd ,

v(0,x) := lim
t↓0

v(t,x), v(1,x) := lim
t↑1

v(t,x), x ∈ Rd .

Then there exists a unique solution (Xt)t∈[0,1] to the IVP

dXt
dt

(x) = v(t,Xt(x)), X0(x) = x ∼ µ, (t,x) ∈ [0,1]×Rd . (3.2)

Moreover, the push-forward distribution satisfiesXt#µ = Law(atZ+btX1)with Z ∼ γd ,X1 ∼

ν .

Lemma 3.12 shows that the velocity field v(t,x) of the simulation-free CNF (3.2)
takes the form of conditional expectations. As a result, the least squares method, also
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known as the flow matching method for simulation-free CNFs [Lipman et al., 2023], is
an effective approach to estimating the velocity field v(t,x).

Among various choices of the coefficients at and bt , the linear interpolation scenario,
where

at = 1− t, bt = t, (3.3)

has been shown to have excellent properties for generative learning tasks [Liu et al.,
2023, Albergo et al., 2023b]. A CNF model with linear interpolation has been used in
the implementation of a large image generative model [Esser et al., 2024]. The coeffi-
cients of the linear interpolation are the same as those of the displacement interpolation
in optimal transport [McCann, 1997, Villani, 2009]. In this chapter, we focus on the reg-
ularity and convergence properties of the CNF with linear interpolation (3.3).

Corollary 3.13. Suppose that a probability distribution ν satisfies Assumptions 3.7 and

3.8. Let X0 = Z ∼ γd , X1 ∼ ν . Consider the linear interpolation Xt := (1− t)Z+ tX1 for any

t ∈ (0,1) and the velocity field v∗(t,x) defined by

v∗(t,x) := E[X1 − Z|Xt = x], (t,x) ∈ [0,1]×Rd . (3.4)

Then there exists a unique solution (Xt)t∈[0,1] to the IVP

dXt
dt

(x) = v∗(t,Xt(x)), X0(x) = x ∼ γd , (t,x) ∈ [0,1]×Rd , (3.5)

and the push-forward distribution satisfies Xt#γd = Law(Xt).

Corollary 3.13 implies that the push-forward distributions (Xt#γd)t∈[0,1] coincide
with the marginal distributions of the Gaussian channel Xt = (1−t)Z+tX1. The connec-
tions between the velocity fields and Gaussian channels have inspired moment expres-
sions for the derivatives of the velocity field. We show these expressions in Lemmas
3.15 and 3.17 for the purpose of examining the regularity properties of velocity fields.

Remark 3.14. Since x = E[(1− t)Z+ tX1|Xt = x] for (t,x) ∈ [0,1]×Rd , an alternative
expression of the velocity field is given by

v∗(t,x) = − 1
1− t

x +
1

1− t
E[X1|Xt = x], (t,x) ∈ [0,1)×Rd . (3.6)

Expression (3.6) shows that the velocity field v∗(t,x) only depends on the conditional
expectation E[X1|Xt = x].
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Lemma 3.15 (Lemma 4.1 in Gao et al. [2024a]). The Jacobian matrix ∇xv∗(t,x) has a

covariance expression as follows

∇xv∗(t,x) =
t

(1− t)3
Cov(X1|Xt = x)−

1
1− t

Id , (t,x) ∈ [0,1)×Rd . (3.7)

Remark 3.16. The covariance expression (3.7) has been used to derive regularity prop-
erties of the velocity field v∗(t,x) in the space variable x. For example, see Proposition
4.1 in Gao et al. [2024a].

Lemma 3.17 (Proposition F.1 in Gao et al. [2024a]). The time derivative of the velocity

field v∗(t,x) has a moment expression for any t ∈ [0,1) as follows

∂tv
∗(t,x) = − 1

(1− t)2
x +

1
(1− t)2

M1 +
t +1

(1− t)4
Mc

2x −
t

(1− t)4
(M3 −M2M1), (3.8)

where M1 := E[X1|Xt = x],M2 := E[X>1 X1|Xt = x],Mc
2 := Cov(X1|Xt = x), and M3 :=

E[X1X
>
1 X1|Xt = x] with omitted dependence on (t,x).

Remark 3.18. To quantify the regularity of the velocity field v∗(t,x) in the time variable
t, one can try to bound the moments in Eq. (3.8) defined in Lemma 3.17. Following this
idea, we conduct regularity analyses on the velocity field in Section 3.8.1 and summarize
the results in Theorem 3.26.

3.3.2 Flow matching

This subsection concerns Step 2 in Table 3.1, which estimates the velocity field of a CNF
with linear interpolation. As shown in (3.4), the velocity field v∗(t,x) = E[X1−Z|Xt = x]

for each t ∈ [0,1]. For notational simplicity, let Y := X1−Z, and note that Xt = (1− t)Z+

tX1. Given τ ∈ (0,1], we consider the time interval [0,τ]. For t ∈ [0,τ], we denote Xt ∼
pt . When the time is a random variable distributed as a uniform distribution on [0,τ],
that is, t ∼ U(0,τ), we denote Xt|t = t ∼ pt . Then the flow matching method [Lipman
et al., 2023, Liu et al., 2023] solves a nonlinear least squares problem for estimating
v∗(t,x) = E[Y|Xt = x] on the domain [0,τ]×Rd :

v∗ ∈ argmin
v

{
L(v) := Et∼U(0,τ)EX1∼ν,Z∼γd‖v(t,Xt)−Y‖22

}
. (3.9)
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In practice, τ is often taken as 1. Here, we leave τ as a quantity adaptive to the time
regularity of the velocity field v∗. We will analyze the time regularity of v∗ in Subsection
3.5.1.

Let {Zi}ni=1, {X1,i}ni=1, and {ti}
n
i=1 be i.i.d. random samples from γd , ν , and U(0,τ),

respectively. For i = 1,2, · · · ,n, we denote Xti
:= (1 − ti)Zi + tiX1,i and Yi := X1,i − Zi .

The population risk L(v) defined in (3.9) leads to the empirical risk

Ln(v) :=
1
n

n∑
i=1

‖v(ti ,Xti
)−Yi‖22. (3.10)

We approximate the velocity field v∗ using deep neural networks. We consider a
deep ReLU network class with the input dimension k = d +1 and the output dimension
d = d . Let Fn :=NN (S,W,D,B,Lx,Lt ,d+1,d) denote a function class {fθ(t,x) : Rd+1→
Rd} implemented by deep ReLU networks with size S, width W, depth D, bound B, and
Lipschitz constants at most Lx in x and Lt in t over (t,x) ∈ [0,τ] ×Rd . The network
parameters can depend on the sample size n, and we show the fact bymakingFn depend
on n. For any f ∈ Fn, the Lipschitz continuity of f implies that ‖f (t,x) − f (s,x)‖∞ ≤
Lt |t − s| and ‖f (t,x) − f (t,y)‖∞ ≤ Lx‖x − y‖∞ for any s, t ∈ [0,τ] and x,y ∈ Rd . It is
easy to see that Fn ⊆NN (S,W,D,B,d+1,d), that is a deep ReLU network class without
Lipschitz regularity control. To estimate the velocity field within the hypothesis class
Fn, we consider the empirical risk minimization problem

v̂n ∈ argmin
v∈Fn

Ln(v), (3.11)

where v̂n is a deep ReLU network estimator for the velocity field v∗. We call v̂n the flow
matching estimator because it is a minimizer of the empirical flow matching objective.

3.3.3 Forward Euler discretization

In this subsection, we proceed to Step 3 in Table 3.1, where a numerical solver is used
to solve the IVP:

dX̃t
dt

(x) = v̂n(t, X̃t(x)), X̃0(x) ∼ γd , (t,x) ∈ [0,τ]×Rd . (3.12)

The forward Euler method is a first-order numerical procedure for solving ODE-based
IVPs, which is commonly used in algorithms for sampling and generative learning. First,
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we set a time grid of [0,τ] as t0 = 0 < t1 < · · · < tK = τ ≤ 1. The forward Euler method
for solving the IVP (3.12) yields the numerical iterations:

dX̂t
dt

(x) = v̂n(tk−1, X̂tk−1(x)), X̂0(x) ∼ γd , t ∈ [tk−1, tk], k = 1,2, · · · ,K. (3.13)

Finally, Step 4 in Table 3.1 is accomplished by drawing samples from γd and running
the numerical iterations given in (3.13).

3.4 Main result: Error bounds for distribution estima-
tion

In this section, we derive our main result, Theorem 3.23, on the error bounds for the
distribution estimator based on CNFs with linear interpolation.

3.4.1 Error decomposition

We begin with three IVPs (3.5), (3.12), and (3.13) in Section 3.3. The IVP (3.5) defines the
true process without approximation of the velocity field v∗ and discretization in time.
The IVP (3.12) defines the neural process resulting from replacing the velocity field v∗

with the flow matching estimator v̂n. The IVP (3.13) is the forward Euler discretization
counterpart of the IVP (3.12).

Let 0 < t � 1. As shown in Theorem 3.1 or Theorem 3.26 below, the Lipschitz
constant bound of the velocity field in the time variable is of the order O(t−2) on the
time interval [0,1− t]. This order shows that the bound explodes at the time t = 1. To
maintain the Lipschitz regularity in the time variable for flow matching, we need to
consider an early stopping time by letting the end time τ = 1− t.

Solving the IVPs (3.5), (3.12), and (3.13), we obtain the flowmaps (Xt)t∈[0,1], (X̃t)t∈[0,1−t],

and (X̂t)t∈[0,1−t]. To simplify the notations, we denote the push-forward distributions

Xt#γd , X̃t#γd , X̂t#γd by pt , p̃t , p̂t , respectively. We summarize the three processes (3.5),
(3.12), and (3.13), their corresponding flowmaps and push-forward distributions defined
by the three IVPs, their corresponding velocity fields and density functions, and sources
of errors in Table 3.2. In the first column, we present three processes defined by the
three IVPs referred in the second column. The corresponding notations are given in the
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following columns. Particularly, we show the error source for each process in the last
column.

Process IVP Flow
map

Velocity
field

Push-forward
distribution

Density Error source

True process (3.5) Xt(x) v∗(t,Xt(x)) Xt#γd pt Early
stopping

Neural process (3.12) X̃t(x) v̂n(t, X̃t(x)) X̃t#γd p̃t Velocity
estimation

Discrete process (3.13) X̂t(x) v̂n(tk−1, X̂tk−1(x)) X̂t#γd p̂t Discretization

Table 3.2. A list of three IVPs and related notations defining the generative learning
process.

There are three sources of errors introduced in the generative learning process (3.5),
(3.12), and (3.13). The discretization error comes from the forward Euler discretization.
The error due to velocity estimation results from flow matching with deep ReLU net-
works. The early stopping error is due to the time singularity of the velocity field at
time t = 1. We use the Wasserstein-2 distance W2 to measure the difference between
the estimated generative distribution p̂1−t and the target distribution p1. We derive an
upper bound forW2(p̂1−t ,p1), which takes into account all the three sources of error.

It is important to consider the trade-off between the different sources of errors. The
early stopping error is reduced when the parameter t gets smaller. However, a smaller
value of t increases the time singularity of the velocity field on the time interval [0,1−t],
thus leads to a larger error due to velocity estimation.

Keeping the error trade-off in mind, we consider a basic decomposition of the total
error in terms of the Wasserstein-2 distance as follows:

W2(p̂1−t ,p1) ≤W2(p̂1−t , p̃1−t)︸           ︷︷           ︸
discretization

+W2(p̃1−t ,p1−t)︸           ︷︷           ︸
velocity estimation

+W2(p1−t ,p1)︸        ︷︷        ︸
early stopping

. (3.14)

In (3.14), the first term W2(p̂1−t , p̃1−t) measures the discretization error, the second
term W2(p̃1−t ,p1−t) measures the error due to velocity estimation, and the third term
W2(p1−t ,p1)measures the early stopping error. We evaluate each error term in Lemmas
3.19, 3.21, and 3.22 below, respectively.
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Lemma 3.19 (Discretization error). Suppose that Assumptions 3.7 and 3.8 hold. Let Υ ≡

tk − tk−1 for k = 1,2, · · · ,K . Then the discretization error is evaluated by

W2(p̂1−t , p̃1−t) = O
(√
deLx(LxB+ Lt)Υ

)
.

Lemma 3.19 shows that the error due to the forward Euler discretization is well con-
trolled when the discretization step sizeΥ is sufficiently small. We use the perturbation
analysis of ODE flows to derive the error bound in Lemma 3.19, and the proof can be
found in Section 3.8.4.

Remark 3.20. Lemma 3.19 considers a uniform step size for the forward Euler dis-
cretization. For more general choices of the step size, we need the general condition

Υ2 =
∑K

k=1
(tk − tk−1)3 (3.15)

to ensure that the error bound in Lemma 3.19 holds. This can be shown following the
proof of Lemma 3.19.

In the sequel, we frequently take expectations over (t,Xt) whose joint distribution
is specified by t ∼ U(0,1 − t) and Xt|t = t ∼ pt . For ease of notation, we may omit the
notation of the joint distribution when taking expectations over (t,Xt).

Lemma 3.21 (Error due to velocity estimation). Suppose that Assumptions 3.7 and 3.8

hold, and let v̂n ∈ Fn satisfy ‖v̂n(t,x)− v̂n(t,y)‖∞ ≤ Lx‖x − y‖∞ for any t ∈ [0,1− t] and

x,y ∈ Rd . Then the error due to velocity estimation is bounded by

W2
2 (p̃1−t ,p1−t) ≤ exp(2Lx +1)E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22. (3.16)

Lemma 3.21 states that the error due to velocity estimation is controlled by the excess
risk of the flow matching estimator v̂n when the Lipschitz constant Lx is bounded. We
will analyze the excess risk of the flow matching estimator in Section 3.5.

By combining the excess risk bound for v̂n and theW2 distance bound (3.16), we can
deduce the error bound attributable to the estimated velocity field. Generally, bounding
the error due to velocity estimation involves establishing a perturbation error bound
for the ODE flow associated with the velocity field v̂n or v∗, as well as an estimation
error bound for the velocity field v∗. We will use the Grönwall’s inequality to establish
the perturbation error bound (3.16) based on the W2 distance. Similar perturbation
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error bounds have been obtained in Albergo and Vanden-Eijnden [2023, Proposition 3],
Benton et al. [2024b, Theorem 1], and Gao et al. [2024a, Proposition 54]. The proof of
Lemma 3.21 is given in Section 3.8.4.

Lemma 3.22 (Early stopping error). Suppose that Assumptions 3.7 and 3.8 hold. The early

stopping error is evaluated by

W2(p1−t ,p1) ≲ t,

where we omit a polynomial prefactor in d and E[‖X1‖22].

TheW2 distance bound in Lemma 3.22 formalizes the intuition that the early stop-
ping error scales with the early stopping parameter t. The proof of Lemma 3.22 uses a
coupling argument, and is given in Section 3.8.4.

3.4.2 Error bounds for the estimated distribution

We now apply the error bounds in the preceding subsection to derive error bounds for
the distribution estimator ν̂1−t(dx) = p̂1−t(x)dx.

By Lemma 3.19, it is clear that the discretization error can be controlled by choosing
the step size Υ properly. Lemma 3.21 shows that the error due to velocity estimation
is upper bounded by the excess risk of the flow matching estimator v̂n. Furthermore,
we will provide a detailed nonparametric analysis of the flow matching estimator v̂n in
Section 3.5.

Before presenting our main result, we first describe the trade-off between the differ-
ent sources of errors. By Theorem 3.40, the excess risk of the flow matching estimator
v̂n satisfies

EDn
E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22 ≲ (nt2)−2/(d+3)polylog(n) log(1/t),

where polylog(n) stands for a polylogarithmic prefactor in n. Consequently, the error
due to velocity estimation satisfies

EDn
W2(p̃1−t ,p1−t) ≲ (nt2)−1/(d+3)polylog(n) log(1/t),

where we use Lemma 3.21 and the bound Lx � log(logn). According to Lemma 3.22,
the early stopping error is upper bounded byW2(p1−t ,p1) ≲ t. By substituting the error
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bounds into the error decomposition (3.14), it follows that

EDn
W2(p̂1−t ,p1) ≤W2(p̂1−t , p̃1−t) +EDn

W2(p̃1−t ,p1−t) +W2(p1−t ,p1)

≲
{
eLx(LxB+ Lt)Υ︸           ︷︷           ︸
controlled by Υ

+(nt2)−1/(d+3) + t︸            ︷︷            ︸
trade-off on t

}
polylog(n) log(1/t)

≲
{
t−2Υ + (nt2)−1/(d+3) + t

}
polylog(n) log(1/t), (3.17)

where we use the following bounds in deriving (3.17)

Lx � log(logn), eLx � logn, B � log(logn), Lt � log(logn)t−2.

Our main result stated below is obtained by balancing the error terms on the right-hand
side of (3.17).

Theorem3.23 (Distribution estimation error). Suppose that Assumptions 3.7 and 3.8 hold.

Let us set A � log(logn), NL � nd/(2d+10), t � n−1/(d+5), and Υ ≲ n−3/(d+5). We consider

the deep ReLU network class Fn =NN (S,W,D,B,Lx,Lt ,d +1,d) whose parameters satisfy

the following bounds

S � t−2(NL)2/d(N logN )2L logL, W � t−2(NL)2/dN logN,

D � L logL, B � A, Lx � A, Lt � At−2.

For any random sample Dn := {(Zi ,X1,i , ti)}ni=1 satisfying n ≥ Pdim(Fn), the distribution

estimation error of the CNF learned with linear interpolation and flow matching is upper

bounded as

EDn
W2(p̂1−t ,p1) = Õ(n−

1
d+5 ),

where we omit a polylogarithmic prefactor in n.

The proof of Theorem 3.23 is given in Section 3.8.4.

Remark 3.24. As shown in (3.17), we need to consider a trade-off on the early stopping
parameter t as well as an appropriate order of the step size Υ. By setting t � n−1/(d+5)

andΥ ≲ n−3/(d+5), we attain a concrete convergence rate Õ(n−1/(d+5)) of the distribution
estimator p̂1−t .

Remark 3.25. We consider the uniform step sizeΥ in deriving the distribution estima-
tion error bound in Theorem 3.23. The uniform step size is common in implementing
numerical solvers for ODE flows. Additionally, the condition (3.15) in Remark 3.20 pro-
vides a guideline on general settings of the discretization step size.
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3.5 Error analysis of flow matching

In this section, we first present some useful regularity properties of the velocity field
v∗, which are essential to the convergence analysis of the flow matching estimator v̂n
defined in (3.11). The error from the flowmatching estimation constitutes a main source
of the total error for the distribution estimation given in Theorem 3.23.

3.5.1 Regularity of velocity fields

The regularity properties of the velocity field are needed in studying the nonparametric
estimation error of flow matching. We summarize the regularity results of the velocity
field in Theorem 3.26.

Theorem 3.26. Suppose that Assumptions 3.7 and 3.8 are satisfied, and let 0 < t � 1.

Then the velocity field v∗(t,x) : [0,1]×Rd → Rd has the following regularity properties:

(1) For any s, t ∈ [0,1− t] and x ∈ΩA, ‖v∗(t,x)−v∗(s,x)‖∞ ≤ Lt |t − s| with Lt ≲ At−2;

(2) For any x,y ∈ Rd and t ∈ [0,1], ‖v∗(t,x)− v∗(t,y)‖∞ ≤ Lx‖x − y‖∞ with Lx ≲ 1;

(3) sup(t,x)∈[0,1]×ΩA
‖v∗(t,x)‖∞ ≤ B with B ≲ A,

where we omit constants in d,κ,β,σ ,R and denote ΩA := [−A,A]d .

Theorem 3.26 states that the Lipschitz regularity of the velocity field v∗ holds in
the time variable t and the space variable x. Moreover, the Lipschiz constant in x is
uniformly bounded for any (t,x) ∈ [0,1]×Rd , and the Lipschitz constant in t is bounded
for any (t,x) ∈ [0,1− t]×ΩA but depends on t. Due to the uniform Lipschitzness in x,
the velocity field v∗ further satisfies the linear growth property (3).

Remark 3.27. We note that the velocity field may be singular at time t = 1, since the
Lipschitz constant bound of Lt explodes at time t = 1. We quantify the time singularity
through the upper bound Lt ≲ t−2 where 0 < t � 1. Taking the time singularity into
account, we set the end time τ = 1− t in Subsection 3.4.1.

Remark 3.28. The global Lipschitz continuity of the velocity field in x ensures that
the associated IVP has a unique solution, according to the Cauchy-Lipschitz theorem
[Hartman, 2002b].
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Proof idea of Theorem 3.26. The proof of Theorem 3.26 can be found in Section 3.8.1.
As shown in Lemmas 3.15 and 3.17, the derivatives of the velocity field v∗ can be ex-
pressed in terms of the moments of X1|Xt . The key idea of the proof is to bound these
moments. Under Assumptions 3.7 and 3.8, Gao et al. [2024a] have shown that the co-
variance matrix Cov(X1|Xt) is both lower and upper bounded uniformly in t ∈ [0,1] (cf.
Lemma 3.42 in Section 3.8.1). As a result, we can prove that the Lipschitz property (1)
holds. The linear growth property (3) follows from the Lipschitz property (1). To prove
the Lipschitz property (2), we derive bounds for the moments M1 = E[X1|Xt],M2 =

E[X>1 X1|Xt], and M3 = E[X1X
>
1 X1|Xt] by transforming the bounds of the covariance

matrixMc
2 = Cov(X1|Xt). In particular, the bound transformations can be derived based

on the Hatsell-Nolte identity [Dytso et al., 2023b, Proposition 1], the Brascamp-Lieb in-
equality [Brascamp and Lieb, 1976], and a basic inequality onM3 −M2M1. Moreover,
we validate the sharpness of moment bounds using a Gaussian example.

3.5.2 Error decomposition of flow matching

The starting point of our analysis is the decomposition of the excess risk of v̂n below.

Lemma 3.29. Let t ∼ U(0,1 − t). For any random sample Dn := {(Zi ,X1,i , ti)}ni=1, the

excess risk of the flow matching estimator v̂n satisfies

EDn
E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22 = EDn

[L(v̂n)−L(v∗)]

≤ Estoc +2Eappr, (3.18)

where the stochastic error Estoc := EDn
[L(v∗)− 2Ln(v̂n) +L(v̂n)] and the approximation

error Eappr := infv∈FnE(t,Xt)‖v(t,Xt)− v∗(t,Xt)‖22.

The proof of Lemma 3.29 is given in Section 3.8.3. The decomposition (3.18) of the
excess risk can be considered a bias-variance decomposition. The stochastic error Estoc
bounds the variance term of the flow matching estimator, and the approximation error
Eappr represents the bias term of the flow matching estimator. We derive bounds for
Estoc and Eappr. Then the best bound for the excess risk under the decomposition (3.18)
is obtained by balancing these two error bounds.
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3.5.3 Approximation error

We derive the error bounds for approximating Lipschitz functions using deep ReLU
networks with Lipschitz regularity. The results are presented in Theorem 3.31, which
is crucial for bounding the approximation error of the flow matching estimator v̂n. To
address the challenge posed by the unbounded support of the velocity field v∗ in the
space variable x, we use the standard technique of truncated approximation. This allows
us to divide the approximation error into the truncated approximation error and the
truncation error.

Lemma 3.30. For v̄ ∈ Fn and anyA > 0, the approximation error satisfies a basic inequal-

ity as follows:

Eappr = inf
v∈Fn

E(t,Xt)‖v(t,Xt)− v∗(t,Xt)‖22 ≲ E
trunc
appr + Etrunc, (3.19)

where the truncated approximation error

E truncappr := E(t,Xt)‖[v̄(t,Xt)− v∗(t,Xt)] IdΩA
(Xt)‖22,

and the truncation error

Etrunc := E(t,Xt)‖[v̄(t,Xt)− v∗(t,Xt)] IdΩc
A
(Xt)‖22.

Lemma 3.30 follows from the triangle inequality and the inequality 2ab ≤ a2+b2 for
any a,b ∈ R. We bound the truncated approximation error E truncappr by considering deep
ReLU network approximation of the velocity field on the (d+1)-dimensional hypercube.
The truncation error Etruncmeasures how fast the approximation error decays according
to the tail property of the probability distribution pt with t ∈ [0,1− t].

Approximation with Lipschitz regularity control. We study the capacity of an approx-
imation function v̄(t,x) implemented by a deep ReLU network with Lipschitz regularity
for approximating the velocity field v∗(t,x). For balancing the approximation error with
the stochastic and discretization errors to obtain an overall error bound for the distribu-
tion estimation error, we construct the approximation function v̄(t,x) so that it satisfies
the following three requirements:

(a) Good approximation power under the sup norm over the hypercube Ωt,A :=

[0,1− t]× [−A,A]d ,
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(b) Lipschitz continuity with respect to both the time variable t and the space variable
x,

(c) Independent regularity in the time variable t and the space variable x.

Let us briefly comment on each of these requirements. Requirement (a) is needed for
bounding the approximation error of the flow matching estimator v̂n. The time-space
Lipschitz regularity of the approximation function v̄(t,x) required in (b) is essential to
bounding the discretization error and the error due to velocity estimation. Requirement
(c) stems from the time singularity of the velocity field at t = 1 and the different roles
of the time regularity and the space regularity in the error analysis.

Theorem 3.31. For any N,L ∈N, there exists a function v̄(t,x) implemented by a deep

ReLU networkwithwidthO(t−2(NL)2/dN logN ), depthO(L logL), and sizeO(t−2(NL)2/d

(N logN )2L logL) such that the following properties hold simultaneously:

(i) Boundedness and Lipschitz regularity: for any s, t ∈ [0,1− t] and any x,y ∈ Rd ,

sup
(t,x)∈[0,1−t]×Rd

‖v̄(t,x)‖∞ ≲ A,

sup
x∈Rd
‖v̄(t,x)− v̄(s,x)‖∞ ≲ At−2|t − s|,

sup
t∈[0,1−t]

‖v̄(t,x)− v̄(t,y)‖∞ ≲ A‖x − y‖∞.

(ii) Approximation error bound:

sup
(t,x)∈Ωt,A

‖v̄(t,x)− v∗(t,x)‖∞ ≲ A2(NL)−2/d .

Note that we omit some prefactors in d,κ,β,σ ,R and denote Ωt,A := [0,1− t]× [−A,A]d .

The proof of Theorem 3.31 is given in Section 3.8.2. Let l ∈N and Ω ⊂ Rl denote a
subset ofRd . We denote by Lp(Ω) the standard Lebesgue space onΩ with the Lebesgue
norm ‖ · ‖Lp(Ω) for p ∈ [1,∞]. Let k ∈N. We show the definitions of the Sobolev space

W k,∞(Ω), the Sobolev norm ‖·‖W k,∞(Ω), and the Sobolev semi-norm |·|W k,∞(Ω) in Section
3.8.5.
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Proof idea of Theorem 3.31. To fulfill Requirement (c), we use different approaches
to approximation in the time variable and the space variable. Our approximation ap-
proaches can ensure the constructed approximation function to be global Lipschitz for
fulfilling Requirement (b). We take four steps to construct the time-space approximation
function v̄ with Lipschitz regularity control.

The first step is to derive an L∞([0,1]d) error bound of using deep ReLU networks for
approximating a Lipschitz function in the space variable. We show that the constructed
deep neural approximation function is globally Lipschitz in the space variable. The ap-
proximation results are presented in Section 3.8.2, andwe summarize themhere. Lemma
3.49 and Corollary 3.50 show that for anyN,L ∈N and any f ∈W 1,∞((0,1)d), there ex-
ists a function ϕ implemented by a deep ReLU network with width O(2ddN logN ) and
depth O(d2L logL) such that |ϕ|W 1,∞((0,1)d ) ≲ |f |W 1,∞((0,1)d ) and that ‖ϕ − f ‖L∞([0,1]d ) ≲

(NL)−2/d , omitting the prefactors depending only on d .

The second step is to derive an L∞([0,1]) approximation error bound of deep ReLU
networks for approximating a Lipschitz function in the time variable. We establish
an L∞([0,1]) approximation bound with Lipschitz regularity control in Section 3.8.2.
Lemma 3.57 states the main results for approximation in time in such a way: for any
M ∈ N and any f ∈ W 1,∞((0,1)), there exists a function ξ implemented by a deep
ReLU network with width O(M), depth O(1), and size O(M) such that |ξ |W 1,∞((0,1)) ≲

|f |W 1,∞((0,1)) and that ‖ξ − f ‖L∞([0,1]) ≲ |f |W 1,∞((0,1))/M .

In the third step, we combine the constructed approximation in Lemmas 3.49 and
3.57 to establish an L∞(Ωt,A) approximation bound for the time-space approximation
of the velocity field v∗. This guarantees that Requirement (a) is fulfilled.

The last step is to show that the constructed time-space approximation satisfies the
remaining Requirements (b) and (c). We summarize these discussions in Theorem 3.31
and present detailed construction and derivations in the proof of Theorem 3.31.

Remark 3.32 (Optimality). Under the assumption of continuous parameter selection,
DeVore et al. [1989, Theorem 4.2] and Yarotsky [2017, Theorem 3] provided a lower
bound Ω(ϵ−d/k) on the number of parameters for parametric approximations in the
Sobolev spaceW k,∞([0,1]d), using the approach of continuous nonlinear widths, when
the L∞ approximation error is no more than ϵ. Our approximation rate for the time
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variable in the Sobolev space W 1,∞([0,1]) matches this lower bound in the sense that
a deep ReLU network with size O(S) can yield an L∞ approximation error no more
than O(1/S). Suppose that the deep ReLU network has width O(N ), depth O(L), and
size O(S) with S � N2L. The approximation rate O(S−k/d ) in W k,∞([0,1]d) can be
improved to the nearly optimal rate O((NL)−2k/dpolylog(NL)) with the bit-extraction
technique [Bartlett et al., 1998, 2019, Lu et al., 2021]. Our approximation rate for the
space variable in the Sobolev spaceW 1,∞([0,1]d) is nearly optimal in the sense that a
deep ReLU network with width O(N ) and depth O(L) can yield an L∞ approximation
error no more than O((NL)−2/d(log(NL))2/d).

The L∞(Ωt,A) approximation error bound of Theorem 3.31 implies the following L2

bound of the truncated approximation error for analyzing the flow matching estimator
v̂n.

Corollary 3.33. The truncated approximation error satisfies

E truncappr = E(t,Xt)‖[v̄(t,Xt)− v∗(t,Xt)] IdΩA
(Xt)‖22 ≲ A

4(NL)−4/d ,

where we omit a constant in d,κ,β,σ ,R.

As elaborated in the proof of Theorem 3.31 given in Section 3.8.2, the deep ReLU
network implementing v̄ consists of O(t−2(NL)2/d) parallel subnetworks which have
width O(N logN ) and depth O(L logL). We take advantage of the parallel structure
and the construction of each subnetwork to estimate the complexity of the deep ReLU
network class Fn implementing v̄. We derive the complexity of the deep ReLU network
class Fn in Lemma 3.34.

Lemma 3.34. Suppose that Assumptions 3.7 and 3.8 hold. The complexity of the deep ReLU

network class Fn implementing v̄ is quantified by

S � t−2(NL)2/d(N logN )2L logL, W � t−2(NL)2/dN logN,

D � L logL, B � A, Lx � A, Lt � At−2,

where we omit some prefactors in d,κ,β,σ ,R.

Lemma 3.34 follows from the bounds for the number of parameters in the deep ReLU
network implementing v̄ in Theorem 3.31.
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ThroughTheorem 3.31 and Corollary 3.33, we have established bounds for the trun-
cated approximation error E truncappr . In what follows, we focus on the truncation error
Etrunc. We show the sub-Gaussian property of Xt ∼ pt in Lemma 3.35 under Assump-
tions 3.7 and 3.8. In Lemma 3.36, we prove that the truncation error Etrunc decays very
fast in the parameter A, as a result of the sub-Gaussian property of pt .

Lemma 3.35 (Tail probability). Let Xt = (1−t)Z+tX1 with Z ∼ γd , X1 ∼ ν , and t ∈ [0,1].

Suppose that Assumptions 3.7 and 3.8 are satisfied. For any A > 0, it holds that

sup
t∈[0,1]

P(Xt ∈Ωc
A) ≤ 2d exp

(
−C2A

2

CLSI

)
, (3.20)

where C2 is a universal constant, and CLSI > 0 depends on κ,β,σ ,D, and R.

Lemma 3.36 (Truncation error). Suppose that Assumptions 3.7 and 3.8 are satisfied. For

any A > 0, the truncation error satisfies

Etrunc = E(t,Xt)‖[v̄(t,Xt)− v∗(t,Xt)] IdΩc
A
(Xt)‖22 ≲ A

2 exp(−C3A
2/CLSI),

where C3 is a universal constant, and we omit a constant in d,κ,β,σ ,R, and the fourth

moment of the target X1.

The proofs of Lemmas 3.35 and 3.36 are given in Section 3.8.3. We are now ready to
provide an upper bound for the approximation error Eappr.

Corollary 3.37. Suppose that Assumptions 3.7 and 3.8 hold. For anyN,L ∈N andA > 0,

the approximation error is evaluated by

Eappr ≲ A4(NL)−4/d +A2 exp(−C3A
2/CLSI).

Corollary 3.37 holds by combining (3.19) in Lemma 3.30, Lemma 3.36, and Corollary
3.33.

3.5.4 Stochastic error

We now establish upper bounds for the stochastic error of the estimated velocity field
based on a class of deep ReLU networks.

Lemma 3.38. Consider the flowmatching model and the hypothesis classFn ⊆NN (S,W,

D,B,d +1,d). For any n ∈N satisfying n ≥ Pdim(Fn), the stochastic error satisfies

Estoc = EDn
[L(v∗)− 2Ln(v̂n) +L(v̂n)] ≲

1
n
(logn)4dA4

SD log(S) log(An2).
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The proof of Lemma 3.38 is given in Section 3.8.3.

Corollary 3.39. Suppose that Assumptions 3.7 and 3.8 hold. The stochastic error satisfies

Estoc ≲
1
n
t−2(NL)2+2/d(logN logL)2A4 log(A) log(t−2(NL)2/d(N logN )2L logL),

where we omit a polylogarithmic prefactor in n and a prefactor in d,κ,β,σ ,R.

Corollary 3.39 follows from Lemmas 3.34 and 3.38.

3.5.5 Overall error bound for the estimated velocity field

By Lemma 3.29, the overall error for the estimated velocity field is bounded by the sum of
the approximation error Eappr and the stochastic error Estoc. The approximation error is
analyzed in Subsection 3.5.3 and an upper bound is given in Corollary 3.37. It decreases
at a fast rate as the depth and width of the deep ReLU networks grow. The stochastic
error Estoc is analyzed in Subsection 3.5.4 and its upper bound is provided in Corollary
3.39. The stochastic error increases when the size and depth of the deep ReLU networks
grow, as a result of the increasing complexity of the hypothesis class Fn. By balancing
the bounds for Eappr and Estoc, we obtain the best error bound for the flow matching
estimator v̂n under the error decomposition in Lemma 3.29.

Theorem 3.40 (Flow matching error). Suppose that Assumptions 3.7 and 3.8 are satisfied.

LetNL � (nt2)d/(2d+6) and A � log(logn). Then the excess risk of flow matching satisfies

EDn
E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22 ≲ (nt2)−2/(d+3),

where we omit a polylogarithmic prefactor in n, a prefactor in log(1/t), and a prefactor in

d,κ,β,σ ,D, and R.

The proof of Theorem 3.40 is given in Section 3.8.3.

Remark 3.41. InTheorem 3.40, the polynomial prefactor in 1/t is due to the singularity
of v∗ in the time variable t. Without the singularity at time t = 1, the convergence
rate of the flow matching error in Theorem 3.40 becomes n−2/(d+3)polylog(n), which
is nearly minimax optimal for nonparametric least squares regression in the Sobolev
spaceW 1,∞([0,1]d+1) according to Stone [1982].
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3.6 Related work

Process-based generative models aim to construct a stochastic process that transports
an easy-to-sample source probability distribution to the target distribution. This goal
is achieved by estimating a nonlinear transport map implemented through deep neural
networks based on a random sample from the target distribution. CNFs and diffusion
models are two prominent approaches that have been developed for deep generative
learning. Many researchers have considered the theoretical properties of various gen-
erative learning methods. In this section, we discuss the connections and differences
between this chapter and the existing studies. We focus on the studies concerning CNFs
and diffusion models that are most relevant to this chapter. We also discuss the dif-
ferences between the neural network approximation theory developed In this chapter
and those in the existing literature, focusing on the regularity properties of the neural
network functions. In particular, we highlight the fact that our approximation results
concern velocity field functions that have different regularities in the space and time
variables, while the existing results are only applicable to functions with the same reg-
ularity in all the variables.

3.6.1 Continuous normalizing flows

CNFs are an ODE-based generative learning approach which estimates a stochastic
process for sampling from the target distribution. Marzouk et al. [2023] conducted a
nonparametric statistical convergence analysis for simulation-based CNF distribution
estimators trained through likelihood maximization. However, this analysis does not
extend to simulation-free CNFs. Probability flow ODEs [Song et al., 2021b], denoising
diffusion implicit models (DDIMs) [Song et al., 2021a], and flow matching methods [Liu
et al., 2023, Albergo and Vanden-Eijnden, 2023, Lipman et al., 2023] all fall under the
category of simulation-free CNFs. In these models, either the score function or the ve-
locity field is estimated. The overall error analysis needs to address both the estimation
error of the velocity field (or score function) and the discretization error.

In existing literature, it is typical to assume strong regularity conditions directly on
the velocity field (or score function) and its estimator. Furthermore, current studies of-
ten only consider certain sources of errors, neglecting either the discretization error or
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the estimation error of the velocity field (or score function). In contrast, our results are
derived based on assumptions about the target distribution. Additionally, our analysis
encompasses the error due to velocity estimation, the discretization error of the forward
Euler solver, and the early stopping error. These errors are included in the overall error
bound. We provide a summary of the comparison between this chapter and relevant ex-
isting studies in Table 3.3. We useW2, KL, TV to represent the Wasserstein-2 distance,
the Kullback-Leibler divergence, and the total variation distance. We say a numerical
sampler is “mixed” if it is a combination of deterministic and stochastic samplers. For
assumptions on velocity fields or velocity field estimators, we mark “Yes” if the assump-
tions are required and “No” if not. Since the unknown nonlinear part of the velocity
field is a score function, assumptions and estimation error bounds on score functions or
assumptions on score estimators can be regarded as those on velocity fields or velocity
field estimators.

Metric Sampler Estimation
error bound of
velocity fields

Perturbation
error
bound

Discretization
error
bound

Assumptions
on velocity

fields

Assumptions on
estimated

velocity fields

Albergo and Vanden-Eijnden [2023] W2 Deterministic % ! % No Yes
Chen et al. [2023e] KL Deterministic % % ! Yes Yes
Albergo et al. [2023b] KL Deterministic % ! % No No
Chen et al. [2023c] TV Mixed % ! ! Yes Yes
Benton et al. [2024b] W2 Deterministic % ! % Yes Yes
Li et al. [2024] TV Deterministic % ! ! No Yes
Gao et al. [2024b] W2 Deterministic % ! ! Yes Yes
This chapter W2 Deterministic ! ! ! No No

Table 3.3. Comparison of convergence analyses of simulation-free CNFs.

Albergo and Vanden-Eijnden [2023] derived a perturbation error bound similar to
that in Lemma 3.16 for the CNF distribution estimator, under a Lipschitz assumption
for the estimated velocity field. Chen et al. [2023e] conducted convergence analyses of
DDIM-type samplers with the Kullback-Leibler (KL) divergence, assuming second-order
smoothness in the space variable and Hölder-type regularity in the time variable for the
score function, while ignoring the score estimation error. Albergo et al. [2023b] also
derived a new perturbation error bound on the CNF distribution estimator using the KL
divergence.

Chen et al. [2023c] provided polynomial-time convergence guarantees for distribu-
tion estimation using the probability flow ODE trained with denoising score matching
and simulated with additional randomness. To derive these convergence rates, Chen
et al. [2023c] assumed that the score function and the score estimator both have Lips-
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chitz regularity in the space variable, and that the score estimation error is sufficiently
small in the L2 distance.

Benton et al. [2024b] studied the distribution estimation error of the flow matching
method, but their results rely on the small L2 estimation error assumption, the existence
and uniqueness of smooth flows assumption, and the spatial Lipschitzness of estimated
velocity field assumption. Li et al. [2024] derived convergence rates of probability flow
ODEs in the total variation distance, and their results depend on a small L2 score esti-
mation error assumption and a small L2 Jacobian estimation error assumption.

Cui et al. [2023] studied the problem of learning a high-dimensional mixture of two
Gaussians with the flow matching method, in which the velocity field is parametrized
by a two-layer auto-encoder. Furthermore, Cui et al. [2023] conducted convergence
analyses of the Gaussian mixture distribution estimator in the asymptotic limit d→∞.

Cheng et al. [2023b] presented a theoretical analysis of the distribution estimator
defined by Jordan-Kinderleherer-Otto (JKO) flow models, which implements the JKO
scheme in a normalizing flow network. Gao et al. [2024b] assumed a small L2 score
estimation error, Lipschitz-type time regularity of the score function, and a smooth
log-concave data distribution, and then studied the distribution estimation error for a
general class of probability flow distribution estimators in the Wasserstein-2 distance.

Finally, Chang et al. [2024] considered a conditional generative learning model, in
which the predictor X and the response Y are both random variables with bounded
support. They provided an error analysis for learning the conditional distribution of
Y|X via the Föllmer flow.

In this study, we derive non-asymptotic error bounds for the estimated velocity
fields and discretization error bounds for the forward Euler sampler. These error bounds
are incorporated into the end-to-end convergence analysis of the CNF distribution esti-
mator with flow matching. Furthermore, we only stipulate general assumptions on the
target distribution, rather than making assumptions on the velocity field (or score func-
tion) and its estimator. We believe that these theoretical contributions set this chapter
apart from previous studies.
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3.6.2 Diffusion models

Diffusion models [Sohl-Dickstein et al., 2015, Song and Ermon, 2019, Ho et al., 2020,
Song et al., 2021b,a] have emerged as a powerful SDE-based framework for deep gener-
ative learning. The diffusion model estimators share a deep connection with the CNF
distribution estimators due to the correspondence between an Itô SDE and its probabil-
ity flow ODE. There has been a growing interest in the statistical analyses of diffusion
model estimators, as evidenced by the works of Lee et al. [2022], Bortoli [2022], Chen
et al. [2023d], Lee et al. [2023], Chen et al. [2023a], Oko et al. [2023], Li et al. [2024],
among others.

Unlike the deterministic sampler of CNF distribution estimators, diffusion model
estimators employ a stochastic sampler (such as the Euler-Maruyama method) to simu-
late the time-reversed Itô SDEs. This stochasticity plays a crucial role in the discretiza-
tion error analysis of diffusion model estimators and leads to the development of useful
techniques such as Girsanov’s theorem [Chen et al., 2023d], a chain rule-based vari-
ant [Chen et al., 2023a] of the interpolation technique [Vempala and Wibisono, 2019],
and the stochastic interpolation formula [Bortoli, 2022]. However, it remains uncer-
tain whether these techniques can be generalized for analyzing the CNF distribution
estimators.

Compared to the CNF distribution estimators, the diffusion model estimators have
been extensively investigated from a statistical perspective. For instance, the estimation
error bounds of the score function have been established by Oko et al. [2023], Chen
et al. [2023b], Huang et al. [2023], Cole and Lu [2024]. There is also a vast body of
literature on analyzing the discretization error of diffusion model estimators, including
works by Wibisono and Yang [2022], Benton et al. [2024a], Pedrotti et al. [2023], Gao
et al. [2023], Bruno et al. [2023], Shah et al. [2023] and others. However, the absence of
stochasticity presents significant challenges when attempting to analyze the ODE-based
CNF distribution estimators using techniques developed for diffusion model estimators.
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3.6.3 Neural network approximationwith Lipschitz regularity con-
trol

The approximation theory of deep ReLU networks has developed rapidly since the semi-
nal work of Yarotsky [2017]. Previous studies have shown that deep ReLU networks can
efficiently approximate functions in a smooth function class, such as the Hölder class,
the Sobolev class, and the Besov class, under the L∞ norm [Yarotsky, 2017, Petersen
and Voigtlaender, 2018, Suzuki, 2019, Yarotsky, 2018, Gühring et al., 2020, DeVore et al.,
2021, Daubechies et al., 2022, Lu et al., 2021, Jiao et al., 2023a, Siegel, 2023]. Recent
works have also considered nonparametric or semiparametric estimation using deep
ReLU networks, including least squares regression [Bauer and Kohler, 2019, Schmidt-
Hieber, 2020, Nakada and Imaizumi, 2020, Kohler and Langer, 2021, Suzuki and Nitanda,
2021, Chen et al., 2022, Jiao et al., 2023a], quantile regression [Shen et al., 2022a, Padilla
et al., 2022] semiparametric inference [Farrell et al., 2021], factor augmented sparse
throughput models [Fan and Gu, 2024], among others. In the convergence analysis
of these models, it is sufficient to know the error bounds of using deep neural networks
for approximating smooth functions.

Analyzing deep generative distribution estimators becomes more challenging as it
requires not only approximation error bounds but also additional regularity properties
of the constructed neural network approximation functions. For instance, the error anal-
ysis of Wasserstein GANs necessitates an upper bound of the Lipschitz constant of the
discriminator network [Chen et al., 2020, Huang et al., 2022]. Chen et al. [2020] demon-
strated that the wide and shallow ReLU network constructed by Yarotsky [2017], for
which the depth grows logarithmically but the width grows polynomially, can approx-
imate 1-Lipschitz functions with a uniformly bounded Lipschitz constant. Huang et al.
[2022] provided a Lipschitz constant bound for the deep ReLU network approximation
function proposed by Lu et al. [2021]. However, this bound increases with the width
and depth of the network. Furthermore, Jiao et al. [2023b] succeeded in controlling the
Lipschitz constant of deep ReLU networks by enforcing a norm constraint on the neu-
ral network weights, and applied the approximation bound to analyze the distribution
estimation error of GANs. In addition to the error analyses of GANs, the convergence
analysis of simulation-based CNFs by Marzouk et al. [2023], also requires a Lipschitz
regularity control of the constructed approximation function to ensure the CNFs are
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well-posed.

In the current context, the Lipschitz regularity of the neural network approximation
functions is crucial for analyzing the behavior of the estimated velocity field. Indeed, a
key step in our error analysis involves constructing deep ReLU networks to approximate
the Lipschitz velocity field v∗(t,x) for (t,x) ∈ [0,1− t]×Rd . To achieve this target, we
need to derive an L∞ bound of the approximation error and demonstrate that the Lips-
chitz constant of the constructed deep ReLU network is uniformly bounded, regardless
of the varying width and depth of the neural network. Establishing the Lipschitz regu-
larity of the neural network approximation functions, in addition to the approximation
error bounds, is a more challenging task that requires different techniques. Specifically,
our uniform bounds of the Lipschitz constants are sharper than those obtained byHuang
et al. [2022] for varying width and depth of the deep ReLU network. Compared to the
approximation bound of Chen et al. [2020], our approximation bound is valid for any
network width and depth specified by the parameters N and L. Marzouk et al. [2023]
considered the Lipschitz regularity of deep neural networks activated by the smooth
function ReLUk with k ≥ 2, which is based on spline approximation and technically
differs from this chapter.

3.7 Conclusion

We have established non-asymptotic error bounds for the CNF distribution estimator
trained via flow matching, using the Wasserstein-2 distance. Assuming that the tar-
get distribution belongs to several rich classes of probability distributions, we have es-
tablished Lipschitz regularity properties of the velocity field for simulation-free CNFs
defined with linear interpolation. To meet the regularity requirements of flow match-
ing estimators, we have developed L∞ approximation bounds of deep ReLU networks
for Lipschitz functions, along with Lipschitz regularity control of the constructed deep
ReLU networks. By integrating the regularity results, the deep approximation bounds,
and perturbation analyses of ODE flows, we have shown that the convergence rate of
the CNF distribution estimator is Õ(n−1/(d+5)), up to a polylogarithmic prefactor of n.
Our error analysis framework can be extended to study more general CNFs based on
interpolation, beyond the CNFs constructed with linear interpolation.
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3.8 Proofs and supplementary results

In this section, we present proofs of the main results given in this chapter.

3.8.1 Regularity of the velocity field

In this section, we study the regularity properties of the velocity field and present nec-
essary lemmas, theorems, propositions, and their proofs.

We first introduce several auxiliary conditions to assist studying the regularity prop-
erties of the velocity field. These conditions are covered in the two cases of Assumption
3.8.

Condition 1 (Semi-log-concavity). Let ν(dx) = exp(−U(x))dx. The potential function
U(x) is of class C2 and satisfies ∇2U(x) � κId for some κ ∈ R.

Condition 2 (Gaussian smoothing). The target distribution ν = γd,σ2 ∗ ρ where ρ is a

probability distribution supported on a Euclidean ball of radius R on Rd .

Lemma 3.42 (Proposition 4.1 in Gao et al. [2024a]). Let ν(dy) = p(y)dy be a probability

distribution on Rd with D := (1/
√
2)diam(supp(ν)).

(1) For any t ∈ (0,1),

− 1
1− t

Id � ∇xv∗(t,x) �
{

t

(1− t)3
D2 − 1

1− t

}
Id , Cov(X1|Xt = x) �D2Id .

(2) Suppose that p is β-semi-log-convex with β > 0 and supp(p) = Rd . Then for any

t ∈ (0,1),

∇xv∗(t,x) �
(β +1)t − β
β(1− t)2 + t2

Id , Cov(X1|Xt = x) �
(1− t)2

β(1− t)2 + t2
Id .

(3) Suppose that p is κ-semi-log-concave with κ ∈ R. Then for any t ∈ (t0,1),

∇xv∗(t,x) �
(κ +1)t −κ
κ(1− t)2 + t2

Id , Cov(X1|Xt = x) �
(1− t)2

κ(1− t)2 + t2
Id ,

where t0 is the root of the equation κ + t2/(1 − t)2 = 0 over t ∈ (0,1) if κ < 0 and

t0 = 0 if κ ≥ 0.
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(4) Fix a probability distribution ρ onRd supported on a Euclidean ball of radius R, and

let ν := γd,σ2 ∗ ρ with σ > 0. Then for any t ∈ (0,1),

(σ2 +1)t − 1
(1− t)2 +σ2t2

Id � ∇xv∗(t,x) �
{

t(1− t)
((1− t)2 +σ2t2)2

R2 +
(σ2 +1)t − 1
(1− t)2 +σ2t2

}
Id ,

Cov(X1|Xt = x) �


(

(1− t)2

(1− t)2 +σ2t2

)2
R2 +

σ2(1− t)2

(1− t)2 +σ2t2

 Id ,
(X1|Xt = x)

d=
(1− t)2

(1− t)2 +σ2t2
Q+

√
σ2(1− t)2

(1− t)2 +σ2t2
Z+

σ2t2

(1− t)2 +σ2t2
x

where Q ∼ ρ̃ is supported on the same ball as ρ, Z ∼ γd , and Q,Z are independent.

In Lemma 3.43 below, we show that the velocity field and its spatial derivative is
(locally) bounded under mild regularity conditions. The boundedness of the spatial
derivative directly follows from Lemma 3.42. Since a Lipschitz property results in a
linear growth property, we obtain the the velocity field is locally bounded. For ease of
presentation, let us define two parameter sets by

S1 :=

{κ,β} if Assumption 3.8-(i) holds,
{R,σ} if Assumption 3.8-(ii) holds,

S2 :=

{d,κ,β} if Assumption 3.8-(i) holds,
{d,R,σ } if Assumption 3.8-(ii) holds.

We say a prefactor scales polynomially with S1 if it scales polynomially with parameters
in S1.

Lemma 3.43. Suppose that Assumptions 3.7 and 3.8 hold. Then it holds that

sup
(t,x)∈[0,1]×ΩA

‖v∗(t,x)‖2 ≲ A, sup
(t,x)∈[0,1]×Rd

‖∇xv∗(t,x)‖2,2 ≲ 1,

where we omit prefactors scaling polynomially with S2.

Proof. Under Assumptions 3.7 and 3.8, Lemma 3.42 shows that

C1(S1)Id � ∇xv∗(t,x) � C2(S1)Id ,
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where C1(S1) and C2(S1) are constants scaling polynomially with S1. It further yields
that

sup
(t,x)∈[0,1]×Rd

‖∇xv∗(t,x)‖2,2 ≲ 1, (3.21)

when we omit a prefactor scaling polynomially with S1. Notice that for any t ∈ (0,1),
it holds that

v∗(t,0) =
1

1− t
E[X1|Xt = 0] =

1
1− t

∫
Rd
yq(y|t,0)dy

≲
1

1− t

∫
Rd
yp(y)(1− t)−d exp

(
−
t2‖y‖22
2(1− t)2

)
dy,

which implies ‖v∗(t,0)‖2 <∞ due to fast growth of the exponential function. Besides,
v∗(0,0) = E[X1], v∗(1,0) = 0. Then by the boundedness of ‖v∗(t,0)‖2 over [0,1] and
(3.21), we bound v∗(t,x) as follows

‖v∗(t,x)‖2 ≤ ‖v∗(t,0)‖2 + ‖v∗(t,x)− v∗(t,0)‖2

≤ ‖v∗(t,0)‖2 +

 sup
(t,y)∈[0,1]×Rd

‖∇yv∗(t,y)‖2,2

‖x‖2
≲ ‖x‖2 ∨ 1,

where we omit a prefactor scaling polynomially with S1. It further yields that

sup
(t,x)∈[0,1]×ΩA

‖v∗(t,x)‖2 ≲ A

by omitting a prefactor scaling polynomially with S2. This completes the proof.

Control with semi-log-concavity

We derive moment bounds under Condition 1. The moment bounds are useful to esti-
mate the time regularity of the velocity field.

Lemma 3.44 (Moment bounds). Suppose that Condition 1 holds. Let η ∈ (0,1) be a

constant. Let t1 be the root of the equation κ(1 − t)2 + t2 = η over t ∈ (0,1) if κ ≤ 0 or

t1 = 0 if κ > 0. Then for any t ∈ [t1,1− t], it holds that

sup
x∈ΩA

‖M1‖2 ≲ A, sup
x∈Rd
‖Mc

2‖2,2 ≲ (1− t)2, sup
x∈ΩA

‖M3 −M2M1‖2 ≲ A(1− t)2,

where we omit polynomial prefactors in d,κ,η .
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Proof. First, we boundMc
2. According to Lemma 3.42, the following covariance bound

holds for any t ∈ [t1,1)

0Id � Cov(X1|Xt = x) �
(1− t)2

κ(1− t)2 + t2
Id with κ(1− t)2 + t2 ≥

Cκ, if κ > 0,
η, if κ ≤ 0,

where Cκ := κ/(κ + 1). Then it implies that for any t ∈ [t1,1 − t], supx∈Rd ‖Mc
2‖2,2 ≲

(1− t)2 with omitting a polynomial prefactor in κ,η .

Then, we bound M1 and M2. By the Hatsell-Nolte identity [Dytso et al., 2023b,
Proposition 1], we obtain ∇xM1(t,x) = (t/(1− t)2)Mc

2 which implies that

sup
(t,x)∈[t1,1−t]×Rd

‖∇xM1(t,x)‖2,2 = sup
(t,x)∈[t1,1−t]×Rd

t

(1− t)2
‖Mc

2‖2,2 ≲ 1 (3.22)

with a polynomial prefactor in κ,η hidden. Notice that for any t ∈ (0,1), it holds that

M1(t,0) =
∫
Rd
yq(y|t,0)dy ≲

∫
Rd
yp(y)(1− t)−d exp

(
−
t2‖y‖22
2(1− t)2

)
dy,

which implies ‖M1(t,0)‖2 <∞ due to fast growth of the exponential function. Besides,
M1(0,0) = Ep[X1] and M1(1,0) = 0. By the boundedness of ‖M1(t,0)‖2 for any t ∈

[0,1] and (3.22), we further boundM1(t,x) for any (t,x) ∈ [t1,1− t]×Rd as follows

‖M1(t,x)‖2 ≤ ‖M1(t,0)‖2 + ‖M1(t,x)−M1(t,0)‖2

≤ ‖M1(t,0)‖2 +

 sup
(t,y)∈[t1,1−t]×Rd

‖∇yM1(t,y)‖2,2

‖x‖2
≲ ‖x‖2 ∨ 1,

where a polynomial prefactor in κ,η is hidden. It further yields that

sup
(t,x)∈[t1,1−t]×ΩA

‖M1‖2 ≲ A

when omitting a polynomial prefactor in d,κ,η . Moreover, notice thatM2 = Tr(Mc
2) +

‖M1‖22, which further yields that

sup
(t,x)∈[t1,1−t]×ΩA

|M2| ≲ A2

with an omitted polynomial prefactor in d,κ,η .
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Lastly, we bound M3 −M2M1. For any i ∈ {1,2, · · · ,d}, let X1,i denote the i-th
element of X1. Then it holds that

‖M3 −M2M1‖22

=
∑d

i=1

(
E[X1,iX

>
1 X1|Xt = x]−E[X>1 X1|Xt = x]E[X1,i |Xt = x]

)2
=

∑d

i=1

(
Cov(X>1 X1,X1,i |Xt = x)

)2
≤

∑d

i=1
Var(X>1 X1|Xt = x)Var(X1,i |Xt = x)

(By the Cauchy-Schwarz inequality)

= Var(X>1 X1|Xt = x)
∑d

i=1
Var(X1,i |Xt = x)

= Var(X>1 X1|Xt = x)Tr(Mc
2)

≤ d Var(X>1 X1|Xt = x)‖Mc
2‖2,2.

Let X1 ∼ p(y) be κ-semi-log-concave for some κ ∈ R. Then for any t ∈ [0,1), X1|Xt ∼

q(y|t,x) is (κ + t2/(1− t)2)-semi-log-concave because

−∇2y logq(y|t,x) = −∇2y logp(y)−∇2y logq(t,x|y) �
(
κ +

t2

(1− t)2

)
Id .

When t ∈
{
t : κ + t2/(1− t)2 > 0, t ∈ (0,1)

}
, by the Brascamp-Lieb inequality [Brascamp

and Lieb, 1976], it yields that

Var(X>1 X1|Xt = x) ≤ 4M2

(
κ +

t2

(1− t)2

)−1
= 4M2

(1− t)2

κ(1− t)2 + t2
.

Analogous to the control of ‖Mc
2‖2,2, we further obtain that for any (t,x) ∈ [t1,1−t]×ΩA,

Var(X>1 X1|Xt = x) ≲

A2(1− t)2/Cκ, if κ > 0,
A2(1− t)2/η, if κ ≤ 0.

Hence, we deduce that for any t ∈ [t1,1− t],

sup
x∈ΩA

‖M3 −M2M1‖2 ≲ A(1− t)2,

where we omit a polynomial prefactor in d,κ,η . This completes the proof.

94



Lemma 3.45. Suppose that Condition 1 holds. Then it holds that

sup
(t,x)∈[t1,1−t]×ΩA

‖∂tv∗(t,x)‖2 ≲ A/t2,

where we omit a polynomial prefactor in d,κ,η .

Proof. By Lemma 3.17, it holds that

‖∂tv∗(t,x)‖2 ≤
1

(1− t)2
‖x‖2 +

1
(1− t)2

‖M1‖2 +
1

(1− t)4
‖Mc

2‖2,2 · ‖x‖2

+
1

(1− t)4
‖M3 −M2M1‖2.

Applying Lemma 3.44, we obtain

sup
(t,x)∈[t1,1−t]×ΩA

‖∂tv∗(t,x)‖2 ≲
A

t2
,

where we omit a polynomial prefactor in d,κ,η .

Control with Gaussian smoothing

We derive moment bounds under Condition 2. The moment bounds are useful to esti-
mate the time regularity of the velocity field.

Lemma3.46 (Moment bounds). Suppose that Condition 2 holds. Then for any t ∈ [0,1−t],

it holds that

sup
x∈ΩA

‖M1‖2 ≲ A, sup
x∈Rd
‖Mc

2‖2,2 ≲ (1− t)2, sup
x∈ΩA

‖M3 −M2M1‖2 ≲ A(1− t)2,

where we omit polynomial prefactors in d,R,σ .

Proof. The proof idea is partially similar to that of Lemma 3.44.

First, we bound Mc
2. According to Lemma 3.42, the following covariance bound

holds for any t ∈ [0,1),

0Id � Cov(X1|Xt = x) � (1− t)2
{

R2(1− t)2

((1− t)2 +σ2t2)2
+

σ2

(1− t)2 +σ2t2

}
Id .
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Notice that

R2(1− t)2

((1− t)2 +σ2t2)2
+

σ2

(1− t)2 +σ2t2
≤

(
1+

1
σ2

)2
R2 +σ2 +1.

It implies that for any t ∈ [0,1− t],

sup
x∈Rd
‖Mc

2‖2,2 ≲ (1− t)2 (3.23)

with omitting a polynomial prefactor in R,σ .

Then, we bound M1 and M2. Again, by the Hatsell-Nolte identity [Dytso et al.,
2023b, Proposition 1], we obtain that

sup
(t,x)∈[0,1−t]×Rd

‖∇xM1(t,x)‖2,2 = sup
(t,x)∈[0,1−t]×Rd

t

(1− t)2
‖Mc

2‖2,2 ≲ 1 (3.24)

with a polynomial prefactor in R,σ hidden. Identical to how we proceed in the proof of
Lemma 3.44, we have

sup
(t,x)∈Ωt,A

‖M1‖2 ≲ A

when omitting a polynomial prefactor in d,R,σ .

Finally, we boundM3−M2M1. Recall that we have deduced the following inequality
in the proof of Lemma 3.44

‖M3 −M2M1‖22 ≤ d Var(X>1 X1|Xt = x)‖Mc
2‖2,2. (3.25)

We next focus on bounding Var(X>1 X1|Xt = x). By Lemma 3.42-(4), it is shown that

(X1|Xt = x)
d= Px :=

(1− t)2

(1− t)2 +σ2t2
Q+

√
σ2(1− t)2

(1− t)2 +σ2t2
Z+

σ2t2

(1− t)2 +σ2t2
x

where Q ∼ ρ̃ is supported on the same ball as ρ, Z ∼ γd , and Q,Z are independent. In
the expression above, we note that the denominator (1− t)2+σ2t2 is lower bounded by
σ2/(σ2+1) over t ∈ [0,1]. Let Rx,y := P>x Px|Q = y. Then by the law of total variance, it
yields that

Var(X>1 X1|Xt = x) = Var(P>x Px) = E[Var(Rx,y)] +Var(E[Rx,y]). (3.26)
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We claim that Rx,y/η is distributed as a noncentral chi-squared distribution with degrees
of freedom d and the noncentrality parameter ξx,y where

η =
σ2(1− t)2

(1− t)2 +σ2t2
, ξx,y =

1
η

∥∥∥∥∥∥ (1− t)2

(1− t)2 +σ2t2
y +

σ2t2

(1− t)2 +σ2t2
x

∥∥∥∥∥∥2
2

.

By properties of the noncentral chi-squared distribution, it holds that

E(Rx,y) = η(d + ξx,y), Var(Rx,y) = 2η2(d +2ξx,y).

Then we bound the first term in the variance decomposition (3.26) as follows

E[Var(Rx,y)] = 2ηE
[
ηd +2ηξx,y)

]
≲ (1− t)2(‖x‖22 ∨ 1)

where we omit a polynomial prefactor in d,R,σ . To bound the second term, we do the
following calculations

Var(E[Rx,y]) = Var(ηd + ηξx,y) = Var

ηd +
∥∥∥∥∥∥ (1− t)2

(1− t)2 +σ2t2
Q+

σ2t2

(1− t)2 +σ2t2
x

∥∥∥∥∥∥2
2


= Var


∥∥∥∥∥∥ (1− t)2

(1− t)2 +σ2t2
Q

∥∥∥∥∥∥2
2

+2
〈

(1− t)2

(1− t)2 +σ2t2
Q,

σ2t2

(1− t)2 +σ2t2
x

〉
≲ (1− t)4(‖x‖22 ∨ 1),

where we omit a polynomial prefactor in d,R,σ . Combining the control of the two
terms, we obtain that

Var(X>1 X1|Xt = x) ≲ (1− t)2(‖x‖22 ∨ 1) (3.27)

by omitting a polynomial prefactor in d,R,σ . Therefore, using (3.23), (3.25), and (3.27),
the bound ofM3 −M2M1 is deduced for any t ∈ [0,1− t] by

sup
x∈ΩA

‖M3 −M2M1‖2 ≲ A(1− t)2

with a polynomial prefactor in d,R,σ hidden. This completes the proof.

Lemma 3.47. Suppose that Condition 2 holds. Then it holds that

sup
(t,x)∈[0,1−t]×ΩA

‖∂tv∗(t,x)‖2 ≲ A/t2,

where we omit a polynomial prefactor in d,κ,η .

Proof. Based on Lemma 3.46, the proof is almost identical to that of Lemma 3.45.
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Sharpness of moment bounds

The moment bounds in Lemmas 3.44 and 3.46 are sharp in (t,x) because of a Gaussian
example.

Proposition 3.48. Let X1 ∼ γd . The conditional distribution of X1|Xt has the following

explicit expression

X1|Xt = x ∼N
(

t

(1− t)2 + t2
x,

(1− t)2

(1− t)2 + t2
Id

)
.

Moreover, for any t ∈ (0,1], the moment bounds are given by

sup
x∈ΩA

‖M1‖2 � A, sup
x∈Rd
‖Mc

2‖2,2 � (1− t)2, sup
x∈ΩA

‖M3 −M2M1‖2 � A(1− t)2,

where we omit polynomial prefactors in d .

Proof. By Bayes’ rule, for X1 ∼ γd , it implies that

X1|Xt = x ∼N
(

t

(1− t)2 + t2
x,

(1− t)2

(1− t)2 + t2
Id

)
.

By properties of the Gaussian distribution, the desired moment bounds hold.

Proof of Theorem 3.26

Proof of Theorem 3.26. By Lemma 3.43, it holds that for any x,y ∈ Rd and t ∈ [0,1],
‖v∗(t,x) − v∗(t,y)‖∞ ≲ ‖x − y‖∞, and that sup(t,x)∈[0,1]×ΩA

‖v∗(t,x)‖∞ ≲ A, where we
omit constants in d,κ,β,σ ,R.

Then we show that the Lipschitz continuity of v∗(t,x) in t. Concretely, for any
s, t ∈ [0,1− t] and x ∈ΩA, ‖v∗(t,x)− v∗(s,x)‖∞ ≤ Lt |t − s| with Lt ≲ At−2 by omitting a
constant in d,κ,β,σ ,R. We analyze the cases in Assumption 3.8 one by one as follows:

• Suppose that Assumptions 3.7 and 3.8-(i) holds. Condition 1 holds as well. We use
controls with semi-log-concavity in Lemma 3.45 and derive the desired Lipschitz
continuity in t.

• Suppose that Assumptions 3.7 and 3.8-(ii) holds. Condition 2 holds as well. We
use controls with with Gaussian smoothing in Lemma 3.47, and the Lipschitz con-
tinuity in t follows.

We complete the proof.
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3.8.2 Approximation error of the velocity field

In this section, we analyze the approximation error of the velocity field by a constructive
approach.

Before proceeding, we present a few useful notations for the Sobolev function class.
A d-dimensional multi-index is a d-tuple α = (α1,α2, · · · ,αd)> ∈Nd

0 . We define ‖α‖1 =∑d
i=1αi and ∂α := ∂α11 ∂

α2
2 · · ·∂

αd
d to represent the partial derivative of a d-dimensional

function. We also use D to denote the weak derivative of a single variable function and
Dα to denote the partial derivativeDα1

1 Dα2
2 · · ·D

αd
d of a d-dimensional function with αi

as the order of derivative Di in the i-th variable.

Approximation in space with Lipschitz regularity

In this subsection, we study the approximation capacity of deep ReLU networks joint
with an estimate of the Lipschitz regularity. The strong expressive power of deep ReLU
networks has been studied with the localized or averaged Taylor polynomials. We fol-
low the localized approximation approach, and establish the global Lipschitz continuity
and non-asymptotic approximation estimate of deep ReLU networks.

Lemma 3.49. Given any f ∈W 1,∞((0,1)d) with ‖f ‖W 1,∞((0,1)d ) ≤ 1, for any N,L ∈N,

there exists a function ϕ implemented by a deep ReLU network with widthO(2ddN logN )

and depth O(d2L logL) such that ‖ϕ‖W 1,∞((0,1)d ) ≲ 1 and

‖ϕ − f ‖L∞([0,1]d ) ≲ (NL)−2/d ,

where we omit some prefactors depending only on d .

Corollary 3.50. Given any f ∈W 1,∞((0,1)d) with ‖f ‖W 1,∞((0,1)d ) <∞, for any N,L ∈

N, there exists a functionϕ implemented by a deep ReLU networkwithwidthO(2ddN logN )

and depth O(d2L logL) such that ‖ϕ‖W 1,∞((0,1)d ) ≲ ‖f ‖W 1,∞((0,1)d ) and

‖ϕ − f ‖L∞([0,1]d ) ≲ ‖f ‖W 1,∞((0,1)d )(NL)
−2/d ,

where we omit some prefactors depending only on d .

Remark 3.51. The approximation rate is nearly optimal for the unit ball of functions
inW 1,∞((0,1)d) according to Shen et al. [2020, 2022b] and Lu et al. [2021].
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Proof sketch of Lemma 3.49. The proof idea is similar to that of Yang et al. [2023,Theorem
3], and we divide the proof into three steps.

Step 1. Discretization. We use a partition of unity to discretize the set (0,1)d . As in
Definitions 3.52 and 3.53, we construct a partition of unity {gm}m∈{1,2}d on (0,1)d with

supp(gm) ∩ (0,1)d ⊂ Ωm for any m ∈ {1,2}d . Then we approximate the partition of
unity {gm}m∈{1,2}d by a collection of deep ReLU networks {ϕm}m∈{1,2}d as in Lemma 3.54.

Step 2. Approximation onΩm. Given any m ∈ {1,2}d , for each subsetΩm ⊂ [0,1]d ,
we find a piecewise constant function fK,m satisfying

‖fK,m − f ‖W 1,∞(Ωm) ≲ 1, ‖fK,m − f ‖L∞(Ωm) ≲ 1/K,

where we omit constants in d . Piecewise constant functions can be approximated by
deep ReLU networks. Then, following Lu et al. [2021] and Yang et al. [2023], we con-
struct a deep ReLU network ψm with width O(2ddN logN ) and depth O(d2L logL)
such that

‖ψm − f ‖W 1,∞(Ωm) ≲ 1, ‖ψm − f ‖L∞(Ωm) ≲ (NL)−2/d ,

where we omit constants in d .

Step 3. Approximation on [0,1]d . Combining the approximations on each subset
Ωm properly, we construct an approximation of the target function f on the domain
[0,1]d . That is, for any N,L ∈ N, there exists a function ϕ implemented by a deep
ReLU network with width O(N logN ) and depth O(L logL) such that

‖ϕ − f ‖L∞([0,1]d ) ≲ (NL)−2/d with ‖ϕ‖W 1,∞((0,1)d ) ≲ 1,

where we omit constants in d .

Definition 3.52. Given K,d ∈N, and for any m = [m1,m2, · · · ,md]> ∈ {1,2}d , we de-

fineΩm :=
∏d
i=1Ωmj whereΩ1 :=

⋃K−1
i=1

[
i
K ,

i
K + 3

4K

]
andΩ2 :=

⋃K
i=0

[
i
K −

1
2K ,

i
K + 1

4K

]
∩

[0,1].

Definition 3.53. Given K,d ∈N, for any integer i ∈Z, we define

g1(x) :=


1, x ∈

[
i
K + 1

4K ,
i
K + 1

2K

]
,

0, x ∈
[
i
K + 3

4K ,
i
K + 1

K

]
,

4K
(
x − i

K

)
, x ∈

[
i
K ,

i
K + 1

4K

]
,

−4K
(
x − i

K −
3
4K

)
, x ∈

[
i
K + 1

2K ,
i
K + 3

4K

]
,

g2(x) := g1
(
x +

1
2K

)
.

100



xi
K

i+1
K

g2(x)
xi

K
i+1
K

g1(x)

Figure 3.1. Functions g1 and g2 for defining a partition of unity.

For anym = [m1,m2, · · · ,md]> ∈ {1,2}d , we further define gm(x) :=
∏d
j=1 gmj (xj )where

x = [x1,x2, · · · ,xd]>.

Lemma 3.54 (Proposition 1 in Yang et al. [2023]). Given any N,L ∈ N and any m ∈

{1,2}d , for K = bN1/dc2bL2/dc, there exists a function ϕm implemented by a deep ReLU

network with width O(dN ) and depth O(d2L) such that

‖ϕm − gm‖W 1,∞((0,1)d ) ≤ 50d5/2(N +1)−4dL.

Lemma 3.55. Let K ∈N. For any f ∈W 1,∞((0,1)d) with ‖f ‖W 1,∞((0,1)d ) ≤ 1 and m ∈

{1,2}d , there exists a piecewise constant function fK,m on Ωm satisfying

‖fK,m − f ‖W 1,∞(Ωm) ≲ 1, ‖fK,m − f ‖L∞(Ωm) ≲ 1/K

with prefactors in d omitted.

Proof. We leverage approximation properties of averaged Taylor polynomials [Brenner
and Scott, 2008, Definition 4.1.3] and the Bramble-Hilbert Lemma [Brenner and Scott,
2008, Lemma 4.3.8] to deduce local estimates and then combine them through a partition
of unity to obtain a global estimate. The key observation is that the L∞ approximation
bound can be establishedwhile uniformly controlling the Lipschitz constant of the piece-
wise constant function with a mild regularity assumption on the target function such
as f ∈W 1,∞((0,1)d).

Without loss of generality, let us assume m = m∗ := [1,1, · · · ,1]>. Following the
proofs of Gühring et al. [2020, Lemma C.4] and Yang et al. [2023, Theorem 6], we first
define an extension operator E : W 1,∞((0,1)d)→ W 1,∞(Rd) to handle the boundary.
Accordingly, let f̃ := Ef and CE be the norm of the extension operator. Then for any
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Ω ⊂ Rd , it holds that

|f̃ |W 1,∞(Ω) ≤ ‖f̃ ‖W 1,∞(Ω) ≤ CE‖f ‖W 1,∞((0,1)d ) ≤ CE .

Next, we define an average Taylor polynomial of order 1 over Bi,K :=Bd(8i+38K ,
1
4K ,‖·‖2)

by

pf ,i (x) :=
∫
Bi,K

T 1
y f̃ (x)ϕK (y)dy

whereϕK is a cut-off function supported on B̄i,K as given in Example 3.67. By Definition
3.66, T 1

y f̃ (x) = f̃ (y). Then, it implies that pf ,i (x) is a constant function as

pf ,i (x) =
∫
Bi,K

f̃ (y)ϕK (y)dy.

Step 1. Get local estimates. For any i = [i1, i2, · · · , id]> ∈ {0,1, · · · ,K}d , we would
like to employ the Bramble-Hilbert lemma 3.72 on the subset

Ωm∗,i = B̄d
(8i +3

8K
,
3
8K

,‖ · ‖∞
)
=

d∏
j=1

[
ij
K
,
3+4ij
4K

]
.

It is easy to check the conditions of the Bramble-Hilbert lemma are fulfilled as

1
4K
≥ 1
2
× 3
8K

=
1
2
rmax(Ωm∗,i), γ(Ωm∗,i) =

dΩm∗,i

rmax(Ωm∗,i)
= 2
√
d.

Hence, by the Bramble-Hilbert Lemma 3.72, it yields that

‖f̃ − pf ,i‖L∞(Ωm∗,i )
≤ C1(d)|f̃ |W 1,∞(Ωm∗,i )

/K,

|f̃ − pf ,i |W 1,∞(Ωm∗,i )
≤ C1(d)|f̃ |W 1,∞(Ωm∗,i )

.

Combining |f̃ |W 1,∞(Ωm∗,i )
≤ CE and the inequalities above, it implies that

‖f̃ − pf ,i‖L∞(Ωm∗,i )
≤ C1(d)CE/K, (3.28)

‖f̃ − pf ,i‖W 1,∞(Ωm∗,i )
≤ C1(d)CE . (3.29)

Step 2. Define a partition of unity. We construct a partition of unity in order to
combine the local estimates. Let K ∈N. For any 0 ≤ i ≤ K , we define hi : R→ R by

hi(x) = h
(
4K

(
x − 8i +3

8K

))
where h(x) =


1, |x| < 3/2,
0, |x| > 2,
4− 2|x|, 3/2 ≤ |x| ≤ 2.
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One can verify that {hi}Ki=1 is a partition of unity of [0,1] and hi(x) = 1 for any x ∈[
i
K ,

3+4i
4K

]
. Considering the multidimensional case, for any x = [x1,x2, · · · ,xd]> ∈ Rd

and any i = [i1, i2, · · · , id]> ∈ {0,1, · · · ,K}d , let us define

hi(x) :=
∏d

j=1
hij (xj ).

Then a partition of unity of [0,1]d is defined by {hi : i ∈ {0,1, · · · ,K}d}. Moreover,

hi(x) = 1 for any x ∈Ωm∗,i =
∏d
j=1

[
ij
K ,

3+4ij
4K

]
and i = [i1, i2, · · · , id]> ∈ {0,1, · · · ,K}d . By

the definition of hi(x) on Ωm∗,i and equation 3.28, equation 3.29 , it yields that

‖hi(f̃ − pf ,i )‖L∞(Ωm∗,i )
≤ ‖f̃ − pf ,i‖L∞(Ωm∗,i )

≤ C1(d)CE/K,

‖hi(f̃ − pf ,i )‖W 1,∞(Ωm∗,i )
≤ ‖f̃ − pf ,i‖W 1,∞(Ωm∗,i )

≤ C1(d)CE .

Step 3. Get global estimates. To deduce the global estimates, we start with defining
fK,m∗ over Ωm∗ by

fK,m∗ :=
∑

i∈{0,1,··· ,K}d
hipf ,i .

The error bounds follow that

‖fK,m∗ − f ‖L∞(Ωm∗ )
≤ max
i∈{0,1,··· ,K}d

‖hi(f̃ − pf ,i )‖L∞(Ωm∗,i )
≤ C1(d)CE/K,

‖fK,m∗ − f ‖W 1,∞(Ωm∗ )
≤ max
i∈{0,1,··· ,K}d

‖hi(f̃ − pf ,i )‖W 1,∞(Ωm∗,i )
≤ C1(d)CE .

This completes the proof.

Lemma 3.56. Given any f ∈W 1,∞((0,1)d) with ‖f ‖W 1,∞((0,1)d ) ≤ 1, for any N,L ∈N

and any m ∈ {1,2}d , there exists a deep ReLU network ψm with width O(N logN ) and

depth O(L logL) such that

‖ψm − f ‖W 1,∞(Ωm) ≲ 1, ‖ψm − f ‖L∞(Ωm) ≲ (NL)−2/d ,

where we omit constants in d .

Proof. The idea of proof is similar to those of Hon and Yang [2022, Theorem 3.1] and
Yang et al. [2023, Theorem 7]. For completeness, we provide a concrete proof in the
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following. Without loss of generality, we consider m = m∗ := [1,1, · · · ,1]>. Given
K = bN1/dc2bL2/dc, by Lemma 3.55, we have

‖fK,m∗ − f ‖W 1,∞(Ωm∗ )
≲ 1,

‖fK,m∗ − f ‖L∞(Ωm∗ )
≲ 1/K ≲ (NL)−2/d ,

where fK,m∗ is a constant function for x ∈
∏d
j=1

[
ij
K ,

3+4ij
4K

]
and i = [i1, i2, · · · , id]> ∈

{0,1, · · · ,K − 1}d . The insight is to approximate fK,m∗ with deep ReLU networks. Let
δ = 1/(4K) ≤ 1/(3K) in Lemma 3.81. Then by Lemma 3.81, there exists a deep ReLU
network ϕ1(x) with width 4N +5 and depth 4L+4 such that

ϕ1(x) = k, x ∈
[
k
K
,
k +1
K
− 1
4K

]
, k = 0,1, · · · ,K − 1.

We further define

ϕ2(x) =
[
ϕ1(x1)
K

,
ϕ1(x2)
K

, · · · ,
ϕ1(xd)
K

]>
.

For each p = 0,1, · · · ,Kd − 1, there exists a bijection

η(p) = [η1,η2, · · · ,ηd]> ∈ {0,1, · · · ,K − 1}d

satisfying
∑d
j=1ηjK

j−1 = p. We also define

ξp =
fK,m∗(η(p)/K) +C2(d)

2C2(d)
∈ [0,1],

where |fK,m∗ | < C2(d) := 1 + C1(d)CE . Then, due to Lemma 3.82, there exists a deep

ReLU network ϕ̃ with width 16(N +1)log2(8N ) and depth (5L+2)log2(4L) such that
|ϕ̃(p)− ξp | ≤ (NL)−2 for p = 0,1, · · · ,Kd − 1. Let us define

ϕ(x) := 2C2(d)ϕ̃
(∑d

j=1
ηjK

j
)
−C2(d).

Then it is clear that

|ϕ(η(p)/N )− fK,m∗(η(p)/N )| = 2C2(d)|ϕ̃(x)− ξp | ≤ 2C2(d)(NL)
−2.

Furthermore, letψm∗(x) := ϕ◦ϕ2(x) for any x ∈Ωm∗ . Sinceψm∗−fK,m∗ is a step function
whose first-order weak derivative is 0 over Ωm∗ , then it implies that

‖ψm∗ − fK,m∗‖W 1,∞(Ωm∗ )
= ‖ψm∗ − fK,m∗‖L∞(Ωm∗ )

≤ 2C2(d)(NL)
−2.
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By the triangle inequalities for ‖ · ‖L∞(Ωm∗ )
and ‖ · ‖W 1,∞(Ωm∗ )

, it is easy to derive that

‖ψm∗ − f ‖W 1,∞(Ωm∗ )
≤ ‖ψm∗ − fK,m∗‖W 1,∞(Ωm∗ )

+ ‖fK,m∗ − f ‖W 1,∞(Ωm∗ )
≲ 1,

‖ψm∗ − f ‖L∞(Ωm∗ )
≤ ‖ψm∗ − fK,m∗‖L∞(Ωm∗ )

+ ‖fK,m∗ − f ‖L∞(Ωm∗ )
≲ (NL)−2/d .

Lastly, we calculate the width and depth of the deep ReLU network to implement ψm∗ =
ϕ ◦ϕ2. Because that ϕ has width O(N logN ) and depth O(L logL) and ϕ2 has width
O(N ) and depthO(L), the deep ReLUnetwork ofψm∗ is constructedwithwidthO(N logN )

and depth O(L logL). This completes the proof.

Proof of Lemma 3.49. We proceed in a similar way as the proof of Yang et al. [2023, The-
orem 3]. By Lemma 3.54, there exists a sequence of deep ReLU networks {ϕm}m∈{1,2}d

such that for any m ∈ {1,2}d ,

‖ϕm − gm‖W 1,∞((0,1)d ) ≤ 50d5/2(N +1)−4dL.

Each ϕm is implemented by a deep ReLU network with widthO(dN ) and depthO(d2L).
By Lemma 3.56, there exists a collection of deep ReLU networks {ψm}m∈{1,2}d such that

for any m ∈ {1,2}d ,

‖ψm − f ‖W 1,∞(Ωm) ≲ 1, ‖ψm − f ‖L∞(Ωm) ≲ (NL)−2/d ,

where we omit constants in d . Each ψm is implemented by a deep ReLU network with
width O(N logN ) and depth O(L logL). Before proceeding, it is useful to estimate
‖ϕm‖L∞(Ωm), ‖ϕm‖W 1,∞(Ωm), ‖ψm‖L∞(Ωm), and ‖ψm‖W 1,∞(Ωm) as follows

‖ϕm‖L∞(Ωm) ≤ ‖ϕm‖L∞([0,1]d ) ≤ ‖gm‖L∞([0,1]d ) + ‖ϕm − gm‖L∞([0,1]d )

≤ 1+50d5/2 ≲ d5/2,

‖ϕm‖W 1,∞(Ωm) ≤ ‖ϕm‖W 1,∞([0,1]d ) ≤ ‖gm‖W 1,∞([0,1]d ) + ‖ϕm − gm‖W 1,∞([0,1]d )

≤ 4bN1/dc2bL2/dc+50d5/2,

‖ψm‖L∞(Ωm) ≤ ‖f ‖L∞(Ωm) + ‖ψm − f ‖L∞(Ωm) ≲ 1,

‖ψm‖W 1,∞(Ωm) ≤ ‖f ‖W 1,∞([0,1]d ) + ‖ψm − f ‖W 1,∞([0,1]d ) ≲ 1.

Let B1 := maxm∈{1,2}d {‖ϕm‖L∞(Ωm),‖ψm‖L∞(Ωm)}, then it yields that B1 ≲ d5/2 by the es-
timates of ‖ϕm‖L∞(Ωm) and ‖ψm‖W 1,∞(Ωm). LetB2 := maxm∈{1,2}d {‖ϕm‖W 1,∞(Ωm),‖ψm‖W 1,∞(Ωm)}.
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Similarly, it yields that B2 ≲ (NL)2/d + d5/2. By Lemma 3.75, for any N,L ∈N, there
exists a deep ReLU network ϕ×,B1 with width 15(N + 1) and depth 16L such that

‖ϕ×,B1‖W 1,∞((−B1,B1)2) ≤ 12B21 and

‖ϕ×,B1(x,y)− xy‖W 1,∞((−B1,B1)2) ≤ 6B21(N +1)−8L.

To obtain a global estimate on [0,1]d , we combine the local estimate {ψm}m∈{1,2}d and the
approximate partition of unity {ϕm}m∈{1,2}d . Let us construct the global approximation
function ϕ by

ϕ(x) :=
∑

m∈{1,2}d
ϕ×,B1(ϕm(x),ψm(x)). (3.30)

Next, we bound the error of the global approximation estimate by

‖f −ϕ‖L∞([0,1]d ) =‖
∑

m∈{1,2}d
gmf −ϕ‖W 1,∞((0,1)d )

≤‖
∑

m∈{1,2}d
[gmf −ϕmψm]‖L∞([0,1]d )︸                                       ︷︷                                       ︸

=:R1

+‖
∑

m∈{1,2}d
[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖L∞([0,1]d )︸                                                            ︷︷                                                            ︸

=:R2

and

‖f −ϕ‖W 1,∞((0,1)d ) =‖
∑

m∈{1,2}d
gmf −ϕ‖W 1,∞((0,1)d )

≤‖
∑

m∈{1,2}d
[gmf −ϕmψm]‖W 1,∞((0,1)d )︸                                          ︷︷                                          ︸

=:R3

+‖
∑

m∈{1,2}d
[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖W 1,∞((0,1)d )︸                                                               ︷︷                                                               ︸

=:R4

.
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It remains to bound R1,R2,R3, and R4, respectively. For the term R1, it holds

R1 ≤
∑

m∈{1,2}d
‖gmf −ϕmψm‖L∞([0,1]d )

≤
∑

m∈{1,2}d

[
‖(gm −ϕm)f ‖L∞([0,1]d ) + ‖ϕm(f −ψm)‖L∞([0,1]d )

]
=

∑
m∈{1,2}d

[
‖(gm −ϕm)f ‖L∞([0,1]d ) + ‖ϕm(f −ψm)‖L∞(Ωm)

]
≤

∑
m∈{1,2}d

[
‖gm −ϕm‖L∞([0,1]d )‖f ‖L∞([0,1]d ) + ‖ϕm‖L∞(Ωm)‖f −ψm‖L∞(Ωm)

]
≤

∑
m∈{1,2}d

[
‖gm −ϕm‖W 1,∞([0,1]d )‖f ‖W 1,∞([0,1]d ) + ‖ϕm‖L∞(Ωm)‖f −ψm‖L∞(Ωm)

]
≤ 2d[50d5/2(N +1)−4dL + (1+50d5/2)(NL)−2/d]

≲ (NL)−2/d ,

where we use (NL)2/d ≤ (N +1)4dL to derive the last inequality and omit a prefactor in
d . For the term R3, it holds

R3 ≤
∑

m∈{1,2}d
‖gmf −ϕmψm‖W 1,∞((0,1)d )

≤
∑

m∈{1,2}d

[
‖(gm −ϕm)f ‖W 1,∞((0,1)d ) + ‖ϕm(f −ψm)‖W 1,∞((0,1)d )

]
=

∑
m∈{1,2}d

[
‖(gm −ϕm)f ‖W 1,∞((0,1)d ) + ‖ϕm(f −ψm)‖W 1,∞(Ωm)

]
≤

∑
m∈{1,2}d

[
‖gm −ϕm‖W 1,∞((0,1)d )‖f ‖W 1,∞((0,1)d )

+ ‖ϕm‖W 1,∞(Ωm)‖f −ψm‖L∞(Ωm) + ‖ϕm‖L∞(Ωm)‖f −ψm‖W 1,∞(Ωm)

]
≲ 2d[50d5/2(N +1)−4dL + (4bN1/dc2bL2/dc+50d5/2)(NL)−2/d + (1+50d5/2)]

≲ 1,

where we use (NL)2/d ≤ (N +1)4dL to derive the last inequality and omit a prefactor in
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d . For the terms R2 and R4, it holds

R2 ≤R4

≤
∑

m∈{1,2}d
‖[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖W 1,∞((0,1)d )

≤
∑

m∈{1,2}d
‖[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖W 1,∞(Ωm)

≤
∑

m∈{1,2}d
2
√
dmax

{
‖ϕ×,B1(x,y)− xy‖L∞((−B1,B1)2),

|ϕ×,B1(x,y)− xy|W 1,∞((−B1,B1)2) ×max{|ϕm|W 1,∞(Ωm), |ψm|W 1,∞(Ωm)}
}

≤
∑

m∈{1,2}d
2
√
d‖ϕ×,B1(x,y)− xy‖W 1,∞((−B1,B1)2)

×max{‖ϕm‖W 1,∞(Ωm),‖ψm‖W 1,∞(Ωm)}

≤
∑

m∈{1,2}d
12
√
dB21(N +1)−8LB2

≲ 2d
√
dd5(N +1)−8L((NL)2/d + d5/2)

≲ 2d
√
dd5(d5/2(NL)2/d)(N +1)−8L

≲ (NL)2/d(N +1)−8L

≲ (NL)−2/d ,

where we use (NL)2/d ≤ (N +1)4L in the last inequality and omit constants depending
only on d . Combining the estimates of R1,R2,R3, and R4, we have

‖f −ϕ‖L∞([0,1]d ) ≤R1 +R2 ≲ (NL)−2/d

and

‖f −ϕ‖W 1,∞([0,1]d ) ≤R3 +R4 ≲ 1+ (NL)−2/d ≲ 1.

It is easy to see

‖ϕ‖W 1,∞([0,1]d ) ≤ ‖f ‖W 1,∞([0,1]d ) + ‖f −ϕ‖W 1,∞([0,1]d ) ≲ 1.

Lastly, we calculate the complexity of the constructed deep ReLU networkϕ in (3.30).
By the definition of ϕ in (3.30), we know that ϕ consists of O(2d) parallel subnetworks
listed as follows:

108



t

ψ
(
3M

(
t− m

M

))
ψ
(
3M

(
t− m+1

M

))

m
M

m+1
M

1
3M

Figure 3.2. Functions ϕm(t) and ϕm+1(t) for defining a partition of unity.

• ϕ×,B1 with width O(N ) and depth O(L);

• ϕm with width O(dN ) and depth O(d2L);

• ψm with width O(N logN ) and depth O(L logL).

Hence, the deep ReLU network implementing the function ϕ has width O(2ddN logN )

and depth O(d2L logL).

Proof of Corollary 3.50. The proof is completed by employing Lemma 3.49 on

f̄ := f /‖f ‖W 1,∞((0,1)d ).

Approximation in time with Lipschitz regularity

To handle the singularity of the velocity field in time, we develop a new approximation
result to approximate the velocity field in time.

Lemma 3.57. Given any f ∈W 1,∞((0,1))with ‖f ‖W 1,∞((0,1)) ≤∞, for anyM ∈N, there

exists a function ξ implemented by a deep ReLU network with widthO(M) and depthO(1)

such that |ξ |W 1,∞((0,1)) ≲ |f |W 1,∞((0,1)) and

‖ξ − f ‖L∞([0,1]) ≲ |f |W 1,∞((0,1))/M.

Proof. The proof consists of two steps. We start with the construction of a continuous
piecewise linear function for approximating 1-Lipschitz functions, which shall be imple-
mented by a deep ReLU network. After that, we establish the global Lipschitz continuity
of the constructed deep ReLU network, in addition to the approximation bounds in the
L∞([0,1]) norm.
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Step 1. We construct a partition of unity following Yarotsky [2017, Proof ofTheorem
1]. Let M ∈ N and m ∈ {0,1, · · · ,M}. We collect a set of functions {ϕm}Mm=0 that are
defined as follows: for any t ∈ [0,1], let

ϕm(t) := ψ
(
3M

(
t − m

M

))
with ψ(z) =


1, |z| < 1,
0, |z| > 2,
2− |z|, 1 ≤ |z| ≤ 2,

(3.31)

that satisfies
∑M
m=0ϕm(t) = 1. It implies that {ϕm}Mm=0 forms a partition of unity on

the domain [0,1]. We plot ϕm and ϕm+1 in Figure 3.2. As in Chen et al. [2020, Proof
of Lemma 10], for each m ∈ {0,1, · · · ,M}, we consider a piecewise constant function
fm := f (m/M). Actually, the piecewise constant approximation is specially the zero-
degree Taylor polynomial for the function f at x = m/M in Yarotsky [2017, Proof of
Theorem 1]. We claim that

f̃ (t) :=
M∑
m=0

ϕm(t)fm (3.32)

provides an approximation of f , and the approximation error is evaluated by

‖f̃ − f ‖L∞([0,1]) = sup
t∈[0,1]

∣∣∣∣∑M

m=0
ϕm(t)[fm − f (t)]

∣∣∣∣
= sup
t∈[0,1]

∣∣∣∣∑|t− mM |≤
2

3M
ϕm(t)[f (m/M)− f (t)]

∣∣∣∣
≤ 2
3M
|f |W 1,∞((0,1)),

where the Lipschitz continuity of f is used in the inequality. It is clear that f̃ can be
implemented with a deep ReLU network.

Step 2. We establish the global Lipschitz continuity of f̃ . Notice that for any t, s ∈
[0,1],

|f̃ (t)− f̃ (s)| ≤ |f̃ (t)− f (t)|+ |f (t)− f (s)|+ |f (s)− f̃ (s)|

≤ 2‖f̃ − f ‖L∞([0,1]) + |f |W 1,∞((0,1))|t − s|

≤ 4
3M
|f |W 1,∞((0,1)) + |f |W 1,∞((0,1))|t − s|.

(1) If |t − s| ≥ 1
3M , it is clear that |f̃ (t)− f̃ (s)| ≤ 5|f |W 1,∞((0,1))|t − s|.
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(2) If |t − s| < 1
3M , we try to directly bound the difference

|f̃ (t)− f̃ (s)| =
∣∣∣∣∑M

m=0
[ϕm(t)−ϕm(s)]fm

∣∣∣∣
=

∣∣∣∣∑M

m=0
[ψ (3Mt − 3m)−ψ (3Ms − 3m)] fm

∣∣∣∣ =: E .
Next, we focus on bounding E . Without loss of generality, we assume s > t. Considering
|t − s| < 1

3M , we deduce that s ∈ (t, t + 1
3M ). From Figure 3.2, we can observe that there

exist at most two numbersm = m̃ ∈ {0,1, · · · ,M} orm = m̄ := m̃+1 such that ψ(3Mt −
3m) . 0 or ψ(3Ms − 3m) . 0. It follows that

E =
∣∣∣[ψ (3Mt − 3m̃)−ψ (3Ms − 3m̃)] fm̃

+ [ψ (3Mt − 3m̄)−ψ (3Ms − 3m̄)] fm̄
∣∣∣

=
∣∣∣[ψ (3Mt − 3m̃)−ψ (3Ms − 3m̃)] fm̃

+ [(1−ψ (3Mt − 3m̃))− (1−ψ (3Ms − 3m̃))] fm̄
∣∣∣

=
∣∣∣[ψ (3Mt − 3m̃)−ψ (3Ms − 3m̃)] (fm̃ − fm̄)

∣∣∣
≤ |fm̃ − fm̄| ·

∣∣∣ψ (3Mt − 3m̃)−ψ (3Ms − 3m̃)
∣∣∣

≤ 1
M
|f |W 1,∞((0,1))

∣∣∣ψ (3Mt − 3m̃)−ψ (3Ms − 3m̃)
∣∣∣

= 3|f |W 1,∞((0,1))|t − s|.

Hence, if |t − s| < 1
3M , it holds that |f̃ (t)− f̃ (s)| ≤ 3|f |W 1,∞((0,1))|t − s|.

To sum up, for any t, s ∈ [0,1], it holds that |f̃ (t)− f̃ (s)| ≤ 5|f |W 1,∞((0,1))|t − s|. It is

easy to see from (3.32) that the deep ReLU network implementing f̃ has width O(M)

and depth O(1). Then we complete the proof.

Time-space approximation

In the subsection, we construct a time-space approximation while keeping the Lipschitz
regularity both in the space variable and in the time variable.

Lemma 3.58 (Clipping functions). Given A > 0, we define βA : R→ [−A,A] by

βA(z) :=


−A, z ∈ (−∞,−A),
z, z ∈ [−A,A],
A, z ∈ (A,∞).
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Figure 3.3. The clipping function βA.

There exists a clipping function CA : Rd → [−A,A]d at levelA implemented by a deep ReLU

network with width O(d) and depth O(1) such that for any x = [x1,x2, · · · ,xd]> ∈ Rd ,

CA(x) = [βA(x1),βA(x2), · · · ,βA(xd)]>.

Proof. It is clear that CA(x) = ϱ(x + A1d) − ϱ(x − A1d) − A1d where ϱ : Rd → Rd is
the ReLU function. This expression implies that the clipping function CA can be imple-
mented by a deep ReLU network with width O(d) and depth O(1).

The main idea of the time-space approximation on [0,1−t]×Rd is based on Lemmas
3.49, 3.57, and 3.58.

Proof of Theorem 3.31. We derive a time-space approximation v̄ of the velocity field v∗

on the domainΩt,A = [0,1−t]× [−A,A]d and bound the Lipschitz constants of v̄ on the

domain [0,1− t]×Rd .

First of all, we use the clipping function C defined in Lemma 3.58 to clip the support
of the space variable, that is, for each x ∈ Rd , we have C(x) ∈ [−A,A]d . We only need
to consider approximation in x on the domain [−A,A]d .

Then we can employ the mappings t̃ = T1(t) := t/(1 − t) and x̃ = T2(x) := (x +

A1d)/(2A) to transform the domain Ωt,A into the domain [0,1]d+1. When the domain

[0,1 − t] ×Rd is considered, the transformed domain is [0,1] ×Rd . Notice that both
mappings are invertible and can be implemented by deep ReLU networks. We denote
their inverse functions as t = T −11 (t̃) and x = T −12 (x̃). We further define a new velocity

field v� by v�(t̃, x̃) := v∗(T −11 (t̃),T −12 (x̃)) for any (t̃, x̃) ∈ [0,1] × Rd . It is clear that

v∗(t,x) = v�(T1(t),T2(x)) for any (t,x) ∈ [0,1− t]×Rd . According to Theorem 3.26, the
new velocity field v� satisfies
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(1) For any s̃, t̃ ∈ [0,1] and x̃ ∈ Rd , ‖v�(t̃, x̃)− v�(s̃, x̃)‖∞ ≲ t−2|t̃ − s̃|;

(2) For any x̃, ỹ ∈ Rd and t̃ ∈ [0,1], ‖v�(t̃, x̃)− v�(t̃, ỹ)‖∞ ≲ A‖x̃ − ỹ‖∞;

(3) ‖v�‖L∞([0,1]d+1) ≲ A,

where we omit constants in d,κ,β,σ ,R.

In the following, we construct a time-space approximation of the new velocity field
v� on the transformed domain [0,1]d+1 using deep ReLUnetworks. Let v� = [v�1 , v

�
2 , · · · , v

�
d ]
>.

Given M ∈N, we uniformly partition the unit interval [0,1] into M non-overlapping
sub-intervals with length 1/M . Let {ϕj(t̃)}Mj=0 form a partition of unity on [0,1] with

the same definition as (3.31) in the proof of Lemma 3.57. For each i ∈ {1,2, · · · ,d}, we
define a time approximation of v�i by

ṽi(t̃, x̃) :=
∑M

j=0
v�i (j/M, x̃)ϕj (t̃) .

Let ṽ := [ṽ1, ṽ2, · · · , ṽd]>. Due to Lemma 3.57, for any x̃ ∈ [0,1]d , it holds that

|ṽ(·, x̃)|W 1,∞((0,1);Rd ) ≲ |v�(·, x̃)|W 1,∞((0,1);Rd ) ≲ t
−2.

For i = 1,2, · · · ,d and j = 0,1, · · · ,M , let ζij (x̃) be a space approximation of v�i (j/M, x̃)
implemented by a deep ReLU network constructed in Lemma 3.49. Then it holds that
maxi,j ‖ζij‖W 1,∞((0,1)d ) ≲ A. By Lemma 3.76, we can construct a deep ReLU network
ϕ×,(B3,B4) with width 15(N +1) and depth 8L to approximate the product function such
that ‖ϕ×,(B3,B4)‖W 1,∞((−B3,B3)×(−B4,B4)) ≤ 12B3B4,

‖ϕ×,(B3,B4)(x,y)− xy‖W 1,∞((−B3,B3)×(−B4,B4)) ≤ 6B3B4(N +1)−4L, (3.33)

and

ϕ×,(B3,B4)(x,0) =
∂ϕ×,(B3,B4)(x,0)

∂x
= 0 for x ∈ (−B3,B3). (3.34)

Using the same partition of unity {ϕj(t̃)}Mj=0 on [0,1], we define a time-space approxi-

mation of v�i for each i ∈ {1,2, · · · ,d} by

v
♮
i (t̃, x̃) :=

∑M

j=0
ϕ×,(B3,B4)

(
ζij (x̃),ϕj (t̃)

)
, (3.35)

which can be implemented with a deep ReLU network. We choose the parametersB3,B4
such that B3 �maxi,j ‖ζij‖L∞([0,1]d ) ≲ A and B4 �maxj ‖ϕj‖L∞([0,1]) ≲ 1.
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Claim 3.59. There are at most two nonzero terms in the summation (3.35) defining the

time-space approximation function v♮i .

This claim holds because for any t̃ ∈ [0,1], there are at most two indexes j’s from
{0,1,2, · · · ,M} such that ϕj(t̃) is nonzero according to the definition of the partition of

unity {ϕj(t̃)}Mj=0. Then our claim follows from the property (3.34) of the approximation

product function ϕ×,(B3,B4).

Before we study the properties of v♮i , we introduce a surrogate function v̌i defined
by

v̌i(t̃, x̃) :=
∑M

j=0
ζij (x̃)ϕj (t̃) .

The function v̌i will be useful to study the approximation capacity and the regularity of

v
♮
i . We derive the approximation rate and the regularity properties of v̌i in the following.

Due to Lemma 3.49, for any x̃ ∈ [0,1]d , i = 1,2, · · · ,d , and j = 0,1, · · · ,M , we have

|ζij (x̃)− v�i (j/M, x̃) | ≲ A(NL)
−2/d .

We evaluate the approximation error of v̌i by the following error decomposition:

‖v̌i − v�i ‖L∞([0,1]d+1) ≤ ‖v̌i − ṽi‖L∞([0,1]d+1)︸                ︷︷                ︸
=:E1i

+‖ṽi − v�i ‖L∞([0,1]d+1)︸                 ︷︷                 ︸
=:E2i

. (3.36)

By Lemma 3.49, we bound E1i by

E1i ≤
∥∥∥∥∑M

j=0

[
ζij (x̃)− v�i (j/M, x̃)

]
ϕj (t̃)

∥∥∥∥
L∞([0,1]d+1)

≤max0≤j≤M ‖ζij (x̃)− v�i (j/M, x̃)‖L∞([0,1]d )

≲max0≤j≤M ‖v�i (j/M, x̃)‖W 1,∞((0,1)d )(NL)
−2/d

≲ A(NL)−2/d . (3.37)

By Lemma 3.57, we bound E2i by

E2i ≲ sup
x̃∈[0,1]d

|v�i (·, x̃)|W 1,∞((0,1))/M ≲ t−2M−1. (3.38)

Combining (3.36), (3.37), and (3.38), we have

‖v̌i − v�i ‖L∞([0,1]d+1) ≲ A(NL)
−2/d + t−2M−1.
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Suppose that (NL)2/d � t2M , and it yields that for i = 1,2, · · · ,d ,

‖v̌i − v�i ‖L∞([0,1]d+1) ≲ A(NL)
−2/d .

Let v̌ := [v̌1, v̌2, · · · , v̌d]>. We have the approximation power of v̌ evaluated by

‖v̌ − v�‖L∞([0,1]d+1) ≲ A(NL)−2/d . (3.39)

Moreover, the Lipschitz continuity of v̌ in t̃ and x̃ can be verified. Concretely, we
have the Lipschitz estimate in the space variable x̃: for any x̃, ỹ ∈ [0,1]d and t̃ ∈ [0,1],

‖v̌(t̃, x̃)− v̌(t̃, ỹ)‖∞ ≤max1≤i≤d
∥∥∥∥∑M

j=0
[ζij (x̃)− ζij (ỹ)]ϕj (t̃)

∥∥∥∥∞
≤max1≤i≤d, 0≤j≤M ‖ζij (x̃)− ζij (ỹ)‖∞

≤max1≤i≤d, 0≤j≤M ‖ζij‖W 1,∞((0,1)d ) · ‖x̃ − ỹ‖∞

≲ ‖v�‖W 1,∞((0,1)d ;Rd ) · ‖x̃ − ỹ‖∞

≲ A‖x̃ − ỹ‖∞,

It is somewhat tedious to derive the Lipschitz estimate in the time variable t̃. For any
s̃, t̃ ∈ [0,1] and x̃ ∈ [0,1]d ,

‖v̌(t̃, x̃)− v̌(s̃, x̃)‖∞

≤ ‖v̌(t̃, x̃)− ṽ(t̃, x̃)‖∞ + ‖ṽ(t̃, x̃)− ṽ(s̃, x̃)‖∞ + ‖ṽ(s̃, x̃)− v̌(s̃, x̃)‖∞

≤ 2 sup
ϑ∈[0,1]

‖v̌(ϑ,x̃)− ṽ(ϑ,x̃)‖∞ + |ṽ(·, x̃)|W 1,∞((0,1);Rd )|t̃ − s̃|

≤ 2max1≤i≤d E1i + |ṽ(·, x̃)|W 1,∞((0,1);Rd )|t̃ − s̃|

≲ A(NL)−2/d + t−2|t̃ − s̃|.

Considering (NL)2/d � t2M , we deduce that

‖v̌(t̃, x̃)− v̌(s̃, x̃)‖∞ ≲ At−2M−1 + t−2|t̃ − s̃|.

Then we consider two cases for bounding ‖v̌(t̃, x̃)− v̌(s̃, x̃)‖∞.
Case 1. If |t̃ − s̃| ≥ 1

3M , it is clear that ‖v̌(t̃, x̃)− v̌(s̃, x̃)‖∞ ≲ At−2|t̃ − s̃|.

Case 2. If |t̃ − s̃| < 1
3M , for any i ∈ {1,2, · · · ,d}, we try to bound the difference

|v̌i(t̃, x̃)− v̌i(s̃, x̃)|

=
∣∣∣∣∑M

j=0
ζij (x̃)

[
ϕj (t̃)−ϕj (s̃)

] ∣∣∣∣
=

∣∣∣∣∑M

j=0
ζij (x̃) [ψ (3Mt̃ − 3j)−ψ (3Ms̃ − 3j)]

∣∣∣∣ =: E3.
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Then, we focus on bounding E3. Without loss of generality, we assume t̃ < s̃. The
remaining calculation is similar to the proof of Lemma 3.57. Letm = m̃ ∈ {0,1, · · · ,M} or
m = m̄ := m̃+1 be two possible numbers satisfyingψ(3Mt̃−3m) . 0 orψ(3Ms̃−3m) .

0. Then it holds that

E3 =
∣∣∣[ψ (3Mt̃ − 3m̃)−ψ (3Ms̃ − 3m̃)]ζim̃(x̃)

+ [ψ (3Mt̃ − 3m̄)−ψ (3Ms̃ − 3m̄)]ζim̄(x̃)
∣∣∣

=
∣∣∣[ψ (3Mt̃ − 3m̃)−ψ (3Ms̃ − 3m̃)]ζim̃(x̃)

+ [(1−ψ (3Mt̃ − 3m̃))− (1−ψ (3Ms̃ − 3m̃))]ζim̄(x̃)
∣∣∣

=
∣∣∣[ψ (3Mt̃ − 3m̃)−ψ (3Ms̃ − 3m̃)] [ζim̃(x̃)− ζim̄(x̃)]

∣∣∣
≤ |ζim̃(x̃)− ζim̄(x̃)|

∣∣∣ψ (3Mt̃ − 3m̃)−ψ (3Ms̃ − 3m̃)
∣∣∣

≤ 3M |ζim̃(x̃)− ζim̄(x̃)| · |t̃ − s̃|.

We bound the term |ζim̃(x̃)− ζim̄(x̃)| by

|ζim̃(x̃)− ζim̄(x̃)|

≤ |ζim̃(x̃)− v�i (m̃/M, x̃) |+ |v
�
i (m̃/M, x̃)− v

�
i (m̄/M, x̃) |

+ |v�i (m̄/M, x̃)− ζim̄(x̃)|

≲ A(NL)−2/d + t−2M−1.

Recall that (NL)2/d � t2M . It implies that |ζim̃(x̃) − ζim̄(x̃)| ≲ At−2M−1. Therefore, if
|t̃ − s̃| < 1

3M , it holds that

|v̌i(t̃, x̃)− v̌i(s̃, x̃)| ≤ 3M |ζim̃(x̃)− ζim̄(x̃)| |t̃ − s̃| ≲ At−2|t̃ − s̃|.

We summarize the Lipschitz properties of v̌ as follows:

|v̌(·, x̃)|W 1,∞((0,1);Rd ) ≲ At
−2, |v̌(t̃, ·)|W 1,∞((0,1)d ;Rd ) ≲ A.

Let v♮ := [v♮1, v
♮
2, · · · , v

♮
d]
>. We use the approximation rate of v̌ to derive that of v♮.

By the triangle inequality, it holds that

‖v♮ − v�‖L∞([0,1]d+1)

≤‖v♮ − v̌‖L∞([0,1]d+1) + ‖v̌ − v�‖L∞([0,1]d+1)

≲A(N +1)−4L +A(NL)−2/d (By Claim 3.59, Eq. (3.33), and Eq. (3.39))

≲A(NL)−2/d (By (NL)2/d ≤ (N +1)4L for any N,L ∈N).
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Thus, the approximation rate of v♮ is given by

‖v♮ − v�‖L∞([0,1]d+1) ≲ A(NL)−2/d . (3.40)

Then we study the Lipschitz properties of v♮. By Lemma 3.73 and Claim 3.59, it holds
that

|v♮(·, x̃)− v̌(·, x̃)|W 1,∞((0,1);Rd )

=max
i
|v♮i (·, x̃)− v̌i(·, x̃)|W 1,∞((0,1))

=max
i

∣∣∣∣∑M

j=0
ϕ×,(B3,B4)

(
ζij (x̃),ϕj(·)

)
−
∑M

j=0
ζij (x̃)ϕj(·)

∣∣∣∣
W 1,∞((0,1))

≲max
i
|ϕ×,(B3,B4)(x,y)− xy|W 1,∞((−B3,B3)×(−B4,B4)) · |ϕj |W 1,∞((0,1))

≲AM(N +1)−4L ≲ At−2(NL)2/d(N +1)−4L (By (NL)2/d � t2M)

≲At−2 (By (NL)2/d ≤ (N +1)4L for any N,L ∈N).

By the triangle inequality, the Lipschitz property of v♮ in the time variable t̃ is evaluated
by

|v♮(·, x̃)|W 1,∞((0,1);Rd )

≤|v♮(·, x̃)− v̌(·, x̃)|W 1,∞((0,1);Rd ) + |v̌(·, x̃)|W 1,∞((0,1);Rd )

≲At−2 +At−2 ≲ At−2.

By Lemma 3.73 and Claim 3.59, we derive the Lipschitz property of v♮ in the space
variable x̃ as follows

|v♮(t̃, ·)|W 1,∞((0,1)d )

=max
i
|v♮i (t̃, ·)|W 1,∞((0,1)d )

=max
i

∣∣∣∣∑M

j=0
ϕ×,(B3,B4)

(
ζij (·),ϕj(t̃)

) ∣∣∣∣
W 1,∞((0,1)d )

≲max
i

{
|ϕ×,(B3,B4)(·, y)|W 1,∞((−B3,B3)) ·max

j
|ζij |W 1,∞((0,1)d )

}
≲A2.

We claim that v̄(t,x) := v♮(T1(t),T2 ◦ CA(x)) provides a good approximation of the
velocity field v∗ on the domainΩt,A, and v̄ can be implemented by a deep ReLU network.
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According to the error bound (3.40), the approximation rate of v̄ is given by

‖v̄(t,x)− v∗(t,x)‖L∞(Ωt,A) ≲ A
2(NL)−2/d ,

where we omit constants in d,κ,β,σ ,R. Furthermore, we need to estimate the Lipschitz
constants of v̄. Here, we use Lemma 3.73 to calculate the Sobolev semi-norms of the
composite functions:

|v̄(·,x)|W 1,∞((0,1−t);Rd ) ≲ |v♮(·,T2 ◦ CA(x))|W 1,∞((0,1);Rd )|T1|W 1,∞((0,1−t);(0,1)) ≲ At
−2,

|v̄(t, ·)|W 1,∞(Rd ;Rd ) ≲ |v♮(T1(t), ·)|W 1,∞((0,1)d ;Rd )|T2|W 1,∞((−A,A)d ;Rd )|CA|W 1,∞(Rd ;[−A,A]d ) ≲ A.

In addition, we have the L∞ bound ‖v̄‖L∞([1−t]×Rd ) ≲ A.

In the end, it remains to calculate the complexity of the deep ReLU network imple-
menting v̄. By the definition of v♮ in (3.35), we know that v♮ consists ofO(t−2d(NL)2/d)
parallel subnetworks listed as follows:

• ϕ×,(B3,B4) with width O(N ) and depth O(L);

• ζij with width O(2ddN logN ) and depth O(d2L logL);

• ϕj with width O(1) and depth O(1).

Hence, the deep ReLU network implementing v♮ has widthO(t−22dd2(NL)2/dN logN )

and depth O(d2L logL). By omitting polynomial prefactors in d , we obtain that the
deep ReLU network implementing the function v̄ has width O(t−22d(NL)2/dN logN ),
depth O(L logL), and size O(t−24d (NL)2/d(N logN )2L logL).

3.8.3 Error analysis of flow matching

In the section, we present proofs for error analyses of flow matching.

Basic error decomposition

We present the proof of Lemma 3.29.

Proof of Lemma 3.29. We follow the proof of Jiao et al. [2023a, Lemma 3.1]. Due to that
v∗ is the minimizer of L, direct calculation implies

EDn
E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22 = EDn

[L(v̂n)−L(v∗)].
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Since v̂n is the minimizer of the empirical risk, for any v† ∈ arginfv∈FnE(t,Xt)‖v(t,Xt)−

v∗(t,Xt)‖22, it holds that

Ln(v̂n)−Ln(v∗) ≤ Ln(v†)−Ln(v∗).

Taking expectations overDn on both sides, it yields that

EDn
[Ln(v̂n)−L(v∗)] ≤ L(v†)−L(v∗) = inf

v∈Fn
E(t,Xt)‖v(t,Xt)− v∗(t,Xt)‖22. (3.41)

Using the inequality equation 3.41, we deduce that

EDn
E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22 = EDn

[L(v̂n)−L(v∗)]

≤ EDn
[L(v̂n)−L(v∗)]− 2EDn

[Ln(v̂n)−L(v∗)] + 2 inf
v∈Fn

E(t,Xt)‖v(t,Xt)− v∗(t,Xt)‖22

≤ EDn
[L(v∗)− 2Ln(v̂n) +L(v̂n)] + 2 inf

v∈Fn
E(t,Xt)‖v(t,Xt)− v∗(t,Xt)‖22.

This completes the proof.

Truncation error

The truncation error is well controlled by the fast-decaying tail probability of Xt ∼ pt .
We bound the tail probability in Lemma 3.35 and the truncation error in Lemma 3.36.
For a sub-Gaussian random variable X, we use ‖X‖ψ2

to denote its sub-Gaussian norm.

Proof of Lemma 3.35. Let Xt = [X1
t ,X

2
t , · · · ,Xdt ]>. Similarly, let Z = [Z1,Z2, · · · ,Zd]> and

X1 = [X1
1,X

2
1, · · · ,X

d
1]
>. By the general Hoeffding inequality [Vershynin, 2018, Theorem

2.6.3], for any 1 ≤ i ≤ d , we bound the tail probability of Xit by

P(|Xit | > A) = P(|(1− t)Zi + tXi1| > A) ≤ 2exp
(
−C1A

2

K2
1

)
,

where C1 is a universal constant and K1 := ‖Z1‖ψ2
∨max1≤i≤d ‖Xi1‖ψ2

with Z1 ∼ γ1.

According to Remark 3.11, K1 �
√
CLSI is finite with dependence on parameters in S1.

By the union bound, it further yields

P(Xt ∈Ωc
A) = P(∃1 ≤ i ≤ d : |Xit | > A) ≤

d∑
i=1

P(|Xit | > A) ≤ 2d exp
(
−C2A

2

CLSI

)
,

where C2 is a universal constant and CLSI depends on parameters in S1. This tail prob-
ability bound holds uniformly for t ∈ [0,1].
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Proof of Lemma 3.36. We decompose the truncation error by

Etrunc = E(t,Xt)‖[v̄(t,Xt)− v∗(t,Xt)] IdΩc
A
(Xt)‖22

≲ E(t,Xt)‖v̄(t,Xt) IdΩc
A
(Xt)‖22︸                          ︷︷                          ︸

=:E1trunc

+E(t,Xt)‖v
∗(t,Xt) IdΩc

A
(Xt)‖22︸                           ︷︷                           ︸

=:E2trunc

. (3.42)

First, we bound E1trunc. For any A > 0 and t ∈ [0,1− t], it holds that

EXt
‖v̄(t,Xt) IdΩc

A
(Xt)‖22 = EXt

[‖v̄(t,Xt)‖22 IdΩc
A
(Xt)]

≤
(
EXt

[‖v̄(t,Xt)‖42] ·P(Xt ∈Ω
c
A)

)1/2
≲ A2P(Xt ∈Ωc

A)
1/2, (3.43)

where the first inequality follows from the Cauchy-Schwarz inequality, and the second
inequality is due to ‖v̄(t,x)‖L∞([0,1−t]×Rd ) ≲ A given in Theorem 3.31. Combining (3.20)
in Lemma 3.35 and (3.43) above, it follows

E1trunc = E(t,Xt)‖v̄(t,Xt) IdΩc
A
(Xt)‖22 ≲

√
dA2 exp

(
−C3A

2

CLSI

)
, (3.44)

where C3 is a universal constant.
Then, we bound E2trunc. Due to v∗(t,x) = E[X1 − Z|Xt = x], it holds

EXt
‖v∗(t,Xt)‖42 = EXt

‖E[X1 − Z|Xt = x]‖42

≤ EXt
E[‖X1 − Z‖42|Xt = x]

≤ E[‖X1 − Z‖42]

≤ 8E[‖Z‖42] + 8E[‖X1‖42],

where the fourth moments in the last expression are finite by the property of the Gaus-
sian distribution and the sub-Gaussian property of X1. For any A > 0 and t ∈ [0,1− t],
we further bound EXt

‖v∗(t,Xt) IdΩc
A
(Xt)‖22 by

EXt
‖v∗(t,Xt) IdΩc

A
(Xt)‖22 = EXt

[‖v∗(t,Xt)‖22 IdΩc
A
(Xt)]

≤
(
EXt
‖[v∗(t,Xt)‖42] ·P(Xt ∈Ω

c
A)

)1/2
≲ E[‖X1‖42]

1/2 ·P(Xt ∈Ωc
A)

1/2. (3.45)

Combining (3.20) in Lemma 3.35 and (3.45) above, it follows

E2trunc = E(t,Xt)‖v
∗(t,Xt) IdΩc

A
(Xt)‖22 ≲

√
d exp

(
−C3A

2

CLSI

)
, (3.46)
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where we omit the dependence on the fourth moment of the target X1.
Finally, combining (3.42), (3.44), and (3.46), we get

Etrunc ≲
√
dA2 exp

(
−C3A

2

CLSI

)
,

where we omit the dependence on the fourth moment of the target X1. This completes
the proof.

Stochastic error

The stochastic error is known as generalization error in statistical machine learning. In
this part, we study the stochastic error of flow matching with techniques in empirical
processes and present the proof of Lemma 3.38. Before that, we show necessary defini-
tions from the content of empirical processes for establishing bounds of the stochastic
error.

Definition 3.60 (Uniform and empirical covering numbers). Given the samples Xn :=

{Xi}ni=1, we define the empirical L∞ pseudometric ‖ · ‖L∞(Xn) on the samples Xn by

‖f ‖L∞(Xn) := max
1≤i≤n

|f (Xi)|.

A set Fδ is called an empirical L∞ δ-cover of the function class F on the samples Xn if
for each f ∈ F , there exists f ′ ∈ Fδ such that ‖f − f ′‖L∞(Xn) ≤ δ. Furthermore,

N∞(δ,F ,Xn) := inf
{
|Fδ | : Fδ is an empirical L∞ δ-cover of F on Xn

}
is called the empirical L∞ δ-covering number of F on Xn. Given n, the largest L∞ δ-
covering number over samples Xn is referred to as the uniform L∞ δ-covering number
N∞(δ,F ,n) := supXn

N∞(δ,F ,Xn).

Definition 3.61. Let F be a class of functions from a setZ toR. A set {Z1, · · · ,Zm} ⊂ X
is said to be shattered by F if there exist t1, t2, · · · , tm ∈ R such that, for each b ∈ {0,1}m,
there exist a function fb ∈ F satisfying sgn(fb (Zi)− ti) = bi for 1 ≤ i ≤m. We say that
the threshold values t1, t2, · · · , tm witness the shattering.

Definition 3.62 (Pseudo-dimension). Let F be a class of functions from a set Ω to
R. The pseudo-dimension of F , denoted by Pdim(F ), is the maximum cardinality of a
subset of Ω shattered by F .
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Proof of Lemma 3.38. Let Dn = {Si := (Zi ,X1,i , ti)}ni=1 be a random sample from the dis-
tribution of Z,X1, t and D′n := {S′i := (Z′i ,X

′
1,i , t

′
i)}
n
i=1 be another ghost sample indepen-

dent ofDn. We denote that Xti
:= (1−ti)Zi+tiX1,i , X′ti := (1−t′i)Z

′
i+t
′
iX
′
1,i , Yi := X1,i−Zi ,

and Y′i := X′1,i −Z
′
i . DefineD(v,Si) := ‖v(ti ,Xti

)−Yi‖22−‖v∗(ti ,Xti
)−Yi‖22 for any v ∈ Fn

and Si . Notice that

EDn
[L(v∗)− 2Ln(v̂n) +L(v̂n)] = EDn

[1
n

∑n

i=1

(
ED′nD(v̂n,S

′
i)− 2D(v̂n,Si)

)]
. (3.47)

It is clear that the right-hand side of (3.47) defines an asymmetric empirical process. Let
G(v,Si) := ED′nD(v,S

′
i)− 2D(v,Si) for any v ∈ Fn. Then we have

EDn
[L(v∗)− 2Ln(v̂n) +L(v̂n)] = EDn

[1
n

∑n

i=1
G(v̂n,Si)

]
.

Let Bn ≥ B ≥ B ≥ 1 be a positive number that may depend on the sample size n. We
construct a clipping function CBn at level Bn following the definition of clipping func-
tions in Lemma 3.58. Let vBn(t,x) := E[CBn(Y)|Xt = x] be the regression function of the
truncated Y. Similar to the definitions of D(v,Si) and G(v,Si), we define DBn(v,Si) :=

‖v(ti ,Xti
)−CBn(Yi)‖

2
2−‖vBn(ti ,Xti

)−CBn(Yi)‖
2
2 andGBn(v,Si) := ED′nDBn(v,S

′
i)−2DBn(v,Si).

Then for any v ∈ Fn we have

|D(v,Si)−DBn(v,Si)|

=
∣∣∣2〈v(ti ,Xti

)− v∗(ti ,Xti
),CBn(Yi)−Yi〉

+ ‖vBn(ti ,Xti
)−CBn(Yi)‖

2
2 − ‖v

∗(ti ,Xti
)−CBn(Yi)‖

2
2

∣∣∣
≤2

∣∣∣〈v(ti ,Xti
)− v∗(ti ,Xti

),CBn(Yi)−Yi
〉∣∣∣

+
∣∣∣〈vBn(ti ,Xti

)− v∗(ti ,Xti
), vBn(ti ,Xti

) + v∗(ti ,Xti
)− 2CBn(Yi)

〉∣∣∣.
By considering coordinate-wise scalar expressions of the risks, we get

|D(v,Si)−DBn(v,Si)|

≤
∑d

j=1

{
2
∣∣∣[vj(ti ,Xti

)− v∗j (ti ,Xti
)] · [(CBn(Yi))j − (Yi)j ]

∣∣∣
+
∣∣∣[(vBn)j(ti ,Xti

)− v∗j (ti ,Xti
)] · [(vBn)j(ti ,Xti

) + v∗j (ti ,Xti
)− 2(CBn(Yi))j ]

∣∣∣}
≤
∑d

j=1

{
4B

∣∣∣(CBn(Yi))j − (Yi)j ∣∣∣+4Bn
∣∣∣(vBn)j(ti ,Xti

)− v∗j (ti ,Xti
)
∣∣∣}

≤
∑d

j=1

{
4B

∣∣∣(CBn(Yi))j − (Yi)j ∣∣∣+4BnE[|(CBn(Yi))j − (Yi)j |
∣∣∣Xti = Xti

]
}
.
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Note that |(CBn(Yi))j − (Yi)j | ≤ |(Yi)j | Id {|(Yi )j |≥Bn} and Bn ≥ B. Then it follows that

EDn
|D(v,Si)−DBn(v,Si)|

≤EDn

[∑d

j=1

{
4B|(Yi)j | Id {|(Yi)j |≥Bn} +4BnE[|(Yi)j | Id {|(Yi )j |≥Bn}

∣∣∣Xti = Xti
]
}]

≤
∑d

j=1
8BnEDn

[
|(Yi)j | Id {|(Yi )j |≥Bn}

]
≤
∑d

j=1
8BnEDn

[
|(Yi)j |2

]
·P{|(Yi)j | ≥ Bn}.

By Assumption 3.8 and Remark 3.11, the law of Y = X− Z is sub-Gaussian. Then there
exist two constants K1 and K2 such that for each i = 1,2, · · · ,n and j = 1,2, · · · ,d ,

P{|(Yi)j | ≥ Bn} ≤ 2exp
(
−B

2
n

K2
1

)
, EDn

[
|(Yi)j |2

]
≤ 2K2

2 .

The bounds above further imply that

EDn
D(v,Si) ≤EDn

DBn(v,Si) +
∑d

j=1
8BnEDn

[
|(Yi)j |2

]
P(|(Yi)j | ≥ Bn)

≤EDn
DBn(v,Si) + 32dBnK

2
2 exp

(
−B

2
n

K2
1

)
.

Therefore, we conclude that

EDn

[1
n

∑n

i=1
G(v̂n,Si)

]
≤ EDn

[1
n

∑n

i=1
GBn(v̂n,Si)

]
+K3Bn exp

(
−B

2
n

K2
1

)
, (3.48)

where the constant K3 does not depend on n and Bn.

Next, we consider bounding a tail probability of the empirical process. Before pro-
ceeding, we define (DBn)j(v,Si) := [vj(ti ,Xti

)−(CBn(Yi))j ]
2−[(vBn)j(ti ,Xti

)−(CBn(Yi))j ]
2

for any j ∈ {1,2, · · · ,d}. It is clear that DBn(v,Si) =
∑d
j=1(DBn)j(v,Si), and we have the

following tail probability bounds

P
{1
n

∑n

i=1
GBn(v̂n,Si) > t

}
≤P

{
∃v ∈ Fn :

1
n

∑n

i=1
GBn(v,Si) > t

}
=P

{
∃v ∈ Fn : ED′nDBn(v,S

′
i)−

2
n

∑n

i=1
DBn(v,Si) > t

}
≤P

{
∃v ∈ Fn and ∃1 ≤ j ≤ d : ED′n(DBn)j(v,S

′
i)−

2
n

∑n

i=1
(DBn)j(v,Si) >

t
d

}
.
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Note that |(CBn(Y))j | ≤ Bn, ‖(vBn)j‖∞ ≤ Bn, and Bn ≥ B ≥ 1. By Theorem 11.4 of Györfi
et al. [2002] and letting ϵ = 1/2,α = β = t/(2d) in Györfi et al. [2002, Theorem 11.4], it
yields that for each n ≥ 1,

P
{1
n

∑n

i=1
GBn(v̂n,Si) > t

}
≤P

{
∃v ∈ Fn and ∃1 ≤ j ≤ d : ED′n(DBn)j(v,S

′
i)−

2
n

∑n

i=1
(DBn)j(v,Si) >

t
d

}
≤14N∞(t/(80dBn),Fn,n)exp

(
− tn

5136dB4n

)
. (3.49)

Then we use the tail probability bound (3.49) to bound the stochastic error. For any
αn > 0,

EDn

[1
n

∑n

i=1
GBn(v̂n,Si)

]
≤αn +

∫ ∞
αn

P
{1
n

∑n

i=1
GBn(v̂n,Si) > t

}
dt

≤αn +
∫ ∞
αn

14N∞(t/(80dBn),Fn,n)exp
(
− tn

5136dB4n

)
dt

≤αn +
∫ ∞
αn

14N∞(αn/(80dBn),Fn,n)exp
(
− tn

5136dB4n

)
dt

≤αn +14N∞(αn/(80dBn),Fn,n)exp
(
− αnn

5136dB4n

)
5136dB4n

n
.

By choosing αn = log(14N∞(1/n,Fn,n)) ·5136dB4n/n and noticing that αn/(80dBn) ≥
1/n andN∞(1/n,Fn,n) ≥N∞(αn/(80dBn),Fn,n), we obtain that

EDn

[1
n

∑n

i=1
GBn(v̂n,Si)

]
≤
5136dB4n(log(14N∞(1/n,Fn,n)) + 1)

n
. (3.50)

SettingBn � B logn and combining (3.48) and (3.50), the stochastic error is upper bounded
by the covering number of the hypothesis class Fn ⊆NN (S,W,D,B,d +1,d) as

Estoc ≲
d
n
(logn)4B4 logN∞(1/n,Fn,n) (3.51)

where we omit a constant not depending on n or B. By the relationship between the
uniform covering number and the pseudo-dimension of the deep ReLU network class
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Fn [Anthony and Bartlett, 1999, Theorem 12.2], it yields that for n ≥ Pdim(Fn),

N∞(1/n,Fn,n) ≤
(

2eBn2

Pdim(Fn)

)Pdim(Fn)
, (3.52)

where Pdim(Fn) denotes the pseudo-dimension of Fn. By Theorems 3 and 7 of Bartlett
et al. [2019], the pseudo-dimension of the deep ReLUnetwork classFn ⊆NN (S,W,D,B,d+

1,d) satisfies

SD log(S/D) ≲ Pdim(Fn) ≲ SD log(S). (3.53)

Combining (3.51), (3.52), (3.53), and B ≲ A, we complete the proof by showing

Estoc ≲
d
n
(logn)4A4

SD log(S) log(An2).

Balancing errors

We present the proof of Theorem 3.40 for balancing the approximation error and the
stochastic error of flow matching.

Proof of Theorem 3.40. According to Corollary 3.37 and Corollary 3.39, it holds that

Estoc ≲
1
n
A4t−2(NL)2+2/d , Eappr ≲ A2(NL)−4/d +A2 exp(−C3A

2/CLSI)

by omitting a polylogarithmic prefactor inN,L,A,n, a prefactor in log(1/t), and a pref-
actor in d,κ,β,σ ,R. Let NL � (nt2)d/(2d+6) and A � log(logn). Then by Lemma 3.29,
it holds that

EDn
E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22 ≤ Estoc +2Eappr ≲ (nt2)−2/(d+3)

by omitting a polylogarithmic prefactor in n, a prefactor in log(1/t), and a prefactor in
d,κ,β,σ ,R.

3.8.4 Distribution estimation errors

In the section, we provide proofs for bounding distribution estimation errors. The dis-
cretization error is bounded in Lemma 3.19.
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Proof of Lemma 3.19. By the definition of Wasserstein-2 distance, it holds

W2
2 (p̂t , p̃t) ≤

∫
Rd
‖X̂t(x)− X̃t(x)‖22p0(x)dx =: Et .

It suffices to consider the propagation of error Et in time t ∈ [0,1 − t]. Recall that
(X̂t)t∈[0,1−t] is the linear interpolation of (X̂tk )0≤k≤K , thus it is piecewise linear over
[0,1− t]. To ease the arguments, we consider the dynamics of Et over each time subin-
terval [tk−1, tk] for 1 ≤ k ≤ K . For t ∈ [tk−1, tk], it holds that

dEt
dt

=
∫
Rd

2〈v̂n(tk−1, X̂tk−1(x))− v̂n(t, X̃t(x)), X̂t(x)− X̃t(x)〉p0(x)dx

=
∫
Rd

2〈v̂n(tk−1, X̂tk−1(x))− v̂n(t, X̂tk−1(x)), X̂t(x)− X̃t(x)〉p0(x)dx (3.54)

+
∫
Rd

2〈v̂n(t, X̂tk−1(x))− v̂n(t, X̂t(x)), X̂t(x)− X̃t(x)〉p0(x)dx (3.55)

+
∫
Rd

2〈v̂n(t, X̂t(x))− v̂n(t, X̃t(x)), X̂t(x)− X̃t(x)〉p0(x)dx (3.56)

For term (3.54), the basic inequality 2〈a,b〉 ≤ ‖a‖22 + ‖b‖
2
2 and the fact that v̂n is Lt-

Lipschitz continuous in t imply that∫
Rd

2〈v̂n(tk−1, X̂tk−1(x))− v̂n(t, X̂tk−1(x)), X̂t(x)− X̃t(x)〉p0(x)dx

≤
∫
Rd
‖v̂n(tk−1, X̂tk−1(x))− v̂n(t, X̂tk−1(x))‖

2
2p0(x)dx

+
∫
Rd
‖X̂t(x)− X̃t(x)‖22p0(x)dx

≤ dL2t (t − tk−1)2 +Et . (3.57)

Note that X̂t(x) = X̂tk−1(x)+(t− tk−1)v̂n(tk−1, X̂tk−1(x)). For term (3.55), we use 2〈a,b〉 ≤
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‖a‖22 + ‖b‖
2
2 and the fact that v̂n is Lx-Lipschitz continuous in x to deduce that∫

Rd
2〈v̂n(t, X̂tk−1(x))− v̂n(t, X̂t(x)), X̂t(x)− X̃t(x)〉p0(x)dx

≤
∫
Rd
‖v̂n(t, X̂tk−1(x))− v̂n(t, X̂t(x))‖

2
2p0(x)dx

+
∫
Rd
‖X̂t(x)− X̃t(x)‖22p0(x)dx

≤ dL2x(t − tk−1)2‖v̂n‖2L∞([0,1−t]×Rd ) +Et

≤ dL2xB2(t − tk−1)2 +Et . (3.58)

For term (3.56), by the Cauchy-Schwartz inequality and the fact that v̂n is Lx-Lipschitz
continuous in x, we obtain∫

Rd
2〈v̂n(t, X̂t(x))− v̂n(t, X̃t(x)), X̂t(x)− X̃t(x)〉p0(x)dx ≤ 2LxEt . (3.59)

Combining (3.57), (3.58), and (3.59), we obtain

dEt
dt
≤ 2(Lx +1)Et + d(L

2
xB

2 + L
2
t )(t − tk−1)2 for t ∈ [tk−1, tk].

By Grönwall’s inequality, it further yields

e−2(Lx+1)tkEtk − e
−2(Lx+1)tk−1Etk−1 ≤

1
3
d(L2xB

2 + L
2
t )(tk − tk−1)3.

Taking sum over k = 1,2, · · · ,K and letting tK = 1− t, we obtain

E1−t ≤
1
3
de2(Lx+1)(1−t)(L2xB

2 + L
2
t )

∑K

k=1
(tk − tk−1)3.

Let Υ ≡ tk − tk−1 for k = 1,2, · · · ,K . It implies that

W2(p̂1−t , p̃1−t) = O
(√
deLx(LxB+ Lt)Υ

)
.

This completes the proof.

The error due to velocity estimation is bounded in Lemma 3.21.
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Proof of Lemma 3.21. The proof idea is similar to that of Albergo and Vanden-Eijnden
[2023, Proposition 3]. By the definition of the Wasserstein-2 distance, it holds

W2
2 (p̃t ,pt) ≤

∫
Rd
‖X̃t(x)−Xt(x)‖22p0(x)dx =: Rt ,

for any t ∈ [0,1− t]. By (3.5) and (3.12), it follows that
dRt
dt

=
∫
Rd

2〈v̂n(t, X̃t(x))− v∗(t,Xt(x)), X̃t(x)−Xt(x)〉p0(x)dx

=
∫
Rd

2〈v̂n(t, X̃t(x))− v̂n(t,Xt(x)), X̃t(x)−Xt(x)〉p0(x)dx (3.60)

+
∫
Rd

2〈v̂n(t,Xt(x))− v∗(t,Xt(x)), X̃t(x)−Xt(x)〉p0(x)dx. (3.61)

For term (3.60), the fact that v̂n is Lx-Lipschitz continuous in x imply that∫
Rd

2〈v̂n(t, X̃t(x))− v̂n(t,Xt(x)), X̃t(x)−Xt(x)〉p0(x)dx ≤ 2LxRt .

For term (3.61), the basic inequality 2〈a,b〉 ≤ ‖a‖22 + ‖b‖
2
2 imply that∫

Rd
2〈v̂n(t,Xt(x))− v∗(t,Xt(x)), X̃t(x)−Xt(x)〉p0(x)dx

≤ Rt +EXt∼pt‖v̂n(t,Xt)− v
∗(t,Xt)‖22.

Therefore, we have
dRt
dt
≤ (2Lx +1)Rt +EXt∼pt‖v̂n(t,Xt)− v

∗(t,Xt)‖22.

By Grönwall’s inequality, it further yields

R1−t ≤ exp(2Lx +1)E(t,Xt)‖v̂n(t,Xt)− v∗(t,Xt)‖22.

We complete the proof by noting thatW2
2 (p̃1−t ,p1−t) ≤ R1−t .

The early stopping error is bounded in Lemma 3.22.

Proof of Lemma 3.22. The proof is a basic calculation.

W2
2 (p1−t ,p1) ≤ E[‖X1−t −X1‖22] = E[‖t(Z−X1)‖22]

= t2
(
E[‖Z‖22] +E[‖X1‖22]

)
≲ t2,

where we omit a polynomial prefactor in d,E[‖X1‖22]. We complete the proof by taking
square roots of both sides.
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Proof of Theorem 3.23. Combining Eq. (3.14), Lemmas 3.19, 3.21, 3.22, andTheorem 3.40,
it yields

EDn
W2(p̂1−t ,p1) ≲ (nt2)−1/(d+3) + eLx(LxB+ Lt)Υ + t.

Let t � n−1/(d+5), A � log(logn), and Υ = O(n−3/(d+5)). Then it implies

EDn
W2(p̂1−t ,p1) ≲ t ∨ (nt2)−1/(d+3) ≲ n−1/(d+5),

where we omit a prefactor scaling polynomially in logn and a prefactor with depen-
dence on parameters in S2. This completes the proof.

3.8.5 Supporting definitions and lemmas

Sobolev spaces are widely studied in the context of functional analysis and partial differ-
ential equations. For ease of reference, we collect several definitions and existing results
on Sobolev spaces that assist our proof. For a thorough treatment of Sobolev spaces, the
interested reader is referred to Adams and Fournier [2003], Evans [2010]. Moreover, we
present some results on polynomial approximation theory in Sobolev spaces that are de-
veloped in the classical monograph on the finite element methods [Brenner and Scott,
2008]. In the sequel, let d ∈ N, Ω ⊂ Rd denote an open subset of Rd . We denote by
L∞(Ω) the standard Lebesgue space on Ω with L∞ norm.

Sobolev spaces

We list some definitions for defining Sobolev spaces.

Definition 3.63 (Sobolev space). Let n ∈ N0. Then the Sobolev space W n,∞(Ω) is
defined by

W n,∞(Ω) := {f ∈ L∞(Ω) :Dαf ∈ L∞(Ω) for all α ∈Nd
0 with ‖α‖1 ≤ n }.

Moreover, for any f ∈W n,∞(Ω), we define the Sobolev norm ‖ · ‖W n,∞(Ω) by

‖f ‖W n,∞(Ω) := max
0≤‖α‖1≤n

‖Dαf ‖L∞(Ω).

Definition 3.64 (Sobolev semi-norm). Let n,k ∈N0 with k ≤ n. For any f ∈W n,∞(Ω),
we define the Sobolev semi-norm | · |W k,∞(Ω) by

|f |W k,∞(Ω) := max
‖α‖1=k

‖Dαf ‖L∞(Ω).
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Definition 3.65 (Vector-valued Sobolev space). Let n,k ∈N0 with k ≤ n, and m ∈N.
Then the vector-valued Sobolev spaceW n,∞(Ω;Rm) is defined by

W n,∞(Ω;Rm) := {(f1, f2, · · · , fm) : fi ∈W n,∞(Ω),1 ≤ i ≤m}

Moreover, the Sobolev norm ‖ · ‖W n,∞(Ω;Rm) is defined by

‖f ‖W n,∞(Ω;Rm) := max
1≤i≤m

‖fi‖W n,∞(Ω),

and the Sobolev semi-norm | · |W n,∞(Ω;Rm) is defined by

|f |W k,∞(Ω;Rm) := max
1≤i≤m

|fi |W k,∞(Ω).

Averaged Taylor polynomials

The following definitions and lemmas on averaged Taylor polynomials are collected
from Chapter 4 of Brenner and Scott [2008].

Definition 3.66 (Averaged Taylor polynomials). LetΩ ⊂ Rd be a bounded, open subset
and f ∈ Wm−1,∞(Ω) for some m ∈N, and let x0 ∈ Ω, r > 0,B := Bd(x0, r,‖ · ‖2) with
its closure B̄ compact in Ω. The Taylor polynomial of order m of f averaged over B is
defined as

Qmf (x) :=
∫
B
Tmy f (x)ϕ(y)dy,

where

Tmy f (x) :=
∑
‖α‖1<m

1
α!
Dαf (y)(x − y)α ,

and ϕ is an arbitrary cut-off function supported in B̄ being infinitely differentiable, that
is, ϕ ∈ C∞(Rd) with supp(ϕ) = B̄ and

∫
Rd
ϕ(x)dx = 1.

Example 3.67. Let ψ(x) be defined by

ψ(x) :=

exp{−1/(1− (‖x − x0‖2/r)2)}, if ‖x − x0‖2 < r,
0, if ‖x − x0‖2 ≥ r,

and let c =
∫
Rd
ψ(x)dx with c > 0, then ϕ(x) = ψ(x)/c is an example of the cut-off

function on the ball B := Bd(x0, r,‖ · ‖2). Moreover, it holds that ‖ϕ‖L∞(B) ≤ C(d)r−d

where C(d) > 0 is a constant in d .
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Example 3.68. Let ϕ(x) be defined by

ϕ(x) =

π−d/2Γ(d/2+1)r−d , if ‖x − x0‖2 < r,
0, if ‖x − x0‖2 ≥ r,

then ϕ(x) is another example of the cut-off function where ϕ puts constant weight over
the ball B :=Bd(x0, r,‖ · ‖2).

Lemma 3.69 (Lemma B.9 in Gühring et al. [2020]). Let Ω ⊂ Rd be a bounded, open

subset and f ∈Wm−1,∞(Ω) for some m ∈N, and let x0 ∈ Ω, r > 0,B := Bd(x0, r,‖ · ‖2)

with its closure B̄ compact in Ω. The Taylor polynomial of order m of f averaged over B

denoted by Qmf (x) is a polynomial of degree less than m in x.

Definition 3.70 (Star-shaped set). LetΩ,B ⊂ Rd . We sayΩ is star-shaped with respect
to B if for all x ∈Ω, the closed convex hull of {x} ∪B is a subset of Ω.

Definition 3.71 (Chunkiness parameter). Suppose that Ω ⊂ Rd has diameter dΩ and
is star-shaped with respect to a ball B. Let

rmax := sup{r > 0 :Ω is star-shaped with respect to a ball of radius r}.

Then the chunkiness parameter of Ω is defined by γ := dΩ/rmax.

Lemma 3.72 (Bramble-Hilbert, Lemma 4.3.8 in Brenner and Scott [2008]). LetB be a ball

inΩ ⊂ Rd such thatΩ is star-shaped with respect to B and such that its radius r > rmax/2,

where rmax is defined in Definition 3.71. Moreover, let dΩ be the diameter of Ω, γ be the

chunkiness parameter of Ω, and Qmf be the Taylor polynomial of order m of f averaged

over B for any f ∈Wm,∞(Ω). Then there exists a constant C(d,m,γ ) > 0 such that

|f −Qmf |W k,∞(Ω) ≤ C(d,m,γ )dm−kΩ |f |Wm,∞(Ω), k = 0,1, · · · ,m.

3.8.6 Additional lemmas on approximation

Lemma 3.73 (Corollary B.5 in Gühring et al. [2020]). Let d,m ∈N andΩ1 ⊂ Rd ,Ω2 ⊂

Rm both be open, bounded, and convex. If f ∈W 1,∞(Ω1;Rm) and g ∈W 1,∞(Ω2) with

rad(f ) ⊂Ω2, then for the composition g ◦ f , it holds that g ◦ f ∈W 1,∞(Ω1) and we have

|g ◦ f |W 1,∞(Ω1) ≤
√
dm|g |W 1,∞(Ω2)|f |W 1,∞(Ω1;Rm)

and

‖g ◦ f ‖W 1,∞(Ω1) ≤
√
dmmax{‖g‖L∞(Ω2), |g |W 1,∞(Ω2)|f |W 1,∞(Ω1;Rm)}.
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Lemma3.74 (Corollary B.6 inGühring et al. [2020]). Let f ∈W 1,∞(Ω) and g ∈W 1,∞(Ω).

Then f g ∈W 1,∞(Ω) and we have

|f g |W 1,∞(Ω) ≤ |f |W 1,∞(Ω)‖g‖L∞(Ω) + ‖f ‖L∞(Ω)|g |W 1,∞(Ω)

and

‖f g‖W 1,∞(Ω) ≤ ‖f ‖W 1,∞(Ω)‖g‖L∞(Ω) + ‖f ‖L∞(Ω)‖g‖W 1,∞(Ω).

Lemma 3.75 (Proposition 4 in Yang et al. [2023]). For any N,L ∈N and a > 0, there ex-

ists a deep ReLU networkϕ×,a withwidth 15N and depth 2L such that ‖ϕ×,a‖W 1,∞((−a,a)2) ≤

12a2 and

‖ϕ×,a(x,y)− xy‖W 1,∞((−a,a)2) ≤ 6a2N−L.

Furthermore, it holds that

ϕ×,a(0, y) =
∂ϕ×,a(0, y)

∂y
= 0 for y ∈ (−a,a).

Lemma 3.76. For any N,L ∈ N and a,b > 0, there exists a deep ReLU network ϕ×,(a,b)
with width 15N and depth 2L such that ‖ϕ×,(a,b)‖W 1,∞((−a,a)×(−b,b)) ≤ 12ab and

‖ϕ×,(a,b)(x,y)− xy‖W 1,∞((−a,a)×(−b,b)) ≤ 6abN−L.

Furthermore, it holds that

ϕ×,(a,b)(x,0) =
∂ϕ×,(a,b)(x,0)

∂x
= 0 for x ∈ (−a,a).

Proof. The proof idea is similar to that of Proposition 4 in Yang et al. [2023].

Lemma 3.77 (Proposition 5 in Yang et al. [2023]). For any N,L,s ∈N with s ≥ 2, there

exists a deep ReLU network ϕ× with width O(s∨N ) and depth O(s2L) such that

‖ϕ×(x)− x1x2 · · ·xs‖W 1,∞((0,1)s) ≲ s(N +1)−7sL.

Furthermore, for any i = 1,2, · · · , s, if xi = 0, then we have

ϕ×(x1,x2, · · · ,xi−1,0,xi+1, · · · ,xs) =
∂ϕ×(x1,x2, · · · ,xi−1,0,xi+1, · · · ,xs)

∂xj
= 0, i , j.

Lemma 3.78 (Lemma 6 in Yang et al. [2023]). Let {gm}m∈{1,2}d be the partition of unity

given in Definition 3.53. Then it satisfies:
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(1)
∑
m∈{1,2}d gm(x) = 1 for every x ∈ [0,1]d ;

(2) supp(gm)∩ [0,1]d ⊂Ωm where Ωm is given in Definition 3.52;

(3) For any m = [m1,m2, · · · ,md]> ∈ {1,2}d and x = [x1,x2, · · · ,xd]> ∈ [0,1]d \Ωm,

there exists an index j ∈ {1,2, · · · ,d} such that gmj = 0 and
dgmj (xj )

dxj
= 0.

Lemma 3.79 (Lemma 7 in Yang et al. [2023]). For any χ(x) ∈W 1,∞((0,1)d), let

B5 := max{‖χ‖W 1,∞((0,1)d ),‖ϕm‖W 1,∞((0,1)d )}.

Then for any m ∈ {1,2}d , it holds that

‖ϕm(x) ·χ(x)‖W 1,∞((0,1)d ) = ‖ϕm(x) ·χ(x)‖W 1,∞(Ωm),

‖ϕm(x) ·χ(x)−ϕ×,B5(ϕm(x),χ(x))‖W 1,∞((0,1)d )

= ‖ϕm(x) ·χ(x)−ϕ×,B5(ϕm(x),χ(x))‖W 1,∞(Ωm).

Lemma 3.80. For any χ(x) ∈ L∞((0,1)d), let B6 := max{‖χ‖L∞((0,1)d ),‖ϕm‖L∞((0,1)d )}.

Then for any m ∈ {1,2}d , it holds that

‖ϕm(x) ·χ(x)‖L∞((0,1)d ) = ‖ϕm(x) ·χ(x)‖L∞(Ωm),

‖ϕm(x) ·χ(x)−ϕ×,B6(ϕm(x),χ(x))‖L∞((0,1)d )

= ‖ϕm(x) ·χ(x)−ϕ×,B6(ϕm(x),χ(x))‖L∞(Ωm).

Proof. Theproof is similar to that of [Yang et al., 2023, Lemma 7]. To prove the equalities,
we need to show that

‖ϕm(x) ·χ(x)‖L∞((0,1)d\Ωm) = 0 and ‖ϕ×,B6(ϕm(x),χ(x))‖L∞((0,1)d\Ωm) = 0.

In Lemma 3.54, it is shown that

ϕm(x) := ϕ×(gm1
(x1), gm2

(x2), · · · , gmd (xd)) = 0

where gm(x) = [gm1
(x1), gm2

(x2), · · · , gmd (xd)]
> is defined in Definition 3.53. Then by

Lemma 3.78, for any x = [x1,x2, · · · ,xd]> ∈ (0,1)d \ Ωm, there exists mj such that
gmj (xj ) = 0. By the definition of ϕm(x) and Lemma 3.77, it yields that

ϕm(x) = 0, ∀x ∈ (0,1)d \Ωm.
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Therefore, for any x ∈ (0,1)d \Ωm, it holds that |ϕm(x) ·χ(x)| = 0.

Similarly, for any x ∈ (0,1)d \Ωm, it holds that

ϕ×,B6(ϕm(x),χ(x)) = ϕ×,B6(0,χ(x)) = 0.

This completes the proof.

Lemma3.81 (Proposition 4.3 in Lu et al. [2021]). Given anyN,L ∈N and δ ∈ (0,1/(3K)]

for K = bN1/dc2bL2/dc, there exists a deep ReLU network ϕ with width 4N +5 and depth

4L+4 such that

ϕ(x) = k, x ∈
[
k
K
,
k +1
K
− δ · Id {k<K−1}

]
, k = 0,1, · · · ,K − 1.

Lemma 3.82 (Proposition 4.4 in Lu et al. [2021]). Given any N,L,s ∈ N and ξi ∈

[0,1] for i = 0,1, · · · ,N2L2 − 1, there exists a deep ReLU network ϕ with width 16s(N +

1)log2(8N ) and depth (5L+2)log2(4L) such that

|ϕ(i)− ξi | ≤ (NL)−2s for i = 0,1, · · · ,N2L2 − 1

and that

ϕ(x) ∈ [0,1], x ∈ R.

3.8.7 Hatsell-Nolte identity

Here, we exhibit Hatsell-Nolte identity [Hatsell and Nolte, 1971, Dytso et al., 2023b].

Lemma 3.83. Suppose that X ∼ µ and ϵ ∼ γd,σ2 . Let Y = X+ϵ and p(y) be the marginal

density of Y. Then it holds that

Cov(X|Y = y) = σ2∇yE[X|Y = y] = σ2Id +σ
4∇2y logp(y).

134



Chapter 4

Statistical Analysis of a Bayesian Fine-tuning

Approach

Diffusionmodels are a class of continuous generativemodels built with SDEswhose gen-
eration ability has been largely reinforced by various fine-tuning procedures. However,
the mystery of fine-tuning has seldom been uncovered from a statistical perspective. In
this chapter, we address the gap in the systematic understanding of the advantages of
fine-tuningmechanisms from a statistical perspective. We prove that a pre-trained large
diffusion model can gain a faster convergence rate from the Bayesian fine-tuning proce-
dure when adapted to perform conditional generation tasks. This improvement in the
convergence rate justifies that a pre-trained large diffusion model would perform bet-
ter on a downstream conditional generation task than a standard conditional diffusion
model, whenever an appropriate fine-tuning procedure is implemented. 

 

4.1 Introduction

Recently, fine-tuning of large models has been successfully applied across various do-
mains, including natural language processing, computer vision, and speech recognition.
This process involves taking a model that has already been trained on a broad dataset
and refining it using a smaller and task-specific dataset. The goal is to use the general
knowledge embedded in the large model while tailoring its capabilities to meet partic-
ular needs. Fine-tuning not only enhances performance on specialized tasks but also
reduces the computational resources and time required compared to training a model
from scratch. This approach has become increasingly important as models grow in size
and complexity, offering a practical pathway to harness their full potential across di-
verse applications.

Current work, including T2I-Adapter [Mou et al., 2024], ControlNet [Zhang et al.,
2023], and Bayesian Power Steering (BPS, Huang et al. [2024]), uses fine-tuning tech-
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niques for Stable Diffusion (SD, Rombach et al. [2022]), facilitating precise spatial con-
trol over image generation.  While extensive experimental results [Huang et al., 2024,
Cheng et al., 2023a] have demonstrated that fine-tuning large-scale pre-trained mod-
els can yield exceptional generative outcomes, even with limited training datasets, the
mechanisms underlying the efficacy of using pre-trained models remain ambiguous. 

In this chapter, we aim to fill the gap in the systematic understanding of the advan-
tages of pre-trainingmechanisms from a statistical perspective. We employ Stable Diffu-
sion, a cutting-edge open-source large imagemodel developed on the LAION-5B dataset,
which comprises 585 billion images and effectively captures the probability space of
natural images. Based on this large model, we consider the generic setting where the
support of the fine-tuning target Z′0 is a subset of the support of the pre-training target
Z0. Then we adopt the Bayesian fine-tuning approach [Ho and Salimans, 2022, Huang
et al., 2024] that is widely used in diffusion models and has demonstrated effectiveness
in numerous experiments [Ho and Salimans, 2022, Mou et al., 2024, Zhang et al., 2023,
Huang et al., 2024].

We prove that, under some regularity conditions, the Bayesian fine-tuning approach

achieves the convergence rate m−
2β
d+2β ∨ n−

2α
d+k+2α , where m is the sample size of pre-

training, n is the labeled data size for fine-tuning, and β,α are smoothness indices.
Meanwhile, if we train a conditional diffusion model from scratch using only the labeled

data, the convergence rate is n−
2δ

d+k+2δ with δ ≤min(α,β). By comparing these two rates,
we can justify the benefit of pre-training when we have abundant data (m >> n) from
the prior data space.

The rest of this chapter is organized as follows. We introduce the problem setting
in Section 4.2. Then we revisit the background of diffusion models and the Bayesian
fine-tuning approach in Sections 4.3 and 4.4. The main results are presented in Section
4.5 which provides an overview of the statistical error analysis of the pre-training stage
and the fine-tuning stage in Sections 4.6 and 4.7. We defer the proofs of the theoretical
results to Section 4.9.

4.2 Problem setting
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This section formally formulates the problem and provides the background in the
context of fine-tuning generation tasks. Let the generative target of the pre-trained
model be denoted as Z0 ∈ Z ⊆ Rd , where Z := (Ω,F,P ) is the prior probability space. 
The goal of fine-tuning is to generate samples from the probability space defined on a
non-zero measurable subset∆ ∈ F, termed the fine-tuning probability space, i.e.,Z∆,g :=
(∆,∆ ∩ F,P (·|g)). Here, F is the Borel field generated by the random variable Z0, and
∆∩F := {E∩∆|E ∈ F}.  The subfield g represents an area of interest, with ∆ ∈ g ⊆ ∆∩F.
Specifically, 

∀E ∈ ∆∩ F,Λ ∈ g : P (E|Λ) :=
P (E∩Λ)
P (Λ)

and P (·|g) = {P (·|Λ)|Λ ∈ g}.

Note that P (E|g) is any one of the equivalence classes of random variables belong-
ing to g. The following lemma further illustrates and instantiates this description to
facilitate its application.

Lemma 4.1 (Chung [2001]).     For k ∈N+, there exists some extended-value measurable

function ψ : Rd → Rk such that C := ψ(Z0) and C : g→ Rk is a random variable.

 

Lemma 4.1 states that the target probability space can be identified by conditional
sampling in applications.  For convenience, we define Z0|C ∈ Z∆,g = Z∆,C := (∆,∆ ∩

F, P̄ (·|C)), where the target probability measure can be defined as the conditional prob-
ability measure P̄ (E|C) := P (E ∩ ψ−1(C))/P (ψ−1(C)) for E ∈ ∆ ∩ F. In practice, the
condition C often represents the properties of interest, while elements in g are sets
that satisfy certain properties. Specifically, C often corresponds to attributes such as
sketches, poses [Mou et al., 2024, Zhang et al., 2023], layouts [Huang et al., 2024, Cheng
et al., 2023a], and class labels [Ho and Salimans, 2022] that are of particular interest in
the field of image generation.

From an empirical perspective, largemodels are trained using finite samples {Z0,i}mi=1
drawn from the prior probability distribution P during the pre-training phase, wherem
is the sample size. We consider a fine-tuning architecture that incorporates a relatively
small, trainable neural network on top of a fixed large model structure and parameters.
During fine-tuning, limited labeled paired samples {(Ci ,Z′0,i)}

n
i=1  that follow the proba-

bility distribution P̄ (Z|C) to train this neural network, with n representing the sample
137



size. Generally, the fine-tuning task assumes that the labeled data are significantly less
than the unlabeled data used for pre-training, that is n << m. In this chapter, we con-
sider Stable Diffusion as the pre-trained model and a Bayesian fine-tuning approach as
the fine-tuning architecture, with further details provided in the following section.

4.3 Diffusion models

 

Diffusion models [Ho et al., 2020] and their extensions [Rombach et al., 2022] have
demonstrated significant success in generating images, videos, and text. These mod-
els employ a pre-defined forward process to transform the target random variable into
Gaussian noise. Subsequently, a corresponding backward process is modeled to convert
Gaussian noise back into the target random variable for sampling. This section intro-
duces some preliminaries and key ingredients for Stable Diffusion, a widely recognized
extension for diffusion models.  

4.3.1 Stable diffusion

The key idea of Stable Diffusion is grounded in the manifold hypothesis, which suggests
that image data is supported on a lower-dimensional substructure. It first maps the
image data into latent probability space and subsequently employs diffusion models
within this space to generate image representations. The SD model comprises three
key modules: an auto-encoder, a language encoder (e.g., contrastive language-image
pre-training [Radford et al., 2021]), and the diffusion model [Ho et al., 2020].

The auto-encoder consists of an encoder and a decoder,  responsible for data com-
pression and reconstruction.  The encoder maps the standardized image data X0 ∈ X ⊂∏dimg
i=1 [−1,1] to a lower-dimensional probability space Z := (Ω,F,P ) ⊂ Rd ( with d =

642 × 4 < dimg = 5122 × 3) via the transformation:

Z0 = Eθµ(X0) +Eθσ (X0) ◦ ϵ, where ϵ ∼N (0, Id), (4.1)

  where  Eθ = (E>θµ ,E
>
θσ
)>  represents the encoder and ◦ denotes the Hadamard product.

The functions Eθµ ,Eθσ : X → Rd parameterize the conditional mean and variance of the
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latent embedding Z0|X0.  The decoderD : Z →X reconstructs the image asD(Z0) = X0.
 

The language encoder embeds the text prompt in Euclidean space Rktext .  Without
loss of generality, we treat the text condition as the constant phrase ”a high-quality,
detailed, and professional image,” thereby considering Stable Diffusion as an uncondi-
tional generative model and omitting a detailed discussion of the language encoder.

Given that the target dataset is supported on a subset of X , we use the pre-trained
auto-encoder to map the target data into the latent space for fine-tuning, such that the
corresponding support ∆ is also the subset of Ω, consistent with our generic setting.
Our primary interest lies in the probability space of the image representationZ resulting
from the auto-encoder’s transformation. The diffusion model is subsequently used to
create representations of the image in the latent space Rd . 

We now define the forward process of the diffusion model.

Definition 4.2 (forward process).      The forward process of the diffusion model is
denoted as {Zt}Tt=0 for t ∈ [T ] := {0,1, ...,T }, and follows the iterative form:

Zt =
√
αtZt−1 +

√
1−αtϵt−1, ϵ0, ...,ϵT−1

iid∼ N (0, Id), (4.2)

  where the sequence {αt}∞t=0 ⊊ R satisfy the following conditions:

(1) αt ∈ (0,1),        

(2) let ᾱt :=Πt
i=1αi , then limt→∞ ᾱt = 0.

In Definition 4.2, the parameter αt   is predefined and must satisfy two conditions.
The first condition ensures the well-defined variance of Zt , and the second guarantees
that as t approaches infinity, Zt converges to a multivariate standard Gaussian distribu-
tion. Additionally, sampling with the iterative format in Definition 4.2 at any arbitrary
time t can induce high computational costs. An equivalent closed form of the forward
process addresses this issue, as presented formally in the following lemma.

Lemma 4.3. The sequence of random variables {Zt}Tt=0 defined in (4.2) satisfy    

Zt =
√
ᾱtZ0 +

√
1− ᾱtη, η ∼N (0, Id). (4.3)

If assumption 4.2 holds, {ᾱt}∞t=1 is a strictly decreasing sequence within the interval (0,1)

and we have limt→∞Zt = η.
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Lemma 4.3 implies the role of the parameters ᾱt is to show the dynamic signal-
to-noise ratio. The forward process be conceptualized as a weighted average between
the signal and noise components, progressively perturbing the target data Z0 toward
Gaussian noise as time approaches infinity. In practice, T is chosen to be sufficiently
large to ensure that the data distribution is mapped to a multivariate standard Gaussian
distribution through this dynamical system with controllable bias.

The backward process, known as Denoising Diffusion Probabilistic Model (DDPM,
Ho et al. [2020]) sampler, is used for sampling, which initiates with Gaussian noise and
proceeds through the following iterations.

Definition 4.4 (DDPM sampler).     The backward process of the diffusion model, that
is the DDPM sampler, is denoted as {Zt}Tt=0 for t ∈ [T ], and follows the iteration rule:

Zt−1 =
1
√
αt

(
Zt −

1−αt√
1− ᾱt

f ∗(Zt , t)
)
+σtη, with ZT ,η ∼N (0, Id), (4.4)

    where η is independent of Zt and η , σt := 1−ᾱt−1
1−ᾱt αt ,  the denoising function f ∗ :

Rd × [T ]→ Rd is defined as f ∗(t, z) := E[η |Zt = z]. 

Here, the denoising function f ∗(t, z, c) is the target model during pre-training.  Let
p(t, z) : Rd × [T ]→ R denote the time-dependent density function of Zt , then the score
function ∇ logp(t, z) : Rd × [T ]→ Rd takes the following form:

∇ logp(t, z) = − 1
√
1− ᾱt

f ∗(t, z).

Given a fixed auto-encoder, the target of pre-trained modeling is to estimate the
denoising function f ∗ from extensive observations of Z0, followed by sampling through
the DDPM sampler (4.4). 

4.3.2 Conditional DDPM sampler

Conditional generation is an effective method for transferring the support of the pre-
trained modelΩ to the support of target data ∆, as outlined in Lemma 4.1. This process
is realized by employing the conditional score function within the backward process.
We introduce the definition of conditional DDPM sampler as follows.
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Definition 4.5 (Conditional DDPM sampler).     With a condition variable C ∈ C, the
conditional DDPM sampler is defined as:

ZCt−1 =
1
√
αt

(
ZCt −

1−αt√
1− ᾱt

F∗(ZCt , t,C)
)
+σtη, with ZCT = ZT . (4.5)

  Here, ZCt := Zt |C, and the conditional denoising function F∗(t, z, c) : Rd+k×[τ,T ]→ Rd

is defined by F∗(t, z, c) := E[η |Zt = z,C = c]. 

In this context, the conditional denoising function F∗(t, z, c) serves as the target
model in the fine-tuning task. Let p̄(t, z|c) : Rd+k × [T ] → R be the corresponding
conditional density function, and let ∇ log p̄(t, z|c) : Rd+k × [T ] → Rd represent the
conditional score function. Similarly, we have the closed form:

∇ log p̄(t, z|c) = − 1
√
1− ᾱt

F∗(t, z, c).

4.4 A Bayesian fine-tuning approach

The Bayesian fine-tuning approach [Huang et al., 2024] aims to estimate the conditional
denoising function F∗ given a pre-trained denoising function f ∗. This section introduces
the principle and implementation of this method.

4.4.1 Basic principle of Bayesian fine-tuning

The core of the Bayesian fine-tuning approach is to establish the relationship between
the denoising function f ∗ and its conditional counterpart F∗ using Bayes’ rule. We
revisit the idea in the following lemma.

Lemma 4.6 (Huang et al. [2024]).   LetM∗ : Rd+k × [T ]→ Rd be defined as 

M∗(t, z, c) := −
√
1− ᾱt∇ logp(C = c|Zt = z).

  Then, it holds that    

F∗(t, z, c) = f ∗(t, z) +M∗(t, z, c). (4.6)

 

  Lemma 4.6 explores the effective integration of the denoising function f ∗ with a
gradient of the time-dependent classifierM∗ to obtain the target function F∗.
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4.4.2 Estimation for Bayesian fine-tuning

The Bayesian fine-tuning approach is a two-stage approach. In the pre-training stage,
we estimate the denoising function f ∗whilewe estimate the difference functionM∗with
the aid of an estimate of f ∗ during the fine-tuning stage. We use deep ReLU networks
in both stages for the purpose of nonparametric estimation. Recall that we have defined
the class of deep ReLU networks in Definition 3.5. We further restrict the function
class of deep ReLU networks to be a class of Lipschitz functions. Let 0 < τ � 1 be an
early stopping time for the estimation of denoising functions. Then, for any t ∈ [τ,T ],
we consider estimating the denoising function f ∗(t, ·)  using a deep ReLU network f ∈
Fm := NN (Sm,Wm,Dm,Bm,d,d)∩W 1,∞(Rd ;Rd), where W 1,∞(Rd ;Rd) stands for the
class of Lipschitz functions f : Rd → Rd .

In the procedure of pre-training, the DDPM methods [Ho et al., 2020, Rombach
et al., 2022] solve a nonparametric regression problem to estimate the denoising func-
tion f ∗(t, ·) on the domain Rd ,

f ∗ ∈ argmin
f

{
Lt(f ) := E‖η − f (t,Zt)‖2

}
. (4.7)

 

Let Dp
m := {(Z0,i ,ηi)}mi=1 be empirical observations of (Z0,η) with sample size m.

Then the empirical risk Lt,m is defined by

Lt,m(f ) :=
1
m

m∑
i=1

‖ηi − f (Zt,i , t)‖2, (4.8)

  where Zt,i :=
√
ᾱtZ0,i +

√
1− ᾱtηi .

In practice, we approximate the denoising function f ∗  using the class of deep ReLU
networks Fm. Therefore, the pre-trained model is an empirical risk minimizer over the
function class Fm, defined by

f̂m = argmin
f ∈Fm
Lt,m(f ). (4.9)

In the procedure of fine-tuning, the approach estimates the gradient of the time-
dependent classifier M∗ by solving the following nonparametric regression problem
over the domain Rd+k :

(F∗ − f̂m) ∈ argmin
M

{
Jt(M) := E‖η − f̂m(t,Zt)−M(t,Zt ,C)‖2

}
. (4.10)
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Let Df
n := {(Z0,j ,Cj ,ηj )}m+n

j=m+1 ⊆ Z × C × R
d be the data for fine-tuning that are

independent of the data Dp
m for pre-training.  Given a pre-trained denoising model f̂m,

the population risk defined in (4.10) leads to the following empirical risk:

Jt,n(M) :=
1
n

m+n∑
j=m+1

‖ηj − f̂m(t,Zt,j )−M(t,Zt,j ,Cj )‖2, (4.11)

  where Zt,i :=
√
ᾱtZ0,i +

√
1− ᾱtηi . 

Next, we introduce a deep ReLU network with Lipschitz regularity as M(t, ·, ·) ∈

Gn :=NN (Sn, Wn,Dn,Bn,d+k,d)∩W 1,∞(Rd+k ;Rd) to approximate the gradient of the
time-dependent classifier M∗(t, ·, ·). Based on a pre-trained model f̂m, we construct an
estimator forM∗ within the function class Gn as follows:

M̂n := arg min
M∈Gn

Jt,n(M). (4.12)

Combining the two stages, we obtain an estimator of the conditional denoising function
F∗, defined by

F̂m,n(t, ·, ·) = f̂m(t, ·, ·) + M̂n(t, ·, ·) ∈ Hm,n := {f +M : ∀f ∈ Fm,∀M ∈ Gn}. (4.13)

    When an estimate of the conditional denoising function is available, we are ready
to generate samples from the conditional diffusion model using the conditional DDPM
sampler presented in Definition 4.5.

4.5 Main results

In this section, we first present the convergence rates for estimating denoising func-
tions, which provide a statistical guarantee for models that adopt a heavy training-from-
scratch strategy, facilitating future comparisons. It is worth emphasizing upfront that
our analysis directly quantifies the effect of imperfect score estimation, which is filling
the gaps in existing theories.  We then present our error bound for the Bayesian fine-
tuning approach, which offers a rigorous theoretical understanding of why a pre-trained
large model generally helps. 
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4.5.1 Assumptions

Before proceeding, we impose a fewmild assumptions on the regularity properties of the
denoising function f ∗, the differenceM∗, the conditional denoising function F∗(t, z, c),
and the target data distribution.

Assumption 4.7. Let β ≥ 1. For any A > 0 and any t ∈ [τ,T ], the denoising function
f ∗(t, ·) satisfies the regularity properties:

f ∗(t, ·) ∈W β,∞([−A,A]d ;Rd), ‖f ∗(t, ·)‖W β,∞([−A,A]d ;Rd ) ≲ A.

Assumption 4.8. Let α ≥ 1. For any A > 0 and any t ∈ [τ,T ], the differenceM∗(t, ·, ·)
satisfies the regularity properties:

M∗(t, ·, ·) ∈Wα,∞([−A,A]d+k ;Rd), ‖M∗(t, ·, ·)‖Wα,∞([−A,A]d+k ;Rd ) ≲ A.

Assumption 4.9. Let δ ≥ 1. For anyA > 0 and any t ∈ [τ,T ], the conditional denoising
function F∗(t, ·, ·) satisfies the regularity properties:

F∗(t, ·, ·) ∈W δ,∞([−A,A]d+k ;Rd), ‖F∗(t, ·, ·)‖W δ,∞([−A,A]d+k ;Rd ) ≲ A.

Remark 4.10. We impose regularity assumptions on the denoising functions f ∗, F∗,
and their differenceM∗ in Assumptions 4.7, 4.8, and 4.9. These smoothness assumptions
are common in the literature on nonparametric statistics [Györfi et al., 2002, Tsybakov,
2009] and deep nonparametric regression [Suzuki, 2019, Schmidt-Hieber, 2020, Kohler
and Langer, 2021, Jiao et al., 2023a]. Given these smoothness properties, we can quantify
the approximation errors and the stochastic errors in the estimation of the denoising
functions which lead to an overall error bound for distribution learning.

Remark 4.11. According to Lemma 4.6, it holds F∗ = f ∗+M∗. Then it can be supposed
that the smoothness indices in Assumptions 4.7, 4.8, and 4.9 satisfy δ ≤ min(α,β). 
This inequality is motivated by the relative regularity of the denoising function and its
conditional counterpart.  The low regularity of the conditional denoising function F∗

may be sourced from either the unconditional denoising function f ∗ or the derivative
of the classifier-guidanceM∗.

The definition of the forward process {Zt}Tt=0 implies that the denoising functions
and their difference are defined over unbounded domains. We consider the sub-Gaussian
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property of the random vector (Z0,C) to facilitate bounding the estimation errors on
these unbounded domains. Specifically, the property of Z0 can be derived by imposing
mild constraints on the encoder function within the auto-encoder. We formalize this as
follows.

Assumption 4.12. The codomain of encoder function Eθ = (E>θµ ,E
>
θσ
)> is bounded,

and the probability distribution of the random variable C is sub-Gaussian, that is, there
exists a constant K such that E[exp(K‖C‖22)] <∞.

Remark 4.13. The first constraint outlined in Assumption 4.12 is readily satisfied, par-
ticularly in the context of Stable Diffusion, where the image data X0 is bounded. If
the encoder function Eθ is continuous, the first constraint is met, representing a mild
condition, as  Eθ is implemented via a neural network.

4.5.2 Error bounds of drift estimation

The analysis of estimation errors in denoising functions is notably challenging and has
been largely overlooked in existing literature. Typically, the estimation error is treated
as a constant to simplify the error analysis of the sampling distribution. This chapter
enhances the understanding of estimation errors in denoising functions, providing a
comprehensive examination presented in the following sections.

Theorem 4.14. Suppose that Assumptions 4.2-4.12 hold. Let the parameters of the deep

ReLU network classes be properly specified. For any t ∈ [τ,T ], the excess risk of drift

estimation satisfies

ED
p
m
EZt
‖f̂m − f ∗‖22 ≲m

− 2β
d+2β

by omitting a polylogarithmic factor in m and a prefactor in d,k,β .

To quantitatively analyze the advantages of introducing pre-trained large models in
fine-tuning, we present an assessment of the error associated with training the condi-

tional denoising function from scratch under the premise of n training samplesDf
n . Let

the model training from scratch F̃n(t, ·, ·) : Rd+k → Rd be defined as 

F̃n(t, ·, ·) = argmin
F∈Gn
L̃t,n(F),
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where the empirical risk is defined by

L̃t,n(F) :=
1
n

m+n∑
j=m+1

‖ηj −F(t,Zt,j ,Cj )‖2.

We then formulate the non-asymptotic error bound for the model trained from
scratch in the following theorem.

Theorem 4.15. Suppose that Assumptions 4.2-4.12 hold. Let the parameters of the deep

ReLU network classes be properly specified. For any t ∈ [τ,T ], the excess risk of drift

estimation satisfies

E
D
f
n
E(Zt ,C)‖F̃n −F

∗‖22 ≲ n
− 2δ
d+k+2δ

by omitting a polylogarithmic factor in n and a prefactor in d,k,δ.

We are now positioned to state our theoretical guarantees for the Bayesian fine-
tuning approach.

Theorem 4.16. Suppose that Assumptions 4.2-4.12 hold. Let the parameters of the deep

ReLU network classes be properly specified. For any t ∈ [τ,T ], the excess risk of drift

estimation satisfies

E
D
p
m∪D

f
n
E(Zt ,C)‖F̂m,n −F

∗‖22 ≲m
− 2β
d+2β ∨n−

2α
d+k+2α

by omitting a polylogarithmic factor in n and a prefactor in d,k,α,β .

Theorem 4.15 andTheorem 4.16 demonstrate the superiority of the fine-tuning frame-
work. In practical scenarios, the sample size for pre-training is typically much larger
than that for fine-tuning, which means m� n. Given the observation δ ≤ min(α,β),
the convergence rate of the fine-tuning approach is faster than that of learning the con-
ditional diffusion model without pre-training by comparing the rates in Theorem 4.16
and 4.15.

4.6 Statistical analysis for the denoising models

In this section, we prove Theorems 4.14 and 4.15 to provide theoretical guarantees for
learning the denoising models.
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The estimators of the denoising function f̂m and F̃n exhibit similar nonparametric
convergence properties, with their excess risk upper bounds being exponential in rela-
tion to the sample size, as demonstrated inTheorem 4.14 andTheorem 4.15. This section
outlines our approach to analyzing these risks.

To begin with, we present a basic inequality for the excess risk in terms of the
stochastic and approximation errors. 

Lemma 4.17. For any t ∈ [τ,T ] and any random sample Dp
m, the excess risk of the de-

noising function estimator f̂m satisfies

Ep := ED
p
m
EZt
‖f̂m(t,Zt)− f ∗(t,Zt)‖22

≤ 2Epappr + E
p
stoc, (4.14)

where the approximation error

Epappr := inf
f ∈Fm

EZt
‖f (t,Zt)− f ∗(t,Zt)‖22,

and the stochastic error 

Epstoc := ED
p
m
[Lt(f ∗)− 2Lt,m(f̂m) +Lt(f̂m)].

The decomposition (3.18) of the excess risk Ep is common in the literature on non-
parametric regression.  We refer the readers to Theorem 11.5 in [Györfi et al., 2002],
Lemma 3.1 in [Jiao et al., 2023a], and Theorem 3.29.

4.6.1 Approximation error of pre-training

The approximation capacity of deep neural networks on bounded domains has been
well studied in the literature (c.f. Yarotsky [2017, 2018], Shen et al. [2020, 2021], Lu et al.
[2021]). In our analysis, we need to bound the approximation error on an unbounded
domain Rd . To tackle the challenges posed by the unbounded support in the space
variable Zt for t ∈ [T ], we employ a truncated approximation that decomposes the ap-
proximation error into two parts: the truncation error and the truncated approximation
error, as detailed in the following lemma.

Lemma 4.18. LetΩA := [−A,A]d . For f̄ ∈ Fm and any A > 0, t ∈ [τ,T ], the approxima-

tion error of the pre-training process satisfies a basic inequality as follows:

Epappr = inf
f ∈Fm

EZt
‖f − f ∗‖22 ≲ E

p
trunc + E

p,trunc
appr , (4.15)
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where the truncation error

Eptrunc := EZt
‖(f̄ − f ∗) IdΩc

A
(Zt)‖22,

and the truncated approximation error

Ep,truncappr := EZt
‖(f̄ − f ∗) IdΩA

(Zt)‖22.

The proof of Lemma 4.18 is similar to that of Lemma 3.30. In what follows, we focus
on the truncation error Eptrunc. We prove that the truncation error Eptrunc decays very
fast in the parameter A, as a result of the sub-Gaussian property of (Z0,C).

Lemma 4.19.     Suppose that Assumption 4.12 is satisfied.     For anyA > 0 and t ∈ [τ,T ],

the truncation error satisfies    

Eptrunc ≲ A2 exp(−C1A
2),

    where C1 is a constant, and we omit a constant in d and the fourth moment of the

random variable Z0.

The proof of Lemma 4.19 is similar to that of Lemma 3.36. Moreover, the truncated

approximation error Ep,truncappr can be bounded by constructing an approximation function

with deep neural networks on the hypercube [−A,A]d .

Lemma 4.20 (Truncated approximation error). Suppose that Assumption 4.7 is satisfied.

For any N,L ∈N and any t ∈ [τ,T ], there exists a function f̄ (z) implemented by a deep

ReLU network with width O(2dβ2dβ−1N logN ), depth O(d2β2L logL) such that the fol-

lowing properties hold simultaneously:

(i) Boundedness and Lipschitz regularity:    

sup
z∈Rd
‖f̄ (z)‖∞ ≲ A,

sup
z,y∈Rd

‖f̄ (z)− f̄ (y)‖∞ ≲ A‖y − z‖∞.

(ii)   Approximation error bound:    

sup
z∈[−A,A]d

‖f̄ (z)− f ∗(t, z)‖∞ ≲ A2(NL)−2β/d .
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Note that we omit some prefactors in d and β.

The proof of Lemma 4.20 is given in Section 4.9.3. Combining the results of Lemmas
4.19 and 4.20, we can derive the upper bound for the approximation error based on the
inequality (4.15), with a properly selected parameter A.

4.6.2 Stochastic error of pre-training

The stochastic error Epstoc can be bounded by the complexity of Fm using the empiri-
cal process theory [Anthony and Bartlett, 1999, Bartlett et al., 2019, Jiao et al., 2023a].
We present our stochastic error analysis based on recent advancements in deep non-
parametric regression [Jiao et al., 2023a]. Following Lemma 3.2 in Jiao et al. [2023a],
we show that the stochastic errors are bounded in terms of the parameters of the deep
ReLU networks classes Fm.

Lemma 4.21. Consider the pre-training model and the hypothesis class Fm ⊆ NN (Sm,

Wm,Dm,Bm,d,d). For any m ∈N satisfying m ≥ Pdim(Fm), the stochastic error satisfies

Epstoc = ED
p
m
[Lt(f ∗)− 2Lt,m(f̂m) +Lt(f̂m)]

≲
1
m
(logm)4dB4mSmDm log(Sm) log(Bmm

2).

The proof of Lemma 4.21 is given in Section 4.9.4. We evaluate each error term in
Lemmas 4.17, 4.18, 4.19, 4.20, and 4.21. Our main results in Theorems 4.14 and 4.15 are
derived by balancing the error terms on the right-hand side of (3.18) with respect to the
corresponding sample size and function class.

4.7 Statistical analysis of the fine-tuning approach

This section is devoted to establishing Theorem 4.16. Given the pre-trained denoising
function estimator f̂m, we further consider the error decomposition for the fine-tuning
stage. We derive that the overall error for estimating the conditional denoising function
is upper bounded by the summation of the approximation errors and the stochastic
errors induced in both the pre-training stage and the fine-tuning stage.
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Lemma 4.22. For any t ∈ [τ,T ] and any random sampleDp
m∪D

f
n , the excess risk of the

conditional denoising function estimator F̂m,n satisfies

E
D
p
m∪D

f
n
E(Zt ,C)‖F̂m,n −F

∗‖22 ≤ 4E fappr + E
f
stoc +4Ep, (4.16)

where the approximation error

E fappr := inf
M∈Gn

E(Zt ,C)‖M −M
∗‖22,

and  the stochastic error

E fstoc := E
D
p
m∪D

f
n
[Jt(F∗ − f̂m)− 2Jt,n(M̂n) +Jt(M̂n)].

The proof of Lemma 4.22 is given in Section 4.9.2. In addition to the bias-variance
trade-off of the denoising estimator in fine-tuning, the decomposition in (4.16) of the
excess risk also encompasses errors from the pre-trainedmodel. However, as established
in Lemma 4.22, the significant discrepancy in sample sizes between the pre-training
and fine-tuning datasets results in excess risk that is primarily dominated by errors
introduced by the fine-tuning structure.

In what follows, we focus on the analysis of the approximation error and the stochas-
tic error of the fine-tuning stage.

4.7.1 Approximation error of fine-tuning

We derive similar error bounds to quantify the approximation error of the fine-tuning
stage.

Lemma 4.23. Let ΩB := [−B,B]d+k . For M̄ ∈ Fn, t ∈ [τ,T ], and any B > 0, the approxi-

mation error of the supervised part satisfies a basic inequality as follows:

E fappr = inf
M∈Fn

E(Zt ,C)‖M −M
∗‖22 ≲ E

f ,trunc
appr + E ftrunc, (4.17)

where the truncated approximation error

E f ,truncappr := E(Zt ,C)‖(M̄ −M
∗) IdΩB

(Zt ,C)‖22,

and the truncation error

E ftrunc := E(Zt ,C)‖(M̄ −M
∗) IdΩc

B
(Zt ,C)‖22.
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The error decomposition (4.17) is similar to that in Lemma 3.30.

Lemma 4.24 (Truncation error).     Suppose that Assumption 4.12 is satisfied.     For any

B > 0, the truncation error satisfies    

E ftrunc = E(Zt ,C)‖(M̄ −M
∗) IdΩc

B
(Zt ,C)‖22 ≲ B

2 exp(−C2B
2),

    where C2 is a constant, and we omit a constant in d,k, and the fourth moment of Z0.

In Lemma 4.24, we still bound the truncation error using the sub-Gaussian property
of the random vector (Z0,C).

Lemma 4.25 (Truncated approximation error).     Suppose that Assumption 4.8 is satis-

fied.     For anyN,L ∈N and any t ∈ [τ,T ], there exists a function M̄(z,c) implemented by

a deep ReLU network with widthO(2d+kα2(d+k)α−1N logN ), depthO((d+k)2α2L logL)

such that the following properties hold simultaneously:

(i) Boundedness and Lipschitz regularity: for any y,z ∈ Rd and any b,c ∈ Rk ,    

sup
(z,c)∈Rd+k

‖M̄(z, c)‖∞ ≲ B2,

sup
c∈Rk
‖M̄(z,c)− M̄(y,c)‖∞ ≲ B‖y − z‖∞,

sup
z∈Rd
‖M̄(z, c)− M̄(z,b)‖∞ ≲ B‖b − c‖∞.

(ii)   Approximation error bound:    

sup
(z,c)∈[−A,A]d+k

‖M̄ −M∗‖∞ ≲ B2(NL)−
2α
d+k .

Note that we omit some prefactors in d,k, and α.

The proof of Lemma 4.25 is given in Section 4.9.3. We not only consider the approx-
imation rate in Lemma 4.25 but also show that the constructed approximation function
has a few regularity properties, such as the boundedness and the Lipschitz continuity.
Thenwe can restrict the hypothesis spaceF to be a subset of the Lipschitz function class.
The Lipschitzness is useful for controlling the approximation error over the unbounded
support when combined with a sub-Gaussian tail of (Z0,C).  
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4.7.2 Stochastic error of fine-tuning

 

Lemma 4.26. Consider the fine-tuning model and the hypothesis class Gn ⊆NN (Sn,Wn,

Dn,Bn,d + k,d). For any n ∈N satisfying n ≥ Pdim(Gn), the stochastic error satisfies

E fstoc = E
D
p
m∪D

f
n
[Jt(F∗ − f̂m)− 2Jt,n(M̂n) +Jt(M̂n)]

≲
1
n
(logn)4(d + k)B4nSnDn log(Sn) log(Bnn

2).

The proof of Lemma 4.26 is given in Section 4.9.4. By balancing the error terms
in Lemmas 4.22, 4.23, 4.24, 4.25, and 4.26, and by incorporating the excess risk from
pre-training, we derive our main results in Theorem 4.16.

4.8 Conclusion

We have conducted a systematic analysis of the pre-training and fine-tuning approach
for diffusion models. We prove that, under some regularity conditions, the Bayesian
fine-tuning approach achieves a faster convergence rate than the rate yielded by training
from scratch using only the labeled data. This result provides a theoretical justification
for the benefit of pre-training with abundant unlabelled data.

4.9 Proofs

In the section, we present proofs of the lemmas and theorems for establishing the con-
vergence rate of the Bayesian pre-tuning and fine-tuning approach.

4.9.1 Proof of Lemma 4.3

Proof. Standard induction arguments can yield the result of the lemma.
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4.9.2 Proof of Lemma 4.22

Proof. It can be shown that the L2 error of F̂m,n satisfies

E(Zt ,C)‖F̂m,n −F
∗‖22

= E(Zt ,C)‖M̂n − (F∗ − f̂m)‖22

= Jt(M̂n)−Jt(F∗ − f̂m), (4.18)

where the second equality is due to F∗ − f̂m is the minimizer of the L2 risk Jt . Let us
denote

E fstoc := E
D
p
m∪D

f
n
[Jt(F∗ − f̂m)− 2Jt,n(M̂n) +Jt(M̂n)],

and

Eappr := ED
p
m

inf
M∈Gn

E(Zt ,C)‖M − (F
∗ − f̂m)‖22.

Similar to the proofs of Jiao et al. [2023a, Lemma 3.1], it can be shown that

E
D
p
m∪D

f
n
[Jt(M̂n)−Jt(F∗ − f̂m)] ≤ E

f
stoc +2Eappr. (4.19)

Let us also denote

E fappr := inf
M∈Gn

E(Zt ,C)‖M −M
∗‖22,

and

Ep := ED
p
m
EZt
‖f ∗ − f̂m‖22.

It further holds that

Eappr ≤ 2E fappr +2Ep. (4.20)

Combining (4.18), (4.19), and (4.20), we complete the proof by showing that

E
D
p
m∪D

f
n
E(Zt ,C)‖F̂m,n −F

∗‖22 ≤ E
f
stoc +4E fappr +4Ep.

4.9.3 Proofs of approximation error bounds

In this section, we present proofs of lemmas for bounding the approximation errors of
pre-training and fine-tuning. To begin with, we show an approximation bounds that is
useful for further approximation error analysis.
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Polynomial approximation in Hölder classes

The polynomial approximation theory in Hölder or general Sobolev spaces plays a cen-
tral role in studying approximation rates of finite element methods and deep neural
networks.

We construct polynomial approximations of functions in Hölder classes, and gener-
alize the classical Bramble-Hilbert lemma to functions of Hölder smoothness.

Building on Lemma A.8 in Petersen and Voigtlaender [2018], we construct a polyno-
mial approximation in L∞-norm for functions in Hölder classes, which extends [Dupont
and Scott, 1980, Proposition 6.1].

Lemma 4.27 (Lemma A.8 in Petersen and Voigtlaender [2018]). Let β > 0 with β = s+r

where s ∈N0 and r ∈ (0,1], and let d ∈N. Then there exists a constant C(β,d) > 0 with

the following property:

For each f ∈W β,∞((0,1)d) with B := ‖f ‖W β,∞((0,1)d ) ≤∞ and any x0 ∈ (0,1)d , there is a

polynomial p(x) =
∑
‖α‖1≤s cα(x−x0)

α with cα ∈ [−CB,CB] for all α ∈Nd
0 with ‖α‖1 ≤ s

and such that

‖p − f ‖L∞((0,1)d ) ≤ CB‖x − x0‖
β
2 .

In fact, p = pf ,x0 is the Taylor polynomial of f of degree s.

Lemma 4.28 (Proposition 6.1 in Dupont and Scott [1980]). Suppose that p ∈ [1,∞], that

m = m̄ + θ where m̄ ∈ N0 and θ ∈ (0,1), and that l = m̄ + 1. Then there is a constant

C = C(n,ϕ,d,m) such that for f ∈Wm,p(D)

‖f −Qlf ‖Lp(D) ≤ C |f |Wm,p(D).

Lemma 4.29 (Theorem 6.1 in Dupont and Scott [1980]). Suppose that m = m̄+θ where

m̄ ∈N0 and θ ∈ (0,1). Let l = m̄+1. Then there exists a constant C = C(n,ϕ,d,m) such

that, for p ∈ [0,∞] and f ∈Wm,p(D),

‖f −Qlf ‖Wm,p(D) ≤ C |f |Wm,p(D).

Lemma 4.30. Let β ≥ 1 and m := bβc. Let B be a ball in Ω ⊂ Rd such that Ω is star-

shaped with respect to B and such that its radius rad > rmax/2, where rmax is defined in

Definition 3.71. Moreover, let dΩ be the diameter ofΩ ,γ be the chunkiness parameter ofΩ,
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andQmf be the Taylor polynomial of degreem of f averaged over B for any f ∈W β,∞(Ω).

Then there exists a constant C(d,m,γ ) > 0 such that

|f −Qmf |W k,∞(Ω) ≤ C(d,m,γ )d
β−k
Ω
|f |W β,∞(Ω), k = 0,1, · · · ,m.

Auxiliary lemmas

Lemma 4.31 (Corollary B.5 in Gühring et al. [2020]). Let d,m ∈N andΩ1 ⊂ Rd ,Ω2 ⊂

Rm both be open, bounded, and convex. If f ∈W 1,∞(Ω1;Rm) and g ∈W 1,∞(Ω2) with

rad(f ) ⊂Ω2, then for the composition g ◦ f , it holds that g ◦ f ∈W 1,∞(Ω1) and we have

|g ◦ f |W 1,∞(Ω1) ≤
√
dm|g |W 1,∞(Ω2)|f |W 1,∞(Ω1;Rm)

and

‖g ◦ f ‖W 1,∞(Ω1) ≤
√
dmmax{‖g‖L∞(Ω2), |g |W 1,∞(Ω2)|f |W 1,∞(Ω1;Rm)}.

Lemma4.32 (Corollary B.6 inGühring et al. [2020]). Let f ∈W 1,∞(Ω) and g ∈W 1,∞(Ω).

Then f g ∈W 1,∞(Ω) and we have

|f g |W 1,∞(Ω) ≤ |f |W 1,∞(Ω)‖g‖L∞(Ω) + ‖f ‖L∞(Ω)|g |W 1,∞(Ω)

and

‖f g‖W 1,∞(Ω) ≤ ‖f ‖W 1,∞(Ω)‖g‖L∞(Ω) + ‖f ‖L∞(Ω)‖g‖W 1,∞(Ω).

Lemma4.33 (Proposition 3.6 inHon and Yang [2022]). For anyN,L,s ∈N and ‖α‖1 ≤ s,

there exists a deep ReLU network ϕ with the width 9(N +1)+ s−1 and depth 14s2L such

that ‖ϕ‖W 1,∞((0,1)d ) ≤ 18 and that

‖ϕ(x)− xα‖W 1,∞((0,1)d ) ≤ 10s(N +1)−7sL.

Approximation with Lipschitz regularity control

In this part, we study the approximation capacity of deep ReLU networks joint with an
estimate of the Lipschitz regularity. The strong expressive power of deep ReLU networks
has been established in the literature by a localized approximation approach [Yarotsky,
2017, Petersen andVoigtlaender, 2018, Suzuki, 2019, Gühring et al., 2020, Shen et al., 2020,
Lu et al., 2021, Shen et al., 2022b]. A recent progress is that Yang et al. [2023] provide a
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nearly optimal approximation estimate for functions in the Sobolev space measured by
the Sobolev norm. We follow the localized approximation approach, and establish the
global Lipschitz continuity and nonasymptotic approximation estimate of deep ReLU
networks.

Lemma 4.34. Let β ≥ 1 with β = s + r where s ∈ N0 and r ∈ (0,1]. Given any f ∈

W β,∞((0,1)d) with ‖f ‖W β,∞((0,1)d ) ≤ 1, for any N,L ∈N, there exists a function ϕ imple-

mented by a deep ReLU networkwithwidthO(2dβ2dβ−1N logN ) and depthO(d2β2L logL)

such that ‖ϕ‖W 1,∞((0,1)d ) ≲ 1 and

‖ϕ − f ‖L∞([0,1]d ) ≲ (NL)−2β/d ,

where we hide constants depending only on β and d .

Lemma 4.34 is a direct extension of Lemma 3.49 from the class of Lipschitz functions
to the class of Sobolev functions with fractional smoothness indices.

Corollary 4.35. Let β ≥ 1 with β = s + r where s ∈ N0 and r ∈ (0,1]. Given any

f ∈ W β,∞((0,1)d) with ‖f ‖W β,∞((0,1)d ) ≤ ∞, for any N,L ∈ N, there exists a function

ϕ implemented by a deep ReLU network with width O(2dβ2dβ−1N logN ) and depth

O(d2β2L logL) such that ‖ϕ‖W 1,∞((0,1)d ) ≲ ‖f ‖W β,∞((0,1)d ) and

‖ϕ − f ‖L∞([0,1]d ) ≲ ‖f ‖W β,∞((0,1)d )(NL)
−2β/d ,

where we hide constants depending only on β and d .

Remark 4.36. The approximation rate in Lemma 4.34 and Corollary 4.35 is nearly op-
timal for the unit ball of functions inW β,∞((0,1)d) due to the lower bounds of approx-
imation errors proved in Shen et al. [2020, 2022b] and Lu et al. [2021].

Proof sketch of Lemma 3.49 The proof idea is similar to that of [Yang et al., 2023,
Theorem 3], and we divide the proof into three steps.

Step 1. Discretization. We use a partition of unity to discretize the set (0,1)d . As in

Definitions 3.52 and 3.53, we construct a partition of unity {gm}m∈{1,2}d on (0,1)d with

supp(gm) ∩ (0,1)d ⊂ Ωm for any m ∈ {1,2}d . Then we approximate the partition of
unity {gm}m∈{1,2}d by a collection of deep ReLU networks {ϕm}m∈{1,2}d as in Lemma 3.54.
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Step 2. Approximation on Ωm. Given any m ∈ {1,2}d , for each subsetΩm ⊂ [0,1]d ,
we find a piecewise polynomial function fK,m satisfying

‖fK,m − f ‖W 1,∞(Ωm) ≲ 1, ‖fK,m − f ‖L∞(Ωm) ≲ K
−β ,

where we omit constants in d . Piecewise polynomial functions can be approximated by
deep ReLU networks. Then, following Lu et al. [2021], Yang et al. [2023], we construct
a deep ReLU network ψm with width O(2ddN logN ) and depth O(d2L logL) such that

‖ψm − f ‖W 1,∞(Ωm) ≲ 1, ‖ψm − f ‖L∞(Ωm) ≲ (NL)−2β/d ,

where we omit constants in β and d .

Step 3. Approximation on [0,1]d . Combining the approximations on each subset
Ωm properly, we construct an approximation of the target function f on the domain
[0,1]d . That is, for any N,L ∈ N, there exists a function ϕ implemented by a deep
ReLU network with width O(N logN ) and depth O(L logL) such that

‖ϕ − f ‖L∞([0,1]d ) ≲ (NL)−2β/d with ‖ϕ‖W 1,∞((0,1)d ) ≲ 1,

where we omit constants in β and d .

Lemma 4.37. Let K ∈N. For any f ∈W β,∞((0,1)d) with ‖f ‖W β,∞((0,1)d ) ≤ 1 and m ∈

{1,2}d , there exists a piecewise polynomial functions fK,m on Ωm satisfying

‖fK,m − f ‖W 1,∞(Ωm) ≲ 1, ‖fK,m − f ‖L∞(Ωm) ≲ K
−β .

with constants in β and d omitted.

Proof of Lemma 4.37. The proof idea follows those of [Gühring et al., 2020, Lemma C.4]
and [Yang et al., 2023, Theorem 6]. We leverage approximation properties of aver-
aged Taylor polynomials [Brenner and Scott, 2008, Definition 4.1.3] and the fractional
Bramble-Hilbert lemma 4.30 to deduce local estimates and then combine them through
a partition of unity to obtain a global estimate. The key observation is that the L∞

approximation bound can be established while uniformly controlling the Lipschitz con-
stant of the piecewise constant function with a mild regularity assumption on the target
function such as f ∈W 1,∞((0,1)d).

Without loss of generality, let us assume m = m∗ := [1,1, · · · ,1]>. Following the
proofs of [Gühring et al., 2020, Lemma C.4] and [Yang et al., 2023, Theorem 6], we first
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define an extension operator E : W 1,∞((0,1)d)→ W 1,∞(Rd) to handle the boundary.
Accordingly, let f̃ := Ef and CE be the norm of the extension operator. Then for any
Ω ⊂ Rd , it holds that

|f̃ |W 1,∞(Ω) ≤ ‖f̃ ‖W 1,∞(Ω) ≤ CE‖f ‖W 1,∞((0,1)d ) ≤ CE .

Next, we define an averaged Taylor polynomial of degree bβc overBi,K :=Bd(8i+38K ,
1
4K ,‖·

‖2) by

pf ,i (x) :=
∫
Bi,K

T
β
y f̃ (x)ϕK (y)dy

where ϕK is a cut-off function supported on B̄i,K as given in Example 3.67. By Lemma
3.69, it holds that

pf ,i (x) =
∑

‖α‖1<bβc
cf ,i,αx

α with |cf ,i,α | ≤ C2(β,d).

Step 1. Get local estimates. For any i = [i1, i2, · · · , id]> ∈ {0,1, · · · ,K}d , we would
like to employ the factional Bramble-Hilbert lemma 3.72 on the subset

Ωm∗,i = B̄d
(8i +3

8K
,
3
8K

,‖ · ‖∞
)
=

d∏
j=1

[
ij
K
,
3+4ij
4K

]
.

It is easy to check the conditions of the Bramble-Hilbert lemma are fulfilled as

1
4K
≥ 1
2
× 3
8K

=
1
2
rmax(Ωm∗,i), γ(Ωm∗,i) =

dΩm∗,i

rmax(Ωm∗,i)
= 2
√
d.

Hence, by the Bramble-Hilbert Lemma 3.72, it yields that

‖f̃ − pf ,i‖L∞(Ωm∗,i )
≤ C1(β,d)|f̃ |W 1,∞(Ωm∗,i )

K−β , |f̃ − pf ,i |W 1,∞(Ωm∗,i )
≤ C1(β,d)|f̃ |W 1,∞(Ωm∗,i )

.

Combining |f̃ |W 1,∞(Ωm∗,i )
≤ CE and the inequalities above, it implies that

‖f̃ − pf ,i‖L∞(Ωm∗,i )
≤ C1(β,d)CEK

−β , (4.21)

‖f̃ − pf ,i‖W 1,∞(Ωm∗,i )
≤ C1(β,d)CE . (4.22)

Step 2. Define a partition of unity. We construct a partition of unity in order to com-
bine the local estimates. Let K ∈N. For any 0 ≤ i ≤ K , we define hi : R→ R by

hi(x) = h
(
4K

(
x − 8i +3

8K

))
where h(x) =


1, |x| < 3/2,
0, |x| > 2,
4− 2|x|, 3/2 ≤ |x| ≤ 2.
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One can verify that {hi}Ki=1 is a partition of unity of [0,1] and hi(x) = 1 for any x ∈[
i
K ,

3+4i
4K

]
. Considering the multidimensional case, for any x = [x1,x2, · · · ,xd]> ∈ Rd

and any i = [i1, i2, · · · , id]> ∈ {0,1, · · · ,K}d , let us define

hi(x) :=
d∏
j=1

hij (xj ).

Then a partition of unity of [0,1]d is defined by {hi : i ∈ {0,1, · · · ,K}d}. Moreover,

hi(x) = 1 for any x ∈Ωm∗,i =
∏d
j=1

[
ij
K ,

3+4ij
4K

]
and i = [i1, i2, · · · , id]> ∈ {0,1, · · · ,K}d . By

the definition of hi(x) on Ωm∗,i and equation 4.21, equation 4.22 , it yields that

‖hi(f̃ − pf ,i )‖L∞(Ωm∗,i )
≤ ‖f̃ − pf ,i‖L∞(Ωm∗,i )

≤ C1(β,d)CEK
−β ,

‖hi(f̃ − pf ,i )‖W 1,∞(Ωm∗,i )
≤ ‖f̃ − pf ,i‖W 1,∞(Ωm∗,i )

≤ C1(β,d)CE .

Step 3. Get global estimates. To deduce the global estimates, we start with defining
fK,m∗ over Ωm∗ by

fK,m∗ :=
∑

i∈{0,1,··· ,K}d
hipf ,i

=
∑

i∈{0,1,··· ,K}d

∑
‖α‖1<bβc

hicf ,i,αx
α

=
∑

‖α‖1<bβc

∑
i∈{0,1,··· ,K}d

hicf ,i,αx
α

=:
∑

‖α‖1<bβc
gf ,α,m∗(x)x

α ,

where gf ,α,m∗(x) is a step function onΩm∗ considering that gf ,α,m∗(x) ≡ cf ,i,α for any x ∈∏d
j=1

[ ij
K ,

3+4ij
4K

]
and i = [i1, i2, · · · , id]>. Then for any x ∈Ωm∗ , it holds that |gf ,α,m∗(x)| ≤

C2(β,d). Furthermore, the following error bounds hold

‖fK,m∗ − f ‖L∞(Ωm∗ )
≤ max
i∈{0,1,··· ,K}d

‖hi(f̃ − pf ,i )‖L∞(Ωm∗,i )
≤ C1(β,d)CEK

−β ,

‖fK,m∗ − f ‖W 1,∞(Ωm∗ )
≤ max
i∈{0,1,··· ,K}d

‖hi(f̃ − pf ,i )‖W 1,∞(Ωm∗,i )
≤ C1(β,d)CE .

We complete the proof.
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Lemma 4.38. Given any f ∈W β,∞((0,1)d) with ‖f ‖W β,∞((0,1)d ) ≤ 1, for any N,L ∈N

and anym ∈ {1,2}d , there exists a deep ReLU network ϕm with width O(β2dβ−1N logN )

and depth O(β2L logL) such that

‖ψm − f ‖W 1,∞(Ωm) ≲ 1, ‖ψm − f ‖L∞(Ωm) ≲ (NL)−2β/d ,

where we omit constants in β and d .

Proof of Lemma 4.38. The idea of proof is similar to those of [Hon and Yang, 2022, The-
orem 3.1] and [Yang et al., 2023, Theorem 7]. For completeness, we provide a concrete
proof in the following. Without loss of generality, we consider m =m∗ := [1,1, · · · ,1]>.
Given K = bN1/dc2bL2/dc, by Lemma 4.37, we have

‖fK,m∗ − f ‖W 1,∞(Ωm∗ )
≲ 1,

‖fK,m∗ − f ‖L∞(Ωm∗ )
≲ K−β ≲ (NL)−2β/d ,

where fK,m∗ =
∑
‖α‖1<bβc gf ,α,m∗(x)x

α for x ∈
∏d
j=1

[ ij
K ,

3+4ij
4K

]
and i = [i1, i2, · · · , id]> ∈

{0,1, · · · ,K − 1}d . The insight is to approximate fK,m∗ with deep ReLU networks. Let
δ = 1/(4K) ≤ 1/(3K) in Lemma 3.81. Then by Lemma 3.81, there exists a deep ReLU
network ϕ1(x) with width 4N +5 and depth 4L+4 such that

ϕ1(x) = k, x ∈
[
k
K
,
k +1
K
− 1
4K

]
, k = 0,1, · · · ,K − 1.

We further define

ϕ2(x) =
[
ϕ1(x1)
K

,
ϕ1(x2)
K

, · · · ,
ϕ1(xd)
K

]>
.

For each p = 0,1, · · · ,Kd − 1, there exists a bijection

η(p) = [η1,η2, · · · ,ηd]> ∈ {0,1, · · · ,K − 1}d

satisfying
∑d
j=1ηjK

j−1 = p. We also define

ξα,p :=
gf ,α,m∗(η(p)/K) +C2(β,d)

2C2(β,d)
∈ [0,1].

Then, due to Lemma 3.82, there exists a deep ReLU network ϕ̃α with width 16dβe(N +

1)log2(8N ) and depth (5L + 2)log2(4L) such that |ϕ̃α(p) − ξα,p | ≤ (NL)−2dβe for p =

0,1, · · · ,Kd − 1. Let us define

ϕα(x) := 2C2(β,d)ϕ̃α
(∑d

j=1
ηjK

j
)
−C2(β,d).
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Then it is clear that

|ϕα(η(p)/N )− gf ,α,m∗(η(p)/N )| = 2C2(β,d)|ϕ̃α(x)− ξα,p | ≤ 2C2(β,d)(NL)
−2dβe.

Since ϕα ◦ϕ2(x)−gf ,α,m∗(x) is a step function whose first order weak derivative is 0 in
Ωm∗ , it further implies that

‖ϕα ◦ϕ2(x)− gf ,α,m∗(x)‖W 1,∞(Ωm∗ )
= ‖ϕα ◦ϕ2(x)− gf ,α,m∗(x)‖L∞(Ωm∗ )

≤ 2C2(β,d)(NL)
−2dβe.

By the triangle inequality,

‖ϕα ◦ϕ2(x)‖W 1,∞(Ωm∗ )
≤ ‖ϕα ◦ϕ2(x)− gf ,α,m∗(x)‖W 1,∞(Ωm∗ )

+ ‖gf ,α,m∗(x)‖W 1,∞(Ωm∗ )

≤ 3C2(β,d).

According to Lemma 4.33, there exists a deep ReLU network ϕ3,α with width 9(N +1)+

dβe − 1 and depth 14dβe2L such that ‖ϕ3,α‖W 1,∞((0,1)d ) ≤ 18 and that

‖ϕ3,α(x)− xα‖W 1,∞((0,1)d ) ≤ 10dβe(N +1)−7dβeL.

Let C3(β,d) := max{3C2(β,d),18}. Then it holds that

max{‖ϕα ◦ϕ2(x)‖W 1,∞(Ωm∗ )
,‖ϕ3,α(x)‖W 1,∞(Ωm∗ )

} ≤ C3(β,d).

Due to Lemma 3.75, there exists a deep ReLU network ϕ4 with width 15(N + 1) and
depth 4dβe(L+1) such that ‖ϕ4‖W 1,∞((−C3,C3)d ) ≤ 12C3(β,d)2 and that

‖ϕ4(x,y)− xy‖W 1,∞((−C3,C3)d ) ≤ 6C3(β,d)
2(N +1)−2dβe(L+1).

Then we are ready to construct the deep ReLU network ϕm∗ to approximate fK,m∗ over
Ωm∗ by

ψm∗(x) :=
∑
‖α‖1<bβc

ϕ4

(
ϕα ◦ϕ2(x),ϕ3,α(x)

)
.

We establish the approximation bounds of ψm∗ with both the L∞ norm and the W 1,∞
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norm in the following. TheW 1,∞ error can be decomposed as

‖ψm∗(x)− fK,m∗(x)‖W 1,∞(Ωm∗ )

=
∥∥∥∥∑‖α‖1<bβc

ϕ4

(
ϕα ◦ϕ2(x),ϕ3,α(x)

)
− fK,m∗(x)

∥∥∥∥
W 1,∞(Ωm∗ )

≤
∑
‖α‖1<bβc

∥∥∥ϕ4

(
ϕα ◦ϕ2(x),ϕ3,α(x)

)
− gf ,α,m∗(x)x

α
∥∥∥
W 1,∞(Ωm∗ )

≤
∑
‖α‖1<bβc

∥∥∥ϕ4

(
ϕα ◦ϕ2(x),ϕ3,α(x)

)
−ϕα ◦ϕ2(x)ϕ3,α(x)

∥∥∥
W 1,∞(Ωm∗ )︸                                                                                ︷︷                                                                                ︸

:=E1

+
∑
‖α‖1<bβc

∥∥∥ϕα ◦ϕ2(x)ϕ3,α(x)− gf ,α,m∗(x)ϕ3,α(x)
∥∥∥
W 1,∞(Ωm∗ )︸                                                                       ︷︷                                                                       ︸

:=E2

+
∑
‖α‖1<bβc

∥∥∥gf ,α,m∗(x)ϕ3,α(x)− gf ,α,m∗(x)x
α
∥∥∥
W 1,∞(Ωm∗ )︸                                                               ︷︷                                                               ︸

:=E3

≤ E1 + E2 + E3.

We note that
∑
‖α‖1<bβc1 ≤ βd

β−1. By Lemma 4.31, the term E1 can be bounded by

E1 ≤
∑
‖α‖1<bβc

2
√
dmax

{
‖ϕ4(x,y)− xy‖L∞((−C3,C3)d ), |ϕ4(x,y)− xy|W 1,∞((−C3,C3)d )×

max{|ϕα ◦ϕ2(x)|W 1,∞(Ωm∗ )
, |ϕ3,α(x)|W 1,∞(Ωm∗ )

}
}

≤
∑
‖α‖1<bβc

2
√
dmax

{
‖ϕ4(x,y)− xy‖L∞((−C3,C3)d ),C3(β,d)|ϕ4(x,y)− xy|W 1,∞((−C3,C3)d )

}
≤12βdβC3(β,d)

2(C3(β,d) + 1)(N +1)−2dβe(L+1).

By Lemma 4.32, the term E2 can be bounded by

E2 ≤
∑
‖α‖1<bβc

2‖ϕα ◦ϕ2(x)− gf ,α,m∗(x)‖W 1,∞(Ωm∗ )
‖ϕ3,α(x)‖W 1,∞(Ωm∗ )

≤72βdβ−1C2(β,d)(NL)
−2dβe.

Similarly, by Lemma 4.32, the term E3 can be bounded by

E3 ≤
∑
‖α‖1<bβc

2‖ϕ3,α(x)− xα‖W 1,∞(Ωm∗ )
‖gf ,α,m∗(x)‖W 1,∞(Ωm∗ )

≤20β2dβ−1C2(β,d)(N +1)−7dβeL.

Using that

(N +1)−7dβeL ≤ (N +1)−2dβe(L+1) ≤ (NL)−2dβe,
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we derive the following error bound

‖ψm∗(x)− fK,m∗(x)‖W 1,∞(Ωm∗ )
≤ E1 + E2 + E3 ≤ C4(β,d)(NL)

−2dβe,

where C4(β,d) := 12βdβC3(β,d)2(C3(β,d)+1)+72βdβ−1C2(β,d)+20β2dβ−1C2(β,d).
By the triangle inequalities for ‖·‖L∞(Ωm∗ )

and ‖·‖W 1,∞(Ωm∗ )
, it is straightforward to show

that

‖ψm∗ − f ‖W 1,∞(Ωm∗ )
≤ ‖ψm∗ − fK,m∗‖W 1,∞(Ωm∗ )

+ ‖fK,m∗ − f ‖W 1,∞(Ωm∗ )
≲ 1,

‖ψm∗ − f ‖L∞(Ωm∗ )
≤ ‖ψm∗ − fK,m∗‖L∞(Ωm∗ )

+ ‖fK,m∗ − f ‖L∞(Ωm∗ )
≲ (NL)−2β/d .

In the end, we calculate the width and depth of the deep ReLU network implementing

ψm∗ =
∑
‖α‖1<bβcϕ4

(
ϕα ◦ϕ2(x),ϕ3,α(x)

)
. Recall that (1) ϕα has width O(N logN ) and

depth O(L logL); (2) ϕ2 has width O(N ) and depth O(L); (3) ϕ3,α has width O(N ∨ β)
and depth O(β2L); (4) ϕ4 has with width O(N ) and depth O(βL). Thus, the deep ReLU
network of ψm∗ is constructed with width O(β2dβ−1N logN ) and depth O(β2L logL)
for approximating f on the domain Ωm∗ . This completes the proof.

Proof of Lemma 3.49. We proceed in a similar way as the proof of [Yang et al., 2023,
Theorem 3]. By Lemma 3.54, there exists a sequence of ReLU networks {ϕm}m∈{1,2}d

such that for any m ∈ {1,2}d ,

‖ϕm − gm‖W 1,∞((0,1)d ) ≤ 50d5/2(N +1)−4dβL.

Eachϕm is implemented by a deep ReLUnetworkwithwidthO(dN ) and depthO(d2βL).
By Lemma 4.38, there exists a collection of ReLU networks {ψm}m∈{1,2}d such that for

any m ∈ {1,2}d ,

‖ψm − f ‖W 1,∞(Ωm) ≲ 1, ‖ψm − f ‖L∞(Ωm) ≲ (NL)−2β/d

where we omit constants in d . Each ψm is implemented by a deep ReLU network with
width O(β2dβ−1N logN ) and depth O(β2L logL). Before proceeding, it is useful to
estimate ‖ϕm‖L∞(Ωm), ‖ϕm‖W 1,∞(Ωm), ‖ψm‖L∞(Ωm), and ‖ψm‖W 1,∞(Ωm) as follows

‖ϕm‖L∞(Ωm) ≤ ‖ϕm‖L∞([0,1]d ) ≤ ‖gm‖L∞([0,1]d ) + ‖ϕm − gm‖L∞([0,1]d ) ≤ 1+50d5/2 ≲ d5/2,

‖ϕm‖W 1,∞(Ωm) ≤ ‖ϕm‖W 1,∞([0,1]d ) ≤ ‖gm‖W 1,∞([0,1]d ) + ‖ϕm − gm‖W 1,∞([0,1]d )

≤ 4bN1/dc2bL2/dc+50d5/2,
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‖ψm‖L∞(Ωm) ≤ ‖f ‖L∞(Ωm) + ‖ψm − f ‖L∞(Ωm) ≲ 1,

‖ψm‖W 1,∞(Ωm) ≤ ‖f ‖W 1,∞([0,1]d ) + ‖ψm − f ‖W 1,∞([0,1]d ) ≲ 1.

Let B1 := maxm∈{1,2}d {‖ϕm‖L∞(Ωm),‖ψm‖L∞(Ωm)}, then it yields that B1 ≲ d5/2 by the es-
timates of ‖ϕm‖L∞(Ωm) and ‖ψm‖W 1,∞(Ωm). LetB2 := maxm∈{1,2}d {‖ϕm‖W 1,∞(Ωm),‖ψm‖W 1,∞(Ωm)}.

Similarly, it yields that B2 ≲ (NL)2/d + d5/2. By Lemma 3.75, for any N,L ∈N, there
exists a deep ReLU network ϕ×,B1 with width 15(N + 1) and depth 16βL such that

‖ϕ×,B1‖W 1,∞((−B1,B1)2) ≤ 12B21 and

‖ϕ×,B1(x,y)− xy‖W 1,∞((−B1,B1)2) ≤ 6B21(N +1)−8βL.

To obtain a global estimate on [0,1]d , we combine the local estimate {ψm}m∈{1,2}d and the
approximate partition of unity {ϕm}m∈{1,2}d . Let us construct the global approximation
function ϕ by

ϕ(x) :=
∑

m∈{1,2}d
ϕ×,B1(ϕm(x),ψm(x)). (4.23)

Next, we bound the error of the global approximation estimate by

‖f −ϕ‖L∞([0,1]d ) =‖
∑

m∈{1,2}d
gmf −ϕ‖L∞([0,1]d )

≤‖
∑

m∈{1,2}d
[gmf −ϕmψm]‖L∞([0,1]d )︸                                       ︷︷                                       ︸

=:R1

+‖
∑

m∈{1,2}d
[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖L∞([0,1]d )︸                                                            ︷︷                                                            ︸

=:R2

and

‖f −ϕ‖W 1,∞((0,1)d ) =‖
∑

m∈{1,2}d
gmf −ϕ‖W 1,∞((0,1)d )

≤‖
∑

m∈{1,2}d
[gmf −ϕmψm]‖W 1,∞((0,1)d )︸                                          ︷︷                                          ︸

=:R3

+‖
∑

m∈{1,2}d
[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖W 1,∞((0,1)d )︸                                                               ︷︷                                                               ︸

=:R4

.
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It remains to bound R1,R2,R3, and R4, respectively. For the term R1, it holds

R1 ≤
∑

m∈{1,2}d
‖gmf −ϕmψm‖L∞([0,1]d )

≤
∑

m∈{1,2}d

[
‖(gm −ϕm)f ‖L∞([0,1]d ) + ‖ϕm(f −ψm)‖L∞([0,1]d )

]
=

∑
m∈{1,2}d

[
‖(gm −ϕm)f ‖L∞([0,1]d ) + ‖ϕm(f −ψm)‖L∞(Ωm)

]
≤

∑
m∈{1,2}d

[
‖gm −ϕm‖L∞([0,1]d )‖f ‖L∞([0,1]d ) + ‖ϕm‖L∞(Ωm)‖f −ψm‖L∞(Ωm)

]
≤

∑
m∈{1,2}d

[
‖gm −ϕm‖W 1,∞([0,1]d )‖f ‖W 1,∞([0,1]d ) + ‖ϕm‖L∞(Ωm)‖f −ψm‖L∞(Ωm)

]
≤ 2d[50d5/2(N +1)−4dβL + (1+50d5/2)(NL)−2β/d ]

≲ (NL)−2β/d

where we use (NL)2β/d ≤ (N +1)4dβL to derive the last inequality and hide a prefactor
in d . For the term R3, it holds

R3 ≤
∑

m∈{1,2}d
‖gmf −ϕmψm‖W 1,∞((0,1)d )

≤
∑

m∈{1,2}d

[
‖(gm −ϕm)f ‖W 1,∞((0,1)d ) + ‖ϕm(f −ψm)‖W 1,∞((0,1)d )

]
=

∑
m∈{1,2}d

[
‖(gm −ϕm)f ‖W 1,∞((0,1)d ) + ‖ϕm(f −ψm)‖W 1,∞(Ωm)

]
≤

∑
m∈{1,2}d

[
‖gm −ϕm‖W 1,∞((0,1)d )‖f ‖W 1,∞((0,1)d )

+ ‖ϕm‖W 1,∞(Ωm)‖f −ψm‖L∞(Ωm) + ‖ϕm‖L∞(Ωm)‖f −ψm‖W 1,∞(Ωm)

]
≲ 2d[50d5/2(N +1)−4dβL + (4bN1/dc2bL2/dc+50d5/2)(NL)−2β/d + (1+50d5/2)]

≲ 1

where we use (NL)2β/d ≤ (N +1)4dβL to derive the last inequality and hide a prefactor
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in d . For the terms R2 and R4, it holds

R2 ≤R4 ≤
∑

m∈{1,2}d
‖[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖W 1,∞((0,1)d )

≤
∑

m∈{1,2}d
‖[ϕmψm −ϕ×,B1(ϕm(x),ψm(x))]‖W 1,∞(Ωm)

≤
∑

m∈{1,2}d
2
√
dmax

{
‖ϕ×,B1(x,y)− xy‖L∞((−B1,B1)2),

|ϕ×,B1(x,y)− xy|W 1,∞((−B1,B1)2) ·max{|ϕm|W 1,∞(Ωm), |ψm|W 1,∞(Ωm)}
}

≤
∑

m∈{1,2}d
2
√
d‖ϕ×,B1(x,y)− xy‖W 1,∞((−B1,B1)2) ·max{‖ϕm‖W 1,∞(Ωm),‖ψm‖W 1,∞(Ωm)}

≤
∑

m∈{1,2}d
12
√
dB21(N +1)−8βLB2

≲ 2d
√
dd5(N +1)−8βL((NL)2β/d + d5/2)

≲ 2d
√
dd5(d5/2(NL)2β/d )(N +1)−8βL

≲ (NL)2β/d(N +1)−8βL

≲ (NL)−2β/d

where we use (NL)2β/d ≤ (N+1)4βL in the last inequality and hide constants depending
only on d . Combining the estimates of R1,R2,R3, and R4, we have

‖f −ϕ‖L∞([0,1]d ) ≤R1 +R2 ≲ (NL)−2β/d

and

‖f −ϕ‖W 1,∞([0,1]d ) ≤R3 +R4 ≲ 1+ (NL)−2β/d ≲ 1.

It is easy to see

‖ϕ‖W 1,∞([0,1]d ) ≤ ‖f ‖W 1,∞([0,1]d ) + ‖f −ϕ‖W 1,∞([0,1]d ) ≲ 1.

Lastly, we need to calculate the complexity of the deep ReLU network. By the definition
of ϕ in (4.23), we know that ϕ consists of O(2d) parallel subnetworks listed as follows:

• ϕ×,B1 with width O(N ) and depth O(βL);

• ϕm with width O(dN ) and depth O(d2βL);
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• ψm with width O(β2dβ−1N logN ) and depth O(β2L logL).

Hence, the deep ReLUnetwork implementing the functionϕ haswidthO(2dβ2dβ−1N logN )

and depth O(d2β2L logL).

Proof of Corollary 3.50. The proof is completed by employing Lemma 3.49 on

f̄ := f /‖f ‖W 1,∞((0,1)d ).

Proof of Lemma 4.20

This lemma is yielded by applying Corollary 4.35 to the target function f ∗.

Proof of Lemma 4.25

This lemma is also yielded by applying Corollary 4.35 to the target functionM∗.

4.9.4 Proofs of stochastic error bounds

In this section, we present proofs of lemmas for bounding the stochastic errors.

Proof of Lemma 4.21

The proof is almost identical to that of Lemma 3.38.

Proof of Lemma 4.26

The proof follows from that of Lemma 3.38.
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Chapter 5

Conclusions and Discussions

In this thesis, we have investigated the theoretical properties of both ODE-based and
SDE-based generative models from the viewpoints of regularity, approximation, and
convergence analyses.

Through a unified framework and rigorous analysis, we have established the well-
posedness of the Gaussian interpolation flows, shedding light on their capabilities and
limitations. We have examined the Lipschitz regularity of the corresponding flow maps
for several rich classes of probability measures. When applied to generative modeling
based on Gaussian denoising, we have shown that GIFs possess auto-encoding and cy-
cle consistency properties at the population level. Additionally, we have established
stability error bounds for the errors accumulated during the process of learning GIFs.

We have established non-asymptotic error bounds for the CNF distribution estima-
tor trained via flow matching, using the Wasserstein-2 distance. Assuming that the
target distribution belongs to several rich classes of probability distributions, we have
established Lipschitz regularity properties of the velocity field for simulation-free CNFs
defined with linear interpolation. To meet the regularity requirements of flow match-
ing estimators, we have developed L∞ approximation bounds of deep ReLU networks
for Lipschitz functions, along with Lipschitz regularity control of the constructed deep
ReLU networks. By integrating the regularity results, the deep approximation bounds,
and perturbation analyses of ODE flows, we have shown that the convergence rate of
the CNF distribution estimator is Õ(n−1/(d+5)), up to a polylogarithmic prefactor of n.
Our error analysis framework can be extended to study more general CNFs based on
interpolation, beyond the CNFs constructed with linear interpolation.

We have proved that a pre-trained large diffusion model can gain a faster conver-
gence rate from the Bayesian fine-tuning procedure when adapted to perform condi-
tional generation tasks. This improvement in the convergence rate justifies that a pre-
trained large diffusion model would perform better on a downstream conditional gen-
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eration task than a standard conditional diffusion model, whenever an appropriate fine-
tuning procedure is implemented.

However, the theoretical results established in this thesis do have a few limitations
due to the assumptions and the techniques used. Several questions deserve further in-
vestigation. Firstly, it would be interesting to consider target distributions with general
regularity properties and investigate the resulting high-order smoothness properties of
the corresponding velocity fields. Accordingly, the well-posedness of the flow models
deserves further exploration if we relax the assumptions on the target distribution. Sec-
ondly, the inevitability of the time singularity of the velocity field remains unclear and
warrants further analysis, as we have not provided a lower bound on the Lipschitz con-
stant in the time variable. This is a challenging problem that requires more effort and
careful analysis.  Thirdly, it would be interesting to derive general non-asymptotic error
bounds and convergence rates for CNF distribution estimators under general smooth-
ness conditions. For this purpose, we need to combine the general smoothness prop-
erties of velocity fields with the deep neural network approximation theory. Fourthly,
it remains interesting to conduct rigorous analyses of one-step flow models, a nascent
family of ODE-based generative models designed for fast generation and computational
efficiency [Song et al., 2023a, Kim et al., 2023, Song and Dhariwal, 2023]. Lastly, the anal-
ysis of fine-tuning is based on the regularity assumptions of the denoising functions. It
is worth considering a new framework for analyzing the fine-tuning in a more practical
setting.
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