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ABSTRACT

This thesis is devoted to high-order convergent numerical methods for some nonlinear
parabolic equations with rough initial data and evolving domains.

Chapter 2 and Chapter 3 are devoted to the analysis of numerical methods for subd-
iffusion and Navier-Stokes (NS) equations with rough data. In Chapter 2, a new spectral
method is constructed for the linear and semilinear subdiffusion equations with possibly dis-
continuous rough initial data. The new method effectively combines several computational
techniques, including the contour integral representation of the solutions, the quadrature
approximation of contour integrals, the exponential integrator using the de la Vallée Poussin
(VP) means of the source function, and a decomposition of the time interval geometrically
refined towards the singularity of the solution and the source function. Rigorous error anal-
ysis shows that the proposed method has spectral convergence for the linear and semilinear
subdiffusion equations with bounded measurable initial data and possibly singular source
functions under the natural regularity of the solutions.

Chapter 3 concerns the numerical solution of the two-dimensional NS equations with
nonsmooth initial data in the L? space, which is the critical space for the two-dimensional
NS equations to be well-posed. In this case, the solutions of the NS equations exhibit certain
singularities at ¢t = 0, e.g., the H® norm of the solution blows up as t — 0 when s > 0. To
date, the best convergence result proved in the literature are first-order accuracy in both
time and space for the semi-implicit Euler time-stepping scheme and divergence-free finite
elements (even high-order finite elements are used), while numerical results demonstrate
that second-order convergence in time and space may be achieved. Therefore, there is
still a gap between numerical analysis and numerical computation for the NS equations
with L? initial data. The primary challenge to realizing high-order convergence is the
insufficient regularity in the solutions due to the rough initial condition and the nonlinearity
of the equations. In this work, we propose a fully discrete numerical scheme that utilizes
the Taylor-Hood or Stokes-MINI finite element method (FEM) for spatial discretization

and an implicit—explicit Runge-Kutta (RK) time-stepping method in conjunction with
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graded stepsizes. By employing discrete semigroup techniques, sharp regularity estimates,
negative norm estimates and the L? projection onto the divergence-free Raviart-Thomas
(RT) element space, we prove that the proposed scheme attains second-order convergence
in both space and time. Numerical examples are presented to support the theoretical
analysis. In particular, the convergence in space is at most second order even higher-order
finite elements are used. This shows the sharpness of the convergence order proved in this
chapter.

Chapter 4, Chapter 5 and Chapter 6 are devoted to the high-order convergent FEM for
parabolic equations in evolving domains.

As a specific type of shape gradient descent algorithm, shape gradient flow is widely
used for shape optimization problems constrained by partial differential equations (PDEs).
In this approach, the constraint PDEs could be solved by finite element methods on a
domain with a solution-driven evolving boundary. Rigorous analysis for the stability and
convergence of such finite element approximations is still missing from the literature due
to the complex nonlinear dependence of the boundary evolution on the solution. In Chap-
ter 4, rigorous analysis of numerical approximations to the evolution of the boundary in
a prototypical shape gradient flow is addressed. First-order convergence in time and k-th
order convergence in space for finite elements of degree k > 2 are proved for a linearly
semi-implicit evolving finite element algorithm up to a given time. The theoretical analysis
is consistent with the numerical experiments, which also illustrate the effectiveness of the
proposed method in simulating two- and three-dimensional boundary evolution under shape
gradient flow. The extension of the formulation, algorithm and analysis to more general
shape density functions and constraint PDEs is also discussed.

In Chapter 5, the numerical solution of the Stokes equations on an evolving domain with
a moving boundary is studied based on the arbitrary Lagrangian-Fulerian (ALE) finite
element method along the trajectories of the evolving mesh. The error of the semidiscrete
ALE method is shown to be O(h™*!) for velocity in L®(0,T; L?) norm and O(h") for
pressure in L?(0,T; L?) norm by employing the Taylor-Hood finite elements of degree r > 2,
using Nitsche’s duality argument adapted to an evolving mesh, by proving that the material
derivative and the Stokes—Ritz projection commute up to terms which have optimal-order
convergence in the L? norm. Numerical examples are provided to support the theoretical
analysis.

In Chapter 6, the convergence of ALE-FEMs for fluid-structure interaction (FSI) prob-

lems with a solution-driven moving interface is studied. In addition to the finite element
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approximation errors, the geometric approximation errors due to the unknown interface
motion and mesh evolvement are considered as well within the ALE frame. By adding
an initial correction term to the numerical scheme, the optimal convergence rates of fluid
velocity, structural displacement and ALE mesh motion in L*(0,T; H') norm, as well as
of pressure in L®(0,T; L?) norm, are proved for a fully discrete, monolithic FEM which
tracks the unknown moving interface using the ALE approach. Numerical experiments in

both two and three dimensions are presented to support the theoretical error analysis.
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Chapter 1

Introduction

This thesis is devoted to the development of high-order convergent numerical methods for
nonlinear equations. It consists of two parts:
1. High-order methods for parabolic equations with rough data.

2. High-order methods for parabolic equations in evolving domains.

The first part of this thesis focuses on the numerical analysis of semilinear subdiffusion
equations and Navier-Stokes (NS) equations under rough data conditions. Such problems
arise pervasively in modeling physical phenomena characterized by singular perturbations
or discontinuous inputs. For instance, localized disturbances in fluid dynamics or abrupt
changes in material properties can induce solutions with severely limited regularity. Devel-
oping high-order convergent numerical methods for these scenarios has emerged as a critical
research direction in recent years. The primary challenge stems from the low regularity of
solutions caused by rough data, which often renders conventional numerical schemes, such
as standard finite element or finite difference methods with uniform meshsizes, incapable of
achieving optimal convergence rates. This necessitates the design of specialized algorithms
that rigorously account for the solution’s nonsmooth features while preserving accuracy and
stability.

The construction of numerical methods fundamentally hinges on the structural charac-
teristics of solutions and the nature of nonlinear terms. In scenarios where solutions exhibit
singularities at isolated points while maintaining smoothness elsewhere, a mathematically
rigorous approach involves developing high-order methods through graded meshes localized
near singular regions. In Chapter 2, we use this method to construct a spectral convergent

method for the following subequations:

ofu(x,t) — Au(z,t) = f(u(z,t),z,t) for (z,t) e 2 x (0,11,
u(z,t) =0 for (z,t) e 092 x (0,77, (1.1)
u(zx,0) = up(z) for = € (2,



where f: R x R x R, — R and ug are the given nonlinear function and initial value, and
0f'u denotes the Caputo fractional derivative of order a € (0,1). The solutions of equation
(1.1) may have singularity at ¢ = 0.

In general, for the linear subdiffusion equation with initial value up € HZ(£2) n H?(£2)
and a temporally smooth source function f(x,t) (independent of u), the solution generally

exhibits the following type of weak singularity at ¢ = 0 (see [85, Theorem 1]):

107" (u(-,t) = uo)| 2 < Cpt®™™  for m > 0. (1.2)

The extension of the above-mentioned results to rough initial data in LP(£2) with 1 < p < o
(without any differentiability), using graded stepsizes to improve the convergence orders, is

still challenging due to the stronger singularity in this case (see [85, Theorem 1]), i.e.,

|07 u(-,t) e < Cpt™™  for m = 0. (1.3)

Lots of high-order numerical methods are designed based on the estimates (1.2) and (1.3).

For the semilinear subdiffusion equation with nonsmooth initial data, the problem be-
comes more difficult since the source function f(u(z,t),z,t) also becomes singular at t = 0
due to the singularity of u(z,t). In this case, the regularity of the solution and the source

function is

10" (u(-, ) —uo)l|lze + [0 f (u(, 1), -, D) < Cut®™™™  for m =0 (1.4)

and

|07 u(, )z + 108" f (u(-s 2), -, )| Lo < Ot ™™ for m =0 (1.5)

for initial data in H{(£2) n C%(£2) and L*({2), respectively; see [106, 173]. For fixed
convergence order numerical methods, there are already some results, see [84, 2, 173]. But
for the development of spectral methods, which converge faster than O(N %) for any fixed
positive integer k (where N denotes the degrees of freedom in the time discretization), is
still challenging for the subdiffusion equation with singular solutions and source functions.
The objective of Chapter 2 is to fill in this gap.

When the nonlinear term exhibits high complexity, specialized techniques are required
to achieve high-order convergence rates. In Chapter 3, we show how to construct high-order
convergent numerical method for NS equations with L? initial value under no-slip boundary
condition.

Optimal error estimates for high-order methods can be proved when the solutions to

the Navier-Stokes equations are sufficiently regular, meaning they are sufficiently smooth
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CHAPTER 1 Introduction

and adhere to the compatibility conditions. For example, if the initial values are sufficiently
smooth, i.e. ug € H}(2) n H(£2)? or above, then optimal-order convergence of tempo-
ral and spatial discretizations of the NS equations have been proved for various methods
in [7, 10, 52, 70, 97, 80, 148, 166, 67, 157, 158, 77|, where the finite element and spec-
tral Galerkin methods were usually used for spatial discretization, and the time-stepping
schemes include varies of the Crank—Nicolson method, Euler method, two-step backward
difference formula, projection methods, fractional step methods and so on. However, the
error estimates discussed in the aforementioned articles are not applicable to nonsmooth
initial data.

Discussions concerning the case that ug € LQ(Q) are less prevalent in the literature. It
has been known that Lz(Q) is a critical space for the well-posedness of the two-dimensional
NS equations [51]. The error analysis in this case turns out to be significantly more chal-
lenging than for cases with smoother initial data, and the literature offers only a limited
number of relevant results. Under the CFL condition, 7 < C\ !, it was shown in [65] that
the implicit-explicit Euler spectral Galerkin method has an error bound of O()\T_nl/ SRy )
over a bounded time interval. For the implicit-explicit Euler scheme with finite element
spatial discretization, several stability results were proved in [68] without error estimates.
In more recent developments, first-order convergence in both time and space was shown
in [110] for high-order divergence-free finite elements. To our knowledge, this represents
the most advanced convergence result obtained to date. However, there is still a gap be-
tween the numerical analysis and the numerical results, which demonstrate the possibility
of achieving second-order convergence in space by using the Taylor—-Hood finite elements.
Proving second-order convergence of any numerical method for the NS equations remains
an open and challenging task.

In Chapter 3, we consider a fully discrete implicit-explicit Runge-Kutta finite element
scheme for the NS equations with L? initial data by utilizing an L? projection P}f{T onto the
divergence-free subspace of the Raviart—Thomas element space in the numerical scheme.
The linear term is discretized using the Runge—Kutta Lobatto IIIC scheme, while the non-
linear term is handled through an extrapolation approximation. To address the solution’s
singularity near ¢ = 0, we employ graded stepsizes that provide enhanced resolution where
needed. We prove the a nearly optimal error estimate. More specifically, let uZ“ be the
numerical solution of the fully discrete scheme at time level ¢ = ¢,41. Theorems 3.1 and

3.2 show that, for arbitrarily small ¢ > 0,

Hu(tn-irl) - UZ+1||L2(Q) < Ca(h272€tf;rll + t;iIETle),
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where 7,11 and h denote the temporal stepsize of the (n + 1)th step and spatial mesh size,
respectively.

The second part of this thesis investigates the optimal-order convergence of evolving fi-
nite element methods (FEM) for shape gradient flows, Stokes equations and fluid—structure
interaction (FSI) problem under H'- and L2-norm error metrics. These problems, charac-
terized by solution-driven domain boundaries or interfaces, represent a class of nonlinear
PDESs with evolving geometries. A critical challenge arises from the time-dependent domain

deformation, which introduces two fundamental difficulties:

1. Dynamic Mesh Adaptation: The evolving domain necessitates distinct finite element
spaces at different temporal discretization levels. To ensure robust approximation
properties, we construct hierarchically compatible finite element spaces that preserve

geometric consistency across deformations.

2. Nonlinear Coupling Analysis: The interplay between domain evolution and PDE
solutions complicates traditional error estimation frameworks. To address this, we
develop matrix-vector formulations that decouple geometric motion from physical field

variations, enabling rigorous convergence analysis through discrete energy arguments.

In Chapter 4, we will prove the optimal-order convergence of H'-norm for shape opti-

mization problem constrained by PDEs. It typically concerns minimizing a shape functional

for some shape density function j(-, u) subject to a constraint such that u is the solution of a
PDE problem in the domain {2 with boundary I". A popular way to compute critical points
of shape optimziation problems without requiring the second-order optimality is through
shape gradient flow, which is a specific type of shape gradient descent algorithm. In this
approach, the boundary I'(t) which evolves under the shape gradient flow converges to a
minimizer of the shape functional. Along with the evolution of T'(t), the constraint PDE
problem can be solved by FEMs on the evolving domain §2(¢) enclosed by I'(t).

There are many different ways to choose the descent velocity w, most of which are based

on solving the following equation (cf. [3, 16])
Findwe H: b(w,v)=—-dJ(I'(t);v) Yve H

for an abstract inner product b(-,-) : H x H — R associated with some Hilbert space

H. In Chapter 4, we present formulation, algorithm and convergence analysis for a shape
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CHAPTER 1 Introduction

optimization problem constrained by the Poisson equation with a given source function f,
ie.,

—Au=f in2cR? with de {2 3},

min J(I') = J j(xz,u)dz subject to (1.6)
r 0 u=0 onI =012,

with the shape densify function j(-,u) = 3|Vu|? or j(-,u) = §|u—ug4|?, which correspond to
minimal energy dissipation and optimal shape reconstruction, respectively. For the stability
and convergence of the numerical approximations, we consider the H' shape gradient flow
of the shape functional in (4.1), i.e., the evolution of boundary I'(t) = 02(¢), t € [0,T],

with initial position 'Y = 042°, determined by the following coupled system of equations:

dp=wo¢ in 2 #(0) = id| o in £2°, (1.7a)
—Aw+w =0 in2(t), dw = —J'(D(t))v on I(t), (1.7b)
—Au = f in 02(t), w=0 onT(t), (1.7¢)
—Ap=j'(-u) in 2(t), p=0 onD(t), (1.7d)

where ¢(-,t) : £2° — (2(t) is the flow map which generates the evolution of the boundary
through T'(t) = ¢(I'°) under the velocity field w, j!, is the derivative of j(-,u) with respect
to u. We proved the optimal-order convergence for this problem by using evolving FEM,
which is still absent in literatures.

In Chapter 5, we further prove the optimal-order convergence of L? norm for Stokes
and Navier—Stokes equations in an evolving domain. For simplicity, we consider the Stokes
equations in an evolving domain with given velocity. For NS equations, the analysis is
similar. Let 2(t) = R%, d € {2,3}, be a time-dependent domain with a smooth boundary
I'(t) = 0£2(t) moving under a given smooth vector field w(-,t).

The analysis of ALE methods for the Stokes and NS equations has yielded noteworthy
results but remained suboptimal, as discussed below. In [101], Legendre & Takahashi
introduced a novel approach that combines the method of characteristics with finite element
approximation to the ALE formulation of the Navier—Stokes equations in two dimensions,
and established an L? error estimate of O(7 + h'/2) for the Py, P; elements under certain
restrictions on the time step size. In a related work [151], an error estimate of O(h?|log h|)
was obtained for the ALE semidiscrete FEM with the Taylor-Hood P>—P; elements for the
Stokes equations in a time-dependent domain. Moreover, for a fully discrete ALE method
with the implicit Euler scheme in time, convergence of O(r + h? + h?/7) was proved in

[151]. The errors of ALE finite element solutions to the Stokes equations on a time-varying
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domain, with BDF-k in time (for 1 < k£ < 5) and the Taylor—-Hood P,—P,_; elements in
space (with degree r > 2), were shown to be O(7% + h") in the L? norm in [119].

As far as we know, optimal-order convergence of ALE semidiscrete and fully discrete
FEMs were not established for the Stokes and NS equations in an evolving domain. As
shown in [54, 113], the optimal-order convergence of ALE semidiscrete FEM requires proving
the following optimal-order approximation property for the material derivative of the Ritz
projection:

| Dy p Ry — Ry Dy pulp2 < Ch7 L (1.8)

In line with the fixed domain case, achieving optimal consistency error in analysis of finite
element approximation for Stokes equation necessitates the use of the Stokes-Ritz projection
Ry. As a result, when trying to obtain the optimal-order approximation property (5.4)
following the duality argument as in [54, 113], a problem occurs that the error estimate of
Stokes-Ritz projection of pressure is involved in the analysis. This problem was addressed
by additionally establishing and utilizing an optimal H ! error estimate for the Stokes-Ritz
projection of pressure, i.e., (5.43), which is used in Lemma 5.11. This leads to optimal-order
convergence of the ALE semidiscrete FEM, as the main result of Chapter 5 (see Theorem
5.1).

Chapter 6 focuses on optimal-order convergence analysis for fluid—structure interaction
(FSI) problems. The bidirectional coupling between fluid and solid phases induces solution
nonsmoothness across the dynamic interface due to discontinuities in material properties
and kinematic constraints. However, solutions often exhibit piecewise smoothness within
individual subdomains (fluid and solid regions), which motivates the design of high-order
convergent evolving FEM tailored for FSI systems.

Recently, the errors of semi- or fully discrete ALE-FEMs for FSI problems were analyzed
in [99, 100] without considering the errors in approximating the interface motion. To
the best of our knowledge, the only proof of convergence of ALE-FEMs for FSI problems
with a moving interface was given in [101] for rigid structures which can be modelled
by ordinary differential equations instead of PDEs. Consequently, a comprehensive error
analysis of ALE-FEMs for FSI problems that addresses the errors in approximating the
interface motion, with elastic structures which need to be modelled by PDEs instead of
ODEs, is still lacking.

The objective of Chapter 6 is to establish the optimal-order convergence in L* (0, T; H')
of a monolithic fully discrete ALE-FEM with evolving mesh for a dynamic FSI problem

with an unknown interface evolution driven by the solution of FSI problem. In particular,
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the errors of fluid velocity and structural displacement in L* (0, T; H') norm and the error
of pressure in L% (0, T; L?) norm are proved to be O(7+h*) for a semi-implicit Euler scheme
with a high-order evolving mesh ALE-FEM described in [41], using a mixed finite element
method with Pp—Pr_1—Pi elements for velocity, pressure and structural displacement, re-
spectively. This is achieved by designing an initial correction that improves the order of
convergence in the error analysis of the developed ALE-FEM for the presented FSI prob-
lem, utilizing the matrix-vector formulation techniques developed in [95] for analyzing the
errors in approximating solution-driven interface evolution in the FSI problem, as well as
a mathematical induction which guarantees that the errors in approximating the evolving

domain (including the unknown interface) will be uniformly bounded and sufficiently small

when 7 and h are small enough and 7 = o(h%).

The content of this thesis consists of the research in the following papers of the author.
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Boundary Evolution under Shape Gradient Flow, IMA J. Numer. Anal., 44(5):2667
2697, 2024.
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Part I: High-order Methods for Parabolic
Equations with Rough Data



Brief Introduction

The first part of the thesis is concerned with the semilinear subdiffusion equation and
NS equation with rough data.

In Chapter 2 we propose a new spectral method for the linear and semilinear subdiffu-
sion equations with possibly discontinuous rough initial data. The new method effectively
combines several computational techniques, including the contour integral representation of
the solutions, the quadrature approximation of contour integrals, the exponential integrator
using the de la Vallée Poussin (VP) means of the source function, and a decomposition of
the time interval geometrically refined towards the singularity of the solution and the source
function. Rigorous error analysis shows that the proposed method has spectral convergence
for the linear and semilinear subdiffusion equations with bounded measurable initial data
and possibly singular source functions under the natural regularity of the solutions.

In Chapter 3, we propose a fully discrete numerical scheme that utilizes the Taylor—-Hood
or Stokes-MINT finite element method (FEM) for spatial discretization and an implicit—
explicit Runge-Kutta (RK) time-stepping method in conjunction with graded stepsizes.
By employing discrete semigroup techniques, sharp regularity estimates, negative norm
estimates and the L? projection onto the divergence-free Raviart-Thomas (RT) element
space, we prove that the proposed scheme attains second-order convergence in both space
and time. Numerical examples are presented to support the theoretical analysis. In partic-
ular, the convergence in space is at most second order even higher-order finite elements are

used. This shows the sharpness of the convergence order proved in this chapter.
Papers published & submitted
1. B. Li, Y. Lin, S. Ma, and Q. Rao. An Exponential Spectral Method Using VP Means

for Semilinear Subdiffusion Equations with Rough Data, SIAM J. Numer. Anal.,
61(5):2305-2326, 2023.

2. B. Li, Q. Rao, H. Zhang, and Z. Zhou. Numerical Analysis of the 2D Navier—Stokes

Equations with nonsmooth initial value in the Critical Space, submitted.



Chapter 2

An Exponential Spectral Method Using VP Means
for Semilinear Subdiffusion Equations with Rough
Data

The content of this chapter has been published in “B. Li, Y. Lin, S. Ma, and Q.
Rao. An Exponential Spectral Method Using VP Means for Semilinear Subdiffusion
Equations with Rough Data, SIAM J. Numer. Anal., 61(5):2305-2326, 2023.

2.1 Introduction. We consider the semilinear subdiffusion equation in a bounded Lip-
schitz domain 2 ¢ R? up to a given time T' > 0, under the Dirichlet boundary condition,

ie.,

ofu(x,t) — Au(z,t) = f(u(z,t),z,t) for (z,t) e 2 x(0,T],
u(z,t) =0 for (z,t) e 002 x (0,17, (2.1)
u(z,0) = up(z) for x € £2,

where f : R x R¢ x Ry — R and ug are the given nonlinear function and initial value,
and Jfu denotes the Caputo fractional derivative of order a € (0,1). The subdiffusion
equations which can model the sublinear growth of mean squared particle displacement
have generated much interests from physicists, engineers and applied mathematicians in
developing new computational methods and rigorous numerical analyses because of their
excellent capability in modelling the anomalous transport processes. The construction and
analysis of high-order computational methods for the subdiffusion equations, especially for
the semilinear subdiffusion equation, have been challenging due to the possible singularity
of the solution and the source function at ¢ = 0.

In general, for the linear subdiffusion equation with initial value ug € Hg(£2) n H?(§2)
and a temporally smooth source function f(x,t) (independent of u), the solution generally

exhibits the following type of weak singularity at t = 0 (see [85, Theorem 1]):

|05 (u(+, ) — uo) |2 < Cpt®™™  for m > 0. (2.2)

10



CHAPTER 2 Exponential Spectral Method for the Subdiffusion Equation

Under this limited regularity condition, the classical L1, L2, dG and convolution quadrature
(CQ) with a uniform stepsize generally have first-order convergence; for example, see [82,
134, 83, 175]. The analyses in [90, 92, 138, 162] show that the L1 and L2 methods, and a low-
order dG time-stepping method, can have the desired optimal-order convergence by using
graded stepsizes locally refined towards t = 0. The extension of these low-order convergence
results to the semilinear subdiffusion equation may be established by using the fractional
version of discrete Gronwall’s inequalities in [84, 117, 118]. The sharp pointwise-in-time
error bounds on quasi-graded temporal meshes with arbitrary degree of grading are obtained
in [89] using method of upper and lower solutions for L1 scheme. Higher-order sub-optimal
convergence in time was proved for the dG time-stepping method in [137] under condition
(2.2) and some additional regularity assumptions such as du € L2(0,T; H*(£2)), which
generally requires the initial value to satisfy ug € H?(2) n HE(£2) plus a compatibility
condition Aug = 0 on 0f2. In the case ug = 0, high-order convergence of the Runge-Kutta
convolution quadrature was proved in [8].

The extension of the above-mentioned results to rough initial data in LP(£2) with 1 <
p < oo (without any differentiability), using graded stepsizes to improve the convergence
orders, is still challenging due to the stronger singularity in this case (see [85, Theorem 1]),

ie.,

10mu(-,8)|1r < Cout™  for m > 0. (2.3)

Under this regularity condition, the L1, L2 and CQ schemes with a uniform stepsize and
appropriate initial corrections can have high-order convergence at time levels far away from

t=0,ie.,

Ju(-, tn) = un| o < Ct, " 7", (2.4)

where u, denotes the numerical solution using a uniform stepsize 7. The results were
established in [83, 128, 175] in the L2-mnorm framework, i.e., with error estimates in the
L? norm and initial data in L?(£2), by comparing the numerical solution with the solution
through their Laplace transform representations, a framework developed by Lubich for the
analysis of CQ for convolution integrals; see [123, 124, 125]. Nevertheless, the analyses
can be naturally extended to the LP-norm framework by using the corresponding resolvent

estimate in LP(£2), i.e.,
I(z = A) Mo(@)orr) < Clz| ™', 1<p< o,

which holds for both the Laplacian A and the finite element discrete Laplacian Ap; see [104,

11



SECTION 2.1 Introduction

105]. However, these high-order convergence results only hold for the linear subdiffusion
equation with a given temporally smooth source function.

The extension of the high-order methods to the semilinear subdiffusion equation with
nonsmooth initial data is still challenging. The main difficulty in the numerical solution of
the semilinear subdiffusion equation is that the source function f(u(x,t),z,t) also becomes
singular at t = 0 due to the singularity of u(xz,¢). In this case, the regularity of the solution

and the source function is

10" (u(-s ) — w0l + [0 f (u(, 1), - D)o < Cut®™™™  for m =0 (2.5)

and

|07 uls ) + (04" f(u(, 1), ) < O™ for m =0 (2.6)

for initial data in Hg (£2) n C%(£2) and L®(2), respectively; see [106, 173]. The convergence
of the backward Fuler CQ was not affected by the singularity of the source function, as
shown in [84] and [2] for initial data in H}(§2) n H?(£2) and H*(£2), s > 0, respectively.
However, the convergence of higher-order CQs can be affected by the singularity of the
source function at ¢ = 0. In particular, the analysis and numerical experiments in [173]
show that the convergence order of high-order BDF-CQs, using a uniform stepsize with
appropriate initial corrections, is at most 1+ 2« for general initial data in H{(£2) n C?(02).
More recently, a k-step exponential CQ was proposed in [106] to achieve kth-order con-
vergence for semilinear subdiffusion equation with initial data in L*(2), where k is an
arbitrary prescribed positive integer which determines the numerical scheme and the con-
vergence order.

The above-mentioned methods all have fixed convergence orders. The development
of spectral methods, which converge faster than O(N~*) for any fixed positive integer k
(where N denotes the degrees of freedom in the time discretization), is still challenging
for the subdiffusion equation with singular solutions and source functions. Many efficient
spectral methods for the fractional ordinary and partial differential equations have been

proposed and analyzed:

¢ A new multi-domain spectral method for high-order time discretizations of fractional
ordinary differential equations (ODEs) and the subdiffusion equation was proposed
in [21]. The stability of the method was studied by identifying the method as a
generalized linear method. The rigorous analysis of its spectral convergence for the

subdiffusion equation with rough initial data still remains challenging.

12
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o A class of spectral collocation methods based on the generalized Jacobi functions was
proposed in [179, 180| for some fractional differential equations. The approximation
errors of the generalized Jacobi polynomials in weighted Sobolev spaces, as well as
the convergence of the spectral Petrov—Galerkin method for fractional ordinary differ-
ential equations (ODEs), were presented in [24]. The current analysis requires some
fractional derivatives of the solution to be smooth, which is true for some fractional
ODEs but cannot be readily extended to the subdiffusion equation. The rigorous
analysis of this class of methods for the subdiffusion equation with rough initial data

still remains challenging.

o The generalied Jacobi polynomials were also used for calculating the eigenvalues of
the space-fractional differential equations in [22] and for determining the supercon-

vergence points of fractional spectral interpolations in [181].

e A class of Miintz spectral Galerkin methods were proposed and analyzed in [75, 74]
based on the Miintz polynomials and weighted Sobolev spaces. The methods have

spectral convergence for solutions with the following regularity:

t=Im O [u(x, )] € L2(0,T; HY (2)) Ym = 0. (2.7)

This covers a wide class of solutions, including solutions in the form of
w .
u(a,t) = > 1% (x),
j=1

which can be approximated with spectral convergence by choosing A = 1/a. For more
general solutions of the subdiffusion equation with initial data in H}(£2) n H?(£2),
when the solutions have the regularity in (2.2) but may not satisfy condition (2.7),
the Miintz spectral Galerkin methods can still have a fixed high order of convergence

by choosing a sufficiently small parameter A.

o A class of log-orthogonal spectral methods for the subdiffusion equation was proposed
and analyzed in [25] by using the log-orthogonal polynomials introduced in [23]. Tt is
shown that the method can have spectral convergence if the initial value satisfies ug €
H 3(£2), which is equivalent to requiring ug € H}(£2) n H3(£2) plus one compatibility
condition Aug = 0 on 0f2.

As far as we know, the following questions are still unsolved in the development of spectral

methods for the subdiffusion equations.

13
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o The current error analysis of spectral methods for the subdiffusion equation requires
the initial data to be smoother than H}(£2) n H?(£2) and satisfying some compatibility
conditions, or satisfying a regularity condition in the form of (2.5). The construction
of spectral methods for the semilinear subdiffusion equation with rough initial data

in L®(£2) with strong singularity in the form of (2.6) is still challenging.

o The existing error estimates for the spectral methods are all for the linear subdiffusion
equation based on the Hilbert space framework. The extension of the error analysis for
the spectral methods to the semilinear subdiffusion equation, with nonlinear source
functions which may not be globally Lipschitz continuous, requires error estimates in
the L*-norm based Banach space framework and therefore still remains open. There
are few analysis of spectral methods in the L*-norm framework. We are only aware of
the L*-norm analysis of spectral methods in [116] by the effective maximum principle
of spatial discretizations. The techniques cannot be applied to the time discretization

of the subdiffusion equation in the presence of singularity.

These questions are addressed in this chapter.

We propose a new spectral method for the semilinear subdiffusion equation with rough
initial data in L®(f2) under the natural regularity condition (2.6), based on quadrature
approximations to the contour integral representation of the solution, the exponential inte-
grator using the de la Vallée Poussin means (i.e., VP means, see [165]), and error estimates
via a fixed-point argument in an L*-norm framework. The contour integral approximation
techniques were used in [121] and [58| for evaluating exponential-type of operators and for
solving linear convection—diffusion equations, respectively. The techniques were also used in
the construction of a high-order backward extrapolated multi-step exponential convolution
quadrature for the semilinear subdiffusion equation in [106]. However, the method in [106]
only has a fixed order of convergence and cannot be extended to a spectral method directly
due to the following three challenges: (1) The temporal Lagrange interpolation used in [106]
is not stable in the L™ norm as the degrees of freedom tend to infinity; (2) The integrals of
the exponential function times the Lagrange basis is difficult to be evaluated analytically
when the degree of the polynomial is large; (3) The source function is singular at ¢ = 0
and therefore the Lagrange interpolation on the whole time interval does not have uniform
high-order convergence.

We overcome these difficulties by utilizing an exponential type of spectral method in

terms of the interpolation polynomial VP means on subintervals that are geometrically
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refined towards ¢t = 0 according to the singularity of the solution and the source func-
tion. We derive analytical formulas for the exponential integrals arising from the proposed
method by utilizing the differentiation properties of the Jacobi polynomials, and prove the
spectral convergence of the proposed method based on the natural regularity condition in
(2.6) using the L stability of the polynomial VP means and their approximation proper-
ties on the geometrically refined subintervals. The spectral convergence in the L* norm
is established, which allows us to handle nonlinear source functions which are only locally
Lipschitz continuous (rather than globally Lipschitz continuous). These results make the
proposed method practically computable and spectrally convergent for rough solutions of
the semilinear subdiffusion equation in the most general setting.

In view of the equivalence between CQs and their Laplace transform representations,
e.g., the Runge-Kutta (or BDF) CQ for a parabolic or subdiffusion equation is equivalent to
applying the Runge-Kutta method (or BDF) method to the ODE arising from the Laplace
transform representation of the solution (as shown in [126]), the exponential spectral method
proposed in this chapter can also be viewed as a contour integral approximation to a
spectrally convergent CQ constructed by utilizing an exponential integrator for the ODE
arising from the Laplace transform representation of the solution, and by utilizing VP means
of the source function on geometrically refined subintervals adapted to the singularity at
t=0.

The rest of this chapter is organized as follows. The quadrature approximation of the
mild solution and the uniform polynomial approximation of functions by VP means are
presented in Section 2.2. The new spectral method and its error analysis for the linear
subdiffusion equation with a possibly singular source function are presented in Section 2.3.
The new spectral method and its error analysis for the semilinear subdiffusion equation are
presented in Section 2.4. Numerical experiments are presented in Section 2.5 to illustrate
the spectral convergence of the proposed method for linear and semilinear subdiffusion

problems with rough initial data in L% ({2).

2.2 Construction of the spectral method. In this section, we introduce the sev-
eral ingredients we use to construct the spectral method, including the contour integral
representation of the solution, quadrature approximation to the contour integrals, poly-
nomial approximation by the VP means, and the exponential integrator using VP means.
The construction of the spectral method is discussed at the end of this section, while the

complete algorithms are presented in the next two sections for the linear and semilinear
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subdiffusion equations, respectively.

2.2.1 Bounded mild solutions to the subdiffusion equation. For the simplicity of
notations, we denote u(t) = u(-,t) for any function u defined on 2 x (0,7]. A function
u e L®(0,T; L®(£2)) n C([0,T]; L*(£2)) is called a bounded mild solution of (2.1) if it

satisfies the following equation
¢
u(t) = F(tyuo + f E(t— ) f(u(s), - t)ds Vie (0,7], (2.8)
0

where F(t) and E(t) are the solution operators associated to the subdiffusion equation,
defined as the inverse Laplace transform of the operators 2 1(2* — A)~! and (2 — A)~L,

respectively, i.e.,
1

— a—1l/ o —1 =zt
F(t) = " Re(z):gz (2% — A)""e*dz
_ 1 a -1zt
E(t) = 277 D (2% — A) te*dz,

with an arbitrary parameter o > 0. The paths of integration in the expressions of F(t) and

E(t) can be respectively deformed to the following two contours on the complex plane:
Ty = {\1—sin(8+is)):seR} and Tj={\1—sin(8+1is)):seR}, (2.9)

™

where 8 € (0,0 — 3), ¢ € (5,7) and A, A > 0 can be arbitrary fixed parameters. These
contours are contained in the region between the two sectors ¥, = {z € C : |arg(z)| < ¢}

and A + Xg., x; see [106, Figure 2.1]. Therefore,
Re(z) ~ —|z| and [Im(z)| ~ |Re(z)| for zeT'\ uTj.

The representation of the solutions to the subdiffusion equation in (2.8) has been
used in analyzing the regularity of solutions and the error of numerical approximations
in [84, 106, 128, 173, 175]. The integration contours in the form of (2.9) have been used in
approximating exponential-type functions of elliptic operators in [58, 121].

It is known that the resolvent operators (z* — A)~! of the Dirichlet Laplacian satisfy

the following estimate for some constant C' > 0 (for example, see [106, Appendix A]):
(2% = A) Y pwoope < C(1+ |2])7 for z €Ty, (2.10)

As a result of the resolvent estimate in (2.10), the solution operators F'(t) and E(t) were

proved to satisfy the following estimates (cf. [106, Lemma 3.1]):
HF(t)HLOOHL:ﬁ <(C and HE(t)HLOCHLW < Cta_l. (211)
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By using these properties of the solution operators, it can be shown that equation (2.1)

indeed has a bounded mild solution if the one of the following two conditions is satisfied:

(1) The nonlinear function f(u) is Lipschitz continuous with respect to w. In this case, the
proof of well-posedness in [84] is still valid if the underlying space L?(£2) is replaced
by L*(f2), as the proof only requires using the resolvent estimate in (2.10).

(2) The nonlinear function f(u) = —F’(u) is the derivative of a double-well potential
F(u) with two wells at +«, and the initial value satisfies that |ug| < o. For example,
f(u) = (u—u3)/e? = —F'(u) with F(u) = (1—u?)?/(4€?) being the Ginzburg-Landau
potential. In this case, the maximum principle of the subdiffusion equation (cf. [178,
Theorems 3.1-3.2], [129, Theorem 2.1] and [91]) guarantees the boundedness of the

solution, i.e., |u(z,t)| < a.

In view of these results, we simply assume that the semilinear subdiffusion equation
has a bounded mild solution and propose a class of spectral methods for the linear and
semilinear problems, respectively, with rigorous analysis for the existence, uniqueness and
spectral convergence of the numerical approximations.

Throughout this chapter, we denote by C' a generic positive constant that may be differ-
ent at different occurrences but is independent of the number N,,, Ni(m) of subintervals,
the time level ¢,,, and the number M of quadrature points for approximating the contour

integrals.

2.2.2 Quadrature approximation of the mild solution. By substituting the contour
integral expressions of F'(t) and E(t) into (2.8), and make a change of variable in the first

integral of (2.8), we can express the mild solution as

1
ut) ==— | e*2271(2% —t*A) " Lypdz
211 Ty

1

211 1‘*5\

(z* — A)~! L e*1=5) f(u(s), -, s)dsdz, (2.12)

It is also known that the two contour integrals on the right-hand side of (2.12) can be

approximated by a quadrature which has spectral convergence with respect to the number
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of quadrature points, i.e.,

M
u(t) = Z wjezfz;"_l(zf‘ —t*A) g + E14(t)
j=—M
(2.13)

M
+ DT @(E = A)y(E L) + Eag(t),
j=—M

where 2M + 1 quadrature points are used, (wj, 2;) and (@;, Zj) are two pairs of quadrature
weights and nodes, with & 4(t) and &£ 4(t) denoting the remainders of the quadrature ap-

Lz

proximations, and y(z,t) = { e (t=5) f(u(s), -, s)ds is the solution of the following ordinary

differential equation (ODE):

ay(z,t) = zy(z,t) + f(u(t),-, t). (2.14)
The explicit expressions of the quadrature weights and nodes can be found in [106]. More-
over, the remainders satisfy the estimates in the following lemma.
Lemma 2.1 (cf. [106, Lemma 3.3]). If | f(u,-, )|l ro10(02) < C then

[€14(8) o) + €24 (D] () < Ce™ M/, (2.15)

The representation of the mild solution by the discrete contour integrals in (2.13)—(2.14)
was proposed in [106] for solving the semilinear subdiffusion equation by an exponential CQ
with k-step extrapolation, which can only have kth-order convergence with a fixed k > 1.
In the next subsection, we propose a spectrally convergent method based on the expression

in (2.13)-(2.14) and a uniform polynomial interpolation technique using the VP means.

2.2.3 Uniform polynomial approximation by VP means. We denote the space of
polynomials of degree < m on the interval [—1, 1] by P,,([—1,1]), and define the L*-norm

polynomial approximation error as
En()(@) = if |g(a,) =p()|m(-1p) for ge C@x [-L1]).  (216)

In the approximation theory, the following results are known (see [19, (5.4.16)]).
Lemma 2.2. For 0 < k <m and g e C*([—1,1]; L*(82)) the following estimates hold:

|En(9)(@)] < Com™"g(x, )| or(-1.17)s
(2.17)

1Em(9)| Lo (2) < Ckm_k||5f§/|\0([—1,1];mo(9))-
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It is known that the Lagrange interpolation operator I, : C([—1,1]) — P, ([—1,1]) is

not stable with respect to m, i.e.,
Imgllc=1,17) < Clog(m)|glle-1,17), (2.18)

where the logarithmic factor in m cannot be removed. This significantly affects the stability
of the spectral methods based on the Lagrange interpolation for nonlinear problem, for
which the error estimates require using Gronwall’s inequality. We shall use a different
interpolation technique in our spectral method, called the polynomial VP means, which
turns out to be not only stable in C'([—1,1]; L*(£2)) but also convenient for the practical
computations in combination with exponential integrators.

Let t,1 < tm2 < -+ < tmm be the m zeros of the normalized Jacobi polynomial
J2B(t) of degree m on the interval [—1,1], with the Jacobi weight w™? = (1 —)*(1 + t)°.
The following polynomial VP means of a function g € C'([—1,1]) will be used:

m
Z g mz t) for ge C([_L 1])7 (219)
i=1
where
m+r—1 .3 N TP
BT (1) = ijo Hin 5 (t mﬂ)‘]j ) 1 m (2.20)
m, - mlJﬁ N2 7]_7"' 9 .
im0 [57 (tm.i)]
with
1 if 0<j<m-r,
=14 25—l i m—r<j<m+r, (2.21)
0 if j=2m+nr.

For || = |B| = 3, the VP means enjoy the interpolation properties, i.e., V; g(tm.i) = g(tm)
fori=1,...,m.

In this chapter, we simply choose r < #m for some fixed 6 € (0,1). Then the approxima-
tion errors of the polynomial VP means are given in the following lemma, which shows that
the L*-stability constant of the polynomial VP means is independent of the polynomial

degree.

Lemma 2.3 (165, Theorem 3.2|). For sufficiently large positive integers m and r satisfying

r < Om, the following estimates hold:

IVigleq-1apee@2) < € sup [g(tmi)lree)  for ge C([=1,1]; L7(%2)),  (2.22)

1<is<m
lg = Vmgleq-113:0002) < ClEm—(9lley — for ge C([-1,1];L7(£2)),  (2.23)

for some constant C which does not depend on m.
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2.2.4 The exponential integrator using VP means. The only unknown on the right-

hand side of (2.13) is y(Z;,t), which we shall approximate by the exponential integrator

tni -
y(éj’ tni) = er(tm_tnil)y(zja tnfl) + J GZj(tni_S)Van(u(S)a g S)ds (224)
tn—1
at the finitely many internal nodes t,; € (tn—1,tn], i = 1,...,m, where the polynomial VP

mean V,), f(u(s), -, s) only depends on the finitely many values f(u(tn;), -, tni), ¢ = 1,...,m.
Since the VP means can be expressed as linear combinations of the Jacobi polynomials,

the integral in (2.24) can be evaluated analytically by using the following formula:

(=T PR (1) 4 2D Joth iR (1)),

(2.25)

This formula can be derived by using integration by parts and the following differentiation

property of the Jacobi polynomials (159, (3.101)]):

where

af _Pm+k+a+p5+1)
mk T %T(m+a+ B +1) ]

B _ 298I (m + a + )I(m + B+ 1)
m Cm+a+B+1)ml(m+a+8+1)

By a simple scaling transformation, we can use formula (2.25) to compute the integral
in (2.24) in terms of the values f(u(tn;i),,tni), @ = 1,...,m. Then, by substituting the
computed values y(Z;,tn;) into (2.13), we can obtain the desired spectral method. The
complete algorithms are presented in the next two sections for the linear and semilinear

subdiffusion equations, respectively.

2.3 The linear problem with a singular source. In this section, we present the
spectral algorithm for the linear subdiffusion equation with a given source function f(x,t)
which may be singular at ¢ = 0 (but is independent of u).

Since the solution representation in (2.13)—(2.14) does not depend on the history values

of the solution, i.e., it only depends on the value of y(z,t) which satisfies the ODE problem
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CHAPTER 2 Exponential Spectral Method for the Subdiffusion Equation

in (2.14), which does not contain history integrals, the case T' > 1 can be reduced to the
case T = 1 by dividing the time interval [0,T] into several parts. The case T' < 1 can be
converted to the case T' = 1 via a temporal scaling transformation. Therefore, without loss
of generality, we focus on the case T' = 1 and consider the subdiffusion equation on the unit
time interval [0, 1].

If the source function is smooth, i.e., f € C*([0,1]; L*(2)), then we can approximate
the source function f by its VP mean V; f on the whole interval [0,1]. In particular, let
tm,1 <tmz2 < -+ < tmm be the zeros of the Jacobi polynomial Jﬁ;ﬁ (t) of degree m on the

time interval [0, 1]. For any fixed ¢ € [0, 1] we can approximate y(z,t) by

Ym(2,t) = L t A=Y f(s)ds, (2.26)

which can be evaluated exactly by using formula (2.25). By substituting (2.26) into (2.13)
and dropping the two remainders & 4(t) and & 4(t), we obtain the following algorithm for
any t € [0,1]:

M M
um(t) = D wieP 222 =t A) Tug + D @(2F — A) ym(E5,1). (2.27)
j=—M j=—M

The error bound of this method is an immediate consequence of Lemma 2.1, Lemma
2.2 and Lemma 2.3 (with » < #m for some fixed parameter 0 < 6 < 1). We present the

result in the following theorem and omit the proof.

Theorem 2.1. Let ug € L*(£2) and f € C*([0,1]; L*(§2)). Then the numerical solution
defined in (2.26)—(2.27) has the following error bound for the linear subdiffusion equation:

max [[u(t) — wn(t)| () < Crm ™ + Ce=VM/C, (2.28)
te[0,1]

which holds for all fized integer k = 1, all M and all sufficiently large m.

We are more interested in the development of high-order methods for the subdiffusion
equation with a source function singular at ¢ = 0. This is often the case when the source
function is related to the solution of a subdiffusion equation. The strength of such a

singularity at ¢ = 0 can be characterized by the following condition with a parameter
v € (0,1]:

[(#720)% (-, )] o2y < Ci for k = 0 and t € (0,1]. (2.29)
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SECTION 2.3 The linear problem with a singular source

The larger value of v, the stronger of the singularity.
For a source function which exhibits a singularity at ¢ = 0 in the form of (2.29), we

choose a fixed parameter A > 1 and divide the time interval [0, 1] into N subintervals, i.e.,
I = [to,t1] := [0, AY"N] and I, = (tp_1,tn] := AN ATN] 2 <n < N,

where N = N,, can be any integer satisfying lim,, .o Ny,/logm = oo (this requirement
will become clear in the error analysis). On each subinterval I,,, we approximate the source

function f(-,t) by its VP means V) f(-,t) and substitute the value

tn

nz) = 0y ) [ I s (230

n—1

into (2.13). Then, by dropping the two remainders &; 4(t) and & 4(t) in (2.13), we obtain
the following algorithm:

Z wie 20N (28 =t A) g + Z @; (32 — A)ya(E)). (2.31)

The algorithm in (2.30)—(2.31) only requires polynomial interpolation based on the VP
means, the evaluation of the exponential integrals in (2.30), and the solution of the linear
systems associated to the operators 27 — A and 2§ — A. This is different from the spectral
method for the semilinear problem to be presented in the next section, which requires
solving certain nonlinear systems by fixed-point iterations or the Newton iterations.

For the linear problem with singular source function, the accuracy of the numerical

approximation by (2.31) is guaranteed by the following theorem.

Theorem 2.2. Let ug € L*(£2) and assume that the source function f(x,t) satisfies the
reqularity condition in (2.29). Let u,, n = 1,...,N be the numerical solutions given by
(2.30)—(2.31) with N = N, satisfying

. Np,
lim

i iy = (2.32)

Then the following error bound holds (for all integer k = 1, all M and all sufficiently large

max_u(tn) — tn| o) < Cpm™F + Ce VMO, (2.33)

1<n<N

Remark 2.1. The total number of degrees of freedom in the time discretization is mN

with N = N,, satisfying condition (2.32). By choosing a moderate growing N,,, such as
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CHAPTER 2 Exponential Spectral Method for the Subdiffusion Equation

N, = m/2, the total number of degrees of freedom is O(m?) while the error of the numerical
approximation is O(m™F) for arbitrarily large k. This means that the proposed method
has spectral convergence (i.e., arbitrarily large convergence orders) with respect to the total

number of degrees of freedom.

Remark 2.2. Theorems 2.1 and 2.2 are still valid if the L® norms are changed to L?
norms. Namely, if ug € L*(£2) and ||(£70;)% f (-, )] 12(2) < Ci for k = 0 and ¢ € (0,1], then
the numerical solution defined in (2.30)-(2.31) has the following error bound for the linear
subdiffusion equation:

) — <C —k C *\/M/C
121?5 lu(tn) unHLQ(Q) km T+ Ce )

which holds for all fixed integer £ > 1 and sufficiently large m and M. The proof of this
result is the same as the proof of Theorem 2.2 below by changing all the L* norms to L?

norms.

Proof. We define an auxiliary function u*, which is the solution of the following linear

subdiffusion problem (with the source function replaced by V. f):

ofu* — Au* =V f in 2 x (0,1],
u* =0 on 012 x (0,1], (2.34)
u*(0) = g in 2.

Then the error e, = u(t,) — u, can be decomposed into e, = &, + e}, with
én = u(ty) —u*(t,) and e =u*(t,) — up.

Since u, is the quadrature approximation of the contour integral representation of
u*(ty), i.e., the value after dropping the two remainders in (2.13), the estimates in Lemma
2.1 and the L*-stability of the VP means imply that |V, f[| Lo (0,1,00(2)) < Clf L0 (0,1,2(2))
C and therefore

ek | o) < Ce™YM/C, (2.35)

Since é, represents the error between the exact solution and the auxiliary function «*
due to the change of the source function from f to V), f, by using formula (2.8) we can

express €, as follows:

n= [ Bt =96 Vil + 3, [ B = 1)~ Vsl
0 2t (2.36)
= gn,l + gn,2-

23

<



SECTION 2.3 The linear problem with a singular source

The first term on the right-hand side of (2.36) can be estimated by using the boundedness
of f and VI, f, and the estimate |E(t — )| 1o (0)-r2(0) < C(t — 5)*~! as shown in (2.11),

ie.,
t1 1
1En1] Lo () < Cfo (t1 = 8)* N f oo (rysno () ds < CH| | Lo [o1];00 (02))-

Since t; = '~ and N = N,, satisfies condition (2.32), it follows that t§ < m~* as m — o

for any k£ > 1. This proves that
|En 1l Lo (2) < Cem™" as m — . (2.37)

The second term on the right-hand side of (2.36) can be estimated by using the following

approximation error estimate of the VP means, i.e.,

. ar t
If = VinFlew, a2 @2) < Crlm =) k(%) 168 Flety.a,38 )
ot —tig k
< Cpm ’“(%) 10F £l t,7:0 (2)) (2.38)

which is an immediate consequence of Lemma 2.2 and Lemma 2.3, and a scaling transforma-
tion from the standard interval [—1, 1] to the current interval [¢;_1,t;]. The last inequality
is due to the fact that r < m for some fixed 0 € (0,1). Therefore,

tj

ZJ — )N = Vi f ooy 00 2y ds
j=2

1€,

tj

a1(ti—t
(tn— 9 () ok fl o imqands. (239)

Ck i m_k f
Jj=2 t;

Jj—1

The condition in (2.29) implies that H@ffHLoc(Ij;Loo(Q)) < Ctj_:’f and therefore

n ) to— 1t 1 k (tj
(2) < Ck- Z m- <]2t+> J (tn - S)a_lds
j=2 Jj-1 tj—1

< CymF Y A= +elG=N),
j=2

1€,

where have substituted t; = A ~Ninto the last inequality. Since A > 1 and n < N, the
summation of Al(A=+elG=N) for 5 — 9 . n is finite and independent of m. This proves
that

[En2ll oo (2) < Cem ™, (2.40)
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CHAPTER 2 Exponential Spectral Method for the Subdiffusion Equation

Then, substituting the estimates of [, 1]zx (o) and ||€, 2] 1= () into (2.36), we obtain
lénlpe() < Com™ for 1<n<N. (2.41)

The error bound in Theorem 2.2 follows from the two estimates in (2.35) and (2.41). O

2.4 The semilinear problem with rough initial data. In this section, we present
the spectral method for the semilinear subdiffusion equation with a rough initial value
ug € L™(£2). Similarly to the linear problem (as explained at the beginning of Section
2.3), we can focus on the case T' = 1 and consider the semilinear subdiffusion equation
on the unit time interval [0,1]. For the simplicity of presentation, we focus on the case

f(u,z,t) = f(u) without loss of generality.

2.4.1 The spectral collocation method. Differently from the linear problem, we first
divide the whole interval [0, 1] uniformly into N smaller subintervals I;, = ((n—1)/N,n/N]| =
(tn—1,tn], 1 <n < N, and then refine the first subinterval I; = [0, ¢1] into N7 smaller subin-

tervals. In particular, for a constant A > 1 we define
Iy = [to,tra] := [0,A7™/NT,

[Lj = (t17j_1,t17j] = ()\jiliNl/N, )\];NI/N] for 7=2,...,Nj.

The division of the whole interval [0,1] uniformly into N smaller subintervals I,, =
((n—=1)/N,n/N],n =1,..., N, is to guarantee the stability of the spectral method on each
subinterval with respect to the polynomial interpolation of the nonlinear source function.
This will become clear in the error analysis, i.e., the L®-norm stability with respect to the
polynomial interpolation requires the length of the interval to be sufficiently small. The
division of the first subinterval I into Ny smaller subintervals Iy ;, 7 = 1,..., Ny, with
graded stepsizes locally refined towards t = 0 is to resolve the singularity of the nonlinear
source function at ¢t = 0 (similarly to the linear problem).

On each subinterval I; ,, we approximate f(u) by its VP means V), f(un,), where wuy,
denotes the numerical solution obtained by using polynomial VP means of degree m on

each subinterval. In particular, we denote by tT’;} < t?}f < - < t);" the m zeros of the

Jacobi polynomial Jﬁé’ﬁ(t) of degree m on the interval I ,, = (t1p—1,%1,0n], 1 <n < Ny, and
denote by

71 72 b
Ui = (uy i, ,ufnm)T

)
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SECTION 2.4  The semilinear problem with rough initial data

the vector which contains the numerical solutions at the discrete time levels tg”nz , 1 =
1,...,m, determined by the following nonlinear system of equations:
Uin = Gin(Urn), (2.42)

where Gy, : L®(£2)™ — L*(£2)™ is a nonlinear mapping defined by

71 ’2 b
G1n(Uin) := (0] 005 ,...,vfnm)T,
with
. M .
v = Z wjezjzjqfl(z;" - (tf;;)o‘A)_luo
m 2.43
N | (2.43)
+ 0 @ = A) T (E) fori=1,...,m,
j=—M
and
- ~ m,i tT;LZ ~ m,i
yi (35) = e Gn =y, o (2) + j 1 n IV f(um)](s)ds. (2.44)
t1,n—1
If y1n—1(%;) is known then we can compute uﬁnn’ ,1=1,...,m by solving the collocation
system (2.42) and then compute y; ,(2) by
~ tl’n ~
yia(Z)) = e tnminty, (%)) +J A=V ()] (5)ds. (2.45)
t1,n—1
Similarly, for each subinterval I,,, 2 < n < N, we denote by ol < < ™™ the m
zeros of Jacobi polynomial J&° (x) on I, and denote by
U, = (u?’l,uf’z, . ,ug"m)T,
the vector which contains the numerical solutions at time levels t?’i, 1 =1,...,m, deter-
mined by the following nonlinear system of equations:
U, = Gn(Up), (2.46)
where Gp,(Uy,) := (v, on?, .. om™™)T | with
M .
ot = YT w2 (28 — () A) g
j=—M
(2.47)
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and
. ~ m,i tzlny’i ~ m,i
yn () = e iy, (%) + J IV f ()] (5)ds. (2.48)
tn—1
If yn—1(Z;) is known then we can compute U,T’i, 1 =1,...,m by solving collocation system
(2.46) and then compute y,(2) by
~ tn ~
i(5) = 0y @)+ [ SO ) 6)ds (249
tn—1

The existence, uniqueness and spectral convergence of the numerical solutions defined

by (2.42) and (2.46) are guaranteed by the following theorem.

Theorem 2.3. Let u € C([0,1]; L2(£2)) n L®(0,1; L®(£2)) be a bounded mild solution of

(2.1) with initial value ug € L*(§2) and nonlinear source function f € C*(R). Let UTT’Z and

up® be the numerical solutions given by (2.43) and (2.47), respectively. Then there exists
a positive constant Ny such that for N = N, and N1 = Ni(m) satisfying
Ni(m)

li = 2.50
ml—r>noo log(m) % ( )

the nonlinear systems (2.42) and (2.46) have unique solutions in an L*-neighborhood of

the mild solution, with the following error bounds:

7. " _k - C
(dnax - max u(tiD) —uiplliee) < Ck(m™ +e vaIC), (2.51)
max max [u(t™?) — u Lo(2) < Cr(m™" + e—\/ﬁ/(])’ (2.52)

2<n<N I<ism

which hold for all integer k = 1 and sufficiently large m and M (larger than some constants

which are independent of m).

Remark 2.3. Since all the results are based on the properties of the resolvent operator (z—
A)~!, which has similar properties under the Dirichlet and periodic boundary conditions,

the results in this chapter can be extended to the periodic bounadry condition.

Remark 2.4. It is mentioned at the beginning of Section 3 that the case T" > 1 can
be solved by dividing the time interval into a number of subintervals. Using the same

method together with discrete Gronwall’s inequality, the error bound will be multiplied by

cT

eCT for long-term computation. The factor e¢” usually appears in the error estimates for

cT

semilinear parabolic equations and subdiffusion equations. The factor e~* may be removed
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SECTION 2.4  The semilinear problem with rough initial data

for the linear subdiffusion equation but requires a closer look at the error analysis by taking
account of the regularity behaviour of the mild solution as ¢ — 0. This is not studied in

the current thesis.

Remark 2.5. For the convenience of illustration, we have focused on the semilinear subd-
iffusion equation with a Laplacian operator in space. However, the results can be extended
to more general elliptic partial differential operators which satisfy the resolved estimate in

(2.10), such as second-order elliptic partial differential operators with variable coefficients.

Proof. The roughness of the initial value will generate singularity in the solution and the
nonlinear source function at t = 0. For a bounded mild solution of the semilinear subdiffu-
sion equation with initial value ug € L*(£2), it is shown in [106, inequality (3.8)] that both
the solution and the source function exhibit singularities in the form of (2.6). In the next
two subsections, we present the proof of Theorem 2.3 based on the regularity estimates in
(2.6). For the simplicity of notations, we omit the dependence of the constants C on k in

the proof.

2.4.2 Existence, uniqueness and boundedness of the numerical solution. We
denote L = |u| fo0(0,1;00(02)) and modify the definition of the nonlinear function f: R — R
in the region |o| > L+1 so that f(o) = 0 for |o| > L+2. For the simplicity of the notation,
we still use f to denote the modified function. This modification make the source function
f : R — R globally bounded and Lipschitz continuous, but would not have influence on the

numerical solution if it satisfies the following condition:

L% (£) <L+1 and HUZL’Z|

lui

We shall prove the existence and uniqueness of a numerical solution satisfying this condition
(for sufficiently large N and Ny).

The existence and uniqueness of numerical solutions would follow from the contractivity
of the map Gy, : L*(2)™ — LP(2)". For V. = (vi,...,vn) € L*(2)™, we denote
f(V) = (f(v1),..., f(um)) and V,}, f(V) the polynomial on the interval I, based on the
VP mean of the nodal values f(v1),..., f(vm). Then

1G1n(U) = GLa(V) | (2ym

M t
<| X aE-ar| S - i

0 B eel
Py L (I i L(92))

M t
<| Y ae-a7 j IV F(U) — F(V)]ds

j=—M 1,n—1
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‘f (-4 f EIVIAW) — F(V)ldsde]

Lo (I, L% ($2))

5%
t
+ Q—Alf =)y [F(U) — f(V)]dsd
| Gt A - s

=: F1 + Fo.

F1 can be estimated by using the L®-stability of the VP means and the Lipschitz continuity
of the modified function f, i.e., [Vy,[f(U) = f(V)]lro (1, pize(2)) < ClU = V| po(oym, and
Lemma 2.1, which together imply that

Fi < Ce VMU V|| oo gy (2.54)

F3 can be converted into the following form:

| [ se-avirw - s

Lo (I,n; L% (82))

tn o 2.55
< C|U = V] poo(aym f (tn — ) 1ds (2.55)

tn—1

= ClI1 U = V| o ()m-
Since |11 5| < 1/N, it follows that
|G1La(U) = Gia(V) | o (ym < C(eVM/C 4 N=) U = V| oo (ggym- (2.56)

For sufficiently large M and N (bigger than some constants), (2.56) implies that G :
L*(02)™ — L*(2)™ is a contraction and therefore has a unique fixed point, i.e., a nu-
merical solution of (2.42). The existence and uniqueness of a fixed point for the map
Gy @ L*(02)™ — L*(2)™, ie., the existence and uniqueness of a numerical solution of
(2.46), can be proved in the same way and therefore omitted.

In the next subsection, we prove that for sufficiently large m, M and IV, the numerical
solutions Uj ,, and U,, with the modified source function actually satisfies condition (2.53)
and therefore are also the numerical solutions with the original source function. This would

prove the existence and uniqueness of numerical solutions with the original source function.

2.4.3 Error estimation. We define an auxiliary function u*, which is the solution of the

following subdiffusion problem (with the modified source function):

ofu* — Au* =V f(um) in 2 x (0,1],
u* =0 on 012 x (0,1], (2.57)
u*(0) = ug in £2.
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We also know that the exact solution u satisfies the following equation:

ofu—Au =V, f(u) + & in 2 x(0,1],
u=0 on 012 x (0,1], (2.58)
u(0) = ug in (2,

where the remainder £¢ = f(u) =V}, f(u) satisfies the following estimate for any subinterval
[a,b] < (0,1]:

b—a
2

—k k k
€¢I (fa by (2)) < Cm ( ) 10% f (W)l e(fa,b]; L0 (2)) - (2.59)

This is similar to the approximation error bound of VP means for the linear problem; see

(2.38). By using expression (2.8) of the solution, the function € = u — u* can be written as

&(t) = JO E(t — 8) (V7 f(u) — V. f (um))ds +L E(t — s)&;(s)ds. (2.60)

Since the modified source function f : R — R is globally bounded and Lipschitz continuous,

and the VP means are uniform bounded, it follows that

IV f (uin) [ Lo (11 so(2)) < Clf (um) oo 1y i (2)) < C-

Since the numerical solution u,, is the quadrature approximation of the contour integral

representation of u*, it follows from Lemma 2.1 that
Hu* - UmHLoo(]Ln;Loo(Q)) < Ce—\/M/C for 1 <n < Ny (2.61)

For érfz’f = u(tf;f) - u*(tﬁ’:), with 1 < i< m, 1 <n < Ny, setting t = tf;f in (2.60)

yields the following estimate:

) 1,1 )
ey e (o) < CL (A7 = )M f (u(s)) = f(um) Lo (115002 ds

n-l oty ; . 1 )
m,i — m,i
+C E f (t1;, —s)* max |ey | ro(o)ds

i t1j-1 1<is<m
tm,i
Ln m,i a—1 m,i —k
+C (tl,n - S) max Hel,n HLDO(Q)dS +Cm 9
t1,n—1 lsism

m,i

¢
where we have used the result | {)"" E(¢

the same argument as the proof in (2.39)—(2.41) (with v = 1 therein). Since |f(u(s)) —

m,i
— S

1 —8)Er(8)ds| (o) < Cm™", which follows from

F o)l (1, 1;2(2)) < C, from the inequality above we obtain

~m,i < o a m,i —k
(Dmax  max ler e (o) < Ctiy + Cliy | Inax  max lex Loy + Cm
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=C\ImNDeN=a L ON~® max  max lel | o) + Cm "
1<n<Np 1<ism )

Similarly to the proof of (2.37), for sufficiently large N; satisfying condition (2.50), we

have

max max Hém’i\Loo(Q) < CN™® max max HeTnl Lo(2) +Cm~*.

» 1.n A
1<n<Ny 1<ism ’ 1<n< Ny 1<i<m

m,i

1, on the

Then, substituting (2.61) into the inequality above, we can convert é;n]?i to e

left-hand side, i.e.,

max max HeT;fHLoo(Q)
1<n<N; 1<i<m @+

< ON™® max  max |le)") | o) + Cm™F 4 Ce VM/C,
1<n<N; 1<i<m ' ©

For sufficiently large N (larger than some constant which is independent of m), the first
term on the right-hand side above can be absorbed by the left-hand side. This yields the

following error esetimate:

o) < Cm™F 4 CeVMIC, (2.62)

m,i
max max |e;
1<n<N; 1<ism )

By choosing m and M large enough, we have

m,i <
(g B letn e <1

and therefore

max HUl,nHL@(Q)m <L+1. (263)

1<n<N;
The same argument can be used to prove that (for sufficiently large m and M)

o) < Cm~™F 4 Ce VMO, (2.64)

max  max |ep"’
2<n<N 1<i<m

max | Uy | (aym < L+ 1. (2.65)

2<n<N

This proves that the numerical solution satisfies the constraint in (2.53). Therefore,
as we have discussed at the end of Section 2.4.2, Uy, and U,, are the numerical solutions
with the original source function f (which is possibly not globally Lipschitz continuous),
satisfying the error bounds in (2.62) and (2.64). This completes the proof of Theorem
2.3. O
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2.5 Numerical tests. In this section, we present numerical tests to illustrate spectral
convergence of the proposed time discretizations for both linear and semilinear subdiffusion
equations with rough initial data. The piecewise linear Galerkin finite element method in
space is used with a sufficiently small mesh size that does not affect the observation of the
time discretization errors. All the computations are performed by MATLAB R2020b on a
personal laptop.

We consider the subdiffusion equation in (2.1) in the domain {2 = (0,1) up to time
T =1, with a discontinuous initial value ug = x[1/2,1) € L*({2), where x[/2,1) denotes the
characteristic function of the subinterval [%, 1). The parameter A in the algorithm is chosen
to be 2. The number of quadrature points are 2M + 1 with M = O(mlog®m), which
satisfies the conditions in Theorems 2.1, 2.2 and 2.3. Since the closed form of the exact
solution is not known, we compute a reference solution uy,,, with me = 24, and compute
the errors for m < 16.

~CVM gmaller than m~—% for all k as m —

The principle of choosing M is to make e
0. Therefore, M = O(mlog?m) and M = O(mlog®m) both satisfy the requirement
theoretically. In the numerical tests we observe that the choice of M = O(mlog®m)
performs well when m is large, while the choice of M = O(m log? m) performs well for both
large m and small m. Therefore, we choose M = O(m log®m) in our numerical experiments

below.

2.5.1 The linear subdiffusion equation. We solve the linear subdiffusion equation

m

with a given source function f(x,t) by the proposed algorithm in Section 2.3 with N =

subintervals. Then the total number of degrees of freedom is %2 The errors of the numerical
solutions for the smooth source function

f(z,t) = (sint) cosmx
and the singular source functions

f(x,t) =t cosmax with o = 0.75, 0.5 and 0.25,

are presented in Figure 2.1. In particular, the smooth and singular functions satisfy the
conditions of Theorems 2.1 and 2.2, respectively.

The numerical results in Figure 2.1 indicate that the proposed method has spectral
convergence for the linear subdiffusion equation with both smooth and singular source

functions. This is consistent with the theoretical results proved in Theorems 2.1 and 2.2.
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Errors
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(c) f(a,t) = t°5 cosma

Figure 2.1. Errors of the numerical solutions for the linear subdiffusion equation
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Figure 2.2. Errors of the numerical solutidfis for the semilinear subdiffusion equation
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SECTION 2.5 Numerical tests

2.5.2 The semilinear subdiffusion equation. We consider the semilinear subdiffusion

equation in (2.1) with the following nonlinear source function:
f(u) = sinu,

which satisfies the condition of Theorem 2.3 and guarantees that the semilinear subdiffusion

equation has a unique bounded mild solution. We divide the interval [0, 1] into several

m

subintervals with parameters N = 1, N1 = %, and total number of degrees of freedom

mTQ, and present the errors of the numerical solutions in Figure 2.2 for several different
values of a € (0,1). The numerical results in Figure 2.2 indicate that the proposed method
has spectral convergence for the seimlinear subdiffusion equation with the discontinuous
initial value ug = X[12,1) € L*({2). This is consistent with the theoretical results proved in

Theorem 2.3.
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Chapter 3

Numerical Analysis of the 2D Navier—Stokes
Equations with nonsmooth initial value in the
Critical Space

The content of this chapter has been published in “B. Li, Q. Rao, H. Zhang, and Z.
Zhou. Numerical Analysis of the 2D Navier—Stokes Equations with nonsmooth initial

value in the Critical Space, submitted.”

3.1 Introduction. We denote by £2 a convex polygonal domain in R? and consider the

NS equations on {2 with the no-slip boundary condition up to a given time 7" > 0, i.e.,

ou+u-Vu—Au+Vp=0 in £x(0,7],
V-u=0 in £2x(0,T], (3.1)
u=0 on a2 x (0,71, ’

u=ug on 2 x {0},

where 0f2 denotes the boundary of domain 2. In particular, we assume that the initial

value ug belongs to L2(£2), which is defined as
L2(2)={veLl?(2)?:V-v=0in2,0-v=0on 0N}, (3.2)

where v denotes the unit outward normal vector on 0f2. It is known that problem (3.1)
has a unique weak solution u € L*(0,T; H}(2)) n HY(0, T; H=1(2)) — C([0,T]; L*(£2)),
where H}(2) = {v e H)(2)? : V-v = 0} and H~'(£2) is the dual space of H}(2); sece
[164] for a rigorous proof of this result. The uniqueness of solution p can be guaranteed by
requiring p € L§(£2) := {v e L*(2) : {,vdz = 0}.

The NS equations are the fundamental partial differential equations describing the mo-
tion of incompressible viscous fluids. They are widely used in fluid dynamics to model
water and blood flows, air flow around a wing, and ocean currents. As exact solutions are

unknown for most practical applications, numerical solutions of the NS equations are of
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paramount importance. Error estimates can be obtained based on the regularity assump-
tions of the solution and the initial data. Optimal error estimates for high-order methods
can be proved when the solutions to the Navier-Stokes equations are sufficiently regular,
meaning they are sufficiently smooth and adhere to the compatibility conditions. For ex-
ample, if the initial values are sufficiently smooth, i.e. ug € HA(2) n H?(£2)? or above,
then optimal-order convergence of temporal and spatial discretizations of the NS equations
have been proved for various methods in |7, 10, 52, 70, 97, 80, 148, 166, 67, 157, 158, 77],
where the finite element and spectral Galerkin methods were usually used for spatial dis-
cretization, and the time-stepping schemes include varies of the Crank—Nicolson method,
Euler method, two-step backward difference formula, projection methods, fractional step
methods and so on. However, the error estimates discussed in the aforementioned articles
are not applicable to nonsmooth initial data.

When the initial value ug belongs to the space HS(Q), a number of numerical analyses
for the Navier-Stokes equations are available. The analysis in [127] essentially proves al-
most first-order convergence in time of the Runge-Kutta method for the two-dimensional
NS equations when the initial value is in H{ (£2). In [71], Hill and Siili proved second-order
convergence of the semidiscrete finite element method. For the implicit-explicit finite ele-
ment method, first-order convergence in time and second-order convergence in space were
proved under condition 7|logh| < C in [64], where 7 and h are the temporal stepsize
and spatial mesh size, respectively. Additionally, the error of semi-discretization in time
by the Crank—Nicolson/Adams—Bashforth implicit-explicit scheme with a uniform stepsize
was shown to be O(T%) in [66]. This convergence rate is sharp with respect to the empirical
numerical results. Second-order convergence in time and space was proved for a linearly
extrapolated Crank—Nicolson scheme and a two-step backward differentiation formula by
utilizing graded stepsizes locally refined towards ¢ = 0; see |27, 111].

Discussions concerning the case that ug € LQ(Q) are less prevalent in the literature. It
has been known that LQ(Q) is a critical space for the well-posedness of the two-dimensional
NS equations [51]. The error analysis in this case turns out to be significantly more chal-
lenging than for cases with smoother initial data, and the literature offers only a limited
number of relevant results. Under the CFL condition, 7 < C\,,,!, it was shown in [65] that
the implicit-explicit Euler spectral Galerkin method has an error bound of O()\fnl/ 24l 2
over a bounded time interval. For the implicit-explicit Euler scheme with finite element
spatial discretization, several stability results were proved in [68] without error estimates.

In more recent developments, first-order convergence in both time and space was shown

36



CHAPTER 3 2D NS Equation with Rough Data

in [110] for high-order divergence-free finite elements. To our knowledge, this represents
the most advanced convergence result obtained to date. However, there is still a gap be-
tween the numerical analysis and the numerical results, which demonstrate the possibility
of achieving second-order convergence in space by using the Taylor—Hood finite elements.
Proving second-order convergence of any numerical method for the NS equations remains an
open and challenging task. Furthermore, the employed time-stepping scheme is of low order.
developing higher-order schemes (with rigorous proof of the convergence rates) presents ad-
ditional challenges due to limited smoothness of the solution and the nonlinearity of the NS
equations. Recently, the construction and analysis of low-regularity integrators for nonlin-
ear dispersive equations and NS equations based on energy techniques as well as harmonic
analysis techniques become an active research area; see [108, 145, 152, 174]. The analyses
in these articles generally require discovering and utilizing certain cancellation structures
in the equations. An application of the general framework in [150] to the NS equations
was shown in [108]. Since this approach does not use the smoothing property of the NS
equations (thus the results are independent of the viscosity of fluid), it requires the initial
value to be in H} (£2) n H2(£2) for the numerical solution to have first-order convergence in
time.

In this chapter, we consider a fully discrete implicit-explicit Runge—Kutta finite element
scheme for the NS equations with L? initial data by utilizing an L? projection P}F‘T onto the
divergence-free subspace of the Raviart—Thomas element space in the numerical scheme.
The linear term is discretized using the Runge—Kutta Lobatto IIIC scheme, while the non-
linear term is handled through an extrapolation approximation. To address the solution’s
singularity near t = 0, we employ graded stepsizes that provide enhanced resolution where
needed. We prove the a nearly optimal error estimate. More specifically, let uZH be the
numerical solution of the fully discrete scheme at time level ¢ = ¢,,.1. Theorems 3.1 and

3.2 show that, for arbitrarily small € > 0,

lu(tns1) — UZHHB(Q) < C(W*7% ) + 6,570,

where 7,11 and h denote the temporal stepsize of the (n + 1)th step and spatial mesh size,
respectively. A crucial element in our error analysis is the utilization of the L? projection
P}E{T, which plays a key role in achieving second-order convergence in space and in deriving
discrete energy decay, as detailed in Lemma 3.5. Our analysis also employs the discrete
semigroup technique and the estimate of numerical solution in H' norm (Lemma 3.6), as
well as some negative norm error estimates (Lemma 3.7). The choice of the Lobatto IIIC

scheme is also critical for our analysis due to its distinctive property that the second internal
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stage coincides with the endpoint of the time interval. This property is extensively used in
the stability estimates, e.g., Lemma 3.6. Numerical examples are provided to support the
theoretical analysis, which show that the numerical solutions of the NS equations with L?
initial data achieve second-order convergence in both time and space. This is consistent
with our theoretical analysis. Moreover, the convergence in space is at most second order
even higher-order finite elements are used. This shows the sharpness of the convergence
order proved in this chapter.

The rest of this chapter is organized as follows. In Section 3.2, we describe the finite
element method for the spatial discretization using Taylor-Hood element, and present the
error analysis of the semi-discrete scheme. The fully discrete scheme is developed and
analyzed in Section 3.3. Some numerical experiments are shown in Section 3.4 to support

and complement our theoretical analysis.

3.2 Spatial semi-discretization by finite element method. For s > 0 and
1 < p < 0, we denote by W#5P({2) the conventional Sobolev spaces of functions defined
on {2, with abbreviation H*(£2) = W*2(2) and LP(£2) = W%P(£2). For the simplicity
of notation, we denote by | - [ysr(g) the norm of the spaces WP(£2), W*P(£2)? and
W*P(£2)2*2 omitting the dependence on dimension.

Let H3(2) = {ve H}(2)?: Vv = 0} and let H(£2) = (L*(£2), H} (£2))[5] be the com-
plex interpolation space between L2(£2) and Hg(£2). The dual space of H§(2) is denoted
by H~5(2).

3.2.1 Weak solution. Let Px be the L2-orthogonal projection from L2(£2)? to L%(£2).
Then any function v € L?(£2)? has a decomposition
v = Pxv+ Vn, (3.3)

where n € HY(2) n L3(12) satisfies the following elliptic equation with Neumann boundary

condition

D —y.y on O£

{An=V-U in 2,
ov

Since Vp is orthogonal to LQ(Q) for any function p € H'(£2), it follows that PxVp = 0.
We denote by A := Px A the Stokes operator on L?(£2) with domain D(A) = H}(£2) n
H?(£2)?, which is a self-adjoint operator and negative-definite. The Stokes operator has an

extension to a bounded operator A : H}(£2) — H~1(£2) defined by

(Au,v) = — L} Vu - Vodz Vu,ve HL (). (3.4)
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By applying Px to the first equation in (3.1), we obtain the following abstract parabolic

equation in terms of the Stokes operator A:

oty — Au = —Px(u-Vu) in £2x (0,T7]. (3.5)
The the weak solution of (3.5) can be expressed as

u(j)zemuo—J%J“@APX@K@-Vu@Dd& (3.6)
0

The properties of operator A are similar to the Laplacian operator A. For example, for any
functions v, w € H}(2), (Av,w) = —(Vv, V).

We recall the following regularity estimate of the solution proved in [110, Lemma 3.2|.

Lemma 3.1. For any given initial value ug € L2(12), the exzact solution u of problem (3.1)

satisfy the following regularity result.

107 u(-, )| sy < Ct27™ for 0<s<2, m=0,1,2,... (3.7)

The exponential operator ' plays a crucial role in the error analysis. By taking Laplace

transform and inverse Laplace transform, we have

et = J e*(z — A)7ldz,
|z|=0

for some constant ¢ > 0. Due to the analyticity of e**(z — A)~! in the sector {z € C :
larg(z)| < 7}, the straight line |z| = o in the complex plane can be deformed to a contour
Lsx

D5, = {ke 1 =6 <0 <8} U {pet™ : k< p < ).

Hence, the operator ¢4 has the form

eth = J e*(z— A)7ldz. (3.8)
F&,n

The stability estimate of the operator et then follows from the estimate of the resolvent

operator (z — A)~L.

Lemma 3.1. The operator ¢! Px satisfies the following stability estimates.

|4 Px fllz2(a) <Iflr20). (3.9)

le"4Px flL2(2) SCE 2| fl-s() for 0<s <2, (3.10)
_1

|4 Px fllL2(ay <t 7 | flw-1r(oy for 1 <7 <2, (3.11)
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Proof. The first inequality follows from the relation (3.8) and the standard resolvent esti-
mate (see [4, Theorem 3.7.11])

[(z = A) "' Px flr2 <Cl2| 7| fll 120 for z € Ts . (3.12)
To show the second estimate, we let w = (2 — A) ' Px f, then according to 3.12 we have
|w]r2(2) < Clz| 7Y fllr2(0)- This together with the elliptic regularity estimate implies
lw| 20y < |Aw| 20y < 2w — Px fllr20) < Clflr2),

and hence
[(z—= A) ' Px flluzc0) < Cllf 2 ()
Then by means of interpolation there holds
|(z = A) " Px flus (o) < Clz| 72| fll2(a) for 0<s<2. (3.13)
Since the resolvent operator (z — A)~'Py : L? — H{ is self-adjoint, we have
(= A P flye < Clal™ 43| flyg-vgy for 0 <5 <2, (3.14)

Then Substituting (3.14) into (3.8) and evaluating the integral leads to (3.10).
To prove (3.11), we apply the following embedding estimate in two dimension that

W (02) - H 2" () for 1 <r < 2. (3.15)
This, together with (3.10) with s = 2/r, leads to the estimate (3.11). O
3.2.2 Spatial semi-discretization. Let 7; denote a shape-regular and quasi-uniform

triangulation of mesh size h. We define RT!(7},) to be the H(div, £2)-conforming Raviart-

Thomas finite element space:

RTY(7;,) := {w e H(div, 2) : w|g € P/(K)? + 2P,(K), V K € Tp}.
Furthermore, we let RT}(£2) be a subspace of RT!(£2) such that
RTY(Th) := {vn, e RTY(T3) : V- v, = 0in 2 and vy, - v = 0 on 002}.
Define the L? projection PR from L2 to RT}, that satisfies
(v — PFTo, xp) = 0 for any v € L2(2) and x;, € RT§(Th). (3.16)
The projection PR satisfies the following estimate for v € X (cf. [112, Eq. (3.4)]):

HP}E{T'I} — ’U”LQ(Q) < Chl”UHHl(_Q), = 1,2 (317)
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Let the pair (Vj, Qn) = (HE(£2),L3(£2)) denote the Taylor-Hood element spaces or
Stokes-MINT element space, which have the following approximation properties (see [5,
169, 55]):
inf — s inf — s— <Chp™® mo), 0<s<1, 1<m<2
nf. lv — vnll g (@) + inf lg — anllms—1 () o] zrm (2 5 m

(3.18)

Both the Taylor-Hood and Stokes-MINI finite element spaces satisfy the discrete inf-sup

condition, i.e., there is a generic constant x > 0 such that

sup (qn, Vop)

Z K||qnl L2 Y qn € Q. 319
vp €V, Vo #0 HVU;ZHLQ(Q) H HL (2) ( )

We denote by X, := {vp, € Vi, : (V- vp,qn) = 0 Vg € Qp} the discrete divergence-free
subspace of V},, and define the L? projection Px, from LQ(Q) onto X} by the following

relation:
(v—Px,v,wp) =0 Ywye Xy, (3.20)
The semi-discrete scheme for the NS equations in (3.1) reads: Find (up,pp) € (Vi, @Qp) such
that
(Crup,vp) + (PhRTuh -Vup,vp) + (Vup, Vop) — (pp, V-op) =0 Yo, € Vi, (3.21a)
(V-up,qn) =0 Y qne Qp. (3.21b)
Let Ap : X;, — X}, be the discrete Stokes operator defined by
(Apvp,wp) = —(Vop, Vwy) Y op, wy € Xp.

Then, by applying projection operator Px, to (3.21), the semi-discrete scheme in (3.21)

can be rewritten as

(9tuh(‘,t) — Ahuh(-,t) = _PX;L (P,?Tuh(s) . Vuh(s)), (3.22)

with initial value up(-,0) = ug := Px, up. By using Duhamel’s formula, the solution to the
semidiscrete problem (3.22) can be written as

t
up (- ) = etru) — j et 40 Py (PRTuy,(s) - Vg (s))ds. (3.23)
0

Remark 3.1. If o), € X}, and ¢ € H} (22)? n H?(£2)? satisfies the following relation:

Ap = Appp,. (3.24)
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then there exist ¢ € L?(§2) and g, € Qy, such that (¢p,qn) is the Stokes-Ritz projection of
(¢,q), i.e., Ritz projection associated to the linear Stokes equations. This can be shown as
follows: Let g € L3(£2) and g;, € Qj, be the unique functions (determined via the continuous

and discrete inf-sup conditions) such that
—(AQD, U) = (VSO, VU) - (Qa V- U) Voe H(}(‘Q)Qa
—(Ann,vn) = (Veon, Vup) = (qn, V - vp)  Vop € V.

Then testing equation —Ayp = —Appp by v, € V, yields
(Vo, Vop) = (¢, V - vp) = (Vepn, Vop) — (qn, V - vp) Yoy € V.

This shows that (¢n,qp) is the Ritz projection of (p,q) associated to the linear Stokes

equations. Moreover, via integration by parts we derive Vg = Ay — Ay, which implies that

HQHHH(Q) < CH@HHl(Q) for [ =1,2.

Therefore, the standard L? and H! error estimates for the Stokes-Ritz projection (see [55])
imply the following result:

lon = elr2) + blen — elmo) < CR (el aicay + lalm-1(0)
< CH|@lpiqq for 1=1,2. (3.25)

Let v € H}(2)2 n H2(£2) be the solution of the PDE problem Av = ¢, and let v, € X,
be the Stokes-Ritz projection of v defined by Apvp, = Av = ¢. Then testing equation
—Ap = —Appyp, yields

lelZ2) = (—Anpn, v = va) = (¥h, Anvn)
< ClAnenlrzolv = vnlr20) + Clenllnzo) | Anvnl L2
< | Anpnlr2(0)CR? [0l 20y + Cllenl 2@l 2@

< Clenle@lel iz + Clenllzo) lelre ),
which implies the following L? stability result:
lelz20) < Clenllrzo)- (3.26)
By testing equation —Ay = — Ay, with ¢ we also obtain the following H' stability result:

lelao) < Clonla o) (3.27)
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The LP stability of the projection operator P,?T plays a pivotal role in the ensuing error

analysis. The following lemma presents a fundamental result crucial for our investigations:

Lemma 3.2. Let pp € Xy, and 2 < p < o, the following inequality holds:

_2
P

1B enll oy < lnl i) + Clionlfaggy lonl o (3.28)

Proof. For a function ¢y € X}, we let ¢ be the solution to the elliptic PDE problem in
(3.24). Thus ¢y, is the Stokes-Ritz projection of ¢, satisfying the estimates in (3.25)—(3.27).

Next, we proceed to estimate the LP norm of P}E{Twh as follows:

1Py onllre)y <lenlre) + PR on — enllo(o)

<[enlreo) + Chr~ Y PRT gy, — onllz2(0

2 1
<lenlloia) + Che ™ (1B (on — @)l r2) + 1P 0 = @llr2(a) + e — enlliz(o

By incorporating the error estimates (3.17), (3.25), the stability estimate in (3.27), and the
L? stability of P}?T, we obtain

2

2 1—:
P onllzo(ey <lonliia) + Ch¥lonlim oy < lenllzoy + Clonliae lonl it

where we have used the inverse inequality of finite element functions. This proves the result
n (3.28). O

When p < oo, leveraging the interpolation inequality allows us to eliminate the first
term on the right-hand side of (3.28). However, in the case when p = o0, we encounter the
task of estimating the L® norm of a finite element function in X;. To address this, we

present the following lemma.

Lemma 3.3. The following inequality holds:

1 1
lenle@) < Clenlfzio) | Anenl f2(g),  Ven € X (3.29)

Proof. Let ¢ be the solution of equation (3.24). Then the following standard regularity
result hold:

lel 22y < ClArenl L2(0)- (3.30)
Therefore, the Sobolev interpolation inequality in [1, Theorem 5.9] implies that
1 1 1 1
HQOHLQC‘(.Q) < CH‘PHiz(Q) H@Hfmm < CHSOth2(Q)‘|Ah80h“22(9)' (3'31)
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Using the inverse inequality and the error estimate (3.25), we have
IThe — onlleo) < CRHIne — onlrzi0) < Chlelm2(0)- (3.32)
Using this result and the triangle inequality, we can bound ||z (o) by
lenl Lo 2y <MHnelre) + [Tnp — enllLe (o)
<Clollpe (o) + Chlelm2 o (L*-stability of Ij,)
<C'||g0h||L2 Q)HAhgthLQ + Chl|Appn|r2(o) (here (3.30) and (3.31) are used)
<C||g0h||22(mHAhgthE?(Q) (inverse inequality). (3.33)

This proves the result of Lemma 3.3. O
The discrete operator Ay, has similar property to A, we can obtain the regularity result
for the semi-discrete numerical solution uy, in the following lemma. The proof is similar to

that of Lemma 3.1.

Lemma 3.4. The semi-discrete solution uy, to problem (3.22) is a function of L*(0,T; H} (£2))

and satisfies

|07 (-, )| prs () S C2™ for 0<s<1, m=0,1,2,... (3.34)

According to [110, Eq. (3.5)], the projection operator Py, is H{} stable. By using a
duality argument, we can derive that Py, is H ~1 stable. The following corollary present

some a priori estimates for the semi-discrete solution wuy in negative norms.

Corollary 3.1. This is the extension of Lemma 3.4. The semi-discrete numerical solution

up, s a function of L*(0,T; H&(Q)) satisfying that
|07 u (-, ) -5 () < CtT™F2 for 0<s<1, m=12,... (3.35)
Proof. By the equation (3.22), the H~! stability of Px, , and the inequality (3.28), we have
[0sun (s )12y <Cllun () a1y + CIE un - Van) (5 8) | 510
<Clun (-, )1y + CIB uh®uh] Ol r2e
<Clun( )| a0 +CH ('7t)HL‘l(Q)Huh(‘at)HL‘l(Q)
(

_1
<Cllun )1y + Cllun(e, )1 ey fun (-, Dl 2y < CE 3.

We denote u,(lm_l) = Gln_luh, m > 2, and differentiate (3.22) m — 1 times, we obtain

m— m— -1 j m—1—j
5tug 1 —Ahug D _ —Px, Z (mj )(P}E{Tug) -Vug ! j)).
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Similar to the above process, we derive that

B

V1) < O3,
Using the interpolation inequality, (3.35) is verified. O

The next lemma provides error bounds between e*4 Py and etAhPXh. [109, Lemma 4.5]

The error between exact operator e!4 Py and et4r Py, is presented as follows

HetAPX - etAhPXh lr2r2 < Ct_th, (3.36)
| Py — e Py |22 < Ct2h, (3.37)
leAPx — e4r Py || g1, 2 < Ct 3. (3.38)

Next, we present an optimal error estimate for the semi-discrete scheme (3.22). Here we
only consider the short-time error estimate, i.e., T' < Ty with Tj sufficiently small. This case
is more tricky since the H? norm of the solution exhibits singularity near ¢t = 0. For large
time estimate with ¢ > Ty, the standard argument for the case that ug € HA(£2) N [H?(£2)]?

works directly.

Theorem 3.1. Suppose u is the mild solution of (3.1) defined by (3.6), uy, is the numerical
solution defined by (3.23). Then the error e(t) := u(t) — up(t) satisfies

le)| 2y < Ct1eR*7% ¥ te (0,T] (3.39)
for arbitrarily small € > 0 and sufficiently small T.
Proof. By using the equations (3.6) and (3.23), the error [e(t)] 12() can be decomposed as:

le(®)z2(2) <|(e4Px = e P, Juo

L2(2)

+ H Lt et=9)Ap, [U(S) - Vu(s) — PRy (s) - Vuh(s)]ds

L2(02)
t
(t—s)A L (t—s)Ay RT .
+ H Jo [e Px —e PXh](Ph up(s) Vuh(s))dSHm(Q)
=:£1 (t) + 52(t) + 53(t).

The error & (t) follows from (3.36) and the L? stability of !4 and e*4» such that
Ei(t) < Ct R ug 2. (3.40)

For the estimate of & (t), since u and PRTwy, are both divergence free, by using (3.11)

and choosing r = 1/(1 — §), we have
¢

& (t) <Cf (t — )72 |u(s) @ u(s) — PR up(s) ® un ()| pr/a—em (o) ds
0

45



SECTION 3.2  Spatial semi-discretization by finite element method

<C f ) TEIB e(s) @ uls) + PrTun(s) ® es)] oo s

+cj< )71 |(u(s) — PETu(s)) @ u(s) | 1o s

<CJ IIPRT ez lu(s) 2.+ le(s)] 2o | Pa un(s) ds

' )
LT () LT=% ()

+ Cfo (t = )" 2 u(s) = B u(s)l 2 luls)]

By using Lemma 3.1, Lemma 3.4, the error estimate (3.17), the L?(£2) stability of PR, the
estimate (3.28) for p = 2/(1 — ¢), and the interpolation inequality, we have

t < 5
y <c L (= )55 (Ju() s g + ln(5) s g ) Ol 2gydls
t
+ Ch2 2% Jo (t—s)"""2|u(s)] ) o [u(s)l 51 (o)ds

t € £
SR TUPIPR L (t— 5) et <Hu(s)” gy + () s ) e(®)] 2.

(3.41)
For the estimate of £3(t), by using Lemma 3.2.2, we have
E3(t) <Ch*™* Lt(t =) 3 P un(s) - Vun(s)] [y 1 PR un(s) - Vun(s)|5-1(0)ds
<On2 [ (1= ) S L )} V005 P 5) @10 5) 55

<On?2 [ (1= ) S P a5 )| V) 3 )
<Cn*% fo (1 — )it (lun()lze() + lun(s) @) ) IVun(s) Ly ds,  (3.42)

where the last inequality follows from (3.28). By using Lemma 3.3, we have
Jun()l (@) < Cllun(s)]Ea ol Antn ()] 2 (3.43)

From the equation (3.22), we can estimate |Apup(s)|2() as follows by using the L? sta-
bility of Py, , (3.28) and Lemma 3.4

| Apun ()] 120y <Ieun(s)|r2) + [PF un(s) - Vun(s)| r2(n)
<Cs™' + C| P un(s) | 100 | Vun (s) | 12 ()
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<Cs™ + C(J[un(s) |pm(ey + lunlm @) ) IVun()l 2y
<Cs™' + Cs72 |up(s)| o ) (3.44)
Substituting (3.44) into (3.43) and using Young’s inequality, we obtain
lun ()] o) < Cs™3. (3.45)

Substituting (3.45) into (3.42) and using Lemma 3.4, we have

t
E(t) < Ch2‘2€f (t—s) 12571 2ds < Ct1HER27%, (3.46)
0

Combining the estimates (3.40), (3.41) and (3.46), we obtain the estimate for e(t)

le®) 22 <C f #5575 (Jun(9) gy + 105) i g ) ()] 2pdls
1 O rep2-2e
Multiplying = on both sides derives that
% et)] L2

¢
_ _ £ 35 £ £ .
<O [ (=975 a9 )+ 1 )5 L) s + ChE 2
By Hélder’s inequality, we have

_4 4—¢

' —14E —143 3 ! —1+§ 143 T 1
| = s i  uel )ds\upwl(m)(ﬁ)[@—s) 7|7 as)

0

<Ct 1+€HuHL2 OtHl(.Q))

Combining the above inequalities above, we have

et M2 <Ch*~ 25+C(HUH +H Al Sup s e(s $) 2

L2(0,t;HL () LZOtHl(Q))>

Taking the supremum with respect to ¢t on both sides deduce that

sup 1% e(t)] (o) < CR>>
0<t<T

1—
+C<HUHL2 OT Hl( + Huh”L2 OTHI(Q))) Oiltlth EHe(t)HL2(Q)

According to {110, Lemma 3.5], for any small o > 0, there exists T,, > 0 such that
HUHL2(0,T;H1( + HuhHL2 0,T;HL(2)) S <o VT'e(0,T,]
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< 1, then we have

If T satisfies C(HUHEB(O,T;H[%(Q)) + ”uhHEL%O,T;Hé(Q)))

sup 7% le(t)] 2(0) < CR*7%,
0<t<T

and complete the proof of theorem.

O

3.3 Fully discretization. In this section, we propose and analyze a fully discrete

scheme by using a second-order implicit-explicit Runge—Kutta method.

3.3.1 Runge-Kutta method and error equations. Let 0 =tg <t; < ... <ty =T be

a partition of the time interval [0,T'] with stepsize

T = Tﬁ and 7, = t,, —tp—1 ~ (tp—1/T)7 for 2 <n < N, (3.47)

where 7 is the maximal stepsize, and 7 ~”

means equivalent magnitude (up to a constant
multiple). The parameter a € (0,1) determines how fast the temporal grids are refined

towards t = 0. The stepsizes defined in this way have the following properties:

1. 7, ~ 7,—1 for two consecutive stepsizes.

1
2. For any fixed integer My, 71 ~ T2 ~ -+ ~ Tp, ~ T1-o, the equivalence depends on
My, but is independent on 7 and n. Hence, the starting stepsize is much smaller than

the maximal stepsize. This resolves the solution’s singularity near ¢t = 0.

3. The total number of time levels is O(T/7). Therefore, the total computational cost

is equivalent to using a uniform stepsize 7.

Next, we introduce an implicit Runge-Kutta method with ¢ stages for the time dis-
cretization of the evolution equation (3.5). The coefficients of the method are given by the

Butcher tableau

ail -+ Qg | €1
Gq1l " Qqq | Cq
by - b,
with ¢1,...,¢4 € (0,1]. Here the quadrature points ¢;,1 < @ < g, are distinct numbers in

[0,1] and the coefficients a;; and b; are associated with the quadrature formulas

1 q Cy q
f odt ~ 2 bip(cy), L odt ~ Z aijo(cy), it=1,...,q. (3.48)

0 j=1 j=1
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We assume that (3.48) are exact for polynomials of degree p — 1 and p — 2, respectively. It
implies that the method is accurate of order p. Now we introduce error functionals for the

quadrature formulae (3.48) for the interval (t,,t,+1) as

tn,i q
Qn’z(gp) - J gpds ~ Tntl Z a”gp(tnﬂ)’ i = 17 4,
" =1
’ (3.49)

tn+1 q
Quialp) = [ s = 1t Y bt
n i=1
Recall the assumption that the quadrature formulae (3.48) are exact for polynomials of
degree p — 1 and p — 2, respectively (this means that the time discretization scheme is
strictly accurate of p). As a result, we have (see [29])
|Qni()l < Ot sup eV(s)] forl<p—1,i=1,2

tn<s<tpnii1

(3.50)
|Qus1(@)| <CTEy sup [ (s)| for L <p.

tn<8<tn+1

where || - | can be L?(£2) norm or H'(§2) norm.
Taking O = (a;;), the vectors b = (b;) and ¢ = (¢;)? fori,j = 1,--- ,q. Here we use the
two-stage Lobatto IIIC scheme, with p = ¢ = 2, namely

o~} 7). v=t b e=(2)

It is well-known that the method is implicit and algebraically stable [61]. In the numerical

N —
NI

scheme, we linearize the nonlinear term in the Navier—Stokes equation. For a sequence of
finite element functions {1)2”} forn = 0,1,--- and i = 1,2, we define the extrapolation

operator I n as follows:

0
. , v n=>0
I n, — h’ _ ’ 3.51
hOh { v 4 ¢ (v — oy D, n>1 (3.51)

Then for a function f, we have the following error estimate for the extrapolation operator

fh forn = 1:

1nf(tni) = f(tni)l < Crigy  sup |67 f(s)| for i=1,2, (3.52)

tn—1<8<tn41

where || - | can be L?(£2) norm or H'(§2) norm.
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For given numerical solutions u; ~ 1 ,up € Xy, we compute u"Jrl € X, by

2

upPt = Ul + Tog Z aij [Ath”j — Px, (PR Ty - V“Z’j)] , 1=1,2, (3.53a)
j=1
2 . ~ . .
uptt =l + T Z b; [AhUZ’Z — Px, (P Tyup - VU?)] ) (3.53D)
i=1

Here uzl are approximations to up(t,;) for i = 1,2, with ¢,; = t, + ¢;Th,+1 being the
internal Runge-Kutta nodes.
Recalling the truncation errors Qy, ;(drun) and Qn,(0pup), we write the the semi-discrete

solution wuy, as

2

Un(tng) =un(tn) + Tut1 ) aij [AhUh(tn,j) — Px, (PET Tyun(tn 5) - VUh(tn,j))]
j=1

2
-~ 2 3 [P (PR Buun (b ) - Fn (b 5)) = P, (PR un (b ) - Fn ()|
+ Qn,i(Qup), i=1,2, (3.54)

2
up(thy1) =up(tn) + Tnit Z b; [Ahuh(tn,i) — Px, (PR Tpup(tn ) - Vuh(tn,z‘))]

i=1
2 A
+ Tnt1 Z b; [PXh (PR Ipun (tng) -V (tn,)) — P, (PR un (tng) - Vuh(tn,i))]
i=1
+ Qn+1(dtup). (3.55)

Now we define

G = Py, (P up (tn) - Vun(tni)) — Px, (PE up(tn) - Vun(tni)),

T = —Px, (PR Tyup - Vup®) + Px, (PR Iyup(tn) - Vg (tn,)-

Then the errors n"*! = uZ“ — up(tny1) and g™t = uZZ — up(tn,i) satisfy
hn,i _ Ahnn,i _,’_Tn,i

2 2
Nt ="+ T Z aijf]"’j — Tn+1 Z aijgn’J - Qmi(atuh) i=1,2,

~ =] (3.56)

2 2
T =0t T )b = Tagn Y 0iG™ = Qi (Grun).

i=1 i=1
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In order to estimate the extrapolation error G™*, we first derive an a priori estimate for

Apup(ty;). In combination with (3.44) and (3.45), we have
| Anun (tn,i)l 12(2) < Cty - (3.57)
According to (3.52) and (3.57), G™ satisfies

1G™ 1202y <Cnun(tn) — wn(tni)| Lo | Vun (tni) | Laco)

- 1/2 2 1/2
<C|Inun(tni) = un(bni)| oo 1 Entun(tns) = wn(tn )| s ) .
3.58
1/2 1/2
Nun ) 7 oyl Antn (i) | 2 )
meitnin

Similarly, we have the estimate in H~' norm

| < O\ PF™ (Tyun(tn) — wn(tni) ® wn(tni) 122y < Clyoir2ey. (3.59)

3.3.2 Regularities of numerical solutions and estimates for operators. In this
subsection, we prove L?(£2)? boundedness, L*(0,T; H} (£2)?) boundedness and H1(£2)? es-
timate of the fully discrete solution in (3.53) by using energy estimates.

The L?(£2)? and L?(0,T; H}(£2)?) boundedness of the solution of the fully discrete

scheme (3.53) is presented in the following lemma.

Lemma 3.5. (Discrete energy decay for the NS equation) Assume that u € X, is given.
Then, the solutions uZ’i €Xp,i=1,2 and UZH € Xy, of fully discrete scheme (3.53) satisfy

the following estimate:

2 <3y — 27t 3 bV
=1

(Q), for n =0, (3.60)

2

12
N
i=1

<CHuhHL2(Q + O Z HVU

i=1
+072, Z |Ehuy |72 nugy | o I Wy for m=0. (3.61)
Proof. First, we rewrite the numerical scheme (3.53) as
iyt = Apup’ — Px, (PR up” - Vul), i = 1,2, (3.62a)
up = uf 4 Taar . @i, i = 1,2, (3.62D)
j=1
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2
uZH = up + Tl Z me’Z. (3.62¢)
i=1

According to the (3.62c), we conclude

2 2
+1 - 1,0 1,0
|y HLQ(Q) = (uz + T+l Z by, up + Tnyt Z bity, )

i=1 =1

= up 132 +2¢n+125 WPl + T2 2 bibj (u)" up?). (3.63)
=1 ,j=1

Substituting (3.62b) into the second term on the right-hand side of (3.63), we obtain

2
HUHHHLQ(Q) :HUZHQLQ(Q) + 2Tp41 Z b; (uzn, “Z — Tntl Z auuhv])
i=1 j=1

+ 72 Z bibj () ).
t,j=1

Hence

H n+1HL2 HuhHL2 +27’n+12b uZl7uh — n+1 Z dU uh ,iLh ),
=1 2,7=1

with d;; = bja;j +bjaj; —b;b;, 1,5 = 1,2. The scheme is algebraic stable, i.e. the symmetric

matrix (d;;) is positive semidefinite. Therefore,

Jup ”L2(Q) < ”uhHL2 )y +2Tn41 2 bi( th,uh ). (3.64)
=1

Testing (3.62a) with uZ’i yields

(W up’) = —|| V! ) — (Px, (PE Ty - V) ulhy, i = 1,2, (3.65)

2) = 0.

To prove the L? boundedness of uZ’i, we test the equation (3.53a) with uZ’i and obtain

Note that P}E{TIA th’i is divergence free. Then we have

N -1
) = — <V PR T, §|u2

A ; N 1
RT n, n,t n 7 RT n, n,t
(Pp Ipuy,” - V" uy,”) = <Ph Thuy, ,Valuh

As a result, we obtain the inequality (3.60) by substituting (3.65) into (3.64).

2
= ) = s Y 0| (Vi Vi) + (R By - i )|
j=1
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1
<glup” 7 Huh||L2 + CTng1 Z IVur? 1320
7j=1
‘ 2
+ Topifup o) Z | PE Ly - Vg | - 1(0) (3.66)
1 n,t |2 C J
<§Huh Huh”L2 + TnHZ HVuh |L
j=1
2 ~ . .
+ Crog1 Y, [P Inup? @ up? (32 0)- (3.67)
j=1
By using Holder’s inequality, the estimate (3.28), we have
RT 7  n.j J RT
| PR Tnwy? @ iy |72y <P Tnwy? 700yl 174y
<C|Iyup? | 2o 1 ny? | |y N2 I 1) (3:68)

Substituting (3.68) into (3.67), summing up the obtained inequality with respect to i from
i =1 to i =2, and using Young’s inequality, we obtain the desired result (3.61).

O
Then next lemma gives an a priori estimate for HVUZJH 12(2)
Lemma 3.6. If ug € LQ(Q), then the fully discrete scheme (3.53) satisfy
2
Z IV I 2( Ctn}r/f, for n=0. (3.69)

Proof. First of all, we note that the inequality (3.69) holds when n = 0, 1,2 according to
Lemma 3.5. Then for n > 3, taking gradient on both sides of (3.62¢) and squaring, we have

IVup 220 = VU720 +2Tn+12b (Vi Vul) + 724 2 bib; (Vi Vi)
i=1 i,j=1

Meanwhile, we recall (3.62b) and obtain

2
(Vup, Vi) = (Vul', Var') — mni Z a;; (Vi Viy")
j=1

Therefore,
HVUnHHm(Q) :HVUZ”%%Q) + 2741 Z bi(Vuy", Vi) = 2774 2 aizbi(Vi, ", Vi)
i=1 ij=1
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2
+ 7o Y, bib (Vi Vi)
ij=1

Then we apply the algebraical stability of the scheme to obtain

2
HVU”JFIHLQ(Q) HVuhHLg + 2Tn+1 Z b Vuh ,V’LLZ 7I). (370)
i=1
Testing (3.62a) with le’i, we have
(Vup, Vi) = =i 720 — (PR Tyup - Vup i) (3.71)
Substituting (3.71) into (3.70), we have
2
HvunH“m(Q HVUhHm(Q) = 2Tn 41 Z bi 7y, HL2 ()~ 2Tn41 2 b,;(P,f{TIth’Z -V ™).
i=1 i=1

Since b; > 0 for each ¢ = 1,2, by Hélder’s inequality, we have

IVup 2o (o) + s Z billiy 1720

, (3.72)
< |Vup |7z + Cmast Z;\|P1$Tfhu W 12200
7
According to [110, Lemma 3.1] and estimate (3.28), we have
5 ng ] 1 2 1 2 1 2 i1/2
|PRE By N | gy < My | o oy [ty 3 oy 0 o | Anty [y (3.73)
where we have used interpolation inequality. By (3.62a), we have
| Anuy L2y < a2y + C|PET Tyup? (2)- (3.74)
Substituting (3.74) into (3.73) and using Young’s inequality, we have
RT 7  ni 1/2 > 1/2 ni 1/2 1/2
| PR Ty - Nl | o) <C|Ipuy |5 o nuy, il[% ol ol
(3.75)

+ CHIth’l L2(0)

IIIhUZ’ZHHI(m HUZ”HHl(m

Now we substitute this estimate into (3.72) and absorb HuZZH £2(s) on the right-hand side by
using Young’s inequality. Following from these steps and the definition of the extrapolation

operator fh, we obtain for n > 3

1 & n n
T+l Z billi 1200y + | Vup 13200 — | VUR|Z20)

<Crvt 2 Wy By (I By + i3 o) ) 1 s
=1
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Due to the L? boundedness of fth’i, we can Multiply ¢,4+1 on both sides of the above

estimate and obtain

1
glnH1Tot1 Z b iy @) F tarr [ Vg 220y — tal VR 720

2
<t IV a0y + O (tnt ™ sy + talef sy ) nsr 3 iy s

i=1
2
+O((r + Tas) g™ s oy + Tl By )7 O, 1 sy (376)
1=1
From (3.60), we have that
2 Z Tnil Zb IVup 17200 < 720 (3.77)
n=0 i=1

Since 7,1 ~ Ty, ~ Tn41 and t3 ~ 73, we can sum up (3.76) with respect to n from 3 to m

and obtain the following inequality in combination with (3.77)

1 m
9 2 n+1Tn+1Eb HU HL?(Q) +tm+1”V“h H%Q(Q)
n=3 i=1

2

m
C Y (ol By + talluf s ) )7 D eI
n=3

N

(£2)
i=1
By using discrete Gronwall’s inequality and (3.77), we then obtain that
1 m
5 2 nt1Tnel Z billiy |32 + tme1 [V 2 < C. (3.78)
n=3 =1
Based on (3.65), we have
' 2
[Vup || 0 = — (@ ) = (A a4 T Z az;uy)
j=1
' 2
<[y a1 @ luhl @) + Crasilliy |2 g2) D iR 2o (3.79)
j=1
It follows from (3.62a) and (3.28) that
i-1(0) <Clup | i) + Cl PR Iyup @ up' | 20
‘ : 1 2 2 1/2 1/2 1/2
<Cllup a1y + ClHnuy | ot e (Q)uu oyl 2 ) (3:80)
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Substituting (3.80) into (3.79), it gives
)2
IV,

(2)

1/2 1/2

<Ol lun @) + Clupll @) Hnuy,

(Q)Hu o) T CTnta Z [ HL2(Q)

2
_ 1/2 .n,j
<C Pl ) + O [ ) + Crer 3 [ 220
i1

2
0,52
<5Hu HHl(Q) + Ctn—i—l + CTnt1 Z HUZJ L2(0)
j=1

where § > 0 is a sufficiently small number so that the first term can be absorbed by the

left-hand side. Combining (3.78), we obtain the desired estimate. O
3.3.3 Error analysis. The following lemma gives an a priori error bound for the time
discretization.

Lemma 3.7. Let up(tn+1) be the solution to the semidiscrete scheme (3.22). If the time

stepsizes satisfy (3.47) with a fized constant a € (%, 1) and u”+1 is the solution to the fully

discrete scheme (3.53), the error gt := u ™ —wy (t,41) satisfies the following error bound
S : 112 1/2 n+1 —3/2—€_2
(X7 Dbl Baey) I ey < CHIT 2 (3.81)
1=0 i=1

Here € € (0,2a — 3/2) could be arbitrarily small.

Proof. Multiplying —A,:l on both sides of the third relation in (3.56) and testing with " *!,
we obtain
A e U

=2Tp41 Z bi(— A 0™ + 2(A};1Qn+1(atuh)v 77”)

2
+ 27011 ), 0i(AL G 0T — T Z biby (A ™ 0™) + | Qn1 (Grun) |31 )
=1 i,j=1

S by (= A g —2rn+1§]b( Pl Qu (Prun))

1,7=1 =1

2 2
+ 7o Z bibj(—A;1G™ G + 27,40 2 bi( — Aytgn, Qn+1(5tuh)>-

ij=1 i=1
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Next the second relation in (3.56) and the algebraical stability of the Gauss—Lobatto I1IC
lead to

Ui et U e

2

<2741 Z bi( — A 4 T Z aijG™I + Qmi(atuh))

i=1 j=1

2
=271 2 b= AT G0 + 2 A7 Qs (Buwn), ™) + 1@ (Coun) 31
i=1

+1 Z b; b 1 m gn’]) —2Tp41 Z b; ( n’ia Qn+1(5tuh)>

7] 1 i=1
2 2
F T2 D) biby(—A71GM,GM) 4 2m0n 3 bi( = AIGM, Quia Q). (3.82)
ij=1 i=1

It follows from the first relation of (3.56) that —A;lﬁ”’i = it —A;lT”’i. Then we obtain

2

27s1 ) billn™ ey + 1™ o) — 10" 110
i=1

2 2 2
<271 ), bi(— AT ™) = 2100 Y i (777” + AT g ) a G + Qn,i(@%))

i=1 i=1 j=1

2
— 2741 Z bi(_A}jlgnJa "7n) + 2<A}:1Qn+1(atuh)7 77”) + HQnJrl(atuh)H%{fl(Q)

+2r2,, Z bibj (™" + AT g"’])+27n+12b (n"wA 1T”Z,Qn+1(6tuh)>
7] 1 =1

2 2

720 Y bibi(— ARG GM) + 27 ) bi< - A;lg“ﬂ,QnH(atuh)). (3.83)
ij=1 i=1

We estimate the terms on the right-hand side of (3.83) subsequently. For n > 2, the first

term can be bounded by

2
2Tl Z bi(—Angn7i77]n’i)

2
<07n+1 Z HT/ ’
i=1

@l

~14/3(0)

2
gCTn-i-l Z H77 ’

i=1

(2) (HPETfW"’i ®up' | s + | PR Intn(tni) ® nn’i||L4/3(Q)>
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<CTpi1 Z In™ ollup I

i=1

Ui o ™1 gy (V™

+ [ PE Tun (o) o) 1™ 2202 )
(3.84)

By testing the second relation in (3.56) with —A," Iyt and using the first relation in (3.56),

we obtain

R el i +cfn+12(|\T“ﬂ
7j=1

i) + 19 )

(3.85)

+ CTp1 Z |
i=1

|L + CHQn z(atuh)HH

By substituting (3.85) into (3.84) and utilizing Holder’s inequality together the imbedding
HY2(02) — L*(£2), we obtain

2
27_n+1 Z bi(_Af—LlTn,i’ 777171)

2
; 2 3/2 i
<O b1 ([ gy + 1T 32y ) + C72 ZW“IIL Nl
=1

2
+ CsTn41 Z HW”H%{ (Hu HL4(.Q) + [P Ty (t nz)HL4(0)>
i=1

+ 057_ n+1 Z ||77MHL |Ph TIhuh(tn z)HL4 + CéTnJrl Z Han atuh)HH 1(

=1
2
G S (T 1671 )
7j=1
2
S ) (™ 2l sy + PR Tnun () ey ™ ey ) (3:86)
=1

By using Lemma 3.4, Lemma 3.6, the L® estimate (3.45) of uy, the L™ stability estimate
(3.28) and the interpolation inequality, we have

1T =10y <IPRTIin™ @ (077 + un(tng)) 2200y + 1P Tnun(tn,g) @ 0™

L2(2)

1/2 1/2 inl/2 1 2
<C ™ | o 1™ g2 gy ™ | oy ™ | 3

+ [ Ipy™

r2(@)lun(tng) | Lo
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+ Clln g (It (o) o) + | nun(tag) i o) )
—1/2 n,j|l 2 1 2 —-1/2 n,
<Ct U™ | ) I gy + Ctts (™ ez + 1™ c2()).
(3.87)

By substituting (3.87) and (3.59) into (3.86), and using Corollary 3.1 and estimate (3.50),

we obtain

27_”+1 Z b lTn z n,i)

2 2
; - ; 3/2 1/2 ; 2
<071 3 bi (10 1320y + V" ooy ) + Comaitt Y (I 120y + 1™
=1 =1

ﬁmﬂ

2
+ C(ng+1 Z H”I]n|‘%—1(9) <H’U,Z’Z 2 o)) + HIhuh(tn,Z)Hél(Q))

=1

5/4 1/4
+ Cor ) ZHn

o)+ CsToatniy + CoToaty s (3.88)

Substituting (3.88) into (3.83) together with estimates (3.50), (3.50), (3.59), (3.58) and
(3.87), we obtain

2
27041 ) illn™ G2y + 1" -1 (o) — 1" W10
i=1

9 9
i - 1 3/2 1/2 i ~ ;
<OTp+1 E bz’(\|77"’2||%2(9) + ||Ih77n’l||%2(9)> + Cs n{i-l n+/1 E (”777“”%2((2) + |\Ih77"’l|\%2(9)>
=1 =1

2
n n,. - 5/4 1/4
+ CsTni1 Y, In H}zq—l(rz)(”% et Hfhuh(tn,z’)H?{l(Q)) + Coml it Z ™!

i=1

2
+ Cst2 oty 2 ) + Oty + Csm8yt3 + Orl 1678, (3.89)

)

2 2
i 2 i 3/2 1/2
<6Tnt1 ), bz’(”ﬁ”””%?(m + ”]Mln’zH%Z(n)) + Comaltni > (HTZ 17
=1 =1

o) + ™7

2
n n,i 7 5/4 ,—1/4
+ Cstusr 2 I 1 (I s gy + Hnun (o) gy ) + Comaiatits Z I

=1

+ CsTnrity it " F-1 (o) + Comaratnin ™ (3.90)

where € € (0,2 — 3/2). When § is sufficiently small, n is larger than a fixed integer N*

such that 7'1/4 t —1/4 and 7'1/2 t ~1/2

1t ni1tny1 are sufficiently small. Then the corresponding terms on
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the right-hand side can be absorbed by the left-hand side. Summing up (3.90) for n > N*

and utilizing Gronwall’s inequality give that

n

2
Z Ti4+1 Z bill " 72y + 11" 100
I=N* =l

<Cln™" 31 +CTN*ZHIhv7 o +C Z Tt . (3.91)
i=1 [=N*

Since a € (3/4,1), we can deduce the following inequality by utilizing (3.47)

n n
Z Tla-ltl_fl_% <cort Z TlHt?fl TELor tfﬁl‘rlg =0 +1tr_1i12€‘ (3.92)
= [=N*

Substituting (3.92) into (3.91), we obtain

n

Z Ti+1 Z billn"*

I=N*

)+ 10 -1 )

2

. X
<CIn"* I3-10) + Crns Y | Inm™”
i=1

Nz + Crasitnin - (3.93)

To finalize the proof, we need to estimate the error ||n"| 1) for 1 <n < N*. The
inequality (3.89) is valid for 0 < n < N*. Summing up (3.89) with respect to 0 < n < N*,
the following inequality is then followed from the L?(£2) boundedness of ™% and 7"

n 2 '
2> 71 ) billn 3
=0 i-1

R Ui v

N + O s S T (@ (14 Brs o + Vi (81) s )
=0 =1

+C Y I lg-1(e) for 1<n<N* (3.94)

By using (3.92) and applying discrete Gronwall inequality, we obtain the result for 1 < n <
N*

QZTZH Z bi H77

where the constant C' is dependent on the fixed constant N*, but is independent on n. By

) T I+ % 1) S CTnsr, (3.95)

using the property (2) specified at the beginning of section 3.3.1 and choosing My = N*,

we have that

1
T ~Tg~ o ~TNx ~Tl-o, (3.96)
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when o € (%, 1) and the equivalence depends on N*. Then for 1 <n < N*, 7, < t, < N*7,,

which implies t,, ~ 7,. Therefore, we have

Tntl ~ Topitney < OT Tnfl % for 0<n<N*—1. (3.97)

Substituting (3.97) into (3.95), we obtain the desired result for 1 <n < N* such that

n 2
2> 71 ), bl |30y + [ 1) < Oty ™ (3.98)
1=0 i=1
Then we can substitute (3.95) into (3.93) and obtain the following inequality for n > N*
by using the L? boundedness of ™" and n™

n

D1 T Z billn'*

I=N* i=1

o)+ I ) < O + Cropaty 377 (3.99)

By adding up (3.99) and the inequality (3.95), we have

n 2 '
Z Ti+1 Z biln"
=0 i=1

%2(9) + Hn"“|\%_1( o) < CTnx + Criyat,27%, for n>=N* (3.100)

Again, by using the equivalence (3.96), we can derive that

1 4a—3
4 44a3 44a3
TN# ~ Tl-e =7 7T l-a ~T°7] T,

~

4 -3 4 —3—-2
At <ot 3 (3.101)

Combining (3.98) and (3.100), (3.101), we complete the proof.
O
Using the H1(2) estimate of the errors proved in Lemma 3.7, we can derive the L?({2)

error bound, which is present in the following theorem.

Theorem 3.2. Under the same conditions of o and € as Lemma 3.7, the error n" ! :=

ZH — up(tny1) satisfies the following error bound

17" 20y < Cty i (3.102)

Proof. Let N* be the fixed integer defined in Lemma 3.7. Then for n < N*, (3.102) follows
directly from the L?(£2) boundedness of "' and up(t,+1). And it suffices to prove the
desired result for n > N*.

Squaring the third relation (3.56) on both sides, we obtain

2

i=1
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2
+Taer Y bibi () —2m Z bib; (7", G"7)

i,j=1 1,j=1

—2m126( Q) 721 Y (@, GM)

1,7=1

2
+ 2741 Z b (gm’ Qn+1(5tuh)> + HQn+1(atuh)H%2(Q)' (3~103)

=1

Similarly to the deduction of (3.82), by representing 1™ using the second relation in (3.56)
and utilizing the algebraical stability of Gauss—Lobatto IIIC, we obtain

7 By <oy + 27 2 ”%nmwﬂZamgw+Qm<atuh>>
i=1 j=1

2
— 2T 41 Z bi(n",G™") — 2<Tln, Qn+1(5tuh)> + T Z bib; (G™",G™7)

1,7=1

— 2741 Z b; ( aQnJrl at“h)) + HQnJrl(atuh)H%Q(_Q)

2 2
+ 27001 ). b (g"”, Qn+1(5tuh>> =27y D bibi(™,GM). (3.104)
i=1 ij=1
By the first relation in (3.56), we have

2
21 ), bil V™7
=1

(@) * 7" iz g0) = "Iz

<CTii Z 177 L2 () IG™

3,j=1

12(2) + |@ni1(0eun) 720

2
+CTog1 ). o™ e
=1 i=1

+ Cln" | L2(2) | @n+1(Grun) | L2(2) + Crity Z I
=1

2
+(?Tn+1§: (W77
=1

o + 1T i) ) (1@ni(@etn) L () + 1@ Prun) e )-

(3.105)
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Suppose O~1 = (r;;). By the second relation in (3.56), we have

=T Zw "G T L chzm (Orun)-

7j=1

) such that

Hence, we can derive the estimate of 5™

2
y<Orhy Y (I
j=1

i () + 1"y + 1Qn(@rwn) |12

Substituting this estimate into (3.105), we have O

2

2Tn41 Z biHVn”’illia(m + ||77n+1‘|%2(9) - H’?nH2L2(Q)
i=1

<5Tn+1 Z b; H77
=1

2
4 Oruatihy (I Bagy + D I oy

2 2
+ C|Qui1(0run) |72y + CO Mg ) (”Qn,i(atuh)HHl(Q) + HQnJrl(atuh)HHl(Q))

i=1

2 2
+ CTnt1tnt1 Z I i @) T Co ' i Z I
i=1 i=1

(3.106)

By using estimates (3.87), (3.50), (3.59) and (3.58), when ¢ is sufficiently small, we obtain

Tn+1 Z biann7i||%2(Q) + ||77n+1“%2(9) - HW”H%%Q)
i=1

2 2
<cm+1t;i1(un”|\iz(m + 2 I e + D, |\Ihn”ﬂy|%2(m) + Ot (3.107)
i=1 i=1

Multiplying t,,+1 on both sides of (3.107), we have

2
tai1Tasr Y 0V 720y + tara [0 T2 ) — talln” 12200y
=1
2

+ 2 M 2y ) + Cniiatis.
=1

2
<tust "2y + Crast (I Baoy + D, 11" (o)

By summing up the above inequality with respect to n from 0 to m and following the proof

similarly to (3.92), we have

Z tn+1Tn+1 Z b ”VU
n=0

(@) F tmat [ 72

(2)

63



SECTION 3.4  Numerical examples

2 4 -3
LQ(Q)) + CTm+1tm+1.

m 2 2
<C 3t (I ooy + D I 1By + 2 V™
n=0 i=1 i=1
Then the desired result follows from Lemma 3.7.

3.4 Numerical examples. In this section we present numerical examples to support
the theoretical results in Theorem 3.1 and Theorem 3.2. All examples concern the incom-

pressible NS problem in (3.1).

Example 3.1 (The merging of two co-rotating vortices). In this example, we investigate the
simulation of the merging of two co-rotating Lamb-Oseen vortices within a two-dimensional
domain {2 = (—m,m) x (—m,m). The initial value of the standard Lamb-Oseen vortex
[47, 86, 132, 144] is inherently a function in LP(§2)? for p < 2. To ensure that the initial
value belongs to L2(£2)? but not to H®(£2)?, we make a slight modification to the data by

selecting the initial value ug = u; + ug and

U1=(— yl (:L‘+O.5)F>’ " _(_2yF (x—O.5)F>’

2—¢? 2—e - 2—e? 2—e
2mry 2mry TS 2mrs

with 71 = /(2 +0.5)2 + 2, ro = 4/(z — 0.5)2 + 2, and ¢ = 0.1. Here, I' denotes the
circulation, set to 2x for this test. The viscosity v is chosen as 0.1. We choose the domain
{2 so large that we may assume that u satisfies 0 Dirichlet boundary condition.

We test temporal convergence at T' = 0.1 using graded stepsizes (3.47) with o = 0 (uni-
form) and a = 0.76. The reference solution uhN7 wof 18 computed with 7 = 1/1024. Temporal
errors [ul) — uhN’refHL2(9) in Figure 3.1 (a) for 7 = 1/32,1/64,1/128,1/256 (spatial errors
negligible for sufficiently small h) show second-order convergence for av = 0.76 (consistent
with Theorem 3.2) but irregular convergence for a = 0, justifying the necessity of graded
stepsizes in (3.47).

In Figure 3.1 (b), we present the spatial discretization errors |july — uhNJefH r2(o) and
convergence rates for mesh sizes h = 7/8,7/16,7/32, w/64 with a sufficiently small temporal
stepsize that ensures the errors from temporal discretization are negligible. The reference
solution uhN cof 18 chosen to be the numerical solution with mesh size h = 7/128. We use
P>—P; Taylor-Hood elements and observe that the convergence in space is second order.
This aligns with the theoretical result proved in Theorem 3.1 and shows the sharpness of
the convergence rate in space.

The evolution of the velocity u for the co-rotating vortices is illustrated at various time

instances, specifically at ¢ = 0.1,0.3,0.5,0.7,1.0,2.0. These visualizations are depicted in
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~@- Errorofa=0
Error of a=0.76 Error
0(1?) 0(h?)
100,
3 3
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10*4,
1/256 1128 1/64 132 /64 n32 16 8
T h
(a) L? error of u from temporal discretiza- (b) L? error of u from spatial discretization
tion

Figure 8.1. L? errors of u

Figure 3.2 (a)—(f) with mesh size h = 7/50 and time stepsize 7 = 0.005. The parameter « is
chosen as 0.76. The numerical simulation indicates a gradual merging of the two co-rotating
vortices over time. Notably, at ¢ = 2.0, the vortices have completely merged into a single

vortex, as shown in Figure 3.2 (f).

Example 3.2 (Piecewise constant initial value). In this example, we present numerical
simulation of the Navier—Stokes equations with a piecewise constant initial value in 2 =
(—m,m) x (—m, 7). The viscosity v is chosen to be 0.1. The initial value ug takes value
(10,0) when y > 0, and (—10,0) when y < 0. This initial value is in L?(£2) n H%*(Q)2
for any € € (0, ) but not in H%(Q)Q.

We test temporal convergence at T = 1 using graded stepsizes (3.47) with v = 0.76. The
reference solution uﬁref is computed with 7 = 1/1024. Temporal errors |ul) — “hN,ref||L2(Q)
in Figure 3.3 (a) for 7 = 1/32,1/64,1/128,1/256 (spatial errors negligible for sufficiently
small h) show second-order convergence for o = 0.76, which is consistent with Theorem
3.2.

In Figure 3.3 (b), we present the spatial discretization errors |jul} — uixrefH r2(¢) and
convergence rates for mesh sizes h = 2m/15,27/30, 27/60, 27r/120 with a sufficiently small
temporal stepsize that ensures the errors from temporal discretization are negligible. The
reference solution uhN’ rof 18 chosen to be the numerical solution with mesh size h = 27/240.
We use Po—P; Taylor-Hood elements and observe that the convergence in space is second

order. This aligns with the theoretical result proved in Theorem 3.1 and shows the sharpness
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(e) The vorticity at time ¢t = 1.0 (f) The vorticity at time ¢t = 2.0

Figure 3.2. Isocontours of the velocity u
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10° Error of a=0.76 Error
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(a) L? error of u from temporal discretiza- (b) L? error of u from spatial discretization
tion

Figure 8.3. L? errors of u

of the convergence rate in space.
The evolution of the velocity field u computed by the proposed method is illustrated at

various time instances, specifically at ¢ = 0,0.02,0.1,0.5,1.0,2.0. These visualizations are
depicted in Figure 3.4 with mesh size h = 0.06 and time stepsize 7 = 0.01. The parameter

« is chosen to be 0.76. Notably, the discontinuous initial velocity field gradually becomes

smooth as time evolves.
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7
6.7+00

(a) The velocity at time t = 0 (b) The velocity at time ¢t = 0.02

(c) The velocity at time ¢ = 0.1 (d) The velocity at time ¢t = 0.5

(e) The velocity at time ¢t = 1.0 (f) The velocity at time ¢t = 2.0
Figure 3.4. Isocontours of the velocity u
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Equations in Evolving Domains
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Brief Introduction

The second part of the thesis is concerned with the optimal-order convergence of the
evolving FEM for shape gradient flow, Stokes equations and fluid—structure interaction
(FSI) problems under H'-norm and L2-norm.

In Chapter 4, rigorous analysis of numerical approximations to the evolution of the
boundary in a prototypical shape gradient flow is addressed. First-order convergence in
time and k-th order convergence in space for finite elements of degree k& > 2 are proved
for a linearly semi-implicit evolving finite element algorithm up to a given time. The
theoretical analysis is consistent with the numerical experiments, which also illustrate the
effectiveness of the proposed method in simulating two- and three-dimensional boundary
evolution under shape gradient flow. The extension of the formulation, algorithm and
analysis to more general shape density functions and constraint PDEs is also discussed.

In Chapter 5, the numerical solution of the Stokes equations on an evolving domain with
a moving boundary is studied based on the arbitrary Lagrangian-Fulerian (ALE) finite
element method along the trajectories of the evolving mesh. The error of the semidiscrete
ALE method is shown to be O(h"*1) for velocity in L®(0,T;L?) norm and O(h") for
pressure in L?(0, T; L?) norm by employing the Taylor-Hood finite elements of degree r > 2,
using Nitsche’s duality argument adapted to an evolving mesh, by proving that the material
derivative and the Stokes—Ritz projection commute up to terms which have optimal-order
convergence in the L? norm. Numerical examples are provided to support the theoretical
analysis.

In Chapter 6, the convergence of ALE-FEMs for fluid-structure interaction (FSI) prob-
lems with a solution-driven moving interface is studied. In addition to the finite element
approximation errors, the geometric approximation errors due to the unknown interface
motion and mesh evolvement are considered as well within the ALE frame. By adding
an initial correction term to the numerical scheme, the optimal convergence rates of fluid
velocity, structural displacement and ALE mesh motion in L®(0,T; H') norm, as well as
of pressure in L*(0,T; L?) norm, are proved for a fully discrete, monolithic FEM which
tracks the unknown moving interface using the ALE approach. Numerical experiments in
both two and three dimensions are presented to support the theoretical error analysis.

The content of this part consists of the research in the following papers of the author.
Papers published & submitted

1. W. Gong, B. Li, and Q. Rao. Convergent Evolving Finite Element Approximations of
Boundary Evolution under Shape Gradient Flow, IMA J. Numer. Anal., 44(5):2667—
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2697, 2024.

2. Q. Rao, J. Wang, and Y. Xie. Optimal Convergence of Arbitrary Lagrangian—Eulerian
Finite Element Methods for the Stokes Equation in an Evolving Domain, IMA J.
Numer. Anal., drae097, 2025.

3. B. Li, Q. Rao, and P. Sun. Optimal Convergence of an Arbitrary Lagrangian—Eulerian

Finite Element Method for Fluid-Structure Interactions, submitted for publication.
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Chapter 4

Convergent Evolving Finite Element
Approximations of Boundary Evolution under
Shape Gradient Flow

The content of this chapter has been published in “W. Gong, B. Li, and Q. Rao.
Convergent Evolving Finite Element Approzimations of Boundary Evolution under
Shape Gradient Flow, IMA J. Numer. Anal., 44(5):2667-2697, 2024.”

4.1 Introduction. Shape optimization constrained by partial differential equations (PDEs)
has wide applications in modern science and engineering, such as the airfoil designs in aero-
dynamics [135], automative industry [3, 88|, turbomachinery, structural design [88|, and so

on. These applications typically concern minimizing a shape functional

for some shape density function j(-,u) subject to a constraint such that w is the solution of
a PDE problem in the domain {2 with boundary I". Both the shape density function j(-, u)
and the PDE problem depend on the applications. Due to their wide applications, PDE-
constrained shape optimization problems have generated much interest in developing both
theoretical analysis [88, 81, 69, 32| and efficient computational methods |3, 135, 63, 62].
The boundary parametrization of an elliptic shape optimization problem was consid-
ered in [45], where error estimates for a finite element method (FEM) were obtained under
the assumption that the optimal domain is star-shaped and the infinite-dimensional shape
optimization problem admits a stable optimizer satisfying the second-order optimality con-
dition. A two-dimensional shape optimization problem with the portion of the boundary to
be optimized being the graph of a function was studied in [87], where second-order conver-

gence of the numerical approximations to a local solution of the optimization problem was
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proved under the second-order sufficient optimality condition. The approach was extended
to a Stokes shape optimization problem in [50]. The analyses in these articles are based
on the second-order optimality condition and the computation of the shape Hessian, and
are restricted to parametrization of boundaries with special shapes. Abstract convergence
of the finite element discrete optimal shape to the optimal shape in the continuous shape
optimization problem was proved in [26] for an elliptic PDE-constrained shape optimization
problem in two dimensions based on the compactness argument.

An alternative way to compute critical points of shape optimization problems without
requiring the second-order optimality condition is through shape gradient flow, which is
a specific type of shape gradient descent algorithm (representing a method for selecting
the descent velocity) and has been widely used in the shape gradient descent algorithms
for PDE-constrained shape optimization; see [16, 30]. In this approach, the boundary
I'(t) which evolves under the shape gradient flow converges to a minimizer of the shape
functional. Along with the evolution of I'(t), the constraint PDE problem can be solved
by FEMs on the evolving domain §2(¢) enclosed by I'(t). We refer to [34] for a variational
framework of discrete shape gradient flow for shape optimization problems. Many different
FEMs have been proposed for solving PDEs on evolving domains, including cut FEM [17],
immersed FEM [60], isogeometric analysis [31, 172|, adaptive FEM [136], coupling of FEM
and BEM [44], ALE FEM [143] and evolving bulk FEMs with possibly curved triangles
[41], just to name a few.

The convergence of finite element approximations to linear parabolic PDEs and Stokes
equations on evolving domains (with evolving boundary or interface) has been studied in
many articles; see [59, 131] and [151, 12, 6, 41, 38, 53, 98, 141] for unfitted FEMs and fitted
arbitrary Lagrangian—Eulerian evolving bulk FEMs, respectively. In particular, optimal-
order convergence of evolving bulk FEMs has been proved in [41, 38, 113] for different
isoparametric finite elements. We also refer to [42, 43, 96] for evolving surface FEMs solving
PDEs on evolving surfaces. However, to the best of our knowledge, the convergence of finite
element approximations to the boundary evolution (a general closed smooth boundary)
under shape gradient flow is still challenging and missing from the literature. This is
addressed in the current chapter for a class of shape gradient flows formulated below.

There are many different ways to choose the descent velocity w, most of which are based

on solving the following equation (cf. [3, 16])
Findwe H: blw,v) =—-dJ(I'(t);v) Yve H
for an abstract inner product b(-, ) : HxH — R associated with some Hilbert space H. This
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is referred to as the Hilbertian extension-regularization approach in [3, Sec. 5.2|. Different
choices of H correspond to different shape gradient flows. For example, H = L%(T)?
gives L? or Hadamard flow, H = H'(T')¢ leads to Laplace Beltrami flow (cf. [153, 154]),
and H = H %(F)d yields Stefan-like flow. We refer to [16] for a comprehensive review of
different shape gradient flows. The L? flow is generally irregular and makes sense only on
the boundary I'. The most natural choice is H = H™(£2)¢ for some m > 2 + 1 so that
H < Wh®(2)? is well-defined for the velocity field, which is however, computationally
expensive and inconvenient.

In this chapter, we present formulation, algorithm and convergence analysis for a shape
optimization problem constrained by the Poisson equation with a given source function f,

i.e.,

—Au=f in2cR? with de {2 3},

min J(T') = J j(xz,u)dz subject to (4.1)
r 2 u=0 onl =00,

with the shape densify function j(-, u) = 3|Vu|? or j(-,u) = 2|u—ug4|?, which correspond to
minimal energy dissipation and optimal shape reconstruction, respectively. For the stability
and convergence of the numerical approximations, we consider the H' shape gradient flow
of the shape functional in (4.1), i.e., the evolution of boundary I'(t) = 0§2(t), t € [0,T],

with initial position I'Y = 942°, determined by the following coupled system of equations:

dp=woe in 20, #(0) = id| o in £2°, (4.2a)
—Aw+w=0 in 2(t), oyw=—J(T(t)v onT(t), (4.2b)
—Au=f in Q(t), u=0 onT(t), (4.2¢)
—Ap =ji.(-,u) in 2(t), p=0 onI(?), (4.2d)

where ¢(-,t) : 2° — §2(t) is the flow map which generates the evolution of the boundary
through T'(t) = ¢(I'°) under the velocity field w, j/, is the derivative of j(-,u) with respect
to uw. By using the shape gradient J'(I') = j(-,u) + dypd,u defined in (4.9), the rate of

change of the shape functional J(I") satisfies the following relation:
dJ(T(¢
dIIW®) _ f J(T(#))w(t) - vdT(L). (4.3)

Therefore, by testing (4.2b) with w and using relation (4.3), the following property can be

shown:

dJ (@)

a ~[ V)22 (00 — [w®)72(00) < 0 (4.4)

74



CHAPTER 4 Convergent FEM for Shape Gradient Flow

i.e., the shape functional decreases as time grows. Correspondingly, the H' shape gradient
flow evolves to a critical point of the PDE-constrained shape optimization problem.

Our analysis in this chapter shows that, although H = H'(£2)? is not a subspace
of WH®(£2)¢, the H' gradient flow naturally fits the stability and convergence analysis
of evolving finite element approximations for a wide class of problems. The novelty and

contribution of this chapter include:

e An H' shape gradient flow of PDEs on an evolving domain £2(¢), with a solution-
driven evolving boundary I'(t) = 0£2(t), is formulated in a way that convergence of

evolving finite element approximations to the boundary evolution could be proved.

e The distributed Eulerian derivative of the shape functional on the bulk domain is used
for the convenience of computation and for proving the stability and convergence of

numerical approximations.

o A linearly semi-implicit evolving FEM is proposed for the nonlinear PDEs and the
solution-driven bulk and boundary evolution. The method only requires solving sev-
eral decoupled linear systems at every time level. First-order convergence in time and
kth order convergence in space for finite elements of degrees k > 2 are proved up to

any given time.

e The analysis could cover a general class of shape optimization problems for a class of

shape density functions including
. 1 2 . 1 2
) = S Tul and Gu) = oo ual?
for constraints which include both the Poisson equation and the Stokes equations in

two and three dimensions.

e For certain shape optimization problems, the volume constraint is indispensable to
ensure the existence of a solution; see [3, Sec. 5.3]. The stability and convergence
analysis in this chapter could be naturally extended to a velocity w determined by

the following weak formulation: Find (w,q) € H'(£2) x R such that

J(Vw:VU—I—wU)da:—J qV-Udmz—j J(T)w-vdl Yve HY(D),
Q 2 r
(4.5)
JV-wnd:r=0 VnelR,
Q
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where the second equation is equivalent to requiring the velocity field w to be volume-
conserving, and ¢ can be regarded as a Lagrange multiplier. The stability estimates

for this type of equations can be done similarly.

The rest of this chapter is organized as follows. In Section 4.2, we formulate (4.2)
into a computationally convenient form in terms of the distributed Eulerian derivative of
the shape functional on the bulk domain, and propose a linearly semi-implicit evolving
FEM for approximating the evolution of £2(¢). Then we present the main theoretical result
on the convergence of the evolving finite element approximations. The proof of the main
theoretical result is presented in Section 4.3. Numerical tests are presented in Section 4.4 to
illustrate the convergence of the numerical approximations and the evolution of the domain

under shape gradient flow.

4.2 Notation and main results. In this section we present the notation and main
results of this chapter, including the weak formulation of the nonlinear PDEs with solution-
driven bulk and boundary evolution, the evolving finite element algorithm which tracks the

bulk and boundary evolution, and the convergence of the numerical approximations.

4.2.1 Preliminaries of shape calculus. In this subsection, we introduce some basic
ingredients of the velocity method for shape calculus. We refer the readers to [32, 81| for
more details on geometry, shape calculus, and shape optimization.

Since we consider the evolution of a domain under shape gradient flow, we shall fre-
quently calculate the rate of change of integrals over the moving domain. This can be

obtained by using the following result.

Lemma 4.1 ([171, Lemma 5.7]). If the domain 2 moves with velocity v e Wh®(£2), then
J fdz = J (Orf+ fV-v)dx (4.6)

where 0p f := 0 f + V f - v denotes the material derivative of f.

For any smooth vector field v : R? — R? we denote by F'[v] : T' — R? ¢ > 0, the flow
map determined by the velocity field v, defined by

%ft[ ] =voFi[v] on T with initial condition F°[v] = id|r. (4.7)

The Eulerian deriwative of J(I') at T' in the direction v is defined as

A1 (T5v) = LIF ] . (48)
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CHAPTER 4 Convergent FEM for Shape Gradient Flow

It can be formulated as an integral on the boundary in terms of the shape gradient defined

on the boundary I" (see [32, Chap. 9, Sec. 3.4]), i.e.,
dJ(;v) = J J'(T)v - vdl. (4.9)
r

In fact, J'(T') is defined as the function on I' satisfying relation (4.9).

We shall focus on the shape gradient flow associated to the shape densify function
Ju) = %|u — ug|?, where uq is a given smooth target function. The numerical approx-
imation and analysis for the shape gradient flow associated to the shape densify function
ju) = %|Vu|2 could be analyzed similarly and therefore are only briefly discussed in the
conclusion section. For the shape densify function j(-, u) = %]u — ug)?, the Eulerian deriva-
tive of the functional J(I') can also be written in terms of integrals over the bulk domain

2 (called the distributed Eulerian derivative), as shown in the following lemma.

Lemma 4.2 ([72, eq. (2.9)-(2.10)] and [57, eq. (2.6)]). Let u and p be the solutions of
the primal equation (4.2c) and the adjoint state equation (4.2d), respectively. Then the
Eulerian derivative of the functional J(T') with j(-,u) = |u—uq|* defined in (4.1) has the

following closed form.:

dJ(T;v) = dJ(T, u,p;v) ::J Vu- (Vo + Vo )Vp— fVp-vdz
Q

1
+| (Gl = Vur VOIY 0~ (0 wa) Vg v, (4.10)
2

where u and p are determined by I' through the following equations:

—Au=f in 82, withu=0 onT

—Ap=u—ug in 2, with p=0 onl.

4.2.2 Weak formulation of the PDEs. For any flow map ¢ : £2° x [0,7] — R?, we
denote by 2[¢(-, )] the image of £2° under the map ¢(-, ). Since the boundary type Eulerian
derivative in (4.9) and the distributed type Eulerian derivative in (4.10) are equivalent,

(4.2b) can be equivalently written into the following weak formulation by using integration

by part: Find w e H'(£2)¢ such that
J (Vw: Vo +w - v)dz = f dyw - vdl’ =J J'(T)v - vdll
2 r r

— dJ(I;v) = —=dJ(T,u,p;v) Yoe H(2)4,
(4.11)
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where the closed form of dJ(I',u,p;v) is given by (4.10). Then the moving boundary

problem in (4.2) can be written into the following weak formulation:

0t = w o ¢, (4.12a)

f Vw : Vyw + w - xwdz = =dJ (D), u,p; xw) ¥ xw € H' (2[¢(-,1)])?, (4.12b)

Q[¢(7t)]

f Vu - Vyudr = f fxudz Vxu € Hy(2[6(,1)]),  (4.12c)
Q[e(-1)] 2[¢(-1)]

| e nde= | e Vpe HAQO(,1]),  (1124)
2[¢(-,t)] Q

[(-t)]

under the initial condition ¢(-,0) = id|qo, with I'(¢) = 092(¢t).

4.2.3 The evolving finite elements. Assume that the given smooth initial domain
2%« R? de {1,2,3}, is divided into a set IC?L of shape-regular and quasi-uniform simplices
with mesh size h, using curved finite elements of degree k > 2 to approximate the boundary
I'% = 00°. In particular, every curved simplex K € IC?L is the image of a unique polynomial
of degree k defined on the reference simplex K , denoted by Fg : K > K , called the
parametrization of K; see [41, §8.6]. Moreover, every boundary simplex K € IC?L (with one
face or edge attached to I'Y) contains a possibly curved face or edge to interpolate I'Y with
accuracy of O(h**1). This can be obtained by using Lenoir’s isoparametric finite elements
[103] based on some parametrization of the boundary Y : 0D — 012°, where 0D denotes
the flat boundary face in the flat simplex with the same vertices as the curved boundary
simplex K. In practice one can choose the parametrization T to be the normal projection
onto 0§2°, i.e., the unique point Y(z) € T such that (cf. [37, Section 2.1])
x = Y(x) + sign(z, 2)|z — L(z)|n(Y(x)),
where n(Y(x)) is the unit outward normal vector and
1 for z e RN\(t),
sign(z, 2) =
—1 for x e ().

Thus the initial domain £2° is approximated by the triangulated domain 92 =U Kek? K.

Let x0 = (&1,---,€n) € R¥ be the vector that collects all the nodes & € RY, j =
1,..., N, (which define finite elements of degree k) in the triangulation IC?L. We evolve the

vector x¥ in time and denote its position at time ¢ by

X(t) = (‘Tl(t)v'” 7mN(t))7
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CHAPTER 4 Convergent FEM for Shape Gradient Flow

which determines the triangulation Kp[x(t)] and the domain £2,[x(¢)] = Uger, x(1] & by
piecewise polynomial interpolation on the reference simplex. Thus the edges of the triangles
on both interior and boundary are curved, as in references [38, 41].

Similarly as the simplices on the initial domain, if K € Kp[x(t)] is a simplex on the
evolving domain §2;[x(t)] then we denote by Fx : K — K the parametrization of K,
i.e., the unique polynomial of degree k that maps the reference flat simplex K onto the
possibly curved simplex K. Correspondingly, the finite element space on the evolving

domain §2;,[x(t)] is defined as
SE[x(t)] = SF(2u[x(1)]) := {vn € H (24[x(t)]) : v 0 Fx € P¥(K) for all K € Kp,[x(t)]}.
The approximate flow map is defined as the unique finite element function ¢ (-,t) €
SF[x%]¢ such that
¢h(§j,t) = .%‘j(t) fOI" ] = 1, Ce ,N.
It maps the initial domain 29 onto the evolving domain 2,[x(t)]. The velocity of the mesh

movement is the unique function wy(t) € S¥[x(¢)]? satisfying the following relation:

wnlt) o bu(E,1) = Son(E,t) VEe .

If v(-,t) is a function defined on (2,[x(t)] for ¢ € [0,T'], then its material derivative with

respect to the velocity field wy, is defined as

Spelt) = SoBED.0) At = ou(61) € X))

The finite element basis functions of S¥[x(¢)] are denoted by ¢;[x(t)], j = 1,..., N, satis-
fying the identities:
SOl = gy i0j = 1.0 N,
The pullback of ¢;[x(¢)] from 2,[x(¢)] to 29 is ¢;[x(t)] 0 Pn(-,t) = ¢;[x"], which is simply
the finite element basis functions on (2,[x°]. Therefore, the basis functions ¢;[x(t)] satisfy
the transport property:
Orpdilx(t)] =0 on 2u[x(t)], j=1,...,N. (4.13)

By using the basis funtions ¢;[x(t)], the finite element space on the evolving domain
Q2[x(t)] can be written as
N

SEx(O] = { . esoslx(0)] : e € R},

=1

SEx(t)] = {v e SF[x(#)] s v = 0 on mh[x(t)]}.
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4.2.4 The numerical method and its convergence. The semidiscrete evolving FEM
for (4.12) reads: Find ¢,(-,t) € SF[x]? <« HY(02))4 and x(t) = ¢5(x,t), along with
wi(t) € SE[x()] = H' (2[x(6)])* and up(t), pa(t) € SF[x(1)] © H(2n[x(t)]), satisfying

the following weak formulation:

at¢h = WH, O ¢h (414&)

f Vwy, : Vxw + wh - xwdz = —dJ (Tr[x(6)], un, Pri Xw) ¥ Xw € SF[x(£)]? (4.14b)
2n[x(t)]

J Vuy, - Vxudor = f fxudx Vxu € SF[x()]  (4.14c)

2n[x(t)] 2n[x(t)]

J Vpn - Vxpda = J g (@, up)xpda Vxp € SE[x(t)]  (4.14d)
2 [x(1)] 2p[x(t)]

under the initial condition ¢,(0) = ¢ := id|92.
We consider the following time discretization of (4.14) with a linearly semi-implicit
Euler method: For given ¢7 € SF[x°]% and x" = ¢7(x°), find ¢} € SF[x"]¢, wp € SF[x"]?

and u},pj € S %[x"] such that

¢n+1 _ ¢n
et —wpo g (4.15a)

f YVl : Ve + w0l - xwde = —=dJ(Th[x"], ul, pls Xw) ¥ xw € SF[x"]¢  (4.15b)
£2n[x"]

j Vuy, - Vxydr = J fxudz Vxu € SE[x"]  (4.15¢)

2p[x"] 025 [x7]

| vievde = | s Ve S (4.15d)
2 [x7) 2 [x7)

and then set x"*1 = qbZH(xO). The algorithm only requires solving several decoupled linear
systems at every time level. In practice, u} and p} can be first solved from (4.15¢)—(4.15d)

and substituted into (4.15b) to yield w}. The latter is used to defined ¢}'*! through (4.15a).

Remark 4.1. We can also use BDF method to discrete (4.14a), i.e., the scheme (4.15a)
can be generalized to BDF method. The temporal error analysis in this chapter can be
extended to BDF method directly by using Taylor’s expansion. By using BDF method, the
equations (4.15a) and (4.15b) will become a nonlinear coupled system. In this case, we can

use iteration method such as fixed point iteration to solve equations (4.15a) and (4.15b).

For the practical computation and numerical analysis it is convenient to use matrix-

vector formulation to represent the system of equations in (4.15). For this purpose, we
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express the unknown solutions in terms of the finite element basis functions ¢;[x"], j =

1,..., N on domain §2;[x"], i.e.,

N

up = ul d; [x"], with u} = uﬁ(x’;) eR,
j=1
N

PR = > Pés[x", with pj = pj(2]) € R,
j=1
N

wy, = Z wii[x"], with wj = wy (z7) € RY,
j=1

and collect the nodal values in column vectors
u" = (uj) € RY, pn= (p}) € RY and w" = (w}) € RN,

We define the domain-dependent mass matrix M(x") and stiffness matrix A (x™) on the

domain (2;,[x"] determined by the nodal vector x", i.e.,

M(x")|j1 = j ;X" [x"|dz

2n[x"]

A(X")|jkx = J;z : ]Vqﬁj[x”] -Voi[x"|dz for j,k=1,--- N.
nIx™

With identity matrix I; € R4 we define K(x”)d as the Kronecker product of I; and
K (x") i= M(x") + A(x"),

K(x")?:= I;® (M(x") + A(x")).

To simplify the notation, we will use K(z™) to represent K(x™)% when the dimension of the
matrix is clear and therefore no confusion arises. With the matrices defined above, the L?

and H! norm of finite element functions can be expressed as quadratic forms:
024y = () M = 122 e
0™ [ A ey 1= (@) TAKM " = [V |20, (o)
W™ [Fny = (W) TK (X)W = [wh | 21 (9, pen)-
The right-hand side vectors f(x"),J/, (x",u”) € RY and dJ(x",u", p"”) € R¥ are given by

(= sl
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R T I ACRT AR
On[x"]

dI(x",u", p")|a—1)+1 = L} - (Vo [x"] - Vuy, — fo;[x"]) (Vi) + Vé;[x"] - VPR (Vup)

+ (@, up) = Vg, - Vi) (Ve [x" e — i (2, up) (Vua)id;[x"]da,

forj=1,---,Nand 1 <[ <d.
Using the nodal values vectors x, w, u and p and the matrices and right-hand side
vectors defined above, the fully discrete algorithm in (4.15) can be written into the following

matrix-vector form:

x"Th X" = rw", (4.16a)
Kx")w" = -dJ(x",u",p"), (4.16b)
A(x™)u” = f(x"), (4.16¢)
Ax"p" =T (x",u"). (4.16d)

We are now in the position to state the main result of this chapter, i.e., the convergence of
the fully discrete evolving FEM in (4.15). To this end, we denote by X7 = X4 (t,) = ¢(x", t,,)
the image of the nodes of (22 under the exact flow map. Correspondingly, K[x}] is a

triangulation of the domain 2[¢(-, t,)] based on interpolation at the nodes in the vector x7,
and SF[x?] is the finite element space on the triangulated domain §2,[x?] = | J Kekxz) K-
At the initial moment, we have £2;,[x}] = 2,[x°] = £29. The Lagrangian interpolation of
the exact solution, denoted by qu e SF[x"]? and W} € SE[x7]? and 4}, p} € S %[x7], can be
compared with the numerical solution after both being pulled back to the initial domain

(22. This is presented in the following theorem.

Theorem 4.1 (Convergence of the evolving finite element approximations). Suppose that
the solution of (4.12), the flow map ¢ : 2° x [0,T] — R? and its inverse ¢(-,t)~" :
Q2[o(-,t)] — 2°, and the domain 2[¢(-,t)] are all sufficiently smooth, and assume that
the triangulations K|z« (t)] keep shape-regular and quasi-uniform (see Remark 4.3). Then
there exist positive constants 1y and hg such that for T < 19 and h < hg together with the

restriction T = o(h%), the following error estimates hold:
167 — Fhllen g + Ief 0 6F — @F o Bl gan) + Ik 6 — 5 © B o)
+ Pk © &% — Bf © Gl (9 < Cl7 + hP),

(4.17)
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where ¢ € SF[x°1% and 0} € SE[x?]? and 0}, P} € Sﬁ[xﬁ] are the Lagrangian interpolations

of the exact solutions.

Remark 4.2. If the domain £2[¢"] is smooth and the triangulation K[x}] is shape-regular
and quasi-uniform, and the exact solutions w(-,t,), u(-,t,) and p(-,t,) are sufficiently

smooth, then the following errors estimates of the Lagrangian interpolation are known (see
[15]):
- 5 “n o k
[ @™ =@k lwron(@upgn + 18" = @hlwroe@uigy + 10" = Phlwie(,xpy < Ch%5 (418a)

[4" = 6} g) + 1 = @Rl g + 15" = Ble oz < CHEL (4.18D)

where @" = w(-,ty,), 4" = a(-,t,) and p" = p(-,t,) are the smooth extensions of w(-,,),

u(-,t,) and p(-,t,) onto R%.

Remark 4.3. The constants 79, ho and C' depend on [V@| o (p), which represents the
deformation of the domain. Therefore, the larger the deformation, the smaller stepsize and
mesh size are required. Moreover, if the initial triangulation is shape-regular and quasi-
uniform, then the triangulations KC[x,(¢)] will keep shape-regular and quasi-uniform when
Vo] 12y and [V o)) are bounded. In practice, we could divide the time interval
[0, T into several sufficiently small subintervals [Tj_1,7Tj], j = 1,...,m, with Ty = 0,
T =T and Tj — Tj—1 = O(1), such that on each subinterval [Tj_1,7}] the deformation
is not large, and then re-initialize the mesh at the time levels T}, j = 1,...,m — 1. This
would keep the triangulations shape-regular and quasi-uniform and avoid requiring too
small stepsize and mesh size, compared to evolving the mesh over the entire time interval

[0, 7).

4.3 Convergence of the numerical approximations. The proof of convergence
consists of consistency and stability analysis. In the stability analysis we need to compare

two different triangulated domains, i.e, the triangulated domain (2, [x7}

] obtained from
interpolating the exact domain 2[¢(+,t,)], and the triangulated domain (2;,[x"] determined
by the numerical solution. In the spirit of the techniques in [95, 38|, using bulk domains
instead of surfaces, we can obtain a similar sequence of results employing shape derivatives
by constructing a homotopy map between the 2[x}] and 2,[x"]. The corresponding
results are listed in the following subsection and will be used in the stability analysis in

Section 4.3.3.
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SECTION 4.3  Convergence of the numerical approximations

4.3.1 Comparison of norms and integrals on two different domains. Let y,z €
R be the two nodal vectors which define the discrete finite element domains 2;,[y] and
(4[z), respectively. Let e = (e;) := y —z € R*¥V. By means of a linear homolopy, the
intermediate domain 2{ := (2,[z + fe] changes continuously from (2,[z] to £2;[y] when the
parameter 6 takes values in [0, 1]. For a vector u = (u;) € RY we denote by uf € SF[z+ e]

the finite element function on (2,[z + fe| defined by

ufl:Zu]gZ)]z%—He

Similarly to the definition of the scalar-valued function u,9Z by using a N-dimensional vector
u, we can define a d-dimensional vector-valued function ez by using the dN-dimensional
vector e.

In combination with the fundamental theorem of calculus, Lemma 4.1 and the transport

property (4.13), the following lemma was proved in [38, Lemma 5.1].

Lemma 4.3. In the above setting the following identities hold:

1

u' (M(y) — M(z))v = L LG ud (V- el dzds, (4.19)
1

u' (A(y) — A(z))v = L o vl - (DQZeZ)Vde:cdH, (4.20)

with Dgzez = trace(E)ly — (E+ ET) for E = Ve e L?(£20)1*4.

The two formulae in above lemma directly show that if Ve,al is small, the norms of finite
element functions on the two finite element domains 2,[z] and (2,[y] with same nodal

vectors are equivalent. The following lemma was proved in [38, Lemma 5.2].

Lemma 4.4. If |V - eZHLoo(QZ) < p for0<0 <1, then

HVHM (z+0e) = eua/QHVHM(z)
If HDQZeZHLw(Qg) <n for0<0<1, then
IV @roe) < €2 V] a2

The following lemma was proved in [38, Lemma 5.3], which says that the condition in

Lemma 4.4 can be reduced to 6 = 0.
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Lemma 4.5. If ||V62HLOO(92) < 1 then the finite element function vl on 2§, with0 < 0 < 1,

satisfies the following estimate:

0
IV o villzeasy < e Va9 vhll Lo (a9) for 1 < p < oo, (4.21)
where ¢, depends only on p.

In Lenoir’s isoparametric finite element approximation to 20, there exists a lift map

U 29 — 20 satisfying the following estimates (cf. [103]):

U (z) — 2| < ChM! for e @) and [V — I (go) < ORF.
Let ¢ : 2° x [0,T] — R? be the flow map which determines the domain 2(t) = ¢(£2°, ),
and let ¢F = In¢ : 29 x [0,T] — R? be the Lagrangian interpolation of the flow map. Let
X4 (t) be the image of x° under the flow map ¢. Thus §2;,[x(¢)] is the triangulated domain

which approximates {2(¢) based on the nodes in x4 (t). Then ®(-,¢) = ¢(-,t)oWopF(-,t)" ! :
On[x4(t)] — £2(¢) is a lift map at time ¢ such that

|®(z,t) — 2| < CR*Y! for ze 2[x.(t)] and  [VO(-,t) — I|| 100, ea())) < CHF.

Correspondingly, for a finite element function xj € S¥[x.(t)] defined on 2,[x4(t)], we can
define its lift onto £2(¢) by

Xn=xno®(,t)"

Then the following lemma is a generalization of the geometric estimates in [95] and is used

in the proof of the consistency estimates in Lemma 4.7.

Lemma 4.6. The following estimates hold for x,1 € S’,j [x:(t)] and g € WH*(RY):
s = [ §ida| < Ol euton 12 ouen
th[x* " o Iz n e 19 22 e o)
’ J Vx - Vipdr — f VR - Vipdz| < CRF x| e o)) 1] 11 (20 s (0)])
On[x4(1)] 2(t)

ngl' _J g)zdl‘ < CthXHL2 ) Txu(t Hg”Wl»w RA)
‘Jﬂh[x*(t)] Q(t) (2% (£)]) (Rd)

gvxdx - J‘ gvjzdl' < CthXHHl O [xs (t Hg”Wl,OO Rd)-
Uﬂh[X*<t>] ) (s (1)) (R4)

4.3.2 Error equations and consistency estimates. We compare the Lagrangian in-

terpolations of the exact solution, denoted by gﬁ’g € SF[x°]? and W} € SF[x?]¢ and G}, py €
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Sk[ ], with the numerical solutions ¢}, wy, uj and p, after pulling these functions back
to the initial domain (22.
The finite element functions gﬁ’,} € SF[x2]4, Wi e SK[x2]? and 4}, py € Sh[ "] satisfy the

weak formulations up to some defects:
— @ o ¢f +d7, (4.22a)

J Vwy : Vxy + ) - xwde = —dJ(Th[x5], af, Dhs Xw) + J d, - xwdz, (4.22b)
25 [x%] 2n[x}%]

f Vi - Vxudr = f fxudz + f dyxud, (4.22¢)

nx3] 2 [x%] n[xg]

f Vip - Vxpda = f Jul@, ) xpde + f dxpda, (4.22d)
2n[xx] 2n[xx] 2n[xx]

for test functions x., € SF[x7?]? and xu, xp € Sk i [x%], where dj € SF[x9]4, dm e SF[x?]¢ and

dy, dyy € SF[x?] are defects (consistency errors).

In the computation and analysis it is more convenient to write the above linear systems
into the matrix-vector form. To this end, we denote by wi, uy, py d, dy, dy; and d the
column vectors that collect the nodal values of Wy, 47, pj d" dy,, dy; and djy, respectively.

The right-hand side vectors f(x%), J, (x%,u}) and —dJ(x}, u?, p}) are defined by
Pl = [ relis
2p[x%]
AR AT ATTE
2p[x%]

WO P o = [ (o] Vi fos b (TH+ Vo] - VARV

+ (j(z,ap) = Viy - ViR) (Vo [xi]) — du (0, ap) (Vua)ip x5 ]de,

forj=1,---,N and 1 <1 < d. Then (4.22) can be written into the following matrix-vector
form:

X" — x" = rw" + 7d7, (4.23a)

K(xp)wy = —dI(x}, uf, py) + MU (x))dy, (4.23b)

A(xyuy = f(x}) + M(x})dy, (4.23¢)

A(x})py = Ju (x5, uy) + M(x})dg, (4.23d)
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with MU (x?) = I; ® M(x?). When no confusion arises, we simply write M(x?) for
Ml (x7) and | - Iz () for ||+ [ g1¢oye throughout.
The H~! norm of the defect d? will be used in stability analysis. It has the following

expression:
M oy = 5l gy [ ends
BB T g HNEBED [ e
o TG () TMGK () K () 22
0#zeRIN (ZTK(X;})Z)% 0zeRIN (ZTK(XQ)Z)%

N

|K ()2 M(x)d,

= (A0 MK () M()d)

Correspondingly, in the matrix-vector notation, we denote the discrete dual norm of d7, by

%12 sy = (d3) "MK () ™ M ()i

-
Similarly, we denote the discrete dual norms of dyj, dp € RY by

e %y 1= () MGG K () ™ M) dy = [dy 7,

H(2nlxg])
. n\T n n\—1 nyn __ mn||2

I 2 = () MG () MG = 312, 3

The stability estimates will be established by comparing the matrix-vector formulations

(4.16) and (4.23). By subtracting (4.23) from (4.16), we obtain the following equations for

no__ N

the errors el = x" —x7, el, = w" — w7, el = u” — ul and e} = p" — p}:
et =ell + el — 7dZ, (4.24a)
K(x})ey = — (K(x") — K(x}))ey — (K(x") — K(x}))wy (4.24b)
— (dI(x",u", p") — dJ (x5, u, py)) — M(x)dy,
A(xy)ey = — (A(X") — A(x}))ey — (A(x") — A(xy))uy (4.24¢)
+ (F(x") — £(x})) — M(x})dy,
A(xplep = — (A(x") — A(x}))ep, — (A(X") — A(x))py (4.24d)
+ (o (x",u") — T (x5, uy)) — M(x3)d.

The error estimates depend on the estimates for the defect terms dZ, di, di and
dg (the consistency errors), which are presented in the following lemma. The proof of this
lemma is omitted as it basically follows from the approximation properties of the Lagrangian

interpolation, Taylor’s formula and Lemma 4.6.
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Lemma 4.7 (Consistency estimates). Under the assumptions of Theorem 4.1, there exist
positive constants 79 and hg such that for 7 < 19 and h < hg, the following consistency

error estimates hold:

sup  [[d¥|kug) < O, (4.25a)
1<n<[T/7]
sup ( w %, xT + Hdﬁ”*,x;ﬁ + Hdg *’XZ) < Chk (425b)

1<n<[T/7]

4.3.3 Stability estimates. From the error equations in (4.24) and the consistency esti-

mates in Lemma 4.7, we can derive the following stability estimates.

Proposition 4.1 (Stability estimates). Under the assumptions of Theorem 4.1, there exists

a positive constant hg such that for T = o(h%) and h < hg the following stability estimate
holds:

sup (||eQHK(x;:) + HeTvlvHK(x:;) + ”eﬁHK(x:;) + ||93HK(X;:))
0<n<[T/7]

<C sup  ([dykxp)
0<n<[T/7]

ullsxg + [dplexs), (4.26)

W *,X:

where C' is independent of T, h and n (but may depend on T ).

Proof. Let e € SK[x7]%, e e SE[x7]? and e, e € Sk[ "] be the finite element error

w ur &p

n

functions on (2;,[x?] with nodal vectors ey, eZ,

e, and ey, respectively. We make the
following mathematical induction on the boundedness of the errors: We assume that there

exists an integer 1 < m < [T'/7] such that the following inequalities hold for all 0 < n <

m—1,
e lwio(ong)) <h™ (72 + R2), (4.27a)
lemlwren @z <1, (4.27D)
lep llwee (@ ez <1- (4.27¢)

In fact, the inequalities above hold at least for m = 1 because of the following two reasons:
(i) Since x% = x| it follows that € = 0.

(ii) Testing (4.24c) and (4.24d) with e} and )}, respectively, yields the following relations:

(eb) TA(x)e

0
(ep) TA(x2)ep =(ep) " (I, (x",u’) — T, (x2, u)) — (ep) "M(x3)dy.

= — (e0) "M(x})dy,
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By Poincaré’s inequality, |- [a(xz) and |- [k(xz) are equivalent for functions in H(02,][x7]),

and the equivalence is independent of h since there is a one-to-one W1 ®-uniformly bounded

n

lift map from (2;,[x}] onto £2[x(t,)]. Therefore, the relations above together with Cauchy-

Schwarz inequality imply that

leblicqxy) < Ol g < CHF

(ep) " (I, (x%,u”) = T, (x3, u3)) = LO ep(up — ap)de < OB eg v,

h
and therefore
”eopHK(xg) < Chk.
By the inverse inequality of finite element functions, we have
HegHWl’m(Qh[XiD <Ch_%“eg|\x(xg) < C’hk_%,
Doy <Ch™ el < CH*2.

Therefore, in the case k > 2 > d/2, assumptions (4.27b)—(4.27c) hold for n = 0 when h is
sufficiently small.
Now we prove that the stated error bounds (4.26) hold for all time levels 0 < n < m

under the induction assumption. The mathematical induction will be completed by proving

that (4.27) also holds for n = m.

(A) Estimates for €% : First, multiplying (4.24a) by matrix K(x7}'), we have

K(x?)el = K(x™)el ! + rK(xM)el ! — 7K(x™)d? !, for 1 <n < m.
Then, testing the equation above by e}, the following relation is derived:

ety = (e3) K (xi)el ™ + m(ef) 'K (x)ey ! — 7(ef) 'K(x})dy ™

e
W
< e ey €2~ ey + el (1 lacoesy + 12 o) )
Next, by dividing both sides by [e%|lk(xn), we obtain
lexllken < lek ke + Tlew Tk + Tl Ik eg)- (4.28)
In order to iterate the inequality above with respect to n, we need to convert |e?~! Ik (xz) to
len—1 ||K(x:_1) on the right-hand side by utilizing Lemmas 4.3-4.5, which imply the following

result:
el ) — e sy < O7llel s, (4.29)
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Now, we can substitute (4.29) into (4.28) and sum up the result with respect to n. This

yields the following estimate:

n

He?cHK(x;) <Cr Z (Hel;lHK(xgl) + Hdi(_lHK(xgjl)> +C1 2 Heic_lﬂK(xl**l
=1 =1 (4.30)

forl<n<m.

Similarly, testing equations (4.24b), (4.24c) and (4.24d) with ey, e}; and e, respectively,

we obtain
lew ko) = — (eh) T (K(x") — K(x}))ey — (el,) ' (K(x") — K(x}))w} (4.31a)
— () T (dI(x",u", p") — dI(x}, uf, py)) — () "M (xE)dy,,
letlAng) = — () T(A(X") — A(xD))ey — (ef) (A (X") — A(x}))uf (4.31b)
+ (ef) T(F(x") — £(x1)) — () 'M(x})d,
leplacs) = — (ep) T(A(X") — A(x}))ep — (ep) T (A(X") — A(x}))pY (4.31c)

+ (ep) (T (", u") = I, (x}, u) — (ep) TM(x)dg.

In the following, we present estimates for ey, ey and ey, by using the equations in (4.31).

(B) Estimates for €}, under assumption (4.27a): We estimate the four terms on the right-
hand side of (4.31b) separately by using Lemmas 4.3-4.5. For 6 € [0,1], we denote by

€ g€y g Up g the finite element functions on the intermediate domain p[xy] for xj =

n n 3 n n n 3
x} + e} with nodal vectors ey, e}, u}, respectively.

The first term on the right hand side of (4.31b) can be estimated by using Lemma 4.3

and Holder’s inequality, i.e.,

1
<¢mew—Mﬂwﬁ5LL[]wmwaMﬁﬁwwumw
h Xg

1
<Jo Hvez,eH%%Qh[xg])HDQh[ng]e;ﬂHLOO(Q,L[xg])de-

Under the induction assumption in (4.27a) we obtain from Lemma 4.5 that

()T (A(x") — A(x2))el < Ch™5(r% + h2) el |4 ) for 0<n < m—1.

The second term on the right hand side of (4.31b) can be estimated similarly, i.e.,

1
(ed) " (A(x") — A(x}))u} <L IVenolrz g IVer ol L2, | Van ol o (2, 1) 40
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<C|Veyl L2 xan IVerllLz (@, pep 17 w2, xn)

<Cllegllaxnlexlanx):

where the second to last inequality follows from Lemma 4.5.

The third term on the right hand side of (4.31b) can be written as

(e) T (E(x™) — £(x7)) = j

25, [x7]

feu1dx — J Jenodz

2n[x3]

Jol

=\ — fen pdxdd

0 40 Jo,xp” ™
1

[ @)+ feg - ep)dads,
0 JOu[xp]

where dj denotes the material derivative with respect to 6. By using the transport property
856279 = 0 we have J( fez’e) = €, 90pf. Since f is a function of only z, it follows that
Opf = Vf-el, This gives the expression dp(fel ) = €',V f - el ,. Therefore, by using
Holder’s inequality, we obtain

1
(eﬁ>T<f<x">—f<xz:>>=f f (€ gV F eyt fell V- )
0 Qh[xg]

1
<| lets
0

1
+j0 17 g ol

L2 b |V fle @l ez ol 22, xp1) 40

@2, IV - €k ol 22, 1xp 0.
In view of Lemmas 4.4 and 4.5, we have
() T (F(x") — £(x1)) <Cleg ey ek licee)-
The fourth term on the right hand side of (4.31b) can be estimated directly as follows:

() "M (x)dy < lleglliy) Idi

|*,x:kl .
Combining the four estimates above, we derive that

_d, 1k
||eﬁH,2L\(x;) <Ch7i(r2 + h2)Heﬁ”§§(x§) + Cleglkxy leklxxg) + lewlkey) da

n
*,X* .

Since | - [a(xz) and | - [k(xy) are equivalent for functions in S,’f [x}], when 7 = o(h%) and h

is sufficiently small so that Ch™2 (r +hF) < %, we have

HeﬁHK(xz) < CHeZHK(X;) + C”dﬁu*,x’; for0<n<m-—1. (432)
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(C) Estimates for ey under assumption (4.27a): The estimation of the first, second and

fourth term on the right-hand side of (4.31c) are similar as that in part (B) of this proof

and therefore omitted. We focus on the estimation of (ef)" (I}, (x", u™) — J,(x},u})). Let

ey and uy o be the finite element functions in S,’f [x] with nodal vectors ef; and u} + fey,

ie., up o =1ap,+0ey, Then

(ep) T (I, (x",u") = T, (x4, ul))

1 d f ,
= — Jul(z, uz’e)e"ﬁdxde
Jo d0 J o, [xp1 P
1
=f f (eng— Vug - 629)626 + (up g — ud)eggv - el pdzdf.
o Joupe ™ ,0/6p, , \ ;

By Lemma 4.5 and Holder’s inequality, and induction assumption (4.27a), we have
(ep) " (In,(x"u") — Ty, (xE, up))

< Cllenlmeg) + lexImog))leplveg) + Cllep o) lexlaxg)

+ Cllegmxy) leplnvee) ez lwe 2, xz)-

Similarly as the estimation of e]}, by Cauchy-Schwartz inequality, we obtain that

HegHK(Xﬁ) < CHeﬁHK(xz) + CHeQHK(xZ) + CHdg * X7 for 0<n<m-—1. (433)

(D) Estimates for €}, under assumption (4.27): The first, second and fourth terms on

the right-hand side of (4.31a) can be estimated similarly. The third term need to be

estimated by using the expressions of dJ(x", u”, p") and dJ(x%}, u?, p}) and therefore more

complicated. To this end, we denote Pho =DPho+ Geg’e and use Lemma 4.2, which gives us

the following expression:

(ew) ' (dI(x",u",p") — dI(x}, uf, p}))
! d n n n \T n n n -/ n n
| d0 Vui g (Veo+ (Vew o) )Vphg = fewo Vg — Jul(T; uhg)Vua - €y
0 Qh[xg]
+ (J(z,upg) — Vup g - VDp 9)V - ey, gdado.

Then
05 (Vup g (Vey, g + (Veg,e)T)sz,e)
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=05 (Vi) - (Ve g + (Ve ) VVphg + Vb g 05(Vel, g+ (Ver,0) ) VD g

+ Vuj g (Vep g+ (Ve 9) )05 (Vi o)

The material derivatives of Vuy g, Vb g, Ve, g and V - € L€ given by

05 (Vuf ) =Vep g — (Vep ) Vg o,

05 (Vo) =Ven s — (Ver ) 'Voity,

05 (Ve g) =— (Very) Vel g,
05(V el ) = —tr[(Vely) " Vel 4]

Therefore,

(ew) (dI(x",u",p") — dI(x}, uf, p}))

1
[ [V (Ve + (Tl Vo) = €y (Vo) V- pdods
0 Qh[xg]
1
+ J f [(j(%uz,e) = (Vupg) - (VPZ,9)>V : eg,e]v - ey pdzdf
0 Qh[xg]
1
—J f j;(x,uzﬁ)(Vud-6379)V-62’9dxd9
0 Ju[xy]
1
# 1) L (T = (Feh)T (V) - (Tl + (960 (ot
nlxy
! T T
w1, L (T (V2 (90 - (Ve + (e ) ) (Pt
nlxg
1
] (T (Ve ety + (Ve oVer ) (Vi) dodo
0 Qh[xg]
1
L (8 Rl oha) 5 Sty (e = (Ve (Tphg) et
nlxg
1
] e = Ve ) Vua el + (iR~ ua)(€)(VPua) el pdndd
0 Qh[xg]
1
]~ ey — T €2)(7 - €l )dad
0 Qh[xg]
1
] (Ve (Vera) V) VRV -l g)dadt
0 Qh[xg]

1
- f j Vil g - (Ve — (Ve o) TV ) (V - el )
0 J2,[xg]

93



SECTION 4.3  Convergence of the numerical approximations

1 d
- J L (J(z, upg) — Vug g - VD g) Z |- Ou €7 pdudf.
nlxy =1

By Lemmas 4.4 and 4.5 we obtain the following estimates of this term under the induction

assumption in (4.27):
() (dI(x", u", ") — dI (2, u, pl))
< COleg Ik (leplaxg) + lexlxeg) + lenlkeg) ) (1 + leglwre) (1 + [ezlwe)
+ Clleq Ik xg) (leklk i) + lenlkeg) + leplkeg) (1 + leglwre) (1 + ek fwre)
< COle Ik (leplxx) + lexlxeg) + lenlkeg)),
where the W1 norm is taken on the domain £2;[x7?]. Combining this estimate with the

other three terms on the right-hand side of (4.31a), for which the estimates are omitted

due to the similarity as Part (B) of the proof, we have

lew k) < Cllexlkig) + leulkeg) + leplken) + Idwloxg)- (4.34)

(E) Combination of estimates for |ek|lkxn), eulkxy): leplkxn) and ey [k xn): Finally,
combining the estimates in (4.30), (4.32), (4.33) and (4.34), we have

n
- - I— -
ey <O 3 (10 gty + I, ot + i, o + A, i)
=1
n
Z\el 1HK11 for 1<n<m.

By applying the discrete Gronwall’s inequality we obtain

- - - l—
ey < O sup (Il gy + i s + [, oo + i1, e

<Il<n

for1<n<m. (4.35)

Furthermore, under the assumptions of Proposition 4.1, the inequality above implies

the following result:

lekllkxn) < C(r + R¥) for 1 < n < m.

With this result, estimates (4.32) and (4.33) also hold for 1 < n < m. This leads to

leqlkxn) < C(r + h*) and leplkxy) < C(7 + hF) for 1< n<m,
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d
2

which further imply (4.27) for 1 < n < m when 7 = o(h2) and h is sufficiently small. This
completes the mathematical induction.

Accordingly, estimates (4.32), (4.33), (4.34) and (4.35) hold for all 1 < n < [T/7].
Substituting (4.35) into the other three estimates yields the desired result in Proposition

4.1. O

4.3.4 Proof of Theorem 4.1. Theorem 4.1 is an immediate consequence of the consis-

tency estimates in Lemma 4.7 and the stability estimates in Proposition 4.1. O

4.4 Numerical examples. In this section, we present numerical examples to support
the theoretical analysis in this chapter by illustrating the convergence of the proposed
method and the effectiveness of the method in simulating boundary evolution under shape
gradient flow in three-dimensional space. The computations are performed by the finite

element software package NGSolve; see https://ngsolve.org/.

Example 4.1 (Convergence of the evolving FEM). We consider the shape gradient flow
governed by the following moving-boundary PDEs:

dip=wog¢ in 27 $(0) = id|o in £2°, (4.1a)
~Aw+w =0 in Q(t), dw = —J'(D(t))v on D(t), (4.1b)
—Au+u=f inQt), w=0 onT(t), (4.1¢)
—Ap+p=7j,(,u) in 02(t), p=0 onT(t), (4.1d)

with the following initial condition, source functions and shape density:

0 x? 3 2 2
2 :{("E13$2):m+0'452 <1}, f=5—a1—u3
1
Jjlu) = ilu—ud|2 with ug = 1 — 2% — 3.

As t — o0, the boundary I'(t) converges to the optimal boundary I'y, which minimizes the
energy functional J(I') = {,, j(x,u)dz under the constraint —Au + u = f, i.e., the unit
circle Ty = {(21,22) : 22 + 23 = 1}.

We test the convergence in space at time T' = 10 by choosing a sufficiently small time
stepsize such that the errors from the time discretization are negligibly small. The errors
of the numerical solutions are presented in Figure 4.1 (a)—(d) for several different spatial
mesh sizes h = 1/24,1/36,1/54,1/81, for finite elements of degree k = 1,2, 3. The numerical

results indicate that the numerical solutions have kth-order convergence in space. This is
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consistent with the theoretical result proved in Theorem 4.1 in the case k = 2,3. The
analysis of stability and convergence of numerical approximations in the case k = 1 is still
challenging.

In addition to spatial discretization, we also test the convergence of time discretiza-
tions by backward difference formula of order 1, 2,3, which we refer to as BDF-1, BDF-2
and BDF-3, respectively. For the extension to BDF-£, we need to replace wj by a kth-
order approximation of wZH in (4.15a) using the k-step backward extrapolation. This
will maintain the kth-order accuracy while decoupling equations (4.15a) and (4.15b). We
have commented on this in the revised manuscript. The errors of the time discretizations
are presented in Figure 4.1 (e)—(h) , which indicate that the numerical solutions given by
BDF-k have kth-order convergence in time. For BDF-1, this is consistent with the theoret-
ical result proved in Theorem 4.1. The analysis of stability and convergence of numerical
approximations by BDF-k, k = 2,...,5, should be similar as that for BDF-1 by using the
multiplier and energy techniques in [93].

The shape and mesh of the evolving domain at time t = 0, ¢t = 5 and t = 30 are
presented in Figure 4.2 with meshsize h = 0.06 and time stepsize 7 = 0.1, where we can
observe that the shape of the boundary at ¢ = 30 is already almost the same as the optimal

boundary I'o.

Example 4.2 (Dumbbell shape in three dimensions). We consider problem (4.1) with the

following initial condition, shape density and source functions:

2° = {( ) i + 75 + 73 <1}
= 1,29, . x
L2030 0852 T 0.452 1 0.452

. 1 2 . 2 .’If% + .'13%

o) = Zlu— th w, = el
Ju) = glu—ual” with wa =2y + o 577 5
f=—Aug + ugq.

As t — oo, the boundary I'(t) converges to a three-dimensional dumbbell-shape optimal
boundary 'y, as shown in Figure 4.3 (d). The shape and mesh of the evolving 3D domain
at time ¢t = 0, ¢ = 10 and ¢ = 100 are presented in Figure 4.3 (a)-(c) with meshsize h = 0.06
and time stepsize 7 = 0.1, where we can observe that the shape of the boundary at t = 100

is almost the same as the optimal boundary I'.

Example 4.3 (Drag minimization under Stokes flow in three dimensions).

We consider an example from drag minimization on the exterior of a three-dimensional
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H? Errors of u

H? Errors of w

H? Errors of u

H? Errors of w

1/81 1/54 1/36 1/24
h

(a) H' error of u from space discretization

10—2 4

10—3 4

1074 4

10-74
1/81 1/54 1/36 1/24
h

(c) H" error of w from space discretization

1/64 1/32 1/16 1/8
T

(e) H' error of u from time discretization

10—2 4

10—3 4

10—4 4

10—5 4

10—6 4

10—7 4

10—8 4

1/64 1/32 1/16 1/8
T

(g) H' error of w from time discretization

H? Errors of p

H? Errors of ¢

H? Errors of p

H? Errors of ¢

H
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9
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4

1/81 1/54 1/36 1/24
h

(b) H' error of p from space discretization

1071 4

1/81 1/54 1/36 1/24
h

(d) H' error of ¢ from space discretization

10—2 4

1/64 1/32 1/16 1/8
T

(f) H* error of p from time discretization

1/64 1/32 1/16 1/8
T

(h) H' error of ¢ from time discretization

Figure 4.1. Errors of the numerical solutions at time T' = 10 (Ezample 4.1)
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Figure 4.2. Evolution of the 2D domain in Example 4.1.
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Figure 4.3. Evolution of the 3D domain in Example 4.2.
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obstacle surrounded by viscous incompressible Stokes flow (see [57, Fig. 3.2]), which has
many applications in airfoil design and obstacle problems. The analysis in this chapter
could be extended to this example.

The velocity of the fluid which surrounds the obstacle is governed by the following

Stokes equation:
V- (2uD(u) — pl) = [ in D\Q,

V-u=0 in D\{2,

u=20 onI'u Ty, (4.2)
U = Uin on I'yy,

(2uD(u) —pl)v =0 on oy,

where 1 = 0.1 denotes the viscosity of the fluid and v is the unit outward normal vector
on the boundary of domain D = (—1,1) x (—0.5,0.5) x (—0.5,0.5) excluding the obstacle
2, and D(u) = $(Vu + Vu') is the deformation tensor. The inflow and outflow parts
of the boundary are denoted by I';, and I'oy, which are the left and right sides of the
cube, respectively. The no-slip boundary condition is imposed on the other parts I'y, of
the boundary and the boundary I' of the obstacle. In our numerical test we set f = 0 and
uin = (1,0,0) 7.

The drag minimization problem secks a boundary I' which minimizes the energy dissi-
pation of fluids, i.e.,

min J(I') = ,uf |Du|?d.

o0R=r
Vol(£2)=const D\Q

The distributed Eulerian derivative of the energy functional J(I') has the following expres-
sion (see [182, (36)]):

dJ(I;v) = JD\Q [M(HDDU\QV v —Du: (VuVo! + VUVUT)> +pVu: VUT]dl‘.

By applying our method to the drag minimization under Stokes flow, we evolve the domain
under the H' shape gradient flow associated to the energy functional .J(I'), where the initial
shape of the domain is a sphere centered at (—0.4,0,0) with radius 0.2. In order to maintain
the volume constraint of {2 in the evolution, we choose a divergence-free descent velocity w

from the solution of the following equation (in the weak formulation):

J Vw:Vvdx—J qV -vdx = —dJ(T;v),
D\ D\2
(4.3)

V-wndx =0,
D\
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for any test functions n € R and v € H'(D\f2) with no-slip boundary condition on I'y, U
i U I'out in the finite element discretization.

The evolution of shape and mesh of the three-dimensional domain at time t = 0, ¢t =
0.01, ¢t = 0.04 and ¢ = 0.05 are presented in Figure 4.4 (a)-(d) with time stepsize 7 = 0.001,
maximal mesh size h = 0.06 in {2, and local mesh size h = 0.02 near the obstacle. Our
numerical simulation shows that the shape of the domain is close to stationary at ¢ = 0.05.
The corresponding optimal shape of the obstacle under volume constraint dragged by the

viscous incompressible Stokes flow is presented in Figure 4.4(d).

05, 05 05 05

0 0 0 0
—0.5_] 0 1 -0.5 -0.5_] 0 1 -0.5
(a) The domain and mesh at ¢ = 0 (b) The domain and mesh at ¢t = 0.01
-1 0 1 -1 0 1
0.5 05 05 0.5
0 0 0 0
-0.5 -05 -05 -0.5
-1 0 1 -1 0 1
(¢) The domain and mesh at ¢t = 0.04 (d) The domain and mesh at ¢t = 0.05

Figure 4.4. Fvolution of the shape of the obstacle in Example 4.5.
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Chapter 5

Optimal Convergence of Arbitrary
Lagrangian—Fulerian Finite Element Methods for
the Stokes Equation in an Evolving Domain

The content of this chapter has been published in

“Q. Rao, J. Wang, and Y. Xie.

Optimal Convergence of Arbitrary Lagrangian—FEulerian Finite Element Methods for
the Stokes Equation in an Evolving Domain, IMA J. Numer. Anal., drae097, 2025.°
This study was conducted in collaboration with another Ph.D, Y. Xie, and we con-

tributed equally to the work.

5.1 Introduction. The Stokes equations are PDEs widely used to describe the motion

of viscous fluids such as water and air. Solving the Stokes equations is a critical area of

research in fluid dynamics, particularly when the domain is not fixed, such as in moving

boundary /interface or fluid-structure interaction problems. The inclusion of such a dynamic

domain introduces an additional layer of intricacy to the problem.

This chapter concerns the numerical solution of the Stokes equations in a time-dependent

domain 2(t) c R? with d € {2, 3}, i.e.,

o — Au+ Vp = f

V-u=0
U=w
U = Uug

in ) x{t, (5.1a)
te(0,T]

in | 20, (5.1b)
te(0,T]

on | an) x{t}, (5.1c)
te(0,T]

on 2° = 2(0), (5.1d)

where the domain §2(¢) has a smooth boundary I'(t) = 0f2(¢) which moves under a given
(.

smooth vector field w(-,t).

For well-posedness of system (5.1), velocity field w should

satisfy condition Sa!?(t) w(-,t)-n = 0 for each ¢ € [0,T], where n denotes the outward unit
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normal vector of 0f2(t). For simplicity, we assume that the vector field w has a smooth
extension (which we do not need to know explicitly) to the entire space R? and generates a
smooth flow map ®(-, ) defined on the entire space R?. The equation also includes a source
term f, a given smooth function that depends on both space and time variables. In our
analysis, the solutions (u,p) of equation (5.1) are assumed to be sufficiently smooth. To
ensure uniqueness of the solutions, we assume that p(-,t) € L(£2(t)), which is the space of
functions p in L?(£2(t)) such that Smt) pdz = 0.

Recent advancements have brought significant progress in the convergence analysis of
FEMs for fluid equations in evolving domains. The well-posedness of the Oseen equation
in time-dependent domains was proved in [33] by using an evolving space framework. Lo-
zovskiy et al. [122] introduced a quasi-Lagrangian FEM for NS equations in time-dependent
domains, demonstrating optimal-order error estimates in the energy norm. In [130] a kth-
order unfitted characteristic finite element method(UCFEM) was studied for the time-
varying interface problem of two-dimensional Oseen equations. Moreover, Eulerian FEMs
for fluid equations have made significant progress. An Eulerian coordinate framework us-
ing CtFEM for parabolic equations on moving domains was proposed by Lehrenfeld &
Olshanskii [102], while Burman et al. [18] extended this framework to the Stokes equation,
proving optimal-order error estimates for the velocity in L? H'-norm and L?L?-norm. Fur-
ther enhanced analysis of related CutFEMs for Stokes and Oseen equation was provided in
subsequent studies of von Wahl et al. [170] and Neilan & Olshanskii [139].

Another prevalent method used to handle the complexities arising from domain evolu-
tion is the ALE method, which will be employed in this chapter. The ALE method allows
the mesh to move according to an ALE mapping, such as the interpolation ®;, of @, to fit the
evolving domain. To employ the ALE formulation, one can define the material derivative
of the solution uw with respect to the velocity field w as

Dyu(z,t) := %u(@({,t),t) = Qu+w-Vu at x = &(&,t) € 2(t) for £ € 2°. (5.2)
Using this definition of material derivative, the first two equations in (5.1) can be rewritten

as

D —w-Vu— Au+ Vp = f, (5.3a)
Vou=0, (5.3b)

and the ALE method can be employed to discretize the material derivative D;u along the

characteristic lines of the evolving mesh.
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In an early investigation of ALE methods, Formaggia & Nobile [143] provided stability
results for two different ALE finite element schemes. Subsequently, Gastaldi [53] established
a priori error estimates of ALE FEMs for parabolic equations, illustrating that a piecewise
linear element can yield L? error of order O(h) when the mesh size h is sufficiently small.
In a related study [142], Nobile obtained an error estimate of O(h*) in the L? norm for spa-
tially semidiscrete ALE finite element schemes, with k& denoting the degree of the piecewise
polynomials utilized. The stability of time-stepping schemes in the context of ALE for-
mulations, such as implicit Euler, Crank—Nicolson, and backward differentiation formulae
(BDF), were proved in [12] and [49]. Under specific generalized compatibility conditions
and step size restrictions, these investigations yielded L? error estimates of O(7* + h¥),
where s = 1,2 corresponds to the order of the time schemes and k denotes the degree of
the finite element space employed. Moreover, Badia & Codina [6] obtained L? error bounds
of O(7% + 77 1/2hF+1) for s = 1,2 for fully discretized ALE methods that employ BDF in
time and FEM in space. These sub-optimal error bounds were obtained when the mesh
dependent stabilization parameter appearing in fully discrete scheme is as small as the time
step size.

Optimal convergence of O(h™ 1) in the L (0, T; L?) norm of ALE semidiscrete FEM for
diffusion equations in a bulk domain with a moving boundary was established by Gawlik
& Lew in [54] for finite element schemes of degree r > 1. We also refer to [41] and [38]
for a unified framework of ALE evolving FEMs and an ALE method with harmonically
evolving mesh, respectively. Optimal-order H' convergence of the ALE FEM for PDEs
coupling boundary evolution arising from shape optimziation problems was proved in [56].
These results were established for high-order curved evolving mesh. Optimal convergence
of O(h™*1) in the L* (0, T; L?) norm, with flat evolving simplices in the interior and curved
simplices exclusively on the boundary, was proved in [113] for the ALE semidiscrete FEM
utilizing the standard iso-parametric element of degree r in [103].

In addition to the ALE spatial discretizations mentioned above, the stability and error
estimates of discontinuous Galerkin (dG) semi-discretizations in time for diffusion equations
in a moving domain using ALE formulations were established in [14]| and [13|, respectively.
The ALE methods for PDEs in bulk domains [56] are also closely related to the evolving
FEMs for PDEs on evolving surfaces. Optimal-order convergence in the L? and H' norms
of evolving FEMs for linear and nonlinear PDEs on evolving surfaces has been shown in
[37, 43, 95].

The above-mentioned research efforts have focused on diffusion equations with and with-
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out advection terms. The analysis of ALE methods for the Stokes and NS equations has also
yielded noteworthy results but remained suboptimal, as discussed below. In [101], Legendre
& Takahashi introduced a novel approach that combines the method of characteristics with
finite element approximation to the ALE formulation of the Navier—Stokes equations in two
dimensions, and established an L? error estimate of O(r + h'/2) for the P;,~P; elements
under certain restrictions on the time step size. In a related work [151], an error estimate
of O(h?|log h|) was obtained for the ALE semidiscrete FEM with the Taylor-Hood P,—P;
elements for the Stokes equations in a time-dependent domain. Moreover, for a fully dis-
crete ALE method with the implicit Euler scheme in time, convergence of O(7 + h% + h?/7)
was proved in [151]. The errors of ALE finite element solutions to the Stokes equations on
a time-varying domain, with BDF-k in time (for 1 < k£ < 5) and the Taylor-Hood P,—P,_;
elements in space (with degree r > 2), were shown to be O(7* +h") in the L? norm in [119)].
As far as we know, optimal-order convergence of ALE semidiscrete and fully discrete
FEMs were not established for the Stokes and NS equations in an evolving domain. As
shown in |54, 113], the optimal-order convergence of ALE semidiscrete FEM requires proving
the following optimal-order approximation property for the material derivative of the Ritz

projection:
| Dy Ryu — Ry Dy pul 2 < Ch™HE. (5.4)

In line with the fixed domain case, achieving optimal consistency error in analysis of finite
element approximation for Stokes equation necessitates the use of the Stokes-Ritz projection
Ry,. As a result, when trying to obtain the optimal-order approximation property (5.4)
following the duality argument as in |54, 113], a problem occurs that the error estimate of
Stokes-Ritz projection of pressure is involved in the analysis. This problem was addressed
by additionally establishing and utilizing an optimal H ! error estimate for the Stokes-Ritz
projection of pressure, i.e., (5.43), which is used in Lemma 5.11. This leads to optimal-order
convergence of the ALE semidiscrete FEM, as the main result of this chapter (see Theorem
5.1).

A fully discrete second-order projection method along the trajectories of the evolving
mesh for decoupling the unknown solutions of velocity and pressure is proposed to compute
the numerical solutions in the section of numerical examples.

For simplicity, we focus on the analysis of ALE semidiscrete method for the Stokes
equations. However, the numerical scheme and analysis presented in this chapter can be
readily extended to the Navier—Stokes equations. The methodologies employed can be

effectively utilized to tackle the nonlinear terms as well.
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The rest of this chapter is organized as follows. In Section 5.2 we present preliminary
results for the evolving mesh, ALE finite element spaces, and boundary-skin estimates. In
Section 5.3, we present the formula for the semidiscrete finite element approximation and
prove an optimal-order error estimate for it. To reinforce the theoretical analysis, Section
5.4 includes numerical results for the Stokes equation as empirical evidence supporting our

theoretical findings.
5.2 Preliminary.

5.2.1 Evolving mesh and ALE finite element spaces. Suppose that the initial smooth
domain £2° is divided into a set ’720 of shape-regular and quasi-uniform curved simplices
with maximal mesh size h. Each curved simplex K is associated with a unique polyno-
mial F of degree r, referred to as the parametrization of K (as described in [41]). This
parametrization maps the reference simplex K onto the curved simplex K. Additionally,
each boundary simplex K (with one face or edge attached to the boundary) may contain a
curved face or edge that needs to interpolate the boundary I'V = 0£2°. To achieve this in-
terpolation, we employ iso-parametric finite elements of Lenoir’s type (see [103] for further
details) at time ¢t = 0 based on the parametrization of the boundary which is denoted by
T : 0D — T, Here, 0D represents the flat boundary face of the triangulated flat domain,

which has the same vertices as the curved triangulated domain 92 =U KeT? K. In practical

implementations, the parametrization 7 can be chosen as the normal projection onto I'.

In other words, it computes the unique point ¥(z) € I'° satisfying the equation:

x =1(x) + sign(z, 2°))z — T(2)|n(T(z)),
where n(2'(z)) is the unit outward normal vector at point 7'(z) and

1 for zeRNNO,

sign(x,!?o) - { —1 for ze 0O,

Let us denote the nodes of the triangulation 7;10 as §; € R? where j = 1,...,N. Each
node &; undergoes a time evolution with velocity w, resulting in the movement of the node
to a point z;(t) € R? at time ¢. This evolution is governed by an ordinary differential
equation (ODE):

d
Si() = wlms(0),1) and ;(0) = &
Consequently, the points z;(t), where j = 1,..., N, constitute the nodes of a time-dependent

triangulation denoted as Ty, (t). The relations among these points mirror those among the
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original nodes §;, namely, a set of nodes x;(t) form the vertices of a simplex in Tp(t) if
and only if the corresponding nodes §; form the vertices of a simplex in 7}? Hence, the
evolving domain 2;,(t) = KkeT;, (1) K serves as an approximation of the exact domain Q(t).
This approximation is achieved by employing piecewise polynomial interpolation of degree
r on the reference simplex, with an associated interpolation error of O(h"™!). Note that
the approximation to (2(t) by (2,(t) may not be Lenoir’s type for ¢ > 0.

In a manner similar to the initial triangulation 70, each simplex K € Tp(t) is associ-
ated with a unique polynomial of degree r, denoted as F}f( K > K , which serves as a
parametrization of K over time. Therefore, the finite element space defined on the evolving

discrete domain 25(t) is given by:

ST (2u(1)) := {vn € C(2u(1)) : vy 0 Fr € PT(K) for all K € Ty (1)},

where P" (K ) represents the set of polynomials on K with degree less than or equal to r. We
denote Vi (§2,(t)) := Sy (£2,(t))? as the corresponding vector-valued finite element spaces.
The finite element basis functions of S} (£2(t)) are denoted as ¢}, where j = 1,...,N.
These basis functions satisfy the property:

In terms of these basis functions, the approximated flow map ®(-,t) € V'(£2)) can be

expressed as
N
(& t) = Z ) for & € £29.

The flow map @ (-,t) establishes a one to one correspondence between 2§ and (2;(t) at

time ¢, with a velocity field wy, € V) (£24(t)) satisfying:

wp(Pr(€,1),t) = i‘1)h (&1) Z ¢ (&) for £ € 2. (5.5)

This representation corresponds to the unique Lagrange interpolation of the exact velocity
w(®(-,t),t). Analogous to definition (5.2), we can define the material derivative of any

vector or scalar valued function v with respect to the discrete velocity field wy, as follows:

d
Dy pv(z,t) := &v(@l(ﬁ,t),t) = 0w+ Vou-wy, at x = Oy (€,1) € Q(t) for E€ 29, (5.6)

The pullback of the finite element basis function d);» from the domain 2, (t) to 2,(s), i.e

Pho®p (-, t)oPp(:, 5)~1, gives rise to a finite element function defined on £2;,(s). Remarkably,
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the nodal values of this function coincide with those of ¢;. As a result, we establish the
equality qS; o ®p(-,t) o ®p(-,8)7t = ¢3. Exploiting this relationship, we can derive the

well-known transport property of the basis function gb} which states:

d
Dy pd(z) = &qﬁ?(ﬁ) =0at z = &p(&,1). (5.7)

The analysis of integrals over dynamically evolving domains necessitates the applica-
tion of the Transport Theorem, as established in [171, Lemma 5.7]. This pivotal theorem
provides a concise and indispensable description of the intrinsic relationship between the
time derivative of an integral over a domain that evolves with time and the derivatives of

the integrated function and domain velocity.

Lemma 5.1 (Transport Theorem). If the domain {2 undergoes motion with a velocity field
w e WH9(92), we have

d

where Dy f is the material derivative of f with respect to the velocity w.

The interaction between the operators D; and V plays an essential role in the error

analysis. Consequently, we establish the following lemma as a direct consequence of (5.2):

Lemma 5.2. For any vector-valued function f, the material derivative of Vf and V - f

with respect to the velocity field w can be expressed as follows:
DiVf=VD;f —VfVw, (5.9)
DiV-f=V-Dif —(Vf): (Vw)'. (5.10)
We adopt the Taylor-Hood type finite element spaces on the evolving domain §2(t),

which allow for a continuous approximation of the pressure. Specifically, we define the

following spaces:
Vi (924(t) :={u € Vi (2u(t)) : ulag, ) = 0O},

Qz—l(()h(t)) ={pe Sg—l(ﬁh(t)) : L} (t)pdx = 0}.

By employing Verfiirth’s trick and utilizing the macros-element criterion, as described
in [11, Section 8.5 and Section 8.8|, we establish the inf-sup condition for the Taylor-Hood

type isoparametric elements.
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Lemma 5.3 (Inf-sup condtion). There exists a constant k > 0, independent of h and

t € [0,T] forr =2, such that

(divun, pr) g, 1)

sup = K’thHLQ(Qh(t)) Vph € QZ’l(Qh(t)). (511)

0£vReV) (£21,()) vah”LQ(Qh(t))

5.2.2 Boundedness of partial derivatives of the mesh velocity. For any function u
defined on | Jy<,<7 £2(t) x {t}, there is an extension function % defined on R? x [0,T] such

that

U(-,t) := E(u(-,t) o ®(-, 1)) o ®(-, 1)1, (5.12)

where the operator E : L'(£2(0)) — L'(R?) refers to Stein’s extension operator in [161, p.
181, Theorem 5. It holds that

N@(- ) lwep ey < Clul, ) [wer o) (5.13)

Similarly, we can define the function p as the extension of p to the whole space R%. To
simplify the notation, we will just use (u, p) to represent (@, p) if there is no confusion arisen
within the context.

We denote the interpolation operators as Iy, : C(£24(t)) — S} (£24(t)). Throughout this
discussion, the explicit time dependency ¢ is often omitted, and we will use I} instead.

In certain cases, we come across vector-valued spaces such as Vi (£2,(¢)) = Sy (2,(t))?
and the corresponding vector-valued interpolation operators such as Ifll. To streamline
the notation, we will use I, when referring to vector-valued objects, provided there is no
ambiguity within the context. In the same spirit, we use notation like | - |51 () instead
of | - [ g1 (oe))e When referring to norms of vector-valued objects.

By (5.5), the interpolation wy, = Ipw serves as an approximation of w. Consequently,
we can establish an error estimate for wy, in the piece-wise Sobolev norm W}lf P (2, (1)) with

respect to triangulation 7y (t) as follows:
Hwh(-,t) — ’lU(',t)HW,I:,oo(Qh(t)) < Chr-i_l_k”w(-,t)HWr+1,oo(_Qh(t)) VO<k<r+ 1, (5.14)
which especially implies the W1 ®-boundedness of the discrete velocity wy,. Observe that

®(&,t) = Dp(&,t) for each nodes &; of discrete domain (29, thus there holds ®p(-,t) =

I,®(-,t) on 29 and we can derive the error between ®(t) and () as follows:

(1) = @ (-, 8)lyrrin () < CI. (5.15)
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The estimates in (5.14) and (5.15) lead to the following result when h is sufficiently small
lwn (s )lwroe (2,1 + 1PR(s ) lwreo(oy + 1957 Co ) lwroo(u iy < C (5.16)

where C' is a constant independent of the mesh size h and time ¢. This serves as a basic

condition on the mesh velocity in the subsequent analysis.

5.2.3 Error of domain approximation. To address the discrepancy between (2(¢) and
its finite element approximation (2, (t), we utilize the boundary-skin estimate. This estimate
is essential for effectively managing errors that arise from the finite element approximation

of the domain.

Lemma 5.4. For any finite element function vy, € V{(Qh(t)), the following inequalities
hold:

lvall 2, 020y < CRPTT27Y2T0, | L2, ) < CRATFTD2727 Yy 112 0 .

Proof. Using Holder’s inequality, Newton-Leibniz formula and the fact Uh’a(zh(t) = 0, we

have

lonll 22 (om0 < 12a@\LE2[on]l Lo (2n 0000

<2\ sup  dist(z, 02) |Vonl e, )
€2, (H\2(t)

< CR3CTD2 |0 Lo, 1))
< Ch3(r+1)/27d/2vahHLQ(Qh(t)) < Ch3(r+1)/27d/271thHLQ(Qh(t))’
where we used the fact that the distance from z € 2,\2 to 042;,(t) is no greater than Ch"*+1
and the inverse estimate of finite element functions in the last two inequalities. O
Due to the inherent discrepancy between the finite element domain (2;,(¢) and the exact
domain §2(t), the exact solution u does not vanish on 0f2(t). To handle this situation,

we rely on the following lemma to derive an estimate for the integral over the boundary

082, (t). A proof of this lemma can be found in [113, eq. (3.32)].

Lemma 5.5. Let g e WY (R?). Then the following inequality holds:

9l @2n ) < ClallLreew) + ClIValLiewoan. @) (5.17)

where C is a constant independent of the mesh size h and time t.
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The significance of the ensuing lemma lies in its pivotal role in acquiring optimal H~!-
norm estimates for pressure through implementation of a duality argument. A rigorous

proof of this lemma can be found in [46, Corollary 1.5].

Lemma 5.6. For each A € HY(02(t)) n L3(2(t)), there is a function x € H*(2(t))% n
HY(2(t)? such that divx = A, and the following inequality holds:

X2 (2e)) < ClA 21 (2000

where the constant C' is independent of t € [0,T].

5.3 The semidiscrete finite element approximation. In this section, we present
a semidiscrete FEM for solving problem (5.1) using the ALE formulation (5.3). We also
provide an error estimate for this method.

The semidiscrete finite element problem can be formulated as follows: Seek solutions
up(t) € Vi (£2,(t)) with initial value up(0) = Iu(0) and the boundary condition uj, = wp, on
0025 (t), and py(t) € Q71 (2,(t)) that satisfy the following equations for all test functions
v € Vi (924()) and gn € Q) (£25(1)):

(Depun — wp - Vg, vp) o, @) + (Vun, Vor) g,y — (V- vn, pr) 0, = (F, v0) 2,0, (5.18a)
(V * Up, qh)Qh(t) = 0, (5.18b)

The main result of this section is the following theorem.

Theorem 5.1 (Error estimate of the semidiscrete FEM). Consider the semidiscrete finite
element solutions (up,pp) given by (5.18). Assuming that the exact solutions (u,p) to
problem (5.1) are sufficiently smooth and have been extended to be defined on R wvia (5.12),

the following estimate holds under condition that w is sufficiently smooth:

sup [u — up r2(0, 1)) <CRuph’™, (5.19)
te[0,T]
lp = prllL20,1;:02 (24 (1)) SCRuph” (5.20)

where C' is a constant independent of the mesh size h and R, , is a norm of (u,p) defined
as follows:
Rup =0l L2, mywr+10@ay + ] 20,7+ 2.0 (may)
+ |0ep 20,1157 Rayy + [Pl 220,741 (RAY)
+ |1l Lo (0,05 +100 Ray) + |P] Lo (0,757 (RaY) -
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5.3.1 The Stokes—Ritz projection. Analogous to the Stokes—Ritz projection in a fixed
domain, we introduce the concept of the Stokes—Ritz projection for the pair (v(-,t),q(-,t)) €
HY(0Q()) x L2(£24(t)) for t € [0,T] over a time-dependent finite element domain 2 (t),
denoted as (Ryv, Ruq) € Vi (£24(t)) x Q) (2,(t)). The Stokes-Ritz projection satisfies the
following equations for all test functions xj, € VhT(Qh(t)) and \j, € Q1 (£2,(t)) under the
boundary condition Rpv = Ipv on 082, (t):

(VRrv, VXn) 0, 0) — (V- X Bnd) 0,00 = VO, Vxn) 0,00 — (V- X D 20), - (5:21a)

(V : th, /\h).Qh(t) = (V - v, )‘h).Qh(t)~ (5.21b)
Additionally, we define the norm | - | over any domain D c R? as follows:
120y = 1F = Fliaco). (5.22)

where f denotes the average of f over D, given by f := ﬁ §p fda.
By utilizing the inf-sup condition (5.11), the Stokes—Ritz projection exhibits quasi-

optimal error estimates, as stated in the following lemma:

Lemma 5.7. [55, Chapter 2, Theorem 1.1] Let (Rpv, Rpq) denote the Stokes—Ritz pro-
jections of (v,q). Suppose that (v,q) are sufficiently smooth. Then the following estimate
holds

IV(v = Rpv)| 22,0 + g — RhQHIL?(Qh(t)) < ChT(HUHH}TL“(Qh(t)) + HQHHg(Qh(t))),

where Hj (£2,(t)) means the piece-wise Sobolev norm with respect to the mesh Ty(t). The
constant C' is independent of h,t and the function (v, q).

Remark 5.1. Lemma 5.7 is a corollary of [55, Chapter 2, Theorem 1.1| and error estimates

of Lagrange interpolation:
IV (v = Inv)| 200, 0) < CthUHH”jJrl(Qh(t)y lg = Inql 20, @) < CthQHH,g(Qh(t)),

where k is restricted by condition that % < k < r due to the requirement of Sobolev em-
bedding H*(R?%) — C°(RY) for the stability of Lagrange interpolation. To obtain Lemma
5.7, it suffices to take k = r. Since r > 2 and d € {2,3} by our assumption, the restriction
k=r> % is satisfied. However, if ¢ only possesses H!-regularity, as is the case for the solu-
tion ¢ of the duality problem (5.32), there is no desired estimate of Lagrange interpolation
error of g. To overcome this problem, we can consider the Scott-Zhang interpolation Z;, (cf.

[155] and [15, Section 4.8]). Though we are working with finite element space consisting
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of isoparametric elements, the same strategy as in [155, Theorem 3.1] still applies to prove

the following first-order error estimate:

lg = Zngl 22, 1)) < Chldal a2, @) (5.23)

As a corollary, let Py, : L2(2,(t)) — S5 (£2,(t)) be the L?(£2(t))-orthogonal projection onto
the finite element space Sj (£2,(t)). Then, there holds:

lg = Prallr20, @) < g = Znal 22,0 < Chldal a0, @) (5.24)

We shall utilize (5.24) in our duality argument contained in Lemma 5.9 and Lemma 5.11

below.

In order to prove the optimal-order estimate of the error between exact solutions and
numerical solutions, we need to facilitate the estimation of errors such as Dy (v — Rpv) and

Dy (¢ — Rpq). It is convenient to introduce the operator E;, defined as:

Et,h = Dmth - RthJL. (525)
We can establish the following lemma about the estimate of VE; pv and E; pq.

Lemma 5.8. Let (Rpv, Rpq) denote the Stokes—Ritz projections of (v,q). Suppose that
(v,q) are sufficiently smooth. There is a constant C independent of h,t and the function

(v,q) so that the following estimate holds:
IVEnvlz2 (o) + 1Bendlz g, @) < ChT (HUHH;H(Qh(t)) + HQHH,:(Qh(t))> - (5.20)

Proof. Since equations (5.21) are invariant under the substitution ¢ to ¢ — g with g being
the average of g over 2;(t), it suffices to assume that § = 0. Now, we fix a time ¢ € [0, T]
and a pair of testing functions yy € V{(Qh(t)) and A\, € Q) 1(2,(t)). From (5.21), the
following equation holds for each s € [0,T]:
(V(Rpv = v)(s), VXa(s) @, (s) — (V- xa(s), (Brg — @) (s)) 2,(s) = 0, (5.27a)
(v ) (th - U)(8)7 )\h(s) - )\h(5>)0h(s) =0, (527b)

where y,(s) € Vhr(_Qh(s)) and Ay, (s) € S; 1 (2,(s)) are defined by x4(s) := xn(t) o du(t) o
(dn(s5))~ and Ap(s) := Au(t) 0 ¢n(t) o (n(s))71, i.e. the finite element functions on 25 (s
with the same nodal values as xj, and Aj, respectively. Note that by definition Dy pxp(s) =

DypAn(s) = 0 for all s € [0,7] and An(t) = Ay = 0 but in general A,(s) # 0. By taking
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derivative with respective to time s at s = ¢ on both sides of (5.27), and using Lemma 5.1

and Lemma 5.2, we obtain
(VDt,th% VXh).Qh(t) — (V- xa, Dt,thQ)Qh(t) - (VDt,hU, VXh)Qh(t) + (V- Xa, Dt,hQ)Qh(t)
= —(V(v = Rpv)Vwn, Vxn) g, @) + (V(v = Rpv), Vxn(V - wp — Vwp)) 0, @)
+ (Vxn: (V)T =V - xuV - wp, g — Rnq) o, 1) (5.28a)
(V- DenRpv, M) o, 1) — (V- De v, An) o, 1)
= —(V(v = Rpv) : (Vup) T, M)y + (V- (v = Rpv), AWV - wp) o, 1)

(Ans V- wn) 2, 1)
192;,(1)]

+ (V- (Rpv —v),1) g, 1) (5.28D)

Similarly to the definition of (5.21), we can define the Stokes-Ritz projection of (D pv, Dy 1q),
and substitute the definition into (5.28), we obtain

(VEt,h’Ua VXh)Qh(t) —(V Xn, Et,hQ)Qh(t)
= —(V(v = Rpv)Vwn, Vxa) g, @) + (V(v = Rpv), VXpV - wp — VxnVor) g, )

+(Vxn : (Vwn)" = VXV - wh, ¢ — Rua) 0, 1) (5.29a)
(V- Eenv, M) o, 1)
= —(V(v—Ryv) : (Vwn) ", M) 00 + (V- (0= Rpv), MV - wp) o, )
(An, V- wn) 0, )

925, (¢)] '

By the definition of the Stokes-Ritz projection, Ryv = Iv and R, D;pv = I, Dy v on the
boundary 02,(t). Then D, pRpv = Dy plpv = I Dy pv on 082, (t), which means Ey v = 0

+ (V- (Bpv —v),1) g, 1) (5.29b)

on 082,(t). Hence, we can choose xp, = Eypv and Ay, = Ey pq— Ey j,q in equation (5.29) with
E} 1q being the average of Ey jq over (2;,(t), and obtain the following estimate by using the

W% boundedness of wy,
HVELhUH%?(Qh(t)) <C|V(Rpv — U)H%Q(Qh(t)) +Clg— thniz(rzh(t))
+ C|Eung — Endlrzo, i) IV (Rro — )| 1200, 1)) (5.30)
By using the inf-sup condition (5.11) and the equation (5.29a), we have

1Eenq — Erndlr2(0,@) <C  sup v g“ Eind = Evnd) =C sup W
omxnelr VxRl ) oxnety IVXRIZ2(2, (1))

<C<\|VEt,hv\|L2(nh(t)) + [V(Bpv = 0)llr20,¢)) + g — RhQHLz(Qh(t))>-
(5.31)
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By substituting (5.31) into (5.30), and using Young’s inequality and Lemma 5.7 under the

assumption g = 0, we obtain the desired result. O

5.3.2 The Nitche’s trick and duality argument. In order to obtain an optimal order

error estimate of Rpu — u, we will apply Nitche’s trick. Let g be a function in Vg(()h(t))
that we can extend outside of £2;,(t) by setting it to zero. We solve the following equations
in (1) for (1) € HL(21)) x L(2(0):

—AY+ Vo =g, in (), (5.32a)
V=0 inQ0t), ¢lagw =0 (5.32b)

By applying regularity estimates for the Stokes equation in 2(¢), we obtain the following

result:

1Vl 7220y + Vel 22wy < Clanllrz, @) (5.33)

To extend the functions ¢ and ¢ to QZ and @, respectively, we employ the Stein extension
operator as in (5.12). By applying this operator, we can define 7 as 7] := —AJ + V@ — g

and arrive at the following expression:
198172000y = (V5 Var) @ty = (V- 91 B) 2 t) — (s ) 2 1) (5.34)

Notably, since 7] vanishes in 2(¢) and we have r > 2, we can utilize Lemma 5.4 along with

the regularity estimate (5.33) to obtain the following inequality:
(90 M 2| = 190 M 2nnew)] < 1l L2 l9nl 222, ep 00 < CR?lgnl 220, @) (5:35)

Consequently, when h > 0 is sufficiently small, we can absorb |(gx, ), ()| on the right-hand
side of (5.34) by the left-hand side. This yields the following estimate:

l9nZ2 (2, (0) < C (Y, V) aney — (V- 90 @) o) | (5.36)

We choose g, = Rpv — Ipv € V{(Qh(t)) in (5.32). By appropriately estimating the

right-hand side of (5.36), we can derive the following lemma.

Lemma 5.9. Let (Rpv, Rpq) be the Stokes—Ritz projection of (v,q). Suppose that (v,q) are
sufficiently smooth. Then there exists a constant C independent of h, t and (v, q) such that

|Rpv — || 20, (1)) <CR™ (\|U|\W;L-+1m(gh(t)) + HQ|\H;(Qh(t))) : (5.37)
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Proof. For g, = Rpv — Ipv, by utilizing (5.36), the definition of Stokes—Ritz projection
(5.21) with (xp, Ap) = (Ihzz, P}®) (noting that Ih?/;‘a_(zh(t) = 0 since ’l,Z|a_Q(t) = 0 and thus ¢

vanishes on all the boundary nodes of £2;(t)), and integration by parts, we have
l98 200y <C‘(VQZ7 V(Bpv = 0)) g, @ — (V- (Bpv —v), @)Qh(t)‘
+ |V, V(0 = L))oy — (V- (0 = 1), B, 0)
<C‘(V(1Z — ), V(Rpv — ) g0y + (V- Inth, Rug — q — ?)Qh(t)’
+C|(V - (Ruv = 0), 8 - Pi@)a,

9

+ C‘(—ATZ +Vg,v— IhU)Qh(t) + (V?,Z ‘n—gn,v — IhU)th(t)

where we used following notations: Py, is the L2(§2;,(t))-orthogonal projection of 5 onto the
space S 1(2,(t)) and P, = @ is the average of P, on (2,(t) so that Pi@ := Pr3 — P@
belongs to Q}!(£2;(t)). For L?-orthogonal projection Py, there holds error estimate (cf.
(5.24) of Remark 5.1)

IPhd — @llr2 (0, < CRIB| a1 (02, 1)) (5.38)

And we can deduce following estimate for |$| from condition o € L3(£2(t)),

3l <C j 1+ f 13
25, ()\2(t) 2(t)\02x(t)

<C|3] poay |2\ ()2 + [ 20 (\R2(6)]?)

As a corollary, we have

IPLP — @lr2n ) < ChIPIE (0, @) (5.40)

By using the error estimate of interpolation Ij,, the error estimate of P} (5.40), Lemma 5.7,

and the regularity result (5.33), we have
19117220 0))
gC(HJHHQ(]Rd) + H@HHI(Rd)) (hHV(th =) 22u)) + v — IthLQ(Qh(t))>
+ C‘(V Iy, q — Ryg — q)gh(t)] + C’(n VY — Fn,v— Ihv)(mh(t)‘
<Ch™*! (”UHHT“(_Qh(t)) + HQHH"(Qh(t))> lgnllz2(2n )y + C’(V (Y — ), g — Rpg — Dy )
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+ C‘(V ~,q — Ryq — @)Qh(t)’ + C‘(Vlz ‘0= on,v — Ipv)sn, 1)
We estimate the left terms subsequently.
‘(V (¥ — InY),q — Rpg — ﬁ)nh(t)‘ < Ch|P| 2, 1 la — RhQHII,2(Qh(t))‘
It is known that V-4 = 0 in £2(t). Hence, we have
‘(V ,q— Rpg — @)Qh(t)’ <IV Yl r2 o mpamylla = Rh‘]”/L?(Qh(t))
<CLO\RDOBY - Pl o la — Badli2(a, )
<ChIP| razay|la = Bndl 20, 1 (5.41)

where the last inequality follows from the fact » > 2, Lemma 5.7, and (5.33). By using
Lemma 5.5 and (5.33), we have

(- VY — gn,0 — Iyv)ag, 1| <Cllv — Inv] e 00, 1)) (||V@Z||L1(anh(t)) + ||95\|L1(anh(t))>
<Clo = Il oy ) (19 2y + 1801 e )
<Chr+1”””w}’;“’m((2h(t))thHL2(Qh(t))‘ (5.42)

Combining the above estimates, we obtain the desired estimate (5.37). O
To obtain the optimal order estimate of E; ,v, we rely on the negative norm estimate

of Ryq — g, which is shown in the following lemma.

Lemma 5.10. Let (Rpv, Rpq) be the Stokes—Ritz projection of (v,q). Let G denote the
average of q over 2n(t). Suppose that (v,q) are sufficiently smooth. Then for each X\ €
HY(RY), the following inequality holds.

(g — Rng — @, N g, )] < Ch™ (HUHW}:+1’°O(Qh(t)) + HQHHg(Qh(t))) I £1 ety (5.43)
The constant C' is independent of h,t and (v, q).

Proof. For each A € H'(R?), let A\, := \T%t)l SQ(t) Adx denote its average over {2(t). By
Lemma 5.6, there exists x € H2(£2(t)) n H (£2(t)) such that

divk =X =X in 200),  [xlazew) < I\ @e- (5.44)
We extend x to ¥ € H?(R?) as mentioned in (5.12). By decomposing the integral, we have

(g = Rrag — T Nauw)| = [(@— Rra — @ X — M), 0|
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<|(g=Rug =7, A = M) auenem| + 1@ — Bha =TV - X, now)
<|(@=Rrng =3, A = M) a,mnew| + 1@ — R =7,V - X,
+ (¢ — Rra — 0,V - a0

To estimate the boundary-skin integral, we derive the following inequalities by using Lemma

5.7:
(g = Rrg — T X — M) ool + (@ — Bha — 7,V - X) 2,00\ 00)|
<Jq - RhQHL2(Qh(t (Xl 222w + 1M L2, w2y + IV - Xl L2, @en20))

A
)
<lq — Rudl 20, 1) (

120 N2 + (17 - Koty + 1M oqaa)| 2nO\R(0)] )
<l = Baaly (g, 0y (el 20 ENLOIM + (R 2y + Nz o) | 20N
<O (10l 741 ) + Il 00 ) N 11 - (5.45)

where we have used Hélder’s inequality, Sobolev embedding H'(RY) < LS(R?), regularity
estimate (5.44), and the fact r > 2.
Since X|an@) = 0, we can interpolate X to a function x; € ‘O/}Z'(Qh(t)), ie., xpn = IpX.

Then we have

(¢ = Rrg =TV - X
<|(@=RBng =7,V - (X —x0)anw| + 10— R =7,V - Xn) 0, 1)

<|(¢=Rng =7,V - (X = xu) .| + | (V(Rrv = 0), V(xn — X)) a@)| + [(V(Rho — ), VX) 2,0
<ChIR ey (Ia — Rnallzzqa ) + IV (Rav = 0)llz2(@uy ) + [(T(Rav = v), VR) 0

<Cn (||U\\H;+1(gh(t)) + HQHH;(Qh(t))) IM g1 ey + [(V(Rrv =), V) 2, 1)

Integrating by parts and dealing the boundary integral term as in (5.42) and using regularity

estimate (5.44) as well as Lemma 5.9, we obtain
[(V(Rrv =), VX) 202, )| C(HRW =20, ) + [Brv — vllLo a0, )”XHH2 Rd)
<C (1R = vllz2(@, ) + 1BA0 = vl oo, @ ) I a0 ey
<C (Iollyreon o,y + Il ey ) Nl gy

Combining the above estimates completes this proof. O
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Having completed the necessary preparations, we are now poised to establish the L?-
estimate of E; ,v. To achieve this, we adopt a proof technique akin to that used in Lemma

5.9, leveraging the insights gained from (5.36) and (5.43).

Lemma 5.11. Let (Rpv, Rpq) be the Stokes—Ritz projection of (v,q). Suppose that (v, q)
are sufficiently smooth. Then there is a constant C' independent on h,t and (v,q) such that

the following estimate holds:
| Envll 22 (0, 1)) <Ch (’\U\\W;+l»<ﬁ(9h(t)) + HQHHg(Qh(t))> : (5.46)

Proof. Similarly to the proof of Lemma 5.8, we may assume that § = 0, where § is the
average of q over {2(t). Since E; v = 0 on the boundary 02, (t), we can choose g, = E; pv
in (5.32). By (5.36) and the definition of Stokes—Ritz projection, we have

| Bt nol 720, 1)) <C)(V1;7 Van) ) — (V- gn, @)nh(t)‘
<C)(th1;, VEt,hv)Qh(t) - (V : Et,hU,Pz@)Qh(t)‘

n C‘(V(l — L), VE ) 0,0 — (V- Bopv, (1= P an 0

Let x5, = Ihqz, A = Pi@ i= Pp@ — P in (5.29) (where P is the same L?-orthogonal

projection operator as used in proof of Lemma 5.9), we obtain
2
| Eenvlz2 0, 1)

<C| = (V(v = Bypo)Vwn, VIyd) g, ) + (V(v = Ryv), VIp(V - wy, — th))nh(t)’
+C|(VIng : (Vwp)" =V - IV - wy, q — RhQ)Qh(t)‘

+C| = (V(v = Rpv) : (Vwp) " PE@) 0,0y + (V- (0 = Rpv), PGV - wh)()h(t)‘

(Pr@, V- wn) o, 1) ’
192,,(2)]

+C|(V - In, Bypg — mmm‘

+C|(V - (Rpv —v), D)o,

+ OV = )8, VEw) 0,0 — (V- Bunv, (1= PHE) 0,0

<C‘ — (V(v = Rpv) Vo, V(I — ) g, 1) + (Vv = Ry), V(Ipth — ) (V - wp — th))(zh(t)’
+ C|(V UG = B) 2 (Van) T = V- (1 = D)V - wia = Rua), 0
+ C‘ — (V(v = Ryv) : (Vwp) ", Pig — @) g, + (V- (v — Rpv), (P — @)V - wh)(zh(t)‘

118



CHAPTER 5 Optimal Convergence of ALE for Stokes Equation

+ C|(V(Ryv = 0)Vaon, V) g, () + (V (v = Ryv), Vi (V - wy, — th))gh(t)]
+ |V (Vun) T = V-9V - wi g = Rug)o, )|

+C| = (Vv = Rpv) : (Vwn) ", @)y + (V- (v — Rpv), @V - wh)Qh(t)‘

+ C|(V - (Rpv —v), 1)~Qh(t)

(Pr@, V- wn) g, 1) ‘
|2,(t)]

+C|(V- (I — V)Y, By g — Et,hQ)Qh(t)‘ + C’(V -, By pg — Et,hQ)_Qh(t)‘

+ OV~ )8, VE ) 0,0 — (V- Eupv, (1= P)@)a, )

Furthermore, wy, can be replaced by (wp — w) + w. In view of the error estimate (5.14),
applying the same routine as in the proof of Lemma 5.9, i.e. using the error of interpolation
Ip,, error of modified L%-projection P (5.40), Lemma 5.8 and an analogue of estimate (5.41),

we have

B0l 220y <CH (1) oy + almgana ) (I902@u0) + 181m @non)

+ C|(V - (Rpv —v), 1), 1)

(P, V - wh) 0, 1) ’
|02, (2)]

+ C|(V(Ryv — o)V, Vi) g, ) + (V(v — Byv), V(Y - w — Vw))gh(t)‘

+ (VP (Vu)T =V -V - w,q — Ra)o, )

+C| = (V= Ryv) : (Vw)", @) g0 + (V- (0 = Ryv), @V - w)()h(t)‘-
By using the regularity result (5.33), Lemma 5.10, and integration by parts, we obtain

| Eenole (o, @y <CR (\|U|\W£+L°o(gh(t)) + HQHH;(Qh(t))> | Eenvl 22, 1)

(P*@a A wh)()
+ C|(Rpv — v,0) 50, (1) — (2 ‘

|2, ()]

+C| = (Rpo — v,V - (VOV ) g0y + (Riv — v,n - (VOVW ), 1)
4O = (Rpo — 0,V - (VO(V - w — Vw)))gh(t)‘
+C|(v—Rpv,n - (VQZ(V cw — Vw)))@gh(t)‘

+ C|(v — Ry, V- (3(Vw) ")), ) — (v — Ry, V(SV - w))()h(t)‘

+C| = (v—Rpv,¢n - (Vw))on, ) + (v — Rpv) -1, @V - w)&()h(t)’-
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Since Rpv = Ipv on 002(t), by using Lemma 5.9, we have
B30,y <CR™1 ([olyroron g, ) + lallignay ) 1Benvlzaa, oy
+ C’(Hth =2, ) + v — fh’””m(arzh(t))) (HTZHH%W) + D] a1 (rey)
<O (llyrsron o,y + Il ey ) 1B lzaen, wy)- (5.47)

By using Young’s inequality, we finish the proof. O
With these preparations done, we can go start proving Theorem 5.1, which is shown in

next subsection.

5.3.3 Proof of Theorem 5.1.
Proof. We define the auxiliary function ¢ in R? as follows:
§:=0w— Au+ Vp— f, (5.48)

where u, p, f represent their extensions to R?. By testing the equation (5.48) with vy, €
To/}f(ﬂh(t)), we obtain:

(Dypu — wp - Vu,vp) 0,00 + (Vu, Vor) g, ) — (V- v D), 0) = (F00) 2, 0) + (§500) 2, 0)-

Applying Holder’s inequality, Lemma 5.4 and the fact r > 2, we can derive the following

estimate:
1€, 0n) o] = (€& vm) 20000 < CR Vo] 20, 1) 1€ 22 ma) - (5.49)

It follows from (5.21) that the Stokes-Ritz projection (Rpu, Rpp) satisfies the following

equation

(DenRpu—wp, - VRyu, vp) 0, 1) + (VR Vor) g, ) — (V- vn, Rep) g, 1)

=(fovn)on + (Evn)anm + (Fovn)auw  Yon € Vi (2u(t)), (5.50a)
(V- Rou,qn) o) =0 Van € Q1 (24(1)), (5.50D)
where the remainder . := Dy p(Rpu — u) — wy, - V(Rpu — u) represents the consistency

error of the spatial discretization.
Since vy, € V,{(Qh(t)), via integration by parts, we can estimate wy, - V(Rpu — u) as

follows:
{(wh -V(Rpu — u), vh)gh(t)| = ‘ — (vnV - wp, Rpu — u) g, (1) — (Rpu — u, wp, - Vvh)gh(t)}
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< C|Rpu — ul 120, ) lvnll gt (2, ) (5.51)

where we have used the W' boundedness of the mesh velocity, i.e., |wp(£) w10, ) < C,

which follows from (5.14) and the triangle inequality. Thus, we have
[(Z,vn) o, o) <C<||Dt,h(Rhu —u)| 22, + 1 Rru — UHL2(Qh(t))) lonl m1 (2, )
<C(||Et,hu|\L2(Qh(t)) + | Rp Dt pu — Dt,huHLQ(Qh(t))> lon] 1 (2, 1)

+ C|Rpu — w20, @) [vrll a1 (2, @) (5.52)

by the definition (5.25) of F ;. We can estimate | Ry Dy pu — Dy pu| 120, 1)) term in (5.52)

by Lemma 5.9 as follows:

|Rp Dy pu — Dy pul 120, 1)
r+1
<O (|Dentlyrorio g ) + I1Deaplig o)
<CH (1@vullwrsooqan @y + [l esoo g, o el 200, 0

+lowlar (@) + HwhHW}:’w(Qh(t))HpHHT“(Qh(t)))

<CH™* (0pul 1oy, 1)) + |ullwrezce o, @) + 100l @) + [Pl 1240)) s (5.53)

where we have employed formula (5.6) of material derivative and the W}:H’w—boundedness

(5.14) of discrete velocity wy. Combining the estimate (5.53) and (5.52) as well as using

Lemma 5.9 and Lemma 5.11 , we can derive that
[(Fvn) o)) < CR™H Awp(8) 0wl 1 (02, 1)) (5.54)

where we used notation A, ,(t) which is an abbreviation defined as follows

Aup(t) = [0cul, t) [wreroomay + [uls Ollwrizomey + [0 O] grray + [PCs Ol e @ay-

Let us define e, := Rpu—uy, and e, := Rpp—pp,. By subtracting equation (5.18) from equa-
tion (5.50) we obtain the following equations for any vy, € V}:(Qh(t)) and g, € Q)1 (24(1))

(Deneuw — wh - Veuw,vn) o, 1) + (Vew, Vor) o, ) — (V- vny€p) 0, 0) =€+ F,00) 2,0)5
(5.55a)

(V- ew, an) o, ) =0- (5.55b)
Since Rpu = Ipu = wy, = up on the boundary 062;,(t), we have e, € V{(Qh(t)) By testing

(5.55a) with v, = e,, we obtain:

1
§3t\|€u(t)||%2(gh(t)) + [ Veu®) 720, 1) =& ew) ne) + (Freu)anw
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<CH 1 Ay (D)l ew(®) o, 1))

where the last inequality follows from (5.49) and (5.54).
By applying Young’s inequality and absorbing Heu”?ql( n()) OB the right-hand side, we

can integrate the inequality from 0 to t to obtain:
¢
leal Z2gon ) + L IVeul 720, ) ds < len(O)72(0, ) + CRE AT < CRE p70Y.

Combining this result with Lemma 5.9, we derive the estimate for v — wy,.
For the estimate of p — pj, by using inf-sup condition, the Wh*-boundedness of wy,,

and equation (5.55a), we have

V vy, e
HepHLz(Qh(t)) <C sup Hv(v‘hp)
0#£0R V) (25, (1)) RIL2(925(t))

<C (K™ Aup(t) + | Veul L2, + | Deneul 2, 1y) - (5.56)

Since Dy pe, = 0 on the boundary 0§2,(t), we can chooose vy, = Dy pe, in (5.55a) and

obtain

H-Dt,heuH%ﬂ(Qh(t)) - (wh -Vey, Dt,heu)rzh(t) + (Veua VDt,heu).Qh(t) - (V : Dt,h@m €p)(zh(t)
= (§+ F, Dynew) o, 1) (5.57)

From Lemma 5.1 and Lemma 5.2, it is known that

1d 1
(veua VDt,heu).(lh(t) :§a”veu|‘%2(9h(t>) — §(|V€u‘2, V- Wh)gh(t)
1
+ i(Veu(th + (th)T), veu)(lh(t)‘ (5.58)

By taking derivative to (5.55b) with respect time, we obtain that

(V- Dypew, an) o) + (V- euV - wy — Veu 1 (Vwr) ', an) g, 1) = 0 (5.59)

Let gp = ey in (5.59), we have
(V - Dy pey, e,,)gh(t) + (V- e, V-w, — Ve, : (th)T, ep)-Qh(t) =0 (5.60)
Substituting (5.49), (5.54), (5.58) and (5.60) into (5.57), and using inverse estimate, we can

obtain that

1d
[Drneulz ) + 5 gl Veul T2

<O Aup(8) | Depell i, ) + ClDeneul 2, i) I Veul n2(a, @)
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+ O Veu| L2, @y lepll L22nw) + ClIVeul Tz, 1)
SCOR" Ay p ()| D neul 20, ) + ClDeneul 20, @)l Veul L2, @)
+ O Veu| L2, @yl el L22nwy) + ClVeul T, 1) (5.61)
By substituting (5.56) into (5.61), using Young’s inequality, and integrating both sides from
0 to t, we have
! 2 2
fo IDeneulz2(a, s ds + Vel zaa, o)

t
<Ch”'R,,+C fo IVeul 2, )ds + [ Veu(:, 0)\@2(92) < Ch”R,. (5.62)

Combining (5.62) and (5.56), we obtain that
lepll 220,02 (02, (1)) < CRuph”
By using Lemma 5.7, we can deduce that
Ip = prlL20.1; L2024 1))) < CRuph” + ClPl22(0,1)5 (5.63)

where p(t) is the average of p(t) on 2(t). Since p € L3(£2(t)), we have that

5010 ([ g1+ o)

<Clp( 1) poo ey (120 (ON\2(E)] + [£2(E)\2n(E)])
<CAy,(t)R" (Sobolev embedding H™ ! (R?) <> L®(RY) used) (5.64)

Combining (5.63) and (5.64), we complete the proof. O

5.4 Numerical experiments. In this section, we provide numerical tests for problem
(5.1) to support the theoretical result proved in Theorem 5.1. For temporal discretization,
We use the second-order projection method. If we define the pull back operator P,ZL e
ViIr(2p) — Vi(2m) as Pr"op, = vp 0 @ o (7)1 for any vy, € V(£2)), then the fully
discrete scheme is shown as follows: Find u}*! e V7 (£27"1) and pitt e Q1 (02711) at step

n + 1 such that
1
n+1 n,n+1 n n+ln n+1 n pn+ln
?[ (uh — D uh’vh) ot * (Ph Yno T Th Uh) Q;;]

1
+1 n,n+1 +1 n,n+1
— < (@ P ) D P ), vh>QZH

123



SECTION 5.4  Numerical experiments

1 n ,n TL n s TL n n
h
1 nal n,nt1 o n+ln n+1 n+1,n
+ 2| (Ve B, Vvh> o+ (V(Ph +up), VB ) ]
4 25
1 _ n+1ln n
= 5[ (V- vnpit o @0 (@) ) oo + (V- B ) |
h op
s [t g + (700), P 00| o e V() (5.650)
_2 n+1), Up Q;LLJrl n)y Ly, h “Qh h h h ) .
(v ’ u2+17Qh)QZ+1 + /87— (V( pr— ph © q) (®Z+1>_1)7 th)QZ‘H =0 Vg€ QZ_I(QZ+1)7

(5.65b)

where # > 1 is a constant. In the numerical tests, we choose 8 = 2. The solution uZH is

obtained by solving equation (5.65a), and subsequently, pZH is computed using equation

(5.65b) and u} .

Example 5.1. Let £2(¢) be an ellipse given by:

2(t) = {(5,9) s Fla,y) <0} for Fla,y) = (1= %% + (1= )% — 1.

Then for ¢t > 0, the domain (2(¢) evolves with volume invariant. We select the velocity
function w to be

OFVF

w(z,y;t) = TYETVE on 02(t), and — Aw =0 in 2(t).

The initial value ug is chosen to be w(-,0) and f = 0. Since the exact solution is not known,
we compute a numerical solution for sufficiently small 7 and h as reference solution.

The initial and final discretized domains, denoted as £2(0) and §2;,(1) respectively, are
illustrated in Figure 5.1. These domains are obtained by employing the P; element and P»
element, representing the piecewise linear and quadratic finite elements, respectively.

To assess the convergence properties of the numerical scheme, we conducted a con-
vergence test at time T' = 1 to assess the spatial discretization. For this purpose, we
employed two different sets of finite elements: Py, — P, and P, — P;, while keeping the
time step sizes sufficiently small to ensure minimal errors from the time discretization.
The errors of the numerical solutions are presented in Figure 5.2 for varying mesh sizes:

= 1/8,1/16,1/32,1/64. The results demonstrate that the numerical solutions exhibit
r + 1-th order convergence in space, where r corresponds to the order of the FEM. This

finding aligns with the theoretical results established in Theorem 5.1 for » = 2. Notably, for
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CHAPTER 5 Optimal Convergence of ALE for Stokes Equation

the Py, — P; element, we verified that the inf-sup condition (5.11) is satisfied. Therefore,
we can attain second-order convergence using the same approach presented in this chapter.

In addition to investigating the convergence in space, we also conducted a temporal con-
vergence test at T' = 1 using the P — P; element and a suitably small mesh size that ensures
negligible errors from the space discretization. The resulting errors of the numerical solu-
tions are depicted in Figure 5.3 for different time step sizes: 7 = 1/50,1/100, 1/200, 1/400.

The observed errors demonstrate second-order convergence of velocity u in time.

Example 5.2. In this example, we investigate the convergence order of numerical solutions

in a rotating domain. Let the initial £2(0) be an ellipse given by

25 25
2(0) = {(z,y) : Eﬂﬁ? + gyz <1}

The domain {2(¢) is generated by the rotating mesh velocity field w(z,y,t), which is given
by

w(z,y,t) = (—ysint, z cost).

The exact solutions (u, p) are chosen to be u(x,y,t) = w(z,y,t) and p(z,y,t) = z+y. The
source function f is chosen to be consistent with the equation (5.1a).

Similarly to Example 5.1, we assess the convergence behavior of the numerical solutions.
Specifically, we investigate the convergence of spatial discretization using the Py, — P;, and
P, — P; elements, considering sufficiently small time step sizes that ensure the errors from
time discretization are negligible. Figure 5.4 illustrates the errors of the numerical solutions
for different mesh sizes: h = 1/8,1/16,1/32,1/64. The results indicate that the numerical
solutions exhibit 4 1-th order convergence in space for r-th order FEMs. This convergence
behavior aligns with the Theorem 5.1.

In addition, we examine the convergence of the velocity u in time at T' = 1 using the
P, — Py element, with a sufficiently small mesh size that ensures the errors from spatial
discretization are negligible. The errors of the numerical solutions are presented in Fig-
ure 5.5 for various time step sizes: 7 = 1/50,1/100,1/200,1/400. The numerical results

demonstrate a second-order convergence in time.
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Figure 5.5. Errors from temporal discretization for velocity v at time T = 1.
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Chapter 6

Optimal Convergence of an Arbitrary
Lagrangian—FEulerian Finite Element Method for
Fluid-Structure Interactions

The content of this chapter has been published in “B. Li, Q. Rao, and P. Sun.
Optimal Convergence of an Arbitrary Lagrangian—Eulerian Finite Element Method

for Fluid-Structure Interactions, submitted.”

6.1 Introduction. In this chapter, we consider the problem of interactions between
the free viscous fluid flow and a deformable elastic structure, which gives rise to a rich
variety of physical phenomena with applications in many fields of science and engineering,
such as the vibration of rotating turbine blades impacted by the fluid flow, the response
of bridges and tall buildings to winds, the floating parachute wafted by the air current,
the blood flow through arteries that are made up of a deformable hyperelastic medium,
and etc. These problems are often referred to as fluid-structure interactions (FSI); see
[176, 163, 20, 35, 156, 120, 168, 167]. The incompressible Navier—Stokes equations, defined in
Eulerian coordinates, are frequently used to describe fluid motion. To define the structural
motion, the linear elasticity model or neo-Hookean-type material models in Lagrangian
coordinates are commonly employed; see [115]. Generally, FSI problems necessitate that
both the fluid and structural fields at the common interface not only share the same velocity
but also exhibit consistent normal stresses. Current major numerical approaches to solve
FSI problems are distinguished by their methods of handling the interface conditions along
the moving interface and by their strategies for managing the mesh in the fluid region.
Due to their high-order accuracy, body-fitted mesh methods have become a reliable
numerical approach for solving unsteady moving domain /interface problems including FSI,
provided that the moving mesh — which adapts to the moving boundary/interface over

time — can be efficiently generated. In this context, the arbitrary Lagrangian—Eulerian
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SECTION 6.1 Introduction

(ALE) method [73, 79, 78, 140, 160| has emerged as the most popular one among body-
fitted mesh methods due to its high feasibility and fidelity, where the mesh at the interface
is continuously adjusted to be shared by both the fluid and structure, thereby naturally
satisfying the interface conditions of FSI within a location-dependent finite element space
tailored to the interface.

The convergence of ALE-based finite element methods (ALE-FEM) for time-dependent
partial differential equations (PDEs) in evolving domains has been studied in many articles.
When the velocity of the moving boundary/interface was prescribed, stability analysis of
ALE-FEM for parabolic equations was provided in [48|, optimal-order error estimates in
L?(0,T; H') norm were given in [53], and optimal-order error estimates in L*(0,T; L?)
norm were established in [54, 114]. We also refer to [41] and [38] for a unified framework of
ALE evolving FEMs and an ALE method with harmonically evolving mesh, respectively.
For the Stokes equations, suboptimal convergence rates in L*(0,T; H') and L*(0,T; L?)
were given in [133], and optimal convergence rate in L*(0,T; L?) was established in [147]
recently.

However, very few work has been done when the moving boundary /interface is driven
by the solutions of PDEs in the domain. This is the case of FSI problems and many other
related free boundary /interface problems, as well as shape optimization problems and sur-
face evolution under geometric curvature flows. Optimal-order convergence in L*(0,T; H')
of evolving FEM for surface evolution under geometric curvature flows were established in
[93, 94, 76, 40| by utilizing a matrix-vector framework introduced in [95| for analyzing the
errors in approximating surface-driven surface evolution problems. For discussions on the
convergence of finite element methods for curve evolution, readers are referred to articles
[36, 39, 146, 9, 177]. Besides, optimal-order convergence in L*(0,T; H') of an ALE-FEM
for boundary evolution under a gradient flow arising from shape optimization problems was
obtained in [56], and optimal-order convergence in L®(0,T; H') of an ALE-FEM for the
sharp interface model of two-phase Navier-Stokes equations was established in [107].

Recently, the errors of semi- or fully discrete ALE-FEMs for FSI problems were analyzed
in [99, 100] without considering the errors in approximating the interface motion. To
the best of our knowledge, the only proof of convergence of ALE-FEMs for FSI problems
with a moving interface was given in [101]| for rigid structures which can be modelled
by ordinary differential equations instead of PDEs. Consequently, a comprehensive error
analysis of ALE-FEMs for FSI problems that addresses the errors in approximating the

interface motion, with elastic structures which need to be modelled by PDEs instead of
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ODEs, is still lacking.

The objective of this chapter is to establish the optimal-order convergence in L* (0, T; H)
of a monolithic fully discrete ALE-FEM with evolving mesh for a dynamic FSI problem
with an unknown interface evolution driven by the solution of FSI problem. In particular,
the errors of fluid velocity and structural displacement in L* (0, T; H') norm and the error
of pressure in L (0, T; L?) norm are proved to be O(7+h¥) for a semi-implicit Euler scheme
with a high-order evolving mesh ALE-FEM described in [41], using a mixed finite element
method with P,—P;_1—P; elements for velocity, pressure and structural displacement, re-
spectively. This is achieved by designing an initial correction that improves the order of
convergence in the error analysis of the developed ALE-FEM for the presented FSI prob-
lem, utilizing the matrix-vector formulation techniques developed in [95] for analyzing the
errors in approximating solution-driven interface evolution in the FSI problem, as well as
a mathematical induction which guarantees that the errors in approximating the evolving

domain (including the unknown interface) will be uniformly bounded and sufficiently small

when 7 and h are small enough and 7 = o(hg).

Note that the coupling between the Navier-Stokes equations and the second-order hy-
perbolic system in the FSI problem, along with the continuity conditions (6.5) across the
interface (which requires the velocity of fluid to match the velocity of structure on the in-
terface), presents challenges in deriving stability estimates in the L*(0, T; H') norm for the
ALE-FEM. In general, to derive L®(0,7T; H') stability for individual Navier-Stokes equa-
tions or the hyperbolic system, one can choose the test function to be the time derivative
of the solution. However, in the coupled system (6.7), this approach encounters difficulty
when choosing the test function = d;v to obtain L®(0,T; H') stability of the fluid ve-
locity v. Therefore, we are compelled to choose £ = dyu due to the continuity condition
(6.5a) across the interface, which induces the term (e(u), €(0nu))g,. Integration by parts
necessitates estimating the H' norm of d;u, which cannot be directly controlled via en-
ergy estimates. To overcome this challenge, we can take an additional time derivative to
the equation (6.7), and select the test function (1,£) = (v, dyu) in the newly obtained
equation.

In our error analysis, we use this idea to establish the H' stability estimates of the fully
discrete ALE-FEM for the coupled Navier-Stokes equations and second-order hyperbolic
(structural) equation with some consistency error terms. In this case, we need to estimate
the L? errors of ;v and dyu at initial time. Then the standard geometric estimates using

interpolation are inadequate, indicating that the discrete H~' norm of the consistency
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error is O(h¥). Utilizing inverse estimates, this implies that the discrete L2 norm of the
consistency error is of order O(h¥~1). To address this limitation, we introduce an initial
correction specifically designed to enhance the convergence order, thereby allowing the
discrete L? norm of the consistency error to achieve O(h¥) at the initial time. Furthermore,
we construct two analytic solutions for the FSI problem in both 2D and 3D for testing the
convergence order of the numerical solutions.

The structure of this chapter is organized as follows: we present a realistic FSI model
and its original weak form in Section 6.2. Then, we define the ALE mapping, ALE-based
weak formulation of the FSI problem, as well as the fully discrete ALE-FEM in Section
6.3. We conduct a rigorous optimal error analysis for the developed fully discrete scheme in
Section 6.4. Numerical experiments are carried out in Section 6.5 to validate the theoretical

results.

6.2 Model description. We consider the motion of a viscous fluid and an elastic struc-

ture in a bounded domain 2(t) ¢ R? (d = 2,3) separated by a smooth interface I'(t) which
is the common boundary of the fluid domain 2;(¢) and structural domain (25(¢) at every
time t € [0, 7], i.e., 2(t) = 21(¢) UT(t) U Qa(t), 21(t) N 2a(t) = &, 21(t) " 2a(t) =T (t).
Hence, the interface I'(t) moves along with the fluid and structure, as shown in Figure 6.1.

For example, we are interested in a pressure-driven flow through the deformable channel

ol 1)

I(t) 0(t)

Ql(t) QQ(t) Ql(t)
()

Figure 6.1. Two schematic domain decompositions divided by the interface T'(t): (1) the
immersed case (left); (2) the back-to-back case (right).

with a two-way coupling between the incompressible fluid and the elastic material, where
the fluid motion is defined in the current/Eulerian description, while the structure motion
is defined in the initial /Lagrangian description.

The flow map X (x,t) : £22(0) — (25(t) of the structural domain is generated by the

structural displacement u, and is defined as
X(x,t) =z + u(x,t), for ze 25(0).
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The corresponding deformation gradient tensor and its Jacobian are defined as F'(x,t) =
VX(z,t) and J(z,t) = det(F(z,t)), respectively, for x € £25(0). The fluid and structure
motions are governed by a coupled system of partial differential equations (PDEs) as shown
below.

The fluid motion is described by the following incompressible Navier—Stokes equations

with respect to its velocity v : £21(t) — R? and pressure p : £21(t) — R for t € [0,T],

pl(?;-i-?)'vv) — V.01 =p1f1, in U () x {t}, (6.1a)
te(0,T]

V-v=0, in [ () x {t}, (6.1D)
te(0,T]

on =0, on | J [02(\D(®)]n x {t}, (6.1¢)
te(0,T7]

v = vy, in £21(0), (6.1d)

where o7 is the stress tensor of fluid, defined by
1
o1 =—pl +2uD(v) with D(v) := i(Vv + (Vo) "), (6.2a)

with p; and p; being the density and viscosity of fluid, respectively.
The motion of elastic structure is described by the following linear elasticity equations

with respect to its displacement u : £25(0) — R?,

02 .
prmy = V02 = pofa, in [ @(0) x {1}, (6.3a)
te(0,T]
ot = 0, on | J [02(00\T(0)]n x {t}, (6.3b)
te(0,7]
u = up, in £25(0), (6.3¢)
%‘ — wp, in 25(0), (6.3d)

where wg agrees with vy on the initial interface I'(0), oo is the stress tensor of elastic

structure, defined by
1
o9 = 2u9€(u) + AoV -ul  with  e(u) := i(Vu +(Vu) ), (6.4)

with pa, po and Ao being the density, shear modulus, and Lamé constant of the elastic

structure, respectively, 7 denotes the unit normal vector on 0¢22(0) including I'(0).
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The fluid and elastic structure are coupled through the interface, satisfying the following

interface conditions:
voX = duu on T'(0) x (0,77, (6.5a)
J(o10 X)F~"h = o9 on I'(0) x (0,T]. (6.5b)

Due to the Piola transformation [149, §2.3, Definition 2 and Lemma 2|, the following

relations hold:

J 0'171'77=f n-alnzf fL-JF_l(UloX)(noX)zj J(JloX)F_TfL-(noX)
ING) I(t) r'(0) r(0)
=f oon - (no X). (6.6)
r(0)

This guarantees that, by testing (6.1a) with n € H'(§21(t))? and testing (6.3a) with
¢ € H'(£25(0)), the interface terms from integration by parts are cancelled under the
compatibility condition £ = no X on I'(0).

Accordingly, the solutions of (6.1)—(6.5) satisfy the following weak formulation for ¢ €
(0,T]): Findv e HY(0,T; H (£21(t))%), u e H?(0,T; H'(£25(0))?) and p € L?(0,T; L*(21(t)))
satisfying (6.5a) such that

ov
f p1(at+v-Vv>‘n+J~ (2/,L1D(v):D(77)—pV'n>+f V - vq
() () ()

*u
N B T ORECEPU ST

ZJ ﬂ1f1'77+f p2fa - &,
() 2:(0)

Vne HY (21(t)% € € HY(125(0))¢, g e L2(§2,(t)), where £ = 0 X on T'(0). (6.7)

Note that the first interface condition, (6.5a), says that the fluid and structure moves
with the same velocity on the interface. Thus the interface moves with the same velocity
as well. If we use the same notation of the flow map for the elastic structure to denote the

flow map for the interface by X (-,¢) : I'(0) — I'(¢), then

X =voX on I'(0) x (0,T]. (6.8)

6.3 ALE mapping and ALE weak formulation for fully-discrete scheme.
Assume that the solution u is smooth. We introduce a velocity field denoted by w(X (z,t), t)

that serves as a piecewise smooth extension of the structure’s velocity, dyuo X ~!, from (25(¢)
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to £2(t). This extension is achieved by defining w as a harmonic function within {2 (¢) while

wo X = dyu in 25(0), and subject to the following boundary conditions:

—Aw =0 in 2:(t), w=0 on 021(t)\I'(t), w=wv on I'(t). (6.9)

Thus w is smooth in both subdomains 2 (t) and {25(t), and wy denotes the initial velocity
of £21(0) and §25(0) according to the condition (6.3d). We denote the piecewise smooth
diffeomorphic flow map, generated by the piecewise smooth vector field w, as X(-,¢t) :
2(0) — £2(t) that is defined by

X (z,t) =w(X(x,t),t) for ze 2(0), (6.10)

with £2;(t) = X (£2;(0),¢) for i = 1,2 and I'(¢) = X (I'(0)).

Let £2,(0) be the triangulated high-order isoparametric finite element domain with
curved boundary and mesh fitting the interface I'(0) that serves as an approximation of
2(0), where the subscript i denotes the mesh size. Therefore, £2,(0) = £2; ,(0) U T';(0) U
29 1,(0), where each §2;(0) is a triangulated high-order isoparametric finite element do-
main that serves as an approximation of £2;(0) for ¢ = 1,2. The set of simplices in the
triangulation/partition at ¢ = 0 is denoted by % (0) = .#1(0) U #5(0), where #;(0) is the
triangulation /partition of £2;1,(0) for i = 1,2. Since we do not need to use 25 5(t), we will

just use {25, to denote (25 ,(0).

6.3.1 Interpolated ALE mapping and interpolated evolving mesh. We define the
interpolated ALE mapping X{"h(-,t) = I} X(-,t) to be the piecewise polynomial interpo-
lation of the piecewise smooth mapping X (-,t) : £21(0) — §21(t), where I} denotes the
interpolation operator onto the finite element space SF(§21,(0)) of piecewise polynomial

degree k = 2. Then we define the interpolated interface and subdomains as,
Ly(t) = th(l“h(O)) and th(t) = X{"’h(ﬂlvh(O)) for t € [0,T].

Since the fluidic and structural velocities v and w match on the interface I'(t), it follows
that their interpolations ;v and I;fw match on the interpolated interface I'} ().
Correspondingly, we denote by J#;*(t) the set of possibly curved simplices at time ¢
as the image of the initial simplices under the interpolated ALE mapping, i.e., J*(t) =
{X{,(K,t): K € #(0)}, and denote by 27, (t) the triangulated high-order isoparametric
finite element domain with mesh determined by .#;*(t). Let K denote the reference simplex.

For each K e J#*(t), there is a k-th order polynomial Fi : K — K that maps K onto K.
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The space of vector-valued finite element functions in 27, (¢) is denoted by:
Sﬁ(th(t)) ={n € C’O(Qih(t))d : mpoFi is a polynomial of degree < k for V K € J£*(t)},

and its subspace with zero boundary condition is denoted by Sﬁ(Qi" (t)). When utilizing
the Taylor—Hood finite element method to solve fluid equations, we establish the following

scalar-valued finite element space for pressure
QM2 (1) = {an € CO(27 (1)) : qnoFk is a polynomial of degree < k — 1 for V K € J¢7*(t)}.
If we denote by wj(-,t) = Ijw(-,t) the interpolated mesh velocity in £2f(¢) which
interpolates 2(t), then the following relation holds:
O X{ (2, t) = wi (X7 p(2,1),t)  for x e 21 ,(0) > Tx(0).

The interpolated functions X7, and w} are sufficiently good approximations to the smooth

functions X and w, satisfying the following error estimates:

ket 1
nax (||Xih('»t) = X D) 2@ n0) + lwp (1) — w(',t)||Loo(9;ﬁh(t))> < ChH,

k
e (IXTa(00) = X0 hwronqay o + 10 (1) = 0 Dlwanqar, ) < OB, (6.11)

where the values of both X and w in £2; 5(0) and 2], () correspond to the values obtained

by extending X and w from £21(0) and £2;(¢) to R? smoothly. Hence, for sufficiently small
mesh size h, the interpolated ALE mapping is invertible and

-1
s (IXTaCOlhwroegan o + 1) ™ G lwrsqag, o) <€ (612

Based on the interpolated ALE mapping X7, (-,t) and the interpolated mesh velocity
wy,, we define the ALE time derivative of a function ¢ : (Jyejo 77 127, (1) x {t} — R as

d
Opat(@™ 1) = 2 U(XTR(E:1),1) at 2% = X7, (1) € £27,,(t) for £ 21,(0). (6.13)

Hence, by applying the chain rule of partial differentiation, one obtains
Op (2%, 1) = Opp(x™, t) + wp (2%,t) - Vip(z™, 1) for z* € 027, (1).
The finite element nodes of §2f, () are denoted as {Ci"ji(t)}ﬁv:ll, and we define the vector

x5 (t) to collect all these nodes as follows:
X>1i< (t> = (Cil(t)a T 7CT,N1 (t))
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In the vector-valued space SF(£2F, (t)), the corresponding finite element basis functions are

)

represented as ¢1 ;[x} (¢)] for 1 < i < dNy. Since ¢ 4[x5(8)](X/ (1)) = ¢1,4[x7(0)](-), these

basis functions exhibit a transport property, which can be expressed as:

8 d1i[xE ()] =0, for 1<i<dNi. (6.14)

There exist smooth extensions of v and u from §2;(t) and £25(0) to R?, respectively. To
simplify our notations, we shall continue to refer to these extended functions as v and u
in R%. We establish the following standard approximation properties for the Lagrangian

interpolation:
lo = Tyolle(r, @) + Plv = Tpvlwe @z, @) < ChM, (6.15a)

lu— Ll po (g, ) + hlu— Fiulwiogg, ) < CR (6.15b)

6.3.2 Weak formulation on the interpolated evolving mesh. For the triangulation
which fits the interface I'(t), there exists a Lipschitz continuous mapping ®9(-) : £2,(0) —
2(0) that maps I';(0) to I'(0). The mapping ®) induces a Lipschitz continuous mapping
7 (5 1) + 027, () — $21(¢) that maps I'; (t) to I'(¢) and satisfies the relationship given by

Talht) = X( 1) o @R() o X7y ()™ in 927,(1). (6.16)
Furthermore, this mapping adheres to the following estimates:
[PT (o) = idl oo, @) + PIPTAC ) =il o, 1)) <ChM1, (6.17a)
|89 —id] o (0,,) + PI®h — idwroe (o, ) <CRF. (6.17b)
Utilizing the relation (6.16), we can demonstrate that for 1 < ¢ < dNy, it holds that:
OF (¢1slx1(t)] o (@1,)7") = 0. (6.18)

Consider the finite element functions 7, € Sﬁ(()ih(t)) and &, € SF(£2,), which share
agreement along the interface I'; (¢) in the sense that as §, = nj, 0 X{}, on I';(0). We define
n=mnpo (<I>ih)*1 and € = &, o (P9)~! as functions in the respective smooth subdomains,
(21(t) and £22(0). These functions maintain agreement along the interface I'(t). Specifically,

we have:
E=nmnoX{yo (@) =nod, 0 X, o (®) " =noX, onl(0).

As a result, the weak formulation in (6.7) remains valid when employing n and £ as test
functions. Similarly, for ¢ € Qz_l(ﬂih(t)L we define ¢ = g o (q)’{’h)_l as a function in
2 (t).
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By using the properties (6.14) and (6.18), we can deduce that the functions np, gn, 1

and ¢ satisfy the similar properties:

Orath =0, Opeqn =0, 0in=0, dfq=0. (6.19)

In order to deform the integrations in the weak formulation from (2;(¢) and §22(0) to
2 ,(t) and £25 3, respectively, we utilize the following type of estimates for the error caused

by domain perturbation (see a proof in [95, Lemma 8.1]):

‘J ,01 f+v VU>O<I>>1K,h'7IO‘I’>1k,h—J
25, (%) 0

As a result, by leveraging the triangle inequality, interpolation error estimates, and the

ov
o' o1(5 o o) nl < Ol lml oo, )

1

commutative property of the interpolation operator I and the material derivative of ., we

can further replace v by its interpolation v; = Ijv with an additional remainder of O(h¥),

!fm

Similarly,

ov k
Vvh) M — Ll() (5 +v- Vv) 'n‘ < Ch¥nnll 2z, 1)

o ) (D) BOw) =¥ ) = | (2B D) ¥ )| < W lmlincoz, o
1nlt ,

.Ql(t)
anV vy — Lh(t) qv - U‘ < CthQhHH(Qih(t)y

o%u i 0%u
P2 6t2 “&n — J o P2 o '5‘ < Chk\|€h||L2(Q2,h),
2

f Qf B ()

22p

f 2pe(uy) 2 €(En) + A2(V - up)(V - &) —J 2pze(u) < €(€) + A2(V - u)(V - )
251 £22(0)

< ChF(&nl i (0,0 -

Therefore, the weak formulation in (6.7) can be reduced to

27

|, e+ i =i Ver) o | (2R s DOm) 5V )
Qik,h(t) * )

o2u*
+ f anV - vj, + f P23 ot Ep + f 2p2e(up) : €(6n) + A2V - up) (V- &)
0] 25 1(0) t 22.h

:L* ()p1f1 1, +f p2f2 - &n + E(t,mn) + E2(t, &) + E3(t,an), Ve (0,71,
1,n(t

22n

(6.20)
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where & (t,mn), E2(t, &) and Es(t, qp) are some linear functionals acting on 7y, &, and g,

satisfying the following estimates:
E1(t,nn)| < CthnhHHl(Q;ﬁh(t)) and |E(t,&n)| < CHF |Gl 11(0,0), (6.21a)

E3(¢,qn)| < CthQhHLZ(Qih(t))a (6.21Db)

which are later considered as the consistency errors of the numerical scheme. Using the
same method, we can prove that temporal derivatives of these consistency errors satisfy

similar estimates:

Ex(t, &n) ‘ < CI*[€n] 1 (205 (6.22a)

d
781 t s Th ’ < Ch thHHl _Q* ()) and ’dt

dt
d2 k
S5t m)| < CH¥lmnl g oy, ) and 1 626, 60)| < CRV 6l (o, (6:22b)

%53(@%)‘ < Chk”QhHL%Qf‘yh(t))' (6.22¢)
6.3.3 ALE mapping and weak formulation. The above weak formulation is based on
the interpolated ALE mapping and interpolated mesh velocity. However, these interpolated
ALE mapping and mesh velocity are unknown in practice. To address this limitation in
practical computations, we introduce an alternative weak formulation based on numerically
computed ALE mapping X1 5,(+,t) € S¥(£21,,(0)) and ALE mesh velocity wy(-,t).

We denote by #(t) the set of potentially curved simplices at time ¢, which results
from the initial simplices under the ALE mapping, i.e., J#(t) = {X14(K,t) : K € #1(0)}.
Furthermore, we designate {2 ,(t) as the finite element domain determined by .#;(t). The
spaces of vector-valued and scalar-valued finite element functions in (2 (t) are represented

as:

SE(21 1)) := {nn € CO(21 4 (t))% : mp, o Fi is a polynomial of degree < k for V K € J#(t)},

QZ*I(leh(t)) := {qn € C°(21 4(t)) : g o Fi is a polynomial of degree < k — 1 for V K € #;(t)}.
The subspace of S¥(£2; 5,(t)) incorporating zero boundary condition is denoted as S E(1n(1)).

Similarly, the space of vector-valued finite element functions in {2 5, is denoted as S,’i(()g,h),

while its subspace with zero boundary condition is designated as S ﬁ( (25 1,). Finally, approx-

imate interface and subdomain can be expressed as follows:

Cn(t) = X10(Tn(0)), 210(t) = X1n($214(0)) for te[0,T].
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SECTION 6.3  ALE mapping and ALE weak formulation for fully-discrete scheme

The ALE mapping X (-, ) is chosen to be the flow map generated by a mesh velocity
wh('a t):

0tX1,h = WH, O Xl,h in Ql,h(o) X (O,T], (623)

where wy, is a discrete harmonic finite element function in the numerically computed subdo-

main 2y (t) with boundary condition matching the discrete velocity of the fluid/structure,

vy = Ogup © Xi}lb, on the numerically computed interface I'; (), i.e.,

f Vo Vxn =0, ¥xn e SEQun(®),
21 1(t)

6.24
Wy, = Vp, on T'y(t), (6.24)

wp =0, on 082y ,(t)\Th(1).

Similarly to the definition in (6.13), we can define the discrete material derivative df, by
using the numerical ALE mapping X (-, t). And similarly to (6.20), we can replace wy, by

the interpolation w} = Iw with a reminder O(h*), where w is defined in (6.9). Thus,

J:Q* ( )Vw;’: : th = 84(t, Xh), th S gf]f(gih(t)) (6.25)
1,n(t

with a consitency error E4(¢, xp,) satisfying the following estimate:
k
‘54(15, Xh)‘ < Ch¥|xnll ez, 1)) (6.26)

By dropping the remainders in (6.20), we define the FEM weak formulation based on
the ALE mapping and the corresponding evolving mesh as follows: Find v, € S}’j((}l,h(t)),
Dh € Qf;l(QLh(t)) and uy, € SF(£2s) such that

f p1 (at.,hvh + (v — wp) - Vvh) “Mh + f <2M1D(Uh) :D(nn) — prV - 77h>
21 4(t) 21 4(t)

82
+ f anV - v + J anTl;h ~&h + f 2pz€(un) : €(&n) + A2(V - up)(V - &)
21 n(1) 22,1 22,1
=f Plfl‘ﬂh"‘f p2f2 - &ns Vte (0,77, (6.27)
21 1(t) 22,0

for test functions 7, € S,’f(()l,h(t)), qn € Qﬁ_l(()l’h(t)) and &, € S,’f(()g,h) satisfying the
condition ny, o Xy 5(+,t) = &, on I'y(0).

Taking the divergence of equation (6.1a), we derive the pressure equation at time ¢ = 0,
which is expressed as:

— Ap = p1 Vg : Vog — iV - f1(,0), in £2(0),
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p =2pin D(vo)n on 02,(0\I'(0), p=2un D(vg)n —J n' (02(0) 0 X_l) F™n on T'(0).
(6.28)

To solve this elliptic equation, we can employ standard finite element methods of order
(k — 1) and k. The solutions obtained through these methods are represented as pj, €
Z_I(leh(())) and pp, € Q¥ (£214(0)), respectively. Utilizing the standard error estimates

for the elliptic equation, we obtain the following inequalities:
1Ph = Pllz2(oy o) + RIV@h — D)l r2(0y 0y < CHF, (6.29a)

[6n = Pllz2(oy o)) + RIVBr = D)l r2(0y ,0)) < CR*T (6.29b)

Similarly to [94] and [76], to obtain the optimal order of convergence, we modify the
equation (6.27) by adding two time-independent correction terms and obtain the following

spatially semi-discrete scheme:

f p1 (8{7hvh + (vp, — wp) - VUh) “Mh + f
21,1(1)

(20D(w) - DOm) — i )
21 0(t)

62
f o aVe [ mSE e | 2 ) + (Y u)(V - 6)
21 1() 22, 22,1

=f prfimn + f pafa - &+ 01(m) +02(&n) Ve (0,T], (6.30)
21 0 (t) 22,

for test functions 1, € SE(214(1)), qn € QF  (214(t)) and &, € SF(2,) satisfying the
condition 7y o Xy 4(-,t) = &, on I'y(0), where the correction terms ¥1(ny,) and 92(§,) are
defined as

V1(nn) = L} o <2M1D(I;ZUO) :D(np o X1 n(+t) — DaV - (7n o X1 a(es t)))
+ f (11 Avo — Vin) - (mn © X1 (1)), (6.31a)
21,1(0)
V2(&n) = L <2M26(Iifuo) e(én) + A2V - Tiuo)(V - &) + (1Y - 02(-,0)) - €h>. (6.31b)

Note that ¢ (n) and ¥2(&,) solely rely on the nodal values of 7, and &, respectively,
without additional dependence on time ¢. Consider ¥ and 95 as the operators acting on 7y,
and &, respectively. we can establish the estimate for the discrete H!-norm of ¥; + ¥s.
Let A, = np 0 X1, and /) = n o X, then 7, € SF(£21,(0)). Through a method analogous to
the proof of (6.21), along with the estimates provided in (6.29), we obtain:

V1(nn) + V2(&n)
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~| 2 (DU = D)) D) + (0O =P it [ (T Av — Au) -
21,1(0) 21,1(0)

[ o) i+ | (20D D) pO)V i+ (7 01(0)) )
Q1,h(0) (%

1,(0)

- L} o (2M1D(U0) D) = p(O)V - i) + (V- 01(-,0)) - 77> n L 21 (6(1—2“0) B E(UO)> D(E,)

1

+ fg )\Q(V . I,’fuo -V UO)(V . éh) + (I;:V . 02(',0) -V 02(',0)) . fh

2,h

] () s () + 2V 1) (T + (V- 02(,0) - 61)

29.h

| (2uauo) s €9) 4 2oV )T €) + (T 2(,0) )
£25(0)

<CH* (il (@, (o)) + €0l (a0 ) < OB (Il 2y ey + €0l (2000 ) (6:32)

Furthermore, if we estimate 91, 92, &1 and & together, we can improve the result given
in (6.32) by establishing the estimate for the discrete L?-norm of 91 — &1 (+,0) + 2 — E(, 0).
For ny, € SF(£21.,(0)), by utilizing (6.20), (6.31) and the original equations (6.1) and (6.3),

we obtain:

V1(nn) — E1(1w, 0) + 92(&n) — E2(&n, 0)
= oy V) |

- f (P — D)V - 0y + f (pilf Avg — Npp) - mp — f (p1Avg — Vp) -
21, ,(0) 21,1(0) £21(0)

p1(380% + (v = wh) - Voi = f1) - mn
©

1,h

0%u o*uf
au_ L v E— G Un CIFY oo (-.0)) - &
+ ng(o) (Pz 2 RV oa( 70)) 3 L}Q’h (02 o Pl IV o2 ’0)> &n

Notice that there are no derivatives for 1y, 1, &, and £ except for the term (p, — p}, V -
Nh) o, 0y on the right-hand side. Therefore, similarly to the deduction of the consistency
error bounds (6.21), and by considering the interpolation errors (6.15a) along with the error

estimates in (6.29), we obtain:

V1 (1) — E1(Mk, 0) + 92(En) — E2(&n, 0)

If ny, is chosen to be discrete divergence free or with small remainders, then the result (6.33)

is expected to be better than (6.32).
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It’s worth emphasizing that the ALE mapping X (-, %) is contingent upon the velocity
field wy, and this velocity field is dependent on the numerical solution vy, on I',(t). Con-
sequently, the dynamic evolution of the mesh, as determined by equations (6.23)—(6.24), is

intricately coupled with the finite element solutions of (6.30).

6.3.4 Fully-discrete scheme. We proceed to fully discretize the spatially semi-discrete
weak formulation (6.30) by employing the semi-implicit Euler scheme for temporal dis-
cretization. Throughout this study, the superscript n denote the time level ¢,,.

We define the pull back operator P,"" : CO(QTh) — CO(Qf ;) as follows:

P = Xt o X1, o (Xﬁh)—l for Vxj e CU(027).

Let 4} represent the numerical approximation of dyu(-,t,). The fully-discrete scheme is
formulated as follows: Given Xﬁ;l € S,’f((?%h), vl e S,’f(Qf’;l), ap~t e SF(f2,), and
up~t e SE(02y5), seek wi e SE(R21LY), X7, € SE(2Y ), vt e SE(,), pi e QT (2),
up € S}k{(!?g’h), and up € S}If(Qg,h) satisfying u} = v} o X7, on I'} and the following

equations:

Lnl Vup ™ Vxn =0, wp™ =op~on TRt wp™ =0 on 007, "\, (6.34a)
1,h
-1
Xp, - X1,

=wy o XL (6.34b)
T k)

ot — Pn_l’nyn_l )
J Pl( h h h 4 P ’”(vz_l _ wZ—l> ) VUZ) n 4 2D} D)

-
1,h
n n UZ B @Z_l n n
+ J anV - vy — RV - mp + J pa———"— - &p + 2p2e(uy) : €(&p) + A2V - up)(V - &)
o2, 2 T
ZJ pLIT - Mn + f p2fs - & + 91(nn) + 92(&n), (6.34c)
o, 2op
u™ un—l
bk — o, (6.34d)
-

for any test functions yj € S’ﬁ(ﬂf#),qh € Q;‘;_l(ﬁfh),nh € S,’f(()?h) and &, € S,’f(ﬂlh)
that satisfy condition n, o X7'), = &, on the interface I'). The flow map X7y, can be
solved from the first two equations (6.34a) and (6.34b). Then the domain 27, is defined
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as X7, (12 ). And from equations (6.34c) and (6.34d), we can finally obtain v}, pf?, 47 and
We assume that the inf-sup condition is satisfied, as discussed in [15, Chapter 12|. For

any qp € Q2_1(917h(t)), there is a positive constant x independent of h and ¢, such that

(V- nn,an)ep,

Rllgnl2ep,) < sup (6.35)

0#mest(@n()  IMnla2p,)

6.4 Error estimates. The error estimates involve a comparison between (6.34) and
(6.20), which are weak formulations defined in different domains. Consequently, the error
analysis generally fits within the framework of evolving finite element methods for nonlin-
ear PDEs on evolving meshes. In this context, the techniques and methods developed in
references such as [56, 41, 93, 95| can be effectively employed for establishing error estimates.

Throughout this chapter, we use the symbol C' to represent a generic positive constant.
It depends solely on the dimension d, the smooth domain {2, and the solution (v, p, ), but

remains independent of the mesh size h and time step size 7.

6.4.1 Matrix-vector form of the weak formulations. It is convenient to represent the
weak formulations (6.20), (6.34) in matrix-vector form. Let {C{‘ﬂ}ZN:ll represent the finite
element nodes of Qih. Define the vector x7 := ((fil, e ,CﬁNl) as the collection of all finite
element nodes within Qih. The finite element basis functions of the vector-valued space
S}lf(!?ﬁh) are denoted as ¢ ;[x]] for 1 <7 < dNj.

By utilizing basis functions, the numerical solution v}’ can be represented as a vector

v = (vf, -, vy, ), where each component v}' € R is defined by:
ANy
n n n
Up = Z Vi dui[xT]-
i=1

Similarly, the solutions pj and wj within Qf , can also be represented as vectors p” and w¥,
respectively. The vector representation of X7, corresponds to x}'. We introduce domain-
dependent mass matrix My(x7), the stiffness matrix A¢(x7), and the matrix C¢(x}) in

(27}, as follows:
M (x7)lij = plj Pralx1] - d15[x1] for 1<, < dVy,
Qﬁh
Af(x7)]ij = J Vori[xT] : Vo ;[x7] for 1 <i,j <dNy,
2
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CHAPTER 6 Optimal Convergence of ALE-FEM for FSI

Criliyi= 21 | Dlovlxi]) s Do, b)) for 1<i.j < da

n
Q1,h

The mass and stiffness matrices associated with the finite element spaces S,li (£27,,) and
i_l(Qﬁh) are distinct. However, for the sake of simplicity, we will use the same notations
unless ambiguity arises within the context. By utilizing the matrix-vector form, the norms

of the finite element functions over the domain (27, can be expressed as quadratic forms:

P 2y, = V" MV = VR g
VR 1320y, = WE - AsGIWE = [WEIR - (6.36)
21D 220, = V" - CrOEV" =i V" iy

In the same way, we can define the matrices D¢(x}) and Bf(x}, w7) and the vector f'

such that

P Dy (x)v" = f PV R, for Y ple QNN (@R, uf € SHQ),

n
Ql,h

0 Bp(x?, wiv" == py j (Wl V) i, for Y wf o m € SE(QP),

n
Q2

= [ oubd] S for 1<i<am,
o,

where 7 is the vector representation of 1y,.

In the domain {2, similar definitions apply. Let x2 denote the vector that collects all
finite element nodes within {2, j,. Let " and u” represent the vector forms of the functions
uy and uy in 25 5,. We define f3' as the vector that comprises the integrals of ps f3' and the
basis functions of S’ﬁ(QZ,h), mirroring the definition of f*. For any function &, € S’,j((?;@,
having a vector representation denoted as &, the matrices M(x2) and Eg(x3) are defined
as follows:

€ - M, (x;)u" — fg Pl - .
2,k

€ Eu(xa)u” = fg Dhze(ul) < e(€) + AoV - uf)(V - E).

We define the difference operator § between two time levels n and n — 1 such that:
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By using the matrix-vector form, the fully-discrete scheme (6.34) can be expressed as fol-

lows:
ArxTHw =0, Wil o = v o, W et et = 0 (6.37a)
TAC| 1 ) 1 Iy =t 1 lonp I\ ’ :
n n—1
TR et (6.37b)
-
v — vn—l
n (M) B v Wi V) e GV 7 D) T
T
(6.37c)
u” ﬁnfl
+ & M;(x2) +& Es(xgu" =n-fI' + &£ + -9 + £ o,
D(x7)v" =0, (6.37d)
n _ n—1
) (6.37¢)
-

where v and u" are vectors that should agree on the interface I'} in the sense that (v} o
X7 h)‘l“?b = umF%, n and & are vectors that should agree on the interface I'} in the sense
that (np o X{L,h)h“g = §h|F2. The vectors ¥ and ¥, represent the vector forms of ¥ (-) and
J2(+), respectively, i.e., -9 = J1(nn), & - I2 = ¥2(&,). Notably, the vectors 91 and 9
are independent of n.

Similarly, we extend the definitions of matrices and vectors to the interpolated domain

_Q;XZ" The objects denoted with a superscript # represent the interpolation of exact so-

*,n *,n

lutions. Specifically, the vectors v*™, p*™", w’f’", u®n" x’f’"7 n* collect the nodal values
of vi(-,tn), PE(tn), wi(-,tn), up(-,tn), Xi“,h(-,tn), and 7. Additionally, we define the

following derivatives:

. d . d .
X" = &x’f(tn), u*" = &u*(tn), " = —u*(t,).
The weak formulation (6.20) can be rewritten in the following form:

#,n—1 *n—1 _ on—1 *,n—1 _ okn—1 #,n—1 _
Ap(x" 0 )wy =&, w ‘F;l;,nfl =v ]F:,nﬂ, W) ogEmh\pn—l = 0,

(6.38a)
X*,n X*,nfl .
_ e .
% =w;" + F, (6.38Db)
V*,n _ V*,nfl
n* (Mf(xf’")f + B(x)", v - Wf’nfl)v*’") +n* - Cp(x™)ve"
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ckn_ kon—1

— " D™ TP + € M) ————— + € Bu(xo)u™”
=" BTG T EY 6 ES et FY 4 € T, (6.38¢)
Dy (x")v*" = €5, (6.38)
e _Tu*’nl = ™"+ F, (6.38¢)
o

where v*™ and u*" are vectors that should agree on the interface FZ’" in the sense that

(vp" o Xi’:)|pg = u;’”|rg, n* and £ are vectors that should agree on the interface I';™ in
the sense that (1} o Xi’}?ﬂpg = §h|F9L. The vectors £7, £F, €%, and £}~ represent the
vectorized forms of the defect terms & (ty, ), E2(tn, ), E3(tn, ), and E4(t,—1,-) defined in
(6.20) and (6.25). When nodal values are considered, we can choose n = n*. By Taylor’s
expansion, it is easy to derive that the consistency errors .7-'?71, Fy, Fy and F satisty

the following estimates:

[F ™ v x) + 1F T a0y < O - F51 < Crlnlyg, em) (6.39a)
€ F3l < C7€llnvn (xz) | F LMo xa) + | Fi [ Baxe) < C7, (6.39b)
n - (6F3)] < CTnllng, eromy € (0F5)| < CT2)€Int, 0 (6.39¢)
n - (8°F3)| < CT%nllng, ermys 1€ - (B2F)| < C7€ v ) (6.39d)
[6F % Inn. ) + [6F By < CT (6.39%)

Subtracting (6.38) from (6.37), we obtain equations describing the errors: e}, = xi —

x;", ey, = wi—wi" el = vt -y, ep =p"—p*" e = u"—u*", and &} = u" —a*".
- - - ) -1 ) -1 -
Ap(xt et = —(Ap(xTh) — Ap(x" )W — €, (6.40a)
-1 1 -1
ei}vl ’F:,nfl = ec ’F:,nfl, ei}vl ’anik,}'bnfl\l—\:,nfl = O,
e’ _enfl L L
X X — —
1 . 1 :ervtﬁ —Fl (6.40b)
n_ gn—l1 en — én—l
n - (M) = 4 Cplx)el — Dy (xi) Tep ) + € - (My(xa) " + B, (xa)el)
(6.40c)
v V*,n—l
=—n- (My(x7) — M;(x]™")) —n - By(x}, v —wiThv"
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+n- (Dp(x)" =Dy )p™" + - (F] — )
+n- (01— & = F3) + & (92— &5 - Fy),  eyfrp = €l

Dy(x7)ey = —(Dy(x7) — Dyp(x;")v*" — £F, (6.40d)
n _ n—1
SuC% _en g, (6.40e)
-

6.4.2 Comparison of integrals over two different domains. To prove the conver-
gence of the numerical schemes, it is necessary to compare the integrals over two domains:
Q*h and (27 o o7 hl and Q In this subsection, we will establish a sequence of Lem-
mas that are used to compare the norms of finite element functions with same nodal values
over two different finite element domains by constructing a continuous deformation between
them.

To handle the rate of change of an integral over a moving domain, we will frequently

make use of the following lemma:

Lemma 6.1. If the domain 2(t) moves with velocity w € WH®(§2(t)), then we have

f f= f oL f+ fV-w,

where the material derivative 0f f = o f + Vf - w.

The commutation of the material derivative and gradient is crucial in the error analysis.

Through direct computation, we obtain the following identity:

0;Vv = Vaojv — VoVuw. (6.41)

Let y,z € R*™ be two nodal vectors which define the discrete finite element domains
1 y] and 2y 4[z], respectively. Let e = (e;) := y — z € R¥. By means of a linear
homolopy, the intermediate domain “Q?,h := {21 |z + Oe] changes continuously from §2; p,[z]

to £21 5[y] when the parameter 6 takes values in [0, 1].

For a vector v = (v, ,vgn, ) € R¥V1| we define the function vf € SE(Q?,Q as
dNy
vY = Z vip1i|z + Oe]. (6.42)
i=1

(6.42) implies that there is a one to one correspondence between RV and SF(£2¢ ). Hence,

we define the functions efl, 1727 pz defined on Qf’ ,, that correspond to the vectors e, n, p

The following lemma is a direct result of Lemma 6.1.
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Lemma 6.2. [38, Lemma 5.1] In the aforementioned setup, let 0 denote the material
derivative with respect to the velocity field ez. Similarly to the transport property (6.14), we
have ngz = 0. Subsequently, employing (6.41), we obtain the following equalities:

1
me(My(y) = My@)v = | [ o oflV - cfdads,
0 Qf‘h
1
ne(Asy) - A = | [ ViV bt = Vel (V)] Defdaas,
0 Ql h

1
n-(Ch) = Cs@v = | | D) DY - =Dl : (Vefvel)

1,h

- (VnZVez) : D(vY)dzdd,

1
me D) =Dye) o= | | < (V) 4 sV ot
1,h

Based on Lemma 6.2, we can infer that when the W® semi-norm of ez is bounded, it
enables a comparison of norms over the two distinct domains, namely 2 ,[y| and £2; 5[z].
Furthermore, the application of Gronwall’s inequality allows us to establish the following

lemma.

Lemma 6.3. /38, Lemma 5.2 If ||vezHL°0(Qf7h) < a for 0 < 6 < 1, then the following

inequalities hold for 0 < 6 < 1:

c
VM, @roe) <Ce™ VM, ()

c
IVlla,@roe) <C“|V]a, )

IVlc,@ioe) <CacllVic,@ +elvla, ()
where € is an arbitrary real number in (0,1), Cqo . is a constant that depends on o and .

According to the following lemma, the condition in Lemma 6.3 for Ve,al can be relaxed

to 8 = 0.

Lemma 6.4. [38, Lemma 5.3/ If HvegHLoo(Q? S %, then the finite element function

vl e S,’f((?gﬁ, with 0 < 0 < 1, satisfies the following estimate:
0 0
”vvhHLp(Qfﬂh) S CpHVUh”Lp(Qgh) for 1<p<om,

where C, 1s a constant that only depends on p.
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In combination with the above lemmas, the definition of the norms in (6.36) implies the

following conclusion under the condition in Lemma 6.4:

the norms | - |um ;(z+0e) are h-uniformly equivalent for 0 <6 <1,
(6.43)
and so are the norms || - o ;(z16e)-

Then by using Korn’s inequality (see [28, Theorem 1.1-2]), the estimate (6.17a), Lemma
6.3 and the equivalence (6.43), the following norms are h-uniformly equivalent when h is

sufficiently small for 0 < € < 1 under the condition in Lemma 6.4.

I vy o) + 1 |ay@roe) ~ |- vy zroe) + [ lcj@roe)- (6.44)

6.4.3 Convergence of evolving finite element approximations. We are now ready
to present the main result of this chapter, which demonstrates the convergence of the
evolving finite element methods to the problems (6.1)—(6.8). This convergence is outlined

in Theorem 6.1.

Theorem 6.1. We assume that the solutions of the fluid-structure interaction problems
(6.1)(6.8), the flow map X : £2(0) x [0,T] — R, and the inverse flow map X' are
sufficiently smooth in §2;(t) fori = 1,2. This guarantees that the interpolated triangulations
J0*(t) keep shape-regular and quasi-uniform for t € [0,T], as well as that the boundary
002(t) and the interface I'(t) are sufficient smooth. Then the following error estimates hold

for allm =1 if 7, h are sufficiently small and T = o(h%)

*

|lvp o XT'), — OthHHl(QO + |ph o XT'h — nOXf,’;:HLZ(Qgh) + HXIL,h_Xi’}?HHl(Q?,h)

+ |wp o XTp, —wp" o X:ﬁ’;:HHl(Q?,h) + |up — uZ’nHH1(92’h) < C(r +h¥). (6.45)

Proof. Let !2 denote the intermediate domain generated by the vector X1 "+ ey, for

0 < 0 < 1. The finite element functions 77hv eﬁl", vh , ph , @Ze, 12)29, v;:’n’e are defined on

Q?,? with nodal vectors n, el , v, p"™, v*" + fel, "y Qew17 v¥®"  The finite element

X1 ?
functions e;;", es™, ew are defined on !21 n with nodal vectors e}, 7 and ey,
We will utilize mathematical induction to establish the results. Suppose that the fol-

lowing inequalities are satisfied for 0 < n < m — 1:
A P T(r2 + h?), (6.46a)

les™ lwrmqarmy + leut Twro iy < 1 (6.46b)
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. . . 0 0 0 .
It is evident that m > 1 since e;’l =0, ey’ =0, and efu’l represents the error of solving

a single Laplace equation. Our approach is to establish the validity of the error estimates
(6.45) for 0 < n < m and subsequently demonstrate that the induction assumptions (6.46)
also hold for n = m.

Let y = x7 and z = x]"" in Lemma 6.4, where the domain Q?g is the intermediate

domain defined by the vector f(?’e =x;" + fey,. When 7 and h are sufficiently small, the

conditions of Lemma 6.4 are satisfied under the induction assumption (6.46). Therefore,
for 0 < n < m — 1, we establish the following equivalence relation using Lemma 6.3 and

Lemma 6.4:

the norms | - are h-uniformly equivalent for 0 < 6 < 1,

HM (}A(n,@)
™ (6.47)
and | -

and so are the norms | - HAf(&;L,e) HMf(fc’f"’) + | - Hcf(f(';zﬁ).

Let y = x} and z = x7! in Lemma 6.4. From equation (6.37b), we have x} —
x"! = 7wl Under the induction assumption (6.46), the W'* boundedness of wZ’"_l

ensures that HVwZ_lH Lo (@) is bounded. Consequently, when 7 is sufficiently small, the
1,

conditions of Lemma 6.4 are satisfied. By applying Lemma 6.2-6.4, for 0 < n < m, we

establish that

‘” ’ Hi/[f(x?) - H : Hi/[f(x?—l) <CT” ’ Hi/[f(x?—l), (6.488,)

2 2 2
11y = 1 12,y | <OT1- 3 ey (6.48b)

By applying discrete Gronwall’s inequality, we then obtain that the following norms are

equivalent for 0 <n < m
2 2 2 2
I Bayoery ~ T BRayty 1oy ~ - Tt (6.49)

Note that (6.48) and (6.49) are still valid when x} and x}~! are replaced by x}” and
*,n—1

x;"

(A) Estimates for e} : Multiplying (6.40b) by e} - M(x}) results in

1

-6l + el (e, el ) - My ek, — el ) = ety - My(x) (e, = F7 ),

X1 X1
which implies the following inequality by using Cauchy-Schwarz inequality

1 _ _ _
o= (e, IR gy = 3 Ry + 1965, I gy ) < it It oy (8 Iy ey + 175 vt )
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On the left-hand side, the term \|egl—1|\Mf(x7f) can be estimated by using (6.48a). On the
right-hand side, by using (6.49) and applying Holder’s inequality, we can further establish

1 2 —1y2 2
o= (13 IR gy — e 1, enty + 1963 IR oy )

<Clex,

2, ey + Ol g oty + et By upy + CIFT By (650)
7 (=7 r(x 7(x1)

In a similar manner, by multiplying (6.40b) by e} - A;(x}), we obtain the following in-
equality:

1 2 —12 2
5= (el I yuy = N3 ety + 1963 I )

<ClleX A, pen1y T Clev I, ey + 185 A o) + CIFT A, ) (6.51)

(B) Estimates for €}, 1: Since (6.40a) is a single Poisson equation with Dirichlet boundary

condition and the boundary value of e&" " is only a part of e !, we can extend the trace

*,n—1

of ey, to a function ¢} € Sk(Qf}? 1) such that

_ n—1
H‘PZHHI(QT)?*U < Cley” 1HH1(Q;“1’?*1)7 ©h = €u, ' on agi}? ‘ (6.52)

We can construct the function ¢y € S,’f(Qf;Z _1) in the following way. By using the lift
map specified in (6.16), the function efy' ' o (<I>’1"7h)_1 belongs to H'(21(t,—1)). Then by
Trace Theorem (see [1, Lemma 7.41]), there is a function ¢ € H*(§21(t,—1)) such that the
trace of  matches ef" o (@7 ,) "1 on the boundary 0f2; (¢,—1). Furthermore, the function

 satisfies the following estimate:

*,n—1 * 1
Il < Ol ™ 0 @10 g (6.53)
where C' is a constant independent of h, ef ' and ¢. Note that |ef! 1| < |ef" |
pointwisely on 6(2;’,?71 since eg" ' = 0 on &Qi}? 1\Fz P land et = e ! on FZ’nfl.
Hence, we have that
e o (@57, < Jesm o (@) 7, (6.54)

2 (0(1(tn-1))) HE (2( (tn-1)))’

Combining the inequalities (6.53) and (6.54), and applying Trace Theorem (see [1, Lemma

7.40]) to function ef™ ! o (®* ») "1, we have

Il a1y < CleE™ 0 (@F )™t iy < Cles™™ 0 @) ey
(6.55)

152



CHAPTER 6 Optimal Convergence of ALE-FEM for FSI

Let ¢} € Sk(Q*n 1) denote the Scott-Zhang interpolation (see [155]) of ¢ o ®7 ), over

Qf’}?_l. Due to the H!-stability of the Scott-Zhang interpolation (see [155, Corollary 4.1]),

we can conclude:

HSDZHHl(Q;"}ZL 1 CHQDO(I) hHHl _Q*" 1 CHe:’nilHHl(foﬂ)a (6.56)

where the last inequality follows from (6.55) by making a change of variable and using the
W1 boundedness of ®F, and (q)’f’h)_l given in (6.12). The Scott-Zhang interpolation

preserves boundary values if the boundary values are the trace of some finite element

functions. Hence, we have that ¢} = ¢ o @7 1h= = ewn ! on 8(2;’;}71. This proves the result

(6.52).
Let us denote the vector that collect the nodal values of ¢} as ¢. Then we can test
(6.40a) with el;;! — ¢. Using Lemma 6.2 and Lemma 6.4, and the W* boundedness of

the mesh velocity wj, and the consistency error estimate (6.21) we obtain

“ew1 HAf(x;l—l)

= Ap( el — (el — @) - (Ay (Y — Ay )W - g1 (el — o)
<Ila, 1y ler a, gty + C (1w, gernty + 1004 ernn) ) 1S L gernry
+Chk<‘|e HM ol +He HA #n—1 +||‘P||M #on—1 -|-||<P||A O 1))

By applying Young’s inequality, the term He@:lHQA ety OB the right-hand side can be
1

absorbed by the left-hand side. Then by using (6.56) and the equivalence of the norms
(6.47), we have

e I
k k
<O+ el g+ Bl g+ 15 B gy + e )

2k —12 - -1
<C(* 4+ el 2y e + e -y + e

12 2 k
i [ [ B N

Since e&:l =0 on GQ?ZI\F Z_l, by applying Poincaré’s inequality and Young’s inequality,
the term He&:lﬂMf(x?_l) on the right-hand side can be absorbed by the left-hand side,
which gives the following result (6.57).

< Oh?F 4 Cler™ 1||2 oty T Cled” 1\|2 oty + Cllely 6.57)

lew, Hi X1 HA -ty
FICS N )’
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By applying Poincaré’s inequality to e"}vjl, we can deduce that the inequality (6.57) is

also satisfied for ey H2 By substituting these results into the inequalities (6.50)

1 .
)
and (6.51), and using the estlmate (6.39a), we obtain that

oty I T )

<O(72 4 02 el By ety + I 1 ety + e B gy + 08 1 o))

== (e B gy + e I gy — I

+ O (1 sy, ety + 157 A e ) (6.58)

By summing up (6.58) from n = 1 ton = £ for 1 < ¢ < m, we obtain the following

inequality when 7 is sufficiently small

-1
Jek 124, ) + 65 13ty <C2+52) + O 3 e [,
n=1
/—1
+0721(||exl|Af )+ 1l o) I8 ) (6:59)

(C) Estimates for [eg|m, xr) and |e}|g, (x,): In this part, we want to obtain the estimates
for |€Ylln, xp) and |ef|g,(x,) as a preliminarty result, which will be used to estimate the
H'-norm of e? later.

o ~1,0 n,0

By choosing n = e} and &£ = €, in (6.40c), since d50 ne = e and Opwy,” = ewy, we

have:

1 _
o= (1o By ) — 1€ By gy + 196513 o)) + €812, ) — 5 D) el

1 . o . _
o (16, ey — 165 R o+ 198130, ey + @I ey — o™ By + 19€51% )

1 U*,n,e B v*,n—l,a
=—p1f f etk hv.em? g (oM — @) v fenty - enfdads
o T

1
o L SR G ) (7t ST et
1
i 2M1f f (Ver?Ver) : D(o;™") + D(ey ) : (Vo™ Vel)dedo
0 Jayy
1
o [ [ D) DT e Y OV e < e (V) T dads
o
+ p1f f . (Vi tn)e?) el i (b)Y - €0 dadd + € - (91 — EF — Fy)
1
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&y (03 — & = F3) — Fi - Es(xa)ey

When 1 < n < m — 1, by using the equivalence (6.47), (6.49), the estimate (6.48), the
consistency error estimates (6.21), (6.32), (6.39a), (6.39b) and Holder’s inequality, we can
deduce that

1 _ 1 —
o= (e R, ey = 157 12, ey ) + 12212 ey + 5= (18R, ey — 1657 B, )
1 _
+ o= (el ) — It I )
<Clle

k . .
2 oty + O (16D ey + e ) + 16 e + 160 )

+ 07 (el o) + €8I, ) + el o)

C , .
+ —lleVlv o lek, las o 100" = 03" oo + €4 - Dy(x1) e

(”m 1,0

_ _ 1,0
+ (el I oep) + ueafqu(x?)) |\ec|\Mf<xmrvUz ||m;k,;)

~n—1,0

~n,0
+ Cleln, o) lex, | ap o Vo, ny 7+ [,

[

HAn 1,0 ~n—1,0

+ Cleb Iy lebla o) (195 e + 1o e o)

+ Clev]a;xmlex, la, e <HVUZ’nHLoo(Q;<f) + sz’nHLoo(gfg)>

+ Ol I, ey (105, vty ) + €%, g0y )12 ) rnoey

. . 1 . .
By Taylor’s expansion, we can derive that 1 |v;" — v;™"" | Lo (@ is bounded. By using
1,h

the induction assumption (6.46) and the assumption that the exact solutions are sufficiently

smooth, we can infer that all the L® and W1® norms in the above inequality are bounded.

To handle the term e - Df(xf”)Teg, we can test equation (6.40d) with e. By apply-

ing Young’s inequality, Korn’s inequality and inequality (6.48), we arrive at the following

inequality when h is sufficiently small:
o (10 ey — 18 2 sy ) + 10 ) + 5 (160800 ) — 160 R )
+ or (1621 o~ 168 )
<Ci(r? + h%) + Cr (e, 1, ey + 1687 g gty + 1€ gy + Bl o))
+ o1 (e, g + 65, Bty xg) + 1057 12 -ty + 168, ) + 1681, gy ) (6:60)

where ¢; is a small positive real number, and C is a constant that depends on 1/e;.
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(D) Estimates for |ep|n;xn): Starting from the expression of 7 - Df(x?)Teg obtained in
(6.40c), by using inf-sup condition (6.35) and incorporating the consistency error estimates

(6.21), (6.32), (6.39a), and (6.39b), we can derive the estimate for [ef|n,(xn) as follows:
1 _
el ep) <C(7 + B + 2106t ey + 18 g - + el e

_ 1, ..
O (108, g gty + e vt i) + € L) + €l ) + —16€B I )

(6.61)
Substituting the estimates (6.57) and (6.61) into (6.60), we obtain:
o (18 By — 100 g o)) + 500 )
o (168 R ey — 18 B + 5 (1681 ey — 15 B o))
<C1 (T W% 4 M2y ey 1€, ey + et I gy + 1€ )
+ Oz (51060 Ry gy + 160712, oty + 160 ey + 16813, e
+ 0= (16 By + 1o I ety + 221560 B o)) (6.62)

where C' is a constant independent of £;. By summing up the inequality (6.62) from n =1

ton=/{—1 for 2 < { < m, we obtain:

Z 1

1, o 1.0
S llev 1H2 eyt ZTI\e”I\cf<x +5leu R (xa) ,”e e, o)
/—1
2 2k
<G (PP +R)+C )T (He"HMf )tk A oy + e, o) + 1€k, IR, xl>)
n=1
/—1 1 1
2 . 2 . 2 . 2
+Cey Y, r(;llaeﬁlle(x?) + €4, o) T €51 B () + ﬁHdeﬁHMs(xQ)). (6.63)
n=1

(E) Estimates for |€y|c,xp): The error equation (6.40c) is a parabolic system about the
variable e?. To derive the H! estimate for €7, we can test (6.40c) with n = de” and & = &

for n = 1, and obtain:
1 e 2 1 n|2 n—12 Sel 2
;H evHMf(x?) + §<HevHCf(x?) - Hev HCf(x’ffl) + H evHCf(x?))

1. .
+;|\5eﬁ\|§/ls(xz)+(5eﬁ)' s(xz2)el; — (dey) - Dy(x7)"ef
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1 n n n n n— n— n
= — —(0ey) - (M) = My (™)) (6v*) = (de3) - By, vt —wi ™)y
+ (6ey) - By (" v — Wi vr - (Gey) - (Cr() = Cp (k1) v
+ (96}) - (Ds () = Dy (™) )p*" + (dey) - (£ — £)
+ (0ey) - (91— EF — F5) + (0&3) - (92 — £5 — F). (6.64)

For the estimation of the nonlinear terms —(5el)-B ¢ (x}, vi !t —w] 1) v+ (de?) B (x]", vl

~1 . . o
wi"T ) v*™ we only encounter the L:-norm of de?, i.e., |6€%lln, (xpy- Following a similar

proof in the derivation of (6.60), |dey|n,(xn) can be absorbed by the left-hand side of

1
(6.64). The terms —L1(e™) - (Mf(xgb) - Mf(xf’n)>(5v*’”) and (6el) - (€7 — £™) can be

estimated in the same way. For the other terms, we will use the following equalities:
(963) - Bu(x)el = (6 Bs(xa)els — 6 - Bulxa)el!) = rét - Bu(xa)élh + e Ba(xo) F,
(9€%) - (C(x}) = Clxt™) ) ve = —et™ - (Cy(x}) — Cr(x}™) (6v*")
+ <63 H(Cr(x) = Cp(x™")vE" —eu ™ - (Cp(x ) — Cf(XT’”_I))V*’”_1>
— el () = C (™) = (S (™) = €y Jven
(5e%) - (D) T =Dyl 7)o = et (Dy(xD) T = Dy(x}™)T)(6p*")
+ (e (D) =Dy (™) p™ — el (D ()T =Dy (") pr )
—ep !t ((Df(X’f)T —Ds(x")") - (Dsxp T - Df(XT’"fl)T))p*’”‘lv
(6e%) - (€7 + F5) = (e - (€1 + Fp) — el - (771 4 F3 7)) — el (O€T + 0F3),

(96n) - (€5 + F3) = (e (85 + Fp) —en™t - (€37 + F47) & - (683 + 0F%).

Note that ov*™, dp*", 6ET, 0F5, 6EL and 6F% have an additional 7, as shown in (6.22)
and (6.39). Substituting the above equalities into (6.64) and following a similar procedure

in the derivation of (6.60) again, we obtain the following inequality:

1 2 1 2 —12 1 = n (|2
EH(SeSHMf(x?) + §(HegHCf(x?) — [ev Hcf(x?—l)) + ;HfseﬁHMS(xQ)
2 2k —12 2 —12 —192
<Or(r2 + 12%) + Cr (lex 14, ety + 65, I yoxp) + €57 I ety + b I ety

2 —12 —12 2
+ O (1, By ey + 165725 ety + 1087 oy + €215 )
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07 (165 Ry + 160 Ty + 18, ) + (5e8) - D) e

— (e - (Cy(xD) = Cy(x™)VS" = e (Cy (xI ) = Gy (x1 v

el ((Cple) = C (™) = (C(e™) = Cy(xp ) Jvhn ™!

+ (el(Dy(x1) = Dy(x}™) ™" — (D (x ™) = Dy(xp™ ) Tp* )

—ey ((Df(X’f)T —Dy(xi"MT) = (Dp(xi )T - Df(XT’”fl)TDp*’”_l

~ (&0 Bulxa)el — &7 Eu(xa)el ")

+(0e5) - 91— (eh - (€7 + Fp) —et™ - (€77 + F7Y)

+(065) - 92— (€h- (85 + Fp) —en™ - (€37 + F5 7). (6.65)
By taking the difference of the equation (6.40d) on time levels n and n — 1, we obtain

Dy (x})(d€}) = — (Dy(xi) ~ Dy(xi™) )™ = (Dy(x}) = Dy(x1™)) (3v*")

— (D) = Dy (x7™) = (D (x7 1) = Dy (") )ver! - ags.
(6.66)

We can define a continuous deformation from the intermediate domain 9?21’9 to Q?’g
by introducing the domain QZ;I’H’L which is determined by the vector Xf’nfl + Geﬁl_l +
*,1 L

T (W 1y e t). Let pi’ and ’UZ’L be the finite element functions defined on domain

be ;LW with nodal vectors p and v, respectively. Then we obtain that
) - ) -1
p- ((Ds(x1) = Dy(x™) = (Dy(x~") = Dy(xp" ) )v

_(ffrad g . dzded 6.67
o )y acdg Jonre Pr YO GEETEE (6.67)
1,h

By testing equation (6.66) with ep, applying Lemma 6.1 to (6.67), and using Lemma 6.3—
6.4 we obtain the following estimate under the induction assumption (6.46) when 7 is

sufficiently small.

el Dy(x7)(0e%) < Orllefln, ) (W + 1€ a1y + el a o

1

(6.68)

+ e, la, o) + \|e@;1||Af(x,,L,l)).
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The terms e ! - ((Cf(x?) — Cr(xP™) — (Cp(xP™h) — Cp(x"™ 1))>v”"”*1 and e?~! .

<(Df(xrf)T ~Dy(xi™MT) - Dy HT - Df(x?nfl)TDp*’”_l can be estimated in a
similar way. Substituting the obtained results, (6.61) and (6.68) into (6.65), we obtain
(6.69).

106 R ) + 5 (1000 ey — 10712, (o)) + 5= 1080 R e
<Cor(r? + h%) + O (et R gy + ek I ety + ek I o))
+ Cor (el 2y oty + 10872 enry + 1€ gy + 1681 gy + 1657 1))
oo (1687 e, gy + @m0 ) — (€5 - Bulxa)el — €47 Ey(xa)eis™)
— (e () = CpxpM)VE" — ey HC () = Cplxp "))
+ (eL(Dy(x}) = Dy(xp™) o™ — (D (xI ™) = Dy (x1" 7)) Tp*" )
+(0ey) - 91— (e - (€7 + Fp) — el - (€17 + F37Y)
+(083) 92 — (en- (€5 + Fp) —eb™h - (&5 + FTY), (6.69)

where €9 is a small positive real number, Cs is a constant that depends on 1/es.
Since €2 = 0 and €0 = 0, by summing up (6.69) fromn =1ton =£—1for2 </ < m,

and using Lemma 6.2-6.4, the induction assumption (6.46) and Young’s inequality, we

obtain:
1 (-1 1 {—1
E Z H(Sev”Mf(x?) +5 “ v 1H2 ) + E Z HéeﬁH%\/IS(XQ)
n=1 n=1
-1
<Co(r? + W) + Cy ] T(\\eﬁl I, ey + €5, [ oy + €97 1\’2 -1y T HegHQAf(x?)>
n=1

/-1
— Cn—
+ CQ(HG HQ 4 1) + Heu 1”%]5(xg)) + &2 Z 7—(”(3711 1H12\/Is(x2) + Heg”%'ES(XQ))
n=1

{—1
Z .
ooty 1S o)) + Co Y TIERIR, (oo

n=1

: l—
+ 2 (I8 it ey + 157 I ey + 1057112

(6.70)
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(F) Estimates for ||éy|g,(x,): To obtain the error estimates from inequalities (6.60) and
.70), we need to further estimate |e %) By taking the diflerence between the equa-
6.70 d to furth i eqlc(xz)- By taki he diffi b h
tions of (6.40c) on time levels n and n — 1, we obtain the following equality:
1
—n - (M) (9e) — My () (Gey ™)) +1 - (€5 (64)els — Cr el ™)
n\T . n n—1\T n—1 1 2.n n
- (D) e~ Dy ()T ) + L& M (o) (076) + € - Bi(2) (0]

= - %17 : ((Mf(X’f) = My(x}™) - (6vF") = (M (1) = My (x" 1)) - (5v*’”_1)>

e (Bl W By ) ((017) - 087)
+n- <Bf(XT’", vl _ wf,n—l)v*,n o Bf(XTnil, vE—2 _ W>1k,n72)v*7n_1>

= ((Cr(h) = Co(xIM)IVE" = (Co(xI ) = Cp(xp ") v )

+n- ((Df(X’f) —Dy(x™") ™" — (Dy(x}7h) — Df(x?"*l))Tp*m—l)

—n- ((087) + (0F3)) — & - ((6€3) + (0F3) ). (6.71)

By choosing n = dell and & = e}l in (6.71), we have that
n— n— 1 n e
(9e) - (M () (de) = M (=) (de5 ™) ) =5 (10€8 R, gy — 1065 g, o))
(56l - (M () — My () ) (del) + 2 %512
2y 7 A v/ lT Evim ey

For the other terms, the process is similar. Then by using the same method as in the

derivation of (6.60), and (6.67)—(6.68), we obtain:

1 n n— 1 n 1 ) “n—

o= (19€% R x) = 19657 3y, enty ) + 510680 ) + 5 (1088 R, ey — 1968 Rty )
1 n n—

+ 5= (1€, ) — 195" I )

k — - _
<C3(r20% + 74) + egSel 2y sy + Cor? (e 1A oy + el A )

2 —12 2 —12 —12

+ s (1065 B, gy + 1065 12y eny) + Cor® (1087 oty + €871, )
2 —272 —272 2 2

e T (o AR = P . PO O sy

+ (del) - (Dy(xt) Tep — Dy (xi ) Tept) = (%) - By x2) (Gef)

— (en(0€y) — e (0857Y)) + i (0%5) — (en(0F) — i 0FF ) + en (02 ).
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To estimate (dey)- (Df(x’f)Teg - Df(x?_l)Teg_1> while avoiding the norm of dep;, we use

the following equality:

(9€3): (D (xi) Tep = Dy(xi™) Tep ™) = ((9l)D(x}) Tep — (el D (x; ™) Tep ™)

— ((0e2)D (<) — 9y ™D (™) T Jep™" + (de8) (D (xi) T — Dy (i) Mep ™.

(6.73)

Taking the difference of the equation (6.66) on time levels n and n — 1, and testing the

n—1

p - we have:

obtained equation with e

— ((9e3) - Dy ()T — (del ™) - Dy )T e

T T
et (D () — 2D, () + Dy (6 7%)) eyt + (967 (D (7! = Dy ) e

+ (0w (D)~ Dy (™) — (D66 ") Dy 1)) e

)
+ (0% (Ds (™) = D)) e+ (0%E) e

- n— n— T n—
+ (0v ) (D7) = Dy (™) = (D 72) = Dy (x" %)) ) ep™
<Ol It 1) (103 L ety + 19657 g gy + 715 gerry + 7HY)

+ O ey I, (o1 (HeCVIQHAf<xr2> e a2 + ek, o + ”egv?HAﬂx?’l))‘
(6.74)

To estimate [del HAf(X;Lfl), we take the difference of the equation (6.40a) on the time

steps n and n — 1, and obtain:

Ap(x (e, ) = = (Ap(x™) = Ap(xi2)en? — (Ap(x™%) — Ay (™)) (owi ™)

W1 W1

(A6 — A () — (A6 — Ag( ) Wit - agg L (6.75)
Similarly to the proof of (6.57), and by using the estimate (6.57), we have

n—1)2 n—1)2 n—1)2
I8 oty <C (1805 g oy + 1985712, )

2 2k —1 —212 —22 —22
+Or2 (W% 4 eI oty + 1212 enay + 157212y sy + €522 sy ).

(6.76)

2 1
Ap(xy™
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Substituting (6.57), (6.61), (6.74)—, (6.74), and (6.76) into (6.72), we obtain:

1 . - Lo Lo e
o= (195 R gy = 19€5 73 ety ) + 5100812, gy + 5 (1988 1R, ) — 19687 R )

+ 5 (16681 ) = 1657113,
<Cy(r2 0 4 7) + Ceg0€l ™, ey + Cor? (e Iy, pnry + ek I ety
+ Ca(16€3 R, gy + 1957 R pry) + Com (18 R oty + 128 o))
+ Cesr (15213 -2y + €821, ey + ek IR gy + eI gy + €721 2,
+ 2300en12, e + (<5ec>Df<x?>Tez ~ (el D) Tep )
+ e (1687 B, ) + 1687 1B ) ) + o721l 1 s

+ G065 Ry, () — (€0(083) — €7 (0857 ) — (eR(6F%) —&u (0F5 ). (6.77)

If m > 3, we can sum up the inequality (6.77) from n =2 ton =¢ —1 for 3 < ¢ < m, and

obtain the following inequality by using the estimates (6.68) and (6.61), (6.57).

-1
Loc 12 1 2 Loco12 1
272 H(Sev ”Mf(x/i’—l) + E 22 H‘SecHCf(x?) + 272 ”5eu HMS(XQ) + 2 H‘Se ”Es (x2)
n=

1 . &3
<55 (10€Y g, ety + 1984 R, ey + 198 B, ) ) + Ca(r? + 1) + Z ECHE.

/-1 /-1

+2057 Y, (et By oy + 1€l o) + 257 2 (1687 IR, gy + 1657 1 ) )
n=1 n=2
-1

#2057 Y (1™ 1y, oty + 1572 ey ) + Cor (16 vt ey + €blvg, o))
n=2

2C
{— “v3
+ g (62, sy + T8 12, sy + e ) + 2\\5 013 (xp

/-1 /—1
_ Cs e
+ 057 3 (1l o) + 2 2 1968 it ey + 1€ L ety b vt
n=2 n=2
(—2)2 (—2 0—2)2 0—2)2
+ Co (106722 o) + 1657205 sy + 1522 rma + uAf(xﬁ_Q))

+es(len IR + 160 B o) + 180 IR0, (o) + €015, o (6.78)
) ) )

162



CHAPTER 6 Optimal Convergence of ALE-FEM for FSI

(G) Error estimates for m < 3: The inequality (6.78) holds only when m > 3. To make
use of (6.78), we must first prove that the induction assumption (6.46) holds for m < 3.
Consequently, we need to prove the case when m = 2, 3 separately.

Since we have proved that m > 1, we can choose m = 1 in (6.59), and obtain that
lese, g ) + lesla, xty < C(r + hF). (6.79)
By inverse inequality, we have that
IVer!lueay,) < Ch™2(r + 1),
When h is sufficiently small, the equivalence (6.47) holds for n = 1 under the mesh size
restriction 7 = o(h%). Hence, we have that
Hex1 HM 1) + HeleA K1) <C(r+ hk).

Again, by using inverse inequality, we can prove that the induction assumption (6.46a)

holds when m < 2 for sufficiently small h and 7 = 0(h2) Since (6.46b) holds for m = 1,
we can choose n = 1 in (6.64) and obtain that
1 .
o186l e ity + 3 1eb % )+ 5 1081 R ) + (561) - Bu(xa)el
<OT(2 4 W2%) 4 Crlel4 ) + (9el) - (1 — s?) +(58L) - (92— £9)
— (0ey) - (6€1) — (0éy) - (5€3). (6.80)
Since €% = 0 and €% = 0, by using the equation (6.40e), we can derive that
(661) - Bu(xa)el, = 7|64, ey — 7EL - Ba(x2) F. (6.81)
6€1 and §€L will have an additional 7. Since 2 = 0, the last two terms on the right-hand
side of (6.80) can be absorbed by the left-hand side when 7 is sufficiently small. Combining
(6.80), (6.81) and (6.33), we obtain
10 21,y + 718 ey + 321068 R ey + 5713
47 1TVIMp(x)) T4 VG (x1) ullM,(x2) ullEq(x2)
<C7(r? + 1) + C7lleg|} oy + (Oey) - Dy (x}) " (™ — p). (6.82)
We can further bound the term (del) - Dy(x9)T(p*° — p) by using (6.66) and the
estimates (6.29) and (6.57), which gives

(dey) - Ds(x)) " (p*™? - p) < CTh*". (6.83)
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Substituting (6.83) into (6.82), and applying Young’s inequality and Korn’s inequality, we
can derive the following estimate:

1 Loq2 Loc12 Tia1)2
EH(SGH\%/I/.(XD + g”evﬂcf(x%) + EH‘SGHMS()@) + §Heu”ES(XQ)

2, 12k 12
<C7(m° 4+ h*") + CTHeVHMf(X}). (6.84)
For the same reason, we can choose ¢ = 2 in (6.63) and add up the obtained inequality and
(6.84). We then deduce the following inequality when e; and 7 are sufficiently small
1 1 1. 1
g”eilevlf(x%) + gTHeH%f(xi) + 5\\931”%/15(@) + ZHGWES(M)
100 B e+ 51012 ep) + 51068 R ) + TIERIR () < CG ). (689
g VIMyGx) T RIEVIC () T g PP UM (x2) T 1P ulEs (o) S o

Substituting (6.85) into (6.84), we have that

€33, (xt) + TlevlE, ety + 10€uIRe, (o) + 7216015, () < CT°(7% + 1*). (6.86)
es) es) (x2) (x2)

(6.85) together with (6.86), (6.61), (6.57), (6.79), (6.49) implies the error estimates (6.45)
for n = 1. The induction assumption (6.46) for m = 2 then follows from inverse inequality.
Following a similar proof, we can derive that the error estimates (6.45) hold for n = 2

and the induction assumption (6.46) holds for m = 3.
(H) Combination of the above estimates: Adding up the inequalities (6.59), (6.63), (6.70)

and (6.78), we obtain the following combined estimate:

-1

1 1

L L £—1)2 2 £—1y2

Hexl Hi/[f(xf) + Hexl H2Af(x1{) + iuev HMf(xf_l) + g 2 lTHe?/HCf(x{L) + §Heu HMf(XQ)
n=

-1 -1
1, o 1 1 .72 Lo 12
5l g ) + 7= 20 10€V IR, er) + 5= D 108610, (xp) + 5o 1064 g (i
2 dr — e 2T e 27 F70)
-1

1 2 1 0—12 1 /—12
T Z loevlic, o) + 2772”59.1 I (x2) ﬁ“éeu (.

n=2

{—1 /—1
n -n €3 n
gC(TQ + h2k> +C Z T<HeuH%ES(x2) + Heuulzils(XQ)) + ? Z HéeuH%)S(XQ)
n=1 n=2

1 01
1 : L ociny2 12

+er ) T(pH(SezHi/[f(x?;) + €53, ) + ﬁ||5eﬁHMs(xQ)> +e2 ) TIen R, (o)

n=1 n=1

-1

2 2 2 2

+C1 ) (||e21 I, oy + e A ey + leving oeny + HeQLHcf(x;l))

n=1
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f— 0— - l— - {—
bea (I 2, ey + 108 ) + 16 R ey 16T, gy ) + a2

Cr(xi™h)
-1
+ O (e By, -ty + I ety + 106 ey ) + 257 25 (1657 Rty + 1657 o)
n=2

1 1 1
+ 5gl0ev g ety + 53 10€ulM, ) + 531000l B, )

03 — e ]. /—
#2231 R + - 10€b Lyl ety + Co (1657 Iy + 1€t )
n=2

+ O (187212, sy + 18721 oy + 105212, sy + €571 sy

. 203
+ (165 B ey + 166 1B ey + 165 B ey + 1601B ) ) + Z -~

where C'is a constant that depends on 1/e1, 1/e5 and 1/e3. The estimates for |lel; HM L)

s e 213 s flev 212

H “2 H “2 H HA (xl 1 M (xl 2 (x€72)7 Heu “ES(X2)
follow from (6.59), (6.63), and (6.70). By substituting these estimates into the inequality

above and using the estimates (6.85), (6.86), (6.61), and the equation (6.40e), we obtain

1.,
le%, I, ety + €% I ety fH v lHMf eyt g ZlfHeﬁH%f(xy)Jril\eﬂ YR, )
1 /—1
/— l— N
fHe N, () Z o€y 1H2 H 1\!2 -1y + oo > 16e R, )
n=1

-1
1 1
/-1 2 -0—1)2
Hée HM (XZ 1 47_ E “(SecHCf(x’f) + 272 H(Seu HMS(X ) 7He HES (x2)
n=2

/-1
k . .
<CE? + 1)+ Cr 3 (160 B + 1B1E, o) + 1813, () + 1€ By gy + 10 1 ) )

n=1
/-1

+07 3 (168 Rayep) + 1601 ) + O Z(Hfse"HMf )+ 106510 )

n=1
+ (e 28) (166 B, ey + 165 1B,y + 1657112, 1)) + G I,

We can choose 7, €2 and €3 to be sufficiently small such that the corresponding terms on
the right-hand side can be absorbed by the terms on the left-hand side. Consequently, for
2 < £ < m, we have:
14 1
le + e *Ilef o (xnytg ZlTHeﬁl\%f(xv;) + leéﬁ_ll\i@(m)
n—

XlHMf X1”Af )
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{—1

Lo 1 o ‘-
16 B + e 2 Iy + g1l )+ 5 2 196 B, o
0 1§ - 1
12 2 1
+ fH5e Ing -1y + 4 22 loevlic, oq) + 52 ||5e R, ey + 7180 I )
n=
2 2k © n| 2 SN2 1 n| 2 S |2
<C'(T +h ) +C Z T(”euHES(XQ) + HeuHES(XQ) + ﬁ”éev”Mf(x?) + ”euHMS(XQ))
n=1
-1 1
0 3 (16 Ry ey + 1 I oy + 108ty + 1813, ey + 1068 R )
n=1

(6.87)
By applying Gronwall’s inequality to (6.87), we obtain

sup {le g o) + IS Lasopy f +_sup - {leblay ) + ety |

os<n<m <n<m-—1

: 1, 1 .
+ s {6l + bl + 108 I + 100 g, } < OO+ )
(6.88)

The estimate for ef follows from (6.61) and (6.88), which implies

sup |lep v, xpy < C(7 + hF). (6.89)

os<n<m—1

Additionally, since efl = Y."" | de’,, we have

sup  [eyfnr,(xo) < sup ZH(SeuHM (x2) SCT+T sup [ley]m,(xe) < O(1 + ).

osn<m—1 0sn<m—1 os<n<m-—1
(6.90)
The estimate for ef, follows from (6.57) such that
sup ey, la;xm < C(r+ hk). (6.91)
0sn<m—1

By using inverse inequality, we can derive the induction assumption (6.46a) for n = m
when 7 and h are sufficiently small. Then following a similar process, we can deduce that
the inequality (6.87) holds for 2 < £ < m+1. Following from the deduction of (6.88)-(6.91),

we have that

sup {HGQHM(X?) + leVlcxn) + lealmen) + lealexn) + leplmen) + HenleAf(x’f)}
os<n<m

+sup el o) + e fagep | < OO +4%) (6.92)

osn<m+
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Again by using inverse inequality, we prove the induction assumption (6.46b) for n = m,
which complete the induction. The desired result (6.45) then follows from the equivalence

(6.49). O

6.5 Numerical Examples. In this section, we provide numerical examples to substan-
tiate the theoretical results presented in this chapter, thereby demonstrating the conver-
gence of the proposed method. The computational analyses were conducted using the finite

element software package NGSolve, available at https://ngsolve.org/.

Example 6.1 (2D vessel wall deformations under blood flow). In this example, we construct
a 2D analytical solution in a situation where blood flows through a blood vessel. For

given positive real numbers R and L, the initial fluid domain is £2;(0) = [0, L] x [-R, R].
The reference domain of solid is 25 = ([O,L] x [-1.5R, R]) U ([O,L] x [R, 1.5R]>. Let
g(t,x) = 1/10sin? zsin (L — x) sint. The exact solution of fluid velocity is given by
v =R —(y—g)°, wv2=v10:g+ Oig.
The velocity v = (vi,v2)" is then divergence free. The pressure p = —u10,9(dyv1 +

02V2) + 21110yv2 + 10p1v1. Next, to define the displacement u, we first define two auxliary

functions:

1
mtz) = (p(t, 2, R)0ag + 1 (801 (t, 7, R) + ,0a(t, , R)) — 210,11 (¢, 2, R)(?a;g) — g,
2

as(t, %) —0ng — :2( 20,01 (t, 2, — R)2ng + i1 (0,01 (t, & — R) + dy0s(t, v, —R))
+ p(t, z, —R)&xg>.
The displacement on the upper solid reference domain [0, L] x [R, 1.5R] is defined as
u"™Per = (sin (y — R)ay, cos (y — R)g) ",

and the displacement on the lower solid reference domain [0, L] x [-1.5R, —R] is defined
as
u" = (sin (—R — y)ag, cos (—R — y)g) .

The source function f; and fo are tailored to align with the characteristics of the analytical
solutions. To make the test more realistic, we employ dirichlet boundary condition on the
left fluid boundary {0} x [—R, R]. On the other boundaries, we employ the same type of
boundary conditions as those specified in problems (6.1) and (6.3).
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In this test, we choose the parameters as follows. R = 1,L = 2m,p; = 1.06,u1 =
0.04,p2 = 1.2, u2 = E/(2(1+12)), A2 = Eva/((1+12)(1—212)), where E = 2 and vo = 0.45.

To assess the convergence properties of the numerical scheme, we conducted a conver-
gence test at T' = 1 using the Po—P,—P5 element and a suitably small mesh size that ensures
negligible errors from the spatial discretization. The errors of the numerical solutions are
depicted in Figure 6.2 (a) for time step sizes: 7 = 1/16,1/32,1/64,1/128. The observed er-
rors demonstrate first-order convergence in time, which aligns with the theoretical findings
established in Theorem 6.1.

In addition to investigating the convergence in time, we also conducted a convergence
test at time T = 0.1 to assess the spatial discretization by utilizing sufficiently small time
step sizes to ensure negligible errors from the temporal discretization. Numerical solutions
for v, p, u are evaluated, and the corresponding errors are presented in Figure 6.2 (b)—(d)
across various mesh sizes h = 1/4,1/8,1/16,1/32. The mixed element methods Py—Pj_1— P
of degree k = 2,3 are employed. The numerical findings reveal that the H' error of the
velocity v and the displacement u, along with the L? error of the pressure p exhibit k-th
order convergence in space. This observation aligns with the theoretical result established
in Theorem 6.1, specifically for the cases where k = 2, 3.

The configurations and meshes of the evolving domain at times ¢ = 0 and ¢ = 2 are
depicted in Figure 6.3, employing a mesh size of h = 1/8 and a time step size of 1/50. The
solutions of the equations are obtained using the P,—P; element, with meshes generated by
the P, element. The fluid and solid phases are highlighted by red and blue meshes, respec-
tively, in Figure 6.3 (a)—(b). In these representations, the interfaces are the intersections of

the red and blue domains.

Example 6.2 (3D vessel wall deformations under blood flow). In this example, we construct
a 3D analytical solution in a situation where blood flows through a blood vessel. For given
positive real numbers R and L, the initial fluid domain is 21(0) = {(y,2) : y* + 22 <
R%} x [0, L]. The reference domain of solid is 25 = {(y,2) : R? < y?+2% < 2.25R?} x [0, L].
Let g(t,2) = 1/100sin? 2 sin (L — z) sint. The exact solution of fluid velocity is given by
1
100
P = —H10t290z9 — 4(p2 + A2)yzb(t, ) + p1vy,

2 2 2\ 2
U1 (R _(y_g) _(Z_g)>7 1)2:1)3:1)1(95594-(9,59,
up = sin (y? + 22 — RYa(t,z,y,2), wug = sin(y* + 22 — R?)zb(z,t) + g,
us = sin (42 + 22 — R2)b(t,2) + g,
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Errors

L2 Errors of p

H? Errors of v
L2 Errors of p
H?* Errors of u
o(1)
o(7)

1/128 1/64 1/32 1/16
T

(a) Errors from temporal discretization

1/32 1/16 1/8 1/4
h

(¢) L? error of p from spatial discretization

H? Errors of v

H? Errors of u

1/32 1/16 178 174
h

(b) H' error of v from spatial discretization

1/32 1/16 1/8 1/4
h

(d) H' error of u from spatial discretization

Figure 6.2. Errors of the numerical solutions at time T = 0.1

(a) The domain and mesh at time ¢t = 0

Figure 6.5. FEvolution

(b) The domain and mesh at time ¢ = 2

of the domain and mesh

169



SECTION 6.5 Numerical Examples

where b(t, z) and a(t, z,y, z) are defined as

K1
b(t = o o Vtx90z9,
( 7%) QMQRQat ga g
at,2,9.2) = 5 (10 + ke + (0 + 2)pdag — 2l + 2)0sg).
sy Y 2M2R2

The source function f; and fo are tailored to align with the characteristics of the ana-
lytical solutions. To make the test more realistic, we employ dirichlet boundary condition
on the left fluid boundary {(0,v,2) : y* + 22 < R?}. On the other boundaries, we employ
the same type of boundary conditions as those specified in problems (6.1) and (6.3).

In this test, we choose the parameters as follows. R = 1,L = 1,p; = 1.06,u; =
0.04,p2 = 1.2, 42 = E/(2(1+12)), 2 = Eva/((1+12)(1—214)), where E = 2 and v5 = 0.45.

To assess the convergence properties of the numerical scheme, we conducted a conver-
gence test at T' = 1 using the Po—P,—P» element and a suitably small mesh size that ensures
negligible errors from the spatial discretization. The errors of the numerical solutions are
depicted in Figure 6.4 (a) for time step sizes: 7 = 1/20, 1/40, 1/80,1/160. The observed er-
rors demonstrate first-order convergence in time, which aligns with the theoretical findings
established in Theorem 6.1.

In addition to investigating the convergence in time, we also conducted a convergence
test at time T' = 1 to assess the spatial discretization by utilizing sufficiently small time
step sizes to ensure negligible errors from the temporal discretization. Numerical solutions
for v, p,u are evaluated, and the corresponding errors are presented in Figure 6.4 (b)—(d)
across various mesh sizes h = 1/4,1/8,1/12,1/16. The mixed element methods Py—Pj_1—Px
of degree k = 2,3 are employed. The numerical findings reveal that the H' error of the
velocity v and the displacement u, along with the L? error of the pressure p exhibit k-th
order convergence in space. This observation aligns with the theoretical result established
in Theorem 6.1, specifically for the cases where k = 2, 3.

The configurations and meshes of the evolving domain for R = 1 and L = 27 at times
t =0 and t = 1 are depicted in Figure 6.5, employing a mesh size of h = 1/4 and a time
step size of 1/100. The solutions of the equations are obtained using the P,—P; element,
with meshes generated by the P, element. The fluid and solid phases are highlighted by
red and blue meshes, respectively, in Figure 6.5. In these representations, the interfaces are

the intersections of the red and blue domains.
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1073<
—@- H' Errors of v
¥ L2 Errors of p
@ H!Errors of u
-—- o(m =
> —- 0o(1) 5 10744
2
S a
1zl =}
B
5 5
= T
10*5<
1076<
1/160 1/80 1/40 1/20 116 1/12 1/8 1/4
T h
(a) Errors from temporal discretization (b) H' error of v from spatial discretization
1073 4
1074<
-4
o 10 5
) 5 1075
g g
=R 5
N 10 FI‘I:
1076<
1076
116 112 1/8 1/4 116 1/12 1/8 1/4
h h
(c) L? error of p from spatial discretization (d) H' error of u from spatial discretization

Figure 6.4. Errors of the numerical solutions at time T = 0.1

(a) The domain and mesh at time ¢t = 0 (b) The domain and mesh at time ¢ = 1

Figure 6.5. Evolution of the domain and mesh
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Chapter 7

Conclusion

In this thesis, several new high-order numerical methods and analyses are developed for

some nonlinear parabolic equations with rough data and evolving domains, including

e high-order convergent numerical methods for the parabolic-type equations with rough
data (in Chapter 2-3),
e high-order convergent numerical methods for the nonlinear equations with evolving

domains (in Chapters 4-6).

In this chapter we draw conclusions and point out some possible research directions related

to the work done in this thesis.

In Chapter 2, we have proposed a new spectral method for the linear and semilinear
subdiffusion equations in a bounded domain 2 = R? under the Dirichlet boundary condi-
tion with rough initial data in L™ (£2) and possibly singular source function by effectively
combining several computational techniques, including the contour integral representation
of the mild solutions, the quadrature approximation of the contour integrals, the expo-
nential integrator using VP means, and a decomposition of the time interval geometrically
refined towards ¢ = 0 according to the singularity of the solution and the source function.
We have proved the spectral convergence in L*(0,T; L*) norm of the proposed method
for both linear and semilinear subdiffusion equations with an arbitrary rough initial value
uo € LP(£2) under the natural regularity of the solutions with strong singularities at ¢t = 0
in the form of (2.6).

In Chapter 3, we have studied numerical treatment for the two-dimensional Navier-
Stokes equations with L? initial data. To date, the best convergence results obtained for
fully discrete schemes are limited to first-order accuracy in both time and space, which are

suboptimal in space and considered low-order in time. We have proposed a fully discrete
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scheme that utilizes the finite element method for spatial discretization and a implicit-
explicit Runge-Kutta method in conjunction with graded time meshes. By employing dis-
crete semigroup techniques, sharp regularity estimates, negative norm estimates and the L?
projection onto the divergence-free Raviart-Thomas element space, we have demonstrated
that the proposed scheme attains second-order convergence in both space and time. The
argument presented in Chapter 3 could be further extended to higher-order implicit-explicit
Runge-Kutta schemes. The numerical results are consistent with the theoretical analysis
and demonstrate the sharpness of convergence order.

In the future, we may focus on two directions: (i) problems with initial data in negative
Sobolev spaces, and (ii) fully nonlinear subdiffusion equations. For the former, it will be
essential to develop an efficient framework to characterize functionals in negative Sobolev
spaces, and to establish regularity estimates that can guide the construction of effective
numerical methods. As for the latter, further investigation is needed, since the validity
of the Lipschitz condition plays a crucial role in our current numerical analysis. If this
condition fails, entirely different analytical techniques will have to be employed.

In Chapter 4, we have formulated the shape optimization problem with shape density
function j(-,u) = 3|u — ug|?, constrained by the Poisson equation, into a gradient flow
system of nonlinear PDEs on an evolving domain with a solution-driven evolving boundary
that tends to the optimal shape. The formulation is intended to make the evolving finite
element approximations to the boundary evolution have stability and convergence with
optimal-order accuracy up to a given time through utilizing the H' shape gradient flow
and distributed Eulerian derivative. The main advantage of using the distributed Eulerian
shape derivative lies in the convenience it offers for proving the stability estimates. If we
were to use formula (2.4), it would necessitate computing the material derivative dy of the
normal vector of the boundary Fg. However, this approach would lead to several difficulties.
First, we would need to estimate the errors associated with the normal vector, which can
be a complex task. Additionally, the usage of Sobolev spaces on the boundary becomes
necessary, introducing further intricacies in the analysis. Moreover, the computation of the
material derivative of the normal vector is not as clear-cut as with the distributed Eulerian
derivative. The lack of clarity in this process adds to the overall complexity and makes the
stability analysis more challenging.

We have proved the stability and convergence in L®(0,T; H') norm of the numerical
approximations to the boundary evolution under shape gradient flow by using the evolving

bulk finite elements systematically studied in [41] and the geometric estimates developed in
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[95, 38]. The latter is used to compare the error between two functions defined on different
domains. We have illustrated the convergence and performance of the proposed method
through numerical examples in both two and three dimensions.

The formulation, algorithm and analysis in this chapter could be extended to other
shape density functions, such as j(-,u) = %\Vu]z. For example, for the shape density
function j(-,u) = 3|Vu[> we have p = u and the following expression of the distributed

Eulerian derivative:
1
dJ(T,w;v) = 5 J (Vu (Vv + Vo) Vu — |Vul?V - v)dx - J fv-Vudz.
0 0

The nonlinear structure in this expression is similar as the distributed Eulerian derivative for
Ju) = %|u —ug|?, and therefore the analysis in this chapter could be trivially extended to
the case j(-,u) = 1|Vu/?. Similarly, the analysis in this chapter could be equally extended to
constraints with the Stokes equations and additional constraint on the volume conservation
enclosed by the boundary. Therefore, the numerical analysis is also applicable to the drag
minimization problem in Example 4.3.

The improvement of the formulation, algorithm and analysis to contain artificial tangen-
tial motions which can improve the mesh quality in approximating the evolving boundary
of general closed surfaces in the three-dimensional space is interesting and nontrivial.

In Chapter 5, we proved the optimal-order convergence of the Stokes equations on an
evolving domain with a moving boundary by employing the ALE-FEM along the trajectories
of the evolving mesh. The error of the semidiscrete ALE method is shown to be O(h"*1)
for velocity in L®(0,T; L?) norm and O(R") for pressure in L?(0,T; L?) norm by employing
the Taylor-Hood finite elements of degree r > 2, using Nitsche’s duality argument adapted
to an evolving mesh, by proving that the material derivative and the Stokes—Ritz projection
commute up to terms which have optimal-order convergence in the L? norm.

In Chapter 6, we have established the optimal convergence rates of fluid velocity, struc-
tural displacement and ALE mesh motion in L*(0,T; H') norm, as well as of pressure
in L*(0,T; L?) norm, for an ALE-based interface tracking, monolithic mixed FEM for a
dynamic fluid-structure interaction problem with solution-driven moving interfaces, where
we have developed a fully discrete scheme by means of the backward Euler scheme and ini-
tial correction terms within the frames of Eulerian-Lagrangian description and monolithic
ALE-FEM.

Without adding the initial correction term, the convergence of fully discrete ALE inter-

face tracking FEMs with the semi-implicit Euler scheme can still be proved for the fluid ve-
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locity and structural displacement with suboptimal-order convergence in the L*(0,T; H')
norm in the framework of this chapter. The proof of optimal-order convergence in the
L®(0,T; L?) norm and the numerical analysis of the ALE-based interface tracking for affine
finite element approximations still remain open and challenging problems.

In the future, we plan to focus on the two aforementioned open problems. For the first
problem, a promising direction is to design a specialized Ritz projection, potentially with
time-dependent basis functions, and to rigorously establish its stability properties. For the
second problem, a key challenge lies in achieving a sufficiently small W1® error estimate
for the displacement. Currently, when using standard affine finite elements, we can only
prove boundedness due to the limited convergence rate. Addressing this issue may require

the development of an entirely new analytical framework.
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