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ABSTRACT

Sandwich plate structures have been extensively employed in various engineering
fields, such as aerospace, mechanical and civil engineering, owing to their superior
stiffness-to-weight ratio and load-bearing capabilities. However, their inherent
lightweight and thin-walled characteristics make them particularly vulnerable to low-
frequency and broadband vibrations. Traditional passive control methods, including
locally resonant metamaterials, often suffer from narrow bandgaps and require heavy
resonators to achieve low-frequency vibration attenuation. These limitations hinder
their practical application in scenarios requiring compactness, low mass and high

performance.

To address these challenges, this thesis presents a series of studies on the design,
modeling, optimization and experimental validation of a novel class of metamaterial
sandwich plates embedded with lever-type inertial amplification (IA). By leveraging
the inertial amplification mechanism, the proposed structures enable the formation of
multiple low-frequency bandgaps without increasing resonator mass or decreasing
stiffness, thus achieving efficient vibration suppression while maintaining structural

lightness.

The research begins with the development of a metamaterial sandwich plate with lever-
type IA (IA-MSP). A comprehensive dynamic model is established to capture the
inertial amplification mechanism and its impact on the bandgap behavior. Theoretical

analysis, finite element simulations and vibration experiments are performed to validate
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the ability of the IA-MSP to generate low-frequency bandgaps. Results show that the
lever-type resonator serves to amplify the mass motion, thereby enhancing the effective
mass of the system and leading to a reduction in the boundary frequencies of bandgaps.
Increasing the lever ratio leads to a significant downshift in the bandgap frequency

range, offering tuneable vibration control without added mass.

Building on this foundation, a two-degree-of-freedom lever-type IA mechanism is
applied in the metamaterial sandwich plate (IA-MSPpg») to further enhance broadband
vibration attenuation. In theoretical analysis, a theoretical dynamic model is
constructed by theoretical bandgap formulation in predicting the characteristics of low-
frequency multiple bandgaps in the IA-MSPpr2. The effect of various parameters on
the vibration transmission characteristics of the IA-MSPpg; is studied. The numerical
simulation is also validated through favorable agreement with the results obtained from
experimental study. The results show that the coupling effect between the primary and
secondary resonators contributes to the widening of attenuation zones. Increasing
damping can merge the two bandgaps into a broader and more effective attenuation

range, offering improved broadband performance over conventional designs.

To achieve precise control over multiple target frequencies, a graded lever-type TA
resonator arrangement is introduced in the metamaterial sandwich plate (GLIA-MSP).
This configuration employs periodic arrays of IA resonators with different lever ratios,
enabling the formation of multiple low-frequency bandgaps. A hybrid design
framework combining theoretical modeling, numerical simulations and genetic
algorithm (GA)-based optimization is developed. Within this framework, the GA-based
optimization is employed to systematically identify the optimal configuration of lever

ratios, ensuring that the bandgaps are simultaneously aligned with the designated target
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frequencies. The GLIA-MSP achieves superior bandwidth efficiency and mass
effectiveness compared to conventional metamaterial sandwich plates with graded

local resonators.

In addition, normalized comparative analyses demonstrate that the proposed IA-based
metamaterial sandwich plates significantly outperform traditional designs in terms of
vibration attenuation bandwidth and lightweight characteristics. The results show that
the proposed I[A-based metamaterial sandwich plates exhibit a wider normalized
attenuation bandwidth y and superior lightweight design when compared to other
configurations of metamaterial sandwich plates. This remarkable lightweight
characteristic enhances the potential of the proposed [A-based metamaterial sandwich

plates to offer significant advantages in various engineering applications.

In conclusion, this thesis establishes a comprehensive framework for the design of
metamaterial sandwich plates based on inertial amplification principles. The
combination of advanced modeling, numerical simulations, experimental validation
and intelligent optimization offers a robust approach for achieving low-frequency and
broadband vibration suppression. The findings contribute significant insights to the
field of metamaterials and hold strong potential for application in engineering systems

requiring effective vibration control across multiple frequency ranges.
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Nomenclature

Abbreviation Description

LR

IA

[A-MSP

[A-MSPpg2

GA

CUF

CSPs

FEM

FFT

LR-MSP

AZ

BG

RW

Local resonance

Inertial amplification

Metamaterial sandwich plate incorporating lever-type IA resonators

Metamaterial sandwich plate embedded with two-degree of freedom

inertial amplified resonators

Genetic algorithm

Carrera Unified formulation

corrugated-core sandwich panels

Finite element method

Fast Fourier Transform

Metamaterial sandwich plates with local resonators

Attenuation zone

Bandgap

Relative bandwidth



IA-MSPpr;

LR-MMSP

AZ1

AZ2

2-DOF

GLIA-MSP

GLR-MSP

BER

GLIA-1

GLIA-2

GLIA-3

2

Terms

XI

Metamaterial sandwich plate that incorporates two-degree of

freedom inertial amplified resonators

Metamaterial sandwich plates incorporating multi-frequency local

resonators

The first attenuation zone of the IA-MSPpg2

The second attenuation zone of the IA-MSPpg»

Two degrees of freedom

Metamaterial sandwich plate with periodic graded arrays of lever-

type inertial amplification resonators

Metamaterial sandwich plates with periodic graded arrays of local

resonators

Bandwidth efficiency ratio

The first graded lever-type IA resonator

The second graded lever-type IA resonator

The third graded lever-type IA resonator

Vibration transmissibility

Description
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The spring stiffness in the I[A-MSP

The mass in the IA-MSP

The distance between the spring and support bar within the primary

lever-type IA resonator

The distance between the support bar and the mass within the

primary lever-type 1A resonator

The distance between the spring and support bar within the

secondary lever-type IA resonator

The distance between the support bar and mass within the secondary

lever-type IA resonator

The strain in the x-direction

The strain in the y-direction

The shear strain

The transverse displacement of the face plates

The elastic constants matrix

The elastic strain energy of the face plates

The kinetic energy of the face plates

The density of the face plates



14 The volume of the face plates

wo The transverse displacement of support bar in the [A-MSP
wi The displacement of the primary mass

w2 The displacement of the secondary mass

T, The kinetic energy of the resonator in the [A-MSP

U, The elastic strain energy of the resonator in the IA-MSP
R The lever ratio in the IA-MSP

a Wavenumbers in the x- direction

B Wavenumbers in the y- direction

) Angular frequency

H The overall height of the structure

h The thickness of the face plates

ax Lattice constants along the x direction

ay Lattice constants along the y direction

y The mass ratio between the resonator and faceplates

\Y Differential operator

r Position vector
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C ()

u(r)

u(r)

Q(k)

Pm

Pl

rE

X1V

Position dependent elastic tensor

Displacement vector

Time

Wave vector

Modulation function of the displacement

Lattice constant vector

Stiffness matrices

Mass matrices

Acceleration integration

The lower boundary of the bandgap

The upper boundary of the bandgap

The mass ratios of resonator

The varying mass density of the inertial amplified resonator

The initial mass density of the inertial amplified resonator

The Young's modulus ratios of the resonator

The varying Young's modulus of the resonator spring

The initial Young's modulus of the resonator spring



Tof
Pr
P2
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I

Js

m
ki

k>

Ry
Tml

XV

The density ratios of the face plate

The varying density of the face plate

The initial density of the face plate

Normalized lower boundary frequency

Lattice constant

The shear wave velocity of the host structure

Relative density

The average density of the core

The eigenfrequency of the primary lever-type IA resonator

The eigenfrequency of the secondary lever-type 1A resonator

The mass of the primary lever-type IA resonator

The mass of the secondary lever-type [A resonator

The spring stiffness of the primary lever-type IA resonator

The spring stiffness of the secondary lever-type IA resonator

The lever ratio of the primary lever-type IA resonators

The lever ratio of the secondary lever-type IA resonators

The kinetic energy of the primary resonator



Tm2

Uml

UmZ

In
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The kinetic energy of the secondary resonator

The elastic strain energy of the primary resonator

The elastic strain energy of the secondary resonator

The lower boundary frequency of the first bandgap for the IA-

MSPpr2

The upper boundary frequency of the first bandgap for the IA-

MSPpr2

The lower boundary frequency of the second bandgap for the 1A-

MSPpr2

The upperboundary frequency of the second bandgap for the IA-

MSPpr2

The mass of two face plates in the unit cell

The mass ratio of the secondary lever-type IA resonator to the

primary lever-type IA resonator

The mass ratio of the primary lever-type IA resonator to the face

plates

The total mass of the core layer

The space volume occupied by the core layer



Vs The equivalent volume of core layer

C The complex elastic modulus of the resonator
C The elastic modulus of the resonator without damping
g Structural loss factor

T The kinetic energy of the GLIA-1

T The kinetic energy of the GLIA-2

T3 The kinetic energy of the GLIA-3

Un The elastic strain energy of the GLIA-1

Un The elastic strain energy of the GLIA-2

Us The elastic strain energy of the GLIA-3

Ain The displacement of the input point A,

Bous The displacement of the output point B.

S The center frequency of the i-th bandgap
S The target center frequency of the f_

Vi Weighting coefficient

F fitness function

XVII



Jel The center frequency of the bandgap 1
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f3 The center frequency of the bandgap 3
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Chapter 1

Introduction

1.1. Research Background

Sandwich plate structures, comprising two face plates and a core layer, are extensively
used in diverse fields of engineering applications, encompassing aerospace,
transportation, civil engineering, and marine engineering, owing to the high stiffness-
to-weight ratio properties (Ruzzene, 2004; Teng et al., 2023; Vinson, 2001; Z.-J. Wu
et al., 2013; Yang et al., 2013; Zok et al., 2004). However, as lightweight and thin-
walled structures, the sandwich plates usually perform poorly in the vibro-acoustic
fields, significantly limiting their application (Song et al., 2019). To improve their
vibration attenuation and sound insulation performance, various methods have been
developed, including damping treatment (Z.-J. Wu et al., 2013; Yang et al., 2013),
structural design (Denli & Sun, 2007; Wang et al., 2009), vibration absorbers (Mak &
Jianxin, 2002; Mak et al., 2023; Yu Sun et al., 2019), and active control (Aragjo et al.,
2010; Luo et al., 2008). The present methods for controlling vibrations are centred
mainly on the regulation of mid-to-high-frequency vibrations, with the exception of
active control. Although effective in attenuating low-frequency vibrations, the
utilization of an external circuit often constrains the practical application of active
control in engineering. Thus, low-frequency vibration attenuation of sandwich plates

remains a challenging issue that needs to be addressed in engineering applications.



In recent decades, metamaterials have garnered significant attention as a type of
artificial metamaterials that are composed of periodically arranged microstructures.
The word “meta” is derived from Greek and translates as "beyond". The metamaterials
possess remarkable physical properties that surpass those of conventional structures,
including negative Poisson's ratio (Tao et al., 2022; Yasuda & Yang, 2015), negative
effective stiffness (S. Lin et al., 2021; Y. Liu et al., 2022), and wave guide (Y. Wang
et al., 2021; P. Zhao et al., 2021), among others. It is noteworthy that metamaterials
possess bandgaps, which correspond to frequency regions in which elastic and acoustic
wave propagation is inhibited. This feature has opened up a novel avenue for regulating
low-frequency vibration and noise. Previous studies have reported that the bandgap has
two generation mechanisms, Bragg scattering and local resonance (LR). The Bragg
scattering mechanism arises from the interference and multiple scattering effects
between the periodic units of the structure (Brillouin, 1953; Mead, 1996; Timorian et
al., 2020). The unit cell’s lattice constant corresponds to a wavelength within a similar
range, limiting the attainment of low-frequency bandgaps. Large-sized structures or
materials with high density or low modulus are required to acquire a low-frequency
Bragg bandgap. In 2000, the concept of photonic crystal based on LR mechanism was
initially introduced by Z. Liu et al. (2000). This innovation broke the limitation of
generating low-frequency bandgaps in the metamaterials by creating a bandgap two
orders of magnitude smaller than the lattice constant of a unit cell. The cause of LR
mechanism generation can be understood using the "spring-mass" resonator model
(Chen et al., 2011; Huang et al., 2019; Vo et al., 2022; Yao et al., 2008). This model
demonstrates how local resonators can convert external work into kinetic energy when

the forcing frequency aligns with the resonance frequency. To ameliorate its property



of the low frequency vibration attenuation, a variety of resonators (spring-mass
subsystem), such as mass-beam resonators (Jingiang Li et al., 2020), plate-type
resonators (Q. Wang et al., 2021), membrane-type resonators (J. Li et al., 2023), simply
cantilever beam resonators (Qiang et al., 2021), and other types of resonators (H. Li et
al., 2021; Z.-Y. Li et al., 2020; G.-L. Yu & Miao, 2019), have been periodically
incorporated into the core layer of the sandwich plate. The local resonant properties of
these resonators can be activated within the bandgap and create inertial forces to

weaken the vibration of the plate (An et al., 2023).

An alternative approach utilizing the inertial amplification (IA) mechanism has been
proposed to realize bandgaps without sacrificing structural stiffness or considerably
increasing system mass. In 2007, Yilmaz et al. (2007) proposed a substitute approach
based on the IA mechanism to achieve low-frequency bandgaps without compromising
the overall stiffness or significantly increasing the total mass. This approach involves
enhancing the effective inertia of the system through motion amplification of small
masses. The A mechanism has been employed as fundamental elements in discrete
and continuous systems for the design of diverse lattice configurations (Acar & Yilmaz,
2013; Banerjee et al., 2021; Bhatt et al., 2022; Xiang Fang et al., 2018; Orta & Yilmaz,
2019; Yilmaz & Hulbert, 2010; Yuksel & Yilmaz, 2015, 2020). These investigations
studied the wave propagation behavior of periodic lattices incorporating IA
mechanisms. The exceptional capabilities of the low-frequency vibration isolation in
periodic lattices integrated with IA mechanisms were validated. Then, the IA
mechanism was introduced in metamaterial design to facilitate the mitigation of low-
frequency vibrations (N. M. Frandsen et al., 2016; Jingru Li et al., 2020; J. Li et al.,

2022; Mizukami et al., 2021; Mu et al., 2022a, 2022b; S. Muhammad et al., 2020; Xi
3



etal.,2021;Y. Xueetal., 2024; Zeng, Cao, Wan, Guo, An, et al., 2022; C. Zhao, Zhang,
Zhao, & Deng, 2023; C. Zhao, Zhang, Zhao, Hong, et al., 2023). This approach does
not require sacrificing stiffness or increasing the total mass, thereby overcoming the

drawbacks of previously mentioned methods.

1.2. Research Problem Statement

The practical application of LR-type metamaterials sandwich plates in attenuating low-
frequency vibration is confronted with formidable challenges. A considerably heavy
resonator mass, which composes a substantial portion of the total medium mass, is
required to open up the bandgap at low frequency. The realization of weighty resonators
within small-size sandwich structures poses a complex design problem. A novel
approach to tuning bandgap frequencies involves incorporating IA mechanisms into
metamaterial design. The IA mechanism with a small mass can play a positive role in
achieving strong vibration attenuation at low frequencies. The bandgap frequency
ranges generated by IA mechanisms are primarily influenced by the amplification angle,
which refers to the deviation between the host structure and each lateral bar. To achieve
low-frequency bandgaps, a substantial amplification angle is required, necessitating the
use of long lateral bars within the IA mechanism. However, accommodating these long
bars poses a significant constraint in many real-world applications due to space
limitations. Therefore, there is a need to investigate and develop lightweight and
compact designs to attain vibration attenuation at lower frequencies in the sandwich

plate.



The IA mechanism offers a solution to low-frequency vibration attenuation in the
sandwich plate. However, IA resonators possess a limited operational bandwidth, as it
exhibits optimal efficacy solely at its resonant frequency within a relatively narrow
frequency range. Lower frequency bandgaps are commonly accompanied by narrower
bandwidths. Multi-bandgap mass-spring resonators have been introduced into the
metamaterial plates to obtain broadband vibration attenuation (Fan et al., 2022; Peng
et al., 2015; Xiao et al., 2019). To the best of the authors’ knowledge, metamaterial
sandwich plates inspired by the idea of multi-bandgap inertial amplified resonators
have never been presented in previous literature. The achievement of multiple
bandgaps can facilitate the merging and broadening of bandgaps. Therefore, it is
necessary to explore the achievement of multi-frequency lever-type IA metamaterial

sandwich plate for obtaining broadband vibration attenuation.

In addition, most existing studies have implemented uniform resonator configurations
in the metamaterials, which inherently limit the range of adjustable parameters and thus
restrict the achievable bandgap range. This limitation significantly hinders the vibration
control performance of metamaterial sandwich plates in applications requiring multiple
frequency band ranges. Therefore, further research is required to develop an innovative
analytical framework and an optimization-based approach to enhance the performance
and adaptability of metamaterial sandwich plates for multi-frequency vibration control.
Additionally, achieving precise alignment of multiple bandgaps with target frequency
ranges is essential for improving vibration suppression efficiency and structural

performance.



1.3. Research Objectives and Significance

Due to the limitation of the previous studies, this thesis aims to propose novel class of

metamaterial sandwich plates embedded with lever-type IA to achieve low-frequency

and broadband vibration control. The primary objective of this study is to analyse the

effectiveness of the proposed metamaterial sandwich plates in attenuating the low-

frequency vibration utilizing theoretical dynamical model, numerical analysis,

experimental study and algorithm optimization. Specifically, the study seeks:

1)

2)

3)

4)

To establish a theoretical dynamic model of proposed metamaterial sandwich plates
embedded with lever-type IA mechanisms. The dispersion equations of the unit cell
are derived, and the lever-type IA mechanisms employed in the metamaterial
sandwich plate to achieve lower frequency bandgap are interpretated.

To investigate vibration suppression characteristics of proposed metamaterial
sandwich plates numerically and experimentally. Comparative studies are
conducted to assess the effectiveness of both the metamaterial sandwich plates with
lever-type IA mechanisms and LR-type metamaterials sandwich plates in
attenuating low-frequency vibrations.

To quantitatively evaluate the vibration attenuation performance and lightweight
efficiency of the proposed metamaterial sandwich plates. The effects of the
structural parameters on the vibration transmission characteristics of the
metamaterial sandwich plates with lever-type IA mechanisms are studied.

To develop an optimization framework for metamaterial sandwich plates with
lever-type IA mechanisms, with the goal of achieving precise alignment of multiple

bandgaps with target frequency ranges. This approach enhances the performance



and adaptability of metamaterial sandwich plates in multi-frequency vibration

control applications.

This study concerns theoretical analysis, numerical simulation, experimental research
and algorithm optimization to contribute to improving the vibration suppression
performance of sandwich plates. The theoretical analysis elucidates underlying
mechanisms of the lever-type IA resonator for attenuating low-frequency vibrations in
sandwich panels, which establishes a solid foundation for future research in the field.
The numerical simulation enables an intuitive comparison of bandgap characteristics
and vibration suppression performance between the metamaterial sandwich plates with
lever-type IA mechanisms and LR-type metamaterials sandwich plates. It can also
obtain the relationships between parameters (e.g. geometrical and material parameters)
and the vibration attenuation performance. Experimental studies serve to confirm the
theoretical and numerical results while providing an opportunity to assess the feasibility
and effectiveness of metamaterial sandwich plates with lever-type IA mechanisms in
achieving low-frequency broadband vibration isolation in engineering applications. An
optimization-based approach is proposed to achieve precise alignment of multiple

bandgaps with target frequency ranges.

1.4. Outline of This Thesis

This chapter outlines the research background, problems, objectives, and significance

of the thesis. The remaining chapters are summarized as follows:



Chapter 2 presents a review of relevant literature on metamaterials, with a particular
focus on vibration control using LR-type metamaterials and IA mechanisms. Existing
research in both approaches is summarized to identify current limitations and motivate

the research presented in this thesis.

Chapter 3 introduces the lever-type IA mechanism into the design of metamaterial
sandwich plates for the first time. Through the amplification of resonator motion, the
lever mechanism contributes to an effective increase in the system's dynamic mass,
resulting in a reduction of the coupled-mode frequency and enabling low-frequency
bandgap formation. This chapter demonstrates the superior vibration isolation
capabilities of the proposed lever-type TA metamaterial sandwich plate (IA-MSP)

compared to conventional LR-based configurations.

Chapter 4 proposes a novel metamaterial sandwich plate embedded with two-degree
of freedom inertial amplified resonators (IA-MSPpr2) to achieve broadband low-
frequency vibration attenuation. The findings offer important guidance on the design
principles and parametric control of multi-bandgap behavior in metamaterial sandwich

structures.

Chapter 5 develops a comprehensive design and optimization framework that
integrates theoretical modeling, finite element simulations, and genetic algorithm
(GA)-based optimization. The aim is to precisely tune multiple bandgaps to desired
frequency targets, thereby enhancing the effectiveness and adaptability of lever-type

IA metamaterial sandwich plates in multi-frequency vibration control applications.



Chapter 6 summarizes the key contributions and findings of the entire PhD project. It
also outlines recommendations for future studies on vibration control by using lever-

type IA metamaterial sandwich plates.



Chapter 2

Literature Review

2.1. Metamaterials

Metamaterials, which are composed of artificially arranged microstructures, have
garnered extensive research interest due to their unique capabilities in waveguiding
(Mousavi et al., 2015; P. Zhao et al., 2021), energy dissipation (Hussein & Frazier,
2013; Mei et al., 2023) and energy localization (Oudich et al., 2011; Thomes et al.,
2022). These extraordinary functionalities are fundamentally derived from the bandgap
properties of metamaterials, where elastic waves within the bandgap range are
prevented from propagating through the structure. Currently, metamaterial bandgaps
are generally categorized into Bragg scattering bandgaps and locally resonant bandgaps.
The Bragg scattering bandgap arises due to the interference between transmitted and
reflected waves at periodic interfaces. Since its formation mechanism is inherently
dependent on the periodicity of the structure, the wavelength of the Bragg scattering
bandgap is generally comparable to the lattice constant, resulting in bandgaps that
predominantly lie in the high frequency (W. Gao et al., 2022; Tallarico et al., 2023).
Consequently, achieving low-frequency Bragg scattering bandgaps necessitates large
structural dimensions, which significantly limits their practical application in low-
frequency vibration suppression. By contrast, the locally resonant bandgap, first

discovered in 2000 by Liu et al. (Z. Liu et al., 2000), provides a more effective approach
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for low-frequency vibration control. Unlike Bragg scattering systems, locally resonant
metamaterials can achieve bandgaps where the elastic wavelength significantly exceeds
the lattice dimension—by as much as two orders of magnitude. This characteristic
facilitates low-frequency vibration suppression using compact structures, overcoming
the size constraints inherent to Bragg scattering metamaterials. Due to this advantage,
locally resonant metamaterials have great potential for low-frequency vibration

isolation.

2.2. Vibration Control Using LR-type Metamaterials

Researchers have extensively investigated locally resonant metamaterials in various
structural forms, including beams, plates, shafts and rods (Choi et al., 2022; Hu et al.,
2021; Hussain & Lim, 2021; J. Li et al., 2023; Lou et al., 2025; Nobrega et al., 2016;
Patro et al., 2023; Shi et al., 2022; Tao et al., 2022; Z. Wu et al., 2019; Xu & Jing, 2024;
D. Yu et al., 2006; S. Zhang et al., 2023), further expanding their applicability in
engineering vibration control. D. Yu et al. (2006) investigated the vibration properties
of Timoshenko beams integrated with periodic local resonators through theoretical
analysis and experimental validation. The results showed the local resonators induced
low-frequency bandgaps, offering a means for effectively controlling flexural
vibrations in beams. Hu et al. (2021) developed a metamaterial beam that comprises
multiple local resonators with distinct resonance frequencies to achieve broadband
vibration suppression. Tao et al. (2022) devised a metamaterial plate composed of

resonant cylinders that demonstrate an intriguing negative Poisson's ratio property.
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This unique design aimed to enhance the structure's performance on attenuating the
low-frequency vibration. J. Li et al. (2023) employed membrane-mass resonators as
local resonators within a plate. The resonator inclusion proved to be highly beneficial,
as it significantly enhanced the vibration suppression performance of the plate. Hussain
and Lim (2021) proposed a novel metamaterial pillared-plate structure featuring an
exceptionally wide local resonance bandgap. Through numerical simulations and
experimental investigations, they demonstrated that the expansion of the local
resonance bandgap could be achieved through simultaneous modulation of the
composite pillar mass density and the plate stiffness. Cinefra et al. (2021) employed
the Carrera Unified Formulation (CUF) within a finite element framework to
investigate metamaterial plates. The utilization of CUF finite elements resulted in
improved computational efficiency for heterogeneous materials. The CUF is a versatile
method that can be applied to diverse structural modeling scenarios(Erasmo Carrera et
al., 2021; Erasmo Carrera et al., 2013; Erasmo Carrera & Giunta, 2010; E Carrera &

Zozulya, 2022; De Miguel et al., 2021; Pagani & Carrera, 2017).

The concept of locally resonant metamaterials has been used in developing plate
structure, especially sandwich plates, with the aim of achieving superior performance
in attenuating vibrations within low-frequency regimes (An et al., 2023; Choi et al.,
2023; Choi et al., 2024; Jiang et al., 2021; H. Li et al., 2022; H. Li et al., 2021; Jinqiang
Lietal., 2020; J. Liet al., 2023; Lim, 2019; Song et al., 2020; Q. Wang et al., 2021; Xi
etal., 2022; Yan et al., 2022; Y. Zhang et al., 2021). An et al. (2023) presented a novel
type of meta-orthogrid sandwich plates that were equipped with locally resonant
resonators for achieving efficient low-frequency vibration attenuation. The spring-

mass resonators were periodically embedded within tubes positioned between the two
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faceplates. The bandgap in the range of 95.02—115.55 Hz was primarily induced by the
resonance characteristics of the embedded resonator. Choi et al. (2023) introduced a
plate-type locally resonant metamaterial designed for efficient low-frequency vibration
isolation. The local resonator within the structure employed stainless steel and silicone
rubber. This combination resulted in a local resonance bandgap ranging from 38.8 Hz
to 44.2 Hz. Then, they presented a hybrid behavior of locally resonant bandgap and
vibration attenuation mechanisms to achieve broadband vibration control. The hybrid
isolation behavior enables the realization of a bandgap spanning from 34.42 Hz to 52.91
Hz in the experimental investigation. The presence of material damping within the
experimental resonators can facilitate the expansion of the bandgap beyond the
boundary frequencies identified by numerical analysis (Choi et al., 2024). In addition,
multi-frequency resonators have been introduced in the design of metamaterial plates
to achieve vibration isolation across multiple bandgaps (Fan et al., 2022; Peng et al.,
2015; Xiao et al., 2019). Peng et al. (2015) investigated the mechanism of multi-
bandgap metamaterial plate incorporating two-mass resonators for broadband vibration
isolation. Two distinct bandgaps were identified within the ranges of 712.9-737.6 Hz
and 891.7-912.1 Hz. Notably, it was found that the presence of high damping in
resonators facilitated the merging of two bandgaps into a broader bandgap. Xiao et al.
(2019) proposed a laminate acoustic metamaterial with two degrees of freedom local
resonators. Two distinct bandgaps were generated around the resonant frequency of the
resonators. The first bandgap spans from 352 Hz to 378 Hz, while the second bandgap
ranges from 442 Hz to 465.5 Hz. Fan et al. (2022) devised a design for metamaterial

sandwich plates featuring two coupled mass-beam resonators. This design enabled the
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achievement of two low-frequency bandgaps spanning 51.6-78.9 Hz and 100.2—-156.4

Hz.

Beyond passive design strategies, active control, nonlinear mechanisms, and quasi-zero
stiffness concepts have been integrated into locally resonant metamaterial sandwich
plates to tune and widen bandgaps, thereby improving low-frequency vibration
attenuation performance. Li et al. (Z.-Y. Li, T.-X. Ma, et al., 2022; Z.-Y. Li, Y.-Z.
Wang, et al., 2022; Z.-Y. Li et al., 2024) attached piezoelectric patches to a locally
resonant metamaterial sandwich plate and employed an external circuit to achieve
active adaptive feedback control of vibration. Fang et al. (Fang et al., 2017; Fang et al.,
2016; Xin Fang et al.,, 2018) introduced nonlinearities into locally resonant
metamaterials and were the first to discover and confirm the chaotic band phenomenon,
demonstrating its effectiveness in low-frequency broadband vibration suppression.
They further investigated vibration reduction properties of nonlinear metamaterial
sandwich plates (Sheng et al., 2023). Zhou et al. (Cai et al., 2023; Cai, Zhou, Wang,
Pan, et al., 2022; Cai, Zhou, Wang, Xu, et al., 2022; Q. Lin et al., 2022) applied the
quasi-zero stiffness concept to metamaterial beams, plates and pipes, leveraging the
high static and low dynamic stiffness properties to realize ultra-low-frequency

bandgaps.

2.3. Vibration Control Using IA Mechanisms

In recent years, inertial amplification (IA) method has been introduced in metamaterial

design to achieve the vibration control (Banerjee et al., 2021; Bhatt et al., 2022; Hussein
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etal.,2022; Jingru Li et al., 2020; Yilmaz & Hulbert, 2010; Yilmaz et al., 2007; Yilmaz
& Kikuchi, 2006; C. Zhao, Zhang, Zhao, Hong, et al., 2023). Yilmaz et al. (Yilmaz &
Hulbert, 2010; Yilmaz et al., 2007; Yilmaz & Kikuchi, 2006) firstly utilized the motion
amplification of a small mass to induce low-frequency bandgaps. This approach does
not require sacrificing stiffness or increasing the total mass, thereby overcoming the
drawbacks of previously mentioned methods. Building upon this concept, researchers
have extended IA mechanisms into various configurations, including triangular (Acar
& Yilmaz, 2013; Jingru Li et al., 2020; Yuksel & Yilmaz, 2015, 2020; Zeng, Cao, Wan,
Guo, An, et al., 2022; J. Zhang et al., 2025; C. Zhao, Zhang, Zhao, Hong, et al., 2023),
x-type (H. Li et al., 2023; Y. Li & Zhou, 2021; Russillo et al., 2022; Yonghang Sun,
Dong, et al., 2024; Yonghang Sun, Zhang, et al., 2024), pyramidal (Mi & Yu, 2021;
Otlu et al., 2023; Xi et al., 2022) and lever-type (L. Gao, Mak, & Cai, 2024; L. Gao,
Mak, Cai, et al., 2024; L. Gao, Mak, Ma, et al., 2024; Yonghang Sun et al., 2025; S.
Wang et al., 2021; Xi et al., 2023; Zeng, Cao, Wan, Guo, Wang, et al., 2022) resonators
to control wave propagation. Jingru Li et al. (2020) incorporated the IA mechanism
into the design of a metamaterial sandwich beam featuring pyramidal truss cores. This
innovative design aimed to attain multiple and broader frequency bandgaps to
effectively attenuate vibrations. Banerjee et al. (2021) proposed a new conception for
obtaining a wider bandgap with a dual-attenuation peak through coupling IA and LR
mechanism to achieve strong vibration isolation. Zhao et al. (2023) presented a kind of
IA metamaterials that incorporate double resonators. The unique aspect of this design
lies in the merging of bandgaps within the realm of double-zero effectiveness, leading
to a broadband vibration attenuation. Subsequently, several studies have investigated

the IA method's efficacy for low-frequency vibration attenuation of metamaterials (N.
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M. M. Frandsen et al., 2016; Mizukami et al., 2021; Orta & Yilmaz, 2019; S. Wang et
al., 2021; Xi et al., 2021; Xi et al., 2023; Yuksel & Yilmaz, 2020; Zeng, Cao, Wan,
Guo, An, et al., 2022; Zeng, Cao, Wan, Guo, Wang, et al., 2022). Yuksel and Yilmaz
(2020) designed a two-dimensional elastic metamaterial that features topologically
optimized IA mechanisms, resulting in the achievement of an ultrawide low-frequency
bandgap. Xi et al. (2021) proposed a four-bar IA mechanism to enhance the vibration
attenuation capabilities of corrugated-core sandwich panels (CSPs) in low-frequency
ranges. By comparing the IA-CSP with CSPs equipped with attached local resonators,
it was observed that the [A-CSP exhibited a broader band of low-frequency attenuation.
Bar-hinge resonators (triangular, x-type and pyramidal configurations) amplify inertia
through the angle between the host structure and lateral bars. Achieving a lower
frequency bandgap requires a larger amplification angle. In contrast, lever-type IA
resonators achieve inertial amplification by adjusting the lever ratio, where a higher
lever ratio results in a lower bandgap frequency. This eliminates the need for long
lateral bars in sandwich cores, which occupy significant space for large amplification
angles. This approach facilitates low-frequency bandgap generation while enhancing
tunability and space efficiency for vibration control. Zeng et al. (2022) presented an
innovative category of seismic metamaterials incorporating a lever-type IA system to
attenuate the low-frequency seismic surface waves. Through experimental
investigations, they thoroughly examined and discussed the vibration attenuation
characteristics of a metamaterial plate equipped with lever-arm resonators. The
obtained results clearly illustrated that the lever-type 1A approach provides a viable
means to isolate low-frequency seismic surface waves, thus offering an alternative

solution in this domain. Then, Xi et al. (2023) introduced lever-type IA resonators into
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a thin plate to improve its capabilities of attenuating low-frequency vibration.
Compared to LR-type metamaterial plates with equivalent mass, the lever-type A
metamaterial plates exhibited significantly broader complete bandgaps at the desired
target frequency. Sun et al. (2023) introduced a kind of metamaterial beam to enhance
its ability to attenuate low-frequency flexural waves. The lever-type resonators were
periodically installed on a host beam. The numerical results showed that the beam
achieved a lower bandgap (97-160 Hz) than the LR-type metamaterial beam with
identical additional mass. These findings highlight the superior effectiveness of the
lever-type IA approach in achieving wider low-frequency bandgaps for vibration

attenuation in thin plates.

2.4 Summary and Research Gap

This chapter reviews the previous studies related to the study of metamaterials,
vibration control using LR-type metamaterials, and using IA mechanisms. The

corresponding research gaps are summarized as follows:

1) The practical application of LR-type metamaterial sandwich plates in attenuating
low-frequency vibrations faces significant challenges. Achieving a bandgap at low
frequencies typically requires resonators with considerable mass, which accounts
for a substantial portion of the total structural mass. However, incorporating such
heavy resonators into compact sandwich structures introduces complex design
constraints. A promising alternative is to integrate IA mechanisms into

metamaterial design, enabling low-frequency vibration isolation with relatively
17



2)

3)

18

small masses. The bandgap frequency induced by IA mechanisms is primarily
governed by the amplification angle—the deviation between the host structure and
the lateral bars. Realizing low-frequency bandgaps requires a large amplification
angle, which in turn demands long lateral bars. However, integrating such long bars
is often impractical due to space limitations in real-world applications. This
underscores the need to develop lightweight and compact IA-based designs capable
of achieving efficient vibration attenuation at low frequencies within the geometric
constraints of sandwich structures.

Although TA mechanisms offer a viable route to low-frequency vibration
attenuation, their operational bandwidth is typically narrow, with optimal
performance occurring near their resonance frequency. Lower bandgap frequencies
tend to be associated with even narrower bandwidths, limiting their practical
effectiveness. To address this, multi-bandgap mass-spring resonators have been
proposed to achieve broader attenuation ranges. However, to the best of the authors’
knowledge, metamaterial sandwich plates incorporating multi-bandgap inertial
amplification resonators have not yet been explored. Achieving multiple bandgaps
within the same structure not only enables coverage of distinct frequency ranges
but also allows for potential merging and broadening of bandgaps, which is critical
for broadband vibration suppression. This highlights the necessity of developing
multi-frequency IA-MSPs as a new paradigm for enhanced broadband vibration
attenuation.

In most existing designs, resonators are configured uniformly, which inherently
limits the tunability of structural parameters and restricts the achievable bandgap

range. This uniformity poses a major challenge in applications requiring flexible
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control over multiple frequency ranges, thereby constraining the overall vibration
control performance of metamaterial sandwich plates. To overcome these
limitations, further research is needed to establish an innovative analytical
framework coupled with an optimization-based design methodology. Such a
framework should enable strategic control over bandgap characteristics through
parametric modeling and optimization algorithms, ensuring that multiple bandgaps
are precisely aligned with target frequency ranges. This advancement is essential
for improving vibration suppression efficiency, enhancing structural performance,
and expanding the adaptability of metamaterial sandwich plates in complex

engineering environments.



Chapter 3

Low-frequency Vibration Control of the IA-MSP

In this chapter, a novel metamaterial sandwich plate incorporating lever-type inertial
amplification resonators (IA-MSP) is developed to achieve low-frequency bandgaps
and enhanced vibration attenuation. This marks the first application of lever-type IA
mechanisms within a sandwich plate structure, where the amplification of resonator
motion effectively increases the system’s dynamic mass. As a result, the coupled mode
frequency is significantly reduced, enabling the formation of low-frequency bandgaps
without the need for large centralized masses or heavy local resonators. A
comprehensive investigation of the IA-MSP’s bandgap characteristics and vibration
behavior is conducted through theoretical modeling, numerical simulations, and
experimental validation. A dynamic model is established to mathematically describe
the inertial amplification mechanism and its influence on the system’s dynamic
response. Vibration transmission analyses confirm that the lever-type configuration
significantly amplifies mass motion, leading to increased effective mass and enhanced
low-frequency isolation. Moreover, by adjusting the lever ratio R, the bandgap
boundaries can be finely tuned. Compared to conventional LR-based metamaterial
sandwich plates (LR-MSP) with identical geometric and material parameters, the IA-
MSP with R =2 exhibits bandgap boundaries that are approximately half those of the
LR-MSP. As R increases, the lower boundary of the bandgap continues to decrease,

resulting in a clear shift of the bandgap towards lower frequencies.
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3.1. Methodology

This section presents the study's methodology, which explains the strategies and
accordance adopted to obtain the objectives of the preliminary study. In the first
subsection, the section presents theoretical derivation of the dynamic model, revealing
the IA mechanism in the proposed plate theoretically. Then, it outlines the FEM
employed for calculating the band structure, which provides the foundation for the
following investigations. Finally, the experiment test is introduced including the

experimental setup and experimental specimen of an IA-MSP.

3.1.1 Theoretical Derivation

The proposed IA-MSP and its unit cell are presented in Figures 3.1 (a) and (b),
respectively. Two face plates are connected by a periodic array of support bars, with
lever-type inertial amplification resonators periodically integrated between them. Each
resonator comprises a spring, a lever, and a mass, all connected to the support bar by a
hinge joint. In this study, the analysis focuses only on the transverse vibration of the

IA-MSP, with the assumption that the supporting bars possess infinite stiffness.

To reveal the lever-type inertial amplification mechanism, the IA-MSP unit cell is
analytically described by equivalent mass-lever-spring model, as shown in Figure 3.1
(¢). k denotes the spring stiffness, m represents the mass, and /i and /» are the distance
between the spring and support bar and between the support bar and the mass,
respectively. According to the classical plate theory, the strain-displacement

correlations at a point (x, y, z) of two face plates are expressed as follows:
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(3.1)

where ¢, represents the strain in the x-direction, ¢, represents the strain in the y-

direction, 7, fepresents the shear strain, and w denotes the transverse displacement of

the plate.

The constitutive relation of the plate in the context of a plane stress problem is defined

as:

o = Qg, (3.2)

where Q denotes the elastic constants matrix, which can be expressed as:

Q, Q, 0
Q=(Qy Qp 0, (3.3)
0 0 Q66

where

E vE E
Q= Q= o Q2= Qo = 5 Q6™ 3y

(34

The elastic strain energy U and the kinetic energy 7 associated with the face plates are

expressed as follows:

U= % fV{e}T{a}d v, (3.5)

T—IJ (aw)de (3.6)
—2) "\ ’ '
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where p and V denote the density and volume of face plates.

To elucidate lever-type inertial amplification mechanism of the resonator, an analysis
of the resonator's dynamic problem is conducted, and the motion of mass within the
resonator is depicted in Figure 3.1 (d) for clarity. The terms w1 and wo are the transverse
displacement of mass and support bar, respectively. The assumption is made that the
lever is rigid and devoid of mass. Therefore, the kinetic energy 7, and the elastic strain

energy U, of the inertial amplified resonator are given as follows:

1,
T=5 mwn, (3.7
1 wq 2
Ur—zk(E—Wo) , (3.8)

where R represents the lever ratio, which can be obtained by R =1 / I;.

In the context of elastic wave propagation within unbounded acoustic metamaterial
plates comprising a periodic unit cell, it is postulated that the displacements of the face
plates (w), the support bar (wo), and the mass (w1) can be posited to manifest in the

ensuing expressions:

w=Ae (oD = ooty =Bt 3.9

where a and £ denote the wavenumbers in the x- and y- directions, @ is the wave
frequency, and 4 and B denote unknown displacement amplitudes. This study is
dedicated to the exclusive investigation of low-frequency vibrations. It is hypothesized
that the wavelength substantially exceeds the length of the resonator, thereby leading

to the omission of any phase disparity between wo and wi. When only considering the
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resonator system (spring-lever-mass system), the transverse displacement of the
support bar wo is assumed to be zero. The principle of conservation of mechanical

energy is then formulated as follows:
T, — U,.=0. (3.10)

By substituting Egs (3.7)-(3.9) into Eq. (3.10), the resonance frequency of the inertial

amplified resonator is calculated as follows:

! ‘ 3.11
3 GV

To obtain the equations governing the behavior of the metamaterial plate, Hamilton's

principle is utilized as follows:
t

j (0T — 6U + 6T, — 0U,)=0. (3.12)
0

By substituting Eq. (3.9) into Eq. (3.12), the ensuing set of algebraic equations is

derived:
. . (Pa
8sin (%) sin (—y) 3 13
2 2 (H _h) 2 2 k k
e L AV - T
k , k
R ne TR

where H denotes the overall height of the structure, and / denotes the thickness of face
plates. Eq (3.13) indicates that non-zero solutions for 4 and B are present only when

the determinant of the matrix equals zero:
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& | 8sin (ag") sin ('Bz&) (H3 _ h3) k
(ma)2 - 1?) of [Phwz - 3 (Ql1“4+2Q12“2ﬁ2+Q22ﬁ4+4Q66“2 )| - R
e
- = 0, (3.14)

The o is determined by solving Eq. (3.14) for the values of a and f. The lower
boundary of the bandgap corresponds to @ when a and f approach zero, while the
upper boundary of the bandgap corresponds to @ when a and f approach infinity.

When wave frequencies at boundaries of the bandgap are divided by 2z, the bandgap

1 ko1 k N k (3.15)
2n |R*m’ 2% |R*m 2R2axayph ’ '

where ax and a, denote lattice constants along the x and y direction, and 2a.a,ph

is expressed as follows:

represents the mass of two faceplates in the unit cell. In Eq. (3.15), the first term
corresponds to the resonance frequency. The mass ratio of the resonator to the

faceplates is expressed as y = m/2a.a,ph. The bandgap is reformulated as follows:

1 ko1 k
— |, = [— 1t |]. 3.16

27T\/R2m Zﬂ\/Rzm ! (316
Assuming the lever is rigid and massless, the inertial mass can be amplified by a factor
of R?, and resonance frequency will be reduced by a factor of R. It is evident that
enlarging the value of R can enhance the effect of inertial mass amplification and obtain
a lower resonance frequency. In addition, obtaining a low resonance frequency can also

be achieved by using a small spring stiffness or a large mass. However, the resonator
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mass is limited, and soft materials used for the spring section are not durable in practical
engineering applications. Therefore, adjusting the fulcrum position is a superior
approach to amplify the movement of small masses and achieve low-frequency

vibration attenuation.

(a)
(b) (c)
support bar
g /. 2 hinge joint support bar
\ W lever ~ mass re
‘, K g ‘ lever
f\ \&\\ ! ; mass
T 5 hinge joint A Spring l, h
Nll%
k,
(d) (e) )

_

Figure 3.1 (a) The schematic diagram of IA-MSP. (b) The unit cell of IA-MSP. (¢) The

simplified model of the unit cell of [A-MSP. (d) The displacements of the spring-lever-
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mass system. (e) The irreducible Brillouin zone (grey zone) and sweeping direction of

wave vectors (M-I'-X-M-Y-I).

3.1.2 Band Structure Calculation by Finite Element Method

The band structure serves as a framework for comprehending the physical
characteristics of metamaterials structures. The governing equation that describes the
propagation of elastic waves in solids is mathematically formulated as follows

o*u(r)

V- (C():Vu) :p(r)?,

(3.17)

where V denotes the differential operator, r = (x, y, z) denotes the position vector, C (r),
u(r) and p(r) denotes the position dependent elastic tensor, displacement vector and
mass density, respectively. # denotes the time. According to the Bloch-Floquet theorem,

the displacement vector in Eq. (3.17) is expressed as:

u(r, £) = /K@y, (r), (3.18)
where k denotes the Bloch-Floquet wave vector, w represents the angular frequency,
and uy(r) represents the modulation function of the displacement, which characterizes

the periodic behavior within the unit cell:
u (r) = u(r+a), (3.19)

where a = (ax, ay) denotes the lattice constant vector, a. and a, denote lattice constants
along the x and y direction. By substituting Eq. (3.19) into (3.18), the periodic

displacement boundary condition is yielded:
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u(r + a, ) = eXu(r, 7). (3.20)

Combining the Eq. (3.17) and (3.20), the dispersion relation of the system is

transformed into the eigenvalue equation:

(Q(K) - ©*M)u=0, (3.21)

where Q(k) and M represent the stiffness and mass matrices, respectively. Periodic
boundary conditions are employed along edges of face plates of the unit cell. By
varying the wave vector k along the boundaries of irreducible Brillouin zone as shown
in Figure 3.1 (e), the band structure of unit cell and resonance eigenmodes are
calculated using characteristic frequency analysis with the FEM. In the computed band

structure, a bandgap is defined as a frequency range lacking corresponding eigenvalues.

3.1.3 Experimental Study

A vibration experiment is carried out to investigate the vibration attenuation
capabilities of IA-MSP in this study. Figure 3.2 illustrates the experimental specimen
of an IA-MSP consisting of 6 x 5 unit cell. To facilitate the preparation of experimental
specimen, all components including the spring, lever, mass, support bar, and faceplate
are fabricated using steel material. In this experimental specimen, the supporting bar
and lever are hinged together by a bolt that passes through the holes. The supporting
bars and face plates, face plates and springs, levers and masses, levers and springs are
all connected by laser welding. Figure 3.3 depicts the experimental setup for the
vibration test. The two short edges of the plate are clamped to the foundation, while the

remaining two edges are unconstrained. The excitation perpendicular to the face plate
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is generated through a KISTLER type 9276A force hammer. The vibration acceleration

is sampled by the Briiel & Kjer type 4394 accelerometer and recorded by the Briel &

Kjer Pulse 3160. The measured acceleration vibration signal is represented as a time-
domain signal. The Fast Fourier Transform (FFT) analysis module in Pulse is capable
of performing a rapid Fourier transformation on time domain data, enabling frequency

spectrum analysis to obtain the vibration characteristics of the IA-MSP.

(a)

Figure 3.2 The experimental specimen of an IA-MSP with 6 x 5 unit cells: (a) without

upper face plate; (b) global photo.
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Briiel & Kjar Pulse 3160B

R Computer

KISTLER type 9276A force hammer

Figure 3.3 The experimental setup of the vibration test.

3.2. Results and Discussions

This section primarily encompasses three components. Firstly, the band structure of the
unit cell is calculated, the mechanism of bandgap generation is elucidated through the
analysis of eigenmodes, and theoretical predictions are further validated by the
numerical results. Subsequently, transmission and vibration characteristics of the IA-
MSP with 6 x 5 unit cells are investigated through numerical simulations. Finally, the
experiment is carried out, and a normalized comparison is performed to quantitatively

evaluate the vibration attenuation capability and lightweight design of the IA-MSP and

other kinds of reported metamaterials sandwich plates.

3.2.1 Band Structure and Mechanisms

This subsection analyzes the band structure of the IA-MSP unit cell and explores the

generation mechanism of low-frequency bandgap. Currently, the term "low frequency"
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lacks a precise definition. This study concentrates on subwavelength frequency
vibrations and defines "low frequency" as the range where the unit cell size is
considerably smaller than the elastic wave wavelength (Xi et al., 2021). In the unit of
the IA-MSP, both a, and a, have the same value of 10 cm, represented as a, the face
plate's thickness 4 is 2 mm, /; is 0.25 a, [> is 0.50 a, and other geometrical parameters
and materials parameters of IA-MSP have been presented in Tables 3.1 and 3.2. The
band gap outcomes obtained via FEM are computed utilizing COMSOL Multiphysics
5.6 software, employing characteristic frequency analysis. The refined tetrahedral
meshes are applied to the support bar, while the remaining part of the structure is
meshed with refined swept meshes. The mesh's precision has been verified through a
mesh convergence study. Figure 3.4 presents the band structure of IA-MSP
(represented by dotted black lines) and the eigenfrequencies of the inertial amplified
resonator (represented by dashed red lines). The bandgap exists in the grey zone (51-
80 Hz), where the eigenvalues are absent. To explore the generation mechanism of
bandgap, the eigenmode shapes A-C of the inertial amplified resonator, the coupled
eigenmode shapes D and E, and the coupled mode shapes F and G of the IA-MSP are

presented in Figure 3.4.

Figure 3.4 presents that the vibration deformation of mode shapes D and E, which
correspond to horizontal dotted black lines, mostly occur in the inertial amplified
resonator, whereas the deformation of the face plates is neglectable. Therefore, these
mode shapes are referred as coupled eigenmode shapes. Notably, the dashed red line,
indicating the eigenfrequencies of the inertial amplified resonator, mostly coincides
with horizontal dotted black lines, which denote the coupled eigenmode shapes of the

IA-MSP. Furthermore, the eigenmode shapes of the inertial amplified resonator
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coincide with the coupled eigenmode shapes of the IA-MSP. For instance, eigenmode
shape A corresponds to coupled eigenmode shape D, and eigenmode shape B
corresponds to coupled eigenmode shape E. However, there is no corresponding
coupled eigenmode with the eigenmode shape C of the inertial amplified resonator.
Specifically, there is no horizontal dotted black line coinciding with the dashed red line
of eigenfrequency 52 Hz, which corresponds to the mode shape C. Notably, mode shape
F illustrates that vibration deformation mainly occurs in the mass, and mode shapes of
the inertial amplified resonator are similar to the eigenmode shape C. The lower
boundary of bandgap is determined by the coupled mode F, which are in
correspondence with the eigenmode shape C. The upper boundary of bandgap is
determined by the coupled mode G. In mode G, the vibration deformation mostly
occurs in the lever near the spring, and the face plates are also deformed. Modes G are
coupled modes of the out-of-plane vibration mode of the face plate and the vibration

mode of the inertial amplified resonator.

To further elucidate the bandgap formation mechanism induced by the inertial
amplified resonator, acceleration integrations P of eigenmode shape A-C of the inertial
amplified resonator in the z direction are calculated. The acceleration integration P can

be expressed as (Q. Wang et al., 2021):

P=p J J j a(x, y)dxdydz, (3.22)

where p denotes the density of the inertial amplified resonator, a (x, y) denotes the
acceleration of the resonant mode shape of the inertial amplified resonator in the z

direction at point (x, y). The acceleration integration P is compared without a specific
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value, and a non-zero value of P indicates the main structure is subjected to a reaction
force, which contributes to a coupling effect of the out-of-plane vibration of face plates
and the resonant vibration of the inertial amplified resonator. Through the calculations,
the P value of the eigenmode shape C is non-zero, and this mode shape precisely leads
to the locally resonant bandgap. On the contrary, the acceleration integration of the
other eigenmode shapes is zero, indicating no reaction force is acting on the face plates,
and no coupling effect occurs on the structure. Therefore, it is essential to obtain the
eigenmode shape with non-zero acceleration for generating the locally resonant
bandgap at low frequencies. Moreover, the hinge joint in the IA-MSP is favourable for
transmitting a reaction force between the resonator and face plates and amplifying the
resonator's mass, which results in obtaining the locally resonant bandgap at a low-

frequency range.

Table 3.1 Geometrical parameters of IA-MSP. (a = 0.1 m)

Structure Length, width, and height
Mass 0.100a%0.900a%0.300a
Lever 0.750a%0.025a%0.300a
Spring 0.050a%0.025a%0.080a
Support bar 0.200a%0.200a%0.530a

Table 3.2 Material parameters

Structure Young's modulus (GPa)  Poisson ration  Density (kg/m?)

Mass (steel) 200 0.30 7850
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Spring (rubber) 0.05 0.47 1300
Face plates, lever and 70 0.33 2700

support bar (aluminum)

150

D
120

90

60E

Frequency (Hz)

30

Figure 3.4 Band structure of IA-MSP (dotted black line) and eigenfrequencies of the

inertial amplified resonator (dashed red line).

To validate the accuracy of the numerical results presented above, the numerically
computed boundaries of the bandgap are compared with the theoretical predictions, as
presented in Figure 3.5. Each plot in the analysis varies only a single parameter, while
keeping the other geometrical and material parameters constant shown in Tables 3.1
and 3.2. As shown in Figure 3.5, the theoretical predictions exhibit a remarkable
concurrence with the simulated boundaries of the bandgap across all instances. As
described in subsection 3.1.1, increasing the lever ratio R of the inertial amplified

resonator can result in an inertial mass amplified effect, which leads to a lower
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resonance frequency. Figure 3.5 (a) presents the influence of R on the bandgap of [A-
MSP. The overall length of the lever remains constant at 0.75a, the support bar position
remains constant, and the resonator position varies, leading to variations in the lever
ratio R. The results show that increasing the R leads to a reduction in both the lower (f)
and upper (f,) boundaries of the bandgap. Consistent with Eq. (3.16), an elevated value
of R induces a decline in the resonant frequency of inertial amplified resonator, causing
the bandgap to move towards lower frequencies. Figure 3.5 (b) shows the bandgap with
varying mass ratios of resonator r,. The r, is defined as 7, = p./p1, where p,, denotes a
varying mass density of the inertial amplified resonator, and p1 = 7850 kg/m? is the
initial mass density of the inertial amplified resonator. The results demonstrate a
downward shift in the f; and f, of the bandgap, accompanied by an expansion in the
bandgap width as r, increases. According to Eq. (3.16), the bandgap boundaries are
sensitive to the resonator mass. As the resonator mass increases, a decrease in the
resonance frequency is observed, while the mass ratio y of the resonator to faceplates
experiences an increment. Consequently, this results in a shift of the bandgap to lower
frequencies and the attainment of a broader bandgap. Figure 3.5 (c) illustrates the
depiction of the bandgap variation corresponding to the alteration of the spring stiffness
ratio of the resonator. The rg is characterized by reg = EJ/E1, where E; is a varying
Young's modulus of the resonator spring, and E1 = 0.05 GPa is the initial Young's
modulus of the resonator spring. The findings clearly demonstrate that increasing the
value of r£ leads to a substantial rise in both f; and f, of the bandgap in the [A-MSP.
This observation aligns with the theoretical prediction stated in Eq. (3.16), which
suggests that a decrease in stiffness corresponds to a lower bandgap. Figure 3.5 (d)

depicts the influence of faceplate mass on the bandgap behavior of the IA-MSP. The
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ryris defined as r,r = pgp2, where prdenotes a varying density of the face plate, and p2
= 2700 kg/m? is the initial faceplate density. It is evident that the f; remains constant,
as it is not affected by the mass of the face plates. However, the f, of the bandgap

decreases as r,rincreases, in accordance with Eq. (3.16).
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Figure 3.5 Bandgap boundaries of the IA-MSP derived through theoretical prediction
and numerical simulation (FEM): (a) boundary frequencies with R, (b) boundary

frequencies with 7,, (c) boundary frequencies with 7, (d) boundary frequencies with 7.

Moreover, the LR-MSP consisting of the same plates, springs and masses as the 1A-

MSP is introduced for comparison. The unit cell of LR-MSP and the simplified model
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are depicted in Figures 3.6 (a) and (b), respectively. To ensure a reasonable comparison,
the geometrical and materials parameters of the support bar, spring and mass in the LR-
MSP are identical to those of the IA-MSP. Moreover, the mass of the lever is attached
to the faceplates. Figure 3.6 (c) presents the band structure of LR-MSP. A bandgap is
observed to span from 103-164 Hz. The mode associated with the lower bandgap
boundary is induced by the coupled effect of face plates and resonators. Comparing the
bandgap of the LR-MSP with equal mass (103-164 Hz), the bandgap position of the
IA-MSP (51-85 Hz) is lower than that of the LR-MSP. The bound frequencies of the
IA-MSP with an R-value of 2 are half of those observed in the LR-MSP (equivalent to
the IA-MSP with an R-value of 1). This agreement with the theoretical prediction
outlined in Eq. (3.16) further reinforces the consistency of the obtained results. The
superiority of achieving lower bandgap for the IA-MSP is attributed to the lever-type
inertial amplified mechanism. The lever-type inertial amplified resonator in [A-MSP is
capable of generating significant inertial forces through the amplification of mass
motion, thereby increasing the effective system mass. As a consequence, the resonance
frequency and the frequency associated with the coupled mode are reduced, resulting
in a strong capability of the IA-MSP to obtain a low-frequency bandgap. However, it
is evident that the width of the bandgap of the LR-MSP is broader compared to that of
the IA-MSP, which is an inevitable result. A lower bandgap frequency range tends to
be accompanied by a narrower bandgap width. The bandgap width can be expanded by
increasing material damping or using different kinds of unit cells (Fan et al., 2022;

Jingiang Li et al., 2020).
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Figure 3.6 (a) The unit cell of LR-MSP. (b) The simplified model of LR-MSP unit cell.
(c) The band structure of LR-MSP and the vibration mode shapes associated with the

lower and upper boundary frequency.

3.2.2 Vibration Transmission Research of the IA-MSP

In this subsection, an investigation on vibration transmission is carried out to examine
the vibration attenuation capabilities of IA-MSP. The COMSOL Multiphysics software
is employed for modelling and calculation. The geometric and material parameters of
IA-MSP including the mesh generation, are identical to those mentioned previously.

The TA-MSP structure, as depicted in Figure 3.7, features clamped boundaries on its
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two shorter edges (highlighted by the red boundaries), while the remaining two edges
(illustrated by the blue boundaries) are left unconstrained. The frequency-domain
analysis applies a harmonic point load of constant 1 N amplitude (0° phase) across 0-
150 Hz at Point A (100 mm, 250 mm, 57 mm) on the upper face plate, corresponding
to the frequency response function (FRF) calculation under uniform spectral excitation.
The resulting acceleration response is measured at point B (500 mm, 250 mm, 57 mm),
with a frequency interval of 0.5 Hz. Figure 3.8 displays the acceleration response of the
IA-MSP at a lever ratio R of 2, compared with that of a sandwich plate without
resonators. The vibration attenuation capabilities of the IA-MSP are clearly evident
within a frequency range of 50-80 Hz, demonstrating significant reduction in vibration
compared with the sandwich plate without resonators. A grey area in Figure 3.8, where
the acceleration decreases significantly, is referred to as the attenuation zone (AZ). The
location and width of the AZ are observed to coincide with that of the bandgap

predicted theoretically and numerically.
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Figure 3.7 The model of the IA-MSP with 6 x 5 unit cells and boundary conditions.
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Figure 3.8 The acceleration response of the IA-MSP (R = 2) and sandwich plate without

resonators.

To further illustrate the efficacy of IA-MSP in attenuating vibrations in bandgap, the
computed vibration shapes of [A-MSP at different excitation frequencies are illustrated
in Figure 3.9. The figures clearly present the distribution of vibration across the plate
for different excitation frequencies. Specifically, Figures 3.9 (a) and (c) indicate that
vibrations are distributed throughout the entire plate during excitation within the
passband (39 and 109 Hz). In contrast, Figure 3.9 (b) shows that the vibration energy
centralizes around the excitation point when the excitation frequency falls within the
bandgap (52 Hz). It can be attributed to the proximity of the excitation frequency to the
eigenfrequency of the inertial amplified resonator corresponding to the mode C in
Figure 3.4. As a result, the resonance of inertial amplified resonator is motivated,
resulting in a reaction that resists the excitation and is exerted on the face plate. This

reaction causes a significant attenuation of plate vibrations within the bandgap range.
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Moreover, a comparative analysis is undertaken to validate the superiority of the low-
frequency vibration attenuation property of IA-MSP. Figure 3.10 compares the
vibration responses at point B between the IA-MSP with a lever ratio R of 2 and the
LR-MSP, both consisting of 6 x 5 unit cells, subject to identical excitation conditions.
The LR-MSP shares identical geometrical parameters, material parameters, and
boundary conditions with the IA-MSP. As depicted in Figure 3.10, the frequency range
encompassing the AZ of the LR-MSP exhibits a close proximity to the bandgap range
depicted in Figure 3.6 (c) (103-164 Hz). Due to the lever-type A mechanism, the AZ
of TA-MSP is substantially lower than that of the LR-MSP, as presented in Figure 3.10.
The AZ range of IA-MSP is observed to be half as low as that of the LR-MSP. Figure
3.11 presents the acceleration response of the IA-MSP at different R-values. The
overall length of the lever remains constant at 0.75a, the support bar position remains
constant, and the resonator position varies, leading to variations in the lever ratio R.
The relationship between the lever ratio R and the position of the AZ is evident, with a
higher R value leading to a noticeable shift of the AZ towards lower frequencies. This
observation implies that, under a constrained mass condition, adjusting the R value
allows for achieving a lower bandgap, thereby significantly enhancing the ability of

metamaterial sandwich plate to attenuate low-frequency vibrations.
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Figure 3.9 Vibration modes of the IA-MSP (R = 2) at different excitation frequencies:

(2) f= 39 Hz; (b) f= 52 Hz; (c) f= 109 Hz.
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Figure 3.10 The acceleration response of the LR-MSP and IA-MSP (R = 2).
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Figure 3.11 The acceleration response of the IA-MSP at different R-values.



3.2.3 Results of Experimental Study

A vibration experiment is conducted to investigate the vibration attenuation capabilities
of the IA-MSP in this subsection. Figure 3.2 illustrates the experimental specimen of
an IA-MSP consisting of 6 % 5 unit cell. To facilitate the preparation of experimental
specimen, all components including the spring, lever, mass, support bar, and faceplate
are fabricated using steel material, possessing the following properties: a Young's
modulus of 200 GPa, a density of 7850 kg/m?, and a Poisson ratio of 0.3. The
geometrical parameters of the experimental specimen are shown in Table 3.3. In this
experimental specimen, the supporting bar and lever are hinged together by a bolt that
passes through the holes. The supporting bars and face plates, face plates and springs,
levers and masses, levers and springs are all connected by laser welding. The
experimental setup of the vibration test is presented in Figure 3.3. The boundary
conditions in the experiment are identical to those shown in Figure 3.7, where the two
short edges of the plate are clamped to the foundation, while the remaining two edges
are unconstrained. The excitation perpendicular to the face plate is applied through a
KISTLER type 9276A force hammer. The vibration acceleration is sampled by the
Briiel & Kjer type 4394 accelerometer and recorded by the Briiel & Kjar Pulse 3160.
The measured acceleration vibration signal is represented as a time-domain signal. The
Fast Fourier Transform (FFT) analysis module in Pulse is capable of performing a rapid
Fourier transformation on time domain data, enabling frequency spectrum analysis to
obtain the vibration characteristics of the IA-MSP. The excitation and response

acquisition positions are identical to those in Figure 3.7.
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Table 3.3 Geometrical parameters of the experimental specimen of an IA-MSP with 6

x5 unit cells. (@ = 0.1 m)

Structure Length, width, and height
Mass 0.050a%0.900ax0.300a
Lever 0.900a%0.025a%0.300a
Spring 0.050a%0.025a%0.080a
Support bar 0.200a%0.150a%0.530a

Figure 3.12 presents a comparative analysis between the acceleration response acquired
from the experimental study and numerical analysis. The model of the IA-MSP with 6
x5 unit cells in the numerical analysis is identical to the experimental specimen,
encompassing both geometric and material parameters. The bandgap obtained in the
band structure ranges from 486 to 682 Hz, as depicted in Figure 3.12 (a). The bandgap
(486-682 Hz) is an out-of-plane bandgap. Although there exists a branch within this
bandgap, it does not affect the identification of out-of-plane bandgap. This is because
the vibration mode associated with this branch corresponds to the in-plane mode.
Therefore, as presented in Figure 3.12 (b), there are no resonance peaks within the AZ
due to the out-of-plane excitation used in the numerical analysis. However, the location
of the AZ observed in the experimental study, presented in Figure 3.12 (c), is not
entirely consistent with the location identified in the numerical analysis, as presented
in Figure 3.12 (b). The AZ range acquired from the experiment is approximately 400-
600 Hz, which is around 80 Hz lower than the numerical analysis results. The

acceleration attenuation in the experimental study is not especially evident compared
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to the numerical analysis. They are potentially due to the experimental model lacking
entirely coordinated connection conditions and an ideal constraint. For example, the
hinge conditions created by the bolts in the experimental setup are not ideal, as they
exhibited frictional effects and the presence of voids at the hinge joint. Additionally,
two short edges of the plate are not perfectly clamped with clamps. The difference may
also be attributed to material damping of the experimental model and processing
deviations. Moreover, a presence of several resonance peaks within the AZ is evident
in Figure 3.12 (c), contrasting the absence of any resonance peak within the AZ in
Figure 3.12 (b). This discrepancy may be due to the slightly larger rigidity of the
hammer head employed in the experimental setup, leading to an unstable initial
excitation signal imparted by the force hammer. It could also potentially be caused by
the neglect of several factors in the numerical simulation, including damping,
nonlinearities, material defects and backlash in the hinge joints. These factors, when
present in the experiment, can significantly influence the system's response and lead to
the appearance of small resonance peaks. Despite discrepancies between results of
numerical simulation and experiment, it has been demonstrated that the IA-MSP

exhibits a significant vibration attenuation effect within the bandgap region.
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Figure 3.12 The result comparison: (a) the band structure of the IA-MSP, (b) the
acceleration response in the numerical analysis, (c) the acceleration response in the

experiment.

A normalized comparison is conducted to quantitatively evaluate the vibration
attenuation performance and lightweight design of the proposed structure and other
kinds of reported metamaterials sandwich plates (H. Lietal., 2021; Z.-Y. Liet al., 2020;

Xietal., 2021; G.-L. Yu & Miao, 2019), as presented in Figure 3.13. To evaluate the
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width and position of the bandgap, the relative bandwidth (RW) is introduced

(Muhammad & Lim, 2019):

Ri= I

= ) 3.23
0.5(/ +/) (3:23)

where, f, and f; denote the upper and lower boundary frequency of bandgap,
respectively. A larger RW indicates a wider bandgap. A normalized lower boundary

frequency f ,, =fa/v, 1s introduced to assess quantitatively the bandgap

characteristics (H. Li et al., 2021; Lim et al., 2020), where a is the lattice constant, and

vs 1s the shear wave velocity of the host structure. A relative density p.=p /p is used

to evaluate the degree of lightweight design, which is defined as the ratio of the average

density of the core p_ to the density of host structure material p (H. Lietal., 2021; Z.

Xue & Hutchinson, 2004). The average density of the core p_ is defined as p_ = %,

where m, is the total mass of the core layer, and V. is the space volume occupied by
the core layer (the cuboid space between the two faceplates containing all resonators,

including void spaces). When the material of the core layer is the same with the material

. o v, . .
of the host structure, the relative density p.= % = where V; is the equivalent

c

volume of core layer (solid volume of resonators only). Notably, the coordinates of

J.4, and p. have been taken the reciprocal to ensure a uniform representation of the

performance levels in the radar diagrams presented in Figure 3.13. In the radar
diagrams depicted in Figure 3.13, it should be observed that a larger covered area in
the radar diagram represents the advantageous combination of a wider low-frequency
vibration attenuation performance and a lightweight design. Figure 3.13 (a) illustrates

normalized comparisons between the IA-MSP and typical metamaterials sandwich
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plates. Notably, the IA-MSP exhibits the largest covered area, indicating its superior
overall performance. This superiority extends not only to single-phase metamaterial
sandwich plates (Figure 3.13 (b)) but also to multi-phase metamaterial sandwich plates
(Figure 3.13 (c)). The aforementioned comparisons further confirm the outstanding
lightweight design and the low-frequency, broadband vibration attenuation capabilities

of the proposed IA-MSP.

(a) (b)
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Meta-SLPL (Liet al., 2021)
[0 Meta-DLPL (Li et al., 2021)
Chessboard-designed-type sandwich plate (Li et al., 2020)
Corrugated-core sandwich panel with four-bar IA (Xi et al., 2021) 80
Sandwich plate with tube cores (Yu etal., 2019)
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Figure 3.13 Normalized comparisons between the IA-MSP and (a) typical
metamaterials sandwich plates. Comparison of (b) the single-phase metamaterial

sandwich plates and (c) the multi-phase metamaterial sandwich plates.

3.3. Summary
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This chapter proposes a novel metamaterial sandwich plate with lever-type 1A
resonators (IA-MSP) to achieve broadband vibration attenuation at low frequencies.
The dynamic model of the unit cell is mathematically formulated, allowing for the
theoretical determination of the bandgap. FEM simulations and experiments have been
conducted to verify such excellent vibration attenuation properties. The results
demonstrate that, compared with traditional LR-MSPs possessing identical geometric
and material properties, the IA-MSP with a lever ratio R= 2 exhibits boundary
frequencies approximately half those of the LR-MSP. Moreover, an increase in R
results in a progressive decrease in the lower boundary frequency, accompanied by a
downward shift of the entire bandgap. The superior low-frequency vibration
attenuation capability of the IA-MSP is attributed to the amplification effect of the
lever-type inertial resonators, which enhance the effective mass of the system and
reduce the coupled mode frequency associated with the bandgap. The new findings
presented in this study break the long-standing and challenging limitations of
conventional traditional LR-type sandwich plates, showing that a lower and broader
bandgap can be achieved in IA-MSP while circumventing the necessity of employing
high mass. This study provides valuable insights into the development of lightweight

sandwich structures with low-frequency broadband vibration attenuation capabilities.

50



Chapter 4

Broadband Low-frequency Vibration Control of the IA-

MSPpor2

This chapter presents a novel metamaterial sandwich plate incorporating two-degree-
of-freedom inertial amplification resonators (IA-MSPpr2) designed to achieve two low-
frequency bandgaps and broadband vibration attenuation. Compared with metamaterial
sandwich plates embedding multi-frequency local resonators (LR-MMSP) of
equivalent additional mass, the IA-MSPpr. demonstrates the ability to achieve multiple
bandgaps at significantly lower frequencies. A theoretical dynamic model is developed
to elucidate the mechanism responsible for the formation of multiple low-frequency
bandgaps in the IA-MSPpr2. The vibration attenuation performance is systematically
investigated through both finite element simulations and experimental validation.
Furthermore, the influence of various parameters on the vibration transmission
characteristics is analyzed. The results reveal that the boundary frequencies of the 1A-
MSPDEF2 correspond precisely to the lever ratios of the LR-MMSP. By adjusting the
lever ratios, fine-tuning and optimization of the multiple low-frequency bandgaps can
be achieved. Under a fixed attached mass, increasing the lever ratio further shifts the
bandgaps towards lower frequencies. Additionally, as the eigenfrequencies of the
primary (f,) and secondary (fs) lever-type IA resonators decrease, both the first and
second attenuation zones (AZ1 and AZ2) move towards lower frequencies. A decrease

in f, not only shifts AZ1 downward but also leads to a broader AZ1 and further
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reductions in minimum acceleration levels within the attenuation zones. Moreover,
increasing the damping within the inertial amplification resonators promotes the
expansion and eventual merging of the two attenuation zones into a single broader band.
A normalized comparison validates the superior performance of the [A-MSPpp,
confirming its advantages in achieving lightweight structural design and effective low-

frequency broadband vibration attenuation.

4.1. Methodology

A theoretical dynamic model of the IA-MSPpr: is presented to explain the underlying
multi-bandgap TA mechanism in this section. Through the establish of dynamic
equation for the IA-MSPpr2, the dispersion equation is derived to determine the
expression for the bandgaps. Then, a comparative analysis is carried out to validate the
effectiveness of IA-MSPpr: in achieving lower frequencies through the inertial
amplification mechanism. This analysis involves comparing the bandgap results
obtained from the I[A-MSPpr; with those obtained from metamaterial plates
incorporating multi-frequency spring-mass resonators. The FEM and experimental

setup are also presented in this section

4.1.1 Theoretical Model and Finite Element Modelling

The IA-MSPpr> consists of two face plates and a periodic array of multi-frequency
lever-type IA resonators, and its unit cell is illustrated in Figure 4.1 (a). m and m> are
the mass of the primary and secondary lever-type IA resonator, respectively. k1 and k>

are the spring stiffness of the primary and secondary lever-type IA resonator,
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respectively. /1 and [> are the distance from the spring to support bar and from the
support bar to the mass, within the primary lever-type IA resonator, respectively. /3 and
l4 are the distance from the spring to support bar and from the support bar to mass,
within the secondary lever-type IA resonator, respectively. The classical plate theory
is referred to section 3.1.1. To explain the IA mechanism of the resonator, a theoretical
dynamic model of the IA-MSPpr: is constructed. The motion of the mass within both
the primary and secondary lever-type IA resonators is depicted in Figure 4.1 (b) to
provide a clearer illustration. This study primarily investigates the vertical vibration of
the structure, with particular emphasis on the vibrational behavior along the vertical
axis. The horizontal displacement of the resonators is negligible in comparison to the
vertical displacement. Consequently, the analysis predominantly concentrates on the
longitudinal displacement of the resonators. The displacements of the primary and
secondary mass are represented by w; and wy, respectively. wo is the displacement of
the support bar. The assumption is made that the lever is rigid and possesses no mass.
By establishing dynamic equation for the IA-MSPpr2, the dispersion equation is
derived to determine the expression for the bandgaps. For the primary and secondary
lever-type IA resonators, the governing equations describing the vibration of the

resonators are derived by applying Newton’s second law and the lever law:

.k
My, +—= (wy — wy)=0, (4.1)
R;
. ky kyw
mwiE =2 (w; — W1)+720, (4.2)

2 1

where R = > / hand R = I4 / I3 denote the lever ratios of the primary and secondary

lever-type IA resonators, respectively.
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Given that the elastic wave within the IA-MSPpr2 consisting of a periodic unit cell, the
displacements of face plates w, the support bar wo, the primary mass wi, and the

secondary mass w; are hypothesized to manifest in the ensuing expressions:

W=Aei(ax+ﬁy—wt), Wo =A€_iwt, Wi =Be—iwt’ W2=C€_iwt, (43)

where a and f denote the wavenumbers in the x- and y- directions, @ is the wave
frequency, and 4, B and C denote the displacement amplitudes. The study is focused
exclusively on the investigation of low-frequency oscillations. It is hypothesized that
the wavelength significantly exceeds the resonator length, thus rendering phase

differences between wo, wi, and w> negligible.

By substituting w; =Be™' and w,=Ce™" in Egs. (4.1) and (4.2), the eigenfrequency

of multi-frequency lever-type IA resonator can be determined through the ensuing

computations as outlined below:

2
V2 | K k, k, \/_4R%ng1k2m1mﬁ(R%R%lQmﬁnglm2+R%R%k2mz)

W1,W07= 7~

+ + + 4.4
2 |Rim;, Rim, Rom, R%R‘z‘mlmz “4)

The primary (secondary) resonator system is characterized by the kinetic energy 7.1

(Tm2) and elastic strain energy Uu1 (Un2), as defined below:

1

Tmlzimlw%a (4.5)
L
TmZ_EmZWZa (4.6)
1k,
Umlzzl? (Wl - Wo)z, (4.7)
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Lk, )
=2 (w, — w))>. 4.
Unz 2% (wy —wy) (4.8)

To formulate the equations governing the behavior of the metamaterial sandwich plate,

Hamilton's principle can be employed as a fundamental principle of mechanics:
t
f (oT — oU + oT,, — 0U,,)=0, (4.9)
0

where 7,=7T,;+71,, and U, = U,,+U,, are the overall kinetic energy and

elastic strain energy of the lever-type IA resonator system.

By substituting Eq. (4.3) in Eq. (4.9), the ensuing result yields the following set of

algebraic equations:

[85in(%)sin(%%) ,  (B-H-1)) 4 5 22 ki ki 1
op [ph(u - 3 (Q“a +2Q,0 '82+Q22B4+4Q66a B )] s g 0 | 4
ko 2_h_k k. By=0, (410
[ G MO TR W j“ o
L) 2_k
0 % et

where H represents the overall height of the structure, and / represents the thickness of
the face plates. To ensure non-zero solutions for the eigenvalue problem formulated in
Eq. (4.10), the determinant of the associated matrix must equal zero. Thus, the

dispersion equation relating w, a, and £ is derived in the following manner:

- faay . (Pay
Ssm( “)sm = 1P—(H-h)?) k k; ki ik, k
{ 2 ( 2 )[phwz _( : (Q”a4+2Q]2a2ﬁ2+Q22ﬁ’4+4Q66a2[>’2)] - [:—‘% (n11n12w4 - émlmz - émzwz +a5— _227”2502)

ap RIR} RS

I Bk

1 2 1K

——=mw” +—5==0 4.11
rRPT? R~ 4.11)

The w is determined by solving Eq. (4.11) for the values of o and . The lower boundary

of bandgaps corresponds to w as o and f approach zero, whereas the upper boundary
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of the bandgap corresponds to @ when «a and f approach infinity. By dividing the wave

frequencies at the bandgap boundaries by 2z, the bandgap can be expressed as follows:

Bandgapl:(f“,ful), 4.12)
BandgapZ.(flz,fuz), (4.13)
where
V2 | K ks ks Q@ B B 2kyky 203 2kiky
f“=_ Sttt o= sttt + + 55, (4.14)
4n [Rim; Rimy Rym, Rimjy Rym; — Roymy RiRymymy — Romym, — RiRymj
2 2
fo= V2| K - SR Q@ i3 B 2kk 203 2kyky Mo 2k 2hk 2K (4.15)
ul 4m R%ml R%mz R%m1 R%M R‘l‘m% R%m% R%m% R%R%m]mz R%m]m2 R%R%m% R?M2 R%R%mlM R%R%sz R‘fmlM7 ’
2 2 2
_ V2 |k I Q9 BB 2kk 263 2kiky (4.16)
f]z = 2 2 YI) YIN) 2 2 2 2 2 2 .
4n [Rimy Romp, my Rimi ~ Rymy ~ my  RimiRomy — miRymy — Rimj
V2 |k ks ks ki Q9 B B 2kyky 263 2kyky @ 2kyky 2kyky 263
fz—_ e e 42 ) 42 pip2 4 Som i e s e ey + = 7(4'17)
u 4n | Rymy Rymy Rym; RiM Rimj Rym5 — Rymy RiRSmimy ~ Romym, — RiRymj RiM RiRGmM  R{RGmoM — RymM

where f, and f | represent the lower and upper boundary frequency of the first
bandgap for IA-MSPpr, respectively. Similarly, f, and f , represent the lower and
upper boundary frequency of the second bandgap, respectively. M=2a.aph is the
mass of two face plates in the unit cell. Egs. (4.14) and (4.16) indicate that the lower
boundary frequencies of bandgaps, denoted as f,, = w;/2n and f, = w,/2x, align
with the eigenfrequencies of resonators in Eq. (4.4). As w; and w, decrease, the

bandgaps move to lower frequencies.

The detailed process of theoretical derivation is presented Egs. (4.15) and (4.17)

demonstrate that the upper boundary frequencies of bandgaps are governed by the
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resonators' eigenfrequency and the face plate mass. Therefore, the adjustment of
bandgaps could be made by manipulating the resonators' eigenfrequency and the mass

ratio of the resonator to the face plate.

(a) (b)

hinge joint

(c)

Response point B

Free boundary < ; Fixed boundary

Figure 4.1 Schematic diagram of IA-MSPpr2: (a) a unit cell; (b) displacements of the
lever-type IA resonators in a unit cell; (c) the model of [A-MSPpr2 with 6 x 5 unit cells

and boundary conditions.

A comparative analysis is conducted to substantiate the efficacy of IA-MSPpr: in
achieving lower frequencies through the lever-type IA mechanism. The bandgap results
of TA-MSPpr2 is compared to those of metamaterial plates that integrate two degrees of
freedom (2-DOF) spring-mass resonators (Xiao et al., 2019). The unit cell of the
metamaterial plate with 2-DOF spring-mass resonators is shown in Figure 4.2. This
comparison is carried out while ensuring that the parameters remain identical across

the systems. The mass and spring parameters of resonators are same with Ref. (Xiao et
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al., 2019): m1 = 60 g, mx = 0.05m1 = 3g, k1 = 359670 N/m, k> = 18930 N/m, and M =
230 g. The lever ratios R; and R> are both assigned a value of 2. Figure 4.3 (a) presents
the dispersion surface of the IA-MSPpr2, while Figure 4.3 (b) offers a front view of
Figure 4.3 (a). Additionally, Figure 4.3 (c) provides a partial magnification of the
dispersion surface. The dispersion curves exhibit two bandgaps (represented by grey
regions). The frequency range of the first bandgap is 172—189 Hz, and that of the
second bandgap is 221-233 Hz. In contrast, the bandgaps in metamaterial plates
incorporating 2-DOF spring-mass resonators span from 352 Hz to 378 Hz and from
442 Hz to 465.5 Hz under the same spring and mass conditions (Xiao et al., 2019). The
boundary frequencies of the IA-MSPpr; are exactly half of those of the metamaterial
plates incorporating 2-DOF spring-mass resonators due to the lever-type IA mechanism.
The eigenfrequency of the primary lever-type IA resonator is determined by

L[k . L
j; = Rz—l, and the eigenfrequency of the secondary lever-type IA resonator is given
1m

o

L[k . . .
by f, = R22 . However, the eigenfrequency of the spring-mass resonator is
2m

f= i \/% This implies that the primary and secondary inertial masses are amplified by

a factor of R? and R3 respectively. Therefore, the eigenfrequencies of the primary
and secondary resonators are reduced by R and R», respectively. When the lever ratios
Ri and R are both set to 2, the boundary frequencies of the IA-MSPpr; are exactly
halved compared to those of the metamaterial plates that incorporate 2-DOF spring-
mass resonators. Figure 4.4 presents the dispersion surfaces of the IA-MSPpr, at
different lever ratios. When R; = R>= 1, the lever-type 1A resonator is equivalent to the

spring-mass resonator. As depicted in Figure 4.4 (a), the bandgaps span from 352 Hz
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to 378 Hz and from 442 to 465 Hz. These findings align with the results obtained from
the metamaterial plates incorporating 2-DOF spring-mass resonators (Xiao et al., 2019).
As the lever ratio increases, the bandgaps of the IA-MSPpg: progressively shift towards
lower frequencies as illustrated in Figures 4.4 (b)-(d). Notably, the boundary
frequencies of the IA-MSPpp; are precisely 1/R of those observed in the metamaterial
plates incorporating 2-DOF spring-mass resonators. Therefore, the [A-MSPpr2

demonstrate clear advantages in achieving lower frequency bandgaps.

Figure 4.2 Unit cell of the metamaterial plate with 2-DOF spring-mass resonators.

(Xiao et al., 2019)
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Figure 4.3 Dispersion surfaces of the IA-MSPpr2: (a) dispersion surfaces, (b) a front

view of dispersion surfaces and (c) a partial magnification of dispersion surfaces.
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Figure 4.4 Dispersion surfaces of the IA-MSPpg; at different lever ratios: (a) Ri = R2=

I,(b)Ri=R2=2,(c) Ri=Rx=3,and (d) Ri =R,=4.

The finite element model of the IA-MSPpr: is presented in Figure 4.1 (c). The
geometric and material characteristics of IA-MSPpg; are detailed in Tables 4.1 and 4.2.
Specifically, the values of the parameters are as follows: m; = 1060 g, m> = 0.05m; =
53 g, k1 =312500 N/m, k2= k1/19 = 16447 N/m, M = 108 g and R, = R>= 2. Face plates
and resonators are meshed using refined swept elements, while the supporting bars are
meshed using refined tetrahedral elements. Two short edges of the model are fixed
boundaries, and two long edges are free boundaries. External excitation with an
amplitude of 1 N along the z-direction is applied at Point A (100 mm, 250 mm, 57 mm),
and the response point is at Point B (500 mm, 250 mm, 57 mm), with a frequency

spacing of 1 Hz.
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Table 4.1 Geometrical parameters of the [A-MSPpr2. (¢ = 0.1 m, 2= 0.002 m)

Structure Length, width, and height
Mass mi 0.050a%0.900a%0.150a
Lever 1 0.450a%0.025a%0.150a
Spring ki 0.050a%0.025ax0.080a
Support bar 0.200a%0.200a%0.530a
Mass m» 0.050a%0.900a%0.150a
Lever 2 0.900a%0.025a%0.150a
Spring k> 0.050a%0.025a%0.080a
Faceplate 6.000a%5.000axh

Table 4.2 Material parameters of the [A-MSPpg..

Structure Young's Poisson Density
modulus ration (kg/m®)
(GPa)

Mass m 200 0.30 7850%20

Mass m2 200 0.30 7850

Face plates, leverl and lever 2, and 70 0.33 2700

support bar

Spring ki 0.2 0.47 1300

Spring k> 0.2/19 0.47 1300
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4.1.2 Experimental Specimen and Setup

A The experimental specimen of the IA-MSPpr> with 6 x 5 unit cells and experimental
setup are shown in Figure 4.5. To facilitate the preparation of experimental specimen,
all components including the springs, levers, masses, support bars, and faceplates were
fabricated using steel material. The steel material possesses the following properties: a
Young's modulus of 200 GPa, a density of 7850 kg/m3, and a Poisson ratio of 0.3. The
geometrical parameters are shown in Table 4.1. The spring component of the primary
lever-type IA resonator was welded to the base plate, while the spring part of the
secondary lever-type IA resonator was welded to the mass of the primary lever-type [A
resonator. The supporting bars and face plates, levers and masses, levers and springs
were all connected by laser welding. Both resonators were then connected to the
support bar using bolts. Two short edges of the plate were fixed on the foundation using
clamps, while the remaining two edges were unconstrained. A KISTLER type 9276A
force hammer was used to strike the excitation point on the face plate vertically, a Briiel
& Kjer type 4394 accelerometer was utilized to collect the acceleration at the response
point, and Briiel & Kjar Pulse 3160B and Labshop were utilized for the data record
and analysis. The Pulse software's Fast Fourier Transform (FFT) analysis module can
quickly transform time domain data into frequency spectra, allowing for the analysis

of vibration characteristics of the IA-MSPpr:.
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Figure 4.5 Experimental specimen of the IA-MSPpr2 and experimental setup.

4.2. Results and Discussions

This section primarily comprises three components. Firstly, the finite element method
is employed to study the vibration characteristics of IA-MSPpr>. The numerical results
of vibration attenuation zones are compared with the theoretically predicted bandgaps
to validate the efficacy of the theoretical model. Vibration modes of IA-MSPpr, are
presented for varying excitation frequencies to explain the mechanism of vibration
attenuation. A comparative analysis is performed to verify the hypothesis regarding the
enhanced low-frequency vibration attenuation capabilities of the IA-MSPpr.
Subsequently, the influence of different parameters on the vibration transmission
characteristics of IA-MSPpr> is investigated. Finally, an experimental study is

conducted, and a normalized comparison is carried out to quantitatively evaluate the
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bandwidth of bandgaps and lightweight design of the proposed IA-MSPpr> and other

kinds of reported metamaterial sandwich plates.

4.2.1 Vibration Transmission Research of the IA-MSPbpr2

In practical engineering, the size of metamaterial sandwich plate is limited. Therefore,
this subsection investigates the vibration transmission of the IA-MSPpr> with 6 X 5 unit
cells through the FEM. The FEM model of IA-MSPpr; is presented in Figure 4.1 (c).
The geometric and material characteristics of IA-MSPpr» are detailed in Tables 4.1 and
4.2. The dispersion surfaces of the IA-MSPpr> predicted theoretically are shown in
Figure 4.6 (a), and the acceleration response of [A-MSPpr; is illustrated in Figure 4.6
(b). It is evident that significant amplitude attenuation occurs in two frequency range
in Figure 4.6 (b), which are termed as attenuation zone (AZ). The frequency ranges of
AZ1 (38-42 Hz) and AZ2 (53-150 Hz), are slightly different from those of bandgapl
(39-45 Hz) and bandgap2 (49-142 Hz) shown in Figure 4.6 (a). The deviation may
result from the theoretical dispersion analysis not accounting for boundary conditions
and applied loads. In addition, in the theoretical derivation, the support bar is assumed
to be rigid and possess no mass, while in the FEM analysis the support bar is not rigid
and possesses mass. The presence of support bar with mass and non-rigid
characteristics in the FEM analysis can lead to differences between the AZ results and
the bandgap results. However, the comparison results presented in Figure 4.7 indicates
that the theoretical predictions can capture the frequency ranges where significant
vibration attenuation occurs. Figure 4.7 shows vibration modes of the IA-MSPpr> at the
marked points in Figure 4.6 (b). Notably, the propagation of vibration waves is

observed to occur unhindered throughout the entire plate when frequencies lie within
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the passband range (36 and 174 Hz). However, remarkable vibration attenuation
characteristics are observed within the bandgap1 (40 Hz) and bandgap2 (60 Hz). These

results indicate a significant effectiveness of the IA-MSPpr: in suppressing vibrations

within bandgaps.
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Figure 4.6 Comparison of the theoretical results and the FEM results: (a) the dispersion
surfaces of IA-MSPpr; predicted theoretically, (b) the acceleration response through

the FEM analysis.
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(a) /=36 Hz (b) f=40 Hz
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Figure 4.7 The top view of vibration modes of the IA-MSPpr; with 6 x 5 unit cells at

the marked frequencies in Figure 4.6 (b): (a) f= 36 Hz (falling within the passband);
(b) f=40 Hz (falling within the bandgap1); (c) f= 60 Hz (falling within the bandgap2);

(c) f= 174 Hz (falling within the passband).

For Moreover, a comparative study is conducted to substantiate the hypothesis of IA-
MSPpr2 possessing superior low-frequency vibration attenuation capabilities. A
metamaterial sandwich plate incorporating multi-frequency local resonators (LR-
MMSP) with 6 % 5 resonators is used for the comparison. The unit cell model of LR-
MMSP is illustrated Figure 4.8. Figure 4.9 depicts the acceleration response at point B
for both IA-MSPpr2 and LR-MMSP. It can be observed that the AZs of the LR-MMSP
span approximately from 80 Hz to 100 Hz and from 105 Hz to 280 Hz. However, owing
to the lever-type IA mechanism, the AZ of the IA-MSPpr: is significantly lower

compared to that of the LR-MMSP. Especially, the frequency ranges of AZ1 (39-45
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Hz) and AZ2 (49-142 Hz) of the IA-MSPpr; are nearly half as low as those of the LR-
MMSP. Figure 4.10 presents the dispersion surfaces and acceleration response of the
IA-MSPpr; at different lever ratio values. The different lever ratio values are achieved
by adjusting the position of the resonator while keeping the total lever length and the
support bar position constant. The ranges of AZs observed in the acceleration responses
as demonstrated in the right portion are close to the bandgap ranges identified in the
dispersion surfaces presented on the left portion. It provides validation for the accuracy
of the bandgap estimations derived from theoretical frameworks. In addition, a clear
correlation can be observed between the lever ratio and the position of the AZs.
Specifically, an increase in the lever ratio results in a significant downward shift of the
AZs in frequency. This observation signifies that Under mass constraints, tuning the

lever ratio allows for the attainment of lower bandgaps.

(a) (b)

_ mass m,

)~ spring k,

support bar
PP mass m,

™ spring &,

Figure 4.8 Schematic diagram of (a) the unit cell of the metamaterial sandwich plate
incorporating multi-frequency local resonators (LR-MMSP); (b) simplified model of

the unit cell.
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Figure 4.10 Dispersion surfaces and acceleration responses of the [A-MSPpr2: (a) R =

Ry=15,(b)Ri=R:=2,(c) Ri=Rx=2.5,and (d) Ri =R>=3.
4.2.2 Effects of Parameters on Vibration Transmission

This subsection focuses on investigating how different parameters affect the vibration

transmission behavior of the IA-MSPpg2. Owing to the lever-type IA mechanism, the
eigenfrequency of the primary resonator is fp :i /RZL, and the eigenfrequency of the
11m

1 [ &

secondary resonator is f=— |[—5—.
s 2n R2m2

The geometric and material characteristics of the

plate are detailed in Tables 4.1 and 4.2, and these parameters remain consistent with
the descriptions provided in subsections 4.2.1. Specifically, the values of the

parameters are as follows: m; = 1060 g, m> = 0.05m1 = 53 g, k1 = 312500 N/m, k> =
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ki1/19 = 16447 N/m, M = 108 g and R1= R, = 2. (f,= 43 Hz, f—=44 Hz, y = 0.05, and
Y = 9.8). y=my/m; denotes the mass ratio between the secondary lever-type TA
resonator and the primary lever-type IA resonator, and ¥ = m;/M denotes the mass

ratio between the primary lever-type 1A resonator and the face plates.

Figure 4.11 (a) shows the acceleration responses at Point B of the IA-MSPpr; at
different eigenfrequencies of the primary lever-type IA resonator f,. Modifying the
spring ki will result in a corresponding adjustment in the f,. As f, decreases, both AZ1
and AZ2 move to lower frequencies, and the width of AZ1 expands. Furthermore, as f,
decreases, the smallest acceleration within the AZs diminishes. This relationship
suggests that a lower f, leads to lower frequency AZs and a diminished magnitude of
the minimum acceleration. Figure 4.11 (b) shows the effect of different
eigenfrequencies of the secondary lever-type IA resonator f; on the acceleration
response of the IA-MSPpr2. Modifying the spring k> will result in a corresponding
adjustment in the f;. As f; decreases, both AZ1 and AZ?2 shift towards lower frequencies.
However, additional changes in the AZ characteristics are observed. A reduction in f;
leads to a narrower AZ1 and a decrease in the minimum acceleration amplitude within
both AZ1 and AZ2. Figure 4.11 (c) shows the acceleration responses at Point B of the
IA-MSPpr; at different resonator mass ratios y=m,/m;. Modifying the mass m; will
result in a corresponding adjustment in the resonator mass ratios y. As y decreases,
both AZ1 and AZ2 exhibit a downward shift towards lower frequencies, and the
frequency range of AZ1 widens. Additionally, the amplitude of the minimum
acceleration within both AZ1 and AZ2 decreases. Figure 4.11 (d) shows the effect of
different mass ratios of the primary lever-type IA resonator to the face plates y = m;/M

on the acceleration responses of the IA-MSPpr2. Modifying the faceplate mass M will
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result in a corresponding adjustment in the resonator mass ratios . From the
observation, the frequency range of AZ1 remains unaffected by the parameter .
However, as i increases, the frequency range of AZ2 expands. This indicates that
higher values of 1 lead to a wider range of frequencies where significant vibration
attenuation occurs. Sugino et al. (Sugino et al., 2016; Sugino et al., 2017) determined
the boundary frequencies of bandgaps in finite locally resonant metamaterials
employing a generalized form. They found that increasing the mass ratio of the
resonator to main structure resulted in an expansion of the bandgap range. This
phenomenon is also evident in Figure 4.11 (d). However, in the practical engineering
applications, increasing the mass ratio within elements such as floors or columns may

introduce various challenges related to constructability and costs (Choi et al., 2022).
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Figure 4.11 Acceleration responses of the IA-MSPpr; for different parameters: (a)
eigenfrequencies of the primary lever-type IA resonator fp , (b) eigenfrequencies of the
secondary lever-type IA resonator f, (c) resonator mass ratios x= my/my, (d) mass

ratios of the primary lever-type IA resonator to the face plates ¢ = m/M.
4.2.3 Experimental Validation

The vibration attenuation characteristic of the IA-MSPpr2 has been studied
theoretically and numerically. Further experimental study is required to facilitate the
practical implementation. An experimental specimen of the IA-MSPpr2 with 6 x 5 unit
cells was fabricated and evaluated to confirm its attenuation performance. The

experimental specimen of the IA-MSPpr2 and experimental setup are illustrated in
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Figure 4.5 To facilitate the preparation of experimental specimen, all components
including the springs, levers, masses, support bars, and faceplates were fabricated using
steel material. The steel material possesses the following properties: a Young's modulus
of 200 GPa, a density of 7850 kg/m3, and a Poisson ratio of 0.3. The geometrical
parameters are shown in Table 4.1. Figure 4.12 presents the acceleration response
obtained from the numerical simulation and experimental study. In the numerical result
shown in Figure 4.12 (b), the AZ1 ranges from 500 to 620 Hz, while the AZ2 spans
from 740 to 950 Hz. In the experimental result presented in Figure 4.12 (b), the AZ1
approximately ranges from 390 to 610 Hz, and AZ2 spans from 670 to 950 Hz. The
obtained lower boundaries of AZ1 and AZ2 are approximately 110 Hz and 70 Hz lower
than those obtained from the numerical analysis. Furthermore, the width of AZ1 and
AZ2 obtained in the experimental study demonstrates an extension of approximately
100 Hz and 70 Hz beyond the range obtained through numerical simulation. The
observed difference may be attributed to the absence of fully coordinated connection
conditions and an ideal constraint within the experimental model. For instance, the
hinge conditions established by the bolts in the experimental setup are not ideal due to
the occurrence of frictional effects and the existence of voids at the hinge joint.
Moreover, the clamping of the two short edges of the plate with clamps did not achieve
a perfect configuration. The observed discrepancy may also be influenced by material
damping of the experimental model and deviations in the manufacturing process. The
bandwidth of the bandgaps is influenced by the damping characteristics of the
resonators (Choi et al., 2024; Jinqgiang Li et al., 2020; Jingru Li et al., 2020; Peng &
Pai, 2014; Peng et al., 2015; D. Yu et al., 2006). In addition, achieving precise control

over the force magnitude applied by humans in hammer experiments poses a challenge,
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which results in inconsistencies in excitation magnitude between the experiment and
simulation. Therefore, different acceleration amplitudes of the numerical and
experimental results are observed in Figures 4.12 (a) and (b). Although there exists a
discrepancy between the results obtained from numerical simulations and experimental
observations, it is evident that the IA-MSPpr: displays remarkable vibration attenuation

performance across multiple bandgaps.

Furthermore, a normalized comparison is conducted to quantitatively evaluate the
bandwidth of bandgaps and the efficacy of the lightweight design of the proposed TA-
MSPpr,. Figure 4.13 presents a visual representation of the comparative analysis
pertaining to the normalized attenuation bandwidth y and the relative density p,. across
a range of metamaterial sandwich plates. To assess the width of the bandgaps, a
normalized attenuation bandwidth RW is defined as RW = (f. — fi)/[(f./1)/2] (H. Li et

al., 2021; Z.-Y. Liet al., 2020; Lim, 2019), where f, and f; denote the upper and lower

boundary frequency of the bandgap, respectively. The relative density p.= % is

employed to assess the level of lightweight design (Z. Xue & Hutchinson, 2004 ), which

is characterized as the ratio of the average density of the core p to the density of the

host structure material p. The average density of the core p_ is defined as p_ = %,

where m, is the total mass of the core layer, and V. is the space volume occupied by
the core layer (the cuboid space between the two faceplates containing all resonators,

including void spaces). When the material of the core layer is the same with the material

. o= v, . .
of the host structure, the relative density p.= % = 75, where V; is the equivalent

c

volume of core layer (solid volume of resonators only). It is crucial to highlight that in

Figure 4.13, the coordinate of p. has been taken the reciprocal. Larger values along
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the x-axis correspond to lighter core layers of metamaterial sandwich panels, indicating
superior lightweight design. Larger values along the y-axis indicate wider normalized
attenuation bandwidth. As illustrated in Figure 4.13, the proposed IA-MSPpr2 design
demonstrates a wider normalized attenuation bandwidth R/ and superior lightweight
design in comparison to other types of metamaterial sandwich plate configurations.
Experimental investigations and normalized comparisons provide additional evidence

supporting the practical applicability and superiority of the proposed IA-MSPpg>.
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Figure 4.12 Comparison of the acceleration responses: (a) in the numerical simulation;

(b) in the experimental study.
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Figure 4.13 Normalized comparison of normalized attenuation bandwidth y and the
relative density p. between the proposed IA-MSPpr. and other metamaterial

sandwich plates.
4.2.4 Effect of Damping on Bandgaps of the IA-MSPbr2

To assess the effect of damping on bandgaps of IA-MSPpr», the vibration response of
structures is studied at different damping ratios in numerical simulation. In engineering
practice, damping materials are commonly attached to resonators to vary the damping
of the structure. For this numerical simulation, the damping ratio is defined using
complex elastic modulus C = C (1+in7) of the resonator (Qiang et al., 2021), where C
is the elastic modulus of the undamped resonator, and #_ denotes the damping loss

factor. Figure 4.14 presents acceleration responses of the IA-MSPpr: at various
damping ratios. The vibration energy in the structure is dissipated effectively due to the

existence of damping. Therefore, increasing damping results in a reduction of vibration
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intensity and amplitude, leading to smoother response curves and the merging of the
two AZs into a wider AZ. Figure 4.15 illustrates vibration modes of faceplates and
resonators of the IA-MSPpr2 with 7 =0.01 and » =0.2 at different excitation
frequencies. The vibration of the IA-MSPpr2 at 7, =0.2 attenuates significantly
compared to that at # =0.01 in the passband (450 and 690 Hz). It indicates the
passband between bandgap 1 and bandgap 2 at » =0.2 becomes a vibration

attenuation zone. Therefore, the damping effect can merge multiple bandgaps into
broad attenuation bands, which has significant implications for the design and

optimization of metamaterial structures in vibration attenuation applications.
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Figure 4.14 The acceleration responses of IA-MSPpr; at different damping ratio.
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Figure 4.15 Vibration modes of faceplates and resonators of IA-MSPpg; with
n,=0.01 and 7 = 0.2 at different excitation frequencies: (a) /= 450 Hz; (b) /= 690

Hz.

4.3. Summary

In this chapter, a novel metamaterial sandwich plate with two-degree of freedom
inertial amplified resonators (IA-MSPpr2) is proposed for achieving low-frequency

vibration attenuation. The IA-MSPpg: consists of two face plates and a periodic array
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of two-degree lever-type resonators. The superiority of the IA-MSPpr; in achieving
low-frequency and multi-bandgap vibration attenuation are fully revealed by the results

of theoretical analysis, numerical simulation, and experimental study.

In theoretical analysis, a theoretical dynamic model is constructed by theoretical
bandgap formulation (Egs. (4.14-17)) in predicting the characteristics of low-frequency
multiple bandgaps in the IA-MSPpr2. The eigenfrequency of primary lever-type
resonator can be predicted from the lever ratio Ri, mass mi and spring stiffness k.
Similarly, the eigenfrequency of secondary lever-type resonator can be predicted from
the lever ratio R, mass m> and spring stiffness k>. Compared two degrees of freedom
spring-mass resonators, the primary and secondary inertial masses in the proposed
structure are amplified by a factor of R} and R5 respectively. Therefore, the
eigenfrequencies of the primary and secondary resonators are reduced by R; and R
respectively. This observation highlights that under mass constraints, fine-tuning the
lever ratios allows for the realization of lower bandgaps. Notably, compared with the
LR-MMSP with the same additional mass, the I[A-MSPpr; achieves multiple bandgaps
at significantly lower frequencies. The boundary frequencies of the IA-MSPpg; are 1/R
of the LR-MMSP. The analytical model was also validated through the favorable

agreement with the results obtained from the numerical simulation.

In the numerical simulation, the influence of different parameters on the vibration
transmission characteristics of the IA-MSPpg; is systematically investigated. The
results indicate that a decrease in the eigenfrequencies of the primary (f,) and secondary
(fs) resonators results in a downward shift of both AZ1 and AZ2. However, the decrease

of f, leads to the expansion of the AZ1 width. As the resonator mass ratios y of the
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secondary resonator to the primary resonator decreases, both AZ1 and AZ2 exhibit a
downward shift towards lower frequencies. Simultaneously, AZ1 exhibits an expanded
frequency range, accompanied by a reduction in the minimum acceleration magnitudes
within both AZs. Increased mass ratio i of the primary resonator to the face plates
results in a wider range of frequencies where significant vibration attenuation occurs.
Furthermore, increasing the damping of the inertial amplified resonator reduces the
vibration intensity and amplitude, which in turn leads to the merging of multiple AZs

into a wider AZ.

The numerical simulation is also validated through the favorable agreement with the
results obtained from experimental study. Moreover, a normalized comparison is
presented to quantitatively evaluate the vibration attenuation performance and
lightweight design of the proposed IA-MSPpr2. The results demonstrate that the 1A-
MSPpr: achieves a wider normalized attenuation bandwidth y and superior lightweight
design when compared to other configurations of metamaterial sandwich plates. This
remarkable lightweight characteristic enhances the potential of the IA-MSPpr: to offer

significant advantages in various engineering applications.
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Chapter 5

Precise Multi-frequency Vibration Control of the GLIA-

MSP

This chapter proposes a metamaterial sandwich plate with periodic graded arrays of
lever-type inertial amplification resonators (GLIA-MSP), aiming to enhance the
attenuation performance of low-frequency vibrations across multiple bands. A
comprehensive framework is developed by integrating theoretical modeling, numerical
simulations and genetic algorithm (GA) optimization to facilitate the design and fine-
tuning of multi-bandgap metamaterial plates. The results demonstrate that the inertial
amplification effect of the graded lever-type resonators enables the proposed GLIA-
MSP to realize multiple lower frequency bandgaps beyond those of conventional
metamaterial sandwich plates with periodic graded arrays of local resonators (GLR-
MSP). Notably, multiple low-frequency bandgaps can be effectively achieved by
simply increasing the lever ratios of resonators, without altering their mass or stiffness.
GA-based optimization is employed to systematically identify the optimal
configuration of lever ratios, ensuring that the bandgaps are simultaneously aligned
with the designated target frequencies. Furthermore, normalized comparative analyses
reveal that the bandwidth efficiency ratio (BER) of the GLIA-MSP exceeds that of other
metamaterial sandwich plates, indicating its superior capability to achieve wider

bandgaps with improved mass efficiency.
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5.1. Methodology

This section introduces the theoretical model of GLIA-MSP and provides a detailed
derivation of its dispersion relation. A finite element numerical model is then developed
to investigate the vibration response. Finally, a genetic algorithm (GA) is implemented
as an intelligent optimization approach to systematically search for the optimal lever
ratio configurations, ensuring that the bandgaps are simultaneously tuned to their

respective target values.
5.1.1 Theoretical Derivation

GLIA-MSP comprises two face plates and periodically graded arrays of lever-type IA
resonators, as illustrated in Figure 5.1 (a). The corresponding unit cell is illustrated in
Figure 5.1 (b). Each lever-type 1A resonator comprises a spring, lever and mass, which
is hinged to a supporting bar. Three types of graded lever-type IA resonators (GLIA-1,
GLIA-2 and GLIA-3) are incorporated within each unit cell. To elucidate the graded
lever-type IA mechanism, an equivalent analytical model of the GLIA-MSP unit cell
is developed, as depicted in Figure 5.1 (¢). m1, mz and m3 are the masses of GLIA-1,
GLIA-2 and GLIA-3, respectively. ki, k> and ks denote their corresponding spring
stiffness values. Ri, R> and R3 are the lever ratios for GLIA-1, GLIA-2 and GLIA-3,
respectively. In this study, the analysis is confined to the transverse vibration of the
GLIA-MSP, assuming that levers are rigid and massless. The displacements of the

masses GLIA-1, GLIA-2 and GLIA-3 are represented by wi, w> and ws, respectively,
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while wo indicates the displacement of the plate at the origin. The displacements w, wy,

wi, w2 and ws are hypothesized to follow the expressions:

w=Ae (oD = gei® yy =Be @ y,=Ce ', wy=De " (5.1

where o and f represent wavenumbers in x- and y- directions, @ represents the
wave frequency, and 4, B, C and D correspond to displacement amplitudes. This study
specifically focuses on the low-frequency vibration, where the wavelength greatly
exceeds the lattice constant a. In this regime, the spatial variation of the face plate’s
displacement field is negligible over the scale of the resonator array. Therefore, it is
assumed that the displacement wy across the resonator supports is uniform, and the

phase differences among wo, wi, w2 and w3 are negligible.

The graded lever-type IA resonators, GLIA-1, GLIA-2, and GLIA-3, are characterized
by their kinetic energies 71, T2, and T3, and elastic strain energies U1, U2, and U3,

respectively, as defined below:

Trlzzmﬂ"’%, (5.2)
1 2
Tr2:§m2w2a (5.3)
1 2
Tr3=§m3w3, (54)
1k,
U =—— — 2 5.5
rl ZR%(WI wo)?, (5.5)
1k,
UVZZEP (wy — wp)*. (5.6)

2
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1 ky
Uas==— (w3 — wp)2. 5.7
r3 2R§ (WS WO) ( )

The governing motion equation of the metamaterial sandwich plate derived through

Hamilton’s principle, expressed as:
t
f(éT—éUJr oT, —oU,)=0, (5.8)
0

where T, =T,+T,+T5; and U, = U,+U,tU,; represent the total kinetic

energy and elastic strain energy of graded lever-type IA resonators.

Inserting Eq. (5.5) into Eq. (5.8) leads to the following algebraic expressions:

- foapy . (Pay
85m(7'“) sm(T’) 5 (H-H-h)?) 4 5 ) kK ki ky k3 ]

[ pr [ph(u - 3 (Q0+2Q,, @ +Q,,f +4Qq 0 ﬂz)] "B B B B 2B Y y

l Ll myw? — 0 0 l

| & TR | 5r=069
k -

| p 0 myw” = 0 D
L 2_ ks

[ B 0 0 s R_%J

For non-zero solutions to exist in the eigenvalue problem defined in Eq. (5.9), the
matrix determinant must be zero. Therefore, the dispersion relation among w, a, and S

can be obtained.
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Figure 5.1 Schematic illustration of (a) GLIA-MSP; (b) unit cell of GLIA-MSP and (¢)
displacements of three graded lever-type IA resonators (GLIA-1, GLIA-2 and GLIA-

3) in an equivalent unit cell model.

5.1.2 Vibration Response Analysis and Numerical Model

The vibration response analysis is performed using FEM. A numerical model of the
GLIA-MSP comprising6*5 unit cells is established as illustrated in Figure 5.2. A
vertical vibration excitation is applied at input point A. Two sides of the plate are fixed
(red boundaries), whereas the other two sides are free (green boundaries). The
geometric and material parameters of the GLIA-MSP are provided in Tables 5.1 and
5.2, respectively. Lever ratios Ri, R> and R3 are set to 1, 2, and 3, respectively. To
discretize the model, tetrahedral mesh is used for the support bars and springs, whereas
a swept mesh is employed for the remaining structural components. The vibration
transmission spectrum reveals the elastic wave propagation characteristics of a
structure and enables the determination of both the vibration attenuation frequency

range and the degree of attenuation for the proposed system (An et al., 2024). The input
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and output signals at various frequencies are recorded by sweeping the frequency
across the desired range. The vibration transmissibility (V'7) is then calculated as
follows:

| Boul

VT =20 log( A

), (5.10)

where A4, is the displacement of the input point, and the Bo. is the displacement of the
output point. A negative value of VT indicates that the resonator effectively attenuates

vibration, with a smaller V'T corresponding to a higher degree of attenuation.

Free boundaries
Fixed boundaries

Output point B

Input point A

Fixed boundaries

Figure 5.2 Numerical model of the GLIA-MSP comprising 6x5 unit cells.

Table 5.1 Geometrical parameters of the GLIA-MSP. (a»= ay =a = 0.1 m)

Structure Length, width, and height
Face plates, 6.000a%5.000a%0.020a
Mass m1, mz and m3, 0.100a%0.200a%0.300a

Lever 1, lever 2 and lever 3 0.750a%0.025a%0.300a
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Spring k1, k> and ks, 0.050a%0.025ax0.080a

Support bar 0.200a%0.200a%0.530a

Table 5.2 Material parameters of the GLIA-MSP.

Structure Young's Poisson Density
modulus ration (kg/m?)
(GPa)

Mass (steel) 200 0.30 7850

Spring (rubber) 0.025 0.47 1300

Face plates, lever and support bar 70 0.33 2700

(aluminum)

5.1.3 Optimization Methodology

While the GLIA-MSP is capable of achieving multiple low-frequency bandgaps, it is
also essential to optimize its lever ratios (Ri, R2 and R3) within a specified range to
ensure bandgaps can be simultaneously tuned to their respective target values.
Although only the lever ratios are considered as design variables, each lever ratio can
assume an infinite number of possible values, making an exhaustive search infeasible
for optimization. Furthermore, the problem is inherently multi-objective, as the center
frequencies of multiple bandgaps must be optimized simultaneously. Even a small
variation in the lever ratio leads to a shift in the center frequency of each corresponding

bandgap, further complicating the optimization process. Given these challenges, a
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global search algorithm capable of efficiently exploring the solution space is required.
To address this, a genetic algorithm (GA) is employed to intelligently search for

optimal lever ratio configurations.

GA is a global optimization search technique inspired by natural evolution and genetic
mechanisms. One of the key advantages of GA over other stochastic optimization
methods is their inherent parallelizability, as the computation of individuals within each
iteration is independent, allowing for efficient parallel processing. The GA process
typically consists of four fundamental operators: initialization, selection, crossover, and
mutation. A critical component of GAs is the fitness function, which serves as the
primary evaluation metric for assessing the quality of each individual. In this study, the
objective is to optimize the lever ratios of the GLIA-MSP to achieve the desired center
frequencies of the bandgaps (f:1, fc2 and f:3). For multi-objective optimization problems,
a common approach is to transform multiple objective functions into a single weighted

objective function, which is expressed as follows:

), (5.11)

_ ftarget
Minimize F = E (7, I/C—l Tt
ci

where /. and f ;arget represent the center frequency of the i-th bandgap and its

corresponding target center frequency, respectively. The weighting coefficient y;
quantifies the relative importance of the i-th objective in the optimization process. It is

evident that minimizing fitness function F leads to the optimal solution

The optimization method is presented in the flowchart in Figure 5.3, where the overall
process is depicted on the left, and the core components of the GA are detailed on the

right. The optimization procedure consists of the following steps: 1) Input the known
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parameters of GLIA-MSP, including Young’s modulus, density, Poisson’s ratio, and
mechanical properties such as mi, mo, m3, ki, k> and k3. 2) Define constraints on design
variables and specify the achievable variation range for the lever ratios Ri, R> and Rs.
3) Compute the feasible range for the center frequencies (fci, fc2 and fc3) based on the
given parameters and constraints. 4) Set target values and weighting factors of the
desired center frequency for the relevant bandgaps. The target values must be within
the achievable range. 5) Establish termination criteria and define the stopping
conditions for the optimization algorithm. The algorithm will terminate when either (i)
the error between the computed and target center frequencies falls within an acceptable

tolerance, or (ii) the maximum number of generations is reached. 6) Run the GA

optimization process to search for the optimal lever ratios that achieve the desired

E

bandgap properties.

Figure 5.3 Flowchart of the GA optimization.

5.2. Results and Discussions
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This section presents a comprehensive analysis of the bandgap properties and vibration
suppression performance of GLIA-MSP. The reliability of the theoretical model is
confirmed by its agreement with FEM results. Bandgap characteristics of the GLIA-
MSP are then compared with those of a conventional metamaterial sandwich plate with
periodic graded arrays of local resonators (GLR-MSP). Additionally, the effect of lever
ratios on the bandgap properties of GLIA-MSP is examined. Finally, the proposed GA
is employed to optimize the lever ratios (R1, R2 and R3) to ensure that the bandgaps are

simultaneously tuned to their respective target values.

5.2.1 Dispersion Relationship and Vibration Transmission Research

The bandgap location and width of the GLIA-MSP can be determined by calculating
the dispersion relationship using Eq. (5.9) in Section 5.1.1. For the validation of the
theoretical dispersion equation presented in Section 5.1.1, the structural parameters of
the GLIA-MSP used in the theoretical model are set to match those of the numerical
model in Section 5.1.2 (Tables 5.1 and 5.2). The specific parameter values are as
follows: mi1= my= m3=47 g, k1= ko= k3= 39,063 N/m, M =108 g, Ri= 1, R>=2 and R3=
3. Figure 5.4 (a) illustrates the dispersion surfaces of the GLIA-MSP, while Figures 5.4
(b) and (c) present the front and magnified views of the dispersion surfaces for clarity.
The results indicate the presence of three distinct bandgaps, located between 48—54 Hz,
72—-83 Hz and 145-177 Hz. These bandgaps are attributed to the local resonance
frequencies of the three graded lever-type IA resonators (GLIA-1, GLIA-2 and GLIA-

3), with each resonator influencing a specific bandgap.
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A numerical simulation is performed to calculate the VT of the GLIA-MSP to assess
and confirm the vibration attenuation performance. The transmission curve shown in
Figure 5.4 (d) reveals three distinct attenuation zones (AZs) that correspond to
frequency ranges similar to the theoretical bandgap results. This validates the accuracy
of the dispersion relation in Eq. (5.9) from Section 5.1.1. To clarify the mechanism of
bandgap formation, vibration modes at the excitation frequencies of 54, 70, 77, 103,
140, and 175 Hz are illustrated in Figure 5.4 (e). The frequencies of 54, 77, and 140 Hz
fall within bandgap 1, bandgap 2, and bandgap 3, respectively, while 70, 103, and 175
Hz lie outside these bandgaps. At frequency outside the bandgaps (70, 103, and 175
Hz), vibration waves propagate without obstruction. However, significant attenuation
is within the bandgap 1 (54 Hz), bandgap 2 (77 Hz) and bandgap 3 (140 Hz). These
results demonstrate GLIA-MSP's excellent vibration suppression performance within
the bandgap regions. Additionally, the excitation at 54 Hz induces strong vibrations in
GLIA-3, at 77 Hz in GLIA-2, and at 140 Hz in GLIA-1, confirming that the vibration
attenuation observed in bandgap 1, bandgap 2 and bandgap 3 is driven by local
resonance in the GLIA-3, GLIA-2 and GLIA-1 resonators, respectively. Therefore,
tuning the resonance frequencies of the GLIA-1, GLIA-2, and GLIA-3 resonators
enables the precise control of bandgap formation, facilitating targeted vibration
attenuation over a specific frequency range. Notably, this is achieved without
modifying the mass or stiffness of the resonators. Instead, adjusting the lever ratio

provides a straightforward and efficient approach to tailoring the bandgap properties.
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Figure 5.4 Theoretical and numerical results. (a) 3D view of dispersion surfaces of the
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MSP with 6x5 unit cells and (e) vibration modes of GLIA-MSP at the excitation

frequencies of 54, 70, 77, 103, 140, and 175 Hz.

5.2.2 Comparative Study and Effect of Lever Ratios

In this section, the bandgap characteristics of GLIA-MSP are compared with those of
the conventional metamaterial sandwich plate with periodic graded arrays of local
resonators (GLR-MSP). The effect of lever ratios on the bandgaps of GLIA-MSP is
also investigated. Additionally, the vibration transmissibility is analyzed and compared
to further demonstrate the efficacy of the proposed GLIA-MSP. To ensure a direct
comparison, the structural parameters of both GLIA-MSP and GLR-MSP are set to

identical values: mi1= my=m3=47 g, ko=39,063 N/m, k1= k2/2, ks3=2 koand M =108 g.

Figure 5.5 (a) and Table 5.3 present a comparison of the theoretical bandgap
distributions for both structures, considering different lever ratios. In the GLIA-MSP
model, all three resonators (GLIA-1, GLIA-2, and GLIA-3) are assigned to the same
lever ratio (R1= R>= R3). Notably, the GLR-MSP is equivalent to the GLIA-MSP when
the lever ratio is set to (Ri= R>= R3= 1). As illustrated in Figure 5.5 (a), the bandgap
frequencies of GLIA-MSP are consistently lower than those of GLR-MSP.
Furthermore, as the lever ratio increases, both the boundary frequencies and the center
frequency (f.) of bandgaps in GLIA-MSP decrease, demonstrating the effect of inertial
amplification on bandgap formation. Table 5.3 provides a detailed comparison of the
three bandgap ranges for GLIA-MSP with varying lever ratios alongside those of GLR-
MSP. To quantify the total bandgap width, the concept of relative bandwidth (RW) is

introduced:
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_ " fui_fli
RW= zi:lf’ (5.12)

where f.; , fi and f.; represent the upper boundary frequency, lower boundary frequency,
and center frequency of the i-th bandgap, respectively. A higher RW value indicates a
wider bandgap, signifying greater vibration attenuation capability. The bandgap
boundary frequencies of GLIA-MSP scale as 1/R relative to those of GLR-MSP. Given
that both structures maintain the same resonator mass and exhibit similar RWs, the
inertial amplification effect of lever resonator enables GLIA-MSP to achieve lower-

frequency bandgaps compared to GLR-MSP.

Figure 5.5 (b) further compares the vibration transmissibility of GLIA-MSP (Ri= R>=
R3=1.5) and GLR-MSP, both configured with a 6x5 unit cell arrangement. The results
indicate that the attenuation zones (AZ1, AZ2, and AZ3) of GLIA-MSP occur at lower
frequencies than those of GLR-MSP. The frequencies at troughs of GLIA-MSP (70 Hz,
99 Hz and 138 Hz) are approximately 2/3 of those in GLR-MSP (114 Hz, 163 Hz and
232Hz), further confirming the accuracy of the theoretically derived bandgap
predictions. In addition, the effect of lever ratios on the vibration transmissibility of
GLIA-MSP is examined. As shown in Figure 5.6, increasing the lever ratio causes the
AZs to move to lower frequency regions. Furthermore, the frequencies at troughs
decrease as the lever ratio increases. This indicates that multiple vibration attenuation
zones at lower frequencies are achieved solely by increasing the lever ratio of
resonators, without the need to increase mass or reduce stiffness. This approach enables
effective low-frequency vibration suppression while maintaining a lightweight
structural design, offering a practical and efficient solution for engineering applications

requiring both high performance and minimal additional mass.
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Figure 5.5 Comparison of bandgap characteristics between GLIA-MSP and GLR-MSP.

(a) Theoretical bandgap distributions; (b) Vibration transmissibility of GLIA-MSP

(R\= R>= Rs= 1.5) and GLR-MSP.

Table 5.3 Comparison of bandgaps for GLIA-MSP with varying lever ratios alongside

those of GLR-MSP.

Structure Bandgap 1 Bandgap2 Bandgap 3  Relative bandwidth (RW)
GLR-MSP 102-111 Hz 145-161 Hz 204-260 Hz 0.418
GLIA-MSP (Ri=R>=Rs=1.5) 68-74 Hz 97-108 Hz  136-173 Hz 0.411
GLIA-MSP (Ri=R>=Rs=2) 51-55Hz 72-81 Hz 102-130 Hz  0.409
GLIA-MSP (Ri=R:=Rs=2.5) 41-44Hz 58-65 Hz 82-104 Hz  0.408
GLIA-MSP (Ri=R>=Rs=3) 34-37Hz 48-54 Hz 68-87 Hz 0.407
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In previous studies, the plate was constrained with clamped boundary conditions on the
two short sides while leaving the two long sides free. In this section, we further
investigate the influence of boundary conditions on the vibration transmissibility of the
GLIA-MSP. Figure 5.7 presents the vibration transmissibility of a GLIA-MSP (Ri=
R>= R3=1.5) with a 6x5 unit cell arrangement under three distinct boundary conditions:
(1) clamped short sides and free long sides, (2) simply-supported short sides and free
long sides, and (3) fully free boundaries (all sides free). The results reveal that despite
the variation in boundary conditions, the frequency range of the AZ remains largely

consistent. This suggests that the bandgap characteristics are primarily governed by the
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unit cell design rather than the boundary constraints. However, it is noteworthy that the
attenuation performance under free boundary conditions is inferior to that observed
under clamped or simply-supported conditions. This difference may be attributed to the
fact that free boundaries permit wave transmission, whereas clamped and simply-
supported boundaries reflect waves, thereby promoting energy localization and
dissipation within the resonators. Additionally, Figure 5.8 illustrates the vibration
transmissibility of the GLIA-MSP across different damping ratios. As the damping
ratio increases, the VT curve becomes smoother, and its peak amplitude significantly
decreases. This behavior occurs because damping enhances energy dissipation within
the structure. Consequently, the three original attenuation zones merge into a broader

AZ, demonstrating improved vibration suppression performance.
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Figure 5.7 Vibration transmissibility of GLIA-MSP (Ri1= R>= R3= 1.5) with a 6x5 unit

cell arrangement under different boundary conditions.
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Figure 5.8 Vibration transmissibility of GLIA-MSP (Ri1= R>= Rz= 3) at different

damping ratio.

5.2.3 Optimization and Normalized Comparison

In this section, the proposed GA is implemented to optimize the lever ratios (R1, R> and
R3) of the GLIA-MSP to ensure that the bandgaps can be simultaneously adjusted to
their respective target values. In the GA method, the initial population size is 100, the
maximum number of generations is limited to 500, and the stall generation is set to 50.

The crossover rate and mutation rate are 0.8 and 0.08, respectively. The target center

99



frequencies of the relevant bandgaps (fc1, f2 and fc3) can be freely assigned within the
achievable range. The termination criteria of the optimization algorithm are established
as follows: 1) the fitness function F reaches a tolerance threshold of 0.1% error (F' <
0.1%). 2) The average improvement in fitness remains below 1x10° for 50 stall
generations. 3) If the above optimization criterion is not met, the algorithm proceeds
until the predefined maximum number of generations is reached, at which point it
terminates and outputs the best solution found. These conditions ensure a balance
between computational efficiency and solution accuracy, allowing the GA to
effectively converge toward an optimal design while preventing excessive

computational cost.

The optimization results for a specific case are presented in Table 5.4. In this case, the
known parameters are based on those defined in Section 5.2.2. The design variables,
namely the lever ratios (Ri, R2 and R3), are constrained within the range of 1 to 5.
Through computational analysis, the achievable frequency ranges for the center
frequencies fc1, f2 and f.3 are determined to be 26.2—-169.7 Hz, 46.2-228.5 Hz, and
70.7-230.5 Hz, respectively. The optimization targets for these frequencies are set at
50 Hz, 100 Hz, and 150 Hz, with equal weighting factors of y1= y= y3= 1. The GA
optimization yields the optimal lever ratios as R1=2.15, Ro=1.52, and R3= 1.53. These
values successfully adjust the center frequencies to 50 Hz, 100 Hz, and 150 Hz,
respectively, achieving an exact match with the target values, with a deviation of 0%.
Figures 5.9 (a) and (b) present the theoretical and numerical optimization results. The
obtained frequency ranges of AZ1, AZ2, and AZ3 are clearly identified. Notably, the
optimized AZs exhibit strong agreement with the theoretically predicted bandgap

frequencies and effectively encompass the target bandgap center frequencies. These
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results validate the effectiveness of the proposed optimization approach in accurately

tuning the bandgap frequencies of GLIA-MSP, demonstrating its capability to achieve

precise vibration attenuation within the desired frequency range.

Table 5.4 Optimization results of the GLIA-MSP

Known Young® Densit Poisson” m; my ms ki k> ks
parameters s y s ratio kg) (kg (kg (N/m) (N/m) (N/m)
of the modulu  (kg/m?
GLIA-MSP s (GPa) )
70 2700 0.33 0.04 0.04 0.04 19,53 39,06 78,12
7 7 7 1 3 5
Constraints Ry Ry R3
of design 1~5 1~5 1~5
variables
Achievable  f.1€ [26.2, 169.7], f2€ [46.2, 228.5], f3€ [70.7, 230.5],
ranges of
the
concerned
fC1, f02 and
Jes
Optimizatio  Target values £, ;arget = 50, f, ;arget = 100, f, ;arget = 150
n target (Hz)
Weights n=1,mp=1y3=1
Optimizatio  Lever ratios Ri=2.15, R:=1.52, R==1.53
n results Bandgaps (Hz) Bandgap 1: 47.7~52.3, bandgap 2: 95.1~104.9, bandgap

3:133.4~166.6

Center frequencies
(Hz)

fer= 50, fe= 100, fe3= 150

Deviation

_ ptarget
fei ™l
target
e

0%, 0%, and 0% for i= 1, 2 and 3, respectively
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Figure 5.9 Optimization results for target bandgap center frequencies (50 Hz, 100 Hz,
150 Hz): (a) dispersion surfaces of the GLIA-MSP and (b) vibration transmissibility of

GLIA-MSP with 6x5 unit cell configuration.

Furthermore, a normalized comparison is conducted to assess the bandgap width and
lightweight characteristics of the GLIA-MSP. Figure 5.10 illustrates the comparison of

relative bandwidth (R1), relative core density p . and bandwidth efficiency ratio (BER)
between GLIA-MSP and other metamaterial sandwich plates. The relative core density,

defined as p.=p /p is used as an indicator of the lightweight efficiency of the structure
(Z. Xue & Hutchinson, 2004), where p. represents the average density of core layer,
and p represents the density of host structure material. The core layer density pc is
further calculated as p, = r;—z, with m. and V. denoting the mass and volume of the core

layer, respectively. In Figure 5.10, the y-axis shows the reciprocal of the average core

density p_, such that higher values indicate lighter core layers and improved

102



lightweight characteristics. In contrast, the x-axis reflects the normalized attenuation
bandwidth, with greater values indicating broader frequency suppression ranges. As
shown in Figure 5.10, the GLIA-MSP achieves a wider bandgap while maintaining a
lower core density, demonstrating a superior balance between lightweight design and
vibration suppression capability in comparison with other metamaterial sandwich
plates. To further quantify the bandwidth contribution per unit mass of the resonator,

the bandwidth efficiency ratio (BER) is introduced:

RW

BER = —. (5.13)
Pe

This parameter represents the total relative bandwidth that can be achieved per unit of
relative resonator mass, thereby serving as an efficiency metric for evaluating vibration
suppression performance. A higher BER signifies that the resonator can generate a
wider bandgap with a relatively lower mass, indicating a more efficient design. The
size and color intensity of the circles in Figure 5.10 represent the magnitude of the BER
value. Larger areas and darker colors correspond to higher BER values. The
comparative results in Figure 5.10 reveal that the BER of GLIA-MSP exceeds that of
other metamaterial sandwich plates, indicating that GLIA-MSP can achieve wider
vibration suppression bandgaps with greater mass efficiency. This highlights the
superior performance of GLIA-MSP in realizing low-frequency vibration control with

an optimized lightweight structure.

103



12

10 - . GLIA-MSP (BER=4.15)
8 - CPSS-PZT (Li et al., 2024) (BER=3.17)
RSPM (An et al., 2024)
o (BER=2.14)
X 6L
—_ TA-MSP (Gao et al., 2024) (BER= 3.59)
4r Meta-DLPL (Li et al., 2021) (BER= 0.97)
QZS metamaterials (Cai et al., 2022)
5 (BER=0.58) MSP (Fan et al., 2022) (BER= 2.99)
IA-MSPy;, (Gao et al., 2024)
0 | | | (BER= 1.44) [
0.0 0.2 0.4 0.6 0.8 1.0 1.2

RW

Figure 5.10 Normalized comparison of relative bandwidth (RW), relative density p,

and bandwidth efficiency ratio (BER) between GLIA-MSP and other metamaterial

sandwich plates.

5.3. Summary

In this chapter, a novel metamaterial sandwich plate with periodic graded arrays of
lever-type IA resonators (GLIA-MSP) is proposed to achieve effective low-frequency
vibration attenuation over multiple frequency bands. The superiority of GLIA-MSP in
precisely attenuating low-frequency vibration across multiple target frequency ranges
is demonstrated through theoretical analysis, numerical simulations and genetic

algorithm (GA) optimization.
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From the theoretical analysis, a comprehensive theoretical model of GLIA-MSP is
established, and a detailed derivation of its dispersion relation is presented to predict
the characteristics of multiple low-frequency bandgaps. The formulation of bandgap 1,
bandgap 2 and bandgap 3 is attributed to the local resonance of the graded lever-type
IA resonators (GLIA-1, GLIA-2 and GLIA-3), respectively. The bandgap boundary
frequencies of GLIA-MSP are found to scale as 1/R relative to those of conventional
multi-bandgap metamaterial sandwich plate with periodic graded arrays of local
resonators (GLR-MSP). Given that both structures maintain the same resonator mass
and exhibit similar relative bandwidths (RWs), the inertial amplification effect of lever-
type resonators enables GLIA-MSP to achieve lower-frequency bandgaps compared to
GLR-MSP. Theoretical model accuracy is further validated through its strong

agreement with numerical simulation results.

Numerical simulations are conducted using a FEM model to investigate the vibration
response of the GLIA-MSP. The attenuation zones (AZ1, AZ2, and AZ3) of GLIA-
MSP are observed at lower frequencies compared to those of GLR-MSP. When the
lever ratios are set as Ri= R>= R3= 1.5, the trough frequencies of GLIA-MSP (70 Hz,
99 Hz and 138 Hz) are approximately 2/3 of those in GLR-MSP (114 Hz, 163 Hz and
232Hz). Moreover, increasing the lever ratio causes the AZs to shift downward toward
lower frequencies, with the trough frequencies decreasing as the lever ratio increases.
This demonstrates that multiple low-frequency vibration AZs can be effectively
realized by simply increasing the lever ratio of resonators, without modifying the
resonator mass or stiffness. Such an approach enables efficient low-frequency vibration

suppression while maintaining a lightweight structural design, providing a practical and
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efficient solution for engineering applications requiring both high performance and

minimal additional mass.

Additionally, the GA 1is employed as an intelligent optimization strategy to
systematically search for the optimal lever ratio configurations, ensuring that the
bandgaps are simultaneously tuned to their respective target values. The optimization
targets for the center frequencies are set at 50 Hz, 100 Hz, and 150 Hz, with equal
weighting factors (y1= y2= y3= 1). The GA optimization yields the optimal lever ratios
as R1= 2.15, Ro=1.52, and R3= 1.53, successfully adjusting the center frequencies to
the desired 50 Hz, 100 Hz, and 150 Hz, with a deviation of 0%, demonstrating the
accuracy of the optimization approach. The normalized comparative results reveal that
the bandwidth efficiency ratio (BER) of GLIA-MSP exceeds that of other metamaterial
sandwich plates, indicating that GLIA-MSP can achieve wider vibration suppression

bandgaps with greater mass efficiency.
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Chapter 6

Conclusions and Suggestions for Future Work

6.1. Conclusion

This thesis presents a systematic investigation into the design, analysis, and
optimization of novel metamaterial sandwich plates embedded with lever-type inertial
amplification (IA) resonators for achieving effective low-frequency and multi-bandgap
vibration attenuation. The work addresses several critical limitations in traditional
locally resonant (LR) metamaterials, such as the need for bulky resonators, narrow

bandgap bandwidths, and poor tunability in multi-frequency applications.

In the first part of the study, a metamaterial sandwich plate with lever-type IA
resonators (IA-MSP) is proposed. A theoretical model is developed to derive the
dispersion relation and predict bandgap characteristics. Numerical simulations and
experimental results demonstrate that IA-MSP can achieve significantly lower bandgap
frequencies than conventional LR-MSP with equivalent mass and stiffness parameters.
The reduction in bandgap frequency is attributed to the effective mass enhancement
induced by the lever-type amplification, which shifts the bandgap toward lower
frequencies without increasing the physical mass. This proves the feasibility of using
IA mechanisms to break the long-standing trade-off between mass and low-frequency
isolation in metamaterial designs.
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Building on this concept, a two-degree-of-freedom configuration (IA-MSPpr2) is
developed to further improve multi-bandgap vibration attenuation. Theoretical
modeling reveals that the eigenfrequencies of the primary and secondary resonators are
inversely proportional to the square of their respective lever ratios. Numerical and
experimental results confirm that IA-MSPpr2 can generate two distinct low-frequency
attenuation zones (AZ1 and AZ2), which can be tuned independently through lever
ratio adjustment. Parametric studies show that modifying resonator mass, stiffness and
damping can control the location, width and depth of the attenuation zones. Moreover,
normalized comparisons demonstrate that the IA-MSPpr> outperforms conventional
LR-based designs in both attenuation bandwidth and lightweight efficiency, making it

suitable for applications with stringent space and mass constraints.

In the final phase, a graded lever-type IA metamaterial sandwich plate (GLIA-MSP) is
proposed to achieve precise and simultaneous control of multiple bandgaps across
target frequency ranges. A theoretical framework is established to derive the bandgap
dispersion relation for graded IA resonators (GLIA-1, GLIA-2, GLIA-3). Finite
element simulations show that the GLIA-MSP achieves lower and broader attenuation
zones compared to GLR-MSPs. Importantly, it is demonstrated that the bandgap
frequencies scale inversely with the lever ratio, allowing for efficient low-frequency
control without modifying resonator mass or stiffness. To further enhance design
adaptability, a genetic algorithm (GA)-based optimization strategy is employed. The
GA successfully identifies optimal lever ratio configurations that precisely align the
bandgaps with pre-defined target frequencies (50 Hz, 100 Hz, and 150 Hz), achieving
0% deviation. The high bandwidth efficiency ratio (BER) of the GLIA-MSP confirms

its superior performance in multi-band low-frequency vibration control.

108



Overall, this thesis establishes a comprehensive hybrid framework—integrating
theoretical modeling, numerical simulation, experimental validation, and intelligent
optimization—for the design of high-performance, lightweight, and tunable
metamaterial sandwich plates with enhanced vibration attenuation capabilities. The
outcomes of this study are expected to provide significant insights into the design

principles governing metamaterial plates to achieve effective vibration control.

6.2. Suggestions for Future Work

Although the present study demonstrates the potential of lever-type inertial
amplification metamaterial sandwich plates, several areas remain open for further

exploration:

The current study focuses on linear, time-invariant lever-type IA metamaterial systems.
However, many real-world engineering structures are subject to nonlinear dynamic
behavior. Incorporating nonlinear stiffness elements—such as geometric nonlinearity
or nonlinear springs—into IA resonators may allow for amplitude-dependent bandgaps,
leading to adaptive vibration attenuation under varying excitation conditions. In
addition, introducing time-varying parameters, such as switchable stiffness or variable
mass elements, may enable effective vibration control of lever-type IA metamaterial

sandwich plates.

While the proposed lever-type IA metamaterial sandwich plates rely on passive
mechanical configurations, integrating active control strategies could offer greater
adaptability and real-time tunability. For instance, embedding piezoelectric patches,

electromagnetic actuators, or shape memory alloys into the resonator structure would
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allow dynamic adjustment of mass, stiffness or damping in response to changing
operational conditions. This integration could facilitate active bandgap tuning,
vibration suppression on demand, or multi-mode switching, greatly expanding the

scope of applications in aerospace, precision equipment, and adaptive structures.

Although this study includes experimental verification under controlled conditions,
further validation under realistic engineering environments is essential to demonstrate
the robustness and practical feasibility of the proposed lever-type IA metamaterial
designs. Future work should consider implementing the metamaterial sandwich plate
in full-scale structural components, such as aircraft fuselage panels, railway
floorboards or marine bulkheads, subject to multi-point excitation, random or

broadband loads and variable boundary constraints.

The current optimization approach focuses on aligning bandgap center frequencies with
predefined targets. In practice, the design of metamaterials often involves trade-offs
between multiple performance criteria, such as bandwidth, vibration transmissibility,
mass, structural stiffness, manufacturability and cost. Future research could adopt
multi-objective optimization frameworks to address these conflicting objectives
simultaneously. Algorithms such as multi-objective genetic algorithms (MOGA), non-
dominated sorting genetic algorithms (NSGA-II), or particle swarm optimization (PSO)

can be employed to explore the optimal design space.
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