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ABSTRACT

Precise point positioning—real-time kinematic (PPP-RTK) integrates the benefits of
traditional positioning techniques RTK and PPP to provide fast and high-accuracy positioning,
making it very ideal for the autonomous driving industry. Among PPP-RTK models, the
Undifferenced an Uncombined (UDUC) PPP-RTK shows the capability to adeptly process
multi-frequency and multi-GNSS data, demonstrating significant potential and possibilities.
However, its positioning accuracy is influenced by numerous factors, particularly ionospheric
delay. The PPP-RTK generates ionospheric delay corrections by the interpolation of reference
stations. Therefore, it is imperative to identify an appropriate ionospheric interpolation
technique to guarantee positioning accuracy. This thesis seeks to evaluate the interpolation
accuracy and positioning performance of various current interpolation techniques, including
Inverse Distance Weighted (IDW) method, Least Squares Collocation (LSC) method, Kriging
method and Planar Fitting (PF) method, under quiet and moderate ionospheric conditions,
aiming to figure out the most appropriate interpolation model for PPP-RTK in Hong Kong,
which is in low-latitude regions with short inter-station distance. To achieve this objective, the
author modifies the open-source MATLAB software PPPH and build up the UDUC PPP-RTK
experimental platform for this thesis. Subsequently, the author resolves and analyzes the data
from 16 stations within the Hong Kong reference station network. Numerical analysis shows
that Universal Kriging method is the most appropriate interpolation technique for UDUC PPP-
RTK in Hong Kong. This approach exhibits high interpolation accuracy and superior
positioning performance in millimeter level, while also exhibiting better robustness among
these methods.

KEYWORDS: UDUC PPP-RTK, Positioning in Hong Kong, Ionospheric delay,

Interpolation models
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1. Introduction

1.1 Introduction to the PPP-RTK

Precise Point Positioning (PPP) was initially outlined in seminal works by Heroux and
Kouba and Zumberge[ 1][2]. This method, which can achieve centimeter to decimeter accuracy,
utilizes both code observations and carrier phase observations in just one single GNSS receiver.
In order to accomplish this, accurate information such as precise satellite orbits and clocks
products is crucial, usually generated and broadcast by the International GNSS Service and
other external organizations [3]. However, the level of accuracy attainable with PPP is heavily
reliant on the duration of observation. For instance, single-frequency PPP cannot form
ionosphere-free observation combinations to eliminate ionospheric delays. Hence, it depends
on ionospheric corrections provided from external data such as Global Ionospheric Maps [4-6],
in which case it achieves a positioning accuracy of several decimeters after approximately 15
minutes [7]. Even though single-frequency PPP can also attain accuracy at the centimeters level
by utilizing dual-frequency observations without Global Ionospheric Maps, it requires
significantly longer observation periods with a minimum duration of one hour [8][9].

In contrast to code observation data, the carrier phase observation data utilized in PPP is
much more precise. However, it still faces difficulties in integer ambiguity resolution. When it
comes to relative positioning techniques like Real-time Kinematic (RTK), they allow for
double-difference calculation of carrier-phase ambiguities, which is of vital importance to
integer ambiguity search. This enables accurate positioning performance ranging from
millimeters to centimeters, utilizing the exactness of the phase data. Several advanced methods
have been presented to tackle the essential problem of resolving integer ambiguities, with the
Least-Square Ambiguity Decorrelation Adjustment (LAMBDA) technique emerging as the
established benchmark [10]. However, the quick fix of integer ambiguities is only feasible at
distances shorter than ten kilometers between the user side and the server side, assuming that
changes in ionospheric delays are insignificant.

Over the past ten years, many scholars have developed several methods that enable integer
ambiguity resolution in PPP. For an in-depth analysis, the goal of these techniques is to achieve
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accuracy comparable to RTK by resolving phase ambiguities within observations from a
solitary receiver, refer to Teunissen and Khodabandeh [11]. This involves the incorporation of
data regarding satellite phase and code biases [12-16]. Consequently, PPP can also be regarded
as a relative positioning approach since the corrections for orbit, clock, and hardware biases are
sourced from a network of global or regional reference receivers[17].

Recently, as an extension of PPP method, a novel method called PPP-RTK is gaining
popularity in schools and labs. It combines the benefits of both PPP and RTK methods, which
can achieve fast ambiguity resolution in one single receiver using corrections generated by
reference stations and analysis centers [18]. The duration of convergence for PPP-RTK is
comparable to RTK and far less than PPP, while yet achieving accuracy at the centimeter level.
Conversely, PPP-RTK is not constrained by the duration of the baseline data, unlike RTK.
Reference stations ranging from tens of kilometers to hundreds of kilometers can all contribute
to the positioning solutions. Furthermore, the RTK approach incorporates the Observation
Space Representation (OSR) corrections. That is to say, the reference stations transmit the
aggregate value of all GNSS error sources to the consumers. In contrast to OSR, PPP-RTK
employs State Space Representation (SSR) corrections, allowing for the identification of
various correction for distinct sources of errors, for instance satellite clock error, atmospheric
delays, and satellite orbit error. Through this method, SSR corrections notably lessen the
communication load, thus enabling support for a large number of users [19][20]. Moreover,
GNSS-related errors, which vary in time and space, can be distinctly represented, thereby
enhancing the potential for improved positioning accuracy. As a result, PPP-RTK can provide
comparable RTK-like accuracy and performance, while offering a longer operational range,
diminished communication requirements, and enhanced error resilience. This renders it a

promising technique for autonomous driving and UAYV, as seen in Figure 1.1 [21].
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Figure 1.1 Comparison of PPP, RTK and PPP-RTK

The PPP-RTK consists of two stages: the server side and the user side [22]. At first, the
network of reference stations analyzes GNSS data to produce various corrections as the server
side [23]. These corrections include the satellite code and phase bias, satellite clock and orbit
error [24][25]. In addition, if the network is small- or medium-scale, the slant ionospheric delay
will be calculated as the input data of interpolation for the user side [26][27]. After that, the
user side will receive these corrections generated and broadcast by the network, therefore
making it possible to achieve fast ambiguity resolution. The schematic representation of a PPP—

RTK system is seen in Figure 1.2.
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Figure 1.2 General flow of PPP-RTK system [21]
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At present, several kinds of PPP-RTK methods have been proposed and each of the
functional model has been formulated. Based on numbers of frequencies and systems, PPP-
RTK can be categorized into single-frequency and multi-frequency models, such as single-
system PPP-RTK and dual-frequency PPP-RTK [28-34]. Based on the distance of reference
stations, previous studies proposed three PPP-RTK models, among which are lonosphere-Float,
Ionosphere-Weighted and Ionosphere-Fix PPP-RTK [35-38]. As the distances between
reference stations grow shorter, the spatial correlation of ionospheric delay and its constraint
increase [39]. Besides, based on the combination and differentiation of observations,
researchers have proposed ionosphere-free model and undifferenced and uncombined model.
While the former model combines observations of two frequencies to eliminate ionospheric
delay [40-43], the latter model does not make any combination or difference. Details of their

advantages and disadvantages will be presented in Section 1.2.

1.2 Introduction to the Undifferenced and Uncombined Model

In previous studies, differentiation of observation data is widely used to enhance the
positioning performance [44-46]. The basic principle is making difference to eliminate common
errors. There are various approaches of differentiation:

. Inter-station single difference: By making single difference between stations
simultaneously observing the exact same satellite, the common errors of satellite are able
to be almost eliminated. Furthermore, given that the baseline is generally modest in
comparison to the height of the satellites, the atmospheric delays and orbit errors in two
receivers are analogous [47]. Nonetheless, this relationship evidently diminishes when the
distance lengthens [48].

. Inter-satellite single difference: By making single difference between satellites in same
station, it is possible to eliminate receiver clock error. The atmospheric delays in two
frequencies, such as ionospheric delay, are almost equal upon reaching the sole receiver,
hence mitigating the impacts of ionospheric and tropospheric delays [49].

. Double difference: The double difference combines the two kinds of single difference

above. It has effectively eradicated clock errors of both receivers and satellites, which is



utilized in the majority of GNSS post processing applications. However, we still need to

deal with the ambiguity resolution in the carrier phase observation [50-54].

. Triple difference: The triple difference is the disparity between double difference and
inter-epoch difference. Since it facilitates the detection and correction of cycle slip, triple
differencing serves effectively as preliminary procedures.

In addition to differentiation, various combinations of GNSS measurement are also widely
employed for diverse application:

. Ionosphere-free combination: This method combines measurements of two different
frequencies to remove the first-order ionospheric delay as this parameter is related to
GNSS signal’s frequency. The remaining part of ionosphere affecting the positioning
solutions corresponds to only a few centimeters or even less [55-57].

. Geometry-free combination: This approach facilitates the estimation or elimination of
geometry, including clocks and all non-dispersive effects in the signal [58]. After
combination, it contains ionospheric delays and all kinds of bias that are frequency-
dependent such as hardware biases, cycle slips, and ambiguities [59].

. Wide-lane and narrow-lane combination: This method combines the carrier phase
measurements of two individual frequencies, which keeps ambiguity integer. The large
wavelength of wide-lane combination is advantageous for ambiguity resolution, cycle-slip
identification, and outlier detection. [60]. But the noises present in original observations
are also amplified [61]. On the contrary, the narrow-lane combination has lower noise than
original observations while it makes it more difficult to ambiguity resolution in
comparison to other combinations [62][63].

Despite its ability to reduce numerous sources of error and provide accurate positioning
solutions, the process of constructing linear combinations of observations still has particular
limitations. Linear combinations decrease the numbers of observations equations and increase
the observation noise, which affects the accuracy and reliability of positioning. Furthermore,
taking ionosphere-free model as example, the information about the ionosphere is mostly
eliminated, which means that we are unable to obtain the ionospheric corrections. If we utilize
the original observation data and do not make any difference and combinations, observation

redundancy can be guaranteed and all of the parameters can be remained. This approach has
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superior scalability and will not be constrained by the numbers of frequencies and systems
employed in positioning solution. It is hence more suitable for the trend of multi-frequency and
multi-system PPP-RTK.

Teunissen proposed the undifferenced and uncombined (UDUC) model initially and
applied Singularity-basis (S-basis) theory for solving the rank deficiency of UDUC design
matrix as UDUC model estimates all of parameters at the same time [64]. Then, Odijk et al.
analyzes the estimability of parameters in UDUC PPP-RTK in detail [65]. They successfully
identify the null space of matrix and provide the S-basis to choose corresponding to different
situations of rank deficiency. Researchers subsequently expand the application of the
undifferenced and uncombined PPP-RTK approach, originally utilized in dual-frequency GPS
scenarios, to encompass both multi-frequency and multi-GNSS applications [66-70]. This
update enables a wider and more adaptable incorporation of GNSS systems and frequencies,
hence improving the reliability and precision of the positioning solutions. Based on the
distances between reference stations in the network, Dimitrios and Sandra propose the
Ionosphere-Float (IF) UDUC and Ionosphere-Weighted (IW) UDUC models [71][72], which
constrain the ionospheric delay in different approaches, and evaluate the user performance
using the corrections generated from the networks. Zhang et al. further develops a category of
UDUC PPP-RTK models and formulate its function under each circumstance, such as Code
Division Multiple Access signals and Frequency Division Multiple Access signals, PPP-RTK
using code and carrier-phase measurements and PPP-RTK using carrier-phase measurement
solely, IF UDUC and IW UDUC model [73]. Furthermore, the authors also systematically

analyze the relationships and distinctions across different existing PPP-RTK models [74].

1.3 Problem Statement and Objectives

Though, plenty of undifferenced and uncombined PPP-RTK models have been proposed,
few studies focus on the ionospheric correction generations. lonospheric corrections generated
by interpolation models are of vital importance of enabling fast ambiguity resolution in PPP-
RTK. Choosing an appropriate interpolation method for different application areas of PPP-RTK

can significantly enhance the accuracy of ionospheric corrections, and thus enhance the
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positioning accuracy and integrity at the user end [75-78]. Therefore, it is imperative to compare
and investigate different interpolation methods in certain area[79].

To predict the ionospheric delay, researchers have proposed plenty of interpolation
methods. Bartier and Keller proposes the Inverse Distance Weighted (IDW) method to predict
the ionospheric delay in the interpolated point [80]. This method is suitable for quick analysis
and small-sized data sets but it is sensitive to outliers and lack of structural information. And
Oliver proposes the Kriging method to improve the performance of interpolation for
geographical systems [81]. Kriging method can consider spatial correlations in the interpolated
zone and adjust the weights through the variogram model to reduce the errors. However, the
method relies on the statistical assumptions and requires appropriate variogram models. What’s
more, Moritz proposes the Least-Square collocation method for geophysical use [82]. This
method introduces random signal estimation theory, which can better estimate the
characteristics of the interpolation area. But it is still sensitive to extreme anomalies. And
Nurunnabi proposes the robust Planar Fitting (PF) method for data processing [83]. This
method also can represent the trend of the interpolated zone and easy to process. However,
similar to IDW method, this method is also sensitive to extreme conditions.

This thesis mainly focuses on the Hong Kong, which is in low-latitude regions with short
inter-station distance and difficult to achieve high-accuracy positioning, to systematically
investigate the performance of various interpolation methods with the aim of providing
appropriate solutions for PPP-RTK and proposing robust mitigation techniques. Given Hong
Kong's geographical location at low latitude and the average distance between reference
stations that is in the range of tens of kilometers, we utilize lonosphere-Weighted UDUC PPP-
RTK models and choose approximately 16 reference stations as the network to extract the
ionospheric delays. Next, various current and classic interpolation models, such as the IDW
method, PF method and Kriging method, are used to produce the ionospheric corrections on the
user side. Along with other received corrections, the user side can estimate its position using
different kinds of ionospheric corrections respectively. Finally, we compare and analyze the
positioning accuracy in various circumstances to propose the most suitable method in Hong

Kong.

11



1.4 Outline of This Thesis

This thesis is organized as follows:

Chapter 2 introduces the basic method of UDUC PPP-RTK data processing. At first, S-
basis theory is introduced to illustrate the principle of eliminating rank deficiency. Then, this
chapter introduces the error sources and their correction models in GNSS, including the
atmospheric error, satellite orbit and clock error and other system errors. Finally, this chapter
introduces the ambiguity resolution method adopted in this thesis.

Chapter 3 introduces the functional models of UDUC PPP-RTK adopted in this thesis,
including the network functional model and the user functional model. Furthermore, this
chapter presents the adaptive extended Kalman filter as the estimator for the PPP-RTK state
vectors. Finally, various interpolation techniques used for generating ionospheric correction are
introduced in detail.

Chapter 4 introduces the experiments and provides a comprehensive analysis of obtained
results. At first, the software platform and preparations for experiments are illustrated. Then,
the performances of different techniques are evaluated and compared based on the accuracy of
user positioning solutions. At last, this chapter discusses the findings of the experiments and
draws the conclusions.

Chapter 5 provides a concise summary and review of the whole thesis. Furthermore, this
chapter highlights the constraints of UDUC PPP-RTK and methods for generating corrections,

and provides suggestions for future researches.
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2. Error Processing Theory of UDUC PPP-RTK Data

This chapter introduces the processing theories for various errors of UDUC PPP-RTK
model, including rank deficiencies elimination, tropospheric delay modelling, ambiguity

resolution.
2.1 Singularity-basis Theory and Null-space Identification

2.1.1 Review of S-basis theory

Equation (2.1.1) generally specifies the linearized model of observation equations as [23]:

E{y}— Ag (2.1.1)

E {-} represents the expectation, x is n-th unknown parameter vector. y denotes the m-th
observation vector. R (-) is the range or column space. A denotes the m x n design matrix with
rank r that is less than n. This indicates A is not full ranked with the deficiency quantified as
dimN (A) = n — r. The N(A) denotes the null space of A. Assuming the matrix V' which
is nx(n—r) order to be the basis, we can infer that AV = 0, for N(4) = R(V). R(V) is sole,
nevertheless, the V, which consists of the basis vectors across the null space, isn’t as sole as
R(V).

This means that A is not full ranked and it is unfeasible to resolve all of the unidentified
parameters. Therefore, we divide vector x into two parts, the estimable part denoted as X €
R(S), and an inestimable part designated as x,, € R(V), where S and V are basis matrices

with equivalent spaces, in other word, R,, = R(S) @ R(V)

s (2.1.2)
z=2S8a+VE=I[S V][ ]

— /B
nXxXn

Where & represents the r-th estimable parameter. S denotes n X r matrix associated with
@. [ signifies the (n-r)-th inestimable parameter. V represents the n X (n —r) null matrix.
And selections of § are not singular and determine estimable parameters to be resolved.
Figure 2.1 illustrates two kinds of decomposition, labeled S and S’. Therefore, we can

determine that R(S) # R(S").
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Figure 2.1 Two options for decomposing the parameter vector x: the estimable
component X and inestimable component x,, on the left,
and estimable component X' and inestimable component x,," on the right
Given that the n-th matrix [SV] is an invertible square matrix, we can

solve & and B using Equation (2.1.3) [84]:

[6‘} =[S V]'lz= [[(VL)TS]I(VL)T (2.1.3)

= x
B [(SH)V]ITHESHT
(-)" represents the transpose. And V* denotes the n x r matrix satisfying that (V4)TV =
0. Vector 8 denotes the minimum constraints vector. The n x (n—r) matrix S* serves as a basis
for R(S), satisfying that (S1)TS = 0.

The full-rank matrix & is derived by inserting x = S& + V5 into Equation (2.1.1):

E{y}=Az=A(Sa+VpB) = (AS)a (2.1.4)

A

Thus, the design matrix is full ranked as rank deficiency is eliminated. With Equation

(2.1.2), the estimable part can be computed as:
z,=Sa=z—VE=Sx (2.1.5)
Where S represents the n-th S-transformation square matrix, calculated by utilizing
Equation (2.1.3), as:
S=S[WVHTSITVHT =L, =V[(§) V] (§*)" (2.1.6)
Another choice is shown as the right part of Figure 2.1, and the corresponding
transformation matrix is:

i=8a=z—VB=84u (2.1.7)

And S’ is computed as:



S=81V)s ("

, ) 2.1.8
=L, VI(§) V] ()T —

2.1.2 Null-space Identification in UDUC PPP-RTK

The GNSS original equations are shown in Equation (2.1.9), where i denotes epoch with i
=1, ...k, r denotes the receiver with r =1, . . . n, s denotes the satellite withs =1, ... m.j
denotes the frequency with j=1, ... f[85][86].
E(Ap:; (1) =¢; (i) - Az, (i) +c[dt, (1) —dt* ()] +
9: (@) - 7.(0) + ;b7 () +dp; — dj

E(A¢;;(0) = ¢ (i) - Az, (i) +c[dt, (i) —dt* ()] +
9. (@) - 7. () =7 (D) +6,,— 6]+ AN

(2.1.9)

Here A®; j denotes the UDUC observed-minus-computed (OMC) carrier-phase
measurements and Ap; ; denotes the OMC pseudorange measurements. Ax,. (i) denotes the
increment vector of receiver positions in three directions and ¢; denotes the unit vector whose
direction is from receiver to satellite. dt, denotes the clock error of receiver and dts denotes
the satellite clock error. d,.; and d; denote the instrument code bias of receiver and satellite
and 6 denotes the instrument phase bias. [} denotes the first-order ionospheric delay and p;
denotes [/ sz. N denotes the ambiguities and A1 denotes the wavelength of carrier phase in
each frequency. T, denotes the tropospheric wet component delay. g; denotes the mapping
function.

Then, we combine Equation (2.1.9) with Kalman filter. The observation model and the

dynamic model of Kalman filter is:

Ayz - AZA{L‘, +l“Z - 1,...,]{;

2.1.10
A:L‘i:CI)Z',Z;1A$1:—1+’U)¢>i:2a---ak ( )

Here A denotes the design matrix containing the coefficients in Equation (2.1.9) such as
light speed, mapping function and wavelength. Y denotes the vector of observed-minus-
computed measurement and x; denotes the state vector containing the unknown parameters in
every epoch. @ denotes the transition matrix connecting one epoch with the next. [; and w;
denotes the measurement and process noise following the zero-mean Gaussian distribution.

Therefore, we can rewrite Equation (2.1.10) as
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E{A A
{ {Oy}]{B]E{A.’z} (2.1.11)
Where
A=blkdiag(A,,...,A,), B=[BF,..BI" (2.1.12)

The design matrix [ A" B']" determines rank inadequacy. Next, following the order of
carrier phase measurement, code measurement and random parameters, the rank-deficient

matrix can be succinctly expressed as [23]:
Anet = [Ageo Arec Asat Aion Aamb] (2 1 . 13)

Where

Foeo
Df® (I,®1,)
Ageo = 0 (2.1.14)
0
0

i ef A 0) }
I
m{(@f 0 1) ©@oe)

A 100 (2.1.15)
DI®<(0 I, 0|®I,
0

0
1.16
Asat: ?) (2 )

A, = 0 (2.1.17)
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e ® {(g) ® (In®1m)}

Ay = 0 (2.1.18)

0
0
0

Table 2.1 delineates the exact definitions of the elements utilized in aforementioned matrix.
As illustrated in Equation (2.1.13), the sections in the first row of the design matrix are
dedicated to phase and code observables and the lower section addresses the random-walk
constraints. The design matrix’s structure, associated with particular parameter sets, is
delineated in the following order: The first group Ay, comprises the coordinates of receivers
along with Zenith Total Delays. The subsequent group A,... encompasses hardware biases and
clocks, which are related to receivers. The next set Ag,; includes the clocks and hardware
biases which are related to the satellites. The fourth group A;,, includes the ionospheric delay
and the last group Agmp 1s designated for ambiguities.

Table 2.1 Explanations of commonly used scalars, vectors and matrices

Symbol Definition Symbol Definition
k = # epochs ey =(1,1,...., DT
f = # frequencies Iy =diag(l.1,...,1)
n = # receivers D{T] =[—ewy—1 I1y—1]
m = # satellites T :(ul._,ug._....ﬂf)T
v = # geomelry comp. A =diag(r1, A2, ..., Af)
o) —(1.0.....0)T o Z[le{{.]—l]]
fiy—

Having divided the unknown parameters into five parts, the rank deficiency is also
classified into five corresponding situations. Denoted as V.., by utilizing the subsequent

construction procedure, one can get the basis matrix as follows [23]:
Vie=1[V1 Vo V3 V, V5] (2.1.19)

Where
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V1:

V4 —

€k® If ®_Cn

I, ® (e,®1,)

(2.1.20)

(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)

According to Equation (2.1.19) — (2.1.24), we can classify the rank deficiencies into

five cases with corresponding null space matrix as shown in Table 2.2. It should be noted
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that case 1 and case 2 pertain to the same scenario, both belonging to a rank insufficiency
between the satellite-related term and the receiver-related term.

Table 2.2 Number of rank deficiency in various cases

Null Space Matrix Cases Number of rank deficiency
Receiver and satellite clock 1
Vi Receiver and satellite
2f

hardware bias

Receiver clock and receiver

hardware bias

Satellite clock and satellite

hardware bias

Receiver hardware bias and

Vs o fn-1)
ambiguity
Satellite hardware bias and
Vs ffm
ambiguity

2.2 Tropospheric Delay Modeling

Troposphere is part of the atmosphere which has an attitude range of around 13 kilometers.
When travelling through it, the GNSS signals is subject to interference, resulting in an
additional delay as known as tropospheric delay. Tropospheric delays are contingent upon
pressure, temperature, humidity, and the locations of antennas. Therefore, it has no correlation
with frequency and we cannot mitigate this kind of error by any forms of combinations and
differences. To deal with this problem, researchers develop several models for the tropospheric
delay by considering various factors such as height, humidity, and pressure.

In general, most of tropospheric delay model divide this into two parts, the hydrostatic
component delay and wet component delay. The former one caused by the dry gases is the
majority of tropospheric delay, which usually accounts for 90%. This part of delay is quite
stable and easy to model. While the latter one caused by water vapor is smaller but varies faster,
which poses a significant challenge in tropospheric delay modeling. Consequently, the
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hydrostatic delay is mitigated utilizing various standard models, whilst the wet delay is
characterized as an indeterminate variable accompanied with stochastic noise. This section

provides a review of various models frequently utilized by researchers.

2.2.1 Saastamoinen Model

By employing the latitude of the station, the air temperature, atmospheric pressure and
water vapor pressure, this tropospheric delay model was proposed by Saastamoinen is able to
determine the ZTD. This model is based on meteorological factors. Following is an illustration

of the calculation formula that is used in the Saastamoinen model [87]:

~0.0022768 1255
ZID = 10 00266 cos (29) <P+ ( T >e> (2.2.1)

Where ¢ is the latitude of stations in radius, P denotes the atmospheric pressure of the
station. T denotes the Kelvin temperature. H denotes its ground elevation. e denotes the

station’s water vapor pressure.
2.2.2 GPT2w Model

The GPT2w model is developed based on empirical tropospheric data obtained from
ECMWEF. The variables considered are atmospheric pressure, air temperature, water vapor
pressure, air temperature lapse rate, coefficients of the mapping function, the rate of water vapor
breakdown and weighted mean atmospheric temperature. It takes into account both the yearly
and semi-annual periods of the related parameters concurrently. Presented below is the model

expression [88]:

. doy . doy
a=ay+ A;cos (7365.25 27r) + Blsln<727r> +

365.25 (2.2.2)
doy . doy
Agcos<365.25 471') + stm(365'25 47r>

where a represents a parameter being assessed, a, denotes the average value, A; and
B; denotes annual period coefficients, A, and B, denote semi-annual period coefficients.
doy refers to the date.

Additionally, the GPT2w model employs two kinds of grids for representing the global

area, whose resolutions are 5° X 5° and 1° x 1°, wherein the earth is partitioned by the grids.
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When calculating, this model firstly computes the parameters where the points in the grid are
surrounding the estimated point and then executes bilinear interpolation to derive the delays in
the estimated point. Upon the computation of atmospheric temperature, the total tropospheric
delay is divided into two parts, the zenith hydrostatic delay (ZHD) and the zenith wet delay
(ZWD). And they are ascertained by Saastamoinen model and AN model respectively in

GPT2w model as delineated in the subsequent formula.:

i ) Ry (2.2.3)

1067/ "3
ZWD =10 <k2+Tm ()\+1)gmes

where kj and k; denote atmospheric refractive index constants. k5 is set as 16.529
k'mb'and kj is set as 3.776 x 105 k-mb ™" respectively. T,,, denotes the weighted mean
atmospheric temperature. g,, denotes the gravitational acceleration. eg denotes the water
vapor pressure. R, denotes the gas constant of dry air which is set as 287.058 J-kg ""K™'. 1 is

determined by Equation (2.2.4):

e P A+1

Equation (2.2.4) necessitates the alignment of meteorological contour data. Simply said,
ZTD is the same as the aggregate of ZHD and ZWD. Consequently, GPT2w is able to produce

empirical ZTD according to every specified time and location as an empirical model.

2.3 Ambiguity Resolution Technique

Having received all the corrections generated by the network and observation data
broadcast by the satellites, the user side of UDUC PPP-RTK adopts Least-squares AMBiguity
Decorrelation Adjustment (LAMBDA) method for ambiguity resolution [89]. The GNSS
models on which ambiguity resolution is based, can all be cast in the following conceptual

frame of linearized observation equations:

y=Aa+ Bb+e (2.3.1)

Where a is the integer parameter vector. b is the actual parameter vector, encompassing
baseline components and potentially tropospheric and ionospheric delay, etcetera. A and B are

defined as the coefficient matrices with [A B] possessing full column rank. The observation
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vector y contains the observed-minus-computed code and carrier-phase observables, which is

contaminated by the random noise vector €. The issues statement can be shown as:

min||y — Aa — BY|| 3, (2.3.2)

Where || -]|5=()"Q,"(.) and Q, variance-covariance matrix of observations.
Equation (2.3.2) expressed above is a mixed integer least squares problem that can be
solved by orthogonal decomposition:

ly — Aa — Bb[| 5, =|e

2, +11b(a) —bl3, +lla—all?, (23.3)

Where @ and b denote the unconstrained least square solution while & and b denote
the integer solution.
This section will present the LAMBDA approach, organized in the sequence of float

solution, followed by solving the decorrelation matrix and integer ambiguity search.

2.3.1 Float Solution

To get the float solution, Equation (2.3.1) can be transformed to:

[BTQ;B BTleAHb} _ [BTley] (2.3.4)
ATQ,'B ATQ,'Allal LATQ'y -
Furthermore, Equation (2.3.3) can be expressed as:
Na Nba b 7ﬁbi|
= 2.3.5
|:Nab NEL i| |:ai| |:ra ( )
¥ R

Where N is dissolved via Cholesky Factorization.
Forward and backward substitution are the methods that are utilized to acquire the float
solution. The ambiguity vector, the baseline vector, and the variance covariance matrix of float

ambiguities are the parameters that make up the float solution.
{bHQb Qi’] (2.3.6)
a Q&L Qit

2.3.2 Decorrelation Technique

Due to the correlation among float ambiguities, changes in one ambiguity parameter can

impact the search for other ambiguities, significantly increasing the computational load of the
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search algorithm. If reducing the correlation between ambiguity parameters, thereby
minimizing the impact of changes in one ambiguity on the values of others, the ambiguity
resolution process could be greatly accelerated. LAMBDA adopts Z-transformation to address

this problem. At first, this method decomposed the variance-covariance matrix as:
Q.= LDL" (2.3.7)

Where L is the lower triangular matrix that associates the covariance of the float with the
estimated ambiguities. D is the diagonal matrix among which the element denotes the
conditional covariance of the float ambiguities.

Then, we use Z-transformation to minimize the elements in L by means of the integer

Gauss Transformation. Then integer gauss transformation can be written as:
Z;=1— pee] (2.3.8)
Here u is an integer. Substituting Z;; into L
L=LZ;=L— uLe;e’ (2.3.9)
Therefore, each element of the two matrices can be expressed as:

Ly =by— b (2.3.10)
k=1,...,n
And we choose p =1;; to minimize [;; with:

1
Then, we revise the elements in the diagonal matrix D in a decreasing order. The detailed

illustration of decomposed covariance matrix is:

L11T L21T L31T D1 0 0 L11 O 0
Qa - LTDL - 0 L22T L32T 0 .D2 0 L21 L22 0 (23 12)
0 0 L33T 0 0 D3 L31 L32 L33

Here we set P as the identity matrix:

10
P= 3.
[0 1] (2.3.13)
kal
Py = P (2.3.14)
In*k:fl
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Therefore, we get P/, 1Q,Prsi1 as:

Pisi1" QuPrria
Ly Ly" Ly [[Dy O 07| Lu 0 O
=1 0 Lyp" Lyup"|] 0 D, 0 Ly Ly O
0 0 Ls" 0 0 Ds]| Ly Z32 Ls;

(2.3.15)

Where

— |de O
Dlidiag(dl,...dk,l) Dgzdiag(dk+2,...dn) D2: l Ok ] (2316)

diin
g7 2 7 dy,
div1=dp +Urii1dryr, dp=——dp1 (2.3.17)
k+1
_ 1 0 _ d. 1
Ly = { }7 lk,k 1:M (2.3.18)
lrvie 1 ’ dii1
B i1k 1
Ln=| d 7 Lik 111 (2.3.19)
d k+1,k
k41
532:L32P: [Lk+2:n,k+1 ) Lk+2:n,1:k] (2.3.20)

2.3.3 Integer Ambiguity Search

After decomposition, we are able to carry out ambiguity searches within the transformed
space. Based on the results of these searches, we then convert them back into the ambiguity
space in order to find integer answers for the ambiguities. According to section 2.3.2, we get

the equations as follows:

2=27Z"a (2.3.21)
Q.=2"Q.Z (2.3.22)

The search space is defined as:
Z—2)"Q:' (2 —2) < X? (2.3.23)

Following the triangle decomposition of Q;! and subsequent rearrangement, the result

1S:

2
0.1

n 5 )2
E (Zis— 2) < x? (2.3.24)
i—1
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Where Z;; is the conditional least square estimator with imposed criteria on z1, z, 73, ...,
zi. A good approximation can be obtained using the integer bootstrapping estimator when it

comes to determining the size of the search space.
X?=(2—25)"Q:" (2 — zp) (2.3.25)
The sequential intervals are as follows:

(3 —2)2< 0% X? (2.3.26)

s 2
(22:122)2<U22:1<X2 (ZI2Z1)> (2.3.27)

01

The ambiguity with the minimal variance is initially estimated, and this procedure is
reiterated until all ambiguities are precisely evaluated using the previously calculated

ambiguities.
2.4 Other Correction Methods

2.4.1 Satellite clock and orbit error

Satellite orbital error refers to the inaccuracy that produce by the deviations between the
satellite positions given by the satellite ephemeris and their real positions. At present, the
International GNSS Service (IGS) is capable of delivering post-processed accurate ephemerides
with a precision above 2.5 cm. Therefore, including these ephemerides into GNSS solutions
can sufficiently mitigate the influence of satellite orbital errors.

While satellites are supplied with advanced atomic clocks, it is unavoidable that there will
be discrepancies between satellites and the standard time of GNSS Systems, known as satellite
clock errors. Equally, IGS has the capability to generate accurate clock difference products with
a precision exceeding 1 ns, therefore significantly mitigating the influence of satellite clock

C1TO0T.

2.4.2 Relativistic Effect

The state of satellite clocks and receiver clocks, namely their different velocities and
gravitational potentials, leads to relative clock errors between them, which is known as the
relativistic effect. To mitigate the relativistic effect, the frequency of the satellite clocks is
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artificially reduced before launch. However, due to changes in satellite positions and the Earth's
gravitational field, the impact of the relativistic effect on satellite clock frequencies is not
constant. The satellite position and satellite velocity vectors are respectively referred to as X

and XS , the residual can be eliminated adopting this model as shown below [90].

Arel = - % SX X (2.4.1)

2.4.3 Phase Wind-up of Satellite

The signals from GNSS satellites incorporate right-hand circular polarization. Rotation of
the satellite antenna around its central axis results in a change in the carrier phase measurements.
As satellites are required to consistently orient their solar panels towards the sun, the satellite
antenna experiences a constant and gradual rotation caused by the satellite's orientation.
Observational variations in the carrier phase measurements resulting from this rotation are
designated as phase wind-up [91]. Correction of this error can be achieved using the following

model:

—

ol

¢ = sign[% . (f) X 5’)]003’1

o

!
|2

D=z—k-(k-7)—kxy
b=z—F (k7)) +Fxy’ (242

= o[ B =05]
2m

A® =2Nm + 6¢

Where A® denotes the phase wind-up correction. §@ denotes the fractional part of a
cycle. Dand D' denote two effective dipoles for the receiver the transmitter respectively. N
denotes the integer number computed by A®@y,ei0ys Which denotes the previous value of

phase correction
2.4.4 Receiver Phase Center Offset and Phase Center Variation

Identical to satellite antennas, the receiver antenna phase center offset (PCO) denotes the
deviation in which the mean phase center of the reception antenna does not align with the
antenna reference point. It is crucial to acknowledge that PCO differs across various frequencies.

The receiver antenna phase center variation (PCV) denotes the discrepancy between the current
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phase center and the mean phase center of the receiving antenna. Antex files from the
International GNSS Service (IGS) include correction information for the primary PCO and
PCV across several carrier phase frequencies for different receivers. The PCV data is displayed
in a grid structure with high angles ranging from 0 to 90 degrees and azimuth angles ranging
from 0 to 360 degrees, with intervals of 5 degrees. For each given direction, the receiver PCV

corrections can be acquired by interpolation techniques.
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3. Methodology

This chapter presents the lonosphere-Weighted (IW) UDUC PPP-RTK functional models
adopted in this thesis. Then the Adaptive Robust Kalman filter is introduced as the estimator
for unknown parameters. Finally, five interpolation techniques for generating ionospheric

corrections are shown individually.
3.1 IW UDUC PPP-RTK network model

As parameters in Equation (2.1.9) are linear dependent, the original observation equations
cannot be directly adopted in UDUC PPP-RTK. Therefore, based on S-basis theory, we need
to identify the null space and deal with the issues of rank deficiency. Table 3.1 provides a list
of the classes of rank deficiency together with their matching S-basis restrictions. p denotes the

pivot receiver and g denotes the pivot satellite. And djr, dgr, dy;r and d,p are given as

follows:
ds_ ds s __ s
dip= 1202 o = 2O gy —ds—d;
M2 — fh Mo — [
i —ud d o —d (3.1.1)
dr,lF:—'u2 nt M T’Q,dr,GF:—T’Q_ " dpep = dpy —dp
Mo — Ko — [

Table 3.1 Ten forms of rank deficiency, including the associated parameters, size as well as

the corresponding S-basis solution for the PPP-RTK network

Type Involved parameters Size S-basis
A i, (1) &dt* (i) 1 dt, (i)
B dy j&ds ; / dp,;

! oy ;&03 J Op.j
D Alrrpp ()&l rp 1 &0y 1. n—1 drtp,1F
E dt® (i) &ed3 & m dip
T b;’ & A",f_".j f-m A-'T?“jl j

' Orstp i &Ny 4, f(n—1) Nﬁ#;ﬂ.j
o 7 (1) &edt5 (i) 1 (%)
I 13(i)&dyrp, i &Ortp.j n—1 drp,GF
J I ('i-)&:dj-' &5;?' m dé g

The full-rank UDUC PPP-RTK functional models in network are obtained as Equation

(3.1.2) by eliminating the rank deficiencies in Equation (2.1.9) based on the S-basis.
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Where the newly defined parameters denoted by the - are defined as Table 3.2.

E(Ap;; (@) =

o[ dt,s, (B) — dt* (D) ] + i (B) - Tmy (i) + 11, 1 ()

+ drép,]‘>2 - d;>2

E(A¢; (D) =c[dtyn (D) — dt* (D) ] + gi (1) - Ty (1) — p1; 12 (5)

8y = 85 AN,
0= T; - 75@

Table 3.2 Newly defined parameters of the network

Parameter

Formulation

dt (i)
d;.,

d;

Vada/
N TP

"_’T%p("':)

r-#p("’:)

) Ky

T#p,j>2

(a1

r#p.d
J r#p,DCB
]

8

»(7)

dt* (i) — dty(i) + [dip — dp1r — g3 (3) - (i) /c
d; —dip — pidgp — dpj + dpir + pidpcr

5} iy + it — 803 + e — e — AN,

(Nf,j - sz.:f) - (Nﬁj - N;j)

7r(é) — 7p(2)

dt,.(i) — dt,(i) + (dy1p — dp1r)/c

(drj — drir — pjdr,GF) — (dpj — dp,1F — p1jdy,GF)
(51-‘j —d, 1F + AjN,ﬂj) - (5p,j —dpr + A-,-Ng,j)
dr pcB — dp.pCB

L(@) + dper — dgp

(3.1.2)

As the average distance of Hong Kong reference stations is tens of kilometers, we can add

extra constraint to Equation (3.1.2) as:

0=1G) — 15, (i), W=8"

(3.1.3)

The ionospheric delay’s weight matrix in Equation (3.1.3) is represented as S and

variance-covariance matrices is represented as W. A further expression for the variance-

covariance matrix is:

Where

2
Ta Ti2 " Tin ¢ 0 0
2
Tor Tog *** T2, 0 ¢ - 0
2
Th1 Th2 Tnn 0 0 Cn,

- (1) )2 fe =1
Tap — €XD ho yCs = SiHZ(ES)’ s=1-m
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In Equation (3.1.5), ¢; represents the priori precision of ionospheric delays. h,, denotes
distance of two stations (a and b). hy is the empirical distance with the number of 200
kilometers. ES indicates the elevation angle.

Combining Equation (3.1.3), the I-th rank deficiency in Equation (3.1.2) is eliminated,

which can be rewritten as:

E(Ap;, () =c|dt,s (i) — dt* (D) ] + g5 () - Tpmp () + 11, 12 (D)

Vdymyyn— Aot M’if'm drap,008 (3.1.6)

E(Ap:, (D) =c[d,o (D) — dt* ()] + g () - Tpmy (1) — 11, 17 (3)
80— 05 H AN,
0=1:— 1%,

Where the newly defined parameters are shown as the three bottom columns in Table 3.2.

3.2 W UDUC PPP-RTK user model

The rank deficiency in user model is similar to network model. Thus, the S-basis to be
chosen and the newly defined parameters are nearly the same. And all of the satellite-related
parameters in user side are broadcast by the network so that they are regarded as known
parameters. Besides, the ionospheric delay of each satellite in user side is generated by the
interpolation model using the ionospheric delay in reference stations and the same satellite.
Therefore, the user’s functional model of IW UDUC PPP-RTK can be derived as:

E(Ap:, () +cdt* (i) + dj-s)

—cs(i) - Az, () +cd () + g3 G) - TG+ LG 4 duyon+ g d e 3:2:1)
E(A¢:, (i) +cdt* (i) + 63

=ci(i) Az, () +ed () + () 7. @) — LG + 8., + AN
Uberponce (1) = 1..(0)

The esteemed representations of the newly defined parameters in user model are listed in

Table 3.3.
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Table 3.3 Estimable parameters for the PPP-RTK models

Parameter Fomulation

-~

dy(7) (dty (i) + dy,1r/c) — (dty(i) + dp 1 /c)

Tu(2) Tu(2) — 91(1)/92(3) - 7(2)

N7 (Vi —Ni;) — (N — Ny )

‘f-u._j:v?. (dn._j —dy 1p — .Ufjdn._cr') - (dp_.j —dy rp — li-jdp._{:r‘)
ducr duycr —dpcr

£3(2) 15(i) — dgp + dp.cr

du.j (0uj — dugr + A NE )

- (6;9.-3' - dp,”‘ + ’\jNg,j]

3.3 Adaptive Robust Kalman filter

With the functional models of both network and user proposed, we are able to utilize
Adaptive Robust Kalman filter to solve for the unknown parameters. This section takes the PPP
model as an example as the process of two techniques is the same. PPP encompasses three
categories of observations, among which are pseudorange observations, carrier-phase
observations and Doppler observations. Pseudorange observations and carrier-phase
observations are crucial to high accuracy positioning, whilst the last one serves as additional
measures used to evaluate velocity. Integrating observations in different frequencies can
significantly mitigate almost delays caused by atmosphere, facilitating a wide range of
applications. Equation (3.3.1) provides the streamlined function model for dual-frequency
using lonosphere-Free (IF) combination [92]:

Pir=p'+c(dt, —dt!) +T +ep,
@i =p' +c(dt, —dt.) +T+AIFN;F+€$IF (3.3.1)

w=p'+c(di, —dil) +T+eb,

The superscript i denotes the i, satellite. c denote the speed of light; P} represents the
combination of pseudorange P; and P, that is free of ionospheric delay in two different
frequencies f; and f,; ®}. denotes the IF combination of &; and ®, in the same
frequencies. D} is the IF combination of the Doppler D; and D,; p denotes the actual distance

between satellite and receiver. dt, and dt, denote the receiver’s clock error and clock drift
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respectively; p is the change rate of p with time;dt’ denotes the clock error and d¢’ denotes
the clock drift of receivers; T denotes the tropospheric delays and T denotes the
corresponding change rate; A;r denotes the IF combination of the carrier-phase wavelengths
derived from A; and A,; N/ denotes the float ambiguity of IF combination; e};m, eé,m and
Szi),F denote the noise of measurement.

The nonlinear system has following state and observation equations:

Tp = f(l'k—l) + wy

Y = h(zy) + v, (3:32)

Where x;, denotes the state vector and Yy, denotes the observation vector;
f (x) represents the dynamic model and h(x) represents the observation model. w;, and vy
represent the white noise vectors in nonlinear system and observations respectively, which are
independent.

Utilizing the constant velocity model, the state vector is shown as follows

z= (r,,v,,¢cdt,,Z,,Nip) " (3.3.3)

where 7. = (x,y,z) denotes position of the receiver and v, = (vy,vy,v,) denotes

and velocity in ECEF. Z, denotes the zenith tropospheric delay. Nz = (Nj, Nf,..., N/&)

denotes the IF linear combination of float ambiguities. m represents the quantity of observed
satellites.

The vector y is defined as the IF combinations of three kinds of observations:
y= (P, ®@p, D) " (3.3.4)

where Pip=(Pk, Ph,..., P, ®p=(Pir, Po,..., D), and D;p=(D}r, Di,..., DIV).

The Extended Kalman Filter (EKF) enables the estimation of x for unknown model
parameters and its covariance matrix P, utilizing the observation vector y at a specific epoch
t, as follows:

Ek:Fk,k—b’i'kﬂ

P@_ - Fk,kflpik,lFIZkfl + Qk,kfl

K= Py H{ (H P Hl + R,) ' (3.3.5)
& =T, + Ky (Y — h ()

P@k - (I - Kka)Pik
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where Xk represents the posteriori state vector and Pg, represents the covariance matrix
respectively at epoch ty. Fy p—; represents the transformation matrix and Qy y—; represents
the covariance matrix of the process noise wj between two adjacent epochs tj_q, t. Xk
denotes the predicted state estimation vector. Py, denotes covariance matrix. And Hj
denotes coefficient matrix which correlates the actual state space with the observable space and
R;, denotes the covariance matrix of observation noise v, which is assumed to be zero mean
Gaussian white noise. K denote the Kalman gain to decide whether the result is more inclined
to the observed value or the state predicted value.

Regarding the traditional Kalman filter, the state estimation results are highly vulnerable
to interference from observation mistakes. Dynamic model mistakes also exert an influence on
kinematic positioning. To counteract the impact of both factors, an innovative adaptive robust
filter is created by integrating robust estimation with adaptive filtering. Equation (3.3.6)

illustrates the recursive solution proposed by the M-M filter theory:
=7 + K, (y, — h(T))) (3.3.6)
where Ky denotes the Kalman gain in this method:

K=t

ay,

1

PEkH];F <_
3 a

—_\1
HszkH,?—FRk) (3.3.7)

where ay denotes the adaptive factor. R, denotes the covariance matrix of observations
noise.
In the presence of significant mistakes in observation data, we can diminish the weights

of these erroneous observations by formulating the variance matrix R; computed as:
R,=R,-P (3.3.8)
For undifferenced model, Rj is a diagonal matrix since each observation is independent

of each other. P represents the diagonal weight matrix. And P; is typically computed by

Equation (3.3.9) [93]:

1 v, <k
|/Ui|<k1k0>2 -
P = ko<lv,| =k
i k() k]_* |El| 0 |vz| 1 (339)
o0 |Ez| >k
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where ko and k; are predefined, typically set as k~1.0~2.5, k;=3.5~8.0. ¥; denotes the

standardized residual calculated as Equation (3.3.10):

V= \/01;2762 (3.3.10)
where v; denotes the residual. @, denotes the variance respectively. 6¢ , denoted as
the unit weight variance, is calculated based on the generalized least squares principle using the
equation below:
o6 = 07 (3.3.11)
n
where & represents the residual vector of estimation, which can be expressed as &
=yr—h(Xy). Q¢ denotes the associated covariance matrix, which can be expressed as Qf =
Ry + Hy P,ng,f . n represents the quantity of observations.
Regarding dynamic carrier-phase measurements, this model is unable to adequately
represent the real motion condition. To alleviate the effects of substantial errors in a dynamic

model, an adaptive factor is developed to reconcile the dynamic model information with the

observations. This factor is defined as:

1 ‘AXk‘ <cg
~ 2
4 = ‘ACX’“‘ GG < |AX| e (3.3.12)
0 ¢ — |AXk|
o0 ‘AXk‘ >0

where ¢y and ¢; are predefined, typically set as cy=1.0~1.5, c; =3.0~8.5. AX,

represents the state bias statistic, determined by Equation (3.3.13):

AX =X, — X,|/A/tr(Pg) (3.3.13)

where X, denotes the resilient prediction vector and X, represents anticipated vector.
Furthermore, we may select either the predicted residual or the variance component ratio to

serve as the statistic.
3.4 Interpolation Models

Upon acquiring the final results of the Kalman filter at the user end, it becomes necessary

to categorize the parameters in the state vector. The clock error and hardware bias at the satellite

34



end will be directly broadcast to the user. While aiming to obtain the user's ionospheric delay
correction, it is of vital importance to input the point-to-point ionospheric delay of each satellite
and reference station into various ionospheric interpolation models for calculation. This section

will present several interpolation models adopted in this thesis.
3.4.1 Inverse Distance Weighted Method

The Inverse Distance Weighted (IDW) technique is an accurate interpolation approach
[80]. The method deals with the data by allocating weight to each adjacent point based on their
proximity to the predicted location sgy. In the IDW method process, the farther the locations
are from s,, the lower weights the s, is received. Moreover, the selection of specific point is
entirely contingent upon the user. This is achieved by specifying a radius R around s,. The

IDW method is shown as follows:
3(sp) = —— (3.4.1)

Where s, denotes the interpolated point. N represents the quantity of observations.
z(s;) are observations involved in interpolation. r is the weight decision
parameter. d represents the distance.

To provide better understanding of IDW method, the section also introduces the general

form of Equation (3.4.1) proposed by Shepard. The fundamental approach is defined as:

> w (@) fi
F(zy) = ‘55— (3.4.2)

Zwk (may)

where the weight w; is defined as the inverse of Euclidean distance. x and y denote
the coordinates. The f;, denotes the observation value of each point involved in interpolation.
Then we define a disk centered at (xy, ) with aradius R, where the weight w;, beyond
this disk is set to zero. A common approach proposed by several authors, such as Renka and

Brown [94], is encapsulated in the following formula:
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_ (Rw - dk) + ?
wy (z,y) = {Rwdk (3.4.3)
And
R,—d, ifd,<R,
_ — 344
R (344

Set the conditions that

*  The cumulative weights w;, within R,, must satisfy that Y w;, = 1.

*  The predictor is formed by linear amalgamation of the data.

The IDW functions are nearly identical to the local kriging interpolator, the only difference
is that the covariance structure is not retained. Recently, Fleit proposes the anisotropic IDW
method [95]. In this paper, he mentions that the anisotropic IDW method demonstrates better
performance and Kriging method also considers anisotropy nature and shows good capability
compared with anisotropic IDW method. Therefore, this thesis adopts traditional IDW method

for ionospheric correction generations.
3.4.2 Kriging Method

The Kriging method, a linear spatial interpolation technique, is widely used in the field of
geostatistics. Recently, its application has expanded into various other fields, including
geophysics and the analysis of climate data. Unlike other interpolation techniques like the
inverse distance method, Kriging incorporates both spatial and temporal correlations among
data points by utilizing the semi-variogram of the sample data [81].

Given the observations {Z(s;)}V.,, our objective is to estimate the value of Z(s,) where
observations are absent. We aim to identify a suitable estimator Z, = Z, (So) =
SN w;Z(s;) that fulfills the specified criteria.

*  Unbiasedness. This indicates that E(Z(sg)) = E(Z,) , which is achieved when
>N .w = 1 and the average value remains unchanged

. Minimum Prediction Variance. It can be classified into various certain conditions based
on the mean of the random field Z(s). If this mean is constant but not known throughout

the region of interest, the method employed is Ordinary Kriging (OK). If we assume a

dominating trend in the data and can represent it with a deterministic function while also
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modeling the correlation through random errors, this methodology is referred to as
Universal Kriging (UK). If these conditions do not apply, the technique used is referred to
as simple kriging.
Consider

o8 = var(Zo — 20)

=wvar(Z,) + var(? 0) —2cov (ZO,E 0)

N N
=o2+ var(z wz-ZZ-) — 2cov (ZO, Z wiZZ)
i=1

— i=1

=0o’+ ZN: XN:wichov(Zi,Zj) —2

i=1 j=1 3

N N N
:0'2+ Z Zwlec7]72zwzozo
i=1

i—1 j—1

(3.4.5)
N
w;cov(Z;,2,)

1

We aim to minimize var[Z (sg) - Z (8y)] while ensuring that the sum of weights
YN . w; = 1. This optimization is effectively addressed using the method of Lagrange

multipliers. To proceed, we construct the Lagrangian L,
N 2 N
L=var(Z(s) = Z () =22 (w,—1) (3.4.6)
i=1

To address this issue, we calculate the partial derivatives of L about the w; and A, and

set these derivatives equal to zero. From this, we obtain.
Wy Cn - Cwv 1] Cyp

Wy N Civ =+ Cw 1 Chwo
A 1 - 1 0 1

(3.4.7)

Equation (3.4.7), also known as the Kriging model, is utilized to determine the weights.
These weights can be divided into two parts, the interpolation nodes with interpolation nodes
and interpolated nodes with interpolation nodes. And the former’s solutions for these weights

are derived by their covariance calculated as:
Cy;=C(si,8;) =Cov(Z;,Z;) Vi,j (3.4.8)

Where the covariance matrix can be written as:

011 OIN
C=|: " (3.4.9)
Cuv CNN

And for the latter’s solutions for these weights are calculated as:
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Cio=C(8i,80) =Cov(Z(s),Z(s0)) Vi (3.4.10)
Where the covariance matrix can be written as:
c=[Cyp Cyp - Cyml" (3.4.11)

Equation (3.4.7) above becomes

[f] - [1CT (1)][(1:] (3.4.12)

Here w denotes the weights as 1 X N matrix. 1 denotes the vector whose elements are all

1. The spatial correlation between each point is calculated by the semi-variogram functions:
1
v(h) = 5”‘”" (Z(s) —Z (3;‘))

— %{W(z(s,.)) +var(Z(s;)) (3.4.13)

-2cov(Z(s),Z(s;))}
=C(0) +C(h),

where C(0) and C(h) denote the variance and the covariance respectively. Both the
variogram and the covariance are able to perform the same function because they both carry
the same information.

For example, the spatial correlation function C(h) can be calculated by:

0_2

C(h):m

(klh]) " K, (s|h]) (3.4.14)
Where h = ||s; — s;|l € R* denotes the Euclidean spatial distance between each point.
Kv denotes the modified Bessel function of the second kind, where the order V' > 0 quantifies

the smoothness of the procedure. k represents the scaling parameter associated with the distance

of decorrelation. And C(h) is derived as follows:

fw) =¢(@*+w?) @ 9>0,6>0,a>0 (3.4.15)

3.4.3 Least Square Collocation

Attributing to the trend-signal-noise model and least-squares prediction theory, we can
generate ionospheric correction by the Least-Squares Collocation (LSC) approach [82]. The
ionospheric delay, as the trend term, is hypothesized as the average ionospheric delay value of
all stations at the same satellite within measurement cone. This assumption is deemed

reasonable when it is low and normal ionospheric activity day.
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Therefore, let's explore the segmented linear system of equations associated with the
vector 1 of ionospheric delays, where T =[11,... 181", &7 =[&, ... 0" 1 =[1%,....0I™]

Tis the spatial mean ionospheric delay of each satellite. The ionospheric delay of user is defined

as the vector Dnery = [Drerous - - - [roy]"- Here we get Equation (3.4.16) as follows:
] e,®I, C,RQe, 1
E{l l = [ } - (3.4.16)
lnet S Im OmX (n—1) dp’r,GF

Where m represents the quantities of satellites and n represents the quantities of
network stations. e, represents an n-vector whose elements are all 1. I, represents a unit n-
th matrix. ip,r,(;p = [ip,z,GF, R Zp,n,GF]T . C, denotes an n-th order identity matrix which
excludes the first column. ) is the Kronecker product. In this thesis, the first receiver is selected

as the based receiver.

The Variance-Covariance (V-C) matrix of LSC corrections incorporates the errors from
measurements and noises inherent in the signals. Given that the PPP-RTK corrections are
supplied perpetually by the server, we can obtain the ionospheric delay estimations from the
network which achieve significant accuracy over time, rendering their associated V-C matrix
negligible. Consequently, the remaining V-C matrix is the only one to focus. To address the
spatial correlation in the ionosphere, the Gaussian function is utilized, known for its reducing

correlation effect and ensuring the positive definiteness [96]:

\ 2
hi; = ci’exp < <ll’> > (3.4.17)

Here h;; denotes the correlation function for two receivers. The variance cf represents
the value of the covariance function at zero. [;; denotes the geographical distance of the two
receivers. [y denotes a predetermined inter-station distance with the aim of describing spatial
correlation. exp () represents the natural exponential function. Consequently, the V-C matrix

is delineated by:

183

H;, H,

Nl ] [ . ]@Im,z,jl,...,n (3.4.18)

lnet —>u

39



Where D and H respectively represent the dispersion operator and the correlation

matrix computed using the aforementioned equation.

Consequently, according to BLUP [97][98], the ionospheric delays are calculated by:

A A~

b= L (HEH) @1 (1= [0, @ L] 1= [C,® e)dy0)  (B419)

Where the optimal linear unbiased estimators of [ and cip,r,cp are derived from the

equation as:
(efHj'e,) @1, (efH;C,) Qe, 7
(CiHj'e,) ®e, (CiH;C,) -m

B [(enTHZ—f) ®1I,

=lcrn) e eT]i (3.4.20)
n (Y] m

dp'r,GF

And we have the expectation of Equation (3.4.19) as follows:

Bln) =l =li—dp,  with dip=dir—dyq  (420)

3.4.4 Planar Fitting

Owing to the spatial correlation of the ionospheric delay, it is possible to calculate the
ionospheric delay in user and provide a precise error bound for an Ionospheric Grid Point (IGP)
based on observations from N Ionospheric Power Points (IPPs) within a specific radius
surrounding that IGP. We employ a local Cartesian coordinate system with its origin situated
at the IGP. The x-axis of this frame is oriented towards the East at the IGP and the y-axis is

oriented towards the North. The ionospheric delay of each IPP in this grid is computed by [83]:
Lipr(2,y) =00+ a1 x+ 02y (3.4.22)

Where I, ;pp (x,y) denotes the vertical estimated ionospheric delay, where x denotes the
longitudinal distance and y denotes the latitudinal distance between different IPPs. I, ;pp with

corresponding variances JEI pp can be defined as:

I v,IPP,

I 0,IPP,

(3.4.23)

Iv,IPP ==

I, IPPy
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2
Oy, 1PP,

2
O04,1PP,

e (3.4.24)
(o} 112,IPPN
Here the a,i 1pp; represents the boundary variance relating to frequency for the iy IPP that
characterizes noise uncertainty. The observation matrix is defined by
1 dIPPl,IG'P : E dIPPl,IGP : N

1 dIPPQ,IGP B dIPPQ,IGP N

QT — (3.4.25)

1 dIPP",IGP - FE dIPP",IGP N
where djpp,jgp (i =1, 2, ..., n) is the distance between IPP; and the IGP. E represents
the east direction in ECEF, while N denotes the north direction.

The weighting matrix of [PPs is written as:

W71 - dla‘g (UI%J,IPPI + Ugecor?‘ s
(3.4.26)

2 2 2 2
O-IEJPPN,I + O decorr ’UI‘?”PPN + Odecorr >

where 04..0r+ denotes the uncertainty, which is set to 35cm. The planar coefficients can

be determined as:
[&0 &1 dg] == ((G'W'GT)il'G'W'IU’IPP)T (3427)

Therefore, we can calculate the ionospheric delay and the error as:

A

IU,IGP

A~

=a (3.4.28)
&f?.lcp =(G-W-G")* (3.4.29)
The planar model can be assessed using the estimated values obtained from filtering to

generate predictions for each IPP.

17" g

Qo
Lpp=|dwppir E| | & (3.4.30)
dippcp* N az

41



4. Experiments and Results

4.1 Software Platform

This thesis utilizes a MATLAB-based software named PPPH as the basic platform. The
software is open source and has a comprehensive manual, which highly supports secondary
development. The flowchart of the original PPPH is depicted in Figure 4.1. This software has
the capability to deal with multi-GNSS PPP data in the post-processing mode. Furthermore, it
utilizes a dual-frequency ionosphere-free model. Utilizing the original PPPH, we modify this
software and convert the functional model into the model as illustrated in chapter 3. The
previous model exclusively receives single station observation data and computes the position
of a single receiver once. With the modifications, our algorithm is capable of simultaneously
resolving various station data as the network side. What’s more, we add the segment of
interpolation models and user’s position calculation into the software. All subsequent

experimental verifications in this thesis are also carried out based on the modified PPPH.

DATA IMPORTING -( FILTERING
GNSS Observation, Precise Satellite Estimating Receiver Position.
Orbit and Clock Data, Antenna Phase Receiver Clock Bias. Ionospheric and
Center Correction and Variation, Tropospheric Wet Delay, Ambiguities

Differential Code Bias

ERROR MODELING

Applymng Corrections for Satellite Orbit
and Clock Errors, Tropospheric Delay,
Antenna Phase Center Offset, etc.

PREPROCESSING W 3 ANALYZING
Detecting and Repairing Cycle Slips, Calculation of Positioning Error,
Checking Clock Consistency, RMSE, Convergence Time, Plots of
Smoothing Code Observation with Estimated Parameters

Carrier Phase, Elevation Mask

Figure 4.1 Operation flowchart of PPPH with its components

4.2 Experiments

4.2.1 Processing Strategy

The network of IW UDUC PPP-RTK in this thesis consists of 16 chosen Hong Kong
reference stations to generate the corrections. The observation data of these reference stations

is acquired from the Geodetic Survey of Hong Kong in 30s intervals. The PCOs and PCVs for

42



satellite and receiver are corrected adopting the ANTEX file based on the IGS absolute antenna
model. The satellite orbit errors and clock errors are mitigated with SP3 and CLK files
respectively provided by IGS and MGEX analysis centers. Since all receivers are equivalent,
the first receiver is chosen as the based receiver. For each station, the based satellite is the one

with the highest elevation angle. Other data processing strategies used in this thesis are shown

as Table 4.1
Table 4.1 Data processing strategy
Items Strategies
Frequency GPS L1&L2
Estimator Robust Adaptive Kalman filter
Weighting strategy Based on the elevation angle
Priori accuracy Pseudorange measurements as 0.3 m;
Carrier phase measurements as 0.3 cm
Tropospheric delays A priori value generated by UNB3m;
Estimated as random-walk noise 0.001 m;
The ZHD is mitigated using Saastamoinen model
Ionospheric delays Server: defined as white noise to calculate;
User: defined as white noise or constrained by various
interpolation models from server
Elevation cut-off angles 8 degrees;
Cycle slip identification MW combination
Ambiguity Server: defined as float constants to solve;

User: LAMBDA method to fix
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4.2.2 Selection of Date

The geomagnetic three-hourly Kp index was created by J. Bartels in 1949. It is calculated
by the standardized K index (Ks) from magnetic observations. It is constructed to quantify solar
particle radiation through its magnetic effects and is now regarded as a proxy for the energy
influx from the solar wind to Earth. Consequently, this article employs this indicator to assess
ionospheric activity. The value is supplied by GFZ German Research Centre for Geosciences
as eight intervals daily. To better compare the interpolation methods, other influencing factors
need to be eliminated as much as possible. Therefore, this research chooses July in 2021, a
month characterized by low and moderate ionospheric activity, for the comparison of
ionospheric interpolation methods and the accuracy assessment of the accompanying PPP-RTK.
To facilitate a more effective comparison of daily ionospheric activity, we aggregate the eight
Kp values for each day, with the results illustrated in Figure 4.2. And Table 4.2 shows the
detailed Kp values of each day in July.

Figure 4.2 indicates that the Kp value peaks on the 14th day at 19, signifying maximum
ionospheric activity. The Kp value on the 25th is 3.6, the lowest in the month, signifying
optimal ionospheric stability; thus, we select the data from these two days for analysis.
Furthermore, we select the 18th day with a Kp value of 6.7, indicative of moderate ionospheric

activity, to analyze the data concurrently.

Kp index in July 2021
20 | —pncex’n uy =

18
16
14
121

10

ZKp index

0 5 10 15 20 25 30
Day

Figure 4.2 Kp index of each day in July 2021
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Table 4.2 Detailed Kp in July

Interval numbers with

Day Max Kp
Kp exceeding 2
14 3 4.333
20 1 2.333
22 1 3.333
28 2 3.667
Other days 0 N/A

4.2.3 Identification of parameters for LSC

Section 3.4.3 indicates the presence of an indeterminate parameter lo in the LSC technique.
The value of this parameter influences the computation of the variance-covariance matrix for
ionospheric interpolation, hence impacting the accuracy of the ionospheric delay estimation at
the final interpolated location. Consequently, ascertaining the predetermined distance in Hong
Kong is crucial to this topic, and the value of this parameter must be specified beforehand.

To minimize the interpolation error caused by the active ionosphere during the calculation
of the preset distance, we select July 25th, a day characterized by ionospheric stability, for
estimation. We selected the HKPC station as the interpolated point and the remaining 15
reference stations as interpolation points to compute the root mean square of the estimated value.

The data were collected from 10:52:30 to 20:00:00 on July 25th, 2021 (Local time, UTC + 8).
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16 Root Mean Square Error of PRNs

50 100 150 200 250 300
distance (km)

Figure 4.3 Root Mean Square Error of several PRNs

As demonstrated in Figure 4.3, when [ is below 150 km, the root mean square of each
satellite diminishes swiftly with increasing value. When Iy exceeds 200 km and is less than 225
km, the root mean square value typically rises with the increase of lo. When Iy exceeds 225 km,
the root mean square tends to flatten.

To simplify the calculation, we assume the minimal RMSE value when I is 175 km. Then
we interpolate all satellites, and calculate the average RMSE of each satellite, as seen in Table
4.3. Table 4.3 further confirms the principle of RMSE variation with distance and verifies that
in Hong Kong, the interpolation precision is maximized when the specified distance in LSC
technique is 175 km. Thus, in the ensuing comparisons on interpolation techniques, the

specified distance for the LSC approach is set at 175 km.
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Table 4.3 Average RMSE of all satellites in each value of distance

Distance (km) Average RMSE (m)
50 1.542
100 0.805
150 0.376
175 0.354
200 0.368
225 0.403
250 0.403
300 0.403

4.3 Comparisons of Interpolation Methods

The ionospheric delays for each station and each date are initially computed adopting the
UDUC PPP-RTK network model as true values. We select two stations—HKPC and HKSS—
as interpolated stations due to their locations inside the geographical borders of the Hong Kong
reference station network and their relative distance from one another. The ionospheric delays
are interpolated utilizing five techniques: the Inverse Distance Weighting (IDW) method, the
Least Squares Collocation (LSC) method, the Ordinary Kriging (OK) method, the Universal
Kriging (UK) method, and the Planar Fitting (PF) method. Finally, the residuals of the
ionospheric delays between the interpolated and true values using both techniques as well as
the Root Mean Square Error (RMSE) and standard deviation (STD) are computed.

The temporal range for interpolation is from 10:00 to 20:00, encompassing a total of 1,200
epochs. The data from the initial 105 epochs are utilized for variogram modeling in the Kriging

method, with interpolation commencing at 10:52:30.
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4.3.1 Interpolation accuracy of Network I

The geographical distribution of Network I is illustrated in Figure 4.4, with the Hong Kong
HKPC station serving as the interpolated point and the other stations functioning as reference

stations.
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Figure 4.4 Geographical distribution of Network I
Utilizing the aforementioned interpolation approaches, we obtain the ionosphere
estimation value for each satellite at the HKPC station. By comparing it with the actual value
of each satellite, we can calculate the estimation error for each satellite. First, we select July
25th, a day characterized by stable ionospheric activity. The interpolation errors for three

sample satellites are depicted in Figure 4.5.
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Figure 4.5 Errors of ionospheric delay on July 25th
(a) PRNO4 (b) PRNOS (c) PRN15
The aforementioned figure demonstrate that both the OK method and the UK method
exhibit commendable stability while the UK method shows superior stability with the error
range consistently remaining within 0.2m. The PF, LSC, and IDW method exhibit significant
swings in errors, with particular periods experiencing values that can surpass 0.4m.
Subsequently, utilizing the acquired error data, we can calculate the RMSE and standard

deviation, as seen in Figure 4.6 and Figure 4.7.
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Figure 4.6 RMSE of HKPC on July 25th
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Figure 4.6 and 4.7 illustrate that the RMSE of both the IDW and PF methods is the highest,
accompanied by a comparatively significant standard deviation. The RMSE and STD of the
LSC method rank second, however the RMSE remains at 0.15m. The RMSE and standard
deviation of the UK method and the OK method are comparatively lower, with the UK method
exhibiting the lowest values. Consequently, it is determined that the UK approach exhibits
optimal performance in HKPC station during quiet day of the ionosphere.

Then the interpolation results at the HKPC station on July 18, a typical day of ionospheric

PRN

activity, is computed, which are shown as Figure 4.8.
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Figure 4.8 Errors of ionospheric delay on July 18th
(a) PRNO4 (b) PRNOS8 (c) PRN15
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Figure 4.8 illustrates that, in comparison to the interpolation results from July 25, the five
interpolation methods have heightened the degree of fluctuation on the 18th. The UK approach
exhibits minimal volatility, with values generally remaining below 0.2m. While the OK
technique exhibits significant variability in the interpolation error of PRNOS, the findings for
the other two satellites demonstrate more consistent fluctuations, with the overall value
remaining below 0.2m. The range of fluctuation and values of the other three methods remain
substantial, with peak values reaching 0.4m.

Subsequently, utilizing the acquired error data, we can also calculate the RMSE and STD

of July 18th, as seen in Figure 4.9 and 4.10.
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Figure 4.9 RMSE of HKPC on July 18th
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Figure 4.10 STD of HKPC on July 18th
In comparison to the results from the 25th, the RMSE and STD of the five interpolation

methods have all increased. This results from heightened ionospheric activity. Furthermore,
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among these five methods, the RMSE of the UK method is the least, the OK method is
somewhat greater, while the RMSE of the remaining three methods remains higher. Regarding
standard deviation, the OK method and the UK method exhibit the lowest values, while the
remaining three methods demonstrate higher values. The detailed data indicate that the UK
technique exhibits superior performance, aligning with the findings from the 25th.

Finally, the data for July 14 with the peak ionospheric activity, is calculated as illustrated

in Figure 4.11.

PRNO04
0.4
0.2r
ol
E
‘E- -0.2
i
-04
-06
08 . . . .
175 18 185 19 19.5 20
Local time (h)
(@)
PRNO8
0.4 T
IDW
LsC
03 OK
UK
PF
0.2}
01r
B
5 of
i
01
021
037
04 . . . . . . .
184 18.6 18.8 19 19.2 194 19.6 19.8 20
Local time (h)

53



PRN15

0.7

06

051

04

031

0.2r

Error {m}

01

-0.1 1

0.2

.03 . . . . . .
10.5 11 11.5 12 125 13 13.5 14

Local time (h)
(©)
Figure 4.11 Errors of ionospheric delay on July 14th
(a) PRNO4 (b) PRNOS (c) PRN15

Figure 4.11 indicates that the interpolation results from the three satellites have surpassed
those from the 18th in numerical value, attributable to heightened ionospheric activity. Among
the five approaches, the UK method exhibits the least error and the most consistent variation.
The OK approach has a broader range of variability and error escalation, whereas the errors
associated with the other three methods remain significant, accompanied by an extensive range
of variation. The RMSE and STD of the five interpolation methods are then computed. The

results are presented in Figure 4.12 and 4.13.

RMSE (m)

Figure 4.12 RMSE of HKPC on July 14th
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Figure 4.12 and 4.13 suggest that the RMSE of the three satellites, particularly PRNOS,
have further escalated relative to the results from the 18th. Regarding STD, while the variation
is not apparent in comparison to the 18th, it remains elevated relative to the 25th. The UK
method continues to have the lowest RMSE and STD among them. By amalgamating the
interpolation results from three days, it is evident that the efficacy of various interpolation
methods across different satellites exhibits a degree of consistency, with the UK method
typically demonstrating superior performance. Consequently, in network I, the UK method is

the most appropriate interpolation method.

4.3.2 Interpolation accuracy of Network II

The distribution of Network Il is depicted in Figure 4.14, with HKSS station acting as the
interpolated point and the remaining stations serving as reference stations. Similar to Network
I, we utilize the ionospheric delay generated from the network and five interpolation methods
to generate the ionospheric delay for each satellite in HKSS station. The dates also coincide
with those in Network I: July 25, a quiet day; July 18, a day with ordinary ionospheric activity;

and July 14, a disturbed day. The interpolation results on the 25th are shown in Figure 4.15.
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Figure 4.14 Geographical distribution of Network 11

Figure 4.15 depicts that, among the three satellites, the UK technique exhibits the least
error in the five methods, with a fluctuation range maintained within =0.2m. The error and
fluctuation range of the OK method in the middle part of the period are identical to those of the
UK method; however, the error is greater in the first and last thirty minutes. The errors of the
LSC method and the PF method are greater, but remain below 0.4m, with more pronounced
fluctuations. The error of the IDW method is the largest, with a maximum value of 0.5m.

Moreover, except for the PRN15 satellite, the variances of the remaining two satellites remain

significant.
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Figure 4.15 Errors of ionospheric delay on July 25th
(a) PRNO4 (b) PRNOS (c) PRN15
The RMSE and STD of the five interpolation methods are then computed as presented in
Figure 4.16 and 4.17. Figure x shows that the RMSE of both the UK method and the OK method
is approximately 0.09m in the three satellites, with the STD remaining below 0.1m. The
performance of the UK technique is superior to the OK technique marginally. The RMSE and
STD of the LSC method for the PRN15 satellite are 0.09m and 0.06m, respectively, although
the corresponding values for the other two satellites are comparatively larger. The RMSE and
STD of the IDW method and the PF method are elevated with respect to the other three methods.
Consequently, we can ascertain that the UK method exhibits superior performance in the

interpolation outcomes for the HKSS station on July 25th.
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Figure 4.17 STD of interpolation methods in HKSS on July 25th
Then the interpolation results at the HKSS station on July 18, a typical day of ionospheric
activity, is computed, which are shown as Figure 4.18.
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By comparing Figure 4.15 and Figure 4.18, it is obvious that the interpolation errors of the
five methods on the 18th increase relative to those on the 25th, with a greater range of
fluctuation. The UK method exhibits very steady results for the PRN0O4 and PRNI15 satellites,
while the error fluctuation range is greater for PRNOS; however, the interpolation errors for all
three satellites remain below 0.2m. The performance of the OK method in PRN04 and PRNOS
is comparable to that of the UK approach; however, it exhibits significant swings in PRN15.
The remaining three approaches show significant errors and substantial fluctuation. The RMSE
and STD of the five interpolation methods are then computed as presented in Figure 4.19 and

4.20.
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Figure 4.20 STD of interpolation methods in HKSS on July 18th
Figure 4.19 and 4.20 depict that the RMSE of the UK method is the lowest among the five
methods, averaging approximately 0.1m. With the exception of the PRNOS satellite, which has
a standard deviation of 0.07m, the STD of all other satellites are below 0.05m. The OK method
ranks second to the UK approach in terms of RMSE and STD. The values of RMSE and STD
in the other three methods are higher, indicating their performances are subpar compared to the
OK method and the UK method. Finally, the data for July 14 with the peak ionospheric activity,

is calculated as illustrated in Figure 4.21.
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Figure 4.21 demonstrates that the interpolation error has increased relative to the result on
the 18th, attributable to more intense ionospheric activity. Among the five interpolation
methods, the UK method has superior performance on all three satellites, exhibiting both the
lowest value of error and the most confined range. The errors of the OK approach are modest,
but generally exceeds that of the UK method. And the OK method exhibits a broader range of
shifts in the PRN15 satellite. The interpolation errors of the remaining three methods remain
large, and the range of fluctuation is more pronounced than the results obtained on the 18th.
The RMSE and STD of'the five interpolation methods are then computed as presented in Figure

4.22 and 4.23.
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Figure 4.22 RMSE of interpolation methods in HKSS on July 14th
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Figure 4.23 STD of interpolation methods in HKSS on July 14th
Figure 4.22 and 4.23 further reinforces our findings. Despite the increase in the RMSE

and STD of five methods compared to the data from the 18th, the UK method remains the most
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reliable, with an RMSE of approximately 0.15m and a STD of around 0.07. The OK method
has inferior performance compared to the UK method, however remains quantitatively
comparable to it.

The performance of the other three approaches significantly diverges from that of the UK
method. Aggregating the findings from the three days, the UK technique exhibits the least
inaccuracy across different levels of ionospheric activity. When integrated with the findings
from Network I, it is evident that in regions like Hong Kong, characterized by low latitude and
minimal reference station distance, the UK method emerges as the best appropriate

interpolation method.

4.4 Comparison of Positioning Performance

This section evaluates and examines the positioning performance of UDUC PPP-RTK
employing various ionospheric interpolation methods. Utilizing five interpolation approaches,
we can get the estimated ionospheric delay for each satellite at the interpolated position, which
will serve as priori restrictions on the ionospheric delay at the user end. Subsequently,
employing the satellite phase delay, satellite clock error, and hardware bias supplied from the
network, ambiguity resolution and coordinate resolution are executed on the user end. As we
select several stations within the reference station network as the user end, the coordinates of
the user are known, allowing for an analysis of the positioning result accuracy.

In this experiment, we choose HKPC and HKSS stations as the user ends, while the
remaining reference stations compose the server ends. The experimental dates are July 14th,
18th, and 25th, corresponding to the high ionospheric activity day, the normal ionospheric
activity day, and the low ionospheric activity day, respectively. Upon obtaining the positioning
results of users adopting the processing strategy outlined in section 4.2.1, we compute the
RMSE and STD of north, east and vertical directions before and after ambiguity resolution.

Additionally, we also record and compare the time-to-first-fix (TTFF) of each method.
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4.4.1 Positioning performances in Network I

We firstly evaluate the positioning accuracy of the UDUC PPP-RTK method in Network
I. The geographical distribution of this network is illustrated in Figure 4.4, with the HKPC
station serving as the user end and the other stations serving as the server end. The experimental
date is the 25th, and the test period corresponds to that in section 4.3. The results are presented
in Table 4.4.

Table 4.4 demonstrates that the UDUC PPP-RTK method, employing five interpolation
techniques, achieves decimeter-level accuracy before the ambiguity resolution and achieves
millimeter-level accuracy after the ambiguity resolution. Of the five approaches, the UK
method exhibits the highest positioning accuracy, following by the OK method and the LSC
method, while the IDW method and the PF method have the lowest accuracy. Moreover, the
UK method and the OK method exhibit the lowest STD, indicating that their positioning results
are the most stable. The STDs of the remaining three approaches are rather substantial. The

TTFF for all five approaches ranges from 7s to 9s, with the UK method being the quickest at

7.12s.
Table 4.4 Positioning accuracy of UDUC PPP-RTK for Network I on July 25th
RMSE (m) Fixed RMSE (cm) STD Fixed Mean
Method () STD TTFF
m
N E U N E U (cm) (s)

IDW 0.26 0.41 0.77 0.25 0.20 0.82 0.37 0.26 7.42

LSC 0.16 0.21 0.60 0.24 0.12 0.65 0.32 0.17 8.21

OK 0.12 0.15 0.43 0.27 0.18 0.63 0.28 0.11 7.29

UK 0.13 0.17 0.36 0.21 0.14 0.61 0.23 0.10 7.12

PF 0.14 0.19 0.49 0.27 0.17 0.74 0.20 0.36 8.88

Subsequently, we compute the positioning results on the 18th, as illustrated in Table 4.5.
In comparison to the results on the 25th, the positioning accuracy of the five approaches has
diminished. The accuracy before the ambiguity resolution has decreased to the meter level,

whereas the accuracy after the resolution is at the millimeter to centimeter level. Moreover, the
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TTFF of the five approaches has experienced a modest increase. Among the five approaches,
the UK method exhibits the highest positioning accuracy, followed by the OK method, which
maintains an accuracy at the millimeter level. The accuracy of the remaining three approaches
has diminished to the centimeter level. Regarding STD, the UK method and the OK method
exhibit the fewest values, indicating significantly greater stability. Additionally, the TTFF of
the UK method remains the lowest.

Table 4.5 Positioning accuracy of UDUC PPP-RTK for Network I on July 18th

RMSE (m) Fixed RMSE (cm) STD Fixed Mean
Method STD  TTFF
N E U N E v ™

IDW 0.41 0.61 1.26 0.37 0.40 1.37 033 0.40 8.57

LSC 0.34 0.63 1.29 0.34 0.54 1.24  0.26 0.36 8.79

OK 0.46 0.54 1.12 0.31 0.36 0.84  0.28 0.15 7.94

UK 0.37 0.46 1.09 0.25 0.30 0.69 0.21 0.14 7.53

PF 0.58 0.85 1.67 0.48 0.51 1.28 0.30 0.45 9.14

Finally, we computed the results on the 14th, as shown in Table 4.6. Compared with the
data from the 18th, the positioning accuracy of the five ways has further diminished,
particularly the accuracy after ambiguity resolution, which has declined to the centimeter level.
The TTFF of the five methods has also grown further. Among the five ways, the UK method
exhibits the best positioning accuracy and the least increment. The accuracy of the OK approach
is comparable to that of the UK method while the accuracy of the remaining three approaches
has diminished markedly, particularly in the vertical direction. In terms of STD, the UK method
and the OK method remains the least; nonetheless, it has increased markedly compared to the
18th, which also can be observed in the other three ways. Besides, the OK approach exhibits
the lowest TTFF among the five methods at 8.93s. All other ways are similar to the OK

technique, except for the IDW method, which is 10.17s.

65



Table 4.6 Positioning accuracy of UDUC PPP-RTK for Network I on July 14th

RMSE (m) Fixed RMSE (cm) STD Fixed Mean
Method STD  TTFF
N E U N E v ™y

IDW 0.63 0.83 1.47 0.84 0.97 2.98 0.46 0.54 10.17

LSC 0.60 0.68 1.35 0.73 0.91 226 048 0.43 9.02

OK 0.48 0.59 1.26 0.67 0.81 1.51 0.39 0.36 8.93

UK 0.41 0.50 1.29 0.58 0.51 1.30  0.26 0.27 9.24

PF 0.68 0.89 1.73 0.81 0.82 1.92 0.47 0.60 9.33

By aggregating the results from the three days, it can be concluded that the UK method
exhibits superior positioning performance across different levels of ionospheric activity, the
OK method demonstrates marginally inferior positioning performance compared to the UK

method, while the positioning performance of the other methods are relatively worse.
4.4.2 Positioning performances in Network II

Then we evaluate the positioning accuracy of the UDUC PPP-RTK method in Network II.
The geographical distribution of this network is illustrated in Figure 4.15, with the HKSS
station serving as the user end and the other stations serving as the server end. All other
experimental conditions are identical to those of Network I.

Table 4.7 indicates that the accuracy of the five techniques is at the decimeter level before
ambiguity resolution and can achieve millimeter-level after ambiguity resolution, which is
comparable to Network I. The UK approach exhibits the highest positioning accuracy, with the
accuracy of the other four methods similar to that of the UK method. The UK method and the
OK method have the lowest standard deviation, approximately 0.19 cm, whereas the standard
deviations of the other methods are greater. Regarding TTFF, all five methods range from seven

to eight seconds, with the UK approach exhibiting the lowest value of 7.14s.
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Table 4.7 Positioning accuracy of UDUC PPP-RTK for Network II on July 25th

RMSE (m) Fixed RMSE (cm) STD Fixed Mean
Method STD  TTFF
N E U N E v ™y

IDW 0.11 0.18 0.39 0.26 0.23 0.86  0.32 0.54 7.64

LSC 0.29 0.26 0.48 0.25 0.18 0.82 0.31 0.57 7.16

OK 0.16 0.14 0.26 0.21 0.13 0.74  0.24 0.18 7.16

UK 0.07 0.13 0.21 0.21 0.10 0.63 0.17 0.19 7.14

PF 0.13 0.19 0.29 0.27 0.19 096 0.21 0.30 7.38

Then, we calculated the results on the 18th, as shown in Table 4.8. In comparison to the
results on 25th, the positioning accuracy of the five methods has decreased. Although the
accuracy before the ambiguity resolution is still maintained at the decimeter level, the accuracy
after resolution has dropped to the centimeter level in the vertical direction. In addition, the
STD and TTFF of the five methods have also increased. Among the five methods, the UK
method still has the highest positioning accuracy, maintaining millimeter-level accuracy in
three directions. The accuracy of the other four methods has diminished relatively significantly,
particularly in the vertical direction. In terms of standard deviation, the UK method still has the
lowest STD of 0.27cm, but it has increased compared to the 25th. The TTFF of the five
approaches has marginally risen, however all remain below eight seconds. The UK technique

is the smallest, measuring 7.42s.
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Table 4.8 Positioning accuracy of UDUC PPP-RTK for Network II on July 18th

RMSE (m) Fixed RMSE (cm) STD Fixed Mean
Method STD TTFF
N E U N E v ™y s

IDW 0.19 0.24 0.49 0.57 0.46 1.65 0.42 0.84  7.98

LSC 0.30 0.46 0.61 044  0.58 1.38 0.39 0.67 7.67

OK 0.20 0.16 0.38 0.38 0.52 1.02 0.34 031  7.58

UK 0.19 0.12 0.32 0.35 0.47 0.89  0.26 027 742

PF 0.32 0.25 0.54 0.51 0.54 1.41 0.28 036 7.72

At last, we calculate the results on the 14th, as shown in Table 4.9 In comparison to the
results from the 18th, the positioning accuracy of the five approaches diminished before and
after ambiguity, achieving meter-level and centimeter-level accuracy, respectively. The TTFF
of the five approaches also increase further. Of the five ways, the UK method exhibits the
highest accuracy, with millimeter-level accuracy in the north and east directions, as well as
superior accuracy in the vertical direction. The accuracy of the OK technique is comparable to
that of the UK method, whereas the accuracy of the other three methods has markedly declined,
mirroring the trend observed in Network I. As for STD, the standard deviation of the UK
method and the OK method remains the smallest, yet it has increased considerably compared
to the 18th, which is also observed in the other three methods. The OK and UK approaches
have the lowest TTFF among the five methods, approximately 7.9s, while the remaining

methods exceed 8s.
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Table 4.9 Positioning accuracy of UDUC PPP-RTK for Network II on July 14th

RMSE (m) Fixed RMSE (cm) STD Fixed Mean
Method STD  TTFF
N E U N E v ™y

IDW 0.54 0.84 1.39 1.47 1.56 3.14 094 1.35 8.11

LSC 0.57 0.76 1.22 1.35 1.44 2.57 0.75 1.22 8.42

OK 0.36 0.45 0.98 0.76 0.81 1.61 0.69 0.74 7.92

UK 0.18 0.33 0.78 0.59 0.68 1.48 0.58 0.61 7.91

PF 0.42 0.55 1.18 1.24 1.35 294  0.87 1.13 8.01

According to the results from the three-day evaluation, the UK technique exhibits superior
positioning performance in Network II, with the highest accuracy and a more rapid resolution.
This is identical to the conclusion drawn in Network I. The performance of the OK method is
inferior to that of the UK method, while reasonably similar. And the positioning performances

of other ways are unsatisfactory.

4.5 Discussions

Firstly, it is obvious that almost all RMSE of interpolation error in the beginning and the
end of observation time increase. This is because the elevation angle of satellite is the smallest
during these periods. Thus, the ionospheric delay will be extremely affected. To mitigate this,
we can increase the elevation cut-off angles to decrease the fluctuations in ionospheric errors.

Secondly, as this thesis focuses on Hong Kong, the problems of oversampling and ill-
conditioned matrices cannot be avoided. But there are solutions to mitigate the impact of these
issues. By using multi-constellation observation data and assigning higher weights to satellites
with higher elevation angles, we can acquire more valuable data as much as possible. Therefore,
the issues of spatial underrepresentation can be resolved.

Lastly, the results from sections 4.3 and 4.4 indicate that in Hong Kong, characterized by
relatively short inter-station distance and low latitude, the UK method is the most appropriate
interpolation technique for UDUC PPP-RTK. This approach exhibits high interpolation

accuracy and superior positioning performance, while also sustaining effective performance
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during high ionospheric active days. This is because the kriging interpolation method
comprehensively considers the spatial correlation and the geographical distribution of the
reference stations in computations. And the UK method exhibits superior accuracy compared
to the OK method due to its effective error modeling capabilities. While the IDW method and
the PF method disregard these factors. The IDW approach and the PF method presume that all
points possess analogous features, disregard spatial autocorrelation, and exhibit sensitivity to
noise. As the LSC method considers spatial correlation, the directly employed exponential
function model is not generally applicable, and the predetermined distance setting significantly

influences the interpolation accuracy.
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5. Summary

This study examines various ionospheric interpolation techniques, including the Inverse
Distance Weighting (IDW) method, the Least Squares Collocation (LSC) method, the Ordinary
Kriging (OK) method, the Universal Kriging (UK) method, and the Planar Fitting (PF) method,
based on Ionosphere-Weighted UDUC PPP-RTK model. The objective is to identify the most
appropriate interpolation method for Hong Kong and promote the performances of PPP-RTK.
This thesis utilizes the open-source software PPPH for extended development as the platform
and analyzes the interpolation accuracy and positioning performance using data from 16
stations in Hong Kong region. By conducting studies on days with different levels of
ionospheric activity, we conclude that the UK method has the best interpolation accuracy and
positioning performance, making it the optimal interpolation method for PPP-RTK positioning
in Hong Kong.

Nonetheless, this thesis has certain limitations. The findings presented in this research
cannot be universally applicable to all locations due to differences in latitudes and reference
station networks. When conducting PPP-RTK positioning in different regions, it is necessary
to reevaluate the interpolation method in that area to guarantee the accuracy of PPP-RTK
positioning. Furthermore, the other interpolation methods require further research and
comparison. Our subsequent efforts will focus on these limits and enhance the performance of

UDUC PPP-RTK.
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