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Abstract

Since the first experimental realization of photonic topological insulator using nonreciprocal
gyromagnets in 2008, optical control systems have emerged as a widely-used platform for
topological physics in both theoretical and experimental studies, where gyromagnets are
implemented as the origin of nonreciprocity supporting photonic chiral edge states. As the
topological classification of Hermitian systems becomes mature, the research focus shifts to
non-Hermitian topology, where the system has more degrees of freedom, thus the classification
becomes more intricate. Due to the ease of implementing non-Hermiticity via optical gain and
loss, optical system has become a key platform for non-Hermitian topology in contrast to
quantum system.

Therefore, this project aims at the analytical study of topological properties of a 1D-periodic
non-Hermitian nonreciprocal electromagnetic metasurface, which is composed of cylinder
arrays of gyromagnetic yttrium iron garnet (YIG) and lossy dielectric materials. Using Mie
theory and multiple scattering theory, the rigorous solution of the scattered field under plane
wave incidence is obtained, enabling a physical interpretation of the intrinsic mechanism.

The nontrivial topology is identified in the nonreciprocal transmission, characterized by robust
polarization singularities in the parameter spaces. The singularities arise from the coupling
between the YIG array and the dielectric array; and their robustness is shown to be protected
by the strong nonreciprocal magnetic response of the YIG array. The results demonstrate the
interplay of nonreciprocity and non-Hermiticity in a topological optical system — as the
coupling effect on lossy dielectric array is nonreciprocal, the excitations on the absorption loss
are different under opposite incident directions, resulting in the nonreciprocal transmission. The
mechanism of robustness induced by nonreciprocal magnets can be generalized to other
systems and may offer insights into the implementation of non-Hermitian topological
classifications. The results may also inspire the design of optical isolators and polarization

modulators, through zero transmission at singularities and associated vortex polarization fields.
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Basic formulas for Bessel functions

Bessel functions are solutions to Bessel differential equation:

2 d%y(x) dy(x) 2 .24, _
x*——=tx——=+(x"—n%) y(x)=0.

There are four eigen-solutions: Bessel functions of first kind [, (x) = Yo (—=1)* -

2k+n
m (g) ; Bessel function second kind, also called Neumann function Y, (x) =

Cos(nnzi]g((zg] '"(x); Bessel functions of third kind, also called Hankel function of first kind

H,(ll)(x) = J,(x) +iY,(x) and second kind H,(lz) (x) = J,(x) — i¥,,(x). The complete

solution is a superposition of any two out of four solutions.

The generating function of J,, of integer order n: e%x(y_%) =Y n (Y™

The transform between positive and negative integer orders n of B, (x), where B, (x)
stands for J,(x), Y, (x), HP(x), and H® (x): B_p,(x) = (~1)"B,(x).

The differentiation of Bessel functions B, (x) with respect to x, where B, (x) stands for

Jn(0), Yn(x), HP (%), and HP (x):

Bi(0) =20 = 2B, (x) = Buaa ()]

The Graf’s and Gegenbauer’s addition theorem of Bessel functions By, (x):

Addition theorem: when |ve*™®| < |u|, any Bessel

function B, (x) satisfy:

Bn(w) cos(nf) = Xin=-c0 Bnsm (WJm (V) cos(ma)
{Bn (W) sin(nf) = Xin=—o Bnim W) (v) sin(ma)’

where J is the Bessel function of first kind; n and m are

orders of Bessel functions; u, v, w, a, and B are

geometric parameters as illustrated in the figure at left.

The requirement |ve*™®| < |u| can be waived when

B, (x) stands for J,(x).

Combing addition theorem with Euler’s formula e = cos@ + i - sin 8, it can be deduced

that: B,(W)e™ = $2__ . Bpym W) (v)e™e.



Chapter 1. Introduction

1.1 Light control by optical systems

People have a longstanding interest in the control of light. On the one hand, the control of light
propagation can be the control of energy flux or so-called light intensity. From an early stage,
convex opaque objects were found capable to focalize sunlight. On the other hand, light is also
the medium carrying information through its frequency, which is represented by color in visible
frequency range. Reflective mirrors are used in periscopes to change the light path;
convex/concave lenses are used to magnify images in microscopes and telescopes, or to adjust
the visual focal length in shortsighted or farsighted glasses.

With the development of electromagnetic theory, the wave nature of light was discovered and
the research interest transitioned from ray optics to wave optics, where more degrees of freedom
of light were explored as information carrier, such as polarization and phase.

According to Maxwell’s equations, the electric field and magnetic field are induced by charges
and currents, leading to the light-matter interaction, and their mutual dependence enables wave
propagation in vacuum. Moreover, the linearity of solutions to Maxwell’s equations enables
distinguishable electromagnetic signals from different channels.

The mechanism of light-matter interaction is: as atoms are constituted by charged particles such
as ions and electrons, under electromagnetic wave incidence, the charged particles are forced
to oscillate and emit secondary radiation. The light-matter interaction explains the origin of
permittivity and permeability, thus reflection, refraction, dispersion, and scattering. According
to this mechanism, light control can be more precise by the delicate design of structure and
composition of optical systems.

In crystals, the periodic structure results in the periodic electron wave function, according to
Bloch’s theorem. Inspired by the formal equivalence between one-body electron wave function
and electromagnetic waves, a design of optical controllers with periodic refractive index was
proposed to mimic the periodic electric potential in crystals [1, 2]. This is called the photonic
crystals, where exotic phenomena with counterparts in electron crystals are found, such as
photonic band gaps [1-4].

Initially in photonic crystals, the structural sizes are comparable to the wavelength



(dominated by Bloch scattering [S]). Later, a new type of periodic optical systems called
metamaterials emerged, which manipulate the light-matter interaction mainly by
subwavelength scatterer units (dominated by Mie scattering [5]). Therefore, for the same target
frequency range, metamaterials are miniaturized compared to photonic crystals [5]. As every
wave medium consists of particles embedded in vacuum (except for vacuum itself) and is
intrinsically inhomogeneous, its permittivity and permeability are spatially averaged.
Following this paradigm, if the structural sizes are small enough compared to the wavelength,
the permittivity and permeability of metamaterial can also be computed by effective medium
theory [6, 7]. This methodology is theoretically and intrinsically beyond the traditional
mechanisms of light control in bulk materials, such as refraction and dispersion.

Based on this, metamaterials can have abnormal constitutive parameters, such as negative
refractive index or negative permeability in microwave range using arrays of metallic rods or
metallic rings [6, 8, 9]. With the broadened range of effective constitutive parameters, it is
possible to achieve invisible metamaterials, where the rays are guided around an object and its
surroundings are optical “Black Holes” [10, 11]. Moreover, some metamaterials may not be
strictly periodic, as unit cells may vary regularly along the array to achieve specific control
objectives, such as metallic lenses [12]. For example, the directions of dielectric rods can be
manipulated to modulate the phase of the wave front [13] according to the generalized Snell’s
law. Metamaterials have utilized every degree of freedom of vectorial electromagnetic waves.
Up to now, the nomenclature of metamaterials conceptually includes photonic crystals. There
is no clear boundary to distinguish these two concepts. Since the scattered field in all structure
can be computed by Mie solution, the transition between photonic crystals and periodic
metamaterials can be studied [5].

Metasurfaces are planar versions of bulk metamaterials. They are composed of monolayer or
several layers of units, and usually have subwavelength thicknesses, thus being more compact
in size. The compact metasurfaces still perform effective subwavelength control of the
polarization, phase and amplitude of light, by the delicate design of the geometry and
constitution of scatterers [14, 15], where the use of gyromagnetic materials is important in all
aspects such as in negative index material and robust control of nonreciprocal transmission.

Therefore, metasurfaces are effective and extremely compact optical control systems. These



advantages also make metasurfaces as popular platforms for the study of topological optics [16],
such as the design of topological optical isolator [17], the non-Hermitian sensitive detector, and

the optical phase modulator around an exceptional point [18].



1.2 Topological optics and the use of nonreciprocal gyromagnets

Topology in condensed matters

Since the first discovery of the quantum Hall effect (QHE) in 1980s [19, 20], topology in
physics has aroused significant interest for both theoretical study and application purposes. In
a semiconductor heterojunction under extremely low temperature and strong magnetic field,

the 2D electron gas behaves unusually that the Hall conductance of the system can only be an

2
integer vy times a constant %’ where e, is the elementary charge and % is the reduced

Planck’s constant; and the Hall conductance is independent of the material’s species and purity
[20], which is significantly different from the classical Hall effect where conductance is
proportional to the strength of the magnetic field.

Later in the 1980s, Thouless and his coworkers [21] named the quantized integer vy as TKNN
number and first demonstrated that the integer is a topological invariant depending on nonlocal
properties of the entire system, thus is robust under local defects and small disturbances.
Mathematically, a topological invariant of a function or a field embedded in a manifold stays
still under any continuous deformation. The condition of this robustness is two-fold: Firstly,
the manifold or space in which the field is embedded must be closed. For example, the phase
space is a closed space, where 0 and 2x coincide. Secondly, the function or the field should be
continuous. This continuity makes topological property of the field nonlocal. An example of
topological invariant is the Euler characteristic of 3D polyhedron, which is always 2 regardless
of the geometrical details.

The TKNN topological invariant of electron’s band is intrinsically the Chern number of band
in insulating 2D-periodic material. For a periodic 2D system, its Brillouin zone in momentum
space is a closed manifold and is equivalent to a torus by connecting its opposite boundaries.
The electron’s wave function is embedded in the torus, and the Berry curvature and Chern
number of the function can be defined, which is similar to the Gauss curvature and Euler
characteristics defined for a closed surface in 3D space. The Chern number of electron’s band
is calculated by the integral of Berry flux of the band over the first Brillouin zone [21]. Different
wave functions result in different Chern numbers of band and different topological

classifications which the band belong to. For each separate band, the unique value of its integer



Chern number implies the band topology, which is trivial if the Chern number is zero and
nontrivial otherwise. At the interface of two bulk materials, robust edge states crossing the band
gap are formed. The number of possible edge states is equal to the difference of the sum of the
Chern numbers of bands under the Fermi level between two bulk materials, according to the
bulk-edge correspondence [22]. The robustness of edge states is guaranteed by the robustness
of the Chern number. Therefore, the 2D materials, which are insulating in bulk but have
nontrivial band topology, allow electrons to flow along edges at the interface between a
nontrivial bulk insulator and a trivial environment, thus are named as topological insulators
(TIs) [22]. TIs have advantages over normal insulators: Firstly, the electrons’ edge flow avoids
random electron scattering through the bulk, thus significantly reducing the energy loss such as
heat dissipation. Secondly, the topological edge state is robust against local defects and
disorders, therefore the pathway of electrons is highly controllable and applicable to network
design [23]. By adding perpendicular magnetic field to the material, the reversibility is broken
thus the electrons can unidirectionally transmit along the edge in topological insulator TI, which
is called the chiral edge state [22].

The theory of topological physics also reveals a new identification of phase by topological
excitation and a new mechanism of topological phase transition [22] beyond Landau’s
symmetry breaking theory, according to which the phase transition must associate with the
breaking or recovering of symmetry. In quantum Hall states, the topological excitation is the
robust quantized Hall conductance resulting from the strong Anderson localization for electrons;
and the quantum Hall transitions are associated with abrupt changes of Hall conductance.
Besides, in superfluid and superconductors, the unconventional phase transitions without
symmetry breaking are successfully explained by Berezinskii-Kosterlitz-Thouless (BKT) phase
transition, where the discrete change happens for an integer topological invariant associated
with the topological vortex excitation which cannot be eliminated under continuous
deformation in a compact phase space [21, 22]. So far, the study of topological physics in
condensed matter has included not only the integer quantum Hall effect introduced above [20],

but also fractional Hall effect, spin Hall effect, and anomalous Hall effect.



Topological optics

Although there is no photonic conductor or insulator due to the absence of Fermi level in
photonic band, the photonic TIs are realizable. In 2005, Haldane and Raghu first theoretically
predicted the photonic topological insulator, where photonic chiral edge states can be achieved
by a photonic crystal consisting of Faraday-effect media, which is nonreciprocal and breaks the
time-reversal symmetry [24, 25]. The photonic analogue to electronic chiral edge states in the
QHE is based on the mathematical equivalence that Maxwell’s equations can be rewritten in
the form of a Hamiltonian matrix as mentioned above, where the Berry curvature in a photonic
system is analogous to the magnetic field in QHE [4, 24, 26].

Later in 2008, this conjecture was first numerically and experimentally verified by an
experiment [27] on a quasi-2D square-lattice photonic crystal composed of vanadium-doped
calcium-iron-garnet gyromagnetic cylinders under an external magnetic field along cylinder
axial direction and sandwiched between upper and lower metal plates. This experiment
demonstrated topologically protected backscattering-immune transmission of light, which is
supported by the magneto-optical Faraday effect — the non-diagonal elements of gyromagnetic
permeability tensor break the system’s time-reversal symmetry, thus breaking the reciprocity
of electromagnetic wave transmission to support one-way transmission along the edge of the
photonic crystal, which is similar to how a magnetic field supports electronic unidirectional
edge state in a topological insulator [27]. Similar to electron TIs, the number of possible
photonic edge states equals the difference of the sum of the Chern numbers of photonic bands
below the band gap between two materials [28], while photonic band is defined as the optical
dispersion band in reciprocal lattice. In this experiment of [27], the photonic one-way edge state
is observed along the boundary of photonic lattice under the transverse magnetic (TM) mode,
where the photonic bands are topologically nontrivial with non-zero Chern numbers.

The study of topological optics has been generalized from photonic crystals to metamaterials
and metasurfaces [16, 29, 30], from the analogous of quantum Hall states to the analogous of
quantum spin hall effect and quantum valley hall effect [31], and from 1D, 2D to higher
dimensions [28]. As the analogue between photonic systems and electronic systems is
mathematically rigorous, the conclusions of topological optics also apply to condensed matters.

The advantages of optical systems over electronic systems leads to a rapidly increasing interest



in topological optics for both theoretical and applied studies. Firstly, for the theoretical studies
on the condition and characteristics of nontrivial topologies, the optical systems have higher
degrees of freedom and more controllable parameters compared to quantum systems. Therefore,
some topological states hardly exhibited in quantum systems can be easily achieved in optics.
Secondly, regarding the neutral charge of photons, they have quicker transmission speed and
lower heat dissipation than electrons, which benefit the robust control of carriers’ path [27].
Besides, the extremely low temperature requirement in quantum topological states is eliminated
in optics. Because photons are spinless and non-interactive in linear regime, they wave

irrelevantly to temperature.

Non-Hermitian optics and its topology

Another advantage of topological optics is that the non-Hermiticity can be easily implemented
into the optical platform by adding gain and loss. The Hermitian symmetry of Hamiltonian, i.e.,
H = H', is an elementary assumption in quantum mechanics. Hermitian conjugate HT of

matrix H is the simultaneous operations of matrix transpose and complex conjugate, i.e., if
H = [ccl 2], HT = [Z* ;*] It can be easily deduced that, if H = HT, the Hamiltonian

matrix has orthonormal eigenvectors and real eigenvalues, of which the physical meanings are
the energy conservation of isolated system (no particle exchange) and the real value of physical
observables. While for non-Hermitian system where H # HT, the Hamiltonian has non-
orthonormal eigenvectors and complex eigenvalues in general, representing the non-conserved
energy and the complex observables, except for some PT symmetric systems. Therefore, non-
Hermiticity is suitable for non-ideal open systems having energy transfer with environments.

As for the topology in non-Hermitian systems, due to the exemption of H = HT requirement,
non-Hermitian systems have more degrees of freedom, resulting in more diverse topological
classifications and phenomena. All these similar or distinct properties of Hermitian and non-
Hermitian topologies can be understood from the similarities or distinctions of Hamiltonian
matrix under two cases. For example, when energy conservation is broken, all kinds of
symmetries — such as parity, time reversal, particle-hole symmetries — combine with non-

Hermiticity and lead to unique topologies [32] and spectral singularities [33, 34]. Some of



which can be regarded as derivatives of Hermitian topology, such as generalized Brillion zone
and non-Hermitian bulk-edge correspondence based on non-Bloch complex band theory [32,
35], while others don’t have Hermitian counterparts, such as skin effect, non-Hermitian PT
symmetry, exceptional point, and point gaps [36-38].

Due to the ability to describe open system and the higher degrees of freedom, the studies of
non-Hermitian topology have become popular, of which many are conducted in optical systems
because of the rigorous equivalence between the optical system and condensed matter. In
quantum mechanics, non-Hermitian originally refers to the non-unitary time-evolution, which
appears in nuclear decay process [33, 39]. Generalized to optical systems, the non-Hermiticity
can be formulated in two ways [39]:

hZ 9%y

One is the formal equivalence between one-body Schrodinger equation (ih% =—o-o2 T

V(x) - 1) and solution of Maxwell’s equation of paraxial wave propagating along z-direction in

2
a z-independent system (—i 3—i = %% + ko - n(x) - E). The corresponding term of electron’s

potential V(x) in wave equation is the refractive index n(x). The values of V(x) and n(x)
are complex for non-Hermitian system in quantum and optics, respectively, where the
imaginary part of n(x) stands for optical gain/loss. Another is the scattering matrix of linear
complex media, where the gain or loss may break the unitarity of scattering matrix :S_'), that is,
StS=T may happen for non-Hermitian system. Meanwhile, another conservation generalized
from unitarity is preserved in PT-symmetric non-Hermitian system [39].

From this perspective of wave, non-Hermiticity can be easily implemented in the optical system
by complex refractive index. And from the view of quantum, photons as bosons don’t need to
perceive real energy and conservation of particle number, which are necessary for electrons as

fermions. Therefore, it’s more convenient to study non-Hermiticity in optics.



1.3 Research gap and research aim

The critical issue of theoretical study is to figure out how non-Hermiticity affects the
topological order of the system, and the possible emergence of novel topological phases in
energy non-conserved systems [40]. It is easy to understand that the reason for higher degrees
of freedom in non-Hermitian topology is the absence of Hermitian symmetry. However, as non-
Hermiticity interplays with other various symmetries and environments, the cases become
complicated. As a result, the classification of non-Hermitian band topology is still incomplete.
Compared to the Altland-Zirnbauer classification [41] — which classifies Hermitian topology
according to the preservation or elimination of time-reversal symmetry, particle-hole symmetry,
and chiral symmetry, currently the theoretical study on the effect of various symmetries on non-
Hermitian topology is not unified and incomplete [40].

The combination of non-Hermitian topology and optics opens a new window for theoretical
exploration, and offers opportunities for multiple applications in optics. So far, numerous
studies and results have been achieved in non-Hermitian topological optics [28, 40, 42, 43],
where the nontrivial topology can often be characterized by optical singularities. The
singularities can be polarization singularities [44, 45], phase singularities and so on, and they
can be in parameter space [46] or real space [47, 48]. The singularities can be applied to
modulation of amplitude, polarization, and phase (using the vortex field surrounding the
singularity) [18, 49], as well as optical isolators in a nonreciprocal system (using the zero
amplitude at singularity).

To aid in developing a unified theory, the quantized topological invariant and the conditions
for the existence of non-Hermitian optical singularities need to be studied in specifically
designed system. There are previous experimental or numerical studies of non-Hermitian
topology by adding optical gain [43] or loss to Hermitian topological system, and the
application of singularities in specific models, such as the optical phase modulation by singular
points in 2D non-Hermitian dielectric and metallic metasurface [18].

Compared to experiments or numerical simulations, analytical studies starting from the
electromagnetic first principle could demonstrate quantitative relations between physical

observables, thus enabling accurate physical interpretation. For example, the analytical study



of loss-induced phase singularities in a 1D sandwich-structure photonic crystal [50], and proof
of the robust existence of transmission singularities in the parameter space of any quasi-1D
system [51]. The topological robustness of nonreciprocal gyromagnetic materials with loss is
also studied and proven by Green's function method [52]. However, the nonreciprocal non-
Hermitian periodic photonic system where the nonreciprocity and loss are separated in different
material compositions is seldom studied.

Therefore, this project aims at analytically studying the interplay of nonreciprocity and non-
Hermiticity by a non-Hermitian nonreciprocal metasurface model, where the scattered field is
computed by the rigorous Mie scattering and multiple scattering theories. The model is 2D but
composed of units periodic along one dimension, where each unit contains a gyromagnetic YIG
cylinder and a lossy dielectric cylinder. This model can also be regarded as a hybrid of two
equal-spacing cylinder arrays. The detailed configuration will be illustrated in Chapter 3.

The reasons for this design are four-fold: Firstly, the cylindrical geometry allows a rigorous
solution of the electromagnetic field via Mie theory. Secondly, the material selection targets the
study of nonreciprocity and non-Hermiticity: the loss in the dielectric cylinder is the origin of
non-Hermiticity, and the gyromagnetic material magnetized by external field supports robust
nonreciprocal light transmission. The first successful experiment in photonic TI [27] has
aroused a trend of exploring nonreciprocal topological optics using gyromagnetic material to
break the Lorentz reciprocity. The use of single-crystal YIG as ferromagnets is suggested in
[27], because theoretically this material in single-crystal exhibits low absorption loss [53]. YIG
shows strong resonance response in the microwave frequency regime (see it’s Mie coefficients
in Chapter 2); therefore, with a proper radius comparable to microwave wavelength, YIG
cylinder can exhibit a strong resonance peak under periodic plane wave incidence. The non-
diagonal elements of the gyromagnetic permeability tensor break time-reversal symmetry and
enable nonreciprocal light transmission. Nonreciprocity allows the system to exhibit different
optical responses under opposite directions of wave incidences. The topological states in a
nonreciprocal system with broken time reversal symmetry are more robust compared to those
in reciprocal systems, so nonreciprocal systems are useful for developing robust optical
isolators.

Thirdly, this dimer-unit configuration is inspired by 1D Su-Schrieffer-Heeger (SSH) model [54],



which is the simplest quantum system supporting topologically nontrivial states [55]. SSH
model is also 1D-periodic composed of array of identical units, where each unit contains two
atoms. The tight-binding approximation is considered for the theoretical study of the SSH
model, where only nearest neighbor interactions are included. Meanwhile, in this metasurface
model — which is a hybrid of two arrays — the interactions between the dielectric array and the
YIG array are considered in the form of relative lattice sums (see Chapter 2), referring to some
non-local effects from other unit cells. The final reason to study the simple dimer-unit model is
its structural flexibility. It can be adapted to generate more complex configurations, such as
trimer-unit PT-symmetric system and hexagonal honey-comb or square-lattice 2D structures,
by deforming the unit cell or stacking monolayers.

Based on the analytical computation of the field, the study aims to: 1. provide the analytical
equation of scattering identities, such as the scattering amplitudes and transmission or reflection
coefficients; 2. analyze the dependence of polarization singularities on parameters, and interpret
the reason for its existence and robustness; 3. relate the physical observables obtained by
classical electromagnetic theory to the identities in non-Hermitian topological optics. The
corresponding results imply the interplay of broken time-reversal symmetry and broken chiral
symmetry with non-Hermiticity, potentially inspiring the establishment of a non-Hermitian

topological theory.



1.4 Conclusion

In Chapter 1, I introduced the development of periodic optical systems and topological optics.
Then I established the research aim according to research gap in nonreciprocal non-Hermitian
model, and demonstrated the expected methodology by analytical scattering theories and model
design. In the subsequent Chapter 2, I will provide the detailed derivation of Mie scattering and
multiple scattering theories, from which the rigorous solutions of scattered field of single
cylinders and periodic cylinder arrays are obtained. Chapter 3 contains the configuration of the
metasurface model, the numerical results of nonreciprocal transmission singularities calculated
from Chapter 2 and visualized by Wolfram Mathematica, and the analytical study of the effect

of model parameters on singularities. Chapter 4 concludes the study and suggests future works.



Chapter 2. Theoretical methodology

As introduced in Chapter 1, the model to be studied in this project is a 1 D-periodic metasurface
model, which is a hybrid of multiple cylinder-arrays. In this chapter, I will derive the rigorous
analytical solution of the scattered field of plane wave incidence on 1D-periodic structure of
cylinder arrays, which is obtained by the classical electrodynamic approach. Specifically, Mie
scattering theory and multiple scattering theory are applied with some approximations such as
non-dispersive dielectrics. The analytical solution can be flexibly applied to a series of periodic
photonic systems of cylinder arrays. As the solution is derived from Maxwell’s equations with
some additional approximations, it’s first-principle and theoretically rigorous, and the only
deviation comes from the approximations.

This chapter starts from a glance at the general situation of single-body scattering in Section
2.1. Next, it explains the special case of single cylinder scattering solved by Mie theory, where
the behaviors of YIG cylinder (as the origin of nonreciprocity) and dielectric cylinder (as the
origin of non-Hermiticity) are studied. Then, Section 2.2 shows the multiple scattering of single
array composed of equal-spacing identical cylinders and the hybrid of multiple arrays, where
the fields are restricted by Bloch’s theorem along the periodic direction.

The scattering theories solve the electromagnetic fields of cylinders under plane wave incidence,
according to which the transmitted and reflected fields and coefficients can be computed and
the results are given in Section 2.2.2. By comparing the transmitted and reflected fields at
opposite incident directions, the nonreciprocity of the model can be analyzed and the analysis

will be put in Chapter 3.

2.1 Mie scattering of single cylinder

General scattering theory for particle, scalar wave, and polarized wave

Consider an elastic scattering process of particles or waves on a single scatterer of finite size.
As the scattering interaction is localized, the outgoing particles or waves have straight
trajectories beyond a certain effective range. Therefore, the information about scattered entities
is included in the angular dependence on scattering angles 0 and ¢ (in 3D spherical coordinate)

at the far-field, which can be quantified by the differential scattering cross section cg.q (6, ).



For the radial dependence, the scattered intensity Is.q (6, @,7) is proportional to 72 in 3D
space due to energy conservation; hence, the scattered wave is a spherical wave at the far-field.
The above description is general for all substances being scattered, while for electromagnetic
waves as polarized vector waves, one additional degree of freedom to be considered is the
polarizations of both incident wave and scattered wave. Stokes vector can fully describe the
status of a polarized vector wave. A Stokes vector has 4 dimensions, so the Mueller matrix M
relating the Stokes vector of the polarized scattered wave to that of the incident wave isa 4 X 4
matrix, and it fully describes the scattering process. Symmetry restrictions can reduce the

number of independent elements in M matrix [56].

Single cylinder scattering by Mie theory

The scattering process of electromagnetic plane waves on an infinite-length circular cylinder
can be described by Mie theory. At its first establishment, Mie theory gave the solution of the
scattered field of a plane wave incidence on a homogenous sphere of arbitrary radius. The
solution is rigorously derived from Maxwell’s equations and boundary continuity requirements,
and it approaches Rayleigh scattering — when the sphere is much smaller than the wavelength;
or geometric optics — when the sphere is much larger. The geometry of the scatterer can be
generalized to any shape for which the separation of variable is applicable under spherical or
cylindrical coordinates, such as an infinite-length circular cylinder [56] or concentrically coated
cylinder or sphere [57]. The medium can be isotropic, i.e., dielectric, or anisotropic, i.e.,
gyromagnetic material [58]. Next, I will show and analyze the rigorous solution of scattered
field obtained by Mie theory for YIG cylinder and dielectric cylinder, where the derivation is

put in Appendix A.

Scattering fields represented by Mie coefficients

Consider the scattering problem of plane wave incidence on an infinite-length circular cylinder
embedded in vacuum (Figure A.1), where the incident wave vector is normal to cylinder axis
and the incident wave is in transverse electric (TE) mode with E, polarization, because the
system in transverse magnetic (TM) incidence with B, polarization has no nonreciprocal

effect and the reason will be discussed later. The system has chiral symmetry. The rigorous



solution (see Appendix A) of the scattered field in cylindrical coordinate (s, ¢, z) is expressed
in cylindrical harmonics after separation of variables s, ¢, and z:

Assume the incident wave vector k' forms an angle 6 with respect to +X (Figure A.1), with
the harmonic time dependence e ~'®?, the Z component of the incident electric field E} can

be expressed in the form of cylindrical harmonics as:
. B . T
EL = e 9t 50 Ju(k05)e ™5+ 70),
where w is the angular frequency, k° = % is the angular wave number in vacuum and ¢ is

the light speed in vacuum. And according to the derivation in Appendix A, the corresponding

scattered field E; in cylindrical harmonics is:

ES = et 55 by H (k0s)e"(E970),
where b, isthe dimensionless Mie scattering coefficient of order n.

For a dielectric cylinder of radius 7; and refractive index ndi, its Mie coefficient is:

ndi-Jn(k°rq) Jn(ndi-k°rg) -1 (k°rq)-Jn(ndi-k®rq)
ndi-HY (k07 g)-Jh (ndi-kOrq) —HY' (k07 ) J (ndi-kOrg)

b = —

For the gyromagnetic YIG material, its permittivity is &' = 15&,, and its anisotropic magnetic

. MUa iy O L
permeability is u¥ = <—iup Ug 0) Uo [58] under external magnetic field H, along —2Z.
0 0 1

Therefore, the Mie coefficient of a YIG cylinder of radius 7y is:

u
Jn(KOry) [Hazu_aupzkmry]rll (kmry)+Ha2_pﬂp2n]n(kmry)] —kOry Jn (KOry ) Jn (K™ ry)

bY =

— u 9
Hy(ll) (kOry) [uazliaﬂpzkmryj‘;l (k™Mry) +ﬁnln(kmﬁ')] —kOTYHr(ll), (KOry) Jn (K™ry)

¥ (ug2-pup?) W w W w .
m 14 0 — m — m%o —
where k™ = /—goﬂa k®, up = oot —a? and p, =1 +w02_w2, with w,, = yM, and

. . d .
wo = yH, , where the gyromagnetic ratio is y = 2m-2.8 X 10° % and saturation

magnetization is Mg = 1750 Oe [17].

According to the expression of E3, each order of the cylindrical harmonic is separated into the

radial dependence an,(ll) (k%s) and the angular dependence ein(5+¢_9) . For the radial
dependence, Mie coefficient b,, is the ratio of the amplitude of n-th order scattered wave (in
Hankel function) to the amplitude of n-th order incident wave (in Bessel function). The norm

of b,, is the absolute value of n-th order scattering amplitude under normalized plane wave



incidence, and the normalized scattering cross section is Ngog = Yre—co |bp|? [59]. For the

. s
angular dependance included in term em(5+¢_9) , the value of n represents the angular
periodicity. For example, when n = 0, E; is independent of ¢, which implies the concentric
scattered field pattern; when n = 1, the increasement of phase of E; is synchronized with ¢

as ¢ swipes from 0 to 2m.

The dominant orders

Figure 2.1(a)(b) show the values of b% and b} of different orders. It can be observed that b
and bY, are dominant at the interested frequency range, and coefficients of other orders are

comparatively small. This can be physically interpreted as follows:

0 (a) 0 ()
0.8 0.8

0.6 — b4 o — b,

d Y
0.4 bo 0.4 bo
bd b{
0.2 0.2
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v X
HO e
‘,,r"'/ Z
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Figure 2.1. The norm of single cylinder Mie scattering coefficients (a) bZ and (b) bY, at

1
ry =25mm and ry = 1mm, ndi = (23.04+ 12 X i)z. The incident frequency f =
:)—n x 1079 GHz is between 3 to 5 GHz, the external magnetic field is Hy, = 500 Oe. From

Figure 2.1(a), there is b% = b%,, and this can be algebraically deduced according to the
transformation between Bessel functions of positive and negative orders. (c¢) The induced

electric dipole in dielectric cylinder (in green) and the induced magnetic dipole in YIG

cylinder (in orange).

Since the incident plane wave has a wave vector normal to cylinder axis (2 axis) and it’s in TE



mode with E, polarization, the incident electric field E is along +Z and the incident
magnetic field B! isinthe % — ¥ plane. Therefore, for the dielectric cylinder, the oscillating
E' induces mainly the electric dipole along +Z, whose 0™ order scattered field is concentric
around Z axis; for the YIG cylinder, B' in %— ¥y plane excites the oscillation of the
magnetic dipole (or equivalently the bound current circling in ¥ — § plane) induced by the
external magnetic field HT,, whose -1 order scattered field has an angular phase change
inversely synchronized with polar angle ¢. Figure 2.1(c) demonstrates the electric dipole in

dielectric cylinder and the magnetic dipole in YIG cylinder.

YIG s nonreciprocity

Lorentz reciprocity says if electromagnetic radiation source and receiver swap positions, the
field obtained by receiver stays unchanged, which is one of the default properties of
electromagnetic field and can be deduced from Maxwell’s equations and constitutive relations
[60]. Lorentz reciprocity can be broken in 4 ways [60], one of which is the anisotropic medium
with asymmetric permittivity or permeability tensor. In the thesis, the gyromagnetic YIG
cylinder magnetized by external magnetic field HT) constitutes a Faraday system, which is a
typical nonreciprocal system where time-reversal symmetry is broken due to the time-reversal
invariance of H, [60].

The dominant -1 order scattered field from magnetic dipole in YIG cylinder also explains the
nonreciprocity under opposite incidences. When 6 becomes 6+n under reversed incidence, the

phase of -1 order scattered field has an increase of m according to its angular dependence
i(—1)(5+¢-9) . . . o
e 2 . This nonreciprocity cannot be observed under TM mode incidence, where the

incident magnetic field B! is along +Z and barely interplays with the magnetic dipole

induced by H—O.

Algebraic properties of Mie coefficients

It can also be observed from Figure 2.1(b) that a strong resonance peak of YIG’s magnetic
dipole appears at around f = 3.8 GHz with the maximum value of 1. This can be interpreted

by the algebraic properties of Mie coefficients. Since Hankel functions are linear combinations
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Figure 2.2. Single cylinder Mie scattering coefficients at r; = 2.5mm, r, = 1 mm,
external magnetic field Hy = 500 Oe. (a) The real and imaginary parts of b for lossless

dielectric, ndi =+/23.04. b reaches its maximum value 1 at 4 GHz. (b) The real and

1
imaginary parts of b$ for lossy dielectric, ndi = (23.04 + 12 x i)z. (c) The real and
imaginary parts of bY;. bY; has anabrupt phase change at resonant frequency. (d) The real
and imaginary parts of QY;. QY has purely zero imaginary part within the frequency

range.

of the first and second Bessel functions H,Sl) =], +iY,, b? and bY can be rewritten as

1

b, = 61]:
n 1+in[ ]
bd — -1 _ -1
n T ndivp(kOr ) Jp(ndikOry)-Y 5 (kOrg) Jn(ndikOrg) T 1+iQ%’
ndi-Jn (k07 ) -Jj (ndi-kOr 3)—J 7, (k01 3)- In(ndi-kOr 4)
pY — -1 -1
n — u - 0y
Yn(kory)[ 72—k Mry [ (KMry )+ —g Py 2nln(kmry)]‘lez(kOTY)koryln(kaY) 1410y
1+i Ha”—Hp Ha”—Hp

In(0ry) iy (M

km ]_ ! (kO k0 km
tat—ip? nJn(kMry)|=In(kOry)kOry In(kK™ry)

P—az—ﬂpz
When Q, = 0, Mie coefficient b, has its maximum value 1 with zero imaginary part. As Q,

increases to infinity, b,, gradually decreases to its minimum value 0.

The effect of loss on_bg

As the total field is EZB (s,p) = ety _ [],(k%s) + an,(ll)(kos)]ein(?L‘p_e), the phase

difference between incident field and scattered field only depends on the argument of b,, and



the phase difference between outputs of J,, and H,Sl). Therefore, argument of b,, influences

the interference between the incident E! and scattered field E§ thus the value of total field

E f . As proved by numerical results in Figure 2.2(a)(b), the loss in dielectric will both decrease

the absolute value of b¢ and induce a phase difference on b¢, resulting in the decreased
intensity and altered phase of the total field.

The imaginary part of bZ comes from the Hankel function and its derivative and the imaginary
part of ndi. If ndi is complex due to gain or loss of dielectric medium, it leads to the phase
lag in scattered field compared to incident field, which is similar to the phase lag of damped
harmonic oscillator compared to the driving force. When ndi becomes its complex conjugate
ndi* (which means a transition from optical loss to gain), Q2 also becomes it complex
conjugate Q2* [61], and b¢ becomes bZ*. This can be deduced from properties of Bessel

functions.

The resonance peak of bY,

For gyromagnetic cylinder, the scattering interaction is more complicated. The external
magnetic field H isapplied to induce the Larmor precession whose effect is similar to a bound
current, resulting in the magnetic moment and the anisotropic magnetic permeability [60]. The
damping of the magnetic moment generates -1 order scattered field. The strength of the
magnetic moment is determined by the strength of Hy, i.e., u, and p, are large when w
approaches w,. However, the resonant frequency of YIG cylinder is also affected by its radius.
From Figure 2.1 and 2.2, when 1, = 1 mm and H, = 500 Oe, the scattering coefficient bY,;
has a resonance peak at around 3.8 GHz, which is due to the zero-value of QY ;.

From the perspective of QY,, since p,* — p,* < 0 ataround 3.8 GHz, k™ is imaginary, the
numerator and denominator of QY are pure imaginary, so QY has a real value, and iQY,
induces bY;’s imaginary part. When QY; = 0 and b¥; =1 at resonance peak around 3.8

GHz, it satisfies:

N (1) [ ke () + s (k1) | = N (RO I o (),

of which the physical meaning is EJ - Hy = Hy - Ef according to Appendix A, where E7,

EY, Hg , and Hj, are electromagnetic field components in cylindrical coordinates.



The matrix formalism

The above solution of scattered field: Ef = e i@t y® _ an,(ll) (kos)ein(gw_e) can be
formulated in matrix form:
ES = e @tH . T -pm,

where the plane wave incidence pW = [eim(%_g)], Hankel term H = [H,gl)(kos)ein‘pr,
transition matrix T has element Towm = by - Opm- The advantage of the matrix form is that
every part has distinguishable physical meaning, and it’s easier to separate the effect of different
parameters on the scattered field. For example, T composed of Mie coefficients only depends
on the independent scattering process of each single cylinder; pW only depends on the incident

angle. In computer calculation by Wolfram Mathematica, the orders n can only be summed in

a finite range from -v to v, which is the truncated order approximation.



2.2 Multiple scattering of cylinders in periodic arrays

2.2.1 Scattering amplitudes

Firstly, consider the scattered field of multiple parallel infinite-length circular cylinders (Figure
2.3(a)) for the general case. In multiple scattering problem, the incident field faced by each
scatterer is the vector sum of the external-sourced incident plane wave and the secondary
scattered fields from all other scatterers. This expression implies the independent scattering
assumption, where the intrinsic scattering process of a cylinder will not be influenced by other
cylinders, only the incident field faced by it will be influenced by scattering waves from other
cylinders. To analyze the collective effect, consider the mutual influence among cylinders as
follows:

For the cross section of a system of M parallel cylinders (Figure 2.3(a)), construct a polar

coordinate 7 = (s, ¢) whose origin is at the center of j-th cylinder. The incident field faced by

the j-th cylinder Ezi(j ) can be written as the sum of plane wave incidence and the scattered
fields from all the other cylinders:

EZi(j) = g lwt e []n(kos)ein(§+¢—9) + 211\11,1;:]' alefll)(kosl)ein(g""’bl_g)],
where the secondary radiation is from the [-th cylinder counted from 1 to M, except for the j-
th cylinder. a!; is the n-th order scattering coefficient (scattering amplitude under normalized
incident amplitude) of [-th cylinder in the multiple scattering system, 7, = (s', ph) is the
displacement vector from the center of [-th cylinder to the center of j-th cylinder. By the way,
this expression implies the ignorance of the difference among secondary scattered fields at
different locations (s, ¢) in the j-th cylinder. In the multiple scatterer system, the scattered field
from the j-th cylinder can be written as:

ESO) = gmivtye ol g (o) in(5+#-6)

J

where ay, is the n-th order scattering coefficient of j-th cylinder. Summing up scattered fields

from all cylinders and expressing them in the polar coordinate origin at j-th cylinder (see Figure

2.3(a)), the total scattered field can be written as:
B = emi@t M 5 gl HO(KO[F + 7| )e mla+oreC+ )],

In this equation, the axial and angular dependences of cylindrical harmonics can be transformed



among different polar coordinates using addition theorem, which will be deduced later.
It should be noted that the scattered field of [-th cylinder is related to the incident field faced

by it as described in Mie solution. al, is similar to b}, where b} is the scattered amplitude

under normalized plane wave incidence, al is scattered amplitude under the sum of
normalized plane wave incidence and the corresponding secondary radiation from all non-I-th
cylinders. So al, depends on intrinsic properties of all cylinders (dominantly depends on [-th
cylinder) and their relative locations. Due to this mutual dependence, the rigorous solution of
multiple scattering is hard to be found. Meanwhile, a generally-adapted numerical solution can
be obtained according to the independent transition matrix of each scatterer and relative

locations among scatterers, where the transition matrix can only be obtained by recursive

algorithm through integral equations [62] or translational matrix method [63].

@) e (b) Meideny

Olh
cylinder

Figure 2.3. (a) M parallel infinite circular cylinders. (b) periodic array of identical cylinders.

Periodic array: one cylinder in unit cell:

Fortunately, some special allocations have additional restrictions on the solutions of fields, thus
the scattering fields can be rigorously solved. For example, this project studies the 1D-periodic
cylindrical arrays (Figure 2.3 (b)), which follow 1D Bloch’s theorem, giving the rigorous
solution [64]. Firstly, because all cylinders are identical, their intrinsic scattering properties are
the same. Further on, the parallel identical cylinders form an infinite array of periodicity h
along x direction (Figure 2.3(b)).

Take the j-th cylinder as the 0™ cylinder whose center is at the origin, then [ is counted from -

o at -x to oo at x. Under e!®"“7=@) plane wave incidence, at any time, the phase difference of

incident plane wave between two neighboring cylinders along £ is e!®*x™ as illustrated in

Figure 2.3(b). Two neighboring cylinders respond to incident field identically with the phase



difference e!®x™ according to Bloch’s theorem [64]. Correspondingly, the scattered fields
from and the secondary radiations received by identical neighboring cylinders follow this phase
difference.

As discussed above, the scattered field from the 0™ cylinder (whose center is at origin) can be

written as:

EZS(O) =g iwty® anH(l)(kos)em( +o- 6)

The scattered field from the [-th cylinder can be written as:

E;(l) = p-iwt Y% o nH(l) (KO|7 + 7 Deln( +arg(F+70)— 9)’
where 7 = (s,¢) is the position vector from the center of 0™ cylinder to the field point, 7o is

the displacement vector from the center of [-th cylinder to the center of 0™ cylinder, the

argument of any vector is the angle between the vector and X direction. Viewed from any field

point, the scattered fields EZS © and EZS O from parallel cylinders should be identical except

for the phase delay e!*x'™ required by Bloch’s theorem. This phase delay and identical
responses of parallel cylinders require the relation between their scattering amplitudes as al, =
e'(xh) . g0 Therefore, in the space-time scale of the 0™ cylinder, the total scattered field from

all cylinders reduces to:

EZS = et Z?i_oo Z;?:—oo ei(kx'lh)agHr(Ll) (kO |77-‘ + %‘Dein-arg(F+m)ein(§—9)'
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Figure 2.4. Addition theorem applied to 1D-periodic cylinder array, for (a) [ > 0 case; (b)




[ < 0 case. Any distance is magnified by k°.

From the well-known Graf’s and Gegenbauer’s addition theorem of Bessel functions, when
s < |l|h, the coordinate transform of Hankel function satisfies (Figure 2.4):
HP (KO|F + T e mars@+io) =y 1 (k0s)emm@=®gM (k0|1|h), forl <0

H,(ll)(kolf + 7g|)eimarg+7io) = oind . H,(ll) (k°s), forl=0.
HO (K07 + T el m-are@+ il = yo__ 1 (k0s)eimb gD (kO1R),  forl> 0

Replace m by -m for | < 0 case, and replace n by -n for [ > 0 case. The above equations
become:
{Hff) (k°IF +Tig e ™8T = 72 (k0s)e™@-DHD, (k1R forl <0
HO) (k|7 + Tg e e+l = 3o 1 (k%s)e™PH{, (k°lh),  forl>0

cos(nm) Jn(x)—J_n (%)

sin(nm)

Since J_,(x) = (1)), (x) for integer n, with Y, (x) = and H,(ll)(x) =

Jn(x) +iY,(x), it can be deduced that HEln (x) = (—1)”Hr(ll)(x) for integer n. Use this

relation to transform J_,,(k%s) term in [ <0 equation, and HSl (k°|7 +7]) and

H,%ln (k°lh) termsin [ > 0 equation to further reduce above equations:

YO o) (k0s)emPHD  (kO|1|R), forl<o0
HED (kOIF + g e 280+ = { ging . gV (05, forl=0.
Yo )m(k0)emPHD  (kOIh) (=)™, for 1> 0

Since the Hankel term H,(Ll_)m (k°lh) can be transformed to (—1)m_"H,(,2n (k°lh), the above

equations are also equivalent to:

Y o) (k05)e™mPHD  (kO|1|R)(—1)™™, for 1 < 0
HP (KO|7 + g e marel+7io) = { ping . HE (k0s), forl=0.
Y2 o Jm(k°s)e™mPHD  (kO01R), forl>0

Now the Hankel terms in the expression of total scattered field E; can be rewritten according
to the above coordinate transform rules. Separate the summation of [ to three sections:
(—o0,—1], 0, and [1, ); then rewrite Hankel terms by transform rules for each range of [;
and replace [ by positive integer —I for [ < 0 case to combine all Hankel terms where [ #

0; then E; becomes:

B = et 5 aQe "GO (S, i (K0)e ™ HD, (k1) [~ Cer ) 4



(_1)n—mei(kx-lh)] + eind . H,(ll)(kos)}.

The total field E, as the sum of plane wave incidence E. (see Section 2.1, here n is replaced
by m. This requires m = n, which implies the correspondence of incident order to scattered
order) and total scattered field E; equals to:
B, = e 5 R o jmk0)em e G) w5, v o ae "GO, o) -
[e—i(kx-lh) + (_1)n—mei(kx-lh)]} + -t Y o agein(§+¢—9) . H,(ll)(kos).
Rewrite the above equation of E, in matrix form:
E,=e -] (p7 +15-a®) + H - a0,
where the plane wave incidence is pW = [eim(Tg)] ; Bessel term f = []m(kos)eim‘l’]:n;
m

_ AT — (-

Hankel term H = [H,gl) (kos)e‘"¢] ; scattering amplitude a® = [agem(z 9)] , where its n-
n n

th element includes the angular dependence; lattice sum LS is an infinite-dimensional square
matrix with dimensionless element LS,,, = Y2, H,(ll_)m (KOlh) - [e=ilketh) 4 (—1ynm.
ei(kX'lh)] , or equivalently LS, = X2, H,(,Bn(kolh) . [ei(kx'lh) + (=)™ . e‘i(RX'lh)] .
Here the square bracket represents a column vector; each component of the vector varies with
its subscript; and the superscript T means transposing the column vector to a row vector.
The advantage of the matrix form of E, is that the incident field and the scattered field of 0™

cylinder are distinct from each other, as pure Hankel terms represent outgoing waves whose n-

th order amplitude is the n-th element of E, and the terms including Bessel functions represent

incident waves faced by the 0™ cylinder whose m-th order amplitude is the m-th element of

(pT +1S- E). Following Mie solution of the 0" cylinder scattering, the ratio of the n-th order

scattered amplitude to the m-th order incident amplitude is b,,, which in matrix form is:
=T (pﬁ+ﬁ-ﬁ),

where T with element Tpm = by * O is the transition matrix of the 0™ cylinder as

introduced in Section 2.1. The above equation can be rewritten to obtain the dependence of the

scattered amplitude a® on the plane wave incidence amplitude p_”fz



_— o o1 o —

ad = (T—T-LS) T -pm.
According to the translational symmetry along %, every cylinder can be defined as the 0™
0 in(E—Q

cylinder. Thus, ad = [ane 2 )] is equivalent for all cylinders in array thus can be
n

. s
= in(>—
renamed as a:[ane (2 )] .
n

Periodic array: more than one cylinders in unit cell:

For the case that each unit contains N cylinders instead of one cylinder, assume the array is still
periodic along ¥ with the same lattice parameter h, then the scattering amplitudes are still

solvable with additional consideration on the intercell and intracell effects.

Origin
[ T'i "l l . [
0 cell l-th cell
Figure 2.5. Periodic array when a unit cell includes N cylinders.

In this case, we can define the polar coordinate 7 = (s, ¢) whose origin is at some point in the
0™ unit cell (Figure 2.5), then the total scattered field ES from all cylinders at any field point 7
can be written as:

B = e B W i T o HO GO + e o0 gl
where a¥ is the n-th order scattering amplitude of the i-th cylinder in the [-th unit cell, 7;; is
the displacement vector from the i-th cylinder in the [-th unit cell to the origin, so r,; =7, —

lhx, where T, is the displacement vector from the i-th cylinder in the 0™ unit cell to the origin.

This yields:
B = ety v ve  HOKO)F + 7 — 1hg|)e "l rersn-tno-e] qu
Now consider the scattered field E, @ from all the i-th cylinders in all units:

E;(i) — p—iwt YO TE Hr(ll)(kolf +7— lhk\|)ein[5+arg(F+ﬁ—lh£)—9] . a;.zl-

Since the expression of E; @ Shares the same form with the total scattered field ES when a



unit cell contains only one cylinder after replacing 7 by 7 + 7;, the Bloch’s theorem requires

al! = al? - e!*x'M) wwhere al¥ is the n-th order scattering amplitude of the i-th cylinder in the

0™ unit cell. This gives:

ESD) = gmint g qi0, in(3- )Zz el D (RO[7 4 7 _ [pg[)eimarg(F+7i-1hs)
Then addition theorem gives:
B0 = eotye ave"0) 50 1 (O1F + FDem e v g, (k0lh) -
[e—i(kx-lh) + (_1)n—mei(kx-lh)] + Hfll)(kolf+?l|)ein-arg(r“+?,)}‘

Rewrite E, @ in matrix form:

ES® = g-iot (ﬁ.‘L—S’.ﬁJrﬁ.ﬁ)’

ol

— e T
where J! = []m(kolr+n|)elmarg(r+rl)]m , [H(l)(kolr+r|)emarg(r+n)]

[a,ﬁo e (5_9)] . Then the total scattered field E; as a sum of E, SO 4

n
Eg=e @yl (1S a® + H - a).
And the total field E, becomes:
E,=e @t ] pi 4 e i@ty (Ji-IS a0 + Hi-ab).
According to [64] and Section 8.6 of [63], the plane wave incidence can be expressed with

respect to local coordinates of all cylinders as:

Jpm =3t [ﬁ'ﬁ‘l‘ Z;yzl,j:ti(f_l]'ﬁ]a
where the relative lattice sum is (E_‘f = W +al - (179: the translation matrix ¥ has element
i = Jr—m (K° - rji)ei(n_m)"bﬁ , and the translation matrix W has element ﬂ,i{n =
HT(Ll_)m (ko : r]-l-)ei("_m)‘pﬁ, where 7, is defined as the displacement vector from the centre of j-
th cylinder to the centre of i-th cylinder, whose absolute value is 7j; and polar angle is ¢;.
Therefore, matrix a0 has element all = J_n (k- 15)ei M ™boi - where 7, is the

displacement vector from the 0™ point to the centre of i-th cylinder, where the 0™ point is the

origin in the 0" unit cell.

The dimensionless element of relative lattice sum is f,i{n = +Zp__ooa “LSyn



HE, (kOrp)elmdsi p 3o 1 (k0r; el @™t 32 gD (k01 - [e~illrth) 4
(—1)"P - el W] According to addition theorem, through a process similar to the deduction

of lattice sum, the relative lattice sum is equivalent to &, = ¥, Hr(ll_)m(k°|lh9? +7) -

eilkxln) . giln—m)arg(lh2+7;,) [17, 61, 65], where the physical meaning of [h% +7;, is the

displacement vector from the j-th cylinder in the 0" unit cell to the i-th cylinder in the [-th unit
cell.

Then the total field can be rewritten as:
E. = e lwt N ]z (a,zo mn + LS alO 4+ Z fl] aJO) 4 o iwt N H‘ al0
z =1 j=1,j#i =1

For the i-th cylinder, its incident amplitudes (represented by Bessel terms) and scattered

amplitudes (represented by Hankel terms) are associated by Mie solution as:

—>

T (T 4 IS @ 4 B B ),
where T? is the transition matrix of i-th cylinder with element T\, = b, - §,,,, from which

the dependence of a'® on plane wave incidence p'* is:
«—> — _— —s —
(]_Tl.LS).aLO Tl v 1]¢l€lj.a]0 :Tl.alo.pln’

where pW is associated with both a!® and a’/®. According to the generating function of

Bessel function, the right-hand-side of the above equation can be simplified as Ti. 0. pt =
S s e O | L B B MNP
n

ei(m—n)(g—6+¢oi)] — [b?l’l . ein(%—@)elk Toi sm( 9+¢m)] — I:byll . ein(g_e)eiko'roi'C05(9—¢oi) —

n n n

[b _ elk! rm] . Here the “1” symbols in the subscript of r and ¢ and superscript of b

n
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represent the i-th cylinder, the symbol in kt represent the incidence, other symbols

represent the imaginary unit. This form of T 0 W avoids the inaccuracy of value

calculated by computer program, where the sum is up to finite orders of m. With this
simplification, the mutual dependence between the i-th and j-th cylinders can be reformulated

as the nested matrix form:



P-TEIS L ST A g [ [bh-en G0l
n
—TN-gNt | T—TN-LS]L g0 by - ™%

n
This gives the solution of scattering amplitudes of all cylinders in one unit cell. According to

— ; in(Z— . . .
the translational symmetry along %, a'® = [aho : em(z 9)] is equivalent for all the i-th
n

— ; in(T—
cylinders in any unit cell thus can be rewritten as a' = [aﬁl : em(z 9)] .
n

As mentioned above, the advantage of matrix form is that every part has a distinguishable
physical meaning, so it’s easier to separate the effect of different parameters on the scattering
amplitudes and total field. Beside transition matrix T and incident wave pW, the new terms
called lattice sum LS and relative lattice sum (E—U) are geometric terms, where the lattice sum
only depends on k, and lattice parameter h, and relative lattice sum only depends on the lattice
sum and relative locations of cylinders in one unit cell.

In the programme computation of LS,,,, similar to cylindrical harmonic order n, the sum of [
cannot be counted to infinity thus can only be truncated, i.e. from 1 to Im. While as the series
converges slow as [ increases, the inaccuracy due to truncation is prominent. In order to save
the computation power as well as to reduce inaccuracy, the lattice sum in the programme is

defined alternatively according to Appendix A of [66] and supplemental material of [65].

2.2.2 Transmission coefficient and reflection coefficient
For the single cylinder scattering, the scattered field at far-field is still ¢-dependent. While for
cylinder gratings under plane wave incidence, due to the space translational symmetry, the
scattered field at far-field is periodic along X. The scattered field can be expressed in the form
of space harmonics, which is the superposition of plane waves toward different directions along
different scattering channels sequenced by space harmonic order d, where d can be any
integer [64]. The plane wave along the d-th transmitted channel or the reflected channel is the
d-th order transmitted wave or reflected wave. Since the incident direction is the 0™ order space
harmonic, the ratio of d-th order transmitted wave or reflected wave to the incident wave can be
denoted by the transmission coefficient t;, or the reflection coefficient 744. These coefficients

contain all information of the scattered field.



For the general case where one unit cell contains multiple cylinders, the expression of total field
is stated in Section 2.2.1. The expression of the total field can be transferred from cylindrical

harmonics in (s, ¢) coordinate to space harmonics in (x, y) coordinate following the coordinate
. _ y _ > > . = .
transformation rule ¢ arctan= and s = ./x* + y*. If the incidence k' is downward (i.e.

—1 < 8 < 0), then the transmitted field is in the y < 0 region and the reflected field is in the
y > 0 region. After coordinate transform, the d-th order scattered fields when y < 0 and y >
0 can be expressed in space harmonics as [64]:

>0 >0 <0 <0 i —
Ey — rd}E) e"(kxdx"'kyd}’); E;/d — t(:);O el(kxdx kde)’

where k.4 = k, + ? and ky4 = /(ko)2 — k,q° are wave numbers of d-th order waves,

y<0 y>0

ty and ;" are the d-th order transmission and reflection coefficients. Since the incident

™ order plane wave is along kY, the 0" order transmitted wave is along kt = (kyx, ky) and the

0™ order reflected wave is along kT = (ky, —ky). The subscript d0 of t and ry >0

represents that the coefficient is the ratio of the d-th order transmitted or reflected wave

amplitude to the 0™ order incident plane wave amplitude.

According to the definition of ky4, kyq becomes imaginary if k® <

order space harmonic is evanescent and disappears at far-field. Since the 0™ order diffraction

always exists at far-field, we can firstly focus on its corresponding transmission and reflection

coefficients. For the above assumption of downward incidence k' with -t <0 < 0, the 0™
order coefficients ty, and 1y, are [61, 64]:

ikiTg .
50 - al

tO—O h( k )Z 1211——006

- _ N K 7g . o) . in(=20
To—h(k)z Y we” o an em(=20),

where the term 1 in tg, represents the transmitted 0" order incident wave, a is the 6-

independent n-th order scattering amplitude in al = [a{l : em ] To avoid confusion of

symbol “i”, here any cylinder in unit cell is represented by the j-th cylinder instead of the i-th

cylinder. For upward incidence k' with 0< 0 < m, the 0" order coefficients tj, and rg,

share the similar form with coefficients under downward incidence, the only change is the



replacement of —k,, by k,:
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Chapter 3. Results & discussion

3.1 Model

As introduced in Chapter 1, the system to be studied is a non-Hermitian nonreciprocal
metasurface. Specifically, it is a 1D-periodic system composed of dimer units under external
static magnetic field E; along —Z. The incident electromagnetic wave is time-harmonic with
frequency f in GHz, and follows E, polarization in TE mode. The wave vectors are +kt for
upward and downward incidences.

Each dimer unit includes one magnetized YIG cylinder and one lossy-dielectric cylinder
(Figure 3.1). The relative permittivity and relative permeability of YIG are as discussed in
Chapter 2. The relative permeability of dielectric is approximately u; = 1 for weak magnetic

materials, and the relative permittivity is €5 = 23.04 + €;,,, X i, thus the dielectric refraction

index is ndi = \[egpiqg = \/23.04 + €1y, X .

@) B, . () i ()

Lo Lo © €

Figure 3.1. The (a) schematic view and (b) cross-sectional view of two neighbouring dimer
units in the periodic metasurface. The cylinders are circular and infinite along Z direction.
Each unit cell contains a YIG cylinder (in orange) of radius 7y, = 1 mm and a dielectric
cylinder (in green) of radius 7, all embedded in a vacuum background. H, = 500 Oe. The
units are periodic along the X axis. Lattice parameter h = 50 mm. Centre-to-centre
displacement vector from YIG cylinder to dielectric cylinder in the same unit is labelled by
Tva = (dx, dy), whose horizontal projection is dx =—17 mm and vertical projection is dy

=0 mm.




3.2 Topological transmission singularities

The nonreciprocal transmission is studied by comparing the transmissions under upward
incidence and downward incidence. The prominence of nonreciprocity can be revealed by
taking the ratio of transmission coefficients under opposite incident directions, where the
expressions of transmission coefficients can be obtained from Section 2.2.2. Since in our
interested cases, the higher-order waves mostly decay (the strict condition will be discussed
later), we can consider only the transmitted and reflected waves of 0™ space harmonic order,

then the ratios can be defined based on the 0™ order coefficients:
e+

[t=]?’

o+
IR = CIR = pet

where t* and t~ stand for td, and tg,. IR represents the isolation ratio, whose physical
meaning is the ratio of transmitted energy under opposite incidences; and CIR represents the
complex isolation ratio, which retains phase information of transmitted waves.

We can study the dependence of IR and CIR on model parameters which influences the
scattered field, to reveal the effect of these parameters on nonreciprocity. From this perspective,
IR and CIR can be regarded as functions in parameter spaces. These functions can be visualized

by plotting the numerical results computed by Wolfram Mathematica according to the analytical

solution provided in the last chapter.

Transmission singularity pair in f — €;,,, parameter space

For simplicity, we first consider the case of normal upward and downward incidences. Firstly,
due to the resonance of YIG around 3.8GHz, f is expected to have strong effect on
nonreciprocal transmission. Secondly, because non-Hermiticity is brought by optical loss, the
effect of €, on transmission is worthy to study. Therefore, IR and CIR in the parameter space
of incident frequency f and dielectric loss €, are plotted in Figure 3.2(a)(b), where a pair of
opposite polarization singularities (S, and S_) are found in both functions. The emergence of
singularity pair in IR and CIR is due to the singularities in the plot of t* and t~ in Figure
3.2(c)(d). In the plot of IR, S, and S_ correspond to transmission zeros under downward
incidence and upward incidence. In the plot of CIR, t*,and ¢, the holistic vortex field around

the singularities implies they are topologically robust polarization singularities.



For any complex function F such as CIR, t*, and t~, its value can be regarded as a 2D vector

by taking the real part as the ¥ component and the imaginary part as the § component. In the

(a) IR (b) CIR
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Figure 3.2. (a) IR (in unit decibels) in parameter space f — €;,. At 174 = 2.5 mm. Two
opposite singularities S, (in orange) and S_ (in blue) emerge in the spectrum of IR. Near
the positive singularity S, f =3.811 GHzand €;,, =11.995. Near the negative singularity
S_, f =3.793 GHz and ¢, = 12.382. (b)(c)(d) The vector field of CIR, t*,and t~. The
magnitude of the vector decreases as color changes from light yellow to dark violet. The

locations of S, and S_ stay still among (a)(b)(c)(d).

2D parameter space f — €, the function can be illustrated as a vector field: F (f, €m) =

(Re[F(f, €m)], Im[F (f, €1)]), whose polar angle ¢, (ranges from 0 to 2m) is equal to the

argument of F:

Im[F(f,€m)]

q’)p = arctan RelF (e’

A topological invariant W called winding number [34, 67] can be used to quantify the nontrivial

topology of singularities:

1
W = Eﬁl dd)pa



where [ is any arbitrary anticlockwise closed loop on f — €, plane around the singularity.
Winding number counts how many circles that F winds around the point. It can only be an
integer due to the compactness of phase space and the continuity of function F. A nonzero
integer winding number indicates the nontrivial topology by identifying the surrounding vortex
vector field. Although the parameters f — €;,,, aren’t periodic thus the boundaries aren’t strictly
closed, the global vortex field still reflect non-locality of the singularities thus it’s robust against
small perturbations.

In the vector field of CIR, S_ is a sink and S, is a source, both have winding number 1. For
the vectorial function F having the same dimension as the manifold (parameter space), the
winding number is the Euler characteristic of the manifold. So the vector field of CIR has a total
Euler characteristic of 2, which is topologically nontrivial. In the plot of t*, S_ is a centre with
winding number 1. In the plot of t~, S, is a saddle with winding number -1, which is different

from the winding number 1 in CIR field because CIR is inversely proportional to t~.

Evolution of singularities as r; changes

To study the correlation of S, and S_, the effect of other parameters on function CIR is
introduced. Due to the topological robustness, parameters having minor effect are expected to
only influence the position of singularities in parameter space but not threaten their existence.
To verify this conjecture, I tune the radius of dielectric cylinders 7, to investigate the evolution
of two singularities, and the result is illustrated in Figure 3.3. As expected, the singularities S,
and S_ are found to exist robustly within a continuous range of r; from 0.4 mm to 2.8 mm
(Figure 3.3(a)) with unchanged winding number (Figure 3.3(b)(c)(d)(e)), where S, disappears

at around r; =3 mm.

Evolution of Singularity Pair

3.79 3.80 381 3.82
f (GFH

3.80
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Figure 3.3. (a) Evolution of singularity pair’s position in f — €;,,, plane as r; changes.
(b)(c)(d)(e) ¢, of CIR (represented by the vertical axis, in radian) at 74 = (b) 0.4 mm, (¢)

2.5 mm, (d) 2.8 mm, (¢) 3 mm. The magnitude of ¢, from 0 to 2z is represented by the

vertical axis and color. The domain of function ¢, varies from (b) to (e).

According to the evolution path of S, and S_, they tend to separate as r; increases and to
merge as 1, decreases. As the Euler characteristic of CIR is 2, the vector field cannot
continuously transform to a topologically trivial field with Euler characteristic 0. Therefore, S,
and S_ are expected to merge into a new singularity with winding number 2 instead of
annihilation when they meet. The merging of opposite singularities almost happens at r; =0.4
mm. The test of smaller r; shows S, and S_ are hard to coincidence, whose reason will be
discussed later. While other parameters, such as h, dx, dy, and 7y, may influence the locations

of singularities, so the merging of S, and S_ is possible if the model setting is further adjusted.

Transmission singularities in f — 8 parameter space

The above results are studied under normal upward and downward incidences where 6 = + g

However, because the adjustment of incident angle 0 is easy to conduct in experiment compared
to the adjustment of material parameters, and the incident angle is a key factor of the photonic
band, the effect of incidence angle is worth studying. Figure 3.4 shows that the existence of S,

and S_ in f — 0 parameter space is vague when €, = 12 and within a range of €p,. In

addition, another singularity pair S¢* and S8 in plots of t* and t~ at around 6 =§ and

its counterpart pair S92 and S92 at around 6, = %n are found (Figure 3.4(b)(c)). The

counterpart pair is due to the parity symmetry of model, and opposite singularities already
annihilate in CIR (Figure 3.4(a)). These two pairs of transmission singularities at oblique

incidence steadily exist within a range of €j,,, from 11 to 13.
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Figure 3.4. The vector field of (a) CIR, (b) t*, (c) t~
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and S81 are plotted as green dots.

, in parameter space f — 6 at €,




3.3 Analytical solution of scattering amplitudes and transmission

coefficients after dominant harmonic approximation

Section 3.2 numerically illustrates the singularities of transmission coefficients and their
evolutions. This section will further investigate how the vortex fields are induced in transmission
isolation ratios, and why the singularities are robust against variation of parameters. In this
section, the effect of parameters will be studied based on the analytical solution of scattered
fields of cylinder-array structure given in Chapter 2.

For the model of dimer unit cells as introduced in Section 3.1, assigning YIG cylinder as the 1*
cylinder and dielectric cylinder as the 2™ cylinder in unit cell, then the solution of scattering

amplitudes in Section 2.2 reduce to:

PoTris ] [ [[preen e k]

_rd.g@ 7_7d. 53| | [bg-em o T

where a¥ and a? are the scattering amplitudes, TY and T¢ are the transition matrixes of

YIG cylinders and dielectric cylinders, ;;W’ and (ﬁ are the relative lattice sums. The detailed
expressions of every physical quantity in the above equation can be found in Chapter 2. For
Toy and Ty4, the 0™ point (origin) is set at the midpoint of the segment from YIG center to
dielectric center. The position of origin in 0™ unit cell should not influence the solution of
scattered field.

Correspondingly, the 0™ order transmission and reflection coefficients under upward and
downward incidences k' with incident angle 0 reduce to:

tdy =1+ —Zn__oo (an ek 4 ad - etk Tdo)

T =Y [aryl . @in(=260) . ik Ty 4 ad - ein(-20) . eiﬁ-%],

for upward incidence when 0 < 6 < m; and:

_ 2 Ko T

too = 1 +—Z$10=—oo (a;/l . elkl Tyo 4 a;ll . elk’- Tdo),
h(=ky)
Too = Zn——oo [an em( 20) . elk Tyo _|_a in(—29)_eiﬁ-%]’
n(~ky) ky)

for downward incidence when —m < 0 < 0.



To analytically explain the behaviour of scattered field, it requires the straight-forward
quantitative relations among physical observables. However, the above rigorous solutions of
amplitudes a’ and a? and coefficients t and r are infinite series of transcendental
functions of Bessel’s and Hankel’s, which is too complicated to be analysed. Although the
rigorous solutions can only be truncated to the sums of finite orders in computer software to
generate numerical results, the finite series as sum of many orders of transcendental functions
is still complicated. Fortunately, observing the scattering amplitudes of different cylindrical
orders in Figure 3.5, it’s found that for the dimer unit model, a¥; and a are dominant
scattering amplitudes at the interested frequency and cylinder radius. In addition, recall that in
Chapter 2, Mie coefficients bY; and b¢ are intrinsically dominant for single YIG and single

Y and a? have nearly-zero values in

dielectric cylinders. Other minor orders of bY, b%, a
our interested parameter range thus have small effects on the scattered fields. Therefore, minor
orders of Mie coefficients and scattering amplitudes can be regarded zero, leaving only the -1
order of YIG and 0™ order of dielectric. Due to the robustness of topological singularities, this
small adjustment should only perturb their positions in parameter space without threatening
their existence conditions and winding numbers. This operation is called the dominant
harmonic approximation [17, 65], which reduces the original infinite-dimensional nested matrix

in the solution of scattering amplitudes to a 2 by 2 matrix, largely simplifying the quantitative

relations and enabling the analytical explanation of singularity pairs’ emergence and properties.

Figure 3.5. Dependence of scattering amplitudes on frequcney
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Figure 3.5. Absolute values of scattering amplitudes of (a) a,};ein(Tg) of YIG cylinder and

(b) aze"”(?‘” of dielectric cylinder in their own arrays, under normal upward and

downward incidences. Both the nonreciprocal YIG array and the reciprocal dielectric array




have reciprocal absolute value of scattering amplitudes.
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Figure 3.5. Absolute values of scattering amplitudes of (¢) a)e in(=6) of YIG cylinder and

(d) agein(f_g) of dielectric cylinder in the dimer-unit array, under normal upward

incidence.
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Figure 3.5. Absolute values of scattering amplitudes of (e) a)e in(5=6) of YIG cylinder and

. T
® aﬁem(?_e) of dielectric cylinder in the dimer-unit array, under normal downward

incidence.

As stated, the solution of scattering amplitudes can be simplified by dominant harmonic

approximation as follows:

1—bY1'LS 1,-1 _bzl' — ] l( 1) 2z . l( 1) ) ‘kl'r—ol;
—bg - §6%4 1—bg - LSoo . . e)eikl'm .

And the transmission and reflection coefficient are simplified to:
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So far, the analytical solution of transmission and reflection coefficients after dominant
harmonic approximation is found, according to which it’s theoretically feasible to explain the

behavior of topological singularities in transmission isolation ratios.

To compare the nonreciprocal performances under opposite incidences, we can define the

upward incidence angle is 0 < 8% < 7 with wave vector k= (kx, ky), and the downward

incidence angle is 6~ = 67 —  with wave vector —kt = (—kx, —ky). Then the solution of

scattering amplitudes becomes:

1_bY1'LSi1 o1 —bYy- Y;ig a_1 6( 2 _6+] [ et 1) )eiiﬁm
+ . .

—bd-Et 1-bg- LSO'O ot ¢

2

)eiiﬁm
where the + and — superscripts stand for the quantities under upward and downward incidences.
The lattice sum LS*; 4 = LS, = X2, Hél) (k°lh) - [emilxth) 4 oilkxlW)] ‘and LS* = LS~
when k, becomes —k,. So all lattice sums can be unified and denoted by LS =

Zf‘;lHél)(kolh) . [e‘i(I‘X'lh) + eiU‘X'lh)]. For relative lattice sums, according to the addition
theorem, €Y%, = Y2 _  HO(KO|IRR + Ty |)eitkwil) glarght+Tay) and  gd¥, =

Y2 Hgll) (k°|Ih + Tyq|)eitkxlh) o—iarg(lh¥+7ya) Then the above solution of amplitudes

can be further simplified to:
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where p'T = =’ (z-6* ) HIETor  and Po_ =e' ro(5- )ei‘kl'TOd. And the coefficients

under opposite incidences become:
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where k7 = (kx, —ky). With the expression of r*, it can also be deduced that v+ = r~ for



the model illustrated in Section 3.1 [61, 65], thus, reflection isn’t discussed in the topic of

nonreciprocity.

As mentioned in Chapter 2, the -1 order of magnetic cylinder represents the scattered field from
the magnetic dipole in £ —§ plane, and the 0" order of dielectric cylinder represents the
scattering field from the electric dipole along +Z polarized by periodic wave. Therefore,
physical interpretation (Figure 3.6) of the dominant harmonic approximation is to simplifying
the model of two equal-spacing cylinder arrays to a model of two equal-spacing dipole arrays.

i

_

i Pe P P

Figure 3.6. Three neighboring dimer units of metasurface model after dominant harmonic

approximation.




3.4 Effect of parameters

So far we have obtained full space-time information about the field after dominant harmonic
approximation, now we can do analytical explanation of the nontrivial topological singularities
according to the approximated solution. All the parameters affecting the values of a}_ul—r, agi,
and t* are encoded in the solutions provided in last section, according to which the parameters
influencing the amplitudes and coefficients by affecting the variables bY;, b&, LS, &, pﬁ—r,
and pl*.

All the relevant parameters are considered as follows: Firstly, for a single dielectric cylinder, b¢
is determined by permittivity, permeability, and radius. For gyromagnetic YIG cylinder, external
magnetic field has additional control on bY;. Secondly, for a single array, the distance between
neighbouring cylinders h determines LS. Thirdly, for dimer-unit model regarded as hybrid of

two arrays, the relative position of two cylinders in the same unit cell 7y, determines &. Finally,

the output of the dynamic system is influenced by plane wave incidence, not only apparently

pf;—r, pgi, and t* are determined by 7y, and incident wave vector ﬁ; but LS and ¢ are

also influenced by k° and k,.

Therefore, the model’s total degrees of freedom include: 1, and r,;, ndi, magnetic field H,,
h, Tyq (including dx and dy, or equivalently ry4 and ¢yg), kt (including k, and k,, or

equivalently k°, frequency f, and 0). Among all the factors, f, 0, ndi, and r; will be

studied in this section to explain the numerical results in Section 3.2.

3.4.1 Effect of frequency — at normal incidence
Recall that in Section 3.2, robust transmission singularity pair ST is found under normal
incidence in f — €;,,, parameter space. We expect that the analytical solution could explain the
following questions: 1. Why singularities appear in this range of frequency and loss? 2. Why
singularities appear in pair? 3. Why singularities are robust against the change of r;? 4. Why
singularities are hard to merge? Here [ will firstly investigate the effect of f on ale—r and agi,

then the effect of f on t.



3.4.1.1 The dependence of scattering amplitudes on frequency

According to the numerical results of absolute values of a’ el 1)( ) and adJr

5 +
et (2 ) as functions of frequency (Figure 3.5), it can be observed that: the resonance peaks
of |a{J1—r| in the dimer-unit array (Figure 3.5(c)(e)) are reduced compared to that in the single
YIG array (Figure 3.5(a)); and |agi| in the dimer-unit array (Figure 3.5(d)(f))are triggered to
generate upward and downward peaks compared to that in the single dielectric array (Figure

3.5(b)), where the triggered peaks of |agi| are antisymmetric under opposite incidence

directions. The argument of a_1 ' 1)( _) in the dimer-unit array (Figure 3.7) is also

shifted compared to that in the single YIG array.
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Figure 3.7. Real and imaginary parts of af?i = a_1 el 1)(2 o ) under normal incidences

on (a) single YIG array and (b) YIG in hybrid array, where r; =2.5mm, ndi =
V23.04 + 12i.

To explain these phenomena, the analytical solutions of scattering amplitudes are needed

because they reveal the dependences on frequency. For the structure illustrated in Section 3.1,

. . T
under normal upward incidence 6% = > there are pYT =1 and p¢* = 1; under normal

downward incidence 6~ = —g, there are pY7 = —1 and p¢~ = 1. Then the matrix solution

of scattering amplitudes further reduces to:

bYy(1-bd-Ls) bE(bY,-€XE%)
a{i-ei(_l)(i_ei) 3 bY,(bd-8¥5) bd(1-bY,LS) _[il]
agi.ei-o-(g—ei)  (1-bY,15)(1-b§-Ls) - (bY €8 ) (bd-e¥E) L1 )

where under normal incidences there is k, =0, so LS = ZZiﬁlHél) (k°lh); the relative

lattice sums are Zfﬁ = Zfi_ooHl(l) (kO|Ih% + Tgy|) etar8Unt+Tay) anqd f -



Y2 o HY (k|12 + Trg|) e 0are(h2+7va) aecording to the equivalent form of & based on

the addition theorem as discussed in Chapter 2, so relative lattice sums can be unified as ¢ Z‘f% =

g ii{ = £. Therefore, the analytical solution of aff under dominant harmonic approximation

1S:

41 = +bY, (1-b§-L5)+bd (bY€)
-1 =% (1-p¥,-LS)(1-b§-LS)-bY b§-£%

And the analytical solution of agi under dominant harmonic approximation is:

gdt = +bY, (bd-£)+b{(1-bY,-LS)
0 (1-bY,-Ls)(1-b¢-LS)-bY b¢-£2°

Since a{f and agi are only determined by bY;, b¢, LS, and &, the dependences of aff
and agi on frequency f are only determined by the dependences of bY,, b&,LS,and & on
f. Comparing these dependences, it can be observed that around 3.8 GHz where S* appears,
only bY, changes rapidly with frequency (Figure 2.2(c)) due to its resonance, while other 3

variables are nearly constant within the small frequency range (Figure 3.8).
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Figure 3.8. The change of (a) &, (b) LS, and (c) b¢ with frequency.

Therefore, other variables have ignorable changes and can be regarded as constants, and bY;
is the variable dominating the change of aﬁ, agi, and t* as frequency changes. To better
illustrate the effect of bY;, a’F and al® can be rewritten as the form where bY; is
separated from other variables:

y (FpdLs+bd-g+1)
“(bdrs2-pd£2-Ls)  pY (f)BE

Y+ . _
1) £1= pY +L3'LS ARG
—1 (bg'LSZ_bg'fz—LS)
v (spde-vdis) b
dt L8] (P E) _ b (rycte
ay-(f) = LY 1-bd.Ls = T (A
-1

(bg-Ls2-bg-£2-Ls)

where A, B, C, D can be regarded as dimensionless constants.



The coupling effect

Recall that the response matrix of the non-Hermitian system relating input and output is:

pY,(1-pg-LS)  bG(pY,-§)
aff'il _ L pYi(b§-§)  b§(1-bY,-Ls) [i1]
agi (1-bY,-Ls)(1-bg-LS)-bY b¢-E21 1 I

For the 2-by-2 matrix, there are two eigenmodes, one is loss-dominant, another is transmission
dominant (because r¥ is reciprocal) [65], relating the scattering amplitudes of single dielectric
array and YIG array. When two arrays merge, these two modes are linearly superposed and the
scattering behaviours of two arrays mutually affect each other [65], resulting in the change of

aZJl—r and agi (Figure 3.5 and 3.7). As a qualitative understanding, the response matrix is

symmetric, which means the effect of incidence faced by YIG on a@ is equal to the effect of
incidence faced by dielectric on a¥;. When the coupling is strong (or weak), the excitation of
the absorption loss in dielectric cylinder is strong (or weak), resulting in the loss-dominant
mode (or transmission-dominant mode) and the downward peak (or upward peak) in ad.

The coupling effect can be quantified by the difference between the scattering amplitudes in
single array and the scattering amplitudes in hybrid array. In matrix multiplication, aff of

single YIG array and agi of single dielectric array can be obtained by setting h¢ = 0 and

bY, = 0 respectively:

Y+ +p¥,
(Y arr 41 =
a_1(Yarray) 11 = =7,
d
d bg
ag (d array) = .
o Y) 1-b-LS

So the changes of scattering amplitudes due to coupling are:
A(azf -11) = a’t-+1-ad" T (Y array) - +1

_ (bY1)?[+b§-§2~b§ & LS|+bY, bil-¢
T (bY)2[LS2+b§-LS(§2-L152)]-bY, [2LS+bE-(§2-2L5?)]|+(1-bE LS)’

d+ _ d+ _ _d
Aay™ = ag~ — ag(d array)

e (a-sff 5o

Y
D e g oS _ el

(1—bg-Ls)2 ARG
b¢-L52-b¢-£2-L5)(1-b§-LS)

bzl (f)+(
where A’ and B’ can be regarded as dimensionless constants. Aag® shares a similar form to

-1 o
a’. Recall that bY, = o7 then Aad* can be also written in form of QY as:
-1



d+ -B"*
Aay™ = ———=—
0 @A-1+i-Q¥ )’

which shares the similar form to bY,;, where the difference is A’ and B’ are in general
complex. This explains the emergence of triggered peaks in Figure 3.5 (d) and (f).

Recall that QY isreal (Figure 2.2(d)), we can consider the difference between absolute values
of ag * and al(d array) and its derivative to f, to explain the antisymmetric pattern of

triggered peaks in Figure 3.5 (d) and (f):

b
1-b&'LS

(—CRi+DR—QZ1-D1)2+(—CIi+D1+QZ1-DR)2

dt| _ [, dt| _ |.d _
Alag™| = lag™| = |ag (d array)| (~1+Ag—Q¥ 1 4;) +(A+QY AR)°

b

where the subscript R and I represent the real part and the imaginary part. Since other variables
except for QY can be regarded as constants, the derivative of A|agi| to f can be written

as:

2 2
iAl di| _ 0 [(=Cr+Dr=0QY,-D;) +(=C/+D;+QY,-D)" da¥,
o0Y, (~1+4g—-QY,-4))° +(4;+0Y -ag)° df ’

Y
-1

where the second multiplier 401 s nearly a negative constant (Figure 2.2(d)), and the first

multiplier takes zero value before and after the frequency 3.8 GHz where QY; = 0. This

explains that the triggered peaks in ag * are antisymmetric before and after the YIG resonant

frequency. The C ;—r and C IJ—r result in opposite values of derivative, which leads to the upside-

down inversed pattern of triggered peaks in agi under opposite incidences.

We could also consider the derivative of AaZ*(f) to f:

AB't apX ()
(H+42 af

0 Adtrey

aanO (f) - [b}_,
where the operation requires the analyticity of complex function Aag * with respect to variable
bY,. The nearly antisymmetric pattern of peaks and valleys of agi is a consequence of the

symmetric norm but antisymmetric argument of bY;(f) before and after 3.8 GHz (Figure

2.2(c)).

3.4.1.2 The dependence of transmission coefficients on frequency

Under normal incidence, k! is perpendicular to 7y4, so the transmission coefficients t*

reduce to a simple form:



——1+—(a T +ad* )

Therefore, t* = 0 requires (a_1 + a0+) = —ﬂ where k,, kO = 2nf.[upey x 10°. For

a qualitative understanding, the t* = 0 cases correspond to the destructive interference
between the incident field, scattering from YIG, and scattering from dielectric. The criteria of

* =0 can be understood as the match of coupled a’F and al*. Since the value of coupled
aﬁ—r has a continuous coverage from -1.5 to 1.5 (Figure 3.7), and the coupled ag + (Figure 3.5
(d)(f)) has a larger range compared to a§(d array) due to the triggered peaks, the destructive

interference (a_1 +ag +) =— % is more likely to happen around the triggered peaks of ag™*

where the coupling effect on dielectric is extreme enough. The coexistence of zero norm and

singular phase and the surrounding vortex field of ST can be easily understood by the match of
continuous real and imaginary parts of a¥; and a¢ at (a_1 + a0+) = —%. The coupling

effect partially provides the condition of t* = 0, and the rest condition is completed by another
parameter €;,,, which will be discussed later.

In the form of Mie coefficients and lattice sums, t can be written as:

bY, +b§-2bY  b§-(LSFE)

el hky (1-pY,-LS)(1-b¢-LS)-bY b¢-£2

where bY, and b¢ are exchangeable. The coupling effect from YIG to dielectric partially
cancels the coupling effect from dielectric to YIG in the summation of aZ and a0 . To better
illustrate the effect of frequency, transmission coefficients can be rewritten as the form where

bY, is separated from other variables:

2 bY [1-2b¢-(LSF&)]+b§
hky bY | (bd-LS2—b$-£2-LS)+1-bE-LS’

tT =1+

—hky(1-b&-LS)-2b§

+
—— . tT can also be
hky (b§-LS2—b&-£2-LS)+2[1-2b§-(LSFE)]

from which t* =0 requires bY; =

written in the form of QY as:

i-0Y, b +bd—[1-2b¢-(LSTFE)]

=14 hkylﬂ Y (1-b¢18)+(1-b¢-LS)—(b§-LS2—-bd-£2-LS)

from which t* = 0 requires:

[(1-p§-L5)-(b§-L52-b§-£2-L5)| 2b§-2[1-2bF-(L5FO)]

y (1-bg-Ls) T h(1-bgLs) _ . B"ky (f)+C"'*
N 2bd ky(H+A"
Y " h(1-bd-Ls)

Q}:]_:l



where A, B", and C"* are constants. Two real quantities k, = 2mf/uoep x 10° and

aa¥,
af

QY apparently changes with frequency. Their gradients are % ~ 20 and is nearly a

negative constant. With other quantities nearly invariant to f, the event of t* = 0 happens at

B ky(f)+c''*
ky(f)+A" 7

intersection of the monotonically decreasing curve of QY;(f) and the curve of i
which shares a similar form to |agi|(ﬂzl). According to Figure 3.2(b), under upward
incidence, one intersection happens at Qfl > 0 before 3.8 GHz; under downward incidence,
one intersection happens at QY; < 0 after 3.8 GHz. This results in a pair of opposite
singularities S~ and S* before and after bY;’s resonance peak. And the opposite winding

numbers of S~ and St are mainly determined by the derivatives of the real and imaginary

ORelt7] _ ORe[t] a0%y g Am[eT] _ dimleT] 0%y otpect of
of oY,  df of oz, df

parts of t¥ to f, which are

€;m on the real and imaginary parts of t* is relatively negligible, which will be discussed soon.

3.4.2 Effect of loss and radius of dielectric cylinder
Since the transmission singularity pair S* appears in f — €;,,, parameter space and is robust
against the fluctuation of 1y, it’s necessary to investigate the effect of dielectric absorption €;,,
and dielectric cylinder radius r; on transmission coefficients. The adjustment of r; and €},
have effect only on b¢, therefore, bY,, &, and LS are constants. To reveal the effect of €,
and r; on tt through bg, t can be written in the form where b& is separated from other

variables:

2 b¢[1-2-bY (LSTFE)]+bY,
hky b§[bY(LS2-£2)-LS]+1-bY -LS’

tt =1+

—hky(1-bY,-LS)-2bY,
hky(bY -LS2-bY -E2-LS)+2[1-2bY-(LSFE)]

from which t* =0 requires b¢ = According to

Figure 2.2(a)(b), the loss €, will decrease the norm and alter the argument of b{. A more
comprehensive illustration of bgy’s dependence on r; and €, is in Figure 3.9(a), which is
not as rapid as bY,’s change with frequency.

At the same time, Figure 3.9(b) shows that the dependence of (az% + agi) on €p, 18

monotonically increasing or decreasing. This monotonicity guarantees the generation of

. .. + + . . . hk cq .
singularities, where (ai; + ag—) can always find an intersection with —Ty within a range



of €;,,, despite the value of (aZJl—r + agi) varies with frequency. This intersection results in
t* = 0. Therefore, the emergence of singularity pair in f — €, plane results from a
combination of coupling effect and monotonicity. Moreover, the monotonicity of the real and

imaginary parts of (ai%’ + agi) guarantees the flat change of t*’s argument around

singularities, resulting in the topological robustness and well-defined winding numbers of S*.
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Figure 3.9. (a) The dependence of b on 1; and €,. ndi = (23.04 + €, X )2, f =

3.8 GHz, Hy = 500 Oe. (b) The changes of real and imaginary parts of (azf + agi) or

bd[1-2-bY (LSFE)]+bY,
bd[bY,(LS2-£2)-LS|+1-bY LS

equivalently as €, changes. (c) Absolute values of a’} and

ad*, frequency 3.78 to 3.88 GHz, at extremely large loss and small 7.

According to Figure 3.3(a), as r; decreases, S~ and ST get closer at larger loss. The merge
of two singularities requires agi to coincide with aZJl—r at the resonance peak, otherwise the
singularities are separated by resonance peak and have opposite winding numbers. However,
increase of loss results in decrease of agi (Figure 2.2(a)(b)), thus the weakening of the
coupling effect and the reduction of a@’s triggered peaks (Figure 3.9(c)); at the same time, the
resonance peak of a¥, is stronger due to the reduced coupling. The sharp resonance peak can
effectively separate S~ and ST even when they are very close at small ag * Therefore, merge
of ST is almost impossible at normal incidence. The adjustment of h, T4, or 6 may enable
the merge, where the geometric symmetry is broken and the number of degrees of freedom

increases.



3.4.3 Effect of incidence angle
Since the transmission singularity pair S* also vaguely appears in f — 6 parameter space,
and new pairs of Sﬁ Land S gz emerge at oblique incidence, it’s worth investigating the effect
of incidence angle 0, despite the analysis under oblique incidence is more complicated. Since
bY, and b¢ are independent of 0, the effect of @ on scattering amplitudes is only included in
pW, LS, and &. The phase of Kkt changes with 0; LS and & changes with k,. Under oblique
incidence Z‘flo = &Zl, but é* # &~ due to the dependence of relative lattice sums on k.

. . . + + i . .
Relative lattice sums can be written as Effjg = gi; = felFkxCom) ywhere Con is a constant

with respect to 0. The scattering amplitudes are:

bYi(1-bg-Ls) b(bY,-67E%)
_pneders) pia-otiis))  [pf3
di - (1-bY,L8)(1-bLs)-bY, b1 ITET | plt ]

a Do
i(t-T i1c0-9%. + i1c0.2%. t_ _
where p’T = el( ). e 25" and pdt = elk* g cos(? ”), 6~ =6%—m. And t*
1S:
tf=14 2 aYi . eiko-%-cos(ei—n') + adi . eiko-%-cos ot
hkO-sing+ | —1 0 )

According to the matrix solution of scattering amplitudes, there is:

(T 4\ 0. 90 +
v+ ik%%cos(9—m) bY, (1-bg-L5)+bd (Y- Zgg)el(i‘e‘)e‘ko dz-cos(6+-n)
t, k73 —

a

-1 - Y d Y pd.zYd+tdy+t ’
(1_b—1'L5)(1_b0'LS)_b—1b0' -1,050,—-1
av+\  i(6F-T+k0-dx-cos 6%
e eiko.%.cos ot bZl(bg-Eo__;)el( 2 )+bg(1—bZl-Ls)
0 - Y d Y pd.zYdtzdYt ’
(1_b—1'LS)(1_b0 'LS)_b—lbo' -1,050,—1
of which the summation sa® is:
+ v+, ik®Ecos(0t—m) d+ . ikOEcos ot
sa-=a_y-e 2 +a,~ e 2 =

(T_gt) _: (gt _T) .
bZl(1—bg’-Ls)+bg(1—bZ1-Ls)+bg’bl’1-fff%e‘(i“")e-mi+bl’1bg- &Z%e‘(g"i)elai
(=07, 15)(1-bgL5) 0T b-£T TR EaTE ’

where at = k®-dx-cos@*. Since 8~ =0t —m, there is at = +k®-dx-cosf*t and

a” = —at. Then sat can be rewritten as:

. bZl(1—b8’-Ls)+b(‘}(1—b1’1-Ls)+b€b1’1-€[ei(i""'c""i§‘9+i“+)+e"(i"X'C"”+9+¢§i“+)]

sas = (1-bY,-LS)(1-b¢-LS)—bY, b -Eeil+2kx-Con)

2sat

The transmission coefficientis t* =1 + m For two angles 6; and 6, satisfying TZ—I—



0, = 6, — =, the dependence of k, and at on angle 6% ensures the equivalence that
2

sat(when 8% = 0,) = sat(when 8% = 6,). Combing with the fact that sin6; = sin 6,, it
explains that t¥(when 8% = 0,) = t¥*(when 8% = 6,), which is the parity symmetry of
transmission coefficient. This explains the simultaneous emergence of S and $92.

hkO-sin6*
2

tT

=0 requires sat = . The combination of the expression of sa* and the

dependence of tT on f theoretically could explain: 1. why opposite singularities S¢ and
S9 inonepairin t* and t~ functions emerge at the same positionin f — @ parameter space;

2. Why the winding numbers of S¢ and S are the same. The mechanism could explain the

emergence of Sg Land S gz in Figure 3.4 and their annihilation in CIR.

The numerical results in Figure 3.10 show the dependence of t* on 0, which satisfies the parity
symmetry deduced from the above expression. Within the range where only 0™ transmission
channel opens, the effect of 0 is not as strong as the dependence on frequency. Due to the
symmetric pattern with respect to 6 = 0, the effect of © on t* isn’t monotonic at around

normal incidence, therefore, the existence of S* in Figure 3.4(c) is vague and the robustness of
St in f — 6 parameter space isn’t strong. In Figure 3.10 at around cosf = i%, the t®

abruptly change with 0, which may result from the opening of +1 transmission and reflection

channels when —1 < cosf < —% and % < cosf <1 at around 3.8GHz, according to
Section 2.2.2.
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Figure 3.10. Real and imaginary parts of t*, at r; = 2.5 mm,ndi = (23.04 + 12 x
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i)2,f =3.815GHz. This is a cross-sectional view of Figure 3.4(b) and (c) at f =

3.815 GHz.




3.4.4 The robustness of singularity pair

As discussed in Section 3.4.1 and 3.4.2, the robustness of ST in the frequency spectrum is
protected by the strong resonance of YIG and the coupling effect between YIG array and
dielectric array. Asthe bY; continuously covers a large range of value within narrow frequency
range, which triggers a large continuous range of aff, agi, and t*, one special value
satisfying the zero transmission criteria can always be found within the range. The effect of f
through bY; can be equivalently replaced by the effect of f through QY;. In addition, bY,
has almost identical zero values far-before and far-after the resonant frequency (Figure 2.2(c)),
so the f-axis can be regarded to have an approximately closed boundary condition, which
provides the rigorous condition for topological robustness. Moreover, compared to bY;
(Figure 2.1(b)) and b¢ (Figure 2.1(a)) of single cylinder, the scattering amplitudes aff
(Figure 3.5(a)) and agi (Figure 3.5(b)) in cylinder arrays are strengthened due to the
collective response from infinite cylinders. This collective response in quasi-continuous
continuum is intrinsically topologic [68]. and strengthens the topological robustness of S¥.

Other variables such as loss, 7, and 8 have relatively small effects, thus can be regarded as
small perturbations which don’t determine the existence of singularities but only affect the
position of singularities in parameter space. These variables within certain range of values
enable the t¥ = 0 condition, which strengthens the robustness of S*. The monotonicity of

€/m-dependence is the cause of robustness in f — €, plane and during evolution of 7.



Chapter 4. Conclusion and outlook

This thesis starts from the introduction of optical control systems, topological optics, and
overview of the research project in Chapter 1. In Chapter 2, the methodology of the first-
principle calculation is introduced, including the Mie scattering theory of gyromagnetic and
dielectric infinite-length circular cylinders (derivations in Appendix A) and multiple scattering
theory which computes the scattering field of 1D-periodic array, from which the transmission
and reflection coefficients are defined as functions of scattering amplitudes. Chapter 3 is about
the results and discussion: Firstly, the dimer-unit model configuration is introduced; Secondly,
the transmission singularity pairs and their evolution are numerically displayed; Thirdly, the
dominant harmonic approximation is applied on the solution of scattering amplitudes obtained
in Chapter 2, then the effects of parameters f, €;,, 74, and 0 on scattering amplitudes and
transmission coefficients under opposite incidences are studied according to the approximated
solution. The effect of parameters explains the mechanism of emergence of singularity pairs and
their topological robustness, where the nonreciprocity and non-Hermiticity are necessary
conditions.

The topological singularity pair S* is generated by the combination of strong magnetic
response of nonreciprocal gyromagnetic medium and unequal excitation of loss in dielectric
under nonreciprocal coupling [65]. This mechanism can be generalized to any periodic
nonreciprocal non-Hermitian system where the control of nonreciprocity and gain/loss are
separated.

There are limitations of this work. So far, the effect of geometric parameters dx, dy and h are
not studied, which determine the value of LS and &. The study can explore new dimension in
parameter space where t* =t~ = 0 may be observed. Recall the research aims in Chapter 1,
the first and second aims are achieved, while the third aim of combining the classical
electromagnetic theory and the non-Hermitian topological optics isn’t thoroughly discussed in
the thesis.

To further study the non-Hermitian topological optics, I plan to test other models where the
solution of scattered field obtained in Chapter 2 is applicable. Firstly, I plan to study a 1D-

periodic nonreciprocal non-Hermitian PT-symmetric system, where each unit cell contains one



gyromagnetic cylinder and two dielectric cylinders with optical gain and loss (Figure 4.1). Some
non-Hermitian topological phenomena such as exceptional points and non-Hermitian point gaps

may be observed from its photonic band.

Figure 4.1. One unit cell of 1D PT-symmetric system, where the symmetry is with respect to

(a) y axis and (b) x axis.

Secondly, the staking of monolayer constitutes a 2D periodic system, where it’s possible to
construct square lattice or honey-comb structures depending on the lattice vectors and relative
location of cylinders in dimer-unit cell (Figure 4.2). For 2D periodic system, the rigorous

solution obtained in Chapter 2 need to be modified, where Bloch’s theorem is applicable to both
x and y direction. The scattered field satisfies: Ej(S + E) = eilkds) S(5) with ds =

mdx + n@, where dx and d—y are lattice vectors along +x and +y directions, m and n are

integers.

(@)

Figure 4.2. 2D (a) square lattice and (b) honey-comb structure of dimer-unit cells.




Appendix A. Derivation of Mie scattering coefficients

In this appendix, I will derive the equations of Mie scattering coefficients of infinite-length
circular cylinders of dielectric and gyromagnetic materials. The Mie coefficients describe the
scattering amplitudes of cylinders under normal-to-axis plane wave incidences. In the 2D
scattering problem, the incident waves, scattered waves, and internal waves will be expressed
in cylindrical harmonics, where the radial dependence and angular dependence of
electromagnetic fields are separated. By matching boundary conditions, the ratio of scattered
fields to incident fields in each harmonic order can be solved, which is defined as the Mie

coefficient of each order.

Al. Wave equation in cylindrical coordinate

In vacuum devoid of charge and current source, Maxwell’s equations reduce to:

VE=0 vxE=-2
ata

VEZO VXEZ‘U()SOa_E
at
Take the curl of the Faraday equation, and substitute into the equation of Ampere’s law:

x(xE) w7 () =0 xB) =

At the same time, apply the vector identity for the curl-of-curl operator [69]:
Vx (VXE)=V(V-E)-V2E = —V?E.

Recall that V-E = 0 in source-free regions, the wave equation of E can be obtained from
above two equations:

d%E

VZE = ‘U()EO ﬁ

An analogous procedure gives the wave equation of B:

— 62§
27 —
VB = ppé&o FYeR
Component-wise wave equation can be obtained by expressing the Laplacian operator, where

for any vector field A in3D cylindrical coordinates (s, ¢, z) (Figure A.1(a)), the set of 3 scalar
components along (s, ¢, z) can be regarded as the set of components along (X, y, z) after a

rotation around z-axis. Since 3 cylindrical components still form an orthonormal basis, the

action of Laplacian operator on vector field A expands to VZA = V24, -8 + VA4 +



V2A, -2, which is the same as the expansion in Cartesian coordinates. Therefore, each

component of E and B satisfies a scalar wave equation:

9%E, 9B
2 — s 2 — s
VoEs = oo 55 VBs = Uoo 53
9%E 9’B
2 — ¢ 2 — ¢
Y Ed, = Uo&p 3e2 Y Bd) = Up&p 9c2 °
9%E, 8%B
2 — z 2 — z
VZE, = lo&o 3c2 VZB, = U 322
. 1.
where the wave velocity ¢ = T in vacuum,
0<0

Figure A.1. (a) The cross section of cylinder in Cartesian coordinate (X, y, z) and cylindrical
coordinate (s, ¢, z). (X, y, z) coordinate is in blue, and (s, ¢, z) coordinate is in black.
Directions of § and ¢ depend on ¢. The space is divided into region o and region p by the
cylinder surface at s =r, the region labels and boundary are in dark blue. (b) The plane wave

incidence on the cylinder is illustrated in green. According to the parity symmetry with

respect to F, for the same s, the field at ¢ is the same as the field at 0-(¢-0) = 20-¢.

- — 2
Any cylindrical component f of E or B satisfies the scalar wave equation: V2f = pgg, ZT’;
Resulting from the mutual influence of s- and ¢- dependences of f, the divergence of gradient

2 2
of the scalar field f in cylindrical coordinate yields: V2f = %% (s Z—Z) + slng:; + 37/;, then

the cylindrical scalar wave equation becomes:

9%’f 190 , of 1 0%f = 9%f
Ho%o at2 ~ saos (s 65) s29¢2 0z



A2. Separation of variables
f isa function of variables s, ¢, z, and t. The method of separation of variables can be employed:
assume f can be decomposed into a product of functions dependent on individual space and

time variables: f = P(s) - ®(¢) - Z(z) - T(t), substituting which into the wave equation gives:

d?o
d¢?

d’t 14 dp 1 d?Z

dt?
Divide both sides by PDZT:

1d?T 11d(dP) 1 1d?°®d  1d%Z

fg-— =-=— St
Fotor ez T 5pas\Sas) T2 vag? T Zaz?

For a z-invariant cylinder under plane wave incidence normal to axial z-axis, the incident field,
scattered field, and total field are z-independent (Z(z) = 1) [56, 64]. With the time-harmonic

convention T(t) = e~'“t, the above equation reduces to:

W2 ling _11dP+1d2P 11d°®
Hofo = S5 s TPasz T 2w age

Introducing the angular wave number k = % = W,/ lo&p, the above equation becomes:

1dP 1d?P  1d%®
S——+s?c—4=——

21,2
P ds P ds? CI>d¢>2+Sk 0.

As the azimuthal function ®(¢) must satisfy 2n-periodicity, it can be represented as a Fourier

series in exponential form: ®(¢p) = ¥ _, P, = X% _ . c,e™® for integer n, where c,, is

. . . . d’e
a complex constant. Taking the second derivatives of both sides gives: Froie
i d?o I -
=¥ _onic,e™®. Therefore, 7 ¢2” = —n?d,, for each n. Substituting this into above wave

equation gives the radial equation of each mode n:

2
2d°P ap 2.2 2
s“—+4+s—+ (k“s* —n“)P=0.
ds? + ds + ( )
. dP 1dP d2?p 1 d?P . .
Defining x = ks, there are — ==— and — = —=—. Replacing ks by x in the above
g i dx kds dx? k2 ds? p g y

equation gives a second-order linear differential equation, which is the standard Bessel

differential equation:

2 d’P ar 2 _2\p —
xdx2+xdx+(x n“)P = 0.
The solution is a superposition of n-th order Bessel functions [70]. Bessel functions of first kind

Jn(x) andsecondkind Y, (x) are two linearly independent eigen-solutions of Bessel equation.

Bessel functions of third kind are defined as: H,(ll) (x) =J,(x) +iY,,(x) and H,(lz) (x) =



Jn(x) — i¥, (x), and named as Hankel function of first kind and of second kind respectively. As

Jn (), Y, (), H,(ll) (x) and H,(lz)(x) are mutually linearly independent, the complete solution

is the superposition of any two of them. Although all 6 combinations are mutually exchangeable,

for simplicity of equation and physical intuitive understanding, the solution of the cylinder

scattering problem is expressed by J,(x) and Hr(ll)(x): Jn(x) is the only Bessel function

with non-singular value at x = 0, thus can solely represent the field at origin; H,(ll) (x)

represents outgoing scattered wave under the time-harmonic convention e~'“t. Therefore, the

n-th order s-dependence of any scalar field component f is:

Py = anfn(ks) + baHy" (ks),
where a,, and b,, are arbitrary coefficients, which vary among different orders and different
scalar field components, and can be confirmed by sufficient boundary conditions. The complete
solution of P is a superposition of different orders. Combining the dependances of 4

dimensions s, ¢, z, t, the general solution of f in cylindrical coordinate is (absorbing

coefficient ¢, into a, and b,):

f=P(s)- D($) Z(2) - T(t) = Lo _col (k) + bpHL" (kes)]e™d e~k

The above expression is called the cylindrical harmonics.

A3. Expand the incident field in region B into cylindrical harmonics

For the scattering problem of infinite cylinder, the space can be separated into region o (filled
with the cylindrical material) and region § (surrounding vacuum), where the boundary is at the
surface s = r (Figure A.1(a)). In this section, I will transform the expression of plane wave
incidence into cylindrical harmonics.

The followings are the known conditions. Firstly, the incident wave vector k' is normal to 2.
Secondly, the incident electric field E! in region B is confined to be in the transverse electric
(TE) mode, because no nonreciprocity is observed under transverse magnetic (TM) incidence

[17] for the models concerned. In TE mode, E' is perpendicular to k. Thirdly, the

confinement of E. polarization yields: E! = Eé, =0.



Since the linearity of Maxwell's equations ensures that scattering coefficients (ratios of
scattered to incident wave amplitudes) are independent of the incident wave amplitude, E} can

i(ﬁ-§—wt)

be normalized to unity without loss of generality: E} = e ,where s=s-§=x-%+

y -y is the position vector of the field point. Given incident angle 6 (Figure A.1(b)), there is
k' =kP-cos@-% + kP -sin6 - 9, where kP = w [, is the wave number in vacuum
region B. Then the space dependence of EL component is expressed in cylindrical coordinate

ikt-§

as: e — ei[kﬁ(cos 6)x+kﬁ(sin9)y] — eiskB-cos(qb—G)

1 1
According to the generating function identity of J, (x): eix(y_ﬂ = Yoo Jn (Y™, if we let

x =kPs and y = ei(5+¢_9), then EL can be rewritten in the form of cylindrical harmonics:

Ei = g—iwtgiskP-cos(¢p-6) — e—iwteiSRB'Sin(g‘Fﬁb—e) = g ity ]n(kﬁs)ein(g"'d’—@)
z =—00
. . . T . ™ .
According to the equivalence that cos(¢p — 8) = sin (E +¢— 9) = sin (5 —-¢+ 9), if we

let y = ei(5_¢+0) instead, the incident electric field can also be EL = e~ @ty _ ]n(kﬁ s) .
ein(Tqu). This equivalence of two angular dependences is also in accordance to the parity
symmetry with respect to ﬁ, where ¢ can be replaced by 20-¢ (Figure A.1(b)). In this thesis, I
follow the first definition of ¢-dependence:

Ei =m0ty 1 (khs)emE0),

A4. Expand fields in region f into cylindrical harmonics
According to Section A2, the z-component of the total electric field in region  — Ef —is the

sum of incident field E. and scattered wave Ej — and can be expressed in cylindrical

harmonics as: EZB =e Wty [afn]n(kﬁs) + ban,(ll) (kﬁs)] e™® | where J, terms

represent the normalized incident wave and H,(ll) terms represent the scattered wave. To be

; in(Z-0) .
consistent with the equation of E} at the end of Section A3, constant emG9 g separated

B B in(;-6)

i B . — in(Z-6)
from coefficients a, and b, : a,, =e 279

so correspondingly bfn =b,e



which yields Ef =g lwty® []n (kﬁs) + an,(ll) (kﬁs)] ein(§+¢_9) , where b, is the
ratio of scattered amplitude to incident amplitude.

As mentioned above, the TE incidence with E, polarization has E! = Eé, = 0. Next, we need
to find out other scalar components of electric and magnetic fields in region p. In 2D field, the
two eigen-solutions of vector wave equation in both region o and 3 are TE mode and TM mode,
which are mutually independent under normal-to-axis incidence [56]. Therefore, no Eg and
B, components will be generated in the scattered wave and internal field in cylinder in TE
mode. Ey =0 and B, = 0 for all waves, where B, = 0 can also be obtained by Faraday’s
law which will be discussed later. This can also be proven by the first uniqueness theorem [69]
of electric field, given TE mode, E. = Eé, = (0 at the boundary between region a and f3, and
plane wave at far-field: We could firstly assume Eg = 0 and B, = 0, if the field components
satisfy all Maxwell’s equations and boundary conditions, this solution of components is correct

and is the only solution. Thus, the scattering problem reduces to a 2D problem [56, 64]

independent of z, and the cylinder boundary reduces to a 2D circle.

So far, EZB and E g are confirmed, then Ef can be obtained by V-E—B =0 in vacuum.
Firstly, since El =0, the ESB can be expressed in cylindrical harmonics as Ef =E: =
e lwt. Z?{’z_oo[banT(Ll)(kﬁ S)]ein(5+¢_9), where bfn is the unknown coefficient. Secondly,

as system is z-independent and EB =0, V- EP = 5 +- EB = 0. With the derivative

A 0-H ) af

formula H,(ll)'(x) > o +§ESB =0 gives Z?{’z_oo H(l) (kﬁs)

H (1)1 (kﬁ S) +- H m(kﬁ s) = 0. Since H, M of integer orders are linearly independent, the

only possibility is b2, = 0 foralln,so EF = 0.

The magnetic field in region § can be obtained by Faraday’s law:

— oBF 1553 9EF ~
X B = —_-— = —Zz
VXE at s 6¢ ds d)

from which Bf = 0. So far, all the electric and magnetic field components in vacuum region

B are well-defined and summarized in Table A1.



Table Al. Field components in vacuum region 3
EF
© , El=0 i_
EZl — e—iwt z ]n(kﬂs)eln(g+¢—9) N Ed) =0
n=-—oco
L i ES =0 Ej =0
Bf = et " by HD(kPs)e G 9
n=—oo
EF = EL + ES EF =El+ES=0 | Ef =E,+E5=0
BB
5% — 0 oB? _ _10E) 0By oEf
z at s ¢ at _ 3s

We can further check if EF and BP satisfies all Maxwell’s equations: For E7, V-EP =

_

B N
a aBk . . . . . .
% =0;and VX Ef = —% is satisfied because B is obtained from this equation. For

— — — o
BA | its divergence is V-BF =0 as a divergence of a curl; and V X BF = Hofoaait is

. — 2B . — .
equivalent to V?BF = ,uoeoaa% if the divergence and curl of EF satisfy Maxwell’s

equations. The vectorial Helmholtz equation is satisfied because all components of Bf are in

cylindrical harmonics.

AS. Expand fields in region a into cylindrical harmonics
In this section, I will discuss two conditions where region a is filled with dielectrics or
gyromagnets under external magnetic field H—O along —Z. As the dielectric material is
homogenous and isotropic, the permittivity and permeability are constants and the fields are
trivial. However, the gyromagnetic material is anisotropic under external magnetization,
resulting in its anisotropic permeability. Therefore, I will use H® and B® together to
represent the induced harmonic magnetic field in gyromagnets for conveniency.
AS5.1.  For dielectric material
The scalar components of electric field in dielectrics can be deduced from Maxwell’s equations

following the similar procedure to the derivation in region 3 in Section A4. There is E& =



Eq% = 0 as mentioned. According to Section A2, Hankel function has infinite value at s = 0,

so any field component in region o doesn’t include Hankel term thus EZ can be written as
. in(C+d— . .. .

ES = e 0t Y™ 1d, ], (k%s)] - e™@?"® ynder normalized incident amplitude, where d,,

is the unknown amplitude of n-th order internal wave to be confirmed, and k% = w./u%*e® is

the wave number in region a according to the definition in Section Al. For ideal nonconductive
dielectric of negligible magnetic response [56], its permittivity £* can be denoted by €% and

da
. . . . . & .
% = g, so its refractive index is ndi = /s— and the wave number in

0

its permeability is u

dielectric is k* = ndi - k°. Similar to the derivation of Ef , V-E%=0 and Eg =0 yield
EX=0.
The magnetic field in region o can also be obtained by Faraday’s law:

s dBY  10EY , OJEZ ~
UxEdl =225 P2
at s d¢ s

Similar to fields in region p, E® and B® also satisfy all Maxwell’s equations.

Table A2. Field components in dielectric region a
E“
. 0 o EZ=0 E(g =0
BE = T Y [dyJy (k5] - T
n=-—oo

B

BY =0 0BY _ _10E7 0By _ OEf

ot s ¢ at _ ds

AS5.2.  For gyromagnetic material

Now assume the medium in region o is gyromagnetic material under an external magnetic field

L . . Ha iy O
Hy along —2. Its permeability p® is a tensor instead of a scalar: u® = | —ip, pg 0 ]Ho

0 0 1
in (X, y, z) coordinate, where the diagonal element p, =1 + ww;”wa‘jz, non-diagonal element
02—
Up = %, with w,, = yMs and w, = yH,y, where y is the gyromagnetic ratio, and M
02—

is the saturation magnetization [58].

Since /7‘7 is z-irrelevant, the scattering problem is still 2D under normal-to-axis E,-polarized

TE wave incidence. Following the same procedure in Section AS5.1, with the normalized



incident amplitude E} = e™@t-3>_ T, (kP S)ein(§+¢—6), the scattered wave and internal
wave can be written as ES =e @0ty anT(ll)(kﬁs) . ein(§+¢_6) and EY% =
e lwtyo dn]n(k“s)ein(%d’_g).

The magnetic field B® can be obtained by Faraday’s law; and the H fields in both regions

can be obtained by the constitutive relation B = e H,with E g =0 and ES/g =0:

VXE———aBB 165B f’Efqb 9(poHE)
T T B at
Vxﬁ:_@_lﬁ§_wgu o(u@He)

at s 0 s P =

. B@ — L (LOE o 0Ef
According to Faraday’s law, B® = — (- a; =

@) in (s, ¢, z) coordinate, transferring to

1

0s ¢

. . == 1 . o
(X, y, z) coordinate, it becomes B% = = 10Ez . Combined with B% =

L HoHx + iupHy L
pu*-H = po | —ippHy + ugHy |, HY, Hy, and Hf can be obtained. Transferring H® to
Hz

i0ES OEY
1 59 Hp 5 Ha

iwho .uaz_ﬂpz

(s, ¢, z) coordinate gives Hy =

Table A3. Field components in gyromagnetic region o
E
s Ea = 0 Ea = 0
. (T
EZa - e—iwt Z dn—]n(kas)eln(i-i-(l)—g) S ¢
n=-—oo
Ha
HE =0 H& i OEY OE}
z s Ha_lsafpv s Ha
¢~ 2 _, 2
Lwlo Ha Hp

A6. Match boundary conditions to solve Mie scattering coefficients
The confirmation of cylindrical Mie scattering coefficients is by matching boundary values of
the electromagnetic field. According to equation (7.64) of [69], at boundaries of linear mediums

the fields satisfy:



E"“ = E"B (D) €?E% — eﬁff = oy (2)

Bf =B (3 zBf —Bf =K xa @
The boundary is at cylinder surface s = r, therefore, the L (normal) direction is along the §
direction, the || (tangential) direction is in the ¢ — Z plane.

A6.1.  For dielectric material
For dielectric material, approximately u® = uf = p,, and there is no free surface current I?f

and no free surface charge of. Therefore, boundary conditions at s = r reduce to:

ES = E5ES = Ef (1) e“EX = PEF (2)
B = B! 3) By = Bj,BY = BY(4)
According to Section A5.1, they are equivalent to:
E§ = Ef =0,E¢ = Ef (1) e®Ex = ePEF = 0 2)
w0k @  E_E pe_pfoo @)

Boundary conditions (1), (3) and (4) give two equations satisfied by the n-th order fields:

a B
EZ(r) = EL(r) and T2 (r) = 52(r) give: duJn(kr) = Jo(kPT) + bty (kr);
a B
6;552 (r) = 0;752 (r) gives: k%d,J;,(k%r) = kP [],’l(kﬁr) + an,(ll)'(kﬁr)].

Based on above two 1% order equations, two unknown coefficients b, and d,, can be solved:

a
]r’z(kﬁr)']n(kar)—z—ﬁjn(kﬂr)- Jh (k%)

) HD (fr)=H D (- ) Jn er)’
_ (kP B (kPr)— (kP r) b (i)
=

k) B (1Br) = (e (1ebr)
For vacuum in region B, k% = k°. For dielectric material in region o with radius r; and

refractive index ndi, k% = ndi - k°, and its Mie coefficient reduces to:

da _ __ ndiJn(k°ra)Jn(ndi-k%rq)—Jn(k°rq)-Jn(ndi-k°rq)
ndi-Jl, (ndi-kOrg)-HP (kOrq) —HM' (k07 ) J (ndi-kOrg)

A6.2.  For gyromagnetic material
For gyromagnetic material, similarly there is no free surface current I?f and no free surface

charge or. So boundary conditions at s = r are reduced to:

E§ = Ef =0,E¢ = Ef (1) e*E* = ePEF = 0 2)
B = BY 3) HY = Hy,HE = H =0 (4)

Boundary conditions (1), (3) and (4) give two equations satisfied by the n-th order fields:



EZ(r) = EF () and BE(r) = BE(r) give: dpJn(k?r) = Jo(kPT) + by HSV (KP7):;

oES i 0EY
. sHa=5 5, Mo _ oEF
Hy(r) = Hg(r) requires # =—% at s =r,yielding: dp [ k“]n(k“r) +

a7 gfn(k“r)] = kP []T’l(k/”r) + an’gD'(kﬁr)}

Based on above two 1% order equations, b,, and d, can be solved:

K TP k)= (P g ) g )

D (o) zka]n(kar)‘FLz]n(k“T)] KBHY' (kBr) (k)

kﬁj' (kPr)HD (kB r)— 1P 1 (KBS (Fr)
HE (kB 1) [ e k) 4t E g ) |k P (k) er)

n

For vacuum in region B, k# = k°. For gyromagnetic material with radius 7, in region a,

2_ 2 a
k¥ =k™ = /sr(”au—”p) kO, where &, = i— [61, 65]. Its Mie coefficient can be rewritten as:
a 0

]n(k rm)[ zkmrm]n(kmrm)"' upzn]n(kmrm)] korm]n(korm)]n k™)

H(l) (ko7 )[ kmrm]n (kmrm)"'uipzn]n (kmrm)] _korer(ll)’ (korm)]n(kmrm)'
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